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ABSTRACT 

The work presented i s a theoretical and experimental investigation 

in to the effect of coupling between torsional and f lexural modes of v i b 

ration i n cantilever beams. 

Two theoretical approaches are made: f i r s t l y , a f i n i t e element 

idealisation i n which the beam i s divided into a number of elements which 

possess cubic variations of deflection and rotation along thei r lensths; 

andj secondly, a more analytical method i n which t^ie simultaneous d i f f e r 

ential equations of motion are solved direct ly by application of Laplace 

Transforms. 

The investigation i s restricted to the simplest cross section which 

possesses a single axis of symmetry, the isosceles t r iangle . The exact 

solutions fo r the torsion and flexure of such sections of general .shape 

do not as yet exist, but use i s made of several approximate techniques 

which have been developed for this section fo r the calculation of the 

torsional st iffness and position of the centre of flexure. 

I t i s shown experimentally and theoretically that torsional o s c i l l 

ations do not take place about the centre of flexure ( or centre of 

torsion ) , but about a point which may be considered to be coincident 

with the centroid. 

I t i s shown theoretically and confirmed experimentally that the effect 

of coupling on either mode i s extremely small unless the or iginal frequencies 

of torsional and f lexural motion are almost coincident, i n which case the 

tv/o frequencies are separated in to coupled modes which possess both torsion

a l and f lexura l characteristics. The effect i s not, however, as significant 

as the coupling of f lexural modes due to pretwlst i n sections which approx

imate to those of turbine blades. 
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NOTATION 

Area of cross - section 

A 2 A^ k^~j matrix of constants 

f B j Bg B^l matrix of constants 

Torsional s t i ffness per unit length 

Young's Modulus 

matrix of constants 

Functions of z 

Shear Modulus 

Second moments of area about XX and xx axes 

respectively 

Second moments of area about YY and yy axes 

respectively 

Polar moment of ine r t i a about centroid per unit 

Polar moment of ine r t i a about centre of flexure 

per unit length 

Node numbers of a typical beam element 

Radii of gyration about given axes 

Polar radi i of gyration about centroid, centre 

of flexure 

Length of beam element 

Length of beam 

Laplace transform of F(z) = I *• J Ffa) atj 

Bending moment 

lengbh 

\ 

MAY 197$ 
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2. . 

m Mass per unit length of beam 

p Circular frequency - radians / second, 

r,. , r v Coordinates of the centroid from the centre 

of flexure i n x and y directions 

T Kinetic energy 

t Time 

T ( t ) Function of time" 

U Potential energy 

V Shear force 

W A force 

xx, yy Fixed axes through the centre of flexure 

x,y Deflection of centre of flexure i n x and y 

directions 

XX , YY Principal planes 

S. , § Maximum values 

Z Axis of beam length, through the centres of 

flexure 

z Distance along the Z axis 

GREEK SYMBOLS 

oC Angle between the equal sides of the isosceles 

triangular section. 

® Angle of elastic twist about the Z axis. 
v Poisson's ra t io 

P Density 
i - * - f + / * - t 

% Pretwist about Z axis 

oa Frequency i n Hertz 



OTHER SYMBOLS 

3rd XX Third mode vibration along XX axis 

1st YY First mode vibration along.YY axis 

e' e" ete> ei*-e 

Fig . 1 shows the terms used i n relation to the beam.( To 

maintain consistency with famil iar usage the above symbols may be 

redefined i n parts of the text . I n these cases the redefini t ion 

applies only to the section i n which i t occurs ) . 
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CHAPTER 1 

INTRODUCTION 

The development of the turbine i n the last two decades has produced 

considerable interest i n the study of the vibration of cantilever beams. 

I t i s obviously of some importance to the turbine designer to have some 

indication of the vibration characteristics of the blading, as great dam

age may be caused by a blade breaking loose due to fatigue f a i l u r e . 

For the untwisted rectangular section ( the simplest case ) there 

are three independant types of motion: as the beam i s continuous there 

exist an i n f i n i t e number of bending modes i n both the Yz and Xz planes 

( F i g . l ) and an i n f i n i t e number of torsional modes about the Z axis. The 

three types are said to be uncoupled as any mode of a given type lias no 

component of any other type present. Within the l imitations of beam theory 

a l l the frequencies of each type may be determined analytically by the 

solution of straightforward d i f f e r e n t i a l equations. 

Practical turbine blades are usually of aerofoi l cross-section, which 

of course possesses no axes of symmetry, and are pretwisted along thei r 

length. They may also be tapered, and, part icularly i n the low pressure 

end of the turbine, be braced together by wires to reduce excessive osc

i l l a t o r y movement. 

As a f i r s t approximation to what i s therefore quite a complicated 

problem, the vibration of pretwisted rectangular sectional cantilevers 

has been studied by many authors including Carnegie, Rosard and Slyper. 

PretwLsting couples the two bending modes, producing modes which have 

both X and Y components. An exact analytical solution of the simultan

eous d i f fe ren t !a l equations does not exist but several approximate 



techniques have been developed* 

Torsional coupling ( with either or both of the bending modes ) i s 

introduced i f the cross section possesses less than two axes of symmetry. 

I n th i s case the centroid i s no longer coincident with the centre of 

flexure or centre of torsion ( Chapter 2, Section 2 ) . Considerations of 

symmetry show that i f the section possesses one axis of symmetry the 

centre of flexure and centre of torsion w i l l be on that axis. 

I n studying the vibration of pretwisted rectangular sectioned beams 

the above investigations have assumed torsional coupling to be negligible, 

and i n general torsional coupling has received l i t t l e attention. Carnegie 

however, i n an attempt to investigate torsional coupling has studied the 

f lexural vibration of a pretwisted beam of aerofoi l section ( 12; 21). 

Although th i s represents the true turbine blade, i t i s extremely d i f f i 

cult , i f not impossible, to define certain properties of that section -

i e . the torsional s t i ffness and the positions of the centroid and centre 

of f lexure. Whereas G r i f f i t h ' s graphical method ( described i n Chapter 3, 

Section 3) may be used to give a f a i r l y accurate value of the torsional 

s t i f fness , the centre of flexure can only be found by experiment, and with 

great d i f f i c u l t y . 

The effects of torsional coupling can, however, be studied without 

encountering the d i f f i c u l t i e s of the aerofoi l and the present work i s an 

investigation of the vibration of the simplest ( untwisted ) section 

which possesses a single axis of symmetry: the isosceles t r iangle. This 

has several advantages over the aerofo i l . Although, to the author's know

ledge, no exact analysis of the flexure or torsion of isosceles triangular 

sectional beams exists, there are several approximate solutions applicable 

References i n Appendix 1 



to sections of general apex angle, or to ones I n which the apex angle i s 

limited to less than about 10°. This means that the torsional s t i f fness 

and the coordinates of the centre of flexure may be obtained theoretic-

cally to within a reasonable degree of accuracy. I t i s also much easier 

to obtain uniform cross-sectional dimensions i n the manufacture of the 

isosceles triangular section. 

The author feels , therefore, that i n attempting to present a 

better understanding of the nature of torsional coupling, future work on 

the vibration of the aerofoil-sectional blade with be f ac i l i t a t ed . 



CHAPTER 2 

HISTORICAL INVESTIGATION 

This investigation divides conveniently into three parts. The f i r s t 

deals with the attempts at a solution of the torsional problem for isos

celes triangular prisms i n the absence of an exact solution fo r a general 

tr iangle, or even a general isosceles t r iangle. The second section cons

iders the f lexural problem of isosceles triangular prisms, from which 

theoretical estimates of the coordinates of the centre of flexure are 

obtained ; and the th i rd part deals with different methods of analysing 

the whole problem of cantilever beam vibrat ion. 

2.1 Torsion of isosceles triangular prisms. 

St. Venant noted that reasonable accuracy could be obtained by treat

ing the section ( not necessarily triangular ) as an ellipse having the sam 

cross-sectional area and polar moment of i ne r t i a . This method makes use 

of the exact solution for the el l ipse and can give an accuracy of as good 

as 5% ( from torsional frequency experiments ) i n some cases. 
(1) 

G r i f f i t h presented a graphical method which i s rather complicated 

and involves rounding o f f the corners of the section with a radius depend

ent upon the angle i n the corner and applying a 1 torque correction factor 

An approximate formula, applicable to long th in sections of any shape i s 

also given. 
The exact solution fo r the sector of a c i rc le ( i n terms of i n f i n i t e 

(2) 

series ) has been described by Timoshenko and th i s can be used to give 

an upper and lower boundary to the torsional s t i f fness of isosceles t r i 

angular sections of small apex angle. Two calculations are made: one i n 



which the radius of the sector i s equal to the length of one of the 

equal sides of the section; and a second i n which the radius equals the 

perpendicular distance from the apex to the smallest side. The required 

tr iangle l i es i n between these two sections and thus a range of accept

a b i l i t y i s obtained by which other methods may be Judged. ( Fig.5.3.2 ) . 

Duncan, E l l i s and Scruton presented an approximate stress 

function solution derived using Ritz 's ( variational ) technique. The 

expression deduced i s exact for an equilateral triangle and the f r a c t i o n r 

a l error tends to zero as c(. tends to zero. A characteristic of th is type 

of approach i s that i t gives a much better approximation to the s t i f fness 

than to the stresses themselves. 

Nut ta l l presented two approximate Rayleigh-RLtz solutions applic

able to any isosceles tr iangle. These are derived from the exact solutions 

for an equilateral triangle and a r ight angled isosceles tr iangle, both of 

which are series solutions. He concluded that the formula derived from 

the equilateral tr iangle i s more accurate fo r <*-60° and the formula 

derived from the r ight angled isosceles triangle should be used forrf >90°> 

I n the range 60°& 6. SO0 the formulae serve as a check on each other. 
(5) 

Scholes and Slater presented an empirical formula similar to 

G r i f f i t h ' s , and i t was claimed that the formula i s an improvement on 

G r i f f i t h ' s at small values of the ra t io maximum thickness to chord, as 

G r i f f i t h ' s correction i s not su f f i c ien t ly effective at these values. 

A companion of these methods i s presented i n Chapter 5 f o r varying 

apex angle i n the range 2° to 60°, and the cross sectional area i s 

constant. 



2.2. The centre of flexure. 

The centre of flexure, or shear centre,is defined as that point 

through which the resultant of a system of transverse loads acts so 

that the section deflects without rotat ing. By symmetry i t i s seen 

that i f a section possesses an axis of symmetry, then the centre of f l e x 

ure l ies on that axis* However, i n the case of the isosceles triangular 

sections considered i n th i s work, i t i s required to know the displace

ment of the centre of flexure from the centroid along the axis of 

symmetry, as i t i s th i s displacement which causes coupling between tors

ional and f lexural modes of vibrat ion. 

There i s another point associated with a cross-section, called the 

centre of twist , which i s the point of zero deflection ( i n the plane of 

the section ) under the action of a pure couple acting i n the plane of 

the section. The relationship between these two points has been consid-
(3) (2) 

ered by Duncan, E l l i s and Scruton and Timoshenko who concluded that 

by the reciprocal theorem for a r i g i d encastre support the centres are 

coincident, and that for practical f i x i n g conditions they are almost 

coincident. Experimental evidence presented by the former authors 

confirmed th i s , and i n th i s work the centres of flexure and twist are 

assumed to be coincident. 

Once the bending stress function for a section i s known the calcul

ation of the coordinates of the centre of flexure i s t r i v i a l , but an 

exact stress function fo r a general isosceles tr iangle does not exist 

and therefore approximate methods must be considered. 



(6) 
G r i f f i t h and Taylor presented a method of calculating the shear 

stresses i n bending using soap fi lms and stated that a simplif ication 
inspired by the soap f i l m experiments and val id for sections whose 
boundaries consist of nearly parallel curves or straight l ines, permits 
a mathematical solution leading to the formula fo r the centroid-centre 
of flexure distance ty ( F ig . 1 ) as 

f t ' « f j 

where t i s the ha l f -

thickness of the section. 

(8) 

This formula was refuted by Duncan who derived an approximate 

stress function and, fo r thin sectioned bars, arrived at the formula 

^ . 111? f 3***1 

I t i s seen that Duncan's formula reduces to G r i f f i t h s when V = 0. 

Both G r i f f i t h and Duncan presented experimental evidence i n support 
(5) 

of their formulae, but Scholes and Slater i n applying them to a bar of 

th in trapezoidal section indicated that their own experimental results 

agree more closely with G r i f f i t h ' s formula than with Duncan's. 

Both formulae are applied to the sections considered i n th i s work. 

Young, Elderton and Pearson ̂ considered the torsion produced when 

a section of a cantilever, possessing one axis of symmetry, i s deflected 

by a concentrated load applied at the centroid at r ight angles to the axis 

of symmetry. The work i s restricted to the sectors of a c i rcle and, as 



12. 

with the torsional s t i f fness , approximations be obtained by considering 

the sectors of equal apex angle to the isosceles triangle, ( Elg.3.3-2 )• 

However, no mention i s made of the centre of flexure or any similar con

cept, but i t s position may be calculated from the results presented I n 

the paper. 

2.3. Methods of analysis of beam vibrations. 

An analytical solution governing the vibration of uniform pre-

twisted rectangular sectioned beams has been obtained by Troesch, 
(10) 

Anliker and ZLegler with the assumption that the f lexural r i g i d i t y 

i n one direction i s i n f i n i t e . However, the method i s very involved and 

lacks extension to more general cases, and therefore the problem i s app

roached using approximate methods and numerical procedures. 

RayleLgh's method, involving the equating of the maximum potential 

and kinetic energies i s useful i n that the f i n a l equations are f a i r l y 

simple. Usually i t i s only possible to obtain the fundamental mode, 

but by assuming an appropriate higher mode shape which i s orthogonal to 

the lower modes an approximation to the mode frequency i s possible. 
/ 
/ 

v, F ig . (2 .3 . I ) 
x 

Assuming a mode shape Y(z) i t can be shown that the circular 

frequency p i s given by 



The closer the assumed shape Y(z) i s to the exact mode shape, the 

closer the approximate frequency i s to the exact value. 

Although the method i s severely limited by the required assumption 
(12) 

of a mode shape, i t has been successfully applied by Carnegie i n the 

determination of fundamental modes of vibration of uniform pretwisted 

rectangular sectioned cantilevers. I n t h i s , Carnegie obtained the mode 
(1"5) 

shapes from the results of a previous paperv dealing with the stat ic bend 

ing of the cantilevers. 

RayleLgh's method may be extended* and i t s usefulness considerably 

improvedj by assuming fo r Y(z) a series i n the form 

where each Yr(z) satisfies the boundary conditions. This i s the basis of 

the Rayleigh-Ritz or RLtz procedure. A characteristic of the Rayleigh 

method i s that i t gives values of p which are higher than the true value. 

This i s due to the fac t that the inaccuracy of the assumed mode shape i s 

equivalent to applying additional constraints to the system. To minimise 

th is the coefficients are chosen to give a minimum value of p. 

The equations 

\ t X * O ' * f> 2> J —" * 

are found* giving an n th order equation i n p 2 , the roots of which 

are the f i r s t n frequencies of the system. 

The method may be iterated as more terms of the series are employed, 

hence giving an assessment of the accuracy. 



The method of matrix i te ra t ion i s an i t e ra t ive procedure i n 

which a mode shape i s assumed and i te ra t ion performed u n t i l the mode 

shapes stabil ise. 

I n matrix form the equations of motion may be written 

[ i f ] = A / « 7 f r J 2 - J . / 

Where X = / p

v f o r s t i f fness formulation and p fo r f l e x i b i l i t y 

formulation ( the Stodola method )• 

A deflected shape i s assumed f o r ^ j / j on the right hand side of 

2 . ; j . l which may be very rough indeed• The operation of 2.3.1 i s per

formed resulting i n £ y j on the l e f t hand side. This i s normalised by 

making a chosen amplitude unity, giving a new starting shape for the 

right hand side. I t can be shown that af ter successive i terations the 

deflected shape stabilises to the dominant root of the equation, i . e . 

the lowest value of A. . 

