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A B S T R A C T 

Calculations have been made to investigate the effects on high 

energy muon showers of varying some of the more important parameters 

©f high energy nucleon=air nucleus c o l l i s i o n s . The effects of d i f f e r e n t 

assumptions concerning the primary mass composition have also been 

investigated,. The majority of the calculations have been designed to 

enable a comparison to be made with the experimental results of the 

Utah group on underground muons with threshold energies of the order 

of 1 0 0 0 GeVj and above» and zenith angles i n the region of 60 f f l o 

Assuming the primary composition to be similar to that found 

at primary energies *" 1 0 GeVo i t i s concluded that i f the m u l t i p l i c i t y 

of secondary particles varies as E ̂  then the value of the mean 
p 

transverse momentum i s 0 o 6 7 + Ool GeV/c at primary energies ~ 2 10^GeV» 

and i f the m u l t i p l i c i t y varies as E ̂  a value of ~ 0 o 5 GeV/c i s obtained 
P 

5 

at energies ~ 4 1 0 GeV„ 

Using a value of 0 o 4 GeV/c f o r the mean transverse momentum, a l l 

the models predict s i g n i f i c a n t l y more muons than observedo An increase 

i n the mean transverse momentum and/or the energy loss coefficients) bp 

are considered the most l i k e l y parameter changes to give better agreement.. 

The present work favours a m u l t i p l i c i t y law varying as E rather 
• i P 

than one varying as E^8 but t h i s cannot be regarded as conclusiveo 
As yet» due to lack of experimental data 9 no conclusions have been 

possible concerning the primary mass composition but there is no 
12 

evidence f o r an increase in. the proportion of heavy nuclei above 1 0 eV 

as concluded by Gzlgorov et a l o ( 1 9 6 7 ) B 



i i . 

The present work does not rule out the p o s s i b i l i t y of some muons 
in E.A.S. being produced by a process other than the decay of pions 
and kaionso 



i i i . 
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CHAPTER 1 

THE SIGNIFICANCE OF COSMIC RAY STUDIES 

1.1. lQtrpdu,c-fcj,qn 

The primary cosmic rays f a l l i n g onto the earth's atmosphere are now 

known to consist mainly of atomic nuclei with a small proportion of 

electrons and Y -rays. Their study i s important i n two main f i e l d s -

astrophysics and high energy interactions. The former comes from a 

study of the energy spectrum of the primary p a r t i c l e s , t h e i r chemical 

composition and t h e i r s patial anisotropy, and the l a t t e r from a study 

of the secondary p a r t i c l e s produced when the primary par t i c l e s interact 

with the nuclei of the atoms i n the atmosphere. 

1.2. The Characteristics of the Primary Radiation and t h e i r Astrophvsical 
Significance. 

1.2.1 The Energy Spectrum of Primary Cosmic Ravs. 

The energy spectrum of primary cosmic rays extends from an a r b i t r a r y 

l i m i t less than a GeV to an hitherto undetected upper l i m i t ©f greater 
20 

than about 10 eV. An Integral primary spectrum deduced by Greisen 

(1966a) from the results of many workers i s shown i n figure 1.1. Although 

t h i s does not agree i n d e t a i l with those of other workers, the essential 

features are the same. 

Thus the spectrum i s seen to f a l l very rapidly with increasing energy, 
15 

having an exponent of about -1.6 up to an energy of *** 10 eV af t e r which 
i t steepens i n slope to about -2.1. This remains constant to an energy 

18 
of about 3.10 eV when the slope decreases to about -1.6 again. 

Because of the very great energy range covered and the rapid f a l l 

i n the f l u x with increasing energy no one method can be used to measure 



LU IO 

IO IO IO" IO 
Primary Energy (eV) 

IO 

Fig.! . Integral Primary Energy Spectrum 
.[after Greisen 1966a) 
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the spectrum over the whole energy range. At energies below about 10 eV 

the f l u x i s s u f f i c i e n t l y large to enable i t to be measured d i r e c t l y with 

detectors carried to the top of the atmosphere i n balloons or i n 
12 14 

s a t e l l i t e s . In the energy region 10 -10 eV the f l u x i s so low that the 

primary spectrum has to be deduced from measurements on the secondaries 

of interactions of the primary nuclei with a i r n u c l e i , or rather t h e i r 

progeny ( y -rays and muons), although recently the f l u x has been measured 

in the energy range 10** - 10*4eV by a s a t e l l i t e experiment (Grigorov 

et a l . , 1967). 
14 

Beyond about 10 eV one has to rely on extensive a i r shower 

measurements f o r information (see section 1.4); i n particular the 

measurements of shower size. In a l l of these in d i r e c t measurements a 

model of high energy interactions must be used. As a re s u l t when 

discrepancies occur about the nature of the primary spectrum deduced 

from d i f f e r e n t observations three possible explanations are suggested:-

( i ) u n r e l i a b i l i t y of the data, arising from a lack of s t a t i s t i c s * 

systematic errors and biases i n the observations; ( i i ) a change i n 

the slope of the primary spectrum with or without a change i n composition; 

( i i i ) a change i n the characteristics of high energy interactions at a 

suitable energy and i n a suitable manner. 

This has been the case for the two inflexions shown i n the primary 

spectrum. They arose from changes i n the slope of the shower size 

spectrum. The lower i n f l e x i o n has now been d e f i n i t e l y established i n 

the size spectrum and according to Vernov and Khristlansen (1967) i t i s 

most unlikely to be due to a change i n the characteristics of high 

energy interactions. Therefore i t seems that the "kink" i n the primary 
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spectrum is real and must be explained by astro-physical arguments, either 
i n models of the o r i g i n of cosmic rays or i n theories of t h e i r propagation 
or both. 

18 
The change i n slope of the energy spectrum at energies — 10 eV 

has also been f a i r l y well established (Trumper, 1969) and the .slope of 

the spectrum above the "kink" does seem to be about -1.6. 

The discovery of an isotropic radiation of temperature approximately 

3°K (e.g. Roll and Wilkinson, 1967) has led. to great in t e r e s t i n the 

extreme high energy end of the, primary spectrum. The radiation has been 

postulated as being the remnant of the primeval f i r e b a l l (Dicke et a l . 9 

1 9 6 5 ) and according to Greisen (1966b) the transparency of space at the 

partinent wavelengths and the consistency of i n t e n s i t y frpm observations 

i n numerous directions gives strong assurance that the radiation i s 

universal. 

The existence of a universal 3°K radiation would have drastic 

consequences on the high energy end of the cosmic ray spectrum i f the 

primaries were universal (Greisen, 1966b; Kuzrain and Zatsepin, 1966). 
19 

The proton spectrum would terminate abruptly beyond a few times 10 eV 

due to the onset of the photomeson interactions between the primary 

protons and the microwave photons. In the case of heavy primaries the 

break i n terms of energy per nucleon would occur much e a r l i e r due to 

photo-disintegration processes f o r which the threshold energy i s 

much lower. The relevant experimental observations are those of 

Linsley (1963a) and Andrews et a l . (1969) who have detected showers 

with primary energies above the predicted c u t - o f f . From these results 

i t seemsthat i f cosmic rays of high energy are extragalactic, then the 

3°K radiation cannot be universal or, a l t e r n a t i v e l y , i f tha 3°K radiation 
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i s universal then the high energy cosmic rays cannot be so and are 
probably confined with i n the local super cluster (Sreekantan, 1968)* 

1.2.2. ; T^e-.Cpmpft^Uftn 9f ftw Primary Cosnflc RaYS», 

The composition of cosmic rays i s an e s s e n t i a l feature In under

standing t h e i r o r i g i n . At energies below ~lOGeV the primary composition 

i s known from d i r e c t measurements. I t i s approximately} with constant 

energy per nucleon, 93% protons and 6.3% alpha p a r t i c l e s , the rest being 

heavier nuclei. At higher energies the composition i s less well known 

because the rapidly f a l l i n g i n t e n s i t y with increasing energy makes 

d i r e c t measurements very d i f f i c u l t and so i n d i r e c t methods must be used. 

These are described f u l l y i n Chapter 2. 
15 

I t i s s u f f i c i e n t to say at t h i s stage that up to energies — 10 eV 
there i s evidence that the composition i s similar to that at lower 

15 
energies. Above 10 eV the evidence i s very c o n f l i c t i n g and i t i s one 
of the aims of t h i s work to t r y to throw l i g h t on the composition at 

17 
these energies. At energies of about 10 eV Linsley and Scarsi (1962) 

have put forward some evidence that the composition i s r e l a t i v e l y pure 

and probably protonic i n nature. 

I f one compares the composition of the low energy cosmic rays with 

the composition of the Universe i n general one i s struck by the r e l a t i v e l y 

high proportion (a factor 10 times greater) i n cosmic rays of the L-

group of nuclei ( L i , Be and B) and also a s l i g h t l y greater proportion 

of heavy nuclei. 

The l a t t e r excess points to the o r i g i n of cosmic rays i n old 

stars which have a high proportion of heavy nuclei e.g. supernovae. 

The difference i n the amounts of L-nuclei indicates that t h e i r 
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presence i n the cosmic radiation i s due largely to the fragmentation 
-2 

of heavier nuclei i n penetrating — 3 g.cm of matter on t h e i r way 

to the earth. 
The o r i g i n of cosmic rays and the mechanism for accelerating them 

20 
to energies ~10 eV i s s t i l l not known with certainty. The energy 

density of cosmic rays near the earth i s the same order as that of 

s t a r l i g h t (leV/cm ) and so i f the radiation were universal with a 

constant energy density the t o t a l energy involved i n the cosmic radia

t i o n would be excessively great and t h i s has led many workers to 

discount i t s being universal and suggest that i t i s a Galactic 

phenomenon, the p a r t i c l e s being trapped i n the Galaxy by Galactic 

magnetic f i e l d s . The value of the i n t e r s t e l l a r magnetic f i e l d i s s t i l l 
-5 -7 

i n dispute and values from 10 - 10 gauss have been proposed. 

Evidence f o r the existence of such f i e l d s comes from a va r i e t y of 

measurements including the detection of magnetic bremsstrahlung 

radiation from r e l a t i v i s t i c electrons i n the Galaxy. 

Ginzburg and Syrovatskii (1964) favour the Galactic o r i g i n of 

cosmic rays from a single source, supernovae. These workers propose 

that acceleration takes place i n the turbulent gas and magnetic f i e l d s 

by e i t h e r of two processest-

i ) The Fermi process, which i s a s t a t i s t i c a l process i n which the 

charged p a r t i c l e s c o l l i d e with randomly moving magnetic f i e l d s . 

In a c o l l i s i o n a p a r t i c l e may gain or lose energy; on the average 

i t w i l l gain since a head-on c o l l i s i o n i s more probable than an 

overtaking c o l l i s i o n . The Fermi mechanism leads naturally to a 

power law energy spectrum. 
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i i ) The second process i s the interaction of charged p a r t i c l e s with 

a slowly varying magnetic f i e l d (Betatron acceleration). 

Zatsepin and Kuzmin (1968) have proposed that cosmic rays may 

originate i n such s t e l l a r objects as quasars* I f t h i s i s so then they 

state that above energies of about lO^eV/nucleon heavy nuclei w i l l 

be broken up into protons by the high energy photon f i e l d , and that 

protons w i l l have increasing d i f f i c u l t y i n escaping from the source 

thus accounting f o r the increase i n the slope of the primary spectrum 

above t h i s energy. 

Colgate and White (1966) have considered the p o s s i b i l i t y that cosmic 

rays may be formed when a highly evolved star of mass ~10 times that of 

the sun collapses. 
11 -3 

When the collapse has reached the stage that densities ~ 10 g.cm 

exist a neutron star may form. This stable configuration w i l l h a l t the 

collapse and cause a shock wave to propagate outwards from the collapsed 

core carrying with i t a portion of the star's mass. According to Kinsey 

(1968) the intense radiation f i e l d w i l l quickly fragment the r e l a t i v i s t i c 

nuclei leading to a protons only spectrum above energies of ~10 GeV/ 

nucleon. However, some resynthesis of heavier elements may be possible 

behind the shock wave. 

H i l l a s (1967,1968) has considered the effects of an evolving 

universe on cosmic rays assuming that the most energetic cosmic rays 

that have been detected are of extragalactic o r i g i n and that they o r i g 

inated i n strong radio galaxies. Radio-astronomical evidence suggests 

that the output from such sources must have been much greater i n the 

past than at presents I f t h i s i s so, the importance of interactions 

between the 3°K radiation (assumed to be universal) and in t e r g a l a c t i c 
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15 cosmic ray protons and heavier nuclei above 10 eV i s greatly increased 

because of "red-shifts" i n the energies of the nuclei and the microwaves 

and changes i n density so that the energy losses of the nuclei through 

pair production are greater than i f a steady state model is considered* 

Assuming that the output of these cosmic ray sources varies as 

(time) and that the integral energy spectrum has a slope of -1.5 

throughout, H i l l a s has shown that the energy loss would lead to the 

present day spectrum having a slope of -2.2 between primary energies 

~ 310 - 10 eV i f production were assumed to s t a r t at 1.4 10 years. 
19 

An expected cut-off i n the primary proton f l u x at ~310 eV i s s t i l l 

present as in Greisen's work, however, and t h i s throws doubt on the 

theory. 

A further explanation of the shape of the primary spectrum has 

been given by Linsley (1962) which i s similar to a model by Peters 

( l 9 6 l ) . This assumes that up to energies ~? lO^eV the primary 

composition is similar to that found at lower primary energies and 

that the primary cosmic rays are a l l Galactic i n o r i g i n . They are 

retained i n the Galaxy by the Galactic magnetic f i e l d s . At these 

energies, however, the radius of the particles' t r a j e c t o r y approaches 

the extent of the f i e l d i t s e l f and so they are able to break away 

from the restraining influence of the magnetic f i e l d and leave the 

Galaxy. For a given magnetic r i g i d i t y the energy of a p a r t i c l e is 

proportional to i t s charge so that i n i t i a l l y protons w i l l escape 

followed by the heavier components i n order of t h e i r charge (and 
hence mass), causing the primary energy spectrum to steepen. At 

18 
energies~ 10 eV the Galactic f i e l d i s unable to hold even the 
heaviest component of the primary cosmic radiation and the f l u x of 
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Galactic cosmic radiation f a l l s below that entering the Galaxy from 

extra-galactic sources which are supposed to have a less steep energy 
18 

spectrum,the same as that observed at energies ̂ 10 eV i n f a c t * and 

are believed to be composed almost e n t i r e l y of protons due to any 

heavies being fragmented i n c o l l i s i o n s with inter-galactic matter* 

Obviously a good t e s t of t h i s theory i s to see whether i n f a c t the 

proportion of heavy primaries increases with energy above the f i r s t 

"kink" i n the primary spectrum, and t h i s i s one of the main aims i n 

extensive a i r shower work at present. 
1.2.3 ^pftUflJ, AnlaQtrgptes. 

Anisotropios are usually quoted i n terms of the parameter 

B a
 Jmax " *min . . 

I + I . 1 , 1 

max min 
where I and I . are the maximum and minimum values of the observed 

max mln 
in t e n s i t y . This parameter has been measured in a i r showers up to the 

highest primary energies so far detected and within experimental errors 

the primary par t i c l e s seem to be i s o t r o p i c a l l y d i s t r i b u t e d . 

The lack of d i r e c t i o n a l anisotropies i s not so much evidence f o r 

an isotropic d i s t r i b u t i o n of sources as f o r the existance of i n t e r 

s t e l l a r magnetic f i e l d s which smear the o r i g i n a l directions of the 

charged par t i c l e s * 

At s u f f i c i e n t l y high energies par t i c l e s may r e t a i n enough of t h e i r 

o r i g i n a l d i r e c t i o n to provide an observable anisotropy, but t h i s depends 

on t h e i r source of o r i g i n . 

Greisen (1966a) says that protons of energy ~10 eV ( i f i t i s 

possible to detect them) should ret a i n t h e i r o r i g i n a l directions to 

within about 5° no matter how f a r away the sources may be, unless the 
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strength and organization of intergalactic f i e l d s are suprisingly 
greato 

There are a number of directions i n which a higher f l u x may be 

expected; these include the Galactic plane and the Galactic centre. I t 

seems that the Galactic magnetic f i e l d i s ordered along the spiral 

arms and so the s p i r a l oa which the solar system l i e s i s another l i k e l y 

d i r e c t i o n . 

The absence of any such anisotropies i s evidence that the pa r t i c l e s 

t r a v e l through the i n t e r s t e l l a r gas primarily by d i f f u s i o n with 

magnetized i n t e r s t e l l a r gas clouds as scattering centres* Hence more 

precise values of 6 might be expected to provide information on the 

d i s t r i b u t i o n and order of the magnetic f i e l d s i n i n t e r s t e l l a r space* 

1.3. Hlah Energy Interactions. 

The primary cosmic rays are useful i n the study of high energy 

interactions because they provide a f l u x of very high energy p a r t i c l e s 

with energies f a r exceeding those capable of being produced by present 

or even forseeable accelerators. The nuclei of the atmospheric atoms 

act as targets and studies on the secondary particles can give i n f o r 

mation on the characteristics of high energy interactions. 

In the past these studies have led to the discovery of the n and 

u.- mesons and several of the strange particles» but at energies *• 30GeV 

accelerators are now better f o r investigating the characteristics of 

high energy interactions because of t h e i r greater f l u x . Thus the 

study of high energy interactions i n cosmic rays i s mainly concerned 

with energies above ~ 100 GeV and i n the next few years i t should be 

possible fo r accelerators to produce energies of ~ 300 GeV and maybe 
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higher so that interest i n cosmic rays w i l l have to be at energies above 
~ 1000 GeV. 

Already a l o t of information has been obtained at and above these 

energies from experiments with nuclear emulsion stacks and from 

extensive a i r shower measurements which i s summarized i n Chapter 3. 

Also postulated particles which have not been detected i n 

accelerators presumably, i f they e x i s t , because t h e i r mass i s too high 

are currently being looked f o r . Among these are the quark, a sub-

nucleonic particle,and the intermediate vector boson which would show 

up i n the apparent d i r e c t production of muons. 

The Sydney group (e.g. McCusker and Cairns, 1969) have recently 

reported the detection of 2e/3 quarks near to the cores of extensive, 

a i r showers using a Wilson cloud chamber. However, these results 

cannot be regarded as conclusive and more experimental work i s needed 

before any d e f i n i t e conclusions can be drawn. 

Bargeson et a l . (1967) have put forward some evidence f o r the 

production of muons by some new process, either by d i r e c t production 

or by the decay of some p a r t i c l e with a l i f e t i m e very much shorter than 

that of the pion or kaon. Again, however, the evidence cannot be 

regarded as conclusive et present. 

1»4 Extensive A i r Showers. 

Extensive a i r showers are i n i t i a t e d by primary particles of very 

high energy. The pa r t i c l e s i n E»A.S. are divided into three pri n c i p a l 

components (a) the nuclear-active component which includes a l l kinds 

of pa r t i c l e s that are strongly i n t e r a c t i n g , (b) the electromagnetic» 

or soft,component which consists of photons, electrons and positrons 
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and (c) the mu-meson component. 

The genetic relations are believed to be well understood i n general 

The backbone of the shower consists of the nuclearactive component 

cascade, i n i t i a t e d by the interaction of a primary nucleus with an a i r 

nucleus dhd maintained by high energy secondary nucleons,antinucleons» 

mesons and hyperons. The decay of secondary K mesons and charged «r 

mesons gives r i s e to the muon component, which i s thereafter non-

multiplying and i s very slowly absorbed by ionization and beta-decay. 

The decay of secondary n° mesons transfers energy repeatedly to 

photons each of which i n i t i a t e s an electromagnetic cascade. The over

lapping photon-electron cascades rapidly grow to comprise the most 

numerous part i c l e s i n the shower. The number of such par t i c l e s can 

run into many m i l l i o n s and they are spread out over an area that can 

be as large as several square kilometres due to t h e i r being scattered 

by the atmosphere. 

The great spread i s one of the main advantages of extensive a i r 

showers. Thus the i n t e n s i t y of primary particles with an energy 
18 2 

greater than 10 eV on lm i s only — 1 per 3000 years. However, the 

extensive a i r shower produced by s uch primary pa r t i c l e s contains ~2-3 
g 

10 par t i c l e s at sea-level, spread out over a wide area and so they 

can be detected quite frequently with an array of well spaced detectors* 

The individual electromagnetic cascades have a short range compared 

with the thickness of the atmosphere and the t o t a l s o f t component 

gradually dies away as the nuclearactive component becomes depleted 

i n energy by further interactions. On average these occur every 80g.cm 
~2 

for nucleons and 120 g.cm for pions. I f the path of the a i r shower in the atmosphere i s S u f f i c i e n t l y long the most numerous particles 
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remaining i n the shower w i l l be the muons because of t h e i r small 
interaction cross section. 

However, most showers detected v e r t i c a l l y consist mainly of 

electronse For example i n a shower of size 10^ particles detected at 

sea-level, i n the v e r t i c a l direction,about 17 per cent are muons and 

the rest mainly electrons and photons. The muon component, however, 

carries f a r more energy i n these showers than the electromagnetic one, 

the former carrying 9 10*4eV,and the l a t t e r -1.6 10*4eV^ i . e . 

f i v e or six times less than the muons. In showers of less than 10^ 

part i c l e s the imbalance can be even larger. 

This s i t u a t i o n i s a consequence of the long range of muons and 

the comparatively rapid absorption of the other components. In an 

average shower at sea-level the electromagnetic energy and that of 

the nuclear-active component are much depleted, while that of the 

muons has only been reduced by about one t h i r d through decay and 

ionization losses. A.t mountain a l t i t u d e s , however, near the shower 

maxima the electrons are an order of magnitude more numerous than at 

sea-level and t h e i r average energy i s also higher and so the energy 

balance i s reversed. 

The aim of the work i n the f i e l d of extensive a i r showers i s 

similar to that of cosmic rays i n general i . e . to study the primary 

spectrum f o r astrophysical interest and to study the characteristics 

of high energy interactions. 

There has been a s i g n i f i c a n t increase i n the accuracy of extensive 

a i r shower measurements i n the past few years and t h i s has led to 

greater interest being paid to the theory of shower development. 
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Increasing attention i s being paid to more precise calculations of the 
various characteristics of E.AoS., electromagnetic, muonic and nuclear-
active. 

One of the main aims i s to determine to what extent the E.A.S. 

characteristics are sensitive to the individual paranpteis of the 

elementary act and to select the characteristics depending on only a 

small number of parameters. 

I n i t i a l l y i t i s important to compare the predictions of conserv

ative models, with values of parameters obtained by extrapolating from 

the low energy region, with the experimental r e s u l t s , and by examining 

the d i r e c t i o n i n which the l a t t e r deviate from the former one should 

be able to t e l l , at least q u a l i t a t i v e l y , the required modifications 

needed to the parameters of the high energy interactions. 

With the use of such models one should also be able to draw at 

least tentative conclusions on the primary mass and energy spectrum 

at very high energies© 

1.5. The Significance of Muon Studies I n E J U S . 

Muons i n EoA»S. are the progeny of pions and kaons produced i n 

high energy interactions. Their main characteristic i s t h e i r extremely 

low pr o b a b i l i t y of interacting with matter and so i t should be possible 

to draw conclusions about nuclear interactions from a 11 levels of the 

development of EoA„So by studying muons of d i f f e r e n t energies at 

d i f f e r e n t distances from the core. The r e l a t i v i s t i c extension of the 

muon l i f e t i m e means that the majority of muons above a few GeV survive 

to sea-levelo This means that fluctuations i n the muon number are 

smaller than i n the electron number and are less dependent on the 
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primary mass. Thus i n theory a study of fluctuations i n the electron 

number i n E.A.S. containing a constant number of muons or al t e r n a t i v e l y 

a study of fluctuations i n the muon number i n E.A.S. of constant 

electron size could lead to information on the mass composition of the 

primary cosmic rad i a t i o n . A number of workers have t r i e d to obtain 

information i n t h i s way (De Beer et a l . , 1968 a; Adcock et a l . , 1968a) 

but the derivation of the muon number i s very d i f f i c u l t y because of 

the need for many well shielded detectors over a large area i n order to 

obtain the l a t e r a l d i s t r i b u t i o n of the muons, and so far the experimen

t a l evidence i s not s u f f i c i e n t l y accurate t o draw any d e f i n i t e con

clusions. Such fluctuations can also give information on the model 

used i n the calculations and hence i n d i r e c t l y on the parameters chara

cte r i s i n g high energy interactions (De Beer et a l . , 1968a). 

The l a t e r a l spread of the muons about the core of extensive a i r 

showers results mainly from the transverse momentum imparted to the 

muon parent when i t i s created i n high energy interactions. Thus 

studies of the shape of these l a t e r a l d i s t r i b u t i o n s should give i n f o r 

mation on the form of the transverse momentum d i s t r i b u t i o n of these 

p a r t i c l e s , on t h e i r mean value of transverse momentum, and on i t s 

vari a t i o n with the interaction energy* 

I t may also be possible t o draw conclusions on the primary mass 

spectrum from studies of the momentum spectra of energetic muons fa r 

from the core (Orford and Turver, 1969). 

The s e n s i t i v i t y to the primary mass i s due to the fact that high 

energy muons come from above ~10 kilometres ( i n the v e r t i c a l d i r e c t i o n ) 

since at these heights the high energy pions produced have a greater 
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chance of decaying into muons before interacting than lower down i n the 

atmosphere. Thus the muons r e f l e c t the f i r s t few interactions of the 

primary, whereas low energy muons near the core have been produced 

lower down i n the atmosphere and the averaging e f f e c t of the many 

interactions that have occurred tends to mask the effects of d i f f e r e n t 

primaries* Some authors have pointed out that the fluctuations i n the 

l a t e r a l d i s t r i b u t i o n s of high energy muons at large distances from the 

core are very large, however,(De Beer et a l . 1968b) and t h i s may have 

important consequences on the int e r p r e t a t i o n of the results. 

Another way to study high energy muons i s to look at muons at 

large zenith angles<> In t h i s case the f i r s t interaction of the primary 

w i l l take place i n less dense a i r than would be the case i n the v e r t i c a l 

d i r e c t i o n and so the production of high energy muons would again be 

favoured. Also because of the large thickness of a i r traversed the low 

energy muons produced w i l l have a tendency to undergo u-e decay, since 

they w i l l lose energy by ionization; t h i s then w i l l also tend to 

increase the average energy of the muons detected. Furthermore the 

large thickness of a i r w i l l tend to f i l t e r out most of the electrons i n 

the shower thus making the i d e n t i f i c a t i o n of the muons simpler. This 

method has been used by several workers and one of the groups (Rogers 

et a l . , 1969) has been able to draw conclusions on the mass composition 
15 

of the primary p a r t i c l e s above 10 eV as well as on certain characteris

t i c s of high energy interactions. The main d i f f i c u l t y i n t h i s work 

seems to be the e f f e c t of geomagnetic d e f l e c t i o n , but t h i s i s only true 

at large zenith angles (>60°). 

Another feature of muons that can be measured i s t h e i r heights 
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of origin.- These are of great Interest because they are dependent on 

the rate of energy dissipation i n the E.A.S. and since t h i s i s sensitive 

to d i f f e r e n t models of extensive a i r shower development* the measurements 

can help to distinguish between d i f f e r e n t models* There are several 

methods of estimating t h i s characteristic of E.A.S. I t can be obtained 

from the geomagnetic d i s t o r t i o n of the muon l a t e r a l d i s t r i b u t i o n s and 

the dire c t i o n of motion of the muons i n a shower r e l a t i v e to the shower 

axis (Earnshaw, 1968). from measurements on the radius of curvature of 

the shower f r o n t (Bennettet al>. 1962) or by an analysis of the barometric 

attenuation of muons i n a i r showers (Firkowski et a l . , 1967). 

The relationship between the average number of muons i n a shower 

and the average number of electrons can also be used* i n p r i n c i p l e , to 

obtain information about the primary mass spectrum (Adcock et a l . • 

1968a). This arises from the f a c t that the relationship between the 

average electron number N and the average muon number TT i s 
e I* 

N u = K ¥ a 1.2 
H e 

where a is approximately constant f o r a l l nuclei and K i s a function 

of the mass of the primary nucleus. Equation 1.2 gives 

log fT = a log TT + log K 1.3 
and dloa TL = a 1.4 

dlog TT 
Thus a change i n composition i s reflected by a change i n <3 

The measurements are possible for showers of fixed electron size 

or for fixed muon number* However* d i f f i c u l t i e s arise i n obtaining 

good s t a t i s t i c s since i n order to see any change i n a only small 

c e l l s of shower size can be used* 

In order to overcome the averaging effects i n extensive a i r showers 

and study the effects from the f i r s t one or two nucleon interactions» 
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thereby also throwing l i g h t on the primary mass composition, one can 
study very high energy muons (£1000 GeV) i n extensive a i r showers. 

This can be done by making the measurements deep underground where 

the electron and nuclear-active components ef the a i r showers have 

been completely f i l t e r e d out as have also the low energy muonso Thus 

the high energy muons can be regarded as the remnants of extensive 

a i r showers* 

Such an experiment has been carried out at the University of Utah 

with a large detector situated under a mountain. The irregular contours 

of the mountain make i t possible to study the frequency of muons, both 

single and m u l t i p l e , with various threshold energies and at a variety 

of zenith angles. Also information has been gathered from the 

detector concerning the l a t e r a l d i s t r i b u t i o n s of these high energy 

muons. 

Thus i t seems that much valuable information may be gained on 

the primary mass composition and on the parameters of high energy 

interactions from a theoretical analysis of the preliminary results 

of t h i s apparatus. Such an analysis forms the main theme of the 

present work. 

Chapter 2 contains a survey of measurements dsne on the primary 

spectrum and i t s mass composition. Chapter 3 contains a survey of 

the characteristics of high energy interactions i n order to get an 

idea of the parameters f o r a model of high energy interactions which 

i s described i n Chapter 4 along with the predictions of the model, 

with particular reference to the Utah detector. Chapter 5 gives 

a description of the Utah detector, the analysis of the data and 
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the f i n a l results. These are then compared to the theoretical 
predictions. Chapter 6 i s a comparison between the results of other 
workers* both theoretical and experimental,and the present work* 
Chapter 7 contains the conclusions from the present work and proposed 
future work* 
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CHAPTER 2. 

THE PRIMARY SPECTRUM AND ITS MASS COMPOSITION. 

2.1. Introduction 

As stated e a r l i e r , the underlying aim of the present work i s t© 

increase our knowledge on the mass composition of the primary cosmic rays 

responsible f o r creating E.A.S. and on the nature of nuclear interactions 

at energies unattainable by other means at present. 

Because of the low i n t e n s i t i e s of primary rays at these energies i t 

i s not feasible to study them d i r e c t l y and so we are forced to draw con

clusions about them from studies of the secondary components i n i t i a t e d by 

the high energy nuclear interactions of the primaries with a i r nuclei* This 

involves using theoretical models containing parameters whose values are 

uncertain and so our knowledge of the primary spectrum and of high energy 

interactions i s closely related. 

I t i s therefore important to make a survey of the present state of 

knowledge as regards the primary spectrum and i t s composition, and the 

characteristics of high energy nuclear interactions. 

This chapter i s concerned with the primary spectrum and the next with 

high energy interactions. 

2.2. The Primary spectrum m th,e Bsfltan IQ 1 1 - io 1 4eV. 

Two main methods have been used i n t h i s energy region:- ( i ) studies 

of the iP component, which decays into gamma-rays and gives r i s e t© elec

tromagnetic cascades, and ( i i ) the muon component which arises from the 

decay of charged pions and kaons. These ind i r e c t methods must be used 

here because of the low i n t e n s i t y of the primary cosmic radiation i n t h i s 

energy region. 
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2.2.1 The Primary Spectrum from Cascade Measurements. 

Malholtra et a l . (1966a) used a tungsten-emulsion assembly of area 0.7 
2 
m and 8 radiation lengths thickness. This was flown f o r 28 hours at an 

-2 
effective atmospheric depth of 22 g.cm • 

They were able to separate gamma-rays produced by the interaction of 

nuclear-active p a r t i c l e s inside the apparatus from those produced exter n a l l y , 

and used a photometric method to measure the energy of the cascades. 

Figure 2.1. shows the spectrum of Z By and individual gamma-rays 

they observed. 

The former i s represented by 
H{> E Ey ) « ( l ; E y )-l-44±0.05 ^ 

The primary energy spectrum was obtained from equation 2.1. under the 

following assumptionss-

i ) The interaction lengths and fragmentation parameters of multiply charged 

nuclei are the same as at low energies. The interaction length of nucleons, 

A ± J i n graphite i s 73 g.cm • 

i i ) The attenuation length of nucleons i n a i r i s 125 g.cm"^. 
—2 

i l l ) The interaction length of nucleons i n the detector was 176 g.cm V 
4 

An A3 dependence was assumed when extrapolation was required. Checks on 

the depths of interaction in the detector confirmed t h i s to within about 

15%. 

The charge composition of the primary pa r t i c l e s was estimated i n two 

ways»-

a) by observing the charge composition of the events i n the emulsion, and 

b) by assuming the primary composition to be the same as that measured at 

lower energies. 

The two estimates were found to be i n good agreement. 
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Integral Energy Spectra of Cascades Initiated by (A} Nuclear 
Particles Interacting in the Detector and (B^ Single 5-rays or 
Electrons Obtained by Malholtra et al. (1966) 
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The primary energy 9 E 9 was obtained from the r e l a t i o n E =(7.0+1.2) 
P P 

£Ey 9 corresponding to K̂ . = 0.43 and,JEy-= K^/3. The pion e l a s t i c i t y 

was obtained from K^. = 0.35 + 0.05 given by Dobrotin and Slavatinsky 

(1960) f o r an energy of 300 GeV» a f t e r allowing f o r the facts that the 

primary spectrum i s a power law and that events were detected by t h e i r 

cascade energy. The rate of production of cascades of t o t a l energy greater 

than 370 GeV by protons at the top of the atmosphere was calculated to be 

(1.2 + 0.3) x 10" 8 sec^st"" 1 per gm of the detector* Multiplying t h i s by 

the interaction length of protons i n the detector» 176 + 26 g. cm 9 gives 

the primary proton f l u x to be 

N p ( > E p ) =» (1.6 + 0.5) x 10 1 2 x E p" 1 0 4 4 ± ^ ^ c m ^ s e c ^ s t " 1 . 2.2 
f o r 2.6 10 1 2<E <2.6 1 0 1 4 eV. P 

Assuming the composition to be the same as at low energies then the 

f l u x of a l l nuclei at the top of the atmosphere i s given by 

N( > E ) = (3.2 + 1.0) x 10 1 2E - 1 - 4 4 ± °' 0 5 cm^sec^st" 1. 2.3 P P 
f o r 2.6 10 1 2<E <2.6 10 l 4eV, P 

This integral primary spectrum i s shown i n figure 2.2. 

Baradzei et slop (1962) have used an ionization calorimeter of area 
2 

0,2 m $ flown at high altitudes» to measure the energy spectrum of single 

gamma-rays and of cascades i n i t i a t e d i n the detector by nuclear-active 

p a r t i c l e s . The cascades were formed by interactions i n a carbon block 

above the apparatus. The nuclear-active p a r t i c l e spectrum was calculated 

from the cascade spectrum assuming the interaction length of nucleons i n 
-2 _ carbon to be 75 g. cm and the average pion e l a s t i c i t y KJJ. = 0.32. 

Fluctuations i n both parameters were considered because of the steepness 

of the primary spectrum. Charge symmetry was assumed among the pions formed 

i n the interactions. 
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From the spectrum so obtained and assuming the absorption length of 
nucleons to be as given by Babetsky et a l . ( l 9 6 0 ) 9 they give the f l u x of a l l 

nucleons above a given energy per nucleon i n the primary energy range 

7±0.15 
2 10 1 1 - 2 10 l 3eV a 

N(>E ) = (600 + 150) Pp X h r ' V ^ t " 1 2.4 
P {id1'] 

Malholtra et alo (1966a) have combined a l l the data on cascade energy 

determinations and come to the conclusion that the f l u x of a l l nuclei i s 

N(>B ) - (3.9+?°J) x 1 0 1 4 x£ -1-6±0«1 ^ ^ - l ^ - l ^ 
P "1 o O p 

11 14 i n the energy range 10 - 6 10 eV. 

Figure 2.2 shows t h i s spectrum compared with that of Malholtra et a 1,(1966a) 

obtained as above, and that of Baradzei et a l . increased by a factor 1.5 

t© convert i t to the f l u x of a l l nucleic 

I t should be pointed out that the measurements combined have been 

carried out at a variety of depths and show si g n i f i c a n t variations from 

each other. 

2.2.2 The Primary Spectrum from the Sea-Level Muon Spectrum. 

Brooke et ale (1964) have used measurement of the sea-level muon energy 

spectrum and proton spectrum, together with a " t r i a l " primary nucleon spec

trum, to derive values f o r the nucleon i n e l a s t i c i t y and the plon elas

t i c i t y i n nucleon-air nucleus c o l l i s i o n s . Using two models of i n t e r 

actions they showed that the values of K. and K were almost model 

independent. 

Using a value of K^-J^. derived from other experiments they estimated 

the energy spectrum ©f primary nucleons i n the energy range 10**-10^eV/ 

nucleon. 
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The sea level spectrum used was that of Hayman et ale (1963) from which 

was obtained the plon production spectrum using the expression 

P(E,r +) dE^ N^ ( 5 t ) j l + S»| D (E, ) 1 'dE, 2.6 

(Barrett et al»» 1952). This assumes that a l l muons re s u l t from pion decay. 

i s the production spectrum of charged pions, (E^/r) i s the sea-

leve l muon spectrum, B = 90 GeV, r = mB./m^= 1.32 and D ^ ) i s a factor 

allowing f o r n=e decay and energy loss by ionization i n the atmosphere. 

They then used two theoretical models to obtain a theoretical prediction 

of the pion production spectrum*-

i ) The so-called constant-energy model i n which a l l pions are assumed to 

be emitted with equal energy i n the C~system, half i n the backward d i r e c t i o n 

and half i n the forward d i r e c t i o n , the former being assumed to have 

negligible energy i n the L-system. This model was mainly used to f i n d the 

s e n s i t i v i t y of the results to the model parameters. 

i i ) The so-called C.K.P. model which predicts that the energy spectrum of 

charged pions produced i n nuclear interactions i s 

N ( E ? r ± ) dE 7 r= ^ exp f- B£\ dE^ 2.7 
3T ^ T J 

in the forward dire c t i o n i n the C-system where E i s the pion energy i n the 

L-system, n i s the t o t a l m u l t i p l i c i t y of a l l pions, T i s the mean pion s 
energy and charge symmetry is assumed. Half the pions are assumed to be 

emitted i n the forward dire c t i o n and half i n the backward d i r e c t i o n i n the 

C-system, the l a t t e r being assumed to have negligible energy i n the L-system 

The m u l t i p l i c i t y was assumed to be given by l i = 2.7 x Ep^ i n both cases 
Assuming the primary nucleon spectrum to have the form N (E ) dE = 
-y 

B.Ep dE^ and neglecting the loss of pions due to decay and the formation 

of plena i n pion-air nucleus c o l l i s i o n s , i t can be shown that f o r the 
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constant energy model 

P ( E r t ) d E r - -? ' , { B S ) E " W W 2 ' 8 

1 - ( 1 - K t ) y _ 1 1 ( 1 a ) J 

where u = (2 - y ) / ( l - a ) , V = ( y - a - l ) / ( l - a ) , W = (2a -y)/{l- a) and a 
is given by n = 2.7 E a„ s p 
The C.K.P. model gives s i m i l a r l y 

x - u - v - i ^ ] p
2 , 

where a = 0.45. 

S© by treating as a variable i t can be adjusted u n t i l agreement 

i s obtained with equation 2.6. 

The " t r i a l " primary spectrum used was that given by Linsley et a l . 

(1962) converted to i n t e n s i t i e s i n terms of energy/nucleon assuming that 

below 10 4 GeV the primary f l u x consists,-above., constant r i g i d i t y , o f 12.7% 
15 

alpha particles? the. remainder being protons * and that, above 10 eV the 

primary pa r t i c l e s are a l l protons. 

Kj. was derived from the sea-level proton spectrum of Brooke and 

Wolfendale (1964) converted to the sea-level nucleon spectrum assuming the 

f l u x of neutrons and protons to be the same (which i s j u s t i f i e d i f there 

i s a high pr o b a b i l i t y of charge exchange i n nucleon-air nucleus c o l l i s i o n s ) . 

