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ABSTRACT

The”deéign of the modificati;n required to increase the angular resolution
of the Haverah Park Magnet Spectrograph i1s described. It is shown that the
reduction in uncertainty of angular measurement achieved by the modification
ig characterised by a standard deviation of 0,160, corresponding to a limit of
momentum resolution of 120 GeV/c.

The momentum spectra: dfmuons in EAS derived from the data available at
the conclusion of the period of opération of the original spectrograph are
presented. These spectra relate to muons falling between 150 m and 600 m from
the cores of showers of primary energy within the approximate range l016 eV to
1018 eV. The preliminary results from the modified spectrograph are also
presented but they are shown to be statistically insufficient to be considered
as evidence, for or against, the validity of the earlier data.

An investigation of the dependence of the momentum spectra on primary
enérgy and shower zenith angle, originally undertaken using data available
prior to the end of the period of operation of the driginal spectrograph, has
been repeated in the light of the improved statistics and revised EAS data.

In addition, other checks have been undertaken: (a) on the effect of the
accuracy of core location on the momentum spectra, and (b) on the method of
deriving the spectra from the data.

The data available at the conclusion of the original sxperiment have. slso
been used, in conjunction with a new theoretical study of the distortion of the
muon charge ratio produced by the geomagnetic field, to estimate the height
of origin of muons in EAS. It is shown that measurement of this distortion
cannot be used to give sufficiently accurate assessment of the height of muon
production, to allow comment to be made on the nature of the primary particle
or the ultra high energy interactions.

Finally, an impreved analytical model of EAS is described and the results

are compared with those of other workers and observation.
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PREFACE
in fhis thesisvan account ig given of the work done by the author, both
in Durham and at Haverah Park, during the period October 1968 to August 1971
whilst uhder the supervision of- Dr. K. E. Turver.,
At HaVerah Park, Extensive Air Showers having primary energies in the

range 10-° eV o 107

eV are detected by means of arrays of water Cerenkov
detectors. These array systems are operated by workers from the Unilversity of
Leeds.,

A modified version of the magnet spectrograph, originally designed and
built by Professor G. D. Rochester and Dr. K. E. Turver in 1964, was completed
in November 1969. Dr. K. E. Turver, Mr. A. C. Machin and the author were
responsible for the design and construction of this modified instrument.

The routine operation of the spectrogfaph and the treatment of the data
has been the joint responsibility of the author and his colleagues. The
mechanical design of the modified spectrograph, described in Chapter 2, has
been the sole responsibility of the author together with the derivation of the
method of calculating the deflection of muons in the geomagnetic field, as
described in Chapter 5. The work described in Chapter 6 is a continuation
of that begun by Dr. K. .J. Orford.

Work in which the author has been involved has been reported in the
following publications: Machin et al., (1969), and Earnshaw et al., (197la

and 1971b).
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Chapter 1

Introduction

1.1 The Cosmic Radiation

Variations with height in the electrical conductivity of the atmosphere, '
first noted at the beginning of the twenfieth century, were explained by supposing
that avhighly penetrating radiation entered the atmosphere from outer space.
Progress in the study of this fadiation acceleraﬁed rapidly with the development
of the Geiger Mﬂllér counter and the Wilson cloud chamber. In the cloud chamber
céscade showérs Wefe discovered by Andérson_in 1932, and shortly aftervards both
positive and negative electrons were observed in such showers. This latter
discovery led to the explanation of these showers in terms of two main processes:
bremsstrahlung and pair-~production. An anomoly arose from this explanaﬁion,
however, in that the proportionality of bremsstrahlung to the inverse square of
the mass of the accelerating particle implied that the penetrating component
of these showers should consist of particles much heavier than the electron
although the manner in which the component was sbsorbed ruled out the profon as
a candidate. The anomoly was not resolved until 1937, when the muon was
discovered. |

The weak interaction of the muon with matter distinguished it from the
particle predicted by Yukawa in 1935 to account for the nuclear binding force.
This particle, the pion, was eventually discovered using the nuclear emulsion
techniques., It was shown to be created in the high energy collisions of the
primary radiation near the top of the atmosphere and to decay into a muon in
flight. |

Although our knowledge of elementary particles has expanded rapidly with
the development of accelerator technology, the increasing complexity in the

- particles and resonances so far discovered demand ekperimental investigation
'at-higher energies if a more complete pictufe is to be revealed. The
highest énergies involved iﬁ‘the collisions of the primary cosmic radiation

with air nuclei far exceed those which it will be possible to achieve in the




forseeable future with accelerators. Whilst the study of these collisions is
thus of importance to high energy nuclear physics it is also very relevant to
astrophysiés since the energy and nature of the primary particles may provide
information as to their origin. The direct observatilon of such events is imprac-
ticable on a statistically adequate scale because of their low frequency of
occurrence but information Way be obtained from a study of exbensive alr showers,
(EAS),»since these are produced as the result of an interaction of a primary
‘parﬁicle Withjan air nucleus and can extend over‘a very large area at ses

level. The investiéation of the properties of EAS and the clarification of the
relationship between their characteristics at the level of observation and the

elementary act of‘initiation is thus of great importance.

‘Becéuse éf“their ineft character, muons, especially those of high energy,
are of potential interest in that théy carry information directly from all
points iﬁ the shower. Their heights of origin thus reflect the longitudinal
development of the shower. Studies of this particular aspect are reported in
this thesis.

The momentum spectrum of those high energy muons which originate in the
early interactions of the shower may be expected to be sensitive to characteris-
tics of the nuclear processes such as inelasticity, transverse momentum and

to the mass composition of the primary particles.

1.2 Previous muon momentum spectra measurements

Orford (1968) gives a comprehensive survey of the work donme by Barratt
(1952), Dovzhenko (1957), 0da (1957),Bennett and Greisen (1961), Khrenov (1962),
de Beer et al., (1962), and Barnavelli (196L)., It is pointed out that the
results obtained by-tﬁese authors, with the exception of those of de Beer et al.,
who quote steeper spectra particularly at larger core distances, are confirmed

by measurements using the Haverah Park Magnet Spectrograph. The burst spectra



reported by Orford also offer some confirmation of the momentum spectra
obtained directly using the magnet spectrograph.

Recently Suga et al., (1969) have:given details of measurements of the
spectrum of burstsProduced‘in the scintillator shielding of the BASJE air shower
array muon detector by muons in 1600 showers of sizes larger than 5 x lOT
v particles and in 50 showers larger than 5 x 108 particles. The spectrum
obtained leads to a value for the slope of the integral energy spectrum from
20 GeV to 300 GeV of ~2.2+0.2 at a distance of 100 m and at an altitude of

5300 m. - This is in substantial agreement with the results obtained with the

Haverah Park spectrograph at the corresponding core distance at sea level.

1.3 High energy interactions

1.3,1 Theoretical considerations

There are gross features of high energy nuclear interactions which may be
described in terms of a system.with ésséciated input and output parameters even
though the processes themselves are not fully understood. By investigation of -
the properties of EAS it is hoped to learn more ebout these parameters, in
particular the following:

(a) The myltiplicity, that is the number of secondary particles produced in
aﬁ\inferaction,

(b) The inelastiéity, defined as the fraction of the energy of the incident
particle which is radiated in the'form of mesons.

(¢c) The mean transverse momentum of the produced mesons ..

(d) The interaction mean free path for protons and piocns.

13.2 Information from EAS

The multiplicity of the nucleon-nucleus collision is generally accepted to
be related to the primary energy in a manner Iintermedisie between the relation-

ship predicted by a multiperipheral model, similar to that proposed by Amati et




i
al., (1962) and that predicted by kinematic considerations assuming that the
energy radiated in #he form of mesoms is indepéndent of the primary energy in
the centre of mass system. Feinberg and Tvanenko (1969) have pointed out
that the height of shower maximum is espécially sensitive to the form of the
multiplicity law used. No convincing conclusions have been reported on thiz
problem however. ”

Winn et al., (1965}, obtained a méan valué of 0.54 for the inelasticity
of nucleon-air nucleus collisions although thé parameter is subject to large
fluctuations. For collisions of pions with ailr nuclel the inelasticity
appéars close to unity (Azimov et al., (1964)).

The results of severai experiménts prior to 1961 designed to determine the
value of the mean transverse momentum have béén summarised by Earnshaw (1968).
Since that time there have beén furfhér réports of résults for the electron
distribution in multicore air showér studiés yiélding rather large vélues of
mean transverse momentum: Matano et al., (1967), Bakich et al., (1967) and
Miyake et al., (1967). Partly on the basis‘of.his own group’s work aﬁd alsc
by considering the ffequency of.événts such. as those observed by the abofe
workers, Trilmper suggests that there is no réasgn to suppose that the distribu-
tion of transverse momentum changes dramatically beyond 5 GeV/c (BBhm et al.,
(1967), Trlmper (1969)). Present evidencé from cosmic ray experiments suggests
that at low energies the value of mean transverse momentum is about 0.L GeV/c
rising to approximately 0.5 GeV/c at 10° GeV (Kazuno (1967)). Experiments at
accelerator’energies indicate a constant value for the mean transverse momentum.

By comparison with many of the other quantities discussed, the mean free
path for nuclear interaction of protons in air is accurately known and appesars
to be nearly independent of energy. For cosmic ray energies Matano et al.,
(1963) give a value of 80 + 5 gm cm_2 and this value is supported by measurements

at the highest energies available from accelerators.




1.4 Information on origin and nature of cosmic ray primaries from EAS

From a consideration of the number spectrum of air showers up to a primary
energy of lO15 eV the constancy of the gradient indicates that the primary
composition is unchanged. The observed steepening of the spectrum beyond this
energy has been explained by Peters as due to the onset of a rigidity-cut-off
for cosmic rays originating in our galaxy. A conseguence of this explanation
is that there should be an enhancement of the proportion of heavy primaries

_ ,

at energles above 1013 eV agsuming that heavy primaries exist at any EAS

energies. Evidence for a mixed composition at an energy of lO15 eV, which

5

., .. . . . L . - L
Decomes progressively richer i1n heavier elements 1in the energy i1nterval 3 x 10°

eV to lOlT eV, is, in fact, claimed by McCusker ol =1..,{1969) fron an anolvoic of

electron and hadron distribution in shower cores and the altitude. dependence
of the density spectrum. From an analysis of fluctuations of hadron energy

p

flow at an energy of lOl eV and of Cerenkov light emission at an energy of

1016 eV, the BASJE ~ MIT group find evidence for a mixed composition at both
energies, (Rappaport (1969}, Kriéger (1969)). On the basis of a study of
fluctuations in electron “size" at fixed muon "size" Vernov et al., (1969)

suggest a constant chemical composition with a significant number of protons

. . . 15 17 17

between energies 3 x 10 eV and 2 x 10 eV, Beyond 10 eV, a study by Suga
(1969) of fluctuations in muon contemt yields no evidence for other than a pure
proton composition and Thompson et al., (1969), after analysing muon densities
in inclined showers, conclude that there is little evidence for a modulated com-
position. Discrepancies between the momentum spectra of EAS muons obtained from
the Haverah Park MkI spectrograph and predicted spectra for primary energies

above lOl7

eV have been interpreted as evidence for primary particles of mass
greater than ten.
At the Budapest Conference the evidence for a change of slope of the

primary intensity spectrum from about - 2.2 to - 1°6 at 10l8 eV first reported




by Linsley, and interpreted as indicating the region in which particles of
galactic origin can no 1onger'be contained regardless of their charge, waz
apparently reinforced by Andrews et al., (1969(a)), Brownlee et al., (1969)
and Hara et al., (1969). Recently, howevér, Andrews et al., (1971) have

obtained results which indicate that the slope remains constant at - 2.3

19

up to an energy of 2 x 107 eV. Beyond this the data are limited and allow

no further conclusion. However, that any showers of primary energy above

19

107" eV are reported by these authors is of interest in view of the proposed

interaction of the primaries with the Universal 3 K black body radiation,

(Greisen (1966)). -

Turning finally to consideration of possible anisotropies in the arrival
directions of very high energy primaries,.B:OWnleevet al., (1969(b)) find no

deviations from isotropy for 600 showers with energy greater than 1018 eV and

19

50 gshowers with energy greater than 10 eV, From these results the authors

conclude that pulsars cannot be the main cosmic ray accelerators in the

T 18

energy region lOl eV to 107 eV, 'Recent work at Haverah Park by Lapikens

et al., (1971) confirms earlier work by Andrews et al., (1969(a)) showing no

significant anisotropy at energies up to 1018 eV.

1.5 Theories of the origin of cosmic radiation

The arguments in favour of supefnovaé within our own galaxy being the most
likely sources of cosmic radiation on energetic grounds alone have been summar-
ised by Shapiro (1962) and Ginzburg and Syrovatski (1964). In addition, Colgate
(1966) suggests that supernovae should provide an acceleration mechanism to give
an abundance of elements, up to iron, similar to that observed in cosmic radistion.
(Beyond iron it is possible that the synthesis of heavier elements could occur
through neutron capture). However, if pulsars are rapidly rotating neutron stars,
as proposéa by Gold (1968,1969),0striker and Gunn (1969) suggest that these could
also provide an adeqﬁate accelerétion mechanism whereby very high energy cosmic
rays might be obtained. In this context it is interesting to note that calcula-

tions by Rosen (1969)



show that the.final composition of the radiation emitted from a neutron star
should be predominant in iron, and that the distribution in mass of the cosmic
radiation should be quite different from the universal abundance.

Parker (1969) has shown that the universal model of Burbidge (1965), which
postulates an intensity of radiation and density of sources in intergalactic
space similar to that in galactic space, requires the energy emitted in the form
of relativistic particles to be one thousand times as great as that emitted in
the form of electromagnetic radiation. Sincé this is unlikely, a galactic model
is favoured. Such a model is also favoured by Schmidt (1967). His calculations
indicate that for the universe to be filled with radiation, ten per cent of the
rest mass of the radiogalaxies would have to be converted into relativistic
particles, which he considers ilmprobable. By consideration of the measured ratio
of electrons to protoms in the galaxy and the X=ray background, Felton and
Morrison (1966) conclude that at least the electronic component of the radiation
must have a galactic origin. A galactic origin for cosmic rays, and their
co-rotation with the solar system about the galactic centre were also deduced
by Peters (1970) from considerations of the upper 1imit on anisotropy of

ol eV), however,

directions of arrival. For the highestvenergy region (> 10
this argument may be used to infer that since the galactic magnetic fields are
thought to be unable to contain these particles they should exhibit more aniso-
tfopy than is observed. Tt is. thus suggested that cosmic ray particles of energy

7

107" €V and above may be extragalactic in origin. Beyond 1020 eV, however, it
has been postulated by Greisen (1966), that the p — v interaction of the
primaries with the photons of the universal 3K black body radiation should

effectively cut off any extragalactic contribution to the primary flux.



Chapter 2

The Haverah Park Spectrograph

2.1 Introduction

2.1.1 General

The general design consideration and constructional details of the
Haverah Park Magnet Spectrograph have been dealt with elsewhere, Earnshaw
et al., (1967} A resumé of these and a description of‘the basic apparatus,
which has remained unchanged throughout the recent modification programme,
is given in this introduction. The modification reported here concerns
the improvements to the spectrograph's flash tube array necessary to
increase the momentum resolution to beyond 150 GeV/c, so that the original
results from the spectrograph might be investigated with'gréater accuracy.
These results indicated more high momentum muons at large distaﬁces from
the core than was expected from then accepted theoretical models.

Section 2.2.1 is concerned with the principles and considerations
governing the redesigning of the instrument, whilst section 2.2.2 describes
some problems arising in the use of flash tubes as track delineators, and
Section 2.2.3 describes the mechanical design of the modified spectrograph.
In Section 2.2.4 the accuracy of location of the flash tube array is
discussed, and the high voltage pulsing system used is described in
section 2.2.5. Finally, certain aspects of the Haverah Park = EAS array
which relate to the accuracy of location of shower cores, are discussed

in fection 2.3.