Higher modes ( or lower, depending on the formulation ) are 

possible but are rather d i f f i c u l t and convergence becomes slower. The 

lowest mode^yj^ must be accurately determined before i t i s " purif ied 

out 11 of the second mode [yj^r using the condition of orthogonality, 

otherwise an attempt to converge t o { f / j w i l l amplify the component of ^J/J/ 

yielding eventually the or iginal £ y j ( . 

Good agreement was obtained by Slyper^ 1 ^ for the f i r s t seven 

modes of vibration of uniform rectangular beams of pretwist 0° , 90.9° 

and 877° using this method programmed for d i g i t a l computation, but 

there i s a r isk of i n s t a b i l i t y inherent i n the method and i t i s f e l t to 

have been superceded by more modern techniques. 



I ST 

The Holzer method for torsional oscillations has been adapted by 

Myklestad to analyse beam vibrations. The beam i s divided into a 

f i n i t e number of stations with the distributed mass of the beam replaced 

by concentrated masses at the stations. 

By working from one end of the system to the other, the deflection, 

slope, moment and shear are computed at each station for an assumed 

value of p. The values of p which satisfy the boundary conditions of 

the problem are the natural frequencies. 

I n the case of simple flexure i n the Yz plane, the matrix equation 

M = moment 

= shear 

i s formedj where QiJ= / (fl^) 

Application of the boundary conditions 

2 
gives a determinant whose value may be plotted against p : 

The boundary conditions are then sat isf ied when the determinant i s 

zero. 



(15) 
The method was employed by Rosard and Lester to analyse the 

vibration of uniform pretwisted rectangular sectioned cantilevers of 
various width/thickness rat ios and by Isakson and E i s l ey^ 1 ^ who 
further extended the method to cov er r o t a t i on^ about an axis parallel 
to the x axis i n Fig . 2.^.1 ) pretwisted rectangles, but the la t ter 
did not obtain suf f ic ient results to enable general conclusions to be 
drawn. 

I t i s thought that t h i s approach i s superior to that of Stodola as 

f i r s t and higher modes are obtained with equal ease without any need of 

" purif icat ion 1 1 . I t has been cr i t ic ised as a t r i a l and error method, 

but a reasonable estimate of the required frequency i s usually available 

and a swi f t ly converging i te ra t ion procedure easily programmed. I t also 

has the advantage that individual frequencies may be investigated wi th

out the need of obtaining a l l frequencies. 
(17) 

Gendler and Mendelsohn claimed an improvement on the Myklestad 

method by introducing the concept of station functions. I t i s stated 

that the Myklestad method involves the assumptions that the i n e r t i a l 

loads i n an interval can be replaced by a resultant concentrated mass 

and that th is load produces the same deflection as the distributed load. 

Station functions eliminate these assumptions by assuming that the 

i n e r t i a l loads are continuous functions along the beam; i e . the beam i s 

approximated to the sum of a set of continuous station functions each of 

which satisfies the boundary conditions and vanishes at a l l stations 

other than the one with which i t i s associated* 



II 

With modern computing techniques i t i s doubtful whether th i s 

offers any real advantage over the original Myklestad. 

Although the above methods may be used fo r the solution of re la t ively 

simple problems without the use of a computer, i t s a r r iva l naturally 

permits the i r extension to more general problems, as has been indicated-

Use of a computer also enables the equations of motion to bfi .solved 

di rect ly by various numerical integration routines, and the advent of 

f i n i t e element theory means that such complex problems as car body 

vibration can be solved-

Dawson, Ghosh and Carnegie used the direct numerical solution of 

the equations of motion to determine the effect of slenderness ra t io 

on the natural frequencies of uniform pretwisted rectangular sections, 
(18) 

allowing for shear deformation and rotary iner t ia . By suitable 

substitution the equations of motion are reduced to a set of eight 

f i r s t order linear d i f f e r en t i a l equations which are solved as follows: 

1) . A t r i a l frequency i s assumed* and the four known boundary 

values at the root set to the i r respective values. 

2) . The four unknown values at the root are assigned arbitrary 

values and the eight equations solved by a Runge-Kutta process yielding • 

a set of solutions at the t i p . 

3) . This procedure ( with the same frequency ) i s repeated three 

times with the unknowns at the root set to other arbitrary values. 

4) . There are now four sets of independent solutions and since 

the d i f f e r en t i a l equations are linear, the complete solution i s a 

linear combination of the four sets of independent solutions.: 



! f Y c i ^ - ) is the complete solution at the t i p , 
i - I g 

where Y ^ ^ r i * - ) I s the "vAt" independent solution. 

Application of the boundary values at the t i p yields the matrix 

equation; 

and the condition that the d i f f e r en t i a l equations have a solution 

sat isfying the boundary conditions i s that 

I n the f i n i t e element method, the structure i s assumed to be 

divided into elements to which are ascribed a f i n i t e number of degrees 

of freedom. The s t i f fness and distributed mass matrices for each element 

are calculated, which are then assembled to form the s t i f fness and mass 

matrices of the overall structure. After application of the boundary 

conditions, the problem reduces to an eigenvalue problem of the form 

I f o 

where i s the structural s t i f fness matrix 

i s the structural mass matrix 

and i s the structural nodal displacements. 



The term 11 node 11 i n t h i s context refers to the extremities of 

an element, not to the nodes of the elastic curve of the structure. 

I t i s d i f f i c u l t to draw comparisons between these methods as 

much depends on the efficiency of the programming. I t can be said, 

though, that numerical integration probably requires less storage than 

a f i n i t e element solution of the same problem, but f i n i t e element 

theory does not require foreknowledge of the equations of motion and 

i s therefore more general. 
(19) 

Dokumaci, Thomas and Carnegie i l lus t ra ted the use of f i n i t e 

element theory applied to the vibration of uniform pretwisted rect

angular sectional beams, and good agreement was obtained with other 

methods. This theory i s extended by the present author to cover 

uniform pretwisted beams of any cross sectional shape, details of which 

appear later i n th i s thesis. 
A more sftophisticated application i s shown by Ahmad, Anderson and 

(20) 

ZLenkiewicz using thick curved shell elements to analyse the v i b 

ration of turbine and compressor blading. The agreement between theory 

and experiment i s not very good, but may possibly be explained by the 

d i f f i c u l t y of true experimental modelling. 



CHAPTER 3 

THEORETICAL ANALYSIS 

Introduction. 

The equations of motion governing the most general case of uniform 

beam vibrat ion, that of pretwisted asymmetric section are given by 

Carnegie^. 

>a5» -
2-5 -f- J — 1 J >f-L 

= O 

( * Carnegie assumes that torsional oscillations take place about 

the centre of flexure and therefore replaces I c g with I c f . This i s 

incorrect, for reasons which are presented i n section 5 of th i s chapter ) . 

I n the particular case of a rectangular section, r = r =0 and the 

equations 3.1 reduce to 

— o 

(assuming harmonic motion x = x sin pt etc.J - i n which the f i r s t 

two equations ar.e simultaneous and the th i rd represents the uncoupled 

torsional motion. 



For a straight beam, symmetrical about one axis only ( say the Y, 

hence r__ = o ) vibration takes place i n the principal planes YZ and XZ, 

and Ixy = o. 

Hence 

*1» 
Zee. fi*G> = _ * K l^w p ̂ X. 

J 

- i n which the f i r s t two are simultaneous governing the coupled 

torsion/bending i n the XX direction, and the t h i r d represents the un

coupled YY direction movement. 

Boundary conditions and secondary effects . 

The above equations do not take into account the secondary effects 

of rotary iner t ia and shear deformation. However, Dawson, Ghosh and 
(18) 

Carnegie indicated that for the beams considered i n th is work the 
effects of these w i l l be negligible. 

(12) 

Carnegie' included the effect of the bending of longitudinal 

f ibres i n torsion and derived the fourth order equation 

C, &"" - c © — Ak^ /> L<5> =. o 1-«V 

( where Cj i s a constant fo r the section ) for torsional motion. 

By the calculus of variations the boundary conditions 



© = <9 =0 at z = L 

were d*vi Steel, amongst other possible sets of conditions. Carnegie 

then stated that fo r an encastre support i t would probably be more 

rea l i s t i c to le t °'= 0 at z = 0, but the above conditions are defended 

on the grounds that higher modes would be l i t t l e affected by a change 

i n root condition and lower modes are l i t t l e affected by the bending of 

longitudinal f ibres . The condition ©'= 0 at z = 0 i s only adopted 

when f i b r e bending i s considered, as i n t h i s case the torque T , i s 

given by 

T 9 = CO'- C©'" 

otherwise 

Tg, = CO' 

and therefore ©'= 0 at z = L 
(7) 

The warping displacement w i s defined by a function 

w = & X l y ) 

from which the same equation f o r torsional motion ( 3.4 ) was 

derived by Barr ( communications to 22 ) who stated that the conditions 

for a cantilever are: at z = 0, twist and warping displacement zero. 
i e . ©= &' = 0 
and at z = L,torque and warping stress zero 

i e . <•*' - c / £>'" =0 

and & =0 

Both agree however, that fo r a long th in beam there would be close 
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agreement i n frequency between the two sets of results. 

As the same equation may be deduced from the two apparently 

independent concepts of fibre-bending and section warping, i t may be 

deduced that these concepts are i n fact inter-related; the one causing 

the other. 

The effect of f i b r e bending on torsional modes has been studied 
(12) 

by Carnegie ' who concluded that the frequencies are raised by a 

factor which increases with mode number. For the f i r s t torsional 

mode ( which i s the only one considered i n th is work ) the beam 

frequencies are raised by approximately 0.3$ ( Appendix 2 ) , which 

may be neglected when compared with the accuracy with which the 

torsional s t i ffness can be determined. The effect of f i b r e bending 

( or section warping ) i s therefore not considered, and the torsional 

boundary conditions assumed are 

at z = 0 9 = 0 

and at z = L Torque = 0 i e . ©'= 0 

Solution of the equations 

Dokumaci, Thomas and Carnegie presented a matrix displacement 
(19) 

analysis ' of the pretwisted rectangular sectioned beam, and fo r 

the purpose of investigating torsional coupling the author adapted th i s 

method to include sections possessing one or no axes of symmetry, with 

or without pretwist. Additionally, a very much faster program, based 

on the solution of the f i r s t two equations of 3.3 by Laplace Transforms 

i s presented, and i s used when i n i t i a l estimates of the frequencies are 

readily available. Although the computer operation of th is method 



employs certain numerical procedures, i t i s basicly an analytical 

solution, as i t solves the equations direct ly , without recourse to a 

mathematical idealisation or numerical integration. 

3 . 1 . Matrix displacement analysis. 

The beam i s assumed to be divided into a number of elements, the 

extremities of which are termed nodes. Each element has only a f i n i t e 

number of degrees of freedom, i n th is case the deflections of the nodes 

i n the x and y planes, the slopes At , f£f , the rotation G about 

the 2 axis, and the torque d-f • A cubic variation along the 

typical beam element are derived i n terms of the nodal displacements. 

Application of Lagrange's equations gives the element dynamic s t i f fness 

matrix, and the complete matrix for the whole beam i s formed by assemb

l ing the element matrices and applying the boundary conditions. The 

eigenvalue problem can then be solved f o r the frequencies and mode 

shapes of vibrat ion. 

The equations for strain energy and kinetic energy of a pretwLsted 

uniform beam of asymmetric section are 

element fo r x»y and 9 i s assumed and the energy expressions for a 

U . / L H" *•" Gjl-S^X 0 O eiy, ollto+X «osX oil, 
-*» i o o i J l o o c J l 0 0 d h 

— 3 

t f [ i T 3 6J [icj G'J 3-f-



2S-

which may be writ ten 

U = * i f ' f a ' ] ° ° 
t o O c_ 

T - 5 f*MN 
•J n 

3. 

= 

Assume a cubic variation along the element for 

J/ = 

PC - / • ' J J*7A7 

£> -

then the continuity of displacements along an element on a fixed 

frame as i n Fig. 3.1.1 i s given by 

r 1 M 
n - \ o 0 0 o to o o o / t t 1 - r V l ^ / 

1 J W 

7/ 

3-/-< 

3 - / - ? 

Nodal displacements of the element ( i , i+1 ) are represented as a 

vector 



FIG 3.1.1. COORDINATE AXES 
PRETWISTED BEAM 



IT-

which may be writ ten 

where 

[ cJ = * i tfA * 4 i 7 , f a 3 flj 4. 4 4 es e„] 
sand[-b] is given i n Appendix 3. 

Thus 

fcj • / V / W J - / - ' 
Prom equations 5.1.5* 6, 7 and 8 

/>.J * foJfc7 = [ « ] [ * - ] f * f 

where 

and -

°> °> °> o} k^, 3 S / ^ 0 . 
Hence and 5.1.^ become J ' J " J 

ay i L#y fa] [&] 3 . / . ? 

^ = stC&'JC* -'f[^][h -jc-3] 
CY ^[-fr] [M][&] 3 . /- /o 



L o o c^J 

as shown i n Appendix 3. 

A p p l y i n g Lagrange 's equations t o 3.1.9 and 3.1.10 f o r a 

conserva t ive system 

r ^ 7 + r i ? 7 = 0 

t *9] Cf6 L *Vj 3.1.11 

and s ince [to] and / /?7 are symmetric 

Hence 3 * 1 b e c o m e s 

Assuming harmonic mot ion o f c i r c u l a r f requency p , 

W - # J w h e r e ! = / 7 

i e . f f A / 7 - ^^J][SJ = 0 

£"A/J ana [rf] may be summed f o r t h e whole beam t o g i v e 

which may be solved as an e igenvalue problem. 

3.2. S o l u t i o n by Laplace Transforms 

For an un twis t ed beam whose c r o s s - s e c t i o n i s symmetr ical about t h e 

Y a x i s , t he equations o f coupled bending and t o r s i o n a l v i b r a t i o n 3.1 

reduce t o 



e" ^ 

and t h e t h i r d equat ion i s independent o f x and & and governs 

the uncoupled mot ion i n t h e YY d i r e c t i o n . 

The above equations f u r t h e r reduce t o 

3.2.2. 

where a = ~ ; b = ; c = * ; d = M*("jl<' j j 

Consider t h a t t h e s o l u t i o n s are separable , and o f t h e fo rm 

x = ^ t f j •
 T&i 

where b o t h t i m e f u n c t i o n s are equal f o r a g iven normal mode. 

S u b s t i t u t i n g i n 3.2.1 and 3.2.2 

T - - A -

i e . " f - .«./»* 7" = O 

hence p represen ts t h e c i r c u l a r f requency o f v i b r a t i o n , 

_ ^« + A G ) 3 « 2 - 3 

and 



The boundary c o n d i t i o n s are t h a t a t z = 0, d e f l e c t i o n , s lope and 

r o t a t i o n are ze ro ; and a t z = L , bending moment, shear f o r c e and to rque 

a re ze ro , i e . 

