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AssTRACT

A method of non-linear device ideatification derived from the
measured spectral response to a sinusoidal drive is developed. From
these considerations the concept of dynamic characteristics is proposed

as a gemeralisation of the static characteristics. An example of the

design of a frequency multiplying circuit Based on the test spectrum

is given. Important parameters such as internal eaﬁécitance and
characteristic conductance are derived in terms of the components of
the test spectrum.

The effect of series resistance on the performance of exponential
diodes is fully discussed. Three new diode models are proposed:-

(i) a two-term functional expansion,

(ii) a logarithmic approximationm,

(iii) a bi-linear model with exponential correcting cusp.'

Model (iii) is used to develop expressions to predict the spectral
response to a sinusoidal drive voltage and the importance of the
curvature of the diode characteristic is discussed.

The effect of parasitic capacitance on the performance of lattice
mixers is examined and the resulting angle of delay in the diode
current is predicted.

A new spectrum analyser system is designed and developed which
is capable of measuring harmonic amplitudes and phases up to a maximm

frequency of 1 GHz.
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CHAPTER 1

INTRODUCTION

This report is concerned with the analysis, and subsequent
a_pefimahtal verification, of the response of pas.uive non-li.;near devices
to periodic excitations. It is the rule rather than the exception that
the variablesdescribing the behaviour of such physical systems are not
directly proportional to ome another, i.e. they are related in a nonlinear
fashion. A vast body of knowledge exists concerning linear systems and
in some practical situations the restricted ranges of the variables _
or a small degree of nonlinearity allows the application of linear theory
in the analysis to predict the performance. However, in the field of
electrical commmication systems the processes of frequency comversiom,
all forms of modulation and demodulation, the generation of carrier
frequencies from a lower frequency, crystal-controlled, oscillator depend
for their operation on the nonlinearities of the coﬁponenta.. Indeed,
it can be said that electronic conmmication systems as we know them
today would be non—-existent if onl; linear devices were ava—:‘.]:able. It
is apparent therefore, that the need for a conceptual and quantitative
understanding of the nonlinearities and their effects is essential in
the study of such systems.

_Additional to the intrinsic momlinearities all solid state devices
exhibit parasitic effects such as semiconductor bulk resistance, stray
capacitance and inductance. Some of these parasitic effects may be
lf.near,. such as diode package capacitance. Other paras«it;ic effects are
themsélves nonlinear, e.g. diode depletion layer capacitance, which of

course adds to the complexity of the overall system. Unlike linear
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systems, a unified simple nonlinear theory does not exist and thus the
nonlinear nature of devices used in frequency converting systems introduces
severe mathematical difficulties into the analysis.

Before the oﬁset of readily accessible digital computers the afore-
mentioned mathematical difficulties forced many inveétigatora to introduce
s;vera restrictions into their analyses in order to obtain informatiom
regarding frequency conversion processes. The understanding and the
accuracy of predictions are felated to the degree of approximations ﬁade
to obtain the analytic solutions. With the advent of high speed computing
facilities, more detailed numerical information may now be achieved -
these results being invaluable to improve and optimize the design of
frequency converting circuits. However, the numerical form of the results
does not readily aid in the fundamental understanding of the frequency
generating properties and behaviour of nonlinear elements.

There are three main groups of passive nonlinear elements namely:—

(1) resistive elements,
(it) reactive elements,

(iii) negative resistance elements, |

Group G.-) includes devices such aa Schottky barrier diodes, point
contact diodes and backward diodes. The voltage—current characteristics

of these devices are of the exponential form
i= Is. exp (av) - Is

Elements in group (ii) include varactor diodes (abrupt and gﬁaded
junction). The incremental capacitance of these elements follows a law

of the form

- - 3Y
C=c /0 - Vv
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where the: index ¢y lies in the range 1/2 > y > 1/6. for practical diodes
Both groups of elements display a diffusion capacitance due to charge
storage effects and this plienomenon has been exploited in the step—
recovery diode used to produce high order frequency multiplication.

Group (iii) contains elements such as tunnel diodes, gunn effect diodes
and impatt diodes. These devices are generally used in a free oscillation
mode, i.e. autonomous systems, in which the frequency of oscillation

is essentially dictated by the imbedding network. Elements of this kind
will not be considered. . *

The response of exponential diodes to sinusoidal drives has been
the subject of many investigations. The simplest approach by Torrey and
ﬂhil’:mr(n' was to assume that the diode junction voltage was sinusoidal,
the harmonic components of the current are then given by the well known
Bessel function.

In 1963, Kahng‘?) showsd that the terminal behaviour of the diode
deviated from the true exponential form since the voltage drop across
the series substrate resistance resulted in a non-sinusoidal diode

junction voltage and consequently the diode equation must be modified

to
i= I, exp (aV = air) - I,

This equation- is ﬁplicit in the nnknawn current, and in order to
predict the harmonic content of the current Mi11™) expanded the sbove
equation inté a pmﬁ- series in the applied voltage. The computation
of the derivatives of this function to give the Taylor series coefficient
is labourious and requires numerical computation if a large number of
terms is required. More recently Ka,lz:l‘.h@"1 (1976) approached this problem
from a similar point of view and showed that the coeff:i;ci;ents_ in the

power gseries expansion could be represented in terms of Stirling numbers

T S A
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of the second kind, Kovev;r, the resulting series for the harmonic
componentas were found to converge extremely slowly. From the ;lforegoing
remarks it is obvious that at present there is no - lcnown analytic solution
for the exponential diode which includes the effect of the series
resistance.

In view of the extreme analytic difficulties encountered to obtain

G, 6) have made the simplifying

the large signal behaviour some authors
assumption that the diode with series resistance may be repreéented by
a piece-wise linear model switw between the diode reverse and series
resistance levels. This bi-linear approximation considerably simplifies
the analysis but clearly ignores the curvature of the diodes character—
istic in the neighbourhood of the turn~on voltage.

To improve design and optimize performance many investigators have
obtained the luée signal solution by ixﬁnerictl n;eans. Incieed in 1972
)}

a numerical investigation by Glover et. al. into a single diode mixer
showed that the bi-linear approximation is sufficiently accur#te when

 biased in the mark-space ratios from 0.1 to 0.9. For mark-space
ratios less than 0.1, required to realize low loss condition, it was
found that the bi-linear approximation is not sufficiently accurate and
the diode must be represented by its exponential characteristic with the
series resistance.

As the demand to operate mixers at higher freq.uenei#s increased it
became clear that the effect of depletion layer capacitance must also be
taken into account.. In 1970, Liechtacal' incorporated the capacitance
effect into the numerical analysis in order to investigate the noise
performance of mixers. The numerical analysis of Fleri and Cohen® in
1973 verified that the diode junction voltage departs significantly from

a sinewave., The effect of diode junction capacitance on conversion loss

was alaso examined by Mania and Straccaao)‘ in 1974 with the assumption
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that the capacitance was constant; again the large signal solution being
obtained by numerical methods.

| The depletion layer capacitance which appears as a parasitic in
resistive diode circuits has applicatfon in its own right in frequency
multiplying systems. In such systems the diode is biased so that forward
conduc-tiaﬁ is not allowed and harmonic generation results from the non-
linear depletion layer eapac:.tance. Le§son and We:.nreba ) have obtained
a small signal analysis for general values of the mdex v by expanding
the nonlinear q-v characteristic ifi a power series having a limited
number of terms. In 1965, Scanlan and I.aybourn(lz) presented a large
signal asnalysis taking into account the modification of the diode wave-
form due to the harmonic output when the index y = 1/2, but mathematical ‘
difficulties necessited numerical solutions for general values of Y.

In recent years attention has been focussed on the step-recovery

diode used to obtain high order multiplication of frequency. Imitially,

3, 14) represented the charge storage capacitance as a

investigators
perfect capacitor under forward voltage conditions and zero capacitance
when the voltage was negative, i.e. a bi=linear capacitance. An

alternative approach by Gardiner and Wag:.eallaas)

was to represent the
step-recovery effect as a charge=controlled switch, This allowed the
device to be represented as a time-varying elelilent_: which permitted the
application of linear circuit theory.

The aforegoing remarks clearly indicate that the main method of

attack to obtain the analytic information has been through piece-wise

iinearisation and power series expansion. Only in the isolated cases

(exponential diode with no parasitics, the varactor diode with y = 1/2)
is the nonlinear problem solvable directly in closed analytic form. In

all cases the analyses have proceeded from a precise mathematical law

of the device and it is logical to assume that all the information
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necegsary to predict the behaviour of a nonlinear device must Be present
-in the spectrum produced when it s driven with a sinewave.

In this work it is shown that nonlinear devices may be assessed by
their spectral performance and the information is made available in
terms of Chebyshev polynomials, The coefficients of the Chebyshev
representation are directly related to the gpecttal response of the
device. The concept is anaiogous to system identification testing and
indeed a device or system may be represented in analytic form even
though precise mathematical laws are not available. This approach to
nonlinear problems also leads to the generalisation of device character-
istics in terms of dynamic time-domain portraits. Su;:h portraits contain
information relating to resistance, reactance, energy storage and may
be of value in selecting high quality devices from large production
yields. The technique is regarded as a generalisation of the powér
series expansion method which has not been used in this context before.

Whilst the Chebyshev expansion procedure appears to be useful,
information may often be determined by other forms of analysis. A
technique which has had some success in handling nonlinear problems is
perturbation theoryas) leading to solutions in terms of asymptotic
expansions. Apart from obtaining the small signal behaviour of mixer
circuits as a perturbation of the large iignal solutions this method
has not in general been applied to the devices and systems previously
mentioned. The perturbation methods available have greatest utility
when the solution " required is perturbed from a known solution by the
presence of a small parameter and therefore have applicability in

determining the effects of parasitics .

Lo e




A successful application of a perturbation technique, similar in
character to the classical method of variation of parameters, is the
analysis of the exponential diode with a series resistance. The essential
elements of this original analysis have been published by the author et
al and the paper is reproduced in Appendix Al,

Another successful application of perturbation methods in the form
of matched asymptotié expansions was the prediction of the effect of
package capacitance on the switching waveforms of balanced mixers. This
analysis has been published by the author et al and is reproduced in
Appendix Al.

In Chapter 2 a method of device identification based on the spectral
response to a sinusoidal test drive is developed. A frequency multiplying
network is studied to demonstrate that spectral information may be of
considerable use in predicting the performance of non-linear devices
embedded in frequency selective circuits. |

Chapter 3 deals with the static characteristic of an exponential
diode with series resistance. Three new mathematical models are developed
wvhich may be used to predict the diode current in terms of the applied
voltagé and the device parametﬁrs, In addition the proposed models also
predict secondary parameters, i.e. diode turn-on voltage and effective
diode forward resistance, in terms of the basic diode parameters.

The dynamic response of an exponential diode with series resistance
to a sinusoidal voltage drive is examined in Chapter 4. A bi-linear
model with exponential correcting terms is used to demonstrate that the
current waveshape changes from a gaussian to an offset sinusoidal pulse
as the voltage drive is increased. The harmonic components of the diode
current are aiso predicted and their dependence on bias voltage and degree

of overdrive beyond the turn-on voltage identified.



Chapter 5 is devoted to an investigation of the effect of parasitic
c-_apacitance on the switching performance of a lattice of exponential
diodes. The predicted delay in conduction of the diode has considerable
effect on the frequency converting properties of balanced mixers.

The development of. a computer aid;d harmonic measuring system is
described in Chapter 6. The system described is capable of measuring
both magnitude and phase (or real and imaginary parts) of the Fourier
decomposition of a periodic wave. The effects of sampling and digitiseing
errors on the accuracy of the system is fully discussed.

Chapter 7 contains descriptions of experimental investigations and
summaries of experimental test results for comparison with the theoretical

predictions made in preceding chapters.

. e e
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CHAPTER 2

NON LINEAR SPECTRAL ANALYSIS

2.1 Modelling of non-linear devices from their spectral response

The usual approach in analysing non—linear frequency converting
networks ig to use as the basis a theoretical equation derived from
the physics of the _device being used. Such analyses are valid provided -
the precise law is known. _ In many instances however, the law is only
approximafé and intrinsic parasitic effects may not be known accurately.
In addition,it may be necessary to introduce severe approximations into’
the analysis to obtain a closed form solution.

If a nou-linear device is driven by a single frequency
drive (voltage or current) it is logical to assume that the generated
spectrum conl:ﬁim all the necessary information ;:etifuired to model the

de'vi . Consequently the sp-ec'tral response of_a. Ia_rgé' signal

dyuamic test will contain information en effects which maybe amplitude
and/o¥ f.rcquency dependent M .may not Ise _predent nth ltat:i‘.c testing

mcedmres. The fe-t speetm vill also mclnde infomat:.on reflecting

sezqr‘effects. . . _ an
. The techm.que used is the fnverse of a method proposed by Lewis ‘who,

showaed how to determine the harmonic response to a sinusoidal drive.
~ The method was extended by Douce . c18} ta mclude the case:. af.- randen si‘gnals
'wlu.lst Karybakeas. a” apphcd it: to obtain the describing funct:l.on for

use in non—-linear control systems.
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2.2 The Chebyshev r-ggrenen:a__ti-on

The connection between the device characteristic and its spectral
response may be expressed in terms of Cheliyshev polynemials. To ﬁppreciate
this, consider the case of a pure non-linear resistor driven by a
.s-inusoidal voltage.

If the applied voltage is

v =1V cos 8, . 2.1)
where 0 = wt . '
then the resulting current may bBe represented by a Fourier series as

o5

f=1/2+ T I cosnd Q.2)
o 1 ®8

From equation (2.1), the anglé 9 may.be expressed as

g = ¢.'.t:as”,1 (v]&l . €2.3)

which when substituted into (2.2) gives

i=P2/2+ L I cosn (coa-]' v/%): 2.4)
° T |
leading to ‘the Chebyshev expangion since these polynomials may Be
defined as(?0).
Tn()d = cog (n cos.l x) 2.5)

-

and (2.4) ean’ then be written

1=1/2+ : I T V) ' (2.6)

The case of a sinusoidal current drive may be treated similarly with B

trivial change in notatiom.
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From this analysis it may he concluded that
(a) if the device is driven over its maximum working range and
the harmonic spectrum is measured then the characterfstic
fn the {<v plane i given By (2.6),
(B) conversely given the v c_ﬁaracteris:—ic over the range - V‘; t-é
+ 7V then the harmonic spectrum to & sinusoidal drive of
magnitude v nay .be prediited using the Chebyshev
expanaions.
It is not possible to obtain a pure resistive element and especially
at high frequencies apparently resistive devices will exhibit parasitic
reactance. It i{s therefore appropriate to indicate how the characteristic

of a non~linear reactance iw rélatgd to its spectral response. The q-v

. characteristic is determined as for tlie resistive case provided

harmonic componenti of eharge(.q)_m:emainrﬁ. Since it is much easier
to measure.aurrent it is better to ob'tain an eqiiival_ant i-y
characteristic. If the applied voltage is given by -(2 .1) then for a

pure non-linear capacitance the current will be of the form

- )
i= % I ginné ' @.7)
1 ©

" Again using (2.3) the current spectrum may be written as

1 - (vﬁl—2= LI U_, v | 2.8)

e

where the Chebyshev polynomials of the second kind are defined as

U_, &) =sin (0 com-l_ xl/’l - xz | 2.9

The i-v characteristic is double—valued and forms a closed loop in the

i-v plane and is symmetrical about the v axis for a purely reactive case.

s+
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The general case of a non-linear resistor and non-linear reactance
is now easily treated for a sinusoidal voltage drive. Inwhich
- . case the current will have the form

i= I°/2 + ,{[Im cos né #+ Ixn sin n’e] (2.10)

which has the corresponding i-v representation of

1=1/2+ : [Im LT IR /-1 - /2 “'n-1] (2.11)

In order to obtain this representation it is necessary to measure
the in-phase and quadrature components of the harmonic currents (Im
and Ixn) » This is indeed possible up to frequencies of the order of

1 GHz using the system outlined in Chapter 6.

2.3 Properties of Chebyshev polynomials

Since Chebyshev polynomials appear to be naturally related to the
spectral response of non-linear devices. it is important to appreciate
some of the salient features of these functions. Proofs of the following

(26)

statements may be found in Snyder 3=

(i)  Chebyshev polynomials are orthogensl over a closed 'interval,

(ii) of all possible ortﬁogml-polynomial approximations to a |
given characteristic the Chebyshev representation has the
least deviation,.

(iii) in the class of ultra-spherical polynomials, the Chebyshev
polynomials display the strongest _possible‘ convergence,

. (Taylor series displ.a-ys the weakest), ‘

(iv). the error created in truncating a Chebyshey series is of

the. order of the first term neglected.
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The speed of conyergence of Chehyshey polynomials is aptly
illustrated by c#lcula-tiug exp(x), - 1 § X <1, to within 1Z by Taylor
series and Chebyshev polynomials. The former requires five terms of
the series whilst the latter only requires a three term expansion.

This economisation process has been used by Holt el:_.al.(211 to approximate

the transfer function of distributed RC transmission lines.

2.,A& Dynamic portraits
: A natural generalisation of a static chiaracteristic is. the dynamic

ch;ractatiqﬁc of the device obtained by eliminating time from the
equation (2.10) which is the Chebyshev representation of "-'é_-2.111 .
Such a characteristic may be termed a dynamic portrait of the device.
Such a characteristic can easily be displayed on a cathode ray oscill-
oscope (C.R.0.). Some typical dynamic portraits are shown in Figure (2.1).

Certain information may be determined by examination of the portrait
of a device,

(a) if no reactance is present the portrait is single valued.

(b) if the portrait is a closed loop then reactance is present.

(c) if the loop is symstricgll.:&ia‘ut'thﬂ'hotfzdﬁ;thl _éxia tﬁet; the

device is purely reactive,

(d) the wider the loop the larger the reactance.

- 2.5 Small signal equations

With the Chebyshev representation established ‘from test it is possikle
to determine the behaviour of a non linear device for small signals
superimposed upon a d.c. biag by expanding (2.6 in a Taylor series about

the bias point. To do this let


http://C2.ll
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veE+v, .12)
where
vs' = a cos é, 0= at (2.13)
with
|E] <V
then \
L E+v
i=I T G Q.14}) -
o BB o '
and for small v the Taylor series approximation is
= z LT, ) +v £ T, (‘r)
+] v E
"I T, ey, -:-tnU (’)
v o
-;1 T, ®/V) + -vf-%;nu 4 (x/n
o 2 v v
-8, +8 T, (v /a) @.15)
o ~ ' '
where Bo = 5 In Tn- (E/vY:
' a ad ~ . .
and . B, -z !1: n¥ _, (E/V) (2.16) "

Thus it is possible to deduce small signal behaviour from a large
signal dynamic test wh‘ilsf it is not possible to deduce large signal

performance from a single small signal test.
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2.6 Time varyi_ggﬁparameter&-

Once the harmonic spectrum of a non-linear device is known it is
also possible to predict time varying parameters such as incremental
cc;nductance or resistance for use in mixer analysis where the small
signal sourcé voltage is superimposed on the large 1local
oscillator voltage.

The incremental conductance is the slope of the i-v characteristic

which changes in sympathy with the local oscillator drive thus

a I ey
. == (oflg + £ I_ cos nd)
oty = 41 o dL/de R
:f; dv/de d/de (V cos we) do

n I s8in né
i Sl €2.17)

'v gin ]

Now g(t): is obviously periodic with period 2r and furthermore g(t) is an

even function of 0 and so the Fourier expansion takes the form
g(t) = 30/2 + }fgn cos n6 (2.18)

Equating (2.17) to (2.18), cross multiplying by V sin 6,. and comparing

coefficients yields the following two sequences of equationms

8 ~ 8y = 2L,/V , B = 8y = 2L /V

~

ALY B Y

8 =8 = 2I5/V .+ 85 T 85 = /Y

etc ete €2.19)

?5
]
K

,
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The solution to the above infinite sets of equations is accomplished
by noting that I *0Oasn-~+ @ and therefore g, *0asn~+w
If the set of equations containing the even coefficients of g are now

added together then

2 - '
g. == (2k-1)1I, _ (2.20)
° ¥ k=0 2k - 1 .

and consequently

2 : ' o o
8 o o 2 (& - 1) I e - Py ns= 0, 1' 2 ssee (2021)
2n v k=n 2k -1

In a similar mamner the odd coefficients of g may be showm to be

4
L 2k I

’ » n-'-o, l’ 2 esse (2.22)
kem +#1 2K

<N

82u~l-1IIII

Alternatively, the coefficients of the incremental conductance may

be found by direct Fourier Analysis. The p th coefficient is given by

o
L zw-!l:;-nl’nsmne |
&= I = . Jcos po de 2.23)
o V sin 6

which is readily evaluated by contour integration to give the same

results as (2.21) and (2.22).

2.7 The analysis of multipl

circuits using Chebyshliey Polyneémials

As outlined in section 2.2 the characteristics of a nen—linear
capacitance (varactor diode} c-ut Gie derived by measurement of the
current spectrum when the device is driven with a single frequency
forcing function. Neglecting any mtetﬁe effects the curremt
spectrum will be of the form

”» ) -
fe- 2 I sinks, ~ 6=ut (2.24}
=l
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when the applied voltage is

ve= ;T cos @ ' (2.25)

wvhere v is the deviation from the d.c. bias level and GT ia the peak

value of the test voltage. Integrating (2.24) gives the charge

q= + I cos ko 2.26)
%+ I

" where Qo is the constant of integration, and Q = - Itlkw

With

x = v/, 2.27)
equation (2.26) becomes
q= + z T, (x) .28)
% et Q T

which is the algebraic represemtation of the device characteristic.

Consider now a frequency doubler circuit as shown in Figure (2.2}.
Bighnr order multiplication systems may be analysed using an identical
procedure. The tw» tuned circuits are assumed ideal so that the
input ecircuit operates at frequency w whilst the output circuit -
operates at frequency 2uw.

The output voltage from the system will therefore Ge

v, = &2. cos (20'_)- $) (2.2!’1

vhere Gz and ¢ have to he determined. The voltage existing across

the non-linear capacitor is then given by
vev,~v,=7, cos® -V, cos (20 - ¢) .30}
which in terms of the test voltage may be represented as

x=acos & ~-i éds',‘ (\ZB- $) .31)
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(2.32)
with 0O<b<acgl

Equations(2.30) and(2.31) assume that the applied voltage Vv, will be

. less than V,.. This is necessary since the second harmonic voltage

developed at the output may enhance the voltage across the non—-linear

capacitance during a fundamental cycle such that v, = Vv, may exceed

- Voo If Vo is taken as maximum possible working voltage across the
device, then the device could breakdown due to second harmonic

"punch through". Thus there is a constraint on v, and v, such that

_ max |‘v1 - v2| 3 {’T or |acosé — beos (26 - ¢)|% 1 (2.33)

The charge spectrum existing on the non-linear capacitor is given from
(2.28) and (2.31). Because of the presence of the two tuned circuits
it is only necessary to evaluate the fundamental and second harmonic
components of these equations, the appropriate expansions of equation
(2.28) up to the term involving Q3 are given in Appendix Bl.

The expansion is limited to terms in Q.3 since examination of typical
spectra of varactor diodes shows that the harmonics of the current
are less than 5Z of the fundamental curremt for harmonic numbers
exceeding three. Furthermore,the charge spectrum is related to the

current spectrum by

T

and will consequently diminish more rapidly as kw increases.
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Using the expansions developed in Appendix Bl the input and

output charge spectra are given by
=raQ - 2ab Q cos¢+3Qa(a2+252-1) cos 0
O b B 3 |
(2.35)
-[Zaqusinﬂaine
é-'-bQ cos¢-l-a2 -3 Q (bz+232—1)cos¢ cos 20
2% [P Q %, 3

;[-bql ain ¢ - 3 Q, @2 + 242 - 1) sino:]sinzo
(2.36)

The input and output current spectra may now be obtained by differentiation

i,--[an—ZabQ'zcos-¢+3aQ3 (az+2b2-1)]usi-ne

1
- 2.37)
-[2m ab gin ¢ Qchoc e

iz--M[-Bqlcos¢*az_.Qz-3bQ3 (b-2+2a2-1) cos¢]sin20

+ 20 [— b Ql gin ¢ ~ 3B Q3_ Cbz + Z-az - 1) gin d]cet 20
(2,38)

To interpret the engineering implication of the above two equations,

'consider first the output current, and define
cos 26 = Rerexp (— j 20} . (2.39)

sin 20 = Im .exp (- j 20} (2.40)

and consequently i2 may be written as
iz = = 2ub sin ¢[Q1 * 3Q3 (hz + 2;2 - 1)]
= j 2ub cos ¢’[Q1 + 3Q3 (Bz + 2a2’ - 1)] (2.41)

+ jfwaz Qz
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Equation (2.41) divides the output current into three component
currents, as shown in Figure (23&). The last c@ment (j-maz Qz) is
independent of the output voltage 'b', depending only on the input
voltage 'a', and may therefore Bbe interpreted as the current injected.
into the output circuit by the voltage applied to the input circuit.
The other two eoﬁponents. of the output current depend on the output
voltage. These two components of current may be related to the output

voltage

v, = ;2 cos (20 - ¢)

— vz coscp-j'vz sin ¢
by an admittance Y (as shown in Figure (2.3b6)). Thus,
20 (@ + 3Q, % + 2a% = 1)) (sin ¢ + J coe ¢)
Y= . . - Q.43)
Vz(.coe ¢ — j sin §)
wvhich rationalises to
v = 420 [QI + 3Q, (bz + 222 - 1)] Q.44)
Vo L '
and is the admittance of a capacitor
q + 3, B+ 2a% - 1)
cz - ~ (2.45)
V,r }

The output circuit must be constrained to operate at the second harmonic
and the presence of the above capacitance as an internal element of tlhie
non-linear device will alter the resonant frequency of the output filter.
To obviate this problem it is necessary to conneet a shunt gsusceptance
B, at the load terminals of equal hut opposite type to the internal

susceptance of the device.
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Ing‘ le ’iz V2 (cos ¢ - j sin ¢)
%’23 = j@az Qz
:‘.2-' + i'z" = jub qQ + 3Q3 (_Bz + Zaz ~ 1) (sin ¢ + j cos ¢)
" Figure 2.3(a)
~ Curvent Balance in Ou;pntCchutt qf- Féeqﬁe_ncy DouSier
| N |
—2g c: ’\l
2 2w

Cp=" Q + 3q, G +2a° -1 I3,

k; cancels 0‘2

Figure 2.3(B)

:Eggyg_l}_n_t Circuit of Output of Frequency Doubler
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In practice the outputtuned circuit will Be conatructed to resondate

‘above the second harmonic when not connected to the device. When embedded

into the circuit the effect of 02 will be to detune to the required
frequency. Trimmer capacitors will also be added for final tuning.

The current which will flow through B, wili be antiphase to the
current through the capacitor cz leaving the component (jmaz Qzl to flow
through the load conductance G‘L The output voltage' will then be

-

‘“'2 cos ¢ = 592 sin ¢ «'ij-a2 QZIGI. ‘ (2.46)
which implies that ¢ = + 7/2,

and mﬁeqdently

62 - = 2ua? Qz/[’r. gin G "/zg. (2.47)
To mdke Gz positive then
¢ =="/2 €2.48).

This last result is in agreement with the nm;en‘.'cal analysis of Scanlan
and Layboutn(u) .

Analysis of the input proceeds in an identical mauner and is
simplified by the condition that cos ¢ =0 and sin ¢ = - 1. Complex

notation is introduced by

cos & = Rer exp (jO)
| (2.49)
sin 6 = Tm exp (- jO}
and the input voltage is taken as v1' - 61 cos 0, The input conductance
to the system is easily shown to be

: " 2 '
G, = 20 V, Q/Vy .(2.50).
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which by (2.43) may be written as

G, = hul

o242, b ;
1 AL Q, /VT Gy, (2.51)

The second harmonic component of the test spectrum is given by

I,=-20Q, (2.52)

and therefore (2.51) becomes

o L A G (2.53)

6=V
Define the test transconductance by
G21 - IZIVT | (2.54)

allow (2.53) to be expressed as

G = (@ ).2 V12 (2.55)
1 &, = Gy Ly oo

T
Since the device is assumed lossless the conductance G, is the

1
reflected image of the load conductance G,. The load G, is operating
at the second harmonic components of frequency whilst the conductance

Gl accepts power at the fundamental frequency.

The input capacitance of the system is readily found to be

Qi‘ + 3Q3. (a2 + 252 -1)

V.i..

C, =

L 142.56)

and the input generator circuit must include an inductance to cancel
this capacitance to permit operation at the fundamental frequency
Maximum power transfer through the system will be okitained when the

source conductance Gg-equals the input conductance €, and by (2.55) this

is given by
G, G = (G..)° vlz (2.57)
g G, = 6y)) Tz 272

T
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Equation (2.57) definees the impedance transforming property of the
multiplying network, in an analogous mammer to say a quarter wavelength
transformer where Z, Z = zoz. It is therefore convenient to define a
characteristic conductance for the system, as

Go - GZI VIIVT (2.58)

and to design the‘ system to work between (3.__-4= G = Go. If the actual
system conductances between which the multiplier must work differ from
Go then passive impedance changing network can be added to the fmput
and output as necessary. The complete equivalent circuit for the
mltiplier is shown in Figure (2.4).

The effect of resistive losses in the non-linear capdc’i‘tor- can be
taken into account from a knowledge of the test spectrum. The test

spectrum will be of the form

(] (]
f= £ T coskd~ I I sin ke 2.59).
1 I‘t 1 E "
where represents the harmonic amplitudes of the resistive portiem of

the spectrum and Ik represents the amplitudes due to the capacitance effect
of the device. Equation (2.59] segregates the two components of current
to represent the device as a parallel combination of a non—linear
resistance and a non-linear reactance as shown in Figure (2.5). The

same voltage appears across the two non-linear elements and tﬁqu the
fundamental and second harmonic components of currents flowing in these
two elements may be determined as showm previously. The components of
currents flowing in the not}-linear capacitor will be as given by equations

(2.37) and (2.38) and the components in the non~linear resistance will be
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V., cos 8

$
—%
1= 1 ( lcos 6 - sin 0)
. | Ink : Ik
" N.L.D. Nom-linear device

T .
b
ir- 3,

iz = T Tnk qos- 0

ig--— tIksiné

N.L.R. non-linear resistor

N.L.X. non-linear reactance

Figure 2.5
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2 2 2
al-b + » = 3b 3®" + 22" - 1) co ] : 20
1"'2 [ Illcoetp Q ERZ ]:R3 a cos ¢ | cos

+[—blkls£n¢-3bl‘13 Cbz-i-Zaz-l) sin{l sin 20
(2.60)

1r1-[a1n1-2ablazcos¢+3rn; (az+2b2-1)] cos 0

- 2ab Inz sin ¢ sin 0
(2.61)

The second harmonic component has terms independent of b, the normalised
output voltage, and this represents the current injected into the output

circuit by the input. These are,
i =+a’1, +j 208 Q (2.62)
R 2 .

where complex notation has been introduced by means of (2.39) and (2.40).
The admittance representation of the remaining second harmonic

currents is

: [Q1.+.3Q3.052.*.21.2 - 11]' (sin 0 +.j cos ¢)
Y a 2ub = =

blnl(costp—jainﬂ 3&1:3301 !-Za -11(cos¢—jm‘.n¢l

+

V(coe¢—jnin¢1 VZCceaqi—jsinﬂ.

a® -1 + 1+—-—(]s + 2a

1‘1 | R Q

1:"‘1 :‘3 2, .2 120 4 30, 2
T | ' -1
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which represent the internal conductance and capacitance ¢f the device.
To constrain operation of the system to the second harmonic the load
must include an inductance to cancel the internal capacitance C,.

The output current now available to develop a voltage across
the load is that fr-om-the constant current generator, equation (2.62)

together with the resistive current through -Gz and therefore

GLGZ (cos ¢ = j sinﬂ‘ijazQz*aztkz

(2.64)
—[hlxliishl.ks (524-232-1)] (cog ¢ = j sin ¢)

which separates into real and imaginary parts
{GI. 624-[551 -1-3!:1:33 (2&2'_*52- 1}]} cos ¢ = a? 1I:xz (2.65)
{GL 62 + [htnl + 35!13 (2a2 + 52 - 1)]} sin ¢ = - Zniaz Q2 (2.66)}

The unknown phase shift ¢ may be determined from the ratio of the above
equation as

-wa’ qQ, -2uq, |
tan ¢ = —3 - - (2.67)
‘ L
=, :
In practice for a reverse-biassed varactor diode the current due to the

parasitic resistance will be very small and consequently the phase must

be close to - "/2 as given for the lossfree case. Define

d=8-"/2, § small (2.68)
and therefore

cos¢='---tan6--1.2/2qu

2Q, -1
ligaela -IR—: (2.69)
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Equation (2.6%) is the ratio of the second harmenic components of
the test capacity current to the resistive current and is a measure of
the quality of the device. It is independent of the imput and output
voltage depending only on the device parameters as measured by a large
signal spectrum test. Furthermore equation C2a6.2) (the injected current
into the output circuit) may be written as

g = jwa’ @, @ - §8) €2.70)
which indicates the change in the current due to the presence of
resistance. .

The output voltage may be ohitained from (2.65) and (2.66) by
squaring and adding to give

o Tr a2 2,42, 25 2

Gva-l-bInl 1+ tnla‘ +B5° - 1) -/(2wa Qz) +a :l;Rz

.71}
The left hand side of equation (2.71) can be simplified providéd.

53"11 << 1 and also the right hand member can be modified with the
aid of ‘(2..64) therefore

62 @, *v—-)".' 2ua’ . [1+ 62'
T
or 2.72)
V, = 2ua’ Qz_/ 1+ 82 / @, +g,)
where
g = IRIIVT (2.73)

which my‘ Be defined as the fundamental loss conductance. As the parasitic

effects are reduced to zero, the lossfree situation is recovered.
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The input circuit may be deduced by taking ¢ = - ¥/2 so that
cos ¢ =0 and sin ¢ = - 1, The input current is then approximated by

iin-a[lnl-#.BIRs(az-l-sz-l)] +2mabQ2

(2.74)
+ jwa [Ql + 3Q3(|l2 + 2:52 - 1)] - j2ab le
where as before V1 = ;1 cos 8
The input admittance is then given by
"tnﬁ 20";;2 Qz l:"‘1 3IRJ
in v2 v In.L
1 T T
q *+ N, (a2 + 2% - 1) v, I, -
+ juw T - 5 2 €2.75)
T mVT

Operation of the input circuit at the fundamental frequency is maintained
by including a source inductance to cancel the capacitance term in

equation (2.75).
The input conductance to the system is then given by

2_‘«:_9_2_32- LBI 31‘3(; +2§ 1)

G, = - 11 #+ cme
oy ow |y |
2.76).
2 v Q
™ ﬂ-—.2 +
v, 31
T

provided Ixs/l'i << Y,

By (2.72) the input conductance may then Be expressed as

a’ G212 " _
el A @.7.

vhere G,, is given By equation (2.54).

