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ABSTRACT

Reflecting Boundaries and Massless Factorized

Scattering in Two Dimensions

Jodao Nuno Garcia Nobre Prata

This thesis is concerned with two-dimensional models that are integrable in the
presence of a boundary and whose spectrum in the bulk is constituted of massless
particles. Although there is already a vast literature on the subject (e.g. Kondo
and Callan-Rubakov models), the common minimal denominator in all these situa-
tions is the fact that the bulk theory is conformally invariant and it is the boundary
that is responsible for the broken scale invariance. Here, our purpose is to consider
the alternative situation, where the boundary respects the conformal invariance of
the theory and the renormalization group trajectory is controlled by a bulk pertur-
bation. The model in question is the principal chiral model at level £k = 1. We
propose the set of permissible boundary conditions suggested by the symmetries of
the problem and compute the corresponding minimal reflection matrices. For one
of the boundary conditions we compute the boundary ground state energy and the
boundary entropy using the technique of boundary thermodynamic Bethe ansatz.
In the infrared limit our results are shown to be in complete agreement with the pre-
dictions of the boundary conformal field theory approach. Finally, we consider the
classical supersymmetric Liouville theory on the half-line and compute the boundary
conditions compatible with the superconformal invariance. We construct an infinite
set of commuting integrals of motion using Lax-pair techniques and discuss some
aspects of the quantum theory as well as its relation to the super Korteweg-de Vries
equation.
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Chapter 1

Introduction

Quantum Field Theory (QFT) provides the framework to unify such disparate concepts
as quantum mechanics and special relativity. The principles of relativity allow for particle
production, according to Einstein’s celebrated formula, £ = mc?, and this prevents the
description in terms of elastic collisions between isolated particles. Rather, a co-operative
variable - a field - is introduced, representing all the particles of a given type. The action
has to be relativistic and respect other known symmetries of the theory. Quantum me-
chanics then provides a set of rules for computing the allowed values of a given physical
quantity (observable) and the probabilities for measuring them. The object of primary
importance is the S-matrix. Formally, it can be seen as a map between the sets of allowed
initial and final states of the system. The matrix element S;; corresponds to the proba-
bility amplitude for the system to evolve from the initial state 7 to the final state f after

the physical process has occurred.

Since the discovery of relativity and quantum mechanics, the main driving force in the
quest to understand the laws of nature has been the introduction of more complex and
richer symmetry structures. Space-time is believed to be invariant under the Poincaré
group and generally covariant in the presence of gravitational fields. Moreover, we can
supplement these with other symmetries which may or may not be linked to the space-time
medium. It has proven fruitful to generalize quantum electrodynamics (QED) by the in-
troduction of the principle of gauge invariance for non-abelian groups (electroweak model,
quantum chromodynamics). The “discovery” of the quark model permitted physicists to
classify hadrons (strongly interacting particles) into multiplets of equal mass - a sort of

periodic table at the subatomic level. More recently, physicists have tried to amalgamate
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fermions and bosons into a single description by the ingenious principle of supersymmetry.
For each fermion there is a corresponding bosonic superpartner with equal mass. Although
to this date no superpartner of the known particles has been detected experimentally, most
physicists are reluctant to the prospect of abandoning the idea of supersymmetry. This
is because supersymmetric field theories exhibit many desirable features [1]. Besides their
intrinsic beauty in terms of rich mathematical structures, supersymmetric theories obey
a number of nonrenormalization theorems that make the analysis of Feynman diagrams
much more attractive. Equally they seem to solve the hierarchy problem of GUT theories

(2] and eliminate undesirable particles such as tachyons from the spectra of string theories
[1], [6].

The recent developments in quantum chromodynamics (QCD) and more generally the
attempts to go beyond the standard model (e.g. string theory) have shown compelling
arguments for a nonperturbative approach to quantum field theory. Indeed, to study
quark confinement in the asymptotically free QCD, one has to work in the strong coupling
regime where perturbative methods fail. Similarly, if string theory is to be a theory
of quantum gravity, it has to resolve distances of the order of the Planck scale, where
perturbation theory can hardly make any sense. These considerations have led to the
search for solutions of the field theories, many of which are topologic in nature - e.g.

instantons, solitons, vortices, monopoles.

Our experience with classical mechanics tells us that whenever we have a conservation
law (e.g. energy, momentum, angular momentum) we can integrate out a degree of free-
dom, thus effectively reducing their number. If the number of independent symmetries
equals the number of degrees of freedom then we can in principle completely solve the
problem. Quantum mechanically, the above picture still holds. We can obtain all the
information about the system by simultaneously diagonalizing all the observable mutually

commuting integrals of motion. A system with these properties is said to be “integrable”.

In field theory the number of degrees of freedom diverges in view of the fact that every
field is defined in each space point. An integrable field theory would therefore be one
with an infinite number of conservation laws or equivalently - by Noether’s theorem - with
some infinite dimensional symmetry. However this contradicts a remarkable theorem by

Coleman and Mandula [26]. This theorem states that provided the S matrix satisfies a
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number of technical assumptions (unitarity, analyticity) the symmetries of the theory can
be shown to be locally isomorphic to the direct product of the Poincaré group and a finite
number of internal symmetries. An integrable quantum field theory would necessarily
be free (i.e. with a trivial S matrix). Quantum field theories in (141)-dimensions are
the exception. Indeed many two-dimensional theories are known where the existence
of an infinite number of involutive integrals of motion is compatible with a non trivial
scattering [25]. What is it that makes two dimensions so special? To start with, in
one spatial dimension, any two particles with different velocities are bound to meet at
some point in time. Peculiarities of two-dimensional kinematics then show that there is a
permissible type of scattering that is elastic and factorizable. The precise meaning of these
statements will be made clear in subsequent chapters. Mathematically, there are known
cases of symmetry groups that are finite dimensional in a generic dimension but become
infinite dimensional in two dimensions. One of the main topics of this thesis - conformal
invariance - provides such an example [12]. Using the striking similarity between the
generating functional in a QFT and the partition function of a statistical system, one
can establish a correspondence between (d+1)-dimensional euclidean statistical models
and (d,1)-dimensional quantum field theories [10]. This correspondence only makes sense
in the neighbourhood of a second order phase transition of the statistical system. Near
such a phase transition the fluctuations of the fields are correlated over long distances and
occur equally on all scales [5]. The system loses memory of the details of the underlying
microscopic structure (e.g. lattice) and may effectively be described by a continuous field
theory. The system is then said to be scale invariant, i.e. invariant under the global
rescalings of the form:

T — pz, (1.1)

where p is some real constant. If in addition to being scale invariant the system is also
homogeneous and isotropic then it becomes conformally invariant, i.e. invariant under
dilatations of the form (1.1) where now p may depend upon the position. There are good
arguments to believe that each universality class in two dimensional statistical mechanics
can be described by a conformal field theory. By universality class one understands the
identical behaviour (e.g. critical exponents) of a priori distinct models near a second order

phase transition [18].

The prototype for such a theory is the two dimensional Ising model, which has been
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exactly solved in refs.[11], [9]. The Hamiltonian for this system is:

ng Mg

H=- Z Z (ﬂssn,msn,m+1 + ﬁtsn,m3n+1,m) , (12)

n=1m=1
where the n- and m-indices label the rows and columns of a two-dimensional lattice. The
spin variables s, , take the values +1 and f3,, B; are coupling constants. We are consider-
ing periodic boundary conditions in the horizontal direction. We notice immediately that
(1.2) is invariant under the simultaneous reversal of all spins. We will call this a Z; sym-
metry. This Hamiltonian models the ferromagnetic transition between a high-temperature
disordered phase and a low-temperature ordered one. The symmetry breaking occurs at
the Curie temperature T¢ also called the critical point. If we denote the configuration of
the spins in the nth row by S, = {Sn.1,51,2,"* ", Sn,m, }, the total energy of the configura-

tion {S1,---, S5, } is given by:

E{Sla"',sﬂ-t} = Z[€(Sn,sn+1)+€(sn)], (13)
n=1
where
G(Sn) == Z ﬁssn,msn,m+la (1.4)
m=1

represents the energy of the interaction amongst the spins in the nth row and
ms
E(Sna 5n+1) = - Z ﬂtsn,m3n+1,ma (15)
m=1
is the energy between the spins of the nth row and their neighbours on the (n + 1)th row.
The partition function is thus:
2= e F{SimSn}, (1.6)
{5n}

We also introduce a matrix T called the transfer matriz with the following entries:
< Su|T|Sns1 >= exp{—€(Sn, Snt1) — €(Sn)}. (1.7)
This allows us to rewrite the partition function in the form:

Z2=% Y < SITIS: > -+ < Sn|TI81 >= Tr (T™), (1.8)
Si  Sm,
where we used the periodicity condition, S, +1 = 51. As we approach the phase transition

where the continuum description becomes adequate, we can start by considering the limit

when the lattice spacing a; in the ‘time’-direction (vertical) becomes infinitesimal and
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simultaneously n; — oo (the ratio of the two remaining constant), [14], [10]. We will
then be able to interpret the transfer matrix as an evolution operator e~"# between two
consecutive rows, infinitely close to each other (t — 0). H is interpreted as a Hamiltonian

and 7 = e7%%t as a time parameter. One can show that:
Mg
H= Z (om — A0momia) s (1.9)
m=1

where o are Pauli’s spin matrices and a,’;“ 41 = oi. A = B,/ is a coupling constant.
This Hamiltonian describes a one dimensional Ising model interacting with a transverse

magnetic field. Let us now consider the new set of operators:
H = 05071
(7=1,---,ms) (1.10)
T

Zz — T ~T
ll:] —0102"'0j.

One can show that these new operators satisfy the same algebra as the Pauli matrices. If

we rewrite the Hamiltonian (1.9) in terms of these, we get:

& 2z z T S T ]' z z
H =) (s = M) = =2 ) (um - ;umumﬂ) : (1.11)
m=1 m=1

In particular, we obtain for the energy of a given configuration :

1
E°(A\) = -AE* (X) : (1.12)
The transformation (1.10) is called a duality transformation because it relates the high
temperature (A << 1) phase with the low temperature (A >> 1) phase of the system.
The two spectra (1.12) become equal at A = 1, the self-dual point [10].

In the continuum limit, when the lattice spacing a; in the ‘space’-direction (horizontal)
becomes infinitesimal and m; — oo (m;/a; = const), the resulting continuum field theory

describing the system (after a Wick rotation) is:
1 t 54 ()20
H= §/dz Mpi(z) | —iy %¢(x) - myp'(z)y"¢¥(z) ¢, (1.13)
where 4* (1 = 0,1) are the Dirac matrices in the Majorana representation:

0 __ 0—2 1 _ 01 5 __ 0.1 _ 1 0

The operator (1.13) is the Hamiltonian for a free massive Majorana spinor. It is striking
that an interacting theory such as the Ising model (1.2) is described by a free theory

near the phase transition. This is misleading because the theory at the critical point is
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actually strongly interacting (with diverging correlation length) as can be checked from
the anomalous (non canonical) dimensions defined by the two-point Green’s functions for
basic operators such as the spin density. The continuum field theory is called a free field

realization of the conformal symmetry. We shall come back to this later.

The mass m in (1.13) can be expressed in terms of the coupling constant as:

m = lim (1_/\>. (1.15)

We notice that the theory becomes massless at the self-dual point. Intuitively, this should

correspond to the critical point, otherwise the scale invariance would be broken by this
mass scale. The theory (1.13) with m # 0 is therefore interpreted as a thermal (A=T/T¢)
perturbation of the conformal theory induced by the energy density operator 9. The
resulting theory being free is obviously integrable. It is a first example of a wide range
of massive integrable theories that arise from perturbing conformal field theories with
appropriate relevant scalar fields in their spectra [38]. From the renormalization group
(RG) point of view conformal field theories correspond to fixed points of the RG iterations
[25]. An interesting topic in relativistic field theory (RFT) is the complete classification
of all possible trajectories flowing from these critical points [83]. Similar behaviour of
the RG for two different systems near a fixed point implies that the two systems belong
to the same universality class [5]. FEach distinct trajectory corresponds to a different
RFT. In two dimensions there are three typical patterns. The trajectory may stay at
the fixed point forever, being described by the corresponding conformal field theory at
all distances. Alternatively, as we discussed earlier, it can be drawn out in some relevant
direction and described at large distances by some massive RFT [38]. Finally, the third
situation, consists of the trajectory terminating at another fixed point [83], [57]. Both
at large and short distances thesé theories are characterized by conformal field theories.
From the statistical mechanics point of view they can be regarded as crossovers between

different universality classes of critical phenomena.

A good starting point would be a complete classification of all conformal theories.
This would be equally interesting in the context of string theory. One of these conformal
theories is the vacuum of the string theory after compactifying the redundant space-time
dimensions {7]. A subclass of these theories called rational conformal field theories is

believed to have been completely classified using a technique known as coset construction
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[55]. Rational theories have only a finite number of operators with which they can be
perturbed in the fashion described above, thus rendering the enumeration of all trajectories

flowing from it a more tractable task.

In real applications one usually has to deal with bounded systems having some inter-
face with the external world. Boundary quantum models have a wide range of applications.
Some famous examples are the monopole-catalysed baryon decay [22], the Kondo model
[94], dissipative quantum mechanics [23] and quantum Hall liquids with constriction [24].
They are also interesting in the context of open string theories [66], [64]. From a theo-
retical point of view one has to construct boundary interactions that preserve part of the
integrability properties of the bulk theory. Cardy made some important contributions to
the study of boundary conformal theories [60], [61]. More recently, a work by Ghoshal

and Zamolodchikov [68] has led to many new developments.

The main purpose of this thesis is to study massless theories in the presence of reflecting
boundaries. Massless scattering has a number of conceptual difficulties related to the very
notion of asymptotic particle moving at the speed of light [93]. Notwithstanding this, the
successes of this approach have been outstanding, especially in the study of the Kondo

effect [96] and of the massless flows between distinct universality classes [93].

The layout of this thesis is as follows. In the first part (chapters 2-7), I present all
the necessary background material on integrable and boundary integrable models as well
as some useful results concerning the Kondo problem and the principal chiral model. I
have tried whenever possible to illustrate the results with the simplest example available
- the Ising model. No claim of originality is made for this part. Also it should not be
expected to be a thorough and comprehensive review of each topic. Rather, I have tried
to put emphasis only on those aspects that I find relevant to understand the last part of
this dissertation. Chapters 8 and 9 encompass the research that I carried out. In chapter
8 I study the principal chiral model in the presence of a boundary with scale invariant
boundary conditions. The model itself is massless but not conformally invariant. The
technique of thermodynamic Bethe ansatz for this problem is carried out in great detail.
In chapter 9, I consider the N = 1 supersymmetric extension of the Liouville theory on
the half-line. This theory is superconformally invariant and therefore massless. I will

determine the boundary conditions compatible with integrability at the classical level and
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discuss some aspects of the quantum theory and its relation to the super Korteweg-de

Vries equation. Finally, in chapter 10 I present the conclusions.



Chapter 2

Conformal Field Theory

In this chapter I give an overview of some aspects of conformal field theories in two di-
mensions. As we shall see both this and the factorized scattering approach to integrable
theories in the nect chapter do not require a Lagrangian formulation. Rather the data are

encoded into the particular representation of the conformal algebra.

2.1 Conformal field theory in d dimensions

The universality classes of critical systems near the second order phase transition are
classified by a set of basic operators {¢;} [18] having anomalous dimensions {A;}'. This
is the spectrum of the theory. Under scaling transformations of the space (1.1) the basic

operators transform like:
$i(z) — pigi(p). | (2.1)

By anomalous dimension we mean that it is different from canonical dimensions for free
noninteracting fields. The general situation for the critical phenomena is that the basic
fields (operators) will be strongly interacting. And this is reflected in the fact that their -
dimensions, defined by two-point functions will be anomalous. In practical terms, this
means that near a second order phase transition no scale is preferred and if we perform a
transformation (1.1) then the correlation functions will remain unchanged. For an isotropic
and homogeneous model, we would also expect translational and rotational invariances to
be symmetries of the system. According to Belavin et al.[12], these two assumptions
together with the global scaling symmetry are sufficient to ensure that the system be

conformally invariant.

Iwhich in turn are connected to the set of critical exponents of the theory.

12
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Let us now try to describe the above concepts in a more systematic way ([13], [14]).
Under a generalized coordinate transformation, z# — z'#(z) (u = 1,---,d) the metric

transforms according to the tensorial rule:

vy 0zf 0z°
glﬂ’(x) - guu(m ) = mmgm(ﬂ?)- (22)

A conformal transformation corresponds to performing local rescalings of distances, [13],

9,,(z") = Q(z)g,u(z), where Q(z) is an arbitrary scalar function. For an infinitesimal

transformation,
g =gk 4 (E,
(2.3)
Qz) =1-20(2),
we get the set of Killing-Cartan equations:
augp, + apCu = 20(33)77;“/, (2'4)

where we assume the constant metric (Euclidean or Minkowski space) g,.(z) = 7. In .

arbitrary dimension d, we have four types of solutions [14]:

(i) Translations: &' * = z* 4 a*, where a* are constants. This symmetry is generated

by the momentum operator, P* = i9*.

ii) Lorentz transformations (Minkowski) or rotations (Euclidean): z'* = A¥z”, where
(i) bz,
Al satisfies 7,,ALAL = nop. These are generated by the angular momentum tensor:

M, = (2,0, — 2,0,).
(iii) Dilatations: ¢ # = pz*, where p is a constant. Generator : D = iz, 0".

. . R ! B a2
(iv) Special conformal transformations: z # = T-Zeatezgs» Where ¢ are constants and

¢z = c,z*. Generator: K? = i(22°z,8” — 220°).
If we compute the commutation relations for the generators of these transformations,

we realize that they form an algebra. In particular, we can show that [14]:
D, P?| = —2iP?. (2.5)

The elements M*¥, P’ constitute a subalgebra which is associated with the group of

Poincaré transformations.

From eq.(2.5) and the Baker-Hausdorff-Campbell relation we have:

e?DP2ei?D = P2 +ip [D, P*] + 3(ip) [D, [D, P?|] + --- =
(2.6)
= [Zf:o Qﬁp?_] P? =€ P?,
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where pis an arbitrary (nonzero) constant. From the above formula we see that ei?D P2e~#D
and P? cannot have identical spectra unless all the eigenvalues of P? vanish. This im-
plies that only massless theories can be invariant under the conformal group. Because of
(1.15) and of the fact that the system at the critical point is conformally invariant, we
conclude that the self-dual point A = 1 of the Ising model corresponds to the critical point

in agreement with what we said before.

Conformal invariance imposes orthogonality of the 2-point function for basic operators

[19], in the sense that:

6a; .0
< ¢i(x)¢;(0) > T;IEA—:a (2.7)
and it also fixes the 3-point function:
const.

(2.8)

< ¢>1(II)1)¢2(QJ2)¢3((I)3) >= |(E12|A1+A2—A3'z13|A1+A3-A2|z23|A2+A3—A1 ?

where z;; = z; — z;. The higher-point functions in arbitrary dimensions are not fixed but

will obey certain constraints.

Before we proceed, we have to introduce an additional operator, the stress tensor T},,,,
which generates the conformal transformations. If the theory is translationally invariant,
then T#” is conserved. Rotational invariance implies that T, be symmetric. Finally
invariance under dilatations requires a traceless stress tensor. These properties can be

summarized in the following set of equations:
0,T* =0, Ty =1T,,, T, = 0. (2.9)

As we discussed before, these conditions are necessary and sufficient for conformal invari-

ance.
2.2 Conformal invariance in two dimensions

In arbitrary dimension the conformal group is finite and the best we can hope for is a finite
number of constraints to place on the correlation functions. In two dimensions, however,
the situation changes drastically. This is because the conformal group becomes infinite

dimensional [12], as can be readily verified from the Killing-Cartan equations (2.4):
0:((z,2) = 0,

(2.10)

8.((z,z) = 0,
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in terms of? z = 2 4 ixy, 2 = 2y —izg and ( = (1 4 (s, ( = (4 — i(o. We also get
an extra bonus: our symmetry seems to decouple into two identical sectors: analytic (z-
dependence) and antianalytic (E-dependence), which can be treated independently. At the
end of the day, when we have computed all the physical quantities we are interested in,

we can go back to the ‘real’ surface: z = 2~.

The infinitesimal conformal transformation is then:

z— 2+ ((2),
(2.11)

z - z2+((2).

By performing a succession of infinitesimal transformations we obtain the finite transfor-

mation:
z — f(z),
(2.12)
z — f(3).
The conformal group in two dimensions is thus the direct product:
G=T®T, (2.13)

of analytic transformations I' of the variable z and antianalytic transformations I' of
the variable z. If we go back to the infinitesimal transformations (2.11), because of the
analyticity conditions (2.10) we can perform a Laurent expansion:

+00
((2)= Y G2, (2.14)

n=-0o
and we get immediately a differential representation for the generators of the Lie algebra

associated with the group I' [14]:
n+1 a .
= -1 p=0,£1,42,- (2.15)
0z
They satisfy the commutation relations,
Uy lm] = (n — M)y, (2.16)

This is called a ‘classical or centreless Virasoro algebra’. Because I' and T are independent,
we have [I,,1,,] = 0. Also from (2.9), we conclude that the stress tensor in two dimensions
for a conformally invariant theory has two nonvanishing components:

T=T,,= %(Tu —iT1,),

(2.17)

T = Tzf = %(Tll + iTlQ))

2 At this stage we assume that we are in Euclidean space.
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that satisfy the conservation law:
0:T = 3,T = 0. (2.18)
Notice that the Virasoro algebra (2.16) contains the sl(2,() subalgebra:

[ll, 1_1] = 2[0, [IOal:tl] = :Flil. (219)

The corresponding conformal transformation is given by:

b
2 = ﬂ, with ad — be = 1. (2.20)
cz+d

Of course there is a similar subalgebra in the antianalytic sector. They consist of the
conformal transformations that exist in arbitrary dimension. In fact,

I_1,I_;  generate translations,

lo+ 1o generates dilatations,
< ) (2.21)
i(lo — lp) generates rotations,

h,hL generate special conformal transformations.

These are called Mébius or projection transformations?,
PSL(2,C)= SL(2,C)/2,. (2.22)

The basic fields of the theory (also called primary operators) are field operators {¢h,,-l(z, 2)}
which transform under (2.12) as [13]:

bri(2:2) = (F()" (F(2) as (F2), F(2)). (2.23)

This expression can be seen as a generalization of the definition of a tensor with h 2-
indices and h #-indices. h, h are called the conformal weights (not necessarily integers) of
Srp- A=h+ h is the scaling dimension that describes the behaviour under global scale
transformations. Similarly, the spin s = h—h describes the behaviour under rotations. Any
operator that transforms like (2.23) under the subgroup (2.22) of Mébius transformations
is called quasi-primary. Clearly every primary operator is quasi-primary but the converse

is not true.

From (2.23), we have for the infinitesimal transformation (2.11):

6¢.ctnn = [((2)0: + C(2)0: + h0:((2) + ho:((2)] By, (2, 2). (2.24)

3The quotient group SL(2,C)/Z, arises because the set of transformations (2.20) remain unchanged
under ¢ —+ —a, b — —b, ¢ — —¢, d — —d.
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T ,>T

A
Pab

Figure 2.1: Radial Quantization

Before we proceed, a few considerations are in order. For each conserved quantity like
the stress tensor there is, from Noether’s theorem, an associated conserved charge @.
Explicitly, if 8,5# = 0, then @ = [dz;5® satisfies 0;,@ = 0. From the fact that we
are working on the complex plane, we can take full advantage of contour integrals and
Cauchy’s theorem if we can find a quantization scheme such that integrals like the previous
one (@) can be performed over closed contours. This is called the ‘radial quantization’,

13]. We define 7 and o as the ‘time’ and ‘space’ variables according to (see fig. 2.1):
g g
z=et 3=, (2.25)

where 7 € [0, +o00] and o € [0,27{.

In this picture the remote past corresponds to the origin and the distant future to
|z| = 4o00. The fact that the space is compactified to the circle S* removes any infrared
divergences. The Hamiltonian (i.e. the time evolution operator) is now the dilatation
operator D = Iy + lp and the operator M = i(ly — l_o) responsible for rotations, now
implements the spatial translations along the circle S*.

We also define the chronological radial ordering with respect to 7 for any two operators
A1 and A2 by

Ai(z1,71)A2(22, 22), i |2] > |2l
T; {A1(21,21) As(22, 22)} = (2.26)

Ao(22,29)A1(21,71), if |z] > |21].

Given that the stress tensor generates conformal transformations, we can write the follow-
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mjm_zw@c

Figure 2.2: contours of integration

ing identity*:
L [}( dw¢(w)T(w), X(2,7)| = 6.X(z,3), (2.27)
C/

2m
where X (z,Zz) is some local operator. The above expression has to be dealt with some
care. Products of operators A(w)B(z) in Euclidean space radial quantization are only

defined for |w| > |z|. Consequently, (2.27) can be written as:

3 _L - wl(w w z2,2 .
)= (f of Je@n owxe). e

The contours are depicted in fig.2.2.