Tak ing Lap lace Transforms o f 3.2.3 

F * (o ) and P ( o ) are unknown, t h e r e f o r e they are rep laced by Q 

and R ( which are f u n c t i o n s o f t a lone ) hence 

S i m i l a r l y , t a k i n g Laplace Transforms o f 3-2.4, and r e p l a c i n g the 

unknown G 1 ( o ) w i t h W ( a f u n c t i o n o f t a l o n e ) : 

S o l v i n g 3.2.5 and 3.2.6 s imul taneous ly f o r ^ ( F ) and £ (G) i t i s 

found t h a t 

and 

" 3-2.a 

Assume now t h a t ( / ( F ) may be reprsen ted as 

jT (pj ~ A* * s + C* +£> + ES -tH 



SI 

where ^ , /?, JT are t h e r o o t s o f the denominator o f 3.2.8 and 

A j B j C « D j E and H are constants which are determined by equat ing c o e f f i c i e n t s 

o f S n , n = 0 t o 5-

Hence (P) i s g i v e n by =• 

S i m i l a r l y , as t h e denominators o f 3.2.7 and 3-2.8 are i d e n t i c a l , 

(G) i s g iven by 

@-JX*UJ t * 1 - ^ O^-PX^W^-PJ &-rXP-*J Lf l -<JrJ 

3.2.10 
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Taking i n v e r s e Laplace Transforms o f 3.2.9 and 3-2.10 and l e t t i n g 

ffAp*Zy-*^^J P'/xiiVLfi+^jj (*i-*XP-*)l^s^^2]> 

( V/here t h e h y p e r b o l i c f u n c t i o n s i n t h e cha in brackets are chosen i f 

t h e r o o t i s p o s i t i v e , and t h e t r i g o n o m e t r i c f u n c t i o n s i f t h e r o o t i s 

n e g a t i v e ) t h e n 

F~ ®Lfi(&J - * * £ * & J f U f ^ j J — 2 - 2 . / / 

-



A p p l y i n g t h e boundary c o n d i t i o n s a t z = L , t h e m a t r i x equat ion 

' [ « > * ] f * M » J Ic-totl* 
[""•»)] f s - o o j t^ctilU 

[e'fljj I V g u J jLw. 

i s formed, and t h e c o n d i t i o n t h a t p i s a n a t u r a l f requency o f the 

system i s t h a t t h e determinant o f t h e c o e f f i c i e n t s o f Q,R and W on t h e 

l e f t hand s i d e o f 3.1.13 i s ze ro . 

3.3 T o r s i o n a l s t i f f n e s s : methods o f c a l c u l a t i o n 

1. E l l i p t i c a l approximat ion 

The exact s t r e s s f u n c t i o n s o l u t i o n f o r t h e e l l i p s e y i e l d s 

c -

and can be a p p l i e d t o c e r t a i n non e l l i p t i c a l sec t ions w i t h 

reasonable accuracy. 

2. G r i f f i t h ' s m e t h o d s ^ 

a ) . Graph ica l method 

Th i s i s r a t h e r complicated and can be d i f f i c u l t t o apply 

b u t never the less good agreement i s obta ined w i t h o the r more s o p h i s t i c a t e d 

methods. 

I t i s deduced t h a t a f i r s t approximat ion may be obta ined f r o m t h e 

f o r m u l a 

Lf*J where p i s t h e s e c t i o n 
pe r ime te r . 

3.1.13 



However, t h e r e are two i m p o r t a n t cases i n which t h i s f o r m u l a 

r e q u i r e s m o d i f i c a t i o n ; t h e presence o f sharp ou tward ly p r o j e c t i n g 

corners ( as i n t h e t r i a n g l e ) causes t h e f o r m u l a t o g i v e a low va lue 

t o C. T h i s problem i s overcome by rounding o f f t h e corner w i t h a 

r ad ius r which i s a c e r t a i n f r a c t i o n o f t h e r a d i u s o f t h e i n s c r i b e d 

c i r c l e . The f r a c t i o n depends on t h e angle i n t h e corner i n ques t ion 

( X.) and a graph, obta ined p a r t l y f rom known r e s u l t s and p a r t l y f rom 

soap f i l m measurements was presented i n t h e paper. A f t e r t h e round ing 

o f f process, a new f i g u r e i s ob t a ined , w i t h Area A^ and per imeter Pj^ 

and thus a co r r ec t ed v a l u e o f C i s ob ta ined f rom 

The second case r e q u i r i n g m o d i f i c a t i o n occurs when t h e r a t i o 

P ( a = r a d i u s o f i n s c r i b e d c i r c l e 

i s apprec iab ly l e s s t h a n u n i t y . T h i s makes t h e v a l u e C1 t o o l a r g e 

by an amount which i s n e a r l y t h e same f o r a l l sec t ions hav ing t h e same 

v a l u e o f t h e above r a t i o and hence a c o r r e c t i o n f a c t o r ( k ) i s i n c l u d e d 

which i s obta ined f rom a graph o f ° / 2 4 aga ins t K . 
~P 

The m o d i f i e d f o r m u l a i s now 

' As has been s t a t e d , t h i s method i s t ed ious i n i t s p r a c t i c a l 

a p p l i c a t i o n , but by employing c u r v e - f i t procedures f o r de te rmin ing r 

and K i t may be programmed f o r d i g i t a l computa t ion . The graphs f rom 



which t h e rounding o f f r a d i u s r and c o r r e c t i o n f a c t o r K are obta ined 

are i n c l u d e d f o r r e f e r e n c e i n Appendix 5-

b ) . D i r e c t f o r m u l a 

G r i f f i t h presented a f o r m u l a a p p l i c a b l e on ly t o extremely 

t h i n s e c t i o n s , which i s exact f o r an i n f i n i t e l y l o n g r e c t a n g u l a r sec t 

i o n . I t i s deduced by c o n s i d e r i n g t h a t t h e l o n g i t u d i n a l cu rva tu re o f 

a soap f i l m on a long narrow s l i t may be neg l ec t ed , g i v i n g t h e f o r m u l a 

= l e n g t h o f s e c t i o n . 

y = h a l f w i d t h a t d i s t ance 
x a long t h e s e c t i o n . 

( F i g . 3.3.1) 

I t i s f u r t h e r s t a t ed t h a t t h e case o f e l l i p s e s suggests t h e m o d i f 

i c a t i o n 

r - ^ h 1 -
— A = s e c t i o n a l area 

which a l l ows f o r l o n g i t u d i n a l cu rva tu re o f t h e soap f i l m . 

(2) 

3. Approximat ion t o t h e sec tor o f a c i r c l e 

There e x i s t s an exact s t r e s s f u n c t i o n s o l u t i o n ( i n t h e f o r m o f a 

se r i e s ) f o r the t o r s i o n o f a sec tor o f a c i r c l e , which may be a p p l i e d 

t o t h e t h i n i s o s c e l e s t r i a n g l e : 

From f i g u r e ( 3.3.2 ) i t can be seen t h a t t h e i s o s c e l e s t r i a n g l e 

OCL i s g rea te r i n area than the sec tor OAB but less than t h e sec tor 

OCD, and t h e r e f o r e t h e t o r s i o n a l s t i f f n e s s o f t h e t r i a n g l e should L i e 

i r : between t h e itnown values o f t l i e two s e c t o r s . Obvious ly , t he d i f f e r 

ence between t h e t o r s i o n a l s t i f f n e s s o f t h e two decreases as tends 

t o z e r o . 



FIG. 3.3.1 

FIG. 3.3.2, SECTOR LIMITS 



From e l a s t i c i t y t h e o r y 

HI r ol p. air 
a = r a d i u s o f sec tor 

where C^is t h e s t r e s s f u n c t i o n g i v e n by 

>S-H tt>e,xJ CO 

«= 01, r 

t o t 

I t i s found t h a t terms i n t h e s e r i e s beyond n = 5 a re n e g l i g i b l e , 

and t h e r e f o r e s u b s t i t u t i n g the express ion f o r fi i n t h e equat ion f o r C 

and i n t e g r a t i n g g i v e s 

f rom which C f o r the two sec to r s may be c a l c u l a t e d . 

h. Approximate s t r e s s f u n c t i o n f o r a narrow i s o s c e l e s t r i a n g l e ^ 

Duncan, E l l i s and Scruton have ob ta ined an approximate s t r e s s 

f u n c t i o n f o r an i s o s c e l e s t r i a n g l e u s i n g R L t z ' s v a r i a t i o n a l t e c h n i q u e . 

The expression produced f o r C i s exact f o r t h e e q u i l a t e r a l t r i a n g l e 

and t h e f r a c t i o n a l e r r o r tends t o van i sh as «C tends t o ze ro . 

I f ~y* be t h e t o r s i o n a l s t r e s s f u n c t i o n f o r t h e s e c t i o n , t hen 

t h e i n t e g r a l 

u 



1% 

i s s t a t i o n a r y f o r sma l l v a r i a t i o n s o f Y- which van i sh on t h e 

boundary. 

I t i s assumed t h a t f o r t h e s e c t i o n i f t P i g (3.3.1) bounded by 

y = ± 

x = c 

/-**.«-

where f(c-) =0 

A p p l i c a t i o n o f t h e ca l cu lus o f v a r i a t i o n s r e s u l t s i n t h e approx

imate s t r e s s f u n c t i o n 

where r = 7 _ z 

2 ~x 

f r o m which 

2 

5. A l t e r n a t i v e v a r i a t i o n a l m e t h o d ^ 

The t o t a l p o t e n t i a l energy o f a rod o f l eng th 1, shear modules Q, 

t w i s t e d th rough an angle © rad ians per u n i t l eng th i s g iven by 



where 9$$,,^} i s t h e s t r e s s f u n c t i o n which must s a t i s f y 

Poisson ' s equation f o r t o r s i o n : 

^ (3-3-2) 

The usual procedure adopted i s t o determine a s t r e s s f u n c t i o n 

^ ( s r , ^ which s a t i s f i e s (3-3-2) and has zero v a l u e a long t h e boundary 

o f t h e cross s e c t i o n . 

N u t t a l l ^ , however, determines a f u n c t i o n which has 

zero v a l u e along t h e boundary and s a t i s f i e s t h e equat ion 

(3-3-3) 

I f X* and X / " a re eigenvalues corresponding t o t h e e igenvectors 

and ps » a n c a p p l i c a t i o n o f Green's theorem g i v e s , 

c 

- a 

as ~ 0 j — o a long t h e boundary 

I f , t h e r e f o r e X* y £ Xs*~ t h e o r thogona l r e l a t i o n s h i p 

ft 

i s s a t i s f i e d . 



I f the stress function i s now expanded in the form 

and substituted in equation (3.3.1) and ie . 

the condition = Q that U shall be stationary provides 

the equations for determining Aj,: 

i e . =• 1 G ©• 

where 

The s t r e s s f u n c t i o n <fi may t h e r e f o r e be w r i t t e n as 

*~ ^ 6 £ [ £ f7>, ^ 3 ] 

By t h i s method, Nut t a l l obta ined s o l u t i o n s f o r rods o f ( amongst 

o the r s ) e q u i l a t e r a l and r i g h t angled i s o s c e l e s t r i a n g u l a r s e c t i o n s . 

These exact s o l u t i o n s are f u r t h e r m o d i f i e d t o produce Rayle igh-RLtz 

approximate s o l u t i o n s f o r cross sec t ions o f any i s o s c e l e s t r i a n g u l a r 

shape. 

I n each case t h e approximate s t r e s s f u n c t i o n f& I f w r i t t e n i n t h e 

form £_ fl^ (p* where ^ „ i s g iven by one o r o the r o f t h e 

f o l l o w i n g express ions : 

where h e i g h t = 3b, w i d t h = 2a 



Each o f these f u n c t i o n s has zero va lue a long t h e boundary, and 

(30-^) i s exact i n t h e case o f t h e e q u i l a t e r a l t r i a n g l e , w h i l e (3.3.5) 

i s exact f o r t h e r i g h t angled i s o s c e l e s t r i a n g l e . 

The s o l u t i o n corresponding t o (3.3.h) g ives 

and t h a t corresponding t o (3.3.5) g ives 

(3.5-7) 

I t i s s t a t ed t h a t i n t h e range ot 6c?° equat ion (3*3<6) should 

be used and i n t h e range *t "Jo" equat ion (3-3'7) i s more accura te . 

For 6 0 ° ^ . ^ ^ <?°° t h e equations serve as a check on each o t h e r . 

6. E m p i r i c a l f o r m u l a f o r C 

(Ft) 

Scholes and S l a t e r * - " commented t h a t G r i f f i t h ' s f o r m u l a f o r ve ry 

t h i n s e c t i o n s : 

•/a 

o r 

tended t o g i v e r e s u l t s which are r a t h e r h i g h , even a f t e r t h e 



m o d i f i c a t i o n descr ibed p r e v i o u s l y . Hence an e m p i r i c a l f o rmu la was 

presented which a l lows f o r t h e r e d u c t i o n i n s t i f f n e s s a t t h e ends o f 

t h e s e c t i o n . 

The r e d u c t i o n i n s t i f f n e s s i s assumed t o depend on t h e end r a d i u s 

( f o r a round ended bar ) o r t h e r a d i u s o f t h e l o c a l i n s c r i b e d c i r c l e 

( f o r a square ended bar ) F i g . (3-3.4) 

The f o r m u l a thus de r ived i s o f t h e fo rm 

where l«i i s a f a c t o r f o r round eded ba r s , and k 2 app l i e s t o 

square ended b a r s . 

From pub l i shed da ta i t i s s t a t ed t h a t 

k x = 0.068 

k 2 = 0.106 

Thus f o r t h e t h i n i s o s c e l e s t r i a n g u l a r s ec t i on 

6 f e 0 (06, a- where a = r a d i u s o f i n s c r i b e d 
c i r c l e . 

(bj^ o r bg = 0 f o r po in t ed ends ) 



^ 3 

3.4 Position of the centre of flexure 
(2) 

1. Determination by soap film analogy 

A force W la applied at the centre of flexure, c, of a section 

symmetrical about the Y axis. 
(P,3 1.1,./) 

The general theory of elasticity i s applied which gives the shear 

stresses Xz, Yz by 

Xz = A f - i L - J f ^ v ] (3.4.1) 

Yz = - ~±L ±& (3-4.2) 

in terms of a function 

As +. j j ^ - j , ^ ] ^ = „ 

From the boundary condition, i t i s deduced that 

which gives the value of on the boundary of the section. 

Suppose that a hole i s now cut in a piece of metal such that i t s 

projection on the XY plane has the same shape as the section, while 

the ^Coordinates represent to some scale, the values of */- given in 

equation (3.4.4) Fig. (3.4.2) 

I f a soap film i s now stretched over the hole with zero pressure 

difference between the two sides and the z coordinates of the film are 



C CENTRE OF F L E X U R E 
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Mb 

s u f f i c i e n t l y smal l I n comparison w i t h t h e x and y dimensions, t hen t h e 

z coordina tes o f t h e f i l m represent t h e v a l u e o f a t a l l p o i n t s i n 

the cross s e c t i o n . Hence contour l i n e s o f t h e f i l m may be drawn and 

Xz and Yz determined. 

Dur ing t h e soap f i l m measurements, i t was noted t h a t i f t h e s e c t i o n 

i s bounded by curves which a re n e a r l y p a r a l l e l o f sepa ra t ion t , then i f 

t i s s m a l l c e r t a i n l i n e s on t h e soap f i l m may be assumed t o be s t r a i g h t . 