The complete equivalent circuit is shown in Figure 2.6.

B Sy S o
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The input conductance consists of two parts:-

i) the reflected conductance of the output circuit (load plus
device conductance),
ii) a conductance g, to. absorb the power loss associated with the

input circuit.

It remains now to determine the permissible values of the input signal
in order that breakdown of the device can be prevented due to violation of

equation (2.33).

acos 8- bsin20 g1 ' (2.78)
and therefore

a g sec6 - 2bsin 0 (2.79)

This equation is plotted in Figure (2.7) and illustrates the permissible
values of "a' and 'b' which satisfy equation (2.33). But 'a' and 'b'
are further constrained by equation (2.43), i,e.
v, = 20a’ Q,/
g = 20a” QG (2.80)

which may be rewritten as

a --/ b G /G, ‘- (2.81)

Equation (2.81) is also plotted with the ratio G]_,/G12 as a running parameter.

The point of operation of the multiplier must lie on ome of these quadratic

" curves and lie within the permissible working range., For example if

6, = Gy, then maximum value for 'a' will be 0.68 and the maximum value
of 'b' will be 0.47 as given by point P, If 'a' is reduced to say 0.6
then ‘b'.will reduce to 0.35 (point Q) on the curve GL]éli =1,
The compiete perfofmance of the system can now be specified including for

example the input power, output power and efficiency.
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Operating Chart for Frequency Doubler
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2.8 Discussion

The _aforegoing analysis shows that the performance of frequency.
multiplying circuits can be predicted in terms of the spectrum of the
non-linear device to a sinusoidal drive. If the device characteristics
are known the methods developed in this chapter are still applicable
provided - the Fourier Series coefficients can be evaluated.

Important ratios of spectral components which influence the
performance of frequency multiplying systems have been identified.

These are:-

(1) the tramnsconductance 612 . L /Yy
(ii) a Quality Factor 1/§ = IZ/IRZ

and (iii) the loss conductance g = l:kljv,r

The above parameters are independent of input and output voltage and are
properties of the non-linear device, obtainable from spectrum tests.

The conductance changing property of frequency multiplier systems
Bas bBeen demonstrated to depend on the-transconductance (again a property
of the device) and the possibile use of a characteristic conductance to
simplify design has Been introduced. .

A disadvantage of the proposed methods is thé necessity to expand
“the Chebyshev representation of the device characteristic for a complex
drive. Provided '.the spectrum of the device reduces rapidly for an
increasing harmonic number the technique is acceptable.

The analyses presented here is Geing employed by D.F. Oxford*to
design shunt and series frequency multiplying circuits using strip line
and coaxial resonant circuits, and incorporating the effects of idler

circuits into the analysis.

* Ph.D. research in frequency multiplying systems.
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Suggestions for Further Investigations

1. Determination of tramnsductance, quality factor and loss conductance
from time domain portraits.

2. A numerical method of obtaining the modified spectrum when the device

is stimulated with a complex drive.
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CHAPTER 3

THE EXPONENTIAL DIODE WITH SERIES RESISTANCE

Static Characteristics

3.1 Introduction

In this chapter -attention is focussed on the characteristics of a

Schottky—Barrief diode whose current varies as the exponential of the
junction voltage. All practical diodes possess parasitic spreading
resistance in series with the diode junction. Any test circuif devised
to verify analytic results will have a source resistance which
increasesthe effective device resistance. When the source voltage is
sufficiently large to drive the diode hard into conduction the bi-linear
approximation is adequate. Imn other situations, such as the reverse-
biased diode mixer circuit arranged to obtain minimum conversion loss,
this approximation breaks down and the curvature in the neighbourhood

- of the diode turn-on voltage must be takem into consideration(7). It

is therefore necessary to solve the practical diode equation, i.e.

i=1 exp (aV - air) - I (3.1

(3,4)

All previous attempt to solve this equation have used the power

. series expansion method which fails because of the slow rate of

convergence.

This slow rate of convergence is due to the rapid change in the slope
of the diode curve in the vicinity of the turn on voltage. The approach
adopted in this work is to deterﬁine a functional expansion. It will be
seen that the solution requires the sum of only two functional terms to obtain

the necessary. accuracy, the second term being a small -correction to the
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first term. The rapid convergence of this two-term approximation may

be attributed to the fact that each of the functions is .written in a

closed form and replaces the poﬁer series expansions of the aforementioned

methods. As the two term expansion solution of equétion(3.1) is original

a complete derivation is given within this chapter.

3.2 The Normalised Equation

The solution to equ'ation(3.1) is best approached by modifying it to

a suitable mathematical form First, we rearrange the equation as

i+ 18) =TI exp [(aV + af_Is) - ar(i + Is)]
wh;ch leads to

I=Aexp (- arl)
where

A= I, exp (av + urIs)

- Further -modific-a-tién gives
I/A = exp (- arA I/A)
vhich may finally be written as
x = exp (- x/€)

where

(3.2

(3.3)

(.48

(3.5)

3.6)

@3.7)

P Y-
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x=TI/A=(i+ I's) I, exp (aV # arL)) | .(3.8)

e = 1/arA = llar:Is exp (aV #+ arIsl ' (3.9)

Equation (3.7) is the simplest form of the equation (3.1) whilst
equation (3.8) and (3.9) are.the transformations which enable the
solution, in terms of the original va-ri._ables. i, and Y, to be recovered. It
is of interest to note than this. type of implicit exponential equation
occurs in connection with black body radiation and with the stability
of differential-difference eqbations (22). The method outlined

above may be used to transform any equation of the form
Ai =B exp (aV +# ¢ - bi) + C, b>0 (3.10)
into equation (3.7) and therefore the results obtained for the diode

equation may be of direct use in other areas of science.

3.3 The First Term Approximation

Now that the diode equation ig reduced to its modified form,
the variation of the roots of the equation can be displayed graphically
for different values of the parameter €. In Figure (3.1) the roots of
equation (3.7) are shown as the intersections on the curves y = x and
y = exp (- x/¢). Also shown (broken li.nes) in Figure 3.1 are the
approximate roots obtained if the exponential term is replaced by a

linear approximation, i.e.
exp (- x/e) = 1 - x/e : (3.11)

leading to
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x =1/ + /e) (3.12)

It will be seen that the ratio of the exact root to the approximate
root varies from 1.01, through 1.096 to 1.7 as the parameter € varies
from 10, through 1.0 to 0.1. This argument suggests that it may be
possible to find a better approximation by introducing a modifying

factor to the solution of equation (3.7) in the form

x = £(e)/( + 1/¢) ) G.13)

. where £(e) is a slowly varying function with f(») = 1.0, To determine

the unknown function £(¢), equation (3.13) is substituted into equation

€3.7) to obtain

£(e)/Q + ue)-exp[-tg-if—‘?—;ﬁrl | . caa

The logarithmic equivalent of (3.14) is

In £Cc) = In(1 + L/e) = - £(e)/(1 + €) 3.15)
The functioﬁ £f(e) is greater or equal to unity and therefore ln £(¢)
is always positive. Since f(e) changes slowly for large changes 'in €
then In(f(c)) will change even more slowly. The second term in equation
(3.15)i.e. 1n(1 + 1/e) behaves as[- ln(es_l as € approaches zero. The left
hand side of equation(3.15)is therefore dominated by this latter term
and it is therefore possible to neglect ln f£(c). This enables £(e) to

be found as

£Ce) = (L +¢e) In (O + 1/e) (3.16)
If (3.16) is now substituted into (3.13) the first term approximation

to the root of (3.17) is obtained as

x=z¢eln (I+ 1/e) (3.171
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If ¢ is very large Figure 3.1 shows that x Approachee. unity and equation
(3.17) then becomes

xz2eln (@ +1l/e) 2e. e +1 3.18).

On the other hand, if ¢ is small the root of équation (3.7) must approach

zero and for this condition equation (3.17) Becomes

4

xe2eln(l+1/e) 2=cln (L/e) + O (3.19)

Thus equation (3.17) has the correct asymptotic behaviour., For inter—
mediate values of € it will be seen from Pigure 3.2 that (3.17) follows
fhe general trend of the exact function But is not sufficiently accurate.
In Figure 3.2 the exact function is computed by assigning values to x
and calculating €. The computed results from which. Pigure 3.2 is derived

are given in Table 3.1.

3.4 The Two. Term Approximation

The accuracy of the approximation may be further improved by
obtaining a more accurate equation for f£(g). This may be accomplished
by assuming

£(e) = £ (e) + £,(c) | €3.20}

where £ (c) is given by equation (3.16) and f,(e) is assumed to be a small

correction, i.e.
| £(e) = £(2) [1. - f_lCz)./fo(el] -£,G)[1+ 2] (3,211

where
z = fljfo << 1 . (3.22}
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Table 3.1

*
€ x €
.0001 .0009 .0000
.0003 .0024 .0002
.001 .0069 7 .0009
.003 .0174 : .0029
.01 .. 0461 .0098
.03 .1060 .0294
1 .2397 .0971
.3 .4399 .2888
1.0 6931 .9631
3.0 - .8630 2.9267

10.0 .9531 | 9.8959
30.0 9836 29.8827
100.0 .9950 99.8774
300.0 - .9983 299.8757
1000.0 .9995 999.8753
3000.0 .9998 2999.8790
9999.0 .9999  9998.9418

* .
€. calculated from inverse of equation (3.7) i.e.

€. = -x/1n(x)
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With this assumption (3.17) then takes the form
ln[fo(l + 2)] - 1aQ1 + 1/e) = - £,0+ /0 +e) (3.23)
which upon rearranging and cancelling common terms becomes
(1+e)1n£°+(1+e)1n(1+z)=-foz (3.2
_For small z the term In (1 + z) may be replaced by z to give
(Q+ellnf +Q+e)z=-(+ e)[ln a+ e (3.29

which is readily solved to give

- = In £ : . :
E T+ QU €3.29.

The improved value for the function £(c) is now given by

!(C)‘- (1 L z) fo = fo * zfo

= (1+¢) 1n (1 + L/e) - (%’:')1':21(1 ;/ge) ln[(li- €) In (1 + lls)]
(3.27)

The two term approximation for x is. finally obtained, i.e. .

x = £(e)/(1 + 1/¢)

=ela @+ t/e) - 2 M)y [(1 +0) 1a Q@ + )]
(3.28)
The above is also plotted fn Figure 3.2 where it is compared with the exact
function from which it can be seen that the approximation to the exact
solution is extremely good over a wide range of the variable €, The
com::guted'resnltn from which the graph of two term approximation shown in
l‘igufe 3.2 is derived are showm in Table 3.2




€ b 4
.0001 .0007
.0003 .00018
.001 .0052
.003 .0129
.01 . +0034
.03 .0758
.1 .1713
3 - .3248
1.0 .5594
3.0 .7689
10.0 9119
30.0 .9681
100.0 .9901
300.0 .9966
1000.0 .9990
3000.0 .9996
9999.0 .9999

*
As for Table 3.1

€. = —x/In(x)

*

€
T

~.0000
..0002
.0009
.0029
.0098
.0294
.0971
.2888
.9631
2.9267
9.8959
29.8827
99,8774
299.8757
999,8753
2999.8790 -
9998,9418

et e,
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3.5 Solution in Terms of Initial Variables

Equation (3.28) has been shown to be a valid mathematical solution
for the transcendental exponential equation, however to appreciate the
physical implication of the solution it is necessary to transform
equation (3.28) to the initial variables by -means c;f (3.8) and (3.9).

Before quoting the final result it is useful to examine the relation

between. ¢ and V, i.e.
/e = arl_ exp (aV + arl) (3.29)

obtained by inverting (3.9). The multiplier of the exponential orT
may be incorporated into the argument of the exponential by introducing an

auxiliary voltage vo , L.e.

crI', = axp (- uvo) (3.30)

‘Consequently equation (3.29) may now be written in the form

e & exp (aV - aV)) = exp () (3.31)

vhere the term arIc in the argument of the exponential has been

neglected since I " is of thie order of 1 .g:, and

u - oV - Vu) ' (3.32)

The two term approximation may £{nally Be written as

Ve -- - .- e —

fn. [.'(1 +e ™ fn (1+ eu)l

1+ 2 (1L+eh)

. : 1 , LY
;l'l'Is -a—r-zn(].--l-e): 1

(3.33)
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Graphical comparisons of the one-~term and two term approximations
with the exact diode equation are shown in Figures (3.3) and (3.4),
respectively. The validity of the two term approximation is immediately
apparent from Figure (3.4) and to appreciate its accuracy a numerical
comparison is made in Table (3.3). The percentage error between the
voltage recovered from the exact diode equation and the true voltage
for a given current ranges from - 0.0028% at 1.9 volts, through - 0.1196%
.at 0.3 volts to - .0002% at 0.1 volts. The solution is an extremely
good approximation to the exact diode equation. The accuracy is
maintained for other values of x, r, and Is_ and has been checked for

values of r ranging from 10 to 1000 ohms.

3.6 The Significance of the Eglam'.thﬁc Form

Although one term approximation is not sufficiently accurate it is
ugeful to examine its behaviour as it highlights the physical nature of

the device governed by an equation of the form
i+ T -!'—111[1 +-expu(v-v)} (3.34)
s or o
IfV>V, and gsince a is large (typically of the oxder of 40) then
exa(v - v > 1 (3.35)
and equation (3.34) becomes:
i+ === ln[exp{.u o Y‘J]

V-V . . :
- 2 (3.361

b 3
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Numerical comparison of one and two term approximations with exact diode

Table 3.3

equation
a = 40, r = 10 ohms I' = 10-8" amperes
Voltage Current (i + I;)
v one term . two term
0 1x10°8 1x10°8
.1 5.459 x 10/ 5.458 x 10~/
.2 2.963 x 107> 2.946 x 10~
.3 1.253 x 107> 1.053. x 10>
.4 8.996 x 107> 6.437 x 10>
.5 1.892 x 10 2 1.445 x 102
.6 2.892 x 102 2.329 x 102
.7 3,892 x 102 3.248 x 10 2
.8 4.892 x 10~2 4.185 x 10”2
.9 5.892 x 102 5.135 x 10 2
1.0 $.892x 10 2 6,093 x 10"
1.1 7.892x 102 . 7.056 x 1072
1.2 8.892 x 10 2 8.026 x 10 2
1.3 9.892 x 10 2 8.996 x 10 2
1.4 1.089 x 10"} 9.970 x 10 2
1.5 1.189 x 10t 1.095 x 10+
1.6 1.289 x 101 1.193 x 10t
1.7 1.389 x 101 1.291 x 101
1.8 1.489 x 10+ .1.389 x 1071
1.9 1.589 x 10" 1.487 x 107}

o
Voltage
from two-

1x10
.0999
.1999
.2996
.3987
.4992
.5995
.6996
.7997
.8998
.9998
1.0998
1.1999
1.2999
1,3999
1.4999
1.5999
1.6999
1.7999
1.8999

V. = 0,3107

term
-7
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Thus for V > v the logarithmic form of equation (3.34) behaves linearly
with slope 1/r which is precisely the manner fn which the bi-linear .
approximation is used to represent diode behaviour when driven hard into
conduction. F\-.xrthermbre,if this straight line is extrapolated it cuts
the V axis at V = Vo. This fact gives the phfsical interpretation to -
Vo as being the turn-on voltage of the diode and for a = 40, r = 10,

]:s - 10“8 it is seen that

8 - 1 2rl )=
Vo 5 In (ﬂtls)._ 0.31 vol..tl (3.39

which is close to the empirically observed turn—on voltage. The fact
that the turn on voltage of diodes appears to be independent of series
resistance r may be explained by the fact that axl is dominated by Is
and extremely large changes in r are required to produce a significant
change in 1ln (ur]:._) .

When V < V o the exponential term in equation (3.34) becomes small
compared to unity and then using (3.30}) gives

N L2
L+I = = -1 exp (ay) (3.39)

which tends to z.ero for negative voltage. This again is the mammer in
which the bi~linear approximation represents diode behaviour for reverse
biased conditiomn.

The aforegoing discussion suggests that it may be possible to obtain

an approximation to the diode characteristic by assuming an equation of

. the form

t+1 = “:':m 1n [1 +expa (V- vl_)] (3.40)

vhere T is a modified resistance parameter to account for the slight
reduction in slope of the exact curve as shown in Figure 3.3 and v1 is

chosen to represent the turn on voltage.



e TSR
B

- 40 o

The appropriate parameters Ty and V1 may be obtained by expanding
the two term approximation (equation 3.33) for V > V, to obtain
V- Vo 1 _ '
i+ I, = ln[a w- Vol] (3.41)

r ar

This equation is not linear in V, however, the curvature due to the
lbgarithmic term is small and over practical working ranges may be
linearigsed about V = 2Vo to give

v - 1/av°) .
-(2-1n av_ - uvo)/a (3.42)

£+Is- -

This asymptote will intercept the V axis at

aV, + in avo -2 |
Vl = c& — 17&v—°y (3.43)

and the inverse of the slope will give the modified resistance parameter.
= /(1 - 1/av°) (3.44)

The appropriate logarithmic approximation will then be given by equation

(3.40) with the parameters T, and vl given by equations (3_.43) and (3.44),

respectively. Graphical and numerical comparisons of the logarithmic

approximation with the exact. diode equation are shown in Figure (3.5)

and Table (3.4) for diode parameters a = 40, r = 10, 12s - 1-0-8. The

‘corresponding value of the turn-on voltage vl for these parameters as

given by equation (3.43) is 0.35 volts which agrees with the intercept
in Figure (3.5). The modified resistance r, as given by equation (3.44)
is 10.975 ohms, an increase of approximately 9% on the true series
resistance. It should be noted that T, is not directly proportional to

r since Vo is dependent on r.
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Table 3.4

Comparison of logarithm.c and two term
approximations

a = 40,

1

1.0

1.2
1.3
1.4
1.5
”~
1.6
1.7
1.8
1.9

r = 10 ohms,

V. = 0,3107 volts

o

V, = 0.352 volts

two term- .

amperes

1:10
5.458 x 10
2,946 x 10
1.053 x 10
6.437 x 10
1.445 x 10

. I’ = 10-'8 amperes

-8
-7
-5
-3
-3
-2

2.329 x 10~2

3.248 x 10
4.185 x 10
5.135 x 10
6.093 x 10
7.056 x 10
8.024 x 10
8.996 x 10
9.970 x 10
1,095 x 10
1.193 x 10
1.291 x 10
1.389 x 10"
1.487 x 10

-2
-2
-2
~2
-2
-2
=2
-2
-1

-1
-1
-1
-1

r = 10.875 ohms
m

logarithmic

amperes
1.8 =x10

9.612 x 10
5.242 x 10
2.700 x 10

4.726 x 10

1.361 x 10
2.280 x 10
3.199 x 10

-4.119 x 10
.5.038 x 10

5.958 x 10
6.877 x 10
7.797 x 10

8.717 x 10

9.636 x 10
1.056 x 10

1.148 x 10

. 1.240 x 10 *

-1

1.331 x 10
1.423 x 10

~9

-8
-6
-4
-3
-2
-2
-2
-2
-2
-2
-2
-2
-2
-2
-1

-1

-1
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It will be observed from Figure (3.5) that the two curves are an
extremely good match in the vicinity of 0.7 volts, (approximately 2v)
but that they deviate slightly for other voltages. The choice of 2V o
as the point to fit the logarithmic curve is arbitrary. The main
requirement is that the logarithmic curve should be fitted at a point
beyond the curvature in the vicinity of the turn—on voltage. Other than
this the point at which the two curves are made to fit will be largely
dictated by the intended voltage swing imposed on the diode. For
example if the maximum positive voltage is to be of the order 0.5
volts the fit can be made at say 0.45 volfs vhich will clearly improve
the accuracy of the approximation. If on the other hand a large voltage
swing is anticipated a point about mid-way between the turn-on voltage
and the maximum voltage will give a feaisonably accurate representation..
The determination of the parameters as T and v1 when the two term
approximation is linearised about a voltage differing from zvo is given
in appendix Cl.

With regard to the measure of the accuracy of the logarithmic

a_pproiimtion this will depend on the error norm used. In this respect

Figure (3.6i illustrates the variation of the percentage error at
different voltage levels from which it will be seen that the error is
large for voltagés below the turn—on voltage falls to the order of 2.
percent at-0.7 volts and rises slowly to around 4 percent at 1.2 volts.
The large percentage error at low values of voltage is due to the
extremely small current level attained. The percentage error measures
the deviation of the estimated point from its. true value and takes no
regard to the variation of the curve. The root mean square (r.m.s.)
error . the other hand gives a measure of the average deviation of the

approximation curve from the true curve over the working range of the
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curve Figure (3.7) indicates the r.m.s. error over the working ranges
coyered. This curve shows a converse type behaviour to the percentage
error curve giving a small error norm below the turn—-on voltage and a
considerably larger but roughly comstant norm above the turn on level.
This measu:l.'e of error increases with increasing voltage range

because it is proportional to the square of the area between the two

curves.

3.7 Exponential Correction to the Bi—linea-: Model

In the previous section it has been shown how the logarithmic

approximation can represent a.ﬁx_'- an. asymptotic }ieﬁaviour
of & much used bi-linear model. Working from the logarithmic form
it is also possible to produce a diode model which is bi-linear model
withan exponential "cusp" correction as showm in Figure (3.8). The
advantage of this model is that the two terms are add:‘;tfve whereas in
the logarithmic model the Bi-linear effect and the exponential curvature
are included in a single functien.

To obtain this useful approximate form, the logar_ithmi-c equation
(3.40) is first expanded asbout the.point Va=v,. .

Por V § V, equation (3.40) may be written as

cer o L ; - ¥ exp[lw.ﬁ(v - Vl)]

& M kel

(3.45)

since the exponential term is less or equal to unity.

For V 32 vl equation (3.40) is rearranged as
G+1) .—1-1.;(,:.,(« (v-v»[l + exp(- a (v-v»]}
8 ar 1 1

= v: L, ln(l + ex_p[- « V -.vl)’:]}

Gt p e e e BT ey es r - e

-
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V-V = ,exp[—ka(V-V)]
1 1 . k+1 1
et : C- 1) = (3.46)

Evaluation of equations (3.45) and (3.46) will give identical numerical
results as the logarithmic equation. Because of the large value of the
parameter o the series of exponentials will rapidly approach zero for

Vv >> V,,i.e. the higher order terms of the series give negligible

1’
contribution when V >> v1 and under such circumstances the first term

of the series will suffice.
When V = Vl the series in (3.45) and (3.46) will take on the value

asq Is)- = 1n &llarm, (3.47)

whilst the slope of the function at V= v, will be

d G + 1) 1[" explt o (v - V,3] ]

. - ta —
dav ar |” 1+ expl't e v Vlil
n

Consider now the single exponential

@ explt a (V - v11/'.1n(.4).'-] (3.49)
When V = V, equation (3.49) takes on the value In (2.)/«:'m and the initial

slope is 1/2rm which agrees with equation (3.47) and .(3.48) » Further—
more for V % Vl the exponential decays rapidly to zero and t:I_ms has a
similar asymptotic behaviour as equations (3.45) and (3.46). TA
comparison of equation (3.49) with the logarithmic approxﬁnation is showm
in Figure (3.9). With this simple exponential approximation the solution

may now be written,
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for Vv g V1
i+1 = 3}1_ 1a (2) expEx o - v,)/in(4) "} (3.50)
m
and for V 2 Vl
) V=V 12 @
AP e exp[- a (V- Vl)/iln(4}=.] (3.51)
m m h .

In this form the solution is seen to be the bi-linear approximation
with exponential correcting terms to represent the diode curvature.

Equations (3.50) and (3.51) have the additional advantage that when

differentiated, to obtain the incremental time-varying parameters, they

will give rectangular pulse waveform (obtainable from the bi-linear

theory) with exponential correcting additive terms. Thus the problem

of predicting the harmonic content of the current from equations (3.50)

and (3.51) is identical to predicting the coefficients of the time

varying conductance.

S P S
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" CHAPTER 4

THE EXPONENTIAL DIODE WITH SERIES RESISTANCE DYNAMIC CONSIDERATIONS

4.1 Introduction

In the previous chapter explicit equations were derived for the
diode current in terms of the system voltage when the junction voltage °
is modified due to the presence of series resistance. This is a

necessary prerequisite in the determination of the harmonic response

| to a sinusoidal driving voltage. The most useful approximation for

this purpose is the bi-linear model with exponential correcting terms.
In this way the effect of diode curvature may be compared with the
predicvions of the bi-linear model. In |;sny practical applications cthe
diode is driven with a sinusoidal wicag;- superimposed on a d.c. bias

voltage, i.e.
- N . .
VY, * VY cos wt _ - : €4.1)
The terms (V - Vl)'. in equations (3.50) and (3.51) then take the form

-_:_.,Vb - Vl + V cos uwt

or — v, * ’;‘ cos ut . (4.2)
where
V=V +V, | @)

Thus Vz may: be regarded as a new turn-on voltage relative to the
sinusoidal drive voltage which translates the diode characteristic along
the V axis depending on the degree of bias Vb. Thus without loss of

generality the terms (V - le- may be replaced with (V - V,) where

v --1‘; cos 8, and 0 = wt o (4.4)
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With the time origin chosen so as to make the voltage drive cosinusoidal
the current flowing in the diode is an even funcrion of time and contains

cosine terms only in its Fourier expansion i.e.

a /
i(e) +I, =5+ £ a cosne (4.5)
where
9 T
a = JF @@+ Is) cos no dé €4.6)
o .

4,2 Low-level drive V. < v,

If the peak level of the local oscillator does not exceed the
effective turn—on voltage v, then equation (3.50) suffices to predict the
harmonic content. It is convenient to however rewrite it in the form

n(2) exp(- a vz_/z:w) exp (a V cos e/n4)

i+ Ig == ary .7
= K exp (Z cos 68)
where
K== 2n(2) exp[(— o Vz/!.-n4 ar_
and | _ (4.8}

Z= a;/ fa(4)

The harmonic coefficients are then readﬂy_' expressed in terma of the.

modified Bessel functions of the first kind, i.e.

s = &L (2) : (4.9}
and the Fourier expansion for the diode current will then be

i(e) + il:'s - x:[:o(z_) + XK Zmn(z)- cos nd (4.10)

In this form the effect of series resistance may be explained by

observing that from equatfon (3.44) that as r increases, r, increases

— . R
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and K decréases__. - Thus the percentage harmonic content is unchanged since
K multiplies all harmonic components. Change: of bias has a similar effect
since enly K is altered By a change in-vz.

It would clearly be inappropriate to use the bi-linear model for

the low level drives under discussion. On the other hand if the series

regsiatance was neglected and the exponential diode model assumed then
thé harmonic spectrum would have the form given by equation (4.10)but
with ;

' o ~

- - ay, ) and Z' = a¥

K =1 exp, (- oV, ) an o
Since if r is zero then the diode current is (4.11)

feI =TI em olV-V) =TI exp (-aV) exp (a¥) cos 8)

It is of interest to compare the magnitudes of the currents given
by equation (4.7) and the diode junction equation

i+ Is - I‘ exp|aV cos 6] (4.12)

This comparison can be made by manipulating equation (4.7) into the form

f+1 =1 ep(-a V) ew(a ¥ cos 8) (4.13)
where

I, = 1m0 exp[- ¥, /00041 /qirm_ - (4.14)

s = oftab (6.15)

8, T -'_}O‘ol'ms-,. and V. = 0,

For a = 40, I‘ =10 5

] _10 . | 3
I’ = 10 Isandu =29,
Thus the effect of series resistance is to reduce the effective diode
parameters considerably resulting in a much reduced current and-

consequent reduction in harmonic level, Therefore for these




- 48 -

lowlevel drives it is not justifiable to ignore the series resistance.

4.3 Hard driven diodes

High level drives V>V,

1f tlie voltage drive is such that the effective turn on voltage V,
is exceeded then the non—zero segment of the I;i-linear part of the -
charaéteristié will contribute to the waveform a_n.d the harmonic .

components associated with it ar&__f_omd.to be

8, ' :
i v sin[e-o (1L - eoil/nrm y . (4.16)
~ gin(n-1)0 sin(a+1)6 '
% n:rm_ ( a -1 2 - o+ 1 %) 4.17)
wvhere
(4.18)

e, = coa-l’(;/vzl

As can be seen from figure 4.1 the cusp current,i.e. the conpbnenl:
of current flowing in the diode due to the cusp section of the character—
istic is symmetrical for sufficiently large driving voltages. This.
condicion will be achieved when the index of the negative expomential
cusp exceeds a value of three for thée exponential then is within 5% of

zero. Thus, to obtain symmatrical cusp current the condition

o (V-V,)/t04 3 3
or '

V 3V, + 3tob/a (4,19}
must be satisfied. The term 3fn4/a may be regarded as a measure of the
excess of voltage beyond the effective turn-on voltage Tz ﬁecesnary to

produce a symmetrical cusp current.
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Curve 1 of Flgure 4, 1111ustrates the condlt:l.on to produce a symetrical

We see that the conne voltage drive may be replaced

by its tangent at the point 0 = 90. for both exponential parts of the cusp,

the' curvature of the cosine wave only occurs when the exponentials have

decayed essentially to zero and therefore give little contribution to the

harmonic components. Changing the variable by

0 =8, - ¢ _ | (4.20)

where ¢ varies from e, to 0 as 6 varies from O to 8, converts the

negative cusp current i _ ‘equation

. n2 bt _
i_-= E—i-; exp|- aV (cos 6 - cos Bo)lznlo] (4.21)

into

ic_ = '.?'1% exp[ aV (cos'eo cos ¢1 + sin Q_o sin ¢; — cos eo)/!mla
(4.22)
23)

Since a is a large par-ame-ter( , it is possible to replace cos ¢1 and
sin ¢1 by the leading terms of their respective power series expansions

andobtain the required linearised form of

.» n(2) o e
i = at, exp [( aV sin 8_ ¢,) /!.nl;] (4.23)

’

In a similar manner, changing the variable to
0= eo + ¢, (4.24)
converts the positive exponential cusp current into the form

i, = "::_2’ exp [(- oV sin 6 ¢2)/9.n(4)] (4.25)
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The harmonic components of the cusp current can now be determined from

o
a 8-12? .g tc_'cos'.p-ﬁﬂo - ¢1). ¢ d¢'11
o .
2%, el d
+-‘I-I- £ .1c+ cos n (90 "' ¢1> ¢2 : (4.26)

Since the range of both integrals completely traverses the range

of the cusp the upper limits of che integrals in (4.26) may be replaced
3

by infinitycz }rhi.s allows both integrals to combine with cancellation of

comnon(_sin noé o sin n&_)r.em and therefore

. 4 () = ' " .
a = ;%? ! con 0, cos uh exp E.-,Qav sin 0 ) /ml.]d«p 4.27)

Equation 4.27 is readily :lnt:e-grated-a “’to give

4 (a0} 1 aVv 8in,8 .28)
a == cos (no ) n : 4, 2
. O oPW sin® 6 ot (end)? o2

£n(2
ar
m

The effect of diode curvature may now be deduced from equation (4.28).
The minimum .value' of gin e-o is 0.63 and this occurs when the equalicy
is satisfied in equation (4.12) and Vz is taken as V= 0.35 i.e. zero
bias conditions. The peak voltage will thea be 0.45 volts. Thus

(a7 sin 0 )% = 128 and will dominate the denominator of equation (4.28)
if the harmonic number n is less than 8. Whilst this condition is

satisfied (4;28) approximates to

! , cos nd |
8" %mczir:z('&) - ) C4.29)

aV sin 8,

As the degree of overdrive beyond the turn—on voltage increases equation
(4.29) will hold for even larger harmonic number. Thus the curvature
of the diode contributes terms to the harmonic components which are

proportional to cos ne.o and diminish - as the drive level increases,



Tt Ayt

As the harmonic number increases the coefficients will eventually decrease
to zero because of the presence of the n2 term in the denominator of
(4.28). The components due to the bi~linear portion of the characteristié
on the other hand increase with drive voltage. Thus it may be concluded
that diode curvature decreases in significance with increasing volcage
drive.

The above results have been deduced on the basis of zero bias
conditions. However, they are genmeral and hold for other conditions which
can be seen by obeervin;' that the tem\; sin eo may be expressed in the
form |

[ 4

V sin 8, = (4.30)

where x may be defined as the overdrive coefficient and equations (4.28)
and (4.29) will hold for identical overdrive factors, regardless of V

and vz. Furthermore if che bias coefficient B is defined as
8 = a¥,/tab (4.31) .

then equation (4.28) may be written as ’

_ & () PA com e 2y
8% ¥ ar, o2 .ol (4.32)
n L 8y +-n

4.4 Intermediate drive levels

4.4.1 The positive cusp current
It remains now to consider the behaviour of the cusp current when

peak level of the applied voltage is such that the negative expon-
ential portion of the cusp is not completely traversed. This

gituation arises when

Vy & V. &V, + 3tné/a (4,33}
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Wich this restriction in voltage level, figure 4.1 illustrates that
the positive ‘exponenei‘al part of the cusp is fully traversed and
that the tangent to the cosine drive voltage departe considerably
from cthe true voltage within the range of the exponential decay and.
consequently the curvature of the cosine wave must be taken into.
account. This can be achieved by first changing the variable as
defined in (4.24) and replacing cos ¢ by 1 - ¢2/2 and sin ¢ by ¢

to cbtain

i zn(?) axp[ Ea%(%—cos e -l- ¢ sin e )] (4.34)

As shown in Appendix 0)1) equation (4.34) may be transformed into
a gaussian curve by completing the square in the argument of the
exponential, The positive cusp current is then given by

i, =Aexp ~ (/27 (4.35)
where '
A: - :;:2) exp Ea\‘; sin I::I tan e-{lr

(4.36)

q=($ + =an.e°)

A graphical and numerical comparison of equations (4.35) with the
positive cusp current is given in figure (4.2), and Appendix D2.
Bquation (4.35) defines a gaussian curve centred on ¢ = ~ tan eo

with, (using probability nomenclature) a standard deviation of

a =/ n(d S/u‘a' cos 8
= /1nb/av, 4.37)

= ING
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Thus the standard deviation of the curve is independent of che over
drive, depending only on the effective turn on voltage which may be

controlled by the bias. .

