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i 
ABSTRACT 

A comparison of the r e s u l t s of the a p p l i c a t i o n of the 
f i n i t e element method and of a modified KIRSCH's s o l u t i o n 
f o r the c a l c u l a t i o n of stress around an unlined tunnel i n 
London Clay i s undertaken. 

Some conventional methods and the f i n i t e element 
method f o r the c a l c u l a t i o n of stress and displacement around 
a tunnel are referred t o . 

An estimate of the reduction of the shear strength 
parameters along fissures i s obtained "by laboratory tests 
on fiss u r e d and i n t a c t samples of London Clay. 

On the basis of the MOHR-COULOMB c r i t e r i o n of f a i l u r e 
and by the use of a computer technique a d e l i m i t a t i o n of 
p o t e n t i a l l y unstable o r i e n t a t i o n zones on equal area 
projections i s obtained f o r a l l the elements around a tunnel 
i n London Clay. 

The shear s t r a i n energy stored around the 
d i s c o n t i n u i t i e s , which f a l l i n the p o t e n t i a l l y unstable 
zones, i s computed f o r the case of a non-random d i s c o n t i n u i t y 
f a b r i c of London Clay and the values are normalized to the 
values corresponding to an equivelent i s o t r o p i c a l l y 
discontinuous f a b r i c . Then the i n s t a b i l i t y of each area 
around the tunnel i s defined i n terms of the p r i n c i p a l 
stresses , 0\, Glf the shear strength c h a r a c t e r i s t i c s of 
the material and the d i s c o n t i n u i t y f a b r i c . 
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i v 
Notation 

Most symbols are defined each time they occur, but the 
f o l l o w i n g are commonly used 

a tunnel radius 
C peak values of cohesion 
Cj peak values of cohesion along d i s c o n t i n u i t i e s 
Cr residual values of cohesion 
0.̂  residual values of cohesion along d i s c o n t i n u i t i e s 
Cu u n i a x i a l compressive strength 
E Young's modulus 
h depth of a point or tunnel axis 
K s t i f f n e s s matrix 
Ko r a t i o of h o r i z o n t a l and v e r t i c a l pressure 
pu rock pressure 
r distance from, the centre of a tunnel 
To u n i a x i a l t e n s i l e strength 
u r a d i a l displacement 
v t a n g e n t i a l displacement 
Wd shear s t r a i n energy generated by a non-random 

d i s c o n t i n u i t y f a b r i c 
WJI shear s t r a i n energy generated by a random 

d i s c o n t i n u i t y f a b r i c 
y weight per u n i t of volume 
E s t r a i n 
0 angle between a d i r e c t i o n and the h o r i z o n t a l axis . 
f1 c o e f f i c i e n t of f r i c t i o n 
$ Poisson's r a t i o 
(7i , (7 t, CJ3 p r i n c i p a l stresses 
Cfc horizontal stress 



V 

CV r a d i a l stress 
<7t t a n g e n t i a l stress 
Qy v e r t i c a l stress 
T shear stress 

¥ peak values of f r i c t i o n angle 
% peak values of f r i c t i o n angle along d i s c o n t i n u i t i e s 
% residual values of f r i c t i o n angle 
"Prj . residual values of f r i c t i o n angle along d i s c o n t i n u i t i e s 
u angle between 0̂  and the h o r i z o n t a l axis 



i . INTRODUCTION 
I 

Any study f o r the design of a tunnel consists 
mainly on the exploration of geological conditions along 
and around the proposed l i n e of the tunnel, the subsurface 
geotechnical exploration, the determination of the o r i g i n a l 
and secondery state of stresses, the determination of the 
displacement during the construction and,much l a t e r , the 
influence of the d i s c o n t i n u i t i e s on the s t a b i l i t y of the 
proposed tunnel, the determination of the stresses i n the 
l i n i n g , the i n t e r a c t i o n of the l i n i n g and surrounding 
ground, the analysis of economical fac t o r s and so on. 

At f i r s t , i n t h i s t h e s i s , a b r i e f presentation of the 
main conventional methods and the f i n i t e element method i s 
undertaken f o r the c a l c u l a t i o n of stress and displacement 
around an unlined tunnel. This i s followed by the a p p l i c a t i o n 
of a modified K. IF. SCH (1898) solution and the f i n i t e element 
method to the case of a tunnel i n London Clay. The r e s u l t s 
of the applications are compared. 

The emphasis i n the consideration of the states of 
stress i s pursued on account of the f a c t t h a t the 
disturbance of the stress, during the excavation, i s the 
cause of many phenomena connected w i t h tunnel s t a b i l i t y . 

However i t i s mainly the influence of d i s c o n t i n u i t i e s 
on the s t a b i l i t y of the tunnel that has been studied. 

The d i s c o n t i n u i t i e s may reduce the strength of the 
m a t e r i a l , increase the permeability, accelerate the 
weathering and change the modulii of e l a s t i c i t y . 



Generally, the s t a b i l i t y of a discontinuous mass 
depends more d i r e c t l y on the shear strength c h a r a c t e r i s t i c s 
of the d i s c o n t i n u i t i e s than on the strength of the i n t a c t 
elements. 

An estimation of the reduction of the shear strength 
c h a r a c t e r i s t i c s along small s t r u c t u r a l d i s c o n t i n u i t i e s , 
f i s s u r e s , i s obtained by laboratory tests on samples of 
London Clay. 

The s t a b i l i t y of a discontinuous mass, under 
p o l y a x i a l stress systems, around a tunnel i n London Clay, 
i s considered i n the t h i r d part of the t h e s i s . 

On the basis of MOHR - COULOMB c r i t e r i o n of f a i l u r e 
and by the use of' a computer, a d e l i m i t a t i o n of p o t e n t i a l l y 
unstable o r i e n t a t i o n zones on equal area projections i s 
obtained. The shear s t r a i n energy stored around the 
d i s c o n t i n u i t i e s , which f a l l i n the p o t e n t i a l l y unstable 
zones , i s computed f o r the case of a non-random discontinuily 
f a b r i c of London Clay and the values are normalized to the 
values corresponding to an equivalent i s o t r o p i c d i s c o n t i n u i t y 
f a b r i c . 

I n t h i s manner, more and less stable areas around 
the tunnel are defined i n terms of the p r i n c i p a l stresses, 
the shear strength c h a r a c t e r i s t i c s and the d i s c o n t i n u i t y 
f a b r i c . 
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2. STRESS DISTRIBUTION AND DISPLACEMENT AROUND A TUNNEL. 

CRITICISM OF RESULTS. 

General 

When an underground, excavation i s made,the na t u r a l 
stress s i t u a t i o n which exists i n the material before any 
work has been sta r t e d changes. 

The material around the proposed opening must be 
under compression because of i t s own weight,the weight of 
any overburden upon i t and the influence of the geological 
phenomena.Consequently the mass contains elastic, energy 
stored in. a l a t e n t state.The creation.of an underground 
opening causes the release of p o t e n t i a l energy and i t i s 
t h i s released energy which exerts pressure upon the l i n i n g 
or contributes to the convergence of the surface of a 
self-s u p p o r t i n g excavation. 

N.G.W..COOK (1966) examines the changes in the energy 
stored i n a rock mass during excavation operations f o r two 
extreme cases of material behaviour between which the 
actual behaviour of mass must l i e . 

The f i r s t , case i s the excavation i n a f l u i d (zero 
shear stresses) i n which stress concentrations cannot 
e x i s t and the forces across any plane are the same before 
and a f t e r the excavation.In t h a t case the released energy 
by excavation w i l l be equal to the change i n g r a v i t a t i o n a l 
energy due to the downward movement of the f l u i d above the 
excavation.This case probably approximates to the s i t u a t i o n 
of an excavation a f t e r an i n f i n i t e l y long time or at great 



4 
depths under hydrostatic pressure. 

The second case i s the excavation i n an e l a s t i c rock 
i n which the sum of the released energy,of the energy 
stored i n stress concentrations and of the s t r a i n energy 
o r i g i n a l l y stored i n the excavated rock must "be equal to 
the sum of the change i n g r a v i t a t i o n a l p o t e n t i a l and of the 
change i n the p o t e n t i a l of the ho r i z o n t a l stresses. The 
released energy i s equal to the work which could "be 
extracted from the rock mass by c o n t r o l l i n g the convergence 
of the surfaces of the excavation from t h e i r i n i t i a l 
p o s i t i o n s . 

I n both cases the t o t a l change i n p o t e n t i a l energy 
i s the same. 

Therefore,when any underground excavation i s made,a 
change i n p o t e n t i a l energy occurs,strain energy i s stored 
i n the surrounding material and excess energy i s released. 
The stress concentrations maintain force equil i b r i u m and 
produce s t r a i n energy stored i n the surrounding mass. 

I t i s proposed f u r t h e r to consider these energy 
components of the mass. 

The fundamental assumption on which t h i s thesis i s 
based i s that the state of stress around the tunnel does 
not exceed the l i m i t i n g stress condition f o r e l a s t i c 
behaviour of the surrounding mass. This assumption i s 
probably a l i t t l e u n r e a l i s t i c i n view of the high stress 
differences t h a t must e x i s t at the free boundary, -but i t 
i s nevertheless a necessary assumption i f the analysis i s 
to be reasonably t r a c t a b l e . 
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2. a. Stress and displacement c a l c u l a t i o n derived from the 
equations of theory of e l a s t i c i t y and c a l c u l a t i o n 
based on various displacement and equilibri u m 
assumptions. 

Stress and displacement c a l c u l a t i o n derived from the 
equations of theory of e l a s t i c i t y . 

( C i r c u l a r tunnel i n an e l a s t i c i n f i n i t e and s e m i - i n f i n i t e 
mass). 

Any e l a s t i c material must s a t i s f y the f o l l o w i n g 
requirements: 

i ) L i n e a r i t y between stress and s t r a i n . 

ii)Homogeneity 

i i i ) I s o t r o p y 

i v ) P e r f e c t e l a s t i c i t y 

These properties are defined by two independent 
constants,the modulus of e l a s t i c i t y E and Poisson's r a t i o 

The t h e o r e t i c a l equations specifying the stress 
d i s t r i b u t i o n are extracted by the acceptance of plane stress 
or plane s t r a i n conditions. 

For s i m p l i c i t y the problem w i l l be discussed i n 
polar coordinates. 

L.OBERT and W.DUVALL (1967) adopt a t h e o r e t i c a l 
approach to the problem.They consider an i n f i n i t e plate of 
thickness t w i t h a c i r c u l a r hole of radius a.The applied 



stress f i e l d at. i n f i n i t y i s Sx, Szas i l l u s t r a t e d i n f i g u r e 
2.a.I. and i t i s assumed t h a t the AIRY stress f u n c t i o n £ 
i s of the form: 

^ = A l o g r + Br"+(Cr l + Dr* + Er l+ F) cos20 equ2.a.I 

For the conditions of no "body forces the stress components are 
U R- T3T~ + TW 

I equs. 2.a.2 <Jt-

T — — 

where 0"r =ra.ciial stress, 0"t = 
ta n g e n t i a l stress, T,.^shear stress. 

Now the constants A,B,C,D,E',F 
have to be determined from the 
boundary conditions.By the use 
of the known stress •transformation, 
c o r r e l a t i o n equations the boundary 
conditions a t r = oo are 

( g r ) r = n , = 4 ( S ^ S ^ +-J ( S*~ S z)cos26 

(Tr9)r=-= - 4 ( sx- S z)sin20 

f .! 
Fig. 2.a.l 

equs. 2.a.3 

Sub s t i t u t i o n of equation 2.a.linto equation 2.a.2 and 
c a l c u l a t i o n of the p a r t i a l d erivatives gives 

ar=-^+ ~ + 2B + (-2C.-6Er*-4FrS')cos2e 

0"t = -^-i-= -3+ 23 +:(2C +i2Dr l + 6Er*)coB2e equs.2.a.4 

T: r a=^|-^|i= (2C +6Dr*- 6Er*-2Fr l)sin26 



When r =», equations 2.a.3and 2.a.4 give 

(°r\.= " f ( S * + S z) +-|<SX- S x)cos2e = 2B - 2 Ccos20 
i r equs.2.a.5 (T M) r == -^(S*- S z)sin26 = [2C + 6D(co)J sin26 

Consequently, 
D = 0 
-2C = - | ( s * - s z ) equs.2.a.6 

When r = a , 

( l 7 r ) r = = 0 , ( T j ^ = 0 ~ equs.2.a.7 

When r=a, equations 2.a.4 and 2.a.7 give 

equs.2.a.8 
Wr)^n=4t+ 2B +(-2C - 6Ea 4- 4Pa_l )cosl6 = 0 
(T r e) r = t t= (2C -K 6Da* - 6Ea4- 2Ea _ 1)sin2e = 0 

Cons equently 
•4 + 2B = 0 
•a. 
-2C - 6Ea 4- 4Fa"l=0 - equs.2.a.9 
2C - 6Ea*- 2Fa"l= 0 

Solving the equations 2.a.6 and 2.a.9,th.e constants are 
determined and by s u b s t i t u t i o n i n t o 2. a. 4 the s o l u t i o n i s 
obtained ( a f t e r G.KIRSCH): 

ffr=-|(Sx + S z ) ( i - ^ ) + 4"( sx- S z ) ( i + -|£--4jt)cos2e 
equ.2.a.10 

O t = + ( S * + S x ) ( l + -f£) -4(S»- S z ) ( i + ^ ) c o s 2 9 
c r ^ r equ.2.a.11 

t r t= -"|(Sx- S z ) ( i - + -||^)sin2e equ.2.a.12 
In the case where S x = S2= -p, Cr , Gt and T r e become 

0r= - P ( i - - f r ) 
Ct= - p ( i equ. 2.a. 13 

0 
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HTfien S„=0 tnen 0~r , 0~t, T r e "become. 

a r = f u - | ) - - f ( l * l£ }cos20 

CJ t=-|(l + +:-f(l +.-IfL)cos26 equs.2.a.U 

T r f T ^ 1 - - i ^ + : i ^ ) s i n 2 e 

From the equations 2.a.10, 2 . a . I I , 2.a.12 we have that the 
r a d i a l stress i s zero at. the tunnel surf ace. while thttangential 
stress i s a maximum and the shear stress i s zero. 

The DISPLACEMENTS are obtained by the re l a t i o n s h i p s 
between stress and displacement f o r plane stress or plane 
s t r a i n . 

For a plane stress condition the r e l a t i v e equations 

are 

"If- =4 ( 0' r-"^°* ) equ.2.a.!5 

~ F + - ! ^ = 4 ^ * - ^ equ.2.a.I6 
1 "du ̂  v 2 (1 +: } ) _ . 
"F^6" + l»r ~~F = E T ™ equ.2.a.I7 

where u= r a d i a l displacement 
= ta n g e n t i a l displacement 
= Poisson's r a t i o 

By s u b s t i t u t i o n of the equations 2.a.10, 2.a.II,2.a.12 i n t o 
equations 2.a.15, 2.a.16, 2.a..I7and by i n t e g r a t i o n the 
displacements are 

. ( s ^ ( r . ^ c o s 2 e ] e q u > 2 - a < l 8 

equ.2.a.I9 



For a plane s t r a i n condition,the stress displacement 
equations are 

*bu _ _1_ 
TJr ~ E 

_u_ 
r r 

(1 -()Cr- v ( i + >> )Ct] 

+ E ( i -Ocrt-v ( i +* )o> equs.2.a.20 

c>u "civ j_ 2(1 - v ) T "rcJF + "3F ~ r " E L re 
Again by s u b s t i t u t i o n of the equations 2.a.10, 2.a.II,2.a.12 
i n t o equations 2.a.20and by i n t e g r a t i o n , the displacement 
are given 

. = J - l 2 [ ( ^ | _ s , ) ( r + | ) +. ( s ^ ) ( r _ t f ^ ) c 0 B 2 e ] _ 

^ ( 1 4• V ) ̂  S„+: S, ) ( r - | ) - ( S ^ J $ ( r __s£C0B2e] 
equ.2.a.2l 

, _ i g ^ ( s ^ H r + i | a l
 + ^ s i n 2 e ] _ ^ ( J ^ ) ( r J £ V | ) S i n 2 e 

equ. 2.a.22 
The calculation, of the stresses f o r the case of Fleet Line 
Tunnel i n London Clay-a subject of the present, work- has 
been based on the above equations and w i l l be discussed 
l a t e r . 

R.MIUDLIN (1940) succeeded i n an important c o n t r i b u t i o n to 
the s o l u t i o n of the problem by considering a tunnel as a 
ho r i z o n t a l c y l i n d r i c a l hole of c i r c u l a r cross-section 
situa t e d i n a ^ e p i ^ i p ^ i n i t e e l a s t i c s o l i d under the action 
of g r a v i t y . 
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By making use of the e l a s t i c i t y equations he has managed to 
obtain such a s o l u t i o n as to s a t i s f y the boundary conditions 
at both the upper free surface of the s o l i d and the surface 
of the h o l e . I t i s assumed that the s o l i d has a uniform 
weight per u n i t of volume, ^ , (constant body force) and 
the length of the tunnel i s large i n comparison w i t h i t s 
diameter (Figure 2.a.2). 

I f the body-force p o t e n t i a l i s .Q. and 
the AXRY's stress f u n c t i o n ^ , t h e n i n 
rectangular co-ordinates the stresses 0"̂  ,0~z 

Ts^are given by the equations 
i , 

!)x <)z. 
equ.2.a.23 

I f the components of the body force per u n i t 
of volume are X,Z then they must be 

x —^r ' z = - 1 Q 
Fig.2.a.2 

equ.2.a.24 

V4*!5. - VZ 7̂. (V=Laplace*s operator) equ. 2.a.2 5. 

I n the present case X=0 , and from 2.a.24 -Q=-JP* and so 
V*Ji - 0. Therefore from 2.a.25, V * t = D equ. 2.a.26 
The problem then i s of f i n d i n g a s o l u t i o n to equation. 
2.a.26 which s a t i s f i e s four boundary conditions. 

The s o l u t i o n i s in. terms of c u r v i l i n e a r or b i p o l a r 
coordinates.In the system of bipolar coordinates, a'and b 
are r e l a t e d to the Cartesian x and z as follows 

x = H sinb cosha' - cosb ' z = R sinha' cosha - cosb equs.2.a.27 



I I 

where A= Ktanha.1=a'sinha,, ̂  = cosha^ 
a,.= the value of a' corresponding to the "boundary of 

the tunnel 
Long before the boring of the tunnel three i n i t i a l states 
are assumed to e x i s t . 

Case I Each element of the material i s under a 
state, of i s o t r o p i c pressure.Therefore a t 
depth z the v e r t i c a l pressure Cv and the 
hori z o n t a l CJK are : Cv= yz f ( T ^ y z . 
That state i s approached at great depths. 
The tang e n t i a l stress <7t on the boundary 
i s given by the equation 

try) 2vA(cosha.,- cosb) fl-cosa* cosb -cotha,-
v t tf=it5 sinha^ [(cosha, -cosb) 1 

equ.2,a.28 
where .. R-n= N^- ne n a* 

„ _ ne^sinhna, coshnaj -nsinha^ cosha1) 
1 1 ~ s inhna 1 - rfs inEa^ 

The stress on the boundary of the tunnel i s greatest 
at the lowest p o i n t of the tunnel cross-section 
except when a1 i s very small. 
Case I I The material i s restrained from l a t e r a l 

displacement i n t o a g r a v i t a t i o n a l f i e l d . 
Again at. depth z <7V = yz , 0k= -J-^J- 2 

(fr \ 2xA(cosha< -cosb) f l-cosha< cosb _ ^ , 

fc„aT sinha, Ucosha, -cosb) 1 - c o t n £ i " 

- i ^ T i l H H a 1 , *2e*bosb - gR.cosnb] ̂ GACcosha, -

-cosb) [6cotha 1 csha 1 +.6.csct?ai cosb +4sinha,ZTnC0snbJ + 
SyGAcscha/cos w'+2cosha1 cos2u/ +.COS3IIJO 

1 ' 'equ.2.a.29 
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Where 
T^= S„- 2 n ( n l - l ) e n a ' 

c _ nCri1 -1) sinhns4 »_ , sinhe^ sinb 
b n ~ sinHna, - ifsinHa, ' T cosha, - cost 

r 1 ~ 2 ) = 6(1 - * J 

In t h a t case, a significant change occurs i n the 
stress f i e l d w i t h a v a r i a t i o n of i?oisson s r a t i o . 

Case J-LL No l a t e r a l stress exists i n the material. 
Again at depth z, 

C T V = -yz, CTK= 0 

The t a n g e n t i a l stress (Ot)a;=a, i s equal to 
the case H where G = -g- • 

K. TERZAGHI and F.RICHARD (1952)obtained a 
c a l c u l a t i o n of the t a n g e n t i a l stress at the roof and a t the 
walls of an unlined t u n n e l , c i r c u l a r cross section,situated 
i n an. e l a s t i c mass w i t h a two-dimensional stress f i e l d ; -. 

I t i s also assumed that the depth of the tunnel i s 
large compared to i t s diameter. 

According to SAINT YEMANT's p r i n c i p l e " i f a system 
of forces a c t i n g on one p o r t i o n of the boundary i s replaced 
by a s t a t i c a l l y equivalent system of forces,acting on the 



same p o r t i o n of the boundary,the stresses,strains and 
nonr i g i d body displacements remain approximately the same 
i n the parts of the body s u f f i c i e n t l y f a r moved from t h i s 
p o r t i o n of the boundary".The authors basing themselves 
upon t h i s p r i n c i p l e admit t h a t the s i g n i f i c a n t changes i n 
the state of stress generated by the boring of tunnel do 
not extend beyond a distance equal to two or three times 
•the l a r g e s t dimension of the cross-section of a tunnel. 

I f now the above mentioned distance i s r e l a t i v e l y 
small as compared to the depth(h) of the centre of the 
"tunnel,can be assumed (without serious e r r o r ) t h a t the 
i n i t i a l state of stress i n the material located inside the 
e n t i r e zone where the tunnel has an influence on the state 
of s t r e s s , i s i n d e n t i c a l w i t h the i n i t i a l state of stress 
a t the centre of the tunnel i t s e l f . 

A two-dimensional stress f i e l d is developed as 
follows.Long before the excavation of the tunnel at any 
depth z below the h o r i z o n t a l surface of the mass, the 
v e r t i c a l g r a v i t y stress i s Ĉ,= zy. 
The expansion of above mass i n the h o r i z o n t a l d i r e c t i o n i s 
prevented by the resistance of the adjacent mass while 
h o r i z o n t a l forces of tectonic o r i g i n may act upon the mass 
tending to compress the rock i n h o r i z o n t a l d i r e c t i o n s . 
Consequently a ho r i z o n t a l stress exists and i s given by 
the equation. 0^= K.zy equ.2.a.30 

The ta n g e n t i a l stress Ct a t the roof (point C) i s 

(Figure 2.a.3) fft. 0 , ( 3 K . - D equ.2.a.31 



The tang e n t i a l stress at the walls 
(at point A) i s 

C't= CTy(3 - Kj equ.2.a.32 
( f o r K 0= i the tangential stresses are 
equal to two times the v e r t i c a l s t r e s s ) . 

As a r e s u l t of the above equations 
the state of s t r e s s . i n the mass around a 
tunnel depends to a large, extent on 
the r a t i o K„ (Figure 2.a.4) which • -

8 depends on the. geological o r i g i n . . 
6 

and the subsequent h i s t o r y of the L 

mass formation. 2 
0 
2 
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Stress and displacement c a l c u l a t i o n based on various 
displacement and equilibrium assumptions. 

In the foregoing exposition only a t h e o r e t i c a l 
approach to the problem of the c a l c u l a t i o n of the stress 
and displacement around an unlined c i r c u l a r cross-section 
tunnel was undertaken w i t h the assumption th a t the material 
under, consideration i s an e l a s t i c m a t e r i a l , t h a t plane stress 
or plane, s t r a i n conditions prevailed, and tha t the calcu!lations 

are based upon a t h e o r e t i c a l l y i n f i n i t e time. 
In f a c t the geologic, materials are not e l a s t i c and 

no true plane stress or plane s t r a i n conditions e x i s t . 

The formations i n nature are affected by the weight 
of the overlying strata,by t h e i r own weight and by the 
forces generated from the geological phenomena.These forces 
act as a uniformly d i s t r i b u t e d load on the deeper s t r a t a 
and consequently on the roof of the opening which probably 
permits the. confined mass to move downwards i n the form of 
" p l a s t i c flow" or "rock bursts" (popping).In t h a t way, a 
reduction i n the state of stress very close to the tunnel 
occurs and usually secondary d i s c o n t i n u i t i e s are generated. 

Th.e displacements are e l a s t i c i f the e l a s t i c l i m i t 
of the mass i s not exceeded by the residual stresses.When 
the excavation begins,the r a t i o between the major and the 
minor p r i n c i p a l stress increases in.the adjacent rock and 
the new state of stress depends on the shape and the 
dimensions of the tunnel,the i n i t i a l state of stress i n the 
r.6ck ,the n a t u r a l properties of the mass,the strength and 



various other f a c t o r s . I f the mass i s too weak to sustain 
the modified state of stress i t s t a r t s to move from the 
roof and walls i n a r a d i a l d i r e c t i o n and to develop a 
looseness zone ( p r o t e c t i v e zone)until the state of stress 
"becomes compatible w i t h the strength.The creation of such 
a zone i s of fundamental importance i n t u n n e l l i n g and the 
time required f o r i t s development depends on the nature of 
the rock,the magnitude and depth of tunnel and the r i g i d i t y 
and i n s t a l l a t i o n time of supports.The purpose of the 
l i n i n g i s to sustain t h a t p r o t e c t i v e zone and not to 
prevent, the primary.displacements which i s impossible f o r 
tunnels at. great depths. 

Rock pressure (according K.TERZAGEl) i s the weight 
of a rock mass of a c e r t a i n height above the tunnel,which, 
when l e f t unsupported would gradually drop out of the roof. 
The magnitude of the rock pressure which acts upon the 
tunnel l i n i n g a f t e r the development of the p r o t e c t i v e zone 
varies between, f u l l geostatic pressure and zero i n very 
s o l i d and strong rocks. Ac cording to RABCEWICZ (1944) the reasons 
f o r the development of rock pressure are the loosening of 
the rock mass,the weight of the overlying rock mass, the 
te c t o n i c forces,"the volume expansion of the rock mass and 
swelling due to physical or chemical a c t i o n . 

Some known theories which present the above 
phenomena and calculate the rock pressure w i l l be discussed. 
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K..TERZAGH.T (1946; developed a theory f o r dry, 

granular s o i l s at moderate overburden depths ( h^3B )only. 

