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Abstract 

The s e n s i t i v i t y of s and p wave positron-hydrogen atom 
elastic-phase s h i f t s , to the presence or absence of various 
multipole components of the adiabatic polarisation potential 
i s discussed. I t i s concluded that higher multipoles than 
the quadrupole component are unimportant and support i s 
given to the view of Drachman (1965) that i n s-wave scattering 
the monopole component of the adiabatic potential should be 
suppressed. 

Then the cross-section for positronium formation by 
positron impact on hydrogen i s calculated i n the two-state 
approximation, taking account of the polarisation of the 
hydrogen and positronium atoms i n each channel. I t i s found 
that the polarisation forces dominate the cross-section near 
the threshold for positronium formation and evidence i s 
presented for the existence of a positronium-proton bound 
state that gives r i s e to a resonance i n e l a s t i c e + -H 
scattering j u s t below the formation threshold. 
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CHAPTER ONE 

Introduction 
Theoretical evaluation of cross-sections for slow 

positrons by hydrogen atoms has received considerable atten
tion recently. The development of high-speed computers and 
var i a t i o n a l methods have made the problem e a s i e r . 

Unfortunately, experiment has not provided us with data 
about positron-hydrogen scattering. Nevertheless, there i s 
a growing i n t e r e s t for studying various effects of positron-
hydrogen scattering, e s p e c i a l l y for comparison with electron-
hydrogen scattering. For example, the mean s t a t i c interaction 
i s a t t r a c t i v e i n the electron case and repulsive i n the 
positron case. The long-range forces are a t t r a c t i v e i n both 
cases. The two eff e c t s therefore oppose each other i n the 
positron case and combine i n the electron case. I t i s i n t e r 
esting to see which of the effects i s the stronger one. We 
can also compare between exchange i n the electron case and 
positronium formation in the positron case, and between 
polarization and positronium formation. 

I t i s known that the s t a t i c f i e l d produces negative 
phase s h i f t s for positron-hydrogen scattering. I t i s 
interesting to see the r e l a t i v e importance of the various 
effects i n drawing the phase s h i f t towards the positive 
region, and to see whether an e f f e c t on a combination of 
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effects can a l t e r the sign of i t . 
R e l a t i v i s t i c e ffects are neglected in t h i s work and the 

interaction between the p a r t i c l e s i s purely coulombic. The 
p a r t i c l e s i n the interaction are the incident positron, the 
proton which i s assumed to be i n f i n i t e l y heavy compared with 
the electron, and the electron which occupies the ground state 
orbit around the proton. 

This i s a three-body problem. Many-body problems have 
no exact solution and are associated with mathematical d i f f 
i c u l t i e s . After more than t h i r t y years, there i s no general 
method that can be applied to the calculation of cross-
sections for particle-atom scattering. 

There are various approximation methods for calculating 
the cross sections of atomic scattering. Not a l l of these 
methods are practicable. Some of them are not accurate 
enough. Some of them are only applicable i n r e s t r i c t e d 
conditions. Two very common methods are the "Born Approxim
ation n and the "Hartree-Fock" method. Among other methods 
which are coming into use now are the "Optical potential" 
method and the "Perturbed Hartree-Fock expansion". 

A considerable amount of work has been concentrated on 
e l a s t i c scattering of electrons, e s p e c i a l l y electron-hydrogen 
and electron-helium scattering. Excitation of the target and 
rearrangement have not received much attention. They have 
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been receiving more attention r e l a t i v e l y l a t e l y . 
In t h i s work the problem i s attacked i n two stages. 

The f i r s t stage consists of the e l a s t i c scattering of posit
rons by hydrogen atoms treated i n a single-channel c a l c u l 
ation. Then, as a generalisation, a second stage consists 
of a two-channel treatment for the rearrangement scattering. 
In the l a t t e r stage positronium i s formed, and i t s formation 
i s coupled with the e l a s t i c channel. 

The basic feature of multichannel scattering i s that, 
i n general, the i d e n t i t i e s of the scattering systems a l t e r 
(permanently or intermediately) throughout the c o l l i s i o n . 
Each set of i d e n t i t i e s (simultaneously) determines a channel. 

Channels are coupled i f the whole system i s able to 
switch from one of them to another. 

Open channels are those channels which are energetically 
possible. The other channels are the closed ones. 

We s h a l l assume that there are tv/o coupled channels (one 
of them open i n the f i r s t stage). The coupling between these 
channels i s neglected at f i r s t , thus giving the one-channel 
scattering, i . e . the e l a s t i c scattering ignoring positronium 
formation. An improvement i n the r e s u l t s i s expected in the 
second stage where the positronium channel i s introduced and 
coupled with the e l a s t i c channel. Nevertheless the one-
channel calculation can be compared with the two-channel 
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calculation to learn something about the e f f e c t of each of 
the two channels. 

While single-channel scattering i s determined by the 
sp e c i f i c a t i o n of the phase s h i f t , the multi-channel scatter 
ing i s determined by the s p e c i f i c a t i o n of the eigen-phase 
s h i f t s and of the mixing parameter. 
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1.1 Approximation Methods 
To the present, a many-body problem has no exact 

solution. With the help of some approximation methods, the 
matter of getting reasonable r e s u l t s for the problem becomes 
possible. According to the conditions of the scattering 
problem (as those concerning the energy or the i d e n t i t i e s of 
the interacting systems) suitable approximation methods can 
be used. 

For example, i f the wave function of the incident part
i c l e i s expected to remain the same throughout the scattering 
(as i s the case when the k i n e t i c energy of the incident 
p a r t i c l e i s large compared with the interaction p o t e n t i a l s ) , 
then "Born approximation" provides a very p r a c t i c a l t ool. 
Of course, i t i s expected that the Born approximation breaks 
down for low energy of scattering. 

As well as the Born approximation there i s the o p t i c a l 
potential method. I t i s derived from the Lippmann-Schwinger 
equation. The optic a l potential method approximates the 
distortion of the atomic electron and the incident p a r t i c l e 
by an ef f e c t i v e interaction. The method introduces a summ
ation which i s impossible to obtain. Usually few terms of 
this summation are retained, thus making the approximation. 

One of the e a r l i e s t approximations i s the ekjen function 
expansion method. The idea of t h i s method i s to represent 
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the t o t a l wave function by a complete set of eigen functions. 
I t takes the form of the expansion 
*(x,r) = [ E + F,i(r) (1.1) 

W h e r e a r e the discrete and continuous set of eigen 
functions used. F

n ( r ) a r e t n e c o e f f i c i e n t s of the expansion. 
They are independent of x but dependent on r, the co-ordinates 
of the scattered p a r t i c l e . 

Usually 0 n(x) are taken to be the eigen functions of the 
target atom. In positron-hydrogen scattering they s a t i s f y 
( H0 "V̂  = ° (1'2) 

where H Q i s the Hamiltonian of the hydrogen atom, and e n the 
energy of the atom i n the nth s t a t e . 

I n expansion (1.1) the summation acts on the discrete 
region, and the integration acts on the continuous region 
of the atomic energy. When a complete set of eigen functions 
i s used the expression i s exact. 

I t i s possible to describe the e l a s t i c scattering of a 
p a r t i c l e by an atom without a r b i t r a r i l y discarding the cont
inuum. The complete set of eigen functions do not have to be 
of a physical system. Rotenberg (1962) used what he c a l l e d 
Sturmian functions. They are generated by a d i f f e r e n t i a l 
equation closely related to the Schrodinger equation, but 
in spite of t h i s , they had not been exploited in atomic and 
nuclear physics. They have an advantage over Schrodinger 
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functions i n that they form a complete set without a 
continuum, regardless of the potentials e x i s t i n g between the 
p a r t i c l e s . Rotenberg used these functions for the scattering 
of electrons by hydrogen atoms. 

Expansion (1.1) leads to an i n f i n i t e set of coupled 
int e g r o - d i f f e r e n t i a l equations. To make the solution poss
i b l e , the summation has to be truncated. This reduces the 
equations to a f i n i t e s e t . The terms neglected in t h i s way 
are l o s t , which reduces the accuracy of the solutions. In 
practice, the number of terms retained i s small enough to 
make the solution possible, but large enough to include atomic 
le v e l s d i r e c t l y involved in the c o l l i s i o n . This succeeded 
in some calculations of resonances and excitation. 

For obtaining the set of int e g r o - d i f f e r e n t i a l equations 
according to theeigen function expansion method, expansion 
(1.1) i s substituted i n the Schrodinger equation 

(H - E) $ (x,r) = 0 (1.3) 

where E i s the to t a l energy of the whole system and H i s i t s 
Hamiltonian which s a t i s f i e s 

H = H Q - K + V (1.4) 

where K is•the k i n e t i c energy operator and V the interaction 
between the atom and the scattered p a r t i c l e . 
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Equation (1.3) I s multiplied then by 0* on the l e f t and 
integrated over x leading to an i n f i n i t e set of coupled 
in t e g r o - d i f f e r e n t i a l equations as follows: 

(»* - * 2 ) F n ( r > = j s + / ] V P m ( r ) (1.5) 

where k i s the waife number of the scattered p a r t i c l e and 
where 

Unm = '0£ ( x ) V(x rr)(? m(x)dx (1.6) 

I f no distortion occurs in the atomic o r b i t a l s , the 
f i r s t term of (1.1) which describes the state before s c a t t -
ering i continues to do so throughout the c o l l i s i o n . Therefore, 
a l l the other terms of (1.1) are there to describe d i s t o r t i o n , 
and any truncation i s a neglect of part or a l l of t h i s 
d i s t o r t i o n . This way of describing distortion i s very i n 
d i r e c t . 

In the case of electron-atom scattering expansion (1.1) 
i s replaced by the following expansion: 

*(x,r) - E
 A [ 0 n

( x ) F
n

( r ) ] ( 1* 7 ) 

where A antisymmetrizes the function with respect to electron 
coTOrdinate exchange. In t h i s case any truncation of (1.7) 
neglects exchange as well as d i s t o r t i o n . Usually a few terms 
of either of the expansions are retained, giving the so c a l l e d 
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"Close coupling" approximation. 
In the optic a l potential method a l l steps of the 

previous approximation are done. Further, to surmount the 
error a r i s i n g from truncation, an eff e c t i v e interaction po
t e n t i a l i s added to the original potential. The Schrodinger 
equation then becomes 
(H Q - K + Y - E) $'(x,r) = 0 (1.8) 

where the interaction V i s replaced by the o p t i c a l 
potential Y • 
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1.2 Variational Methods 
The application of va r i a t i o n a l principles for sc a t t e r 

ing problems was developed in the 1940's by employing proced
ures analogous to those of the bound state problems. 

One s t a r t s with a t r i a l function which includes adjust
able parameters. Then one adjusts these parameters in the 
best way possible. Prom the obtained function i t i s poss
i b l e to extract some scattering parameter and consequently 
the cross section i s determined. 

A certain c l a s s of va r i a t i o n a l methods go as far as 
defining upper or lower bounds on the scattering parameters. 
Principles of t h i s c l a s s are extremum p r i n c i p l e s . Most of 
them are minimum p r i n c i p l e s . 

Stationary v a r i a t i o n a l p r i n c i p l e s are attributed to 
Hulthen and Kohn. Extremum va r i a t i o n a l principles include 
two methods. The f i r s t method was derived by Schwinger, for 
the values of k cot n^r where i s the p a r t i a l wave phase 
s h i f t ; and gives an upper (lower) bound for an a t t r a c t i v e 
(repulsive) potential that i s not strong enough to form a 
bound st a t e . The second method i s a development from the 
Kato identity developed by Spruch e t . a l . (1960) to obtain 
a minimum principle for tan n 

Variational p r i n c i p l e s suffer from the weakness that 
they can only be applied over a narrow range of conditions. 
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The reason for t h i s i s that unless the number of adjustable 
parameters i n the t r i a l wave function i s unreasonably large, 
the function f a i l s to describe the complete ef f e c t s of 
dis t o r t i o n . The Hartree-Pock method i s excluded from t h i s 
as i t leaves these effects to be determined i n the solutions 
of the d i f f e r e n t i a l equations. 

Hulthen's method s t a r t s by defining the quantity 1^ as 
follows 

I 4 = /u £ (L - k 2) u A ( r ) d r (1.9) 

for the £th p a r t i a l wave of the scattered p a r t i c l e . Then the 
method assumes independent variations of the parameters of 
the t r i a l wave function. This leads to the equations 

6(1^ + kn a) = 0 or (1.10) 

kn = kn, + I - (1.11) 
t t 

which i s a v a r i a t i o n a l p r i n c i p l e correct to the second order. 
The parameters are determined from the fact that t h i s of 
(1.11) i s stationary. This i s expressed i n the following 
equations 
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•g^ = O ( i = l , n) (1.13) 

where are the v a r i a t i o n a l parameters. Equation (1.12) 
has been suggested by Hulthen as an improvement to h i s 
o r i g i n a l method in which he used the equation 

I t = 0 (1.14) 

instead of the f i r s t equation of (1.12). 
Hulthen's equations are quadratic. Kohn's equations 

which are l i n e a r are 

6X - 6 ( l t - k tan n £) = 0 (1.15) 
oo 

k tan £ l = k tan n 4 - f Q V% (L-k 2) fl^dr (1.16) 

The I-Iulthen and Kohn va r i a t i o n a l p r i n c i p l e s have been 
used by Massey and Moiseiwitsch (1951) who obtained for 
electron-hydrogen scattering, s a t i s f a c t o r y agreement with the 
re s u l t s of the exact solution of the s t a t i c approximation(see 
section 1.4). 

The value of va r i a t i o n a l principles i n scattering prob
lems i s increased when the p r i n c i p l e s are extremum. The 
e a r l i e s t principles of th i s c l a s s suffered from very s t r i c t 
r e s t r i c t i o n s concerning potentials angular momentum and 
energies of the incident p a r t i c l e . Further development 
widened the range of application. 
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1.3 Hartree-Fock Method 

The importance o f Hartree-Fock e q u a t i o n s l i e s i n t h e i r 

c o n n e c t i o n w i t h v a r i a t i o n a l methods and w i t h t h e e i g e n 

f u n c t i o n expansion method. The l a t t e r method i s t h e g e n e r a l 

i s a t i o n o f t h e Hartr e e - F o c k method. I n s t e a d o f u s i n g t h e 

t a r g e t ' s s e t o f e i g e n f u n c t i o n s one can use any complete 

s e t o f e i g e n f u n c t i o n s . I n t h e f o l l o w i n g , t h e Hartree-Fock 

e q u a t i o n s w i l l be d e r i v e d from a v a r i a t i o n a l p r i n c i p l e . 

The e x a c t wave f u n c t i o n o f t h e whole system s a t i s f i e s 

t h e e q u a t i o n 

I = /¥* (H - E)<Pdv = 0 (1.17) 

where ¥ i s t h e t o t a l wave f u n c t i o n and t h e i n t e g r a t i o n a c t s 

on t h e c o - o r d i n a t e s o f t h e t a r g e t e l e c t r o n s and t h e s c a t t e r e d 

p a r t i c l e s . I f ¥ i s expanded i n terms o f t h e t a r g e t atom wave 

f u n c t i o n s 

where ¥ d e s c r i b e s t h e t a r g e t and t h e a n g u l a r r e l a t i v e m o t i o n 

and F ( r ) d e s c r i b e s t h e r a d i a l r e l a t i v e m o t i o n i t has t h e 

¥ = E i|»n(xfr) F n ( r ) (1.18) 
n 

n 
a s y m p t o t i c f o r m 

[ s n ( k r ) + C n ( k r ) ] F _ ( r ) * C n n (1.19) 
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Then f o r a v a r i a t i o n = !» - ¥ we have 

6 I = C 2 + /5j,(H - E ) i $ d v (1.20) 
2k 

2 
N e g l e c t i n g t h e term i n 5i|/ e q u a t i o n (1.20) becomes 

6 ( I - C 2 IJ^) = 0 (1.21) 

2 R 
wh i c h means t h a t t h e q u a n t i t y ( I - C i s s t a t i o n a r y w i t h 

r e s p e c t t o t h e v a r i a t i o n s 6¥. E q u a t i o n (1.21) can be w r i t t e n 

i n t h e a l t e r n a t i v e form 
R = R̂. - 2 I t k/C 2 (1.22) 

w h i c h i s t h e Kohn v a r i a t i o n a l p r i n c i p l e . I t i s app a r e n t 

t h a t n e g l e c t i n g t h e t e r m i n 6¥ is r e s p o n s i b l e f o r t h e second 

o r d e r e r r o r i n Kohn's v a r i a t i o n a l p r i n c i p l e . 

H a r t r e e - F o c k e q u a t i o n s a r e o b t a i n e d when we a p p l y t h e 

v a r i a t i o n fiijj on e q u a t i o n (1.17) . For e l e c t r o n - h y d r o g e n 

s c a t t e r i n g t h ese e q u a t i o n s a r e : 

[ g 2 - »2U2 + 1) + K ^ P L 
r 

( r ) 

z r ^ , - WLS, I F L i ( r ) 

where a l l q u a n t i t i e s are d e f i n e d by P e r c i v a l and Seaton 

( 1 9 5 7 ) . I n t h e p o s i t r o n - h y d r o g e n atom t h e e q u a t i o n s a r e : 



r ^ 2 - p 2 ( p v 1 } + « m > u s < * > 

L dR 2 R 2 m-A P 

E, fl Kyv« ( R' r ) V < r > d t 

E V ^ r ) F , ( r ) + 
V • 

I V 1 ,(R)G , (R) + 

where a l l t h e q u a n t i t i e s a re d e f i n e d by Smith ( 1 9 6 1 ) . 
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1.4 S t a t i c F i e l d A p p r o x i m a t i o n 

T h i s a p p r o x i m a t i o n i s a s p e c i a l case o f t h e e i g e n -

f u n c t i o n expansion method where o n l y one te r m o f t h e expan

s i o n (1.1) i s t a k e n . The e i g e n f u n c t i o n expansion method 

y i e l d s t h e s e t o f e q u a t i o n s 

[Vl2 + k n 2 l F n ( r l > = f ? 1 F ( r l > V n m ( r l > ( 1 ' 2 5 ) 
L m m 

w i t h k 2 = ~ (E - e J (1.26) n h 2 n 

and 

V n m ( r l > " J " * n * ( r 2 ) ( ^ 1 2 ~ r ^ m ^ l ^ 

The s t a t i c a p p r o x i m a t i o n y i e l d s t h e e q u a t i o n 

w h i c h i s reduced t o t h e r a d i a l e q u a t i o n 

v - •4J^*K-i«r» • ° ( i - 2 9 » 
d2 + k 2 .2m 
d r 2 n " h 2

 r 2 

by expanding F n i n terms o f Legendre p o l y n o m i a l s 

F„(r) = ~ Z i A(2£ + l ) e i n n , * 0 n 0 ( r ) P 0 ( c o s 0) (1.30) 
I I i ^ ll J X* Xr 

A t s u f f i c i e n t l y low i n c i d e n t energy t h e dominant 

c o n t r i b u t i o n t o t h e t o t a l e l a s t i c c r o s s s e c t i o n comes from 

t h e zero o r d e r p a r t i a l wave. I t was McDougall (1931) who 
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f l r s t s o l v e d t h e r a d i a l e q u a t i o n (1.29) . He o b t a i n e d 

v a l u e s f o r t h e e l a s t i c s c a t t e r i n g o f e l e c t r o n s by hydrogen. 

