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ALSTHACT -

Conpu ter prozirams have been written to periorm
Tinite clement calculations with 3-noded elements for
the cases of rlanc strain, plane stress and exisyrmetry.
and to produce data for these progrums. The latler is
specificully orientatco towards geophysical models and
includes a facility 1'or quasi-horizontal boundaries.

These ni.ve bLeen used to investigute the stress
T1cids ansociatea with sedimentary basins and continental
me.r,sins. From these calculations, the preierential
Tformation of normul faults on. and to the continental
side of mar:sins, with the subsequent formation of deep
sedimentary basing, is explained.

Quantitative studies on the diffusion of strecses
throu=zh mathematical models of the lithosphere and
asthenospherc have given time constants of 200,000 yezrs
Tor plates ol the size of the Facific. Simulated failure
ha:: been built into this model and leads to the prediction
ol & 10 yearly failure cycle with enersy releases of
JO?V eras.

The finite element models have been extended to
cup-e with dynemic casesns and used to caelculate the natural
frequencies o1 free vibration of o sedimentary busin.

For a Rayleish type response the fundamental period has
been shown to be directly proportional to the depth of
the basin. ‘'ne natural freyuencies culculated are of the
same oruer as those measured in surface waves Jenerated
by earthyuakes and a Fraunhgfer absorpticn effect is

su szested.
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CHAPIER 1.
dntrocuction to the Mundamental: of klagticity.

Solutions of complex stress analysic problems” can
only be attempted with a thoroush appreciation ol the
concepts of stress and strain and their interrelation-
shinp In pvarticular this knowledéuze iz essential for
an understanding ol the finite element methed of stress
analysic, of which much use will be mzde in luter
chapters. 'The formmlation of the mathematicul theory
of elasticity has seen the evolution of many nolations.
It is the purpose of this chapter to zive an introduction
to the theory in the notation used throushout this
thesis. namely the tensor notation (see Appencix 1 for
the definition of a tensor).

The aim of the theory of elasticiiy is the
generation of the vector ifield of relative displacement
(u(x,y,2) = u; ») of each point F (x y.z) of a body.
produced by the action of ziven forces which act

(a) on the boundaries of the body - called
boundary forces.

and . (b) throuzhout the body e.z. aravity - called
body forces.

Thus the point P (x,y.z,) of the body is displaced to
the point (x+ury+u1,z+u,) by the combined action of
boundary andé body forces. Tn zeneval u , u
functions of x,y.z.
An Analysis of Strain.
When chunzxes take place in the relative positions

of the parts of a body., that body is szaid to be strained.

1 — Swmwmmaetion - con D I, W ad Sae Oppeacdic |
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Thus the struin at a point within a body in a guuntity

related to tne relative displacement oif the rarticle

of malter at ihat roint.
1t is cusily shown that the chanze, under a
derormation u (x, .x, .x,) of a small vector A joining

two nei rhbourinz points 1.F of the boiy is

du.
8A'l. = abc_j RJ
P (11)
rrovideu the second oraer derivatives ol u at ¥ are

smzll (assumption), Hence,

— au.' )
SA;_ - u;l_'\ A- (u' = "',J)

I.j A*
= e—;_' + :
¢ ] 4 ) A_] (1 2)
where.
e_j = —5_‘ (u;'j ~+ qu' ) (D1.1)
ang U\)U = 3 (Ul;,J - HJ‘.,) (11.2)
Mcie that
(J) e-:i ic symmetlric i1 e. P.:l = f'J;_ (J-j)
(11) w-:-S is entisymme tric i e wj = =W (1.4)

The antiusymmctric component ol the Uransi'ormsbion,
2
wa can be showrn to correcispond to rigic bouy motions

i.e. rure trenulution and rotution ot Lhe bouy.

2 - See Oppamdix 2 powk 3 |



Obviously these motions wo not produce displucement of
one rart ol the body reliative to tnother jart. thuc
they result in no strain ané do not interest us.

The syruetric components of the transformetion,
ej, thus represent pure deformeition ol the body The
ge.t of six diifercnt eﬂ (not nine becuause e, = %;)
is cialled the strein tensoraassociated with the
disrlacement Iield u and its componcnts are [unctlions
of positicn, i.e. eﬁ = ej (x,,x,.%,). These componunts
also derend on the orientation of the aves ol retference

The function u exjressiny the displacement oi the

particle at F in terms of x ,x, Xy the co-ordinutes

of ¥, is a different function u' (x/,x,,x)) when cxpress-

ing the same displacement, but this time in terme oi

the co ordinates of F in the primed system .

A
Fiz.1l.1 3
A X3
i A
i kY
A )
.l: l !‘4x.3’
W, :
! i ! .
'\\ i / P (Frxa x4
. v C::,'.z'{: 3’3
™~
\\_\ .
NG A
o —_——— 2
//\_ xa_
/
7 \
K \ ot
nl. x' MA| >
i

D - Saa oppeunchiv 2 Povt
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The comronents ol lhe struin tensor when roierrca

to the two aystems of co-orainutes =re

Au; au.
. ‘__" -+ —
ey = (5" R)

J J
and
’ | du; du;
ey = (5t )
trom D1.1. and obviously in gencral e_;:i 3+ (’__'-j

Thus the strain ten.or werends on the point 1 wnd the

orientation of the co-orainate axes. The two lensors

7 )
ei and eﬂ are related and
e‘j = LK-L LM] e"KM (1.9)
where
A Ny
re —_— L (9
Lj = % (11.3)

The valiuity of (1.5) characterises the urruy us a
tensor

For each point F there existz one set of
co-orcinate axes (in generanl diflerent for cach })
sucn that the strain tensor when rcierred to theue
axes is aiayonsl i.e.%i= 0 (v+{) . Theue axes are callcd
the principal axes oi strain.

'he six componcnts of struin at &4 poein, are not

ince: endent znd natisly comiatibility cyuations 4

Qij,u + e—u,;j - e’in,J\_ - QJ’L,lx = © (1.€)
3- See Oppaa~chin 2 pa b
W= e e e : -



So far the strain tensor has been developec
rurely along mathematical lines. Now we give
rhysical significance to the elements ol the ten:or 5
(a) . Diagonal terms

The component e, repres.nts the extenéion per
unit length of a smwll vector at I originully parallel
to the x axis.

(b) Off-diasonal terms

The value 2e; represents the decrcase in the right
angle between the small vectors é'g at 1 which were
initially (i.e.before deformation u) directed along
the positive x; and X; axes resrectively.

Expressions for the components ol the strain
tensor in other orthojional co-ordinate systems are
given by

(a) Spherical co-ordinates

Su,
e'rr = A
- L M U
€ee = T 35 r~
1 Sy, Ug .. u,
T Rl
' N au‘, A A
chae¢ = = <.§é +U,Cot® ) + o éﬁf
S3u \
)] = =% _ u 1 Au
e_.-e al_ T__e + pon ;STOL'-
&e — L_\ ALL,. . E)u ] u
ré rFSub 3¢ Tl —*

S - See oOoppencix 2 pavk K
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r=

(b) Cylindrical Co-ordinates.

du,
Q—rr = or
1 :ﬂb\.‘, W,
Cue = +* 58 & F
Q.z,_ - 7_‘.‘_‘
OS2
— XL é“z aud,
2. = T v T (1.4,
2e,, = 2Ur _ du
= 5% -+ a_'_._"
Qe,.,;, = a_u“ -~ Y4 L du,
or = r 34

. An analysis of Stress_

The strens at a point P within a body ian
associated with the forces acting at Lhut puint.
Consider a smull surtace, 43 , within the beay with
an outward normal ¥,Then the materisl on one nidc

of AS iz 'juching' a-rwingt
Fig 1.2 the material on the other uice

of 4% anu the material

on this sice is 'pushing' bzck with an cqui.l wund

orrosite iforce. 1lct the force Lhui the meterind on

A~
the sice ¥ ol 45 is excrtinrg on the material on the other

sice of 4S , be F. If we now takc limits vi: 43> o0

arna write

R, - e ()

v As»o \ A4S (D1.4)

A
R, is known a1 the streus vector at 1} for the vline V.
E., can be upiit into components tuarillel to (known us

. A
Lthe normal stress) and _hoar & ¥ (known ws the sheor



stress on the rlane Y at ¥). Cbvicuuly the sheer atress
at 1 will obtain a maximum valuc for some oricitation Y |
(Hote here that F. ano hence R,. is different for
diiffcrently orientated suriuccs at F). This maximun
shew.r, und the plene on which it ucts, is of zreat
interest to zecophysiciuts.

Note:

(1) g, is independent ot the orientation of the

co-ordinate axes.

(11) 3' ”(d Y in general, tut there exists threc

mutually perrendicular dGireciions I1'or winich
R, //d. Y and these ure known as the
principal axes. The stresses actins on these
Planes are known as the principal streuiscs.

The comgponents of gpalonq the x.y,z, axes (or the
X, K X, X, axes) are denoted by Jx. 55, Vz (or T,. i=123)
respectively. . _a o

ie. R, = VX L+ V4 +wuzkK (D1.5)
These components depend on the orientation ol thLe
co-ordinate axes.

For the complete specification of the sircess ut
any roint of a bouy we should require to know the Torcc
Ter unit area across every plane druwn throu-sh ihc puint
(i.e. for ally). The objcet of an anulysiuc of strcuy

is to determine the nature ol thc guantities by which

6
the strews at & point can be speciiied. 1t can be shown

that to fully cefine the stress at a point the nine
quantitics

BT, 9(T.) 2@ =), ==2(t,) 3@ 20, 5@)
and ;ECTﬁ) (reduced to cix because T1='ﬁ;’) ure

b~ See oppawain 1 pwur 5
7- --" -~ =---- - 6



sutficient. These stress components in fact conutitute

a tensor an. it can be shown® from eyuilitrium coniicera-
ticns that if ¥ has direction cosines Vv, i='a3 in our
co-orcinate system O=xx:x, then

Lo = Gy (1.9)

i.c. Tor vy riven suriazce 4% (i.e. given ¥ ) Ry = T,. 3_:_

can be obtiuinec Irom the stress tensor Ty LR BT W
When rcivrrea to new primeé axes 1lhe new stroos

tensor is obtainea irom i1he old by

/

T = Lu'. (-.-.-] “Cm (1.106)

where Lﬁ is agetfined by D1.3. As with the =triin tensor
for cach roint I a set of co-ordinate axes exizts culled

the principal axes of stress for which the streus tensor

when reierred to these axes. is ciazoni.l i.c.'T5=<> (L*j).
The zreatest shearinz strcss at a point is equul

to one-nalf the cifference between the sreatest und

leuast principul stresses ana acts on a planc thot

contains the direction of" the intermeciale principul

stress znd bisects the ansle heiween the dircctions of

the lariest ana smallest nrincipul struuscs?

BEouilibrium consigderations between the suriice

I

'd

2%

(]

ces zné boay iforces acting on a small voluwme of

¢

[1]
matcrial within & boay lead to the equation of

eouilitriuwn lor static deformuation

= Oy _
Q; - - = = (1.11)

whcre F is the bowy force per unit msuc and ethc

muteriol censity.

T — Sece appoandan 2 pow~ S
Q - . - e - L
o - e e e e e e tmn e m emea o o
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1.3. interrelution between stre:gs und sirwin.

In oruer to furthcr our theory we nmuut muko o
secend assumption (or exiom). that there exisic & linear
relutionghi; bctween ctress anc strain (known as
Hooke's law). A material which okeys Hooke's luw is
knoun wg eluustic. Thus there exicsts w set of 3€ constonts
((:3nm ) |Note: It can be shown irom enerzy conusicera-
tionsg that the coeflicients ol C wure symmetiric und

thereiore only 21 constants ure needeé] such that

._tﬂ = CLn GL‘

e m (1.12a)
or in matrix formut
r‘

(=) e.. |

4y | i: :l S yq |

zl - | € .
{ s \ e., & (1.12Db)

x2 €z

yzZ Qa2
\ j J \ =

It vie assume that the eluctic body we urc con-
sideriny is isotropic (i.e. it has the sume eluulic
rroperties in &1l airections) then we can rcouce the
number of constants to two, X and M callcd lumé's

[} 8

conistanis. 'The stress- strain rclation for an

icotropic material then reduccu to

(1.13)

12 - Sa. Oppendix 2 powr 1O
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where

A'—_‘_ e. = € + e. + o

v 23 (Ll1.¢€)

tutting *=j in (1.13) anG summing
® = @Gx+a)a (1.14)
where ® = T.+T,+T,, (D1.7)

substitution now zives the inverze relation

2\ &
- —E‘.L__..ﬂ “+ :r_g.. -
37 @) S (1.25)
Ylhen working with practical problems it ic usual
to use two different but related conastants called
Younz's Modulus (E) and loisson's ratio(q). These are

definec¢ &s
m (3X+2u)

E = &Y (1.16)
end X\
M = 2 +pm) (1.17)
the inverse relations being
En
A= (+m)(1-27) (1.18)
and
B
M T a1 (1.19)

"he stress--strain relations 1.13 and 1.14 then

asuyume the iorm

T, = =A% 5. + E e, (1 20)
N (+n)0-2m) ) (=)




and

_ emy g g
Q-j = E L._l ES‘ 0 (J-d-l)

From e~valion 1.13 when L-tj we have Tj ='2/“°':|

unc therefore. vhcn e.-.j=e(u_'|) we nwve —‘j“’ . Thus
ior an isotrcepic mateiiul the princiicl urxew of streo:
ant strein coincide.

The pctentiel strain erergy ier unit volume (4)

in a sirainec bouy is

W = A _L;je-'.'
(Sokolnikoft 194¢ - § 2¢)

Venant® which can be stated uas follows:

If some ovistribution of forces acting on a portion
of the surface of « boay iu rejlauced by a oillercnt
cistribution of forces ucting on the zune fortion of
the body then the cifects ol Tne two vistritbutions un
the parts ol the body suificiently fur removed from
the rezion ol aprlication ol the forces are ecucntiully
the same. proviced thut bthe two c¢isilrivutions ol forces:

are stutically equivalent.
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CHAYTER 2.

FIMITE  ELEFENT _ HEGKY

Qalitative Anulysis.

¥any problems: ol stress analysis aricing in
nature are completely intractable snalyticully bLecause
of the complicated nature of the bouncary conditions
involved. Finite element nethods provide @ numerical
mezns of tackling such problems irres:u:ctive oi the
complexity of the boundary conditions.(Zienkiewicz and
Cheung 19¢7).

Initial discuésion will be confined to the theory
ol the method applied Lo the solution of -two-dimensional
rroblems and later it will be widened to include the
natural extension to thrce-dimensions.

The initial procedure involves & division ol the

model reyuiring asnalysis into a series of Qz}an;les -

IM} 4
(called elements). the corners ol which are reierrca AN s

e " i
to as nodul points (or nodes). See Fiz 2.1. Each
element and node is given a reiference number ana values
lor the c¢ensity, Young's modulus and }loisson's ratio
are ussiznea to cach element.

The bazic unknowns. in terms of which the (roblem
is formuletedi are the Gisplucements of the nodal points
inducec by the ucticn ol given externally applieu lorces.
For two-dimensional problems there ure two buzic
unknowns associzted with euch ncdal point i e. 2N
unknowns altozether, where I is the total number of

nodal points.
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Consicdering ezch element in turn it is pos:ible to
celine z uniuue linear displacement throughout in term:
ol the six baiic unknown components ol nocal displecement
(each element hevinzt ithree nooes). Displacement delines
strein thus cllowiny the imbcdiwte cetermination of the
slz.in throu shout each element in terms of ito uix busic
unknown comi:onents of nodal displacement. Hooke':s law
gives the stress throu:shout each elemcnt in terms of
our basic unknovns.

The boundary stresses on each element are replaced
by statically equivalent forces concentrated at its
_noaes. let Ef denote the concentrated force introduced
at the nodal point K resulting irom the boundary slreuues
acting on element e. Note that theue lorces ure in terms
ol the unknown nodal displécements.

To solve Jor the 2N unknowne we necd to formuls te
2N simultaneous eyuatichs. let us conuicer the conuitions
at:

(a) An internal nocde such as tin Fig.2 1

Each of the elements (six in this case) to which
this nouve belongs contributes concentruateé lorce:s The
sur 0of these forces must be zero. since the bounvary
Torces to which they are eaquivalent are equul and
opposi te along'aujacent faces converzin-: ot i (hlewton's
third luw). i.e.

4 ) -€
= o= G (2.1)
'his condition rives two chuations (2.1 is a vector

cquation) involvin -t the busic unknown: 1or coch internsl

node i.




(b) A boundury node such as j in rig 2.1
wioere there i an externally uﬁplicd force F. DLirectly
from the cefinition ol strecu the bouncvary stroeiues
acting on the mocel anu the externzlly applicc iorces
wre equivalcent. 7Thus the sum of the concentrated forceu
at the noual point j (contributed to by the houndury
stresces Irom two elements in this cate) must eyual k.

the equivalent applied lozd.

i.e.
= £ e = P (2.2)
e —Jd -

This condition zives two equations involvinz the 2R
unknown displacements for every bouncdary node j. “This
completes a set of 2N simultaneous eguations ior the
unknown nodal displacements. Solving for these unknowns
completes.the analysis, the duisplacements strains and
stresses heving already been delined throughout cach
element (and thus throuzthout the entire model) in terms
o these busic unknowns. The followinz pouints wiout Lhe

method are worthy of note:

A. Compatibility of Strains

_The compatibility equations zoverning a set ol
strain components (1.€) ensure that the strains
represcnt a continuous displacement. Continuity of
displacement exists throushout all elements because
it is represented by a continuous iunction. ilowvever.
for the diuplacement to be continuous thirou:iihiout the
body (i.e. lor the computibility equations to be

satislied) the displacement must be continuous ucro:ss

15



)

the element boundaries. Conuicer thc three--noceu
triansular eiement discusued o fur. The visplaccarnt
alor.; the lace joining: two nodes, i and j, vuries
lineurly subject to the conutraint at cither aoce
that it must equal the noual displacements.  Thus
the nodal visplacements of any two interconnectea
nodes uniyuely cetermine the displucement wlonz
the interiace betwcen thece nouves (i.e. the displice-
ment alon.s the interiace is incepundent ol the
elem.nt under consiceration). “Theretore displucement
is continuous across triangular elemcnt interfuces
Such elements are said to coniorm.

