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SUMMARY 

The t i d e - p r o d u c i n g f o r c e i s d e r i v e d a s a sum of 

harmonic terms and d i r e c t l y a s a f u n c t i o n o f t i m e . The Love 

Numbers a r e t h e n i n t r o d u c e d to r e l a t e t h e t i d e - p r o d u c i n g 

f o r c e s to t h e e a r t h t i d e and i n p a r t i c u l a r t o c h a n g e s i n t h e 

a m p l i t u d e and d i r e c t i o n ( t i l t ) of g r a v i t y a s measured a t t h e 

s u r f a c e of t h e e a r t h . The c l a s s i c a l problem of e a r t h - t i d e 

r e s e a r c h , t h e d e t e r m i n a t i o n of the Love numbers, i s 

c o m p l i c a t e d by the s u r f a c e and b o d y - f o r c e e f f e c t s of the 

ocean t i d e . The p r e s e n t t h e s i s i s c o n c e r n e d w i t h e v a l u a t i n g 

t h e s e e f f e c t s w i t h a view t o : 1.Determining t r u e v a l u e s o f 

th e e a r t h t i d e u n c o n t a m i u a t e d by o c e a n - t i d e e f f e c t s . 2. 

I n v e s t i g a t i n g t h e use of the ocean t i d e a s a probe f o r 

d e t e r m i n i n g t h e m e c h a n i c a l c h a r a c t e r i s t i c s o f the c r u s t and 

mantle. v 

A method i s i n t r o d u c e d f o r r e p r e s e n t i n g the ocean t i d e 

by n - s i d e d s u r f a c e p o l y g o n s of c o n s t a n t t i d a l a m p l i t u d e and 

phase, and f o r d e t e r m i n i n g the g r a v i t a t i o n a l a t t r a c t i o n of 

t h e s e p o l y g o n s a t any p o i n t on a s p h e r i c a l e a r t h . The 

B o u s s i n e s g s o l u t i o n f o r e l a s t i c y i e l d i n g o f an i n f i n i t e 

h a l f s p a c e i s then used w i t h t h i s o c e a n - t i d e r e p r e s e n t a t i o n 

to p r e d i c t t h e ocean t i d e l o a d i n g e f f e c t on t i l t t h r o u g h o u t 

Western E u r o p e . These p r e d i c t i o n s c o n f i r m t h e main f e a t u r e s 

o f o b s e r v e d s p a t i a l v a r i a t i o n s and e n c o u r a g e a more a c c u r a t e 

t r e a t m e n t . The S l i c h t e r - C a p u t o s o l u t i o n f o r a 2 - s h e l l e a r t h 

i s t h e n a d a p t e d t o t h e problem and p r e l i m i n a r y r e s u l t s a r e 

o b t a i n e d f o r the e f f e c t on t i l t of d i s t a n t o cean t i d e s 

i n c l u d i n g t h e b o d y - f o r c e components o f t h e e f f e c t . The 



Longman s o l u t i o n f o r a Gutenberg e a r t h i s d e a l t w i t h n e x t 

and a method o f e x t r a p o l a t i o n f o r d e t e r m i n i n g r e s u l t s i n t h e 

ra n g e 0-30° i s i n t r o d u c e d . A computer program i s d e s c r i b e d 

f o r i m p l e m e n t i n g t h e p r e d i c t i o n of world-wide t i l t and 

g r a v i t y t i d e s when p r o v i d e d w i t h the Longman s o l u t i o n , o r 

any o t h e r s o l u t i o n e x p r e s s e d a s a G r e e n ' s f u n c t i o n , and 

o c e a n - t i d e d a t a i n t h e form of p o l y g o n s . I n g e n e r a l , 

p r e d i c t i o n s a r e found t o be c o n s i s t e n t w i t h w o r l d - w i d e 

c o a s t a l o b s e r v a t i o n s and w i t h i n l a n d o b s e r v a t i o n s i n North 

A m e r i c a . P r e d i c t i o n s f o r the g r a v i t y e f f e c t a t mid-European 

and m i d - A s i a n s i t e s a r e not c o n s i s t e n t w i t h o b s e r v a t i o n s ; 

l i k e l y due t o i n a c c u r a t e ocean t i d e d a t a f o r the A r c t i c and 

I n d i a n O c e a n s . O b s e r v a t i o n s of t i l t t h r o u g hout the same a r e a 

show marked r e g i o n a l v a r i a t i o n s which can not be due t o 

o c e a n - t i d e e f f e c t and may r e f l e c t l o c a l h y d r o l o g i c a l 

e f f e c t s . 

The e s t a b l i s h m e n t of a t i l t m e t e r s i t e i s d e s c r i b e d and 

s e v e r a l computer programs used i n t h e a n a l y s e s a r e 

p r e s e n t e d . The development and t e s t i n g o f a new t y p e , 

s e n s i t i v e h y d r o s t a t i c t i l t m e t e r i s d e s c r i b e d . 
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CHAPTER 1 

INTRODUCTION 

The c l a s s i c a l aim of e a r t h - t i d e r e s e a r c h i s t o v e r i f y 

t h e t h e o r y of e a r t h t i d e s proposed by Love ( 1 9 0 9 ) . A c c o r d i n g 

t o t h i s t h e o r y t h e r e a r e two numbers which can be d e t e r m i n e d 

by measurements o f t h e e a r t h t i d e and which c h a r a c t e r i z e t h e 

e l a s t i c b e h a v i o u r of a s p h e r i c a l l y - s y m m e t r i c e a r t h w i t h o u t 

r e g a r d t o any assumed d e n s i t y law o r p h y s i c a l s t a t e of the 

e a r t h . The s i g n i f i c a n c e of t h i s t h e o r y i s b e s t a p p r e c i a t e d 

when t h e o r i e s p r i o r t o L o v e ' s a r e c o n s i d e r e d : K e l v i n (1890) 

f o r example assumed a u n i f o r m e a r t h and o b t a i n e d an 

e x p r e s s i o n c o n n e c t i n g t h e d e f o r m a t i o n of t he s u r f a c e due t o 

t i d a l f o r c e s w i t h 'the r i g i d i t y of t h e E a r t h ' . K e l v i n ' s 

• r i g i d i t y ' however i s not r e a l but r a t h e r depends on t h e law 

o f r i g i d i t y 'assumed and on t h e p a r t i c u l a r e a r t h - t i d e 

phenomenon o b s e r v e d . L o v e ' s numbers on t h e o t h e r hand, f o r a 

s p h e r i c a l l y - s y m m e t r i c and o c e a n l e s s e a r t h , a r e p h y s i c a l 

c o n s t a n t s i n d e p e n d e n t of any h y p o t h e s i s on the i n t e r i o r of 

t h e e a r t h . G i v e n t h e t i d e - p r o d u c i n g f o r c e s t h e y a r e 

s u f f i c i e n t t o d e t e r m i n e s u c h , e a r t h - t i d e phenomena a s : 

d e v i a t i o n s of t h e v e r t i c a l w i t h r e s p e c t t o t h e c r u s t ; 

d e v i a t i o n s of t h e v e r t i c a l w i t h r e s p e c t t o t h e a x i s of the 

e a r t h ; v a r i a t i o n s i n t h e speed of r o t a t i o n of t h e e a r t h ; 

v a r i a t i o n s i n g r a v i t y , e l a s t i c l i n e a r s t r a i n and c u b i c a l 

e x p a n s i o n s . 

The two p r i n c i p a l means of o b s e r v i n g t h e e a r t h - t i d e a r e 

by r e c o r d i n g g r a v i m e t e r arid by h o r i z o n t a l pendulum. The 
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l a t t e r measures t h e d e v i a t i o n of t h e g r a v i t y v e r t i c a l w i t h 

r e s p e c t t o t h e l o c a l s u r f a c e - Love numbers d e t e r m i n e d d u r i n g 

t h e l a s t few d e c a d e s by both t h e s e methods however have been 

found to e x h i b i t r e g i o n a l v a r i a t i o n s f a r beyond t h o s e which 

might be due t o t h e E a r t h not b e i n g s p h e r i c a l l y s y m m e t r i c . 

Some of t h e s e a p p a r e n t r e g i o n a l v a r i a t i o n s have been due 

s i m p l y t o measurement e r r o r s but t h i s c a u s e h a s become 

s t e a d i l y l e s s i m p o r t a n t a s b e t t e r i n s t r u m e n t s , b e t t e r 

methods of i n s t a l l a t i o n s and, most i m p o r t a n t , b e t t e r means 

o f c a l i b r a t i o n have been d e v e l o p e d . R e g i o n a l d i f f e r e n c e s 

have p e r s i s t e d i n s p i t e of t h e s e improvements however and a s 

a r e s u l t t h e Love numbers d e t e r m i n e d from o b s e r v a t i o n s a r e 

u n c e r t a i n w i t h i n ± 1 o r 2 p e r c e n t . S i n c e , i n o r d e r t o be 

u s e f u l f o r e v a l u a t i n g v a r i o u s p r e s e n t - d a y e a r t h models, t h e 

Love numbers S h o u l d be known w i t h an u n c e r t a i n t y of l e s s 

than ± 0.1 p e r c e n t i t i s i m p o r t a n t t o a c c o u n t f o r r e g i o n a l 

v a r i a t i o n s . T h i s i s t h e purpose of t h e p r e s e n t t h e s i s . 

The problem i s approached h e r e on a b r oad f r o n t b e c a u s e 

many of t h e methods i n use f o r i n v e s t i g a t i n g t h e e a r t h t i d e 

when t h i s work began a r e i l l - s u i t e d t o the s t u d y o f r e g i o n a l 

v a r i a t i o n s and r e q u i r e d some a t t e n t i o n . T h i s i n c l u d e s 

methods of d a t a a n a l y s i s and methods of making t h e 

measurements. The p r i n c i p a l ' l e g i t i m a t e ' c a u s e of r e g i o n a l 

v a r i a t i o n s howsver i s s u r f a c e l o a d i n g e f f e c t s o f t h e ocean 

t i d e and t h e main r e s e a r c h e f f o r t i s c o n c e n t r a t e d on t h e 

problem of p r e d i c t i n g t h i s e f f e c t i n terms of e a r t h 

s t r u c t u r e . Western Europe i s the l o g i c a l p l a c e t o b e g i n a 
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s t u d y o f t h i s t y p e because of the c o n c e n t r a t i o n of 

e a r t h - t i d e measurements i n Belgium and F r a n c e and b e c a u s e 

t h e n e i g h b o r i n g ocean t i d e s a r e p a r t i c u l a r l y w e l l known. 

T h i s d a t a i s supplemented h e r e by B r i t i s h measurements from 

L i v e r p o o l and from a new s i t e which we e s t a b l i s h e d a t 

Rookhope. F o r t r e a t i n g g l o b a l e f f e c t s d a t a from d i v e r s e 

s o u r c e s i s c o n s i d e r e d . O r i g i n a l d a t a from Ottawa, i n c l u d i n g 

t i l t m e t e r d a t a from nearby H o l l a n d M i l l s , i s p a r t i c u l a r l y 

u s e f u l a s b e i n g r e p r e s e n t a t i v e of m i d c o n t i n e n t a l 

measurements. 
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CHAPTE3 2 
THE EARTH TIDE 

2-1 The Tide-producing Force 

Tide-producing s t r e s s e s are s e t up i n the Ea r t h because 

the g r a v i t a t i o n a l a t t r a c t i o n of the Moon (Sun) i s not the 

same everywhere throughout the body of the E a r t h . At the 

center of the Ear t h the g r a v i t a t i o n a l a t t r a c t i o n must 

provide the c e n t r i p e d a l f o r c e necessary because of r o t a t i o n 

of the Earth-Moon system about i t s center of mass. Elsewhere 

within the E a r t h , and a t i t s s u r f a c e , the g r a v i t a t i o n a l 

a t t r a c t i o n w i l l be d i f f e r e n t and the consequent s t r e s s e s 

w i l l cause a deformation which we c a l l the E a r t h t i d e . 

The tide-producing p o t e n t i a l i s the d i f f e r e n c e between 

the p o t e n t i a l due to r o t a t i o n of the Earth-Moon system and 

the p o t e n t i a l d"ue to g r a v i t a t i o n a l a t t r a c t i o n . T h i s i s given 

by: 

V = GH[ (1/p) - (1/R) - (r c o s 0 ) / R 2 ] (2-1) 

where G i s the g r a v i t a t i o n a l constant; M i s the mass of the 

Moon; p i s the d i s t a n c e from the observing point to the Moon; 

R i s the d i s t a n c e between the center of the E a r t h and the 

cen t e r of the Moon ; r i s the d i s t a n c e from the center of 

the E a r t h to the observing point and 0 i s the g e o c e n t r a l 

z e n i t h d i s t a n c e to the Moon. The d i s t a n c e p can be w r i t t e n 

as: 

(1/P) = P / R ) [ 1 " (2r cos0/R) + ( r 2 / R 2 ) ]-»/* (2-2) 

Sinc e r < R t h i s can be represented by an expansion i n 

Legendre polynomials: 
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(VP) = (1/B) [Po (cosO) + PI (cosfi) + P^fcosG) + . . . ] ( 2 - 3 ) 

S u b s t i t u t i n g t h i s i n (2-1) y i e l d s the tide-producing 

p o t e n t i a l : 

V = (GMr 2/R 3) [P2(cos0) + P3(cos0) (r/R) + . . . ] (2-4) 

The t h i r d order and higher terms are g e n e r a l l y ignored. 

I t i s necessary next to express the geocentral d i s t a n c e 

9 i n terms of a coordinate system which i s f i x e d with 

r e s p e c t to the c e l e s t i a l sphere. 

2-1-1 C a l c u l a t i o n Of The T h e o r e t i c a l Tide, Harmonic Hethod. . 

Doodson (1921) shows that the tide-producing p o t e n t i a l 

due to both the Noon and the Sun can be expressed as a sum 

of harmonic terms each of whose arguments i s a l i n e a r 

f u n c t i o n of s i x astronomical coordinates with i n t e g e r 

c o e f f i c i e n t s . The astronomical c o o r d i n a t e s , with t h e i r 

p e r i o d i c i t i e s a t e : 

T = the mean lunar time. (1 day) 

S = The mean longitude of the Moon. (1 month) 

H = Hean longitude of the Sun. . (1 year) 

P = Longitude of l u n a r perigee. (8.85 years) 

N = -n, where n i s the longitude of the 

ascending node of the Moon. (18.61 y) 

Ps = longitude of the p e r i h e l i o n . (20900 years) 

The mean l u n a r time expressed i n terms of Greenwich Hean 

Time i s : 

T = 15 t + H -S -1 

where L i s the longitude west of Greenwich, and t i s 

Greenwich Mean Time. A convenient notation f o r each of the 



p o s s i b l e harmonic terras r e s u l t s i f the number f i v e i s added 

to each of the c o e f f i c i e n t s i n the l i n e a r f u n c t i o n of 

astronomic c o o r d i n a t e s , except the f i r s t . Each term can then 

be w r i t t e n i n the form: 

Vabcdef = Cabcdef Gj Cos[ aT+ (b-5) S+ (c-5) H+ (d-5) p 

+ (e-5) S+ (f-5) P s ] 

where a, b, c, d # e and f are i n t e g e r s , Cabcdef i s a 

numerical c o e f f i c i e n t and Gj i s a geodetic c o e f f i c i e n t 

i n v o l v i n g the r a d i u s of the E a r t h a t the point i n question 

and the l a t i t u d e . 

The most fundamental c l a s s i f i c a t i o n of the harmonic 

terms i s on the b a s i s of the long period, d i u r n a l , 

s e r a i - d i u r n a l and the t e r - d i u r n a l s p e c i e s formed when a=0, 1, 

2 and 3 r e s p e c t i v e l y . Within each s p e c i e s the terms are 

c l a s s i f i e d according to the group number b with neighboring 

groups d i f f e r i n g i n frequency by one c y c l e per month. The 

waves w i t h i n each group can be f u r t h e r subdivided according 

to the c o n s t i t u e n t member with neighboring c o n s t i t u e n t s 

d i f f e r i n g by one c y c l e per year. I n Doodson^ four schedules 

values f o r Cabcdef and f o r Gj are given f o r 99 long period 

terms, 158 d i u r n a l terms, 115 s e m i - d i u r n a l terms and 14 

t e r - d i u r n a l terms. Also noted i n the schedules i s whether 

the c o s i n e or the s i n e term i s to be used. 

To f a c i l i t a t e the determination of h o r i z o n t a l t i d a l 

f o r c e s from the p o t e n t i a l given i n the schedules i t i s b e s t 

to r e t a i n i n the formula f o r G the r a d i u s p which Doodson 

has r e p l a c e d by the mean r a d i u s a. For the unprimed values 
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GO, G1 and G2 found in the schedules s u b s t i t u t e G ( p / a ) 2 and 

f o r the primed values s u b s t i t u t e G ( p / a ) 3 ; For G i t s e l f use: 

(Melchior, 1965, p 19) 

G = 3Mga*/4Ec3 = 26.206 cm2/sec z 

The numerical c o e f f i c i e n t s have been adjusted by Doodson so 

that the same G f a c t o r can be used f o r a l l . 

To i l l u s t r a t e the n o t a t i o n a l scheme consi d e r the 

p r i n c i p a l component of the N2 group .given i n Doodson's 

schedule 2. T h i s i s : 

V20565S = .17387 Gpz Cos*\ Cos(2T-S+P)/a* 

A minor component of t h i s same group i n v o l v e s the primed 

geodetic c o e f f i c i e n t G2' and i t becomes: 

V2*5555 = .00567(2.59008) Gp3 SinX C o s 2 \ 

. . S i n (2T-S+P+2n)/a3 
The v e r t i c a l and h o r i z o n t a l components of the t i d e 

producing f o r c e a r e determined by d i f f e r e n t i a t i n g as 

f o l l o w s : 

Fv = -6V/6p Fn = -6V/p6X Ftf = -6V/pCos\6L 

When t h i s i s done i t i s found t h a t the t i d a l g r a v i t y , and 

the north and west components of t i l t can each be determined 

from the schedule of numerical c o e f f i c i e n t s by determining a 

new s e r i e s of geodetic c o e f f i c i e n t s f o r use as m u l t i p l y i n g 

f a c t o r s . These new geodetic c o e f f i c i e n t s can be found i n 

q u i t e a s t r a i g h t forward manner by d i f f e r e n t i a t i n g the 

s e v e r a l kinds of terms found i n the schedules. T h i s has been 

done by Melchior (1965, p64) and h i s r e s u l t s have been 

presented together with a s h o r t e r and e a s i e r to use v e r s i o n 



FIGURE (2-1) Construction for deriving the expression for 
the attraction of the Moon. (See text for . 
definition of the symbols) 
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of Doodson's schedules. Melchior omits from h i s t a b l e terms 

whose amplitude i s l e s s than .001 r e l a t i v e to the amplitude 

of the l a r g e s t term le a v i n g a t o t a l of 79 terms. H e l c h i o r ' s 

t a b l e has been used i n the a n a l y s i s program JANET, which i s 

documented i n the appendix and w i l l be desc r i b e d l a t e r . 

2-1-2 C a l c u l a t i o n Of The T h e o r e t i c a l Tide, D i r e c t Method. 

Longman (1959) has presented a summary of the formulas used 

i n developing a clo s e d e x p r e s s i o n for the v e r t i c a l component 

of t i d a l a c c e l e r a t i o n as a f u n c t i o n of time for any given 

p l a c e on the E a r t h ' s s u r f a c e . His summary does not i n c l u d e 

formulas f o r determining the north-south and east-west 

components of the h o r i z o n t a l t i d a l a c c e l e r a t i o n t h e r e f o r e 

these formulas are developed here. I n a d d i t i o n to the 

symbols used by Longman we w i l l use the symbols 0, 6 and t 

r e s p e c t i v e l y f o r the azimuth, d e c l i n a t i o n and hour angle of 

the a t t r a c t i n g body. Re f e r r i n g to Figure (2-1), the l e t t e r s 

P, Z and m denote the p o s i t i o n on the c e l e s t i a l sphere of 

the north pole, the z e n i t h and the a t t r a c t i n g body. The 

angular d i s t a n c e 1' i s the p r o j e c t i o n of 1 on the equator. 

Expressions derived for the Moon are immediately a p p l i c a b l e 

to the Sun a f t e r the obvious s u b s t i t u t i o n s . According to 

Longman the h o r i z o n t a l t i d a l a c c e l e r a t i o n due to the Moon i s 

given by: 

H = C Sin20 + [ Cr (5Cos20) Sine ]/d (2-5) 

where: C = 3uMr/2d3 

From the f i g u r e , the south and west components of H a r e 

given by: 



- 9-

Hs = 2C Cos0SinGCosp+(Cr/d) (5Cos*0-1) SinSCosp (2-6) 

Hw = 2C cos8Sin0Sin0+(Cr/d) ( 5 C o s 2 e - l ) S i n 9 C o s 0 (2-7) 

using the f o l l o w i n g r e l a t i o n s f o r Ampz: 

Cose = SinX5in6+CosXCos6CosT (2-0) 

Sin9Cos£ = CosXSin6+SinXCos6CosT (2-9) 

Sinf)Sin0 = Cos6SinT (2-10) 

and from amb 

Cos6 = C o s l / C o s l 1 (2-11) 

Sin6 = S i n l S i n I (2-12) 

Tanl« = Tanl CosI (2-13) 

Now T = x - 1* and from (2-11), (12) and ( 1 3 ) : 

Cos6CosT = CosxCosl+SinxSinlCosI (2-14) 

CosSSinT = S i n x C o s l - C o s x S i n l C o s I (2-15) 

S u b s t i t u t i n g (14) and (15) i n ( 8 ) , (9) and (10) ve obtain 

f i n a l l y : 

CosG =SinXSinlSinI+CosX(CosxCosl+SinxSinlCosI) (2-16) 

Sin0Cosp=-CosXSinlSinI+SinX(CosxCosl+SinxSinlCosI) (2-17) 

Sin9Sin0=SinxCosl-CosxSinlCosI (2-18) 

These are the three e x p r e s s i o n s needed to determine the 

three components of the t i d a l a c c e l e r a t i o n from equations 

(6) and (7) and from Longman's formulas f o r x # 1 and I . 