Breen (1946) has o b t a i n e d t h e same r e s u l t s . 
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1.5 C o r r e l a t i o n 

L e t us c o n s i d e r t h e expansion 

f ( r l f r 2 ) = z ffi ( r 2 ) F n ( r ^ (1.31) 
n 

where ^ ( i ^ ) r e p r e s e n t s t h e wave f u n c t i o n o f t h e atom i n i t s 

n t h s t a t e . I f we w r i t e t h e f i r s t t e r m as r e p r e s e n t i n g t h e 

z e r o - o r d e r wave f u n c t i o n , as i n t h e s t a t i c f i e l d approxim

a t i o n , we make no allowance f o r t h e m u t u a l i n t e r a c t i o n o f 

t h e a t o m i c e l e c t r o n and t h e i n c i d e n t p a r t i c l e d u r i n g t h e 

c o l l i s i o n . Such an i n t e r a c t i o n w o u l d be accounted f o r i f r ^ 2 

t h e d i s t a n c e between t h e e l e c t r o n and t h e i n c i d e n t p a r t i c l e , 

i s i n s e r t e d i n t h e wave f u n c t i o n . One would n a t u r a l l y t h i n k 

o f e mploying v a r i a t i o n a l methods t o de t e r m i n e t h e dependence. 

Massey and M o i s e i w i t s c h ( 1 9 5 1 ) , who used H u l t h e n ' s and 

Kohn's v a r i a t i o n a l methods, i n v e s t i g a t e d t h e e f f e c t o f 

c o r r e l a t i o n s i m p l y by i n s e r t i n g a t e r m depending on r ^ 2 i n 

t h e i r t r i a l f u n c t i o n as f o l l o w s ; 

* t ( r l ' r 2 ' r 1 2 ) = e i n ° r l " 1 ^ t ( r l ' r 1 2 ) * 0 ( r 2 ) (1.32) 

where 

^ t ( r l ' r 2 ) = k 0 ~ 1 ( l + a 2 ) " % x j s i n k ^ + 

{a + ( b + c r 1 2 ) e ' r i / a ° } (l-e' r i / d°) cos k ^ J (1.33) 

They have shown t h a t c o r r e l a t i o n i s n o t i m p o r t a n t f o r 

low energy s c a t t e r i n g . 
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1.6 Resonance S c a t t e r i n g 

When t h e energy o f t h e i n c i d e n t p a r t i c l e i s l a r g e 

enough t o e x c i t e t h e t a r g e t atom t h e n t h e r e i s a p o s s i b i l i t y 

o f p r o d u c i n g a resonance. Another p o s s i b i l i t y o f a r e s o n 

ance a r i s e s when t h e i n c i d e n t p a r t i c l e i s c a p t u r e d by t h e 

t a r g e t atom. T h i s s t a t e can decay e i t h e r i n t o t h e i n c i d e n t 

c hannel o r o t h e r c h a n n e l s . These p o s s i b i l i t i e s can be 

i l l u s t r a t e d i n t h e f o l l o w i n g e q u a t i o n s ; 

a + b a + b -• a + b + e (1.34) 

a + b (a + B) a + b (1.35) 

* 
a + b->- (a + b) •+ a + b 

where a i s t h e i n c i d e n t p a t i c l e b t h e t a r g e t atom and ( a + b ) 

i s t h e bound s t a t e formed by a and b, t h e s t a r * r e p r e s e n t 

e x c i t a t i o n . E q u a t i o n (1.34) d e s c r i b e s t h e f i r s t p o s s i b i l i t y 

and E q u a t i o n (1.35) d e s c r i b e s t h e second p o s s i b i l i t y . These 

are two examples o f s i t u a t i o n s where we have resonance. 

L e t us c o n s i d e r t h e s c a t t e r i n g o f an e l e c t r o n by a 

p o t e n t i a l V ( r ) . The Ith o r d e r p a r t i a l wave s a t i s f i e s t h e 

f o l l o w i n g r a d i a l e q u a t i o n ; 
+ k 2 - V f r i j p ^ r ) = 0 (1.36) 

Here V ( r ) i s s p h e r i c a l l y s y m m e t r i c a l . One example o f i t i s 

t h e s t a t i c f i e l d p o t e n t i a l . I t i s assumed t o s a t i s f y (Newton 
2 

1960) : (To ensure t h a t V-»-l/r a t zero and 1/r a t o o ) . 
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/" r | v ( r ) | d r < » (1.37) 
0 

/" r 2 | v ( r ) |dr < • (1.38) 
0 

L e t S(fck) be t h e s c a t t e r i n g m a t r i x . Then t h e f o l l o w i n g 

s t a t e m e n t s are t r u e (Burke 1965) 

A - S(fck) i s u n i t a r y f o r r e a l k. 

B - I f S has a p o l e a t k i t has p o l e s a t -k* and zeroes a t 

+k* and -k 

C - Poles o f k on t h e i m a g i n a r y a x i s r e p r e s e n t bound s t a t e s . 

D - I f a p o l e i s i n t h e upper h a l f o f t h e k p l a n e i t must 

l i e on t h e i m a g i n a r y a x i s . 

E - Poles i n t h e lov/er h a l f a r e s y m m e t r i c a l w i t h r e s p e c t t o 

t h e i m a g i n a r y a x i s . 

The c r o s s s e c t i o n i s proved t o have t h e approximate 

f o r m 
,.2. * 4(2&+l) T4V n 2 

°* ( > k ~ ~ ^ ~ ( E - E > 2
+ h r \ U- 3 9* 

n n 

2 
where i s t h e i m a g i n a r y p a r t o f k a t a p o l e . I f E = E 

1 n 
and t h e p o l e i s c l o s e t o t h e r e a l a x i s , t h e c r o s s s e c t i o n 

becomes v e r y l a r g e . T h i s resonance can be seen f r o m 
: 2 1 = „ N R + v mm *«„ A l i f i 

I 
n 

«.(k') = 6 K + E a r c t a n (1.40) 

where t h e second $erm goes t h r o u g h * . 



- 2 1 -

L e t us c o n s i d e r t h e two-channel g e n e r a l i z a t i o n . We 

i n t r o d u c e two bran c h p o i n t s f o r t h e s - m a t r i x a t 

•a (1.41) 

w h i c h i s accomplished by t h e t r a n s f o r m a t i o n 

l ^ 2 = k 2
2 + a (1.42) 

I n o r d e r t o keep t h e s - m a t r i x s i n g l e v a l u e d i n t h e k p l a n e 

we imagine a c u t f r o m /a t o -/a. When t h e r e i s no c o u p l i n g 

we have two d i a g o n a l elements f o r t h e s - m a t r i x . The bound 

s t a t e p o l e s o f t h e second channel w h i c h l i e on t h e i m a g i n a r y 

a x i s i n t h e k^ p l a n e by t r a n s f o r m a t i o n ( 1 . 4 2 ) , l i e i n k^ 

between t h e two bran c h p o i n t s on t h e r e a l a x i s . When coup

l i n g o c c u r s , t h e s e bound s t a t e p o l e s move o f f t h e r e a l a x i s 

downwards. T h i s g i v e s r i s e t o resonances p r o v i d e d t h e 

c o u p l i n g i s s m a l l , i . e . r< i s s m a l l . T h i s i s t h e c o n d i t i o n 

mentioned a f t e r e q u a t i o n ( 1 . 3 9 ) . 
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CHAPTER TWO 

P o l a r i z a t i o n 

I t has l o n g been r e c o g n i z e d t h a t i f a charged p a r t i c l e 

i s s c a t t e r e d a t low energy by an atom, t h e atom d i s t o r t s 

s l i g h t l y i n t h e e l e c t r i c f i e l d o f t h e p a r t i c l e . The 

in d u c e d m u l t i p o l e s produce an a t t r a c t i v e p o t e n t i a l r e f e r r e d 

t o as t h e p o l a r i z a t i o n p o t e n t i a l . 

I f t h e p o l a r i z a t i o n p o t e n t i a l i s i g n o r e d , t h e t o t a l 

wave f u n c t i o n t a k e s t h e form: 

,N) = u o ( l ) 0 o ( 2 f ,N) (2.1) 

where 1 stands f o r t h e s e t o f c o - o r d i n a t e s o f t h e s c a t t e r e d 

p a r t i c l e , and 2 r ,N s t a n d f o r t h e c o - o r d i n a t e s o f t h e 

atomic e l e c t r o n s . 0 Q i s t h e e i g e n f u n c t i o n o f t h e unpre-

t u r b e d a t o m i c system. 

One way o f c o n s i d e r i n g p o l a r i z a t i o n i s t o expand t h e 

t o t a l wave f u n c t i o n i n terms o f t h e atomic e i g e n f u n c t i o n s . 

I n t h i s case e q u a t i o n (2.1) becomes 

$ ( 1 , N) - U O ( 1 ) 0 O ( 2 , fN) + (2.2) 
E u (1) 0. ( 2 , ,N) 

i = l i 1 

where 0. are t h e e i g e n f u n c t i o n s c o r r e s p o n d i n g t o a l l t h e 
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o t h e r s t a t e s o f t h e atom. When t h i s t o t a l wave f u n c t i o n i s 

s u b s t i t u t e d i n t h e S c h r o d i n g e r e q u a t i o n , we o b t a i n a s e t o f 

e q u a t i o n s i n u ^ ( l ) . U n f o r t u n a t e l y t h e method o f u s i n g more 

terms t h a n one i n t h e expansion (2.2) l e a d s t o c o n s i d e r a b l e 

d i f f i c u l t i e s . 

I n many cases t h e e i g e n f u n c t i o n s o f t h e atomic system 

are n o t always known. I n o r d e r t o a v o i d t h e d i f f i c u l t i e s 

one i s r e s t r i c t e d t o a l i m i t e d number o f t e r m s . By d o i n g 

t h i s a l l t h e o t h e r terms w h i c h a r e i m p o r t a n t i n d e s c r i b i n g 

p o l a r i z a t i o n are l e f t o u t . Even when t h e number o f terms 

i s r e s t r i c t e d t o two t h e c a l c u l a t i o n o f s o l v i n g t h e c o u p l e d 

i n t e g r o - d i f f e r e n t i a l e q u a t i o n s i s c o m p l i c a t e d and t i m e con

suming. T h i s i s n o t t h e o n l y reason w h i c h p r e v e n t s one f r o m 

u s i n g t h i s method. Keeping t h e complete s e t o f terms i n 

expansion (2.2) i s t h e o n l y way o f g e t t i n g t h e e x a c t d e s c r 

i p t i o n o f t h e c o l l i s i o n . We do n o t know t h e r e l a t i v e impor

t a n c e o f t h e d i f f e r e n t terms i n c l u d i n g t h e continuum. I t 

has been found i n some cases (Newstein 1955) t h a t t h e s t a t e s 

o f t h e continuum ace i m p o r t a n t i n d e s c r i b i n g low-energy 

s c a t t e r i n g . A p a r t f r o m hydrogen t h e r e i s no adequate approx

i m a t i o n t h a t uses t h e continuum s t a t e s i n expansion ( 2 . 2 ) . 

The e i g e n f u n c t i o n expansion method f o r d e s c r i b i n g 

p o l a r i z a t i o n t h e r e f o r e i g n o r e s t h e e f f e c t o f t h e continuum, 

and a l l e i g e n f u n c t i o n s beyond t h e t r u n c t i o n . Added t o 
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t h i s i s t h e d i f f i c u l t y a s s o c i a t e d w i t h s o l v i n g t h e e q u a t i o n s 
o b t a i n e d . 

R e l a t i v e l y few s u c c e s s f u l c a l c u l a t i o n s have been made 

f o r Q u a n t i t a t i v e e v a l u a t i o n o f d i s t o r t i o n . There a r e s e v e r a l 

t e c h n i q u e s i n p r a c t i c e . The e a r l i e s t were r a t h e r p r i m i t i v e , 

and i n c l u d e ad. hoc. c o n s t a n t s . L a t e r development b r o u g h t 

more s o p h i s t i c a t e d t e c h n i q u e s t o e x i s t e n c e . They a r e t h e 

same i n p r i n c i p l e , and t h e y use a p e r t u r b a t i o n method o r 

v a r i a t i o n a l methods. 
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2.1 Development o f t h e Theory 

One o f t h e s i m p l e s t ways o f c o n s i d e r i n g p o l a r i z a t i o n 

was used by Holtsmark (1930) and Bates and Massey ( 1 9 4 7 ) . 

They used t h e p o t e n t i a l 

where s i s a c u t o f f d i s t a n c e i n s e r t e d f o r t h e purpose o f 

p r e v e n t i n g t h i s t e r m f r o m d i v e r g i n g a t t h e o r i g i n , p i s a 

c o n s t a n t . The s i g n (-) i s t h e r e t o i n d i c a t e t h e a t t r a c t i v e 

n a t u r e o f t h e p o l a r i z a t i o n . 

T h i s p a r a m e t r i c t r e a t m e n t o f p o l a r i z a t i o n enables one 

t o employ i t f o r b o t h p o l a r i z a t i o n and exchange ( i n t h e case 

o f e l e c t r o n - a t o m s c a t t e r i n g ) . The argument b e h i n d t h a t i s 

t h a t b o t h p o l a r i z a t i o n and exchange a r e a t t r a c t i v e . By 

e x a g g e r a t i n g one o f them, t h e o t h e r i s a u t o m a t i c a l l y accounted 

T h i s p o t e n t i a l i s added t o t h e s t a t i c f i e l d p o t e n t i a l 

i n t h e s t a t i c a p p r o x i m a t i o n o r i n t h e exchange a p p r o x i m a t i o n . 

Bransden (1958) has o b j e c t e d t o i n c l u d i n g b o t h exchange and 

p o l a r i z a t i o n i n t h i s way a r g u i n g t h a t t h e r e s u l t i n g e q u a t i o n 

cannot be d e r i v e d f r o m a v a r i a t i o n a l t r e a t m e n t o f t h e 

S c h r o d i n g e r e q u a t i o n . 

(2.3) 

f o r . 
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p and s have been d e t e r m i n e d by K l e i n and Brueckner 

(1958) f o r t h e s c a t t e r i n g o f e l e c t r o n s by oxygen atoms. 

M i t t l e m a n and Watson (1959) have used v a r i a t i o n a l methods 

t o g e t h e r w i t h model c a l c u l a t i o n s t o f i n d t h e b e s t v a l u e s 

o f t h e c o n s t a n t s . 

B e t t e r methods o f i n c l u d i n g p o l a r i z a t i o n have d e v e l 

oped f o r s m a l l systems. The f i r s t o f t h e s e was d e r i v e d by 

Bethe (1943) i n s t u d i e s o f core p o l a r i z a t i o n i n t h e e x c i t e d 

s t a t e s o f h e l i u m . M o d i f i c a t i o n s o f t h i s method have been 

used by Bransden and Dalgarno ( 1 9 5 3 ) , M a r t i n e t . a l . (1958) 

and Temkin (1957) . The method now i s r e f e r r e d t o as t h e 

" P o l a r i z e d o r b i t a l s " approach. 

L a t e r a t t e m p t s aimed t o r e p r e s e n t t h e d i s t o r t i o n by an 

e f f e c t i v e p o t e n t i a l . Watson e t . a l . (1959) developed such 

an approach f o r t h e c a l c u l a t i o n o f e l e c t r o n and i o n s c a t t 

e r i n g . The weak p o i n t o f t h e i r method i s t h a t i t r e q u i r e s 

a h i g h o r d e r p e r t u r b a t i o n method. T h a t i s because o f t h e 

l a c k o f o r t h o g o n a l i t y betv/een t h e u n p e r t u r b e d w a v e - f u n c t i o n s 

and t h e c o r r e c t i o n f u n c t i o n s . 
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2.2 The Method o f P o l a r i z e d O r b l t a l s 

Dalgarno and Lewis (1957) have d e v i s e d a method i n 

wh i c h t h e d i s t o r t i o n i s c o n s i d e r e d as t h e r e s u l t o f t h e 

p e r t u r b a t i o n i n t h e H a m i l t o n i a n due t o t h e presence o f t h e 

s c a t t e r e d p a r t i c l e . For t h e case o f e l e c t r o n - h y d r o g e n 

s c a t t e r i n g , t h i s p e r t u r b a t i o n i s 

V ( rl' r12» " " l j ( 2 ' 4 ) 

where r ^ i s t h e d i s t a n c e between t h e p r o t o n and t h e s c a t t e r e d 

e l e c t r o n and r ^ 2
 i s t h e d i s t a n c e between t h e two e l e c t r o n s . 

I n t h e p o s i t r o n - h y d r o g e n case t h e c o r r e s p o n d i n g p o t e n t i a l i s 

-V. For s u f f i c i e n t l y l a r g e r ^ , V can be expanded i n terms 

o f Legendre p o l y n o m i a l s a c c o r d i n g t o t h e f o l l o w i n g e q u a t i o n : 
n 

V* 2 ? i P„(cos 9) (2.5) __ n „ n + l n n=± r ^ 

where P n ( c o s 6 ) i s t h e n t h o r d e r Legendre p o l y n o m i a l , and 9 

i s t h e angle between r ^ and ̂ ^.2' T n e P e r t u r t , a t i o n method 

p r o v i d e s us w i t h f i r s t and second o r d e r c o r r e c t i o n s t o t h e 

u n p e r t u r b e d H a m i l t o n i a n . Since t h e e i g e n f u n c t i o n s o f t h i s 

o p e r a t o r a r e t h e f u n c t i o n s • (z'j) o f t h e atomic e l e c t r o n , 

t h e n t h e c o r r e c t i o n s c a l c u l a t e d i n t h i s way ar e independent 

o f r ^ , and hence t h e p e r t u r b i n g p o t e n t i a l i s dependent on r ^ . 