The mass around the tunnel begins to move and the 
displacements lead to the development of a set of s l i d i n g 
planes which define the width B of the affected 
displacement mass,,The i n c l i n a t i o n of the s l i d i n g planes are 
4 5 + ( a c t i v e state).The width B i s given as 

B = 2.[| +h' tan (45°--^)] 
H 1 equ. 2.a.33. 

The displacements are 
counteracted by f r i c t i o n developing 
on the v e r t i c a l shear planes. 

By the study of the equilibrium 
on the prism of width B and height <Jz 
the rock pressure po f o r cohesionless 
s o i l s i s derived 

t I t 

Fig. 2.a.5 

pu - 2K 0tanP^ 1 " e 
-K. tanp-2h, 

TO" equ. 2.a.34 

The displacements of the lower layers did n o t - a f f e c t 
stress conditions i n the upper layers i n the case of heights 
greater, than 2.5B and furthermore i n the case of very great 
depths the rock pressure, i s t o t a l l y unaffected by overburden 
depth. 

P.. = -J 
B jr 
2K. tan? equ.2.a.35 

For the cohesive s o i l s (cohesion C )the rock pressure i s 

P0 = 
For tf = -^ p = 0 and where B>-ythe c a v i t y must be supported 

2Ketan?>v ' 
zC 

equ.2.a.36 
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PROTODYAKONOV (1958) developed a theory f o r granular 

materials assuming the development of an arch ACB above 
the tunnel at. which the stresses along i t are purely 
compressive and are not associated w i t h bending. 

The arch ACB i s a parabolic l i n e and i t s eq u i l i b r i u m 
i s investigated.The forces acting on any section DC of the 
arch are the ho r i z o n t a l r e s u l t a n t T of reactions acting 
from the rig h t . &.t the crown M ,the r e s u l t a n t P of v e r t i c a l 
pressures, the tan g e n t i a l reaction R'. at 
p o i n t D of forces acting from the l e f t ' o n 
the lower h a l f of the arch.By using the 
equation of the parabola ta k i n g the moment 
about D and the pressures at the point A, we CK 

obtain as a r e s u l t t h a t the load ac t i n g 
on the tunnel i s equal to the weight of 
the rock mass confined w i t h i n the parabola 
and thus the pressure, i s equal to Fig. 2.a.6 

p« " 3 s tan? equ. 2.a.37 

For cohesive s o i l s the pressure i s given as 

where t a n ? t ^ i s the strength c o e f f i c i e n t , C« ij the unconfined 
compressive strength. 

According to K. S&ECHY (1967) t h i s theory gives satisfactory 

tan? r e s u l t s at. depths from to 2 tan? 
and i t has two disadvantages: i ) f r o m the equations of t h i s 
theory r e s u l t s t h a t the height of the arch i s a l i n e a r 
f u n c t i o n of width(k 1=^i— x^ although t h i s r e l a t i o n should be 
more involved. 2)the determination of the strength coefficient, 
by the use of empirical values i s not. accurate. 
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K.SZECHY (I967jdetermined the height of the over-break of a rock 
mass,its shape and the loading upon the lining,assuming t h a t the 
t e n s i l e strength w i l l define the over-break above a rectangular 
c a v i t y . 

Basing himself upon a s t a t i c a l analogy he makes the 
assumption th a t a three hinged arch i s developed whose two lower 
sidewards, mutually supported hinges - (RB, R̂) transmit compression 
stresses while i t s t h i r d uppermost hinge i s developed i n the 
centre l i n e at such a height where the stresses set up by the . 
overbridging no longer exceed the strength of the rock m a t e r i a l . 

Figure 2.a. 7 shows i n a cross-section 
the r e d i s t r i b u t i o n of the stresses,the lower 
hinges pressed by compressive stresses and 
the i n t e r i o r mass pulled by a t e n s i l e stress. 
The maximum t e n s i l e stress a t the bottom of 
t h i s cross-section should be equal to the 
t e n s i l e strength of the mass.From the assumption 
that, t h i s mass acts as a quadrangular disc- Fig.2.a.7 
l i k e beam K. SZECHY was able to determine the height h 1 as 

h, = [1.31(1 + 4 ) - 0.39] b equ.2.a.39 
1 1 

where the f a c t o r d takes values between -TJ- and y f o r p l a s t i c 
materials and between 2 and 3 f o r e l a s t i c ones. 

The width B i s given by WILLMANU as 
B = b ( i + -|) equ.2.a.40 

The rock pressure acting upon the unsupported tunnel i s the 
weight of the t r i a n g u l a r .zone defined by the three-hinged arch. 

As a r e s u l t of the i n s t a l l a t i o n of a support system 
there i s a reduction of the height and width of the t r i a n g u l a r 
zone and correspondingly of the i n t e n s i t y of rock pressure. 

1 \ 
r - v - 7 
K, / / 

, i i 'A 

\ \ 

1 i H 
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2.b. Stress and displacement c a l c u l a t i o n derived 

from the f i n i t e element method 

The f i n i t e element method i s e s s e n t i a l l y a process 
through which a continuum w i t h i n f i n i t e degrees of freedom 
can be approximated by an assemblage of subregions (or 
elements) each w i t h a specified but f i n i t e number of 
unknowns (Z IEM.IEW.ICZ, 1971). 

I n an e l a s t i c continuum the number of interconnection 
j o i n t s i s i n f i n i t e but the concept of the above method 
accepts . a d i v i s i o n of the continuous medium i n t o elements 
interconnected only at a f i n i t e number of nodal points. 
Consequently the approximation employed i n the f i n i t e element 
method i s the s u b s t i t u t i o n of the actual continuum by a 
modified s t r u c t u r a l system. 

The term " f i n i t e element method" was f i r s t 
introduced by G10UGH(I960) who used t r i a n g u l a r and 
rectangular elements to solve plane s t r a i n , plane stress 
and ax ialHy symmetric problems. 

J. ARGYRIS(1958,1960,1965) has done pioneering work 
i n m a t r i x analysis of three-dimensionsl i s o t r o p i c and .. 
an i s o t r o p i c , continua and discontinuous media. 

0. ZIENKIEWICZ CI9 7 I ) -has studied extensively 
the a p p l i c a t i o n of. the f i n i t e element method i n 
many engineering problems involved w i t h the c a l c u l a t i o n of 
stress, s t r a i n a.nd s t r a i n energy i n shells,bridges,dams,etc. 

The f i n i t e element method has the a b i l i t y to deal 
with complex geometries, boundary conditions and material 
properties and can be used as an excellent numerical t o o l 
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i n the s o l u t i o n of a wide v a r i e t y of problems dealing w i t h 
s o i l and rock mechanics. 

I t i s recognised that such a f i n i t e element method 
i s a generalized RITZ method based on the p r i n c i p l e of 
v i r t u a l work. 

The type of element depends on the geometry of the 
boundaries, while the size, and consequently the number of 
elements, depends on the scale of stress gradients. Among 
the simple type a v a i l a b l e , the three noded t r i a n g u l a r 
element i s a popular choice f o r plane s t r a i n and plane 
stress problems. 

The general procedure i n t h i s method contains the 
f o l l o w i n g steps: 

i ) s t r u c t u r a l i d e a l i z a t i o n ; 
i i ) evaluation of the element properties; 

i i i ) s t r u c t u r a l analysis of the element assemblage. 

There are three categories of models i n the f i n i t e 
element technique: Displacement models, equilibr i u m models 
and mixed models.. 

The displacement model i s based on parametric 
displacement f i e l d s and must s a t i s f y the conditions 

i ) Equilibrium: At each nodal point the i n t e r n a l 
element forces must e q u i l i b r a t e the external 
forces;; 

i i ) C o m p a t i b i l i t y : The deformation of adjacent 
elements must be compatible; 

i i i ) Force -- d e f l e c t i o n r e l a t i o n s h i p : The r e l a t i o n 
between i n t e r n a l forces and displacements i n each 
element depends upon i t s i n d i v i d u a l geometry and 
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material c h a r a c t e r i s t i c s . 

In t h i s model the displacements of the nodal points 
are the basic unknown parameters. Also, a function i s chosen 
to define uniquely the state of displacement w i t h i n each 
element i n terms of i t s nodal displacement. From t h i s 
f u n c t i o n a new fun c t i o n r e s u l t s which defines uniquely the 
state of s t r a i n w i t h i n an element i n terms of the nodal 
displacement. This state of s t r a i n together w i t h any i n i t i a l 
s t r a i n s and the elastic properties of the m a t e r i a l , defines 
the state of stress throughout the element. 

The f o l l o w i n g b r i e f analysis deals with the displacement, 
model and can be. r e a d i l y applied i n s o i l and rock mechanics 
problems. 

The fundamental aspect of f i n i t e element numerical 
theory i s t h a t the f i n i t e element procedure represents a 
process i n which the t o t a l energy of the system i s minimised 
w i t h respect to nodal displacements; This means that ss the 
imposed displacement functions are an approximation of the 
true displacement functions, the p o t e n t i a l energy i s then 
e i t h e r equal to or greater than t h a t corresponding to the 
true e q u i l i b r i u m s t a t e . 

The f o l l o w i n g convergence c r i t e r i a are based upon 
the above requirement:. 

i ) The deformation of each element i s expected"to be 
s i m i l a r to th a t developed i n the corresponding 
region of the continuum; 

i i ) The displacement function has to be of such a form 
that i f nodal displacements are compatible w i t h a 
constant s t r a i n condition, such constent s t r a i n 
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w i l l i n f a c t be obtained; 
i i i ) The s t r a i n s at en inerface between elements must 

be f i n i t e and the displacement functions are 
thus selected accordingly. 

In the f i n i t e element method ard i n thecaseof e l a s t i c 
behaviour of an element the c h a r a c t e r i s t i c force-
displacement r e l a t i o n s h i p i s 

[ K ] [ S } \ { F } * + equ. 2.b.I 

where 
[ F j represents the t o t a l nodal forces; 
[ K] " "tlie element s t i f f n e s s matrix; 

" the. nodal displacements; 
\ t } f " the nodal forces required to balance 

any d i s t r i b u t e d loads acting on the element; 
( F } € 0 represents the nodal forces required to balance 

any i n i t i a l s t r a i n s . 
When,in the a p p l i c a t i o n of the f i n i t e element method,this 
stage has been reached, the s o l u t i o n procedure follows a 
standard structural r o u t i n e . 

The main e f f o r t s involved i n the development of the 
above r e l a t i o n s h i p , as w e l l as i n a l l the s o l u t i o n procedure, 
are embodied i n the development of the s t i f f n e s s matrix. 

The s o l u t i o n procedure consists throughout the 
f o l l o w i n g operations. 

i)Development of a s t i f f n e s s matrix of an a r b i t r a r y 
element w i t h respect to a convenient l o c a l 
coordinate system; 
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i i ) Development of a transformation matrix (cons t r a i n t 
m a t r i x ) f o r the transformation of the s t i f f n e s s matrix 
from the locaJ. coordinate system to a generalized 
coordinate system (global coordinates)} 

i i i ) Generation of the f i n a l s t i f f n e s s matrix f o r the e n t i r e 
assemblage i n c o r p o r a t i n g the boundary forces and 
d e f l e c t i o n s ; 

i v ) Solution of a system of simultaneous equations,which we 
can s u b s t i t u t e by a block t r i d i a g o n a l matrix equation. 

The s t i f f n e s s c o e f f i c i e n t i s an e l a s t i c constant 
r e l a t i n g the force acting a t point j on a body and the 
displacement caused by the force i t s e l f : 

Fj = S. equ. 2.b.2 

where Fj i s the force required a t i i n the \ d i r e c t i o n to 
support a u n i t displacement at j i n the w d i r e c t i o n . 

The s t i f f n e s s matrix of an element i s the whole of 
the s t i f f n e s s coefficieht.s of the element, each of them 
corresponding to a nodal force. 

B r i e f l y , t h e t h e o r e t i c a l process of the f i n i t e 
element, method i n plane s t r a i n used i n the c a l c u l a t i o n of 
stress and displacement around the Fleet Line Tunnel,London 
Transport, has the f o l l o w i n g c h a r a c t e r i s t i c s : 

I n plane s t r a i n conditions and i n rectangular 
coordinates the stress and s t r a i n tensors are 

stress tensor s t r a i n tensor 
T« 0 

0 
0 0 0, 

0 
0 

0 0 0 
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Under the above conditions, and i n li n e a r l y e l a s t i c i t y problems, 
the f o l l o w i n g s t r e s s - s t r a i n r e l a t i o n s h i p s are v a l i d 

E z = j j r [ c r 2 - V ( a x + c r , ) ] 

v — T« 
tfxz- (J 

if* 7 

1 +1) 
E 

-V 0 
-V 1-V 0 

Ev 

i n matrix n o t a t i o n 
we have 

c r * ' 

equs t 2.b.3 

from 0 and equs.2.b.3 
r e s u l t : 0"y= <j(CTz + <JX ) 

equ.2.b.4 

2(1+^) 
equs.2.b.5 

Now a t r i a n g u l a r element ABC (Figure 2.b*l) i s 
considered to be referred to ity own coordinate system.In t h i s 
element the i n t e r n a l displacements must vary l i n e a r l y i n 
two perpendicular directions.This means t h a t any s t r a i g h t 
l i n e i n the undeformed element w i l l remain s t r a i g h t during 
deformation. 

Let us. assume that the 
compatible displacements a t any 
point ( x, z) w i t h i n the element are 
of the form : 

and 
e qu.2.b.6 

u = a,-H a tx + ajz | 
v = a 4 + a sx + a tz j 
where [N J i s a f u n c t i o n of. p o s i t i o n , 

Fig. 2.b.I 

a, , a t, ... , a« are 
c o e f f i c i e n t s equal i n number to the number of independent 
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nodal point, displacement components,and { 5 } i s the nodal 
displacements of the element.Then the nodal displacements 
of the element are : 

u,= a, 

u t= a.i + a 4x t 

u, = a, + ajX, + a 3 z3 

v t = 8.4 + a s X i 

equs. 2.b.7 

v 3 = â .+ a sx 3 -H a 6 z3 

I n matrix n o t a t i o n equations 2.b.7 become 

Ti. 

U. 

< 

1 
1 X,. 

1 x, 
1 
i 
I X, 

a, 
a* 
a, 

< 

a t 

a s 

a* 

• • equs.2.b.8 

or {«F- U] {a}. 
{ a } - [Af{sr 

Solving with respect to £aj , 
equ.2.b.9 

where [ A ] i s the inverse of [A] . Consequently, i f the 
nodal displacements.are-known, the {a} can be determined. 

By d e f i n i t i o n the s t r a i n s are re l a t e d t o 
displacements as follows 

equs. 2.b.l0 

* 1 
ETC <Hi/c)x 

3v/c)z > 

*- J 
^u "̂ z 

L "5F * Bx J 
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D i f f e r e n t i a t i n g equations 2.t>.8 we get 

I 

Ez > = < 
1 \ I a,+a. 

o i 0 0 0 0 
0 0 0 0 0 1 
0 0, 1 0 i 0 

or 

S u b s t i t u t i n g -[a] from equations 
0 0 0 

x 2z 3 

-2, 
0 

Z3 

0 
X 3 — X t - X j 

0 
x 8 • z, z3 

a ( 

a, 
a s 

a* 

equs.2.b.II 

equ. 2.b.I2 

2.b.9 , 2 . b . I I becomes 

equ. 2.b.I3 
0 
x.1 
0 

L1 
u t 

Vi 
v, 

Prom equations 2.b.5 we o b t a i n 

o; 1 

or 

' i ^ 
E d -• S)) 
c i -Ĥ  ; ( i - 2 ^ 

1-V 
1-v 

0. 
0 

i - 2 J _ 

"-x 
equs.2.b. 

equ. 2.b.I5 

The m a t r i x [D] i s c a l l e d e l a s t i c i t y m a t r i x . 
From equations 2.b.I4 and 2.b,13. we o b t a i n the stresses 
i n the element 

cr* L E ( i - ; ) ) 

'•xz 

-Z 3 Z3 

-f-V -l-tf 
7tz% -faXi a^xj -3 4z 3 7^3 0 

l- < 

J v, 

equs. 2.b.I6 
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where a t = jxt^TJ > A,58 x * 
The next step i s / e v a l u a t i o n o f nodal f o r c e s u s i n g 

the p r i n c i p l e o f v i r t u a l work. 

The nodal f o r c e s are e q u i v a l e n t s t a t i c a l l y t o the 
"boundary st r e s s e s and d i s t r i b u t e d loads on the element.The 
s i m p l e s t procedure f o r making the nodal f o r c e s s t a t i c a l l y 
e q u i v a l e n t t o the a c t u a l boundary stresses and d i s t r i b u t e d 
loads i s t o impose a v i r t u a l nodal displacement and t o 
equate the e x t e r n a l and i n t e r n a l work done by the v a r i o u s 
f o r c e s and stre s s e s d u r i n g t h a t displacement. 

I f the nodal f o r c e s {F$, the v i r t u a l nodal 
displacements d { } * and the d i s t r i b u t e d loads { p } a c t 
on a u n i t , volume o f m a t e r i a l w i t h i n the element (a constant 
t h i c k n e s s o f the element t i s assumed), then the equations 
2.b.6 and 2.b.I2 g i v e us as r e s u l t : 

d [ f } = Md{«5T , 
equs. 2.b.I7 

d i E } =[M*f. 
The e x t e r n a l work done by the nodal f o r c e s i s equal t o the 
sum o f the products o f the i n d i v i d u a l f o r c e components and 
corresponding displacements: 

W « = ( d { S ' f j [ F j * equ. 2.b.I8 

where ( d ^ S j * ) 1 i s the transpose o f d{5j? The i n t e r n a l 
work per u n i t volume W,v.. done by the stresses (equation* 
2.b.l6) and d i s t r i b u t e d f o r c e s i s 

or 
Wlnt.= ( d { ^ I e ) T ([*?{<*} - [ N ] T { P } ) equ.2.b.l9 
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By equating the e x t e r n a l work w i t h the i n t e r n a l work 
r e s u l t i n g from i n t e g r a t i o n over the volume o f the element, 
we o b t a i n 

U l * n t p ? - ( a { * f ) T ( |.[B) T { f f J d U o i ) - J [ N ] T { P } d ( v o i ) ) 
equ.2.b.20 

By u s i n g equations 2 .b. 15 and 2.b.H and s u b s t i t u t i n g the 
i n equation 2.b.20 we o b t a i n 

{ F } = ( j [B] T[D] [ B ] d ( v o l ) ) [ t 5 " j ' " - j " [ N ] T { p ] d ( v o l ) equ.2.b.2l 

The equation. 2.b..2l i s the c h a r a c t e r i s t i c equation and 
the s t i f f n e s s m a t r i x o f the element w i l l t h e r e f o r e be 

[ x f =|[B.] T [b] [ B ] dCvol) = J*[B] [D] [ B j t d x d z = [B] [D] [B] t A 
equ.2.b.22 

where A i s the a3:ea o f the t r i a n g l e . P r o m equation 2.b.2l the 
nodal f o r c e s due t o d i s t r i b u t e d loads are 

equ.2.b.23 

where 

2~K 

X j Zj-Z,X+(x3-X^Z 
z,x-x,z 
x t z 

0 
0 
0 

0 
0 
0 

x t z rz, x+Cxj-x^z 
z 3x-x, z 

Xo z 

equ.2.b.24-

The d i s t r i b u t e d loads [ p ] can be analysed i n t o the 
"body f o r c e " components X t Z 

{p$ = { z } equ.2.b.25 

I f the "body f o r c e " components X,Z are constant then u s i n g 

the equations 2. t>. 24 and 2.b.25»the equation 2.b.23 becomes 

W p = - { z } [ f °] equ.2.b.26 
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From equation 2.ft.26 r e s u l t s t h a t the body f o r c e s are 
e q u a l l y d i s t r i b u t e d a t the thr e e nodes o f the element. 

U n t i l now the s t i f f n e s s m a t r i x and the nodal f o r c e s 
were obtained as a f u n c t i o n o f a l o c a l c o o r d i n a t e system and 
acco r d i n g "to a numbering c o n v e n t i o n . I n assembling a l l the 
e l e m e n t s , i t i s convenient t o r e f e r a l l the elements t o the 
same c o o r d i n a t e system ( g l o b a l ) and a l s o t o change the 
l o c a l number which i n d i v i d u a l l y s p e c i f i e s the node and the direction 
o f the associated, nodal displacement.This i s obtained by 
the use o f a standard technique. 

Generally t h e r e i s no need t o consider each element 
i n d i v i d u a l l y i n order t o c a l c u l a t e the s t r e s s and 
displacement a t each p o i n t o f a s t r u c t u r e ..The procedure 
used i n d i c a t e s the f o r m a t i o n of the s t i f f n e s s m a t r i x and o f 
the general equations.The same process i s a p p l i e d d i r e c t l y 
t o the whole s t r u c t u r e . 

I f {£} represents the nodal displacements o f the 
s t r u c t u r e , t h e n equation 2.b.6 becomes 

{ f [ = equ. 2.b.27 

Nj = T5.\ when the p o i n t concerned i s W i t h i n a p a r t i c u l a r 
element e and i i s a p o i n t associated w i t h t h a t element. 
The m a t r i x [5] f o l l o w s . a s i m i l a r d e f i n i t i o n and the 
v i r t u a l work p r i n c i p l e i s a p p l i e d t o the whole s t r u c t u r e . 
I f d'^Sj represents the v i r t u a l displacement o f a l l nodes 
due t o the e x t e r n a l f o r c e s {R}» the e x t e r n a l v i r t u a l work i s 

W«xt.= d'(o) T{R} equ. 2.b.28 
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The i n t e r n a l v i r t u a l work i s 

W ^ = J v
d [ ? ] \ a ] d ( v o l ) - j d { f ] T { p } a ( v o l ) - j d { f } T { g } d ( a r e a ) 

v J equ. 2.b.29 
where | g ] i s a d i s t r i b u t e d e x t e r n a l l o a d i n g per u n i t area 
on the boundaries and the i n t e g r a l s are taken over the 
whole r e g i o n . • 
Equating i n t e r n a l and e x t e r n a l v i r t u a l work we o b t a i n 

[K][5] +:{F} ) i-h{F} = 0 equ. 2.b.30 

Then the s t i f f n e s s m a t r i x o f the assemblage i s 

. [K,J =|[I].[:D] [ i J d C v o l ; equ. 2.b.3I 

the i n t e g r a l bein^ taken over the whole region.Consequently, 

[ K j J e q u ' 2 - b - 3 2 

which means t h a t the s t i f f n e s s o f the assemblage i s the 
sum o f the s t i f f n e s s e s of the i n d i v i d u a l elements. 
I n c o n s i d e r i n g the v i r t u a l work f o r the whole system 
( e q u a t i o n 2.b.2'))and equating t h i s t o the sum o f the element 
c o n t r i b u t i o n s i t , i s i m p l i c i t l y assumed t h a t no d i s c o n t i n u i t y 
between a d j a c e n t elements develops.This means t h a t 
displacement c o n t i n u i t y must e x i s t t o make the above 
equations v a l i d . E q u a t i n g e x t e r n a l v i r t u a l work ( e q u a t i o n 
2.b.28jand i n t e r n a l v i r t u a l work ( e q u a t i o n 2.b.29)we have 

Jafrj T[0"}d(vol)-[d{S] TR + | d { f } T { p } d ( v o l ) + J d [ f ] { g j d ( a r e a ) ] = 0 
u ^ equ.2..b.33 

I n t h i s equation, the f i r s t term represents the s t r a i n energy 
o f the s t r u c t u r e U w h i l e the second the p o t e n t i a l 
energy o f the extermal loads W. Consequently 

d ( U + V) = d ( x j = 0 equ. 2.b.34 
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where the q u a n t i t y x 1 repre^ents the t o t a l p o t e n t i a l energy. 
Prom equation 2.0.34 we have the r e s u l t thai; f o r e q u i l i b r i u m 
t o be ensured, the t o t a l p o t e n t i a l energy must be constant 
and minimized f o r v a r i a t i o n of admissible displacements. 
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2.C. A p p l i c a t i o n o f a mo d i f i e d KIRSOH s o l u t i o n 

and the f i n i t e element method f o r the case 
o f the F l e e t Line Tunnel, London Transport.-
Comparative r e p r e s e n t a t i o n o f the r e s u l t s . 

A p p l i c a t i o n o f a m o d i f i e d KIRSCH s o l u t i o n 

Among the methods t h a t have been examined of c a l c u l a t i o n 
o f s t r e s s and displacement around a t u n n e l , a c o n v e n t i o n a l 
one based on the KIRSCH's equations was s e l e c t e d f o r 
c o n s i d e r a t i o n and a p p r a i s a l w i t h respect to r e s u l t s based 
on the f i n i t e element method. 

The t u n n e l upon which the above two methods were 
a p p l i e d i s s i t u a t e d i n London i n the s t i f f , f i s s u r e d , 
o v e r c o n s o l i d a t e d blue - grey London Clay. The t u n n e l c e n t r e 
l i n e d i r e c t i o n i s approximately East - West, 
w h i l e the depth, i n the area under study, 

Ground surface / / //< / y / 

i s about 29.57m. The diameter i s 4.07m 
(Figure 2 . C . I ) , but a t the Green Park Station. 
o f the F l e e t L i n e , the t u n n e l was opened h =29.57m 
t o a diameter of 7.Qm. Such a l a r g e opening 
provided an o p p o r t u n i t y t o i n v e s t i g a t e the 
c l a y surrounding o f the t u n n e l . 

The shear strenoth. c h a r a c t e r i s t i c s o f 

mainly the e f f e c t o f the d i s c o n t i n u i t i e s 
t h a t c l a y , the d i s c o n t i n u i t y f a b r i c and & a*2.035m 

on the s t a b i l i t y of the t u n n e l are 
e x t e n s i v e l y discussed i n the t h i r d and Figure 2.C.I 

f o u r t h chapter. 
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G e o l o g i c a l l y , the London Clay was deposited under 
marine c o n d i t i o n s i n the Eocene p e r i o d . I n T e r t i a r y and 
P l e i s t o c e n e , d u r i n g u p l i f t and e r o s i o n , I50m t o 210m o f 
o v e r l y i n g sediments were removed, which correspond t o a 
p r e c o n s o l i d a t i o n l o a d o f a t l e a s t 2.000 k.N/ml (SK.EMPT0N and 
HENKEL 1957; r e s u l t s f o r t h e area o f c e n t r a l London). The 
removal o f loa d by eros i o n caused a v e r t i c a l e x p a n s i o n o f 
the c l a y and, as a r e s u l t , a t any give n depth the h o r i z o n t a l 
pressure i s g r e a t e r than t h e e x i s t i n g v e r t i c a l pressure 
( F i g u r e 2.c.2). The London Clay c o n s i s t s o f a lower sandy 
c l a y , o f an i n t e r m e d i a t e blue - grey c l a y and o f an upper 
brown c l a y . The t o t a l present t h i c k n e s s o f the London Clay 
i s estimated t o be between 90m and I20m and i t s s t r u c t u r e 
takes the form o f a very g e n t l e s y n c l i n e . 