For small degrees of overdrive the curvature due to the peak
of the cosine drive is reflected by the curvature of the gaussian
curve near its origin. As the drive voltage increases the normal

curve is offset and the point ¢ = O will occur on the falling side

of the normal curve, and eventually the positive cusp component

will tend to an exponential decay as (32 cos 0_172:becomes small
compared to Q__'s"ii.”e‘of . '

The offset i;n I:ha gaussian curve which controls the shape of
the positive cusp current may be expressed in terms of the turn—

on voltage and the drive voltage as

~ 2 !
weemo, = /02022 /T | 4.38)
In terms of these two dimensionless parameters 8 and x the
constant A in eqﬁation (4.36) nay be expressed as

=30 oy (ay/2) . 39)
]

The harmonic contribution is then given By

2 7 ; 2,, 2
a == [ cos (ad) A exp ¢ q°/2 &™) do (4.40)

It iz not possible to integrate (4.40) exactly but appreximate
expressions can be determined By using Laplaces method as showm’
in Appendix 53 ‘prorvfd'ing cos n does not change too rapidly
within cthe range of the normal curve. Examination of figure (4.2)
shows that the most omerous condition is when the- overdrive

coefficient is zero and under such circumstances the method will

NIRRTV
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a,= %9' {/23_3 exp (%X.) exfc [ [gY] (cos ne  + nﬁ(-' sin n6 )
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become inaccurate for the harmonic numbers exceeding three. The
accuracy and range of the method will improve as the overdrive
coefficient increases as can be seen from figure (4.2).. Furthermore
the width of the gaussian curve will reduce as the bias coefficient
increases resulting in improved accuracy of the method, which makes
ic attractive for the case of mixers arranged for low-loss conditioms.
With these comments in mfnd the harmonic cmtribul:ion of the positive

cusp current is shown to be

- -:-B- n sin ne‘} - . (4a41)

The worst case accuraéy of equation (4.4]1) may be assessed .by- noting
that as the overdrive coefficient is reduced to zero the wave-shape
should match that dictated by the limit of equation (4.7) as the
drive voltage equals the turn on voltage i.e. the “upper'" limiting
form of the low level drive equation equals the "lower" limiting

form of the overdriven eqnat.ion; Comparison of che exact spectrum

of the low level case as given by equation (4.10) with the approximate
spectrum of the overdriven case evaluated from (4.41) will therefore
give an indication of .r.hc worst case accuracy of equation (4.41).

This comparison is shown in table @u._il-- for the bias coefficient £
baving values of 10.15 and 20, corresponding to pesk drive levels of
0.352 and 0.692 volts and confirms the statements made with regard to
the derivation of equation (4.41) The worst case accuracy may be
improved by obtaining additional terms of the assymptotic expansion

of equation (4.40) as showm in Appendix D3 ., The effect of the
second order terms is also indicated in table (4.1} where it will be
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Comparison of Exact and Approximate spectrum of exponential cusp current

L d

Overdrive factor x = 0
a“ - -2—- - nz -2——
1nz§i7crm B 28Y W8

‘ . .
a=40, V=Y, =0,352 volts

2
Bias factor 8 = a;;/ln(k) = 10,15

.: Harmonic | Exact | et s
Nunber n | Coefficient | Approx _SOfoiczenc

Ze-B In(s) 427«3‘ nz V2778 /28 a..'n*

0 .253 .250 0 .250
1 .242 <250 .012 .238
2 .206 250 .049 .201
3

.160 +250 .111 «139

) .
a=40, V= Vz, = 0.692 volts

Bias factor 8 = 20

0 179 .178 0 .178
-1 175 .178 .005 173
2. 162 .178 .018 .160
3 143 .178 060 | .138
4 .ng | a7 | o .o | 107

% All coefficients normalized by division by 1n-(2)—/§rm
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observed that the worst case error is considerably reduced. The
good correlation between these results for the worst case condition

promotes confidence in the techniques used.

4.4.2 ‘The negative cusp current

Finally it is necessary to determine :he.-effect: on harmonic response
of the negative cusp current., The approach adopted in this ramge

differs from that of the positive ciisp curremt. It will be observed

froﬁ ﬁ.gure (4.1) that the curvature of the cosine wave does not occur
at the peak of the exponential. Thus the dominant effect is due to
the almost linear sides of the wave and as the peak is approached
the curvature reduces the rate of decay of the cuap current.

The change of variable
6 =8,~¢ : : (4.42)

transforms the negative cusp current

i._= h(z) exp[— aV (cos @ - cos 8 )/l.nl;] (4.43)
- or _ -
intosan approximate expressi;)n
. 2 L
S e co 9, .
‘o ;;:. Gm[ ay. Q sinﬂ -——T—ﬂl‘n‘} (4.44)

where cos ¢ and sin ¢ have been replaced by the hMing terms of their °~
series. Since the dominant effect is ome of exponential decay

due to the § sin"6, tern.che exponencial containing (-!'__{ ZYcos O, ~

ie: approximated by the first two terms of its Taylor series expansion

i.e.

| 2

!.n(2) : GV cos e :
~"oF |exP = (av sin 6 NLM)] 1 +—2-T— ¢ (4.45)
m
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| A comparison of (4.45) with (4.43) is given in Figure (4.2) and Appendix

D4. In terms of the overdrive and bias coefficients (4.45) becomes

i =89 . %2) exp - 87N (6.46)
m

The harmonic contribution may now be obtained by direct integration and

is shown in Appendix DS to be

10(2) 8/Y cos ng  +n cjn nae - 8/x exp (- BRQO)

2
a -
n—- TaOa u2 * ‘2x
'8 sin né . ' :
2 1In(2) .
] urm n (nz N Bix)
2 2
exp (- B/ ) 2(B“x = n")0 2, "2
*% Y v (B/i’eoz e B LA ZBL’;'%(-B Xz_%“ )
(m” + 8%%) X (n+Bzx) (" + 8°x)

When the drive coefficient is zero, 6 is zero and (4.47) correctly indicates
that the negative cusp current contributes nothing to the harmonic content.
As the drive coefficient increases the exponential term approaches zeré

and the harmonic content will tend to

a =2 iu(2) cos nd
n L) arn B"f

. :
which is half the value given by equation (4.32) for the hard driven

o (4.48)

case — the remainder being produced by the positive cusp compoment.

4.5 The incremental conductance

.The incremental conductance of the system (diode with series resistance)
is readily determined as the derivative of the current with respect to the
voltage.

For the low-level .drive condition differentiation of equation (3.50)

gives the normalised conductance as

| g-n =3 exp o (V - V,)/tné (4.49).
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= ar, @G+ I‘)'/!nlo
where
gy " llrm (4.50)

Thus the harmonic components of the fncremental conductance when the
voltage varies cosinusoidally,i.e. the time varying parameters, may be
obtained from the spectrum of the current given in equation (4.9). |

When the voltage level is such that the diode is driven beyond the

effective turn on voltage the incremental conductance has three components:-

(1) a regtan_gular pulse .derived from the bi-linear segments.
(ii) an addiﬁiva- rising exponential cusp produced by che positive
exponential portion of the cusp characteristic.
(fii) a subtractive up-onen;ial cusp due to the negative
exponential part of the cusp characteristic.
Differentiation of the appropriate equations yields the following
equations for the normalised incremental conductances..
By _ S
"_t-.n -v) _ : | (4.51)
vhere H is che Eeavy:ida shift op.eratoz, .

. *

;il -3 ax}[acv - v:)/ma]

crm_
= m ic* (4.,52)’.

gE. 1 '
Tﬁ --3 exp[f- a (V- vz)/m4]
' ar;

e < : (4.53)
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The time varying parameters may then be easily determined as the
combinacion of the spectrum of a rectangular pulse with the specltr&
of the cusp currents. For the hard driven diode it is immediately
apparent that diode cuﬁature has little effect since the spectra of
the positive and negative cusp currents are equal. The critical range
where diode curvature ru‘;li be significant is when the applied volcage
drive is within the range of the negative cusp portion of the character-
istic since then the cusp current is not symmetrical. The waveforms
of the t'im varying conductance as given by equations(4.5)), (4.52), and
¢.53)are shown in figure 4.3 for various levels of overdrive and
clearly indicate the transicion from a gaussian pulse to a rectangular

pulse as the degree of overdrive increases.

Ry
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CHAPTER 5

DELAYED DIODE CONDUCTION IN A LATTICE MIXER WITH CAPACITANCE

5.1 Introduction

In previous chapters studies have been made of the response to

periodic drives of:-

(1) a predominately reactive device with parasitic resistance,

- (ii) a non-linear resistive device with parasitic linear resistance.

In this chapter a ctqd; of a non-linear resistance system with
capacitive parasitics is undertaken and the effect on the distribution
of the local oscillator current between diode and capacitance is studied.

The system under discussion is shown in Figure 5.1 and is usually
referred to as a lattice or double~balanced mixer. Numerical analyses
(25,”’_ .“) have shown that current driven mixers are the most promiging
to obtain a low system noise figure and consequently the current driven
case has been chosen for analysis. .

-'Hm effect of parasitic capacitance on the sﬁll signal performance
of lattice mixers has been i.nves-t:igat:edcm1 Bbut as in the case of single
diode mixers the'effect of capacitance on the Iocal.- oscillator waveform

is usually neglected because of the severe mtt_temtica]; difficulties

25} €26)

involved. The numerical procedures of Rustom and Howson , and Stracca ,
which used resistive models of a lattice mixer also neglected parasitic
capacitance. ‘

-The analysis presented here clearly indicates that a significant
modification in the distribution of the local oscillator current is
produced due to the presence of capacitance. The capacitance of the

system cannot change its voltage instantaneously and in order to reverse




its polarity the system capacitance extracts current from the lt;cal
oscillator source which ﬁtevent:s diode conduction . for a period of
time. Consequently a situation arises in which both the ct;rrents anci
voltages associated with each diode of the lattice are unknown and
non-sinusoidal. The approach adopted in this chapter is to determine
the waveshape of the diode current from which the spectral response of
the system may be evaluated. Based on these findings Korolki‘ewicz(zn

has ‘investigated the effect of parasitic capacitance on the small signal

performance of current driven lattice mixers.

5.2 Simple Theory of Lattice Mixer

A schematic diagram of a current driven lattice miz_:e_r is shown in
Figure 5.1. The diodes are s‘witche& -by the large local oscillator current
Ip, at an angular frequency mp. The signal current i 8 is at a frequency
of w g The switching of the diodes is made independent of the signal by
making ﬁpl >> I?'sl' The interaction of the pump and signal currents in
the diodes produces currents at frequencies g + nwp in the output. By
appropriate filtering at the output the components w, =0 - nmp can be
selected. If w, > wp- then the output w'::.-ll be a low frequency version
of the input signal.

During the positive excursion of t‘he.p:mnp current diodes D2 and ])4
do not conduct and the signal current is passed to the output transformer
and D,. During the negative excursion of

1 3

the pump current diodes D1 and D3 are not conducting and the signal is

via the conducting diodes D

passed to the output via the conducting diodes D2 and D4. However during
the negative excursion of Ip the direction of the signal currentin the
output transformer is reversed. The current available at the output may

therefore be represented as
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io -?.s S(tl cos lll't c . (5.11

where S(t) is a switching function, being ¥1 for positive Ip and -1 for

negative Ip. « Then

©. cosnwt - 3
S(t) =+ § ——P ' (5.2)
1r n
n odd
'and therefore
42.‘ * cos wt cos mpt _ :
i'n;; I ;:. n G.3)

.

The above analysis is a siﬁplified explanation of the frequency converting.
properties of the lattice mixer and more de-taile& treatments are readily
a‘v’ai].able(‘s’zs) The significant fact is that the switching function is
always found to be symmetrical for all diodes of the lattice. It will

now be shown that this symmetrical property is lost if the diode capacitance
fs included in the analysis. | '

5.3 The Bffect of Diode Capacitance on the Switching of Bi-linear Diodes
in Lattice Mixers

The switching of the dicdes is independent of the high frequency input

- and low frequency output signals and therefore these small signals may be

~ ignored when determining the response to .the local oscillator, i.e. "pump"

supply. As viewed from theloeal oscillator the equivalent circuit of the
lattice configuration will be as shown in Figure 5.2(a) where the d:‘.ode
parasitics (diode junction capac:‘.;ance cj , diode package capacitance CP,
and diode series resistance ral have been included. Atlow frequencies
reactance of the diode capacitances is sufficiently large for their effect
to be neglected. As the frequency of operation is increased however they
cannot be ignored. The diode junction capacitance is non-linear but '
because of the presence of .t__!'ve-reve'nej' con;lected diode each junction

a%

capacitance may be approximate "30)57 a constant value given by

™ TN
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where (!j max and cj min 37 the junction capacitances at the extremes of

the operating conditions and co is the junction capacitance at zero diode
voltage. The package capacitance cp may be assqmed constant, independent
of frequency and level of local oscillator curreant drive. The diodes are
assumed bi-linear with forward resistance Te and foé simplicity the reverse
resistance is assumed infinite. The diodes are assumed to conduct when
the voltage exceeds the tuyrn-on voltage Vope The simplified l:arge signal

equivalent circuit is therefore as shown in Figure 5.2(b), where

(:e = 4CP + zco * .5)

To understand the opération of the circuit assume that diodes D, and
D, are conducting. As the pump mrte;zt Ip approaches zero then the voltage
V across the system will approach,~ Vo As the pump ctl-xrrent Becomes
positive it cannot flow through diodes DI and Dy since the voltage,- Vips
stored on the capacitance C‘e Rolds these diodes in reverse bias. The total
pump current must then be diverted tlirough the capacitor to change the

voltage to,+ Vg, according to
y dv - 3 ) . . .
Ce 4 Ip sin mpt ' G.6)

with 7'-V._r, t=0

By integrating (5.6) the voltage across the diodes is

2T .
Ve N_PE; sinZ (%-)_ - G.7)

viere




The system voltage will therefore reach,+ v.r.when 0 reaches the

critical angle 6 c given by

sin (Oc/'Z) - lmp cev’l’llp ' G.8)

At this angle diodes D, and D, are sufficiently forward biassed for
conduction to be maintained and the pump current is diverted from the
capacitor into the diodes. For angles exceeding 6 c the resistance of
the diodes, (1'f + rs)lz, is much ‘naller‘ than the reactance of the
capacitor and consequently the voltage across the isysm whilst the
diodes are conducting approximates to

I (x_+1r
V=V, +-E £ J

- sin o_t (5.9)

P

Typical current and voltage waveforms are sw in Figure 5.3.

The aforegoing argument shows that the diode — capacitor circuit of
the lattice mixer produces a delayed conduction action in the diodes, and
consequently the switching function which is necessary to analyse the
small signal performance of the mixer is no longer an odd function and
will therefore modify the behaviour of the mixer. Experimental evidence
from tests conducted at 50 kHz cn the circuit of Figure (5.2a) with
parameter values chosen to simulate high frequency (1.5 GHz) behaviour
verified that sin 0 /2 was di‘r;ctly proportional to/C . However the
coefficient of proportionality was found to differ significamntly from
m’ This d:_‘.scr-epancy can Be accounted for by representing the

diodes by the more realistic exponential functions as shown in the next

gection.
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5.4 The Effect of Diode Capacitance on tlie Switching of Exponential Diodes

ian 'Lnﬁt-ice' Mixers

The equivalent circuit is again that of Figure 5.2a, but the currents

in the diodes D, and D, are given by

=TI exp(aV)- I, (5.10)
and the currents flowing in I)2 and D4 by

i= Is - I, exp (- am) (5.11)

The series resistance r, is neglected since the switching action occurs
near the turn on voltage where the diode resistance is still considerably

larger than the series resistance. The current balance of the circuit is

given by
dv , . - o (- aV) = I si |
C, & * 21‘ exp (aV) - 2I s EXP ¢ aVv) Ip sin upt: (5.12)
which can be written as
©C av .
-2 w Kexp (aV) - Kexp (~ aV) = gin
T £
P .
where
f=nt .13
o, G.13)
and:
K= ZIS_/IP

The exponential term can now be removed from the equation by means of the

substitution

y = K exp (aV) : (5.14)
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The diode currents are related to the variable y by

ipy *ipg = I, 7+ 21 (5.15)
wvhere for matched diodes

ip = ips = I, @+ 21)/2 (5.16)

The derivative in equation (5.13) transforms according to

Leakep G0 F=or I G.17)

and therefore equation (5.13) becomes

efF+y-Baysine (5.18)
vhere € = wpc‘/aIp (5.19)

For practical diodes the parameters K and € are typically of the order of
10-7 and 0.025 respectively at a frequency of 1.5 GHz and a pump current
of 1 mA.

Figure ' 5.4 shows a graph of the zero slope isocline of equation (5.18). |
The effect of the small parameter Kz may be noted by first observing that if
K2 = 0 the zero slope isoclines are given by

y=0

(5.20)
and y = gin 6

The effect of the non-zero parameter K is therefore to divide the two
isoclines as shown in Figure (5.4).

The effect of the small parameter ¢ multiplying the derivative is
to make the isoclines of large gradient group close to the zero slope
isocline: as shown in Figure (5.5). Superimposed in Figure (5.5.) is

an integral curve (solution curve) of equation (5.18) which closely
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resembles the waveform predicted in section 5.3. To obtain a periodic

solution equation (5.18) must be solved subject to the conditiom

y(0) = y(2w) ‘ ' _ (5.21)
In engineering terms this is equivalent to choos'-ing the initial switch
on time such that the currents do not exhibit. trmsients, and the system
enters immediately into its steady state behavi-_our.

The solution to equation (5.18) is a function of the two parameters

K% and ¢ but since K is very much smaller tham € it is appropriate to

develop a solution in the form of an asymptotic expansion in powers of K2 ‘
i.e.
2 g
y(0, £, K°) = £ K n"yn(eo e) (5.22)

n=0

where the functions y (9, €) are to be determined. From (5.18) and (5.22)
the first term of the expansion (5.22) must satisfy

dyol

_2
cB®*%

=Y, sin 0 (5.23)

and the periodicity condition (5.21).
It is shown in Appendix El1 that

y°(°’ E) - € :m (- (1] ] 0/3) . (5-24) ’

A+ [ exp (~ cosdfe)dd
0 .

To determine the constant of integration A in the above equation let the

initial value Y, ) = A then from (5.24)

y, =€ exp (- Le)/A | G.251
and equation (5.24) becomes
, ; exp (1 - cos 8)/¢ _
Y, €) = j—° 5 (5.26)
1+=exp ( Lel [ exp (- cos¢/c) dé
0
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Figure (5.5) shows that ;0 is small and it is therefore .convenient to let
;o = exp [(eoa Oe - 1)/:] (5.27)

which shows that the constant 8 lies in the range O to n/2. ..__

In terms of the unknown constant @ e equation (5;26) i:ecoms

exp [(cos 8, - cos O)Ie] (5.28)

Y, (0, €) = . 3
1+ exp (cos Oc/e) I exp (— cos ¢/€) dé

'l‘lu.a is clearly a very complex function, however it: 13 immediately appamt
:hat the periodicity condition cannot be ul:iafied since the integral in

the denominator is always positive, the solution as given by (5.28) will
tend to zero as 0 increases. Furthermore,it is apparent that when 6 <86,
the solution becomes large because of .the form of the numerator. Thus the
solution given by (5.28) does in fact represent the sudden increase in
current. It is therefore necessary to investigate the nature of the solution
as gbven by (5.28) In erder to determine the region where this solution
becomes inapplicable. This can be accomplished by making use of the fact
that e is small and employing Laplaces method as shown in Appendix E2

to evaluate the integral as @ varies over the range (0-2rw)

(i) Range 1, 6 close to 8
eEcos"o-c - cos e)/e]
Y, (8, €) = 1 R ) . (5.29)

1+ +
iifnec €

on using the result from Appendix E2

l'.-.eteﬂec-kef then
e'[ain Gc. 'r]

1
l+ cpen b
smoc

A (@, €) =
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When 7 is negative the solution is exponentially small provided sin Oc
is not zero. When t is positive the solution is exponentially large.
This indicates there is a rapid rise in the solution near t = 0 (@ = ec).

This rapid rise takes place within an interval of order e.

D) Ramge2, 0, <0 <v

From Appendix E2 * in this range the integral {s exponentially

large and therefore

exp [(cos o, - ;os e)/e].sin 0
£ (0, ) = m[(""" °e - cos G)Iej

v, @, e) = gin 0 (5.31)

(iii) Range 3, 7 < 6 g 2r

In this range the integral is again exponentially large and with the

aid of the result derived in Appendix 7 = the solution can be writtem as

exp (cos @ c/c) exp (~ cos 8/¢) :
Y, @, €) = 1 (5.32)
T =P (cqs 0 c/e)‘ exp (- 1/¢) 27’

= Eexp [- (L + cos Olle] _ (5.33}
In particular
Y, (v, e) =/ e/2v - €5.34).
and '
(5.35)

v, O =/ Eewp - 20
But the initial value of y at @ = 0 is

Yo (0, €) = exp [(.c-os Oe - 1)_/;] (5.35a)

and therefore y(2w) << y(o). To have a periodic solution these two values

must be equal. The reason for this discrepancy is that in the range

I - P )




-69 -

T T P g

7 <0 ¢ 2r the approximation of neglecting Kz is no longer valid. -
In this range let

y = Ky | (5.36)
so that equation (5.18) becames

Eg.e!+nz!z-1—zsino (5.37)
Again by assuming an expansion of the form

YO, ) = ¢ Y (9, 0 0 (5.38)
- n=0 '

the equation governing Y o can be seetrt to be

t=:d!’e :
o to gin 6 = 1 } (5.39)

By use of an integrating factor the solution is readily found to be

: L} _
I, = % exp (- cos 8/e} /S % o/e d¢ (5.40)
e
where 91 plays the role of an arbitrary constant and must be chosen so
as to

(a) allow K2Y° (@, €) to match with A (@, €) and

(b) to satisfy the periodicity condition,

(a) Matching

The behaviour of !o near 0, can be determined by putting

1

$=0, +3§ (5.41)

1

and substituting in equation (5.40) to obtain

T, =~ -]e-'»e:p (- cos 8/e) [ exp (cos el.lel exp (- ain Olclel de (5.42)
0




In the range # < 0 T, KZYO must match with Y, as given by equation (5.33)
i.e.

K2 exp (cos elje) exp (- cos 8/¢)
sin 0,

- ,/‘5—?\3‘? - %) exp (- cos 8/e)
: (5.43)

and therefore both approximations vary with 0 in the same manner provided

2 exp (cos ollel- - 1

sin 0’1

(b) Periodicity
To prdduce periodicicy yo(O) - K2!°(21r). .To determine the value of Y,

at 2r put ¢ = 27 - §, cos § = 1 =52/2, and 0 = 27 toobtain

T 2n) « Lexp (- cos 28/e) exp C1/0) £;xp - q2/2¢) dq (5.45)
« v w/2e
and therefore
© Yn/2¢ = exp [(coc- o, - nvle] (5.46)

The solution will be complete when 0, and 0, are determined from (5.44)
and (5.46). This can be achieved by the Aje.limination of K2 from these

two equations to give

exp E(oes 61 + ¢os 8 yel = (gin 0-1)]2 _ (5.47)

The approximate location of the roots of this equation are shown in Figure
(5.6) where the fact that ¢ is small has been exploited to reveal that

8, = v and 61 e - Oc. The root near 01 = ¢ leads to an unrealizable

1
solution as seen from equation (5.42). To obtain a more accurate assessment

of the root near to 7 - 8 c let

@, =% -0 _ + ¢ (5048)
c

1
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and so (5.47) becomes
exp (- 8 sin Oc/e) = (gin ec)/z (5.49)
vhich is easily solved to give
6-- -ecln [sin Oc/2] /s.in ec (5.50)

To obtain 6.» the conduction angle, put cos 0. - 1=- 2 sinz (oclz)

and substitute into (5.46) to obtain

sin (8/2) = £ In.[(i'z / 2—:)] | (5.51)

The logarithmic term in equation (5.51) is a slowly varying function of €

because it is dominated by the large parameter (1/K2) i.e.

11{(-5:2 [E:)]- 2 In (%) + 1n (2e/%)/2

and therefore - -
sin? (6./2) = € 1n(1/K) = ¢ In (ip]zrs) (5.52)

over a large range of €.

Experimental iﬁves-tigation detailed in Chapter 7 verifies that
equation (5.52)is a reasonable- est:imat;r of the conduction—angle -ec,
for restricted values of ¢ and K. Further experimental work is required
to test the validity of equation (5.52) for gemeral values of € and K.

Comparison of equation (5.8) and (5.52) shows that the two equations

would give identical results if V,, in equation (5.8) is taken as l_n,‘ip_IZIs) Ja.

T
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5.5 Conclusions

It has been shown that the diode pazaﬁ:-ic capacitance significantly
changes the waveform of the diode currents in the sense that conduction
is delayed up to a critical angle 8, depending on the circuit
parameters and the drive level. The delay in conduction will significantly
affect the harmonics generated by the diodes and will consequently effect
the small signal frequency converting properties of the lattice mixer.
This delay in diode conduction has not been discussed previously in the
literature dealing with lattice mixers and obviously opens up a new area
of investigationan. In this work the significant fact is the use of
matched asymptotic expansion;s to obtain acéurate- quantitative informacion
relating to the conduction angle; the sﬁnpler bi-linear approximation
however offers valuable insight into the mechanism of the delay. It is
the author'sstrong belief that perturbation methods are a valuable tool
to the engineer and the analytic information so obtained may often be
more useful than information obtained by numerical experimentation with

mathematical models representing electrenic systems.
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§ggggstions for further investigation

In high frequency circuits it is standard practice to obtain linusoidallf
varying current drives from voltage sources via series tuned circuits. If
a lattice mixer is driven from such a source them it must satisfy the
following equations

dav

d
wC .
Pe—gz+ 1 exp (dvd) I exp (o Vd) i (A)
i 1di V cos @ i dvd '
i _.‘._—_'-} iH—L— - — . (B)
. ) Q de wlL L d6 ;
de P '

The pump current in equation (A) is controlled by the filter equation (B),
whefe Q is unloaded magnification factor of the tuned circuit, L is the
inducténce and Vp is the voltage drive level. Does this system balance
similar to the system of equation (A) (i will be sinusoidal for infinite
Q), or is there a significant difference? |

Further experimental work is required to test the validity of equation

(5.52) over a wider range of the variables.
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CHAPTER 6

COMPUTER ATDED MEASUKEMENT UF HARMONIC AMPLTTUBES AND PHASES

6.1 Introduction

From the analyses and discussions presented in previous chapters it will
be appreciated that the spactral content of the response of non-linear systems

to periodic drives is of paramount importance in the understanding, predicting

and design of  frequency converting networks. It has also been demonstrated

in Chapter 2 that there is a unique relationship between the characteristic of
a non-linear device or system and its spectral components generated by a
sinusoidal drive. In order to verify predicted spectrum from mathematical
analysis, and to determine device characteristics from apectrai components,
the magnitude and phase of the components-relarive to a fundamental drive
function niust be measured.

The circuit and systems discussed in previous chapters may ﬁe used at any
frequency but fM great applicability at high frequencies. The spectral
response at these frequencies is therefore a wide-band syst:en.wit:h a very high
fundamental frequency which imposes stringent conditiona (linearity)
in gain and phase) on the electromnic circuitry associated with the measurement
of the 'spectrum., There are ccmai:cially available harmonic measuring system
(usually called harmonic or spectrum analysers) but these only measure harmonic
amplitudes and do not give harmonic pﬁu :‘.nfoimtion. To resolyve some of
these problems it was decided to design and construct a spectrum milyur
system which would fulfill the following functioms:

(iy"to obviate the high frequency problems by down converting the original
signals to a lower frequency by a sampling techmique known as aliasing.
This process is performed by a commercially available imstrument known
as a Vect:oi: Voltmeter which converts a sigial whose spectrum lies .
within the range 1 MHz to 1000 MHz to a 20 kHz signal having identical

wave shape, and therefore the same relative spectrum.




VNI g T e
. ol -

-75 -

(ii)~_to design a computer based system which would compute - the harmonic
components in both magnitude and phase of the 20 kHz wave shape.
The 20 kHz replicas of the input drive and output response are
sampled and then "trapped" or stored by transient recorders.
The stored information is then transferred to a mini-computer
for processing and the harmonic content is made available as a
numerical print out. The transfer of the data from the transient

recorders is under the control of the computer and a single cycle

of the waveform to be analysed is transferred for processing.

The time origin of this wave is chosen by appropriate settings of
the transient recorder so that it corresponds to the peak of the
sinusoidal drive; in this way the harmonics are computed relative

to a cosinusoidal drive.

6.2 - Signal Sswpling |
The theory of sampling is well established and’ documented G-l' )‘;"'hmver
to understand the performance and associated errors of the proposed amalyser
system \El_“e,, pertinent theorems and proofs are given in Appendix F1. -
The principle of aliasing is embodied in result number 7, of Appendix 1&{
and displayed graphically in Figure (6.1). The signal to be down converted
is periodic and therefore has a discrete spectrum the lowest frequency of
which is o all other components being multiples of this frequency. The
signal is non-return to zero (N.R.Z) sampled at a smp-lfng frequency w, S
. The two | fié&"uencies(uf"iﬁi @) ere fncomméfisirate so that there exists a

remainder u, such that

w = k wg ¥ 8y (6.1}

where k is an integer.
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For simplicity take the case of k = 1 and consider first the translations
in frequency as expressed by
L ]

I F(o - nus) (6.2)

ns —

From Figure (6.1) it will be seen that the component at . translates direct to
w,. The componeat at .ZuL requires two translations, the first transfers"-zwx:'
to w + ) and the second translates this to 2m1, i.e. n = 2 in equation (6.2)
when w = Zw-L. Similarly, the third harmonic at :mL requires three translations
etc. The n which controls the translation is associated with the harmonics of

the impulse sequence formed at the leading edges of the sampling intervals.
Each harmonic of the signal spectrum requires a different harmonic of the
impulse sequence to produce the alias conversion. Equation 6.1 also indicaf-es
that the set of frequencies nw, form a residue class modulo Wes which is an
interesting algebraic interpretation of aliasing. In this manner the component
at w, and associated harmonics are translated to 0y and wiftiples -¢£u1. Other
groupings of the harmonics also occur around wy and its harmonics as shown
in Figure 6.1. If the integer k is taken as 2 there will be two groupings of
the harmonics as shown in Figure 6.1 and therefore in general there will be k
groupings of harmonics between w, and w, for 'fﬁ'y“_'_'.é_!_xéice of k.

Secondly, consider the effect of the distortion en amplitude of the

translated spectra as dictated by the Sampling Function multiplier

Sa (u T_/2) 6.3)
This function passes through zero when w is a multiple of U As can be seen
from Figure 6.1 amplitude distortion is present in all harmonic groupings but
is least sgignificant in the lowest frequency group. Furthermore, by correct
choice of wy and s for a given oy the distortion of this lowest order group
c;n be reduced by compressing .the spectra into the frequency range where
the sampling function is approximately unity. Finally, phase distortion

also occurs due to the presence of the term
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exp (- jo T_/2) 6.4)
This phase error increases from zero to m radiand as w vitfes from O to w s
hence this error can be kept small provided the highest harmonic of wy is
much less than w_. .

If k is greater than unity the higher hamonic groups may easily be
removed by means of a low pass filter. The output signal after aliasing is

therefore a low frequency replica of the original high frequency signal.

The 20 kHz signals (replicas of the cosine drive signal and the periodic
response @ignal) are then stored in the transient recorders. To perform this

function each tramsient recorder samples its signal again using N.R.Z: _
type  samples with the sampling frequency w ¢ being much higher than the
basic 20 kEz. The principle is embodied within result 7 of Appendix FL

and illustrated graphically in Figure (F1) of that Appendix. It will be
seen-that if the original signal is strictly band limited then the sampling
frequency W, mMust be greater than twice the _h_ighe'st frequency present in the
original spectrum. The spectrum to be analy;;ed however is a Fourier series
and although the harmonic amplitudes tend to zero the signal is not strictly
band limited. Thus the tail of the first hammonic group will intermingle
with the lower order harmonics of the second grouping producing an aliasing
error. To reduce this error the sampling frequency must be significantly
higher than the anticipated highest measurable harmonic. In the proposed
gsystem, the maximum sampling rate of the transient recorders is 5 MHz,

which corresponds to a sampling interval of 0.2 1 sec. The recorders are
capable of storing 1024 samples and the number of samples in one cycle of
the 20 kHz signals is 250. If it is required to measure up to ten harmonics

of the signal (i.e. up to 200 kHz) then the amplitude distortion introduced
by sampling will be '
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sin [m 1"/2] sin (ra/w ‘1
"Wt /2 i mlm'

and the phase distortion will be
exp (~ ju T /2) = exp (- j mw/w )

The amplitude and phase distortion at 200 kHz will therefore be

1 - .'“T["n%%/%ﬂ = 070026
= .26%
and « (.2/5) = ,1257 rads
= 7.2 degrees
The sampling of the signal will not therefore introduce significant errors
in the results.

During each sampling interval the ‘held level is converted into an eight
bit binary n@ber, the signals having first been scaled to lie between O and
1 volt by the transient recorder imput anplifiei:a. Thus the range 0 - 1 volt
is resolved into 2° = 256 possible levels giving a possible error of & 1/512
on each sample. '

Once triggered the transients recorders can store four complete cycles

of the 20 kHz waves. The two recorders are arranged in a master-slave

configuration. The slave recorder is first ™armed" and is triggered

' electronically from the master at the same instant as the master is criggered

manually by the operator. The two signals stored in separate instruments

are therefore locked in time with each other. In this way a point in the
cosine drive signal which occurs at the same time as a point on the response
signal are placed in identical store addresses in the two transient recorders.
The two stofed signals are displayed on monitor oscillosqopes by repetitively
reading through the recorder stores. Each recorder is equipped with store
a;ddress indicators which can be set by thea operator to any address in the

range O to 1024, Once set,the portion of the waveform stored in locations
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having a lower add;:ess- than the indicator setting can be intensified on

the monitor oscilloscope using intensity modulation. In this maunner the
address at which the peak of the cosine drive occurs may be determined,
which is also the address in the slave recorder of the start of the response
signal. In a similar way the address of the sample at the end of the cycle
can be determined. A typical intensified record of a waveform is illustrated
in FPigure 6.2.

