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ABSTRACT 

A method of non-linear device identification derived from the 

measured spectral response to a sinusoidal drive i s developed. From 

these considerations the concept of dynamic characteristics i s proposed 

as a generalisation of the s t a t i c characteristics. An example of the 

design of a frequency multiplying c i r c u i t based on the test spectrum 

i s given. Important parameters such as internal capacitance and 

characteristic conductance are derived i n terms of the components of 

tine test spectrum. 

The effect of series resistance on the performance of exponential 

diodes i s fully discussed. Three new diode models are proposed:-

( I ) a two-term functional expansion, 

( I I ) a logarithm!c approximation, 

( i l l } a bi-linear model with exponential correcting cusp. 

Model (£11} i s used to develop expressions to predict the spectral 

response to a sinusoidal drive voltage and the importance of the 

curvature of the diode characteristic I s discussed. 

The effect of parasitic capacitance on the performance of l a t t i c e 

mixers i s examined and the resulting angle of delay in the diode 

current i s predicted. 

A new spectrum analyser system i s designed and developed which 

i s capable of measuring harmonic amplitudes and phases up to a irariimna 

frequency of 1 GHz. 
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CHAfTER 1 

INTRODUCTION 

This report i s concerned with the analysis, and subsequent 

experimental verification, of the response of passive non-linear devices 

to periodic excitations:. I t i s the rule rather than the exception that 

the variablesdescribing the behaviour of such physical systems are not 

directly proportional to one another, i . e . they are related in a nonlinear 

fashion. A vast body of knowledge exists concerning linear systems and 

in some practical situations the restricted ranges, of .the variables 

or a small degree of nonlinearity allows the application of linear theory 

in the analysis to predict the performance. However, in the f i e l d of 

el e c t r i c a l communication systems the processes of frequency conversion,, 

a l l forms of modulation and demodulation, the generation of carrier 

frequencies from a lower frequency, crystal-controlled, oscillator depend 

for their operation on the nonlinearities of the components.. Indeed, 

i t can be said that electronic communication systems as we know them 

today would be non-existent i f only linear devices were available* I t 

i s apparent therefore, that the need for a conceptual and quantitative 

understanding of the nonlinearitie* and their effects i s essential in 

the study of such systems* 

Additional to the i n t r i n s i c nonlinearities a l l solid state devices 

exhibit parasitic effects such as semiconductor bulk resistance, stray 

capacitance and inductance. Some of these parasitic effects may be 

linear, such as diode package capacitance. Other parasitic effects are 

themselves nonlinear, e.g. diode depletion layer capacitance, which of 

course adds to the complexity of the overall system. Unlike linear 



- 2 -

systems, a unified simple nonlinear theory does not exist and thus the 
nonlinear nature of devices used i n frequency converting systems introduces 
severe mathematical d i f f i c u l t i e s into the analysis. 

Before the onset of readily accessible digital computers the afore­

mentioned mathematical d i f f i c u l t i e s forced many investigators to introduce 

severe restrictions into their analyses in order to obtain information 

regarding frequency conversion processes. The understanding and the 

accuracy of predictions are related to the degree of approximations made 

to obtain the analytic solutions* With the advent of high speed computing 

f a c i l i t i e s , more detailed numerical information may now be achieved -

these re s u l t * being invaluable to improve and optimize the design of 

frequency converting c i r c u i t s . However, the numerical form of the results 

does not readily aid i n the fundamental understanding of the frequency 

generating properties and behaviour of nonlinear elements. 

There are three main groups of passive nonlinear elements namelyt-

( i ) r e s i s t i v e elements, 

Cii) reactive elements, 

( i i i ) negative resistance elements. 

Group ( i ) includes devices such aa Schottky barrier diodes, point 

contact diode* and backward diodes. The voltage-current characteristic* 

of these device* are of the exponential form 

i « I exp C«v) — I ft s 

Elements i n group Cti> include varactor diodes (abrupt and graded 

junction). The incremental capacitance of these elements follows a law 

of the form 

C - c o / a - v /v T - ) Y 



where the index Y l i e * i n raAge 1/2 > Y *• V 6 for practical diodes 

Both groups of elements display a diffusion capacitance due to charge 

storage effects and this phenomenon has been exploited i n the step-

recovery diode used to produce high order frequency multiplication. 

Group C i i i ) contains elements such as tunnel diodes, gunn effect diodes 

and impatt diodes. These devices are generally used i n a free oscillation 

mode, i.e. autonomous, systems, i n which the frequency of oscillation 

i s essentially dictated by the imbedding network. Elements of this kind 

w i l l not be considered. 

The response of exponential diodes to sinusoidal drives has been 

the subject of many investigations. The simplest approach by Torrey and 

Whitmar^ was to assume that the diode junction voltage was sinusoidal, 

the harmonic components of the current, are then given by the well known 

Bessel function. 

In 1963, Kahng snowed that the terminal behaviour of the diode 

deviated from the true exponential form since the voltage drop across 

the series substrate resistance resulted i n a non-sinusoidal diode 

junction voltage and consequently the diode equation must be modified 

to 

i — I exp CoV - a i r ) - I 
8 S 

This equation- i s implicit i n the unknown current, and i n order to 

predict the harmonic content of the current Mill expanded the above 

equation into a powers series in. the applied voltage. The computation 

of the derivatives of this function to give the Taylor series coefficient 

i s labourious and requires numerical computation i f a large number of 

terms i s required. More recently K a t i b ^ 0.976) approached th i s problem 

from a similar point of view and showed that the coefficients i n the 

power series expansion could be represented i n terms of S t i r l i n g numbers 
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of the second kind. However, the resulting series for the harmonic 
components were found to converge extremely slowly. From the aforegoing 
remarks i t i s obvious that at present there i s no known analytic solution 
for the exponential diode which includes the effect of the series 
resistance. 

In view of the extreme analytic d i f f i c u l t i e s encountered to obtain 

the large signal behaviour some authors^' ^ have made the simplifying 

assumption that the diode with series resistance may be represented by 

a piece-wise linear model switched between the diode reverse and series 

resistance levels* This bi-linear approximation considerably simplifies 

the analysis but clearly ignores the curvature of the diodes character­

i s t i c i n the neighbourhood of the turn-on voltage. 

To improve design and optimize performance many investigators have 

obtained the large signal solution by numerical means* Indeed i n 1572 

a numerical investigation by Glover ̂ et. a l . into a single diode mixer 

showed that the bi—linear approximation i s sufficiently accurate when 

biased in the mark-space ratios from 0,1 to 0.9-* For mark-space 

ratios less than 0*1, required to realize low loss condition, i t was 

found that the bi-linear approximation i s not sufficiently accurate and 

the diode must be represented by i t s exponential characteristic with the 

series resistance* 

As the demand to operate mixers at higher frequencies increased i t 

became clear that the effect of depletion layer capacitance must also be 
fay 

taken, into account. In 1970, Liechta incorporated the capacitance 
effect into the numerical analysis i n order to investigate the noise 

foy 

performance of mixers. The numerical analysis of F i e r i and Cohen in 

1973 verified that the diode junction voltage departs significantly from 

a sinewave. The effect of diode junction capacitance on conversion loss 

was also examined by Mania and Stracca^" 0^ i n 1974 with the assumption 
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that the capacitance was constant; again the large signal solution being 

obtained by numerical methods. 

The depletion layer capacitance which appears as a parasitic in 

resistive diode c i r c u i t s has application i n i t s own right in frequency 

multiplying systems. In such systems the diode i s biased so that forward 

conduction i s not allowed and harmonic generation results from the non­

linear depletion layer capacitance. Legson and Weinreb^ -^ have obtained 

a small signal analysis for general values of the index y oy expanding 

the nonlinear q-v characteristic in. a power series having a limited 
(12) 

number of terms. In 1965. Scanlan and Laybourn presented a large 

signal analysis taking into account the modification of the diode wave­

form due to the harmonic output when the index y " 1/2, but mathematical 

d i f f i c u l t i e s necessited numerical solutions for general values of y 

In recent years attention has been focussed on the step-recovery 

diode used to obtain high order multiplication of frequency. I n i t i a l l y , 

i n v e s t i g a t o r s ^ ' ^ represented the charge storage capacitance as a 

perfect capacitor under forward voltage conditions and zero capacitance 

when the voltage was negative, i . e . a bi-linear capacitance. An 

alternative approach by Gardiner and fTagiealla^"^ was to represent the 

step-recovery effect as a charge-controlled switch. This allowed the 

device to be represented as a time-varying element which permitted the 

application of linear c i r c u i t theory. 

The aforegoing remarks clearly indicate that the main method of 

attack to obtain the analytic information has been through piece-vise 

linearisation and power series expansion. Only in the isolated cases 

(exponential diode with no parasitica, the varactor diode with y * 1/21 

i s the nonlinear problem solvable directly in closed analytic form. In 

a l l cases the analyses have proceeded from a precise mathematical law 

of the device and i t i s logical to assume that a l l the information 

o 



necessary to predict the behaviour of a nonlinear device must be present 

in the spectrum produced when i t i s driven with a sinewave. 

In this work i t i s shown that nonlinear devices may be assessed by 

their spectral performance and the information i s made available i n 

terms of Chebyshev polynomials. The coefficients of the Chebyshev 

representation are directly related to the spectral response of the 

device. The concept i s analogous to system identification testing and 

indeed a device or system may be represented in analytic form even 

though precise mathematical laws are not available. This approach to 

nonlinear problems also leads to the generalisation of device character­

i s t i c s i n terms of dynamic time-domain portraits. Such portraits contain 

information relating to resistance, reactance, energy storage and may 

be of value in selecting high quality devices from large production 

yields. The technique i s regarded as a generalisation of the power 

series expansion method which has not been used i n t h i s context before. 

Whilst the Chebyshev expansion procedure appears to be useful, 

information may often be determined by other forms of analysis. A 

technique which has had some success i n handling nonlinear problems i s 

perturbation t h e o r y l e a d i n g to solutions i n terms of asymptotic 

expansions.. Apart from obtaining the small signal behaviour of mixer 

circ u i t s as a perturbation of the large signal solutions t h i s method 

has not i n general been applied to the devices and systems previously 

mentioned., The perturbation methods available have greatest u t i l i t y 

when the solution required i s perturbed from a known solution by the 

presence of a small parameter and therefore have applicability i n 

determining the effects of parasitica . 
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A successful application of a perturbation technique, similar in 

character to the c l a s s i c a l method of variation of parameters, i s the 

analysis of the exponential diode with a series resistance. The essential 

elements of this original analysis have been published by the author et 

al and the paper i s reproduced in Appendix Al. 

Another successful application of perturbation methods in the form 

of matched asymptotic expansions was the prediction of the effect of 

package capacitance on the switching waveforms of balanced mixers. This 

analysis has been published by the author et al and i s reproduced i n 

Appendix Al. 

In Chapter 2 a method of device identification based on the spectral 

response to a sinusoidal test drive i s developed. A frequency multiplying 

network i s studied to demonstrate that spectral information may be of 

considerable use in predicting the performance of non-linear devices 

embedded i n frequency selective c i r c u i t s . 

Chapter 3 deals with the st a t i c characteristic of an exponential 

diode with series resistance. Three new mathematical models are developed 

which may be used to predict the diode current in terms of the applied 

voltage and the device parameters.. In addition the proposed models also 

predict secondary parameters, i.e. diode turn-on voltage and effective 

diode forward resistance, in terms of the basic diode parameters. 

The dynamic response of an exponential diode with series resistance 

to a sinusoidal voltage drive i s examined in Chapter 4. A bi-linear 

model with exponential correcting terms i s used to demonstrate that the 

current waveshape changes from a gaussian to an offset sinusoidal pulse 

as the voltage drive i s increased. The harmonic components of the diode 

current are also predicted and their dependence on bias voltage and degree 

of overdrive beyond the turn-on voltage identified. 
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Chapter 5 i s devoted to an investigation of the effect of parasitic 

capacitance on the switching, performance of a la t t i c e of exponential 

diodes. The predicted delay in conduction of the diode has considerable 

effect on the frequency converting properties of balanced mixers. 

The development of a computer aided harmonic measuring system i s 

described i n Chapter 6. The system described i s capable of measuring 

both magnitude and phase (or real and imaginary parts) of the Fourier 

decomposition of a periodic wave. The effects of sampling and digitising 

errors on the accuracy of the system i s f u l l y discussed. 

Chapter 7 contains descriptions of experimental investigations and 

summaries of experimental test results for comparison with the theoretical 

predictions made in preceding chapters. 



CHAPTER 2 

RON LINEAR SPECTRAL ANALYSIS 

2.1 Modelling of non-linear devices from their spectral response 

The usual approach i n analysing non-linear frequency converting 

networks is. to use as the Basis a theoretical equation derived from 

the physics of the device Being used. Such analyses are valid provided 

the precise lav i s known. In many instances however, the law i s only 

approximate and i n t r i n s i c parasitic effects may not Be known accurately. 

In addition,it may Be necessary to introduce severe approximations into" 

the analysis to obtain a closed -form solution. 

I f a non-linear device is- driven By a single frequency 
t ........ 

drive (voltage or current} i t i s logical to assume that the generated 

spectrum contains a l l the necessary information required to model the 

device. Consequently-the spectral response of.a large signal 

dynamic test w i l l contain information on effects which mayBe amplitude 

and/or frequency dependent and may not Be present with s t a t i c testing 

procedures. The t e s t spectrum w i l l also ^cTude/information reflecting 
^ - i - — , — — , 

stray sef facts. . . . . . . . 
C17X . 

The technique used i s the inverse of a method proposed By Lewis who, 
showed how to determine the harmonic response to a sinusoidal drive. 

QgJ. ^ 
The method was extended By Douce to. include- the case., ojf randomTsfgnals 

f i l l 
whilst KaryBasaa applied i t to oBtain the descriBing function for 

use i n non-linear control systems. 
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2.2 The Chebyshev representation 

The connection between the device characteristic and i t s spectral 

response nay be expressed in terms of Cfiebyshev polynomials. To appreciate 

this, consider the case of a pure non-linear resistor driyen-by a 

sinusoidal voltage. 

If. the applied voltage i s 

v - V cos 8, (2.1) 
where 8 • cat 
then the resulting current nay Be represented by a Fourier series as 

i - I 72 * Z I cos n6 (2.2} o l n 

From actuation (2.11* the angle 8 may be expressed as 

8 - cosT 1 Cv/?X C2.31 

which when substituted into G2.21 gives 

i - I 72 + Z I cos n Ccoa 1 v/V) (2.4) o ^ n 

leading to the Chebyshev expansion since these polynomials may be 
defined a s ^ 2 0 * 

Xn(x) - cos (n cos" 1 x> C2.5) 

and. (2.4> can then: be written 

i I 72 + Z I T (v7Vj (2.6) o ^ n n 

The case of a sinusoidal current drive may be treated similarly with -jpi 

t r i v i a l change, in notation. 
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From this analysis i t may he concluded that 

(al i f the device i s driven over i t s maximum working range and 

the harmonic spectrum i s measured then the characteristic 

£a the i-Tr plane i s given By C2.6), 

(Ji) conversely given the i-v characteristic over the range - V to 
A 

* V then the harmonic spectrum to a sinusoidal drive of 
A 

magnitude V may he predicted using the Chebyshev 

expansions. 

I t i s not possible to obtain a pure resistive element and especially 

at high, frequencies; apparently resistive devices w i l l exhibit parasitic 

reactance. I t i s therefore appropriate to indicate how the characteristic 

of a non-linear reactance i s related to i t s spectral response. The q-v 

characteristic i s determined as for the resistive case provided 

harmonic components of charge (jsJLaxe measured, 1 Since i t i s mucb> easier 

to measure»,>Sttrrettt i t i s better to obtain an equivalent iHr 

characteristic, if: the applied voltage i s given by C2.11 then for a 

pure non-linear capacitance the current w i l l be of the form 

i - S I s i n n6 (2.71 
1 n 

Again using (2.3) the current spectrum may be written as 

y i - cv/n j i n cv/v> C2.8i 
t 

where: the Chebyshev polynomial* of the second kind are defined as 

The i-v characteristic i s double-valued and forms a closed loop i n the 

i-v plane and i s symmetrical about the v axis for a purely reactive case. 
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The general case of a non-linear resistor and non-linear reactance 

i s now easily treated for a sinusoidal voltage drive.. In whioh 

case the current w i l l have the form 

i - I /2 + Z f l cos n6 + I sin n/| C2.10) o j i rn xn j 

which has the corresponding i - v representation of 

1 ' V 2 + \ T n * " C v ^ > 2 V l ] < 2 ' U ) 

In order to obtain this representation i t i s necessary to measure 

the in-phase and quadrature components of die harmonic currents C l ^ 

and . This i s indeed possible up to frequencies of the order of 

1 GHz using the system outlined i n Chapter 6. 

2.3 Properties of Chebyshev polynomials 

Since Chebyshev polynomials appear to be naturally related to the 

spectral response of non-linear devices i t i s important to appreciate 

some of the salient features of these functions. Proofs of the following 

statements may be found in Snyder :-
(1) Chebyshevpolynomials are orthogonal over a closed"interval, 

(i i > of a l l possible orthogonal polynomial approximations to a 

given characteristic die Chebyshev representation has the 

least deviation^ 

( i i i ) i n the class of ultra-spherical polynomials,the Chebyshev 

polynomials display the strongest possible convergence, 

. (Taylor series displays the weakest),, 

Civ) the error created i n truncating a Chebyshev series i s of 

the, order of thfr f i r s t term neglected. 



- 13 -

The speed of convergence of Chebyshey polynomials i s aptly 

illustrated by calculating exp(x>, - 1 $ X < *> to within 1% by Taylor 
series- and Chebyshev polynomials.. The former requires five terms of 

the series whilst the latter only requires a three term expansion. 
(211 

This economisation process has been used by Holt e t . a l . v A to approximate 

the transfer function of distributed KG transmission lines. 

2.£ Dynamic portraits 

r A natural generalisation of a s t a t i c characteristic is. the dynamic 

characteristic of the device obtained by eliminating time from the 

equation JC2.10) which i s the Chebyshev representation of C2.ll>. 

Such a characteristic may be termed a dynamic portrait of the device. 

Such a characteristic can easily be displayed on a cathode ray o s c i l l ­

oscope (C.R.0.1. Some typical dynamic portraits are shown in Figure (2.1). 

Certain information may be determined by examination of the portrait 

of a device* 

(a) i f no reactance i s present the portrait i s single valued. 

Cb) i f the portrait i s a closed loop then reactance i s present. 

(c> i f the loop i s symmetrical aboatthe horizontal ex£& then the 

device i s purely reactive, 

(d) the wider the loop the larger the reactance. 

2^5 Small signal equations 

With the Chebyshev representation established from test i t i s possible 

to determine the behaviour of a non linear device for small signals 

superimposed upon a d.c. bias by expanding (2.61 in a Taylor series about 

the bias point. To do this l e t 

http://C2.ll


(a) non-linear resistance (b) non-linear r e s i s t o r with 
(exponential diode) p a r a l l e l l i n e a r capacitance 

: 

1 

Cc) non-linear capacitance 00. non-linear resistance and 
(reversed biassed diode) non-linear capacitance 

(exponential diode + depletion 
layer capacitance + diffusion 
capacitance). 

Figure 2.1 

Typical Time Domain P o r t r a i t s 

V e r t i c a l axis-current: Horizontal axis-voltage 
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v -° E * v (2.l2i 
9 

where 

v ™ a coe 8, 0 - ut C2.13) 

with 

W < v 

then 

•» E * v 
i * i r T C » °I G.141 

o n n V 
and for small v the Taylor series approximation i s 

8 

o V o V 

E I T Of/A + v i E n U . <£i 
o n n V s v o * - l v 

- E I T 05/V) + - 7 E n H . (E/V) 
o n n * 7 1 n 1 

- 6 0 + 6 X \ (v a/a> C2.151 

°» 
where B - E I T (E/V) o n n o 

and 6. - •£ E n U . (E/VX (2.16) _ 

V I n L 

Thus i t i s possible to deduce small signal behaviour from a large 

signal dynamic teat whilst i t i s not possible to deduce large signal 

performance from a single small signal test. 
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2.6 Tine varying parameters 

Once the harmonic spectrum of a non-linear device i s known i t i s 

also possible to predict time varying parameters such as incremental 

conductance or resistance for use in mixer analysis where the small 

signal source voltage i s superimposed on the large local 

oscillator voltage. 

The incremental conductance i s the slope of the i-v characteristic 

which changes i n sympathy with the local oscillator drive thus 

4r'A/« * I I cos n8) 

dv/de d/dd Cv cos o>e) de 

n I s i n nS n (2.17) 
V sin 6 

Now g(t) i s obviously periodic with period 2ir and furthermore g(t) i» an 

even function of 8 and so the Fourier expansion takes, the form 

g(t) * gQ/2 + Z g^ cos nfr (2.18) 

Equating (2.17) to (2.18), cross multiplying by V sin 9, and comparing 

coefficients yields the following two sequences of equations 

8 o - 8 2 " 2 V v * h ' h m 2 l 2 ^ 

*2 " «4 " » *3 " «5 ' 2 V V 

etc etc (2.19) 
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The solution to the above in f i n i t e sets of equations i s accomplished 

by noting that I n * 0 as n •+• « and therefore ̂  + 0 as n + •. 

I f the set of equations containing the even coefficients of g are now 

added together then 

g = £ I C21c - 1} , (2.20) 
° Vk-0 ^ 1 

and consequently 
a* 

g - 1 Z (2k - 1) I _ . . , n - 0, 1, 2 .... (2.21) 
z n Vk-n 4 

In a similar manner the odd coefficients of g may be shown to be 

2 * 
g 9 n . , - 4 E 2k I , n - 0, 1, 2 .... (2.22) 

Alternatively, the coefficients of the incremental conductance may 

be found by direct Fourier Analysis. The p th coefficient i s given by 

2ir E n *n n S 

g - - / Ĉ -s •• )cos p6 d0 CZ.23> 
~ * o V s i n 9 

which i s readily evaluated by contour integration to give the same 

results as (2.21) and (2.22). 

2.7 The analysis of multiplying ci r c u i t s using C^byahey Polynomials 

As outlined in section 2.2 the characteristics of a non-linear 

capacitance (varactor diode) can be derived by measurement of the 

current spectrum when the device i s driven with, a single frequency 

forcing function. Neglecting any resistive effects the current 

spectrum w i l l be of the form 

• * 
i - - I 1L sin k6, 6 - tot C2.24I 

fc-1 K 
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when the applied voltage i s 

v - V T cos 6 C2.25) 

where v i s the deviation from the d.c. Bias level and V T i s the peak 

value of the test voltage. Integrating (2.24) gives the charge 

q - Q. + Z a c o s f c e (2.26} 
^ fc-1 1 6 

where QQ i s the constant of integration, and - - I^/kto 

With 

x - v/VT (2.271 

equation (2.26) becomes 
•» 

q - • Z Cv T k(x) C2.281 
k-1 

which i s the algebraic representation of the device characteristic. 

Consider now a frequency doubler c i r c u i t as shown in Figure (2.2). 

Higher order multiplication systems may he analysed using, an identical 

procedure» The two tuned circuits are assumed ideal so that the 

input cir c u i t operates at frequency u whilst the output ci r c u i t 

operates at frequency 2m. 

The output voltage from the system w i l l therefore he 

v 2 - V 2 cos (20 - • ) (2.241 

A 

where V 2 and 4 have to he determined. The voltage existing across 

the non-linear capacitor i s then given By 
A A 

v - V j - v^ - cos 8 - V 2 cos C2B - • ) C2.30I 

which i n terms of the test voltage may he represented as 

x — a cos 0- - b; COSL (26 - $1 (2.311 
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where a « V j / V T 

b «= V 2/V T (2.32) 

with 0 < b < a S 1 

A 

Equations(2.30)and(2.31) assume that the applied voltage w i l l be 
A 

less than V̂ ,. This i s necessary since the second harmonic voltage 

developed at the output may enhance the voltage across the .non-linear 

capacitance during a fundamental cycle such that - may exceed 

V j . I f i s taken as maximum possible working voltage across the 

device, then the device could breakdown due to second harmonic 

"punch through". Thus there i s a constraint on and v^ such that 

max |-Vj - v 2 | $ V T or |acos6 - bcos (26 - 4>)|« 1 (2.33) 

The charge spectrum e x i s t i n g on the non-linear capacitor i s given from 

(2.28) and (2.31). Because of the presence of the two tuned c i r c u i t s 

i t i s only necessary to evaluate the fundamental and second harmonic 

components of these equations, the appropriate expansions of equation 

(2.28) up to the term involving are given i n Appendix B l . 

The expansion i s limited to terms i n since examination of t y p i c a l 

spectra of varactor diodes shows that the harmonics of the current 

are l e s s than 5% of the fundamental current for harmonic numbers 

exceeding three. Furthermore, the charge spectrum i s related to the 

current spectrum by 

and w i l l consequently diminish more rapidly as ku increases. 
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Using the expansions developed i n Appendix Bl the input and 
output charge spectra are given by 

r 2 2 *T 

L (2.35) 
-|2ab Q2 sin tj sin 6 

q 2 - b Qt cos * + a 2 Qg - 3h Q3 (b 2 + 2a 2 - 1) cos *J cos 20 
* [~ b Q l a i n * - 3b Q3 ( h 2 + 2a 2 - 1) sin 4>J s i n 20 

0.36) 

The input and output current spectra may now be obtained by differentiation 

*1 " " [* Q l " 2 a b Q 2 c o a * * 3 a Q 3 C* 2 + a * " 1 ) ] w 8 i n 9 

- (2.37) 
-|2u ab sin 4 Q2 cos 0 

i 2 « - 2m b Q1 cos • * a 2 Q2 - 3b Q3 (B 2 + 2a 2 - 1) cos *j s i n 20 

+ 2(i3 b QL sin f 3 b Q3 <fc2 + 2a 2 - 1) s i n *Jcos 20 

C2(38) 

To interpret the engineering implication of the above two equations, 

consider f i r s t the output current, and define 

cos 20 - Bfc exp C- j 20) (2.39) 

sin 20 - Im exp C- j 201 (2.401 

and consequently i 2 may Be written as 

i 2 - - 2ub sin + 3Q3 (B 2 + 2a 2 - 1)] 

- j 2uB cos f j ^ * 3Q3 (B2 * 2a 2 - 1)J (2.41) 

* j»« 2 Q 2 



Equation (2.41) divides the output current into three component 
2 

c u r r e n t s a s shown in Figure (2.3al. The last component (jwa Q^) i s 

independent of the output voltage 'V, depending only on the input 

voltage 'a', and may therefore he interpreted as the current injected 

into the output circ u i t by the voltage applied to the input c i r c u i t . 

The other two components of the' output current depend on the output 

voltage. These two components of current may he related to the output 

voltage 

(2.421 
V 2 " V 2 c o s ^ 8 ~ 

— V 2 cos 4 - j V 2 sin <fr 

by an admittance T (as shown i n Figure (2.3&11. Thus, 

2o>h (Q, + 3Q, OB2 * 2a 2 - l l ) (sin > > j cos •) 
T - i — — = - s — (2.431 

V^Ccoe • - j sin $1 

which rationalises to 

T - i 2 ^ ^Qj + 3Q3 ( h 2 + 2a 2 - 1>J (2.441 

and i s the admittance of a capacitor 

Q. + 3Q, (b 2 + 2a 2 - 1) 
C, - - i i (2.45) 

VT 

The output c i r c u i t must be constrained to operate at the second harmonic 

and the presence of the above capacitance as an internal element of the 

non-linear device w i l l alter the resonant frequency of the output f i l t e r . 

To obviate this problem i t i s necessary to conneet a shunt susceptance 

at the load terminals of equal but opposite type to the internal 

susceptance of the device. 



• 

i 

V, (cos 4 - j sin <fr) 2g 

i 2 g - jtoa2 

i 2 t + V " j " b °*1 + 3Q3 C&2 + 2a 2 - 1) (sin * + j cos *) 
Figure 2.3(a) 

Current Balance i n Output Circuit of Frequency DouBler 

3 
1$ l2g 

cancels 

Figure 2.3(6). 

Equivalent Circuit of Output of Frequency Double* 
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In practice the outputtuned circ u i t w i l l Be constructed to resonate 

above the second harmonic when not connected to the device. When embedded 

into the circ u i t the effect of C 2 w i l l be to detune to the required 

frequency. Trimmer capacitors w i l l also be added for f i n a l tuning. 

The current which w i l l flow through w i l l be antiphase to the 

current through the capacitor C 2 leaving the component (jwa Q 2) to flow 

through the load conductance G^. The output voltage w i l l then be 

V 2 cos • - j V 2 s i n • - j(o2a2 Q j / ^ C2.46I 

which implies that <J> - ± ff/2, 

and consequently 

V 2 - - 2aa 2 Q^Gj, sin ( i i r /2^|. C2.471 

A 
To make V 2 positive then 

• - - * / 2 C2.48I 

This last result i s i n agreement with the numerical analysis of Scanlan 

and Laybourn^ 1 2^. 

Analysis of the input proceeds, i n an identical manner and i s 

simplified by the condition that cos $ » 0 and sui <j) 1 • Complex 

notation i s introduced by 

cos 9 ° Be exp 
C2.491 

sin • - 1m exp C- j«l 

and the input voltage i s taken as * cos 9. The input conductance 

to the system i s eas i l y shown to be 

G x - 2w V 2 Qj/V^ C2.50J. 
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which by (2.43) may be written as 

G, - 4a,2 V x
2 Q 2

2/V T
4 ^ (2.51) 

The second harmonic component of the test spectrum i s given by 

I 2 - - 2u) Q2 (2*52) 

and therefore (2.51) becomes 

G l " V r 2 2 / V T 4 ^ C 2 , 5 3 > 

Define the test transcoudactance by 

G21 * V V T ( 2 , 5 4 1 

allow C2.53) to be expressed as 
V 2 

G l G L * C G 2 1 ) 2 , r i 2 " C 2 , 5 5 ) 

VT 
Since the device i s assumed lossless the conductance 6^ i s the 

reflected image of the load conductance G^. The load i s operating 

at the second harmonic components of frequency whilst the conductance 

accepts power at the fundamental frequency. 

The input capacitance of the system i s readily found to be 

Q. + 3Q, ( a 2 + 2b 2 - 1) 

T 

and the input generator c i r c u i t must include an inductance to cancel 

th i s capacitance to permit operation at the fundamental frequency 

Maximum power transfer through, the system w i l l be obtained when the 

source conductance Gg equals the input conductance G^ and by (2.551 this 

i s given by 
f 2 

G S % ' t G21> 2 * T f 2 ' 5 7 * 
VT 
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Equation (2.57) defines the impedance transforming property of the 

multiplying network, in an analogous manner to say a quarter wavelength 
2 

transformer where Z. Z. - Zrt . I t i s therefore convenient to define a 
in l u 

characteristic conductance for the system, as 

60 " 621 V * T ( 2 * 5 8 ) 

and to design the system to work between G0 * 6^ * GQ. I f the actual 

system conductances between which the multiplier must work differ from 

GQ then passive impedance changing network can be added to the input 

and output: as necessary. The complete equivalent c i r c u i t for the 

multiplier i s shown in Figure (2.41. 

The effect of resistive losses i n the non-*linear capacitor can be 

taken into account from a knowledge of the test spectrum. The test 

spectrum w i l l be of the form 
•a e» 

i - Z I _ cos k8 - Z I s i n kO C2.591 
1 

where 1 ^ represents the harmonic amplitudes' of the resistive portion of 

the spectrum and 1^ represents the amplitudes due to the capacitance effect 

of the device* Equation (2.591 segregates the two components of current 

to represent the device as a parallel combination of a non-linear 

resistance and a non-linear reactance as shown in Figure (2*51. The 

same voltage appears across the two non-linear elements and thus the 

fundamental and second harmonic components of currents flowing in these 

two elements may be determined as shown previously. The components of 

currents flowing i n the non-linear capacitor w i l l be as given by equations 

(2.37) and (2.38) and the components i n the non-linear resistance w i l l be 
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v T cos e NLD 

i - I C I ^ cos 6 - 1^ sin 0). 

N.L.D. Non-linear device 

Vj. cos 6 . NIK. 

* i _ 

z r_ cos. e 

i x - - r 1^ sin e 

N.L.R. non—linear resistor 

N.L.Z. non-linear reactance 

NIX 

Figure 2.5 

Parallel Representation of a Non Linear Device 
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L r « £- b I j ^ cos • + Q2 1 ^ - 3b Ig ( b 2 + 2a 2 - 1) cos #J cos 28 

b 1 ^ sin * - 3b 1^ Cb2 + 2a 2 - 1) s i n * j sin 26 
(2.60) 

t r * j a 1 ^ - 2ab I j ^ cos • + 31^ a Ca 2 + 2b 2 - 1)J cos e 

- 2ab 1 ^ s i n • sin 9 
C2.61) 

The second harmonic component has terms independent of b, the normalised 

output voltage, and this represents the current injected into the output 

ci r c u i t by the input. These are, 

i g - + a*" I j ^ * j 2u>a~ Q2 
* „ _2 (2.621 

where complex notation has been introduced by means of (2*39} and (2.40). 

The admittance representation of the remaining second harmonic 

currents i s 

[QX * 3Q3 0> 2 * 2a 2 - i x j (Sin 9 * j cos *1 

V 2 Ccoo $ * j sin •! 
Y « 2oib 

b 1 ^ Ccos $ - j sin *1 3b Zp <b2 * 2a 2 - I I Ccos • *• J s i n $ i 

V 2 (cos • - j s i n $ i V- Ccos • - j sin •! 

\ 
Cb2 + 2a 2 - 1^ 

j2o Q, 
1 * T ~ 0 T * 2a Z - U 

» G 2 + j2u C 2 
(2.631 
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which. represent the internal conductance and capacitance of the device. 

To constrain operation of the system to the second harmonic the load 

must include an inductance to cancel the internal capacitance C 2. 

The output current now available to develop a voltage across 

the load i s that from the constant current generator, equation C2.621 

together with the resistive current through G 2
 ttB^ therefore 

^ V 2 Ccos • - j sin *1 « joi2a 2 Q2 * a 2 1 ^ 

C2.64) 

- j j h l j ^ * 3b 1,^ C&2 * 2a 2 - 11J Ccos * - j sin *) 

which, separates into real and imaginary parts 

{°t *2 * [ > \ * 3 b \ * * 2 " U ] } <*>* • " & Z ^ 6 5 > 

*2 * * ®* * ft2 " a** 2 Q2 <2.6ft 

The unknown phase s h i f t 4 may be determined from the ratio of the above 

equation as 
2 

-2wa Q, -2w Q2 

tan * 5 (2.671 

In practice for a reverse-biassed varactor diode the current due to the 

parasitic resistance w i l l be very small and consequently the phase must 

be close to - ff/2 as given for the lossfree case. Define 

• - 6 - */2, $ small C2.681 

and therefore 

cos <fr « - tan 4 * - "L^luQ^ 

2fflQ, " I 2 
lM • 2 - 2 C2.641 
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Equation (2.69) i s the ratio of the second harmonic components of 

the test capacity current to the resistive current and i s a measure of 

the quality of the device. I t i s independent of the input and output 

voltage depending only on the device parameters as measured by a large 

signal spectrum test. Furthermore equation (2.62) (the injected current 

into the output circuit)- may be written as 

i - j2ma 2 Q, (1 - jtf) (2.70) 
«2 * 

which indicates the change i n the current due to the presence of 

resistance. 

The output voltage may be obtained from (2.65); and (2.661 by 

squaring and adding to give 

1 + (2a 2 + b 2 - 1} 
\ 

-J (2toa2 Q 2 ) 2 + a 2 I ^ 2 

(2.-71I 

The l e f t hand side of equation (2.71) can be simplified provide^: 

I j ^ / I j ^ « 1 and also the right hand member can be modified with the 

aid of (2.64) therefore 

V 2 (fi^ * - 2«a2 QjJ 1 + 62 ' 

or a.721 

V z - 2«a2 1 + d 2 y (6^ + 8 l ) 

where 

*1 * \ / V T 

which may be defined as the fundamental loss conductance. As the parasitic 

effects are reduced to zero, the lossfree situation i s recovered. 
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The input circ u i t may be deduced by taking <fr • - /2 so that 

cos <j» - 0 and sin «>«-!. The input current i s then approximated by 

i . - a in [ i j ^ + 31^ ( a 2 + 2b 2 - 1)| + 2uab Q2 

+ j«a JQx + 3Q 3Ca 2 + 2b 2 - 1)J - j2ab 1 ^ 

C2.74) 

where as before * cos 6 

The input admittance i s then given by 

in _ _ 2 _ 
T l T I V T \ 

1 + -5-^ Ca 2 + 2b 2 - 1) 

\ + 3Q3 Ca 2 + 2b 2 - 1) 2V2 1 ^ 
V ~ 2 T ttV* 

(2.75) 

Operation of die input c i r c u i t at the fundamental frequency i s maintained 

by including a source inductance to cancel the capacitance term i n 

equation (2.75). 
4 

The input conductance to the system i s then given by 

31 2to f 2 Q2 \ 

* V 2 Q2 . 
, 2 * g l 

1 * ( a 2 + 2b 2 - 1) 

(2.76) 

provided I ^ / I j ^ « !• 

By (2.72) the input conductance may then Be expressed as-
.2 - 2 

1 ^ t m i + + «i 

where Ĝ ^ i s given by equation (2.541. 