A p p l y i n g t h i s assumption t o t h e t h e o r y , Xz , Yz and r y become 

L 1 
Yz = 

r 
y 

where 11 = (" 

From ( 3 .4 .5 )» f o r a t h i n beam 

(o) 

2 . De te rmina t ion o f r by an approximate s t r e s s f u n c t i o n 

Duncan, s i m i l a r l y , de r ive s t h e fundamental t h e o r y o f 

f l e x u r e r e s u l t i n g i n t h e equat ions f o r t h e shear s t r e s ses : ( P i g . 3-4.1 ) 

( 3 -4 .6 ) 

i n terms o f a f u n c t i o n j j 



A s t r e s s f u n c t i o n -fit- i s i n t r o d u c e d where 

_T2_ =. </• — Zfylyj which vanishes on t h e boundary i f 

Also as V *" =• ° 

(3-^.8) 

To o b t a i n t h e approximate s t r e s s f u n c t i o n , _ / L i s expanded i n the 

fo rm . f x , . 
_ _ n _ = ^ A J ^ ~ * / 6 J 

and as ~TL vanishes on t h e boundary x'st 

o = f°(3) + F(s) 
H e n C e ^ / / 2 1 I » \ / V I 

S u b s t i t u t i o n i n ( 3 .4 .8 ) g ive s 

where J) = 

2 ^ 
Equat ing t o zero t h e c o e f f i c i e n t s o f x and h ighe r powers, t he r e c u r 

rence r e l a t i o n 

The s u p e r s c r i p t i n f ' t y may now be o m i t t e d . The terms i n ( j . 4 . 9 ) 

independent o f x become on s t i b s t i t u t i o n f r o m ( 5 . 4 . 1 0 ) , 



g i v i n g ffa= l& +l-t'Z\-dK-'j>9*-l-f($ I 0 . * . H ) 

The f u n c t i o n B ( y ) i s t h e sum o f a term dependent on x and one 

independent o f x . 

i f £ 0 = * v « 3 - . r O 

and = iff*-^ 
then = + &l 

and t h e f i r s t approximat ion o f f ( y ) a r i s e s f rom B Q on t h e r i g l i t hand 

s i d e o f (3 .4 .11) 

Hence /",/«*! = ^ = 

Prom ( 3 . 4 . I O ) t h e exact expression f o r -J2. i s 

and t h e f i r s t approximat ion t o -32. 

i s = fa1--"'-Jf-ty 

(3-4.12) 

As r y i s t h e d i s t a n c e f rom t h e c e n t r a l d t o t h e cent re o f f l e x u r e , 

t h e n 



and f rom Green's theorem 

T h e r e f o r e f r o m 3 -4 .13 and 3 -4 .14 , t a k i n g t h e f i r s t approximat ion 

t o St- as g iven by ( 3 -4 . 12 ) , as t h i s i s t h e l i m i t i n g case f o r t h i n 

s e c t i o n s . 

3- Approximat ion t o t h e sec tor o f a c i r c l e . 

W 

( 3-4-4 ) 

(9) 

Young, E l d e r t o n and Pearson consider t h e t o r s i o n produced i n 

a sec to r by a f o r c e W a p p l i e d a t t h e c e n t r o i d a t r i g h t angles t o t h e 

a x i s o f symmetry. ( I t i s n o t , o f course s t r i c t l y a p p l i c a b l e t o t h e 

t r i a n g l e , bu t has been i n c l u d e d v e r y b r i e f l y f o r completeness) . 

Tne t o r s i o n produced per u n i t l eng th i s g i v e n by 
& =-

V0« 
IU-isr 

Where K i s a constant dependent 

upon v and o£ , and may be 

c a l c u l a t e d f rom formulae g i v e n 

i n t h e paper. 



The t o r s i o n a l s t i f f n e s s per u n i t l e n g t h , by d e f i n i t i o n , i s g i v e n 

by C* Z . 
& 

where T i s t h e a p p l i e d t o rque 

(3-4.16) 

Hence f rom (3-4.15) and (3-4.16) 

J e^y 

3.5- T o r s i o n a l o s c i l l a t i o n s o f asymmetric sec t ions 

I t i s no t s t r i c t l y v a l i d t o consider an asymmetric s e c t i o n execut

i n g p u r e l y t o r s i o n a l o s c i l l a t i o n s as t h e mot ion w i l l always be coupled 

w i t h t r a n s v e r s e mot ion i n t h e d i r e c t i o n o f e i t h e r o r b o t h p r i n c i p a l axes. 

However, i f t h e predominant ly t o r s i o n a l f requency d i f f e r s f rom t h e 

neares t bending mode f requency by more than 20$, t h e i n f l u e n c e o f the 

bending mode i s v e r y smal l and t h e s e c t i o n may be considered t o be 

o s c i l l a t i n g i n t o r s i o n a lone . 

Consider a s e c t i o n o f c a n t i l e v e r beam o f narrow i s o s c e l e s t r i a n g 

u l a r c r o s s - s e c t i o n a t a p o i n t some d i s tance f rom t h e r o o t . F i g . 3 - 5 - 1 . 

Under t h e a c t i o n o f a f o r c e F app l i ed a t t h e c e n t r o i d i n t h e 

p o s i t i v e X d i r e c t i o n and an equal and oppos i t e f o r c e a p p l i e d a t t h e 

cen t r e o f f l e x u r e , C, t h e s e c t i o n w i l l r o t a t e about C by d e f i n i t i o n , 

as i t i s under t h e i n f l u e n c e o f a pure couple . 

However, i t does no t f o l l o w f r o m t h i s s t a t i c argument t h a t t h e 
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s e c t i o n o s c i l l a t i n g i n t o r s i o n does so about t h e cen t re o f f l e x u r e . 

Consider t h e e q u i l i b r i u m o f an element o f t h e beam o f l e n g t h d z 

a t some d i s t a n c e z f r o m t h e r o o t . ( F i g . J . 5 - 2 ) 

N e t . t o r q u e across t h e element 

Uat, - T T + Hot, -

= C l i £ as = 

Rota ry i n e r t i a couple ( app ly ing d ' A l e m b e r t ' s P r i n c i p l e ) 

= *^-k- *" j e A when k i s t h e r a d i u s o f g y r a t i o n 

about a x i s o f r o t a t i o n . 

Net bending f o r c e across element 

L i n e a r i n e r t i a 

Assume t h a t t h e s e c t i o n o s c i l l a t e s about t h e cen t re o f f l e x u r e C, 

( P i g O - 5 . 3 ) 

T a k i n g moments about C : 

tn.sj <Vj i'o -* ^ lie & « f j - c ^""^3 = 0 

bu t r e s o l v i n g v e r t i c a l l y produces t h e i m p o s s i b l e s i t u a t i o n 

hence t h e s e c t i o n cannot be o s c i l l a t i n g about C. 
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Assume t h e r e f o r e t h a t t h e s e c t i o n o s c i l l a t e s about t h e c e n t r o i d O : 

( P i g . J . 5 . 4 ) . 

Talcing moments about o 

toiC&^S -c&"e(l -tUx^'et^ 5 «S6? = O 

b u t r e s o l v i n g v e r t i c a l l y produces 

w h i d i cannot be t r u e . 

3ji order t o o b t a i n a v a l i d e q u i l i b r i u m c o n d i t i o n , t h e r e f o r e , t he 

s e c t i o n must o s c i l l a t e about some p o i n t which does not l i e between o and 

C. Suppose t h i s p o i n t i s a t A ( F i g . 3 .5 .5 ) a d i s t ance 6 f r o m O on t h e 

s ide remote f rom C . 

Tak ing moments about A 

and r e s o l v i n g v e r t i c a l l y 

Now, i f d i s s m a l l , cos & & I 

1111 

and assuming t h e f i r s t mode o f t o r s i o n a l o s c i l l a t i o n i e . 

t h e n on s u b s t i t u t i o n f o r x c and x o , 3*5 • ! becomes 



ILL. 3 L / - J ~* _ . — 

hence £ = 
E T t7* 

* 3 

and i t i s shown i n Appendix 6 t h a t f o r a t y p i c a l beam considered 

i n t h i s work 

and hence A l i e s a t a ve ry smal l d i s t a n c e f r o m O on t h e s ide 

remote f rom C , and may i n f a c t be considered t o be co inc iden t w i t h 

O . 

D e f l e c t i o n measurements across t h e s e c t i o n ( Chapter 4 and Appendix 

8 ) c o n f i r m t h i s , and f requency measurements i n d i c a t e t h a t I should be 
eg 

used i n p lace o f I c f i n equat ion 3 . 1 . 



CHAPTER 4 

EXPERIMENTAL METHOD 

To c o n f i r m t h e t h e o r e t i c a l p r e d i c t i o n s o f f requency and mode shape 

o f coupled t o r s i o n bending v i b r a t i o n , f i v e beams o f s u i t a b l e s i z e f o r 

l a b o r a t o r y t e s t i n g were manufactured. Four were machined f rom 4J .5 mm x 

12.7 mm s t e e l bar and one f rom dura lumin designed ( App. 7 ) so t h a t t h e 

f r equenc i e s o f the f o u r t h and f i f t h modes o f v i b r a t i o n ( i e . J r d XX and 

1st t o r s i o n a l modes ) co inc ided a t a l e n g t h between about 0 0 and 0 .4 m. 

These o v e r a l l dimensions were s u f f i c i e n t t o ensure t h a t e f f e c t s due t o 
(18) 

shear de fo rma t ion and r o t a r y I n e r t i a were n e g l i g i b l e . 

For t e s t i n g , a beam was clamped secure ly t o a cast i r o n bedpla te 

mounted on a concre te p l i n t h which could be r a i s e d about 10-15 mm on 

f o u r a i r sp r ings t o min imise t h e e f f e c t o f f l o o r t r a n s m i t t e d v i b r a t i o n s . 

T h i s was found t o be p a r t i c u l a r l y necessary d u r i n g experiments t o d e t e r 

mine t h e d e f l e c t e d shape. 

4 . 1 Development o f t h e apparatus . 

B r i g h t ( c o l d - r o l l e d ) s t e e l bar was found t o be u n s u i t a b l e f o r t h e 

beams as the r e lease o f r e s i d u a l s t resses d u r i n g machinery produced cons 

i d e r a b l e d i s t o r t i o n . The beams were t h e r e f o r e machined f r o m b lack ( hot 

r o l l e d ) s t e e l bar o r 1 duralumin ' , which do no t d i s t o r t . S t e e l was 

chosen f o r t h e m a j o r i t y o f t h e beams f o r t h e p u r e l y p r a c t i c a l reason o f 

ready a v a i l a b i l i t y . 

For accura te work t h e means o f e x c i t a t i o n and t h e measurement o f 

response must c o n t r i b u t e as l i t t l e as p o s s i b l e t o t h e mass o r s t i f f n e s s 



5 1 , 

t h e beam. T h i s p r o h i b i t e d e x c i t a t i o n by any c o n t a c t i n g method, and an 

i n f i n i t e l y v a r i a b l e o s c i l l a t o r ( Dawe t y p e 440 B ) d r i v i n g a c o i l ( w i t h 

a power a m p l i f i er f o r modes above 200 Hz ) was employed here . ( The 

means o f e x c i t a t i o n may be d i f f e r e n t f o r s t e e l and 1 dura lumin ' . I n t h e 

former case, t h e e f f e c t may be predominant ly f e r romagne t i c as opposed t o 

an eddy c u r r e n t e f f e c t . The core o f t h e c o i l was not a permanent magnet 

and t h e r e f o r e an oppos i t e p o l e was induced i n t h e beam every h a l f c y c l e 

o f t h e i n p u t r e s u l t i n g i n two a t t r a c t i v e pulses t o t h e beam every c y c l e . 

I n t h e case o f t h e ' d u r a l u m i n ' t h e e x c i t a t i o n was by eddy c u r r e n t s which 

induced a l i k e p o l e i n t h e beam every h a l f c y c l e . I n b o t h cases t h e r e 

f o r e t h e beam was e x c i t e d a t t w i c e t h e f requency o f t h e i n p u t t o the c o i l . ) 

The response o f t h e beam was i n d i c a t e d by a barium t i t a n a t e p i e z o 

e l e c t r i c c r y s t a l glued near t h e r o o t o f f t h e l i n e o f c e n t r o i d s . T n i s 

d e f e c t e d a l l t h e modes s a t i s f a c t o r i l y and the output was bo th d i sp layed 

on t h e Y ax i s o f an o s c i l l o s c o p e and measured q u a n t i t a t i v e l y us ing a 

v a l v e v o l t m e t e r . 

The resonant f requency was assumed t o be t h a t at maximum ampl i tude , 

as damping was n e g l i g i b l e , and was accu ra t e ly determined by a p p l y i n g a 

"Muirhead" decade o s c i l l a t o r ( t y p e D-89O-B) t o t h e X a x i s o f the 

o s c i l l o s c o p e and o b t a i n i n g L i s s a j o u ' s f i g u r e s . 

Dur ing t h e experiments t o o b t a i n t h e mode shapes i t was found t h a t 

t h e v a l v e v o l t m e t e r r e a d i n g f l u c t u a t e d by about 10Jo. Th i s was u n s a t i s 

f a c t o r y as i t produced s c a t t e r i n t h e readings ana may have been caused 

by "bea t ing" i e . t h e d r i v i n g f requency no t c o i n c i d i n g e x a c t l y w i t h t h e 

resonant f r equency , o r v a r i a t i o n i n t h e l e v e l o f t h e power supply t o t h e 



c o i l . Once t h e resonant f requency had been determined, t h e problem was 

overcome by us ing the Muirhead, which p e r m i t t e d much f i n e r f requency 

c o n t r o l , t o power' t h e c o i l i n p lace o f t h e Dawe. 

I n i t i a l l y , a t tempts were made t o measure t h e d e f l e c t i o n a t t h e apex 

and base u s i n g 1 V ib rome te r ' i n d u c t i v e t ransducers , but i t was soon 

found t h a t these were being i n f l u e n c e d by t h e magnetic f i e l d generated 

by t h e c o i l . T h i s e f f e c t was independent o f t h e beam m a t e r i a l and o n l y 

s l i g h t l y dependent on t h e p o s i t i o n o f t h e c o i l r e l a t i v e t o t h e t r a n s 

ducers . A method o f e x c i t a t i o n s i m i l a r t o t h e ' t u n i n g f o r k 1 p r i n c i p l e 

(14) 

used by Slyper was i n v e s t i g a t e d , i n an at tempt t o i s o l a t e t h e ex

c i t e r c o i l f r o m t h e t ransducers , but t h e response ob t a inab l e was i n s u f f 

i c i e n t and t h e method was much l e s s easy t o opera te . 

Any c o n t a c t i n g method o f d e f l e c t i o n measurement would be u n s a t i s 

f a c t o r y as i t would produce l o c a l i s e d d i s t o r t i o n . The method employed 

was t h e r e f o r e r e q u i r e d t o be n o n - c o n t a c t i n g , and i n order t o de tec t 

t o r s i o n / b e n d i n g c o u p l i n g , be ab l e t o measure t h e d e f l e c t i o n a long both 

sages o f t h e beam, and de tec t any phase change between t h e two edges o r 

a long e i t h e r edge. 
(21) 

Carnegie , Dawson and Thomas descr ibed a method which employed 

a stroboscope and t r a v e l l i n g microscope, and used i t t o determine t h e 

d e f l e c t e d shape o f t h e t r a i l i n g edge o f a p r e t w i s t e d a e r o f o i l sec t ioned 

beam. The method, though, had t h e disadvantage t h a t i t cou ld n o t de tec t 

any change o f phase. 

C a p a c i t i v e probes, however, are u n a f f e c t e d by a magnetic f i e l d , and 

i t i s shown below t h a t a change o f phase was e a s i l y de tec ted by 



d i s p l a y i n g t h e c a r r i e r s i g n a l t o t h e probes on t h e o s c i l l o s c o p e -

I n p r i n c i p l e , t h e probes were mounted w i t h t h e faces p a r a l l e l t o 

t h e s u r f a c e o f t h e beam. A capaci tance was thus formed between t h e 

beam ( ear th ) and t h e probe i t s e l f . V a r i a t i o n o f the sepa ra t ion o f 

t h e probe and beam v a r i e d the capaci tance which modulated t h e 7 V o l t 

( r . m . s ) 50 KHz c a r r i e r s i g n a l f rom t h e supply meter CiType B 731 B ) 

t o g i v e ( according t o t h e s i z e o f t h e probe ) a s t a t i c , o r mean 

dynamic, d i s t ance r ead ing and peak t o peak ampl i tude o f o s c i l l a t i o n 

o f t h e s t r u c t u r e . To g i v e an accura te s t a t i c d e f l e c t i o n t h e f a c e o f 

t h e probe must be p a r a l l e l t o t h e s t r u c t u r e s u r f a c e , bu t i t was found 

t h a t t h e ampl i tude readings were n o t a f f e c t e d by s m a l l degrees o f non-

a l ignmen t . 