A computer program (ROBIN) based on these equations was 

w r i t t e n to determine the v e r t i c a l t i d a l a c c e l e r a t i o n and the 

h o r i z o n t a l t i d a l a c c e l e r a t i o n along any s p e c i f i e d azimuth. 

T h i s d i r e c t method y i e l d e d more acc u r a t e r e s u l t s a t l e s s 

computing c o s t than the harmonic method and was used to 

check the l a t t e r method and to provide t e s t data f o r the 
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data a n a l y s i s program JANET. The program i s documented i n 

the appendix. 

2-2 The Love Numbers and the Gravi m e t r i c and Diminishing 

F a c t o r s . 

An ocean completely covering the Earth would everywhere 

define an e g u i p o t e n t i a l s u r f a c e . The tide-producing 

p o t e n t i a l would d i s p l a c e such a u n i v e r s a l sea r a d i a l l y a 

di s t a n c e V/g where V i s the t i d a l p o t e n t i a l . This i s c a l l e d 

the height of the e q u i l i b r i u m t i d e . I t i s a u s e f u l concept 

i n ocean t i d e theory although t i d a l heights a c t u a l l y 

experienced i n the ocean a r e g e n e r a l l y much a l t e r e d from the 

e q u i l i b r i u m value because of the dynamic e f f e c t s of f r i c t i o n 

and i n e r t i a . The e q u i l i b r i u m height i s of gr e a t e r use i n 

connection with E a r t h t i d e s where dynamic e f f e c t s are 

negl4\ble. Love" (1911) has shown that both the s u r f a c e 

displacement and the newly c r e a t e d p o t e n t i a l due to the 

displacement a r e pr o p o r t i o n a l to the e q u i l i b r i u m t i d a l 

height. He has introduced the co n s t a n t s h and k to d e s c r i b e 

the p r o p o r t i o n a l i t y and i t i s these numbers that have become 

known as the Love Numbers. 

The Love Numbers have been evaluated t h e o r e t i c a l l y on 

the b a s i s of d i f f e r e n t Earth models by many e a r l y workers 
revs 

(see J e f f e s e i e s Sec 7.05, The Earth) and more r e c e n t l y by 

Takeuchi (1950), Alterman Jarosch and P e k e r i s (1359) and 

Alsop and Kuo (1964). E x p e r i m e n t a l l y the Love Numbers have 

been determined from measurements of v a r i o u s p h y s i c a l 

phenomena;those of i n t e r e s t here are t i d a l v a r i a t i o n s i n 
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g r a v i t y and t i d a l d e f l e c t i o n s of the v e r t i c a l with r e s p e c t 

to the l o c a l c r u s t . I t i s convenient to r e l a t e these 

phenomena to corresponding phenomena which would be observed 

on a p e r f e c t l y r i g i d E a r t h . Thus the t i d a l v a r i a t i o n i n 

g r a v i t y can be expressed as: 

G = [1 + h - ( 3 k / 2 ) ] G' 

=6G« 

where G» i s the r i g i d - E a r t h t i d a l g r a v i t y . The t i d a l t i l t 

can be w r i t t e n : 

T = [1 + k - h]T' 

=DT* 

where T» i s the r i g i d - E a r t h t i l t . The f a c t o r s 6 and D 

defined i n t h i s way are c a l l e d g r a v i m e t r i c and d i m i n i s h i n g 

f a c t o r s r e s p e c t i v e l y . T y p i c a l observed values f o r 6 and D 

f a l l w i t h i n the ranges of 1.135 to 1.230 and 0.550 to 0.B50 

r e s p e c t i v e l y . 

Alsop and Kuo (1964) have c a l c u l a t e d values for the 

Love Numbers f o r a wide range of s p h e r i c a l l y - s y m m e t r i c E a r t h 

models. They f i n d t h a t d i f f e r e n c e s i n the s t r u c t u r e of the 

c r u s t and upper mantle or the presence of a s o l i d i n n e r core 

have l i t t l e i n f l u e n c e on the Love Numbers. The presence of a 

u n i v e r s a l ocean of t h i c k n e s s 5 km however i s found to have a 

very l a r g e e f f e c t . T h i s i s shown i n t h e i r Table 3 which i s 

reproduced here as Table (2-1), The Bullen B modified model 

i s the J e f f e r i e s - B u l l e n B with an oceanic c r u s t . The 

Bullen-B Oceanic i s the Bullen-B modified with the top 5 kms 

of the 10 km oceanic c r u s t replaced with water. T h i s can 
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only be a rough approximation to r e a l i t y but the r e s u l t 

i n d i c a t e s t h a t Love Numbers observed near oceans should be 

s i g n i f i c a n t l y l a r g e r than c o n t i n e n t a l v a l u e s . 
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CHAPTER 3 

THE OCEAN-TIDE EFFECT* 

3-1 I n t r o d u c t i o n 

An e s s e n t i a l f i r s t step i n the i n t e r p r e t a t i o n of 

measurements of the earth t i d e by t i l t m e t e r or gravimeter i s 

to estimate the e f f e c t of the ocean t i d e . T h i s i n d i r e c t 

e f f e c t i s due to the g r a v i t a t i o n a l a t t r a c t i o n of the water 

and of the land masses which have e l a s t i c a l l y y i e l d e d to the 

weight of the water, a s well as to the e l a s t i c displacement 

and p o s s i b l e t i l t i n g of the measuring s i t e due to the 

loading of the s u r f a c e . The ocean t i d e i s not known 

g e n e r a l l y and est i m a t e s of i t f o r mid-ocean areas i n 

p a r t i c u l a r are poor s i n c e they a r e i n f e r r e d from c o a s t a l 

measurements made perhaps many hundreds of miles d i s t a n t . I n 

s p i t e of these " d i f f i c u l t i e s e s t i m a t e s of the i n d i r e c t e f f e c t 

may be s u f f i c i e n t to c o r r e c t observations of the bodily t i d e 

made a t c o n t i n e n t a l s i t e s f o r the e f f e c t s of the ocean t i d e . 

I n the case of c o a s t a l s i t e s where the i n d i r e c t e f f e c t i s 

l a r g e an estimate of i t s value may be u s e f u l i n determining, 

through an i t e r a t i v e process i n c o r p o r a t i n g the e a r t h - t i d e 

o b s e r v a t i o n s , the e l a s t i c p r o p e r t i e s of the r e g i o n a l c r u s t 

and uppermantle. 

I n . what f o l l o w s I de s c r i b e the development of the 

va r i o u s techniques which I have used to esti m a t e the 

i n d i r e c t e f f e c t throughout B r i t a i n and northwestern Europe 

and throughout the world g e n e r a l l y . I d e s c r i b e f i r s t a 

method of determining the r e g i o n a l e f f e c t s of the ocean t i d e 
% The dcea.h-'t'<le effect rc/eer<£<£ -to is lAect <foe -the. 
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assuming an i n f i n i t e , h a l f - s p a c e e a r t h . The p a r t i c u l a r 

method d e s c r i b e d d i f f e r s from e a r l i e r ones i n the manner i n 

which the ocean t i d e i s d e s c r i b e d and i t s a t t r a c t i o n 

computed. I t i s a computer-oriented (r a t h e r than s i t e 

oriented) method and permits working d i r e c t l y from 

c o t i d a l - c o r a n g e c h a r t s . T h i s method i s then applied to the 

case of a 2 - s h e l l Earth and the e f f e c t s of ocean t i d e s 

throughout the world are considered. The a t t r a c t i o n 

computations f o r the global case are immediately usable i n 

equations presented by Longman (1962, 1963) f o r determining 

the response of a Gutenberg-model Earth to s u r f a c e f o r c e s . 

The s e r i e s appearing i n Longman's s o l u t i o n s a r e not 

convergent i n the form presented by Longman for d i s t a n c e s 

l e s s than about 30 degrees but an e x t r a p o l a t i o n procedure 

permits s o l u t i o n s f o r d i s t a n c e s down to a few degrees. The 

Longman r e s u l t s a r e te s t e d by comparison with the r e s u l t s 

f o r the 2 - s h e l l E a r t h and by comparision with r e c e n t r e s u l t s 

determined by Beaumont (1971) using a f i n i t e - e l e m e n t method. 

The Beaumont r e s u l t s f o r s u r f a c e displacement and t i l t a re 

adopted throughout the d i s t a n c e 0-8° where the Longman 

e x t r a p o l a t e d r e s u l t s are l i k e l y to be i n e r r o r . I n t h i s way 

a method of c a l c u l a t i n g the i n d i r e c t e f f e c t from the 

computed a t t r a c t i o n of the ocean t i d e has been determined 

which i s v a l i d over the globe. 

3-2 The E f f e c t On An I n f i n i t e Half-Space E a r t h . 

In g e n e r a l the ocean t i d e throughout the world and the 

deformation, of the e a r t h due to the presence of the ocean 
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t i d e must be known b e f o r e i t s i n f l u e n c e on e a r t h - t i d e 

measurements can be d e t e r m i n e d f o r a p a r t i c u l a r s i t e . I n t h e 

p a r t i c u l a r c a s e of e a r t h - t i d e t i l t measurements however t h e 

i n f l u e n c e of t h e ocean t i d e f a l l s o f f r a p i d l y enough w i t h 

i n c r e a s i n g d i s t a n c e t o j u s t i f y a s suming, a s a f i r s t 

a p p r o x i m a t i o n , a p l a n e e a r t h and c o n s i d e r i n g o n l y t h o s e 

w a t e r s w i t h i n 20 or 30 d e g r e e s of t h e s i t e . We w i l l show 

l a t e r t h a t t h e e f f e c t of s p h e r i c i t y and o t h e r r e a l - E a r t h 

c h a r a c t e r i s t i c s i s t o c a u s e s u r f a c e t i l t t o d i m i n i s h even 

more q u i c k l y w i t h i n c r e a s i n g d i s t a n c e . 

Assume t h a t t h e e a r t h c a n be r e p r e s e n t e d by an 

homogeneous medium i n the r e g i o n z > 0. The normal 

d e f o r m a t i o n of t h e s u r f a c e by t h e d i s t r i b u t e d normal l o a d 

p (x,y) a c t i n g a t t h e p o i n t x,y i n the X, Y p l a n e i s g i v e n 

by: ( S o k o l n i k o f f , 1956) 

w = [ (X+2ji)/(<4ir H(X+H)) ] / / [ p ( x , y ) / r dx dy ] 

(3-1) 

where r 2 = ( X - x ) 2 + ( Y - y ) 2 and y and X a r e t h e Lame c o n s t a n t s . 

I t can be e x p r e s s e d too i n t e r m s of the g r a v i t a t i o n a l 

p o t e n t i a l o f t h e l o a d , which i s : 

E = // [Gs(x«y)/r dx dy J 

(3-2) 

when t h e r e i s a s u r f a c e mass d e n s i t y which c a n be e x p r e s s e d 

by: 

P (x,y) = s (x,y) g (3-3) 

where g i s t h e a c c e l e r a t i o n due t o g r a v i t y . E q u a t i o n 3-1 

then becomes: 
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M = (X + 2p) gE/[ Uarp (X+p) G ] (3-4) 

where G i s the g r a v i t a t i o n a l constant. Adopting the 

terminology used by Melchior (1965, p192) we define the t i l t 

due to the g r a v i t a t i o n a l a t t r a c t i o n of the load by: 

The t i l t of the s u r f a c e then i s : 

6w/6r = (X+2p) g 2A/[ 4ir)j (X+>J) G ] (3-6) 

= 0A 

The h o r i z o n t a l a t t r a c t i o n due to the d i s p l a c e d masses of the 

medium i s w r i t t e n i n the form -*A where t i s a f u n c t i o n to 

be determined. The sum of the i n d i r e c t e f f e c t s on t i l t then 

i s : 

An estimate of the h o r i z o n t a l a t t r a c t i o n «A was obtained 

using the g l o b a l deformation given by the s o l u t i o n of 

S l i c h t e r and Caputo (1960) f o r a homogeneous s h e l l of 

r i g i d i t y p=1.2x10 1 2 (dyhes/cm 2) enclosing a f l u i d core. For 

the purpose of computing the h o r i z o n t a l a t t r a c t i o n the 

deformation was represented by a g l o b a l sheet of mass 

su r f a c e d e n s i t y 2.8h where h i s the deformation and 2.8 i s 

the volume d e n s i t y assumed f o r the d i s p l a c e d masses. Thus 

a l l the displacement was assumed to take p l a c e on the 

s u r f a c e . The f u n c t i o n t then was determined f o r a range of 

d i s t a n c e s from the loading mass by d i v i d i n g the h o r i z o n t a l 

a t t r a c t i o n by the h o r i z o n t a l a t t r a c t i o n of the loading mass. 

The. r e s u l t i n g f u n c t i o n i s reproduced i n Figure ( 3 - 1 ) . The 

f u n c t i o n t i s the same as the f u n c t i o n T2/T3 introduced 

A = 6E/g6r (3-5) 

I = (1 + 3 - €) A (3-7) 
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l a t e r and shown f o r f u r t h e r models i n F i g . 3 - 5 . 

E q u a t i o n (3 -7 ) d e m o n s t r a t e s t h e t h r e e p r i n c i p a l e f f e c t s 

o f t h e ocean t i d e on t h e measurement o f t i l t and expres ses 

t h e s e e f f e c t s i n t e rms o f t he g r a v i t a t i o n a l a t t r a c t i o n o f 

t h e t i d e . A f o u r t h e f f e c t i s t h e e l a s t i c u p l i f t o f g round 

caused by t h e g r a v i t a t i o n a l a t t r a c t i o n o f t h e wa te r masses. 

T h i s e f f e c t i s s i g n i f i c a n t i n t h e case o f g r a v i t y 

measurements a t g r e a t d i s t a n c e s f r o m t h e l o a d b u t t h e 

a s s o c i a t e d t i l t i n g i s n e g l i g i b l e . L a t e r we w i l l compare t h e 

r e s u l t s o b t a i n e d he re assuming an i n f i n i t e - p l a n e e a r t h w i t h 

t h e r e s u l t s o b t a i n e d u s i n g more r e a l i s t i c mode l s . 

3 - 2 - 1 . The A t t r a c t i o n Of The Ocean T i d e . 

We w i l l i n t r o d u c e now a method o f d e t e r m i n i n g t h e 

p o t e n t i a l o f t h e H2 component o f t h e ocean t i d e , f r o m w h i c h 

t h e a t t r a c t i o n * A can be f o u n d f o r use i n Egn . (3-7) . 

C o n s i d e r f i r s t t h e c o t i d a l - c o r a n g e c h a r t shown i n F i g , 

( 3 - 2 ) . T h i s c h a r t d e s c r i b e s t h e b e h a v i o u r o f t h e M2 

component o f t h e ocean t i d e i n t h e w a t e r s s u r r o u n d i n g t h e 

B r i t i s h I s l e s . I t i s e s s e n t i a l l y B r i t i s h A d m i r a l t y C h a r t 

5058 (1937) supp lemen ted by m a t e r i a l f r o m t h e r e c e n t German 

N o r t h A t l a n t i c C h a r t (W.Hansen, I n s t i t u t e f u r Meereskunde 

d e r O n i v e r s i t a t Hamburg, 1 9 6 9 ) . The c o n t o u r s a r e drawn 

t h r o u g h p o i n t s of e q u a l a m p l i t u d e ( s o l i d l i n e s ) and phase 

( d o t t e d l i n e s ) , The range ( d o u b l e a m p l i t u d e ) i s g i v e n i n 

f e e t and t h e phase i s i n degrees l a g g i n g t h e l u n a r t r a n s i t 

o f G r e e n w i c h . The c l a s s i c a l method o f d e t e r m i n i n g t h e 

g r a v i t a t i o n a l a t t r a c t i o n due t o t h i s d i s t r i b u t i o n o f mass i s 
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t h a t u s i n g H a y f o r d zones o f c o n s t a n t a m p l i t u d e and phase 

c e n t e r e d on t h e s i t e where t h e a t t r a c t i o n i s t o be 

d e t e r m i n e d . There a re two o b j e c t i o n s t o t h i s method: I t i s 

d i f f i c u l t t o f i t t h e H a y f b r d zones t o t h e c o n t o u r p a t t e r n 

and t h u s a l a r g e number o f zones i s r e q u i r e d f o r an 

a c c e p t a b l e r e p r e s e n t a t i o n . The second o b j e c t i o n i s t h a t a 

new sys tem o f H a y f o r d zones must be s e t up f o r each s i t e . An 

a l t e r n a t i v e method o f r e p r e s e n t i n g t h e c o n t o u r p a t t e r n i s by 

a s e r i e s o f s p h e r i c a l h a r m o n i c s . T h i s ha rmonic method has 

been used by Pe r t s ev (1966) i n c o n s i d e r i n g t h e e f f e c t o f a 

w o r l d - w i d e d i s t r i b u t i o n of ocean t i d e s . Zones o f e q u a l 

a m p l i t u d e and phase i n t h i s case a r e s p h e r i c a l t r a p e z o i d s o f 

e q u a l a rea bounded by p a r a l l e l s and m e r i d i a n s . The zones o f 

c o u r s e a r e i n d e p e n d e n t o f s i t e l o c a t i o n b u t l i k e t h e H a y f o r d 

zones t h e y a r e ' d i f f i c u l t t o f i t t o t h e t i d a l c o n t o u r s and i n 

a d d i t i o n t h e y canno t be a d j u s t e d i n s i z e t o f i t 

r e q u i r e m e n t s . T h i s method then, i s p r a c t i c a l o n l y f o r f i r s t 

a p p r o x i m a t i o n g l o b a l e f f e c t s and no t f o r d e t e r m i n i n g t h e 

e f f e c t s o f r e g i o n a l t i d e s . S ince t h e p r i n c i p a l a im o f t h i s 

i n v e s t i g a t i o n i s t o e x p l a i n t h e s p a t i a l v a r i a t i o n s i n 

e a r t h - t i d e measurements t he e f f e c t of r e g i o n a l t i d e s i s 

i m p o r t a n t and must be e s t i m a t e d f o r a dense d i s t r i b u t i o n o f 

s i t e s . C o n s e q u e n t l y n e i t h e r o f t h e methods d e s c r i b e d was 

a p p l i c a b l e . 

I t w i l l be n o t i c e d t h a t t h e corange and c o t i d a l l i n e s 

d e f i n i n g t h e t i d e s t e n d t o i n t e r s e c t o r t h o g o n a l l y t o f o r m 

r e c t a n g l e s o f a p p r o x i m a t e l y u n i f o r m a m p l i t u d e and phase . I n 
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f a c t i t can be shown ( D e f a n t , 1961 , p356) t h a t i n t he 

absence o f f r i c t i o n these l i n e s wou ld be eve rywhere 

p e r p e n d i c u l a r . To t a k e advan tage o f t h i s f e a t u r e a g e n e r a l 

method o f d e t e r m i n i n g t h e a t t r a c t i o n o f such r e c t a n g l e s was 

deve loped b u t was s u b s e q u e n t l y abandoned i n f a v o u r o f a 

method s u g g e s t e d by B o t t which was u sab l e w i t h p o l y g o n s . 

T h i s method i s d e r i v e d f r o m one used by B o t t (1963) f o r 

d e t e r m i n i n g t h e m a g n e t i c f i e l d due t o f i n i t e 3 - d i m e n s i o n a l 

b o d i e s . Re w i l l use t h e method a g a i n l a t e r i n t h r e e 

d i m e n s i o n s (program GLOBL) b u t i t i s b e s t d e s c r i b e d i n t h e 

s i m p l e 2 - d i m e n s i o n a l f o r m r e q u i r e d h e r e . 

C o n s i d e r a n - s i d e d p o l y g o n f o r m e d by the i n t e r s e c t i o n 

o f c o t i d a l and corange l i n e s drawn i n t h e x , y p l a n e ( F i g . 