The complete equivalent c i r c u i t i s shown i n Figure 2.6. 

(2.77) 
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The input conductance consists of two parts 

i ) the reflected conductance of the output c i r c u i t (load plus 

device conductance), 

i i ) a conductance to. absorb the power loss associated with the 

input circuit. 

I t remains now to determine the permissible values of the input signal 

in order that breakdown of the device can be prevented due to violation of 

equation C2.33). 

a cos 0 - b sin 20 $ 1 (2.78) 

and therefore 

a < sec 6 - 2b sin 6 (2.79) 

This equation i s plotted in Figure (2.7) and ill u s t r a t e s the permissible 

values of fa* and fb* which sat i s f y equation (2.33). But 'a' and rb* 

are further constrained by equation (2.43), i,e. 

V 2 « 2(ua2 QjjA^ (2.80) 

which may be rewritten as 

a b G L7G 1 2' (2.81) 

Equation (2.81) i s also plotted with the ratio G j / G 1 2 a* a running parameter. 

The point of operation of the multiplier must l i e on one of these quadratic 

curves and l i e within the permissible working range. For example i f 

G L -*= G 1 2 then maximum value for *a' w i l l be 0.68 and the maximum value 

of *bf w i l l be 0.47 as given by point P. I f 'a' i s reduced to say 0.6 

then 'b* w i l l reduce to 0.35 (point Q) on the curve GjVGj^ ~" 1. 

The complete performance of the system can now be specified including for 

example the input power, output power and efficiency. 
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2.8 Discussion 

The aforegoing analysis shows that the performance of frequency 

multiplying circuits can he predicted in terms of the spectrum of the 

non-linear device to a sinusoidal drive. I f the device characteristics 

are known the methods developed in this chapter are s t i l l applicable 

provided the Fourier Series coefficients can be evaluated. 

Important ratios of spectral components which influence the 

performance of frequency multiplying systems have been identified. 

These are:-

Ci) the transconductance 6 ^ " I^/V? 

C i i ) a Quality Factor 1/5 - Ijl^ 

The above parameters are independent of input and output voltage and are 

properties of the non-linear device, obtainable from spectrum testa. 

The conductance changing property of frequency multiplier systems 

has been demonstrated to depend on the • transconductance (again a property 

of the device) and the possible use of a characteristic conductance to 

simplify design has been introduced. 

A disadvantage of the proposed methods i s the necessity to expand 

the Chebyshev representation of the device characteristic for a complex 

drive-. Provided- .the spectrum of the device- reduces rapidly for an 

increasing harmonic number the technique i s acceptable. 
* 

The analyses presented here i s being employed by D.F. Oxford to 

design shunt and series frequency multiplying circuits using strip line 

and coaxial resonant c i r c u i t s , and incorporating the effects of i d l e r 

circuits into the analysis. 

and C i i i ) the loss conductance g 

* Ph.D. research i n frequency multiplying, systems. 
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Suggestions for Further Investigations 

1. Determination of transductance, quality factor and loss conductance 

from time domain portraits. 

2. A numerical method of obtaining the modified spectrum when the device 

i s stimulated with a complex drive. 
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CHAPTER 3 

THE EXPONENTIAL DIODE WITH .SERIES RESISTANCE 

S t a t i c C h a r a c t e r i s t i c s 

3.1 Introduction 

In t h i s chapter-attention i s focussed on the c h a r a c t e r i s t i c s of a 

Schottky-Barrier diode whose current v a r i e s as the exponential of the 

junction voltage. A l l p r a c t i c a l diodes possess p a r a s i t i c spreading 

resistance i n s e r i e s with the diode junction. Any t e s t c i r c u i t devised 

to v e r i f y a n a l y t i c r e s u l t s w i l l have a source resistance which 

increases the e f f e c t i v e device r e s i s t a n c e . When the source voltage i s 

s u f f i c i e n t l y large to drive the diode hard into conduction the b i - l i n e a r 

approximation i s adequate.. I n other s i t u a t i o n s , such as the reverse-

biased diode mixer c i r c u i t arranged to obtain minimum conversion l o s s , 

this approximation breaks down and the curvature i n the neighbourhood 

of the diode turn-on voltage must be taken into c o n s i d e r a t i o n ^ . I t 

i s therefore necessary to solve the p r a c t i c a l diode equation, i . e . 

A l l previous attempts ' t o solve t h i s equation have used the power 

series expansion method which f a i l s because of the slow rate of 

convergence. 

This slow rate of convergence i s due to the rapid change i n the slope 

of the diode curve i n the v i c i n i t y of the turn on voltage. The approach 

adopted i n t h i s work i s to determine a. functional expansion. I t w i l l be 

seen that the solution requires the sum of only two 'functional terms to obtain 

the necessary accuracy, the second term being a small correction to the 

i * I exp (oV - o i r ) - I 
s 

(3,4) 

(3.1) s 
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f i r s t term. The rapid convergence of this two-term approximation may 
be attributed to the fact that each of the functions i s ./written i n a 
closed form and replaces the power series expansions of the aforementioned 
methods. As the two term expansion solution of equation (3. l ) i s original 
a complete derivation i s given within this chapter. 

3.2 The Normalised Equation 
The solution to equation(3.l) i s best approached by modifying i t to 

a suitable mathematical form F i r s t , we rearrange the equation as 

( i + I ) - I exp fCoV * o r l 1 - ctr(i + I )1 C3.2) S S I s ^ I 

which leads to 

I — A exp (- Ctrl) (3.3) 

where 

A - I exp (<xV + a r l ) (3.4) 
8 8 

and 

I - i + I (3.5) s 

Further modification gives 

I/A = exp (- arA I/A) £3.6) 

which may f i n a l l y be written as 

x - exp (- x/e) (3.7) 

where 



_ 33 _ 

x - I/A « ( i + I ) / I exp (oV * o r l } C3.8) 
B I B B 

and 

e ° 1/arA = l / o r l exp (oV * o r l ) C3.9) 
S 8 

Equation (3.7) i s the simplest form of the equation (3.1) whilst 
equation (3.8) and (3.9) are the transformations which enable the 
solution, i n terms of the original variables i , and T, to be recovered. I t 
is of interest to note than this type of implicit exponential equation 
occurs i n connection with black body radiation and with the s t a b i l i t y 
of differential-difference equations (22). The method outlined 
above may be used to transform any equation of the form 

Ai = B exp (oV * c - bi) * C, b > 0 (3.10) 

into equation (3.7) and therefore the results obtained for the diode 
equation may be of direct use i n other areas of science. 

3.3 The First Term Approximation 
Mow that the diode equation is. reduced to i t s modified form, 

the variation of the roots of the equation can be displayed graphically 
for different values of the parameter e. In Figure (3.1) the roots of 
equation (3.7) are shown as the intersections on the curves y *» x and 
y • exp (- x/e). Also shown (broken lines) i n Figure 3.1 are the 
approximate roots obtained i f the exponential term is replaced by a 
linear approximation, i.e. 

exp (- x/e) * 1 - x/e C3.H1 

leading to 
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x « 1/C1 + l/e) C3.12) 

I t w i l l be seen that the ratio of the exact root to the approximate 

root varies from 1.01, through 1.096 to 1.7 as the parameter e varies 

from 10, through 1.0 to 0.1. This argument suggests that i t may be 

possible to find a better approximation by introducing a modifying 

factor to the solution of equation C3.7) i n the form 

x « fCe)/Cl + l/e) 0.131 

where f Ce) i s a slowly varying function with f W ™ 1.0. To determine 

the unknown function fCe), equation C3.13) i s substituted into equation 

€3.7) to obtain 

fCe)/Cl + l/e) - e x n [ ~ ] O.M 

The logarithmic equivalent of C3.14) i s 

I n fCe> - I n a + l/e) - - fCe)7a + e) C3.15) 

The function fCe) i s greater or equal to unity and therefore In fCe) 

i s always positive. Since fCe) changes slowly for large changes i n e 

then InCfCe)lwill change even more slowly* The second term i n equation 

(3.15) i . e . lnCl + l/e) behaves as£- InCeJJ as e approaches zero. The l e f t 

hand side of equation(3.15)is therefore dominated by thi s latter term 

and i t i s therefore possible to neglect In f Ce). This enables fCe) to 

be found as 

fCe) - a + e) In a * l/e) C3.16) 

I f C3.16) i s now substituted into C3.13) the f i r s t term approximation 

to the root of C3.17) i s obtained as 

x * e In CI * l/e) C3.17J. 



- 35 

I f e i s very large Figure 3.1 shows that x approaches unity and equation 
(3.17) then becomes 

On the other hand,, i f e i s small the root of equation (3.7) must approach 
zero and for this condition equation (3.17) becomes 

Thus equation (3.17) has the correct asymptotic behaviour. For in t e r ­
mediate values of e i t w i l l be seen from Figure 3.2 that (3.17) follows 
the general trend of the exact function but is- not sufficiently accurate. 
I n Figure 3.2 the exact function i s computed by assigning values to x 
and calculating e. The computed results from which. Figure 3.2 i s derived 
are given i n Table 3.1.. 

3.4 The Two. Term Approximation 
The accuracy of the approximation may be further improved by 

obtaining a more accurate equation for f ( e ) . This may be accomplished 
by assuming 

where f 0Cel i s given by equation (3.161 and fjCe) i s assumed to be a small 
correction, i . e . 

x « e In (1 + 1/e) * e. 1/e •»• 1 C3.18L 

x « e In CI * 1/e) • e In Cl/el 0 (3.191 

fCe) - f QCel * f 1Ce) €3.20> 

f (Pi - tJA Cel/x ofel] - f o f e l [ 1 * • ] <tf 1 * £ (3.21X 

where 
z - tj/t9 « 1 C3.221 
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Table 3.1 
* 

E X e 
r-.0001 .0009 .0000 

.0003 .0024 .0002 

.001 .0069 .0009 

.003 .0174 .0029 

.01 .0461 .0098 

.03 .1060 .0294 

.1 .2397 .0971 

.3 .4399 .2888 
1.0 .6931 .9631 
3.0 .8630 2.9267 
10.0 .9531 9.8959 
30.0 .9836 29.8827 
100.0 .9950 99.8774 
300.0 .9983 299.8757 
1000.0 .9995 999.8753 
"3000.0 .9998 2999.8790 
9999.0 .9999 9998.9418 

calculated from inverse of equation (.3.7) i.e. 
- -x/lnCx) 
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With this assumption (3.17) then takes the form 

ln£fo(l + •)] - l n ( l + l/e> - - f Q C l + z ) / ( l + e) C3.23) 

which upon rearranging and cancelling common terms becomes 

(1 + e) In f + (1 • e) In Cl + z) « - f z C3.24) o o 

For small z the term In Cl + s) nay be replaced by z to give 

Cl • e) In f Q + Cl • e) z * - Cl + e)£ln Cl + l/ejs C3.25) 

which i s readily solved to give 

The improved value for the function f (e) i s now given by 

fCe> - (1 + z> £ - f + zf o o o 

- a* e) In Cl + l/e> - ^ V l ^ C l ^ ljl)^ ln[Cl* e) l n Cl + 1/e)] 
C3.271 

The two term approximation for x is- f i n a l l y obtained, i.e. 

x - fCe)/(l + 1/e) 

- eln Cl • l/e> - [ In [ a + e) l n Cl * l/e)J 
C3.28) 

The above i s also plotted i n Figure. 3.2 where i t i a compared with the exact 
function from which i t can be seen that the approximation to the exact 
solution i s extremely good over a wide range of the variable e. The 
commuted results from which, the graph, of two term approximation shown i n 
Figure 3.2 i s derived are shown i n Table 3.2 



Table 3.2 

e x e 
r 

.0001 .0007 .0000 

.0003 .00018 .0002 

.001 .0052 .0009 

.003 .0129 .0029 

.01 . .0034 .0098 

.03 .0758 .0294 

.1 .1713 .0971 

.3 .3248 .2888 
1.0 .5594 .9631 
3.0 .7689 2.9267 
10.0 .9119 9.8959 
30.0 .9681 29.8827 
100.0 .9901 99.8774 
300.0 .9966 299.8757 
1000.0 .9990 999.8753 
3000.0 .9996 2999.8790 
9999.0 .9999 9998.9418 

*As f o r Table 3.1 
e r ~ -x/lnCx) 
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3.5 Solution i n Terms of I n i t i a l Variables 
Equation (3.28) has been shown to be a valid mathematical solution 

for the transcendental exponential equation, however to appreciate the 
physical implication of the solution i t i s necessary to transform 
equation (3.28) to the i n i t i a l variables by means of (3.8) and (3.9). 
Before quoting the f i n a l result i t i s useful to examine the relation 

Between e and V, i.e. 

1/e - a r l exp (eV +• a r l ) 
S- o~ 

(3.29) 

obtained by inverting (3.9). The multiplier of the exponential a r l _ 
may be incorporated into the argument of the exponential by introducing an 
auxiliary voltage V q , i.e. 

o r I g - exp (- oVo> C3.30) 

Consequently equation (3.29) may now be written, i n the form 

1/e * exp (oV - oV q) - exp (u> C3.31) 

where the term a r l i n the argument of the exponential has been 
s~ 

-9 
neglected since I i s of the order of 10 , and 

u - c»CV - V > o (3.32) 

The two term approximation may f i n a l l y be written as 

'£ * r - — i a CI + e u) s or 
t to-CXI + e"") In (1 + • a 3 

1 * £a (1 + a ) 

(3.33) 
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Graphical comparisons of the one-term and two term approximations 
with the exact diode equation are shown i n Figures (3.3) and (3.4), 

respectively. The v a l i d i t y of the two term approximation i s immediately 
apparent from Figure (3.4) and to appreciate i t s accuracy a numerical 
comparison i s made i n Table (3.3). The percentage error between the 
voltage recovered from the exact diode equation and the true voltage 
for a given current ranges from - 0.0028% at 1.9 volts, through - 0.1196Z 

at 0.3 volt8 to - .0002%. at 0.1 volts. The solution i s an extremely 
good approximation to the exact diode equation. The accuracy i s 
maintained for other values of x, r, and I and has been checked for 
values of r ranging from 10 to 1000 ohms. 

3.6 The Significance of the Logarithmic Form 
Although one term approximation i s not s u f f i c i e n t l y accurate i t i s 

useful to examine i t s behaviour as i t highlights the physical nature of 
the device governed by an equation of the form 

I f V > V , and since a i s large (typically of the order of 40) then 

cv - v ] In I 1 + exp a ar C3*34) 

exptCy - va)] » 1 C3.35X 

and equation (3.34) becomes. 

i * I « £exp{* o r - y 0 | In ar 

V - V o C3.361 r 
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I — 10 amperes 
B 



O.Z 0.4 0.6 0.8 1.0 
Voltage CVolts) 

1.2 1.4 

Figure 3.4 
Comparison of two term approximation 
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two term approximation 
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Table 3.3 

Numerical comparison of one and two term approximations with exact diode 
equation 

a - 40, r - 10 ohms I - 10~ amperes V A - 0.3107 
8 U Voltage Current ( i + I g ) Voltage 

V one term two term from two 
0 1 x 10~ 8 1 x 10" 8 1 x 10" 
.1 5.459 x 10" 7 5.458 x 10~ 7 .0999 
.2 2.963 x 10"5 2.946 x 10"5 .1999 
.3 1.253 x 10" 3 1.053 x 10" 3 .2996 
.4 8.996 x 10" 3 6.437 x 10""3 .3987 
.5 1.892 x 10" 2 1.445 x 10" 2 .4992 
.6 2.892 x 10" 2 2.329 x 10" 2 .5995 
.7 3.892 x 10" 2 3.248 x l O - 2 .6996 
.8 4.892 x 10" 2 4.185 x 10" 2 .7997 
.9 5.892 x 10" 2 5.135 x 10" 2 .8998 
1.0 '6.892 x i d " 2 6.093 x 10" 2 .9998 
1.1 7.892 x 10~ 2 7.056 x 10" 2 1.0998 
1.2 8.892 x 10" 2 8.024 x 10" 2 1.1999 
1.3 9.892 x 10" 2 8.996 x 10" 2 1.2999 
1.4 1.089 x 10 _ 1 9.970 x 10" 2 1.3999 
1.5 1.189 x 10" 1 1.095 x 10" 1 1.4999 
1.6 1.289 x 10" 1 1.193 x 10" 1 1.5999 
1.7 1.389 x 10 - 1 1.291 x 10" 1 1.6999 
1.8 1.489 x 10" 1 1.389 x 10" 1 1.7999 
1.9 1.589 x 10"*1 1.487 x 10""1 1.8999 
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Thus for V > V Q the logarithmic form of equation (3.341 Behaves linearly 
with slope 1/r which i s precisely the manner i n which the bi-linear 
approximation i s used to represent diode behaviour when driven hard into 
conduction. Furthermore,if this straight line is extrapolated i t cuts 
the V axis at V - V . This fact gives the physical interpretation to • 

o 
V Q as being the turn-on voltage of the diode and for a •• 40, r *» 10, 

—8 I - 10 i t i s seen that 
8 ' 

V - - I In C*rr X- 0.31 volts (3.38) o o • 

which i s close to the empirically observed turn-on voltage. The fact 
that the turn on voltage of diodes appears to be independent of series 
resistance r may be explained by the fact that Ctrl i s dominated by I 
and extremely large changes i n r are required to produce a significant 
change i n I n (ctrl ) . 

When V < V q the exponential term i n equation (3.34) becomes small 
compared to unity and then using Q.30X gives 

expfa (V - V )| 
£ + I g « ^ — - I g exp (an C3.39) 

which tends to zero for negative voltage. This again i s the manner i n 
which the bi-linear approximation represents diode behaviour for reverse 
biased condition. 

The aforegoing discussion suggests that i t may be possible to obtain 
an approximation to the diode characteristic by assuming an equation of 
the form -

i + - - i — In £l + exp a CV - V^fj (3.40X 

where r m is a modified resistance parameter to account for the slight 
reduction i n slope of the exact curve as shown i n Figure 3.3 and i s 
chosen to represent the turn on voltage. 



_ 40 _ 

The appropriate parameters rm» and may be obtained by expanding 
the tiro term approximation (equation 3.33) for V > VQ to obtain 

V - V. 
i + I s - - F ^ l F l n [ a ( y " V ] C3.41) 

This equation i s not linear i n V, however, the curvature due to the 
logarithmic term i s small and over practical working ranges may be 
linearised about V - 2Vq to give 

V (1 - 1/aV ) 
1 + K " = — - C2 - ln aV - a V )/a C3.421 

s r . o o 
This asymptote w i l l intercept the V axis at 

oV + In oV - 2 
T i — . a - t?.*o) »-*3* 

and the inverse of the slope w i l l give the modified resistance parameter. 

r - r/Cl - 1/aV ) (3.441 m o 

The appropriate logarithmic approximation w i l l then be given by equation 
(3.40) with the parameters r m and 7^ given by equations (3.43) and (3.44) ? 

respectively. Graphical and numerical comparisons of the logarithmic 
approximation with the exact diode equation are shown i n Figure (3.5) 

—8 and Table (3.4) for diode parameters o - 40, r » 10, I * 10 . The 8 
corresponding value of the turn-on voltage for these parameters as 
given by equation C3.43) i s 0.35 volts which agrees with the intercept 
i n Figure (3.5). The modified resistance r ^ as given by equation (3.44) 
i s 10.975 ohms, an increase of approximately 9% on the true series 
resistance. I t should be noted that r m i s not directly proportional to 
r since V q i s dependent on r . 
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Table 3.4 

Comparison of logarithmic and two term 
approximations 

V Q - 0.3107 volts 
V. - 0.352 voles r - 10.875 ohms 
voltage two ternr logarithmic 
\olts amperes amperes 
0 1 z l O - 8 1.8 x 10"! 

.1. 5.458 x l O - 7 9.612 x 10 H 

.2 2.946 x 10"5 5.242 x 10 H 

.3 1.053 x 10~ 3 2.700 x 10~' 

.4 6.437 x 10" 3 4.724 x 10~: 

.5 1.445 x 10~ 2 1.361 x l o " ! 

.6 2.329 x 10" 2 2.280 x lo " J 

.7 3.248 x 10~ 2 3.199 x l o " : 

.8 4.185 x 10 - 2 4.119 x l o " 2 

.9 5.135 x 10" 2 5.038 x 10~: 

1.0 6.093 x 10~2 5.958 x 10~ 2 

1.1 7.056 x 10" 2 6.877 x 10~ 2 

1.2 8.024 x 10" 2 7.797 x l o " 2 

1.3 8.996 x 10" 2 8.717 x l o " 2 

1.4 9.970 JC 10" 2 9.636 x l o " 2 

1.5 1.095 x 10" 1 1.056 x lo"* 1 

1.6 1.193 x 10" 1 1.148 x 10~* 
1.7 1.291 x 10" 1 1.240 -x l o " 1 

1.8 1.389 x 10" 1 1.331 x l o " 1 

1.9 1.487 x 10" 1 1.423 x 10* 1 

file:///olts
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I t v i l l be observed from Figure C3.5) that the two curves are an 
extremely good match i n the v i c i n i t y of 0.7 volts, (approximately 2VQ) 
but that they deviate s l i g h t l y for other voltages. The choice of 2VQ 

as the point to f i t the logarithmic curve i s arbitrary. The main 
requirement i s that the logarithmic curve should be f i t t e d at a point 
beyond the curvature i n the v i c i n i t y of the turn-on voltage. Other than 
this the point at which the two curves are made to f i t v i l l be largely 
dictated by the intended voltage swing imposed on the diode. For 
example i f the maximum positive voltage i s to be of the order 0.5 
volts the f i t can be made at say 0.45 volts which w i l l clearly improve 
the accuracy of the approximation. I f on the other hand a large voltage 
swing i s anticipated a point about mid-way between the turn-on voltage 
and the ™ f v o l t a g e w i l l give a reasonably accurate representation. 
The. determination of the parameters as r ^ and when the two term 
approximation i s linearised about a voltage d i f f e r i n g from 2Vq i s given 
i n appendix CI. 

with regard to the measure of the accuracy of the logarithmic 
approximation th i s w i l l depend on the error norm used. In th i s respect 
Figure (3.6) i l l u s t r a t e s the variation of the percentage error at 
different voltage levels from which i t w i l l be seen that the error i a 
large f o r voltages below the- turn-on voltage f a l l s to the order of 2 
percent at 0.7 volts and rises slowly to around 4 percent at 1.9 volts. 
The large percentage error at low values of voltage i s due to the 
extremely small current level attained. The percentage error measures 
the deviation of the estimated point from i t s true value and takes no 
regard to the variation of the curve. The root mean square (r.m.s.) 
error . the other hand gives a measure of the average deviation of the 
approximation curve from the true curve over the working range of the 
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curve Figure (3.7) indicates the r.m.s. error over the working ranges 
covered. This curve shows a converse type behaviour to the percentage 
error curve giving a small error norm below the turn-on voltage and a 
considerably larger but roughly constant norm above the turn on level. 
This measure of error increases' with increasing voltage range 

because i t i s proportional to the square of the area between the two 
curves . 

3.7 Exponential Correction to the Bi-linear Model 
In the previous section i t has been shown how the logarithmic 

approximation can represent a,,3ipde^havialg; aa asymptotic behaviour 
of a much used bi-linear model. Working from the logarithmic form 
i t i s also possible to produce a diode model which i s bi-linear model 
with an exponential "cusp" correction as shown i n Figure C3.8). The 
advantage of th i s model i s that the two terms are additive whereas i n 
the logarithmic model the bi-linear effect and the exponential curvature 
are included i n a single function. 

To obtain th i s useful approximate form* the logarithmic equation 
(3.40) i s f i r s t expanded about the point V - v^. 

For V $ equation (3.40) may be written as 

i- ' i» expika. Qf - V-) | 
8 o rm k-1 E 

since the exponential term i s less or equal to unity. 
For V 5 equation (3.40) i s rearranged as 

V + l n ^ l + exp[- a (V - Vj) i]J 
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rm a r m f c - l . 
exp[-ka CV - V x i ] 

(3.46) 

Evaluation of equations (3.45) and (3.46) w i l l give identical numerical 
results as the logarithmic equation. Because of the large value of the 
parameter a the series of exponentials w i l l rapidly approach zero for 
V » Vp i.e. the higher order terms of the series give negligible 
contribution when V » and under such circumstances the f i r s t term 
of the series w i l l suffice. 

When V - the series i n C3.45) and (3.46) w i l l take on the value 

a * I ) - In (2)/ar C3.47) 

whilst the slope of the function at V * w i l l be 

d a + I,) 
dV ar 

exp[± a CV - Vj)] 
* ° 1 + exp[± a (S - Y j 

C3.48X 

Consider now the single exponential 

| j - In (2) exp[± a (V - V^/ i B ( 4 ) ; ] 
m L J 

C3.49) 

When. V - V, equation (3.49) takes on the value In (2)/or and the i n i t i a l l m 
slope i s l/2r which agrees with equation (3.47) and (3.48). Further-in 
more f o r V ̂  the exponential decays rapidly to zero and thus has a 
similar asymptotic behaviour as. equations (3.45) and (3.46). 7A 
comparison of equation (3.49) with the logarithmic approximation i s shown 
i n Figure (3.9). With this simple exponential approximation the solution 
may now be written, 



voltage (volts) 
Figure 3.9 " 

Comparison of curves 
y •» In (1 + exp-a (V - Vjtf and 
y - In (2) exp[-o (V - V j l / l n t f ) ] 

• 0.352 volts 
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for V $ V1 

i + I g - ~ - In (2) expTa (V - V ^ l a U ) ] C3.50) 
m 

and for V 
V — V 

i + I s - r
 1 + exp[- a (V - V ^ / l a & j f J (3.51) 
m m ~ 

In this form the solution i s seen to be the bi—linear approximation 
with exponential correcting terms to represent the diode curvature. 
Equations (3.50) and (3.51) have the additional advantage that when 
differentiated, to obtain the incremental time-varying parameters, they 
w i l l give rectangular pulse waveform (obtainable from the bi-linear 
theory) with exponential correcting additive terms. Thus the problem 
of predicting the harmonic content of the current from equations (3.50) 
and (3.51) i s identical to predicting the coefficients of the time 
varying conductance. 



-45 -

CHAPTER 4 
THE EXPONENTIAL DIODE WITH SERIES RESISTANCE DYNAMIC CONSIDERATIONS 

4*1 Introduction 
I n the previous chapter e x p l i c i t equations were derived for the 

diode current i n terms of the system voltage when the junction voltage • 
is modified due. to the presence of series resistance. This is a 
necessary prerequisite i n the determination of the harmonic response 
to a sinusoidal driving voltage. The most useful approximation for 
this .̂ purpose i s the bi-linear model with exponential correcting terms. 
I n this way the effect of diode curvature may be compared with the 
predictions of the bi-linear model.. I n many practical applications the 
diode i s driven with a sinusoidal voltage superimposed on a d.c. bias 
voltage* i.e. 

V m - * T cos wt (4.1) 

The terms (V - Vj) i n equation* (3.50) and C3.51) then take the form 

-— . . _ . . » . 
-,V^ - Vj^ *• V cos wt 

A. 

or — + V cos tot C4.2) 

where 

Thus v*2 may be regarded as a new turn-on voltage relative to the' 
sinusoidal drive voltage which translates, the diode characteristic along 
the V axis depending on the degree of bias V̂ . Thus without loss of 
generality the terms. (V - Vj) may be replaced with (7 - V 2) where 

i 
A 

V - V cos 8, and © - at C4.4) 
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With the time origin chosen so as to make the voltage drive cosinusoidal 
the current flowing i n the diode i s an even function of time and contains 
cosine terms only i n i t s Fourier expansion i.e. 

i(6) + I -•---+ Z. a cos n- 8 (4.5) s & n n i n> 

where 

2 * a_ - £ f ( i + I ) cos n9 d9 (4.6) n ir s o 

4.2 Low-level drive V. ̂  V 2 

I f the peak level of the local oscillator does not exceed the 
effective turn-on voltage Vj then equation (3.50) suffices to predict the 
harmonic content.. I t i s convenient to however rewrite i t i n the form 

£n(2) exp(- a V,/£n4) exp (a V cos 0/An4) 
i + I - — i - — (4.7) s ar m 

a K exp (Z cos 8) 
where 

K> • £n(2) exp 

and (4.81 

Z - aV/£nC4) 

The harmonic coefficients are then readily expressed i n terms of the 
modified Bessel functions of the f i r s t kind, i.e. 

a n " Z*^ 2* C 4«** 

and the Fourier expansion, for the diode current w i l l then Be 

i(6) + I - KXLCZ) + 2K EE (Z) COS n6 (4.101 s o n 

I n this form the effect of series resistance may he explained by 

observing that from equation (3.44) that as r increases, r a increases 
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and K decreases. Thus the percentage harmonic content i s unchanged since 
K multiplies a l l harmonic components. Change of Bias has a similar effect 
since only K i s altered By a change i n Vj* 

I t would clearly be inappropriate to use the bi-linear model for 
the low level drives under discussion.. On the other hand i f the series 
resistance was neglected and the exponential diode model assumed then 
the harmonic spectrum would have the form given by equation (4.10) but 
with 

K' • I exp t - aV b> m d Z'• - «i 
9 

Since i f r i s zero then the diode current i s (4.11) 
£ * I • I exp a(V - V.) - I exp (- aV.) exp (aV) cos 6) 

I t i s of interest to compare the magnitudes of the currents given 
by equation (4.7} and the diode junction equation 

i + I a « I g expjaV cos ej (4.12) 

This comparison can be made by manipulating equation (4.7) into the form 

t + I g - Ig* exp (- a* V b) exp (a* V cos 8) (4.13) 

vhere 

- *n(2) exp [- a V t o C ^ i ] / * ^ C4.14) 

a' - a/£n4 (4.15) 

—8 
For a - 40, I 8 - 10 , r - 10 ohms, and - 0, * -10 * I • 10 I and a - 29. 
8 S 

Thuft the effect of series resistance i s to reduce the effective diode 
parameters considerably; resulting i n a much reduced current and 
consequent reduction i n harmonic level. Therefore for these 
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lev level drives i t i s not j u s t i f i a b l e to ignore tbe series, resistance. 

4.3 Hard driven diodes 
High level drives V > V"2 

I f the voltage drive i s such that the effective turn on voltage V 2 

i s exceeded then the non-zero segment of the bi-linear part of the 
characteristic w i l l contribute to the waveform and the harmonic 
components associated with i t are found to be 

£ - V s i n [ e o (1 - e o)|/irr n , C4.16) 

* sin (n - 1) 8^ sin (n + 1) 9̂  
»» - s i r < — n _ = T rrr--> «•"> 

m, 
where 

eo - c- lw /v 2l «- 1 8 ) 

As can be seen from figure 4.1 the cusp current, i.e. the component 
of current flowing i n the diode due to the cusp section of the character­
i s t i c i s symmetrical for s u f f i c i e n t l y large driving voltages. This 
condition w i l l be achieved when the index of the negative exponential 
cusp exceeds a value of three for the exponential then i s j r t t h i n 5% of 
zero. Thus, to obtain symmetrical cusp current the condition 

o (V - V2)/£n4 » 3 
or 

? > V 2 + 3*n4/a C4.19) 

must be satisfied. The term 3£n4/a may be regarded as a measure of the 

excess of voltage beyond the effective turn-on voltage ? 2 necessary to 

produce a symmetrical cusp current. 
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Curve 1 of Figure 4.1 illustrates the condition to produce a symmetrical 
cusp current. We see that the cosine voltage drive may be replaced 
by i t s tangent at the point 6 - 6q, for both exponential parts of the cusp, 
the' curvature of the cosine wave only occurs when the exponentials have 
decayed essentially to zero and therefore give l i t t l e contribution to the 
harmonic components. Changing the variable by 

8 - 0 o - • 1 (4.20) 

where A varies from 8 to 0 as 8 varies from 0 to 8 . converts the 
o o 

negative cusp current i c _ equation 

expjj aV (cos 8 - cos 8o)/£n4j (4.21) 

into 

i 
c— 

An2 r * T — e x p l - aV (cos 8 cos +. sin 8 sin - cos 8 )/£n4| orm i - o i o i o J 
(4.22) 

(23) 
Since a i s a large parameter , i t is possible to replace cos ̂  and 
sin by the leading terms of their respective power series expansions 
andobtain the required linearised form of 

* 

In a similar manner, changing the variable to 

8 - e Q + V 2 (4.24) 

converts the positive exponential cusp current into the form 

i c + » exp[(- oV sin 8 o • 2)/An(4)] (4.25) 
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The harmonic component* of the cusp current can now Be determined from 

a n - f / V cos n C6 0 - C- d ^ i 
9o 

+ f / i c +
 c9* » Ce^ + ^ d* 2 C4.26) 

o 

Since the range of both integrals completely traverses the range 

of the cusp the upper limits of the integrals in (4.26) may Be replaced 

by infinity^«Ehis allows both integrals to combine with cancellation of 

commonCsin n0 sin n^)terms and therefore o 

a - i jSffi." / cos n e cos n* exp I(-4aV s i n 0 )/in4ld* C4.27) n ir or _ o L o j m o - ^ 
C241 

Equation 4.27 i s readily integrated to give 

The effect of diode curvature may now be deduced from equation (4.28). 

The minimum value of sin 8 i s 0.63 and t h i s occurs when the equality 

i s satisfied i n equation (4*19) and i s taken as " 0.35 i.e. zero 

Bias conditions. The peak voltage w i l l then Be 0.45 volts. Thus 
* 2 

CotV s i n 8 )• • 128 and w i l l dominate the denominator of equation C4.28) 

i f the harmonic number n i s less than 8* whilst this condition i s 

satisfied (4.28) approximates to 
4 £n(2) An(4> 0 0 8 1 x 9o r, n M a. » ? „ * * " C4.291 

n * a Tm aV s i n 8 
o 

As the degree of overdrive beyond the turn-on voltage increases equation 

C4.29) w i l l hold for even larger harmonic number* Thus the curvature 

of the diode contributes terms to the harmonic components which are 

proportional to cos n6 Q and diminish as the drive level increases. 
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As the harmonic number increases the coefficients w i l l eventually decrease 
2 

co zero because of the presence of the n term i n Che denominacor of 

on the other hand increase with drive voltage. Thus i t may be concluded 

that diode curvature decreases in significance with increasing voltage 

drive. 

The above results have been deduced on the basis of zero bias 

conditions. However, they are general and hold for other conditions which 

can be seen by observing* chat Che term V sin 8 q may be expressed i n the 

form 

where x nay he defined as the overdrive coefficient and equations C4.28} 

and C4.29) w i l l hold for identical overdrive factors,, regardless of V 

and V 4. Furthermore i f the bias coefficient 0 i a defined as 

(4.28). The components due to the bi-linear portion of the characteristic 

V sin e C4.30) 

B - oV,/ln4 C4.31) 

then equation (4*28) may be written as 

ft/x co» n8 4 Jtn(2) 
ir o r m K + n 

C4.32) 

4*4 Intermediate drive- levels 

4.4.1 The positive cusp current 

I c remains now co consider the behaviour of the cusp current when 

peak level of the applied voltage i s such that the negative expon­

ential portion of the cusp i s not completely traversed. This 

situation arises when 

C4.33} 
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With, this restriction i n voltage level, figure 4.1 il l u s t r a t e s that 

the positive exponential part of the cusp i s f u l l y traversed and 

that the tangent to the cosine drive voltage departs considerably 

from the true voltage within the range of the exponential decay and-

consequently the curvature of the cosine"wave most be taken into. 

account. This can be achieved by f i r s t changing the variable as 
2 

defined i n (4.24) and replacing cos f by 1 - • /2 and sin • by 4 

to obtain 

V • I r 2 1 m ^ ™ 8 9 o + • 8 i n v ] <4-3«> 

As shown in Appendix Q)l) equation C4.34) nay be transformed into 

a gaussian curve by completing the square i n the argument of the 

exponential» The positive cusp current i s then given by 

i c + - A exp - Cq2/2o?) (4.35) 

where 

* - fc>(2> f»V «tn 8 0 tan e j j 
* ^ ~ " » t SEB J 

q « (• + tan e o) > (4.36) 

/JUxC4)/o(7 cos ft o 

A graphical and numerical comparison of equations (4.35} with the 

positive cusp current i s given i n figure (4*2) t and Appendix. J)2. 

Equation (4.35) define* a gaussian curve centred on • • - tan 8 Q 

with, (using probability nomenclature) a standard deviation of 

a / An(4)7cfV cos 0 
o 

= /In4/aV 2 (4.371 
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Thus the standard deviation of the curve i s independent of che over 

drive, depending only on the effective turn on voltage which nay be 

controlled by the bias. 