Other conforminz elementc exist about iwvhich more

will be zaia later.

Specified Displacements.
Sometimes the boundary concitions oi a problem
involve the specification of suriucc displuccments
rather than stresses. Jor noual points wherc the
displacement is ziven the number of basic unknown
nodal displacements is corresrondinily reduccu and
no euuilibrium condition at these nodes nced be
Tormulated.

Rizig Body Displacements.

The et of 2N simultaneous eyuations 1or the unknown
nodal aisjlucements has a characteristic determinunt
of zero (i.e. the equations are cither inconsistunt
or have an inftinite number of possible solutions).

'his is an exrtression of the 1wct that the possibility
ol rigid body displacement:.. which do not alter tne

streus state, has not been eliminutuc in the formala-



tion of the solution. PFixing one noval 1.0int
A say. (i.e. specifyinzy zero dizplaccment) cuts
out rizid body translations and spcciiyinsy zcro
cisriwcement for any other node B in a dircciion
1LeET; enuicular to AB stops rigia rotalion. "he setl
of (2N-3) remaininzy equations has w unique solution
for the renaining (2N-3) unknown displuacements.

Converzence of Solution.
For the tyre of element viscussed ' ¢ lar 'exact®
solutionc are obtained only for uniform stee.u
fielas. This is a direct conscquence of' the
svecification of linear displacement within any
element. For other siresc fields the recvlts .
converse to the exact usolution as the. size ol the
element is decresased.
For the type of problem tackled in this thesis it
was found that elements with sides ol the order of
5 Km. struck an ideal balance between conver rtence oi
solution and storaze needed for computation.

Metrix Formulation.
Wwhen tLhe iinite element method is approachcd
quantitatively a matriy formulalion is iccul. 'The
simultaneous cquations reduce to a matrix equation
of the form

INCIN AN 2Ny (2.3)

(N = Total No. of nodal pcint:)

where [?] is called the stiitncss matrix, {S}




contuins the unknown nodal aisplacements and {F} the

externally applied loads Ek] turns ocut to be a

banced, positive definite. symmetric matrir.(}i:.2.2).

P

& NBN-»

b -

o

———— - o —— - . —

‘e IN

'he semi-band width (shudec) only is storea. #ith
computer storaze space at a premium it is obviously
desirable to formulate our datu in such o way us to
minimize the semi-band width. With every nodal ypoint
there is associated a reierence number, called the
nodal number. ranging from 1 to N. The noaal roinls
can be numbered in N! diiterent ways. On matrix
formulation it is found that the scmi-band wiuth
of [K] increases linearly with the zrcatest viilerence,
for the whole model. between nodal point numbers
belonziny to the same element. 1t is importunt when
numberini the nodes +thereiore, that we vo s0 in a
manner that keeps this difference minimal. A wrosram
for doin; this can be founa in appendix 5.
The Choleski method (Jenkins,19€9) is used to

solve 2.3.

Other Types of Element.

hMany reitinements to the shapc ol the element arc



2.

pociible. Sauare elements (4 noues) and triansulur
elements with extru noues at the centrc ol ecach uiue
(€ noces altozether) are ull feasible cach increuuing
the Irecoom with wnich the displacement throu thout
the element can be chouen (subject to comrutibility
conditions). The last element awllows the litting of
a iull yuwdrutic.

Yor three aimensional analysis the element 1ot
have vulume, a tetrahedral element (4 nodes) being
equivalent to the three noded trienular elcment
allowinz a linear dismlacement to be fittea.

Wuantitative Analysis_ (Matrix Formulation)
let the 2N basic unknowns be represente us o

column matrix \

f'§

{'8} = 1 ; > (v2.1)
&3

where S; is a 2x1 matrix containing the x. y, components

of cvisplacement of the nodal point i. The nouwul
cisplacement matrix for the eclement c (nodes i, j.m)

is delined by

{s}’

3 lk@aﬂ\}
Vle deline the displacement {F} = -uggj)j
throurhout the elcment in tcrms of ito noaul

displacements

Y = N]T§SE (2.4)

19
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wncre [I']° ic a function of position within the

- . « <
element e subjcet to the construint that {F} wnen
cvelualen 2t the noaes is 18;}‘{81}'{5M3 resrectively.

beflinin~r the strain mztrix as

.e”-
{E—} = ey, (D2.3)
.'242,L__.j

e cbtuain the strains throuszhout e irow D1.1 us
e .y
e} = (2] {3} (2.5)

Hooke's law (1.13) zives the relation b wwren

bl

Ltress wne Strain
{o}" - 174l

whe re

I
¥
<

{(r}& i (U2.4)

e now need an expression lor the concentraled nocal

Ul o=
"

giuivelent statically to the uirciues uveling on ihe

Torces

. . = . C . R
bounvuries ol e. Consider a virtuul dicovlacement {F f
immogec on tie element e. 'The work donc by Lhe boundary
shreanes in

W = f(%-»). {:_f ds (summed over i)

s




where.S is the suriace ol the element ¢

R, the strecs
resultant and ds an infinitesimal part ol the surface

with outwarc unit normal ¥ Using (1.9) we have

W o= ) Ty £ as

by the diver<ence theorem

. where V i:: the volume
elcment e.

STy * of
:Jax.’ﬁd\’ +JT;]- : d
v ) '

ol the

Using the equilibrium equation (1.11)

QT-;

o )
= *+ b

g where k are the
body force components per unit volume and writing
%
SF

|
&
t
*

where by

deiinition (e.f. D1.1 and D1.2)

x ~ [k
* o TR > *
Sy = = (;31. ’

and




we have
* — *
W = “.(RF-."" +(‘JQJdV
v v
Eﬁote: T‘jwtj = —t_-hw;‘f (dQummy suifices)
. . .
_— "t A ol an iA).: = - ‘*)L
- ) ( X==%X =% XK= O)J

W= JTeT T - [ e

That is. the work done per unit voluwmne by the surilace

stresses is

eyl - I {8 o)

_ (csjt*{\,—}e;'cuj‘*{f'}) (2.

using (2.4) and (2.5). The work done by the equivalent

nodal forces must be the same therelore
YT - i%’}‘Tf (BTEoY - BIEp} ) av
v

This expression is true for a1l virtual dis)lacements

therefore
(P = [ (@1 - R ) av
v
ané from 2.¢& -
IF} - U; EB]‘T[DTEKJ‘dvﬁST‘ [ EN]‘T{p} dv
- DTS+ iR o

22
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wvhere

=T = (EBTT I 21" av

e (2.10)
K‘." K._J K.M
K. K:j Koo (D2.5)

b p—
and
[ 3 LT .
{F}F = — | I %F}’ dv (2.11)
[ B

where i,j m are the nocal points comprisinz the
element e.

let S.R} - ‘_2.

Ru
where R, is & 2 x 1 matrix consistinz of the x and y
components ol the external iorce applied &t the nodal

point i. Applyinz the equilibrium condaition

at the
a” node
. ehllc.um:.j-; [
R} = = {xl
we have 1irom 2.9
N e ¢ =)
fRY - ==y ~ SR}
b=t ) e P

where D‘:L] is

delined by D2.5 when both nodal point

-




ay

a and L belunzy to ¢ unc ai;zero otherwiuse. i.c.

{r} - <]V}

vhe.rec

[«a] = =

"2

anua

il

e

The matrix [k] is known as thc
moael and must be inverted for
fundamental equation 2.12. Ve
formulaiion :or thc vasticular
trianzular element.

Llhe Matrix I _

:
g x<“
31 /’ \_
.'/ .‘\.
“x. _,}/ | -\\
. ) -'J

={n]

~~

#.12)

+ {F}P

(D2.9)
b
stifineceys malrix ol the
the solution $8} off the
now look &t the abuve

cas;ie. 0f the 3-nodeau

where W, — x distlucement ol nowe i.

and V. = Yy displacement ol nocve i.

[ 3
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From DZ.

(5. ) (v ]
—— . W
\%M ) LU”J

s i () . o
In defining ]_H] by 2.4 we can use 6 undetermined
constants since we nave two constraints on the digsnlace-
ment function for each node. Therefore lei
w= &, + o,x + o3y

(2.13)
V= & + Xgx + o, Y
define the displacement inside e. Applying the constraintu
we have

U, = & 4 X + oy,

U, = o+ BlaXe + Wy

Ziving o, o, ol and
UL = oK, =+ olgac, = ol Y.
” (2.14b) -
U, - o, =+ olg N, + ot_..:)m

giving o oy ol ]

Solvinz 2.14 and substituting into (2.13) we obtain

wu

_A_{(q.‘-t-b_x-*'c;j)u‘.' + (QJ-"th*.cJ‘j)uJ

o (Qn-"' by + c—m‘jsum\?

(2.15)

]

Ao mmeey)u + (o) yae gy

+ (an+b,x *Cuy ')u-m}




Ao

where
| * 3
A = ‘ i TN (12.10)
| X, jm
(note: Al = 2x area ot element e)
and
(D2.11)
h, = . - = .
g4 = 4
C, = .- :cJ = ac,,,J
aJ)bJ ....... ete.

are obtained by cyclic interchane

of the suffices i.j.m. Newriting 2.1% in matrix

netetion ¢ f.2.4.
Uy

where & ]"

i - BTy

LIn, N, N, | (2.16)

’

N, = 2 (ak b= o+ oay)

1 o
and I = L:- l]

The Strain Fatrix B.
From DZ.3 and D1.1

(‘

e} = 1 o




a7

and then using 2.15

| b ow;, + l::‘ uJ + by,u,,
= = CLu; =+ Gy + Cmu,
Cou; +cjuj +Chh,, *+ bV« bJuj * bV,
i.e. ( )
v,
b. ©ob; o b o u,
T IR B
= .o ¢ o C {7
A | ° - ~ Y (2.27)
< beg bJ: m bn (Pl
Um
™
and comparing with 2;5
e | b, © bj o b, <
- o . - 2.8
LB-] T A e & @ c:.l e S ( )
C. by ¢ B ©m b,

[p] ¥atrix for Isotropic ilsne struin.

For plane strai;x we have by delinition u,= o and
5"3;3 = 0. 1t follows from Dl.1 that e, = Gy ™ 0 i.e. the
only non-zero componenis ol the strain tinsor are

€

:a.’e

. 7 e,‘:l . Therefore., the only non zero strcus

components are (from 1.13) X ¥y, zz. xy. and uuinz 1.20.

- E
;;:;L - _(l e -+ ﬂ_E..___

Cem)Q-amy C'“l\("z'ne“"
= = A . (me (2.19)
73 ¢y T T @ @ygany O
-~ _ £ o
3 - e
and ZZ = "l(&"‘ QTJ) (2 20)
or rewritinsg in matrix form
o B MNfi-
= mem) |
BN = o e e
5:3 (=) (1-2m) o . 1-2n )|

_1(|-'1l ’_ Je;.’
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ané comparinz with 2.6 we have

—, - ! M o
E‘b] = éE@ n) Nem | :‘ (2.21)
|+1'|)(l-210 | o. s} 20__1“

{ 4
The Element Stiffness Matrix. (<]

From 2.10
3 f BRI 1 E] t dxdy

where t is the thickness of element e Both [B]°ana [D]®

are indépendant of x,y (2.1t and _2-.18) ‘and theretore
O.T [ % < .
IS Y &l e P
| - T rye e (2.22)
= 3 la)[B] T [2]

for unit thickness. A is defined in 12.10.
Body Force Matrix_

Consider the particular case ol gravitational
- forces. The body force h rer unit volume is ea in .'t;he
-ve y direction (Fig.2.3). Therefore h:o and p- -€9
where ¢ is the density of the element e and 7 the

acceleration due to gravity. Using 2.11 ano 2.16 we

obtain . f.o,
e' i N\-
{Fy - 8B s
iy A <,
N LN-VI

Now ) _ |
f (Q;-i- b;x =+ Y )d:cdgj

© = dla) (er m= v
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29
where (X,y) is the centroid of e. Using 12.11,
Therefore, ior unit element thickneass

: Al eq
{Fi,, =

(2.23)

-0-0-0

In Appendix 3 examples of the matriy {ormulation of
finite element theory are worked out ior axisymmetric
models and for 6-noded triangular elements.

_Application of Finite-element methods to the
earth sciences.

Althouqﬁ finite element analysis has been uéed by
enginéers for many years, this powerful method ha: been
generally ignored by earth scientists despite its
obvious adavantazes over analytical methods with unreal
boundaries and simplifying assumptions of rock homogeneity,
isotropy and elasticity. Inhamogeneity and anisotropy
can be introduced into the Iinite element method without
any difficulty whatsoever and non-linear inelastic
behaviour, such as plasticity, is dealt with by iterative
use of the standard elastic method (Zienkiewicz and
Cheung 1967) .

The method is not contined to the solution of
stresé analysis problems and can be applied to any
boundary value problem that is exprensible in a
variational form (Zienkiewicz and Cheung 1967) This

includes the following which are of iﬁterest to the

geophysicist:
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(2) the behaviour of rocks under static and
dynamic loads

(b) the propezation end dispersion ol stress waves.

(c) heat conduction.

(a fluid flow in porous materials.

(e) the distribution of magnetic and zravitational
potential.

Voizht and Sammuelson (1969) have investigatea
the effects of pronounced heterogendiLy on the stress
trajectories, the location of initial fracture surfaces
and the shear stress distributions produced by the
static loading of an upper prustal model.

Steprhansson and Berner (1971) have adajpted the

method to deal with linearly viscous materials and uscd

it to investizate the isostatic readjusiment ol a
crustal model across the north mid-Atlantic ridse.

Beaumont and Lambert (1972) have shown that tilt
near a surface load is sensitive to crustal structure
and concludes that tilt measurements can be used to
complement gravity and magnetic data for upper crustal
mocelling. _

Abvempto=a+t Fault propagation studies based on
the state of stress immediately before failure (llafner
i951) have been attempted. 1t is difficult to uzssecs
the relevance of these results because of the drustic
elfect that failure has on the initial strevses. By
simulating fracture by small zero strength elerments it
is possible to use the finite element mecthod in an

iterative proceedure so that at ecach sta e the eilfect

3o



of the propartation of the lault ig allowcd 1or by the
introduction of more zero strenzth elements. Dou lus
and Service (in :ress 1972 ) have ween using find e
elenentc in this way in an attenpt to obtain a
necnanism ior riit valiley formztion.

In the absence of ocirect lahoratory measurements
under conditions closely approximutin-< those encountered
et depth in the earth it is impozzib.« Lo predict the
lonz term rhcological behaviour ol materials. IFinite
element methods should make it possiblce to moael
the earth at depth in an attempt to fit detailed
information of surface resyonse to relatively well
known loading. Rheolozical models obtzined in thvic way
will be the main contribution of finite element methods

to the earth sciences.

31
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CHAYTER _3

'Stress distributions ansociated with deer

T " sedimentemybasins' T

Evidence for the subsidence of upper crustal
matcrial and the subsequent formation ol sedimentary
basins is proviced by zravity. magnetic and seismic
reifraction surveys. Deer sedimentary basins have been
Froved on thé continental shelves of aseismic mursins
(Bott ana watts,1970) some ol which extend into
continental areas. (Blundeltef al,1968). hany of thece
basins are terminated by normul faults indicuting the
one time existence of regional tensions. 'then analysing
the stresses in the.re;ion 6f a sedimentary basin, the
interaction oi the gravitational forces with local
tensions, and the redistribution of these tensions by
the contrast in elastic parameters bétween the basin

and the surrounding basement rocks, are important.

lznorinz the tensions for the meuntime. the small
density contrast between the sediments and basement
rocks means that the principal directions are more
or less vertical and horizontal. Thé sediments are
less dense than the surrounding crustal rocks and the
'vertical' principal preésure within these increuasesy
at 2 lesser rate with depth than in the adjacent crust.
This giveé conditions under which the rocks adjacunt to
the sediments are more susceptible to normal faulting
than rocks at the same derth immediately below t{he
centre of the basin. Because of the 'vertical-horizontal'

orientation of the principal axes the imposition of a
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uniform horizontal tension on this streus field will not
alter this preferred urea of faulting - it will just
increase the likelihood of faulting. However, any
unitormly applied tension will be non-uniform in the
region of the basin because of its contrasting elastic
rarameters. ‘This will result in a possible changze in
the region of preferred faulting. We use the finite
element method to investigate this modification.

The model used is shown in fig.3.1. The applied
tension is 1 kbar which can be scaled. fhe elastic
parameters taken ior the sediments were calculatea by
assuming a Foisson solid (A= ) end a density of
2.45 gm/c.c. 'The Nafe-Drake (1963) curve gave an
estimated P-wave velocity from which Young's modulus

was calculated. This was

E = 0:327 x 10" dynes/sq. cm.

For the surrounding material a crustal density and

P-wave velocity were used to estimate Young's modulus -
. 1
Ecrust = 0°928 x 10 dynes/sq. cm.

