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A Study of Cosmic Ray Protons at Ground Level 
i. 

Ph. D. Thesis submitted by G. Brooke, 1964 

ABSTRACT 

The momentum spectra of cosmic ray protons and pions up to 

an energy of 150 GeV have been measured at Durham, 198 feet above 

sea-level. Assuming a particular model for the interaction of 

high energy nucleons, a new estimate has been made of the primary 

cosmic ray nucleon spectrum. This may be represented in the energy 

range lOl.O to 3 x l0l. 3 eV/nucleon by the expression:-

where E is in units of GeV. 

It has been shown that a model in which the mean value of the 

elasticity of nucleon~ir nucleus collisions is not a function of 

t11e i:uc.:ldent e11ergy de=:sc~ribes -t~he experi.rr..c!'ltal result:, acc.uraLely. 

The value found for the fraction of this energy retained by the 

inciU.ent nucleon is ))'/a. 

The effect of large fluctuations in elasticity from collision 

to collision has been investigated and found to be negligible. The 

result of taking fluctuations into account is to give a mean value 

of elasticity "'3% lower than the value obtained assuming the 

elasticity not to fluctuate. 



ii. 

From the measured pion spectrwn and a study of the propagation 

of pions in the atmosphere, values have been obtained for the 

elasticity of pion-air nucleus collisions. In contrast with nucleon 

collisions, it is found that pions retain 40% of their initial energy 

after collision at 5 GeV but that at 8o GeV their collisions are 

completely inelastic. 
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i. 

ABSTRACT 

The momentum spectra of cosmic ray protons and pions up to 

an energy of 150 GeV have been measured at Durham, 198 feet above 

sea-level. Assuming a particular model for the interaction of 

high energy nucleons, a new estimate has been made of the primary 

cosmic ray·nucleon spectrum. This may be represented in the energy 

range 10~0 to 3 x 10~3 eV/ nucleon by the expression:-

I(>E) 

where E is in units of GeV. 

It has been shmm that a model in -...mich the mean value of the 

elasticity of nucleon-air nucleus collisions is not a function of 

the incident energy describes the experimental results accurately. 

The value found for the fraction of its energy retained by the 

incident nucleon is 53%· 

The effect of large fluctuations in elasticity from collision 

to collision has been investigated and found to be negligible. The 

result of taking fluctuations into account is to give a mean value 

of elasticity ~3% lower than the value obtained assuming the 

elasticity not to fluctuate. 

From the measured pion spectrum and a study of the propagation 

of pions in the atmosphere, values have been obtained for the 

elasticity of pion-air nucleus collisions. In contrast with nucleon 



---· 

ii. 

collisions, it is found that pions retain 4o% of their initial energy 

after collision at 5 GeV but that at 8o GeV their collisions are 

completely inelastic. 



PREFACE 

This thesis describes the measurement and interpretation of 

the momentum spectra of cosmic ray protons and pions at Durham. 

The work was performed under the supervision of Dr. A.W. 

Wolfendale. 

iii. 

The operation of the spectrograph was carried out with the 

help of Professor M.A. Meyer, Dr. E.B. Hughes and Mr. A. Crispin. 

The analysis and interpretation of the data were the sole respons­

ibility of the author. Dr. Y. Kamiya assisted with part of the 

numerical calculations concerned with the deduction of the primary 

cosmic ray spectrum. 

The •·rork on the sea-level proton. and pion spectra was presented 

at the Kyoto Conference on Cosmic Rays and the Earth Storm (Brooke 

et al., 1962) and a further paper has been submitted to the Proceedings 

of the Physical Society. 

The calculation of the primary cosmic ray spectrum has been 

published as a letter to Nature (Brooke et al. , 1963) and a further, 

more detailed paper has been submitted to the Proceedings of the 

fl1ysical Society. 

A paper on the production of neutrons in lead by cosmic ray 

protons is to be published in the Proceedings of the Physical 

Society (Hughes et al., 1963). 
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CHAPTER 1 

INTRODUCTION 

The primary cosmic radiation incident on the earth's atmosphere 

consists mainly of protons, with 5·5% of a-particles and 0.5% of 

heavier nuclei (above 2.4 GeV/nucleon, Waddington (1960)). The 

percentage of nuclei heavier than helium in the prinJB.ry radiation 

is notable in that it is many times higher than the cosmic 

abundance of such nuclei. The very large percentage of L-group 

(Li, Be, B) nuclei observed, ~2 x 105 times the cosmic abundance, 

is probably due to fragmentation of heavier nuclei in their 

passage throu@1 space. The majority of the primary cosmic ray 

part.ieles must originate therefore from some object which r;ontains 

an excessive number- of heavy nuclei. Such conditions are found in 

supernovae, dense old stars which, having used up all their light 

nuclei, obtain energy by forming heavier and heavier nuclei until 

at some point the star explodes. In the explosion the heaviest 

nuclei are formed by neutron capture processes. Six supernova 

explosions have been observed in our galaxy, in 185, 369, 1006 

and 1054 A.D. (Crab nebula), seen by Chinese astronomers, 

1572 A. D. (Tycho' s star) and 1604 A. D. (Kepler's star), all of 

which are known to be sources of radio waves. The Crab nebula 

is the best studied of these, its optical and radio emissions 

being consistent with synchrotron radiation from electrons. 
. . _ :n~•iiil:}r" . ,,. . -I'\ J. J\}N \q6·\ . 

L'''~~b/ 



This shows that magnetic fields· are almost certainly present in 

such a form as to be able to accelerate electrons and presumably 

protons and heavier nuclei up to high energies probably by a 

Fermi type process, Fermi (1949). 

2. 

The low energy particle flux, that is particles with energy 

below about 10 GeV, is subject to time variations related to the 

activity of the sun. This and other stars must contribute an 

appreciable number of low energy cosmic ray protons and a-particles. 

For primary energies above a few times 10 GeV, the primary cosmic 

ray flux is remarkably free from time variations. 

The galactic magnetic field is not strong enough to contain 

particles •rith energies greater than about 108 GeV within the 

galaxy and these lllight originate in colliding galaxies_. Morrison_. 

(1961). 

On entering the earth's atmosphere, the primary particles 

interact with the air nuclei, producing pions and a small fraction 

of heavier mesons and hyperons. In a collision of a primary 

proton, about 50% of the incident energy is carried off by a 

single nucleon which continues to make further interactions. In 

the interactions of heavier nuclei, only one of the incident 

nucleons appears to take part: the remainder carrying on with 

their original energy. Thus the nucleon component at any level 

consists of primaries which have not interacted and nucleons which 

have emerged from interactions. 



The charged pions produced in the interactions either decay 

with a mean lifetime of 2.6 x 10-8 sec or interact with air nuclei 

to produce more pions. The neutral pions have a mean lifetime of 

-lo-16 sec and decay into two photons. If sufficiently energetic 

these photons materialize to produce electron pairs which in turn 

produce photons by the bremsstrahlung process. If the neutral pion 

has sufficient energy, these two p:roce::;ses are repeated many times 

resulting in an electron-photon cascade. At sea-level these elec­

trons have momenta ~500 MeVjc. 

The hyperons are removed either by interaction or decay into 

nucleons and light mesons before reaching ground level and similarly 

the heavy mesons are removed either by interaction or decay into 

light mesons. 

At ground level, for momenta above 500 MeV/c, the radiation 

consists mainly of muons, with a small percentage of protons and 

neutrons and a very small flux of' pions. 

Information on the behaviour of' high energy nuclear interac­

tions can be deduced from a comparison of the pion production 

spectrum derived from the sea-level muon spectrum with that 

predicted from the primary spectrum. The sea-level muon spectrum 

has been measured by many workers, the most accurate being that 

due to Gardener et al. (1962) and Hayman and Wolfendale (1962), 

which together cover the momentum range 0. !1. - 1000 GeVjc. By 
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assuming a theoretical variation of meson multiplicity with 

momentum in the primary interactions, Hayman (1962) has calculated 

the average inelasticities of these interactions. Similarly, the 

inelasticity of nucleon-air nucleus collisions can be found by 

comparing the sea-level proton spectrum with the primary spectrum 

or the proton spectrum at high altitude, if a model for the 

propagation of the nucleon component in the atmosphere is assumed. 

Further reasons for measuring the proton spectrum are that in 

many experiments in which the behaviour or the form of the sea­

level muon spectrum is studied, it is necessary to correct for the 

protons present in the sea-level intensity, and, in addition, it is 

necessary to k.nm-1 the sea-level proton intensity in designing 

experiments to study their interactj_ons. 

The work by l'-1ylroi and Wilson (1951) is the only p1·evious 

measurement of the vertical proton intensity at sea-level over a 

wide momentum interval, covering the range 0.6 - 12 GeV/c. Measure­

ments by other workers have covered only comparatively narrow 

momentum intervals at momenta ~2 GeV/c, with the exception of a 

measurement of low statistical accuracy by Pak and Greisen (1962) 

at a median energy of 22 GeV. The proton spectrum at an altitude 

of 31100 metres has been measured by l·lhittemore and Shutt (1952) 

up to 7 GeV/c and at 3200 metres by Kocharian et al. (1959) in a 

series of experiments, over the energy range 40 MeV - 66 GeV. 
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In the present work, descriptions of the Durham Cosmic Ray 

Spectrograph, as modified for the measurements of the proton 

intensity, the data recording system and the method of analysis 

are given in Chapter 2. Two methods have been used to measure 

the intensity of protons. In the first method, the proton campo-

nent was identified by studying the difference in the absorption 

in lead of positive and negative particles. The two series of 

experiments performed using this method are described in Chapter 3· 

The proton component was found, by the second method, from the 

different numbers of neutrons produced in the interactions of 

positive and negative particles in an "International Geophysical 

Year" neutron monitor. The two experilp.ents in which this method 

was used are descr:i.bed in Chapter 4. The method used and the 

momentum range over I·Thich the proton intensity collld be calculated 

are summarized in T.ab1e 1.1, for each of the experiments performed. 

Series Method Mean Magnet 
Current, A 

P Absorption in neutron 11.3 
monitor and 11 em of 

s 

H 

Pb 

Absorption in 16.5 em 
of Pb 

Neutron production 

Neutron production 

15.81 

11.42 

Table 1.1 

Momentum Range 
GeV/c 

0.65 - 47-7 

o.6o - 4.oo 

0.70 - 50.0 

0.70 - 150.0 



The derivation of the sea-level proton spectrum is given in 

Chapter 5, together with a detailed comparison with previous 

measurements. In Chapter 6, values of the elasticities of 

nuclear interactions are deduced from a comparison of the results 

from the present work with the primary spectrwn given by Linsley 

et al. (1962), the so-called "M. I. T." spectrum. By considering 

6. 

the relation between the sea-level proton spectrtun and the spectrum 

of pions at production, in Chapter 7 a newestimate is made of the 

primary cosmic ray intensities over a wide range of energy. The 

effect on these calculations of fluctuations in the total inelas­

ticity and also in the fraction of the available energy going into 

the production of pions is considered in Chapter 8. In Chapter 9, 

a comparison is made with other measurements of prL~ary intensi-

ties. In addition, the proton spectrum at 3,200 metres altitude is 

calculated from the present work and compared with direct measure­

ments at that altitude. The sea-level pion spectrum is calculated 

in Chapter 10 from the rates of observation of nuclear interac­

tions of negative particles in the neutron monitor. Values for 

the elasticity of pion interactions are deduced from a comparison 

with the pion production spectrum. Finally, a summary of the 

conclusions obtained from the present measurements is given in 

Chapter 11. 



CHAPTER 2 

THE DURHAM COSMIC RAY SPECTROGRAPH 

2.1 The General Features 

The Durham Cosmic Ray Spectrograph, shown in Fig. 2.1, consists 

of a Blackett-type electromagnet with trays of Geiger counters at 

the five levels A, B, G, C and D. The counters are used to select 

particles which pass through the spectrograph, those at level G 

ensure that particles pass through the magnetic field and eliminate 

particles which are scattered by the magnet pole-pieces. There is 

an array of flash-tubes at each of the levels A, B, C and D by means 

of which the positions of the particle trajectories can be found. 

2.2 The Electro!!!agnet 

The electromagnet used in the spectrograph is one of the t-.;-ro 

originally used in the Manchester Spectrograph and has been described 

by Hyams et al. (1950 ). The maximum current through the magnet is 

70 A at 440 volts giving a maximum field strength in the pole gap of 

12,000 gauss and a value of 6.60 x 105 gauss-em for {lidt, the integral 
oJ 

of the magnetic field along the trajectories of near vertical parti-

cles. 

2.3 The Geiger Counter System 

The Geiger counter trays at levels A and D each consist of twenty-

five 60 em long counters and the trays at B and C of eleven 26 em long 
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counters. All the counters in the trays at A, B, C and D are posi-

tioned with their axes parallel to the magnetic field. The 

tray at level G consists of three 26 em long counters with their 

axes at 90° to the magnetic field. The counters are of the self­

quenching type (20th Century G26, G60) but in order to reduce their 

dead-time, the discharge is also quenched electronically. The elec­

tronic circuits used with the Geiger counters are described fully by 

Jones et al., (1962). 

An additional tray of Geiger counters, S, was also operated 

during the experiments to measure the proton spectrum (see Chapters 

3 and 4). Coincidence between pulses from any desired group of 

Geiger counter trays was registered by a Rossi coincidence circuit. 

2.4 The Neon Flash Tube 

The neon flash-tube, first developed by Conversi et al., (1955) 

and later by Gardener et al. (1957), consists of a glass tube filled 

with neon gas. If a high voltage pulse is applied across the tube 

soon after the passage of an ionizing particle through it, there is a 

high probability of a discharge taking place in the tube. The flash 

of light is bright enough to be photographed through the end of the 

tube. The tubes can be operated in arrays, with many flash-tubes 

between each pair of electrodes. Photoionization of neighbouring 

tubes is prevented by painting the sides of the tubes black. The 

tubes used in the Durham Spectrograph have internal diameter 0.59 em 
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and external diameter 0.72 em. The tubes are filled with neon to a 

pressure of 2.3 atmos. and have a sensitive time of 39 ~sec after 

the passage of an ionizing particle through them. 

2. 5 The Flash-TUbe Arrays 

Each array consists of eight layers of flash-tubes, the 

vertical separation of the layers being 1.15 em. There are 944 

tubes in each of the arrays A and D and 392 tubes in B and C. The 

axes of all the flash-tubes are parallel, being parallel to 

the magnetic field. The horizontal separation of the centres of the 

tubes in a layer is 0.80 em. The design of the flash-tube arrays 

has been described by Hayman, (1962). 

The original electrode system was as shown in Fig. 2.2, with 

two layers of flash-tubes between each pair of' electrodes, which 

were of thin aluminium sheet. This arrangement gave a considerable 

variation in the brightness of flashes from the tubes which were 

adjacent to earthed electrodes and those which were adjacent to high 

voltage electrodes. A U.H.T. of 20 KV was required to operate the 

tubes. 

New electrodes were used for the present experiments. These 

consist of 2 mm thick polyurathane foam sandwiched between sheets 

of thin card covered with aluminium foil, the resultant weight being 

very low. The total thickness of theeiectrodes was such as to fill 

the gap between the layers of flash-tubes, electrodes being placed 
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on both sides of each layer of tubes, making it possible to obtain 

the same electric field across the tubes as previously, using a 

U.H.T. of 5 KV (and at the same time eliminating the layer to layer 

variation in brightness). The new electrode system is shown in 

Fig. 2.3. 

2.6 The Flash-Tube Pulsing System 

The original method for applying the high voltage pulse to the 

flash-tubes was as follows. When the required Geiger counter con­

figuration had been recorded, a low voltage trigger tube (CV 4ol8) 

was operated. The output pulse from this -was then fed. through a 

Ferroxcube pulse transformer to the grid of a high voltage hydrogen 

thyratron (XH8-lOO), the output of which triggered six 'trigatrons' 

(CV 85) in parallel. Each of these discharged a bank of condensers, 

charged to 8 KV, through a step-up voltage pulse transformer, the 

output being applied to the flash-tube electrodes (Fig. 2.4). Two 

pulses were applied to each of arrays A and D, one to the upper 

half and one to the lower half of each. 

In the experiments to measure the proton intensity by absorp­

tion in lead placed above array D, the intermittent failure of one 

of the valves used to pulse array D would have resulted in a low 

overall efficiency for D in those cases. Some particles would 

appear to have been stopped by the absorber although they had not. 

This condition would have been difficult to recognize as a large 

number of events with no track in array D was expected. 
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Consequently, the pulsing arrangement was changed to that 

shown in Fig. 2.5. The output from the low voltage trigger is 

now used to operate a mercury thyratron (CV 13), pulses being 

taken directly from the thyratron load to the electrodes. In 

11. 

this case, a spurious record of a particle stopping in the absor­

bing layer cannot be obtained due to failure of the pulsing system 

since, in the event of failure, no flashes 1·rould be observed in any 

of the arrays. 

2.7 The Recording System 

The flashes in the four arrays of flash-tubes A, B, C and D 

are recorded photographically (on 35 mm HPS film), using two 

cameras (with shutters fixed in front of them). B,y means of 

t1m mirror systems, Fig. 2.1, one camera :.:-ecords flashes in A 

and B and the other, flashes in C and D. Front aluminized mirrors 

are used except for the large mirrors Lmmediately in front of 

arrays A and D which are back-silvered thin glass, bent so that 

the cameras look along the axes of the flash-tubes in these arrays. 

This is necessary as the discharges in the flash-tubes do not 

extend nearer to the front than the electrodes, i.e. the discharge 

stops .... 1~ 11 from the front of the tube. Without the use of curved 

mirrors only a small part of the discharge is seen by the camera 

for tubes near the ends of the large arrays and the resulting 

photographic image is very weak, Coxell et al. (1961). 
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The sequence of operations when a particle has passed through 

the spectrograph and satisfied all the conditions required for the 

Geiger counters is:-

a) The Rossi coincidence circuit is paralysed. 

b) i) If the Geiger counter pulses are the only basis 

for selection, then the high voltage pulse is 

applied to the flash-tubes and the flashes photo­

graphed, the camera shutters being permanently 

open in this case. 

ii) If neutrons are required to be detected in coin­

cidence with a Rossi pulse, a series of high 

voltage pulses is applied to the flash-tubes, 

the ca~era shutters being opened only if neu-

trans are detected. If no neutrons are detec­

ted_, operations c) and d) are omitted. 

c) Reference bulbs are illuminated to allow the identifica­

tion of the tubes which have flashed when the photographs 

are examined. Also, two clocks are illuminated to enable 

corresponding AB and CD photographs to be easily found. 

d) The cameras are wound on. 

e) The paralysis is removed from the Rossi circuit. 



2.8 The Maximum Detectable Momentum 

The maximum detectable momentum, defined as the momentum 

corresponding to the angular deflection which is equal to the 

probable error in the measurements of the deflections, depends 

on the accuracy with which particle trajectories can be located 

at the measuring levels and also on the separation of these levels. 

In previous experiments to measure the momentum spectrum of 

cosmic ray muons, all four measuring levels, A, B, C and D, were 

used to locate the particle trajectories, giving a maximum detec­

table momentum of ~700 GeV/c at a magnet current of 60 A. However, 

in the present experiments it wasp:>ssible to measure only three 

points on any particle trajectory, leading to a maximum detectable 

momentt"Lm lower, by a factor of approximately threej than that for 

the four tray instrument operated at the same magnet current. In 

fact, as is shown later, the intensity of protons falls so rapidly 

with momentum that the highest momentum point on the proton spectrum 

which it was possible to measure was set by the running time of the 

exped .. ment. 

2.9 The Acceptance Function 

The five trays of Geiger counters at the levels A, B, C, G 

and s, which were used in coincidence for all the experiments, 

limit the possible angles of incidence of particles which can be 

accepted and also the area through which they must pass. Since 
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the particles are deflected in passing through the spectrograph, 

the acceptance is a function of the magnetic deflection and hence 

of momentum, falling to zero at the "least detectable momentum". 

The dllnensions of the spectrographs are such that only particles 

with angles of incidence near to the vertical and angular deflec­

tions, <II, less than -o. 45 radians can be accepted, so that it is 

possible to put:-

where A(<ll) is the acceptance function measured in units of 

sterad. cm2 , A
1

(<1l) is the acceptance in the "deflection" plane, 

( rad. em. ) and A
2 

is the acceptance in the 11back plane" ( rad. em. ) 

A
1 

(.P) is best evalt1.ated graphically, as the theoretical treatment 

becomes complicated when the spectrograph is not symmetrical about 

the magnetic field. As there is no ~~gnetic deflection of the 

particles in the back plane, A
2 

is not a function of momentum but a 

constant for any given Geiger counter arrangement. In addition to 

the limits to the acceptance set by the Geiger counter trays, 

particles were required to have trajectories which would not have 

passed through the edges of D in either plane, the permissible area 

of array D being a function of the particle momentum and of the 

geometry of the absorber. This further limitation is easily intro­

duced into the graphical evaluation of the acceptance function by 
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reducing the dimensions of array D in both planes by the appropriate 

amount for the momentum being considered. Details of the calcula­

tions of the acceptance functions and the values for the various 

experiments are given in Appendix 1. 