6.3 Transfer of data to computer

The sampled and held waveform of the system response stored in the slave
transient recorder is transferred to the computer under programme control.
The timing diagram of the transient recorder is shown in Pigure (6.3).

The digital output‘enable' is grounded permanently thus the transient recorder
is always enabled. The digital ouc;put'raqnut‘ is connected to the CB 2
terminal of the digital port of .t:he computer. Whilst CB 2 is held at logic
level 1 under computer control digital output is umavailable. When the
programe-' sets CB Z low the transient recorder output flag is set high to
indicate digital output is available and the first sample stored as an eight
bit digital word is placed on the 8 bit parallel bus system. At the same
time as word 1 is placed on the bus the transient recorder sets the data
ready signal high. This level is passed to the computer by the CA 1 terminal
of the computer interface. The programme tests terminal CA 1 to determine
whether word 1 is available and tﬁen jumps to a progrﬁu area which tranafers
word 1 to computer memory. The CB 2 output is then set high by programme |
which is it_tterpreted by the transient recorder as word off r;aqneat. When
word 1 is removed from the bus and the data ready flag sets to zero, the
programme then tests CA 1 and if low sets CB 2 law to request the next word.
The "handshaking" process continues in this manmner until all 1024 digital

words afe transferred.
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The addresses of the start and finish of one complete cycle of the
response signal (pr&iously set on the transient recorders) are entered
into the computer from the keyboard together with scale information relating
to the amplifier settings on the transient recorder. The data associated
with one cycle of the waveform is then processed by a Fourier Analysis
Programme stored in the computer and the harmonic c&q:onmts are displayed
on a line printer. A copy of the programme which transfers the data and
eva.luates the harmonic components is shown in Appendix ¥2 and a schematic

diagram of the complete measuring system is shown in Figure (6.4).

6.4 Errors introduced prior to t:rmf& of da;t.a to cmdter
(A) False Period Error .

The length of the data record i.e. one cycle, to be transferred from the
transient recorder to the computer is detemined manually by the operator.
The timing of the system is such that approxinately 250 samples are taken per
cycle. Thus each sample corresponds to approxﬁnately 1.5 degrees. Practically
it is very difficult to determine the peaks of the cosine drive exactly using
hrighmass intensity and consequently the data record transferred to the
computer may be longer or shorter than an exact cycle by %3 degrees. The
periodic wave analysed by the computer istherefore not exactly the wave stored
in the recorder. As shown in Appendix 'F-! " an exrror is introduced in the
coefficients of the harmonics due to the false assessment of periodic time.
This error affects both the amplitude and phase of the measured respomnse and
furthermore would produce higher harmonic distortion even in a strictly
bandlimited signal.

The most -significant term in the expanasion for the modified coefficient

Ek is given by
?k = C, exp (Gker) Sa(kerw) - C exp-..(jkeWI (6.5)

wvhere Sa is tl'}e:- sampling functiom.
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provided ke << 1 which shows that the most signif;cmt effect of the false
periodic time is to produce phase distortion, and the degree of phase
distortion is directly proportional to the harmonic number. For am error
e = 3/360, the phase distortion produced in say the tenth harmonic will be

.approximately 15 degrees.

(B) Quantising Error

The samples stored in the traunsient recorder are subject to quantising
.error. It is shown in Appendix P4 - that the worst case error introduced

into the calculation of the cosine and sine coefficients is given by

2K (1 + pr/R)/uM (6.6)

wvhere p is the harmonic number
N is the number of samples per cycle
M is the number of quantising levels
K is the scale factor of the measuring system

For N = M = 256 the . absoluteerrors:for p= 1l and p =~ 10 are

2.52 x 10~ x Volts Full Scale

2.79 x 103

x Volts Full Scale
The percentage error in the coefficient depends on the coefficient
magnitude and if the wewe ufider {nveetigetion ia eZ the order of Ralf the full

scale voltage this mld be equivalent to approximately 0.5Z error.

6.5 Prov:.g; tests

The system was tested with a sine wave supplied from a low distortion
test oscillator, (overall percentage harmonic distortion < 0.1Z) at a
frequency of 20 kHz. The level of the wave was set using a previously

calibrated digitals: voltmeter having an accuracy of 0.1%. Typical results
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Signal Source 0.1 low distortion test oscillator

Level set by 0.1% digital voltmeter

Error = ,507 - ,497 = 0,01
Z Exrror = 2%

Phase Exrror = 2 degrees

Table 6.1

Typical results for a sine wave test
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MEASURED HARMONIC COMPONENTS

~ AGNITUDE (volts)

533518152
LI3BETILTT4E

2823514155
26482348
. 1237324872
33822214132
. 38628315329
. 823527P038S
. B6423541794
. 8356473628

.3502991472 -

3332568175
. 3418137689
3347283975

9334570152

Harmonic Theoretical
1 .637
3 212
5 .127
7 091
9 071
11 .058
13 .049
15 .042

FHA

39.56129%68
-, T22465553
28.3136531
1. 24429368
3

ZE (degrees)

2

- el L)
e fou el Foulll Ko

7S SeE
1.56486357
-37. 93658506%
-2.88332177
~23.25634814
-2. 53962862
-34.5282424
-3.11241832
-23.1788032

Table 6.2

28.6

-3.62116309
e . TB1.2385837
Error % Exror Phase (dess
2.6 x 10 0.4 0.4
2.2 x 107> 1.05 1.2
3,3 x 103 2.7 2.0
4.9 x 1073 5.75 3.0
57x10° 8.8 4.04
6.8x10°  13.0 5.3
7.9x 1070 19.4 6.8
9.4 x 1073 8.7

Test Voltage 1 Volt peak-peak Square Wave at 20 kHz

Measured and Theoretical Harmonics of a Square Wave
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from such a test are shown in Table (6.1). The system was then tested with
a square wave and the measured 'spectm was conpered'with the theoretical

spectrum in Table (6.2).

6.6 Discussion

The sine wave tests on the spectrum analyser system reveal _that the
basic accuracy of the system is approximately 2% with a phase error of two
degrees. The error in amplitude is due to the combined effects of sampling,
quantising, numerical cemputing errors, and the basic accuracy of the input
amplifiers of the transient recorders. Because the test was referenced to
a cosine wave the majority of tﬁa phase error may be due to falge masﬁrenent
:of period since the phase distortion due to sampling is approximately Q.7
degrees for the sampling rates used.

The results of the square wave test showed that up to the fifteenth

harmonic could be meagsured with an absolute error varying from 2.6_- x 10"'3
to 2.4 x 1()"3 vhere full scale is unity (0.5 volts peak). The percentage

. errors range from 0.4% at fundamental to 28.6% at the fifteenth harmonic.
The large percentage errors at the higher Harmonics are perhaps nisleading
in the sense that they appear large because of division By the small
amplitude. '

The phase error ranges from 0.4 degrees at fundamental to 8.7 degrees
_ at the fifteenth Barmonic. This error appears to be dominated by the
. sampling process which accounts for phase shifts between 0.72°
and " 10.8 degrees. The error due to false period measurement in tfe test
would Be small since the wave was referencedto theedges of the square wave
which can be accurately set up by vfiihl means using the Brightness intensity.
This choice of reference point explaing why the odd harmonic have phase angles
of the order of 90 degrees, since the system measures phase relative to a

cogine wave..
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It is interesting to observe that the system indicates the presence
of even harmonics of almost constant amplitude. As shown in Appendix: F3-j‘
false period measurement introduces such effects. Additionally the digital
nature of the computed results may also produce these additional £requencies.
The constant level of these even harmonics, not pireaeut in the test vave
form, suggests that this is th "noige" level of the system, where the
term noise is meant to e;lcunpau all unwanted effects generated internally
within the system. |

The system can be improved in a number of ways. The data transfer
"handshaking" is set up using BASIC pfog;aming language and eonsequen-ily
is slow because of the interpretation time of each BASIC statement.
Considerable improvement in speed of transfer can be achiiéved by setting
up the "handshaking" dé{ig uachiue code.

Sampling errors (especially phase error) and false periodic measurement
errors can - be reduced hy_tal’u‘.-ng more samples per cycle. This would require
a greater computational effort but this can Bé overcome by using F.F-T.
(Fast Fourier Trapsfoml algoritims. The software of the system could

easily be extended to produce graphs of waveforms and the spectm;'
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‘EXPERIMENTAL RESULTS

7.1 JIntroduction

In this chapter experimental evidence is presented to support the
theoretical results derived in previous chapters. The experimental
procedures are described and comparisons between theoretical and practical

results are presented for the major areas of investigation, which were

) device identification from spectral response (discussed in
Chapter 2),

(ii) static characteristic of exponential diodes with series
resistance (discussed in Chapter 3),

(iii) spectral response of g;ponential diodes with series resistance
to sinusoidal drive, (discussed in Chapter 4),

(iv) effect of parasitic capacitance on the large signal waveforms

of lattice mixers, (discussed in Chapter 5).

" 7.2 ‘Device identification from gpectral response

A varactor diode, type BAlll, was tested at a iOO kHz by two methods.

Method 1

The first method of test was to bia§ the diode at various negative
voltages and to determine the incremental capacitance by application of a
small alternating voltage superimposed on the d.c. level. A Q meter was
then used to produce resonance at this frequency. From a knowledge of
the inductapce and capacitance set on the Q meter the extra capacitance
provided by the varactor diode is then readily evaluated, The test circuit

" was as shown in Figure 7.la. The capacitor Cy is a blocking capacitor to
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isolate the Q meter circuit from the dc bias. The value of the‘ blocking
capacitor is of the order of 106 times larger than the capacitance of

the varactor diode and consequently had negligiﬁle effect on the mea.su-rement.
The shunt combination of Rs and C o represents the input impedance of an
oscilloscope used to detect resonance. The resistance in series with the
d.c. bias supply is included to reduce the alternating current through

the bias supply to an acceptably small level and at the same time
maintain 2 reasonably high Q factor for the circuit. When resonance is

achieved the incremental capacitance of the varactor diode is given by

i

c; = (1/w?L) ~ (ccl +cC) (7.1)

Method 2

Thg second method of test was to measure the spectrum produced by
the varactor diode when driven with a large signal sinusoidal voltage
superimposed on the d.c. bias and to compute the device characteristic
as outlined in Chapter 2. - The test circuit is as shown in Figure 7.1b.
The sinusoidal supply had a fifty ohm internal resistance and the current
was detected by monitoring the voltage across a fifty ohm series resistance,
The capacitor Cb is a bypass capgcitor “go that the current at a fundamental
frequency of 100 kHz, does not pass through the d.c. bias supply. Direct
current is prevented from flowing because of the reverse bias on the diode.
From manufacturers specifications, and the results of the previous
incremental tests, an average value of incremental capacitance is approximately
*40 pF, At a test.frequency of 100 kHz the reactance of the reverse biassed
diode is of the order of 40 k2 as compared with the total series resistance
of the test circuit of 1008, Even at the tenth -harmonic the varactor
‘diode would offer a reactance of 4 ki and therefore the ;erie-s resistance

has a negligible effect on the harmonic generating properties of the diode.
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To determine the device characteristic from the current spectrum

use is made of the basic law

1 -

. av dav
. _ de - d d .
i-G- %%d ® -4 w ¢.2)

where C, is the incremental capacitance,V, is the voltage across the diode
which equals the drive voltage of the test circuit since resistance loss

is negligible. The drive to the circuit is

»
V=V,=Vcos 6 -E, 0=ut, E>0 a.3)

where to prevent the diode entering into the conduction region the condition

9 £ E must be imposed, and E.is the .d.c. Bias yoltage. Equation .(7.2) now

becomes
., d 2 -
i‘cia?(VCQto E’.

= - VuC, sin 0 ) (7.4)
The diode current is of the form

i= f In sin no (7.5)

and to obtain e{uali’t:y in equation (7.4) the incremental capacitance must
contain no sine terms, and therefore

(:‘i - C‘°]2 + E Cn_ cos nd (7.6)

Consequently (7.4) may be rewritten as

: » | . g :
i: In gin n6 = - @Y sin e[cojz * 1}.’ Cn cos ne] ag.7)
To balance the harmonics on either side of equation (7.7) then

=2 2 1, p=0,1,2..... 7.8)

5.

T ST X -~
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and
c =2 ¥ 0, 1, 2 (7.9)
B cm—— L, Pp=4y, 1, sescee .
Z*l 4y zpe2 ®

which represents the incremental time varying coefficients in terms of the

harmonic currents, and therefore the incremental capacitance may be obtained as
b -
Ci - COIZ + i: Cn Tn_ v/v) _. (7.10)

The large signal test was performed with a bias voltage of - .6 volts
and a peak sinusoidal drive of 5.95 volts (4..2 V rms) at a frequency of
100 kHz. The measured spectrum developed across the 508 monitor resistor
is given in Table 7.1. Converting to current and usiné equations (7.8)
and (7.9) gives the time varying components which are shown in Table 7.2.
The device characteristic may then be identified by use of equation (7.10).
Table 7.3 summarizes the values of C; for various values of deviation from
the bias voltage. The values deduced from the spectral response of the

device are plotted in Figure 7.2 where they are compared with the results

obtained from the Q meter test.

L
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TABLE 7.1

' ‘Meagsured Spectral Coefficients

Frequency (kHz) Voltage (mv)

100 6.8

200 0.9

300 0.44

400 0.16

500 - 0.08

600 0.04

700 0.024
800 0.01

TABLE 7.2

Coefficients of Incremental Capacitance

Co 111.335 pF
¢, 16.83
c, 8.247
C, 3.18
c, 1.58
Gy 0.758
C 0.364
c, 0.1516
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Table 7.3

Evaluation of Device Characteristic

1.19 |

2.38

3.56

4.75

iﬂ-ro(;) 55.7 55.7 55.7 55.7 55.7 | 55.7
c,T, (x) ot | £3.36| 6;72 + 10.08 | + 13.44| * 16.8
c,T,(x) -83 |-7.57|-5.6 | -2.3 +2.3 | +8.23
0313(g) o l+e1.78|+2.96| ¢+294 |[+1.00]23.13
C,T, () +1.58 | +1.09|-0.13| -1.33 |-1.33 ] + 1.58
CTg(x) 0 + 0,646 | £0.67 | +0.06 |+0.75] £0.76
Celg(x) - .364. | - .13 o+ .28 | + .27 - .27 | + .364
C,T; () o |+.15 |t.06 | 2.5 |[+.03 |z.15
x30 48.68 | 51.16 | 54.74 | 60.21 67.97 | 86.71
x§0 48.68 47.01 | 45.76 | 45.11 44.83 | 45.03

%* Use upper sign for x > O

Use lower sign for x ¢ O



7.3 Static Characteristics of the Exponential Diode with Seriei Resistance
To compare the theoretical predictions of the two-term approximation

with measured results obtainable from tests on practical diodes it was

first necessary to ascertain the primary parameters of the diodes, i.e.

a, Is’ and T

For the condition when the series resistance drop irs is much smaller

than the diode voltage V, the defining exponential law

1= Is exp (aV - uirs) - I’ | 7.11)

may be approximated and rearranged as

In(i) = aV - ln(Is) (7.12)
Thus by plotting In(i) against V the parameters o and Is may be determined
from the slope and intercept of the graph of the measured results.

When the diode current is such that the series resistance drop canmnmot

be ignored then equation (7.11) may be rearranged as

In (iexp( V)) = arsi + 1n(Is) ' (7.13)

A graph of the experimental results in the form of equation (7.13) will"
therefore give ar_ as the slope a?d a sécond independent determination of
In(Is) from the intercept.

The test circuits usedto determine the parameters are shown in
figures (7.3a) and (7.3b). Tﬂe voltmeters used for these tests were four
digit, high input resistance (1 MQ) voltmeters previously checked against
a six digit, 0.01% standard and their accuracies confirmed a? 0.12.‘ In
_both test circuits the resistance of the voltmeter across the series
monitor re?istor is sufficiently high so that the current through the monitor

resistor is greater than 99% of the diode current.
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Typical test results are shown in Tables (7.4) and (7.5) together with
appropriate calculations. The test results for four diodes are displayed
in graphical form in Figures (7.4) to (7.11) and a summary of the parameters
determined from these tests are shown in Table (7.6).

The parameters obtained from the aforementioned tests ‘were used in
the two term approximation to predict the static characteristic of the
experimental diode with series resistance. A typical set of results for
these calculations is shown in Table (7.7). The first set of calculations
(Table 7.7a) predicts the current flowing in a diode with an additiomal
100 ohms series resistance. The second set of results (Table 7.7b) predicts
the current flowing in a diode when only the parasitic series resistance is
present. Also shown in Table 7.7 are calculated diode currents assuming
-the logarithmic model of the diode. Table (7.7c) and (7.7d) show results
when the logarithmic curve is fitted at two different voltages, the first .
for use in a hard driven situation and the second for use in a low-level |
drive gituationm. |

The static characteristics predicted for the four diodes are shown
in Figure (7.12) to (7.15) where a comparison is made with practical results
obtained from measurements on the test circuit of Figure (7.3b). Also
superimposed on these graphs are the predicted characteristics of the
diodes including only their parasitic series resistance. The practical
results shown for comparison pu'rpoaes, were obtained By subtracting the
voltage drops produced in the source and monitor resistors from the voltage

applied to test circuit shown in Figure (7.3B).



Table 7.4

Typical Set of Results for the Determination of a and I s

Diode Type HP 5082-2817

Vep@N) Yy} | V= Vpp = VW) [ i (ampe)
150 .51 149.5 5.1 x 108
160 .78 | 159.3 . 7.8
170 1.2 . 168.8 12 x 1077
180 1.75 178.3 1.75
190 2.54 186.5 2.54
200 3.65 196.4 3.65
210 4.98 |  205.2 4.98
250 15.7 334.3 1.6 x 10
300 411 | 258.6 4.14
40  115.1 284.9 1.151 x 10>
500 199 299 1.99
600 289 311 2,89
700 382 318 3.82

From the graph of above results in Figure (7.8)

Vv, = .342 volts =10 amps

Vd = ,164 volts i= 10.7 amps

In(i) = ln(Is) + uvd

10(10"%) - 1010~}

@ = slope = == ‘Z5-"—7%;

= (1n 1000)/.178 = 38.8
To find I, add the following

1n(107%) = In(L) + .3420
In(10"') = Ia(r) + .164a

fa- (I’)

- an(10"th) - 19.6328
2

= = 22.480618
* I =1.725 x 1010
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Table 7.5

TR e S0

Typical Set of Results for the Determination of I, and r_

Diode Type 5082-2817

i) | VpGa) | Vopav) | VW) [ £ exp( V) (ma)
5.0 500 | 992 492 2,56 x 1078
4.5 450 936 486 | . 2.9
40 | 400 | 877 477 3.67
3.5 350 820 470 4.20
3.0 | 300 760 460 5.32
2.5 250 701 451 6.29
2.0 200 640 440 7.70
1.5 150 577 427 9.57
1.0 | 100 510 | 410 1.23 x 1077
0.5 50 438 388 1.44

From graph of above results in Figure (7.9)
Intercept = 1.73 x 10 mA
=173 x 10'10 amps.

-7 -8,
Slope = qr = 8(1.73 x 10 &.len(s.s x 10" )

 Ln(17.5/3.5)
4

r = 0,40236/a = 0.40236/38.8
= 0.01037 Volts/mA
= 10,37 ohms -
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Table 706

Measured Diode Parana-ters'
Diode Type Sample No. a r‘(ohms) Is(amps)
HP 5082-2800 1 37.564| 22.65 | 3.4 x 1077
2 37.54| 22,02 | 3.0x107°
HP 5082-2811 1 37.14 9.04 8 x 1010
HP 5082-2817 1 ' 38.81] 10.37 1.73 x 10 10
HP 5082-2835 1 38.16| 8.05 | 8.9 x 107°

O R B
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TABIE 7.7
TABLE 7.7a: Diode Type HP5082-2835
a=33.15& R+rs= 188.85 L= 2.5
v - ,_6’53188.-.'. N
Voltage Diode Current
(von:s) .. {Amps) .. .
.db ra51399E-83
S . h._39°6831E-E¢
.?9 3.;:41’9?”E—53
«53 2.79961676E-23
T Do 2o20B483E-G3
e 1.87451326E-83
.45 ..2?6393285-33.
3 -.a6=B2S5BE-B4
-y 1.4354138VE-94
23 '4.72841467E-GS
L o S.55398314E-83
: i = 5. 76928737E-O3
R _.1 -Pn 9“3”4639E‘63
TABLE 7.7b:  Diode Type HP5082-2835
: G - -38- Ib l‘r" 3- 55 .
lbls 335685394 .
Dmm&;ﬂbltaga Diode1mmnnnt
....;._._--_Ucl:s};._ e —Lampa). - -
' 1 .39 5. 11466656E-03
t - « 35 4,38333364E-03 .
b e «37 2.73831163E-83
: .36 a.@??BEBSEE—B3‘
.35 2.515613801E-83
« 34 T 2.81622068E-83
245 3.31786413E-8T
<345 2.2F7433VE-O3
LT L W335 1.72127875E-83
: -.32 _ 1.21660343E-83
3 8.74334314E~04
233 4. 13652752E-04
ey 2. 42983558E-84
29D {.43286c606E-84

I, = 35699
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TABLE 7.7 coutinued S
TABLE 7.7c Logarithmic Approximation
_Diode ‘Type HF 3082-2835

= 35.15 R + !‘ -id3,383 IS = 5, FE-832 oo :
. 3= .53
HET= . 257631882
Yi= ) . 393723137 M= . L1B.87vERs
.22 4,380948859E-62
.31 ' 4,287658565E-03
.7 3. 36420862E-03
.57 3. 18139875E-03
.52 2.5785493E-83
.59 2. 42446251E-83
52 1.33179626E-03
.46 - 1.32467825E-03
.4 . 8.20930074E-84
.36 =, 0t 112483E-04
.3 3.56839055E-04
.3 1.38626556E-04
- 2.63736953E~05
; - — PN - T P e e e en case e o . -
TABIE 7.7d Logarithmic Approximation
Diodt Type Hl’ 5082-2835 _
« 53816 R . r,s {98.85 1 =3.96%03
Vo= . 267631382
.= 27143772 RM= . 142.426152
5 1.60480741E-83 '
.45 . *1. 25392023663
L4 1. 18380223E-63
4 3, 340161 75E-04
.36 5. 27974968E-04
.32 3.677SS812E-04
275 - 1.40464757E-04
21 1.68431246E-65
.26 3.17282307E-85
N1 &. 7256027 SE-65
]
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7 4 Comparison of predicted and measured waveforms

For these tests the diode was driven from a low distortion sinusoidal
test oscillator. The level of the test voltage was set by measuring the
open circuit voltage of the oscillator with a digital voltmeter having an
accuracy of 0.1%. With the diode and the mnnitor. resistor R,, connected as
shown in Figure 7.16, the transient recorders (T.R.) were adjusted to store
the waveforms of the voltage VD and Vg 4s explained in Chapter 6 a single
cycle of the diode current waveform was transferred to the computer. By a
suitable modification of the Fourier Analysis programme the magnitudes of
the 'sanples of the current waveform were made available as a numerical print
out on the line prihter. A typical set of measured sample ‘levels for
various 'voltage drives are shown in Appendix Gl. These measured sample
levels were then compared with results predicted from the bi-linear model
with exponential correcting cusps. The numerical values as given by this
model are shown in Appendix G2 and a graphical comparison between the
measured and theoretical results ik shown in Figure 7.17. The programmes
required to pn‘:ﬁt out the samples of the current waveform and to evaluate

the theoretical formulea [equation (3.50) and G.Sl)] are sﬁm in Appendix G3.

7.5 Comparison of predicted and measured spectrum

(a) Low frequency tests at 20 kHz
The diodes were tested using the system shown in Figure 7.16. The
sampled waveforms stored in the Transient Recorders were transferred
to the computer and one cycle of the measured diode current was
harmonically analysed using the F'ouri-er analysis progtanm.; A
typical set of results are shown in Appendix G4 for various levels
of voltage drive. The harmonic content as given by the equations
derived in Chapter 4 was also computed and are shown in Appendix GS.
Comparisons of the predicted and measured spectral decomposition

for various voltage drives are shown in graphical form in Figure 7.18.
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(b) High frequency tests at 10 MHz
Tests were carried out at 10 MHz using a low distortion sine
wave oscillator. The open circuit output voltage of the
oscillator was set to the desired drive level by means of
the vector voltmeter. With the di.o'de and 50 obm monitor
resistor connected I:.o the 10 MHz source the supply voltage

and diode current were monitored by the wvector voltmeter.

The 20 kHz replicas of the 10 MHz waveforms were then stored
in the transient recorders and passed to the computer for

Fourier analysis.

The 20 kHz replicas of tt;e diode voltage and current waye-forms
are shown in Figure 7.19 together with a time—-domain portrait
of the diode characteristic. Figure 7.20 shows graphical
comparisons between predicted and measured hKarmonic content

of the diode current waveshape. The measured test results
oﬂtained as a numerical print out from the computer and the

theoretical results are shown in Appendix G6.
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7.6 Effect of parasitic capacitance on Lattice array of diodes

An analogue model of a lattice array of diodes was constructed and
tested at 50 kHz. The diodes used were type 5082-2833 and from
preliminary tests the diode parameters where found to be a = 36.5, r, -
1173 ohus and I, = 8 x 10 ' amperes. |

The diode current iand voltage were monitored and typical waveforms
are shown in Figure 7.21 for different values of parasitic capacitance
which clearly indicates the nature, of the predicted delay in diode
conduction. Figure 7.22 gives a graphical comparison of the predicted
and mauured delay angle fof various values of parasitic capacitance.

The harmonic content of the diode current may be predicted by assuming
that the diode current is zero for angles less than the delay angle ec and
sinusoidal for Gc_ to 7. The theoretical and measured harmonic components
of the d‘ibda current are shown in Figure 7.23.

The harmonic spectrum of the voltage across the diodes may .Ge obtained
by integrating the expression for the capacitor current. A comparison
between theoretical and measured yalues of Rarmonic components are shown

in Figure 7.24.

7.7 Discussion of Results

(a) Device Identification

The results presented in s#etion 7.2 relating to device identification
by spectral response clearly indicate the feasibility of the proposed method.
The incremental capacitance variation with applied voltage is obtained from
a simple spectral test in a straight forward manmer as compared with a
tedious point by point incremental test using a Q-meter. The time varying
incremental capacitance coefficients are also obtained as part of the process
of determining the device characteristic which is an added adm;n.tsg; of the
mtﬁod_. The difference between the two curves shown in Figure 7.2 may .Be
due to '
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(i) the small number of harmonics used to identify the device and,
(ii) error involved in the measurement of the harmonic components.
This measurement error compounds the basic error involved when representirg
a device characteristic by a polynomial of finite degree.
Thus if the device characteristic is based on the measurement of n
harmonics the mathematical difference between the device char#cteristic

th (20)

and the n~ degree Chebyshev polynomial is approximately In +1 provided-

the harmonic components are measured with no error. . If each harmonic
component is subject to an addition measurement error € a’ then the practical
difference between the two curves will beltnﬂl

+ i len[ . |
As explained in Chapter 2 the cosfficients of the spectral response to

a sinusoidal drive have importance in their own right since ratios of these

test coefficients identify many of the significant parameters of frequency

converting networks.

(b) Static Characteristics of Exponential Diodes
The comparisonsof the measured static characteristics of the exponential

diode with series resistance and the two term approximation are excellent.
The solution presented in Chapter 3 will predict accurately the diode current
for a wide ranges of diode parameters, series resistance and applied voltage.

" The logarithmic model, introduced as a simplification of the two term
approximation, introduces errors in the vicinity of the diode turn-on voltage
when the translation has been established for high working voltages. This
is not considered a serious deficiency in the model since it has been shown
(Chapter 4, Section 4.3 ) that diode cnﬁature is of decreasing importance
in the spectral raspo.nse with high drive voltages. For low level.
drive voltages the technique of fitting the logaritimic approximation. at
lower voltages show that the model can be chosen to match the diode curvature

near the turn—-on voltage (Figure 7.12 to 7.15).
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The comparisons batween measured and predicted waveforms (Figure 7.17)
show good agreement and the transition of the diode current from a gaussian
pulse to an offset sinewave is clearly evident. The major errors introduced
in these results are due to -

(i) determining the effective zero current level since the samples stored

in the transient analyser are all offset and lie above zero,

(ii) identifying the sample which corresponded to the peak current level,

(c) spectral Response of Exponential Diodes.

Consider first the situation with high drive davels (Figure 7.18a). For this
condition the prediéted and measured spectral response are in close agreement
up to the tenth harmonic. The contributions from the exponential cusp are
of the order of 0.1% of the contribution from the bi-linear segments as can
be seen from the numerical print out in Appendix G5. The theoretical
discussion in section 4.3 also indicates that diode curvature is of small
significance for such drive levels. It may therefore be concluded, based
.on experimentsl and theoretical investigations, that diode curvature may be
ignored for large drive levels.

As the drive level is reduced (Figure 7.18B) it will be seen that the
bi-linear approximation is adequate up to the tenth harmonic, although
slightly ove:_:-eotimating the measured response. The effect of the
correctfon due to the contribution from the exponential cusps is to reduce
the predicted level to slightly below the measured results. For harmonic
numbers exceeding five the cusp corrections become excessive and do not
improve on the accuracy of the bi-linear model.

For lower voltage levels still (Figure 7.i8c anﬁ d) the pattern of
behaviour is similar but with the bi-linear contribution having increasing
error. The exponential cusp corrections are in the correct direction but
are too large and clearly are divergent for harmonic numbers in excess of

five.
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Similar remarks hold for the tests carried out at 10 MHz 'only in these
cases it appears that the bi-linear approximat;ion is adequate even at these
low drive levels.

In concluding that the bi-linear approximation is adequate to predict
the harmonic response up to the fifth harmonic it should be appreciated
that an adaptive bi-linear approximation is being used. Th§s the bi-linear
model used for the hard drive case would be very inaccurate if used in the

low drive level situation.

For low-level drives the bi-linear contributions to the spectral content
are inaccurate at higher harmonic numbers and a simple corrective term is
still required since the exponential cusp correction term is diverging in
this region. Examination of the numerical print-outs in Appendices G5 and
G6 reveal that the term responsible for the divergence of the cusp correction
is the ;)ositive exponential part of the correction.

A re—exan;ination of- the equation for the positive and negative exponential
cusp contributions shows that the integrands for both systems were approximated
in similar ways, [Equatims (4.34) and (4.46) ] but whereas the negative
component admitted direct integration the positive cusp component could only
by approximately integrated using Laplaces method. The exact integration
of the negative cusp components results in terms of the form

-1
(nz + Bzx)

appearing in the equation which prevent divergence of the expressions for
large n or small x. However, the approximate integration of the positive
‘cusp components, gives rise to terms in n and n2 in the ex;pansioq which
will eventually.dominate tl-ne magnitude of the expression as n increases.
Thus the asymptotic expansion of the integral for the positive éxponential
cusp components becomes non—uniform for increasing harmonic number. The

--wossii:ilities of obtaining a miform expansion will be considered later.
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(d) Effect of parasitic capacitance on switching of diodes in Lattice Array
The predicted and measured delay angle of conduction are in good

agreement for a wide range of parasitic capacitance met in practice. The
predicted harmonic components produced by the delayed conduction phenomena
also agreed closely with the measured values. As explained in Chapter 5

the curvature of the diodes plays a significant role in the determination

o.f the conduction angle. Delayed conduction in diodes with stray capacitance
is an unusual effeét:. yet basic conceptual appreciation is readily gained by
application of the bi-linear diode model, although the more refined analysis
i.ncotpbrating the exponential nature of the diode is necessary to obtain

quantitative information.

7.8 Suggestions for Further Investigatien

The concept of time varying portraits; introduced in this work.. as
a generalisation of static characteristic,is worthy of further in'vestig'ation.
It is easily displayed on an oscilloscope, and as has been previously
mentioned,the presence of resistive andreactive eomponent; is iﬁdiately

_appanﬁt from the shape of the portrait. The possible use to select high
| grade components from Batch production may well be a useful addition to
a prﬁduction"'line. The technique may possible extend ™ to other areas
e.g. linearity of amplifiers, identification in control systems etc.

For a linear resistive element it is trivial to show that the area
under the i-v characteristic equals the average power per cycle when the
device is sinusoidally excited.

For non—linear resistive elements HacFarlane:Caz) introduced the idea

of content and co—-content i.e.

vi = |idv -*fvdi
where Iidv is the content C andjvdi ig the co-content Cc. ‘ Thus instantaneous
power

p=C+Cc
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In linear resistive systems C = Cc. TIn non linear resistive. systems
C ¢ Cc, whilst both C and Cc are positive quantities.

For a linear reactive element the time varying portrait will be an
ellipse. Again it is trivial to show that the rectangle bounded by the
ellipse which has maximmm area represents fouﬂhs the peak stored
energy. Exfending the concept of content and co—content to reactive
elements it is readily shown that the content is positive whilst the
co-content’ is negative.

For a linear msistiw-reaccin system the time-varying portrait is
an inciined ellipse. As pointed out in Chapter 2 these are readily sepsr#-ted
so that a meaéure of device or system quality Q may be obtained from
geometrical constructions on the time domain portrait.

In view of the above results ias it possible to find geometrical
constructions for non-linear time varying portraits which would measure _
avérage power .and energy storage? The feasibility of identifying a
device from its spectral -fe.uponu to a sinusoidal stimulus has Been
established. However, more experimental investigations are still
necessary especially at higher frequencies where the measurement of the
effects ofresistive loss on the spectrum requires evaluation. Harmonic
current is detectedl‘ as a voltage across a monitor resil':t:ance._, and the
system source will in genelral; contain resistance. A method of "stripping"
the effects of source and monitor resistance from the measured spectrum
will need -to be developed.

The asymptotic evaluation of the integral to obtain the spectral
conﬁonents due to the positive exponential cusp requires further analysis.
One disadvantage of the method proposed in Chapter 4 is the assumption
that cosn® remains dominated by the exponential decay of the other member
of the integrand. Clearly for sufficiently large harmonic number n the
cosnf term will eventually oscillate faster than the rate of decay of

the exponential. This effect is possibly enhancing the degree of non-—
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uniformity of the proposed expansion. To overcome such effects the
replace:ment:. of cos n® by exp (~jn@), generalisation into the complex
plane., and using the method of steepest- des-éent(za) as shown in Aﬁpendix
G7 results in the following.