As a l r e a d y mentioned, the 
f i r s t method a p p l i e d , w i t h some 
m o d i f i c a t i o n s , i n the c a l c u l a t i o n 
o f s t r e s s and displacement i n the 
above t u n n e l , has been developed 
by L. OBERT and W. DUVALL and was 
presented i n pages 5,6,7,8,9. By 
t h i s method, i n the case o f the 
F l e e t Line Tunnel, i t appears t h a t 
we succeed i n o b t a i n i n g an 
a p p r e c i a t i o n o f the new s t a t e o f 
s t r e s s b e t t e r than any o t h e r 
method r e f e r r e d t o i n Chapter 2.a. 
Some f i e l d data support the r e s u l t s 
obtained by the above method. 

SKEMPTOH 
(1961 

Depth(m) 

BISHOP ET.'AL 
(1965) 

.Figure 2.c.2 
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At f i r s t , the method considers an i n f i n i t e p l a t e o f 

t h i c k n e s s t w i t h a c i r c u l a r hole of r a d i u s a. A c r o s s -
s e c t i o n o f a t u n n e l may be i d e a l i z e d t o a s e m i - i n f i n i t e 
p l a t e i n which plane s t r a i n c o n d i t i o n s are assumed. The 
v a l i d i t y o f the above method can be extended t o the case 
of a semi-diifinite p l a t e i f a s p e c i f i e d r e l a t i o n s h i p e x i s t s 
between the h e i g h t of the t u n n e l ( d i s t a n c e between .cut 
surface and ground s u r f a c e ) and the r a d i u s o f the t u n n e l . 

J. SCHHIED(I926) suggested t h a t the e f f e c t o f the 
t u n n e l i s of a l o c a l i z e d c h a r a c t e r . He" combined the r a d i u s 
(R«) o f the e l a s t i c a l l y - a f f e c t e d space by the presence of 
a t u n n e l w i t h the modulus of e l a s t i c i t y (E) and Poisson;?s 
number of the mass (m = -̂ -) 

VEFANTL' 3 p r i n c i p l e , again p o i n t e d out t h a t the e f f e c t o f 
the hole i s o f a very l o c a l i z e d c h a r a c t e r . He showed t h a t 
the d i s t u r b a n c e e s s e n t i a l l y does not exceed an a r e a - i o f 
r a d i u s 8a. 

S. TIMOSHENKO (1951) also confirmed t h a t i f the 
d i s t a n c e o f a hole from the s t r a i g h t boundaries of a semi-
i n f i n i t e e l a s t i c p l a t e i s not s m a l l e r than f o u r - t i m e s the 
diameter of the hole i t s e l f the e r r o r , o f the above s o l u t i o n 
does not exceed 6 per cent. 

I n the case o f the f l e e t Line t u n n e l , the a x i s depth 
i s 29.57m ( a t Green P a r k ) ; t h e r e f o r e h > 8a and the above 

mentioned method can be used. 

/ nf (m-l)E y 
^ V ( m + l ) ( m - 2 ) h ' a tt equ.2.c.1 

R. MINDLIN (1940) basing h i s a n a l y s i s upon S a i n t -



As al r e a d y s t a t e d d u r i n g the d e s c r i p t i o n o f the 
method, the AIRY s t r e s s f u n c t i o n used accepts zero body 
f o r c e s . I n the case o f an underground t u n n e l , the above 
assumption leads t o basic e r r o r s i n the c a l c u l a t i o n o f 
s t r e s s and displacement. The e r r o r s increase when the 
l a t e r a l s t r e s s does not chrnge u n i f o r m l y i n r e l a t i o n t o 
the v e r t i c a l s t r e s s , something t h a t o f t e n occurs i n the 
case o f ov e r c o n s o l i d a t e d g e o l o g i c a l m a t e r i a l s ( F i g u r e 2.C. 2 ) . 
For t h a t reason ., the stre s s e s Sx , S2 were considered as 
a c t i n g not i n i n f i n i t y but upon the p o i n t under examination 
when c a l c u l a t i n g t h e values o f s t r e s s and displacement. 
The above s t r e s s e s were equated t o the e x i s t i n g ( p r i o r 
t o t he opening o f the t u n n e l ) v e r t i c a l and h o r i z o n t a l 
s t r e s s e s . F o l l o w i n g these adjustments, the equations 2.a.10, 
2 . a . I I , 2.a.12 became (F i g u r e 2.C.3) 

3a* 4a 1 

¥ [ ( i + K . ) ( i - - | t ) + ( K . - i ) ( ) cos20 equ.2.c.2 r* r l 

V [ ( l + K . ) ( I + - f r ) - ( K 0 - l ) ( l + ^ - ) cos26 equ.2.c.3 

) sin29 CL (K„-l)(l equ.2.c .4 re 

o, - a B r * 4ii ( c r r + a e.) + equ.2.g.5 1 re 

( G r + C e) - -§-\/(0>- ^ * 4 T 
re equ.2.c.6 

V ( 0 " 1 + (73 ) equ.2.C.7 

i_2TVg t a n 01 9 equ.2.C.8 

where y i s ^ e angle between the p r i n c i p a l s t r e s s 
CT, and the h o r i z o n t a l a x i s , and 0"v = ̂  ( h - r s i n 6 ) 
( v e r t i c a l s t r e s s ;, h = the depth o f t u n n e l a x i s ) . 



The displacements under plane s t r a i n c o n d i t i o n s are: 

u = J = i ( j v [ ( K j f i ) ( r + - ^ ) + ( K 0 - l ) ( r - - | U - ^ ) cos26 

- ^ ^ C T V [(K. + i ) ( r - - | ) - ( K r l ) ( r - | r ) C 0 S 2 9 

v = 

equ.2.c .9 

v*-1 
2E (K„-l)(r +-^* -£) sin2e] -

2E U v ( K , - l ) ( r - 2a* ) sin20 
equ.2.c . 10 

Ground surface ! 

J 
h-rsinS 

I t i s g e n e r a l l y accepted 
t h a t h e a v i l y - o v e r c o n s o l i d a t e d 
c l a y s behave e s s e n t i a l l y i n a-
l i n e a r l y e l a s t i c manner f o r the 
small changes o f s t r e s s ( t h e 
blue - grey London Clay i s an 
o r t h o t r o p i c c l a y w i t h a v e r t i c a l 
a x i s o f symmetry). The e l a s t i c 
moduli are dependent on the 
e f f e c t i v e pressure and consequently 
they vary w i t h the depth i n a 
s o i l , i n c r e a s i n g the s o i l ' s 
s t i f f n e s s i n r e l a t i o n t o i t s 
depth. I n t h i s a p p l i c a t i o n the 
e l a s t i c m o d u l i i and the d e n s i t y 
m a i n t a i n a constant average vslue 

i n terms of depth. Also, the e f f e c t o f d i s c o n t i n u i t i e s and 
any pore water pressure sre ignored and an e l a s t i c s i t u a t i o n 
i s assumed throughout the t u n n e l . 

A computer programme P, was w r i t t e n t o compute the 
r a d i a l , t a n g e n t i a l and shear stresses,the p r i n c i p a l s t r e s s e s , 

r e g i o n 
under study 

Figure 2.C.3 
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the angle of the p r i n c i p a l s t r e s s Ci with the horizontal 
a x i s , the values of normalized to 0"i r a d i a l , shear and 
tangential s t r e s s i n the region up to 5.00 r a d i i at every 0.20 
radius and every 10.OO degrees from 90 to -90 degrees 
(Appendix 2 . C . I ) . 

The computed values of displacements, based upon the 
equations 2.C.9, 2.C.10, are not accepted (they do not change 
as a function of distance from the tunnel). 

The values of r a d i a l , tangential and shear s t r e s s are 
normalized to the s t r e s s corresponding to the weight of 
overlying material prior the excavation, and they are 
plotted by computer (Figures 2.C.6 to 2.C.16). 

On pages 152, 153 (Appendix 2.C.2), t h i s computer 
programme P2 i s presented for c a l c u l a t i n g the str e s s e s 
as i n the case of the programme P^, and for plotting the 
normalized s t r e s s e s as w e l l . 



A p p l i c a t i o n o f f i n i t e element method 
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The f i n i t e element method i n the form a p p l i e d f o r the 
c a l c u l a t i o n o f s t r e s s and displacement around the F l e e t Line 
t u n n e l has a l r e a d y been discussed. 

I n t h i s a p p l i c a t i o n , because of the symmetry which 
e x i s t s w i t h respect t o the v e r t i c a l a x i s passing t h r o u g h t 
the c e n t r e of the t u n n e l * only the r i g h t h a l f o f the medium 
i s considered. 

The medium has been d i v i d e d i n t o two hundred and 
seventy nine t r i a n g u l a r , elements connected w i t h each o t h e r 
a t one hundred and s i x t y s i x nodal p o i n t s ( F i g u r e 2.C.5). 
As a l r e a d y mentioned, each element behaves as a p l a n a r , 
i s o t r o p i c , homogeneous e l a s t i c p l a t e . A l s o , the s t r e s s e s 
are assumed t o be u n i f o r m l y 
d i s t r i b u t e d throughout t h e Ground surface 

7" ~T~ s ;—/ / /—7—7 
element. Since l a r g e s t r e s s 
g r a d i e n t s are expected t o 
occur i n the immediate v i c i n i t y 19.39m 
of the t u n n e l , a l a r g e number 
o f elements must be used 
e s p e c i a l l y f o r t h i s area. 

10.175m Z2£ 
I r r 

The f o l l o w i n g boundary 8.14m r e g i o n 
under 

c o n d i t i o n s are-determined 

r 
J E 

vEk study 

( F i g u r e 2.C.4) 
4.07m 

i ) 0 n AB, CD, EF only v e r t i c a l 
displacements are allowed; 

i i J O n DE, only h o r i z o n t a l Figure 2.C.4 
displacements are allowed; 
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P i g . 2.C.5 

F i n i t e element model for the F l e e t Line Tunnel 

Mesh used i n the c a l c u l a t i o n of s t r e s s and displacement 
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Hi) On BC and the r e s t o f the medium there ere no 

displacement l i m i t a t i o n s . 

The weight of each element i s d i s t r i b u t e d e q u a l l y 
to each o f i t s t h r e e nodal p o i n t s and consequently the 
g r a v i t y l o a d a t any nodal p o i n t i s o n e - t h i r d of the weights 
of a l l elements connected a t t h a t p o i n t . At the two horizontal 
boundaries (AF, EE) stresses are a p p l i e d corresponding t o 
the weight o f the o v e r l y i n g m a t e r i a l . Also a t the v e r t i c a l 
r i g h t boundary (EF), the a p p l i e d stresses are e q u i v a l e n t t o 
the l a t e r a l pressures. 

The Poisson' s r a t i o used i s equal t o 0.48. 
The f i n i t e element programme was provided by the 

Mining Engineering Department of Newcastle Upon Tyne 
U n i v e r s i t y and was run on the IBM 360/67 computer a t Durham 
U n i v e r s i t y . A part, o f the output o f the programme i s 
represented on the Appendix 2.t.3. 

The stressesare computed i n C a r t e s i a n c o o r d i n a t e s . 
These have been transformed to p o l a r coordinates and the 
values o f s t r e s s are normalized t o the stresses corresponding 
t o t he weight of o v e r l y i n g m a t e r i a l p r i o r t o the e x c a v a t i o n , 
and are p l o t t e d on pages 42 t o 52. 

I n the f o l l o w i n g pages, the r e s u l t s o f both the 
m o d i f i e d KIRSGH's s o l u t i o n and the f i n i t e element method 
are presented and can thus be compared. 
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Comparative representation of the s t r e s s e s derivea-rfrbro the .application' of 
a modified KI&SCH' s solution and froqv .the i f i n i t e element method i n the 
case of the Fleet Line Tunnel 
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Fig. 2.c. 6 Results f or 90 degrees 

r e s u l t s of a modified K1RSCH's solution 
r e s u l t s of the f i n i t e element method 
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Comparative representation of the stresses derived from the application of 

a modified KI&SCH' a solution and from the finite element method i n the case 

of the Fleet Line Tunnel 
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Pig. 2.C.7. Results for 80 degrees 

results of a modified KIRSCH.'s solution 
results of the finite element method 



Comparative representation of the stresses derived from the application of 

a modified KIR.SCH' a solution..and from the finite element method in the case 

of ' the Fleet Line Tunnel 
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results of a modified KIRSCH.'s solution 
results of the finite element method 
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a modified KIRSCH.' s solution and from the finite element method: i n the case 

of the 'Fleet Lifrtr funnel 

crr/orv * =* cr,/ay (Tr/(rv _J 

r-L 
i 

i 

Fig. 2.C.9. Results for 40 degrees 

results of a modified KIRSCH'a solution 
-^-——=-^- results of the finite element method 
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Comparative representation of the stresses derived from the application of 

a modified KJRSCH' s solution and from the f i n i t e element method in the case 

of the Fleet Line Tunnel 
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Comparative representation of the stresses derived from the application of 47 

a modified K1RSCH. s solution and from the finite element method in the oase of the 
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Comparative representation of the stresses derived from the application of 
a modified KIJISCH/ s solution and from the finite element method i n the case 
of ' the' Fleet Line Tunnel 
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Fig. 2.c. 12. Results for -20 degrees 

. results of a modified KIRSCHJ. a solution 
results of the fi n i t e element method 



Comparative representation of the stresses derived from the application of 
a modified KJRJCH's solution and! from the finite element method i n the case 

of the Fleet Line Tunnel 
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Comparative representation of the stresses derived from the application of 
a modified KIRSCH' s solution and from the finite element method in the case 
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Comparative representation of the stresses derived from the application 
of a modified KIRSCH's solution and from the finite element methocl in the 
case of the Fleet Line Tunnel 
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Conclusions 

According to the r e s u l t s presented i n Figures 2.C.6 
to 2..C.I6 the f o l l o w i n g conclusions ere made: 
1) I n both methods the s t r e s s d i s t u r b a n c e caused by the 

excavation o f the t u n n e l , i s considerably reduced a f t e r 
a d i s t a n c e corresponding to 1.5 to 3 times the r a d i u s 
of t he t u n n e l . The r e s u l t s o f the f i n i t e element method 
i n d i c a t e , as expected, a s l i g h t l y l a r g e r area o f s t r e s s 
d i s t u r b a n c e . 

2) G e n e r a l l y , the stresses d e r i v e d from the a p p l i c a t i o n of the 
f i n i t e element method change, as a f u n c t i o n o f di s t a n c e 
from the t u n n e l , i n approximately the same way w i t h those 
c a l c u l a t e d from the m o d i f i e d KIRSCH's s o l u t i o n . 

3) The values o f r a d i a l s t r e s s , i n a region l y i n g above the 
t u n n e l , as d e r i v e d from the f i n i t e element method» are i n 
good agreement w i t h the values d e r i v e d from the modified 
KIRSCH.1 s s o l u t i o n . I n the remaining r e g i o n the values of 
the r e s u l t s o f the f i n i t e element method are much sm a l l e r 
than the corresponding values o f the m o d i f i e d KIRSCH's 
s o l u t i o n . I t should be noted t h a t as i t r e s u l t s from 
the assumptions of the use of t r i a n g u l a r elements, the 
r a d i a l s t r e s s a t the t u n n e l surface shows a f i n i t e value 
w h i l e the KIRSCH's s o l u t i o n shows zero values. 

4) The values o f t a n g e n t i a l s t r e s s d e r i v e d from the f i n i t e . 
element method^ are much smalle r than the corresponding 
values o f the m o d i f i e d KIRSCH.'s s o l u t i o n i n the r e g i o n 
l y i n g above and below the t u n n e l . I n the r e s t o f the 
r e g i o n the values o f f i n i t e element method approach the 
corresponding values o f the m o d i f i e d KIRSCH's s o l u t i o n . 
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5)The values o f shear s t r e s s d e r i v e d from the f i n i t e element 
methodj depending on the values o f r a d i a l and shear sresses, 
are s m a l l e r than the corresponding values o f the m o d i f i e d 
KIRSCH's s o l u t i o n e s p e c i a l l y i n the r e g i o n l o c a t e d f a r 
from the t u n n e l s u r f a c e . 

Generally, as would be expected, the g r e a t e s t 
d i f f e r e n c e s occur near the surface o f the t u n n e l where 
s t r e s s g r a d i e n t s are r a p i d l y changing over s h o r t d i s t a n c e s . 

The d i f f e r e n c e s i n the s t r e s s values between the 
compared methods are mainly created on account o f the not 
i d e n t i c a l s t r e s s f i e l d c o n d i t i o n s which were developed 
before the excavation took place. 

In. the m o d i f i e d KIRSCH's s o l u t i o n the i n i t i a l s t r e s s 
f i e l d a t each p o i n t c o n s i s t s o f a v e r t i c a l component 
(Tv = h y and a h o r i z o n t a l component C"K = K 0h#. 
I n the f i n i t e element method the i n i t i a l s t r e s s f i e l d 
r e s u l t s i n a v e r t i c a l • component (Tv =h,y+ Qs ( C A S T I G L I A N O A.) 
and i n a h o r i z o n t a l C7H= -^-(h,y + Os) +• CT ( S T I N I J.,1950) 

whfcre h, i s the depth o f the p o i n t from the 
model boundary AF, 

Gs i s a s t r e s s component w i t h values 
depending on the v e r t i c a l pressure 
a c t i n g upon the boundary AF and from 
the d i s t a n c e of the p o i n t from the 
boundary AF, 

Gt i s a s t r e s s component w i t h values 
depending on the h o r i z o n t a l pressure 
a c t i n g upon the boundary EF and from the 
d i s t a n c e o f the p o i n t from the bound?ry EF. 
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No data was a v a i l a b l e t o i n p u t i n i t i a l s t r a i n s i n the 

f i n i t e element programme and the l i m i t e d time a v a i l a b l e 
d i d not permi t extensive search of methods which could help 
t o o b t a i n a f u r t h e r equation of the i n i t i a l s t r e s s f i e l d s i n 
the two compared s o l u t i o n s . 

I t should be noted t h a t i n i t i a l l y ftnother computing 
process was f o l l o w e d w i t h d i f f e r e n t sssurnptions, and d e a l i n g 
w i t h i s o p a r a m e t r i c r e c t a n g u l a r elements, whose r e s u l t s were 
l e s s s a t i s f a c t o r y . 

Figures 2..C.6 t o 2.C.I6 i n d i c a t e t h a t an even g r e a t e r 
number o f elements should be used i n the immediate v i c i n i t y 
o f the t u n n e l and also t h a t the boundaries should be a t an 

even g r e a t e r d i s t a n c e from the t u n n e l s u r f a c e . The 
differ-encw i n the r e s u l t s of the compared methods may be 
p a r t i a l l y due t o the number o f elements used and t o the 
di s t a n c e o f the boundaries from the t u n n e l s u r f a c e . 

Although s e v e r a l d i f f e r e n c e s were n o t i c e d i n many 
r e s u l t s o f the two methods, the f a c t t h a t the r e s u l t s 
d e r i v e d from the a p p l i c a t i o n o f the f i n i t e element method 
change, as a f u n c t i o n o f di s t a n c e from the t u n n e l , i n 
approximately the same way w i t h those c a l c u l a t e d from the 
m o d i f i e d KIRSCH's s o l u t i o n , i n d i c a t e s t h a t the r e s u l t s o f 
the a p p l i c a t i o n o f the f i n i t e element method may be successfully 
compared w i t h those o f an " a p p l i e d " method (and t h e r e f o r e 
not on a t h e o r e t i c a l b a s i s ) i n the process o f c a l c u l a t i n g 
the s t r e s s around a t u n n e l i n a medium w i t h a "complicated" 
i n i t i a l s t r e s s f i e l d . 



C H A P T E R 3rd 
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3. INFLUENCE OF DISCONTINUITIES ON THE SHEAR STRENGTH 
CHARACTERISTICS OF A CLAY MASS. 

3.a. Laboratory t e s t i n g on samples o f London Clay. 
Comparison of shear s t r e n g t h along f i s s u r e s w i t h 
t h a t o f i n t a c t c l a y . 

I t i s accepted t h a t the s t a b i l i t y o f a disc o n t i n u o u s 
rock mass depends more d i r e c t l y on the shear s t r e n g t h 
c h a r a c t e r i s t i c s o f the d i s c o n t i n u i t i e s than on the s t r e n g t h 
of the i n t a c t elements. 

The purpose of the l a b o r a t o r y t e s t s i s t o o b t a i n a 
simple e s t i m a t i o n o f the shear s t r e n g t h c h a r a c t e r i s t i c s 
along the f i s s u r e s i n f i s s u r e d samples o f London Clay and 
then t o compare the r e s u l t s w i t h those from i n t a c t samples 
of London Clay. 

D e t a i l s o f the t e s t s 

The samples were obtained from Regent's Park, i n 
London, and w i t h an o r i e n t a t i o n v e r t i c a l w i t h respect t o 
the ground s u r f a c e . The depths o f the samples range from 
I9m t o 25m below the ground level and the samples were t e s t e d 
f o r s t r e n g t h under normal and l a t e r a l pressures approximating, 
those which were thought t o have e x i s t e d i n the f i e l d . 

The r e s u l t s o f the index t e s t s g i v e us the f o l l o w i n g 
averages: 

Wet bulk d e n s i t y 2.04 Mg/m5 • 
Nature moisture content 26.2% 
L i q u i d l i m i t 78% 
P l a s t i c l i m i t 35% 
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D i r e c t jshef.r J?ox_te.sts^ The shear strength along discontinuities 
and i n the i n t a c t c l a y was determined by means o f d i r e c t 
shear t e s t s i n a 6cm x 6cm shear box apparatus. 

A l l the samples were c o n s o l i d a t e d p r i o r t o shear 
t e s t i n g a p e r i o d o f tv/elve hours under the same, normal 
s t r e s s as used f o r the shear f a i l u r e stage. 

The samples which contained a n a t u r a l fissure were 
taken i n such a manner t h a t the t e s t specimen could be • 
se t up w i t h the f i s s u r e coinciding as n e a r l y as p o s s i b l e 
w i t h the designated shear plane i n t h e shear box. 

The displacement r a t e s t h a t were adopted were 
0.005mm/min., which i s s u f f i c i e n t l y slow t o p e r m i t drainage 
t o t a ke place ( a t l e a s t 95% pore pressure d i s s i p a t i o n , as 
found from t r i a x i a l c o n s o l i d a t i o n t e s t s ) , and 0.375mm/min. 
which i n h i b i t s f u l l drainage and v/hich represents undrained 
c o n d i t i o n s . 

The r e s i d u a l s t r e n g t h was determined i n the usual 
way by a d o p t i n g the shear box r e v e r s a l method (PETLEY,1966). 
Y/hen t h e f i r s t t r a v e r s e was completed, the gears were reversed 
and by means o f t i e ba r s , the shear box was r e t u r n e d t o i t s 
i n i t i a l p o s i t i o n . The procedure o f s h e a r i n g , as f o l l o w e d 
i n t h e f i r s t shear, was then repeated u n t i l two consecutive 
t r a v e l s showed a constan t value o f shear s t r e s s . 

T r i a x i a l _ t e s t s . These t e s t s were c a r r i e d out i n the t r i a x . i a l 
compression apparatus w i t h c y l i n d r i c a l specimens o f 3.8cm 
diameter x 7.6cm h i g h . 

The samples which c o n t a i n e d a f i s s u r e were taken i n 

such a manner t h a t the f i s s u r e s were i n c l i n e d a t about 50° 
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t o the h o r i z o n t a l and l y i n g w e l l c l e a r of the end caps. 

The s t r e n g t h o f the i n t a c t c l a y was measured on 
specimens not c o n t a i n i n g an obvious macroscopic discontinuity. 

Also, unconsolidated undrained t e s t s w i t h pore 
pressure measurements were c a r r i e d out on i n t a c t samples 
of London Clay. 

Radial f i l t e r d r a i n s were used and the specimens 
were placed i n rubber membranes. A l l the samples were 
unconsolidated and they were compressed a t a s t r a i n r a t e 
equal t o 1.5% per minute.A t o t a l c o r r e c t i o n o f I5xN/m lfor 
f i l t e r d r a i n s .and rubber membrane was a p p l i e d t o the 
compression s t r e n g t h o f the sample because the membrane 
e n c l o s i n g the sample imposes r e s t r a i n t on the sample(BISHOP 
and HENKEL,1962). The c o r r e c t i o n was a p p l i e d t o the a x i a l 
s t r e s s and n o t t o l a t e r a l pressure because the Poisson's 
r a t i o f o r rubber i s almost 0.5 and consequently no hoop 
t e n s i o n was i n t r o d u c e d i n the membrane. 

In. order to c a l c u l a t e the normal and shear s t r e s s 
upon the d i s c o n t i n u i t i e s a mathematical process was 
f o l l o w e d (Appendix 3 . a . l ) . 

Results o f t e s t s 

These r e s u l t s should be i n t e r p r e t e d w i t h care. I n 
s p i t e o f a l l the care taken i t i s not c e r t a i n t h a t a l l the 
d i s c o n t i n u i t i e s were set up w i t h t h e i r e n t i r e l e n g t h along 
the shear plane o f the shear box or t h a t the angle of these 
d i s c o n t i n u i t i e s t o the h o r i z o n t a l was e x a c t l y as s p e c i f i e d 
and close t o 50° i n the case of t r i a x i a l t e s t s . Many o f 
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the f i s s u r e s may have been secondary and no time was 
a v a i l a b l e t o determine whether the chosen f i s s u r e s were 
w h o l l y r e p r e s e n t a t i v e of the i n h e r e n t f i s s u r e s i n ge n e r a l , 
e s p e c i a l l y i n terms o f the shape and the roughness which 
have an i m p o r t a n t i n f l u e n c e on t h e i r shear s t r e n g t h . The 
comparative p a u c i t y o f f i s s u r e s i n the a v a i l a b l e samples 
means t h a t a l a r g e number o f t e s t s could not be conducted. 

The r e s i d u a l shear s t r e n g t h , by d e f i n i t i o n , o p e r a t e s 
when th e r e i s no f u r t h e r decrease i n shear s t r e n g t h w i t h 
displacement {-)HM „ „ ^ T + \ = 0 ) . When the above 

r • a(disp±aceinent; 
c o n d i t i o n i s s a t i s f i e d , the curve i n the standard p l o t 
T/CTn a g a i n s t displacement becomes h o r i z o n t a l . I n practice, 
i t i s o f t e n d i f f i c u l t t o v i s u a l l y judge from the above plot 
whether the s o i l has reached the r e s i d u a l s t a t e . The d i r e c t 
shear box t e s t curves f o r s t i f f c l a y s a t normal s t r e s s 
g r e a t e r than about IOOTCN/HI* tend t o show an increase o f 
shear s t r e s s w i t h displacement on the second and subsequent 
t r a v e l s (Figures 3.a.4, 3.a.5, 3.a.10, 3 . a . I I ) . 