2.10 The Measurement of the Positions of Particle Trajectories 

2.10.1 The Projection Method 

The photographs of the flashes were projected through a n1irror 

system onto moveable boards on a table. On the boards circles had 

been drawn corresponding to the positions of the flash-tubes in 

each array. These positions were obtained by projecting onto the 

boards photographs in which all of the flash-tubes had flashed. 

The photographs were taken using a 1-source to make the tubes flash 

and applying a succession of high voltage pulses. The reference 

bulbs in each array were also :Ulu.minated. 

The projected images of the flashes were positioned on the 

boards by means of the reference bulbs. There was a reference bulb 

at each end of all four arrays and these allowed the magnification 

and position of the images to be adjusted accurately. The measuring 

levels were taken to be immediately below the fourth row of flash­

tubes from the top of each array, scales having been drawn on the 

boards at those positions. Measurements were made of the best 

estimates of the points of intersection of the particle trajec-



tories with the measuring levels. Distances measured were from 

fixed reference points in each array, the positions of these 

points with respect to the plumb line having been previously 

measured (Fig. 2.6). The best estimate of a particle track 

through a flash-tube array was made by eye using a cursor. The 

cursor was made to pass through all the tubes which had flashed 

and either miss, or pass as near to the edge as possible, tubes 

wh_;i.ch had not flashed. Events were rejected for the following 

reasons:-

a) If in any array there were two adjacent flashes in 

two or more layers of flash-tubes, due to knock-on 

electrons. 

b) If there were two particle tracks in any a.rray of 

flash-tubes and it was not possible to tell, from 

their angles and the angles of the tracks in the 

other arrays, which was the track produced by the 

particle that had passed through the other arrays. 

c) If two or more tracks were observed in each of two 

or more arrays of flash-tubes. 

The accuracy of track location using the projection method 

is l mm r.m.s. at each measuring level. 

16. 
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2.10.2 The Track Simulator Method 

The Track Simulator, described in detail by Hayman (1962), 

consists of a large scale model of a section of a flash-tube array. 

The scale is ten times in the horizontal direction and three times 

in the vertical direction. For a particle which was found by the 

projection method to have a high momentum, the configuration of 

flashes observed. tn each array was noted.. Slots corresponi.l.ing to 

the tubes which had flashed in a particular array were illuminated 

on the Track Simulator and a cursor was set to the angle given by 

the projection method for that particle trajectory. The possible 

limits to the position of the particle trajectory in the array, 

such that the cursor passed through only tubes which had flashed 

and avoided the others l·rere found. The mean value of the liinits 

to the position was taken to be the best estimate of the particle 

position at that level. 

Some correction was made for the variation of the flash-tube 

efficiency as a function of their radius, Ashton et al. (1958), 

by decreasing slightly the width of the slots representing the 

flash-tubes. 

The error in track location using the Track Simulator is 

Oo 5~ liUll l"olilo So 
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2.11 The Calculation of Particle Momenta 

The radius of curvature, p, of the trajectory of a particle 

mass m, velocity v, and charge e, on passing through a magnetic 

field of strength H is given by 

Rev 
p 

or 2.1 

If d$ is the angular deflection of the particle in moving a 

distance dt, then:-

P• d$ = d.e 2.f? 

so that equation 2.1 may be viTitten~-

or e.Hdt = mv.d~ = pd$ 

(where p = particle momentum). 

Integration gives 

or 2. 4 

with p in units of eV/c, ~Hdt in gauss-em and ~ in radians. 



For a givenvalue of magnet current, ~d£ is constant and so 

equation 2.4 becomes:-

p = constant 
<II 
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Since the angles to the vertical of all particles which are accepted 

by the spectrograph are small, <II can be evaluated by finding the 

displacement, 6, of the trajectory over a given arm (Fig. 2.6), taken 

by convention to be the distance, £, between the measuring levels in 

arrays A and B. 

If a, b, c and dare the positions of a trajectory measured 

with respect to fixed points in arrays A, B, C and D respectively 

and a
0

, b
0

, c
0 

and d
0 

are the distances of these points from a 

vertical reference line, then for the four tray instru.'Tlent the 

displacement, 6, is given by:-

or 

.t .el 
6 = (a + a ) - (b + b ) - .....!. ( c + c ) + ( d + d ) 

0 0 £4 0 .e4 0 

6 = (a - b) - ·972 (c - d) + 6 
0 

(see Fig. 2.6) 

It is possible to calculate 6 from the measured positions in 

A, B, and C only. 

The point of intersection of the trajectory at the level of 

G is at a distance from the reference line of:-



(.e1 + .t ) 
g = (a + a ) + [ (b + b ) - (a + a )] 2 

0 0 0 .1,1 

Then the angle to the vertical of the trajectory in the 

lower half of the spectrograph is:-

and hence 

(c + c ) - g 
0 

.e 
b.= (a +a)- (b +b)+__.! [-g + (c +c)] 

0 0 .e3 0 

= (a + a ) - (b + b ) 
0 0 

20. 

.e { £1 + £2 } + __.! -(a + a ) - [ (b + b ) - (a + a )] --:--- + ( c + c
0

) 
£3 0 0 0 £1 

( i + .e.,) -= (a + aJ 2 
"" (b + b~) 

v \. .e3 . u 

£1 
+ c ) -~ 

0 K. 
;;j 

2.6 

If a, b and c are measured in units of 8 mm (equal to the flash-

tube spacing), then b., also measured in these units is given by:-

b.= 2.023a- 5o095b + 3.072c- 68.77 

Alternatively, the angular deflection, in radians, is given by:-

~ = ~ = .008792a- .022l2b + .01333c - .2983 2.8 
1 

a, b and c again being measured in units of 8 mm. 



CHAPTER 3 

THE ABSORPTION TECHNIQUE 

3.1 Introduction 

The rate of energy loss by a singly charged particle due to 

collision with the atomic electrons of the medium through which 

21. 

it is passing (the "collision" or "ionization" loss) is a function 

only of the velocity of the particle, in any given medium. Protons 

and muonswith equal momenta have different absorption ranges as 

their velocities will not be equal. For low velocities, the 

ionization loss is proportional to velocity-2 , so that for momenta 

less than a few GeV/c the difference in the ionization ranges of 

muons and protons is sufficient to allow these particles to be 

identified by an absorption method. In addition, protons lose energy by 

nuclear interaction which gives a probability, decreasing with 

increasing energy, of protons and their secondary particles being 

stopped by an absorber, for incident momenta greater than the total 

ionization loss in the absorber. Momentum loss by muons and protons 

due to direct pair production and bremsstrahlung is negligible in 

the momentum range considered. 

The percentage of protons present in the sea level cosmic 

radiation can be found from the excess numbers of positive particles 

which appear to be stopped by an absorber. The lower momentum 

limit to the measurements of the proton intensity is set by the 



momentum above which there is a high probability of a secondary 

particle emerging from the absorber from a nuclear interaction 

of a proton and being unrecognized as such. 

3.2 Accepted Particles 

22. 

Particles which satisfied the condition of five-fold coinci­

dence between the Geiger counter trays at levels A, B, G, C and S 

and anti-coincidence in the Geiger counter tray at level D, below 

the absorber, were recorded. The recorded events vTere those in 

which particles had:-

1) been stopped by the absorber 

2) been scattered by the absorber and which consequently 

did not pass through either the Geiger· counter tray 

or the flash tube array belm·r the absorber 

3) passed between the Geiger counters below the 

absorber. 

~1e particles in the first group were protons, low momentum 

muons, and a small percentage of pions. The muons were eliminated 

by rejecting all particles which had momentum less than that below 

which all muons would have been stopped by the absorber. 

The particles in the second group 1-rere mainly muons. The 

number of particles in this group was reduced by rejecting 

particles which passed nearer to the edge of the flash-tube array 
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at D than a previously decided number times the r.m.s. displacement 

in the position of the trajectory at level D due to scattering in 

the absorber. Protons lost by this rejection were taken into 

account by suitably modifying the acceptance function. 

Finally, the particles which had passed between the Geiger 

counters at D gave tracks in the flash-tube array below the 

absorber and were rejected by visual inspection. 

The remaining particles were then protons, muons which had 

been scattered through several t:ilnes the standard deviation for 

scattering in the absorber, and pions. 

In any given momentum interval the number of protons was then 

taken to be the number of positive particles which had satisfied 

the acceptance criteria minus the corresponding number of negative 

particles multiplied by the positive-negative ratio for muons at 

that momentum, assuming this to have the same value for pions as 

for muons. 

3·3 The Anticoincidence Unit 

The circuit of the anticoincidence unit is shown in Fig. 3.1. 

The output from the Rossi coincidence circuit is used to operate 

a delay flip-flop (CV 858). This delay was introduced to take 

account of possibly late pulses from tray D Geigers and was set 

at 2 microseconds for all of the experiments. The output pulse 
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from this stage is then taken to a second flip-flop (CV 858), a 

fast pulse generator. From ther·e the positive output pulse is 

taken to the control grid of the gating valve (CV 2209). 

Pulses from Geiger counter tray D are amplified and then 

lengthened by means of a flip-flop (CV 858), to 18 microseconds. 

The positive output from this is then taken through an inverter 

stage (CV 4ol4) to the suppressor grid of the gating valve. 

24. 

The gating valve is normally almost cut off due to the high 

value of grid bias resistor used ( 4. 7 Kn). If a pulse from tray D 

arrives at the gating valve in coincidence with the ptlise from the 

Rossi circuit, it remains non-conducting due to the -60 volt negative 

pulse applied to the suppressor grid. If, however, there is no pulse 

fran tray D, the gating valve conducts when the Rossi coincidence 

pulse is applied to it. The output pulse is taken through a flip­

flop pulse shaper (CV 858) to a cathode follower output stage 

(CV 2179). The output pulse is 15 microseconds long and 100 volts 

positive, being used to trigger the flash-tube pulsing circuits 

and camera cycling system. 

3· !~ The Experimental Arrangement (P series) 

A diagram of the apparatus is shown in Fig. 3· 2. The absorbing 

material used in this experiment ~s the lead in the neutron monitor, 

with the addition of an 11 cn1 layer of lead below the neutron monitor. 
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The lead in the neutron monitor consisted of two layers, one above 

and one below the neutron counters, each layer being 5 em thick, 

and 12 em thick blocks of lead between the neutron counters. The 

average thickness of lead in the neutron pile was 13.2 em and the 

total average thickness of lead absorber was 24.2 em. This thick-

ness of absorber was such that muons with momenta less than 420 MeV/c 

and protons with momenta less than 1.2 GeV/c were stopped by ioniza-

tion loss. 

There are several measurements of the interaction length of 

high energy protons in lead. Ashmore et al. (1960) working at CERN 

with 24 GeV/c protons in lead found the absorption cross-section to 

be 1760mb, which is geometrical with R_ = 1.26 fermis. Kocharian 
u 

et al. (1959) working at 3200 metres above sea-level i·rith a magnetic 

spectrograph obtained a cross- section of 1850 ..± 260 mb for protons 

1-ri th momenta 4 - 8 Ge V / c and l 770 ..± 360 for momenta >8 Ge V / c in lead. 

The value calculated for the interaction length for p:votons in lead 

from the optical model (Appendix 4) with a nucleon-nucleon cross-

section of 40 mb is 16 em which is not inconsistent with the 

measured cross-sections above. Therefore, taking this value of 

16 em of lead as the best estimate, the absorbing layer was 1.51 

interaction lengths in thickness, giving a probability for inter-

action of 0. 78. 
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The magnet was operated at a mean current of 11.3A g~v~ng 

~dt = l-59ol05 r.cm and a maximum detectable momentum of -45 GeV/c, 

using the "track simulator" for the measurements of track locations. 

The total running time of the experiment was 289.3 hours. 

The tray of Geiger counters, S, immediately above the neutron 

pile consisted of nine 60 em long counters (20th Century, G60) 

with their axes at 90°. to the magnetic field and in contact with 

each other. The counters were hodoscoped, in four groups. The 

first group consisted of the three counters at the centre of the 

tray and the other groups comprised pairs of counters which were 

equidistant from the centre of the tray. The tray was positioned 

symmetrically, in both planes, with respect to the flash-tube 

array at level D. 

The Geiger counter tray at level D was operated in anticoinci-

dence wit..~ the trays at levels A, B, C, G and s. 

On receiving a pulse from the anticoincidence unit, the hodo-

scope unit illuminated a neon bulb corresponding to the group of 

counters in tray S through which the particle had passed. The 

illuminated neon bulbs were photographed by the camera used for 

arrays A and B. The hodoscope arrangement allowed particles to be 

rejected which would have passed too near to the edge of flash-tube 

array D in the back plane. 
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3.4.1 Scattering in the Absorber 

The maximum thickness of lead in the neutron pile was 22 em 

and the minimum 10 em. Although non-vertical particles could 

pass through intermediate amounts of lead, it has been shown that 

in the particular case of absorber geometry used in this experi-

ment, the average value for scattering in the pile is given accu-

rately by taking a weighted mean of the scattering in the maximum 

and in the minimum thickness. The weighting factors are given by 

the areas presented to particles passing through the spectrograph 

by the different thickness of absorber. 

The displacements in the particle trajectory at the measuring 

level in flash-tube array D due to scattering in the neutron pile 

and. in the layer of lead below the pile were calculated as a 

function of' momentum, from values given by Lloyd and Wolfendale 

(1957) and these vrere added in quadrature. The loss of energy by 

the particles in the absorber was taken into account using the 

range-momentum values given by Sternheimer (1960). For the 

momentum range covered by the present experiment, the r.m.s. 

projected displacement, s, in particle trajectories at the 

measuring level in array D is given to a good approximation by:-

log s = 9.88- 1.129 log p 
e e 

3.1a 

where p is the particle momentum in units of MeV/c and s is in 
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units of 0.8 em 

or alternatively:-

log s = 1.129 log $ + 5·51 e e 

where $ is the angular deflection of the particle in radians with 

fod.R, = 1. 59.105 r. em and s is in units of 0. 8 em. 

3.4.2 Acceptance Criteria 

a) Deflection Plane 

From the measurements of the positions of each particle tra-

jectory at levels A, B and C, the position at level D through which 

the trajectory would have passed in the absence of absorbing 

material was calculated. Particles which had passed nearer to the 

edge of the flash-tube array than one and a half times the r.m. s. 

displacement at that level due to scattering were rejected. 

b) Back Plane 

For each hodoscope group of counters in tray S the momentum 

w-as calculated below which par·ticles could pass nearer to the edge 

of flash-tube array D in the back plane than one and a half times 

the r.m.s. scattering displacement. These momentum values are 

given in Table 3.1. The hodoscope groups were numbered from the 

centre of the tray outwards. 



Hodoscope 
Group 

Number, h 

1 

2 

3 

4 

Minimum Momentum 
GeV/c 

0.474 

0.64 

1.90 

Table 3.1 

Maximum Angular 
Deflection 

for~di, = 
lo59ol0 r.c~ radians 

0.100 

0.074 

0.051 

0.025 

29. 

Particles with momentum less than the value given in Table 3.1 

for the hodoscope group through which they had passed, were 

rejected. 

3.4.3 Analysis of the Data 

The trajectory positions of a, b and c at the measuring levels 

in flash-tube arrays A, B and C were measured by the projection 

method for all events in which no track was observed in flash-tube 

array D. The hodoscope group number, h, of the tray S neon bulb 

which was illuminated was also noted. The data a, b, c and h were 

then transferred to computer tape. 

The Ferranti Pegasus Computer of the Durham University 

Computing Laboratory was then used to calculate the angular 

deflections of the particle trajectories and to select those 

which would have passed through the permitted area of array D. 



For each set of data the sequence of operations was as 

follows:-

a) The position of the trajectory at level D in the 

deflection plane, d , was calculated from a, b, 
p 

and c. 

b) The particle was rejected if d lay outside the 
p 

limits of flash-tube array D. 

c) The angular deflection, $ 1 was calculated. 

d) The particle was rejected. if ell was greater than 

the maximum acceptable angle for the observed 

value of h. (See ~ble 3.1). 

e) The distance of d from the edge of array D was 
p 

caj_cula ted. 

f) The r.m.s. displacement of the particle trajec-

tory at measuring level D was calculated using 

equation 3.1b. 

g) The distance of d from the edge of array D was 
p 

davided by the r.m.s. scattering displacement 

and if the result was less than 1.5, the 

particle was rejected. 

h) For particles not rejected, ~, d , a and h were 
p 

printed out. 

30. 
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a and h were used to identify the selected particles on the 

original data sheets. The positions of the trajectories of parti-

cles with <I» < 0. 01 radians were remeasured using the "track s:i.mu-

lator" method, d. being used to set the angle of the cursor for the 
p 

track in the lower half of the spectrograph. 

Positively and negatively charged particles were divided 

separately into histograms, each distribution covering the deflec-

tion range of 0.001 - 0.074 radians. The number of negative 

particles in each histogram cell was multiplied by the positive-

negative ratio for muons for the momentum interval covered by the 

cell and the result subtracted from the number of positive particles 

in the cell, giving the deflection distribution of protons which had 

been stopped by the absorber. This 1·18.5 then converted to a momentum 

distribution. 

3·5 The Experimental Arrangement (AP series) 

In this experiment, the absorption of particles in a 16.5 em 

thick layer of lead, placed immediately above flash-tube array D, 

was studied. A tray s• of eight 60 em long Geiger counters with 

their axes at 90° to the magnetic field and in contact with each 

other •·ras operated above the absorber. This tray was· positioned 

symmetrically above flash-tube array D and was operated in 

coincidence with the Geiger counter trays at levels A, B, G and c. 
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~e magnet was operated at a mean current of 15.8 A, giving 

mean jHdt = 2. 21.105 r. em and the total running time was 18o. 7 

hours. 

In order to reduce the number of particles passing through 

the Geiger counter tray at level D and failing to discharge one 

of the counters in it, an additionalJayer of twenty four 60 em 

long Geiger counters, D 1 , was operated above the existing 

counters at that level. The new counters were staggered with 

respect to the original counters by half the spacing of the 

counters. 

The double layer of Geiger counters DD 1 was operated in 

anticoincidence with trays A, B, G, C and 8 1
• 

A diagram of the apparatus is shown in Fig. 3· 3· 

3·5·1 The Absorbing Layer 

The 16.5 em thick layer of lead was sufficient to stop muons 

with momenta less than 320 MeV/c and protons with momenta less 

than l GeV/c by ionisation loss. The size of Geiger counter tray 

8 1 was chosen so that muons with momenta greater than 500 MeV/c 

which had passed through Geiger counter trays A, B, G, C and S 1 

could not pass nearer the edge of flash-tube array D in either 

plane, than twice the r.m.s. displacement at that level due to 

scattering in the absorber. 
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\'lith an interaction length of 16 em for protons in lead, 

see Section 4, the thickness of the absorber was 1.03 interac­

tion lengths, giving a probability of 0.641 for interaction in 

the absorber. 

3.5.2 Acceptance Criteria 

33· 

In the present experiment, the scattering d.isplacements in 

particle trajectories at measuring level D were much smaller than 

in the P series as the absorbing layer was much nearer to level D. 

For 500 MeV/c muons, the r.m.s. displacement was 5·5 em. All 

particles were restricted by trayS' to pass through flash-tube 

array D at least 11 em from the edge. No further restriction to 

the acceptance wa.s required and so the Geiger counters in trayS' 

were not hodoscoped. 

All particles were accepted "\·Thich had given single tracks in 

flash-tube arrays A, B and C and no track in D. 

3·5·3 Analysis of the Data 

The locations of particle trajectories at measuring levels 

A, B and C were found by the "projection method" for those events 

in which there was no track in array D. The displacements, 6, of 

each trajectory was calculated and the results were divided into 

histogram cells, positive and negative particles being treated 

separately. The numbersof negative particles were multiplied by 
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the appropriate values of the positive-negative ratio for muons and 

the results subtracted from the number of positive particles in the 

corresponding displacement interval. Finally, the distribution of 

the positive excess of stopping particles (protons) as a function 

of displacement was converted to a distribution as a function of 

momentum. 