Degree of overdrive j)? =0

m

Degree of overdrive ﬁ >0

‘ . 2!.__11(2)_ _cos (n0°'+ ¥)

n+  Tar .
n T 'n” + 87X

vhere tan ¥ = n/B j)? '
The above equations do not diverge with increasing harmonic number n. For

aufficiently large B8 the harmonic contribution may be apﬁroud.mted by
2

2n(2) /2 n
o " ar_ [78.( "7 . KO

which is also the limiting form of equation (4.41) used to compile Table 4.1.

B S R e o P



T

-99 -

CHAPTER 8

CONCLUSIONS

The theory developed in Chapter 2 and the supporting experimental
results in Chapter 7 clearly indicate the feasibility of identi_fying
a devicé (or system) from its spectral response to a sinusoidal drive.

This new approach to non-linear spectral analysis avoids the need to

develop the response waveform into its harmonic components. The

mecthod suggested is well suited to situations where the mathematical
model of the device (or spteﬂ. is difficult, or perhaps impossible,
to ascertain. The process is easily computerised, and providing the
problem of.wida—band high frequency tgsting can be resolved, the amount
of infor!nation made available is proportional to the sophistication of
the supporting "software". The concept of time—-varying portraits
provides another view of non-linear elements. These novel concepts
have not been investigated previously and some useful areas for future
investigations have been indicated.. The latter sections of Chapter 2
indicate that it is possible to design frequency converting systems
directly from a knowledge of spectra which obviates the need for the
device characteristic., i.e. parameters of the device are represented
by the magnitude of specific harmonic components ip the test spectrum.
This: approach would t:herefore give indications of the best device to
use for specific purposes, which is of considerable value to designers
and could be a criterion for device manufacturers. Just as important
is‘ the fact that system parameters ('for.exmple, input and output
admittances (or impedances), transfer parameters, characteristifc
admittance (or impedance), loss coefficients may be identified in

terms of the test spectrum.
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In Chapter 3 the static characteristics of an exponential diode with -
series resistance were studied. The presence of resistance considerably
modifies the harmonic generating properties of the diode. In this case
the natural mathematical model t#ﬁes the form of an implicit equation
in terms of the unknown current and is an example of a situation where
iﬁ was previously impossible to obtain an explicit representation of
the device characteristic. However,by an application of a variation
of parameter technique an explicit representation of the device is found
as a functional expansion. The theoretical and practicaf investigations
revealed that only two terms of this expansion are necessary to obtain
bighly accurate results over the entire practical working range of the
diode. Interpretation of the form of this expansion revealed that it
was possible té devise two additional diode models (the logarithmic
model and the bi~linear model with exponential cusp correction), The
validity of these models is adequately supported by the experimental -
evidence in Chapter 7. The model incorporating the expox;'ential cusp
correction is significant in the sense that the reproductive nature
of the exponential function with respect to differentiation implies
that the small signal incremental parameters may be obtained in the
same manner as the diode spectrum.

| The prediction of the spectral response of the exponential diode
with series resistance has been solved and eiperimntally verified.
A uniform expansion for the Barmonic contribution of the positive
exponential cusp current which is valid for large harmonic numbers
has been obtained and extends the range of validity of the methods
proposed in this report.

The effect of delayed qondnction in lattice diode mixers is highly
significant, It has Been sﬁmmasi' that in the absence of capacitive

effects the conversion loss and noise figure of these mixers is

SN Y- P
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considerably improved when driven by an oscillator having a high output
impedance. As a consequence of the prediction of delayed conduction as
Q@7

obtained in Chapter 5 it has been showm that a compromise must be
made betwaen the need to have a high source impedance for low noise
figure and a reduced source impedance to minimise the delay in diode
conduction.

The new technique used to measure spectral content described in
Chapter 6 has proved to be a versatile and accurate system being
capable of assessing harmonic content up to frequencies of the order

of 50 Miz. Again the "software" system may be readily extended to

give graphical outputs of waveform and spectrum if so desired.

Performance at higher frequencies may also be pos#ible with the aid
of a purpose-designed sampling unit to accomplish the alias conversionm.

The results presented here are of importance in their own right
as they have led to a conceptual and quantitative appreciation of
factors governing the harmonic generating properties of non-linear
devices. They are also a means to an end with the response to the
local oscillator determined, the small signal performance must also.be
obtained. Therefore the manner in which the results may be applied
has been indicated (&,e. equivalent circuits of multipliers, incremental
conductances, and switching fﬁnc:ions)..

The philosophy adopted in the theoretical investigations hu.ﬁeeg
to use techniques. with strong convergence properties since the classical
power series expansions converge too slowly. The application of these
techniques to frequency convertinj circuits has clarified certain aspects

of performance and opened up-a number of new avenues of investigation.

&
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LARGE S!GNAI; WAVEFORMS IN A MICROWAVE
BALANCED MIXER WITH CAPACITANCE

Indexing terms:  Mixers [circuits), Soliqiqtnu- microwave circuirs

Abstract

The comespondence dmﬂbes the effect of the diode capacitance on
the current and voltage waveforms developed in a current-driven
balanced mixer operating at microwave frequencies. 1t is shown that
the current through the ‘on’ diode is a truncated. halfwave sinewave,
the angle of truncation being a function of the diode capacitance.

" drive level and the diode incremental resistance at the origin. The

closed-form solution for the’ angle of truncation provides valuable
insight into the deterioration in performance of balanced mixers at
microwave frequencies owing to diode puultic capacitance. - -

Introduction

A large variety of bahnced mlxen are mﬂnble In lmegmed
circuit form with operating {requency ranges of the order of 100 MHz.

Al microwave frequericies, however, the 2-diode balanced and the 4- -

diode’ double-balanced mixers are still inevitably used. Thess two

. mixer “circuits have been' comprehensively analysed in many publ,

. cations assuming that the cuwment through each diode is sinusoid
during cunduction. ‘At low frequencies this assumption Is valid, bi
at microwave frequencles the diode parasitic capacitance considerals

“alters the large signal waveform, in that the current waveform tlirough *: ¢

- the ‘on” diode is a truncated halfwave rectified sinewave, as shown
"~ Fig. 1. This effect of the diode capacitance has not been observed

- e e Loe e T = T . L _-s-

’ diode current
S

Fig. 1
Truncated half-wave rectified .muwne

728

Y

B i
’y
-

analysed in any literature relating to mixer perforntance. Experimental
results using a low-frequency model are found to be in pood agree-
ment with the theoretical predictions. A Fourier analysis on the diode
current waveforn shown in Fig. 1 and the resuiting voltage waveform
developed across each diode also shows good correlation with the
practical results.

Co - -
— —f{—
5
:“s: I :; ,

: oicllhtot

by the, locll
t drive l‘oubllmcedz-diodcmrinhmlnﬁg.
22 -This’ clﬂ:uit is also valid-for s 4-diode dwlﬂo;blllnoed mixer if
each diode shown in Fig. 2a represents the apprajriate two diodes in
pdrallel. Experimental investigations indicated thaj,a 100% change in
the valus of the diode series resistance R, did pot ngnlﬁantly affect
" the ciirrent waveform and henice its oﬂ'ect has boen neglected in the
analysis. Jt has been shown':2 that the diode’ junctlon enpadunee
C} unbo lppm:dnutcdby aeonsfmtnlue gm ‘W

6 mEO) ~ (G S 6,12, m

where C(O) is the value of C‘, at_zero volup 'l'he effective total
upacltanu actouthe diodes i is thmfom e

(doubls—balmwd mbm)

The clrcuit including the diode: pmﬁua'

£= .‘?Cp +26;

: PROC IEE l’ol. 125, Na. 8, AUGUST 1978
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C=2,+C (ralanced mixer), I.- -(‘.‘)
where Cj, is the dinde package capacitance. !
The equivalent clrcuit to be analysed therefore reduces to that

shown in Fig. 2b and is govemed by the following differential
equation:

%—VJ» nl, [up (aV) ~ exp (‘ﬂ )} = L sin “’"' 3

. _where a=g/KT, l, is the diode saturation curent md n=2 fora

" double-balanced tnlxer af n =1 for a balanced mixer. It is convenient
at this stage to introduce the fol!owing normalised parameters:

0 = u-'l' v, (4")
K= "lc”b . Lo (4b)
o= wyClal, = c.'.-,o,x/n. T (4c)
where Ceie
= _I‘-O l
. Sublﬁtuﬁng the n"mﬂmd pamnetcn of eqn 4anda new variable
.. defined by ¥ .
. ry=K exp(cV) S )
uqn.3.beeomu i' A el
: N . N -
t dy 2 ‘{ 2 . ) ' - :_‘
—.+ — = B »
d’ y 'K vtlnﬂ -;,. 6)

The-uulytu:al soffition to this nonllnm differentlal equation is dif-
* ficult,- but an approximate expression for the angle of truncation 6,

+can be abtsined by solving eqn. 6 in two regions:
LRy
and i
Y <

and matching these two solutions to satisfy the condition of period-
fcity for v, The: condition X €y* copesponds to the part of the
cycle whan the diode is Tully conducting and therefore the diode
current is much grester than /,. On the other hand, when the diode is

sind(B,/2)

: oo eupccliam aF
Fig.3 - -
"~ Theoretical end numnd vchm of dchy auzlc against diode
" capacitance -

X messtirad results
— theoratical results

NP
[ 14

(1Y
| ]
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i, the reversc biascd region the condition ¥ € X3 15 appincable. Tia
angle of truncation 0, is then piven by
2 - 1 .
sin® (0,/2) = = og lexp [2e/m)"? /K ]) Nt
N 2

Eqn. 7 may be further simplified for a practical diode to
sin? (0./2) > Aef2 ®

where A repreunﬁ the logarithmic term in eqn. 7 and.can be regardec
as a constant slnee it v:rles slowly for hrge changes in e.

Experimental results . .

A low-frequency equlvnlant clrcuit, shown in FIB. 2b, was
construcied using Schottky barrer diodes. A test frequency of SC
RHz was chosen so that:the inherent capacitive effect of the diodes
was negligible. The highdrequency performance of the diodes was
fimulated by an external capacitor. The magnitude of this capacitor
was determined by scaling a typical parasitic capacitive value in the

tio of working frequéency. (J GHz) to the test fraquency. Preliminary
s carried out on the diodes (type HP 2833) indicated that [, =
8x 1077 A and r, =34 x 10702, The current drive was adjusted so
t the normalised current-drive factor K was 7 x 10 7.
Fig. 3 shows.a comparison of the theoretical values of 0, with
asured values for varying values of capacitance. The divergence
tween the theoretical and practical results for large values of.capa-
tance may be explained by the fact that the assumption of a sharp
turn on of the diode current is no-longer valid in that region. The
effect of tho truncated angle 6, on the frequency spectrum of the
. diode current and voltage was allo found to be in close agreement
with the measured results. - ) )

Concluslon L i -

v,

.Saleh® has shown that the optimum pcrfonnlnce of a balanced
mixer in the absence of the diode parasitics is obtained when the time
varying resistance r(r) of the pumped diodes is a square wave. The
diode capacitance in the case of practical microwave balanced mixer
causes the current waveform to be truncated and hence the suggestedi
optimum performance can naver be practically obtained.
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Indexing term: Arc fumnaces

List of principal symbols

E, = level of arc voltage
"V, V = rmas. values of supply voltage and fundnmental
component.of arc voltage
¢y,€3,€s = instantaneous values of arc voltages
9,,9;,9; = instantaneous values of supply voltages
-l,,l,.l, = instantaneous values of supply currents
R = system resistance
X = system reactance
¢ = intrinsic phase difference between ¥V, and V.
8 = system angle tan™! (R/X)
p = radius of normalised operating circle

P = power
’ Q = reactive power ; '
subscript b refers to base values .
1 lmroductlon

The electric arc fumace is at present the most efficient way
of producing special-alloy steels in quantities required to
meet the needs of industry. Inthcsetimeswhengrut
emphasis is placed on the conservation of energy, it is im-
perative that the energy consumed by asc fumnaces is fully
utilised. This requires a method of accurately predicting the
electrical performance which can easily be applied by
personnel responsible for arc-furnace operations.

A sumber of manufacturers have installed arc furnaces
to:augment their supply of these special-alloy steels. In such
instances the production engineer in charge of the fumnace
(usually has a metallurgical background, yet is required to
make decisions regarding the electrical performance of the
furnace. Again there is a needforamedtodtomkthhnh
his decisions.

‘performance of arc furnaces. The method is based on an
equivalent phasor diagram, the derivation of which high-
fights some of the salient features of the system. The power
chart, derived from the phasor diagram, can be used with-
out resorting to the underlying theory and has the added
advantage that variations in all the quantities involved can

T223 P, secaived 30th May 1978

3, Newcastle
Place, Newesastle

upon Tyne Polytechnic, Ellison Building,
upon Tyne NE1 85T, England

R. Armstrong

This paper outlines a method of predicting the electrical -

ar. mhmmmmaﬂ-m&ﬂ-m

Predicting the electrical performance
of arc furnaces

Abstract: The paper dcvdopsn methodofpredlcun;theelecmulperfomneeofucmms.mm-
nique is based on a power chart derived from an equivalent phasor diagram. Comparisons with other methods
of prediction and with practical observations are made. An
presented which.is applicalile to systems having a low resistan

imate form of the opcming chart is also
‘reactance ratio.

2 ' The arc furnace power diagram -

- In order the analyse the behaviour of an electric arc fumace

system we make the following assumptions: - _

(a) The 3-phase mpply to the furnace is balanced and
sinusoidal.

- (b) The phases of the arc furnace sy:tem are elecmcally
N balanud
(c) The voltage developed across each arc is constant
during conduction at level £, and reverses each half cycle.
(d) The arcs fire symmetrically with 120° phase displace-
ment.

=¥y sin(atesf )

mcu'ml

/\ 3

[:"F
.I‘_——
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v L . R .: :
iz

b : o

Fig.2 B‘quinknlctuﬂpfa 3-phase arc furmace
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‘' The arcs can only bé maintained when the applied voltage

is in excess of the level £, consequently there is an in-
- herent phase delay ¢ between the supply and arc voltages as
shown in Fig. 1. The equivalent circuit of a 3-phase arc
furnace is shown in Fig. 2 and the solution of the differ-
ential equation of the system is shown in Appendix 8.1,
from which it will bé seen that for stable arcs (arcs which
conduct for a full half cyde) the following condition must
be satisfied:

cos(¢ +8) = Vo/20(R/X)Y, )

9.3 Vnrhrlmofpmds memm

[m——p

Fig.4 Equivalens phasor disgram for a 3-phase arc furnace

| The variation in system angle § and the function p for
different values of R/X are shown in Fig. 3, and, for given
values of R/X and ¥,, eqn. 1 represents a semicircle of
radius p(R/X)V, inclined to the vertical axis by the angle 5

actaneevolmge drops. The eompletc Figme is, in fact, the

nwpowudhmlndhudhm Sisobninedby
multiplying all sides of the V,, V,, IZ tdangle by V./Z,

ELECTRIC POWER APPLICATIONS, AUGUST 1978, Vol. 1, No. 3

and rotating through an angle 5. The diagram can be made
universal by dividing all sides of the triangle by a base
MVA, defined by .

Sy = Voly (2)

where the base voltage V,, is taken as the phase value of the
furnace supply voltage and the base current given by

I = Vy/2 - ®)

In the normalised diagram the radius of the operating circle
is p(R/X). The stable region of the diagram is to the right
of the line indicating the theoretical limit of instability
which is shown in Appendix 8.2 to be

(prcos8)/3 | :
1+ (pndn&)ﬁ} @

If required, other limits of operation may be mperimposed '
on the diagram, eg. the transformer rating and the maxi-
mum allowable arc voltage. .
For systems whose R/X ratio is Jess than 0-2, which is
typical for systems fed direct from the 275kV system, an
interesting approximation is possible. We first observe from
Fig. 3 that the radius of the operating:circle is 046 and the

¢ = tan™

" centre of the circle is almost on the Q' axis. Considering

now the case where R is zero, the radius of the circle is
0-456 and the centre lies on the @ axis. These two circles
are approximately coincident; the second circle may be
regarded as the first circle rotated through an angle. This
allows an approximate power chart to be drawn, assuming
R to be zero, as shown in Fig. 6 where the arc power loci

hm. been supedmpwd

Fig.5 Power chart for a 3-phase arc firnace

3 Comparisons with other methods of prediction
To illustrate the use of the power chart a specimen calcul-

.ation is shown below, the appropriate power chart being
" shown in Fig. 7.'l'lucxamplekulevanttoasymmpub-

Lished by Freeman and Medley' and a comparison with
their results is illustrated in Fig. 8.
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4 Specimen calculstion

Symm Z = (456 + n172)x 10° 09

Z = 2809x 107
‘Base voltage ¥ = 525/V/3 = 303V
IBue current Jy = V,/Z = 303x 10°/2809 = 108kA
‘Base MVA/phase S = Vplp = 303x 108 = 33MVA/ph
R/X = 456/2772 = 0-1645
From Fig. 38 = 9:34 degrees

P{R/Z) = 046

The normalised arc power P, is determined by subtracting
the normalised /2R loss from the total input power,

Comparisons were Jlso made with results published by
schkis and Persson’ for a system with a R/X ratio of
24. This is desirable since Freeman and Medley based
eir calculations on the concept of an operational re-
ctaace, whereas the results of Paschkis and Persson are
ssed on a square-wave arc voltage and include the effects
f haunoma in the current waveform. 'l'his comparison is

sp ton, SOMVA arc furnace, andthemnltuoobtdnad
npared with measured operating conditions. A summary

ofmecompamonisgmnin'rablelwherethepowermd .

MVYA are 3-phase values.

B Gonclusions
Ttie- results of Freeman and Medley fall off more rapidly
halh those produced from the chart for high levels of arc

* curpent. Their calculations are based on the concept 6f an

' ;hcumntl:velsispmbablyheanntheopenﬁng
eactance is dependant on current level nnd not strictly

igh  Current levels. ‘l‘lﬂshbeametheopentingdlm
§ not indude the effects of harmonic components of

Table 1: Comparison with practical resuits

Tap predicted megsured
voltge MVA  pd. ? MVA  od.
550 442 6804 0743 468 603 07N
526 43 8 . 0682 453 624 0658
475 388 &8 0668 37 6 0858
428 293 404 0719 328 413 0744
376 286 397 0728 286 333 0762
326 1825 259 0707 193 258 07256
275 1288 179 0725 138 180 0746
200 734 1063 088 76 112 0d8

currents which will becomc more significant at hlgh levels
of current.

The opeming chart therefore gives results which are
comparable with other ‘published results over the lower

range of arc currents and are intermediate for higher
current levels. )

The results shown in 'l'able 1 indlute that the operating
chart gives excellent predictions of actual operation. When
- using the chart in practice it would be more.convenient to
scale the diagnminactualpowetleveh.ﬂavlnguhctedn
particular tap voltage the arc-voltage level is marked ori the
opera circle. Since the arc voltage varies with slag
basicity” better results will be achieved by using measured
values of arc voltage rather than values computed from arc
length. For a given furnace installation with a known R/X
ratio the arc-power curve can also be drawn on the diagram
giving immediate indication of arc power.

per-unit power
02 03 04- OF
N} L

Fig.7 Powcrahmfanynmdwhm.?
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'8  Appendixes:

i 8.1 Determination of the phase angle ¢
"Let D be the differential operator defined by

- i . 0
() (z d,u) o . @

then the system shown in Fig. 2 is governed by
v, —e; +e3 —vy = Diy —Di; ©)
1) “éz +ey —v3 = Diy —Diy —

whetc €y, €2, and e3 represent the square-wave arc voltages
each displaced by 120" in accordance with assumption (g).

.ELECTRIC POWER APPLICATIONS, AUGUST 1978, Vol. 1, No. 3

3 PIROZHNIKON, V.E.: ‘Effects of slag on thermal process in

power factor

= —(l +h) ®.

Eliminating v;,, v, i,mdl,weuethnilismmedby ,

Dl = g,__g (,. _‘_’_zt‘_’.) - . (9).

Since the arc current can only be maintained providing the
applied voltage exceeds the level £, then a phase shift ¢
must exist between v; and e, and to include this-effect in
the analysis we write

v = Vsin(wr+¢) ' (10)

The equivalent arc voltage on the left-hand side of eqn.9is
discontinuous and the current /, is given below for the time
intervals indicated: _

h =4 exp(—th/X)+ L4 sln(wt+¢-a)—--£

0<w:<1113

v.

= A, exp(— wlR/X) += dn(w; + ¢-a)-—§-

w/3 Swt< 21![3

= As exp(—wiR/X) + %"d'n(wt+ ) +¢)'_..§.%

/3 <wt<i I a1
Wu\lcwm
1 0'3 0'-‘ 0? 08 07 o8 09

| Fig.® Mo]uﬂl{:v

—x—x— operating chart -
=00~ Paschkis and Persson
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ln the above equaﬂon there are four unknowns, namely 4; ,
- A3, Ay and ¢. Eliminating 42 and A4; and using the
[ condition that i, is zero at wt = 0 and wt = = we find that
¢ must satisfy the condition

F om0 =252 (55
where
a = tan™' (X/R)
and
- X = exp(sR/3X).
By putting a = (/2 — §) and rearranging we find that

2£ \/1+R’/X’ x3—1.

RIX  x*—x+1

(12)

cos(p+8) = (13)

The above equation can be expressed in terms of the rm.s.
[ level of the supply voltage and the r.m.s. level of the funda-
mental compenent of the aqummmarcvolugetoobtain

Eqn. 14 defines a semicircle of radius p(R/X) where V./V
is the ndmmalised arc voltage. Asaspedalmweobsem
that as R tends to zero then

-

p = 920> = 045 (16)
and :
cosp = w* V,JOV,) =~ V,/(09V.) an

With the phnudﬂftbetween ¥V, and E, established, the
r.ms. level of the fundamental cmnponent of the arc volt-

- cos(¢+8) = Vul20RIX)V, - (14)

wuemheﬁmuonp(nlx)kumby :

: 3 RIX ([x*-x+1

,’(R/X)'IJHR’?’( =1 ) |
x = exp(wR/3K) as’

age can be used to determine the fundamental component
of current.

8.2 Arc stability

At t=0, the rate of change of the arc current must be
greater than zero for the arc to establish. If di/dt is negative
at ¢ =0, then the arc current is attempting to flow in &
negative direction whilst the arc voltage is positive which is

" not possible.

In the region 0 < w¢ < n/3 mecumntischancteﬂsedby

4, R’y Y, _2E,

dl‘+L1 sin( t+¢) 3L (18)
At t=0, 1, =0 and the onset of arc instability is given by
di/dt=0:nd the above equation indicam that the critical
mde¢ckmby )

2E, =V, '
sing, = ;;. 67, R (19)
But aiso ool
- cos(@. +8) = V,/2pV, T (20)
and therefore
ding, = 5p(R/X)cos(¢e+8)- - @)
whichhauoluﬂon _ )
o & tan” prcoss/3 '
¢. m.l‘ 1+ npsind/3 o @2)
whilst the limiting value of ¢, as R tends to zero is
b = “ﬂ"(312ﬂ) ’ (23)

Examination of the expression for .the critical angle reveals’
that the presence of resistance improves arc stability.

ELECTRIC POWER APPLICATIONS, AUGUST 1978, Vol, 1, No. 3
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THE ELECTRIC ARC FURNACE— A USEFUL TEACHING SYSTEM

R. ARMSTRONG

Department of Electrical Engineering and Physical Electronics, N ewcastle upon
Tyne Polytechnic, England

1 INTRODUCI‘ION
Of necessity the various techniques used in aolvmg electrical engineering
problems are taught separately, with the inevitable result that the student is
presented with a set of apparently disjoint facts. It is therefore of immense
educational value to study a system which draws on a variety of principles.
Such a system is the electric arc furnace which has the following salient
features.
(i) The system is non-linear by virtue of the electric arc. '
(ii) A linearising technique is required to make the systems amenable to
analysis,
(iii) The differential equation of the system must be examined in the time
domain to determine a fundamental constraint on the solution.
(iv) Fourier Series may-be used to obtain steady state behaviour of the system.
(v) The fundamental constraint mentioned in (iii) enables the steady state
solution to be represented by a locus diagram which can be converted into
a universal power chart, which gives accurate assessments of current,
power, volt-amperes and power factor. This obviates the necessity to
_evaluate complex formulae and gives a visual insight into the variations of
the various quantities under consideration.
(vi) The problem exhibits a form of instability, which may be predlcted from
the differential equation.
Practical details can often stimulate studeiits’ interest and the followmg will
behelpl'ulmth:srespectAtypwalthree—phasearcfummmyhavem

* electrical rating of 50 MVA and be capable of melting 150 tons of steel in three

hours. The curreats taken by such furnaces can be as high as 70-80 KA at
voltage levels variable between 200 to 550 volts {line) in steps of 25 volts. The
energy liberated® per hour has been estimated to be 96 MJ (27 KWh) per cubic
cm of arc volume at temperatures of the order of 10,000 to 18,000 °C. When the
arc is conducting, the voltage across the arc is approximately constant.

2 ELECTRO-MAGNETIC EFFECTS

mmmstruckhetweenthecharae(mptobemelted)mdthmmm
graphite electrodes, the electrodes being positioned at the corners of an equilat-
eral triangle. Some interesting practical effects can be explained by examination

s1
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of the magnetic forces set up between the electrodes. Assuming balanced
currents, application of the simple m_agnetic force rule _

F = B x I Newton/metre , (1)
shows that the force on an electrode has the form

Fsﬂi’:{li+ms2mti+sin2mt]} ' o . Q)
-8nta X ¢

where ‘a’ is the electrode separation and i and j lie in the plane perpendicular to
the electrode axis, 7 being perpendicular to a plane parallel to the ‘yellow’ and
‘blue’ electrodes. -

The above expression indicates that the force possesses a constant ‘repulsive’
part and a rotating part (cos 2wt # + sin 2wt j). These forces are not sufficiently

large to deflect or break the electrodes, but a force of the same basic nature also’ -

acts on the arcs which are flexible. If the arc length is too long? the constant
repulsive force deflects the arc towards the side of the furnace bath which may
damage the expensive refractory lining of the furnace. The rotating force on the
other hand has an advantageous effect in that it causes the arc to rotate around
the base of the electrode producing even wear. Proximity effects cause the
current to flow in the outer parts of the electrode. Since the complete electrode
is formed by joining short lengths at screw joints this turning moment can
unscrew the electrode joints should the phase sequence be wrong. .

3 ELECTRICAL ASPECTS

For analytic convenience we will examine the electrical performanee ofa
single-phase arc furnace. The three-phase arc furnace may be® analysed by the
same technique.

3.1 The intrinsic phase shift

The electrical system of a single phase arc furnace is as shown in Fig. 1. As
mentioned in section 2, the arc voltage can be regarded constant at a level E
during conduction and reverses each half cycle and consequently the non-linear
V-i arc characteristic need not be considered if the arc.voltage is expressed as a
square wave. However it cannot be assumed that the arc begins to-conduct at

the same instant as the supply voltage passes through zero, and so we in-
corporate an intrinsic phase shift ¢ into the analysis by specifying the supply ~
voltage as

v= P sin(wt + ¢) 3)

Themtnnncphasesh:l‘tqiuunknownandmustbedetermmedaspartofthe
solution.
The diffefential equation of the system is

2 = Pin (@t + )~ el) ‘ @
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FIG.1 Electrical system of a single- FIG.2 Equivalent circuit for the
phase arc furnace. Jundamental component of current.

where ¢(t) represents the square-wave arc voltage mentioned previously. The
solution to equation (4) is

P Eot |
m A= 3 cost + )= 2 0]

At time t = 0, the arc begins to conduct and the current i commences to rise
from zero and therefore

4
A=Y008¢ (6)

At it = =, the current must fall to zero prior to re-establishing itself in the
negative direction and hence
O-A;%eos-(n.+ qb)—E ' M

Eliminating A between equations (6) and (7) we find that the intrinsic phase
delay must satisfy the condition

cos ¢ = xE/2P ) . ®
and hence ' :
A =nEf2X ' . 9)

32 Frequency domain solution
At this stage we could use the time domain solution (equations (5)(8) %)
However, it is more illuminating to consider the frequency domain solution. To
do this we represent the square wave arc voltage by its Fourier Series and use
the principle of superposition. The equivalent circuit for the fundamental
component of current is then as shown in Fig. 2. This equivalent system
contains only sinusoidally varying quantities of the same frequency and we are
at liberty to represent its behaviour by a phasor diagram. In doing this we must
retain the fact that ¢ is not arbitrary but is constrained by equation (8) and in
keeping with all steady state sine-wave behaviour we represent all voltam and
cirrents by their r.m.s. values.

"Rewriting equation (8) in terms of r.m.s. values we see that the constraint on
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¢ is given by
v, V,
cos$ =5y =¥ ©)
where
. 4
P =3 ~ 04, ‘ (10)

As shown in Fig. (3), equation (9) can be regarded as representing a semi-
circle of radius pV. Fig. 4 shows this semicircle with the reactance drop super-
imposed, which allows the'power factor angle to be displayed. This phasor
diagram can be converted to the power chart of Fig. 5 by multiplying all sides
of the ¥, V,, IX triangle by ¥/X. Furthermore the diagram can be made e
universal by dividing all sides by a base MVA,

S,=1V, (11)
where the base voltage is taken as the supply voltage and the base current is
given by

I,=VJX : (12)
We see immediately from the power chart that for a given input voltage there is

a maximum fundamental input power and that all other power levels can be
transmitted at two possible power factors, and two associated current levels.

3.3 Effects of higher harmonics

Only voltages and currents at the same frequency can interact to produce
power. Since the supply voltage is derived from an infinite source (the grid
system) it is constrained to be sinusoidal and hence knowledge of the funda-

v

FIG.3 Phasorrepresentationof - FIG.4 Pha.;ér diagram of the
the constraint cos(¢$)=V,/2pV. Jfundamental components of voltage
and current,
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per unit power .

per unit reactive voit-amperes
———

FIG.5 Power chart for a single-phase arc furnace,

mental component of current is sufficient to predict input power. The higher
harmonics, however, do contribute to the r.m.s. value of the current and hence
to the power factor. The harmonics in the current waveform reduce.approxi-
mately as 1/n* because the harmonic voltage falls as 1/n whilst the reactance
increases as n. In practice the error introduced by these components can be
ignored.

34 Arc stability
Apmualprobhmamuatedmthmmmmusemngthelevelsofthe
system such that the arc is stable i.e. conducts for a full half-cycle. It is interest- -
mgtoobmmatthisuthemmdthemtchgmptobkmofexungmh
ing the arc as quickly as possible.

A t =0 the rate of change-of the arc current must be greater than zero for the -

arc to establish. If di/dt is negative then the arc is attempting to flow in a
negative direction whilst the arc voltage is positive, which is not possible.
Examination of equation (4) indicates that di/dt is zero at ¢t =0 when the
intrinsic phase angle ¢ has the critical value ¢, given by _

sing, = E/P ==V, /4V (13)
But also

cosd,= Va2V TR
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-and therefore

tan ¢, = px/2 =2/xn _ (15)
¢.=325° : ' '

4 CONCLUSIONS

It is interesting to observe that rotating magnetic fields have significance in
areas other than electrical machines. The magnitude of the magnetic forces is
not important but the analysis is relevant since it reveals the fundamental

" mechanism causing arc deflection and rotation.

From a mathematical point of view the circuit problem of the arc furnace is
solved once the time domain solution has been found. The r.m.s. current,
power, and power factor may be obtained by well-known methods. However, a
deeper insight into the.performance of the system is obtained from the alter-
native viewpoint of the frequency domain solution. Replacing the square wave
arc voltage by its fundamental component (i.e. its describing function) is valid
because of the filtering action of the series inductance on the higher harmonics
of current. This approximation then allows conventional circuit theory to be
used to produce a locus diagram. The conclusion to be drawn hereis-that even
though a solution to a problem is known, an alternative viewpoint may add
considerable engineering information and emphasize nmportant aspects of
performance.

It is considered that the system studied in this article is sufﬁclently simple to
allow the student to see the slgmf icance of the various techniques used to

obtain a meaningful engineering solution.
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ABSTRACTS-ENGLISH, FRENCH, GERMAN, SPANISH

“The electric arc fornsce — a useful teaching system

A simplified study of problems rélating to an electric arc furnace system is presented as s means of
illustrating a varisty of principles required to produce a meaningful solution. Features discussed in
domain solution; Locus diagram; Stability limit.

Le four & arc électrique un systéme utile d’enseignement

Une étude simplifiée des problémes relatifs 4 un four 4 arc lectrique est présentée comme
illustration de Ia variété des principes nbcessaires 4 'obtention d'uhe solution réaliste. Les éléments
discutés dans cet article sont: champs magnétique rotatifs; technique de lintarisation; solution dans
te domaine temps; solution dans le domaine fréquence; diagramme des lieux; limites de stabilité.




UN DIAGRAMME OPERATOIRE

‘PUR LES FOURS A ARC

R. ARMSTRONG
Dupt of Flectnical Enginveniy
& Physica! Electronu:.

A. INCE

Development Manager
Anglo Great Lakes Corporation
Newcastie upon Tyne

Senior Leclure:

e, ' “ c . . . .
Le -endeme-: des fours a arc est d une lmponance capi-

“ta.e @1 gz erie  é.ectricue. Concevoir le programme

r creratoire 2'un four & arc pour I'adapter & diverses condi- -

| » tions 'reléve’ généralement de I'empirisme. Méme si un
pregramme satisfaisant a été établi, il n'en demeure pas
) »mowns qu'on peut se demander si I'utilisation de la puis-
sance est effectivement la meilleure possible. Comme les
ressources mondiales en énergie diminuent et que son codt
. Jdugmente, les opérateurs de fours a arc subissent une
\ Y pression : constante en vue d'en assurer une ulilisation
- Optimale. ;

~ It est donc évident qu'il est désirable de disposer d'une
méthode de prévision des performances des fours a arc,
_capable d'étre directement utilisée par les métallurgistes.

Cet article se propose de répondre a cette demande en
décrivant la construction et I'emploi d'un diagramme opéra-
toire pour les fours & arc. Basé sur des principes bien
»connus, il peut étre utilisé sans recours a la théorie et
posséde cet avantage que' les effets des variations des
v divers parametres électriques : puissance, tension, intensité,
* facteur; de puissance, pour diverses longueurs d'arc peu-
Yent étre wisualisées et mesurées simultanément.