For small degrees of overdrive the curvature due to the peak 

of the cosine drive i s reflected by the curvature of the gaussian 

curve near i t s origin. As the drive voltage increases the normal 

curve i s offset and the point <fr - 0 w i l l occur on the fall i n g side 

of the normal curve* and eventually the positive cusp component 
2 • 

w i l l tend to an exponential decay as ($ cos 8Q17 2 becomes small 

compared to • sfiTTTi 

The offset i n the gaussian curve which controls the shape of 

the positive cusp current may be expressed in terms of the turn-

on voltage and the drive voltage as 
tan 

I n terms of these two dimensionless- parameters 0 and x the 

constant A in equation C4.361 may fie expressed as 

A - «xp C0x/2> C4.3ftX 
n 

The harmonic contribution i s then given by 

a . - - / cos (n6) A exp C~ <fc2/2 A d6 C4.40) 

I t i s not possible to integrate (4.40) exactly but approximate 

expressions can be determined by using Laplaces method as shown 

in Appendix 03 providing cos n8 does not change too rapidly 

within the range of the normal curve• Examination of figure C4.2X 

shows that the most onerous condition i s when, the- overdrive 

coefficient i s zero and under such circumstances the method w i l l 
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become inaccurate for the harmonic numbers exceeding three. The 

accuracy and range of the method w i l l improve as the overdrive 

coefficient increases as can be seen from figure (4.21. Furthermore 

the width of the gaussian curve w i l l reduce as the bias coefficient 

increases resulting i n improved accuracy of the method, which, makes 

i t attractive for the case of mixers arranged for low-loss conditions. 

With these comments in mind the harmonic contribution of the positive 

cusp current i s shown to be 

ta(2) JyC sin neQ) (cos n6 + n } erfc n* or 

(4.411 n s i n n8 irB 

The worst case accuracy of equation (4.41) may be assessed by noting 

that as the overdrive coefficient i s reduced to zero the wave-shape 

should match that dictated by the limit of equation (4.7) as the 

drive voltage equals the turn on voltage i . e . the "upper"* limiting 

form of the low level drive equation equals the "lower** limiting 

form of the overdrives equation* Comparison of the exact spectrum 

of the low level case as given by equation (4*10) with the approximate 

spectrum of the overdriven case evaluated from (4.41) w i l l therefore 

give an indication of the worst case accuracy of equation (4.41*1 • 

This comparison i s shown i n liable C4.1V for the bias coefficient 6 

having values of 10.15 and 20, corresponding to peak drive levels; of 

0.352 and 0.692 volts and confirms the statements made with regard to 

the derivation of equation (4.41) The worst case accuracy may be 

improved by obtaining additional terms of the assymptotic expansion 

of equation (4*40) as shown i n Appendix D3, . The effect of the 

second order terms i s also indicated in table (4.1) where i t w i l l be 



Table (4.1) 

Comparison of Exact and Approximate spectrum of exponential cusp current 

Overdrive factor x " 0 

InQWar. 
m/T_n2/T 

a - 40, V - V 2 •- 0.352 volts 

Bias factor 8 - aV/lnC4) - 10.15 

Harmonic 
Number n 

Exact 
Coefficient 
2e~* I n ( 6 ) 

Approx Coefficient Harmonic 
Number n 

Exact 
Coefficient 
2e~* I n ( 6 ) n 2 JZTrif /2B i * 

a n 

0 
1 
2 
3 

.253 

.242 

.206 

.160 

.250 

.250 

.250 

.250 

0 
.012 
.049 
.111 

.250 

.238 

.201 

.139 

a - 40, V = V 2 » 0.692 v 

Bias factor " 20 

raits 

0 
" 1 

2 
3 
4 

.179 

.175 

.162 

.143 

.119 

.178 

.178 

.178 

.178 

.178 

0 
.005 
.018 
.040 
.071 

.178 

.173 

.160 

.138 

.107 

* A l l coefficients normalized by division by ln(?)/ar 
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observed that the worst case error i s considerably reduced. The 

good correlation between these results for the worst case condition 

promotes confidence in the techniques used. 

4.4.2 The negative cusp current 

Finally i t i s necessary to determine the effect on harmonic response 

of the negative cusp current. The approach adopted i n this range 

differs from that of the positive cusp current. I t w i l l be observed 

from figure C4.IX that the curvature of the cosine wave does not occur 

at the peak of the exponential. Thus the dominant effect i s due to 

the almost linear sides of the wave and as the peak i s approached 

the curvature reduces* the rate of decay of the cusp current. 

The change of variable 

e - e - * C4.42) 
o 

transforms the negative cusp current 

£ ° expf- a? Ccos 6 - cos e V/la*] €4.43) c~" or I o j m 

intoaan approximate expression 

* c. - <*p[- C* ein e o - * ^ C4.44) 

where cos 4 and s i n <fr have been replaced by the leading terms of their 

series. Since the dominant effect i s one of exponential decay 

due to the £ sin"9- term.. the exponential containing (4 /2£co» 0Q 

i» approximated by the f i r s t two terms of i t s Taylor series expansion 

i . e . 

oV cos 6 
i « c— air m 

0£exp - Ca? s i n 0 o. v/*n4)| , «. o .2 
1 +-im • 

C4.45) 
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A comparison of (A.45) with (4.43). l a given i n Figure (4.2) and Appendix 
D4. In terms of the overdrive and bias coefficients (4.45) becomes 

i » (1 + B*2/2) exp C- C4.46) c— ar m 

The harmonic contribution may now be obtained by direct integration and 

i s shown in Appendix D5 to be 

2 lnC2) ^ C O * n e o * n 8 i n n 8
0 " t^X*3* (~ P ^ o ) 

m n (n + B x) - exp C- B^e.) n , 2(B*X " O e M « f 2 y - 2 . 
2 ( n 2 + B2x) 0 On2 • A ) Cn 2*8 2 x ) 2 

when the drive coefficient i s zero, 8 q i s zero and (4.47) correctly indicates? 

that the negative cusp current contributes nothing to the harmonic content. 

As the drive coefficient increases the exponential term approaches zero 

and the harmonic content w i l l tend to 

»n " 7 o f " C 0 S ^ 9 ° C4.48) 
n * a rm B/x 

which i s half the value given by equation (4.32) for the hard driven 

case - the remainder being produced by the positive cusp component. 

4.5 The incremental conductance 

The incremental conductance of the system (diode with series resistance) 

i s readily determined as the derivative of the current with respect to the 

voltage. 

For the low-level drive condition differentiation of equation (3.50) 

gives the normalised conductance as 

* - j exp o (V - V 2)7te4 (4.49) 
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- or Ci • I )/«n4 
B S 

where 

g^ - l / r m (4.50) 

Thus che harmonic components of the incremental conductance when the 

voltage varies cosinusoidally,i.e. the time varying parameters, may be 

obtained from the spectrum of the current given i n equation (4.9). 

when the voltage level i s such that the diode i s driven beyond the 

effective turn on voltage the incremental conductance has three components: 

( i ) a rectangular pulse .derived from the bi-linear segments* 

( i i ) an additive risin g exponential cusp produced by the positive 

exponential portion of the cusp characteristic. 

(£ii) a subtractive exponential cusp due to the negative-

exponential part of the cusp characteristic. 

Differentiation of the appropriate equations yields the following 

equations for the normalised incremental conductances. 

f l - H O T - V C4.5U 

where K i s the Heavy side s h i f t operator, . 

^ - -| exp [a(V - V2>/£n4 J 

"Si)1- C4-52) 

^ - - j exp[- a CV - V 2)/to4] 

or 
15? l c » • » 
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The time varying parameters may then be easily determined as the 

combination of the spectrum of a rectangular pulse with' the spectra 

of the cusp currents.^ For the hard driven diode i t i s immediately 

apparent that diode curvature has l i t t l e effect since the spectra of 

the positive and negative cusp currents are equal. The c r i t i c a l range 

where diode curvature w i l l be significant i s when the applied voltage 

drive i s within the range of the negative cusp portion of the character­

i s t i c since then the cusp current i s nor symmetrical. The waveforms 

of the time varying conductance as given by equations (4.5$* (4.5 2^ and 

$.53) are shown in figure 4.3 for various levels of overdrive and 

clearly indicate the transition from a gaussian pulse to a rectangular 

pulse as the degree of overdrive increases. 
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CHAPTER 5 

DELAYED DIODE CONDUCTION IN A LATTICE MIXER WITH CAPACITANCE 

5.1 Introduction 

In previous chapters studies have Been made of the response to 

periodic drives of:-

Ci) a predominately reactive device with parasitic resistance, 

Cii) a non-linear resistive device with parasitic linear resistance. 

In this chapter a study of a non-linear resistance system with 

capacitive parasitics i s undertaken and the effect on the distribution 

of the local oscillator current between diode and capacitance i s studied. 

The system under discussion i s shown i n Figure 5.1 and i s usually 

referred to as a l a t t i c e or double-balanced mixer. Numerical analyses 
(25 26\ 

.. have shown that current driven mixers are the most promising 

to obtain a low system noise figure and consequently the current driven 

case has been, chosen for analysis. 

The effect of parasitic capacitance on the small signal performance 

of l a t t i c e mixers has been investigated^ 0^ but as i n the case of single 

diode mixers theNeffect of capacitance on the local oscillator waveform 

i s usually neglected because of the severe mathematical d i f f i c u l t i e s 
(251 (261 

involved. The numerical procedures of Rustom and Hows on , and Stracca , 

which used resistive models of a l a t t i c e mixer also neglected parasitic 

capacitance. 

The analysis presented here clearly indicates that a significant 

modification i n the distribution of the local oscillator current i s 

produced due to the presence of capacitance. The capacitance of the 

system cannot change i t s voltage instantaneously and in order to reverse 



- 60 -

i t s polarity the system capacitance e x t r a c t s current from the l o c a l 

o s c i l l a t o r source which prevents diode conduction • for a period of 

time. Consequently a si t u a t i o n a r i s e s i n which both the currents and 

voltages associated with each diode of the l a t t i c e are unknown and 

non-sinusoidal. The approach adopted i n t h i s chapter i s to determine 

the waveshape of the diode current from which the spectral response of 
(27) 

the system may be evaluated. Based on these findings Korolkiewicz 

has investigated the e f f e c t of p a r a s i t i c capacitance on the small s i g n a l 

performance of current driven l a t t i c e mixers. 

5.2 Simple Theory of L a t t i c e Mixer 

A schematic diagram of a current driven l a t t i c e mixer i s shown i n 

Figure 5.1. The diodes are switched by the large l o c a l o s c i l l a t o r current 

I , at ah angular frequency to . The sig n a l current i i s at a frequency 
P P • 

of to . The switching of the diodes i s made independent of the s i g n a l by 
making 11 | » | i |. The in t e r a c t i o n of the pump and signal currents i n P s 
the diodes produces currents at frequencies iog ± nu^ i n the output. By 

appropriate f i l t e r i n g a t the output the components CO q - oi g - nu>p can be 

selected. I f ui > u then the output w i l l be a low frequency version 
8 p 

of the input s i g n a l . 

During the p o s i t i v e excursion of the pump current diodes ^ 

do not conduct and the s i g n a l current i s passed to the output transformer 

v i a the conducting diodes D^ and Dg. During the negative excursion of 

the pump current diodes D^ and Dj are not conducting and the s i g n a l i s 

passed to the output v i a the conducting diodes D 2 and D^. However during 

the negative excursion of I the di r e c t i o n of the signal current i n the 
P 

output transformer i s reversed. The current available at the output may 

therefore be represented as 
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i - ' i SCtl co» (ii t (5.1) 
O S s 

where SCt) I s a.switching function, Being *\ for positive I p and -1 for 

negative I . Then 

• cos nio t 
S(t) ^ S — 2 - (5.2) 

n odd n 

and therefore 
A. 

4 i • cos at t cos not c 
i E 2 _ E_ (5.3) 
O IT ^ n. 

The above analysis i s a simplified explanation of the frequency converting 

properties of the l a t t i c e mixer and more detailed treatments are readily 
(5 28) 

available The significant fact i s that the switching function i s 

always found to be symmetrical for a l l diodes of the l a t t i c e . I t w i l l 

now be shown that this symmetrical property i s lost i f the diode capacitance 

i s included in the analysis. 
5 +3.. The Effect of Diode Capacitance on the Switching of Bj-lineaar Diodes 

in Lattice Mixers 

The switching of the diodes i s independent of the high frequency input 

and low frequency output signals and therefore these small signals may be 

ignored when determining the response to the local oscillator, i.e. "pump" 

supply. As viewed from the local oscillator the equivalent c i r c u i t of the 

latt i c e conf iguration w i l l be as shown i n Figure 5.2(a) where the diode 

parasitics (diode junction capacitance C j , diode package capacitance C^, 

and diode series resistance r 0 l have Been included. At low frequencies 

reactance of the diode capacitances i s sufficiently large for their effect 

to be neglected. As the frequency of operation i s increased however they 

cannot be ignored. The diode junction capacitance i s non-linear but 

because of the presence of the reverse connected diode each junction 

capacitance may be approximated^* 3 0^By a constant value given by 
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C4 a CC. „ - C. . )/2 * C 72 (5.4) j j max j mm o 

where C. and C. . are the junction capacitances at the extremes of j max j min 
the operating conditions and Cq i s the junction capacitance at zero diode 

voltage. The package capacitance may be assumed constant, independent 

of frequency and level of local oscillator current drive. The diodes are 

assumed bi-linear with forward resistance r f and for simplicity the reverse 

resistance i s assumed in f j n i t e . The diodes are assumed to conduct when 

the voltage exceeds the turn-on voltage Y^. The simplified large signal 

equivalent c i r c u i t i s therefore as shown i n Figure 5.2(h), where 

C - 4C + 2C ' \ (5.5) e p o 

To understand the operation of the c i r c u i t assume that d i o d e s a a ^ 

are conducting. As the pump current 1^ approaches zero then the voltage 

V across the system w i l l approach,- V̂ ,. As the pump current becomes 

positive i t cannot flow through diodes 0^ and Dg since the voltage,- V^, 

stored on the capacitance C holds these diodes in reverse bias. The total 

pump current must then be diverted through the capacitor to change the 

voltage to,+ Vy,according to 

Ce4r*» I sin u t (5.61 at p p 

with V - - V T, t - 0 

By integrating (5,6> the voltage- across the diodes i s 

v - d r « " 2 4 ) - v T (5.7X 
p e 

where 

0 « U) t P 
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The system voltage w i l l therefore reach,* V^.vhen 9 reaches the 

c r i t i c a l angle 6 c given by 

sin (8/2) - /u> C V_yt 1 (5.8) c p e i p 

At this angle diodes and are sufficiently forward biassed for 

conduction to be maintained and the pump current i s diverted from the 

capacitor into the diodes. For angles exceeding &c the resistance of 

the diodes, ( r . + r 5/2. i s much smaller than the reactance of the r s 
capacitor and consequently the voltage across the system whilst the 

diodes are conducting approximates to 

V - V T * -2 \ 2- sin » pt (5.9) 

Typical current and voltage waveforms are shown in Figure 5.3. 

The aforegoing argument shows that the diode - capacitor c i r c u i t of 

the l a t t i c e mixer produces a delayed conduction action in the diodes, and 

consequently the switching function which, i s necessary to analyse the 

small signal performance of the mixer i s no longer an odd function and 

w i l l therefore modify the behaviour of the mixer. Experimental evidence 

from tests conducted at 50 kHz on the c i r c u i t of Figure (5.2a) with 

parameter values chosen to simulate nigh, frequency (1.5 GSz\ behaviour 

verified that sin *J2 was directly proportional to^cT. However the 

coefficient of proportionality was found to differ significantly from 

VGT~V^7lpT This discrepancy can be accounted for by representing the 

diodes by the more r e a l i s t i c exponential functions as shown in the next 

section. 
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5.4 The Effect of Diode Capacitance on the Switching of Exponential Diodes 

in Lattice Mixers 

The equivalent c i r c u i t i s again that of Figure 5.2a, but the currents 

in the diodes and D^ are given by 

i - I s expfaV)- I g (5.10) 

and the currents flowing i n Dj and D^ by 

i - I a - I _ exp"C- oV) (5.11) 

The series resistance r g i s neglected since the switching action occurs 

near the turn on voltage where the diode resistance i s s t i l l considerably 

larger than the series resistance. The current balance of the c i r c u i t i s 

given by 

C 4jr+ 21 exp (oV) - 21 exp (- <*V) - I sin u t (5.12) e at s s P P 

which can be written as 

w C ___ 
n s HV 
-*-=• S i + K exp 0»V) - K. exp C- oV) - sin 6 I d 8 

P 
where 

e - u> t (5.13) p 

* - 21 J J. » P 
The exponential term can now be removed from the equation by means of the 

substitution 

y - K exp 0»V) (5.14) 
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The diode currents axe related to the variable y by 

* D l + i D 3 - * p fr+2V 

where for matched diodes 

hi ' h* • \ * * 2 V / 2 <*' 1 6 ) 

The derivative in equation (5.13) transforms according to 

£ - . K « * < * ) § - « r § (5.17) 

and therefore equation (5.13) becomes 

e | j + y 2 - K 2 - y s i n e (5.18) 

where e « u C / a l (5.19) p e p 

For practical diodes the parameters K and e are typically of the order of 

10"^ and 0.025 respectively at a frequency of 1.5 GHz and a pump current 

of 1 ma... 

Figure 5.4 shows a graph of the zero slope isocline of equation (5.18), 

The effect of the small parameter K 2 may be noted by f i r s t observing that i f 

K • 0 the zero slope isoclines are given by 

y • 0 
(5.20) 

and y D sin 8 

The effect of the non-zero parameter K i s therefore to divide the two 

isoclines as shown in Figure (5.4). 

The effect of the small parameter e multiplying the derivative i s 

to make the isoclines of large gradient group close to the zero slope 

isocline as shown in Figure (5.5). Superimposed in Figure (5.5.) i s 

an integral curve (solution curve) of equation (5.18) which closely 
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resembles the waveform predicted in section 5.3. To obtain a periodic 

solution equation (5.18) must be solved subject to the condition 

y(0) - y(2w) C5.21) 
In engineering terms this i s equivalent to choosing the i n i t i a l switch, 

on time such, that the currents do not exhibit transients, and the system 

enters immediately into i t s steady state behaviour. 

The solution to equation (5.18) i s a function of the two parameters 

K 2 and e but since K 2 i s very much smaller than e i t i s appropriate to 
2 

develop a solution i n the form of an asymptotic expansion in powers of K 

i.e. 
#m-

y(0, e, K 2) - E * 2 n . y t t , e) (5.22) 
n-0 n 

where the functions 7 n(0, e) are to be determined. From (5.18) and (5.22) 
the f i r s t term of the expansion (5.22) must satisfy 

e % + 3 T o 2 - Vo 8 i a 9 < * M > 

and the periodicity condition (5.21). 

I t i s shown i n Appendix E l that 

( e e ) „ e exp C- cos 6/e) (5.24) 
o * 6 

A * / exp (r cos4/e)dt 
0 

To determine the constant of integration A in the above equation l e t the 

i n i t i a l value yQCO) » y Q, then from (5.24) 

jq - e exp (- 1/eX/A (5.251 

and equation (5.24) becomes 
y exp (1 - cos 8)/e 

y o0B, el g (5.26) 
1 * - r exp C 1/eX / exp C- cos */e) d* 

e 0 
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Figure (5.5) shows chat y i s small and i t i s therefore convenient to l e t 
o 

7Q - exp £(cos 8 c - l ) / e j (5.27) 

which shows that the constant 8 Q l i e s in the range 0 to ir/2. 

In terms of the unknown constant 8 equation (5.26) becomes 
C 

exp £(cos 8 c - cos 8)/eJ 
y Q (8, e) § (5.28) 

1 + exp (cos 8 /e) / exp (— cos $/e) d* 
e c 0 

This i s clearly a very complex function, however i t i s immediately apparent 

that the periodicity condition cannot be satisfied since the integral i n 

the denominator i s always positive, the solution as given by (5.28) w i l l 

tend to zero as 6 increases. Furthermore,it i s apparent that when 8 < 8 
c 

the solution becomes large because of the form of the numerator. Thus the 

solution given by (5.28) does i n fact represent the sudden increase in 

current. I t i s therefore necessary to investigate the nature of the solution 

a» given by (3.281 i n order to determine the region where this solution 

becomes inapplicable* This can be accomplished by making use of the fact 

that e?- i s small and employing Lap laces method as shown in> Appendix E2 

to evaluate the integral as 8 varies over the range (0-2v). 

( i ) Range 1» 8 close to 8 c 

e f c o s 8 C - cos 8)/e] 
y n (8, O « " (B - 9 J C 5 , 2 9 ) 

sin 8 e c 
on using the result from Appendix E2 

Let 8 - 8 +• ex then c 

y Q ( t , e) « — 
[ain 8c. T] 

1 + i 1 . *• T sin 8 
-C 
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when T i s negative the solution i s exponentially small provided sin 8^ 

i s not zero. When T i s positive the solution i s exponentially large. 

This indicates there i s a rapid r i s e in the solution near T « 0 (9 " 6 C ) . 

This rapid r i s e takes place within an interval of order e. 

( i i ) Range 2, 8 c < 8 < » 

From Appendix B2 ~ in this range the integral I» exponentially 

large and therefore 

exp |̂ Cco8 6 Q - cos 8)/eJ.sin 6 
ro ( 9« e ) " exp [(cos 8 e - cos el/ej 

y Q (8, e) « sin 8 (5.31) 

( i i i ) Range 3, IT < 8 * 2w 

In this range the integral i s again exponentially large and with the 

aid of the result derived in Appendix E2 the solution can be written as 

exp (cos 6 /s) exp (- cos 8/e) 
r (8, e) • £ — (5.32) 
° f exp (cos 8/e) exp (- 1/e) /2ff? 

- ^ e x p £ - CI • cos 8VeJ (5.331 

In particular 

y o Cw, e) - Sett* €5.34). 

and 

y 0 (2ir, e) « exp (r 2/e) (5.35) 

But the i n i t i a l value of y at 8 - 0 i s 

y Q CO, e) - exp £(COB 6 c - l)/e] (5.35a). 

and therefore y(2wl « yCol. To have a periodic solution these two values 

must be equal. The reason for this discrepancy i s that in the range 



ir < 9 $ 2ir the approximation of neglecting K 2 i s no longer valid. 

In this range let 

y • K?Y 

so that equation (5.18-1 becomes 

+ K 2* 2 « 1 - Y sin 0 

Again by assuming an expansion of the form 

T (0, e, K 2) - S T (8, e) K 2* 
n-0 n 

the equation governing T Q can be seen to be 

edY 
- 3 ^ + ^ . i n e - i 

By use of an integrating factor the solution i s readily found to be 

T - i exp C- cos 97 e l / e c o * a 7 c d> 
0 e e 

where Oj. plays the role of an arbitrary constant and must be chosen 

as to 

(a) allow K 2! (0, e) to match with y_ (0, e) and 
o o 

(b) to satisfy the periodicity condition* 

U) Matching 
The behaviour of Y near 0. can be determined by putting 

o i 

4> «* ol + 6 
and substituting in equation (5.401 to obtain 

Y « — exp C- cos 6/el / exp (cos 6 J e l exp 0* sin 9 S/ei dff o e Q i l 



70 -

In the range ir < 8 v, K 2Y q mist match with jq as given by equation (5.-33X 

i.e. 

K 2 exp (cos 8-/e) exp C~ cos 9/eX r p -
stT?^ -/IF «CP C- 7 1 exp C- cos 87s) 

( 5 . 4 3 ) 

and therefore both approximations vary with 9 i n the same manner provided 

K 2 exp (cos 9./e) i - p . 

— a r s j - ^ /fe «* <- r> 
(b) Periodicity 

To produce periodicity y_ ( 0 } " K^T ( 2 i r ) . To determine the value of Y 
o o o 

2 
at 2ir put $ - 2ir - S, cos J a 1 - J /2, and 9 » 2ir to obtain 

1 2 Y (2ir) « i exp C- cos 2*/e) exp (1/e) / exp (r qV2e) dq ( 5 . 45 ) 

and therefore 

K 2 /r72e- exp [(cos 8 C - l ) / e ] ( 5 .46 ) 

The solution w i l l be complete when 9 Q and 9^ are determined from ( 5 . 4 4 ) 

and (5 .46-) . This can be achieved by the elimination of K 2 from these 

two equations to give 

expt [<ees 8 X + cos - t j f c j - (sin 9^/2 ( 5 .47 ) 

The approximate location of the roots of this equation are shown in Figure 

( 5 . 6 ) where the fact that a i s small has been exploited to reveal that 

9 , « ir and 9 , « ir - 9 . . The root near 9 , » ir leads to an unrealizable 
l i e i 

solution as seen from equation ( 5 . 4 2 ) . To obtain a more accurate assessment 
of the root near to ir - 9„ let 

c 

9 , - ir - 9 + fi ( 5 . 48 ) 1 c 
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and BO (5.47) becomes 

exp (- 6 sin 6 c/e) - (sin 0^/2 (5.49) 

which i s easily solved to give 

6 - - e In £sin 9 c/2] fain 6Q (5.50) 
2 

To obtain 6 , the conduction angle, put cos 9 - 1 * - 2 sin (8 /2) 

and substitute into (5.46) to obtain 

• i . 2 » c/2) - f (5.51) 

The logarithmic term in equation (5.51) i s a slowly varying function of e 

because i t i s dominated by the large parameter (1/K 2) i.e. 

l n j ^ | ^ | ) j - 2 In <±) + In (2e/ir)/2 

and therefore 

s i n 2 (8 /2) * e In(1/K) - c In ( I 721 ) (5.52) c p s 

over a large range of e. 

Experimental investigation detailed in Chapter 7 verifies that 

equation (5.52)is a reasonable'estimate^ of the conduction-angle-8c, 

for restricted values of e and K. Further experimental work i s required 

to test the validity of equation (5.52). for general values of e and K. 

Comparison of equation (5.8) and (5.52) shows that the two equations 

would give identical results i f V_ in equation (5.8) i s taken as l n / l J21 ) J a 
X p » 
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5.5 Conclusions 

I t has been shown that the diode parasitic capacitance significantly 

changes the waveform of the diode currents in the sense that conduction 

i s delayed up to a c r i t i c a l angle 6 depending on tfie c i r c u i t 
c 

parameters and the drive level. The delay i n conduction w i l l significantly 

affect the harmonics generated by the diodes and w i l l consequently affect 

the small signal frequency converting properties of the la t t i c e mixer. 

This delay i n diode conduction has not been discussed previously in the 

literature dealing with l a t t i c e mixers and obviously opens up a new area 
(27} 

of i n v e s t i g a t i o n w . In this work the significant fact i s the use of 

matched asymptotic expansions to obtain accurate quantitative information 

relating to the conduction angle; the simpler bi-linear approximation 

however of fere valuable insight into the mechanism of the delay. I t i s 

the author's strong belief that perturbation methods are a valuable tool 

to the engineer and the analytic information so obtained may often be 

more useful than information obtained by numerical experimentation with 

mathematical models representing electronic systems. 



Suggestions for further investigation 

In high frequency circuits i t i s standard practice to obtain sinusoidally 

varying current drives from voltage sources via series tuned c i r c u i t s . I f 

a lattice mixer i s driven from such a source then i t must satisfy the 

following equations 

d Vd 
W* C c "de * x s •«* ( o V " r» •?* (- a V * 1 a ) 

d 2. , ., V cos e i dV. 
— + h % + i - J B - v t - - o r « 
de2 p 

The pump current in equation (A) i s controlled by the f i l t e r equation (B), 

where Q i s unloaded magnification .factor of the tuned c i r c u i t , L i s the 
inductance and V i s the voltage drive level. Does this system balance P 
similar to the system of equation (A) ( i w i l l be sinusoidal for infinite 

Q), or i s there a significant difference? 

Further experimental work i s required to test the validity of equation 

(5.52) over a wider range of the variables. 
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CHAPTER 6 

COMPUTER AIDED MEASUREMENT W~HAHMQlJiC. AMPLITUDES AND PHASES 

6.1 Introduction 

From the analyses and discussions presented in previous chapters i t w i l l 

be appreciated that the spectral content of the response of non-linear systems 

to periodic drives i s of paramount importance in the understanding, predicting 

and design of. frequency converting networks* I t has also been demonstrated 

in Chapter 2 that there i s a unique relationship between the characteristic of 

a non-linear device or system and i t s spectral components generated by e 

sinusoidal drive. In order to verify predicted spectrum from mathematical 

analysis, and to determine device characteristics from spectral components, 

the magnitude and phase of the cenponenta<-ra&i£ive~ to a fundamental drive 

function must be measured. 

The circuit: and systems discussed in previous chapters may be used at any 

frequency but find great applicability at high frequencies. The spectral 

response at these frequencies i s therefore a wide-band system with a very high 

fundamental frequency which, imposes stringent conditions Clineaxityl 

i n gain and phase} on the electronic circu i t r y associated with, the measurement 

of the spectrum. There are commercially available harmonic measuring system 

(usually called harmonic or spectrum'analysersi but these only measure harmonic 

amplitudes and do not give harmonic phase information. To resolve some of 

these problems i t was decided to design and construct a spectrum analyser 

system which would f u l f i l l the following functions: 

Ci]rto obviate the high frequency problems by down converting the original 

signals to a lower frequency by a sampling technique known as aliasing. 

This process i s performed by a commercially available instrument known 

as a Vector Voltmeter wfclcir converts V siignal^vhbie^^ spectrum l i e s 

within the range 1 MHz to 1000 MHz to a 20 kHz signal having identical 

wave shape, and therefore the same relative spectrum. 
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CiiK-to design a computer based system which would compote the harmonic 

components in both magnitude and phase of the 20 kHz wave shape. 

The 20 kHz replicas of the input drive and output response are 

sampled and then "trapped" or stored by transient recorders. 

The stored information i s then transferred to a mini-computer 

for processing and the harmonic content i s made available as a 

numerical print out. The transfer of the data from the transient 

recorders i s under the control of the computer and a single cycle 

of the waveform to be analysed i s transferred for processing. 

The time origin of this wave i s chosen by appropriate settings of 

the transient recorder so that i t corresponds to the peak of the 

sinusoidal drive; in t h i s way the harmonics are computed relative 

to a cosinusoidal drive. 

6.2 Signal Sampling 
01) ..: 

The theory of sampling i s well established and' documented ^however 

to understand the perf ormance and associated errors of the .proposed analyser 

system .^the pertinent theorems and proofs are given in Appendix. SI. 

The principle of aliasing i s embodied in result number 7 r of Appendix XI 

and displayed graphically in Figure (6.1). The signal to be down converted 

i s periodic and therefore has a discrete spectrum the lowest frequency of 

which i a a l l other components being multiples of this frequency. The 

signal i s non-return to zero QLR.Z} sampled at a sampling frequency wg . 
The two frequencies (u^naT aig) are. in^cn^nsurate so that there exists a 

remainder such that 

- k w8 + wx (6.IX 

where k i s an integer. 
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For simplicity take the case of k • 1 and consider f i r s t the translations 

in frequency as expressed By 

+«» 
E F(o) - no> ) (6.2) 

From Figure C6.1) i t w i l l be seen that the component at Uj. translates direct to 

u^. The component at 2u^ requires two translations, the f i r s t transferor 2(0^ 

to + o>̂  and the second translates this to 2o>̂ , i. e . n • 2 in equation (6.2) 

when o) ° 2u^. Similarly* the third harmonic at 3 ^ requires three translations 

etc. The n which controls the translation i s associated with the harmonics of 

the impulse sequence formed at the leading edges of the sampling intervals. 

Each harmonic of the signal spectrum requires a different harmonic of che 

impulse sequence to produce the a l i a s conversion. Equation 6.1 also indicates 

that the set of frequencies noi^ form a residue class modulo o>8, which i s an 

interesting algebraic interpretation of aliasing. In this manner the component 

at (ô  and associated harmonics are translated to and muftiplee ofu^. Other 

groupings of the harmonics also occur around and i t s harmonics as shown 

in Figure 6.1. I f the integer k i s taken as 2 there w i l l be two groupings of 

the harmonics as shown i n Figure 6.1 and therefore i n general there w i l l be k 

groupings of harmonics between and ot̂  -for any choice of k» 

Secondly,consider the effect of the distortion on amplitude of the 

translated spectra as dictated by the Sampling Function multiplier 

Sa (» T J 2} 

This function passes through zero when w i s a multiple of a . As can be seen 

from Figure 6.1 amplitude distortion i s present in a l l harmonic groupings but 

i s least significant i n the lowest frequency group. Furthermore,by correct 

choice of and u>g for a given the distortion of this lowest order group 

can be reduced by compressing the spectra into the frequency range where 

the sampling function i s approximately unity. Finally, phase distortion 

also occurs due to the presence of the term 
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exp (- J * T 8/2) (6.41 

This phase error increases from zero to it radians as w varfiss from 0 to u 
fir 

hence this error can be kept small provided the highest harmonic of i s 

much less than to. 
8 

I f k i s greater than unity the higher harmonic groups may easily he 

removed by means of a low pass f i l t e r . The output signal after aliasing i s 

therefore a low frequency replica of the original high frequency signal. 

The 20 kHz signals (replicas of the cosine drive signal and the periodic 

response signal! are then stored in the transient recorders. To perform this 

function each transient recorder samples i t s signal again using N.R.Z.- ~ 

type samples with the sampling frequency iog being much higher than the 

basic 20 kHz. The principle i s embodied within result 7 of Appendix 71 

and illustrated graphically i n Figure ( F l l of that Appendix. I t w i l l be 

seen*-that i f the original signal i s s t r i c t l y band limited then the sampling 

frequency u must be greater than twice the highest frequency present i n the 

original spectrum. The spectrum to be analysed however i s a Fourier series 

and although the harmonic amplitudes tend to zero the signal i s not s t r i c t l y 

band limited. Thus the t a i l of the f i r s t harmonic group w i l l intermingle 

with the lower order harmonics of the second grouping producing an aliasing 

error. To reduce this error the sampling frequency must be significantly 

higher than the anticipated highest measurable harmonic. In the proposed 

system,, the maximum sampling rate of the transient recorders i s 5 MHz, 

which corresponds to a sampling interval of 0.2 p sec. The recorders are 

capable of storing 1024 samples and the number of samples in one cycle of 

the 20 kHz signals i s 250. I f i t i s required to measure up to ten harmonics 

of the signal ( i . e . up to 200 kHz) then the amplitude distortion introduced 

by sampling w i l l be 
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sin [a T /2j sin Cir<a/a>8l 
o»T 72 ™ ir (u/co 
8 8 

and the phase distortion w i l l be 

eatp 0- jo» T /2) • exp (- j iro»/o) 1 
8 8 

The amplitude and phase distortion at 200 kHz w i l l therefore be 

. _ sinCir (.2/5)1 _ o 0026 

and ir (.2/5) - .1257 rads 

• 7.2 degrees 

The sampling of the signal w i l l not therefore introduce significant errors 

i n the results. 

During each sampling interval the'held* level i s converted into an eight 

b i t binary number, the signals having f i r s t been scaled to l i e between 0 and 

1 volt by the transient recorder input amplifiers. Thus the range 0 - 1 volt 
a 

i s resolved into 2 • 256 possible levels giving a possible error of ± 1/512 

on each sample. 

Once triggered the transients recorders can store four complete cycles 

of the 20 kHz waves. The two recorders are arranged in a master-slave 

configuration. The slave recorder i s f i r s t "armed" and i s triggered 

electronically from the master at the same instant as the master i s triggered 

manually by the operator. The- two signals stored in separate instruments 

are therefore locked i n time with each other. In this way a point in the 

cosine drive signal which occurs at the same time as a point on the response 

signal are placed in identical store addresses i n the two transient recorders. 

Tha .two stored signals are displayed on monitor oscilloscopes by repetitively 

reading through the recorder stores. Each recorder i s equipped with store 

address indicators which can be set by the operator to any address in the 

range 0 to 1024* Once set,the portion of the waveform stored in locations 
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having a lower address than the indicator setting can be intensified on 

the monitor oscilloscope using intensity modulation. In this manner the 

address at which the peak of the cosine drive occurs may be determined, 

which i s also the address in the slave recorder of the start of the response 

signal. In a similar way the address of the sample at the end of the cycle 

can be determined. A typical intensified record of a waveform i s illustrated 

i n Figure 6.2. 

6.3 Transfer of data to computer 

The sampled and held waveform of the system response stored in the slave 

transient recorder i s transferred to the computer under programme control. 

The timing diagram of the transient recorder i s shown in Figure C6.3X. 

The dig i t a l output* enable* i s grounded permanently thus the transient recorder 

i s always enabled* The digital output'request i s connected to the CB 2 

terminal of the digital port of the computer, whilst CB 2 i s held at logic 

level 1 under computer control digital output i s unavailable. When the 

programme sets CB 2 low die transient recorder output flag i s set high to 

indicate d i g i t a l output i s available and the f i r s t sample stored as an eight 

bit d i g i t a l word i s placed on the 8 bit parallel bus system. At the same 

time as word 1 i s placed on the bus the transient recorder sets the data 

ready signal high. This level i s passed to the computer by the CA 1 terminal 

of the computer interface. The programme tests terminal CA 1 to determine 

whether word 1 i s available and then jumps to a programme area which transfers 

word 1 to computer memory. The CB 2 output i s then set high by programme 

which i s interpreted by the transient recorder as word off request, when 

word 1 i s removed from the bus and the data ready flag sets to zero* the 

programme then tests CA 1 and i f low sets CB 2 low to request the next, word. 