And we get:
6:X(2,7) = — }[ dwC(w)T, (T(w)X(2,3)). (2.29)
2w Jo
From (2.24), we get the following Ward identity:

5= $ dw((w) < T(w)IX, ¢i(zi, Z) > —55 §p dwl(w) < T(D)IN, ¢i( 2, %) >=

2w

= YN [€(2:)0z + C(2:)05, + hids ((z) + hif5,((Z)] < L, 6i(z, 2) >,
(2.30)

where C is now a contour enclosing all the points (21, 21), - -,(2n, Zv) and ¢y, -+, ¢ are
primary operators with conformal weights (h1,k1),-- -, (hn,hn). We have also dropped
the notation 7T, for simplicity. From the above equation we see that we can decouple the

z and Z parts. Using Cauchy’s theorem, we get say for the analytic sector:

N .
< T(Z)¢1(Zl) . '¢N(ZN) >= ; ((Z _hzZi)z > _1 Zi(?z_.> < ¢1(Z1) . . -¢N(ZN) > . (231)

The following short-distance expansion therefore holds for any primary operator ¢s:

T(z)pn(w) = '(';Thw—)zﬁbh(w) + ﬁaw(ﬁh(w) 4o (2.32)

*We redefined the stress tensor T — %;T for later convenience.
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The dots stand for regular terms. Also it can be shown that:

c/2 2
Gowi f Gowp

T(2)T(w) = T(w) + z__lzaw:r(w) 4o (2.33)

where ¢ is a (for now) arbitrary constant called the ‘central charge’. Comparing the two
previous equations we conclude that the stress tensor T has dimension h = 2 as we would
expect for a rank 2 tensor. Furthermore, we see that T is not a primary operator because

of the 4th order pole. Under an infinitesimal conformal transformation, we get:
8T(2) = ((2)0:T(2) + 20.0(2)T(2) + 150%(2) (2:34)
This can be integrated, yielding:
T(2) = (3:)T(f(2)) + 555(F,2), (2:35)

under z — f(z), where the quantity,

3 2 £\2
S(f,2) = a”f@f(ajcgf (6:/) ; (2.36)

is known as the “Schwartzian derivative”, [12]. For Mobius transformations we have

S(f,z) = 0. Consequently, T is a quasi-primary operator. It is also convenient to define
a Laurent expansion of the energy-momentum tensor,
T(2)= ) Lnz™"7%, (2.37)
nez

in terms of modes L, satisfying

Lt =1L_,. (2.38)

It can be shown from (2.33) and the method described above to go from commutators to
operator product expansions (OPE) that they satisfy the following algebra:

C
[Lny L] = (n — m)Logm + E(n3 — n)bnym0- (2.39)

This is called a Virasoro algebra with central charge c. It can be regarded as a sort of |
quantum correction to the classical algebra (2.16) introduced by the second term on the
r.h.s. The name of the central charge stems from the fact that it is a central element of
the algebra, i.e. an element that commutes with all the generators of the algebra. If we
construct an irreducible representation of the algebra (2.39) then after Schur’s lemma we
can regard c for all practical purposes as being just a number. The meaning of it will

become clear in what follows.
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Let us now try to construct the representations of (2.39). If we require T'(z)|0 > to be

regular at z = 0, we get:
L,|0>=0, m> -1,

<OLp=0, m<l, (2.40)
where |0 > is the vacuum state of the theory. We also define the state,
lh >= ¢(0)]0 >, (2.41)
where ¢y, is a primary operator. This state satisfies:
Lo|h >= h|h >, L,|h>=0, (n > 0). (2.42)

The operators L, with n > 0 act on this state as annihilation operators. From (2.38) the
operators L, with n < 0 can be considered to be creation operators. The representations
of the Virasoro algebra are constructed by acting with the latter on the highest weight

states |h >3:
level dimension state

0 h |h >

1 h+1 L_1|h >

2 h+2  L_glh>,L%|h> (2.43)
3

h+3  L_sglh> L_yLolh>,L3|h>

It was shown that the above representation will be unitary whenever, [16]:

(1) ¢>1,h >0,

(i) e(m)=1-rimy, m=3,4, - (2.44)

1)p-mg]?-1
b= hyg(m)=lmtllemmd =1 3 <pig<m.

In fact these conditions are both necessary and sufficient. The sequence in (ii) is called
the minimal series® and it corresponds to conformal theories with ¢ < 1. The associated

set of conformal weights is given by the Kac formula hy 4.

One can also think of the descendant states above as being generated by operators

appearing in OPEs with the stress tensor. For instance consider for some primary field

¢h,77.:

T(2)¢p p(w, @) = Fnxo(z = W) 2L _n ¢y (0, @) =
(2.45)

= o Lot + 25 L19+ Logd+ (2~ w)lgd+ -

5 Although it is called highest weight state it actually has the lowest eigenvalue of Lo.
6These conformal theories have a finite number of primary operators and there is no additional contin-
uous symmetry besides the conformal invariance. Hence the name minimal.
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The fields L_n¢, 7(w, ®) = %WT(z)qﬁh’,—l(w,m) also denoted as ¢§1_,—1n) are called

the Virasoro descendants. Their conformal weights are (h + n,k). Also from the OPE
(2.32) we know that:

= Lody 1, = hdp ‘?52,_711) =L 1¢p5 = 0.0 (2.46)

> —

8y
k,
Moreover we can define further descendants (or secondary fields):

L-m e L—npfl—ml T f/—mqﬁﬁh,}}, (2.47)

¢(—_TL1 3y~ Nipy— M 7"'1_mq)
bk

with conformal weights (h + Y7 ni, b + $1_; my), for n;,m; > 0. All the correlation
functions of the secondary fields are given by differential operators acting on those with

primary operators only. For example:

< ¢l(wl7 71)1) ot ¢n(wn7 ’lI)n)(L_kQZS)(Z, 2) >= ['—k < ¢)1(’UJ1, ﬂ)l) " '¢n(wm 'J)n)(ﬁ(z, 2) >,

(2.48)
where L£_j is the differential operator (k > 2):
— - (1 - k)h] 1 a
s ng ((wj —z)F * (wj — 2)F10w; | (2.49)

Now we can think of the states L_p|h > defined previously as being created by the
operators ¢§1—n):

L_nlh >=¢{™(0))0 > . (2.50)

So for a given conformal field theory in two dimensions, its operators are classed into
conformal blocks each labeled by a primary field. They satisfy the following set of fusion
rules (OPEs):

[#:] x [#5] = Ek:N;]} (@], (2.51)

where [¢;] stands for some operator belonging to the highest weight representation indexed
by the primary field ¢;. This operator algebra is assumed to be closed and associative.
From (2.48) and (2.49) we see that we can in principle compute all the correlation functions
from the knowledge of the basic correlators involving only primary operators. Similarly
all the structure constants Nil;' in (2.51) can be obtained from the structure constants

describing the fusions of the primary fields only, [12].

The unitary representations (2.44) are not necessarily irreducible. In fact there exist

null vectors |x > satisfying:

< /\IX >=0, (2.52)
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for all | > in the representation (c,h). It can be shown that every null vector is also a
highest weight vector, thus implying a reducible representation. Consider, for instance,

the level 2 vector,

Ix >= (L_g + aL%,)|h > . (2.53)

If it is a highest weight vector, then in particular:
Li|x >= La|x >= 0. (2.54)

These constraints yield:

_ 3
4= —3@ht1)
(2.55)
h=%(5-ct/I-0)(2-0).
Notice that hq o and hg in (2.44) satisfy the second equation in (2.55).
We obtain irreducible representations by projecting out the null states, i.e. by setting
x = 0. This is consistent given that |y > is orthogonal to all vectors in the conformal

theory (cf.(2.52)). In particular, any correlator involving null vectors must vanish. For

|x > given by (2.53)-(2.55), we have:

x(2) = (D-2(2) - iy L24(2) dn(2) =
(2.56)

= 647(2) - s 020n(2)-
Consequently:
0 =< x(2)¢1(z1) " ¢n(2n) >=

=< {o\7(2) - 3ty 020n(2)} d1(21) -+ n(2n) >=

= {Loalzs21, 1 20) = Ty 02) < On(2)d1(21) -+ Bn(2a) > .

Explicitly, we get the following partial differential equation:

3 - h; 1
{2(2h + 1)8'3 B ; <(z — )2 L 82,»)} < ¢n(2)p1(21) -+ dn(zm) >=0.  (2.57)

In summary, if a theory is degenerate (i.e. if it has null vectors), then we are able to

write down partial differential equations for genus zero correlators of primary fields. The

minimal series (2.44) describes such theories.
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2.3 Modular mnvariance and the Casimir effect

As we mentioned in the introduction it is by now widely accepted that each universality
class in two dimensional statistical systems is described by a conformal field theory with a
particular central charge. The correspondence between certain statistical models and some
elements in the Friedan, Qiu and Shenker (FQS) classification (2.44) of ¢ < 1 conformal
field theories has been established by various authors. For example, the Ising model
and the 3-state Potts model have been identified with the elements m = 3 and m = 5,
respectively, [18]. However, this correspondence is by no means one-to-one. For instance,
both the universality class of the 3-state Potts model and that of a generic tetracritical
point have been identified with m = 5. Notwithstanding this, not all scaling dimensions
allowed by the Kac formula appear in the Potts model, and some appear twice. In the

tetracritical model, on the other hand, it seems as though all values are present.

We now describe a method to determine the operator content of a given minimal
theory, solely on the basis of conformal and modular invariance, [20]. As a by-product
we inherit an interpretation of the central charge as a measure for the Casimir effect that

arises in a finite geometry.

Conformal invariance allows us to relate a theory formulated on a finite strip of width
R with periodic boundary conditions with that on the infinite complex plane, via the

conformal mapping”:

R
= —Inz. 2.
w 27rlnz (2.58)

Since this transformation is not a Mdbius transformation, its Schwartzian derivative (2.36)

is non-vanishing and there will appear an anomaly term in the transformed stress tensor:

212\ ? cm?
Tstrip(w) = (—R—> Tplane(z) - W- (2.59)
We note in particular that:
< Tstrip(w) ># 0. (2.60)

This allows us to interpret the anomaly term as a Casimir effect, that is, a shift in the

free energy of the system due to finite size effects. In fact it can be shown that the free

"On the strip , we interpret the coordinate ¢ € [0, 27 [ as the space direction and ¢ € [—o0, +00] as the
time, where w =1t + i0
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energy per unit length will be given by [15], [17]:
T
F(R)~ —— .
(B)~ -~ 4 I, (2.61)

where f is a universal term. Notice that the first term vanishes when ¢ — 0 or R — oo.
Using (2.59) and a similar expression for the antianalytic part, we have the following

correspondence:

- R e
— | H — .
L0+L0—>27r< P‘|‘6R>, (2.62)

where Hp is the Hamiltonian of the system on the strip with periodic boundary conditions.
So Hp and (Lo + EO) have the same eigenstates. We also stress the fact that we restrict
our analysis to the unitary theories with a finite number of primary operators falling into

the classification of FQS.

Now we consider a toroidal configuration, so that different values of ¢ are identified

modulo L. We also define the modular parameter q as:
L
q = ezp (-—27rﬁ> = ezp(—27T). (2.63)
The partition function in such a geometry is be given by:
Zpp(R,Ly=Tr (e‘LHP) = E emeT/8e= 3TN (2.64)

where we used (2.62). We are considering the vertical L-axis to be the time direction. The
sum is over all simultaneous eigenstates {|n >} of Hp and (Lo + f,o). Z, is the eigenvalue

of (Lo + Lo) corresponding to the eigenstate |n >.

But this is not the whole story. Since we are dealing with minimal conformal field
theories, the above sum splits into sums over conformal blocks. Let us consider the con-
tribution of a conformal block, whose primary operator has dimensions (hy 4, hs5) given
by the Kac formula:

emer/8 io: dpo(N)dsg(N)exp [-277(hpq + hsq+ N + N, (2.65)
N,N=0
where dp, ,(N) and d; 5(N) are the degeneracies of the levels N and N, respectively. The
above expression can be decoupled, as expected, into analytic and antianalytic parts,
yielding:
Zpp(q) = >, Np(pq,53)xXpe(9)Xz5(9)s (2.66)

P9,Pq
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Figure 2.3: Torus

where Np(pq, pg) denotes the number of times the representation (pg,7) appears in the
partition function and
[ee]
Xpa(9) = ¢~ Trpgq"e = g~/ ¥hea 57 4, (N)g", (2.67)
N=0
is called the character of the representation (p, q) of the Virasoro algebra. These objects
have been thoroughly studied by Rocha-Caridi, [21].

We recall that our aim is to compute the objects Np. We are now in a position to
invoke the argument of modular invariance. If the partition function is defined on a torus,
then it had better not break the symmetries of this topology. As we are all aware, we can
visualize a torus as a parallelogram with opposite ends identified. The modular group is
just the group of global reparametrisations of the torus. Let us try to understand what
this means at the level of the partition function. The operator which implements the
translations in Euclidean time is ezp(— L Hp) whereas the translations in Euclidean space -
are implemented by ezp(i0P), where P is the momentum operator. Hence the zero-point

one-loop amplitude (twisted at an angle 6) is given by (see fig.2.3), [42]:
Zpp(7,8) = Tr (%P e LHP) (2.68)
Since the direction of time on the torus was chosen by us arbitrarily, we could have

instead considered a system of length L propagating for a lapse of time R. The answer

should be unaltered. Namely:

Zpp(r,0) = Zpp (—%,0) . (2.69)




Chapter 2: Conformal Field Theory 26

Also a twist at an angle 27 should leave the partition function unchanged:
ZPP(T,O) = ZPP(T,27T). (2.70)

Cardy proved that the conformal characters (2.67) transform linearly under the modular

transformation (2.69), [20]:
Xpa(9) = D M2 Xpgr(8), (2.71)
r'q

where § = ¢(—1/7) = exp(27/T) and:

[ 8 1/2 1yt 7Tppl Tqq
Pg (7 —1)p+a)(P'+d') g; _) ; (ﬂ)
Mz, < ( 1)> (-1) sin ( sin 1) (2.72)

Imposing (2.69) and assuming that all the characters are distinct, linearly independent

and finite in number, we obtain the following set of inversion sum rules:
[M ® M|Np = Np. (2.73)

Now remember that we want Zpp(q) to be invariant under the whole modular group.
Therefore, only the Mp(pg,pq) such that the spin h,, — hj7 is an integer (bosons) are

permitted. A further constraint resides in the reality of the partition function:

Np(pg, p7) = Np(pg, pg). (2.74)

Finally we impose that the identity operator (with dimensions (0,0)) should appear exactly

once in the theory:

Np(11,11) = 1. (2.75)

From these constraints we see that

Np(pq,P9) = 65,500, (2.76)

is always a solution of the inversion sum rules (2.73). This is actually the unique solution
for m = 3 which corresponds to the Ising model. The allowed operators are the identity

(1), the energy density (¢) and the spin density (o) operators with conformal weights (0, 0),
(%,%) and (ilé’%)’ respectively.
It is important to note that the existence of a solution to the inversion sum rules by

itself does not imply the existence of a corresponding model, since the sum rules are only

a necessary condition for the model to be consistent.
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Also, eq.(2.71) is more general than claimed. For any rational conformal theory (i.e

with a finite number of primary operators), we have:
xi(a) = ) STx;(9), (2.77)
J

where xi(¢) is the character of the representation ¢. Verlinde conjectured that modular
invariance is so powerful a constraint as to completely fix the structure constants Ni’;- of

the fusion rules (2.51) according to the Verlinde formula® [65]:

R
> SINy = gj’ : (2.78)
1 0

From this formula we can derive the following fusion rules for the Ising model:

e~ 1
oo~1+e¢ (2.79)
€c~a

Notice that this operator algebra closes with the operators 1 and € only. However the sum

rules tell us that the magnetization o must be included to get a consistent theory.

8The symbol ‘0’ corresponds to the identity representation.
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Integrable Models

In this chapter we review some of the main results of two-dimensional integrable quantum

field theories and the bootstrap approach.

The study of integrable theories in two dimensions started a long time ago with the
analysis of non-relativistic models with a d-type interaction, (8], [75]. The existence of an
infinite number of involutive (mutually commuting) integrals of motion (IM) transforming
according to representations of increasing “spin” of the group of rotations played a decisive
role. These models were solved using the technique of algebraic Bethe Ansatz [8] whereby
one would assume a localized interaction (with an interaction range of the order R.) so that
particles far away from each other (distances a lot greater than R.) could be described by
asymptotic free states. These states, also called the Bethe wave functions, are simultaneous
eigenstates of the IM. The corresponding Schrédinger equation can be regarded as being
just the first in an infinite series of eigenvalue problems - one for each IM. In these models,
particle production is excluded by the fact that they are non-relativistic. Solving the
hierarchy of eigenvalue problems for an arbitrary number N of particles yields not only
the N-particle Bethe wave function but also the exact elastic scattering matrix. The S-
matrix on the other hand can be shown to decompose into the product of two-particle
scattering amp]jtudes; This is called factorized scattering and is another consequence of
the existence of nonlocal IM, [36]. Once the Bethe wave function is determined we can
place our system in a finite periodic box of length L, thus quantizing the momenta of
the N particles according to a set of transcendental equations, also known as the Bethe
equations. By taking the thermodynamic limit N,L — oo with D = N/L = constant

and taking into account the previous quantization condition for the momenta, we can

28
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subsequently extract a number of thermodynamic properties of the system.

Integrability is also compatible with Lorentz invariance. Some relativistic models such
as the sine-Gordon theory, [37] or more generally two-dimensional conformal field theories
are integrable. The deep connections between integrable models and conformal theories
have started to be unravelled. It is by now widely accepted that many integrable models

are perturbations of conformal field theories, [25].

3.1 Integrable perturbed conformal theories and conserva-
tion laws

Suppose that we have a conformal minimal unitary model (cf(2.44)) denoted by M(m)
(where m = 3,4,---) and perturb it with a relevant primary scalar field ®,,(z,2) with
conformal dimensions (hyq, hpg), given by the Kac formula (2.44). The fact that it is

relevant means that A= h+h = 2hpy < 2. The action is :
S=8+A / 8,4z, 2)d%z, (3.1)

where &g is the action of the minimal non-perturbed conformal theory. From the above
equation we can infer the conformal dimensions of the constant A: (1 — hpg,1 — hyg).
Alternatively we can say that A has the scaling dimension, A ~ (length)‘2(1‘hﬂq). Because
the primary field is relevant we conclude that the exponent in the above expression is
negative. Also the fact that A is a dimensional quantity means that the scale invariance

is broken.

Suppose that T, is some conserved quantity of dimensions (s+1,0) in the conformal

theory, i.e.
0:Ts41 = 0. (3.2)
From the closure of the operator algebra (2.51) we have:
U 1
Lol 8) = 3 0,0+ o Bu(ma) £ (39)

where @I(JZ), B, are some local fields in the operator algebra, m is some integer and d( ")
are dimensionless constants. The integer m has to be finite. To see this notice that the

first term on the r.h.s of eq.(3.3) yields the conformal dimensions (I, I,) for the fields (I>( .
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(lny 1) = (s + hpg + 1 —n, hyg). Since these have to be non-negative for a unitary theory,
we conclude that:

When we perturb the theory according to (3.1), the conformal symmetry is broken and
(3.2) no longer holds. We have instead:

0:Tsr1 = ARy + -+ A"AM 4 ... (3.5)

The local field R; has dimensions (s 4 hpg, hpg). The subscript “s” means that R, and
A have spin s. The field A™ has dimensions (s+1—n+nh,1 —n+nh). Again from
the unjtarity of the theory, we conclude that the sum in (3.5) is finite. Terms for which
n 2> -7 should therefore be excluded. In most cases only the first one survives. We will

assume that this is the case.

Because of (3.5), T,41 depends on both z and z. The Ward identity is:

< Ts+1(z, 2) e >=K Ts+1(Z) s >0 A / dwd < Ts+1(z)<I)pq(w, ﬁ)) 20 +0(/\2),
(3.6)
where <> denotes the correlations in the nonperturbed conformal theory and we assumed

that < ®,,(2,2) >o= 0. From eq.(3.3), Cauchy’s theorem and the identity,

1 -
gm = 6(2 et 'U))(S(Z - ’U)), (37)
we get to first order in A:
1
8:Tsr1(2,2) = A Z(( )1), dMar710(M)(2,2) + Bye(2,2)| . (3.8)
n=2

We conclude that we get an off-critical conservation law,
6ET:7+1 = azes—la (39)
provided By, is a total z-derivative.

It is easy to show that the stress tensor always yields a conservation law for a minimal
theory perturbed by a relevant primary operator (c¢f.(3.1)). In fact:

h. _ 1 _
T(2)®pq(w, ) = ﬁ)—g‘ppq(wvw) + mawq’pq(w’w) +o (3.10)
Comparing (3.3) with (3.10):

©0(2,2) = A(1 = hpg)@pg(2, 2).




Chapter 3: Integrable Models 31

This method is suited to understand which chiral conserved currents in the conformal
theory are deformed into off-critical laws of the form (3.9). Zamolodchikov suggested a .
“counting argument”, [29], that allows us in principle to compute the spins of the conserved
charges in the integrable theory, solely from the knowledge of the critical conformal theory
and the relevant perturbing primary operator. In practice, the computations are quite

involved and we are able to compute only the first few spins.

We start by defining the irreducible Virasoro module A of the identity operator. A

admits the decomposition,

A= B2A,, (3.12)

into subspaces A, of dimensions (s,0). We also introduce the factor space,

A3+1 = As+1/L_1As. (313)

The elements of (3.13) fall into equivalence classes, so that two elements A;;1, Bsx1 € Agyy
are represented by the same class provided there exists some element C; € Ay, such that
(cf.(2.46)):

Bst1 = Aspr + 0.Cs. (3.14)

Similarly, if £ denotes the irreducible module of the relevant primary operator @,, and,
Q=@;2,0s, (3.15)

is its decomposition into subspaces of conformal dimensions (hp, + s, hpg), then we can

also define the factor space:

Qs+1 = Qs+1/L—le- (316)

From eq.(3.5) we see that the symbol d; can be seen as an operator:

~

(85)5_,_1 N As+1 — QS. (317)

We also introduce the operator Zs.; = II; 0 (05)541 : A3+1 — Qs, where II; : Q, —
(), is the operator that projects any element in €, onto its equivalence class in Q. If
dim(Aeg1) > dim(;), then this means that the kernel of Z,; is nontrivial, i.e. there are
at least two elements As11, Bs41 € [\s+1 that are mapped onto the same equivalence class

in Q. In other words, there exists some @51 € Q-1 such that (cf.(3.14)):

65A5+1 - 62B3+1 = 8263_1. (318)
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If we define T4y = A1 — Bsy1, we recover eq.(3.9). In summary, whenever dim(f\s“) >

dim(Qs), there exist conserved charges P, of spin s, given by:
P, = / [Tyi1dz + ©,_1d3]. (3.19)

Of course by parity, we also have:

62T3+1 = ai(:)s—la
S ) (3.20) -
Ps = f [T3+1di+ G)s_]dZ] .

The dimensions of As+1 and €, can actually be computed by equating powers of ¢ (hence

the name “counting argument”) in the following formulas involving the Virasoro characters

of the representations corresponding to the identity operator (x1,) and the operator ®,,

(Xp,q): R
Y20 g'dim(As) = (1 - ¢)x1,1(q) + ¢,
(3.21)

Y20 q*Thredim(Q,) = (1 — q)g(e=V/24=hray, (g).

As an illustration, we consider the critical Ising model perturbed by the magnetization

operator, [29]. The central charge is 1/2 and the magnetization operator ¢ has dimensions

(%, %) The dimensional perturbation parameter A has conformal dimensions (%, %)

The dimensionalities of f\3+1 and Qs can be found for odd s < 21 in table I. Even spins s

are not considered because in that case dim(A,y1) < dim(€;).

Table I

s 1f3[sf7fofiui3sfar19[ 21
dim(Ag) [[1 1ol 2]2] 3 a]s]7]9]n
dim(Q,) [ofafleffafee3][s]6] 8]

These dimensionalities have been computed using eq.(3.21) and:

x11(0) = § [TM520(1 + ¢™1/2) + T2, (1 - ),
(3.22)

x1,2(q) = ¢/, (1 + ¢™) = g /1T (1 — g+~ 1,

From table I, we conclude that the spins of the conserved charges are: s=1,7, 11,13,17,19.

Zamolodchikov found[30] that by perturbing a minimal model M(m) (m > 5) with the
relevant primary operators (i) ®(; 3), (i) @(1,5) or (iii) @(z) one would obtain integrable
theories with one conservation law for every odd value of the spin s in the case (i) and

one for every s = 1,6n+ 1 (n = 1,2,--) for (i) and (iii). We have already checked
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from the previous analysis that the stress tensor yields the spin s = 1 conserved charge in
the off-critical theory. Other candidates have been suggested according to the particular
perturbation. For instance, the spins in (i) coincide with those of the IM of the quantum
Korteweg-de Vries (qKdV) equation, [120]. This equation is defined in the canonical form,

[28]:
T=[T,H],
(3.23)
H=§42:T%z),,
where the dot indicates the time derivative. Using the technique to transform commutators
into OPEs, we get:

-1
T=c(1- ¢)03T — 30,(: T? 2). (3.24)
The first few conserved charges are, [28]
H] = deT,

H3=§dz:T7%:,
(3.25)
Hy = §dz [: T3:—L(c+2):(0.T)* :] ,
H;=§dz [: T*: +5(c+8): (T?02T) : +155(c? + 14c — 21) : (82T)? :] .
It is straightforward to show that the above IM commute mutually. We already know that
the first IM yields a conservation law in the off-critical theory whatever the particular
choice of the primary operator. One can then show that the first order pole in the OPE
Ts41(2)®(1,3)(w,®) (s = 3,5,7) is also a total derivative, which means that the KdV
hierarchy (3.25) are deformed into off-critical conservation laws yielding the correct spins
in (i).

However, this is no longer true in cases (ii) and (iii). In ref.[31], Zamolodchikov an-
alyzed the case (iii) for the 3-state Potts model (corresponding to m = 5). This theory
possesses in addition to the stress tensor a conserved spin-3 field W, satisfying the following
OPEs:

T(AW(w) = 2 W(w)+ AW (w)+ -,

G-w)
W(W(w) = L + 2 T(w) + e duT(w)+
(3.26)
i [S(1 - 6903 T(w) + 2% : T2(w) :| +

+525 [F5(2 - 982 T(w) + b : (3uT(w))? |+

Z—w
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where b? = 16/(22 + 5c). We see that because of nonlinear terms like : T2(w) : they do
not form a Lie algebra. Rather, they are known in the literature as a Ws-algebra, [31],

[39]. Also we notice that the quantities,
P = }{ d:T, P = }{ 4w, (3.27)

commute. They are the first IM of the quantum Boussinesq equation (¢B):

T = -29,W,
. (3.28)
W = —%(2-9v?)03T — b20,(: T2 :).
The next few IM can be found in ref.[28]:
Py =§dz:TW:,
P; =§dz [: W?2: 4162 :T3: — (2 -9b%): (8,T)? :] ,
(3.29)

P, =§dz [: (0. W) :4+8:TW?: + <—% + fo-b2> : (02T)% : +
+%ﬂb2 T4 —%bz(ﬂ +2) : T?0°T :] ,
with 8 = —15b%/(1+ 8b%). There are two consistent reductions of the W-algebra obtained

by setting either W =0 or W = b\/%azT. These two reduced sets were then shown to
yield the spins of the IM in (ii) and (iii) in ref.[28].

