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ABSTRACT 

This t h e s i s deals with some general vork on the use of 

inverse amplitude d i s p e r s i o n r e l a t i o n s to describe low-energy 

TT n and -rrK s c a t t e r i n g , and how the sub-threshold amplitudes 

may then be used to describe non-leptonic decays• 

I n chapter one we introduce the ideas which form the background 

to the s t r u c t u r e of meson-meson s c a t t e r i n g . 

I n chapter two we i n v e s t i g a t e a four parameter family of 

s o l u t i o n s to the TTTT partial-wave d i s p e r s i o n r e l a t i o n s using 

the inverse amplitude method assuming e l a s t i c u n i t a r i t y . The 

S-waves have sub-threshold zeros c o n s i s t e n t with the Adler condition 

and i n e l a s t i c e f f e c t s are estimated and found to be small below 

the rho-meson mass. 

I n chapter three we a n a l y t i c a l l y continue the sub-threshold 

TTTT amplitude found previously to f i t the s t r u c t u r e of the 

D a l i t z p l o t i n the non-leptonic decays K 3rr and /j — 3 TT . 

I n chapter four we review the u n i t a r y effective—range 

expansions which have been used to describe TT-TT s c a t t e r i n g , and 

we examine a new unitary effective-range expansion which we use 

to describe the S-waves of T T K s c a t t e r i n g giving some estimate of 

the left-hand cut contributions to the amplitude. 

I n chapter f i v e we extend these amplitudes by making a c a r e f u l 

a n a l y s i s of the left-hand cut and c i r c l e cut contributions to the 

TT K partial-wave d i s p e r s i o n r e l a t i o n s using the inverse 

amplitude method. 

F i n a l l y i n chapter s i x we i n v e s t i g a t e how the t\ and i t s 



a s s o c i a t e d SU(3) g e n e r a l i z a t i o n , the S (962), f i t into the o v e r a l l 

p i c t u r e we are able to conclude from our c a l c u l a t i o n s . 



CHAPTER 1. 

INTRODUCTION 

1.1 S-matrix approach 

A. complete knowledge o f the S-matrix { l ) i s the u l t i m a t e 

aim of hadron p h y s i c s . The S-matrix approach d i r e c t l y l i n k s t h e o r y 

and experiment; a l l e x p e r i m e n t a l data i s immediately r e l a t e d t o 

the s c a t t e r i n g m a t r i x . I n p r i n c i p l e a l l the m a t r i x elements shou l d 

be o b t a i n a b l e from experiment, b u t i n p r a c t i c e o n l y those w i t h 

two i n i t i a l p a r t i c l e s are d i r e c t l y a c c e s s i b l e , when f u r t h e r the 

t a r g e t i s e i t h e r a p r o t o n or a compound n u c l e u s . The d e t a i l s of 

ot h e r i n t e r e s t i n g processes can be e x p l o r e d , however, by e x p l o i t i n g 

some of the genera l p r o p e r t i e s of the S-matrix . C u r r e n t evidence 

suggests t h a t S-matrix elements possess p r o p e r t i e s of a n a l y t i c i t y , 

u n i t a r i t y c r o s s i n g symmetry, and i n t h i s t h e s i s we use these 

t h r e e p r i n c i p l e s ( t o g e t h e r w i t h v a r i o u s p h y s i c a l assumptions and 

approximations) t o study the low-energy i n t e r a c t i o n of the l i g h t e s t 

pseudoscalar mesonsi- pions and kaons. 

The m r a n d -rrK processes we s t u d y a r e , of course, n o t 

d i r e c t l y a c c e s s i b l e t o experiment. However, because they i n v o l v e 

the l i g h t e s t and s i m p l e s t mesons which are f r e e l y produced i n 

c o l l i s i o n s and decays, they have an immediate and co n s i d e r a b l e e f f e c t 

on o t h e r processes which are d i r e c t l y measurable i n d e t a i l . For 

example, the TT K i n t e r a c t i o n p l a y s an i m p o r t a n t r o l e i n processes 

i n v o l v i n g kaons, such as KN s c a t t e r i n g . The f o r c e of l o n g e s t range 

comes from the exchange of a p i o n p a i r i n the i s o t o p i c s p i n s t a t e 

1 = 0 . Such an exchange takes place through the r e a c t i o n . 

A knowledge o f the TTTT, r r K , and IT N i n t e r a c t i o n s i s thus necessary 

t o determine t h i s process. Moreover t h e i r p r o p e r t y of k i n e m a t i c a l 

TT TT -=? KK —3> NN. (1.1) 

' 2 
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s i m p l i c i t y makes TT n and- I T K systems v e i l s u i t e d t o the t e s t i n g 

and development of dynamical i d e a s , f r e e o f c o m p l i c a t i o n s * 

I n the r e s t of t h i s c hapter we b r i e f l y s t a t e the main ideas 

which w i l l l a t e r be used i n c a l c u l a t i o n s and comparisons w i t h 

experiments. This i s t e r s e and d e s c r i p t i v e , w i t h the d e t a i l e d 

t e c h n i c a l i t i e s c o n f i n e d t o a s e r i e s o f appendices. V/e conclude 

t h i s i n t r o d u c t o r y chapter w i t h a d i s c u s s i o n of the Veneziano 

model, which has had n o t a b l e success i n d e s c r i b i n g n r r and 

T T K processes and w i t h which we compare our r e s u l t s . 

1.2 Kinematics 

Appendix A s e t s out i n d e t a i l the usual s , t , u k i n e m a t i c a l 

v a r i a b l e s which we use and d e f i n e s n o t a t i o n , n o r m a l i z a t i o n , 

i s o s p i n c r o s s i n g m a t r i c e s , phase space f a c t o r s e t c . These r e s u l t s 

are e n t i r e l y s t a n d a r d . 

1.3 Experiments 

Appendix B describes how we d e r i v e our knowledge of the 

amplitudes f o r n r r and tr K s c a t t e r i n g from h i g h energy p e r i p h e r a l 

meson p r o d u c t i o n u s i n g the ideas of Chew, Low and Goebel ( 3 ) . 

F i g u r e ( l . l ) i s a diagrammatic r e p r e s e n t a t i o n of how we e x t r a c t 

the n n a m p l i t u d e s , and f i g u r e (1.2) shows the "up-down" a m b i g u i t y 

i n the phase s h i f t s which r e s u l t s from the e x t r a p o l a t i o n procedure. 

1.4 Rigorous c o n s t r a i n t s and sum r u l e s 

The TT n* system was the f i r s t t o which the c o n s i d e r a t i o n s of 

u n i t a r i t y and a n a l y t i c i t y were a p p l i e d ( 4 ) , because i t was recognized 

t h a t t h i s system has simple f e a t u r e s , namely: 

( i ) Complete c r o s s i n g symmetry. 

( i i ) S t a b i l i t y o f the p a r t i c l e s and absence of u n p h y s i c a l cuts 
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and anomalous t h r e s h o l d s due t o the sm a l l mass o f the p i o n . 

Many people have since been searching f o r the s o l u t i o n t o 

the problem of f i n d i n g a cl a s s o f f u n c t i o n s A ( s , t , u ) compatible 

w i t h c r o s s i n g , a n a l y t i c i t y and u n i t a r i t y , and d e s c r i b i n g the Ti I T r r T T 

a m p l i t u d e . I n p a r t i c u l a r the main areas of research ares 

( i ) F i n d i n g the minimum i n p u t i n a d d i t i o n t o the above 

c o n s t r a i n t s t o c o m p l e t e l y determine the low energy amplitude 

( i i ) Are c u r r e n t a l g e b r a c o n s t r a i n t s compatible w i t h 

u n i t a r i t y and i f so what i s t h e i r e x t r a p o l a t i o n t o the resonance 

region? 

found 

Although a unique amplitude has n o t y e t been/ythe c l a s s o f 

f u n c t i o n s A ( s , t , u ) i s s e v e r e l y r e s t r i c t e d by the r i g o r o u s 

a n a l y t i c i t y c o n s t r a i n t s developed by M a r t i n e t a l . (E5), and a l s o 

by the c r o s s i n g sum r u l e s developed by Balachandran and Nuyts (6_) 

and by Roskies (.7) • I n appendix C we rede r i v e some o f the e a r l i e r 

c o n s t r a i n t s found by J i n and M a r t i n (5_) and a l s o f i v e o f the c r o s s i n g 

sum r u l e s found by Roskies e t a l • (.6-9). 

1.5 S o f t meson t h e o r y 

Any model t h a t p r e d i c t s nrr and rrK phase s h i f t s from a 

d i s p e r s i o n r e l a t i o n has t o be able t o give some p r e d i c t i o n f o r the 

s u b t r a c t i o n term i n the d i s p e r s i o n r e l a t i o n , which i s u s u a l l y the 

val u e o f the amplitude a t some p o i n t below t h r e s h o l d . The most 

s u c c e s s f u l models so f a r have been based on c u r r e n t a l g e bra and 

the hypothesis o f p a r t i a l l y conserved a x i a l - v e c t o r c u r r e n t (PCAC). 

'These models g i v e good p r e d i c t i o n s f o r the S-wave s c a t t e r i n g 

l e n g t h s , and the amplitudes are a n a l y t i c and c r o s s i n g symmetric b u t 

n o t u n i t a r y . Because t h e y are parameter f r e e we r e d e r i v e i n appendix 
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D the models o f Weinberg (10) and G r i f f i t h ( l l ) f o r n r r and TTK 
s c a t t e r i n g r e s p e c t i v e l y as t h e i r r e s u l t s - w i l l be used i n l a t e r 
c h a p t e r s . We a l s o g i v e t h e r e a simple d e r i v a t i o n of one of the 
most p o w e r f u l c o n s t r a i n t s on meson-meson s c a t t e r i n g - the A d l e r 
c o n s i s t e n c y r e l a t i o n s ( 1 2 ) • 

1.6 Veneziano model 

The c u r r e n t a l g e b r a r e s u l t s depend on the i d e a of s i n g l e 

meson dominance. I t i s now b e l i e v e d t h a t t h e r e i s a s e r i e s o f 

p a r t i c l e s | e q u a l l y spaced i n (mass) w i t h each s p i n and s e t o f 

i n t e r n a l quantum numbers e.g. I n a d d i t i o n t o the f> t h e r e s h o u l d 

be f , f e t c . This b e l i e f comes n o t from experiment (where the f> 

and f have n o t y e t been abserved) b u t from the widespread success 

i n s t r o n g i n t e r a c t i o n phenomenology which has f o l l o w e d from t h e 

Veneziano model (15) which assumes the e x i s t e n c e of l i n e a r Regge 

t r a j e c t o r i e s w i t h e q u a l l y spaced daughters. Thus i n s t e a d of a 

f a c t o r 

g l (1.2) 
- S 

i n c a l c u l a t i o n s we should have something l i k e 

g l x g2 x g3 x (1.3) 

\tf - S Ĥ ' - S M̂ * - S 

which i s e q u i v a l e n t t o the use of the V f u n c t i o n 

r ( ! -*( • ) ) ( 1.4) 
f 

where i n the ce.se we are c o n s i d e r i n g o^(s) i s the f> Regge t r a j e c t o r y . 

The Veneziano amplitude V ( s , t ) i s d e f i n e d by 

http://ce.se
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v ( 8 , t ) = T d - r ( i ( 1 . 5 ) 

r ( i - - «̂ y(t)) 

The i n v a r i a n t amplitude A ( s , t , u ) f o r rrrr s c a t t e r i n g i s g i v e n by 

A ( s , t , u ) = /g( V ^ ( s , t ) + V ^ ( s , u ) - V ^ ( t , u ) ) ( 1 . 6 ) 

and t h a t f o r TT K - ^ TTK i s g i v e n by 

A± ( s , t , u ) = tf(VR^(s,t)± V K y ( u , t ) ) ( 1 . 7 ) 

where oxid. ft are n o r m a l i z a t i o n c o n s t a n t s , f ^ , ( s ) i s the exchange 

degenerate l i n e a r f - f - Ag - OJ t r a j e c t o r y , and ( s ) i s the 

exchange degenrate l i n e a r K ( 8 9 0 ) - K ( 1 4 2 0 ) t r a j e c t o r y . 

I f we now j u s t c o n s i d e r the n r v n namplitude then the s i n g l e 

Veneziano term has many p r o p e r t i e s i n agreement w i t h c u r r e n t a l g e b r a 

( 1 6 ) . 

( i ) I t s a t i s f i e s the A d l e r c o n s i s t e n c y c o n d i t i o n as eq u a t i o n 

( l . 5 ) has a f a c t o r C^^B) + ot^,(t) - 1 and t h i s i s zero when 

which agrees w i t h the phenomenological ?̂ Regge t r a j e c t o r y . 

( i i ) The Veneziano amplitude assumes the e x i s t e n c e o f an I = 0 

S-wave resonance i n nrr s c a t t e r i n g (cr) and an I = -J S—wave resonance 

i n K T T s c a t t e r i n g (ft) as t h e y are the f i r s t daughters o f the^> and 

K * ( 8 9 0 ) r e s p e c t i v e l y . I t p r e d i c t s t h e e q u a l i t y o f the p andcr, 

and K * ( 8 9 0 ) and Yc masses, and a l s o the f o l l o w i n g r e l a t i o n f o r t h e 

r a t i o o f t h e widths 1 

r < / * > - » ( 1 . 9 ) 

r < < r ) 9 

Both of these p r e d i c t i o n s are i n agreement w i t h c u r r e n t a l g e b r a ( 1 7 ) 



( i i i ) The s c a t t e r i n g l e n g t h s are w i t h i n 10% o f those 

p r e d i c t e d by Weinberg ( 1 0 ) . 

( i v ) I f ire assume s o f t - k a o n PCAC we ge t the obvious 

g e n e r a l i z a t i o n o f ( l . 8 ) 

*K*(»2) -4 (i-io) 

and we o b t a i n the two SU(6) sum r u l e s 

2 2 2 2 / v m K * - m = m ̂, - / A_ ( 1 . 1 1 ; 

2 2 2 2 / i i n \ m - n y - n y - >*- (1.12) 

IfyOL= 0 then ( l . l 2 ) agrees w i t h the d e d u c t i o n of Weinberg (17) 

( v ) When we take one of the e x t e r n a l pions o f f mass-shell 

t o a l a r g e p o s i t i v e mass, we consider the 3 TT decay of a p a r t i c l e 

w i t h e t h e same quantum numbers as the p i o n . This w i l l have the 

same Regge t r a j e c t o r y as rr TT s c a t t e r i n g so the Veneziano form can 

o n l y d i f f e r by some o v e r a l l c o n s t a n t . V i i t h a s i n g l e Veneziano term 

we can then p r e d i c t e v e r y t h i n g except the t o t a l decay r a t e . A s i n g l e 

term expansion gives good f i t s t o the K-^3nr and /j-?3TT D a l i t z p l o t s , 

This i s discussed f u r t h e r i n chapter t h r e e . 

The b a s i c model as s t a t e d above i s n o t u n i t a r y as a l l the poles 

appear as poles on the r e a l a x i s . Since u n i t a r i t y r e q u i r e s Regge 

t r a j e c t o r i e s t o become complex above t h r e s h o l d the s i m p l e s t 

phenomenological p r e s c r i p t i o n has been t o add imaginary p a r t s t o the 

oC's above t h r e s h o l d and leave them unchanged below. However, n o t 

o n l y does t h i s i n t r o d u c e ancestors and v i o l a t e c r o s s i n g and u n i t a r i t y , 

b u t i t v i o l a t e s u n i t a r i t y b a d l y i n t h a t resonances such as the f> and 

o- g e t equal w i d t h s a l t h o u g h t h e y have d i f f e r e n t c o u p l i n g s . Note 

a l s o t h a t as t h e 1 = 2 channel i s e x o t i c the 1 = 2 amplitude stays 



r e a l . Lovelace's K - i n a t r i x technique (l_§) p a r t l y overcomes these 

d i f f i c u l t i e s . 

For a p a r t i a l wave p r o j e c t i o n of the Veneziano f o r m u l a V^ we 

w r i t e 

where I m ^ ( s ) = -2k/ fE. (1.14) 

This form s a t i s f i e s e l a s t i c u n i t a r i t y and the poles move o f f the 

r e a l a x i s w i t h f i n i t e w i d t h s . Phase s h i f t s may now be p r e d i c t e d f o r 

meson-meson s c a t t e r i n g and f i g u r e s ( l . 3 ) and ( l . 4 ) show t h e r e s u l t s 

f o r n n - i n n and r r K - ^ n K processes. I t can be seen t h a t b oth S-waves 
Op - e i i u A 

f a v o u r the "down up" s o l u t i o n . 

The above equations (1.13) and (1.14) do n o t p u t any c o n s t r a i n t 

on Re fx. ( s ) and the equations as w r i t t e n above have l o s t t h e i r simple 

c r o s s i n g symmetry a t the expense of g a i n i n g e l a s t i c u n i t a r i t y . 

S everal models (19) have been proposed f o r R e ^ ( s ) g i v i n g i t some 

a n a l y t i c i t y on the l e f t and r i g h t hand u n i t a r i t y c u t s , and u s i n g 

the c r o s s i n g sum r u l e s of Roskies {]_) t o r e g a i n c r o s s i n g symmetry 

i n some g l o b a l sense. The r e s u l t a n t phase s h i f t s are s t i l l i n 

agreement w i t h those o f f i g u r e s (1.3) and ( 1 . 4 ) . 



F i g . 1.1 Pion-exchange processes d i s c u s s e d i n the t e x t . 



F i g . 1.2 Experimental 1 = 0 S-wave phase s h i f t s showing tha- "up-down" 

ambiguity. 
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CHAPTER 2 

LOW-ENEHGY tT TTSCATTERING 

2.1 I n t r o d u c t i o n 

I t i s a common feature of a l l low-energy nrrmodels, which 

s a t i s f y a n a l y t i c i t y , u n i t a r i t y and crossing symmetry (e.g. (20, 2 l ) ) 

and allow a resonating P-wave, tha t they give S-wave s c a t t e r i n g 

lengths i n close agreement w i t h current algebra. I n contrast the 

work of Atkinson and Kupsch (22) has shown us t h a t there are on 

i n f i n i t y of functions which s a t i s f y the fundamental requirements, 

and so i n p r i n c i p l e we might expect to f i n d models wi t h wide ranges 

of values of S-wave s c a t t e r i n g lengths. D i l l e y (23) has indeed 

found, using a parameterization t h a t allows him to extend his 

amplitude above threshold (24), t h a t there e x i s t s a large number 

of solutions f o r the n n S-wave amplitude i n the low energy region. 

(Similar r e s u l t s have also been found by Ader e t a l (25) f o r r r K 

s c a t t e r i n g ) . His solutions f a l l i n t o two d i s t i n c t classes: 

( i ) The S-wave dominant type o r i g i n a l l y studied by Chew, 

Mandelstam and Noyes (26) and which were found by them to give only 

a small P-wave amplitude. 

( i i ) The P-wave dominant type obtained by most axiomatic 

models. Within t h i s class current algebra S—wave s c a t t e r i n g lengths 

are" favoured. 

The r e l a t i o n s h i p between n n models which incorporate the 

existence of the rho-meson and those which incorporate current 

algebra input i s explained by D i l l e y ' s r e s u l t s as his second class 

of S-wave amplitudes are characterised by having zeros below 

threshold. I t i s easy to see how t h i s i s r e l a t e d to the physical 

requirements of a resonating P-wave; f o r w h i l s t the P-wavea have 

kinematic zeros a t threshold, the S-waves are i n p r i n c i p l e only 

bounded by u n i t a r i t y which gives 



(2.1) 

Thus we would expect the S-wave to dominate the whole 

sca t t e r i n g amplitude i n the low energy region. However we 

know t h a t i f the S-waves do dominate we can have no rho resonance 

possible to have large F-waves and large S-waves. 

Since kinematics and u n i t a r i t y alone do not allow the P-waves 

to dominate, wc are forced to introduce dynamical zeros i n t o these 

p a r t i a l wave amplitudes i n order to guarantee the existence of the 

Pennington and Pond (27) have shown t h a t such zeros which must be 

present i n physical n n S-waves are i d e n t i c a l with those implied 

by the Adler consistency condition. 

Most of the r e s u l t s t h a t favour the "up" s o l u t i o n above the ^ 

mass are of the type where a model f o r the t o t a l nn mass spectrum 

i s assumed as input t o the c a l c u l a t i o n e.g.. the Veneziano model 

input i n the work of Tryon (28) and the Regge pole model wi t h 

u n i t a r i t y cuts of Moffat et a l . (29). Their f i n a l amplitudes can 

be made to give current algebra s c a t t e r i n g lengths, and s a t i s f y 

a l l the constraint equations and crossing sum rules below threshold; 

however, i t seems to us t h a t one of the main objectives i n 

s c a t t e r i n g i s to determine the mass spectrum i n the energy region 

below 1 GeV., given only t h a t the P-wave i s -P dominated, and D -

and higher waves are small. Assuming the existence of the vnear the ̂  

w i l l always generate phase s h i f t s of the conventional Breit-Wigner 

"down-up" type, and thus these models loose a l o t of t h e i r p r e d i c t i v e 

power. 

I n t h i s chapter we present a simple model f o r the n n i n t e r a c t i o n 

(26), but, of course, the converse i s not obvious i . e . I t may be 

the P-wave i s 
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i n the region Js .£ 1 GeV. (30), using inverse amplitude dispersion 

r e l a t i o n s , and by not assuming any mass spectrum f o r the S-waves 

we are able to investigate the existence of the r and i t s 

r e l a t i o n s h i p with the j> 

The approach leads t o a four parameter fa m i l y of crossing-

symmetric and u n i t a r y S-, P- and D- wave amplitudes. While the 

four parameters may be va r i e d to study w i t h i n a single framework 

the properties of a large class of models, i n the present work we 

concentrate e n t i r e l y on c a l c u l a t i n g amplitudes which on the one hand 

s a t i s f y as closely as possible a l l the general t h e o r e t i c a l constraints 

which have recently been discovered (e.g. ( 3 l ) ) , and which on the other 

i n t e r p o l a t e available experimental data to give a d e t a i l e d p i c t u r e 

of the low-er.e;rgy region. 

A central dynamical assumption i s the existence of the 

meson a t i t s physical mass. I t s width i s ( e s s e n t i a l l y ) one of the 

availo.ble variable parameters. No attempt i s made to explain (or 

bootstrap) t h i s p a r t i c l e . 

I n a d d i t i o n there are four major physical approximations: 

( i ) only S-, P-, and D-waves contribute i n the region of 

i n t e r e s t , JT <• 1 GeV. 