Here t h e t h r e e - b o d y problem i s reduced t o a two-body problem. 
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Th e c o r r e c t i o n s o f t h e f i r s t and second o r d e r are 

E1 = (0|V|0) = / J ( r 2 ) V 4, ( r 2 ) d r 2 (2.6) 

E 2 
(0|V|m) (mlVlO) 

E m 
(2.7) 

where 

(p|V|9) = /^p* V # g d r (2.8) 

and »jin(r2) i s t h e nth- o r b i t a l o f t h e atom. The summation 

i n c l u d e s i n t e g r a t i o n o v e r t h e continuum. I f we s u b s t i t u t e 

(2.5) i n t o (2.7) we o b t a i n a s e r i e s e x pansion i n i n v e r s e 

powers o f r ^ w h i c h r e p r e s e n t t h e l o n g range f o r c e s between 

t h e atom and t h e s c a t t e r e d p a r t i c l e . E^ i s t h e s t a t i c f i e l d 

p o t e n t i a l . E^ i s t h e c o r r e c t i o n we a r e i n t e r e s t e d i n . I f 

a l l o f t h e terms a r e r e t a i n e d E^ g i v e s a second o r d e r c o r r 

e c t i o n . Dalgarno and Lewis (1957) used t h e r u l e 

By t h a t t h e y c o u l d o b t a i n an e x p r e s s i o n f o r t h e complete l o n g 

range f o r c e s E j . U n f o r t u n a t e l y i t w i l l be shown l a t e r t h a t 

i t i f n o t t h e complete p o l a r i z a t i o n p o t e n t i a l t h a t we a r e 

i n t e r e s t e d i n , because t h e monopole p a r t o f t h i s p o t e n t i a l 

£ (0|g|m)(m|g|0) _ 
mjtl E - e n 

( 0 | f g | 0 ) - ( 0 | f | 0 ) ( 0 | g | 0 ) (2.9) 

where f s a t i s f i e s t h e e q u a t i o n 

2 v f . 7 * 0 + ^ Q 7 2 f - V* Q - ( 0 | V | 0 ) V ( ) (2.10) 
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needs suppressing, i n v/hich case the d i f f e r e n t p a r t s of the 

p o t e n t i a l need to be c a l c u l a t e d s e p a r a t e l y . The expression 

obtained by Dalgarno and Lewis for the complete p o l a r i z a t i o n 

i s 

2 = - 2 {5-(4r 2+8r+10) exp(-2r) + E 
r 

(4r 3+7r+5) exp (-4r) } — 2 {(r+1) 2 

r 

e x p ( - 2 r ) ( 1 + e x p ( - 2 r ) E i ( 2 r ) ) + ( r - 1 ) 2 e x p ( 2 r ) 

+ ( r 2 + 2 r - 3 ) + ( 4 r + 4 ) e x p ( - 2 r } E i -2r 
2 

- 2 ( r + l ) exp -2r (1+exp -2r ) 
(a+Log 2 r ) } (2.11) 

where a i s E u l e r ' s constant 0.5772157 and 

-1 
E . ( x ) = - / S exp(-S)dS (2.12) 

-x 
At the same time Temkin (1957) followed s l i g h t l y 

d i f f e r e n t l i n e s i n obtaining h i s p o l a r i z a t i o n . I n the f o l l 

owing we s h a l l d e s c r i b e b r i e f l y h i s method. The t o t a l wave 

fun c t i o n of the atom p l u s s c a t t e r e d p a r t i c l e can be w r i t t e n 

i n the form 

f ( l , . . . , N ) = u Q ( l ) 0Q(1,...,N)+0P(1.,,,N) 

where the atom has (N-l) e l e c t r o n s , 0 Q i s the wave functi o n 
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of the unperturbed atom. 0̂  i s the c o r r e c t i o n to be deter
mined. I t de s c r i b e s the d i s t o r t i o n i n the atomic system 
s i n c e i s outside of the b r a c k e t s . But i t i s dependent 

on 1 (the s c a t t e r e d p a r t i c l e c o - o r d i n a t e s ) . T h i s i s the 

b a s i c i d e a of the p o l a r i z e d o r b i t a l s method. 

L e t H Q be the unperturbed Hamiltonian of the t a r g e t . 

I t can be w r i t t e n i n the form 

0 1^2 1 i=2 r i i*tf - 2 r i j 

The atomic wave functions 0 Q(2,...,N) are the eigen 

fun c t i o n s of H Q, and they are supposed to be known before 

hand. The t o t a l Hamilton H has the form 

H = H_ + - y _ 2 + 2(^> - f - 2 . • (2.15) 
r l 1=2 r . . 

I n some approximations the s c a t t e r e d p a r t i c l e i s assumed 

to be s t a t i c a t d i s t a n c e r ^ f i n which case the k i n e t i c energy 

operator i s neglected. Here the co-ordinates r ^ of the 

s c a t t e r e d p a r t i c l e a r e t r e a t e d as parameters. The s o l u t i o n 

of t h i s problem w i l l be a fu n c t i o n of the co-ordinates 

2,...,N. Therefore 0po^" i s s i m i l a r to 0 Q i n t h i s r e s p e c t . 

T h i s i s the a d i a b a t i c approximation. The d i s t o r t i o n of the 

atomic o r b i t a l s from t h e i r unperturbed form i s represented 

by the fu n c t i o n 0 p o 1. Having obtained the t o t a l wave funct i o n 

f o r the system we can t r e a t i t i n the same was as i n the 
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n o - p o l a r i z a t i o n c a s e . That i s , to s u b s t i t u t e i t i n the 

Schrodinger equation 

(H - E) = 0 (2.16) 

which can e a s i l y be reduced to an i n t e g r o - d i f f e r e n t i a l 

equation. The d i f f e r e n c e between t h i s equation and the no-

p o l a r i z a t i o n one i s the e x i s t e n c e of a d d i t i o n a l terms. 

The other approximation a p a r t from the a d i a b a t i c i t y 

i n Temkin's method i s done a f t e r n o t i c i n g t h a t p o l a r i z a t i o n 

e f f e c t s a r i s e a t d i s t a n c e s of the s c a t t e r e d p a r t i c l e which 

are g r e a t e r than the average r a d i u s of the e l e c t r o n douds of 

the atom. T h i s enables us to n e g l e c t terms l i k e l / r 1 1 when

ever n i s l a r g e r than two. I f the perturbing, p o t e n t i a l i s 

expanded i n terms of Legendre polynomials as i n the equation 

2(N-1) *J 2 2(N-1) * " ? r < n „ . n a Q . 
„ - I — = £ T. • - • n p_(cos 9,1 (2.17) 
r l j=2 r l j r l j=2 n=l r >

n + 1 n 1 5 

where p n ( c o s 9 ^ j ) i s the nth order Legendre polynomial and 

9.. i s the angle between r . and r . , then i t i s a reasonable 
3 n ^ n 

approximation to r e p l a c e r< by j and hence n e g l e c t 
n+1 n+1 

r> r l 
a l l but the f i r s t two terms i n the summation. The perturb

ing p o t e n t i a l now becomes: 
N 2 r i 

V = Z £±4 cos (2.18) 
j=2 T 1

 3 
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This i s r e f e r r e d to as the dipole approximation. I n 

order to j u s t i f y t h i s approximation we r e c a l l the f a c t t h a t 

due to the boundary c o n d i t i o n a t the o r i g i n , the m u l t i p l i c 

a t i o n of r ^ by the s c a t t e r e d p a r t i c l e wave f u n c t i o n i s 

n e c e s s a r i l y s m a l l . Because of t h a t i t i s expected t h a t the 

main i n t e r a c t i o n near the o r i g i n i s the n u c l e a r coulombic 

i n t e r a c t i o n . The coulombic i n t e r a c t i o n of the o r b i t a l 

e l e c t r o n s i s small i n comparison. 

I n t h i s approximation, summation (2.18) i s added to the 

Hamilton!an H Q of the unperturbed atom. H f the t o t a l 

Hamilton!an, becomes 

N ? r i 
H = HQ + E COS 9 ^ (2.19) 

j=2 ^ 3 

The same assumption, namely r ^ > r.. , i s used again to 

enable us to consider the d e v i a t i o n of the Hamiltonian 

r e l a t i v e l y s m a l l , which i s what the p e r t u r b a t i o n method 

r e q u i r e s . I n t h i s case the unperturbed wave fu n c t i o n goes 

over to 0 and can be determined e i t h e r by the p e r t u r b a t i o n 

method or v a r i a t i o n a l methods. 
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2.3 The A d i a b a t i c Approximation 

The a d i a b a t i c method has been considered f o r some time. 

I t s advantage i s i t s s i m p l i c i t y . I t s incompleteness, how

ever, has been a l s o recognised, and consequently prevented 

one from tak i n g i t q u i t e s e r i o u s l y . 

The a d i a b a t i c approximation employs the assumption t h a t 

the s c a t t e r i n g p a r t i c l e wave function i n the perturbed atomic 

o r b i t a l equation i s s t a t i o n a r y . T h i s reduces the ex a c t 

equation to one s i m i l a r to the unperturbedequation. 

The e r r o r produced by the a d i a b a t i c approximation i s 

expected to i n c r e a s e w i t h the v e l o c i t y of the s c a t t e r e d 

p a r t i c l e . T h i s may a l s o be seen from the follov/ing a n a l y s i s . 

For very low v e l o c i t y of the i n c i d e n t p a r t i c l e , the atomic 

e l e c t r o n s move s u f f i c i e n t l y f a s t to a d j u s t themselves to 

the slow changes i n p o s i t i o n of the i n c i d e n t p a r t i c l e . How

ever, as the v e l o c i t y of the i n c i d e n t p a r t i c l e i n c r e a s e s , 

e i t h e r by i n c r e a s i n g the i n i t i a l v e l o c i t y w i t h which t h a t 

p a r t i c l e s t a r t s i t s motion towards the t a r g e t , o r under the 

e f f e c t of . a c c e l a r a t i o n caused by the a t t r a c t i v e p o l a r i z a t i o n 

p o t e n t i a l , the p o i n t i s soon reached where the changes i n -

p o s i t i o n of the i n c i d e n t p a r t i c l e are too l a r g e f o r the atomic 

e l e c t r o n s to follow. When t h i s occurs, the s t a t i c a l l y 

d e r i ved perturbed o r b i t a l s give e s s e n t i a l l y an over-estimate 

of the a t t r a c t i v e p o l a r i z a t i o n p o t e n t i a l . 
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The excess of a t t r a c t i o n introduced by the a d i a b a t i c 

second order p o t e n t i a l can be t r a c e d to the monopole or 

short-range p a r t (Drachman 1965). 

Higher-order a d i a b a t i c c a l c u l a t i o n should n a t u r a l l y 

improve the q u a l i t a t i v e s i t u a t i o n . One may then r e l y on the 

a d i a b a t i c approximation. I n p a r t i c u l a r , E. A. H y l l a r a a s 

(1931) has used the complete a d i a b a t i c p o t e n t i a l f o r the H 2 

i o n . The complete a d i a b a t i c problem assumes two f i x e d 

p o s i t i v e p a r t i c l e s i n whose f i e l d an e l e c t r o n moves w i t h i n 

the frame work of quantum mechanics. A d i a b a t i c i t y i s more 

j u s t i f i a b l e f o r h e a v i e r i n c i d e n t p a r t i c l e s i n which case 

rearrangement i s more probable. The reason f o r t h i s i s t h a t 

the a d i a b a t i c approximation i s based on emphasizing the 

movement of the atomic e l e c t r o n s compared with t h a t of the 

i n c i d e n t p a r t i c l e , and t h i s i s more so f o r heavy i n c i d e n t 

p a r t i c l e s . The mass centre of the heavy i n c i d e n t p a r t i c l e 

p l u s atomic e l e c t r o n i s nearer to the i n c i d e n t p a r t i c l e . 

The atomic e l e c t r o n does most o f the movement induced by the 

mutual i n t e r a c t i o n as w e l l as the n u c l e a r i n t e r a c t i o n . 

The a d i a b a t i c theory i s c o r r e c t i n the l i m i t when the 

d i s t a n c e between the t a r g e t and the s c a t t e r e d p a r t i c l e i s 

l a r g e and when an i n e l a s t i c c o l l i s i o n i s e n e r g e t i c a l l y 

i m p o s s i b l e . At l a r g e s e p a r a t i o n s the dipole moment has a 

l a r g e e f f e c t on a t t r a c t i n g the c o l l i d i n g p a r t i c l e . T h i s 
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p a r t i c l e i s s u b j e c t to a p o t e n t i a l 

. a (2.20) 
P 2 ? 

which i s the d i p o l e moment induced i n the t a r g e t atom, x 

being i t s p o l a r i z a b i l i t y . 

One consequence of the a d i a b a t i c approximation i s t h a t 

by approaching the nucleus, the i n c i d e n t p a r t i c l e reaches a 

s i t u a t i o n i n which i t can exchange with the atomic e l e c t r o n 

i f i t i s an e l e c t r o n or p i c k i t up i f i t i s a p o s i t r o n . Thus, 

the a d i a b a t i c approximation p a r t l y i n c l u d e s exchange (or 

p a r t l y i n c l u d e s p i c k - u p ) . 
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2.4 C o r r e c t i o n s to the A d i a b a t i c Approximation 

The a d i a b a t i c approximation c o n s i s t s of i n c l u d i n g 

only the s t a t i c p o l a r i z a t i o n p o t e n t i a l p a r t of the d i s t o r t i o n 

e f f e c t s through second order i n the i n t e r a c t i o n of the atom 

v/ith the s c a t t e r e d p a r t i c l e . Thus, a l l the v e l o c i t y dep

endent i n t e r a c t i o n s are neglected i n t h i s approximation. 

Allowance f o r non-zero v e l o c i t i e s of the s c a t t e r e d 

p a r t i c l e i s made by coupling the wave fu n c t i o n r e p r e s e n t i n g 

the motion of the s c a t t e r e d p a r t i c l e i n t o the equation f o r 

the perturbed atomic o r b i t a l s . T h i s p o l a r i z a t i o n of the 

atomic o r b i t a l s i s c o n s i s t e n t w i t h the motion of the s c a t t 

ered p a r t i c l e s f o r a l l v e l o c i t i e s . The i n t e r a c t i o n r e s u l t s 

from the operation of the k i n e t i c energy operator"of the 

s c a t t e r e d p a r t i c l e obtained i n the a d i a b a t i c atomic o r b i t a l s 

(Labahn and Callaway 1966). The e f f e c t of t h i s i n t e r a c t i o n , 

thus, tends to c o r r e c t the e r r o r produced by the use of 

perturbed o r b i t a l s to d e s c r i b e p o l a r i z a t i o n when the i n c i d 

ent p a r t i c l e has a l a r g e wave number,. 

The wave functi o n of the atom, being dependent on the 

co-ordinates of the i n c i d e n t p a r t i c l e means t h a t there i s a 

c o n t r i b u t i o n to the k i n e t i c energy of the system from the 

a c t i o n of the k i n e t i c energy operator of the s c a t t e r e d 

p a r t i c l e on the atomic wave f u n c t i o n . T h i s c o n t r i b u t i o n 

depends on r, (the co-ordinates of the i n c i d e n t p a r t i c l e ) , 
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and i t c o n t r i b u t e s to the e f f e c t i v e p o t e n t i a l experienced 

by the s c a t t e r e d p a r t i c l e . T h i s e f f e c t i s r e p u l s i v e . That 

i s , i t tends to counterbalance the a t t r a c t i v e p o l a r i z a t i o n 

p o t e n t i a l . I t i s given the name " D i s t o r t i o n p o t e n t i a l " 

by Laban and Gallaway (1966). They have added i t to the 

a d i a b a t i c p o t e n t i a l i n the c a l c u l a t i o n of electron-helium, 

electron-hydrogen, positron-helium, and positron-hydrogen 

s c a t t e r i n g . T h e i r work y i e l d e d f a i r l y good agreement with 

assumed exact r e s u l t s of rigorous v a r i a t i o n a l c a l c u l a t i o n s . 

The monopole p o l a r i z a t i o n which over-estimates the a t t r a c t i o n 

has been s u c c e s s f u l l y suppressed. 



-38-

CHAPTER 3_ 

Rearrangement C o l l i s i o n s 

General Theory 

3.1 Formal expressions f o r the s c a t t e r i n g amplitude: 

L e t us consid e r the following p r o c e s s e s : e l e c t r o n 

capture by ions or atoms from atoms, exchange i n e l e c t r o n -

atom s c a t t e r i n g , and the formation of positronium by 

p o s i t r o n impact on atoms. During the c o l l i s i o n between the 

two systems of p a r t i c l e s i n these processes one or more 

p a r t i c l e s are exchanged between the two systems. We r e f e r 

to these processes as rearrangement c o l l i s i o n s . 

L e t the number of i n t e r a c t i n g p a r t i c l e s be t h r e e . L e t 

p a r t i c l e s (2) and (3) be i n i t i a l l y bound i n a s t a t e (2+3). 

As a r e s u l t of the c o l l i s i o n there i s a c e r t a i n p r o b a b i l i t y 

t h a t p a r t i c l e (1) and (2) w i l l be bound i n a s t a t e (2+1) 

and p a r t i c l e 3 s e t f r e e . L e t the Hamiltonian be 

H = K + V 1 + V 2 + V 3 (3.1) 

where K i s the k i n e t i c energy operator of the whole system. 
V 1 ' V 2 a n < * V 3 a r e t n e P o t e n t ^ a ^ - s a c t i n g between p a r t i c l e s 

(2) and ( 3 ) , (3) and ( 1 ) , and (1) and (2) r e s p e c t i v e l y . We 

define the r e s o l v e n t s (Green's f u n c t i o n s ) G(n) and, G Q(n) 

as the fo l l o w i n g : 
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G(n) = (n - H ) " 1 (3.2) 

G a(n) = (n - K - V o ) " 1 a=0,l,2,3 (3.3) 

where V Q=0. We note t h a t G^ and G^ are the appropriate 

r e s o l v e n t s to the i n i t i a l and f i n a l s t a t e s r e s p e c t i v e l y . 

I n i t i a l l y V"2 and Vg are zero. The Schrodinger equation 

i s 

(K + V 1 - E n ) 0 n
( 1 ) ( E n ) = 0 (3.4) 

where ( E
n ) i s t h © n"th s t a t e of the system. I t r e p r e s e n t s 

a bound-state and a plane wave. The Schrodinger equation 

of the complete system i s 

(H - E i ) * j . ( + ) ( E ± ) = 0 (3.5) 

where (+) stands f o r the out-going wave, i n which (2+3) are 

i n i t i a l l y bound and (1+2) f i n a l l y bound. From (3.3),(3.4) 

and (3.5) we have 

$ 1
( + ) ( E 1 ) = Lim ̂  Q f . ( + ) (E. + i e ) (3.6) 

where 

* i ( + ) ( E i + l e ) = 0 i ( 1 > ( E
i > + G l ( E i + l e ) ( V 2 + V 3 ) x * i < + ) ( E i + i e ) 

(3.7) 
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and 

(H - E i - i e ) * 1
( + ) ( E ^ i e ) = - i e 0 1

( 1 , ( E 1 ) (3.8) 

I f we operate on (3.2) on the l e f t and r i g h t by (n-k) we 

obtain -the fo l l o w i n g equations f o r G. 