The shape oi the basin was based on Bott's (1965)
interpretation of the East Irish Sea Basin. 1ts
maximam depth is taken as 6 Km. and its width as 65 Km.
The caiculation was treated as o case ol plane strain
and sgravitationel forces iznored. The redistribution
of the stress-diflerences in the region of the basin is
represented schemzatically in fig.3.2. The letters

represcnt ranges of stress difference (shown on the

3w
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KEY TO FYISURES 3.2, 3.4 __ 4.4

Symbol Stress_Range (dynes/sq.c.m.)
A s > 107
B 9.75 x 108 < 5 < 103
c 9.25 x 10° < 5 <  9.75 x
D 8.75 x 108 = 5 <  9.25 x
E 8.25 x108 = 35 < 8.75 x
P 7.75x 108 = s <. 8.25 x
3 7.25x 108 € 3 < 7.75 x
H €.75 x 10° <€ 5 <  7.25 x
I 6.25 x 108 € S5 <« 6.75 x
J 5.75 x 10° € § < 6.25 x
X 5.25 x 10° < 5 < 5.75 x
I 4.75x10° £ 5 < 5.25 %
M 4.25 x 108 € 5 <« 4.75x
N 3.75 x 108 < 5 <  4.25 x
0 3.25210° € 5 < 3.75 x
P 2.75x108 < s < 3.25%
Q 2.25 x 10? < S < 2.7% x
R 1.75 x 10° <« s < 2.25 x
S 1.25 x10° = s < 1.75 x
P 0.75x108 € 5 < 1.25¢«
U 0.25 x10% € s < 0.75 x
'/ S < 0.25 x
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fizure) the higher the letter in the alphabet the
greater the stress-difference it represents. 1 rerresents
the uniiormly applied stress—difference of 500 bar., K

a stress-difference greater than this and M one slight-
ly less.

The stress-differences in the basement rocks next
to the basin deviate from the uniform value seen at
large distances from the basin (500 bar) In general
they show an increase the exception being at the upper
surface of the model where a small decrease is observed.
The greatest stress differences (877.5 bar) occur in
the basement rocks below the thickest sediments, this.
being a 75% increase in the regional value of 500 bar.

Thus the redistribution by the contrasting elastic
rarameters has an effect opposife to that of the low
density of the basin. One leads to preferential normal
faulting conditions at fhe sides of the basin while the
other gives preferred faulting in the basement rocks
immediately below the deepest part of the basin.

The aétual position of initial faulting will depend
on

(a) the size of the regional tension compared with

the gravitational forces. and

(b) the effect of the decrease in the 1ike1.hood

of faulting with depth because of (i) zradual
brittle to ductile transition, (ii) higher
frictional resistance acrogs potential sheur

planes (Anderson,1942)
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According to Anderson the function

P-R P+R _ P-R
F= = 28 + (-{%— + 1£'Ch~213)

gives a direct measure of the likelyhood of faulting,
where P is the greatest principal stress and R the least
principal stress (tensions + ve). Taking ms!, as
Anderson suggestis likely from field observations, we

nave B=224 . Thus

P-R P+ R
= — + hpuand
F = =

This function does not take into consideration the
gradual brittle to ductile transition.

To investigate further this interaction a finite
element calculation has been performed using the model
in Fig.3.3 for a basin 1 Km. deep and superimposing
upon it the stresses for a horizontally applied tension
of 300 bar. The distribution of F values for the
combined fields is shown in Fig.3.4.' The redistribution
of the tension is seen to be dominant and all érustal
regions in contact with the basin, apart from the surface,
are the areas most susceptible to faulting. This
suggzests that normal faulting will initially be instigated
in the crustal rocks at points below the greatest sediment
thicknesses. After failure stress concentration will
leud to downwards propagation of the fault to depths
where ductility is sufficient for flow to reduce the

stress differences to below the strength of the rocks.

a9
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CHAXTER 4.

Young continental murging murk the juxtarpowa tion

of continentual and oceanic crust attached together an
g purt of a single plate of lithosphere. Marziins of this
type torm the boruer of much of the Atlantic and Incian
Oceans. They lack the earthquake activity associuted
with the releuse of strain energy at rlate boundariesg
such as are formed by the active margins around the
tacific Ocean, yet they are typically associateu with
a characteristic type of tectonic activity involving a
substantial amount of sybsicence oi the shell (Collette,
19¢.8) including the iormation of sedimentary basins
(Bott 19¢5, Bott and Watts 1970). We now use the finite
element method to investizate various stress systems
associated with such a marzin.

| There are at least two ways in which local streus
systems may be associated with a younzg marzin of
aseismic type. First the body forces associate. with
the variation in thickness of the low density crust
and the presence of the ocean on one sjice 3ive rise to
a laterully varying strecs system acrouss the murisin.
sceond, il a rezional streus is upllicd to the lithousrhere,
the lateral variation of elastic paramrters across the
mar3zin will cause the rexionual stress system to be
moaifiec in the vicinity of the mar:xin. We ugst the
finite element method to invcsticate guantitatively
these types of stress system associated with an ideal

mergin.  trecs difierences may also be associwted with

]
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a differential temperature - depth distributioﬁ. but
these have not been cﬁnsiuered.

The subdivision of the model was done in such a
way as to preserve the Mohorovicic discontinuity (Fig.4.1).
All the problems have been treated as cases of plane
strain. In the model, the continental crust is 35 Km.
thick and the oceanic crust is 6.875 Xm thick; the
densities of the crustal and mantle material are- taken .
to be 2.85 and 3.25 gm/em? respectively. The model
is thus in isostatic equilibrium across the margin.

The elastic farameters used are based on mgasufed F wave
velocities assuming a Foisson solid in which Iam€ 's
constants X=ju, and Poisson's ratio = 0.25. The values
of Young's modulus used were

12 -2

0.928 x 10 dyne cm

Ecrust

] _ 1 _2
E o410 = 0-178 x 1073 ayne cai

The transition from continental to oceanic crust takes
place over a horizontal distance of about €C km.
(Worzel,1965) |

The density model (Fiz.4.2) was used to investigate
the eifect of differential loadingz across the margin.
This was obtained by subtracting the density - depth.
distribution.beneath the ocean irom the whole structure,
leaving a louad al the tor of the continental crust and
an equal upthrust near the base. Stresses associated
with the normal oceanic density - depth djstribution can
be superimpoued on our model. both ends of which are
considered to be constrained in a horizontal direction.

Becaﬁse the whole model is in isostatic equilibrium the

H3
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buase can be left free of boundary stresses. The results
of the finite element calculation are shown in Iiz.4.3.
The principesl stresses are nearly horizontal and
vértical except heneath the marzin. Beneath the
continental region +the maximum principal compression
is vertical and the minimum principal compression is
horizontal. The principal stress in a direction
perpendicular to the plane of the model is everywhere
the intermeciate one. The maximum siress diilerence
(detined as half the difference between the greatest
and least principal stress and therefore equal to the
greatest shear) occurs at a depth of 10 Km and reaches
about 370 bar. Also shown is the relative variation of
the greatest shear with depth throuzh a typigal vertical
section (marked by arrow) of the continental lithosphere.
Thus the differential zravity loading across a young
continental margin gives rise to a state of stress more
conducive to normal faulting (Anderson,lY42) parallel to
~the margin in the adjacent continental crust than in the
oceenic crust. |

iWhen a margin is subjected to a regionul tension
or compression, the lateral change in elastic parameters
causes local variation from the uniform stresses that
would be associated with a homogeneous plate. To
investigate this effect a finite element calculation was
rerformed on a margin subjected to & horizontul tension
ol 500 bar. All body Torces werce neglected. ‘The resulto
of the calculation are schematically illustrated in
Fig.4.4. 7The greatest crustal stress differences occur

on the continental slope. The stress differences in the
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upper most 5 Km of the continental crust are sli:zhtly
greéter than those in the upper 5 Km of the oceanic
crust.

In zeneral, both types of stress system will be
superimposed. When the lithosphere is subjected to a
local tension, both effects enhance each other in the
adjacent continental crust producinz a stress rezime
highly favourable to normal faulting purticularly near
the slope. When the lithosphere is subjected to regionai
compression, then the two effects will oppose each other
in the continental crust, and the sub—oceanic region
adjacent to the margin will be most susceptible to thrust
faulting.

Our computations explain the prevalence of normal
faulting in the continental crust on and near the
continental shelf, and the corresponding lack of evidence

for normal faulting in the oceanic crust.

W7



CHAFTER 5.

'Stress-Diffusion in the lithosihere'

The theories of continental drift (Werener,l9l?),
based on geological and outline similurities of continents
thousanis oi kilometers apart, and ocean floor srreading,
resulting from the study of geomaznetic anomalies of
the sea floor (Vine and Matthews 1963; Pitman and
Heirtzler -196¢€), have recently been united by the all
encompassing theéry of plate tectonics (McKenzie and
Farker 19¢7, Norzan 1968).

S _The theor& of isosta?& and_seismdlogical evidence
for a low velocit&.channel in the upper crust both suzgest

that the earth has a strong ocuter shell (lithosphere)

underlain by e weak rezion which deforms by ﬁlow
(asthenosphere) (Barrell 1914 a.b). 1n plate tectonics
the earth's outer shell is conceived as a series of
rizid blocks, referred to as plates. the surface boundaries
of which are defined by the narrow regions 6f seismic
activity. These plates are in relative motion, sliding
rast each other at transform faults (Wilson 19€¢5) with.
the creation of oceanic crust at their ridges and its
consumption at oceanic deeps. By studying the amplitude
and wavelength of bending of the lithosphere in the
vicinity of supefcrustal loads. walcott (1970) has obtained
estimated thicknesses of the order of 1C0O Km for the
lithosphere.

By fitting models with an elustic layer overlying

viscous layers McConnell (19¢5) has formulated a rheological
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5-1

model of the outer earth to fit the observed Fennoscandian
recovery after the removal of ice-aze loads. He concludes
that the rezion most susceptible to deformatiocn lies
between 1CO to 4CO Km depth, the resistance to detormztion
increasing rapidly below 40C Km. This suzzests a base
to the asthenosphere at & depth of some 400 Km. "The
apparent viscosity -of this layer is of the order 3 x lodl
Because of the relative rigidity of the lithosphere
forces afplied at one boundary are transmitteu to other
boundaries of the plate. Thus, for example, forces at
the ridse of a lithospheric plate will be'felt at island
are boundaries and it is important to have some icdea of
the likely efiects of such forces and of the order of
maznitude of time delays associated with ﬁropugation
through the lithosphere. In this chapter a model has been
set up to investigate ifurther this -problem.

Specification of problem.

If a suudeﬁ force 1sJa;p11eu and maintained at the
ridze of a- llthospherlc plate then a question oi great
relevance concerns the eftects of this force at other
pléte boundaries. To obtain insight into this problen
the model shown iﬁifigure (5.1) has been considered.

A more soprhisticated model is not warranted becuuse the
extra complexities of mathematical analysis introduced

and the uncertainty in numerical values of rheolozical
parameters would result in less progress towurds an under-
stanaing of what actually takes place than that obtained
from consideration oi tyg crude model. The purameter

values shown in the Iigﬁ}e have the orders of igu:snitude

‘\.'ﬁ

So



5.2

of the corresponding values associated with a plate the

size of the Fracific. If a sudden pressure, Po,

and maintained at the 'ridge 'end', R, of the model :then

is applied

the propagation of this pressure is oppused by:
(1) inertial forces

and (11) viscous forces due to the underlying
asthenosphere.

The question we ask is 'what is the pressure distribution
along the plate, a time t after the initial application

of the rressure at R?'

Formulation of the problem.

Assume that the pressure is aprplied at the instant
in time t = 0. Iet u(x,t) be the hdrizontal displacement,
at a -time t, of the section of plate initially at x.

Since a<«<t it is possible to ignore vertical variation

of this disﬁlacement.h_COnsider the portion of the plate
initially between (x - 8x) and (x + 8x). . After a time

t it lies between (x—-Sx+u-ix) and (c+Sxru+ & s= )
and experiences forceél(égp§?dering unit length perpendi-
cular to the plane of thz'm;gél) as shown in PFigure(5.2),
where T(x,t) is the tensioﬁ at the'point of' the plate
originally at x.

X-Bxeu- gs" XaBx s 2{&
) | e— o MAss 2epa.éx I
[_'T(x.t)- gs:]a [‘r(;.t)«r gs;]q,

~—L(&)20+%)s=

Fig.(5.2)
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Ay:1lyin: Fevion'.. sccona law we now nuve
3T ‘) 21 [du u u

ur 2

“w L. 1 ét>(|+au - 9T

— -— —

€ o LS

S k. S c\x

¥rom the ceiinition ol Youns s kKodulus

Su
T = E &x (v.1)
und it follows that
él* n ou ou Stu
r v — o I+ 3= = & x-» I, .
Q At ok Ot ax S’ (Lb.Pw)

Feceuse ol the ireat strenzth (n) of the plute compurcu

. . . . ) .
witn the appiiea pressure F_ , we have |3;|<z.| and
(5.2a) reduccs to
éL\.L éLL 'Iy'u-
—a. + U = = E é-"
ot ac x. (v.2b)
whe re
~— =
v — ale )
(15.1)
1 initinily we iznore the innrtiul {orces compurced

with the viseous ones equation (5.2b) recduces Lo Lhe

diidusion cquation:

SL-LL = G é;—'k (').::'C)

E S St
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To determinc the prescure distribution p(x.t). in the
rlite ulter w time t we must colve (YH.2¢) subjuct to the

{oilouing boundury and initiel concitions,

s o ak t= o O < x = L
N\ -P“
(‘?—"‘l> = —— tE 7o
x /. E
) . ) (t‘u)
and then use the rreigure form of (b.1) pGt) - -ElL3x)

The Solution

The purtial second order ditfcrcnbial eyualion

differcntinl equation by the operatiim ol a lajlace
transTormation, and then solved 1o the laclace trans!orm
ol the displecement u(x,t). The problem is then reduccd to
one of performin: an inversc larluace transform.tion. 'The
solution to (5.2c¢) hos been obtuined (Arpendix 4 purt 1)

in this way and is

'\L@‘L.t) = —-—U-__i
5O —(2n~ \."R"Et
A L(%"_"_\B] Ao
Ex" 4 (2a-1) 2L >~ (5.4)
(t)u)
This Gispleccument distribution zives o Bresisurc
URNE
SR T2n-xa) "G T EE
) oD 4P..- (-') . &fﬂ_"_.‘_'x‘le_ i
pe) = L ?gc fie e
(L?O) (.0)

throuszhout the pliite.
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The serice (9.5) and (% 4) have been eomrubce wn
these computaiions are illugtrated by the Lisurcs (49.3).
(5.4) en¢ (5.5%). IFigure (5.3) illustrutes the buila uj
of jrernure with time wut the fired e¢nd. a4, ol the plute.
The porumelter: uscd for computatidn are shown on the
Sruph. 'he time token for the preszure to reuach one
helt ol that arulied Tor a plute 10,000 Km in len-sbh i
oY the order of 2CC,C0U0 yeurs. 1t should be noted from
eguation (%.%) that changing the values ol uny of the
rarameters Goeg not alter the shaye oi the rairh. Whit
it in fuct douec do is chunge the labellinz of thé time
axis. Fecauce of the occurrence of the ratio —— '
increasing Younz's Nodulus by a factor ol ~ will cuusc
#ll the time lubels in fizure (9%.3) té-be halved unc
similarly a decrease in the length, L of the plutce by
g fuctor of 10 will cuzuse the time lubelsn tu he decrewsed
by a factor oi 1C0. PFimures (9.4) and (5.5) illuctrute
the events at the opposite end ol the plate R (x = 1).
tThe flirst grach shows the disylacement resgeonse to the
applieé force 1o at R, and the second frairh plob: Lhe
gradient ol this zrawvh i.e. the velocity resjponse to k.
The parameters used ure shown on each sraph. Note that
vhe comments rezerding the eifccts of chan-tes in Lhese
rarame ters. discusseo Lor Tigure (5.3) do nol aprly Lo
neue Jaui two trajhs. The vituwition in nore complicicteda
ncre, involving chznzes in the dimensioninz of bolh axes.'
Lthe monncr ol which beine evident on w closer cxurim. bion
o’ cquistion (9.4). The velocily curve in 1imre (%.9)
show:s & ropid Tull olf with time for oG GLO yours aindg

Lhen o stendicor period ol aboul 306,000 yeas wi L

vl
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velocity between 5 cm./yr. and 1 cm./yr.

kiiect of e gifterent velocity srueicnt in

the asthenoszrhere

In the model consinered (fimre (5.1) ) a lincar
i1 ofl oi velocity with de; th within the usthuenosphere
wii ascuned. I instead of thic we awply, tosetner
with the continuity of velocity wcrous 'thé lithouihere -
esthenos:here boundary & ccnaition ol uo nel 1iow ol
mz;te:r‘iali.'throu.;h any vertical cross-ciction we cun litl o
queoratic variuztle velocity, V. (ducoby,1v70).

Using Jucoby's notation ({ Figure 8.6)

cir = -2C z,
oz :

"T=O

where

Vo

-4
C2‘1,— § ) b*

C

_ (o~ %0 )
<1’ - -(2&4— h)
<.

= kg,

For the cauwe b = 2a, vie have Cv = 7"1 , &= B EP

and

and (du\) -~ Thus, the magnitude ol tne
az by, b - '
veloecity sradicnt at the toj oi' the wsjhenosiphere is
inecreasca by u iactor ol 7 (e.f. la tor linewr cauc).
"an is equivelent to increuning the viscosiwy 1 in the
linear cacce Ly & Tactor of 7. which, [rom section 9.3
is eguivalent to incrcuwinzy the time axis in fi-urcs

(5.3) and (5.4) by a factor of 7. The cifcet on
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6a

Tiwre (5.9) "o wd.¢ Lo recuee the velsecity axic by o

fector ot 7.