2.1.2 Resume of the details of the original instrument

The original Haverah Park spectrograph, constructed in 196L, and
referred to hereafter as the Mkl spectrograph, had a momentum resolution
of 60 GeV/c. This was achieved using a solid iron magnet having an

induction of 1-L46 Wb m-g)and neon flash tubes of internal diameter 1°6 cm




\O

filled to a pressure of 000 mm Hg as track delineators. In each arm of the
spectrograph there were arranged T layers of 2 m long flash tubes at the
extremity of the arm, and T layers of 1°2 m long tubes nearest the magnet.
60% of the flash tubes were located in accurately machined mountings and
were measured to an accuracy of * 02 mm. The remaining 40% rested on top
of the accurately located tubes so that knowledge of their position was

marginally less precise.

2.1.3 The magnet

This is of the "PicturekFrame" type and has been fully described by
Walton (1966). Measurements made by Walton (1966) indicate that a current
of 135 A produces an induction of 1-46 * 0-06 Wb n"° in the useful regions
of the magnet. Recent measurements made by the author using (i) a fluﬁmeter
directly, and (ii) an X - Y plotter to measure the value of the " nstantaneous
voltage" - "time" integral, and hence the flux of induction, N, using the

relationship JfaN = Jedt, have confirmed this value.

2.2 Development of the Mk2 Spectrograph

2.2.1 Design considerations

For the Haverah Park Magnet spectrograph the r.m.s. value of the

total angular scattering, O, in the trajectory of a muon is given by:

where 9 is the r.m.s.angular uncertainty in track measurement and Oc
is the r.m.s. angular Coulomb scattering. At all momenta, for the
" Haverah Park msgnet, GCS is one third of the magnetic deflection. As a

consequence of this, if the maximum detectable momentum (m.d.m.) is

defined as that momentum corresponding to an angular deflection of o,

. /9
o = /%

then at the m.d.m.
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Thus at the 1limit of resolution the inaccuracy in the measured magneﬁic
deflection of muons is dominated by the contribution from the angular
uncertainty in track measurement. It may be seen, therefore, that an
improvement in the resolution is possible by reducing S until it no longer
makes a dominating contribution to ¢. Albernatively the same result can be

"induction-

achieved by increasing the magnet thickness. This ilncreases the
path-length" integral in direct proportion to the thickness and J _ in
proportion to the square root of the thickness,so that the net effect is to
reduce the Coulomb scattering: magnetic deflection ratio. For example, a
three-fold improvement in momentum resolution by this method requires the
magnet thickness to be increased by a factor of 2°9. However, since
increasing the accuracy in track location 1s simpler than increasing the
magnet thickness, this method of improving the resolution of the spectrograph
has been adopted here. Nevertheless, it should be noted that any future
improvement of the spectrograph resolution must involve an increase in the
magnetic deflection of the muon. This will necessitate an increase in
magnet thickness since the magnet is already operated under conditions of
near saturation.

A design study was undertaken to choose the optimum method of attaining
the desired improvement in track measurement accuracy. For'this, as a
theoretical measure of the accuracy of track location of a flash tube
array, the "mean corridor width", w, as defined by Rastin (196L) was taken.
This term is defined as the mean distance between adjacent tube edges when
all the tubes of an array are projected onto a single plane. Thus, assuming

that ¢ /o = w./w,,the condition for a threefold improvement in track

location accuracy is

%

= 3 ensosscensasscesssosalel

=1




a
e

e

Where o is the r.m.s. angular error in measurement for the Mkl spectrograph

1
ch is the r.m.s. angular error in measurement for the ME2 spectro-
graph.
ﬁl is the mean corridor width of thé Mkl spectrograph
ﬁe is the mean corridor width in the Mk2 spectrograph.

Following Rastin, for a given flash tube internal efficiency, N, of 100% then

for A <0+8, we have;

F .
WS R reerereeseneeeea2a2
Where A = internal flash tube diamétér
I' =" distance aparf of tube centres
¥ = number of layers of tubes in array.

Approximation 2.2 may be modified to take into account the fact that for practical
flash tubes, N is less than 100%. Assuming that w is inversely proportioned

to n we may write:

W= _ cescaascsnescnns el
M )
(100 ti
For the Mkl spectrograph I' = 1+9 cms and N = 7, so that taking n as 90%

and noting that for N < 9, w is underestimated by about 25% (Rastin, (1964)),

we obtain, ﬁi = 038 cm.

Thus, from 2.1 the value of 52

momentum resolution is ﬁg = 0-1 cm.

From approximation 2.2 it may be seen that to obtain the desired value of

required for a threefold improvement in

W, if the pitch, and hence the diameter, of the tubes is small, the number

of layers may also be small. However, since a constant large area is covered
in this case, the total number of tubes required does not necessarily have

to be smaller and it is consequently not possible to obtain an optimum value
of tube diameter from these considerations. The choice of the tube diameter is
therefore governed by three‘factors:

(a) the desirability of reducing the number of layers and hence the Coulcomb
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scattering in the electrodes and glass, (b) consideration of the amount of
space available, and (c) the ease of ﬁanufacture of the flash tubes. The
smallest satisfactory internal diameter is found to be approximately 7 mm.
Below T mm the efficiency of a flash tube decreases rapidly even if the
gas pféssure is high, (Coxell and Wolfendale, (1960)), and it is very difficult
to maintain the mechanical strength hecessary‘for tubes of length 2 m.

The smallest practical value of pitch for tubes of 7 mm internal
diameter was found to be 1<l em and insertion of this.value into approximation
2.3 gives a value for the number of layers of such tubes to give the required
resolution improvément as ten., The basic specification for the Mk2 spectro-

graph is therefore:-

Internal dismeter of neon flash tubes = T mm
Number ‘of flash tube trays in each arm = 2
Number of layers of flash tubes in each tray = 10

2.2.2 Neon flash tube detectors

The neon flash tube detector which was introduced by Conversi (1955),
and developed by Wolfendale and co-workers, has been used with success in the
Mkl spectrograph. Because of its relatively low cost, simplicity of operation,
reliability and the ease with which large areas may be covered, it was chosen
for the Mk2 spectrograph'in preference to other detectors, for‘example, spark
chambers .

For the application considered in this thesis, a delay of approiimately
15 usec was necéssafy aftér the arrival of an air shower until the flash tubes
could.be‘pulsed. This ensured that the EAS array electronics were not affected
by the high ﬁoltage pulsing éystem, It was therefore imporfant to have
a knowlédge of theiflash tube efficiencyétime delay characteristics. The
WOrk‘of‘Coxell and Wolfendale (1960) indicates that at the same ﬁressure of
Neon the efficiency-time delay curve for small diameter tubes drops away
much more rapidly than for large diameter tubes; probably because for a

given high voltage pulse shape, the electrons in the gas reach the tube walls




FIGURE 2.1
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before an electron cascade can be initiated. This effect can be compensated
‘for‘by increasing the gas pressure in approximspely ilnverse proportion to
the diameter of the tubes, and, in the Mk2 flash tubes the pressure

of Neon is 2+U4 atmospheres as opposed to 1.0 atmosphere for the Mkl tubes.

In order to have an experimental knowledge of the actual efficiency-

time delay and efficiency-field characteristics of small diameter tubes a
small array of 10 layers of tubes with electrodes every 3 layers was
constructed. The results of this test were satisfactory, giving values
for efficiency of the array(that is the average of the number of tubes flashed
in a track) as 58% at a time delay of 15 Usec corresponding to an internal
efficiency of 90%. When the same type of tests were~made on the full size
trays, with a similar electrode arrangement, it wag found that a significantly
larger field was required to produce the same efficiencies, and that the
layers nearest the pulsed electrode were more efficient than the layers next
.to"thebéarth electrode. A remedy which enabled the applied voltage to be
reduced fo a level which did not cause random discharges to the sides of the
flash tube trays was the insertion of extra electrodes. In the final form
~there was one électrodé between each layer of flagh tubes. The results of
the efficiéncy.tests on the modified trays are shown in Figure 2.1.These
effidiency tests were‘ﬁade using a Geiger counter telescope to select muons
‘from thé cosﬁic ray beam. It is intereéting to note, however, that in
-normal running, witﬁ‘ EAS . muons, the efficiency has been féﬁnd to be.
éomewhat higher (again see Figure 2.1).An explanation of this may be obtained
by considering the theoretical values for the energy loss due to ionisation
for cosmic ray beam muons, for which the mean energy is approximately 1 GeV,
and for . EAS = muons, for which the mean energy is approximately 5 GeV. In
the latter case the energy loss due to ionisation is higher since it is

further up the "log rise" section of the energy loss curve. Evidence in
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support of the theory that flésh tube efficiencies at time delays above a few
microseconds reflect relatively small changes in ionisation loss, has recently
been presented by Diggory et al.$(1971). Furthermore, work by the author
(internal report, University of Durham, 1968) has also shown that when the
pulse repetition rate is high, greater than about one per ten minutes, the
efficiency of flash tubes in an array is diminmished.It is postulated that -nme
charging up of the glass occurs, thus providihg a clearing Tield sweeping
electrons to the walls. Confirmation of this effect has been obtained and

an exblanatory theory outlined by Stubbs and Breare (1969). Whilst the effect
is not important from the point of view of normal operétion of the spectrograph,
the event rate being of the order of one per hour, it may be a partial explana-
tion of the relatively loﬁ efficiencies obtained in Geiger counter telescope

test runs.

Specification of Neon Flash Tubes

Glass ! ‘Soda,

. Internal dia. . 7-00 +  »17 mm
External dia. 9+78 + 0+14 mm
Straightness ‘ 1 part in 1000
Gas pressure 2:4 ats.

Gas content (approx) 98% NWe, 2% He

2.2.3 Mechanical design and construction of the flash tube trays

To obtain approximately the same acceptance characteristics as for the
Mkl spectrogfaph, the 7 mm tubes:weré positioned as shown in Figire 2.2 .-
ﬁhe number of layers and their spacing having been determined as outlined
in Section 2.2.1. The space left by this arrangement in between the bahks
of 7 mm tubes was filled with 16 mm tubes from the Mkl spectrograph to

aid track recognition and separation.
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The basic reguirement of the tray design was that the T mm tubes should
be positioned as accurately as possible (to within 0.05 mm). Several methods
of locating the tubes were considered including that developed by the University
of Nottingham group, who used a drilled face plate at the front and
back of the tray. This particular idea was rejected, in spite of its many
advantages, on the grounds that each hole has to be individually reamed out
to match the exact diameter of a particular tube, an excessively time consunming
process. The method adopted was based on an earlier practice of laying the
tubes in "vee" sbaped slots accurately milled in duralumin bar positioned
at the front and back of the trays Figure 2.3). The 16 mm tubes were positioned
in a similar manner.

L 1 m long 7 mm internal diameter tube supported at its ends was found to
have a typicai sag under its own weight of 5°0 mm. However, as all the 7 mm
tubes‘were "hot rolled" during manufactufe, parallelism was maintained in
spite of sagging, and it may be shown that a vertical displacement’of 5°0 mm
has little effect on track location accuracy. In the case of the 2 m long
7 mm internal diameter tubes, the sag under the same conditions was typically
1 cm, an amount which could not be tolerated and which was prevented by
inserting accurately machined tufnol spacers in between each layer of flash
tubes. This remedy was not without problems however, since it was found that
the friction between the tubes aﬁd the tufnol was such that when tubes were
slightly displaced, they remained so. To eliminate all possibility of
movement , spacers to f£it in between each tube were manufactured from "Darviec".
These ensured that the tubes remained parallel to one another to within the
allowable tolerance of 1 part in 1000.

For reasons of economy, only half the total number of 7 mm tubes was
painted black. To minimise light leakage from tube to tube and the
aséociated spurious discharges, the tubes were loaded so that painted tubes

alternated with unpainted ones, and the electrodes were painted with a
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non-reflective matt-black paint. In practice these measures proved
satigfactory.

To prevent sparks occurring from the edges of the electrodes, these
were bound with thick insulating tape, and perspex positioners were attached
to the electrodes to prevent them from belng displaced and touching the

metal framework of the tray.

2.2.4% The accuracy of location of flash tubes

To ensure that the flash tubes were parallel to the magnet edge, the
distances of the centres and ends of the tubes from a plane defined by
three plumb lines, known to be parallel to the magnet, were measured, and
any appropriate adjustments made, In this way the distances of the centres
of particular tubes from the magnet edge were found to within * 0°2 mm. The
locating grooves were machined during manufacture to a tolerance of 0-01 mm
over 200 slots, with a tolerance of 0-005 mm on any individual pitch. The
result ing estimated uncertainty in the location of the cenﬁre of any 7 mm

flash tube was therefore * 0°21 mm.

2.2.5 The pulsing system

The high voltage pulsing units are shown diagrammatically in Figure 2.k.
Originally both units used pulse transformers so that extremely high voltage
power supplies might be dispensed with, thus bypassing the attendent
difficulties of insulation and switching. Unfortunately, the use éf a pulse
transformer impaired the rise time of the output pulse and the efficiency of
the T mm flash tubes. was found to be very low when such
a pulse was applied. Because of this, the pulsing system eventually uéed
for these tubes had a single RC. . pulse forming network which improved

the rise time considerably, and enabled high efficiencies to be obtained.
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2.3 The Haverah Park FAS arrayvs

A T N X M,

2.3.1  Genersl
A description of the arrays has been given in detail elsewhere (Wilson

et al.,(1963), Tennent (1967)), and the basic arrangement is shown in

Figure 2.5.

The'sizé, diréction and location of axes of showers are obtained from
Cerenkov de£éctor énergy—losé samples and time‘of“arrival information.

The analyéis of showers relating to the present. work has involved
the assumption that the lateral distribution of the Cerenkov response
between 500 m and 1000 m from the shower core is sufficiently well represented
by a power law. In this analysis the exponent and constant of proportion-
ality of this law has been iteratively optimised.‘ During the period of
the present experiment, the method of assessing the shower primary energy

has evolved. Initially a quantity, E defined as the energy lost by

100°
those particles in a shower between 100 m and 1000 m from its core passing
through 120 cm of water, was used to obtain the shower size using the

relationship given by Suri (1966):

« 1195
Ne ElOO

The pfimary energy was determined from E by a comparison of shower rate,

100
or by detailed calculation of the development of the shower. Recently,
however, it has been found that for large showers a more reliable parameter

is the particle density at 500 m from the core, (Hillas et al., (1969)).

®s500
Since the particle density at this large distance from the core reaches

- its ﬁaximum later thanyfof ﬁhe total shoﬁer, iﬁ is less likely to be
subject to fluctuations in the shower development. In’édditiOn, for 120 cm
water Cerenkov detectors, the signal atvSOO m has been shown to be propor-

tional to primary energy,but approximately independent of primary mass,

within the energy range lOlT - 1019 ev.
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2.3.2 Accuracy of core location

‘The confidence ﬁhich may be placed in the results of the Mkl spectro-
graph depends not only on the accuracy of the momentum measurement, but also
on the precision of the determination of the shower core location. Recently
extra Cerenkov detectors bf area 9 m2 have been added at each of the 150 m
array sites and operated in coincidence with the 500 m array. ~Thus threu
additional energy loss samples have been“availablé for use in the analysis
of showers having‘zenith‘angles less than 20° and récorded energy-loss less
than or equal to 0+11 GeV n™° at each of the 500 m detectors. (Andrews
et al.,(1969b). The increase in accuracy of core location afforded by the
extra detectors enabled these workers to justify the earlier method of
analysis involving the assumption of a power law structure function, and
at the same time to investigate the uncertainty in the location of shower
cores. This uncertainty was studied at two shower sizes using a computer
simulation of showers and also using real showers. For both real and
simulated showers analysed with 500 m densities alone, 70% had a shift in
cére»position of less than 35 m, which is in good agreement with Tennent

'(1967) wh¢ giVésﬁthé overall unéértéinfy as 30 m for vertical showers
within the 500 m array. For showers for which both 150 m and 500 m
dehsitieé were available, 65% of the simulated showers had a shift of less
than 20 m, whilst for real showers ,66% of the cores shifted by 25 m or
less and only 6% by greater than 50 m. A significant further observation
from this work was that larger shifts in core position tended to be
tangential. This is reassuring from the point of view of the analysis of
the épéctrograph data, although the consequences of some systematic
uncertainty in location must be considered when interpreting the results

of both the Mkl and Mk2 experiments.