Figures 3.a.4 t o 3.a.13 show some r e p r e s e n t a t i v e 
s t r e s s - s t r a i n r e l a t i o n s h i p s f o r i n t a c t and f i s s u r e d samples 
t e s t e d i n the shear box and i n Tables 3 . a . l , 3.a.2 and 
Figures 3 . a . l , 3.a.2 a l l the shear box r e s u l t s are 
summarised (the shear s t r e n g t h c h a r a c t e r i s t i c s were 
c a l c u l a t e d by the use o f the method o f l e a s t squares). 

Figures 3.a. 14 t o 3.a. 18 show, as w e l l , some representative 
s t r e s s - s t r a i n r e l a t i o n s h i p s f o r i n t a c t and f i s s u r e d samples 
t e s t e d i n the t . r i a x i a l aparatus and i n Table 3.a.3 and i n 
Figur e 3.a.3 a l l the t r i a x i a l t e s t r e s u l t s are summarized. 

From the present r e s u l t s the f o l l o w i n g conclusions 
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may be d e r i v e d : 
1) I n f i s s u r e d samples, a s i g n i f i c a n t r e d u c t i o n of the peak 

shear s t r e n g t h c h a r a c t e r i s t i c s i s t a k i n g p l a c e , i n a 
d i r e c t i o n co-planar w i t h a d i s c o n t i n u i t y ; 

2) The r e s i d u a l values o f shear s t r e n g t h along the f i s s u r e s 
approach those o f the i n t a c t c l a y but th e r e i s a f i n i t e 
cohesion across the f i s s u r e surface e t the r e s i d u a l s t e t e 
i n both types o f t e s t s ( d i r e c t shear and t r i a x i e l ) and 
both porewster c o n d i t i o n s ( d r a i n e d - u n d r a i n e d ) j 

3) I n a l l the cases, a much sm a l l e r displacement was r e q u i r e d 
i n order t o reach the r e s i d u a l s t r e n g t h from the peak 
s t r e n g t h along the f i s s u r e s than was the case i n i n t a c t 
c l a y . U s u a l l y , a f t e r l e s s than 6mm displacement the shear 
s t r e n g t h f e l l t o a value very near t o r e s i d u a l and the 
surface became p o l i s h e d and s t r i a t e d . 

4) The s t r e s s - s t r a i n curves f o r the f i s s u r e d samples t e s t e d 
t r i a x i a l l y show a r a p i d increase o f s t r e s s a t small 
percentage s t r a i n s , so i n d i c a t i n g a b r i t t l e nature. But 
t h e r e a f t e r , the r a t e o f increase o f s t r e s s became*low(in 
comparison w i t h t h a t o f i n t a c t samples) showing more 
p l a s t i c behaviour, e s p e c i a l l y near f a i l u r e . 

D iscussion of r e s u l t s 

Examination o f t h i n s e c t i o n s o f London Clay under 
the p o l a r i z e d microscope (TCHALENXO,1967) i n d i c a t e d t h a t 
no change i n or i e n t a t i o n of the c l a y p a r t i c l e s took place 
as the surface of a t y p i c a l f i s s u r e was approached. This 
f a c t , coupled w i t h the apparent t e x t u r e o f the f i s s u r e s 
which were s t u d i e d , i m p l i e s t h a t no a p p r e c i a b l e r e l a t i v e 
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movements (shear displacements) could have taken place 
along the f i s s u r e s . This could e x p l a i n the h i g h values 
( i n comparison w i t h t h a t o f i n t a c t samples) o f the cohesion 
across the surfaces o f the f i s s u r e s e t the peak s t r e n g t h 
s t a t e i n both types o f t e s t s and both porewater c o n d i t i o n s 
( d r a i n e d and u n d r a i n e d ) . 

I n a l l the t e s t s w i t h samples c o n t a i n i n g a f i s s u r e , 
a f t e r displacement of some m i l l i m e t r e s (5-9mm) the f i s s u r e 
s u rface became p o l i s h e d and subplanar w i t h s t r i a t i o n s or 
shallow grooves a l i g n e d i n the d i r e c t i o n o f shearing. The 
p o l i s h e d nature o f these surfaces i n d i c a t e s a considerable 
degree of p a r t i c l e o r i e n t a t i o n . 

Clay p a r t i c l e s w i t h i n i n t a c t s t i f f c l a y may be only 
moderately o r i e n t a t e d i n the d i r e c t i o n o f displacement. 
Under a shearing s t r e s s , however, these c l a y p a r t i c l e s 
shape up i n t o a p a r a l l e l f a c e - t o - f a c e s t r u c t u r e , o r i e n t a t e d 
i n the d i r e c t i o n of the a p p l i e d shearing f o r c e and, &e ..a 
r e s u l t o f t h i s , l e s s r e s i s t a n c e i s o f f e r e d t o s l i d i n g . T h e 
degree o f o r i e n t a t i o n would o b v i o u s l y depend on the amount 
of displacement, the nature of the pore f l u i d and absorbed 
water l a y e r and the c l a y m i n e r a l type. This e x p l a i n s the. 
reason why the value of the f r i c t i o n angle depends on the 
amount o f movement t h a t has taken place on the discontmuity. 

SKEMPTON A.W. (1964) i n d i c a t e d that, the e f f e c t i v e 
r e s i d u a l value o f the f r i c t i o n angle ^ i s a f u n c t i o n of 
p a r t i c l e s i z e and t h a t % decreases as the c l a y f r a c t i o n 
( l e s s than 0.002mm) increases. 

Puring the t e s t s , as the shear s t r e s s and normal 
s t r e s s i n c r e a s e , shearing begins t o take place through 
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shear s t r e n g t h o f the surface i s c o n t r o l l e d by shearing 
through the m a t e r i a l h i g h spots. 

The d i s t u r b a n c e i n the o r i e n t a t i o n o f p a r t i c l e s on 
the shearing plane, a f t e r the f i r s t and subsequent reversals 
of the d i r e c t shear box, has an i n f l u e n c e on the form o f 
the p l o t s o f shear s t r e s s a g a i n s t displacement ( F i g u r e 
3.a.4, 3.a.5» 3.a.10, 3 . a . I I ) and i t i s p o s s i b l e t h a t 
subsequent t r a v e l s o f the box s t a r t a t a h i g h e r shear stress 
than t h a t obtained a t the end o f the previous t r a v e l . 

The r e d u c t i o n of the peek shear s t r e n g t h parameters 
i n a d i r e c t i o n co-planar w i t h a f i s s u r e may be p a r t l y due 
to a h i g h e r n a t u r a l moisture content n o t i c e d near t o the 
f i s s u r e area by o t h e r a u t h o r s . I n i t i a l d i l a t i o n s o f an 
overconsolidated. c l a y undergoing shearing can lead t o local 
pore pressure r e d u c t i o n s and moisture movements i n t o the 
shear plane from the body o f the surrounding c l a y . 

The existence of s t r o n g " d i a g e n e t i c bonds"(BJERRUM, 
1967) e a s i l y j u s t i f i e s the s i g n i f i c a n t d i f f e r e n c e between 
the peak and the r e s i d u a l shear s t r e n g t h c h a r a c t e r i s t i c s 
of t he i n t a c t samples. 

I n F i g u r e 3.a.18 the shear s t r e s s increases r a p i d l y 
i n r e l a t i o n t o the s t r a i n and reaches tke h i g h e s t value a t 
about 7% s t r a i n . The pore water pressure also increases 
r a p i d l y and approaches the h i g h e s t values a t about 3.5% 
s t r a i n . A f t e r t h i s value the pore water decreases as the 
f a i l u r e s t a t e i s approached, and t h i s i s the characteristic 
behaviour o f an ov e r c o n s o l i d a t e d c l a y . 
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TABLE 5 . 8,1 

Results of undrained (at a rate of 41spl. of 0.3750^/^111) consolidated 

shear box tests (LOKDON CLAY) 

Peak values Residual values 

Intact 

samples 

Normsil 
St re si s 

KiN / D 

Shear 
{ Stress 

Normal 
Stress 

xN / ml 

Shear 
Stress 

Intact 

samples 

43:L 250 431 71 
Intact 

samples 
641 302 641 105 Intact 

samples 
520 306 520 86 

Intact 

samples 

570 285 

Fissured 

samples 

400 205 400 92 

Fissured 

samples 

521 196 521 90 
Fissured 

samples 

45.5 209 435 103 
Fissured 

samples 570.9 267 570.9 151 

Fissured 

samples 

641 251 641 130 

Fissured 

samples 

450 212 450 102 

Peak values Residual values 

A. 

c 
A. t 

TtN / a* 

Intact 
samples 

167 12.5° 0 9.5° 

Fissured 
samples 106 13° 16 11° 
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TABLE 3.a . 2 

Drained (at a rate of displ. of 0„005mm/min ) consolidated shear box 

test results (LOKDON CLAY) 

Peak values Residual values 

Nornal 
St res ii 

Shear 
Stress 

K H / ml 

Normal 
Stress 

Shear 
Stress 

Intact 

samples 

5 7 0 . 9 2 6 6 5 7 0 . 9 1 0 7 
Intact 

samples 6 4 : L 5 2 7 1 6 4 1 . 5 1 3 3 

Intact 

samples 
4 0 0 1 8 9 4 0 0 8 2 

Fissured 

samples 

4 3 5 . 1 1 6 4 4 3 5 . 1 1 1 4 

Fissured 

samples 
5 2 : U 3 1 7 5 5 2 1 . 5 1 2 3 

Fissured 

samples 
6 4 1 2 3 0 6 4 1 1 6 2 

Fissured 

samples 

5 8 0 2 1 0 5 8 0 1 4 5 

Intact 
samples 

Peak values Residual values 

Intact 
samples 

0 KM/m l °r KN / ml % Intact 
samples 4 8 . 1 2 0 ° 0 1 1 . 5 ° 

Fissured 
samples 1 1 . 5 1 8 . 5 ° 5 1 3 . 5 ° 
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TABLE 3 , a. S 

Results of Undrained (at a rate of strain of 1.5^ per minute) t r i a x i a l 

compression tests (LONDON C L A Y ) 

Peak values Residual values 

Normal 
Stress 

XN / ml 

Shear 
Stress 

K N / a* 

Normal 
Stress 

KN / m5-

Shear 
Stress- . 

KN / » l 

Intact 

samples 

762 544 
Intact 

samples 
937 392 

Intact 

samples 
1125 404 

Fissured 

samples 

551 260 520 258 
Fissured 

samples 
642 514 653L 269 

Fissured 

samples 
725 290 712 270 

Fissured 

samples 

790 522 781 286 

Fissured 

samples 

875 315 850 275 

Peak values 'Residual values 

A. 
C 

K N / m1 t 
KN / m* t 

Intact 

samples 

217 9.5 Intact 

samples 
C u = 325KN / ml 

Fissured 

samples 
195 8.5° 184 7' 



Shear 
•KH/m1 

(C = I67TtN/m\ P=12.5") Stress 

500 t 

(8,=I06xN/ni\$=I3') 
240 

180 

120 1 
(Cr^-KN/m1, &=9.5*) 

60 

. Normal Stress 
60 120 180 240 300 360 420 480 540 600 660 720 nN/m* 

Pj : Peak value envelope for intact clay r| : Residual value envelope for intact clay 
Pj : Peak value envelope for fissured clay 13 z Residual value envelope for fissured clay 

Pig. 3.a.l. Results of "Undrained" (at a rate of displacement of 0.375mn/rain.) consolidated shear box tests (l£ND0N CfcA*) 
Comparison of shear strength along fissures with that of intact d a y 



Fig. 3.a.2. Drained (at a rate of displ..of 0.005mm/min. ) consolidated shear box test results ( LONDON CLAY) 
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Shear 
Stress 

300 

240 

180 

120 

60 

xN/ml Comparison of shear strength along fissures with that of intaot clay 

0 60 120 180 240 

Pj : Peak value envelope for intact clay 

Pa : Peak value envelope for fissured clay 

300 560 420 480 540 600 

r { : Residual value envelope for Intact clay 

r d : Residual value envelope for fissured c ay 

'(C=48.lTtN/m*,£ = 20*) 

^ C q p I L S T c N / r f , * = 1 8 . 5 ° 

(Gr<r5xN/ml, 9 ^ = 1 3 . 5 ° ) 

(C^OnN/nf, % = 1 1 . 5 ° ) 

Normal Stress 
660 720 KN/III 1 

. Test r e s u l t s , obtained by K. AGARWAL(I967)on in t a c t samples and along s l i p surfaces of London 
Clay at Wraysbury, for lower values, of Normal stress, (the rate of d i s p l . i s 0.OOI35mm/nin.). 



Pig. 3.8,3. Results of Undrained (at a rata of strain of 1.5#rper min.) t r i a x i a l compression tests (LONDON CLAY) 
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Comparison of shear strength along fissures with that of intact clay 
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300 
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100 

xN/ml 

Shear 
Stress 

(6>'193-ieN/rf,^«8.50') 
(q. f I84*.N/ml, ft=7° ) 

Normal Stress 

0 100 200 300 400 

F; : Reak value envelope for intact clay 

Pd : Peak value envelope for fissured clay 

1000 1100 1200 K N / B 1 600 600 700 800 900 
Cu: Uniaxial compressive strength 

rt y Residual value envelope for fissured clay 

Test r e s u l t s , obtained by A.3KEMPT0N and D.PETLEY(I967)on i n t a c t samples and on j o i n t s o f London 
Clay a t Wraysbury, f o r lowe,r values o f normal s t r e s s ( D r a i n e d t e s t s iiyith r a t e o f s t r a i n o f 0.00367&?er mi 
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Fig. 3. a.4. Intact sample. , 0"nx641xN/m* 

>iN/ml i Shear 
300 

200 
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Stress 
250*N/ml 

69.5KN/ml 

0 2 4 6 0 2 4 6 0 2 4 6 0 2 
Pig. 3. a.5. Intact sample , (Jn= 43lKN/ml 

CONSOLIDATED.UNDRAINED SHEAR BOX TESTS 

Hisplaaeae nt 
4 6 0 2 4 ,6 0 2 4 6 8 mm 
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212xN/mt 

200 

100 

Shear 
Stress 

70 

102 TtN/m 

1 2 3 4 5 6 7 mm 

Fig„ 3. a. 6. Fissured sample, Subplanar discontinuty, 0*̂ = 450KN/ml 
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200 

100 

196 xN/m* 

90 KN/nf 
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Pig. 3.eu7. Fissured sample, planar discontinuity, 0^=521 xN/m1 

CONSOLIDATED UNDRAINED SHEAR BOX TESTS 
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/ 

71 
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Displacement 
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Fig. 3. a.8. Fissured sampler. p Planar discontinuity, 0"^ 400 xN/m* 

300 
251 xN/m* 

200 

100 
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Displacement 
0 1 2 3 4 5 6 7 m m 

Fig. 3. a.9. Fissured sample, Subplanar discontinuity, CTn= 641 KN/mV 

CONSOLIDATED UNDRAINED SHEAR BOX TESTS 
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I 
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1 1 

Displacement 
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Pig. 5. a. 10. Intact sample , 0TKs 570.9 KN/m* 

271KN/DI Shear 
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Pig. 3 . a . l l . Intact sample , 0'n= 641.5xN/ml 

CONSOLIDATED DRAINED SHEAH BOX TESTS 
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200 
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164 nN/ 

114 xN/m1 
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Fig. 3. a. 12. Fissured sample, Planar discontinuity, 0*nai435.1 KN/B 

500 

200 175 TcN/mf 

100 

125 KN/BI 1 

Displacement 

0 1 2 3 4 5 6 7mm 

Fig. 3. a. 13. Fissured sample, Subplanar discontinuity, 0~n=521.5 xN/n? 

C O N S O L I D A T E D DRAINED SHEAR BOX T E S T S 
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600 
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74 

620KN/m 

Axial strain 
0 2 4 6 8 30 12 14 £ 

Pig. 3. a. 14. Intact sanple , CTn = 6O0XN/>B* 

702KN/n 800 

600 

400 

200 

>- Axial strain 

0 2 4 6 8 1 0 1 2 34 # 

Fig. 5. a. 15. Intact sample , CTN= 700 KN/B* 

.TRIAHAL UNDFAINED COMPRESSION TESTS 
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Fig. 3. a. 16. Flsstired sample , Subplanar discontinuity 

0"11a725KN/mil T =270xN/ml 
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Displacement 

6 7 mm 

Fig. 3. a* 17RF Fissured sample , Subplanar discontinuty 

TEIAXIAL UNDRAINED COMPRESSION TESTS 



•Fig. 5. a. 18. UNDRAINED TRIAXIAL COMPRESSION TEST WITH PORE WATER PRESSURE MEASUREMENTS 7G 

KN/m 
1000 

0 lr-\ P O Wo Si 

800 

600 

P .W.P.» 400 

200 

Axial strain 
12 11 10 8 9 6 

G,3 600 KN/m ALL 0.175 A = Back pressure = 300 xN/m 



I 

C H A P T E R 4th 



77 

4. THE SHEAR STRAIN ENERGY CRITERION AND ITS APPLICATION 
TO LONDON CLAY DISCONTINUITIES IN THE CASE OF THE FLEET 
LINE TYNNEL, LONDON TRANSPORT 

4>a. Theoretical approach 

The e f f e c t of the stress system on b r i t t l e f r a c t u r e has 
been a c t i v e l y studied i n recent years. 

I f 0",, 0\, (J3 are the p r i n c i p a l stresses acting upon a 
s o l i d element, then i n p r i n c i p a l space the points (0^, 01, 0̂  ) , 
which represent d i f f e r e n t states of stress j u s t necessary t o . 
produce f a i l u r e might form a surface: 

0~i = f (CTj., 0 3 ) equ. 4 . a . l 
The o r i g i n a l and foundamental problem i s the study of the shape 
of t h i s surface. 

I n rocks en masse the existence of large-scale s t r u c t u r a l 
d i s c o n t i n u i t i e s has a large influence on the shape of t h a t 
surface, r e s u l t i n g i n an analysis t of increased complexity. 

I n the simple case of b r i t t l e or s e m i - b r i t t l e materials 
(rocks, s t i f f f i s s u r e d clays) the complete s t r a i n - s t r e s s curve 
may be used t o d i s t i n g u i s h three regions of the mater i a l 
behaviour when the state of stress i s increasing. 

Figure 4-.a.l. shows the r e l a t i o n s h i p between the p r i n c i p a l 
stress and the corresponding s t r a i n £ v I n t h a t f i g u r e the" 
f i r s t region i s an e l a s t i c region where the s t r a i n increases 
almost l i n e a r l y with the stress. I n the second region, the 
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slope of the s t r a i n - s t r e s s curve decreases v/ith stress but 
remains p o s i t i v e . I n both these cases ths _ Stress 
complete s t r a i n - s t r e s s curves imply s t a b i l i ­
t y and the material behaviour i s regarded 
as a fundamental property of t h a t m a t e r i a l . 
I n the t h i r d region, the slope of the s t r a i n -
stress curve becomes negative and the region 
i s p o t e n t i a l l y unstable. I f the " f a i l e d " ma- 4 . a . l 
t e r i a l y i e l d s there i s a decrease i n the applied stress and 
i f these reductions are more pronounced than the slope of 
the s t r a i n - s t r e s s curve, the material i s i n stable e q u i l i b r i u m 
w i t h the stress. This s i t u a t i o n usually e x i s t s i n the materials 
i n the v i c i n i t y of the surface of most underground excavations. 
I f the stress decreases less r a p i d l y than the slope of the 
s t r a i n - s t r e s s curve, v i o l e n t f a i l u r e w i l l take place. I n t h i s 
case the probleni i s to determine the point at which p o t e n t i a l l y 
"unstable" f a i l u r e s t a r t s . 

The f i r s t f r a c t u r e theories were based on empirical data. 
They e i t h e r assumed t h a t f r a c t u r e w i l l occur i f a s p e c i f i c 
t e n s i l e stress i s exceeded or they r e l a t e d the f r a c t u r e 
process t o the increase of the minor p r i n c i p a l stress. 

A. GRIFFITH (1924) developed a f r a c t u r e theory f o r 
b r i t t l e m a t e r i a l s , based upon the assumption t h a t f r a c t u r e 
begins at small inherent d i s c o n t i n u i t i e s , such as cracks. 
'According t o OROWAN1 s (1949) interpretation of GRIFFITH'S theory, 
these cracks produce a t e n s i l e stress concentration at 
which the stress might reach the t h e o r e t i c a l t e n s i l e strength 
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of the m a t e r i a l , even though the applied stress i s at a f a r 
lower l e v e l . 

The f i r s t s i m p l i f i c a t i o n i s tha t the GRIFFITH s o l u t i o n 
i s the two-dimensional s o l u t i o n of a three-dimension problem. 
Also, the cracks are assumed to be very f l a t e l l i p t i c a l 
openings (which remain open and unchanged u n t i l f r a c t u r e 
occurs), subject to a t e n s i l e stress f i e l d and having a 
random o r i e n t a t i o n d i s t r i b u t i o n . . 

Figure 4.a.2. shows the stresses.acting upon a crack 
which i s i n c l i n e d a t an angle © to the d i r e c t i o n of the. 
major p r i n c i p a l stress 0̂  . The tan g e n t i a l stress CTt around 
the boundary of the crack (the t e n s i l e stress which i s 
assumed to cause f r a c t u r e near the t i p of the crack) was 
determined by G. I'KGLIS( 1913). He found the stress i n terms 
of the e l l i p t i c a l coordinates J and n. Hhe coordinate ^ 
characterizes the sharpness of the e l l i p t i c a l crack and the 
coordinate n designates a point on the surface of the crack. 
These are transformed to the cartesian system (x,z) as 
follows 

For a f l a t crack. „̂ (the value of \ on the crack boundary) 
and n are small and the tan g e n t i a l stress near the crack 

D i f f e r e n t i a t i n g 4.a.3. w i t h respect to n, equating to zero 
and s u b s t i t u t i n g these values of n i n t o 4.a.3. we obtain 
the maximum and minimum tan g e n t i a l s t r e s s : 

x = c sihhjp sinn , z = c coshjj cosn equ.4.a.2 

t i p i s : 2 ( L0* 2 nTxt) C equ. 4.a.3 

0"tL= 0"zd± (Z»* CT,). 
1 

equ. 4.a.4 



I n t h i s equation, the negative sign gives (^negative and 
t h i s i s the maximum t e n s i l e stress which causes f r a c t u r e . 
This equation i n terms of the p r i n c i p a l stresses becomes: 

[(a,* cp - (ex,- cpcos2e] ± [(of* a}, - 2(of- cj)cos2er 
2 I c equ. 4.a.5 

By d i f f e r e n t i a t i n g 4.a.5 w i t h respect to 6 and l e t t i n g 
10*t n 

"^0"= u> the c r i t i c a l crack o r i e n t a t i o n i s found : 
cos20 e Ht = - ( 7 i - (7, 

c m ~ 2 (Cf, + CQ 
This equation i s meaningful when 
cos20 < 1 which requires 

equ. 4.a.6 

q + 3'73>0-
I f -̂ -= K„ then from equation 4.a.6 becomes K.o^-0.33 
I f K. = -0.33 equation 4.a.6 becomes 

C- ?SL 
Jo 

equ. 4.a.7 
This means that the f r a c t u r e depends upon the magnitude of 
0"3 only. 

<*1 

-s-

Txz 

3̂ Fig. 4.a.2 
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Now i t i s assumed tha t f r a c t u r e takes place when: 
CT3=-I0 equ.4.a.8 

where „̂ i s the u n i a x i a l t e n s i l e strength of the ma t e r i a l . 
Consequently, the maximum tange n t i a l stress 0"t at f r a c t u r e . 
takes a value c h a r a c t e r i s t i c of the material." 
I f K. > -O.33 (0^+ 3CT3>0) then s u b s t i t u t i n g equation 
4.a.6. i n t o equation 4.a.5. and equating 0" t=^i we obtain: 

(O,- - 8T.(G1 + 0V)= 0 equ. 4.a.9 
which c o n s t i t u t e s w i t h equation 4.a.8. the GRIFFITH 
c r i t e r i o n ' f o r f r a c t u r e . 
The above c r i t e r i a are applicable only i f the 0*z i s t e n s i l e . 

F. McCLUJT.OCK and J. WALSH(I962) modified the 
GRIFFITH f r a c t u r e theory by assuming t h a t the crack under 
normal compressive stress can close a f t e r which i t w i l l 
begin to carry shear stress due to f r i c t i o n along i t s 
faces.These normal and shear stresses w i l l increase the 
strength of the rock by reducing the stress concentration 
at the end of the crack. 
Also, the f l u i d pressure (pore pressure) i n a p a r t i a l l y 
closed crack w i l l a f f e c t the stresses at the t i p of the 
crack. 

For the f o l l o w i n g analysis the case of an i n i t i a l l y 
closed crack i s of greatest importance. I n that case,when 

the stress 0~2 becomes compressive, a normal stress 0̂ = 0"r 

w i l l act upon the surface of the crack. Consequently, a 
f r i c t i o n a l shear resistance x w i l l occur 

X = p-CTn . . equ. 4.a. 10 
where u. i s the c o e f f i c i e n t of f r i c t i o n . 
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The shear stress Txz can only induce t e n s i l e stress at the 
crack t i p when X y t > J*(Tn Therefore, the e f f e c t i v e shear 
stress inducing t e n s i l e stress on the crack i s 

T*z - = T equ. 4 . a . l i 
The t a n g e n t i a l stress Ot on the boundary of a closed crack 
due to the above shear stress i s given by a- s i m i l a r form 
to equation 4.a.3 : 

With the same process as we used i n c a l c u l a t i n g equation 
4.a.4. we obtain the maximum and minimum stress on the 
boundary of the crack: 

g t = ± T«- f g * e q u > 4 . a # I 3 

I n t h i s equation,the negative value i s taken because the 
t e n s i l e stress i s producing an elongation of the crack.In 
terms of the major p r i n c i p a l stress and the r a t i o K.t t h i s 
equation becomes: 

- { ( 1 - K.)sin29 - f i [ ( i +• Kj - (1 - X)cos2e]} «. 
equ.4.a.14 

w i t h the same process t h a t was used i n c a l c u l a t i n g equation 
4.a.6. we found: 

tan20 c r j t = — equ. 4.a. 15 1_ 

I f again we equate the maximum tange n t i a l stress(equ. 4.a.14) 
to we then obtain the f r a c t u r e c r i t e r i o n f o r closed 
cracks: 

°« := (1 - K,)(l + |L1)* - f (1 + K. ) 
equ. 4.a.16 . 
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R.SACK(1946) extended GRIFFITH* s theory to the 3-dimentional 
showing that the most dangerous cracks l i e i n the plane of 
the intermediate p r i n c i p a l stress.The. GRI5TITR,COULOMB and 
MOHR c r i t e r i a suggested th a t the strengtkof the rock i s 
independent of the value of the intermediate p r i n c i p a l 
stress. 