3 - 3 ) . The b e h a v i o u r o f t he wa te r w i t h i n t h e p o l y g o n can be 

d e s c r i b e d by a s i n g l e s e t o f ha rmonic c o n s t a n t s ( c o n t r a s t 

t h i s w i t h . t h e case when the shape o f t h e p o l y g o n i s 

a r b i t r a r i l y a s s i g n e d ) . Number t h e p o l y g o n p o i n t s c l o c k w i s e 

f r o m j = 1 t o j = n and assume a r i g h t - h a n d e d c o o r d i n a t e f r a m e 

u f v c e n t e r e d on t h e s i t e o , where t h e p o t e n t i a l i s t o be 

d e t e r m i n e d . R o t a t e the u , v axes t o new p o s i t i o n s u ' , v ' so 

t h a t t h e p o s i t i v e v ' axes i s i n t h e same d i r e c t i o n as t he 

s i d e j + 1 o f t h e p o l y g o n . D e n o t i n g t h e c o o r d i n a t e s o f t h e 

j - t h p o i n t w i t h r e s p e c t t o t h e two p o s i t i o n s o f t h e axes by 

u ( j ) * v ( j ) and u ' ( j ) * v • ( j ) t h e p o t e n t i a l o f t h e l a m i n a j , 

0 , j + 1 t h e n i s : 

A E j = C u ( j ) l o g ( M ) (3-8) 

where : 
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H = [ V + ( V ( j + 1 ) 2 + U« ( j ) 2) 1/2]/ 

[ V ( j ) + ( V ( j ) * + U« ( j ) * ) V2] 

and : 

V ( j + 1) = [ u ( j + 1 ) ( u ( j + 1 ) - u ( j ) ) - v ( j + 1 ) ( v ( j + 1 ) - v ( j ) ) ] / L 

V ( j ) = [ u ( j ) ( u ( j + 1 ) - u ( j ) ) + v ( j ) ( v ( j * 1 ) - u ( j ) ) J /L 

u* ( j ) = [ u ( j ) ( v ( j + 1 ) - v ( j ) ) - v ( j ) ( u ( j + 1 ) - u ( j ) ) ] / L 

u« ( j + 1 ) = u» ( j ) 

L i s t h e d i s t a n c e f r o m p o i n t j t o p o i n t j + 1 / and C i s a 

c o n s t a n t i n c o r p o r a t i n g t h e a m p l i t u d e and phase f a c t o r s , t h e 

d e n s i t y o f w a t e r , and the g r a v i t a t i o n a l c o n s t a n t . The 

p o t e n t i a l o f t h e e n t i r e p o l y g o n t h e n i s t h e a l g e b r a i c sum o f 

t h e p o t e n t i a l s f o u n d f o r t h e n l a m i n a e : 

E = Z A E j (3-9) 

3 -2 -2 Program PHESS 

A computer program (PRESS) has been w r i t t e n t o compute 

t h e s u r f a c e d e f o r m a t i o n on t h e b a s i s o f t h e f o r e g o i n g 

a s s u m p t i o n s . The r e g i o n o f W. E u r o p e , p a r t i c u l a r l y B r i t a i n , 

has been t r e a t e d i n d e t a i l u s i n g t h e c o t i d a l - c o r a n g e c h a r t 

d e s c r i b e d e a r l i e r ( F i g . 3 - 2 ) . The ocean t i d e c o n s i d e r e d i s 

t h a t f o r t h e r e g i o n e a s t o f l o n g i t u d e 2 5 ° wes t , s o u t h o f 

l a t i t u d e 6 2 ° n o r t h , and n o r t h o f l a t i t u d e 4 2 ° n o r t h . The 

c o t i d a l c h a r t s were d i g i t i z e d u s i n g a e l e c t r o n i c l i n e 

f o l l o w e r t o i n p u t t h e p o i n t s d e f i n i n g each p o l y g o n . About 

500 p o l y g o n s were used i n i t i a l l y : t h e i r g e n e r a l a r r a n g e m e n t 

i s i n d i c a t e d i n F i g . ( 3 - 2 ) . The number o f e v e r y 2 5 t h p o l y g o n 

i s shown. The a m p l i t u d e and phase o f t h e ocean t i d e 

t h r o u g h o u t each p o l y g o n a r e g i v e n i n Appendix V I I . For t h i s 
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t i d a l d a t a , and f o r a s s i g n e d v a l u e s o f r i g i d i t y and 

c o m p r e s s i b i l i t y , program PRESS d e t e r m i n e s : 1. The a m p l i t u d e 

and phase o f t h e n o r m a l d i s p l a c e m e n t o f t he s u r f a c e . 2 . The 

a m p l i t u d e and t h e a z i m u t h o f t i l t f o r 30 degree i n t e r v a l s o f 

phase . The l a t t e r p r o v i d e s d a t a f o r d r a w i n g e l l i p s e s 

d e s c r i b i n g t h e b e h a v i o u r o f t he t i l t v e c t o r ( h o r i z o n t a l 

f o r c e v e c t o r / g ) as a f u n c t i o n o f t i m e . A copy o f program 

PHESS i s r e p r o d u c e d i n Appendix I I I . 

3 -2 -3 D i s c u s s i o n And fiesults. 

I t was o r i g i n a l l y i n t e n d e d t o c o n t o u r t h e a m p l i t u d e and 

phase o f t h e s u r f a c e d e f o r m a t i o n i n t h e same way as t h a t o f 

t h e ocean t i d e . The phase i s f a i r l y c o n s t a n t o v e r t h e e n t i r e 

r e g i o n however , l a g g i n g t h e t r a n s i t o f t he moon a t Greenwich 

by 120 t o 140 d e g r e e s , and t h e corange l i n e s a l o n e a re 

s u f f i c i e n t t o *• r e p r e s e n t t h e d e f o r m a t i o n . A map showing 

corange l i n e s f o r t h e d e f o r m a t i o n due t o l o a d i n g by t h e 

ocean t i d e has been d e t e r m i n e d by PRESS and i s p r e s e n t e d i n 

F i g . (3-4) . The d a t a f r o m w h i c h t h i s map was drawn was 

d e t e r m i n e d on the b a s i s o f an i n f i n i t e h a l f space w i t h p = 

1 . 0 x 1 0 1 2 dynes /cra ? and P o i s s o n ' s r a t i o e q u a l t o 0 . 5 . 

R e s u l t s f o r 24 e a r t h - t i d e o b s e r v i n g s i t e s a r e p r e s e n t e d 

i n Tab le 3 - 1 . The l o c a t i o n o f each o f t he se s i t e s i s shown 

i n F i g . ( 3 - 2 ) . These r e s u l t s r e p r e s e n t a p r e l i m i n a r y e s t i m a t e 

o f the o c e a n - t i d e e f f e c t i n t h i s i m p o r t a n t r e g i o n where 90 

p e r c e n t o f t h e w o r l d t o t a l o f e a r t h - t i d e o b s e r v a t i o n s have 

been made. S t r i k i n g v a r i a t i o n s i n t h e r e s u l t s o f 

o b s e r v a t i o n s t h r o u g h o u t t h i s r e g i o n have been r e p o r t e d and 



SITE LONG LAT A 
s K h U 

LLA -3.80 53.18 14.79(141°) 2.50(-l66) 51.49(142°) 8.08(-157) 2.35(144°) 
BID -3.07 53.40 15.96(139°) 13.98(-56°) 56.36(140°) 54.08(-56°) 1.92(340°) 
WIN -2.50 53.20 5.15(150°) 2.48(-56°) 16.33(154°) 11.58(-52°) 2.55(140°) 
ROO -2.21 54.78 2.28(-109) 4.29(-74°) 9.47(-98°) 17.41(-69°) 2.46(130°) 

CAE -0.22 49.11 7.82(103°) 4.78(176°) 23.44 (99°) 24.25(160°) 2.85(146°) 

PAL -0.12 48.53 4.06(098°) 4.75(153°) 9.10(085°) 19.61(151°) 3.06(140°) 
OHD 0.24 49.10 6.29(109°) 4.89(170°) 18.67(106°) 17.58(172°) 2.60(144°) 

MOR 0.33 48.32 3.17(101°) 5.05(143°) 6.70(088°) 15.35(148°) 2.87(139°) 

mi 0.43 49.12 5.97(113°) 4.62(172°) 17.76(112°) 15.85(176°) 2.51(143°) 

VIL 2.19 49.07 2.20(124°) 2.39(149°) . 5.86(127°) 5.50(163°) 2.06(133°) 

PAR 2.33 48.83 1.86(120°) 2.69(144°) 4.66(122°) 6.21(155°) 2.09(137°) 

BRU 4.35 50.80 0.40(141°) 0.94(106°) 0.68(-172) 1.36(57°) 1.57(136°) 

DUR 4.63 50.10 0^(125°) 1.35(131°) 1.31(134°) 2.05(136°) 1.59(137°) 

SLA 5.02 50.50. 0.47(117°) 1.30(128°) 0.72(121°) 2.01(127°) 1.52(137°) 

WAR 5.38 49.83 0.50(115°) 1.52(133°) 0.93(118°) 2.74(139°) 1.52(136°) 

REM 5.70 50.48 0.44(105°) 1.42(131°) 0.74(95°) 2.54(134°) 1.45(137°) 

VIE 5.90 50.27 0.43(101°) 1.44(132°) 0.98(089°) 2.61(135°) 1.44(137°) 

LUX 6.13 49.62 0.41(112°) 1.55(133°) 0.77(112°) 2.93(137°) 1.44(136°) 

STR 7.77 48.58 0.23(096°) 1.46(133°) 0.44(091°) 2.78(138°) 1.28(135°) 
FRI 7.87 48.00 0.18(082°) 1.50(132°) 0.36(074°) 2.87(137°) 1.28(135°) 

. NEU 7.93 50.78 0.40(104°) 1.36(137°) 0.83(097°) 2.69(144°) 1.20(137°) 

DUR 8.48 49.00 0.21(099°) 1.37(134°) 0.40(094°) 2.59(139°) 1.20(136°) 

MAR 8.80 50.80 0.35(110°) 1.25(138°) 0.73(108°) 2.41(146°) 1.11(137°) 
TIE 10.17 50.72 0.28(116°) 1.09(137°) 0.57(118°) 1.99(145°) 0.99(137°) 

TABLE (3-1) Elastic deformation of Western Europe due to ocean-tide loading. 
A is attraction t i l t in msecs and degrees lag relative to transit 
of the Moon at Greenwich. I is attraction plus elastic t i l t ; U is 
depression in cms; the subscripts s and w denote the directions 
south and west respectively. 
(Boussinesq solution with u = 10 1 2 cgs) 
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•FIGURE (3-4) E las t i c depression i n cms due t o ocean-tide 

loading (Boussinesq so lu t ion f o r plane) . 

For the case: \l = 1.0 x 1 0 1 2 , \ = cd 
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an e a r l y o b j e c t i v e o f t h i s r e s e a r c h was t o d e t e r m i n e whe the r 

such v a r i a t i o n s c o u l d p o s s i b l y be due t o o c e a n - t i d e e f f e c t . 

Program PRESS p r o v i d e s an e c o n o m i c a l means o f r a p i d l y 

e v a l u a t i n g t h e s p a t i a l v a r i a t i o n s i n o c e a n - t i d e e f f e c t . I t s 

use d e m o n s t r a t e d t h a t some o f t h e o b s e r v a t i o n s must be 

a f f e c t e d by some anomalous l o c a l c o n d i t i o n s i n c e t h e y c o u l d 

n o t be e x p l a i n e d on t h e b a s i s o f any r e a s o n a b l e o c e a n - t i d e 

l o a d i n g e f f e c t . Most o f the o b s e r v a t i o n s however r e f l e c t e d 

t h e p r e d i c t e d o c e a n - t i d e l o a d i n g and t h i s encouraged t h e use 

o f a b e t t e r model and more c o m p l e t e o c e a n - t i d e d a t a . T h i s i s 

pursued i n t h e s e c t i o n s which f o l l o w and t h e p r e s e n t PRESS 

r e s u l t s w i l l n o t be d i s c u s s e d f u r t h e r . 

3 - 3 . The E f f e c t On A 2 -She l . l E a r t h . 

S l i c h t e r and Caputo (1960) and Caputo (1961) have 

c o n s i d e r e d t h e d e f o r m a t i o n o f a l a y e r e d e a r t h by an a x i a l l y 

symmet r i c s u r f a c e mass d i s t r i b u t i o n . I have used t h e i r 

method o f s o l u t i o n f o r t h e non g r a v i t a t i n g , homogeneous 

s h e l l , f l u i d c o r e case ( S l i c h t e r and Capu to , 1960) t o 

d e t e r m i n e t h e r a d i a l d e f o r m a t i o n when t h e l o a d i s a s i n g l e 

c i r c u l a r cap a p p r o x i m a t i n g a p o i n t mass ( h a l f a n g l e o f one 

d e g r e e ) . U s i n g t h i s r e s u l t I have d e t e r m i n e d t h e t i l t i n g 

e f f e c t and t h e p e r t u r b a t i o n o f g r a v i t y w i t h an a p p r o x i m a t e 

c o r r e c t i o n f o r g r a v i t a t i o n e f f e c t s . The c o m p u t a t i o n was 

implemen ted by program CAPS, wh ich i s documented i n Append ix 

I V , and t h e r e s u l t s a r e p r e s e n t e d i n T a b l e s 3-4 and 3-5 

expres sed i n a c o n v e n i e n t n o n - d i m e n s i o n a l f o r m i n t r o d u c e d by 

Longman ( 1 9 6 3 ) . L o n g m a n ^ v a r i a b l e s a r e u / ( a m ' / r a ) a n d 



Table 3"2a "Influence values lor surface displacements (Taylor): 
point load p = IpPfivhE 

Vertical displacement p, 

r/A \ ^ 
0 0-2 0-4 0-5 

005 37-580 35-921 31-052 27-351 
0 1 17-586 16-728 14-260 13-360 
0-2 7-624 7162 5-897 4-914 
0-3 4-327 4-016 3-154 2-480 
0-4 2-720 2-478 1-827 1-320 
0-5 1-792 1-599 1-092 0-699 
0-6 1-212 1-048 0-635 0-290 
0-7 0-823 0-690 0-352 0-051 
0-8 0-560 0-450 0-168 - 0 079 
0-9 0-373 0-286 0 053 - 0 1 6 0 
1-0 0-250 0-182 - 0 0 1 1 -0-183 
1-25 0080 0-031 - 0 0 8 5 - 0 1 9 4 
1-5 0-013 - 0 0 0 2 - 0 0 7 7 - 0 1 5 6 
1-75 - 0 0 0 7 - 0 0 0 7 -0-048 - 0 1 2 3 

. 2*0 -0-012 -0-011 - 0 0 3 9 - 0 0 8 3 
2-5 - 0 0 0 4 - 0 0 1 7 -0-025 - 0 036 
3 0 - 0 0 0 3 0-001 - 0 0 0 8 - 0 0 2 5 
3 5 - 0 0 0 3 0-000 - 0 0 0 4 - 0 0 1 8 
4 0 - 0 0 0 1 0-000 - 0 0 0 3 - 0 0 1 2 
6 0 - 0 0 0 0 - 0 0 0 0 -0-001 -0-002 
8 0 -0-000 -0-000 - 0 0 0 0 - 0 000 

100 - 0 0 0 0 - 0 000 - 0 0 0 0 - 0 0 0 0 

Table 3—2b Influence values lor surface displacements (Taylor): 
point load p = IpPjZvhE 

Radial displacement p. 

r/A \ ^ 
0 0-2 0-4 0-5 

0-05 19-959 14-362 5-559 - 0 0 4 1 
0-1 9-948 7-124 2-723 - 0 0 7 8 
0-2 4-896 3-455 1-250 - 0 1 5 6 
0-3 3-183 2-184 0-716 -0-225 
0-4 2-308 1-523 0-426 -0-288 
0-5 1-773 1-064 0-232 -0-326 
0-6 1-277 0-824 0-102 -0-376 
0-7 1-000 0-620 0-008 -0-405 
0-8 0-789 0-465 -0-063 -0-420 
0-9 0-627 0-349 - 0 0 1 1 -0-421 
10 0-499 0-259 - 0 1 4 1 -0-417 
1-25 0-292 0-150 - 0 1 7 5 -0-380 
1-5 0167 0-048 -0-163 -0-315 
1-75 0-097 0-012 -0-134 -0-250 
2 0 0-060 0-002 -0-109 - 0 1 9 5 
2-5 0027 0-003 - 0 070 - 0 1 1 8 
3 0 0010 - 0 0 0 2 -0-038 - 0 072 
3-5 0-003 - 0 0 0 8 - 0 0 i 2 - 0 0 4 6 
4 0 0002 - 0 0 0 0 - 0 0 1 4 - 0 0 2 9 
6-0 0 000 - 0 0 0 0 - 0 0 0 2 - 0 0 0 2 
8-0 0-000 - 0 0 0 0 - 0 0 0 0 - 0 0 0 1 

10-0 0-000 -0-000 - 0 0 0 0 - 0 0 0 0 



Table 3-3 
Properties of the Gutenberg Earth Model 

a—r P c. /* A g 
km g/cm3 km/s km/s i o M dyn/cm2 1 0 1 1 dyn/cm s cm/s* 

2 7 4 6-14 3 '55 3'45 3-42 982 
19 

3-00 6 5 8 3 80 4 33 4-32 983 
38 

3 32 8-20 4 6 5 7 1 8 7 -97 984 
So 

3*34 8 . 7 4-62 7 1 3 8-04 985 
60 

3 35 8 1 4 4 5 7 7-00 8-20 985 
7 0 

3 36 8-io 4 ' 5 » 6 8 3 8 3 8 986 
80 

3-37 8 07 4 46 6-70 8-54 986 
9 0 

3 38 8-02 4 4 1 6-57 8 5 9 986 
100 

3 39 7 93 4 37 6 4 7 8-37 986 
125 

3-41 7 8 5 4 35 6 4 5 8 1 1 987 
150 

3 43 7 89 4 36 6 5 2 8 3 1 988 
>75 

3 46 7 98 4 38 6 6 4 8 7 6 989 
200 

3 48 8 1 0 4 4 2 6-80 9 2 3 989 
225 

3 SO . 8-21 4 4 6 6 9 6 . 9 67 990 
250 

8-38 3 53 8-38 4 5 4 7 28 10-24 991 
30O 

3 58 8 62 4-68 7 8 4 10-92 992 
350 

3-62 8 87 4 8 5 8 52 11-45 993 
400 

3 69 3 69 9 1 5 5 04 9 3 7 1 2 1 5 995 
4 5 0 

3 82 9 45 5 2 1 1 0 3 7 13-38 996 
500 

9 8 8 4-01 9 8 8 5 45 11-91 I 5 - 3 2 997 
60O 

4 2 1 10-30 . 5 76 > 3 9 7 1 6 7 3 998 
70O 

4-40 10-71 6 03 16 00 18 -47 998 
80O 

4 5 6 11 'IO 6-23 17-70 20-79 997 
90O 

4 63 i i - 3 S 6-32 1 8 4 9 22-66 995 
IOOO 

4 74 11-60 6-42 19-54 24-71 993 
1 200 

4 8 5 1 1 9 3 6-55 20-81 27-41 990 
I 4OO 

4 96 12*17 6 69 22-20 29-06 986 
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7/(gai• /m) r a t h e r t h a n t h e r a d i a l d i s p l a c e m e n t u and the 
p e r t u r b a t i o n of g r a v i t y y , where m1 i s t h e mass o f t he l o a d , 
m i s t h e mass o f t h e e a r t h and a i s t h e r a d i u s o f t h e e a r t h . 
I n a d d i t i o n t o t h e s e v a r i a b l e s I have used the v a r i a b l e 
• / ( m V m ) t o r e p r e s e n t t i l t where • i s t h e a c t u a l t i l t i n 
m i l l i s e c o n d s o f a r c . The l e t t e r s U, G and T r e f e r t o 
n o n - d i m e n s i o n a l d i s p l a c e m e n t , g r a v i t y change and t i l t 
r e s p e c t i v e l y . I n t h e d e s c r i p t i o n t h a t f o l l o w s , t h e symbo l s 
P (n) and Q(n) r e f e r t o t h e Legendre p o l y n o m i a l s o f degree n 
i n u and 6 r e s p e c t i v e l y where u i s t h e h a l f a n g l e o f t h e cap 
l o a d and 0 i s a v a r i a b l e d e n o t i n g t h e a n g u l a r d i s t a n c e t o 
t h e l o a d a x i s . 
3 - 3 - 1 . Program CAPS. 

The s o l u t i o n o b t a i n e d by S l i c h t e r and Caputo (1960) i s 

s o l v e d i n program CAPS f o r t h e case o f a s i n g l e cap l o a d . 

The cap l o a d i s d e f i n e d by the s u r f a c e d e n s i t y ; 

f (8) = T / g 0 < 0 < u . (3 -10) 

= 0 o t h e r w i s e 

where T i s t h e a s s i g n e d s u r f a c e p r e s s u r e and g i s t h e 

a c c e l e r a t i o n due t o g r a v i t y . T h i s can be r e p r e s e n t e d by t h e 

i n f i n i t e s e r i e s : 

f ( G ) = I n = £ T £ P ( n - 1 ) - P ( n + 1 ) ] Q ( n ) / 2 g 

+ T ( 1 - C o s u ) / 2 g (3-11) 

I t w i l l be shown l a t e r t h a t t h e t e rm n=1 o f t h i s s e r i e s 

r e q u i r e s s p e c i a l t r e a t m e n t . S l i c h t e r and Caputo (1960) a v o i d 

u s i n g t h i s t e r m by assuming i n s t e a d o f a s i n g l e cap l o a d two 
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i d e n t i c a l a n t i - p o d a l caps . I n our i m p l e m e n t a t i o n o f t h e i r 

method we assume a s i n g l e cap l o a d b u t o m i t t he te rm n=1 

f r o m t h e c o m p u t a t i o n . We c a l c u l a t e the e f f e c t o f t h i s t e r m 

s e p a r a t e l y by a method d e s c r i b e d i n Append ix IX and add i t 

t o t h e r e s u l t s d e t e r m i n e d f o r t h e o t h e r t e r m s . The 

n o n - d i m e n s i o n a l d i s p l a c e m e n t due t o t h i s t e rm i s deno t ed by 

U5 i n p rogram CAPS. I t i s shown i n t h e append ix t o be , f o r a 

s o l i d homogeneous e a r t h : 

U5 = - ( 3 g 2 / ( 3 Y + 2 ) ) (Cos9/8Girjj) ( 3 -12 ) 

where 7 = X / p . (The d i s p l a c e m e n t f o r a homogeneous, s h e l l was 

d e t e r m i n e d a l s o by t h i s t e c h n i q u e b u t was found t o d i f f e r 

o n l y s l i g h t l y f r o m t h e homogeneous e a r t h c a s e ) . 