The "handshaking" process continue* i n this manner un t i l a l l 1024 digital 

words are transferred. 
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The addressee of the scare and finish, of one complete cycle of the 

response signal (previously set on the transient recorders), are entered 

into the computer from the keyboard together with scale information relating 

to the amplifier settings on the transient recorder. The data associated 

with one cycle of the waveform i s then processed by a Fourier Analysis 

Programme stored in the computer and the harmonic components are displayed 

on a line printer. A copy of the programme which transfers the data and 

evaluates the harmonic components i s shown in Appendix F2 and a schematic 

diagram of the complete measuring system i s shown i n Figure (IS.4). 

6.4 , Errors introduced prior to transfer of data to computer 
(A) False Period Error 

The length of the data record i . e . one cycle, to be transferred from the 

transient recorder to the computer i s determined manually by the operator. 
• 

The timing of the system i s such that approximately 250 samples are taken per 

cycle. Thus each sample correspond* to approximately 1.5 degrees. Practically 

i t i s very d i f f i c u l t to determine the peaks of the cosine drive exactly using 

brightness intensity and consequently the data record transferred to the 

computer may be longer or shorter than an exact cycle by ±3 degrees. The 

periodic wave analysed by the computer i s therefore not exactly the wave stored 

in the recorder. As shown in Appendix F-3 an error i s introduced i n the 

coefficients of the harmonies due to the false assessment of periodic tune. 

This error effects both the amplitude and phase of the measured response and 

furthermore would produce higher harmonic distortion even i n a s t r i c t l y 

bandlintited signal. 

The most significant term i n the expansion for the modified coefficient 

i s given by 

« exp (jteir) Sa(keir) * exp (jkeirl (6.5) 

where Sa i s the sampling function. 7~ 
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provided ke « 1 which shows that the most significant effect of the false 
periodic time i s to produce phase distortion, and the degree of phase 
distortion i s directly proportional to the harmonic number. For an error 
e - 3/360, the phase distortion produced in say the tenth harmonic w i l l be 
approximately 15 degrees. 

(B> Quantising Error 

The samples stored in the transient recorder are subject to quantising 

error. I t i s shown in Appendix F4 ; that the worst esse error introduced 

into the calculation of the cosine and sine coefficients i s given by 

a O * - pir/K)/irM C6.61 

where p i s the harmonic number 

N i s the number of samples per cycle 

M i s the number of quantising levels 

K. i s the scale factor of the measuring system 

For S " M a Z56 the * absolute errors for p - 1 and p - 10 are 

2.52 x 10" 3 x Volts F u l l Scale 
' and 

2.79 x 10" 3 x Volts F u l l Scale 

The percentage error i n the coefficient depends on the coefficient 

magnitude , and i f the w e ^ j u n ^ r i n s a ^ 

scale voltage this would be equivalent to approximately 0.5% error. 

6.5 Proving tests 

The system was tested with a sine wave supplied from a low distortion 

test oscillator,, (overall percentage harmonic distortion < 0.1%). at a. 

frequency of 20 kHz. The level of the wave was set using a previously 

calibrated digitals voltmeter having an accuracy of 0.1%. Typical results 



327 

'•.!'?-: ^77 
RESISTOR VALUE* 

- VOLTS FULL SCALE* 
uC VALUE* 
COS TERM 
.386S37055 

4 

.503832204 
SIM TERM 

-.918373362 

MAGNITUDE PHASE 
.507132385 2.14332476 

Test Voltage 0.351V r.m.s. cosine wave C.497 Volts peak) 

Signal Source 0..1Z low distortion test oscillator 

level set by 0.1Z digi t a l voltmeter 

Error - .507 - .497 - 0.01 

Z Error - 2Z 

Phase Error " 2 degrees 

Table 6.1 

Typical results for a sine wave test 



MEASURED HARMONIC COMPONENTS 

1AGNITUDE' (volts) 
.533513159 
.3355117742 
.299514155 
.03S4S234S 
.123732409 
.S3S2221412 
.0862831329 
.0359790885 
.0649641794-
.0356478623 
.0599991472 
.0352568175 
,0413187039 
.0347985975 
.9334578152 

PHASE (degrees) 
-39.5120908 

~ * 5t£i£4695S3 
-38.3190931 
-i .04429366 
-37,973542 

-1.56486357 
-37.9368509 
-2« 08353177 
-35.9634314 
—2.59952362 
-34.5982494 
-3.11241832 
-83.1708032 
-3.52110303 
-31.2885397 

Harmonic Theoretical Error Z Error Phase (deg) 

1 .637 2.6 x 10" 3 0.4 0.4 

3 .212 2.2 x 10" 3 1.05 1.2 

5 .127 3.3 x 10" 3 2.7 2.0 

7 .091 4.9 x 10"*3 5.75 3.0 

9 .071 5.7 x 10~ 3 8.8 4.04 

11 .058 6.8 x 10" 3 13.0 5.3 

13 .049 7.9 x 10" 3 19.4 6.8 

15 .042 9.4 x 10" 3 28.6 8.7 

Test Voltage 1 Volt peak-peak Square Wave at 20 kHz 

Table 6.2 

Measured and Theoretical Harmonics of a Square Have 
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from such a test are shown in Table (£.1*L. The system was then tested with 

a square wave and the measured spectrum was compared with the theoretical 

spectrum in Table (6.2). 

6.6 Discussion 

The sine wave tests on the spectrum analyser system reveal -that the 

basic accuracy of the system i s approximately 2% with a phase error of two 

degrees. The error in amplitude i s due to the combined effects of sampling, 

quantising, numerical computing errors, and the basic accuracy of the input 

amplifiers of the transient recorders. Because the test was referenced to 

a cosine wave the majority of the phase error may be due to false measurement 

of period since the phase distortion due to sampling i s approximately 0.7 

degrees for the sampling rates used. 

The results of the square wave test showed that up to the fifteenth 

harmonic could be measured with an absolute error varying from 2.6• x 10 

to 1.4 x 10** where f u l l scale i s unity (0.5 volts peakl. The percentage 

errors range from 0.4Z at fundamental to 28.6% at the fifteenth harmonic. 

The large percentage errors at the higher harmonics are perhaps misleading 

in the sense that they appear large because of division by the small 

amplitude. 

The phase error ranges from 0.4 degrees at fundamental to 8.7 degrees 

at the fifteenth harmonic. This error appears to be dominated by the 

sampling process which accounts for phase sh i f t s between 0.72" 

and 10.8 degrees. The error due to false period measurement in this test 

would he small since the wave was referenced to the edges of the square wave 

which can be accurately set up by visual means using the brightness intensity. 

This choice of reference point explains why the odd harmonic have phase angles 

of the order of 90 degrees, since the system measures phase relative to a 

cosine wave. 
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I t i s interesting to observe that the system indicates the presence 
of even harmonics of almost constant amplitude. As shown in Appendix: F3 ^ 
false period measurement introduces such effects. Additionally the digital 
nature of the computed results may also produce these additional frequencies. 
The constant level of these even harmonics, not present i n the test wave 
form, suggests that this i s the "noise" level of the system, where the 
term noise i s meant to encompass a l l unwanted effects generated internally 
within the system. 

The system can be improved in a number of ways. The data transfer 

"handshaking" i s set up using BASIC programming language and consequently 

i s slow because of the interpretation time of each BASIC statement. 

Considerable improvement in speed of transfer can be achieved by setting 

up the "handshaking" «ts£ng machine, code. 

Sampling errors (especially phase error) and false periodic measurement 

errors can '" be reduced by taking more samples per cycle. This would require 

a greater computational effort but th i s can be overcome by using F.F^T. 

(Fast Fourier Transform) algorithms. The software of the system could 

easi l y be extended to produce graphs of waveforms and the spectrum. 
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CHAPTER 7 _ 

EXPERIMENTAL RESULTS 

7.1 .Introduction 

In this chapter experimental evidence i s presented to support the 

theoretical results derived i n previous chapters. The experimental 

procedures are described and comparisons between theoretical and practical 

results are presented for the major areas of investigation., which were 

( i ) device identification from spectral response (discussed in 

Chapter 2), 

( i i ) s t a t i c characteristic of exponential diodes with series 

resistance (discussed i n Chapter 3), 

( i i i ) spectral response of exponential diodes with series resistance 

to sinusoidal drive, (discussed i n Chapter 4), 

(iv) effect of parasitic capacitance on the large signal waveforms 

of lattice mixers, (discussed in Chapter 5). 

7.2 Device identification from Spectral response 

A varactor diode, type BA111, was tested at a 100 kHz by two methods. 

Method 1 

The f i r s t method of test was to bias the diode at various negative 

voltages and to determine the incremental capacitance by application of a 

.small alternating voltage superimposed on the d.c. level. A Q meter was 

then used to produce resonance at this frequency. From a knowledge of 

the inductance and capacitance set on the Q meter the extra capacitance 

provided by the varactor diode i s then readily evaluated. The test c i r c u i t 

was as shown in Figure 7.1a. The capacitor C^ i s a blocking capacitor to 
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isolate the Q meter ci r c u i t from the dc bias. The value of the blocking 

capacitor i s of the order of 10** times larger than the capacitance of 

the varactor diode and consequently had negligible effect on the measurement. 

The shunt combination of R and C represents the input impedance of an 
8 0 

oscilloscope used to detect resonance. The resistance in series with the 

d.c. bias supply i s included to reduce the alternating current through 

the bias supply to an acceptably small level and at the same time 

maintain a reasonably high-Q factor for the ci r c u i t . When resonance i s 

achieved the incremental capacitance of the varactor diode i s given by 

C. - (l/co*L) - (C + C ) (7.1) x q s 

Method 2 

The second method of test was to measure the spectrum produced by 

the varactor diode when driven with a large signal sinusoidal voltage 

superimposed on the d.c. bias and to compute the device characteristic 

as outlined i n Chapter 2. The test c i r c u i t i s as shown in Figure 7.1b. 

The sinusoidal supply had a f i f t y ohm internal resistance and the current 

was detected by monitoring the voltage across a f i f t y ohm series resistance. 

The capacitor C i s a bypass capacitor "so that the current at a fundamental b 
frequency of 100 kHz, does not pass through the d.c. bias supply. Direct 

current i s prevented from flowing because of the reverse bias on the diode. 

From manufacturers specifications, and the results of the previous 

incremental tests, an average value of incremental capacitance i s approximately 

'40 pF. At a test frequency of 100 kHz the reactance of the reverse biassed 

diode i s of the order of 40 kft as compared with the total series resistance 

of the test c i r c u i t of 100ft. Even at the tenth harmonic the varactor 

diode would offer a reactance of 4 kfi and therefore the series resistance • 

has a negligible effect on the harmonic generating properties of the diode. 
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To determine the device characteristic from the current spectrum 

use i s made of the basic lav 

a 

where C. i s the incremental capacitance,7^ i s the voltage across the diode 

which equals the drive voltage of the test ci r c u i t since resistance loss 

i s negligible. The drive to the c i r c u i t i s 

V * V d - 7 cos 6 - E, 8 = tut, E > 0 C7.3> 

where to prevent the diode entering into the conduction region the condition 

7 $ E must be imposed* aat^STjjr the ..d.c. bias voltage. Equation €7.2}. now 
becomes 

i - C. CV cos 6 - EJ 

- - 7u>C. sin 0 C7.4) 

The diode current i s of the form 

i - Z I sin n6 (7.5) 1 a 

and to obtain equality i n equation (7.4J the incremental capacitance must 

contain no sine terms, and therefore 

C. - C 72 + £ C cos n6 C7.6) i o i n 

Consequently C7.41 may fie rewritten as 

E I sin n8 * - wV sin 6 1 n [C 72 + E C cos n e l C7.7) 
° 1 " J 

To balance the harmonics on either side of equation (7*7) then 

^ 2 " 
E I . P - 0, 1,2..... C7.8> 

co7 2p + 1 n 
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and 

C, 2p + 1 tuV 2p + 2 
P - 0, 1, 2 (7.9) 

which represents the incremental time varying coefficients in terms of the 

harmonic currents, and therefore the incremental capacitance may be obtained as 

The large signal test was performed with a bias voltage of - 6 volts 

and a peak sinusoidal drive of 5.95 volte (4.2 V rms) at a frequency of 

100 kHz. The measured' spectrum developed across the 50Q monitor resistor 

i s given i n Table 7.1. Converting to current and using equations (7.8) 

and C7.9) gives the time varying components which are shown i n Table 7.2. 

The device characteristic may then be identified by use of equation (7.10). 

Table 7.3 summarizes the values of C. for various values of deviation from 

the bias voltage* The values deduced from the spectral response of the 

device are plotted in Figure 7»2 where they are compared with, the results 

obtained from the Q meter test. 

C. - C 72 * E C T orjh i o i n n (7.10) 
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TABLE 7.1 

Measured Spectral Coefficients 

Frequency CfcHzl Voltage (mv) 

100 6.8 
200 0.9 
300 0.44 
400 0.16 
500 0.08 
600 0.04 
700 0.024 
800 0.01 

TABLE 7.2 

Coefficients of Incremental Capacitance 

co 111.335 pF 

c l 16.83 

C2 8.247 

C3 3.18 

C4 1.58 

C 5 0.758 

C6 0.364 

C7 0.1516 



Table 7.3 

Evaluation of Device Characteristic 

AV - V - E 0 1,19 2.38 3.56 4.75 5.94 

x » Av/a 0 .2 .4 .6 .8 1,0 

C_ 
r V » 55.7 55.7 55.7 55.7 55.7 55.7 

C ^ G c ) 0* ± 3.36 ± 6.72 ± 10.08 ± 13.44 ± 16.8 

C 2T 20c) - 8.3 - 7.57 - 5.6 - 2,3 + 2.3 + 8.23 

C3T3OC) 0 • 1.78 + 2.94 + 2.94 + 1.09 ± 3.13 

C 4T 4(X) + 1.58 + 1.09 - 0.13 - 1.33 - 1.33 + 1.58 

C 5T 50ti 0 ± 0.64 ± 0.67 • 0.06 + 0.75 ± 0.76 

- .364 - .13 + .28 + .27 - .27 + .364 

C 7T 70c) 0 + .15 ± .04 ± .15 + .03 ± .15 

z ) 0 48.68 51.16 54.74 60.21 67.97 86.71 

x < 0 48.68 47.01 45.76 45.11 44.83 45.03 

* Use upper sign- for x * 0 

Use lover sign for x $ 0 
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7.3 Static Characteristics of the Exponential Diode with Series Resistance 

To compare the theoretical predictions of the two-term approximation 

with measured results obtainable from tests on practical, diodes i t was 

f i r s t necessary to ascertain the primary parameters of the diodes, i.e. 

a. I • and -r • ' s' s 
For the condition when the series resistance drop i r i s much smaller 

8 
than the diode voltage V, the defining exponential law 

i - I exp (oV - a i r ) - I (7.11) 
8 8 8 

may be approximated and rearranged as 

l n ( i ) - oV - l n ( I ) (7.12) s 
Thus by plotting l n ( i ) against V the -parameters a and I may be determined 

8 

from the.slope and intercept of the graph of the measured results. 

When the diode current i s such that the series resistance drop cannot 

be ignored then equation (7.11) may be rearranged as 

In (iexp( V)) - ar i + l n ( I ) (7.13) 
S 8 

A graph of the experimental results in the form of equation (7.13) w i l l ' 

therefore give ar as the slope and a second independent determination of 

l n ( I g ) from the intercept. 

The test circuits used to determine the parameters are shown in 

Figures (7.3a) and (7.3b). The voltmeters used for these tests were four 

digit, high input resistance (1 MR) voltmeters previously checked against 

a six digit, 0.01% standard and their accuracies confirmed as 0.1%. In 

both test circuits the resistance of the voltmeter across the series 

monitor resistor i s sufficiently high so that the current through the monitor 

resistor i s greater than 99% of the diode current. 
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Typical test results are shown i n Tables C7.4) and (7.5) together with 

appropriate calculations. The test results for four diodes are displayed 

in graphical form in Figures (7.4) to (7.11) and a summary of the parameters 

determined from these tests are shown i n Table (7.6). 

The parameters obtained from the aforementioned tests were used in 

the two term approximation to predict the sta t i c characteristic of the 

experimental diode with series resistance, A typical set of results for 

these calculations i s shown in Table (7.7). The f i r s t set of calculations 

(Table 7.7a) predicts the current flowing i n a diode with an additional 

100 ohms series resistance. The second set of results (Table 7.7b) predicts 

the current flowing i n a diode when only the parasitic series resistance i s 

present. Also shown i n Table 7.7 are calculated diode currents assuming 

the logarithmic model of the diode. Table (7.7c) and (7.7d) show results 

when the logarithmic curve i s fitted at two different voltages, the f i r s t 

for use in a hard driven situation and the second for use in a low-level 

drive situation. 

The s t a t i c characteristics predicted for the four diodes are shown 

in Figure (7.12) to (7.15) where a comparison i s made with practical results 

obtained from measurements on the test c i r c u i t of Figure (7.3b). Also 

superimposed on these graphs are the predicted characteristics of the 

diodes including only their parasitic series resistance. The practical 

results shown for comparison purposes, Were obtained by subtracting the 

voltage drops produced in the source and monitor resistors from the voltage 

applied to test c i r c u i t shown in Figure C7.3b). 



Table 7.4 

Typical Set of Results for the Determination of a and I 

Diode Type HP 5082-2817 

VRCmV) VD ' VRD " V » V > i (amps) 

150 .51 149.5 5.1 x 10" 8 

160 
170 

.78 
1.2 

159.3 
168.8 

7.8 
1*2 x l O - 7 

180 1.75 178.3 1.75 
190 2.54 186.5 2.54 
200 3.65 196.4 3.65 
210 
250 

4.98 
15.7 

205.2 
334.3 

4.98 
1.6 x 10 - 6 

300 
400 

41.1 
115.1 

258.6 
284.9 

4.14 
1.151 x 10" 5 

500 199 299 1.99 
600 289 311 2.89 
700 382 318 3.82 

From the graph of above results i n Figure C7.8J 

V d - .342 volte 

V. = .164 volts 

—4 

i « 10 amps 

i • 10 ̂  amps 
InCil - l a t t g ) * aV d 

- L N M . M, I b C I O " 4 } - lnClO~ 7) 
8 l o * e 7342 -

Cln 1000)7.178 - 38.8 

To find L add the. following 

lnClO^) - l n ( I ) + ,342o 

lnC10~ 7) - to(I> + .164a 

An-Cl.) InClo" 1 1) - 19.6328 

- 22.480618 

' I - 1.725 x 10 -10 



Table 7,5 

Typical Set of Results for the Determination of I and 

Diode Type 5082-2817 

i(ma) VR(mA) VD(mV) i exp( V) (mA) 

5.0 500 992 492 2.56 x 10"8 

4.5 450 936 486 2.91 
4.0 400 877 477 3.67 
3.5 350 820 470 4.20 
3.0 300 760 460 5.32 
2.5 250 701 451 6.29 
2.0 200 640 440 7.70 
1.5 150 577 427 9.57 
1.0 100 510 410 1.23 x 10"7 

0.5 50 438 388 1.44 

From graph of above results i n Figure (7.9) 

Intercept * 1.73 x 10~7 mA 

Slope " ar 

- 1.73 x 10*"10 

m lnq.73 x I0~7l - ln(3.5 x 10"8) 
ST^AT 

- toC17>5/3.5) . Q 4 Q 2 3 6 

r - 0.402367a - 0.40236/38.8 

- 0.01037 Tolts/mA 

» 10.37 



Table 7.6 

Measured Diode Parameters 

Diode Type Sample No. a r^Cohms) I (amps) 

HP 5082-2800 1 37.54 22.65 3.4 x 10~ 9 

2 37.54 22.02 3.0 x 10 - 9 

HP 5082-2811 1 37,14 9.04 8 x 10" 1 0 

HP 5082-2817 1 38.81 10.37 1,73 x 10" 1 0 

HP 5082-2835 1 38.16 8.05 8.9 x 10" 9 

\ 
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Diode Type HP 5082-2800 
Sample 1 

l l l l i n i l l l t M L 
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TABLE 7.7 

•TABLE 7.7a: Diode Type HP5082-2835 

- 33.16 R + r - 133.35 I • S.9E-S9 
s • 

. ,267631332 *• 
Voltage Diode Current 
Otolte) -CAnps) 
,36 4.7581399E-03 
.3 4.23096331E-03 .74 3.70727901E-S3 
.59 3.27417972E-03 
.53 2.75961676E-33 
.57 2.25256403E-03 

- .5 1.67491325E-03 
-.45 1.27639328E-83 
.33 7.534S2229E-04 
,33 4.2743669E-04 
.3 2.66502658E-04 

1.43541SS7E-04 
.23 4.72841467E-05 
,55 5.5539S314E-03 

. 5.9092S757E-Q3 
5.99S24639E-03 

TABLE 7.7b; Diode Type HP5082-2835 

* 33.16" "" " 3 . 0 5 * 7 I . " - 3.9E-09"•' 
-.335635394 * * 

Diode Voltage Diode Current 
, _T QfoltHti _ —- Cane*} 
' •! .39 5.11466656E-03 
' .38 4.38333364E-83 . .37 3.7031169E-03 

.36 3.07906832E-03 

.35 2.51561S01E-03 

.34 ' 2.01622063E-03 

.245 9.917S0413E-05 

.345 2.25774337E-03 

.355 " 2.73952539E-03 

.335 1.79127875E-03 

.32 1.21668343E-03 

.31 9.15273622E-04 

.3 6.74394314E-04 

.235 4.13652752E-04 

.27 2.4593355SE-04 

. 25.5 . I.43236606E-04-



TABLE 7.7 continued 
TABLE 7.7c Logarithmic Approximation 

Diode Type BP 3082-2835 
• 33. IS R + t .133,05 I -3.SE-09 
V3= .55 
V0= .267631332 
Vi» * .333723137 RM» , 113.077536 
.33 4.33848S69E-03 
.31 " 4.2S765365E-03 
.75 3.36420862E-03 
.57 3.10199375E-03 
.52 2.S785498E-03 
.59 2.42443251.E-03 
.52 I.33170525E-03 
.46 1.32407325E-03 
.4 . S.20930074E-04 
.36 5.01119483E-04 
.34 3.56839055E-04 
.3 1.3S626596E-04 
.25 2.53736953E-05 

TABLE 7.7d Logarit&aic Approximation 
Diode Type HP 5082-2835 

: R *«iu-^S.05 r -3.9E-09 

V0« .267631382 
Vi» .271437726 RM= 142.426152 
.5 1.60488741E-03 
.45 . 1.25392023E-03 
.44 1.1S38Q223E-03 
.4 . 9.84016175E-04 
.36 6.27974908E-04 
.32 -3.67755812E-04 
.29 2.04005093E-04 
.275 1.48464757E-04 
.21 1.63491246E-05 
.-26 9.17232387E-05 
,25 S.72560275E-05 
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Figure 7.12 

Diode Static Characteristics 
•• i • • • - Predicted current Ctwo term approximation) 
Q O O Predicted current Clogaritfindc approximation) 

Bilinear fitted at 0.7 vo l t s 
Q Q a Logarithmic approximation f i t t e d at 0.45 V 
V X X Measured diode current 
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7.4 Comparison of predicted and measured waveforms 

For these tests the diode was driven from a low distortion sinusoidal 

test oscillator. The level of the test voltage was set by measuring the 

open c i r c u i t voltage of the oscillator with a digital voltmeter having an 

accuracy of 0.1%. With the diode and the monitor resistor R mconnected as 

shown i n Figure 7.16, the transient recorders (T.R.) were adjusted to store 

the waveforms of the voltage and V R. As explained in Chapter 6 a single 

cycle of the diode current waveform was transferred to the computer. By a 

suitable modification of the Fourier Analysis programme the magnitudes of 

the samples of the current waveform were made available as a numerical print 

out on the line printer. A typical set of measured sample levels for 

various voltage drives are shown in Appendix 61. These measured sample 

levels were then compared with results predicted from the bi-linear model 

with exponential correcting cusps. The numerical values as given by this 

model are shown in Appendix G2 and a graphical comparison between the 

measured and theoretical results i s shown in Figure 7.17. The programmes 

required to print out the samples of the current waveform and to evaluate 

the theoretical formulea ^equation C3.50) and (3.51)J are shown in Appendix 63. 

7.5 Comparison of predicted and measured spectrum 

(a) Low frequency tests at 20 kHz 

The diodes were tested using the system shown in Figure 7.16. The 

sampled waveforms stored in the Transient Recorders were transferred 

to the computer and one cycle of the measured diode current was 

harmonically analysed using the Fourier analysis programme. A 

typical set of results are shown in Appendix 64 for various levels 

of voltage drive. The harmonic content as given by the equations 

derived in Chapter 4 was also computed and are shown in Appendix 65. 

Comparisons of the predicted and measured spectral decomposition 

for various voltage drives are shown in graphical form in Figure 7.18. 
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G>) High, frequency tests at 10 MHz 

Tests were carried out at 10 MHz using a low distortion sine 

wave oscillator. The open circu i t output voltage of the 

oscillator was set to the desired drive level By means of 

the vector voltmeter. With the diode and 50 ohm monitor 

resistor connected to the 10 MHz source the supply voltage 

and diode current were monitored by the vector voltmeter. 

The 20 KHz replicas of the 10 MHz waveforms were then stored 

in the transient recorders and passed to the computer for 

Fourier analysis. 

The 20 kHz replicas of the diode voltage and current wave-forms 

are shown in Figure 7.19- together with, a time-domain portrait 

of the diode characteristic. Figure 7.20 shows graphical 

comparisons between predicted and measured harmonic content 

of the diode current waveshape. The measured test results 

obtained as a numerical print out from the computer and the 

theoretical results axe shown in Appendix G6. 
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7.6 Effect of parasitic capacitance on Lattice array of diodes 

An analogue nodal of a lattice array of diodes was constructed and 

tested at 50 kHz. The diodes used were type HP 5082-2833 and from 

preliminary tests the diode parameters where found to be a — 36.5, r ^ «• 

1173 ohms and I - B'x 10 1 0 amperes. 

The diode current and voltage were monitored and typical waveforms 

are shown in figure 7.21 for different values of parasitic capacitance 

which, clearly indicates the nature, of the predicted delay in diode 

conduction. Figure 7.22 gives a graphical comparison of the predicted 

and measured delay angle for various values of parasitic capacitance. 

The harmonic content of the diode current may be predicted by assuming 

that the diode current i s zero for angles less than the delay angle 8 and 
c 

sinusoidal for 8 to v. The theoretical and measured harmonic components c 
of the diode current are shown in Figure 7.23. 

The harmonic spectrum of the voltage across the diodes may.be obtained 

by integrating the expression for the capacitor current. A comparison 

between theoretical and measured values of harmonic components are shown 

in Figure 7.24. 

7.7 Discussion of Results 

CaJ Device Identification 

The results presented in section 7.2 relating to device identification 

by spectral response clearly indicate the f e a s i b i l i t y of the proposed method. 

The incremental capacitance variation with, applied voltage i s obtained from 

a simple spectral test in a straight forward manner as compared with a 

tedious point by point incremental test using a Q-meter. The time varying 

incremental capacitance coefficients are also obtained as part of the process 

of determining the device characteristic which i s an added advantage of the 

method. The difference-between the two curves shown in Figure 7.2 may be 

due to 
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( i ) the small number of harmonics used to identify the device and, 

Cii) error involved in the measurement of the harmonic components. 

This measurement error compounds the basic error involved when representing 

a device characteristic by a polynomial of finite degree. 

Thus i f the device characteristic i s based on the measurement of n 

harmonics the mathematical difference between the device characteristic 
th (20) and the n degree Chebyshev polynomial i s approximately 1 Q + 1 provided 

the harmonic components are measured with no error* I f each harmonic 

component i s subject to an addition measurement error e . then the practical 
N n 

difference between the two curves w i l l be(l ..I + Z fe [. 
n+i ^ n 

As explained in Chapter 2 the coefficients of the spectral response to 

a sinusoidal drive have importance in their own right since ratios of these 

test coefficients identify many of the significant parameters of frequency 

converting networks. 

Cb> Static Characteristics of Exponential Diodes 

The comparisonsof the measured s t a t i c characteristics of the exponential 

diode with series resistance and the two term approximation are excellent. 

The solution presented i n Chapter 3 w i l l predict accurately the diode current 

for a wide ranges of diode parameters, series resistance and applied voltage. 

The logarithmic model, introduced as a simplification of the two term 

approximation, introduces errors i n the v i c i n i t y of the diode turn-on voltage 

when the translation has been established for high working voltages. This 

i s not considered a serious deficiency in the model since i t has been shown 

(Chapter 4, Section 4.3 \ that diode curvature i s of decreasing importance 

in the spectral response with high drive voltages. For low level 

drive voltages the technique of f i t t i n g the logarithmic approximation at 

lower voltages show that the model can be chosen to match the diode curvature 

near the turn-on voltage (Figure 7.12 to 7.151. 
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The comparisons between measured and predicted waveforms (Figure 7.17) 

show good agreement and the transition of the diode current from a gauasien 

pulse to an offset sinewave i s clearly evident. The major errors introduced 

in these results are due to :-

Ci) determining the effective zero current level since the samples stored 

in the transient analyser are a l l offset and l i e above zero, 

Cii) identifying the sample which corresponded to the peak current level, 

(e) spectral Response of Exponential Diodes. 

Consider f i r s t the situation with high-drive levels.. ( F i g u r e F o r this 

condition the predicted and measured spectral response are in close agreement 

up to the tenth harmonic. The contributions from the exponential cusp are 

of the order of 0.1% of the contribution from the bi-linear segments as can 

be seen from the numerical print out i n Appendix G5. The theoretical 

discussion i n section 4.3 also indicates that diode curvature i s of small 

significance for such drive levels. I t may therefore be concluded, based 

on experimental and theoretical investigations, that diode curvature may be 

ignored for large drive levels. 

As the drive level i s reduced (Figure 7.18bl i t w i l l be seen that the 

bi-linear approximation i s adequate up to the tenth harmonic, although 

slightly over-estimating the measured response. The effect of the 

correction due to the contribution from the exponential cusps i s to reduce 

the predicted level to slightly below the measured results. For harmonic 

numbers exceeding five the cusp corrections become excessive and do not 

improve on the accuracy of the bi-linear model. 

For lower voltage levels s t i l l (Figure 7.18c and d\ the pattern of 

behaviour i s similar but with the bi-linear contribution having increasing 

error. The exponential cusp corrections are in the correct direction but 

are too large and clearly are divergent for harmonic numbers in excess of 

five. 
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Similar remarks hold for the t e s t s c a r r i e d out at 10 MHz only i n these 

cases i t appears that the b i - l i n e a r approximation i s adequate even at these 

low drive l e v e l s . 

In concluding that the b i - l i n e a r approximation i s adequate to predict 

the harmonic response up to the f i f t h harmonic i t should be appreciated 

that an adaptive b i - l i n e a r approximation i s being used. Thus the b i - l i n e a r 

model used f o r the hard drive case would be very inaccurate i f used i n the 

low drive l e v e l s i t u a t i o n . 

For low-level drives the b i - l i n e a r contributions to the spect r a l content 

are inaccurate at higher harmonic numbers and a simple corrective term i s 

s t i l l required since the exponential.cusp correction term i s diverging i n 

th i s region. Examination of the numerical print-outs i n Appendices 65 and 

66 reveal that the term responsible for the divergence of the cusp correction 

i s the p o s i t i v e exponential part of the correction. 

A re-examination of the equation for the p o s i t i v e and negative exponential 

cusp contributions shows that the integrands for both systems were approximated 

i n similar ways, ^Equations (4.34) and (4.46) J but whereas the negative 

component admitted d i r e c t integration the p o s i t i v e cusp component could only 

by approximately integrated using Laplaces method. The exact integration 

of the negative cusp components r e s u l t s i n terms of the form 

2 2 - 1 

(n + B Z
X ) 

appearing i n the equation which prevent divergence of the expressions for 

large n or small x* However, the approximate integration of the positive 
2 

cusp components, gives r i s e to terms i n n and n i n the expansion which 

w i l l eventually dominate the magnitude of the expression as n increases. 

Thus the asymptotic expansion of the i n t e g r a l for the p o s i t i v e exponential 

cusp components becomes non-uniform for increasing harmonic number. The 

p o s s i b i l i t i e s of obtaining a uniform expansion w i l l be considered l a t e r . 
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(d) Effect of parasitic capacitance on switching of diodes in Lattice Array 

The predicted and measured delay angle of conduction are in good 

agreement for a wide range of parasitic capacitance met i n practice. The 

predicted harmonic components produced by the delayed conduction phenomena 

also agreed closely- with the measured values. As explained in Chapter 5 

the curvature of the diodes plays a significant role in the determination 

of the conduction angle. Delayed conduction in diodes with stray capacitance 

i s an unusual effect, yet basic conceptual appreciation i s readily gained by 

application of the bi-linear diode model, although, the more refined analysis 

incorporating the exponential nature of the diode i s necessary to obtain 

quantitative information. 

7.8 Suggestions for Further Investigation 

The concept of time varying portraits, introduced in this work as 

a generalisation of st a t i c characteristic,is worthy of further investigation. 

I t i s easily displayed on an oscilloscope* and as has been previously 

mentioned}the presence of resi s t i v e and reactive components i s immediately 

apparent from the shape of the portrait. The possible use to select high 

grade components from batch, production may well be a useful addition to 

a production'line. The technique may possible extend " to other areas 

e.g. linearity of amplifiers, identification in control systems etc. 

For a linear r e s i s t i v e element i t i s t r i v i a l to show that the area 

under the i — v characteristic equals the average power per cycle when the 

device i s sinusoidally excited. 

For non-linear resistive elements MacFarlane. ' introduced the idea 

of content and co-content i.e. 

J idv * | vdx 

where j idv i s the content C and J vdi i s the co-content Cc. Thus instantaneous 

power 

p • C + Cc 
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In linear resistive systems C " Gc. In non linear resistive systems 

C 4> Cc, whilst both G and Cc are positive quantities. 

For a linear reactive element the time varying portrait w i l l be an 

elli p s e . Again i t i s t r i v i a l to show that the rectangle bounded by the 

ellipse which has maximum area represents four-times the peak, stored 

energy. Extending the concept of content and co-content to reactive 

elements i t i s readily shown that the content i s positive whilst the 

co-content' i s negative. 

For a linear resistive-reactive system the time-varying portrait i s 

an lxullned~ellxpse« As pointed oat in Chapter 2 these are readily separated 

so that a measure of device or system quality Q may be obtained from 

geometrical constructions on the time domain portrait. 

In view of the above results im i t possible to find geometrical 

constructions for non-linear time varying portraits which would measure 

average power and energy storage? The fe a s i b i l i t y of identifying a 

device from i t s spectral response to a sinusoidal stimulus has been 

established. However, more experimental investigations are s t i l l 

necessary especially a t higher frequencies where the measurement of the 

effects of resistive' loss on the spectrum requires evaluation. Harmonic 

current i s detected as a voltage across a monitor resistance, and the 

system source w i l l i n general contain resistance. A method of "stripping" 

the effects of source and monitor resistance from the measured spectrum 

w i l l need to be developed. 

The asymptotic evaluation of the integral to obtain the spectral 

components due to the positive exponential cusp requires further analysis. 

One disadvantage of the method proposed in Chapter 4 i s the assumption 

that cosnd remains dominated by the exponential decay of the other member 

of the integrand. Clearly for sufficiently large harmonic number n the 

cosnft term w i l l eventually oscillate faster than the rate of decay of 

the exponential. This effect i s possibly enhancing the degree of non-
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uniformity of the proposed expansion. To overcome such effects the 

replacement of cos n8 by exp (-jn8), generalisation into the complex 
(23) 

plane, and using the method of steepest descent as shown in Appendix 

67 results i n the following. 

Degree of overdrive Jx*a 0 

m * 

Degree of overdrive Jx > 0 

.2*5(2) C M fa6. * «> 

where tan i> = VL/$Jx 

The above equations do not diverge with increasing harmonic number n. For 

sufficiently large 8 die harmonic contribution may be approximated by 

2 - - *n(2) 
n+ or •]£.a-y, j s r - o 

which i s also the limiting form of equation (4.41) used to compile Table 4.1. 
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CHAPTER 8 

CONCLUSIONS 

The theory developed i n Chapter 2 and the supporting experimental 

results in Chapter 7 clearly indicate the fe a s i b i l i t y of identifying 

a device Cor system) from i t s spectral response to a sinusoidal drive. 