( i i ) the S-wave s c a t t e r i n g lengths are small. 

( i i i ) e l a s t i c u n i t a r i t y holds f o r Js" £ 1 GeV, 

( i v ) the l e f t hand cuts of the partial-wave amplitudes can 

be estimated d i r e c t l y from the crossed-channel partial-wave s e r i e s . 

Of these, both ( i ) and ( i i i ) appear to be supported by a l l 

analyses of peripheral pion production (20, 2 l ) . However, we cannot 

disregard the f a c t t h a t through a n a l y t i c i t y and crossing both 
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higher p a r t i a l waves and absorptive e f f e c t s i n the region 

} s ̂  1 GeV can influence s i g n i f i c a n t l y the lower waves i n 

J s ^ 1 GeV. Such p o s s i b i l i t i e s are considered i n d e t a i l i n 

the numerical c a l c u l a t i o n s . 

The approximation of small S-wave s c a t t e r i n g length ( i i ) i s 

perhaps the most r e s t r i c t i v e . However, i t i s suggested by most 

current t h e o r e t i c a l models (10, 23, 32), and indeed has p o s i t i v e 

experimental support, as we describe below. I t should be noted, 

however, t h a t i n the o r i g i n a l work of Weinberg we have the choice 

between saying t h a t small s c a t t e r i n g lengths imply the Weinberg 

l i n e a r expansion i s v a l i d , or vice versa, which was the way the 

model was o r i g i n a l l y proposed. This dichotomy has now been solved 

by recent experimental data. 

The f o u r t h approximation allows the use of crossing to close 

the c a l c u l a t i o n a l system of i n t e g r a l equations. I t i s equivalent to 

disregarding the presence of the t h i r d double spectral f u n c t i o n , which 

i s a t l e a s t consistent with the ideas of exchange degeneracy (33). 

I n p r a c t i c e , the partial-wave dispersion r e l a t i o n s are subtracted and 

r a p i d l y convergent, and hence i n s e n s i t i v e to d e t a i l s of the d i s t a n t 

left-hand cut. Our ignorance of t h i s region i s absorbed i n t o 

subtraction constants. 

The next section describes i n d e t a i l the construction of the 

inverse amplitude dispersion r e l a t i o n s f o r 1.^2 (34), and describes 

how they are solved when subtraction constants and pole terms 

(amplitude zeros) are s p e c i f i e d . This i s the place where the four 

v a r i a b l e parameters enter, according to a subtraction scheme r e l y i n g 

on assumption ( i i ) above - t h a t the thresholds are weak. 
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The p a r t i a l waves i n the Manclelstain t r i a n g l e ( s , t , u a l l 
p o s i t i v e ) are l i n k e d together by an approximate representation 
i n terms of a crossing - symmetric quadratic polynomial expression, 
which parameterizes the subthreshold amplitudes i n terms of four 
independent r e a l c o e f f i c i e n t s . These may be taken to be the P-wave 
sc a t t e r i n g length, the two S-wave s c a t t e r i n g lengths, and the Chew-
Monde Is tam coupling constant (_4) • Choosing values of these q u a n t i t i e s 
f i x e s the d i s p e r s i o n - r e l a t i o n subtraction constants, and determines 
the amplitude zeros (which lead to pole-terms). 

Therefore, the output phase s h i f t s are expressed through 

subtractions i n terms of the -meson mass and four low-energy 

parameters, and connected i n a c o n t r o l l a b l e and e x p l i c i t l y crossing-

symmetric way to the size, shape and zero-structure of the subthreshold 

amplitudes. 

The input parameters ( i n c l u d i n g extra phenomenological i n e l a s t i c 

terms, and higher p a r t i a l waves) may be varied to seek s a t i s f a c t i o n 

of d e t a i l e d a n a l y t i c i t y and crossing c o n s t r a i n t s , and to obtain 

agreement w i t h various pieces of experimental information. I n the 

process, the self-consistency of the model can be checked, ( d e t a i l s 

are given i n section 3 ) . 

The numerical r e s u l t s presented i n section 4 show t h a t there 

are solutions to the model which s a t i s f y a l l but one of the 

desirable constraints and properties - t h i s i n i t s e l f i s not t r i v i a l . 

Moreover, the range of possible acceptable solutions i s quite narrow 

and agrees rather w e l l with the re s u l t s of rel a t e d but s u b s t a n t i a l l y 

d i f f e r e n t approaches. 

The p r i n c i p a l feature of the r e s u l t s i s the strong preference 
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f o r a resonant isoscalar S-wave - a super broad q- w i t h the phase 

s h i f t choosing a down behaviour above the 90° p o s i t i o n . This i s 

true even when i n e l a s t i c i t y (expected to be strong i n t h i s wave 

about 1 GeV.) i s taken i n t o account (see section 5 ) . 

2.2 Method 

The f i r s t p a r t of t h i s section describesthe inverse-amplitude 

dispersion r e l a t i o n s (34), and the second gives d e t a i l s of the 

polynomial amplitudes which t i e them together. 

A* Dispersion Relations. 

The a n a l y t i c properties of A^ (s) i n the s-plane are wel l known 

( 4 ) . Defining B^(s) = (A^ ( S ) ) on the right-hand cut e l a s t i c 

u n i t a r i t y reads 

Im B* (s) = - ^ s ) (2.2) 

2 A. r where ^ ( s ) = ( ( s - 4 ^ . )/s) . Then a dispersion r e l a t i o n f o r B^(s) 

may be w r i t t e n 

B j (S) = H(a) - H(s o) + B * ( S q ) + L^(s) + p j ( s ) + R J ( S ) (2.3) 

where a subtraction i s made a t s = s Q (which may depend on I andj£). 

The advantage of t h i s expression i s tha t from (2.2) the e l a s t i c 

right-hand cut c o n t r i b u t i o n H can be evaluated once and f o r a l l i n 

closed form independent of I and JL} 

H(s) = I ( ds' 
TT \ (s'-s) 

= I fC»)JUM«) + i \ , o v 2 ( 2 - 4 ) 

TT ^ f ( s ) - l) 
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2 

For s^4 , H i s evaluated by e n c i r c l i n g the branch-points 

anticlockwise. 
Of the other terms i n (2.3) Il(so) and B (so) are subtraction 

constants, and the left-hand cut c o n t r i b u t i o n i s 
o 

L . ( s ) = ~ ( s - s o ) ds (2.5) 
) (•' - s j 

Possible poles of B^(s) (zeros of A (s) are represented by P*(s), 

which f o r one simple pole a t s = s^, has the form 

(s-s ) c 

where 

(s-s ) (s -s ) P P ° 

c = dA (s) 
ds s=s 

— 
p 

-1 

The i n e l a s t i c part of the right-hand cut contributes 

R * ( S ) = -(s - s o ) r , (s) f (s') ds 
(s'-s) ( s' - s j 

(2.6) 

where r** (s) i s the r a t i o of i n e l a s t i c to e l a s t i c partial-wave 

cross - sections and from equations (A33) and (A34) i s 

wi t h ^ ^ **e^ (assumption ( i i i ) ) 

(2.7) 

There are f i v e p a r t i a l waves i n the model, and the amplitudes 

are calculated i n t e r a t i v e l y , as f o l l o w s . 
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The f i r s t step i s the s p e c i f i c a t i o n of each value of so, 

B*(s ) , V*{a) and R 3
((s). Then wi t h an i n i t i a l choice of i i ^ ( s ) 

(zero i s convenient, hut other choices lead to the same r e s u l t ) 

B^(s) may be calculated f o r s ranging from some left-hand c u t o f f - /\ 

to a convenient right-hand point, ( f i 1 GeV)'t and A^(s) constructed 

by inversion. 

Now a be t t e r approximation to the amplitude i s calculated by 

using an estimate of L^(s) obtained from (2.5) by i n t e g r a t i n g over 

a left-hand d i s c o n t i n u i t y given by crossing (^) (assumption ( i v ) ) i 

\¥e can combine these two expressions i n t o one by noting t h a t 
I 

F^(-z) = ( - l ) ^ ( z ) a n <* hence the second expression i s equal to 

the f i r s t except f o r a f a c t o r ( - l ) ~ ̂  *^* ̂  but as we have 

A T - , I'-o A'̂ o 

fiose s t a t i s t i c s I + JL i s even and hence we obtain 

The imaginary p a r t of A^(s) f o r s " ^ 4 ^ i s needed i n (2.8) 

and the re a l p a r t of A*(s) f o r s^O i s needed i n (2.5); both are 

given by the previous estimates. The i n t e g r a l i n (2.5) i s cut o f f 

a t s = ~A» a n t* ^ o r S ^ ~ A w e assume 

Im B*(a) = Im B*(-/y x (2.9) 

The r e s u l t s f o r the phase s h i f t s f o r s ̂  50̂ **- (where they 

are most l i k e l y to be r e l i a b l e ) are i n s e n s i t i v e to the precise values 
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2 of /^ando(, provided^£0 and A ^ 2 5 . For a l l the r e s u l t s quoted 
here oC = 0. 

This st r a i g h t f o r w a r d i t e r a t i v e a p p l i c a t i o n of crossing symmetry 

i s repeated u n t i l two successive cycles agree. Convergence i s easy 

to prove, and i n practice f u r t h e r changes are small a f t e r 4 or 5 

cycles and n e g l i b l e a f t e r about 10. 

Thus by a p p l i c a t i o n of crossing, a n a l y t i c i t y and u n i t a r i t y 

(which i s e x p l i c i t a t each stage) output amplitudes are produced 

depending on the chosen input values f o r s Q , B^(SQ), P^(s) and 

R^(s). This i s where the approximate polynomial amplitudes are used. 

B. Polynomial Amplitudes 

I t i s convenient to use the standard Chew-Mandelstam i n v a r i a n t 

amplitude 4-(s,t,u) symmetric under the interchange t * - 5 i i and r e l a t e d 

to the s - channel isospin amplitudes by equations (A22 - 24) 

A° = 3A(s,t,u) + A(t,s,u) + A(u,s,t) 

A 1 = A(t,s,u) - A(u,s,t) (2.10) 
A 2 >» &(t,s,u) + A(u,s,t) 

Neglecting the threshold branch points (assumption ( i i ) ) and 

p a r t i a l waves wi t h Jl^-2 (assumption ( i ) ) , we may w r i t e quite 

generally 

A(s,t,u) = a + b (t+u) + c t u + d ( t + u ) 2 ( 2 . 1 l ) 

This i s an e x p l i c i t l y crossing-symmetric S-, P- and D-wave 

des c r i p t i o n of the n n i n t e r a c t i o n a t and below threshold i n 

terms of four r e a l c o e f f i c i e n t s . I f provides a four-parameter 

subtraction scheme f o r the inverse-amplitude partial-wave dispersion 

r e l a t i o n s , and specifies any pole terms Pf(s) to be inserted below 



threshold, and a t threshold f o r - l ^ O . I n the f i r s t category we 

have i n mind e s p e c i a l l y zeros of the S-waves below threshold; 

the second category i s the usual angular momentum zeros. 

Instead of the constants a, b, c, d i t i s more convenient to 

parametrise the subthreshold amplitudes i n terms of the f o l l o w i n g 

four a l t e r n a t i v e independent q u a n t i t i e s ! 

( i ) the r a t i o of isoscalar and isotensor S-wave s c a t t e r i n g 

lengths, R = a Q/a 2 ; 

( i i ) the t - channel isovector combination of s c a t t e r i n g 

These q u a n t i t i e s are more convenient f o r d i r e c t comparison w i t h 

experiment, and w i t h other models. 

5a )/6 lengths, L = (2a 

( i i i ) the P-wave s c a t t e r i n g length, a 4 dA 

ds s 
u 

andelstam coupling constant/\ = -A (s=t=u=4 /t-/3)/2 ( i v ) the Chen 

TSe record here the r e l a t i o n between a,b,c,d and 11, L,,a ;̂ \ : 

R = 5a + 8yfb + 32 *d ( (2.18) 

2a + 8^Jb + 3 2 ^ d 

L = -4/£ (b + 4y£d) 

a = -4 (b + 4^c + 8^d)/3 

(2.13) 

(2.14) 

- (a + 8 ^ / 3 + 16yi (c + 4d)/9) (2.15) 

Note th a t we have of course (10) equation (D33) 
2 

L = 3/̂ - a, + D-wave corrections (2.16) 
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2.3 Constraints 

The inverse amplitude i s extremely convenient f o r implementing 

u n i t a r i t y and f o r enforcing some parts of the desirable properties 

of a n a l y t i c i t y and crossing symmetry. However, i t su f f e r s from 

two t h e o r e t i c a l drawbacks - t h a t i t may i n f a c t lend to important 

v i o l a t i o n s of both crossing symmetry and a m i l y t i c i t y . 

F i r s t the a n a l y t i c i t y properties of A^ (s) may be unacceptable 

because e i t h e r B^(s) constructed from (£.3) has physical-sheet 

zeros t h a t give ghost-poles i n the amplitudes, or elue conversely 

A^_(s) has important zeros l e f t out of P^(s), (or perhaps both). 

Second, crossing i s necessarily v i o l a t e d on the left-hand 

cut - not simply through u n c r i t i c a l use of (2.8) but because i'.cA^(s) 

calculated d i s p e r s i v e l y does not agree with t h a t calculated from 

crossing, ( v i a a subtracted Froissart-Gribov p r o j e c t i o n ) • 

As f a r as ghosts are concerned, t h e i r presence i s obvious when 

they appear as antiresonances ( i . e . close to the physical 'jart 

of the r e a l axis) because then the phase s h i f t plunges downward 

through - n / 2 . The omission of other zeros of A^_(s) from P^(s) 

(apart from those s p e c i f i e d by the polynomial amplitudes) i s j u s t i f i e d 

only on grounds of s i m p l i c i t y and agreement with experiment. The 

v i o l a t i o n s of crossing we expect to have minimal e f f e c t s on the 

physical phase shiftsbecause, f i r s t l y the p a r t i a l wave amplitudes 
o 

are constrained below threshold (0 £ s £ 4/^) to match qui t e closely 

an e x p l i c i t crossing-symmetric approximation, and secondly the 

i t e r a t i v e c alculations are very stable and r a p i d l y convergent. 

However, s t r i n g e n t checks are possible of the degree to which 

our calculated amplitudes possess acceptable properties of a n a l y t i c i t y , 
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crossing symmetry and u n i t a r i t y , because these desirable a t t r i b u t e s 
have a multitude of rig o r o u s l y proven consequences (sum r u l e s , 
inequalities, bounds etc*) whose s a t i s f a c t i o n can be tested . 

The r e s t of t h i s section occupies two main p a r t s . The f i r s t 

enumerates some of these t h e o r e t i c a l constraints vhich we apply, 

to rt TV amplitudes, and the second considers the possible ravine 

of phenomenological values which can be assigned to the four 

polynomial parameters R,.L,â , and)^ • There i s also some 

discussion of the question of i n e l a s t i c i t y and of higher p a r t i a l 

waves (X>2). 

Our philosophy regarding the various kinds of constraints i s 

t h a t the phenomenological r e s u l t s give some idea of the values 

of the input q u a n t i t i e s and an estimate of reasonable l i m i t s of 

v a r i a t i o n , while the t h e o r e t i c a l constraints are to be imposed 

on the output amplitudes ( i f possible) by adjustment of input 

parameters w i t h i n t h e i r allowed range. 

A Rigorous Theorems 

The rigorous, t h e o r e t i c a l r e s u l t s f a l l i n t o two classesj SUM 

rules from crossing alone t h a t are s u f f i c i e n t as well as necessary, 

and i n e q u a l i t i e s and bounds combining also a n a l y t i c i t y and 

u n i t a r i t y . The l a t t e r are merely necessary conditions, but t h e i r 

power t o rule out otherwise apparently plausible models iscotisidcrnble 

(e.g. ( 3 5 ) ) . 

The crossing sum rules are the f i v e i n v o l v i n g only S- and P-waves 

given i n Appendix C. 

Sum rules i n v o l v i n g D-waves and higher are not examined i n 
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d e t a i l because the predicted sizes of the amplitudes f o r A"^ 2 
are uniformly small, and t h e i r e f f e c t s v i a crossing on the larger 
and more i n t e r e s t i n g S- and P-waves are e n t i r e l y n e g l i b l e (see 
section 4)« 

I n a l l cases, the S- and P-waves obey equations 

(C35, 37, 39, 43, 45) accurately, and we are confident t h a t the 

v i o l a t i o n s of crossing symmetry can be disregarded i n p r a c t i c e . 

Of the many constraints t h a t f o l l o w from the a d d i t i o n a l 

properties of a n a l y t i c i t y and u n i t a r i t y ( p o s i t i v i t y ) , h i s t o r i c a l l y 

the f i r s t t o be established were the geometrical i n e q u a l i t i e s of 

Martin (ji ) and of Common (36), l a t e l y extended by Auberson e t a l . ( 3 7 ) . 

These apply to partial-wave amplitudes f o r s£-(0, 4 ^ ) . 

There i s also a large class of more recently discovered 

i n t e g r a l i n e q u a l i t i e s (3_1, 38, 39), of which the most useful seem to 

be those derived and tested by Yen and Roskies (39). These authors 

f i n d i n e q u a l i t i e s i n v o l v i n g i n t e g r a l s over the physical partial-wave 

amplitudes ( s ^ > 4 ^ ) , and by comparison w i t h previously known 

resu l t s and by the e x p l i c i t t e s t i n g of some models, the new 

constraints as they apply to the n° n ° —rr° n ° S—wave 

amplitude are shown to be more r e s t r i c t i v e than those found before. 

These present calculations proceed by b u i l d i n g i n a t the outset 

s a t i s f a c t i o n of the simplest of the geometrical i n e q u a l i t i e s 

(j>> 3_G, 3_7) by imposing them e x p l i c i t l y on the subtraction 

polynomial amplitudes. Then the output amplitudes are checked f o r 

d e t a i l e d s a t i s f a c t i o n of the geometrical constraints and of the most 

r e s t r i c t i v e neutral-pion S-wave Yen-Roskies conditions. Note 
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incidentally that the detailed check of the geometrical constraints 

i s a valuable test of the consistency with analyticity and unitarity 

of the polynomial approximation. 

The constraints b u i l t into the polynomial amplitudes (and thus 

to a good approximation into the partial-wave amplitudes) are the 

simple inequalities applying to the n ° n° -=? n° T ° S-wave 

amplitude -f ̂ °(B) defined in Appendix C. In addition to the 

ones proved there (C7, 11, 18, 26) we also have the following 

additional constraints. 

df£°(s) < 0 0<s <• 1.05 * (2.17) 
ds 

_ \ 0 0 6 s < 1.7 * (2.18) 
, 2 ^ ds 

*o°° ^A) (2.19) 

^ U° (e) - 4 A 2 ( s ) ) ds £ 6> 2 A2<0) (2.20) 
o 

and F Q ° ( S ) has a unique minimum in the region (4l) 

1.127 2 £ s £ 1.697 2 (2.21) 

Within the framework of the quadratic polynomial approximation 

this and a l l the other simple subthreshold geometrical S-wave 

constraints (5, 36, 37, 40 - 42) are s a t i s f i e d i f and only i f the 
0 0 / 

D-wave n n scattering length i s positive, (a condition of 

course required by the v a l i d i t y of the Proissart-Gribov projection 

for \_= 2, plus p o s i t i v i t y ) . 

Therefore there i s an inequality connecting the quadratic 

coefficients in (2 . 1 l ) , namely 

c < 2d. (2.22) 

Translated into a relation between scattering lengths and the 
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Chew-Mandelstam coupling constant we have 

a Q + 2a g + 9X > 0 (2.23) 

Note that (which essentially controls the f> width) i s not 

constrained because the P-wave does not contribute to 
o o ^ o o • t-\ n n n scattering. 

The constraints of Ten and Boskies (39) vhich we use may be 

expressed as follows. Define f i r s t the following moments of the 

n ° n° -9 n° n ° S-wave amplitude below thresholds 

A 2 0 - _A_ - B) <10.B-a»>?. + 16^) f°° ( s ) > (2.24) - j _ - s) (io. a-as>?. + 16^ 4) f°o° (s£> 
256^ 

A30 " 1 / ( 4 ^ - s ) (35s 3 - 180y^S2 + 240^*8 - 64,1) f°°(s) 

^ (2.25) 

A40 * 1 ( 4 ^ - s ) (I26s 4-896>is 3 + SOie^cifl2 - 1536^8 
4096^° 

+ 256>?' ) f 0
0 ° ( s ) ^ ( 2 . 2 6 ) 

where \^ ^ denotes ^ ( ( ) ds. Introduce also the 

three quantities <? 

C A - (-I)"" 1 f fa) - fi#lw) ds 
2 ( U l t i y * 1 4^ 2 V ' 

( # o 2,3,4) ( 2 . 2 7 ) 

where z = s/2/i? - 1 and Qj^(ss) i s the second - kind Legendre 

function. Note that ( 2 . 2 7 ) involves the absorptive part of f*°(s) 

in the physical region, and the convergence of the integrals i s 

i0 2 rapid, s or faster. (They can be cut off safely at s a 5 0 ^ ) . 
Then : 

A > 5 C > 0 
20 ' 2 . (2.28) 
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and (x, y) <£- D where x =• 5Ag0 , y » 

2 A 2 0 7 A 2 0 < 2- 2 9> 

(x°. y°)<£D0 where x - -Cg , y = C 4 

Ĉ " (TJ, (2.30) 

(x, y) <£ 5 where x = x-px° , y o y-py° (2.3l) 

1 - p 1 - p 

with p a 5Cg 

2 A20 

The three regions D, Do and 0 are show in figure ( 2 . l ) , and i t 

has been shown that these restrictions are almost optimum (and 

almost s u f f i c i e n t ) . Like Yen and Roskies, we find (2.31) to be i n 

practice the most exacting constraint. I t i s particularly 

interesting because i t relates amplitudes above threshold (via 

x°, y°) to those below threshold (via x, y ) • 

I t i s v i t a l to stress the origin of the results (2.28 - 2.31) 

( 39). They include not' only the assumption that the S-waves have 

positive imaginary parts above threshold) but also they rely heavily 

on p o s i t i v i t y in higher p a r t i a l waves, including -1^2 (which i s 

relevant v i a crossing). Therefore} although the present model does 

not include e x p l i c i t l y scattering in F, G, H waves, i t s lower 

pa r t i a l waves are constrained to obey at least some of the stronger 

consequences of belonging to physically f u l l y r e a l i s t i c n rr 

amplitudes A* (s,t,u) where there i s some scattering (however small) 

in a l l angular momentum states. 