G = G Q ( f l + ( V 1 + V 2 + V 3 ) G j = £l+G(V 1+V 2+V 3)^G 0 (3.9) 

and 

G = G 1|l+(V 2+V 3)G'J - [ l + G ( V 2 + V 3 ) ^ G 1 (3.10) 

From (3.10) and (3.2) we have 

C 1"" G1 ( V2 + V3 )^| 1[ 1 + G ( V2 + V3 )] = 1 ( 3 , 1 1 ) 

From (3.7) and (3.11) we have 

$ ( + ) ( E ± + i e ) - |jL+G(E i+ie) (V 2+V 3)"j 0 ±
 ( 1 ) ( E ± ) (3.12) 

By operating on (3.11) by (E+ie-K-V^), then by G 3 # and 

rearranging we ob t a i n 

£l-G 3(V 1 +V 3)][l +G(V 2 +V 3 r j = l + G 3 ( V 3 - V l ) (3.13) 

This leads to 

£l-G 3 ( V ^ V j j j ̂  ( + ) ( E ± + i e ) = ̂ 1 + 6
3
 (V3"vi>J ^ i ( + > ( E i J 

= i e G 3 0 i
( 1 ) ( E ± ) (3.14) 
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and consequently 

t 1 ( E 1 + i e ) = G 3 ( E i + i e ) ^ i e { 2 f i
{ 1 ) ( E j L ) + ( V 1 + V 2 ) i f . i

( + ) ( E ^ i e ) ] ( 3 . 1 5 ) 

Lippmann ( 1 9 5 6 ) has shown t h a t the f i r s t term on the 

right-hand s i d e of ( 3 . 1 4 ) contains no s i n g u l a r i t y and hence, 

vanishes w i t h e->0 except f o r the case when a l l three p a r t 

i c l e s are unbound i n i t i a l l y and f i n a l l y . Equations ( 3 . 1 7 ) 

and ( 3 . 1 5 ) may be w r i t t e n i n the form: 

* i ( + ) ( E i } = 0 i ( 1 ) ( E i , + [ L i m e H - 0 G l ( E i + i e ) l ( V 2 + V 3 , * i ( + > ( E i ) ( 3 " 1 6 ) 

* i ( + ) ( E i } = [ l i m c - 0 G 3 ( E i + i E ) j l ( V l + V 2 , * i ( + ) ( E i } ( 3 . 1 7 ) 

( 3 . 1 6 ) represents the case where no rearrangement o c c u r s . 

( 3 . 1 7 ) represents the case where rearrangement o c c u r s . The 

f i n a l s t a t e o f the rearrangement c o l l i s i o n s a t i s f i e s 

(K+V--EJ0„,(3) ( E J = 0 ( 3 . 1 8 ) j m m m 

From ( 3 . 1 5 ) i t i s e a s i l y shown t h a t the t r a n s i t i o n r a t e W i f 

i s 

u 3 IWM < 3 > I M
 i+K\2 = L±m

e+rri ' ~ ™ 5 o ( 3 . 1 9 ) 
W i f = 7 t l < J Z l f I * 1 *' e"*° h ( E . - E f ) 2 + e 2 

where 

T ± f = ( 0 f
( 3 ) ( E f ) | v 1 + V 2 | ^ i

( + ) ( E . ) ) ( 3 . 2 0 ) 

but s i n c e 
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Lim , % = in6(x) (3.21) 
E->0 X + ' 

becomes 

W ± f = ^ V V i r | T i f | 2 ( 3 ' 2 2 ) 

I n the same way I t can be shown t h a t 

Tf± = ( * f " ( E f ) | V 2 + V 3 | 0 1
( 1 ) ( E ± ) ) (3.23) 

where here the process i s r e v e r s e d . The wave f u n c t i o n ^ 
s a t i s i f i e s 

• ̂ ( E j - i e ) = 0 f
 ( 3 ) ( E f ) + G 3 ( E f - i e ) (Vj+V^ $ f

 ( _ ) ( E f - i e ) (3.24) 

C a s t i l l e j o e t . a l (1960) have used an e x p l i c i t c o n f i g 

u r a t i o n space treatment and obtained the same r e s u l t s f o r 

the electron-hydrogen atom s c a t t e r i n g . 
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3• 2 Eigenfunction Expansions 

T h i s method has i t s major a p p l i c a t i o n f o r low-energy 

s c a t t e r i n g , although i t i s by no means confined t o t h a t 

s i t u a t i o n . I n s t e a d of using the u s u a l expansion 

<p. ( + )(E.) = E <|»n
(1) ( R 1 ) F n

( 1 > ( r x ) (3.25) 
n 

where R^ i s the r e l a t i v e p o s i t i o n v e c t o r of p a r t i c l e s 2 

and 3 (R 2 and R 3 are defined i n a s i m i l a r way), i n r e a r r 

angement problems we use 

t i ^ t E ^ = E ( 1 ) * n
( 1 ) ( R 1 ) F n ( r 1 ) + E * m

( 3 ) ( R 3 ) G m ( r 3 ) (3.26) 
n m 

(3) 
where i | i m * i s the mth o r b i t a l of the system (1+2) , and F Q 

and G Q have the asymptotic forms 
F 0 ( r 1 ) <x. e x p ( i k i , r 1 ) + r 1 " 1 e x p ( i k i / r 1 ) f ( e ^ ^ ) (3.27) 

G Q ( r 3 ) -v. r ^ e x p d k j r 3 ) g ( 6 3 , 0 3 ) (3.28) 

where f and g are the s c a t t e r i n g amplitudes f o r the d i r e c t 

and rearrangement c o l l i s i o n s r e s p e c t i v e l y . 

I t should be noted t h a t the terms a t the f i r s t summation 

are not orthogonal to the terms of the second summation, 

but the whole expansion i s complete. I t i s common to avoid 

the c a l c u l a t i o n a l d i f f i c u l t i e s to take the f i r s t term of 

each summation. T h i s corresponds to c o n s i d e r i n g the i n i t i a l 
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s t a t e and the f i n a l s t a t e of the rearrangement c o l l i s i o n . 

Proceeding according to the Hartree-Fock method we 

form the quantity 

I - dT{i|) i*(H-E)u» 1} (3.29) 

where ̂  i s s u b s t i t u t e d from (3.26). I f we use the property 

t h a t I i s s t a t i o n a r y under the independent v a r i a t i o n s of 

F n and G n we o b t a i n the E u l e r equations of I which on using 

the Schrodinger equations fori|» 0^ and <l» 0^ become 

[ % H 2 + u i i ( r i > ] F o ( r i > / - r 1 c # 0

( 1 ) * ( V 

* 0
( 3 ) ( R 3 ) T - 7 2 - k f

2 + i ^ < v
1

+ V 2 ) l G 0 ( r 3 ) } ( 3 " 3 0 ) 

r 3 

[ \ * + k f 2 + U 3 3 ( r 3 ) ] G 0 ( r 3 ) ^ K ^ O ^ ' V 
*o ( 1 ) ( V [ - * r i

2 - k i 2 + Jr 'WlV^ 1 (3'31) 

where hk^ and hk^ are the i n i t i a l and f i n a l r e l a t i v e momenta 

of the c o l l i d i n g p a r t i c l e s r e s p e c t i v e l y . and U 3 3 are 

the s t a t i c p o t e n t i a l s i n the i n i t i a l and f i n a l s t a t e s 

r e s p e c t i v e l y . They s a t i s f y the f o l l o w i n g equations: 

U l l ( r l ) = =^T' / d R 1 U 0
( 1 ) * ( R 1 ) * 0

( 1 ) (V (V 2+V 3) } (3.32) 
h 

U 3 3 ( r 3 ) = ^ | / d R 3 { * 0
( 3 , * ( R 3 ) . p 0

( 3 ) (R 3) (Vj+V^ } (3.33) 
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Equations (3.30) and (3.31) can be reduced i n d i f f e r e n t 

ways according to the type of systems i n hand. For example, 

f o r low-energy electron-atom o r p o s i t r o n atom s c a t t e r i n g F^ 

and are expanded i n p a r t i a l waves. I f , on the other 

hand, the bound system i s much h e a v i e r than the c o l l i d i n g 

p a r t i c l e , then the system of equations i s converted to 

coupled d i f f e r e n t i a l equations r a t h e r than i n t e g r o - d i f f -

e r e n t i a l equations (Bates (1958). 
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3.3 Charge exchange r e a c t i o n s : 

We define charge exchange r e a c t i o n s as those i n which 

one or more e l e c t r o n s bound to one system are picked up or 

captured by another. L e t i o n B be i n c i d e n t on ion (A+e). 

Then the i n t e r a c t i o n i s de s c r i b e d by the following equation: 

B + (A+e) -»• (B+e) + A (3.34) 

An example of t h i s r e a c t i o n i s the case of a proton 

s c a t t e r e d by a hydrogen atom i n the ground s t a t e . The 

r e s u l t of the i n t e r a c t i o n i s t h a t the e l e c t r o n i s picked-up 

by the i n c i d e n t proton to form a new hydrogen atom (not 

n e c e s s a r i l y i n the ground s t a t e ) . We can describe t h i s i n 

the f o l l o w i n g equation: 

H + + H 0 H + H + (3.35) u a 

where 0 and a are the ground s t a t e and the ath s t a t e of the 

hydrogen atom r e s p e c t i v e l y . I n t h i s case T ^ defined i n 

equation (3.20) takes the form 

T i f = / d r 3 / d R 3 { i ^ a * ( R 3 ) e x p ( - i k f . r ) | v 2 ( R 2 ) + V 1 ( R 1 ) J i ( > i ( r l f R 1 ) } 

(3.36) 
where ^ (R^) i s the ath s t a t e of the hydrogen atom. From 

i t i s easy to obtain the t o t a l c r o s s s e c t i o n f o r the 

s c a t t e r i n g 
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Q i + f = 2 i r X . l + 1 | 9 ( e ) | 2 d cos 9 (3.37) 
where 

* ( e ) - 27 T i f ( 3 ' 3 8 ) 

Here we have taken the mass of the e l e c t r o n equal to one 

and t h a t o f the proton equal to M. and cos 0 = (-ki-kf/k^k^) 

and V 1 (X) = v 3 ( X ) = ~V 2(X). = ~ \ 

the s o l u t i o n of t h i s problem can be s i m p l i f i e d by consider

ing the f a c t t h a t the p o t e n t i a l between the two protons 

should not c o n t r i b u t e to the s c a t t e r i n g amplitude. T h i s has 

been i n d i c a t e d by Oppenheimer (1928) and Brinkman and Kramers 

(1930) . The reason f o r t h i s i s t h a t r ^ s a t i s f i e s 

r 3 = -R 2 + £l| (M+lfjR 3 (3.39) 

and the mass M of the proton i s much g r e a t e r than t h a t of 

the e l e c t r o n . Hence r 3 = -R 2 to the order of 1/M and V 2 ( R 2 ) 

can be r e p l a c e d by V ( r ^ ) . But s i n c e any p o t e n t i a l which i s 

a f u n c t i o n of the d i s t a n c e between the centre of masses of 

the two c o l l i d i n g p a r t i c l e s does not c o n t r i b u t e to r e a r r a n 

gement or e x c i t a t i o n we can ignore V 2 ( r 3 ) . i . e . V 2 ( r 3 ) i n 

equation (3.36) should be neglected. Another way of j u s t 

i f y i n g t h i s i s by c o n s i d e r i n g the f a c t t h a t due to the great 

i n c i d e n t energy of the proton, the de-Broglie wave length 

i s n e g l i g i b l e compared w i t h the atomic dimensions. 
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Consequently, we can t r e a t the r e l a t i v e motion c l a s s i c a l l y . 

I t follows t h a t d i r e c t and exchange s c a t t e r i n g amplitudes 

can be obtained s e p a r a t e l y , even i f A and B were i d e n t i c a l . 

The t r a j e c t o r i e s of the protons are a f f e c t e d n e g l i g i b l y 

from the c l a s s i c a l ones, which are s t r a i g h t l i n e s defined 

by an impact parameter. I n t h i s case V2 does not c o n t r i b u t e 

to the s c a t t e r i n g amplitude. T h i s i s t r u e unless the stage 

of c l o s e d i s t a n c e s p l a y s the most important r o l e i n deter

mining the s c a t t e r i n g (Fennema 133). 
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3 • 4 The Born Approximation 

When the i n c i d e n t p a r t i c l e has a l a r g e v e l o c i t y 

compared w i t h t h a t of the o r b i t a l e l e c t r o n , a plane wave 

approximation may be used (Brinkman and Kramers ( 1 9 3 0 ) ) . 

The i n c i d e n t wave i s s e r i o u s l y d i s t o r t e d . The energy of 

the i n c i d e n t p a r t i c l e should be c o n s i d e r a b l y above 25 k.e.v. 

Bates and Dalgarno ('952-) have used the c r o s s s e c t i o n 

c a l c u l a t e d by Brinkman and Kramers using plane waves and 

omitting the i n t e r n u c l e a r p o t e n t i a l f o r e l e c t r o n capture 

by protons i n helium. They used the simple v a r i a t i o n a l 

wave f u n c t i o n f o r the helium atom 

Y 3 

Y(X,y) = ~ exp{-X(X+y) }, \ - 1.6875 (3.40) 

They found out t h a t the Brinkman-Kramers c r o s s s e c t i o n i s 

s e v e r a l times too l a r g e . 

The p o t e n t i a l which a c t s between the two n u c l e i should 

not be dropped as has been suggested i n the preceding approx

imation. For b e t t e r r e s u l t s one would look f o r higher-

order terms i n the Born s e r i e s . The second term i n t h i s 

s e r i e s i s r e t a i n e d . Unfortunately the second Born approx

imation has so f a r r e s i s t e d complete e v a l u a t i o n , but Orisko 

(1955) has examined the high energy behaviour of t h i s 

approximation and obtained some i n t e r e s t i n g r e s u l t s . For 

e l e c t r o n capture by protons i n hydrogen, 
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T ± f
B 2 = (0 f< 3> | (V 1+V 2)+(V 1+V 2)G^ )<V 2+V 3) ) (3.41) 

where G n i s given by 

G 0 ( r 3 ' R 3 , r 3 1 , R 3 1 ) = 

exp i { ^ 3 . ( r 3 - r 3 1 ) + P 3 ( R , 3 - R 3
1 ) 

(2IT) .rag_/dp, —= 

where i t has been represented i n c o n f i g u r a t i o n space. Eg 

i s the energy a t the (Is) ground s t a t e of hydrogen and P3 

i s the r e l a t i v e momentum of p a r t i c l e s of 2 and 1. f 3 i s 

the momentum of 3 r e l a t i v e to the c e n t e r of mass of (2+3) . 

P3 and g 3 are given by 

P 3 " t m l k 2 " m 2 k l ] ' ( 3 ' 4 3 ) 

?3 = (mi;m2+m3
) [ m 3 ( k 2 + k l } " < m

2
+ m l ) k

3 ] ( 3 ' 4 4 ) 

and the reduced mass u i s given by 

m 3 ^ m i + m 2 ^ (3.45) 
3 nig+n^+m^ 

The c r o s s s e c t i o n i n the high-energy l i m i t becomes 

nB2 _1 " I -32TT 16TT I 2 
Q % 4wf ( l + a

2 ) 3 a 2 ( V 2 / 2 - |T/2 +4iV I 

= < 0 - 2 9 4 6 + f f l > Q BK (3.46) 
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where Q B R stands f o r the Brinkman-Kramers c r o s s s e c t i o n . 

These r e s u l t s are I n t e r e s t i n g . I t has been shov/n t h a t the 

i n t e r n u c l e a r p o t e n t i a l i s c a n c e l l e d by the second order 

term. No matter how high the energy, the Born s e r i e s does 

not converge to i t s f i r s t term. The second term i n (3.46), 

which dominates the c r o s s s e c t i o n , changes the v e l o c i t y 
-12 -11 

dependence from V to V i f the energy i s high enough. 
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CHAPTER 4 

Review of previous work 

Electron-atom s c a t t e r i n g i s c l o s e l y connected w i t h 

positron-atom s c a t t e r i n g . The e l e c t r o n and p o s i t r o n have 

the same mass and the same magnitude of change (one 

negative and the other p o s i t i v e ) . I n most c a l c u l a t i o n s one 

can obtain the equations of one of the two problems from 

those a t the other by simply a l t e r i n g some s i g n s . One can 

l e a r n about various e f f e c t s by comparing the two problems. 

Therefore i t i s i n t e r e s t i n g to review the previous work done 

fo r electron-atom s c a t t e r i n g as a stage l e a d i n g to p o s i t r o n -

atom s c a t t e r i n g c a l c u l a t i o n s , e s p e c i a l l y s i n c e most approx

imations have been o r i g i n a l l y devised f o r electron-atom 

s c a t t e r i n g . 
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4.1 Electron-atom s c a t t e r i n g 

One of the e a r l i e s t works on electron-atom s c a t t e r i n g 

was done by MacDaugall (1933) on e l e c t r o n - h e l i u m s c a t t e r i n g . 

He attempted to determine the atomic v/ave f u n c t i o n u s i n g 

the Hartree approximation. Morse and A l l i s (1933) empha

s i s e d the importance of exchange and used a n t i s y m m e t r i c a l 

wave functions to d e s c r i b e the s c a t t e r i n g . L a t e r , v a r i o u s 

works completed the treatment of the problem by c o n s i d e r 

i n g p o l a r i z a t i o n and c o r r e l a t i o n as w e l l as exchange. 

Among various c o l l i s i o n problems, those of e l e c t r o n -

hydrogen and e l e c t r o n - h e l i u m have r e c e i v e d the most a t t e n t i o n . 

I t i s n a t u r a l to i n c l u d e exchange and d i s t o r t i o n i n 

the e lectron-helium s c a t t e r i n g problems. M o i s e i w i t s c h (1960) 

has found good agreement between h i s r e s u l t s and experiment. 

The r e l a t i v e e r r o r was (- 1 5 % ) . T h i s l e d him to conclude 

t h a t the most important a f f e c t s i n t h i s s c a t t e r i n g are 

exchange and d i s t o r t i o n , and t h a t a l l other e f f e c t s l e a d to 

s m a l l c o r r e c t i o n s . I n h i s c a l c u l a t i o n s which i n v o l v e d both 

s o l v i n g the i n t e g r o - d i f f e r e n t i a l equations and the use of 

v a r i a t i o n a l methods, the s c a t t e r i n g length was (1.442) 

atomic u n i t s . 

0'Mailey on the other hand (1963) e x t r a p o l a t e d h i s 

s c a t t e r i n g length and i t was (1.19) atomic u n i t s . These 

two f i g u r e s are to be compared w i t h the experimental 
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f i g u r e which i s (1.32). I t i s q u i t e reasonable to b e l i e v e 

t h a t the d i f f e r e n c e i s caused by n e g l e c t i n g p o l a r i z a t i o n . 

T o t a l e l a s t i c c r o s s s e c t i o n s f o r the s c a t t e r i n g of 

e l e c t r o n s from hydrogen i n i t s ( I s ) s t a t e have been c a l 

c u l a t e d by Burke and Smith (1962), a l l o w i n g f o r v i r t u a l 

e x c i t a t i o n to the (2s) and (2p) s t a t e s and f o r i n c i d e n t 

energies below (10.2) e l e c t r o n v o l t s . They showed t h a t 

the v i r t u a l s t a t e s are important. 