Chapter 3

The apalysig of the Spectrograph data

3.1 Introduction

The problem of measuring the momentum spectrum of wmuons using the Haverah
Park solid iron spectrograph reduced to its simplest elements, involves two
stages:

(a) the recording of a muon track and the consequent measurement of a spectrum
of deflections of muons in the magnet, and
(v) +the conversion of this deflection spectrum into a momentum spectrum.

In the experiments using the Mkl and Mk2 spectrographs, events have been
recorded photographically. For the former, the flashed tubes along a particular
trackvwere identified by projection of the negative onto a master primt. In
contrast, the system used for tube identification in Mk2 spectrograph events
involves the use of a transparent overlay. A detailed description of this
method is given in Section 3.2.1.

The best estimate of a muon track in the Mkl experiment was found by
using 2 simulator on which the appropriate tubes could be marked and the
position of the track decided by eye. For the Mk2 data, howevef, because of
the difficulty in mamufacturing a sufficiently accurate simulator, this method
has been reserved for checking the results of a computer programme, briefly
described in Section 3.2.2., which decides the best track in-aécordance with
certain programmed criteria.

The magnetic deflection of a muon of given momentum in an iron magnet for
a given field depends on the induction-path length integral, the coulomb
scattering and the energy loss in the magnet and detectors. The accurécy with
which this deflection can be measured depends on the design of the track
delineating system, the accuracy with which it is constructed, and the method
of track fitting., In converting a deflection spectrum to a momentum spectrum

all these fact@rs must be taken into accoumb. A description of the method of
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conversion used in the present work is given in Section 3.3.

3.2 Treatment of the Mk2 data

3.2.1 Data retrieval

During normal operation of the spectrograph each air shower trigger
signal from the 500 m array causes a high voltage pulse to be applied tc the
flash tubes‘and an image of the flashed tubes, togethef with the solar time,
to be recorded on film.

The processed films are scanned for individual events which have complete
tracks in both A and B trays, (see Pigure 2.2) and which appear to relate to
one muon traveféingthe instrument. Those frames which are selected according
to these broad criteria are enlarged to the exact size of a transparent over-
lay and then printed. This overlay is produced from a high quality photograph
of the front of the spectrograph taken using the normal recording camera, and
on it each tube end is represented by a point, and each of the eight fiducial
lamps by an accurate outline.. Prints produced in this way then undergo a
fuither scrutiny, termed "first cléssification", in the process of which the
usable tracks are marked. The sequence of steps in this clasgification is as
follows:

(a) Initial selection is made of those "half tracks", that is tracks in
one arm of the spectrograph which could possibly\cdnnect.up in the magnet,
taking into consideration the possibility of lateral scattering.
(b) Each and every one of these half tracks must then satisfy the following
criteria:
(i) More than one tube per tray per track must have flashed.
(i1) The extremities of the track must be contained within the tray
limits. If any doubt arises the track is retained for computer

track fitting in which acceptance eriteria can be more accurately

applied.
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(iii) Where more than two tracks are indicated in the upper arm, the
track under considerabtion must not differ in direction from the
majority by more than 20°. This is a safeguard 1o minimise the
number of unassociated cosmic ray beam muons selected.

(c) Flashed tubes which are obviously caused by "knock-on" electrons or delta
rays are marked to reduce the danger of confusion during the enumeration
process. Where the distinction between correct and spurious tubes is
not so obvious & simulator is available to aid discrimination. This
simulator consists of a high guality, enlarged photograph of a small
section of the trays in each arm. By marking the flashed tubes on this
photograph an estimate of the "best" track may be made by aligning a cursor
by eye-

Consideration of the available air shower information normally follows the
"first classification". The following information is obtained from the analysis
of showers carried out at Leeds University:-

(a) The zenith angle, 0, of the shower core. If this exceeds 40° the event
is rejected.

{b) The core distance. This is noted on the enlarged print.

(c) Whether the shower is fully analysed. If not, the event is rejected.

The enumeration procedure for events which remain involves the identifica-
tion of the flashed tubes in a given track, and the punching onto cards of the
reference numbers of these tubes as data for the track fitting programme. The
successful execution of this programme gives the following basic information:

(a) The computed incident angle, WO, of the muon.

(b) The computed deflection, AY, suffered by the muon.,

(¢) Whether the muon trajectory remained within the prescribed acceptancé

limits.

(d) The computed separation of the half tracks in the mid plane of the

magnet , Ame
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The use of this information to decide on the acceptability of the event
is termed "second classification" and in this the criteria are as follows:-
(i) If ?O is greater‘than 30° the event is rejected as being in the
region where the simﬂifications involved in deriving the acceptance
function are not valid and the necessary corrections aré large and
unreliable.
(ii) If AY is greater than 16° the event is rejected for the same reasons as

in (i),

(iii) 1If any pair of a number of close tracks in the A and B trays could
probably relate to one muon on the basis of all other criteria, rejection

of the event is enforced.

3.2,2 Computer Track Fitting

Machin (1972} bas investigated various methods of fitting linear trajectorias
to the flashed tubes in the M2 visval detector srray. The method deemed most
suitable on the basis of this work iavolved finding the track having the
maximum path length within the flash tubes. The computer. programme written to
find this consisted of the following four mein sections. The coembined function
of the first three sections is to find an approximation to the track and to fdrm
a starting point Ffor the final section in the followiﬁg way.

(a) The top and bottom flashed tubes in the array are used to define a line.

(b) Non~-flashed tubes traversed by this line are found and the coordinates of
the nearest gap found.

(e¢) A "ieast squares™ fit is then made to all the flashed tube coordinates

(or gap coordinates in the case of a non-flashed tube).

(d) The line found in this way is then rotated through steps in éngle and

moved 1in stages of lateral position over a limited range. For each step

the path length within the tubes is calculated. The trial giving the

maximum path length 1s taken as the best fit.
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The resulting linear trajectories for the top and bottom trays are given
in the form y = mx + 2 and this information enables the angle of deflection,
AY, and the lateral separation of the tracks in the mid-plane of the magnet

Axm to be calculsted.

3.3 The method of converting an observed deflection spectrum into a
momentum spectrum and of estimating the uncertainty involved

3.3.1 Basic method

Several methods of converting an observed deflection spectrum intc a
momentum spectrum have been suggested (Rand (1962), Rochester et al., (1965),
and Aurela (1967)). The method used here has been developed and fully
described by Orford {1968}. In brief, the outline of the method is as follows:

The probability that a positive or negative muocn of mdmentumﬁpincident at

wo’ ¢O (see Figure 3.1} enters the spectrograph and passes into the deflection

interval EAW] to 1AV & SAY] regardless of the sign of deflection is:
| +‘%O@ 1?304‘;
wip.Avlasy = 1 ] o MUY WO ALY Lo L¥)G(p,A¥,AY )a¥ a9 aAv
40”230 > e
Where - M(?O) and N(@O) are the observed distributions of showers in Wo and
¢o

A(Wo,¢O,AWJ is the probability that a positive or negative muon,

incident in a direction specified by WO,¢O and undergoing a deflec-

tion of absolute value AY, will be accepted by the spectrographe

G is a function representing the probability of a muon, of positive

or negative charge, being deflected from.AWm to AY by measurement

noise and multiple coulomb scattering.

AWm>is the most probable magnetic deflection taking into aécount

energy Joss in the magnet.

If the differential momentum spectrum under investigation is denoted by

S{p)dp then the corresponding deflection spectrum in the form of a histogram

is represented by



2k

J+i

AY | o
S(p) w(p,A¥)ap aA¥

N(AWj) =

AY, Q
J

In practice a mean value of w(p,AY) for the interval ATj toij+l’ is
calculated for a set of momentum values D, - Thus, & matrix of "weighting
factors” Vs is obtained. The population of an interval in the deflecticn

spectrum is then given by:

AY.,) = T 8(p.) A ..

N( J) > S(p;) Ap i3
i

By using an iterative technique, the form of the differential spectrum giving

the best fit to the data may be derived. If Oj is the observed population of

the deflection interval AWj to AWj+ and S(p)n is the nth trial spectrum,

1

which gives a predicted population Ej(n),'the (n+l)th spectrum is given by

) S(pi)n Ap LiF Ojij(n}

n+l %
. W,

J i

3.3.2 The derivation of the weighting factors

The weighting factors are derived by numerical integration of the function
w(p,AY), as defined in'Section 3:.3.1, over'the'interval AWj to ij+l for
different values of momentum. The compohent function, G(p, AY, AWm)
represents the anguiarfdistribution of deflection due to coulomb scattering
and measurement noise. When considered for. one sign of muon charge and unfolded
about AY = 0, G(p,AY , Awm) is a gaussian function of AY having a most probable
value of AWma The assumption of a gaussian form for the angular deflection
distribution due to multiple coulomb scabtering alone is based on‘the work of

Eyges (1948) who gave the following expression for the standard deviation of

the function

]
c.SQ
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where p is the momentum in eV/c, Es is a constant having the dimensions of
energy and has the value of 21 x 106 eV, g is the energy loss due to
ionisation in eV per radiation length, and s, in radiation lengths, is the
potential path length when no scattering material is present.

To take account of the measurement noise another gauésian function is
assumed having a standard deviation Gm which is measured experimentally
(Section 3.4.1). The total standard deviation of the function G is then
fqund by gquadratic addition of Gcs and Umc

The expression given by Rastin {196L} relating the most probable magnetic
deflection, A?m’ to the momentum, p, in a solid magnet taking into account

energy loss is:

p%‘i

£ . . . 3 € _—
- =¥ ilain Y +— 34 - inY Yo
exp% = (?o l)} (sin ¥ + cos l) (sin o cos O}

e va va oa3e‘L

where p is in eV/c, % is the thickness of the magnet in cms, k is a constant
given by 300 x B, where B is the induction in gauss and € is the specific
energy loss due to ilonisation in eV/em. WO is as defined previously and Wl
is the emergent angle measured from the vertical in the same plane as Tou

The introduction into Equation 3.1 of an energy loss €, which i1s depend-
ent on ﬁomentum, Ds 1s not simple. To investigate the effect of such a
dependence a relatively elementary method has been used. The magnet is
considered to be divided into a hundred layers. TFor an angle of ineidence

of WO on the first layer, the angle of emergence, Y., together with the path

l:
length, was calculated for a positively charged muon using the formulae
given in Figure 2.2. For each layer the angle of incidence was considered

to be equal to the anglie of emergence from the previous layer and the incident

momentum be the momentum possessed by the muon in the previous layer minus
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FIGURE 3.3 The acceptance function for the measurement plane,
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that logt due to ionisation along the computed track.length. The procedure
was repeated for all layers using the formula for energy loss due to ionisa-
tion in iron given by Sternheimer (1959). The final angle of emergence and
total path length was calculated for both positive and negative muons for
several incident directions and values of momenta. The results agreed well
with those obtained using Equation 3.l. Typical values of deflection and
path length calculated by the method are given in Table 3.1.

The acceptance function, A(Y, ¢, AV}, is defined in Section 3.3.1 and
has been calculated by a method similar to that described by Orford (1968).
This involves calculating the acceptance function for the spectrograph
measurement plane and for the front-back plane. The total acceptance for a
given value of Wc and ¢Q is then the product of these two functions.

In calculating the acceptance function for the Mk2 spectrograph the
imposed limits of ¥O were * 30°, and of ¢Cs * 40”, Beyond these values the
simplifications mads in calculating the acceptsnce function are no longer
valid and corrections are very unreliable. Figure 3.3 shows the respective
functions for the two planes for various values of Wo and ¢o° The method of
calculation assumes no scattering in the iron of the magnet so that for the
front-back plane a slight inaccuracy is introduced. Earnshaw (1968) estimates
that for the Mkl instrument this simplification involves a 5% increase in
muon densities at 1 GeV/c, a 1% rise at 10 GeV/c, and no effect at 100 GeV/c.
The functions for the present ilnstrument are very similar to those for the
Mkl instrument and it is expected that the effects of the simplificétion will
be very much the sane.

Because of known rapid variation of light intensity with the angle at which
a flash tube is viewed there will be a finite probability that flashed tubes at
the edges of the trays and zt the top of Al and bottom Bl will not bé recorded

on the film. Thus tracks in the middle of the trays will be preferehtially




accepted,  The way in which this modifies the acceptance function has been
investigated by Crford (1968) for the Mkl spectrograph, and it was found that
in general the number of apparent flashed tubes in a track decreases by 20%

in going from the middle of the tray to the edges. In the analysis of the

Mk2 .data the films have been very carefully scrutinised for possible tracks
at the edges of the trays, and all the evidence indicates that the probability
of missing a track is negligible. However, when a statistically adequate
sample of events becomes available 1t will be possible to make a Quantitative
estimate of the prcbability of completely missing a track in relation to the

number of flashed tubes in 1t.

3.4 Noise estimation

3.4.1 Introduction

An attempt to fit a straight line through the tubes which have been
caused to flash by the passage of a muon is subject to uncertainty because of:
(a) +the location accuracy, finite diameter, and number of the tubes,

(b) the probability of "knock-on" electrons and delta rays causing a tube

to flash,

(¢) coulomb scattering in the glass walls of the flash tubes and in the
electrodes, and

(d) distortiom of the muon's trajectory through the magnet due to coulomb
scatbering. Thus the resultant measured angular deflection is the
result of the deflection in the magnetic field together with the

above effects.

Scattering in the magnet is dealt with in the Section 3.3.2 and we are
concerned here with the consideration of the effects of (a), (b)vaﬁd (e).

The probability distribution for the angular deflections due to (a)band
(c) are assumed to be gaussian, and the estimation of the respecti#e standard
deviations is dealt with in Section 3.L4.2. Although the contribution of (D)

to the measurement noise is considered to be very small it is expected to be




FIGURE 3.  The distribution in snguler geflection of EAS muons
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non-gaussian. The implications of this and of other possible non-gaussian effects

are considered in Section 3.3.3.

3.4.2 The estimation of measurement noise

A proportion of all recorded events contain FAS muons which pass through
the centfal rectangular "ole" in the magnet. This contains minimal scattering
material so that coulomb scattering may be considered as taking place only in
the material of the flash tubes and electrodes. ' The total amount of glass and
aluminium in a single arm of the Mk2 spectrograph is 22.3 gnm em™® and 5.8 gm em™?
respectively. For a muon of momentum p, in GéV/c, the r.m.g. lateral deviaticn
Ax, in cms, due to multiple coulomb scattering in one arm, using the formula
given by Rossi (1952) is' found to be: |

0,103
P

Ay =

The arm length of the Mk2 spectrograph is 85.9 cms so that the r.m.s.
angular deviation, 0, in degrees, corresponding to the above lateral uncertainty

ist
6 -2
§ = 2:65x10 °
b
' The observed contribution in angular deflection for EAS "hole" muons is shown
in Figure 3.4. The standard deviation, 67» of this distribution is 0.16 + 0.01

degrees. Denoting the standard deviation of the distribution in angular

deflection due to measurement noise alone as Om we may write,

J S(p). (02 + 62)? ap
o]

o] = ~
o 4 e e 95 00006 9C 09068 600 0.0 L

T .
' ‘[ S(p) dp

where S(p)dp is the differential momentum spectrum of EAS muons. Using the

spectrum derived from the Mkl experiment, it is found that the value of 9,

obtained from Equation 3.2 is not significantly different from 0.16 + 0.01 degrees.
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3.4.3 The effect of non~-gaussian measurement noise distribution

Although no direct evidence has been found indicating that the angular
distribution due to measurement noise is other than gmgssian, the distribution
in angular deflection of EAS muons detected by the Mkl spectrograph and
passing through the magnet hole was found to contain a small rumber (¢10%)
forming an elongated talil to the distribution between 1.5 and 2.5 standard
deviations from the mean. It is thought that these might have arisen from muons
having "clipped" the front or back of the magnet. This is a very plausible
explanation but one for which it has been diffidult to obtain direct evidence
owing to the absence of detectors to measure the front-back angle in the Mkl
spectrograph. An alternative explanation is that such an extended tail is =
characteristic of the angular distribution of estimated tracks about the "true"
track when flash tubes are used as track delineators. Although unlikely in
view of the recent work of Machin (1972) on‘this problem, this hypothesis,
if correct would affect not only the measurement of those tracks passing through
the magnet hole but alsc events in which muons passed through the magnet. To
investigate the degree to which such a departure from the normal distribution
might affect the interpretation of the data, a noise distribution consisting of
two superimposed gaussians, the main one having a standard deviation of 0.3°
and the other a standard deviation of 0.6° and containing, between 0.45° and
O.7SO, 10% of the total area was used in the computation of the previously
defined "weighting factors".