Assuming to be constant over a l l energies the sea-level nucleon 

spectrum i s given by 
bo 

Nn(E)dE = Y p ( i ) 1 N f_E \ dE 2.10 
^ ( l - ^ ) 1 V ( 1 - K t ) i y 

where p ( i ) i s the Poissonian p r o b a b i l i t y of making i interactions. From the 
existing experimental data they took the interaction length of nucleons to 

-2 
be 80 g.cm and obtained values of = 0.575 at 10 GeV and 0.54 at a sea-
level energy of 100 GeV. 
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They then obtained an estimate of the primary spectrum by assuming that 
Kj. and 1̂ . were independent of energy and that - K,,. = 0»12» the divergen
cies from these values found e a r l i e r being due to inaccuracies i n the " t r i a l " 
spectrumo This was then relaxed u n t i l consistency with the above assumptions 
and with the measured proton and pion production spectra was obtained. The 
resultant spectrum i s given by 

M / N C A n an +0.52 c "1.58 -2 "1 ~1 „ «\>E ) = 0.87 0 E cm sec st 2.11 p —U.oU p 

i n the energy range 10*°<E^ < 3 lO^eV/nucleon. 

At higher energies the exponent increases reaching a value of about 

2.1 i n the region of 10 1 5eV. 

Fluctuations were considered i n the nucleon and pion i n e l a s t i c i t i e s 

and found to have a negligible e f f e c t . 

Kaons were neglected i n the calculations. I f they form a large f r a c t i o n 

of the secondaries they w i l l a f f e c t the results s i g n i f i c a n t l y at primary 
12 / 

energies above 2 10 eV/nucleon causing a lowering of the derived primary 

spectrum. 

Also the accuracy of the muon and proton spectra used w i l l a f f e c t the 

accuracy of the r e s u l t . The muon spectrum used i s a l i t t l e lower than the 
1 q 

currently accepted ones but up to a primary energy of ~ 2 10 ev/nucleon 

the underestimation should not cause a large error. 

The spectrum is plotted i n figure 2.2. i n terms of energy per nucleus 

assuming that the primary composition i s the same as at low energies. 

2.2.3. Direct Measurement. 

Recently a d i r e c t measurement has been made of the primary spectrum up 

to an energy of 10*"4eV by Grigorov et al.(l967) using an ionization ea|criiWt*er 

i n an a r t i f i c i a l earth s a t e l l i t e . 



Caption to Figure 2.2. 

Integral Primary Energy Spectra as derived by the following 

authors. 

A. Brooke et a l . (1964). 

B. Baradzei et a l . (1962). 

C. Malholtra et a l . (l966a). 

D. Limits to the primary i n t e n s i t y set by 

Malholtra et a l . (1966a). 
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These workers found that the t o t a l primary spectrum has the form 

N(>E_) « E -1.74 ± 0.06 f o r 10 < E <10 A eV 
P 2.12 P 

somewhat steeper than has been concluded from other experiments. 

They have also measured the proton spectrum and f i n d that the slope i s 
12 

similar t© that found for a l l p a r t i c l e s up to 10 eV but then the spectrum 
steepens and has a slope ~ -2.6. This would mean that at energies beyond 

12 
10 eV heavy primaries s t a r t to be dominant i n the primary cosmic radiation. 

I t i s f a i r l y obvious that these results disagree strongly with the 

indi r e c t work and i f they are borne out by further experiments i t means 

that there i s something seriously wrong with the assumptionsmade i n the 

l a t t e r . 

2.3. Tto Primary Spectrum p m 5ff4«§p 
14 

The spectrum of cosmic rays above about 10 eV can only be studied by 

the enhanced co l l e c t i n g power of extensive a i r showers because of the low 

primary cosmic ray i n t e n s i t i e s above t h i s energy. 

Extensive a i r shower arrays consist of a series of detectors spread 

over a f & i r l y large area. These enable the density d i s t r i b u t i o n s of the 

showers to be measured and from these the t o t a l number of part i c l e s i n the 

shower can be obtained. 

This can only be related to the energy of the primary p a r t i c l e by means 

of a theoretical model and assumptions about the primary composition. How

ever, f o r showers at t h e i r maximum of development most models seem to predict 

that the relationship between the shower size, N, and the primary energy 

Thus, where possible, i t i s best t© measure showers when they are at t h e i r 

maximum ©f development. 

2 10 9 N eV 2.13 
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For t h i s reason the results of the B.A.S.J.E. group (Bradt et a l . , 1966) 

are probably the most r e l i a b l e i n the energy range 8 10 - 4 10 eV, since 

they have estimated the primary energy spectrum from the shower size spectrum 

of E.A.S. at Mto Chacbltaya, 5200 metres above sea-level, an ideal depth f o r 

showers i n the above energy range since they should be near t h e i r maximum 

of development. 

By taking shower sizes with a fi x e d i n t e n s i t y over a range of zenith 

angles they were able to obtain shower development curves and from these they 

could estimate the number of part i c l e s i n the shower at i t s maximum, and 

thus they obtained the integral i n t e n s i t y as a func t i o n of the shower size 

at the maximum i n longitudinal development. They then assumed that 

E - 2.0 10 9 N eV 2.14 p max 
where N i s the number of pa r t i c l e s i n the shower at i t s maximum and thus max r 

obtained the primary integral energy spectrum. 

To estimate the e f f e c t of fluctuations on t h i s type of analysis they 

also carried out Monte-Carlo calculations of showers? using an assumed 

primary spectrum, and then derived the primary spectrum using the above 

method. They found that t h i s type of analysis tended to steepen the 

spectrum s l i g h t l y . Allowing f o r t h i s f a c t they give the primary spectrum as 

N(>E J = (2.0 + 0.4) l o " 1 4 ( h\ " 2' 2 ± °' 1 5 cm^sec^st- 1. , 
W7J 2,15 

f o r 8 10 1 4< E p< 4 1 0 1 7 eV. 

This spectrum is shown i n figure 2.3. 

In a l a t e r paper by t h i s group (La Pointe et a l . , 1968) the results 

have been confirmed with better s t a t i s t i c s and further Monte-Carlo calculations. 

Vernov and Khristiansen (1967) have also derived a primary spectrum i n 
14 

the energy region above 10 eV based on E.A.S. data. They conclude that the 
-10 -2 -1 -1 

absolute value of the inte n s i t y i s 1.7 10 cm sec st at a primary energy 
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15 ef 10 eV, which i s determined to within a factor 2. The spectrum i s 

shown i n figure 2.3 and is seen to have two changes i n exponent. The 
astrophysical importance of these has been outlined i n Chapter l o 

Zatsepin et a l o (1963) have estimated the energy carried by d i f f e r e n t 

components of extensive a i r showers with a size of 3„5 10 at mountain 

altitudes and have estimated the primary energy responsible f o r them 

as (6 +}°?) x 10 1 4eV. 

The d i f f e r e n t eomponents are»-
/ 14 

io Ionization loss above the observation level (3 04 + 1 ) x 10 eV. 

i i o The energy carried by the nuclear-active particles at the observation 

level (0.3 * } ^ ) x 10 1 4eV. 

i i i o The energy carried by the electron-photon component at the observation 

level (0.75 + 0.16) x 10 1 4eV, 

i v . The energy carried by the muon component at the observation level 

(0.9t°# x 10 1 4eV. 

v. The energy carried away by the neutrino component, which was obtained 

t h e o r e t i c a l l y . 

The i n t e n s i t y of showers with sizes above 3.5 10 at the same a l t i t u d e 

i s 1.9 10~ 2 h n f 2 s t _ 1 o This point i s plotted i n figure 2.3. 

Greisen (1966a) has given a primary energy spectrum based on the 

results of several groups. This i s shown i n figure 2.3. 
17 

The representation i n the region of ~ 10 eV and above conforms with 

the data ©f the Cornell group near sea-level and Linsley (1963b). There 

i s considerable uncertainty i n the energies quoted i n t h i s region because 

of the li m i t e d samplings of pa r t i c l e density and the lack of information 

on the l a t e r a l d i s t r i b u t i o n close to the axis of very large showers 

( t h i s i s discussed further below). Also the data i n t h i s region are 
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very sparse and so the slope cannot be considered accurate, but Greisen 

(1966a) considers that the number of showers recorded does indicate that 

a change of slope has ogcurredo 

Linsley (1963b) has measured the energy spectrum i n the .primary 

energy range 10* 7 - 3 10 1 9eV. In the range of overlap i . e . 1 0 1 7 =1018eV 

he gives a spectrum which i s about 3 times lower than that obtained by 

the B0A0S0J0E0 group (see Figure 2.3). 

Linsley als©;finds evidence for a f l a t t e n i n g i n the primary spectrum 
18 

at an energy of about 10 eV. The exact value of the exponent above t h i s 

energy has not been derived accurately but i s i n the region 1.6 - 2.0, 

the former being considered the more probable. Vernov and Khristiansen 

(1967) also f i n d a similar f l a t t e n i n g of the primary spectrum, but t h i s 
17 »'-? 

is more gradual and starts at about 10 eV. Other workers have also 
found t h i s f l a t t e n i n g e.g0 Andrews et al«(l969), and so the change i n 

17 18 

slope of the primary spectrum i n the energy range 10 - 10 eV seems to 

be confirmed. 

The difference i n the absolute i n t e n s i t y ©f Linsley and the B.A.S.J.E. 

group probably arises from either differences i n the shower size determin

ations 9 or from the f a c t that the showers i n the overlap range were not 

near enough to t h e i r maximum ©f development to warrant using the r e l a t i o n 

E = 2N GeV i n ©ne of the experiments, or a combination of both faotorse 
p max r 

The BoA»S.J«E. group were i n a better position to determine the shape of 

the structure function because of the more compact nature of t h e i r array. 

I f t h i s i s the case i t means Linsley has underestimated the size ©f his 

showers by about a factor 2. 

H i l l a s (1969) has reanalysed the results of Linsley by working back 

from the quoted shower sizes, via the published structure function to f i n d 
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the actual densities at r a d i a l distances of 300-500 metres. He has then 

joined the structure functions*at ~ 300 metres, te ones measured by the 

more compact Agassiz array out to ~ 300 metres a f t e r modifying these f o r 

differences i n shower size and depth. 

He considers that the uncertainty i n density measured by smaller 

arrays at 300 metres i s less serious than the uncertainty of extrapolating 

the data of the larger arrays e.g. Volcano Ranch i n to 40 metres, the 

distance inside which most of the particles l i e . 

Using these composite l a t e r a l d i s t r i b u t i o n s he has re=estimated the 

shower sizes of Linsley and finds values about twice as large as those 

o r i g i n a l l y quoted. 

He has then used an empirical, calerimetric, method t© relate shower 

sizes to primary energy and finds that the primary spectra derived by t h i s 

method using the Linsley results and those ©f the B.AoS.J.E. group come i n 

to good agreement. He also finds that the change i n slope of the primary 

spectrum f i r s t found by Linsley (1963b) s t i l l exists with the revised 

data although i t i s less sharp than that found by Linsley. 

From the above results i t seems also that there is alse a change of 
15 

slope at *- 3 10 eV i n the primary spectrum. Adcock et a l . (1968b,) have 

considered the p o s s i b i l i t y that the change i n slope of the shower size 

spectrum, from which vthe change i n slope of the primary spectrum i s 

in f e r r e d , may be due to a change i n the characteristics ©f high energy 
15 

interactions at ~ 3 10 eV0 I f t h i s is the case they consider that the 

most l i k e l y change i s an increase i n the m u l t i p l i c i t y of high energy 

interactions. Later calculations (unpublished) indicate that the 

necessary change i n m u l t i p l i c i t y is too great and so the explanation seems 

to be u n l i k e l y , although fluctuations i n the interaction points ©f the 
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leading nucleons have not been considered. This should have the e f f e c t 

of reducing the required change i n m u l t i p l i c i t y . 

Vernov and Khristiansen (1967) have alse considered the p o s s i b i l i t y 

of a change i n the characteristics of high energy interactions. They 

conclude that i t i s d i f f i c u l t to reconcile a l l the experimental data 

with the necessary changes i n the parameters of the elementary act. 
15 

Thus i t seems that the ehange, at about 3 10 eV, i n the slope of 

the primary energy spectrum i s genuine. 

2.4. The Chemical Composition of Cosmic Ravs. 

2.4.1. Introduction 

As pointed out i n Chapter 1 a knowledge of the chemical composition 

of the primary cosmic radiation i s important i n understanding i t s o r i g i n 

and mode of propagation, and for studying some of the properties of 

i n t e r s t e l l a r space. 

2.4.2. Direct Measurements. 

The composition of the primary cosmic radiation has been measured 

by means of emulsion stacks or Cerenkov s c i n t i l l a t o r counters carried to 

high altitudes by balloons and s a t e l l i t e s . 

Absolute determinations of the fluxes f o r protons are p a r t i c u l a r l y 

d i f f i c u l t because of the presence of singly charged "albedo" p a r t i c l e s . 

These have two components, the "splash albedo" pa r t i c l e s and the "re

entrant albedo". The former component is formed when the primary pa r t i c l e s 

i n t e r a c t i n the atmosphere and produce secondary p a r t i c l e s , some of which 

tra v e l upwards, out of the atmosphere, thus forming the "splash albedo* 

p a r t i c l e s . 

Some of the splash albedo p a r t i c l e s are constrained by the geomagnetic 

f i e l d to re-enter the earth's atmosphere a f t e r having l e f t i t elsewhere. 

This i s the "re-entrant albedo". 
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The use of Cerenkov detectors allows the e f f e c t of the splash albedo 

to be corrected f o r since these give the dir e c t i o n of motion of the 

detected p a r t i c l e s and the re-entrant albedo can be corrected for from 

a knowledge of the i n t e n s i t y of the splash albedo. 

In determining the f l u x of nuclei heavier than protons from balloon 

measurements account must be taken of t h e i r p r o b a b i l i t y of interacting 

with a i r nuclei above the detection apparatus. This causes them to 

fragment and so increases the proportion of l i g h t e r nuclei r e l a t i v e to 

the heavier nuclei. Allowance f o r t h i s can be made from a knowledge of 

the fragmentation parameters of heavy nuclei. 

The r e l a t i v e proportion of d i f f e r e n t groups of nuclei can also be 

determined as a function of the depth i n the atmosphere and by extrapo

l a t i o n back to the top of the atmosphere the r e l a t i v e proportions of the 

groups i n the primary radiation can be estimated. 

Helium nuclei are, after the proton component, the most abundant 

component of the primary ©osmic radiation and t h e i r behaviour i n the 

radiation i s understood the best. The reasons f o r t h i s are that alpha 

p a r t i c l e s are not commonly produced as fragmentation products i n nuclear 

disintegrations i n i t i a t e d by singly charged particles and so the necessary 

corrections to the alpha p a r t i c l e f l u x due to albedo are small. 

The t o t a l i n t e n s i t y of a l l nuclei heavier than helium i s only ~ 2$ 

of the t o t a l primary radiation above a given r i g i d i t y . Thus i n order to 

permit the measurement of i n t e n s i t y values having meangingful s t a t i s t i c a l 

weight, i t has become conventional to separate these nuclei into groups 

based on t h e i r charge. These groups are usually defined as«-

i . Lithium, Beryllium and Boron nuclei; 3 < Z < 5, the so called L-nuclei. 

ii. Carbon, Oxygen, Nitrogen and Fluorine nuclei; 6 < Z < 9, the so called 

M-nuclei. 
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i i i o Neon and heavier nuclei; Z > 10 s the so called H-group. 

As a re s u l t of the accumulation of data i t has become possible to 

separate out a sub-group of the H-group, namely the VH-group containing 

nuclei with Z > 20. 
ess 

Measurements on the proton and helium primary spectra extend out to 

well beyond 10 GeV, but the spectra of the L,M,H and VH groups are not 

very well known above energies of a few GeV. 

Almost a l l workers, however 9(e.g. Wadding ton, 1960 and Webber, 1967) 

agree that the spectra of the d i f f e r e n t charge groups are the same above 

energies of about 3 GeV/nucleon, and below t h i s the primary composition 

i s energy dependent. 

Since the helium nuclei are probably the best known component, we 

shall consider the other groups i n terms of t h i s component where possible, 

i o Protonso 

The r a t i o P/H« ,in terms of energy/nucleon, rises from a value of ~ 3 

at 200 MeV/mucleon to a value o f ~ 1 8 at 5 GeV/nucleon, according to Webber 

(1967) from a survey of d i r e c t measurements, above which i t i s constant. 

This i s confirmed by the results of Gleeckler and J e k i p i i (1967), as quoted 

in Fan et alo, 1968, who f i n d a rati© o f ~ 1 5 at 10 GeV/nucleon. dimes 

and Webber (1966) have measured the spectra of protons and helium nuclei, 

using a Cerenkov-scintillation counter, and f i n d the P/He rati© rises 

from ~5 at 200 MeV/nucleon t© ~ 20 at 5 GeV/nucleon. 

i i o S-Nuclei. 

The S-nuclei comprise the M and H groups. Webber (1967) gives the 

He/s rati© as 11.6 + 0.2 above primary energies of 3 GeV/nucleon and 

concludes that above t h i s energy the spectra have the same shape. 

Anand et a l . (1968) have measured the r i g i d i t y spectra of helium nuclei 



34. 

at r i g i d i t i e s >, 12 GV using an orientated emulsion stack. They have also 

reanalysed the results of Danielson (1959) en S-nuclei and from these 

results and the results obtained from a survey of ether measurements they 

conclude that the He/s r a t i o i s not inconsistent with a constant Value 

of ~ 14 over the energy range —0.1 = 14 GeV. This would indicate that 

the helium nuclei and S-nuclei have the same spectral shape ever t h i s 

energy region.. 

Considering the individual groups of the S-nuclei, Webber (1967) 

gives the H/M r a t i o as 0.30 + 0.02 above primary energies of 3 GeV/nucleon. 

This agrees well with the results of Durgaprasad et a l . (1969)> who 

measured the composition of the S-nuclei using a nuclear emulsion detector 

carried i n the Gemini H spacecraft. This experiment i s important 

because there are no fragmentation corrections to make They conclude 

that there i s no evidence f o r a s i g n i f i c a n t change i n the primary compos

i t i o n from ~ 1-15 GeV/nucleon? and give the H/M r a t i o above 6 GeV/nucleon 

as 0.356 + 0.066. Tamai et al> (1968) have measured the H/M r a t i o i n the 

range 140 - 350 MeV/nucleon and f i n d a value of 0.34 + 0.13. 

Webber (1966) finds some evidence for the H amd M nuclei having a 

primary spectrum with an exponent 0.1 + 0.3 larger than that of the He 

spectrum above —800 GeV/nucleen but t h i s cannot be regarded as conclusive 

yet u n t i l a higher s t a t i s t i c a l precision has been obtained and measurements 

made at higher energies. 

Few measurements have been made on the VH-group and i t s spectrum i s 

not known very w e l l . There is some evidence that the spectrum has a 

similar shape to that of the M-nuclel (Webber» 1967), and that at energies 

above -800 Mev/nucleon the He/VH r a t i o i s -200 (Webber, 1966). 

l i i e L-nuclei. 

Webber (1967) has summarised measurements on the i / s r a t i o from 
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measurements on the integral spectra ©f these components and finds as 

evidence f o r a s i g n i f i c a n t change i n t h i s r a t i o from ~- 1200 MeV/nueleen 

to -»8 GeV/nucleon and gives i t s value as 0<>25 + 0o02o This corresponds 

t® a i/M r a t i o of ««0o33 o 

Fan et alo (1968) have measured the i/M r a t i o using a detector i n an 

a r t i f i c i a l earth s a t e l l i t e , . At an energy of ~ 100 MeV/ nueleon they f i n d 

l / M ~ 0„28 o 

Webber et a l 0 ( l 9 6 6 ) have measured the L/M r a t i o from ~ 0«4 Gev/nucleon 

to ~ 5 GeV/nucleon and f i n d a s i g n i f i c a n t v a r i a t i o n over t h i s energy range» 

the value varying from ~ 0°6 at 0 o4 GeV/hucleon to"" 0o3 at 3 GeV/nucle©n<> 

They conclude that t h i s indicates that the exponent of the L-nuclei 

spectrum i s - 0 o3 higher than that of the M-nuclei above primary energies 

©f ~400 MeV/nucleono 

A l l these measurements are f o r very lew primary energies> i n most 

cases less than 10 GeV/nucleon0 At higher energies evidence on the primary 

composition i s very sparse from d i r e c t measurements:. 

Malholtra et alo (1966a) obtained 46 emulsion events of t o t a l energy 

above about 2» lO^eV of which 34 were due to protons; 3 to neutral p a r t i 

cles* presumeably neutrons, 6 to alpha p a r t i c l e s and 3 to heavy nucleio 
12 

In the Sydney 20 l i t r e stack; 112 par t i c l e s of energy >10 eV were 

detected (McCusker9 1967) 0 These somprised 52 protons & 18 alpha p a r t i c l e s 

and 42 heavier than alpha particleso 

In the Brawley and B r i s t o l stacks a protofi of energy 2 10 l 4eV was 
14 

detected,an oxygen nucleus of energy 2 10 eV and a calcium nucleus of 
14 

energy 4 10 eVo 
From the above survey i t seems that there are no strong objections t o 
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assuming that the primary composition becomes constant above ~ 3 GeV/ 

nueleon» except for the evidence that the spectrum of the L-nuclei i s 

steeper than those ef the ether components* 

The results seem to be adequately represented by the primary 

composition given by Gintburg and Syr©vatskii (1964) i f one retains 

the assumption that above~3 GeV/nucleon the composition remains constant 9 

although data on the L and S components i s s t i l l rather sparse at energies 

above ~ 10 GeV/nucleono The composition given by these workers i s shown 

i n table 2.1. 

Table..2*1. 
Group of nuclei Z S Relative content of nuclei 

with given energy/nucleon. 

p 1 1 93* 

He 2 4 6.3* 

L 3 to 5 10 0.14% 

M 6 to 9 14 0.42% 
H >10 31 0.14% 

VH* 20 51 0.04% 

VH group i s included i n H group. 

12 
At energies > 10 eV a l l one can say at present i s that there 

14 
i s evidence f o r the presence of heavy nuclei up to energies of 4 10 eV. 

Thus at even higher energies i n d i r e c t measurements must be made 

(except for the s a t e l l i t e results of Grigerov which have been considered 

i n section 2.3.3). 

Since Y=rays d@tejs.ted high i n the atmosphere eome from neutral 

plens produced i n the interactions of the primary p a r t i c l e s they may 

mailto:d@tejs.ted
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be expected to give information on the primary energy spectrumo 

Yash Pal and Tandon (1966) have taken a model similar to that of 

Pal and Peters (1964) f o r nucleon propagation and meson production by 

cosmic rays. 

Using a slope of the primary integral spectrum of -1,67 and a high 
14 

energy per nucleon cut-off of 2 10 eV they obtain quite good agreement 

with the gamma-ray spectrum measurements of Malholtra et a l . (1965) and 

Bowler et al.(1962) 9 which cover depths from about 20 - 250 g.cm » i f 

they use a primary chemical composition similar to that found at low 

primary energies. 

In p a r t i c u l a r they can explain the observed change i n slope of the 

y-ray spectra and i t s energy v a r i a t i o n with the >depth of measurement* 

These y-ray spectra can be explained without invoking any c o n t r i 

bution from a second component of the primary spectrumo However, a 

second component must exist on t h i s model and i t s e f f e c t w i l l be f e l t on 

the y=ray spectrum at a few thousand GeV at low a l t i t u d e s . Guided by 

E.A.So data s t h i s component was assumed to have a slope of -1*67, to 

consist of protons only and to have an in t e n s i t y of 0.05 that of the f i r s t 

component. When compared with mountain a l t i t u d e measurements of the y-ray 

spectrum (Akashi et a l o 1 9 6 3 ) the f i t i s found to be quite good. 

Yash Pal and Tandon normalised the y-ray spectra from a simul

taneous calculation of the sea-'leyel muon spectrum which was normalised 

to the 100 GeV point of Menon and Ramana Murthy (1967). However, i t 

should be noted that pions were considered as the only parents of muons 

and y-rays and t h i s may not be a v a l i d assumption since there i s 

evidence that kaon and hyperon production occurs i n high energy i n t e r a t i o n s i 

although Duthle et a l . (1962) have shown that the simultaneous f i t t i n g of 

ito y-ray and muon i n t e n s i t i e s supports the view that pion production 
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14 / remains dominant i n the interactions of primaries of energy up to ~10 eV/ 
nucleoAo 

These calculations then tend to support the model ef a r i g i d i t y cut

o f f i n the primary spectrum as postulated by Peters (1961), although a 

f u l l e r analysis of E.AoSe characteristics using t h i s model of the primary 

spectrum i s needed and an explanation of the fact that some workers e.g. 

Baradzei et a l o (1962) do not f i n d a steepening of the Y -ray spectrum. 

2.4.5e Fluctuation Studies i n E.A.S. 

A well known eharaeteristi© of E.A.S. i s the wide fluctuations i n 

shower size from primaries of a fixed energy, due mainly to fluctuations 

i n the points of interaction of the primary p a r t i c l e . These fluctuations 

are greater f o r proton primaries than f o r heavy primaries because of the 

individual nucleons i n the l a t t e r forming separate electromagnetic cascades 

i n the main shower's thus reducing the e f f e c t of fluctuations i n the 

inter a c t i o n points. The fluctuations i n muon numbers are very small, and 

so the number of muens can be considered as being related to a unique 

primary energy. 

In order to attempt to use these facts De Beer et a l . (1968a) have 

calculated ^N^/ RQ as a function of N g f o r a fixed muon si z e , , and 
a s 8 f u n c t t e n of shower size, N g, for fixed N Q using three 

primary mass spectra?" 

i« Protons only. 

i i e A. constant composition throughout, consistent with that found at 

low energies* 

i i i o A modulated composition, assumed to be the same as ( i i ) at low 

energies, but with an enhanced contribution from heavy primaries 
15 

above 10 eV and the reappearance of protons from meta=gaiactic 
17 sources above 10 eVe 
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The three spectra are chosen so as to give consistency with the 

measured sea-level size spectrum for v e r t i c a l a i r showers. The calculations 

were done f o r two theoretical models*- the so-called C.E. model and the 

so-called C.K.P. model (see Brooke et al°» 1964). The calculations 

indicate that to study the primary compositionimeasurements on the 

r e l a t i v e standard deviation of N e ( i . e . Ng/ N g) for fi x e d are the most 

useful. Variations of the fluctuations of N ^ f o r fix e d N g being r e l a t i v e l y 

insensitive to the primary mass composition, although they may be useful . 

i n deciding between models of inte r a c t i o n . 

Adcock et al.(1968a) have compared^Ng/N^ as a function of N g f o r 

fixed 9 as calculated by De Beer et al« (l968a)» with the experimental 

results of two groupss Tokyo (H'asegawa et al. f 1963; Ogita, 196*2) and 

Moscow (Khristiansen, 19679 private communiqation; Vernov et al.$ 1968) 

but found that the experimental errors were two large t o be able to draw 

any d e f i n i t e conclusions about the primary mass composition. Similar 

considerations ruled out the p o s s i b i l i t y of drawing conclusions about the 

mass composition of the primary cosmic radiation when these workers 

the experimental results of various groups. 

Vernov and Khristiansen (1967) have published results of fluctuations 

are too large to draw any conclusions° 

Thus t h i s method of analysing the primary mass composition does not 

seem to of f e r much hope of success at present. 

2.4.6. The Variation of the Ratio of Muon to Electron Numbers with 

Another factor which De Beer et al . (1968a) show should be dependent 

on the primary mass i s the exponent a i n the r e l a t i o n "H « "H^due to the 

compared the calculations o function of N f o r fixed N with 

i n N as a function of TI f o r fixed N u 9 but again the s t a t i s t i c a l errors 

Shower Sftze. 
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fact that heavy primaries are more e f f i c i e n t at producing muons but less 

e f f i c i e n t at producing electrons than are protons. 

Adcoek et a l . (1968a) have compared the theoretical predictions of 

De Beer et a l . with the experimental results of several workers but the 

width i n shower size over which a was evaluated was so large i n most 

cases that i f any modulation e f f e c t was present i t would tend to be 

averaged out. Thus no d e f i n i t e conclusions could be drawn about the mass 

composition. 

The Lodz°Paris group (reported by Trumper9 1969) have presented 
15 

evidence f o r a very rapid modulation e f f e c t at energies of about 10 eV. 
This has been interpreted as a change from the normal composition to 

15 

predominantly alpha p a r t i c l e s i n the region of energy *• 3 10 eV with 

a t r a n s i t i o n to a pure proton composition at higher energies. 

An alternative explanation of these results is also possible (Wdewezyk 

1970 s private communication). This i s that the primary composition changes 

from a mixture ©f alpha pa r t i c l e s and protons to predominantly alpha 

p a r t i c l e s followed by a t r a n s i t i o n to a pure proton composition at higher 

energies.. 
2.4.7. H o r i z o n t a l E x t e n s i v e A i r Showers., 

De Beer et a l . (1969) have made a theoretical analysis of EoAoS. at 

very large zenith angleso They have considered two primary mass spectrai-

ie A modulated one with a composition .similar to that found at low 
15 

primary energies with a r i g i d i t y cut-off at 1.5 10 eV f o r protons 

above which the exponent has been increased by 0.5 f o r each 

component. The slope below the kink i s assumed to be -1.6 ( i n t e g r a l ) . 

ii« A spectrum i d e n t i c a l to ( i ) below 10*5eV above which the spectrum 

i s assumed to consist of protons only, with an integral slope 

of =2.1. 
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Both spectra are such as to give agreement with the measured sea-level 
15 

size spectrumo Below 10 eV the spectra are in quite good agreement with 

the composite spectrum given by Malheltra et alo(l966a). Above 10 eV both 

spectra are s l i g h t l y less steep than the one given by Bradt et alo(1966) 9 

which i s probably the best estimate at present, but the slopes l i e w i t h i n 

the error l i m i t s of the l a t t e r . As regards i n t e n s i t i e s $ ( i ) i s higher 

than that quoted by Bradt et a l . (1966) whilst ( i i ) i s lower. At worst 

the difference i n intensity as compared with Bradt et a l . is a factor of 

~ 2 S but because of the steep slope of the spectra t h i s only corresponds 

to a difference of ~40$ i n the energy of a given i n t e n s i t y . In view of 

the uncertainties i n the factor used by Bradt et a l . to convert from the 

shower size at the maximum of development to the corresponding primary 

energy t h i s difference cannot be said to be s i g n i f i c a n t . 

Using the so-called G.K.Po model, De Beer et a l . (1969) have derived 

density spectra f o r muons with energies above one GeV for a variety of 

zenith angles and mean transverse momenta of pions produced i n high energy 

interactions for both of the primary spectra, described above. 

Rogers e t a l . (1969) have compared t h e i r results on the measurements 

of multiple muons at large zenith angles with the calculations of De Beer 

et a l . (1969) and conclude that i f the model i s correct i n every d e t a i l 
15 17 

then the primary cosmic radiation i n the energy region 10 =10 eV consists 
15 

solely of protons or has a composition similar to that below 10 eV. 

These workers also compare the theoretical predictions with the 

results of Sekid© et a l . (1966) s who have measured the angular d i s t r i b u t i o n 

of multiple muons» and f i n d quite good agreement up to zenith angles of 

about 60°. There i s some discrepancy at 75 s but since geomagnetic effects 

become large above 60° and are very d i f f i c u l t to correct f o r t h i s discre
pancy cannot necessarily be ascribed to a defect i n the theory. 
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Parker (1967) has also measured the zenith angle d i s t r i b u t i o n of 

multiple muons with an energy £ 2 GeV and i n t h i s case Rogers et a l . (1969) 

f i n d a discrepancy of about a factor 2 i n absolute rates compared with the 

theoretical predictions, incorporating an estimate of the geomagnetic 

correction» although the shapes of the angular d i s t r i b u t i o n s are very 

similar. Rogers et a l . state that there may be some uncertainty i n 

the e f f i c i e n c y of the system due to i t s complex nature and perhaps, more 

importantly, there may be inaccuracies i n t h e i r calculated rates using the 

predicted density spectra and the geometry of the system. 

2.4.8. High Energy Muons at Large R a d i a l Distances. 

Earnshaw et a l . (1967) have reported muon momentum spectra measure*-

ments using the Haverah Park Magnet Spectrograph, which consisted of a 

sol i d iron magnet with a mean induction of 14.6 Kg and four trays of 

neon flash tubes f o r track location. The spectrograph was located at 

the centre of an EoA.0S. selection and recording complex comprising the 

large Haverah Park array which selected showers i n i t i a t e d by primaries 
8 

of energy greater than —10 GeV. 

When the l a t e r a l d i s t r i b u t i o n s obtained from these results are 

compared with the theoretical predictions of De Beer et a l . (1968b) and 

Hi l l a s (1966) i t i s found that the theoretical d i s t r i b u t i o n s are much 

steeper at large r a d i a l distances, the discrepancy increasing with muon 

threshold energy, thus indicating a lack of high energy muons at these 

distances compared with experiment. 

De Beer et alo (1968b) interpreted t h i s as possibly due to a com

bination of experimental bias and an increase i n the mean transverse 

momentum of the secondary pions produced i n high energy interactions 

with increasing interaction energy. 
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Orford and Turver (1968) have also made calculations i n order to 

explain the results of Earnshaw et a l . (1967). They found that by 

assuming that the m u l t i p l i c i t y of secondary pions varies with the i n t e r -
i 3 i action energy, E, ad E* for E<3 10 GeV and E8 at energies above t h i s , 

and that the mass of the primaries was >10 then tolerable agreement could 

be obtained with the experimental r e s u l t s . Orford and Turver therefore 

concluded that the primary spectrum consists of part i c l e s with an average 
17 

mass > 10 at ~2 10 eV. 

This conclusion, however, has been contested by Wdowczyk and 

Wolfendale (1969, private communication)» who have v e r i f i e d the correct-

ness of the above calculations} but contend that the results can be 
explained by primary protons i f the exponent, X, i n the m u l t i p l i c i t y law 
X 

E , i s allowed to r i s e to a value s l i g h t l y greater than 0.5, or, more 

l i k e l y , that the mean transverse momentum of pions produced i n high 

energy interactions i s allowed to increase with energy, reaching a value 

of 0.65 GeV/e at the energy responsible for the 100 GeV muons. I f 

allowance i s made f o r the selection bias, which they contend i s present 

in the measurements, the necessary increase i n <p£ i s even smaller. Such 

increases i n X and <p£ are possible, and measurements of <p^> made at 

lower energies and extrapolated to the energies i n question do suggest 

such values. Thus an alternative explanation to heavy primaries-,is 
17 

possible at primary energies of ~2 10 eV. 

Orford and Turver (1969) have compared t h e i r theoretical predictions 

with the experimental momentum spectra of muons at large distances from 

the core reported by Machin et a l . (1969). Andrews et a l . (1969) have 
17 

ascribed an energy of 1.7 10 eV to the primary particles responsible 
f o r the showers from which these data are derived assuming them to be 
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protons. Orford and Turver conclude that i t i s not possible to decide 

on the mass of these primaries from a consideration of the shape of the 

momentum spectra, but from a comparison of the primary energy estimated 

by Andrews et a l . with that necessary to predict the observed absolute 

teuon densities they conclude that the primaries are heavy. 

Other evidence on the primary composition at these energies comes 

from the work of Linsley and Searsi (l962)e These workers measured showers 
7 "2 of size >10 pa r t i c l e s at an atmospheric depth of 820 g.cm . From 

measurements of the fluctuations i n the r a t i o of the number of muons to 

the number of electrons 9 they concluded that the primary cosmic rays i n 
17 

the primary energy region "-10 eV and above consisted of purely protons 

or purely iron nuclei. Thus knowing that the primary composition was 

r e l a t i v e l y pure they a t t r i b u t e d any fluctuations i n the ages of showers 

of the same size, measured at the same depth,to differences i n t h e i r 

height of o r i g i n . They say that there should be a wider spread i n the 

ages of proton induced showers than ones induced by iron nuclei because 

of the longer int e r a c t i o n length of the protons, and t h e i r results support 
the view that the primary p a r t i c l e s consist of protons i n the energy 

17 

range ~10 eV and above. 

2.4.9o Density Spectrum Measurements. 

Measurements of the density spectrum of E.A..S. show that i t exhibits 

a steepening i n slope at a density which increases with the alti t u d e at 

which the measurements are made. The steepening at sea-level occurs at 

densities above — 500 particles/m^ (Prescott, 1956) and measurements by 

McCaughan et a l . (1966) indicate a cut-off i n the sea-level density 

spectrum at about 5000 particles/m^. 

Swinson and Prescott (1966) point out that t h i s eut-off and i t s 
va r i a t i o n with a l t i t u d e can be interpreted i n terms of a l i m i t i n g energy 
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per nucleon of the primaries, leading to an increase i n the proportion of 
15 

heavy primaries above ~ 10 eV. They argue that the maximum observable 

density (the density i n the core of the shower) i s then l i m i t e d i n the case 

of proton induced showers by the cut=off i n the proton energy and f o r a 

shower produced by a heavy p a r t i c l e , by the d i v i s i o n of the energy among 

the i n d i v i d u a l , but associated cascades from the constituent nucleons of 

the fragmented nucleus. The cores i n the subshowers are assumed to be 

s u f f i c i e n t l y well separated that the maximum observable density i s li m i t e d 

to the maximum i n the sub-showers. This theory i s based on a similar 

one of Bray et a l . (1964) to explain t h e i r observations on multicores 

i n E.A.S.. Other groups, however, who have observed multiceres explain 

t h e i r results i n terms of increased values'of transverse momentum i n high 

energy interactions or i n terms of fluctuations i n the development of 

the electromagnetic cascade (see section 2.4.10) and so the steepening 

in the density spectrum may net necessarily r e f l e c t the primary composition 

becoming heavy above ~10* 5eV, although McCusker (1967) considers that 

the experimental results are decisively i n favour of a cut-off i n the 

energy per nucleoo of the primary p a r t i c l e s . 

Swinson and Prescett (1968) note that the r e l a t i v e numerical values 

of the density scale-change f o r each a l t i t u d e are very close to the mean 

energy f r a c t i o n retained by a primary at the appropriate level i n the 

atmosphere. They say t h i s suggests a model i n which the number of part i c l e s 

i n a shower at any a l t i t u d e and the density, i n p a r t i c l e s per square 

scattering length, are closely related to the energy available f o r the 

production of p a r t i c l e s , at least f o r the showers that give r i s e to the 

largest observed densities. They say that the "gammanization'' process 

proposed by N i k e l s k i i (1967) would provide an effective means of l i n k i n g 

the energy with the density f o r i t allows the shower to develop very quickly. 
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The steepening of the density spectrum may then r e f l e c t p a r t l y the ef f e c t 

of the garananization" process and p a r t l y the steepening both of the number 

spectrum and the primary spectrum. 

2.4.10o Multiple Core Measurements. 

A number of groups have made observations of the l a t e r a l d i s t r i b u t i o n s 

of the electromagnetic component close to the core and have observed events 

i n which more than one core was apparently present i n the same shower, as 

well as events where only one core was present. 

Bray et a l o (1964,1966) and Bakich et al • (1968) using p l a s t i c 

s c i n t i l l a t o r s , Geiger=Muller counters and several cloud chambers found 
4 5 

that f o r a i r showers with sizes i n the range 10 -5 10 perticles about 

505*> of the showers were multicored, while most of the showers with sizes 

greater than t h i s were multicored. This was interpreted by Bray et a l . 
(1964) as evidence f o r an increase i n the proportion of heavy primaries 

15 
above - 10 eV. 

McCusker et a l . (1968) have shown that the results below shower 
5 

sizes of ~ 5 10 can be understood i n terms of a primary cosmic ray 

composition similar to that found a t ~ 1 0 ^ e V 8 using a variety of models 

with conservative parameters. They say that the Ghoice of model i s 

r e l a t i v e l y unimportant, whereae the choice of primary p a r t i c l e i s very 

important. As yet they have done no calculations at larger shower sizes, 

but Bakich et a l . (1968) conclude that to explain t h e i r results i n the 
6 8 

shower size range 10 <N<10 very large values of transverse momentum 

are needed even i f the results are interpreted i n terms of heayy primaries. 

Ogita et a l . (1968) have made three dimensional Monte-Carlo calcula

tions on EoA.S. using proton primaries and a mean transverse momentum, 

<p^> , of 2.5 GeV/c f o r nucleons and 1 GeV/e f o r pions. Thsy conclude that 
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to explain the results of Bray et alo at the larger sizes a large increase 
i n <p^ must be assumed even f o r very heavy primary nuclei. 

ThieHheiffl and Beiersdorf (1970) have also made calculations on 

multicore structure and f i n d that the e f f e c t of the mass of the primary 

p a r t i c l e i s small compared with the effects of fluctuations i n the 

development of the electromagnetic cascade or from fluctuations connected 

with the detection of the p a r t i c l e s . They therefore conclude that under 

conventional assumptions about nuclear interaction parameters i t i s not 

possible to i n f e r the primary cosmic ray composition from observed 

multicore structures i n the electromagnetic component of v e r t i c a l E.A.S. 

at sea-level. 