:On exposera ici seulement la construction et !'utilisation
.- du dlagramme Les lecteurs intéressés par les implications
héoriques ou par des comparaisons avec des résultats

"Armstrong -(1).

Liste des symboles utilisés

. Tsu:n entre phases (prise du transformateur)
intensite

l.ﬂ . résistance

X : réadtance

" P - puissance active (MW)

bO : puigsance réactive (MVAr)

$: punslsance (MVA)

"Ya : tension darc.

les mdlﬁes b concerneront les grandeurs rapportées a
I'unité (explications ci-dessous).
-y )

-

y DESFRIPT]ON DU DIAGRAMME OPERATOIRE

- T

e diagramme relatif 4 un four & arc triphase, valable pour
s rapport « résistancefréactance » inférieur & 0,2, est repré-
senté figure 1. Le diagramme est universel car il s’applique
2 tous leg fours quelles que soient puissances et tensions ; -
ceci impljque qu'il ne doit pas étre retracé pour chaque
valeur de l|a tension appliquée: ou de la tension d'arc.
Cette adgptabilité est obtenue en considérant toutes les
variables |comme des fractions d'une certaine valeur de
base (égale 3 V'unité) définie ci-dessous.

IST - W= £ . ATNNHLLET 1979 s

pratiqués de mesures pourront se reporter a l'article -

Tension de base Vi

Elle est définie comme la tensnon par phase corresps--
" dante a la prise du transformateur. Par exemp'e. pour .ne
- tension entre phases de 525 V, la tension de bzse (égale
a l'unité) sera 525/V3 = 303 V et une lecture « norma-
lisée » (c'est-a-dire rapportée a l'unité) de 0,7 doit corres-
pondre a une tension réelle de 0,7 X Vb 212 V.

Intensité de base Iy,

Elle est définie par le rapport de la tension de base V &
la réactance de court-circuit du systeme soit

ly, = V% (intensité de court-circuit)

Puissance apparente de base S N

Elle est définie comme le produit de la tension de base
par le courant de base.

Sp = Vb Ib (MVA)

Touteés les puissances mesurées sur le diagramme repré-
sentent une fraction de la puissance de base en MVA.

Ainsi une lecture de 0,3 correspond a une puissance réei's
de

0.3 X Sp (MW par phase)
‘alors qu’une puissance réactive de 0,4 indique une valeur
réelle de .
04 x Sy (MVAR par phase)

Comme on peut le voir sur la figure 1, I'axe unitaire ou
normzlise relatif aux puissances [axe P) est horizontal et
I'axe unitaire relatif aux puissances réactives (axe Q) est
vertical. Le cercle opératoire (lieu géométrique de tous

" ies points possnbles de fonctlonnement) est un demi-cercle

de rayon
9/,_-”3 2= 0,45 qnité centré sur l'axe Q a
Q = 1 — 9/2 73 =055 unité,

La limite de stabilité de Farc est indiquée par la d-oite
xy, la région stable se situant & droite.

Le point de fonctionnement.« a » se trouve a l'intersection
du cercle opératoire et de I'arc de cercle correspondant a
une tension d'arc constante. Noter que la tension d'arc
est aussi representee par une fraction de la tensnon de
base. .

La longueur du segment joignant ['origine au point de
fonctionnement (oa) donne & la fois la puissance totale
(VA) et l'intensité. La projection de ce segment sur I'axe P
donne la puissance -active alors que sa projection sur
'axe Q donne la puissance réactive. Enfin I'angle entre
cette droite et I'axa P est f'angle de phase @ (facteur de
puissance cos @).

2t




} ueedia s lise {par 1orpeet 2 Vwsnles -
¥ L ce3E- Are N e ey b0 "
' J avle
teantfresaule 20
Toults lex satvsrs Onm r,uu'
20a} 6berew @ 11 leaar.,
» 45w stongaire (225 veits)
- artle creroltcire ' T ' 4___".'""'"’.'.'.'.'" . ’A. ;__ B,
n3 £
- ’..9" ft‘.h'nhn.c.s K = €. 'U-‘Ch'n.l
kR point 1s ’ I 2iracatation neclonie AL =z 43c 107%0hia.
'.\. O-4p onchicanement
"'.J 5. 7'3“[’.'--!.!'-.-‘:_.1._, e
~ o Eer &L
d : >3 huQit n ) fl'li{'o-u. K = 450 ,0°F
u'? insl st . Iro MVA ".""i""“ X, =342 .-"‘k,‘,
. 9.6 M N YEEN ¢
[ ¥} S o . {
’ : b Tora.
y Ly ! 0.7 . ) rg‘":lfdnu R: l,st lf..-ru..,
k N s 57 A 55 194 reatunce X =242 ‘0-'011.._
: aBt 0.4, Tensurn J"l
l!} "i {par topport o 'ty Sh MVA
i
7 S5 W
lo
kig. 1. 4~ Le diagramme opératoire. =
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Exemple 1
. Les principales particularités du diagramme étant exposées, Fig. 3. — Schéma de ['installation relative & I'exemple 1.
nous allons maintenant l'illustrer par un exemple. Le .
» Systéme étudié sur la figure 3 et correspondant Bu dia-
gramme de la figure 2 est celui publié par Freeman et ~
Medley! (2).
o Le four fonctionne sur la prise de tension maximale & 525 V F"";";" "";"'," lsr "'g"' o
avec un arc de 1525 ¢m (6 inches). La tension d'arc (*) o=
.pnst don_née par
= 30 4+ 12 x longueur d’arc (cm)
¥ , = 30 4+ 12 X 1525 = 213 volts
$lous pOuvona maintenant établir les valeurs des grandeurs-
unités (valeurs de base).
* Tension de base : V,, = 525/ V3 = 303 V.
sRéactance totale : X = (2342 + 430).10°¢ = 2772.10 "¢ Q.
[ ,Courant; de base : Ij, = V /X = 303/2 772.10-¢ = 109 KA.
Puissangi':e de base MVA : .
re Sb= Vel = 303 X 109 = 33 MVA
¢ Tension [d"arc (rapportée a l'unité) : Vo /Vp = 213/303 = 0,7. 2
2 oS-
b Du diagramme de la figure 2 nous pouvons extraire les 3
Valeurs jsuivantes et les convertir en valeurs réelles. S T
r r ; o6
e R TABLEAU | 3
’ b4 o3l 0.9
| : . Segment b
Grandeurs Réap'gjonrittze Réelle surTe § i
» i : diagramme S o3 2.6 Tamitn Jore
\ £ {pr vnnte’)
. 045  [14,85 MW/phase| . a3
0.55 18,15 MVAr/ph. s
0.71 23.43 MVA/ph. ad !
0,71 77,39 KA ae - M___/
500 500 oa . . :
0,642 0.642 oa Fig. 2. — Exemple n® 1. Détermination des puissances actives

et réactive fournles au transformateur ainsi que la puissance
(") La tension d'arc dépend aussi de la basicité du laitier (3). . dans ['arc.




« jour es: équilibré: -chague phase. fournit la méme -

Le tableau Il resume les resultats.

1ssarpce de telle sonte que la puissance totale est :
i = 3 X" 14,85 = 4455 MW TABLEAU i
et de méme. les VA totaux sont ~ -
S = 3 x 2343 = 70,29 MVA _ Reelles
Les valgurs obtenues ci-dessus (sauf I'intensité) sont celles qul;?or!eps
qui polirraient étre lues sur les instruments appropriés Grandeurs da_ UNte lpar phase | 3 phases
mlaces pu point A (fig. 3) du montage. Si l'instrumentation S’ aprés le
de contrdle se situe en B les valeurs fournies par le lagramme
dingrumime ge correspondent plus. Pour trouver les valetllrs Puissance totale 0.45 14.85 - 44,55 MW
réclles len nous devons soustraire la puissance et les ) ) : :
dertes féactves relatives & la portion d’équipement com- VArs totaux 0,55 1815 - 15445 MVAr
prrse-eftre A et B. Céci est realisé comme suit : MVA totzux 0,71 23,43 70,29 MVA
Pgnes hmiques entre A et. B : I2Rs (R = résistance Intensité 0.7 77.39 KA — KA
dite .- d source ) ) b Angle de phase 500 | 500 -
Pertes fapportées a I'unité : Facteur : X
‘ PRy . Ppu.(R) de puissance - 0,642 0,642 .- 0,642
< R[Sy = = ' (pu = par rapport a.
B X X l'unité). Pertes a l'alimenta- C e
VDans cet exemple I'intensité rapportée a l'unité est 0.71 tion ‘ .

: donc lajpuissance correspondante perdue dans la section " en puissance 0,001 0,33 0,099 MW
AB est : réactives - 0,08 264 7.92 MVAr
~ © 6.10 ¢ '

' (0.71)7 ————— = 0,001 Entrée au transfor-

» | 277210 ¢ mateur du four )
Ainsi, la puissance rapportée & I‘unité et parvenant au Puissance 0,449 14,8 44,45 MW

_ transforrrateur du four est VArs 0,47 15,51 46,53 MVAr

h 045 —.0.001 = 0,449 MVA 0.66 21,78 65.34 MVA
La soustlractxon peut aussi étre opérée sur le diagramme Angle de phase 470 - 479 47¢
ét correspond a un déplacement vers la gauche de 0,01 pu. c 0.682 0.682 0.682

m comparant avec la puissance totale, cette perte est os @ ) ) '
insignifiante et peut étre négligée. Pertes totales ) 0,08 2.64 _ 1,92 MW
ne .telle situation est classique pour un four alimenté Puissance dans
par un-réseau THT : ) I'arc 0,37 12,23 36,63 MW

Les pertes réactives entre A et B sont 12X , soit en rappor- Rendement 82 % 829, . B29Y,
tant a8 I'unité : — .
® o 430,10 ~& -

: 1Xq 12 Xs | T (x,
" = = 12 —
Pu
Sy . ‘ 12..) {x / X

= (0,712 —————— = 0,078 ~_, 0,08

Ainsi la. ;}wssance réactive parvenant au transformateur de
. four est
y v 055 — 0,08 = 0.47

.La puissance totale est représentée par le segment o b soit
%66 unitée ce qui correspond a une puissance d'entrée de
066 x S = 066 X 33 = 21,78 MVA par phase soit au
65,34 MVA.

Yotal 3 x| 21.78 =

- #angle de phase qui serait mesuré en B est celui compris
entre le segment ob et I'axe P. Il est de 47 degrés ce qui
donne un|facteur de puissance cos @ = 0,682,

lpus constatons que la puissance regue par le transfor-

Variation de .le tension d'entrée

Quand on calcule le rendement d'un four pour diverses
tensions d'alimentation, il n'est pas exact d'admettre que
la.résistance et I réactance dites « de sources = (entre
A et B dans 'e...mple précéedent) sont constantes. Ceci est
do au fait que la valeur de la haute tension d’entrée du
transformateur a été référée 4 525 V. Pour ‘une autre prise
(tension VT) les nouvzlles valeurs correspondantes (pri-
mées ci-aprés) sont données par :

| b

mateur du four est supérieure a sa puissance nominale et, . VT
en conséquence, |'opération avec les conditions précé- Rg = | —] xRy
dentes nb peut étre envisagée que pendant un temps 525
lienite.
Nous pouvons maintenant calculer la puissance effective , VT (2 L
dans F'arc|en soustrayant les pertes totales de la puissance Xg = [ — / x X¢
rd'pntrée 525 '
- o 2R R 456.10 ~¢
s ' Total des pertes (rappartées a l'unité) = —— = I’Pu — = (0,71)2 . = 0,083 0,08
' ‘ 12 X . 2772.10-¢

e

ﬁnalement on accéde au rendement.

La punssance dans l'arc rapportée a l'unité est alors 0,45 — 008 = 0,37 ce qui est équivalent a la dlstance a d du dia-
‘*glamme. En valeur réelle ceci donne 12,21 MW par phase (36,63 MW au total).

Puissance dans l'arc x 100 cdx100 037 x 100
*Rendement = = = = 829%
Puissance totale d'entrée ad 0.45
. JF.E. - N° 6 - JUIN-JUILLET 1979




Aingi pou. tonctionnement sous 425 \' les valeurs appro-
priées sont . .
Rg = 06553 x 6 x 10=¢ 4,10
X's = 0.6553 x 430 x 10 -6 = 281.10 -¢
La nouvelle tension de base est 425/ V3 = 245 V.

» La rgéactance totale du systéme est

[ (281 |4 2342).10~¢ = 2623.10 -¢ ce qui donne un courant
¥ -de base de 245/2623.10-¢- = ‘93,3 KA et une nouvelle
> puissance totale de 93.3 x 245 = 22,8 MVA,

la nTme du calcul est inchangée.

’_‘ 'Y Exem'lple 2

- & Supposons maintenant que le four fonctionne sous 425 V

et que I'on demande de calculér la tension” d'arc corres-

< % pondant au maximum de puissance utile. Pour cela, nous

. devons calculer les puissances dans l'arc pour -diverses
¥ . valeurs de la tension d'arc.

" ~ Ainsi, si la tension d'arc est 0,7 puona :

» Tension de base V, = 424/ V3 = 245 V. }
Réactance totale X = 282 + 2346.10 = = 2624.10 =5,

"' <Courant’ de base I, = WA = 93 KA.

» Pour une tension d'arc de 0,7 pu nous tirons du diagramme.
Puissance d’'entrée pu = 0,45. '

F " Courapt (pu) = 0,72.

b v Rappoyt total R/X =-0,173.

< yPertes| = (0,72)2 (0,173) = 0,09.

E Puissapce dans I'arc Pa = 0,45 — 0,09 = 0,36.

Ce:célr:ul est répété pour diverses tensions d'arc, les ré-

-

sultats'étant résumés dans le tableau 3.

E" . TABLEAU i
* Tension . Puissance 1 Puissance
pp_darg Intensité | Pertes d'entrée | dans I'arc
0.7¢ . 0,72 0,09 0,45 036 -
0,75 0,67 0078 | 0445 |- 0367
T 080 0,60 0,062 0,425 0,363
py os8g 0,525 0,048 0,390 0,342

es régultats sont maintenant transcrits sur le diagramme
comme (le montre la figure 4. La puissance maximale dans
I'ar® cofrespond au point a. Le segment a b représente
‘4es pertps et donne le point opératoire b. Le fonctionne-
ment au| point ¢ demanderait un courant de 0,72 unité avec
Fun cos|@ de 0,63 pour établir une puissance d'arc de
0,36 unité. D'un autre coété, I'opération au point b fournit
™ 8ne puigsance d'arc de 0,37 unité pour un courant réduit
& 0,65 unité et un cos @ supérieur (0,69). Nous constatons .
également que la courbe de puissance dans l‘arc est
. {nsensible 4 de pétites variations proches du maximum et
si d est pris comme point de fonctionnement nous
btenonq une puissance d'arc de 0,365 (variation de 1,35 9,
par rapport a l'optimum) pour un courant de 0,6 unité
{(réduction de 0,79%) avec un nouvel accroissement du
facteur de puissance & 0,72.
Le point' de fonctionnement b pour obtenir la puissance
d’arc ma;ximale étant déterminé, les autres paramétres
' requis (intensité, cos @ ..) sont calculés comme dans
s §exemple 1. Le lecteur pourra vérifier que les valeurs
indiquées au tableau 4 correspondent a un fonctionnement
+ay maximum de puissance d'arc. -

- ‘Exemple 3

| .

te ::'emIe%r exemple correspondait &8 une tension d'alimen-
tatiors “fixé et une ‘longueur d'arc fixe alors que pour le
second la ‘tension était fixe et la longueur d'arc variable.
Maintenant, considérons une longueur d'arc fixe avec des
tensians. variables.

~ [ ]
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TABLEAU IV
' Rapportées Réelles
Grandeurs & l'unité par phase

Puissance . 0.44 10,0 MW
VArs 0,46 10,5 MVAr
MVA . . 0,65 14,8 MVA
Courant ’ 0,65 60,5 kA
‘Cos ¢ 0,69 . 0.69
Pertes

Pertes totales en : )
puissance . 0,075 1,7 MW
Pertes VAr « source » 0,045 1,0 MVAr
Entrée au four : .
Puissance ' 0.44 . 10,0
VArs * 0,415 - 9,5
"MVA 0,62 14,0
Cos @ ' 0,73 0,73
Tension d'arc . 0,76 186 V
Puissance d'arc 0,37 84 MW

l-ui...mu. ocise ilpr.'y-n'u'l
o .3 e al 0.3 0.6
¥

T T T T T

o.b [

‘-§0.5 -

%

=06l
.;a.7 - 0.9
- 0.,

< r 0.7 “'

108 0-b Tension dare

E (gr. mitd)

0.9

lo

Fig. . — Exemple n® 2. Détermination des conditions d'obtention
de la puissance maximale dans l'arc. .

Une telle situation correspond peut-étre a un four charge
en continu. Comme i travaille généralement en « bain plat »,
nous pouvons supposer que la longueur d'arc est fixée,
par exemple & 10,16 cm (4 inches), pour éviter [l'usure
excessive des réfractaires. Pour .utiliser pleinement la
puiszance investie, on peut se demander s’il est possibie
de travailler en ‘continu avec le transformateur a sa
puissance maximale soit 54 MVA (18 MVA par phase).

Pour résoudre ce probléme nous testerons diverses ten-
sions d‘alimentation et calculerons pour chacune les condi-
tions de travail. Cette analyse s'effectue de la méme
maniére que pour l'exemple 1 et les résultats en sont
résumés dans le tableau 5, les points de fonctionnement
apparaissant sur la figure 5.




. v
TABLEAU V
1 & . VT .\;, - Point
engion | | i . sl 10-6 -6 -4 Vv, I . de
VI | iszs) R-107spx.10 R10 x10 b .M I So [ 18Se | X,/x RIX | fonctionne
ment
[ 335 1.00 6 " 430 456 2772 303 0,5 109 a3 0,55 0,155 0,165 a

r 475 0.8185 49 352 455 2 §94 274 0,55 102 28 0.64 0,131 0.169 b

r > 425 ‘0.5_533 39 282 454 2624 245 0,62 93 23 0,78 0,107 0,173 c

>y 375 105102 3,06 219 453 2561 216 0.7 84 18 1,00 0,086 0,177 d

’ 325 0,3832 23 165 452 2507 188 0,81 75 14 t.28 0,066 0,180 e

b3 g

> ' - MVA . . . Valeurs reelles

Prise | MVA | Pertes Puissance Puissance

} T ) au Pertes Cos @ Puissance | Cos « | Rendement

| » tenm[on totaux | réactives | o totale arc I  |Mva  |intensie arc .

:' ¥ 52 0.87 0,12 0765 | > 055" dépasse la puissance nominal KA MW

-4 47 0.84 0.092 0.765 > 0,64 . du transformateur A

42 0,785 0,066 0.735 < 0,78 0,11 0.445 0,335 0.62 16,9 73 1.7 0.62 75 %

v 375I 0,72 0,046 0.685 < 1,00 0,09 0.45 0,36 0,68 12,33 60,5 6.48 0.68 80 9%,
R 325'1 0,58 0,022 0,565 <:.1,28 0,06. -| 0,425 0.365 076 7.9 435 | 511° 0.76 86 %
" Ces résultats montrénf qu'il est nécessaire d'opérer & Poistance active Lpr. -shitd |

# 425 V|iou au-dessous. Avec 375 V au lieu de 425 V nous o 03 ok o5 a6

cons:atons gque la puissance d'arc est.réduite de 155% 4 o traashirmatede i€

» pencant que 'e courant diminue de 27 % pour une augmen- :

tst.on du cos Z de 0,62 & 0,68. -
" “Cette [diminution de puissance peut augmenter le temps i -
Mo d'opération mais, en contre partie, l'accroissement du
facteun de puissance et la réduction corrélative des coits * serles feacting

i« ,peut rendre I'opération & 375 V économiquement souhai- ! ';""”f”’;'_"’""'

table. : ' ' v /

L\ 0.3

-~ ‘\A.

| . CONCLUSIONS gos h

‘ 2 " . (S ."\ .

. - - .

[-: Pour utiliser le diagramme, on doit se souvenir des points | =% RN
_.;Suivants : ) B \
~— Le rapport R/X ne doit pas dépasser 0,2. Un diagramme S o6l | Purtae Puitiamuel potes S

‘&~ plus sdphistiqué valable pour des rapports R/X supéneurs e dans ’, - i K
.- est fourni par Armstrong (H. . 3
*— Danjs cet article, la tension d'arc est liée a sa longueur ;’ L% 2y

y vpar la formule : : ST a

- V =304+ 12 X (cm) . .
fais camme I'a noté Pirozhnikov (3) la tension d'arc varie 08 6 rearien d\
considérablement avec la basicité,du laitier et il est préfé- (BF. unite) o
v rable diutiliser une valeur expérimentale de V .
o La résistance et la réactance «de source » (réseau o3
. “fournissieur) doivent aussi étre connues. En vue d'obtenir
‘,ues performance maximales les informations nécessaires .
doivent [étre demandées aux responsables du réseau. i

»— Le diagramme fournit des indications raisonnables pour
un travail sur « bain plat», mais pour les conditions de
¥ fusion dvec formation des - puits -, tout ce gqu'on peut en
espérer| est qu'il permette d’obtenir les valeurs moyennes
¥ 'de perfdrmances électriques.
+— Aveg un four non équilibré sur ses 3 phases on note
des diffiérences entre les valeur effectives et les valeurs
erécalculées.
Les exemples présentés dans cet article montrent que le
diagramme opératoire permet d'effectuer une « simulation »
capable| de conduire & un programme d'utilisation appro-

e quelques connaissances complémentaires (bar
I'effet de la basicité du laitier) soient souhaitables,

éja amener les métallurgistes & déterminer par
eux-mémes des conditions de marche satisfaisante, et dans

Fig. 5. — Exemple m* 3. Recherche de la tension optimule,

I'évaluation des résultats, la compétence et I'expérience
sont encore nécessaires. Le succés d'un diagramme de
ce genre dépend de son application & des conditions
variées et ceci doit étre.effectué-avec la coopération des
acléristes. Il est souhaitable que I'utilisation du diagramme,
pendant des périodes de travaif bien contrlées, donne lieu
4 une collecte de résultats qui permettront les comparai-
- sons entre les valeurs réelles et les valeurs prédites.
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APPLICATION OF RESONANT ClRCUlT"!"HEORY TO MATCHING
NETWORKS ,

R. ARMSTRONG and E. KOROLKIEWICZ.

School of Electronic Engineering, Newcastle upon Tyne Polytechnic, England

. 1 INTRODUCI'ION

In high frequency communication systems, matchmg the source impedance to
the load impedance is important, to prevent reflections and consequent’ ‘" _
distortion. Transmitters should transfer the maximum amount of power to the
aerial, whilst in receiving systems low power levels also dictate maximum
power transfer conditions. High frequency systems must accommodate modu-
lated signals, and the bandwidth of a matching network must be adequate to
allow the side bands to propagate. The basic building block of such matching
networks is the parallel or series tuned circuit. This article shows how the
theory of resonant circuits may be used to design apparently oomplex matching +
networks!~3, Anvexample is given to illustrate the design process usmg both
analytical and graphical methods. From an edbicational point of view the
student sces the tuned circuit from a different aspect whilst the graphical
method of solution is an excellent example on the use of a Smith Chart.

2 THE BASIC BUILDING BLOCK . '

Consider the problem of matching two resistors, R, to R,, at a single frequency
by means of the network shown in Fig. 1(a). As viewed from the terminals AB
the matching network and the load appear as a parallel circuit as shown in Fig.

- 1(b). This network is-equivalent to the three-element shunt network of figure

" 1(c).. _

The dynamic resistance is - . )
Rp=(R.2+X.*¥R,, ‘ - wm
andtheeqmvalmtpanllelmducuveructaneen IR

Xep=R2+X, Xy, ‘ @

Formatchmgatannglefreqmcyxt;srequmdtochoosevaluesofxumd
X ¢, such that R, =R, and from equation (l)ltwillbeseenthatxu must be:
mby.

Xy = VRRED \ o

Equation (3) shows that R, must be greater thhn R, to make X inductive.
From Fig. 1(c) the mngmtude of X, must equal the eﬂ'ectxvc inductive re-
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FIG.1 LC matching section when R,>R,, and its equivalent parallel network.
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actance at the w;orking frequency an& therefore,

Xoi =R+ X% X, ' 4
The Q factor of the resonant circuif in Fig. 1(c) is defined as the ratio of the
current I, in the inductance to the current I in the resistance at resonance i.c.,

Qi =l/la=Ro/Xp ' ®)

Substituting equations (1) and (2) into equation (5), the Q factor of the resonant
circuit in Fig. 1(c) is,

0 =Xu/R, | (6a)
When R, is connected across 4B the loaded Q is given by,
Q=02 - ' - (6b)

which determines the bandwidth of the network shown in Fig. 1(c).

. If the terminating resistance values are specified, then the Q, and hence the
bandwidth are automatically fixed. Alternatively, from equation (1) with R,
=R, it is easily shown that,

R.=RA1+0,%) ' Q)
from which R, may be determined if R, and Q, are specified.

To match from a low resistance R, to a high resistance R, the matching
network is reversed as shown in Fig. 2 and identical analysis yields,

Xp=RIR~RIE @®
Xca=(Ra'+X12")Xyy : ©




383
Xaq :
Rem 4-&» J. A-—R-'-'-» & f
. Yoz _l_ .
FIG.2 LC matching section when R, <R,
Q0:=X,2/R, (10)
R.=R /1+0) ‘ (11)

In a majority of high frequency applications it is often necessary to match.
between a complex impedance and 50Q. This can be done readily using the
above theory. For example, if the source impedance is complex then the R, of
figure 1(a) is the effective parallel resistance of the source and the effective
parallel susceptance is included as part of X,. Alternatively, in Fig. 2 the
complex impedancenay be regarded-as a resistor R,, in series with a reactance
which is included as part of X,,. In both cases the above theory is sufficiently
general to design the matching networks, -

The range of complex impedances that can be matched to a 500 load by _
each of the two LC matching networks can be readily obtained* and are shown i
inFig. 3. _ : :

3 a MATCHING NETWORKS

For the simple L-C networks analysed in section (2) the bandwidth is.automati-
cally fixed by the specified source and load resistances. If it is required to
specify the bandwidth in addition, then the x network shown in Fig. 4(a) may
be used. Such a network also has the advantage of being able to match any
complex impedances. By splitting the x network into two simple LC sections as

: shown in Fig. 4(b) the value of R, may be chosen to achieve the desired C -
b '; bandwidth. For matching, the required R,, is given by equations (7) and (11).
L R.=RM1+Q)=RA1+Q) 12

This equation shows that the node with the highest terminating resistance has
the largest O and hence dictates the bandwidth of the system. :
' It is shown in the appendix that constant Q curves on the Smith Chart are
-t described by the following equation of a circle
U +(V+1/QP =1+1/Q : . 13)

where U and j¥ are the real and imaginary axes on the-Smith Chart of the

- . oA - P
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FIG.3 (a) Shaded region shows range of complex impedance Z, that can be
matched to 50Q using circuit shown in Fig. 1. (b) Shaded region shows range of
complex impedance Z,, that can be matched to 500 using circuit shown in Fig. 2.
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voltage reflection coefficient. It is possible therefore to use the Smith Chart to
" evaluate the elements of the z matching network as shown in the following
example. ’
4 EXAMPLE )
Suppose it is necessary to match an output admittance (0.01 4-j0.02)S of an
amplifier to a 50Q load and the required value of Q being S at the working
frequency. . - . _
The output susceptance of the amplifier can be combined with the X, of the
- matching network to produce an equivalent reactance (X ) and therefore it is
only necessary to match 1000 to 50Q, The Q is associated with the 100Q node

and the desired equations can be used to determine the required elements of the ‘

matching network as shown below,
R.=R/A1+0,%)=385Q

X =RAR,~R,)=19.24Q
_R2+x,’
X

X.2= /R (R, —R,)=1332Q
R+X,,’

Xpa
The required elements of the matching network are shown in Fig. 5.

The values of the elements of the series equivalent circuit of the parallel
circuit consisting of a. 100 resistance in parallel with X is given by the
intersection of the constant Q (*=5) circle and constant conductance (G =0.5)
circle at point 4. The required value of X, in parallel with the. 100Q resistance
is found by moving diametrically opposite point 4 to point A’, which gives the
admittance values of the elements of the parallel network i.e. G=0.5 and B
=2.57, from which Xy = 1/2.57=0.39 and hence Xy =19.5Q.

The required normalized value of X, is found by travelling from point A on
the constant resistance circle (0.075) to the intersection of the constant con-

Xc-r. 320-0‘1

X c2 == 14.45“

Xe 32.56n
- YV
| Xu=19:24'x213.320
'
50n{ 33.3n ] )gfu..asgL
1 e p m - s0n
. - ]

xcrl 20.011
FIG.5 Required elements of the x matching section.
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FIG. 6 Design of the = -maréhing section using a Smith chart.
Point A=0.075—j0.38, point A’ =0.5+j2.55,
point B=0.075+j0.256, point B’ = I —j3.7 and point C =0.075+jO.

ductance (G = 1) circle at point B. The normalized value of X, is obtained in a
similar manner to that already described for X, from a point diametrically
opposite to Bie. B’

Renormalizing the results determined from the Smith chart the values of the
required elements. of the = matching section are,

R, =3.75Q (point C), xc,=19sn. X, =19.0Q X,,=128Q, X, =13.5Q As
can be seen, the results obtained using the Smith chart are comparable with
those given by the analytic method.

5 CONCLUSIONS
The aforegoing analysis has shown how parallel resonant circuits form the
basis of # matching networks. The important point is to find the effective
resistance R, of the two back-to-back LC sections to give the desired band-
width. If the source and load are complex the problem is reduced to matching
resistive elements by combining the effective parallel susceptance with the
capacitive shunt arms of the matching section. This concept may be used to
explaih how the first capacitive element of the matching network may be used
as part of the tank circuit in an r.f. amplifier.

The same principles also apply to tee networks where the central element is

P N A A
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divided in such a manner as to produce the required bandwidth. In this case
the effective resistance R, will exceed both R, and R, and the design equations
" follow directly from the theory of series resonant circuits.

In an identical manner it is also possible to design matching networks with
the inductance and capacitance interchanged on cither one or both of the basic
half sections, The choice of the form of the matching network may often
depend on the nature of the source and load impedance. For example, if the
output capacitance of an amplifier exceeds the value of X, in a x matching

: : network then clearly the first shunt element of the network must be inductive,

X . It is considered that the results presented in this article give a valuable

insight into the many apparently diverse matching networks used in practice.
The graphical solution is another indication of the versatility of the Smith chart.,
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APPENDIX
The relanonshlp between normalized impedance Z and the voltage reflection
coefficient p is glm by,

-1
Z+1
Equation (A1)-can also be expressed in the form shown below,
= oo (1+U)+HV
SR (= .
Hence, . :
- 1-y3-y2
(1-UP+V
and,

p= U+jV= (A1)

(A2)

(A3)

. 2v - .. _
o 9

The Q of a circuit is defined as,
Q=3x/F ) .
and hence from equations (A3) and (Ad) it can be shown that,
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- 1Y 1 :
U3+ V+§ al+§7 (A%)

which is an equation of a circle of radius [l + =5 Q,:F and centre U =0 and

Ve —1/Q.
In a similar manner it may be shown that when deallng with admlttanoe
equation (A5) is modified to,

1\? 1 '
U+ V——) =14+= - A
¢ e Q (A6)
which is a circle centred on,

1
U=0and V= +—
Q

ABST‘RACI’S—E:NGLISH. FRENCH, GERMAN, SI’ANISH

Application of resonant circuit theory to matehing networks . g
Awidevnnuyofmlchmanﬂworhmuudmhuhﬁeqmymmumuonsynmudm
paper shows how such networks can be conveniently designed using the theory of resonant circuits.
A graphical method is also included which providesa valuable insight into the properties of the
Smith Chart,

Application de la. théorie des circuits résonnants aux réseanx adaptateurs

Une grande variété de réseaux adapiateurs est utilisbe dans les systémes de.communication 4 haute.
fréquence. Cet article montre comment de tels réseaux petivent étre calculés de fagon commode par
Ia théorie des circuits résonnants. Une méthode graphique utilisée donne en outre un précieux

apergu des proptiétés deI'abaque de Smith.

Anwm&rnmﬂm“!Awwh

Eine grosse Vielfalt von Anpassungsnetzwerken. wird in. Hochfrequenz-Fernmeldesystemen
mm.dhnmm“dmﬁpﬂmhhtheinemmgduMm
Resonanzkreisen entworfen werden kénnén. Ferner wird eine graphische Methode angegeben, die
einen wertvollen Einblick in dic Eigenschaften des Smithschen Leitungsdiagramms gibt.

Aﬂhdonhhmheﬁdmm’ulubhwnmm

Una amplia variedad de redes de acopiamiento se utilizan en los sistemas dé comunicacién de -
alta frecuencia. En este articulo se muestra ¢dmo tales redes pueden cakcularss spropiadamente
mum&mmmm&m”mmmqmmmm

valicsa profundizacion en las propiedades de la carta de Smith.

. . .
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APPENDIX B

Bl. Expansion‘of T n(xl

x-acose'-‘hcos (20 - ¢) -
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Appendix B1
Expansion of T,(x), x = a cos 6 -~ b cos (20 - ¢).

The equa-tfon of the Chebyshev polynomial 'rn(x), where x = a cos 6 ~

b cos (20 + ¢) is facilitated by the recurrence relationship(zol.