This new approach to non-linear spectral analysis avoids the need to 

develop the response waveform into i t s harmonic components. The 

method suggested i s well suited to situations where the mathematical 

model of the device Cor system)., i s d i f f i c u l t , or perhaps impossible, 

to ascertain. The process i s easily computerised, and providing the 

problem of wide-band high, frequency tasting can be resolved, the amount 

of information made available i s proportional to the sophistication of 

the supporting "software". The concept of time-varying portraits 

provides another view of non-linear elements. These novel concepts 

have not been investigated previously and some useful areas for future 

investigations have been indicated. The latter sections of Chapter 2 

indicate that i t i s possible to design frequency converting systems 

directly from a knowledge of spectra which, obviates the need for the 

device characteristic, i . e . parameters of the device are represented 

by the magnitude of specific harmonic components i n the test spectrum. 

This approach: would therefore give indications of the best device to 

use for specific purposes, which i s of considerable value to designers 

and could be a criterion for device manufacturers. Just as important 

i s the fact that system parameters Cfor example, input and output 

admittances Cor impedances)., transfer parameters, characteristic 

admittance Cor impedance)., loss coefficients may be identified i n 

terms of the test spectrum. 
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I n Chapter 3 t h e s t a t i c c h a r a c t e r i s t i c s o f an e x p o n e n t i a l d iode v i t a " 

s e r i e s r e s i s t a n c e were s t u d i e d . The presence o f r e s i s t a n c e cons ide rab ly 

m o d i f i e s the harmonic g e n e r a t i n g p r o p e r t i e s o f the d i o d e . I n t h i s case 

t h e n a t u r a l mathemat ica l model takes the f o r m o f an i m p l i c i t e q u a t i o n 

i n terms o f t h e unknown c u r r e n t and is an example o f a s i t u a t i o n where 

i t was p r e v i o u s l y i m p o s s i b l e t o o b t a i n an e x p l i c i t r e p r e s e n t a t i o n o f 

the dev ice c h a r a c t e r i s t i c . However,by an a p p l i c a t i o n o f a v a r i a t i o n 

o f parameter technique an e x p l i c i t r e p r e s e n t a t i o n o f the device i s f o u n d 

as a f u n c t i o n a l expans ion . The t h e o r e t i c a l and p r a c t i c a l i n v e s t i g a t i o n s 

r e v e a l e d t h a t o n l y two terms o f t h i s expansion a re necessary t o o b t a i n 

h i g h l y accura te r e s u l t s over the e n t i r e p r a c t i c a l w o r k i n g range o f the 

d i o d e . I n t e r p r e t a t i o n o f t h e f o r m o f t h i s expansion r e v e a l e d t h a t i t 

was p o s s i b l e t o dev i se two a d d i t i o n a l d iode models Cthe l o g a r i t h m i c 

model and t h e h i - l i n e a r model w i t h e x p o n e n t i a l cusp c o r r e c t i o n } . The 

v a l i d i t y o f these models i s adequate ly suppor ted b y t h e expe r imen ta l 

ev idence i n Chapter 7 . The model i n c o r p o r a t i n g the e x p o n e n t i a l cusp 

c o r r e c t i o n i s s i g n i f i c a n t i n t h e sense t h a t the r e p r o d u c t i v e n a t u r e 

o f t h e e x p o n e n t i a l f u n c t i o n w i t h , r e spec t t o d i f f e r e n t i a t i o n i m p l i e s 

t h a t t h e s m a l l s i g n a l i n c r e m e n t a l parameter* may be o b t a i n e d i n the 

same manner as the d iode spec t rum. 

The p r e d i c t i o n o f t h e s p e c t r a l response o f t h e e x p o n e n t i a l d iode 

w i t h , a e r i e s r e s i s t a n c e has been s o l v e d and e x p e r i m e n t a l l y v e r i f i e d . 

A u n i f o r m expansion f o r t h e harmonic c o n t r i b u t i o n o f t h e p o s i t i v e 

e x p o n e n t i a l cusp c u r r e n t which, i s v a l i d f o r l a r g e harmonic numbers 

has been o b t a i n e d and extends t h e range o f v a l i d i t y o f the methods 

proposed i n t h i s r e p o r t . 

The e f f e c t o f de layed conduc t ion i n l a t t i c e d iode m i x e r s i s h i g h l y 

C2S1 

s i g n i f i c a n t . I t has been shown t h a t i n t h e absence o f c a p a c i t i v e 

e f f e c t s t h e conve r s ion l o s s and no i se f i g u r e o f these mixe r s i s 
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c o n s i d e r a b l y improved when d r i v e n by an o s c i l l a t o r h a v i n g a h igh , ou tpu t 

impedance. As a consequence o f the p r e d i c t i o n o f delayed conduc t ion as 
(27) 

ob t a ined i n Chapter 5 i t has been shown t h a t a compromise must be 

made between the need t o have a h i g h source impedance f o r l o w no i se 

f i g u r e and a reduced source impedance t o min imise the de lay i n d iode 

c o n d u c t i o n . 

The new technique used t o measure s p e c t r a l con t en t desc r ibed i n 

Chapter 6 has p roved t o be a v e r s a t i l e and accura te system b e i n g 

capable o f assess ing harmonic con ten t up t o f r e q u e n c i e s o f t h e o rde r 

o f 50 MHz. Aga in t h e " s o f t w a r e " system may be r e a d i l y extended t o 

g i v e g r a p h i c a l o u t p u t s o f waveform and spectrum i f so d e s i r e d . 

Performance a t h i g h e r f r e q u e n c i e s may a l s o be p o s s i b l e w i t h : t h e a i d 

o f a purpose-designed sampl ing u n i t t o accompl i sh the a l i a s c o n v e r s i o n . 

The r e s u l t s p resen ted here are o f importance i n t h e i r own r i g h t 

as t h e y have l e d t o a concep tua l and q u a n t i t a t i v e a p p r e c i a t i o n o f 

f a c t o r s gove rn ing t h e harmonic g e n e r a t i n g p r o p e r t i e s o f n o n - l i n e a r 

d e v i c e s . They a r e a l s o a means t o an end w i t h t h e response t o the 

l o c a l o s c i l l a t o r de te rmined , the s m a l l s i g n a l performance must a l so be 

o b t a i n e d . T h e r e f o r e t h e manner i n w h i c h t h e r e s u l t s may be a p p l i e d 

has been i n d i c a t e d ( £ , e . e q u i v a l e n t c i r c u i t s o f m u l t i p l i e r s , i n c r e m e n t a l 

conductances, and s w i t c h i n g f u n c t i o n s ) . * 

The p h i l o s o p h y adopted i n t h e t h e o r e t i c a l i n v e s t i g a t i o n s has . been 

t o use techniques w i t h , s t r o n g convergence p r o p e r t i e s s i n c e t h e c l a s s i c a l ' 

power s e r i e s expansions converge too s l o w l y . The a p p l i c a t i o n o f these 

techniques t o f r equency c o n v e r t i n g c i r c u i t s has c l a r i f i e d c e r t a i n aspects 

o f performance and opened up-a number o f new avenues o f i n v e s t i g a t i o n . 
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An A p p r o x i m a t e So lu t i on t o t h e Equat ion 
x = exp( -x /e ) 
R. A R M S T R O N G . A F I M A 
a n d B . L. J . K U L E S Z A 
Department of Physics and Electronics, University of Durham 
Department of Electrical Engineering and Physical Electronics, 
Newcast le -upon-Tyne Polytechnic 

A P R O B L E M of importance in the analysis of resistive 
mixers is to determine the current flowing in an exponen­
tial diode with series resistance in terms of the applied 
voltage and the circuit parameters. The system is charac­
terised by the equation 

/ = / I c x p ( a V - o / r ) - / r 

By means of the substitutions 

x = (/ + / , ) / / , exp (a V+arl,) 

£ = l/ar/ J exp(aK+ar/ J ) 

(1) 

(2) 

(3) 

equation (1) may be transformed into its essential mathe­
matical form of 

x = exp(-x /6) (4) 

which has the equivalent inverse form of 

x = -filn(x). (5) 

Asymptotic expansions of (4) or (5) are readily obtained 
for large or small values of the parameter e. 

(i) £ large 

x ~ l — £ - , + f £ - 2 + ... as £ -* oo; (6) 

(if) £ small 

j c -e ln( l / e ) -e In (In !/«) + ... as-6-»0. (7) 

We now seek a solution to equation (4) valid for all £ 
which is asymptotically correct for both large and small E. 
To do this we first replace the exponential term by its 
linear approximation of 1 — X/E to give 

X * l / ( l + l/£). (8) 
To refine the solution we assume that 

X = / ( £ ) / ( l + l /6) (9) 
where f(e) is a slowly varying modulating function, with 
/(oo) = 1. Substituting (9) into (5) expanding, and neglec­
ting In ( /) we obtain 

x = £ ln( l + l/£). (10) 
To determine a two term expansion we write 

/ - / o ( l + 4 / 0 = ( l + £ ) l n ( l + l / £ ) (11) 
substitute into (9) and expand for small z to obtain 

x = eln(l + l / £ ) 

- f f S ^ I B n l ^ > , ( H W (12) 

Examination of equation (12) reveals that it has the 
same asymptotic forms as (6) and (7) for large and small E. 
Equation (12) is shown in graphical form in Fig. 1 and 
compared with the exact solutions, these being obtained 
by assigning values to X and calculating e. The two term 
expansion is thus seen to be an extremely good approxi­
mation to the exact solution. 

mm 
imim 

—TfliTi 

. •srr\ TJ T i m i n g 

Hg. 1. Comparisons with exact solution. — E J S — • o n e term expansion; — X X — , two term expansion; —0 ©—, exact solution 

The Institute of Mathematics and its Applications 



LARGE SIGNAL WAVEFORMS IN A MICROWAVE 
BALANCED MIXER WITH CAPACITANCE 

Indexing terms: Mixers (circuits). Solid-state microwave circuits 

Abstract 
The correspondence describes the effect of the diode capacitance on 
the current and voltage waveforms developed in a current-driven 
balanced mixer operating at microwave frequencies. It is shown that 
the current through the 'on' diode is a truncated halfwave sinewave, 
the angle of truncation being a function of the diode capacitance. 
dnVe level and the diode incremental resistance at the origin. The 
closed-form solution for the' angle of truncation provides valuable 
insight into the deterioration in performance of balanced mixers at 
microwave frequencies owing to diode parasitic capacitance. 

Introduction 
A targe variety of balanced; mixers are available in integrated 

circuit form with operating frequency ranges of the order of 100 MHz. 
At microwave frequencies, however, the 2-diode balanced and the 4-
diode' .double-balanced mixers an still inevitably used. These two 
mixer circuits have been comprehensively analysed in many publi­
cations assuming that the current through each diode is tinusoida 
during conduction. At low frequencies this assumption is valid, bu 
at microwave frequencies the diode parasitic capacitance conriderabn 
alters the large signal waveform, in that the current waveform throug 
the 'on' diode is a truncated halfwave rectified sinewave, as shown i 
Fig. 1. This effect of the diode capacitance has not been observed i 

2« 3it 
e 

Fie>1 

Truncated Half-wave rectified sinewave 

728 

analysed in any literature relating to mixer performance. Experimental 
results using a low-frequency model are found to be in good agree­
ment with the theoretical predictions. A Fourier analysis on the diode 
current waveform shown in Fig. 1 and the resulting voltage waveform 
developed across each diode also shows good correlation with the 
practical results. 

Ipsin V/bt Ipsinvty 

. ' • • - i s ' • ' 
Fig. 2 - . 

* Equivalent circuits of the mixer as seen by theioeahoscUlator current 

The circuit including the diode parasitic! ijeen by the. local-
oscillator cujrent drive for a balanced 2-dibde ni^er is shown in Fig. 
2a This circuit is also valid for a 4-dJodedoub^alanoed mixer i f 
each diode shown in Fig. la represents the appropriate two diodes in 
parallel. Experimental investigations indicated tha£a'100% change in 
the value ofithe diode series .resistance R, did not Significantly affect 
the current .waveform and hence its effect has been .neglected in the 
analysis, jt has been shown1'* that the diode Junction capacitance 
Cj can be approximated by a constant value given,i |jjf... -

where City is the value of Q at . zero voltage* The effective total 
capacltance.across the diodes is therefore .-

f = 4C P + 2Cj (double-balanced mixef) -
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or 
C = 2 C „ + C j (balanced mixer). (2) 

where C„ is the dlinle package capacitance. .' 
The equivalent circuit to be analysed therefore reduces to that 

shown in Fig. lb and is governed by the following differential 
equation: 

t IOJ = Ip sin <*>„'• (3) 

where a = qjKT^ t, to the diode saturation current and n = 2 for a 
double-balanced rafter or n =* 1 for a balanced mixer. It is convenient 
at this stage to introduce the fottowing normalised parameters: 

(4a) 

(4b) 

(4c) 

8 — cjp/? . 

where ; , . : :, 

Substituting the normalised parameters of eon. 4 and a riew variable 
defined by ?.| 

y * ATexp (oK) 

eqn. 3 becomes i, V 
(5) 

(6> 

The analytical solution to this nonlinear differential equation is dif-
: ficult, but an approximate expression for the angle of truncation 0e 

. can be obtained by solving eqn, 6 In two regtons: 

K*<y* • 

and. ' 

and matching these two solutions to satisfy the condition of period­
icity for v, The condition AT* < v s corresponds to the part of the 
cycle when the- diode is fully conducting and therefore the diode 
current is much greater than /,. On the other hand, when the diode is 

0 to -

O-OB " 

m 0-06 

« 004 

002 -

Rg.3 
Theoretical 
capacitanet 

3 A 
capacitance, nF 

and measured vahuu of delay angle against diode 

x 
— theoretical 

i : . the reverse biased region the ..imdition.r* <K' is appii.abli. V>< 
angle of truncation 0, is then given by 

sin5 (0J2) = f log !exp [He/ir)"*IK'']) \ 

(*' 

Eqn. 7 may be further simplified for a practical diode to 

an ' ^e / l ) =* Aell 
Where A represents the logarithmic term in eqn. 7 and can be regardec 
as a constant since it varies slowly for large changes in e. 

ExMfimental results 
A low-frequency equivalent circuit, shown in Fig. 2b, wat 

constructed using Schottky barrier diodes. A test frequency of 5C 
KHz was chosen so that the inherent capacitive effect of the diodes 
was negligible. The high-frequency performance of the diodes was 
simulated by an external capacitor. The magnitude of this capacitor 
was determined by scaling a typical parasitic capacitive value in the 
rktio of working frequency. ( I GHz) to the test frequency. Preliminary 
tpsts carried out on the diodes (type HP 2833) indicated that 4 = 
8 x 10~* A and rb - 3-4 x 10 'n . The current drive was adjusted so 
tfiat the normalised current-drive factor AT was 7 x 10" T. 

I Fig. 3 shows a comparison of the theoretical values of 0e with 
ryeasured values for varying values of capacitance. The divergence 
between the theoretical and practical results for large values of capa­
citance may be explained by the fact that die assumption of a sharp 
turn on of the diode current .is no longer valid in that region. The 
effect of the truncated angle 6e on the frequency spectrum of the 
diode current and voltage was also found to be in close agreement 
with the measured results. 

Conclusion •:; ."-.v-

. Sal eh3 has shown that the optimum performance of a balanced 
mixer in the absence of the diode parasitica is obtained when the time 
varying resistance r(i) of the pumped' diodes is a square wave. The 
diode capacitance in the case of practical microwave balanced mixer 
causes the current waveform to be truncated and hence the suggested! 
optimum performance can never be practically obtained. 
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Predicting the electrical performance 
of arc furnaces 

R. Armstrong 

Indexing term: Arc fumacet 

Abstract: The paper develops a method of predicting the electrical performance of arc furnaces. The tech­
nique ]• baaed on a power chart derived from an equivalent phasor diagram. Comparisons with other methods 
of prediction and win practical observations are made. An approximate form of .the operating chart is also 
presented which is applicable to systems having a low resistance/reactance ratio. 

List of principal symbols 

level of arc voltage 
r j n x values of supply voltage and fundamental 
componenlof arc voltage 
«= instantaneous values of arc voltages 
«• instantaneous values ofsupply voltages 
= instantaneous values of supply currents 

«• system resistance 
• system reactance 
=» intrinsic phase difference between V, and Va 

— system angle tan' 1 (R/X) 
= radhis of normalised operating circle 

apparent power 

V..V. -

* i i ' a i « s 

. R -
X -

6 
P 
S 
P 
Q = reactive power 

subscript b refers to base values 

Introduction 

The electric arc furnace is at present the most efficient way 
of producing special-alloy steels in quantities required to 
meet the needs of industry. In these times when great 
emphasis is placed on the conservation of energy, i t is im­
perative that the energy consumed by arc furnaces is fully 
utilised. This requires a method of accurately predicting the 
electrical performance which can easily be applied by 
personnel responsible for arc-furnace operations. 

A .number of manufacturers have installed arc furnaces 
to augment their supply of these special-alloy steels. In such 
instances the production engineer In charge of the furnace 
usually has a metallurgical background, yet is required to 
make decisions regarding the electrical performance of the 
furnace. Again there is a need for a method to assist him in 
his decisions. 

This paper outlines a method of predicting the electrical 
performance of arc furnaces. The method is based on an 
equivalent phasor diagram^ the derivation of which high­
lights some of the salient features of the system. The power 
chart, derived from the phasor diagram, can be used with­
out resorting to the underlying theory and has the added 
advantage that variations in all the quantities involved can 
be visualised. 

T223 P, received 30tn May 1978 
Armitrona it with the Department of Electrical *Y Beetroots 
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2 The arc furnace power diagram 

In order uie analyse the behaviour of an electric arc furnace 
system we make die following assumptions: 

(a) The 3-phase supply to the furnace is balanced and 
sinusoidal. 

(6) The phases of the arc furnace system are electrically 
balanced. 

(c) The voltage developed across each arc is constant 
during conduction at level Ea and reverses each half cycle. 

(d) The arcs fire symmetrically with 120° phase displace­
ment. 

•V, 9in(oot.ar) 

.arc current 

A 
A ' 

V t 

V 

Fig. 1 Typical voltage and current waveforms 

Fig. 2 Equivalent circuit of* 3-phate arc furnace 
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The arcs can only be maintained when the applied voltage 
is in excess of the level Ea consequently there is an in­
herent phase delay $ between the supply and arc voltages as 
shown in Fig. 1. The equivalent circuit of a 3-phase arc 
furnace is shown bi Fig. 2 and the solution of the differ­
ential equation of the system is shown in Appendix 8.1, 
from which i t will be seen that for stable arcs (arcs which 
conduct for a full half cycle) the following condition must 
be satisfied: 

cosfy + o) - Vj2p(R/X)Vm (1) 

>20 osc 
IS 

a (Ki -

of 04 ol 04 0-2 03 MX 

Ha. 3 Variation of a and I with gjrstem parameter* 

\ 

\ \ 
2R \ 

\ / 
\ 

Fig. 4 EquhmleHt phator diagram for a 3-phm arc furnace 

The variation in system angle 8 and the function p for 
different values of R/X are shown in Fig. 3, and, for given 
values of R/X and V„ eqn. 1 represents a semicircle of 
radius p(R/X) Vt inclined to the vertical axis by .the angle 8 
as shown in Fig. 4, die centre of the semidrcie being at 
point P. Abo shown in Fig. 4 are the resistance and re­
actance voltage drops. The complete Figure is, in fact, the 
phasor diagram representing the relationships between the 
fundamental components of the various voltages and 
currents existing in the system. 

The power diagram indicated in Fig. 5 is obtained by 
multiplying all sides of the V„ V a , IZ triangle by VJZ, 

and rotating through an angle 6. The diagram can be made 
universal by dividing all sides of the triangle by a base 
MVA, defined by . 

Sb - V b I b (2) 

where the base voltage Vb is taken as the phase value of the 
furnace supply voltage and the base current given by 

/* = VJZ . (3) 

In the normalised diagram the radius of the operating circle 
is p(R/X). The stable region of the diagram is to the right 
of the line indicating the theoretical limit of instability 
which is shown in Appendix 8.2 to be 

a » ( (P»cos8)f3 \ M 

I f required, other limits of operation may be superimposed 
on the diagram, e.g. the transformer rating and the maxi­
mum allowable arc voltage. 

For systems whose R/X ratio is less than 0-2, which is 
typical for systems fed direct from the 275 kV system, an 
interesting approximation is possible. We first observe from 
Fig. 3 that die radius of the operating circle is 046 and the 
centre of die circle is almost on the g axis. Considering 
now the case where R is zero, the radius of the circle is 
0-456 and the centre lies on the Q axis. These two circles 
are approximately coincident; the second circle may be 
regarded as the first circle rotated through an angle. This 
allows an approximate power chart to be drawn, assuming 
J? to be zero, as shown in Fig. 6 where the are power loci 
have.been superimposed. • 

\ 
\ 

Fig. 5 Power chart for a 3-phate arc furnace 

3 Comparisons with other methods of prediction 

To illustrate the use of the power chart a specimen calcul-
ation is shown below, the appropriate power chart being 
shown in Fig. 7. The example is relevant to a system pub­
lished by Freeman and Medley1 and a comparison with 
their results is illustrated in Fig. 8. 
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Specimen calculation • 

System Z - (456+/2772)x 10** SI 
Z « 2809 X 10"* 12 

Base voltage Vb » 5 2 5 / v T - 303 V 
[Base current / . = V„/Z = 303 x 10*/2809 ° 108 kA 
Base MV A/phase S b - V h I b « 303 x 108 - 33MVA/ph 
Jl/JT - 45672772 = 0-1645 
From Fig. 3 5 ™ 9*34 degreei 

p (fi/Z) m (M6 
The normalised arc power Pa is determined by subtracting 
itjie normalised I*R loss from the total input power. 
I Comparisons were also made with results published by 
rascftlgs and Persson1 for a system with a R/X ratio of 
KZ4. This is desirable since Freeman and Medley based 
heir calculations on the concept of an operational re-

i ictaace, whereas the results of Paschlds and Persson are 
based on a square-wave arc voltage and include the effects 
i f harmonics in the current waveform. This comparison is 
indicated in Fig. 9. 

put unit povMf 
0-10-2 03 04 OS 06 

Table 1: Comparhon with practical results 

it 

R( • # Approximate power chart 

Comparison with practical results 

Trie chart was also used to predict the performance of a 
15 D UMtt 50MVA arc furnace, and the results so obtained 
co npared with measured operating conditions. A summary 
of the comparison is given in Table 1 where'the power and. 
M> r A are 3-phase values. 

Gonduaiona 

Th r- results of Freeman and Medley fall off more rapidly 
thl ii those produced from the chart for high levels of arc 
car tent. Their calculations are based on the concept of an 
opt rating reactance which is 15% greater than the short 
drt uit reactance. The difference In the two sets of results 
at tigh current levels is probably because the operating 
reai f^ncje is dependent on current level and not strictly 
cottpfcant. 

with the results of Paschkis and Persson 
shoW that the values obtained from the chart are lower 
for 
doei 
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i0 current levels. This is because the operating chart 
not include the effects of harmonic components of 

Tap predicted aTVBSttiPttd 
voltage voltage P MVA P.«. P MVA P.f. 
SBO 44.2 80-4 0-743 48-8 60-3 0-711 
528 43 64 0-682 45-3 62-4 0468 
475 354 55-8 0-668 37 66 0-59 
426 29-3 40-4 0-719 32'6 41-3 0-744 
376 28-6 39-7 0-725 284 33*3 0-762 
326 18-26 25-0 0-707 19*3 26-8 0-725 
275 12-88 17-8 0-725 13-8 18-0 0-746 
200 7-34 10-63 0-68 7-6 11-2 0-68 

currents which win become more significant at high levels 
of current. 

. The operating chart therefore gives results which are 
comparable with other published results over the lower 
range of arc currents and are intermediate for higher 
current levels. 

The results shown in Table 1 indicate that the operating 
chart gives excellent predictions of actual operation. When 

- using the chart in practice i t would be more convenient to 
scale the diagram in actual power levels. Having selected a 
particular tap voltage the arc-voltage level Is marked on the 
can t ing circle. Since the arc voltage' varies with slag 
baddtyT better results will be achieved by using measured 
values of arc voltage rather than values computed from arc 
length. For a given furnace installation with a known R/X 
ratio the arc-power curve can also be drawn on the diagram 
-giving immediate indication of arc power. 

par-unit power 
0-2 as 0-4 06 

02-

0-3-

0-* -

•06 t 

06 * 

07 

06-

09-

/ 

V 
\ 

I 

\\ 

Flo. 7 Power chart for tyttem ditcuued in Section 3 
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8 Appendixes 

, &1 Determination of the phase angle e) 

' Let D be the differential operator defined by 

' then the system shown in Fig. 2 is governed by 

t y - e , +<?j - p , = Dit -Di2 

«a - « a + *a - « s - ~Dl3 

/ i = - ( / s + / s ) 

where e ( , e 2, and e3 represent the square-wave arc voltages 
reach displaced by 120° in accordance with assumption (*). 

Hinrinating t>j, «a, i 3 and f 9 wesee t b ^ f i isgrrvemedby 

(5) 

(6) 

(7) 

(8) 

2 / it +e,\ 
D h - i h - ^ e , - — ) (?) 

Since the arc current can only be maintained providing the 
applied voltage exceeds the level Ea then a phase shift e) 
must exist between 9t and ex and to include this effect in 
the analysis we write 

F,sin(faif + t>) (10) 

The equivalent arc voltage on the left-hand side of eqn. 9 is 
discontinuous and the current / | is given below for the time 
intervals indicated: 

V IE h - ^ , e x p ( - w f i « / ^ + - « « m ( w r + « > ^ « ) - - - i 

0<<o/<v /3 

- ^ a e x p ( - w r / ? / ^ ) + ^ , t o ( « / + ei-<s)--|^ 

vl3<ut<2nl3 

- ^ , e x p ( - « f / ? / J O + ^s to (wr+ t> + a ) - | ^ 

2*/3 < < • * < * 01) 

o-a 
per unit current 

0-4 0* 0-6 07 Of 0* 
r 

I 
0-4 

0-3 

02 

01 • 

0-3 0-4 04 0-6 07 0-0 M 

Fig. 9 Comparison of results 
—x—x— opera ting chart 
—o—o- PaachUi and Pemon 
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In the above equation there are four unknowns, namely A t , 
A3, At and a>. Enminating A» and A3 and using the 
condition that /, is zero at cor • 0 and at «= n we find that 
e> must satisfy the condition 

Y s m ( « - « ) » 2 
E. ( l - x a \ 
3R \l -* +x*J 

(12) 

where 

a r tan_ 1(Jr/Jl) 

and 

X - exp(«R/3Jr). 

By putting a = (ir/2—5) and rearranging we find that 

2 £ 0 V I + x* -1 
cosfo + 6) 

3K, K / * x a - x + l 
(13) 

The above equation can be expressed in terms of the r j n j . 
lewd of the supply voltage and the r j n x level of the funda­
mental component of the square-wave arc voltage to obtain 

cos(d+5) - VJ1»(R/X)V, 

where the function p(R/X) is given by 

(14) 

( x 2 - x + l \ 

exp 05) 
Eqn. 14 defines a semicircle of radius p(R/X) where VJV, 
is the normalised arc voltage. As a special case we observe 
that as R tends to zero then 

p m 9/2** * 045 

cost) • tr* Val($Vt) « K./(0«9F.) 

(16) 

(17) 

With the phase shift between V, and £"„ established, the 
tsax. level of the fundamental component of the arc volt­

age can be used to determine the fundamental component 
of current. 

8.2 Arc stability 

At f — 0, the rate of change of the arc current must be 
greater than zero for the arc to establish/if rfi/rfr is negative 
at f =» 0+ then the arc current is attempting to flow in a 
negative direction whilst the arc voltage is positive which is 
not possible. 

In the region. 0 < ut < */3 the current is characterised by 

dtx,Rit V. . • 2Em (18) 

At f « 0, it =» 0 and the onset of arc instability is given by 
tB/dt = 0 and the above equation indicates that the critical 
angle 0 C is given by 

2E. 
3 F . 

sin0fl = ~ ~ = — nfi 
6V. 

But also 

cosO e + 6) 

and therefore 

VjlpV. 

•fa*; = jp(*/*)cos(*V+«) 

which has solution 

<pe *» tan-1 ptrcoso/3 
1 +wpsin6/3 

whilst the limiting value of 0 e as/? tends to zero is 

«„ = tan- l(3/2jr) 

(19) 

(20) 

(21) 

(22) 

(23) 

Examination of the expression for the critical anglereveals' 
that the presence of resistance improves arc stability. 
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THE ELECTRIC ARC FURNACE—A USEFUL TEACHING SYSTEM 

R. ARMSTRONG 
Department of Electrical Engineering and Physical Electronics, Newcastle upon 
Tyne Polytechnic. England 

1 INTRODUCTION 
Of necessity the various techniques used in solving electrical engineering 
problems are taught separately, with the inevitable result that the student is 
presented with a set of apparently disjoint facts. I t is therefore of immense 
educational value to study a system which draws on a variety of principles. 
Such a system is the electric arc furnace which has the following salient 
features. 

(i) The system is non-linear by virtue of the electric arc. 
(ii) A linearising technique is required to make the systems amenable to 

analysis. 
(iii) The differential equation of the system must be examined in the time 

domain to determine a> fundamental constraint on the solution. 
(iv) Fourier Series may-be used to obtain steady state behaviour of the system. 
(v) The fundamental constraint mentioned in (iii) enables the steady state 

solution to be represented by a locus diagram which can be converted into 
a universal power chart, which gives accurate assessments of current, 
power, volt-amperes and power factor. This obviates the necessity to 
evaluate complex formulae and gives a visual insight into the variations of 
the various quantities under consideration. 

(vi) The problem exhibits a form of instability, which may be predicted from 
the differential equation. 

Practical details can often stimulate students' interest and the following will 
be helpful in this respect A typical three-phase arc furnace may have an 
electrical rating of 50 MVA and be capable of melting 1 SO tons of steel in three 
hours. The currents taken by such furnaces can be as high as 70-80 KA at 
voltage levels variable between 200 to 550 volts (line) in steps of 25 volts. The 
energy liberated1 per hour has been estimated to be 96 MJ (27 KWh) per cubic 
cm of arc volume at temperatures of the order of 10,000 to 18,000 ° C When the 
arc is conducting, the voltage across the arc is approximately constant 

2 ELECTRO-MAGNETIC EFFECTS 
The arcs are struck between the charge (scrap to be melted) and three vertical 
graphite electrodes, the electrodes being positioned at the corners of an equilat­
eral triangle. Some interesting practical effects can be explained by examination 
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of the magnetic forces set up between the electrodes. Assuming balanced 
currents, application of the simple magnetic force rule 

F =» x / Newton/metre (1) 

shows that the force on an electrode has the form 

F « ^ 9 ^ ^ { l « + cos2a>fl+sin2cM7} . (2) 

where *a* is the electrode separation and i and j lie in the plane perpendicular to 
the electrode axis, i being perpendicular to a plane parallel to the "yellow* and 
'blue* electrodes. 

The above expression indicates that the force possesses a constant 'repulsive' 
part and a rotating part (cos 2cot /+ s in 2oit j). These forces are not sufficiently 
large to deflect or break the electrodes, but a force of the same basic nature also' 
acts on the arcs which are flexible. I f the arc length is too long 2 the constant 
repulsive force deflects the arc towards the side of the furnace bath which may 
damage the expensive refractory lining of the furnace. The rotating force on the 
other hand has an advantageous effect in that it causes the arc to rotate around 
the base of the electrode producing even wear. Proximity effects cause the 
current to flow in the outer parts of the electrode. Since the complete electrode 
is formed by joining short lengths at screw joints this turning moment can 
unscrew the electrode joints should the phase sequence be wrong. . 

3 ELECTRICAL ASPECTS 
For analytic convenience we will examine die electrical performance of a 
single-phase arc furnace. The three-phase arc furnace may be 3 analysed by the 
same technique. 

3.1 The intrinsic phase shift 
The electrical system of a single phase arc furnace is as shown in Fig. 1. As 
mentioned in section 2, the arc voltage can be regarded constant at a level E 
during, conduction and reverses each half cycle and consequently the non-linear 
V-i arc characteristic need not be considered if the arc voltage is expressed as a 
square wave. However it cannot be assumed that the arc begins to conduct at 
the same instant as the supply voltage passes through zero, and so we in­
corporate an intrinsic phase shift £ into the analysis by specifying the supply 
voltage as 

v~9sin((ot + 4>) (3) 

The intrinsic phase shift 4 i> unknown and must be determined as part of the 
solution. 

The differential equation of the system is 

^ - P s i n (a i r+*) -«(<) (4) 
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L. I X=oL 
-omn—*— 

ifUsinfcU*) t?e(t) 

FIG. 1 Electrical system of a single- FIG. 2 Equivalent circuit for the 
phase arc furnace. fundamental component of current. 

where e(t) represents the square-wave arc voltage mentioned previously. The 
solution to equation (4) is 

? , .» Em 
i**A- — cas(<ot + 4)—— (5) 

At time t=0, the arc begins to conduct and the current i commences to rise 
from zero and therefore 

4 * - c o s 0 (6) 

At at «n *, the current must fall to zero prior to re-establishing itself in the 
negative direction and hence 

0 - A - £ c o s ( * + fl-Y (7) 

Eliminating A between equations (6) and (7) we find that the intrinsic phase 
delay must satisfy the condition 

cos0«x£ /2 (> (8) 

and hence 

A = KE/2X (?) 

32 Frequency domain solution 
At this stage we could use the time domain solution (equations (5) (8) (?)). 
However, i t is more flluminating to consider the frequency domain solution. To 
do this we represent the square wave arc voltage by its Fourier Series and use 
the principle of superposition. The equivalent circuit for the fundamental 
component of current is then as shown in Fig. 2. This equivalent system 
contains only smusoidally varying quantities of the same frequency and we are 
at liberty to represent its behaviour by a phasor diagram. In doing this we must 
retain the fact that <p is not arbitrary but is constrained by equation (8) and in 
keeping with all steady state sinerwave behaviour we represent all voltages and 
currents by their rms. values. 

Rewriting equation (8) in terms of r.m.s. values we see that the constraint on 
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<p is given by 

COsA = 2 ^ ~ — (9) 
9 iV 2pV 1 ' 

where 

p = 1 = 0.4. (10) 
71 

As shown in Fig. (3), equation (9) can be regarded as representing a semi­
circle of radius pV. Fig. 4 shows this semicircle with the reactance drop super­
imposed, which allows the power factor angle'to be displayed. This phasor 
diagram can be converted to the power chart of Fig. 5 by multiplying all sides 
of the V, Va, IX triangle by V/X. Furthermore the diagram can be made 
universal by dividing all sides by a base MVA, 

S>-IbV> (11) 

where the base voltage is taken as the supply voltage and the base current is 
given by 

h~VJX (12) 

We see immediately from the power chart that for a given input voltage there is 
a maximum fundamental input power and that all other power levels can be 
transmitted at two possible power factors, and two associated current levels. 

3.3 Effects of higher harmonics 
Only voltages and currents at the same frequency can interact to produce 
power. Since the supply voltage is derived from an infinite source (the grid 
system) i t is constrained to be sinusoidal and hence knowledge of the funda-

2pV 2pV 

e 

FIG. 3 Phasor representation of FIG. 4 Phasor diagram of the 
fundamental components of voltage the constraint cos(<p) <• VJlpV. 

and current. 
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FIG. 5 Power chart for a single-phase arc furnace. 

mental component of current is sufficient to predict input power. The higher 
harmonics, however, do contribute to the r jn.s. value of the current and hence 
to the power factor. The harmonics in the current waveform reduce approxi­
mately as 1/it2 because die harmonic voltage falls as 1/n whilst the reactance 
increases as n. In practice the error introduced by these components can be 
ignored. 

3.4 Are stability 
A practical problem associated with arc furnaces is setting the levels of the 
system such that the arc is stable Le. conducts for a full half-cycle. I t is interest­
ing to observe that this is the converse of the switchgear problem of extinguish­
ing the arc as quickly as possible. 

A t—0 the rate of change of the arc current must be greater than zero for the 
arc to establish. If difdt is negative then the arc is attempting to flow in a 
negative direction whilst the arc voltage is positive, which is not possible. 
Examination of equation (4) indicates that di/dt is zero at t—0 when the 
intrinsic phase angle <p has the critical value <pe given by 

sin 0, = E/P=71^4 V (13) 

But also 

cosdv*>> VJlpV (14) 
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and therefore 

tan <£c = pn/2 = 2/n (IS) 

0 e=»32.5° 

4 CONCLUSIONS 
It is interesting to observe that rotating magnetic fields have significance in 
areas other than electrical machines. The magnitude of the magnetic forces is 
not important but the analysis is relevant since it reveals the fundamental 
mechanism causing arc deflection and rotation. 

From a mathematical point of view the circuit problem of the arc furnace is 
solved once the time domain solution has been found. The r j n a current, 
power, and power factor may be obtained by well-known methods. However, a 
deeper insight into the performance of the system is obtained from the alter­
native viewpoint of the frequency domain solution. Replacing the square wave 
arc voltage by its fundamental component (i.e. its describing function) is valid 
because of the filtering action of the series inductance on the higher harmonics 
of current. This approximation then allows conventional circuit theory to be 
used to produce a locus diagram. The conclusion to be drawn here is that even 
though a solution to a problem is known, an alternative viewpoint may add 
considerable engineering information and emphasize important aspects of 
performance. 