3.6 Scattering in the Spectrograph 

In passing through the spectrograph, particles are scattered 

by the Geiger counter trays and flash-tube arrays. Pii!.rticles of a 

unique momentum will thus have a Gaussian distribution of deflec-

tions cent:t·ed on the "theoretical" magnetic deflection. The effect 

on the deflection distribution is to smooth out any variation of 

particle intensity with respect to momentum which may be present. 

For the spectrograph using flash-tube a.rrays A; B and C for 

measurements of particle deflections, the magnetic displacement 

of a particle trajectory, 6., over an arm of 184. 3 em is given by:-

( 
£1 + £ ) £1 

(a + a
0

) - 1 + 2 
. (b + b ) + - ( c + c ) 

£3 . 0 £3 0 

= 2.023a- 5·095b + 3.072c - 68.77 

where 6. is in units of 0.8 em and a, b and c are the positions of 

the trajectory in flash-tube arrays, A, B and C respectively, and 



a , b , c are the distances of the zeros in arrays A, B and c, 
0 0 0 

from some arbitrary vertical reference line, Fig. 2.6. 
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The effect on the calculated value of 6 due to scattering at 

a~y level can be found by calculating the effect on the measurements 

of a, band c and substituting these in equation 3.2b. 

If a particle is scattered through an angle $A in Geiger 

counter tray and flash-tube array A this will give a displacement 

in the location of the trajectory at level B of £~.$A= OBA and at 

level C of (.g~ + ..C
2 

+ £
3

)<!>A = 5CA. Then the error in 6, MA' due to 

scattering at level A is· given by~-

.e + R. ) £ 
+ ~ 2 .e cl> + __l:. ( .e, + J, + p, .. )ellA = 0 

~3 ~ A £5 • 2 w 

i.e. any scattering at level A does not affect the measured value 

of 6 but merely changes the apparent angle of incidence of the 

particle. 

If <<llB.f.>' <ct>B.G.> and <c~>G> are the r.m.s. projected angles 

of scattering in flash-tube array B, Geiger counter trays B and 

Geiger counter tray G respectively then the r.m.s. errors in the 

measured values of 6 are given by:-
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/, 

<~.f.>=£! <<~»B.f.> (.e2 + .es) 

.e 
<M_ G > = 0 

1 
<<I» B G > ( .e 1 + .e S ) --.s. • Jfls • • 2 

3-3b 

'l'he total r.m. s. error in the measured values of 6 due to 

scattering in the spectrograph <~ is then given by:-

Rossi (1952) gives for the r.m.s. projected angle of scattering 

<* > in a material of thickness t measured in radiation lengths, 
s 

ignoring energy loss in the scattering medium, 

radians 

where K is a constant equal to 21 MeV/c, p is the momentum of the 

particle measured in MeV/c and ~c its velocity. 

0.01482 t~ G I p~ • with p in units of eV c. 

Hence <c!> > = s 

The Geiger counter trays have a mean thickness of 1.008 g.cm-2 

of pyrex glass with radiation length 32.34 g.cm-2 giving t~ = 0.176 

and hence 
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2.608 
10

_ 3 d 
<CI>B.G.> = <CI>G> = ~ • ra ians 

For the flash-tube arrays, the amount of material in the 

electrodes is negligible compared with the mean thickness of glass, 

4.50 g.cm-2
• The radiation length for the glass used for the flash-

tubes is 28.86 g.cm-2 giving t~ = 0.395. 

Hence 

<e~> > = 5·85 • 10-s 
B.f. pf3 radians 

Substituting these values in expressions 3·3a, b and c and 

adding the results in quadrature gives 

<56>= 3~~2 in units of o.B em. 3.8 

For the AP-series, the magnetic displacement, ~, in units of 

0.8 em is related to the momentum of a par-ticle measured in 

GeV/c by:-

~ = 15. 27_ 
p, 3·9 

so that the ratio of r.m.s. scattering displacement to magnetic 

displacement for this series was:-

<~ 0.198 
~=-13- 3-10 



The measured displacement distribution was corrected for 

scattering as follows. 

a) The effect of scattering on the observed distri­

bution was calculated. 

b) The ratio of the original height of the displace­

ment distribution to the scattered height was 

found as a fm1ction of displacement. 

c) The observed distribution was multiplied by the 

factors found in b). 

d) The effect of scattering on the distribution 

given by c) was calculated and the ratio of the 

heights before and after scattering found as a 

function of tlisplacen1e11t. 

e) The observed displacement distribution was multi­

plied by the fa.ctors found in cl). 

Operations d) and e) were then repeated until the ratios of 

unscattered to scattered heights reached limiting values. It 

was necessary to perform operations d) and e) five times. The 

measured numbers of protons in each displacement interval in 

the AP-series were then multiplied by the appropriate mean 

values of the unscattered to scattered height ratios obtained 

by the above method. 



The effect of scattering on a given distribution vTas cal-

culated in the following manner. The distribution was divided 

into twenty-four cells and the contribution from each of these 

which, due to scattering, would appear in one chosen cell, was 

calculated. The total was found, giving the scattered height at 

that point. The effect of scattering was calculated for six 

points on the distribution. Particles from each cell were 

assumed to have a Gaussian distribution about the centre of the 

cell with standard deviation given by equation 3.10. 

From the P-series, l:l. = ll.3, where l:l. is the magnetic dis­
p 
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placement measured in units of 0.8 em and p is the particle momen-

tum in GeV/c, so that from equation 3.8:-

<86> o. 267 
l:l. = -i3- 3.11 

The effect of scattering on the AP-series displacement distri-

bution corrected for scattering was calculated. The ratios of 

unscattered to scattered heights found by this method gave the 

correction factors to be applied to the P-series results. 
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CHAPTER 4 

THE NEUTRON MONI'IOR TECHNIQUE 

4.1 Introduction 

When a nuclear interaction takes place, the nucleus is left 

in an excited state and subsequently emits lovr energy evaporation 

protons and neutrons. The evaporation neutrons can be detected by 

a neutron monitor - an array of BF
3 

filled proportional counters 

in a paraffin moderator to reduce the neutrons to thermal or epi­

thermal velocities. 

In any given momentum interval, the mean number of neutrons 

produced by cosmic ray proton interactions can be found from the 

difference in the observed multiplicity distributions of neutrons 

from positive and negative cosmic ray particles in that momentum 

range. From the differences in the numbers of neutrons observed 

from positive and negative particle interactions and knowing the 

mean number of neutrons produced by a proton interaction as a 

function of momentum, the momentum spectrum of protons can be 

calculated. 

4.2 The Experimental Arrangement 

A standard I.G.Y. neutron monitor was operated above flash­

tube array D. An additional tray of Geiger counters, S, was 

operated above the monitor. This consisted of a single layer of 



nine 60 em long counters (20th Century, G60) in contact with 

each other and with their axes at 90° to the magnetic field. 
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Events were photographed in which there was coincidence between 

the Geiger counter trays at levels A, B, G, C and S and one or 

more neutrons detected within a predetermined time interval after 

the Geiger counter coincidence had been recorded. 

Two experiments were performed with the apparatus as 

described. The first, denoted as the 8-series, had a total 

running time of 1023 hours. The magnet was operated at a mean 

current of 11.4 A giving ~dJ = 1.60 x 105 r.cm. In this experi­
J 

ment neutrons were required to be detected between 20 and 700 

microseconds after the Rossi coincidence pulse. The second 

experiment, H-series, had a running time of 926 hours. The mean 

r 
magnet current was 59· 6 A, giving JHdR, = 6.11. 105 r. em and neutrons 

were required to be detected between 20 and 250 microseconds after 

the Rossi coincidence pulse to avoid spurious records arising from 

pick-up by the neutron counters from the high voltage pulse applied 

to the flash-tube electrodes. The total counting rate of the s.ix 

neutron counters in the pile was ~5000/min and in order to reduce 

the rate of chance coincidences between the 5-fold Geiger counter 

coincidence and a detected neutron the 700 or 250 microseconds 

maximum times for detecting neutrons after the Rossi coincidence 

pulse were imposed. 
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The number of neutrons detected was displayed by means of 

a trochotron register tube which showed countsup to nine and a 

neon bulb which was illuminated when ten or more neutrons had been 

detected. The total number of neutrons detected was the sum of 

these two, the maximum count which could be recorded being nine-

teen. ~1e neon bulb and trochotron register tube were photographed 

by means of the camera used to photograph flash-tube arrays C and D. 

Shutters were fixed in front of both of the spectrograph 

cameras. The sequence of operations when a 5-fold coincidence was 

recorded between Geiger counters at levels A, B, G, C and S was as 

follows. 

1) Paralysis was applied to the Rossi coincidence circuit. 

2) A high voltage pulse was applied to the flash-tube 

electrodes. 

3) After 20 microseconds, a gate was opened and the 

number of neutrons detected in the pile during the 

following 68o microseconds (S-series) or 230 micro-

seconds (H-series) was recorded and displayed for 

1 
"'2 second. 

4) If no neutrons were recorded operations 5 and 6 

were omitted. Nothing was recorded photograph-

ically. 



5) If one or more neutrons were detected, five more 

pulses were applied to the flash-tube electrodes 

starting 6 milliseconds after the first pulse and 

at 6 millisecond intervals. The camera shutters 

were opening in about 12 milliseconds and the event 

photographed. 

6) The reference bulbs~re illuminated, the shutters 

closed and the cameras wound on. 

7) The paralysis ~~s removed from the Rossi coinci­

dence circuit. 

This is shown diagramatically in Fig. 4.1 and the time sequence 

for events in which neutrons were recorded is shown in Fig. 4.2. 

This technique uses the fac:t that the flash-tubes have the 

property of being able to store information; a tube which has 

flashed has a very high probability of flashing again if a second 

pulse is applied across it after a short time. With the period 

between pulses used in the present experiments, 6 milliseconds, 

the probability of after-flashing is 95%, Coxell and Wolfendale 

(1960). 

The efficiency of the neutron pile was measured using a 

calibrated radium-beryllium neutron source. This was placed 

at different locations within the pile and the counting rates 

noted. The weighted mean efficiency with infinite gate was 
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found to be 3·03%· With the gate interval of 68o microseconds 

used for the S-series, the efficiency was 2.87% and with the 

gate interval of 230 microseconds used in the H-series the 

efficiency was 2.13%· These figures were calculated assuming 

that the rate of detection of neutrons after an interaction 

falls exponentially with a mean life of 250 microseconds 

(Geiger, 1956), after an initial increase during approximately 

the first 5 ~s after an interaction. The momentum range covered 

by the S-series was 0.7- 50 GeV/c and by the H-series was 0.7-

150 GeV/c. 

4.3 The Neutron Monitor 

The neutron monitor is shovn.1 in Fig. 4.:;,. Six 54 em long, 

5.0 em diameter neutron counters (20th Century, 4oEB70/50G) were 

used. These were enclosed indj_v:i.du_ally in paraffin wax moderator. 

The producer lead was positioned around the moderator and the whole 

was shielded from external neutrons by 20 em thick blocks of 

paraffin wax. The monitor was positioned symmetrically above 

flash-tube array D with the axes of the neutron counters parallel 

to the direction of the magnetic field. 

me neutron counters consist of proportional counters filled 

with boron trifluoride (BF5 ) enriched in B
10

• 
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Neutrons are detected by the reaction:-

which has a high cross-section for thermal and epithermal neutrons. 

A large amount of ionization is produced by the a-particle and 

Lithium nucleus, the total energy dissipated being -2.4 MeV. It 

is therefore possible to differentiate between pulses from neutron 

interactions and pulses from singly ionizing particles passing 

through the counters. 

The counters were operated with an E.H.T. of -3.0 KV stable 

to better than 1%. The electronic circuits used to count and 

record the numbers of' neutrons recorded by the monitor within the 

1- -. ,.._ \ 
requil·ed gating intl:!r·val hr:~.ve been described by Hughes ~.L).'O.L). 

A block diagram of this apparatus is shown in Fig. 4.4. 

4.4 The Multiple Pulser 

The circuit diagram of the multiple pulsing unit is shown 

in Fig. 4.5. This unit •~s required to send a pulse to the high 

voltage flash-tube pulsing unit each time a Geiger counter coinci-

dence occurred, followed by give more pulses if a neutron was 

detected during the gate interval and also in this case to apply 

a pulse to the camera shutter relays. 
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Coincidence pulses from the Rossi circuit aresplit by two 

cathode followers (Valve V~). One output opens gate I in the 

neutron recording circuitry and the other passes via the mixing 

valve V
2 

to the H.V. pulsing unit. Pulses from the neutron cir-

cuitry which show that one or more neutrons have been detected in 

the gate interval are applied to two cathode followers (valve V ). 
4 

'Ihe output from one of these triggers the "cycling system", i.e.-

illuminates the reference bulbs in each flash-tube array and after 

a short mechanical delay winds on the cameras. The output from the 

other cathode follower operates a unistable multivibrator, valve V_. 
:;::) 

The output from this, taken via a cathode follower V
6

, biasses valve 

V
3 

so that it becomes a free-running multivibrator. The length of 

time for which V
3 

is allm-Ted to oscillate is adjustable by means of 

a potentiometer in the v5 stage. The train of pulses from v3 is 

inverted by V and passes from there to the H.V. pulsing unit. The 
2 

separation of the pulses in this train can be adjusted by varying 

the time constant of V
3

• The camera shutters are operated by 

valves V and V arranged as a unistable multivibrator with a 
7 8 

relay as the anede load of V which is normally biassed off. A 
7 

pulse taken from V triggers the multivibrator and causes the 
4 

camera shutters to-be opened. 



4. 5. The Analysis of the Da. ta 

Approximately 50% of the photographs taken in both the S 

and H series were of events in which there was a shower in one 

or more of the flash-tube arrays A, B and C. These events were 

rejected. For the remaining events, the observed neutron multi­

plicity and the number of tracks in flash-tube array D were noted. 

The trajectory positions at levels A, B and C were measured by the 

projection method. From these measurements the angular deflection 

and also the position of the trajectory at the level of the neutron 

counters were computed for ea.ch event. Particles which "Yrould not 

have passed through the producer lead were rejected. The positions 

of particles wh_ich had deflections less than 0. 01 radians were 

remeasured using the track simulator. 

The events were of four types:-

1) 

2) 

3) 

4) 

Interactions of protons. 

Interactions of positive or negative pions. 

Interactions of positive or negative muons. 

Chance coincidences between a 5-fold Geiger 

counter tray coincidence produced ~Y a posi­

tive or negative muon and a detected neutron. 

The behaviour of the protons was found from the difference 

in the observed results for positive and negative particles. 
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For each series particles were divided into momentum cells, 

positive and negative particles being treated separately. 

Within each cell the distribution in observed neutron multipli-

city was found. The distribution in each momentum cell for nega-

tive particles was then multiplied by the appropriate positive-

negative ratio for muons and the result subtracted from the 

distribution in observed neutron multiplicity for positive 

particles in the same momentum cell. This gave the distribution 

in observed neutron multiplicity from proton interactions in 

each momentum interval, assuming the positive-negative ratio for 

pions to be the same as that for muons at the same momentum. 

l., .• 6 The Mean Nu.tnbers of Neutrons Produced 

As the efficiency of detecting neutrons is low, the prob-

ability of detecting m out of v neutrons produced in an interac-

tion follows a binomial distribution. If an exponential multi-

plicity spectrum is assumed for production of neutrons in an 

interaction of the form:-

I(v) = (ea - 1) 

00 

-av e 4.1 

where I I( v) = 1 and a is a constant. Then, followtng Geiger, 

~ 

(1956)' 



and 

v = 1 

1 
-a 

- e 

4. 2 

where R is the rate of observing m neutrons from an interaction 
m 

€ is the gate efficiency times the monitor efficiency 

with infinite gate 

v is the mean number of neutrons produced in an inter-

action 

Q is the rate of the interactions 

From equation 4.3, 

-a 1 
e = 1 - 4. 4 

v 

From equation 4.2 the mean number of neutrons observed in an 

interaction, 
co 

or 

m = 

\ 
I 

L 
m=1 

R .m 
m 

R m 

1 m = ___ .;;;€~e-_-:::a--
1- -~~~~ 

1- (1-€ fi~a 
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Substituting for e-a. from equation 4. 4:-

l 
m = 

1 
_ E(l-1/v) 

1-(l-E)(l-l/v) 

= VE + l - E 

or 

(v - 1) = (m - 1) 
E 

4.6 

The mean numbers of neutrons produced \vere calculated using 

equation 4.6 from the observed neutron multiplicity distributions 

from protons for each momentum cell in both the S and H series. 

The results are given in Table 4.1. 

Momentum 
Cell v v 

GeV/c 
s series H series 

0.7-l-5 12.6 .± 1.5 11.65 .± 2.1 

1.5-3-0 24.2 + 2.4 21.0 + 2.2 

3·0-7.0 43·7 .± 5-l 36.1 .± 5·4 

7·0-15 74.2 .± 15·7 56.4 + 14.4 

15 - 50 55·4.:!: 21.1 l57r5.:!: 57·7 

50 - 150 142.0 + 110.0 

Table 4.1 



The intensities of protons were calculated separately for 

each series, values of v found from the same series being used. 

4.7 Derivation of the Proton Intensity 

If I(p)~p = the number of protons with momentum p to 

(p + ~p) incident onthe instrument per 

second, 

A(p) = the acceptance of the instrument in units of 

sterad cm2 for particles of momentum p, 

v = the mean number of neutrons produced in 

the interaction of a proton of momentum p, 

e1 probability of a proton interacting in the 

producer, 

€ = gate efficiency x efficiency of neutron 

pHe wH.h inf'inite gate, 

r = probability of a particle passing through 

the spectrograph and giving a 5-fold 

coincidence in Geiger counter trays A, B, 

G, c, s, 

51. 

then the number of neutrons detected from the interactions of protons 

with momenta between p and p+~p per second, 

R(n) = I(p).~p.A(p).r.o.v.E 
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or 

4.8 

The derivation of A(p) is given in Appendix 1. 

The average thickness of lead in the neutron monitor was 

13.2 em. With an interaction length of 16 em for protons in 

lead, see Chapter 3, section 4, the probability of a proton 

interacting in the lead of the neutron monitor was 0.563. 

€ is equal to 0.0287 for the S-series and 0.0213 for the 

H-series. The evaluation of r is described in Chapter 5, 

section 2. 

4.8 Scattering in the Spectrograph 

:Lhe ratio of the r.m.s. error in the measurements of' 

particle deflections to the magnetic deflection was 
0
·:67 for the 

. 0.0965 
S-ser~es, and ~ for the H-series, where ~ is the velocity of 

the particle in units of c. 

In these experiments, the proton intensity was found from the 

numbers of neutrons produced by proton interactions. Consequently, 

a proton scattered so as to appear to have higher momentum would 

not contribute as much to the calculated intensity at the higher 

momentum as a proton which had that momentum, since it would on 

the average produce fewer neutrons. Similarly, a proton scattered 

so as to appear to have a lower momentum would give a large contri-

bution to the calculated intensity. 
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The deflection spectrtun found from the AP-series and corrected 

for scattering was used to calculate the effect of scattering on 

the S and H-series results. The spectrum was divided into twenty­

four cells and the number of particles for each of these, which 

due to scattering would have appeared to have some chosen deflec­

tion, was calculated, for the percentage of scattering in each 

series. Each contribution was then multiplied by the ratio of v 
for the cell from which it had been scattered to v for the cell 

in which it appeared. The results were summed for each point on 

the spectrum which had been considered. The ratio of the height 

of the original unscattered curve to the heights of the scattered 

curves gave the correction factors tobe applied to the S and H-

series results_, the mean V"'alue for the correctio11 factor beiilg 

taken 1'01· each momentum cell of the measured proton spectrum. 



CHAPTER 5 

THE VERTICAL PROTON MOMENTUM SPECTRUM 

5.1 The Probability of Secondary Particles emerging from the 

Absorber 

54. 

In the P and AP series the efficiency of detecting protons 

~o1as reduced for protons with momenta too high to be stopped in 

the absorber by ionization loss alone. The probabilities for 

nuclear interactions in the two series were calculated and 

corrections applied to the observed intensities for this. However, 

a further reduction in detection efficiency was caused by secondary 

particles from the interactions penetrating the absorber and being 

observed in flash-tube a.r:r-ay n with theconsequent rejection of the 

event. 

Exactly the same amount and geometry of lead was present for 

the P, S, and H-series and since in the S and H-series no account 

was taken of the number of tracks in flash-tube array D in selec­

ting events, the correction factors to be applied to the P-series 

results could be found from the behaviour of the particles selected 

in the S and H-series. 