The effect of these modified weighting factors on the conversion of a
momentum spectrum predicted by a model with‘A £ 1 and n, = (ko Ep)% to a
deflection spectrum, is shown in Figure 3.5, It may be seen that in the 0 - 0.36"

deflection interval the predicted population is increased by 40%. In spite
of this. increase, however, the disparity‘bétwéen‘obsérved and predicted
deflection spectra, is still large. It may be concluded, therefore, that évén

if there is a "real" non~gausSsian noise distribution of the type described, the
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disparity between these data and the predictions on the basis of a model in

1
vhich A = 1 and n e (k,Ep)‘+ is not significantly reduced,

3.5 Treatment of errors in the derivation of the momentum spectra

3.5.1 Introduction

Errors on spectral points arise from the following causes:

(i) the statistical uncertainty of the numbers in each deflection interval;
this may be regarded as affectiné the spectral shape.
(ii) the normalisation of the .spectra; this affects the absolute inten-
sities, but not the shape.
(iii) the angular resolution; again, this affects the spectral shape, but its
consideration separately from (i) enables information on the spectral

shape at moments in the region of the m.d.m. to be obtained.

3.5.2 The effect of the sample sige

Several methods exist for representing the uncertainty in a momentum
spectrum resulting’from statistical uncertainty in the deflection spectrum from
which it is derived. The method used here has been developed and described by
Orford (1968) and involves determining the flattest and steepest spectra which
are produced by & single standard deviation fluctuation of the end cells of
the deflection séectrum. The corfesponding‘fluctuatién in the non-extreme cells
is found by percentile interpolation. This method has the advantage fhat the
two spectra definedvby the limits of the errors on the integral spectrum

correspond directly to the two extreme cases of the differential spectra.

3.5.3 Normalisation of the spectrum

The integral spectra produced by the method described are normalised to
the intensity, for the particular distance interval, at a momentum of 1 GeV/c

obtained by Earnshaw (1968) from an absorption experiment. The error limits
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on the spectrum points are then modified by the quadratic addition of the

percentage uncertainty in these absolute intensities.

3.5.4 Consideration of the effects of angular resolution

The effects of the fihite angular resolution are allowed for in the
"weighting factors" used in the derivation of the momentum spectra, as described
in Section 3.3.1¢ It is possible, however, by separately considering the
angular resolution, to obtain information on the distribution of ™rue" high
momentum particles within that terminal cell éf the deflection spectrum corres-
ponding to the highest momentum,

If the quantity

MY o= 0, 36°

S(p) wip,A¥) dp dAY

A¥Y=0
in which S(p) dAY is an arbitrary momentum spectrum and w(p,AV)dAY is the
welghting function described i1n Section 3.3.1, is plotted against momentum then
the curve obtained represents the probability of observing a muon of momentum
p in the deflection interval 0% to 0.36°. If the intensity of muons is assumed
to be & S-funchion 1~ momentamthen the respective resulting curves for the Mkl
and Mk2 spectrographs are as shown in Figure 3.6. As the momentum tends to
infinity (with coulomb scattering and magnetic deflection tending to zero as a
consequence) it may be seen that the curves approach a maximum value which is
governed solely by the r.m,.s. measurement nolse. In countrast, if a falling
momentum spectrum is considered then the above curves will show a peak followed
by a tall the steepness of which will depend upon the rapidity with which the
momentum spectrum falls. The area under such.a curve between the limits of mom-
entum 47 GeV/c and infinity then gives the probabilify, N, of observing a muon
of momentum greater than that corresponding to a magnetic deflection of Om36o,

within the deflection interval 0° to 0.36°. Thus we may write




AV = 0.36° p= w

N( > 47 GeV/ie) = S{p) wipAY )ap 4 AY

py= o = L7

This integral when evaluated for the momentum spectrum corresponding to the
core digtance interval 250 m %o 350 m obtained from the Mkl experiment and
for that produced by the model "E" of Hillas when two different values of

measurement noise corresponding to the Mkl and'MKE'spegtrégraphs are taken

into accoumnt gives values of W, expressed in a percentage, as shown in Tabie

3920‘
TARLE 3.2
Core distance Origin of differential Measurement N(> 47 GeV/c}
interval (m) momentum spectrum noise o
250 = 350 Mkl gpectrograph O“BO 30°5
" 0°16° k0
Hillas' model "E" 0-3° 20l
" . 0-16° I

3.6 The predictions of angular deflection spectra from momentum spectra

It has been found useful, to facllitate comparison between theory and
chservation, to be able to predict an angular deflection spectrum expected
from a given spectrum of momentum of muons incident at the spectrograph., The
method of computation i1s effectively the reverse of the method used for deter-
mining the momentum spectrum described in Section 3.3.1, and uses the same
matrix of welghting factors wij” The populaticn of an interval in the

deflection spectrum iz thus:
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N(M’j) = f s(p;) fp vy
where S(p) is the ordinate of the differential spectrum under consideration.
Deflection spectra predicted in this manner are compared by using the
standard X2 test. This method has been found to be very suitable for the

comparison of various models with theory (Orford and Turver (1969»,
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Results from the Mkl and Mk2 Experiments

k,1 TImtroduction

At the Budapest Conference in 1969 data for the momentum spectra of EAS
muons from the Mkl experiment were presented (Machin et al., (1969)). Minor
modification of these data has resulted from an improvement in the air shower
analygis for the period of time covering the operation of the Mkl spectrograph-.
These modified data are presented in Section 4.2 together with the previously
unpublished results of an investigation into the dependence of the momentum
spectra of zenith angle and shower primary energy.

To complement and reinforece checks made on the muon data during the running
of the Mkl instrument, two particular aspects of the data have been studied in
the light of improved statistics, namely ﬁhe effect of possible systematic core
location errors and the distribution of high momentum events in small intervals
of distance from the shower core. Details of the previously unpublished results
of this study are given in Section L4.3.

The preliminary daﬁa from the Mk2 instrument are presented in Section 4.5,
and the validity of a comparison between these and the corresponding data from

the Mkl experiment is discussed in Section L.lk.

kb2 Further consideration of the Mkl data

4.,2.1. Momentum. spectra

The momentum spectra of muons in EAS due to primaries of mean energy
approximately 2 x lOl? eV and having zenith angles less than MOO have been derived
for the core distance intervals 150 m to 250 m, 250 m to 350 m, 350 m to 450 m
and 450 m to 600 m, taking into consideration improved air shower data. Although
chiefly concerned with an enhancement of the accuracy of the zenith and azimuth
angles of the shower core, this improvement in air shower data also involved an

increase in the accuracy of core location. Resulting from this last mentioned
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feature, a small proportion of showers originally analysed prior to revision of

The final integral spectra of muons detected by the spectrograph and

falling in the stated core distance intervals are shown in Figure L.l.

corresponding differential intensities are given in Table 4.l.

The

It is of interest to note that throughout the work reported here, in the

derivation of the momentum spectra a more stringent iteration limit than has

been applied than previously, namely that the predicted deflection spectrum

should agree to within one per cent with the observed spectrum in the three

extreme deflection cells corresponding to momenta greater than 8 GeV/c.

The

effect of this has been a siight reduction in the smoothness of the spectra for

the 350 m to LS50 m and 450 m to 600 m distance intervals in comparison with the

spectra presented at Budapest.

bod

The differential intensities of muons in EAS of primary energies

N2 oK 1017

eV, incident at zenith angles less than hOO, for various

a -2
core distances. ((GeV/c) ™m

Distance ‘
Momerbum (m) 200 m 300 m 360 m 520 m
(GeV/c)
N -1 +0.8 -1 +0.6 -1 +3.5 -2
2,1
1 2.40%0.7 x 1071| 2.207"7 x 107 } 15072 x 107 | 71,9732 x 10
2 1.50%0.6 x 1071 1,3520,2 x 107" | 8.80¢1.5 x 1072 h@9fi“§ x 107
B | 2§, aein -2 =2
5 1.0040.3 x 107" | 4.85¢0.2 x 107° |2.8520.1 x 107" | 1.5520.1 x 10
2 - . - -
10 3.5020.2 x 107°] 1.28:0.1 x 107 | 6.6020.35 x 1079 3.30.7 x 1077
20 9.10t1.1 x 1073| 2.15£0.35 x 1073} 8.30¢1.2 x 107 3,420 x 107
=l - - 3,1 -
50 6.70¢1.7 x 10| 2.00£0.4 x 107" | 1.1020.35 x 107" 2,172 x 10 °
- A0 +1.6 -5 +1.5 -5 +6. bt -6
70tk . : “f2. .
100 9 .70 x 10 3 ?0_103 x 10 2 ho_laz x 10 2 9“2@8 x 10
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FIGURE 4.2  The integral momentum spects of mions falling be
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4.2.2 The muon charge ratio

The charge ratio of those muons of momentum greater than 1 GeV/c falling
in the core distance interval 150 m to 600 m and detected by the Mkl spectro-
graph has been found to be 1.02 + 0.05, Whén the data is subdivided by
angular deflection and core distance thé résulting charge ratios obtained
are those given in Table 4.2. The chargé rafio of those muons which originate
early in the development of the shower, say highér than 10 km, may be obtained
using the simple relationship connecting muon moméHtUﬂBp, height of origin,

h, distance from the shower core at which the muon is observed, r, and the

Hi

mean transverse momentum of the muon,‘pt, namély p/pt h/r° If the maximum
value of o is taken as 1 GeV/c then the value of p x r for all muons origin-
ating at a height greater than 10 km is given by:

pxr > 10

For all data satisfying this condition the chérge ratio has been found to

be 1.17 + 0.20.

h.2;3 The dependence cof the momentum spectra on zenlith angle

The fiﬁal Mkl data has been analysed to investigate the variation of
‘mpmehtum spectra with zenifhbangle for the band of primary energies detected
’ ét Haverah Park, 1016 to 1018 eV, and for various diztance intervals. To
maintain statistically acceptable numbers, the showers have been sorted into
two intérvals of zenith angle only, namely 0° to 20° and 20° to 40°. The
momentum spectrum fgr each interval has been derived using the method
described in Section 3.3 involving the calculation of "weighting factors".
In this context, however, it should be noted that the difference in the
acceptance function for the two zenith angle bands necessitated the calcula-
tions of a separate set of "weighting factors" for each band.

The resulting momentum spectra for the two intervals of zenith angle are
shown in Figure 4.2. Tt may be seen that the integral spectrum for large

zenith angles is markedly flat between 1 GeV/c and 2 GeV/c whilst that for

small zenith angles fallg relatively steeply over the same region. The mean
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‘momenta for the 300 m distance interval typifying the spectra were:

Interval of zenith Mean momentum
angle, (Degrees) {GeV/e)
0 - 20 5.5 4+ 0.5
20 - b0 9.5 + 1.0

These values are in general agreement with those derived from models of EAS
and reflect the progressive absorption of low energy muons in the atmosphere

and iron magnet as the zenith angle increases.

4,2.4 The dependence of the momentum'spéctrum on primary energy

The dependence of momentﬁm spectfa on primary encrgy has been lnvestigated
within the range of primary energies detected at Haverah Park. TFor each of
the core distance bands and for all zenith angles up to hoo, the data were

17

sorted into two intervals of primary energy: 1016 eV to lOlT eV and 107" eV

to 1018 eV. The deflection‘spectra fof thé 150 m to 250 m and the 250 m to
350 m distance intervals are shown in Figures 4.3 and 4.k, For each distance
interval a contingency test between the deflection spectra for each energy

' range indicated that there were no differences between the two spectra which

had other than a high probability of occurring by chance.

.3 Fossible biasses in the Mkl spectrograph data

7h.3.l The effect of systematic core location errors

An estimation of the error involved in the‘measurement of the muon
momentum spectra due to possible systematic errors in shower core location has
been made. The data has been divided into 25 m distance intervals, and then re-
grouped into larger intervals, namely 225 m to 325 m, 275 m to 375 m, 325 m
to 425 m and 375 m to 475 m, thus simulating the effects of a systematic error

in core location of 25 m., The deflection spectra for these bands have been
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converted to momentum spectra and compared with the corresponding momentum
spectra for the normal 250 m to 350 m (see Figure 4.5) and 350 m to 450 m
intervals. No fluctuatiohs are apparent other than those of a statistical
nature arising from sample size.

It is concluded that no appreciable distortions of the muon momentum
spectra are caused by typical core location errors of the order of 25 m - «.sa

in the extreme cases of systematic over - or underestimation.

4.3.2 The distribution of high momentum events in core distance

Those muons detected by the Mkl spectrograph and within it suffering a
deflection of less than 0.36° have been sorted into 25 m intervals of distance
from the shower core. The resulting distribution, together with the distribu-—
tion for all muons undergoing a deflection of less than 16, is shown in
Figure b.6. Also shown in this Figure is the distribution in core distance of
the relative populatiocn of the 0% to 0.36° defiection interval predicted by
the "1971" model as described in Chapter 6. Although agreement is not
expected in terms of absolute numbers, resemblence in terms of general shape
is expected. That this is in fact observed goes some way to providing
avidence against any possible systematic bias towards selecting spurious high
momentum muons from the relatively dense photographs obtained for events for
which the shower core was comparatively close ( € 200 m) to the spectrograph.

Y4 Problems ariging out of the data from the Mkl spectrograph and their
investigation using the Mk?2 instrument

h.h.1 General

As the densities of muons posseS$ing high momenta and falling at large
rore distances acquired greater statistical significance with enlargement of
the sample size in the Mkl experiment they also became increasingly difficult
to reconcile with the lower values predicted by the'majority of the then
accepted models of EAS in which the primary was a proton. These models were

typified by those of Hillas (1965), de Beer et al., {1966} and Orford and
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Turver (1969). The momentum spectra predicted by them are compared with the
Mkl data in Figures b.7, 4.8, 4.9, and 4.10. Continued theoretical work by
both Hillas (Private communication) and the Durham Haverah Park Group has
reduced the size of the discrepancy but to a small extent only. With this in
mind, the major function of the Mk2 spectrograph is seen as one of mounting

a further experimental atbtack on the problem with the minimum aim of throwing

the conflict between theory and experimental into sharper relief.

4.4.2 The method of testing agreement between model predictions and data

In order to give a pumerical value to the level of agreement between the
observed gpectra of angular deflections in the magnet and those predicted by
various models of BAS, the standard X2 test has been used. ‘The tes};has,been
performed on the first ten intervals of deflection cnly, however, bécause of the

possible difficulty in caloulating the density of low momentum muons suffering

larger deflections.

4.4.3 The statistical significance of the Mk2 data

To determine the point at which it would be Justifiable to regard the
Mkl data as being supported or contradicted, a target figure has been calculated
corresponding tc the number of events required in the initial Mk2 spectrum to
reduce to below one per cent the probability that fluctuations of a typiecal

9

A=1 =k EY model spectrum could produce the observed deflection spectrum

$"s
as a matter of chance. It was hypothetically supposed that the observed
deflection spectrum would be similar to that obtained from the Mkl spectrograph
suitably modified to take into account the smaller measurement noise. This
"observed" spectrum was compared with that predicted by the model of Orford and
Turver (1969) in which A = 1 and n, = kE& for each of the two distance intervals

150 m to 600 m and 250 m to 350 m.

The required number of events was determined as follows:
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(i) The "observed" spectrum was normalised to & given number of events.