4.2 P r e l i m i n a r y t e s t s . ( Appendix 8 ) 

Using a s i n g l e probe, t h e f o l l o w i n g p r e l i m i n a r y t e s t s were made: 

1 ) . Ax i s o f t o r s i o n a l o s c i l l a t i o n . F i g . A 8 (1) 

T h i s experiment was performed t o c o n f i r m t h e conc lus ion 

drawn i n p a r t 5 Chapter 3 ( p . ) t h a t t o r s i o n a l o s c i l l a t i o n s t a k e 

p lace about a p o i n t v e r y c lose t o t h e cen t ro id* 

A s i n g l e probe was moved across t h e beam s u r f a c e a t r i g h t angles 

t o t h e beam a x i s and i t s p o s i t i o n across the s u r f a c e determined by a 

v e r n i e r depth gauge. Ampl i tude read ings t aken a t s m a l l i n t e r v a l s across 

t h e su r f ace conf i rmed t i i e t h e o r e t i c a l conc lus ion and a l so i l l u s t r a t e t h e 

l i n e a r i t y o f t h e d e f l e c t i o n across t h e s u r f a c e . T h i s i n f o r m a t i o n was 

r e q u i r e d so t h a t t h e computer r e s u l t s i n terms o f t h e d e f l e c t i o n o f t h e 



cen t re o f f l e x u r e and t h e s e c t i o n r o t a t i o n could be r e l a t e d t o apex 

and base d e f l e c t i o n s . 

2 ) . R e l a t i o n o f p i e z o - e l e c t r i c c r y s t a l response t o probe ampl i tude 

read ing F i g . A 8 ( 2 ) . 

The purpose o f t h i s t e s t was t o f i n d the ampl i tude which 

could conven ien t ly be ob ta ined w i t h i n t h e l i m i t s o f t h e e x c i t e r c o i l . 

From t h i s t h e probe w i t h t h e most s u i t a b l e f u l l sca le d e f l e c t i o n was 

s e l ec t ed . A l s o , had the r e s u l t s n o t been repea tab le , i e . had t hey 

sham excessive s c a t t e r , i t would have shown t h a t t h e p i e z o - e l e c t r i c 

c r y s t a l and v o l t m e t e r system would be u n s a t i s f a c t o r y as a moni to r o f 

constant ampl i tude . 

The r e s u l t s show t h a t the s e n s i t i v i t y o f t h e c r y s t a l was s a t i s 

f a c t o r y . 

D u r i n g t h i s experiment t h e resonant f requency was found t o be 

i n v a r i a n t w i t h ampl i tude . 

3) - P o s i t i o n o f e x c i t e r c o l l . 

For constant p i e z o - e l e c t r i c c r y s t a l response t h e probe 

ampl i tude r ead ing was found t o be i n v a r i a n t w i t h c o i l p o s i t i o n ( App

endix 8 ) . The i n p u t power t o t h e c o i l t o produce a g i v e n response o f 

course v a r i e d cons iderably w i t h c o i l p o s i t i o n . 

4-3» Measurement o f base and apex d e f l e c t i o n s . 

Two probes were used, supported i n a mounting b lock above t h e beam 

as shown i n F i g . 4 .1 . Both were connected t h rough a j u n c t i o n box 

( JB731B ) t o *he v i b r a t i o n meter . 

The bottom su r face and s ide A o f t h e probe mounting block ( F i g . 

4.1 ) were ground and t h e ho les f o r t h e probes d r i l l e d pe rpend icu la r t o 
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t h e bottom su r face i n p o s i t i o n s such t h a t a l i n e j o i n i n g t h e centres 

was a t r i g h t angles t o s i de A. Using s l i p gauges t h e probes were 

i n s e r t e d and clamped so t h a t t h e y pro t ruded equa l ly f rom t h e underside 

o f t h e b l o c k . 

Wi th t h e beam t o be t e s t ed clamped i n p o s i t i o n , a r u l e r was mounted 

s l i g h t l y above and t o one s ide o f i t . The r u l e r was set up us ing a 

t r a v e l l i n g microscope so t h a t bo th probes were above t h e beam w i t h s ide 

A i n contact w i t h t h e r u l e r and t h e d i s t ance d f rom r u l e r t o beam edge 

constant t o w i t h i n 0.1 m a long t h e beam. 

4.3.1 Support o f t h e probes . 

The method o f s u p p o r t i n g t h e probes must meet t h e f o l l o w i n g 

requirements ( F i g . 4 . 2 . ) . 

1. Freedom t o move along t h e Z a x i s i n order t o t r a v e r s e the beam 

l e n g t h . 

2. F ine r o t a t i o n a l adjustment about an a x i s p a r a l l e l t o Z so t h a t 

t h e probes are an equal d i s t ance f rom t h e beam s u r f a c e . 

3 . F ine r o t a t i o n a l adjustment about an a x i s p a r a l l e l t o Y so t h a t 

t h e probes are p e r e n d i c u l a r t o t h e beam s u r f a c e . 

4. F ine l i n e a r adjustment i n t h e X d i r e c t i o n t o b r i n g b o t h probes 

w i t h i n t h e i r o p e r a t i n g range. 

For the modes o f i n t e r e s t t o t h i s work t h e maximum d e f l e c t i o n was 

approximate ly 75 x 10"^m, hence probes o f 125 x 10~bm f u l l s ca le 

d e f l e c t i o n were used, n e c e s s i t a t i n g t h e f ineness o f t h e adjustments 

descr ibed above. 



A l l t h e requirements were met u s ing a p r e c i s i o n v a r i a b l e h e i g h t 

clamp ana a t t a c h i n g t h e probe b lock w i t h v a r i a b l e angle clamps 

g i v i n g t h e f i n e r o t a t i o n a l movement. The whole clamp assembly was 

t hen placed w i t h t h e s ide A o f t h e b l o c k i n t h e r e q u i r e d p o s i t i o n 

aga ins t t h e r u l e r , and t h e adjus tments made so t h a t : 

1) . The s t a t i c d e f l e c t i o n read ings f o r each probe were w i t h i n 

lOJfi o f f u l l sca le d e f l e c t i o n o f each o t h e r . T h i s a l so ensures t h a t 

t h e probes are p a r a l l e l t o t h e XZ p l ane . 

2 ) . The unders ide o f t h e b lock was p a r a l l e l t o t h e beam s u r f a c e , 

i e . p a r a l l e l t o t h e YZ p lane . P r e l i m i n a r y t e s t s showed t h a t v i b r a t i o n 

measurements were independent o f probe r o t a t i o n about an axLs p a r a l l e l 

t o Y ( or Z ) w i t h i n t h e l i m i t s o f v i s u a l accuracy. 

3) . The s t a t i c d e f l e c t i o n o f each probe was approximate ly 80# 

o f f u l l s ca le d e f l e c t i o n . T h i s d i s t a n c e was governed by r u l e s des

c r i b e d i n t h e probe o p e r a t i n g i n s t r u c t i o n s , but i n genera l t h e ampl

i t u d e o f the mot ion must not be such t h a t t h e beam comes i n t o contac t 

w i t h t h e probes . 

Both t h e t o p su r f ace o f t h e cast i r o n bedpla te and t h e bottom 

s u r f a c e o f t h e p r e c i s i o n clamp were machined and the whole assembly 

( having f a i r l y s u b s t a n t i a l mass ) was found t o be p e r f e c t l y s t a b l e 

i n a l l p o s i t i o n s . 

4.3.2 Change o f phase. 

The v i b r a t i o n meter g ives a d i r e c t r ead ing o f peak t o peak 

ampl i tude o f each probe, b u t w i t h t h i s i n f o r m a t i o n a lone i t was 

i m p o s s i b l e t o d i s t i n g u i s h between cases A and B below: 
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STATIC POSlTltHJ I 

Oeam surface. 

\ 
STATIC PfSirioU 

I n each case t h e probe readings would be d j and dg a s i n d i c a t e d * 

bu t i n case A t h e r e i s a change o f phase. I n pure bending o r pure 

t o r s i o n a l v i b r a t i o n s i t i s known i n t u i t i v e l y which t y p e o f mot ion i s 

t a k i n g p l ace , but f o r coupled mot ion t h e d i s t i n c t i o n s a re b l u r r e d 

and t h e exact t y p e o f mot ion by no means obvious* 

A d d i t i o n a l i n f o r m a t i o n was ob ta ined , however, by d i s p l a y i n g t h e 

p i e z o - e l e c t r i c c r y s t a l ou tpu t and t h e ampl i tude modulated 50 KHz o f 

t h e c a r r i e r s i g n a l t o t h e probes on an o s c i l l o s c o p e . The ampl i tude o f t h e 

c a r r i e r s i g n a l i s p r o p o r t i o n a l t o t h e separa t ion o f t h e probe and 

s t r u c t u r e , and was t h e r e f o r e ampl i tude modulated a t t h e f requency o f 

o s c i l l a t i o n . Prom t h i s t h e phase may be obta ined and an a r b i t r a r y 

convent ion adopted: 

P ' C Z O -electric cry s tat 
ouf-fiut • 

—— mottutat-ett earner srgnaL . 

/ ^ \ y r \ _ y " \ ^ / \ ^ ' ^ - P t e i o - e.Lect-»ic crystal. 

J) /T\ S f \ output. 

m • noUufoteei carrier Si<jncU-
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C and D were sa id t o be i n phase and out o f phase r e s p e c t i v e l y , 

and hence t h e magnitude and phase o f the displacements a t t h e apex and 

base o f t h e t r i a n g l e were de te rmined ' 

The ampl i tude o f v i b r a t i o n must be h e l d constant f o r read ings t o 

be f r e e f r o m s c a t t e r , and some i n i t i a l t r o u b l e i n t h i s respect has been 

mentioned ( P- 56 ) . I t was found* though, t h a t p rov ided t h e r ead ing 

was taken when t h e moni tor v o l t m e t e r was a t i t s predetermined v a l u e t o 

w i t h i n v i s u a l accuracy t h e r e s u l t s ob ta ined were repeat ab le and as can 

be seen ( Chapter 5 ) almost complete ly f r e e f rom s c a t t e r . I t would be 

an improvement t o have t h e ampl i tude h e l d constant a u t o m a t i c a l l y by a 

s u i t a b l e c o n t r o l l o o p , which would cons iderab ly shorten t h e experimental 

t i m e , a s g rea t care must be t aken t o ensure t h a t t h e mon i to r s i g n a l i s 

e x a c t l y set on t h e predetermined v a l u e . The re f inement o f t h e c o n t r o l 

loop i s o f course no t necessary. 
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CHAPTER 5 

RESULTS AMD DISCUSSIOM 

5.1 Pe ter i t i ina t ion o f m a t e r i a l p r o p e r t i e s ( Appendix 9 ) 

S u i t a b l e specimens were manufactured f rom t h e b l ack -ba r s t e e l 

f o r t h e d e t e r m i n a t i o n o f Young's Modulus E , t h e shear modulus G, 

Fo i s son ' s Ra t io v , and t h e d e n s i t y 

Dens i t y 

Th e d e n s i t y was ob ta ined by accu ra t e ly shaping and g r i n d i n g 

a r e c t a n g u l a r b lock which was weighed and measured. 

T h i s gave /> = 7 .82 x 10^ Kg/m^ 

Young's Modulus and Poisson ' s r a t i o 

1) . A t e n s i o n t e s t u s ing an extensometer and 'Denison ' t y p e T42B4 

t e s t i n g machine gave t h e v a l u e E = 2 .09 x 1 0 1 1 N / m 2 . A l l t h e exper im

e n t a l r e s u l t s were analysed by l i n e a r r e g r e s s i o n . ( Appendix 9 ) • 

2 ) . A s i m i l a r t e s t t o t h e above, bu t w i t h t h e extensometer rep laced 

by two f o i l s t r a i n gauges on t h e p r i n c i p a l axes gave 

E = 2 .09 x 1 0 1 1 N/m 2 

V = 0 .28 

Shear Modulus • 

1) . A t o r s i o n t e s t u s ing a t o r s i o m e t e r w i t h t h e load measured by a 

10 2 

s p r i n g r e l ea se on a t o r q u e arm gave G = 8.49 x 10 N/m 

2 ) . The above t e s t repeated us ing a B .P .A. load c e l l ( t y p e D90 ) 

and t ransducer meter ( t y p e C52 ) i n p l ace o f t h e s p r i n g balance : 
10 p 

G = 8.53 x 10 N/m 



However, E , v and G are in terdependent and the va lues above are no t 

compat ib le . 

The above v a l u e o f E must be accepted as c o r r e c t , as both t h e 

s t r a i n gauges and extensometer agree. The Denison t e s t i n g machine con

formed t o Grade A l o f B .S .S . 1610 ( 1964 ) , and i t s accuracy was conf i rmed 

u s i n g a c a l i b r a t i o n p r o v i n g r i n g . 

S i m i l a r l y , t he va lues o f G obta ined by t h e two methods are w i t h i n 

0.57& o f each o t h e r , which i s acceptab le . 

At tempts were a lso made t o o b t a i n G by measuring t h e f requency o f 

t o r s i o n a l o s c i l l a t i o n s o f r e c t a n g u l a r sect ioned beams o f d i f f e r i n g t h i c k 

ness: Appendix 9 . 

Length = 0 .30 m. 

Vftdth = 0.04334 m. 

THICKNESS G, N/m 2 

10 
0.01275 8.21 x 10 

10 

0.00948 8.33 x 10 

0.00640 8.44 x 1 0 1 0 

As t h e t h i c k n e s s decreases, t h e c a l c u l a t e d G appears t o converge 

t o t h e s t a t i c v a l u e . T h i s i n d i c a t e s t h a t t h e r e l a t i v e improvement o f t h e 

r o o t f i x i n g as t h e t h i cknes s decreases y i e l d s va lues o f G which are c lo se r 

t o t h e s t a t i c v a l u e . 

n 2 
A c c e p t i n g , t h e r e f o r e , t h e va lues o f E = 2 .09 x 10 N/m and 

TO 2 
G = 8.53 x 10 N/m g ives V = O.23, which i s lower than expected. 



6-? 

Poisson ' s r a t i o I s , however, extremely d i f f i c u l t t o o b t a i n d i r e c t l y 

by experiment, and l i t t l e conf idence i s a t tached t o t h e v a l u e o f 0*28 

g iven by t h e s t r a i n gauges. 

I t i s concluded t h a t , t h e r e f o r e , t h e va lues 

E = 2 .09 x 1 0 1 1 N/m 2 

V = 0.23 

G = 8.53 x 1 0 1 0 N /m 2 

/> = 7-82 x 1 0 5 Kg/rrr 5 

must be accepted. 

5 . 2 . V a r i a t i o n o f t o r s i o n a l s t i f f n e s s w i t h apex ang le . 

I n t h i s s e c t i o n t h e terms " i n de fec t " and 1 1 i n excess " are used 

when a v a l u e i s r e s p e c t i v e l y less than o r g r e a t e r t h a n a g iven y a l u e . 

The c a l c u l a t i o n s based on t h e two sec tors o f a c i r c l e ( F i g . 5 - 2 . 1 b ) 

a re exact s o l u t i o n s and, p a r t i c u l a r l y a t sma l l apex angles , g i v e a use

f u l s tandpoin t f o r t h e comparison o f o ther methods. 

5 . 2 . 1 

F i g u r e 5*2.2 i s p l o t t e d by v a r y i n g t h e apex angle such t h a t t h e 

cross s e c t i o n a l area i s constant ( a t an a r b i t r a r y v a l u e ) . T h i s means 
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t h a t t h e volume o f m a t e r i a l per u n i t l e n g t h I s constant and t h e graphs 

represent t h e v a r i a t i o n o f t o r s i o n a l constant w i t h shape a lone . 