Massey and Moiseiwitsch (1951) have a p p l i e d the 

Hulthen and Kohn v a r i a t i o n a l methods for.electron-hydrogen 

s c a t t e r i n g a l l o w i n g f o r exchange and p o l a r i z a t i o n . They 

have shown t h a t exchange i s more important than p o l a r i z a t i o n . 
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4.2 Positron-Hydrogen S c a t t e r i n g 

Although no experimental r e s u l t s e x i s t f o r p o s i t r o n -

hydrogen s c a t t e r i n g , comparison can be made between the 

r e s u l t s of v a r i o u s approximations to l e a r n more about the 

ph y s i c s of the p r o c e s s . 

I t has been r e a l i z e d t h a t , to some extent, the 

c a l c u l a t i o n of the positron-hydrogen atom phase s h i f t i s 

not r e l i a b l e . There i s some doubt about the rigorous upper 

bounds f o r the s c a t t e r i n g length (Spruch and Rosenberg 1960, 

Schwartz 1961). For although Schwartz has used as many as 

f i f t y v a r i a t i o n a l parameters i n o b t a i n i n g h i s s c a t t e r i n g 

length and phase s h i f t s , Rotenberg (1962) using Sturmian 

functions has obtained phase s h i f t s c o n s i d e r a b l y l a r g e r than 

those of Schwartz. 

Since the p o s i t r o n and the atomic e l e c t r o n are d i s t i n g 

u i s h a b l e , then the problem of antisymmetrization does not 

e x i s t . However, the p o s s i b i l i t y of the formation of p o s i t -

ronium produces the n e c e s s i t y of adding terms s i m i l a r to 

those for e l e c t r o n atom s c a t t e r i n g . 

V i r t u a l positronium formation produces an a t t r a c t i v e 

p o t e n t i a l which has the e f f e c t of reducing the absolute 

value of the negative phase s h i f t given by the mean s t a t i c 

approximation. I t i s not enough, though, to change the 

s i g n form negative to p o s i t i v e . The reduction i s c o n s i s t e n t 
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with P e r c i v a l ' s theorem (1960). T h i s theorem s t a t e s t h a t 
any f u r t h e r allowance f o r d i s t o r t i o n of the atomic wave 
fun c t i o n w i l l appear as an e f f e c t i v e a t t r a c t i o n tending to 
reduce the magnitude of the negative phase s h i f t . 

There are two points which p l a y a b a s i c r o l e i n 

p o s i t r o n hydrogen s c a t t e r i n g . The f i r s t point i s t h a t a t 

c l o s e d i s t a n c e s the p o s i t r o n f e e l s the r e p u l s i o n of the 

p o s i t i v e proton. The second p o i n t i s t h a t a t f a r d i s t a n c e s 

i t f e e l s the a t t r a c t i o n of the induced dipole moment of the 

hydrogen atom. S o l v i n g the problem of positron-hydrogen 

s c a t t e r i n g then determines the combination o f those two 

extreme c a s e s . 

The importance o f the study of p o s i t r o n r e a c t i o n s was 

emphasised by Massey and Mohr (1954), who c a l c u l a t e d the 

c r o s s - s e c t i o n f o r the positronium formation r e a c t i o n (1) 

from t h r e s h o l d (6.75 ev) to 32 ev i n the f i r s t Born approx

imation. They a l s o c a l c u l a t e d the c r o s s - s e c t i o n a t 13.5 ev. 

i n a d i s t o r t e d wave approximation i n which the 1 = 0 

p a r t i a l c r o s s - s e c t i o n was c o r r e c t e d by employing the wave-

fun c t i o n of a p o s i t r o n moving i n the s t a t i c f i e l d of a 

hydrogen atom, i n p l a c e of a plane wave. The c r o s s - s e c t i o n s 

obtained by the two methods disagreed (see f i g u r e 1 ) , 

showing t h a t a plane wave approximation was not adequate. 

To go beyond f i r s t order methods, Cheshire (1964) a p p l i e d 
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a v e r s i o n of the impulse approximation, but as m u l t i p l e 

s c a t t e r i n g could not be i n c l u d e d t h i s procedure i s d i f f 

i c u l t to j u s t i f y . The r e s u l t s he obtained are a l s o shov/n 

i n f i g . 1 and are w i t h i n a f a c t o r of two of those of the 

Born approximation. 

Massey and Moussa (1958) have used the s t a t i c approx

imation f o r 1 = 0 f o r k = 0.2, 0.5 and 1.0 Smith e t a l 

(1960) have checked these r e s u l t s and s o l v e d the problem 

f o r k = 1.0, 1.2, 1.5 and 2.0 f o r a l l s i g n i f i c a n t p a r t i a l 

wave c o n t r i b u t i o n s to the e l a s t i c s c a t t e r i n g c r o s s s e c t i o n . 

Smith e t . a l (1960) have used the strong coupling 

approximation f o r k = 1.0, 1.2, 1.5 and 2.0 f o r a l l s i g 

n i f i c a n t p a r t i a l waves. 

Moussa (1959) has a p p l i e d the Hulthen and Kohn v a r 

i a t i o n a l methods i n which he took p o l a r i z a t i o n i n t o account. 

The r e s u l t s supported the i d e a t h a t p o l a r i z a t i o n i s a t t r a c t 

i v e . 

Smith and Burke (1961) have c a l c u l a t e d the S and P and 

D waves by the strong coupling approximation i n c l u d i n g 

e x c i t a t i o n to the 2s s t a t e . 

C. Schwartz (1961) has c a l c u l a t e d the phase s h i f t s f o r 

1 = 0 using Kohn's v a r i a t i o n a l p r i n c i p l e w i t h 50 t r i a l 

f u nctions of the type introduced by H y l l e r a a s . He c a l c u l a t e d 
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the phase s h i f t f o r energies up to 10 e.v. The s o l u t i o n 

did not converge as r a p i d l y as i n the case of e l e c t r o n -

hydrogen s c a t t e r i n g . The r e s u l t s were of probable e r r o r 

of about - 0.001 r a d i a n s . For the s c a t t e r i n g length he 

found the upper bound a +< -2.17. 

Bransden (1961) has estimated the e f f e c t of r e a l or 

v i r t u a l positronium formation by a p e r t u r b a t i o n method. 

I n t h i s method the e f f e c t of the s t a t i c f i e l d p o t e n t i a l of 

the hydrogen atom i s a u t o m a t i c a l l y allowed f o r . The r e s u l t s 

support the f a c t t h a t the p o s i t r o n i s a t t r a c t e d to the 

atom a t low e n e r g i e s . 

Cody e t . a l (1964) have in c l u d e d p o l a r i z a t i o n and 

found t h a t i t does change the s i g n of the phase s h i f t f o r 
2 

k < 0.16 showing t h a t f o r low energies of impact, the 

p o s i t r o n experience an e f f e c t i v e a t t r a c t i o n . When they 

combined both' p o l a r i z a t i o n and positronium formation the 

p h a s e s h i f t remained p o s i t i v e up to the t h r e s h o l d f o r 

positronium formation. From these r e s u l t s i t i s concluded 

t h a t positronium formation i s an important e f f e c t of an 

a t t r a c t i v e a f f e c t i v e p o t e n t i a l . R e c a l l i n g t h a t i t could not 

alone change the s i g n of the phase s h i f t , w h i l e p o l a r i z a t i o n 

could, we conclude t h a t i t i s l e s s important than p o l a r i z 

a t i o n . I n the electron-hydrogen s c a t t e r i n g i n c o n t r a s t , 

exchange plays the most important r o l e r a t h e r than p o l a r i z 

a t i o n . 
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Drachman (1965) has used the complete Dalgarno-Lunn 

second order a d l a b a t i c p o t e n t i a l to c a l c u l a t e the s-wave 

e l a s t i c s c a t t e r i n g below the t h r e s h o l d of positronium 

formation. He showed t h a t the p o t e n t i a l i s too a t t r a c t i v e , 

and proposed a simple one parameter m o d i f i c a t i o n r e l a t e d 

to the monopole term of the p o l a r i z a t i o n which leads to 

exact agreement with Schwartz's value f o r the s c a t t e r i n g 

l ength. 

Kleinman e t . a l . (1965) have a p p l i e d the minimum p r i n 

ciple formalism f o r a number of i n c i d e n t energies below the 

t h r e s h o l d of positronium formation. They obtained r i g o r 

ous lower bounds for the phase s h i f t s i n the s-wave and 

P-wave s c a t t e r i n g . Because t h e i r t r i a l f u n c t i o n has not 

in c l u d e d a positronium channel the convergence was slow 

fo r o b taining the s o l u t i o n . 

Drachman (1967) has used a t r i a l f u n c t i o n of the form 

where 0 ( r ) i s the atomic, ground s t a t e f u n c t i o n and G(X,r) 

i s the a d i a b a t i c c o r r e l a t i o n f u n c t i o n s a t i s f y i n g the 

equation 

His coupled equations gave 80% of the d i f f e r e n c e 

between the unpolarized r e s u l t s G-KD and those of Schwartz 

^iKr) + F ( X ) G ( X , r ) ] 0 ( r ) *(X,r) (4.1) 

TG,H o-j0(r) = [V - 0 ( r ) (4.2) 

(1961). 
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CHAPTER 5 

The present c a l c u l a t i o n s 

5.1 The co-ordinate system 

L e t the p o s i t r o n ( e + ) of v/ave number be s c a t t e r e d 

by a hydrogen atom i n the ground s t a t e . L e t (P) be the 

proton and (e ) be the e l e c t r o n of the hydrogen atom. The 

r e s u l t of the c o l l i s i o n w i l l be the e l a s t i c s c a t t e r i n g of 

the p o s i t r o n or the formation of positronium ( e + ) . The 

two a l t e r n a t i v e s are described by the fo l l o w i n g two equations. 

e + + H e + + H (5.1) 

e + + H e +~> P (5.2) 

Because the proton i s much h e a v i e r than the other two 

p a r t i c l e s we may consider i t s t a t i o n a r y , and we may consider 

i t the centr e of mass of the system. Consequently the co

ordinate system of the centre of mass c o i n c i d e s with t h a t 

of the Laboratory. P w i l l be the o r i g i n of c o - o r d i n a t e s . 

L e t S be the co-ordinate o f the e l e c t r o n , and r the 

co-ordinate of the p o s i t r o n . I t w i l l be convenient to 

change the co-ordinates f o r the positronium channel. I n 

t h a t channel the formed positronium atom t r a v e l s away from 

the proton. So we want one vector to d e s c r i b e i t s c e n t r e -

of -mass motion, and an other v e c t o r to d e s c r i b e i t s i n t e r n a l 
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motion. Let R be the co-ordinate o f the posit r o n i u m centre-
of-mass, and t the vector j o i n i n g the p o s i t r o n t o the 
e l e c t r o n . The r e l a t i o n s between the two co-ordinate systems 
are shown i n the f o l l o w i n g equations 

r + h t = R (5.3) 
s - h t = R (5.4) 

hence 
R = % ( r + s ) , r = s -Z.t/2. (5.5) 

From these i t i s poss i b l e t o o b t a i n s and t i n terms o f R 
and r 

s = 2R - r (5.6) 
t = 2R -2r (5.7) 
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5.2 The s c a t t e r i n g equations 
The s o l u t i o n o f t h i s problem w i l l c o n s i s t o f two p a r t s . 

I n the f i r s t p a r t we solve the equations f o r a p a r t i c u l a r 
t r i a l wave f u n c t i o n . I n the second p a r t we add v a r i a t i o n a l 
c o r r e c t i o n s . On the other hand we can d i v i d e the c a l c u l a t 
ions i n t o those o f the one-channel treatment and the two-
channel treatment. We s h a l l f i n d t h a t the one-channel c a l 
c u l a t i o n s are a s p e c i a l case o f the two-channel c a l c u l a t i o n s . 
Therefore, we proceed by doing the f o r m u l a t i o n o f the 
general case. Let us s t a r t w i t h the f o l l o w i n g t r i a l 
f u n c t i o n . 

where 1 and 2 stand f o r e and e r e s p e c t i v e l y , and < | / Q ( S ) 

i s the ground s t a t e wave f u n c t i o n o f the hydrogen atom, and 
0 Q ( t ) the ground s t a t e f u n c t i o n o f positronium. F Q ( r ) a n d 

G Q ( r ) are the wave fu n c t i o n s of the r e l a t i v e motion. Determ
i n i n g them i s the purpose o f these c a l c u l a t i o n s . The two 
terms on the right-hand side o f equation (5.8) are the f i r s t 
terms i n the summation o f equation (3.26). 

The Hamilton!an w i t h i t s k i n e t i c energy p a r t and 
p o t e n t i a l energy p a r t can be w r i t t e n as 

£(1,2) = * Q ( s ) F 0 ( r ) + 0 Q ( t ) G o ( R ) (5.8) 

+ 

H • T + V. IP + V, 2p + V. 12 (5.9) 



-63-

where 

T = - % 7 1
2 - hV2

2 = " 7 t
2 - *V R

2 (5.10) 

and where V^j i s the p o t e n t i a l a c t i n g between p a r t i c l e s i 
and j , a i t h i and j t a k i n g the values 1, 2, and 3. 

I f we s u b s t i t u t e our wave f u n c t i o n i n the Schrodinger 
equation as a f i r s t step i n the eigen f u n c t i o n expansion 
method we o b t a i n the equation 

where we have w r i t t e n V t o stand f o r the three p o t e n t i a l s . 
I f we m u l t i p l y on t h e l e f t by i|»0 (s) and i n t e g r a t e over s f 

then repeat by m u l t i p l y i n g on the l e f t by 0 Q ( t ) and i n t e g r a t e 
over t we o b t a i n the f a l l o w i n g coupled i n t e g r o - d i f f e r e n t i a l 
equations 

/ > 0 * ( s ) (T-V-E)yds = 0 (5.12) 

/0 O*(t)(T-V-E)Vdt = 0 (5.13) 

These two equations are what one gets from applying inde
pendent v a r i a t i o n s t o I defined by 

I = /¥* (T+V-E) ipdx (5.14) 

(T+V-E) fyo(s)F(r)+0o(t).Go(R)1 = 0 (5.11) 



-64-

I f we s u b s t i t u t e f o r ^ i n equations (5.12) and (5.13) from 
(3.8) we o b t a i n 

( - % V r
2 - % k 2 ) F 0 ( r ) = -/ds* o*(s)£(T-E+V)0(t) 
x G 0 ( R ) + ( V l p + V 1 2 ) * 0 ( s ) F 0 ( r ) ̂  (5.15) 

(-%V R
2-^K 2)G 0(R) = " / d t 0 Q ( t ) [(T-E+V)* 0(s) x F Q ( r ) + ( V l p + V 2 p ) 
x 0 Q ( t ) G o ( R ) ^ (5.16) 

Here we have s p l i t the t o t a l energy E i n t o two p a r t s . One 
p a r t i s the energy of the i n c i d e n t p a r t i c l e and the other i s 
the energy o f the atom which i s a known constant. This i s 
seen i n the equation 

E = %k 2 + e Q = fcK2 + n Q (5.17) 

where k i s tae wave number of the p o s i t r o n and K i s the 
wave number of the positronium i n i t s motion r e l a t i v e t o 
the proton. E q i s the ground s t a t e energy o f the hydrogen 
atom and n 0 i s the ground s t a t e energy o f the positronium 
atom. Hence the two equations (5.15) and (5.16) take the 
form 

< - % V r
2 - % k 2 ) F 0 ( r ) = -/d s * 0 * ( s ) (-%V R

2-%K 2)0(t)G o(R) 

- U Q 0 ( r ) F ( r ) - / d s * 0 * ( s ) { V l p + V 2 p } 0 ( t ) G Q ( R ) (5.18) 
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(-%V R
2-%K 2)G 0(R) = -/dt0 Q*(t) (-%V r

2-%k 2)<|, 0(s)F 0(r) 

-/dt0(t) ( V l p + V 1 2 ) ( ( ( 0 ( s ) F 0 ( r ) (5.19) 

where 

U Q 0 ( r ) = /i|»*(s) ( V l p + V 1 2 ) i | i 0 ( s ) d s (5.20) 

which i s the r e p u l s i v e s t a t i c f i e l d p o t e n t i a l a c t i n g by the 
hydrogen atom on the p o s i t r o n . I t has the value 

U ^ r ) = (1+i) S' 2 r (5.21) 

I n equation (5.19) we have used the symmetry o f the s i t u a t i o n 
i n the positronium channel which y i e l d s 

* 
/0 Q ( t ) ( V l p + V 2 p ) 0 ( t ) d t = 0 (5.22) 

Here the need arises f o r using the ot h e r s e t o f co-ordinates. 
According t o the tr a n s f o r m a t i o n o f equations (5.6) and (5.7) 
the i n t e g r a l s are transformed t o the form 

/ds f ( r f s ) = 8/dR f'(r,R) (5.23) 

/ d t * f ( t , R ) - 8/dr f'(r,R) (5.24) 

which, when app l i e d t o equations (5.18) and 5.19), y i e l d s 
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7. 2 2 

(-%V r
2-*Ek 2)F 0(r) - -8/dR G(R) (---| - | ) 

x U o ( s ) 0 o ( t ) } - U 0 Q ( r ) F 0 ( r ) 

- 8 / d R * o ( s ) 0 o ( t ) (V l p+V 2 p)G Q(R) (5.25) 

( - i 7 R
2 - %K 2)G 0(R) - -8/dr F Q ( r ) (-%7 r

2-%k 2) 

{ 0 o ( - t ) * o ( s ) - 8 / d r * o ( s ) 0 o ( t ) 
x t v i p

+ v i 2 ) F o ( f ) ( 5 , 2 6 ) 

I n equation (5.25) we have used i n t e g r a t i o n by p a r t s t o 
interchange G Q(R) and * Q ( s ) . On the rig h t - h a n d side o f 

2 2 
these equations the k i n e t i c energy operators V R and 7 r 

are a c t i n g on 0Q(t) < I > Q ( S ) . We want t o replace these two 
operators by other ones which are i n terms o f s and t 
instead of R and r . Using the t r a n s f o r m a t i o n equations and 
the p r o p e r t y o f a Laplacian o p e r a t i n g on a p h y s i c a l system 
(Schrodinger equation) f o r the case o f hydrogen and p o s i t -
ronium we o b t a i n 
V 2 { * o ( s ) 0 f ( t ) } - (4V s

2-4V t
2+8v s.V t)i|,(s)0(t) (5.27) 

R 

V r
2 U o ( s ) 0 ( t ) } = (V s

2+4V t
2+4V s.V t)i|<(s)0(t) (5.28) 

? s
2 * ( s ) = ( 2 V 2 p - 2 E 0 H ( s ) (5.29) 
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V t
2 0 ( t ) = ( V 1 2 - r ^ ) 0 { t ) (5.30) 

s u b s t i t u t i n g (5.27) and (5.28) i n (5.25) and (5.26) we have 

V R
2 { 4 o ( s ) 0 ( t ) } = ( 8 V 2 p + 4 V 1 2 - B % + 4 ^ ) 

x K, o(s)0 o(t)+8(-^|>p'(s)0'(t) (5.31) 

V r
2 ( ^ ( s ) 0 o ( t ) } = ( 2 V 2 p + 4 V 1 2 - 2 e o + ^ I b ) 

x i | , o ( s ) 0 ( t ) + 4 ( ^ V (s)0' ( t ) (5.32) 

where Jp' (s) and 0' ( t ) are the f i r s t d e r i v a t i v e s o f iji(s) and 
0 ( t ) w i t h respect t o s and t r e s p e c t i v e l y . Now v/e s u b s t i t u t e 
these k i n e t i c energy operators i n t o equations (5.25) and 
(5.26) t o o b t a i n 

( v r
2 + k 2 ) F ( r ) - 2U O QF(r)+16/dR K Q 1(r,R) x G(R) 

(V R
2+K 2)G(R) = 32/dr K 1 Q ( R , r ) F ( r ) (5.34) 

where 

K Q 1 ( r , R ) = " 2 ( ^ | ) * ' ( s ) 0 , ( t ) (5.35) 

+ { -E+2 EQ+2 V V l p + V 2 p " V 1 2 }*(s)0(t) 

and 

K 1 Q ( R f r ) = - 2 ( ^ | : ) l ( )
, ( s ) 0 , ( t ) (5.36) 

+ {-B-V 2 p+V l p-V 1 2-V 2 p +2n Q+ 2 E q } * ( s ) 0 ( t ) 
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The kernels thus defined are i d e n t i c a l , and t h i s can be 
expressed by the symmetry 

K 1 Q ( R , r ) = K Q 1 ( r , R ) (5.37) 

The usual way o f d e a l i n g w i t h equations (5.33) and (5.34) 
i s t o reduce them t o r a d i a l equations by expanding F and G 
i n Legendre polynomials. 