Miyake et alo (1968) have also observed multicores using 48 pla s t i c 

s c i n t i l l a t o r s covering an area of 12 m above and below a water tank 

2m. i n deptho The frequency of these events increases only slowly 
4 5 

over the shower size range 10 -5 10 p a r t i c l e s j and comprise about 25$ 

of the t o t a l events observed. They conclude that since the multicere 

E.A.S. have no special age parameter or d i s t r i b u t i o n of core density to 

distinguish them, t h e i r formation i s not dependent on the composition of 

the primary cosmic radiation but rather on the nature of high energy 

interactions. 

Matano et alo (1968) have used a 20 m spark chamber array and f i n d 

that only 3% of the showers with size greater than 10^ particles show 

multicore effectso They a t t r i b u t e these to events with high values of 

transverse momentum. 

Bohm et a l . (1968) have used a 32 m neon hodoscope comprising about 

180,000 neon tubes of 1 cm diameter. That they are able to obtain very 

good spatial resolution. They found that about 0.7# of t h e i r events 

exhibited double core structure and a l l these events were clustered around 
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shower sizes of 10 p a r t i c l e s . I n i t i a l l y they interpreted these as due 
t© primary alpha particles» but according to a l a t e r paper (Saraorski et a l . , 

197o) they can now be understood i n terms of Poissonian fluctuations. 

I t seems then that most of the evidence on multicores, both theoret

i c a l and experimental, indicates that no measure of the primary mass can 

be obtained from them. Rather i t seems that they may be due to fluctuations 

in the electromagnetic cascade process, from fluctuations connected with 

t h e i r detection* or to events with large values of transverse momentum. 

2.4.11 Conclusions on the Mass Composition of Primary Cosmic Rays. 

At energies of about 10 GeV the mass composition is known reasonably 

well and i s approximately as given i n table 2 .1. 
12 

Above 10 eV the evidence i s very c o n f l i c t i n g . There i s some evidence 

for a r i g i d i t y cut-off i n the primary spectrum from y=ray spectra and 

density spectra measurements but t h i s i s f a r from being conclusive, and 

furthermore the actual energy at which the cut-off occurs d i f f e r s i n the 

two cases. 
The evidence f o r an increase i n the proportion of heavy primaries 

15 
above 10 eV from multicore measurements must now be treated with caution 
i n view of the Kiel r e s u l t s . 

The studies of muons at large zenith angles indicate either a pure 

proton f l u x , or a composition similar to that found at lower energies, 
15 17 

in the energy region 10 "10 eV. 
The work of Linsley and Scarsi indicates a predominantly proton 

17 
f l u x at energies above ~10 eV« while there i s some evidence from the 
measurements of the momentum spectra of high energy muons f a r from the 

17 
shower core that the primaries at ~2 10 eV are heavy. 
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Fluctuation studies are inconclusive except f o r those of the Lodz-
15 Paris group which indicate a rapid modulation at primary energies**^ 10 eV 

above which there i s a t r a n s i t i o n to proton primaries. 

Thus the whole picture i s very confused and no d e f i n i t e conclusions 
15 

ean be drawn about the primary composition above 10 eV. 
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CHAPTER-3. 

CHARACTERISTICS OF HIGH ENERGY INTERACTIONS. 

3.1. Introduction 

As stated previously the ultimate aim of t h i s work i s to i n f e r * from 

a comparison ©f the predictions of the theoretical model and the exper

imental results ©n very high energy muons at large zenith angles» the 

nature of the primary cosmic radiation and the characteristics of u l t r a 

high energy interactions beyond the energies attainable by modern acceler

ators* 

At the relevant energies dire c t experimental data on the character

i s t i c s of these interactions i s almost negligible; thus i t seems that the 

most sensible course to adopt i s to i n i t i a l l y use values ©f the parameters 

measured at lower energies? or i f the indications are that they are energy 

dependent to extrapolate them from lower energies to the relevant ones. I f 

disagreement i s found between experiment and theory an indication of now 

to change these parameters may be obtained. Any change, however, must be 

such as not to disagree with known experimental facts. 

Thus i t i s necessary to survey the known experimental facts on high 

energy interactions both i n order to f i n d suitable values for model 

parameters and also t© f i n d the l i m i t s ©n the range of possible a l t e r 

native values that can be used i n the model. 

Seven parameters are the most important i n t h i s surveys- the m u l t i 

p l i c i t y of secondary mesons, the energy spectrum ©f secondary mesons, the 

f r a c t i o n ©f energy i n i t i a l l y carried by the primary which appears as 

mesons and t h e i r energy a f t e r an i n t e r a c t i o n , the transverse momentum 

d i s t r i b u t i o n of the secondary mesons and the mean value of the transverse 
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momentum) and the i n e l a s t i c interaction lengths f o r nucleon-air nucleus 

and pion-air nucleus c o l l i s i o n s " 

3.2. Interaction Length and I n e l a s t i c i t y . 

3.2.1. Nucleon-Air Nucleus Collisions-

The interaction length and i n e l a s t i c i t y f o r nucleon-air nucleus 

c o l l i s i o n s are very closely related for cosmic ray > nucleoid. Assuming 

the d i f f e r e n t i a l primary spectrum to have an exponent v i t can be shown 

that 

r 1 • 1 " (1 - K . ) V " 1 3.1. 
\ * 

where ^ i s the int e r a c t i o n length f o r i n e l a s t i c c o l l i s i o n s and > f t i s 

the attenuation length ©f nucleons i n a i r . is the i n e l a s t i c i t y i . e . 

the f r a c t i o n of i t s i n i t i a l energy l o s t by the nucleon i n i t s i n t e r a c t i o n . 

Direct measurements en A j have net been made at high energies but i t 

i s thought that i t w i l l approach i t s geometric value asymptotically. There 

seems to be some evidence f o r t h i s . Williams (1960) has worked out a 

r e l a t i o n between cr i.e.. the nucleon-nucleen cross section and the 
nn 

"2 
interaction length i n a i r . He concludes that 106g.cm at about 

10 GeV. Coeeoni (1961) gives o*nn as 32 mb at 24 GeVj which corresponds 
2 , BozeKi e t ai« i i y o a j a i v e c 

np 

to ~h i -93 go am . Bozeki et a l . (1968) give o*n = 27.0 + 5.5 mb at 

60 GeV and <r ^ = 36.3 + 8.9 mb from studies of the attenuation of pp 
penetrating shower-producing cosmic ray neutrons i n p a r a f f i n and graphite. 

The cross sections correspond to interaction lengths of ~?8 g.c» and 
-2 

~ 92 g.cm i n a i r respectively. 
Grigerov et a l . (1967) using a carbon target and an ionization 

calorimeter i n the "Proton 1" and "Proton 2" a r t i f i c i a l earth s a t e l l i t e s 

estimate * ̂  as 97 g.cm"2 at 20 GeV and 83 g.cm"2 at 500 GeV. 
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13 Ceeconl (1966) states that at energies of about 10 eV the cross 

section f o r proton - proton interactions remains at about 40 mb which 
•v -2 corresponds to A ^~85 g.cm e 

Thus at these energies the interaction cross section appears to be 

reaching i t s asymptotic l i m i t of about 43 mb which corresponds to 7^=80 

go cm 

This seems to be supported by the work of Matans et al» (1963) who, 
~2 

from an analysis of extensive a i r showers, estimate = 80 + 10 g.cm 
for the primary cosmic ray particlese This work corresponds to energies 

5 8 
of 10 - 10 GeV. However? these workers assume that the most important 

factor causing fluctuations i n extensive a i r showers are fluctuations i n 

the point of the f i r s t i n t e r a c t i o n , which i s not necessarily so, and 

perhaps more importantly they do not know the nature of the primary 

p a r t i c l e s . 
Thus although there i s some disagreement on the exact value of \^ 

=9 
a value of 80 g.cm ~ seems reasonable at very high energies. 

Measurements on A a indicate that i t s value l i e s between 110-125g. 

cm . Taking A ̂  = 80 g.cm 9 ̂ a = 120 g.cm and y = 2.58 and 

substituting inequation 3.1 gives = 0.509. This agrees, well with 

most experimental work. Brooke et a l . (1964) using the assumption that 

K. and K remain constant over a l l energies (where K i s the f r a c t i o n of 

the primary energy carried off by the secondary pions) conclude that 

<Kt> = 0.47. 

Eremenko et a l . (1968)$ using an i n s t a l l a t i o n consisting of an 

ionization calorimeter and a cloud chamber, give<K^>as 0.55 + 0.25 from 

an analysis of 50 j e t s at an energy of about 350 GeV. This may be an 

overestimate since i t i s possible that some of the events with large 
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Kj. corraspond to j e t s i n i t i a t e d by primary pions. 

Koshiba et a l . (1968) from an arialysis of interactions caused by high 

energy heavy nuclei and by t h e i r fragmentation products i n a block of large 

nuclear emulsion sheets* give <K^>as 0.54 + 0.13 at an energy of 1000 GeV. 

Thus the i n e l a s t i c i t y K̂. seems to vary very l i t t l e with energy. This 

is also supported by the studies of Abraham et a l . (1967) and Yamada and 

Koshiba (1967). 

Imaeda (1962) has reported a decrease i n <K.^with increasing i n t e r -

action energy but Murzin (1966) has shown that t h i s can be explained by 

inaccuracies i n the energy determination. 

Thus i t i s assumed that<K^> i s constant with energy and l i e s i n 

the range 0.4 - 0.6. The average value used by most authors of 0.5 i s 

reasonable. 

The i n e l a s t i c i t y d i s t r i b u t i o n i s also uncertain. Brooke et a l . 

(1964) have f i t t e d a form 

W d f l = " ^ + a ) 2 fi l n f i d f i 3 « 2 

to the e l a s t i c i t y d i s t r i b u t i o n of Dodd et a l . (1961), where f ^ i s the 

e l a s t i c i t y . They f i n d that the best value of a: i s 1.43. However, the 

new mean e l a s t i c i t y i s 0.53 as compared to 0.50 without fluctuations and 

so the e f f e c t of these does not seem top important. 

I t i s important to d i f f e r e n t i a t e between and K^. The former i s 

the f r a c t i o n of the primary energy given to a l l secondary p a r t i c l e s , where

as the l a t t e r i s the f r a c t i o n of the primary energy given to the secondary 

pions. Brooke et a l . (1964) give a value 0.35 f o r K̂- under the same 

assumptions made in estimating K̂,. Because of the d i f f i c u l t y i n i d e n t i f y 

ing pions among the secondaries of high energy interactions the only way 

to measure K experimentally i s to estimate K from cascade measurements 
7T 7T O 
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and assume equ i p a r t i t i o n of chargeo Perkins (1960) i n a summary of 

cosmic ray j e t interactions gives ~ 0o3 and concludes that 80$ of 
3 5 

the secondaries are pions i n the energy range 10 - 10 GeV« on the 

assumption that the mean transverse momentum i s independent of energy 0 

Evidence on the fluctuations of the e l a s t i c i t y K̂ . i s also sparseo 

Brooke et alp(1964) have used the form 

F(K W,) dK^.- - (1 + a ) 2 (1 + *J* i n (l-K^. )dKjr 3.3 

where « a 3 06 o This agrees f a i r l y well with the d i s t r i b u t i o n found 

by Guseva et alo (1962) for proton-LiH c o l l i s i o n s at an energy — 250 GeV, 

They also f i n d that the e f f e c t of fluctuations on the eff e c t i v e mean 

value of K i s very small s the fluctuations decreasing the value of 
K from 0o35 to 0 o33 o w 

The uncertainties i n the pion~air nucleus interaction length and 

i n e l a s t i c i t y are even greater than those i n nucleon-air nucleus collisions.) 

The assumed interaction length varies considerably i n theoretical models; 

Dedenko (1964) takes a value of a = 80 goCirf2» H i l l a s (1966) lOOg.cm"2. 

Cowslk (1966) 120 g 0em = 2 and De Beer et alo (1966) 120 geem"2» McCusker 

et alo (1968b) have measured the pion-nucleon i n e l a s t i c cross-section 9 

ff («'!?)» as about 26 mb at an energy of about 450 GeV from proton 
i n e l 
primary j e t s i n emulsions* This would correspond to an interaction 

length i n a i r of -100 g»cm o Alakoz et a l . (1968) give <7'inQ^*N) a s 

(l9«0^) mb at about 100 GeV from measurements i n carbon and lead* 
This corresponds to an interaction length i n a i r of approximately 125 

-2 
g*em • 

Most authors usually take pion-air nucleus interactions to be t o t a l l y 
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i n e l a s t i c . This i s j u s t i f i e d by the lack of knowledge on the i n e l a s t i c i t y 

c o e f f i c i e n t i n these interactions. The main reason for t h i s is the 

d i f f i c u l t y i n i d e n t i f y i n g the leading pion i n the secondaries of such 

interactions. However» McCusker et a l . (1968b) f i n d that one pion 

usually carries o f f about 40$ of the incident energy at primary energies 

of about 4.5 lO^eV, while Gierula et a l . (see De Beer et a l . 9 1968b) 

state that there i s some evidence f o r a pion i n e l a s t i c i t y of about 0.5. 

3.2.3. Hsflyy Nucleus - Aj,r tyucie.yg interactions' 

The interaction length decreases with the increasing mass number of 

the primary p a r t i c l e . Peters (1952) gives the relationship 

x = g.cm"2 3,4 
A (0.6+A f) 2 

for the interaction length of a primary of mass A i n a i r . 

Observations on heavy nuclei are very sparse but Bradt and 

Rappaport (1967) conclude from a b r i e f survey that the heavy nuclei 

t y p i c a l l y survive several interactions without complete disintegration 

into single nucleoids* In t h e i r calculations they a ssume that each 

interaction of the residual nucleus (atomic weight A, and energy E^) 

causes approximately half the mass to be detached i n the form of alpha-

part i c l e s $ each having an energy 4E^/A« At the subsequent interaction 

of each alpha p a r t i c l e , four nucleons are released and these i n t u r n 

proceed to produce pions i n th e i r subsequent interactions. They state, 

howeverj that t h e i r results on the energy spectra and l a t e r a l d i s t r i b u t i o n s 

of nuclear-active p a r t i c l e s and muons are r e l a t i v e l y insensitive to the 

break-up model assumed. 

Thus the usual assumption made by most authors > that a shower 

i n i t i a t e d by a heavy nucleus of mass A with an energy can be represented 



Caption f a r Figure 3.1. 

The number of charged secondaries as a function of the incident 

p a r t i c l e energy as reported by the following authors* 

lo von Lindern (1961). 

2. Lai et a l . (1962). 

3. Dobrotin et a l , (1962). 

4. Lohxman et a l . ( l 9 6 l ) . 

5. Abraham et a l . (1963). 

6. I.C.E.F. (1963). 

7. Malholtra et a l . (1966b). 

8. Aly et a l . (1960). 

9. Abraham et a l . (1967). 
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by a superposition of A showers i n i t i a t e d by primary protons of energy 

E_/A seems reasonably v a l i d . 

Abraham et a l . (1967) say .that the co l l i s i o n s of nuclei can be 

understood i n terms of a superposition of nueleon-nucleon c o l l i s i o n s . 

Orford (1968) has made calculations on the l a t e r a l d i s t r i b u t i o n s 

of high energy muons at large distances from the core f o r d i f f e r e n t 

fragmentation p r o b a b i l i t i e s . He finds some s e n s i t i v i t y to the amount 

of fragmentation but concludes that f o r fragmentation p r o b a b i l i t i e s 

greater than 0.1 the e f f e c t i s small. 

3.3. The M u l t i p l i c i t y of Secondary Particles. 

Figure 3.1. shows a survey of experimental results on the vari a t i o n 

of the mean m u l t i p l i c i t y of charged secondaries with primary energy. The 

lower energy events come mainly from experiments using accelerators, 

while the higher energy ones come from cosmic ray emulsion measurements. 

Many m u l t i p l i c i t y laws have been quoted which give objective f i t s to 

the experimental results but these depend strongly on the actual contents 

of a survey. Some examples ares= 

i ) Wdowezyk I (1966) 

s r = 1.8 E 3.5 

H ) H l l l a s (1966) 

a r = 1.8 E * for Ep < 310 GeV e p 
zS* « E * f o r E > 3 103GeV 
s 3.6 

= 1.0 In ( E +2) s P 3.7 
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i v ) Malholtra (1964) 

= 1.6 I n \ \ 
L .2 .7 J 

3.8 

In the above equations E i s the primary energy and i s the 
P 8 

number of charged secondaries. 

Some workers have also proposed forms f o r the m u l t i p l i c i t y law on 

semi-empirical grounds. 

Yash Pal and Peters (1964) have done calculations using a combined 

fir e b a l l - I s o b a r model. The model requires a m u l t i p l i c i t y law of the 

form 

a = 2Sn 1 + m 2 E e 3.9 
8 8 8 P 

where S i s the pro b a b i l i t y of baryon e x c i t a t i o n , n ^ the average number 
a 2 f 

of pions emitted i n t h e i r decay p and j& E represents the creation of 
s P 

pions i n the pionization process. They conclude that to f i t the 

experimental data the simplest expression i s 

for nucleon-nucleon c o l l i s i o n s . 

In contrast to t h i s , i n the treatment due to Fermi (1950) i t i s 

assumed that as soon as the discs overlap the whole of the energy i s 

dist r i b u t e d among the secondaries. The c o l l i s i o n volume i s treated as 

is given by 

3.11 

However, there are many discrepancies between the predictions of the 

Fermi model and experimental r e s u l t s . 

n = 4.75 + fp. (E i s in GeV) 
fl 4 P 3.10 

a black body at high temperature and the m u l t i p l i c i t y of the secondaries 
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Frautsehi (1963) has produced a model which gives 

n In E 3.12 s P 
He assumes the secondaries are grouped i n "clumps". The number 

of f i r e b a l l s formed rises as the logarithm of the laboratory energy and 

each one decays into about six pions» Thus the m u l t i p l i c i t y of pa r t i c l e s 

varies essentially as a logarithmic law. 

A l l these m u l t i p l i c i t y Jaws- agree within the s t a t i s t i c s up to an 
12 

energy of — 5 10 eV. but above t h i s energy the results are somewhat 

contradictory and i t i s impossible to choose any particular one because 

of the paucity of the experimental data. 

McCusker and Peak (1963) have measured the m u l t i p l i c i t y of nucleon-

nucleon interactions at an energy of 280 GeV and f i n d that these results 

combined with the mean m u l t i p l i c i t y of secondaries measured by Hansen 

and Fretter (1960) and Dobrotin and Slavatinsky (1960) give a best f i t 

to the m u l t i p l i c i t y law of 

McCusker and Peak (1963) consider t h i s to be not only superior to 
4-an E law but f i n d that i t f i t s the experimental results from 16-2800 p 

GeV. 

Peak and Woolcott (1966) using an energy evaluation method which is 

model dependent f i n d very good agreement with McCusker and Peak (1963) 

and f i n d t h e i r results compatible with a logarithmic type m u l t i p l i c i t y 
13 

law up to an interaction energy of —10 eV. 

Dobrotin and Slavatinsky (1967) have also measured the mean m u l t i -

p l i c i t y variation with energy s using an ionization chamber, and f i n d that 

log E K" =4.1 s log 16 s 3.13 
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t h e i r results are compatible with either a logarithmic type m u l t i p l i c i t y 

£ 12 law or a power law varying as up to an energy of about 10 eV. 

The results of McCusker and Peak and Dobrot&n asdUSlavatinsky agree 

quite well within the experimental errors. 
12 

These results refer only t o energies less than about 5.10 eV, 

however 9 where the choiee between a power law or a logarithmic type law 

is not important for model calculations, since i t i s only at somewhat 

higher energies that the difference i n the predictions between the two 

types of law becomes serious. 

Pinkau (1966) has concluded from studies of the va r i a t i o n of the 

height of the maximum of development of E.A.S. that a logarithmic type 

law i s most probable up to energies of about 10*°GeV, but the magnitude 

of the errors i s very large. 
Bowler et a l . (1962) and Fowler and Perkins (1964) suggest that at 

14 
Ep ~ 10 eV there i s evidence f o r a change i n the nature of c o l l i s i o n s , 

leading to a saturation i n the mean c.m.s. energy of the secondaries. 

This would lead to an E ^ type m u l t i p l i c i t y law. 

This i s supported by the work of Grford and Turver (1968) who 

postulate a law 
± 3 oc E * f o r E < 3 10 GeV 

s p. p 
nB <x E ̂  f o r E > 3 103GeV 3.14 
8 p p 

to explain t h e i r results on high energy muons at large r a d i a l distances 

from the core. 
Thus there i s a wide range of alternatives for the m u l t i p l i c i t y law 

12 
above about 5.10 eV and i t is one of the aims of t h i s work to establish 

i t i n the very high energy region. 
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Fluctuations ir> the m u l t i p l i c i t y of high energy interactions can be 

quite large. Imaeda (1968) has given the formula 

P ( h > a = C h P = 1 e x P l 7?l dn 3.15 s s 3 { a j s 

where C = ( oP i t P ) ) " 1 . 

For nucleon=nucleon c o l l i s i o n s Imaeda finds p= 3 and a= n
g / 0= ng/3, 

where is the mean m u l t i p l i c i t y , s 
This expression agrees very well with the experimental d i s t r i b u t i o n 

giyen by Abrahamet a l . (1965) for the frequency d i s t r i b u t i o n of the 

m u l t i p l i c i t y of cosmic ray j e t s . 

So far we have been considering only interactions by nucleons? The 

information on interactions i n i t i a t e d by pions i s even le s s , and most 

authors assume that the same m u l t i p l i c i t y law applies. 

McCusker et a l . (1968b) f i n d a logarithmic increase i n the m u l t i 

p l i c i t y with interaction energy. This i s similar to t h e i r results f o r 

nucleon i n i t i a t e d interactions and gives some j u s t i f i c a t i o n to the above 

assumption. 

De Beer et a l . (1966) assumed a r e l a t i o n 
n = 2o7 x 2* (K E ) * 3.16 s p 

for a l l interactions, where K i s the i n e l a s t i c i t y c o e f f i c i e n t * but the 

effects of the difference i n the m u l t i p l i c i t y f o r pions and nucleons due 

to t h e i r d i f f e r e n t values of K should not affect the very high energy 

muon component seriously. 

Imaeda (1968) states that fluctuations i n the m u l t i p l i c i t y of TT -N 

co l l i s i o n s can be described bya similar expression to equation 3.15 with 

P 2:3-4. 



Caption f o r Figure 3*2.* 

The mean transverse momentum as a function of the incident 

p a r t i c l e energy as reported by the following authors. 

1. Goldsack et a l . (1962). 

2. Peters (1962). 

3. Hansen and Fretter (1960)* 

4. Guseva et a l . (1962). 

5. Edwards et a l . (1958) 

6* Minakawa et a l . (1959)o 

7. A.kashi e t a l . (1962). 

8. Malholtra et a l . (1966b). 

9. From review by Fowler and Perkins (1964). 

10. From review by Fowler and Perkins (1964). 

• Measurements on charged secondaries, 

s Measurements on neutral secondaries which give r i s e t© 

electromagnetic cascades* 
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Figure 3.2 shows a survey of the mean transverse momentum »< p^> » 
dependence on primary energy, E^. of secondary pions produced i n high 
energy interactions based on surveys by Fowler and PeTkins (1964), and 
De Beer et al.(l968b). Although t h i s does not represent a l l measurements, 
the tendency f o r < p ^ to increase 6lowly with interaction energy seems to 
be f a i r l y well established. 

A number of forms have been suggested f o r the transverse momentum 

d i s t r i b u t i o n of secondary pions» These may be expressed mathematically 

as follows!-

i ) C.K.P. 

N(p t) dp t = J i exp j - Pjj | dp t 3.17 
Pq 2 P 

where < p£ 3 2 P 0
 GeV/c<> 

o 

i i ) Alv et a l . (1964) 

N(p t) dp t - 2t exp { } dp t 3.18 

where <p.> = 0.8862 p GeV/c. t o 

i l l ) N i k o l s k i l (1963) 
2 

N(p t) dp t = St-3 exp j - ̂  j *p t 3.19 
o 

where <p^>= 3 p Q GeV/c. 

i v ) Egbert et. a,l, (196,8) 

N ( P t J d P t ' 1^3p o { p ^ } e xP { " P ^ } d P t
 3 ' 2 0 

where <p.>= 2o5 p GeV/c t o 
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These d i s t r i b u t i o n s are shorn i n f i g u r e 3.3 f o r < pg= 0.4 GeV/e. 

Support f o r the C.K.P. typo of d i s t r i b u t i o n comes from the r e s u l t s 

of Guseva e t alo (1962) using a magnetic cloud chamber a t i n t e r a c t i o n 

energies of ~300 GeV8 Hansen and F r e t t e r (1960) using a magnetic cloud 

chamber a t 150 GeV and CoEoR.HIc using a hydrogen bubble chamber f o r 24 GeV 

proton-proton i n t e r a c t i o n s (as quoted i n Fowler and P e r k i n s , 1964)• 

These r e s u l t s p e r t a i n t o p^>0.2 GeV/co There i s some evidence t h a t 

t h i s d i s t r i b u t i o n may not be v a l i d f o r p̂ . <t 0.2 GeV/c. For example when 

used t o c a l c u l a t e the l a t e r a l d i s t r i b u t i o n s of muons i t i s found t h a t the 

t h e o r e t i c a l p r e d i c t i o n s o f the l a t e r a l d i s t r i b u t i o n s tend to be higher 

than the experimental ones close t o the shower a x i s i n d i c a t i n g t h a t the 

d i s t r i b u t i o n tends t o overestimate the number of pions w i t h low values 

of transverse momentum (De'Beer e t a l o , 1966) 

Tomaszewski e t alo (1966) have also found a d e f i c i e n c y of low 

transverse momentum secondaries using nuclear emulsions. There are also 

a number of t h e o r e t i c a l arguments supporting t h i s view. As has been 

pointed out by von Dardel (1962 B C.E.R«N I n t e r n a l Report N.P62-17) the 

C.KoPo d i s t r i b u t i o n p r e d i c t s a cusp a t the o r i g i n , a p h y s i c a l l y unreas

onable r e s u l t o This worker suggests using a Gaussian d i s t r i b u t i o n which 

would be f l a t t e r near the ori g i n . . Lindenbaum and Sternheimer (1962) 

suggest t h a t on general t h e o r e t i c a l grounds there should be a lower l i m i t 

t o the transverse momentum i n the range 0.15 - 0»28 GeV/c« Also the 

C.K.P. d i s t r i b u t i o n comes from the work of Cocconi e t a l . (1961) and 

r e f e r s t o proton-C, Be and B nucleus c o l l i s i o n s and a degree of 

confirm a t o r y data from p-p c o l l i s i o n s . I n p r o t o n - a i r nucleus c o l l i s i o n s , 

which are rel e v a n t t o E.A.So, the p r o b a b i l i t y o f a pion being scattered 
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i n s i d e the nucleus a f t e r production i s g r e a t e r and t h i s would give r i s e 

t o a r e d u c t i o n i n the p r o b a b i l i t y of small transverse momenta. 

Ratner e t ale (1967) have measured the transverse momentum of secon

d a r i e s i n proton-proton c o l l i s i o n s a t 24 GeV using an a c c e l e r a t o r . Their 
2 / 2 

r e s u l t s p e r t a i n t o p̂ . >0.1 (GeV/c) and suggest a Gaussian d i s t r i b u t i o n 

N ( p t ) dp^ oc exp(-Ap t ) d p t 3.21 

where A = 3 .5 (GeV/c)" 2. 

This important question of the transverse momentum d i s t r i b u t i o n w i l l 

be examined l a t e r . 

F i n a l l y we consider the evidence f o r the existence of very high 

values of transverse momentum. 

As mentioned p r e v i o u s l y the l a t e r a l d i s t r i b u t i o n s measured by 

Earnshaw e t a l . (1967) i n d i c a t e an excess of high energy muons a t large 

distances from the core when compared w i t h the t h e o r e t i c a l p r e d i c t i o n s 

of several workers. De Beer e t a l . (1968b) say t h a t the r e s u l t s of 

Earnshaw e t alo are probably subject t o some d e t e c t i o n bias (due t o the 

p r e f e r e n t i a l s e l e c t i o n of f l a t showers) but even so, i f they are i n t e r 

preted i n terms of an increase i n value of the mean transverse momentum, 

<P^> i then assuming the C.K.P. transverse momentum d i s t r i b u t i o n , De 

Beer e t al<.(l968b) say t h a t they imply <p t> = 1.0 + 0.3 Gev/c a t an 
3 

i n t e r a c t i o n energy of — 4 10 GeV. 

However 9 other explanations have been put forward e.g. by Orford 

and Turver (1968) and so the explanation i n terms of an increase i n 

<p^>is not nece s s a r i l y the c o r r e c t one. 

Evidence f o r high values of p^ has also come from m u l t i c o r e s t u d i e s . 

Matano e t a l . (1968), from t h e i r r e s u l t s on the f i n e s t r u c t u r e of a i r 
5 

shower cores f o r sizes >10 p a r t i c l e s , i f i n t e r p r e t e d i n terms of transverse 
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momentum^ f i n d t h a t the transverse momentum d i s t r i b u t i o n above 5 GeV/c i s 
"*lo7 + 0,2 

w e l l represented by a power law f (^p^) « P̂ . " " • They f i n d t h a t 

the f r a c t i o n of the secondaries w i t h high values of p^ accountfor *" 3 10 4 

of the t o t a l compared t o ~10 expected f o r the C.KoPo d i s t r i b u t i o n w i t h 

a mean transverse momentum of 0.4 GeV/oo The maximum observed transverse 

momentum was ~50 GeV/co 

Bakich e t alo (1968) s t a t e t h a t t o e x p l a i n t h e i r r e s u l t s above shower 

sizes of 10 p a r t i c l e s seems to necessitate high values of transverse 

momentum even i f heavy pri m a r i e s are assumede 

This i s confirmed by the c a l c u l a t i o n s of Ogita e t a l . (1968) who 

st a t e t h a t t o e x p l a i n the separation of the multicor.es. found i n a number 

of experiments* mean transverse momenta of about 10 GeV/c are required 

f o r forward going p a r t i c l e s , 

Miyake e t al» (1968) have also come t o the conclusion t h a t high 

values of transverse momentum are needed to e x p l a i n t h e i r observations 

of shower cores, 

3 ,5 , The Eneray Bistributlonuaf-jbhe_S e c o n d a r y P a r t i c l e s * 

3.5.1 I n t r o d u c t i o n 

As y e t there i s no comprehensive theory of high energy i n t e r a c t i o n s 

and although a number of models have been put forward none o f these s a t -

i s f a c t o r i a l l y explains a l l the observed f a c t s . 

These models may be roughly d i v i d e d i n t o so-called "one-centre" and 

" m u l t i c e n t r e " models. 

Examples of the former are the models of Fermi ( l 9 5 0 ) 9 Landau (1953) 

and Heisenberg (1952), In these models the nucleon-nucleon i n t e r a c t i o n 

i s t r e a t e d as a s i n g l e system during the emission of mesons. As a r e s u l t 

http://multicor.es
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of the c o l l i s i o n , f i e l d energy i s l i b e r a t e d i n a s t r o n g l y l o c a l i s e d volume, 

and the way i n which the energy i s subsequently d i s s i p a t e d depends on some 

s t a t i s t i c a l model. I n the Fermi and Landau t h e o r i e s , the o r i g i n a l 

nucleons themselves are included i n the s t a t i s t i c a l d i s t r i b u t i o n of energy? 

whereas i n the Heisenberg t h e o r y , the nucleons are g e n e r a l l y considered 

t o have escaped from the i n t e r a c t i o n volume before the f i n a l s t a t e i s 

achieved. 

Lewis et a l . (194$), Kraushaar and Marks (1954) and Bhabha (1953) 

have suggested t h a t , as i n the "one-centre" models, the r e s u l t of the 

c o l l i s i o n i s t o leave each nucleon i n a h i g h l y e x c i t e d s t a t e a t the 

expense of the k i n e t i c energy of the c o l l i d i n g p a r t i c l e s . But c o n t r a r y 

t o the "one-centre" theory» they consider t h a t the l i f e t i m e of these 

e x c i t e d states i s s u f f i c i e n t l y long f o r each nucleon to escape from 

the r e g i o n of t h e i r mutual i n t e r a c t i o n before decaying by the emission 

of mesons. I n Kraushaar and Marks' model, the d i s t r i b u t i o n of energy 

among the various p a r t i c l e s ( i n c l u d i n g the nucleons) i n each "centre" 

is . obtained by p o s t u l a t i n g a Fermi type thermodynamical e q u i l i b r i u m . 

Takagi (l952). s Cocconi (1958.) and Ciok e t a l . (1958) have suggested, a 

v a r i a n t of the "two-centre" models based on a phenomenological i n t e r 

p r e t a t i o n of the experimental data. They propose t h a t a f t e r t h e c o l l i s i o n 

the o r i g i n a l energy i s sub-divided i n t o four d i s t i n c t regions viz« the 

two r e c o i l i n g nucleons, and two meson clouds, or " f i r e b a l l s ' 1 , which 

t r a i l a f t e r the nucleohs and subsequently evaporate by meson emission. 

These are the- so-called " f i r e b a l l " , models. 

3.5.2.. The C.K.P6 D i s t r i b u t i o n . 

Because of the u n s a t i s f a c t o r y s t a t e of the high energy models 

Cocconi e t a l . (1961) made c a l c u l a t i o n s according t o a set of e m p i r i c a l 

r u l e s suggested by experimental data. 
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These workers took a transverse momentum d i s t r i b u t i o n f o r pions 

f o l l o w i n g approximately the Boltzmann law 

N ( p t ) dp = ^ e x p { - P _ k ) d p t 3.22. 
P P J 
r o 'o 

where 2p = < p.> = 0.4 GeV/c and i s independent of energy and 6, 

the angle of emission. 

They assumed a m u l t i p l i c i t y law n g = 2.7E^ and t h a t the energy 

content of the pions was f a i r l y constant and i n the range o f ~ 0 . 3 -0.5 

of the energy of the i n c i d e n t nucleon. 

They also assumed a d i s t r i b u t i o n i n energy f o r the secondary pions 

emitte d i n the forward d i r e c t i o n i n the C.M,S. of the form 

N(E )dE = n s e f f exp S - lM.dE . 3,23. 
3T W T I J ) W 

where T i s the mean energy of the secondary pions and n i s the 
e f f 

e f f e c t i v e m u l t i p l i c i t y i . e . the number of pions emitted i n the forward 

d i r e c t i o n i n the C.M.S. and i s taken t o be h a l f the t o t a l m u l t i p l i c i t y . 

The backward moving pions are considered t o c o n t r i b u t e very l i t t l e due 

to t h e i r low energy i n the l a b o r a t o r y system. Thus 
n T = K E 3.24 

s e f * * P 

where E i s the primary energy and K i s the f r a c t i o n of E given t o p it p 
the pions. 

They found t h a t these assumptions gave good agreement w i t h 

experimental r e s u l t s above primary energies of about 25 GeV. 

They say t h a t the formula w i l l tend t o underestimate the f l u x a t 

very low energies ( <, 1 GeV). E v i d e n t l y the formula does not seem t o 

hold f o r energies greater than t w c t h i r d s of the primary energy a t 

machine energies 9 but they f e e l t h a t these shortcomings w i l l . : be less 

http://lM.dE
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at higher primary energies. 

Thus the f i n a l energy d i s t r i b u t i o n f o r pion secondaries of a l l 

charges i s 

There i s some support f o r t h i s type of d i s t r i b u t i o n from cosmic ray 

measurements on the production of y -rays r e s u l t i n g from c o l l i s i o n s i n 

carbon t a r g e t s which produce w° mesons. However, these represent 

r e s u l t s over many c o l l i s i o n s 9 and they only extend t o pion energies 

of about a t e n t h of the primary energy. 

Despite t h i s they do suggest t h a t the average form of the pion 

energy d i s t r i b u t i o n i s the same over a large primary energy range. 

A l y e t a l , (1964)» however, suggest t h a t the C.K.P. d i s t r i b u t i o n 

underestimates the number of pions of energy <2 GeV and overestimates 

the number i n the energy range above t h i s . 

3.5.3, Isobar Model. 

Some workers e,g, Peters (1962) have suggested t h a t a t very high 

energies the leading p a r t i c l e s i n a c o l l i s i o n may f r e q u e n t l y be a p a i r 

o f nucleon isobars c a r r y i n g the bulk of the C.M.S. energy. Peters (1966) 

says t h a t the forward isobar c a r r i e s away about 80 % of the i n c i d e n t 

energy. The c o l l i d i n g baryons u s u a l l y emerge i n an ex c i t e d s t a t e and 

decay on average i n t o three mesons 9 each of which receives about 10$ 

of the primary energy. The great bulk of the pions formed eome from 

f i r e b a l l s and the average energy given t o these f i r e b a l l s i s about 20% 

of the primary energy. The transverse momentum d i s t r i b u t i o n of the f i r e 

b a l l products and of the decay products of the e x c i t e d baryor. states are 

s i m i l a r and the angular d i s t r i b u t i o n s i n t h e i r respective mass systems 

N(E ) dE 
IT 1 IT Za~ exp 7T 2T 

3.25. 
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are e s s e n t i a l l y i s o t r o p i c . 

Yash Pal and Peters (1964) and Cowsik (1966,1968) have used t h i s 

model as the basis of t h e i r c a l c u l a t i o n s and a comparison between the 

p r e d i c t i o n s of Cowsik's model and those of the C.K.P. model w i l l be made, 

f o r high energy muons, i n Chapter 6. 

I t should be noted t h a t a t low energies the major c o n t r i b u t i o n to 

the muon component comes from the p i o n i z a t i o n process, while at higher 

muon energies the muons come from t h e isobar process. 

Fowler and Perkins (1964) have c r i t i c i s e d t h i s model on the basis 

t h a t a t very high energies the d i f f e r e n t i a l y -ray spectrum and the 

i n t e g r a l muon spectrum should both f o l l o w the d i f f e r e n t i a l primary 

spectrum, whereas they are found to be s i g n i f i c a n t l y steeper« However 

Vash Pal and Tandon (1966) have used the model t o p r e d i c t t h e y -ray 

spectra a t various a l t i t u d e s and f i n d t h a t by making c e r t a i n assumptions 

about the primary ehemical composition i t i s possible t o get agreement 

w i t h experiment (see Chapter 2 ) . 

Grigorov e t a l . (1966) have concluded t h a t the r e I s no evidence 
3 

f o r isobar decay i n t o pions at energies **• 5 10 GeV from t h e i r i o n i z a t i o n 

c a l o r i m e t e r measurements. 

Thus the evidence on the isobar model i s c o n t r a d i c t o r y a t present 

and no d e f i n i t e conclusions can be drawn as t o whether they e x i s t or n o t . 

3.5.4. The Two-Fireball Model. 

Huggett (1966) has compared the p r e d i c t i o n s of the symmetrical two-

f i r e b a l l model of u l t r a - h i g h energy i n t e r a c t i o n s w i t h those of the C.K.P 

model, which i s e s s e n t i a l l y a one-centre model. 

He constructed a r t i f i c i a l j e t s , according t o each model, using a 

Monte Carlo method. These j e t s corresponded t o 3000 GeV nucleon-nucleon 
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i n t e r a c t i o n s . 

Huggett f i n d s t h a t the i n t e g r a l energy s p e c t r a , i n the l a b o r a t o r y 

system, p r e d i c t e d by both models are very s i m i l a r , but t h a t a t secondary 

energies above ~ 600 GeV the t w o - f i r e b a l l model spectrum has a t a i l 

which i s very much higher than t h a t predicted by the C.K.P. model. 

The e f f e c t of t h i s would be t o increase the number of very high 

energy muons produced i n extensive a i r showers. 

3.6. B&Jt/n- Rat to. 
When considering very high energy muons i t i s important t o know 

the f r a c t i o n of secondary particles formed which are kaons, since these 

are more e f f i c i e n t a t producing high energy muons than are pions. 

Fowler and Perkins (1964) give the r a t i o of the number of kaons 

to the number of pions as~10$ i n i n t e r a c t i o n s of primary energy 20-30 

GeV, and less than 20$ f o r i n t e r a c t i o n energies between 100-10 4 GeV. 

Osborne and Wolfendale (1964) have derived the K/n- r a t i o from 

electromagnet!©- cascade measurements and f i n d t h a t the K/t r a t i o 

v a r i e s from 20 ± 20$ a t 2 1 0 4 GeV, through IO^JQ % at 7 1 0 4 GeV t o 

40 + 30# a t 6 1 0 5 GeV. 