(5.%) Inclusion 01 fnurtind Torms

Lovsgion (%.2b) hau been colved Lo investi sale the

0
s
[,
e

t o: imurein: the inerticl toerms. (Ap ond:iw 4.
}uvl 2). The currespondinrg golulions wre

-R

]
wme) = B4 2B S s
n=y

z.t

e Ay e_z,._t
x + — ;
Z,. (l(ln.-ra' ) z, (_1€zn-., 0') (v.¢0)
(t?o)
anc
S = n, "~
) = P - =XE S()(an- [‘3’.""‘“’“
P(x' ) (3] LL :;( )(n \CGS 20
s z, &
B
Zn, (202,77 ) z, (202, ) (%.1)
where ’ (l:?o)
-G * J T - Hp q
Z": = 2_6 T (vy.o)
LN

(Jn-l)z-w" E
d'\ = 4._:. (U')-_J)

For cmull A Z, und Z,. wre botn reid.  lowever  for
- . L v
suitici:ntly larse a we huve 0 < Af«w, unc 2, une Z,

n_ n

Lecome comlez. 1in this caie 4, = Z and in Lhe uboeve
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Za b z,t
cquntions e — -+ - <
2z, (202, o) Zn (202, v9)

im u reat guentitly (sinee ZeZ is ulweys real).

e serics (9.7) nss been computcea for Lhe ovwild
u. 34 peesoure &t x = oo This compululion pre sents
ceveral troblems which have bren diccuwisiica in aja.cnulx
4 purt 3. The gruph chovm in f1:.5.7 iJlustrutrs Lhis
com.utation unc., on comvarison with 1i:ure (Y.3). it
is eviacnt tnet. despite conciiterable alterution ol Lhe
an:.lytical form of the solution (comwure (5.4) und
(Y.€) ana note that (9.€) aoes not recuce to (Y.4) on
allowinsz &-’0) the elfcet of the incrtial terms for ihe
Tiven peradcters is nesliztible when the two solution::

are comruted.
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'Uircis-relaxstion in the lithouhcre!

For tne model cescribed in the proevious chiyy Ler
thcre i a srudusal increunc in pressure at the cnd a
uniil it reaches the value ol the applicd rcaoure lg
(fimure H.3). If the wnplied prewsure in sulliciently
lurse then, witer a time T swy, the proasurce st A wial
attein ¢ crivicul value Y. . ut which utrhum reluxution

will take plece. It is interestiny to nose the quontion

‘liow quickly will the strcus at A rebuild al'ler reluyation?!

6.1 simlation of stress Relaxation
In an attemyt to simwlate comjleie relaxwiion at A

after u time T an instantuneous distlucement W, hus becn

imrosed on the plate. 7This cisplacement must sutliusiy the

following conditions: (1) it must have a wecrcu.ing

elt

\’D
ct
-

¢t wi increasing coistunce from A wnd (11) it must

zive rise to & stress field that gives complete rolaxution

a1l A. -

Fathematically these conuitions cun be written wun:
dusi,

(1) w_,-—> o and ax T © as X —» L

(11)  da, | _ E_
E

-Rs T
'ne function ‘F(") = c'? - gatisilics theso

contitions where 5 is o purameter tnet conirals the

range ol the displucement. o simplify the bounuury

©

conditions it helps if we also impoese a ricid body

-
ml%. |

dinrlucement of meznituce to the rluate. Becuuse ol the


http://ci.cn

rizid body nature of this extra displacement it does not
change the stress field within the plate and consequently
does not alter the subsequent build up of stress at A.

Thus we take
Rs -x|g
u, = E‘ | — e (€.1)

as our displacement to simmlate relaxation.

IWhen attempting to solve the equation of motion
of the plate ifor the given initial concitions it proves
advantageous to express (6.1) in its equivalent Fourier

series form (Appendix 4, part 3)

1

n N [; _ @n-1) @n-1)xx |
U, = S, niﬂ (2n-1) :r':;:*"(’""ﬂ Sin[ . ] (6.2)

where
ET > (Jn-l\..
S, = =5S|I- = ”
N 'ZL‘PQ_ t (4_2_1*(2“_'\1.) . (.Db-l)

What energy release does this displacement represent
per unit length (1 cm.) perpendicular to the yplane of
the model? The potential strain energy before relaxation

(1.22) is
L

E._.L‘ <d:1)dac.
2 d>

X=0
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Au-
where W, is given by (3.40), and afterwards
L
F 8
Ea < d_&t -+ du-o-
2 dx d=x <
X=o )

Thus the energy released is '

Ea du" (}24- . du.t
- [ [( 2 dx  a= | 9=
L _ax .
— -EQJ E'; e Is _ -‘lE_'Po ~x|s
z E e
X=o

2 2E* E* )
° n —@n:};w"zt
— [
+ %Pc_'Png q ( |) e __
— <. | (an-) (\ + (—-—M_'rf S
2ZET p=zy 40

(€.3)

where we have used the facts S<&« L and

2

N

{

- ~xs (an-1)xx g S
¢ G| ar = 1+

=0



6.2

6.3

(2n-1)x

where b = Y. .

Computation

indicated on figure (6.1) zives

0.6 % 1018

Specification of problem

e m———

for the parameter valucs

an enerly release of

ergs/cm length perpendicular to the model.

We must now solve the equation of motion of t:e

plate (5.2¢)

u o
E St = o £ (6.4)
subject to the initial and boundary conditions
U= o ok xXx=0 tE> o (6.5)
céU.) -r
== = =2 £
(éx - E e (6.6)
where from (5.4)
- —@n Y ET
Rx R Z ) g faeme] OIS
U= e Ext & @iy 21

and W, is given by (6.2)

Soluti

The solution obtained (appendix'ﬂ; part 4) is



o1

-(M-l)"w‘ECt’t) '

—Px _ SPL oQ (_')ﬂe— Ao LF S T\zn-n)r-&

wix,k) = = B < (2 w“l oo

: y N —(an-Y'x"EE

) —_ 40 1~ . (2an-1Yxx
' (6.8)
% where
-

“ N K.In—l)
a \v\ = | @n-1) (—_K—,Lst,_-o-(znq)‘\ \ 6.9)
- . 6.9

This gives a pressure distribution

— @ x"E(T+
" ap 2 L) A _[@nxx & 4:-;} )
‘:(x,t) =P + tn_"éch—_‘) s| T2 e

=)
N ~@n VxEt
., — XE é (ln-|\x“ e G
- 2Ls, <
¥
. (€0) (6.10)

The pressure build up subseyuent to relaxation has been
computed for the end A (x=0) and is plotted in figure (6.1)
for S=3km. The parameter values used wure shown on the
Tizure. After relaxation the pressure can be seen to
rebuild rapidly during the first year to within 90x« of
the critical value Pc. which is likely to be somewhat
lowered after the initial failure. Afterwards there
follows a period of some 10.000 years of steadicr

+ increase. during which re-relaxation will occur - probably

between one and ten years atter initial reluxation.
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Becuuse of the smallness of this time compared with

T (~ 300,000 years) the boundary and initiul conditions
after re-reilaxation will be very similar to those atter
the initial failure and a cycle of pressure build-up

and relaxafion with a period of one to ten years will
develop.. This is illustrated schematically in fiqure

(6.2)

k‘pru\nqu. o A,

N r— o —————

——————— R T R U,

.4__..'_.05; g . % TuaE
Figure 6.2
Iressure Build up - Relaxation Cycle.

The effect of increasing S i.e. the ranze of the
instantaneous displacemeﬁt is to slow down the initial
build up of pressure. This will increase the period
ol the cycle in Fig. 6.3. The rebuilding of stress for
S = 10 km. is plotted on the overlay of fig.€.1.

It should be noted that the time taken for the actual

relaxation to take place has been totally ignored.



CHAPTER 7.
2DISCUSSION®

A new centre for the creation of oceanic lithosphere
is formed by the splittinz and forcing apart of a
continent by the injection of basaltic dykes. As these
dykes spread away from the source of basalt they cool
to below thé Curie point and are permanently maznetised
in the direqtion of the earth'g magnetic field. A new
ocean basin begins to de§e10p and the two newly formed
continental margins, where oceanic and continental crust
abut as part of the same iithospheric plate, begin to
_geparate at'a rate of a few centimeters per year. '"The
continental shelves subside during this period and deep
sedimentary basins are formed.

Sleep (1971) suggests thaf this subsidence is thermal
contraction of the margin as it moves away from the centre
of spreading. Bott (1971) suggests the oceanward creep
of lower continental crust as a possible mechanism. The
finite element calculations described in chapter 4 and
illustrated in fig.4.3 show that initially the vertical
pressure in the continental crust incrcases more raridly
with depth-than in the adjacent bceanic crust. The
greatest difference in pressures occurs at 10 km and
versists to depths of 30 km. This is -the region where
ductile behaviour predominates and the layer within which
the hot creep suzgested by Bott occurs. The calculations
of chapter four lend support to these ideas. The
horizontal pressure, although it increases more rapidly

with depth in the continental crust, does so at a lesser

7o



rate than the vertical pressure. Thus the conditions
provided by zravitational forces give preferred norm:il
faulting conditions on.the continentul side of the margin.

As the new ocean widcens with further injection of
material the relative abrupt transition from oceanic to
continental crust becomes gradational with crustal
thinning beneath the continent and thickening below the
ocean. The accompanying subsidence results in the
accumulation of shallow sediments on the cont%nental shelf.

The finite element calculation (fig.4.4) shows how
a horizontal regibnal tension is concentrated on the
continental slope. It has already been argued that
gravitational forces give conditions preferential to
normal faultinz on the continental as opposed to the
oceanic side of the margin. Thus any normal tfaulting
produced by regional tensions will be concentrated on the
continental slope and in the adjacent continental crust.
This is exactly in accordance with observation. Bagcins
alreaqy formed as a result of subsidence.folléwed by
sedimentation will further refine the streas field
locally. The finite element calculation performed in
chapter 3 shows that. this further refinement increuses
the likel&hood of normal faulting in the crustal rocks
irmediately below the thickest sediments.

The normal faults will terminate at depths less
than 10 km because rocks below this depth will deform
by plestic flow as oprosed to brittle fracture. ‘The
narrowing wedges of crust thus formed can sink into the

ductile layer in isostatic response to the sediments



above and deep basins are formed. Normal faultinz in
the oceanic crust adjacent to the margin is unlﬁkely.
The process of subsidence, normal faulting in
response to local tension and the formation of deep
sedimentary basins may zo on for 300 - 500 m.y. after
which the ocezn can expand no more. Ten thousand
kilometers or so of new ocean will have been created
in this time. New oceanic material continues to be
added at the spreading centre and pressure begins. to

build up throughout the lithospheric plate resulting in -

the ultimate formation of & Beniof zone at the ‘continental

margin, where the oceanic plate underthrusts the
continental plate. The model considered in chapter 5
was set up to investigate the characteristics of this
build up in pressure. A time delay of some hundreds of
thousands of years exists between the ocean ceasing to
expand and.the pressure at the continental marsin
reaching the same order of magnitudé of that at which
the dykes are being intruded at the srreading centre.
The redistribution of this horizontal jpressure. by lateral
changes in the eiastic parameters across the mar;in can
increase the stress differences on the slope by as much
as 75% as discussed in chapter 4. This explaing why
thrusting is likely to be initiated in the region of

the continental slope, with the subsequent underthrusting

of the continental lithosphere by the oceanic lithosphere.

If the pressure at which the dykes are intruaded is large
then thrusting could take place in the oceanic crust

before the pressure has had time to propagate as far as

T2
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the margin. In this case an island arc would develop.
Neasurements of the energy released and the
periodicify of earthquakes at regions of underthrusting
{Beniof,1955) give stress releases of around 1027 ergs
at periods of 1 - 10 years. An explanation of these
results can be obtained ifrom the model considered in
chapter 6. Dyke injeétion continues after thrusting
and the pressure in the region of the thrust will start
to rebuild. The discussion in chapter 6 gives an
estimate in agreement with Beniof's observed time for
the pressuré to attain a value sufficient for further
underthrﬁsting. The calculations of chapter € give

et ergs for each underthrusting

energy releases of 0.6 x 10
for a length of 10,000 km. The earthquakes continue
reriodically until such a time as the source of oceanic

material ié depleted and injection ceases.



8.1

T

CHAYTEW 8
- Energy Absorbtion by _Sediments.

Free_ vibration takes place when an elastic system

vibrates under the action of' forces inherent in the
system itself, and in the absence of external forces.
A.system under free vibration will vibrate at one or more
of its naturzl fregquencies. Vibrations that take place
under the excitation of external forces do so at the
frequency ol the exciting force. When this frequency
coincides with one of the natural frequencies of the
system dangerously high amplitudes may result. Thus the
calculation of natural frequencies is of great interest.

General extension of finite element
Theory to dynamic problems.

(Zienkiewicz and Cheung,19€7 - note different approach)

Fof static elastic problems the equilibrium equation
reduced to

5T.j + le © (1.11) where p

is the body force/unit mass. For dynamic problems the
inertial terms must be included ancé the equation of motion

T, Qu, .
aj -~ eh = P (8.1)

is the equivalent equation. The general arguments put.
forward in chaptcr 2 still hold good but when replacing
the boundary forces acting on each element by stutically
equivalent nodal forces one must be careful to use (8.1)

instead of (1.11).



s

Using the same notation as in section 2.2, we have

T - (5 - e

L

JQH dv +f?F Ju ~dv + {8"}[!»] >IE]{stdv

{S"‘F [—(’gﬁu]"{ bldv + (:':‘:-f[‘sf[u]{s}dv + {[ﬁ]‘ BIEis} dv]

e S . ge . e
[K]‘{s} + o [MIffs)] - iF}‘P
where [K]°, {Fl¢ are definted in (2.10) (2.11) and

m]* = fQEN]TEN]dv o (8.2)
e
Constructing 'overall' matrices [K], [¥] and {fh_as in
chapter 2 we have

CIgs} - Y - {7+ {F) o
For a system under the influence of no externzl forces
Oea{st - -[m] {8} | (8.4)

When the model vibrates at a natural frequency all points

vibrate in phase with a fregquency f= “/2ax

i.e. fs} = {84 _ (8.5)



8.2

Equation (8.4) now reduces to

[k]{s) = w I8} o

Nx n x

. (n)
1}
(8.6) has non trivial §olutions 18L for n vglues of

w=w, - These give the natural freguencies of free
SN L))
vibration of the system and the normal modes, {%]

© y

give the relative nodal amplitudes of vibration at that

frequency.

EM]e for the 3-noded triangular element

with Rayleigh type response.

The only non zero displacement components are in

the plane of the element i.e. u(x;y) and v(x,y). [k]e and

[N] are the same as in chapter 2, equations 2.1¢ and

2.22,
4
_f N. N dax d = 2 L*']
Q 12 =]

(see Zienkiewicz & Cheung,1967,R 174),

Thus from the definition of [M]e (8.2) we have

r---l o h o ' Q ( 8 8)
_ Jay o I o h o Y. :
[}4] = ﬁi—- Yo o | o *h o
< |2 ©o % o 1 o 'h
A © h e I o
(o) h © A o | |

o
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8.3

[@]? for Lov? type éesponsq

The only displacement is pery

endicular to the rlane
of the model W(x,y). i
Thus we define
NI-
{SL = “j (D8.1).
wK
{e} _ ) _  {2%©x
s T [2ey. (D8.2)
Sy
f-\
= Z
{V'} = 5} (D8. 3)
Therefore from 2.6 and 2.4
/A o
E.b] = o . (8.9)
andg
[(N] = [N, N NK] © (8.10)

vhere N; ete. 'is defined in 2.16.

' Using 8.2. 8.10 ana
8.7 we have -
-e—A- I '/ 2 |/l.
— Y I Ya
ﬁd] — Vo
[- 2 12 n i

(8.11)




R

From D6.1, D&.2 and B2.S

A\ bij"jg) (jn"‘.‘];) (‘1;"13)
A Gee-2q)  (ximx,)  (-x) (8.12)

[=]

8.4 Imposition of congiraints

If a particular nodaul point is Iixed then the
equations Gelining the equilibrium conditions there are
eliminated. The number of normal moées ol wibration is
correspondinily reduced.

th

Consider acs an example the i node being complctely

constrained for Rayleizh type excitation. Then both
)th |)th

the (2t and (2i- rows and columns of [K] and [N]

are removed together with the (2-3-)th and (li--l)th elements
of iﬂh. The reduced set of equationus zive (2N-2)

natural frequencies.

8.5 Netural freguencies of scdimentary basins

Computer programs have been wriiten 1o make 1inite
element calculations for ihe natural frequencies and
normal modes of two-dimensional elastic systems for both
Rayleizh and love type responses. (Aprendix % Ilrozrams
NONOFV and ICVE respectively).

These programs have been used to calculate the
natural frequencies ol sedimentary basins of various
depths. The model used ic shown in fiz.8.1. The basin
is considered constrained along its nurface of contuct
with the buucment rock. This wooumplion i valid when
the conlrustl in ricidity belwecen Lhe sedimentb:s and Lhe
basement ic larce. 1n xcneral there will be couplings

between the two types ol rock and ener:zy will be lost
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8.¢

2.0

from the basin. The wiath of the ba:nin wus fixed nt

70 km. andé its de; th varied between C and 6 km. ‘The
lowest natural frevucncy or the funéamental freauency

as it is of'ten called, is the most importunt as this
requires less enerzy to excite it than the higher natural
fresuencies. The variation of this frequency with the
derth ol basin is plottea in 1ig.8.2 ifor both types of

resjonse For the Rayleizh response tne fundamental

to reach periods of 1 second at depths les: than 1 km.
For a deep basin of some 6 km. the fundamcental ifrequency
is of the order of 0.1 cycles/sec. The shuyj:ie of the
graph suzzests a linear period-depth relution for a
fixed basin width. This is veritied by the plot shown
in fi3z %.3. 1In contrast the response to love waves
shows only a smull increase in frequency with decrea:ning
basin depth. The fundamental periods ranze from 6.25

seconds to 8.7 seconds.