(ii) This normalised spectrum was then alloved to fluctuate by plus and minus
one standard deviatién movement of the extrémé célls. Intermediate spectrum
points were then found by pércentile interpolation.

(iii) The x2 values were calculated for thé two spectra oBtained by the method
described in (ii) when each‘Was compared with the model prediction.

(iv) The smaller xg value was plotted against thé number of eventse"(The
smaller X2 value corresponds to the greater probability'of the observed
spectrum occurring by chance).

(v) The procedure was repeated for different numbers of events. - On the
resulting curve of X2 agalnst the number of événts, that number corresponding
to a. probability of one percent was taken as thé target.

Curves of X2 agalinst the numbér of événts found in the above manner for
the 150 m to 350 m and 250 m to 350 m coré distancé intervals are shown in
Figure Lk.11. Ii should be noted that these‘rélate to the first ten intervals
of the deflection spectrum only and that go‘éomputé the approximaté number of
events in the whole spectrum thé Valué on fhé abscigsa should be multiplied
by 1.5.  In this way, it may be estimated that to be able to differentiate
between a Mkl type spectrum and the'spécﬁrum obtained from the model for a
proton‘initiated shower to a X2 probability of 1% the number of events must
be greater than L60O for the 150 m to 350 m épéctrum and greater, than 540 for

the 250 m to 350 m spectrum.

k.5 Preliminary results from the Mk2 spectrograph

Up to July 1971 a total of 493 muons had been analysed in the core distance
band 150 m to 350 m, of which 165 were in the 250 m to 350 m band. - The result-
ing deflection spectrum for the 150 m to 350 m core distsnce interval is shown

in Figure 4,12 together with that obtained from the Mkl spectrograph data
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assuming an rem.s. measurement noise of 0.16° ». From this limited comparison
it appears that the Mk2 spectrograph data, seo far, shows no indication of
departure from that expected on the basis of the earlier experiment.

The deflection specbrum from the MkZ2 zpectrograph for the 150 m to 350 m
interval is again shown in Figure L4.13, but here compared with the correspond-
ing spectrum predicted by the model of Orfcrd and Turver (1969) in which.

1
kE" and with that predicted by Hillas' Model "E" for a proton

i}

A =1 and n
primary. Because of the similarity between the deflection‘spectrum of the

Mk2 experiment to dske and that predicted from the Mkl spectrograph data poor
agreement is to be expected with the deflection spectrum predicted by the model
of Orford and Turver, This iz found to be so - the X2 probability of 6.2 x
10‘3% being very low. Tne Model "E" of Hiilas, on the other hand, gives =
slightly better fit - in this casze the X2 probability is 8%. It is interesting
to note that Hillas'® model "E" gives similar results to the most recent model

of the Durham Haverah Park Group for a proton primary {see Chapter 6j.

4.6 The validity of the Mkl data

Figure 4.11 gives some evidence in support of the general accuracy of the
Mkl data within statistical limitations. A.X? test has been performed on the
two spectra and gives a value of 90% for the probability that the observed
spectrum could occur as a matter of chance from the spectrum predicted on the
basié of the earlier measurement. More staﬁisticaliy reliable evidence for
or against the veracity of the Mkl data will be availeble, at least for the
150 m to 350 m distance interval, only when the total population of fhe'

deflecticn spectrum for that interval is in excess of approximately 500.
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Chapter 5

Determination of the height of origin of Muons in . EAS from their
deflections in the Earth's Magnetic Field

5.1 Introduction

The geomagnetic deflection of muons in EAS has been investigated in
detail as a consequence of the suggestion made by Somogyi (1966) that the
distortion of the chargé ratio of muons by the geomagnetic field may yield
information on théir heights of origin. Experimental work on the basis of
fhis proposal has:been carried out by Orford et al.;(l96T), and the present
study is & detailed coﬁtinuation oft this work, reinforced by better statistics
‘and more aécurate‘calcuiations. Other workers (Kristiansen (1958), Clark et
al., (1958), Oren (1959), Kemiya et al., (1962)) have made estimations of the
- défleétion of ﬁﬁons in the geomagnetic field, but mainly in relation to the
broadening effect on their lateral distribution function, rather than as a
means of determining their heights of origin.

One potential aévéntage of using the geomagnetic effect fo investigate
the heights of origin of muons is that Coulomb scattering has very little
effect on the geomagnetic deflection, provided the angular deflection is
small. The geomagnetic deflection is superposed on all muons in the shower
regardleés of such scattering. Consequently, the deflection of muons in
bulk, in the geomagnetic field{ can be thought of as being directly related
to their height of origin. Measurement of this bulk deflection is possible
by considerﬁtion of the distortion produced in the charge ratio by the lateral
shifts, in opposing directions, of positive and negative muons. The detailed
considération of the geomagnetic effect - in this chapter is in part, concerned
wiﬁh deterﬁiniﬁg the degree to vhich the shape of the lateral distribution
7 function influences the charge ratio distortion. It is shown that there is

a sensitive dependence on the form of the lateral distribution function but
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that, because of the way in which the longitudinal development of the shower
is linked with the lateral distribution, geomagnetic charge distortion is not
sensitive to the height of origin of muons in EAS.

5.2 Calculation of the deflection of muons in the geomagnetic field and
the resulting distortion of the charge ratio

5.2.1 Calculation of the deflection of a muon due to the geomagnetic field

A detailed mathematical treatment of the deflection of a charged particle
in the earth's magnetic field is given in Appendix A. For given values of
momentum énd production height, the geomagnetic deflection of a positively
charged muon which has an initial direction specified by zenith angle 6, and
azimuth angle ¢, is calculated for equal intervals of 6 from 0° to 40° and
of ¢ from 0° to 360°. The actual vaiue of momentum used in the calculations
is a mean value of the initial and final momenta, after energy loss due to
ionisation has been taken into account. (See Appendix B). The mean of the
deflection, weighted by thebobserved zenith angle distribution of showers for

"the whole array, is obtained for each value of ¢. The projected component of
this mean deflection along the direction of éach of the three "lobe" lines,
is then found (see Figure 5.1).There are three "lobe" lines, each of which
passes‘through the centre of area of one of the three distinet regions in
'whiéh, due to the geometry and triggering criteria of the array, the majority

of the showers. studied here, are detected.

5.2.2 Calculation of the distortion of the charge ratio of muons in EAS
by the gecmagnetic field

The charge ratio of muons in 'EAS . having cores which fall in each of
the three lobes is obtained by assuming (i) that in the absence of a geomagnetic
field the lateral distribution of positive muons is the same as that for
negative muons; (ii) +that when the effect is considered to be present, the

"two" lateral distributions, appropriate ton tand ¥, are separated by twice the



Ly

mean geomagnetic deflection for that lobe; and (iii):thétrat a given'distance
the ratio of the ordinates of the "positive" and "pegative" lateral distribu-
tions gives a value of the charge ratio. For the purposes of determining a
mean height of origin a lateral distribution derived from the Mk 1 data and
appropriate to the mean momenta considered, was used. Where the predictions
of models have been compared with observation, the lateral distribution used
has been that predicted by the model.

Estimation of the charge ratio for several distance-intervals was not
possible because the number of events was statistically insufficient and
thereforé a single distance-interval of 150 m to 600 m was considered. The
distance at which the charge ratio was determined theoretically, was the
distance which divided the data in this interval into approximately equal
halves, and this was found to be 300 + 10 m.

Models of the development of the muon component of ~EAS have been
compared with observation by using the predicted distribution in height of
origin for muons of a particular momentum to derive the charge distortion
expected due to the earth's magnetic field. In this technique the following
weighting procedure was adopted: |

If v, is the predicted fraction of muons of momentum p originating from
the ith height interval, and r, the predicted gecmagnetic charge ratio of
these muons at the point of observation, then the fraction of positive muons,

Pi’ arriving at the point of observation from the ith height interval is:-

P. =
1

(1 + ri)

The total predicted charge ratio, R, defined as the ratio of the total number
of positive to the total number of negative muons arriving at the point of

observation and originating from all height intervals (i) up to the highest,



TABLE 5.1 {&) and (b} The geomagnetic deflection in the horizontal -

nd east directions, of a positive

defined by zenith angle "THETA" and aszimuth angle -

UPHI", and possessing s given sea-level momentuim,
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(lmax)’ is then given by:

5;2.3 Typical predictions

Calculated values for the deflections of muons in the geomagnetic field,
origihatiﬁg at a vertiéal height h above sea level and having a direction
specified by zenith angle 6 and azimuth angle ¢, for two values of momentum
and two values of height, are given in Tables 5.1(a) and S5.1(b). Values for

any other momentum/height/8/¢ combination may be obtained with sufficient

accuracy by extrapolation or interpolation of these data.

5.3 Possible sources of inaccuracy in the method

5.3.1 ‘General

It is shown in Section 5.4 that the gross effect of the geomagnetic
field on ' gAS muons at Hgverah‘Park is'nét sufficiently masked by any
competitive process to make it undetectable. Nevertheless, it is possible
for the relationship between the charge ratio distortion and the height of
origin of muons, on the one hand, and the extent to which the relationship
is sensitive to the shape of the lateral distribution function, on the other,
to be obscured by sevefal sources of'inaccufacy, both in the‘experimgntal
method and in tﬁe theoretical calculations. These sources are considered
in this chapfér, and are shown to have a negligible effect, in the context

of charge distortion, for the showers providing the data used in this study.

5.3.2 The muon charge ratio of the undistorted shower

The recent evidence of Machin et al., (1969) suggests that the overall

charge ratio of muons in EAS is not significantly different from unity
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in all momentum bands considered up to 60 GeV/c. This is injagreement with
the work of Bennett and CGreisen (1961), and, at the energies considered here,
it. is also to be expected from theory 1f kaon production, perhaps charge

asymmetric, is dominated by charge symmetric pion production.

5.3.3. The effect of varlations of the earth's magnetic field

Measurements made by Appleton (1934) indicated that the earth's dipole
magnetic field varied as the inverse of the cube of the distance from the
geocentre.  Excluding the effect of local anomalies, current theory predicts
Jjust such a variation, (Runcorn (1956)), and measurements by Bowen et. al.,
(1950), have confirmed this. On this basis the reduction in the magnetic
field, at a height of 40 Km, is approximately 2% and is thus negligible for
the purposes of the present calculatlons.

Temporal changes in the magnetic declination and ineclination, typically
of the order of 2% to 3%, over several years, have very little effect on the
charge ratio predictions, and no attempt has been made to obtain very
accurate values of these quantities. Thus the values used were those given
by Kaye and Laby (1960),.suitably corrected using the mean values of annual
change. The corrected value of declination was 9°W and that of inclination
68<5°.

5.3.4 The effect of the earth's electric field

Up to a height of 1 Km the earth's electric field is approximately 150V
m—l. Above 1 Km it decreases very rapidly until, at a height in the region
of 5 Km, it reaches a value of about 20 V m"l beyond which its decrease is
less rapid. At 15 Kms 1t has a value of approximately 5 V m—l, thereafter
decreasing smoothly to 1 V m“l at approximately 30 Km (Handbook of Geophysics,
1960).

Considering a non relativistic muon originating at a height h(Km) in a
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showsr, the core of which makes an angle © with the vertical, the electrostatic
force, ¥, on the muon, of charge g, is
F=qg.E
Inserting the appropriate value for g and assuming, as a worst case estimate,
that up to 5 km E has an average value of 80 V n~T and above 5 km a value of
157 mﬁl ther for a muon originating at a height of 10 km the consequent.

acceleration down To 5 km will be 1.3 x 1010 m 3"2 and from 5 km onwards:

] )
7 x lQlD m 5 . The resulting vertical deflection at sea level will be approx-

Imgtely 12 m which at a zenith angle of 20° corresponds to a horizontal

deflection of approximately L m and approkimately’lo m at a zenith angle of 40°,
It may be concluded that in the context of the present study, the earth's

alectric fileld has relatively little influence on the motion of a muon in an

extensive air shower. For zenith angles larger than L40° nowever the effect becomes

congiderable although relatively simple to make allowance for since there is

ne azimuthal dependence.,

I nglectiqng ;n the horizgntal plane and in the planevpf>the shower fyent

The geomagnetic deflections were calculated in the herizontal plane pagsing
through the centre of the array. The transf@rﬁatisn of the deflections onto the
plene of the shower front was found to take an excessive amount of computing

o, #nd the error involved in taking the horizontal plane deflections proves
trivial for the raunge of zenith angles considered. Figure 5.2 shows the variat-
ion for an extreme case, of the geomagnetic deflection with the azimuth angle
of the shower core, in the horizontal plane and in the plane of the shower front.
No deflections greater than the ones shown in this exemple were used in the
ropulis presented here.

¢

~.5.0 The effect of errors in core location

The accuracy of core location obtained with the Haverah Park 500 m array
nas pesn discussed in Chapter 2. There is no reason to suppose that the

inaccuracies involved are other than statistically random with a maximum
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error of less than 30 m. It is interesting, nevertheless, to consider the
effect of a systematic error in'core>location. Over-estimation of the true

core distance, r, by an amount 8 for all showers results in the predicted

charge ratio being obtained from the lateral distribution function at a

distance r + 8. Due to the general shape of the lateral distribution function
the predicted charge ratio will be smaller. Under-estimation, on the other
hand, results in the exact opposite. - The effect of a systematic error of

+ 30 m, in the determination of core distance on‘the predicted charge ratic has
been considered and ranges from 2% for a charge ratio of 1+0 to 10% for a charge

ratio of 2-0.

5:3+7 The acceptance by the spectrograph of EAS muons deflected by
the geomagnetic field

For the Haverah Park spectrograph the acceptance function, A(8,$,p),
defined as the probability of a particle of momentum p incident at a
zenith angle O and azimuth angle ¢ entering the spectrograph and being detected,
is not a rapidly varying function of either © or ¢, (Orford (1968)). Because
of this, and since the maximum geomagnetic angular deflection, 9%, is less

than 1°50 we may assume:

l

A{(e+%95“)s(¢+%a5@),p S <e-%§.6a>,<¢-§§i.aa>,pf

5.3.8 Errors in the determination of the mean: values of the momentum bands

The deflection intervals into wﬁich the data were sorted for the purpose
of investigating the variabtion of charge ratio with momerntum, were those
used by Earnshaw (1968). The method used by this author for determining the
mean momentum of these intervals involves the derivation of the differential
spectrum, S(p) dp, for the interval, and this, in turn, requires assuming a

trial momentum spectrums.



TABLE 5.2

The Mean Momentum of the Deflection Intervals used for
studying the Variation of Charge Ratios with Momentum

DEFLECTION INTERVAL MEAN MOMENTUM
DEGREES GeV/e
5.0 - 160 1.61 * 0°28
~ 0°26
) . . +  0s80
2°1 -  5°0 3:25 085
© — Sy @ + 2.3
11 2-1 6-61 oo
+ U6
0+57 = 1-1 he93 T .,
_ . + 22-8
0 - 057 k5o 19-3

The limits shown on the mean momenta are such that they
include L40% of the area above and below the mean.
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The mean momentum is defined as p where

1000
If S(p). » dp

The resulting mean momenta are given in Table 5.2.

A recent modification to the method has been to "feed back" the output
spectrum as the trial spectrum for thé next cycle, and to continue this
process until the outéut spectrum for one cycle to the next is sensibly
constant. ‘Preliminary results indicate that the uncertainty in the value of
mean momentum i1s of the order of 10%. Nevertheless, becaﬁse of the uncertainty
in the observed charge ratios, caused by the statistically small samples,
even larger unéerﬁainties in the mean momenta, say 20%, would have little

effect on the conclusions arrived at in this chapter.