For each of the momentum cells into which the P-series results 

had been divided, the number of events in the S and H-series in 

which there was no track in flash-tube array D and the number with 
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one or more tracks were found. The nmriliers of negative particles 

with and without tracks in flash-tube array D were multiplied by 

the positive-negative ratio for muons and subtracted from the 

numbers of positive particles with and without track in array D. 

This gave the behaviour of proton interactions in the absorber 

and hence the correction factors to be applied to the P-series 

results, the ratio of the total number of' proton interactions 

to the number of interactions with no track in array D, were 

calculated. 

The correction factors to be applied to the AP-series were 

estimated from those for the P-series. Due to the possible error 

in estimating these factors, particles with momenta greater than 

4 GeV/ c were rejected in the AP- series. T'ne correction factor 

for the highest momentum cell accepted corresponded to a 12% 

increase in the observed intensity. 

5.2 The Normalization of the Proton Intensities 

The rate of particles obse1·ved using the spectrograph is 

equal to the incident intensity of particles multiplied by the 

acceptance of the instrument, A(p), the probability of a 

particle which has passed through all the r~quired Geiger 

counter trays discharging one counter in each tray P(g), and 

the probability of the photograph of an event having single, 

measureable tracks in each flash-tube array, P(t). 



P{g) and P(t) have the same values for all types of particle 

and are not momentum dependent. P(t) was evaluated by taking 

1000 photographs of events in which a five-fold Rossi coincidence 

ABGC and S was recorded and finding the percentage of the photo­

graphs which had measurable tracks in each flash-tube array. The 

value found was 85.8%. 

For each series, P(g) 1vas found by comparing the observed 

Rossi coincidence rate A, B, G, C, S, during the series 1-lith the 

rate of muons passing through the instrument predicted by multi­

plying the muon momentum spectrum of Gardener et al. (1962) 

0.4 - 10 GeV/c and Hayman and Wolfendale (1962) 5 - 1000 GeV/c 

by the geometrical acceptance of trays A, B, G, C and S at each 

momentum and integrating. 

The spectrum of Gardener et al. has been normalized to the 

intensity given by Rossi (1948) at 1 GeV/c, and the spectr·uru of 

Hayman and Wolfendale has been normalized to the spectrum of 

Gardener et al. in the range 1 - 10 GeVjc. 

The values of P(g) found for each series are given in 

Table 5.1. 

The rates observed in each series were divided by P(t) 

and by the value of P{g) for the series, giving proton intensities 

normalized to the muon intensity at 1 GeV/c given by Rossi. No 

further normalization has been carried out between the different 

series. 



Series 

p 

AP 

s 

H 

Table 5.1 

P(g) 

0.341 

0.503 

0-375 

0.409 

5·3 The Sea-Level Proton Momentum Spectrum 
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The intensities measured in the present experiments are of 

protons arriving at ground level within 0.2 radians of the vertical. 

The variation in the thickness of the atmosphere over this range of 

angles is -2%, see Appendix 2, and as this is small compared with 

the statistical accuracy of the experiments no correction was 

applied to the observed intensities: these were taken to be the 

vertical intensities of cosmic ray protons. 

The bias in the measured intensities as a function of momentum, 

due to the rejection of events in which two or more particles were 

incident on the spectrograph simultaneously, is thought to be 

negligible. 

The absolute values of the intensities of protons given are 

subject to any error in the muon intensity at 1 GeV/c of 

2.45.10-3 sec-1 cm-2 sterad-1 (GeV/c)-1 given by Rossi (1948). 
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The intensities of protons measured in each of the four series 

are presented in Tables 5.2(a), (b), (c) and (d). These four 

independent measurements of the sea-level proton spectrum have 

been combined according to the statistical accuracy of the 

measurements in each series and these figures are given in 

Table 5· 3· 

~e combined. experimental results are shmm in Fig. 5.1. 

The maximum of the spectrum lies between 600 and Boo MeV/c. 

If the spectrum in the range 3 - 150 GeV/ c is represented by 

the form:- N(p)dp = K p-'Y dp, r has a value of 2.6 + 0.1. 

Below a few GeV/c, the exponent decreases rapidly with decreas­

ing momentum due to ionization loss by the protons in passing 

tl1rough tl1e atmosphere. 

5·4 Protons as a Percentage of the Sea-Level Ionizing Particle 

Intensity 

Due to possible errors introduced by normalizing the proton 

intensity to the intensity of muons at l GeV/c, the most accurate 

way in which the measurements of proton intensities can be 

presented is as a percentage of the single ionizing particle 

intensity. This is shown in Fig. 5.2 where the proton intensity 

is expressed as a percentage of the muon intensity measured using 

the Durham cosmic-ray spectrograph. The maximum percentage of 

protons observed is at 700 MeVjc. The percentage of protons 
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Proton 
Momentwn 

GeV/c 

0.79 

1.06 

1.56 

2.97 

6.16 

18.0 

Proton 
Momentum 

GeV/c 

0.70 

l.OO 

Sea-level proton intensity 
sec-1 sterad-1 cm-2 • MeV/c-1 

(1.37 i o.51)1o-7 

(8.04 i 1.55)10-9 

(2.72 i 0.37)10-9 

(7-30 i 0.85)10-9 

(l.4o i 0.46)10-9 

(1.17 i o.47)lo-10 

P-series 

Table 5.2(a) 

Sea-level proton intensity 
sec-1 sterad-1 cm-2 • MeV/c-1 

(1.62 i 0.29)10-7 

(9o50 i 1.30)10-9 

(2.97 i o.47)lo-9 

(7.98 i 1.25)10-s 

AP-series 

Table 5· 2(b) 
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Proton/muon ratio 
% 

5.08 i 1.89 

3·35 i 0.65 

1.47 i 0.20 

o. 82 + 0.10 

Oo53 i 0.17 

o. 44 + 0.18 

Proton/muon ratio 
% 

5·79.:!: 1.03 

3.88 i 0.53 

lo55 _:!: 0.25 

o.87 i 0.125 



Proton 
Momentum 

GeV/c 

1.03 

2.12 

4.60 

10-3 

27·5 

79-0 

Proton 
Momentum 
G~V/c 

1.03 

2.12 

·4.6o 

10.3 

27-5 

Sea-level proton intensity 
sec-1 sterad-1 cm-2 • MeV/c-1 

(7.60 ~ 1.67)10-8 

(2.78 ~ 0.36)10-8 

(3.77 ~ 0.58)10-9 

(5.24 2 1.63)10-10 

(2.37 ..:t 1.07)10_11 

(2.28 ..:t 1.45)10-12 

H-series 

Table 5· 2( c) 

Sea-level proton intensity 
sec-1 sterad-1 cm-2 • MeV/c-J. 

(8.45 ..:t 1.22)10-8 

(1.73 ..:t 0.21)10-8 

().04 ..:t 0.42)10-9 

(3.90 ..:t 0.93)10-16 

(3.53 ~ 1.56)10_11 

S- se:l:'ie s 

Table 5.2(d) 

6o. 

Proton/muon ratio 
% 

3-13 ..:t 0.69 

2.01 + 0.26 

0.856 ..:t 0.132 

0.545 ..:t 1.170 

0.261 + 0.118 

0.496 ..:t 0-315 

Proton/muon ratio 
% 

1. 25 ..:t 0.15 

0.69 ..:t 0.10 

0.41 + 0.10 

0.388_:t0.177 



Proton 
Momentum 

GeV/c 

0.75 

1.03 

lo53 

2.12 

2.94 

4.60 

6.16 

10.3 

18.0 

27·5 

79.0 

The 

Sea-level proton intensity 
sec-1 sterad-1 cm-2 • MeV/c-1 

(1.50 ~ 0.28)10-7 

(8.40 ~ 0.75)10-8 

(2.85 ~ 0.30)10-8 

(2.26 ~ 0.20)10-8 

(7.64 ~ o.88)1o-9 

(3.40 ~ 0.36)10-9 

(1.40 ~ 0.46)10-9 

(4.57 ~ 1.17)10-10 

(1.17 ~ 0.47)10-10 

(2.95 ~ 0.94)10-11 . 

(2.28 ~ 1.45)10-12 

Proton/muon ratio 
% 

5· 44 ~ 1. 01 

3·46 ~ 0.31 

1.51 ~ 0.16 

l. 64 ~ 0.15 

0.848 ~ 0.098 

0.772 ~ 0.082 

o. 528 ~ o. 1 71~ 

0.475 ~ 0.122 

0.441 ~ 0-177 

0.324- ~ 0.103 

0.496 ~ 0.315 

combined intensities from the present work 

Table 5·3 



falls with increasing momentum, the measured value at 79 GeV/c 

being 0. 50 + 0. 32%. 

5·5 Comparison with other work 

62. 

The only previous measurement of the sea-level proton 

intensity over a wide momentum range is that of Mylroi and 

Wilson (1951) which covers the range 0.6 - 12 GeV/c. In that 

experiment protons were identified by absorption in 20 em of lead 

which was sufficient to stop protons with momenta less than 1.05 

GeV/c by ionization loss. At higher momenta the assumption made, 

that protons which interacted in the lead were absorbed, would 

lead to an underestimate of the proton intensity. This is due 

to secondary particles from an interaction emerging from the 

absorber, the event not then being recognized as an incident 

proton. Since the number and momentum of secondary particles 

increases with increasing momentum of the incident particle, the 

probability of one or more of the secondaries emerging from the 

absorber will also increase with momentum. 

As expected from the above discussion, the results of 

Mylroi and Wilson agree with the present measurements up to 

2 GeV/ c, but at higher momenta their measurements fa.ll increasingly 

below the results from the present experiments. The percentages of 

protons in the sea-level single particle intensity as measured by 

Mylroi and Wilson are shown in Fig. 5.2. 



Pak and Greisen (1962) have identified protons with a median 

momentum of 22 GeV/c in the sea-level cosmic ray flux by means of 

their interaction in lead in a multiplate cloud chamber. They 

obtain a value for the proton intensity expressed as a percentage 

of the sea-level muon intensity of 1.6%, in the vertical direction, 

higher than that found in the present experiments. However, the 

error in the measurement by Pak and Greisen is 70% and their 

result can not be regarded as inconsistent with the present work. 

At lmrer momenta, there is good agreement with the results of 

McDiarmid (1959) at 728 and 774 MeV/c, found using plastic scin­

tillators and thin absorbing layers of aluminium in a cloud chamber. 

There is also good agreement with the proton intensities measured by 

Ballam and Lichtenstein (1954), using carbon absorber and a cloud 

chamber, at 800 and 914 MeV/c whilst their points at higher momenta 

are consistent with the present results. Also in agreement are the 

values measured by Rozen (1954), Merkle et al. (1950), Ogilvie (1955) 

and York (1952) in the range o.8o to 1.0 GeVjc. The meastrrements of 

Filthuth (1955) at 730 and 890 MeV/c are lower by a factor of approx­

imately two and are not consistent with the present work. 

The measurements by the above authors of the differential sea­

level proton intensity in the momentum range o. 70 to 1.0 GeV/c are 

shown in Fig. 5·3· 
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CHAPTER 6 

COMPARISON OF THE SEA LEVEL PRO'roN SPECTRUM WITH THE 

11M. I. T. 11 PRIMARY SPECTRUM 

6.1 Introduction 

64. 

It has been found by many authors that, on average, in high 

energy nuclear interactions, the incident nucleons retain an 

appreciable fraction of their initial energy after their inter­

actions. The fraction of the available energy retained by an 

incident nucleon is known as the elasticity, f, of the interaction. 

Values of elasticity have been obtained by dil·ect observation of 

individual nuclear interactions using nuclear emulsions, in cloud­

chambers or bubble-chambers, and also indirectly from studies of the 

rate of attenuation of the cosmic ray nucleon intensities in the 

atmosphere. Using the latter method, the sea-level proton spectrum 

obtained from the present experiments together with the primary 

cosmic ray spectrum enables an estimate to be made of the mean 

elasticity of nucleon-air nucleus collisions. The elasticity 

calculated by this method is not the arithmetic mean value but a 

function, which depends on the exponent of' the primary spectrum, of 

the distribution in elasticity values. This distribution is dis­

cussed in detail in Chapter 8. In the present chapter, for a trial 

spectrum, the intensities of primary nuclei given by Linsley ~t ·al. 

(1962), the so-called "M. I. T. 11 spectrum, will be assumed. 



6.2 The sea-level proton energy spectrum 

In the calculations which follow, the kinetic energy spectrum 

of protons at sea-level is required. Experimentally, the proton 

momentum spectrum was measured. The relation between EK' the 

kinetic energy of a proton, and p, its momentum is given by the 

relativistic expression:-

where m c2 is the rest energy of a proton in units of eV, 
0 

p is the momentum of a proton in units of eV/c, and 

EK is in units of eV. 

6.1 

Also, sinc:e the total intensity of protons at sea-level must 

be the same irrespective of whether the results are expressed as a 

momentum or energy spectrum: -

6.2 

where N(EK)dEK = intensity of protons with kinetic 

energy between EK and EK + dEK 

and N(p)dp = intensity of protons with momentum 

between p a.nd. p + dp. 

From equations 6.1 and 6.2:-

l = N(p).t3 
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where ~ = velocity of the proton expressed as a fraction of the 

velocity of light. The sea-level proton kinetic energy spectrum 

calculated from the combined results of the four series of experi-

ments is shown in Figure 6.1, the experimentally measured intensities 

of protons being given in Table 6.1. 

6. 3 The "M. I. T. " Primary Energy Spectrum 

It is observed that, in the interactions of heavy nuclei, the 

nucleus behaves as a group of separate nucleons. For example, 

McEwen (1959) observed an interaction in emulsion of an alpha-

particle, the secondary particles from which showed a marked separa-

tion into inner and outercones. In the inner cone, a further inter-

action was observed of a neutr·on_, wiLh incident energy close to the 

value of 8oOO GeV/nucleon found. for the incident a-particle. This 
e 

suggests that the neutron came from the original a-particle and that 

it did not take part in the interaction of the a-particle. Conse-

quently the primary flux of nuclei may be considered to consist of 

separate nucleons in studying the propagation of the nucleon component 

in the atmosphere. 

The nucleon energy spectrum has been calculated from the "M.I.T." 

spectrum of primBry nuclei in the following way. In the energy 

region below 1015 eV, the particle spectrum given by Linsley et al. 

has been corrected for the presence of a-particles to give the 
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Kinetic Energy Vertical Sea-level Proton 
Intensity pjll± ratio (%) (GeV) (cm-2 sec-1 sterad-1Mev-1 ) 

0.27 (2.40 ~ o.4~)lo-7 9· 40 ..:!: l. 8o 

0.46 (1.14..:!: 0.10)10-7 3·90 ~ 0.3!~ 

0.85 (3·33 ..:!: 0.35)10-8 1.32..:!: 0.14 

1.35 (2.48 ~ 0.22)10-8 l. 27 ~ 0.11 

2.13 (8.03..:!: 0-93)10-9 0.627 ~ 0.073 

3·7 (3.47 ~ 0.37)10-9 0-570 ~ 0.061 

5·4 (1.!~2..:!: 0.46)10-9 0.444 + 0.144 -

9·5 (4.57 ~ 1.17)10-10 0.401 ~ 0.103 

17-5 (1.17..:!: o.47)lo-10 0.441..:!: 0.177 

27.0 (2.95 ~ o.9t~)1o-11 0.311.::!: 0.099 

79-0 (2.28..:!: l.45)lo-12 0.496..:!: 0.315 

The Combined Intensities from the Present Work 

Table 6.1. 
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spectrum of primary nucleons. Nuclei heavier than a-particles in 

the primary radiation have been ignored since in the measurement 

by Lal (1953) of the integral primary intensity above 1.6.1012 eV, 

only protons were observed and in the measurement by Kaplan and 

Ritson (1952) of the integral primary intensity above 4.5.1012 eV, 

no incident particles other than protons and a-particles were 

observed. The ratio of the intensity of the primary nucleon energy 

spectrum to the intensity of the primary nuclei energy spectrum at 

the sa.me energy is therefore given by :-

where Ca is the percentage of a-particles present above a constant 

rigidity and 1 is the exponent of the pr:i.m.a1·y integral spectrum • 

See Appendix 6. 

Waddington (1960) gives the abundances by number of nuclei of 

the primary cosmic radiation as 85.9% protons, 12.7% a-particles and 

1.4% heavier nuclei above a constant rigidity of 4.5 G¥. The work 

of McDonald, reported by Van Allen (1960), shows that the ratio of 

the intensity of prot9ns to the intensity of a-particles in the 

primary radiation is independent of time variations and is also 

independent of energy, at least up to 20 GeV. Taking a mean value 

of 1.5 for 1 and with Ca = 12.7%, then R = 88.5%· 



Linsley and Scarsi (1962), from a study of the fraction of the 

particles in extensive air showers which are muons, and also from 

the variation in shower age at a given depth, conclude that in the 

energy range 1017 to 1018 eV the primary particle flux consists 

almost entirely of protons. Consequently, the "M.I.T." spectrum 

above 1016 eV has been taken to represent the primary nucleon 

spectrum. 

For an integral spectrum of the form:-

N(>E) -- K p-'Y 
• .c. ' where y is constant, 

the corresponding differential spectrum is given by:-

N(E)dE = 'Y• N~>E) dE 6.4 

The exponent, -y, of the "M.I.T." primary cosmic ray spectrum is not 

constant, but a function of the primary energy (Figure 6.2). How­

ever, ~ is so small that equation 6.4 can be used to a very good 

approximation. 

The derived differential and integral primary nucleon energy 

spectra are given in Figure 6.3. 

6.4 The Interaction Length for Nucleons in Air 

In order to make calculations on the nucleon cascade in the 

atmosphere and to deduce values for the elasticity of nuclear 
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interactions, it is necessa1~ to know the probability of a nucleon 

undergoing a given number of interactions in traversing the atmos-

phere. Since this is a random process the probability distribution 

will be Poissonian, depending on the mean number of interactions 

undergone by a nucleon in the atmosphere. The mean number of inter-

actions in turn depends on the interaction length for nucleons in 

air, the \~lue of which is therefore required for the calculations 

which follow. 

There are up to the present time no direct measurements of the 

nucleon interaction length, 1\., in air. Calculations by Williams 
~ 

(1960) and by Alexander and Yekutieli (1961) of 1\. in terms of the 
J. 

elementary nucleon-nucleon cross:-section, taking the value of 32 mb 

measured at CEPu~ for the inelastic cross-section for 24 GeV protons 

in Hydrogen (Cocconi, 1961), give 93 gm. crn-2 for air. However, it 

is expected from theoretical considera.t.j_ons t.hat at hj.gher ene:t:'gi~?.s 

the inelastic cross-section for nucleon-nucleon interactions is 

equal to the total cross- section and also that the total (i.e. 

elastic plus inelastic) cross-section is independent of energy. 

The value reported by Cocconi for the total proton-proton cross-

section is 43 ~3mb, leading to a value for /\i in air of -8o gm.cm-2 

according to the above mentioned calculations. This would apply to 

nucleon-air nucleus collisions where the incident proton energy is 

greater than a few hundred GeV. 
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The atomic number of carbon is close to the mean atomic number 

for air nuclei and, since the interaction length varies with atomic 
1 

number A as approximately A-3, the values of )\i found experimentally 

for nucleons in carbon can be taken to apply also to nucleon inter-

actions in air. Walker et al. (1950), working at an altitude of 

4260 metres measured the mean free path in carbon of cosmic-ray 

particles, capable of producing a penetrating shower of three or 

more particles, to undergo an interaction which either made them 

incapable of producing such a shower or which gave rise to one or 

more penetrating secondaries. The value obtained, 81 + 5 gm.cm-2 , 

is an upper limit to the inelastic interaction length, since inter-

actions in which secondary particles were produced which were not 

capable of penetrating the carbon absorber, could not be detected 

by the experimental arrangement used. 

Bozoki et al. (1962) have meam.tred the inelastic interaction 

mean free path of cosmic ray neutrons, with mean energy ~30 GeV, 

in carbon and obtained a value of 73 ~ 7 gm.cm~2 • The experimental 

arrangement selected showers, oftwo or more penetrating particles, 

produced in lead by uncharged particles which did not interact in 

layers of graphite placed between the above trays of geiger counters 

which were in anticoincidence. 