A Rayleish wave of period T seconds travelling
alonz the suriface of a Toigson golid (A\=m ) with a shear
wave velocity F Km/sec. sufters a verticul (z direction)
decrease in
(u) its horizontal amplituce proportional

to exp | ~2X_. 2332 3 (8.13u:)

C>QLP‘F
znd (b) its SV amplitude proportional to
-2 .03 =z (8.13Dp)

exp ( SALpT

(Bullen,1947)
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For T = 10 and F-3.5 the horizontal amplitude igs
decreapd by a factor (‘e ) by an increase in depth of

6 km. fThus the vertical extent of Rayleigh waves at
this frequency is of the same order as the derth of the
sedimentary basin thdt will resonate at this frequency
(see fig.8.2). The depth at which the Rayleisgh wave
amplitude-reaches (/e) of its surface value debreases
linearly with period (equation 8.13). Fig.8.3 shows

a linear fall off of the fundamental period with decreas-
ing depth of basin. Thus there is a dircect linear
correlation between the characteristic depth of a
Rayleizh wave of given frequency and the depth oi the
sedimentary basin that resonates at that frequency.

The fundamental frequéncies calculated are ol the
same order as those observed for surface waves generated
by earthquakes. A deep sedimentary busin lying between
the point of observation and the origin of surfiace waves
will absorb energy at its fundamental frequencies. ‘hus
'holes' in the observed energy spectrum would be expected
at these frequencies in the same manner tﬁat the
Fraunhbfer lines in the sun's spectrum coincicée with the
resonant frequencies of the solar sases.

Given the right conditions (i.e.high energy contént
at the fundamental frequency) the resonant vibration of
a sedimentary basin in the vicinity ol the epicentre oi
an earthquake will concentrate damase Qithin its

boundaries.

2



ir

CHAFTER

!Drazzing of the Lithosphere'

During & final year research seminar it was sug tested
that the problem of a plute being dragged along the
surface of a viscous layer by tensional forces misht be
worth consicering. This chapter prescnts a solution to
this problem but mekes no attempt to discuss its relevunce.

The model considered is shown in fig.9.1. The
tension, To, is applied at time t = o and mainfained
the;eafter. Using the same notation as developed in
chapter 5 and assuming a linear drop off of velocity with
depth in the asthenosphere we wish to solve (see D5.1 and

5.2¢)

Q. o
— = g — 9.1
S 3t (9.1)

subject to
u =0 at t=o0 o¢xg 1 (9.2)
(gi)x = 0 t>o0 ; (9.3)
(é“_“) _ e t>0 (9.4)
x - E : .
X L,

Taking the laplace transform of the equation and its

boundary conditions we have

Pz o
x> = Fatha (9.5)
subject. to
(é&) (9.6)
—— el O !
, OX |
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S E=

(‘)‘1) e (9.7)
= b .

The generzl solution of (9.5) is

w acosk‘%zx- + b Sl [EE =

(9.6) => Db=o
(9.7) = a= T[({&= Z”‘S:th'?"') )
Timus

To Cosh |& =

e 2 swe@Fe O

-

Taking the inverse Laplace transiorm
J+im
&
mp e Cosh |22 =

[ -]
w2ni [Ec 2 S I

u.(x,t:) = dz (9.9)

B-im

Considerinz the integral around the contour in Fis.A4.1
D 2 >

we have poles at z = o and where Shh."—’é"— = o i.e.
2_ . )

z= “AXE n= 12,..
oL

Note: 1. As before z = o is not a branch point of the

integrand.

2. The pole at the orizin is not simple.

Residue at z = o

zbt _ ‘P('z-)
e w = > where
_l_ a.-x_-l. —'_ (o_-x-:. ] 2
fz) = Tt rE Rt w () <+
G o L f G s '-"

R - g (8T

L



- 2t . . .
Thus Wwe has a second order polp at z = o with resgidue

(Dennery and Xrzywicki,1969) o (dz .o
T (2>>-1)
¢ + Lt (9.10)
bLE oL
Residue at =z=2%2, = —"Ix:E
T .
=k
Fut j@.) = e z Gu N <
. Ia-z
Then n oo
h'(zn\ = L“\ . T/ZlEnt + O
Therefore pole at z=z, is simple forn= 1,2 3,. . ...
and has Mesi daaa
9(z.)
h (%)
-n'x'cgt
n+\ L- nKx ——
- (—l) = r Cos ( ) T (9.11)

If the integral around ABC of fig.A4.l1 goes to zero as

Fn~—> % then we have a solution

-n*xEt
[
- 2 (B2 e T (e

n=/

7
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giving a velocity distribution

s Et

U@lt0'= .Ié.-f f{[ :?EJ)CL (&mx) o

(t>0)

(9.13)

These solutions have been verified by substitution into
(9.1),(9.2),(9.3) and (9.4) this being somewhut simpler
than proving the necessary condition on the integral
around ABC. The velocity of the end A (x=0) is plotted
in fig.9.2 for the parameter values shown. Some 10, 0U0
years are seen 1o elapse before this end starts to move
appreciably. This is followed by a period of some
50,000 years during which the velocity accelerates
uniformly to over 2 cm/year. The acceleration then slows
and the velocity tends asymptotically to a value of 3.15
cm/year. The plate now moves with this terminal velocidy
without further deformation and the tension drops oif
uniformly along the plate i.e. T(x) —» Jo=

Altering the parameters changes the axes and not
the shape of the graph in fig.9.2. By examining the iorm
of equation (9.13) it is seen that a return flow in the
asthenognheze equivalent to an increment in viscosity by
a factor 7 would increase the time axes by a fuctor of

seven and divide the velocity axis by the same factor.




Cartesian _Tensors.

1. Reason_

When the eyuations of mathematical physics are written
out in full cartesian form the structural simplicity is
often hidden by the mechanical labour of writing every
term explicitly. The tensor notation, with the implied
summztion convention, is a form of shorthand leading to a
great simplification of the writing. We use cartesian
co-ordinates so that the distinction between covariant and

contravariant tensors disappears.

2. Cartesian tensors of the first order (vectors)

I we have two sets of rectangular axes (Oxl, Ox?, Ox3),
(Oxi, Oxé, Ox;) at the same origin.
5 x,

:c.' I '

Fig.Al.1l

Loy
Iet the co-ordinates of a point F be (xl, X0 x3),
(xi, xé, xg) in each system respectively. 1f we denote the

cosine of the angle between Ox, and Ox' by Lﬁ then we can

J
write -
s, =  Lex, + =, + {x,
> = Lox, + L,x, + Ly, ¢, (Al.1a)
x3 = L\& <, ~ lix'l- + lex—s
or
; 3 (Al.1b)
o = 2 L'._‘ ;.
(] 3




\'.-’l'

let the co-ordinates of a point F. be (xl,xz,x3). (xJ Kyy- 3)
in each system respectively. 1f we denote the cosine of

the angle between Ox and Ox by then we can write

(Al.1a)

y o ' Aa1.10)

Summation Convention: We make it a regular convention

that whenever a suffix in & single term is repeated then
the term is to be summed over that suffix from 1 to 3.

Using this convention we can now write the last equation as

*

> = L sy (Al.1c)

J J v

The matrix L'=:{Lﬁ} is in fact unitary i.e. -L'= L

as can be seen by considering the length OF which equals
. r 8
x: = xﬁ (note implied sum).
x! = L : 3, L using Al.lc. ‘This is true for

all points P
.. = = L L =2,

N

and comparing coefficients

L:, Lﬂ — S'ug ; (Al.2a)

or LLT = T (Al.2b)

in matrix notation where I is the unit matrix.




From Al.lc

from Al.Za

|
01
5
¥
¢

If
i

Therefore the inverse of Al.lc is

L*J :‘-:; . . . (Al1.3)

xk_ =

In methematical-physics one often has to deal with sets
.of three quantities (ul,uz,u3) such that in relation to a
different set of axes the corresponding quantities are

A
(ul,u2,u3) and are related by

L

lA.:-‘ = L'J W J=|,z.3

/
and ui' -_— l-ij uj L= ‘.1.3 .

Such a set of three guantities is called a tensor oi the

first order (or commonly a vector). The individual “1‘“2’“3

are called the components of the first order tensor.

3.__Cartesian tensors_of_ the second order.

Suppose we have two first order tensors W. and V.
Ye can construct nine quantities €.+ W ¥, . le¢t us investisate

how these gquantities transform when expressed in our new

axes E"L& = “ii. u-xf = LJ- Lm& uj-‘rm
1.€. E_; = (:j." l_m‘ E‘Jm (A1-4)

A set of nine quantities that transform in this way on
rotation of the co-ordinate axes is called 'a tensor of the

second order (or just tensor). The individual Ej are called



components. To obtain the inverse

Al.2a and Al.4 giving

€y = (.L. =g

ny ('3

Fu

transform:xtion we use

(Al1.5)



AXIENDIX 2.

1. Strain Tensor?

To prove that the components of strain do in fact

constitute a tensor we must prove that they transform

according to (Al.4) when we rotate our frame of reference.

In the unprimed co-ordinate system the ztruin components

are detined by Dl.1

e S 2y )
i‘-j 2 axJ e .

In the primed system we have from Al.3

é:c.; — L
axl“ [1%3
and w, = LJL Y
, ST S >
du; dx. Au’ éhag\
— L — —) ==
- 2 ( ox, * é’ﬂi Sx!
4 Qu (. ew
i.e. ’ (A2.1)
e =

Lrituj S

Comparing with (Al.4) we see that {eﬁ} are in fact the

components of a second order tensor.

2. Compatibility of Strains

Glj = 75:(}*9j + -“j; )

o e.'.j"\ = Y (u;'j‘\ -t uj’““_ »




Adding

)
e'j.&\ -+ eu\.tj = 5(“"{)&\ * uj."“ M u‘-“-j - u\.‘i',).
Interchanging j and k we have
. - . 1
Q'm,JL + Qj\‘m = Ji (u~,_jut + uj'““) + = (uu,l.i.j + u\.uj)_
Thus

Q;-,j‘\ "'jS,,'u( = e--:-l'.d_ -+ e_u'ij. (A2.2a)

(A2.2a) are the compatibility egquations and number 81.

Some are identically satisfied and others repeated. Only

six are independent these being:

67-2.,,; _ i %z* - AQ N é—e"‘) .
dyoz ex C\-j éz ES
éze_:" - a ()Q"‘S ~+ 6_23" - %_zs.
Oz dx <>j Sx- 3q
de,, '_ d [ Rp, de.. _ e ) (a2.2D)
axéj = dz \ox éj 67.
2 ‘é:‘_sx = .6123* -+ .j.e_-sv
axaj dj‘ éac_"
e % %
2 SZye  _ —2¥y + ©O%2
oz"dy Az" dar
.
élgz,_ _ é_:-q_:'_ - 67-&“

————

oz ox ox™ S=*




These restrictions on the strain tensor ensure that

it gives single-valued continuous displacemcnts.

3. Rigid Body Displacements.

The change in length 3, of a vector A (length A)
under the deformaztion (1.1) is given by
(A+saY = (A + SA; )
or . (A2.3)
ASA = A;%AL

ignoring small terms of second order. For rigid body

displacements 3A=0 for all vectors A. Therefore., from
(1.1)
ASA, = Ui AR = ©
Teking A in the xy-plane i.e. (A;=0, A,+o, A %o )
we have
U = = WU,
Similarly W,u=-Uy, and W,, = — Uy, ,

Thus a necessary and sufficient condition for the
trensformation (1.1,1.2) to represent a rigid body
movement is

¥ = - W . ('-t- e, =¢o

S ik i== ).

Thus SU‘]I represents the rigid body part of the trans-

formation. Thus for pure deformation (1.1) becomes

(A2.4)

U



4. Fhysical Signiticance of the Strain Components

(a) Diagonal Terms:

From (A2.4) and (1.2) we have

ASA = ASR = (o« i) ARy

For pure deformation N;j:ﬁ and therefore ASA = e-jA-.AJ' .

Now consider a vector A initially along the x,axis.

We have
N
ASAR = e, A, (Not summed)

SA
A

or e‘ « =

That is €., represents the change in length per unit

length of a vector originally parallel to the x axis.

(b) Off-diagonal Terms:

Consider @, . Take two vectors A = A_¢, and

P St 3

B = B"_e_‘._‘ initially directed along the x, and x,, axes

respectively. Upon deformation these become A’ and §' .

(Fig.A2.1),

>
—
>

.,

R R S ——
—

Fig.A2.1 '
f‘a o >~
//o.... ol — __-_BT__,_-,... o e - xa
-'.///
/""
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A' = §A, é-. + ('\ﬂﬁhyg - SA:@;
B = B& + S8, 8 + (BeS,)E

The angle AOoF =0 is given by

AR Ge® = A R = ASR +BSA

i.e.
A SA
Ces © = — Bx ~ Byoh
AR,
(to 1st order).
= %E" . Sﬁl
By A, .
From (A2.4)
b A; = . P\,_
S Ba. = e:.'s B; A
. Therefore

Cos ® = Si(F-8)= Z-8 = 2e,,
Thus 2@,, is equal to the change in angle between two

vectors originaliy parallel to the axes. (x‘,x,).

5. To show that iTtﬂ i,j =1,2.3 fully defines the
stress_at a point.

To do this we must show how the stress vector R,
(or its components) at a point P can be expressed in
terms of the stress components TJ} at F and the direction
cosines V, of the surface V. We consider the equilibrium
qf a small tetrahedron under the action of suriace

tractions and body forces F. per unit mass. (Fig.A2.2)

(Fiz.A2.2)

9%
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Force on face ABC /lea += o = T, 8s
Force on face BDC flet + = ~Twss
Force on face BDA [[ek 4+ ¢ = -TGwss
Force on face ADC [fk. + o« = ~ G »8S
Body force [l 4 & = Z@hF §s,

Therefore for equilibrium

(T~ Tjiy) + F€hF)S8S = o,

Letting h—»o we have

G o= Ty (42.5)

Thus iTLj} fully defines the stress at P.

6. Equilibrium of Stresses.

Consider an arbitrary volume V fixed in space

(note: not a fixed volume of material). (Fig.a2.3) let
e(%) be its density and F the body force per unit mass

":'IP o

The total force in i-direction is

[Fpav + [R. {as
v Ky

<\

~
= . dy + Y} (from A2.5)
PF. av J“Souds _
3

v

N - .
eRav + [(f).as



Qo

ST,
— f{’F: dv —+ 32 dv
v J .
v (Divergzence Theorem)

Therefore for equilibrium
f(er - ) =0

The volume V was chosen arbitrarily, thus

QF- -+ é—'LJb = O (A2.6)
1 3 . (a2

The moment of these forces the x; axis msf_ also vanish

i.e.

.. - €. R . —_-
jaj‘xjp‘-‘ e dv  + f .J.g (._v)KDCJ ds O
v s

or from (A2.5)

Jj‘ ev +(&3‘T I)des = O

or using Divergence theorem

= F e dv -+ J A(EJ‘xKT“-B dV- =O

€,
o) S,
< _

or

Ty
JE‘J*‘JE("“V * fejx[’ﬂ' S, T v
v . v

or using A2.6

[ ey av

\J

I
o)



The volume V was chosen arbitrarily therefore,
E:’J‘ Tj" = O
or TJ" - T‘j . (A2.7)
Hence the stress components are symmetric.

7. 1%} e tensors
Consider two planes with respective normals

both containing the point F (Fig.A2.4)

El‘yt 12'

Fig.A2.4

R, and R yare-the respective stress vectors at F.

The component of R, in the direction _2' is

Ry » = (@.,)J. v

CORWAM UNJY,
O eienog LRSIy

{12 JuN973

BEOTION
men“




f

A
<
=

i.e. Egv. Ei' = E;U'- v

Now consi@er effect of rotation of axes on

In primed axes

..
J

N Al
comp. on surface b x; along

(R<t). 5
- (R |
i (—".‘. )—.‘ l'kJ
- T L L

mi J

]

Thus _ Tuj= ('m'; (-nJ T

from (A2.5)
from (A2.7)
.from (A2.5)

(A2.8)

i1,

f}om (Al.1c)
from (A2.5)

(A2.9)

and {Tﬂ} constitute the components of a second order

>

tensor.

laa
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8. Principal Axes.
Consider the case where T(,= T[,,=o . Rotate the
axes through an angle ®. - (Fig.A2.5)
U
R A>=s
\\
Fig- A2l 5! \\ I
- ”x.-
[
e ) .->x‘

/ . ) ;
We have L‘j = Cog (’-"joxa) therefore la=l, ={,=1, =

l'n.= -Sua X . L, = Cna , L“'-'- S ot , L,_;: Comot | L,;:l

-
I

Lot L, T = TuCos'ot + T, Sid sk + 28 Conat T,

—cl:. = LWN LI('I- M = -T“CIOS&SI'MM"'T“_GSIISI'A«-“ +I‘ﬂ-(-(“;‘u-s'-‘:¢\

Tn.= o

T, = GSila~+ T, G ~ T, Cnn Sik
T4 = ©

T =

n 33 .

Thus if the axes are rotated througzh an angle & given by

(T T, ) Cost Sintt + T (Cdtue - Sl

’

we have the principal axes since C;; =0 L-#J

27T,

i.e. A = +GM (-(-“ -

(A2.10)
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9. Freatest Shearing Stress.

Suppose we have found the principal axes 'and that
the stress tensor referred to these axes are 'C,,’T“ and
T,y - We wish to determine the plane ¥ which has the

greatest shear stress across it (Fig.A2.6). The stress

vector R, A2
Y
¢
Fig.A2.6 o
. \ »_@”
A

can be split into a normal component (E) and tagential
component(T.), (A2.5) gives (E,)| =T, , (R) =Tay,
and (R), = Tyuv, .

) ’ a 2 Y
Hence IEVII = Tu vi’- + T“_ u: + Tu v.!
A
i N o= Ry D o= Tote Taute, ol
Therefore

N

2 a2 *~ a2 . a a2 \*
T = Ty + T,y +~ Ty - (Tuu.t“' Tal. v Ty U,)
We wish to maximise T subject to ¥ + b + v, = |

1.€.