Orford e t a l . (1968) f i n d t h a t the charge r a t i o i s not s i g n i f i c a n t l y 

d i f f e r e n t from u n i t y f o r muons i n E.A.S., i n d i c a t i n g t h a t the great 

m a j o r i t y of muon parents i n EoA 0S 0 are pionse 

These workers found some evidence f o r the production of secondaries, 

most probably kaons» w i t h a large charge asymmetry i n extremely high 

energy i n t e r a c t i o n s . This evidence eame from the charge r a t i o of muons 

at large distances from the core. However, i n a l a t e r paper, Machin e t 

a l . ( l 9 6 9 ) , b e t t e r s t a t i s t i c s have been obtained and these workers conclude 
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t h a t there i s no s i g n i f i c a n t evidence f o r a p o s i t i v e excess f o r d i s t a n t 

high energy muons« 

3»7. Conclusions 

From t h i s a n a l y s i s i t seems t h a t as the basis of an i n i t i a l model 

one should assume t h a t the i n t e r a c t i o n l ength of nucleons i n a i r i s 
=2 

about 80 gocm and t h a t the i n e l a s t i c i t y of nucleon-alr nucleus c o l l i s i o n s 
-2 

i s about 0<>5o For pions an i n t e r a c t i o n l e n g t h of 120 gocm and an 

i n e l a s t i c i t y of loO seem t o be good approximations.. 

The CoKoPo energy spectrum does not seem t o s t r o n g l y c o n t r a d i c t 

any experimental data, arad n e i t h e r does the C.K.Po transverse momentum 

d i s t r i b u t i o n . , The average value of the transverse momentum i s some

what u n c e r t a i n and c a l c u l a t i o n s should a l l o w f o r the possible v a r i a t i o n 

of i t s value w i t h the i n t e r a c t i o n eaer§y» 

The form of the m u l t i p l i c i t y law of secondary p a r t i c l e s i s also 
3 

u n c e r t a i n above i n t e r a c t i o n energies of ~ 3 10 GeV and t h i s i s also 

a parameter which should be allowed t o vary i n any calculations.. 
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CHAPTER 4. 

THE CALCULATION OF THE CHARACTERISTICS OF HIGH ENERGY MUON SHOWERS 

AT LARGE ZENITH ANGLES. 

4.1. ThB Adopted Model Parameters. 

As a r e s u l t of the survey of the c h a r a c t e r i s t i c s of high-energy 

i n t e r a c t i o n s the f o l l o w i n g parameters are assumed as the i n i t i a l basis 

of the model used t o make p r e d i c t i o n s on the c h a r a c t e r i s t i c s of high 

energy muons8= 

i ) High energy nucleons lose 50$ of t h e i r i n i t i a l energy i n each 
-2 

c o l l i s i o n and have an i n t e r a c t i o n l e n g t h of 80 g.cm ,» both 

q u a n t i t i e s being energy independent. 

i i ) A l l secondary p a r t i c l e s produced i n high energy nuclear i n t e r a c t i o n s 

are assumed to be pions» there being equal numbers of each charge e 

i i i ) The secondary pions are assumed t o have an energy d i s t r i b u t i o n i n 

the l a b o r a t o r y system given by the C.K.P r e l a t i o n s h i p i . e . 
N < E w ) d J V = i f sxp j - dE^ 4.1. 

where n i s the t o t a l m u l t i p l i c i t y of a l l pions produced i n the 

i n t e r a c t i o n and T i s the average energy of the pions i n the forward 

cone i n the l a b o r a t o r y system. Pions i n the backward cone are 

neglected because they w i l l have a very low energy, i n the l a b o r a t o r y 

system 9 and t h i s work i s concerned o n l y w i t h very h i g h energy muotiso 

i v ) Two m u l t i p l i c i t y laws are considered. The f i r s t i s taken t o be 

n = 2o7 E ̂  4.2 s p 

where n i s the number of pions produced by the i n t e r a c t i o n of a s 
4-

nucleon of energy E GeV. This w i l l be termed the "E* model". The 
P 
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seeojnd m u l t i p l i c i t y law used i s 

n = 2.7 E * E < 3 1 0 3 GeV 8 P P- 4 e 3 

n = 0.36 E ̂  E > 3 10 3 GeV s p p= 

w i t h the symbols having the same meaning as before. This i s 

termed the "E 8 model". 

v) The transverse momentum d i s t r i b u t i o n adopted i s t h a t suggested by 

Cocconi e t a l . (1961) s-

N(p t ) d p t a ^ 2 e x p | - ^ j d p t 4.4 

I n i t i a l l y the mean transverse momentum i s taken to b» 0.4 GeV/c 

and independent of energy although other values are considered. 

v i ) Pion-induced i n t e r a c t i o n s are considered t o be t o t a l l y i n e l a s t i c , 

the i n t e r a c t i o n l e n g t h of such i n t e r a c t i o n s being 120 g. cm . The 

secondaries are again considered t o be a l l pions and a l l other 

parameters are assumed to be the same as i n nucleon induced 

i n t e r a c t i o n s . 

v i i ) The energy d i s t r i b u t i o n of the muon i n 7 r - | i decay i s , i n the 

l a b o r a t o r y systems) 

N( e ) d t = — 0 r 2 E < e < £ 4.5 

€ being the energy of the muon produced by the decay of a pion 

of energy , and r i s the r a t i o of the mass of the muon to t h a t 

of the pi o n . The value of r i s taken t o be 0.76. This d i s t r i b u t i o n 

a r i s e s because i n two body j i +y decay the muon has a unique 

energy i n the CoM.S. and an i s o t r o p i c angular d i s t r i b u t i o n . 
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The method of computation i s based on the f o l l o w i n g d i f f u s i o n 
equation 

which describes the pion energy spectrum a t a depth x due t o the 

i n t e r a c t i o n of a primary nucleote a t a depth x q , where depths are 
-2 

measured i n u n i t s of pion i n t e r a c t i o n lengths i . e . 120 g. cm . 

The f i r s t term in brackets on the r i g h t hand side of equation 4.6 

describes the l o s s of pions due t o i n t e r a c t i o n and the second term 

dsecribes the loss of pions due t o TT-U. decay. The i n t e g r a l describes 

the formation of pions of energy E due t o the i n t e r a c t i o n of pions 

of energy E* a t a depth x. 

Equation 4>6 is solved by the method of succesive generations assuming 

t h a t the loss of pions by decay i s n e g l i g i b l e . This l a t t e r assumption 

i s v a l i d because we are only i n t e r e s t e d i n very high energy muons 

(> 600 GeV). I t i s also assumed i n c a l c u l a t i n g the muon numbers and 

l a t e r a l d i s t r i b u t i o n s t h a t the energy loss of muons i n t r a v e l l i n g through 

the atmosphere i s n e g l i g i b l e compared t o the muon energy since a t a 

ze n i t h angle of 60° i t should only be ~4 GeV. Also neglected i s the loss 

of muons by \srt decay since a t the energies and z e n i t h angles we are 

i n t e r e s t e d i n the s u r v i v a l p r o b a b i l i t y of muons i s almost u n i t y . 

The decay constants B s i s given by 
B - '— *• 4.7. 

T w 

i n the v e r t i c a l d i r e c t i o n , where m i s the mass of the charged p i o n , 
W 

c i s the v e l o c i t y of l i g h t , h Q i s t h e atmospheric scale-height and 

t i s the mean charged pion l i f e t i m e . 
IT 
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For z e n i t h angles up to ~70° i t i s v a l i d to take the f l a t - e a r t h 

approximation (Ashton and Wolfendale, 1963) and i n t h i s case 

Bg = B sec e 4.8 e 

where B @ i s the decay constant a t a z e n i t h angle 8„ Since we are 

i n t e r e s t e d i n z e n i t h angles less than ~70° t h i s approximation has 

been made. P u t t i n g i n the values of the constants i n equation 4.8, one 

obtains 

B
e Z 140 sec 8 GeV 4.9. 

I n the basic c a l c u l a t i o n s geomagnetic d e f l e c t i o n i s also ignoredo 

The displacements 89 due t o t h i s i s given by 

6 = J^JU£ 4 O L 0 
P<8 

H being the appropriate component of the earth's magnetic f i e l d , 

h i s the h e i g h t of pion f o r m a t i o n and pc the momentum i n eV/c» P u t t i n g 

i n t y p i c a l values of the parameters i n equation 4.10 i n d i c a t e s t h a t t h i s 

e f f e c t w i l l increase the mean radius of the l a t e r a l d i s t r i b u t i o n of 

muofts of energy g r e a t e r than 1000 GeV by less than 10% a t a zenith angle 

of 60° . 

M u l t i p l e Coulomb s c a t t e r i n g i s also ignored, simple c a l c u l a t i o n s 

showing i t s e f f e c t t o be much less than t h a t of geomagnetic d e f l e c t i o n . 

The s o l u t i o n of the d i f f u s i o n equation and the method of c a l c u l a t i o n 

are described i n appendix A° 

From the basic programme used i n the c a l c u l a t i o n s one o b t a i n s , f o r 

one nucleon i n t e r a c t i o n at d i f f e r e n t values of x , the mean number of 
o 

rauons and the f i r s t f i v e moments of the l a t e r a l d i s t r i b u t i o n f o r a f i x e d 

transverse momentum of 0.2 GeV/c as a f u n c t i o n of primary energy and 
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muon threshold energy. 

The l a t e r a l d i s t r i b u t i o n s are reconstructed from the moments, 

c a l c u l a t e d as described p r e v i o u s l y . For a CKoP. type transverse 

momentum d i s t r i b u t i o n of mean 0.4 GeV/c9 i t can be shown t h a t the 

l a t e r a l d i s t r i b u t i o n s a r e given by 

P ( r ) s |™ f f(T<) e x p / - — \ d r 4.11 

where f ( r ) i s the r a d i a l d i s t r i b u t i o n o f the muons f o r a f i x e d p. of 
O w 

0.2 Gev/fi«. 

The d i s t r i b u t i o n f ( r ) i s obtained from the moments ca l c u l a t e d as 

above and i s found t o be w e l l described by the expression 
, . a -0 r ^ f ( r ) dr « r e o dr 4.12 ~ ~ o o 

I n f a c t P ( r ) i s r e l a t i v e l y i n s e n s i t i v e t o the form of f ( r ) and 
\i o 

almost i n d e n t i c a l r e s u l t s are obtained i f i t i s approximated by a 

gamma-function. 

The advantage of c a l c u l a t i n g the moments of the l a t e r a l d i s t r i b u t i o n 

i s t h a t equation 4 o l l can e a s i l y be adjusted t o give the l a t e r a l 

d i s t r i b u t i o n s f o r other transverse momentum d i s t r i b u t i o n s which one may 

wish t o i n v e s t i g a t e . 

4,3. The Muon Number as a Function of M u l t i p l i c i t y . 

Figure 4.1. shows the muon number as a f u n c t i o n of the m u l t i p l i c i t y 

of pions produced i n the i n t e r a c t i o n of the leading p a r t i c l e f o r f o u r 

i n t e r a c t i o n depths. The eurves are f o r a primary energy of 2 10 GeV» 

a muon threshold energy of 10 GeV9 and a zen i t h angle of 60° (2 10 

GeV i s about the median primary energy of "doubles" i n the Utah 

detectors as w i l l be seen l a t e r 9 f o r the "E* model"). I t i s seen t h a t 
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there i s a slow rise i n muon number u n t i l about a m u l t i p l i c i t y of 200 
is reached and then the number of muons predicted f a l l s * The reason 
f o r t h i s i s that as the m u l t i p l i c i t y increases the mean energy of the 
pions formed f a l l s and so the chance of pions decaying increases. This 
coupled with the increased number of pions leads to an increase i n the 
muon number. This process continues u n t i l the point where so many pions 
are produced i n the nucleon interaction that t h e i r mean energy becomes 
lower than the threshold energy of the muons* Above, t h i s point although 
the number of pions i s high t h e i r mean energy i s low and they are unable 
to produce e f f i c i e n t l y muons with an energy above the threshold* 

Thus one would expect a maximum i n the curve at about the m u l t i 

p l i c i t y which gives a mean pion energy s l i g h t l y above the muon threshold 

energy* This i s seen to be the case here where the maximum occurs at 

m u l t i p l i c i t i e s j u s t below 200» the m u l t i p l i c i t y required to make the 

mean pion energy i n the f i r s t pioli* generation equal to 1000 GeV. 

The m u l t i p l i c i t y at which the maximum number of muons i s formed 

is seen to be independent of the depth of the interac t i o n * as would be 

expected from the above considerations. 

Similar curves f o r other primary energies show the same phenomena* 

with the maximum number of muons being produced at the m u l t i p l i c i t y 

required to make the mean pion energy about equal to the threshold 

energy* 

The m u l t i p l i c i t i e s given by the "Ê " model" and the "E^ model" for 
5 

an interaction energy of 2*10 GeV are marked in the figure 4*1* 
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Fig. 4«2. Mean muon number as a function of the depth of in t e r a c t i o n 
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4 4. Muo: Muo Function of the Depth of Interaction of the 

E,eqdin.q Pa r t i c l e . 

Figure 4*2 shows the variation?of the mean rauon numbers for muons 

of energy greater than 1000 GeV f o r one interaction of the leading nucleon 

at d i f f e r e n t depths i n the atmosphere (measured i n pioh interaction 

f o r the "E* model". 

I t i s seen that at interaction depths greater than 0.3 pion i n t e r 

action lengths i n the atmosphere the number i s only s l i g h t l y sensitive 

to the depth of inte r a c t i o n . 

The results f o r the "E2 model" are similar and also for other 

threshold energies. 

4.5. The Mean Shower Radius as a Function of the Depth of Interaction 

The mean r a d i i of showers9 f o r one nucleon interaction} as a 

function of the depth of interaction of the leading nucleon are shown 

i n figure 4.3 for the "E* model" and "E2 model"0 The curves refer to 

threshold energy of 1000 GeV. The mean radius i s seen to be f a i r l y 

insensitive to the depth of interaction and i t i s seen that the mean 

r a d i i of showers predicted by the "E8 model" are greater than those 

predicted by the "E* model 

This i s a consequence of the more rapid degradation of energy i n 

the former model leading t o the muons coming from the decay of pions 

higher up i n the atmosphere. 

lengths) for a variety of primary energies at a zenith angle of 60 and 

several primary energies and are f o r a zenith angle of 60° and a 
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The results are similar f o r other threshold energies. 

4.6. Effective Depth of Interaction. 

To obtain accurate values of N ̂  and the l a t e r a l d i s t r i b u t i o n , 

either semi-Monte Carlo calculations should be carried out i. e . the 

position of the int e r a c t i o n point of the leading nucleon should have 

been allowed to fluct u a t e according to Poissonian s t a t i s t i c s and the 

average values of N ̂  and the l a t e r a l d i s t r i b u t i o n s found, or the same 

results could have been obtained by calculating the muon numbers and 

l a t e r a l d i s t r i b u t i o n s f o r a set of values of the interaction depth, X Q , 

and integrating them over X q , after weighting them with the appropriate 

Poissonian i n t e r a c t i o n p r o b a b i l i t i e s . However, i n order to save 

computational time an "e f f e c t i v e " value of xQ i s found using the r e l a t i o n 

-1.5x 

1 \ (*o> 

< r e f f > = « \ m * * 4 ' 1 3 

e 0 dx 
o 

where <r(x )> i s the mean radius of a shower formed by a nucleon © 
interacting at a depth x , and N (x ) i s the mean number of muons i n 

o U. 0 
that shower. 

The calculated values of < * e f f > are looked up on the appropriate 

graph of r ( x ^ ) vs. x and so an e f f e c t i v e value of x is obtained 0 0 o 
for the f i r s t i n t e r a c t i o n of the leading nucleon. This i s denoted by 

x • This method i s approximate because the ef f e c t i v e value of x 
°eff 0 

varies across the shower, decreasing with increasing r a d i a l distance. 

However, for the determination of the density spectra f o r a detector of 

large area, f o r which these particular calculations are to be used, i t 

is the values of the mean r a d i i of the showers which are important, and 

as has been shown previously the muon numbers and mean r a d i i are not 
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very sensitive to X Q<> 

The contribution from the second interaction of the leading 

p a r t i c l e i s obtained by assuming that the interaction occurs at a 

depth x + 0«667 pion interaction lengthso The neglect of 
°eff 

fluctuations i n t h i s interaction point i s j u s t i f i e d by the insensit-

i v i t y of and <T> to X q at large values of the l a t t e r , which i s the 

case hereo Also the contribution from the second interaction is 

smaller than that from the f i r s t due to the leading nucleon having 

less energy and the depth of interaction being greater* 

The contribution from further nucleon interactions i s neglected* 

4.7. Muon Number as a Function of Primary Proton Energy. 

Figure 4*4* shows the dependence of the mean muon number on the 

energy of the primary nucleon f o r three threshold energies>at a zenith 

angle of 60°, fo r the "E^" and 'Ê '" models. 

I t i s seen that the "E model" gives r i s e to more muons at 

lower primary energies than the "E^ model'V This i s because of the 

fact noted earlier? that the greatest contribution to the muon number 

somes when the mean energy of the pions in the f i r s t generation i s 

about equal to the muon threshold energy.. At low primary energies* 
however9 the mean energy of the pions i s well below the threshold 

A 
energy i n the "EE model" case and so fewer muons are formed than i n 
the "E^ model" where the mean energy i s higher* despite more secondary 

pions being produced i n the former* At higher primary energies the 
A. 

"E3 model" predicts more muons besause the pions responsible f o r these 
A 

are formed higher i n the atmosphere than i n the case of the "E^odel" 

and so they have a greater chanced: decaying before interacting* 
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Taking the curves f o r a threshold energy of 1000 GeV as an 

example i t can be seen that above a certain primary energy •> i n t h i s 
13 

case ~3 10 eV9 the curves are almost linear on a log-log ploto Below 

t h i s the mean number of muons produced f a l l s rapidly with decreasing 

primary energy. This f a l l is due to the mean energy of the secondary 

pions formed f a l l i n g with decreasing primary energy u n t i l i t becomes 

so low that the pr o b a b i l i t y of producing muons above the threshold 

energy i s very small. 

4.8* Lateral Distributions for Proton Primaries. 

The calculated l a t e r a l d i s t r i b u t i o n s for muon threshold energies 
X i 

of 1000 GeV and 2000 GeV9 f o r the ,rE and "E2" models, are shown i n 

figures 4.59 4.6, 4.7 and 4.8 respectively f o r a zenith angle of 60°. 

I t i s seen that the shapes» for a given threshold energy 9 E , 

are dependent on the primary energy» the dis t r i b u t i o n s becoming 

narrower with increasing primary energy. This i s because at the higher 

primary energies the l a t e r pion generations sre becoming important» 

and thus the pion parents of the muons are formed lower down in the 

atmosphereo 

Also i t i s seen that the "E^ model" gives wider curves than 

the "E* model" 9 the reason being that the energy i s degraded more 

rapidly i n the former which leads to the muons being formed higher 

up i n the atmosphere. 

The behaviour of the curves i n figure 4.4 i s seen to be reflected 

in the l a t e r a l d i s t r i b u t i o n s for the two models i.e. the in t e n s i t i e s 

due to the "Ez model w are lower at low primary and higher at high 

primary energies. 
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Over the range of ra d i a l distances 2 < r < l 5 m the l a t e r a l dist?> 

ributions can be approximately represented by a re l a t i o n of the form 

P u, ( r ) « exp - ( r / r ) , where r Q i s a slowly varying function, of the 
o 

primary energy and a more rapidly varying function of zenith angle and 
muon threshold energy. Confining attention to showers which give two 

1. 

detected particles and the " E * model" with <p^> = 0.4 GeV/c, we f i n d 

that the relationship i s , for 1000<E < 2000 GeV 
r « sec 1" 3 8 fo r 45° < 6 < 60° 4.14. o 

and for the same angular range 

R « E = 0 ° 8 for 700 < E < 3000 GeV 4.15 o \i u 

A l l the curves shown so f a r ref e r to a mean transverse momentum 

of 0.4 Gev/co Assuming the same form of transverse momentum d i s t r i b 

u t i o n i t can easily be shown that for a mean transverse momentum of 

0.4 f GeV/cg where f i s a constant, the required l a t e r a l d i s t r i b u t i o n s 
2 

are obtained from those given by dividing the o r i g i n a l density by f 

and multiplying the corresponding radial distance by f . 

The experimental results on the transverse momentum d i s t r i b u t i o n 

surveyed i n Chapter 3 and also the work of De Beer et a l . (|.966), using 

approximately the same model as that used here, indicated that the 

C.K.P. d i s t r i b u t i o n may overestimate the number of particles with low 

values of transverse momentum. To investigate the effects of t h i s on 

the previous r e s u l t s , calculations have been made f o r a C.K.P. type 

d i s t r i b u t i o n with a l l p a r t i c l e s having a transverse momentum less than 

0.1 GeV/e being suppressed. Under t h i s assumption equation 4.11 becomes 

P„(.) -/° I P ° liii « * { - « } d r o 4 .16 
0 I 0 

o 
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where <p+> a 2 p =0.4 GeV/c. 

The results are shown i n figures 4.9 and 4.10 for threshold energies 

of 1000 and 2000 GeV respectively using the "E* model" at a zenith angie 

of 60°. 

I t i s seen that at distances near to the axis the l a t e r a l d i s t r i b ' -

utions are changed s i g n i f i c a n t l y , the density i n t h i s case f a l l i n g very 

rapidly. However, as w i l l be seen later,the e f f e c t i s much reduced 

for a large detector. 

4.9. The Effect of the Detector Area on the Lateral D l R t r l b u t i o n s 

for Proton Primaries. 

The above results are ultimately intended to be used to make 

predictions which can be compared with the experimental results of 

Porter and Stenerson (1969) obtained with the Utah detector. 

These workers give t h e i r results i n the form of empirical density 

spectra. In using the density spectra to obtain rates of events one 

assumes that the density across the detector is uniform. Howevers 

the area of the Utah detector i s e f f e c t i v e l y 2 x 10 ID (Stenerson» 

private communication) which i s not negligible compared to the area 

of the showers detected. Therefore calculations have been made to 

allow f o r the effects of t h i s area i n order to obtain " e f f e c t i v e " 

l a t e r a l d i s t r i b u t i o n s * which can be used to calculate density 

spectra appropriate to the Utah detector area. 

Using the l a t e r a l d i s t r i b u t i o n s already calculated, the average 

number of muons f a l l i n g on the detector area from one shower i s 

obtained as a function of the distance of the axis of the shower from 

the centre of the array. Dividing t h i s average muon number by the 

area of the array then gives the l a t e r a l d i s t r i b u t i o n of the shower 
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i f i t i s assumed t h a t the de n s i t y does not vary across the detect o r 

area.. These l a t e r a l d i s t r i b u t i o n s can then be used to c a l c u l a t e 
2 

" e f f e c t i v e " d e n s i t y spectra f o r an area of 20 m 0 

The mean number of muons f a l l i n g on the detector as a f u n c t i o n of 

the distance ( r ) of the shower axis from the centre of the detector i s 

obtained by considering the shower axis t o f a l l a t d i f f e r e n t p o s i t i o n s 

on the circumference of a c i r c l e of radius r s whose centre i s the centre 

of the d e t e c t o r 0 For each of these p o i n t s the l a t e r a l d i s t r i b u t i o n i s 

nume r i c a l l y i n t e g r a t e d over the area of the detector and hence the 

number of muons f a l l i n g on the d e t e c t o r f o r each p o i n t i s obtainedo The 

muon numbers sc obtained are then averaged a p p r o p r i a t e l y * 

The r e s u l t a n t d i s t r i b u t i o n s are shown i n f i g u r e s 4 a l l and 4<>12 

f o r the "E^ model'0 and two muon thr e s h o l d energieso I t i s seen t h a t 

the main e f f e c t of the large detector area i s t o lower the l a t e r a l 

d i s t r i b u t i o n near t o the axis of the shower the e f f e c t being greater 

f o r the showers of smaller radius because the r e l a t i v e area of 

d e t e c t o r t o t h a t of the shower i s g r e a t e r . 

The same procedure has been applied t o the l a t e r a l d i s t r i b u t i o n s 

where a eut=off has been assumed f o r p^ less than Ool GeV/s» The 

r e s u l t s are shown i n f i g u r e s 4»l3 and 4 d 4 f o r the "E^ model" w i t h 
3 3 

threshold energies of 10 and 2«10 GeV respectively,, I t i s seen t h a t 

the e f f e c t i s t o b r i n g the l a t e r a l d i s t r i b u t i o n s i n t o b e t t e r agreement 

w i t h those obtained w i t h no transverse momentum c u t - o f f ? although the 

d e n s i t i e s a t small r a d i a l distances are a l i t t l e lower<> Thus the 

e f f e c t of the p^ c u t - o f f on the de n s i t y spectra w i l l be t o lower them 

s l i g h t l y a t the l a r g e r d e n s i t i e s although the e f f e c t should be smallo 
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Q u a l i t a t i v e l y i t can be seen t h a t the e f f e c t of having a large 

d e t e c t o r area i s t o decrease the d e n s i t y spectra a t large d e n s i t i e s 

compared t o what would be obtained f o r a small area,since these 

d e n s i t i e s come mainly from high energy showers near t o the detector,. 

4 . 1 0 The Primary Spectra Adopted, 

I n order t o p r e d i c t d e n s i t y spectra and s i n g l e muon energy 

spectra i t i s necessary t o adopt a primary spectrumo Since one of the 

aims of the present work i s t o determine the mass composition i n the 
1 5 

energy region above 10 . eV ( two spectra have been chosen» namely those 
x 

given by De Beer e t alo (1969) f o r the "E* model"- The reason f o r 

t h i s i s t h a t they were c a l c u l a t e d from EoA0S„ data using a model 

s i m i l a r t o the one used i n the present worko 
1 5 

Below 1 0 eV both spectra are i d e n t i c a l and when expressed i n 

terms of energy per nucleon the spectra are given by 
j (E ) = 8 o 4 1 0 3 E ~ 2 ° 6 m=2sec'=1ffit°i GeV = 1 4 a 1 7 

f o r E less than 1 0 * a.V. p 
The composition i n t h i s r e g i o n i s based on t h a t given by Ginzburg 

and S y r o v a t s k i i ( 1 9 6 4 ) from a survey of d i r e c t measurements of the 

primary composition a t low primary energies.. Above primary energies 
i s 

of 1 0 "eV two compositions have been assumed8= 

i ) Protons o n l y 0 This spectrum i s shown i n f i g u r e 4 „ 1 5 and i s 

denoted by Ao This i s termed "Spectrum A W
B 

i i ) A modulated spectrum w i t h each mass component having a d i f f e r e n t i a l 

exponent of - 3 d above a constant r i g i d ! t y 0 For protons t h i s 
1 5 

r i g i d i t y corresponds t o a primary energy of l o 5 1 0 eVo This 

spectrum i s shown i n f i g u r e 4<>15 and i s denoted by B „ This i s 



Figure 4 o l 5 o Comparison of Spectrum A and Spectrum B w i t h the 

composite one of M a l h o l t r a e t al« (1966a) 0 
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termed "Spectrum B". 

Also shown i n f i g u r e 4.15 i s the composite primary spectrum due 

to M a l h o l t r a e t a l . (1966a) f o r comparison. Figure 4.16 shows the 

primary spectra of the i n d i v i d u a l mass components of the two adopted 

spectra f o r the "E* model",, 
X 

When using the "E 8 model" the i n t e n s i t y of the adopted primary 

spectra must be r a i s e d somewhat t o preserve agreement w i t h the measured 

sea-level size spectrum. This i s because the more r a p i d degradation of 

energy i n t h i s model means t h a t a f i x e d size of shower, measured by an 

extensive a i r shower array»corresponds on average t o a higher primary 

energy (De Beer e t al.»1966). The primary spectrum of each mass 
15 

component has been r a i s e d by a f a c t o r 2.6 a t 10 eV t o allow f o r t h i s 
and made t o coincide w i t h the corresponding spectrum f o r the "E^ model" 

12 

below 3 10 eV since the models are i d e n t i c a l here» 

I t i s necessary to note t h a t the adopted i n t e n s i t i e s i n the energy 

re g i o n of 10 1 0eV are below those measured d i r e c t l y by about a f a c t o r 

2. They are s i m i l a r l y below the energy per nucleon spectrum of Brooke 

e t a l . (1964) 9 which was based on the sea-level muon and proton 

spectra using a model s i m i l a r t o t h a t used here* This apparent 

inconsistency i s due t o the f a c t t h a t i n the work of Brooke e t a l . 

(1964) allowance was made f o r the d i f f e r e n c e i n the t o t a l i n e l a s t i c i t y 

and the f r a c t i o n of energy passed on t o the pion components 9 

i n nucleon=air nucleus c o l l i s i o n s . The d i f f e r e n c e K.~K was taken t o 
t * fr 

be 0.12. I n De Beer e t a l . (1969) 9 however > i t was assumed t h a t K̂ .-

K̂ . = 0 j fch«s accounting f o r the d i f f e r e n c e i n the primary spectra 

of the two groups. 

I n f a c t there i s experimental evidence t h a t secondary p a r t i c l e s 
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ot h e r than pions are f ormed.These include K-raesons» nucleon-antinucleon 

p a i r s and hyperonso 

I n the work of Brooke et a l . the kaons d i d not c o n t r i b u t e 'greatly 

t o the low energy muon f l u x ( a t primary energies below —10 eV) and the 

nucleon-antinucleon p a i r s should not c o n t r i b u t e a t a l l . Thus the 

assumption made by these authors t h a t only pions were responsible f o r 

the low energy muon f l u x and t h e i r neglect of the energy r e s u l t i n g 

from the d i f f e r e n c e i n K. and K seems reasonable. 

The assumption made by De Beer e t a l . (1969) t h a t a l l the energy 

released i n high energy i n t e r a c t i o n s goes i n t o the pion component i s 

les s w e l l j u s t i f i e d and i t may be t h a t the spectra estimated by them 

are somewhat underestimated. However, the higher f r a c t i o n of the 

energy released i n high energy i n t e r a c t i o n s going i n t o the pion 

component w i l l increase the number of muons formed and thus tend t o 

compensate f o r the lower i n t e n s i t y of the primary spectrum i n theiar 

ease. 

4.11. Sea-Level Muon Enerav Spectrum. 

The i n t e g r a l sea-level muon energy spectrum i s obtained by 

ev a l u a t i n g the i n t e g r a l 
o 9 0 r - 2N (E ) 2 3N„(E f . .„ p<y°exp (-w {w+ +-fr* "'}^ 
.min 4.18o 

f o r each threshold energy =, where N (E ) i s the average number of 
y P 

muons above the threshold energy due t o a primary of energy E 9 j ( E ) 
P P 

i s the primary d i f f e r e n t i a l energy spectrum expressed i n terms of 

energy/nucleon 9 and E m^ n i s the primary energy below which no muons 

w i t h energy above the given t h r e s h o l d energy are produced. 
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Equation 4.18 reduces t o 

r^v *vv dE
P
 4°i9 

min = 

i . e . one simply f o l d s i n the primary spectrum w i t h the curves of N 
as a f u n c t i o n of E given i n f i g u r e 4.4. This i s approximately 

P 
equal t o the si n g l e muon energy spectrum. 

A 
The r e s u l t a n t spectra are shown i n f i g u r e 4.17 f o r the "E*M 

and nf&" models f o r a ze n i t h angle of 60°. Also shown i s the "E^ model" 

w i t h 20% kaons over and above the f u l l p i on component. I n adding these 

only muons formed v i a the K mode were considered since t h i s mode 
+ 2 

c o n t r i b u t e s most t o the high energy muons produced by kaon decay,, 

This procedure i s e q u i v a l e n t t o t a k i n g a s l i g h t l y higher primary 

spectrum which compensates to a c e r t a i n extent the neglect of the 

d i f f e r e n c e between the values of K. and K by De Beer e t a l . (1969) 

i n d e r i v i n g t h e i r primary s p e c t r a i 

The """E8 model1* spectrum i s seen to be steeper than t h a t f o r 

the "E^ model*0 and kaons are seen to increase the p r e d i c t e d muon 

number. 

4.12. The Density Soectra of High Enerav Muons. 

The l a t e r a l d i s t r i b u t i o n s have been folded i n w i t h the two 

primary spectra t o give the expected i n t e g r a l d e n s i t y spectra f o r 

various threshold energies. The d e t a i l s of the c a l c u l a t i o n s are as 

f o l l o w s . Using the r e l e v a n t l a t e r a l d i s t r i b u t i o n s the r a d i a l d i s t r i b u 

t i n g r ( A ,E ) s has been found as a f u n c t i o n of primary energy, E 9 

P P 
f o r a v a r i e t y of values of density A . 

The i n t e g r a l d e n s i t y spectrum f o l l o w s immediately as 

N(>A ) . J " ^ s r [ r ( V E p ) ] 2 j(.E p) dE p 4.20 
. E m i n 
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where E m^ n i s the energy below which a primary p a r t i c l e cannot 

produce a shower having a density A a t the axis and j ( E p ) i s the 

d i f f e r e n t i a l primary i n t e n s i t y . 

Figure 4.18 shows the density spectra predicted by the "E^ model 

f o r two threshold energies»1000 and 2000 GeV, a t a z e n i t h angle of 

60° using Spectrum A and assuming a mean transverse momentum of 0 e4 

GeV/c0 

The d e n s i t y spectra are i n d i c a t e d both f o r the case of a p o i n t 
2 

detecto r and a d e t e c t o r having an area of 20 m normal t o the shower 

axiso 

As can be seen the e f f e c t i n t h i s case of the f i n i t e d etector 

area i s q u i t e large at high d e n s i t i e s } and increases w i t h increasing 

t h r e s h o l d energyo This i s due t o muons w i t h a higher threshold 

energy having narrower l a t e r a l d i s t r i b u t i o n s and hence a more rapi d 

v a r i a t i o n of d e n s i t y across the detector o 

The decreasing slope of the curves at the lower- d e n s i t i e s i s a 

r e f l e c t i o n of the r a p i d f a l l i n the mean muon number w i t h decreasing 

primary energy p as shown i n f i g u r e 4-4 s a t the lower primary energies 

Figure 4»19 shows the den s i t y spectra p r e d i c t e d f o r a detector 
2 ± 

of area 20 m using the M E Z model" and the modified v e r s i o n of 

spectrum A„ The f a c t t h a t the curves are higher a t large d e n s i t i e s 

compared t o those of the "E^ mode^L" i s due t o the g r e a t e r e f f i c i e n c y 

of the model f o r p r o d u c i n g high energy muons a t higher primary 

energies? 'and the increased primary spectrum* These f a c t o r s o f f - s e t 

the g r e a t e r width of the showers i n t h i s model which would otherwise 

tend t o decrease the d e n s i t y s p e c t r a , although the e f f e c t of the 
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d e t e c t o r area would be expected t o compensate f o r the greater shower 

widths 

Figure 4.20 shows the p r e d i c t e d d e n s i t y spectra f o r the " E * model" 

w i t h the same basic parameters as used p r e v i o u s l y but w i t h the modulated 

primary spectrum folded i n i«eo Spectrub B. The curves r e f e r t o a 
2 

d e t e c t o r area of 20 m e The curves are s i m i l a r t o the corresponding 
_2 =2 

ones f o r Spectrum A up to d e n s i t i e s ~ 10 m and t o be higher a f t e r 

thato The reason f o r t h i s increase i s t h a t a t these d e n s i t i e s the 

c o n t r i b u t i o n from heavy primaries i s becoming very important because 

of t h e i r greater e f f i c i e n c y of producing muons a t the primary energies 

responsible f o r producing these d e n s i t i e s although»as i n the case f o r 

the " E 8 model" 9 see above» t h e l a t e r a l d i s t r i b u t i o n s of heavy 

n u c l e i f o r a given primary energy are wider than i n the case f o r proton 

primaries.. The consequences of t h i s l a t t e r f a c t are the same as 

dsecribed f o r the " E ^ model".* The greater width of the l a t e r a l d i s t r i 

b u t i o n s f o r heavy pr i m a r i e s a r i s e s from the f a c t t h a t i n these c a l c u 

l a t i o n s a shower i n i t i a t e d by a heavy nucleus of mass A and primary 

energy E i s considered t o be a su p e r p o s i t i o n of A showers of primary 
P 

energy E ^ / A s and the mean radius of a shower increases somewhat w i t h 

decreasing primary energy* 

Figure 4<>21 shows the corresponding d e n s i t y spectra f o r the " E ^ 

model". They are again seen t o be higher than those f o r the "E model", 

the reasons being the same as those given f o r Spectrum A. 

4.13. The C a l c u l a t i o n of Rates of Events and t h e i r S e n s i t i v i t y t s 

Detector Areao 

Although r a t e s can be c a l c u l a t e d d i r e c t l y from the d i f f e r e n t i a l 
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d e n s i t y s p e c t r a s modified f o r t h e f i n i t e area of the d e t e c t o r g i t i s 

also possible,and i n some cases more convenient»to c a l c u l a t e the 

expected r a t e s of events of d i f f e r e n t m u l t i p l i c i t i e s without.the use 

of d e n s i t y spectra. 

The c a l c u l a t i o n s i n t h i s work have been s p e c i f i c a l l y designed f o r 

comparison w i t h t h e r e s u l t s of Porter and Stenerson (1969) who give 

t h e i r r e s u l t s i n the form of e m p i r i c a l l y derived d e n s i t y spectra as 

described i n the f o l l o w i n g chapter. Thus i t i s u s e f u l t o p r e d i c t 

d e n s i t y spectra since i t enables a d i r e c t comparison w i t h these r e s u l t s 

t o be made<> I t i s perhaps unreasonable to expect t o get exact agreement 

w i t h the shape of the Lftah density spectra because of t h e i r semi-

e m p i r i c a l nature^ but from a d i r e c t comparison w i t h the t h e o r e t i c a l l y 

p r e d i c t e d ones i t should be possible to see where the d i f f e r e n c e s l i e 

and which p a r t i c u l a r model i s l i k e l y t o give the best agreement.. In 

the f i n a l analysis» however 9 i t i s the comparison of the predicted and 

observed r a t e s t h a t i s importanto 

The v a r i a t i o n of d e t e c t o r area on the predicted jeates o f events 

©an also be studiedo This i s important because although the> e f f e c t i v e 
2 

area of the Utah d e t e c t o r i s quoted as 20 m the area i s somewhat 

s e n s i t i v e t o zenith and azimuthal angle v a r i a t i o n s and i t i s important 

t o know i f these changes i n area w i l l a f f e c t the r e s u l t s s i g n i f i c a n t l y . 

The method of c a l c u l a t i n g the r a t e s i s as f o l l o w s * - i f X ( r ) i s 

the average number of muons f a l l i n g on the detector from a shower of 

primary energy whose a x i s i s a distance r from the centre of the 

d e t e c t o r the p r o b a b l l i t y s Pn(r)»of d e t e c t i n g n muons i s given by the 

Poissonian p r o b a b i l i t y X ( r ) n exp - ( X ( r ) ) / n . 
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The t o t a l r a t e of d e t e c t i n g n p a r t i c l e s from showers of primary 
energy E^ i s then given by 

R n ( V =
 2w[" r P n ( r ) d r 4 , 2 1 

where j ( E p ) i s the d i f f e r e n t i a l primary energy spectrum. 

The t o t a l frequency of d e t e c t i n g n p a r t i c l e s i s then given by 

R h 
E m - i n 

(E J dE 4.22 
F • P P 

Figures 4.22 and 4.23 show the f u n c t i o n s P 2 ( r ) and P 3 ( r ) 
4-

r e s p e c t i v e l y as a f u n c t i o n of r and E^ f o r the "E* model" assuming 
o 

a d e t e c t o r area of 20 m 9 a t h r e s h o l d energy of 1000 GeV, a z e n i t h 

angle of 60° and proton p r i m a r i e s . From these curves i t can be seen 

t h a t doubles tend t o come from showers f a l l i n g f u r t h e r away from the 

d e t e c t o r than i s the case f o r t r i p l e s and t h a t the c o n t r i b u t i o n s from 

showers f a l l i n g f u r t h e r than 20 metres from the d e t e c t o r are very 

small f o r these m u l t i p l i c i t i e s . 

For higher t h r e s h o l d energies the r e l e v a n t distances w i l l be even 

less due t o t h e showers being less wide. The shape of the curves f o r 
7 

a primary energy of 2 10 GeY i s due t o the f a c t t h a t i f the axis of 

such a shower f a l l s on or near the d e t e c t o r 9 the average number 

of muons f a l l i n g on the d e t e c t o r i s so great t h a t the p r o b a b i l i t y 

of d e t e c t i n g 2 or even 3 muons i s very small f o r t h i s t h r e s h o l d energy. 