We note the relevance of the above comment to any model with a 

f i n i t e number of partial waves (43). Even though the model may be 
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exactly crossing-symmetric have a l l i t s physical absorptive parts 

positive, and have correct analytic properties, i t s S-wave 

amplitudes may s t i l l violate the consequences of pos i t i v i t y i n 

higher (neglected) angular momenta, unless these are e x p l i c i t l y 

enforced* 

In the calculations described in section 4, constraints (2.23) 

and (2.28 - 2.31) are demonstrated to lead to a f a i r l y narrow range 

of acceptable solutions to their model, happily including the 

physical ones. 

B. Phenomenological Information 

A l l the experimental inferences are rather indirect, but some 

more so than others. 

From peripheral pi on production (PN -?nnN with rr exchange) -

broad features of the two S-wave amplitudes i n the region of the 

meson can be deduced from study of interference patterns (20, 21). 

I t i s currently accepted that both amplitudes have neglible i n e l a s t i c i t y 

in this region, and while the isoscalar phase s h i f t i s large 

(probably resonating), the isotensor phase s h i f t i s much smaller 

and negative, attaining a value of perhaps -10° to -20° at 
2 

m 

Also from analysis of production data i t i s observed that the 

onset of significant i n e l a s t i c i t y into e.g. 4rr, KK etc. i s at 

about j~s = 1 GeV, and the results are consistent with small 

contributions from partial waves with X > 2 i n the e l a s t i c region. 

Closer to threshold, recent determinations have been made from 
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peripheral production of the ratio R of S-wave scattering lengths. 

Gutay et a l . (44) have studied the forward - backward 

n + i-T asymmetry in rr p -Si-t n n, and by making a model for 

the off-shell nn amplitude (including the Adler consistency 

condition (12)) they deduce 

R K. - 3.2. (2.32) 

C line at a l . (45) have found a similar value from study of the 

charged branching ratios R^ » e~( n° «i °)l/{r( n + r r + ) .and Rg = 

<r{ n ° n °)/cr( r \ + n ~) near threshold. After correcting for small 

F- and D-waves effects the two ratios give consistent values for R 

of 

R m -3.2 ± 1.1. (2.33) 

Especially i n view of the fact that these two determinations 

rely on different assumptions, their agreement with each other, and 

with the usual current algebra result (10) 

R m -3.5 (2.34) 

i s impressive. Note the (perhaps.not surprising) consistency with 

the apparent behaviour of the phase s h i f t s at higher energies. 

There are also predictions for both L and. a^. 

The value of L can be calculated from an unsubtracted forward 

dispersion relation for the combination of amplitudes.corresponding 

to pure I - 1 i n the t - channel. Convergence follows.from the 

Pomeranchuk theorem, and Regge j0 exchange gives an estimate of 

high energy contributions. 
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Both Olsson (46) and Morgan and Shaw (47) have considered 

this sum rule i n detail and agree on a "universal value." 

The "universality" refers to the fact that the value does not 

depend on which of the alternative experimental S-wave phase s h i f t s 

solutions are used in the calculation. Note that (2.35) agrees well 

with the Weinberg SU(2)(^ SU(2) current algebra prediction (10), 

and taken together with (2.32 - 2.34) i s the main piece of evidence 

for the assumption ( i i ) underlying the polynomial approximation -

weakness of S-wave thresholds (as gauged by the size of the scattering 

lengths). 

The value of a^ can be calculated also from a dispersion 

relation. This was done several years ago by Olsson (48) with 

the result 

This number i s not sensitive to S-wave contributions! and i s in 

quite good agreement with a simple-minded linear effective - range 

extrapolation from the ̂  meson, mass 765 MeV, width about 125 

MeV. In the next section the numerical results are seen to 

j u s t i f y the extrapolation i n d e t a i l . 

Note that the sum rule (2.16) i s s a t i s f i e d with (appropriately) 

small D-̂ wave corrections. In fact the D-wave corrections can be 

calculated from a sum rule which has a rigorous foundation, and 

which converges quickly (49). Using phenomenologically - based 

estimates of the low par t i a l waves the agreement of the numbers 

(2.35) and (2.36) with the sum rule (2.16) i s found to be very 

satisfactory. 

0.10 (2.35) 

( 0.03 - 0.04V^ (a.36") 
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The consistency of the number (2.35) calculated from current 
algebra with the scattering length (2.36) obtained from j> dominance 
has been remarked upon before (50) i n connection with the KSRF 
relation (51). 

There do not seem to be any direct estimates of the value of 

the fourth parameter of the polynomial amplitude, namely the 

Chev-!iandelstam coupling constant X • However i t s size may 

be expected to be close to the current algebra estimate ( X ° -0.007) 

since R, L and a^ are approximately equal to Weinberg's values..arid 

the D-wave corrections, (though important in principle) are small. 

There are also bounds on \ . One i s that in terms of a and 
o 

ttg (or R and L) following from the Martin geometrical constraints 

applied to the polynomial amplitude, i . e . eq. (2.23). With L «• 0.10 

and B x -3.5 we have 

> y - 0.008. (2.37) 

The second bound i s the phenomenological are derived by Shaw 

(52). I t involves integrals over physical phase s h i f t s , and with 

reasonable phenomenological estimates leads to 

> C 0.10 (2.38) 

In summary, there are f a i r l y good indications of the values of 

three of the four polynomial amplitude parameters, (R, L and a^), 

while the fourth (X) i s at least bounded. A l l are s l i g h t l y 

adjustable ( i f necessary) to seek satisfaction of the rigorous 

theorems. 

Besides the four polynomial coefficients, the i n e l a s t i c terms 

Ri ( s ) i n (2.3) need to be specified. The simplest approximation, and 



the one usually made, i s R^(s) = 0, perhaps on the grounds that s ^ n 

i s too large for the term to be significant. This i s not necessarily 

true, especially in the I a 0 S-wave (which i s probably the most 

interesting channel). Here the isoscalar KE threshold opens at 

J"i ~ 950 MeV and i s expected to have a large contribution to the 

ratio r°(s) (eq (2.7)) of S-wave I » 0 i n e l a s t i c to e l a s t i c cross-

sections because of the presence of the S* effect. 

In the numerical calculations estimates of R^(s) are made, using 

information both from Hoangs analysis of the S* effect (53) and from 

the Toronto - Wisconsin phase shi f t s for J A < 1.4 GeV. (54). 

The 1 - 2 amplitudes stay f a i r l y e l a s t i c in the region 1.0 - 1.4 

GeV as-several of the two-body channels that open up do not couple to 

I a 2 e.g. KK, T-IU, NN. 

Rather surprisingly, although the i n e l a s t i c effects are 
2 

individually large, their effects on the phase s h i f t s for s <' ny, 

are quite small because of cancellations between direct - channel 

contributions and contributions from the crosBed-channels v i a 

L ^ ( s ) . There i s then possible j u s t i f i c a t i o n for simply neglecting 

i n e l a s t i c i t y below the ̂ > . 

The model as formulated neglects the existence of higher par t i a l 

waves (J? J 2) - except, of course, in the rigorous constraints 

discussed above - and i n fact as already mentioned the numerical sizes 

of predicted D-waves and higher are extremely small. 

Some consistency checks can be made by inserting by hand 

contributions from higher resonances (f°, g etc.) and studying their 

effects both on the D, F waves etc. as well as in the S- and P- waves. 
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As the next section discusses in detail the effects are exceedingly 

small. 

2.4 Results 
4 2 

The subtraction point 8 Q i s fixed at the /̂"~ (symmetry point) 

in a l l but the P-vave where the ^ meson i s inserted through a 
2 2 1 2 subtraction at s & = ny, = (765MeV) with (ny») a 0. 

The choice of subthreshold subtraction point i s made well away 
2 

from the physical branch-point at s • 4/*- so that the approximation of 

weak thresholds can be tested and i t s possible inconsistency can be 

detected by comparison of polynomial and dispersion-relation threshold 

S-wave amplitudes. 

The range of parameter values investigated in deta i l i s R s-3.2- 1.1, 

L a 0.08 - 0.04 and a^ «(0.03 - 0.0l)/x~2withX chosen i n accordance with 

the geometrical inequality (2.23). We find that in any attempt to 

construct solutions with (2.23) violated, one of the predicted D-waves 

at least contains ghosts (the phase s h i f t s violates Wigner's Theorem), 

and i f the violation i s more than sl i g h t , the Sg wave also has a 

ghost. Conversely, i f (2.23) i s s a t i s f i e d there are no obvious 

ghosts below / I " • 1 GeV i n any of the p a r t i a l waves. 

For the above range of values of R, L and a^ i t also turns out 

that satisfaction of (2.23) by a good margin ( i . e . replacing the 

right-hand side by 0.06), and the consequent imposition of the 

rigorous geometrical constraints on the polynomial amplitudes leads to 

the satisfaction of the some constraints on the calculated output 

amplitudes, I f (2.23) i s only marginally obeyed, some constraints are 

violated by the computed amplitudes, and at the Borne time the S p phase 
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s h i f t shows signs of a ghost above the upper end of the energy range -

the phase s h i f t i s large and negative and steeply f a l l i n g at about 

1 GeV. 

Satisfaction of the geometrical constraints in fact i s correlated 

with the agreement of the two versions of the amplitude.below 

threshold. I n the acceptable cases the polynomial approximation i s 

accurate and the calculational assumptions are consistent. Figure (2.2) 

i l l u s t r a t e s the agreement between the polynomial and calculated -n° rt ° 

S-wave below threshold in a favoured case. 

Satisfaction of (2.23) above i s however not very r e s t r i c t i v e ( \ i s 

bound only on one side) and a wide range of p o s s i b i l i t i e s are allowed. 

There are some general features i n common, nevertheless,-namely 

as large positive S 0 phase s h i f t and a smaller S g phase s h i f t , a very 

symmetric P-wave ( ^ ) resonance, and extremely small D-^raves. The 

general agreement with the peripheral production implications 

i s already evident.. 

As remarked in the previous section, the crossing sum rules .are-

always accurately s a t i s f i e d . Furthermore, the crossing sum rules and 

a l l the other constraints investigated, (especially those on the 

larger output S- and P-waves) are unaffected by the contributions 

of the D-wave phase s h i f t s , because they are so small ( < . 5°)• 

I f the calculation i s modified so that cross-channel D-waves 

amplitudes are ignored^ on the l e f t hand cut, the S and P wave 

amplitudes are changed by at most 1%> which i s neglible. This i s 

true i n a l l the calculations :made here, including cases where the -

contribution of the f° (1260) meson ( i n the D wave) i s inserted 

by hand with P =• 150 UeV. This resonance contributes sig n i f i c a n t l y 



only to the distant left-hand cut. which i s damped by the subtraction. 

The detailed behaviour of the P-wave phase s h i f t i n a l l oases 

(whether or not i n e l a s t i c i t y i s included) i s controlled mainly 

by the value chosen for a^. This parameter determines the width 

of the ^resonance i n the. output phase s h i f t , approximately according 

to the simple effective-range extrapolation formula (50). 

- ((1 - k 2/q 2) - i k 2 a ^ ) - 1 (2,39) 

2 2 

II - 4/- , M i s the ̂  meson mass and 

( ( s - 4 /
2 ) / s ) * (2.40) 

M2 F/8q 5 (2.41) 

Figure. (2.3.) shows the remarkable' l i n e a r i t y of the F-wave 

effective -range plot for a typical set of parameters. Thus there 

i s detailed dynamical j u s t i f i c a t i o n -for the' rho-doininance derivations 

of the KSRF formula, referred to in section 3 (50), and we confirm the 

.results found previously (48), The value a^ = 0.04/Z2 determines a. 

reasonable physical value of i 1 ~ 125 MeV. 

The range of possible solutions allowed by (2.23) and the 

crossing sum rules i s considerably narrowed by imposition of the -

Yen-Roskies constraints ( 2 . 2 8 - 2 . 3 1 ) . In fact, these constraints are 

so strong that they cannot be completely-satisfied, but an attempt to 

minimise the violations determines1 not only X out also -preferred Values 

for the other two parameters L and R, and consequently leads to an -

almost complete determination of the two S-wave amplitudes. 

The theoretically most satisfactory amplitudes which we have found 

(with no i n e l a s t i c terms, i . e . R^ • 0) i s . shown in figure (2.4). 

This solution obeys a l l the constraints (2.28 - 2.3l)except for a 

A \ (s) 

where 4 q 2 m 

f -

with a, 
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small violation of ( 2 . 3 l ) . (See figure 2.1) This i s a measure of 
the severity of the approximation of neglecting X. £ 3 partial waves, 
and perhaps would be improved i f for example the polynomial 
subtraction amplitudes included cubic and higher terms. 

The main features of the results in figure (2.4) are ( i ) a 

large S Q phase s h i f t , passing through rr/2 near J s = 540 MeV. and of 

the "down" type above the ^?massj ( i i ) the Sg phase s h i f t much smaller, 

f a l l i n g to about -12° at Js - 1 GeV. 

There i s a d i s t i n c t correlation between the point where the S Q 

phase s h i f t passes TT / 2 and the size of the Sg phase s h i f t - the 
a. 

higher the former, the larger the l a t t e r . I f SQ resonates at s a ay, 

then the S G phase s h i f t f a l l s to about -15° at s - lGeV. However this 

p o s s i b i l i t y (included i n figure (2.4) does violate (2.30) as well as 

(2.31) - see figure (2.1). 

A l l the solutions which come close to satisfying (2£>8 - 2.3l) 

have zeros in the S and S„ amplitudes for s d ( 0 , 4/tJ^) (at s^°^ and 
W C M 

s ^ 2 ^ respectively). These may be identified as on-shell manifestations 

of the Adler zeros (12) demanded by PCAC — not because they are at the 

Weinberg positions (10) (s^°^ - 0.5/^, s^ 2^ = 2 ^ ) but because they 
s a t i s f y the Pennington-Pond sum rule (27). 

4 s ( o ) + 5 s ( 2 ) = 1 2 ^ (2.42) 
This result (2.42) i s more general than Weinberg's, which r e l i e s on a 

linear off-shell extrapolation in s,t,u« 

The actual zero positions for the two solutions of figure (2.4) 

.re very close at a ( o ) _ j ^ ( a > 4 3 ) 

.<2> , 1.2,? 

I t i s interesting to note that the solutions with X chosen 
relative to U and L so as to s a t i s f y (2.23) only marginally have s^°^j~ 

2 (2) 2 

0.8yU-and s x cz. 1.7^, closer to the current algebra positions, and the 

output phase s h i f t s are similar to those of Brown and Goble (55) 



- 33 -

showing eviden 0e of an important ghost in the Sg channel. 

Note that the theoretically best solution of figure (2.4) agrees 

very well with the central solution i n the range found by Le Guillou, 

Morel and Navelet (56), who constructed amplitudes satisfying 

constraints similar to those used here. The parometerisation and 

iteration methods of Le Guillou et a l . are very different from ours, 

but the very close agreement between the results suggests that 

possibly a l l low energy n n models which obey these consequences 

of an a l y t i c i t y etc. should give the same predictions. 

2.5 I n e l a s t i c effects 

Although our model i s s t r i c t l y a low energy model and no 

strong predictions can be made near 1 • QeV. we do predict that the 

phase s h i f t stays near 90° above the ^mass. This i s in agreement 

with the results obtained by the Berkeley group (57) from analyses of the 

reactions 

n P -9 n n A 

Tf +P -? K + K" A"* (2.44) 

at 7 GeV/c, as experimentally the S-P interference term passes through 

zero near 980 MeV. I f we assume ^ dominance of the P-wave then £>'J <~ 150* 

and thus from equation (B5) we have ^ ^ 60° or 180°• The cross 

section data shows that the S-wave must be at i t s maximum value near 

950 UeV (S°«-90°) and drop to a minimum at 980 UeV ( £°«-180°). 

Morgan (58) has also analysed the n r\ phase s h i f t s near the KK 

threshold using a K-matrix formalism. His two solutions smoothly 

join up with either the "up" or "down" branch of the data of Baton et 

a l . (59) at 800 UeV. The opening up of the KK channel w i l l make 

the i n e l a s t i c i t y /j ° decrease above 2m as (s - 4m 2)^ and with 
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this decrease we w i l l get a large rapid increase of £° near 095 MeV. 
For both solutions he found the I a 0 S-wave has a zero near the KE 
threshold. The solution joining the "down" branch at 800 MeV. 
has the n + n~ mass spectrum showing a sharp drop ju s t before 
the KK threshold. The "up" solution, however, cannot have this 
behaviour as the amplitude i s near the bottom of the Argand diagram -a l l 
the—ampi-Ttude Preliminary data (60, 61) does seem to prefer the "down" 
branch below 850 MeV. 

Further support for this explanation of the n n KK threshold 

i s given by Hoang (53) who f i t s the cross-section data for n + n ~ ~> 

K + K~ with a bound state pole of the KK system (S*) with mass 957 

MeV. 

I t i s interesting to note that the Lovelace-Veneziano formula 

also has a zero at 915 MeV. due to the S*, although i n this model 

the S* only couples weakly to KK. 

Against this evidence we have the work of Johnson and Bennett (62) 

who do a phenomenological analysis of n n n n scattering using a . 

generalised effective-range expansion for the S-waves based on 

inverse amplitude dispersion relations. They get £^ ?c 180" near 

1 GeV, but they also find the cross-section ratio r°(s) i s a factor 

of four larger than the peak value in the 1.1 GeV region calculated from 

Hcang's result. This discrepancy i s probably due to the fact that they 

do not put i n any physical sheet amplitude zero near 1 GeV, and so i f 

the IaO S-wave i s as heavily absorbed as they predict, then we 

would expect more absorption in the 1=2 S-wave even though i t 

couples to fewer channels. 
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To investigate the effects of i n e l a s t i c i t y , the experimental 

results of Oh et al.(54) were used. These give information o n r j (s) 

for JB between 1.0 and 1.4 GeV. There are two p o s s i b i l i t i e s for 

the S channel! one has n° x4).5 at 1050 UeV and £° of the "down" o \o o 

type above the f> , whilst the other has t\0 as 0 at 1050 UeV and &° i s 

of the "up" type above the >̂ • The values torr^ (s) derived and 

used here are given i n figure (2.5). In the absence of any other 

information i t was assumed that the valuesof r ^ (s) for Js 5. 1.4 

GeV. are constant and equal to the values at fa * 1.4 GeV. 

After integration to give R^_(s), the size of this term turns 

out to be of the same order of magnitude as H(s) (see figure (2.6)) 

and thus would seem to have a large effect on the phase s h i f t . 

Howeven there i s also a change i n L*(s) from crossed-channel 
2 

absorption, which i s for ,s < m̂> opposite i n sign and about the same 

in magnitude and the net result in a l l the p a r t i a l waves up to 

the resonance region i s a change of less than S$> i n the phase s h i f t 

see figure (2*7). This i s true whichever of the two p o s s i b i l i t i e s 

for r°(s) i s used. Although the i n e l a s t i c effects do increase the 

phase-shifts above the f they do so smoothly and not sharply as 

experiment suggests (57). The only way for our- model to obtain 

a zero near the EK threshold would be to insert i t as a dynamical 

zero. 

The result of including inelastio effects, which was not entirely 

anticipated, provides j u s t i f i c a t i o n for the usual practice of 

neglecting absorption i n calculating the low energy phase s h i f t s . 
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Because of the small net influence of these phenomenological 

absorption contributions near threshold and the rapid convergence 

of the integrals in (2.27), satisfaction of the rigorous theorems 

of section 3 i s not affected, and so the optimum predictions for 

the S- and P-waves remain of the form shown in figure (2.7). 

2*6 Conclusions 

Ve have described a simple and flexible model for the low-

energy n n interaction, and investigated some of i t s solutions. 

Ve have concentrated on finding amplitudes that are theoretically 

as satisfactory as possible and which give good agreement with experi­

ment. I t i s not neceasarily t r i v i a l that this i s possible. 

The numerical predictions of amplitudes and phase s h i f t s are i n 

f u l l accord with the results of the most ambitious of other calculations 

that aim from different points of view of satisfaction of the 

rigorous consequences of analyticity, crossing-symmetry, and 

unitarity. In particular we note the strong s i m i l a r i t y between our 

predicted S-^rave phase s h i f t s and those of Le Guillou, Morel, 

and Navelet (56). Like these authors, we favour the existence 

of a broad <r (or £) resonance just below the f in mass, and 

predict that the S f l phase s h i f t above the resonance i s of the "down11 

type. 

Below threshold both S-wave amplitudes have simple zeros, not 

in the Weinberg current algebra positions but s l i g h t l y displaced in 

reasonable agreement with the favoured results of a recent 

phenomenological analysis (62). The zero-positions obey a general 

relation f i r s t emphasised by Pennington and Pond, and therefore they 

are on-shell manifestations of the Adler condition. The extrapolation 
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to zero pion mass i s significantly non-linear, because the simplest 

Martin geometrical constraints demand non-linearity even on-shell. 

YJe have discussed the effects on the phase s h i f t s below 

JT K, lGeV of i n e l a s t i c i t y at higher energies• The phase s h i f t s 

are affected i n two ways v i a analyticity and crossing, one 

contribution coming from direct-channel thresholds, the other from the 

crossed-channel through the left-hand cut term. Somewhat surprisingly 

with i n e l a s t i c effects calculated from available experimental analyses, 

we have found for Ja «C ny, almost complete cancellation between 

the two terms, which individually are large. This perhaps provides some 

ju s t i f i c a t i o n for the hitherto general practice of ignoring absorption 

altogether. 

We are not able to make firm claims of uniqueness for the 

favoured solution. However, in view of the work of Dilley (23) 

and others (e.g. (47)) the existence of physically and theoretically 

acceptable amplitudes of a radically different kind for Ja «C 400MeV 

seems highly unlikely. 