T =1
T, 6 = x
Til+1(x) =2 Tn(x) - Tn-].(x)

Thue

Tolxd = 1
T,(x) = a cos 6 = b cos (20 - ¢)

Fundamental component = a cos @ (1)

Second harmonic = -8B cos § cos 28 - b sin ¢ sin 20 (1a)
Ty = 2[a con 0 - b cos ae-n][ acosd-b ;:os (28 - ¢)]-1
= ‘2 + bz -1
- 2ab (cos ¢ cos @ + sin ¢ sin 0)
+ az cos 20
- 2ab (cos ¢ cos 38 + 'ﬁ ¢ sin 30)
+ 12 (cos 2. ¢ cos 467+ sin 2 ¢ sin 40)

Fundamental = - 2ab (cos ¢ cos 6 + sin¢ sin 0)

Second Harmonic = az cos 20 - . . Qa)

DI T e N (R



Ta(x) =2} a cos 6 = b cos (20 “#l]xqu(‘x)v—[acos-o-ﬁcos Qe -¢)]

= -3 azbcos¢

+3a (a® + 2b% - 1) cos 8
-3b (% + 2a% = 1) cos 28 - ¢)
+3 2 3 .
ab” cos (38 - 2¢) + a” cos 30
. ,
= 3a“b cos (40 - ¢)
+ Sa'bz cos (50 - ¢§)
- b3 cos (66 - 3¢)
Fundamental = 3a (az + 2b2 - 1) cos 8 ) (&)}
Second harmonic = - 3b Cbz + 2a2 ~1) cos ¢ cos 20 *+ gin ¢ sin 20
(Ga}
A device having a characteristic of the form
q= Qo + Ql TICX) + Qz T:(X)- + Q3 Ta(Xl ()}
when stimulated by a drive of the form
.x-a.cose-bcos-(ze-ﬂ - (5)

has a fundamental component given by the weighted sum of equations (1},
(2) and (3), i.e.

q = Q1 acos 8 + Q2 (- 2ab |cos ¢ cos 8+ sin¢ sin 0]1
+Qq [3& (a? + 2v% - 1)] cos @ (6}

up to terms of third order.
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APPENDIX C

Cl., Determinatien of modified parameter r & v1

e e



TV TR e T il

Appendix Cl
Determination of modified parameters L and Vl
‘The term 1n (1 + exp (@ (V - V})
=a (V-V)+ln (1 +exp[-a -V
=g CV--VO) +exp[-a (v-vo)]
if  exp[- (a (¥ -V )}

F Furthermore if o (V - Vo_) z 3, i.e. if

v?vo'l'3/'¢

e ——

then
1n (1 + exp[a (V -'Vo)]) z=a (V- 'Vol
Por this condition the two term solution becomes
V-V, , O-V)

- T =vey 2t @ - V]

To linearise the equation about a point vp 3V + 3/a let

i+I =
s

v-vp+x, x small and then
V-:' Vo" (vp-.-vo-)' * X

= AV + x

where AV = Vp- Vo

The following are then readily determined




R A

-C2 -

V-V ; .
°o . N, x
) T T ' T
_ 1 - 1
(i) 1+a -V

(V-Vol Avi-x Q-

e 1 ax
G v Tve- " 1raw 4 T TE @

1 AV -
rIi-uAva+AV)'[T_m]
1 __av

ey LR R T-_-I-GA_)]

(iv) In[a w- vo)]- ln[a. (av + x)]

= In cAV 1ln (1 + x/AV)

= 1n[aAV]+ x/AV

The equation of the tangent to the i - V curve at the point vp may then

be determined as

1[ AV 1n uAV] x[ 1 1n oAV ]
+I a=|AV = o + = |1 = e = _
1 + aAvV r 1 + advV a*mm‘i

The slope of the tangent is

'-L-l[l'- 1 _1lnoav ]
Twm TL 1oV g 4 aamy?
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The turn on voltage is given by x = x, when i = 0 i.e.

_ AV ln oAV _ _ 1
V=5 oav ‘o[l .1+uA_V']

and therefore

% o - (1 + adV = 1n aaV)
o a

whe_n Xa= xo let V = V1 so that

v

1=Vp+x°

. 1l + aAV = 1n aAV
ocvl vp a.

I ERLIA R 2

a
=V, +1 (tnfa «, - v)]- B

If Vp is taken as 2V° then

. 1
rm r (1 +-a,:-

and V, =V, +%[ 1a V)~ 1]
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APPENDIX D

Normal curve form of positiye éxpomtial cusp current

Numerical comparison of exact and spproximate positiye cusp curremt

Harmonic components of pesitive exponential cusp curreat

Numerical comparison of exact and appraximate negative exponential
cusp current -

Harmonic components of negative exponential cusp current .
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Appendix D1

Normal curve form of positive exponential cusp current.

The positive exponential cuSp current is given by

i 1:(2) exp[av (cos @ - cos 0 )lln(l;)]

c+
"
vhich becomes
2
i™ 1:52) 38?[ a¥ (% cog 8+ ¢ sin 8 o)(ln(l;)]

under the change of variable
8 = e'o + ¢, ¢$>0
together with the approximations

ain¢=¢and'c§s=¢=1-¢2]2

The argument of the exponential may be modified as follows:-

a 42
aV % cos 8 + ¢ sin 6 )/In(4)

av cose 2

- '—T'_ (4” + 2 tan 6_ ¢)/1n(4)

aV cos O

- __z__.‘!;[g + tan eo)‘ - tan’ @ ] /1n(4)

The positive cusp current will then be

. - 1n(2) exp [c& sin eor tan e:o] oxp [— a'; cos &, @ # tan 0022

— 2 InGBY

c-.l-- ar
m

2
= A exp (;—-}-)
.

2 1n(4)

BRIV L N0 SNSRI S R, e . I 3
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P P R



Rt Tt o i b

- D2 -

where
1n(2) uv sin 6 tan 0

A= @ 1oty -1

'q = (¢ + tan 8 )

o‘-z = ln(lo)/ue cos eo
In terms of the dimerisionless variables -
g = 'q\lz/in(lt)- (Bl.as coefficiein;ii.

(overdrive coefficient)

the parameters of the gaussian curve become
< In(2) B
A ar_ P ('2‘1)
n .
2. = 1n(4) lcﬂ‘; cos o
Furthermore the mean value of the gaussian curve

tan ©

- o"-
0 -COo8
°$

Hence the positive cusp component of current may be expressed as

S RPN
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- Numerical Comparison ef exact and approximate values of positive cusp current'ié*

19 INPUTA.R, I11:PRINTA,R, I1 -

20 OPENI.4:PRINT#1,A.R.I1:CLOSE!

30 VO=LOGC(A¥R¥I1>/¢-A) :PRINTVD

40 V1=CRKVO+LOGCARYE)—2)/CR¥(1-1/CR¥VB)) )  PRINTVL
S0 OPEN1,4:PRINT#1,Y8,Y1:CLOSE]

68 PRINT"INPUT PEAK VOLTS":INPUTY2:PRINTV2

70 OPEN1,4:PRINT#1,Y2 |

88 T=SOR(V2¥V2-V1#V1) :@=ATN(T V1) :PRINTQ

9@ PRINT#1,@:CLOSEl -

185 INPUT U

186 U=130%U/n : .
110 Y1=EXP( (REV2)¥CCOSCUY-COSC@Y Y LOGC4) )

126 T=TANC@) : S=SIN¢@) :C=C0OS(Q) -

130 Z=RAVZACKTHT/(2H#LOG(4)) ,
135 B=CCU-Q>+T) : B=B¥B . SRR ' :
148 Y=A¥Y2¥CHB/(2#L06C4)) _ - : i
150 2=EXP(Z) :Y=EXP{-Y) : ¥2=2¥Y - f
168 PRINTW,Y1,Y2 .

170 OPEM1.4:PRINT#L, W, ¥1,72:CLOSEL

180 GOTO165 . °
REHD?. '
a=40, r=10, I =100 v =.352 §a=o0.3529
angle(degrees) exact values approximate values

2.52592581E-93 4 : H
2.57331903E-83 i 333959933
2.3€473833E-93 . 329392997 . 392399997
2. 43774677E-D2 . 233239392 . 3332929332
5.?2957?9=E;B3, . 3332939339 .399999°°°

LASTEIS7VRS .‘.9°94°31 . 392934931

S729SV795 . 393432233 . 399432228
5.?295??95 3205173581 350477283
3. 3825 35’5 240451511 493°““5”
3.27243354 .,29553 a2 3?94?1‘6
1.71387332 33843959 .995439249
7.14845134 . 217854853 317743571
3.52140214 . 2835391428 . -« 985244321
3.394365693 332199349 .892008336
318732473 3783163833 - 1 .B78073461
‘d.b.32493 348646261 2 343264384
11.4521532 3166956436 316144302
12.5856715 .- 82338338 .1 220556288
14.323%443 .?:929°b53 .raoB87514
i7.1887333 LE3827288 .56331084848
29,2335228 . LSSBITITEE . 336767582
22.31383113 . 443435634 343677302
Z5.73316808 . 283733523 . 3373536333
13.5473898 .238261183 . 200824528
34, 3774677 . 153696882 . 168658862
43.13?845?. 8317414153 .8838122121
4%,3356236 34321713952 .8387429333"
Ti.S5e2816 .3214123585' . .8163418785
7. 2357795 9.37S04733E-23 B5.22T49261E-63
3u.-436633 1.D28386S5CE-85

?.,5383354E-95

Lo e b o v
e el ETRTENEL, LNRRLCE f e L et L temin. -
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'V = 0.38 volts
_ angle(degrees) Exact values . Approximate Values
e 22.1897394 1 : ‘
o 22,345354 . 3838838233 . 2353688186
- 22.9183118 « 342472579 242470741
22.421285%¢6€ . 202622526 « 202614655
24.9€42274 . 36359892365 . 263562224
24.6371852 . «323417e16 . 323366967
25.210143. . 728146081 . r288957348
25, F531808- .ro1811911 . 251670308
2€.3568586 . 216445889 « 716235435
2E.22%90154 . 532871557 . . 531778029
27.58193742 343712732 . 548315558
23.374332 516385679 .31387Ver1 -
28. 5478832 .S551032483 .S24464623
29,7956654 LS257a3VIV « 324761277
29,239721 . . 470340254 . 463246532
J2. 9856365 . $12583987 417363253
32.2213521 . 372753134 . 37B66361
24. 377467V . 322945336 . 227433571
V. 24223567 © 232914351 ) . 239325165
48. 167847 . « 162374503 5 . 1857243296
42.3718347 112171894 . . 11349396
33.3366235 . 230523343 «B7S77S5419
23.7814126 « 9538342754 SI423236854
Si.S6E2e18 . 33534358828 . 2313865€31
ST.2RS7TVIS : 31443327786 . 3116304451
35.3436633 3.41733333E-0S 1.34132317E-85
. V= 0.6 volts
.angle(degrees) Exact values Approximate Values
S4.8723509 1 L ‘ "
53.3538328 1.85386315 i 1.323883:9
- 54, 4203906 . . 915843543 . . 212843823
S5.8839434 . 735143315 : :?95135986
o5.5753862 «HB8266627 Coe ,bBEEiSSSS
6. 149364 997995335, - - - ..52r;53363
g6.7228217 317316842 © | .ql.£¢624;
ST.228V79S » 347397443 .44?&@95@26 )
&£3.8233575 . 39271324893 ,§9831361¢5
50. 16856395 - : . 21350692 . 212828144 o5
52.7349354 . 3205489663 .!313?2338¢ﬁh5E_9ﬂ
74.4845134 3.37721034E-83 3-5?5530@ E-8§
35.3435693 1.31885173E-64 3.5..2%259
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Appendix D3

Harmonic components of positive exponential cusp curreat.
The harmonic components of the positive cusp currents is given by

5 ¥
a == [ i cos nb do
T oo

n+ c+
o
28 G + tan 0 )2
=== f cos n(8_ + §) exp|- 5 LA PFY
: T e ° 20 J

wvhere 0 = Bo + ¢, ¢ 20 and the upper limit ¢ = (v - eo) has been
4 réplaced‘ by = in accordance with Laplaces method because of the .
. dominance of the exponential for large values of ¢.
_Again in accordance with Laplaces method the term cos. n(eo + ¢)

may be replaced by
2,2 :
F ad -n-l- " n - 3
(1 3 ) cos né o — D¢ sin no_
and therefore a , may be wri:t;téﬁ as

(¢ + tan eo)z

8, " -:—A4 f cos n8  exp|- ———g— |d¢ ]
s 27
3 24 o (¢ + tan Go)
- == [ n sin(6 )¢ = — d¢
LI o) 202
2a = af 9 (s + tm--%)sz |
=T L7 cos(n)e” exp| - g |
o o

 The first two integrals of this expression are dominant, the last
term takes account of the curvature of cos n$. The firat integral is
eagily expressed in terms of error functions and the remaining two integrals

may be determined by integration by parts.

P 2 0 N R s = - T
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In terms of the normalised parameters 8 and x the harmonic components

are then given by

a, = 1n(2) f—. exp & X8y erfc[/ x_i 'cos ne

_ 1n(2) 2n sin neo.

ar w8

+ o> [_‘exp q_) erfc [ j{-]n sin 08

1n(2) -E n cos ne

ar LR

1n(2) j—; — 4 x) exp (é_) erfc [j—a.l—— cos ne

The last two terms of this expression are due to the curvature of
cos n¢ and is a second order correction. The limiting case when the

overdrive coefficients. ig zero is given by

+ (x=0) ,_13(_22, B = axp(o) erfc(o) cos O
m .

2
- 1:52_) j—; ;_ exp(o) erfcfp} cos O
m :

1n(2) F a- T).

Numerical values of 2. for X =0 are given in table 4.1.

R T R e, . : pad .
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Appendixz D4

Numerical Comparison of exact and approximate values of negative exponential

cusp currents

,oan—

=ERDY.

13 HIFUTALR, I1FRINTAL R, 11
© 23 OFENL. 4 PRINTH1.A,R.11:CLOSE!
53 VOoLOB (RHRAL L) > PR INTS

3 V1={AEVI+LOG{ARYE)I =20/ (R¥C L =1/ {3880 3 ) 1 PRINTY

2 OPEN1.4:PRINT#1.Vv0,V1:CLOSEY

58 PRINT"IMPUT PEAK VOLTS":IMFUTYZ:FPRINTY2

To GPEM1L4:PRINT#1,V2

31 Qi=120%Q 1 PRINTAQL
3 FRINT#1.0.01:CLOSEL

184 PRIMT"INPUT AHGLE IN DEGREES"
135 THPUT W

108 U=ii#m 130

3
1 ¥1=1v1 ’
8 T=TANCQ) :5=STHCQ) : C=COS{R)

3 T=EGRCYIHVZ-VIRVL) 1Q=ATHCT V1L PR

INTG

'T1=EXP ARV R(COSCUF-COSCR 2 LOG(42 Y -

1328 ?2‘1+H*V2#L#’C-d*#(@—uJ#LUPRUJ '
123 YESYIRERP (-1 0 AEYSRSHCR-U: ALOG 40 3
168 PRIMTH.Y1.%2
178 OPEHL,4:PRINTH#1.W.%1.,Y2:CLOSEL
28 GOTOLSS
<ZAIY.
-8 -
a= l.o’_ r= 10’ I =10 , 1 « 352 . . ._
V = .38 volts
angle(degrees) exact approximate
g . 3453517414 . 34823551226
4 . 4535084193 . 454915465
] . 43573824 . 512585387
12 .S57483014 . 534384085
L& . 532814324 .BR3586267
ta .1 B3636711 . 733634898
i3 .311463172 315273538
2 . 264989694 .266312144
21 . 524343334 .92‘5 2428
&2 . 392145466 .3921"5¢4
22,1997 +IFI9IT1E 399“?1‘3

. . mme o+ e e
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" ¥ = 0.5 volts

'angletdegreeq)'ﬂ

3
18
29
38 -
48
39
41
42
43
44
43
43.24

Vv = 0.8 volts

3
2B
48
1%}
55
58
S5
Y%
51
&2
83
83.D

anglq(degreesi -

63.38
53.83186

_fhg#gg}L‘

.313999341?
8174299171

. 9334169039
. 89672335806
. 469229255
. 199203547
. 431932
. 553436442
. 675029998
.202780306
357739327
. 99563191

exact

2;4365?9?8E—E6
3,3B8282584E-86

4.39783369E—B4
2. 2651337E-83

B45373877

. 122633944

[ S X § -
s Al 2 .3325

.25@’3594?
. 3S6833522

- .587294634
. 725196903

.368113735
. 967415252
339297312

s . . sa
oL, ot el e B P A L oS e e Ruen e

L s

;ﬂqmroxﬁmun

1 6824 189E-63
€.53314534E-63

. 8253724974
. 8969346311
. 413898772
.194330174 - -
42576798 e
572224428
676677569
. 303401355
. 957752139
. 939531208

qnunxnmms

3.62659389E-10
6.32026422E-07
3.83236435E-64

3.18271368E-03

.8466251143

-127165876

. 173887326

252310266

357367836 - - -

.SB813495 . .

. 7254383887
.368131466
967419432

s . .99999?513
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Appendix D5

Harmonic Components of negative expomential cusp current

The harmonic components of the negative exponential cusp current
is given by
0
2 .0 _
8 _=7 £ o+ COS DO de
With the change of variable

6= ao."¢s-4 $ 320

the above equation becomes

o . 2 -
a =2 12 g, B exp (- 8/ cos (o, - &) - a8
- m '
[ ]
Oo .
--12;-]%1(_—22- S (cos n8_ cos nd + sin n8  sin n¢) exp ¢~ BA$) d¢é
m o
%
i% 1:?’ f (cosue cos n$ + sin g sin n¢) -% exp (- BYR$) de
m o
The above are standard integralsa") and reduce to .
2 1n(2) BYX cos n9_ + n sin 0o - BVX exp (- 8'70 )
a 2 o - — ——
n- ¥ or _ nz- + Bzx
-2 1n(2) B Si?‘ n§°
9T, L (a2 + Bog)
g X € B38). 2 28% - a0, 2R @?x - 3%
+ = - ; + - + - ——%
2 @l + 8% ° Tales . G+

. L Uy

- e o LNt g T i s e Lt fe
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when 6, = 0, x = 0 and the contribution from this term is seen to be zero,
as it should be. As.the overdrive increases i.e., as x + =, the exponential

terms tend to zero and the expression is dominated by

2 1n(2) BYX cos mé  + n sin 06 - (B/n) sin no,
T ox -

2 10(2) Bv’x":.ob n0, nsinng B sinnd

+ — —
T crm B.2)( B.'Zx a Bzx

The most significant contribution is then seen to be given by
2 1n(2) %08 %,
L3 Gl’n 8 '/i-: .
wvhich agrees with the expression obtained for .the hard driven case as

given by equation (4.32).
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APPENDIX E

Solution of

dy, i 2
ST "V RO,

Evaluation of
1 )
€ ‘g exp [(cos 8, — cos ¢)/e] dé
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Appendix El
Solution of
edy, ; 2
T "V, simb -y, (1)
Put b A uv )
‘ then (1) becomes
| 36l . £ L 4y sin 0 - V2 @)
Equate Ea“-gl = uV gin 6 | (4)
to give
dV _sin 6 do
e 6))
from which is obtained
V = exp (-~ cos 6/¢) . (6)
; Now equate
| _
which becomes
-g;--%exp (=~ cos 8/¢) (¢:))]
o .
on cancelling a common factor and using cquation (6) and therefore
1 1 8
S=A*< Jexp (~cosqle) dg @
0
wvhere q is a dummy variable. The required solution is therefore
y, =uv= exp_T(— cos 8/¢) . @ao
A +%§ J exp (- cos q¢/e) dgq
0

TR VR
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Appendix E2

0
Evaluation of -l'- of exp [ (cos ¢, - cos ¢)/e] dé

Figure E1 sghows a graph of the variation of the intergrand over the range
O to 2r. The function achieves a local maximm at ¢ = 7, and the effect
of the small parameter € is to concentrate the majority of the area in

the neighbourhood of ¢ = .

Range 1, 6 c!.ose to Oc
Let $ =0, + q and therefore d¢ = dg’

¢$=0 q_-_e--ec
Also cos 6, -~ cos 6 =g sin e,
Then

L }oloos o ~coside g 1 Zce‘“”c = cos d)/e 4y

Q

1 . @ (cos @& - cos 8)/e
N ) . 4-'_';- f e ¢ d¢
8
0 qsiné /e -0, q sin ecle
= f e € daq+ s Ce dq
-5, po 0 c.
eq sin 0"c/s" (o] eq sin aclc ] - _ec
= sin 0 , & * sin
c -Qc c 0
-0 sin 0 /¢ ,. (@ -0) sin 8 _/e
g G- ¢ SsgppC  ° -1
c _ c

s laeen s RO AL e L . R e r P T e s e b e
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Since ¢ is small the first term approximates to 1/sin 6. and if 6 is close
to 8 the second term approximates to (8 - © c)/ €. Thus when 68 is close to

e c the integral approximates to

1/sin ec + (0 - ec)/e

Range 2, @ c <
In this range the supremum of the integrand occurs at the upper limit
of integration. The substitution @ = ¢ + q transforms the integral into

cos ec - cos 6

- q sin 0/¢
e € e dq

onwo

1l
€
vwhich readily integrates to

exp [(cot 8, = cos 0)/:]. .
sin @ '

which is exponentially large since cos 8, > cos @

Bange 3, w < 0 g 2v
- : .!
In this range the integrand has a local maxima at 6 = v, The

u substitution

T+q=d

converts - cos ¢ into

- cos (nr+ q) = ~-cos 7 cos q+ gin 7T sin q

L&+ Q-q/2)

hence the integral becomes

cos. 0 /e
c +1l/e +=» 2
—— . e ;] e {2¢ dq

. CcOs e*c/e + 1/e

- - e 2ve

. . o . . ol AR o et e R A s
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Note: this value is achieved for © exceeding v by approximately 37/e, the
value of the integral remains essentially constant for values of 0

exceeding r + 3/e°
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Programme to transfer data to computer
and evaluate harmonic content

Error due to false periodic time
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Appendix F1l
Sampling Theorems

1. Definitiom
The spectral density function F(w) of a time signal £(t) is the Fourier
Transform at £(t) agd s given by

‘4o )
F(w) = J £(t) exp (- jut) dt

-l

-

. 2. The Frequency Translation Theorem

If the spectral demsity of £(t} is F(w) then the spectral demnsity of
£(c) exp (jat) is F(w - a) '

By definition 1 the spectral density of £(t) exp (ac) is

4+

J £(r) exp (jat) exp (~ jut) dt

e

= £ £@) exp[ - (u - a)e ] de

= F(p ~ a)

. 3. The spectral demsity of the gate function Gs_(t:, T), defined as unity for

TSe/2Et s T+ e/2

F(w) = ¢ exp(~ juT) Salwe/2)

where Sa(we/2) is the sampling function defined by

SaGue/2) = 22 {0c/2)
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4.

-F2 -

- c.exp (- juT) Sa (we/2)

Pourier Series of an Impulse CRain

Let I(t, Ts) be an infinite chain of unit impulses of periodic time rs i.e.
- .
I(e, T s) a I §(c - kT ’1 where 8(¢) is the dirac impulse functiom

Then the complex Fourier coefficients Cn(jml are

cﬁ(jm) L 1/1" for all n, o

and
L )

I(e, Ts.) - -.}:—- .X exp (jn “sﬂ

'.-.

Proof +T /2
s ,
C.Gu) = f 8(t) exp (- jn mstl de
* - :s/z

The spectral demsity qf an impulse sampled waveform

Let £(t) be a time signal having a spectral density F(w). Then the
impulse sampled waveform FIS is given by
o

a ¢ f(t) &C - nT‘)"'

—g0

f1g

where T _ is the sampling interval

e _TOh e s et e i E
TS s e Fuli s Sl P . s - . .- P R SR, S T L
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then
+» 4o

Prg) = I £GT,) exp (- jrut,)
Alternatively

£rg(t) = £(r). I(e, 'F,l

' = f.(t)(\,‘]';; ieap (oo _t) o from (4)
' : 1 +» $0
FIS("’) -ﬁ-: _..r. £(t) exp (jnmst) exp (- nwt) de
B ' the Translation Theorem
-l - e = e meo =~ Py -the Transla _
T _.z. F(w nm'_l-,__,ﬁ....-._. e e ,w__.
hence
™ o
Frg(w) = T: _E Flp o) = _.t. £@T) exp (- jowT )

Return to Zero Sample and Hold (RZ)

Let F(») be the spectral density of f£f(t) then the sampled-and~held

waveform may be expressed as
£oz (£} = E £@T,) G, (oT, + €/2)

where '.l" is the sampling interval, ¢ is the sample width and Ge \(nT. + %/2) is
the gate function of width € centred on t = (n'l!" + l'=/-2)

Then

Ppp@) = If@T) / G (@I + €/2) exp ¢ jout) de

P N



e, e sy

which by 3 becomes

o
€ exp (~ jwue/2) Sa(ue/2) I f(n'rs) exp (- J.oul )
which by 5 is
. e

Fpy = T—'-exp (- jue/2) Sa(ue/2) _E F(w - w‘)
1
| 7. Don Betum to Zero Sampling (WRZ) )
] In this form of sampling the sample width € equals the sampling interval

T,. From (6) the spectral demnsity will be

o
Pz (@) = exp (- jur_/2) Sa(sT /2) _E Fl - o)

e ot o e DA D s s e BlirBee s e L A . .. . T R ST



R e N e,

e H e e -

o ——
[
|

Otiginal Spectrum of Signal

: _' ~o o .
21 -— e e o T \ L e

1 : §pcc;run of Return-to—Zero Samples Waveform

¢m Zrg —— U - - ' o \ . . © v ——

-~

' Spectrum of Non-Return-to-Zero. Sampled
L. Waveform ' \

nf

Figure ¥l

Effect of Sampling on Signal Spectrum

Ty

iR sk A B S B . TN .- . - - ¥ . .
A I o P g e 2%, Eee Lt . I T I T - I . o




-F5 -

)rogramme to transfer data to computer and evaluate harmonic content

&Eﬁnv.

ﬁa OPEM1. 4

' 1 REM DATA TRANSFER FROM 281 TO' PET

- 2 QRT!\‘T" Lo /] ]

3 PRINT" THIS PROGRAM ENABLES THE 1224 WORD STORED"

3 PRINT" IN THE 981 MEMORY TO BE READ OUT IN SEQUENCE TO THE PET.":
- S PRINTYTHE MUMBER OF  WORDS CR SAMPLES TO BE STORED IN THE PET:

. & PRINTYIS GIVEMN BY (N+1) WHERE M=N2-M1 M2>Ni"; |

7 PRINT", FND Hi,N2 ARE TMC NUMBERS BETWEEN © AND 1823 IMCLUSIVE."

| 3 PRINT"THE ARRAYS ALLOCATED FOR DATA STORAGE  ARE FROM K(@) TO M(H).™;
'3 PRINT*MAXIMUM ARRAY SIZE IS 255." o -
- 12 PRINT:PRINT :PRINT
4=59457 {POKE 3999, PEEK (A)
B=59459 :POKE B,D
C=59468:POKE C.PEEK (C) OR 1
D=32457:POKE D,PEEK (D) AND 227 OR 1
E=53463 :L=8
1§ INPUT -"M1=";N1:'PRINTH#L, "N1=", N1
17 INPUT "M2=";N2:PRINT#L, "N2=",N2
15 IF N2>1823 OR N1<@ THEN 49
F 13 IF N2<NT THEN 48
20 H=N2-Nt -
21 DIM X(N):INPUT"RESISTOR VALUE";RES
- 22 INPUT "VOLTS FULL SCALE=";F -
' 23 PRINT:PRINT*DATA TRANSFER BEGINS.WATCH THE SCOPE"
. 24 FOR I=0 T0 1823
25 POKE C,PEEK {C) OR 224.
| 26 PCKE C,PEEK (C) AND 21 OR 192
27 NAIT E. 2
. 28 IF Nt=CI AND I<=N2 THEN 30
29 GOTO 32 | _
- 39 K=I-N1 . .
. 3t WCK)=PEEK CRI#F/(2S6#RES) | ~
© 32 NEXT I | : .
. 33 PRINT"END OF DATA TRAMSFER"
| 34 PRINT"O® -
. 35 FOR J=N1 TO N2
36 K=J-N1
37 PRINT J, %K)
38 HEXT J .
39 GOTD-30 .
. 48 PRINT"TRY AGAIN"
- 41 IF L=3 THEN 43
| 42 L=L+1:60T0 15

oo feude b'-a. e y.b
O g WP P+ €D




[ T - =
144 B

46 GOTO 19 -
47 IF N<255  GOTO 89
42 PRINT"ERROR ‘ARRAY CAN OHLY HANDLE 255 SAMPLES"
39 PRINT "HOM MANY HARMONICS REQUIRED" - -
31 INPUT H
32 DIM ACHHLY, S
22 IF M0 0OTO 86
33 PRINT "ERROR"
.85 GOTO 41
“36 IF HCNS2 GOTO 89
(87 PRINT "ERROR TOO MANY HARMOMICS REGUESTED"
.28 GOTO 418 |
. 39 COEFF=2.8/¢(N-1)
- 38 K1=m#COEFF
- 21 §1=8INCK1)
- 199 £1=COS(K1)
119 C=t.
' 120 S=0. ;
2t §R§HT"PLEHSE DOM/ T HDRRU' COMPUTATION TAKES TIME"
140 FTT2=X(1) -
159 U2=8.8
159 Ui=2.9
179 I=N
130 UB=R(Ix+2, a*c*uz-u“
199 Uz=U1 . .
289 Ui=lB
218 I=I-1 -
229 IF (I-1>>@ GOT0180
22¢ A(JY=COEFH(FTTZ+CHUL-U2?
24@ B(J)Y=COEF#SHU1 .
258 IF (J-H-8)>@ GOTO 301 |
: 260 Q=C1¥C-S1%S
| 278 S=C1¥S+S1¥C
. 28@ C=Q
298 J=J+1
308 GOTO 158 ]
. 381 PRINT#1,“RESISTOR VALUE=",RES
‘392 PRINT#1, "VOLTS FULL SCALE=",F
L 319 ACLY=ACLIND.S -
311 PRINT#1."DE VALUE=".AC1} -
312 PRINTRL, »COS TERM-. | 'SIN TERM:
- 3 = LY, BCLY tHEXT L
533 - BRENT TroR mnénrruns PHASE TYPE 1,0THERWISE TYPE 8"
340 INPUT ¥ - :
358 IF Y=8 G0TO 418 |
| 368 DIM RCH+1),P(H+1)
'265 PRINT#L. "MAGNITUDE PHASE"
378 FOR L=2 TO H+1 |
| 388 R(LY=SGR(ALL) 12+BCLY 12)
| 320 P(LY=ATH(~B(L)/ALL> Y130 T
488 PRINT#1.R(L) (L) NEXT L




S il By

-_ r7 -.

3.9 PRINT"FCR CHEBYCHEY TYPE 1.,0THERWISE &
28 INPUT ¢ '

329 IF Y=8 CGOTQ 5°9

12 DIN' 30133 |
$S86 FOR E={ TCL 13:'REARD I{E)>: WEVT c

463 DR'H "IJ—Q Béb:‘@-ﬂu.. .H‘J g SSJ-H 15! .‘a Q 15?-".‘.‘ UJ}@*ISJQ.GS-‘@IEEEJI
361 DINBLCHH3) ,
$52 DIM RI1C1I3:

470 FDP =iTQ 12

& #D EX

BICH+2)=9

| 21(H+12>=8

FOR I=H+1T0Z STEP ~-!
B1<{I)=ACI>+MEBL1(I+1>-B1({I+2)

MEXT I

RicE)= (H(1>-31{3)3+BI(:}¥B(E)

MEXT E

"-H+2

DIMF1{13?

DIMTCYY

FOR E=1 TO i3

T{H+2»=0

TCH+1>=G0

FOR I=H TO 2STEP-1 ‘
TCIX=BCI+1 2 +METCI#12-TCI+22

MEXKT I

8 F1{E)=(B(2)-T(32)+T¢ 2)*2*3(5)

21 F1{E)=3@R<1-D(E}T°)*Fl

NEXT E

PRINT#1. "A{MD +/= BC(M)"

531 FOR E=1 TO 1° PQIHT#I RLCED,FICEXNEXT E
032 CLOSEL

L55B END

EHD?.
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App endix F3

Error due to false periodic time

Let f.l.(t) be the periodic wave under investigation, where T is the true
periodic time. Then it may be represented as
+o

f_.r(t) = nf- C-n exp (jnmot) 3 mo'r = 2y Q)

Let the measurement of the periodic time be T, then the signal transferred
for computation will be
+o '
fT' (t) = z C exp (fu £} ; of=2r | )
To determine the modified coefficients Ek' fylt) may be written as

f"F(:) - : C, exp (jnmot) (€))

withOgtsg T

and then

: T
T =2 7 (GG exp Guut) exp (- jki t)dt @)
T 0
¥
. whick integrates to

Ek =ZC exp[- j(nmo - kﬁo) r‘I!"/Z] Sl[(nmo - lﬁTn'o)- TIZI . )
M where S8a is the sampling function
The arguments of the functions in (5) may be modified as follows

]

e - kﬁc) T/2 = (nuolao - k)T

(]
= Ex-k-ne]w (6)
where
.&-.ﬁo.?.ﬁma L e
mo wo

N . «} b N PR - A :
R o e e el :
e FL% = PUTIpS Sppy e . n."‘:tu PP ST TN P - o e - .
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Aw is the error in amgular frequency

and ¢ is the per unit error in 0,
The modified coefficients are then given by

?:'kazcnexp[-j (n-k-ne)n]Sa[(n—k-;ne)w]

n

Note that if ¢ = O then the sampling function is unity for m = k and zero

otherwise and
S %
as expected.

Special Case

Consider the case of a cosinusoidal wave

fT(t)- - co + a, cos ot

= C_, exp [ jmo't) + .C-o + C, exp (imot)

where

€4 =6 a2
Then equation (7) shows that

€, =C, e

8, ] ea,
5'1 = 35— exp (jev) = = exp (- jen)

' Mt .
U—I = y—exp (~ jer) - ——exp ¢+ jem)

resulting in
a =G v,

= T2

)

8)

(@)

(10)

an

(12}

(13 -

D W P S
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and '5'1 = - aer - ezal /4 i - (14)

where Fl is the magnitude of the sine component created by the false measurement

of periodic time which creates a phase error of

[ —a, er :
b = t‘an.1|- ! ]8 -er 15)

|
In a similar manner the second harmonic coefficient Ez of the modified wave
may be expressed in terms of co and a, as
-ca, ea,
C, = wy—exp (- jex) + —5= exp (jem) (16)

which shows that higher harmonics are present in the wave—form which is transferred

to the computer than in the wave~form stored in the transient recorder.