2 ] T s a \-
'T‘L '—r" v.l -+ Ta.'l. )), -+ T;_; C' - v.t- vz)

%
- (T“ u'l -+ T,,_D: + T, D'”?" U:]).




oS

Futting SV, T v, o we have -
v-. <—cu- ng ) [(-cu —Tl! ) - lu:'('c“— T:}\ - 2”: T“_TSI)] = O

and

vz. (—cz:.' Tg;)[(-cn- T,_,) -2 ]),1 (T..‘—Ln) - .11): (Tn.- —Ln)] =0

Solutions
V= )V, = o , V, = T
V= YV, = o YV, = T
U = VYV, = o | v = X

give planes of minimum (zero) shear.

Solutions

| A
V=e , w.=t{ M=
[} 1
Jz ) V, = = 43
|

- L L
Y, = o | YV, = - ®m , Y, e

give planes with respective shears

i (Tu—-t_!;) , i (Tn - Ty ) , -.%: (T-" - Tn.\ .

Thus fhe greatest shearing stress occurs across a plune
that bisects the angle between the greatest and least

principal stresses and in which the intermediate stress
lies. The magnitude of the shear is equal to one half

the difference between the maximun and minimum principal

stresaes.
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10. The_lamé Constants

The most general linear relationship between stress

and strain involves 21 constants. For an isotropic

material i.e. one which has the same elastic properties
in all directions these constants are inter-dependent and
can be reduced to 2 independent constants \ and/-. known

as the lamé constants.

For an isotropic body we can write the linear
relation as

Tu = Ae, + A'(en+ey,)~ Ce, + C'(eure,)
T = Ao + A(e+e,)+ Cey rai(tire,,)
T,, = Rey, + A (Ri+e, )+ Ce, + C(ey+ e_“)
T.z-_ = De,, + D (e..+en) + Be, + B (e,+e,)
T, = De, = 1>'(e..+ e, )+ Be, +B (Q.+e,
. -

De, + D (Curey)+ Be, +8 (e,

If we reverse the x, axis then . 6 e, K 7, T,

chanze their sign, while €, and T, stay the same.

Therefore €= c' = 0 and B' =D = D’ = 0 , Thus we have

<

i Ae’u -+ H' (e-l.‘_* e_a_‘) etc.

and “C, = Be, etc.

If we now rotate our axes through an angle 8 about




1o%?

the X, axis (Fig.A2.5) then from section 8 we have
I .
T = SinBCnd (T,-T,) v+ (cto-5ul8) T,
- -
le. T = SwbCesO(A-A') (@ ) + (Gfe-suie)Be, —®

Using (A2.1)

e = SiOcCm® (en-e.) + e, (cfo-Sute)

[Ir N

Therefore

-c'l’- = BES\'M-BCosS(en- €. ) + e, (c“}e- S"M,'Gi].

True for all values of B,therefore, comparing coeificients
in A and B

A-A' = B

If we write Bay. and A=X we have A= 2)\+>\- and the

stress-strain relation becomes

where

A

e, + €, + S, = e“




Fig.A3.1

Nl Matrix.
[¥]_watrix.

Uiz, y)

venl = DT{sE

There are two constraints at each of the six nodes.

Therefore we can use twelve constants to define the

displacement throughout e.

Ulx,yg) = oy + oy + oy + K3 + ot + oyt

or in matrix form

. . -
w _ I = y x° x4y 4y © o ¢ 0 co
v - © oo e o o | x4y Xuy
2x1 2 x 12 12 x 1
Define

*

| = X xy 4~ © o © o © O
[P—,l:_[;o?:c ER

o o | x yxXxyy| (a3.1)
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We also have

w = o« + o‘:-xl * N.;\d. + l""x'lh-"o‘s"":’l + oy ‘j't
1)-, = d" ~+ ‘x‘xl + Mq‘j. - dlox:.+ “"x'g' +d"‘j|‘-
ke .
or
-\ - '
.u ) '_l- x, Y4, -X.:' Xy, ‘5: O 0 0o o o @ (d'
‘U'l oo o © o o | x4y x Xy, 'j: [ 9
U I 24, X %4, 4, o ©o o o o o
e U, 0o 0o O o (= | X, 0y, 3&: xﬂn‘js
{sf= (i}= H
: el .
U, .
v
Ve | ] U’(u‘-
Define
N N . )
’_l xl ‘j. xl x,\j. ‘jl o = o e © o
© o © o6 o o I x4 x'ay g
_ lx,g‘x:x,q‘g:ooooog
[e]l= |o o3 o a i = 4 = =y, Y| (a3.2)
el .
L

_

Thus

{:: } EP] EC]-'{S}‘L (A3.3)

1 = BIET 08

"

or

| e} = =1UT




he

From D2.3 and D1.1 and using A3.3 we have
© A b | [~ (=] o [~3 [~ o

o | N e
S N R N SR

lx:’c

[x]° Matrix

from 2.10

G = [ (@) ETBIIET dxay

orEnjc - (&T) {i B )BT dxey } T,

(Note: In program (Appendix 5) [S]-= Ec.]-' )
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L8 (<1 [ =]

Wy T o e ©

" mMmm R (e IR
o e Ty o o

e = o kg ©

R 3

o mmﬁ.nm. n.qﬁdnﬂ. o A .
O O L O [
The Ty 2 b

(L ev) ©
lﬂ..ﬁ Jﬂ” /.n_ﬂ.hhﬁvnﬂ...MMA.MHN J.A.n

R

ey e

o nnA e .nnA.KH -

MMrﬂ.ﬂ”

O

O

O

o

o

O

T'EY S5'

o whWRy o "gfe

N

ey xe o Ta=r ©

e = © T <
D Lo O (9] QO
e o Thr o

A.MAD.HN. nn..A..ﬂ«.K.m :Anwﬂﬂ. .mM.A..H. :Aﬂ/

o> "t 'd=y o
mmﬁﬂﬂ. mm.ﬂ.un o MMA o

o ..An ..A.un” o :A

Q=T

QO L ] o S L)




Thus to evaluate [i{]e we must evaluate

dexdj = > liz_l
— |a)
[ydeay = 9 %
n.I i o (A3.8)
.= [ d=dy
T o= [eye=ay
13 = i ‘:jzdac.dﬂ

where A is given by D2.10. Using these definitions

[k]e becomes
[<1® = (&) [ed® [1°

where E(L]e is given by Fig.A3.3. (see over)

(A3.9)

Calculation of I] _.I2, I

21202773
Ad
m
Fig.A3.4 /,.-’.\
s \\\
' T
~. .
: L_——-—-’*‘ """ — "
L

The ecuation of the line joining nodes i and m is

Y= A,x+ B, provided =% =,

where
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(NN

ey bI4

i .,,p.mw ° Tymk o o ° It W o wE ©
. <z MH b3 o k4 ..ﬂ T )
: Aun +ﬁA I Lz _.M_,Hmmﬂ;.a._n < e ("Wt "a're 4Mm_<_ _q_.m ©
o (i Tty © Tgex © Wir 't o % M= © o
3 - o x e .
cp ot . T €. iy ~ Tz
> sERME 2 Yy @ WRNEE o g o ©
< ) o o < o @ o© o ) o o o

© "z o Wb o Wiz o Wk ©  ©

s TV -« r € T .MM. A.A.A..HlT " . .
Cre () U™ A,q_n ﬁ«,m o .A.nhd ne A..Hn.:.n_.n_., .n_a_n o

T Uiz o p_q_m © o o "tur'Uir o 'Yvxr o
o Y& ¢ psE Tt T . t %, T
QEE™wmi= = F © mmn_q_n nA_q_ o 5 © o
5 e o o . L
ﬁq_n TCHE © Uy © ) o _4__” qavjx o Norges o
o S = o o o o o o o o O




Therefore, X

AUu " i "higﬂ 3 3
jfx}dxdj = [.x.‘(ALMx.+ B, )dx = Z (xm_x; ) 3 @;m .x‘)
x

2
v x;
AL B, « 2\ BuAim
— | —i— (x:-x?) + —f (xm— x") * =2 (ac,!;—x":)
and J‘IM‘ 1.d Tm (A;,Mx- -+ 'B_M)ldl’.
20 —_—
3 j d‘j x; =
. L > .
_ ?‘3 Xt ) A-.,; Bin eci-ad) + A-.,;’B;... (x3-x3) + B_g-(x,-x._)_

When Xy = Xy these integrals are zero and we can thcrefore

define

A, = R = o >, =>,,  (A3.10b)

"

Therefore, provided i-—+ j—»m goes anticlockwise around

the element e in Fig.A3.4 (i.e. A > o ) we have

xI, = 4_|° { Rw(:(:' KT) b AJ..(x:“x;S + HMJ (:x}—x_:: )}

. s- : .
+ '_é i_&-m (‘-I:—JC?)*'BJL (::-l xj)+ BM}(I;—I;)}

If i—>» j—»m clockwise (i.e. A< © ) then I, is the

nczative of this answer. Thus in all cases we have

T - (ﬁ‘\ ) « [ﬁ_{ﬂm(x:-xﬂ+ A Gt} + Aoy (ﬁ“—x‘;)}

+ 3 {Bg_m (x,a-._:cf)--& BJ'E. (xs-:x; )+ Bm](x;—ﬂ)}]
(A3.11)
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s

Similarly,

A i Ll A _ow\
I, = m)[% Vo) A () g a2
+ & ‘lBZ, (ot ) + By (-] ) + By (5= )}
+ 3 {B.*A;.. @C:-‘l‘sa) + B';A_j; (-] )+ Bm]AM) (x} -x':')}] (2-2)

7, - (@)1 ) a0}

N ﬂ“‘" B (el xt) + Ay (ol -]+ By =)}

. a . . - .
g Pl (e w) - A () ¢ Ay B G -
~+ é i Bi,, (xm— DC--‘) + P_;‘_ @—L‘ J) + B:j (xj-xm\}] (A5,|3\

iFl;_ due to gravity.

From 2.11 and A3.4 we have

iF }; B ‘63_[ (37 Eﬂ*ﬁ} dely

which reduces to using A3.1

{73, = -~ )

e

e

. fHruH-000000



g

(A3.14)

- g0 (1"

2. Axi-symmetric Analysis.

Fig.A3.5 e

We take .the Z-axis as the axis of symmetry i.e. the
problem is independent of * .
Matrix [N]°_

Using the 3-noded trianzular element. the anulysis
is the same &as in Chapter 2 with Z replacing y and r

replacing y.




"=

m

Figz. A3.6

L, G
where
]
N.‘..' = a (Q; + b.r + ':f’")
i o
T = < o (
— (A3.15)
o = erM - 'Z.J
. = ZJ - zm
CL = rM - r'J
A - = )
! T'J ZJ
i Con ZM
Matrix [B]®

The expressions 1'or the components ol strein in
cylindrical co-ordinates are given by 1.8. TFor axi-

symnetrical problems 3= W4=© and it folloews that the

u u A
non -ero components are Cpr = é—,." €44 T Crp = ‘}'3_‘

Sur Su, " o
and 2e,,= 3z * s~ . e thus define

'

r Sz aﬁéz
i A /3
E} = 1 re = )
] e, wfe (A3.16)
1w L
Zer’_ ‘;; + a_:-r

P




e

where we have written U, =1u and u, = v, Using A3.15,

A3.16, and 2.4 we have

{E} = Z\L [AHAJ,A'“]{SF (A3.17)

where — =
o c.
b; O
I\; = A Lb. + 2S¢ o
rot (A3.18)
L C. b,
J

etc.

Comparing with 2.5 we have

[®]" = =z [ﬂ‘«.ﬂ_".‘:\m] o (a3.19)

Metrix [D]°

From Hooke's Law 1l.13 we have

’—i = A (e-rr + @2y +2.“.) —+ -?/Ae-z_‘
™ = A (e-rr + e, + e_‘H‘\ + 2/‘,_&"
—_

b = N(en v ey, vey) - Uuey
Fz = 2moe

or in matrix form

-
. A+ 2/‘. A A ) .

A A A+ ©

L o = o MM




whoere

N
zz
L e FeoY
{r} = 5
rz
1 -
Comparing with 2.€ we have
. —_)\+?jJL A A
A A A2
o o o
or using 1.18 and 1.19
[ 'l/l-q
EC-1)
Bl = STb
(“-1]'\0-21'.) 1‘/!-1|_ "l/|—'q
[_ o o o

Matrix [:K-l e

From 2.10

x1°

Ceal =

(2] =

A

[ 9

H

= 2= f EBTT [®]" [(&]%rdrda=

If we write [B] = [B] + [B'] where

L[A AR

el

x LA A AL

o <.
b, )
%I‘+E>-+Z-C- o
r ¢ F -
C. i:;_

(#32.70)
“
(@)
(&)
© (A3.21a)
/*_J
(@]
< (A3.21Db)
(=]
i-l‘q_
20-n)
(As . f’?)
(A3.713)
(A3.24)

etc.
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. —_
o (]
A, “ °
v weELoQxU_Z ‘ )
F+r'c'; E r—_c\. o \A3'25)
(@ o J
-~ {
r = E(";_+ r:-|+ rm)
- \
< = 3 (_z;_"'Zj +zm\

then we have

E”\T' = o2 [3] [b][s] frdrdz + .2-,;[[5] F1[R]rdraz
-+ 2x EB] E.D]fl:s:l rdrdz -+ Q‘RJE&] rdrdz Eb] EB]

Using the fact that 'frdrdz = 'é"— and fzdrdz = %l
e e

we have
IE_E;errd1 = © = f[&i]Trdxdz.
L= e .
Therefore [k]e reduces to

ro, _ '
[«1° = =FlalEIIE]+2x |1 TR rdrdz (43, 26)
If we let

pk;

K K;_j Kimm

od % [:3]"[1;][8] rdrdz = .5' K. KW

! o
then - E -

ar =z _Qr z /0 -4 Qg zZ
X j‘r(r TFS = ‘Fcr>(,‘.s*',:(s_ * - =C Jdrdz
<



1|

Putting
|
| i
— drd
I| = lA‘i r re=
L rd .
I, - i y Z drdz (43.27)
(-5
- Lz gy
[ =
and noting that [ drdz = lal we have
x
- E D‘ls e ‘ 4
c] - AL 2 xfen G n)
z z
+@erac)n- )« e (- )}
(A3.28)

Calculation of 11,12,13

Referring to Fig.A3.6 the equation ol the line

joining node i to node m is

Z = AWI- -+ .

v

where
Za— Z,
A M= (A3.29a)
and
B (_2; rm — Lz,

v r-M -

provided Frw=% T




.

II
fn Al +Bin -
' B+ Ar
f J L drdz = J = dr
r
F=r, z.o r

.

-
= R leg = + (zn-z.
. ™ ¢ > : (A3.30)

Therefore, provided i > m-»j 1is clockwise around the

element e (i.e. A>© )
!,l.dr'dz = (%L—Bu..‘)ba‘r; + (an"%t)l"jgj + B an)lc'je_rm

(and the negative of this result if i-» m—» j anticlock-

wise i.e. A< © ),

Therefore in general ( 4 $ © )

S R

+ (Bu - By) l=3. "-J : (43.31)

Note 1  If r,= r, then the integral in A3.30 is zero,

the equivalent of which is obtained by putting

. = . = O I'M= I'"-h
A Bin ‘ : (A3.29D)

Note 2 When r, = o 1 is not defined by A3.3.

Zero X infinity term. But

‘ — -
r:_“:‘o LC%L—BL”)'GJ r;_’ - by

L'Hopital's rule.



2 r,

J:M Z gz = 3 f%_ (Aur + B} ar
r.

- "
=%-L3wl°jﬁ J-A (r' .)+.2A R, (ru- ,—ﬂ

and therefore generally
A e R O R C LAY
+ A.,.B,, (r.- =)+ A (r .—) AJ ji(r""_'j) | (43.32)
+ TR Gy - A»j (rJ.- ) AL G .3‘)”

Note: By L'Hopital's rule the term containing log T

tends to zero as r; goes to zero.

I
= Cw
Coe A-u.r-o.BM . A"Mr + B;_M -
- ¢ =* _ 1 ( : ) dr
+ drdz = 3 r
fir, Zco i
2 3 .
= é B;,M |Cj %“ un LM('- n ) + B““AGM( L 3+éAim(r:-r?) kS
e L]

and I becomes

= A[ i( Bm)lu}'r + (‘B )Iaj‘r'J +('E>:: B:])‘ajzr"‘

.'S

+ AR, () AMJE:J- () =+ R B Gy

) N ) e )

(A3.33)

W,
3
-E:
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_{F_‘_}_'f__t_iue to gravity.
From 2.11 and A3.15

~_
€ - 2% Mo
fj o rdrd=z
{F% = A o
p S
2 Nan
T o ]
— lalx ar +b. 1, + T
_ —lal=eg I
PaN OJI" + LJI,._ "'Q"Is
o
m— * w +Cu
[ O TheTe O | (a3034)
where
2 2
T - — rdrd=z
H+ af
D e (A3.35)
2
tIS = ﬁ:\ zr dr dz
e (A3.36)

the rest of the quantities being defined by A3.15.
From A3.8, A3.11, A3.12

I, = & Li{ﬂa..(r:— )+ ‘}j;("?"]*) A Gl )}

-+ .:Ii 5 Bim (r-r2)+ ?j..(r'}_ ,33)4. ‘b,,j (rj-r:)}]
and

2 | L3 (r2e e N A I - W et
I% =L.Z_[£§AMJ&& n*)q-ﬁﬁ(q r]) Aﬁj(g-rh)}

(A3.37)

-+ i ig; (l':— r.:') o+ ‘B} (r:'-rj') + B:"] (rj"_r-:)}

. 3 3 1 s
-+ 3 {Bimﬂi.m (I’M-: |-3> + BJ" AJ‘ (r.‘-. [j,s) -+ BMJ RM_J (r_l -F )}] .
(A3.38)




Appendix 4.