Recent calculations by Udgaonkar and Gell-Mann (1962) of high 

energy nucleon-nucleon interaction cross-sections in terms of the 
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Hegge pole hypothesis predict that at very high energies the total 

interaction cross-section for the collision of a nucleon with a 

nucleus of atomic number A, aA' should be A.aNN' where aNN is the 

elementary nucleon-nucleon cross-section. In this theory the 

radius and transparency of a nucleon increase with energy in such 

a way that aNN remains constant. It is expected that a A should tend 

very slowly to the limit A.aNN. For carbon, for example, at lab-

oratory energies of 10, 103 , 106 and 109 GeV, an/a is respec-
.M: georn. 

tively 0.98, 1.10, 1.22 and 1.33. For the energy range which is of 

interest in the present work, -10 - 104 GeV, the interaction length 

of' nucleons in air should be close to the value of 70 gm. crn-2 

corresponding to a geometrical cross-section. Hm..rever, a value 

for the nucleon-nucleon cross-section has been used in these cal-

culations which is appreciably larger than the experimental value. 

Consequently, it is probable that the derived cross-sections·in 

carbon are too high. 

The experimental values for A. in air, which have been mentioned 
l 

previously, i.e. 73 _:!: 7 g.cm-2 and 81 _:!: 5 g.cm-2 are both consistent 

with a value of A. = 8o g. cm-2 ·• Theoretical values for A. vary from 
l l 

approximately 70 g.crn-2 to 90 g.cm-2 , but taken together also indi-

cate a value close to 8o g.cm-2 • The best estimate of the interac-

tion length for nucleons in air which can be made at the present 

time is thus A. = 8o g.cm-2 • 
l 
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In view of the appreciable differences in the values for A. 
~ 

in air found experimentally and theoretically, the calculations 

in this chapter have been performed for the extreme limiting values 

of A., 70 and 93 g.cm-2 , in addition to the most likely value of 
~ 

8o -2 g.cm • 

6.5 The Elasticity of Nucleon-Air Nucleus Interactions 

6. 5· l A S:Lmple Propa.ga t.ion Model - Consta.nt Exponent of 

Primary Spectrum 

Fol_lowing Cranshaw and Hillas ( 1960), it is assumed that:-

a) the primary integral cosmic ray spectrum is of the 

form N (>E)= ~r, where r is constant, 
0 

b) ionization loss is negligible, 

c) the fraction of the initial energy retained by the 

incident nucleon after an interaction, i.e. the 

elasticity f: is constant: 

and d) only one high energy nucleon emerges from each 

interaction. 

Then if A. and A are the interaction and absorption lengths 
~ a 

for nucleons in the atmosphere, for an atmospheric depth t the mean 

number of interactions m = ~-· The probability of i collisions 
~ i 

follows a Poisson distribution and is given by:- e-m.~,. At a 
~-

depth t, the number of nucleons with energy greater than E which 

have made i collisions is given by:-



N (>E) = A. -. • (E)-r 
t fl 

i -m m 
e • i.• 

and therefore the total number of nucleons with energy greater than 

E is:-

or 

By definition 

Nt(>E) = ~r e-m L 
all i 

Nt (>E) 

N (>E) = 
0 

e -t/"Aa 

and from equation 6. 7 this is equal to exp {(i1 - l). t/'Ai} 
or 

t t r ) - ");""" = ~ (f - l 
a 1 

6.6 

6.8 

Since it is the intensities of protons at sea-level which have 

to be found experimentally, the proton to neutron ratio at sea-level 

is required in order to calculate the attenuation leng·th for nucleons 

in air. Experimentally it has been found by Guseva et al. (1962) 

working at an altitude of 3860 m, that half of the jets observed in 
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LiH were produced by neutral particles. The effective mean energy 

for the particles producing these jets was -250 GeV. Perkins (1963) 

found for the Bristol measurements on jets in nuclear emulsions, 

averaged over all energies, that the charged to uncharged ratio for 

the fastest emergent particle was unity. These experimental results 

support the assumption that the probability of charge exchange is 

50% at the energies at which the first interactions take place 

(~O% GeV), of cosmic ray nucleons capable of reaching sea-level 

with energies above a few GeV. Then, ignoring ionization loss in 

the atmosphere, the sea-level nucleon intensity is twice the sea-

level proton intensity at the same energy. Values of A calculated a 

from the measured integral sea-level proton spectrum and the "M.I.T." 

prL~r~ nucleon spectrwu are given in Table 6.2, together with the 

values for the elasticity, f, obtained using equation 6.9. 

Sea-level 
energy 

GeV. 

3 

10 

30 

100 

127-7 

121.5 

118.5 

116.1 

Exponent of 
integral 
primary 

spectrum, 'Y 

1.40 

1.50 

1.58 

1.68 

Elasticity, 
"i = 70 i\i = 8o 
g.cm-2 g.cm-2 

56.8 49.:·6 

56.4 49.0 

56.8 49.1 

57-6 50.0 

Table 6. 2. 

f' % 

39·5 

38.1 

37· 8 

38-3 



In Table 6.3 values calculated for f from equation 6.9 are 

given for different values of 1 with Ai = So g.cm-2 and Aa = 120 

-2 g.cm • 

Primary 
exponent, 1 

l. 2 

1.4 

1.6 

1.8 

2.0 

Table 6. 3· 

Elasticity, 
f, % 
40.0 

45.6 

50.4 

54-3 

57· 8 
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~1e deduced elasticity is seen to be strongly dependent on the 

value taken for I• The assumption :rnade in deducing equation 6. 9, 

that the primary exponent is constant, is therefore probably not 

justified. 

A study of the individual terms of the summation in equation 

6.6 shows that the main contribution to the intensity of nucleons 

reaching sea-level with greater than a given energy comes from 

nucleons which have interacted between three and seven times in the 

atmosphere. Since the nucleon-air nucleus elasticity is approxi-

mately 50%, nucleons will arrive at sea-level with on average about 
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a twentieth of their initial energy at the top of the atmosphere. 

Consequently, the values for l given in Table 6.2 are for primary 

energies of twenty times the stated sea-level energies. 

6.5.2 A Propagation Model - Varying Primary Exponent 

The exponent of the "M.I.T." primary spectrum is a function 

of energy, increasing with increasing energy. It has been shown 

in the preceeding section that the value deduced for the elasticity 

of nuclear interactions in air is very sensitive to the value 

assumed for the primary exponent. Consequently calculations have 

been performed, as follows, taking into account the variation of the 

exponent with energy. 

If a nucleon of initial energy E makes i interactions in 
0 

traversing t g. cm-2 of the atmosphere then, '-lith assu."nption.s b), 

c) and d) of section 6.5.1, 

6.10 

If the probability of a particle making i interactions is P., the 
~ 

contribution to the sea-level nucleon intensity between energies 

Et and Et + dEt follows as: 

n(Et)dEt = P.N (E )dE 
~ 0 0 0 

dE 
or n(Et) = P.N (E ) dEo 

~ 0 0 t 

n(Et) p .• l 
No C{) = 

fi 6.11 ~ 



78. 

where N (E) is the primary differential nucleon spectrum. 

o 1 (Et). . 
The expression--. N --. = w(f~,Et) is shown in Figure 6.4 for 

f~ 0 f~ 

Et = 10 GeV and 100 GeV, as a function of fi. 

Then the total intensity of nucleons at depth t, between energy 

co 

Nt (Et )dEt = ) pi" w(fi ,Et )dEt 
'---' 

6.12 

:ko 

t 
If m = 1\:' 

~ 

i 
P. = e-m~. 
~ ~-

i.e. a Poisson distribution (which is tabulated 

in Biometrika). 

The differential intensities of nucleons expected at sea-level 

at energies of 10 and 100 GeV were calculated numerically from 

equation 6.11 for ?>.i = 70; 8o and 93 g. cm-2 and for f = 30, 35, l10, 

45, 50 and 55%· At both energies, for each value of interaction 

length, the value of f was found by interpolation from the expected 

intensities thus obtained, which gave the observed nucleon intensity 

at that energy. The sea-level nucleon intensity was taken to be 

twice the best estimate of the measured intensity, i.e. 6.8.10-10 

nucleons sec-1 sterad-1 cm-2 Mev-1 at 10 GeV and 2.8.10-12 nucleons 

sec-1 sterad-1 cm-2 Mev-1 at 100 GeV. 

The values for elasticity found by this method are presented in 

Table 6. 4. 
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Sea-level Elasticity, f % energy 
". = 70 g.cm-2 1\ . = 8o g. cm-2 1\. = 93 g.cm-2 

GeV. l. l. l. 

10 52.0 42.5 32.0 

100 55·0 46.0 33-0 

Table 6. 4 

A comparison of these values with the values given in Table 6.2 

shows that the assumption that the primary exponent is constant 

leads in general to an overestimate of the elasticity. This is 

true in spite of the use of the primary spectrum exponent at twenty 

times the sea-level energy in the earlier calculations in an attempt 

to allow for the variation of the exponent with energy. In addition, 

it can be seen that the constant exponent approxi..r!1ation leads to 

elasticity values which are not related in any simple manner to those 

deduced by the more accurate method. 



so. 

CHAPTER 7 

THE DERIVATION OF THE PRIMARY NUCLEON SPECTRUM 

7.1 Introduction 

The energy spectrum of nucleons which would be required to be 

incident at the top of the earth's atmosphere in order to give the 

measured intensities of nucleons at sea-level can be calculated as 

a function of KT' the total fraction of energy lost by a nucleon 

in an interaction. Similarly, the primary nucleon energy spectrum 

can also be calculated in terms of the energy spectrum of pions at 

production (pion production spectrum) and K , the fraction of the 
T( 

available energy in an interaction going into the production of 

pions. If the relat].on between KT a..nd. Krc is ]f..nmm, then the pri..rnary 

cosmic ray spectrum can be calculated. 

This method is used in the calculations which follow, in ~orhich 

a particular model is assumed for high energy nuclear interactions. 

The best estimate of' the interaction length of nucleons in air was 

taken to be 8o g.cm-2 , see Chapter 6, section 4. 

7.2 The Pion Production Spectrum 

Thespectrum of charged pions at production is in general given 

by:-



F(E )dE = 
:rr :rr 

!~ 
Ek3E 

:rr 

81. 

[N(E )dE ]E • n(E)dE 
:rr :rr 

where [N(E )dE ]E is the intensity of charged pions with energy E 
:rr :rr :rr 

to (E + dE ) produced on average in a nuclear interaction of a 
1f :rr 

nucleon of energy E.n(E)dE is the rate at which interactions take 

place of nucleons with energy E to (E + dE). The lower limit of the 

integral in equation 7.1 was assumed to be E = 3E • 
:rr 

The empirical model of Cocconi et al. (1961), (the "CKP" model) 

was used to describe the energy distribution in the laboratory system 

of charged pions produced in nucleon-air nucleus collisions, this 

being:-

E 
N(~ ' ·r.~ A n --
1 .1!. J a..t!i = -T exp - 'I'_. d..l!; 

:rr :rr p ~ fi 

where Tp is the mean pion energy given by:-

2 K E 
1( 

A Tp = - 3-. 

A is the multiplicity of forward (in the centre of mass system) 
1 

charged pions and is equal to 0.90 E4 , where E, the incident nucleon 

energy, is in units of GeV. The model is based on the experimental 

work of Baker et al. (1961) with a 29.5 proton beam incident on 

aluminium and beryllium targets. Consequently, it is considered 

that the model may be applied to nuclear interactions in air, which 



82. 

has a mean atomic number between that of aluminium and beryllium, with 

negligible error. It is assumed that the model may be applied to the 

higher energies considered here. 

If the primary differential nucleon spectrum is of the form:-

M (E)dE = B.Ei'Y dE 
0 

and ~ is the total fraction of its energy lost by a nucleon in an 

interaction, then the spectrum of nucleons after each nucleon has 

interacted exactly n times is:-

The rate at which interactions occur at energies between E and 

(E + c'..E) is then appl'OX:i.fn.ately;-

DO 

n(E)dE =I M (E)dE 
n 

n=O 

From equations 7.1, 7.2 and 7.6, the pion production spectrum 

F(E )dE 
T( T( 

= B. 1
,00 

El=3E 
T( 

~ exp (- ~) dErc· E-
7 

dE 

is:-



'nle pion production spectrum is knmm from calculations based 

on the measured spectrum of muons at sea-level. Equation 7•7 

therefore gives the intensity of the primary cosmic radiation in 

terms of the total and pion inelasticities as variable parameters. 

7·3 'nle Relationship between Total and Pion Inelasticit~ 

It has been found by many authors, e.g. Powell (1962), that 

the number of particles other than pions produced in nuclear 

interactions is small over a wide range of' energies. 

Although there are no direct measurements of the fraction of 

the available energy going into the production of particles -other 

than pions, it is reasonable to assume that since the numbers of 

such particles are small, the fraction of the energy taken by them 

is also small. 

According to Powell, about 75% of the secondary particles are 

~-mesons having altogether 30-45% of the available energy. The 

incident nucleon usually retains about 50% of its incident energy 

after a collision. The other 25% of the secondary particles must 

be K-mesons and baryons and they will share between them 5 - 20% 

of' the available energy. The quantity "K " in equation 7·3 
rc 

represents the fraction of the available energy which is taken by 

the forward pions and must therefore be sli@1tly smaller than the 

fraction taken by all the pions. Consequently, the best estimate 

of (~ - Krc) has been taken to be 12%. 



As there is a large degree of uncertainty about the above 

figure of 12%, the extreme case of (KT - Kn) = 0 has also been 

considered. Physically this represents the condition that only 

pions are produced in nuclear interactions. 

7•4 The Pr~ry Spectrum 

A trial primary nucleon spectrum was assumed of the form:-

With B = 9·43 (=B )·and E in units of GeV, equation 7.8 agrees 
0 

84. 

within 20% with the "M.I.T." nucleon spectrum in the energy range 

By the method described in Chapter 6, the value of the total 

inelasticity which would give the observed sea-level nucleon 

intensities was calculated for various values of' B. It was assumed 

that KT is not a function of' incident energy. 

l!,rom equation 7• 7 for each of several chosen values of' B, the 

value of K was calculated which gave the "measured" pion production 
n 

spectrum. The pion production spectrum used was that given by 

Wolf'endale (1962), which was calculated under the assumption that 

all muons reaching sea-level come from the decay of pions. 

At each energy considered, the value of B was found such that 

the relation:- ~- Kn = 0.12, was satisfied. The corresponding 

values obtained for~ and Kn are respectively 0.47 and 0.35. 



The best line was drawn through these calculated points on the 

differential primary spectrum, the corresponding integral spectrum 

of primary nucleons being shown in Figure 7.2. This satisfies the 

condition that KT- Kn = 0.12 ~ 0.04, and represents the best 

estimate from the present work of the spectrum of primary nucleons. 

The intensity of this predicted integral spectrum, expressed as a 

fraction of the intensity of the 11M.I.T. 11 nucleon spectrum is shown 

in Figure 7.1. The intensities calculated under the assumption 

that the difference, KT- Kn' is exactly 0.12 are also shown in 

this figure. 

The lower limit for the primary intensities has also been 

calculated by the same method. This is the spectrum of primary 

nucleons wllich when compared with the sea-level proton spectrum 

and the pion production spectrum leads to the same value for K.r 
and for K i.e. all the available energy goes into the production 

1( 

of pions. The calculation of the lower limit to the primary 

intensities is the same as that forthe best estimate except for 

the requirement that Kn be approximately equal to K.r instead of 

12% less than KT· The value of KT and K:n: obtained by this method 

is 0.43 ~ 0.02. The integral spectrum is also shown in Figure 

7• 2, and in Figure 7.1 is given as a fraction of the 11M. I. T. 11 

nucleon spectrum. 
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'!'he values deduced for the primary intensities from the 

present calculations are compared with other recent measurements 

of primary cosmic ray intensities in Chapter 9· 



CHAPTER 8 

THE EFFECT OF FLUCTUATIONS IN ELASTICITY ON THE ANALYSIS 

8.1 Observed fluctuations in Elasticity 

Although it has been ru1own for several years that the inelas­

ticity of nuclear interactions is not constant, it is only recently 

that exper:irnents have been performed to measure this variation 

without bias due to the experimental technique. Such experiments 

are possiblew.ith accelerators, since well collimated beams of 

particles of accurately known energies are available from them and 

an unbiassed sample of nuclear interactions can be observed by 

line scanning of bubble chamber photographs or nuclear emulsions. 

'l'wo exper:Lments have been performed at c. E. R.N. usin_g nuclear 

emulsions in <;~. pulsed magnetic field. Major (1963), working at an 

energy of 13.5 GeV, measured the energies at the fastest emergent 

secondary in each of twenty eight interactions observed. In all 

except three of these, the most energetic secondary was positively 

charg~d. The elasticity distribution is shown in Figure 8.1 for 

the eighteen interactions in which all of the secondary tracks could 

be measured and in which the most energetic secondaries were con-

sidered to be the continuing proton primaries. Yash Pal et al. 

(1963), with a similar experimental arrangement but at an incident 

proton energy of 25 GeV, studied the particles emitted from 77 stars 
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'\-lithin a forward angle of 5°. In both experiments, the measured 

elasticities varied from zero to unity. 

Dodd et al. (1961) measured the energy distribution of protons 

with laboratory energy <750 MeV, i.e. those emitted backwards in 

the centre of mass system, which emerged from interactions of 24 

GeV protons in a hydrogen bubble chamber. Since proton-proton 

interactions are synunetrical in the centre of mass system, after 

interacting~/ the "target" protons will emerge backward with the 

same energy distribution as the "incident" protons have in the 

forward direction, and the elasticity distribution of the interac­

tions can be calculated. This is shown in Figure 8.2 where the 

elasticity is calculated in the laboratory system. The elasticity 

values vary from unity to the minimum which was observable in that 

experiment. The distribution is based on 135 identified protons. 

Hm-1ever, the experimental distribution is biassed towards events 

with high elasticity as the condition that the target nucleon should 

have <750 MeV in the laboratory system leads to a lower energy limit 

in the centre of mass system which is dependent on the angle made by 

the secondary nucleon to the incident direction. As a result, there 

is a bias against observing events with low elasticity. This bias 

increases with decreasing elasticity and in this experiment it was 

impossible to observe interactions with elasticity in the laboratory 

system less than 36.5%. Nineteen of the protons shown (dotted) in 
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the highest elasticity cell of. the distribution had elasticity 

apparently greater than unity, presumably because of errors in 

measurement. 

8.2 The Effect of Fluctuations in Elasticity on the Nucleon 

Intensities in the Atmosphere 

Suppose that a nucleon retains a fraction f of its initial energy n 

after it has undergone n nuclear interactions. Let P(f )di' be the 
n n 

probability that f lies between f and f + df • n n n n 

For a primary spectrum of the form:-

N(E )dE = B E -r dE , 
p p p p 8.1 

the intensity of nucleons reaching sea.-level wj.t.h energy between E 

and E + dE after WEking n interactions in the atmosphere is:-

or 

n(E)dE = p(n) 
(l 

J 
f =0 n 

n(E)dE = p(n) B E-)'. dE r 1 

P(f ) 
v n 
0 

.D (r-1) df 
• .L 

n n 

where p(n) is the Poisson probability of a nucleon making n 

8. 2 

interactions in traversing the atmosphere. Then the ratio, R, of 

the total sea-level intensity of nucleons to the primary intensity 

at the same energy is:-



DO 

R = ) p(n) 
L. 

ll=O 

r·~ 

I 
J 
0 

P(f ) f (y-l) df' 
n n n 

If fluctuations in elasticity are ignored, equation 8.3 

becomes:-

R= 

DO 

\, ( ) fn(y-1) 
p n • eff 

L. 
i'l;:::O 

90. .• 

8. 4 

where feff is the unique value of elasticity for a single nucleon-

air nucleus interaction. The relation between the distribution in 

elasticity and the unique value of elasticity which predict the 

same value of R is then:-

If 

DO 

) p(n) 
L. 
n=o 

~ r P(f ) f cr-l) 
I ,., ,., u .l..L .&...L 

DO 

\' elf', = . 
L.L ,l 

0 n=o 

r ~ ( ) ('V- 1 ) n 

J Pf' f' I- df' =Y-
n n n 

0 

( ) f n(y-1) 
p n ~.P.P 

<;;.L.L 

where Y is not a function of n, then the individual terms of 

equation 8.5 must be equal for each value of n, i.e.:-

fn(y-l) = { ~ P(f ) 
eff J n 

0 

• f n 
(y-1) 

.elf' 
n 

8.6 

If the exponent of the primary differential spectrum, y, is three, 

equation 8.7 means that the effective unique value of elasticity 



n 
after n interactions, feff' is equal to the root mean square value 

of the elasticity distribution after n interactions. However, for 

the range of primary energies of interest in the present calcula-

tions, 7 is approximately 2.5 so that the effective unique values 

of elasticity calculated in Chapters 6 and 7 lie between the 

arithmetic mean and the root mean square values of the distribu-

tion in elasticity. 