F(r) = z _* ( 2 * + l ) i P. (cos 9 J (5.38) 
11=0 r * r 

" 9«. ( R ) I G(R) = E ~ (2JL+l)i* P. (cos 0,) (5.39) 
1=0 R R 

where 6 i s the angle between the i n c i d e n t beam and the r 3 

s c a t t e r e d p a r t i c l e i n the f i r s t channel and 0, i s the 
R 

corresponding angle f o r the second channel. 

6 r = k 0 " r and 9 ^ k Q"R (5.40) 

By s u t s t i t u t i n g (5.38) and (5.39) i n t o (5.33) and (5.34) an 
i n f i n i t e set of i n t e g r o - d i f f e r e n t i a l equations are obtained. 
Each p a i r corresponding t o a p a r t i c u l a r £ are coupled. 

( d2 _ o r o + i ) 2 + 1 i ~ * 

dr r -1 

xj2U 0 0(r)F 0(r)+16/dRK 0 1(r,R)G(R ) J (5.41) 
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,d2 1(1+1) . „2. „ „ . . . i ' 4 

(—j - - — + K )g(R) = R / dy P.(p')-* 
<UT R̂  -1 * 2 

x 32/dr K 1 0 ( R , r ) F ( r ) (5.42) 

These are the equations we want t o solve i n order t o 
ob t a i n f R and g n . At t h i s stage we know t h a t they must 
have the asymptotic forms 

f n ( r ) * A 0 s i n ( k r * ~ ) + B°cos(kr-is£Tr) (5.43) 

g n(R) ^ A 1 sin(KR - -^J+B 1 cos(KR - ~ ) (5.44) 
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5.3 The a d i a b a t i c p o t e n t i a l 
P o l a r i z a t i o n can be considered as a c o r r e c t i o n t o the 

t r i a l wave f u n c t i o n which determines the d i s t o r t i o n i n the 
o r b i t a l s . I t can be considered also as an e f f e c t i v e po
t e n t i a l , which i s t o be added t o the s t a t i c p o t e n t i a l . The 
p o l a r i z a t i o n p o t e n t i a l s i n the two channels can be shown t o 
have a simple r e l a t i o n w i t h each ot h e r . One i s e i g h t times 
the o t h e r . Therefore i t i s s u f f i c i e n t t o c a l c u l a t e one, 
then m u l t i p l y by e i g h t t o get the o t h e r . Let us consider 
the i n t e r a c t i o n governed by the equation. 

(H0+V-E)n, = 0 (5.45) 

where i s the t o t a l wave f u n c t i o n o f the system. V = - (-̂ -̂ ) 
i s the p o t e n t i a l which causes the d i s t o r t i o n and which i s 
assumed t o be small enough t o be t r e a t e d as a p e r t u r b a t i o n . 
I n the a d i a b a t i c approximation the i n c i d e n t p a r t i c l e i s 
assumed t o be s t a t i o n a r y . Hence r i s a f i x e d parameter. 
I f we apply f i r s t order p e r t u r b a t i o n theory we o b t a i n the 
s t a t i c p o t e n t i a l . The second order p e r t u r b a t i o n i s what 
we are i n t e r e s t e d i n . The d i f f e r e n t energy terms are 

E = e 0 + E ( 1 ) + E ( 2 ) + . . . (5.46) 

(2) 
k i s dropped as i m p l i e d by the a d i a b a t i c approximation. E ' 
i s given by 
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e ( 2 > = 5J i /Vn* ( B ) v»o ( 8 ) r 2 ] ( 5 - 4 7 ) 

n^O1 

E 0 " e n 

I f we use equation (2.9) t h i s becomes 

E ( 2 ) = / * 0 * ( s ) [ y - E ^ 1 > j ^ 1 > ( s ) d s 

= / > Q ( s ) Vi|»(1) (s)ds (5.48) 

i f ij> o f are orthogonal where i|/'(s) s a t i s f i e s 

( H 0 _ E O ) * ( 1 ) = E ( 1 , * 0 - V*Q (5.49) 

I t has been usual t o expand V i n terms o f Legendre p o l y 
nomials as 

V = E S A ( r f s ) P A(cos e r g ) (5.50) 

I f we expand the c o r r e c t i o n i|i*(s) i n s p h e r i c a l harmonies 
and s u b s t i t u t e i t together w i t h V o f (5.50) i n (5.47) the 

12) 

e v a l u a t i o n o f E . i s reduced t o the e v a l u a t i o n o f the 
various terms o f the expansion 
E ( 2 ) = E E J 2 ) (5.51) 

n=0 n 

The term corresponding t o n = 0 i s c a l l e d the monopole, 
t h a t corresponding t o n = 1 the d i p o l e and t h a t correspond
i n g t o n = 2 the quardupole. I t i s known t h a t the d i p o l e 
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p o t e n t i a l i s the most important one and a l l the terms o f 
n^2 are n e g l i g i b l e . The oth e r terms have been c a l c u l a t e d 
by Reeh (1960). We have c a r r i e d out the c a l c u l a t i o n and 
found agreement w i t h Reeh's c a l c u l a t i o n s . E^x 1 has the 
form 

(2) _ r 2 ^ „ ,_ . , . ,., , . ,21+1 4it E = fQ s'ds V £ ( r , s ) * 0 ( s ) * . ( . . r l / S j ? g g j 
10 

and 

*'<s,r> = i z ^ ( s * y m(e*0> 
4=0 m * m *' m 

<i* 0"(s,r) s a t l s f i e s 

f 1 3 j- 1 . ftU+1) 1 l,(l)/« > 
L" ^2 Jn s * I + ~ ^ 2 - ? - e 0 > ( s ' r ) 

This equation i s solved and the f o l l o w i n g s o l u t i o n i s 
obtained. For 1>0 we have 

s>r \ 0
( 1 ) ( r ' s ) = B F l + Y2 (5.54) 

s<r * » f o ( 1 ) ( r ' s ) ' o ( P l " P 2 , + Y l (5.55) 
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where and F 2 are determined according t o 1. I n the 
case 1 = 1 they are 

F x ( s ) =|j| + | + 2~] e" s (5.56) 

F 2(S) = -|2 e + s
f T1 - F 2 • l i m i t as S-K) (5.57) 

I n the case 1 = 2 they are 

F I ( s ) =Lt 3 + ^ + i + i K s ( 5- 5 8 ) 

F,(s) =1' - - W l e + S < 5- 5 9> 
L S 2S ** 

y^ and y 2 are given by 

* i - c e ~ s < h
 + TTW <5-6°> 

P 

f o r 1 = 1, 0 and a are given by 

a = - ( | ) e " 2 r ( H - i ) 2 C (5.62) 

8 = a - I ( 1 - - 2 ) C (5.63) 

f o r 1 = 2, a and S are given by 

a = I e " 2 r ( l + | ) ( 1 - 4 + ^ ) . C (5.64) 
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'(T = a- | <l+±) ( I j - i + i ) c (5.65) 

where C = 

I n the case o f 1 = 0 we have d i f f e r e n t s o l u t i o n s 
i s given by 

(1) 
00 ( r , s ) = y x + (-J - o) -| + aF1 s<r (5.66) 

* 0 0
( 1 ) ( r , s ) = y 2 + S F x s>r (5.67) 

w i t h 

a = -d+|) e " 2 r ( l o g 2 +a+^log r ) - D 

x E.(-2.r) + e " 2 r ( - | ^ + h - % r ) (5.68) 

6 = ( l + | ) ^ e ~ 2 r ( % E i ( 2 r ) - fclog r - l o g 2 - a) 

-2r -%1[+%(-i -1) { E i ( - 2 r ) - l o g r}+e" 

x (4- + % - % r ) v " (5.69) L4r 

r e t _ F. (S) = C e" s (5.70) 

C e + S - - s F 2(S) « - M r — + 2C Ej. (2S)e S (5.71) 

where 
X e* * E ±(x) = / ^- dt = E i (x) (5.72) 
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» - t 
E i(-x) = - / ^ - d t (5.72) 

when we s u b s t i t u t e these s o l u t i o n s i n equation (5.52) we 
get the required p o l a r i z a t i o n p o t e n t i a l . The d i p o l e i s 
given by 

-2r 
V p« l>(r) ==l4^[l^P ( l + 2 r H - 6 r 2 ^ 0 r3 

^ r4 . 2 e - 4 r ( 1 + r ) 4 j ( 5 > 7 3 ) 

4 
I n the asymptotic region i t behaves l i k e -9/4 r . Near the 

2 

o r i g i n i t behaves l i k e - ( 2 / 3 ) r . The quadrupole i s given by 

V p < 2 > ( r ) = Z I L l g { 1 . 2 e - 2 r ( 1 + 2 r + 4 r 2 + l r 3 ^ r 4 
,2 5 1 6 1 7, 1 8 2 9>. 8 „10 

HT8 R "5xT5r + -5xT5r " -9l05 r ) + 9xT5r 

x (E i(-2r)+e" 4 r(l+4r+^§r 2+6r 34- 24r 44|r 5+ ^ ) } (5.74) 

15 6 
A s y m p t o t i c a l l y i t hehaves l i k e — ^ r and near the o r i g i n i t 

2 

goes t o zero f a s t e r than r . The monopole has the form 

V p
( 0 ) ( r ) = e " 2 r { - 2 - 2 + ^ i - h | + r + 2 ( l o g r + £) ( i t - h i ) + 

+E. (-2r) + l o g r (-2r+l+|+^n) 
1 r r r 

- a (|+4+4r) + B(2+4r) }+|s+(l-i) 
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x E i ( - 2 r ) + e " r { - 2 ^ + -|-| + 4 + r - E ± ( 2 r ) 

x i + 3 + 4 + 2r) + (!, + .2 + l ) l o g r (5.75) 
r r r 

where a and B are defined i n equation S (5.68) and (5.69) 
and C = 0.577215665..). 
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5.4 V a r i a t i o n a l C o r r e c t i o n s 

I n t h i s s e c t i o n we s h a l l add c o r r e c t i o n s to the t r i a l 

f u nction (5.8), and see the e f f e c t of t h a t on the s c a t t e r i n g 

parameters. T h i s can be done i n d i f f e r e n t ways. The f i r s t 

i s to i n s e r t these c o r r e c t i o n s i n the s c a t t e r i n g equations, 

and then s o l v e them. The second i s to use a minimum p r i n c i p l e 

which provides a bound on some s c a t t e r i n g parameter using 

the r e s u l t s of the unperturbed equations. I n both of these 

methods we are going to use p r o j e c t i o n operator techniques. 

L e t us take the t o t a l v/ave func t i o n V . I t c o n s i s t s 

of the o r i g i n a l p a r t (5.8) and the c o r r e c t i o n p a r t . I t i s 

very n a t u r a l to use the a d i a b a t i c c o r r e c t i o n s c a l c u l a t e d i n 

the previous s e c t i o n as the c o r r e c t i o n part i n t h i s v a r i a t i o n a l 

treatment. The wave funct i o n has the form 

¥ = x d f 2 ) + * 0 ( s ) F Q ( r ) + 0 o ( t ) G Q ( R ) (5.76) 

where xd»2) i s defined by 

X ( 1 , 2 ) = i% a * £ 0 ( 1 , ( s ' r , F 0 < r ) Y
J l O ( c o s 9 r s ) 

+ e 0 o
( 1 ) ( ^ R j G Q t R j Y ^ f c o s e t ^ R ) (5.77) 

where <J» 4 0
( 1 > and $ l 0 ^ are defined i n (5.54) and (5.55). 

U n t i l r e c e n t l y , the f a c t t h a t 0 o ( t ) F n ( r ) and <|»0(s) G_(R) are 
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not orthogonal has produced a d i f f i c u l t y f o r o b t a i n i n g 

minimum p r i n c i p l e s . T h i s has been solved by Hahn (1966) by 

c o n s t r u c t i n g a simple form of p r o j e c t i o n operators a p p l i c a b l e 

i n general rearrangement and exchange p r o c e s s e s . According 

to Hahn's method, each of the two open channel c o n f i g u r a t i o n s 

w i l l be a s s o c i a t e d with a component of a two dimensional wave 

f u n c t i o n . T h i s i s w r i t t e n i n the form 

f = ( / ) (5.78) 
2 

where 

i j ^ % ip Q(s) F Q ( r ) f o r l a r g e r (5.79) 

ij>̂  ^ 0 f o r l a r g e R 

$2 0 f ° r l a r g e r 

* 2 * 0 Q ( t ) G ( R ) f o r l a r g e R 

By using the matrix form f o r H and E, the Schrodinger equation 

becomes 

<H : t S: S> • 0 <5-8°> 
We define two p r o j e c t i o n operators i n the fo l l o w i n g 

P 1 ( r , s f r ,
r s l ) = * 0 ( s ) / d s , * 0 ( s , ) / d r , 6 ( r - r 1 ) (5.81) 
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P 2 ( t , R , f .R f) = 0 Q ( t ) / d f 0 o(t ,)/dR ,£(R-R') (5.82) 

Then P x
2 = P ] f P 2

2 = P 2 

We can define a two dimensional matrix operator P as 
P l 0 

P = < 0 p ) (5.83) 
u 2 

L e t Q be the p r o j e c t i o n operator which p r o j e c t s i n t o the 

c l o s e d channels. I t must s a t i s f y 

Q = 1 - P (5.84) 

2 

so t h a t Q = Q and PQ = QP = 0. I n the matrix r e p r e s e n t a t i o n 

the s c a t t e r i n g equations are 

P(H - E)P V = -P(H - E)Q <P (5.85) 

which can be w r i t t e n i n the form 

P^H - E ) P 1 * 1 + P 1 ( H - E ) P 2 * 1 = - P ^ Q ^ - P ^ H - E ) Q 2 * 2 (5.86) 

P 2 ( H - E)P 2<j, 2+P 2 (H ~ E)P 1i(, 1 = -P 2HQ 2* 1-P 2(H - E)gf1*1 (5.87) 

where 
Q2*2 = V U ) ( t ' R ) Y ' (cos e ^ J (2£+l)i £P B(cos e ^ ) ^ ^ (5.88) 1,0^ tR' ' £ *—" ~tR' R 
and 
Q l * l = U'S)YZ,0{COS 9 r s ) (21+D i l P t (cos e r s ) ^ r ^ - > - (5.89) 
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5.5 The perturbed coupled equations 

The l e f t - h a n d s i d e s of equations (5.86) and (5.87) are the 

same equations (5.33) and (5.34). The f i r s t terms on the 

r i g h t are the p o l a r i z a t i o n terms. The second terms are to 

be c a l c u l a t e d and then s u b s t i t u t e d i n the equations. We 

s t a r t by P^(H - EjQ ^ i I ^ * I t must be m u l t i p l i e d by Legendre 

polynomials as i n equation (5.41), then i n t e g r a t e d over 9 r = 

k_ r and m u l t i p l i e d by r . L e t us c a l l what we obtain A. Then 

we have 

A = 16ir / dR/du /*u * n ( s ' ) P . (cos' 9 j P . (COS 9 ) (5.90) 

g 4 ( R ) (21+1) (r*R) {V(t,R)0' , (t,R)Y , 0<tRJ 

V., (t,R)0n(t)Y (t.R) 

L e t 

K ( r f R ) = E P^tcos 9 R r ) k
n ( r , R ) (2&+1) 2 

Then 

1) P, (cos 9_„) {V(t.R)0 (t.R) r d cos 9 rR rR I 

\j4T 
i\2JH }x * r t ( s ) (t.R) V. . (t,R)0„(t)Y I '0A2£+1 (5.91) 

A can be expanded i n the form A=ZA. where A4 i s 

A. ( r ) - / k. (r,R)g, (R) (5.92) 
0 
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with 

+1 
k A= 32ir(r.R) / d cos 9 r R P £ ( c o s 0 r R ) (V(t,R) 

0" ( t r R ) Y 4 l (tR) - V 4, 0 ( t ) Y 4 l ( t , A R ) } * 0 ( s ) (5.92) 

which i n terms of r and R becomes 

K f ( r f R ) = 32 / + 1
 P ( y j d u . e " 8 ^ ^ ) {(•£ - h 

1 -1 1 BA 

0 ( 1 ) (f,R) (-^) - 2 ^ ^ ) ^ e ~ A ^ ( r . R ) (5.93) 

where A and B are defined i n (6.17) and ( 6 . 1 7 ' ) . We have two 

regions i n which 0 ^ and have d i f f e r e n t v a l u e s . I n 

region 

(1) A>R 

(A, R) = -R-_-
A A 

0, { 1 ) (A fR) = / | e - A { ^ (%+A) - | ( i +1+2) 

x £ e ~ 2 R ( l + | ) 2 + (1- - i 2 ) | } (5.94) 

(2) A<R 

^, (A,R) « ^ 5 
R 

x H ~ + 1 + 2 ) e " A - ^~ e + A } J (5.95) 
A A 
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I n region (1) both ^ and 0 ^ oR as R goes to zero. Hence 

k goes to zero with R. I n region (2) ^ and 0 < aA so t h a t 

the integrand i s f i n i t e i n (5.93) a t A = 0. At B = 0 there 

i s a s i n g u l a r i t y . 

I n the same way we can c a l c u l a t e (H - E ) Q 1 * 1 . The 

corresponding k e r n e l i s 

k(R,r) = 64»(r.R)£ / + 1 d f V * 0 e " A 

' P ^ F ] ^ ^ * ^ ^ * ^ " v ^ B . r ) . " 8 } (5.96) 

(1) B>r 

^1 - -7 
A B 

x [ e " 2 r ( ^ + 1) + (1 - - 2 ) J j 

(2) B<r 

e-B „ 3 e - 2 r ( l + i ) 2 

(5.97) 

. (1) _ 4 TB B. 
*< =/3 1̂ 5 ( % + 4 } 

xj(± 2 + | + 2 ) e " B - i 2 e ^ B ^ (5.98) 
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a t A = O there i s a s i n g u l a r i t y f o r k ( r f R ) . 