5.4 Comparison of data and predictionsg

5.4.1 General

As an overall check on the validity of the calculations the variation of
the charge ratio in each lobe with azimuth angle was predicted for all momenta
greater than 1 GeV/c and for = mean height of origin of 5 Km, using the
appropriate lateral distribution function given by Earnshaw et al. (1967).
The predicted variation of charge ratio for the vt 1obe was found to be
sensibly the same as for the x*ty~ lobe with reversed azimuth angle, so that
to improve the statistical accuracy the events in the two lobes were added
together. Thus the events in the 0° - 45° bin of the‘X+Y+ lobe were added to
those in the 315° - 360° bin of the X+Y—vlobe and so on. The resulting charge
ratio variation is shown in Figire 5.3,and it will be seen that there is good

agreement with observation. In a similar way, since the predicted variation of
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M o)
charge ratio for the X Y lobe us symmetrical about 180" azimuth, the date_for
the 0 - h50 azimith bin vere added to those for the 315° - 360° azimuth bin
and so on, and this is shown in Figure 5.k4.

5.4.2 Mean heights of origin of muons in EAS

Comparison between the predicted variation of charge ratio with height
of origin and the observed charge ratio, for a given momentum, has provided
an estimation of the heights of origin of muons.

To improve statistics the data were combined as described in the preceding
Section, and the mean charge ratio fouﬁd; Where appropriate the range of
azimuth angle over which the mean was taken Waé limited to include either
positive or unegative charge ratios, but not both. In the case of the X—Yf
lobe no limitation was imposed, as the predicted charge ratio wag greater thaﬁ
unity throughout the range, 0° - 360°, For the X'Y /X'Y” combined lobes, the
range taken was 1807 through 360° to h560'~1n this range. the predicted ratioc
was always less than unity.

Thus for all the values of mean momentum bandg there are two estimates of
the height of origin: one for the X~Yfrlobe in which the predicted charge
excess 1s positive, and one for the conbined X+Y+/X+Y~ lobe over the azimuth
range giving a negative charge excess. Figure 5.5 shows the variation of the
two observed charge ratios with momentum.

Estimated heights of origin are shown in Figure 5.6. The vertical error
bars indicate the one standard deviation point due to Poissonian errors on
the number of events combined with the error due to the uncertainty in the
lateral distribution function. The horizontal error bars indicate a 10%
uncertalnty in momentum. Also shown are the predicted mean heights of origin

according to two shower models. It will be seen that although the uncertainty

igs very large, in general there is agreement between theory and experiment .
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5.4.3 The charge ratio distortion predicted by different models of EAS:

A proton initiated shower with a multiplicity law varying as the quarter
power of the primary energy, and a shower initiated by an iron nucleus and
having a multiplicity following a half power law, represent two extremes
insofar as the muon height of origin distributions are concerned. For this
reagson they have been used to test the sensitivity of the charge ratio to .=
height of origin of muons. The method of calculating the muon charge ratio
expected for a given momentum and distribution of heights of origin appropriate
to a particﬁlar model is described in Section 5,2.2. The actual models used
were those of Orford and Turver (1969), and the charge ratios were predicted
for the mean momenta given in Table 5.2. It is interesting to note that the
lateral distribution for the A = 56, n_a Ep% model is flatter than that for
the A= 1, ng u‘EE% mbdel, so that even though the formef'develops earlier and
is more influenced by the geomagnetic field, the effect of this increased
deflection on the charge ratio is not so great as it would have been had the
lateral distribution been steeper. The predicted charge ratios are shown in
Figure 5.5., and it is apparent that the ratios for all momenta except the
highest are the same for the two models.

It may be concluded that the geomagnetic charge ratio is not very
sensitive to the particular model used due to the general feature of all
models that early development, although providing muons with a longer path
length in the geomagnetic field, implies a flatter lateral distribution.

This compensates for the effect of the large predicted deflections when the
expected charge ratio iz calculated.

5.5 Camparison with heights of origin obtained from a study of the lateral
and angular separation of muons from the shower core

‘The estimation of the heights of origin of muons using the distribution

in the angular separation of muons from the shower core, has been attempted
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by Earnshaw (1968), de Beer et al., (1969) and recently, in greater detail, by
Machin (1972).

The distribution in angular separation between the shower core direction
and the dirédection of mucns of a given momentum, and falling at a particular
point in an EAS detecting array, is affected by the height of origin of the
parent pions together with their distribution in transverse momentum, the
angle of the 7 - U decay and the Coulomb and geomagnetic scattering. TFor the
highest momentum muons the signifiéance of these effects will be small, and
the distribution in angular separation will arise from the uncertainty in the
determination of the muon's trajectory and the core direction; in particular
the uncertainty is dominated by the inaccuracy in the direction of the shower
core. For the Haverah Park 500 m array Machin estimates +the value of
this latter uncertainty to be 26 i_0=20,

The mean height of origin, h,‘is related to the mean angular deviation
from the core, £, by the following formula:

r

tan @

h =

In this, r is the distance to the spectrograph in the plane in which €
is measured.

Typical results obtained by Machin (private communication) are shown in
Figures 5.7 and 5.8.Figure 5.7 shows the distribution in angular deviation
predicted for muons having momentum within the range 1 - 3 GeV/c, and falling
at a distance of 300 m to one side 6f the spectrograph. The predicted
distribution was derived using the muon heights of origin derived from the
model of Orford and Turver (1969) for a proton primary and a thermodynamic
interaction model.Figure 5.8 shows the predicted mean heightsof origin of
muons of different momenta, at a distance of 300 m,in showers of primary

17

energy of approximately 107 eV. By comparing this figure with Figure 5.6 it
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may be seen that this method gives a more accurate estimation of the heights
of origin than that using the geomagnetic charge distortion of muons. The
reasons for the large errors involved in the latter have already been discussed

in Section 5..4.3.

5.6 Effects of geomagnetic deflection on the lateral distribution of muons

Figure 5.9 shows the effects of different deflections of positive and
negative muons of momentum 45 GeV/c on the lateral distribution for this
momentum obtained from the model of Orford and Turver (1969 in which A = 1

1
and n_ o Ep“g Tt will be seen that for a deflection of 25 m, which is the

5
mean deflection predicted for a muon of this momentum originating from

18 Km, there is little effect on the function. Similarly, for the lateral
distribution function corresponding to other momenta, it can be shown that
for the expected deflections there is little or no distortion. In general,
the earlier experiments of Clark et al.,(1958) confirm this. This group
found that for particles of all momenta greater than 1 GeV/c there was no

detectable difference between the lateral distribution when measured along an

East-West baseline, and that measured along a North-South baseline.



Chapter 6
EAS Model Simulations

6.1 Introduction

The processes involved in thé devélopmént of an éxténsive air éhower are
complex. Studies of the observable phénoména at various depths in the
atmosphere can be of significance in helping to understand these processes
only if an accurate model repfesentation is available so that measurements may
be compared with predictions. Such a modél, indééd, is important in indicat-
ing which measurements should be madé sincé‘thésé should be of quantities
which are pérticularly zensitive to changes in either the mass compositions of
the primary particles or the various fundaméntal interaction processes.

Comparison'of the results of the Mkl éxpérimént have shown that thepe is
agreement with many accepﬁed models at low momenta, but that am‘high moment g
and large core distances‘thé observed intensity exceeds that predicted by a
significant amount. Because of these discrepancies and the fact that différent
authors, using the same broad model fpa.raméters, apparently obtain differing
results (for example, Hillas (1965), and de Beer et al., (1966), - see Figures
4.6 to 4.9) a model was formulated specifically for the Haverah Park muon
experiment (Orford and’Turver’(l969)). A step-by-step approach was adopted
in this,mbdel, for‘although the Monte-~Carlo-method, as used by Bradt and
Rappaport (1967), McCusker et al., (1969) and Grieder (1971(a)), directly takes
account of the important aspect of fluctuations, it involves a prohibitive
amount of computing time for primary energies greater than 1016 eV. A step-by-
step method can be made much less demanding in this respect whilst the effect

of fluctuations may be investigated in a limited way by selectively fluctuating

those parameters to which the model is most sensitive.

6.2 A model emploving the method of successive collisions to sea level

6.2.1 General

The model of Ovford and Turver (1969), hereafter called the "1969" model,
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wags devised with the intention of treating the longitudinal and lateral develop-
ment of the muon component as carefully as possible using conventional values

of the high energy interaction parameters. Because of the extra precisgion
which is obtained in this particular approach, a method of successive collisions,
similar to that used by Bhabha and Heitler (1937), was adopted for the treatment
of the nucleon and meson cascades. Preliminary investigations indicated,
however, that since nearly all the muons of momentum greater than 100 GeVi
originated from heights above 10 kilomebers, a saving in computing time could
be effected, without attendent loss of precision, 1f the development below

10 kilometers was treated in & manner similar to that of Holyoak (1967} using
fixed heights of interactlocn.

The predictions of the complete model were presented at the Budapest
Conference in 1969 and it was pointed out that, where comparable, the results
were in essential agreement with those of dé Beer et al., (1966}, and Murthy
et al., (1967). In.tefms of shape of muon momentum spectra there was good
agreement with the model of Hillas (1965) for a proton primary, although the
number of muons was less than that predicted by this author. To investigste
this discrepancy and to test the simplification adopted in the 1969 model,

a new model - the '"1971" model - has been established which continues the use
of the method of successive collisions to sea level, as originally suggested
by Orford, K.J., and Turver, K.E., (private communication). As an adjunct to
this a review of those parameters‘characterising the nuclear physics and other
aspects of the model has also been undertaken in the light of recent experi-

mental work.

6.2.2 The new model

The basic step-by-step method is described in detzail in Appendix C and
involves the numerical evaluation of the pion generation function for a matrix
of pion energy intervals and intervals of atmospheric depth. The intervals

of energy used are i decades and those of atmospheric depth 25.8 g cmzo
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Initially 1/6th. decade energy intervals were used but i decades give similar

results and a useful saving in computation time. Again for reasons of economy
of computing time, only vertical showers are considered in the present work.

The pion generation function gives the probability thatva pion of a
particular energy will be produced in an interaction at a certain depth. The
probability that a pion is emitted from the interaction in a particular
direction is found by using the C.K.P. distribution described in Section
£.2.3.6. Any pion so produced is then assumed to continue in this direction
and the probability that a charged pion assumed to have a probability of
production two thirds that for all pions - will decay into a muoﬁis found by
taking into account its lifetime dilation factor, E/mﬁCQ, and its potential
path length, Any change of direction occurring during m - u decay is ignored.
The probability that a muon possesses a particular energy is then found by
approximating the pion energy spectrum, over a small energy range, to a
power law and allowing the decay muon to have an equal probability of having
an energy between 0.56 E1T and En . Finally a small correction is made to
fake into account energy loss due to ionisation and the probability of muon
decay.

6.2.3 Theoretical considerations and experimental evidence governing
the choice of nuclear physics in thé model.

6.2.3.1 Introduction

Some of the features of more recent models of high energy interactions
have their origins in earlier theories. The models of Fermi (1950),
Heisenberg (1952) and Landau (1953) are similar insofar as they consider
the energy from the interaction to be released in a small volume and to be
dissipated in the form of created particles. Unlike Heisenberg's model,
however, Fermi's statistical model supposes that the energy of the incident

particle is shared among all the secondaries, and that a high proportion of
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these secondaries consist of nucleons and antimucleons together with K mesons,
rather than mesons alone. Furthermore, as & result of assuming an energy
density proportional to the fourth power of the energy per created particle,
it predicts a multiplicity varying as the quarter power of the radiated energy.
In the Landau model, although a multiplicity law similar to this is predicted,
a more pronounced anisotropic distribution of secondaries results. In
contrast to these three models those of Kraushaar and Marks (l95h), Cocconi
(1958) and Ciok et al.,(1958) consider that the collision leaves the nucleons
or their meson clouds in a highly excited state, and that afterythe collision
there may be up to four distinct regions moving with different velocities and
capable of emitting mescns.

Turning now to consider some of the main features of current models, this
last mentioned concept of meson clouds, or fireballs, moving slowly in the
C.M.S., is frequently used although some authors, Gurwitz et al., (1971), for
example, consider that the evidence for such systems is weak. In addition to
the production of pions and kaons in these fireballs Peters (1964, 1966) and
Grieder (1969, 1971(a)), for instance, include the production of nucleon-
antinucleon pairs, which may be important in view of the recent data on
nucleon-ant inucleon pair production framthe CERN Intersecting Storage Rings
experiment .

The inclusion of isobars in interaction models is a relatively recent
feature of  such models. In general the decay of the iscbar provides
two or three fast pions or kaoné which penetrate deeply with the leading
nucleon, as, for example, in the model of Peters (1962), This pfoduction of
pions and kaons in comparable numbefs may be contrasted with the pionization
process invwhich the number of kaons produced is only of the order of 10%

of the number of pions.

6.2.3.2 Multiplicity

The largest possible multiplicity, n_, for a particular nucleon energy
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Ep corresponds to the creation of particles having some standard energy which
is independent of the total energy of the collision and is given by

l R
n_ « (K.E_)®, where K is the fraction of the primary energy radiated in the
b

s

form of created particles. Such a multiplicity dependence is used in the iso-
bar-pionization model of Pal and Peters (1964). A less strong dependence on

the radiated energy is produced by the Fermi statistical and Landau hydrodjnami-
cai models. vBoth these give n, (K'EP)&’ althéugh it is interesting to note |
that if viscosity is introduced into the hydrodynamical theory, the exponent

is increased to one third. A mulbiplicity law varying as ln(KoEp) is a
consequence of 'scaling' (Feynmann (1969)), but also derives from the multi-~
peripheral model first proposed by Amati et al., {1962).

- Up to an energy of.TO GeV the majority of hydrogén bubble chamber‘data
indicate a relationship of the form ng = (K.Ep)% although the recent work of
Jones et al., (1971) using a liquid hydrogen target, spark chambers and an
ionization calorimeter seems to favour a logarithmic dependence on the radiated
energy .

In the context of | EAS . however, a knowledge of the multiplicity of
proton-air nucleus rather than proton-proton collisions is the more relevant
and because of possible intranuclear cascading it is to be expected that the
multiplicity will be greater in the former. For the collision of two
nuclei of atomic mass number A the hydrodynamical theory of Belenky and Landau

AO,l9. It would

(1954) indicates that the dependence on A is of the form n, =
seem reasonable, therefore, to suppose that for & nucleon-nucleus collision
the dependence on A is certainly no stronger than this. A recent analysis

by Hough, J.H., (private communication), of multiplicities obtained from

emulsion data and shydrogen targets, for energies up to 1 GeV, indicates such

n A0.19

a dependence. Beyond 1 GeV no proton-proton data were available for
the survey, but it is suggested that, because of the high energies, collima-

tion of the secondaries will dampen the intranuclear cascading in the struck
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nucleus so0 that if anything the dependence of multiplicity on A should be less

strong than at lower energies. As a conclusion to this survey a charged

Fi=

particle multiplicity for proton-proton collisions of the form n = lv9(K.Ep)
is suggested and it is this fo?m which is used in the model described here.

Turning now to consideration of pion-nucleus interactions, the experi-
mental data is more sparse than that for nucleon-nucleus interactions, but
accelerator data indicate that, for a given energy of the primary, the number
of pions produced is greater than for the latter. The difference in number
is found to be approximately 20%, which is consistent with a multiplicity

1
law of the form n, = 1-9 (K.Ep)“ in which K has a value very close to unity.

6.2.3.3 Inelasticity

Up to energies of approximately 20 GeV, accelerator data indicate that
the inelasticity - the fraction of the incident energy radiated in the form
of created particles - is O-L4 for proton-proton collisions. Taking into
account the possibility of further interactions within the nucleus, the
inelasticity of proton-air nucleus collisions, Kp, at these energies should
certainly be no lower than this. Confirmation that this is a lower limit comes
from measurements of the ratio of the interaction length to the_absorption
length of the nuclear cascade. Further evidence, suggesting that KP is
independent of energy is given by Azimov et al.,(1964). This author suggests that
the mean inelasticity of proton-air nucleus collisions has a value of (-5 +
0«07 up to an energy of 10 TeV. BSuch an energy independence is in accord
with the result of "scaling" as suggested by Feymmann and is also supporﬁed
by cosmic ray emulsion work: Abraham et al., (1967), Gierula and Krzywdzinski
(1968) ,and Yameda and Koshiba (1967).