K.MOGI and B.MANZAITI(1967) pointed out th a t the 
intermediate p r i n c i p a l stress has a d e f i n i t e e f f e c t on the 
strength, of the. rock. 

C.FAIRHURSI and S.C00K( 1966),in disagreement w i t h 
the modified GRIFFITH theories,suggested that under normal 

compressive stress crack propagation takes place i n a 
d i r e c t i o n p a r a l l e l to. the d i r e c t i o n of the greatest 
compressive s t r e s s . I n t h a t case progressively greater stress 
increments are necessary to produce continuous lengthening 
of the crack.Consequently (except the case of propagation 
in. t o r s i o n ) , i n order f o r f r a c t u r e to occur,an increasing 
l e v e l of stress is required. 

G.WIEBOLS and N*C00K(I968) developed a c r i t e r i o n 
"based upon the assumption that f a i l u r e occurs when the 
shear s t r a i n energy due to the closed cracks approaches a 
l i m i t i n g value c h a r a c t e r i s t i c of the m a t e r i a l . They 
considered an i n t a c t rock specimen rwith a large number of 
closed plane cracks uniformly d i s t r i b u t e d and randomly 
oriented.They calculated the quantity \z\ — JJ-CV (equation 
4.a.10, 4.a.11) f o r each crack i n the case of u n i a x i a l , 
b i a x i a l and po l y a x i a l stresses ,and for. a l l the cracks f o r 
which l l l-p-0*^0 they obtained the shear s t r a i n energy (per 
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u n i t volume) which i s stored around the cracks as a r e s u l t 
of the s l i d i n g produced "by the above stress s t a t e . When 
t h i s shear s t r a i n energy reaches a constant v a l u e , f a i l u r e 
w i l l occur under any system of compressive stresses. 

B.BRADT(l!969) suggested th a t f r a c t u r e occurs when 
a maximum value of volumetric s t r a i n i s attained w i t h i n 
the rock.This requires a large number of microcracks able 
to form a macroscopic f r a c t u r e surface.The same crack 
d i s t r i b u t i o n f u n c t i o n was assumed as was assumed i n the 
WEIBOLS and COOK c r i t e r i o n . 

P.ATTEWELL and M.SANDFORL (1971,1974)using an 
texture goniometer, found t h a t the assumed random 
o r i e n t a t i o n of the cracks f o r the c a l c u l a t i o n of the shear 
s t r a i n energy i s a rather special case.Ihey indicated t h a t 
each c r y s t a l face defines a small planar d i s c o n t i n u i t y 
(closed crack) along which l o c a l i z e d shear movement can 
take place.The crack density d i s t r i b u t i o n f u n c t i o n was 
approximated by e. series of associated LEGENDRE polynomials 
and,by the use of a d i g i t a l computer,the l i m i t i n g s t r a i n 
energy was calculated i n the case of pol y a x i a l compression. 
They concluded t h a t the GRIFFITH, theory s u f f i c e s to describe 
the i n t r i n s i c strength anisotropy of rthe materials. 

P.ATTEWELL and J.WOODMAN(197I)investigating the 
s t a b i l i t y of a discontinuous rock under p o l y a x i a l stress, 
applied the c r i t e r i o n of shear s t r a i n energy to the 
large-scale s t r u c t u r a l d i s c o n t i n u i t i e s ( f i s s u r e s , j o i n t s , 
bedding planes).By the use of equal area projections they 
delimited p o t e n t i a l l y unstable zones i n terms of the 
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C.OULOMB-NAVIER-MOHR c r i t e r i o n of f a i l u r e . A computer programme 
was developed f o r the. p r o j e c t i o n of the large-scale 
d i s c o n t i n u i t i e s and the c a l c u l a t i o n of shear s t r a i n energy. 
I t was pointed out. t h a t the intermediate p r i n c i p a l stress 
and the orientation, density d i s t r i b u t i o n of the large scale 
d i s c o n t i n u i t i e s exert a big e f f e c t on the s t a b i l i t y of a 
discontinuous rock. 

The f o l l o w i n g analysis deals w i t h the a p p l i c a t i o n of 
the above c r i t e r i o n i n the case of the Fleet Line tunnel. 
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4.b.General analysis on the a p p l i c a t i o n of the c r i t e r i o n . 

As has already been stated, the Fleet Line tunnel 
i s excavated i n the s t i f f f i s s u r e d , overconsolidated blue 
London Clay(Chapters 2.c, 3.a.) 

S.PRIEST(I973) measured the o r i e n t a t i o n , size,shape 
and texture of numerous d i s c o n t i n u i t i e s i n the clay 
surrounding a running tunnel during the excavation of one 
the Fleet Line s t a t i o n tunnels at Green Park. The tunnel 
surroundings were divided i n t o one hundred and f o r t y four 
c u r v i l i n e a r c e l l s ( F i g u r e 4.b.I).One thousand f i v e hundred 
and ninety eight 
d i s c o n t i n u i t i e s were, 
measured around the tunnel, 
and the t o t a l number i n 
each c e l l noted.The fissures 
were mainly planar(less than 
20?6 were, conchoidal), more 
rough than smooth in. the 
texture and r a r e l y more 
than 15cm i n size.The number 
of the fissures per u n i t 
volume increases and the 
corresponding size decreases 
as the depth decreases. 

H.PRICE(1966) suggested 
t h a t shear d i s c o n t i n u i t i e s 
have, a tendency to be planar^ 
smooth and unaffected by 
l o c a l l i t h o l o g i c a l changes, 

0.12m 
0.12m 
0.25m 
0.50m 
0.50m 

0.50m 

Fig. 4.b.I 
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while t e n s i l e ones tend to he more i r r e g u l a r and to f o l l o w 
minor l i t h o l o g i c a l v a r i a t i o n s . 

L.COOLING and A. SXEMP TON (1940) suggested -that the fissures in 
the London Clay below a surface, remain closed, but when the 
clay i s subjected to stress release(for example excavation), 
the removal of l a t e r a l r e s t r a i n t has the e f f e c t of opening 
many of the fis s u r e s and providing paths to moving 
groundwater. 

Figure 4.b.2. shows a contour diagram of the poles 
to the d i s c o n t i n u i t i e s . O r i g i n a l l y a point diagram was 
p l o t t e d using a SCHMIDT equal area net and projecting the upper 
hemisphere.Then a peripheral counter w i t h a c i r c l e of one 
percent area was used and a contour diagram was p l o t t e d . 
This may be compared w i t h a contour diagram p l o t t e d by the 
computer.From Figure 4.b.2. two major groups of f i s s u r e s 
can be distinguished 

i ) A group of near h o r i z o n t a l , gently dipping f i s s u r e s 
i i ) A group of steeply dipping f i s s u r e s 

The f a b r i c of the f i s s u r e s was p l o t t e d thousand times 
by the computer (Type IWL system 360/67) using a technique 
described by P.ATTEtfELL and J.W00DMAN(1971).Briefly, the 
t h e o r e t i c a l process i s as f o l l o w s . 

The p r o b a b i l i t y d i s t r i b u t i o n P(W,Y) of a subset of 
the f a b r i c i s a sum of generalized DIRAG de l t a functions 
(W i s the l a t i t u d e and Y i s the azimuth of the d i s c o n t i n u i t y 
normals) .The DI.RAC de l t a f u n c t i o n has the f o l l o w i n g 
property 

U3 j Six) dx 
--00 

equ. 4.b.I 
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Figure 4 . b. 2. Contour diagram of the poles to the discontinuities 
of London Clay at Gresen Park Station. 
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For a two dimensional problem and e s p e c i a l l y 

f o r the case i n which one element A(making 

an angle Ql w i t h the OB) l i e s on the 

p e r i p h e r y ( F i g . 4. t>. 2) , the p r o b a b i l i t y of 

f i n d i n g i t a t an angle 0 i s 

P(0) = S(Q - e t ) equ. 4.b.2 

or i n c r e a s i n g the angle 0 a t A degrees the 

p r o b a b i l i t y w i l l be 

p(©,e+A) = p(©) de = \ (e-ojd© = [ q . 

F i g . 4.b.3 

e^e (0,0+A) 
0^(0.6+A) 

equ. 4..b.3 
I n the c a s e of the sphere of p r o j e c t i o n , the p r o b a b i l i t y of 

f i n d i n g one pole E,.(Wi>Yj)of the d i s c o n t i n u i t y normal a t 

E(W,I) i s 
equ. 4.b.4 P(Wj ,'T, } = <T(W - W-, )o r(T - Y; ) sinWj 

or i n c r e a s i n g the angles W,Y a t A degrees we o b t a i n 

P(Y,Y+AY ; ¥, W+AW) = J^dWldY s i n Y P(W,Y) = 
1 
0 

i f f W; € (W,W+AWJ 
(_Y|C (Y,Y+AY) 
otherwise 

equ. 4.b.5 

The p r o b a b i l i t y d i s t r i b u t i o n of I p o l e s i s 

P(W,Y.) - 4 £ & w " W i ) <f ( Y - Yi'> T l Swi e c l u - 4 ' b ' 6 

and over the sphere = C p(W,Y) sinW dW dY = 1 

equ. 4.b.7 
I n order to smooth out the d e l t a f u n c t i o n i n some way, a 

s m a l l c i r c u l a r a r e a a. i s a l l o c a t e d a t each pole and a new 

f u n c t i o n S(W,Y) i s defined,which i s s t r o n g l y peaked a t 

W = Wj, Y=Yj and i s n o n - z e r o a t W ̂ Wj^Y^Yj. I t has the f o l l o w i n g 

p r o p e r t i e s : 
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dG, = qa„ i f G, wholly i n c l u d e s a. 

=qaf i f G, p a r t l y i n c l u d e s a. ( O ^ f ^ I ) equ. 4.b.8 

= 0 i f G. excludes a D .1L 
then P(W,Y) = > s(W,Y ; Wj , Y j ) equ. 4.b.9 

and consequently 
\ P(W,Y) sinW dW dY 

5jS(W,Y ; ¥•, , I-, ) sihW dW. dY = qa.N equ. 4.b.lO 

D e f i n i n g q and a. ( a, u s u a l l y r e p r e s e n t s one p e r c e n t a r e a ) , 

f i n d i n g P(W,Y) f o r each l o c a t i o n on the upper hemisphere 

of the sphere, and u s i n g m a t r i x c a l c u l u s , a n equal a r e a 

p r o j e c t i o n i s obtained showing the p r o b a b i l i t y d e n s i t y o f 

the f i s s u r e s (example p r o j e c t i o n and p r o j e c t i o n s 1 to 96). 
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4.c. D e l i m i t a t i o n of p o t e n t i a l l y u n s t a b l e o r i e n t a t i o n zones. 

The c l a y eiround the tunnel was d i v i d e d i n t o t h r e e 

hundred and s i x t y elements ( F i g . 4.c.l).A u n i t t h i c k n e s s of 

the elements and„initially, a uniform d i s t r i b u t i o n of 

d i s c o n t i n u i t i e s :ln each element i s assumed.The equal a r e a 

p r o j e c t i o n s of thes e d i s c o n t i n u i t i e s a r e p l o t t e d f o r a l l 

the elements around the t u n n e l . 

The s t a t e of s t r e s s upon each element i s c a l c u l a t e d 

by the equations 2 . C . 5 . ,2.c.6. ,2.c.7.0n the p r o j e c t i o n s 

i to 96 the d i r e c t i o n s of the p r i n c i p a l s t r e s s e s G^O^O", 

of each element a r e denoted by the symbols P,Q,E. 

r e s p e c t i v e l y , w h i l e the symbols X ( n o r t b J , Y ( w e s t ) and Z 

( v e r t i c a l ) denote the g l o b a l axes. 

A p r e l i m i n a r y assesment of the p o t e n t i a l l y u n s t a b l e 

zones i s obtained a p p l y i n g the COULOMB-KAVIER-MOHR c r i t e r i o n 

f o r f a i l u r e f o r each d i s c o n t i n u i t y . 

The normal and the sh e a r s t r e s s upon each 

d i s c o n t i n u i t y was c a l c u l a t e d by the equations 

G n='l t.a i + m1^-* n*CT5 equ. 4 . C . 1 

T l= 1% mlGl+ n*CT*- £*£ equ. 4.c.2 

where 1 ,m,n ar e the d i r e c t i o n c o s i n e s of the normals to 
the d i s c o n t i n u i t i e s . 

According to the above c r i t e r i o n s h e a r movement occurs along 

a d i s c o n t i n u i t y when, the s h e a r s t r e s s exceeds a l i m i t i n g 

v a l u e given by the equation 

l ^ c r i t ^ ^ + OVtan} equ. 4 . C . 3 

where C,*$ a r e the shear s t r e n g t h parameters o f the 
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d i s c o n t i n u i t y which approach the corresponding parameters 

of the i n t a c t m a t e r i a l (Chapter 3).For every assumed 

d i s c o n t i n u i t y f o r which the i n e q u a l i t y 

|x | > O^tantf} +. c„ ( e q u a t i o n s 4.a.10 , 4 . a . I I ) equ. 4 . .C.4 

was v a l i d , a symbol + was p r i n t e d by the computer a t the 

corresponding l o c a t i o n of the p r o j e c t i o n . I f the normal 

s t r e s s upon a d i s c o n t i n u i t y becomes t e n s i l e and the r 

i n e q u a l i t y 4 .C.4.. i s v a l i d the computer programme w i l l 

c a l c u l a t e t h i s a d d i t i o n a l s h e a r s t r a i n energy. 

On the example project.ion(p.IO^)and on. the p r o j e c t i o n 

1 to 96 the p o t e n t i a l l y u n s t a b l e spaces are d e f i n e d by the 

symbols + .The r a t i o t / c r u i s g r e a t e r towards the c e n t r e of 

an u n s t a b l e a r e a and i s reduced towards the p r o j e c t i o n l i n e 

of c r i t i c a l e q u i l i b r i u m . l t i s always accepted t h a t a s m a l l 

space around each p r i n c i p a l d i r e c t i o n i s s t a b l e ( t h e s h e a r 

s t r e s s normal to t h a t d i r e c t i o n i s equal to zero and 

t h e r e f o r e d i s c o n t i n u i t y p o l e s c o a x i a l w i t h a p r i n c i p a l s t r e s 

d i r e c t i o n a r e always s t a b l e ) . T h e empty(white) space on the 

p r o j e c t i o n s means t h a t no data were input a t the 

corresponding d i r e c t i o n . 

So f a r , assuming uniform d i s t r i b u t i o n of the 

d i s c o n t i n u i t i e s i n each element and on the basis of the 

G0UL0MB-NAVIER-MOHR c r i t e r i o n we have d e f i n e d p o t e n t i a l l y 

u n s t a b l e o r i e n t a t i o n zones i n each element i n terms of the 

p a r t i c u l a r t r i a d of p r i n c i p a l s t r e s s e s . I n f a c t the above 

u n s t a b l e zones a r e q u i t e independent of the a c t u a l presence 

of any d i s c o n t i n u i t y . 

The concept, of an u n s t a b l e zone i n p r i n c i p a l s t r e s s 

http://equilibrium.lt
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p l a c e i n c o r p o r a t e s the i d e a of p o t e n t i a l d i s c o n t i n u i t y -
shear movement of v a r y i n g amplitudes over a range of 
o r i e n t a t i o n s . T h e (modified) s h e a r s t r a i n energy c r i t e r i o n 
u s e s the above i d e a , t a k i n g i n t o account the s t r e n g t h 
a n i s o t r o p y a r i s i n g from a non-random d i s c o n t i n u i t y 
o r i e n t a t i o n . 

4.d. The s h e a r s t r a i n energy approach to f a i l u r e 

i n t e r p r e t a t i o n . 

As has been obvious (pages 82),the c r a c k i s extended 

i f the equation 4. a. 16 is v a l i d and a. source s u p p l y i n g energy 

i s a v a i l a b l e . . Consequently the GRIFFITH theory and i t s 

m o d i f i c a t i o n s , e x p l a i n the i n i t i a t i o n of the f a i l u r e 

p r o c e s s w h i l e the COULOMB-NAYIER-MOHR c r i t e r i o n e x p r e s s e s 

the u l t i m a t e f a i l u r e , plane d i r e c t i o n and the l i m i t i n g 

v a l u e s of 1,0^ upon i t . 

I t i s known t h a t a d i f f e r e n c e e x i s t s between the 

s t r a i n energy of the body c o n t a i n i n g a c r a c k under 

s p e c i f i e d e x t e r n a l f o r c e s and the s t r a i n energy of the 

same body without a crack under the same e x t e r n a l f o r c e s . 

According to G.VHEMBOLS and G.C.00K.( 1968) t h i s d i f f e r e n c e i s 

de f i n e d as " e f f e c t i v e s h e a r s t r a i n energy" and t h i s i s the 
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s t r a i n energy s t o r e d around the c r a c k s as a r e s u l t of the 
s l i d i n g produced by the " e f f e c t i v e s h e a r s t r e s s " 

T 0 = ( O V u) tanfl e q u . A a d m l 

where u i s the pore water p r e s s u r e . 

I f the s h e a r s t r a i n energy c r i t e r i o n i s a p p l i e d to 

s m a l l s t r u c t u r a l d i s c o n t i n u i t i e s ( f i s s u r e s ) , then the 

c o r r e s p o n d i n g s h e a r s t r a i n energy f o r one d i s c o n t i n u i t y f o r 

which 

T„ = |TI - ( Q -H OVtan£)> 0 (equ. .4 .a. i i ) equ. 4.d.2 

( t h e pore water p r e s s u r e i s assumed to be equal to z e r o ) 

i s g i v e n i n the form: 

Vd = s f x l equ. 4.d.5 

where s i s a f u n c t i o n of the m a t e r i a l , . the shape of the 

d i s c o n t i n u i t y and i t s p o s i t i o n and o r i e n t a t i o n r e l a t i v e to. 

o t h e r d i s c o n t i n u i t i e s , and 1 i s a dimension of the 

d i s c o n t i n u i t y . 

From equation 4.d.3 f o l l o w s t h a t , f o r a s o l i d w i t h a 

u n i t volume, the s h e a r s t r a i n energy depends on the 

magnitude of the s h e a r s t r e s s (which a c t s on each 

d i s c o n t i n u i t y and consequently on the magnitudes of the 

p r i n c i p a l s t r e s s e s , the o r i e n t a t i o n of the d i s c o n t i n u i t i e s 

r e l a t i v e to the d i r e c t i o n of t h e s e s t r e s s e s ) , o n the number 

of such d i s c o n t i n u i t i e s , and on t h e i r s i z e and shape. 

I t should a l s o be noted t h a t R.SACK( 1946)has found 

a s i m i l a r equation f o r the s t r a i n energy due to c r a c k s 

(penny-shaped c r a c k s of diameter 2 a ) e q u a l to 
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I n t h i s a p p l i c a t i o n , although the non-random 

o r i e n t a t i o n d i s t r i b u t i o n i n d i c a t e s d i s c o n t i n u i t i e s 

d i f f e r e n t i n s i z e and shape, a constant l e n g t h , and a l s o 

a p l a n a r shape f o r d i s c o n t i n u i t i e s are assumed. 

Now the basic assumption i s t h a t f a i l u r e w i l l take 

p l a c e when the t o t a l s h e a r s t r a i n energy, generated by 

s l i d i n g between the opposite s u r f a c e of N c l o s e d 

d i s c o n t i n u i t i e s , exceeds a l i m i t i n g v a l u e . 

I f a number of d i s c o n t i n u i t y p o l e s f a l l s i n the 

p o t e n t i a l l y u n s t a b l e a r e a ( a s was d i s c u s s e d i n the l a s t 

c h a p t e r ) , the t o t a l s h e a r s t r a i n energy can be c a l c u l a t e d . 

Consequently, i f the d i s c o n t i n u i t y f a b r i c of each element 

of a rock mass i s known, superimposing i t on the p r o j e c t i o n 

sphere of each element ( F i g u r e 4 . C . I ) we can c a l c u l a t e , f o r 

each element, the shear s t r a i n energy i n terms of the f a b r i c 

and the p r i n c i p a l s t r e s s f i e l d . 

F o r IT d i s c o n t i n u i t i e s the t o t a l s h e a r s t r a i n energy 

w i l l be 

Wa = Hsl 3 fpttdG, equ. 4.d.5 

where G,, as before, denotes the range of i n t e g r a t i o n on the 

sphere of p r o j e c t i o n . 

Using the equation 4.b.9 and 4.d.5 we o b t a i n the equation 
N 

Wj = Nsl 3 q2_ ) T.dG. equ. 4.d.6 

(the i n t e g r a l covers the a r e a a,-representing the i t K p o i n t ) . 

For comparative purposes, the shear s t r a i n energy 

WdI w i t h r e s p e c t to an e q u i v a l e n t i s o t r o p i c d i s c o n t i n u i t y 
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d i s t r i b u t i o n ( a p r o b a b i l i t y d e n s i t y of u n i t y ; was computed. 

I n t h i s c a s e , the p o t e n t i a l l y u n s t a b l e spaces on the 

p r o j e c t i o n c o n t a i n a uniform d e n s i t y d i s t r i b u t i o n of 

d i s c o n t i n u i t i e s . The ¥ d I i s c a l c u l a t e d by the equation 

WdI= sl'nJxtdG, equ. 4.d.7 
T. > 0 

From equation 4. d, 7 i t can be deduced t h a t the s h e a r s t r a i n 

energy i s independent of the d i s c o n t i n u i t y f a b r i c and t h i s 

p r o v i d e s a base f o r comparison of the s t a b i l i t y of a s e r i e s 

of d i f f e r e n t d i s c o n t i n u i t y f a b r i c s w i t h e q u i v a l e n t s t r e s s 

and s t r e n g t h c o n d i t i o n s . 

A c c o r d i n g l y the r a t i o WdI/Wj ,can be regarded as a 

" s a f e t y index". I n t h a t c a s e , l i m i t i n g e q u i l i b r i u m w i l l not 

e x i s t when -^-= 1 ( a s u s u a l ) because p o t e n t i a l shear 

f a i l u r e can take p l a c e when w
d > 0 . 

4. e. Computation., 

I n o r d e r to e s t a b l i s h the d e l i m i t a t i o n of the 

p o t e n t i a l l y u n s t a b l e o r i e n t a t i o n zones and the e v a l u a t i o n 

of s h e a r s t r a i n energy i n the case of the non-random 

d i s c o n t i n u i t y f a b r i c of London C l a y , and i n the case of the 

equivalent, i s o t r o p i c f a b r i c , a computing p r o c e s s was 

fo l l o w e d , a c c o r d i n g to P.ATTEWELL and J.WOODMAN.. 
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At f i r s t , , f o r each element,a t r i a d of p r i n c i p a l 
s t r e s s e s a p p r o p r i a t e to the coo r d i n a t e l o c a t i o n i n the c l a y 
surrounding the tu n n e l was a p p l i e d to the t o t a l 
d i s c o n t i n u i t y f a b r i c ( F i g u r e 4.b.2)and the c o n s e q u e n t i a l 
s h e a r s t r a i n energy computed ( p r o j e c t i o n s I to 7 6 ) . I n 
every p r o j e c t i o n c a s e , the d i s c o n t i n u i t y f a b r i c remains 
i n v a r i a b l e w h i l e the p r i n c i p a l s t r e s s magnitudes and 
d i r e c t i o n s change as a f u n c t i o n of p o s i t i o n . T h e f a b r i c i s 
always o r i e n t a t e d w i t h North a t the top(N) and West a t the 
l e f t (Y) . 

I n o r d e r to make a p a r t i c u l a r study of the 

s t a b i l i t y of the t u n n e l i n the immediate v i c i n i t y of the 

ex c a v a t i o n , t h e c l a y around the tunnel was agai n d i v i d e d 

i n t o one hundred and e i g h t s m a l l e r elements ( F i g u r e 4 . e . I ) . 

A g a i n , f o r each element,a t r i a d of p r i n c i p a l s t r e s s e s 

appropriate, to th= c o o r d i n a t e l o c a t i o n i n the c l a y 

s urrounding the t u n n e l was a p p l i e d to the d i s c o n t i n u i t y 

4 . 4 

I.03Srn 1.157 m 

F i g . 4 .e.I 
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f a b r i c c o n s i s t i n g of the d i s c o n t i n u i t i e s measured a t the 
zone I ( F i g u r e 4. b. I).The p o t e n t i a l l y u n s t a b l e spaces were 
d e l i m i t e d and the " s k i n " s h e a r s t r a i n energy was 
c a l c u l a t e d both f o r the a c t u a l non-random d i s c o n t i n u i t y 
d i s t r i b u t i o n and f o r the e q u i v a l e n t i s o t r o p i c d i s t r i b u t i o n 
( p r o j e c t i o n s 77 to 96). 

S p e c i a l c a r e was taken to ensure t h a t the shear 

s t r e n g t h c h a r a c t e r i s t i c s , used i n the c a l c u l a t i o n of s h e a r 

s t r a i n e nergy,represented a wide range of sh e a r s t r e n g t h 

parameters f o r the c l a y as c r e a t e d by the e f f e c t of the 

d i s c o n t i n u i t i e s and the pore water c o n d i t i o n s . ( T a b l e 4 . e . I ) . 

The whole p r o c e s s was repeated seven t i m e s , u s i n g each 

time d i f f e r e n t s h e a r s t r e n g t h c h a r a c t e r i s t i c s ( C , ^ ) , 

c o r r esponding to dr a i n e d and undrained c o n d i t i o n s on 

i n t a c t samples and on f i s s u r e s s u r f a c e s , o n samples w i t h 

o r i e n t a t i o n v e r t i c a l , i n c l i n e d a t 45° and h o r i z o n t a l w i t h 

r e s p e c t to ground s u r f a c e . 