3.2 Zamolodchikov’s c-theorem

For a given perturbed conformal field theory, Zamolodchikov showed that there exists some
function ¢(A) (usually called the c-function) of the coupling constant(s) A that decreases
along the renormalization group (RG) trajectory in such a way that it is stationary at the
fixed points, where its value coincides with that of the central charge describing the UV
or IR limiting behaviour of the theory, [32]. The idea behind the proof is actually quite
simple and amounts to dimensional analysis, [25]. The components of the stress tensor

(T, T,O) satisfy the following conservation laws:

0:T = 0,0, 0,T = 8:0. (3.30)
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They have dimensions (2,0), (0,2) and (1,1), respectively. We are implicitly assuming

rotational invariance, so that their correlators take the following form:
< T(z,2)T(0,0) >= £mz2),
< T(2,2)0(0,0) >= &2 (3.31)
< 0(2,2)0(0,0) >= HlmzA),

Here, m is a mass scale associated with the coupling constant A. If we define the logarith-
mic derivatives, e.g. F(z) = ﬁ‘ing(m), we get from (3.30), (3.31) the following ordinary
differential equations for F', G and H:

F-G+3G=0, G-G-H+2H=0. (3.32)

Defining,
C = 2F + 4G - 6H, (3.33)

we have:
C = -12H. (3.34)

We now assume that the quantum field theory (QFT) satisfies the condition of reflection
positivity. This means that H is a positive quantity and therefore either C' decreases
along the RG trajectory or takes stationary values. At the critical point, the QFT is scale
invariant and therefore the stress tensor becomes traceless, i.e. ©® = 0. Consequently
G = H = 0. Also at this point F' = ¢/2, where ¢ is the central charge of the conformal
theory. As we claimed before the c-function is stationary at this point (cf.(3.34)) and its

value (3.33) is equal to the central charge of the corresponding conformal theory.

3.3 Massless flows

In most cases the IR fixed point is trivial, in the sense that Zamolodchikov’s c-function
takes the value ¢;g = 0. However, there known cases where this is not true. The best
known examples are those of RG flows induced by the ®(; 3y perturbations of the unitary
minimal models with diagonal modular invariant partition functions, {34}, [33], [35]. From
the statistical mechanics viewpoint they can be regarded as crossovers between different
universality classes of critical phenomena. Both at large and short distances these theories

are conformally invariant and the point where the flow crosses over from the region of one
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fixed point to the other introduces a mass scale (associated with the coupling constant
of the perturbation) that breaks the scale invariance. The corresponding QFT is thus
massless but not scale invariant. The RG flow is attracted to the non-trivial IR conformal
field theory along the direction defined by some irrelevant operator ®(z, 2),i.e. an operator
with scaling dimension A > 2. At large distances we can describe the theory by the
following IR-effective action, [91], [92):

S=8m+A / 228(2,%) + ht., (3.35)

where S7r denotes the action of the IR conformal field theory and h.t. stands for an
infinite number of operators of higher dimension. These terms can in principle contribute
as counterterms each one with its independent coupling constant, which means that this

effective theory is nonrenormalizable. It can be best thought of as an asymptotic series.

3.4 Kinematics in 2D and factorized scattering

In two dimensions for any scattering process there is only one independent Lorentz scalar,
[36]). This is because the system is parametrised by two components of the total momen-
tum, p® = e, p! = p, that satisfy the dispersion relation, e? — p? = m? (m is the total mass

of the system). Consequently, only one of these quantities is independent.

Consider the Mandelstam variable s = (p; + p3)? for the scattering of two particles

with momenta p;, ps. If we parametrise the momenta in terms of the rapidities (61, 62),
(P?,p}) = mi(coshb;, sinhb;), (i=1,2) (3.36)
we have:
s(8) = m2 4+ m3 4 2mymycoshf, (3.37)

where 8 = 6; — 0;. As we have discussed before, we can assume in the Lehman, Zim-
mermann, Symanzik approach to QFT that in the remote past and distant future the
spectrum of the theory consists of free stable states of say N particle types. A type a
(a = 1,--,N) particle state |A,(f) > of rapidity 6 is created by acting on the vacuum

with the creation operator A,(f):

| 4a(8) >= Aq(6)]0 > . (3.38)
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These asymptotic states are chosen to be simultaneous eigenstates of all the IM P;:
P;|A,(0) >= wi(8)|Au(0) > . (3.39)

Lorentz invariance requires that,

w3 (8) = xze*, (3.40)

where x§ are some constants. In particular x{ are just the masses m, of the particles,
because s = 1 corresponds to the momentum operator. The multiparticle states are defined

by multiple action of the creation operators,
|Ag (61) -+ Aay (Or) >= Ao (61) -+ - Aa, (O01)]0 > . (3.41)
By locality, we have:
Pyl Ay (61) - Aayy(Bhr) >= (X3 + -+ e x2) [Ag (1) -+ Aayy (631) > . (3.42)

Imposing the conservation of all the P, (for any s), acting on any multiparticle state
(with any number of particles of arbitrary rapidities) poses stringent constraints on the
scattering, so that only those processes are allowed for which the mass spectrum of the
theory (i.e. the number of particles and their masses) is conserved as well as the set of
two-momenta, [36]. Notice also that the states (3.41) do not form a basis for M particle
states. This is because they are not all linearly independent. If we define (3.41) with
61 > 65 > --- > Oy, then these states will be linearly independent. They are interpreted
as a set of incoming particles (in-states). Outgoing particles (out-states) would correspond

to 0 < 03 < --- < Opr. The S-matrix is therefore defined by:

| Abyr (On1) -+~ Apy (1) >= Sy 52 (01, -+, 0a0)l Aay (1) - - Aaps (Bn1) >, (3.43)

byebag

where we have used the fact that the individual momenta are conserved and we assume a
summation over repeated indices. The above scattering matrix factorizes into the product
of two-particle processes defined by the following non-commutative algebra, also known

as the Zamolodchikov-Fateev algebra:
Ay (61) Ay (82) = S3272(61,62) Ab, (82) As, (1) (3.44)
However, from (3.37), we see that Lorentz invariance implies,

St (81, 6,) = S22 (61 — 63). (3.45)

aiaz
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a,

a;
£d
a,
0
b;
\bl
bz b2

Figure 3.1: Yang-Baxter equation

In all known cases the S-matrix is an analytic function of the centre of mass energy, s,
and invariant momentum transfer, ¢, in some neighbourhood of the physical region, except
at normal thresholds, [26]. Given that in two dimensions s is the only invariant Lorentz
scalar, we can exploit the crossing invariance of the scattering processes by using relation

(3.37) and imposing the following analyticity-crossing condition:

Se3(8) = S5(im — 6), (3.46)
in terms of the rapidity §. We also require the two-particle S-matrix to be unitary:

o (8)Sghi(—0) = 6365, (3.47)

This relation can be seen as the compatibility condition for applying twice the commuta-

tion relations (3.44). The associativity of the algebra implies the following cubic relation,

Shibz (6)S5153(6 + 0)S20(8) = Shibe (6 + 6)S512(8)S 252 (9), (3.48)

ajaz 203 ajaz 1b2 azbs

also known as the star-triangle or Yang-Bazter equation. Physically, it encodes the equality
between two alternative factorization schemes of a three-particle process into two-particle

ones as depicted in the diagram of fig.3.1.

Let us now consider briefly the analytic structure of the S matrix. The inverse trans-

formation of (3.37),

s =m — w3+ V= (ma ¥ ma )T = (g~ ma)
2mims

, (3.49)

6 =1
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Im ©

Figure 3.2: analytic structure of the S matrix

maps the physical sheet on the s plane onto the the strip 0 < Im# < x. The second sheet
is mapped onto the strip —7 < I'mé < 0 and this structure is repeated with period 2ir.
The two square branch cut singularities at (m; — m2)? and (m; + ms)? in the complex
plane of the Mandelstam variable s are mapped onto § = im and § = 0, respectively.
Simple poles on the imaginary axis of the physical sheet are associated with the bound

states of the particles (see fig.3.2), [36].

In fig.3.2 the shaded area represents the physical sheet and the dots stand for the

bound states. Suppose that iug ,, is the position of the pole of 52182 (8) associated with

aia2

the bound state A, of the direct channel (see fig.3.3), i.e.

b1y ift(l:lag flbz '
‘5'0.1(12(0) ~ m— (350)
ajas

The objects f; ,,
Ag,, Ag, and the bound state A, (fig.3.4).

represent the three-point couplings for the “fusion” of the particles

The mass of the bound state satisfies the equation (cf.(3.37)):

2

mZ = m2 +m2, + 2mq, m, cosu; (3.51)

aijaz’

The bootstrap principle consists of assuming that all the bound states are stable massive

states belonging to the spectrum of the theory, [25]. Consequently, the factorized scattering
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a, b,
. C
1Ugaa
a, b2
Figure 3.3: bound states
a;
c c
/ e
4

Figure 3.4: 3-point coupling
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a;
a,
0 b
a,
b,
.—a
a3 0 -1u azé
a,
.—a b
0-+iu, ¢
a,

Figure 3.5: boostrap equations

applies to these states as well, yielding a set of bootstrap equations,

¢ 50 (0) = fo . Sabi( 4 4al2;)5%% (0 - dally), (3.52)

a1a2™cas ci1ceaqes aza3
where 4 = im — u. They are depicted in fig.3.5.

This set of conditions (eqs.(3.46), (3.47), (3.48), (3.52)) is sufficient to pin down the
S-matrix up to a so-called “CDD ambiguity”, [36],

5:4(6) — Se(6)2(0), (3.53)

where the “CDD factor” ®(8) is an arbitrary function of the rapidity satisfying the equa-

tions:

8(6) = d(ir — 0),  B(6)B(-6) = 1. (3.54)

The bootstrap equations may impose further restrictions on this function. Eliminating
completely the CDD ambiguity involves a lot of guesswork. In most cases, the minimal
solution (i.e. with the smallest number of zeroes and singularities) is usually the correct

one.
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3.5 Thermodynamic Bethe Ansatz

The analysis of higher order poles is more subtle and plays an important réle in the clas-
sification program of bootstrap systems. This program consists of finding solutions to the
constraints of unitarity, crossing symmetry, factorizability as well as all the constraints
associated with the bootstrap principle, without any mention to any off-shell action. Al-
though this alternative description of the QFT in terms of asymptotic states and S-matrix
is necessarily on-shell, there are good arguments to believe that it actually contains all
the information about the QFT. Some thermodynamic properties of the system can be
extracted by the technique of thermodynamic Bethe Ansatz (TBA) and correlation func-
tions computed using the form factor approach of Smirnov and Kirillov [27] or quantum

determinants by Korepin et al.[8].

The technique of TBA consists of placing our system on the torus of fig.(2.3) with

6 = 0, [80]. The partition function is given by:

Z(R,L)=Trezp(—RHy). (3.55)
Using the argument of modular invariance, we can equally write:

Z(R,L) = Trezp(—LHR). (3.56)

Hgr and Hy, are the Hamiltonians for the system quantized along the R- and L-axes,
respectively. In the limit I — oo, the partition function (3.56) is dominated by the

ground state energy Eo(R) of Hg and hence:
Z(R,L) ~ exp[-LEy(R)]. (3.57)

Similarly, (3.55) is controlled by the bulk free energy f(R) of the system at the finite

temperature 1/R:
Z(R,L)~ exp[-LRf(R)]. (3.58)

Equating (3.57) and (3.58), we get:
Eo(R) = Rf(R). (3.59)

The fact that we are placing our system in a finite box with periodic boundary conditions

will impose certain quantization conditions upon the momenta of the particles. Assuming
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(for simplicity) that we have a system with N bosons obeying the diagonal algebra!,
Agy(01)Acy(02) = Saya, (61 = 62)Aq,(02)As, (61), (3.60)
we obtain the following set of Bethe equations:
eP Iy Sapa (B —01) = 1, (k=1,2,---,N), (3.61)

where py = mycoshfy. Notice that if the scattering is trivial, we get the well known

formula for a set of NV free bosons in a periodic box of length L:

21ng

Pe=—7> (3.62)

where ny are arbitrary integers. More generally, we have to specify the selection rules
obeyed by the particle states. For simplicity we assume that there is only one type of
particle with the scalar S matrix 5(6) satisfying the unitarity condition $(8)S(-6) = 1.
Obviously, S(0) = 1. Suppose first that S(0) = —1. If the particle is a boson then its
wave function should be symmetric. We thus conclude that states with particles of the
same rapidity should be excluded. If, on the other hand, it is a fermion, then these states
are allowed. Conversely, if §(0) = 41, then it is the fermions that obey an exclusion

principle.

We now define the dimensionless quantity » = miR. m, is the smallest mass in the
spectrum of the theory and can be best thought of as the inverse of the correlation length.
The limits » — 0 and r — oo determine the UV and IR behaviours of the theory in the
thermodynamic limit. The UV limit is described by a conformal theory, where conformal

invariance predicts the following scaling behaviour (cf.(2.62), (2.64)):

2 - c
EO(R) = Eﬂ (hmin + hmin - E) 3 (363)

where (Rmin, Amin) are the smallest dimensions in the spectrum of the UV conformal

theory and c is its central charge. Zamolodchikov’s c-function is defined by:
&(r) = - Bo(R). (3.64)

Consequently:

lim &(r) = ¢ = 12(hmin + Pomin )- (3.65)

In chapter 8 we will perform this computation for the principal chiral model explicitly and

in great detail. This case has some additional complications stemming from the fact that

it is not a diagonal theory in the sense of eq.(3.60), [57].

!There is no summation over repeated indices.
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The principal chiral model

This chapter is intended as an overview of the principal chiral model. I will focus on the in-
tegrability and background scattering as well as the limiting infrared Wess-Zumino- Witten
conformal field theory. Some aspects of Kac-Moody algebras and coset constructions are
ezplained. Particular emphasis is placed on the group SU(2) x SU(2). The bulk spectrum

coincides with those of the Kondo model and of the Callan-Rubakov effect.

The principal chiral model PC M}, is defined by the action:

Spomy (9] = 5% /68 Tr {(g—1aug)(g-1aug)} d’z + 1kI(g), (4.1)

where I'[g] is the Wess-Zumino-Witten (WZW) term [40]:

Mol = 5= [ 7r {7 0,0)(07 Bu0) (g™ 0rg) } . (42)

In eq.(4.1) g is a Lie group-valued field defined on a two-dimensional compact spacetime
surface 0B. The region of integration B in eq.(4.2) is a three-dimensional simply connected
manifold whose boundary is 0B. Topological arguments show that the ambiguity in this
definition amounts to the WZW functional being determined up to a positive integer which
can be reabsorbed into the constant & in eq.(4.1) [41]. If the Lie group G is simple! this

ensures the positivity of the action [4].

For k = 0 the theory corresponds to a nonlinear sigma model. Its behaviour is massive.
If k # 0 the renormalization group (RG) analysis reveals that it interpolates between two
fixed points, [57]. The ultraviolet (UV) fixed point is controlled essentially by the first
term in eq.(4.1). The RG flow of the coupling A? terminates at the infrared (IR) fixed

If it is semi-simple then it is the direct sum of simple components and the argument still holds.

44
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point A2 = 87 /k, where the theory becomes massless at all distances (conformal). For a
generic k the RG trajectory arrives at the IR fixed point along the direction defined by
the irrelevant field Tr(g~'0gg~'8g) of dimension 14 2/(k + 2). For k = 1, this field does .
not exist in the conformal theory and the incoming direction is defined by the operator
TT composed from the components of the stress tensor of the IR conformal field theory.
The point where the model crosses over from the region of one fixed point to the other

introduces a mass scale that breaks the conformal invariance.

The PC My was argued to be massless and integrable in refs. [47]-[51] and its thermo-
dynamic Bethe Ansatz (TBA) equations proposed in [85] for G = SU(2). Zamolodchikov’s
c-function was then shown to take the values cyy = 3 and crp = 3k/(k + 2) at the fixed
points. Al.B.Zamolodchikov and A.B.Zamolodchikov subsequently proposed the back-
ground scattering in terms of massless particles that leads to the correct TBA equations
for k = 1 [57]. Following a prescription developed by Smirnov and Kirillov [52] in the
context of the SU(2)-invariant Thirring model, they also showed that the form factors as-
sociated with the chiral currents obey the correct commutation relations. However, there
is no known method to deal with the central term. Notwithstanding this, it can be shown
to take the correct value by TBA analysis, [57]. Mejean and Smirnov [46] derived the form

factors for the trace of the stress tensor.

4.1 The WZW model and Kac-Moody algebras

The action (4.1) satisfies the remarkable property [49],

Slon™1) = Slg)+ S = [ Tr{ 5507 @uah (0" - g 0,0k @um)
B
(4.3)
which can be proved using Stokes’ theorem. It is also worth noting that it enjoys invariance

under the global transformation:
g(z) = Qg(2)271, (4.4)

where Q, Q are arbitrary x-independent elements in the group G. The classical field

equations arising from minimizing the action (4.1) with respect to the field g are:

1. kL }
~329(9 13“9)+;—7rf” 97(0u9)97 0,9 = 0. (4.5)
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At the IR stable fixed point, we have, [40], [44]:

Swzwklg] = kW(g], (4.6)
where
1 -1 -1 2. 4 .
Wil = 75z [ Tr{(s7'0,9)(s7100)} &2 + iTlo). (@)
Also formula (4.3) becomes:
Slgh™ = Slgl+ U7 - o [ aTr {57 Brg)(h0u0)}, (48)

where z, Z have the usual meaning. Using identity (4.8) it is straightforward to show that

the invariance (44) is elevated to the infinite dimensional symmetry?:
g9(z) = U=)g(z)Q7'(2), (4.9)
at the IR fixed point. And the equations of motion (4.5) yield:
8.(g710z9) = 0. (4.10)

Clearly from (4.10):
0:(8.997") = 0.(97"B:z9)97" = 0. (4.11)

We therefore define the basic currents:

J=J% = "%kazgg_la
o (4.12)
J = Jot, = —Lkg~10q,

where t* are the antihermitean generators of the Lie algebra G associated with the Lie
group G:
[2,1%] = feb te. (4.13)

The currents (4.12) are the generators of the left and right infinite dimensional symmetries
(4.9). Henceforth we shall only consider one of the sectors, say the analytic sector, as all

the results that follow are easily transcribed into the antianalytic sector.
For infinitesimal current symmetry transformations,
Q(z) = I + wy(2)1°, (4.14)

we have, [44]:
6,7%(2) = [ wp(2)J°(2) + %k@zw“(z). (4.15)

2 Actually it is the direct product of two symmetries: left and right gauge transformations.
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Since the theory is conformal there is a traceless operator with components T, T, that
generates the conformal transformations (2.12) and satisfies 0;T = 8,7 = 0. Assuming
that the fundamental field g is a primary operator with respect to the conformal algebra,
then it can be shown that J given by eq.(4.12) is also a primary operator with dimension
1. Under (2.11) we have:

8.J%(2) = €(2)8,J°(2) + 0,¢(2)J%(2). (4.16)

The previous identities can be cast in the form of operator product expansions (OPE),

[44], [42]:
[ T()T(w) = Liw + e T(w) + 250, T(w) + -+

{ T(2)J%(w) = e Io(w) + 5250w (w) + -+ (4.17)

z—w) z—w

Jo(2)d0(w) = o + Lo (w) +

z—w)

The analyticity properties of J and T allow for the Laurent expansions:

Jiz) =3 e Jeenh
(4.18)
T(z) =Y12L,27m2
Equations (4.17) entail the following commutation relations for the modes:
[Ln> Lm] = (n - m)Ln+m + %(ns - n)6n+m,03
[Ln, 2] = —mJiym, (4.19)

[Jg,J;‘n] = foJC, 4 Lkn6®6,ym 0.

The last set are called a Kac-Moody algebra G at level k based on the Lie algebra G of
the group G. Every Kac-Moody algebra contains a subalgebra of the zero modes, which
is isomorphic to the algebra G (cf.(4.13)):

98, ] = £t J¢. (4.20)

The definition of a primary operator requires some caution in this context. Remember
that a primary operator in a conformal theory was defined to be an operator that trans-
forms covariantly (i.e. as a tensor) under any conformal transformation. In particular
its transformation rules are dictated by the subgroup PSL(2,C) of projective transfor-
mations. In the framework of the WZW model we shall have to impose some additional -
requirement for an operator to be primary. This is because the conformal invariance is

extended by the additional Kac-Moody symmetry (4.19). By analogy we require that a
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primary operator transform under a current symmetry transformation as it does under

the subgroup of global gauge transformations generated by (4.20).

Specifically ¢;(z) is a primary operator of dimension h; with respect to (4.17), provided,

[44]:
T()di(w) = GEepdi(w) + 250ubi(w)+ -
(4.21)

I (D)i(w) = Zgdi(w) +
Here t} is the ‘left’ representation of the generators (4.13). With this definition neither

J nor T are primary operators. On the other hand the fundamental field ¢ is a primary

operator.

These equations lead to the set of Ward identities:

<T(2)r(2) - dw(an) > =z§-il{(z—f5f L2 <hi(n) - dwlen) >

<JYz)p1(21) - dn(aw) > = T, = =5 <%(a)--onlan) >
(4.22)

Hitherto I have not made any reference to the particular form of the stress tensor or how
it is related to the fundamental field g and the Kac-Moody currents for that matter. All
the results listed above therefore apply to any conformal field theory with current algebra

symmetry.

For the WZW model, the energy-momentum tensor is given by the Sugawara form

[53]:

T(z) = J4(z)J%(2) 5, (4.23)

cy + k :
where ¢, is the second Casimir of the adjoint representation, defined by f* ,f*¢ = ¢,6%.
We thus get for the Virasoro generators:
1 =
L, = D IER A LN (4.24)

etk

where the normal ordering has the usual meaning®. It is interesting to note that the
operators Jo play the same réle as do the oscillator modes o in the mode expansion of

the flat space closed bosonic string theory. In fact the Virasoro modes have a form similar

to (4.24) in terms of the a#, [6]:

(4.25)

.aa

3Modes with n > 0 are placed to the right of the product.

III Mg
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When the group G is abelian (e.g.U(1)) we actually get the Heisenberg algebras,
a b 1 ab
[7e, 78] = SEn8bnimo, (4.26)
obeyed by the oscillator modes a¥.

Let us now go back to definition (4.24). It is easy to show that the central charge is
given by:
kD

e (4.27)

c =
where D is the dimension of the group G.

To construct irreducible representations, we proceed as before. We start by looking for
the null vectors of the theory. In this case there are three types of null vectors possible:

(i) purely Virasoro algebra,
(1) combined Virasoro and current algebra, (4.28)
(ii1) purely current algebra.

The first case was already discussed in chapter 2 and corresponds to minimal conformal

theories with ¢ < 1.

Let us consider the following type (ii) null vector, [44]:
x=(al_y—-J%J5)p=(aly —J%t")9 =0, (4.29)
where ¢ is a primary operator with dimension h. Since y is a null vector then in particular:
Lix=Jix=0.

These constraints fix the anomalous dimension and the value of a:

h =S¢

cotk)
(4.30) -
a=-3(c, +k),
where cg4 is the second Casimir of the representation R, t%t* = —c41.

Moreover, given that x is a null vector, any correlator where it appears must vanish.
Using the definition of the modes together with the Ward identities, we obtain the following
set of partial differential equations (Knizhnik-Zamolodchikov equations):

9 I ot

L2 — R
i J

< h1(21)pa(22) -+ - Pn(2a) >= 0, (4.31)

following the same procedure as in section 2.2 for degenerate conformal theories. By

investigating type (iii) null vectors a remarkable set of selection rules emerge, [42]. These
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state that most of the a priori conceivable representations lead to vanishing correlators and
thus effectively decouple from the theory. In fact we will be left with only a finite number
of representations. The only allowed ones are the highest weight irreducible integrable
representations. By integrable we mean that the highest weight representation of the

pseudospin associated with the highest root is finite.

To understand this better, consider 8 to be the highest root of G, associated with the
element —7% of G. We also define the element hy = [r?,77¢] of the Cartan subalgebra
and choose a normalization such that [hg, 7%] = 2r%. Then we have the following SU(2)
pseudospin commutation relations:

[P*,P~] = P3,
(4.32) .
[P3, P%] = +2P%,
where P~ = J¢ Pt = J;f, P3 = m — Jt and m = 2k/(0,6) is called the level of the
representation. Thus any representation of the current algebra decouples into a sum of

representations of SU(2) pseudospin. The representation of the Kac-Moody algebra is

integrable if the representation ,

{62, P02, (P )2, }, (4.33)

containing the highest weight component ¢, of the primary field ¢ with weight A is finite.
In particular:
(A,6)

=m-—22212> M is int 4.34
M=m 2(0’0)_0, 15 1nteger, ( )

for an integrable representation. The fundamentals of these selection rules lie on strictly
group theoretical arguments. They therefore hold not only for WZW type models but for
any current algebra invariant theory. They place stringent constraints on the correlators

so that many of them (even some involving integrable fields) vanish.

Let us consider our main example SU(2). The highest weight root 4 is the simple root
o, normalized so that («,a) = 2. For spin ! we have A = la and so 2(}, 8)/(6,6) = 2I.

From (4.34) we conclude that this representation is integrable provided,
20< k. (4.35)

The allowed representations are thus:

1 k
-0=-1...2 4.36
l 0,2’17 ’2 ( )

¥
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and there are (k + 1) of them. From eq.(4.30) we infer the following conformal dimension

for these representations:

(4 1)
h = P, (4.37)
The central charge (cf.(4.27)),
3k

is in agreement with the value cjg of Zamolodchikov’s c-function at the infrared stable

fixed point.

An interesting question concerns the modular properties of the theory and can be
stated as follows. Given the representation theory discussed above that holds for the left
and right sectors, which of the allowed integrable representations do actually appear in
a given theory, in what (analytic-antianalytic) combinations and how often? Gepner and
Witten [42] found that if the coefficient & of the action (4.1) is properly quantized and the
group is simply connected then the partition function on the torus is modular invariant
whenever the spectrum consists of all the left-right symmetric integrable representations,
each appearing exactly once. Actually their result is more general than that as they also
analyzed non-simply connected groups using orbifold ideas. But that need not concern us

here.

A theory that satisfies these properties is called diagonal, because the partition function
on the torus takes the diagonal form:
Ztorus(Q) = Z X;(Q)Xj(Q)a (439)
jedJ
where x;(g) = Tr;q"° /4 is the character of the representation j and ¢ is the modular

parameter. J is the set of allowed representations.

Given the fact that SU(2) is simply connected, we conclude that the corresponding
conformal theory is diagonal. The Kac-Moody characters xl(k) for the isospin I, level k
representation of the affine Agl) algebra are given by [43]:

inT[2n(k + 2) + 21 + 1
{ %) } ,  (4.40)

+00
1 Z 2n(k+2)+ 20+ 1]exp

(B —
XI ( ) 773(7-) =

where 0 <! < k/2 and 7 is Dedekind’s function:

n(r) = ezp (%) 52, (1 — exp(2innT)). (4.41)
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For a given level k, the (k + 1) characters xl(k) are all distinct and linearly independent.