The e l a s t i c e q u i l i b r i u m c o n s i d e r e d by S l i c h t e r and 

Caputo i s t h a t o f a s p h e r i c a l s h e l l w i t h t h e a p p l i e d s t r e s s 

i n d e p e n d e n t o f l o n g i t u d e and the e l a s t i c pa rame te r s X and y 

c o n s t a n t . A s o l u t i o n i n t h e f o r m : 

u = IR ( r , n ) Q(n) (3 -13) 

i s assumed, where R ( r , n ) i s d e t e r m i n e d by t h e i r Eqns . (21) 

and (22) i n t e r m s o f t h e e l a s t i c p a r a m e t e r s o f t h e s h e l l and 

t h e boundary c o n d i t i o n s . The c o n d i t i o n s a p p r o p i a t e t o a 

f l u i d c o r e a r e assumed on the i n n e r b o u n d a r y . On t h e o u t e r 

boundary a s u r f a c e - l o a d f u n c t i o n S (n ,u ) i s assumed w h i c h , 

f o r t h e s i n g l e - c a p l o a d c o n s i d e r e d v h e r e , becomes: 

S ( n , u ) = - r T (P ( n - 1 ) - P ( n + 1 j ^ / 2 g V - (n>0) 

= - r T ( 1 - C o s u ) / 2 g - ) _ . . ' ' (n=0) 

A f t e r d e t e r m i n i n g R ( r , n ) t h e r a d i a l d i s p l a c e m e n t D1 i s 

d e t e r m i n e d u s i n g Eqn. ( 3 - 1 3 ) , assuming u=1 degree and summing 
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t o n=200« There i s i n a d d i t i o n t o t h i s y i e l d i n g due t o t h e 

s u r f a c e f o r c e an u p l i f t due t o t h e body f o r c e e x e r t e d by t h e 

l o a d . Love (1927 , S e c t i o n 174) g i v e s f o r t h i s u p l i f t on an 

homogeneous e a r t h : 

6Un = Vnpn[ n ( (n+2) X+(n+1) n) a z - ( n - 1 ) ( ( n + 1) X+np) r z ] 

/ [ 2 (n-1) H ( ( 2 n 2 + 4n + 3) X+2 (n2 + n + 1) X) ] (3-14) 

where p i s t h e d e n s i t y o f t h e homogeneous e a r t h and Vn i s 

t h e g r a v i t a t i o n a l p o t e n t i a l due t o t h e l o a d i n g mass. A t a 

p o i n t on t h e s u r f a c e Vn i s g i v e n b y : 

Vn = (An) 4trGa/(2n+1) (3 -15) 

where a i s t h e r a d i u s o f t he E a r t h . T h i s u p l i f t has been 

computed by CAPS f o r a mean d e n s i t y o f 4 .47 and i s t a b u l a t e d 

as U3 i n t h e T a b l e s . The t o t a l r a d i a l d i s p l a c e m e n t i s t a k e n 

as the a l g e b r a i c sum o f y i e l d i n g and u p l i f t and i s shown as 

04 i n t h e t a b l e ' s . T h i s i n c l u d e s t o o a s m a l l c o n s t a n t t e rm Uc 

due t o t h e d i s p l a c e m e n t when n=0 and t h e t e r m U5 d e s c r i b e d 

above . 

There a r e t h r e e t i l t i n g e f f e c t s t o c o n s i d e r . The 

p r i n c i p a l one T1 i s due t o t h e r a d i a l d i s p l a c e m e n t o f t h e 

s u r f a c e . T h i s i s t he s u r f a c e t i l t and i s f o u n d by 

d i f f e r e n t i a t i n g t h e e x p r e s s i o n f o r t he t o t a l r a d i a l 

d i s p l a c e m e n t w i t h r e s p e c t t o a.8. The n e x t l a r g e s t t i l t i n g 

e f f e c t i s c a l l e d T3 and i s due t o t h e h o r i z o n t a l component 

o f t he g r a v i t a t i o n a l a t t r a c t i o n o f t h e l o a d ; t h a t r e f e r r e d 

t o as A i n Egn. ( 3 - 7 ) . T h i s has t h e e f f e c t o f d e f l e c t i n g t h e 

v e r t i c a l w h i c h , w i t h t h e p e n d u l u m - t y p e t i l t m e t e r s used h e r e , 

i s i n d i s t i n g u i s a b l e f r o m a t i l t o f the s u r f a c e . I n t h e 
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n o n - d i m e n s i o n a l f o r m i t has t h e s i m p l e f o r m : 

T3 = [Cos [9/2) ] / [ 4 S i n 2 ( 0 / 2 ) ] (3-16) 

F i n a l l y t h e r e i s a n e g a t i v e a t t r a c t i o n due t o the masses o f 

t h e e a r t h which have been d i s p l a c e d ; the a t t r a c t i o n denoted 

by -eA i n Eyn. (3-7) and which w i l l be c a l l e d T2 h e r e . 

Nishimura (1950) assumed as a f i r s t a p p r o x i m a t i o n f o r t h i s 

a t t r a c t i o n t h e c o n s t a n t r a t i o -,5A. We o b t a i n an e x p r e s s i o n 

f o r t h i s f a c t o r by d i f f e r e n t i a t i n g . t h e g r a v i t a t i o n a l 

p o t e n t i a l o f t h e r a d i a l d i s p l a c e m e n t , Eqn. (3-19) below. The 

r e s u l t expressed as T2/T3 has been computed as a f u n c t i o n o f 

d i s t a n c e assuming a d e n s i t y f o r t h e d i s p l a c e d masses of 2.8 

and i s shown i n F i g . (3-5) f o r two v a l u e s o f r i g i d i t y . A l s o 

shown i n t h i s f i g u r e i s the r a t i o T2/T3 d e t e r m i n e d by t h e 

Longman method d i s c u s s e d i n S e c t i o n (3-6) below. 

There a r e a l s o t h r e e p a r t s i n t h e p e r t u r b a t i o n o f 

g r a v i t y . The p r i n c i p a l p a r t i s c a l l e d G1 and i s due t o 

s i m p l e r a d i a l d i s p l a c e m e n t i n t h e E a r t h ' s e x t e r i o r 

g r a v i t a t i o n a l f i e l d . The p a r t due t o t h e v e r t i c a l component 

o f t h e g r a v i t a t i o n a l a t t r a c t i o n o f t h e l o a d i s : 

G3 = - 1 / 4 S i n ( 0 / 2 ) (3-17) 

G2 i s t h e v e r t i c a l a t t r a c t i o n due t o the d i s p l a c e d 

masses. To e s t i m a t e i t we proceed as f o l l o w s : We assume t h e 

E a r t h i s i n c o m p r e s s i b l e and t h a t t h e d i s p l a c e m e n t o f the 

s u r f a c e i s g i v e n . by U4, de t e r m i n e d above, which can be 

r e p r e s e n t e d as a s e r i e s o f s p h e r i c a l harmonics i n t h e f o r m : 

U4 = Eu P (Cos0) (3-18) 
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The g r a v i t a t i o n a l p o t e n t i a l due t o t h i s r e d i s t r i b u t i o n of 

mass i s a p p r o x i m a t e l y : 

V =Z(UirGa) ( a / r ) (pu P B(Cos0)) (3-19) 

T h i s i s t h e e x t e r i o r p o t e n t i a l o f a sphere coated w i t h the 

mass d e n s i t y s=up where p i s the d e n s i t y assumed f o r t h e 

d i s p l a c e d masses. The v e r t i c a l component o f a t t r a c t i o n a t 

t h e s u r f a c e t h e n i s : 

G2 = E (n +1) [UwGpu P h(Cos9)} / (2n + 1) (3-20) 

I n t h i s e s t i m a t e we assume f o r the d e n s i t y t h e mean c r u s t a l 

v a l u e o f 2.8. Note t h a t t h e term n=0 i s not i n c l u d e d i n 

Eyn. (3-20) s i n c e i t would n o t be p r e s e n t on an 

i n c o m p r e s s i b l e E a r t h . 

The t o t a l g r a v i t y p e r t u r b a t i o n G4 i s t h e sum of G1, G2 

and G3. 

3-3-2 D i s c u s s i o n . 

The d i s p l a c e m e n t determined by program CAPS may be 

compared t o t h a t d e t e r m ined by Egn. (3-1) f o r t h e i n f i n i t e 

h a l f space. As t h e d i s t a n c e i s made s m a l l t h e r a d i a l 

d i s p l a c e m e n t U1 s h o u l d approach and merge w i t h t h e 

d i s p l a c e m e n t d etermined by Egn. ( 3 - 1 ) . T h i s r e s u l t i s 

demonstrated i n F i g . (3-6) where d i s p l a c e m e n t has been 

p l o t t e d f o r t h e two cases f o r a c o e f f i c i e n t o f r i g i d i t y o f 

0 . 6 x10 1 2 dynes/cm*. The d i s p l a c e m e n t i s l e s s f o r t h e 

s p h e r i c a l model and l e s s s t i l l when t h e u p l i f t due t o body 

f o r c e s (U3) i s added t o U1. 

The a t t r a c t i o n t i l t T3 i s o f course i d e n t i c a l i n t h e 
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two cases. The t i l t T2 i s t o o s m a l l t o be s i g n i f i c a n t a t 

d i s t a n c e s where t h e p l a n e - E a r t h model i s a p p l i c a b l e . 

3-4 The E f f e c t On A Gutenberg-Model E a r t h . 

3-4-1 Program LONG. 

Longman (1962/1963) has d e r i v e d t h e e q u a t i o n s o f 

e q u i l i b r i u m f o r an E a r t h model under the s t r e s s o f a s u r f a c e 

l o a d when t h e t h r e e e l a s t i c parameters X r y and p a r e 

a r b i t r a r y f u n c t i o n s o f the d e p t h . He has s o l v e d t h e s e 

e q u a t i o n s f o r t h e case where t h e e l a s t i c parameters t a k e on 

th e v a l u e s s p e c i f i e d f o r t h e Gutenberg-model E a r t h ( A l t e r m a n 

e t a l , 1961). Program LONG i s an i m p l e m e n t a t i o n based on 

these s o l u t i o n s b u t i n c l u d i n g a d d i t i o n s and m o d i f i c a t i o n s 

which w i l l be d e s c r i b e d l a t e r . 

For t h e v e r t i c a l d i s p l a c e m e n t o f t h e s u r f a c e , t h e 

h o r i z o n t a l a t t r a c t i o n ( t i l t ) of t h e l o a d i n g mass and of t h e 

d i s p l a c e d masses, and t h e change i n t h e g r a v i t y f i e l d a t t h e 

deformed s u r f a c e Longman ob t a i n s , t h e s o l u t i o n s : 

Un = H'n Pn (cos 9) (3-21) 

Tn = (1+K«n)P'n(Cos0) (3-22) 

Gn = K«n[n+2H'n- (n + 1) ̂ 6 ] P n (cos 0) (3-23) 

where Pn (cost?) i s t h e Legendre p o l y n o m i a l , P'n(CosQ) i s i t s 

d e r i v a t i v e w i t h r e s p e c t t o B'9 Gn and Tn a r e t h e 

non - d i m e n s i o n a l f o r m s i n t r o d u c e d e a r l i e r f o r the 

d i s p l a c e m e n t , t i l t and g r a v i t y p e r t u r b a t i o n r e s p e c t i v e l y . 

H'n and K'n a r e t h e l o a d - d e f o r m a t i o n c o e f f i c i e n t s (Hunk and 

Hacdonald, 1960) which Longman d e t e r m i n e s f o r n up t o 40 

from t h e e q u a t i o n s o f e q u i l i b r i u m . 
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The n u m e r i c a l l y s i m p l e form o f t h e e q u a t i o n s i s a 

consequence of t h e d e f i n i t i o n of the l o a d d e f o r m a t i o n 

c o e f f i c i e n t s and t h e c h o i c e o f a p a r t i c u l a r l y c o n v e n i e n t 

point-mass s u r f a c e l o a d e q u a l t o t h e mass o f t h e E a r t h . The 

s o l u t i o n may be c o n s i d e r e d as a Green's f u n c t i o n f r o m which 

t h e response due t o a r b i t r a r y s u r f a c e l o a d s can be o b t a i n e d 

by c o n v o l u t i o n . The s u r f a c e l o a d assumed has t h e Legendre 

e x p a n s i o n : 

S = (g/tirG) limE(2n+1) Pn (CosQ) (3-2U) 

and t h e i n t e r i o r p o t e n t i a l : 

Vn = ga ( r / a ) (3-25) 

For t h e point-mass l o a d assumed summations of the terms 

r e p r e s e n t e d by Egns. ( 3 - 2 1 , 23, 24) d i v e r g e b u t t h e Poisson 

s e r i e s o b t a i n e d by m u l t i p l y i n g each terra by p"does converge 

t o the r i g h t 'value f o r p<1. T h i s has t h e e f f e c t however o f 

broadening t h e r e p r e s e n t a t i o n of the l o a d so t h a t t h e 

assumed p o i n t mass may be d i s t r i b u t e d over s e v e r a l degrees. 

The expansion r e p r e s e n t i n g t h e l o a d , E g n.(3-24), i s shown 

f o r p=0.99 i n F i g . ( 3 - 7 ) . Longman f i n d s f o r summation t o 

n=40 (the maximum f o r which he has d e t e r m i n e d n) t h a t p=0.85 

i s t h e maximum v a l u e which can be used. Even f o r t h i s v a l u e 

o f p t h e e f f e c t o f terms w i t h n>40 becomes l a r g e when 6 i s 

l e s s t h a n about 30° and c o n s e q u e n t l y r e s u l t s w i t h i n t h i s 

l i m i t a r e n o t c o r r e c t . To p e r m i t p t o approach as c l o s e as 

p o s s i b l e t o 1.0 and c o m p u t a t i o n s t o be made as c l o s e as 

p o s s i b l e t o the l o a d Longman suggests summing the s e r i e s f o r 

very l a r g e v a l u e s o f n; u s i n g t h e a s y m p t o t i c b e h a v i o u r o f 
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H'n and K'n as n ten d s t o i n f i n i t y t o d e t e r m i n e H'n and K'n. 

T h i s i s t h e procedure we have f o l l o w e d here t o d e t e r m i n e t h e 

d i s p l a c e m e n t and g r a v i t y p e r t u r b a t i o n . F i g . (3-8) i s a p l o t 

on a s e m i - l o g a r i t h m i c s c a l e of the va l u e s g i v e n by Longman 

f o r H'n and K'n. The asymptotes f o r each o f t h e c o e f f i c i e n t s 

a r e g i v e n by: 

H'n = -0.86 l o g n + 0.58 (3-26) 

K'n = 0.025 l o g n - 0.127 (3-27) 

Using t h i s p r o c e d u r e , summing t o n=1000 and p u t t i n g p=0.99, 

produces r e a s o n a b l e l o o k i n g r e s u l t s t o w i t h i n one degree o f 

t h e l o a d w h i l e f o r g r e a t e r d i s t a n c e s i t r e p r o d u c e s c l o s e l y 

t h e r e s u l t s o b t a i n e d by Longman. 

Longman o m i t s t he term n=1 i n the summation f o r t o t a l 

d i s p l a c e m e n t and g r a v i t y p e r t u r b a t i o n because he c o n s i d e r s 

t h e l o a d - d e f o j f r a a t i o n c o e f f i c i e n t s f o r t h i s term t o i m p l y 

d i s p l a c e m e n t o f t h e e a r t h as a whole. T h i s appears t o be 

i n c o r r e c t ; i t i s shown i n Appendix IX t h a t mass l o a d i n g 

r e p r e s e n t e d by t h i s term r e s u l t s i n an e q u i l i b r a t i n g system 

o f body and s u r f a c e f o r c e s and s i g n i f i c a n t e l a s t i c 

d e f o r m a t i o n . The term i s n e g l e c t e d t oo by o t h e r s : Hunk and 

MacDonald (1960,p 31) f i n d , t h a t the opposing e f f e c t s o f 

y i e l d due t o s u r f a c e f o r c e and u p l i f t due t o body f o r c e 

c a n c e l f o r t h i s t erm w i t h t h e net r e s u l t t h a t t h e term i s 

e q u i v a l e n t t o a r i g i d body d i s p l a c e m e n t o f t h e e a r t h w i t h no 

e f f e c t on s u r f a c e g r a v i t y . T h i s r e s u l t i s t r u e f o r t h e 

i n c o m p r e s s i b l e case t r e a t e d by them but i t i s n o t g e n e r a l l y 

t r u e (see Egn. ( 3 - 1 2 ) ) . An e r r o n e o u s i n t e r p r e t a t i o n o f t h e 
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e f f e c t o f t h e n=1 term might be made a l s o from J e f f e r i e s ' 

d i s c u s s i o n o f The S t r a i n i n g of a Sphere (1962, Appendix D) 

i n which he d e a l s s e p a r a t e l y w i t h t h e e f f e c t s o f s u r f a c e and 

body f o r c e s . The terra n=1 i n the s e r i e s r e p r e s e n t a t i o n o f 

e i t h e r o f these f o r c e s taken s e p a r a t e l y does i m p l y 

d i s p l a c e m e n t o f t h e e a r t h as a whole because s t a t i c 

e q u i l i b r i u m i s i m p o s s i b l e . T h i s i s r e f l e c t e d i n t h e 

appearance o f t h e f a c t o r n=1 i n the denominator o f t h e 

e x p r e s s i o n s d e r i v e d by J e f f 

The e f f e c t o f o m i t t i n g t h e n=1 term i n t h e s e r i e s 

r e p r e s e n t a t i o n o f the cap l o a d i s t o d i s t r i b u t e a l o a d i n g 

mass o v e r t h e e n t i r e hemisphere o p p o s i t e the cap {and a 

n e g a t i v e mass over t h e hemisphere on t h e same s i d e as t h e 

cap) . 

The e f f e c f t o f t h e term n= 1 on s u r f a c e d i s p l a c e m e n t i s 

c a l c u l a t e d i n Appendix IX and added t o t h e r e s u l t s 

d e t e r m i n e d below u s i n g Longman's method f o r the terms n # 1 . 

The e f f e c t o f t h e same term on s u r f a c e g r a v i t y i s c a l c u l a t e d 

a c c o r d i n g t o t h e method d e s c r i b e d i n S e c t i o n 3-3-1 and added 

t o t h e Longman r e s u l t . The t i l t e f f e c t due t o t h i s term i s 

n e g l i g i b l e because of i t s l a r g e wavelength and r e l a t i v e l y 

s m a l l a m p l i t u d e . 

To o b t a i n t h e t o t a l Green's f u n c t i o n f o r t i l t t h e 

e l a s t i c t i l t a t t h e s u r f a c e must be added t o t h e s o l u t i o n 

g i v e n by Eqn. (3-22) which i n c l u d e s o n l y t h e t i l t due t o 

a t t r a c t i o n e f f e c t s . T h i s i s done i n program LONG by l o c a l l y 

f i t t i n g t h e t a b u l a t e d r e s u l t s f o r d i s p l a c e m e n t t o a 



- 32-

t h i r d - o r d e r p o l y n o m i a l and d i f f e r e n t i a t i n g t h i s 

a p p r o x i m a t i n g f u n c t i o n . 

3-5 D i s c u s s i o n . 

The p r i n c i p a l r e s u l t s o b t a i n e d u s i n g programs CAPS and 

LONG a r e pr e s e n t e d i n Tables 3-4,7. Consider f i r s t t h e 

non - d i m e n s i o n a l d i s p l a c e m e n t d e t e r m i n e d f o r t h e d i s t a n c e 

range f r o m 30 degrees t o 180 degrees. The LONG r e s u l t s f o r 

t h i s range and the CAPS r e s u l t s f o r r i g i d i t i e s o f 1.2 x 1 0 1 2 

and 1.86 x 10** and t h e same range a r e p l o t t e d i n F i g . ( 3 - 9 ) . 

T h i s d e m o n s t r a t e s t h a t t h e d i s p l a c e m e n t o f a Gutenberg-model 

E a r t h due t o s u r f a c e l o a d i n g by a p o i n t mass i s 

a p p r o x i m a t e l y the same as t h a t of an E a r t h c o n s i s t i n g o f a 

s i n g l e homogeneous s h e l l e n c l o s i n g a f l u i d c o r e ; a t l e a s t 

f o r l o a d i n g a t d i s t a n c e s g r e a t e r than 30 degrees. T h i s 

c o r r e s p o n d s f a i r l y w e l l w i t h t h e f i g u r e o f 1.7 x 10» 2 found 

f o r t h e 'mean1 r i g i d i t y o f t h e E a r t h ' s mantle t o a depth o f 

2900 k i l o m e t e r s when B u l l e n ' s d e n s i t y law i s assumed. 

( H e l c h i o r , p324, 1965). 

The t o t a l g r a v i t y p e r t u r b a t i o n f o r t h e same t h r e e cases 

i s shown i n F i g . ( 3 - 1 0 ) . The agreement between t h e LONG and 

CAPS r e s u l t s i s n o t as good here. There i s a s y s t e m a t i c 

d i f f e r e n c e which i s a p p a r e n t l y due t o the assumption made i n 

t h e CAPS i m p l e m e n t a t i o n t h a t t h e d i s p l a c e d masses a r e s i m p l y 

r e d i s t r i b u t e d on t h e s u r f a c e . 

3-6 E f f e c t s W i t h i n 30° Of The Load. 

The r e s u l t s f o r t h e d i s t a n c e range 0-60° a r e shown i n 

g r e a t e r d e t a i l i n F i g s . (3-11,12) -.. The t o t a l d i s p l a c e m e n t U4 
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a n d t h e t o t a l t i l t TU v a r y r a p i d l y i n t h i s r a n g e and a r e 

r e p r o d u c e d h e r e o n a l o g a r i t h m i c s c a l e . The a g r e e m e n t 

b e t w e e n LONG and CAPS r e s u l t s i s v e r y c l o s e down t o w i t h i n a 

f e w d e g r e e s o f t h e l o a d . We have p r e v i o u s l y s een t h a t t h e 

e l a s t i c y i e l d and t i l t d e t e r m i n e d b y CAPS a g r e e s w i t h t h a t 

d e t e r m i n e d o n t h e b a s i s o f t h e B o u s s i n e s q s o l u t i o n v e r y 

c l o s e t o t h e l o a d . T h i s r e s u l t i n d i c a t e s t h a t t h e LONG 

r e s u l t t o o i s v a l i d i n t h i s r a n g e . We w i l l l o o k a t t h i s d a t a 

i n more d e t a i l l a t e r b u t b e f o r e we d o i t i s u s e f u l t o 

c o n s i d e r t h e B u r m i s t e r p r o b l e m . 