For apex angles o f l e ss than 3 ° i t i s seen t h a t Nut t a i l ' s method 

and t h e e l l i p t i c a l approximat ion are i n d e f e c t o f t h e sec to r l i m i t s 

by 38$ and 29$ r e s p e c t i v e l y . A l l o the r methods are i n good agreement 

t o w i t h i n 5#- I n p a r t i c u l a r , Scholes and S l a t e r , and Duncan, E l l i s 

and Sc ru ton are o n l y j u s t o u t s i d e t h e exact range, t h e discrepancy 

b e i n g l e s s than one p a r t i n two thousand. 

At t h e o t h e r end o f t h e range, <>C = 6 0 ° , bo th Mutt a l l and Duncan, 

E l l i s and Scruton g i v e exact s o l u t i o n s f o r t h e e q u i l a t e r a l t r i a n g l e . 

The e l l i p t i c a l approximat ion i s i n excess o f t h e exact s o l u t i o n by 

14$, and G r i f f i t h ' s g r a p h i c a l method i s i n d e f e c t by o n l y 4 .5$ . 

Obv ious ly t h e fo rmulae i n t e d e d f o r sma l l angles o n l y a re i n v a l i d he re . 

I n t h e range 2 ° ^ . «< ^ 60° o n l y Duncan, E l l i s and Scruton 

remains e x a c t l y w i t h i n t h e sec tor l i m i t s , but G r i f f i t h ' s g r a p h i c a l 

method and Schole*s and S l a t e r ' s f o r m u l a i s seen t o be much more 

accura te t han G r i f f i t h ' s f o r s m a l l apex angles : a t oC= 1 0 ° , Scho le ' s 

and S l a t e r ' s i s on ly 3.3JS above t h e accepted range, whereas G r i f f i t h ' s 

i s almost 20$ above. N u t t a l l and t h e e l l i p t i c a l approx imat ion g i v e 

v e r y low va lues th roughou t . 

Above «(. - 1 0 ° , t h e s e c t i o n can no longer j u s t i f i a b l y be termed 

t h i n , and Scholes and S l a t e r ' s f o r m u l a , w h i l e remaining c l o s e r t h a n 

G r i f f i t h ' s , becomes i n c r e a s i n g l y i n a c c u r a t e . G r i f f i t h ' s g r a p h i c a l 

method and t h e f o r m u l a by Duncan, E l l i s and Scruton remain w i t h i n t h e 

bounds o f t h e sec tors f o r i n c r e a s i n g d up t o oL - 6 0 ° . Throughout 



20° 5°° "the e l l i p t i c a l approximat ion i s p robably w i t h i n 5Jg 

o f t h e t r u t h , be ing i n d e f e c t f o r 2 0 ° and i n excess f o r * >• J0°. 

N u t t a l l remains i n d e f e c t o f t h e lower sec tor l i m i t by over 5#* 

I n gene ra l , t h e r e f o r e , as f a r as i s o s c e l e s t r i a n g u l a r sec t ions are 

concerned, t h e f o r m u l a due t o Duncan, E l l i s and Scruton i s p robably most 
(4) 

accura te th roughout t h e t o t a l range . I t i s s t a t e d by N u t t a l l t h a t h i s 

f o r m u l a i s p robably i n d e f e c t by 4$ when = 40° : a p p l y i n g t h i s c o r r e c t 

i o n y i e l d s a v a l u e which i s w i t h i n 0.5JS o f Duncan, E l l i s and Scru ton . 

Throughout t h e t o t a l range G r i f f i t h ' s g r a p h i c a l method remains w i t h 

i n 5$ o f Duncan, E l l i s and Sc ru ton , which , i n view o f i t s claimed 

genera l a p p l i c a t i o n would i n s p i r e conf idence i n i t s use when cons ide r ing 

more complex c r o s s - s e c t i o n a l shapes. 

5.3 V a r i a t i o n o f c e n t r o i d / c e n t r e o f f l e x u r e d i s t a n c e : r 

A. = 14.98° 1 3 . I O 0 9-75° 
0 

6.86 

GRIFFITH 0.528 0 .529 0.550 0.530 

DUNCAN 0.725 0 .729 0 .755 0.727 

10° SECTOR OF 
CIRCLE 

- - 0.455 -

YOUNG; ELDERTON 
AND PEARSON 

0.784 
0 .829 

O.789 
O.8O3 

0.892 
0.914 

0 .909 
0.919 

F I G . 5*3*1 / VALUES OF r y (x io'z M) CALCULATED BY EACH METHOD 
( WHERE APPLICABLE. ) 

G r i f f i t h ' s and Duncan's fo rmulae a re s p e c i f i c a l l y f o r t h i n s ec t i ons , 

i n which case «( = 14*98° and 1 3 . 1 0 ° are probably o u t s i d e t h e range. 



With t h a t l i m i t a t i o n , both are independent of U , whereas t h e f o r m u l a 

due t o Young, E l d e r t o n and Pearson ( f r o m which t h e va lues o f r y f o r 

t h e l i m i t i n g sec to r s are c a l c u l a t e d ) i s dependent upon «L , and i t i s 

seen t h a t t h i s f o r m u l a g ives h ighe r va lues o f r y than Duncan's o r 

G r i f f i t h ' s th roughout t h e range. The discrepancy decreases w i t h 

i nc rease i n «l 

( 6 ) 

G r i f f i t h s t a t e s t h a t by soap f i l m measurement t h e cent re o f 

f l e x u r e o f a 10° sec to r o f a c i r c l e i s O.78 o f t h e r a d i u s f rom the apex. 

Th i s i s a p p l i e d t o t h e 9 -75° t r i a n g l e g i v i n g r = 0.455 x 10~ m. 
y 

5 .4 E f f e c t o f c o u p l i n g on beam f r e q u e n c i e s and mode shapes. 

I n t r o d u c t i o n . 

I f two independent v i b r a t i n g systems hav ing n e a r l y equal 

n a t u r a l f r e q u e c i e s are coupled t o g e t h e r , t h e r e s u l t i n g system has one 

n a t u r a l f requency above t h e h ighe r and one below t h e lower o f t h e two 

uncoupled f r e q u e n c i e s . 

T h i s i s r e a d i l y demonstrated i n t h e case o f t h e s imple spring-mass 

system and i t s ex tens ion t o t h e c o u p l i n g by p r e t w i s t i n g o f XX and YY 

d i r e c t i o n bending modes o f r e c t a n g u l a r sec t ioned c a n t i l e v e r s i s i l l u s t r a t -

ed s p e c i f i c a l l y by Rosard and L e s t e r x 

The present r e s u l t s show t h e same e f f e c t i n t h e case o f coupled 

t o r s i o n / b e n d i n g modes. 

A t o t a l o f f i v e beams are i n v e s t i g a t e d : one symmetr ical about t h e 

X ax i s ( P i g . 5 . 4 . 1 ) and f o u r o f v a r y i n g apex angle symmetr ica l about 

t h e Y a x i s . The f requency r e s u l t s are presented as a l o g a r i t h m i c p l o t 



( t o base 10 ) o f f requency aga ins t l e n g t h i n t h e r e g i o n where t h e 

uncoupled f i r s t t o r s i o n and 3rd XX bending modes c o i n c i d e . 

Uncouple* 3*><*k 

Coup I eat Ideates P i g . 5 - 4 . 1 

1̂  Uncoupled Isf Torsion 

l 

I 

y 

I n t h e case o f t h e beam symmetr ica l about t h e X a x i s , r = 0 and no 

c o u p l i n g e x i s t s between t h e 3 r d XX and l i s t t o r s i o n modes. Hence p r o g 

r e s s i v e s h o r t e n i n g o f t h e beam from p o i n t 3 t o p o i n t 1 y i e l d s t h e uncoup

l e d s t r a i g h t l i n e s o f 3 r d XX and I s t t o r s i o n . ( P i g . 5-4.2 ) . 

I n t h e cases o f t h e o ther f o u r beams, however, r y j£ 0 , and t h e 

f r equenc ies are separated around t h e c r i t i c a l l e n g t h ( p o i n t 2 F i g . 5 . 4 . 1 ) 

i n t o two curves r e p r e s e n t i n g t h e f o u r t h and f i f t h modes o f t h e beam - t h e 

f i r s t t h r e e be ing 1s t XX, 2nd XX and 1s t YY, i n ascending o rde r . 

These f o u r t h and f i f t h modes possess both 3 rd XX and 1s t torsion, mode 

shape char act e r i s t i c s . 
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N 3.00 

2.96 
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2.94 
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2.90 

2.68 

2.66 

1.63 1.57 1.56 T. 61 1.55 
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Mode shape p r e s e n t a t i o n and n o r m a l i s a t i o n . 

The ou tpu t f rom t h e eigenvalue s o l u t i o n r o u t i n e g ives the d e f l e c t i o n 

o f t h e cent re o f f l e x u r e and t h e r o t a t i o n about t h e z a x i s a t t h e nodes 

o f t h e elements. T h i s must be r e l a t e d t o t h e exper imenta l d e f l e c t i o n s 

o f the apex and base. 

There are two a l t e r n a t i v e s . The d e f l e c t i o n o f the cen t re o f f l e x 

u re and t h e r o t a t i o n o f t h e s ec t i on may be c a l c u l a t e d f r o m the e x p e r i 

mental apex and base d e f l e c t i o n s and t h e r a t i o d e f l e c t i o n / r o t a t i o n 

c a l c u l a t e d f o r each p o i n t . Provided t h e u n i t s o f d e f l e c t i o n and r o t a t 

i o n agree w i t h t h e t h e o r e t i c a l , t h i s should correspond t o t h e t h e o r e t i c a l 

d e f l e c t i o n / r o t a t i o n r a t i o s . A l t e r n a t i v e l y , the t h e o r e t i c a l r e s u l t s 

may be conver ted t o apex and base d e f l e c t i o n s and bo th t h e o r y and exper

iment p l o t t e d accord ing t o some n o r m a l i s a t i o n conven t ion . 

The l a t t e r procedure, apar t f r o m p r e s e n t i n g a b e t t e r v i s u a l p i c t u r e , 

i s p r e f e r a b l e ma thema t i ca l ly as t h e f i r s t i n v o l v e s s u b t r a c t i n g two exp

e r imen ta l obse rva t ions which may be n e a r l y equa l . Any e r r o r may thus 

become a s u b s t a n t i a l p a r t o f the r e s u l t : 

For t h e c a l c u l a t i o n o f t h e d e f l e c t i o n / r o t a t i o n r a t i o s , t h e d e f l e c t 

i o n i s c a l c u l a t e d by t a k i n g a weighted average o f t h e apex and base 

r ead ings . I n t h e wor s t case, assuming t h e e r r o r i n bo th readings i s •+ € 

then t h e d e f l e c t i o n £ i s g i v e n by 

where 3 ' f and 3 f L a r e t h e apex and base d e f l e c t i o n s and b, and 

constants such t h a t 

k, * kt * / 



The r o t a t i o n i s c a l c u l a t e d by t a k i n g t h e d i f f e r e n c e , and i n t h e 

wors t case t h e e r r o r s a re oppos i t e i n s i g n : 

>. ,-*•£ 3 acj, - 6 

r o t a t i o n f* = * ' ~ 2 £ 

Hence t h e f i n a l e r r o r may be t w i c e t h e o b s e r v a t i o n a l e r r o r , and 

would be p a r t i c u l a r l y s i g n i f i c a n t where >£, * L 

The n o r m a l i s a t i o n convent ion adopted i n i t i a l l y was t h a t o f malting 

t h e apex d e f l e c t i o n a t t h e t i p o f the beam u n i t y . I n most cases t h i s i s 

s a t i s f a c t o r y , but can g i v e r i s e t o erroneous r e s u l t s i f t h a t d e f l e c t i o n 

i s v e r y s m a l l . Hence t h e improved method o f making t h e sum o f t h e 

moduli o f t h e apex and base d e f l e c t i o n s a t t h e t i p u n i t y i s adopted f o r 

a l l t h e mode-shapes presented: 

I f x I T a n d x t T a r e t h e t i p apex and base d e f l e c t i o n s then 

Ut K » / x , T / «• / * i T / 

which normal ises the o ther readings t o 

K K 

I n t h e z d i r e c t i o n t h e l e n g t h i s t aken t o be one u n i t . ( Appendix 10 

shows t h e c a l c u l a t i o n o f the t h e o r e t i c a l apex and base d e f l e c t i o n s .J 

Comparison o f t h e o r e t i c a l and exper imenta l r e s u l t s 

The r e s u l t s ob ta ined f rom t h e f i n i t e element s o l u t i o n were i d e n t i c a l 

( $o w i t h i n 0 .5 Hz ) w i t h those obta ined f rom t h e Laplace Transform 



theory, releasing the former program f o r use only when both the f r e q 

uencies and mode shapes were required: at points 1,2 and 3 ( Fig* 5^-1 )» 

thus economising on computer t ime . The solut ion system of the f i n i t e 

element theory i s part of the computer software l i b r a r y and both the 

eigenvalues and eigenvectors are produced automatically. 
11 2 

The f i r s t t heo re t i ca l resul t s assumed a value of E = 2.09 x 10" N/m 

and the value o f C calculated by the formula of Duncan, E l l i s and Scruton 
10 2 

assuming G = 8.53 x 10 N/m • This gave an agreement between theory and 

experiment of + 1.78$ t o - 1.93$ i n 3rd XX modes over the four beams f o r 

which r y -j£o, but at + 4.07$ t o - 5«9# based on Duncan, E l l i s and Scruton 

the range o f error of t o r s iona l modes i s greater. I t was suspected tha t t h i s 

discrepancy could be due t o the root f i x i n g and on completion of a l l the 

tes ts an examination ( as f a r as possible ) of the v a r i a t i o n i n experiment

a l error wi th length, thickness and mode number was made. 

AO 04 A » v 

6- ft 

o vw"* 

4- W II-IO 

' - 6 2 ».•©"• a -at «»•"*' 

/ « ' X X 

2 m I X X + 21% -0-/it% 

- f-93% -O-02 % - l i t % 

Ul root*** | + l'tl% -s-1% 

The t ab l e ( i n F i g . 5 . J l .3 ) stows the va r i a t i on i n experimental 

error ( pos i t i ve when the experimental value exceeds the t heo re t i ca l ) 

averaged over the lengths taken f o r the beams v i b r a t i n g i n the f i r s t 

three XX and 1st t o r s ion modes. The v a r i a t i o n w i t h length was less 



than 0.5$ and there was no cor re la t ion of error w i t h length. This 

indicates consistency of clamping f o r each beam. 

How ever j f o r the bending modes i t can be seen that there i s a s ign

i f i c a n t l y greater va r i a t i on i n error wi th mode number. This applies t o 

a l l the beams except the th i ckes t where the values are generally low and 

closer together. 

S i m i l a r l y i t can be seen from a l l the rows of the t ab le that the 

error a lgebraical ly greater f o r the thinner beams, decreasing algebraic

a l l y wi th increasing thickness. The bending modes of the two beams i n 

the middle o f the range are anomalous i n t h i s respect, but there was an 

error i n the manufacture of the beam of oi 9*75° which necessitated 

the root being trimmed down on a grinder a f t e r the machining of the 

t r i angu la r sect ion. This was not thought t o be s i g n i f i c a n t before t e s t 

i n g , but may account f o r the anomalous behaviour here. 

I t i s suggested therefore that the root f i x i n g becomes less e f f e c t 

i v e wi th higher modes, and wi th increasing thickness. I n retrospect 

therefore , duralumin would have been the bet ter mater ia l f o r a l l the 

beams as the root reaction t o a given canti lever de f l e c t i on i s much less 

f o r a beam of duralumin than f o r one of s t ee l . 