Their behaviour under the modular transformation (2.69), is encoded in the modular

matrix (2.77), [43]:
w2 {7r(2l + 1)(2' + 1)}
S = P P . (4.42)

As an illustration, we consider the case £k = 1. The central charge is equal to 1 and

there are two integrable representations corresponding to isospins ! = 0 and [ = 1/2.
Their conformal weights are (cf.(4.37)) kg = ho = 0 and hija = }_ll/z = 1/4. They are
identified with the identity operator and the fundamental operator g of the WZW action

respectively[45]). The modular matrix §(!) reads:

s = % ( 1 _i ) . (4.43)

Using Verlinde’s formula, we can also compute the structure constants of the fusion rules.

They are found to be: ' _ '
Noi = Nig =6,
(4.44)
= 0.

N9, =1,N
2

B e

1 1
2 2

——

More generally, the structure constants for the SU(2), conformal field theory can be
shown to be of the form, [96]:

I _ la Zfl]—p|Slgmln{]-*'pak_.]_p},
Njp = { 0, otherwise. (4.45)

4.2 GKO coset construction

The Goddard, Kent and Olive (GKO) coset construction, [53]-[55] is a method for con-
structing representations of the Virasoro algebra out of representations of affine Kac-

Moody algebras. It is widely believed that all the rational conformal field theories can be

obtained in this fashion.

One of the key elements of this construction is the Sugawara form of the stress tensor.

For a group G with algebra G we have (cf.(4.24)):

+
= (4.46)
n k_{_cg o cYntmY-m * :

The LY satisfy the Virasoro algebra:

g
[£8, L8] = (n = m) Ly 4+ T5(n° = )bntmp, (4.47)
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with central charge:

¢ = e (4.48)

Dg is as before the dimension of the group. If G is semi-simple there are generators {Lg"}
for each simple factor G; (1 <7< N) of G. Then

N
LY =>"L% (4.49)

i=1

constitute a Virasoro algebra with central element:

N
g = ch‘ =
=1

We will henceforth assume that the representation of the Kac-Moody algebra is such that

N kiDQ.‘

. 4.50
i=1 c"g" + ki ( )

the following hermiticity property holds:

=72, nez. (4.51)

which implies (2.38) for the Virasoro generators. Friedan, Qiu and Shenker [16] have

shown that this is a necessary condition for a Virasoro representation to be unitary.

Now consider a subalgebra H C G. The basis of G is chosen in such a way that the
first dimM generators, J¢ (a = 1,---,dimH) form a basis of H. By construction, there

will be two Virasoso algebras LY, LY and their difference
Ko=IL8-1I" (4.52)
satisfies the Virasoro algebra with central charge,

c=c9 - (4.53)

and commutes with H:
(K, J2] =0, 1< a<dimH, m,n € Z. (4.54)

Now we take G = su(2) @ su(2) and H to be the diagonal su(2) subalgebra. We will
generate the minimal sequence of FQS [16] by taking a level k representation for the first

su(2) factor and a level 1 representation for the second one. Thus, the central charge is

(cf.(4.50)):

3k _3k+1) 6 (4.55)

k12T TE3 Tkt 2)(k+3)’

c
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where we have used the fact that D = 3 for su(2) and that the representation for the
diagonal su(2) has level equal to k + 1. In eq.(4.55), we get the minimal series by taking
k=12,

GKO have also shown [55] that the representation obtained by taking the (k,!) repre-
sentation with level k¥ and isospin [ of the first su(2) factor and the (1,¢), e = 0 or 1/2,
representation of the second su(2) factor decomposes into the direct sum of representations

(k',1") x (¢, h) of H x V (where V denotes the Virasoro algebra {K,}),

(k1) x (1,6) ~ @, (k T 1,%(41 - 1)) X (¢ hpal€)), (4.56)

where c is given by eq.(4.55), p = 2/41 and the sum is taken over 1 < q < k+2 such that p-
q is even or odd, depending on whether € = 0 or 1/2. In this way we generate all the values
of hy 4 given by the Kac formula (2.44). The representations of the antianalytic Virasoro
algebra {K,} will obviously be generated in identical fashion out of the representations
of {J2}. As an example consider the universality class of the Ising model which has been
identified with ¢ = 1/2. In (4.55) this corresponds to k = 1. Its representations are thus
generated by the coset group SU(2); x SU(2)1/SU(2);. From (4.56) we have:

(L0810  —20x (3h (1) ® @1 x (1h (3))
G008 (L3) = (23) x (1ra(3)
(L)oo —(23)x(3ma(3))
(L3)e(13) ~@0x (5 (3) ® 1) x (3.4 (3))

We conclude that all the representations are indeed generated in this fashion.

(4.57)

Now consider the coset group SU(2)x ® SU(2)2/SU(2)k+2. Its central charge is:

3k 3 3(k+2) 3 8
“Tk+2727 k44 ‘5{ "(k+2)(k+4)}' (4.58)

So, for £ = 1,2, - - - we recover the so called superconformal minimal series, [105]. We also

have the following decomposition of representations:
1 1
(k, 3 [p— 1]> X (F,2)~ @, (k + 2, 3 (¢ — 1]) X (¢, hpq(€))F, (4.59)

where c is given by (4.58), 1 < p < k+ 1, and F denotes the appropriate representation
of Neveu-Schwarz (NS) or Ramond (R) super Virasoro algebra. The sum on the r.h.s. is
over all ¢ such that 1 < ¢ < k+ 3 and p— g € Z + 2¢, with ¢ = 0 in the NS case and

€ = 1/2 in the R case. Here h, 4 are the superconformal dimensions in either sector.
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4.3 Background factorized scattering for k=1

Here we assemble a few results about the factorized scattering in the PCM, [57]. As we
have discussed before the RG flow is massless but the scale invariance is broken at the
crossover between the two fixed points. The spectrum of the theory therefore consists of
stable massless particles: left-movers and right-movers. It is convenient to parametrise the

on-mass-shell 2-momenta (e, p) of the particles in terms of the rapidity variables —oo <

B,B" < oo

e=p = %eﬁ ,  for right-movers, (450
4.60
e=-p = %e‘ﬁ', for left-movers.

With this parametrisation opposite momenta still correspond to opposite rapidities, [93].
This situation however poses a few conceptual difficulties. For example it is difficult to
imagine how two right-movers both travelling at the speed of light in the same direction
are ever going to meet and interact. The very notion of asymptotic massless state is
not very clear in two dimensions. However, by computing the massless limit of certain
theories one can obtain perfectly sensible results. By ignoring these difficulties, one is able
to derive the correct properties of massless flows by TBA, [93]. In any case if one wants to
construct an inverse scattering program for conformal field theories, [89], [90], in order to
understand how these theories are perturbed in a integrability preserving fashion then this
approach in terms of massless states diagonalizing an infinite set of integrals of motion is

inevitable.

For left-left and right-right scattering all Mandelstam variables vanish and since the
scattering depends only on the dimensionless ratios of the momenta, the mass scale M
is arbitrary. The right-left scattering on the other hand distinguishes a preferable scale

normalization M. The Mandelstam variable is now:
s = Mexp(By - o), (4.61)

for the scattering of a right-mover of rapidity #; and a left-mover of rapidity #;. The soft
scattering corresponds not to f3; ~ f; but rather to f; — f; = —oo. The mass scale M

can thus be chosen so that the crossover occurs at §; ~ fs.

Besides being massless these particles form doublets (u,d) under the global SU(2)
symmetry (4.4). However there is an additional structure: each particle is also a kink,

[98]. The SU(2)y WZW model has (k+1) degenerate vacua. The allowed kinks interpolate
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between adjacent vacua. So, for instance, each left-moving particle doublet can be labeled
by (ug:il,dgizﬂ), where ¢ is an index referring to the vacua (¢ = 1,2,---,k +1). In the
simplest case (k = 1), which is the one we are interested in, the only nontrivial structure
is that of a (u,d) doublet. We then represent the SU(2)r doublet of right-movers by the
symbol R.(8) (a = £ is the right isotopic index) and the SU(2)r, doublet of left-movers
by Lz(B') (@ = £ is the left isotopic index) with energy spectra given by (4.60).

The charge conjugation operator C' is defined with respect to the SU(2) symmetry by:

01
NEN) o

We shall denote the antiparticles of R,(8) and Lz(8') by R.(B) and Ls(8'), respectively.
Let us now consider the general 2 — 2 scattering of a particle R,(f3;) with its antiparticle

Ry(B3). The S-matrix element is given by [56]*:
U < Re(B1)Ra(82)| Ra(B1) Ry(Ba) >™= 6(py — p1)b(p} — p2) FH(B)

~68(p} — p2)6(ph — ;1) BX(B),

where 3 = ) — f3,. For the “forward” and “backward” amplitudes we choose the following

(4.63)

isospin preserving expressions:

F(B) = 6568u1(B8) + 8ap8°%01(B), (w50

B (B) = 6:65uz(B) + bapd™va(B).
However for massless particles backward scattering is unacceptable and we therefore set
’11,2(,3) = 'l)z(ﬁ) = 0, [57]
The particle-particle S-matrix element is given by:

M < Re(B1)Ra(BY) | Ra(1) Bo(B2) >*= 6(p} — p1)6(p} ~ p2)S54(B)

—8(py — p2)6(ph — p1)S%(B),

(4.65)

with
5:3(8) = or(B)8567 + or(B)6265- (4.66)
or(f) and og(f) are the transition and reflection amplitudes, respectively. It is also

convenient to introduce the 2-particle amplitudes in the isovector and isoscalar channels:

Sv(B) = or(B) + or(B),
S0(8) = or(B) — or(B)-

*The minus sign in this expression arises because the particles are fermions. We shall come to this point

(4.67)

again later.
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Using the requirements of factorizability, unitarity and crossing symmetry, the following

minimal solution was suggested in ref.[57]:

u(f) = —or(f) - or(B),

(4.68)

where

2"’ (4.69)
_ 400 e~7kI2  sin(Bk
= erp {_ fO dk 2cosh(nk/2) fc )} :

Of course we get exactly the same expression for the L-L scattering. The non-trivial

right-left scattering is defined by the commutation relations:
Rao(B)La(8) = U (8 — B)L5(8')Ro(6). (4.70)

As we discussed before, this scattering breaks the scale invariance thus spoiling the ST(2)x
SU(2) current algebra symmetry (4.9). However action (4.1) is invariant under the global
SU(2)r x SU(2)R isotopic symmetry (4.4) at all distances. The only form of U(3)
preserving this symmetry is:

Usa(B) = Uns(B)826%. (471)
The factorization constraint is trivially met for this choice. For massless particles there is

a combined unitarity-crossing restriction [83],

Urr(B + im)Urr(B) = 1. (4.72)

The simplest non-trivial solution proposed in ref.[57] is:

Urs(8) = m = tanh (-g- - %) . (4.73)

It is worth noting that both amplitudes (4.66) and (4.73) have no poles on the physical
sheet. Also, we see from the soft scattering (f — —o0) in eq.(4.73) that the fields behave
as fermions. And since S22(0) = 1, we conclude that we have a selection rule preventing

any two particles of the same type to be in exactly the same quantum state (cf. section

3.5).

In ref.[57] it was shown that the TBA equations based on this background scattering

lead to the correct central charge in the IR limit.
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Boundary Conformal Field Theory

In this chapter we extend the previous methods to conformal systems with boundaries and

determine what novel features arise in this new situation.
In the presence of boundaries it is natural to address the following issues:

1) What happens with the correlation functions? Do they still satisfy partial differential
equations as in the bulk? And in particular, is conformal invariance by itself sufficient to

pin down the 2- and 3-point functions as before?

2) Does the theory still have the same set of primary operators and if so do they have

the same set of scaling dimensions?

3) Is there some way of classifying the possible boundary conditions that give a con-

sistent conformal theory?

5.1 Correlation functions

Our prototype geometry will be that of the semi-infinite complex plane. The boundary will
be taken to lie along the real axis. Intuitively, we see that since only the reparametrizations
that preserve the boundary are allowed, the number of constraints that we are able to
impose on the Green’s functions near the boundary are necessarily less than in the bulk.
In fact, there will be half of the symmetries available as in the bulk case. We also note that
the decay of correlations of boundary operators along the boundary, will be dictated by just
one number, which is called the surface scaling dimension, [58]. For instance, if |21 — 22|

is the distance between the locations of two operators on the boundary (that correspond

58
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to the order parameter), then the correlation will behave as |z; — z2|"2A, where A is the
surface scaling dimension. This is in contrast with the correlations between surface and

bulk quantities which are completely determined by conformal invariance.

Consider the infinitesimal conformal transformation (2.11). To preserve the geometry,
only transformations for which ((z) is real analytic (i.e. {(z) = ((2)) are allowed, [58].
The Ward identity (2.30) sill remains valid, with the contour C now being restricted to
the upper half-plane for the analytic part and the contour C to the lower half-plane for
the antianalytic part. However we can no longer decouple the two sectors. The way
to proceed is to analytically continue the definition of the stress tensor into the lower
half-plane, according to:

T(z) = T(z), for I'mz < 0. (5.1)

The boundary condition (5.1) at Imz = 0, corresponds to T, = 0 in Cartesian coordi-

nates. This has a precise physical meaning, namely that there is no flux of energy across

the surface.

More generally, if we have a system enjoying a certain symmetry generated by the

chiral currents (W, W) such that 9;W = §,W = 0, then the boundary condition is, [60]:
W=W, for Imz = 0. (5.2)

This generalization plays a role whenever we consider extensions of the Virasoro algebra

such as the current algebra symmetry and superconformal invariance.

The conformal Ward identity (2.30) can thus be rewritten in the form, [58]:

7= $o dwl(w) < T(w)I¢(2, 2]) > —5i §; dw((w) < T(w)IIL, (=, 2}) >= 4
(5.3)
= Zﬁl [C(Zi)aza + C(zf)@zl{ + h0:((2) + 7&82:((21')] < HN1¢(ZH z) >,

where we relabelled z; = 2/ and where C and C are the contours in 5.1 enclosing 2z; and

) .
2}, respectively.

Because of the boundary condition (5.1) the two straight portions of C and C exactly
cancel and the two integrals on the L.h.s. of eq.(5.3) collapse into one single integral around

a large contour enclosing all the z; and z;. Using Cauchy’s theorem, we get:

<T(Z)Hz 1¢(ZH 1)> zz l{z—z)7+z zazn+(;—?_7+zza}x ( )
5.4

x < IV, @z, 21) > .
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@]

.Zl ozz
0 Z,
z

Figure 5.1: contours

This means that the correlation function < ¢(z1,%1)---¢(zn,2n) > in the semi-infinite
geometry, regarded as a function of (21,---, 2N, %, -+, Zn) satisfies the same differential
equation as does the bulk correlation function < ¢(21,%1) - ¢(zan, Zon) > regarded as
a function of (z1,---, zzn) only. In particular the 2-point function satisfies the same dif-
ferential equations as the bulk 4-point function. The only difference lies in the distinct
boundary conditions that they obey. We conclude that conformal invariance alone is not
sufficient to fully determine any of the correlators in the surface geometry. We need addi-
tional information (e.g. having a degenerate theory, finite number of primary operators,

etc.) to obtain sufficient constraints.

Let us now consider an example of a model with an extended conformal symmetry,
namely the WZW model. This new situation might appear awkward at the first sight,
from the very definition of the WZW action (4.1). This is because analyzing boundaries
in this context would imply considering the boundary of a boundary, which is evidently an
empty set. Nevertheless, we can be cavalier about it by ignoring the classical action (4.1)
altogether and going directly to the quantum theory. We can then define the theory in an
axiomatic fashion by introducing the generators of the current algebra (J, J) and defining
the stress tensor via the Sugawara construction (4.23). We assume as our boundary
condition, [63]:

J(z) = J(2), for Imz <0, (5.5)

in agreement with (5.2). In practical terms this implies not only the conservation of the
current algebra symmetry, but equally, as we shall see, of conformal invariance. Given the

variation of a primary field ¢ (4.21) under an infinitesimal current algebra transformation
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(4.14), then (5.5) translates into the following boundary condition:

wi(2)t*P(z) = —p(2)w(2)t%, Imz<0, (5.6)

where we used w®(z) = w?*(Zz). Following the same procedure as before, we get the following

Ward identity:

2§ dn(2) < T (21, 1) >= DI, [wo(z)te < I 625, 21) >

(5.7)
- < Tz @(z5, 2}) > ()P
where the contour C encloses all the points z; and z/. Using eq.(5.6), we finally get:
N ta ta
<MLz, 20) >= Y [z —+ Z,} < I 4(,25) > . (5.8)
=1 ¢ i
Again, the conclusion is the same as before. There is a correspondence:
2-point function on the surface < 4-point function in the bulk, (5.9)

in the same sense as before. Because the choice of boundary conditions (5.2) leads to
one surviving conformal algebra (or extended conformal algebra) the rest of the analysis
concerning the representations and existence of null vectors still goes through. It remains
to find out what operators are allowed for a consistent theory and with what surface scaling

dimensions.

5.2 Boundary conformal field theory on a strip. The gen-
uine Casimir effect

Let us now go back to our approach on the strip, [59]. We consider a strip of width R
with for instance free (the order parameter is unconstrained at the boundary) or fized (the
order parameter takes a fixed value on the surface) boundary conditions at the ends. This
is called the “L-channel’” because the time-direction was chosen to be the L-axis, [86].

This time, since there is only one set of Virasoro modes, one gets:
R\? c
Tstrip('w) = E Tplane(z) + m7 (510)

under the conformal transformation (2.58). Consequently, if we call Hr the Hamiltonian

on the strip with free or fixed boundary conditions, we get:

R c
Lo — ;HF + ﬁ (511)
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Again there is a one-to-one correspondence between the eigenvalues of Hr and the surface
scaling dimensions A, (eigenvalues of Lg). The free energy this time takes the finite size
scaling form, [15], [17]:

TC

FNfR+fz—m, (5.12)

where f%/2 is the surface free energy. The anomaly term is called the genuine Casimir
effect. This is because we have a finite geometry with a real boundary, which is closer to

the spirit of the Casimir effect, [3].

We are considering a situation where we have the same boundary condition on both
sides of the strip. However, nothing prevents us from having different boundary conditions,
say o and §, on either side of the strip and more general than free or fixed. The existence
of the surviving Virasoro algebra depends only on having conformally invariant boundary
conditions, T;, = 0 at 0 = 0,7, [60]. The corresponding. Hamiltonian is denoted H,g
and of course (because conformal invariance is conserved) its eigenvalues will fall into
irreducible representations of the Virasoro algebra. Let us denote by nfyﬁ the number of
times the representation ¢ appears in its spectrum. If we go back to the geometry on the
upper half-plane, we realize that there is a discontinuity in the boundary condition at the
origin. T(z)|0 > is therefore not regular at the origin and in particular the new vacuum is
no longer annihilated by L_;. Cardy [60] interpreted this discontinuity as a consequence
of the insertion of a boundary operator ¢,5(0) acting on the true vacuum. By definition
the new “vacuum” is a state with the lowest eigenvalue of L in the theory. We conclude
that the operator ¢,5 must be the primary operator corresponding to the representation ¢
for which n;ﬁ is nonvanishing and the eigenvalue of Lg is the lowest. These considerations
have the important consequence that there will be a biunivocal correspondence between
the set of conformal blocks and the set of conformally invariant boundary conditions, [60].
To find out what the operator content is, we consider again the geometry of the strip
with periodic boundary conditions in the ‘time’ direction. Because the resulting topology
is that of an annulus, the system is no longer invariant under the full modular group.
However, the direction of time remains arbitrary and therefore eq.(2.69) still holds. The

partition function in the “L-channel” is given by:
Zap(q) = Tre™"em = 3 “nixi(q) = 3 mapSixi(@), (5.13)
i 1]

where x;(q) is as before the character of the representation 1, ngﬁ is its degeneracy in the
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spectrum of H,g and we used eq.(2.77) in the last step. We can equally well define the
Hamiltonian H(P) in the “R-channel” (R-axis is the time-direction):

AP = _% I+ 1P - 1_02 . (5.14)
We then get:
Zop(q) =< ofe FH|8 >, (5.15)

where |a > and |§ > are the boundary states corresponding to the boundary conditions a
and f3, respectively. On the strip the Fourier components of the generators (W, W) satisfy
(cf.(5.2)):

(Wn — (=1)'W_,) Ja >= 0, (5.16) |

together with a similar equation for |# >. s is the spin of W. We also assume that the
Fourier modes satisfy the hermiticity condition W} = W_,,. For W = T, we have from

the above equation:

(Ln — L_n)a >=0. (5.17)

Although |a > is a boundary state, in this picture it belongs to the Fock space of the
periodic system (spanned by both {L,} and {L,,}). The solution of eqgs.(5.17) was found

by Ishibashi, [63]. |a > will be some linear combination of states of the form:
7 >= ) 1j;n> ®ljin >, (5.18)
n

where j labels the irreducible representations of the Virasoro algebra and {|j;n >}, {| Jym >}
are orthonormal basis for the representations j of the holomorphic and antiholomorphic
Virasoro algebras. And this yields the following linear combination:
la >= )" < j0la> |5 >, (5.19)
jeJ

where J is the set of permissible representations of the Virasoro algebra and:
|70 >=17;0 > ®|7;0 >. (5.20) -
From (5.15) and (5.19), we then have:

Zap = Y. < alj0 >< 0|8 >< jle” R > . (5.21)
JjeJ

Assuming that our theory is diagonal in the sense of eq.(4.39) then we can show that:

X 0, (P) L 5(P)__/19, . .
< jleREP 5 > =< ) (@)% o 12)5 = xi(q). (5.22)
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Equating (5.13) with (5.21) and assuming that we are dealing with a rational theory with

a finite number of linearly independent characters, we obtain Cardy’s equations, [60):
3 nipS! =< alj0 >< 0|6 > . (5.23)

There always exists a boundary state If) > satisfying ng(-) = 56. Substituting in eq.(5.23),
we obtain § = | < 0]j0 > |2 It can be shown [60] that SJ is always a positive real

number. Consequently:

< 0[50 >= (57)z. (5.24)

Similarly there is a state |I > such that ngl- = §}. From (5.23), (5.24) and (5.19), we get:

7
i>=3 2

7 (S3)

Let us assume that we know n' for a boundary state |a >, then we can construct more
oo y )

7> (5.25)

R

eneral solutions to Cardy’s equations by fusing a new conformal tower, say [, with the
g y M g

previous one yielding a new boundary state |3 >, according to, [60]:

nza,B = Zle:Ingaa (526)
k

. . 57
< j0If >=< j0la > S—’J (5.27)
4]

where we are implicitly assuming that the fusion rule coefficients Nf; are a solution of
Verlinde’s formula (2.78). To show that egs.(5.26) and (5.27) constitute a solution to

Cardy’s equations, let us first consider the r.h.s. of eq.(5.23):
. . . . s
< a|j0 >< j0|8 >=< a|j0 >< j0la > it (5.28)
0

where we used eq.(5.27). From eq.(5.26) and Verlinde’s formula, the Lh.s. becomes:
S . . S§igi  gi
Y onigSi=Y Nynk S] = Zniak—]l = —’]— < alj0 >< j0ja >, (5.29)
i ik R S5 S
which is indeed equal to (5.28). Let us consider as an example the Ising model. From the

modular matrix (2.72) for minimal theories and (5.25), we obtain:

0> =50> +55le> +lz00 >,

13> =510>+5le> 500>, (5.30)

&> =[0>—|e>.
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Note that |0 > and |% > differ only in the sign of the coefficient of the Z5-0dd state |o >.
It is then natural to identify |+ > (all spins up on the boundary) and |~ > (all spins down

on the boundary) with |0 > and I% >, respectively. Under duality, the energy-like state |
le > changes sign and the free boundary state | f > goes into an equal superposition of the
|[+ > and |- > states. Thus we may identity |f > with |1i6 >. With this identification, we
get from eq. (5.23): nI, =nf_ = n}'f =ny, = 1 and all the other ni_ = 0. Substituting

in (5.26) we obtain the following operator content in the different sectors:
(+4), (-=): k=0

(ff): h

(+-): A

(+f)7 (_f): h:%

in agreement with [59], [62]. We see from this analysis that although we have an explicit

0,

B =

(5.31)

o=

formula (5.25) for the boundary states it is actually quite difficult to interpret what the
boundary conditions correspond to at the level of the microscopic degrees of freedom in the
statistical system. We usually need some additional information about the symmetries of
the statistical model (e.g. duality, Z; symmetry, etc). Another important point is that the
scaling dimensions in (5.31) do not, in general, correspond to the same operators as in the
bulk. For instance, in the sector (ff) the operator corresponding to h = 1/2 was shown
to be odd under the Z; symmetry, [59]. It is therefore interpreted as the magnetization

and not as the energy density.

Let us now move on to the WZW model. According to (5.16) the boundary condition

is:
(J2 + J%,)|e>=0. (5.32)
Using the analogy with the oscillator modes (ak, &%) (4.25) (or taking the group G to
be abelian, e.g. G = U(1)), we see that this would correspond to a Neumann boundary
condition in the flat case, [67]. From the Kac-Moody algebra (4.19) it is straightforward
to show that (5.32) form first class constraints as do (5.17). If the stress tensor is related
to the Kac-Moody generators by the Sugawara form (4.24), then (5.32) actually imply

(5.17) as we claimed before:

Loja> =22y Je JJs la>= 252, il aila>=Logla>. (533)
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For a k = 1 Kac-Moody symmetry, we get from (4.43) and (5.25) the following boundary

states:
0>= 15 (|0 > +(3 >) ,
i (5.34)
3>= 5 (|0 > -3 >).
Also from (4.44), (5.23) and (5.26), we have the following operator content:
0,0, (3,3): r=0
(5.35)

@3), (20): A=}
We are of course using the fact that as we discussed in section (4.1) the SU(2)y WZW

model is a diagonal theory.




Chapter 6

Boundary Integrable Models

In this chapter we consider two-dimensional systems constrained to the half-line z €
(—00,0] with a boundary located at the origin. The boundary is therefore the vertical
aris as opposed to the situation in the previous chapter. Our intention in doing so is to

have our conventions as close as possible to the literature on the subject, [70], [72], [71].