3 - 6 - 1 The 3 u r m i s t e r P r o b l e m . 

B u r m i s t e r (1955) has t r e a t e d t h e c a s e o f a p o i n t mass 

l o a d i n g t h e s u r f a c e o f an e l a s t i c l a y e r o f t h i c k n e s s h , 

u n d e r l a i n by a r i g i d h a l f s p a c e . Ke h a v e r e p r o d u c e d i n T a b l e 

3 - 2 n u m e r i c a l v r e s u l t s p r e s e n t e d by P o u l o s ( 1 9 6 7 ) f o r t h e 

d i s p l a c e m e n t o f t h e f i r s t s u r f a c e a s s u m i n g s e v e r a l d i f f e r e n t 

v a l u e s f o r P o i s s o n ' s r a t i o . The ' i n f l u e n c e f a c t o r * u s e d i n 

t h e t a b l e s i s d e f i n e d b y t h e e g u a t i o n : 

I = p 2 » r h E / P ( 3 - 2 8 ) 

w h e r e I i s t h e i n f l u e n c e f a c t o r , p i s t h e v e r t i c a l 

d i s p l a c e m e n t o f t h e u p p e r s u r f a c e , h i s t h e t h i c k n e s s o f t h e 

u p p e r l a y e r , E i s Y o u n g ' s M o d u l u s a n d P i s t h e f o r c e e x e r t e d 

b y t h e p o i n t l o a d a t r = 0 . 

I t c a n be s e e n t h a t t h e d i s p l a c e m e n t f a l l s t o z e r o f o r 

r / h > 1.5 ( T a b l e 3 - 2 ) . S i m i l a r r e s u l t s a r e f o u n d f o r t h e 

s t r e s s e x e r t e d on t h e s u r f a c e o f t h e u n d e r l y i n g l a y e r 

( P o u l o s T a b l e 1 , 1 9 6 7 ) ; t h e s t r e s s i s z e r o f o r r a d i i g r e a t e r 
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t h a n 1.5 h . The p r e s e n t p r o b l e m i s t o c a l c u l a t e t h e s u r f a c e 

d e f o r m a t i o n due t o p o i n t - m a s s l o a d i n g o f a s h a l l o w l a y e r o f 

l o w mean r i g i d i t y u n d e r l a i n by a n o n - r i g i d h a l f s p a c e . He 

w a n t t o d e t e r m i n e t h e d i s t a n c e b e y o n d w h i c h t h e e f f e c t o f 

t h e f i r s t l a y e r i s n e g l i g i b l e . I f we assume t h a t t h e 

u n d e r l y i n g l a y e r d o e s n o t y i e l d , t h e n B u r m i s t e r ' s r e s u l t s 

i n d i c a t e t h a t t h i s d i s t a n c e i s 1 .5 h . The a c t u a l y i e l d i n g o f 

t h e u n d e r l y i n g l a y e r c a n be c a l c u l a t e d u s i n g t h e s o l u t i o n 

g i v e n i n t h e p r e v i o u s s e c t i o n f o r t h e i n f i n i t e h a l f s p a c e , 

a s s u m i n g f o r t h e l o a d a mass d i s t r i b u t i o n d e t e r m i n e d by t h e 

s t r e s s d i s t r i b u t i o n g i v e n by t h e B u r m i s t e r r e s u l t . We c a n 

a p p r o x i m a t e t h i s l o a d by a s g u a r e s u r f a c e mass o f s i d e 2 h . 

I t can be s h o w n t h a t t h e h o r i z o n t a l a t t r a c t i o n o f t h i s mass 

d i s t r i b u t i o n b e y o n d a d i s t a n c e o f 3 h i s a p p r o x i m a t e l y t h e 

same a s a p o i n t d i s t r i b u t i o n o f e g u a l mass . T h u s , t h i s i s 

t h e d i s t a n c e b e y o n d w h i c h t h e e f f e c t o f l a y e r s t o a d e p t h o f 

h i s n e g l i g i b l e . 

I n T a b l e 3 -3 I h a v e r e p r o d u c e d p a r t o f t h e t a b l e o f 

p h y s i c a l p r o p e r t i e s p r e s e n t e d by A l t e r m a n e t a l ( 1 9 6 1 ) f o r 

t h e G u t e n b e r g E a r t h M o d e l . I t w i l l be s e e n t h a t t h e r i g i d i t y 

o f l a y e r s d e e p e r t h a n 38 k i l o m e t e r s i s u n i f o r m l y n e a r 0 . 7 x. 

1 0 1 2 t h r o u g h o u t t h e f i r s t 300 k i l o m e t e r s . From t h e B u r m i s t e r 

r e s u l t s t h e i n f l u e n c e o f l a y e r s l e s s t h a n 38 k i l o m e t e r s i n 

d e p t h i s n e g l i g i b l e a t d i s t a n c e s g r e a t e r t h a n 11 1 * 

k i l o m e t e r s , o r a p p r o x i m a t e l y one d e g r e e . T h u s t h e m i n i m u m 

e f f e c t i v e r i g i d i t y f o r d i s t a n c e s f r o m t h e l o a d g r e a t e r t h a n 

one d e g r e e w o u l d be e x p e c t e d t o be a b o u t 0 . 7 x 1 0 1 Z . 
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3 - 6 - 2 C o m p a r i s i o n W i t h O t h e r R e s u l t s . 

We h a v e s e e n t h a t t h e r e s u l t s d e t e r m i n e d by p r o g r a m LONG 

become i n c r e a s i n g l y u n c e r t a i n a s t h e d i s t a n c e t o t h e l o a d i s 

d e c r e a s e d . The e x t r a p o l a t i o n m e t h o d d e s c r i b e d i n S e c t i o n 

3 - 4 - 1 p r o d u c e s w e l l - b e h a v e d r e s u l t s t o w i t h i n one d e g r e e o f 

t h e l o a d b u t i t r e m a i n s t o be s h o w n t h a t t h e s e e x t r a p o l a t e d 

r e s u l t s a r e a c c u r a t e . I n F i g . ( 3 - 1 3 ) I h a v e r e p r o d u c e d t h e 

r a t i o T 4 / T 3 f r o m b o t h t h e LONG and CAPS r e s u l t s f o r t h e 

d i s t a n c e r a n g e 0 - 2 8 ° . The same r a t i o has b e e n d e t e r m i n e d f o r 

t h e i n f i n i t e h a l f - s p a c e E a r t h , c o m p u t e d f r o m t h e B o u s s i n e s g 

s o l u t i o n a s s u m i n g t h e e l a s t i c c o n s t a n t s shown i n t h e f i g u r e . 

The LONG r e s u l t s a p p e a r r e a s o n a b l e ; a s t r a i g h t l i n e 

e x t r a p o l a t i o n f r o m t h e LONG d a t a i n t e r s e c t s t h e 

z e r o - d i s t a n c e a x i s n e a r 3 . 5 w h i c h , a s p o i n t e d o u t i n t h e 

l a s t s e c t i o n , "• i s t h e l a r g e s t v a l u e e x p e c t e d f o r d i s t a n c e s 

g r e a t e r t h a n 1 d e g r e e . The CAPS r e s u l t s a r e d e t e r m i n e d on 

t h e b a s i s o f a h o m o g e n e o u s s h e l l o f r i g i d i t y 1 . 8 6 x 1 0 1 2 

( d y n e s / c m 2 ) w h i c h i s much t o o h a r d t o be r e p r e s e n t a t i v e o f 

t h a t p a r t o f t h e m a n t l e c o n c e r n e d when t h e s i t e i s w i t h i n a 

f e w d e g r e e s o f t h e l o a d . As e x p e c t e d t h e r e f o r e t h e CAPS 

r a t i o s a p p e a r t o o s m a l l . 

D n t i l r e c e n t l y t h e o n l y a d d i t i o n a l e v i d e n c e on t h e 

r e s p o n s e o f t h e E a r t h t o s u r f a c e l o a d s i n t h e d i s t a n c e r a n g e 

0 - 1 0 was t h e e m p i r i c a l d e t e r m i n a t i o n s o f N i s h i m u r a (1950) 

a n d t h e t h e o r e t i c a l r e s u l t s o f T a k e u c h i ( 1 9 5 0 ) who 

c o n s i d e r e d t h e p r o b l e m o f s u r f a c e l o a d i n g o n a s e m i - i n f i n i t e 

e l a s t i c b o d y w i t h e l a s t i c c o n s t a n t s w h i c h w e r e a p a r t i c u l a r 
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e x p o n e n t i a l f u n c t i o n o f d e p t h . R e c e n t l y h o w e v e r t h e 

f i n i t e - e l e m e n t m e t h o d ( Z i e n k i e w i c z , 1967) h a s b e e n a p p l i e d 

w i t h g r e a t s u c c e s s t o t h e g e n e r a l p r o b l e m a n d p r e l i m i n a r y 

r e s u l t s h a v e been o b t a i n e d b y Beaumont ( 1 9 7 1 ) f o r t h e 

s u r f a c e d i s p l a c e m e n t n e a r a l o a d on a G u t e n b e r g e a r t h . 

B e a u m o n t ' s r e s u l t s a r e shown i n F i g . ( 3 - 1 4 ) t o g e t h e r w i t h 

r e s u l t s d e t e r m i n e d by CAPS and LONG. From t h e d i s p l a c e m e n t 

we h a v e c o m p u t e d t h e t i l t r a t i o T 4 / T 3 a n d t h i s i s s h o w n i n 

F i g . ( 3 - 1 5 ) t o g e t h e r w i t h t i l t r a t i o s d e t e r m i n e d by N i s h i m u r a 

a n d b y T a k e u c h i . The t i l t r a t i o s shown p r e v i o u s l y f o r LONG 

a r e r e p r o d u c e d h e r e a l s o . The g r a v i t y p e r t u r b a t i o n r a t i o 

G4/G1 i s s h o w n f o r t h e 0 - 3 0 ° r e g i o n o f t h e LONG r e s u l t i n 

F i g . ( 3 - 1 6 ) . 

I t c a n be s e e n t h a t t h e LONG a n d Beaumon t r e s u l t s f o r 

d i s p l a c e m e n t a g r e e f a i r l y w e l l t h r o u g h o u t t h e r a n g e 1 ° - 1 4 ° 

shown i n F i g . ( 3 - 1 4 ) . The Beaumont r e s u l t s w o u l d be e x p e c t e d 

t o f a l l b e l o w (show a s m a l l e r d i s p l a c e m e n t t h a n ) t h o s e o f 

LONG w h e r e t h e e f f e c t o f u p l i f t , w h i c h i s n o t c o n s i d e r e d by 

B e a u m o n t , becomes i m p o r t a n t . T h i s u p l i f t i s n o t d e t e r m i n e d 

s e p a r a t e l y i n t h e LONG i m p l e m e n t a t i o n s i n c e t h e l o a d 

d e f o r m a t i o n c o e f f i c i e n t c o n t a i n s b o t h t h e u p l i f t e f f e c t a n d 

t h e e l a s t i c y i e l d . I t i s d e t e r m i n e d s e p a r a t e l y i n p r o g r a m 

CAPS a l t h o u g h s u b j e c t t o t h e a s s u m p t i o n t h a t t h e E a r t h i s 

h o m o g e n e o u s a n d o f mean r i g i d i t y 4 . 4 7 ( s e e E g n . 3 - 1 4 ) . T h i s 

i s t a b u l a t e d as 1)3 i n t h e t a b l e s . The d i s p l a c e m e n t s s h o w n 

f o r B e a u m o n t ' s r e s u l t s i n F i g . ( 3 - 1 4 ) s h o u l d be d e c r e a s e d f o r 

t h e u p l i f t e f f e c t w h i c h i s a p p r o x i m a t e d by U 3 . The 
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d i s p l a c e m e n t s d e t e r m i n e d by B e a u m o n t t h e n a p p e a r t o o s m a l l 

w i t h r e s p e c t t o t h e LONG r e s u l t s f o r d i s t a n c e s g r e a t e r t h a n 

a b o u t 7 ° . I n t h i s p a r t i c u l a r B e a u m o n t m o d e l h o w e v e r t h e 

E a r t h i s a s sumed t o be h e l d f i x e d a t t h e t h e d i s t a n c e 9 = 9 0 ° . 

T h i s may e x p l a i n t h e r e s u l t h e r e . The e f f e c t s h o u l d be 

n e g l ^ b l e c l o s e r t o t h e l o a d t h a n 7 ° . The CAPS r e s u l t s h o w s 

t h e e f f e c t o f a r i g i d i t y w h i c h i s i n c r e a s i n g l y t o o l a r g e a s 

t h e d i s t a n c e i s d e c r e a s e d . 

T i l t f a c t o r s a r e c o m p a r e d i n F i g . ( 3 - 1 5 ) f o r f i v e 

r e s u l t s . The Beaumont a n d LONG r e s u l t s a g a i n a g r e e q u i t e 

w e l l a l t h o u g h , a s p r e v i o u s l y m e n t i o n e d , t h i s may be 

f o r t u i t o u s b e c a u s e g r a v i t a t i o n a l u p l i f t has been n e g l e c t e d 

by B e a u m o n t . A v a l i d c o m p a r i s o n o f t h e v a r i o u s r e s u l t s c a n 

be made b e s t i n t h e r e g i o n b e t w e e n 1 ° a n d 5 ° ; t h a t i s , 

b e y o n d t h a t d i s t a n c e w h e r e t h e e f f e c t o f t h e c r u s t i s s h o w n 

by B e a u m o n t ' s m e t h o d . I n t h e r a n g e 1°-4<> t h e T a k e u c h i a n d 

LONG r e s u l t s a r e v i r t u a l l y i d e n t i c a l . T h i s i s c o n v i n c i n g 

e v i d e n c e f o r t h e v a l i d i t y o f t h e LONG r e s u l t s i n c e t h e 

T a k e u c h i f u n c t i o n was d e t e r m i n e d t h e o r e t i c a l l y on t h e b a s i s 

o f a f l a t E a r t h and a d i s t r i b u t i o n o f e l a s t i c c o n s t a n t s 

w h i c h a p p r o x i m a t e s t h a t o f G u t e n b e r g ' s m o d e l t o a d e p t h o f 

1200 k i l o m e t e r s b u t o m i t s t h e c r u s t . The LONG i m p l e m e n t a t i o n 

t o o w o u l d be e x p e c t e d t o l e a v e o u t t h e e f f e c t o f t h e c r u s t 

b e c a u s e t h e l o a d d e f o r m a t i o n c o e f f i c i e n t s f o r l a r g e n w e r e 

o b t a i n e d by s i m p l e e x t r a p o l a t i o n f r o m m a n t l e - e f f e c t i v e 

v a l u e s . The f l a t - E a r t h a s s u m p t i o n a n d t h e use o f f i c t i o u s 

e l a s t i c c o n s t a n t s f o r d e p t h s g r e a t e r t h a n 1200 k i l o m e t e r s 
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a r e t h e r e a s o n s f o r t h e f a i l u r e o f t h e T a k e u c h i f u n c t i o n 

b e y o n d a b o u t 4 ° . The Beaumont f u n c t i o n , w h i c h i n c l u d e s t h e 

e f f e c t o f a c r u s t , d o e s n o t d i s a g r e e w i t h T a k e u c h i a n d LONG 

r e s u l t s i n t h i s r a n g e . The r e s u l t d e t e r m i n e d by N i s h i m u r a i s 

o f i n t e r e s t . T h i s f u n c t i o n was d e t e r m i n e d e x p e r i m e n t a l l y by 

N i s h i m u r a as t h a t w h i c h b e s t f i t t e d more t h a n t w o y e a r s o f 

d i f f e r e n t i a l t i l t m e a s u r e m e n t s c a r r i e d o u t i n J a p a n . T h i s 

d i f f e r e n t i a l m e t h o d o f t r e a t i n g a s e r i e s o f t i l t 

m e a s u r e m e n t s made t h r o u g h o u t a s m a l l r e g i o n d o e s n o t seem t o 

h a v e b e e n r e p e a t e d by o t h e r s . The b a s i s f o r t h e me thod i s 

t h a t t h e d i f f e r e n c e b e t w e e n t h e t i l t m e a s u r e d a t t w o o r more 

n e i g h b o r i n g s i t e s i s r e l a t i v e l y f r e e o f d i s t a n t o c e a n - t i d e 

l o a d i n g e f f e c t s . N i s h i m u r a a s sumed t h a t T 2 / T 3 was a c o n s t a n t 

e q u a l t o 0 . 5 a n d o b t a i n e d t h e b e s t f i t t o T 4 / T 3 t o b e : 

T 4 / T 3 = 0 . 5 + ( T 2 . 6 / [ r + 3 J ) ( 3 - 3 0 ) 

w h e r e r i s t h e d i s t a n c e t o t h e l o a d i n d e g r e e s . We h a v e s e e n 

t h a t t h e f u n c t i o n T 2 / T 3 i s i n f a c t v e r y d i f f e r e n t f r o m 0 . 5 , 

e s p e c i a l l y n e a r t h e l o a d , b u t t h i s d o e s n o t a l t e r t h e 

v a l i d i t y o f N i s h i m u r a ' s r e s u l t f o r T 4 / T 3 . 

F i n a l l y , i n F i g . ( 3 - 1 6 ) t h e b e h a v i o u r o f t h e g r a v i t y 

p e r t u r b a t i o n (G4/G1) i s s h o w n . I know o f no p r e v i o u s r e s u l t s 

w i t h w h i c h t h i s c o u l d b e c o m p a r e d , e s p e c i a l l y w i t h r e g a r d t o 

t h e r e g i o n w i t h i n 10 o f t h e l o a d . 



- 3 9 -

CHAPTSR U 

PREDICTION OF THE OCEAN-TIDE EFFECT 

4 - 1 I n t r o d u c t i o n 

I n t h e p r e v i o u s c h a p t e r I d e s c r i b e d a m e t h o d o f 

d e t e r m i n i n g t h e g r a v i t a t i o n a l a t t r a c t i o n o f t h e o c e a n t i d e 

on a h o r i z o n t a l p l a n e . I t h e n u s e d t h e B o u s s i n e s q s o l u t i o n 

f o r t h e e l a s t i c d i s p l a c e m e n t o f a p l a n e due t o a p o i n t - m a s s 

s u r f a c e l o a d t o d e t e r m i n e t h e d i s p l a c e m e n t s due t o t h e l o a d 

o f t h e o c e a n t i d e . The B o u s s i n e s q s o l u t i o n i n t h i s way i s 

used as a G r e e n ' s F u n c t i o n a n d t h e d i s p l a c e m e n t i s 

d e t e r m i n e d b y c o n v o l u t i o n w i t h t h e g r a v i t a t i o n a l a t t r a c t i o n 

o v e r t h e s u r f a c e . L a t e r i n t h e same c h a p t e r t h e l o a d i n g 

e f f e c t s o f a p o i n t mass l o c a t e d on a s p h e r i c a l , 

G u t e n b e r g - m o d e l E a r t h a r e d e r i v e d a n d t h e s e t o o may be 

c o n s i d e r e d a s * G r e e n ' s F u n c t i o n s d e t e r m i n i n g t h e e f f e c t s o f 

an a r b i t r a r y d i s t r i b u t i o n o f l o a d i n g masses on t h e s p h e r i c a l 

E a r t h . V a l u e s d e t e r m i n e d f o r . t h e s e G r e e n ' s F u n c t i o n s a r e 

s u m m a r i z e d i n T a b l e ( 4 - 1 ) . The t i l t - r a t i o f u n c t i o n v a r i e s 

r a p i d l y when t h e d i s t a n c e i s l e s s t h a n 1 ° , r e f l e c t i n g t h e 

i n f l u e n c e o f t h e c r u s t , a n d i n t h i s r e g i o n t h e f u n c t i o n has 

been d e t e r m i n e d a t 5 km i n t e r v a l s a n d i s shown i n F i g u r e 

( 4 - 1 ) . T h i s l a t t e r d a t a has n o t p r e v i o u s l y been p r e s e n t e d ; 

i t was o b t a i n e d f r o m B e a u m o n t ' s s o l u t i o n f o r a 

f i n i t e - e l e m e n t G u t e n b e r g E a r t h u s i n g a 10 km mesh i n t e r v a l 

a n d a l o a d o f r a d i u s o f 10 k m . T h i s i s n o t q u i t e t h e same 

Beaumon t s o l u t i o n d i s c u s s e d i n t h e p r e v i o u s c h a p t e r ; a 

s m a l l e r mesh i n t e r v a l a n d l o a d r a d i u s w e r e a s sumed f o r a 
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"525 

620 
610 
594 
578 
558 
533 
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476 
445 
416 
393 . 
375 
361 
350 
344 . 
340 
340 
340 
340 
339 

105-aX) kns 
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336 

335 
335 
334 
334 
334 
333 
333 
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331 

330 
330 • 
330 
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TABLE (4-lc) Values of the Green's function for t i l t at 
5 km i n t e r v a l s i n the range 0-200 kms. 
(Values given are xlOO) 
(Beaumont preliminary solution for a Gutenberg 
model earth. (Beaumont, 1971)). 
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b e t t e r b e h a v e d s o l u t i o n i n t h e c r i t i c a l Eg i o n 0 t o 200 k m . 