8.3 The Assumed Form of the Elasticity Distribution 

The elasticity distributions which have been observed experi-

mentally give values of f extending from 0 to 1. A probability 

distribution for the elasticity, f 1 , of nucleon-air nucleus inter-

actions of the form:-

also extends fr·om f = 0 to l. and for small values of Ci is 
1. 

8. 8 

sufficiently flat to approximate to the experimentally observed 

elasticity distributions. Equation 8.8 also has the advantages 

that a comparatively simple expression can be derived for the 

distribution in f , the fraction of the incident energy retained 
n 

by a nucleon after it has made n interactions, and that the 

parameter a may be varied until the observed primary to sea-level 

nucleon intensity ratios are predicted. 
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Since f
1 

must lie between 0 and l, 

0 

K = -(l + o:) 2 , see Appendix 7• 

The elasticity distribution for a single nucleon-air nucleus 

collision is therefore:-

and this is shown in Figure 8.3 for 0: = l, 2 and 3· 

The distribution in f
2 

is given by:-

P (t·) p 
1,-,•-1 

I_ I \ df 
It' /f-1- d-:t~ ,-2,-, f --2; 

= -(l + o:)~ fo: (ln f )3 df 
3~ - 2 2 2 

Similarly, the distribution in f n is :-

(ln f )(2n-l) df 
n n 

see Appendix 8 

8.10 

8.11 

The condition given in section 8.2, equation 8.6, such that the 

contribution to the sea-level intensity of nucleons from particles 
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which have interacted n times can be made equal with and without 

fluctuations in elasticity for all values of n, is satisfied as:-

P(f ) f (7-l)df = -(1 + a)2n 
n n n (2n - l)J 

f (o:ry-1) (.tn f ) (2n-l) df 
n n n 

0 

=(~)2n 
7· + 0: ' 

from Appendix 7• 

Then substituting the above value in equation 8.7, the relation 

between the unique value of elasticity, feff' and the distribution 

in elasticity given in equation 8.9 so that the same ratio of sea-

level to primal~.f nucleon intensities is predicted, is:-

n(y-1) (1 + o:)
2
n 

feff = 7 +a: 8.12 

or 

The values of f eff and ·r found in Chapter 7 are 0. 53 and 2. 58 res­

pectively giving a:= 1. 43• 

Therefore a nucleon-air nucleus elasticity distribution of the 

form:-

P(f)df = -5·9 f 1
"

43 .tn f df 8.14 

is consistent with the observed sea-level proton intensities and the 

primary nucleon spectrum calculated ignoring variations in elasticity. 

The arithmetic mean of this distribution is, from Appendix 7:-
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0 

This is to be compared with the value of 0.53 found for no fluctua-

tion in elasticity. 

For a nucleon interaction length in air of 8o ~ 10 g.cm-2 the 

mean number of interactions undergone by a nucleon in traversing 

the whole atmosphere is l2.9:i:~. In Figure 8.4 the calculated 

contributions to the sea-level to primary nucleon intensity ratio 

are shown as a function of the number of interactions in the atmos-

phere, i.e. the individual terms of equation 8. 3 '\·lith the distri-

bution in elasticity of the form given in equation 8.9 and a= 

1.0, 1.4), 2.0and ).0. The main contribution to the ratio for 

Q; = l. 43 is seen to come from nucleons which have interacted between 

two and seven times in traversing the atmosphere. Consequently, 

the values of elasticity calculated refer to interactions over a wide 

range of incident energies, the mean being -10 times the sea-level 

energy considered. 

8.4 The Effect of Fluctuations inK 
T( 

The C.K.P. model, which was used in Chapter 7 to calculate K 
:rt 

in terms of the primary nucleon spectrum and the pion production 

spectrum, is based on the distribution in pion energies from a 

large number of individual interactions. Consequently, this model 
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includes to same extent the effect of variations in K and also in 
1t' 

the numbers of pions produced. It is not possible to study one of 

these variations without knowing accurately the form of the other. 

In order to estimate the effect of fluctuation in K , a model has 
1t' 

been assumed in which all pions produced in an interaction have 

equal energies in the laboratory system. 

and 

Using the same notation as in Chapter 7 section 2, 

[N(E )dE ]E =A 
1{ 1t' 

= 0 

E K 
1t' 

for En = -p:- 8.15a 

8.15b 

so that from equations 7.1 and 7.6 the pion production spectrum is:-

F(E )dE = A n(E) dEdE • dE n n n 
1t' 

8.16 

With 7 = 2.58, the pion production spectrum is proportional to 

K 1•77. 
n 
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If the distribution in K is of the same form as that for 
J'( 

the elasticity in a single nucleon-air nucleus interaction, then:-

P(K )dE = -(1 + a')2 (1- K )a' .en(l- K )dK 
J'( J'( J'( J'( J'( 

8.17 

The unique value, (K ) , in terms of the distribution in K 
rc eff rc 

which gives the same relation between the primary nucleon spectrum 

and the pion production spectrum is:-

(K) lo77 = -(l 
rc eff 

a' 
(1 - K ) .en(l - K )dK • 

J'( J'( J'( 

From Appendix 9 
co 

(K~ 1•77 = (l +a')2 )' (-l)m 1.77.0.77 ••• (1.77-m+l) 1 
\ fi/eff L: mJ • (m-10: '+1F1 

lli>=O 

8.19 

For positive values of a', this series converges rapidly and 

only the first four terms need be considered. Inserting numerical 

values·in equation 8.19 for (K) = 0.35 as found in Chapter 7, 
rc eff 

a' = 3.6; the arithmetic mean value for K for the distribution:-
1£ 

P(K )dK = -21.1 (1 - K )3
"

6 .en(l - K )dK 
J'( J'( J'( J'( J'( 

8.20 

The difference in the value of K derived using the C.K.P. 
1( 

model and the mean value of K derived from a model in which large 
J'( 



97• 

variations inK are specifically included must therefore be~ss 
1( 

then o.o2. 

8.5 Conclusions 

The effect of allowing both KT and Klt to have large variations 

in different interactions is to increase the difference, KT - Klt, 

calculated from the best estimate of the p:t"imary spectrum shown in 

Figure 7.2 from 0.12 to not more than 0.17. The primary intensities 

should therefore be decreased by a small percentage below the pre-

viously calculated values in order to restore the required relation 

between the mean values of KT and Klt. However, since many factors in 

the calculations are uncertain, in particular the exact form of the 

inelastleH.y variations and the interaction length for nucleons in 

air, and also as the effect is only of the or·der of a few percent, 

it is considered that it may be neglected. 

The best estimate from the present work is that on average in a 

nucleon-air nucleus interaction, pions carry off 35 .:!:: 5% of the 

available energy and the nucleon retains 53% of its initial energy, 

the remainder going into the production of other particles. These 

percentages are independent of incident energy in the energy range 

109 
- 1015 eV. 

8.6 Comparison with other Measurements of Inelasticity 

8.6.1 Total Inelasticity, KT 



Values have been given by many authors for the total inelas­

ticity of nuclear interactions. Many of the earlier values were 

deduced from measured values for the absorption length of nucleons 

in air by means of expression 6.10 and are consequently inaccurate. 

Grigorov et al. (1959) using an ionization calorimeter to study 

interactions in the energy range 10~~ - 10~2 eV in Iron found that 

the mean inelasticity, KT' is greater than 50%. The statistical 

accuracy of the results was not sufficient to give a more accurate 

value. 

Many individual nuclear interactions have been studied in 

nuclear emulsion. For most of these the incident nucleon energy 

has been estimated by the method due to Castagnoli et al. (1953) 

which uses the supposed synunetry of the angular distribution of the 

secondary particles in the centre of mass system. Then the "half 

angle" i.e. the angle to the direction of the incident particle 

within which half of the secondary particles appear in the labora­

tory system, can be related to the velocity of the centre of mass 

system with respect to the laboratoryqystem. Hence, the velocity 

and therefore the energy of' the primary particle can be found. It 

is now known that this method can lead to errors of up to a factor 

of three in the estimated energy in either direction, but usually 

to an overestimate. This has been shown by Aly et al. (1963) 

working at C.E.R.N. on 30 GeV proton interactions in nuclear 
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emulsions and by Lal et al. (1962) from a comparison of the energy 

measured with an ionization calorimeter with thatcalculated by the 

Castagnoli method. 

The experiments described in section l of this Chapter give 

values of' 'K.r = 49 _:!: 12%, Major et al., and 'K.r = 59 .:!:' 5% from the 

work of Yash Pal, both values being for proton-emulsion nuclei 

interactions. 

The average total inelasticity of proton-proton interactions 

calculated from the work of Dodd et al. shown in Figure 8.2 is 

'K.r = 23.5%, ignoring those events for which the measured elasticity 

is greater than unity, see section 1. 

In order to compare the values of inelasticity found for 

different target nuclei, it is necessary to calculate from the 

measurements the corresponding values for nucleon-nucleon inelas-

ticity. 

In Appendix 5 the percentages of the interactions in air and 

in emulsion nuclei in which n nucleon-nucleon interactions occur 

are calculated using a statistical model of the nucleus. The 

results are given in Table 8.1. 

Then, the relation between the mean elasticity of nucleon-

nucleon interactions f and the mean elasticity which would be 
1 

observed in emulsion, fE, is:-



No. of N- N interactions 

n 

1 

2 

3 

4 

5 

6 

7 
I 

100. 

% of all interactions in which n 

N-N interactions occur, R(n) 

Air Emulsion 

36.7 25.0 

30.1 26.0 

18.5 20.8 

9-25 13.6 

2.66 7·5 

3·5 

1.3 

Table 8.1 
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8.21 

I ~(n) 
all n 

A similar relation applies for interactions in air. Taking a mean 

value of 45 2 5% for the elasticity of nucleon-emulsion nucleus 

a·ollisions, the mean elasticity of nucleon-nucleon interactions, 

from equation 8.21 is 71 2 4%, i.e. ~ = 29 2 4%. 

With a value for the interaction length in air of 80 g.cm-2
, 

the mean elasticity of nucleon-air nucleus collisions calculated 

from the present work, section 5, is 53%• Using the expression for 

air corresponding to equation 8.21 the nucleon-nucleon elasticity 

is found to be 71%, 'Rr = 29%, in good agreement with the value deduced 

from nuclear emulsion measurements. 

These values for elasticity are lower than that obtained from 

the direct measurements of Dodd et al. as is to be expected due to 

the experimental bias in that work against interactions with low 

elasticity (see Section 8.1). 

These results are summarized in Table 8.2. 



Proton-proton 

Proton-air Nucleus 

Proton-Emulsion 
Nucleus 

Measured Total 
Inelasticity 

% 

23-5 

55-0 

Table 8. 2. 

8.6.2 Pion Inelasticity, K 
J( 

10~ •. 

Predicted I?-Ucleon-nucleon 
total inelasticity 

% 

23·5 

29.0 

Measurements of K for cosmic ray particle interactions in 
J( 

nuclear emulsions are in general not accurate due to the difficulty 

in determining the primary energy. Yash Pal and Rengarajan (1962), 

using nuclear emulsion to detect electron pairs produced by y-rays 

from the decay of Jt0 -mesons which come from the interactions of 

24 GeV protons (C.E.R.N., P.S.) in carbon, found K = 43 + 7%• 
J( -

The value f0r K deduced from the work of' Baker et al. (1961), 
. J( 

with a 29.5 GeV proton beam a.t Brookhaven incident on targets of 

. aluminium and beryllium, is 3f3%. Subrahmanyan (1962) has measured 

K for the interactions of nuclear active cosmic ray particles in 
J( . 

carbon.with a multiplate cloud chamber. The prima.:rJ energy vre.s 

determined by means of an ionization calorimeter (total absorption 

spectrometer) and K was found tdbe 33 + 8%. The distribution in 
J( 



K obtained by Guseva et al. (1962) again with an ionization 
:rc 

calorimeter but with a target of lithium hydride (LiH) is shown 

in Figure 8. 5· The mean value of K calculated from this is 
:rc 

35 ~ 5%· Also shown in Figure 8.5 is the distribution assumed 

forK in the present calculations, equation 8.17, with a' 
:rc 

equal to 3.6. This is the value for a' derived in section 8.4 

from the best estimate of the primary spectrum and the pion 

production spectrum. The good agreement obtained between the 

experimental and theoretical distributions supports the use of 
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the ~rticular type of inelasticity distribution Which has been 

assumed. The above values for K are all consistent with the 
1'( 

value of K = 35 + 5%, the best estimate from the present rrork. rc -

These measurements of K in various light materials are 
:rc 

swnmarized in '!'able 8. 3· 



~ .,., 
0 .... 
~ 
Ill 
ll'f ...., 

~ 
~ 
oi-l .... 
§ 

~ 
~ 
0 

~? .,., 
M 
...t 

:1 
0 
M 
~ 

Gusevm et a1. (1S62) 

8o interactions in LiH 

Mean Energy .... 250 GeV. 

2 P~ 

~I 
! 
II 
il 
II 

II 
1 

0 
0.2 

!I 
r~ 
·1\ Distribution from Present 't·Jork:-

1 
'\~-= P(K )dlC: ::;, 21.1(1-IC )s" 6 £n(1-K )dK 

\ n n sr rr 5t 
,, 
'\ 

\ 
'i' , .. 

L __ _r\-li ,, 
\I 
~.---· 

- I. u.q. o.a 

Pion Inelest1.city in the Laboratory System, IC:rr 

Figo 8.5 



104. 

Nucleon 
Author Energy, K % Material 

GeV 
1( 

Yash Pal & Rengarajan 24 43..:!: 7 Carbon 

Baker et al. 29-5 38 Aluminium 
Beryllium 

Subrahmanyan >30 33 ..:!: 8 Carbon 

Guseva et al. >100 35 ~ 5 Id.th tum hydride 

Present work ~100 35..:!: 5 Air 

Table 8. 3· 



CHAPTER 9 

COMPARISON WITH OTHER MEASUREMENTS OF THE PRJNARY SPECTRUM 

AND THE PROTON SPECTRUM AT HIGH ALTITUDE 

9.1 The Primary Spectrum 

105. 

Recent measurements of the integral primary nucleon spectrum 

are shown in Figure 9.1, together with the best estimate from the 

present work. For ease of comparison, the intensities are shown 

multiplied by the square of the energy. The 11M. I. T. 11 spectrum is 

that given by Linsley et al. (1962). Below 1015 eV the intensities 

shovnn have been corrected for the presence of a-particles in the 

primary flux, see Appendix 6 and section 6.3. Above 1016 eV, the 

intensities given by Linsley et al. have been converted to a 

nucleon spectrum for three alternative assumptions: that the pri­

mary flux either 

a) consists entirely of protons, 

or b) consists of protons and a-particles and that the 

percentage of the nuclei with greater than a certain 

rigidity, which are a-particles is 12.7%, 

or c) has the composition given by Waddington (1960) and 

that the composition of the primary rigidity Spec­

trum is constant. 
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In the energy range 10~2 to 1014' eV, the "M. I. T. " spectrum 

is based on measurements with nuclear emulsions by Lal (1953) and 

Kaplan and Ritson (1952), both of these being of low statistical 

accuracy. In addition, in both of these experiments the energy of 

the incident particles was estimated by the method due to 

Castagnoli et al., see Chapter 8 section 8.6.1, which is now known 

to lead in general to an overestimate of the energy and consequently 

to an overestimate of the primary intensity by these authors. At 

energies between 109 and 10~0 eV the spectrum is based on early 

geomagnetic measurements, in which upward moving particles could 

not be identified as such. 

More recently geomagnetic measurements have been made by 

Balasubrahman;yan et al. (1962) and McDonald and Webber (1959 ). 

In each case Geiger counters and Cerenkov detectors with good. 

directional properties were used and it was possible to discrimi­

nate against albedo particles. As is to be expected, because of 

this, these measuremel_lts fall below the "M. I. T. " spectrum. Baradzei 

et al. (1962), from a stuqy of the energy spectra of cascades 

produced by nuclear active particles in a carbon block above an 

ionization chamber at atmospheric depths of 200, 300 and 1030 g.cm-2
, 

have calculated the integral priin.ary spectru.rn in the energy range 

2.10~~ to 2.10~5 eV. 



They obtained an expression for the number of incident 

particles with energy greater than E eV:-
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This spectrum is lower than the 11M.I.T. 11 spectrum by a factor of -3 

in the energy range 5.1011 to 1013 eV. 

The estimate of the primary intensities in the energy range 

2.1011 to 2.1013 eV made by Baradzei et al. does not differ by more 

than a factor of 1. 25 from the best estimate of the primary intensi­

ties from the present work, being higher than the present estimate 

by this factor at an energy of 2.1011 eV and lower by this factor at 

2.1015 eV. 

The present best estimate of the :pr:imar'J spectrum is systematically 

below the "M.I.T." nucleon spectrum in the energy range 1011 to 1013 eV 

by a factor vai"'Jing behreen 2 and 3 and is in agreement in the range 

1014 to 1015 eV, i.e. the disagreement is confined to the part of the 

"M. I. T. 11 spectrum which is not based on work performed by the 11M. I. T. 11 

group, the results from the "M.I.T." air shower experiments being for 

primary energies above -2.1015 eV. 

The recent measurements in the range 109 to 1010 eV mentioned 

above together with the present data lead to a best estimate primary 

nucleon spectrum with constant exponent in the range 1010 to 3.1013 

eV/nucleon of the form:-
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with E in units of GeV. 

9.2 The Proton Spectrum at 3200 metres Altitude 

The proton spectrum at any depth in the atmosphere can be 

calculated from the primary nucleon spectrum and the model for the 

interactions of high energy nucleons cled.uced in Chapter 7. This 

method is equivalent to interpolating between the measured sea-level 

proton spectrum and the primary spectrwn. The proton spectrum at an 

altitude of 3200 metres (710 g.cm-2 ) has been calculated as two 

direct measurements of the proton spectrum have been made near to 

this altitude. Kocharian et al. (1959) operated a magnetic spectre-

graph at 3200 metres altitude and perforrned a series of exper:i.Jnents 

covering the energy range 0.10 - 66.0 GeV. Protons were identified 

at low energies by an absorption method and at high energies by 

their interaction in a layer of graphite above the spectrograph. 

The results of these experiments are shown in Figure 9· 2. 

Whittemore and Shutt (1952), using two cloud chambers, one 

above and the other below a magnet, calculated the proton spectrum 

in the range 0.125 - 5.2 GeV at an altitude of 34oO metres 

(685 g.cm-2 ) from the difference in the positive-negative ratioat 

34oO metres and sea-level. The intensity of their proton spectrum 

is normalized to the value for the total intensity of the penetrating 
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component at sea-level given by Greisen (1949 ). For comparison, 

these measured intensities have been multiplied by a factor:-

exp- 8t/A = 0.831 a 

to give the proton spectrum at 3200 metres. These are also shown 

in Figure 9· 2. 

The proton spectrum at 3200 has been calculated from the 

primary nucleon spectrum derived in Chapter 7· The effective 

unique value for elasticity derived in that chapter with Ai = 

8o g.cm-2 was used in the calculation since it has been shown that 

the effect of fluctuations in elasticity are negligible. The 

calculated spectrum is shown in Figure 9.2 (full line) in the energy 

range 3.0 to 100 GeV. At lower energies, ionization loss becomes 

important and the simplified treatment can not be applied. 

The calculated spectrum agrees with the measurements of 

Whittemore and Shutt, within the large statistical errors in that 

experiment. The measurements of Kocharian et al. in the region 

below 10 GeV, where the statistical errors are small are below the 

calctuated spectrum. However, the normalization of these experimen-

tal results may be incorrect since the absolute proton intensities 

were found from a comparison with earlier work by Kocharian et al. 

(1956) in which an attempt was made to calculate the absolute 

acceptance of the apparatus. If the spectrum of Kocharian et al. 
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is renormalized to the measurements of Whittemore and Shutt by 

increasing the proton intensities given by 6o%, this spectrum is 

then in agreement with the spectrum predicted from the present 

workj the mean deviation of the experimental points from the 

predicted spectrum is 25%, compared with statistical errors in 

the measurements of -4o%, see Figure 9.2. 

9·3 The Attenuation Length for Nucleons in Air 

The best value for the attenuation length for nucleons in air 

from the present work is 127 ..:!: 4 g. cm-2 for nucleon energies ?2 GeV, 

see Figure 10.6. This value has been derived from the primary 

nucleon spectrum calculated in Chapter 7 for KT- Krc:::: 0.12, and 

assuming that at sea-level the neut:ron intensity is equal to the 

proton intensity at the same energy. Values found by other authors 

for the nucleon attenuation length in the atmosphere are as follows. 