We start by assuming a boundary conformal field theory (CFT) with conformally
invariant boundary conditions (CBC) and action S¢rricBe, [68]. Suppose also that the
relevant scalar primary field ®(z,y) provides an integrable perturbation in the bulk. We
can also have a boundary perturbation induced by the relevant boundary operator ®g(y).
For this boundary perturbation to be compatible with CBC in the conformal limit, the
field ®p(y) has to be one of the degenerate primary fields of the conformal theory such

that the fusion rule coefficients are non-zero, [60]. Altogether we have:

+00 0 0
S = Serr+050 + ) / dy / d28(z,y) + g / dy®5(y). (6.1)

Now suppose that the conservation laws (3.9), (3.19) and (3.20) with the corresponding
conserved charges hold in the bulk for any spin s € S, where S is some infinite set of
positive integers. Ghoshal and Zamolodchikov [68] argued that the boundary theory (6.1)
is integrable, provided we can find an infinite number of functionals 6,(y) (s € Sg)! of the

boundary fields such that:
_ _ d
[T3+1 + G').';—1 - Ts+l - 93—1] Iz:O = d_yas(y) (62)

Indeed, it is straightforward to show that with 6, satisfying eq.(6.2), the following quantity

1S5 is an infinite subset of S

67
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is a nontrivial IM:

0 - -
H§h=[_dwHhﬂ@w)+GPKMy%+ﬂ+d%y%+@kd%yH+0p (6.3)

Classically, eq.(6.2) amounts to solving a differential equation for 8,(y). We will see an
explicit example of this calculation in chapter 9 for the super-Liouville theory, [109]. In
ref.[70] it was shown that for Toda theories based on the affine algebras otV and d the

boundary term Looundary = —6(z)B(¢) preserving the classical integrability is of the form:

M~ , Ba.
= g7 0 Awerer?, (6.4)
1=0
where m is a mass scale, § a coupling constant and ; (¢ = 0, - - -, 7) the set of simple roots
of the underlying algebra and ap = — Y _;_; nia; for some set of integers {n;}. The real

numbers A; either all vanish (corresponding to Neumann boundary condition) or satisfy:

|4il = 2v/ni. (6.5)

In the quantum theory we have to perform a dimensional analysis similar to the one in
chapter 3 for each value of s, to see whether the Lh.s. of eq.(6.4) yields a total derivative.
As an example consider the case s = 1. First suppose that A = 0, [68]. We then have in
analogy with (3.6):

< [T(y +1z) — T(y - ix)] ¢1(z1,91) - >=< [T(y +iz) - T(?/ - im)] é1(z1,91) - >

—Ap [12 dy' < [T(y +iz) - T(y — iz)] @B(y)d1(21,3) - - >0 +O(N}).
(6.6)
In the limit 2 — 0 the first term on the r.h.s. vanishes and the second term is controlled
by the OPE:
[T(y + iz) - T(y — iz)] ®B(y

_ k 18 1
{(y ~y'+iz)?  (y— y’]iiat)2 tyvFzoy ~yv-way }QB (¥) +- (6.7)

= {hsb'(y - )+ 8(y - ¥)3% } 88(¥),
where hp is the surface scaling dimension of ®p. Substituting in (6.6) and integrating
over y', we get to first order in Ap:

. = d
Teylz=0 = =T = T)|z=0 = d—yel(y), (6.8)

with
01(y) = —iAB(1 - hp)®5(y). (6.9)
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Dimensional analysis shows that in most cases equations (6.6) and (6.7) remain valid even
if we turn on the bulk perturbation A # 0. In any case, even if there are any additional

terms in A"AF they will be finite in number as before (cf. section 3.1).

As always we have the freedom to choose the direction of Euclidean time arbitrarily.
We can quantize our system on the half-line z € (—00,0] with Hamiltonian Hpg(= Hg))
and evolving in Euclidean time y € (—o00, +00). Alternatively, we can consider our system
to lie on the whole line y € (—o0, +00) and evolving in Euclidean time between the remote
past ¢ = —oo and the boundary state |B > at the instant z = 0. In this latter picture,
we see that |B > is a state in the Fock space of the bulk theory, satisfying the equations
(cf.(6.2)), [68]:

(Ps— P)|B>=0, scSg. (6.10)

On the half-line we can again define the asymptotic incoming states |A,, (61) - - - Ao, (On) >3
moving towards the boundary, i.e. all the rapidities are positive. In the infinite future
t — oo we have a superposition of outgoing states | Ay, (6]) - - As,, (6),) >%* (all the ra-
pidities are negative). Again these states are chosen to be simultaneous eigenstates of
the IM H g ) (6.3). The same analysis as before reveals that the conservation of these
charges implies pure elasticity of the reflections, in the sense that the mass spectrum is
conserved (N = M) and the set of rapidities {6},65,---,6y} can differ only by a per-
mutation from {—6,—6s,---,—0n}. The Fock space is defined by multiple action of the
creation operators A,(f) on the ground state [0 >p of Hp: Ay, (61) - Aay(8n8)]0 > 5 with
6; > --- > On. The vacuum state is created by an operator B representing an infinitely

heavy impenetrable particle sitting at z = 0:
|0 >p= B|0 > . (6.11)

The scattering factorizes into products of one-particle reflection amplitudes Rz(ﬁ) defined
by:
A,(0)B = R:(6)Ay(—0)B. (6.12)

If we apply the above algebra twice, we obtain the boundary unitarity condition:
RE(O)RY(—6) = &°. (6.13)

The requirement of factorizability is encoded in the following boundary Yang-Bazter rela-
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I
D
®)

Figure 6.1: Boundary Yang-Baxter equation

tion:

aicz

R2(02)S52%2 (61 + 62) RE (6:)S 28 (61 — 62) =
(6.14)
= 532 (61 — 02)RA (61) S22 (61 + 62) R (62),

a1a3 cady
which is depicted in fig.6.1.

To obtain the analog of the crossing symmetry condition let us first construct the
boundary states |B > satisfying (6.8). In this picture |B > belongs to the Fock space of
the Hamiltonian H(= H;) defined on the whole line. The eigenvalue of P; — P, acting on
a state with N particles of rapidities {6;} (=1,---,N) is:

N
ZEng)sinh(se,-). (6.15)
i=1
Consequently | B > is made up of pairs A,(6)As(—0) of particles of equal mass and opposite
rapidities. Ghoshal and Zamolodchikov [68] showed that |B > is of the form:

+o00
|B >= gezp [/ dOK“b(ﬂ)Aa(—b’)Ab(O)] |0 >, (6.16)
0
where g is a normalization and?:

K°(0) = R}

2@ is the anti-particle of a.
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a a

20 = -2e

Figure 6.2: Boundary cross-unitarity

Notice that we could equally write (6.16) in terms of out-states by continuing the definition

of K(8) for negative rapidities:
+oo b
|B >= gezp [/ dOK™(—6)A.(0)Ap(—6)| |0 > . (6.18)
0
By equating the two expressions we obtain the boundary cross-unitarity condition:
K(8) = §%,.(20) K (~9). (6.19)

This equation is represented diagrammatically in fig.6.2.

There are also boundary bootstrap conditions for the reflections of bound-state parti-
cles. Furthermore, we can also consider boundary bound states of the boundary particles,
[69]. For all the applications in this thesis these situations will not occur, and we shall not

discuss them any further.

As before the boundary reflection matrix is defined up to CDD factor.




Chapter 7

The Kondo Effect

7.1 The Kondo Model

In this chapter we give a concise overview of the conformal approach to the Kondo problem.

All the results presented are based on refs.[96], [98], [97] and [94].

We described in the previous chapters the general approach to boundary quantum
problems. There are many applications in quantum systems with impurities, the most cel-
ebrated one being the Kondo problem. The Kondo effect consists of the resistivity of metals
p(T) increasing as T — 0, contrary to the standard behaviour of p(T) decreasing either
to zero (phonons or electron-electron interactions), or p(T') — constant (non-magnetic

impurities). This anomalous pattern is caused by the existence of magnetic impurities.

Kondo [95] proposed the following asymptotically free theory which predicts the correct
behaviour for the resistivity:
o = G
H= qul{. e (k) + AS - Z¢£§¢E,, (7.1)
Ea kR
where v is the annihilation operator for a conduction electron with momentum k and

spin o = +. S represents the spin of the magnetic impurity, with

[52,8%] = setese. (7.2)
We assume that the representation of the above SU(2) algebra is (2s 4+ 1)-dimensional,
ie. §2 =s(s+1). In eq.(7.1), e(k) denotes the kinetic energy for the excitations above
the Fermi sea (ep). The analysis of this model can be drastically simplified if we assume

a spherically symmetric (&),

e(k) = om TEF R vr(k — kF), (7.3)




Chapter 7: The Kondo Effect 73

a é-function Kondo interaction and look at s-wave scattering only. We can thus restrict
ourselves to the radial coordinate (r > 0) and this becomes a (1 + 1)-dimensional prob-
lem, with the fermions being constrained to the half-line and the impurity sitting at the

boundary. The resulting Hamiltonian is:

Ho = & [ do (v} &1 — wfivn),
(7.4)
Hint = 391(0)5%1(0) - 5,
where we have set vp = 1 and r = z. Hjy, is the interaction Hamiltonian and 4y, g are

left- and right-movers:
br(z,7) = ¢u(r +1z),  ¥r(z,7)= Pr(r - iz), (7.5)
where 7 is the imaginary time. The quantization of (7.4) leads to the following propagator:

—i§eB
<) >= T, (76)

with a similar expression for the propagator involving right-movers only. Notice from
Hy in eq.(7.4) that the theory is conformally invariant in the bulk with two sectors of
non-interacting left-movers and right-movers. Since ¥1(0,7) = £9g(0,7), the two are
independent and the L-L interaction is identical to the R-R interaction, we may consider

¥R to be the continuation of 91, to the negative r-axis:
Yr(z,7) = Yr(-2,7), (7.7)
thus obtaining a chiral (left-movers only) (1 + 1)-dimensional theory with:
_ i [t tad
Ho= 5 [ dol' b, (78)

and H;,; given by (7.4). This Hamiltonian is manifestly SU(2) invariant. The RG flow
interpolates between an unstable (high-temperature) UV fixed point where the impurity
is decoupled (A = 0) and a strongly coupled (low temperature) IR one (A = 2/3) where
the spin of the impurity is “screened”. The precise meaning of the latter statement will
become apparent when we describe the conformal approach to this problem. As usual the ’

crossover between the two fixed points introduces a scale Tk called the Kondo temperature.

7.2 Non-abelian bosonization and conformal field theory

The conformal field theory approach to the Kondo problem consists of the method of

non-abelian bosonization. In two dimensions it is possible to construct fermionic fields
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from bosonic ones. Although this yields highly complicated expressions in terms of com-
posite fields, one is often capable of constructing currents associated with the particular
symmetries of the system, which have usually simple expressions in terms of the bosonic
fields. This is of course advantageous, because bosonic fields are easier to deal with than
fermionic ones. The WZW currents of chapter 4, constitute an example of bosonization

when the symmetries of the system are non-abélian.

The idea is to try to write the Hamiltonian density in terms of currents. This, as we
shall see will allow us to decouple the charge and spin degrees of freedom. Let us define

the charge and spin currents:
J=igoThy:, = wa*%gw 3 (7.9)
As an illustration we compute the following OPE using eq.(7.6):
J(2)J (y) =: 9N (2)9a(2)9P (y)a(y) : + < 01 (2)9p(y) >: Yal@)9P(y) : +
+ < %a(2)$P1(y) >: 9 (2)Pa(y) : + < M (2)9p(y) >< Yale)Pi(y) >=  (7.10)
=~ t @YW ()8e() : +209°1(y) Fva(y) + Oz ~ ).

The normal ordered product is:

:(J(y))?: =limgy [J(2)J(y) — singular terms)

(7.11)
= Mo Py 420 T epy
Similarly, we can show that:
= S 4 ety (7.12)
where we used the identity:
G050 = 26865, — 5567, (7.13)

Consequently, the bulk free Hamiltonian density can be written up to a c-number as:

1 1
H= é—;ﬂ + G—sz. (7.14)

From (7.10), we see that the charge current satisfies the algebra:
[I(2), J(y)] = 4ni8'(s - ). (7.15)

Similarly, one can show that the spin currents satisfy a SU(2) Kac-Moody algebra at level
k=1: '
d
[72(2), 7(9)] = 2mie e e(2)8(z — y) + in8*—8(z - y). (7.16)
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Also, the two algebras are independent, i.e. [J,ﬂ = 0. The charge and spin degrees
of freedom are therefore completely decoupled. We can consider our system to lie in a
finite box of length L with periodic (or anti-periodic) boundary conditions at z = —% and

T = % We can thus introduce the Fourier modes of the spin currents according to:

= 1 L2 e
n = _QF/—L/z dze”“"1%J(z). (7.17)
In terms of these eq.(7.16) reads:
. 1
[J,’i, Jsz] = zc“chﬁ+m + §n5“b§n+m,o. (7.18)
The spin part of the free Hamiltonian Hy is:
ariR . o
HO = 3 Y Jon Jn (7.19)
—00

Similarly, we can write the interaction Hamiltonian as:

- L9 @O
Hint:/\J(O)-Sz% I8 (7.20)

n=—0oo
Obviously, [.5' “,J,ﬁ] = 0. Since the Kondo interaction involves only the spin degrees of
freedom, we can consider the following Hamiltonian:

—

Hg = HO 4 Hon = = +Z (lf Jn 4 M, S) (7.21)
K — 11 int — Ln:_oo 3 -n n n .

The spectrum of this Hamiltonian at the weak coupling fixed point (A = 0) corresponds

to the Kac-Moody conformal towers at level £ = 1, as can be seen from:
He(A=0)=o= > Jn-Ju:. (7.22) -

At the IR fixed point (A = 2/3), we have:

or ¥ /. - -~
Hx(A=2/3)= -7 P (Jn- T+ 27, 5). (7.23)
The remarkable feature of this Hamiltonian is that we can complete the squares, yielding:
or IR . N e oA
Hx(A=2/3)= 37 [(Tn 4 5)- (Jn+ §) - s(s + 1), (7.24)

where we used §2 = s(s + 1). Notice also that:
N c [+ 1 a
(72 + 82,7, + 8] = iet(J 4 + 5°) + 515 Bnkmo. (7.25)

This means that Hy is quadratic in the new currents, Jn = Jo + S, which obey the same
Kac-Moody algebra as the old ones, Jr,. The explicit dependence of the spin S of the

impurity has disappeared. This is what is meant by “screening”.
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7.3 Multi-channel Kondo problem and boundary conditions

Suppose now that we consider different “channels” of electrons-e.g. different d-shell or-
bitals. This would require the introduction of k species of electrons falling into multiplets
of a SU(k)-“flavour” symmetry. The Hamiltonian (7.1) would be modified to:
k k
H=3 3 et + 25 3 Y vetalyy,. (7.26)
Fa =1 kktap =1
This is known as the multi-channel Kondo problem. Again we follow the same procedure
of mapping the previous model to a (1+ 1) QFT and introduce a form of bosonization
that separates the spin, charge and flavour degrees of freedom. This representation is also
known as conformal embedding. The SU(k) group has k% — 1 generators. They can be

represented by the traceless hermitean matrices 74 (A =1, -- -,k - 1) normalized so that
1
Tr(TATP) = 55143, (7.27)
and obeying the completeness relation:

I ATHTHE = % [5355 - %6253] : (7.28)
A

The structure constants fABC of the su(k) algebra are defined by the set of commutation
relations:

|14, 78] = ipA%T°, (7.29)

and the quadratic Casimir associated with the adjoint representation is:

1
— FDfac” = k. (7.30)

cy(SU(k)) = 2

The definition of the charge and spin currents (7.9) has to be slightly altered to incorporate
the additional flavour degrees of freedom:

. - L3P
J=p® e, J=: wa”?wﬁi L (7.31) -

Their commutation relations are not significantly modified, except that now we have &
copies of fermions. The charge current which corresponded to a level 4 abelian Kac-
Moody algebra now has level 4k. Similarly, the spin currents now satisfy a level k SU(2)
Kac-Moody algebra.

Finally we define the flavour current according to:

JA = (T4 gy - (7.32)
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The currents J4 obey the SU(k) current algebra with central charge 2:
2, JB] = if 485G, + 1848 by, (7.33)

and the Hamiltonian density can be written in terms of these as:

_ 1 p 1 1
"= 87rkJ +27r(k+2)J +27r(k+2)

JATA, (7.34)

Since the three types of currents are mutually commutative, we conclude that we have
managed to decouple again the three types of degrees of freedom: SU(2)r®SU(k)2@U(1).
Alternatively, using the Sugawara construction (4.23), we can re-express (7.34) in terms

of the stress tensors with the different current algebras:

1
H= %(Tcharge + Tspin + Tfla,uou'r)a (735)

with central charges:

3k 2(k* - 1) :
Ccharge = 1, Cspin = k—-|-2, Cflavour = (2 n ]C.__ (736)
The total value of the central charge is thus:
Ctot = Ccharge + Cspin T+ Cflavour = 2k. (737)

As before, since the impurity couples only to the spin degrees of freedom, we consider the

reduced Kondo Hamiltonian:
1 - A
= ——— Ad -S1. 7.38
Hx /da: [27T(k+2)] + A6(2)J s] (7.38)
In terms of the modes (7.17) this reads:

- f [k+2J T+ A S] (7.39)

Again, we can complete the squares for the critical value,

2

Ao = o (7.40)
yielding:
Hy = —2% Jrf [(f_ +§)-(J}+§)—8(s+1)]- (7.41)
Lk+2) &= U°"

And the Kac-Moody algebra remains unchanged:

1
72+ 82,08 + 8°] = i (T + 5 + S8 bnim,. (7.42)
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The new currents at the infrared fixed point, J , are related to the old ones, f, by:
Tn=Jn+ 8. (7.43)

If J and J were just ordinary spin operators, then the new spectrum would be given by
the ordinary angular momentum addition rules. In particular, if s is half-integer, states of
integer total spin are mapped into states of half-integer spin, and vice-versa. Furthermore,

we recall the fusion rule coefficients for a level k¥ SU(2) WZW model (cf.(4.45)):

Nip = { 0, otherwise, (7.44)
where of course j,p = 0, %, x -,129. The striking resemblance between these coefficients and

those for the addition of angular momentum, together with the fact that they also encode
the set of permissible conformally invariant boundary conditions at the conformal point
suggest a way of determining the boundary conditions for an arbitrary number of channels
k and impurity spin s. It consists of fusions with the spin-s representation. However, this
approach requires some caution, as the spin-s representation is only allowed in the SU(2)
WZW model for s < k/2. In the underscreened case, s > k/2, we assume fusion with
the maximal possible spin, namely k/2. The same happens in the ezactly screened case
s = k/2. In both cases, from (7.44), we have the following fusions:

E ok :
Q= =~ — 4. 7.4
i®5=5-7 (7.45)

Each conformal tower j is mapped into a unique conformal tower (% - j). In this situation,
one electron from each species binds to the impurity, effectively reducing its spin to

g=s— g (7.46)

In particular in the exactly screened case, we have:

g=0. (7.47)

7.4 Impurity entropy

As we have seen in chapter 5 the partition function on the strip for a set of boundary

conditions (a, 8) is (cf.(5.21), (5.22)):

Zop =) < alj ><jIB > x;(q). (7.48)
7
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In the limit R — oo this is controlled by the ground state, |0 >, i.e. the state with lowest

eigenvalue of Lg:

Zup ~ eTiL < a0 >< 0| > . (7.49)
The free energy is:
T?R
Fap = —”12 —Tin < af0 >< 0|8 >, (7.50)

where we used L = 1/T. The first term gives the specific heat:

TR
c=ro (7.51)
6
and the second gives the impurity entropy:
Simp =S+ 5 =In<al0>+in<0|f>. (7.52)

Each boundary i = a,f therefore contributes with the entropy §; = Ing;, where g; is
called the “ground state degeneracy” associated with the boundary condition 7. But we
know what this is. It comes from the fusion with the spin-s (or k/2) operator (cf.(5.27)):

SO

Using the expression (4.42) for the modular matrix S, we get:
Sin [1r125+1!]

k+2

9(s, k) = (7.54)

i

sn [k_-{-Z]

In the exact screened case, we replace s by k/2, yielding:
g(k/2,k)= 1. (7.55)

In the underscreened case, we must multiply the previous result by the number of non- -
screened degrees of freedom. Since the impurity has effective spin ¢ = s — k/2 it falls into

a (2¢ 4+ 1)-dimensional multiplet of SU(2). Consequently:
9(q, k) =2¢+ 1. (7.56)

For the overscreened case, the ground state degeneracy is noninteger. For instance, for
k =2 and s = 1/2, we have:
9(1/2,2) = V2. (7.57)
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7.5 Kinks and background scattering

As we have seen in the previous section, we managed to decouple the charge, spin and
flavour degrees of freedom using the technique of non-abelian bosonization. Furthermore,
since the impurity couples only to the spin degrees of freedom, we can discard the remaining
and consider only the SU(2); spin current algebra. As we discussed in chapter 4 the
corresponding WZW model has k + 1 degenerate vacua. Consequently, the spectrum of
particles consists of the stable massless sectors of right- and left-movers, containingl non-
trivial internal symmetries of SU(2) isotopic spin and a kink structure associated with
the degeneracy of the colored vacua. In this description in terms of “quasi-particles”
we are studying directly the excitations above the Fermi sea. Also from the conformal
invariance in the bulk, we were able to extend our system to the whole line by considering
only say left-movers with the impurity sitting at the origin. If we assume the model to be
integrable, then the S-matrix Spy, for the scattering between the impurity and a left-mover
of rapidity 8 will be determined by the usual requirements of unitarity, crossing symmetry
and factorizability. Let us consider first the exactly screened case. The effective spin of
the boundary impurity is ¢ = 0. Thus, it is represented by an SU(2) singlet with no kink
structure. Under these circumstances, the particle cannot exchange isotopic spin or kink
degrees of freedom with the impurity and Spy satisfies precisely the same equations as

does Ugy, in chapter 4:

Sar(8) = Unw(8) = tanh (g _ %) . (7.58)

Now consider the particular underscreened case when the boundary particle is a SU(2)
doublet, i.e. £ = 25— 1 or ¢ = 1/2. The particle is now allowed to exchange isotopic
degrees of freedom with the impurity in a spin preserving fashion. The constraints are

therefore the same as for the bulk L-L scattering:
(SBL)3H(B) = S5(B) = or(B)8587 + ar(B)626;, (7.59)
where o7(0) and or(f) are given by (4.68), (4.69).

In the overscreened case the impurity’s spin is completely screened and therefore it is -
a SU(2) singlet as in the exactly screened case. However there are still p = k — 2s leftover
electrons. Since the spin degrees of freedom of the impurity are saturated, if it is to have a

non-trivial structure it has to couple to the flavour symmetry (i.e. kink structure) of these
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leftover electrons. The boundary conditions in this case are obtained by generalizing the
previous procedure to a sort of kink version of the fusion which preserves the integrability
of the model, [77], [78]. The boundary “incidence” matriz I, encodes the kink structure
of the p kinks. Its rows and columns correspond to the vacua. If the vacua @ and b are
connected by a kink, then the entry (I,)f is 1, otherwise it is zero. The incidence matrix
for the bulk kinks is /; and Iy is defined to be the k x k identity matrix. The analog of

the angular-momentum multiplication is [98]:
Illp = Ip—l + Ip+1. (760)

As an illustration, consider the simplest nontrivial overscreened case, ¥ = 3 and s = 1/2.
The bulk WZW model has k£ + 1 = 4 degenerate vacua, with the kinks interpolating
between adjacent vacua. On the other hand p = £ — 2s = 2. From (7.60):

(7.61)

L , L=hLL-1)=

I
o O = O
[ R S R
—_—o R, o
o = O
(== e B e |
[l == )
(== e s
o O == O

In this case the boundary spectrum consists of the kink doublets (1,3), (3,1), (2,4), (4,2),
(2,2) and (3,3).

We shall not consider any further the overscreened case. The scattering matrices are

those for restricted solid on solid (RSOS) models, which can be found in ref.[79].




Chapter 8

The principal chiral model on the
half-line

8.1 Boundary conditions and reflection amplitudes

In this chapter we consider the PCM (at level k = 1) on the half-line. The determination
of the boundary conditions compatible with integrability and the corresponding reflection
amplitudes will involve some amount of guesswork. We shall use as guideline some knowl-
edge coming from the symmetries of the problem, the limiting IR conformal field theory
and a related problem (Kondo). The difference between this and the Kondo problem lies
in the fact that in the former the scale invariance is broken in the bulk by the mass scale
associated with a very unstable O(4)-isovector resonance!, whereas in the latter the scale
invariance is broken at the boundary. We therefore assume that the boundary conditions
are conformally invariant at the IR fixed point and that the RG flow is controlled by the
bulk perturbation. We would thus have a system of the form (6.1) with Ag = 0. In chapter
5 it was shown that at the IR point there are two boundary conditions compatible with
conformal invariance, corresponding to the identity operator with isospin ! = 0 and the
fundamental field g of the WZW action with isospin { = 1/2. These boundary conditions
could also be regarded as the IR limit of the Kondo model when & = 1. The bulk spectrum
of the two problems is the same with identical L-L and R-R scattering. The difference
lies in whether the R-L scattering is trivial (Kondo) or not (PCM). The overscreened case
is not allowed as this would require s = 0 and the impurity would completely decouple
from the system. In the underscreened case, we could have in principle s > 1, but we

shall only consider the case s = 1. When we derive the boundary consistency equations

1We assume that the boundary introduces no additional mass scale.

82
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PCM

Figure 8.1: RG trajectories

(e.g.unitarity), in the limit when the bulk theory becomes scale invariant (Ugpy, — —1),
the scattering amplitudes of the Kondo problem should solve these equations. This will
be an important consistency check. This program is formally depicted in the diagram of

fig.8.1.