TABLE 4 . e . I The shear s t r e n g t h parameters of 

London C l a y used i n the a p p l i c a t i o n of the c r i t e r i o n 

SKEMPTON BISHOP MARSLAND AGARWAL 1YRIANTH1S ' MICHELIS 

Drained 
t r i a x i a l 

t e s t s -

along 

f i s s u r e s 

Drained 
s h e a r 

box i i e s t s 

Drained 
t r i a x i a l 

t e s t s 
• on 

samples 
i n c l i n e d 
a t 45° 

Undrained 
t r i a x i a l 
t e s t s 
on 

samples 
i n c l i n e d 
a t 45° 

Undrained 
t r i a x i a l 

t e s t s 
on 

f i s s u r e d 
samples 

Drained 
s h e a r 

box t e s t s 
along 

f i s s u r e s 

% = 18.5/ ft = 9..4° f = 29° ? = 18.9° 
9-.-. 0.43° 

(verUt. samp?ê  
f °-43\ 
tKoi-iz. iam pits) 

fo= 13.5° 

c r = 0*)SU 6=' OKN/ml C=33.12*r0 
C = :235xIY/ml 

(Y«rtica£ Jamp.) 
0 =400-KrY/Ji 
(konzon.sampt) 

Crd=5xN/m* 
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I n the c a s e of the c a l c u l a t i o n of the s h e a r s t r a i n energy 
i n the v i c i n i t y of the e x c a v a t i o n ( " s k i n " s h e a r s t r a i n 
energy) the p r o c e s s was repeated t w i c e , a p p l y i n g f i r s t of 
a l l the peak s h e a r s t r e n g t h c h a r a c t e r i s t i c s f o r f i s s u r e 
s u r f a c e s i n d r a i n e d pore water c o n d i t i o n s as d e r i v e d by 
A.SKEMPTON(I967) and secondly the corresponding 
c h a r a c t e r i s t i c s as a r e shown i n the t a b l e 3.a.2 of Chapter 3. 

I n the pages 1D3 to 121,only f o u r elements from every 

10 degrees between 90° and -90° a r e p r e s e n t e d ( t h e t o t a l 

number of the p r o j e c t i o n s exceeds two thousand).The s h e a r 

s t r e n g t h parameters t h a t has been used a r e : frA = 13.5" and 

CpjsfjxN/m1 as obtained by l a b o r a t o t y t e s t i n g . T h e s h e a r s t r a i n 

energy was c a l c u l a t e d i n a r b i t r a r y u n i t s because the f a c t o r s 

s , l (equat.ion4.d.3jare d i f f i c u l t to determine w i t h a c c u r a c y . 

The p r i n c i p a l s t r e s s e s CTn f 0 \ , 0"3 were normalized w i t h 

r e s p e c t to . 

F i g u r e s 4.e.2to 4.e.I6and 4.e.I7to 4.e.20show contour 

diagrams of the shear s t r a i n energy f o r a l l the elements 

around the t u n n e l . I n the middle of each element ( F i g u r e 4 . c . l ) 

the corresponding s h e a r s t r a i n energy was recorded and 

the contours were drawn by hand. 

F i g u r e 4 . e . 2 t h e r e f o r e r e p r e s e n t s the d i s t r i b u t i o n 

of the s h e a r s t r s . i n energy around the t u n n e l f o r non-random 

d i s c o n t i n u i t y d i s t r i b u t i o n . T h e s h e a r s t r e n g t h parameters 

used were & = 13.5° , Crd.= 5*N/m\ 

F i g u r e 4.e.3 r e p r e s e n t s the d i s t r i b u t i o n of s h e a r s t r a i n 
energy f o r the e q u i v a l e n t i s o t r o p i c d i s t r i b u t i o n . T h e s h e a r 
s t r e n g t h c h a r a c t e r i s t i c s used were a g a i n =13.5°, Cti-5TkS/m. 
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F i g u r e 4.e.4 r e p r e s e n t s the d i s t r i b u t i o n of the 
" s a f e t y index" We:i/Wd of the above shear s t r a i n e n e r g i e s . 
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P r o j e c t i o n 7 2 , r = 1 . 8 a 

W j r r 1 . 7 9 W j j - r 3 . 3 3 
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P a r k S t a t i o n . 
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00f>lllO1»c.01ô .3 3c.310OC|130O0r..1iroin03011ioi010033'>O00036030 

• C1<,li,O3O»prr.pIGi'"Cf"O0lli001Oi.O0iilprii0iniri31331C3:303*,V3©* 
Oil 1|01f •P0**C01110.-.1.-CI0 330000000003330'Jfl.H001 ollpij.30*0000 

• ifOllOOOOr 30100009-113|0rjr-.1i[.n1'-1o130l'l 111 1112311O030O-1 • C O G ' 1 * 
03rO<OC'0"»-r3<.;oioior'Oiiinlnllliili\illllil\oo-)00'>ipo3*ooMo 
OiiO'3O3»i'iriii;il3iinllillllll212222?222221M10OiOC3"i|o0»1ooao 
.V.r .li0(i*OO30l110ni0H3l I 2*2272133**33 322232211 l O - i i m i ' l O W O 
»3POOC.»;inooroooooooooiolI!*2233»»*55»5*33 3332l|03;-l|3t.ol»S3000a 
i-lG3'.0»OOi.ir/3CC.0-.103.1il| 11I2*333**56*66S***3221II 111111*1300000 
piuOu«OOOOOooi|clor<nc-llllll2222J**65*.53»***1221llllllOllOJffOo 
r303i»rooior->iioo?03> m i l 111111223355555***322211111*111 loooco 
• 300C »ooooorr'-'JOopioo -11111111C 011173*****3333222221I*llllOOOO* 
3pOr>»00.103lO'-30000oollri3ilor'-:-.l 11222331322722 322221*11119300 
•0!>0*COOOOOiOOOi 10 Oi-'OU'JG 000.301111222271 111 221221*11111100* 
33O*P0OO0t.300O1110000ioi1«o>lAi.i01OlHll 1 111 II11211*11221100 
• 0(*0*0P0a0or003nonr. 11f i.3 33or 1111311111 111011111111 «112110P* 
• 1110»CI0P1O1031r,op. .j Pi0C ,0 /-''0llllll00POOHllll*llll00« 
•oi n»oorM0300oo..ot) 3100000.300000010̂ 1311 I I 11*111103* 

• 1121 l*ooaoi.iorp.ir oop-ooocr 0000000000111311 n | 1*9 1009* 
l222210*OOPOOr.'ii(.1i3"fooioiipil-iC,3ior,p||i| 1*03000 

• 222211 OO.uoi" •.-irpxojiil-ioi 10000111 Hll*l000» 
122211111 IO«-0'.'-1iO'>rin--1111111101111*11103 

111111111) iooi»ioi-.oiiii i i i i?iii«iiiii3 
• l l l l l l in i l l l l l l l l l l l l l l l l |0330333> 

•OOK -.'011111111111OOPOOOOOCO* 
•30111111C1000300000* 

P r o j e c t i o n 74, r = 3*4 a 

W d= 11.20 Wd Is 16.57 

•o«ooooioc imii io»o* 
•111110000001 PI 1111000.300300* 

•pi 110.1033111011m »IP0003000001H 3* 
•ill|1|rOi"10001*'.*C3i'JiooiJ0330tHIlIIO 

:>Illl01iO*09"3'>i11iC*r.0'o-.ioi*0000033| 131339 
• 11H1 lo*'«n 01H01O ippOOOOOIIMOOOOOO+OOO 1O0OOOI* 

1 ' , l l 11 io*noo o«r Tj:i-.3ot'ro,,ii3oi.-.ooooor.3*io3oooiio 
llHlll»i.1100iir .3111101/1011 1000.3000000003*H100000* 

• l l l l l l l "»*ioi ii'^""( uroioi^ooioiooooooioiroo 101 * 11 loooo. 
•"111 1110*110000 irriiomcoooooooiooooooiioro 33-00 *OU!>300* 

• »lllHi3O*01pr. i i f rmi-VTPOC 0000900109^91,11000 301300*000000*. 
" T* 111 nio*io"f.i"oipi3i 0 noooi'iiiioipoooipror. 3330000*009030 
' 3 .I*- iio.no*H100irf rilnnOO' OHO torovOOlOOf ll.)1313O(!3*30O00* 
' 31|,i13HO*i'. 3pr.1".l^0 30101OC lOOIOIOOioaOOiOon >| 300300*000000 
I3|li-ivi30*000'.ir .3"1li|010-'K.Oi31or.3'J301010|| )0113000*300001* 
r 3fKTii-»ni100-K-0( -11U111H 111111111 111 1111 30110000»000l>000 
II- i|-i-11»1i133i-»il|l*lllll 121*22222222 21111 303O00Ol«01000OO 

l o-.i,-no»Oio''i'i.-ol''i»l222272Jll***33222122lI 10H330•! 1100000 
. >ii«-« w w w ' , 11» 122213» 4*5555* i l l J»7> I W31J 1*3110OO000 

' 11 l-.i*ii0i:-r-j--'ii-->lll*72331**566»6**»*322l 11111*1101300000 
- MV'« iv . » ' i l l o i " - j . ^ | 111112*221***56*55***122 llll*111311»0030 

i . , ic»3-.i .)0| |—HUH H i l l | l'21a55555«**122>lll«l 111 HOODOO 
" > •"•••if 1..101 1| 11II1113111173*****13?32>72<11 I I I 110000* 

- I . 1-*-.- -r-i 'Oi- ' I ' n f i ' i " l •• I MI722*3!!2>72? 122*21111110033 
.-iiii». ' io i r . ; , ; i : - -n i ' i i < • > - . i " ' i 112222211112!17»11 111llioo* 

i " V W r w . w > i - - . - i ^ - M " ~ i | l l l l l l l l l l 112*1111221 | 0 O 
*t.iiii#/-ri'-.'»oi»i.io''if 1.101010 . . ^ i n i 1111111111 i i i « t n 121100* 

"H| i" -* in io-T. l - 1 ' lorf i m l l l l l i o n i n lll«lll2U0O* 
•i.ll11--',*0i0.3-O'i' r n r.p*f "I ' - ioi iKniiOi?! 11*11111130* 

• I 171 lln-^oi"- -f r ii'.iioi-i.inr.Aiin-jioooiol L*ll3010OO* 
l ? 2221- , io* r nini" r'lOiiinr.'.iM'a.i31111111.»l H0300* 
•77221 i n - ' » m .-" . i : f " T i'11130OOCi|l*l 1IIOOO* 

i272Hiiii-'>->*i •HI..-- 30 m i 11103*111 n HOI 
i n i i iniii'.•- - 3i " ' i » i* i i i i r . i iu i r i i t i 

• m i l i iMii i i i i i i iui iui ioioooi ' f" 
»011-.-1ll |lllllHliilCl0331!>* 

• u r n n ; .naroi.-v 'iio* 

« 
•OopOPO1O011111110*0* 

•01111000000101111100OOO0P30* 
•001 iroonooonooocociooo-iooooo îno* 
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P r o j e c t i o n 

¥,,= 4 .43 

75 r := 1.6 a 

WdI= 7.29 

P r o j e c t i o n 7 6 . , r = 1.8 

W d= 1.69 a W, I = 3 ,13 a 

Equai area p r o j e c t i o n s o f the London C l a y d i s c o n t i n u i t y f a b r i c a t Green 

Park S t a t i o n . 
Elements i n c l i n e d a t -90 degrees , S r i Quadrant ( C r f b^M, ? r d s 13 .5° ) 

http://nii.ipoom.il


122 

10 

120 
110 

+ 

110 
110 

10 

1 

F i g . 4 . e. 2 . D i s t r i b u t i o n o f shear s t r a i n energy ( w d ) around t h e 

t u n n e l , generated by t h e non-random d i s c o n t i n u i t y f a b r i c o f London C l a y 

at Green Park S t a t i o n . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C r i f S 5TCH/BLN *J= 13.5°. 
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F i g . 4 . e, 3 . D i s t r i b u t i o n o f shear s t r a i n energy ( W J r) around 

t h e F l e e t L i n e Tunnel generated by a random d i s c o n t i n u i t y f a b r i c 

e q u i v a l e n t t o London Clay d i s c o n t i n u i t y f a b r i c - a t Green Park S t a t i o n . 

The shear s t r e n g t h c h a r a c t e r i s i c s used are Gr<1= 5XN/m l

f ,= 13 ,5" . 



P i g . 4 . e. 4 . D i s t r i b u t i o n o f t h e " s a f e t y index" ( Ha/- Wj ) 

around t h e t u n n e l . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are CM=: 5 K N / m l , # j= 1 3 . 5 ° . 



P i g . 4 . e. 5. D i s t r i b u t i o n o f shear s t r a i n energy ( W j ) around t h e 

t u n n e l , generated b y t h e non-random d i s c o n t i n u i t y f a b r i c o f London 

C l a y at Green Park S t a t i o n . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C4= TICN/JOB", %= 18*5° 



P i g . 4 . e . 6 . D i s t r i b u t i o n o f the " s a f e t y index" ( W d I / Wj ) 

around the F l e e t L i n e Tunnel 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C d = 7itN/m*, fy- 18.5' . 



F i g . 4 . e . 7 . D i s t r i b u t i o n o f shear s t r a i n energy ( W d ) around t h e 

F l e e t L i n e Tunne l , generated b y t h e non-random d i s c o n t i n u i t y f a b r i c 

o f London Clay a t Green Park S t a t i o n . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C r = OitN/m 1 , fr= 9.4° .. 
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F i g . 4 . e . 8 . D i s t r i b u t i o n o f the " sa f e ty index" ( Wdi/ lfy ) around 

t h e "Fleet L i n e TunneL 

The shear s t r e n g t h c h a r a c t e r i s t i c s used .are Cr= OKN/JU1, = 9 . 4 " . 
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P i g . 4 . e . 9 . D i s t r i b u t i o n o f shear s t r a i n energy ( W d ) around t h e 

F l e e t L i n e Tunnel , generated b y t h e non-random d i s c o n t i n u i t y f a b r i c 

o f London C l a y a t Careen Park S t a t i o n . 
' A. 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C.= 0 "KN/m1, ^ = 29° • 



P i g . 4 . e . 10. D i s t r i b u t i o n o f t h e ' s a f e t y index" ( W d / Wd ) around t h e 

F l e e t l i n e Tunnel . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C = 0 •KN/BS / = 2 9 ° . 



P i g . 4 . e . 1 1 . D i s t r i b u t i o n o f shear s t r a i n energy ( VA ) around t h e 

F l e e t L i n e T u n n e l . , generated b y the non-random d i s c o n t i n u i t y f a b r i c 

o f London Clay a t Green Park S t a t i o n . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C = ;>3.12TcN/m\ r = 1 8 , 9 ° . 
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F i g . 4 . e . 12. D i s t r i b u t i o n of . t h e " sa fe ty index" ( W d I / Wj ) around the 

F l e e t L ine Tunnel . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C = 33.12 Ti.N/ml. ^ = 18.9° 
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P i g . 4 . e . 15. D i s t r i b u t i o n o f shear s t r a i n energy ( W 4 ) around the 

F l e e t L i n e Tunnel t generated b y the non-random d i s c o n t i n u i t y f a b r i c 

o f London Clay a t i j r een Park S t a t i o n . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C = 235 T t N / n 1 , ¥ =0 .45° » 
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P i g . 4 . e . l 4 . D i s t r i b u t i o n o f the " s a f e t y i n d e x " ( W^j/ Wj ) around t h e 

F l e e t L i n e Tunnel . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C= 235 TcN/m1, f> = 0 . 4 3 ° . 
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F i g , 4 . e . 15. D i s t i b u t i o n o f shear s t r a i n ener j jy ( W d ) around the 

F l e e t L i n e Tunnel , generated by the non-random d i s c o n t i n u i t y f a b r i c 

o f London C l a y a t Green Park S t a t i o n . 

The shear s t r e n g t h c h a r a c t i r i s t i e s used are C= 400 -K-N/m1, t= 0 . 4 3 ° . 
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P i g . 4 . e „ 1 6 . D i s t r i b u t i o n o f t h e s a f e t y index ( WJJ / Wj ) around t h e 

F l e e t L i n e Tunnel . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C = 400 TtN/m 1, 9= 0 . 4 3 ° . 
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Equal area p r o j e c t i o n s o f a s e c t i o n o f t h e London C l a y d i s c o n t i n u i t y 
f a b r i c a t Green Park S t a t i o n . 

The e l n e n t s are i n c l i n e d at 90 degrees, 1st Quadrant ( Crj» 5xN/in t ,^ ) J =13.5) 
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• "•S'iio • . c " = c c , 4 * ? 1 i c e c 3 e c : i c « c c c e i o » 

13**1*21 .• r-rr\ " r C 0 1 •"CCCOOOl IUCCCCC3 • 
» : . : £ : : : c « - t c c cccs i . i i u i ccc iccu iccc • 

U;:? i ! C CI122.I1IC:CCI01( l IIC 
•riuorcioccuj o e n i i c i i i i i i . 

• u r n l i t e r ctceo* 

P r o j e c t i o n 

W d = 93.17 

83, r = 1.04 a 

W,^ 71 .42 

IV ' 

•n i ce ccceccc* 
•2II111C « « . 

• U 2 3 i l l l 0 COC S „ , tCllCCCO CCC 
•J3232I100C CO00C3 «2S™? 0C01HC00 CCOC* 

•1.22JIC000 . OOCCCOOOCO oS«S° '"CC1CCC COCCIM 
•C22.1CCCCC « c c « ? " e o c " , "cecoaoocfMoil . 

,S»«; . C I I K « • " ? " " « « « « 

o o i i i „ O C 4 c « ? 2 e n I - ? M = ? ? ? ; ? , " " o c e c < l " « o " cciSSra. 
W0I1.UC9O0OM00 c ,« i if?,c " " " " " M occcoiencSSI 
J cc.iccec nocco c c i l M i l ^ ' i i i i i l ' J ^ ' ^ ^ i i M o o c c t c o t e ^ 

I c c t o ? e " ™ o o c o i i i 2 ; „ ^ ; : ^ ; ^ ' ^ « , " J » J « c e c c c c c e e e c e « 

•I3J322IO , , 2??;% ,^5 , J o c c o o «««6eecMoe ; 

• i i i c c c c i c - i c ?c:i nI} i!?5 < : , ,»«»» 

P r o j e c t i o n 84, r = 1.06 a 

W J = 86.73 Wjp: 6 6 . 2 1 

E q u a l area p r o j e c t i o n s o f a s e c t i o n o f t h e London C l a y d i s c o n t i n u i t y 

f a b r i c a t Green Park S t a t i o n . 

The elements are " Incl ined at 50° degrees , 1st Quadrant ( 5vN/m 1 , 5^=13.5 



rv * 
•u ieo COCCCPC* 

•211111c ceo* 
•CCCCCCCCC CCCCtCCCCCC CHIC" 

OOCC CCOCCOCCCICCCCCCC C 1 I 1 2 1 1 1 
ercce ccccccooeccccoccc cccicii12121 

•OCIOOOC CCCCCCCCOC CCCCIIUGOICI* 
CII1I1IBC • C0C300C CCIICOCl) CCO 

• I 2 2 S S I 1 I C CCC CCCCCCCC C C C I I I C I I C cceo* 
•<3232uocc cccccc - cccocec ccccciccc ccccu* 

• ia;j : ioccc cccccccccc cococ coccc :ccceccccn» 
• C J « ; K C C C C cccccccccc aoooocrccccccc* 
cccc* ciuooc oc:c ccccccccc 

•cccc* cccnct ccccc COCJCC cccoceo* 
o icCHOC o cccuc coooc cccccc ccec:co C C 1 I 1 C * 

• c i m . G C ccc30 ecuccccococc ccccccccccoooo o u n c e . 
O0JI2«ICCCCCCCC •CllilllSCClKCCCCCCCllllllI occccccncce* 
CJCMIUCCCCCOCCO « c i 2 : 2 i < i m i i ; 2 i < c i i 1:2:11icccccccccneca 
c .cciiccc uoccc • c : i i 2 j ? : 2 i 2 2 5 2 ? ; ; ; i « i i u 2 i c s c c c c c i c c c c c c • 
» ccccccc cccccc '• ciu:2:;2i>*<'*!t<:;ii<:2i:cccccccccccccc • 
• cc oocccocccca« i i i 234 ;4 :« f ; i : ; ! t : ; ; « : : i co ccccccicccc 
• c n c i i c c c c c u : 3 ! 3 t 4 ; ; ; ; < e ; ; « : : 2 < 2 2 t i i ocni lnoooo 
• C000CI11CCCC]22;«*92J[3.!!_;M!;<*;<221>ICC1C111I*CCCCC 
• fCCO0OO011111leceil!23232im233?334ll221l0001Cl<l.CC oe* 

• CCCCCCCOCCIlCCCCCCIlllllCCCClil2:<<<2lll3221111IHHIC cc 
•ccccccccccccccoccc ccceccc::ni 121 n M ; I I 122222:1 I H icc* 

cccccciic ccccicoc coo a i i n i i i c o i i i i i i 2 2 i i : i 2 i < i i a c 
•CCCClllCCO tCOCCCCCC CCCCllllllCC'!0llla222l2122<CC* 

• u n i t i c c ccocccooc r c c c c n i i m c c c c i m u u i c c * 
•1121211c ccc cc cccccciccciicccoccciccccccocc* 
•liSJJ.IC CCCC CC1CCCCCCQC1I1100CCC0 • 

1 3 4 4 4 4 2 1 COCCCC U C C C I I I I I I I C C C C C C C C C C C C CC 
• 3 3 3 4 3 2 1 0 C CCCCCCC OGOC121111KCC1C0111000 o 

!«S!!iCCCC CC11I1CC C 1122 1111CCCC IC1C 1MIC 
22331CCG COOCCCCC 00111111IOCC112222til 

• 1 1 1 C CCCCCCIIC CCC 12211112 n u n c * 
•cccccciccccc o e n i i c i i i u i * 

• ' l u i u c a c cccac* 

P r o j e c t i o n 85, r = a 

W d = 5 5 . 2 1 W J t= 84.08 

rv 139 
• n i c e ' c e c c e « * 

• i i i i n c cec* 
•cocccoccc ecccccccccc c i n e * 

OO0C OCCCCOCCCICCCCCCC C 1 I I 2 3 2 1 
ecccc ccccccccccccccccc c c a i o u i z m 

tcoioooc cccccccccc c c c r i m c c i c i * 
CII1I1ICC cccoccc CCIICCCC CCO 

•12232111C CCC CtCCCCCC UC1110CC OCCC* 
• 2J232I100C C'CCCC COC0CCC CCCCCICCC CCCCI1* 

• l«22!KCCr r:cccccccc OOOOC CCC0CO0OOCC0CO1I* 
•C22>K00CC CCCCCCCCCC CCCCCCCCCCCCCC* 
cecc« cuieoc cece cccccccce 

•ccoo. cccucc ccccc coccoa cccccca* 
O I C C K O C o . ccctcc coacc cccccc occcocc ecn ic* 

• o i n i . c t cccoc cciucccoocrc crrcccccccccco ccnicc* 
oon;«icccccccc • c i i : i i i c c c i i * c c c c c < c n i i i t i cccceceiicec* 
eaci.incccccoccc « 0122212111111:21.ci i i ;2;inccccccccciicc* 
C CCKCCC IICCCC • CC1I22322122333222X12122ICCCCCCCICCCCC0 • 
« coccc cc corctc c i i i :2222»4»4; t42: i i . : i i2£ccccccccccece • 
• cc C O C C C G C C C O C « U w 3 « 3 * : « : 5 ? ; ; ; « ? 3 3 < r ; i c o ccccccioccc 
• ciiciiccccci<23!3<43;;i(6:;«222<32in oauiiKCoac 
• COOOClllCCCCI2!i<«3:33>!!!::t2«22221IloeiCllll«CCCCC 
• «CCeCCCClMl!lCCC113232S2U112;?;33»ll2211CC01CIJl«CC ec* 

• CCCCCCCCCCIlCrCCCCllllllCCCC11122;222I11322IIIIIIII«IC cc 
•CC0CCCCCCC00GCO3CO CCCC01C0111112111II2111222222 11«1ICC* 
CCCCCCUC CCCC1CCC C9C C1III1IICCI11I1I2211212M1IC0 
•CCCCIIICCC CCCCCCOCC 0CCCI1I11ICCCCU1C2221212.ICC* 

• 11111) icc ccooccaca c c c c c i i m i i c c o c i i 2 i i c l i l « c * 
• II2121K ccc cc ccccccircciicccoccciccceccoee* 
•l!232ilO CCCC CCKCCCCCCCIUICCCCCC • 

13444411 cccccc cccciiimiccccccccaccc ce 
•3:343210c ccccccc c c c c m i i i i c c c i c o i n a c a • 

!«t !32ccc: r o i m c a c i u j i i n c c c f K i c u i i c 
22331CC-1 CCCCCCCC CC1111111CCC112221111 

• I I lC'.CCCCCIlC CCC 12211112nunc* 
•c>:cciciccccc o c i i i i c m i l i * 

•Clllll lOCC ccccc* 

P r o j e c t i o n 86, r * 1.02 a 

Wd=- 4 8 . 8 1 Wjp 77.53 

OOOC 
CCCCC 

•CC10000 
c n i u n c 

•12232111C 
•23232II0CC 

•1.22310CCC 
•C22.1CCCCC 
CCCC* 

•CCIC4 
0ICCI44C 0 

•OIIIKCC CCCOC 
001121.CCCCCCCC 
OOCH1UCCCCC00CC 
C C*CICCCC IIOCCO 
»• CCCCCCC cccccc 
• cc 

•I1I0C 
•3I1II1C 

•CCCCCCCCC 

N 
» 

CCCCCOCCCCC 
CCO« 

CHIC* 
CCCC00OCC10CCCCCC C I ] 1 2 3 2 1 

CCCCCCCCCCCCCCCCC C C 0 1 0 1 I 1 2 2 M 
cccccccocc ccccuuec ic i* 

cccoccc CC11C0C0 CCO 
CCC CCCCCCCC CCCI1IC0C cceo* 

COCCCC cccoccc CCCCCICCC ccccii* 
cccccccccc cracc cccccocccccccen* 
ccccccccce eoooetctcccccc* . 