I n t h i s c h a p t e r I d e s c r i b e t h e m e t h o d I h a v e u s e d t o 

c o m p u t e t h e g r a v i t a t i o n a l a t t r a c t i o n o f t h e w o r l d - w i d e 

d i s t r i b u t i o n o f o c e a n t i d e s a n d t h e n , t h r o u g h t h e use o f t h e 

G r e e n ' s F u n c t i o n s , t h e c a l c u l a t i o n o f t h e v a r i o u s l o a d i n g 

e f f e c t s . 

4 - 2 The O c e a n - T i d e D a t a . 

O c e a n - t i d e d a t a i s n o r m a l l y p u b l i s h e d i n t h e f o r m o f 

c o n t o u r s r e p r e s e n t i n g l i n e s o f e q u a l a m p l i t u d e a n d p h a s e . 

T h i s r e p r e s e n t a t i o n c a n be c o n v e n i e n t l y d i g i t i z e d a s a 

n e t w o r k o f s u r f a c e p o l y g o n s c o n t a i n i n g r e g i o n s o f 

a p p r o x i m a t e l y c o n s t a n t a m p l i t u d e and p h a s e . T h i s i s t h e 

p r o c e d u r e I h a v e f o l l o w e d h e r e i n d i g i t i z i n g w o r l d - w i d e d a t a 

d i r e c t l y f r o m p u b l i s h e d t i d a l maps . Each p o l y g o n was 

d i g i t i z e d a n d * r e c o r d e d a c c o r d i n g t o t h e f o l l o w i n g f o r m a t : 

Number o f t h e p o l y g o n (3 f i g u r e s ) , a m p l i t u d e o f t h e t i d e i n 

c e n t i m e t r e s (3 f i g u r e s ) , p h a s e l a g o f t h e t i d e i n d e g r e e s 

r e l a t i v e t o t r a n s i t o f t h e Hoon a t G r e e n w i c h (3 f i g u r e s ) , 

t h e r e g i o n o f t h e E a r t h ( 1 f i g u r e ) , and t h e l a t i t u d e a n d t h e 

l o n g i t u d e o f e a c h o f t h e p o l y g o n p o i n t s t a k e n i n c l o c k w i s e 

o r d e r when v i e w e d f r o m a b o v e ( u p t o 7 p o i n t s a t 10 f i g u r e s 

p e r p o i n t ) . Each p o l y g o n c a n t h e r e f o r e be f u l l y d e s c r i b e d on 

one 80 c o l u m n c a r d . The p o l y g o n s u s e d a r e l i s t e d i n A p p e n d i x 

V I I I . A d i s c u s s i o n o f t h e o r i g i n a l o c e a n - t i d e d a t a u s e d 

t o g e t h e r w i t h f i g u r e s s h o w i n g t h e l o c a t i o n o f m o s t o f t h e 

p o l y g o n s i s p r e s e n t e d b e l o w . 

The p o l y g o n s o f r e g i o n 0 w e r e d e s c r i b e d a n d i l l u s t r a t e d 
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(F ig .3 -2 ) i n the l a s t chap te r . This r eg ion i s t ha t a f f e c t i n g 

the many R a r t h - t i d e s t a t i o n s i n Western Europe and f o r t h i s 

reason i t has been d i g i t i z e d i n f i n e d e t a i l . Some 

sma l l - s ca l e polygons near Bids ton (BID) are shown i n F igure 
7 - 6 

(«*—fcb). These are polygon numbers 1 through 12 and were 

drawn using data due t o Lennon (196 1 ) . The t i d e assumed f o r 

the no r the rn pa r t o f r eg ion 0 i s of d o u b t f u l v a l i d i t y . 

The main p a r t of the North A t l a n t i c i s c a l l e d r eg ion 1. 

The polygon map i s reproduced i n F igure ( 4 - 2 ) . The o r i g i n a l 

data f rom which the polygons were drawn i s due. t o Hansen 

(1969) and i s reproduced i n F igure ( 4 - 3 ) . The polygon map 

f o r r eg ion 3, the South A t l a n t i c , i s reproduced i n Figure 

( 4 - 4 ) ; the o r i g i n a l data i s due to Hansen (1969). Regions 3 

and 4 are the North and South P a c i f i c Ocean and are shown i n 

Figure (4-5) . * The o r i g i n a l data i s due t o Bogdanov (1961) . 

Some polygons i n r eg ion 3 near the west coast o f North 

America were subsequently removed when t h i s c o a s t a l r e g i o n 

was i n c l u d e d w i t h i n r eg ion 6 which i s descr ibed below. 

flegion 5 i s taken as t h a t water eas t of the southern 

t i p of A f r i c a , west of the east coast of A u s t r a l i a and south 

of Indones ia . The only ocean- t ide data found f o r t h i s r eg ion 

i s t h a t of Oneo (1964) . Uneo so lved the hydrodynamic 

equations f o r t h i s r eg ion by f i n i t e d i f f e r e n c e methods us ing 

5 meshes and n e g l e c t i n g bottom f r i c t i o n . The r e s u l t i n g data 

i s not s u i t a b l e f o r de te rmin ing r e g i o n a l l o a d i n g e f f e c t s but 

should be adequate f o r de te rmin ing g l o b a l e f f e c t s . The 

polygons f o r t h i s r eg ion are s imple 5° meshes and are no t 
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FIGURE (4-2) Ocean-tide polygons fo r the North Atlant ic . (Region 1) 
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i l l u s t r a t e d . 

Region 6 inc ludes much f i n e d e t a i l about the North 

American c o n t i n e n t . F igures (4 -6 ,7 ,8) i l l u s t r a t e the 

polygons assumed f o r the waters of o f f - s h o r e eas tern Canada, 

Hudson Bay and S t r a i t s , and Davis S t r a i t r e s p e c t i v e l y . The 

o r i g i n a l data f o r these r e s u l t s i s due to Dohler (1964). 

Figures (4-9,10) show the p a r t o f region 6 b o r d e r i n g the 

east coast of the Uni ted States and the Gul f o f Mexico. 

O r i g i n a l data i s t h a t of Hansen (1969) w i t h near-shore 

d e t a i l due t o Emery (1970) . 

There are many t i d a l c h a r t s f o r the P a c i f i c Ocean. Hunk 

e t a l (1970) have summarized the most recent ones i n cha r t s 

which I have reproduced i n Figures ( 4 - 1 1 , 1 2 ) . The t i d a l 

d i s t r i b u t i o n which we have assumed p r e v i o u s l y f o r the 

P a c i f i c Ocean* i s t h a t of Bogdanov (1962). I t i s not shown 

but i t i s very l i k e t h a t of Bogdanov e t a l (1964), shown i n 

Figure (4 -12 ) , w i t h the amphidromic p o i n t s i t u a t e d near 42 

n o r t h l a t i t u d e . The t i d a l data shown by Munk e t a l i n Figure 

(4-12) i s the f i r s t d e t e r m i n a t i o n made on the bas is o f 

deep-sea t i d e measurements. The evidence f o r the ex is tence 

o f the amphidromic p o i n t shown by them appears s t rong and 

consequently I have removed the polygons determined 

p r e v i o u s l y f o r t h i s area and replaced them w i t h new polygons 

designed to f i t f l unk ' s r e s u l t s . The r e s u l t i n g polygon map i s 

i n c o r p o r a t e d i n r e g i o n 6 and i s i l l u s t r a t e d i n F igure 

( 4 - 1 3 ) . 

Region 7 i nc ludes the Mediterranean, A d r i a t i c and Hed 
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FIGURE ( 4-8) Ocean-tide polygons fo r Davis St ra i t . 
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Seas. The o r i g i n a l data was drawn from Defant (1961) . The 

polygons are shown i n F i g . ( 4 -14 ) . 

Region 9 i s an a l t e r n a t i v e i n t e r p r e t a t i o n o f t h a t p a r t 

o f r eg ion 6 i n the P a c i f i c Ocean j u s t d iscussed. The polygon 

map f o r t h i s r e g i o n i s based on D i e t r i c h ' s (1944) data shown 

i n F igure (4-11) w i t h ampl i tude contours taken f rom Kuo 

(1970). This w i l l be r e f e r r e d t o again i n a l a t e r chap te r . 

Region 8 has not been ass igned. 

Th is completes the d e s c r i p t i o n of the ocean- t ide data 

used i n the ana ly s i s t o be discussed l a t e r . . The most 

s i g n i f i c a n t l a c k of data i s t h a t f o r the A r c t i c Ocean. 

4-3 Program GLOBL 

This program accepts as a s p e c i f i c a t i o n the l a t i t u d e 

and l o n g i t u d e of the s i t e where the l oad ing e f f e c t s are t o 

be ca lcu la t ed .* An ocean- t ide polygon i s then read i n f rom a 

tape and the f o l l o w i n g computations performed: 

1. A crude es t imate of the a t t r a c t i o n of the polygon i s 

made by assuming i t ' s area to be egual t o the product of the 

f i r s t and second s ides and t a k i n g the d i s t ance f rom the s i t e 

as t h a t to the f i r s t polygon p o i n t . I f the r e s u l t i n g 

a t t r a c t i o n i s l e s s than a c e r t a i n l i m i t , ass ignable as the 

s p e c i f i c a t i o n : PULLSIZE, the polygon i s o m i t t e d and another 

polygon i s read from the i n p u t t ape . 

2. I f the polygon i s accepted then the d i r e c t i o n o f the 

rad ius vec to r drawn f rom the center of the e a r t h t o the 

center of the l i n e j o i n i n g the f i r s t p o i n t o f the polygon t o 

the t h i r d p o i n t i s determined. Th i s i s an a t tempt to 
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app r o x i r a a t e t h e c e n t e r of the polygon a s e c o n o m i c a l l y a s 

p o s s i b l e . I n the c a s e of a r e c t a n g u l a r - l i k e polygon i t i s a 

good a p p r o x i m a t i o n . I t i s a poor a p p r o x i m a t i o n f o r a 3 - s i d e d 

polygon but t h e r e a r e v e r y few su c h p o l y g o n s and they w i l l 

be a v o i d e d c o m p l e t e l y i n f u t u r e . T h i s v e c t o r d e f i n e s t h e w 

a x i s which r e m a i n s f i x e d f o r a l l c o m p u t a t i o n s on t h i s 

p olygon. 

3. A u,v p l a n e i s dete r m i n e d next p a s s i n g through t h e 

s i t e and p e r p e n d i c u l a r to the w a x i s . T h i s now i s the 

problem d i s c u s s e d i n d e t a i l by B o t t (1963) and I have 

implemented h i s r e s u l t s . The u,v a x e s a r e r o t a t e d f o r e a c h 

l a m i n a s o t h a t i t i s n e c e s s a r y t o r e s o l v e t h e components of 

a t t r a c t i o n o f ea c h l a m i n a a l o n g x,y,z a x e s which remain 

f i x e d i n the E a r t h . The n e t a t t r a c t i o n due t o the polygon i s 

then d e t e r m i n e d and r e s o l v e d a l o n g v e r t i c a l , e a s t and n o r t h 

a x e s t hrough t h e s i t e . B e f o r e s t o r i n g t h e s e components of 

a t t r a c t i o n s f o r a c c u m u l a t i o n t h e y a r e m u l t i p l i e d by the 

a p p r o p i a t e G r e e n ' s F u n c t i o n ( f o r g r a v i t y o r t i l t e f f e c t s ) . A 

new Gr e e n ' s F u n c t i o n may be r e a d i n a s i n p u t d a t a by 

s p e c i f y i n g on t h e header c a r d ; NEWT0N=2. The d e f a u l t i s t o 

NEWTON=0 which c a u s e s t h e Gre e n ' s F u n c t i o n l i s t e d i n t h e 

s o u r c e program t o be used. I f NEWT0N=1 i s s p e c i f i e d t h e 

Gre e n ' s F u n c t i o n f o r t i l t i s put e q u a l t o t h e c o n s t a n t 1.0. 

T h i s i s n e c e s s a r y when t h e h e i g h t e f f e c t a t a s i t e i s t o be 

de t e r m i n e d . The t i l t s computed then a r e due o n l y t o t h e 

Newtonian a t t r a c t i o n and the h e i g h t e f f e c t i s t h e d i f f e r e n c e 

between t h e t i l t s found f o r HEIGHT=0 and HEIGHT e q u a l t o the 
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a c t u a l s i t e h e i g h t . 

A s i n g l e l i n e of ou t p u t i s l i s t e d f o r e a c h p o l y g o n . 

T h i s l i n e i n c l u d e s the 3 l o a d i n g e f f e c t s ( g r a v i t y i n 

m i c r o g a l s , n o r t h and e a s t ' t i l t i n m i l l i s e c s ) due t o t h e 

polygon and t h e a c c u m u l a t e d e f f e c t due t o a l l t h e p o l y g o n s 

c o n s i d e r e d t o t h a t p o i n t . 

4. When t h e f i n a l polygon h a s been p r o c e s s e d t h e d i r e c t 

a t t r a c t i o n o f t h e Moon i s c a l c u l a t e d and r e s o l v e d a l o n g t h e 

v e r t i c a l and h o r i z o n t a l d i r e c t i o n s t o d e t e r m i n e t h e d i r e c t 

g r a v i t y and t i l t e f f e c t s . The a c c u m u l a t e d g r a v i t y and t i l t 

e f f e c t s due t o the polygo n s i s then d i v i d e d by t h e s e d i r e c t 

a t t r a c t i o n e f f e c t s and t h e r e s u l t i n g r a t i o i s l i s t e d 

t o g e t h e r with t h e phase d i f f e r e n c e . F i n a l l y , t h e g r a v i t y and 

t i l t which would be e x p e c t e d on an 'a v e r a g e ' E a r t h w i t h o u t 

o c e a n s i s e s t i m a t e d by m u l t i p l y i n g the d i r e c t a t t r a c t i o n 

e f f e c t s by t h e g r a v i m e t r i c f a c t o r 1.16 and t h e d i m i n i s h i n g 

f a c t o r 0.700. The c a l c u l a t e d l o a d i n g e f f e c t o f t h e p o l y g o n s 

i s t hen added t o t h i s r e s u l t t o y i e l d an e s t i m a t e of the 

E a r t h - t i d e g r a v i t y and t i l t which s h o u l d a c t u a l l y be 

o b s e r v e d on s u c h an E a r t h a t t h e s i t e . I t i s t h i s f i n a l 

r e s u l t which i s l a t e r compared t o E a r t h - t i d e o b s e r v a t i o n s 

made th r o u g h o u t t h e w o r l d . 

4-3-1 Ref i n e m e n t F o r Computing L o c a l E f f e c t s . 

When t h e d i s t a n c e t o t h e polygon becomes compar a b l e t o 

i t s d i m e n s i o n s some d e f e c t s which p r e v i o u s l y c o u l d be 

n e g l e c t e d become i m p o r t a n t . The normal t o e a c h polygon i s 

d e t e r m i n e d by t he r a d i u s v e c t o r t o t h e c e n t e r of t h e 
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polygon; i f t h i s p o i n t i s assumed to l i e i n t h e p l a n e of the 

polygon th e n t h e edges of t h e polygon w i l l p r o j e c t out above 

t h e s u r f a c e o f the E a r t h . I f t h e polygon i s l o c a t e d n e a r t h e 

s i t e t h i s p r o j e c t i o n may c a u s e a l a r g e anomalous g r a v i t y 

e f f e c t . To minimize t h i s t y p e o f e r r o r the polygon i s 

a d j u s t e d a l o n g t h e w a x i s t o p a s s through t h e f i r s t p o i n t of 

th e polygon. The polygon t h e r e f o r e f a l l s below t h e s u r f a c e 

of the E a r t h n e a r t h e c e n t e r b u t t h e edges, n e a r e r a 

p o t e n t i a l s i t e , a r e r e p r e s e n t e d more r e a l i s t i c a l l y . 

We have assumed t h a t t h e Green's f u n c t i o n s v a r y 

s u f f i c i e n t l y s l o w l y w i t h d i s t a n c e from t h e s i t e t h a t t h e y 

can be e v a l u a t e d a t t h e c l o s e s t d e g r e e d i s t a n c e and t a k e n 

o u t s i d e t h e a t t r a c t i o n i n t e g r a l . Where the d i s t a n c e i s l e s s 

than one degree however t h e t i l t G r e en's F u n c t i o n v a r i e s 

r a p i d l y , a s c"an be s e e n i n F i g u r e ( 4 - 1 ) . I n t h i s r e g i o n 

t h e r e f o r e i t i s n e c e s s a r y to proceed i n a d i f f e r e n t way. The 

i n t e g r a l s c o n c e r n e d a r e : (See B o t t , 1963) 

DFU = //u K [ R ] ( u 2 + v z+w z) sfedu dv 

DFV = ppv K[ R ] ( u z * v z + w 2 ) 3fedu dv 

where DFU and DFV a r e the u and v components of t i l t due t o 

the a t t r a c t i o n of a s i n g l e l a m i n a of a polygon. K[ R ] i s t h e 

Green's f u n c t i o n f o r t i l t e v a l u a t e d a t t h e d i s t a n c e R. The 

c o n s t a n t K [ R ] i s t a k e n o u t s i d e t h e i n t e g r a l s i g n and a p p l i e d 

a s a f i n a l s t e p t o t h e t i l t s r e s o l v e d a l o n g t h e n o r t h and 

e a s t d i r e c t i o n s . 

Ke can t a k e i n t o a c c o u n t t h e f i r s t o r d e r v a r i a t i o n of 

t h e G r e e n ' s F u n c t i o n o v e r e a c h l a m i n a by w r i t i n g : ( S q u a r e 
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b r a c k e t s a r e used he r e t o mean ' f u n c t i o n o f ) 

K [ r ] = K [ H ] • P ( r - R ) 

where £ i s t h e f i r s t d e r i v a t i v e of K wi t h r e s p e c t to t h e 

d i s t a n c e r e v a l u a t e d a t R. S i n c e we r e s t r i c t t h i s i n t e g r a l 

t o d i s t a n c e s of the o r d e r of one d e g r e e , W can be n e g l e c t e d 

and we c an w r i t e : 

DFU = / / K [ r J U (U2 + V2+W2) V* du dv 

= (K[ R ]-0R) J/u (u*+vz + w 2)3fe du dv 

+ / j p u (u*+v2) J/2 du dv 

with a s i m i l a r e x p r e s s i o n f o r DFV. The seco n d i n t e g r a l 

i n t r o d u c e d here i s an e l e m e n t a r y form. T h i s method of 

s o l u t i o n i s implemented by the program when t h e d i s t a n c e i s 

l e s s than 200 km and the s p e c i f i c a t i o n 'DETAIL' h a s been s e t 

e q u a l to 1. Both t h e Gr e e n ' s F u n c t i o n f o r t i l t and i t s 

d e r i v a t i v e s ha*ve been s e t w i t h i n t h e program to v a l u e s a t 5 

km i n t e r v a l s from 0 t o 200 kms. 
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CHAPTER 5 

THE MEASUREMENTS 

5-1 The H o r i z o n t a l Pendulums. 

I n t h i s d e v i c e t h e pendulum i s s u p p o r t e d by w i r e s o r 

f i b e r s s o a s t o swing f r e e l y i n a h o r i z o n t a l p l a n e , much 

l i k e a g a t e on i t ' s h i n g e s . L i k e a g a t e too, i t i s v e r y 

s e n s i t i v e t o t i l t i n g of the hinge a x i s i n a d i r e c t i o n away 

from t h e p l a n e d e f i n e d by the pendulum and t h e h i n g e . I t i s 

t h i s s e n s i t i v i t y , which can be i n c r e a s e d to t h e p o i n t o f 

i n s t a b i l i t y by s e t t i n g t h e h i n g e a x i s c l o s e r t o t h e 

v e r t i c a l , w h i c h makes t h e h o r i z o n t a l pendulum a u s e f u l 

d e v i c e f o r t he measurement of t i d a l t i l t s . The h o r i z o n t a l 

pendulums used both a t Rookhope and a t H o l l a n d M i l l s a r e o f 

V e r b a a n d e r t - M e l c h i o r (1958) d e s i g n and a r e c o n s t r u c t e d 

e n t i r e l y 'of f u s e d q u a r t z s o a s t o be a s f r i c t i o n f r e e and 

d i m e n s i o n a l l y s t a b l e a s p o s s i b l e . They a r e mounted on 

r i g h t - a n g l e d shaped aluminium b a s e s s u p p o r t e d on 3 l e g s , two 

of which a r e a d j u s t a b l e f o r i n d e p e n d e n t l y c o n t r o l l i n g the 

s e n s i t i v i t y and t h e a z i m u t h of t h e pendulum. The f i x e d l e g 

i s l o c a t e d d i r e c t l y under t h e n e a r - v e r t i c a l h i n g e a x i s of 

th e pendulum. The s e n s i t i v i t y i s i n c r e a s e d by i n c r e a s i n g t h e 

h e i g h t of t h e p e r i o d l e g which i s l o c a t e d i n t h e p l a n e o f 

t h e pendulum ar.d hinge beneath t h e pendulum bob. The 

pendulum i s c a u s e d t o r o t a t e about t h e h i n g e a x i s by 

ch a n g i n g t h e h e i g h t of t h e t h i r d l e g which s u p p o r t s t h e 

t h i r d c o r n e r of t h e r i g h t - a n g l e d b a s e ; t h i s i s c a l l e d t h e 

azi m u t h o r d r i f t l e g . 
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M e l c h i o r (1965, p65) shows t h a t t h e s e n s i t i v i t y of the 

pendulum to t i l t i n g depends upon the a n g l e o f t h e h i n g e a x i s 

to t h e v e r t i c a l and t h a t t h i s d e t e r m i n e s too the p e r i o d of 

n a t u r a l o s c i l l a t i o n s of the pendulum. The s e n s i t i v i t y i n 

f a c t v a r i e s a s t h e i n v e r s e s q u a r e of the n a t u r a l p e r i o d and 

t h u s i s d e t e r m i n e d when .both the p e r i o d and p r o p o r t i o n a l i t y 

c o n s t a n t a r e known. The p r o p o r t i o n a l i t y K i s measured when 

th e pendulum i s c o n s t r u c t e d by means- of an i n d e p e n d e n t 

method o f t i l t measurement. T h i s second method h a s been 

d e v i s e d by V e r b a a n d e r t (1959) and u t i l i z e s a s t a i n l e s s - s t e e l 

d i s k c o n t a i n i n g a s m a l l c a v i t y which communicates w i t h a 

r e s e r v o i r of mercury by means of a c o n n e c t i n g t u b e . The 

t h i c k upper s u r f a c e of the d i s k i s c a u s e d t o d e f l e c t 

s l i g h t l y - by r a i s i n g or l o w e r i n g t h e h e i g h t of t h e mercury 

r e s e r v o i r . The d e f l e c t i o n i s a p p r o x i m a t e l y l i n e a r and can be 

measured p r e c i s e l y u s i n g m e t r o l o g y t e c h n i q u e s which 

V e r b a a n d e r t d e s c r i b e s . To d e t e r m i n e t h e v a l u e of K the 

h o r i z o n t a l pendulum i s t i l t e d a p r e c i s e amount by p l a c i n g 

t h i s d i s k under t h e d r i f t l e g of the pendulum and c h a n g i n g 

t h e h e i g h t of the mercury r e s e r v o i r . 