Furthermore the p o s s i b i l i t y of bootstrap solutions in the old-

fashioned sense has not yet been properly explored. We are not 

optimistic about th i s p o s s i b i l i t y unless further assumptions are 

injected as the left-hand cut contributions to the amplitudes are small, 

and so inserting the f> into the l e f t hand cut for the I « 0 S-wave 

w i l l not generate enough force to create the tr and vice versa. This 

i s in agreement with the recent result of Tryon (63) who has done a 

phenomenological analysis of the distant left-hand cut, and concludes 

the forces present are not strong enough to generate the f and 

in fact are only able to make oc 2 0 ° a * the p meson mass. 
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CIIAPTELl 3 

NON - LEPTOWIC DECAYS 

3.1 In t r o d u c t i o n 

I n t h i s chapter ire use our understanding of on - s h e l l r r n 

s c a t t e r i n g to investigate a simple model of the non-leptonic 

decays K, r} -» 3 TT 

The bo.sic physical assumption i s thn-t i n both processes the 

non-strong i n t e r a c t i o n i s r e l a t i v e l y s tructureless and responsible 

only f o r the t r a n s i t i o n from the i n i t i a l K or /j to a massive 

"pion" which decays st r o n g l y to three pions. Then a l l the structure 

i n the decay matrix element i s due to the hndronic f i n a l state 

i n t e r a c t i o n - IT I T s c a t t e r i n g w i t h one pion o f f - s h e l l ( f i g u r e (3.1) 

gives diagrainmntic i l l u s t r a t i o n ) . This i s perhaps the simplest 

possible model of these decays, g i v i n g a natural explanation of 

t h e i r rather s i m i l a r D a l i t z p l o t d i s t r i b u t i o n s . 

Current algebra techniques have been applied to non-leptonic 

decays, and although s o f t - p i o n methods have been applied to K -» 3rr 

w i t h great success (6 4 ) j they have not been as successful when 

applied to the phenomenologically s i m i l a r /j -9 3rrdecay as i t has 

been shown by Sutherland (65) t h a t i f we impose current algebra 

constraints on a l i n e a r matrix element f o r *) •-=> 3 T T decay then the 

matrix elements must be i d e n t i c a l l y zero and thus the decay i s 

forbidden. 

I n the next section we give a parameterization f o r the decay, 

then we present our model f o r the d e s c r i p t i o n of the decays and 

the r e s u l t s we obtain, and compare them w i t h other phenomenological 

analyses. Next we discuss the current algebra predictions and the 

e f f e c t of higher order terms i n the parameterizations, and we 
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conclude with a discussion of the structure of our model and 

of the Lovelace-Veneziano model. 

3.S Parameterization 

The theory of the analysis of the s t r u c t u r e i n three-pion 

decays was developed by Weinberg (66). The matrix element f o r the 

decay i s expanded as a power series i n the coordinates of the 

D a l i t z p l o t : 

x = (Tj - T 2 ) / e f (3.1) 

Y = (3T 3 - Q)/fi, 

where T are the pion k i n e t i c energies; Tg r e f e r r i n g to the odd 

pion and T̂  + Tg + Tg = Q = m - S^^where ra i s e i t h e r the K or /j 

mass. The matrix element f o r the decay i s now given byt 

1 ir\ V m/ \ m J 
The constant of p r o p o r t i o n a l i t y i s j u s t given by the phase-space 

i n t e g r a l f o r the D a l i t z p l o t . Note t h a t we have assumed the 

decays are C i n v a r i a n t as otherwise there would be l e f t - r i g h t 

asymmetry i n the D a l i t z p l o t , and terms l i n e a r i n X would be 

needed to describe t h i s . 

To r e l a t e the Weinberg variables Xf Y to the Mandelstara variables 

s, t , u we go to the r e s t frame of the kaon and from f i g u r e ( 3 . l ) 

we have the t o t a l pion energies given by 

33 E_ = {Ji+m2- s>/ 2 m» ( 3» 3) 

= ( J ! + m2 - t)/2m, 

Eg = (̂ £ + m 2 - u)/2m. 

The k i n e t i c energy of each p a r t i c l e i s given by 
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and thus T3 - ( ( / * - m) 2 - s)/2m, 

T l " ( ( / - - • ) ) - t)/2m, 

T2 - m) 2 - u)/2m, 

hence 
m 

= (m + 3 / i - 3s)/2m 2, 

(3.5) 

(3.6) 

QX = 73(t-u)/2m 2 

ra 

3.3 Model 

Our model i s to a n a l y t i c a l l y continue our n rr subthreshold 

amplitude and take one of the external pions o f f mass-shell and 

put i t s four-momentum equal to e i t h e r the K- or /j - mass. 

The c a l c u l a t i o n of the matrix element proceeds by assuming 

pion-pole dominance (16, 67) as i l l u s t r a t e d i n f i g u r e (3.1). 

From t h i s we are able to w r i t e the amplitude f o r the decay of 

p a r t i c l e m̂  (p^) to pions ^ ( l ^ J j " " ^ P i , ) ' ^ c ^P^ P r o P o r t i o n a l to 

where the electromagnetic coupling constant f o r /j decay and 

the weak coupling constant f o r K decay, and 

^ . k c = W - l i 3 ' 8 ) 

i s the i n v a r i a n t amplitude f o r the s c a t t e r i n g of dc-^ab pions i n 

which c i s crossed i n t o the f i n a l state and pion d i s o f f mass-shell 

(68). From (2 . 1 l ) A(s,t,u) i s given a f f - s h e l l by 
2 2 2 A(s,t,u)= a+bs + c(t+u) + d ( t +u ) + e s ( t + u ) +fs + gtu. (3.9) 

V/'hen ire are on-shell these seven parameters reduce to four which are 

conveniently given i n terms of the four experimental parameters 
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\, R, L and (see section (2.2B)). TO f i n d the other three 

equations needed to determine the parameters we use the s o f t -
2 pion techniques of Weinberg given i n Appendix 0. When s = t = u = /*-

A(s,t,u) = 0, and hence 

2 „ 2 „ • 4 „ 4 „ 4 4 
a + + 2c/«. + 2d>-+ Se^ + fyu. + g/Z => 0 (3.10) 

When we take 2 pions o f f - s h e l l simultaneously (D17) and (D19) 

give 
2 2 4 4 4 a + b/*. + C_/A- + d/*. + eju. + fyc*. = 0, (3*11) 

2b - 2c - 4d / i ! + 4tjt = 1 =_L . (3.12) 
16 I T f 2 2y£ 

IT * 

The other four equations come from p u t t i n g (3.9) on-shell and then 

using equations (2.12 - 2.15). V/e thus determine our seven parameters 

i n terms of X, R, L and a . 
9 1 

The K° (*J°)->TT+ n n° amplitude i s now given by the rr° Tr°— 

TT + T T amplitude, which i s j u s t A(s,t»u), which we rearrange as 

A(s,t,u) = + B 2 QY + B 3/QY\ 2 + B 4 jQx) 2 , 
m / \m / 

= B ^ I + R 1 p j _ + R 2 ^ 2 + 2 ) » ( 3 « 1 3 > 

B 1 - a + (b+2c)(m 2+3)/3 + (m 2+3) 2 (f+2e +2d+g)/9, 
B 2 = m2 (2(c-b)/3 + (m 2+3) (4d + 2g - 4f - 2e)/9), 

B G = m4 (4f - 4e +2d +g)/9, 

B 4 = m4 (2d-g)/3. 

2 

(3.14) 

The matrix element f o r the decay i s |MJ and so v e n a T e 

|M|2 ^ i + 2 1 ^ pjr_ + ^ 2 ( a 2
 + 2 i i 2 ) + ^ 2 2 R 3 + ^ y j 3 211^ 
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+ X 2 Y 2 ^
 + ^ 9 Y J R 2

 + ^ Q X j 4 t t 3 + ^ j ^ 2 2R
2 R 3 ' ( 3 ' 1 5 ) 

,o / o i m i l a r l y f o r K ( i j ) ~ ^ 3 T T the matrix element i s proportional to 

3B 1 + 3(B g + B 4) ( X 2 + Y 2 ) IQ (3.16) 

and f o r charged kaon decay K — ^ - j - — +• we have 

2B - B QY + J , (B 3 + 3B ) A>Y\ 2 + i ( 3 B 3 + B ) /QX\ 
m 2 11» / 2 ya / 

T T 

* 2 
(3.17) 

3.4 Results 

The range of the four parameter valuesis as i n chapter 2, 

namely: Tt = -3.2 ±1.1, L = 0.08 ± 6.04, a j = (0.03 ± O.Ol)/^ 2 

with X chosen i n accordance wi t h the geometrical i n e q u a l i t y (2.23). 

Experimentally i t i s found t h a t the matrix element only has a very 
2 2 small Y dependence and thus our solutions must have 2R^ ̂  - f t ^ 

2 

or a t l e a s t R o<0. The X dependence i s also n e g l i b l e on a l l 

experiments up to date and t h i s imposes the co n s t r a i n t t h a t 
ftg {« 0. 

A global analysis of the K° -» r r + T n ° data by Murphy 

(69) suggests t h a t Rj l i e s i n the range -2.5 to -2.6. I f we fit 

the data of Albrow e t a l . (TO) and put R̂  = -2.56 then the minimum 

value of Rp compatible w i t h the constraints on \ , R, L and â  i s 

-0.17, and then Rg = 0.32. I t i s i n t e r e s t i n g to note t h a t whenever 

we have a s o l u t i o n w i t h R̂  and Rp negative then Rg i s always small 

wi t h ^Rgj <£. 0.9. Thus having f i t t e d the Y dependence we always 
2 

pre d i c t the X dependence to be small. Given our values f o r R̂ , 
R_ and R„ f i g u r e (3.2) i s a fit to the data of Albrow showing a 2 o 
li n e a r fit and also the e f f e c t of quadratic terms. V/e f i n d cubic 

and higher order terms have no e f f e c t t h a t can be shown on the scale 
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of our f i g u r e . 

The data of Albroir e t a l . (70) obviously requires a large cubic 

dependence i n Y to account f o r the behaviour of the matrix element 

at e i t h e r end of the spectrum, and Albrow's f i t does indeed have 

the c o e f f i c i e n t of (QY/m) as about 50. However, i t should be 

remembered t h a t any systematic errors i n the experiment could be 

more important a t the ends of the energy spectrum, and the cubic 

terms may be spurious. Indeed the data of Buchanan e t a l . ( 7 l ) , 

although g i v i n g a rather low value f o r R̂ , i s p e r f e c t l y compatible 

wi t h a l i n e a r f i t j and data from Ford e t a l . (72) on K— - 9 -ft— yf — T T + 

and Mast e t a l . (7_3) on j^— -pf are also compatible w i t h no 

X dependence and a l i n e a r Y dependence. 

To calculate the S|-93TT decay matrix elements we j u s t take 

the parameter values given by the best f i t to the K-=? 3 r r process 

and simply change the K-aiass to the rj -mass i n the computer programme 

Taking the f i t shown i n f i g u r e (3*2) our new values f o r the r a t i o s 

ares Rj = -2.7, Rg = -0.21, Rg = 0.41, and f i g u r e (3.3) shows 

the l i n e a r f i t and also the e f f e c t of higher order terms. Again 

we f i n d t h a t the e f f e c t of cubic terms i n Y i s n e g l i b l e and there i s 

no s i g n i f i c a n t X dependence. However, the quadratic terms i n Y 

do have a bigger e f f e c t than i n the K-decay r e s u l t s . Vihen we 

compare our p r e d i c t i o n f o r the fj -decay rate w i t h recent experimental 

re s u l t s we f i n d the agreement i s not as good as the K decay r e s u l t s , 

although i t i s n o n - t r i v i a l t h a t we are able to get agreement w i t h i n 

15%. 

The average value of R̂  from recent experimental r e s u l t s agrees 

w i t h t h a t of Cnops e t a l . (74)» namely R̂  «tf -2.2, and t h i s 

implies t h a t the value of R, f o r r» -decay should be less than t h a t 



f o r K - decay. We f i n d , however, t h a t f o r a l l our solutions where 

R^4>0 the value f o r ^ -decay i s always greater than the corresponding 

value f o r K-decay. The e f f e c t of the quadratic terms i s also 

larger i n s| -decay as besides Rg being bigger i n numerical value, 

the m u l t i p l i c a t i v e f a c t o r (Q/m) i s 0.245 f o r ^ -decay w h i l s t i t i s 

only 0.15 f o r K-decay. This larger value of g/m f o r ^ -decay w i l l 

also mean the series expansion i n X and Y w i l l converge more s l o i r l y 

than the corresponding one f o r K-decay and thus we might expect 

quadratic and higher order terms to be more important. 

3.5 Current Algebra predictions 

From the commutation r e l a t i o n s f o r the a x i a l charge w i t h the 

weak i n t e r a c t i o n Hamiltoniau we discover various simple r e l a t i o n s f o r 

the matrix elements f o r K - ^ 3IT a t the points where one of the 

f i n a l state pions has zero four-momentum (75). For K + decay 

these r e s u l t s are: 

M ( K +
J ? T T

+ ^ - , q n_ = 0) = M ( K % n ° rr° r r + ; q n c = 0) = 0. 

2f 
TT 

n ° V ; q n + = 0) = .^1 M ( K % T T ° r r ° ) . ( 3 # 1 8 ) 

2f 
TT 

I n a s i m i l a r fashion the commutation r e l a t i o n s between the 

a x i a l charges and the electromagnetic Hamiltonian lead to the r e s u l t 

t h a t the matrix element f o r / | ~ ^ 3 r r vanishes a t each of the s o f t 

pion points ( 7 5 ) : 

M( —5 r r + I T " TT ° » q n * = 0 ) = lf( -=»TT+ t r " T T ° 5 q^e = 0) = 

M(rj -=> 3 T T ° J q no = 0 ) = 0. (3.19) 

The extrapolated matrix elements f o r K-^>3 r r decay obtained 

from l i n e a r f i t s are compatible w i t h the current algebra predications 

i o w i t h i n the experimental e r r o r s . The fj -decay r e s u l t s i n the 
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l i n e a r model, however, f a i l to show the zero i n the <j -=? n rr n 

matrix element at the so f t - p i o n point f o r the odd pion ("rr°) • 

S i m i l a r l y , i n the l i n e a r model, the <j -=9 3TT° amplitude i s constant 

as can be seen from (3.16) and thus cannot show the current algebra 

zero, we are thus led to the conclusion t h a t , e s p e c i a l l y i n /J -decay 

the higher order s t r u c t u r e , neglected i n the l i n e a r model, could 

be important. 

3.6 Higher order spectrum 

I n chapter 2 we found we required a t l e a s t a quadratic polynomial 

to describe the sub-threshold n n amplitudes, i n order to s a t i s f y 

a l l the crossing sum rules and a n a l y t i c i t y c o n s t r a i n t s . I t i s 

now clear t h a t a s i m i l a r amplitude i s required i f we are going to be 

able to f i t the <j ••=? 3 TT decay amplitudes to the current algebra 

con s t r a i n t s . A quadratic TTTT amplitude w i l l enable us to expand 

the matrix element f o r the decays up to qua r t i c terms i n X and Y. 

Phenomenological analyses have been done (75) i n c l u d i n g t h i r d 

order terms i n the matrix element and, although the errors f o r the 

extrapolated cubic spectrum are, expectedly, larger than those f o r 

the l i n e a r model, the extrapolated /j -=? 3rr amplitudes can be made 

completely compatible w i t h a l l the sof t - p i o n zeros. 

I f we now look a t the K-=? 3 rr r e s u l t s we see the uncertainty i n 

the higher order terms r e f l e c t e d i n the large e r r o r s . Even so, the 

inc l u s i o n of the extra terms has tended to make the agreement wi t h 

current algebra worse than i n the l i n e a r model - i n complete contrast 

to^-=^3rr where the agreement improved considerably. 

Although the current algebra constraints make very strong 

predictions i t should be pointed out t h a t the matrix element 
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expansion i s not s t r i c t l y v a l i d a t the soft-pion p o i n t s . For 

instance i n K n r\ T T + a * "the p o i n t when the odd pion 

has zero energy we have Tg = s = fX. + m , t=u=^u. and hence 

QY = - 1 , and X = 0 ( 3 . 2 0 ) 
ra 

S i m i l a r l y at the other s o f t - p i o n p o i n t s t 

QY = 1 QX 2 3 (3.21) 
m 2 ' m 4 

Y/e obtain the same r e s u l t f o r <•)-=> p + T, TT- 0 and f o r ̂  .-=> 3TT° 

a t q = 0 we have: 

Q 2 (X 2 + Y 2) = 1 , fl 3 ( j 3 - 3 x
2 y ) = - 1 . (3.22) 

m m 

In the absence of a d e f i n i t e model i n which R̂ , Rg, Rg etc . 

themselves f a l l o f f reasonably f a s t , therefore, expansion (3.13) 

need not converge at the odd-pion zero-momentum po i n t s , and may 

converge only slowly a t the other s o f t - p i o n p o i n t s . 

Y/e have seen t h a t the current algebra predictions are very 

d i f f i c u l t to s a t i s f y f o r /j -decay. I n section ( 3 . l ) we discussed 

Sutherland's r e s u l t s (65) f o r /j -decay and the only way round t h i s 

paradox i s to assume t h a t w h i l s t l i n e a r terms f i t K-decay p e r f e c t l y 

w e l l , quadratic and cubic terms are essential f o r /j decay to s a t i s f y 

the current algebra c o n s t r a i n t s . This conclusion i s thus i n 

agreement with t h a t of the previous chapter, i n t h a t any process 

i n v o l v i n g two or more pions can be described by an amplitude which 

i s a t l e a s t quadratic i n the usual % t , u v a r i a b l e s . 

3.7 Discussion 

Lovelace (16) has f i t t e d the K- and <j -decay processes wi t h a 

Veneziano model f o r T i n -=9 trn s c a t t e r i n g continued o f f - s h e l l to 

e i t h e r the K or «j mass. Thus, f o r example, from equations (1.5) 
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and (1.6) we ob t a i n 

M (•-] T T + T T " TT°) = U^J[v(s,t) + V(s,u) - V ( t , u ) ) , 

where <^ ̂  | n " ^ ^ describes the electromagnetic mixing of the q 

and the o f f - s h e l l rr°. This model has the feature t h a t i t possesses 

Adler zeros (12) f o r e i t h e r of the charged pions but none f o r the 

neutral one as the rj does not l i e on the jt> t r a j e c t o r y or any 

of i t s daughters. 

The r e l a t e d decay <j _=> 3rr° may be handled analogously and 

here the Veneziano form (V(t,u) + V(s,t) + V(s,u)) possesses no 

Adler zeros a t a l l f o r any of the neutral pions. 

Sim i l a r r e s u l t s were obtained f o r K-^>3TT using now the weak 

mixing of the kaon and the o f f - s h e l l pion. I t should he noted, 

however, t h a t , as our re s u l t s i n d i c a t e , once one of the decays 

(K or rj ) has been f i t t e d and the re s u l t s used as a zero parameter 

p r e d i c t i o n of the other decay, the new r e s u l t s are not quite 

i n agreement w i t h experiment. 

Our r e s u l t s are thus i n agreement w i t h those of the Veneziano 

model i n t h a t when going from the K-decay to thesj -decay we only 

change the mass and thus our two amplitudes w i l l have the same 

structure of zeros. 

The extra p o l a t i o n o f f mass-shell from the K to the /j i s 

small and, a p r i o r i , we would expect them to have the same structure 

of zeros. The above discussion suggests t h a t the rj -decay may 

ho^e a more complicated i n t e r a c t i o n s t r u c t u r e than a t present 

imagined. I f the e n t i r e structure i n the three-pion f i n a l state 

comes from f i n a l state i n t e r a c t i o n s , while the i n t e r a c t i o n 

Hamiltonian merely determines the strength of the decay, then K 
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and fj-=9 3 rr should be s t r u c t u r a l l y the same, but having rates 

according to t h e i r weak and electromagnetic natures r e s p e c t i v e l y * 

This simple expectation does not seem to be borne out a t the 

present and would seem to in d i c a t e t h a t a t l e a s t some of the 

st r u c t u r e of the decay i s i n t r i n s i c i n the i n t e r a c t i o n Hamiltonion. 
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CHAPTER 4 

EFFECTIVE-RANGE EXPANSIONS FOB rr IT AND TfK SCATTERING 

4.1 Introduction 

I n t h i s chapter ire i n v e s t i g a t e the effective-range expansions 

which enable us to a n a l y t i c a l l y continue the TTTT and ~n~K current 

algebra models of Weinberg (10) and G r i f f i t h ( l l ) above threshold, 

and thus enable us to do a phenomenological a n a l y s i s of recent 

experimental data* The work i s based on an a r t i c l e by the 

author ( 7 6 ) . 

We do not i n v e s t i g a t e any of the P-wave e f f e c t s as the >̂ i s 

v e i l f i t t e d by the effective-range expansion (2.30), and from the 

shape of the ph a s e - s h i f t s the K* (892), can be s i m i l a r l y t r e a t e d . 

I n the next s e c t i o n we review the work of Brown and Goble (55) 

i n extending Weinberg's amplitudes f o r TTTT s c a t t e r i n g up to the 

resonance region, and how t h e i r a n a l y s i s has been modified (77, 78) 

so as to make the I a 0 S-wave resonate near the -f> mass. Then we 

in v e s t i g a t e how the work of D i l l e y (23) f i t s into the two extr a p o l a t e 

schemes. I n s e c t i o n 3 we f i r s t l y extend the current algebra model 

of G r i f f i t h ( l l ) f o r TTK s c a t t e r i n g to the resonance region, and 

then we constrain the I • £ S-wave to resonate, and compare our 

predicted p h a s e - s h i f t s with recent experimental data. F i n a l l y 

we compare our predic t i o n s with those of the Lovelace-Veneziano model 

( 1 8 ) . 

4*2 Ef f e c t i v e - r a n g e expansions for nrr s c a t t e r i n g 

A simple extrapolation of Weinberg's current algebra 

s c a t t e r i n g amplitudes c o n s i s t e n t with e l a s t i c u n i t a r i t y has been 

proposed by Brown and Goble ( 5 5 ) , and they make predictions f o r 
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the I a 0 and 1 = 2 S~wave phase-shifts up to energies around the 

kaon mass. The value they obtained f o r ^ Q ~ S 0
 a ^ the kaon 

mass agrees v e i l with t h a t obtained from K 2 rr decay r a t e s . 

I n addition the P-wave amplitude, when continued to higher energies 

v i a an effective-range expansion, with parameters f i x e d by 

r e q u i r i n g a resonance of the f> mass, leads to a s l i g h t l y modified 

v e r s i o n of the KSRF r e l a t i o n ( 5 l ) determing the width of the 

i n terms of i t s mass and the pion decay constant i n good agreement 

with experiment. 

The current algebra n n amplitudes are given i n Appendix D 

(D23 - 25) and can be w r i t t e n as 

F ° ( s ) = (2s - ^ 2 ) a y ^ 2 , (D23) 

F [ (s) - (s - 4y?) a x /4, (D24) 

F 2 ( s ) - (s - 2ji) a 2 /2yl, (D25) 

where a Q , a^, a^ are the s c a t t e r i n g lengths. 