At some distance from the c r i t i c a l point ( points 3 or 1 ) the e f f ec t 

of one mode on the other due t o coupling i s very small , and an error i n 

e i ther frequency compared to the t heo re t i c a l predic t ion based on measured 

values of the mater ia l properties does not produce a s i g n i f i c a n t error 

i n the mode shapes. I n the c r i t i c a l region J i^however, f o r accurate 

predic t ion of the mode shapes the experimental and theore t i ca l estimates 

of the c r i t i c a l length must be w i t h i n 1%. 



1% 

To show therefore that good agreement of the mode shapes can be 

obtainedj i t i s thought t o be j u s t i f i a b l e to choose an e f f e c t i v e value 

of E based on the experimental frequencies at lengths which d i f f e r 

considerably from the c r i t i c a l . Similar reasoning applies to the s e l 

ection of an e f f e c t i v e value of the t o r s i o n a l constant C, which incorp

orates any error i n the determination o f G and the inaccuracy of the 

method of ca lcu la t ion . Choosing an e f f e c t i v e value of C i s therefore , 

i n the absence of an exact so lu t ion , more easi ly j u s t i f i e d but the 

v a r i a t i o n required of C i s greater than that of E. The two mid-range 

beams o£ = 9.75°, I 3 . I O 0 both have e f f e c t i v e values of C which are w i t h 

i n ljg o f the sector of c i r c l e l i m i t s , but the thinnest beam gives a 

value 7.3$ above the l i m i t , a n d the th ickes t a value 10.8$ below. 

Assuming therefore the e f f e c t i v e values of E and C shown ( F i g . 

5.4.4 ) the frequency / length graphs and modal curves f o r each beam 

were drawn f o r varying r y . 

BEAM 
oL = 

EFFECTIVE. 
E x 10 N /nT 

EFFECTIVE 
C N / m 2 

C 
by DUNCAN 

ELLIS and SCRUTON 

C, SECTOR 
of CIRCLE 

6.86° 2.16 28.67 26,48 26.46 
26.65 

9-75° 2.01 85-47 83-57 83.41 
84.63 

13.10° 2.09 164.5 163.42 163.12 
167.5 

14.99° 2.01 207.00 234.74 233.59 
241.75 

Measured E = 2.09 x 10 1 1 N/m 2 F i g . 5-4.4 
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Discussion of resu l t s 

Frequency / length curves. 

Figures ( 5-4.5 to 5-4.8 ) show the e f f ec t o f coupling on the 

frequency of 3rd XX and 1st t o r s i o n modes of the four beams f o r which 

r y *fc 0. 

K i t h the exception of the f i f t h mode at lengths which are less than 

the c r i t i c a l , which shows a decrease i n frequency wi th increase of r y J 

the f igures show that the frequency of the fou r th mode i s reduced and 

tha t of the f i f t h mode i s increased wi th increase o f r y . This separ

at ion e f f e c t decreases wi th distance away from the c r i t i c a l po in t . The 

anomalous behaviour of the f i f t h mode at the shorter lengths cannot be 

read i ly accounted f o r as the frequency of the next highest t o r s i o n a l 

mode i s almost three times tha t of the mode i n question, but the e f f ec t 

must undoubtably be due to coupling. The f igures also show that the 

t rue value of r y appears to be less than tha t given by e i ther Duncan's 

or G r i f f i t h ' s formula. For the beam o f apex angle 9.75° the experim

ental value of r y deduced by G r i f f i t h gives close agreement ( F i g . 

5*4.6 ) . This i s discussed l a t e r w i t h r e l a t i o n t o the mode shape curves 

and the views of other authors. 

The separation due t o t o r s iona l coupling i s not as s i g n i f i c a n t as 

the separation of adjacent bending frequencies due to p re twis t . For 

the beams considered the change i n ei ther frequency i s not greater than 

2%, whereas f o r i n rectangular sectioned beam of dimension r a t i o s I5 x 4 

x 11 the frequencies of the second mode i n the f l e x i b l e d i r e c t i o n and 

the f i r s t i n the s t i f f d i r e c t i on are nearly equal, and an applied pre twis t 

of 40° decreases the lower frequency by 25$ and increases the higher by 
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30$6V . The e f f e c t of to r s iona l coupling i s therefore small compared 

with the e f f e c t of p re twis t . 

Mode shape curves 

Figures 5.4.9 t o 5.4.21 show experimental and theore t i ca l mode 

shape curves f o r each beam at points 1 and 3 ( F ig- 5*4.1 ) ei ther side 

of the c r i t i c a l length and at point 2 i n the c r i t i c a l region i t s e l f . 

At point 1 the f o u r t h mode i s predominantly to r s iona l but a s l i gh t 

in t roduc t ion of 3rd XX bending may be seen i n the apex and base d e f l e c t 

ions ( 5-4-..4 to 5-4.9 ) • S imi l a r ly at point 3 the f o u r t h mode i s pre

dominantly 3rd XX but the presence of t o r s ion i s shown by the edge def

lec t ions not being coincident ( 5.4.12 t o 5-4.14 ) . 

I n the c r i t i c a l region 2 the f o u r t h mode shape i s a hybr id o f 3rd 

XX and 1st t o r s i o n : both l ines have a marked 3rd XX character is t ic but 

are not coincident, i nd ica t ing t o r s i o n . ( F i g . 5.4.15 to 5.4.17 ) . I t 

i s therefore possible to see a progressive change i n the fou r th mode 

shape from 1st t o r s i o n t o 3rd XX w i t h increasing length. ( 5.4.18 , 

5.4.19 )• 

Comparing the fou r th and f i f t h modes a t a given length and not ing 

that the apex l i n e i s drawn so that i t l i e s more on the pos i t ive side o f 

the z axis , i t i s seen that there i s a change of phase between the two 

modes. This i s demonstrated by a l l the f igu res ( 5.4.9 t o 5.4.17 ) 

where i t i s shown tha t the fou r th mode consists of A superimposed upon 

B. F i g . 5-4.22. 

I st- berg 1 0 M -
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F i g . 5.4.22 

whereas the f i f t h mode consists of A superimposed upon C. 

F i g . 5-4.22 

To show the v a r i a t i o n o f the mode shape wi th the degree of coupling, 

the theo re t i ca l curves are drawn f o r d i f f e r e n t values o f r y . From these 

i t i s seen tha t f o r a given mode, i f the coupling i s increased by i n 

creasing r y the e f f ec t i s t o increase the proport ion of the other mode 

i n the deflected shape. 

Graphs 5-4-9 t o 5.4.11 f o r example show the f o u r t h and f i f t h mode 

shapes at lengths appreciably less than the c r i t i c a l . The f o u r t h i s 

therefore predominantly t o r s iona l but w i th evidence of 3rd XX coupling. 

I t can be seen tha t increasing the degree of coupling increases the 

bending charac te r i s t ics . S i m i l a r l y , i n the case of the predominantly 

JSrd XX f i f t h mode at lengths less than the c r i t i c a l , an< increase of r y 

increases the separation of the apex and base def lec t ions i n d i c a t i n g a 

greater proportion of the t o r s i ona l f o u r t h mode. 
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Vftth the possible exception of Pig. 5>Jt'«15 i n which the theoret

i c a l results based on r^ calculated by Duncan's formula agree more 

closely with the experimental., a l l the mode shape and frequency / 

length curves indicate that G r i f f i t h ' s formula gives a better approx

imation for r than that due to Duncan. The same conclusion i s drawn 
y (5) 

by Scholes and Slater who state that the formula by G r i f f i t h gives a 

better f i t to their stat ic results. 

The present curves show, though, that fo r each beam the true value 

of r y i s less than that predicted by either formula: i n the case of the 

beam of apex angle 9-75° the experimental value of r deduced by G r i f f i t h 

gives close agreement of frequency length and mode shape curves. Morley 

( communication to 22 ) makes an interesting comment i n stating that f o r 

propellor and compressor blades the theoretical shear centre l ies bet

ween the centroid and the leading edge, but measured shear centres tend 

to l i e between the centroid and the t r a i l i n g edge. Approximating the 

thin isosceles triangular section to an aerofoil such that the base of 

the tr iangle corresponds to the leading edge, there may be a general 

conclusion to be drawn that measured shear centres appear to be displaced 

away from the leading edge towards the t r a i l i n g edge - possibly due to root 

effects. 

5.5- Error Analysis. 

5 « 5 - l Frequency. 

This section considers the variation i n observed frequency due to 

error i n the measurement of physical quantities. 



I TO 

Bending modes 

0 _. (?-*ST) / e ± l y Y Wifv • i / - — 
2 < r ^ ]/ jo 

Error i n L 

This i s most l i ke ly to occur i n setting up the beam i n the clamping 

block, but may also be introduced by f a i lu re to square o f f the t i p after 

reducing the length. 

I n the worst case, the error 6 L i s estimated at 0.5 nun over a 

length of 300 mm. 

.•. at = ± 0.166% 

Hence error i n L1" = 0.33$ 

Error i n /*yy 

Variation of micrometer readings over t o t a l length of beam showed 

an error of ±. 0.36% 

Hence error i n /£yy = ± 0.86^ 

Error i n ' 
IF 

Variation i n dimensions of rectangular block with surfaces ground 

= 0.1% 

Variation i n volume— * 

Mass of block accurate to within ± 0.001$ 

Hence error i n _L - ± 0.15% 



Accuracy of decade osci l la tor 

At frequencies producing stationary Lissajou's figures with r e f 

erence to the internal crystal osci l la tor the accuracy i s specified at 

i-0.005$. At other frequencies the accuracy i s specified at ± 0.05$. 

I n the worst case therefore the error i n frequency u> may be 

± ( O.33 + 0.86 + 0.15 + 0.05 ) $ 

= A 1.390 

Torsion modes 

«... 
Error i n L 

As before the error i s estimated at ± 0.17$ 

Error i n / j p 

Area A = 5 ( width ) x ( height ) 

Error i n width, as before, = ±0 .86$ 

The error i n the height of the cross section = ±1 .46$ which i s 

f a i r l y large due to the d i f f i c u l t y of holding the beam accurately during 

the rnachin/ny of the narrow angle along the apex. 

Error i n A - ± ( 1 . 4 6 + 0.86 ) 0 

1 
Error i n J=p = ± 1 . 1 6 $ 

l~2 1 

Error i n y k «jg. 
2 P P k eg' = k^xx + k^yy 

As k xx ^ k cyy then- for the estimation of error 
2 2 k eg 2; k xx 

/ o 
Hence the error i n J k eg = ± 1.46$ 



The t o t a l error I n w,T i s therefore 

± ( 0.17 + 1.16 + 1.46 +0.05 )% including possible error i n 
the decade osci l la tor 

= =± 2.84J6 

The error i n torsion i s much larger than that i n bending principally 

because of the large error i n the height dimension. I n practice, though, 

with the small apex angle, the amount of material involved i s very small 

and the error i s not therefore as significant as the above calculations 

imply. 

5.5.2 Mode shape error analysis 

A quantitative analysis of the t o t a l error i n the mode shape 

readings would serve l i t t l e general purpose as the error varies with 

each f igure . This i s inherent i n the method of normalisation, and i t 

has been shown that the method of normalisation i s chosen so as to min

imise the error i n p lo t t ing the shapes. 

The good general agreement and lack of scatter confirms the accept

a b i l i t y of the method of probe support, the alignment of the support 

block and ruler using a t rave l l ing microscope, and the sensi t ivi ty of 

the probes. 
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CHAPTER 6 

CONCLUSIONS 

The assumption of a cubic polynomial variation i n torsional displace

ment along an element i n the f i n i t e element idealisation has been shown to 

be val id i n the study of coupled torsion / bending vibrat ion. Also, the 

accuracy and s t ab i l i t y of the Laplace Transform solution i s adequate pro

vided double precision arithmetic i s employed. 

Cold rol led steel bar cannot be used f o r the manufacture of beams 

for testing because of distort ion due to the release of residual stresses. 

Hot rol led steel bar and duralumin ( neither of which distort ) are 

equally suitable for electromagnetic excitation and response measurement 

by capacitive probes, but duralumin i s preferable as a better encastre 

root f i x i n g i n steel may be obtained. 

For constant cross sectional area the torsional s t i f fness of an 

isosceles triangular cross-section increases with apex angle . A l l the 

methods of calculation considered give an approximately linear increase up to 

*C = 10°. Within the range 2° ^ 60° the formula by Duncan, E l l i s and 

Scruton i s probably the most accurate, but the graphical method by G r i f f i t h 

i s within 5$ of the former, and i s claimed to be applicable to any cross-

sectional shape. I t should therefore give at least a good f i r s t approx

imation to the torsional s t i ffness of more complex sections. 

The s tat ic result:that an asymmetric cross section of a cantilever 

under the influence of a pure couple i n i t s plane rotates about the centre 

of flexure has been shown to be inapplicable to an asymmetric section per

forming torsional osci l lat ions. As fa r as i t can be stated that an 

asymmetric section performs pure torsional oscillations about a point, 



the point has been shown to be on the axis of symmetry ( fo r an isosceles 

triangular section ) at a small distance from the centroid on the side 

remote from the centre of f lexure. The displacement of the point from 

the centroid has been shown theoretically to be extremely small and the 

point may be assumed to be coincident with the cerrtroid. 

As with the coupling of bending modes by pretwisting, the effect of 

coupling on the frequencies of otherwise dist inct torsion and bending 

modes whose frequencies are within 10$ of each other i s to separate the 

two frequencies into coupled modes. These coupled modes both possess 

torsion and bending characteristics. 

The separation increases with increase on r and decreases away 

from the c r i t i c a l length. I t i s not as s i gn i f i c an t as far as the usual 

turbine blade shape i s concerned,as the separation of adjacent bending 

frequencies due to pretwist. 

For the beams considered, the fourth mode changes from a predomin

antly f i r s t torsion mode to a Jrd XX bending mode with increase i n length, 

whereas the f i f t h mode does the reverse. At one particular length, there

fore, the fourth and f i f t h modes must consist of torsion and bending 

characteristics i n equal proportions, but may be distinguished by a 
_ o 

phase change of 180 i n the torsion / bending combination. 

The overall conclusion on the position of the centre of flexure, 

drawn from the frequency / length and mode shape curves, i s that G r i f f i t h ' s 

formula gives a better approximation for the centroid / centre of flexure 

coordinate than that due to Duncan, G r i f f i t h ' s experimental value of r y , 



deduced by soap f i l m measurements gives part icularly close agreement. 

The results do, however, support Morley's observation that experi

mentally determined positions of the centre of flexure are displaced 

further from the leading edge than the theoretical . 
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APPENDIX 2 

The e f f ec t of f i b r e bending on the f i r s t t o r s i o n a l mode 

x — 

_ "a 

i Iv. 
L - 5_ J 

(F) The fac to r ' by which the f i r s t t o r s i ona l mode i s raised when 

f i b r e bending i s taken i n t o account i s given by Carnegie (22) as 

F = 

where C, = and i s constant f o r the 
sect ion. 

I n t h i s case t = f (b) 

Suppose t = mb + k where in and k are constants 

at h ; l 0 = - 4 

and at hp ±L -

* 2-

.'. k = 

and in = 
Ik 

hence t = 1 \> ^ 
2k 2A. 



The t o t a l thickness at a given value of b = 2t as the section i s 

symmetrical 

2t = Jbi 6 
k 

A.b + B f o r b r ev i t y 

Miere A = J£ and B = u ( \ •* ) 
K. A. / 

Hence 

c , « 4 / fa***" - M * ^ V *3"f l%s J ^aU^-^M-

Taking the extremes of thickness of the beams considered(Appendi: 

l l ) at L = O.Jn and C calculated by the formula of Duncan, E l l i s and 

Scruton, then f o r the thickest beam ( di = H .986 0 ) . 