In the exactly screened case (k = 1,s = 1/2), the boundary particle is a SU(2) singlet
and the scattering matrix is given by eq.(7.58). By analogy, we start by assuming that
the boundary impurity has no internal structure. We call this “fized” boundary condition.
The reflection matrix R is defined by (cf.(6.12)):

Ro(B)B = R(8)Ls(~B)B. (8.1)

Since the total isospin has to be conserved and the boundary particle is a SU(2) singlet,

we conclude that the reflection matrix has to be diagonal:
Re(8) = 6 Rrr(f). (8:2)

This amplitude automatically satisfies the boundary Yang-Baxter equation (6.14) irre-

spective of Ugry,.. Let us now consider the boundary crossing symmetry condition:
K™(8) = U (28)K*(~B), (8.3)

where K*() = Rg(iﬂ'/Q — (). From egs.(7.58) and (8.2), we get:

Rri(im + B)
T Uri(2B) (®4)

Notice that Ryg would correspond to a left-moving particle being reflected into a right-

Rrr(-B) =

moving one. This does not seem to make much sense given that our system is defined on
the half-line (—o00,0]. However, as we shall see, it will prove fruitful to ignore this and see

it only as a formal tool to derive consistency conditions for the reflection factors.
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Next consider the boundary unitarity condition:
RZ(B)Re(~B) = 6. (8.5)
Using (8.2), we get:
RRL(,B)RLR(—,B) =1. (8.6)

We can thus express Rpg in terms of Rpy,. Eq.(8.4) then reads:

RRp(B)Rri(im 4+ B) = —Urr(26). (8.7)

Notice that we cannot take Rrr, = Rpg as can readily be verified if we substitute 8 =
—im/2 in egs.(8.4) and (8.6). As we discussed before, if we take Ur;, — —1, then the
exactly screened amplitude (7.58) of the Kondo problem is a solution of eq.(8.7). Let us

now consider (8.7) with non-trivial R-L scattering. This has the minimal solution:
. 8 _im
i | sinh(3 - %
Rap(f) = eap (__) —(__) . (8.8)
4 sinh (‘g + %’T)
This amplitude has no poles on the physical sheet. The only pole lies on the second sheet

at # = —im /4 and is, of course, associated with the mass scale of the bulk theory.

We now move on to the underscreened case, where the boundary has an effective spin

g = 1/2. This will be denoted “free” boundary condition. We then have:

Ra(ﬂ)Bb Z R (/B)L ,B)Bd, (89)

¢, d=+%

where By creates a boundary state with isotopic spin b = +:
|B >4= B4|0 > . (8.10)

The boundary Yang-Baxter equation has to be slightly modified to incorporate this addi-

tional structure, [68):
REE (B)USY" (By + o) REE(B1)SE(Br — f2) =
i (8.11)
S (By — B2) REE (B1)UNE (51 + B2) REE(Ba)-

Substituting (4.71), we get:

REC (B2)RES(61)SE2,(Br — Ba) = S (Br — o) R%.(61) RE (Ba). (8.12)
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We see that the bulk R-L scattering decouples as before. It will only play a réle in
the boundary crossing-symmetry condition. This, of course, is a consequence of the R-L

scattering being diagonal. Substituting (4.66), this yields:

[RE4(8) B (B2) - BES (B1)RE(82)] o1(Br - o) =
) ] (8.13)
= [ngl(ﬁl)RZ‘ﬁ,(ﬂz) - RZ‘L(ﬂl)RZ‘ﬁ'(ﬂz)] or(f1 — B2).

Since the total isospin has to be conserved, we assume the following SU(2) symmetric

combination:
R3(B) = 6263 fre(B) + 82659RL(B). (8.14)

We then get using (4.68):

%(ﬁl = B2)9rL(P1)9rL(B2) = fRL(B1)IRL(B2) — 9rL (1) fRL(B2), (8.15)

which implies:
Iru(8) = —Bor(B). (8.16)

The boundary unitarity condition,
2 ()R (~B) = 6.6, (8.17)

reads:

fre(B) frr(=B) + gre(B)9Lr(-B) = 1,
fre(B)grr(—B) + gre(B) frr(—pB) = 0.

Finally we consider the boundary crossing-unitarity condition. We assume the following

(8.18)

generalization:
RE(B) = R (im — B)Uns(im — 26). (8.19)
Following Berg et al.[56], we define the crossing symmetric matrix:

GiA(8) = RE2(B) = 8362upL(B) + 64:6° vrL(f). (8.20)

As before the matrix HZ4(f) = R:f(ﬂ ) vanishes because it is associated with the exchange
of momenta, which is not possible since the boundary particle has to stay at rest after the

interaction. In terms of u and v, (8.19) reads:

fLr(8) = —Ure(2B)urc(im - B),  gLr(B) = —UrL(2B)vrL(iT - B). (8.21)

The unitarity conditions,

v’ (B)Gaiw(=B) = 862, (8.22)
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yield the equations of u, v:

urL(B)vLr(—B) + vro(B)uLr(—B) + 2vRL(B)vrr(-B) = 0,

(8.23)
urr(B)urr(-p) = 1.
Notice that if we choose,
frL(B) = —urr(B) — vre(B),  grL(B) = vrL(B), (8.24)

then eq.(8.15) is automatically satisfied. The boundary Yang-Baxter equation for antipat-

icles imposes that
; :
urr(B) = —BorL(f), (8.25)

which is perfectly compatible with (8.16) for the choice (8.24). Solving this whole system

is tantamount to finding ggryr, LR such that:

9rL(B)9Lr(-B) = =gz, (520
8.26

9Lr(B8) = —URrL(2B)gRrL(im — ).
Suppose that the R-L scattering becomes trivial, Urr(8) — —1. In that case it is perfectly

consistent to take grr, = grLr = ¢:

SO0 = s olim =)= 4(6). (8.27)
This system is solved by ¢g(#) = or(f) in agreement with Fendley, [98]. The system
(8.26), with Ugr,(3) given by (4.73), is not consistent for ggy, = gr.gr. Again this is checked
immediately for § = —in/2. However, we can take grr(8) = vgrr(B), where v is some

constant. Consistency of the system (8.26) requires ¥ = —Ugp(ir) = —1i. We then have:

9RL(B)IRL(~B) = =5,

(8.28)
igr(B) = Urr(26)grr(im — B).
This system has the minimal solution:
9rL(B) = iRRrL(B)or(B), (8.29)

where Rpr(f) is given by (8.8).

8.2 Boundary TBA

In this section, we compute the boundary ground state energy and the boundary de-

generacy for the system defined on the topology of the annulus with periodic boundary
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conditions in the L-direction and “fized” boundary conditions on both sides of the annulus
in the R-direction. This is accomplished by the technique of boundary TBA, [86]. Because
the theory in the bulk is nondiagonal the computations involved are quite cumbersome.
The best we can hope for is the situation we have just described. The “free” boundary
condition entails a nondiagonal reflection matrix, thus rendering the equations even more

complicated.

8.2.1 TBA in the R-channel

We start by assuming our system to lie in a periodic interval of length L, and evolving
between the two boundary states |B > (associated with (8.1)) during a lapse of time R.
The boundary state is defined by (cf.(6.16)):

|B >= gezp { /_ 4:0 dﬂIx’""’(ﬂ)Lg(—ﬂ)R{(ﬂ)} 0> . (8.30) |

In this section we use the symbol { to distinguish between creation and annihilation

operators. They satisfy the following non-commutative algebra:

Ra(Br)RY(B2) = &Y' (B1 — B2) R} (B2) Rar(Br) + 6as8(B1 — B)- (8.31)

In eq.(8.30) g is a normalization, which we consider equal to 1 unless otherwise stated.
Notice also that we are performing the integration in the interval —~oo < 8 < 4o00. This
is because the particles are massless and therefore e.g. R}() will always be an incoming

particle moving towards the right boundary regardless of what the sign of 3 is, [86].

The partition function in the R-channel is, [86]:

< Bla >< a|B >
< ala >

Z =< Blezp(—RH)|B >= ) _ ezp(—-RE,). (8.32)

o

The sum is a priori over any state in the Hilbert space. H is the Hamiltonian for the
periodic system and E, the energy of the state | >. Since the theory is integrable, the
number of particles and momenta are conserved. Consequently, the only states |a > that

contribute to the sum are of the form:
2N >= LY (~Bn)R] (Bn)---LE (~B1)RL ()]0 > . (8.33)

We then claim that:

< B|2N >< 2N|B > oN
- iz K (Bi) K () 8.34
< 2N|2N > (N2 =1 (B:)K(B:) (8.34)
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As an illustration let us consider the first few terms. For ¢ = 1 and assuming that the

vacuum state is properly normalized (< 0|0 >= 1), we have immediately:

<Bl0><0[B> _
< 0J0 > B

(8.35)
The first non trivial term is:

+o0 _
<B2>= [ dBREN(B]) < O1Rs, ()L (~BOLL (~BRL (B0 > (8.36)

o0

From eq.(8.31) and the fact that Lz(—£3)|0 >= 0, we get:

< B|2 >< 2|B >= 6%(0)6262 K (1)K (6y)- (8.37)

In the above expression there is no summation over the indices yet. Similarly:
< 212 >=< 0|Ra,(B1)Ls (~Br) LG (=H1) Y, (B1)]0 >= 8*(0). (8.38)

Finally, we can sum over the internal isotopic degrees of freedom. This is because for the
states @ >= [2N > in the partition function (8.32), the exponential term ezp(—RE,) is
the same for all the states |2V > with the same number N of pairs of particles, i.e. it

depends upon the rapidity but not on the isospin. We then get:

< B|2>< 2|B >
< 212>

= 2K(B)K (), (839)

Next consider:

< Bl >= 3 [32 dp; [13 dB, K (B) K% ()
(8.40)
XI4(IB{’ —183/171657 _ﬁé$ _1@2, ﬁ?’ _/617/81)1)1611)2&252(1251(117

where

I4(ﬁi7 _/317:357 —;Béa _ﬁ2) ﬂZa _ﬂl9181)b1&1b2&262d261d1 =
=< 0| Ry, (8})La, (= B1) Ra, (B5) Lay (—B5) LE, (= B2) RY, (B2) LL (1) RY, (8|0 >=

% ) (R L
= gzi giigz)'[‘g )(ﬁi’ﬁé;ﬂ%ﬂl)blb%dﬂil X Ii )(_1817_ﬂ‘£; _132,_161)51-2,(—:251'

(8.41)
In the last equality the commutation relations (4.70) were used. IiR) and IlgL) are the

amplitudes:
I (=B, =B —Bay ~B1)arap s =< O|Lay(—B) Lay(—B4)LE (— o)LL (— )0 >,

I8, BL: Bay Br )y ba oy =< 0| Ry, (B}) R, (B5)RY, (B2)RY, (B1)I0 > . 2
8.42
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From the commutation relations, we get:

I = 84,4, 6,0, 6(81 — B1)S(B2 — B3) + 6(61 — B2)8(B2 - B)SHL (B — B).  (8.43)
Substituting in eq.(8.41), we obtain?:
Iy = 6%(0) [6p, 4, 6by4, 63161 03,5,6(B1 — 01)6(62 — By)+
+8(81 — B5)8(B2 — 1) Syigt (Br — B2) SEAE (B2 - By)| +
(8.44)

+8(0) [86, s 05,0,6(B1 — B2)8(Br — B1)6(B2 — B3) ST (0)+
885,822,001 — B2)6(B1 — B3)6(82 — B}) St (0)
Consequently:
< BJ4 >= 3 {82(0) [K2 (B) K™% (85) + K™ (Br) K™t (B1)x

XS (B — B2)SEE (B — Br)] + 6(0) K% (B) %% (B,)8(8y — f2) 52 (0)+

FREN () K2 (61)6(8y — 2)S250)] }
(8.45)

Now consider the term:

K% (B5) K22 (81) S50t (81~ B2) S5 (Ba— 1) = K (B1) K (82) S5 52 (B1—52) S (B2 )

This term vanishes because it involves the backward scattering matrix B of eq.(4.64). Next

consider:

K23 (51) K%% (62)8(61 ~ £2) 52322 (0) = 8aydy b1, K (B1) K (B2)8(B1 - Ba),

where we used S3¥1(0) = 631651 Again, this term has to vanish. To understand why this

a2€2z

is so, let us go back to the state |2V > in eq.(8.33). The delta function §(8; — ;) and

the Kronecker symbols 6y, 4,0z,z, mean that we have a state of the form:

LL (=80 B}, (B LL (<Br)RL, (8010 > .
However this is not allowed by the selection rules (cf. sections 3.5 and 4.3).

Finally consider the term:

K0 (B2)E%%2(81)8(B1 — B2) 5342 (0) = K (1)K (B2)6(B1 — B2)8z,5,84,d, -

?Note that the contribution of Ugy in (8.41) exactly cancels due to the 8-functions.
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Again this is not allowed because of the selection rules. Altogether, we have:

8%(0)
(2)?

< Bl4 >< 4|B >=

K(B)E(B1)K (82) K ()85 681682 6%, (8.46)
On the other hand:

< 4|4 >= IzgR)(/Bl’182;1627/61)d1d2,d2d1 X IiL)(_ﬂl) _ﬂ21 -182$ _ﬂl)?:léz,fgal'

Due to the selection rules this is equal to §*(0). After summing over the internal degrees
of freedom, we get:

<Bl4><4/B> 22 _ _
< 4/4 > - (2!)2K(ﬂl)K(ﬂl)K(ﬂZ)K(ﬂz)- (8.47)

And this is equally in agreement with eq.(8.34). We assume that formula (8.34) is exact
for all N. It is worth noting that although we started out with a nondiagonal theory, we
ended up with a remarkably simple formula. Drastic simplifications were achieved due to
the selection rules that prevent any two particles of the same type to be in exactly the
same quantum state. But also the fact that the theory is massless prevents the backward

scattering of particles and antiparticles.

The §(0) quantities appearing in the computation of the internal products are not well
defined. However, they are unavoidable if one wants to compute the partition function in
the R-channel (see e.g.[86]). One must keep in mind that they require some regularization
that will of course be controlled by the length L of the interval. Another interesting feature
about eq.(8.34) is the fact that it is independent of the R-L scattering Ugy,.

Let us now go back to eq.(8.32). In each state o > there are exactly the same number

of left-movers and right-movers. For each Cooper-pair ¢ = 1,2,---, N, we have an energy

term, (M/2)(e% + e~ (=F)) = Mexzp(f;). Substituting in (8.32), we get:

< Bla >< ¢|B > )
Z = Za: <alas exp {—RM%eﬁ } , (8.48)

where the sum in the exponential is over all pairs in the state | >= |2N >. Let us now
consider eq.(8.34). We shall drop the normalization 2V /(N!)? (it can be absorbed into
the measure of integration in eq.(8.49) below). In the thermodynamic limit, when the
number of particles tends to infinity, we can introduce the density po(83) of pairs of right-

and left-movers with opposite rapidities. Eq.(8.48) reads, [86], [87):

2o [Dpo(B)ecn{L [ a8 [tog (ROIK(S) - RML] po(8)+ LSlpol} . (5.49)
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Figure 8.2: Transfer matrix
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S[po] is the entropy associated with the configuration py. We see that the contribution

from the boundary can be interpreted as a rapidity dependent chemical potential, [86].

The system is constrained by the quantization condition, that arises from placing our

system in a finite periodic box of length L. We get equations of the form, [81]:
P12 Ra, (B1) L, (~B1)Rey (B2) L, (=B2) - - Rey (BN) Ly, (—Bn) =

= L4, (=1)Be,(B2)Lg,(=P2) - - Ren (BN) L, (=BN) Ray (Br),

where p; = %eﬁl is the momentum of R, (1) and we dropped the symbol t for simplicity.

(8.50)

By commuting R,, (1) on the Lh.s. of eq.(8.50) with all the other operators, we get:

el [H{ilURL(ﬂI + ﬂl)] S22 (B1 — Ba) S8 (Br — Ba) - -~ Senby. (B — Bn) =
(8.51)
= §b28% ... 50N gan

Cc 7 c3 cy ‘a1’
We define the (2N x 2IV) “colour transfer matriz” for N right-moving particles with the

following matrix elements, [57]:

T3 (ulf, s Bv)ey ey = Saay (u= BUSEz (w = Bo) - S3yM ey (w = Br),  (8:52)
where u is called the spectral parameter. This object [57] is represented in fig.8.2.
Each node represents an interaction with S-matrix given by eq.(4.66). Multiplying

eq.(8.51) by §2%1 (0) = 621]\,6511 and summing over repeated indices, we get:

&P (I, Urs (1 + B)| T(B1lBr, -+, Bv) = 1. (8:53)

where T(u) = 3, T2(u) is the trace of the transfer matrix. Since we chose the first particle
randomly and the system is periodic, eq.(8.53) can be generalized to the following set of
Yang equations [75], [57]:

eiPRL [H{ilURL(ﬂk +/31)] T(Bk|B1, - -, Bn) = 1, k=1,2,---,N. (8.54)
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As usual for the higher Bethe Ansatz (i.e. nondiagonal scattering), we try to diagonalize
the transfer matrix using the method of “quantum inverse scattering”, [57]. The commu-
tation relations for the transfer matrix can be obtained by successive application of the
Yang-Baxter relation. They read, [57):

!

T ()T ()25 (u — v) = 8% (u — v)Th(v)T% (). (8.55)

Writing these out explicitly, we have:

[T(w), T(v)] = [TF (w), TE (v)] = [T= (w), T2 (0)] = [TF (), Ty (v)]) = [T (w), TH(2)] = 0,

(u = V)T (W5 (v) = inT7 (W)T (v) + (u - v = im) T ()T (u),

(u —0)TZ(v)Ty (u) = sn Ty (v)T- (w) + (uw— v —im)T7 ()T (v).

(8.56)

From these commutation relations we see that it makes sense to find the simultaneous
eigenstates of T'(u) for different values of u. We start by defining the ‘bare vacuum’ state
|0 >, which corresponds to a state where all the N frame particles have spin “down”, [57).
It is an eigenstate of T'(u). For example, T} (u) acting on |0 > would correspond to the

situation in fig.8.3.

The first node yields a contribution S{% (v — 1) = 656, o7(u — f1). Consequently,
this will vanish unless a; = + and ¢; = —. Proceeding with this reasoning, we conclude
that all the a; are “up” and all the ¢; are “down”. Notice also that this is compatible with
having + at the end of the frame and that each node 7 gives a contribution or(u — 8;).
Therefore:

TF(w)|0 >= [ or(u - B)] [0 > . (8.57)

Similarly, we can show that |0 > is also an eigenstate of T~ (u). Altogether we have:

T(w)]0 >= [ or(u - £) + T, Sv(u— B)] 0> . (8.58)
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The space of states is constituted by the set of fictitious particle states (“magnons”) of
the form, [57):
A, A >= Ty (M) - Ty (Am)]0 > . (8.59)

From eq.(8.56) we see that the order of the rapidities Ay, - -, Aps is immaterial. In general
it is not an eigenstate of T'(u). In fact it can be shown that, [57):

T(w)|As, -+ An >= [T, M2 IN o — i)+

+ HM u—/\"#ﬂ Sv(u - ﬂk)] A, s Am > +

Uu—

(8.60)

Ai—A ur
+ Tt pys [ HﬁJ—L Lior(Aj = Br)+

Aj=Ai
‘l"Hf‘gl;] -+17" =1SV(}‘j_ﬂk)] IAla"'/Aj,"'a’\M7u>7
where A; means that this rapidity is omitted. This state will be an eigenstate of the trace
of the transfer matrix, provided the shifted rapidities y; = A;—in/2 (j = 1,---, M) satisfy

the constraints, [57):

MY —¥itim —in/2 :
= 61
Hz;éjy y,,—lﬂ'nk ﬂk+lﬂ'/2 11 J 1, 7Ma (86 )

in which case:

T(u)| A1, -, A >= {HﬁuluuA /\_MH _yo7(u - B)+
(8.62)
I AN Sy (u— ) HAn, s Aue >

Equations (8.61) can be interpreted as the periodicity conditions for the Bethe wave func-

tion of M magnons subject to the diagonal factorized scattering with magnon-magnon
scattering amplitude:

+ i
Suly) = 222, (8.63)

Y — T

The scattering between the magnons and the frame particles is described by the amplitude:

—im/2
y— ﬂ +im /2

The system (8.61) has been analyzed in the context of the Heisenberg spin chain, [74],

S1(y~B) = (8.64)

[76]. In the thermodynamic limit (N — oo), its solutions are either the isolated real roots
Yo, corresponding to the magnon Mj(yp) proper rapidity yo, or the strings of arbitrary

number n of roots:

y,,:yo-{—%r-y, v=-n+1l1l,-n43,---,n-1,
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which can be interpreted as the n-magnon bound state M,(yo) (n = 1,2,...,00) of real
rapidity yo. The amplitudes (Sy.,) for the M,, — M., (m > n) bound state scattering and
for the scattering between the n-magnons M,, and the frame particles (5,) can be derived

from the bootstrap fusions (3.52). They are given by, [57]:
_ y—f—inm/2
Sn(y — B) = z_ng;r%,

_ ytir(m+n)/2 yHin(m4n—2)/2  y+in(m—n-2}/2 2 yt+in(m—n)/2
Smn(y) — y—ir(m+n)/2 X [y—iﬂ'(m+n—2)/2 y—ir(m—-n-2)/2 X y—im(m—-n)/2"

(8.65)

In the thermodynamic limit N, M — oo, we introduce the densities p,(y) and the densities

of states An(y) of n-magnon bound states (n = 1,2,---,00). Eq.(8.61) then reads, [57):

2TAn = Gn % po+ Y bmn * P, (8.66)

m=1

where the kernels ¢,,, ¢, are defined as:

uly) = —igylogSn(y),
(8.67)
¢)mn(y) = _ia%’,logsmn(y)'
The rapidity convolution is given by:
too / / !
@ro) = [ /ey -v)ew). (8.68)

We can rewrite Eqs.(8.66) in a more tractable form by noticing that if we work with
Fourier transforms, convolutions are replaced by ordinary products. We define the Fourier

transform of a quantity A(y) by:

+oo .
A) = [ dyaye®, (8.69)
and its inverse by:
too dk -
Aly) = /_ S A(k)e . (8.70)

Then we can show that the Fourier transforms of the kernels (8.67) satisfy the following

identities, [57]:

37 ¢n(k) = exp (-],

(8.71)
Lp=1 (5m,p - %d’mp(k)) X (5p,n - Wlpn) = bmn-
Imn (myn = 1,2,---,00) is called the incidence matrix, [57]. Its elements vanish unless

the nodes m and n are connected (i.e. adjacent) in the diagram of fig.8.4.
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Figure 8.4: Incidence matrix

From eqs.(8.65) and (8.67), we have:

nmw
) )

5 (8.72)

Consequently the integrand in (8.69) has two poles situated at y = +in7 /2. If k£ > 0, the

Pn(y) = —i—a-logSn(y) =1

integral diverges unless Imy > 0. We therefore consider the contour Cy in fig.8.5, which

encloses only the singularity y = inw /2. Using Cauchy’s theorem, we have:
¢n(k) = 2miRes(y = in7 [2) = 2me™""k/2, (8.73)
For k < 0, the integral converges for Imy < 0 and we perform the integral over C_:
¢n(k) = —2miRes(y = —int/2) = 2me™* /2, (8.74)

The additional minus sign comes from the opposite orientation of the contour C_. Alto-
gether we recover the first equation in (8.71). The second equation can be obtained in a

similar fashion. If we Fourier transform eq.(8.66), we get:

21 An(k) = bu()polk) + i¢mn<k>pm<k). (8.75)
Using this equation, we get for n > 2: N
A (8) + Anca(K) = Leosh(rk/2)ak)po(k) + 2 T T2, b ()b (K) =
= Leosh(mk/2)6a()polk) + Ts bnnpm(k) + Losh(h/2) T2, G (K)pm(h) =
= Pt (k) + prca(K) + Loosh(n/2) [Ba(k)po(k) + 551 b (B)pm(K)] =

= 2cosh(mk/[2)An(k) + pry1(k) + pn-1(k).
(8.76)

Consequently, if we define the densities of holes, A, = Ay, — pn (n=0,1,---,00), we

get, [57]:
1 - -
= (&, Rnoa(k)) . 8.77
Anll) = 5oy (Rnsa(6) + Rna (1) (8.77)
Equivalently:
1 . .
Ap = el (A'n+1 + An—l) , n 22, (8.78)
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Figure 8.5: Contours

where ¢(y) is the unified kernel, [57):

_ +eo dk T —iky _ 1
#ly) = /_oo é;cosh(ﬂkﬂ)e "~ coshy’ (8.79)

Following the same procedure for n = 1, we get:

A= Qiﬁ + (Ao po) . (8.80)

—mnlk|/2

Let us consider again eq.(8.77). If we multiply by 2re and sum over n > 2 we get

from (8.71):

ni An(k)bn(k) = Wlwm) { emlHI/? ;An(k)sbn(k) + e lH/2 ni_o:l [xn(k)gbn(k)} .
(8.81)
This yields:
omlkl/2

M) = g (R (8) + BaB)u(8) + 3 ba(Kypa(h). (550

Replacing Az by eq.(8.80), we get:
M(k)pu(k) = s dr(R)Aa(k) + e/2 g (k) A () +

(8.83)
+ 2221 $n(k)on(k) — i $2(k)o(k).
Notice that e™/2¢; (k) = 27 and e™*/2¢,(k) = ¢ (k), and so:
3 S N— —T
1;1 Pk )pn(k) = cosh(wk/?)Al(k) * cosh(ﬂ'k/Z)e po(k)- (8.84)

After Fourier transforming, we obtain the following useful identity, [57]:

> n*pn=¢*po—@xAs,

n=1
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where

+oo .
$(8) = /_ ~ %m’;k—me-ﬂlklﬂe-zﬁk = —-ia—aﬂlogsv(ﬂ). (8.86)

In the last step we used eq.(4.69) to show that ¢(8) is the kernel associated with the
isovector amplitude Sy (f), [57].

Let us now go back to the set of Yang equations (8.54). We consider as eigenvector of
the transfer matrix the M magnon state (8.59) with rapidities y;,-- -, yar subject to the
constraints (8.61). Taking into account the fact that o7(0) = 0, we get:

M Br —y; +im/2
leﬂk - Y — iﬂ’/Q

In the thermodynamic limit N, M — oo, this yields:

ePRLT] I [Sv(Bk = B)URL(Br + )] = 1. (8.87)

ad M
27TAO = ¢S ¥ po — Z ¢n * pn + 7613, (888)

n=1

where
05(8 — ) = i [1ogSv(B — 0) + logUna (9 + ] = 95 ~ B) + 9(6 + 8. (8:59)
Using the identity (8.85), we get:
21Ao = ps * po+ o *x Ay + %eﬁ, (8.90)

where s = p(8+ §).