Both t h e H o l l a n d M i l l s and Rookhope s i t e s a r e e q u ipped 

with d i s k s p e r m a n e n t l y i n s t a l l e d under t h e d r i f t l e g s . The 

s e n s i t i v i t y of t h e pendulums can t h e r e f o r e be measured 

e i t h e r from a p e r i o d measurement o r d i r e c t l y from t h e 

r e s p o n s e t o known d e f l e c t i o n s of t h e d i s k . 

Notion of the pendulum i s measured i n t h e c l a s s i c way 

by t h e d e f l e c t i o n o f a beam of l i g h t which i s r e f l e c t e d from 
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a m i r r o r mounted on t h e pendulum n e a r i t s a x i s of r o t a t i o n . 

The s e n s i t i v i t y of the pendulum t o t i l t s i s g i v e n f o r an 

o p t i c a l l e v e r l e n g t h of 5 m by: 

S = K/T 2 (5-1) 

where K i s t h e p r o p o r t i o n a l i t y c o n s t a n t and T i s t h e p e r i o d 

o f f r e e o s c i l l a t i o n s of the pendulum. The s e n s i t i v i t y S i s 

e x p r e s s e d a s t h e pendulum t i l t i n a r c s e c o n d s r e q u i r e d t o 

produce a d e f l e c t i o n of t h e r e f l e c t e d image o f 1.0 mm. The 

pendulums a r e n o r m a l l y o p e r a t e d w i t h n a t u r a l p e r i o d s i n t h e 

r a n g e 70-85 s e c o n d s which y i e l d , f o r a t y p i c a l v a l u e f o r K 

of 6.000, a s e n s i t i v i t y of .0012 t o .0008 a r c s e c o n d s per 

mm. 

The dynamic r e s p o n s e of the pendulums i t was found 

c o u l d be approximated w i t h s u f f i c i e n t a c c u r a c y by t he 

s e c o n d - o r d e r " d i f f e r e n t i a l e q u a t i o n d e s c r i b i n g a s i m p l e 

o s c i l l a t o r w i t h l i n e a r damping. The s t a t i c s e n s i t i v i t y of 

t h e pendulum e x p r e s s e d a s the. r o t a t i o n o f t he pendulum i n 

a r c s e c o n d s per a r c seco n d t i l t of t h e pendulum b a s e i s a 

u s e f u l term t o i s o l a t e i n t h i s e q u a t i o n . I t i s r e l a t e d t o 

t h e p e r i o d o f the pendulum and the p r o p o r t i o n a l i t y c o n s t a n t 

K by: 

s = 20-6 T 2/K (5-2) 

The pendulum e q u a t i o n t h e n c a n be w r i t t e n : 

( p 2 + p26u' + u ' 2 ) 0 = s u « 2 d (5-3) 

where p i s t h e d i f f e r e n t i a t i n g o p e r a t o r of L a p l a c e 

t r a n s f o r m a t i o n n o t a t i o n , «• i s t h e a n g u l a r v e l o c i t y of 

n a t u r a l o s c i l l a t i o n s of t h e pendulum, 9 and d r e p r e s e n t 
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r o t a t i o n of t h e pendulum and t i l t o f t h e pendulum b a s e 

r e s p e c t i v e l y . 6 i s t h e damping c o e f f i c i e n t e x p r e s s e d as t h e 

f r a c t i o n of c r i c t i c a l damping and i s t y p i c a l l y n e a r 0.01. 

The r e s p o n s e of the pendulum to p e r i o d i c t i l t i n g of t h e b a s e 

w i t h a m p l i t u d e d and a n g u l a r v e l o c i t y u i s : 

6 = s d S i n w t / [ ( 1 - u i 2 u « z ) 2 + (26u/u') z]«/z (5-U) 

F o r f r e q u e n c i e s not too c l o s e to t he n a t u r a l f r e q u e n c y of 

t h e pendulum t h e damping term i s n e g l i g i b l e and t h i s 

e q u a t i o n can be w r i t t e n : 

0 = s d u ' V t u ' z - u Z ) ( 5 ~ 5 ) 

5-2 R e c o r d i n g t h e Pendulum Measurements 

The t i l t s d e t e c t e d by t h e pendulums a r e r e c o r d e d by a 

t w o - c h a n n e l l i g h t - s p o t f o l l o w e r ( S e f r a m ) . The pens of t h i s 

r e c o r d e r a r e mounted on t r o l l e y s which a r e s e r v o - d r i v e n to 

f o l l o w t h e l i g h * t s p o t r e f l e c t e d from t h e pendulums. I n o r d e r 

t o use t h i s d e v i c e i t was n e c e s s a r y t o r e p l a c e t h e o p t i c a l 

s y s t e m s u p p l i e d w i t h t h e pendulums w i t h a c o l l i m a t e d l i g h t 

s o u r c e which p l a c e d an a d e q u a t e l y b r i g h t s l i t image on the 

p h o t c e l l f o r an a b s o l u t e minimum of s o u r c e power. A s t a n d a r d 

a u t o m o b i l e b u l b r a t e d a t 12 w a t t s but used a t h a l f power 

gave s e v e r a l months of c o n t i n u o u s o p e r a t i o n . I n a d d i t i o n t o 

t h e a n a l o g r e c o r d , made d i r e c t l y on m e t a l l i c paper by pens 

mounted on t h e t r o l l e y s , an e l e c t r i c a l s i g n a l was o b t a i n e d 

from two l i n e a r p o t e n t i o m e t e r s which were d r i v e n by t h e 

t r o l l e y s . T h e s e s i g n a l s were used t o d e t e c t when a l i g h t 

s p o t was a p p r o a c h i n g t h e l i m i t of t r a v e l o f a t r o l l e y . T h i s 

c o n d i t i o n c a u s e d a low-speed motor c o u p l e d to t h e d r i f t 
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sc r e w of t h e a p p r o p i a t e pendulum t o be e n e r g i z e d b r i e f l y t o 

b r i n g t h e pendulum back i n t o t h e o p e r a t i n g r e g i o n . T h i s 

a c t i o n was more d i f f i c u l t t o a c h i e v e t h a n e x p e c t e d . I t was 

n e c e s s a r y t o c o n t a c t and t u r n t h e d r i f t s c r e w w i t h o u t a t t h e 

same ti m e j a r r i n g t h e pendulum; a p u r e r o t a t i o n a l motion was 

r e q u i r e d a t t h e c o u p l i n g . The d e s i r e d b e h a v i o u r was f i n a l l y 

a c h i e v e d w i t h a f l e x i b l e f o r k and b a r c o u p l i n g s u g g e s t e d by 

J . Geuer (Dominion o b s e r v a t o r y D r a f t i n g O f f i c e ) . The f o r k 

and b a r c o n t a c t o n l y d u r i n g d r i v i n g and when t h e d e s i r e d 

r o t a t i o n has been a c h i e v e d the motor i s r e v e r s e d t o back t h e 

f o r k o f f s l i g h t l y from the b a r . 

When t h e o r i g i n a l s p o t f o l l o w e r r e c o r d e r used a t 

Rookhope was l o s t i n a mine f l o o d i n December 1968 i t was 

r e p l a c e d by a new a l l - t r a n s i s t o r model. T h i s c o o l e r r u n n i n g 

i n s t r u m e n t was* found t o r e q u i r e s u p p l e m e n t a r y h e a t i n g t o 

a v o i d d e t e r i o r a t i o n o f t h e m e t a l l i c c h a r t p a per by m o i s t u r e . 

The new r e c o r d e r too was found t o sometimes l o s e s e r v o l o c k 

a f t e r t h e power had been i n t e r r u p t e d b r i e f l y , a common 

o c c u r r e n c e i n a working mine. T h i s i s a d i f f i c u l t f a u l t t o 

r e c o g n i z e b e c a u s e b r i e f power f a i l u r e s a r e not o b v i o u s on 

t h e c h a r t r e c o r d . The t r o u b l e was overcome by i n t r o d u c i n g 

r e l a y s which d e l a y e d t h e r e s t o r a t i o n of power t o t h e s p o t 

f o l l o w e r u n t i l t h e l i g h t s o u r c e s had r e a c h e d f u l l 

b r i l l i a n c e . 

5-3 P r e p a r a t i o n of t h e Rookhope S i t e . 

Rookhope i s l o c a t e d i n County Durham a p p r o x i m a t e l y 

mid-way between t h e e a s t and west c o a s t s . G e o g r a p h i c a l 
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c o o r d i n a t e s a r e 51° 47« North, 2° 6.3» West and h e i g h t above 

s e a l e v e l i s 350 m. The s i t e used was i n an o p e r a t i n g 

f l u o r s p a r mine owned by the Weardale Lead Co., L t d . A p l a n 

o f p a r t of t h e mine showing'the pendulum s i t e i s r e p r o d u c e d 

i n F i g u r e ( 5 - 1) . 

An o p e r a t i n g mine was s e l e c t e d a s a s i t e a s a l a s t 

r e s o r t a f t e r many n o n - o p e r a t i n g p r o p e r t i e s had been 

i n v e s t i g a t e d and found u n s u i t a b l e b e c a u s e of f l o o d i n g , poor 

r o c k c o n d i t i o n s , r e m o t e n e s s o r o t h e r r e a s o n s . The c o n c e r n 

about an o p e r a t i n g mine was t h a t the movement o f o r e t r a i n s , 

t h e f r e q u e n t dynamite b l a s t s and t h e o p e r a t i o n of pumps 

would produce an i n t o l e r a b l e l e v e l of n o i s e i n the t i l t m e t e r 

measurements. The a d v a n t a g e s of an o p e r a t i n g mine however, 

p a r t i c u l a r l y f o r s h o r t - t e r m measurements, proved 

i r r e s i s t a b l e a*nd so i t was d e c i d e d to a t t e m p t to make t i l t 

measurements i n t h e Rookhope mine. 

The s i t e made a v a i l a b l e . t o us was a l a r g e room used 

o r i g i n a l l y a s a chamber from which e x p l o r a t o r y d r i l l i n g 

c o u l d be made. I t was l o c a t e d a t t h e end of a 200m l o n g 

c r o s s - c u t . T h i s l e v e l was 17 fathoms (31 m) ben e a t h t h e 

s u r f a c e and n e a r t h e b a s e of the G r e a t L i m e s t o n e . The f l o o r 

h e r e was dry and sound under a p p r o x i m a t e l y 30 cm of r u b b l e 

s o i t was d e c i d e d t o i n s t a l l t h e t i l t i n e t e r s d i r e c t l y on t h e 

f l o o r r a t h e r t h a n i n a l a r g e n i c h e c u t i n t h e w a l l which i s 

t h e normal p r a c t i s e . N i che c u t t i n g had proven e x p e n s i v e and 

time consuming a t H o l l a n d M i l l s and i t was d e s i r a b l e t o f i n d 

an a l t e r n a t i v e t e c h n i q u e . The i n s t a l l a t i o n r e q u i r e d f o r e a c h 
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PLATE (5-1) Pre p a r a t i o n of the Rookhope S i t e - The l e v e l e d b se p l a t e from 
which the holes f o r the support pins were d r i l l e d . 
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PLATE (5-2) P r e p a r a t i o n of the Rookhope S i t e - D r i l l i n g the holes f o r the 
support p i n s . (Some of the support pins a r e shown i n p l a c e . ) 
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(5-3) P r e p a r a t i o n of the Rookhope S i t e - The base p l a t e f o r the Spot 
F o l l o w e r i n s t a l l e d on s o l i d rock. 



PLATE (5-4) P r e p a r a t i o n of the Rookhope S i t e - The completed m o i s t u r e - s e a l e d 
pendulum c a s e . The d r i f t - c o m p e n s a t i n g motors are mounted on the 
f r o n t of the c a s e . The c a l i b r a t i n g d e v i c e i s on top of the case 
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pendulura c o n s i s t e d of i n s t a l l i n g s e c u r e l y i n the r o c k t h r e e 

s t a i n l e s s - s t e e l p i n s on which the t h r e e l e g s of t h e pendulum 

would r e s t . P l a t e s (5-1) and (5-2) i l l u t s t r a t e how t h i s was 

done. Long s t e e l s t u d s were f i r s t s e t i n t h e f l o o r by means 

of e x p a n s i o n p l u g s ( R a w l p l u g ) . An aluminum p l a t e was 

p r e d r i l l e d t o mark the l o c a t i o n s of the s i x h o l e s t o be 

d r i l l e d i n t he r o c k . T h i s p l a t e was mounted on t h e s t e e l 

s t u d s and w a s h e r s and n u t s on t h e s t u d s .were a d j u s t e d u n t i l 

t h e p l a t e was s u p p o r t e d p r e c i s e l y h o r i z o n t a l and a s c l o s e t o 

t h e f l o o r a s p o s s i b l e . (The f l o o r had p r e v i o u s l y been 

c l e a n e d t o sound r o c k and l e v e l e d by c h i p p i n g ) . A d r i l l 

p r e s s was then clamped on the l e v e l p l a t e and h o l e s f o r t h e 

l e g s u p p o r t p i n s were d r i l l e d t o t h e r e q u i r e d depth, about 

15 cms. T h i s t e c h n i q u e e n s u r e d t h a t the p i n s were a l l a t the 

c o r r e c t h e i g h t and the upper s u r f a c e s l e v e l . I m p o r t a n t too 

was t h e p e r f e c t , r o u n d n e s s of the h o l e s which was t h e r e s u l t 

o f c l a m p i n g t h e d r i l l p r e s s f i r m l y to t h e p l a t e d u r i n g 

d r i l l i n g . T h i s was d e s i r a b l e i n o r d e r t o m a i n t a i n a uniform 

c l e a r a n c e o f about 0,25 mm around t h e p i n s f o r t h e a d h e s i v e , 

which was a p p l i e d n e x t . The a d h e s i v e i s a two-component 

p o l y e s t e r r e s i n of t h e t y p e used f o r bonding s t r a i n - g a u g e s 

t o r o c k s u r f a c e s a t low t e m p e r a t u r e s . T h i s i s g e n e r a l l y 

c o n s i d e r e d t o have b e t t e r c r e e p c h a r a c t e r i s t i c s than an 

expoxy a d h e s i v e , p a r t i c u l a r l y i n m o i s t a r e a s . 

The s p o t f o l l o w e r s i t e was p r e p a r e d n e x t . T h i s i s shown 

i n P l a t e ( 5 - 3 ) ; i t c o n s i s t s s i m p l y o f an aluminium ba s e 

p l a t e p r e - d r i l l e d t o a c c e p t t h e f o u r f e e t o f t h e s p o t 
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f o l l o w e r . I t i s s e c u r e d t o the f l o o r a t t h e p r o p e r 

h o r i z o n t a l l e v e l , d i s t a n c e and d i r e c t i o n r e l a t i v e t o t h e 

pendulum. T h i s i s a c o n v e n i e n t s t a g e a t which t o c o n n e c t by 

s u r v e y i n g t h e pendulum a z i m u t h t o some known a z i m u t h l i n e i n 

t h e mine. To do t h i s i t i s g e n e r a l l y assumed t h a t t h e c e n t e r 

of t h e f i x e d l e g and the c e n t e r of t h e p e r i o d l e g d e f i n e t h e 

a z i m u t h of t h e pendulum. A t e m p l a t e was made which f i t t e d 

t h e p o s i t i o n c o n s t r a i n t s ( t h e c l a s s i c h o l e , s l o t and p l a n e ) 

on the s u r f a c e s of the t h r e e p i n s and a t t h e same time 

p r o v i d e d marking p i n s on which a t r a n s i t c o u l d be s i g h t e d . 

I n t h i s way a z i m u t h s of n o r t h 29° west and e a s t 29° n o r t h 

were d e t e r m i n e d f o r the two pendulums. 

The c o m p l e t e d i n s t a l l a t i o n i s shown i n P l a t e s (5-U) and 

( 5 - 5 ) . A l a r g e aluminum c a s e i s f i t t e d t o t h e base p l a t e and 

s e a l e d a g a i n s t " m o i s t u r e . F i b e r g l a s s and epoxy has been used 

t o s e a l t h e h o l e s where the p i n s e n t e r t h e box. T h i s g l a s s 

c l o t h i s t h i n enough not to t r a n s m i t to t h e pendulum any 

motion of the box. The two motors which o p e r a t e the d r i f t 

s c r e w s can be s e e u mounted on the f r o n t of the box a t t h e 

l o w e r r i g h t . Mounted on t o p of t h e box i s a c l o c k - c o n t r o l l e d 

mechanism f o r v a r y i n g the h e i g h t o f t h e mercury r e s e r v o i r 

which c a n be s e e n c o n n e c t e d to the pendulums by l o n g t u b e s . 

T h i s c a l i b r a t i n g d e v i c e i s e n e r g i z e d once a week. P l a t e 

(5-5) shows the s p o t f o l l o w e r and i t s p l a s t i c c o v e r which i s 

e s s e n t i a l f o r m o i s t u r e p r o t e c t i o n . On e i t h e r s i d e of t h e 

s p o t f o l l o w e r a l i g h t s o u r c e can be s e e n mounted on a 

v e r t i c a l p o s t . A s l i t of the p r o p e r d i m e n s i o n s i s formed by 
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a mask f a s t e n e d t o the l i g h t s o u r c e and an image of t h i s 

s l i t i s f o c u s e d on t he p h o t o c e l l by a 5 m f o c a l l e n g t h l e n s 

a f t e r r e f l e c t i o n a t t h e pendulum m i r r o r . The 5 m l e n s e s were 

mounted on the s m a l l p l a s t i c c o v e r s which c a n be s e e n 

e n c l o s i n g e a c h pendulum. I t i s worth n o t i n g h e r e t h a t t h e s e 

p l a s t i c c o v e r s , which a r e s u p p l i e d by t h e m a n u f a c t u r e r , 

s h o u l d be m o d i f i e d by h a v i n g a p a n e l c u t i n t h e f r o n t so the 

pendulum c a n be a c c e s s e d w i t h o u t h a v i n g t o move the c o v e r 

o v e r t h e top of t h e pendulum. 

5-4 O p e r a t i o n of t h e Rookhope S i t e . 

5-1-1 I n i t i a l S e t t i n g Up 

The s e t t i n g up p r o c e d u r e f o r t h e h o r i z o n t a l pendulums 

i s d e s c r i b e d by M e l c h i o r i n h i s book and i n d e t a i l e d 

i n s t r u c t i o n s accompanying each V e r b a a n d e r t - M e l c h i o r 

pendulum. T h e * s e n s i t i v i t y i s i n c r e a s e d i n s m a l l s t e p s u n t i l 

a n a t u r a l p e r i o d of about 75 s e c o n d s i s o b t a i n e d . A f t e r e a c h 

s t e p change i n s e n s i t i v i t y a t r i m m i n g a d j u s t m e n t of the 

d r i f t s c r e w i s r e q u i r e d t o keep t h e pendulum i n i t s 

o p e r a t i n g r a n g e . When t h e pro p e r p e r i o d range i s r e a c h e d t h e 

s e n s i t i v i t y i s d e c r e a s e d , w i t h o u t c h a n g i n g t h e d r i f t s c r e w 

a d j u s t m e n t , to g i v e a p e r i o d of about 10 s e c o n d s . The 

p o s i t i o n of t h e r e f l e c t e d s l i t image a t t h i s time i s t a k e n 

t o r e p r e s e n t z e r o t i l t of the pendulum b a s e ; t h a t i s , t h e 

pendulum i s assumed to l i e p a r a l l e l to t h e l i n e j o i n i n g t h e 

p e r i o d s c r e w and t h e f i x e d s c r e w . T h i s i s t h e r e f e r e n c e 

d i r e c t i o n mentioned i n t h e l a s t s e c t i o n . The s e n s i t i v i t y i s 

r e s t o r e d to t h e 75 second r e g i o n f o r normal o p e r a t i o n . 
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Th O d i f f i c u l t i e s i n t h i s t e c h n i q u e a r e due m a i n l y to the 

a l m o s t t o t a l l a c k of damping i n the pendulum motion. At h i g h 

p e r i o d s a d i s t u r b a n c e i s i n t r o d u c e d each time the p e r i o d o r 

d r i f t s c r e w s i s a d j u s t e d , however c a r e f u l l y , and t h i s c a u s e s 

l a r g e o s c i l l a t i o n s of t h e pendulum which t a k e s e v e r a l 

m inutes to damp out. Moreover t h e s e a d j u s t m e n t s must be 

c a r r i e d out w i t h t h e o b s e r v e r ' s weight i m m e d i a t e l y n e x t t o 

the pendulum s o t h a t even when s t a b l e o p e r a t i o n i s a c h i e v e d 

i t may be u p s e t when t h e o b s e r v e r moves away. With p a t i e n c e , 

s u c c e s s f u l o p e r a t i o n i s e v e n t u a l l y a t t a i n e d but t h e 

d i f f i c u l t i e s a r e a s e r i o u s h i n d r a n c e to t h e a p p l i c a t i o n o f 

t h e t i l t m e t e r . Some c o n s i d e r a t i o n was g i v e n t o t h e 

p o s s i b l i l i t y o f a c h i e v i n g c r i t i c a l damping of t h e pendulum 

by c a u s i n g t h e mercury r e s e r v o i r t o move up and down a s p a r t 

o f a s e r v o l o o p w i t h c o n t r o l l i n g s i g n a l s d e r i v e d from t h e 

p o t e n t i o m e t e r s of t h e s p o t f o l l o w e r . A n a l y s i s shows t h a t 

t h i s c o u l d be implemented by moving t h e r e s e r v o i r a t s p e e d s 

l e s s than 7.0 mm/sec and through a v e r t i c a l range e q u a l t o 

t h r e e t i m e s t h e a m p l i t u d e of e x p e c t e d t i l t s t e p s measured a t 

t h e r e c o r d e r . T h i s was d e m o n s t r a t e d by c o n t r o l l i n g t h e 

r e s e r v o i r h e i g h t manually but l a c k o f time p r e v e n t e d 

c o n s t r u c t i o n of an o p e r a t i n g s y s t e m . 