C a l c u l a t i o n s have been made t o i n v e s t i g a t e the e f f e c t of changing 

the d e t e c t o r areao These c a l c u l a t i o n s have been made assuming a 

primary composition c o n s i s t i n g of protons alone, the spectrum being 

represented by 
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j ( E ) - 0.9E ° 2 ° 6 cn^seG^st^GeV" 1 f o r E < 2 10 6 GeV 
P - P P 

j ( E ) = lo3 10 3 E " 3 o 1 cn^see^st^GeV" 1 f o r E > 2106GeV 
P P P 4 t 2 3 o 

This spectrum i s c o n s i s t e n t w i t h the sea-level size spectsura i f the 

"Ê " model M. i s used. I t w i l l be denoted by .'".Spectrum C M
0 

The r e s u l t s of the c a l c u l a t i o n s f or'Houbles" are shown i n 

f i g u r e 4o249 using the W E model"1
 s where the r a t i o o f the frequency 

of doubles t o the square of the detector area S» a l l d i v i d e d by the 

e q u i v a l e n t f a c t o r f o r a p o i n t d e t e c t o r , i s p l o t t e d as a f u n c t i o n 

of S f o r a thr e s h o l d energy of 1000 GeV and a z e n i t h angle of 60°„ 

The curve can be understood as f o l l o w s * For small areas the 

d e n s i t y across the d e t e c t o r w i l l be almost constant and so 

equation 4«2i becomes 

R (E ) - S 2 f r [ A ( r , E ) ] 2 d r j ( E j 4.24„ 
^ p 2o° J 0

 p p 

since SA ( r 9 E p ) ~ Oj where A(r»_E ) i s the d e n s i t y a t a distance 

r from the a x i s due t o a shower of primary energy Ep 0 Therefore 
2 

1̂ 2 K S a 

For very large areas? when t h e whole of the shower i s contained 

i n the d e t e c t o r area5 equation 4a21 can be w r i t t e n as 

R 2 * V = S° ^ ( E J 2 exp (- ( E p ) ) j ( E p ) 4o25o 
2S 

where jL (E ) i s the mean number of muons i n a shower of primary energy 

E 0 Therefore R_ « So p 2 
o 

I t can be seen t h a t a t areas of about 20 ra the r a t e s of doubles 

i s f a i r l y i n s e n s i t i v e t o small changes i n areas 

Figure 4<>25 shows the r a t e o f t r i p l e s through an area S d i v i d e d 
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3 by S i a l l d i v i d e d by the eq u i v a l e n t f a c t o r f o r a p o i n t d e t e c t o r 9 K 9 

p l o t t e d as a f u n c t i o n of S f o r a t h r e s h o l d energy of 1000 GeV and a 
z e n i t h angle of 60° o I t i s seen t h a t t h e r a t e of t r i p l e s i s more 
s e n s i t i v e t o the detector area than the r a t e of doubles. This i s 
r e f l e c t e d i n f i g u r e 4.18s which shows the predicted d e n s i t y spectra 

using the primary spectrum c o n t a i n i n g protons only above a primary 
15 2 energy of 10 eV 9 f o r a detect o r o f area 20 m and a p o i n t d e t e c t o r . 

I t i s seen t h a t t h e e f f e c t of the f i n i t e area increases w i t h increasing 

densityo At higher t h r e s h o l d energies and greater detected m u l t i 

p l i c i t i e s the e f f e c t w i l l be l a r g e r f o r the reasons already mentioned. 

P r e d i c t i o n s of the expected frequencies of d e t e c t i o n of d i f f e r e n t 

muon m u l t i p l i c i t i e s as a f u n c t i o n of muon thr e s h o l d energy are shown 
2 o i n f i g u r e 4.26 f o r a detector of area 20 m , a zenith angle of 60 

and the "E model", f o l d e d i n w i t h the primary spectrum given by 

equation 4 023 i.e Spectrum Co Also shown are more approximate 

p r e d i c t i o n s using the "E2 model'1 and a s u i t a b l y modified v e r s i o n of 

Spectrum C 

The "E2^ model" i s seen t o p r e d i c t higher frequencies of m u l t i p l e 

eventso This i s p a r t l y due to the higher primary spectrum used and 

p a r t l y due t o the grea t e r e f f i c i e n c y of the model f o r producing 

muons a t higher primary energies. 

Figure 4.27 shows the approximate median primary energies f o r 

producing d i f f e r e n t detected m u l t i p l i c i t i e s as a f u n c t i o n of 

t h r e s h o l d energy at a z e n i t h angle of 60° and an area of d e t e c t i o n 
2 4- i 

of 20 m , fot both the "E*" and nESn models. I n both cases the 

primary spectrum assumed was t h a t given by equation 4,23. The 
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convergence of the curves above about 10^ GeV a r i s e s from the 

increased slope of the primary spectrum above t h i s energy and the 

f a c t t h a t as the detected m u l t i p l i c i t y increases the e f f e c t of 

f l u c t u a t i o n s becomes less and the energy spectrum responsible f o r 

the m u l t i p l i c i t y sharpens up and the means become c l o s e r . 

The r e s u l t s shown i n f i g u r e s 4.24, 4.25, 4.26 and 4.27 have been 

obtained using a d i f f e r e n t method of c a l c u l a t i o n t o t h a t described i n 

sec t i o n 4.2* but using the same model parameters. 

The adopted mean transverse momentum i s 0.4 GeV/c i n the above 

calculations.; 

4.J4 The L a t e r a l D i s t r i b u t i o n s of Muons a t Large Radial Distances. 

The study of the l a t e r a l d i s t r i b u t i o n s of muons a t large distances 

i s important because i t gives us i n f o r m a t i o n on the form of the p^-

d i s t r i b u t i o n a t large transverse momenta and, when combined w i t h t h e 

r e s u l t s a t smaller distances? on the value of <P^>. 

Recently Coats e t a l * (1969) published r e s u l t s showing the 

measured decoherence curve of high energy muons out t o large 

s e p a r a t i o n s 9 and i n order to compare t h i s w i t h t h e o r e t i c a l p r e d i c t i o n s 

one must c a l c u l a t e accurate values of t h e l a t e r a l d i s t r i b u t i o n s of high 

energy muons out t o large r a d i a l distances° 

As st a t e d p r e v i o u s l y the l a t e r a l d i s t r i b u t i o n s c a l c u l a t e d e a r l i e r 

are not accurate out t o large distances because of the neglect of the 

v a r i a t i o n of the e f f e c t i v e height of i n t e r a c t i o n w i t h r a d i a l d i s t a n c e . 

A.t l a r g e distances the l a t e r a l d i s t r i b u t i o n s are very s e n s i t i v e to 

the h e i g h t of i n t e r a c t i o n and c a l c u l a t i o n s have t h e r e f o r e been made 

to a l l o w f o r i t s v a r i a t i o n w i t h r a d i a l d i s t a n c e , thus g i v i n g l a t e r a l 
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d i s t r i b u t i o n s accurate out t o large r a d i a l distanceso The r e s u l t 

f o r the CoKoPo transverse momentum d i s t r i b u t i o n i s shown i n f i g u r e 

4o28 f o r a primary energy of 2ol0 GeV (the approximate median energy 
A. 

f o r doubles i n the Utah d e t e c t o r ) using the "E* model1*. s a threshold 

energy of 1000 GeV and a z e n i t h angle of 45°o On t h i s l a t e r a l 

d i s t r i b u t i o n the median transverse momentum of the detected muon 

p a r e n t s j denoted by gp* '» * s given f o r various r a d i a l distanGeso 
med 

These have been c a l c u l a t e d from a knowledge of the median hei g h t o f 
i n t e r a c t i o n , h 9 and the median energy of the parent pionsn E 9 

med 
obtained from the muon energy spectra a t a given r a d i a l distance r 9 

under the assumption t h a t E„ = 1„3 E„ « Thus one obtains 
med Thed 

p t s * E w 4*26, 
med h med 

I t w i l l be n o t i c e d t h a t measurements around r = 30 - 40 m? which 

probably represents the l i m i t beyond which precise experimental data 

w i l l n ot be available?are s e n s i t i v e i n the r e g i o n of l o 0 Gev/e ( f o r 

the CoKoPo d i s t r i b u t i o n ) * 

I n order t o i n v e s t i g a t e the s e n s i t i v i t y t o the form of the p^ °° 

d i s t r i b u t i o n c a l c u l a t i o n s have also been made using the r e l a t i o n s h i p 

suggested by A ly e t al„ (1964)8'=' 

N(P t). d p t = 2C( p t exp( - a p t
2 ) d p t 4»27 

where < p^> - a s p ( l o 5 ) GeV/c? 

and t h a t of E l b e r t et alo (1968)8= 
3/2 

N(p t) d p t - J f j t ) exp f - M 4o28 l„33p I P J I p r c v roJ K- ^o 
where < p^> = 2. S p o GeV/cj 
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both f o r <P£>= 0 o4 GeV/co The results shown i n figure 4*28 indicate 
that there is some s e n s i t i v i t y to the form of the - d i s t r i b u t i o n 
chosen p a r t i c u l a r l y between the CoKoP. and Aly d i s t r i b u t i o n s s the two 
extreme cases» especially at large r a d i a l distances.. 

The shape of the l a t e r a l d i s t r i b u t i o n for the CoKoP 0 model can be 

approximately understood from a consideration of the shape expected from 

a simplified modeljwhere the height of o r i g i n of the pions is considered 

constanto From these assumptions one obtains f o r the l a t e r a l d i s t r i b u 

t i o n of muons with energy above E / l 0 3 (see Appendix B) 

where a - r / h p Q +°l/T0 4„30 

Here h i s the height of formation of the pionp ,T the mean energy of the 

pions i n the forward cone 9 2p Q i s the mean transverse momentum and r 

is the r a d i a l distance. 

At large distances one obtains 

P (i ( r ) « J exp . [ - 4.3i-

where tq = hp Q / E 0 4*32,, 

Factors which might affe c t the curves given so far when applied 

to the results from the Utah group ares-

i ) Multiple Coulomb scattering i n the rocko 

i i ) Geomagnetic deflection of the muons when traversing the atmosphere. 

i i i ) The p o s s i b i l i t y that the CoK„P. r e l a t i o n overestimates the 

frequency of p^ - values below about 0.1 GeV/c, 

Approximate calculations show that multiple Coulomb scattering 

contributes a displacement of less than about 3 metres even at large 
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distances and so should not be importanto 

Geomagnetic deflection on the other hand can have larger effects $> 

p a r t i c u l a r l y at large ra d i a l distancess since the inclined heights of 

production at these distances are very large and the mean energy of 

the muons f a l l s with increasing To Using equation 4 o l 0 with the 

appropriate values of the parametersit can be shown that f o r the 

Utah experiments for a zenith angle of 45° and r a d i a l distance 

-*40 metres the displacement i n the plane of the detector i s "~12 metres 

for muons incident i n the v e r t i c a l plane of the spark ©ounters (see 

Chapter 5}o At smaller r a d i a l distances the displacement i s less 

because the e f f e c t i v e heights of production are less and the mean 

muon energies higher* Thus the deflection i s ~ 3 metres at a r a d i a l 

distance of 10 metres and approaches zero near the shower axis*. The 

o v e r a l l e f f e c t i s to cause r Q t© increase a l i t t l e more rapidly than 

given i n figure 4o28<, 

The e f f e c t of outting^off p^ - values below 0.1 GeV/c has been 

studied and the r e s u l t is shown i n figure 4o28„ 

4 o l 5 The Desgherenee Curve of High Energy Muons. 

Because the detectors used by Coats et al» ( 1 9 6 9 ) were of rather 

small area 9 the axes of the showers detected could not be located and 

so the l a t e r a l d i s t r i b u t i o n s could not be studied directlyo Instead 

the frequency of events i n which two muons cross two separate areas? 
o 

~£ach of Ira y was studied as a function of the distance apart of the 

detectors 9 and t h i s can be compared with theoretical predictions.. 

Consider two areas of lm each* separated by a distance x<> Let 

a shower of primary energy E f a l l on a small area 9 da» at a distance 
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from one detector aad j? from the othero Then the p r o b a b i l i t y that 

the two detectors are h i t 9 F* ( x ) j i s given by 

F 1 (x) * i 1 - exp ( - P | i (P x «Ep 5) M 1 -exp ( - ( r 2 ^ ) ) ] 4»33. 

where p (r»E ) represents the density at a distance r<> Assuming that jji P 
the probability of getting more than one p a r t i c l e through a detector 

is small 9 equation 4o-33 reduces to 

F X(x) ~ p ( r } , E ) p ^ ( r 2 , E p ) 4„34„ 

Integrating t h i s over the area of the whole plane containing the 

detectorss and a l l primary energies gives the t o t a l rate of detecting 

two particles separated by a distance x 9 F(x) as 

' « -//p ^Vda d ( E p ) f i E p 4.35 

The integral over the area can be solved a n a l y t i c a l l y f o r certain 

forms of the l a t e r a l d i s t r i b u t i o n s eog 0 Gaussian and exponential forms» 

but in the case of the above l a t e r a l d i s t r i b u t i o n s the integration has 

been performed numerically 0 

5 

The l a t e r a l d i s t r i b u t i o n f o r a primary energy of 2«.10 GeV i s 

taken as the basis of the c a l c u l a t i o n 9 since t h i s corresponds to the 

approximate median energy of detected two's© Thus a decoherence curve 

is obtained assuming that a l l l a t e r a l distributions have the same 

shape as that shown i n figure 4o28o The primary radiation i s assumed 

to consist only of protons and to have the same form as that given by 

equation 4o23o Howevers the l a t e r a l d i s t r i b u t i o n used so f a r i s a 

"mean" one and the eff e c t i v e height of shower production varies with 

the r a d i a l distance from the a x i s 0 This i s not the case when one i s 

considering the frequency of two particles passing through detectors» 
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since the pa r t i c l e s must have come from the same shower.. T© 

estimate the e f f e c t of t h i s "coherent" production on the decoherence 

curve already calculated, the difference between the decoherence curve 

calculated allowing f o r the "coherence", e f f e c t and that calculated 

using the "mean" l a t e r a l d i s t r i b u t i o n has been found using the 

"constant height" model (see Appendix B). This i s approximate because 

the l a t e r a l d i s t r i b u t i o n s obtained using the l a t t e r are somewhat 

d i f f e r e n t to the more accurately calculated ones, but since one is 

taking the r a t i o of the two predictions the approximation should 

be reasonableo I t i s found that the coherence e f f e c t tends to raise 

the decoherence curve calculated from the "mean" l a t e r a l d i s t r i b u t i o n , 

p a r t i c u l a r l y at large separations.-

The enchancement f a c t o r , F9 i s given i n table 4ol. as a function 

of detector separation Xo 

Table 4.1. 

x (fri) 6 12 18 24 30 36 42 48 

F i„14 1.6 2.02 2.28 2.6 2.65 2.65 2.65 

The decoherence curves obtained using a C.K0P. type transverse 
3 

momentum d i s t r i b u t i o n f o r mupns of threshold energy 10 GeV and zenith 

angle of 45° are shown i n figure 4.29 for several values of the mean 

transverse momentum* I f one has a decoherence curve f o r <p > =0.4 

i t can be shown that the curve f o r <p̂ > = 0.4 f GeV/c is 

obtained by multiplying the separation of the detectors by f and 
o 

decreasing the corresponding frequency by f o 
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Figure 4o29 shows the decoherence curves obtained f o r the Elbert 

et a l . (1968) and the Aly et alo (1964) transverse momentum d i s t r i b u 

tions udder the same assumptions as used i n obtaining the curves f o r 

the CoKoPo d i s t r i b u t i o n . Although there are differences i n the shapes 

i t is unlikely that a choice can be made between the curves since 

small changes i n <p^> can probably be made i n order to make the curves 

sim i l a r . 

These curves should not be regarded as f i n a l because of the 

approximations made. Also other factors have not been included i n 

t h e i r calculation 9 notably the e f f e c t of heavy primaries 9 multiple 

Coulomb scatterings geomagnetic deflection and fluctuations i n the 

m u l t i p l i c i t y of the nuclear interactions. 
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CHAPTER 5. 

THE UTAH EXPERIMENT 

5.1. Introduction 

The University of Utah neutrino detector has been used to study 

high energy muon showers, with threshold energies ranging from 500 -

5000 GeV, which have penetrated to great depths underground. The 

par t i c u l a r features which have been studied are the frequency of 

d i f f e r e n t m u l t i p l i c i t i e s of muonsjover the given threshold energy 

range and a zenith angle range of 30° - 75°, and the l a t e r a l d i s t r i b 

utions of these showers. Although more data were collected i n t h i s 

experiment than had previously been obtained from a l l preeeeding 

experiments the s t a t i s t i c s at pa r t i c u l a r depths and zenith angles 

are s t i l l not yet good enough fo r a complete analysis of the results 

and so a P r i o r i assumptionsabout the general character of the showers 

have been made and these are tested for consistency with the data. 

The end product of the analysis, enabling the results to be 

compared with the theoretical predictions of the l a s t chapter, are 

a set of density spectra f o r d i f f e r e n t muon threshold energies and 

zenith angles; estimates of the mean shower r a d i i and a decoherence 

curve i.e. the rate of detecting muons i n two lm detectors as a 

function of the separation of the detectors, enabling information 

about the l a t e r a l d i s t r i b u t i o n s to be obtained. 

5.2.1. The Apparatus. 

The detector i s located i n a chamber 1850 feet below the surface 

of a mountain, the contours of which are shown i n figure 5.1. The 



Figure 5 o l . Terrain above the Utah detector. 
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geographical co-ordinates of the s i t e are 4 0 . 6 2 3 degrees north l a t i t u d e , 

1 1 1 . 5 3 7 degrees west longitude* Slant depths are measured from the U.S. 

Geological Survey and the error is estimated to be + 2 0 feet. 

A rock survey indicated that the mean density of the rock i s 2.61 

g.cm=^ and the mean Z 2 / A value is 5.65. This l a t t e r value i s s l i g h t l y 

higher than that f o r standard rock ( 5 . 5 ) but since t h i s difference i s 

less than the uncertainty i n the density ( 3 % ) and other experimental 

measurements no correction is made f o r i t i n determining the rock 

depths i n hejocm o 

The i r r e g u l a r t e r r a i n gives the p o s s i b i l i t y of making measurements 

at a variety of inclined depths and zenith angles and these measurements 

indicate that the variations i n density are small over the range used. 

5 . 2 . 2 . The Detector 

The complete detector, which was essentially designed to detect 

neutrino-induced muons, is shown i n figure 5 . 2 and consists basically 

of four di r e c t i o n a l Cerenkov counters, an array of 600 c y l i n d r i c a l 

spark counters (CSC's) and two 16-kilogauss s o l i d i r o n magnets. The 

dimensions are 2 1 x 1 1 x 6 metres i n height. 

The passage of a p a r t i c l e through the detector causes the 

generation of a 'trigger* pulse by the Cerenkov counters, and the 

cy l i n d r i c a l spark counters and data gathering electronics are 

activated. 

The localized nature of the discharges i n the CSC's makes i t 

possible to detect several discharges i n one CSC f which makes them 

very suitable f o r detecting multiple muons. The sparks are detected 
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by a sonic ranging technique to an accuracy of about 3m«m., thus 

enabling the t r a j e c t o r i e s of individual muons passing through the 

detector to be reconstructed. 

A more detailed account of t h i s system has been given by Hilton 

et a l . (1967), Keuffel and Parker (1967), and Bergeson and Wolfson 

(1967). 

During the co l l e c t i o n of most of the data discussed i n t h i s 

chapter, only the Cerenkov tanks C and D, the magnet between them,and 

the nine rightmost columns of CSC's were operational. 

The e f f i c i e n c y of the Cerenkov tanks was measured to be 86% 

f o r each tank where a muon passed no closer than one foot to the 

edge of a wa l l . This r e s u l t was independent of the zenith and 

azimuthal angles of the tri g g e r i n g muon, although only muons with 

zenith angles greater than 50° could be used i n these tests and so 

i t had to be assumed that the ef f i c i e n c y was the same at smaller zenith 

angles. Determinations of the CSC and scanning e f f i c i e n c i e s were also 

made and the results corrected accordingly. 

The efficiency of finding muon pairs* where one of the muons 

passes through only one CSC group i s thought to be not much greater 

than 72%. (Group I consisted of columns 7,8 and 9| Group I I of columns 

10 and 11; Group I I I ©f columns 12 and 13; and Group IV of columns 

14 and 15)o However, the requirement that each of at least two 

trig g e r i n g muons passes through at least two CSC groups increases 

t h e i r p r o b a b i l i t y of detection to 95% i n the worst case. Higher 

m u l t i p l i c i t y events would have been detected with an'even higher 

ef f i c i e n c y . 



Figure 5.2« The Utah Detectoro 

In the f r o n t view (XZ plane) the CSC's are seen end 

on as ci r c l e s stacked i n columns 40 high on either 

side of the w a t e r - f i l l e d Cerenkov counter tanks 

labelled A,B,C and D. The dark dotted areas between 

A and B and between C and D are the s o l i d iron magnets. 

The l i g h t dotted areas between B and C are concrete* 

In the top view (XY plane), columns of CSC's appear 

as lines labelled 1 to 15 9 and the l i g h t c o l l e c t i n g 

walls of the Cerenkov tanks are labelled 1 to 8* 
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I n the. l a t e r experiment, to study the l a t e r a l d i s t r i b u t i o n s at 

large ra d i a l distances, performed by Coats et a l . (1969), the whole 

of the main detector was used and i n addition three separate detectors 

positioned as shown i n figure 5.3 where they are labelled a » 0 and y. 

These detectors each consisted of three trays of c y l i n d r i c a l spark 

counters and had dimensions 22.5 x 4 x 2 feet in height. They were 

activated when one or more particles triggered the main array. In 

order to be accepted i n the ensuing analysis each muon i n the main 

detector had to pass through two fofward Cerenkov walls and three 

CSC groups, and the muons i n the outer detectors had to pass through 

the three groups of CSC's. 

The range of muon separations capable of being measured with 

each detector i s shown i n figure 5.3 f o r the f i r s t run. In a second 

run the outer detectors were moved so that muon separations up to 

~60 metres could be measured. 

5.3.1. Data Analysis and Results. 

The multiple muon events analysed were distributed i n two 18 x 26 

angular c e l l s , one for westward-going and one for eastward-going muons. 

The eighteen 2.5° zenith angle intervals extended from 30° to 75°, and 

the twenty six 5° azimuthal intervals extended from -65° to + 65° with 

respect to the x-axis of the detector (see figure 5.2). 

An effective depth was associated with each c e l l and was calculated 

assuming a linear v a r i a t i o n of depth from edge to edge across the bin 

and weighting the depths over the bin with a world-wide v e r t i c a l depth 

int e n s i t y curve (WWDl curve) compiled by Larson (1968). 

The estimates of the projected zenith angle were accurate to about 
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1°, and better than 0.5° i n azimuth. 

Events were accepted i f the muons i n the event, were p a r a l l e l to 

within 5°p and i n fact more than 66$ of the pairs were p a r a l l e l to 

within 1°. The most frequently observed spatial separation was about 

4 metres and so i f the showers were formed i n the rock they would 

have to be formed at distances greater than about 200 metres away 

from the apparatus to achieve t h i s degree of parallelism. Range-

energy r e l a t i o n calculations show that muons of th i s range must have 

an energy of at least about 150 GeV and so the parent pions, whose 

energy must be at least as great as t h i s * have very l i t t l e chance 

of decaying before they interact i n rock. The cross section f o r pa i r 

production of muons at t h i s energy by energetic muons i s f a r too 

small to account f o r the observed number of events and so i t appears 

that the only reasonable o r i g i n of these muons i s as the remnants 

of muons produced i n E.A..S. 

5.3.2. TM Derivation of ^ e Empirical Density Spectra,. 

Because of the complexity of the aperture f o r multiple muort 

eventss the wide vari a t i o n i n zenith and azimuthal angle and depth, 

Porter and Stenerson decided to derive empirical density spectra to 

enable t h e i r results to be compared with the results of other experi

ments and with theoretical productions. 

The method adopted was as follows* - a t r i a l d i f f e r e n t i a l density 

spectrum of the form 

n(h9&,A) dA = &(h) P(o) H(A) dA 5.1. 

was adoptedo 

H ( A ) was taken to be of the form 
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Q 
H( A) = K f l A" for A > A 

p o 
= K a A"" for A < A 5.2 

u o 

where K R A - K ~ A " a The reason for taking t h i s form was 
P o o 

that i n the experiments of Barret t et a l . (1952) and Chatterjee 

et a l . (1966) i t was found that the number of underground muons was 

re la ted to the s ize of the o r i g i n a l a i r shower by a power law. Since 

the s i ze spectrum i s approximately given by a power law in N, the 

density spectrum for underground showers would be expected to be a 

power law in dens i ty ,A • They explain the change in slope as being 

due to the sharp cut -o f f which would occur in the density spectrum 

when only one muon i s present in the shower and say that a sharp 

cut -o f f i s unphysical (as i t i s , due to the e f f e c t of f luc tuat ions ) 

and that a change in slope i s the more l i k e l y e f f e c t at t h i s point. 

In fact one would tend to expect spectra whose slope at low 

dens i t i e s i s increas ing with increasing dens i ty , due to the rapid 

increase of muons with increasing primary energy at the lowest 

energies capable of producing muons above a given threshold energy, 

followed by a f a i r l y constant slope as the number of muons becomes 

almost a power law function of the primary energy and then a further 

increase in slope due to the "kink 1 1, in the primary spectrum, although 

i f the "kink" i s due to a r i g i d i t y cut -of f the change in slope of 

tte density spe c t r a w i l l not be so marked due to the increasing 

porportion of heavy nuc le i which are more e f f i c i e n t at producing 

muons at the relevant energies . A f u r t h e r fac tor causing a steepening 

of the density spectra w i l l be the large area of the detector which 

w i l l tend to increase the slope at high d e n s i t i e s . Thus a two power 
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law i s l i k e l y to be a reasonable approximation over a range of dens i t i e s 

but not over the ent ire range. 

The choice of the function G(h) where h i s the depth, was determin

ed by the decis ion to t r y and construct density spectra which could 

predic t the rates of s ingle as wel l as multiple muons. Because of 

t h i s i t i s argued that G(h) must have the same dependence on depth 

as the v e r t i c a l depth intens i ty curve. I t was assumed that the 

in tegra l sea - l eve l energy sepctrum of muons can be represented by a 
_ y 

power law I ( >E) « H . An approximate range-energy r e l a t i o n 

(see Barret t et a l . , 1952$ Kobayakawa, 1967) was then used to predict 

the depth in tens i ty r e l a t i o n 

1(h) « | e x p ( b h ) - 1 | " y 5.3 

The fac tor a ' /b var i e s slowly with energy but was assumed to be 

constant in t h i s case . Both b and y increase slowly with energy 

but i t was found that a good f i t could be obtained by f i x ing band 

l e t t i n g y increase with depth. Thus by t h i s hypothesis 

G(h) = C (exp(bh)- l )" y 5.4 

-4 -1 2 

where C i s a constant , b = 3.5 10 hg. cm and Y = 2.4 + 0.25 

I n ( h / l O 3 hg) . 

The j u s t i f i c a t i o n for th is procedure i s that i t gives agreement 

with the world-wide depth intens i ty curve of Larson when C i s put 

equal to 1.55 x 10 ^ sec *st *em~^. Thus the procedure i s j u s t i f i e d 

for s ingles but i t i s not necessar i ly j u s t i f i e d for events.of 

higher m u l t i p l i c i t y since according to the t h e o r e t i c a l ca l cu la t ions 2 the shape of the spectra of doubles and t r i p l e s passing through 20m 
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i s d i f f e r e n t to that of singles* This i s to be expected since these 
depend on fac tors which are not important in the case of s ingles e .g . 
the mean radius of the l a t e r a l d i s t r i b u t i o n s and the s ize of the 
detector. Thus the f a c t o r y i n equation 5.4 w i l l be d i f f e r e n t , giving 
r i s e to a d i f f e r e n t depth in tens i ty r e l a t i o n i f the value of b i s 
unchanged. 

Also no account has been taken of f luctuat ions in the muon energy 

l o s s . One would expect the e f f e c t of t h i s to be that the e f f e c t i v e 

range ©f mult ip les w i l l be l e s s than that of s ingles and so when a 

depth i s converted back to a threshold energy using the average range 

energy curve of Kobayakawa (1967) the corresponding energy for s ingles 

should be s l i g h t l y d i f f e r e n t to that for mult ip les . However, t h i s 

e f f e c t should only be important at large depths, where the s t a t i s t i c s 

are poor,and should not a f f e c t the conclusions. 

The j u s t i f i c a t i o n for the method must be that i t gives agreement 

with the experimental measurements. I t may be that with better s t a t 

i s t i c s the assumptionsmade w i l l have to be modified. 

In the ca lculat ions of the f i n a l density spectra C was included 

in the normalization fac tor K p . 

The number of events of various m u l t i p l i c i t i e s i n each 2 . 5 ° x 

5° angular bin was known, and the t r i a l density spectrum was used to 

ca lculate the expected numbers in each bin up to a m u l t i p l i c i t y of 3 , 

allowing for the var ia t ions i n aperture and e f f i c i e n c y of de tec t ion 

with the type of event. Kp , the normalization factor, was chosen 

to give exact agreement with the observed and expected number of two 



109. 

muon events. In these ca lcu la t ions the value ©f the e f f ec t i ve 

depth ( h ) , ca lcu lated as described prev ious ly , was used in the 

function G ( h ) . The ca lcu la t ion ©f h i s open to the same c r i t i c s m 

as G(h) for multiple events. 

A sum over the azimuthal angles was then carr i ed out for both 

the predicted and observed rates , thus co l l ec t ing the two s e t s of 

numbers into 18 zenith angle bins from 3 0 ° to 75°» corresponding to 

-2 
s lan t depths ranging from 1500 to 6000 hg.cm . 

o 
Using the parameters a 9 6 and A as var iab les a X - t e s t 

' o 

was c a r r i e d out on the f i t between the observed and predicted 

number of events i n each bin and an attempt was made to f i n d the 

form of the function F(©) . 

No simple form could be found for F((J)_, but c a l c u l a t i o n s , 

indicated that the point of d iscont inui ty i s the slope of the density 

spectra was a function of zenith angle. Therefore a new t r i a l 

density spectrum of the form 

n ( h s 6 , A ) d A = G(h) H ( A » 8) dA 5.5 

was taken. H(A,8) had the same dependence on A as taken prev ious ly , 

but the point of in tersec t ion of the two power laws i n . density was 

given by 

A = (D + E cos 6) m" 2 5.6 

Q u a l i t a t i v e l y t h i s var ia t ion can be explained by the mean radius 

of the showers being more sens i t ive to changes in zenith angle than 

i s the t o t a l number of muons in the shower. Thus at smaller zenith 

angles the primary energy responsible for a c e r t a i n density i s smaller 
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than at larger zenith angles. Thus the "kink" i n the density 

s p e c t r a s which i s interpreted as being due te the rapid f a l l in 

mean muon number with decreasing primary energy at low primary energies 

(see f igure 4 .4) w i l l occur at higher density values for smaller zenith 

angles. 

Using t h i s form for the density spectra with a , P„ D and E as 

var iab les f i t s could be obtained near the 30% confidence l e v e l for 

s ingles and t r i p l e s and even better f i t s for the doubles using the 

X 2 - t e s t . 

No unique set of parameters was obtained, but several sets gave 

almost equally good f i t s and these are given in table 5 .1 . 

Table 5 .1 , 

3 a. 

(a) 2.75 1.8475 

(b) 2.86 1.8975 

(c ) 3 .2 1.9210 

Figure 5.4 shows the di f ference in shape of the density spectra 

depending on the se t of parameters used for two d i f f e r e n t threshold 

energies (depths were converted to energies using Kobayakawa's range-

energy curves ) . In the density range 10 -10 m the curves do not 

d i f f e r very much in shape and amplitude and so they can be compared 

with theoret i ca l predict ions in t h i s region but at very small and 

very large dens i t i e s the slopes and amplitudes show wide d i f f erences . 

Porter and Stenerson decided to use the "set a" parameters 

because the f i t s f o r doubles and t r i p l e s improve somewhat as p 

normalization 
_ „ Factor . 
D E 

.0006 .0015 192.89 1 0 = 8 

.002 ,002 130.93 l o " 8 

.004 .004 35.11 1 0 ° 8 



Figure 504o E m p i r i c a l in tegra l density spectra for two 

threshold energies and three parameter sets., 

( a f t e r Porter and Stenerson, 1969)• 
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Increases . 

The f i n a l set ©f curves for varying muon threshold energy and 

zenith angle are shown i n f igure 5.5 

Several checks were made on these curves» Figure 5.6 shews the 

predicted and observed numbers of events in each of the 18 zenith 

angle b ins . This serves as a check on the zenith angle d i s t r i b u t i o n 

used. 

Figure 5 .7 . shows the predicted and observed number of events in 

200 hg.cm i n t e r v a l s . This serves as a check on the depth dependent 

factor i n the density spec tra . 

In order to provide a breakdown of the observed data according 

t© both depth and zenith angle , the data were summed in 10° zenith 

-2 

angle and 500 big. cm depth i n t e r v a l s . The-re s u i t s are shown i n 

table 5 .2 . 

Unfortunately the s t a t i s t i c s were not s u f f i c i e n t l y goed to 

break dewn the r e s u l t s into smaller depth and zenith angle i n t e r v a l s , 

and the r e s u l t s of fur ther runs must be awaited before i t i s 

prof i tab le to do t h i s . 

5 . 3 . 3 . Denaherence Curves . 

Be ©ays®, of the r e l a t i v e l y large area of the muon showers 

compared t© the s ize ©f the detector i t was not possible to locate 

the shower cores unambiguously and t h i s precluded a d i r e c t study 

of the l a t e r a l d i s t r i b u t i o n s ©f the showers. These are of par t i cu lar 

in teres t because of t h e i r relevance to the mean transverse momentum 

and the form of the transverse momentum d i s t r i b u t i o n of secondary 

p a r t i c l e s produced in high energy in terac t ions . 
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Figure 5 .5 . Empir i ca l in tegra l density spectra from the 

. Utah experiment (a f t er Porter and Stenerson, 

1969). 
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The work of the Utah group can be s p l i t into two parts on t h i s 
p a r t i c u l a r top ic ; that done before the additon of the "wing" t rays 
i . e . the work of Porter and Stenerson (1969) which provides some 
information on the r a d i a l extent of the muon showers; and the sub
sequent work of Coats et alo(1969) in which a study of the l a t e r a l 
d i s t r ibut ions was made out to r a d i a l distances of the order 50m 
from the core . 

Considering the work of Porter and Stenerson f i r s t , then following 

Barre t t et a l . (1922 ) the number of coincidences observed between tw© 

small detectors of areas A^ and A 2 separated by a distance x due to 

muon showers i s given by 
00 

C 1 2 ( x ) = A x A 2 ^ M(M -1 ) F ( M ) / • ( M , r , ) * ( M * 2 ) da 5.7 
M=l 

where F(M) i s the number of showers containing M muons whose axes f a l l 

on a small area da at distances r^ and from the detectors A^ and A^9 

A *(M,r ) i s the probabi l i ty that a given muon, i n a shower of s i ze M 9 

f a l l s on an area A at a distance r from the a x i s . The integra l i s 

c a r r i e d out over the plane containing the detectors• The equation 

assumes that the probabi l i ty of getting two muons in e i ther detector 

i s smal l . 

The in tegra l was c a r r i e d out for two assumed forms of the 

l a t e r a l d i s t r i b u t i o n s * a f l a t d i s t r i b u t i o n of radius o" and Gaussian 

d i s t r i b u t i o n with a r.moSo radius of c . 

The function C j ^ x ) was found for each of the angular bins 

(allowance being made for the strong dependence of the sens i t ive 

area on the zenith and azimuthal ang les ) . 
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Because of the poor s t a t i s t i c s the e xperimental data and the 

predicted numbers were put into 10° zenith angle bins and 500 hg« 

=2 2 
cm b ins . X - t e s t s were then applied to the predicted and 

t 
observed numbers i n each of these bins f o r values of cr from 5 to 
20 metreso £ M(M-l) F(M) was determined i n each case by f inding the 

2 

minimum value of x for each value ©f cr » This procedure neglects 

the var ia t ion of the mean r a d i i of the showers with zenith angle and 

depth and t h i s combined with the uncertainty i n the l a t e r a l d i s tr ibu= 

t ion means that only a reasonable estimate of cr can be obtainedo 

The r e s u l t s are shown in f igure 5o8 for three combinations of 

zeni th angle and depth 0 The coarseness of the ca lcu la t ions i s 

immediately apparent.. For the zenith angle range 40° - 50° i t i s 
~2 / 

found that showers penetrating to a depth 1900-2400 hg..cm U<>e. a 
muon threshold energy of about 800 GeV) have a smaller average radius 

-2 / 

than showers penetrating to 2400-2900 hg.cm (i<»eo a muon threshold 

energy of about 1100 GeV)» This i s in contradict ion with theore t i ca l 

r e s u l t s which show that for a given zenith angle the mean radius of a 

shower decreases with increasing threshold energy 0 The r e s u l t s also 

show that for a given depth the mean radius of a shower increases with 

decreasing zenith a n g l e ° This i s also in contradict ion with theory 

since muons at larger zenith angles have t r a v e l l e d a longer d i s tance , 

h , through the atmosphere and the r a d i a l distance from the ax is i s 

proportional to h for muons of a c e r t a i n f ixed energy? 

These discrepancies are perhaps due to the functions taken for the 

shape of the l a t e r a l d i s t r ibut ions being inaccurate although the mean 

r a d i i seem almost independent of the function used. For the square 

i 
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l a t e r a l d i s t r i b u t i o n s the mean r a d i u s s < r > » i s given by 0.667 cr 

while t h a t f o r the Gaussian type l a t e r a l d i s t r i b u t i o n i s given by 

< r > = O08860" a Also r e l e v a n t i s the f a c t t h a t i t was necessary 

t o combine bins a t several depths and z e n i t h angles.. 

Porter and Stenerson consider t h a t the mean r a d i i of the detected 

showers l i e i n the range 6 - 1 0 metreso 

An estimate of t h e mean number of muons i n these showers can also 

be obtained from the above r e s u l t s * From equation 5.7. i t can be 

shown t h a t 

I <M(M-l)> _ <jy£> 
<M> - 1 5 o 8 

I <M> . 
/ 2TTX C 1 2 ( X ) dx 

A 2 N l 
5.9 

where i s the number of s i n g l e muons detected i n the d e t e c t o r of 

area A^9 <M(M=l)> i s the average value of M(M-l), <M>is the average 

value of M and I i s the t o t a l number of showers per u n i t area* I • o 0 

<M(M=l)> was computed f o r three of the l a r g e bins corresponding t o the 

range of <r's which gave a f i t w i t h i n the 33$ confidence l i m i t when 
2 

a X " t e s t was c a r r i e d outo I <M> was obtained from the data on 
G 

s i n g l e muon evdntso Thus <M(M=1) could be c a l c u l a t e d . These 

r e s u l t s together w i t h the ranges of o" are shown i n t a b l e 5.3. 

Since 1 < <M>< <i^> ^ they were able to i n f e r the in= 

e q u a l i t y 1»37 < < < 4 04 covering the three sets of r e s u l t s . This 

shows t h a t the average underground shower contains very few muons. 

Also> under the assumption t h a t the number spectrum of muons f o l l o w s 
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a power law? M &j they were able t o o b t a i n estimates of 5 from 

the r a t i o < > / < M > f o r the t h r e e bins considered. These 

r e s u l t s are also shown i n table 5.3, 

Table 5.3. 

Zenith Range 
(degrees) 

Depth Range 
(hg.cm*^) * /Ov 

(m) <M > 8 

40 - 50 1900-2400 10 2.11 3.40 

7 1.52 3.70 

6 1.41 3.90 

40 - 50 2400-2900 11 2.10 3.40 

8 1.70 3.60 

7 1.58 3.70 

50-60 2400-2900 8 1.56 3.70 

6 1.37 3.95 

6 1.37 3.95. 