To compute the ground state energy, we perform a saddle point evaluation of the

partition function (8.49), or equivalently, we minimize the free energy, [73],

7= é/_:o dp { [RMe? — log(K(B)K(B))] po(B) — 5 lpn, Anl} (8.91)

with respect to the macroscopic quantities p,(8), A,(f8) taking into account the constraints
(8.78), (8.80) and (8.90). The magnons being fictitious particles do not contribute to the
energy of the system. However, they account for the isospin degrees of freedom and
must therefore contribute to the total entropy, [57]. We have mentioned above that all
particles in the system- fictitious or not -obey certain selection rules. The sets of left- and
right-movers are represented by anti-commuting operators. Because, the corresponding S-
matrix element is symmetric for particles with the same rapidity and isospin (525(0) = 1)
we concluded that they obey an exclusion principle preventing any two of them to be .

simultaneously in the exact same quantum state. The magnons, on the other hand, are
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bosons, but (5,(0) = —1), (n = 0,1, ---). Consequently, they equally obey Fermi statistics,
[57].

Consider a system with N types of fermionic particles. Suppose that there are Ny)
particles of type a(=1,---, N) and N, states available. The entropy for such a system is
known to be of the form, [80]:

!
s~ In TN, No! : (8.92)
= (N, = NN

In the thermodynamic limit Ng (") ,L — oo, (with N,/L fixed) we define the density of
particles of type a as p, )(ﬁ)LAﬂ N, (") and the density of states as p,(8)LAS = N,.

Using Stirling’s formula, we get, [73]:

N
bs~ LABY [palnpa = (pa = p{7)in(pa — o) = pDlnpl?)] (8.93)
a=1
To take into account the constraints (8.77), (8.80) and (8.90), we introduce an infinite

number of Lagrange’s multipliers (one for each constraint), u,(8) (n = 0,1,---,00), and

rewrite (8.91) as:

F =L 12 dg { RMepo(8) - log [K (B)K (B))] po(B)
— 2 nzo [AnIOgAn — pnlogpn — f\nlogf\n] + po(B) [Ao — s *po— e Ar - %e"] +

+u1(8) [A1 = o+ (Ra + po)] + Ty n(B) [An — £+ (R + Ana)| }

(8.94)
It is convenient to define the pseudo-energies, [57]:
b _ e
Ao — 14e—c0?
(8.95)
%: 1+_e€—n€na n=12---,00,
and the functions:
Ln(B) = log(1 + e~ By, n=0,1,--,00. (8.96)

Minimizing the functional (8.94) with respect to p,, A, and u, leads to the set of equations:
—V0+€0+21—,FQDS*L0+%<P*L1 =0,
—Up + €, + 7T(,0>|=Z:m_ol,,m m =0, n=1,2---,00, (8.97)

#n(/@)zl’n(ﬁ)a n=20,1,---,00,




Chapter 8: The Principal Chiral Model on the Half-Line 99

Figure 8.6: incidence matrix

where I, is the incidence matrix [57] obtained by adding an extra node to the previous

one in eq.(8.71) (fig.8.6).

The boundary energy terms are given by:

w(B) = RMe® — log(K(B)K(6)),

(8.98)
vn(B) =0, n=1,2,--,00.
The minimum value of the free energy is then:
ML [t
Flmin = e dBe’ Lo(B). (8.99)

We would like to compute the previous integral in the IR limit R — oo. We start by
rewriting (8.99) in the form, [81]:

L& e oo
=L g
Floin = =52 L | d8eP1n(5), (8100)

where mg = M, m, = 0 (n = 1,2,--+,00) and L(8) = log(1 + Ap(B)e~(B)). The
boundary terms are Ap,(8) =1~ 6,0 (1 — K(B)K(8)) and the pseudo-energies satisfy the

equations: _ 3
—moRe? + ¢ + %(PS * Lo + %90 * L =0,
i (8.101)
—mnReP + ¢, + %tp %) o o ln L = 0.
In the limit B — oo, we see from (8.101) that €y(+00) = 0o. However the same does not
hold for the remaining pseudo-energies. Rather they tend to a limiting constant value in
the region # << RM. These constant values are determined by the set of equations:
1 +oo - —em (+00)
€n(+00) + o (/ dﬂga(ﬂ)) Y lmnlog(1 4 eem(+0)y = 0, (8.102)
- m=0

where we used the fact that for K(83) given by (8.8), A\,(8) = 1 for alln = 0,1,- -, c0.

Now:

+oo too dp © o
| ooy = [ s=e [T = dlanate0 = 7. (8.103)
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Defining y, = e~ (+) we get the set of equations:
y-r21, = H?r?:l(l'*'yn)lmn = (1+yn+l)(]-+ y'n.—l), n= 1,2,"',00, (8104)

where imn is obtained from [, by omitting the zero-th node. To solve this system we
truncate it for some positive integer p and eventually take the limit p — oo. The general

solution is, [85]:
sin? [—(—M;’:ba ]

14 ¢, = : (8.105)

2
i o]

where a and b are arbitrary constants. They are fixed by imposing the “initial values”:

Yo = Yp4+1 = 0. We then get:
sin? [J—” ntl ]

l+yn: s ) n:O,l,---,p. (8106)
s1n? [ +3]

On the other hand, when 3 — —o0, we get the following set of equations, in the region

—RM << §:

eo(—00) + %log (14 700 4 log (14 7)) =, (8.107)
and
€n(—00) + %mi:olmnlog (1 + e"‘"‘(_°°)> =0, n=12--- 00. (8.108)
Using €p(+00) = 0o, we can rewrite the two previous expressions in the compact form:
€n(—00) + = Z lanlog (1 + e""‘(_m)) =0, n=20,1,---,00. (8.109)
20

Defining z, = e~ (=) we get:
2= (14 z,)™, n=0,1,--,00. (8.110)

The solution is of the form (8.105). However, this time, the initial values are z_y = zp41 =

0, and we get:
2 [n(nt2)
sin
[ e n=0,1,-,00. (8.111)

Lo
]

14z, =

Let us now go back to eq.(8.100). We can replace m,e’ by the derivatives of (8.101) with
respect to 3, [73]:

Flmin= —555 [1% dBLo(B) [eh(B) + 2 (¢ + Lo) (B) + 2 (¢ + L) (B)]
gk D0, [I dBLA(B) [4(8) + A (¢ % Dimo lmnLm) ()] (8:112)

T2 I+ 10 4y 1
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where

1M=L [ a8 = - [ detog(1 4 e 8.113
U =5r ) PlenlP) = -5 o (—o0) elog(1+e™*). (8.113)

In the last step we performed the substitution 8 — € = €,(f). This is allowed, because

the pseudo-energies are monotonic functions of 8. The next term is:

>, n L o~ too Heo / 0 ’ /
S = ~“T6:2R > lmn/ dﬁ/ dp Ln(ﬂ)%w(ﬂ— B)Lm(B).  (8.114)
n=1 —00 -~ 00

n=1m=0
Using %Lp(ﬁ -6 = —é%—,(,a(ﬂ — (') and the symmetry of both the kernel ¢(3) and the

incidence matrix l,,,, we obtain after an integration by parts:
1 o0

=) (n) _ +o0 _1 1
2= Z/ T eam [2 3 b L) ﬂ)]. (8.115)

Similarly,
Y g 1505 [ s KO
(8.116)

e—<1(8)
+ 152l (B) (¢ Ln)(B)] -
Adding up (8.115) and (8.116), we get:

I+ 52, 17 = shy £ (120 dBr2 056 (8) x [0 * Sonco bunm ) (B)] +

o) —eo(B)
5k [12 AP e (B) [ (s + Lo) (B) + & (0 + L) (8)] -
(8.117)
From (8.101), we see that this is equal to:

+00 —Cn L ety Cn(+00) e e
. 118
87TR Z/ 1 +em en( ) n(ﬂ)en(/@) R Z/E d€1 g (8 )

n=0 n(-o0)

Substituting (8.113) and (8.118) in (8.112), we get:

Flin = ——~ +°° el °°d log(1+ e=¢) + —_¢ (8.119)
|m1.'n. - 87TR / € Og( + € ) 1 + e—¢ . *
We now perform the substitution,
f= 1 (8.120)
-1t = .
¢ 1+e’
yielding:
A el
- L , 8.121
Flmin 47TR,;,{E [1+yn] [1+$n ( )

where £(z) is Rodger’s dilogarithm function, [73]:

L(z) = —%/Ox dt[logt + l"g(l_t)]. (8.122)

1-1¢ t
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This function satisfies the property, [82]:
L(1-=2)=L(1)- L(z), (8.123)

and the following sum rules, [85]:

oy { sin’ [

2N
= L(1). 8.124
smz[—u;:u} w3 .

n=1
Consider the first term in eq.(8.121):

stn? [

. 55)

sin

= e limy 0o 3P, {['(1) -L [#(%1))} } )

p+3

(8.125)

_ Lmy, P2 +3p+6
= 53R iMp—co [ P+3 ] J

where we used the fact that £(1) = ”—62. Similarly, the second term in eq.(8.121) is:

sin? |
._-4%-2 ]_imp_;oo Ez=0£ {]. - } =

P (8.126)
Adding up the contributions (8.124) and (8.126) to (8.121), we get:
N I
Consequently:
E(R) = —%, (8.128)

where ¢ = 1. Comparing with (5.11), we conclude that LJ¥™ = 0 in complete agreement

with (5.35).
8.2.2 TBA in the L-channel

Let us now perform the TBA in the L-channel. In this section we shall assume g # 1 in
eq.(8.30). We consider a system of N right-movers with rapidities fy,---, 6y and M left-
movers with rapidities 51, - -, ), in an interval of length R with fixed boundary conditions
on both ends. Since the reflection matrix is diagonal on both sides, we can assume that the

Bethe wave function vanishes at the ends of the interval. We can thus impose a standing
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wave quantization condition, [88]. Mathematically this condition can be expressed in the
form3:

exp(2iRpk) Rhp (k) ooy U1 URL(Br + )L, URr(Br — B})%
(8.129)

X Lap TaBel {B}r..v) X TE(=Brl{BYy..00) =1, k=1,---,N.
In the above equation it is understood that a = @ and b = b. The reflection amplitude
Rpy is given by eq.(8.8). Following the same procedure as before, we obtain the TBA

system:
—V0+€0+’21?QOS*LO+%(P*L1 =0,
(8.130)
—Vﬂ+€ﬂ+2_17F(10* S::Olanm:Oa n=1,2,---,oo,

where this time po(f3) is the combined density of right- and left-movers with rapidities in

the intervals (8,6 + Af) and (-8, —f8 — AB), respectively. The energy terms are:

vo(B) = LMéP,
(8.131)
vn(B) =0, n=1,2,+-+,00.
The saddle point evaluation of the partition function yields:
1 [+ 5
logZ ~ - /_ 4 [RME +0(8)} Lo(B), (8.132)
where:
O(1) = ; ~-log(Rr(f) Rrs(8)) - + = logUsL(26) (8133)
_iaﬂg RL RL iaﬂOQRL . .

The © term in eq.(8.132) is independent of R may be regarded as a boundary free energy,
(88]. In the large-R limit the next to leading order of the partition function (8.32) is:

Z ~< B|0 >< 0|B > ezp(—REo(R)), (8.134)

where Ey is the ground-state energy of the periodic Hamiltonian. Equating (8.132) and
(8.134), we get:

+co
log < BJ0 >< 0|B >= - | 4pe(B)Lo(8) + const. (8.135)

The boundary free energy is thus defined up to an additive constant. This is because -
([88], [86]) we have discarded corrections to the Stirling formula in computing the entropy
(eqs.(8.92), (8.93)) and loop corrections in the saddle point computation. Also the corre-
spondence between the entropy of the field theory and the one evaluated using the particle

description (e.g. kinks) might involve some constant.

3The term 1/U RL(2f%x) arises because the particle does not interact with itself.
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In the IR limit when L — oo, we see from (8.130) that €y — oo and so the first term
on the r.h.s. of eq.(8.135) vanishes. This is compatible with g = 41, which is the expected
result for the exactly screened case (cf. eq.(7.55)), provided we take constant= 0. On the

contrary, when L — 0, o becomes constant. © can be shown to be equal to:

2/2 2

08 = 2coshf — /2 cosh(2f)’ (8.136)

Consequently:
/  4p0(8) = 2. (8.137)

We then have:
log (guv) = %log(l + e %), (8.138)

where e~ is equal to z in eq.(8.111). And do:
9 (2r \71/4

guv = plj—vngo log [%J =2 (8.139)

We conclude that the internal product ¢ =< 0|B > varies along the RG flow. This is
partly unexpected because the RG flow is controlled by a bulk perturbation. However,
both in the IR and UV limits the conformal states can be represented as combinations of
massless particle states. The boundary states corresponding to conformal states in these
limits have different scalar products with the conformal ground state. This supports the
conjecture of ref.[97] which states that the boundary entropy is a characteristic (like the
central charge) of universality classes. Models interpolating between distinct universality
classes are therefore expected to have distinct boundary entropies at the extremes of the

RG trajectory.




Chapter 9

The super-Liouville equation

In this chapter I will discuss different aspects of the N=1 super-Liouville (SL) theory.
I will derive a recursive formula for an infinite number of conservation laws using Laz-
pair techniques. After some algebraic manipulations these are shown to be the super-
Korteweg-de Vries (sKdV) hierarchy of Hamiltonians, thus establishing a connection with
other integrable theories. I will investigate the boundary interactions which are classically
compatible with the superconformal symmetry. The Poisson brackets are then established
on the light-cone and used to prove the involutive nature of the integrals of motion (IM).
They are also used to quantize the theory and consequently determine how the classical IM

are modified into their quantum counterparts.

9.1 Integrable supersymmetric theories

In the past few years, there has been renewed interest in the problem of incorporating
fermions in integrable two-dimensional quantum field theory [100], {101], {102], [117]. In-
troducing fermions seems to be a natural extension to the more standard purely bosonic
theories. It is well known, for instance, that there are striking similarities between the
two-dimensional O(N) sigma model and four-dimensional pure Yang-Mills theories, no-
tably asymptotic freedom. However, if the purpose is to mimic the full QCD, it is natural
to include fermions. Shankar and Witten [103] have considered a supersymmetric version
of this model and determined the exact factorizable S-matrix using the usual bootstrap

program and some knowledge coming from the large N expansion.

105
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Supersymmetry is an indispensable ingredient in the context of string theory applica-
tions [6]. But also in statistical mechanics some lattice models (e.g tricritical Ising model

in two dimensions, [105]) realize superconformal symmetry.

The bootstrap program for finding exact S-matrices for integrable theories with N=1
Supersymmetry is thoroughly described in ref.[106] and the thermodynamic Bethe ansatz
(TBA) developed in ref.[107]. It is argued that although the scattering is nondiagonal, the
S-matrices satisfy a technical condition called the “free fermion condition” that renders

the diagonalization of the transfer matrix feasible.

Another type of integrable theories with N=1 Supersymmetry, called super-KdV like
equations, has been studied by Kuperschmidt, [110], [111]. These equations have pro-
found implications in the study of integrable perturbed superconformal theories and their

conserved charges, [28].

There have also been some attempts at supersymmetrizing Toda field theories, [100],
[119]. It turns out that with the exceptions of the Liouville and sinh-Gordon theories this
is not a simple matter. It is rather striking that Supersymmetry, which improves dra-
matically the quantum properties of four-dimensional theories, [2] seems to be compatible
with integrability in two dimensions only under very restrictive circumstances. However,
if one focuses attention on the integrability of the models rather than Supersymmetry, it
is possible to construct a new class of Toda models with fermions where the underlying
algebra is a Lie superalgebra, [104], [118]. Some exact S-matrices have been proposed for

this class of theories, [115], [116].

Recently, Inami et al. [114] considered the supersymmetric extension of the sine-
Gordon theory on the half-line and found that the requirements of integrability and Su-
persymmetry fully determine the boundary potential up to an overall sign. Moriconi and
Schoutens [108] subsequently conjectured the exact reflection amplitudes for the breather

multiplets of this model.

Here, I will apply similar considerations to the N=1 super-Liouville theory (SLT),
[109]. Besides its applications in statistical mechanics [112], the SLT arises in Polyakov’s
approach to the superstring, [124], [112]. It is the simplest example of a Toda theory
based on a contragradient Lie superalgebra. This superalgebra is labeled B(0,1) in the

classification of Kac [104] and it possesses three bosonic generators and two fermionic
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ones. A realization of B(0,1) is provided by Osp(1|2;C). The theory based on this finite
superalgebra is conformally invariant. Furthermore, the SL equation also happens to be

supersymmetric and therefore superconformal, {112].

9.2 The super-Liouville theory

Let me first establish my notation. Consider two-dimensional superspace, with units such

that A = ¢ = 1, and the superspace coordinate,
Z= (zu’ 0-4) = (xO, zl; 01) 02))

where z# is the coordinate on 2-dimensional Minkowski space and 4 are Grassmann
variables, which are the components of a Majorana spinor. We also introduce the scalar

superfield ® with components,

8(2,0,0) = p(z) + Ix(z) + 300K (z),

where y is a Majorana spinor y = ( il ), ¢(z), F(z) are scalar fields and where we
2

used the fact that ¥ = fx. We also consider the two-dimensional Dirac matrices in

the Majorana representation (1.14). The super-Liouville theory is then defined by the

superspace action,

1.
§ = /d2zd20 {5D<I>D<I> - %eﬁ‘l’} : (9.1)
where (3 is a dimensionless coupling constant and the superderivatives are:
0 . = 0 .z
_D = % - 20‘)’“8#, D= —% + 7'07”6;;-

In this form the action (9.1) is manifestly supersymmetric. Integrating the #-coordinates,
we get:

5 =5 [ {(@F +ixr*0ux + F* ~ 285 + prxete}.
As usual, the auxiliary field is nondynamical, and we can use its equation of motion,

F = €P%, to eliminate it from the action and we get:
1 . _
§=3 / a2 {(00)? + ix7*Bux — €% + Bxe™ }. (9.2)

From this action we can derive the classical field equations,

82g0 + ﬁeZﬁcp - %/Bz)zxeﬁ(p = Oa (93) .
(i'y#au + ﬁeﬁ¢)x =0,
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and the canonical stress-energy tensor,
i _
Tuw = 000 + 7 X100 X = 8 XVuX] = gL, (9:4)

associated with the invariance under rigid space-time displacements. The action is also
invariant under the conformal transformation,

2* = fE(aE) = o 4 (o),
o) = @(z) = (f)+ 35in(04 fTO_f7), (9.5)

X&) = x(z)+ 364 9ux(z),
where 2% = 20 + 2! are the light-cone variables. For the stress tensor to be the generator
of these transformations, it has to be traceless, and therefore a conformal improvement is

in order. It can be shown [112], [124] that

1

@;w = Tuu - E(a,uau - guuaz)(lp (96)
satisfies this requirement. The action (9.1) is also invariant under the supersymmetric
transformation,

_ o =(1 : 1
6n® = [7Q, ®] = x + 0 (gnF - 17“778#99> ~ 500" 9ux, (9.7)

where Q is the supersymmetry generator,
-9 4 “9) 40
Qa= 5994 +4(746) 40,

and 7 is some constant infinitesimal fermionic parameter. The associated Noether current
is:
L Vi 1 BV
JH =Yy x0,p - 5770 (9-8)
For this current to generate a superconformal symmetry, it has to satisfy a condition

analogous to the tracelessness of the stress tensor, namely:
Yud# = 0. (9.9)

As we will see, this condition will render the theory fully “chiral”, with the sectors of ‘right-

movers’ and ‘left-movers’ completely decoupled. The “conformally improved” supercurrent

satisfying (9.9) is found to be:

1
JH = 4y xd, 0 — 5(28“ - v*4¥0,)x. (9.10)
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9.3 Lax-pair and conservation laws

Let us consider the components of the superderivatives,

d 0
Dy = —i— —26,0_; == .
1 2302 28 s D2 'Lael +2016+
They have the properties,
D}=12i0_;  D2=20,.
In terms of these the SL equation is written:
D]DQ@ = —z'ew, (911)

which yields component wise the following set of equations:

B10-p = —§e?v — il yixpe,
6+X1 = geﬁ‘PXZ,
(9.12)
B—XZ = _geﬁ‘th
\ F = eﬁ(p.
Equation (9.11) can be cast in the following linear system:
D1¢ = A(A),
{ Dy( = Ay(N)C, (9.13)

where ( is a column vector, whose components are the bosonic superfields V;, V, and the

fermionic superfield V3; A is an arbitrary parameter, and A,, A, are the graded matrices:

0 0 60 Ady —i3D,® 0

2 . A

A(A) = —\/; 0 0 P |, AN =| 8D A ﬂ\/;
P el 0 0 _IB\/_%_ 20,

(9.14)
I will now use a method developed in refs. [121], [122] in the context of the super-sine-

Gordon theory to extract the IM.

We define two new scalar superfields U, Z and a fermionic superfield Y as:

\% V-
2, Y__3

’\+
U—anl—E(D, Z—Vl, —Vl.

We then have:
D\U = —/2¢°%Y,  DyU = -ifD,% - Z,

By/3Y = ~iBD2@ + DoZ — ifDs® - 2 - Z, (9.15)
B\/3Z = ~DaY +ifDs2- 7 Y.
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Using the fact that the square of a fermionic superfield vanishes, we obtain the following

differential equation for Y:

A . 2% |2 4
g\/; = —ifDy® — ﬁ\/;aﬂ + ma& . DY Y. (9.16)

We now assume an expansion of Y in powers of A71:
1 & yh+1/2)

Substituting this expansion in eq.(9.16) and equating powers of A1, we obtain the follow-

(9.17)

ing recursive formula:

Y{/2) = 2D,8,

y(n+1/2) _ 5878+Y(n—1/2) + %@L@ -yl DY (-1/2) Ly (nei-1/2), (9.18)

n=123,---

The integrability condition,
DyD;U = -Dy D1 U,

can be interpreted as an infinite number of supersymmetric covariant conservation laws:
D1J2(n+1/2) — Dle('n.+1/2), n=1,23, -, (9.19)

where

(n+1/2) _ _B® v/ (n-1/2)
{ S Te Y (9.20)

JHYD = iDy% - DY (n-1/2),
Notice that eq.(9.19) is invariant under the ‘gauge transformation’:

{ JEHD 1) | )

J(”H‘l/z) J2(n+1/2) — D,V(n+1/2), (9.21)

It is straightforward to show that up to one of these transformations one has

N L)
(A=1,2) (9.22)
JO = g, g1,

where
VO = —2i (1- &) xadixa — 4 (1= ) (049)%+

+6, [4i (l - 58:) 03 px2 + 4i8+<p5+><2] +
(9.23)
+0, [ 2100, pex, — 2i (1 - ) eﬂ‘p3+X2]

+610, [4i (1 - 385) 03 pel? + 4if(01p)2ee — 1[;@eﬁ“’><26+X2] ;




Chapter 9: The Super-Liouville Equation 111
and:

VO = 28 {i(1-5) xaddx + $0p08x +2 (1- &) 040030+ 5(020)

-24° (1 - %‘;) (0+9)* — ip? (3 - %9) (01+¢)* X204 x2+
+01 [<2i (1 - %) 0Loxz - 2003 00 x2+
+2if? ( - %) (0+0)*0%px2 + 2iﬂz(8+so)33+><2] +
+0; [iB040eP°02 X +5 (1 - &) %03 x2 — 26 (1 - 13) 04003 0P
~iB°(0s0)°e " xa — 16" (1 - 38) (Orp)?e™bia] +
+616; [—2@' (1 - 385) 0% eP? — 2iB84 003 pel? + 2i5? (3 - %‘,’) (040)202 pePe+
+2i0°(04 0)*eP? — 257 (1 - %%) 02 peP?x20, 2 — 28° (1 + 587) (010)%€P*x204 X2+

+34° (ES’Z - 1) 01pePx203 X2 — BePP, x202 x — B (1 - ES’I) eﬁ‘pxﬁim} }
(9.24)
This means that the charges associated with J/(f’/ 2), ff/ 2) are trivial and there will thus

be a gap in the sequence (9.19). This results in all even spin charges being omitted, as

will become apparent in what follows.
We will henceforth work in Euclidean space,
{a::zl {z:—z+iy
Y = 1Zg Z=—z —1y
unless otherwise stated and redefine the fields,
¢ =¢/2, X1 = oy, X2 = a1,

for future convenience. The parameter « is such that a? = i/2. The equations of motion

then become:

azaf¢ = ge'[w - %26'845/21;1)[))

621[) = _‘geﬂ(ﬁ/z’&)
(9.25)

321,7) = —§€ﬁ¢/2¢7

| F = ef?/2,
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The energy-momentum tensor has the two independent components:
T =0, =310:4)+ 143,9 - %82%,

T= Oz = %(BEQS)? - %15(92& - %82%3, (9-26)

And the components of the supercurrent are:

J=J" = %azqsdj - %azd))
) ) ) (9.27)
J = J+ = %ag(ﬁ’l,b - %651/)

As was mentioned earlier, the conformal improvements of the energy-momentum tensor

and the supercurrent lead to a ‘chiral’ theory, i.e. a decoupling of two independent sectors

of right- and left-movers. This is displayed manifestly in egs.(9.26) and (9.27).

From the conservation law (9.19) a pattern will emerge for all n. The 6, and 6,6,
components lead to the conservation laws, whereas the remaining components are just

identities.

For n = 1 the 6; component of eq.(9.19) is:

0.(0.6%) = Sey — Do, 4e24,
However, the right-hand-side of this equation can be integrated using the equations of

motion (9.25):
2

ﬂazaz¢.

0:(0,9¢) =

And we get the conservation law:

0:Us2 = 0, (9.28)

where

1 1
U3/2 =J= ‘Q'azd";b - Eaz";b

The 6160, component of eq.(9.19) can be written as:

BETS-H = 8293_1, s = 1, 3, 5, v (929)
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Here are the first elements of this sequence:

Ty = 3(0.9)" + $v0.¢,
Ta= 3(0:0)" + 5(0:0)*90:% + 5:(929)* + 0.90%,
To = §(0:9)° - 7:02601¢ — 355(0:)%(029)* — 35:(0.4)°0%¢ — 352(0.9)?8. 0%
— 52 0:003 00 — 550,907 402 — 3 (0.6) 03 + 3(8.4)* 0.
—3: 0,904 — 2 (028)*0.,
Qg = %ew - geﬁcﬁ/%@/}’
Oy = 5(0.9)%" + LePP0d,1p — 10,0e7/90,1p — 5(0,4)%eP#/ 2y,
Os = —550,007¢e"% — 37(0,9)2020€P? — 1(0,4)%€? + 50,4039/ 2 hyp+
+350:007 6%/ 240,1p — {5(0:9)?02 P 2y — 14(0.4)P 0,1+
+5(0:0)°790, + 5(0.)2€P 2907 — 10,9 4pokp — reftypdy+

+ 352 0. 0P 2402 — L029eP? 0,9 — £(0.4) el pp,
These coincide with the results of ref. [123], which were obtained by using Backlund
transformations. Note also that the system (9.25) is invariant under z « Z and % — 4,

¥ — 19, and this yields a corresponding set of conserved quantities:
asz+1 = 85(:)3_1, S = 1, 3, 5, s (930)

Given the fact that the theory is conformally invariant, the form of the conservation laws
(9-29) may appear awkward, as it seems to prevent the decoupling of the left- and right-

moving sectors. The desired form of the chiral conservation laws is:
65U3+1:0, S:1,3,5,"'

I will now show that all the functions @, (s = 1,3,5,---) can be integrated using the

equations of motion, yielding:
@3—1 = 62As—27 s = 1)3a5>"'

This will act as a conformal improvement for all the higher spin conservation laws. We

start with ©y which is immediately identified with:

Op = .4, = %azaqu.
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The first chiral bosonic conserved density is just the conformally improved stress tensor
(cf.(9.26)),
1 1 1
U=T =T, - 0,4 = 5(ang)2 + 590:9 - ﬁﬁfcﬁ. (9.31)

The next element in the sequence is:

1
28

And the corresponding chiral conservation law reads in terms of T, J and their derivatives:

Oy = B:As = 0; %(azcs)% 0,600, .