FART 1

We wish to solve

ru du
E 33 St (A4.1)
subject to

- w= o ak E= o GCtx e L (A4-2)
W =0 ok =0 E> o (A4.3)
(é_~*> _ kR E>o (A4.4)

ox. E , .

L= b

Applying a laplace transformation to the e'q_uation
and its boundary conditions and denoting the laplace
. on

— . -xC
transform of the function u(x,t) by u(x)aIuLz.h)az dac
o

we have

et Sx> ax* S~
. [~}
and oo
N o _zt
é e
(GE) = Jae e
@ ©
- _zt -zt
= | ue ] -+ zj‘u-e-' at
- (by parts)

= 2 u. from A4.2. Therefore the Laplace-

transform of A4.1 is

]
q
N
3

(A4.5)




Boundary condition A4.3 becomes
U=90 at =x=o0

and A4.4 becomes

- -P
Sw _ _o —-
(&) - N

Ez

noting that
) - &)
ox. > - =

= e Jdt

and

E=z

The general solution of A4.5 is
- T= .
w = Q.CeSk‘-E_x- + hSiuh]T =<

where a and b are arbitrary functions of =z.

(A4-6) % a =20

and (A4.7) gives
_.Fz

\hEv' z* Cosk.%giL.

Substituting into A4.8.

b =

-E S\er\ U;EE o B

Er = csn[ZE L

w =

(a4.6)

(A4.7)

(A4.8)

(A4.9)

126w
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Our required solution is given by taking the inverse
Laplace transiorm of A4.9 (had to be done this way because

thg inverse of A4.9 could not be found in standard tables)
¥+ 100
=t
) — 1 [ e Suhl%E x o
wxt) = S| = dz
Weet) = omi | B P cenmL (a4.10)

§-i0 (t?o)

(Spiegel.1965) where ¥ is real and greater than ihe rcal
parts of all the singularities of the integrand in the
complex z-plane. At first sight it seems that the integranu
has a branch point at the ofigin due to thedJdz in the

functions. However, on expansion

Simh [F = _ <."-'E-’=- (_E@._) + “L§ >+ >

3P-Cos. L 3 e - I

TS @I @)
1 >

([~ 2ET 2T )

EY 5
- 2/ - Tz oL )
~ Elx E* 14

which obviously has no branch point in the complex
z-plgne. However, there exists a simple pole at the

origin with residue

i zx[ ] ) 'FE:L (A4.11)

z=> 0
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Poles also exist where Cosh J% L =04i1i.e. at

= T
Z =g = - (2n;l):z5 nN=1,23 ... . (A4.12)
o

r .
What is the residue of f(&) = e™ Sinh ITF = at z = 2 ?
3f Irz '
Z'" Cosh =+ l-

Let
g(z) = e_-‘t z-sh' Sw»kJ%‘z .
and h(z) = cosh ¥ L-

Both g(z) and h(z) are regular at z = z, and h(z,‘) =

| ) X1 o ~ih . 0zZa
hWiz.) = ZLdE Zn Sk T L
\ n+t
L v = -~
- X L E 2L E @n—l) vR ( v

li
Mo
]

4

Therefore, there is a simple pole at z = z, With residue

Rn=_ 3(-2")/ h'(zn)
n+1t . 3 3" -\ix .
RV\ ( ) Ex (Zn-l) i 4 Sy | S‘_‘Ak[{zn \ x']

V“L (.Qn-l I_KJ ES[:.

- (zn-l)"'R"Et
X e— ‘_4-0“‘-

(a4.13) .
= 3 L Si (2'\-'3* %%__gg
l[-l. t N
(Zn-!)



To perform the inverse laplace transform A4.10 we consider

the integral of

zt .
) 3 e SihlB =
z = )
- 2xifEr 2 Gesk [T

around the contour CM in Fig.A4.1.

Imag.
AA
1 Yair, 2z~-plane
C £
/ A
/ ” f\
& [« :>‘ - - -->» Real
\ ~ 2z, :'Q
N
T e,
Fig.A4.1

t#(z) is regular on and within the contour except at

the simple poles at the origin and at z = z, n = 1,2,3,

¢« ...m, provided we take the radius of the semi-circle -
ABC to be I,, where I, is chosen so that the contour’
contains only a finite number (M+l) of poles and

(e = a
Fat Z, for any n - T

that inkeeping with the earlier condition ¥ can be an

i.e. take I, Note

arbitrarily small real poéitive number.

Now, Y+ir,
§ ¢&)dz = d@E)dz + [ #(z)cjz
Com ¥-ir, . A&
= Ox. Residuan of ¢(z)

wmsida C,

(Cafichy's Theorem ~ Dennery & Krazywicki, 1967)

1a9



Therefore,
Y+ir,, -P _ . }
¥-ir,,

Thus provided we can show (later) that

R[j’(z) dz — o

we have from A4.10 and A4.13.

-P= %PL ) S [("“')“L] -@%‘tss
wxe) = = -

, e
E ne Qn Wy 2

(t: 70)

(A4.14)
Ve must now show that in fact
\J,<¥CF)‘51L - o
as M, % hec<
2P Sl kK JZ -
3 dz2 —- o
i.e. J Z'™ Cosh K.z as
F
fw=> ™ (j.e. as m—» ®© ) where
- m-x*
rM -— K: m -— 1,2,3’ -----
Kl = E s =
- o
and Ka. - E L
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[T is the contour shown in Fig.A4.2

4Y z~plane
r
< r,—»
I
\
Fig. Ad.2
Consider the value of Such Kz on the
Cosk. Ka.ﬁ

contour [ . Apply. the transformation wzz (w= f*""l)

- [
to the w-plane. [ —> r' where [T is part of a circle

radius r,,', = '-“7:-1 centre O (fig.A4.3). Now consider the
value of l Sah ¥w | on A’B | (Note: aA'¢'= ¢'B'=0c= 5 )
Cosh K,w '
8 w- plame
- - B f
Fig.A4.3
4
On A B
e_k.w e: W i . w - Kyt
Sw.kK.w‘= rY >/5_'|?- l‘le- |
K. -'K|§ .
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and
-“‘,s -—mx

e ™+ €
2

K;ld - K..u

Cost K | = ‘e' S

= [Coshwag |

_ l(_l)'lek;i -+ e_-u;i)
' 2

W
Thus on A’B.

Sink Kw _ | Sinh KW - IStk ki | <\
Cosh Kw | Cnhn K._ug' - Cosh K, = .

Bince K, € K, and both K, and K§ are real .
In the z plane the line A’B'is the parabola ¥ (fig.Ad.4)

t mxt _ 2mx -mx E'IB
x= § - A ' 4= <, S (Ka.sgé Ky

z~-plane

Fig.A4.4

Revising our original contour C, to X,,, leaves the previous-

analysis unaltered and on ¥

s- 2t .
&Sk K‘lﬁ ° -
since Rez€ 0o and t>o0o and
3~ S L

I

a ~
|z | = r. K
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. om ="
The length of ¥ < Gr,, = T
t 3

Therefore

.zt . =t o,
e Siwh k{2 gz | < J \ e Su..k Kz d=
Z" Cosin K {Z : 23 Cosh K, [T
B .

¥
‘sz\ \ Sinh K.E‘ \dl\
o : 1% | Gsh k{2
. ’ s
< [ 5 laz)
y MF
>
—d Ms;s x ]-HAA:ST‘A. bF x
3 2
< K "M:{L » O on M —» 0O
m* 3 K, ' o
. Thus
. Q.ZtSi«.IA k,Jz
o ik dz —» o
M—=> 0 4 Cosh Kidz .

.}
and A4.14 is in fact the solution of A4.1 subject to

Ad.2, A4.3 and A4.4.




FART 2.

We wish to solve

Su Su  _ S'u
Q?t“ U T Eae (A4.15)

with boundary and initial conditions

u=0 at t= o o€ x<lL (A4.16)

u=0 atx=o0 t>o0 (A4.17)

é&) _ —K

X Jeor —  E at x=1 (A4.18)
and 3‘; =0 att=o0 o< X£ b (A4.19)

Note that the inclusion of the inertial term necessitates
the inclusion of an extra initial condition (A4.19)
Apprlying a laplace transform to the equation and its’

boundary conditions.

. . <
éi*) ) Jej‘sz‘ioUc
ot - "
- * Au ;=
= [e.zbs-?]o—o-z 3¢ & ok

[
N
el

(from previous)
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Thus (A4.15) transforms to

‘L—
7Y
¢ My — ———
ez w + o=z = £ Sx*
i.e
2 - 2 —
Sa _ @325) =
Sx* E (A4.20)
with boundary conditions
TL=o0 at X =0 t>o (A4.21)
and
Ry - " .
- = - x=L >0 .
- dx E= ' (A4.22)

The general solution of (D.20) is | '
G [E2= = )+es u(ﬁ‘w )
= acDSl’\( = x’) wa E * (A4.23)

where a and b are arbitrary functions of z.

(A4.21) => a. = o0 and (A4.22) gives

- — T /[z_lE.({zﬂrz) Cask(l—zl*_n i}

Substltutlnp' back into (A4.23) gives

- S (FT_‘&%LZ&\
W= ZjE(Q’-"* Tz) Cosk(-_fTﬂ-?*#':—:L) ] (A4_-24)
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Performing the inverse laplace transform

Y+id
-1 | R Sinn == => dz
WE)= i | 2 [ECeas oe) Cosh( [E£57 ) -2
¥-i0 (.t’.‘")

with the same conditions on X as previous. As before the
integrand does not have a branch point at the origin.

There is a pole (simple) at the origin with residue

-1 . Rx
oKL E

Poles also occur where Cosh .[]'—E——-T’T;L) = 0 i.e. where

- (2!\-!)1-1(" E

{Z"-ﬁ- =z =

4" ' (A4.26a)
n=4V23 ...-.
Put ol = Qna-1 YT E (A4.26D)
and we have poles ét
= — -0+ JV"'— 4-(>°'~n (A4.27)
e

b4 2€
" Residue at %,:

Put g(z) = _E&k<|f%‘;';‘15&zt
zEj_——gz*é-w-z

and h(z) = Cosh (J—Z—z;;'} LB .

2(z) and k(z) are both resgular at z, und h(z,.) = 0.
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e - HT]( 2.+ r>gw< r)

E 2.

L,(?.n-l )'R

[y 20Z,+ 0 S; <(Zn-')"<
(Jn-l)x E e 2

_ L C2€z,\+ v )

@) En

"+ o

C 3@
Thus we have a simple pole at z = 2z, with residue 35
- PaL - (zn-l)wx. nt
3(2,\3 = . N
LZ, (an-1) =

P e’ [(2;;-4)1::;]
o - E(g-n-l)

Hence the residue at 2, is

A+ t - .
- 27, (_ z" < ‘(21\"')*:-
o)y an(zez.\+r) “l 2L

As before provided

lim f $@=Vdz — o

rF=»
R&cC

_ % <2€z“+a‘> - 2L Smk< (2n-|)1t> .

139
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Zt znt
X {zn,(zezn:' V') Zn_ (2(2 - v')

(€ve) - (a4.28)
To prove that this is a solution rather than attempt to
prove  |gm f#c?')dz . we shall verify it by
- 0 Ak

substitution back into A4.15 and its boundary conditions.

A4.28 obviously satisfies A4.17 and A4.18. From A4.28

2,t
Suw _ 2P o [@n—u)wx_ e
7 - (ez.+ 7)
‘—)-1%_ = | Q—J S~ @th Za& et
ot (2ez.+ o)
Eéz_-\_—t - 2(2""') “*TE . Ln-l)‘!&] 1“.:
T Faxr T ~ Zo (2020 T
Adding we haven
éu;' S S
G ot e e T = :L
- D-_Pc- <. [(?n-|\1:::. 2.0 Z €+(2n-|)1 E
Lz, 2 (zez -o-r)

= 0 from A4.26a.

Thus A4.28 is the solution and it follows immediately
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that the pressure variation at the origin is
.t Za.t

== B Sy -

n=t zn,., (2?2"-:0' ) zn-(zft,.:' 4 )

Q:?c) ) (A4.29)

Computation of (A4.29)

Suppose that for A®>N @ < 4¢%, . Consider the

terms in A4.29 with n»N . Put R = ‘A-Qu,\- o
Then we have from A4.27 terms of the typé
—rtfap © ‘B -ifthe
~2eRzE o TS ) e« &
b Geroyip,  (iprodip

= 4g§,wE Q-I—i é,,(:{?::‘)){ (fu_>+ " Sin ( \}

Since t> o0 and ot 2¢ for times in which we are
interested these terms are negligibly small.

Consider now the series

using A4.27. These terms are also negligible. This just

"~ leaves



1%

(—l)“ (2n-"> [zn+ (7{2"*_., o )] -

~Tthy l - EExGe 1 £

2% S EFan) &2 =
[ : {E*"(z"') J o gsx‘(zn--)‘]

L&

n=y

Computation of this series as it stands proves difficult

because it consists of very large numbers (too large in
fact to be stored by the computer) of alternating sign.
Thus we must consider the sum of pairs of terms. let

th ) th

and (n+l terms we

o #lI- emg]
...2 ?."K E —:_t- - 5 -1 2
_Q.T_ e- ¢ (') (Zn ) E(r‘— fE-K"cin-[) _ a_Jo_t_ £ Et}:n-l)t.]

n be odd, then combining the n

have

L

l ZHOIT— —f
§ |- E52]

+ () Gne)

l:'o,t-_ PEX Gne) _ (TJ’;"- fsx"L(:m-)"]

Ll-
For o > fEx"(Znﬂ)‘ we have
L‘L
1\ ot -ﬁEr”@.n-c-\)" o 0_1. _ eEw (J.nﬂ\
- = =

.2|rl-

and the combined term reduces to

— - E-g"‘zn-l r’t - E-;‘g'zn-v ‘)‘t
<ol L .
-4l e - e - (A4.30)
" (2n-1) ' (2n=+1)




1% |

If o ;‘A g———ET_fhﬂ)

the term negligible.

then the exponential terms make




ld=2,

FART
Fourier Series for f(x)=l;e-_x/s o¢xel
Extend the range by defining
- )
- (- ei(:l-&lt) -l g €S-0
f X = .
| - @ 7™ os gL
-(I.A.-t.)ls
|- e L €3 €2L

Iet y = 2=  and put g(y)=f(x).

(4 )
If 1g> ~ a(y) end |&> ~ = then {leu>}
MBI is a complete orthonormal set in l_f‘ (:'&;‘R)

(Denhery & Krzywicki,1967) Therefore

\3) = é Q. le.,,>
and u=00 . . = -;M‘j
<
Qu = 46,,,‘ 7 = r' 3(‘33“‘
i.e. j ""7[ a ‘j
' ~%h

Jz= 0w = - S e:im"(l— e:(“'z%a)/§>d.j

- ‘S\oe:"'“i (l— m’/“_) dj
o . - <5
e G-y

- J‘ Q.'.LMJ C“_ e:(""z‘?‘)/s_) d"1

"/L



. ' I3
] "'i" . imx  -ufg .

m
~ie " _ T ) : '""")
= — + =7 o —_— mlil-e
= m M (m_,z_-) (im+3k)
L e ]
+(2#:— m)[' t e + ¢ T m %"';‘"‘)
- imx s -imx )"
_‘_;U_.)M_e'a]_'_ae - ==
R -im) Gr-im)
Since wL> g We can ignore the terms with e.qs
giving
20 (=)~ m-(1)"m |
Q, = R Z A (44.32)
1= m Fer + M ) -
Noting a, = 8 n and a_ = g we have

== ‘%[t- ;—;‘w)][(")"" L: -

or

Putting m = 2p.]

- (@n- ') - [(@a-1) R
fe) = Z G [ x]]s"“(\)] (44.33)

2L

. [
U, mst have 8radient é at x = o

80

_ (Zn-l) (,_,,_.,g,] |
Sk (A4.34)
N n, [2'\-') (-Rlsb (Zn ) ’

b '
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EART 4

Sogluti on of

“ - Su :
E 3=+ = v 3¢ (14.36)
subject to
u=o at x=o0 t>o0 (A4.37)
6«*) - L
- - > O
S= )., E O (A4.38)
us= u_+ u, at t=o0 (A4.39)
where
- (an-Vx"Ex
w P WOV Siofann S
T E- E'x Py (2:\ l)
(A4.40)
and u, is given by A4.34.
Taking the. Laplace transformation we obtain
‘51_‘11_ = Tz + = %P"Lfb) S| @)z~
o E- (@an-1)" av
—( :)‘:‘ET o % \ _ (an-) S, [@.n L
L -_ - Y
e' . ‘SN ﬂgtl (2'“'.3 (4_:' ‘+ (2!\-1) ur
' (A4.41)
with boundary conditions
=0 at X =0 (A4.42)
and
( S ) . -m
ox /. z (A4.43)



If we look for a particular solution of A4.41 of the
form

w= e :;;{ - [(_L‘:l %3&“”" x] (A4.44)

we have on substitution into the equation

0 B 2n-|) x> E(2n |)~x (Zn-1)xx
- £ EdE g o[]S B ..5{

n=i

= Uzem> “': o= 3_ £ Sdu.\j(z"-')tx + Tz é S‘MEZ"")“"]
n 2

na l'\=l

+ o> RRel S = (") [@"")x,_ ~ e ST fag
Ex" n=| \.‘ln-l)

- (?'“"\ . an-1 Y xx
S A= [@.n ') C:—:';-f-(zn-l)") S‘ME- 1}" ] .

Comparing coefficients we have

e, = L :
= = (A4.45)
N
Alrer = Y,
%,\ = = (A4.46)
S, (4072 + EGnYet )
[_l_ _ (.2n—|\
2n- . .
(2n-1) ‘%—s—‘-"- (an-1) x (A4-.4-7?




ena .
—Lin-n)."KtE‘t_
. k n P Y -
_Sla - L‘i ("l} e. L
n -

{ & ‘
E"‘L(E(z"")"ﬁ'* 4-(7'L"'7.)(2.n—|)L (A4.48)

Therefore Lhe ;cneral solution of A4.41 is
— .oz - vz [5F
& = d Cosh [T x + d,Swn [BFx - =X

~(2n- ) R'ET

—_— %Pc. ‘g' ( ‘>'\ Q. ot . [ . ]
Ona

T

ﬁ - r— —
x> < @-n .) (L + E(zn-) ) <
n= 4v'L."