Ve now write an ansubtracted dispersion r e l a t i o n for the 

inverse amplitude with the only branch-cut being the right-hand 

u n i t a r i t y cut which gives a contribution H(s) to the inverse 

amplitude, where H(s) i s given by equation ( 2 . 4 ) . 

Ve now define s j ( 8 ) b 7 

[ A ^ s ) " ] - 1 - H(s) + g * ( s ) (4.1) 

so t h a t g ^ ( s ) represents the contributions of the poles i n the 

d i s p e r s i o n r e l a t i o n ( 2 . 3 ) , and i s a meromorphic function except f o r the 

i n e l a s t i c u n i t a r i t y cut along the p o s i t i v e r e a l a x i s for 
2 

s "p 1 6 ^ , and a cross-channel cut along the negative r e a l a x i s 

(s < 0 ) . Ve can write the partia-l-wave^ expansion as 



^ ( « ) ctg - (H(s) + i ^ ( s ) ) + g j ( s ) - R e p £ ( s ) -1 ^ A 2 i s > 4 . 

(4.2) 

The current algebra S-^wave amplitudes both vanish i n the gap 

0 4 s < 4 below the e l a s t i c threshold, and thus from ( 4 . l ) i t i s 

c l e a r that g£( 8) has a pole i n t h i s gap, and hence i t i s not 

possible to parameteriae i t as a f i n i t e polynomial i n s . 

Accordingly ire s h a l l i nstead write the inverse function as a f i r s t 

order polynomial i n s . We determine the c o e f f i c i e n t s of t h i s 

expansion by f i t t i n g i t to the current algebra amplitude a t the 

point where the l a t t e r vanishes, and thus we obtain the same simple 

form f o r the u n i t a r i l y corrected amplitude as from the Lovelace 

K-matrix method (l§) (1.13), namely 

A*( s ) - F * ( s ) (4.3) 

1 + H(s) F * ( s ) 

The phase—shifts t h a t follow from t h i s assumption are shown as 

dashed l i n e s on f i g u r e ( 4 . l ) where i t can be seen th a t both phase-

s h i f t s are small with ^ ° ~ 80° and & 2 pz. -40° a t 700 MeV. 
D 

Enough data i s now a v a i l a b l e to compare the S-^rave phase-shifts 

obtained from Brown and Goble's method with experiment, as has been 

discussed i n chapter 2. The pr e d i c t i o n s f o r "b̂  are too 

l a r g e , while the predictions f o r &Q are too small above the kaon 

mass as there i s no <T~ resonance predicted, and i f we believe 

the work of Weinberg on the a l g e b r a i c r e a l i z a t i o n s of c h i r a l 

symmetry the and crmasses are equal. 

There have been s e v e r a l g e n e r a l i s a t i o n s (77, 78) of Brown and 

Goble's procedure to improve the predictions for i n the region 

500 - 1000 MeV. so as to include the cr as an S-wave resonance, 
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and we follow here the method of Greenberg (78) although a l l the 
methods are b a s i c a l l y j u s t d i f f e r e n t parajneterisations for g*(s) 
so as to put i n the C. We give three parameterisations f o r 

go(s)< 

1) g(a) - c k 2 ) + bk 2, 

2) g ( s ) - (l/<* + b k 2 ) / ( l + c k 2 ) , (4.4) 

3) g ( s ) - (l/°0/(l + c k 2 ) + b, 

where c ^ i s the s c a t t e r i n g length, c i s determined by the Adler 
2 

zero i n the I - 0 S-wave current algebra amplitude a t s - 0.5^. 

The constant b, which can be thought of as g i v i n g some measure of 

the left-hand cut contribution to the amplitude, i s determined by 

r e q u i r i n g t h a t there i s a resonance near the mass and a t the 

resonance p o s i t i o n we have c t g a 0 - 0. 

The amplitude A?.(s) i s now given by a generalised e f f e c t i v e -o 

range expansion and i t matches the current algebra amplitude a t 

threshold and the Adler zero. We can now use equation (4*2) to 

p r e d i c t the phase s h i f t s , and the width of the resonance i s 

obtained by evaluating twice the d i f f e r e n c e i n Ja of the phase-shifts 

a t 45° and 90°. 

The best f i t to the data i s shown on f i g u r e ( 4 > l ) . This 

comes from model l ) f o r g ( s ) as the other two parameterisations 

r e s u l t i n a width greater than the resonance mass, and phase-shits 
2 

smaller than the experimental values when s i s greater than mr , 

The best f i t comes from taking the resonance p o s i t i o n to be a t 

730 MeV and then we p r e d i c t the width of the er to be 250 MeV. 

An i n t e r e s t i n g feature of the amplitude i n equation (4.2) i s t h a t 
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-li.™ ftl^3 ~ * / > U s (4.5) 
S — o O 

This i s j u s t the behaviour expected f or A°(s) i f the high-energy 

n TT s c a t t e r i n g i s dominated by Pomeranchuk exchange with a 

constant residue function and l i n e a r Regge t r a j e c t o r y . 

The technique used by O i l l e y (23) which has been mentioned 

e a r l i e r (see s e c t i o n (2.1)) gives predictions f o r the amplitudes 
2 2 

i n the region s = 4 ^ to s = 8 ^ . We expand the i n v a r i a n t 

amplitude A(s,t,u) i n a power s e r i e s i n k g f and k^ which are 

defined by ( 2 4 ) . 
k s ' * J 4 ^ ~ «» 

k t - i J4J - t , (4.8) 

o 

Thus below the ph y s i c a l TITI -^nnthreshold a t s = 4 ^ the amplitude 

w i l l be purely r e a l and aswe continue the amplitude above 

threshold some of the terms w i l l develop imaginary p a r t s . Next 

we impose e l a s t i c u n i t a r i t y on the amplitude by defining 

R I ( s ) => Im aJ( S) (4.7) 
N / ( s - 4 / f ) / s A j ( s ) 

where K A ( s ) » 1 f o r exact e l a s t i c u n i t a r i t y . We now define the 

root-mean-square deviation of R * ( s ) from u n i t y i n the i n t e r v a l 

- i f ^ ( B 1 ^ ) - 1 ) " j * (4.8) 

where s^ are equally spaced points i n the i n t e r v a l . We now vary 

the c o e f f i c i e n t s of the power s e r i e s expansion so as to minimize 
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& R * ( s ) . F i x i n g the S-*wave s c a t t e r i n g length a^ - 0.16 we f i n d the 
best f i t gives S ^ 1 5 ° and a t B > 8/£ (400 MeV. 2). This 

agrees with both the s o l u t i o n s , with (77, 78) and without ( 5 5 ) , 

putting i n the o~, but i n t h i s case we have not i n s e r t e d any 

kinematic zero i n the amplitude a t the crmass, so we can consider 

D i l l e y ' s type I I sol u t i o n s as having a non-resonant I a 0 S-wave. 

4.3 Ef f e c t i v e - r a n g e expansions f o r TT K s c a t t e r i n g 

Having obtained a phenomenological d e s c r i p t i o n of the low-energy 

rrrr data up to near 1 GeV we now extend our a n a l y s i s and i n v e s t i g a t e 

the I T K system which i s s i m i l a r to the rr I T system i n that there 

i s a strong resonance i n the I • \ P-wave, the K* (892), with a 

broad S-wave resonance l y i n g somewhere near i t . F i r s t of a l l we 

i n v e s t i g a t e the e f f e c t of u n i t a r i t y c o r r ections to the current 

algebra model i n the same way as Brown and Goble (5j>) and then we 

analyse the e f f e c t of f o r c i n g the I = •£• S-wave to contain a broad 

resonance. 

We again write f o r the p h a s e - s h i f t 

2k ctg $ * - H(s) + 2i k + g*(s) - Re U j ( s ) l -1, (4.2) 

where now we have unequal mass kinematics and 

k 2 - ( s - (m + / o 0 2 ) ( s - (m - / $ 2 ) / 4 s . (A12) 

The function H(s) i s chosen as before so as to enforce e l a s t i c 

u n i t a r i t y and i s given by a once subtracted d i s p e r s i o n r e l a t i o n f o r 

the inverse amplitude with the only branch-cut being along the 

right-hand u n i t a r i t y cut i n thecomplex s-plane 
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H(s) = a - (m 4y*) 2 \ - 2 k ( s ) da (4.9) 

^ J , (B -B)(B' - ( « + Y - ) 2 ) 

The d i s c o n t i n u i t y of H(B) across the right-hand cut i s -2k/ JIT as 

required by u n i t a r i t y , and i t i s well behaved asymptotically as 

Lm. Re H(s) ^ i n s . (4.10) 

A s u b t r a c t i o n i s put i n a t threshold so as to force 

H ( s - (m +a) 2) - 0, (4.11) 

and a t threshold the amplitude i s then given j u s t by go(s) which 

w i l l give the c o r r e c t s c a t t e r i n g length. 

The current algebra amplitudes of G r i f f i t h ( l l ) can be w r i t t e n 

( s ) - a * (2s - 3k 2 - 2m2 - 2 ^ ) , (D47) 
4m/*»-

g 
F * (a) - a 3/ 2 (B - m2 - / - 2 ) , (D48) 

2m 

where a£ and a3^> are the s c a t t e r i n g lengths. These amplitudes have 

zeros a t s - 11.95^ f o r and s » 13.45^ f o r F^, and by f i t t i n g 

a f i r s t order polynomial f o r j^gj ( 8)~j ~* *° *he current algebra 

amplitudes a t the points where the l a t t e r v a n i s h we again f i n d the 

u n i t a r i z e d amplitude A* ( s ) i s given by equation ( 4 . 3 ) . The 
o 

p h a s e - s h i f t s t h a t t h i s ansatz produces are shown as dashed l i n e s 

i n f i g u r e s (4.2) and (4.3) with the s c a t t e r i n g lengths given by 

current algebra as a£ - -2a3/2 = 0.22. S i m i l a r to the 
3 o case the 1=5- S-wave phase-shift i s too big being -67 a t 
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1250 MeV, whereas the I a £ S-wave shows no tendency to resonate 

and i s too small, being 32° a t 1250 MeV. 

Ader et a l . (gjfc) have generalized the approach used by O i l l e y 

(23) to TT K s c a t t e r i n g . They give polynomial expansions f or 

A- ( s , t , u ) i n terms of the following v a r i a b l e s 

qs - i 7( m v ) 2 ~ a» 
% - * 7 V 2 - t (4.12) 

They then impose e l a s t i c u n i t a r i t y i n the s t r i p ((m + ^ , 

(>m + 2 ^ 2 ) by de f i n i n g 

f\ 3 
. . $ R ( s ) - ^ ( ( 1- R * ( * i ) ) 2 + (1 - R2 ( s j ) ) 2 ) * 

where 

B I ( s ) - Im A*(s) ( 4.7) 

2 k / / T " [a* ( S ) | 2 

and s& are equally spaced i n the i n t e r v a l . They obtain minimum 

values f o r £> R ( s ) f o r S-wave s c a t t e r i n g lengthB i n the region 

a£ a 0.12 - 0.05, 

a | - -0.085 - 0.04, (4.13) 

and the P-wave s c a t t e r i n g length i s given by a Breit-'wigner 

expression f o r the K* (892) with width 50 MeV. 

Th e i r predictions f o r the phase-shifts a t 900 MeV are 

= 30" 1 5 W, 

^ 3 / a - - 25° ± 5°. 



This agrees v e i l with the non-resonant sol u t i o n s shown i n f i g u r e s 

(4.2) and (4.3) i n that the I = £ S-wave i s too s n a i l w h i l s t 
g 

the I - — S-wave i s too large a t 900 MeV. 

Before we consider the e f f e c t of making the I » -J S-wave 

resonate somewhere near the K* (892) i t i s i n t e r e s t i n g to see 

what the experimental r e s u l t s a r e . 

KTT p h a s e - s h i f t analyses have r e c e n t l y been performed 

(79 - 81) using the reactions 

and we compare our predicted phase s h i f t s with the data. 

Trippe e t a l . (79) have performed a pole-extrapolation 

a n a l y s i s of reactions (4.14) and (4.15) use Ourr - Filkubn 
form-factors and they showed tha t the observed moments of the 

K I T angular d i s t r i b u t i o n have the properties of a slowly 

i n c r e a s i n g I • £ S-wave ph a s e - s h i f t reaching 90° near 1100 MeV. 

They obtain a rough c o m p a t i b i l i t y with the data by assuming a 

Breit-Wigner of mass 1100 MeV and width 400 MeV, although t h i s does 

give i n c o r r e c t threshold behaviour. 

The Johns Hopkins group (80) have extrapolated the d2<r-/dmdt<Y^^> 

q u a n t i t i e s f o r both reactions to the pole, and performed an on-shell 

partial-wave a n a l y s i s . They obtain an ambiguity i n the phase-shifts 

s i m i l a r to that i n r m (82) i n that two s o l u t i o n s are obtained, 

one of which goes slowly through 90° a t 1100 MeV, w h i l s t the 

I p -9 K1 rr A 
++ K p — ? K n A 

(4.14) 

(4.15) 
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other goes r a p i d l y through 90° near the K*(892), but by comparing 
the extrapolated c r o s s - s e c t i o n they p r e f e r a resonance near HOOlleV. 

A s i m i l a r a n a l y s i s to that of the Johns Hopkins group has been 

done by the B r u s s e l s - CERN - UCLA co l l a b o r a t i o n ( 8 l ) , with again 

an ambiguity i n the p h a s e - s h i f t s , and one s o l u t i o n going r a p i d l y 

through 90° a t 900 HeV. 

Yuta e t a l . (83) have analysed the K phase-shifts from 

K p -=t> K" TT + n, (4.16) 

and obtained S-wave phase-shifts i n good agreement with those of 

references (80, 81) so we w i l l only compare our predictions to those 

of the f i r s t two s e t s of data. 

Following Greenberg (78) we make three parameterisations f o r 

g j ( s ) l a b e l l e d l ) 2) 3) i n f i g u r e (4.2) 

1) g(a) - UA0 / (1 + c k 2 ) + bk 2 

2) g ( s ) - ( l M + bk* ) / (1 + c k 2 ) , (4.4) 

3) g(a) - (1/oQ / (1 + c k 2 ) + b, 

where°ds the I = i S-wave s c a t t e r i n g lengths and c i s chosen to give the 

zero a t the same point as the I • \ S-wave given by G r i f f i t h ( l l ) , while 
2 

b i s again chosen so as to give a resonance a t s * If by making ctg 

S* (s - M 2) - 0. 

Ve consider three values of the s c a t t e r i n g lengths o£ • 0.17, 0.22 

- G r i f f i t h ' s current algebra value, and c< => 0.27, so t h a t we can 

t e s t the s e n s i t i v i t y of our r e s u l t s . S e t t i n g M = 1100 MeV 

throughout the predicted widths of the resonance are given i n 

table 1, and the r e s u l t i n g p hase-shifts and t h e i r f i t to the data 

are shown i n f i g u r e s (4.2) and ( 4 . 4 ) . we find, s i m i l a r to the 

n IT case the best f i t to the data i s with model l ) and ©< a 0.22 

although c<» 0.17 f i t s n e a r l y as w e l l . I n general, a v a r i a t i o n i n 

of 25% produces a v a r i a t i o n i n p h a s e - s h i f t a t 900 MeV of 15#. 
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The poBition of the pole i n g ( s ) i s dependent on the way 

we extrapolate off mass-shell to the Adler zero, and t h i s i s not 

uniquely defined ( s e c t i o n ( 2 . 4 ) ) . However, our pr e d i c t i o n s 

f o r the width are r e l a t i v e l y i n s e n s i t i v e to the exact p o s i t i o n 

of the zero and a change i n the p o s i t i o n of the pole of 40% 

r e s u l t s i n a change i n the predicted width of l e s s than 10$. 

I f we use the current algebra amplitude f o r g^(a) 

go(s) - 4 + b k 2 (4.17) 

a* (2s - 3k a - 2m2 - 2 ^ ) 

then we get p h a s e - s h i f t s i n good agreement with model l ) and a 

predicted width of 450 HeV, which i s not too s u r p r i s i n g as the 

two parameterisations are constrained to be equal a t three pointst 

Adler zero, threshold and resonance p o s i t i o n . 

I f we take the constant b as some contribution from the 

left-hand cut i n a dispersion r e l a t i o n f o r the inverse amplitude, 
g 

and assume tha t the I a - S-wave has the same left-hand cut 

g 3 / 2 ( a ) - ,„ 2 2T + * * 2 (4.18) 

contribution i . e . we put 

a o/2 \B - m -
g 

then we f i n d the I = — S-*wave ph a s e - s h i f t i s considerably reduced 

and f o r arg - -0.11 we f i n d So = -25° a t 1250 MeV as i s 
g 

shown i n f i g u r e ( 4 . 3 ) . The cdrres'ponding value f o r a = - 0.085 
- 19°. 

4.4 Discussion 

We can thus conclude t h a t the current algebra amplitude f o r 

TTK s c a t t e r i n g when extrapolated above threshold by means of an 
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effective-range expansion which imposes e l a s t i c u n i t a r i t y on the 

amplitude i s compatible with experimental data f o r the S-waves i n 

th a t l 

( i ) the I = £ S-wave i s l a r g e , p o s i t i v e and resonates near 

1100 MeV; 

( i i ) the I • — S-wave i s small and negative. 

Our f i t to the data of references {80, 81) i s good even out to 

1250 MeV although we are neglecting i n e l a s t i c e f f e c t s and contributions 

from the cross-channel on the left-hand cut are only approximated 

by the effective-range expansion for g ( s ) . This suggests t h a t 

these e f f e c t s may be small up to 1250 MeV. 

The two s e t s of data have ambiguities i n t h e i r I - £• S-wave 

pha s e - s h i f t s as discussed e a r l i e r , but the Johns Hopkins group 

(80) p r e f e r a s o l u t i o n which i s i n good agreement with ours. I t 

i s i n t e r e s t i n g to note t h a t Lovelace p r e d i c t s a resonance under 

the K* (892) using a u n i t a r i s e d Veneziano model (18) (see f i g u r e 

( l . 4 ) ) , as here the resonance i s forced to be a daughter of the 

K* (892 ) . I f we make our model resonate a t 900 MeV by a l t e r i n g b 

we get a predicted width f o r model l ) with » 0.22 of 130 MeV 

as a g a i n s t the 210 MeV predicted by Lovelace, and more i n agreement 

with the r a p i d l y varying phase-shifts i n d i c a t e d by the data. 

I n p r i n c i p l e we can d i s criminate between the two s o l u t i o n s 

by measuring the K + TT e l a s t i c c r o s s - s e c t i o n s a t the K* (892), 

but up to date the s t a t i s t i c s have not been s u f f i c i e n t l y accurate 

( 8 4 ) . However, the present r e s u l t s show no evidence f o r a narrow 

S-wave resonance on top of the K* (892), and i f such an e f f e c t were 

present i t should a l s o be observed i n the p h y s i c a l K* mass 

sp e c t r a ; but no such e f f e c t has yet been reported. 



Table 1 

Predicted widths for scattering lengths a, and different models 

a 1 2 3 

0.1? 325 375 U20 

0.22 1»T0 525 575 

0.27 520 575 635 
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CHAPTER 5 

LOW-ENERGY TT K SCATTERING 

5«1 Introduction 

Now that detailed experimental studies of rr K-* rrK scattering 

are becoming possible there i s growing interest in theoretical 

predictions for this process. The model which i s presented in 

this chapter i s similar in construction to the one given i n chapter 

2. The basic assumption i s made that the appropriate scattering 

amplitudes are smooth and simple functions of the energy-aomentum 

variables on and near the mass-shell. 

There are two dynamical assumptionst 

( i ) the existence of the K* (892) meson i n the I - £ 

[ a 1 amplitude; 

( i i ) the dominance of the I » 1 1 > 1 nn-^U amplitude by 

the -f> meson. 

In addition we make physical assumptions similar to those we 

made for the n n -=? TTTT calculation in chapter 2. 

( i i i ) only S- and P-waves contribute in the region of interest 

& ± 1.3 GeV? 

(iv ) the S-wave scattering lengths are small) 

(v) e l a s t i c unitarity holds over the entire region of interest 

( v i ) the contributions to the partial-wave series from the 

left-hand cut and c i r c l e cut can be evaluated directly from the 

crossed channel partial wave series* 

The discussion of the v a l i d i t y of these expressions i s the some 

as that given i n chapter 2 and i s reviewed b r i e f l y for the sake of 

completeness. 
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In making these assumptions ve are aware that through analyticity 

and crossing both higher partial-waves and absorptive effects i n 

the region Ja i-1.3 GeV can influence the lower par t i a l waves. 

These p o s s i b i l i t i e s are discussed in the calculations* 

The assumption of small S-wave scattering lengths i s very 

r e s t r i c t i v e but i s well supported by current theoretical models 

(11, 18, 26, 29, 85, 86). 

The sixth assumption i s equivalent to disregarding the 

presence of third double spectral functions and in practice as our 

dispersion relations are subtracted, the results are insensitive 

to the distant left-hand cut. The assumption i s necessary in 

order for us to obtain a closed system of equations. 

In the next section we give the construction of the inverse 

amplitude dispersion relations for 1-6 2 and show how they are 

solved when expressed in terms of subtraction constants and zeros 

of the amplitude. A model for the amplitudes below threshold i s 

then given and we see how this i s constrained by analytic constraints 

and crossing sum rules similar to those used in previous chapters. 

F i n a l l y we discuss the numerical results we obtain. 

5.2 Method 

The partial wave amplitude A* (s) has the following 

singularities i n the complex 8-planei 

( i ) a right-hand cut (m +/*) ^ a<-

( i i ) a i eft-hand cut - o c ^ s 4 (m -y«) ; 
2 2 

( i i i ) a c i r c l e cut |s| - m — • 

Ve define a function G}(B) by 
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G*(s) - l / ( k 2 ( s ) A£(s) ( a - s 0 ) ) , 

and also we define B*(s) a ( A * ( s ) ) ~ * , then on the right hand 

cut e l a s t i c unitarity can be expressed as 

Im B^(s) - -2k(s) / JB. 

In the complex s-plane very high energy scattering contributes 
2 

through crossing around the point s = 0• Now k eo as s o 

so these high energy contributions are suppressed and alBO the 

effect of unknown distant singularities i s very much reduced. A. 

subtraction i s made as s o BQ (which may depend on I and J.) so as 

to further dampen the unknown large s behaviour of the amplitude. 
A dispersion relation for Gr'(s) may be written (93) 

B*(s) - H(s) - H ( % ) + k 2 ( s ) - B i ( V ) / k 2 ( s ) + I * ( s ) + + 

p j ( s ) . (5.1) 

The e l a s t i c right-hand cut contribution can be evaluated in 

closed form independent of I and L to give 

H(s) = - k 2 ( s ) C 2k(s') ds' , 

J ^ % ' ) (-' -*) 
(m +̂ u) 

o -2k(s) I s - m2 - A - 8k(s) y s ^ ( 5 . 2 ) 
TT JB" V 2ny^-

and si m i l a r l y we have 

H(so) - k 2 ( s ) 2 t a S 1 / 2 k ( s 0 ) s. 