Bridge and Rediker (1952) obtained a value for A of 119..:!: 5 g.cm-2 
a 

for the nuclear active component of the cosmic radiation from 

measurements of the absorption of this component in lead at sea-

level and 10600 ft. Bennett et al. (1962) have calculated from the 

zenith angle distributions of events, the absorption length for various 

sizes of extensive air showers. The best value f'or Aa obtained was 

-2 121 + 7 g. em • Coxell et al. (1963) obtained a value for A of a 

117..:!: 6 g.cm-2 from a study of the zenith angle distribution of air 
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showers of 105 
- 106 particles. Cicchini and Chagaly (1961) 

operated a neutron monitor in a Comet IV aircraft and from a 

comparison of the counting rates at 1650 and 5650 metres found 

A = 149 + 5 g.cm-2 • However, Hughes (1961) has shown that, for 
a -

a standard I.G.Y. neutron monitor, approximately 75% of the 

countingrate is due to low energy (~ l GeV) neutrons, so that the 

attenuation length found by Cicchini and Chagaly refers to a lower 

mean energy than the other experiments. Duthie et al. (1962) 

found that A = 125 g.cm-2 for energies ~470 GeV. 
a 

With the exception of the work of Cicchini and Chagaly, the 

results of other work are in agreement with the present value for the 

nucleon attenuation length. 
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CHAPTER 10 

THE SEA-LEVEL PION SPECTRUM 

10.1 The Identification of Negative Pion Interactions 

The negative particles detected in coincidence with neutrons 

in the S and H series (described in Chapter 4) were either pj.ons or 

muons which interacted in the neutron monitor or muons in chance 

coincidence with r-andom neutrons, assuming no anti-protons to be 

present in the cosmic ray flux at sea-level. Muons interact with 

nucleons only through their virtual photon fields and consequently 

the cross-section for muon-nucleus interactions is -lo-4 times that 

for pion-nucleus interactions. Most of the muon-nucleus cross­

section refers to interactions in i·Thich only a small momentum trans-

fer takes place, c1,S t.he :probability of a par·t.icular mom<:ntu..u trans-

fer falls r-apidly as the momentum transfer increases. Most of the 

muon interactions therefore result in an angular scattering of the 

muon which is small compared with the large amount of scattering 

undergone by strongly interacting pions in an interaction. 

The muon intensity at sea-level is approximately 103 times the 

pion intensity, so that -10% of the interactions of negative parti­

cles are due to muons, but in only a small fraction of this 10% is 

the muon scattered to such an extent that it could simulate a pion 

interaction. In view of the following criterion b), the contribu­

tion of muon interactions to the total number of events classified 

as pion interactions has been neglected. 
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For each particle its momentum and the position, d', at level 

D through which it would have passed in the absence of scattering 

material in the spectrograph were. computed from the measured posi-

tions at levels A, B and C. In addition, the root mean square 

displacement, aD' at level D due to scattering in the neutron monitor 

and layer of lead beneath the monitor was computed from the momentum 

of the particle. All events were rejected in which the particle would 

have passed nearer to the edge of array D than 1.5 x aD, in the 

deflection plane, according to the calculated value for d' and 

1.0 x ~D in the back plane according to tray S hodoscope record. 

The following criteria were used to identify negative pion 

interactions from the remaining events:-

a) No track observed. in array D. Particles \·Thich stopped 

in the neutron monitor or in the layer of lead bet\V"een 

it and flash-tube array D were pions if they had 

momenta >700 MeV/c since muons above this momenta 

could penetrate the absorber. 

·b) A single track observed in array D. The ratio of 

the distance of the observed position at level D, d, 

from the predicted position, d', to the r.m. s. dis­

placement due to scattering, i.e. ld~d'l was cal~ulated 
for each particle. Events with ~ ~ 7 were rejected 

aD 
as these were mainly muons in chancecoincidence with 
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detected neutrons or muon interactions. The 

remaining events were pion interactions. The 

fraction of the pion interactions in which the 

ld-d' I pion emerged with < 7 was predicted to 
aD 

be small from the distribution in this quantity 

for the identified pion interact ions. 

c) T\•TO or more tracks observed in array D. 'l'he 

position of' dN the track nearest to the predicted 

position, d', at level D was measured. Events 
1~-d'l 

with · less than or greater than seven were 
aD 

classified as muon electromagnetic interactions 

and pion nuclear interactions respectively. 

10.2 The Sea-level Pion Spectrum 

The intensity of charged pions with momenta between p and p+dp, 

using the same method as for protons (section 4-.7), is given by:-

R (n) dp [l + G(p)] 
I (p)dp =_"It;.;...._ _____ _ 

1t 6p.A(p).r.a~·V•E 
10.1 

where R (n) is the number of' neutrons detected from negative pions 
1( 

with momenta between p and p~p per unit time. a"lt is the probability 

of a pion interacting in the lead of the neutron monitor. With the 

negative pion-nucleon cross-section measured at CERN, Morrison (1963), 

Figure 10.1, the interaction length for negative pions in lead has 
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been calculated using the optical model (see Appendix 4) giving 

values from 15.6 em of Pb 

(a = 0.525) at 8o GeV. 
:n: 

(a = 0.570) at l GeV to 17.8 em of Pb 
:n: 

C·(p) is the positive-negative ratio for 
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pions with momentum p. This was taken to be unity, since the cal-

culations of Taylor (1961) show that even for high energies at 

sea~level the majority of the surviving pions came from interac-

tions at low altitudes where the proton-neutron ratio is unity and 

there is consequently no positive excess in the secondary pions. 

Due to the small numbers of pion interactions identified, it "IoTaS 

not possible to accurately evaluate v, the mean number of neutrons 

produced in the interactions of pions with momentum p. The sea-

level pion spectrum was evaluated separately from the H and S series 

results, values for v calculated from the proton multiplicity distri-

butions (Table 4.1) for the corresponding series were used. The 

measurements of the pion spectrum were corrected. for sca.t.terj_ng j_n 

the spectrograph by a method similar to that described in section 

4.8. The two spectra were then combined to give the best estimate 

of the momentum spectrum of charged pions at sea-level which is 

shown in Figure 10.2. In Figure 10.3 the measurements are shown 

expressed as a kinetic energy spectrum. Also shown is the sea-

level pion spectrum calculated by 'Iaylor {1961) under the assump-

tion:- nucleon attenuation length, "Ap = pion attenuation length, 

A = 120 g.cm-2 • 
:n: 
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The ratio of the sea-level intensity of pions to that of 

muons is shown in Figure 10.4. The muon spectrum used for this 

comparison is that given by Gardener et al. (1962) and Hayman and 

Wolfendale (1962). The pion-muon ratio increases with increasing 

energy as would be expected since the probability of a pion reaching 

sea-level from any given depth in the atmosphere without decaying 

increases. 

The pion spectrum has also been compared with the best estimate 

from the present work of the sea-level proton spectrum, Figure 10.5. 

The pion-proton ratio increases up to 10 GeV and above this energy 

becomes constant at -49%· Subrahmanyan (1962) using a total absorp-

tion spectrometer at an altitude of 2200 metres (Boo g. crn-2 ) was able 

to measure the pion-proton ratio at 30 GeV from the change in the 

efficiency of an air Cerenkov counter compared with the spect:C"Ometer. 

The value obtained was 51.5 _! 9%, in good agreement with the reslllts 

from the present work. 

10.3 The Attenuation Length for Pions in the Atmesphere 

It is clear, from the calculations of Taylor (1961) (Figure 

10.3), that the propagation of pions in the atmosphere can not be 

described by a model in which the pion attenuation length is equal 

f 2 -2 to that or protons, i.e. -1 0 g.cm • If the attenuation length 

for pions is not restricted to this value, then following Barrett 

et al. (1952), see Appendix 10, the following expression is obtained 



o., 

0.2 

n*/'.l.J:, 
fo 

o. 1 

0 

I ---. 

~ 

~------~l:,b ------=-*-----------~-------~l~o===--=-d-=------=-~~------~lo~o~----~ 

Kiru!tic Energy 1 GeV 
~e Ratio at Charged Pions to Charged Muons at Sea Level 

Figo 10o4 



1t-J:/P1 {o 

70 ,._ ·-,--- - 11 
r 

D -- u I l 

60 

50 

I 
4o l .. 

I 

I ; 

20 ~ /f/ 1 

10 

n 
/---tr 

~~ I 

~ 
l 

J., l-. 
I 
.1 

Q 
1 
i 
I 
I 
I 
i 

I 

i 
i 

.!. 

0 Present wox-lc 

X Subrs.hme.nyan ( 1962} 

il 
!, 

1 
li 

r: 
!; ,, 

l; 
t 
r. 
I· 
I• 
;; 
j: 

i! 
'· '• 

~ 
;! 
II ,. 

·~I, 
., 
•I .: 
:, 
~ 
j 

:~ 
;, 

:l 
j 

'! 
j: 

i I 
~ !; 

0 :=cJ!._-,=r=s:=== • ,__) ---==~~..:::=...-~~ ·n-·~::::r.T"- -=-==---~-=---=== -c:r= ~-=---. ·-..,:;....·_-..:.;::..;. . ..:...j: 
1 10 100 

Kin-:!tlc: Ezwrgy, GeV 
':!he Patio ()f Charged Pions to l?rotons 111.t See. J:.evel 

F'ig .. 10.5 



117. 

for pion intensities in the atmosphere:-

0 
-

X { 1 
);"" 1 +B/Ecose 

p 

x A 1 1 (x A 1 
)

2 

2+B Ecose + 2! 3+B Ecose .... } 
10.2 

where n(E,x,e)dE = the intensity of pions with energy between E and 

E+dE at depth x in the atmosphere and at zenith angle 9, F(E)dE = the 

spectrum of pions at production, calculated by Taylor (1961), Ap = the 

differential absorption length for nucleons in the atmosphere, A = 
n 

the absorption length for pions j_n the atmosphere. In this case A 
n 

represents only the attenuation by collision of pion intensities, 

both decay of the pionsand the generation of further pions being 

taken into account separately in equation 10. 2, 

1 1 1 
xr="J;""-"J;"" 

p n 

where mnc2 and T
0 

are the rest energy and mean life of a pion, and 

H = the ratio of the atmospheric depth to the density of air. This 

quantity is given by Rossi (1952), values used in the present calcu-

lation varying from 8.35 x 105 em (B = 153 GeV) to 8.04 x 105 em 

(B = 148 GeV) for pions reaching sea-level with energies 1 and 100 GeV 

respectively, corresponding to the mean depths of production for such 
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pions calculated by Taylor. The differential attenuation length as 

a function of energy for nucleons in the atmosphere was calculated 

from the results of the present experiments at sea-level and the 

primary spectrum calculated in Chapter 7 and is shown in Figure 10.6. 

For each energy corresponding to a measured point on the pion spec-

trum, the vertical intensity of pions expected at sea-level was 

calculated from equation 10.2 for different values of A • The values 
T( 

of A found to give agreement with the observed pion intensities are 
T( 

shown in Figure 10. 6, where it can be seen that the attenuation length 

for pions is -30 g. cm-2 greater than that for protons at the saJtte 

energy in the range 1 - 50 GeV. 

10. 4 The Elast.j.c i t.y of Pion Int.era.ct.ions 

The expression derived in Chapter 6, equation 6.9. may be used 

to calculate the average elasticity of pion-air nucleus interactions 

from the attenuation length derived in section 10.3 if the exponent 

of the spectrum of pions produced at any given depth in the atmos-

phere is not a function of depth. This is so if the nucleon inten-

sities are attenuated exponentially as a function of depth in the 

atmosphere. For the primary nucleon spectrum calculated in 

Chapter 7 which has a constant exponent in the energy range 1010 to 

3.1013 eV this condition is satisfied. In addition, the exponent 

of the pion production spectrum over the energy range of interest 

is constant, (-1.64), so that no error is introduced by the use of 
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equation 6.9.-,. The mean free path for inelastic interactions of 

pions in air was calculated from the ~-p cross-section given by 

Morrison (1963), using the optical model and is shown as a func­

tion of pion kinetic energy in Figure 10.7. The value obtained 

for the inelasticity of pion interactions are shown in Figure 

10.8. In the energy range 2 - lOGeV the inelasticity increases 

from 55% to 60%. At an energy of 8o GeV, pion interactions are 

appar-ently completely inelastic but the statistical error in this 

measurement is large (~30%). 

For pion interactions, the elasticity is to be interpreted 

as the fraction of the availableenergy carried off by the fastest 

pion emerging from the interaction, all other pions being assumed 

to have energies small compared with this. 

10.5 Comparison with Other Work 

The results of the present work show that, on average, pions 

lose a large fraction of their incident energy on interacting with 

an air nucleus. Experiments have been performed using pion beams 

from accelerators at energies up to 20 GeV. However, in these 

cases particular types of pion interaction have usually been studied 

e.g. quasi-elastic ~-p collisions, strange particle production by 

pions, pion interactions in nuclear emulsion with large or small 

numbers of heavy tracks etc., whereas the results of the present 

cosmic ray measurements lead to average values of elasticity for all 
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types of inelastic pion interactions. 'llle present results may be 

compared with the work of Baroni et al. (1963) in which the inter­

actions in G5 emulsion of negative pions with momentum 10 GeV/c 

were studied. All events were included in which four or more 

charged particles emerged from the interaction. The mean inelas­

ticity of these events was found to be 73 + 10%, in agreement with 

the present work. 
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CHAPTER 11 

e!ONCLUSIONS 

It has been shown that a simple model for the nucleon cascade 

in the atmosphere may be used to describe the relation between the 

measured sea-level proton spectrum and the new estimate of primary 

nucleon intensities vrhich has been made. In this model, the elas-

ticity of nucleon-air nucleus collisions is not a function of the 

energy of the incident nucleon. The best estimate from the present 

work of the elasticity of such collisions is 53%· 

The effect of considering large fluctuations in elasticity has 

been studied. It is found that for fluctuations of the particular 

fm·m considered: the mean v-B.lue of elasticity obtaj_ned is -3% lower 

than ·the value obtained assuming the elasticity to have a unique 

value. This effect is negligible compared with the error introduced 

by the uncertainty in the interaction length for nucleons in air. 

The new estimate of the primary nucleon spectrum, made under 

the assumption that -12% of the available energy in a nucleon-air 

nucleus collision goes into the production of particles other than 

pions, may be expressed in the form: 

I(>E) = o.87i0" 52 ~1 " 58 cm-2 sec-1 sterad-1 
-0· 30 ... 

in the energy range 1010 to 3 x 1013 eV/nucleon, E being in units 

of GeV. 



122. 

A constant exponent for the primary spectrum together with 

the fact that the elasticity is not a function of energy results 

in exponential attenuation of the nucleon component in the atmos­

phere. The best estimate from the present work of the attenuation 

length is 127 i 4 g.cm-2 • 

The direct measurement of the sea-level pion spectrum has 

enabled values to be obtained for· the elasticity of pion interac­

tions by considering the propagation of pions in the atmosphere. 

The attenuation length due to interaction, for pions in air, has 

been found to decrease with increasing pion energy from 157 i 4 

g.cm-2 at 2 GeV to 112 i 22 g.cm-2 at 8o GeV. Measurements at 

CERN of the pion-proton inelastic cross-section (Morrison, 1963) 

lead to '."alues f'or the interaction length in air which slowly 

increase with increasing pion energy. Consequently, the elasticity 

of pion interactions deduced f'rom the relation between the interac­

tion and attenuation lengths, ranges f'rom 40% at 5 GeV to complete 

inelasticity at 8o GeV. This is in contrast to nucleon-air nucleus 

collisions, the elasticity of which has been found to be constant 

(53%) over the energy range considered. 
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APPENDlX 1 

THE ACCEPTANCE FUNCTION OF THE SPECTROGRAPH 

A. The Acceptance Function for Geiger Counter Trays ABGCD 

(i) Deflection Plane Acceptance, A1 (~) 

In this case, the spectrograph is syrrunetrical about the centre 

of the magnetic field in the vertical direction. Trays B and C do 

not limit the acceptance of particles, limitations being imposed 

only by trays A, G and D. 

The acceptance function in the deflection plane, A1 (~), is 

equal to~~~dD for all trajectories passing through A, G and D. 

~ is the range of angles for which particles with deflection ~ 

can pass through trays .A., G ;:t.nd. dD of tray D, see Figure Al.l(a). 

It is assumed in the following calculations that angles are 

small and that there is negligible scattering and momentum loss 

for particles passing through the spectrograph. 

a) ~ = o 

For zero deflection the extreme trajectories are as shown in 

Figure Al.l(b). If the incident particles are isotropic the dis-

tribution of particles at C will then be as in Figure Al.l(d). 

Within ~ (a - 2g) of the centre line the angular acceptance is 

limited by G and is equal to 2g/z. From~ (a - 2g) to + (a + 2g) 

respectively the acceptance falls linearly to zero. 
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~1erefore, for zero deflection, ~~dD is the area under the 

curve between~ a, i.e. the limits of tray D, shown shaded in 

Figure Al. 1 ( c ) • 

llien jJd.edG = 2a~ 2g -
4g: = 2zg (2a-g), for ell = o. Al.l 

b) ell > 0 

Imposing a deflection ell on the trajectory is equivalent to 

displacing D by a distance zcll. Thus for deflectionc~~,{(~dD is the Jj' 
area under the curve between (-a + zcll ) and (+a + z<!l). 

ell = o to ell = climax can be covered by three regions shown in 

Figures Al.l(e), Al.l(f) and Al.l(g), where the full vertical lines 

indicate the displaced position of D for the smallest deflection 

and the 1 dashed 1 lines the max.:Unwn displacement of' D, j_n that 

region. 

Region (i) 0 :E:";; ell :E:";;~ 
z 

~~dD= 8a~-4g2-z2ell2 (Figure l(e)) Al. 2(a) 2z 

Region (ii) 2g :E;;; ell :E;;; 2(a-g) 
z z J 

~~dD = 4ag~2zcllg (Figure l(f)) Al. 2(b) 

Region (· ··) 2(a-g) ~ell :E;;; 2(a+g) 
lll - J z z 

~~dD= (2~+2a-zcll)
2 

(Figure l(g)) Al. 2(c) 
4z 



The values of JJrdadD are given in Table Al.l and plotted in 

Figure Al.2 for a= 47.26 em, g = 12.52 em and z = 265.1 em. 

c) Correction 

In the calculation of ~[dadD it has been assumed that the .)J' 
particles are deflected at a point which lies on G. In fact, 

132. 

the deflection takes place over a distance equal to the length of 

the magnetic field, as shown in Figure A1.3. 

We have assumed that the trajectOI"'J is JKL (straight lines), 

when it is in fact JRKSL. The previous calculation gives the 

relation bet-.;·reen f('cndD and ell(= LN), but the true deflection 
J.J z 

.1 LN + NP ,; ell I = LP, z = = ell + NP, z. 
z 

It is easily- shown that NP = 2ffi.i. The r·elation between KM 

and. ell may be obtained a.s follows:-

Take rectangular axes (.t ,y) v1ith origin at the centre of the 

magnetic field and the .t axis along the direction of incidence of 

the particle, (Figure A1.5). The angular deflection when the 
)00 . ~ /,·d.t 

particle moves from l to .t-d.t is and this corresponds to 
p 

a displacement at the centre of the field of 300 .tH dt 
p .t 

KM = 300 r;H dt 
p J l 

0 -f1xl 

300 z 1 Hd.t 
-co 

p = --------------z (z = arm over which A is measured). 
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In this particular case, the field distribution for a magnet 

current of 66.6A can be approximated to by:-

H = 12000 between l = 0 and 6 em 

H = 12000 [1- (t)~)
2

] between l= 6 and 17 em 

H = 12000 (l-l4 ) between n = 17 and 90 em exp -
13 

~:~ 

and H = 0 fort> 90 em (See Figure Al.4). 

Al. 3(a) 

Al. 3(b) 

Al. 3 (c) 

This gives a value of 5.30 

r. +co 
X 106 r cm2 for r 00 

tHdt and 
ou 

6.4 X 105 r em for Hdt 
J -oo 

zcll r 00

£Hdt 
Ql..' KM=-..;;__---= 

+co 
z r Hd..e 

u -co 

$I = $(1 + .0624). 

5•30 X 106 

265.1x6.4xl05 
zcll = • 0312 zcll Al.4 

Values of~~ arc given in table Al.l and the corrected accep-

tance in the deflection plane is plotted in Figure Al.2. 

(ii) Back Plane Acceptance, A2 • 

Since there is no deflection in the back plane of the spectra-

graph, the acceptance, A
2

, is independent of particle deflection 

and is given by equation Al.l with a= 30.0 em, g = 5·45 em and 

z = 265.1 em. The value for A thus obtained is 2.16 rad. em. 
2 
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B. The Acceptance Function for Geiger Counter Trays ABGCS 

(i) Deflection Plane Acceptance A (~) 
~ 

134. 