I t is considered that the system studied in this article is sufficiently simple to 
allow the student to see the significance of the various techniques used to 
obtain a meaningful engineering solution. 
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ABSTRACTS-ENGLISH, FRENCH, GERMAN, SPANISH 

The efectric arc furnace—a useful teaching system 
A simplified study of problems relating to an electric arc furnace system is presented as a means of 
illustrating a variety of principles required to produce a meaningful solution. Features discussed in 
the article are: Rotating magnetic fields; Linearisation technique; Time domain solution; Frequency 
domain solution; Locus diagram; Stability limit. 

Le low aape ekctriqae an syttemeirtfka*aiseignement 
Une etude simplifies des problemes relams a un four a arc electrique est presentee comme 
fltastratfcm de la variete des primapes necessaires a l'obtention d*uhe solution reamtte. Lea elements 
discutes dans cet ankle sont champs magnetique rotatifs; technique de linearisation; solution dans 
kdomatae temps; solution daiuledomara 



UN DIAGRAM ME OPERATOIRE 
POUR LES FOURS A ARC 
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& PhysiC.V ElPCtronn"!, 

A. INCE 
Development Manager 
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Le *endeme" des hurs a arc est d une importance capi-
- ^ ta.e en ec erie e.ectricue. Concevoi r le programme 
f c p c a t o i r e s'un four a arc pour I 'adapter a diverses condi-
i » tior.s r e leve ' generaiement de I 'empirisme. Meme si un 

programme satisfaisant a ete etabli. i l n'en demeure pas 
>motns qu 'on peut se. demaAder si I 'utilisation de la puis­

sance est effectivement la meilleure possible. Comme les 
Jr* ressources mondiales en energie diminuent et que son cout 

augmente. les operateurs de fours a arc subissent une 
j " " p r e s s i o n constante en vue d'en assurer une uti l isat ion 

, optimale. 

II est done evident qu' i l est desirable de disposer d'une 
•methode de prevision des performances des fours a arc. 
capable d'etre directement u t f i s ee par les metallurgistes. 
Cer article se propose de repondre a cette demande en 
deenvant la construction et I 'emploi d 'un diagramme opera-
toire pour les fours a arc. Base sur des principes bien 

frConnus, i l peut etre utilise sans recours a la theorie et 
possede ce t avantage que' les e f fe t s des variations des 
divers parametres electriques : puissance, tension, intensite, 
fac teur j de puissance, pour diverses longueurs d'arc peu-
^ent etre jvisualisees et mesurees simultanement. 

O n exposera ici seulement la construct ion et ( 'utilisation 
^ du diagramme. Les lecteurs interesses par les implications 

heoriques ou par des comparaisons avec des resultats 
pratique s de mesures pourront se reporter a ('article 

Arms t rong (1). 

Liste des aymboles utilises 

V . tension entre phases (prise du transformateur) 
t 1 : intensite 
j J\ : resistance 

X . reactance 
I** f* puissance active (MW) 

Q : pui; isance reactive (MVAr) 
$ : puissance (MVA) 

^"7 a : tension d'arc. 
iLes indices b concerneront les grandeurs rapportees a 
i 'unite (explications ci-dessous). 

r r 

D E S C R I P T I O N D U D I A G R A M M E OPERATOIRE 

Ce diagra Time relatif a un four a arc triphase. valable pour 
(Uiy. r appor t • resistance/reactance> infer ieur a 0.2. est repre­
sents f i g t re 1. Le diagramme est universe! car i l s 'applique 
ia tous les fou r s quelles que soient puissances et tensions : 
ceci impl que qu ' i l ne doit pas etre retrace pour chaque 
valeur d j la tension appliquee ou de la tension d'arc. 
Cet te adc ptabil i te est obtenue en considerant toutes les 
var iables comme des fractions d'une certaine valeur de 
base (ega e a I'unite) definie ci-dessous. 

i . * ! 

Tension de base V j , 

Elle est def in ie comme la tension par phase cor respc- -
dante a la pr ise du transformateur. Par exemple. pour _ri= 
tension entre phases de 525 V, la tension de base (egaie 
a I 'unite) sera 525/ V"3~ = 303 V et une lecture - norma-
lisee » (e'est-a-dire rappprtee a I'unite) de 0,7 doit corres-
pondre a une tens ion reelle de 0,7 x = 212 V. 

Intensite de base I t , 

Elle est def in ie par le rapport de la tension de base V a 
la reactance de court-c i rcui t du systeme soit 

(intensite de court-circuit) 'b = * 

f • .KPH-HMIKT 1979 

Puissance apparente de base \ 

Elle e s t def in ie comme le produit de la tension de base 
par le courant de base. 

S b = V b l b ( M V A ) 

Toutes les puissances mesurees sur le diagramme repre-
sentent une f rac t ion de la puissance de base en M V A . 

Ains i une lecture de 0,3 correspond a une puissance reel 's 
de 

0,3 X Sb ( M W par phase) 
alors qu 'une puissance reactive de 0,4 indique une valeur 
reelle de 

0.4 x S b (MVAR par phase) 

Comme on peut le vo i r sur la f igure 1. I'axe unitaire ou 
norm.nlisu re la t i f aux puissances (axe P) est horizontal et 
I'axe unitaire relat i f aux puissances reactive6 (axe Q) est 
ver t ica l . Le cerc le operatoire (lieu geometrique de tous 
loo poin ts poss ib les de fonctionnement) est un demi-cercje 
de rayon 

9/2.-7J-3 ^ j 0,45 unite centre sur I'axe Q a 

0 = 1 — 9 /2 T T 3 ~ 0 . 5 5 unite 

La l imite de s tabi l i te d e f a r e est indiquee par la d 'o i te 
xy, la region stable se situant a droite. 

Le po in t de fonc t ionnemen t « a • se t rouve a ( ' intersection 
du cercle opera to i re et de Care de cercle. correspondant a 
une tens ion d'arc constante. Noter que la tension d'arc 
est aussi representee par une f rac t ion de la tension de 
base. 

La longueur d u segment joignant I 'origine au point de 
fonct ionnement (oa) donne a la fo is la puissance totale 
( V A ) et I ' intensite. La p ro jec t ion de ce segment sur I'axe P 
donne la puissance act ive alors que sa pro jec t ion sur 
I'axe Q donne la pu'ssance reactive. Enfin ('angle entre 
cette droi te e t I'axo P est I'angle de phase 0 (facteur de 

puissance cos 0 ) . 
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point J* 
omtHrnnmmrnt 

"5-7 
Ttnurn jin 

-Jjj (for rorpart a' I'onti'/ 

fc/g. 1. - - l e diagramme operatoire. 

e 1 

• (Medley 

Exempi i 

I ^ Les pr i ncipalee particularites du d iagramme etant exposees. 
> " nous i t l lons maintenant I ' i llustrer par un exemple. Le 
. v s y s t e m » etudie sur la figure 3 et cor respondent a u dia­

graming de la figure 2 est celui p'ublie p a r ' F r e e m a n et 
(2). 

^ Le four ' fonct ionne sur la prise de tens ion maximale a 525 V 
avec un arc de 15,25 cm "(6 inches). La tens ion d'arc (*) 

-V*st dorjnee par 

f V a - 30 + 12 x longueur d'arc (cm) 
* = 3 0 + 1 2 X 1 5 , 2 5 = 213 vo l t s 

• Woua pouvons maintenant etablir les valeurs dee grandeurs-
unites (valeurs de base). 

I v Tension de base : V b = 525/ V 3 ' = 303 V . 
| ^Reactance totale : X = (2 342 + 430) .10 '< = 2 772.10 "* fl. 
[ ^Courant de base : l b = V /X = 303/2 772.10 "« = 109 K A . 

Puissance de base M V A 
r * S b z= V „ . l b = 303 X 109 = 33 M V A 

7 Tension d'arc (rapportee a l unite) : V L / V b = 213/303 = 0.7. 

k' Du diagramme de la figure 2 nous pouvons extraire les 
r valeurs |suivantes et les convert ir en valeurs reelles. 

r 
> TABLEAU 1 

Gra ideurs Rapportee 
a I'-unite Reelle 

Segment 
sur Te 

diagramme 

' Puissar 

i P. reac 

N/A tots 

- Intensit 

A n g l e c 

C o s 0 

ce 

;:ve V A 

I U X 

s 

ie phase 

0,45 

0.55 

0.71 

0.71 

5 0 ° 

0.642 

14.85 M W / p h a s e 

18.15 M V A r / p h . 

23.43 M V A / p h . 

77.39 K A 

50o 

0.642 

a d 

a e 

o a 

o a 

(*) La tension d'arc depend aussi de la basiclti du laitler (3). 
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Fig. 3. — Schema de /'installation relative a I'exemple 1. 

r'jimim ft oc/f *• ( f r. -mitt J 
Q.3 O.I4- O.S o.b 

Fig. 2. — Exemple rf 1. Determination des puissances actives 
et reactive fournles au fansformateur ainsi que la puissance 
dans /'arc. 



r riite .- d B source • ) . 

,r l o u r es: equiliore; - chaq j e phase, f o u m i t la meme 
• s s a r c e de telle sorte que la puissance totale est : 

P = 3 x - 14.85 = 44.55 M W 
et de r leme. les VA totaux sont 

S = 3 x ~ 23,43 = 70.29 M V A 
Les v.ili >urs obtenues ci-dessus (sauf I ' intensite) sont celles 
qui pourraient etre lues sur les instruments appropries 

tu point A ( f ig . 3) du montage. Si I ' instrumentation 
dc con role se situe en B les valeurs fournies par le 

me ne correspondent plus. Pour t rouver les valeurs 
en B nous devons soustraire la puissance et les 
eactives relatives a la por t ion d 'equipement com-

qui po 

Iplaces 
dc cor 
tiiiigrum 
roelliis 
partes 

Pertes 

Le tableau II resume les resultots. 

^p r i se entre A et B. Ce*ci est realise comme suit 
ohmjques entre A et. B : l J . R 5 ( R s = resistance 

Pertes l apportees a I'unite 

• > 

P.pu-CR*) 
l £ i R s / S b = — = (pu = par rappor t a 

I 'unite). 
'Dans c^t exemple I'intensite rapportee a I'unite est 0,71 
gone la 
A B est 

puissance correspondante perdue dans la section 

6.10 -« 
(0.71): = 0,001 

I 2 772.10 •« 
^Ainsi, la puissance rapportee a I'unite et parvenant au 
transformateur du four est 

0.45 — 0.001 = 0.449 
La soustraction peut aussi etre operee sur le diagramme 
et correspond a un deplacement vers la gauche de 0,01 pu. 

HEst comparant avec la puissance totale, cet te perte est 
>insignifiai te et peut etre negligee. 
Une tellis situation est classique pour un f o u r alimente 
par un rt seau THT : 

Les perte s reactives entre A et B sont l 2 . X , soi t en rappor-
'itent a f i n i t e — 

T A B L E A U II 

Grandeurs 

Rapportees 
a 1 unite 

(d 'apres le 
diagramme 

Reelles 

Grandeurs 

Rapportees 
a 1 unite 

(d 'apres le 
diagramme 

Par phase 3 phases 

Puissance totale 0,45 14.85 44.55 M W 
V A r s totaux 0,55 18.15 • 54,45 M V A r 
M V A totEux 0.71 23,43 70.29 M V A 
Intenslte 0.71 77.39 KA — KA 
Angle de phase 5 0 ° 50" 50" 
Facteur 
de puissance 0,642 0,642 0.642 

Pertes a I 'alimenta-
. t ion 

en puissance 0.001 0,33 0.099 M W 

reactives • 0.08 2.64 7.92 M V A r 

Entree au t ransfor­
mateur du f o u r 
Puissance 0,449 14.8 44.45 M W 

V A r s 0,47 15,51 ; 46,53 M V A r 

M V A 0.66 21.78 65.34 M V A 

Angle de phase 4 7 ° 470 47e 

Cos 0 0.682 0.682 0.682 

Pertes totales 0.08 2.64 7.92 M W 

Puissance dans 
I'arc 0.37 12.21 36.63 M W 

Rendement 8 2 % 8 2 % 8 2 % 

= |2 
430.10 

= (0.71) ' = 0.078 ^v/0.08 
2 772.10 -« 

Ajns i la. puissance reactive parvenant au t ransformateur de 
Jour est 

0.55 — 0;08 = 0.47 
La puisse nee totale est representee par le segment o b soit 

.166 unite) ce qui correspond a une puissance d'entree de 
0.66 x S 
t o t a l 3 x 

e n conse 
dentes ne 

- lifnite. 

I ^ntree. 

= 0.66 x 33 s 21.78 M V A par phase soit au 
21.78 = 65.34 MVA. 

Wangle ds phase qui serait mesure en B est celui compris 
entre le segment ob et I'axe P. II est de 47 degres ce qui 
donne un facteur de puissance cos 0 = 0,682. 

Ipus cors ta tons que la puissance recue par le t ransfor­
mateur d i f o u r est superieure a sa puissance nominate et, 

quence, I 'operation avec les condi t ions prece-
peut etre envisagee que pendan t un temps 

Variat ion de le tens ion d'entree 

Quand on calcule le rendement d 'un four pour diverses 
tensions d 'a l imentat ion, il n'est pas exact d'admettre que 
la . resistance et I? reactance dites - de sources > (entre 
A et B dans I'e..ample precedent) sont constantes. Ceci est 
du au fa i t que la valeur de la haute tens ion d'entree du 
transformateur a ete referee a 525 V. Pour 'une autre prise 
(tension VT) les nouvol les valeurs correspondantes (pri-
mees ci-apres) sont donnees par : 

VT ^^• 

y Nous pot vons maintenant calculer la puissance ef fec t ive 
dans I'arc en soustrayant les pertes totales de la puissance 

R s = 

VT V* 

x R s 

x X . 

Total des pertes (rappbrtees a I'unite) = 
1*R 

i2

b-x 
P - = (0.71)2 

v X 

456.10 -« 

2 772 .10-* 
0.083 1^0.08 

La puissance dans I'arc rapportee a I 'unite es t alors 0,45 -
^gramme. En valeur reelle ceci donne 12,21 M W par phase 
£ i n a l e m e n t on accede au rendement. 

- 0,08 = 0,37 ce qui est equivalent a la distance a d du d.a-
(36.63 M W au to ta l ) . 

' Rendement = 
Puissance dans I'arc X 100 

Puissance totale d'entree 

c d x 100 0.37 x 100 

a d 0.45 
= 8 2 % 
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A i m i pouv ionctionnement sous 425 V les valeurt, appro-
p ' i ep s sont . 

R'S = 0.6553 x 6 x 10"* 4.10"* 

X«, = 0.6553 x 430 x 1 0 - » = 281.10 -* 

La nouvelle tension de base est 425/ V3 = 245 V. 

>• La r eactance totale du systeme est 
(281 + 2 342) .10"« = 2 623.10"* ce qui donne un courant 
de base de 245/2 623.10 -* = 93.3 KA et une nouvelle 
puissance totnlc de 93.3 X 245 = 22,8 M V A . 

l:> .suite du calcul est inch;ingee. 

0. Exemple 2 

<• Suppbsons maintenant que le fou r fonctionne sous 425 V 
et que Ton demande de calculer la tension' d'arc corres-

*>> pondant au maximum de puissance utile. Pour cela, nous 
devons calculer les puissances dans Tare pour diverses 

' . valeurs de la tension d'arc. 

* Ains i , s i la tension d'arc est 0,7 pu on a : 
„ Tension de base V b = 424/ V3~ = 245 V. 

Reactance totale X = 282 + 2 346.10 -« = 2 624.10 -«. 
' C o u r a n t ' d e base l b = W/X = 93 K A . 

^ Pour tine tension d'arc de 0,7 pu nous tirons du diagramme. 

Puissance d'entree pu = 0,45. 
" Cbura i t (pu) = 0.72. 

* Rapport total R/X = 0,173. 
„ y Pertes = (0.72) 2 (0.173) = 0.09. 

Puissance dans I'arc Pa = 0.45 — 0.09 = 0,36. 

Ce caljcul est repete pour diverses tensions d'arc. les re-

« 

• 

sultats etant resumes dans le tableau 3. 

TABLEAU III 

Tensi 
• d'ar 

on 
: Intensite Pertes 

Puissance 
d'entree 

Puissance 
dans I'arc 

0.7C 

0.7E 

0.8C 

0.8E 

i 0.72 

0.67 

0.60 

0,525 

0,09 

0.078 

0.062 

0,048 

0.45 

0,445 

0,425 

0,390 

0,36 • 

0,367 

0,363 

0.342 

fees resultats sont maintenant transcri ts sur le diagramme 
comme le montre la f igure 4 . La puissance maxima le dans 
I'arc correspond au point a. Le segment a b represente 

*les pertps et donne le point operatoire b. Le fonct lonne-
mer.t au point c demanderait un courant de 0.72 unite avec 

**un cos 0 de 0,63 pour etablir une puissance d'arc de 
0,36 unite. D 'un autre cote, l 'operat ion au point b fourn i t 
fine puissance d'arc de 0,37 unite pour un courant reduit 
a 0,65 unite et un cos 0 superieur (0,69). Nous constatons 
egalement que la courbe de puissance dans I'arc es t 

y Jnsensiblje a de pet i tes variations proches du maximum et 
si d est pris comme point de fonctionnement nous 
obtenons uhe puissance d'arc de 0,365 (variation de 1.35 % 
par rapport a I 'optimum) pour un courant de 0,6 unite 
(reduct ion de 0,7 % ) avec un nouvel eccroissement du 
fac teur de puissance a 0,72. 

Le point de fonctionnement b pour obtenir la puissance 
cj'arc maximale etant determine, lea autres parametres 
requis (intensite, cos 0 ...) sont calcules comme dans 
4'exemple 1. Le lecteur pourra ver i f ie r que les valeurs 
indiquees au tableau 4 correspondent a un fonct ionnement 

^ah maximum de puissance d'arc. 

HExempfe 3 
i 

Le p ' e m i e r exemple correspondait a une tension d 'al imen-
tat ion fixe et une ' l ongueur d'arc f ixe alors que pour le 
second la tension etait f ixe et la longueur d'arc variable. 
Maintenant, considerons une longueur d'arc f ixe avec des 
tensions variables. 

TABLEAU IV 

Grandeurs 
Rapportees 

a I'unite 
Reelles 

par phase 

Puissance 0.44 10.0 M W 
V A r s 0,46 10,5 M V A r 
M V A 0.65 14,8 M V A 
Couran t 0.65 60.5 kA 
C o s 0 0.69 0.69 

Pertes 
Pertes totales en 
puissance 0.075 1,7 M W 
Pertes V A r « source » 0.04S 1,0 M V A r 

Entree au f o u r 
Puissance 0.44 10,0 
V A r s ' 0.415 9,5 
M V A 0.62 14.0 
C o s 0 0.73 0,73 

Tens ion d'arc . 0,76 186 V 
Puissance d'arc 0.37 8.4 M W 

f-jutjntt otSiJt Ipr. ittitil 
* au o.S o.t 

o-b Taniio-y il'ar>. 

Fig. 4. — Exemple n" 2. Determination des conditions d'obtention 
de la puissance maximale dans fare. • 

Une tel le s i tuat ion cor respond peut-etre a un four charge 
en cont inu . C o m m e II t ravai l le generalement en • bain plat », 
nous pouvons supposer que la longueur d'arc est f ixee, 
par exemple a 10,16 c m (4 inches), pour eviter I'usure 
excessive des refracta i res . Pour util iser pleinement la 
puissance invest ie . on peut se demander s ' i l est possible 
de t ravai l le r en cont inu avec le transformateur a sa 
puissance maximale soit 54 M V A (18 M V A par phase). 

Pour res'oudre ce probleme nous testerons diverses ten­
sions d 'a l imentat ion et calculerons pour chacune les condi­
t ions de t ravai l . Cet te analyse s 'effectue de la meme 
maniere que pou r I 'exemple 1 et les resultats en sont 
resumes dans le tableau 5, les points de fonctionnement 
apparaissant sur la f i g u i e 5. 
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TABLEAU V 

Tension 
vr 

' V 7 \ : 

• I 

\S2sl 
R- .10 •« X* io -« R.10-* X.10"* V . M . 18.'S6 

R/X 

Point 
de 

fonctionne 
ment 

r 
425 
375 
325 

1.00 
0.B185 

10.6553 
0.5101' 
0.3832 

6 
4.9 
3.9 
3.06 
2.3 

430 
352 
2B2 
219 
165 

456 
455 
454 
453 
452 

2 772 
2694 
2 624 
2 561 
2 507 

303 
274 
245 
216 
188 

0.5 
0.55 
0.62 
0.7 
0,81 

109 
102 
93 
84 
75 

33 
28 
23 
18 
14 

0.55 
0.64 
0.78 
1.00 
1.28 

0.155 
0.131 
0.107. 
0.086 
0.066 

0,165 
0,169 
0,173 
0.177 
0,180 

a 
b 
c 
d 
e 

Pride 
tension 

MVA 
tolaux 

Perres 
reactives 

MVA 
au 

four 
Partes Puissance 

totale 
.Puissance 

arc C o s 0 
Valeurs reelles 

Puissance 
MVA Intensity arc 

C o s v> Rendement 

52: 
47! 
42 
37£i 
321 

0.87 
0.84 
0.785 
0,72 
0.58 

0.12 
0.092 
0.066 
0.046 
0.022 

0.765 
0.765 
0.735 
0.685 
0,565 

> 0.55 
> 0.64 
< 0.78 
< 1,00 
<-1.28 

depasse la puissance nominate 
du transformateur 

0.11 
0.09 
0.06. 

0.445 0.335 
0.45 0.36 
0.425 0.365 

0.62 
0.68 
0.76 

16,9 
12.33 
7.9 

KA 

73 
60.5 
43.5 . 

MW 

7.7 
6.48 
5.11 ' 

0.62 
0.68 
0.76 

75% 
80% 
86% 

I Ces resul tats montrent qu' i l est necessaire d 'operer a 
JL. ,425 V ou au-dessous. Av'ec 375 V au l ieu de 425 V nous 
r cons.a tons que la puissance d'arc es t - redu i te de 1 5 , 5 % 
V- pendant que 'e courant diminue de 27 % pour une augmen-

^ tat.on iu cos Z de 0,62 a 0,68. 
" C e t t e diminut ion de puissance peut augmenter le temps 

^ tf d 'oper j i i o n mais, en contre partie, I 'accroissement du 
fac teui de puissance et la reduction corre la t ive des couts 

|U v peut r sndre I'operation a 375 V economiquement souhai-
L table. 

L ' 

^ Pour u t i l i ser le diagramme, on doi t se souvenir des points 
jSuivant t 

. — Le 
1 plus so 

est fo 
• Oan 
^ ^par la 

ui rw 

exe triples 
ram ne *~ diag 

capable 
I V » e . 
* ^ B i e n 

exempli 
'*" t l do i t 

eux-i 
* da 

II est sans 
arc, -e tant 
domaine 
Le 
tains 
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C O N C L U S I O N S 

ifapport R/X ne doit pas depasser 0,2. U n diagramme 
phist ique valable pour des rappor ts R/X superieurs 

par Armstrong (-r). 
s cet article, la tension d'arc est liee a sa longueur 
: ormule 

V = 3 0 . . + 12 X (cm) r cnais cc mme I'a note Pirozhnikov (3) la t ens ion d'arc varie 
considerablement avec la basic i te k du lai t ier et i l est prefe­
rable d uti l iser une valeur e x p e r i m e n t a l de V . 
— La resis tance et la reactance « d e source • (reseau 
fourn isseur ) doivent aussi etre connues. En vue d 'obtenir 
•es pe r fo rmance maximales les in format ions necessaires 
doivent etre demandees aux responsables du reseau. 

Le d iagramme fournit des indications raisonnables pour 
un travi l i l sur • bain plat >. mais pour les condi t ions de 

* fus ion £ vec format ion des • puits •, tou t ce flu'on peut en 
esperer est qu ' i l permette d'obtenir les va leurs moyennes 

*de pe r fo rmances electriques. 
-r— Avec un f o u r non equilibre sur ses 3 phases on note 

des d i f f e r ences entre les valeur e f fec t ives e t les valeurs. 
p reca lc i lees. 

presentes dans cet art icle montrent que le 
operatoire permet d 'effectuer une • s imulat ion > 

de conduire a un programme d 'ut i l i sa t ion appro-

que 

mer tes 
nomi j r eux 

quelques connaissances complementaires (par 
I ' e f fe t de la basicite du laitier) soient souhaitables, 

Jeja amener les metallurgistes a determiner par 
des conditions de marche satisfaiaante, et dans 

cas, ameliorees. 
doute exact de dire que I 'operat ion au f o u r a 
p lus j j n art qu'une science, f a i t part ie des 

s de la technologie. 
propose permet cependant d 'eclairer cer-
techniques mais i l est cer ta in que pour 

diagi amine 
m; rsteres 

0 3 O.U- 0.5 o.b 

Tra*iu 

lat a 

T e — I — ' — r 

! \ 

triftti flOktit/ii 

fitrlt r /a t / .Vf x 

' t'jrte I \ 

\ \ 
pa rjtt* \ 

'aiuh'e* 

remit* d'otx 
[pr. Mite) 

Fig. 5. — Example it' 3. Recherche de lu tension uptinwle. 

reva lua t ion des resultats. la competence et I'experience 
sont encore necessaires. Le succes d'un diagramme de 
ce. genre depend de son appl icat ion a des conditions 
var iees et ceci doi t etre erfectue avec la cooperat ion des 
acleristes. II est souhaitable que ( 'utilisation du diagramme, 
pendant des periodes de t ravai l b ien contrdlees, donne lieu 
a une collecte de resultats qui permettront les c o m p a r i ­
sons entre les valeurs reelles et les valeurs predites. 
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APPLICATION OF RESONANT CIRCUIT THEORY TO MATCHING 
NETWORKS 

R. ARMSTRONG and E. KOROLKIEWICZ 
School of Electronic Engineering, Newcastle upon Tyne Polytechnic, England 

1 INTRODUCTION 
In high frequency communication systems, matching the source impedance to 
the load impedance is important, to prevent reflections and consequent _ 
distortion. Transmitters should transfer the maximum amount of power to the 
aerial, whilst in receiving systems low power levels also dictate maximum 
power transfer conditions. High frequency systems must accommodate modu­
lated signals, and the bandwidth of a matching network must be adequate to 
allow the side bands to propagate. The basic building block of such matching 
networks is the parallel or series tuned circuit This article shows how the 
theory of resonant circuits may be used to design apparently complex matching 
networks 1 ' 3. An example is given to illustrate the design process using both 
analytical and graphical methods. From an educational point of view the 
student sees the tuned circuit from a different aspect whilst the graphical 
method of solution is an excellent example on the use of a Smith Chart 

2 THE BASIC BUILDING BLOCK 
Consider the problem of matching two resistors, R, to Rm at a single frequency 
by means of the network shown in Fig. 1(a). As viewed from the terminals AB 
the matching network and the load appear as a parallel circuit as shown in Fig. 
1(b). This network is equivalent to the three-element shunt network of figure 

For matching at a single frequency it is required to choose values of X u and 
XCi such that K D » A 3 and from equation (1) i t will be seen that X u must be 
given by. 

Equation (3) shows that J l s must be greater than JR„ to make X u inductive. 
From Fig. 1(c) the magnitude of Xcl must equal the effective inductive re-

The dynamic resistance is 

and the equivalent parallel inductive reactance is 

* u > = ( * - J + * L i 2 ) / * z . i (2) 

(1) 

(3) 

351 
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- n m r v 

Xu 

(a) 

(b) . (c) 
F/G. 1 LC matching section when RM>Rmand its equivalent parallel network. 

actance at the working frequency and therefore, 

The Q factor of the resonant circuit in Fig. 1(c) is defined as the ratio of the 
current I t in the inductance to the current IR in the resistance at resonance i.e. 

Substituting equations (1) and (2) into equation (5), the Q factor of the resonant 
circuit in Fig. 1(c) is, 

Qx=Xu/Xm 

When Rt is connected across AB the loaded Q is given by, 

fiiL-fii/2 («>) 

which determines the bandwidth of the network shown in Fig. 1(c). 
I f the terminating resistance values are specified, then the Q, and hence the 

bandwidth are automatically fixed. Alternatively, from equation (1) with RD 

*=R, it is easily shown that, 

H . - M 1 + Q , 2 ) (7) 
from which Rm may be determined if Rt and g , are specified. 

To match from a low resistance Rm to a high resistance RL the matching 
network is reversed as shown in Fig. 2 and identical analysis yields, 

(8) 

(?) 
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*1 

I 1 
9 R m 

FJG. 2 LC matching section when Rm<Ri 

0.2 ^^LllR-m (10) 

(11) 

In a majority of high frequency applications it is often necessary to match 
between a complex impedance and 50ft. This can be done readily using the 
above theory. For example, if the source impedance is complex then the R, of 
figure 1(a) is the effective parallel resistance of the source and the effective 
parallel susceptance is included as part of XCi. Alternatively, in Fig. 2 the 
complex impedance-may be regarded as a resistor Rm in series with a reactance 
which is included as part o I X u . In both cases the above theory is sufficiently 
general to design the matching networks. 

The range of complex impedances that can be matched to a 50fl load by 
each of the two LC matching networks can be readily obtained4 and are shown 
in Fig. 3. 

3 x MATCHING NETWORKS 
For the simple L-C networks analysed in section (2) the bandwidth is automati­
cally fixed by the specified source and load resistances. I f it is required to 
specify the bandwidth in addition, then the n network shown in Fig. 4(a) may 
be used. Such a network also has the advantage of being able to match any 
complex impedances. By splitting the n network into two simple LC sections as 
shown in Fig. 4(b) the value of Jt H may be chosen to achieve die desired 
bandwidth. For matching, the required Rm is given by equations (7) and (11). 

This equation shows that the node with the highest terminating resistance has 
the largest Q and hence dictates the bandwidth of the system. 

I t is shown, in the appendix that constant Q curves on the Smith Chart are 
described by the following equation of a circle 

(12) 

(13) 

where U and jV are the real and imaginary axes on the Smith Chart of the 
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Xu 
I — n n r v ^ 

[I * 1 50a 50A 
Xci T 

SHORT SHORT 

OPEN OPEN (a) b) 

F / G . 5 f Shaded region shorn range of complex impedance Z, that can be 
matched to 50C1 using circuit shown in Fig. 1. (b) Shaded region shows range of 
complex impedance Zm that can be matched to 50C1 using circuit shown in Fig. 2. 

r Y V n r x 

xc 3 

r 

F / G ¥ JT matching section. 
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voltage reflection coefficient. It is possible therefore to use the Smith Chart to 
evaluate the elements of the n matching network as shown in the following 
example. 

4 EXAMPLE 
Suppose it is necessary to match an output admittance (0.01 +JQ.Q2)S of an 
amplifier to a SOU load and the required value of Q being 5 at the working 
frequency. 

The output susceptance of the amplifier can be combined with the XC1 of the 
matching network to produce an equivalent reactance ( X C T ) and therefore it is 
only necessary to match 100Q to 5012. The Q is associated with the 10QQ node 
and the desired equations can be used to determine the required elements of the 
matching network as shown below. 

Rm=RJil+Qi2)=3.SSQ 

XLL = y/RjLR,-RJ = l924a 

XQT* 
R * + X » -20.0Q 

*L2 - y/RJL*L-&m) = 13.320 

RJ+X LI .14.45Q 

The required elements of the matching network are shown in Fig. 5. 
The values of the elements of the series equivalent circuit of the parallel 

circuit consisting of a lOOQ resistance in parallel with XCT is given by the 
intersection of the constant Q 0=>5) circle and constant conductance (6 «• 0.5) 
circle at point A. The required value of XCT in parallel with the 100(2 resistance 
is found by moving diametrically opposite point A to point A', which gives the 
admittance values of the elements of the parallel network Le. 5=0.5 and 3 
-157 , from which X „ =* 1/2.57=0.39 and hence 19.5a 

The required normalized value of XL is found by travelling from point A on 
the constant resistance circle (0.075) to the intersection of the constant con-

Xp 32.56A 

50n 33.3* 

X u =19.24 J Xua 13.32A 

Rmn 3.85A 

200A 
FIG. 5 Required elements of the it matching section. 
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1 

FIG. 6 Design of the n matching section using a Smith chart. 
Point A=0475-j038, point A'~0J+j2JS, 
point B=0.073+jOJS6, point F » 7 -}3.7 and point C**0j075+J0. 

ductance (G = 1) circle at point B. The normalized value of X a is obtained in a 
similar manner to that already described for XCT, from a point diametrically 
opposite to B le; B*. 

Renormalizing the results determined from the Smith chart the values of the 
required elements, of the n matching section are, 

£.,=3.750 (point Q, =19.50, X u = 19.00, Jr u -12JQ, * c a -13.50 As 
can be seen, the results obtained using the Smith chart are comparable with 
those given by the analytic method 

5 CONCLUSIONS 
The aforegoing analysis has shown how parallel resonant circuits form the 
basis of« matching networks. The important point is to find the effective 
resistance RM of the two back-to-back LC sections to give the desired band­
width. If the source and load are complex the problem is reduced to matching 
resistive elements by combining the effective parallel susceptance with the 
capachive shunt arms of the matching section. This concept may be used to 
explain how the first capacftive element of the matching network may be used 
as part of the tank circuit in an rl. amplifier. 

The same principles also apply to tee networks where the central element is 
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divided in such a manner as to produce the required bandwidth. In this case 
the effective resistance RM will exceed both R, and RL and the design equations 

' follow directly from the theory of series resonant circuits. 
In an identical manner it is also possible to design matching networks with 

the inductance and capacitance interchanged on either one or both of the basic 
half sections. The choice of the form of the matching network may often 
depend on the nature of the source and load impedance. For example, if the 
output capacitance of an amplifier exceeds the value of Xi in a * matching 
network then clearly the first shunt element of the network must be inductive. 

It is considered that the results presented in this article give a valuable 
insight into the many apparently diverse matching networks used in practice. 
The graphical solution is another indication of the versatility of the Smith chart. 
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APPENDIX 
The relationship between normalized impedance 2 and the voltage reflection 
coefficient p is given by, 

(Al) 

Equation (Al)can also be expressed in the form shown below, 

(A2) 

- l~U2~y2_ (A3) 

and, 

X=,(l-VY+V2 

IV (A4) 

The Q of a circuit is defined as, 

Q-x/r 

and hence from equations (A3) and (A4) it can be shown that, 
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l + i <A5> 

r 
which is an equation of a circle of radius 11 + J and centre t/=0 and 

In a similar manner it may be Shown that when dealing with admittance 
equation (AS) is modified to, 

l , a + ( V " 5 ) a " I + p ( A 6 ) 

which is a circle centred on, 

(7-0andK- + i 

ABSTRACTS-ENGLISH, FRENCH, GERMAN, SPANISH 

Application of resonant circuit theory to matching networks 
A wide variety of matching networks are used in high frequency communication systems and this 
paper shows how such networks can be conveniently designed using the theory of resonant circuits. 
A graphical method is also included which provides a valuable insight into the properties of the 
Smith Chart 

Application de h theoric todrcdtt rtsonnarttn aax reseaux adaptateurs 
Une grande variete de reseaiu adaptateurs est utilisee dans let systemes de communication a haute 
frequence. Cet article montre comment detelsieseauxpettventetrecalculesdelac^ 
latheoriedescjicuittrcsoM 
apercu des proprietes del*abaque de Smith. 

AiiWHidawg der Rf wwianikrckitheorie anf AnuasswiajHMiawcHw 
Eine grosse Vieualt von Anrjassungawtzwerken wird in HocMrequenz-Fernmeldesysteinen 
varwendet; diese Arbeit zejgt, wie derartige Netzwerke bequem bei Benutzung der Theorie von 
Re8onanzkmsen enrworfcn werden kannen. Femer wird cine grapbiscbe Methodc angegeben, die 
ehun wertvolha BmbKcx 

ApUcadon de la tcoria de cfattdtos resonantes para redes feacopfomiento 
Una amplia variedad de redes de acoplitmiento se utflizan en tes sistemas de comunicacton de 
aha frecuencia. En estearticulo se muestracomo tabs redes pueden cakularse apropiadamente 
urflizando la teoria de ctrcuitos resooantes. Se irtdnye un metodo grafko que proporciona una 
vaKosft profundizacion en las propiedades de la carta de Smith. 
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Bl. Expansion *of T nCx) 

X » a cos 8 - b cos C26 - •) 
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Appendix Bl 

Expansion of TQ Cx) » X * a cos 0 - b cos (28 - 4 ) . 

The equation of the Chebyshev polynomial T Cx) • where x " a cos 8 
n 

b cos (28 + •) i s facil i t a t e d by the recurrence relationship^ 2 0^. 