T h i s way of forming P ^ H - E)Q2$2 and P 2 (H - E)Q 1T|» 1 

enables us to add them to the s c a t t e r i n g equations (5.33) 

(5.34) i n a way such t h a t a l l t h a t i s needed to be done i s 

to have a new k e r n e l i n each channel. Each k e r n e l i s the 

sum of the o r i g i n a l k e r n e l (5.35) and the new one. The new 

equations are solve d as i n the f i r s t time. 



-84-

5.6 The v a r i a t i o n a l p r i n c i p l e 

Hahn (1965) has obtained a v a r i a t i o n a l p r i n c i p l e f o r 

the s c a t t e r i n g phase s h i f t . I f tan 5^ i s the ith p a r t i a l 

wave phase s h i f t obtained i n the exa c t s o l u t i o n o f equation 

(6.24) then 

tan 6 £>,tan 6 f - (2irk) " 1 (Q* A , (H ~ E) i|>̂ ) (5.99) 

where A stands f o r the t r i a l wave funct i o n and J f o r the 

p a r t i c u l a r p a r t i a l wave. The second term i n (5.99) i s 

w r i t t e n i n the form 

I = fr^JT' 0 ( 1 ) ( r f S)£H - E ^ { 0 { 1 ) ( r , s ) + * (s) } 

x ^ i s dr - I , + I , (5.99') 

where 1^ and 1^ correspond to the f i r s t and second terms i n 

the brackets { } r e s p e c t i v e l y . By using the Schrodinger 

equation f o r hydrogen and the o r t h o g o n a l i t y of I|»Q(S) and 

0 ^ ( r , s ) v;e obtain 

2 
I 2 = / • ^ : - ^ f ) c l r / 0 p ( r f s ) (-i - ^ ) * Q ( s ) d s (5.100) 

,2 

r 

and by using the property 
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( H o " e o } V r ' s ) - E a ) * o ( s ) 6 * o " V * 0 ( S ) 

1^ becomes 

Zl " Z l l + X12 + J 1 3 + T14 ( 5 " 1 0 1 > 

where 

2 2 
Z l l = f f L - ^ l ^ P ( r ' s > + "J + I> d 5 d ? (5.102) 

2 
1 1 2 = -//^L

2^> | 0 P ( r , s ) ( i - - | ) * 0 ( s ) dr ds (5.103) 

2 
1 1 3 = - / / ^ - ^ V P ( r f s ) ( i + 1) e " 2 r i | i 0 ( s ) dr ds (5.104) 

114 = "^r^lt'S^r2 0 P ( r , s ) ^ f l r ds (5.105) 

when 1^ i s added t o ~L^t c a n c e l s out with I j . What i s 

l e f t are the terms I n » I ^ 3 a n ^ I ^ 4 * 
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CHAPTER SIX 

S o l u t i o n of the equations 

6.1 The l i n e a r equations: 

One of the methods of s o l v i n g equations (5.33) and 

(5.34) i s to reduce them to a s e t of simultaneous a l g e b r a i c 

equations. We s t a r t by w r i t i n g them i n the form 

( ~ 2 ~ * - § t - ) + k 2 > f„(r) = 0(r) (6.1) 
dr r 

Mott and Massy (1949) have obtained the s o l u t i o n s to 

these equations. The s o l u t i o n s are 

d2 
dR 

SL U + l ) + K 2) g n ( R ) = (D(R) (6.2) 

f n ( r ) = A w„ (kr) + n -J- / dr'L ° ( r , r , ) 0 ( r , ) d r * 
0 

(6.3) 

n 
= A*W (KR) + ~ f dR'L ' (R, R*) 01 (R 1) dR* 

n j\ _ n 
(6.4) 

where VI (x) = x j (x) and where n 

L (x.x') xx* j (x ) n(x>) with n 
(6.5) 

x = k r and x' = k r 1 



Here j n ( x ) and n^ (x) are the nth order s p h e r i c a l B e s s e l 

functions and Neumann functions r e s p e c t i v e l y . The s i g n s 

< and > are there to i n d i c a t e when x takes the value x'. 

I n (6.4) i t i s meant t h a t j (x) takes the value j (x) f o r 
n J n 

xKx' and the value i ( x 1 ) otherwise. The same i s s a i d 
n 

about the Neumann f u n c t i o n . The boundary conditions f o r f 
n 

and g n r e q u i r e t h a t they both go to zero w i t h r and R and 

i n the asymptotic region they have the forms 

f n ( r ) * A ± ° sinfkr-SsmO+B^ cos (kr-^nir) (6.6) 

g n ( r ) * A i
1 sin(KR-%nTr)+B j. 1 cos (KR-^nir) (6.7) 

with B s a t i s f y i n g 

We s u b s t i t u t e f o r 0 and (D from equations (5.33) and (5.34). 

Equation (6.3) becomes 

B = -k / (kr) j n ( k r ) 0 ( r ) dr (6.8) 

k f n ( r ) = kA°W n(kr) + / d r , L n ( r f r , ) 2 U 0 0 ( r ' ) f n ( r ' ) 

^ ( r f R ) g (R) + / dR 
0 

(6.9) 
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with 

0 0 1 1 1 1 h (r,R) = 16 / d r x L n ( r , r . )h ( r ,R)r A.R.2ir (6.10) 
n Q n n 

and 

+1 
k ( r ^ R ) = / d y K ( r , R ) P (y) u = cos 9 . p (6.11) n _ i i <f n r « -1 

Equation (6.4) becomes 

Kg n(R) = KA W n(KR) + / dr h n (R, r ) f n (r) (6.12) 

with 

h (R,r) = 32 / dR'L (R', R)E fR'*r).(R'*r) 2* (r) (6.13) 
0 

where 

k <R',r) = f + 1 d v K 1 0
( R , ' r ) P n ( ^ ( 6 - 1 4 ) 

n -1 

Here y i s the cosine o f the angle between R' and r . We 

n o t i c e t h a t according to the d e f i n i t i o n of and they 

must s a t i s f y the symmetry 

K 1 0 ( R , r ) = K 0 1 ( r , R ) (6.15) 
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These k e r n e l s , as defined a f t e r equation (5.34), need to 

be expressed i n terms of r and R only. Thus, they take the 

form 

W r _ 1 Vl V -2C .2 - , . 2 . 1 , 2 "I -A-B /e. k(r,R) = 8 ~2 L AB ~ r A B _\ ( 6 ' 1 6 ) 

where 

A = /FT + r 2 -2rR p B = / i R 2 + r 2 - 4Rr y (6.17) 

and 

C = 2R 2 + r 2 - 3Rr P (6^.17). • 

k(r,R) goes through a s i n g u l a r i t y f o r R = r and r = 2R. I n 

equation (6.16) the wave functions of hydrogen and p o s i t -

ronium have been w r i t t e n e x p l i c i t l y . The values -\ and -\ 

have been assigned to E q and n Q r e s p e c t i v e l y . 

Our coupled equations are now (6.9) and ( 6 . 1 2 ) . At 

t h i s stage they can be reduced t o a s e t of a l g e b r a i c l i n e a r 

equations. That can be done by r e p l a c i n g the i n t e g r a t i o n 

by a summation. With f n ( r ) and g nXR) the unknowns, the 

two equations are 
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0 N N 
A u k W ( k r ) = k f ( r ) + z a. ( r ) f ( r . ) + z b. (R)g(R.) (6.18) 

n n i j ^ 
N 

A'KWn(KR) = Kg n(R) + Z c ±( J T) f R ( r ± ) (6.19) 

We can have 2N equations by a s s i g n i n g to r and R a l l the N 

values taken i n the summation. These are 

A°Mf n(k r i) = k f n ( r i ) + a n f n ( r 1 ) + a 1 2 f n ( r 2 ) +.. , + a ^ ( r n ) 

- • •+b 1 1g n(B 1) + b i 2 9 ( R 2 ) +-'- + blN9n (V 

A°kW n(kr 2) = k f n ( r 2 ) + a n f n ( r i ) + a 2 2 f n ( r 2 ) + .. . + a 2 N f n ( r N ) 

•' ' + b2-l9n (V + b 2 2 ^ ( R 2 ) + ' ' • + b 2 N V ( V 

A'KW^ (KR^) = K g n ( R 1 ) + C ^ f ^ r ^ +... 

A ,KW n(KP^) - K g n ( R 2 ) + C ^ f ^ r ^ +... (6.20) 

These equations with the 2N unknowns f ( r ^ ) f f ( r 2 ) . . . 

g ( R ^ ) , g ( R 2 ) . . . have a matrix of c o e f f i c i e n t s which i s 2N x 2N. 

I t c o n s i s t s of four submatrices. Sub-matrix 11 i s of elements 

a ^ j except the diagonal to which k i s added. Sub-matrix 12 
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i s o f elements b^... Sub-matrix 21 i s of elements C^... The 

elements of sub-matrix 22 are a l l zeros or p o l a r i z a t i o n i f 

i t i s present except the diagonal where K i s added. The 

l e f t - h a n d s i d e of the equations form a column matrix of 

length 2N. a..,b. . and C..have the forms 

a i j - V r i ' r j }
 2 U 0 0 ( r j > ( 6 ' 2 1 ) 

b i j - V r i ' V C i j - VV'j* 
I f we denote the submatrices by a, b and c the equations 

i n matrix n o t a t i o n are 

Here f ( r ) . g ( R ) . W, and W~ are a l l N long column m a t r i c e s , n J n ± & 
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6.2 The one channel case: 

As a s p e c i a l case we take b and c to be zero. T h i s 

corresponds to the s e t of N l i n e a r equations 

(a) ( f n ( r ) ) = (W(r) x k) (6.23) 

I n t h i s case the k e r n e l s are equal to zero, which 

means t h a t there i s no coupling. Channel 1 alone i s con

s i d e r e d . Equation (6.23) i s the s o l u t i o n of 

T h i s i s the s t a t i c f i e l d approximation. By simply 

a l t e r i n g the s i g n of U Q 0 we obtain the corresponding equation 

f o r the electron-hydrogen s c a t t e r i n g . Equation (6.24) 

c o n s t i t u t e s the b a s i s o f the s i n g l e - c h a n n e l c a l c u l a t i o n o f 

our problem. The e f f e c t i v e p o l a r i z a t i o n p o t e n t i a l can be 

i n s e r t e d i n i t to study the d i f f e r e n t e f f e c t s of the d i f f 

e r e n t m u l tipoles of p o l a r i z a t i o n . I n t h i s case a ^ becomes 

a i j - I ' n ( r i ' r j ) x ( 2 U 0 0 + V ( 6' 2 5 ) 

Where V p i s the p o l a r i z a t i o n p o t e n t i a l considered. To 

check numerical work we have t r i e d (V p=0) and compared the 

r e s u l t with previous work of the s t a t i c f i e l d approximation. 

I f we take A 0 = 1 then B° gives cot ^ where »^is the phase 

s h i f t . 
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6.3 Two-channel case 

L e t us go back to equations (6.20). We want to 

determine b and c equations following (6.2 0 ) . A f t e r sub

s t i t u t i n g them, the s e t of l i n e a r equations are s o l v e d 

which y i e l d s two column m a t r i c e s , the elements of which are 

a l l the v a r ious ^ ( r ^ ) and ^ ( R ^ ) with the asymptotic elements 

s a t i s f y i n g (5.43) and (5.44) with 

/V. B . ( 1 ) = E R j k A ^ 1 ' /V k (6.26) 

where 

I n order to obtain the four elements of the reactance 

matrix from equation (6.26) we need two s e t s of A's and B's. 

T h i s corresponds to s o l v i n g the equations (6.22) t w i c e . 

Each time, d i f f e r e n t v a lues are assigned to the A's. I n the 
1 1 2 s p e c i a l case when A^ = l f A2 = 0 and then A^ = 0 and 

2 
Ag = I f R^j have the values 

. . » (1) n _ R ( 2 ) , 2k 
R l l ~ B l R12 " B l * K 

(6.27) 

R 2 2 ~ B 2 . R21 " B 2 / 2k 

T h i s R matrix should be symmetric and r e a l . I t has the 

simple r e l a t i o n w ith the S matrix 
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S = I t ^ (6.28) 

which i n turn i s r e l a t e d to the t r a n s i t i o n matrix T by 

T = YlK f l - s] (6.29) 

hence 

The c r o s s s e c t i o n f o r the s c a t t e r i n g from channel i to 

channel j i s 
00 

<^^j 1=0 { k ± 2 ) l T j i U ) 124ir (2Jt+l) (6.30) 

where the values 1 and 2 are given t o i i n k^ which y i e l d s 

k and K r e s p e c t i v e l y . The R matrix i s the g e n e r a l i z a t i o n 

of the phase s h i f t . I t can be d i a g o n a l i z e d by the u n i t a r y 

matrix 

0 = (°°; n
c e ) (6.31) - s i n e cos e 

where e i s the mixing parameter. The r e l a t i o n between the 

R matrix and the d i a g o n a l i z e d matrix i s 

R = U + tan n U (6.31) 
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where tan n i s given by 

tan n - ( f i 3 1 1 6 ( 1 ) tan 6(°) ) 

5 1 and &2 a r e t n e eigen phase s h i f t s . Equation (6.31) i s 

w r i t t e n 

( s ? n e " c o s s 1 x (tan«<l> 0 
S i n E c o s e *0 tan 6(2) ' 

.cos e s i n e . 
*-sine cose' = ( " l l K12) (6.33) 

R22 

Thi s i s e q u i v a l e n t t o four a l g e b r a i c equations i n e f 

tan6(1) and t a n 6 ( 2 ) . I n terms of the R matrix elements 

the l a t t e r parameters are 

R21 + R12 
^ ^ = R l l " R22 ( 6 " 3 4 ) 

R, ̂  + R„ 
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6.4 E x t r a p o l a t i o n 

Since r e s u l t s e x i s t only f o r energies below the t h r e s 

hold f o r positronium formation we had t o e x t r a p o l a t e our 

r e s u l t s i n t o the energy region below the t h r e s h o l d f o r the 

purpose of comparison with e x i s t i n g r e s u l t s . The reactance 

matrix i s too s e n s i t i v e to energy changes e s p e c i a l l y i n the 

cases of resonance. We can use c a l c u l a t i o n s based on the 

so c a l l e d M matrix (Ross and Show (1961)) defined by 

M n i - k i ( n + ^ < * - 1 > i j k ( n + % ) (6.35) 

where no summation r u l e a p p l i e s . The Matrix ( R ~ ^ " ) ^ (the 

i n v e r s e reactance matrix), has. the elements 

( R _ 1 , 1 1 = R R R ~ ( 6 " 3 6 ) 

11 R H R 2 2 R 1 2 R 2 1 

( R _ 1 ) , = ( R _ 1 ) 1 2 = p R R l ? R p (6.37) 
J.Z 1/. R n R 2 2 R 1 2 R 2 1 

R l l 
( R " 1 , ? 2 = R R -R R ( 6 ' 3 8 ) 

2 2 R 1 1 R 2 2 R 2 1 R 1 2 

For e x t r a p o l a t i n g the M matrix we use the expansion 

M i j = M O i j + M l i j k 2 + M 2 i jk 4
+... (6.39) 

The e v a l u a t i o n of the phase s h i f t of the e l a s t i c s c a t t e r i n g 

i s based on the e v a l u a t i o n 
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k oat n = R ^ ( 5 r i E ) i i | 1 (6.40) 

where 

1 M 2 L " i k 2 2 
< H = I E 1 1 = ( M ^ - i k j ^ M M ^ - i k ^ J M M ^ ) 2 

t h e r e f o r e 

2 

(6.41) 

1 -1 ( M 1 2 ) 

( ^ ) = M U - i k n - i k 2 2
 ( 6 ' 4 2 ) 

and f i n a l l y 

H 2 

k n c o t * - M n { 6- 4 3 ) 

where k = i • X=K and where k ^ =k. The value of the phase 

s h i f t thus obtained can be compared w i t h e x i s t i n g e l a s t i c 

s c a t t e r i n g r e s u l t s . 

The e x t r a p o l a t i o n above does not hold when long range 

p o t e n t i a l s are p r e s e n t . I t needs m o d i f i c a t i o n f o r t h a t case, 
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6.5 Computation 

For each energy of the i n c i d e n t p a r t i c l e a d i f f e r e n t 

s e t of l i n e a r a l g e b r a i c equations was s o l v e d . As r e q u i r e d 

f o r the accuracy of the reactance matrix obtained and i t s 

symmetry the number of points f o r the r a d i a l i n t e g r a t i o n 

should not be l e s s than f o r t y - e i g h t . They are d i s t r i b u t e d 

between zero and twenty f i v e . T h i s corresponds to a s e t 

of 96 l i n e a r equations (as w i l l be seen l a t e r ) , and a 

matrix of c o e f f i c i e n t s c o n s i s t i n g of 9216 elements. 

E i t h e r we e n t e r the subroutine of s o l v i n g the equations 

w i t h the c o e f f i c i e n t s i n hand, i n which case we need 9216 

s t o r e s , or we s o l v e them by t a k i n g two equations a t a time. 

The l a t t e r case r e q u i r e s unnecessary r e p e t i t i o n of e v a l 

uating the k e r n e l s (see f o l l o w i n g d e t a i l s ) . 

There are 2304 d i f f e r e n t ( b i j ) ' s i n the c o e f f i c i e n t 

matrix. Each of them i n c l u d e s the summation of 48 terms 

with 48 k e r n e l s . 

Unless r e p e t i t i o n and symmetry are e x p l o i t e d there 

w i l l be needed 2304 x 48 e v a l u a t i o n s . From t h i s we see 

what a l a r g e amount of computing time i s consumed. 

The c a p a c i t y of the K. D. F.9 of the U n i v e r s i t y of 

Newcastle-upon-Tyne i s 14,000 s t o r e s . I f 9216 of them are 

r e s e r v e d f o r the c o e f f i c i e n t s l e s s than 5,000 s t o r e s are to 

be used f o r d i f f e r e n t p a r t s of the program and the program 
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i t s e l f . That would not have been p o s s i b l e had we obtained 

bad accuracy I n the r e s u l t s which would r e q u i r e more points 

and a l a r g e r matrix. I f t h i s had been the case we would 

have been forced to perform the longer procedure of t a k i n g 

two equations a t a time. We have t e s t e d two rows of the 

matrix and found t h a t i n such a case the e v a l u a t i o n of the 

whole matrix would r e q u i r e about three hours. But i f 

various steps of economizing are taken the time i s squeezed 

to 10 minutes. 