CI110C0 occc ccccccccc v 

cccncc ccccc cccccc cccccco* 
cccicc coooc cccccc cccccco CCII1C* 
cciicccoccccc ccccccccccccoc ocinofl* 

,• C112I1KCC114CCCCCCC 111 1111 cccrcccnocc" 
• C1222i:illlll22l<Clll222111CCCC«C<:CC<lCC* 
« CC11I232212233222211<2122UCC:CCC1CCCCCC • 

• CI1122222P444!(.32I]«:212CCC<CCCCCCCCCC«* 
coaccooooa«oiii23434!4;3i**:4323*22ice ccccecic«oac 

c i ic i iccccci423;34«: : ; ;c t ; :4322<32i i i c c imi . ccec 
> Ca00ClllCCCC1233<>3223:3!!!?32«42221llCClClll*lCCCCC 
• CCrcOCC9IIIIllCCCIl!2S!!211ll233333«ll22ll'3C01CI21<eC CC* 
• eCCCCCCCCCllCCCCCCIIIIllCCCClll22:222111322lllllllI«lC cc 
•icccccccccocccectc cccceecem 11:111112 111222:22 n » i ice* 
rccccciic cccciccc cac o i i i i n i c c i i i n i 2 ? i i 2 i 2 l « l i c o 
•CCCCIllCCC CCCCCCCCC CC(C1I1U1CCCC11IC22212I241CC* 

• i i i i i n c c occcccecc o c o o c i m i i i c c o c i m i c i i M C * 
• U212HC ccc oc ceccccicfcncccaccoicoccccoee* 

• 12532210 CCCC CC 1C CCCCCCC 11IUCCCCO • .• 
13444421 ccaocc oeoeiiiiincccccccaeccc co 
• ! ! t« i2 i ac ccccccc cocc i i i tmccc i ca i i t oc s • 

;«!:3SCCCC CCIIIICC C1122II1ICCCCIC1C1111C 
22331CCC CCCCCCCC 001I11II1CCC112222UI 

• inccccccciic c c c i 2 2 i i i i ; n r i i i c * 
•CCCCCCICCCCC 0C1IIIC1IIIII* 

•C111I11000 SCCOC* 

aocc 
boooe 

•cciaocc 
Cl l l l l lCC 

•J2232111C 
•«;2321|CCC 

•"•23ICCCC 
•C224IC0OCO 
CCOCCt 

*C0CC 4 
41CCIC4C C 

•01II1C4C cccoc 
001121*CCCOCCiO 
"OC11«I1CCCCCCCCO 
o a«ciocoo noacc 

• n i c e 
•211I11C 

•cocrcocco 

fY 

CCCCCPC* 

ccccccc???;?c2 t5 t c ?}}};;„ 
"« i c c t c c c t SSSiS! I«!,. 

cmccc JtMsccccceecc* 
CCCIICC ( r c c r ccccccccc 
cccicc. coooc Scc:cc a ? ? « ^ « J « c c 
ccnccccccccc c c c c c c c c « « ? J ° u e « " c * 
O > I « I I I O C O I I C . " " ; ; 5 ^ S ^ ? c - _ ccinee* 

ccc* 
cu t e* 

v^i.».Ltcc cccctctccccccc ccinee* 
• - o i i s i n o c o « K 4 c r c c c c i u i i i l ccccccciiccc* 

CIJ!ai2linii!21l«UlJ2SUlCOtCCC0CCIlCO* 
..v«»w i i u o c c • CCI1222iJ122!!32J2IH2l22KCCCCCtlCCC«C • 

i . " « 0 « « «OCCC 4 Cni22222»4..iM32112.2IJCCCCCCCC«CCCC« 
1 CC CCCCCCCC'.C4CUlJ!«J4!4!ST.;i4!I!2.2JC0 SUCItlCWOC 
• C1ICJ«CCCCC»1S3!}«4!!!SH!!*!S!!«JMI CC 11II* ICtiOC 
> CCCCC ir.lCCCC12!!4!!i!!3i*.!! ̂ 3442221II33ICI1KICCCCC 
» CCCCOCOOl l i n J f t 00n !2 !3 !211UJ ! J ! ! !« l l » lK ; i "»*»« « * 
• e c c c c c c a c c ! i c c c c c c i i i i i i o u e c i i i 2 2 } J 2 J i i i 3 » a i i n i i ; M ; e « 
•cccetcccttrecccccc e c c c c t c c i i i i i ! i i u i 2 i i m 2 2 i i i 4 j i K e * 
ccMccnc c-.ooicco cec c11111ncc111m2211.12.tnce 
•cccctiiccc ececccccc e c c c i i i i i i e c c a m " " - - — * 
•II1I1IICC ctccccccc 
•1121211c ooc OC 
• n s t t a i r 

' • • • i f l l V 
1 3 4 4 4 4 2 1 CCICCC 

P r o j e c t i o n 87, r = 1.04 a 
Wj=- 4 4 . 6 1 W j I = 7 ^ 2 8 

P r o j e c t i o n 
.40.04 

88, r = 1.06 a 
6 5 . 0 1 

Equa l area p r o j e c t i o n s o f a s e c t i o n o f the London C lay d i s c o n t i n u i t y 

f a b r i c a t Green Park S t a t i o n . 

The elements are i n c l i n e d at 0 .0 degrees , Sad Quadrant ( C r d= 5it.N/ml, 5 ^ 13. 

http://c11111ncc111m2211.12.tnce


crrc 
•eeinicc 

c m n t c c 
• i ; < 3 j i u r 

•23<32iicr: 
•i«:2!tor?o 

•:2<<mcc* 
ccie* 

•cccci 
C I C C I K : C 
ointccc ccrcr 
u i i « n : i : c c ? c c 
•ICMIIICCCCCTCC 

I •OCICCCC I I C 1 C 3 
cccrcc eioccc 

• l l l » C 
• i n m : 

•ICCCCCCIC cccecrccrce 
ere* 

c ine* 
ccecccccriccccccc c i i m n 

cccrcecccee:ccecc C C C I C I I I H I I 
ccccce^ccc 

coerce 
cec .• reco-iec 

rerrc* crceoc 
eccrc«cccc ccccc i 
CCCCC0«CCC 

C1IIC< 
r c u i c r ••• 

: cce in iac ic i* 
CC1193C0 CCC 

•CCCIIICOC CCCC* 
CC4CC1011 CCC311* 

CCtCCCCCCCCCeCll* 
• COCCCCCCCCCCO 
0*CC CCCCCCCCC 

C'CCC C1*CCC CCCCCCC* 
crcicc ooosc ccccc*. <*rc:oco ccinc* 
c:iicccccc;cc ccrcccccercccc ccinco* 
c i m i i c c c i i c e c c c c c c i i i i m ccccrccnccc* 
c i : j i i ; m i i i ; ? i K i i i ? 2 ? i i i c o c c c o o c c n o c » 

oc1122122122:33222 Iii2i22icccccccicccccc • 
ciii2;:22i««<!t<;:i12;Ji:c:cccccccccccc • 

CCCCCCCCCCCClli:i43t*t«;l;«;«!2??I2|CC CCCCCC1C4CCC 
: i i c i i c r c c c i i 2 ! ! ! « ; ! ! : i e ! ! ' ! 2 2 > : : n i c c i i m « c c e c 

CCt!CCmreCC12!!»3!2!3!;!!!;;3«222211IOC<lCllll«CCOCC 
c r c c r t c i i i i i i c c c i i j i s s ' t i i i 1233333411221 iccoicni iac cc« 

c c c r : r o c o i i s o c o c m i i i o o c : i i 122:22: I i i 3 2 2 i n i i i i i i < c cc 
•<crctc:ccr:t!ccccc 
i c : r i c n c ccrciccc 
•Cfc r i nc r : CCCCCCCCG 

• M I 1 I 1 1 C C CCCCCCCCC 
• i I I 1 2 i i r ccc cc 

• l ! ! ! ! 2 1 C » 
13444421 cccccc 

• 3 M 4 2 2 1 1 C ecoucc; 
••3332CCCC CCI11ICC 

CCCCrcCCllIH2Mlll211l2222221l41]CC* 
ere c m i n ice i n n 1:2112121*1 icc 

aaqc I I I I I I C C C C I I I < I : Z ; I : I ; 2 < * C C « 
C C C C C I I I I M I C C 0C1I2IIC111CC* 
racccciccciioccccecicccccccco 
occo cciccrcccccimacccca • 
ceccimmecrccecccccc cc 
n o c . u i i i i i c c c i a c i i i c c c • 

c i i : 2 i i i i c c c c i c i c i i i i e <>i:iccc cccccccc c o i n m i c c c i i 2 2 2 2 i i i 
• l l l r r r r r c c i l t ccr122111121II11101 

•cccccucccca c c m i e i i i i i i * 
•c i i n naca ccccc* 

P r o j e c t i o n 89, r =; a 

Wjs 119.98 %i= 83.25 

14-0 

occc 
cccro 

•CC1B0CC 
C11111 ICC 

• 12232111C 
•2!2!211*!fC 

•M22313CCC 
•C220CCCCC 
cccrc* 

•cecc* 
C1CCMC0 9 

•GU14CCC 0C3CC 
oomocccccccc 
nccKincccccaccc 
c c*c icccc noccc 
» 'eccccrc cccccc 
• oc 

•n ice 
• n u n c ' 

. "cccrcccrc 

IY 
> 

rcccccccccc 
ree« 
C1I1C* rectcoocciccceccc c i i u m 

cccccccccorcc:icc e c r i o i i l i i l l 
eccccccccc 

»»c joeI 
ccc • cccccccc 

ccccct cccoccc 
ccccocccc ccccc • 
cccccc*cre 

ciuoe*. 
eccncc crcrr 

c c c i n i r c i c i * 
cnuccc ccc 
•ccuicac rece* 
cc;«cic:c cccn i* 

cc«cccccccccccii< 
oacarcccccce'* 
C«CC CCCCCCCCC 

CC4CQC CCCCCCC* 
cccicc ccccc cccccc rcccccc c a n e * 
ccncccoccccc eccccoccrccooc center* 
c i i 2 i i i c c c i i c c r c c c c c i i i i m oc recce nccr* 
C1222 12 111 1 1 122 IICll)i::illCCCCC(CCCuse* 

CCU22!22122!!!2221ll21221crcecCCICrrCCC • 
C11122222{444;«i!;]|22211(CCCCCCCCCCCl[4* 

CCCCCCCt-CCC0111i!4!4;4!!1!!!«!2!22ilCC CCCCCC14CCCC 
ci i c i i : c r c c i i 2 ! ! ; < 4 ?!;:>c :4 !22 i s2 i i i c c i n m o o o * 

C0CCC1IICCCC 12 334 332 3 3!!!!!!!342 222111CCIC1II14CCCCC 
CCrc!;C0omillCCC11!23!!21111/!!l!!4112211CCClCI2ll4C 3C* 

CCGOCOCCCCllCCCCCC11111IGCCC 1 1 12:22221113221 1111 l l l « K CC 
•ccccccccrrocccer:c 
CCCCCC110 OCCilCCC 
•ccccmccc cccc:cccr 
• m i i i i c o occcorccc 

• 1121211c cci: cc 
•I33332IC 

1 3 4 4 4 4 2 1 CCCCCC 
•3!«432|OC CCCOCCC 

!<!!3:cci:c ceiuicc 

CCCCCCCC111 112 111 1121 1122212211411CC* 
coe a i m nice m i l 12211: m o i c c 

C3CC11I111CCCCI11C222I21«41C(< 
CCOOCIIMIIICC rc 11211C11 l'«C» 
cccccc icr c t ueeieociceccccacc'* 
cccr rcicccccccoiiiiccccce • 
cccriiimiccercocccccc co 
aooowimiccciccinocc • 

H22llllCCCCICi:llllC 22331OI.-0 CCCOCCCC OC 111111ICCC112212111 
•I1KCCCCCC11C OCCI221I112II1I110* 

•ceecccicccrc c r i i i i c i i i i n * 
• c i i i m o c c cccco 

P r o j e c t i o n 90, r = 1.02a 

Wd:= 112.40 W,,i= 76 .93 

cci c 
ococc 

•CCICCCC 
c n n i i o c 

•12232II1C 
• 2!2!21KCC 

• i > 4 i : u c c c 
•C3224I(SCO 
CCCCC* 

•CCCC • 
CICC14CC c 

•0II14CCC CCC'C 
crii<4iurorcoc 
rcci^niccccecrcc 
c C4Cicccc ncocc 

:crc:cr ccccc: 
• ec 

• nice 
•211II1C 

•CCCCCCOCC occoooececc 
CCC" 

C 11.10* 
cccccecceiccccccc C U I Z M I 

CCCCCCCCCCCCCrCCC CCCK 1S1222I cccccccccc 
•cccoccc 

ccc*' cccococc 
crccc* ecoooco 
ccccc^cccc cccec 
ccrcoco*cc 

cmcc*. 
ecciiec •» 
crcicc coroc 

CCCCiilllOOICl** 
•*. cciiocco cce 

C*CI1I1C0C CCCC* 
CCC«I:ICCO cccon* 

l CCOCCCCCCCCCCJ1* 
C4CCCGC0CCCCCC* 
COtC CCCCCCCCC 

recce ce:iec cccccco* 
cccocc ccecocc ccinc* 

ccnccccccccc ccccrcccctieccc ocincc* 
cimnocci icccrcccc n m n accccccnccc* 
C1222U1 i l l 11221 lC11122:ilUCCCCCCCCC1100» 

CCllI2!i2122!!;2;clll212:!lCCCCCCCICCCCC0 • 
Clli;ii22r444!e>>21!22Z:i2CSCCCCCCCCrCC< • 

cccrcccccrcciii2!434:«;;i;?!432 322:!icc ccc«cci.*caoo 
oi itiiccccc 112! ! ;*« .? ;v t t • • » ; ; ; ? ; . ; ! i i c c m i « i c c c c 

cccrcii icrcri2>;4;3233!;; t ; ; i34222:: i i i3Cicii i i*ccccc 
CCrc:CCCMIlllCC:il!2!!3211ll2<!:!34|12:!llCCCIC1211J,*C CC* 

C(0(irCOCCllCtCrc:illlllCCCCIII222222lll':22llllllll«IC CO 
CCCCCCCC111 11211111211122222211*1 ICC* 

COC CII1111KC11 I ' l l 122112121*1 IOC 
c : : c i i i u i c : c c I i n 2 2 ; i 2 i 2 « i c c * 

ccccc i in i i i cc o m 2 i i c i n « c * 
c ccccc ic cci ice cn^ciceccccccc* 
tccc (ciccc-cra::iilKCCccG • 
rerc i i i i i i ic tc r i rc tccccc cc 
c io:c i : i i i i iccci<:r inccc • 

r I1221IJKCCC1.-131II1C 

•tcccicccrccccccccc 
(cccecnc ccociccr 
•:iC(Ill«C3 'tcccccrr 
•111I1I1CC CCCCCCCCC 
•I12121IC 0CC CC 

• l !3!!2IC • 
I 3 4 4 4 4 2 ] CCCCCC 
•• •S4»?nc c : « : c c 

:4;;»2ccrc c c i m r c 
;;>3iccc cccccccc « c i i i i n i c c c i i 2 : i 2 i i i l 

• I1ICCCCCCC11C CC-1221! 112111 U K * 
•cccccciccrcc c c i i i i c i i n i i ' * 

• : i i i i n c c : ' . crccc* 

P r o j e c t i o n 9 1 , r =: 1.04 a 

Wj= 105.19 WJr= 71.12 

C0C3C 
•ccioooc 

Cll l l l lCC 
•12232I1IC 

' •2!232li:tC 
•124231CCCC 

•C2J2KCCC0 
CCCCC* -

•ccoc « 
eiccnoc o 
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Equal area p r o j e c t i o n s o f & s e c t i o n o f the London Clay , d i s c o n t i n u i t y 

f a b r i c a t Green Park S t a t i o n . 
The elements are i n c l i n e d a t - 90 degrees, 3 r d Quadrant, ( C rdt» 5xN/m l, J?j = 13. 
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P i g . 4 . e . 17. D i s t r i b u t i o n o f shear s t r a i n energy ( W j ) around t h e 

t u n n e l , generated by a s e c t i o n o f t h e non-random d i s c o n t i n u i t y f a b r i c 

o f London Clay at Green Park S t a t i o n , which s e c t i o n represents the 

d i s c o n t i n u i t i e s e x i s t i n g i n the immediate v i c i n i t y o f the t u n n e l . 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are C r t= 5TtN/m' Jfj= 1 3 . 5 ° . 

(Diameters o f i n n e r and o u t e r c i r c l e s are drawn t o d i f f e r e n t scales* 

P i g . 4 . e . I ) . 
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F i g . 4 . e . 18. D i s t r i b u t i o n o f the " sa fe ty i ndex" ( %j/ W d ) around the 

F l e e t L i n e Tunnel . 

The shear s t r e n g t h c h a r a c t i r i s t i c s used are C^p 5 x N / n l , ftf= 1 3 . 5 ° . 
( Diameters o f i n n e r and o u t e r c i r c l e s are drawn t o d i f f e r e n t sca les > 
P i g . 4 . e . I ) . 
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F i g . 4 . e . 19. D i s t r i b u t i o n o f shear s t r a i n energy ( ) around t h e 

t u n n e l gener ted b y a s e c t i o n o f t h e non-random d i s c o n t i n u i t y f a b r i c 

o f London C lay &$ Green Park S t a t i o n , which s e c t i o n r ep resen t s t h e 

d i s c o n t i n u i t i e s e x i s t i n g i n the immediate v i c i n i t y o f t 1— t u n n e l . 

The shear s t r e n g t h c h a r a c t e r i s t i c s U3cd are 0,,= 7'K.N/nr, ^ = 18 .5* . 

( Diameters o f i n n e r and o u t e r c i r c l e s are drawn t o d i f f e r e n t s c a l e s , . 

F i g . 4 . e . I ) . 
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P i g . 4 . e .20 . D i s t r i b u t i o n o f t h e s a f e t y index ( ¥£,,/ W d ) around t h 

F l e e t L i n e Tunnel,. 

The shear s t r e n g t h c h a r a c t e r i s t i c s used are 7 n N / m 1 , %a. 1 8 . 5 " . 

( Diameters o f i n n e r and o u t e r c i r c l e s are drawn t o d i f f e r e n t s c a l e s , 

P i g . 4 . e . l ) . 
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4.f. Results 

i'rom a l l the Figures which represent the d i s t r i b u t i o n 
of the shear s t r a i n energy generated "by the d i s c o n t i n u i t y 
f a b r i c of London Clay as tunnelled at Green Park Station 
(a non-random d i s c o n t i n u i t y f a b r i c ; , i t can be seen tha t a 
d i s t i n c t concentration of shear s t r a i n energy takes place 
at d i r e c t i o n s ranging between 48° to 60° i n each quadrant 
and at a distance equal to the radius of the tunnel ( t h a t 
i s on the periphery of the tunn e l ) . 

In the case where the shear strength c h a r a c t e r i s t i c s 
represent drained conditions, the d i r e c t i o n of the concentration 

0 
l i e s at an o r i e n t a t i o n of (45° + ) degrees to the horlaantal 
i n each quadrant. 

This does not indicate t h a t the presence of ' the ' 
d i s c o n t i n u i t y f a b r i c has no e f f e c t on the d i r e c t i o n of the 
concentration of Wj (and consequently on the p o t e n t i a l 
f a i l u r e ; . I t simply means t h a t , the character of the f a b r i c 
i s a not-unduly sensitive f a c t o r i n the generation of the 
shear s t r a i n energy value, especially when i t i s assumed 
that the same d i s c o n t i n u i t y f a b r i c exists i n each element. 

The zone around the tunnel w i t h Wcj> 0 tends to extend 
v e r t i c a l l y , especially f o r lower values of Wd . This follows 
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from the o r i g i n a l state of stress i n the surrounding clay. 

The slope of the r e l a t i o n s h i p between Wj and r 
(distance from the centre of the tunnel.) i s very steep 
f o l l o w i n g the disturbance generated by the excavation) 
of the i n s i t u p r i n c i p a l stresses. 

For elements i n the immediate v i c i n i t y of the tunnel 
surface (r=a, - g = l , -g =0 , -gj = M9I+Sl_ = V ) with an 
anisotropic d i s c o n t i n u i t y d i s t r i b u t i o n , the differences 
i n the values of shear s t r a i n energy Wj are generated by 
the d i f f e r e n t numbers of poles f a l l i n g i n approximately the 
same p o t e n t i a l l y unstable o r i e n t a t i o n zones (Projections 
I , 5, 9,... 77 , 61, 85, 89 and 93; values of Wj ). I n the 
case of an equivalent i s o t r o p i c d i s t r i b u t i o n the same number 
of poles f a l l i n the same p o t e n t i a l l y unstable o r i e n t a t i o n 
zones and consequently the generated shear s t r a i n energy 
WdI i s the same f o r a l l the elements i n the immediate 
v i c i n i t y of the tunnel (Projections I , 5, 9, ... 77 , 81, 
85, 89 and 93; values of WdI. Figure 4.e.3; r a d i a l symmetry 
f o r the highest values of W^j). 

The a x i a l symmetry of the Figures,which represent 
.the d i s t r i b u t i o n of the shear s t r a i n energy, r e s u l t s from 
the special technique which was followed f o r the superampositicn 
of the d i s c o n t i n u i t y f a b r i c on each element. 

The anisotropic f a b r i c specifies the values of Wj 
i n the p o t e n t i a l l y unstable space which have been delimited 
i n terms of the p r i n c i p a l stresses and shear strength 
c h a r a c t e r i s t i c s . 

On Figure 4.e.4, which shows the d i s t r i b u t i o n of the 
"safety index", more and less stable areas are defined. 
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Obviously, the topography of the Figure r e s u l t s from the 
corresponding shape of the Figure 4.e.2. The l i n e j o i n i n g 
points having a value of zero (corresponding to zero ) 
expresses, i n t h i s case, the boundsries of the studied erea. 
I t i s noticeable that the crown and the sides of the tunnel, 
are more stable w i t h respect to shear than ere the areas 
disposed at. 45° or hereabout to the h o r i z o n t a l . 

The differences i n Figures 4.e.4, 4.e.6, 4.e.8, 4.e.l0, 
4.e.I2, 4.e.I4, 4.e.l6 and 4.e.I8, 4.e.20, a r i s i n g from the 
d i f f e r e n t values of the shear strength c h a r a c t e r i s t i c s , 
emphasize the e f f e c t of these c h a r a c t e r i s t i c s on the stability 
of the tunnel. 

4.g. Discussion 

I t was assumed that the state of stress around the 
tunnel does not exceed the l i m i t i n g stress condition f o r 
e l a s t i c behaviour of the surrounding clay. However the 
calculated values of stresses, at the immediate v i c i n i t y 
of the tunnel, indicate t h a t the clay may have been brought 
i n t o the p l a s t i c s tate. Futhermore, the e x i s t i n g discontinuities 
may have influenced the r e - d i s t r i b u t i o n of the stresses 
during the excavation. Consequently, the above mentioned 
assumption concerning the e l a s t i c behaviour of the surrounding 
clay i n the process of c a l c u l a t i n g the values of stress may 
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have been a cause of inaccuracy i n the obtained r e s u l t s . 

As already mentioned ( i n 4.d.), i n every p r o j e c t i o n 
case the d i s c o n t i n u i t y f a b r i c remains i n v a r i a b l e as a 
fu n c t i o n of p o s i t i o n . This f a c t reduced the influence of 
the d i s c o n t i n u i t y f a b r i c on the d i f f e r e n t i a t i o n of values 
of the shear s t r a i n energy among the elements. More 
accurate r e s u l t s could have been obtained i f the discontinuity 
f a b r i c was a func t i o n of p o s i t i o n . In such a case, however, 
the work load would have been immense and r e a l l y unacceptable. 

The e f f e c t of the presence of water on d i s c o n t i n u i t y 
shear s t a b i l i t y has not been of p a r t i c u l a r concern i n t h i s 
a p p l i c a t i o n . Two ef f e c t s can be observed; 
i ) I f the pore water pressure i s zero the presence of the 

water on the s t a b i l i t y surface decrease;; the shear strenglh. 
I t . has been pointed out that an important difference 
exists between the shear strength parameters of a dry 
d i s c o n t i n u i t y and those of a wet d i s c o n t i n u i t y and, 
f u r t h e r , t h a t the peak-to-residual reduction i n the 
f r i c t i o n angle i s more s i g n i f i c a n t i n the case of a wet 
d i s c o n t i n u i t y . Defining the residual shear strength 
parameters cf the d i s c o n t i n u i t i e s during shear box tests, 
the above reduction has been estimated. 

i i ) l f the pore water pressure i s greater than zero the 
e f f e c t i v e shear stress may be calculated (equation 4 . d . I ) . 
The e f f e c t of pore water pressure on the d i s t r i b u t i o n 
of stress around a small d i s c o n t i n u i t y (.a crack) and 
consequently i t s influence on crack propagation, has 
been investigated by F. McCLINTCCK and J. WALSH (p. 81). 

Generally, i t i s suggested that the f a i l u r e mechanism 
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of h i g l y f i s s u r e d clays, i n a large cross-section unlined 
excavation, appears to take place under drained rather than 
undrained conditions. I f drainage does occur, then the 
e f f e c t of pore water pressure on the reduction of the normal 
stress i s rather small. 

Under the above assumptions, the use of shear strength 
parameters representative mainly of drained conditions can 
reasonably be j u s t i f i e d . I t s absolute v a l i d i t y i s however, 
a f u n c t i o n of clay exposure time and hence, u l t i m a t e l y , the 
rate at which the tunnel advances. 

Generally, t h i s a p p l i c a t i o n shows tha t the c r i t e r i o n 
may be used i n the case of problems dealing w i t h tunnel 
s t a b i l i t y . 

I t may provide an estimate of the i n s t a b i l i t y of each 
p o s i t i o n around a tunnel i n terms of the p r i n c i p a l stresses 
(J-j," Oj, C3, the shear strength c h a r a c t e r i s t i c s of the 
material and the d i s c o n t i n u i t y f a b r i c of the p a r t i c u l a r 
l o c a t i o n . 
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APPENDIX.. .2..a,J Computer, programme- E — 
DOUBLE P R E C I S I O N X , S 1 GR , S I & T , T A U , THET A , X , D L " & R E E . V , H , R , G. A . N , E , 

1 S l & l , S I G 2 , S I G 3 , S I G V , S I G R V , S I G T V , T A U V 
V - 0 . 4 H D O 
E = 1 O K ' J O . 0 D 0 * 
H = 2 9 . 5 7 0 0 • 
G = 2 0 . OODO 
A = 2 . 0 . V - D 0 

b R = 2 . 0 3 5 0 0 
N = 1 . 0 0 ' j 
REAP "( ' J , 1 0 0 ) D l - G R E r : 

1 • < FORMAT 
I F (DEGREE . G E . c > ' ? n . . l l i O ) STOP 
W R T T F ( » , 1 2 0 ) DEGREE 

12." FOP MAT ( • 1 ' , .32 X , • R. E S U L T S F O P • , F 6 . 1 , • D E G R E E S 
W R I T E ( 6 , 1 5 0 ) ' . 