^ k(s„) J% \ ao - m -yu. 

when (m-yt)2 ^. s^ <. (m+/^2. 

The left-hand cut contribution i s 
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(s-fl 0)£(sl TIm By.(s/ ) ds' 
TT U 2 (s' ) <s' -s) (s ) 

(5.3) 

and the contribution from the c i r c l e cut i s 

C*(s) - ( s - s j k 2 ( s ) f A B I ( » ) D S ' (5.4) 

k 2 ( s ' ) (s'-s) ( s ' - s j 

where A B*(s) i s given by 

A B ^ ( s ) - lim. (B*((|s| + € ) e ^ ) - B*(( |s| - f ) e^J), (5.5) 

2 2 
where |s| «= m - ^ and s w 

Zeros of the amplitude at threshold (k (s) - 0) are given by 

the term P J ( S ) • 

2 2 
The S-wave amplitude does not vanish when k -*0 and k has 

2 2 two zeros t at s = " x a n d 8 9 ( m t ^ ) a Y 1 1 1 1 ( 1 v e obtain 

P*(s) - k 2 ( s ) ( s - s j - 4Y 
(Y - X) ( Y-s,) A^(Y) (Y-s) 

(X - Y) ( X - s J (X-s) A* (X) 
(5.6) 

2 I The P-wave amplitude vanishes when k ->0 and thus P j ( s ) 

has contributions from two second order poles. I f we have A* 
2 I 2 o< k when s a X and A^ « Bk when s - Y then 

P ^ s J - k ^ s ) ( s - s o ) d_ 

ds' (s' - Y ) 2 < ( 8 ' - s XB'-B) 

d_ / -Mi*')* 

dS 1 (s' - X ) 1 ^ (.'-.) ( S' - 3 ) 
(5.7) 
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The discontinuity across the crossed physical cut 0 4 

(m -yu-) i s given i n terms of the imaginary part of the physical 

TTE scattering amplitude. 

The c i r c l e cut discontinuity i s given i n terms of the absorptive 

part of the amplitudes for the t-channel process rtn KK. 

Al l the processes discussed above contribute to the l e f t hand 

cut -o0 4-B<cQt but i n addition there are many other contributions 

from, for example, the moie massive intermediate states i n the t-channel 

(4rr , 6n-, KK etc.) Some of these contribute also to the back of 
2 2 ~-the c i r c l e cut (s » - m ) e.g .nn->KK. 

Thus for any value of s on the cut - t o i s <. (m-/<) ve have by 

crossing 

(5.8) 

4* 

vhere (k) refers to the u-channel three momentum with 

c(s) a (m -^m-) /a when 0 4. s 4 (m-/») • 

• (m + /*) when • 4O1 

The second term in (5.8) includes the contribution from vhere the 
2 2 

c i r c l e cut crosses the left-hand cut at s = yU. — m • 

On the c i r c l e cut we introduce a variable X defined by 

S i (X)-2X+ m 2+^ i 2i 7 ( X + m2) ( -X - y J ) , 

so that 
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S ± ( > ) 2 

- X 
The discontinuity of the scattering amplitude across the c i r c l e 

cut i s given by 

The amplitudes on the c i r c l e cut are given byi 

AI(B±) 
B?(s±) 

CAj<s) ± i AAJ(S), 

CB*(s) I i A B j ( s ) , 

(5.10) 

(5.11) 

where the discontinuity of the inverse amplitude i s required for 

the dispersion relation. I t should be noted that the functions 

CA^(s) and CB^(s) are themselves complex functions. 

For each value of AB^(s) we calculate the contribution from 

the c i r c l e cut as follows. 

Ve transform the integral over s to two integrals over X i 

one being the contribution of the cut from the lower half of the 

c i r c l e (s__), and the other from the top half of the c i r c l e (s+) 

and we obtaini 

C[{s) - (s-s,) k ^ s i 
dX J X (s+-s) (s+-s ) 

dX 

+ I /ds-\ A B7(s-) 

X (Sv_ -s) ( s _ - B ) 

dX 

Although A B^(s-) i s a complex function, i t i s a real analytic 

function in that 
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ABJ(S+) - -AB** ( s j , 

and so for s real we obtain cj(s) also r e a l * 

We evaluate AB^(s-) using the following iterative procedures 

( i ) f i r s t time through we put A B^(s) =" 0 and then using 

the value of CB^(s) obtained by evaluating B^(s) on the c i r c l e 

cut from equation (5. l ) we have Bj£(s-) from (5.1l)$ 
I I ""^ 

( i i ) we invert B^(s-) to get A^s-^from the knowledge of 
A f J ( s i ) we calculate CA^(s-) from (5.10)) 

( i i i ) the second time through the programme we have new values 

forAA^(s-) and CB^(s-) and we use these with the previous estimate 

for CA*(s) to calculate A B * ( s ) J 

( i v ) on the n**h time through we use the valueB of A A ^ ( s ) 

and CBJ(S) from the iteration and the value of CA^(s) from 

the ( n - l ) * n iteration to calculate A B * ( s ) . 

I t should be noted that the n**1 iteration for CB^(s) uses 

the value of A B*(s) from the ( n - l ) t h iteration for C*(s) 

and also the ( n - l ) t n value of ImB^(s) when evaluating L ^ ( s ) . 

The unitarity condition for p j ( t ) requires that i t has the same 
2 2 

phase as the pi on-pi on amplitude for 4/^6-1 £.16^. Then the 
quantity D*(t) where D*(t) has the phase exp (-i$*(nn ->> n TT ) ) 

has the following singularities i n the t-plane» 

( i ) the right-hand cut 1 6 ^ <L oo j 
( i i ) the left-hand cut - <*> <c t ^ 0. 

We write the following once-subtracted dispersion relation for 

F j ( t ) 
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Dj(t) F j ( t ) - (*-t 0) ImFj ( t ) p{(t) dt + p I ( t o ) D j ( t o ) , 

( t - t ) ( t ' - t ) 
—OO 

(5.12) 

where the right-hand cut i s neglected, assuming that four-pion and 

other higher mass intermediate states contribute very l i t t l e in the 

low-energy region. These small effects are absorbed into the 

subtraction constants which ares 

( i ) for 1 = 0 X - 0 , 10 n 0.5^, and i f we . assume a 

linear off mass-shell extrapolation from the Adler zero (12) then 
o 2 we have D o(0.5^) - 0) 

( i i ) for I - 1 A a l , t„ and hence 0^(4^) » 0 

as this i s at the physical n TT threshold. 

On the left-hand cut the discontinuity i s given by 

M ^ - t X'° (5.13) 
2 2 \ 2 2 where (p-) a -p and (q_) = -q as on the left-hand cut t < 0 . 

Note that the Legendre expansion on the right-hand side i s 
2 

va l i d only for t ^ -32^, so the dispersion integral (5.12) i s 
2 

cut off at t - -32^ and the contribution of the r e s t of the 

left-hand cut absorbed into the subtraction terms. The 

' s e n s i t i v i t y of our results to these subtraction terms i s discussed 

l a t e r . 
In order for us to be able physically to do the integrals we 

have to introduce a cut-off (s = A) in the left-hand cut integral 
2 

This i s chosen to be s = -32^ as the Legendre expansion for 
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A^(s) i s only v a l i d up to this point. For s < A we assume 
Im B*(s) - Im ( A ) ( S /A £ 

The results for the phase-shifts for Js<1.3 QeV are insensitive to the 
2 

precise value of A and ©<. provided A C - 3 2 ^ and ^ 0. For a l l 

the results quoted here X a 0, 

There are now four p a r t i a l waves in the model and the amplitudes 

are calculated interatively as follows I 

( i ) we specify s^ and from our sub-threshold models for n K 

and nn we have predictions for B ^ a ^ ) , p j ( s ) , D^(t); 

( i i ) for the f i r s t iteration; ve put L * ( s ) = 0 = C^(s) and 

calculate H(s), H(s 0) and then calculate Bj[(s) from the cut-off 

point A to a point on the right-hand cut where we believe e l a s t i c 

unitarity s t i l l holds ( /s «1.3 GeV). This also gives a prediction 

for B^(s) on the c i r c l e cut) 

( i i i ) use these values of B^(s) to get values of A*(s) 

between - 3 2 ^ and 70/1 (1210 UeV 2)} 

(iv ) use (5.13) to get ImF^(t) with t on the left-hand cut) 

(v) use (5.12) to obtain a prediction for ImF^(t) with 

(vi) with this new prediction for ImF^(t) we calculate 

ImA^s) on the left-hand cut (5.8), and ReA^(s) on the left-hand cut 

comes from the dispersion relation ( 5 . l ) . These then give a better 

estimate for ImB^(s) on the left-hand cut; 

( v i i ) we obtain a new estimate for A A*(s+) from ImF^(t) in 

(5.9) and using the estimate for CB^(s) from ( 5 . l ) we get a better 

estimate for A B*(s) a s previously explained; 

( v i i i ) now recalculate B^(s) with the improved estimates for 

L^(s) and C* ( s ) ; 



( i z ) go to ( i i i ) and cycle to convergence. 

This procedure i s b a s i c a l l y a generalisation of that used i n 

the original application of the inverse amplitude method) and i t s 

convergence has been proved. 

5.3 Sub-threshold amplitudes 

In this section the -n K isospin amplitudes are constructed from 

suitably crossing-symmetric polynomials in the usual s.t.u variables. 

Terms up to quadratic are included and the absence of prominent 
g 

isospin — resonances i s incorporated in a conventional way. The 

polynomials are chosen so that amplitudes obey the Adler consistency 

condition (12). Also on mass-shell f> dominance of the 1 = 1 

£ a 1 n t i ->KK amplitude imposes further constraints on the polynomials 

in terms of the f mass and width. Our f i n a l constraint equations come 

from using the second order current algebra results of G r i f f i t h 

( l l ) (Appendix 0 ) . 

The conventional way to express the assumption that the isospin 
j} channel contains no resonances i s to assert that the dependence 

of A^/^s.t.u) on s as an independent variable may be neglected i n 

comparison with i t s dependence on t and u. Then i f we introduce 

a function H(t,u) (87) where 
2 P 

H(t,u) a a+bt+cu+dt +eu" +ftu, 
then A ( l s , t , u ) » H(t,u) (5.14) 

Che charge symmetry of A and A (A39) requires 
A~ (s.t.u) m H(t,s) - H(t,u), 

with A^ (s.t.u) » % H(t,s) - £ H(t,u). 
(5.15) 
(5.16) 

I f we now invoke dominance of A"* we can write (5.15) as 

A- ( s , t f u ) g(a-u) (5.17) 
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where M = m̂ > and g i a the product of i t s T\TT and KK coupling 

constants• 

By expanding (5.17) and equating i t s coefficients at t - 0 

with those of (5.15) we have 

c + eZ - g/H2» (5.18) 

f - e - g/M4 (5.19) 

The coupling constant g i s evaluated as followss 

We rewrite (5.17) ast 

A" - 6 T 2 pqg 1 ~\ s-u, 
|_3 U* - t J 4 P5 

2(2>(+l) f 2 pqg 1 "1 P (cos0), |- 1 (5.20) 
3 l ^ - t 

(, r i «s *" 
3 

2 v L 

and comparing with the amplitude for nn-*?^> n T r namely 

c j o 1 ~1 s-u, 
8-rt M2-t \ 4q 2 

2 ( 2 i +1) r 2 q a _ J L _ "\ P^ (cos © t ) , 1 
\ 3 8rr M2-t | 
L J (5.21) 

where i s the ^ n n coupling constant. Assuming universality of 

the ^7 coupling (88) we see that at t=0 we obtain 

8 - ^ y, 0/2— (5.22) 
2m 4-r-r 

The decay rate formula p - 2z ^ (5.23) 

3M2 4rr 

where 4z = (M — 4 ^ ) leads to the numerical result Of /4TT = 2.3 

and thus 

g =• 0.32 (5.24) 
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We obtain f u r t h e r constraints on our parameters by considering 

the r e s u l t s of G r i f f i t h ( l l ) which have been discussed i n Appendix D. 

Pion - FCAC implies t h a t i f s = u = m2, t = }x then A 3/ 2 ( s , t , u ) = 0 
2 2 4 4 2 2 a+b^ + cm + dyu. + em + fy*. m a 0 (5.25) 

2 2 3/2 Kaon-PCAC implies t h a t i f a=u=^, t am then A ' ( s , t , u ) °> 0 
2 2 4 4 2 2 / v a + bm + c/A + dm + e ^ + f/A. m = 0 (5*26) 

2 
I f we take two pions o f f - s h e l l such t h a t s-*?m + 2p.q, t = 0, 
u-?m2 - 2p.q then (039 - D4l) gives 

2 4 21 a + cm + em = "V-/' n
fk 64rr , (5.27) 

2c + 4em2 = l / ' J w 32 . (5.28) 
2 

I f we take two kaons o f f - s h e l l such t h a t s + 2p.q, t =0, 

u-=>^v2 - 2p.q then (D42 - D44) gives 

a + c/" 2 + e^ 4 - - m 2/f f k 64n- , (5.29) 

2c + 48/i - - 1/ f 2
k 32TT , (5.30) 

and thus from (5.27) and (5.29) we have 
2 4 

a + cm + em - ^J2 (5.31) 
2 4 2 

a + c/~ + e ^ m 
3/2 

I f we p r o j e c t out the S-wave from A ' ( s , t , u ) and define the 

s c a t t e r i n g length ao/ 0 as the value of the amplitude a t threshold (s B (m + /i~_) 2) then we have 

a + c (m - y ^ ) 2 +e( m - y " ) 4 , (5.32) a3/2 
and from (5.18) (5.3l) (5.32) we have 

.2x / „ 2 2 e - ( a 3 / 2 + 2/*mg/M ) / 5 1 1 1 ^ % (5.33) 

f » e + g/U4 (5.19) 

c - g/M2 - e 2 I (5.18) 
2 4 

a - a 3 y 2 - c(m -,«-_) - e(m -/~) , (5.32) 
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d » (c - m4) + e ^ 6 -m 6) + ( a + f m 2 ^ 2 ) (Jt - mZ))/{/£mZ-

m 4 ^ 2 ) , (5.34) 

b a -a - cm - d ^ - em - fmy^ . (5*35) 

2 2 

The model f o r the nn -^niramplitude i n the region 4 / ^ _ ^ t ^ l 6 ^ 

i s given as follows I 

Both amplitudes are made to obey e l a s t i c u n i t a r i t y as 2k/ Jb. Im 

a) The 1 = 0 X -0 amplitude i s parameterised as an e f f e c t i v e -

range expansion f o r the or resonance as 

A° (s) - l / ( i / a < ) + bk + c k 4 +dk 6 - 2 i k / 7 s ) , (5.36) 

irhere a Q i s the s c a t t e r i n g length ( => 0.16) and the other three parameters 

are evaluated by f i x i n g where the phase-shift i s 45°, 90° and 135° t o 

give a cr resonance a t 700 MeV w i t h a width of 250 MeV. 

b) The l a ) • 1 amplitude i s assumed to be given by (2.39) 

w i t h a L » 0.035^~ 2, M = 765 MeV and V a 120 MeV. 

5.4 A n a l y t i c i t y constraints and sum rules 

Whilst the inverse amplidue method i s a convenient way of 

implementing u n i t a r i t y i t does s u f f e r from the two t h e o r e t i c a l 

drawbacks t h a t i t may i n f a c t lead to important v i o l a t i o n s of 

both crossing symmetry and u n i t a r i t y . The discussion of these 

v i o l a t i o n s has been given i n section ( 2 . 3 ) . 

We can minimize these v i o l a t i o n s by imposing constraints on 

our amplitudes. These crossing sum rules and a n a l y t i c i t y 

constraints are generalisations of those given e a r l i e r by Roskies 

e t a l . (7_) and by Martin e t a l . ( 5 ) . We use the a n a l y t i c i t y 

constraints as checks on our s t a r t i n g models f o r the i t e r a t i o n scheme 

to make sure they correspond to physical amplitudes (the crossing sum 



rules are automatically s a t i s f i e d ) ; and then we use both sets 

of constraints t o t e s t the amplitudes we have generated and 

check t h a t they correspond t o a physical set of amplitudes. 

I n the r e s t of t h i s section we f i r s t l y give the crossing sum 

rules and then the a n a l y t i c i t y c o n s t r a i n t s , and f i n a l l y discuss some 

phenomenological c o n s t r a i n t s . 

Crossing sum rules 

These have been derived by Basdevant (89) and are a gener.'al'isation 

of the ntr crossing sum rules derived by Roskies (_7), although 

Basdevant also derives the tin sum rules using a simpler technique 

t h a t the polynomial expressions of Roskies. 

I f we denote 

( m -

(m + -) by f ( s ) ds < f y then 

the three sum rules which do not involve D-waves ares 

< k 2 < A f - P?J* ) > - 0 
< M - A f ) > -<kVt-AY 2)> 
< k 2 ( s - k 2 - m 2 - ^ 2 ) ( A * + 2 A 3 / 2 ) > -

3/2 < k * (A* + 2A * ) > 

(5.37) 

(5.38) 

(5.39) 

A n a l y t i c i t y constraints 

These have been derived by Ader e t a l . (90) using the e a r l i e r 

techniques developed by Martin ( 5 ) • The ones which we use; to 

t e s t our model are the f o l l o w i n g ! 

3/ 2 > F > ) / 4 T 
>> F j ( o ) /jr 

d p°(t) c k ( ft + 2a 

+ | F J ( 0 ) , 
- 3 FJ ( 0 ) , (5.41) 

(5.40) 

(5.42) 
d t t - o 2 
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« 2 2 I f m X, ( 4 ^ - t ) / ( 4 m 2 - t ) - P and ^ P ( t ) d t - < F ( t O 

then the other constraints ares 

A * / 2 ( x ) + 2A*(x) < 3 < ( F > ^ + | P P.' ( t ) ) > / 4 / . 2 , (5.43) 

*?/*{*) - A^(x) + 2(A*(x) - A±(x)) « 3 < ( P ^ ( t ) ^ + | P ff|(t)) 

t > / 8 , i , (5.44) 

( 3 ^ - 2m) A*(x) + ( 6>+2m) A 3 / 2 ( x ) ̂  3 < f r j ( t ) JT - Sm^PF j ( t ) ) 

(5 .45) 

(3^-2m)(A*(x) - A*(x) + ( 6 ^ + 2 m ) ( A 3 / 2 ^ ) - A 3/ 2(x).) 

<,3<(P°(t) - 3m^PP:J:(t)) t > / 8 / i . (5.46) 

I n a d d i t i o n t o the above constraints ve also impose several 

phenomenological constraints (79 - 81, 83) on our amplitudes. 

( i ) both the P-waves have no zeros below threshold as the 

Adler zeros only manifest themselves i n the S-vaves. For the simple 

l i n e a r current algebra model of G r i f f i t h ( l l ) t h i s c o n s t r a i n t i s 

t r i v i a l l y s a t i s f i e d but i n our model i t i s n o n - t r i v i a l t h a t the 

P-waves have no zeros below threshold) both on input and output from 

the i t e r a t i o n scheme. 

the I > i P-wave s c a t t e r i n g length i s forced t o be p o s i t i v e a 

ve know the I =. i ^ - 1 phase-shift i s p o s i t i v e above threshold 

as t h i s p a r t i a l vave contains the K*(892) resonance) 

( i i i ) the I - S-wave phase-shift i s experimentally small and 

negative i n the region ve are in t e r e s t e d i n ) 

( i v ) the I =» ~ P-wave i s experimentally consistent w i t h zero 

and a u n i t a r i z e d Veneziano model (18) predicts i t s value t o be less 

than 5° up to 1.4 GeV. 
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5*5 Results 
2 The subtraction-point s Q i s f i x e d a t the value 15^ i n a l l 

but the I n & P-wave where the E*(898) meson i s inser t e d through 
a subtraction a t s 0 « m j | = (892 MeV) 2 w i t h B| ( m 2

K J « 0. 

The choice of subthreshold subtraction p o i n t i s made w e l l away 
2 2 

from the physical branch p o i n t a t s • (B+A) • 20»5^T. This i s 

because i n the -n-n system a large 1 = 0 S-wave phase-shift near 

threshold con a f f e c t the adequacy of the polynomial model and 

lead t o s i g n i f i c a n t e r r o r s i n an ex t r a p o l a t i o n t o the S-wave 

thresholds. Choosing the subtraction w e l l away from threshold 

then allowB consistent s o l u t i o n s containing a large isoscalar 

i n t e r a c t i o n as w e l l as the p o s s i b i l i t y of others* We believe a 

s i m i l a r argument holds f o r n K sc a t t e r i n g * 

. The range o f values chosen f o r the one parameter i n the model 

i s a 3/g - - 0,08 + 0*03 and f o r each value of t h i s s c a t t e r i n g 

length we r e q u i r e , both an i n p u t and output from the i t e r a t i o n 

( i ) the crossing sum rules (89) are s a t i s f i e d ) 

( l i ) the a n a l y t i c i t y constraints are s a t i s f i e d ! 

( i i i ) the i t e r a t i o n converges i . e . the amplitudes do hot 

o s c i l l a t e from one i t e r a t i o n t o another bat are stable and are 

i n agreement w i t h i n 20% a t the end of the f i f t h i t e r a t i o n * and 

w i t h i n 2$ a t the end of the t e n t h and f i n a l i t e r a t i o n ! 

( i v ) the phenomenological constraints are s a t i s f i e d * 

We f i n d the constraints and sum rales are not as d i f f i c u l t 

t o s a t i s f y as they were i n the n n n-n model discussed e a r l i e r * 

This i s because we have no constraints r e l a t i n g amplitudes above 
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threshold to those below threshold, and hence no p o s i t i v i t y 

constraints on higher p a r t i a l waves ( i n our case X ^ 2) which were 

obtained i n the n n case v i a crossing. 

We f i n d we are able to s a t i s f y a l l the constraints and sum 

rules f o r - Q.OS^a.^^- 0.66. 