It is concluded that there exists little evidence to suggest’a mean
value for KP of other than approximately 0°5 for proton-air nucleus interac-

tions. Throughout the work reported here a value of 0°5 has been used except
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where comparison is made with the models of Hillas et al., (1971) who uses &
value of 0°k4b,

Accelerator data at lower eneréies and cosmic ray calorimeter and hadron
attenuation léngth measurements at higher energies, indicate that the pion-

air nucleus inelasticity, K lies between 0°8 and 1°0. Furtherfore, a

oo
value approaching unity 1s consistent with the experimental evidence for tie
lack of leading pions in pion-nucleus coliisions. “Although the evidence is
sparse for higher energies, there are indiéations that the value of KTr

remains constant and has a value which is very nearly 1°0. Such a value is

assumed here.

6.2.3.4 Interaction mean free paths

Accelerator data for energiés up to 30 GeVv indicate that Ap’ the intgrac—
tion mean free path for protons in air, Fas a‘value of 80 + 5 g cm—e. At
higher enefgies there are some indications from cosmic ray experimentf that the
 total inelastic cross section for proton-nucleus interactions increases, and
thus that % decreases, wifh energy . vYodh and Pal (1971),from an analysis
of hadron speétra at differeht depths in the atmosphere find the value of this
cross section to be 250 mb at an energy valOO GeV and 350 mb at SOWFéV.
Furthermore, an increase in the cross section over the energy range l‘GeV to
100 GeV is one explanation given by Kaneko et al. (1971) of a burst spectrum,
thought to be produced by surviving protons, at Chacaltaya. Evidence for a
steady increase in the cross section above a few hundred GeV has been presented
by Bolotov et al. (1965), Grigorov et al.,(1965) and by Akimov (1969). Against
this evidence however, Jones et al.,(1971), using a‘liquid hydrogen target,
spark chambers and an ionization calorimeter find nothing to suggest that the
proton-proton cross secticn is other than constant over the energy range 100 GeV
to 1 TeV. Within this energy range a constant cross section is also suggested

by the work of Alakov et al. (1967) Andronikashvili et al.,(1967) and
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Bozoki‘et al. (1967).

Above 1 GeV there is a paucity of data, but it is interestingto consider
the implications of a cross seCtion increasing with energy. Grieder (1971(c))
‘points out that if such an inérease takes place ‘it implieé an incréased‘over_
lapping of the colliding nuclei so that more nucleons should take part in the
interaction,  Although thig would explain an appérent rapid.increase in
nultiplicity at very high energies, a stronger dependence on the nucléar
mass than that observed would be expected.

It is concluded that there is little reliable evidence, for energieg
above 1 GéV, to ;uggest that the value of Ap is different from that found at
accelerator energies, and a value of 80 g cm-'2 has therefore been used in
this model.

Even less data exists concerning the pion interaction mean free path at
high energies, but the indications are that no rapid change occurs above 1 GeV.
Where comparison hés been made to the work of Hillas et al.,(lQTl) a value
of 100 g cm“2 has been used in this modei., Elsewhere,'however, a valuevof

120 g cm'-2 has been taken.

6.2.3.5 The energy spectra of secondaries

For protons of energy 20 - 30 GeV, inCidéntfon light element targets,
measurements of the C.M.S. energy distribution of the prdduced pions have
shown this to Ee‘approximately exp0nentiél. In the laboratofy system the
differentialjenergy‘spectrum giviﬁg the best fit to these experimental

results is of the form_givén by Cocconi, Koester and Perkins (1961):

o , -E/U L -E/T

f(E)dE = C fagend + -—a ’ dE 200600 ev 00 en 601
o : U T

in which U and T are the mean laboratory system energies of the second-

aries in the forward and backward cones respectively. At cosmic ray energiles
6

of the order of 10~ GeV there is some indirect confirmation of this from

emulsion measurements of the energy of vy rays from the decay of n° mesons
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produced by collisions of cosmic ray primaries (Fowler and Perkins (196k4)).
The manner in which the values of U,T and the constant C are calculated
s0 as to conserve energy once the mulbiplicity and inelasticity of the
collision have been decided upon,is similar to the method used by Hillas et
al. (1971), and is as follows: In the laboratory system the radiated energy,
Er’ can be written:
B, = n. V. yS,,..ow.n,.,.....,,..........56.2

where V is the mean energy of the secondaries in the centre of symmetry system.

¢
This system has a Lorentz factor, " which is given by: Y =\/%(1 + E 5

Mbc
where Mp is the mass of the primary, and in the case of a colliding nucleon,
E, is equal to the primary energy. For the collision of a pion, of energy Ep’
with a nucleus, the system is assumed, following Salzman and Salzman (1960},
to behave kinematically as though the incident particle is a "ghost" nucleon

of energy E = = EP/K and that E_ is radiated in the form of pionization:

Having calculated V from 6.2, U and T may be obtained from the relatidnships

= + e C o = - . B s CeT
U (v ByeC n}YS and T (v goC )YS
where B = 1 - L and = V2 - m.2‘..cl‘L
.8 -2 m
YS )

in which m_ is the pion rest mass. Integration of 6.1 gives an expression for

w
the. total energy radiated in the laboratory system, namely Er =C(U+T), in

which C = ns/2,

6.2.3.6 Transverse momentum

The mean transverse momentum, it’ of the secondaries from a high energy
interaction, although invariant under a Lorentz transformation, is difficult
to study directly, and the data, particularly at high energies, are not

abundant. At accelerator energies most experimental data suggest a value
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for §t of 0+3 GeV/c for both proton-nucleus and pibn—nucleus collisions,whilst
direct cosmic ray experiments indicate a possible gradual increase of it to
approximately 0°5 GeV/c at an energy of 10° GeV (Kazuno (1967)). DNevertheless,
these data do not exclude the possibility of a constant value of 5t over this
energy range. Similarly, a value of §t tending asymptotically to 0°38 GeV/c

at higher energies, and arising as a consequence ofv"scaling" as suggested by
Feynmann, cannot be ruled out, although it seems unlikely in view of the
indirect evidence from EAS studies mentioned in Chapter 1.

The theoretical work of Wang (1969), based on a statistical interaction
model and cell structured nuclecons, predicts a value of f% which is energy
independent over the energy range from a few GeV to 250 GeV, although there is
some doubt about the validity of statistical theories at higher energies
(Gurwitz et al.,(1971)). If other interaction models are considéred then it
is interesting to note that Feinberg and Ivanenko (1969) consider that it is
unlikely that it remainsg independent of energy. In the case of the two
fireball model, for example, these authors point out that if the multiplicity
is fixed at n_ = E%, say, where E is the energy radiated in the laboratory
system, then unless the energy per pion increases, the fireballs will have
& Lorentz factor, and thus a value of the mean transverse momentum per created
particle, proportional to E&, For the hydrodynamical model, these authors
suggest‘thatich should vary with energy as 1ln E,and for the multifireball
theory that the mean transverse momentum per fireball should vary aslen E,

In the absence of more conclusive evidence to the contrary, a constant
value of 5t of 0°L GeV/c has been assumed in the work reported hére,

With regard to the distribution of transverse momentum, the so-called
C.K.P. distribution, due to Cocconi, Koester and Perkins (1961), is used

in the present model. This distribution is of the form:

D, p, \dp D
_ t + t - _ t
£(p )ap, = = exp (_p S- . With o = 5.l 6.3

o] \ O e}



and is derived from accelerstor data prior to lQGl”élthbﬁéh“éoSmic ray data
up to an energy of 300 GeV are in good agreement.(Fowler and Perkins (196L4).
Recent accelerator work on ﬂ—p multiple pion production g 27 GeV by Elbert

et al., (1968), indicates a distribution of the form:

l'
(p,) (pt B e 55 6.4
fp dp = . eXP -'—'—.——-, Withp = "p sesveeseceoecacloe
T P, p,}) P, o 57t

Hillas (1971) (Haverah Park Internal Note) finds that the use of 6.3 rather
than 6.4 makes only a neglible difference in the calculation of muon densities

gt all momernta.

6,2,3.7 Isobars

If, as suggested by Peters (1962), nucleon iscbars carry away almost the
whole of the available C.M.S. energy, then the subsequent decay pion carries
energy which rises linearly with primary energy. This is in contfast to the
lesé steep rise of the energy of pions from the pionization process. As a
consequence the differential unassociated Y—ray.spectfum and the integral muon
spectrum should foliow‘the differential primary spectrum, whereas they are
steeper (Féwler and Perkins (1964)). Even if this is considered to be an
extreme case and if, in fact, only a relativelj small amount of the available
energy goes into a baryon resonance, a group of fast decay pions should exist.
Jones et al., (1971) find no evidence for such a separate group of mesons in
the energy range 2QO-6OO GeV, although a stﬁdy of the energy spectrum of mesons
in the Tien’Shan.magnet cloud chamber (Azimov et al., (l96h)) shows 4% of the
mesons having energies wellvseparéted from thé main spectrum.

The study of other phenoména‘which might>indicate isobar production yields
a, similarly conflicting picture. At Haverah Park, the variation of muon
densities with shower size and core distance predicted by three models of Hillas
et al., (1971) afe in agreement with the observatioﬁ of Blake et al.,

(1971) and two of these, namely models "K" and "I", are isobar models. To
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give & muon number agreeing with experiment, howevér, model "K" requires a
primary mass greater than one, and model "I", although giving a satisfactory
.muon number for a proton primary, predicts a Cerenkov response structure
function which is too steep. Elsewhere, Tonwar and Sreekantan (1971) find that
"isobar" models, as opposed to "fireball models, predict- EAS  hadron time
spectra in better agreement with experimental observations at Ootacamund. The
K/t ratio measurements of Koshiba (19;67) at a primary energy of 10 GeV also
supporﬁ an increased isobar production cross section.

Fmulsion data in thé enefgy range 100 GeV fo 10 TeV show a slower increase
in anisotropy than’would Be expected if isobar‘production of fions were
‘important} If this is taken tdgether with thexothef evidence the inference
seéms to bé against any significant'contribution from isobars in the context

of muons in .+ EAS . and none has been considered here.

6.3 Model Results

6.3.1 Comparison of the 1969 and 1971 models

The mean primary energy of the showers on which measurements were made

in the Mkl experiment has been assessed by Andrews et al.,(1969(a)) as
| 7

17 x lOl eV on the basis of total energy loss measurements. Comparison of

the observed muon densities at 300 m, obtained by Earnshaw (1968), with

those predicted by the 1969 model, as described at the Budapest Conference,

1 17

for a primary proton and n “K Ep”, suggests a primary energy of 7.8 x 10~ 'eV.

When the dynamics of the interaction are modified as described in section
6.2.3.2 and the pion mean free path and inelasticity of the proton-air micleus

collisions taken as 100 g e and 0+hk respectively, this discrepancy is

17

reduced. The primary energy then required is 6°3 x 10™ 'eV. For similar

values of Ap-and K? the 1971 model predicts a primary energy slightly lower

T

than this, namely 5°3 x lOl eV. It is of interest to note that the sénsitivity
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to changes in the values of Ap and K.p is such‘that a similar value for primary
energy is obtained if the preferred values of 120 g em™? and 0-5 respectively
are‘used.

Table 6.1 shows the densities of muons having energies greater than
1 GéV‘for different‘values of pion meaﬁ free path and protoﬁ-air nucleus
inelasticiﬁy for the 1969 énd 1971 models.

Figure 6.1 shows the integral spectra predicted by the two models at a
core distance of 300 m. When allowance is made for the small effect due to
the difference in zenith angles for the two models‘it may be seen that there

is good agreement at all momenta.

TABLE 6.1

The predicted density of muons,Au , of energy greater than
1 GeV falllng at a core distance of 300 m for a primary
energy of 2 x 1017 v

Model A (gnm cm_2) Kb Ap (m_z)
1969 100 0-Lh 0-27
120 0-lk 0*25
120 | 0-5 0-23
‘1971 100 oLk 0°3
120 O:Lh 1 0.27
120 0°5 0°3

6.3.2 Comparison with other models of EAS

- Partly on the basis of a recent study by the Nottinghem University
group of the variation of muon densities with shower size and core distance

(Blake et al., (1971)) and partly on the basis of a comparison of the



FIGRE 6.2

‘The integral momentu
from the core of a
. predicted by the 197

Hillas.

”méa&&;ah&“by’th@imgaeilﬁ ;




LRI T ]

A ERE

i

IR ERY g

fb d B AEE

i

{

ME.

?
e

e

) Aylsusq esBajuj

10

Momentum (GeV/e)




FIGURE 6.2 The observed late stribution of mions of energy

greaster than 1 GeV compared with the predictions of the

1971 model and the model "E" of Hillas.
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predicted and observed lateral Cerenkov response function, Hillas et al., 1971,
suggest that their model "E" with a proton primary gives the best agreement
with observation at Haverah Park. This model is similar to the 1971 model

in that both involve step-by-step procedures, have a charged particle
multiplicity which follows & (K.Ep)% form, have "normal" C.K.P. distributions
of secondary energies and transverse momentum, and neither include an isobar.

The integral momentum spectra predicted by model "E" and the 1971 model

T eV

for a core distance of 300 m and for a proton primary»of energy 2 x lOl
are shown in Figure 6.2 . It can be seen that insofar as the shapes are
concerned there is good agreement, but that there is a discrepancy beﬁween
the muon densities at 1 GeV/c. Figure 6.3 shows the lateral distribution of
muons having energy greater than 1 GeV predictea by the two models.‘ It is
apparent that the factor by which the 1971 model densities differ from those
of model "E" is sensibly constant for all core distances. The discrepancy in
muon densities 1s also reflected in the variation of muon number with
atmospheric depth predicted by the two models shown in Figure 6.4. Tt may
be seen that the number of muons at maximum is greater in the case of modelE’
than for the 1971 model.#®

The’mean muon number per shower, Nﬁ(>E), having energy above a particular
threshold energy, predicted by model "E" and the 1971 model, is shown in
Figure 6.5 together with (i) the relationship due to Greisen (1960) obtained
by equating the frequency of showers as a function of mean muon number to

the fregquency of EAS at sea level with N charged particles,'namely

) 1-37 075
N (5E,N) = 1-7 x 10°{ —2 U
u E+ 2 lO6

Recent work (Dixon, H.E., and Turver, K.E., Private Communication) using a
hybrid model in which important processes in the shower development are

allowed to fluctuate has substantially removed this discrepancy.
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and (ii) the mean muon'nuﬁber as a function of shower primary energy, EP’
derived'by‘de Beer et al.,(1968), assuming a proton primary.

Because of the uncertainty in the relationship between shower size and
primary energy, an accurate comparison between the Greisen result and the
model predictions is difficult. . In terms of shape, however, the curves
representing the results of all the models are in good agreement with the

Greisen relationship above 10 GeV.

6.3.3 Comparison of the Mkl results and the model predictions -

The integral‘momentum spectra for different core distances obtained from
the Mkl spectrograph and predicted by the 1971 model are shown in Figures
6.6, 6.7 and 6;8. The primary energy in each case was that required to give
predicted densities in agreement with observed muon densities at 1 GeV/c and
is obtained by assuming that the densities obtained for a primary proton of

lTer may be scaled as Epl°o." It may be seen that (i) for

energy 10
increésing,core distance the required mean primary energy also increases, and
(ii) for those groups of showers having mean core distances greater than 200 m
the predicted momentum spectra béyond¢a momentum.of:approximately 10 GeV/c

are steeper than thQsevobserved,"L' Similar discrepancies were reported by
Qrford and Turver»(l969), and it was suggested that agreement with the
obéerved densities couldvonly be obtained for a primary of acceptable energy
if it was heavier than a proton. Similarly, agreement on the basis of

spectral shapes could only be brought about by suggesting that, for a proton

primary, the energy degredation should be greater than that produced by

]

a multiplicity rising as (K,Ep)‘.

6.h Conclusions and future work

The primary aim of the work described in this chapter was to investigate

the validity of the analytical model of Orford and Turver (1969). It is
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shown in Section 6.3.1 that if similar assumptions are made concerning'the
nuclear physics, then termination of the method of successive collisionsg at

a height of 10 km and the use of fixed interaction heights thereafter, gives
muon densities, at all momenta, similar to those obtained by continuing the
method of successive collisions throughout the development of the shower.