The work of Coats e t a l . (1969) has extended the range of muon separa-

t i o n s studied up t o ~ 50 metres and also improved the s t a t i s t i c a l 

accuracy considerably. 3385 p a i r s of p a r a l l e l muons were detected 

i n the accepted range o f depths and z e n i t h angles i . e . 1900 -3000 hg. 
"*2 O 9 

cm and 40 = 60 . This depth range corresponds t o muon t h r e s h o l d 

energies of 700 - 1500 GeV assuming t h a t the energy l o s s c o e f f i c i e n t 

b = 4.0 10 g.cm « Despite the improved s t a t i s t i c s they are s t i l l 

not y e t good enough f o r a comparison t e be made separately f o r each 

ze n i t h angle and depth c e l l and so the data has been converted t o a 

mean ze n i t h angle of 45° and a depth of 2500 hg.cm"^ i . e . a muon 
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thr e s h o l d energy of 1050 GeV„ T h i s of course means t h a t c e r t a i n 

t h e o r e t i c a l assumptions had t o be made i n combining the datae 

The mean ra d i u s of showers a t a z e n i t h angle 6 i s assumed t o be 

r e l a t e d t o t h a t a t 45® by the equation 

sec -9 r r J? v J? L 5ol0 
45° 9 } 

This comes from assuming t h a t the v e r t i c a l h eight of form a t i o n of 

the parent pions i s independent of zen i t h angle 0 The t h e o r e t i c a l 

c a l c u l a t i o n s i n Chapter 4 P f o r showers c o n t r i b u t i n g mainly t o doubles* 

i n d i c a t e d the r e l a t i o n 

r 45° 
; / a M - J i 0 ) lo3 4 5 o < 6 Q o 

© I sec 0 J 
5.11 

I t i s assumed i n the conversion from a threshold energy E^ t o the 

standard t h r e s h o l d t h a t the mean r a d i i o f the showers are connected 

by the r e l a t i o n 

1050 I 1 0 5 0 J -V 

while the t h e o r e t i c a l c a l c u l a t i o n s i n d i c a t e t h a t 

Z - I Le_\ 0 , 8 y 700<E <3000 GeV„ 5.13 0 

• 1050 ~ \ 1050 J ^ V 

However 9 over the energy and z e n i t h angle range covered these 

d i f f e r e n c e s should not be importanto 

The v a r i a t i o n i n depth i s scaled according t o the s i n g l e muon 

depth i n t e n s i t y c u r v e 9 t h i s being c o n s i s t e n t w i t h the experimental 

r e s u l t s . 

The f i n a l decoherence curve i s shown i n f i g u r e 5o9« 

• llSol rK 5o12' 
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5.4. Comparison of Experimental, and T h e o r e t i c a l Results. 

5.4.1. Single Muon Energy Spectrum. 

D i f f i c u l t y a r i s e s i n comparing the t h e o r e t i c a l p r e d i c t i o n s w i t h 

those obtained a t Utah because two spectra have been quoted. Both these 

spectra are derived from the same set of experimental data and the 

d i f f e r e n c e i s due t o the d i f f e r e n t manner i n which the data have been 

t r e a t e d . 

The f i r s t spectrum i s due t o Bergeson e t a l . ( l 9 6 8 ) and i s derived 

p u r e l y from measurements of single muons. These authors found t h a t the 

enhancement i n the i n t e n s i t y of s i n g l e muons w i t h i n c r e a s i n g z e n i t h 

angle was less than the sec 0 increase which would be expected i f the 

detected muons were, as i s u s u a l l y thoughts the progeny of pions or 

kaons. They have suggested t h a t i n a d d i t i o n t o the normal pion and 

kaon produced components there i s a f u r t h e r process which produces 

muons - the so-called " d i r e c t production", process. The i n t e n s i t y 

of t h i s component r e q u i r e d t o f i t t h e i r observations on the angular 

d i s t r i b u t i o n of high energy muons i s about "2% r e l a t i v e t o the pion 

and kaon component, and t h i s only becomes important a t very high 

muon energies ( > 1000 GeV) where the p r o b a b i l i t y ©f pion o r kaon 

decay i s very small. A consequence of t h i s process i s t h a t the 

v e r t i c a l sea-level s i n g l e muon spectrum i s both higher and f l a t t e r 

than t h a t derived p r e v i o u s l y from the measured v e r t i c a l depth 

i n t e n s i t y curve. Thus i n order t o main t a i n agreement w i t h depth 

i n t e n s i t y measurements i t i s necessary to make a f u r t h e r p o s t u l a t e 

t h a t the r a t e of energy loss of muons above 1000 GeV increases with 

energy a t a much f a s t e r r a t e than p r e v i o u s l y thought. This i s 
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a t t r i b u t e d , a t presents t o a r i s e i n the photo-nuclear cross section. 

At a zenith angle of 60° the spectrum predicted i s as shown i n 

f i g u r e 5.10 where i t i s seen t h a t i t i s f l a t t e r and also s t i l l higher 

than the conventional one of Aurela and Wolfendale ( 1 9 6 7 ) s which has 

been enhanced by a f a c t o r sec 6 0 s t o convert i t from the v e r t i c a l 9 

d e s p i t e the weaker dependence on z e n i t h angle of the i n t e n s i t y . 

The density spectra of Porter and Stenerson can be used t o o b t a i n 

the s i n g l e muon energy spectrum. For a zenith angle of 60 we get 

F « ( > E., ) 58 r N (A , E > E ) A dA 5.14 
60° ^ J 60° p 

where N(A ! » E > E ) i s t h e d i f f e r e n t i a l d ensity spectrum of muons w i t h 

energies above E f o r a z e n i t h angle of 60°. 
H 

As would be expected from the r e s u l t s of Bergeson e t a l . (1968) 

the predicted curve i s lower than t h a t of Aurela and Wolfendale since 
—6 — I 2 

P o r t e r and Stenerson used a b value of 3.5 10 g .cm t o convert 

t h e i r measured depths to energies i n accordance w i t h the c a l c u l a t i o n s 

of Kobayakawa (1967). I t also appears t h a t they have neglected the 

e f f e c t of f l u c t u a t i o n s i n the energy l o s t by the muons. which tends 

t o become important at higher energies. This e f f e c t w i l l tend t o 

steepen t h e i r p r e d i c t e d energy spectrum somewhat. 

Since we use the spectra of Porter and Stenerson f o r comparison 

w i t h our p r e d i c t i o n s f o r m u l t i p l e events we adopt t h e i r s i n g l e muon 

energy spectrum f o r an i n i t i a l comparison w i t h the present work. From 

f i g u r e 5.10 we see t h a t the experimentally derived spectrum i s 

lower than a l l the t h e o r e t i c a l ones. 
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Taking the "E* model", i t i s seen t h a t the pr e d i c t e d spectrum i s 
less steep than the Utah one 9 having an exponent — 2.7 i f i t i s 
approximated by a power l a w 9 although i t may be s l i g h t l y steeper than 
t h i s as the p o i n t a t 5 10 GeV i s net very accurate ( ~ 20$) and i s 
probably an upper l i m i t . The a d d i t i o n of 20% kaons over and above 
the pion component i s seen t o worsen the f i t as regards absolute 
magnitude. 

The spectrum p r e d i c t e d by the "E^ model" i s seen t o agree b e t t e r 

a t h i g h energies but worse a t low energies as regards absolute mag-

n i t u d e , compared t© t h e "E^ model" s and to be i n b e t t e r agreement 

as regards shape. 

In order t o f i n d the e f f e c t of f l u c t u a t i o n s i n the energy losses 

of muons on t h e comparison the Utah s i n g l e muon energy spa ctrum has 

been converted t o a depth i n t e n s i t y curve using the average range 
=6 ~1 2 

energy r e l a t i o n s h i p of Kobayakawa f o r b = 3.5 10 g. cm . The 

t h e o r e t i c a l spectra have also been converted t o depth i n t e n s i t y 

curves using the same b value but t a k i n g i n t o account the e f f e c t of 

f l u c t u a t i o n s as c a l c u l a t e d by Kobayakawao These r e s u l t s are shown 

i n f i g u r e 5 o l l . Also shown i s a world wide depth i n t e n s i t y curve 

compiled by Larson (1968) which has been enhanced by sec 60®. 

As would be expected 9 the e f f e c t of f l u c t u a t i o n s i s t o make 

the f i t between experiment and theory worse, e s p e c i a l l y a t large 

depths. 

Considering the "E^ model" i t i s seen t h a t i t agrees t o w i t h i n 

"-20% a t 2600 hg.cnf 2 but due t o i t being less steep the f i t d e t e r 

i o r a t e s w i t h increasing depth. 
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The ttEa model" agrees somewhat b e t t e r i n shape w i t h the Utah curve 

but again the f i t d e t e r i o r a t e s w i t h increasing depth, although i t i s 

b e t t e r than f o r the "Ê " model". 

Furthermore the i n t e n s i t y of the s i n g l e muon energy spectrum 

derived from the e m p i r i c a l d e n s i t y spectra does not have the same 

angular dependence as would be expected f o r the t h e o r e t i c a l curves. 

This can be c l e a r l y seen from a comparison ©f the observed depth 

i n t e n s i t y curve of P o r t e r and Stenerson and t h a t due t o Larson enhanced 

by sec 60° i n f i g u r e 5.11. Although no s i n g l e events were detected 

below a z e n i t h angle of 35° the assumed angular dependence b u i l t i n t o 

the e m p i r i c a l d e n s i t y spectra enables a p r e d i c t i o n t o be made of the 

v e r t i c a l depth i n t e n s i t y curve. The r e s u l t s obtained agree w i t h the 

world wide v e r t i c a l depth i n t e n s i t y curve of Larson w i t h i n the 

s t a t i s t i c a l e r r e r s of the curve of Porter and Stenerson and the 

estimated accuracy (10$) of the curve due t o Larson. At a zen i t h 

angle of 6 0 s , however, i t i s seen from f i g u r e 5.11 t h a t the curve 

due t o Larson, enhanced by sec 60°, i s higher than t h a t p r e d i c t e d 

by the e m p i r i c a l d e n s i t y s p e c t r a 0 The enhancement f a c t o r obtained 

by Porter and Stenerson i s ~ 1.5 compared t o the f a c t o r ~ 2 expected 

i f the observed muons are the progeny of pions or kaons. 

I t must be concluded t h e r e f o r e t h a t the r e s u l t s , i f c o r r e c t , cannot 

be explained by e i t h e r of the models, and t h a t p o s s i b l y some new 

process i s needed. As has been pointed ©ut e a r l i e r i n t h i s s e c t i o n 

such a process has been postulated already by Bergeson e t a l . ( l 9 6 8 ) . 

B e t t e r agreement can be obtained between the depth i n t e n s i t y 

curve of Porter and Stenerson and the t h e o r e t i c a l l y p r e d i c t e d ones 
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i f a d i f f e r e n t b value i s chosen e.g. a t a zenith angle of 60 

the "E^ model" gives an approximate f i t i f a b value of 4.0 10 ̂  g 
o 

cm i s assumeds and i n f a c t there i s evidence f o r values higher than. 
~6 ™1 2 

3.5 10 g cm (see s e c t i o n 5.4.5d).. However, t h i s w i l l destroy the 

f i t w i t h the measured v e r t i c a l depth i n t e n s i t y curve and w i l l s t i l l 

not give agreement w i t h the angular v a r i a t i o n of the s i n g l e muons 

found by Porter and Stenerson. 

5.4.2 Comparison of the Experimental and T h e o r e t i c a l Decoherence 

Curves of Hioh Enerav Muons. 

As p r e v i o u s l y mentioned two sets of r e s u l t s have been published 

concerning the decoherence curve of high energy muons obtained from 

the Utah d e t e c t o r , those of Porter and Stenerson and the l a t e r ones of 

Coats e t a l . ( l 9 6 9 ) which extend the decoherence curve out t o muon 

separations of about 50 metres. 

The former r e s u l t s have already been shown t o be i n t e r n a l l y 

i n c o n s i s t e n t and so only a b r i e f comparison w i l l be made. Considering 

the mean radius of detected showers Porter and Stenerson f i n d a value 

o f ~ 4 - 5 metres i n the zen i t h angle range 50° - 60° and depth range 
=2 

2400 - 2900 gip,cm s t h i s l a t t e r corresponding t o a muon t h r e s h o l d 

energy of ~ 1100 GeV ( f o r b = 3,5 10 gm ^cm ) . This i s t o be 

compared t© a mean radius of —9 metres expected from the "E* model", 

and an even bigger value from the "E 2 model". For the same depth 

b i n i n the angular range 40° - 50 e the experimental value of the mean 

radi u s i s ~ 5 ^ 7 metres and t h i s i s t o be compared w i t h an expected 

value of ~ 7 metres from the "E^ model" and a somewhat bigger value 

from the "E*" one. 
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Porter and Stenerson have also quoted a value of 3.4 < 8 < 4.0 

f o r the exponent of the muon number spectrum i f i t i s assumed t h a t 

i t can be represented by a power law. Figure 5.12 shows the number 

spectra of muons9 p r e d i c t e d by the "E*" and "E8". models, of energies 

gr e a t e r than 1000 GeV a t a z e n i t h angle of 60° assuming the primary 

spectrum given by equation 4.23. The same spectrum has been used 

f o r each model since we are only i n t e r e s t e d i n the approximate 

slopes of the spectra.. The spectra only go up to showers containing 

10 muons but t h i s covers the range of showers which c o n t r i b u t e t o 

the s ingles and doubles i n the Utah d e t e c t o r i n the r e l e v a n t energy 

and z e n i t h angle ranges. Thus f o r the "E model!' doubles come 

t y p i c a l l y from showers containing about 5 muons, s i n g l e s from showers 

containing 1 t o 2 muons and t r i p l e s from showers c o n t a i n i n g about 

10 muons. The corresponding values f o r the "E 8 model" being a 

l i t t l e l a r g e r due to the r e l a t i v e l y wider showers given by t h i s 

model. 

I t i s seen t h a t i n the range of muon sizes covered a power law 

i s a f a i r l y good approximation f o r both models. For the "E* model", 

the slope of the spectrum, 6 p i s ~ 3«5»while f o r the "E 2 model" 

S 2: 3.0 - 3.2. The reason f o r t h e l a t t e r curve being less 

steep i s the g r e a t e r e f f i c i e n c y of the model f o r producing high 

energy muons a t h i g h primary energies. For the same reason heavy 

primaries would also cause a f l a t t e n i n g of the spectra. Comparing 

the above values ©f 5 w i t h the experimental value of 3.4 - 4.0 

i t seems t h a t the "E^ model" gives the best f i t but obviously no 

d e f i n i t e conclusions can be drawn because of t h e approximate nature 
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©f the Utah r e s u l t s . However s the experimental and t h e o r e t i c a l r e s u l t s 
can be seen not t o strongly c o n t r a d i c t each other. 

Coats e t a l . (1969) have measured the decoherence cssaeve of muons 

out to about 50 metres and have given a decoherence curve c o r r e s 

ponding t o a mean zen i t h angle of 45° and a thr e s h o l d energy of 1000 

GeV. The method of analysis i s given in. s e c t i o n 5.3 03. A comparison 

i s now made w i t h the expected curves based on a v a r i e t y of assumptions 

about the value of the mean transverse momentum and the form of the 

transverse momentum d i s t r i b u t i o n . These c a l c u l a t i o n s have been 

described i n Chapter 4. 

I t has been seen already t h a t t h e d i f f e r e n c e i n the deceherence 

curves due t® the d i f f e r e n t p ^ . - d i s t r i b u t i o n s i s s i g n i f i c a n t . However 9 

the data so f a r obtained.experimentally are not great enough t o a l l o w 

a d i s t i n c t i o n t o be made between them. Consequently an attempt has 

been made t o t r y and estimate the value of < p.£ using the C.K.P. 

d i s t r i b u t i o n . 

Figure 5 d 3 shows the decoherence curves so obtained f o r f o u r 

d i f f e r e n t values of <p^each curve being normalized t o the t o t a l 

number of observed p a i r s 9 compared w i t h the experimental p o i n t s . 

A X 2 - t e s t gives a best f i t value of <p^> = 0.72 + 0.08 GeV/c. 

Since the m a j o r i t y ©f the experimental data come from muon 

separations of less than about 25 metres s where the decoherence 

curve i s not very s e n s i t i v e t o the shape of the transverse 

momentum d i s t r i b u t i o n s ) the mean transverse momentum of the other 

d i s t r i b u t i o n s must also be close t o 0.72 GeV/c. 
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I t should be noted t h a t the t h e o r e t i c a l curves c a l c u l a t e d r e f e r 

t o the "E* model". C a l c u l a t i o n s f o r the "E 2 model" give a mean 

transverse momentum ~ 0.2 GeV/c less than the above value. 

The mean value obtained above i s only v a l i d under the assumptions 

made. I t has been assumed t h a t the primary cosmic rays c o n s i s t only 

of protons. I f heavies are present t o the ex t e n t considered i n the 

two spectra given by De Beer e t a l . (1969) below 10 eV then some 

f l a t t e n i n g should occur i n the decoherence curves and a smaller 

value of< p^>would be obtained. Approximate c a l c u l a t i o n s have been 

made f o r t h i s composition and i t i s estimated t h a t the mean transverse 

momentum w i l l be reduced by the order of 0.05 GeV/c (although i t i s 

conceivable t h a t the e f f e c t w i l l be l a r g e r ) . 

F l u c t u a t i o n s i n the m u l t i p l i c i t y have also been considered using 

the d i s t r i b u t i o n suggested by Imaeda (1962) 
2 3n f (n ) dn a n exp (- __§,) d n a 5.15 S S S ——p P 

_ s 

where fa i s the mean m u l t i p l i c i t y . These approximate c a l c u l a t i o n s 

i n d i c a t e t h a t the e f f e c t s on the decoherence curve are very small. 

Another e f f e c t t h a t may be important are c o r r e l a t i o n s of n g 

and p^ e.g. E l b e r t e t al« (1968) have found t h a t i n 25 GeV/c w~p 

c o l l i s i o n s < p ^ > i s i n v e r s e l y r e l a t e d t o the m u l t i p l i c i t y of the 

secondaries. I n view of the lack of in f o r m a t i o n about the l i k e l y 

magnitude of "the c o r r e l a t i o n s a t the very high energies i n v o l v e d , 

however, no c a l c u l a t i o n s have been c a r r i e d out. 

I t should be noted t h a t the e f f e c t s of geomagnetic d e f l e c t i o n 

and Coulomb s c a t t e r i n g have been neglected. The former w i l l be 

the most important here and the e f f e c t of both w i l l be t o reduce 
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the mean value of transverse momentum found 0 

Also the Utah data is a combination of the results from the main 

detector and from the out-riggers<. I f any systematic difference exists 

between these results the value of < P£ obtained w i l l be affec t e d 9 

although there i s no apparent reason why such a difference should 

existo 

One further point should be made that the analysis i s based on 

the assumption that the mean energy f o r a l l separations of muons i s 
5 

~ 2 10 GeV and the l a t e r a l d i s t r i b u t i o n s have been assumed to have 

the shape corresponding t© t h i s irrespective ©f energyo In practice 

t h i s w i l l not be the case<> One would expect that the mean energy 

contributing to each separation w i l l varyo Since the lower energy 

showers have wider l a t e r a l d i s t r i b u t i o n s and because ©f the steepness 

of the primary spectrum one would expect the mean energy contributing 

to decrease with increasing muon separations.) This would mean that 

the average radius of the showers detected was a function of the 

separation of the muons» The e f f e c t of t h i s would probably lead to 

a f l a t t e n i n g of the decoherence Curveo I f one assumed that < p^> 

was independent of energy t h i s would lead to a reduction i n i t s valueo 

Assuming that heavy primaries are present i n the primary cosmic 

radiation to the extent assumed i n Section 4»10 leads to a value of 

the mean transverse momentum of 0 o67 ± 0„1 GeV/c for the "E^ model" 

and a value of ~ 0o5 GeV/c f o r the "E^ model" under the approximations 

considered above« 
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5>o4o3„ Comparison of the Experimental and Theoretical Density Spectra 

of High Energy Muons-

As mentioned i n Chapter 4 calculations have been made an the 

density spectra ©f high energy muons at a zenith angle of 60® under 

d i f f e r e n t assumptions about the primary mass composition and the 

m u l t i p l i c i t y law ©f the secondary par t i c l e s produced i n high energy 

interactionso To allow for the large area of the Utah detector the 
o 

calculations were made f o r a detector area of 20 m which i s about 

the ef f e c t i v e area of the Utah array at 60°. However, the sensitive 

area i s a function of azimuthal angle and the m u l t i p l i c i t y ©f 

detected muons and n© allowance has been made for t h i s i n the c a l c u l 

ations. 

Turning to the density spectra of Porter and Stenerson, n© f i t 

was obtained for the shape of the spectra which was s i g n i f i c a n t l y 
=3 

better than several otherso The shape i n the density region 10 
-2 -2 

10 m seems t© be f a i r l y independent of the parameters vised but 

i n other density regions wide variations i n shape seem possible while 

s t i l l f i t t i n g the experimental data. 

Despite these facts a comparison of the predicted and empirical 

density spectra i s useful because i t enables one t© see which models 

are most l i k e l y to f i t the experimental data and what modifications 

to the models are necessary to bring about agreement,. 

Figure 5.14 shows a d i r e c t comparison between the preferred Utah 

curves f©r threshold energies of 1000 and 2000 GeV and the - predictions 

of the "E^ model", < p.y= 0.4 GeV/cj, folded i n with the modulated 
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primary spectrum ioe<> Spectrum B (see Chapter 4 ) . 

Figure 5 o l 5 (a) gives the r a t i o * R» of the calculated density 

spectra to the corresponding preferred Utah density spectra plotted 

as a function of density 9 A » f o r various models and two threshold 

energies * assuming the modulated primary spectrum.. Also shown are 

the approximate median energies corresponding t© the given densities 

f o r the "E^ model"D 

Considering the "E^ model" f i r s t one sees that over the density 

range covered 9 which corresponds to the range contributing mainly 

to doubles and t r i p l e s s the theoretical curves are higher than the 

empirical ones everywhere 9 thus predicting more multiple muon events 

than were observed. In order to t r y and get a better f i t a slow 

increase i n < p^ with increasing interaction energy has been considered 

as suggested by Do Beer et a l o ( l 9 6 8 b ) o This has some j u s t i f i c a t i o n 

from the comparison between the predicted and measured decoherence 

curve which indicated a value of <p^>= 0 o 6 7 + 0.1 GeV/c at primary 

energies of ~ 2 1 0 ^ GeV (see section 5 o 4 < , 2 ) . This i s to be compared 

with a value of <p^> = 0»5 GeV/c» at the same energy» given by 

De Beer et a l . . 

I t can be seen that although there i s some reduction i n the 

predicted density spectra i t i s not big enough to bring about agree

ment p a r t i c u l a r l y at the 2 0 0 0 GeV energy threshold. 

When 209o kaons are added to the secondary component the f i t 

becomes worse, p a r t i c u l a r l y at high densities (see figure 5 . 1 5 ( b ) ) . 

This i s because of the greater e f f i c i e n c y ©f kaons i n producing 

high energy muons. I t should be noted that the mean transverse 
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momentum has been assumed to be the same as that for the pions i n 

t h i s calculation- There is some evidence 9 however9 that t h i s i s not 

the case (Bigi et al» 1 9 6 2 ) and that the value for kaons i s higher.. 

Thus the contributions indicated are upper l i m i t s to the in t e n s i t y . 

Taking the primary spectrum t© consist only of protons above 
15 

-40 eV ioe„ Spectrum A 9 results i n the density spectra f a l l i n g much 
.=2 -9 

more rapidly than previously at densities above 10 m o This i s 

cle a r l y seen i n figure 5 o l 5 (c) f o r a mean transverse momentum ©f 

0 o 4 Gev/co In f a c t the f a l l i s s© rapid that the predicted density 

spectra f a l l below the preferred Utah ones at high densities. Howevers 

i f instead of taking the preferred Utah curves we take these corres-
i 

ponding to the set c parameters (see section 5 » 3 . 2 ) then the f i t at the 
higher densities i s improved although i t is made worse at the lower 

=2 » 3 - 2 

densities and i n the density region 1 0 - 1 0 m i t i s not greatly 

changed the predicted curves s t i l l being higher than the empirical 

ones i n t h i s l a t t e r region, the discrepancy increasing with threshold 

energy,, 

The f i t i n t h i s region can be improved i f instead of taking 

heavy primaries t© be present the primary spectrum is considered to 

contain only protons and to have the form given by equatien 4 . 2 3 i0e„ 

Spectrum Co The discrepancy s t i l l increases with increasing threshold 

energy s however» and the f i t at low densities becomes worse 9 see 

Figure 5 o l 6 „ 
i 

Considering the "E^ model" and the modulated primary spectrum 9 

figure 5 . 1 5 a 9 one sees that the f i t i s much worse than that obtained 

f©r the "E^ model" s the density spectra of the former being much 



0*5 

0-2 

0-1 

E u > lOOOGeV 

0-5 

0-2 

0 1 

E M > 2 0 0 0 GeV 

IO 
1 

i d 3 i a 2 

Density A (m~^) 
l-Cf 

F i g . 5.16. Ratio R of c a l c u l a t e d i n t e g r a l d e n s i t y spectrum t o Utah 
e m p i r i c a l spectrum. 11 Protons o n l y " primary spectrum, 
7r's o n l y , <p^>=OA GeV/o, 'E 1A model", 9=60°. 

1 



129. 

higher than those of the l a t t e r at high densities f o r the reasons 

already given i n Chapter 4. 

When the model is folded i n with the spectrum containing only 
35 

protons above 10 eV i.e . Spectrum A the f i t i s improved s l i g h t l y 

at the higher densities but i s s t i l l very poor, see figure 5«15c. 

From the above comparison one must conclude that none of the 

models used gives a good f i t to the shape of the preferred Utah 

spectra. This is not altogether unexpected because of the semi-

empirical nature of the l a t t e r * However, the above comparison 

enables us to eliminate those models which cannot be expected to 

give agreement with the observed rates ©f Porter and Stenerson. 

Thus i t seems that the "E2 model" predicts too many multiple 

events irrespective o£ the primary spectra which have been 

considered. The "E* model", also predicts too many events when 

folded i n with the modulated spectrum even when a slow rise in<p^> 

with interaction energy i s allowed. 
4-

The cases when the "E* model" i s folded i n with a primary 
15 

spectrum containing only protons above 10 eV and one consisting 

only of protons are not so clear-cut, since the predicted density 

spectra cross-over the Utah spectra, and so i t i s not possible with

out further calculations to say whether the predicted and observed 

rates of multiples agree. 

5.4.4. A Comparison of the Predicted and Measured Rates of Multiple 

High Energy Muons. 

In determing the empirical density spectra the predictions are 

summed over a variety of zenith angles and depths according to the 
assumptions made concerning these variations and compared with the 



1 3 0 . 

2 
experimental results© The parameters which give a f i t using aX 

test at the 3 0 $ confidence level are then foundo This i s to improve 

the s t a t i s t i c a l accuracy of the results and to make them more easily 

comparable with other experimental results and with theoretical 

predictions.) However9 t h i s makes i t very d i f f i c u l t to estimate 

the experimental errors since the errors on the parameters ©f the 

density spectra are not given,, 
2 

The rates ©f doubles and t r i p l e s through 2 0 m have been 

calculated as a function of threshold energy from the preferred Utah 

density spectra f o r a zenith angle of 6 0 ° o These are shown in figure 

5 » 1 7 o 

In order to make an estimate of the errors on the rates of 

doubles the s t a t i s t i c a l errors ©n the number of events detected 

between zenith angles 5 0 ° - 7 0 ° have been evaluated using the figures 

given i n table 5 0 2 • except for the l a s t point which has had an error 

of + 25% imposed on i t since the errors f o r doubles should not be 

larger than f o r triples.. Obviously t h i s does not give the true 

errors because the assumed function f o r the density spectra should 

tend to make the real errors smaller than those given s and so these 

should ibs regarded as upper limitso 

In the case of t r i p l e s the rates calculated from the density 

spectra based on the parameter sets a and c have been compared} i . e 0 

the two most widely d i f f e r i n g sets of curves» and found to d i f f e r by 

~ 2 5 # 9 being lower i n the case of the set c parameters. Thus since 

both sets of curves f i t the experimental data i t seems reasonable to 

assume an error of ~ + 25% on the rates of t r i p l e s , and t h i s has 
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been used. The same method could not be used fo r doubles.since the 

curves are normalized to give agreement with the observed number of 

doubles. 

Also shown f o r comparison are the rates predicted by the "E^ 

model" assuming the primary spectrum consisting purely of protons. 

Spectrum C s and less accurately calculated rates for the primary 
15 

spectrum containing only protons above 10 eV, Spectrum A. 

From t h i s comparison i t i s seen that the predicted curves are 

less steep than the Utah ones for both primary spectra. This i s 

reflected i n the density spectra comparison where the r a t i o of 

predicted to empirical density spectra i s seen to increase with 

threshold energy f o r a l l models considered. 

Considering the curves f o r Spectrum C i t i s seen that the rates 

of doubles agree with the experimental rate at a muon threshold 

energy of 1000 GeV but diverge above t h i s and l i e outside the errors. 

In the case of t r i p l e s the predicted curve i s lower than the Utah 

one below threshold energies of ~ 1500 GeV but above t h i s i t i s seen 

that the curves tend t o diverge. 

The e f f e c t ©f straggling of the muons has been neglected in the 

Utah curves and t h i s w i l l tend to increase the discrepancies at higher 

threshold energies. 

5.4.5. Discussion of the Comparison Between the Experimental and 

TbMmticjlJPensity Spectra, agd, Rates. 

One must conclude from the above comparisons that none of the 

models considered i s capable of giving good agreement with the Utah 

res u l t s . A l l the predictions are found to be higher than the 
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experimental ones and the discrepancies increase with threshold energy. 

From the comparison of the density spectra when the modulated 

primary spectrum i s used i t i s clear that the "E^ model" gives a better 

f i t than the "E2 model" with experiment but the discrepancy i s s t i l l 

serious even when a slow increase i n < p ^ w i t h interaction energy 

i s allowed f o r e The inclusion of kaons makes the discrepancy greatero 
1 5 

When the primary spectrum consisting of protons alone above 10 eV 
i s considered with the "E- model" the density spectra f a l l sharply 

=2 2 
above densities ~ 10 m and f a l l below the preferred Utah curves 

above these densities. Furthermore the predicted rates of doubles and 

t r i p l e s are higher than found experimentally, the disagreement increa-

sing with threshold energyo The density spectra for the "E8 model" are 

higher than f o r the "E^ model" and the f i t with the experimental data 

i s worse. 

Comparing the predicted rates with the experimental rates using 

the primary spectrum consisting purely of protons shows that at higher 
threshold energies one s t i l l gets too many events predicted using the 

i 
"E* model",, This indicates that adjustments i n the primary composition 

alone w i l l not be s u f f i c i e n t to bring about agreement between the 

predicted and observed results. 

Assuming that the basic assumptions about the energy d i s t r i b u t i o n 

of the secondaries is corrects a number of possible modifications to 

the model can be considered to obtain better agreement between 

experiment and theory,, 

(a) Transverse Momentum. 

Considering the "E^ model" there i s some evidence already from the 
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deceherence curve ©f Coats et a l . (1969) that the value of the mean 
5 

transverse momentum at an energy of ~ 2 10 GeV i s somewhat higher 

than that assumed i n most of these calculations ( i . e . 0.4 GeV/c)» 

This is higher than values obtained at lower energies by other 

experiments and lends support to the suggestion of De Beer et a l . 

(1968b) that there i s a slow increase i n the mean transverse momentum 

with increasing interaction energy. 

As has been seen already the increase suggested by De Beer et a l . 

is not s u f f i c i e n t t© bring about agreement when the "E* model" i s 

used with the modulated spectrum and so t o obtain agreement one must 

either postulate a more rapid increase i n < p^5, which is not ruled 

out by the results from the decoherence curve analysis, or post

ulate a slow increase i n < p^> together with a phasing out of the 

heavy primaries over a greater energy region than has been considered 

so f a r . 

Considering the "E^ model" one could not get agreement, even 

i f there was no heavy component present* with a slow increase i n 

<p̂ .> . The decoherence curve analysis also implies that i f the 
JL 

m u l t i p l i c i t y law did vary as E 8 then the increase i n <p^> with 

interaction energy would be less rapid than f o r the "E* model", 

(b) Reduction of the I n e l a s t i c i t y af Interaction. 

A possible way ©f reducing the number of muons detected is to 

decrease the i n e l a s t i c i t y of the interactions thereby decreasing the 

height of o r i g i n of the muons. Because the muons would be formed i n 

a region where the atmospheric density was greater t h e i r parent pions 

would have a greater chance of interacting and fewer would decay into 
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muonso However» there i s no evidence from other experiments to 

support t h i s and d i f f i c u l t i e s would almost cer t a i n l y arise i n 

explaining shower absorption characteristics. There i s also the 

fac t that a decrease in i n e l a s t i c i t y would necessitate a rise 

in the assumed primary spectrum i n order to maintain agreement with 

extensive a i r shower measurements> and t h i s would tend to compensate 

for the loss of muons which would otherwise arise* 

(c) Logarithmic M u l t i p l i c i t y Law. 

I f one were to use a logarithmic m u l t i p l i c i t y law the number of 

pions produced i n an interaction would be decreased and so» as in the 

case of a reduction i n the i n e l a s t i c i t y , the muons would be formed 

lower down i n the atmosphere leading to a reduction i n t h e i r number 

fo r a given primary energy. I t would also lead to a reduction i n the 

assumed primary energy spectrum in order to maintain agreement with 

extensive a i r shower measurements. On the other hand the l a t e r a l 

d i s t r i b u t i o n s obtained using t h i s type of m u l t i p l i c i t y law w i l l be 

narrower than obtained using the "E*"and "E8" models and t h i s w i l l 

compensate to some extent the decrease i n the density spectra due to 

the other causes. 

There i s some evidence 9 however, that a logarithmic increase 

i n the m u l t i p l i c i t y i s not l i k e l y . Machin et a l . (1969) have 

measured the l a t e r a l d i s t r i b u t i o n s of high energy muons at large 

distances from the shower core s and Orford and Turver (1969) have 

made calculations to explain these results. These workers conclude 

that the experimental results can be explained i n terms of an "Ê " 

model" only i f the primary pa r t i c l e s are heavy (of mass ~ 56). 

Thus i n order to explain them i n terms of a logarithmic m u l t i p l i c i t y 
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law, i f indeed t h i s was possible, an even higher mass would be 
necessary and t h i s seems very unlikely. 

There is also evidence that with a m u l t i p l i c i t y law varying 

as Ep^» assuming the C.K.P,, model, the heights of o r i g i n of the 

muons are lower than those determined experimentally (Firkowski 

et al • 1967s Baxter et a l . 1968) and i f t h i s i s SB then the situation 

w i l l be worse fo r a logarithmic type m u l t i p l i c i t y law. 

I t i s therefore thought that t h i s i s probably not an explanation 

of the discrepancy between the Utah results and theory. 

The average rate of energy loss by muons i n "standard rock" 

with Z = 11, A = 22, (Z 2/A) =5.5 and p = 2.65 g. cm"3 i s 

approximately given by 

SE 1.88 +Oi077 In f E' "1 + b (E). E MeV g^cm 2. 5.16. 
" ax { - j ) 

mc 
(e.g., Hayman, Palmer and Wolfendale, 1963), where 

... - * ( E * d £ } -
2m c 
e 

is the maximum transferrable energy f o r a muon ©f energy E, rest 
-2 

mass m to an electron of rest mass mQ and x i s the depth i n g.cm . 

There is general agreement as to the values of the f i r s t two terms 

i n equation 5.16 which arise from energy losses due to ionization 

and e x c i t a t i o n 9 while the l a s t term contains losses from brems-

strahlung, pair production and nuclear interactions of muons and i t s 

value is not so well known. In fact b should vary s l i g h t l y with 

energy, but over the range 500 - 108000 GeV the variation i s small. 
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I f b(E) i s replaced by i t s effective value, b, over the energy range 

of interest the equation can be solved, following Barrett et a l . 

(1952), as 

E = i ! . (exp (bh) - 1 ) 5.17 
b 

„ 2 cm where a' = 1.88 + 0.077In \ E 2 j MeV g" 1 

cjtV ^ e m(E + eA)J 
A = 11.3 and e = 2.7. J\ 

From equation 5.17 the average range-energy curve can be 

obtained f o r muons. 
Porter and Stenerson have used an effective b value of 3.5 10 -6 

—1 2 
g. cm which was derived by Kobayakawa (1967). However, there i s a 

certain amount of doubt about i t s true value because of a lack of 

knowledge about the cross-sections of the three processes involved. 
Hayman, Palmer and Wolfendale (1963), give b = (3.95 ± 0.25) x 10" 6 

— i o 

g • cm , while Menon and Ramana Murthy (1967) give a value of (3.6 

+ 0.6) x 10 g . cm . The difference i n these values comes mainly 

from the lower value of the photo-nuclear cross section taken by 

Menon and Ramana Murthy. However, Erlykin (1966) has made calcul'-

ations on the bremsstrahlung and pair production cross sections and 

these indicate that even i f the photo-nuclear cross section taken 

by Menon and Ramana Murthy i s used then b i s at least equal to 4.0 

10 g .cm • Thus i t i s possible that the value ef b used by 

Porter and Stenerson to convert t h e i r measured depths to energies 

is too low. 

To investigate the effects of this the observed rates of doubles 
2 

and t r i p l e s through 20 m have been converted from a function of 
—6 — i 2 

threshold energy to a function of depth using b = 3.5 10 g .cm • 
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The t h e o r e t i c a l p r e d i c t i o n s f o r the "E^ model" and the primary 

spectrum c o n s i s t i n g o nly of protons (Spectrum C) have been tr e a t e d i n 
-6 -1 2 

the same way but an e f f e c t i v e value of b = 4»0 10 g. cm has been 

used* 

Fl u c t u a t i o n s i n the energy losses have been neglected i n the 

second case? while i n the f i r s t one they need not be considered as 

they were not included i n the o r i g i n a l conversion from depth t© 

threshold energyo T h e i r e f f e c t would be t o r a i s e the t h e o r e t i c a l 

p o i n t s a t the l a r g e r depths. 

* t i s seen i n f i g u r e 5ol8 t h a t t h e re i s much b e t t e r agreement at 

l a r g e r depths than before <, although the agreement i s not so good a t 

smaller depths* p a r t i c u l a r l y f o r t r i p l e s * 

Also shown i n f i g u r e 5ol8 are p r e d i c t e d i n t e n s i t i e s f o r the 
15 

primary spectrum c o n s i s t i n g of protons only about 10 eV i«e» 

Spectrum A„ I t i s seen t h a t the p r e d i c t e d r a t e s of doubles are 

s t i l l higher than observed although the f i t f o r t r i p l e s i s q u i t e good. 

I f s l i g h t l y higher b values were used or an increase i n the mean 

transverse momentum was postulated agreement could p o s s i b l y be 

obtained,, 

However before d e f i n i t e conclusions can be drawn a b e t t e r 

knowledge of the experimental e r r o r s i s r e q u i r e d , 

(e). D i r e c t Production 

As stated p r e v i o u s l y i n order t o e x p l a i n the angular v a r i a t i o n 

of the si n g l e muon spectra Bergeson e t al» pos t u l a t e d t h e i r d i r e c t 

p roduction process of muons- I n order t© main t a i n agreement w i t h the 

v e r t i c a l depth i n t e n s i t y curve they also p o s t u l a t e d an increase i n 
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the value of b w i t h increasing muon energy. The actu a l mechanism 

of the d i r e c t production process i s not y e t known,in f a c t i t i s not 

even c e r t a i n t h a t the process e x i s t s * and so the e f f e c t on m u l t i p l e 

muon events i s uncertain*. However, i t i s thought t h a t the e f f e c t 

w i l l be small because i f i t i s due t o the decay of a massive p a r t i c l e , 

which i s thought t o be one p o s s i b i l i t y , t h i s p a r t i c l e must have a 

very large mass (> 3 GeV) since i t has not been detected a t 

ac c e l e r a t o r energies and so the muon produced by i t s decay w i l l have 

a very l a r g e transverse momentum and the d e t e c t i o n p r o b a b i l i t y i n 

the case of m u l t i p l e events would be expected t o be small. Thus i t 

i s probable t h a t the main e f f e c t of the process on m u l t i p l e s should 

ceme from the change i n the energy less c o e f f i c i e n t b. An approximate 

range-energy curve i n c o r p o r a t i n g these values has been .constructed 

from a comparison of the v e r t i c a l muon energy spectrum given by 

Bergeson e t al<. (1968) and the world wide depth i n t e n s i t y curve of 

Larson. Since these are said t o be con s i s t e n t the range energy 

curve should also include the e f f e c t of f l u c t u a t i o n s i n \j:he energy 

l o s s processeso 

Figure 5.19 shows a comparison between the appropriate p r e f e r r e d 

Utah spectra at 60® 9 and the d i f f e r e n t models a t thr e s h o l d energies 

of 10 3 and 2 10 3 GeV. 

Considering the model folde d i n w i t h the modulated primary 

spectrum one sees t h a t a t higher d e n s i t i e s the t h e o r e t i c a l curves are 

above the p r e f e r r e d Utah ©nes. For the de n s i t y spectrum correspon

ding t o a th r e s h o l d energy of 2000 GeV the pr e d i c t e d one f a l l s below 
-3 -2 

the Utah one a t d e n s i t i e s less than ~ 10 m . One could p o s s i b l y 
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F i g . 5.19* R a t i o R of c a l c u l a t e d i n t e g r a l d e n s i t y spectrum to Utah 
e m p i r i c a l spectrum i f " d i r e c t p r o d u c t i o n " i s assumed. 
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i n t e r p r e t t h i s as due t o the Utah spectrum cont a i n i n g s i n g l e s from 

the " d i r e c t production" process which have not been included i n the 

t h e o r e t i c a l curveo The e f f e c t of l e t t i n g the mean transverse momentum 

r i s e w i t h i n c r e a s i n g i n t e r a c t i o n energy i s to b r i n g the experimental 

and t h e o r e t i c a l curves i n t o b e t t e r agreement, but i n the case of the 

2000 GeV t h r e s h o l d curve the f i t a t high d e n s i t i e s i s s t i l l not good. 

The a d d i t i o n of kaons w i l l worsen the f i t . 