T 0Cx) - 1 

T tCx) - X 

T n + 1 ( x ) - 2 T n(x) - T ^ C x ) 
Thus 

T Q ( X ) - 1 

T^Cx) " a cos 8 - b cos (28 - 4) 

Fundamental component «• a cos 8 (1) 

Second harmonic — - b cos $ cos 28 - b s i n 4 sin 26 (la) 

T 2(x) - 2 £a cos 8 - b cos (28- o j j " * 8 - b cos (28 - • ) ] - 1 

2 j. v2 , • a + b - 1 

- 2ab (cos 4 cos 8 + sin $ sin 8) 

2 

+ a cos 28 

- 2ab (cos $ cos 36 * sin $ sin 36) 

* b Z (cos 2 * cos 4ft + sin 2 + sin 46 i 

Fundamental =• - 2ab (cos • cos 8 + sin+ sin 6) 

Second Harmonic -» a cos 28 
CZal. 



T3to() " 2 [« cos 8 - b cos (28 - +) J X TjCx) - [ a cos 6 - b cos 

2 

• - 3 a b cos • 

+ 3a ( a 2 * 2b 2 - 1) cos 6 

- 3b (b 2 + 2 a 2 - 1) cos (26 - 0) 
2 3 + 3ab cos (36 - 20) + a cos 36 

- 3a 2b cos (46 - *) 

+ 3ab 2 cos ( 5 6 - 0 ) 

- b 3 cos (66 - 3+) 

2 2 
Fundamental » 3a (a + 2b - IX cos 6 OX 

2 2 
Second harmonic - - 3b (b + 2a - 1) cos 4 cos 26 * sin 0 sin 26 

C3aX 

A device having a characteristic of the form 

q - % + QL Tjfc) + Q2 T 2(xX + Q3 T30cX C4X 

when stimulated by a drive of the form 

X • a cos 6 - b cos ( 2 8 - 0 ) CSX 

has a fundamental component, given by the weighted sum of equations Cll» 
(2) and (3), i . e . 

^1 m ^1 a 0 0 8 9 *' ̂ 2 ̂ ~ 2a^ £ c o a ̂  C° S ̂  * S^n * 8^n 9J ̂  
+ Q3 ^3a ( a 2 + 2b 2 - 1)] cos 6 Q6\ 

up to terms of third order. 
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CI. Determination of modified parameter r & V. 
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Appendix CI 

Determination of modified parameters r and V, 
m i 

The term In Cl * exp Co CV - 7o\l 

- o CV - V q ) +.ln Cl + exp[- o CV - v j ) 
« a CV - V q ) + exp[- o CV - V Q ^ 

i f exp[- (a CV - V * ] * * 1 

Furthermore i f a CV - V^l % 3, i . e . i f 

V i V + 3/d 
o 

then 

In Cl + exp[o CV - V o | l « o ( J - V o l 

For this condition the two term solution becomes 

V — V CV — V 1 
1 * V - r * - ?[i ». <y°- voa H' " " 'oil 

To linearise the equation about a point V % V + 3/o l e t 
p o 

V - V + x, x small and then 
P 

V - V » Qr - V ) + x 
o p o 

- AV + x 

where AV » V.- V p o 

The following are then readily determined 
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r r r 

Cii) 1 
1 + o (V - V I rt . ^ . ox 

1 + aAV ^ 1 * anV 

ry - v 1 
/"*#\ 1 o AV » x ax x 
U 1 U 7 1 + a (V - V } 1 + oAV u " 1 + oAVJ 

o 

r 1 * *AV AV*iL r + aAV] 

" 7 1 ̂ L v f 1 * i I aAV*] 
Civ) lnfci - V f l ) ] - In [a (AV + x)] 

» In oAV In a * x/AV) 

= InfaAv]* x/AV 

The equation of the tangent to the i - V curve at the point may then 

be determined as 

The slope of the tangent i s 

i f . - AY In ctAvl . x T. 1 In ctAT 1 

1 i f . 1 In ctAV "I 
r m r ^ - l ^ a A V ^ ^ ^ z J 

r [ 1 * oAV] 

and therefore 

r , - r Cl * U«m - r a * ft & *, y y I 
p o 



The turn on voltage i s given by x • x when i o 

v AV In aAV _ 
v ~ 1 + aAV o [ X " 1 + aAV^ 

and therefore 

(1 + aAV - In aAV) 
z 
o 

when x - x l e t V • V, so that o 1 

V, » V + x 1 p o 

v „ v
 1 * aAV - In aAV 

. 1 p a 

V P I a a a 

V o + I (ln[a CVp - V o)] - 1) 

I f V i s taken as 2V then p o 

o-

**. v i ° v o + i [ l n K ) - i ] 
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Dl. Normal curve form of positive exponential cusp current 

D2. Numerical comparison of exact and approximate positive cuss current 

D3. Harmonic components of positive exponential cusp current 

D4. Numerical comparison of exact and approximate negative exponential 
cusp current 

D5. Harmonic components of negative exponential cusp current 
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Normal curve form of positive exponential cusp current. 
The positive exponential cusp current i s given by 

~m L 
which, becomes 

J- exp | - aV <& 
"m 

under the change of variable 

2 
i c + - - i ^ - exp aV ^ - cos 6 o + • s i n 8 o)/lnC4)J 

8 - e o • 4, • * o 

together with the approximations 

2 
sin • * • and cos <fr « 1 - $ 72 

The argument of the exponential may be modified as follows:-

o7 ( J cos ft + * sin 8 o)/lnC4) 

oV cos fto 2 
5 — - (A + 2 tan fto •J7lnC41 

^C* + tan 8 Q} 2 - tan 2 ftj 
ctV cos 9 

j — £ | C* + tan ft J * - tan* 8. | /lnC4) 

The positive cusp current w i l l then be 

ln(2> [ a V 8 i n 9o t a n e d l [" a Y c o < r 9o * t a n 6 o M V * "5r~-
 eXp L J L J 

- a 2 

A exp (— 
2<T 
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where * 

IB 

q. " (* + tan 9 ) o 

2 A 

ex ° lnC4>7aV cos 8 o 

I n terms of the dimensionless variables 

B - otV^lnCA) OSias coef f i c i e i n t ) 

— (overdrive coefficient} 
V 2 

the parameters of the gaussian curve become 

m 
2 - ln(4)/ctV cos 8 o 

lnC4)/aV 2 - 173 

Furthermore the mean value of the gaussian curve 

tan 6 o co* fe> 

Hence the positive cusp component of current may be expressed as 

c+ or ^ m 
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Numerical Comparison of exact and approximate values of positive cusp current 1 

10 INPUTfl,R/II:PRINTfl,R,11 • 
2© OPENI,4:PRINT#1,fl,R,I1sCL0SE1 
30 V0«LOG<fl*R*Ii>/<-fl>-PRINTV0 
40 Vl=<fl*V0+LOG<fl*V0)-2)/<fl*<l-l/<fl*V0)>);PRINTV1, 
50 OPENI,4:PRINT#l,V0,Vl:CLOSEi 
6© PRINT" INPUT PEAK VOLTS"1INPUTV2:PRINTV2 
70 0PENl,4'PRINT#IiV2 
80 T*SQR<V2*V2-V1*V1> :Q«flTN<T/Vi> :PRINTQ 
90 PRINT#1,Q:CLOSE! 
185 INPUT U 
106 W=iS9*LI/ff 
110 Vl=EXP<<fi*V2)#<C0S<U>-C0S<Q>>/L0GC4>> 
120 T=TflN<Q>:SsSIN<Q>:C=COS<:Q) 
130 2-ft*V2*C*T*T/(2*LOGC4>) 
135 ̂ =«U-Q)+T)-B=B*B " 
140 Y*fl*V2#C*B/C2*L0G<4>> 
150 Z=EXP<2> - V=»EXP<-V>:V2*̂ |EV 
160 PRINTW,Y1,Y2 . 
170 0PEN1,4:PRTNT#1,Ŵ V1,V2:CL0SE1 
180 GOTO105 • 

REflDV. 

40, r - 10, 10 -8 V, - .352 V - 0.352V 
angle ̂degrees) 

2.52502501E-03 
2.57331Q03E-03 
2.36473398E-33 
3.43774677E-S3 
5.72957795E-Q3. 
.5572957795 
.572957735 
5.72957795 
5,39253575 
5.37549354 
I. 71387339 
7.44345134 
3.32140914 
8.59436693 
9.16732473 
13.3132403 
I I . 4591559 
12.6850715 
14.3239449 
17-1387339 
29.3535223 
22.3183113 
25.7331008 
23.6473898 
34.3774677 
43.1070457, 
45.3366236 
51.5662016 
57.2357795 
35.9436693 

exact values 

.399999997 

.399999992 

.999999959 
.333994931 
.333432233 
.350517501 
.340451511 
.33543353 
.317354853 
.905391428 
.392199349 
.373316353 
.343640961 
.316696456 
.782330336 
.729209653 
.548173752 
.443435634 
.363753523 
.233361183 
.163606082 
.3917414153 
.3459171982 
.,3214128585 
9V37584733E-03 
7.9508S354E-05 

approximate values 
"933339999 

.999999997 

.999999992 
* .999999959 
.999994931 
.339432223 
.950477233 
.940393257 
.32947156 
.335433249 
.917743971 
.905244321 
.392008336 
.373073461 
.348264384 
.316144302 
.732056288 
.728007514 
.633104843 
.536767539 
.443677902 
.357536333 
.230394628 
A&3€58069 
.0830128121 
.0387493533 
.0163410785 

6.2254926-1E-03 
1.0336565E-Q5 



V - 0.38 volts 
\ - "• • • • 

angle(degrees) 

22.1097394 
22.345354 
22.91S311S 
23.4912596 
24.9642274 
24.£371852 
25.210143. 
25.7S3I008: 

26.3560536 
26.9290164 
27.5S19742 
23.074932 
23.6473893 
29.7938854 
59.939721 
32.0856366 
33.2315521 
24.3774677 
37.2422567 
40.1078457 
42.9718347 
45.3366236 
43.7014126 
51.5662016 
35.9436693 

Exact values . 

1 1 
.983088233 
.942472579 
.902622926 
.363589365 
.825417016 

.788146081 
.731811911 
.716445089 
.532071557 ." 
.643712732 
.516335679 
.585183243 
.525703777 
.478540254 
.419583907 
.372758134 
.329945536 
.239414551 

. .169974509 
1113171801 
.080525849 
.3538349764 
.9353458626 
.0144932776 
S.41753333E-05 

Approximate Values 

.933038186 
.942470741 
.902614095 
.363565294 
.825366967 

.788057346 
. 751670308 
.716235435 
.631773099 
.548319558 
.515377071 • 
.534464023' 
.524761277 
.469246532 
.417903293 
.37066361 
.327439571 
.235925105 
.165724995 
.11349396 
.S75775419 
.-3493236054 
.0313085631 
.0115304461 

1.84132317E-05 

V - ,0.6 volts 

angle(degreesl 
54.872509 
53.8530328 
54*4309906* 
55.0839434 
55.5759062 
56.149864 
56.7223217 
57.2957795 
53.0253575 
50.1605635 • 
58.7549354 
74.4845134 
35.9436693 

Exact values 
1 1.05380315 
.915343543 
.795143916 
.68966627 

.597595335 
.517316342 
.447397443 
.0997194095 
.21350692 
.0205439663 
3.97721034E-93 
1.31385173E-04 

Approximate Values 

1.85330329 
.915343823 
.795135906 
.689636959 
.597523363 
.517196241 
.447209582 . 
.0983106125 

.212898144 
.0197233825 

3.55663335E-03 
3.52724259E-85 
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Appendix B3 

Harmonic components of positive exponential cusp current. 

The harmonic components of the positive cusp currents i s given by 

a . — / i . cos n8 dd n+ • ir Q c+ 
o 

— / cos n(0 * $1 exp 
IT O O 

Gfr + tan e o)' 

2<T 
d<fr 

where 6 * 6 + 6, 4 % 0 and the upper limit $ - fcr - 8 } has been o o 
replaced by • i n accordance with Laplaces method because of the 

dominance of the exponential for large values of 

Again i n accordance with Laplaces method the term cos nC6 Q * •) 

may be replaced by 
2,2 

CI "|-) cos n6 c - n4 s i n n6 

and therefore a Q + may be written as 

2A T 
V " 7" 1 0 0 8 ^o o 

2A 

(• + t a n e ^ 1 

2(T 
d+ 

- — / n s i n ( 8 j + exp -
(• * tan 6 o) 

21 

2cr 
d$ 

» 2 
2A. n 2 / " j - co»(n60) * exp 

o 

f t * tan 6-Y 

2a 
d* 

The' f i r s t two integrals of this expression are dominant, the l a s t 

term takes account of the curvature of cos n$. The f i r s t integral i s 

easily expressed i n terms of error functions and the remaining two integrals 

may be determined by integration by parts. 
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I n terms o f the normalised parameters B and x the harmonic components 

are then given by 

_ l n ( 2 ) rr v m t r - jn$ & e r £ c r cos n8 

lnC2) 2 n 8 i n n 6 o 
or irB 

s i n n8 

+ ^ L j ( ? n 2 c 0 8 n e o 

o r flip o m 

•V 
T 0 0 8 n e o 

The l a s t two terms o f this- expression are due to the curvature o f 

cos n$ sad i s a second order co r r ec t ion . The l i m i t i n g case when the 

overdrive coe f f i c i en t s , i a zero i s given by 

_ lnC2) IT a n + k " 0) - • ± ~ £ * j-^Q « p 0 > ) erfcCo) cos a 

lnC2) 
o r expCol erfcCoX cos 0 

Numerical values of a „ . f o r x "0 
n * 

are given i n table 4 . 1 . 
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Numerical Comparison of exact and approximate values of negative exponential 
cusp currents 

-ESBV. 

1J INPUTn.. I I 'FRINTflj R* 11 
' ZD C F E M , 4 : PRIWTJU, fb R, 11: C L O S E ! 

33 V0=LCG< fi*R*11>/<-fl >:PRI NT V3 
40 Vl=<fl*V0+LOG<fl*V0>-2>/<fi*<1-1A3*V0>>>:PRINTV1 
5@ 0PEH1,4 •- PRIHTf t l , V0, VI •• CL0SE1 
50 PRINT"INPUT PEfiK VOLTS" : IMPUTV2 PRINTV2 
~? C P £ N 1 , 4 : P R I N T # 1 , V 2 
33 T=SQR < V2*V2-V 1 *V 1) ' Q=fiTH< T / V ! > • PR IHTQ 
•31 Qi= iS0*QAr:PRINTQl 
?S P R I N T S 1 , Q , 0 1 : C L 0 S E 1 
L24 PRINT"INPUT fiNGLE IN DEGREES" 

"103 INPUT U 
135 U=W*ir,'lS0 
110 V1 =EXP < < ft*V2 > * < COS < U 7-C03 < Q > > / L O G < 4 X> 
111 V 1 = 1 / V 1 
120 T=TFIN<Q> S-SIN''Q> :C=CG3<Q> 
130 V2=l+fl.*V2*C#<e-U>#<Q-U>/L0G<3> 
135 V2=V2*EXP { < -1 > # < fl#V2*S* < G H J ; / L O G < 4 > > > 
160 P R I N T S V I , V 2 
170 O P E N 1 , 4 : P R I N T S 1 , W , V 1 , V 2 = CLOSE1 
ISO GOTO185 

"EnJJV. 

-8 
a » 40, r - 10, I g - 10 , 

V » .38 v o l t s 

angleCdegrees> exact approximate 

0 .446517414 .40S551226 
4 .458604193 .454915465 
3 .49679824 ,512535337 
12 . 567408014 . 534534006 
16 .632314924 .693586207 
13 .763656711 .759694093 
19 .311463179 .515273538 
2© .364989694 .866912144 
21 .924345334 .925525428 
22 .992145465 .992151624 
22.1997 ,99999716 .999997158 



V • 0.5 v o l t s 

angle (degrees) exact. approximate 

3 
10 
20 
39 
4© 
35 
41 
42 
43 
44 
45 
45.24 

.3139993417 
.9174299171 
.0334169039 
.0967233806 
.409229255 
.190203547 
.431932 
.569436442 
.675029993 
.802730306 
.957730.327 

.99963191 

1 .6024109E-03 
6 .53314534E-03 
.0253724974 
.0969346311 

.413893772 • 

.194880174 
.4S576798 

.572224428' 
.676677569 
.303401308 
.957759139 

.999S319Q8 

V - 0.8 v o l t s 

angle (degrees-). exact approximate 

9 2 . 4 3 6 5 7 9 7 8 E - 0 6 "3.62659309E-10 
28 •3.30239534E-06 6 .32026422E-87 
40 5 . 3 9 7 0 3 3 6 9 E - 0 4 3 .S3936495E-84 
50 9 . 2 3 5 1 5 3 7 E - 0 3 9 .1S271968E-03 
55 .045379877 ' .0466251143 
58 .125633944 .127169876 
59 .177139224 ! .178807326 
60 .250735947 .252318266 
61 .356039522 .357367836 
62 . 587294634 . 50815495 / " 
63 .725196903 .725483887 
6 3 . 5 ' .868113735 .368131406 
63 ,8 .967415252 .967419432 
53.3915 .999997512 . .999997519 
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Appendix D5 

Harmonic Components o f negative exponential cusp current 

The harmonic components o f the negative exponential cusp current 

l a given by 

2 8 o a » — / 1 . cos n 8 d6 n - ir o c+ 

With the change o f va r i ab le 

e - e o - • * o 

the above equation becomes 

a „ - " I ' CI + exp C- 6Vf t ) cos ( 8 o - • ) ( - d*) n — ir „ o r z o o m o 

8 o 
. 1 l n ^ 2 ) f Ccos n6 cos n* * s i n n0 s i n n+1 exp C- &>5<f>> d* ir (xr_ o o m o 

6 o 2 
» - r Ccosn0 co» n* + s i n n8 s i n n$) £ | exp C~ 0Vx» d+ 

IT wr _ o o z m o 
£24) 

The above are standard1 i n t eg ra l s and reduce to 

2 l n ( 2 ) ftV^'008 ^ o + n a S " n n 9 o " ^ ^ C- &*7e o) 
v"7-3r7 : JT^t 

2 1nC2) g » i t t n e o 

* o r m i t ( n 2 + 6 2 x l 

fl exp C- ft^O 2 2 ( f i 2

X - n 2 ) 9 a 2*/% CB2* ~ 3 n 2 l 
* f ~ 2 H ^ ^ o + — 1 2 — £ + 2 2 2 

2 <n 2 + 8 2X) ° ( n 2 + » X ) fe2 • 6 X ) 2 
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when e • 0, x "' 0 and the con t r ibu t ion f rom t h i s term i s seen t o be zero, o 

as: i t should be. As.the overdr ive increases i . e . , as x * m» the exponential 

terms tend to zero and the expression i s dominated by 

2 l n ( 2 ) 8 V ^ 1 C O B + n a i n n 6 o " ® ^ n * s i n n 6 6 
» or 2 2 m n + p X 

•» cos n6 n s i n n6 0 s i n n8 

ir or a 2 -2 ~ .2 
« B x 6 X n e x 

The most s i g n i f i c a n t con t r i bu t i on i s then seen t o be given by 

2 l n ( 2 ) 6 0 8 n 6 o 
7 w » 6 V5T 

which agrees w i t h the expression obtained f o r the hard dr iven case as 

given by equation (4 .32 ) . 
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E l Solut ion of 

^ o . fl 2 

E2 Evaluation of 
6 

o exp £Ccos 9 c - cos • M e j j 
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Appendix E l 

Solut ion of 

edy 2 

- d e - " y 0

 8 i n 9 " y o ( 1 ) 

Put y • uV (2) o 

then CD becomes 

£gl +Sg«- u V s i n e - u V (3) 

Equate - uV s i n 6 (4) 

t o give 

dV m s i n 9 de 
V e 

f rom which i s obtained 

eVdu 

C5) 

V - exp ( - cos 6/e) (6) 

Nov equate 

- - u V (7) 

which, becomes 

- % - | exp C- cos 9/cl 
u 

on cance l l ing a common f a c t o r and using; equation C6) and therefore 

t l * 
- = A + - / exp <r cos q/e) dq © 1 
u e 0 

where q i s a dummy v a r i a b l e . The required so lu t ion i s therefore 

y - u v - exp C- cos 9/e) (101 

A + — / exp 0- cos q / c l dq 
e 0 
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Appendix E2 

Evaluation o f (coa 9-c - coa df 

Figure SI shows a graph of the v a r i a t i o n of the intergrand over the range 

0 to 2ir. The f u n c t i o n achieves a l o c a l maximum at f • ir, and the e f f e c t 

of the small parameter e i s to concentrate the m a j o r i t y of the area i n 

the neighbourhood of • • ir. 

Range 1 , 6 close to 8 Q 

Let • • 8 + q and therefore d$ « d«jf 

when • ° 0 , q " - 8 

^ - 8 c q • 0 

4 - 8 q • 8 - 8 

Also cos 9 - cos 8 * q s i n 8 
c c 

Then 

1 f eCcos 8 c - cos • ) / e ^ 
e 0 

1 ® c

e Ccos 8 c - cos • ) / e d + 

e 0 

, 8 (cos 8 
- ± / e c 

- cos 8) /e 
d* 

0 q s i n 8 /e 8-8 q s i n 8 /e. 
r e dq + / C e C dq 

q s i n 8 c /e 

s i n 8_ 

0 q s i n 8 Jc 
* c 
s i n _ 

8 - 8 

0 

s i n 8 

, -8_ s i n 8 _ /e 
1 a - e c 

r I _ 0> - 8 C ) s i n 8 c / e 
1 + s lST" U - 1> 

, * W » t f S j , . ^ t r f « r i ^ q » ^ # . 1 £ ,f*, M » - , ' . 
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o e » - 0 . 0 2 5 30 
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Since e i s small the f i r s t term approximates to 1/sin 6 £ and i f 8 i s close 

to 8 c tne second term approximates to (8 - 8 c ) / e . Thus when 8 i s close to 

8 the i n t e g r a l approximates to 

1/sin 8 + (8 - 8 j / e 

Range 2 , 8 c < 8 < ir 

I n t h i s range the suprenmm of the integrand occurs at the upper l i m i t 

of i n t e g r a t i o n . The subs t i t u t i on 8 - $ + q transforms the i n t e g r a l i n t o 

. ft cos 8 - cos 8 . a / 

i J . — h B - t 
e 0 

which r e a d i l y integrates to 

exp £(eoe 8 f i - cos 8)/eJ 
s i n " ! 

which i s exponent ia l ly large since cos 8 > cos 6 

Range 3, ir < 8 £ 2ir 

I n t h i s range the integrand has a l o c a l maxima at 8 • ir. The 

s u b s t i t u t i o n 

f + q ° > 

converts - cos <fr i n t o 

- cos Or + q) • - cos ir cos q + s i n ir s i n q 

i + a - q 2 / 2 l 

hence the i n t e g r a l becomes 

<°* V e * 1/e - 2 
e / e ^ / 2 e d q 
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Note: t h i s value i s achieved f o r 6 exceeding ir By approximately 3/e, the 
value of the i n t e g r a l remains e s sen t i a l ly constant f o r values of 9 
exceeding ir + 3/e 



APPENDIX F 

Sampling Theorems 

Programme to t r ans f e r data to computer 
and evaluate harmonic content 

Er ror due to f a l s e per iodic time 

E f f e c t of quantising e r ro r 
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Appendix F l 

Sampling Theorems 

1 . D e f i n i t i o n 

The spectra l densi ty f u n c t i o n F(u). o f a time s igna l f ( t > i s the Fourier 

Transform a t f ( t ) and i s given By 

+«> 

F<w) - / f Ctl exp C- jwt> d t 

2 . The Frequency Trans la t ion Theorem 

I f the spectral densi ty of f Ctl i s F(u) then the spectral densi ty of 

f Ctl exp ( j a t j i s FCu ~ a l 

Proof 

By d e f i n i t i o n 1 the spect ra l densi ty of fC t J exp Cat! i a 

+ • 
/ f ( t ) exp ( j a t ) exp C- j u t } dt 

/ f Ct) exp [ - j ( M - a ) t ] d t 

- F(w - a) 

3 . The spectra l densi ty of the gate f u n c t i o n 6 g 0t , T)., defined as u n i t y f o r 

T e/2 C t 4 T* + e/2 

FCu) " erexpO* juT) Sa(«e#21 

where Sa(we/2) i s the sampling f u n c t i o n defined By 

_ , , „ / , » „ s i n Cuc/2) 
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Proof T +*72 

F(w) • / exp (r jff l tX d t 
T -*/2 

• &vexp ( - juT) Sa Gti>&/2) 

4. Fourier Series of an Impulse Chain 

Let I ( t , T ) be an i n f i n i t e chain of u n i t impulses of per iodic time T i . e . 
8 S 

•Mo 

i C t , T g ) - Z Sit - KT^l where i s the d i rac impulse func t ion 

Then the complex Fourier c o e f f i c i e n t s C^Cjca) are 
C^(jw) - 1/T 8 f o r a l l n , 

and 
1 * * 

ICt, T s ) - £ exp <J« « 8 t l 

*£22* +- T /2 
Cv<ju>) - / «Ct) exp C- j n w g t) dt 

S - T / Z 

5. The spectral densi ty of an impulse sampled waveform 

Let f ( t ) be a time s igna l having a spectra l densi ty F&>). Then the 

impulse sampled waveform F i g i s given by 

+•» 

f I g - Z f Ct) « ( t - nT sV 

where T g i s the sampling i n t e r v a l 
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then 

F I S ( w ) - Z I fi(t - n T s ) f ( t ) exp ( r j « t ) d t 

P I g Oo) = S f ( n l 8 ) exp ( - j « i > T s > 

A l t e r n a t i v e l y 

fjgCt) - f ( t ) . K t , 

! -

- *Ct) Z exp (jnm t ) . f rom (4) 

F T e ( m ) • =— Z f f ( t ) exp ( j n u t ) exp C- nut ) d t 
* * « sn m • B ^^e* ^•m» 

1 E y ^ , _ m y — by tiie Trans la t ion Theorem 

s 

hence 

F I g (ca) - y" z ~ " 1 f CoT^) exp ( - jnwT g ) 

6. Return t o Zero Sample and Hold (RZ) 

Let F(u) be the spectra l densi ty of f Ct) then the sampled-and-held 

wavef orm may be expressed as 

£ R Z C t > ° E £ 0 o X » ) 6 e fcTs * 
CD)1 

where T i s the sampling i n t e r v a l , & i s the sample w id th and (nT g + e / 2 ) i s 

the gate f u n c t i o n of wid th e centred on t • ( r i l + / 2 ) 
9 

Then 

Fj^Ou) - Z f ( n T g ) / G £ <nT s + e / 2 ) exp C- j n t t t ) d t 
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which by 3 becomes 

+• 
e exp ( - jcue'2) Sa(&s/2) Z f QaXA exp C- j nnff ) 

which by 5 i s 

e * * 
FRZ ™ T~ e x p ^" j 1 * / 2 ^ Sa(ciie/2J r F(w - n u g l 

s 

7. Hon Return t o Zero Sampling QSBZ) 

I n t h i s form of sampling the sample wid th e equals the sampling i n t e r v a l 

T . From ($) the spectra l densi ty w i l l be 
8 
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'rograame co transfer data to computer and evaluate harmonic content 

SEADV. 
!• . 
: 0 OPEN!, 4 
I 1 REM DATR TRANSFER FROM 991 TO PET 
5 PRINT" - THIS PROGRAM ENABLES THE 1824 WORD STORED"; 
4 PRINT" IN THE 901 MEMORV TO BE READ OUT IN.SEQUENCE TO THE PET."; 
3 PRINT"THE NUMBER CF WORDS OR SAMPLES TO BE STORED IN THE PET"; 

t€ PRINT"IS GIVEN BV <N+1) WHERE N=N2-N1 M2>N1"; 
i 7 PRINT", AND N1,N2 ARE TWO NUMBERS BETWEEN 8 AND 1823 INCLUSIVE." 
3 PRINT"THE ARRAVS ALLOCATED FOR DATA STORAGE ARE FROM XC8> TO X<N>. 

;9 PRINT"MAXIMUM ARRAV SIZE IS 255." 
IS PRINT:PRINT•PRINT 
11 A=59457'POKE 3999* PEEK <A) 
12 3=59459 'POKE B,0 
13 0*59468 = POKE CPEEK <C> OR 1 
14 D=s594S7:POKE D.PEEK <D> AND 227 OR 1 
15 5 r—59469 : L S 3 
l i INPUT •"Ni= , ,;Nl •PRINT#1, "Nla'SNl 
17 INPUT nN2=,,;N2:-PRINT#l."N2a,SN2 
IS I F N2>1823 OR NK9 THEN 48 
19 I F N2-CN1 THEN 48 
20 N=N2-Ni 
21 DIM X<N>;INPUT°RESISTOR VALUE";RES 
22 INPUT "VOLTS FULL SCALE*";F 
23 PRINT:PRINT"DATA TRANSFER BEGINS.WATCH THE SCOPE" 
24 FOR I-O TO 1023 
25 POKE Ct PEEK <C) OR 224 
26 POKE C*?EEK CO AND 31 OR 192 
2? WAIT E,2 
28 I F N1=<I AND ION2 THEN 30 
29 GOTO 32 
30 K=I-N1 
31 X<K>=PEEK CA>*F/C256#RES> 
32 NEXT I 
33 PRINTMEND OF DATA TRANSFER" 
34 PRINT'Tr 
35 FOR J=N1 TO N2 
36 K-J-Nl 
37 PRINT J,X<K> 
38 NEXT J 
39 GOTO 30 
48 PRINT-TRV AGAIN" 
41 I F L*3 THEN 43 
42 L=L+1=GOTO 15 
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46 GOTO 19 
47 I F N<255 GOTO 89 
48 PRINT"ERROR ARRAY CRN ONLY HANDLE 253 SAMPLES" 
30 PRINT "HOW MflNV HARMONICS REQUIRED" 
31 INPUT H 
32 DIM A<H+l>,B<H+3> 
33 I F K>0.GOTO 86 . * 
34 PRINT "ERROR" 
35 GOTO 41Q 
36 I F H<N/2 GOTO 89 
37 PRINT "ERROR TOO MANY HARMONICS REQUESTED" 
38 GOTO 410 
39 COEFF*2.0/'<N-1) 
90 Kl*ff*CQEFF 
91 S1*SIN<K1> 
100 Cl=COSCKl> 
110 C=1.3 • 
120 3=0.0 
121 PRINT"PLEASE DON'T WORRY! COMPUTATION TAKES TIME" 
130 J»l 
140 FTTZ=Xa> 
150 U2=0.0 
1S0 U!=»0.0 
170 I=N 
130 U0*KCI>+2.0#C*U1-U2 
190 U2=U1 
200 U1-U0 
210 1*1-1 
220 I F <I-1»0 G0T018© 
230 A<J)=C0EF*<FTTZ+C*U1-U2> 
240 B<J>=COEF*S*Ul 
250 I F <J-H-0»0 GOTO 301 
260 Q=C1*C-S1*S 
270 S=C1*S+S1*C 
280 C=Q 
290 J*J+1 
30© GOTO 150 
301 PRINT#i,"RESISTOR VALUE=",RES 
302 PRINT#1,"VOLTS FULL SCALE*",F 
310 flCl)afiCl>*0.5 
31t PRINT#l,"De VALUE*",ACi> 
312 PRINT*!, "COS TERM'S "SIN TERM" 
320 FOR L=2 TO H+l :PRINT#1,A<L>,B<L>•NEXT L 
330 PRINT *FOR MAGNITUDE & PHASE TVPE 1,OTHERWISE TVPE 0" 
340 INPUT V 
350 I F V*0 GOTO 410 
360 DIM RCH+1^P<H+1> 
365 PRINT*!, "MAGNITUDE PHASE" 
370 FOR L=2 TO H+l 
380 RCL>=S^R<A<L)12+B<L)1,2) 
390 F<U =ATH(-B<L)/Aa> )*188/ir 
400 PRINT#1>R<L>,P<L)=NEXT L 
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113 PRINTTOR CHEBVCHZV TVPE 1 , OTHERWISE @" 
m INPUT V 
*39 I F V-0 GOTO 53© 
443 DIM D<13> 
I3S FOR E=l TO iZ ZZm D<E> "MEKT £ 
468 DATA —1,-0-366/ -8.66, -.5,-0.33,-9.167,0,0.157,8,33,0.5;0.66,0.366,1 
461 DIM3KH+3) 
4S2 DIP! RK13) 
479 FOR E=1T0 13 
480 M*2*D<E> 
^0© BKH+2)=0 
510 SKH+1>=0 
|20 FOR I=H+1T02 STEP - I 
§30 BlCI>=fi<I>+M*BKI+l)-Bl<:i+2> 
534 NEXT I 
540 m<E>*<fta>-BK3>>+Bi<2X*D<Er 
541 NEXT E 
543 V*H+2 
560 DIMFKiS) 
565 DIMTCV) 
566 FOR E- i TO 13 
570 T<H+2>=0 
580 T(H+1>*0 
590 FOR I=H TO 2STEP-1 
600 T<I>=BCI+l?+N*Ta+l>-Ta-}-2) 
610 NEXT I 
620 F1<£>*<B<2>-T<3>>+TC2>#2*D<E> 
.621 F1(E)=BSQR<1-D<E>12>*FKE? 
622 NEXT E 
523 PRINT#l, wfKN> V - 3CNV 
£31 FOR E-I TO 13:PRINT#l,fiUE),FlCE>:NEXT E 
632 CLOSE1 
650 END 
EflDV. 
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Appendix F3 

Error due to false periodic time 

Let f T ( t ) be the periodic wave under investigation, where T i s the true 

periodic time. Then i t may be represented as 

+«> 
f TCt) • E C n exp (jnw ot) ; o>oT - 2ir (1) 

n™"m 

Let the measurement of the periodic time be T, then the signal transferred 

for computation w i l l be 

+• 
f (t) » E exp Ckjoi t ) ; « T - 2ir (2) 
T k — ^ ° ° 

To determine the modified coefficients f^CO may be written as 

f Ct) - Z C n exp (jno>0t) C3) 
7 n 

with 0 & t < 7 

and then 

l 7 

r Cg C n exp (jnw otl exp C- jkS^tldt C41 
T O ; 

which integrates to 

\ - Z C n exp [ - j (n»o - kZTo) f*/2] Sa^n«o - kl^) 7/2] (5) 

where Sa i s the sampling function 

The arguments of the functions i n (5) may be modified as follows 

(nu - few ) T/2 • (nca /« - k)ir o o o o 

- |n - k - nej ir (6) 
where 
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Ao> i s the error i n angular frequency 
and e i s the per unit error in u o 

The modified coefficients are then given by 

< ^ « E C n e x p [ - j (n - k - ne)ir] Sa [(n - k - ne)ir] C7) 
n 

Note that i f e - 0 then the sampling function i s unity for n - k and zero 

otherwise and 

as expected. 

Special Case 

Consider the case of a cosinusoidal wave 

f_Ct) - C + a- cos <o t (9) 
i. O X o 

- C_ t exp C- j»0t) + C o + C x exp (j,Mot) 

where 

Then equation (7) shows that 

Z - C - ea. CIO) o o T. 

a. eaj 
- J- e x p C3«ir) - exp C- j«») 0-l\ 

a, ea t 

C*^ - exp C- jeir) - exp C+ jeir) (12) 

resalting i n 

- a j - eaj/2 (13) 
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and " " a i e i r ~ e 2 * i / 4 

where i s the magnitude of the sine component created by the false measurement 

of periodic time which creates a phase error of 

« -err (15) 

In a similar manner the second harmonic coefficient of the modified wave 

may he expressed in terms of C Q and a^ as 

-ea- ea. 

which shows that higher harmonics are present in the wave-form which i s transferred 

to the computer than in the wave—form stored in the transient recorder. 
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Appendix F£ 

Effect of Quantising Error 

Let one cycle of a waveform be sampled N times, where the samples are 

numbered from 0 to N-1. For convenience take N odd so that N-1 i s divisible 

by powers of 2. 