Current algebra predictions f o r the S-wave s c a t t e r i n g lengths 

have been made by Cronin (85) ( a ^ => 0.13 - 0.02, a g y 2 • ~ 0.07 — 0.01) 

and by G r i f f i t h ( l l ) ( a ^ = 0.22, a 3 ^ g » - 0 . i l ) . Lovelace (18) 

predicts a^ = 0.21 and &g^ 2 " from his u n i t a r i s e d Veneziano 

model, while Moffat e t a l . (29) using a Regge pole model have a^ 

a 0.15 and = -0.06 (note t h a t we do not use h i s more recent 

r e s u l t s of 0.13 and -0.078 as t h i s model gives wrong predictions f o r 

a^ when applied to n n s c a t t e r i n g ) . These e a r l i e r predictions give 

no consistent predictions f o r a
3 y 2

 a n d B O w e P r e s e n ^ o u r r e s u l t s as a 

band of predicted phase-shifts with the extremums given by &g^ 2 ° 

0.055 (when we p r e d i c t a^ » 0.16) and a g ^ 2 = - 0.066 (a ^ = 0.17). 

The phase-shifts are shown i n f i g u r e ( 5 . l ) . 

The main features of the r e s u l t s are as f o l l o w s i 

( i ) A large I = $ S-wave passing through 90° near 1100 MeV 

of the "down-up" type w i t h a width between 180 and 220 MeV 

and i n reasonable agreement w i t h the experimental data discussed i n 

chapter 4. This i s i n contrast, w i t h the r e s u l t s of M o f f a t t (29) 

and Lovelace (18) who assume the mass spectrum and are thus forced 

to have a resonance near the K*(892) and thus the only p r e d i c t i v e 

power of such models i n t h i s energy region i s f o r the width of the 

Even here there i s a wide difference i n t h e i r predictions w i t h 

Moffat's s o l u t i o n being of the "down-up" type w i t h a predicted width 

of 80MeV, while Lovelace's i s more of the "up-down" type w i t h a 

http://-0.il
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v i d t h of 210 MeV. I t should be noted t h a t experiment predicts 

a narrow resonance (width 50 MeV) i f the resonance p o s i t i o n i s 

near the K*(892) w h i l s t p r e d i c t i n g a broad resonance (width 

150 MeV) i f the amplitude resonates near HOOMeV. 

( i i ) The I » -g- S-wave i s small, negative and f a l l s t o about 

-3° to -5° a t 1.2 OeV. 

( i i i ) The I = P-wave resonates near the K*(892) mass and 

the predicted width i s 30 - 40 MeV i n reasonable agreement w i t h 

the experimental value of 50 MeV. The s c a t t e r i n g length i s 
—2 —2 

predicted t o l i e i n the range 0.013^ - 0.015^ . 

3 3/2 
( i v ) The I «» £ P-wave i s negative (a (' l i e s i n the range 
—2 —2v -0.003 - -0.005^ ) and i s compatible w i t h zero up to 1.2 GeV. 

Our solutions are stable as can be seen from f i g u r e ( 5 . l ) 

and i f we decrease the magnitude of a^gby 15J& the % ^ decreases 

by 20fe a t 1.2 GeV and J j decreases by 30$ w h i l s t the P-waves 

stay the same. 

I f we a l t e r s Q or a i . so t h a t decreases and becomes non-3/2 o 

resonant then we f i n d , i n analogy w i t h our nn c a l c u l a t i o n s , t h a t | Sj* 

increases e.g. these e x i s t solutions (which are non-physical because 

e i t h e r they do not s a t i s f y the sum rules or the P-waves develop sub­

threshold zeros) where ̂  = 65° and § 3 / S - - 82° a t 1.2 GeV. 

X. 3/2 
A l l the solutions we investigated have zeros i n A^ and 

2 2 
f o r (m-^i) s £ (m + ̂) ( s i and sj3 r e s p e c t i v e l y ) . These may be 

* 2 
i d e n t i f i e d as on-shell manifestations of the Adler zeros demanded 
by PCAC - not because they are a t the positions given i n the 

2 2 
G r i f f i t h model ( l l ) ( s ^ as 11.95^, a& ^ 13.45^ ) bat because they 



s a t i s f y the sum rules 

3 81 + 5 s3 « 100J;. (5.47) 

This i s a generalisation of the sum rul e derived by Pennington and 

Fond (27) f o r n n - s c a t t e r i n g . Note t h a t t h i s sum r u l e i s not 

exact (even though the current algebra r e s u l t s s a t i s f y i t t o 0.1J&) 

as the r a t i o m//*- i s i r r a t i o n a l and the zeros even i n the G r i f f i t h 

model are a t i r r a t i o n a l p o i n t s . The sum r u l e i s based on the 

quadratic e x t r a p o l a t i o n o f f - B h e l l of our model, and thus contains the 

r e s u l t s of G r i f f i t h using l i n e a r e x t r a p o l a t i o n as a subset. 

The actual zeros we p r e d i c t l i e close to the current algebra 

r e s u l t s and a r e i 

s, =- 11.99A 83 - 13.34^. (5.48) 

* 2 

One of the main reasons f o r using a quadratic model i s so t h a t 

we are able to get a p r e d i c t i o n f o r the r a t i o f ^ / f ^ . which i n a l l 

l i n e a r models i s forced to be u n i t y whereas experiment says the r a t i o 

i s 1.18 + 0.08. From equations (5.28) and (5.30) we have 
_ 2 .2 c + 2em = f K 

2 2 c + 2^JT 

and f o r a^fg «* -0.066 t h i s gives 

f K - 1.225 f ^ . (5.49) 

Also from (5.30) we have 
2 1 2 c + 2 e / r - 1/64 n t* , 

which gives f - 119 MeV, (5.50) 
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and from (5.49) or (5.28) t h i s gives 

f ^ = 97 MeV. (5 . 5 l ) 

The value f o r f ^ i s an agreement w i t h experiment ( f 95 MeV) 

and the r a t i o f K / f ^ . i s i n excellent agreement wi t h t h a t predicted 

r e c e n t l y by wambach and Schulke (86) (f r fA„ = 1.23) from PCAC 

corrections t o K|g decay. 

Our predictions f o r f are very s e n s i t i v e t o the p a r t i c u l a r 

value of a3/2 c n o s e n > a n a * n e above i s the best s o l u t i o n . For aij^g 

- - 0.055 we p r e d i c t fK/f„ » 2.0 w i t h f. ̂ = 98 HeV and f - 198 

MeV. 

The amplitudes below threshold are shown i n f i g u r e (5.2). Vie 

f i n d the input and output amplitudes l i e w i t h i n 1% of each other and 

so only the input amplitudes are shown w i t h a j j ^ 3 * -0.066. I t i s 

perhaps not too s u r p r i s i n g t h a t the amplitudes agree:- w i t h each other 

as the S-wave amplitudes are constrained to be equal a t four points 1 
2 2 

the two thresholds s - (m > 8 3 (nHy^ , the Adler point* and 

the subtraction p o i n t . The P-wave amplitudes are small below 

threshold and of course vanish a t the two thresholds. 

The left-hand cut contributions t o the amplitude are small and 

st a b l e . I f we a l t e r the behaviour on the d i s t a n t left-hand cut by 

p u t t i n g oC "~1 then t h i s only a l t e r s the phase-shifts by less than 

10%. I f we also a l t e r the n n -=»nnamplitudes used i n the c a l c u l a t i o n 

of the t-channel amplitudes by, say, malting the a- resonate a t 500 MeV 
—2 

or p u t t i n g a ( » 0.04^ then again the phase-shifts are a l t e r e d 

by less than 10$. 
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We have assumed t h a t e l a s t i c u n i t a r i t y holds up to 1.2 GeV. 

Previous analyses indicate t h a t they are small up to 1100 MeV 

(91) but i n the K** (1420) region the i n e l a s t i c i t y i s known to be 

approximately 50$ ( 9 2 ) . We have also ignored the i n e l a s t i c i t y i n 

the n n -*>KK amplitudes a t the KE threshold when the I a 0 

i > 0 n n phase-shift rises from near 90° t o near 180° i n the region 

950 - 990 MeV. This sharp behaviour i s very d i f f i c u l t t o impose on 

a smooth f u n c t i o n (see chapter 2 ) , but from our previous discussion 

we believe the e f f e c t i n the n K -=9 TT K amplitudes would not 

be s i g n i f i c a n t . 

5.6 Conclusion 

we have presented a sub-threshold model f o r TT K s c a t t e r i n g 

which i s a generalisation of e a r l i e r current algebra models. \7e 

f i n d the r a t i o f ^ / f ^ i s i n good agreement w i t h experiment, and a 

sum r u l e f o r the on-shell manifestations of the Adler zeros i s 

predicted. This sum r u l e , while i t cannot be exact, should be 

obeyed to w i t h i n l j t by a l l f u t u r e l i n e a r and quadratic sub-threshold 

models f o r -rr K s c a t t e r i n g . 

We have extended these amplitudes above the physical n K 
sure 

threshold while a t the same time making^ the left-hand cut 

and c i r c l e cut contributions are treated c a r e f u l l y . The 

amplitudes are also constrained to obey the a n a l y t i c i t y and crossing 

c o n s t r a i n t s , both on input and output from the i t e r a t i o n procedure, 

and thus we may reasonably expect them to correspond to physical 

partial-wave amplitudes. 

I n e l a s t i c e f f e c t s have been ignored i n both the s- and t-channels 

but we may reasonably expect them t o be small up to 1200 UeV and 

the e f f e c t s on the amplitudes to be correspondingly small and of the 

order of 10%. 
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Pig, 5. I Range of solutions for S- and P- waves s a t i s f y i n g the constraints and 

sum rules . 
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CHAPTER 6 

THE PROBLEM OF THE Q AND CONCLUDING REMARKS 

We have seen t h a t the ideas of current algebra plus 

dominance of the 1 = 1 \, = 1 partial-wave amplitude and the 

s a t i s f a c t i o n of rigorous sum rules and a n a l y t i c i t y constraints have 

led us to resonant 1 = 0 or I = £ S-waves f o r both T r i r a n d TTK 

s c a t t e r i n g w i t h p a r t i c l e s cr( or £.) and I t r e s u l t i n g . Both of these 

new p a r t i c l e s have J** = 0 + and i t i s i n t e r e s t i n g to consider them as 

members of the SU(3) 0 + octet which i s d i r e c t l y r e l a t e d to the SU(3) 

nonet of pseudoscalar mesons w i t h = 0 . The obvious member of 

the 0 + octet corresponding to the ̂  would be the S ( 9 6 S ) as the 

strong decay 
S —3> "TT rj 

has been observed, w i t h the 1-^(1016) then being i n t e r p r e t e d as the 

K-E decay mode of the S(962) . 

The non-leptonic decay <j -»3-n- could not be f i t t e d q uite as w e l l 

as the K-^3TT decay and we noted Sutherland's paradox ( 6 5 ) t h a t i f 

we assume a l i n e a r matrix element f o r the decay then current algebra 

predicts the decay i s forbidden. Further evidence f o r the unusual 

behaviour of the <j i n the i n t e r a c t i o n of pseudoscalar mesons comes 

from considering the simplest Veneziano formula f o r r r -=> rr ̂  

s c a t t e r i n g which has the form 

A(s,t,u) o^. V A ^ f ( s , t ) + V a A (s,u) + V f A ( t , u ) , ( 6 . 1 ) 

d 2 2 2 

and which ensures correct signatures f o r the Ag and f (degenerate w i t h 

the f and Ctf)• Imposing the Adler zero on each term i n the usual way, 
whether i n the sof t - p i o n l i m i t (s = m^ = u, t =yt*?), or i n the 

2 2 sof t - rj l i m i t (s = /A. = u, t = m̂' ) gives 

1 - c y f y u 2 ) - ^ ( m 2 ^ ) = 0, ( 6 . 2 ) 
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and thus from equation (1.8) m^ -/^ 

Much discussion has been devoted to t h i s p r e d i c t i o n and many 

cures have been proposed but nothing very s a t i s f a c t o r y , has emerged. 

In a d d i t i o n Osborn (94) has noticed t h a t already a t the s o f t -

meson l e v e l amplitudes i n v o l v i n g rj's have a q u a l i t a t i v e l y d i f f e r e n t 

o f f - s h e l l e x t r a p o l a t i o n from the ones f o r n-nand -rrK. The rT^~=?nfj 

ampli tude i s 
2 2 2 2 2 2 2 2 s> A(s,t,u, q l f p l f q 2 , p g) = 1 ( s f t + u - 3 ^ - (m^ - ̂ ) + p*?)), (8.3) 

at? "2 

where the q's and p's are pion and ^ momenta. Thus e x p l i c i t 

dependence on the p's i s indicated and i f t h i s i s replaced by the 

on-shell value the Adler zero i s not present ( i . e . t h i s new o f f - s h e l l 

form i s i r r e l e v a n t f o r current algebra). Maybe therefore the o f f - s h e l l 

e x t r a p o l a t i o n of equation ( 6 . l ) i s q u a l i t a t i v e l y d i f f e r e n t from t h a t 

of equations (D2l) and(D45, D46). This would also be a s o l u t i o n to 

Sutherland's paradox. 

I n conclusion we have found t h a t pions and kaons have a very 

s i m i l a r s t r u c t u r e above and below threshold w i t h a s i m i l a r e x t r a p o l a t i o n 

o f f - s h e l l to the Adler zero; w h i l s t t h e ^ , although being a member 

of the same SU(3) nonet and thus a p r i o r i we would expect i t to have 

a s i m i l a r s t r u c t u r e , has a very d i f f e r e n t current algebra amplitude 

and hence any extrap o l a t i o n o f f — s h e l l may be dubious. I t i s thus 

very t e n t a t i v e l y t h a t we associate the S(9C2) w i t h the /j i n the same 

way as we have associated the er and rt w i t h the r f a n d K respe c t i v e l y . 



APPENDIX A 

Kinematics. 

We define the usual Mandela tarn variables s,t,u byt 

s - (Pi + P 2 ) 2 - (P 3 + P 4 ) 2 ( A l ) 

t - ( p x + P 3 ) 2 - ( p 2 + p 4 ) 2 (A2) 

« - (P x + P 4) - ( P 2 + P 3) (A3) 

where p^, Pg, and -Pg, -p^ denote the four-momenta of the i n i t i a l 

and f i n a l p a r t i c l e s r e s p e c t i v e l y . Conservation of four-momenta 

requires t h a t 
T 
^ m2 (A4) s + t + u = 

i - 1 

where m̂  i s the mass of the i t h p a r t i c l e . 

For nn-=5 nn i n terms of the three-momentum k and the 

centre of mass s c a t t e r i n g angle 0 we have i n the s channel 
8 

cos » - 1 + 2 t = - 1 - 2n (A5) 
8 2 2 

S - 4yfc«- S - 4yU<-

4 k 2 = s - 4 ^ (A6) 

w h e r e i s the pion mass and the s channel physical region i s 

B > 4 ^ 2 , \cos 1. 

S i m i l a r l y i n the t channel we havel 

2s 
2 

t—4/*- t — 4 / ^ 

cos 0. o 1 + 2s a s - u (A7) 
* 2 ~m" 

and i n the u channel 

cos - - 1 - 2s (A8) 



For n H -=? -n K we define m to be the kaon mass and we have t 

2 
8 =» 

2

 +yJ + 2k 2 + 2 7 ( k 2 + m2) ( k 2 + / ? ) (A9) 

t - -2k 2 ( l - cosft ) (A10) 

u o 2m2 + 2 ^ - s + 2k 2 ( l - cos» ) ( A l l ) 
8 

where now k 2 = (s - (m (s - (m -/^ 2)/4s (A12) 

The f i n a l set of kinematics we w i l l require i s f o r the 

system where we haves 

a a - p 2 - q 2 + 2pq 0 o s / (A13) 

t o 2 ( p 2 + q 2 + m2 + y£) (A14) 

u - -P 2 _ q 2 - 2pq C os / (A15) 

2 2 

where 4p - t - 4m (A18) 

4q 2 - t - 4/? (A17)( 

and p i s the centre of mass s c a t t e r i n g angle and i s given by 
cos $ • s-u 

Y 4pq (A18) 
o o 

and we define ^ « 2m + 2^. (A19) 

n Tr crossing matrix 

Since isospin i s conserved and the three values I = 0, 1^ 2 

can occur we expect three independent i n v a r i a n t functions of s , t , and 

u. These can be conveniently w r i t t e n asi 

A(s,t,u) Sftb £ c d + B ( s , t , u ) g a c £ b d +C(s,t,u) 

X Sad £ be (A20) 

where a t b, c, d are the isospin labels of the four external p a r t i c l e s . 

Crossing symmetry leads a t once to the r e l a t i o n s 
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A(s,t,u) = B(t,s,u) - C(u,t,s) (A21) 

B(s,t,u) = C(s,U,t) 

The three isospin amplitudes are now given asi 

A° o 3A + B + C (A22) 
A 1 = B - C (A23) 

A 2 - B + C (A24) 

I f we take A^(s,t,u) as the s channel isospin amplitudes 

then the t channel isospin amplitudes A^(t,s,u) are given by 

A ( t , s , u ) - / A ( s , t» u) (A25) 

1=0 

where the crossing matrix i s t 

1 | \ (A26) 

and the u channel isospin amplitudes are given by 

AV^S) - ^ ( - 1 ) I + I / 5 T i <A27> 
1=0 

P a r t i a l wave amplitudes 

The s channel p a r t i a l wave amplitude f o r isospin I and angular 

*\B) IS aer 
4l 

momentum X , A i ( s ) i s defined by 

AJ(S) - 1 A I ( s , t ) P^ (cos©,) d(cos»s) (A28) 

OP 

and hence A I ( s , cos &g) - 2 ^ (2 i + l ) P^cosflj, ) A*(s) (A20) 

We include the extra f a c t o r of "2" as from Boae s t a t i s t i c s we must 

have I + JL even and hence we only have h a l f the usual number of 

p a r t i a l waves* 
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U n i t a r i t y f o r the p a r t i a l wave amplitude can be expressed asi 
2 ImA*(s) ^ 2k A j ( s ) (A30) 

where the e q u a l i t y holds i n the region of e l a s t i c s c a t t e r i n g 
2 2 

4̂ 6v 16/^. A l t e r n a t i v e l y we can express the amplitude as 

-e - i ) 
2 i k 

(A31) 

where i s the phase s h i f t and /j1^ the i n e l a s t i c i t y parameter. 

We note t h a t f o r e l a s t i c s c a t t e r i n g /yj_ = 1. 

From the above expression (A3l) we can now calculate the 

t o t a l } e l a s t i c , and i n e l a s t i c cross-sections f o r each p a r t i a l wave 

amplitude and we f i n d s 

TOT T 
^ELASTIC x 

INEL 

2rr <2* + 1) (1 - >j^cos 2 $ i ) / k 2 

rr(2U 1) j ̂ E x P ( a S l ) - l \ 2 / k 2 

r r ( 2 ^ + 1) (1 - ( 9 J ) 2 ) / k 2 

(A32) 
(A33) 

(A34) 

TTK crossing matrices 

The s c a t t e r i n g amplitude i s defined by 

Sab " Sab +i( 2-) 48 T,S 4(p b-i»a) k J ^ 

* < P o l P o 2 P o 3 P o / ^ 

where i n the isospin space of the kaon A&^ i s given by 

where t . are Pauli spinor matrices* a« D 

Crossing requires t h a t the same s c a t t e r i n g amplitude A+ (s . t p ) 

when continued to appropiate values of the variables s,t,u describes 

a l l the three channels. 
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K ( a ) , r m KK ( t ) , n E ^ n I ( u ) 

The eigenstates of t o t a l i s o t o p i c spin I 

s-channel are I 

• i , -r i n the 

3 
A* 

2A 
- A~ 

when two pions are exchanged from (A36) ire have 

j£ (S,*,U) - + A± ( u , s , t ) 

(A37) 
(A38) 

(A39) 

and so the a-u crossing matrix i s defined by 
3/* 

irhere 

A I ( s , t , u ) - ^ ) oL l j t A Z ( n f t , a ) (A40) 

(A41) 

I n the t channel the eigenstates of isospin are I 

I a 1 where 

F° - 76At 
F* o 2A~ 

and the t—a crossing matrix i s defined by 
3/ a 

- 0 or 

T- ( t , s , u ) - ^ A I(s,t,u) 

w i t h fj* 

-a 

and we also introduce the s - t crossing matrix defined as 

-1 

V 
1 - _1 

JtT 2 

(A42) 

(A43) 

(A44) 

(A45) 

(A46) 
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P a r t i a l wave amplitudes 

The t channel p a r t i a l wave amplitudes are defined by 
i 

F*(t) - _1 (FV, COŜ ) P (cOS^) o l ( c e 5 ^ 
4 ( p q ) ^ J (A47) 

— \ 

and hence 
oo 

^ ( t , c o s ^ ) » 2 2 ( 2 ^ + 1) * x(cos0?) ( p a ) * b j 

^ ° (A48) 

and as we have Bose s t a t i s t i c s I + i s even f o r each p a r t i a l 

wave am p l i t i d e . 



APPENDIX B 

Experiment 

The spinless nature of pions and kaons makes them r e l a t i v e l y 

easy to f i n d experimentally but e x t r a c t i n g n r\ and TT E amplitudes 

and phase s h i f t s i s very d i f f i c u l t as we do not have any pion 

t a r g e t s , although w i t h the new i n t e r s e c t i n g storage rings i t i s 

hoped we may soon observe n n and TT K i n t e r a c t i o n s on t h e i r own. 