In the 1969 model,as described at the Budapest Conference, this simplification
was made with the object of reducing the computing time, but it has been

found that, by suitable choice of the computing method (see Appendix C),

the computation time of the 1971 model is comparable with that of the 1969
model.

Comparison of the two models has been made assuming'that»the primary
particle is a proton and on the basis of revised nuclear physics data and a
more consistent method of treating the energy distribution among the created
particles. ﬁ&der these conditions 1t 1s found that both the 1969 and 1971
models give muon densities for the mean primary energy of showers detected
at Haverah Park lower than observed, but in better agreement than those
predicted by the Budapest version of the 1969 model. Similariy, both the
1971 model and the revised 1969 model, in common with Hillas' model "E",
give lower muon intensities at high momenta and core distances of‘300 m and
beyond, than observed. In connection with the‘problem of the observed excess
of high enérgy momentum muons at large core distances ovér predictions,
recent éimulations by Earnshaw, J.C., and Turver, K.E.,(Private Communication)
using s Monte-~Carlo technique, indicate a mean lateral distribution for a
primary energy of lO‘15 eV, which is somewhat flatter than the scaled
predictions of the 1971 model, (see Figure 6.9). This serves to highlight
the effect of fluctuations on the lateral distribution function, as pointed
out by de Beer et al.,(1967), and to show that a study based solely upon
the results of analytical models may be insufficient to enable any conclusions

to be reached regarding the validity of model parameters used here.



71

T

A complete Monte-Carlo type model at a primary energy of lOl eV makes
excessive demaﬁds ingofar as computing time is concerned, so that a hybrid
model is envisaged in which particular chosen parameters are varied. Hillas
(1971) points out that the development of the shower is most sensitive to
fluctuations in the distance travelled between collisions of the most
energetic particle in the mucleon cascade. Recent work by Dixon, H.E.,

and Turver, K.E,, (Private Communicatipn) has shown that this free path may
be fluctﬁated,together with a‘small‘number of other quantities such as
inelasticity,vmultibliQity, and decay probabilities,without a significant

increase in the computing time.
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Chapter 7

Conclusions and fubure work

7.1 The Mkl experiment

Tsl.1l General checks on the data

In part, the work reported in this thesis has been concerned with a
repetition, in the light of an increased number of events, of checks on the
Mkl spectrograph data originally reported by both Earnshaw (1968} and Orford
(1968). From this standpoint of improved statistics it is concluded that:

(i) The expected dependence of the muon momentum spectrum on shower
zenith angle iz confirmed.
(11) For muons falling in the core distance iuterval 200 m to 600 m there
is no apparent varistion in the momentum spectra with primary energy
in the range congidered, namely: 1Ol6lev - loi8 eV,

(iii) The charge ratio of muons falling between 200 m and 600 m from the
shower core and detected by the Mkl spectrograph is close to unity at
all momenta up to the highest detectable by the instrument. That this
is so for those high momentum muons originating early in the shower
development lends little support to the possibility of charge asymmetric
muon production at high momenta.

Turning now to consider checks for biasses in the data, not having been
undertaken previously, the work reported here has shown that:

(2) The effect on the momentum spectra of inaccuracy in core location is small

for uncertainties of less than 30 m.

(b) In comparison with the effect of core location errors, the degree to

which the earth's magnetic field distorts the latersl distribution of muons is

negligible for vertical showers. It is important to note, however, that for

zenith angles greater than 50° the geomagnetic distortion of the lateral distri-
bution increases rapidly.

Y . " o ° ° P . o
(c) A comparison of the distribution of high momentum muons 1n core distance
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with the corresponding distribution Tor all muons of momentum greater than
1 GeV/c shows that the distributions are related in a manner consistent with
the absence of posgible gselection bilasses. It had been supposed that such
bilasses could have stemmed from the difficulties in selecting high momentum

muons in the dense events found at small core distances,

T-1.2 The derived momentum spectra

Notwithstanding an increase in the number of events and improved EAS data
the final momentum spectra obtained for core distances greater than 300 m
persistently show an excess of high momentum muons (* 50 GeV/c), 6ver accepted
model predictions for & shower initiated by a proton. In addition to the
design and operation of a spectrograph having increased momentum resolution,
other work which has gained impetus as a result of the above mentioned discrep-
ancy has been concerned with: {a) examination of the validity of the model
of Orford and Turver {1969} and (b) attempting to provide an independent experi-
mental means of differentiating between pogsible model variants by measurements

of the heights of origin of muons.

T.2 Model calculations

The model‘described in this thesis uses the method of successive collisions
continued to sea level and gives results essentlally similar, as regards shapes,
to the model of Orford and Turver (1969). The prediéted densities are slightly
in excess of those given by the latter authors but in better agreement with
the model "E" of Hillas. In this context it is interesting to note the
results of recent work by Dixon and Turver {Private communication), in which
fluctuations of a limited number of variables are introduced into fhe model.
Sensibly complete agreement with model "E" is produced. Such independent
agreement can only decraase the likelihood of the existence of gross errors in
the model framewocrk. Any conciusions regarding the validity of the nuclear

physics, however, is precluded by the similarity between all the models in

this respect.
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7.3 The height of origin of muons

Thé effect of the earth's magnetic field on the charge ratio of muons in
EAS has been investigated in detail. For momenta up to the highest detectable
by the Mkl spectrograph it is concluded that the difference between the charge
ratio of muons, of a given momentum, in a shower developing early and in a
shower developing more slowly, is minimal. The earlier development in the
former is compensated for, in its effect on the charge ratio, by a lateral
distribution function which is flatter than for the later developing shower.

A morespromising technigue for meaguring heights of origin is the
measurement of the angular deviation of muons from the shower coré as described

by Machin (1972) and cutlined in Chapter 5.

T.4 The Mk2 spectrograph

Using the deflection of EAS muons passing through the central hole in the
magnet, the r.m.s. angular uncertainty in the measurement of deflection using
the Mk2 instrument has been asceszed as 0.16 le@OlOm It is concluded that
this is larger than the barget r.m.s. angular uncertainty for two possible
reasons: |

(i) the approximate nature of the theory of track location in a flash tube
array used in the design study, and

(ii) the use of twenty layers of small diameter flash tubes in each arm has
reduced the mean corridor width, as defined in Chapter 2, to éuch an
extent that the uncertainty in tuﬁe location is no longer negligible
by comparison.

During a period of nine months operation, 493 muons in EAS falling at
core distances betwesn 150 m and 350 m have been detected and their deflections
in the spectrograph magnet measured. Although there is no significant dis-
parity between this spectrum of angular deflections and that predicted on the
bagsis of the momentum gpectrum derived from the Mkl data, the number of events

is not yet sufficient to allow of any firm verdict.
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T«5 Future work

In due course a statistically accurate value for the density of muons of
momentum greater than 100 GeV/c falling in a core distance interval of 250 m
to 350 m will be available from the MkZ2 spectrograph data. The importance of
such a measurement is considerable in view of the present difficulty in
reconciling the value obtained from the Mkl experiment with the predictions
of rigorously tested models in Which-a conventional inberaction model i1s used
and the primary is a proton.

The possibility of an independent test of the suitability of the last
mentioned type of modsl, using other detectable features of FAS, seems remcte
in view of recent work by Dixon and Turver (Private communicationi. This work
has shown that, in general, the analytical or "averaged" Monte-Carlo type
of models predict only relatively small changes in the majority of the méasur»
able characteristics of showers, for large chaages in the iunput parameters
of inmterest such as primary mass or multiplicity. In the light of this
difficulty, a method of seemingly greater potential could be the use of a
Monte-Carlo, or Monmte-~Carloc/analytical hybrid model to predict, for a particular
change in the primary mass or other feature of the interaction, the type and
frequency of the fluctuations in those characteristics of showers most
easily measured at Haverah Park. Simulbtaneous measurement of the rate at
which a certain sized fluctuation occurs in all the measured quantities and
subsequent comparison with predictions appears especially attractive for the
Haverah Park array because of the néar independence of the method of measuring
the shower primary energy of chbanges in the primary mass. Characteristics
which might be simultaneously measured in this way are radio signal, atmospheric
cerenkov light, muon height of origin and muon density for a given momentum.
Insofar as a muon spectrograph might be concerned, ultra high momentum

resolution would not, necessarily be needed; the requirement would be for an



increase in the data collection rate

area.,

and  hence an increase in magnet
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Appendix A

The Geomagnetic Deflection of Muons in EAS

.».
It is agsumed that at production a muon has a velocity V along the shower
5

axis. The vector V may be written as follows: (see Figure A.1)
V = =V (cosBé + cosyl + cosfi)
= -~V (gsin®. singé + sinb.cosdn + cosbyd)
-
where V. is the absolute magnitude of V.
. N .
Representing the earth's magnetic field by the vector H, we may write:
“)’ @ ) ° @ o~
H = H (cos i A - gin i 1)
>
wkere H is the absolute magnitude of H and 1 is the angle of dip.

The unit vector R in the direction of the force acting on the muon at

the point of production, due to its motion in the magnetic field, is given

i . Vxd
\ b
R =
V.H.sind
1 . ) . . RN . . e ey
= (sin®. cos¢. sin i + cos® cos i)é - (sinb. sind. sin i)a
sing

3

~ (sin®. sind¢. cos i)?J

If the original coordinate system is rotated by an angle i gbout the
unit vector 8 to obtain the primed coordinate system, then, assuming that
energy loss is negligible, the path of the‘muon will be a helix along the
surface of a cylinder of radius R, the axis of which lies along ﬁ'; (see
Figure A.2)¢ Ris given by the expression R = p sino/H.e, where p is the

momentum of the muon and e is the electronic charge. We may now write:

E=RR=

{sin & cosé. sin i + cosB, cos 1)é - (sinf. sind. sin i)n
sin o
—~ (sin®. sin¢. cos i)ﬁ]

- R
Now, if the point of production is such that R makes an angle § with u'

: -
(see Figure A.3)andthereafter the position vector of the muon JI'' ,rotates
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about A' with an angular velocity w,then at time t after produgtion the
vector T may be written:

Ft = _R sin(8 + wt)é + V.t.cosa n' + R.cos(s + wb)i'
Transforming to the unprimed system we obtain:

>

T R. sin(8 + wt)e + (R. cos(S + wt), gin i + V.t. cose, cos i)n

i
{

-+

(R. cos(8 + wt), cos i -~ Vet. cos 0. sin 1)d

Now §‘= ﬁ + '_f

8ind . cost¢. sin i + cosb., cos 1

= R :
L. sin o

- sin(s + wt)] 2

- . .. ginf. sinf¢., sin 1
+1{R(cos(§ + wt). sin 1 - L9 Y+ v
! sin O

t. cost. cos i]n

sinf. sing. cos i)
sino

+R{cos{8 + wt). cos i -

V.t. cosd, sin 11 u
A

Also, if the height of production is Z then we may write:

g = 7. tang. sing @ + Z. tan@. cosd n + Z 1
Thus:
> - e
P=Q+ 8

po

= Ri(sinf. cosd. sin i + cosf. cogs i - sin (6 4+ wt)) + Z.tand. sind!l &
L sin o

R (cos(8 + wt). sin i - sinb. sin¢. sin i)+ V.t. cosd. cos i
- Sin o

ES

+ Z.tanb. cos¢J n

. . . . , Y . [
+|R (cos(8 + wt). cos i - sinb. sind. cos i)~ V.t. cos®, sin i + é} U
o sin o

The muon passes through the plane containing ¥ and @ when the U component

'+ - =
of P 1s zero, that is:

IK[COS(S + wt). cos i - sinb. sind. cos %} - V.t. cos®, sin i + Z = O.
sin o ‘

This equation may be solved by an iterative method for t if 6 and ® are
known. 6 may be found from the equation which gives the direction cosine of

N

R with respect to e namely:
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sin®. cos®. sin i + cosb. cos i

cos(8 - m/2) = gin 6 =
sin o

Taking V to be equal to the speed of light then w may be found from:

V. sina
R




80

Appendix B

The mean momentum of muons between production and observation

The relationship between atmospheric’ depth, t, in gm cm—2 and the heilght
above sea level, Z, inkm, of an isothermal atmosphere is éssumed ag,
t = to exp - Z/Zo (Wolfendale (1964), where ZO is the "scale height" of th-
atmosphere and to the total atmospherie depth.

For a muon observed with a momentum P, GeV/c produced at an altitude Z xm
above sea level in an air shower of zenith angle 8, the mean momentum bebween
production and observation used in the work reported here is defined as:

P = p_ + = to {1 - exp - 2/7 }
o o)
2 cosf

2(}

where € 1s the mean specific loss in momentum due to ionisation in GeV/e/gm om
I . — ' - ~
Taking € as 2.2 x 10 ~ GeV/c/gn cm,2, ﬁo ag 1030 gm cm_2 and Z, as ToSkm
we obtain

D= op + 25 (1o exp (- 2/7.5))
2 cosb



Appendix C

The method of successive collisions used
in the model

Let the probability that a proton of energy E; will interact in the
interval dx at a depth in the atmosphere x be P(Ei,x)dxa The probability,
N(Ei’ X, Ew)vdEﬂ dx of a pion being produced as a result of this interaction

with an energy in the range'ETr to E1T + dE1T is then
= ; L]
N(Ei, X, Eﬂ)dEﬂ dx f(Eﬂ, Ei), P(Ei, X)e nS(Ei) AE AX cesocnsnnsasCol

where ns(Ei) is the multiplicity of secondary pions in a nucleon-micleus
collision of primary energy E, and f(Eﬂ, Ei)dEﬂ is the differential energy
spectrum of the pions produced.

The total probability, pl(Eﬂ, x) AEﬂAX, of a pion having energy in the

range E_ to E_ + AE_ being produced in depth interval x to x + Ax, in this
T T T

first generation is:

. : = —f - 0 @’.‘GGQ"’Gﬂf'n&ﬂﬂf’dan.ﬁﬁﬂuﬂ&nc('\
pl(E“, x) AE Ax é N(El, X, Ew> AENAX 2

This may be represented by a matrix of probabilities for discrete values of
E. and x, say Eﬂk and Xj’ provided intervals of E and x are chosen which
are small such that all functions are sensibly constant throughout the interval,
Bach element of this matrix represents the probability defined in Equation
C.2 and is represented by pkj°
It ns(Eﬂk) now refers to plon~nuclensg collisions and we define the

functions Piec k , as the probability that no decay will occur and
<oy

Jd

0 as the probability of an interaction occurring for a pion of

int kjj’
energy ETrk travelling from a depth Xj to a new depth xjg we may write for

the probability, ¢ ~ of the production of a second generation pion cf

2 k7
energy Eﬂk’ at a depth xje by a pion of the first generation interacting with

a nuclels .,
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P == = L P
2k J k .
o= 1,0z o - 1
WheI‘e k ol g é 5 e oo B0 D kmax al-
and J = 1, 2, »o e oy 1

o = z Z ) LB . . { &
O3 «”; 3 5 15 Paee k557 Pimt k357 T Emg”e Emg) ng(Em)
where k."ﬁ = l, 23 5 00 oo0 k -~ 2
max
and J i 3 ? E T o0 o0 5 Jmax - 2

Generally for the unth generation

b .. = T I

nk j X ®(a-1)kj Paec k357 Pime k33 TEmee Bmd) g (Bpydeeoo.oCe3
where kX = 1, 2, cvoo  ees (k. + 1 -n)
max
and J 0= 1,2, coo oo (Jmax + 1 - n)

It will be apparentfthat the matrices Pec? P f and n, need not be computed

iot? .
afresh for each generation so that the calculation of the pion height-energy
matrix for a sufficient number of generations to follow the shower development
to sea-level 1s simplified and computing time saved. In the development. to sea-
level the probability of more than thirteen generations is small and in the

analytical model described in this thesis wag taken as the height-

Pi3y g
energy distribution of picns from which the probability distribution in.

energy, height of origin and directicn of muons were derived.
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