Y P A

el g P
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Effect of Quantising Error

Let one cycle of a waveform be sampled N times, where the samples are
numbered from O to N~1. For convenience take N odd so that N-1 is divisible
by powers of 2. |

The coefficient of cos po, ‘ia .given by

2n

1
=7 of £(t) cos po de )

vhich may be approximated by the sum
-1

N .
2 k2w k2w
ap =g I f(—N—) cos (LN—-) 2)
Now |£Q27k/N) - T(2nk/N| § 1/24 3)

where T represented the quantised level and M is the number of levels available.

r_f"i; is the coefficient representing the quanfis?f wave then "~ -

—, _2|¥1 : =
o -5 | =% =z [eCmsm - f(ZwkIN)] cos (pk2n/N) *)
| L N |cos (pk2n/8) |
& = . cos /N
M 0
o g |cos pk2w/n} - )]
- Equation (5) is readily summed to give
o e .
l‘p. - apl € f ~_ sin (pr/N) ©)
If the (max p)/N is small equation (6) simplifies to
2 P _
SFa+«B . Q)

e e T i i i o Senhi S e e NPl e v e
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Equation (7) gives the error per full scale; the absolute error is then
given by multiplying equation (7) by the system scale factor. If N is-
even the effect of the extra term may be added separately. An identical
argument shows that the quantising error produced in the coefficient of

sin p8 is also given by equation (7).

S-S g .
s e AR A T e o e ed itzame ..

.
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APPENDIX G

Measured diode waveforms
Predicted diode waveforms

Programme to transfer data to computer and
print sample values

Measured spectrum (20 kHz)
Predicted spectral response (20 kHz)
Predicted and measured spectrum (10 MHz)

Harmonic contribution from positive expomential
cusp by method of steepest descent.
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| Appendfx C1

uhunnméraiom{f@wnfpxmp

~ HF S052-2806
37.54 I

. 40000
423142

w d
{IF =

DICDE TYFE
ALPHA=

- TEST FREG=

TEST VOLTS=

: t:’ 1D & =18 E=
. H5= 151
122.65

. 2547433568
. 315663816

) -3.48583873E~05
4 . 254901 96E-63
3 1.08932462E~03
12 7. 23028323E-04
16 4.53159042E-64
20 1.1328976E-04
24 | 8.71459695E-06

L0y}
]

<

i.

160 @
4, 35729848E-85

: 2. 70152505E-04
6.2745095E-04
3.32461874E-04 - - ~
: 1.17647059E=83

24 . 28104575E-03

l

3. 4E~-039

SOURCE RES=
MONITOR RES=

e
=g

A
4

-4-.
4 4
T

RS = 22,65

ce
o

SAMPLES= 127

q
3. 624048

a5



3.4E-09 BS = 22,65

' TEST FREQ= 40000. ~
TEST “OLTS= . 69286 SOURCE RES= SS
YOLTS LE= 3 .2 MOMITOR RES= 45
H3= 152 .=~ ©  .NF= 27 SAMPLES= 125
ET= 122.65 e ’ ’
Y@= '« 294745568 3= .5 ’
e .333872616 . RM= — 133.353143

8 1.74291939E-85
3 2.63180828E-03

& 2.47494553E-83

2 2.23093682E-03

12 1.88235294E-03
15 1.44662309E-03
i 9.41176471E-04
21 4. 13300654E-04
24 -6. 97167 756E-@5
27 ' 1.74291939E-65

;308 . a -

- 33 1.74291939E-@5

. 36 a

39 . P4291939E-05

42 @

45 1.74291939E-85

48 ]

51 - 1.74291939E~65

£« 1.74291339E-@5

57 1.74291939E-65

se 8

53 1.74291939E-65

56 1.74291939E-65

&9 ' 1.74291932E-85

72 1.7429193%E-05

7S 1.74221333E-65

78 1.74291239E-65

31 - a

34 1.74291939E-65

37 1.7429193%E~85
- 90 . 74291939E~-05
33 1.74291939E-05

26 @

29 . 1.74291939E-05

182 1.56862745E-64

F 185-¢ 5. 4830501 1E-64

F 168 - 1.04575163E-03

111 ' 1.53376906E-63

114 1.96949891E-083

| 117F 2.30065359E~03 -

| 12e- - 2.S2723312E-63

123 2.64923747E-03

-

e o TR R S U R T R A U

——r e . S



e NG WRTRVUT

SOURCE RES= 55
: CALE= - T : MONITOR RES=" 45
MS= - .158 . HF= 282 - SHMPLES= 125
RT= - - 122,65 : g
V= x 294745568 ya= 4.
W= . 304709135 RM= — 153, 699?99
8 S5.22875817E-06
3 . 3.16239651E-04
6 2.61437909E-04
2 1.84749455E-04
12 . 1.84575163E-04
15 4.53159042E-65
18 1.39433551E-65
21 3. 48583878E-06 3
24 8 - ' .
27 %)
30 B
33 @ E
36 a
39 -1.74291939E-06
42 8
45 -1.7429193%E~66
48 o
51 a
54 -1.74291939E-66
S7 . 8
58 -1.74291939E-06
63 o
&6 %)
F €3 a
l n.'- g
7S 5
re G
31 g
34 -8
a7 5|
20 %)
23 -
96 g .
29 _ ]
192 1.74291939E-06
" 185 T1459695E-06
. 198 3.31154684E—65
111 8.7 1459695E-05
114 1.60348584E-04
117 2.37037037E-04
120 2.980639216E-04 - - ™
123 - 3.24183607E<04
|

3.4E-82 B8 = 22.65.-
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Appendix ¢2

Predicted Diode Waveforms
Diode Type HP5082-2800
Peak qup-ﬂbltage = 0,7 Volts

Dhﬁb(ﬁxnm;-'

Sample System Voltage

Number (Volts) (amperes)
8 - 59286 2.659881267E-63
3 .584878163 2.63889976E-a3
&6 . 5661884925 2.4597461E-83
2 . 622852853 2.16708514E-83
12 . 68674158 1.7669338E-63
15 . SB2179931 1.26953733E-83 .
18 - . 424163751 £.94401731E-04
21 « 336246318 1.50857765E-04
24 . 230633218 - 1.13294623E-85
2 « 139471693 7. 3197837SE-07
38 835327836 4.33468573E-08
33 -.87680954335 2.51129995E-@9
36 -. 173667113 1.52662911E~-18
39 - 273233398 1.82543893E~11
42 -. 3664525804 8.26499131E-13
43 -. 451389938 8.25379149E~14
48 -. 923713152 1.18062622E-14
=1 -. 387991659 2.8380647VE-15
34 -.636768910° 5.448537B3E-16
37 -. 678741912 2.16798168E~-16
&a -.689365159 - 1.3113772E~-16
62 =. 831978719

.Peak Test Voltage = 0.5 volts

--Sample

Nmﬂng

4
8
A2
1
20
24
28

System Voltage
(Volts)
-499142 )
. 489245256
- 459947479
.412410474

- 348519322

. 278867627

. 18235765

. 88656750989
~.B8124439553
=.111863544
~. 2852906867 .
-. 291370984
-. 365896377
-.425913317
-. 4690408532
-. 433566996
-.498521527

- 1.22085591E~16

uhMe(m:umtﬁ
(amperes)
1.28192719E-63

. 1.21332366E-03

1.01082528E-83
5.8666884E-04 -
+ 2.84761772E-84

. .3.87641355E-05

3.33356814E-086

2.64821222E-67
1.80829323E-88

1.25138567E-@9

9, 7S686856E-11 -

2.48356983E-12
1.26684091E-12
2.43138238E-13
7.71808678E-14
-3.97244123E-14

~ 3.47368214E~14

B ¥ O S, S T
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Peak Voltage = 0.34 Volts

e o

. Sample System Voltage
Number . (Volts)
a « 33936
3 : . 33544661
6 . 323796698
2 . . 3846789483
12 278534281
15 - : « 24596563

- 18 « 207724286
21 ' . 164692074
24 .117861511
27 8683126652
3G . 8171883622
33 -. 8343324817
36 -. 88505614433
39 -. 133828683
42 -. 179589228
S -, 221049766
43 -. 297492156
=1 =, 287295215
sS4 -.3113857523
sv ~-. 3228526651
&8 -. 237618853

€3 =. 338924434

e
-3

‘Diode Current
(amperes)- -

2.72
2

466566E-04

1
1

92258521E-64

« 25842792E-04
. 20840864 3E-64
S5.921365365E-05

2. 44812385E-65

3. 69166544E~06
2.71833375E~-86
V. 62562265E-07

1.99324647E-87

4. 99246815E-08

1.23711149E-68
3. 131234883E-89
8.36164806E-16
2.42699122E-10
v.88013561E-11
2.93734922E-11

1.28593297E-11
6.7390823%E-12
4.2910810685E-12
3.39452736E-12
3.2386@233E-12

L TP I S S
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o e—

._Programme to enable waveform samples to be transferred to computer and

~pthﬂ?vumﬁi~wﬂhss.

I L emes e D T

READY. _
{ REM DATA TRANSFER FROM 281 TO PET .
2 PRINT"™ , .. : :
' 3 PRINT" THIS PROGRAM ENABLES THE 10624 WORD STORED"
4 PRINT" IN.THE 581 MEMORY TO BE READ OUT IN SERUENCE TO THE PET.'
.5 PRINT"THE NUMBER OF {0RDS OR SAMPLES TO BE'STORED IN THE PET“'
" & PRINT"IS GIVEN BY (N+1> WHERE H=N2-H1 N2>N1";
? PRINT". AND N1.N2 ARE TWO MUMBERS BETWEEN @ AND 1023 INCLUSIVE."
3 PRINT"THE ARRAYS ALLOCATED FOR DATA STORAGE ARE FROM X(B) TO X{M>."
2 PRINT"MAXIMUM ARRAY -SIZE IS 235."

1
1
!
!
!
1
1

1
{

-

-

-

[
[~

-
-

-‘

3
3
3

L}

3

4

4

@ PRINT:PRINT:PRINT

1 A=52457 POKE 3999.FPEEK (A '
2 B=59432 :POKE B.& . i
3 C=39468:POKE C.PEEK <(C> OR 1

4 D=59467:POKE D.PEEK (D> AWD 227 OR 1

{3 E=52489 :L=0

& INPUT "Ni=";N1 .
7 INPUT "M2=":N2 ‘
¢ IF N2>1823 OR N1<@ THEN 48

12 IF M2<N1 THEM 48

=68 N=NH2-N1

21 DIM X<{H)

23 PRINT:PRINT"DATA TRANSFER BEGINS.WATCH THE SCOPE"
24 FCOR I=8 TO 1823

29 POKE C. PEEK (C) OR 224 _

25 DC'KE +PEEK (CX AND 21 OR 122

7 HRIT E,; ,
& IF Hi=<I AMND I{=H2 THEN 38

29 GOT0 32

8 K=I-Ni
1 HCK)=PEEK (R}
S NEXT I

32 PRINT"END OF DATR TRANSFER"

. 34 PRINT"Y . :

. 23 FOR J=N1 TO H2 BN
;26 K=J-N1

7 PRINT J,8CKD

h; 38 NEXT J
. 39 GOTO S50
L 4@ PRINT"TRY AGAIN"

1 IF L=3 THEN 43

42 L=L+1:060T0 15

43 PRINT:PRINT"POOR OLD CHAP! YOU CAN‘T EYEM THINK OF TWO SIMPLE MUMBER:
45 PRINT"WELL TRY N1=8,N2=1823"

46 GOTO 19

47 IF N¢255 GOTO S0

& FRINT"ERROR RRRH? CAN ONLY HAMDLE 255 SAMPLES"

S8 PRINT
51 INPUT"TYPE NUMBER";T?PE$¢PRIHTT?PE$
. 55 INPUT"ALPHA IS RS":AA, IS.RS
68 JNPUT"TEST VOLTAGE",VYT:¥T=YT#1.414:PRINTVT
&1 INPUT"SOURCE RES";RG
62 INPUT"TEST FREQUENCY";FT:PRINT FT
33 INPUT"VOLTS FULL SCALE";F:PRINT F
. 84 INPUT"RESISTOR YRLUE",RES:PRINTRES




' _ -G-7"

160 INPUT"NS&NF";NS, NF :PRINTNS, NF

162 SA=NF-NS+1 :PRINTSA

184 TS=2%m/(NF-NS) :PRINTTS .

112 RT=RG+RES+RS:PRINTRT . L 5 '
114 VB=LOGCARKRTHIS). (-AAD : PRINTVE S

116 B=v@+(3/AR) :PRINT"Y3 MUST EXCEED".B . . . -~ ..
118 INPUT"V'3=";Y3:PRINT ¥3 . :
120 \'1=v@+(LOGCAR%CY3-YB) >—12/AA: PRINT ‘1

122 RM=RT#(1+1./(RA%CYI-VB) > ) :PRINTRM

260 PRINT"DO *OU REQUIRE A PRINT QUT OF SAMPLE VALUES 1FOR YES @ FOR MO
281 INPUT PR:IF PR=8 GOTOZ28

262 PRINTI WILL PRINT EVERY J,TH SAMPLE":INPUT"J=";J
283 SC=F.’(2S5#RES) : INPUT"ZERO REF=";F

204 M=M-N1:Z=X(MD

285 FOR K=BTOC(N2-N1> ‘ N

266 XCKI=SCHCHCKI-Z)

208 NEXTK:OPEN1. 4

289 INPUT"HEADINGS":H: IFH=0GOT0220

219 PRINT#1,"DIODE TYPE", TYPE$

212 PRINT#1, "ALPHR=", AR, "IS=", IS, "RS=",RS

213 PRINT#1, "TEST FREQ=",FT

214 PRINT#1,"TEST YOLTS=",VT."SOURCE RES=",RG

216 PRINT#1,"VOLTS FULL SCALE=",F,"MONITOR RES=",RES
217 PRINT#1,"NS=",NS, "NF=",NF, "SAMPLES=". SR

218 PRINT#1."RT=",RT:PRINT#1, "v@=",v@, "v3=",y3

219 PRINT#1,"V1=",%1, "RM=", RM:PRINT#1

220 FOR K=0 TO (NF-NS)STEP J .

222 PRINT#1, K. %K)

224" NEXTK . -

226 CLOSE1 - .

222 LORD"WF™

230 END

' OEADY.

' _Prog:n-&- to-evaluate predisted diode . current-from oquati_ans-..@t). 50} and (3.51)

et - R - -

iR L LS — e i T s J— _
- = g e e e

e . - PR

READY.

18 REM WF . : C ;
12 OPEN1,4:PRINT#1:PRINT#1 , o
- 14 EX=EXP(AR%Y1/L0G(4)>) . C
16 KP=LOG(2)/(AR¥RMEENX) : KN=EXKEX¥KP
" 18 PRINT"I WILL CALUATE EVYERY J.TH SAMPLE"
- 28 INPUT"J=";J:K=8
22 V=VT¥COSCKXTS) : IFV>YIGOTO36
. 24 . IP=KP¥EXP (AA¥*Y/L0G(4 > IN—B 1B=8
26 ID=IP+IN+IE
- 28 PRINT®#1.K.V.ID:GOTO36
38 IP=0:IN=KN/EXP{AA¥Y/LOG(4)): IB- V=-¥12/RM
32 ID=IP+INH+IB
34 PRINT#1.K.V.ID
. 36 IF K>(HF-NS)/2G0T048.
- 38 K=K+J:60TO22
48 CLOSE1
42 END
REARDY..
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Diode Typeln5b82—280a11 T

Source Rasxltance = 500, Monitor Resistance = 50R

Test 1 Peak Volts = 0.848 (0.6 ¥V rms)-—— —-

qi= o 332 e

L. N oo
_—e= -l

RESISTOR VALLE= . )
VOLTE FULL 3CALE= 2
oC VALUE= 1.E2BEE7ISE-22

'-'ﬁ"" TE°r1 >T :._‘ gl =11

- b =

-..53“ E6188E-03 -5, E3B9273E-ES
L. O4537428E-T3 =T FLBC33ZTE-ES
2. 203TFTAIE -0 -4, BEVEV21RE-25
2. JSZ65539E-05 Z.?4=“’=’4E a5
-2.383513952E-a5 1.7617V8647E-BC
-2.8687IETE-ES 1.21512268E-GS

~£.41300492E-05
-1-2110€491E-05

-l :4 q‘:-a.n s‘ﬂ- :-ﬂc
2. T3624052E-35

3. T3EEEZRIE-EE ~3.AV274SFEE-B5

e $REIETSIESCE 3.53?“93°’E as
MESNITUTE PHRSE

1 ETERITRIE-DS Z.39185437

L. O832584VE~-SC $.3288381Z
'4.23?38‘41E-8w £. 55594532
¢ 2,37898233E-85 T«8121734

3. 867I7ETE-E3 : 11.2930525
2.895527401E-85 28.8264351
S.37632B62E-O5 - J. 7784634

5.3%414331E-E3 ' 13.11732%
2. 7485258C8E-83 4. 71266735
1.55266826E-30 -21.1337233




Rl e o) B

e iR bt fem— ¢

Mi= 329
2= 574

RESISTOR VALUE=

WOLTS FULL SCALE=

OC YALUE=

£OS TERM

¥ ?.36452531E-04
S. 3@624503E-04
2.853001 35E-B4

- 9.89527686E-85

-3, 657626E-86

2. 64322943605

-2.54121763E~66
2. 208851E-35 -
2.39861163E-05
2.20851043E-05

“IAGH I TLIDE
7.36294E15E-04
<. 32216452504
2.37308763E-04
3. 21£32635E-05
2,377 21122E-08

. P4CA38S3E-05
593667S2E-06

3
2.22032954E-05

3.2
2. 24D46545E-a5
3. 20041329E-05

 Pesk Volts 0.6V (0.424 V rms

-—— e e o, .

~2.82619206E-05
-4.11337913E-65
~3.39139851E-25
-1, 43389353E-05
2. 874397 76E-05

7. 2946129%E-0

7" "“ "'."' S e T

3. 7o83537VEE-9¢8

-2: 9345890EE~0E

-4.34361955E-2¢€

. -3.11Z463S6E-85

FURSE

2. 13769023
4.4325831€
5. 77201063
3, 22633938

LR R T X B 1o
Y PRI e e i L]

1 4253345

Lw s PIDUT

24. 30032353
T S24335363
2.67374194
3. 25063624




o Ve,

DA ekl

.= C10.-

Test 3 Peak Volts 0.5 V (.354 V rms)

1.E2294507E-05

Ni= 32?
Na= =ve
RESISTOR YALUE= =8
YOLTS FULL SCALE= o1
oC VYALLE= ,  4.43487%55E-D4
CO0S TERM SIH TERM
4.611332E-04 -1.18142643E-65
3. 450717 18E-B4 - -1.59262233V3E-6S
2. B3799657E-04 -1.422622083E-85
3.24733221E-85 -3. 933533743E-06
- 3.36681491E-06 -2.62473176E-06
=1.46333531E-65 1.5845506E-66
-3. 2468867 3E-06 2.364826B1E-06
£.98843645E-86 - 1.6137792E-22
1.99362422E-65 -6, 352926 24E-87
1.58481425E-65 -1.83722197E-85
MAGNITUDE FHASE
%.61224802E-04 1.36287607
3. 45940283E-04 2. 644774532
=. 84295834E-04 2.293235818
2. 29557529E-85 - £.1821337S
2.72954503E-08 15.71155324
1.4719B922E-65 €. 188062388
8.3791931E-86 15.; 3194’5
5.20858523E-86 -. 132835311
1.59514827E-85 ;.,s32195=

3. 61767352
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- Test 4 .- Peak Volts 0.4 ( 283 v mL i

Mi= - 324
N2= S74
RESISTOR YALUE= =0
YOLTS FULL SCALE= .35
DC_YALUE= 3.06146316E-04
COS TERM SIN TERM
2. 19622213E-84 3.34533219E-06
1.72186109E-04 4.90251035E-06
1. 11663236E-84 3.34691039E-86
5. 527 74548E-65 1.794208359E-0€
1.31993314E-05 - ~3.56615136E-87
-3. 70892663E-07 ~1.89934604E-05
-3. 76355238686 ~2.86981882E-06
-2.87143651E-28 -1.38215487E-£6
4.38797696E-0E . ~6.87366361E-a7
5, 37503878E-06 - -B8.88715326E-98
MAGNI TUDE PHASE
2. 19647539E-04 -. 872673995 .
1.7217592E-04 -1.63165164
1.11732969E-04 -2.02436577
5. 63068434E-85 -1.8268511
1.81338267E-05 1.12312001
1.33506631E-06 -78. 9739229
4. 32045323E-06 -28. 7704917
:.3824851E-06 -58. 399573
4.42951215E-96 > Geaselns
§. 37S€0492E-06 . 729987083

[
e o tmeaga
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Predicted Spectral-xesponne

Bi-linear approximations fitted at Va volts

Effective turn voltage Vl volts
Effective total resistancq;nn -

JI0DE TYPE HP S882-2800.1
ALFKA= 37.54 I3= 3.4
SOURCE RES= =

o
f:'l
[
in

MOMITOR RES= S8
TCTAL RES= 122. 55
ig= . 294745563

°EﬁK VOLTS= . 343

! '3" ) ] 5

= ' .333872618

M= £33. 3‘3143 '

BIHS FRCTOR= Z.0124213

OYERDRIVE FACTOR= 2.341382453

HLHpEF CF HHPND!ICS
3, 32555834E-04
1.583134551E-83

1. 333537 35E-03 o . .
e L2 1282E-84 o 7. 47315345228 D
-1.S619824E-05 o . 1. 33821353525
-1, 4E28577TE-54 L 3E3RBE23E-05
Ity 231g-pg bi-linesr it e
2.352693:5-05 I.i18gnEiieng
=, 31 440400808 ! Z.IiTEEgiE T
2, 3004 4565E-C3 LLIDEIEIETEIE.
-2, 477 I7343E-4S : : -2, TTi3ssic-2s ) + (o)
. . . . F—d -'11 -._., -'-.'-.—!— - -
. : Z: :'r:'r::‘?;: tar -CE
1, 38753406E-96 T -1l 42871 555825
© 3, 133E0239E-37 : |
-1, TETESTeE-ES o
-1, 328533 35E-08 ®) o 3.41954134E-04 -
. 4,45353594E-25 positive _ 1.533242325-35 :
e ?‘_”g 13783E-95 exponential ' - 1‘ g%geg?ﬁ"E-BB
3 :q;?:gigiggs cusp | 17951595 -0
"'.‘...: il - Y g ) -1.1 it
. 2.38£5837E-06 - s -1.224867796-04 (&) + (b) + (c)
52.?1391:’3 -33 | -6.29171863E-95 '
?i‘gzgxa@-;p-nz _ D 2.38851448E-65
) - . . _— &.4154502E-05
: ' , 3. 44324782E-85
3, 40 2S243I5E-26 _ ~32.90469638E-85
L. 3EETI0IE-AS '
-2, Z2A45528E 05
2. 3129177020 (o)
-5, 3551 .‘..-":::"" T negative . )




I0DE TYPE
LPHA=

aF SQSf-fSDEf

-.-."". D] '1'

- Gl3 -

Lk
-

iy

b
I
i

L]
Y
(i

(®B) + (c)

(a) +.(B) + (L

QURCE RES= 50
ONITOR RES= . 58
OTAL RES= 122.65
Q= - . 294745568
EAK VOLTS= .6
3= .3
1= . .322500019
M= 138.567716
iIAS FACTOR= 8.73318247
VERDRIVE FACTOR= 1.56386266
LE= 1. 00332666 RADIANS
NGLE= S57.4863833 DEGREES
LMBER OF HARMONICS = 18 |
4. 18965314604 |
7.58157021E-84
5. 50333157E-04
£l ssisazoc
» "4 o £ o B % § = N e
4.0795123%-05 41 tinear 2 G05e1 1ok €
6. 9962985E45 -1.89824474E-05
3. 2783037855 3. 4B342592E-05
3.234116626-06 -1.38233733E-05
2. 7612399503 3.54873259E-65
1.34101858E-0B5 5. 15932658E-05
sos e s
g iy ) 24y -@a5
_g}gggg§§§?g:gg -3. 36966896E-05
1. 7572151 1E-85 —+. 81352934805
e
3.7 &= positive ' -
3.5438181E-05  exponential o
' 5.80861112E-85 cusp - 5:32%99?15-94
‘_.32155351E;35 2.513192355;34
4. 74385724505 6. 77 989856E-25
8. 38896@64E-85 -5..30759799E-06
f4 Jeejslze-a3 ~4.36971519E-06
| Bl
;g-ggg;ggggg:gg -5, 10842901E-B5
2. - - -2.97281936E-05
1, 40429633E-06 :
-2, 92232099E-06
r3.3851255E-96 (o)
SRS
. JE =~ Py TRRY e
4.20098914E-96 mapo o Y T =
1. 37609698606
-2. 30703318E-06
-4, 352687 1E-06

.....



- - ea e e

30URCE RES= =)

MCHITR RES= =
TOTAL RES= 122.85

W= ' ._,4 745568

PEAK vLTS= .5

= --l".l'.lr

L= 312 953915

== 143.534543

RIR: FRCTCR= £.53171281

SERDRIVE FRCTOR= 1.23228185

AMGLE= . 825080216 nﬁﬂ;hla

AHGLE= S8.2485784 f DEGREES

HUMBER GF HARMOMICS = -8
2. 3P5Z8S24E-B4
4 4:33343ﬁE-94 -

3. 45702492E-04

:...336 43E-04 . .

2. COVESVB2E-ES (a) 1.12674672E-B5

7 £3833213E-06  pilinear 3.12570517E-06

-.¢G4B5B4IE—95 . ~1.52S46026E-0T
3. 58188777VE-GS -4.1183€321E-8S

-1.53941r3 E-85 -3.87640233E-85
c.38262634E-86 2. 445234234E-05
L. SE73I5AB6E-OS 3.25647611E-8S

_ 7.37235026E-65

-2, 26647233C-28

T. 15 ﬁgqcbs_as -1.1: QSQISQE‘Q‘T
. S0S13262E-88 1.47&*&7bo5‘34

-..S2E15547VE-BS
3.7 5S2ST11E~-83 '

“IlEaTa331iE-35 ki 2. 56736061 E-04
DTIZEIPIE-E  Deniienera) 31560554 596 04
201505287 AT-85 cusp 3.22457255E-234
TLHTEETTi5E-85 1.75732461E-94
-1 3B732713E-8S » 5.4872C44E-05
- L. 22423773E-04 3.2186321C%E-8S
-1. 35382363204 4.862425V1E-GS

4.27846251E-ES
_ -f.556964355*9=
4. 3872101 2E-06 1. 14876475E-04
E.SEESEQSSE-BS 1.3:@:283:5-5%
> ge 435;9?
e G d - g
. .':“:368’3?E—$36 & ive
= $3033763E-G6  exponential
“LSETSITOTE-B7 by
S« I2673113E-B6
4. 337 790E-BE
2. 33668472E-06
-1.7B6V01 1SE-B6

(b) + (c)

(a) + (b) + (e)
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10DE_TYPE " HP 5982-2300/1 © . . ,.

SOURCE RES= 50 '

MONITOR RES= - 58

TOTAL RES= 122.65

¥o=- . . . 294745568 : i

VDLTS- - .41

ﬁ?: = 3@4_?:39135

RM= 153. 690799

BIAS FACTOR= 3.25133628

OVERDRIVE FACTOR= . 900273647

ANGLE= . 732965268 RADIANS .

lcms LE=. 41.3958737 : LEGREES

\MUMBER CF HARMOMICS =. 18

 1.0558%1 43E-94

| 2. 30156354E-24 B -,

1. 525S0368E-04
3 3 O5a609E 0 R
7’ 2E8833E- ' T
3. STSS3265E-05 (a) {. -«274335—95

. 4,32041959E-96 bi-linear 1- 1SS77616E-G5

~1.38501869E-5 f 31.‘969485 -26

1. 74923029E-05 | ‘ -4. 23835133E-95
-1, 29797579E-05 ; -3.13469281E-85
-3, 54223355E-06 | -2.373547S1E-06 .

1 /o 5.91634135E-05 o

i e  1.17136964E-84 (B + (e)

31533200686 - I 7.68371574E-05

< 3. 52575096E-E6 ..~ —%.324323669E-05

" 23ra353E-05 4. -1.54566875E-04

i £, 3 1rasségg—gs ) | Py :

j—f 143‘33 -85 positive .7 ... .
4.21987328E-06 exponential . -\ ‘,{: §3§125955‘34
."..26'3""65?2E-$35 cusp | iy 2.11714115E-04.

L. 1346221 2E-84 -0 1.09644898E-04
7. 49113556E-05 | 8.363226466-05
-4, 717S2738E-05 . - 2 %gfgggfg‘gg

| 1 - 565323395E-04 I ? 3 4938331E—65 Ga} + (14 ()

- 3.75311779E-06 ; iz Je -85

| 2.37208151E-86 - :frggggégmi-@ﬁ

| 1.D4292679E-06 * - -39209259E-64 - _

-1.21296552E-06 _ ' SR :

e

-41 1 - R

 -3.52224366E-06 exponential . .

1.26525493E-06" CUsP
t. 325801 75E-86

- 3.76 1 54&35-96

& 74291191E-06 -

R3= 22.65
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Predicted and He_a_su-fed Spectrum
Pr;diéted' Specétum |

_282

QDE wpg : HP_Si |
%PHH . 35 ] I53= 8.3E-89 RS=8.05
SMURCE RES= 59
~ MONITOR RES= 50
TOTAL RES=. . 108.85
Vo= - ‘.26?631882
PEAK MOLTS= . - = 47
Ma= . -
Vi= . 292266574
o= 123.576283
BIAS FACTOR= 3.04511133 :
OVERDRIVE FACTOR= ~ . .. 1.25938595 |
AHGLE= 899701456 . RADIANS
ANGLE= 51.549098 DEGREES -
SUMBER OF HARMOMICS = 5
2. 7ATTIS32E-04
4, 99648669E-04
3.37651931E-84 (a) -
2.41858%71E-84 pi-linear —
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Appendix G7

Harmonic contribuﬁion from positive exponential cusp (using
method of steepest descent).

Using the "normal" form of the positive exponential cusp current

the harmonic contribution may be written as

ot ! coc(n%*u).exp['%(x*ﬁ)z]dx w
where . -

o n(2) 8 |

8= 8, * %

The cosine function may be replaced by the complex exponmential fumction
exp[-j (n.eo + nx)] and therefore

a," l‘e-:—A-exp (=jn Oo) ! exp[-'%(z-b ﬁ(’)z - Jnx] dx €4)
o .

vhere Re denotes the real part is to be taken
By completing the square in the exponential contained in the intergrand
the integral may be written as

a,=B Iexp[-'%(x+zo)2] dx (5)
[« ] X
wvhere
Belem (o¥/20) exp[ u(g - 0] \ | )
and Z_ = [x + jn/B | (7)

=3
The integral in (5) may be written as an integral in the complex plane

as follows:—

I-i"gxp-[—%(x-l- Zo.lz]dx-éexp[—-%’(z-ﬁzo)z] dz (8)
"1 .
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where the path of integration T, is the real line and Z = x + jy.

The complex integral in (8) may be written concisely by means of the

gubastitution
zZ, = Z+2Z , 9)
so that
I= [exp (- -g- 212) dzy (10)
T
2

where T, is the iine parallel to the real axis starting at Zo, i.e.
y=jin/g, [ftex<= an
Lines of constant magnitude and phase may be obtained by observing that
2,2 = &* - y%) + j2ny . 12)
and therefore
exp (- % z]_z) - exp[--g- G - yzl] exp[ - jBxy] (13)

Lines of constant magnitude and phase are shown in Figure Gl. The

origin, z, =0, is a saddle point. The initial limit of the integral,
Z
number n, and the bias factor B. Since the function to be integrated

= [x + jn/B, is dictated by the degree of overdrive _/'x_; the harmonic

is analytic, Cauchy's Theorem allows the path of integration to be
distorted along a line of constant phase i.e. maximm descent, as
shown in Figure Gl.

For the case [X = 0, the lines of maximum descent consist of the

axes y = 0 and x = 0.
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2
° 2 ® " 8 2
-rexp[%—]jdy+fexp[-7x]dx_ (15)
n o
B
EEE I SENE- (15)

where Y represents the value of the integral along the imaginary axis.
aye = 1o {2 emp - 0”/20) [ 5T + /T'i—; ]} (16)
- :-:‘;‘,—iﬂ em (- ;Z/zs_) /’2’?;
- %:34’- /% exp (- n2/26) an

Equation (17) gives the harmonic contribution when the overdrive
fi-' = 0 and is wniform for all harmonic numbers., For sufficiently large

bias factor B, (17) may be approximated as

;"g:z—)'- %—5 (1 - n2/28) ' (18)

which is the limiting case of equation (4.41) used to compile Table (4.1).
It will be observed that the non—zero integral along the y axis does not
contribute to the harmonic content.

For [x > O the integra]. in (10) wmay be transfofmed by the conformal

mapping.

w=u+jv=z?= @+ in (19)

I=/f exp[_.&ZZJ'dz - QQL%NZIM
T L ZMIT o, s
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where Tvo is a line of constant phase given by

v, = Zﬁ"nIB (21)

and therefore

o[- f e
u

du
o 2 /u-l-]Vo

Bu

€22)
u, /u + JV

(23)

where u = )\(2 - nzl'Bz-

For sufficiently large 8 and since u 4= 0 on T_ then the integral in

o
(22) is dominated by values close to u_.
The substitution
u=u + () 24)
converts (22) into
- ;_6_) ‘48
(25)
(26)
[ ) [ ] z
since w = u_ + ]Vo - zo. an

Application of Watsons I.emam) now gives an asymptotic expansion for

large B , 1.2,

ra bl {_E_,'; 2 ,I-L 38 ... 28)
2z°’9 exp sz 2 8 g b

BZ
i - 2
‘82 m[.T]+ocjal

9)
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Substituting (29) into (5), combining the exponentials and selecting the
real part we find that the contribution to the harmonic component from

the first term of the asymptotic series (29) is given by

_2aa(z) Co8 (6, * ¥)

nd mrm o + 8 X Ll [y
where tan ¢ = n/g jf‘ i (30)

Eq;mtion (30) is uniform for all ha:r."monic numbers n, and resembles
the form of the denominator for the expansion of the negative cusp harmonic
contribution, which were exactly integratable. Regretably (30) does not
contain the case of zero overdrive— ag a limiting form. If [x = 0, but
n #+ O then since the integral is dictated by values of t:he- variable close
to the supremum of the function the process would force the'integ:al to
be purely imaginary which as has Been seen does not contribute to the
Fourier coefficients. If both JX and n are zero then Z, = 0 and the

expansion of the denominator of (26) is not possible.

-
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