(84.44)

N
-+ Z.) ¥, ) @n -
T - e _‘)
Su (ar 2Gma) PLE
Lt

where d, «né d, uvre arbitrary Iunetions of z.

o B
Ad. A2 gives c'.i] = 0

A4.43 gives d, = O

'l
Thus our solulion lor the Lupliice trunslorm of a(x, 1) i

(_30\-\\ < E \.

_Po.x_ <P, L_/( \ L AgiE <. "q“_i\tx'

- = -, AL

— - C___ _|) Z o E(Zn-l)-x
bz ’:-K n= R“ ( Aw-l.

A % X, < (_Zln-i Yxx 1

wHliw -

- - Y —
Sy 7o (z+ Eew 20
: '

(A4.90)

e
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All the terms in this expression have standard inverse

Laplace transforms (see tables - Spiegel 19¢5). Thus

— (an= )"1("5 (T-bk)

- od _ n =
U k) = ;_"— _ SRL i(n) e v San-.\m

E'K; h=t C_Zn-l)L

2L
N Y
- - (an-y vt
) _!_ . \6 e R very S » @.n-l)r;t-
Su n=t " z - .

(A4.51)



AFPENDIX 5.

SPECIFICATION OF FROGRAMNS.

FINEL

149

Purpose. FINEL is a fortran program written to

perform two-dimensional finite element calculations for

the cases of plane strain and plane stress. using a

3-noded triangular element.

Data Input: is by punched card

Card 1: NJOB| f

NJOB is an integer contained in columns 1 - 10 (right

hand justified) specifying the number of finite element

calculations to be done during this run.

Card 2. Title card for first set of data

] 1o i 0 rlo ,'” . FSo . 5,
Card 3. NPOIN NELEM | la] B el [p] ¢
where !
NPOIN. is number of nodes.
NELEM is number of elements.
A = 0 plane strain
- 1 plane stress
B = 0 isostacy forces not to be included.
- 1 isostacy forces to be included.
¢ = 0 No visual display of stress differences.
= 1l Visual display of stress differences reguired.
D = G No punched output
- 1 punched output for graphplot.
Card 4: (NFOIN of them) Nodal point data
1 10 u 29 3o N ho » o —, L& T
NREF x a| N }q- »| goﬂ RG]
Ilo Flw-o Fila-g T Fgo v Ft-.o Eto:;'- "E!O-O—




=- . 1850

NREF - 7reference number of nodal: point (range 1 to NPOIN)

X - X co-ordinate of nbdal point in Km.
Y - Y co-ordinate of npdal point in Km.
N = o - displacément in x direction not specified.
1l - displacement in x direction is specified.
DX - (if N = 1) specified displacement in x direction
in metres.
ﬁ _ 0 - displacement in y direction not specified.
©°7 1 - displacement in y direction is specified.
DY - (if M = 1) specified displacement in
direction in metres. :
R (1) - x component of externally applied force
acting at node (in dynesg
R (2) - y-component of externally applied force
acting at node (in dynes¥
Card 5: (Only included if B = 1 on card 3)
D ) _— 10 :
YSUB ROSUBJ ?
=I “TFie.e
where
» YSUB - Y co-ordinate of base of model (in Km.)
ROSUB -  density of substratum (gm/cc.)
Card 6: Element data (NELEM cards)

! 1o 20 3° - e 58 b e
|__IEREF| NA| B _ _Nc[ B[ V] ROl
Tio T10 : Tie I Eio:0 Fio.o Fia»Q

IEREF - Reference number of element.
NA,NB,NC - Reference numbers of the three nodes

comprising the element_(order irrelevant)
E - Young's modulus - (dynes/sq.cm.)
\'4 - Poisson's ratio

RO -~ density (gm/ce. )




Card 7: (only iﬁcluded if ¢ = 1:0n card 3)
' :

12 23 2% 25 2 27 28 2%

[bamo. .o T B R e
b _ blank | . Ia Ta
ABC..... .oow - literally .
NR - Number of rows in model
NC - Number of columns in model.
Storage:

NPOIN - No. of nodal points..

NELEM - No. of elements.

" RNODAR (NPOIN,4) -~ Nodal point data

1 - X co-ord

2 - y co-ord :

3 - x displacement if specified.

4 - y displacement if specified.
ISDISF (NPOIN,2) -~ displacement markers

O - No displacement specified in
N . _ x direction ,
ISDISF (NFOIN,1) = 1l - displacement specified in x
direction. ’

O - No displacement specified in
Y direction

displacement specified in y

direction.

ISDISP (NPOIN,?2)

(-
!

IREFEL (NELEN,3)

ELACON ( NELEM,?2) Elastic constants

1 - Young's Modulus.
2 - Poisson's ratio.
. RO (NELEM) - . density of elements
RFORCE (2NPOIN) - applied nodnl forces.

After CHOLS it contains the displiicements of Lhe nodal
points.

MARK (1) - Isostacy marker (1 = yes; O - No)

Nodal points comprising the elements.
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MARK (2)
MARK (3)
INK

NBW

B (3.6)
D (3,3)
ST( )
YSUB
ROSUB
NBASEP

152

Visualjdisplay marker (1 - yes; O - no)
Punched output marker kl - yes; O - no)

plane strain or plane Ltress marker.

computed semi-band wid?h of stiffness matrix
B - matrix c.f. 2.5.

D - matrix c.f. 2.6.

Stiffness matrix (semi-band width only stored)
co-ordinate of base of model.

density of underlying material.

number of nodes on the base of mddel.

IBASEP (NBASEP) - the reference numbers of these nodes.
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Choleski Routine

Used for solving the stiffness’ equation [k]{x}={s}
for the unknown column matrix {x}, where det k4 o and
[k] is symmetric. For such a [k] we can find an upper

trianzular matrix U such that

[«k] = 0UT. U (A5.1)
Thus

UTuixt = §s}
and writing _

ufi=t = 14} (A5.2)
we have

uT{y} = §8} (45.3)

Having found the triangular matrix U the process consists

of solving A5.3 for {y} and then solving A5.2 for }x}.

U is computed using

=
il

" Kl'u. /u“

i)

Uy = J(x.. - = uy ) () (A5.4)

"\

(-1

wg = (= Z o) ue (70

£
n -
0

5 LL7j)
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Note that U can have.: purely complex components but if
one element of & row is complex then the whole row is
complex. {y‘} is evaluated from A5.3 using

Y = S./u“

i-s)

Y = (8- ?:u""l-jm)/u'i.i.l

Note that if row i of Uis purely complex then so is y, .

(45.5)

{x} is evaluated from A5.2 using

X, = 5-\,“-\“ (A5.6)
>, = C"ja.‘. éuu‘"x”‘)/ui—i LY

Advantages of the method for finite element calculations.

1. In all finite element calculations [k] is positive
de definite as well as being symmetric. This means that
U and {y} are real matrices. The routine presented here
is general and includes the complex case as this can be

done with little increase in storage requireménts.

2. The matrix [k] is banded for finite element
calculations. It is easily seen that both U anad [k] have
the same band width.

Ml
. =
! i
Fig.AS5.1 | x .._:_;\__\1




. | ' T4

To save storage onljr the semi~band width (shaded in
(Fig.A5.1) of [k] is stored. With storaze space at a
premium the great a.c_lvanta.r;e of the j(!holeski r‘autine is
that when calculating U from k it can be stored by
overwriting k (see 55.4). {5'} can be overwritten by

iy} (see A5.5) which in turn is overwritten by {x}

(see A5.6). Thus no extra storaze space is required for

the matrices [v], 14} ana {x}.

Notes on routine:

Solving [A] {x} = ic} Role of MAR (1)
(a)
()

O then row 1 of U and y; are purely real.

1 then row 1 of W and y, are pu'rely imaginary.

The real or imaginary part is stored for any

component of U together with MAR. Thus if u, is real

_then we store as follows (A5.4,A5.5,A5.6,)

K=! ®=1
v e = Qe - 2— ulmc + é u:ng .
K mai Mo
raal m ;,.‘: ™
[a - =
u.,‘j = a‘j T i U umj M mém U U, ]
K‘j fealm u M‘i c
we : (A5.7)
K-t [ od)
EC‘ - :‘E mx ‘j + é u.m‘ ‘_1 ]
4. = i o3
U
n .
o & -— E SK B %ﬁluum x ]

m
u‘KK
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and if u,, is imaginary we store

[ 8]] - K- -~ ]
U = 2 Unmg — = Yo — Oux
m=| Mui
real m iM(\JM
-1 = )
UWe = 2 Uk Uy ~ Z Une Ui — QA
l m=| ..‘ m=1 J . J
K(.J raalm Faol m
Wyp ' (A5.8)
U - u C
‘j _ E by mw 2"1] Mé_d MK 7-1 K]
K fealm 1Mog m
uKK
n_.
_x_‘ — MoKy
uKK
Note: The stiffness element kﬂ is stored in

ST (IN (I,&) ).
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Function IN

The stiffness mptrix is symmetric and banded with
a semi~band width NBW. To ensure economy ol storage
spuce the semi-band sidth only is stored in the linear
array ST, i.e. the éhaded area of k only is stored
(Fig.A5.2). This part is stored row by row in ST.

ENBU

. \“f"' o

Fig.Ab5.2 N @)

.
—— e e m—ans o -
'

Thus the (ij )*® element of [k] is stored in
sm({ (i-1) < nNBw + (j-L-H)})
or ST (IN (I,J) )

where IN(I,J) = (I-1) x KBV + (J-I+1) (As.9)




Subroutine Isos: 1~

———
D ——— - AT— .
[ 2 - —— - e e
. Crustr
Fig.A5.3 i
- et ’ /_,.-..__o
\\ _.__.-—/ \\. _/
Mouwtie - _
i
baar ('
Poml"

If isostatic forces are introduced on the base of '
the model then these are proportional to the displacement

of the base. If the density of the underlying material

th

is ¢ and the displacement of the i base point (node b; )

in the y - direction is § , then the isostatic force
o

exerted on this node is

. - ¢ X, -
l BLes "'.‘ _'_' b, J."bi--o (A5.10a)

- €3 &,

2 2

unless it is the first or last base point, in which case

it is

— €3 Ssb. { ‘x"l ;xbal } (A5.10Db)

and - €9 §.- { |, —zx"'u—-‘ } (A5.10¢)

respectively.
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Writing the isostatie force on the nodal point i as
—f\;Ss where A; = o if i is not a base point, we have
.-

by adding these extra loads on to the applied force matrix

[x] {S"g = -iR} - D\] 58} | (A5.11)

p 1

[P\] = (A5.12)

Thus replacing [k] by [k] + [}] introduces the required

isogtatic forces.
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GENFIN

Function: JENFIN generates the mesh data for the
two-dimensional finite element program FINElL. FINEL
requires a cross-section of the model to be divided into
a network of trianglés (called elements). The corners
of the triangles are numbered so that the greatest
difference for all elements between the nodal numbers of

any one element is kept as small as vressible.

i | 'standard
Fig.A%.4. tanda
AY i ’ . ¢
R x. A T T
Ol nimn —p - - __.: .—-JF . ’-§~._.._._____ — C. r_-___—--._“
o ': f' _E ' ) ll I | 6,
: A ' AT e e Qe
o' . . ——— A!.;.’.. - fR— wr ee ae a !3" | C" !- -

GENFIN assumes that the cross-section is rectangular
with a small perturbation on the top surface (OABC)
allowable. This surtface and any internal boundary such
as (O'A'B'C') are defined at 5 km. intervals in the input
data. The co~ordinates of C" give the overall size of
the sectioﬁ. For optimum band-width we require OC > 00".
The density and elastic constants of each layer must also
be given as data.

A facility exists for the variation of the size of
the mesh generated as one proceeds along the model in a
horizontal direction. (Note that it is not possible to

vary the size of the mesh in a vertical direction with the
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present program). To do this one must split the cross-
section into a series of blocks (OO"A"A, AA"B"B, BB"C"C
in fig.A%4) by defining the x co-ordinate of the lines
AA", BB" and then specify the horizontal and vertical
dimensions of the elements in each block (SPH, SPV,
respectively). Note here that because of the discrete
way the boundaries are specified (every 5 km) the lines
AA", BB" must coincide with one of these 5 km lines and
also the horizontal dimension of any element (SPH) mst
be an integral devisor or multiple of 5 km. A constraint
also exists on the possible transition values of the
vertical dimension of the element size. 1t can 'change'’

in one of three ways as a new block is entered:

1. Double
2. Halve
3. Stay the same (i.e. SPH changes alone)

Thus a drasti¢ change in element size must be achieved

by using a series of small blocks, the vertical dimension
of the element being halved at each block, if the size is
being decreased, and doubled if being increased. Note that
no similar constraint exists for changes in SPWV.

Yet another facility allows the subtraction of a
standard state (fig.A5.4). The standard state is defined
by horizontal layers of given density. The density given
to the element is then equal to the density of the actuai
layer in which it lies minus the density of the standard
state layer in which it lies. This is useful if the effect
of the density contrast of the root in FigRb5.4 is requiread.

The density given to the root is ¢ - ¢
) .
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NJOB - No. of jobs to be processed.

Card 2:
' to L ... SO, SO
MX| NY! NE| WL
e e g b T
where
(MX,NY) - Co~ordinates of bottom right hand
corner C" of rectangle in Km.
(Note: NY usually -ve and MX is
maltiple of 5)

NB - No. of boundaries (including top
surface although not base)

NL _ No.of layers in standard state
(Note: NL=1, therefore, if no
standard state wanted we have
NI=1 and give layer zero density).

Card 3: '
Boundary data ( MX/5 + 1 cards) -
- '__ . o 20

—— R

M co-ckb OF I5F |4 co-ckn oF M7

[BouNDARY AT X=0 Km. BounbDARM AT X=oke = o

Rt iy e

Fia. o Fra-a

! e e YO 2e
Iy cc-erd ©F 1% [ Co-chB oF 2id

BOUNDARY AT X =S K [BEUNDARY AT X=Skem ~ -

{ e
Card 4:
S . Re
' RORl ROB2

Froo Fio .o o

'R
RGB3§ ete.

[}
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where,

ROBI is the density of the material immediately below

boundary I (gm./c.c.)

Card 5:
_ E-E2 ' E3| ete.
Eila. o Eie' o Eiovo '
where,

EI is the Young's Modulus of the material immediately

below boundary I (dynes/sq.cm. )

Card 6:
A Y e . 3e .
P V1 vl V3 ete.
Fiae Fia. o Fia.o

where VI is the value of Yoisson's ratio for the material

immediately below boundary I (dimensionless).

Card 7:
layer data for standard state (NL cards)
'__l |a. 2
) D(1)! ROSS(1).
r:l(_-,.g F:u:.\-g

where D(I) is the y co-ordinate (usually - ve) of the
base of layer I and ROSS(I) is the density of layer I.
Units km. and gm/cc.

Card 8:
Spacing data.
A L . N S L. S
XS(I1)i _ SEV(I) SPH(I);
Fio e Fra- o oo

where XS(I) is the x co-ordinate (km) of the end of
block I and the elements within this block are to have
vertical dimensions SPV(I) and horizontal dimensions SPH(I).

The data input is terminated as soon as a card with
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XS(I) = ¥MX is read. .

Semple data and run.

We wish to produce the model shown in Fig.A5.5 of

a mountain and root

Fig.A5 5
Arone 18> i [T T lag = a — 130
. B e S . = e e———
: - :
A CRusT ' : ! ¢
O S S hu——— 1T
7o w // 2 ! =
] I MenT g . -_:_/ ;
+ !,_____ = . : e s e+ eadbiais i am e amem _..{
with
¥  part P =2.85
Eza part ¢ = -0.4
C:j part e = 0.0
Elastic parameters
Eomst = 0.928 x 10%2 dynes/sq. cm.
Rerust = 0.25 o
Epantle = 0.178 x 1013 dynes/sq. cm.
Rpantie = 0.25
-0 -
Element size: A and C ¢
o
v

B : >
ff;
To achieve this we choose boundaries and standard

state as in fig.AS5.6.
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e et e

-
f=2:35 E= o.q2et~ia™ T =035 i

Real parameters.

=335 gEgTeETT maeas |

Fig.s§.6.

Standard state f: 2.85 I

The output data from GENFIN is plotted in Fig.A5.7.
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C. Program to improve band-width.

s BT EREEEEE e TR R T T TR R R

Furpose

To reduce the band width of a ziven set of

finite element data.

Data Input
The mesh data as {or FINEL.

Data Output

The mesh data as for FINElL with a reduced band

width.

2/l
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Furpose
. To produce data compatible with FINEL6 using data
for FINEIL.

Data Input
The mesh data for FINEL.

Data Output

The mesh data for FINEIL6.
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Purpose
To perform a finite element calculation with a
6-noded element for the cases of plane stress and

_strain.

Data Input

As obtained from 3T06.

For data storaze and theory see Appendix 3. For flow charts

see FINEI.
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F. AFINEL

Furpose
To perform.an axisymmetric finite element

calculation.

The oxry See appendix 3.
Data Input

As for FINEL with y-axis taken as axis of

symmetry.
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3 NOMOFV

To produce the normal modes and natural
frequencies of vibration of a 2-D model with 3 noded
elements subjected to displacements in the plane of

the model only.

Data Input

As for PFINEI.

Theory " See Chapter 8.
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To produce the normal modes and natural
frequencies of vibration of a 2-D model with 3 noded
elements subjected to displacement normal to the
plane of tne model.

lata Input

As for FINEL.

Theor See Chapter 8.
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