A = 0.26J1 

B = 8.365 x 10"3 

tig = 7.94 x 10 

h i = - 3.I78 x 10"2 

Hence F = J 1.0068 = 1.0034 

Hence the frequency i s raised by O.34J0 

S i m i l a r l y , f o r the thinnest beam = 6.858° 

A = 1.198 x 10 _ 1 

B = 3.815 x.10" 5 



lig = 7.967 x 10~3 

h 1 = - 3 . I 8 3 x 10" 2 

hence P = J 1.0008' = 1.0004 

Hence the frequency I s raised by 0.04$ 

I t I s seen therefore that the e f f ec t I s greatest f o r the th ickes t 

beam, and Increases wi th decrease I n length. Hence f o r a l l the lengths 

of the beams considered the maximum e f f ec t w i l l be 0.34$ 
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APPENDIX 4 

L i s t i n g o f programs and notes on running. 

Both programs are w r i t t e n i n Fortran 4 . 

1. F i n i t e element so lu t ion 

The beam i s divided i n t o 8 elements, which i s more than necessary 

to s a t i s f y convergence, but enables the mode shapes to be dravm more 

accurately. The d i f fe rence i n frequency of the Jrd XX bending mode i s 

less than 0.2$ when run wi th 6 elements or 8 . 

The program i s assembled thus: 

LINE 

8 Number of elements ( NELEM ) read i n . I f a number other 

than 8 i s required, i t i s only necessary to change NELEM 

and the dimensions of the matrices i n l i n e 7 from 54 t o 

( NELEM + 1 ) x 6 and NODE t o ( NELEM, 2 ) 

12 Beam dimensions. 

ALL - t o t a l beam length 

HEIGHT - dimension i n XX d i r ec t i on metres 

WIDTH - dimension i n YY d i r e c t i o n 

PRTWST - pretwist over t o t a l length (radians) 

anticlockwise pos i t ive looking from 

r o o t . 

17 RX, RY. are coordinates o f the centroid from the centre 

of f l exu re ( metres ) . 

21 C = t o r s i ona l s t i f f n e s s per uni t length 

44 E, DENS Youngs Modulus E ( N / m 2 ) and Density /» 

Kg / nr 



As l i s t e d , the program i s l im i t ed t o isosceles t r i angu la r sections 

symmetrical about the YY axis , as EIxx and EEyy ( A and B respect ively ) 

are calculated wi th that assumption. 

51 - 195 The matrices [ k ] and [ m j ( i e . AKK(I,J) and AMM(I,J) 

are assembled. Both are symmetric, hence only the 

upper or lower t r i angu la r needs to be spec i f i ed . 

196 - 257 The matrix [_D] i s assembled and inver ted ( l i n e 257 ) 

by the Gauss - Jordan method. 

261 - 268 [ N j and M ( A N ( I , J ) and AM(I,J)j calculated from 

[ * - ' ] * [ * ] [ * • ' ] and h'TteCb-'] 

272 - 292 Matrices j£Nj and few] (SAN ( I , J ) and SAM (I,J)J 

are formed from f N j and [wj according to the NODE 

matr ix which defines the alignment of the elements i n 

the s t ruc ture . 

296 - J10 The boundary conditions are applied- I f any or a l l o f 

the degrees of freedom at a node are to be constrained* 

i t i s done by se t t ing the appropriate row and column of 

the s t i f f n e s s and mass matrices t o zero, and making the 

point on the leading diagonal of the s t i f f n e s s matr ix 

u n i t y . NBOUND i s the number of nodes to be constrained 

( which i n t h i s case = 2 ) . ND ( I ) i s the matr ix of 

constrained nodes ( nodes 1 and 9 I n t i l l s case ) . 

IDN ( I , J ) i s the matrix which defines the constraint at 

each node. I t s s i x columns r e f e r to the degrees of 



Ill 

freedom at each constrained node. An element o f IDN 

which = 0 indicates tha t that pa r t i cu la r movement o f 

the node i s f i x e d at zero. A non zero value indicates 

that i t i s f r e e . 

314 The eigenvalue problem i s solved by a v a r i a t i o n on the 

Jacob! Diagonal!sation procedure. ( W.W. Cooley and 

P.R. Lohnes, M u l t i v a r i a t e procedures f o r the Behaviour

a l Sciences, Wiley 1962, Chapter 3.J This y ie lds 

XL ( I , J ) , the matrix o f eigenvalues, and X ( I , J ) the 

corresponding eigenvectors. The eigenvalues are 

pr in ted columnwise as the mode shapes i n order 

y , x, du ^ y . $ clB at each node. 

LAPLACE TRANSFORM SOLUTION 

I n p r i n c i p l e the program i s an i t e r a t i v e process, which, g iven 

three frequencies which are less than tha t of the fou r th mode, i n between 

the f o u r t h and f i f t h modes,and greater than the f i f t h mode, converges t o 

the f o u r t h and f i f t h modes. 

The subroutine ' CONDIT' calculates 1 COND the value of the 

determinant f o r a given frequency ( u ) . 

LINE 

74 - 77 The c o e f f i c i e n t s of the polynomial i n s are calculated 

and 



/ I 

78 by means of the subroutine POLRT the roots ( </, JS, y ) 

of the equation are found by the Newton - Raphson process. 

79 - 120 Prom the roots the terms of the matrix i n equation 

3 . 1 . l j are calculated• 

121 - 125 The value of the determinant calculated and returned t o 

the main program. 

The theory i s derived s p e c i f i c a l l y f o r the solut ion of the equations 

governing the coupled tors ion / bending frequencies of s t ra igh t uniform 

canti lever beams having one axis of symmetry ( YY ) . Hence the pretwist 

( X ) and r__ are zero. Otherwise the data input i s s imi l a r t o that of the 

f i n i t e element program: 

6 Beam length ( AL ) , height , width and r read i n as 

before. 

11 CS - t o r s iona l s t i f f n e s s per un i t length. 

18 Three i n i t i a l frequencies read i n , i n ascending order. 

The frequencies are read i n and pr inted out i n Hertz, 

but the program works w i t h a l l frequencies i n radians / 

second. 

Preliminary t es t s showed that f o r frequencies below that of the f o u r t h 

mode and above that of the f i f t h COND was negative. At frequencies between 

those of the fou r th and f i f t h modes COND was pos i t i ve . 

38 - 41 Before i t e r a t i o n i s begun, i t i s confirmed that the 



i n i t i a l frequencies produce values of COND which are 

respect ively negative, pos i t i ve , negative. 

42 - 57 Two i t e r a t i ons are performed, taking the mean o f the 

f i r s t and second frequency t o f i n d the fou r th mode, 

and the mean of the second and t h i r d t o f i n d the f i f t h . 

Each i t e r a t i o n was terminated when f COND ) £ 5 , where

upon the frequency had converged to w i t h i n 0.2 Hz. 

Occasionally i t was found that the i t e r a t i o n was unstable, and 

[ COND (would remain constant at a value greater than 5> This was 

thought t o be due t o round - o f f er ror , and was overcome by employing 

double precis ion ar i thmet ic . Usually the process had converged a f t e r 

about ten i t e r a t i o n s . 
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APPENDIX 6 

Analys is of t o r s i o n a l o s c i l l a t i o n s 

Consider for instance the beam f o r which *t = 9 - 7 5 ° at L = 0 . 4 m. 

STK1- 2.oi tip" * l-Ut iter'* x 3-p-yr « io'* » n *-

assuming ^ - ^ ^ 

_2 
Assuming r • 0 . 5 5 x 10 for t h i s beam 

v 

6 = 9 - 7 * f - x / 0 " . K O - M W 1 

/ • / J v t io" 3 «. <D- ST x w7~ * -

6 - 2 3 K / 0" k 

i 



APPENDIX 7 

Beam i>esign 

The fol lowing two f i gures show the v a r i a t i o n with length of second 

and t h i r d XX bending modes and f i r s t t o r s i o n a l modes* These, of course take 

no account of coupling and are ca lculated on the bas is of simple beam theory. 

I t can be seen that the f i r s t tors ion mode coic ides with the second XX mode 

at lengths of l e s s than 0 .15 "»* i n which case e f f ec t s of shear de f l ec t ion 

and rotary i n e r t i a would not be n e g l i g i b l e . Coincidence with the t h i r d XX 

mode i s achieved between 0 . 3 and OA m however, which i s s a t i s f a c t o r y . 

A drawing of the beam mounting block i s a lso included. 
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APPENDIX 8 

Preliminary Teats 

Figure A V l l l £l) shows the v a r i a t i o n of beam def lec t ion at r i g h t 

angles to the beam axis , and from the r e l a t i v e posi t ions of the centroid 

and centre o f f l e x u r e ( by ei ther formula ) i t i s seen tha t the section i s 

e f f e c t i v e l y o s c i l l a t i n g about the centroid. 

Figure A V l l l (2J shows the v a r i a t i o n i n beam amplitude w i t h piezo 

e l ec t r i c c rys ta l response. This curve,which shows the t i p amplitude i n 

tors ion at one edge f o r the beam where = 1^0°, L = O.36 m i s not of 

course the absolute t r u t h f o r a l l the beams as the precise values w i l l vary 

wi th the beam, length of a given beam, mode number and pos i t ion of the 

piezo e l ec t r i c c r y s t a l . The f a c t that the curve i s smooth ( not necessarily 

l inea r ) shows that the piezo e l e c t r i c c rys ta l i s a sa t i s fac tory ind ica to r 

of constant amplitude. 

Figure A V l l l (3)shows that f o r constant piezo e l ec t r i c c rys t a l 

response the measured amplitude i s invar ian t w i t h c o i l pos i t i on . 
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APPENDIX 9 

1. l>etermination of the Material properties-

Density a 

Rectangular block shaped and ground: 

Length = 0.04194 m 

Width = 0.01993 m 

Height = 0.01174 m 

Mass = 0.076724 Kg. 

Hence density^) = 7.82 x 10^ Kg m~^ 

Young's Modulus E 

A t e s t pice of sui table size f o r tension t e s t ing using an 

extensometer and ' Denison ' tension t e s t ing machine was manufactured 

from the same mater ia l as the beams. 

The tension tes t shown i n Graph A 9.1 was performed and the 

resu l t s analysed by l inear regression. 

From the formula 

ft L 

Where P = applied force 

A = cross sectional area of t es t specimen 
-4 2 = 2.398 x 10 * m 

= extension due to P. 

L = tes t length = 5-08 x 10~ 2 m 

hence E = — . L-
St 4 

from the regression analysis = l-oiuq \ i o " f c 



Shear Modulus G 

Torque measurement : B.P.A. fo rce transducer on 5 i n . torque arm. 

Angular de f l e c t i on measurement: torsiometer measuring l inear 
it 

d e f l e c t i on at a radius of 1 over 

t e s t length of specimen. 

Accuracy of torsiometer gauge. 

The torsiometer i s cal ibrated d i r e c t l y i n radians, but i t s 

accuracy may be determined using s l i p gauges as the radius of 1" i s known. 

Gauge set t o zero on 1.00" s l i p gauge, 

i e . 1.00 = 0 . 0 0 rads. 

t es t s = 

0.95 + 0.120 = 1.070" » . 70.5 x 10~3 rads. 

0 . 9 5 + 0 . 1 4 0 = 1.090" 90.5 x 10~ 5 rads. 

O.95+O.I3O = 1.080" 80.5 x 10-2 rads. 

O.85+O.3O - 1.050" 50.0 x 10" 5 rads. 

The gauge i s therefore accurate t o approximately 0.8$. 

.Using the formula X _ cS t? £ - L — 

where T = applied torque 

J = polar moment of i n e r t i a = rr<i>1* 
2 2. 

D = specimen diameter = $.J7 x 10"^ m 

L = t e s t length ( by t r a v e l l i n g microscope ) 

= 4.972 x 10" 2 m 

£ . from regression resu l t s = ^•S'&x /q'^ 

hence G = *2» 6 ??2. S-»2-sz, 

S-'i-J KUO" 
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Measurement of G by to r s iona l o s c i l l a t i o n of a rectangular sectioned beam 

For a rectangular sectioned beam of width 2b and depth 2a Timoshenko 

and Goodier g tve . the formula 

C = 

f o r the t o r s i o n a l s t i f f n e s s per un i t length. 
(12) 

Carnegie gives the formula f o r the f i r s t t o r s i ona l frequency 

(Hz) f o r a rectangular sectioned beam as 

where the e f f ec t of f i b r e bending i n t o r s ion i s included. 

Constants 

E = 2.09 x 1 0 1 1 N / m 2 

/o = 7.82 x 10 3 Kg /rtP 

L = 0.^02 m 

Experiment 1 

2a = 0.01275 m 

2b = 0.04234 m 

Summation £, = 1.0045 

Hence from A 9.1 

C = G x 2.44 x 10" 8 

f i r s t t o r s i o n a l mode measured at 1378 Hz 

Hence from A. 9.2 

C = 2 .OOJ x 10 3 



G = 
10 o 

8.210 x 10 N /m 

Experiment 2 

2a = 0.00948 m 

2b = 0.04334 m 

£L = 1.0045 

hence C = G x I.O613 x 10" 8 

f i r s t t o r s i o n a l mode measured at 1075*5 Hz 
no 2 

hence G = 8.33 x 10 N /m 

Experiment 3 

2a = 0.00640 m 

2b = 0.04334 

= 1.0045 

hence C = G x 3-435 x 10"^ 

f i r s t t o r s i o n a l mode measured at 757-7 Hz 



APPENDIX 10 

Relationship of computer program ( f i n i t e element so lu t ion ) t o 

Reflections measured by capacit ive probes. 

prole. 
ruler 

The output of the program i s i n terms of the de f l ec t ion ( x ) o f 

the centre of f l exu re ( c f ) and the r o t a t i o n ( & ) of the section, and i t 

i s desired to r e l a t e t h i s t o the de f l ec t ion measured at the probes e and 

d i n the above diagram i n the form 

= ?< *isJ/2 ej * & 

£4 = X. tezJfo - jet * B 

Where f^S** are def lec t ions measured at the probes and the signs of 

the ro t a t i on term on the r i g h t hand side are known from the formulat ion 

of the program theory. I t i s therefore required to f i n d the pos i t ion of 

the probes i n r e l a t i o n to the section, which i s to determine e j and Jd. 

A t r a v e l l i n g microscope was used to determine the hor izonta l 

distances: 

1) . r u l e r edge to beam edge = bk = r , and was set up to be accept

ably constant over the beam length. 

2) . The distance between the probes " ed which was constant and 

= O.O316 m. 



3 ) . The distance between the probe d and the edge of the block 

against the ru l e r = dk and was constant at 0.00722 m. 

Hence the distance from the probe d to the edge of the beam (db) 

( 0.00722 - r ) metres. 

Nov/ ac = 3 ^ ^°s^/-j_ 

and cd = ab - ac - db 

°d - — - i A <oj JI - ( o- ?2.2 - rJ 

and ec = O.O3I6 - cd 

jd = cd - r y cos 

and je = ec + r y cos 

Hence the r e l a t i v e def lec t ions SA and & can be determined 

theore t i c a l l y . 



/ S'3 

APEX ANGLE cC" IZlo' 9 ? r ° / J O * 

HEIGHT O-ouilq 

WIDTH ^ O-otoLS o-ao«Y/j 0<n~hf5 

AREA O J J t * t f ' J 

C (M»^ e l l ipses 201-t«-3 Itttuo 

Duncan, Ellis 
C & Sc ru ton 

G r i f f i t h 
formula 3oV«»«? /02--?-

«» 

r -
graphical 236-13 »S--o 27-2. 

C - N u t t a l l {**l*>\ /SJ-?* 111*1 i f 13 

C - S e c t o r 1 *S3*9 Hill. 

c - a 2tW • 75- HIST n*t3 24-64' 

Scholes 
c • & Slater 2«-3«7 i t - i t 2>-»Z-

( Values of r^ are given in f i g . 5.3.1 ) 

APPENDIX II 
SUMMARY O F S E C T I O N P R O P E R T I E S 
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