The coefficient of cos p0, i s given by 

, 2ir 
a » i / f (t) cos p9 de 
P * n 

CD 

which may be approximated by the sum 

>k2ir. 
k-0 

Now |f(2irk/N) - f(2irk/N| < 1/2M 

(2) 

C3) 

where 7 represented the quantised level and M i s the number of levels available. 
wave then " r f l T - i s the coefficient representing' the 

— p 

|a - a | 1 p p l 

2 Z |f(2irk/N) - f(2irk/N) cos (pk2ir/N) CA) 

T B " 1 

Z |cos<pk2ir/N)| 

4 CN-D/4 
NM J | cos pk2ir/N[ 

Equation C5) i s readily summed to give 

sin Cpir/N) 
sin] 

I f thefoax pX/N i s small equation Q6\ simplifies to 

(5) 

(6) 

ax 
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Equation (7) gives the error per f u l l scale; the absolute error i s then 

given by multiplying equation (7) by the system scale factor. I f N i s 

even the effect of the extra term may be added separately. An identical 

argument shovs that the quantising error produced in the coefficient of 

sin pe i s also given by equation (7). 
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61 Measured diode waveforms 

62 Predicted diode waveforms 

63 Programme to transfer data to computer and 
print sample values-

64 Measured spectrum (20 kHz I 

65 Predicted spectral response C20 kHz) 

66 Predicted and measured spectrum CIO MHz} 

67 Harmonic contribution from positive exponential 
cusp by method of steepest descent. 



- • c i -

Measured diode W»ve£orm» 

DIODE TVPE HP 5082-2800 
flLPHfl= 37.54 I S * 3.4E-09 RS - 22.65 
TEST 
TEST 

FREQ= 
VOLTS= 

VOLTS FULL SCALE* 

4O000 
.499142 

RT= 
V0— 
V I -

151 
122.65 
.294745563 
.315063016 

NF= 
SOURCE RES= 
MONITOR RES= 45 

SflMPLES="l27 
V3= 
RM= 

.45 
7437694043 

0 
4 
3 
* C 
16 
20 
24 
28 
32 
36 
48 
44 
43 
56 
68 
64 
63 

88 
84 
38 
92 
96 
100 
104 
103 
112 
116 
120 
124 

-3.48583373E-05 
1.25490196E-03 
1.O8932462E-03 
7.33028323E-04 
4.53159042E-04 
1.132S976E-04 
3.71459695E-06 
8 
0 
0 
0 
8 
8 
8 
8 
0 
0 
0 
8 
0 
0 
0 
0 
0 
0 
0 
4 J35729348E-05 
:2;70152505E-04 
6.2745Q98E-04 
9.32461874E-04 
1.17647059E=©3 
1.28104575E-03 

# 



TEST FREQ* 
TEST VOLTS* 
VOLTS FULL SCALE* 

400Q0. 
.69286 

MS* 
RT= 
V0* 
V I * 
0 
3 
6 
9 
12 
.15 
IS 
21 
24 
27 
30 
33 
36 
39 
42 
45 
48 
51 
54 
57 
68 
63 
66 
69 
75 
78 
31 
34 
37 
90 
93 
96 
99 
182--
105 ><-
108 '• 
111" 
114 
117~ 
128 
123 - i 

.2 
NF* 152 

122.65 
-.294745568 
.333872616 
1.74291939E-05 
2.6318O828E-03 
2.47494553E-03 
2.23093682E-03 
1.S8235294E-03 
1.44662309E-03 
9.41176471E-04 
4.13300654E-04 
•6.97167756E-85 
1.74291939E-05 
0 
1.74291939E-85 
0 
1.74291939E-05 
0 
1.74291939E-05 
0 
1.74291939E-05 
1.74291939E-85 
1.74291939E-05 
0 
1.74291939E-05 
1.74291939E-85 
1.74291939E-05 
1.74291939E-05 
1.74291939E-85 
1.74291939E-05 
0 
1.74291939E-65 
1.74291939E-05 
1.74291939E-Q5 
1.74291939E-05 
0 
1.74291939E-05 
1.56862745E-04 
5.40305811E-04 
1.04575163E-03 
1.53376986E-03 
1.96949891E-03 
2.30065359E-03 
2.52723312E-03 
2.64923747E-03 

SOURCE RES* 
MONITOR RES* 
276 

55 
45 

SAMPLES* 125 

Ji£3fL 
RM* 

.6 
733.353143 



TVPE 

TEST FREGN 
TEST VOLTS* 
VOLTS FULL SCflLfe* 

40000 
•33936 

HS= 
RT= 
V0= 
VI= 

0 
3 
6 
9 
12 
15 
IS 
21 
24 
27 
30 
33 
36 
39 
42 
45 
48 
51 
54 
57 
60 
63 
66 

* 69 

7^ 
78 
31 
34 
37 
90 
93 
96 
99 
102 
105 
108 
111 
114 
117 
120 
123 

158 . 
122.65 
.294745568 
.304709135 

.02 
MF* 

5.22875817E-06 
3.10239651E-04 
2.61437909E-04 
1.84749455E-04 
1.04575163E-04 
4.53159042E-05 
1.39433551E-05 
3.43583878E-06 
0 
0 
0 
0 
0 

-1.74291939E-06 
0 

-1.74291939E-06 
0 
0 

-1.74291939E-06 
0 

-1.74291939E-06 
0 
0 
0 
0 
0 
0 
0 
& 
0 
0 
0 
0 
0 
1.74291939E-06 
S.71459695E-06 
3.31I54684E-05 
8.71459695E-05 
1.6034S584E-04 
2.37037037E-04 
2.98039216E-04 
3.24183007E-:04 

3.4E-09 

SOURCE RES= 
MONITOR RES= 
282 

BS - 22.65 

55 
45 

SAMPLES* 125 

RM= 
.4 . . • 
75*3.690799 
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Appendix 62 

Predicted Diode Waveforms 
Diode Type HP5082-28O0 

Peak Test -Voltage D 0.7 Volts 

Sample System Voltage Diode Current 
Number CVolts) (amperes) 

0 . .69286 2.69801267E-03 
3 .684870163 2.63809976E-03 
6 .661884925 2.4597461E-03 
9 .622052853 2.16708514E-03 
12 .568674158 1.7669338E-03 
15 .582179931 1.26953733E-03 
18 .424103751 6.94401731E-04 
21 .336246318 1.58857765E-04 
24 .240633918 1.13294623E-05 
27 .139471693 7.31978375E-07 
30 .0350927836 4.33463573E-08 
33 -.0700954835 2.51129995E-i09 
36 -.173667113 1.52002911E-10 
39 -.273233398 1.02543S93E-11 
42 -.366498004 S.28499131E-13 
45 -.451309938 3.25379149E-14 
48 -.525713152 1.10062622E-14 
51 -.587991659 2.03S8647E-15 
54 -.636709109 5.448537Q3E-16 
57 -.670741912 2.16790168E-16 
60 -.639305159 1.3113779E-16 
63 -.691970719 1.2200559IE-16 

Peak Test Voltage • 0.5 volte 

Sample System Voltage Diode Current 
Number CVolts) Camperes): 

0 .499142 1.28192719E-03 
4 .489245256 1.21332366E-03 
3 .459947479 1.01082528E-83 
12 .412410474 6.3666884E-04 
16 .348519322 •2.84761772E-04 
20 .270307627 . 3.87641355E-05 
24 .18235705 3.53356814E-06 
23 .8866750989 2.64821222E-07 

. 32 -.0124439553 1.S0829923E-08 
.36 -.111069544 1.25138567E-09 
40 -.205290667- 9.75686856E-11 
44 -.291370984 9.48350983E-12 
48 -.365896977 1.2604091E-12 
52 -.425913317 2.43138238E-13 
56 -.469040053 7.71800078E-14 
60 -.493566996 3.97244123E-14 
64 -.498521527 3.47368214E-14 
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Peak Voltage -0.34 Volts 
• 

Sample System Voltage Diode Current 
Number (Volt*) (amperes) -

0 .33936 2.72466566E-04 
3 .33544661 2.52253921E-04 
6 ' .323796698 1.95842792E-04 
9 .304678943 1.20040643E-04 
12 .278534281 5.91365305E-05 
15 • .24596568 2.44813385E-05 
18 .207724286 3.69160544E-06 
21 ,164692074 2.71033375E-06 
24 .117861511 7.62562265E-07 
27 .0683126659 1.99324047E-07 
38 .0171833022 4.99246315Er-03 
33 -.0343324317 1.23711149E-03 
36 -.0850614433 3.13194S03E-09 
39 -.133828603 8.361S4306E-10 
42 -.179509226 2.42699122E-10 
45 -.221049766 7.88013561E-11 
48 -.257492156 2.93734922E-11 
51 ^.237995915 1.28593297E-11 
54 -.311857523 6.73900239E-12 
37 -.328526651 4.29101005E-12 
m -.337618353 3.35452738E-12 
£3 -.333924434 3.23800233E-12 



Appendix G3 

..Programme to enable waveform sanplee to be transferred to computer and 

READY. 
1 REM DATA TRANSFER FROM 991 TO PET 
2 PRINT\T 
3 PRINT" THIS PROGRAM ENABLES THE 1024 WORD STORED"; 
4 PRINT" IN.THE 991 MEMORV TO BE READ OUT IN SEQUENCE TO THE PET."; 
5 PRINT"THE NUMBER OF WORDS OR SAMPLES TO BE'STORED IN THE PET"; 
6 PRINT"IS GIVEN BV <N+1> WHERE N=N2-N1 N2>N1"; 
7 PRINT", AND N1,N2 ARE TWO NUMBERS BETWEEN 0 AND 1923 INCLUSIVE." 
3 PRINT"THE ARRAVS ALLOCATED FOR DATA STORAGE ARE FROM X<©> TO X<N>." 
9 PRINT"MAXIMUM ARRAV SIZE IS 255." 
19 PRINT-PRINT-PRINT 
11 A=59457:P0KE 3999,PEEK <A> 
12 B=59459 :POKE B,0 
13 C=59463: POKE OPEEK <C> OR 1 
14 B=594€7:POKE D,PEEK <D> AND 227 OR 1 
15 E=59469 =L=0 
16 INPUT "Ma";Ml 
17 INPUT "N2=";N2 
IS I F N2M023 OR NK0 THEN 40 
19 I F N2<N1 THEN 40 
28 N=N2-N1 
21 DIM XCN> 
23 PRINT"PRINT"BATA TRANSFER BEGINS.WATCH THE SCOPE" 
24 FOR 1=8 TO 1023 
25 POKE O PEEK < 0 OR 224 
26 POKE CPEEK CO AND 31 OR 192 
27 WAIT E,2 
25 IF N1=<I AND K=N2 THEN 30 
29 GOTO 32 
30 K=I-N1 
31 X<K)=PEEK <A> 
32 NEXT I 
33 PRINT"END OF DATA TRANSFER" 
34 PR I NT "11" 
35 FOR J=N1 TO N2 
26 K=J-N1 
37 PRINT J,X<K> 
38 NEXT J 
39 GOTO 50 
40 PRINT"TRV AGAIN" 
41 I F L=3 THEN 43 
42 L=L+l:GOTO 15 . ^ . 
43 PRI NT •" PR I NT "POOR OLD CHAP! VOU CAN'T EVEN THINK OF TWO SIMPLE NUMBER! 
45 PRINT"WELL TRV N1=0,N2=1023" 
46 GOTO 19 
47 I F N<255 GOTO 50 
48 PRINT"ERROR ARRAV CAN ONLV HANDLE 255 SAMPLES" 
50 PRINT 
51 INPUT"TVPE NUMBER";TYPE*:PRINTTVPE* 
55 INPUT"ALPHA IS RS";AA,IS.RS 
60 JNPUT!,TEST VOLTAGE";VT:VT=VT*1.414: PRINTVT 
61 INPUT"SOURCE RES";RG 
62 INPUT'TEST FREQUENCY";FT-PRINT FT 
33 INPUT "VOLTS FULL SCALE"; F "PRINT F 
34 INPUT'-RESISTOR VALUE" J RES:PRINTRES 



- G7 -
!0@ INPUr'NS&NF";MS/ NF:PRINTNS,NF IQ2 SA-NF-NS+1:PRINTSA 104 TS=2*ir/CHF-NS>:PRINTTS 112 RT=RG+RES+RS-PRINTRT 114 V0aLOG<fiR*RT*IS>/<-flfl>:PRINTV0 116 B=V0+C3/fifi):PRINT"V3 MUST EXCEED"tB 113 1NPUT1' V3="; V3: PR I NT V3 120 VI*V0+CLOG<ftfl*CV3-V0>)-l>/fifl:PRINT VI 122 RM=RT#a+l/<AA#<V3-V0>:>VPRINTRM 200 PRINT"BO VOU REQUIRE A PRINT OUT OF SAMPLE VALUES IFOR VES 0 FOR HO" 201 INPUT PR-IF PR=@ G0T022S 202 PRINT"I WILL PRINT EVERV J.TH SRMPLE" = INPUT"J="; J 203 SC=F/<255*RES>:INPUT"2ER0 REF=";M 204 M=M-N1'2=X<M> 205 FOR K=0TO CN2-N1> 206 X<JO=SC*<:>i<IO-Z> 208 NEXTK:0PEN1>4 209 INPUr'HEADINGS";H: IFKN0GQTO220 210 PRINT#l,MDIODE TVPESTVPE* _ 212 PRINT#1,"ALPHA-",AA,"IS*",IS,"RS="*RS 213 PRINT#1,"TEST FREQ=",FT 214 PRINT#i,"TEST VOLTS-"> VT> "SOURCE RES=",RG 216 PRINT#1,"VOLTS FULL SCALE*",F,"MONITOR RES=",RES 217 PRINT#1,"NS*", NS, "NF—",NF,"SAMPLES*",SA 213 PRINT#1, HRT=",RT:PRINT#1, "V0-", V0, "VS*",V3 213 PRINT#1,"Vl=",VI, "RM-",RM:PRINT#1 220 FOR K=0 TO CNF-NS>STEP J 222 PRINT#l,K,XCIO 224 NEXTK 226 CLOSE1 228 LORD"WF" 23© END 9EADV. 

Progt IHBIW to-evaluate^EedislUd^ diode -auxtuafe-ixam eguatioaa,-C3. 5QX and (3.51) 

READY. 
10 REM WF 
12 0PEN1,4:PRINT#1:PRINT#1 14 EX=EXP<AA*V1/L0G<4>> 16 KP*L0G<2V(AA*RM*E>O •• KN*EX*EX#KP 18 PRINT"I WILL CALUATE EVERV J,TH SAMPLE" 20 INPUT"J-";J:K=0 22 V-VT*COS<K*TS> IFV>V1GOTO30 24 IP=KP*EXP<AA#V/'L0G<4) > : IN=©: IB-0 26 ID*IP+IN+IB ' ~ 28 PRINT#1,K,V,ID:G0T036 " 30 IP=0 • IN=*KN/EXPCAA#V/L0G<:4> ) : IB=<V-V1 VRM 32 ID=IP+IN+IB 34 PRINT#1,K,VMD 36 IF KXHF-NS>/2GOTO40 38'K=K+J:G0T022 40 CL0SE1 42 ENB READV'. 



Appendix G4 

Measured Jfc*«€runî =~~ ^ 

Diode Type BP5082-2800A. . - •- • 

Source Resistance = 500, Monitor Resistance -500 

Teat 1 Peak Volt* » 0-848 CO. 6 V rm»>-

si* 333 
N2= 577 RESISTOR VALUE* VOLTS FULL 3C3LE= DC VfiLUE* COS TERM - 1.53366158E-03 1.34637428E-33 4.2S959731E-34 2.352S3S39E-05 -S.395134S4E-35 -2.6637:537E-SS 3.3490015SE-r35 i.73634S52E-35 2.735S5333E-S5 1.iiS23742E-C3 

59 
I.39025715E-83 <IM TERM -5.£304278c-es -.91853325E-35 -4,33737329E-35 -2.74587574E-0S 1.76178647E-05 1.31515903E-05 -5.41338492E-06 -1.21186431E-35 -3.37974576E-0S 5.59S89397E-0S 

l.c3532731E-03 1.34995347E-3S "4.23738541E-04 ' 2.37893233E-05 9.3S737S7E-05 2.35527401E-Q5 5.37632069E-05 S.39414531E-65 3.7435253SE-05 1.55266S26E-85 

PHnSE 2.341£5437 4.32033812 2-. 55594693 7.6191734 11. 2O30525 28.S264351 5.7734634 13.1173996 4.71266735 -21.1337935 



Teat 2 Peak Volts 0.6 V CO.424 7 

Ml= 329 H2= 574 RESISTOR VflLUE= VOLTS FULL SCALE* DC VALUE-COS TERM 7.36452531E-S4 5.39S24503E-04 2.35300135E-04 9.09527686E-05 -9.657026E-06 -2.64322943E-85 -2,S4131763E-86 2.280351E-35 2.S9861163E-05 2.29051O43E-85 •IflGNITUDE 
~> i £ i C'C_>~ •« : • 2 tC j. Ot 'J1 5.3221S452E-34 2.37333763E-34 9.21533635E-35 9.3773H23E-86 2.74283859E-35 4.59366753E-36 2.22032954E-05 2-94046643E-05 2.22241329E-85 

58 • .1 4.46369261E-04 SIN TERM -2.S2619206E-05 -4.11337913E-85 -3.39139851E-05 -1.438S9353E-85 2.87439776E-86 7.29461299E-86 3.75335378E-86 -2.93458906E-36 -4.94361955E-86 
-i - * i ?46956E-86 

•msE 2.19769023 4.43258316 & • r' 79310&3 9.29633933 
•i -t 4 •'-k4 c*o 
15.4233946 54.9389965 7.59495383 9.67374194 3.35063684 



Test 3 Peak Volts 0.5 V (.354 V nasi 

Nl= 327 N2= 574 RESISTOR VALUE= 50 VOLTS FULL SCALE* , .1 DC VALUE- 4.45407959E-O4 COS TERM ' SIN TERM 4.611933E-04 -1.10142043E-05 
3.45571718E-04 -1.59629373E--05 
2.03799057E-94 -1.42269209E--05 •3.24733221E-05 -3.93353743E--06 3.36601491E-06 -2.63473176E--06 1̂.46335531E-05 1.5S45506E-06 -3.24630673E-06 2.36439601E--06 6.90843645E-06 1.6137792E-03 1.59362422E-05 -6.95292694E--07 1.6348142SE-05 -1,65722197E--06 MAGNITUDE PHASE -06 
4.61324S02E-04 1.36307607 3.45940203E-04 2.64477453 2.94295034E-04 3.99325813 3,29557529E-05 - 5.18219375 9.72954563E-06 15.7115334 K47190922E-05 6.13002338 3.5791931E-06 16.3010415 6.90S5052SE-06 -.133339112 1.59514027E-05 2.49321S55 1.69294507E-05 5.61767352 
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Teat 4 -Peak Volt* 0.4 (.283 V tmal— 

Nl= 324 N2- 574 RESISTOR VflLUE= VOLTS FULL 3CflLE= DC VfiLUE= COS TERM 2.19622213E-04 1.72186109E-04 1.11663236E-04 5.62774543E-05 1.31903314E-95 -3.70092663E-07 -3.76958233E-06 -2.87143651E-03 4.38797696E-86 S.37503378E-86 HR6NITUDE 2.19647639E-04 1.7217592E-04 1.11732969E-04 5.S3060434E-05 1.81938267E-05 1.93586691E-06 4.39S45323E-06 
3824831E-06 4.429S1215E-06 6.97560492E-06 . 

50 .05 3.06146316E-O4 SIM TERM 3.34533219E-06 4.90251O35E-06 . 3.94691099E-06 1.79420399E-06 -3.56615136E-07 -1.89934604E-06 -2.06331302E-06 -1.33213487E-06 • -6.07366361E-07 -8.S8715326E-03 PHASE -.372673995 -1.63165164 -2.02436577 -1.8268511 1.12312801 -78.9739229 -28.7784917 -S3.3033732 7.38058104 .729937033 
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.Appendix G5 

Predicted Spectral Response 
Bi-linear approximations f i t t e d at volts 
Effective torn voltage volts 
Effective total resistance RM 

HP 5332-2380/1 DIODE TVPE 
ALPHA-
3CURCE PES* MONITOR RES-TOTAL RES»' 
*EAK VOLTS--

V3= Vi» 
RM38 

BIAS FACT0R-tOVERDRIVE FflCTORs ANGLE- 1.16714992 
=»NeLE» 56.3727644 
NUMBER OF HARMONICS = 
3 . 3o>555034E—04 L.53134551£-33 1.34353739E-03 4.12231239E-34 - I . 5S13324E-05-—1» 45c-35v i 

37.54 
50 53 122.55 ,294745563 
, O-rO .5 .333372616 133.353143 9.0194013 

IS* 3.4E-39 RS= 22.65 

2.34133249 

13 

7E-84 
-7,49937231E-35 2.3536531S-35 5.3144S432E-3S 2,33S44559E-S3 -2.47797343E-S5 

4.3S953436E-05 - 3.43333239E-37 -1.74335.-74E-S5 -i.31S3S338E-35 4.4S353594E-35 1.93913733E-S5 
i 3i37503649E-36 -2.5973736E-06 3.3S55337E-06 1.71391253E-05 -1.525433HSE-05 

3.409S2439E-36 
1.3537333E-35' -2.22945535E~35 -3.31S41.755E-06 .-5, 4S35I322E-37 
_ 4: y: 23s *"05 3.:3>SSC23E-S6 
• -••-.< --.isrc-r !r_ iTi" :' 

bi-linear 

positive 
exponential 
cusp 

Cc) 
negative 
exponential 
cusp 

RADIANS DEGREES 

7.49315943E-35 
1.335S1353E-35 
-.1.5533S623E-35 
-2;: 40S'4E-35 

-' » -w ̂  T » - ^ • _ j . ̂ . --"^ 

-^,"213351^-^5 
1.442753::E-£5 -1.42S71S95E-3? 

9.41854194E-34 1.S3324232E-33 1.029S5703E-03 3.90317153E-84 -1.17961999E-95 -1.23406779E-04 -6.29171S63E-05 2.58351443E-05 6.4154503E-Q5 3.44324732E-85 -3.90469633E-05 

00 • Cc) 

Cal * Cb) + Cc) 



- G13 -

HP 5332-2309/i >c. d4 
53 
53 

122.65 
.234745563 

.6 
.5 
.322500919 
133.567716 

3.73310247 
6336266 

Ca) 
bi-linear 

IODE TYPE LPHA* 
OL'RCE RES* 
OHITOR RES* 
DTAL RES* 
0= 
EAK VOLTS* 
3* 
1= iw* 
(IAS FACTOR* 
IVERBRIVE FACTOR* INGLE* 1.00332666 
INGLE* 57.4363833 
IUMBER OF HARMONICS * 
4.13965314E-04 
7.58157021E-04 
5.50983157E-04 
2.96153464E-94 
8.08223639E-Q5 
•4.07951239E-O5 
•6,5962985E-05 
3.27350978E-05 
9.234U662E-06 
2.76123995E-05 
1.34101058E-Q5 

5.9Q345549E-06 3.39961751E-06 •l'..75781511E-05 •3.09119382E-05 0»> •9.71325281E-06 positive 3.5433131E-05 exponential 5.30861112E-95 cusp 2.32126361E-05 4.74335724E-05 3.58396064E-05 M.32S56123E-05 

4.03959603E-06 ;2.20279357E-06 1.40423633E-36 3.92232099E-06 K3.3Q51255E-06 4.9344S669E-08 3.50715465E-06 4.23098914E-06 1.376Q9698E-06 h2.30703313E-06 4.3526871E-06 

i w - 22.65 

l.oc 

18 

Cc) negative exponential cusp 

RADIANS 
DEGREES 

9.94305152E-86 
5.S0241108E-86 
-1.39824474E-05 
-3.48342592E-05 
-1.30233733E-05 
3.54875259E-05 
6.15932653E-85 
2.74136253E-85 

-4.6Q624754E-05 
-3.36366396E-05 
-4.31382994E-05-

4.28908365E-Q4 
7F.63759433E-84 
5.32Q0071E-04 
2.61319205E-84 
6.77989856E-85 
-5-30759799E-06 
-4.36971919E-86 
-5.37147256E-06 
-3.68283538E-05 
-6.10842901E-Q5 
-2.-972S1936E-05 

CM • Cc) 

CBI *.0tt + (el 
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".4E-09 RS - 22.65 

SOURCE RES= MONITOR 3ES= TOTAL RES= VO= PEAK V0LT3= 

50 50 
.294745563 5 I T 

BIAS FACTORS OVERDRIVE FACTOR =iNGLE= AMGLE= 

.315863016 .634043 
8.5317 

.839030816 58.9405734 
1.23228185 

i — . 

_ .4 

38721812E-06 S2852255E-06 32947348E-07 251111E-06 2296S737E-86 2.63334769E-86 ".55753707E-07 3.93673113E-06 4.307799E-06 2.53060472E-06 70678115E-06 

GO 
b£-linear 

DUMBER OF HARMONICS =* 
2.3952S594E-04 4.423084S4E-04 3.45782498E-04 2.17836143E-04 5.55765702E-05 7.63S33213E-06 -3.4840504lE-05 -3.58138777E-05 -1.63941705E-05 5.3S269634E-86 1.56735006E-05 

lc'825̂ ' O&E—86 50513262E-06 

64743414E-85 
:̂ o3oe74s-05 
* 7C- •dr-'T* •» jTET—ia^ f i i i i w>C 

ta i Oil 
22439774E-84 459836S2E-04 

10 

CM. 
positive exponential cusp 

Ccl 
negative 
exponential 
cusp 

RADIANS DEGREES 

3. 
_ •» 

-4. n 

3. 
-•3 

12674672E-85 12570517E-06 62546826E-05 1836821E-05 07040238E-05 449S8494E-05 25647611E-05 3723502SE-65 26647233E-06 13959169E-84 47S36383E-04 

2.5879^ Ih--04 4.5C934189E-04 3.23447335E-34 1.75732461E-84 5.48725414E-95 3.21863815E-85 4.3624257IE-33 4.27046251E-65 -2.5660642SE-05 
, « 14876473E-04 -1.32022SS2E-84 

(b) • Cc) 

(a> • (b) + (c) 

4 
J. . 
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DIODE TYPE ALPHA* HP 5032-2300/1 
• — - — r s = 

SOURCE RES* MONITOR RES= TOTAL RES* 
VO*' 
j?|AK VOLTS* 

50. 50 122.65 .294745563 .41 

3.4E-09 R3* 22.65 

7304709135 RM= 153.690799 BIAS FACTOR* 3.25133623 OVERDRIVE FACTOR* ANGLE* .732966263 ANGLE*. 41.9953737 NUMBER OF HARMONICS * 1.95535143E-34 2.30156354E-34 1.S9559968E-04 1.25015733E-04 7.34723659E-35 2.57553866E-85 <a) 4.33341959E-86 bi-iinear . -:.3050lS69E-35 ' ' -1.74923229E-05. -1.29707579E-35 ; -4.S4233355E-06 ! 

.900273647 

i 5. 
•m t 

-4. -1. 

3. 

-!. -3. -4. -3. 
* a 
t. 
4. 
5. 

1S93282E-06 .b"3576336E-36 •39579963E-95 1I73552SE-35 31495383E-05 219S7323E-06 26356572E-35 13432219E-04 49113556E-05 71752738E-35 63323395E-34 

753it779E-06 37200151E-06 34292679E-06 21296552E-06 19739734E-06" !5367424ET06 52224366E-06 26525493E-061 

925801-75E-06" 
74291191E-06 7615203E-0S 

CM positive exponential cusp ' 

Cc) negative exponential 
cusp 

0 
RADIANS DEGREES 

1.2927438E-05 1.15577616E-05 -9.91506943E-06 -4.23335133E-05 -5,13469281E-05 -3.37354751E-06 -6.91634135E-05 1.17136964E-04 7.68371574E-05 -4.24323669E-05 -1.54566875E-04 

1.18512536E-04 2.11714115E-04 1.59644898E-04 3.36322648E-05 2.71259379E-05 2.73318391E-05 7.34938331E-05 1.94036773E-04 5»93443345E-05 -3.54031247E-05 -1.59209259E-04 

(b) • Cc) 

Oil • CM + Ccl 
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Appendix G6 

Predicted and Measured Spectrum 

Predicted Spectrum 

DIODE'TVPE SCPHfr= 3.9E-09 RS-8.0S 
SOURCE RES* MONITOR RES-TOTAL RES*V VC= PEAK VOLTS-

59 50 108.05 .267631882 
• Y4r _i45 Vl= .292266574 RM- 123.576283 BIAS FACTOR- 3.84511133 OVERDRIVE FACTOR* 1.25338595 ANGLE* .899701486 ANGLE* 51.549098 NUMBER OF HARMONICS = 2.78773532E-04 4.93648669E-04 3.37651331E-04 (a) 2.41858971E-04 bi-linear 1.02350829E-Q4 4.50S64371E-06 

RADIANS DEGREES 

3.51192436E-06 6.3572513E-06 -1.94916042E-05 -4.51104231E-0S -2.98740071E-05 3.473}9539E-05 

7.43Q10132E-06 4-27186567E-06 -i.40105716E-0ff -6.2723983E-06 -7.43539471E-06 -4.00326525E-Q6' 

Cb) 
positive 
exponential 
cusp 

Cc) 
negative 
exponential 
cusp -

1.59420262E-05 1.0629117E-05 -2.08926614E-05 T5.13828264E-05 -3.73094018E-05 3.07286386E-05 

2.36721558E-04 5.10269736E-04 3.66759319E-04 
I.89676145E-04 6.50414267E-05 3»52373323E-05 

(M * Cc) 

• Cbl + Cc) 
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Predicted Spectrum 

DIODE TVPE HP 5032-2335 
ALPHA- . .35 SOURCE RE3= MONITOR RES-TOTAL. RES-VO-PEAK VOLTS-V3-

33.16 
59 50 103.05 .257531382 .4 

A 
a T 

IS- 3.9E-39 RS-8.05 

.233369287 129.441095 VI-RM-BIAS FACTOR-* OVERDRIVE FACTOR-ANGLE- .731762054 ANGLE- 44.7916663 NUMBER OF HARMONICS = 1.47236323E-04 2.77166556E-04-2.29322673E-34 1.52744159E-34 9.27296709E-05 3.34956323E-05 

.S139624 
.992754097 

Ca) 
bi-linear 

1.35467195E-05 3.52823S71E-06 -1.54205763E-05 -4.94138836E-05 -4.98381363E-05 1.04704081E-05 

3.1978461E-06 5.4178752E-0S 5.72135234E-07 -4.5654426E-0iS ' ; -3.05876613Ê 0cT. 
-3.32706842E-06 

CM 
positive 
exponential 
cusp 

Cc) 
negative 
exponential 
cusp 

RADIANS DEGREES 

1.37445656E-05-rtT4946U39E-05 -1.48434415E-05 -5.39793312E-05 -5.78969024E-05 2.I433397E-06 

-T:66030893Ê 04 2.92112569E-84 2.14474231E-04 1.08764823E-04 3̂ 48327636E-05 3.5633972E-85 

CM * Cc) 

Ca) • Cb) + (c) 
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Measured Spectrum 

Diode Type HP5082-2835 

Peak Volts 0.47 V 

Frequency 10 MHz 

. m 
RESISTOR VALUE* VOLTS FULL SCALE* DC VALUE* 6, COS TERM SIN 5.2063247E-04 3.972S4068E-04 2.40375748E-04 9.37959815E-05 1.14059892E-05 

50 . .1 34475435E-04 TERM -1.94308653E-05 -9.49837523E-06 -4.S3403513E-06 3.27697944E-06 3.62619613E-06 

MAGNITUDE 5.2099494E-04 3.97397596E-04 2,4Q920319E-04 9.38503139E-05 1.43806241E-05 

PHASE 2.13738128 1.36958213 1.10213631 -1.89975622 -37.099726 

Measured Spectrum -
Diode Type BP5082-2835 
Peak Volts 0.41 V 
Frequency 10 MHz 

Nl* 325 N2= 575 RESISTOR VALUE* VOLTS FULL SCALE* CC VALUE* COS TERM 2.34874715E-04; 

2.33445223EH3* 1.S6948927E-04 8.06362228E-05 2.7033297E-05 MAGNITUDE 2.36226933E-04. 2.34498751E-04 1.5807689E-04 3.12325771E-05 2.70345321E-05 

50 .05 2.5037S598E-04 SrN TERM -2.77894511E-05 • • -2.22034239E-85 -1.88503976E-05 -9.32502714E-06 -2.584167S9E-97 PHASE 5.57155946 5.43316775 \? 6.S4S7208 6.94689524 . .54763534 
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Appendix G7 

Harmonic contribution from positive exponential cusp Cosing 

method of steepest descent). 

Using the "normal" form of the positive exponential cusp current 

the harmonic contribution may be written as 

a n + - |^ / cos Cn9o + nx) exp | - £ Cz + ft)" | dx CD 

where 

A . *2£L exp Cf*) C2) 

0 = 8 + x o 

The cosine function may be replaced by the complex exponential function 

exp [ - j <n»0 +nx)j and therefore 

V " te !T e X p C"^n V f «*[-§<* + " J 1^ «* C4) 
where Be denotes the real part i s to be taken 

By completing the square i n the exponential contained i n the intergrand 

the integral may be written as 

a ^ - B / exp I - (x + ZX\ <** C5) 

where 

B - |± exp C-n2/20) exp [ jnC Jx " e Q)] \ C») 

and Z - Jx + jn/B C7) o 

The integral i n C3) may be written as an integral i n the complex plane 

as follows:-" 

I - / exp | Ot + Z O ) 2 J dx » / exp£ - f CZ + Z q ) 2 J dz CS) 
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where the path, of integration i s the real line and Z » x + jy. 

The complex integral i n C8> may Be written concisely by means of the 

substitution 

Z. - Z + Z (9) 
L O 

so that 

I - / exp C- f Z j 2 ) dzj CiOl 
T2 

where T2 i s the line parallel to the real axis starting at Z q, i . e . 

y - j n / 8 , ]x*x<~ CID 

Lines of constant magnitude and phase may be obtained by observing that 

Z t
2 - ( x 2 - y 2 ) + j2xy U2) 

and therefore 

exp C- I Z t
2> - exp[- f ( x 2 - y2>j exp[ - jBxy] C13) 

Lines of constant magnitude and phase are shown i n Figure 61. The 

origin, Z^ • 0, i s a saddle point. The i n i t i a l limit of the integral, 

%l a Jx + jn/B, i s dictated by the degree of overdrive J x l the harmonic 

number n, and the bias factor B» Since the function to be integrated 

i s analytic,, Cauchy's Theorem allows the path of integration to be 

distorted along a line of constant phase i . e . maximum descent, as 

shown i n Figure 61. 

For the case J% ~ 0, the lines of maxinwim descent consist of the 

axes y * 0 and x » 0* 
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Then 

I - / e x p [ - f Z x

2 j d*! 

« / e x p [ ^ j j ay + / exp£--|x 2J dx C15) 

. " i * • [w Cl5) 

where T represents the value of the integral along the Imaginary axis. 

Be ̂  exp (- «?/2« [ j T +J]^' j . U6) 

• S r 1 / I f « • <- * 2 / 2«> <17> 

m V 

Equation C17) gives the harmonic contribution when the overdrive 

f x m 0 and i s uniform for a l l harmonic numbers. For sufficiently large 

bias factor B, C17> may be approximated as 

^ f - fls (l" -2/28) a w 

which i s the limiting case of equation C4.4l> used to compile Table (4.1). 

I t w i l l be observed that the non-zero integral along the y axis does not 

contribute to the harmonic content. 

For Jx > 0 the integral i n CIO) may be transformed by the conformal 

mapping. 

a - u + j v = Z j 2 « (x + j y ) 2 C19) 

into 

I « t O T O f _ * 7 2] a„ „ r expf •» BW2I dm 
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where T i s a line of constant phase given by vo 

V Q « 2y?n/6 (21) 

and therefore 

- e x p [ - £ ( u + j V ) ] 
I - / , 0 l d u 

tto 2F+K 
jBV - exp 

£ exp ( - -2-2) / r ] 
2 J dn C22) 

uo /••'* j V o 

where u - x 2 - n 2/B 2 (23) o 

For sufficiently large 6 and since u ̂ = 0 on T then the integral i n 
vo 

(22) i s dominated by values close to u Q. 

The substitution 

u - u +6 (24) 
O" 

converts (22) into 

X - l ^ C ^ l 7 ****** ^ 
° J \ • I * . * 

-BZ 2 -
X - ^ e x p C — » 2 - > / e 3 t p, C" g g / 2 } , d g (26) 

2 2 o Z 1 +fi/Z Z 

Q'J O 

since w - u + jV - Z 2 (27) 
O O 0 0 

(23) 

Application of Watsons Lemma now gives an asymptotic expansion for 

large B, i . e . 

2 

2 Z 7 " F v — ^ 

2 

I - 4-exp ! exp C ^ ) 11 - — 9 + f — A I <*8> 2 L 2Z 2 8 Z / J 
BZ 

.. ! "VB2X cm 
6Z. 
1 _ expT-^LoC 1 
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Substituting (29) i n t o ( 5 ) , combining the exponentials and selecting the 

r e a l part we f i n d that the contribution to the harmonic component from 

the f i r s t term o f the asymptotic series (29) i s given by 

Equation (30) i s uniform f o r a l l harmonic numbers n, and resembles 

the form of the denominator f o r the expansion of the negative cusp harmonic 

contribution, which were exactly integratable. Regretably (30) does not 

contain the case of zero overdrive as a l i m i t i n g form. I f m 0, but 

n ̂  0 then since the i n t e g r a l i s dictated by values of the variable close 

t o the supremum of the function the process would force the i n t e g r a l to 

be purely imaginary which as has been seen does not contribute t o the 

Fourier c o e f f i c i e n t s . I f both. Jx* and n are zero then Z q — 0 and the 

expansion of the denominator of (261 i s not possible. 

2Jtn(2) cos (n6 + i|») o 

F n+ *ur n + B X 

where tan $ " n/B/x1 (30) 
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