When f o l d e d i n w i t h the primary spectrum c o n t a i n i n g only protons 
15 

above 10 eV i . e . Spectrum A, i t i s seen t h a t the f i t i s s i m i l a r t o 
-2 -2 

the previous case a t d e n s i t i e s below 10 m • However 9 a t higher 

d e n s i t i e s the pre d i c t e d curves f a l l below the Utah ones. Comparing 

the p r e d i c t e d r a t e s f o r t h i s spectrum w i t h the observed r a t e s (see 

f i g u r e 5.20) i t i s seen t h a t the p r e d i c t e d r a t e of doubles i s s t i l l 

too highs although the f i t f o r t r i p l e s i s q u i t e good. 
2 

Figure 5.20 also shows the v a r i a t i o n of r a t e through 20 m w i t h 

depth f o r the "E* model" and the spectrum c o n s i s t i n g p u r e l y o f protons 

i . e . Spectrum C. I t i s seen t h a t a t t h e lower t h r e s h o l d energies the 

pr e d i c t e d r a t e s are lower than observed f o r both doubles and t r i p l e s 

and l i e outside the estimated e r r o r s . However» a b e t t e r knowledge 

of t h e e r r o r s i s needed before d e f i n i t e conclusions can be drawn. 

Considering the f i t between the den s i t y spectra f o r the "E- model" 

and the Utah ones i t i s seen t h a t the f i t i s s t i l l i n f e r i o r t o t h a t 

of t h e "E* model" and t o o b t a i n agreement a large r i s e i n < p.^ 

w i t h i n t e r a c t i o n energy i s re q u i r e d ) whichever primary spectrum i s 

used. 
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F i g . 5.20. Comparison of the frequency of d e t e c t i n g ra muons i n the 
Utah d e t e c t o r (obtained from the- e m p i r i c a l d e n s i t y s p e c t r a ) 
w i t h the p r e d i c t i o n s of the " E ^ / ^ model" as a f u n c t i o n of 
the depth at G=60° assuming 'Hirect production". The v e r t i c a l 
l i n e s marked 1 and 2 r e p r e s e n t the approximate l i m i t of 
the experimental d a t a . 
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However, i t should be emphasised t h a t i f the se - c a l l e d " d i r e c t 

production", process dees e x i s t , and does c o n t r i b u t e s i g n i f i c a n t l y 

to the m u l t i p l e muon events a l l the above comparisons w i l l be i n v a l i ' 

dated since any extr a c o n t r i b u t i o n from t h i s process has not been 

considered i n the t h e o r e t i c a l p r e d i c t i o n s * 

5.5o C o n c i u S i G n s a 

I t has been shewn i n t h i s Chapter t h a t the s i n g l e muon energy 

spectrum measured a t Utah has a smaller z e n i t h angle dependence than 
X i 

would be expected from e i t h e r the "E*" or "E 2" models which are 

based on muons coming fr©m the decay of pions. I f t h i s r e s u l t i s 

subst a n t i a t e d by f u r t h e r experimental evidence i t supports the 

conclusion of Bergeson e t a l . ( l 9 6 8 ) t h a t there are two components 

c o n t r i b u t i n g t o the production of muons, one ©f which i s the 

normal component due t o pion and kaon decay, and the other due t o 

seme new process, which becomes important only at very high muon 

energies* The discrepancy may also be due t o some t e c h n i c a l cause 

a f f e c t i n g the experimental resultso 

The decoherence curve studies ©f Porter and Stenerson have been 

shown, to be somewhat i n c o n s i s t e n t w i t h the t h e o r e t i c a l r e s u l t s and 

also the l a t e r ones of Coats e t a l . (1969). These l a t t e r r e s u l t s 

i n d i c a t e t h a t the mean transverse mementum of pions i n high energy 

i n t e r a c t i o n s a t energies of about 2 lO^GeV i s 0.67 + 0 . 1 GeV/c, 
4-

assuming the C . K o P o transverse momentum d i s t r i b u t i o n f o r the "E 

model"., and a value ~ 0.5 GeV/c i f the "E 2 model", i s used. 

However 5 mere d e t a i l e d studies may a l t e r these values somewhat. 

I t seems though t h a t a value of 0.4 GeV/c as found a t lower energies 
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w i l l not b r i n g about agreement and so there i s evidence f o r a slow 

r i s e i n < > w i t h i n t e r a c t i o n energy as suggested by De Beer e t a l o 

( l 9 6 8 b ) 0 The experimental r e s u l t s are not y e t of s u f f i c i e n t accuracy 

to d i s t i n g u i s h between the d i f f e r e n t farms of transverse momentum 

d i s t r i b u t i o n t h a t have been proposed by various authors. 

The d e n s i t y spectra given by Port e r and Stenerson are very 

d i f f i c u l t t o i n t e r p r e t . The basic t r o u b l e l i e s i n the f a c t t h a t the 

ra t e s of doubles and t r i p l e s i n the experiment seem t o have the same 

dependence on depth as would be p r e d i c t e d by the d e p t h * i n t e n s i t y 

curve of s i n g l e s . This i s not found to be the case f o r the t h e o r e t i c a l 

models 9 which p r e d i c t a less strong dependence on depth f o r the doubles 

and t r i p l e s . There i s also d i f f i c u l t y because of the d i f f e r e n t 

z e n i t h angle dependence of the s i n g l e muon i n t e n s i t y f o r the t h e o r e t 

i c a l and experimental cases. Thus i f some new process i s not post

u l a t e d the number of s i n g l e muons observed experimentally i s less a t 

60° than i s p r e d i c t e d t h e o r e t i c a l l y . I f one accepts t h a t the reason 

f o r t h i s i s due t o some new process and t h a t t h i s process i s t h a t 

postulated by Bergeson e t al»(l968) then one must make some assump

t i o n s as t o i t s e f f e c t s on the m u l t i p l e muon events. I n any case one 

cannot expect t o get agreement over a l l z e nith angles between the 

experimental curves and the t h e o r e t i c a l curves a t low d e n s i t i e s where 

the singles are important. 

I f the " d i r e c t production" process i s assumed not t o be the cause 

of the discrepancy i n the angular dependence of the s i n g l e muon 

i n t e n s i t y and t h a t some ether f a c t o r i s t h e cause which does not 

a f f e c t the m u l t i p l e events $ then a comparison between the de n s i t y 
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spectra and ra t e s at a zenith angle of 60° f o r each primary spectrum 

i n t u r n leads one t© conclude that.s-

i ) The modulated primary spectrum p r e d i c t s too many m u l t i p l e muonss 
•i-

the discrepancy increasing w i t h t h r e s h o l d energy, f o r both the "E ' 
A 

and "E 8" models. Even i f a slow increase i n <p^>with i n t e r a c t i o n 
energy i s allowed and the energy loss c o e f f i c i e n t b i s ra i s e d t© 

m 6 1 = 11 2 

4.0 10 g. cm good agreement cannot be obtained f o r e i t h e r model 

although i t i s b e t t e r i f the "E^ model" i s used. A f a s t e r r i s e i n 

the mean transverse momentum together w i t h an increase i n the value 

©f b could p o s s i b l y b r i n g about agreement w i t h experiment f o r the 

"E* model". 
\ 15 • 

i i ) The primary spectrum c o n t a i n i n g anlv protons above 10 ey also 

p r e d i c t s more m u l t i p l e muons than observed f o r both t h e o r e t i c a l modelso 

Agreement w i t h the Utah r a t e s may be possible i f one takes the "E^ 

model" and allows a r i s e i n < p^>with i n t e r a c t i o n energy and/or 

an increase i n the b value., However 9 agreement w i t h the shape of 

the p r e f e r r e d Utah d e n s i t y spectra i s not possible a t high d e n s i t i e s . 

i i i ) The "protons only" primary spectrum<• which can probably be 

considered as an extreme ease, s t i l l p r e d i c t s too many doubles and 

t r i p l e s a t higher threshold energies, although the agreement i s w i t h i n 

the e r r o r s at the lower t h r e s h o l d energies f o r the "E^ model". I f a 
•=6 ~1 2 

b value of 4u0 10 g .cm i s used b e t t e r agreement r e s u l t s a t the 

higher threshold e n e r g i e s , although i t d e t e r i o r a t e s a t the lower 

t h r e s h o l d energies.. A l t e r n a t i v e l y a r i s e i n < p£ w i t h i n t e r a c t i o n 

energy w i l l give a b e t t e r f i t . The shape of the d e n s i t y spectra 

again do not agree w e l l a t high d e n s i t i e s w i t h those ©f Porter and 
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Stenerson. 

I f one accepts t h a t the experimentally found angular dependence 

of s i n g l e muons i s due to the new process proposed by Bergeson e t a l o 

(1968) and t h a t i t s e f f e c t on the m u l t i p l e muon events i s ; small then 

i t s main consequence w i l l be the increased energy loss of muons w i t h 

high energiess 

Again considering the primary spectra i n t u r n one can conclude 

t h a t .»-

i ) The Modulated primary spectrum s t i l l p r e d i c t s too many m u l t i p l e 

events f o r both the models considered. Good agreement i s obtained 
i 

using the "E ¥ model" a t a t h r e s h o l d energy of 1000 GeV w i t h the 

Utah d e n s i t y spectra both i n shape land magnitude i f a slow r i s e i n 

<P£ w i t h i n t e r a c t i o n energy i s allowed but the f i t a t the higher 

d e n s i t i e s f o r the 2000 GeV threshold i s not good. 

i t ) The primary spectrum c o n t a i n i n g only protons above 10 eV gives 

too many doubles although the f i t f o r t r i p l e s i s q u i t e good using 

the "E* model" . 

A b e t t e r f i t t o the doubles could be obtained i f the t r a n s i t i o n 

t o protons took place over a more extended energy region than cons

idered here. 

A slow r i s e i n <P^> w i t h i n t e r a c t i o n energy would give a b e t t e r 

f i t t o the doubles although the f i t t o the t r i p l e s would not be so 

good. However, the experimental e r r o r s are u n c e r t a i n and so a f i t 

may be po s s i b l e . 

The "E? model", s t i l l p r e d i c t s too many m u l t i p l e events. 
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i i i ) T h e ' p r o t o n s only" primary spectrum gives good agreement w i t h 

the measured r a t e s of doubles 9 except a t the lower threshold;energies 

and s l i g h t l y less good agreement w i t h t r i p l e s i f the WE^ model" 

i s used. 

The i n t e n s i t i e s of m u l t i p l e s are higher than measured experimen-

t a l l y 9 i f the "E 2 model"is used and a large increase i n < p ^ w i t h 

i n t e r a c t i o n energy would be needed t o b r i n g about agreement. 

I t seems then t h a t there are several possible ways of o b t a i n i n g 

agreement between experiment and theory and u n t i l more d e f i n i t e value 

of the mean transverse momentum and b are a v a i l a b l e i t i s d i f f i c u l t 

t o draw d e f i n i t e conclusions about the primary composition-

I t seems t h a t the "E^ model" gives b e t t e r agreement than the 

model" i r r e s p e c t i v e of the primary composition above 10* 5eV. 

However 9 the l a t t e r model cannot be r u l e d out completely i f one 

takes i n t o account the u n c e r t a i n t y i n the i n t e n s i t y of the primary 

spectra used w i t h t h i s model and the u n c e r t a i n t i e s i n the value 

of b and < p^ > „ However 9 even i f the primaries are considered t o 

c o n s i s t only of protons the primary i n t e n s i t y would have to be 
15 

reduced by about a f a c t o r 3 a t ~ 10 eV t o get agreement w i t h b = 
= 6 ™1 2 

4.0 10 g« cm 9 although t h i s would be smaller i f an increase i n 

< p ^ > w i t h i n t e r a c t i o n energy was also assumed. 

The f a c t t h a t the experimental r e s u l t s of Rogers e t a l . (1969) 

on the r a t e s of muons a t large z e n i t h angles agree w i t h the 

t h e o r e t i c a l p r e d i c t i o n s of De Beer e t a l . (1969) i n the region 
15 

corresponding t o primary energies below 10 eV gives support t o 

the magnitude of the spectra t a k e n , a t l e a s t f o r the "E^ model". 
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The comparison cannot be said t o c o n t r a d i c t the " d i r e c t 

p roduction" hypothesis. I t seems t h a t one of the parameters t h a t 

can be changed t o b r i n g about b e t t e r agreement i s the energy loss 

c o e f f i c i e n t b. I f b i s changed assuming no " d i r e c t production" then 

the r e l a t i v e l y good agreement between the measured v e r t i c a l depth 

i n t e n s i t y curve compiled by Larson (1968) and the t h e o r e t i c a l curve 

w i l l be destroyed and i t may be necessary to p o s t u l a t e an increase 

i n the primary i n t e n s i t y or the a d d i t i o n of kaons t o the secondaries 

of high energy i n t e r a c t i o n s . On the other hand the " d i r e c t 

p r o d u c t i o n " process enables b t o be changed and agreement may s t i l l 

be possible w i t h the measured v e r t i c a l depth i n t e n s i t y curve. 

However, i f the process has an appreciable e f f e c t on m u l t i p l e muon 

events the conclusions may have to be changed. 
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CHAPTER 6„ 

COMPARISON OF THE PRESENT RESULTS WITH THOSE OF OTHER WORKERS, 

The r e s u l t s and conclusions obtained so f a r are based on the 

assumption t h a t the C o K o P o energy d i s t r i b u t i o n of secondary p a r t i c l e s 

produced i n high energy c o l l i s i o n s i s v a l i d a t energies several orders 

of magnitude greater than those f o r which i t was o r i g i n a l l y postulated,, 

This i s also t r u e f o r the m a j o r i t y of the other parameters used i n 

the present works Thus i t i s necessary t o examine the v a l i d i t y of 

the model by comparing i t w i t h e x i s t i n g experimental data© 

A number of workers have proposed d i f f e r e n t models and t h e i r 

p r e d i c t i o n s are compared t o the present work a t high muon energies 

since the C o K o P o model cannot be considered unique and i t i s impor

t a n t t o know the e f f e c t s of d i f f e r i n g assumptions on the present 

conclusionso 

F i n a l l y a comparison of the present work on high energy muons 

w i l l be made w i t h the e x i s t i n g experimental data i n order t o t e s t 

f u r t h e r the v a l i d i t y of the model a t high energies and where possible 

t o draw f u r t h e r conclusions about the model parameterso 

6«2o Comparison of the General Features of the C o K o P o Model w i t h 

Experiments 

The general f e a t u r e s of the C o K o P o model have been compared w i t h 

experimental r e s u l t s by De Beer e t a l o (1966) using a model w i t h 

s i m i l a r parameters t o those used i n the present worko These compari

sons r e l a t e d t o shower size and the numbers and l a t e r a l d i s t r i b u t i o n s 
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of rauons having energies less than about 100 GeVo 

These workers concluded t h a t the C o K o P o energy d i s t r i b u t i o n 

p r e d i c t e d w i t h f a i r accuracy the shape of the muon energy spectrum i n 

showers of size 10^ particles» although the absolute values tended 

t o be a l i t t l e lower than found experimentally i f protons were 

assumed t o be the primary p a r t i c l e s and the m u l t i p l i c i t y v a r i e d as 
X JL 

Ep o I f a m u l t i p l i c i t y law va r y i n g as E^2 was used, however, the 

pre d i c t e d energy spectrum was found t o be too h i g h , even i f primary 
A protons were assumedo The discrepancy f o r the E * m u l t i p l i c i t y law P 

could be l a r g e l y removed i f primary p a r t i c l e s having a mass ~ 4 were 

p o s t u l a t e d . Thus i t seems t h a t the model i s capable of p r e d i c t i n g 

the l o n g i t u d i n a l development of extensive a i r showers w i t h reason

able accuracy. 

De Beer e t a l . d i d not f i n d such good agreement when comparing 

t h e i r p r e d i c t e d muon l a t e r a l d i s t r i b u t i o n s w i t h e xperimentally 

measured oneso For a l l energy thresholds i t was found t h a t the 

pr e d i c t e d l a t e r a l d i s t r i b u t i o n s w i t h i n 10=20 metres of the axis 

were i n excess o f the experimental ones. Part of t h i s discrepancy 

was a t t r i b u t e d t o experimental e r r o r s i n core l o c a t i o n but t h i s was 

s t i l l not s u f f i c i e n t t o b r i n g about agreement and i t was found 

necessary t o p o s t u l a t e a c u t - o f f i n the transverse momentum d i s t r i 

b u t i o n f o r values of p̂ . less than 0.1 GeV/c t o b r i n g about near 

consistency. The e f f e c t of t h i s excess on the density spectra of 

high energy muons has been considered and found t o be small due to 

the large area o f the Utah d e t e c t o r (see Chapter 4 ) . 

At large distances from the core the model was found t o under-
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estimate the number of muons p a r t i c u l a r l y a t large muon energies 

when compared w i t h the r e s u l t s of Barnave11 e t a l o (1964). This was 

also found t o be the case when De Beer e t a l . (1968b) compared t h e i r 

p r e d i c t i o n s w i t h the experimental r e s u l t s of Earnshaw e t a l o (1967)„ 

In both cases a m u l t i p l i c i t y law va r y i n g as and primary protons 

were assumed,, I n order t o get agreement the value of <p^>was 

re q u i r e d t o Increase w i t h i n t e r a c t i o n energy. This d e f i c i e n c y could 

a f f e c t the r e s u l t s and conclusions from the analysis of the Utah 

data but has been allowed f o r by regarding <p^> as a v a r i a b l e 

parameter. 

De Beer e t a l . (1968a) have c a l c u l a t e d the mean h e i g h t of o r i g i n 

o f muons as a f u n c t i o n of primary energy and shower size f o r the E 7 

P 

m u l t i p l i c i t y law. When these p r e d i c t i o n s are compared w i t h the 

experimental r e s u l t s of Firkowski e t a l . (196?) and Baxter e t a l . (1968) 

i t i s found t h a t the experimental r e s u l t s i n d i c a t e g r e a t e r heights of 

production than p r e d i c t e d theoretically$> e.g. Firkowski e t a l . give 

the upper l i m i t of the h e i g h t of produc t i o n of rauons i n showers of 

size ~ 2 10^ p a r t i c l e s as 10 + 3 k i l o m e t r e s compared t o the p r e d i c t e d 

h e i g h t of o r i g i n f o r muoas w i t h energies g r e a t e r than 1 GeV o f — 4 -5 

ki l o m e t r e s . 

De Beer e t a l . (1968a) have also c a l c u l a t e d the f l u c t u a t i o n s 

expected i n e l e c t r o n and muon numbers f o r d i f f e r e n t assumptions about 

the primary composition and two d i f f e r e n t models of high energy 

i n t e r a c t i o n s v i z . the so - c a l l e d C.E. model and the C.K.P. model 9 both 

-with m u l t i p l i c i t y laws v a r y i n g as E *. The r e s u l t s were found t o be 
P 

q u i t e s e n s i t i v e t o the model adopted. Adcock e t a l . (1968a) compared 
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these r e s u l t s w i t h the e x i s t i n g experimental data and found t h a t the 

CoKoPo model gave good agreement w i t h theseo 

Thus i t seems t h a t the C o K o P o model gives f a i r agreement w i t h 

experimental r e s u l t s as f a r as the l o n g i t u d i n a l development of E . A . S . 

i s concerned and can be regarded as a s a t i s f a c t o r y f i r s t approximation. 

The s i t u a t i o n i s not so s a t i s f a c t o r y as regards the adopted transverse 

momentum d i s t r i b u t i o n but t o l e r a b l e agreement can be obtained w i t h 

experiment w i t h reasonable m o d i f i c a t i o n s . 

I t i s possible t h a t the discrepancy found i n the heights of 

o r i g i n of the muons may be l i n k e d w i t h the discrepancies found i n the 

l a t e r a l d i s t r i b u t i o n s but more i n v e s t i g a t i o n s are obviously needed 

on t h i s p o i n t before d e f i n i t e conclusions can be drawn. 

6 . 3 . Comparison w i t h the T h e o r e t i c a l P r e d i c t i o n s of Other Workers. 

6 o 3 o1o L a i o 

Lai ( 1 9 6 7 ) has made one dimensional semi-Monte Carlo c a l c u l a t i o n s 

on the muon component i n the v e r t i c a l d i r e c t i o n f o r a v a r i e t y of models 

based on the CKoP. energy d i s t r i b u t i o n . His r e s u l t s r e f e r t o muon 

energies above 1 8 0 GeV. The d i f f e r e n t models are described i n Table 

6 o 1 o 

Model .A i s i d e n t i c a l t o the " E ^ model'1 used i n the present work 

except t h a t the spread i n muon energies has been approximated by 

assuming t h a t E = 0 . 7 9 E and t h a t the deeay constant B~ 1 2 0 GeV. 

Figure 6 . 1 . shows the i n t e g r a l - e n e r g y spectra of muons from 

model A compared t o the present c a l c u l a t i o n s (converted t o a 

zen i t h angle of 0 ° by assuming t h a t the muon number v a r i e s w i t h 

z e n i t h angle, 9 S as sec 8 ) f o r primary energies o f 2 o 6 x 1 0* 4eV 
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F i g . 6.1. Comparison of the i n t e g r a l energy spectrum of muons 
c a l c u l a t e d by L a i , 1967 ( f u l l l i n e s ) w i t h the 
MTT1/4 model" 0 f the p r e s e n t work (dashed l i n e s ) f o r 
two primary e n e r g i e s and fe=0°. 
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1 5 and 4 o l 1 0 eV„ I t i s seen that the agreement Is good i n both 
eases considering the d i f f e r e n t approximations made i n both models. 

Figure 6.2 shows a comparison between the predictions of model 

A and the present results for the "E^ model" (again reduced by l / 

6 e c 6 0 ° ) f o r the number of muons as a function of primary energy at 

threshold energies of 6 0 0 and 2 0 0 0 GeVo Again the agreement i s 

quite good and so i t seems that the present calculations are 

accurate as regards the longitudinal development of high energy 

muon showers. 

Lai has compared his results with the experimental ones of 

Chatterjee et a l . ( 1 9 6 6 ) , Greisen's expression ( 1 9 6 0 ) f o r the 

r e l a t i o n between the number of muons above a given energy in a 

shower of a given size at sea-level 9 and Greisen's expression ( 1 9 6 0 ) 

describing the results of B e n n e t t ( 1 9 6 0 ) . These expressions are 

respectively 

N ( N , > E ) - 1 . 6 1 0 5 M r ) E " 1 - 5 6 o l 

where N i s the number of muons of energy greater than or equal 
ft 

to E^ i n a shower of size N particles i n the range 1 0 = 1 0 at 

an atmospheric depth of 9 2 0 g.cm 0 

at sea-level and 

N (N s> E) 

L E . + V- L 1 0 ° - 1 6 o 2 

L V J U 0 J 6 . 3 . 
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F i g . 6.2. Mean muon number as a f u n c t i o n of primary nucleon energy f o r 
6=0° and pions only as c a l c u l a t e d by L a i , 1967 ( f u l l l i n e s ) 
and the " E 1 / ^ model" of the p r e s e n t work (dashed l i n e s ) . 
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He has then used the curves of Bradt et a l . (1966) on the shower 

size versus atmospheric depth versus i n t e n s i t y 9 and the i n t e n s i t y 

versus primary energy 9 E ^ 9 to obtain the r e l a t i o n between Ep and N at 

920 g.Gm atmospheric depth. From t h i s information he has calculated 

the number of muons with energy above 216 and 640 GeV at an atmospheric 
= 2 6 depth of 920 gscm corresponding to a shower size of 10 pa r t i c l e s 

/ 5 (according to Lai t h i s corresponds to a shower size of 5.25 10 p a r t i c l e 
=2 

at 1030 gocm from the data of Bradt et alo and a primary energy of 
6 

5.6 10 GeV) and compared the results with the predictions of the three 

expressions given aboveo The results are shown i n table 6.1. From the 

comparison he concludes that the models A,D and G give the best f i t . 

However^ these conclusions must be treated with a certain amount of 

caution. The e a r l i e r results of Chatterjee et ale have since been 

modified (Chatterjee et al° 1968a) and expression 6.1. has been 

superseded by 

This is a composite r e s u l t and taking the values from a best f i t to the 

0.62 =2.2 ± 0.1. 
E 6.4. 

u 
10*" 

results of Chatterjee et a l . (1968a) for muons of energy greater than 

feAp> and GeV f o r a shower size of 10 6 particles one obtains 25 and 

187 muons respectivelyo This obviously does not af f e c t his conclusions 

very mucho 

Another point i s that he has assumed that the primary p a r t i c l e s 
6 ™2 responsible f o r showers of size 10 pa r t i c l e s at 920 g«cm are solely 

protons i n his calculations.) This may not i n f a c t be the case* and i f 

heavy primaries are present i n the primary f l u x to a large extent t h i s 

could a f f e c t his conclusions? since the number of high energy muons i n 
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a shower i s a function of the mass of the primary particleo Also there 

i s some uncertainty i n the figure used by Bradt et alo to determine : 

the primary energy from the shower size and so a better type of 

analysis would be to work back from a shower size of 1 0 p a r t i c l e s 

and calculate the appropriate primary energy for each model allowing 

for fluctuations and the assumed primary composition 

6 o 3 o 2 o Cowsike 

Cowsik ( 1 9 6 6 ) has made calculations on the longitudinal 

development of the high energy nuclear=active and muonic components 

i n E c A o S o using a model whose essential features are the same as that 

of Pal and Peters ( l 9 6 4 ) 0 The main features of the model are as 

follows8= 

A) Nucleon Interactions., 

i ; The interaction length of nucleons i s 7 5 g o cm o 

i i ) There i s a very high p r o b a b i l i t y of the nucleon being excited 

into isobaric s t a t e s 9 whose subsequent de=excitation leaves 

the nucleon with a f l a t energy spread between 3 5 $ and 7 5 $ 

ioe<> an e l a s t i c i t y ~ 0 » 3 5 = 0 o 7 o 

i l l ) The de^exeitation proceeds through the emission of pions» 

numbering about 2 » 4 per c o l l i s i o n on average and which carry 

o f f 2 7 $ of the incident energyo These are assumed to be 

emitted I s o t r o p i c a l l y i n the isobar rest frame each having 

a unique energy of 2 5 0 MeVo 

i v ) The remaining 2 0 $ i s taken up by a f i r e b a l l which moves slowly 

i n the C o M o S o o This f i r e b a l l emits nucleon-santinucleon pairs 

and pions i s o t r o p i c a l l y i n the G0MoSoO The nucleons and pions 
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are assumed to share the energy equally and each nucleon and 

pion i s assumed to have a constant energy i n the C.M9S. that of 

the nuoleons being £ 2 GeV and that of the pions ~ 0.6 GeV. 

The m u l t i p l i c i t y of the nucleoids and the pions at high energies 

becomes N ~ 0.073 E^ and N ~ 0.23 E^ respectively. 

B) Pion Interactions 

i ) The interaction length of pions ~ 120 g.cm • 

i i ) The interactions are completely i n e l a s t i c . 

i i i ) A f i r e b a l l which i s almost, completely at rest i n the yr^- system 

is formed and t h i s radiates pions and nucleons i n a manner similar 

to that in nucleon interactions. 

The decay constant B i s taken as 128 GeV. The method of c a l c u l 

ation i s by the solution of appropriate d i f f u s i o n equations and so 

fluctuations i n the interaction points are included as well as f l u c 

tuations i n the i n e l a s t i c i t y of the interactions. 

Figure 6.3 shows the energy spectrum of muons produced i n a 
6 ± 

shower of primary energy 10 GeV f o r Cowsik's model and the "E* model" 

of the present work (reduced by l/sec 60°). The two spectra are seen 

to d i f f e r quite widely. The shape of the Cowsik one can be understood 

as follows8= at low muon energies the major contribution comes from . .. 

the f i r e b a l l or pionization process. As the threshold energy i s raised. 

the mean energy of the pions i n the f i r e b a l l becomes equal to and 

f i n a l l y lower than the threshold energy and the contribution from t h i s 

process drops rap i d l y . Then the muons arising from the decay of the 

isobar pions take over. The kink in the spectrum i s the point at which 

t h i s occurs. 

-2 
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F i g . 6.3. Comparison of the i n t e g r a l energy spectrum of muons p r e d i c t e d 
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Figure 6o4 shows the average number of muons plotted as a 
4-

function of primary energy f o r the model of Cowsik and the "E* model" 

of the present work. The curves are for threshold energies of 1000 

and 2000 GeV and a zenith angle of 0°. As would be expected the 

results predicted by the two models d i f f e r greatly.. The i n i t i a l 

r i s e i n the curves from the isobar model i s due to the muons coming 

from the isobar pion decay.. As the primary energy i s increased 

the energy at which the isobar pion decay takes over from the f i r e 

b a l l pion decay increases* being ~ lO^^eV fo r a threshold energy 
15 

of 1000 GeV and so the muon number f a l l s o Above ~10 eV the muons 

eome mainly from the f i r e b a l l process and the number increases with 

increasing primary energy.. 

Cowsik (1968) has folded his results i n with a primary spectrum 

which has a r i g i d i t y cut-off at 10 GeV9 the composition of the 

primaries being the same as that found at low primary energies up 

to the cut=offo There is a further proton component i n t h i s model 

which has an in t e n s i t y of about one twentieth that of the f i r s t 

proton component., Using th i s ' spectrum he finds good agreement with 

the experimental results of Chatterjee et a l . (1968a, 1968b) on the 

muon number as a function of shower size up to muon threshold energies 

of 640 GeVo 

He concludes that the necessary value of <p> to explain the 
t 

results of Chatterjee et a l . (1968a) is 0.5 GeV/c. 

6.3.3. Murthv et a l -

Murthy et a l . (l968a»b»c) have made calculations of the average 

characteristics of E.A.S. and Monte-Carlo calculations to investigate 
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the effects of fluctuations i n E.A.S. s using eight d i f f e r e n t models 

of nuclear interactions f o r v e r t i c a l showerso The eight models are 

described i n table 6.2. The IBN and IB models are akin to those 

proposed by Pal and Peters (1964). In each i n t e r a c t i o n , 20$ of the 

primary energy i s shared by the constituents of a f i r e b a l l . The 

surviving nucleon i s excited with a 70% p r o b a b i l i t y into an isobar 

state of mass 2.4 which decays to the ground state i n three 

successive steps $ i n each of which a pion of momentum 0.4 GeV/c is 

emitted i s o t r o p i c a l l y i n the rest system of the parent. 

Except for isobar decay pions» whose transverse momentum i s 

worked out kinematically» the O.K.P. transverse momentum d i s t r i b u t i o n 

i s used f o r a l l created particles and the mean transverse momentum 

used i s Go36 GeV/c. 

The results on high energy muons are not d i r e c t l y comparable to 

those of the present work but since the QL model i s iden t i c a l to the 

"E^ model" an idea of the effects of the d i f f e r e n t assumptions can 

be gained from a comparison of the results of t h i s model with those 

of the other models. 

From a comparison of the width of the predicted l a t e r a l 

d i s t r i b u t i o n s with those of Chatter jee et al» (1968a) i t i s found 

that the former are less wide than the experimentally determined 

ones. They conclude that t h i s indicates either a higher <P^> 

value than used or that the predicted height of production i s too 

low. 

Comparing the predicted and experimental energy spectra of 
5 

high energy muons i n a shower of size 5 10 particles> the model 
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IB i s the only one which agrees with the results of Chatterjee e t a l . 

(l968a) s a l l the other models predicting too few muons. A l l models 

predict fewer muons and a d i f f e r e n t slope compared to the expression 

of Geeisen (1960) 9 at muon energies above about 100 GeV$ for the above 

shower size. 

Murthy et a l . conclude that none of the models give agreement 

as regards absolute numbers over the whole muon energy range but rule 

out the HL and HLN models from considerations of the steady state 

muon spectrum and the variation of the depth of the shower maximum 

with shower size. 

6.3.4. Bradt and Raopaoort. 

Bradt and Rappaport ( 1 9 6 7 ) have done Monte Carlo calculations 

on the nuclear-active and muon components of E.A.S. at two d i f f e r e n t 
-2 

atmospheric depths 9 5 3 0 and 9 7 0 g.cm $ using d i f f e r e n t models and 

two types of primaries •= protons and iron nuclei. 

In the two models of interest the energy spectrum of the 

secondary pions 9 which were assumed to comprise-all secondaries; 

was adapted from the approximations of Tanahashi ( 1 9 6 5 ) f o r a two 

centre model, with and without the addition of a few very high energy 

pions (models 1 and 2 respectively). Thus model 2 i s a "two"•centre" 
0 2 8 

model and has a m u l t i p l i c i t y varying as E^ 0 and model I i s similar 
0 2 2 

to an isobar model and has a m u l t i p l i c i t y varying as E^ ° . 

The transverse momentum d i s t r i b u t i o n i s of the form given by 

Aly et a l . ( 1 9 6 4 ) (see section 3 „ 4 )with a mean df 0 . 3 5 GeV/c and 

a cut=off at values above 1 . 0 GeV/c. The i n e l a s t i c i t y d i s t r i b u t i o n 

was taken to be uniform from 0 . 2 5 to 0 . 7 5 for nucleons and 1 . 0 f o r 

6 o 3 . 4 o Bradt 
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pions. The mean interaction lengths of pions, nucleons and iron 
=2 

nuclei were taken to be 80? 80 and 15 g.cra respectively. 
The integral energy spectrum of muons i n a shower i n i t i a t e d 

15 
by a primary nucleon of energy 10 eV predicted by the isobar 

model i s compared with the prediction of the "E^ model" from the 

present work i n figure 6.5. I t i s seen that the two spectra do not 

d i f f e r greatly as regards t o t a l number but the slope of the isobar 

spectrum i s less than the C.K.P. one, v i z * - 1.5 compared to 

-1.7. 

In general the two-centre " model predicts s l i g h t l y more muons 

than the isobar model f o r proton primaries and at high threshold 

energies has a steeper energy spectrum. The differences between 

the models are small compared to the differences due to the primary 

mass. The muon energy spectra f o r i r o n nuclei exhibit a sharp 
=3 

cut-off at about 10 E due to the f a c t that i n the break-up model 
P 

no nueleon receives more than l/56 of the primary energy, E^o 

From a comparison of t h e i r r e sults with experiment they conclude 

that t h e i r i s a deficieney of muons with large p^ 0 They also 

conclude that the fragmentation model f o r heavy primaries i s r e l 

a t i v e l y unimportant and that only the scatter of the f i n a l rauon 

parent has a s i g n i f i c a n t e f f e c t on the muon l a t e r a l d i s t r i b u t i o n . 

6.4. Comparison of Experimental Results with the Present Work. 

6.4.1. Chatteriee et a l - (1966. 1968a). 

This group have made measurements on high energy muons (> 220 

GeV and >640 GeV) i n extensive a i r showers i n the size range 1©^-

10 part i c l e s using a large a i r shower array on the surface (atmos-
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pheric depth 9 2 0 g»cm ) and muon detectors deep underground i n the 

Kolar Gold Mines, India© 

The a i r shower array (figure 606) consists of 2 0 p l a s t i c 
2 

s c i n t i l l a t o r s , each of area 1 m 5 1 9 are l a i d out in concentric 

c i r c l e s up to a maximum radius of 1 0 0 m and one i s located 2 0 0 m 

from the centre. 

The muon detectors are located at two depths, 2 7 0 m ( U^) and 

6 0 0 m( It,) o The detectors at the level consist of four p l a s t i c 
2 

s c i n t i l l a t o r s , each of area 1 , 4 4 m and at the level f i v e water 
2 

Gerenkov detectors each of area 2 m 0 The underground detectors 

provide only information that at least one muon has passed through 

them when they are triggered, the number of muons i s unknown. 

In order to determine the shower size and core position of the 

E . A 0 S o , the l a t e r a l density d i s t r i b u t i o n of charged p a r t i c l e s was 

assumed to have the form given by the Nishimura-Kamata-Greisen 

r e l a t i o n * In the present analysis only those showers whose cores 

f e l l w ithin 5 0 metres of the centre of the array and whose 

proba b i l i t y of detection was nearly unity were accepted.. The 

l a t e r a l d i s t r i b u t i o n s of muons were assumed to be of the form 

. 1 o J 6 „ 5 

o 
Under these assumptions the p r o b a b i l i t i e s of one and two muon 

detectors being triggered by muons associated with E0A.0S0 was 

calculated as a function of N and r Q o From the experimentally 

measured fluxes these p r o b a b i l i t i e s were known and so N and r 
•• v u 0 

were obtained i n terms of shower size. Figure 6 . 7 shows the 

dependence of the t o t a l number of muons of energy > 2 2 0 GeV and 
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with shower size at an atmospheric depth of 920 g.cm~2 as 
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>640 GeV on the shower sige (N) i n the range 10 = 10 particleso 

Ths dependence can be expressed by 
N ̂ ( > 220 GeV) = 4* (N/I0 5)°° 5 8 ± 0 u l 6.6 

N (>640 GeV) = 4 (N/lO 5) 0 o 7 7 1 0 o 2 6„7 

Only results f o r the 640 GeV threshold feave been obtained i n the 

present calculations (to be precise 600 GeV)o In order to compare 

these with those of Chatterjee et alo (l968a) 9 the l a t t e r have been 

converted to sea-level using tine shower size versus atmospheric 

depth curves of Bradt e t alo (l966) 0 This means extrapolating the 

l a t t e r to sea-level but the error should be small compared to the 

errors on the experimental points* This assumes that the detected 

showers are almost v e r t i c a l but t h i s is probably j u s t i f i e d since 

only showers f a l l i n g w i t h i n 50 metres of the centre of the array 

were considered so that the maximum zenith angle of showers detected 

should be ~10° f o r muons of energy above 640 GeVo 

• The predicted values of 1^ (>600 GeV) versus N were obtained 

assuming primary protons, osing the relationship between shower size 

and primary energy given by De Beer et alo (1966)tallowing for 

fluc t u a t i o n s * i n the v e r t i c a l d i r e c t i o n I t is not quite correct to 

use t h i s since the m u l t i p l i c i t y of pions i n these calculations is 

s l i g h t l y higher than i n the present worko However9 the e f f e c t should 

be small (see difference i n models I and I I i n De Beer et a l o ) and 

should have the e f f e c t of raising the predicted points which are 

shown i n figure 6 08 0 

I t i s seen that the predicted points are consistently lower 

than the experimentally derived oraes- $ although they l i e within 
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the experimental errors- I t seems though that there i s probably a 

real difference between the two resultso The difference, however 9 

would be easily removed by the addition of heavy primaries to the 

primary spectrumo An average primary mass < 2 should be s u f f i c i e n t 

to bring about agreemento 

Note that t h i s comparison i s fo r the "E* model",, One would expect 

the "E^ model" to predict higher values of N ^ / N
e ° T h e addition 

of kaons to the secondaries would also increase N /N „ 
H e 

6 o 4 o 2 o Barret et al„ (195?) 

This group carried out a series of experiments on underground 

muons at a depth of 1600 hgocm (corresponding to a muon threshold 

energy of 560 GeV) i n a sa l t mine near Ithaca,, 

One of the experiments determined the desoherence curve of 

underground muons and from t h i s i t was found that a l a t e r a l 

d i s t r i b u t i d n of the form 
i/mr2 3P< <r 

p ( r ) - 6.8 
0 •* > <T 

would f i t the results 9 with <r = 13 m<, This implied that the mean 
radius of the showers detected was 807m„ 

Using t h i s l a t e r a l d i s t r i b u t i o n $ i t was possible to predict 

the expected r a t i o s of doubles to singles and t r i p l e s to doubles 

which when compared to the measured r a t i o s gave a muon m u l t i p l i c i t y 

spectrum 

F(M) cc M = 3 o 4 ± O o i 6.9. 

UEidor the assumption that the m u l t i p l i c i t y spectrum could be 

approximated by a power law„ Combining t h i s with the number spectrum 

of electrons over the relevant shower size range they concluded 1that 
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F i g - 6 . 8 . Variation i n the number of muons (Ej,>640 GeV) with shower 
size at sea-level. The dashed l i n e refers t o relationship 
given by Greisen ( 1 9 ^ 0 ) , the f u l l l i n e to the present work 
assuming the "E model" and the points to the results of 
Chatterjee et a l . (1968a) converted from a depth of 920 g.cm"^. 
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N (> 560) « N ° " 5 8 ± 0 « 0 5 6.10 

Greisen (1960) 9 however, has reanalysed the data and by 

comparing the measured absolute frequency of showers as a function 

of the number of muons to the frequency of extensive a i r showers 

at sea~level with N charged par t i c l e s he finds that 

N ( > 560GeV) s 75 (N/lO 6) ° 6.11 

with a ~ 0.7 f o r large values of N and N , decreasing towards 

0.5 for 1^ i n the neighbourhood of one ( i . e . showers of 500 to 

1000 elactons contain on the average one such muon). 