1 5 0 F O R M A T ( / / / t ^ X . ' R ' . S X . ' S I G R ' i ^ X . ' S I G T ' . S K t ' T A U ' . S X t ' T H E T A ' . S X , 
. 1 • S I G l • . A X , 1 S I G ? ' f ^ y , ' S I G 3 . ' 

1 1 S I G R V 1 » 5 X , ' S I 3 T V ' f fc X , • T A 1 . 1 V » / ) 
X = D E G R E E / ( 1 8 0 . 0 D 0 / 3 . 1 4 1 t . ^ 2 6 5 3 5 T 9 7 9 3 2 D 0 ) 
DO 10 1 = 1 , 2 1 
K = 2 . 5 5 D 0 - ( H - R - ' D S I N ( X ) } * 0 . 0 3 D 0 
S I G V = G * ( H - R * D S I N ( X ) ) 
S I G R = 0 . 5 0 0 * G * ( H - R * n S I N ( X ) ) * { { 1 . O D O + K > * ( 1 . 0 D O - A * * 2 / R * * 2 ) 

1 + {K - l . O D O ) * ( I . 0 0 0 + 3 . 0 D 0 * A * * 4 / R * * 4 - 4 . 0 U G * A * * 2 / R * * 2 ) 
1 * D C O S ( 2 . 0 D C * X ) ) 

S I G T = 0 . 5 0 0 * S I G V * ( ( 1 . O D O + K ) * ( 1 . 0 0 0 + A * * 2 / R * * 2 ) 
1 - (K - 1 . 0 0 0 ) * ( 1 . 0 0 0 + 3 . O D O * A * * ' * / P * * Of OS I 2 . " O f * X) ) 

TAU = - 0 . 5 0 0 •••• G * ( H - R * n S I N ( X ) ) * ( K - 1 . 3 0 0 ) 
1 * ( 1 . 0 0 0 - 3 . 0 0 0 > < A * * ' t / k * * 4 * 2 . 00 0 * A * * 2 / k * * 2 ) * n s J N ( 2 . 0 D 0 * X ) 

THETA= O.SDC * D A T A N ( 2 . O D O * T A U / < S I G R - S I G T ) ) 
1 * ( 1 8 0 . 0 0 0 / 3 . 1 4 1 5 V 2 6 5 3 5 E 9 7 - J 3 2 D 0 ) 

I F . D E G R E E . & F . 0 . 0 0 0 ) GOTO .170 
THETA = THETA + ( 9 0 . 0 D O - D A B S ( H E G « F E ) ) 
GOTO 1 8 0 

1 7 0 THE.TA = THETA -- ( 9 0 . 0 0 0 - D E G R E E ) 
1 8 0 C O N T I N U E 

S I G 1 =. 0 . 5 D 0 M S I G R + S I G T ) + 0 . c > 0 0 * O S g R T ( ( S I G R - S I G T ) * * 2 + 4 . ODO* T A U * * 2 ) 
S 1 6 3 = 0 . 5 DO* < .'; IGR +S I GT ) - 0 . 5DD*DSQRT I ( S I G P - S I G T ) * * 2 +4 . O D O * T A U * * 2 ) 
S I G 2 = V * ( S I G 1 + S I G 3 ) 
S I & R V = S I G R / S I G V 
S I & T V = S I GT/S : !GV 
TAUV = T A U / S I G V 
WRI T E ( 6 , 2 0 0 ) N , S I G R , S T G T , T A U , T H E T A , S I & 1 , S I & 2 , S I G 3 » 

1 S I & R V , S I G T V . T A U V 
2 0 0 FORMAT ( 1 H 0 , F 4 . ]. , « A ' , 7 ( F 1 ' J . 3 ) , 3 . F 1 0 . 3 ) ) 

N = N + 0 . 2 0 0 , 
R .= N * A 

10 C O N T I N U E 
GOTO 5 
FMD 

Computer programme symbols 

V = D , E s k , G = 2f , A = a , R » r 

SIGV s (T v , SIGF. :s 0" r , SIGT,= <Jt, TAU = T r * THETA = 4 * , 

SIG1 = CT, , SIG2 ••' 0 \ , SIG3 = 0", , SIGTV = <Jt/ O v , SIGKV = a r / (Tv 

TAUV - 0"» 
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APPENDIX 2.c.2. 

Computer programme P t 

D D U B L E P R E C I S I O N K . S I S R , SI GT , TAU, T H E T A •, X , DEGREE »V . H , ? , G , A , N , E , 
1 5 IG 1 , S I G 2 , S I G 3 , S I G V , S I C * V, SI GTV, TAUV 

O O ' . J t i L E P P . E C I S I u \ l P I . T V / \ L 

DIMEVSIGN P X ( 1 0 0 ) , P A ( 1 0 0 ) , P R ( 1 0 0 ) , P C < t 0 0 ) , P D { 1 0 0 ) , P E ( 1 0 0 ) 
V = 0 . 4 3 D O 
I" = 1 U 0 0 0 0 . 0 0 0 
H = 2 9 . 5 7 0 0 
(•• = 2 0 . ' j 9 00 ' • 
A = ? . 0 3 5 0 0 

5 R = 2 . 0 3 5 0 0 
N = l . o r r j 
RE AH ( 5 , 1 0 0 ) DEGREE 

1 0 0 F'UKMAT (1)5.0) 
IF ( DEGREE .GC•» 9 9 3 . ODD) STOP 
W R I T E ( 6 , 1 2 0 ) DEGREE 

120 FD RM AT ( ' 1 • » 3 2 !< , * P E S U L T S F n P « f F 6 . l t * 0 E G 9. E E S 
W R I T E ( 6 , 1 5 0 ) 

1 5 0 F O R M A T { / / / , 4 X , 5 X ,« S I G R 6 X , ' S I.G.T • , 8 X , ' T A U • , 5X • • TH E f A • , 5 X , 
1 • S I G 1 » 6 X , « S T 02 ' , 6 X , « 5 I G 3 * , 6 X , 
1 • S I G R V " , 5 X , ' S I G T V , 6 X , ' TAUV , / ) 

X = D E G R E E / ( 1 ^ 0 . 0 0 0 / 3 . 1 4 1 5 9 2 6 5 3 5 8 9 7 9 3 2 0 0 ) 
DO 1 0 1 = 1 , 2 1 
K = 2 . 55D0 - (H - R * D S I N ( X ) ) * O.O3D0 
SIGV = G * (H - R * D S I N ( X ) ) 
5IGR = 0 .5D0 * G * { H - R * D S I N ( X ) ) * ( { 1. 030 + K ) * ( 1 . 0 0 0 - A * * 2 / R * * 2 ) 

1 + ( K - l .ODO) * ( 1 . 0 0 0 + 3 . H 0 : ; * A * * 4 / r < * * 4 - 4 . 0 D ' J * A * * 2 / R * * 2 ) 
1 * D C D S ( 2 . 0 D 0 * X ) ) 

S IGT = 0 .5D0 * SIGV * I I 1 . ODO + K ) *( 1 . 0 0 0 + A * * 2 / R . * * 2 ) 
1 - ( K - . 1 . 0 0 0 I * < 1 . 0 0 0 + 3 . 0 O ? * A * * 4 / R * * 4 ) * DCOS<2 . O D O * X ) ) 

TAU = - 0 . 5 0 0 * G * ( H - P * D S I N ( X 1 ) * (K - l . O D O ) 
1 „ * ( 1 . 0 D 0 - - 3 . 0 D 0 * A * * 4 / R * * 4 + 2.On 0 * A * * 2 / R * * 2 ) * 0 SI N ( 2 . 0 0 0 * X 

THE T A = 0 . 5 0 0 * 0AT AN I 2 • D 0 ? * T A U / I S T GP -S I GT ) ) 
1 =M I S O . 3 0 0 / 3 . 1 4 1 5 9 2 6 5 3 5 8 ^ 7 9 3 2 0 0 ) 

I F ( D E G R E E . G E . O . O D O ) GOTO 170 
T H I T A = THETA + < 9 0 . O D O - O A B S ( O E G R c E ) ) 
GOTO 1 8 0 

170. 1 H E T * = THETA - ( 9 ? . D O - D F GR EE ) 
180 CONTINUE 

S I G 1 = 0. 5 0 0 * ( S I G P + S I G T . » + 0 . 5 0 0 * D S Q R T { ( S I G " - S I GT ) * * 2 + 4 . O D O * T A U * * 2 
S I G 3 = 0 . 5 0 0 * 1 S I G R + S I G D - 0 . 5 D 0 * D S Q K T ( ( S l G F - S I G T l * * 2 + 4 . 0 D 0 * T A U * * 2 
S I G 2 = V * ( S I G 1 + S I G 3 ) 
S I G R V = S I G H / S I G V 
S ICTV = S I G T / S I G V 
TAUV = T A U / S I 3V 
P X ( I ) = N 
P A ( I ) = U 1 
P U ( I ) = U 2 ' • 
P C ( I ) = S I G R V 
P L X I ) = S I G T V 
P E ( I ) = T A U V 
W P I T E ( 6 , 2 00 ) M r S I G R , S T G T , T A U , T H E T A , S I & 1 , S I G 2 t S I G 3 , 

l S I : G R V , S I G T V , T A U V 
2 00 F O R M A T ( 1 H 0 , F A . ]. , 'A • , 7( F 1 0 . 3) , 2 ( F l 0. 5) , 3 ( F-10.3) ) 

N - N + 0 . 2 00 
R = N * A 

http://F6.lt*
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10 CONTINUE 
r. • PLOT 1 

C " L L P L T 7) F" S ( 1 . 0 * 0 . 5 , -1 . 0 , 1 . 0 , 2 . 0 , 2 . 0 ) 
C DP. Ah1 V AND X AXIS 

COLL ? A X I S ( 2 . f ' i 2 . 0 , J , T ; , - f r . O t P O . O , - 1 . 0 , O . h , 1 .0 
V V = 8 . 0 
PLTVAL=5 .0 
DU i l l I = 1, 7 
CALL PNlJw.HR \ 1 . 5 . YY , 0 . 1 , P L T V A L , 0 . 0 , 5 H F 3 . 0 * ) 
P L T V & L = P L T V A L - 1 . 0 
YY = Y Y - 1 . 0 

111 CONTINUE 
CALL PAXIS<2.:") , 3 . " ' , 0 , ? , -R . 0 , •>. 0 , 1 . 3 , 2 . 0 , 1.0 ) 
P L T V A L = 2 . 0 
YY=4 .0 
DO 112 1=1, 4 
CALL PNUfiL-R ( Y Y - 0 . 3 , 2 . 7 , 0 . 1 , P L T V A L , 0 . 0 , 5 H F 3 . 0 * ) 
YY=YY+2.J 
PLTVAL=Pl. TVAl H . O 

112 CONTINUE 
C DRAW S I G V , S I 3 T V AND TAUV 

CALL P L I N E t P X , P C , 2 1 , 1, 1, 3 , 1 .0 ) 
CALL PL IMS: t PX , PD, 2 1 , 1, 1, 11, 1 .0 » 
CALL -PLINE( PX, PF , 2 1 , 1 , 1 , 4 t 1 .0 ) 

C — - — DRAW T I T L E 
CALL PNUMrtRl 3 . , H ' . " i , f ' . 2 , DFGRF'E, 0 . 0 , 

X29H' ? F SUL TS FDR DEGREES = ' , F i S . l * ) 
C ENP CURRENT PLOT 

CALL PI TEND 
GO TO •} 
END 

F I L E 

http://PNlJw.HR
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228 LOAD CA SE NO* 1 
c3~ NODE X-FORCE Y FORCE NODE X-FORCE Y FORCE NODE X •FORCE Y- FORCE 
LSI 1 0. 0 'Jc 717E 03 2 0 . 0 0c717E 03 4 0 . 0 0 U 717E 03 
233 8 0 J J . 7 i 7 c 03 14 OcO 0 c 7 i 7 E 03 22 O. l ' Uo717E 03 
H34 32 995c 03 U. 71 7 t 03 42 . 957E 03 0 t 0 55 . 935E 03 0 . 0 
c35 68 917E 03 0 81 , 905E 03 OcO 93 - . 8 8 0 E 03 0.0 
c3b 105 851E 03 UeU 116 i 7 8 4 E 03 c390E 03 127 0 . 0 . 390E 03 
131 137 0- L> 390E C3 147 O L O • t 3 9 0 t 03 156 0 . 0 - C 3 9 0 E 03 
I2h 166 0 . i.' % 390c 03 
27i- ..« OUTPUT OF STRESSES AND DISPLACEMENTS • • • 
272 NODE X CO- ORO Y CO-ORD L0<. D I S P L A C E M E N T S 

N 0 t X Y RESULTANT SIGMA X SIGMA Y 
as 0 . 0 0 . 0 * - * : 
t 7 6 1 0 . 0 OcO 0e(< - 3 7 4 : 9192 - 2 0 ' c 4282 
In 2 1.076U 0. 0 * : 
£78 1 0 , 0 0 1 6 0 ;0 0 c 0 0 l 6 -441c 4270 - 3 8 % 4333 
i l l 3 0 . 0 0 . 4 0 7 0 * : 
i8U 1 0 - 0 0 . 0 0 0 5 o e i>on5 - 4 8 6 : 4 3 7 5 - 32 'o 6367 

£8 i 2^2220 * 
282 1 0 . 0 0 0 7 OcO 0 . 0 0 1 7 -344» 4072 - 4 8 ' . 1421 
283 5 i u 9490 0 . 7 5 1 0 
£84 1 0 , 0 0 1 8 OcOOlO OoOOZl - 3 6 7 e 1 9 7 3 - 44 ' . 5 0 4 4 
£85 6 0 . 9 8 9 0 0 . 4940 • • 
i&b 1 0 . 0 0 1 5 0^0003 OcO015 - 4 9 6 , 8162 - 3 9 ?«2180 
£87 7 0 . 0 1 .6280 * : 
£88 1 0 . 0 0^0019 0 : 0 0 1 9 -396.- 3281 - 1 8 <e 7686 
289 8 3 . 5 2 9 0 0 - 0 * • 
£91'' 1 0 0004 OcO 0 •00 " 4 - 5 5 7 : 5 7 0 1 - 7 2 ^ 1 6 8 2 
£9 i 9 2 *8490 l s 1 7 0 0 
292 1 - 0 , 0 0 1 4 0 . 0 0 2 2 0 *0026 • • 5 8 1 B 7371 - 7 2 * . 6724 
293 10 1 .5310 1 .8980 -: 
£94 1 0 . 0 0 2 1 0=0011 0 . 0 0 2 4 - 4 0 1 * 9558 - 39 I . 6042 
£95 11 0 . 7 7 7 0 1 ,6960 : 
£96 X. 0 , 0 0 1 4 0c0017 0 . 0 0 2 2 -509c 9673 - 3 1 'c 5256 
297 12 0 . 0 2 . 8490 * : 
£96 * o.o 0 . 0 0 3 9 Oc.0039 - 5 2 0 : 3015 - 3 4 . 0 2 1 9 
<!99 13 3 . 6 6 3 0 l c 7400 : 
il'U 1 =•0,0012 *• 0^0026 0.-0029 - 4 0 7 : 3950 - 5 6 3 * 3 4 7 7 
3U1 14 5 *1230 0 . 0 * : 
3U2 1 0 . 0 0 1 6 0 6 0 0;,0016 - 4 6 3 „ 8 9 1 6 -558 .6912 
i 0 3 ! 15 2,. 238wi 2c2280 : 
3U4 1 0 . 0 0 2 6 C 0 0 2 6 0,,0037 - 6 5 0 , 4 1 9 7 - 7 4 2 . 3 9 8 7 
3U5 16 2^8780 2 - 6 7 5 0 
5C6 1 • 0 . 0 0 2 6 • 0 . 0 0 4 3 0. .0051 - 3 7 4 c 5171 - 5 5 9 . 1 0 4 5 
307 17 1 .1140 3 . 0 4 5 0 : 
308 1 - 0 , 0 0 3 7 0 . 0 0 0 2 0.:0037 - 4 1 6 : 6 3 2 6 - 1 8 2 . 5 1 3 7 
3U9 18 0 . 5 6 5 0 2 . 8 9 8 0 « 

3*0 - 0 - 0 0 2 4 0 , 0 0 5 6 Or. 0061 - 6 6 9 : 7534 - 2 3 3 . 8 7 7 8 
3 i i 19 0^0 3c 6400 * : 
3-2 1 0*0 0^0071 On 0071 - 6 2 6 * 2009 63c6042 
313 2w 5 . 9240 1 .1350 • • 
3_<t 1 Or 0006 - 0 . 0 0 0 5 On 00^8 - 4 9 9 , 6 3 5 5 • 565 .9565 
3 i 5 21 4 . 3 6 4 0 2 . 4 4 2 0 • 
3 i 6 1 0 * 0 0 0 8 0c0034 0..0035 - 5 3 1 , 0 4 0 5 - 6 7 0 . 6 7 0 4 
3-7 22 9.4901- 0 . 0 * • 
318 1 0 . 0 0 0 2 0 S 0 O c 0002 - 5 9 2 i 0 0 6 3 - 5 9 9 . 9 5 3 4 
3 i 9 23 1 .6280 3c2850 • 
32C 1 0 - 0 0 5 6 •Oc0007 0 .7^056 - 6 8 0 : 4 1 0 4 - 6 0 7 c 2 8 1 5 
32^. 24 2 i 093O 3.. 6110 J 
322 1 -Or 0056 - O c 0 0 5 1 0. ; 0075 " 2 7 9 : 9 7 1 9 - 4 5 5 . 8 8 1 6 
323 25 3 . 430U 3c2170 S 
324 i. 0.. 0030 0 . 0 0 5 4 0 . 0 0 6 1 - 6 1 8 . 4 7 5 3 - 8 3 8 . 0 1 1 7 
325 26 0 . 9 0 5 0 3^6190 : 
326 1 0 , 0 0 4 0 0 *0030 0^0050 - 5 1 1 , 0 6 0 3 - 5 . 7 8 8 7 
327 27 0 . 4 5 9 0 3 . 5 0 0 0 
328 1 0 . 0 0 2 5 0«0084 0 : 0 0 8 7 - 6 5 4 * 6514 - 5 8 . 0 2 0 1 
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129 28 0 . 0 
*3fc 
33 i. 29 4^9350 
332 
333 30 6. 6970 
334 
335 3 1 3 . 8 7 7 0 
336 
337 32 1 0 . 1 7 5 0 
338 
339 33 1 .3220 
34D 

341 34 1*7000 
342 
343 35 2.4940 
2 * * 
345 36 2 , 8200 
346 
347 37 0 . 8 0 7 0 
348 
349 38 0 . 4 1 0 0 
350 
3 5 i 39 0 , 0 
35k 
353 40 5. 354D 
354 
355 41 7 , 2 6 7 0 
356 
357 42 10 1750 
358 
359 43 4 . 2 0 7 0 
360 
361 44 i t 1800 
362 
363 45 1 .5340 
364 
365 46 2 . 0260 
366 
367 47 2.: 2 9 i L 
368 
369 48 3 , 0 6 0 0 
37^ 
371 49 0 . 7 3 8 0 
37*. 
373 50 0 . 3 7 5 0 
374 
375 51 0u 0 
376 
377 52 4 . 4 0 9 0 
378 
379 53 5 . 6 1 1 0 
380 
381 54 7 f i 6160 
382 
383 55 10 .175U 
384 
385 56 3 .2061 ' 
386 
387 57 1,078U 
388 
389 58 1 ,3860 
=>90 

3 . 7 4 4 0 
1 0 *0 0 . 0 0 7 6 

3 . 2 5 6 0 
1 -0 .0020 • 0 c 0 0 3 1 

2c 2390 
1 - 0 . 0 0 0 1 ' 0 c 0 0 0 9 

3 . 8 6 7 0 
1 - 0 . 0 0 4 1 - 0 t 0 0 5 9 

0 . 0 a 
1 OoO 0 . 0 

3 U 8140 
1 -Ge.0072 0 *0025 

4=0780 
1 •=•0*0077 - 0 C 0 0 3 4 

4cQ12Q 
A. 0*0074 - 0 c 0 0 6 3 

4 . 4 7 7 0 
1 0 . 0 0 7 7 -0. .0Q88 

3 . 8 8 7 0 
1 - 0 . 0 0 4 4 0c0050 

3 . 7 8 0 0 
-Or. 002 6 0c0099 

3 . 9 4 8 0 * 
1 0 *0 0 *0089 

4 . 1 5 6 0 
1 - 0 . 0 0 3 3 - 0 * 0 0 3 6 

3c4610 
1 Or 0014 0 * 0 0 1 7 

2 . 4 0 2 0 
1 0 , 0 - 0 . 0 0 1 2 

4 . 5 7 4 0 
1 - 0 * 0 0 5 9 - 0 c 0 0 6 6 

4c 0610 
1 ' 0 . 0 0 8 2 0c0047 

4,. 2850 
1 0 . 0 0 9 2 0c0015 

4c4050 
1 • 0 . 0 1 1 6 " 0 t 0 0 5 0 

4 . 7 8 3 0 
1 0 . 0 1 1 4 •OcOlOO 

4 t 9920 
1 - 0 - 0 1 1 1 ' 0 * 0 0 9 9 

4c0780 
1 0 - 0 0 5 3 0 C 0 0 6 4 

3c9810 
1 0 - 0 0 3 1 Oc0112 

4;. 0700 * 1 0 . 0 0 *0098 
5 . 3 2 8 0 

1 0 . 0 0 6 3 »0c0083 
5 . 1 1 6 0 

1 - 0 . 0 0 3 6 - 0 * 0 0 5 0 
4c 7620 

1 •0 .0007 - 0 c 0 0 3 6 
4 . 3 1 1 0 * 

1 0 . 0 0c0023 
5.54C0 

1 - 0 . 0 1 0 2 - 0 c 0 1 2 8 
4 : 2370 

1 0 . 0 0 9 6 0 . 0 0 6 2 
4 t 4530 

•0- 0109 0 . 0 0 0 5 

0.. 0076 -697 r 8076 9 5 3 6 6 4 8 

,0»0037 ~363 c 4321 - 4 7 3 . 7 1 6 3 

On 00^9 - 4 3 5 . 0374 =•493. 9709 

0,= 0072 - 3 0 2 . 6533 - 4 9 5 . 3 1 7 6 

0 „ 0 - 4 9 5 . 4099 - 5 1 5 . 1 6 5 5 

0 . 0 0 7 7 - 7 1 5 ; 0117 - 4 1 3 . 2 7 9 5 

O.i008<r - 2 2 3 . 0 7 8 2 - 2 6 2 . 6 1 4 5 

0«Q097 - 5 4 1 . 3184 - 8 9 7 . 1 4 6 0 

0 , : 0117 -168= 6976 - 5 8 1 c 6 9 1 4 

0:: 0066 
• 

-576c 5884 50c1636 

• 
0^0102 - 7 4 3 : 6 9 0 7 - 3 2 c 9 9 2 6 

Or. 00 89 ••943.-: 7871 56« 5616 

0..0049 - 3 5 5 . 2 9 3 5 - 5 5 0 . 9 9 0 7 

0 „0D22 " 3 8 9 t 7263 - 5 0 9 , 3 5 0 1 

s 
Or. 00 \ 2 -388c 9346 - 4 5 3 . 0 9 0 6 

0 * 0 0 8 9 - 3 4 2 - 2915 - 6 7 5 c 9 5 7 0 

0 : 0 0 9 4 " 5 8 1 c 3 1 1 0 - 2 0 9 . 2 6 5 1 

• 
0..0093 

• 

-1279 6499 - 7 8 . 4 9 7 3 

• 
0,>CI126 - 5 3 8 . 7 0 1 7 - 9 5 6 . 8 9 3 6 

0, :0151 
• 

- 4 1 c 5 9 0 8 -711.0 4697 

• 
0,:0149 

• 
- 2 8 1 t 5103 - 9 2 3 u 3 9 3 6 

• 
Or. 00 83 - 5 1 3 * 9 4 3 4 0 : 3 0 8 2 

0«0117 - 9 7 9 , 9 4 6 5 - 9 - . 5 4 8 0 

0..0098 1270 e 7588 - 5 5 , 1 8 5 7 

• 
0»01Q4 -84c 5929 - 4 2 1 . 2 4 6 3 

0»0062 
S 

-153r 4674 - 3 8 9 e 2 5 3 2 

0..0036 - 2 3 7 . 5 2 6 7 - 3 9 4 . 0 3 8 6 

0..0023 
* 

- 2 3 1 . 4 6 5 3 - 2 8 9 . 2 7 6 1 

0.:0164 - 9 , 6 0 8 3 -639c3247 

0..0114 - 2 2 7 , 0 1 4 0 - 3 5 . 2 4 7 0 
• 

0 . . 0 i n9 5 1 . 4 6 7 6 84c8469 
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: 9 i - ' 59 -, 0090 4 . 5 6 7 0 : ' 59 
•0 OlAp 0 . 0 0 1 . v 0^01 .44 • 2 9 7 e 6772 •643o 8845 
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APPENDIX 3.a.I 

I n the t r i a x i a l t e s t s the normal and shear s t r e s s 
upon the f i s s u r e s was c a l c u l a t e d as f o l l o w s . 

I t . i s assumed t h a t the d i s c o n t i n u i t y i s p l a n a r and 
i n c l i n e d t o the h o r i z o n t a l plane a t en angle o f 6°. I n the 
specimen, the d i s c o n t i n u i t y w i l l be i n c l u d e d i n an e l l i p s e 
( F i f u r e 3 ) having the equation 

I I c — — — — 

I F + W " 1 o r y = A V t f - x l 

where 

b = DC = 4p- = ~c~ose~ ( F i g ^ 1 " 6 8 I and 3) 

a = r a d i u s of the specimen , 01 

c = OC = atanG ( F i g u r e 3J tan0 ( F i g u r e 3) OC 
cosG 

/ then the surface ( F i g u r e 3) (J, Z i s 
e 

f AV x* dx (m) 

IK 1 x b-x* +• b s i n lb 
c and consequently Figure I Figure 2 

1 x x + b s i n |b| 

4 -
s 

/ N A x 0 

R E K 

Figure 3 Figure 4 
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I t i s assumed t h a t the specimen s t a r t s t o s l i d e on the 
d i s c o n t i m x i t y j u s t a f t e r the y i e l d p o i n t . Then the s l i d i n g 
i s connected by the a x i a l s t r a i n ( a f t e r the y i e l d ; w i t h the 
equation AL = s i n e ( F i g u r e A). 

Now the new stressed surface S ( C G E L ) c o n s i s t s from S( C & E) 
and S( E L C) I t i s easy t o prove t h a t 

AL-OM = OP = i f 

S(COL) = f " V ^ " 1 x* dx 

id consequently 

AL <. AM . I n t h a t case 

J ; 

'x=at> 

and consequently 

A 
'x=0P 

Then knowing the s t r e s s e d 
s u r f a c e . t h e s t r e s s e s CT, and 
0~3 are analysed and the normal 
and shear s t r e s s are obtained 

0~n= 0̂  cos6 + 0"3 s i n e 
T = 0̂  s i n e ~ (T 3cos6 . 

Figure 5 
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