Uy =T?+J0,J. (9.32)

Finally,
Os= Osds = 0 [ 5 (0.0)° + 5 0.4(020) — T (0.07°0% — £:0260%
s 0. 803 + 0360 + 7026002 — 13.6,60760.+

+35(0:8)°40.0 — 35:(0.9)2$0%9] .
And in terms of T, J and their derivatives Ug = Tg — 3, A5 reads:

1 1
Us =T + 4—[32(62T)2 +2TJ0,J — 4—ﬂ2Ja§J. (9.33)

With hindsight, we saw the supercurrent J emerge in eq.(9.28) from the §; component of
the first conservation law. It is the superpartner of the stress-energy tensor (9.31) which
corresponds to the 616, component. Similarly we might expect to see the superpartners
of the higher spin conserved quantities (9.31), (9.33) arising from the #; component of
the appropriate superspace conservation law. However I have checked explicitly that the

conserved densities Uz, and Uyy/, are total derivative terms, e.g.
Urja = 0. (9.34)

This means that the corresponding charges are trivial. Although there is no proof known
to me, it seems plausible to assume that this will also be true for the higher (s > 5) spin
densities. Note that Us, Usse, Uy and Us constitute a supersymmetric extension of the

KdV hierarchy (3.25) to which it reduces in the zero fermion limit.
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9.4 The super-Liouville equation on the half-line

Let us now assume a boundary located at z = 0. The action on the half-line z € (—o0, 0]

is the sum of two contributions,
+oo 400 1 _
S = So + SB = / d(l)/ dy {0(_Z)£0 + 16($)8(¢,¢,1/J)} )

where Ly is the bulk lagrangian density and the boundary potential B is assumed to be
independent of the field derivatives. 6 is the Heaviside step function. Our purpose is to
investigate under what circumstances will the boundary potential B lead to a supersym-

metry preserving action in the presence of a boundary.

Minimizing the action leads to the SL field equations for z < 0. Furthermore, we get

the boundary conditions at z = 0:

0L, _ 108 0L, _ 10B dL, _ 108
d(d:4) 408" 0(0.%) 409 0(0:p) 409

In this section, we set § = 2 for simplicity. In Euclidean space the Lagrangian density Lo

(9.35)

is written (cf(9.2)):

Lo = - [0:60:6 — §0.8+ s + & — 26y (9.36)
Equations (9.35) read:
-0
(91,¢+-g—g:0, zp—%g:o, zb+a—g=0. (9.37)

Besides being conformally invariant, the action (9.36) is also invariant under the super-

symmetry transformations (cf.(9.7)),

bs¢ = + 7P,
st = —(10:6 + 7e?), (9.38)
6.5'17[) = f)(?gqﬁ + 77€¢a

where 7 and 7 are infinitesimal fermionic parameters. It is straightforward to show that the

variation of the action (9.36) under these transformations amounts to a total derivative:

6sLo= 4 {0. [6500:0 — PbsP — 20:071P — 2e%nP| +
(9.39)

+ 0 [6590:¢ + wést — 20.¢ni — 27 |

In the presence of a boundary, we have !:

6580 = % /_ :o dy { -;—(mb + )b + (P + wie? + (- ﬁ&)%} =0 (9:40)

1The subscripts z, y stand for 3/8z, 3/dy, respectively.
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This expression can be compensated for by adding a boundary term. On dimensional

grounds, we consider a boundary potential of the form:
Bs = cse® + M.
The boundary equations of motion arising from this term are (cf(9.37)):
br=—cse?, P+ Msp=0, (Mi=1).

Under a supersymmetry transformation, we have:

s 13 dyBs = 4 [ dy {IMs(7 + )b + €*(Ms + cs)(mb + )+

+Ms (i + Pm)dy lamo.
It is only possible to keep half of the supersymmetries. We therefore choose 7 = 7. The

sum of the two contributions is thus:

1 [too 1 -
bsS0-+8sSs =5 [ dy{5(1% Msn(w £ Dot

Hes+ Ms F Db £ D) + 314 Me)n(¥ F )8, | oo (9.41)

The integrand in the above expression vanishes, if:

Iﬁ F ’q[J =0, cs = £2.
Therefore the boundary potential,
Bs = £(2¢% - ¢), (9-42)

restores supersymmetry.
Let us now consider additional terms in the boundary potential, of the form s+ €s%.
Under a supersymmetry transformation such that 7 = £#:

Ss(est + €)= —3(6s T Es)6e F (cs F €s)ne? + 5(cs £ )y

This will be a total y-derivative if:

(1) esF& =0,
(2) estés=0, ¢, =F2e.

The latter implies € = 0. In the former case, we have the following boundary potential:

Bs = +(2e® — P + es( £ ¥)). (9.43)
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This yields the boundary conditions (cf(9.37)):
$o = F2°,  PFPp+es=0. (9.44)

Alternatively, we can equally well impose the boundary conditions by hand [114]. We
require the integrand in eq.(9.40) to be a total y-derivative for 7 = £7. It turns out that
there is a single boundary condition satisfying this requirement that is left invariant under

a supersymmetry transformation:

6, =0, PYEPp=0. (9.45)

Let us now discuss the integrability of the theory. According to Cardy [60], [113], invariance
of the boundary conditions under a symmetry generated by some set of conserved currents
(W, W) requires W = W on the boundary. If we take W to be the stress tensor, we get
from eq.(9.26):

"i¢x¢y ‘|‘ ¢¢z - i"b@by + i¢zy = i¢x¢y - 'J]'J)z - “;Z'lzy - id’a:y-
The bosonic part, —i¢,¢, + i¢yy, vanishes for
s = ce?, (9.46)

where ¢ is some constant. Using the equations of motion (9.25) to eliminate the x-

derivatives, we get, ¥, = My There are two solutions to this equation:

(1) $=1y,
(2) ¢y =1, =0. (9.47)

These conditions together with eq.(9.46) preserve the conformal invariance of the theory.
We can still impose similar constraints on the supercurrents (J,J) and this should fix
c. The boundary condition is nJ = J7. Remember that we want to keep half of the
supersymmetries, by setting 7 = £7. Accordingly, we impose the boundary condition

J = FJ and get:
(¢o — iy £ 26%) + 200, = F(¢s + iy + 2%) & 200Dy, (9.48)

This equation is solved by (9.44) provided es = 0. We might expect (9.44) and (9.45)
to solve this equation without any additional constraints, since (J, J) generate supersym-
metry transformations. However, J = FJ is more restrictive than simple supersymmetry -

conservation due to the orthogonality condition (9.9).
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If we want superconformal symmetry to be preserved, we have to use as Ansatz the

conditions (9.46), (9.47) obtained above for the conservation of the conformal invariance.

We then get:
(1) ’()Z = i¢a ¢a: = :F28¢,
(2) Yy=vy,=0, ¢,=7F2%  ¢,=0. (9.49)

Both conditions are left invariant under supersymmetry transformations. We see that these
conditions are compatible with supersymmetry conservation (cf (9.44), (9.45)), although
far more constrained than the latter. It is worth remarking that they are unambiguously
determined, in the sense that there are no unfixed parameters up to a sign. A similar
situation occurs in the super-sine-Gordon theory [114] and appears to be a consequence
of supersymmetry. Indeed, as we shall see in the next section, our analysis of the non-
supersymmetric B(l)(O, 1) theory reveals that, in contrast to the two models above, the

boundary potential depends on free parameters [109].

It is also interesting to investigate, whether any of the IM Uiy, Ugq (s=1,3,5,...)
survive on the half-line for the set of boundary conditions (9.49). One could then per-
turb the theory on the half-line with some relevant primary operator and thus obtain an
integrable massive theory (e.g. sinh-Gordon) with boundary interactions. The IM for
this theory could be seen as deformations of the surviving conformal ones. Also if one
wants to describe the boundary conformal field theory in terms of massless particles, [89],
[90], [91], then these IM are indispensable ingredients, as the massless particles are their |

simultaneous eigenvectors.

It is easy to verify that the conditions (9.49) preserve the following combinations of
the IM:
0 -
I, = / de(Uspr + Upn), (s =1,3,5,--). (9.50)

We just have to prove that Usyy = Usyy at ¢ = 0 as a consequence of the stress tensor and
the supercurrent satisfying T = T and J = FJ. All polynomials T™ (n > 1) automatically
satisfy 7™ = T™. The first non trivial term is (8,7)%. From the conservation of the stress

tensor, we have T, = —iTy and T, = iTy. This implies that at z = 0,
(0.T)* = -T? = -T? = (8:T)".
Similarly, from J, = —iJ,, J; = iJ,, we have:

J8,J = ~iJJ, = —i(FI)FJ,) = —iJJ, = —Jo:J.




Chapter 9: The Super-Liouville Equation 119

Altogether, this means that Uy = U,. Next, we consider the term J32J. We use the

following identities,

to show that
1 . o =
JO2J = g Jows = 3idoy = 3oy +idyyy) = i yyy = i Ty = -JazJ.

Again, we have Us = Us. In summary, we found that the conditions preserving the
superconformal invariance in the surface configuration, also ensure the conservation of half
of the IM. This is not surprising, since the IM, being composite fields of the stress tensor,
the supercurrent and their derivatives, are deeply connected with the superconformal

symmetry of the theory.

9.5 The B(M(0,1) theory

In this section, I shall briefly compute the boundary potential for the B(1)(0,1) theory,
[109]. This theory is in fact not a very interesting one. The distortions on its mass
spectrum arising from quantum corrections render this theory incompatible with an exact,
factorizable S-matrix [116]. However we shall ignore this fact, since at the classical level it
suits our purposes of checking whether there are any unfixed parameters in the boundary

potential. The action in superspace leads to the following equation:
1
D1D,® = ie?? - 5.c)laze—‘“l’. (9.51)

I chose a normalization such that the coupling constant is absorbed into the definition of

the fields.

The second term on the right-hand side spoils invariance under supersymmetry trans- -
formations. This is a common feature of Toda theories based on contragradient Lie super-

algebras, [100], [118].

Alternatively, eq.(9.51) can be seen as the compatibility condition for a linear system

similar to (9.13), where this time the graded matrices take the form:

—9D:1® —iM/2 0 0 0 et

1
Ay (N = 0 0 iW2 |, 4(N)= 3 V2e? 0 0
—)\b, 0 2D, ® 0 2e2® 0
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Expressing eq.(9.51) in components, we get in Euclidean space:

F= —i6¢, 6215 = —6¢’¢), 0z = —€¢’IZ),
) (9.52)
0,0:¢ = 2% — ePaho) — %e‘w.
The bosonic limit of this theory is the agl) bosonic Toda theory. It was conjectured [118]
that the gaps in the sequence of conservation laws be periodic with period equal to 2.

Specifically, there will be an infinite set of conserved densities, 8;Ts4; = 0,0,_1, with

s=1,3,5,...

Considering the most general Ansatz, I obtained the following elements:

( TZ = (az¢)2 - 8Z¢¢)
To= (029)* +(0:4)* + 3(0.4)*$0.9 + 0,902 + 30,024,

Op = €2 — ePehip + 1/4e729, ) (9-53)
0y = 2(0,9)%* + 4(0,¢) e + 1/2(8.4)%e~2¢+
+2620,9% + 3/2e72490, 9 + 20,¢®90, .
Again, the action on the half-line is defined according to:
+o00 +00 _
S:5b+335/~ dw/ dy {8(=2)Lo + 6(z)B(8, %, %)} ,
leading to the boundary conditions:
oB oB - 0B
__9B _9b =9 9.54
bo=-35 V=55 V=5 (9:54)
In addition, we have:
B _ 0*B 9B 0
00% — 0gdy  9YdPp
Consequently:
0B
¢:l:y = —W(ﬁy. (955)

Suppose that the boundary potential B can be chosen in such a way that at z = 0, there
is a @3 such that eq.(6.2) holds.

From the equations of motion we have:
' Yoy = —26¢1,Zy - 2¢ye¢@Z — 1y,
¢zz‘ = 4e2¢¢ - 2¢$€¢’l,5 + 2i¢6¢'¢_) - 1ﬁyya

'J’:L‘y = —2e¢¢y - 2¢y6¢¢ + i"]’yya

@sz = 46245'9[_) - 2¢xe¢¢ - 2i¢‘3¢¢ - r‘z’yya
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¢a:r = 4624) - ¢yy - 464"‘2’1}[) - 6_2

Using these expressions and eq.(9.55), we get:
Ta—T_4+0_3— 0y = Wy + Wp,

where W is a purely bosonic contribution,

M= {1 (05 8 (o L) 08 (e L)

We look for solutions of the form B(@,1,¥) = By(¢) + Bs(1,4). It is straightforward
to show that for By(¢) = ae® + be~%, where a and b are arbitrary constants, W, will

automatically be a total y-derivative. The remaining contribution Wg is given by:
n = —bboy (55 + ) et - % |(3B)' - 63— 4 - | (BB - wyw)+
+3 52 by (Vg + $) + 53 (Bh — D) + 26,60 (9,9 + By)+

+i(Pyy Py — Pyythy) + e (Phyy — Py ¥) + %%ﬁsh(%yd’ + Py ) + %i¢y(¢yy¢ — Py ).
Because 1, 9 are Grassmann variables, B ¢ takes the form By(v, %) = My + e + &,
where M, €, € are constant parameters, M being bosonic and the remaining fermionic.

From eq.(9.54), we have the following possibilities at z = 0:
(1) Qﬁ:—%, %Z%’ (M7£:}:1)a

(2) B=F(+e), e=F¢ (M= 1),
In the former case, Wg is automatically a total y-derivative irrespective of the values of
a, b, €, €and M(# £1). In the latter case, we get ¢ = € = 0 and a = F2, corresponding to
M = £1. In summary, there will be a spin s = 3 conserved charge in the following cases:
(1) B(6,%,9) = ae? + be™® + Myt + b + &,
bom-acdtbed,  po-gHlE G

a,b,e,€ and M(# £1) are arbitrary.

(2) B(¢,%,%) = F2e? + be™¢ £ 9yp,
by = 126 + be~?, v+ =0,

b is arbitrary.

So, as we can see the integrability is not sufficient to fix all the parameters in the boundary

potential.




Chapter 9: The Super-Liouville Equation 122

9.6 Quantization of the super-Liouville theory

Let us now return to the action in Minkowski space:
1 1 . .
L= 5((%)2 - 5‘32% +i(P_0p -+ Py0_thy) + ifvppp_e?. (9.56)

I redefined x; = %_ and x, = 94. This theory has been quantized on the light cone in
ref. [112]. The light cone has two branches Cx, corresponding to z* = 0, respectively.
The Dirac quantization for constrained systems leads to the following Dirac brackets on

the branch C_:
6(2 - y)a

[#(2),204+6(y)]p.B.
{¥+(2),v+(y)}pp = 16(z —y).

On this branch, 1_ is expressed as a function of ¢ and 1, via its equation of motion. In

(9.57)

Minkowski space the stress-tensor and the supercurrent are given by:

Ory = 3(040) - §94 049y — 55016,

(9.58)
Jo =10400y - H0su,.
Using this expressions and eq.(9.57), we obtain the following Dirac brackets:
{J+(2), e W}pp, = -3 (2= 9) + $6(x - 1)04+(),
[V+(2), 04+ (W)ps. =36 (&~ y)T4(y) - 16(x — 9)0+ T4 (y), (9.59)
04++(2),014(Wlps. = —5p8" (@ —y) + 36 (2 = 9) [044(2) + O44 ()]
The IM are (cf. (9.31)-(9.33)):
(( Hyjy = [daUspa(z) = [day(z),
Hi  =[daly(z) = [dz0;(a),
| Hy  =[dsUy(a) = [du[0%,(s) - {J4(2)04d4(3)], (9.60)

Hs = [dzlUs(s) = [dz[03,4(2)+ 2(0:044())’

1044 (2)J4 (2)04 1 (2) + 35z (2)03. 4 (3)] .
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It is also possible to compute the Dirac brackets for the charge densities. For example:

(Usja(2), Us(w)] , , = g8 (2 = 9)74 () - 556" (2 — 9)04 T4 (4)+,

+56(z = 1)04++(1)J+(y) - 18(z ~ 1)34 (044 (9) T4 (1))
Ua(2), Us@)lp.p. = —558" (3 = )04 (1) + 26" (2 — y) 1 (2) ] (9)+
+8'(2 = ) [044(2)04+(5) + 014 (1) - $ U4 (2)04 T4 (v)

—374 (104 T4 (9)] + 38(3 - )04 [T (1)04- T4 (v)]
(9.61)
We can see that because of non-linear terms like 6 (z — 3)0.,4(y)J4(y), these quantities

do not form a Lie algebra. We then get, after a few integrations by parts:

[Hi/2, Hslp.p. = -2 [dzdy [044(2)J4(z)] = 0,
(Hi, Holpp, = [dody [$:020,4 () +102,(2) - 24 (2)04J4(z)] = 0.

We see that these integrals of motion are classically in involution. They are known to be

hierarchy of Hamiltonians of the super KdV equation, [110], [111].

Let us now proceed to the quantum theory. Following the usual quantization prescrip-

tion,
[a’ﬂ]D.B. - %[a7ﬂ]commutat0n
we get:
[¢(),2016(y)] = hé(z - y),
(9.62)
{¥4(2), 01 (v)} = Ré(z — ).
If z # y, we have:
<o(zh)g(yt) >=  RA(zT -yT),
(9.63)
<Yi(@T)s(yh) >= 2ihAL(zF —yF),
where
Ap(et —y") = 04 AT —y") = —m- (9.64)

The quantum counterparts of the stress tensor and the supercurrent were found to be:

Q4 =—5:0+90:6:+3 (% + %é) 036 — %404ty s,
(9.65)
Iy =3008y -3 (3+5) 0un
in ref.[112]. Besides being conserved and properly regularized, they also satisfy the require-

ments of tracelessness and orthogonality (cf.(9.9)). If we choose units such that i = 4,
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we have the standard operator product expansions (OPE) for a superconformal theory:

014(2%)044(y) = (I+3i/y4+)4 + S O+ () + Fhr 041044 (v) +

§ 044 (zH) e (y™) =$T3_%)7J+(y+)+ﬁ3+«7+(y+)+---

Ji(zH)IL(yT) = (x+ii/;+)3 + z+.i_y+ O+ (yt) + -+
(9.66)

where ¢ is related to the central charge ¢ according to é = 2¢/3. These equations can be

checked using the propagators

<Hah)p(yt) > = ~log(zt —yt),
A (9.67)
<Pr(at)Ps(vt) > = -2,

which can be obtained from (9.63), (9.64) by setting # = 4r. As an illustration, we
consider the OPE J4(z%)J4(y*). This OPE can be computed using Wick’s theorem and

Taylor expanding when z+ — y¥.
Je(@ ) (yt) = §:0+8(21)046(yt) = by (e )94 (v7) : +
+1 < 040(2)040(yt) >: (2P (¥7)  +§ < P (2P (v) >: 0g(zH)Bsb(yt) : +

+3 < 048(a™)018(yt) >< By (e )e(v+) > =1 (B +3) 048(a) : Y (a+)04 s (y) -

~1 (B43) < 94(=)0s(u") > 0r9(a) = 1 (B +3) 048(u™) : 004 (e ) (vh) -

+3)0,8(%) < 0391 (e )i (u) > +1 (B +3) 0 (e )B4 (u) : +

1
4

(8+
+1 (54— ) < 0494 (a)01 4 (yF) >
_ 1

1+2 . .
(_T+_y+)3 ] + 2;+1y+ 044 (y*) - 3¢ 8+¢(y+)8_2}_¢(y+) : +% : ¢+(y+)(93.¢+(y+) s

i
2

+5 (8+3) 03605 + O+ - ).

From (9.66) we conclude that:
1 2
é:1+2<ﬁ+ﬁ> . (9.68)

There are two remarkable features about eq.(9.68). First, we notice that there is a strong-
weak coupling duality, in the sense that the stress tensor, the supercurrent and the central
charge are invariant under 8 — 1/3. Secondly, we conclude that the super-Liouville theory

describes a superconformal theory in the continuum region ¢ > 1. Moreover, it makes sense
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[112] to analytically continue 8 — if (or alternatively set A less than zero). For the choice
B = (m+ 2)/m, we recover the central charge of the superconformal unitary series (cf.

eq.(4.58)):
8

s 8
¢ m(m +2)’

m=3,4,5,,- (9.69)

We have now assembled all the necessary ingredients to compute the quantum versions of

the super KdV hierarchy of IM. We assume as Ansatz:

(

Usja = Js,s
Uz =044,
(9.70)
Us =02, :4a:J40:J4
Ue =: ®i+ . +’)’ . (8+®++)2 : +/\ . @++J+6+J+ : +0’ . J+63_J+ s

These quantities are obviously conserved. We just have to compute the coefficients o,
¥, A and o which will generically have quantum corrections involving the central charge.
They are fixed by the constraint that the charges corresponding to (9.70) should be in
involution. It turns out that supersymmetry is restrictive enough a constraint to pin down

all these coefficients.

One strategy consists in imposing that the first order pole in the OPEs of the densities

(9.70) be a total derivative. To illustrate this consider:

[t, Hyjo) = §do* § dy*[044(a%), 4y
Using the usual techniques to transform commutators into OPEs (cf. section 2.2), we get:
[Hi, Hyjg) o §dat §dyt 044 (%) 4 (y7)
o §dot §dyt { =L e (v") + i 0sJe o )

Using Cauchy’s theorem the first term reads:

fdm+—g-8+J+(z+) =0.

Poles of order greater than one therefore give zero contribution, since they lead to total

derivative terms.

The second term yields:

j{ dot 0, J4 (z).
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This also vanishes because, in this case, the first order pole happened to be a total deriva-
tive. The recipe for computing o, 7, A and o consists in cooking up these coefficients
in order to produce total derivative terms in the first order poles for the OPEs of the

densities (9.70).

Applying this to [Hy/y, H] (s = 3,5), we get:

2 25 ?
= - = —c = ) = - C . 071
a= g, 7= 56 A =1, o 8 (3 4+ 50¢) (9.71)

Although very involved it is straightforward to check that for this choice, all the IM are

mutually in involution.
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Conclusions and outlook

Let us restate our results. The WZW theory for the gﬁ(2)1 Kac-Moody algebra was
defined in an axiomatic way by introducing the current algebra symmetry and constructing
the conformal symmetry according to Sugawara’s procedure. Cardy’s approach shows that
if we impose the conservation of these two symmetries in the presence of a boundary there
will be two permissible boundary conditions which we denoted as free and fixed. There
are two RG trajectories that terminate at this theory in the IR limit. One of them -
the Kondo theory - allows us to interpret the two boundary conditions as the exactly
screened and underscreened situations. The factorized scattering is well known for this
theory. The second trajectory represents the principal chiral model with scale invariant
boundary conditions. The symmetries of the model, the IR limiting WZW theory and
comparison with the Kondo model allowed us to construct the reflection amplitudes for
the PCM. Subsequently we derived the boundary TBA equations in the R- and L-channels
for fixed boundary conditions. The former lead to the correct prediction for the boundary
ground-state energy in the IR limit whereas the latter yield distinct boundary entropies

in the IR and UV limits in agreement with the conjecture of ref.[97].

Of course there is much room for further developments. We have to consider the TBA
in the R-channel involving free boundary conditions. In ref.[84] some remarks were made
regarding the universal structure of TBA systems. Similarly, it seems plausible to assume
that the same might be conjectured for boundary TBA. If the reflection amplitudes are
scalar functions, K(f), then the contribution of the boundary to the ground-state energy
is (in all known cases) of the form ~ log(K(8)K(f)). How this generalises to nondiagonal -

reflection matrices could be speculated by exploring the conformal approach (in the IR

127
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or UV limits) in the lines of ref.[97]. In the L-channel nondiagonal reflection also poses
many problems. The standing wave condition can no longer be imposed. Some progress
has been made by LeClair et al.[86] for the sine-Gordon model by generalizing the Destri-
de Vega theory in the presence of reflecting boundaries. However this approach requires
a lattice regularization and it is not clear to me that this is possible for the PCM. An
alternative solution might consist of considering as boundary condition the zero flux of
energy across the boundary. At the level of the Bethe wave function this should correspond
to imposing a Neumann condition. I also expect to obtain some results in the near future
[99] concerning the SU(2) sigma model with # term, [57]. In this model the spectrum
is the same as in the PCM. However the R-R and L-L scattering are trivial and the
R-L scattering is nondiagonal. This should provide some more insight for the program

described above.

Finally, we considered the super-Liouville model. This theory provides another exten-
sion of the Virasoro algebra. We constructed the super KdV hierarchy of Hamiltonians
by considering the integrability of this theory. We derived the boundary conditions that
preserve both the integrability and the supersymmetry at the classical level. Usually a
detailed knowledge of the integrability properties of a theory provide guidelines for ap-
proaching the theory quantum mechanically. After quantizing the theory on the light-cone
[112], we constructed the quantum versions of the integrals of motion. Using the tech-
niques described in chapter 3, we expect [126] to show that these yield the conservation
laws of the super-sinh-Gordon theory. As a by-product we will be able to infer the spins of
integrable perturbed super minimal conformal models, {125], by fine-tuning the coupling
constant. We also hope to construct a supersymmetric version of the quantum Bousinessq

equation and of the W3 algebra using this super Coulomb gas description.
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