With t h i s information and that from other experiments Greisen 

predicts 
_ r 1.37 • (- N i 0.75 

V > V N > " ^ 1 0 { j | ^ 6 ] 6.12 
This l i n e i s shown i n figure 6.8 for E ̂ >640 GeV. I t i s seen 

to be higher than that given by Chatterjee et alo (1968a) even a f t e r 

correction f o r the difference i n atmospheric depth of the two 

experiments. The reason f o r t h i s i s not clear. Greisen does not 

give any information on his analysis or any error estimation. Two 

possible explanations are that the mean zenith angle i s d i f f e r e n t 

i n the two cases and also the form of the l a t e r a l d i s t r i b u t i o n s are 

d i f f e r e n t leading to a difference i n the estimate of the muon 

number. 

In order to get better agreement with Greisen's result the 

predicted points could be increased by postulating heavy primaries 

i n the primary spectrum and/or a m u l t i p l i c i t y law varying faster 

6 . 4 . 3 o The V e r t i c a l S e a - L e v e l Enerov Spectrum of Muons above 

1000 GeV. 

At these energies the i n t e n s i t i e s deduced from various experiment 

than E 
P 
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t a l determinations suffer from large s t a t i s t i c a l and/or systematic 
errors. However9 a comparison of the present models with exper
iment serves both as a check on the models themselves and also on 
the magnitude of the primary spectrum used. 

At the energies involved there are three main methods used to 

determine the sea level muon spectruma- from measurements of y "ray 

spectra at various heights i n the atmosphere9 from int e n s i t y 

measurements underground and from burst spectra measurements. A l l 

the methods are i n d i r e c t and so t h e i r accuracy also depends on the 

theory adopted s which i n a l l cases depends on some unknown parameters, 

i ) Energy Spectrum from Y -rav Spectra Measurements. 

Since muons are genetically related to y=rays i n the atmosphere 

via t h e i r parent par t i c l e s (pion and kaons) i t should be possible 

in theory to establish relationships between the sea-level muon 

spectrum and that of Y=rays at various depths i n the atmosphere0 

Several groups of workers have measured the energy spectrum of high 

energy y-rays using nuclear emulsion methods at mountain» aeroplane 

and balloon a l t i t u d e s . There i s some disagreement among the d i f f e r e n t 

workers but the l a t e r results are i n closer agreement. 

Duthie et al° (1962) and Mayes $ (1964) have used these " 

results to deduce the sea=level energy spectrum of muons via the 

parent meson production spectrum. The parameters involved i n the 
j. 

models ares (a) the absorption mean free path of the high energy 

nuclear=active components (b) the assumption of charge independence 

i n the production of the parent mesons9 (c) the pion to kaon r a t i o 
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among the secondaries of high energy nuclear interactions and (d) 

the interaction eharactexistics of the. parent pions» 

Only the f i r s t of these has been measured at the energies 

involved (Duthie et alo (1962), Fujimoto (1964)) and sc the 

other parameters have to be extrapolated from lower energy 

measurementSo 

The sea-=level muoii spectrum deduced by Mayes 
(1964) 

i s shown i n figure 6<>9o 

The sea=level energy spectrum can be derived from measurements 

of the muon i n t e n s i t y at various depths undergroundo Muons of 

energy above 1000 GeV correspond to depths greater than ~ 2500 
=2 

hg o cm o 

Menon and Raraana Murthy have given a discussion of underground 

experiments performed at depths greater than 2000 hg0cm ° They 

have also derived a depth i n t e n s i t y curve down to depths of*- 8000 
, -2 hg<>cm e 

The sources of the data and the technique ussed are summarized 

i n Table 6«3o 

Worker Technique 

Bollinger (1951) G o C c , 4 f o l d 9 30 cm lead 

Barton (1961) GoCoj 2 fo l d and SoC» 

Miyake et a lo (1962* 1964) SoCo9 2 f o l d } 5 cm leado 

Castaglioni et a lo (1965) SoCo ,2 fo l d ,1 - 6 cm lead 

keys Go© o (aeiger counters! SoC« s c i n t i l l a t i o n counterso 
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From t h i s depth i n t e n s i t y curve and the range-energy r e l a t i o n 

of muons they were able to work back and deduce the energy spectrum 

of sea-level muons allowing f o r the vari a t i o n In the rock over each 

experiment from standard rock* 

The actual energy loss formula used by Menon and Ramana Murthy 

was 

- g | • 1.88 + 0.0766 l n j ^ f f i a | \ + 3.6 10 = 6E 6.13 
^ 18^ G J 

where the symbols are as i n equation 5.16. They also took into 

account the e f f e c t of fluctuations on the range energy r e l a t i o n . 

As already mentioned the exact value of the energy loss c o e f f i c i e n t 

i s not accurately known due to a lack of knowledge of the photo-
nuclear cross^-section and they i n f a c t assumed a value of b = (3.6 

=6 =i 2 
+ 0.6) 10 g .em. The results are shown i n figure 6.9. Osborne 

et a lo (1964) composed a spectrum using essentially the same method 

as Menon and Ramana Murthy 0 This has been s l i g h t l y modified by 

Aurela and Wolfendale (1967) and the results are found to agree 

wi t h i n the standard deviations estimated by Menon and Raraana Murthy. 

Kobayakawa (1968) has also calculated the sea-level muon 

spectrum from underground measurements. His treatment d i f f e r s 

i n three ways from e a r l i e r works* (a) he derives the average range-

energy r e l a t i o n without the assumption that the b value i n the 

energy loss equation is constants (b) r e l i a b l e values of the 

enhancement factor resulting from fluctuations i n the energy loss 

of muons t r a v e l l i n g through great thicknesses of material are used; 

and (c) the differences i n the rocks of respective authors 

are taken into account by d i r e c t l y converting the measured 
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i n t e n s i t i e s to the sea-level spectrum by using the appropriate 

average range~energy curves and correction factors. He finds an 

exponent of = 2.541 + 0.190 (95# confidence l i m i t ) over the 

energy range 0.4 - 7 TeV having a weighted mean energy of 0.70 TeV. 

The r e s u l t s from the Utah detector need not be discussed further 

as they have already been considered i n Chapter 5. 

i i i ) Energy Spectrum from Burst Measurements. 

High energy muons produee bursts essentially through electro-

magnetic processes. From the measured burst spectrum one can deduce 

the energy spectrum of muons at sea-level (e.g. Krasilinikov (1964) 9 

Dimitriev and (Christiansen (1963) and Higashi et a l . (1964)). 

The r e s u l t s of these workers are shown i n fi g u r e 6.9. The re s u l t s 

of Krasilinikov (1964) and Higashi et al.(1964) agree with each other 

withi n the e r r o r s 9 which are rather l a r g e 9 while the results of 

Dimitriev and Khristainsen seem to be on the high side over the 

ent i r e range. 

The discrepancy that exists between the energy spectrum deduced 

from burst measurements by Dimitriev and (Christiansen and the energy 

spectra obtained by various other types of observations 9 p a r t i c u l a r l y 

the underground observations» cannot be understood at present. The 

-•aspects involved i n deducing the high energy muon spectrum from 

burst spectra measurements are (a) the v a l i d i t y of quantum electro'" 
=14 / 

dynamics at short distances» ~ 10 cms9 lb) a knowledge of the non~ 

electromagnetic interactions of muons, and (c) an understanding of the 

corrections f o r the effects of fluctuations i n burst size for a given 

energy transfer. 
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iv ) Composite Muon Energy Spectrum 

Neglecting the results of Dimitriev and Khristiansen, Menon and 

Ramana Murthy have drawn a composite sea-level muon energy spectrum 

from various measurementso This i s shown i n figure 6»10 where i t 

is compared with the predictions of the "E*" and "E8" models 9 both 

of which have been obtained from the o r i g i n a l calculations f o r a 

zenith angle of 60° by multiplying by cos 60°. 

I t i s seen that both of the theoretical spectra l i e within the 

l i m i t s of the composite spectrum and so i t is not possible to d i s t 

inguish between the two models on t h i s basis. However $ the f i t 

between the theoretical and experimental results means that f o r the 

assumptions made i n the models the magnitude of the primary i n t e n s i t y 

adopted i s reasonable over the energy range covered by these spectra» 

although the experimental errors are very large. I t would be possible 

to lower the primary intensity f o r the"E^ model' by about a factor 2 
4 

at a primary energy of ~ 2 10 eV. corresponding to the median primary 

energy of muons with energy above 5000 GeVj and s t i l l maintain agree

ment. This could bring about better agreement with the Utah results 

but would also mean changing the slope of the primary spectrum and 

would probably lead to disagreement with the shower size spectrum. 
i_ 

I t would also be possible to lower the in t e n s i t y f o r the "E2 model"1 

by ~ 16% at a primary energy of ~ 4 1 0 1 3 eV and by ~ 25% at 8 10 1 4eV 

but t h i s would not be s u f f i c i e n t to bring about agreement with the 

Utah resu l t s . I f kaons were present to a s i g n i f i c a n t extent among 

the secondaries of high energy interactions i t might be possible to 

lower the primary i n t e n s i t y and s t i l l maintain agreement with the 
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measured muon spectrum. 

I t seems then that the primary i n t e n s i t y taken for each model 

i s reasonable considering i t gives agreement with experiment f o r both 

the electron and muon components. 

I t seems that the C.K.P. model i s capable of explaining the 

longitudinal development of E.A.S. reasonably well. The transverse 

momentum d i s t r i b u t i o n may be in need of modification at low values 

of p^ and an increase i n the mean transverse momentum seems to be 

needed with increasing interaction energy i f the m u l t i p l i c i t y law 

is assumed to vary as E * . 
P 

The present calculations seem to be i n good agreement with those 

of Lai (1967) with regard to the longitudinal development of the 

showers using a similar model and t h i s indicates that the method of 

calculation i s satisfactory although a comparison of l a t e r a l 

d i s t r i b u t i o n s has not been possible. 

Cowsik's results d i f f e r considerably from those of the present 

work and together with those of Murthy et a l . and Bradt and Rappaport 

indicate that a higher value of <p^>than 0.4 GeV/c i s needed to 

explain the existing experimental res u l t s . 

A comparison of the present results with the experimental ones 

of Chatterjee et a l . (1968a) indicates a deficiency i n the number of 

predicted muons with energy greater than — 640 GeV but the difference 

i s not great and agreement should be possible f o r a primary composition 

of mean mass number^ 2 9 or the addition of kaons to the secondary 

part i c l e s produced in high energy interactions. This i s for the 
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"E* model". 

The expression of Greison (1960) gives higher values of muon 

numbers as a function of shower size than found by Chatterjee et a l o 

and t h i s possibly indicates a higher proportion of heavy primaries, 

of kaons among the secondaries of high energy interactions than i n 

the case of Chatterjee e t alo . I t would seem that the results of 

Chatterjee et alo should be the more r e l i a b l e , however, since they 

have a large EoA„S. array above t h e i r muon detectors and assume a 

more r e a l i s t i c form f o r the l a t e r a l d i s t r i b u t i o n s of the muons, but 

u n t i l more results are available i t i s not possible to decide between 

the two sets of results with certaintyo 

The comparison between the measured sea-level spectrum of muons 

with energy above 1000 GeV with the t h e o r e t i c a l l y predicted ones 

shows that within the very wide experimental error l i m i t s both the 

"E*" and "E2" models give agreement. Thus the primary i n t e n s i t i e s 

adopted f o r each model would seem to be reasonable. 
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T E R 7. 
CONCLUSIONS AND FUTURE WORK 

From an analysis of the characteristics of ultra-high energy 

muons an attempt has been made to draw" conclusions about the mass 

composition of the primary cosmic radiation at energies above those 

at which d i r e c t observations can be made and also to gain information 

on the characteristics of ultra-high energy nuclear interactions» i n 

par t i c u l a r the m u l t i p l i c i t y of the secondary p a r t i c l e s produced i n these 

inte r a c t i o n s , the form of t h e i r transverse momentum d i s t r i b u t i o n and 

the mean value of t h e i r transverse momentum. 

However; the conclusions of such an analysis are dependent on 

the theoretical model used and on various assumptions made i n the 

analysis and so careful consideration must be given to these factors 

before d e f i n i t e conclusions are drawn. 

7.2. The Transverse Momentum. 

From the studies of the deooherence curve of high energy muons 

underground measured by Coats et a l . (1969) a value of 0.72 + 0.08 GeV 

/c has been obtained f o r the mean transverse momentum of pions 
14 £ produced i n interactions of energy ~ 2 10 eV assuming the "E* model" 

I f the , 0E a model1" i s used a mean transverse momentum of ~0.5 GeV/c 

i s obtained f o r a primary interaction energy of ~ 4 lO*4eV. 

These values must be regarded as preliminary because of various 

factorsMn the analysis. These factors include the neglect of 

the effects of geomagnetic d e f l e c t i o n . Coulomb scattering, the 

assumption that a l l the muons detected come from pions and the 
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neglect of possible c o r r e l a t i o n s between the transverse momentum and 

the m u l t i p l i c i t y o Also i t was assumed t h a t the primary p a r t i c l e s 

c o n s i s t only of protonso 

Approximate c a l c u l a t i o n s f o r the e f f e c t of heavy primaries present 

t o t h e e x t e n t found at low primary energies i n d i c a t e t h a t t h e i r e f f e c t 

i s t o reduce the mean transverse momentum t o 0.67 + 0.1 Gev/c a t 

primary energies ~2 10 GeV i f the "E* model* i s assumedo 

Evidence f o r a value of the mean transverse momentum higher than 

0.4 GeV/c Gomes from the r e s u l t s of several groups of workers. From 

a comparison of the width of showers of muons w i t h energy above 220 

GeV w i t h the t h e o r e t i c a l ©aletaljations of Murthy e t a l . (1968a)» 

Ch a t t e r j e e e t al° (1968a) conclude t h a t a mean transverse momentum of 

0.6 - 0.7 GeV/o would be needed to f i t t h e i r experimental r e s u l t s . 

De Beer e t a l . (1968b) using a model s i m i l a r t o the "E* model" of the 

present work f i n d t h a t i f the r e s u l t s b f rlarnshaw e t 'alo. ,(1967.) are 

i n t e r p r e t e d i n terms of an inerease i n the mean transverse momentum 

of secondary pions produced i n high energy i n t e r a c t i o n s then* even 

a l l o w i n g f o r a possible s e l e c t i o n bias i n the experimental r e s u l t s 9 

a mean transverse momentum r i s i n g from ~0.4 GeV/c f o r pion i n t e r a c t i o n s 

o f mean energy ~ 40 GeV through ~ 0.6 Gev/c f o r i n t e r a c t i o n s of . 

200 GeV t o 1.0 + 0.3 GeV/c f o r i n t e r a c t i o n s of mean energy ~ 4 10 

GeV i s needed. However 9 i t should be noted t h a t Orford and Turver 

(1968) have put forward an a l t e r n a t i v e explanation of the r e s u l t s 

of Earnshaw e t a l o i n terms of a m u l t i p l i c i t y law var y i n g as the 
12 

square r o o t of the i n t e r a c t i o n energy above 3.10 eV and primary 
7 

p a r t i c l e s having a. mass great e r than 10 a t primary e n e r g i e s ~ 2 10 eV s 
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although even i n t h i s work a mean transverse momentum of 0.5 GeV/c 

was used. 

I t has not been possible t o d i s t i n g u i s h between d i f f e r e n t 

forms of the transverse momentum d i s t r i b u t i o n . However, i t seems 

t h a t the C.K.P. d i s t r i b u t i o n represents the present data adequately 

7.3. M u l t i p l i c i t y Law of Secondary P a r t i c l e s i n High Energy 

Interactions.. 

Two m u l t i p l i c i t y laws of secondary charged p a r t i c l e s produced 

i n high energy i n t e r a c t i o n s have been considered i n the present 
1 1 

c a l c u l a t i o n s which are denoted by the model" and the "E a model" 

The main i n f o r m a t i o n on the r e l a t i v e m e r i t s of the two models 

comes from a comparison of the p r e d i c t e d and e m p i r i c a l l y derived 

d e n s i t y spectra and r a t e s of high energy muons. 

This comparison i n d i c a t e s t h a t whichever model i s considered 

then the pr e d i c t e d r a t e s of doubles and t r i p l e s i s too high when 

the p r e f e r r e d primary s p e c t r a , i.e« Spectrum A and Spectrum B 

are folded i n . 

The various p o s s i b i l i t i e s of e x p l a i n i n g t h i s discrepancy 

have already been discussed i n Chapter 5. 

The comparison also i n d i c a t e s t h a t whichever of the two 
4-

p r e f e r r e d primary spectra i s used then the "E* model" seems t o 

gi v e the b e t t e r f i t o 

However $ before d e f i n i t e conclusions are drawn a c l o s e r 

examination of the i n t e n s i t y of the primary spectra used must 

be made0 

The i n t e n s i t y of the primary spectra used f o r the "E* model" 

has been derived by De Beer e t al» (1969) from a survey of sea-
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l e v e l shower size spectrum measurements) and working back from these 

measurements t o the primary spectrum using a t h e o r e t i c a l model 

s i m i l a r t o the one used i n the present work. Obviously such a 

procedure depends on the contents of such a survey 0 However 9 a 

comparison w i t h the r e s u l t s of other workers i n d i c a t e s t h a t the 

i n t e n s i t i e s assumed f o r each spectrum are reasonable,, 

The o t h e r r e l e v a n t f a c t o r i s the amount by which the i n t e n s i t y 

of the primary spectra must be r a i s e d t o a l l o w f o r the decrease i n 

the shower size f o r a given primary energy when using the "E^ model". 

The increase used i n the present work i s based on c a l c u l a t i o n s by 

Oe Beer e t a l . ( l 9 6 6 ) . This enhancement f a c t o r must be regarded as 

very approximate because De Beer e t a l . used a s l i g h t l y d i f f e r e n t 
A 

m u l t i p l i c i t y law than adopted i n the present work f o r the "E 3 model" 

and d i d not consider t h e e f f e c t s of f l u c t u a t i o n s i n the shower s i z e 

f o r t h e i r model w i t h the m u l t i p l i c i t y v a r y i n g as the square r o o t of 

the i n t e r a c t i o n energy* I t i s thought t h a t the present enhancement 

f a c t o r i s probably an overestimate and so w i l l lead t o the i n t e n s i t y 
A 

of t h e primary, spectra used f o r t h e "E 8 model111 being overestimated. 

Some increase i n the assumed primary spectra must be made f o r the 

"E^ model™ but i t i s not possible t o know the exact amount u n t i l 

more accurate c a l c u l a t i o n s have been c a r r i e d out t o allow f o r t h i s . 
A 

T h e r e f o r e s although the present c a l c u l a t i o n s favour the "E* model" 
A 

the "E 8 model" cannot be r u l e d out. 

7.If. Mass Composition of the Primary Cosmic Radiation. 

I t has been seen i n Chapter 5 t h a t i t i s not possible a t present 

t o draw conclusions about the mass composition of the primary cosmic 
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r a d i a t i o n from a comparison of the p r e d i c t e d and e m p i r i c a l l y derived 

d e n s i t y spectrao 

I f the conservative values of the model parameters are used then 

both of the p r e f e r r e d primary spectra p r e d i c t r a t e s which are higher 

than observed e x p e r i m e n t a l l y f o r both of the m u l t i p l i c i t y laws 

considered.. 

Since t h i s discrepancy increases w i t h muon t h r e s h o l d energy i t 

seems t o be due not simply t o an overestimate of the primary intensity« 

From the possible causes of t h i s overestimate which have been con

sidered the most l i k e l y parameters t o change t o b r i n g about b e t t e r 

agreement seem t o be the value of the mean transverse momentum and/ 

or the value of the energy lose C o e f f i c i e n t b ( w i t h or w i t h o u t d i r e c t 

p roduction) both of which have some j u s t i f i c a t i o n (see Chapter 5)o 

The only experimental r e s u l t s which seem t o be i n c o n t r a d i c t i o n 

w i t h the present work are those of Grigorov e t al« (l967),from 

observations w i t h the "Proton" satellites» who have concluded t h a t 

the p r o p o r t i o n of heavy n u c l e i i n the primary cosmic r a d i a t i o n 
12 

begins t o increase a t primary energies o f 10 eVo Using the present 

models too few high energy muons would probably be observed i f t h i s 

composition was adoptedo 

7o-5„ Future Workn 

T o ^ l o Introduction., 

I t has been seen t h a t the conclusions from the present work 

are l i m i t e d t o a c e r t a i n e x t e n t by the s t a t i s t i c a l accuracy of the 

Utah re s u l t s o I t also seems t h a t the method of d e r i v i n g e m p i r i c a l 

d e n s i t y spectra i s not very s a t i s f a c t o r y because i t i s d i f f i c u l t 
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t o estimate the experimental e r r o r s from these and also t o allow 

f o r the f a c t t h a t the s e n s i t i v e area of the detecto r changes w i t h 

angular and detected m u l t i p l i c i t y variations.. 

Recently the completed Utah detector has been run and r e s u l t s 

of much great e r s t a t i s t i c a l accuracy should be a v a i l a b l e s h o r t l y 

thus enabling a more thorough a n a l y s i s t o be made. 

A possible method of analysing these r e s u l t s t o o b t a i n 

i n f o r m a t i o n on the m u l t i p l i c i t y law of high energy i n t e r a c t i o n s ; on 

the transverse momentum of t h e secondary p a r t i c l e s i n such i n t e r a c t i o n s 

and the p r o p e r t i e s of the primary cosmic r a d i a t i o n i s described below. 

The f o l l o w i n g parameters are considered as v a r i a b l e s s -

i ) The mean transverse momentum <p^> 9 the C.K.P. transverse 

momentum d i s t r i b u t i o n being assumed. 

i i ) The exponent a i n the m u l t i p l i c i t y v a r i a t i o n n g = A E p
 a 

above E^ - 3000 GeV; below a primary nucleon energy of 3000 

GeV the r e l a t i o n n = 2.7 E * appears t o f i t the a v a i l a b l e 
5 p 

experimental data r a t h e r w e l l and t h i s expression i s used. 

i i i ) The magnitude of the primary spectrum> although when i t i s 

necessary t o use the form of the spectrum f o r s p e c i f i c 

p r e d i c t i o n s the r e l a t i o n given by equa t i o n 4.23 i s used 

i . e 0 Spectrum C0 

7.5°2. D e r i v a t i o n of the Mean Transverse Momentum. 

From studies of the deeoherence curves of high energy muons i t 

should be possible t o o b t a i n f a i r l y accurate values of the mean 

transverse momentum of the secondary p a r t i c l e s produced i n high 

energy i n t e r a c t i o n s assuming d i f f e r e n t values of a < 
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I f s u f f i c i e n t data are a v a i l a b l e i t should also be possible t o 

o b t a i n estimates of the mean transverse momentum f o r d i f f e r e n t t h r e s 

hold and t h e r e f o r e d i f f e r e n t primary energies. 

I t may also be possible t o o b t a i n decoherence curves f o r t r i p l e 

and t h i s would give i n f o r m a t i o n on the values of the transverse 

momentum at even higher primary energies f o r d i f f e r e n t values of a • 

Thus i f the value of a was known accurate values of the mean 

transverse momentum could be obtained. 

The d e r i v a t i o n of a i s described i n the next s e c t i o n . 

7.5«30 D e r i v a t i o n of a. 

Having obtained values of the mean transverse momentum i n the 

re l e v a n t energy range f o r appropriate values of ct the r a t e s of 

m u l t i p l e muon events of d i f f e r e n t m u l t i p l i c i t i e s can be c a l c u l a t e d 

f o r d i f f e r e n t values of a « 

To i l l u s t r a t e the method i t w i l l be assumed t h a t the mean 

transverse momentum obtained from the decoherence curve analysis 

i s 0.4 GeV/c f o r a l l values of a . I n p r a c t i c e the appropriate 

values of < p^> should be used and s i m i l a r curves c a l c u l a t e d . 

Figure 7.1° shows the c a l c u l a t e d frequencies of d e t e c t i o n of 

m u l t i p l i c i t i e s 1 - 4 i n c l u s i v e f o r a detector of area 20 m (the 

approximate area of the Utah d e t e c t o r ) a t a z e n i t h angle of 60° 

f o r a = i and « = |„ 

Figure 7«2o shows the appropriate median energy versus muon 

th r e s h o l d energy f o r the two values of a , ̂  and -§>for a d e t e c t o r 

of area 20 m and a z e n i t h angle of 60 . 

The p r a c t i c a l s i g n i f i c a n c e of such a f i g u r e i s t h a t the data 
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F i g . 7 . 1 . The expected frequency of d e t e c t i n g m muons i n a d e t e c t o r 
of area 20 m2 at 0=60° as a f u n c t i o n of t h r e s h o l d energy, 
assuming pr o t o n primaries and <p t>=0.4 GeV/c. 
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Median primary energy, E Q , as a f u n c t i o n 
of muon t h r e s h o l d energy f o r various 
m u l t i p l i c i t i e s , m, of detected muons at 
G=60° assuming primary protons and <p-j->=0.4Ge)/c. 
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from d i f f e r e n t t h r e s h o l d energies and d i f f e r e n t m u l t i p l i c i t i e s can 

be selected i n such a way t h a t they r e f e r t o the same primary energy 

For example i n t h i s case f o r a = £ the same primary energy 9 2 10 GeV 

r e s u l t s i f s i n g l e muons of energy above 5000 GeV and doubles w i t h 

energy above 1000 GeV are studied. S i m i l a r l y primary nucleons of 
5 

median energy 5.5 10 GeV give r i s e t o s i n g l e s w i t h energy greater 

than 11000 GeV and doubles w i t h energy greater than 3000 GeV. 

Using the data of f i g u r e s 7.1 and 7.2 i t i s possible t o con

s t r u c t curves of the type shown i n f i g u r e 7.3. This gives the 

r a t i o o f the p r e d i c t e d frequency of doubles (above a given t h r e s h o l d 

energy) t o t h a t of s i n g l e s w i t h an energy above t h a t t h r e s h o l d 

energy which corresponds t o the same median primary energy, as a 

f u n c t i o n of the s i n g l e muon t h r e s h o l d energy. Along each of these 

( f u l l l i n e ) curves a v a r i e s and any p o i n t on a l i n e corresponds 

t o a f i x e d a and a f i x e d primary energy. For example the curve 
f o r n = 2 a t E = 8500 GeV corresponds t o = and the r a t i o 

H 
of P„ (E > 2000 GeV) /P. (E > 8300 GeV) 9 i s 0.95. From f i g u r e 2 u I n 
7.2. we see t h a t the median primary energy f o r both these m u l t i 

p l i c i t i e s i s ~ 4 1 0 5 GeV. 

The manner i n which such a p l o t can be used i s i l l u s t r a t e d by 

the s t r a i g h t l i n e drawn through the h y p o t h e t i c a l experimental p o i n t s 

This r e f e r s t o n = 2 i<.e. doubles w i t h energy above 2000 GeVo The 

c i r c l e s r e f e r t o s i n g l e s a t t h r e s h o l d energies below t h a t respon

s i b l e f o r doubles but e x t r a p o l a t i o n t o meet the, l i n e n = 2 gives 

the c o n d i t i o n t h a t the median primary energies are the same. The 

value of a a t t h i s i n t e r s e c t i o n p o i n t i s then the experimentally 
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derived value independent of the primary i n t e n s i t y . 

S i m i l a r curves can be p l o t t e d which r e l a t e t o the r a t i o s 

Pg t o ^4 t o P 3 e-te<> and so a values p e r t a i n i n g to higher primary 

energies can be determined ( i f i n f a c t a does vary w i t h t h e primary 

energy) by p l o t t i n g the experimental data i n a s i m i l a r manner. 

The values of a obtained are i n f a c t e f f e c t i v e values since i t 

i s assumed t h a t the primary p a r t i c l e s are a l l s i n g l e nucleons. 

I n f a c t one may be able to draw conclusions about the primary 

mass and the m u l t i p l i c i t y law from such a comparison. Thus i f the 

value of & obtained i s higher than permitted by the kinematics of 

high energy i n t e r a c t i o n s i t i n d i c a t e s t h a t some heavy n u c l e i are 

present i n the primary cosmic r a d i a t i o n . I f Q£ t u r n s out t o be less 

than £ then i t i n d i c a t e s t h a t the primary p a r t i c l e s are mainly protons 

i n the r e l e v a n t energy r e g i o n . 

Furthermore trends i n a could be u s e f u l . Thus an increase i n 
15 

O a t primary e n e r g i e s ~ 1 0 could p o s s i b i l y be i n t e r p r e t e d as evidence 

f o r an increase i n the primary mass a t these energies, or a l t e r n a t i v e l y 

a decrease would give support t o the theory t h a t the primary p a r t i c l e s 
15 

above ""10 eV were becoming l i g h t e r . 

I n theory i t may also be possible t o draw conclusions about the 

existence of the " d i r e c t production"process . Thus i f a t a given 

primary energy i t was possible t o compare the value of a obtained 

from the r a t i o P 2 to_P w i t h t h a t of P 3 to and the former turned 

out t o be bigger than the l a t t e r then t h i s would support the 

existence of the " d i r e c t p r o d u c t i o n " process. However, i t may not 

be possible e x p e r i m e n t a l l y t o dete c t enough events t o o b t a i n values 

of the P,/P7 r a t i o corresponding t o the required primary energy 9 
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since the t h r e s h o l d energy would need t o be very high» unless a 

was very l a r g e . 

Having obtained values of a i n t h i s fashion then values of 

the mean transverse momentum could be obtained from the r e s u l t s of 

se c t i o n 7.4.2. 

7.5.4. D e r i v a t i o n of the Primary jnten,sUY« 

Having derived 8 and <p^> as a f u n c t i o n of the primary energy 

the experimental r e s u l t s can be taken together w i t h the t h e o r e t i c a l 

p r e d i c t i o n s t o determine the primary i n t e n s i t y f o r various primary 

energies. The determination i s by way of f i n d i n g the r e l a t i o n s h i p 

of the observed number of events of a given m u l t i p l i c i t y t o t h a t 

given i n f i g u r e 7.1, ( i n t h i s example where the < p^> found from 

the decohere nee curves i s assumed to be. 0.4 GeV/c for. a l l values 

of a ) and by s c a l i n g the primary i n t e n s i t i e s given by equation 

4.23 accordingly. 

Performed i n t h i s way the c a l c u l a t i o n s give the primary 

spectrum t h a t would apply i f a l l the primary p a r t i c l e s were 

s i n g l e nucleons. 

7.5.5. E f f e c t of Detector Area. 

The e f f e c t s of small changes i n the detec t o r area on the 

p r e d i c t e d r a t e can be allowed f o r using curves of the form shown 

i n f i g u r e s 4.24 and 4.25. Also changes i n t h e p r e d i c t e d r a t e s 

due t o v a r i a t i o n s i n the r a d i i of the showers caused by mean 

transverse momenta d i f f e r e n t from 0.4 GeV/c can be allowed f o r 

using these curves. Figure 7.4. shows the mean rad i u s of showers 
1 1 

of d i f f e r e n t t h r e s h o l d energies for the "E^" and models as a 

7.5.5. Effec Dete 
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f u n c t i o n of primary energy. These curves are f o r < p̂ .> = 0 04 GeV/c 

and a z e n i t h angle of 60°. I f f o r <p̂ .> = 0.4 GeV/c the radius of a 

shower i s r than f o r <p̂ .> = 0,4 f GeV/c the mean radius of the shower 

i s f . r . I f we wish t o f i n d the p r e d i c t e d r a t e of doubles through an 

area A f o r <p^> = 0.4 f GeV/c.then assuming the r a t e i s a f u n c t i o n of 

the r e l a t i v e area of the shower t o the d e t e c t o r 

A' = f 2 A 

where A' i s the area that. muit'..bej.lobked'.:.up:'iin.figure.4.24 t o f i n d the 

new pr e d i c t e d r a t e of doubles through the area A at a z e n i t h angle of 

60°. This i s not e x a c t l y t r u e because the median primary energy 

responsible f o r the doubles w i l l vary f o r d i f f e r e n t values of the mean 

transverse momentum but f o r small changes i n <P^.> i t should be a good 

approximation. 

This procedure could also be c a r r i e d out f o r d i f f e r e n t z enith 

angles and th r e s h o l d energies i f the values of the mean radius of 

the. showers were known> 

7.5o6o Angular V a r i a t i o n . 

The bulk of the angular v a r i a t i o n i n the pre d i c t e d frequencies 

of various m u l t i p l i c i t i e s comes from geometrical-factors> notably 

the increase i n mean distance t o the generation l a y e r as the z e n i t h 

angle increases* This i s only t r u e of course i f the basic i n t e r a c t i o n 

mechanism i s as assumed here and t h a t no other process c o n t r i b u t e s 

t o muon production e.g* the " d i r e c t production" process po s t u l a t e d 

by Bergeson e t al„ (.1960): 

Despite the probable lack of fundamental character of the .; •. 

angular- v a r i a t i o n .there; is•• -the . p r a c t i c a l point.:th.at--.tSe' data from 
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d i f f e r e n t zenith angles must be combined i n some way and e x t r a p o l a t i o n 

from one angle t o another i s necessary. 

Examples of the v a r i a t i o n of p r e d i c t e d r a t e s w i t h angle are given 

i n f i g u t e 7.5. f o r a muon th r e s h o l d of 1000 GeV and a det e c t o r area 
2 

of 20 m o I t w i l l be noted t h a t over a wide range of angles the 
v a r i a t i o n of the l o g a r i t h m of the r a t e w i t h angle i s almost proper

ty 

t i o n a l to sec 8 where p i s a f u n c t i o n of the detected m u l t i 

p l i c i t y . 

These c a l c u l a t i o n s were performed using a d i f f e r e n t method to 

t h a t described i n Section 4-2» but the model parameters were the same. 
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APPENDIX A 
Method of Calculation 

The following d i f f u s i o n equation is. taken as the sta r t i n g 

point of the calculations 
00 

d*-(E.x) _ / i + B \ »r(E,x)+ f S ( E ' , £ ) T (E',x)dE' A.l. 

~ \ E7X+T)J J e 

which is described i n Chapter 4. This equation describes the pro

pagation of the pion cascades in the atmosphere due to the interaction 

of a primary at a depth x o , where XQ i s measured i n units of pion 

interaction lengths. I t i s solved by the method of successive 

generationse 

The equations f o r successive generations from A.l . ares-

^ T x * \ E(X+XQ) J X A o 2 e 

^r a(E-|X) _ J l + B y (E.x)t f S(E',E) 7T ,(E',x) dE' 
bx - X iTx?ry; n J N L A.: 

f o r n = 2,3,4, 

Equation A.2«> is solved simply as 
f x + x 1 -B/E 

«-1(E,x) -»r(E,o) { x

 9 j e~* A.4a 

Under the assumption that pion decay i s neglected, A3 i s solved as 
V E , x ) - * n<E) e " X A.5. 

where w (E) = / S(E',E) «" . (E 1) dE * Ao6. n J E n - i 

Thus we have «• (E,x) i n terms of two independent variables, E 

and Xo The value of «"n(E) i s calculated numerically i n the steps 
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From the muon energy d i s t r i b u t i o n given by equation 4»5.9 the 

f r a c t i o n ©f muons having an energy above the threshold energy; 

resul t i n g from the decay of pions of energy Ê . i s 
E ~E 

F u( >E_) = JL—4 f o r E_ > r 2 E 
E^ ( 1 - r 2 ) 

= 1 f o r E T < r 2 E A.7. 

Thus the number of charged muons coming from the f i r s t pion generation 9 

with an energy above E_ i s 
oo oo 1 -B/E 

% « - i / X ^ f e r i < E » { ^ } 
0 ET 0 6 • . A.8. 

e dt A. 9. 

The decay pro b a b i l i t y of a pion of energy E, produced at an atmospheric 

depth x i s 
00 

DP<E»<> • / s£t> { • - * • } 
V 0 

therefore the number of charged muons above a threshold energy E j 

coming from the n'th pion generation i s (for ra> l ) 
00 00 00 

Nu ( n ) = / y f 3 "•n.1(E'»x)S(E,
9E)DP(E,x)FlA(>ET) dx dE <1E« 

J O J E J B A. 10. 

So the t o t a l number of muons with an energy above E^ i s , from 

a single nucleen interaction 
00 

N (> E_) = V N (n) A . l l . 

In calculating the l a t e r a l d i s t r i b u t i o n s the f i r s t f i v e moments 

are calculated f o r a fixed pion transverse momentum of 0.2 GeV/c. 

The value 0.2 Gev/c i s chosen because i f the mean value of the 

transverse momentum i s 0.4 GeV/c and the CoK«Po transverse momentum 
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d i s t r i b u t i o n i s assumed then the l a t e r a l d i s t r i b u t i o n s are easily 

reconstructed from the moments using equation 4ell„ 

The k'th moment f o r the f i r s t pion generation i s given by 

(1) y V^DP^J f Q»2h(x Q) 1

 k y > E T ) dE 
E ^ " J A.12, 
T 

where h ( x Q ) i s the height corresponding to an atmospheric depth XQ 

and i s obtained from the properties of the atmosphereo 

For the n'th pion generation 

" 3 ̂ lU' - i ( E ; x ) S ( E ' ' E ) D P ( E ' X ) F H ( ? V { todEdE< 

Therefore the t o t a l k'th moment for a l l generations i s 

r k = ± V r ^ N (n) Aol4o 
^ n=l 
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A P P E N D I X B 

Fixed Height Approximation f o r the Muon Lateral D i s t r i b u t i o n . 

For the C . K . P . energy d i s t r i b u t i o n 

N ( E ? r ) dE^ = | exp { - ^ f ] dE^ B.l. 

where NtE^.) i s the average number of pions produced with an energy 

between E ̂.and E^. + dEj,. , A i s the charged pion m u l t i p l i c i t y i n the 

forward cone and T i s the mean energy of the pions i n the forward 

cone produced by the interaction of a primary p a r t i c l e . 

For high energy pions or i g i n a t i n g at a fixed height t h e i r decay 

proba b i l i t y i s approximately K/E^. » where K i s a constant depending 

on the height of pion formation. Therefore 

v < * • > % > * • - ^ H * 
0 B.2. 

where (r,> E^) i s the number of muons with an energy greater than 

E^ f a l l i n g at a distance between r and r + dr from the shower axis, 

h i s the height ©f pion formation, E ~ 1«3E^ ( i . e . the energy spread 

of muons produced i n «r~|i decay has been neglected) and a C . K . P . type 

of transverse momentum d i s t r i b u t i o n has been assumed with a mean of 2p 

Thus the muon density at r f o r muons of energy above E^ i s 

P * t r , > E * > = 2 ^ T + a 2 } «»< " a E ) 

K 0 

where a = + j 

For r/hp Q »• T ^ the expression becomes 

P ^ r , * ) OC J; exp ( - r / r Q ) B.4. 

where r = hp /E. o ro 
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APPENDIX C. 
THE ATMOSPHERE. 

The atmosphere may be divided into two layers» the trophosphere 

and the stratosphere », these being separated by the tropopause. The 

trophosphere extends from sea-level to the tropopause and i n t h i s region 

the temperature decreases with increasing a l t i t u d e . The stratosphere 

comprises the region above the tropopause and the temperature i s 

independent of a l t i t u d e . 

Osborne (1966) has shown that f o r the l a t i t u d e of Durham (55°N) 

the relationship between the v e r t i c a l height h y ( i n kilometres) and 

the atmospheric depth x^ ( i n g.cm ) i s given by 

h (x„) = 46.380 - 13. 398 x„°° 1 7 9 f o r x„ £ 253.3 g.cm"2 

V - V V V 

h v ( x v ) » 46.040 - 6.4576 l n ( x y ) f o r x y $. 253.3 g.cm"2 C.l. 

Assuming the " f l a t earth" approximation then for a zenith angle 

6 equation C.l. becomes. 

n

e(x@? = | 4 6 » 3 8 0 " 13«398 ( x @ cos e ) 0 e l 7 9 j sec 8 
fo r x e > 253.3 sec 8 g.cnT 2« 

hg(x e) - a -T 46.040 - 6.4576 I n (x Qcose)j, sec 6 

for x Q £ 253 . 3 sec8 g.cm"2 C.2» 

where hg(xg) i s the inclined height ( i n kilometres) corresponding t o 

an atmospheric depth x Q ( i n g.cm 2 ) at a zenith angle 8» 
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