Since the spectrograph in this case is not symmetrical about 

the magnetic field, the method described in section A becomes com-

plicated. A~(~) has therefore been evaluated graphically for each 

of the four experimental arrangements in the following manner. 

Templates were made for particle trajectories with various values 

of angular deflection, ranging from 0 to 0.35 radians, allowance 

being made according to equation Al.4 for the magnetic field dis­

tribution. On scale drawings of the spectrograph, f(oariD was found 
JJ 

numerically. The limits on the positions at measuring level D 

between which particle trajectories were required to pass were 

marked on the scale drawings for each series for each deflection 

considered. In each case ~dadD was evaluated for deflections in 

both senses and the average value taken, in order to reduce the 

errors due to possible inaccuracies in the drawing of the spectra-

graph. 

(ii) Back Plane Acceptance A
2 

There is zero magnetic deflection in the back plane of 1he 

spectrograph. For a~y given Geiger counter arrangement in this 

plane the acceptance is not a function of the particle momentum. 

However, in series P, S and H the Geiger counters in tray S were 
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hodoscoped and minimum momenta were imposed for the acceptance of 

particles passing through any particular counter, leading to dis­

continuities in the acceptance functions at deflections correspond­

ing to these momenta. ~ was calculated graphically for the various 

tray S counter arrangements. 

The acceptance functions, A(~)= A~(~).A2 , for the P, AP, H 

and S series are shown in Figures Al.6(a) and (b). 
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ell radians J0'~dD rad.-cms ell I radians 

0 7-75 0 

0.0189 7-70 o. 0201 

0.0377 7-55 0.04ol 

0.0754 6.98 o. 08ol 

o. 0943 6.56 0.1002 

0.113 6.10 0.120 

0-151 5-15 0.160 

0.189 4.21 0.201 

0.226 3-26 0.240 

0.264 2.32 0.28o 

0.302 1.47 0.321 

0-339 0.824 0.360 

O.?J77 0.360 0.401 

0.415 o.o86 0.441 

0.450 0 0.478 

The acceptance in the deflection plane A
1 

($) = ({aa.dD for 
JJ 

Geiger counter trays ABGC and D. 

ell and ell' are respectively the uncorrected and corrected 

angular deflections. 

Table Al.l 
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APPENDIX 2 

THE GROSS TRANSFORMATION 

The measurements of the sea-level proton and pion intensities 

described in this thesis are of average values of the intensities 

of particles within -0.2 radians to the vertical. Since the 

thickness of atmosphere tra.versed by a particle in reaching sea-

level increases with increasing angle of incidence, the angular 

distribution of particles at sea-level has a maximum in the vertical 

direction. Rossi (1952), under the assumptions that the primary flux 

is isotropic, that the direction of motion of the particles is 

unchanged in passing through the atmosphere and that the particles 

being considered are absorbed exponentially i·rith an obsorption 

length /,, gives the express ion : -

for the total integrated intensity at depth x •. J is the incident 
0 

intensity of particles per unit solid angle. The function € (x) 
1 

1
,00 -y 

is defined as x.. ~ 
X y2 

dy, known as the Gold Integral. This 

function is extensively tabulated by, for example, Jahnke and Emde 

(1945) and also by Rossi. 
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In the case of the Durham spectrograph, the intensity of 

particles, integrated over all accepted angles is given by:-

21t J X 1~ exp_(yLL) dy 
0 y2 X 

= 21t J x[r exp_( -yLL~ dy _ ['
00 

exp(-y/L) 
dy] 0 y2 -l y2 

= 21t J [ E 1(x/L) - x/xm E1 ( :m) J A2.1 
0 

where x is the thickness of atmosphere traversed by particles at 
m 

the max:i.murn angle to the vertical accepted by the spectrograph. 

With L· ,= 120 g. cm-2 , equation A2.1 gives a value of 

2.26.lo-5 .J_ for the integrated intensity. u - -

If' it is assumed that all particles have traversed only the 

vertical thickness of the atmosphere, the integrated intensity is 

2. 31.10-5
• J showing that in this particular case the measured 

0 

intensities can be taken to be the vertical intensities at sea-

level. 
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APPENDIX 3 

MOMENTUM CELL WIDTH CORRECTION 

Suppose that the momentum spectrum being measured is of the 

form:-

A).l 

where K and 7 are constants. 

The quantity required from the measurements is N(p) as a 

function of p, i.e. the intensity of particles with momenta between 

p and p + dp. In practice a finite momentum cell width must be 

taken. 

Let the limits of the momentum cell be p and p 
~ 2 

r.p 
Then, the number of particles in the cell = 2 

J 
p~ 

K[ ~-7 _ ~-7] 
p2 p~ 

= --r:( 1---7 )or----

N'(p)dp 

A3.2 

The intensity of particles per unit momentum inter~~l is then:-

K[p2~-7- p~~-7] 

(1-7) (p
2 

- p~) 
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The momentum, p , to which this intensity refers is, from equation 
0 

A3.1, given by:-

i.e. p
0 

is the momentum at which the intensity should be plotted. 

In figure A3.l, p
0

, expressed as a fraction of the arithmetic 

mean momentum, is shown as a function of p jp for-, = 2.5. 
2 ~ 
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APPENDIX 4 

THE PROBABILITY OF NO COLLISIONS IN A NUCLEUS 

a) Statistical Model 
1 

Consider a nucleus, atomic number A and radius R = R A3• 
0 

If aN is the interaction cross-section of the type of particle 

considered with a single nucleon, then the interaction mean free 

4nR3 

path for such particles in nuclear matter A = ----
n 3.AaN 

141. 

or A4.l 

Assuming that the nucleons in a nuclues behave independently, the 

probability of a particle not interacting in a distance 2£ of 

nuclear matter is:-

P(0,2t) = exp [-2l/A ] 
n 

A4. 2 

If the perpendicular distance from a path length 2£ through the 

nucleus to the centre of the nucleus is x, the probability of a 

particle having a path length 2l in the nucleus is:-

P(2t) 21l'Xdx A4.3 

The average probability of a particle not interacting in the 

nucleus is 



R 

P
0 

= 1· P(2.t).P(0,2.t) 

0 

= r.R 2x 
-- exp (-2£/A )dx 

J R2 n 
0 

Since 

equation A4.4 becomes:-

R 

= - l ( ~R, + 1) exp-2£/A • "n

2 J L\ n n 2R2 
0 

p = 
0 [ 1 - (ffi/An + 1) exp(-2R/An~ 

142. 

A4.4 

A4.5 

P is known as the transparency of a nucleus. The opacity of 
0 

a nucleus, defined as (1-transparency), is shown in figure A4.l as 

a function of R/A • 
n 

b) Optical Model 

In the optical model, the absorption coefficient, K, is given 
3.AaN 3.aN 

by -- - Then for a path length 2.e in nuclear matter, 
41tR3 4nR 3 

0 

the incident wave is attenuated by a factor exp-2K£. The amplitude 

of the emergent wave is interpreted as the probability of a particle 

not interacting in a distance 2.e. It is seen that the expression 
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obtained from the optical model is the same as that from the 

statistical model (equation A4.2) since, from the definitions of 

1 
An and K, K = ');"'" . 

n 
is the same on both 

Thus the variation of opacity with RK or R/f.. 
n 

models. 
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APPENDIX 5 

THE PROBABILITY OF n COLLISIONS IN A NUCLEUS 

Using the same notation as in Appendix 4a, the probability 

of n collisions in a distance 2t of nuclear matter is:-

(
29n exp(-2t/An) 

P(n,2t) = ~ , 
" n. 

The probability of n interactions in the nucleus is then:-

or 

= 
-A 2 
··n 

(n+l) 
2 

p 

p 

n 

n 

= 
JR 2., (~n exp{-~/An) 

1tR2 A n. 
0 

dx 

= JR 2t (~n exp (- 2£/A ) n 
dt 

J R2 A n~ 

0 

• • • • + (n+l)~ (29n-m ; )• ~ + •••• 
tn-m • " 

R 

• • • • + (n+l)~ (~9 + (n+l)~· J 
0 

A5.2 



Equation A5.3 may be rewritten as:-

Ill=n+l 

I 2 (n-m) G~R~(n-m-1) 
(n-m+l) ~ " I 

Ill=-1 

or 

Equation A5.4 is the most convenient form for numerieal calculations 

of P • 
n 

In Table A5.1 are shown values of P for Carbon (A = 12) n 

and nuclear emulsion (A = 32) calculated for oN = 43 mb and R
0 

= 

1-35-10-~3 em. In each case, P
0 

was obtained from Figure A4.1. 

Also given in the table are the percentages of ·the total number 

of interactions in which n nucleons in the struck nucleus take 

part. From these, the mean number of nucleons in a Carbon nucleus 

struck by an incident nucleon is found to be 2.1 and for nuclear 

emulsion the mean number is 2.7. 
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Carbon Emulsion 
n 

p % of total no. p % of total no. n of interactions n of interactions 

0 0.219 0.136 

1 o. 2864 36.7 0.2163 25.0 

0 o. 231~5 30.1 0.2245 26.0 '-

3 0.1445 18.5 0.1794 20.8 

4 o. 0723 9· 25 0.1175 13.6 

5 o. 0208 2.66 0.0649 7·5 

6 0.0301 :9·5 

7 0.0112 1.3 

Table A5.1 



APPENDIX 6 

THE PRJMARY NUCLEON SPECTRUM 

The composition of the primary cosmic radiation given by 

Waddington (1960) is expressed in two forms:- abundance by number 

of nuclei above constant rigidity and above constant energy/ 

nucleon. 

1. Composition above constant rigidity 

Let the number of all types of nuclei with rigidity >R = B. R-7• 

Let the fraction of these nuclei which have atomic no. Z and 

mass no. A be CA. 

i.e. The number of nuclei of type (A,Z) with rigidity >R = 

CA.B.R-1'. 

• • • The number of nuclei of type 
/p\-7 

=CAB \A:) = 

(A,Z) with momentum >p/nucleus 

A6.1 

The number of nuclei of all types with momentum >p/nucleus 

c z7 
A 

A6.2 

The number of nucleons in the form of nuclei of type (A,Z) 

with momentum >pjnucleon 

A C Z7 (A ) 7 C z7 A(l-r) B_p-:.)' ="A P-=A A6.) 



••• The number of nucleons occurring in any form and having 

momentum >p/nucleon 

B 
_.., 

= .p I 
all A 

From equations A6.2 and A6.4 

The number of nucleons with momentum >pjnucleon 

I cA z"Y A (1-r) 

148 • 

A6.4 

all A ( = --------- x the number of nuclei with momentum >p nucleus L cA z"Y 

all A 
A6.5 

2. Composition above constant energy/nucleon 

Let the number of all types of nuclei with energy/nucleon >E = 

Let the fraction of these nuclei which have mass no •. A be P A 

i.e. the number of nuclei A with energy >E/nucleon = PA D.E"""r 

the number of nuclei A with energy >E/nucleus = P A Ar. D E""""Y A6.9 

. . The number of nuclei of all types \·lith energy >E/nucleus 

':Che number of nucleons in the form of nuclei A with energy >E/nucleon 

A6.8 

the number of nucleons occurring in any form and having energy 

>E/nucleon 



= D g-'Y \ P A L. A 
all A 

From equations A6. 7 and A6. 9, 

The number of nucleons with energy >E/nucleon 

I PA A 
all A = x the number of nuclei with energy >E/nucleus A6.10 

I PA A)' 

all A 

Waddington•s data are given in Table A6.1. Equations A6.5 

and A6.lO give the same factor for converting the primary nucleus 

spectrum to the primary nucleon spectrum only for -y :::: 1.5, i.e. 

the exponent of the primary spectrum at the energy at which the 

composition was measured. 

In all of the present calculations it has been asswned that 

it is the rigidity spectrum which has constant composition. 

The values obtained for the conversion factor, primary 

nucleus to primary nucleon spectrum, at primary energies >1016 eV, 

for the three assumptions about the primary composition of 

section 9.1 are given in T.able A6.2. 



Above a Constant Rigidity (l~. 5 GV) 

Nuclear Intensity, Abundance 
Group charge, nuclei rn-2 by number 

z sterad-~ sec_;_ of nuclei 

Protons 1 6oo.:!: 30 8~ .. 9% 

a-nuclei .2 89 .:!: 3 12.7% 

L-nuclei 3-5 2. 0 + o. 2 

M-nuclei 6-9 5-6.:!: 0.2 

1.4% 

H-nuclei 10-19 1.88.:!: 0.3 

VH-nuclet 20-28 0.69.:!: 0.16 

Table A6.1 

Above a constant energy/ 
nucleon, (2.4 GeV/nucleon) 

Intensity, Abundance 
nuclei rn-2 by number 

sterad-~ sec-~ of nuclei 

1510 .:!: 150 94% 

89 .:!: 3 5·5% 

2. 0 + o. 2 

5·6.:!: 0.2 

0.5% 

l. 88.:!: 0.3 

0.69.:!: 0.16 

1-' 
\J1 
0 . 



Pr:i.llJ.a.ry 
Composition 

(above constant rigidity) 

100% Protons 

87. 3% protons 

12.7% a-particles 

As Table A6. 1 

151-

Intensity of nucleons I Intensity of nuclei 
with energy->E/nucleon with energy >E/nucleus 

1 

Table A6. 2 
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APPENDIX 7 

1 

The integral I = J lx (.en f )13 df' may be evaluated by means of 

0 
the substitution:-

f = ey , for integral values of 13· 

Integrating by parts, 

[

e(O:+l)y.yi3Jo Jo e(a:+l)y o (13-l) 
I = (o:+l) - (o:+l) • 1-' y dy 

-co 
-co 

= e •Y ~· e •Y + t3 f3-l e o:+l Yy 13-2 
[ 

(O:+l)y 13 A (O:+l)y (13-l) ( ) ( ) ( ) 

(o:+l) - (o:+l)2 (o:+l)3 

• • • + 
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APPENDIX 8 

The elasticity distribution for a single nucleon-air nucleus 

collision has been taken to be:-

P (f )df = -(1~)2 f
0
1 

£n f a£ 1 1 1 1 1 A8.1 

Suppose that the elasticity distribution after n collisions 

is:-
··d.· 

(1~)2n 1l '•n f )(2n-l) P (f )df = - r v; df n n n (2n-l)~ n n n 
A8. 2 

Then the elasticity distribution after (n+l) collisions is 

given by:-

p . (f )df' ~: r l p (f(n+l )) p (f) df df 
(n+l) (n+l) (n+l) J 1 f n f (n+l) 

f=f~+l) 

= j' 1 
_ (l.uv)2 (f(nf+1))

0 
nn f(n;l). r= (1~) 2n a( ~) (2n-l)f df 

'" h L ( 2n-l)~ f J,n I J~ df~+l) 

= 

f=f(n+l) 

(1-ta:) (2n+2) na 
(2n-l)~ 1~+1) 1'1 

{.en f(n+l)- .en f} (.en f)( 2n-l)df~+l)d(.tn f) 

f=f(n+l) 

(l.uv)(2n+2) rv [ 2 (2 +1~1 
= -..... f" ) df,n+l) .en f(n+,, (.en f) n - (.en f) n 

(2n-l)~ (nrtl ~ .1.1 f 
(n+l) 



(1-10:) ( 2n+2) 'CX ( 2n+l) . 
= - (2n+l)~ ~n+J.) (.en f(n+lY df'(n+l) 

A comparison.of equations A8.2 and A8.3 shows that if equation 

A8.2 is true for n = N collisions it is also true for n = (N + 1) 

collisions. Equation A8.2 is true for n = 1, as in that case it 

reduces to equation A8.1, i.e. the assumed elasticity distribution 

for a single collision. The elasticity distribution after n colli-

sions is then given by equation A8.2 for all n ~ 1. 



APPENDIX 9 

If If3 = J 1 

(1-K)a. ~ Jn(l-K)d.K 

0 

Let .en(l-K) = y 

Then r
13 

= - J-f7Jea.y. (l-eY)f3.y.eydy 

0 

By the binomial theorem, 

0 f7J ) y(l-ta) 
If3 = f. I' (-e)rrry j3(f3-l) ~~· (j3-m+l .y_.e dy A9.2 

Y=-f7J m=o 

ro (-e)my y ey(l-ta)dy = (-l)m /'0 e(l-ia-kn)yy ely 

J J 
-f7J -DO 

[ 

I ) I \ -,Q 
\110-+m y f>\1-ta-+m)yj 

( l)m e .y _ 
= - ( 1-iO:-+m) -

(l-ta-+m)2 
-DO 

Therefore equation A9. 2 becomes:-

lXI 

\ f3(f3-l) • • • (f3-m;1-l) ( -l)m 
If3 = - / 

L.. m~ (l-ta-tm)2 
lll=O 

A9.3 
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APPENDIX 10 

Suppose the primary nucleon spectrum is of the form:-

AlO.l 

Then, if r =constant and the elasticity of nuclear interac-

tions is not a function of energy, the nucleon intensities are 

attenuated exponentially in the atmosphere with attenuation length 

"Aa ("Aa ~ function of energy). 

The rate of production of pions with energy E at depth x to 
J{ 

(x + dx) in the atmosphere is:-

dEP. d.x F! (E ~ ' 
~ ' rr'.c.P 1 

l. 

where Ai = the interaction length for nucleons in air. 

Al0.2 

F' (Err,EP) = the spectrum of pions produced. in an interaction 

of a nucleon of energy Ep• 

The pion production spectrum, F(E ) 
1( 

= t Jm A.Ep-7 ~·F'(E•'Fp) exp c~:> ~ 
X=O Ep 

-min 

i.e. the spectrum of pions produced in all of the interactions in 

the atmosphere. 
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F'(E ) 
T( 

= raJ 
J 

E 
pmin 

J
t -x exp y:: 

a o 

A10.3 

since exp - t/Aa (t = total thickness of atmosphere) is negligible 

compared with unity. 

Substituting from equation A10.3 in equation Al0.2, the rate 

of production of pions with energy E at depth x to (x+dx) 
T( 

Al0.4 

If 'Y and T .are the Lorentz factor and lifetime respectively of 

a 1·elativist.io:: pion of enero-u- E • rest mass m . 
~ rr' rr· 

the probability of the pion decaying in time dt 

II II 

II II 

2 
m c 

T( 

II 

II 

II 

II 

II II II a distance 

II II II thickness 

(T0 = rest lifetime) 

X. 

dt 
T 

d.t 
d.t 

- CT 

ax dx 
- pCT 

For an isothermal atmosphe:r·e, p • cos 6 (Rossi, 1952) 
zo (e = zenith angle) 

the probability of a pion decaying in thickness dx 



= 
d.x.m c z 

J( 0 

X E T cose 
1'( 0 

and the rate of loss of pions by decay in thickness dx 

x.E]"( To cos e = 
dx m c z N(E ,x) 

1'( 0 1'( 
A10.5 

The rate of loss of pions by absorption in thickness dx 

dx 
=- N(E x) )\ rr' 

1'( 

)\ = attenuation length for pions i.n air. 
1'( 

Al0.6 

Combining equations AlO. 4, 5 and 6, the rate of change of 

pion intensity with depth is given by:-

[ 
m c z J -x~E-rr-~-0-c-.. ~-s~e + ~rr 

Al0.7 
m c z 

Putting ....;.;rr~T,--~0 = Band multiplying equation AlO. 7 by the inte­
o 

grating factor:-

d N(E ,x) 
1'( 

dx 

or 

[ 
f j1 + _B_ l} , ] BIEcose 1"'-

exp lj L~rr Ecose • x ~= x exp x "rr' 

I l} I BIEcose + B Ecose.- exp x )\ .x 
X 1'( 
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d { ( ) x B/Ecose} ( ) { ( 1 _ ;-~)il. xB/Ecose. "\.1a dx N EJt,x exp AJt x = F EJt exp -x \Aa /\" 'J 1\ 

N(E ) x B/Ecose F(E ) 1 Jx l (1 1] B/Ecosedx x exp - • x = - exp -x - - - x Jt' A 1t A : A A Jt a ; a Jt G . 

1 [x (B/Ecos8+1) ~(B/Ecos9+2) x(B/Ecos9+3) 
= F(EJt) ~ (B/Ecos8+1) - (B/Ecos9+2)A' + (B/Ecos9+3)2~A' 2 

a 

- 0 0 0 0 J 
where 1 1 1 

J;i=~-7\· 
a Jr 

The intensity of pions with energy E to (E +dE ) at depth x, 
Jt :rr Jt 

X X [ 1 X/A' N(E~,x)dE~ = F(E~) ~a exp - ~ (B/Ecose+1) - (B/Ecose+2) 
)'( 