The experimental technique used a t the moment i s t o make use of the 

pions t h a t e x i s t i n the v i r t u a l meson cloud which surrounds the 

t a r g e t proton* One assumes t h a t the processes shown i n f i g u r e ( l . l ) 

a c t u a l l y occur and these may be used t o study X n s c a t t e r i n g where the 

beam p a r t i c l e X scatters on the v i r t u a l pion y i e l d i n g 

X p ^ X ^ o (B l ) 

X n A"^ (B2) 

and i t i s a c r u c i a l assumption of a l l X TT data t h a t one pion 

exchange dominates the class of charge exchange reactions depicted i n 

f i g u r e ( l . l ) 

Goebel, Chew and Low (3) suggested t h a t cross-sections f o r a 

beam p a r t i c l e s c a t t e r i n g on a r e a l pion may be extracted from observed 

d i f f e r e n t i a l cross—sections f o r pion production processes. I n the 

suggested procedure the d i f f e r e n t i a l cross-section i n t f o r the 

exchanged pion i s a n a l y t i c a l l y continued i n t o the unphysical region to 

the value of t which corresponds to the mass of a r e a l pion ( w i t h the 

usual metric t = J^-)• Although t h i s procedure has been r e f i n e d over 

the years by p u t t i n g i n complicated form f a c t o r s and absorptive terms 

the e x t r a p o l a t i o n i s s t i l l subject to errors even w i t h very accurate 

data near t»0. 
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The ambiguity i n the phase s h i f t f o r n n -=? nn comes from t h i s 

experimental technique as values f o r the isospin zero S-wave 

phase shift£° come from studying the S - P interference term i n o 
the reaction 

r r " p n " n +
 n ( B 3 ) 

as i n t h i s reaction ire measure (neglecting S ^ ) 

s i n S} Bin $ ° cos (£j - g J ) (B4) 

so t h a t the ambiguity 

% \ ^ n / 2 t $ J (B5) 

re s u l t s which i s the famous "up-down" ambiguity. I n p r i n c i p l e 

t h i s ambiguity may be resolved by measuring a l l the i n t e r a c t i o n s between 

the d i f f e r e n t charge states of the d i p i o n system but as y e t the data 

i s not s u f f i c i e n t l y good* The present experimental data f o r 

T i n T i n i s shown i n f i g u r e ( l . 2 ) where the ambiguities can be 

c l e a r l y seen* 



APPENDIX C 

A n a l y t i c i t y conatrginta 

The constraints are based on the f o l l o w i n g consequences of 

axiomatic f i e l d theorys 

( i ) Crossing symmetry. 

( i i ) A n a l y t i c i t y domain and the existence of f i x e d t dispersion 
2 2 r e l a t i o n s f o r - 2 8 ^ 6r t 4^. 

( i i i ) Convergence of p a r t i a l wave expansions f o r the amplitude 

or i t s absorptive p a r t i n the Lehmann - Martin e l l i p s e * 

( i v ) Asymptotic bounds e.g. F r o i s s a r t bound. 

(v) From ( i v ) there are a t most two subtractions i n f i x e d 
2 2 

t dispersion r e l a t i o n e f o r -28/*. *= t ^ 4 ^ and the F r o i s s a r t -

Gribov i n t e g r a l converges i n t h a t region f o r j L ^ - 2 * 

Me w i l l derive below some of the e a r l i e s t constraints found by 

J i n and Martin (jS) as these i l l u s t r a t e some of the techniques used 

i n d e r i v i n g the more powerful constraints t h a t have been discovered 

recently* From now on we w i l l assume the usual metric and put 

We consider the completely symmetric n ° n° _=j ,-r° n ° 

amplitude 
F°° (a,t,u) - £ A°(a,t,u) + § A 2 ( s , t , u ) 

- A(s,t,u) + B(s,t,u) + C(s,t,u) (Cl) 

The S-̂ wave i a given by o 
.00/ % f _oo 

S s-4 
4-s 

By crossing we have 

F°° ( 4 , 0, 0) - F°° (0,4,0) (C3) 
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XEVEN 

f o r 0 ^ s ̂  4 and the F r o i s s a r t - Gribov p r o j e c t i o n i s 

C - _ B f Q.fl ( - 1) Im F°0(s,t.u) d t (C5) 
X 4-* J s-4 

•here i s a Legendre f u n c t i o n of the second k i n d . 

Now ImF°°(s,t.u) > 0 i n t h i s region because of u n i t a r i t y and thus 

we have 

f°°(s)>0 1 ^ 2 (C6) 

and t h i s gives the i n e q u a l i t y 

0 4 > ^ C < ° > < C 7> 

At s - 0 (C2) gives 

I J F°° ( 0 , t , C < ° > - I I P (0»*» 4-t) d t (C8) 

i f ve use t*-?u crossing ve can rewrite t h i s as 

f o o ( 0 ) - i | F°°(0,t, 4-t) d t (C9) 

- * ( V . ° ( s ) + £ (2l+ 1) f^°(s))ds 
(CIO) 

but from (C5) f ^ ^ 0 f o r 2 and |s| £r 4, and hence 

f O O ( 0 ) ^ i ; t f°°(s) ds ( C l l ) 
O I B 

Noir we change variables and consider the f u n c t i o n F°° (s» COB 9), 

This f u n c t i o n i s a n a l y t i c i n a cut plane w i t h a p o s i t i v e d i s c o n t i n u i t y 

across the r i g h t hand cu t . The Froiseart-Gribov p r o j e c t i o n gives 

F°°(s ; Cos©) - f°°(s) + 1 ^ (2 4+ 1) F^cosO) 

•I EVEN"? 2 
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y\ Im P°° (s,z) Q x(z) dz (CIS) 

v i t h z Q m 8/(s-4) - 1 . Using the Darboux - C h r i s t o f f e l formula 

2^ ( 2 i + 1) P^U) fi^(z) - L mfl„r.1(«)PL(x) - rf^jWfijli) 
2 2 z - x 

(G13) 

ire get 
P°°(s oosft) - f w w ( s ) + 2 oo, 

0 

(zQ 1(z) P 2 ^ c ° 8 ^ "cos© P 1( cos») Q2(z))ImF°0(s, z)dz 

2 2. 
z - COS 9 (C14) 

f o r cos© ^ 1_ we have Pg ( cos©) < 0 and hence because of the 

p o s i t i v i t y of Im F°°(s; z) we have 

(C15) P°° (s, cos » o I ) < f°°(s) 
73 

and a t s=0 F°°(0, t - 2 + - ) <^ r*°(0) 
V3 

(C16) 

and hence the chain of i n e q u a l i t i e s 
00 2 2 
* e (0) > P(s - 0, t - 2 + Tff ) > f°°(2 (C17) 

gives «7w > ' > *jf) (018) 

(C12) can be ' rewritten as 

F >oo (s , t , u ) - f°°(s) + 1 C ImF°°(s,x,u) + JL_ - 2 log / 
° " J (_x-t x-u £=s) { x+s-4 

* (C19) 

This i s crossing symmetric i n to-^u but not necessarily i n si—v> u. 

To do t h i s we impose 

d_ P°°(s,t, 4-s-t) = 0 f o r s»u i . e . t=4-2s (C20) 
ds 
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t h i a gives d_ f°°(a) + 1. ( d ImF^s.x.u)!" 1 + 1 
ds ~ \ ds I x-4+2s x-s 

2 log / x \ 
4-s Vx+s-4/ 

-1 
n 

ImF°0(s,x.u) Z l - 2 log / x_\ + 2 1. 
( x - s ) 2 ( 4 - s ) 2 ( x+8-4J (4-s) (X+4M4) 

(C21) 

This i s i n t e r e s t i n g i n i t s e l f as i t shows t h a t knowledge of the 

absorptive p a r t f i x e s the S-wave up t o a constant* 

The bracket i n the f i r s t i n t e g r a l of (C2l) i s > 0 f o r 0<s£0.62 
(C.22) 

The bracket i n the second i n t e g r a l of (021) i s >0 f o r O^s £1.6 

(C23) 

from (C14) the bracket i n the f i r s t i n t e g r a l of (C2l) i s < 0 f o r 0.89 £-

s^.1.78 (C24) 

and i t can be shown t h a t the bracket i n the second i n t e g r a l i s < 0 

f o r 1.7 < s <. 4 (C25) 

From (C22 - C25) we conclude df°e°(8) > 0 f o r l < 7 ^ a < 1 . 7 6 (C26) 
ds 

As can be seen the d e r i v a t i o n of these constraints soon becomes 

rather complicated and f o r the r e s t of t h i s thesis any c o n s t r a i n t w i l l 

w i l l be stated without proof. 

Crossing sum rules 

Necessary and s u f f i c i e n t conditions f o r a set of p a r t i a l wave 

amplitudes to belong to a crossing symmetric amplitude have been 

obtained by Balachandran and Nuyts (6) and f u r t h e r e x p l o i t e d by 

Roskies e t a l . (7) and by Basdevant e t a l . ( 8 ) . We w i l l derive here 
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the f i v e crossing sum rules r e l a t i n g j u s t the S and P waves i n 
s c a t t e r i n g using the method of Basdevant e t a l . as w i t h t h e i r 
technique i t i s easy to see how to generalize the r e s u l t s to n K 
sc a t t e r i n g * 

We denote by 14+ (U~) an amplitude symmetric (antisymmetric) 

under s-u exchange* I f we denote by g+ (g~) a polynomial i n 

a, t , and u symmetric (antisymmetric) under s-*u exchange and define 
2 

these four functions i n the Ifandelstam t r i a n g l e D 0 < s 4 ^ 
2 2 0 < t <1 4>kv , 0 u C 4 ^ then we haves 

da d t «+(s,t,u) g-(a,t,u) - 0 (C27) 

I j ^ d a d t i r ( a , t , u ) g+(s,t,u) - 0 (C28) 
D 

I n terms of the i n v a r i a n t amplitudes A',B,:C and the a channel isospin 

amplitudes we can define 

M~ o A(a,t,u) - C(s, t,u) 
- (2A° + 3A 1 - 5A 2)/6 (C29) 

and M4" - A(s,t,u) + B(a.t.u) + C(s.t.u) 

. (A° + 2A 8)/3 (C30) 

I f we l e t g™ a s-u then we obtain the sum r u l e 

ds d t (s-u) (A° + 2A 2) - 0 (C3l) I f 
now s - u - s - (4-s- ( l - coa0-)(4-a)/2) 

A 3 B " 4 ~ °OB» (4g5) (C32) 
w i t h 

d t - (4-B) d ( coeft) = (4-B) dz (C33) 
2 2 

I f we change the i n t e g r a t i o n over t t o an i n t e g r a t i o n over oosO-(z) 

the l i m i t s of the i n t e g r a t i o n become -1 and +1 

f ds f dz (4-s) ([3a-4) - z(4-a) j (A°+2A2) - 0 (C34) 
o - i ' 

p r o j e c t i n g aut the p a r t i a l waves from (C34) we get 
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f(3a-4) (4-s) (A°(s) +2A 2(s) ) ds - 0 (C35) 
o 

Using (C28) w i t h g + « 1 we obtain 

ds d t (2A° - 5A + 3A ) - 0 (C36) 
D 

and t h i s reduces to 
^ ( 4 - s ) ( 2 A » -5A*(S)) ds - 0 (C37) 

I f we put g + a t we now get 

o - i and t h i s gives ^ 

\&6 j ^ d z ( 4 - s ) 2 ( l - x ) (2A° - 5A 2 +3A 1) - 0 (C38) 

j d s ( 4 - s ) 2 (2A>) - 5A2(s)) - 3 | ( 4 - s ) 2 A}(S) ds 
(C39) 

H g + - (B-«)2 - t 2 then t h i s reduces to ( 2 s - 4 ) 2 + 2t(2s-4) and we 
have *Jr 

( ds f dz(4-s) ((2s-4) + ( 2 s - 4 ) ( 4 - s ) ( l - z ) ) * 

» J, (2A° - 5A 2 + 3A l) - 0 (C40) 

ds (4-s) ( ( 2 s - 4 ) 2 + (2s-4)(4-s))(2A°-5A2) 

(4-s) 3Aj (2s-4)ds (C4l) 

f d s s(s-2) (4-s) (2A° - 5A 2) - ( 3 ( s - 2 ) ( 4 - s ) 2 AJ ds 
• K (C42) 

From (C42) and (C39) we have 

[ s ( 4 - s ) 2 (2A°(s) - 5A 2(s)ds - -3 ( S(4-S)2A|(S) ds 
o i (C43) 

The f i f t h sum r u l e i s obtained by making g + a f o u r t h order 

symmetric combination of s and u, and then subtracting various 

powers of t to eliminate P- and D-waves, and f i n a l l y reduces to 

g+ « 2s 2(4-s) - 2s(3s-4)t (C44) 
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which givea the sum rules 

a ( 4 - s ) 3 (2A°(e) - 5A^(s))d8 = -3 I s (4-s) 2(3s-4) Ai|(s)ds (C45) 

I 

These crossing constraints are obviously necessary f o r crossing 

symmetry but i t has been shown by obtaining the sum rules by expanding 

the amplitudes i n terms of a complete B e t of functions t h a t they are 

also s u f f i c i e n t conditions; and also a group t h e o r e t i c d e r i v a t i o n 

of t h e i r s u f f i c i e n c y has been given(9). 

Note t h a t as we go to higher p a r t i a l waves the number of sum 

rules increases r a p i d l y e.g. There are two sum rules f o r the S-wave 

alone, three f o r the S- and P-waves, but ten f o r S-, P- and D-waves. 



APPENDIX D 

Soft-meson theory 

PCAC and the Adler condition 

We consider an a x i a l - r e c t o r A-(x) w i t h Lorentz indices 

(/̂ -O, 1, 2, 3) and SU(3) indices i ( i - 1, 8 ) . The divergence 

i s given by 

D i ( x ) , ^ A ^ x ) (Dl) 

We do not consider the divergence of vector currents as d^. v T - 0 

i . e . charge i s conserved. I f we now consider the f o u r i e r transformed 

q u a n t i t i e s 

D-(q) - - i q ^ A ^ ( q ) (D2) 

and go to the r e s t frame then only the time component remains 

D t(q) - - i q o A° (q) (D3) 

But i n the r e s t frame only spin zero p a r t i c l e s can couple t o the 

time component and hence the matrix element of D between two states 
2 2 

\eL~y and \b*y w i l l have poles i n q whenever q i s equal to the 

mass of the meson which can couple, i . e . f o r i - 1, 2, 3 the pion pole 

w i l l couple, and i = 4,5 w i l l have the kaon pole. 

The hypothesis t h a t D̂ , Dg, Dg are dominated by the pion pole 

i s c a l l e d PCAC and e x p l i c i t l y i s 

«£b \ D L(q) ( a^) ^ f n (amp, f o r a ̂ ?b + n ) (D4> 
2 2 - q 

where I i s the decay amplitude f o r n —=? e v 

(D5) 

Ve get a s i m i l a r r e s u l t f o r kaon PCAC 

file:///eL~y
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The Adler consistency conditions f o l l o w simply from t h i s as from 
p(2)we hare 

<Cb \ D,(q) \ a > * q ^ b \ A^(q) \ ̂ ? (D7), 

and i n the l i m i t q^-^> 0, ^ (q) \ a^y^cP as the dipion system 

foes not have any poles below threshold and we obtain 

l i m . b | D t(q) \ a^> «. 0 (D8) 
V* 0 

then using (D4) we have 
amp. f o r a->b + s o f t r r » 0 (09) 

Thus f o r any process where one or more of the external p a r t i c l e s i s 

a pion or kaon the whole amplitude must vanish when we take one of 

the mesons o f f mass-shell and put i t s four-momentum t o zero. 

The current algebra n n and rr K s c a t t e r i n g amplitudes 

necessitate - the i n t r o d u c t i o n of a new scalar p a r t i c l e , the cr ( or£.) 

meson. The existence of t h i s p a r t i c l e was f i r s t proposed by Schwinger 

(13) as a way of i n t e r p r e t i n g the high mass of the muon, and f u r t h e r 

developed by Gell-Mann and Levy i n t h e i r "c--model" (14) to explain 

the Goldberger-Treiman r e l a t i o n f o r the rate of charged pion decay. 

Weinberg's n n model 

We define the off-/ mass-she 11 i n v a r i a n t nn amplitude 

<<f, qb |M j i , k a > by 

d 4 x d 4 y < f | T { V 0>»\ %T)} I i > e ^ V ^ 
2 i S 4 ( p r + g - Pi - k) f J * x i < f . qb lM 1 i . k a ^ (D10) 

( q 2 + / ) ( k 2
 +yJ) (4E i E,)* 

where k^, q are the i n i t i a l and f i n a l pion four-momenta, a and b 

are the i n i t i a l and f i n a l pion isospin i n d i c e s , i and f are the i n i t i a l 

and f i n a l t a r g e t p a r t i c l e s , and the T bracket indicates a time 

ordered product. 

Weinberg now proves a theorem t h a t as q and k^_ vanish 
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together the connected p a r t of 11 approaches 

qb \ II | i , k a > -+ U j b > . a - J** ( T n ) b f t . ( T t ) f i 

16,^ n f 2 n 

+ poles + Q ( qq, qk, kk) ( n l l ) 

where 11° i s a constant proportional to <̂  f | ̂ ^(O) w i t h 

p^ a p. m p and the 11 ̂ t e r m " i s defined t o be 

i ^ - a b ( . ) s 4 ( x - a ) - V<w] (D12) 

and i s assumed to be purely isoscalar (l=0) • T̂ ,. and are the 

pion and t a r g e t isospin matrices w i t h (TTTc) D a • *%bc* 

Crossing symmetry, isospin conservation and Bose s t a t i s t i c s 

require t h a t the expansion of the o f f mass-shell amplitude to second 

order i n momenta i s of the form 

< i d , qb |u|pc, ka"> - S f t b S c d (A + B(s +u) +6t) + 

^ad Kh ( A + B * s + t ) + C u ) + *ac ̂ bd ( A + B ( w , t ) + C a ) ( D 1 3 ) 

w i t h s - ( p + k ) 2 , t = ( k - q ) 2 , u =» ( p - q ) 2 (D14) 

The Adler condition shows t h a t 
2 A (2B + C) - 0 (D15) 

2 

When 0 and k^-^0 we have s + 2p.q t-*0 u-9/*. - 2p.q 
w i t h 
^ d , qb \M\ pc k a > M a b > C t t -P-q i * a b x i ^ 2 16^ Tl £ 

D M° P.q _ (S. £ K - . % ) (Die) 
db, ca - \, JS d a b c bd ac ' * ' 

thus equating the c o e f f i c i e n t of (p.q) i n (Die) and (D13) we have 

- B+C - l / 3 2 n ^ f 2 (D17) 

and also. M° - £ . $ . (A + 2 2 B) + (S . J, + ̂ . . ̂  J db, ca ab cd x ' A ad be "bd °ac' 

(A C + B ) . (D18) 

We want 1 ^ c a to be an isoscalar and so only depend on ^ cd 

and thus 
A C B o 0 (D19) 
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from (D15, 17, 19 ) we hare B = 0, A a -Jl.Ct C= l / 3 2 r . ^ f 2 (D20) 

* i t h V .a " <Sab ̂ cd <* • Sad ^cb <• + S . A d 
/ a S n ^ f 2 (D21) 

n 

From (A20) the s-channel isospin amplitudes can now be defined 

A°(s,t,u) - (2a - / Z2^t* (D23) 

A 1 ( s , t , u ) - (s - 4 y |
2) / 9 6 r y * f n

2 <D24> 

A 2(a,t,u) - (zji - a ) /32„^f* (D25) 
The s c a t t e r i n g lengtha are defined as the f o l l o w i n g * 

a 0 =» A° (s » VT, t = 0, u = 0) (D26) 

^ ( • - v ! ) ^ - A 1 ( s - 4 >
2

f t - 0, u - 0) (D27) 

& 2 - A 2(s - 4>f, t - 0, u « 0) (D28) 

I f we now define a q u a n t i t y L by the Godlberger-Treiman r e l a t i o n 

L » .A^/a n f n
2 (D29) 

and put i n the experimental value f o r f ^ =• 95tleV. then we have 

L - Q.087^" 1 (D30) 

w i t h a Q » 7L = •IS/Z1, a x = L - a g o -L - -.O^ 1 (D3l) 
4 3 2 2 

and the f o l l o w i n g sum ruless 

2a - 5CL = 18 a. (032) o <2 ^ i 

L o 3 ^ ^ (033) 

G r i f f i t h ' s K model 
We consider the procesai 

TT(q) + K ( p ) - > n ( q / > + K(p') (034) 

and we define the s-channel isospin amplitudes i n terms of t-channel 

amplitudes w i t h d e f i n i t e charge p a r i t y + by crossing (A37 } 38)• We 
+ / 2 '2 2 '2\ w r i t e l i n e a r expansions f o r Ar- ( s , t , u , q » q » p » p ) i 

A + - A + B(s Tu) +Ct + D(p 2 + p 2) (035) 

A~ - A' (s-u) (036) 
1 2 '2 2 and we now consider various low energy l i m i t s f o r A j ( s , t , u , q q » p 

p 2 ) • q-^0 or q -? 0 ( s o f t - p i o n Adler zeros) 
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A 2 ( m 2 , ^ 2 , m2, 0 , ^ , m2, m2) = 0 a A + 2m2(B+D)+/^C (D37) 

p —=50 o.r p'-=>0 (soft-kaon Adler zeros) 
g 
A2 ( ^ j m 2 , ^ 2 , ^ , ^ , 0, m2) = 0 - A+2/£ B+m2(C+D> (D38) 

Using a gene r a l i z a t i o n of the technique of Weinberg f o r the 11 cr term" 

we have a " Yc term" f o r n k scatterings 
t 2 2 q-*0 and q 0 s-^m + 2p.q, tnsO, u-*m - 2p.q 

A? (m 2 + 2p.q, 0, m2-2p.q, 0, 0, m2, m 2) a A+2m2 (B+D) +4p.q A' (D39) 

where A + 2m2 (B+D) » n
 f

k
 6 4 ^ (D40) 

A' - l / l 2 8 n ^ f 2 (D4l) 
r 2 2 

S i m i l a r l y when p-̂ O and p 0 s - » ^ + 2p.q, t ••»(), u-^- - 2p.q 
g 
A2 + 2p.q, 0, ./£ - 2p.q, u 2 , ^ , 0, 0) - A+2B/£ + 4p.qA' (DA2) 

where A + 2B/2. » * k 8* (°43) 

A' a l / l 2 8 n / ^ f ] £
2 (D44) 

From (D41, 44) f n - f f c •» f and (D37 - 44) give 

A - B a C/2 - l / l 2 8 n / M f 2
f DaO, A» (-m2 -JL)/64 

and t h i s g i v e s i 

A+ = (s+u+2t - 2m2-2^)/a28 r r ^ f 2 (D45) 

A" - (s-u)/l28 - n ^ f 2 (D46) 

and hence we f i n a l l y obtain using (A37, 38) 

A^(s,t,u) a (»s+3t -4m2 - 4 / ^ ) / l 2 8 n > ^ f 2 (D47) 
g 

A2 ( s , t , u ) - (2m 2+2^ - 2 s ) / l 2 8 n ^ f 2 (D48) 

The S-wave s c a t t e r i n g lengths are defined t o be the value of the 
2 2 amplitudes a t the threshold s =• (m+>) , t a 0, u a (m*>«) and 

hence -2a&/% • a^ a m/Zien^f 2 (D40) 

and p u t t i n g i n the experimental value f o r f = f^. a 95 MeV. we have 

-2a3/ 2 = = 0.16/*-""1 (D50) 
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