Another d i f f i c u l t y causing time consumption was the 

behavior o f the ke r n e l s a t some p o i n t s . They have s i n g u l 

a r i t i e s a t r = P. and a t r = 2R. One way of going about 

t h i s was to have two d i f f e r e n t mesh p o i n t s f o r r and Rv B u t 

t h i s i s not very e f f e c t i v e as when the i n t e r v a l s between 

these points are di v i d e d according to a Gaussian i n t e g r a t i o n 

method some of the d i v i d i n g points might c o i n c i d e w i t h the 

mesh of the other r . Another way i s explained i n the 

fo l l o w i n g . 

Because we use the Gaussian method f o r the i n t e r v a l -1 

to +1 we need to change the v a r i a b l e s so as to transform the 

region -1 to +1. Two of the po i n t s d i v i d i n g each i n t e r v a l 

are very c l o s e t o, but not on the ends. Therefore i f we 

d i v i d e the r f i r s t , then f o r each p o i n t we have a d i f f e r e n t 

mesh f o r the R by i n s e r t i n g t h i s p o i n t i n the mesh of R. 
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When Gauss d i v i s i o n comes t h i s p o i n t w i l l be a u t o m a t i c a l l y 

avoided. T h i s method had i t s s u c c e s s . But when the 

accuracy r e q u i r e d many po i n t s the p o i n t s crowded enough 

to give r i s e to a s i n g u l a r i t y again. 

F i n a l l y we turned to the k e r n e l i t s e l f . With some 

simple change of v a r i a b l e s the s i n g u l a r i t y was removed. 

Then we were f r e e to i n c r e a s e the points without f e a r of 

the k e r n e l blowing up. I n f a c t although the k e r n e l goes 

through a s i n g u l a r i t y i t s i n t e g r a t i o n i s meaningful. The 

e r r o r comes from the d i s c r e t e n e s s of numerical techniques 

( r e p r e s e n t i n g curves by s t e p s ) . 

The program b r i e f l y goes as f o l l o w s . L e t us c o n s i d e r 

the elements b^.. = h(r^,R..) of equation (6.21) . Because of 

the i n t e g r a t i o n i t i s a summation of terms dependent on . 

To see the c o n s t r u c t i o n move p r e c i s e l y we introduce the 

elements of a three dimensional matrix (see diagram i n 

f i g u r e ( 6 ) . As i n the diagram, these elements occupy s t o r e s 

which are numbered i n three d i r e c t i o n s . The h o r i z o n t a l 

one i s i , the v e r t i c a l one i s j and the t h i r d one i s k. 

From equation (6.10) i t i s seen t h a t b ^ j ^ can be f a c t o r e d 

i n t o b., ̂  x b., where i k 
-1 
b i k = L n ( r , r ) and, b. ] c = k ( r ; 

1 
"k ' R . ) r (6.44) 
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T h i s enables us to evalua t e b ^ once and f o r a l l f o r each 
column i , s t o r e copies of i t i n the appropriate s t o r e s , 
and m u l t i p l y each with B y doing t h a t the time of 

c a l c u l a t i n g the k e r n e l s i s saved. I f t h i s i s repeated f o r 

a l l the other elements k (the t h i r d dimension) from 1 to 

48, each time adding a new b". to what has been accumulated 

i n the corresponding s t o r e , we end up by having a l l the 

i n t e g r a t i o n s i n one column done. The procedure i s repeated 

f o r a l l columns. The symmetry of the k e r n e l s i s e x p l o i t e d 

by s t o r i n g copies of them when forming the b sub-matrix, 

and then using them l a t e r f o r forming the c sub-matrix. I n 

order to be able to r e v e r s e the k matrix i t must be square. 

Unfortunately when we used 48 points f o r the intermediate 

i n t e g r a t i o n i t was not accurate enough. By i n c r e a s i n g the 

number the matrix became r e c t a n g u l a r . The other dimension 

of i t i s alr e a d y i n i t s maximum. Therefore t h i s symmetry 

was not used. 
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CHAPTER 7 

Re s u l t s and Conclusion 

7.1 One channel case; 

The s - and p- wave phase s h i f t s f o r various p o l a r i z a t i o n 

p o t e n t i a l s c a l c u l a t e d i n the one-channel treatment are shown 

i n t a b l e s (1) and (2) r e s p e c t i v e l y . I n column (1) of these 

t a b l e s the phase s h i f t s are l i s t e d when only the d i p o l e p a r t 

of the p o l a r i z a t i o n i s i n c l u d e d . T h i s i s the most important 

c o n t r i b u t i o n to p o l a r i z a t i o n . The next most important p a r t 

i s the guadrupole. Column (2) of the t a b l e shows the phase 

s h i f t s when the dipole and the quadrupole terms are in c l u d e d . 

The monopole c o n t r i b u t i o n to the p o l a r i z a t i o n i s of s h o r t 

range. Drachman (1965) has shown t h a t the monopole term 

provides a p o t e n t i a l which i s too l a r g e . The phase s h i f t s 

v/hen i n c l u d i n g d i p o l e , quadrupole, and monopole terms are 

shown i n column ( 3 ) . 

I n column (4) we in c l u d e the phase s h i f t s using the 

complete p o l a r i z a t i o n c a l c u l a t e d by Dalgarno and Lynn (1957) 

and used by Deachman (1965). I n column (6) we i n c l u d e 

Schwartz's wave phase s h i f t s (1961). Schwartz r e s u l t s are 

expected to be a c c u r a t e . But there i s some doubt about 

t h a t . Cody e t . al(1964) found t h a t by allow i n g f o r v i r t u a l 
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positronium formation the r e s u l t s exceeded those of Schwartz' 

bounds. Stone (1966) suggested t h a t the r e s u l t s should 

improve when more mul t i p o l e s are added i n the p o l a r i z a t i o n . 

He considered Schwartz r e s u l t s as accurate and hence showed 

some doubt about the r e s u l t s of Drachman whose phase s h i f t s , 

with the complete p o t e n t i a l exceed those of Schwartz con

s i d e r a b l y . We have r e c a l c u l a t e d the phase s h i f t s w i t h the 

complete p o t e n t i a l and obtained r e s u l t s which agree to 

w i t h i n 1% w i t h those of Drachman. 

Temkin and Lamkin (1961) introduced a p o l a r i z a t i o n 

p o t e n t i a l based on a wave f u n c t i o n c o n t a i n i n g a step f u n c t i o n 

t h a t f o r c e s the perturbed wave fu n c t i o n to be zero when 

the I n c i d e n t p a r t i c l e l i e s w i t h i n the t a r g e t atom. I n t a b l e 

(1) column (5) we in c l u d e the phase s h i f t s c a l c u l a t e d by 

Cody e t . a l (1964) based on t h i s approximation. T h e i r 

approximation i s i n p r i n c i p l e e q u i v a l e n t t o the d i p o l e 

approximation. 

The r e s u l t s of Stone (1966) using a d i p o l e wave fu n c t i o n 

obtained by v a r i a t i o n a l methods are i n good agreement w i t h 

the corresponding approximation (column 1 ) . They are not 

included i n the t a b l e s . 
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7.2 The two-channel case 

The e l a s t i c s c a t t e r i n g c r o s s - s e c t i o n s have been 

c a l c u l a t e d f o r i n c i d e n t wave numbers up to 1 atomic u n i t . 

The r e s u l t s f o r the s-wave are shown i n f i g u r e ( 2 ) . Those 

of the p-wave are shown i n f i g u r e ( 3 ) . The d i f f e r e n t graphs 

correspond to d i f f e r e n t approximations which have been used 

i n the c a l c u l a t i o n s . A i s the approximation of i n c l u d i n g 

v e r t u a l positronium formation, and no p o l a r i z a t i o n i s 

in c l u d e d . B ( l ) i s the same as A but w i t h the dipole poten

t i a l included i n channel 1 and channel 2. B(2) i s the 

same as A but with the dipole and guadrupole p o t e n t i a l s 

i n c l u d e d i n the f i r s t channel and only the di p o l e i n the 

second channel. B(3) i s the same as A but with the di p o l e , 

guadrupole and the monopole p o t e n t i a l s i n c l u d e d i n the f i r s t 

channel and only the dipole i n the second channel. 

The reason f o r i n c l u d i n g only the dipole i n the second 

channel i n approximations B(2) and B(3) i s t h a t they are 

i d e n t i c a l l y zero i n t h a t channel. 

The c r o s s s e c t i o n f o r positronium formation i s 

shown i n f i g u r e (4) f o r the s-wave and i n f i g u r e (5) f o r 

the p-wave. Approximations A and B ( l ) have been used to 

c a l c u l a t e the cro s s s e c t i o n s f o r 1 = 2 Table ( 4 ) . They 

show t h a t the 1 = 2 wave has l i t t l e c o n t r i b u t i o n to make 

fo r the c r o s s s e c t i o n s compared w i t h the 1 = 0 and 1 = 1 
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c a s e s . P o l a r i z a t i o n emphasises the e f f e c t of t h i s wave i n 

the e l a s t i c s c a t t e r i n g . 

I f the reactance matrix i s d i a g o n a l i z e d we obtain 

r e s u l t s t h a t can be compared w i t h the phase s h i f t s of the 

e x i s t i n g one-channel approximation r e s u l t s , f o r the m u l t i 

channel s c a t t e r i n g process i s determined by the s p e c i f 

i c a t i o n of the eigenphase s h i f t s and of the mixing para

meters. D i a g o n a l i z i n g the reactance matrix was done by 

help of the r e a l orthogonal U matrix defined i n equation 

(6.31). I n Table (6) the mixing parameters are included 

together w i t h the eigenphase s h i f t s . I t must be noted 

t h a t p h y s i c a l e f f e c t s are not a f f e c t e d by the a d d i t i o n of 

m u l t i p l e s of 2IT i n eigen phase s h i f t s . 

I n f i g u r e s (4) and (5) c r o s s s e c t i o n s are included f o r 

the Positronium formation Q.̂  *-n t w o cases 1 = 0 and 1 = 1 

r e s p e c t i v e l y . I t i s n o t i c e d t h a t i n the n o - p o l a r i z a t i o n 

case the c r o s s s e c t i o n f o r positronium formation i s very 

s m a l l . We can i n t e r p r e t t h a t as the r e s u l t of decoupling 

of the two channels when e i s too s m a l l . Although the 

f e a t u r e has often been n o t i c e d (Bransden 1965) i n methods 

based on v a r i a t i o n a l p r i n c i p l e s , i t seems t h a t t h i s case 

i s an extreme. The behaviour of the t o t a l positronium 

formation c r o s s s e c t i o n s 

Q 1 2
 = Z Q 1 2 U ) ( 7 , 1 ) 



-106-

which r i s e to a miximum i n magnitude of order a* a t 

momentum k = 1.0 (a.u.) i s , i n c o n t r a s t , e n t i r e l y what would 

be expected. 

I t was i n t e r e s t i n g to check numerical work by compar

in g the e x t r a p o l a t i o n of our aasults to the region below 

the t h r e s h o l d of positronium formation with those of Cody e t . 

a l . (1964). The M matrix (Ross and Shaw 1961) was e x t r a -

pulated f o r 1 = 0 . The agreement was very good c o n s i d e r i n g 

the e x t r a p o l a t i o n i n v o l v e d . 

When p o l a r i z a t i o n i s present, the p i c t u r e gets more 

complicated. I n the case when 1 = 0 the mixing parameter 

i s l a r g e now. The coupling i s consequently important. The 

s c a t t e r i n g i s a f f e c t e d by producing a bigger p r o b a b i l i t y of 

positronium formation. i s then i n c r e a s e d considerably, 

w h i l e i s reduced. T h i s i s not the case when 1 = 1 . For 

then an opposite e f f e c t i s produced. which was l a r g e 

f o r n o - p o l a r i z a t i o n i s reduced and Q ̂ i n c r e a s e d . I n t h i s 

case r i s e s slowly above t h r e s h o l d but f o r 1 = 0 has 

a peak j u s t above t h r e s h o l d , then drops very s t e e p l y when 

the energy i n c r e a s e s . The p o s i t i o n of the peak i s (k = 

0.7071). But s i n c e i t i s not p o s s i b l e to get very good 

c a l c u l a t i o n s i n the neighburhood of the t h r e s h o l d we say 

t h a t the peak i s near (k = 0.71). 
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Th e general feature of the s-wave s c a t t e r i n g c r o s s 

s e c t i o n suggests t h a t the reactance matrix has a pole j u s t 

below t h r e s h o l d , probably r e p r e s e n t i n g a bound s t a t e i n the 

positron-proton channel. The behaviour of 6 2 ^ s incon

s i s t e n t w ith t h i s . Our f i r s t attempt to confirm t h i s 

p i c t u r e was to e x t r a p o l a t e below t h r e s h o l d using the M 

matrix method. The second attempt was to c a l c u l a t e d i r e c t l y 

from the s c a t t e r i n g equations. The M matrix elements were 

too s e n s i t i v e f o r accurate r e s u l t s to be obtained. D i r e c t 

c a l c u l a t i o n s break down j u s t below t h r e s h o l d . However, the 

r e s u l t s s t r o n g l y suggest t h a t a bound s t a t e e x i s t s i n channel 

2, g i v i n g r i s e to a resonance i n the e + - H channel near 

k = 0.706. For 1 = 1 and 1 = 2 no t r a c e of a pole i s seen. 
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7.3 Conclusion 

The conclusion t h a t can be drawn from the r e s u l t s o f 

our one-channel c a l c u l a t i o n s i s t h a t p o l a r i z a t i o n e f f e c t s 

a r i s e mainly from the c o n t r i b u t i o n of the d i p o l e and quad-

rupole terms of the p o l a r i z a t i o n s e r i e s . A l l higher terms 

are unimportant. We a l s o conclude t h a t the monopole should 

not be included f o r s-wave s c a t t e r i n g . Perhaps i n s t e a d of 

the monopole one should use long-range c o r r e l a t i o n terms to 

be determined v a r i a t i o n a l l y , as has been done by Burme and 

T a y l o r (1966) f o r electron-hydrogen s c a t t e r i n g . 

As i n the one-channel treatment the c r o s s s e c t i o n s i n 

the two-channel treatment are seen to be r a t h e r s e n s i t i v e t o 

the d e t a i l s of the p o l a r i z a t i o n p o t e n t i a l used. I t i s 

n o t i c e d , though, t h a t the d i f f e r e n c e between approximation 

A and any of the approximations (B) i s l a r g e compared w i t h 

the d i f f e r e n c e s between the d i f f e r e n t approximations ( B ) . 

T h i s leads us to d e r i v e the conclusion t h a t proper account 

must be taken of p o l a r i z a t i o n e f f e c t s i n t h i s r e a c t i o n . We 

f e e l t h a t t h i s i s most probably the case f o r rearrangement 

c o l l i s i o n s i n g e n e r a l . 
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FIGURE LEGENDS 

FIGURE 1 

The c r o s s - s e c t i o n f o r positronium formation c a l c u l a t e d 

by Massy and More (1954) . 

Curve 1: F i r s t Born Approximation 

Curve 2: D i s t o r t e d wave Approximation 

FIGURE 2 

The e l a s t i c p a r t i a l c r o s s - s e c t i o n f o r e +-H s c a t t e r i n g 

f o r the p a r t i a l wave \ - s 

Curve (A): No p o l a r i z a t i o n i n c l u d e d 

Curve ( B l ) : Dipole p o t e n t i a l included 

Curve (B2): Dipole and Quadrupole p o t e n t i a l s i n c l u d e d 

Curve (B3): Dipole Quadrupole and Monopole p o t e n t i a l s 

i n c l u d e d 

FIGURE 3 

The e l a s t i c p a r t i a l c r o s s - s e c t i o n f o r e +-H s c a t t e r i n g 

f o r the p a r t i a l wave f : l (A), ( B l ) , (B2) , and (B3) r e p r e s e n t 

the same approximations mentioned above. 

FIGURE 4 

The positronium formation c r o s s - s e c t i o n f o r e +-H 

s c a t t e r i n g f o r the p a r t i a l wave ft : .9 

FIGURE 5 

The positronium formation c r o s s - s e c t i o n f o r e +-H 

s c a t t e r i n g f o r the p a r t i a l wave (! ; j 
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FIGURE 6 

I l l u s t r a t i o n of storage f o r k e r n e l s K Q 1 ( r f R ) and 

K,_.(R,r) I n a three dimensional matrix. 
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Table 3 

V a r i a t i o n a l c o r r e c t i o n s to s-wave phase s h i f t s 
i n c l u d i n g the dipole p o t e n t i a l 

k Phase S h i f t C o r r e c t i o n 
0.1 0.098 0.01025 
0.2 0.114 0.00853 
0.3 0.087 0.00688 
0.4 0.041 0.00569 

0.5 -0.010 0.00486 

0.6 -0.062 0.00435 
0.7 -0.111 0.00388 
0.8 -0.157 0.00347 
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A B ( l ) 
k.(a.u) 

Q l l Q 1 2 Q l l Q12 

0.72 1.7x10" 3 1.6x10" 3 0.30 3.6xlO~ 3 

0.74 2.0x10" 3 1 . 2 x l 0 - 2 0.31 3 . 2 x l 0 " 2 

0.8 3.3x10" 3 6.3xlO - 2 0.30 1 . 2 x l 0 " 2 

0.9 7 . 6 x l O - 3 8 . 1 x l O - 2 0.30 8 . 3 x l 0 " 2 

Table 4 The c r o s s - s e c t i o n s f o r 1 = 2 using v/ave 
functions i n approximations A and B ( l ) 

Q 1 1 = e l a s t i c c r o s s - s e c t i o n f o r e +-H s c a t t e r i n g 
i n u n i t s of a^ 

®12 = P 0 8**^ 0 1 1! 1 1 1 1 1 1 formation c r o s s - s e c t i o n i n 
u n i t s of a 2 
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k(a.u) 6 6 

0.7 -0.29 -0.286 

0.6 -0.24 -0.238 

0.5 -0.20 -0.186 

0.4 -0.15 -0.134 

Table 5 Phase s h i f t s (1 = 0) f o r e l a s t i c 
s c a t t e r i n g of p o s i t r o n s by hydrogen, 

6 i s the 1 = 0 phase s h i f t obtained 
by e x t r a p o l a t i n g the r e s u l t s of 
approximation (A) below the 
positronium formation t h r e s h o l d . 

& i s the 1 = 0 phase s h i f t computed 
d i r e c t l y by Cody e t a l . i n the 
same approximation. 
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Table 6 

Elgenphase s h i f t s and Mixing parameters f o r 1 = 0 
near t h r e s h o l d 

No p o l a r i s a t i o n Approximation A P o l a r i s a t i o n 
~ \ \ Approximation B ( l ) 

• 
k.(a.u) 6 1 6 2 e 6 1 fi2 e 

0.71 -0.294 -0.261 -0.006 -0.022 1.819 0.285 

0.715 -0.296 -0.413 +0.004 -0.039 1.412 0.263 

0.72 -0.299 -0.548 0.003 -0.052 1.198 0.292 

0.73 -0.303 -0.721 0.003 -0.074 0.937 0.324 

0.74 -0.307 -0.826 0.004 -0.096 0.768 0.440 

0.77 -0.332 -1.168 0.005 -0.159 0.463 0.569 
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