5-1-2 Summary 

The f i r s t t i l t o b s e r v a t i o n s were made a t the Rookhope 

s i t e i n A p r i l 1968. Many i n t e r r u p t i o n s were e x p e r i e n c e d 

d u r i n g the f i r s t few months due t o f a i l u r e s of t h e s p o t 

f o l l o w e r o r due t o prolonged power i n t e r r u p t i o n s - The s i t e 
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c o u l d be v i s i t e d o n l y once o r t w i c e per week s o t h a t 
f a i l u r e s of any k i n d c a u s e d a d a t a l o s s of a few d a y s . Many 
of t h e s e e a r l y r e c o r d s a r e b e i n g s a l v a g e d now by i d e n t i f y i n g 
power i n t e r r u p t i o n s and c o r r e c t i n g t i m i n g e r r o r s . 
C o n t i n u o u s l y good r e c o r d s began t o a ppear i n August and 
c o n t i n u e d u n t i l mid-December when a major r o c k f a l l c l o s e d 
the mine f o r s e v e r a l weeks. The pumps were w i t h o u t power 
a f t e r t h e r o c k f a l l and the t i l t r e c o r d i n g equipment was 
soon submerged under s i x f e e t of water. The s p o t f o l l o w e r 
was a t o t a l l o s s , m ainly b e c a use of t h e c o r r o s i v e e f f e c t s of 
t h e w a t e r . The pendulums a l t h o u g h undamped t h r o u g h o u t the 
the f l o o d were found undamaged but v e r y d i r t y . They were 
l a t e r s c r u b b e d c l e a n and the l O - m i c r o n s u s p e n s i o n f i b e r s 
broken o f f and r e p l a c e d w i t h new ones. A r e p l a c e m e n t s p o t 
f o l l o w e r was borrowed from t h e Dominion O b s e r v a t o r y and the 
s i t e r e o c c u p i e d i n F e b r u a r y 1969. R e g u l a r r e c o r d i n g began i n 
May and c o n t i n u e d u n t i l t h e p r o j e c t ended i n December 1969. 

I n s p i t e of the f a c t t h a t the Rookhope s i t e i s a 

working mine the t i l t r e c o r d s were g e n e r a l l y q u i e t e r t h a n 

t h e H o l l a n d M i l l s r e c o r d s . T h i s i s b e l i e v e d t o be due to the 

d i f f e r e n c e i n topography. The H o l l a n d M i l l s s i t e i s l o c a t e d 

i n an abandoned a s b e s t o s mine i n the m i d s t of rough, 

i r r e g u l a r l o c a l topography. T h i s topography i s l i k e l y 

r e f l e c t e d i n a complex d i s t r i b u t i o n of underground w a t e r 

c o u r s e s which c a u s e anomalous t i l t i n g e f f e c t s d u r i n g r a i n 

s t o r m s and p o s s i b l y d u r i n g s e a s o n a l c h a n g e s a s w e l l . The 



PLATE(5-6) Representative Records Of T i l t From The Holland M i l s S i t e . 
(Horizontal scale:1.3cm/hr. V e r t i c a l scale:1.0cm/.05 arc sees.) 
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n 

topography too r o s u l t s i n a g r e a t e r wind e x p o s u r e thaX t h a t 

a t Hooxhope. 

Reproduced i n P l a t e (5-6) a r e s e v e r a l r e c o r d s from t h e 

H o l l a n d M i l l s s i t e which i l l u s t r a t e t h e b e h a v i o u r of the 

h o r i z o n t a l pendulums. Frame (a) shows a t y p i c a l l y ' g u i e t ' 

r e c o r d and a c a l i b r a t i n g s i g n a l . T h i s c a l i b r a t i o n was 

produced by a s i n g l e r o t a t i o n of t h e l e v e r arm c a r r y i n g t h e 

mercury r e s e r v o i r . Normally s e v e r a l r o t a t i o n s a r e made s o 

t h a t t h e e f f e c t of n o i s e can be a v e r a g e d o u t . Frames (b) and 

(c) a r e t y p i c a l r e c o r d s made d u r i n g h i g h winds and d u r i n g 

heavy r a i n s r e s p e c t i v e l y . The low f r e g u e n c y n o i s e i n Frame 

(c) i s p r i n c i p a l l y on the e a s t - w e s t r e c o r d ; i t i s 

u n s y m m e t r i c a l w i t h r e s p e c t to the t i d a l c u r v e and u s u a l l y 

b e g i n s and ends w i t h the r a i n . T h i s same pendulum i n t h e 

s p r i n g shows f r e q u e n t permanent ' t a r e s ' i n t h e same 

d i r e c t i o n a s t h i s n o i s e . An a u t o m a t i c s c a l e s h i f t a p p e a r s a t 

t h e r i g h t of Frame ( c ) . The d i s t u r b a n c e shown i n Frame (d) 

r e s e m b l e s a s e i s m i c e v e n t but was not d e t e c t e d a t t h e Ottawa 

s e i s r a o l o g i c a l s t a t i o n . Frame (e) i l l u s t r a t e s a p a r t i c u l a r l y 

n o i s y r e c o r d and a ' t a r e ' of t h e t y p e t h a t seems t o be 

o b s e r v e d by a l l h o r i z o n t a l pendulums o c c a s i o n a l l y . 

Wind e f f e c t s a t Rookhope a r e much l e s s n o t i c e a b l e t h a n 

a t H o l l a n d M i l l s , presumably b e c a u s e t h e smooth r o l l i n g 

topography n e a r Rookhope p r e s e n t s l i t t l e wind e x p o s u r e . Low 

f r e g u e n c y n o i s e of t h e t y p e shown i n Frame (c) i s sometimes 

e x p e r i e n c e d a t Rookhope but i t does n o t seem to be r e l a t e d 

t o r a i n f a l l . 
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Long term t i l t i n g measured a t t h e Rookhope s i t e was 
g e n e r a l l y s m a l l e r than a t H o l l a n d M i l l s . The d i r e c t i o n of 
t i l t measured a t both s i t e s was t h e same throughout t h e y e a r 
and r e m a i n e d the same a f t e r the s u s p e n s i o n f i b e r o f a 
pendulum was changed. T h i s i n d i c a t e s t h a t t h e l o n g term 
t i l t s measured were r e a l a l t h o u g h t h e y a r e p r o b a b l y too 
l a r g e t o r e p r e s e n t t i l t i n g of more than a v e r y l o c a l a r e a 
about t h e pendulums. At Rookhope the. t i l t i n g d u r i n g the 
summer o f 1968 was towards the d i r e c t i o n west 49° s o u t h a t 
the r a t e o f 4.5 m i l l i s e c s / d a y . The f o l l o w i n g summer, a f t e r 
t h e r o c k f a l l i n December 1968 and r e p a i r s t o the 
t i l t m e t e r s , t h e d i r e c t i o n was west 29° s o u t h a t t h e r a t e o f 
8.0 raillisecs/day. These d i r e c t i o n s t e n d to be toward r a t h e r 
than away from the working a r e a of t h e mine where 
a p p r o x i m a t e l y 500 t o n s of rocX was b e i n g removed e a c h week. 

The e f f e c t s of b l a s t i n g and the movements of o r e t r a i n s 

a t Rookhope were of no i m p o r t a n c e i n the measurement o f 

t i d a l t i l t a t d i u r n a l and s e m i - d i u r n a l f r e q u e n c i e s . The 

c l o s e s t t r a f f i c and t he c l o s e s t b l a s t i n g were l o c a t e d 1000 m 

and 7000 m r e s p e c t i v e l y from the pendulums. The t e m p e r a t u r e 

i n the pendulum room, which, was not s e a l e d o f f from t h e r e s t 

o f the mine, remained a t 10.35°C ±0.03° t h r o u g h o u t 1968. 

Throughout 1969, u s i n g a a d i f f e r e n t thermometer* t h e 

t e m p e r a t u r e was 10.27°C ±0.03°. 
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CHAPTER 6 

DATA ANALYSIS 

He w i l l be c o n c e r n e d h e r e w i t h t h e problem of 

d e t e r m i n i n g t h e a m p l i t u d e and phase of t h e c o n s t i t u e n t waves 

i n e a r t h t i d e g r a v i r a e t e r and t i l t m e t e r r e c o r d s . 

6-1 E d i t i n g The Data . 

The c h a r t r e c o r d s were d i g i t i z e d u s i n g a l i n e - f o l l o w e r 

d e v i c e r e c o r d i n g d i r e c t l y on magnetic t a p e . The ou t p u t o f 

t h i s p r e l i m i n a r y phase i s put on c a r d s . The c h a r t v a l u e s 

were s c a l e d t o a maximum v a l u e of 999 so t h a t a s i n g l e c a r d 

c a r r i e s 24 h o u r l y v a l u e s of 3 f i g u r e s i n a d d i t i o n t o 

n e c e s s a r y i d e n t i f y i n g i n f o r m a t i o n . I t w i l l be shown l a t e r 

t h a t t h e e r r o r a s s o c i a t e d w i t h t h i s l e v e l o f r e s o l u t i o n i s 

n e g l ^ b l e . i n c o m p a r i s i o n w i t h the e r r o r s due to o t h e r c a u s e s . 

The d a t a c a r d s were n e x t e d i t e d f o r i s o l a t e d e r r o r s o r l e v e l 

c h a n ges, m i s s i n g data was e s t i m a t e d by i n t e r p o l a t i o n where 

p o s s i b l e , t h e n o n - t i d a l n o i s e l e v e l was e s t i m a t e d and 

f i n a l l y , c a l i b r a t i o n c o n s t a n t s were a p p l i e d and c o r r e c t e d 

c a r d s punched o u t . These e d i t i n g f u n c t i o n s were a c c o m p l i s h e d 

with t h e a i d of program BETTY which w i l l now be d e s c r i b e d . 

E r r o r s or l e v e l c h a n g e s i n t h e d a t a a r e d e t e c t e d i n a 

smoothness t e s t ( C a r t w r i g h t , 1966) which compares e a c h 

h o u r l y d a t a w i t h a v a l u e found f o r t h a t hour by 

i n t e r p o l a t i o n a c c o r d i n g t o the f o r m u l a : 

X' (n) =. 75[X (n + 1) + X (n-1) 30[ (X (n+2) +X {n-2) ] 

+ .05[ X (n+3) +X (n-3) ] (1) 

The d i f f e r e n c e (Xn-X'n) i s z e r o f o r any 5 - t h o r d e r 



p o l y n o m i a l . An i s o l a t e d e r r o r p r o d u c e s a r e c o g n i z a b l e 

s y m m e t r i c a l s e q u e n c e of d i f f e r e n c e s and a g e n e r a l s h i f t i n 

l e v e l p r o d u c e s an a n t i - s y m m e t r i c a l s e q u e n c e . The o r i g i n a l 

d a t a i s c o r r e c t e d f o r i s o l a t e d e r r o r s r e v e a l e d by t h i s t e s t 

and l e v e l c h a n g e s a r e s u b t r a c t e d from a l l s u b s e q u e n t d a t a by 

adding t o t h e program, i n p u t a s s i g n m e n t c a r d s of t h e form 

FST(J,M)=C, where J i s the day and H i s t h e hour of the 

l e v e l change of magnitude C. A s e c o n d r u n n i n g of t h e program 

w i l l r e v e a l whether t h e c o r r e c t i o n s have been a p p l i e d 

c o r r e c t l y . S h o r t s e c t i o n s o f m i s s i n g d a t a , not e x c e e d i n g a 

day i n l e n g t h , may sometimes be e s t i m a t e d a t t h i s s t a g e . 

E q u a t i o n 1 i s used a g a i n f o r t h i s i n t e r p o l a t i o n w i t h 

c o n s e c u t i v e terms s e p a r a t e d by 1, 2 and 3 d a y s r a t h e r t h a n 

1 , 2 and 3 h o u r s . I t c a n be shown t h a t an i n t e r p o l a t i o n made 

wi t h t h i s l i n e a r c o m b i n a t i o n i s not a f f e c t e d by the p r e s e n c e 

of p e r i o d s of 12 h o u r s or 24 h o u r s . ( M e l c h i o r , 1965, p 7 1 ) . 

A f t e r t h e d a t a h a s been p r o o f - r e a d and c o r r e c t e d i n t h i s 

way t he computer i s c a u s e d t o a p p l y c a l i b r a t i o n c o n s t a n t s , 

e s t i m a t e n o i s e l e v e l and o u t p u t d a t a c a r d s u s a b l e by the 

a n a l y s i s program JANET, which w i l l be d e s c r i b e d l a t e r . D a i l y 

c a l i b r a t i o n s a r e d e t e r m i n e d by i n t e r p o l a t i o n between 

whatever c a l i b r a t i o n c o n s t a n t s a r e e n t e r e d a s i n p u t . N o i s e 

i s e s t i m a t e d by a p p l y i n g t o the d a t a f o r e a c h day, a l i n e a r 

c o m b i n a t i o n which d i s c r i m i n a t e s a g a i n s t t i d a l p e r i o d i c i t i e s . 

T h i s i s d e s c r i b e d by: 

Y ( t ) = ZWi y ( t - i ) 

where y ( t ) i s t h e h o u r l y d a t a , wi i s a term of t h e l i n e a r 
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c o m b i n a t i o n and Y ( t ) i s t h e r e s u l t of t h e l i n e a r c o m b i n a t i o n 

and r e p r e s e n t s i n t h i s c a s e t h e e f f e c t of' n o i s e o n l y . I f t h e 

n o i s e i n t h e o r i g i n a l d a t a i s random w i t h an rms v a l u e o f t 

t h e n : 

Y 2 ( t ) = t 2 E W i 2 

I n t h e c a s e of t h e L e c o l a z e t (1959) f i l t e r used h e r e : EWi 2 = 

1872. I f t h e r e a r e a days of d a t a t h e n : 

€ 2 = [ Y 2 ( t ) + Y 2 ( t + 2 4 ) . Y 2 ( t + n21) ]/m£Wi 2 

A t y p i c a l v a l u e f o r t i l t m e t e r r e c o r d s i s g i v e n by M e l c h i o r 

a s €=0.3 ram- We can compare t h i s to t h e e r r o r due t o 

q u a n t i z a t i o n when t h e r e s o l u t i o n of a 250mm r e c o r d i s 0.001. 

The s c a l e u n i t t h e n i s 0.25mm and the s t a n d a r d d e v i a t i o n of 

th e q u a n t i z a t i o n e r r o r i s (Bendat, 1 9 6 6 ) , 0.29 x .25 = 0. 075 

mm. T h i s i s negl:vi>le i n c o m p a r i s i o n to t h e n o i s e p r e s e n t i n 

t h e r e c o r d due t o o t h e r c a u s e s . Program BETTY i s d e s c r i b e d 

i n more d e t a i l i n t h e documentation p r e s e n t e d i n the 

appendix. 

6-2 The F o u r i e r Method. 

I t was shown e a r l i e r t h a t t h e p o t e n t i a l of the 

t i d e - p r o d u c i n g f o r c e c a n be w r i t t e n a s a s e r i e s of t e r m s 

i n v o l v i n g s i x f u n d a m e n t a l f r e q u e n c i e s . The s i x f r e q u e n c i e s 

a r e n o t commensurable and a s a r e s u l t the t i d a l p o t e n t i a l i s 

n o t p e r i o d i c i n t h e s e n s e t h a t t h e f u n c t i o n X ( t ) i s p e r i o d i c 

when f o r any i n t e g e r n: X ( t ) = X ( t * nT) where T i s some 

f i n i t e t i m e . On t h e o t h e r hand t h e t i d a l p o t e n t i a l i s 

p e r f e c t l y p r e d i c t a b l e and i t s spectrum c o n s i s t s of a f i n i t e 

number o f d i s c r e t e l i n e s . I t i s t h e r e f o r e f u n d a m e n t a l l y 
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d i f f e r e n t from n o n - p e r i o d i c phenomena i n g e n e r a l which i s 

u s u a l l y t r a n s i t o r y and i s r e p r e s e n t e d i n t h e f r e q u e n c y 

domain by a continuum of e n e r g i e s . The term 

• a l m o s t - p e r i o d i c ' has been used (Bendat, 1966) t o d e s c r i b e 

t h e p r e d i c t a b l e n o n - p e r i o d i c f u n c t i o n . The d i s t i n c t i o n i s 

i m p o r t a n t b e c a u s e i t i s on t h e s e c o n s i d e r a t i o n s t h a t an 

optimum means of a n a l y s i s i s d e t e r m i n e d . I f the f u n c t i o n t o 

be a n a l y s e d i s p e r i o d i c t h e n i t c a n be p r e c i s e l y r e p r e s e n t e d 

by a F o u r i e r s e r i e s , The s e r i e s w i l l c o n t a i n a l l p o s s i b l e 

c o n s t i t u e n t waves; t h e c o m p l e t e o r t h o n o r m a l s e t of f u n c t i o n s 

f o r t h e s p e c i f i e d i n t e r v a l . The c o e f f i c i e n t s of t h e s e r i e s 

a r e found term by term by m u l t i p l y i n g both the s e r i e s and 

t h e g i v e n f u n c t i o n by a F o u r i e r f u n c t i o n and i n t e g r a t i n g 

t h r o u g h o u t the i n t e r v a l . T h i s t u r n s out to be a s i m p l e 

o p e r a t i o n b e c a u s e of t h e o r t h o g o n a l i t y of the F o u r i e r 

f u n c t i o n s . I f t h e f u n c t i o n t o be a n a l y s e d i s not p e r i o d i c i t 

may be assumed t o have a p e r i o d e q u a l t o i n f i n i t y and a 

F o u r i e r r e p r e s e n t a t i o n a s b e f o r e . I n t h i s c a s e however t h e 

F o u r i e r c o e f f i c i e n t s must be d e t e r m i n e d by i n t e g r a t i o n o v e r 

an i n f i n i t e i n t e r v a l . S i n c e t h e g i v e n f u n c t i o n w i l l 

g e n e r a l l y not be Xnown f o r a l l t i m e s i t must be r e p l a c e d by 

a t r u n c a t e d f u n c t i o n e q u a l t o t h e g i v e n f u n c t i o n t h r o u g h o u t 

t h e p e r i o d i n which i t i s d e f i n e d and v a n i s h i n g beyond t h i s 

i n t e r v a l . We c a n i n t h i s way f i n d t h e F o u r i e r r e p r e s e n t a t i o n 

o f the t r u n c a t e d f u n c t i o n . T h i s may o r may not be a good 

r e p r e s e n t a t i o n of the r e a l f u n c t i o n . T r u n c a t i o n can be 

c o n s i d e r e d a s m u l t i p l i c a t i o n of the g i v e n f u n c t i o n by 
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a n o t h e r f u n c t i o n of t i m e . I n t h e f r e q u e n c y domain t h i s i s 

r e p r e s e n t e d by c o n v o l u t i o n of the two c o r r e s p o n d i n g 

f r e q u e n c y f u n c t i o n s which, i n t h i s c a s e , r e s u l t s i n a 

• s m e a r i n g ' o f the l i n e s p e c t r a o f the g i v e n f u n c t i o n . 

A d j a c e n t l i n e s w i l l tend to widen and merge. When t h e g i v e n 

spectrum i s mainly a band l i m i t e d c ontinual w i t h v e r y l i t t l e 

l i n e c o n t e n t t r u n c a t i o n e f f e c t s a r e not so s e r i o u s . The 

F o u r i e r t r a n s f o r m and t h e power s p e c t r a l d e n s i t y f u n c t i o n , 

which a r e both d e v e l o p e d from the F o u r i e r r e p r e s e n t a t i o n 

d e s c r i b e d h e r e , a r e u s e f u l i n c a s e s where t h e c h i e f aim i s 

t o e s t a b l i s h t h e f r e g u e n c y c o n t e n t of the g i v e n f u n c t i o n . 

Here t h e s i t u a t i o n i s d i f f e r e n t ; we a r e c o n c e r n e d w i t h 

d e t e r m i n i n g t h e a m p l i t u d e and phase o f a l i m i t e d number of 

waves of. known f r e q u e n c y . I f t h e r e a r e p f r e q u e n c i e s p r e s e n t 

we know t h a t the f u n c t i o n can be r e p r e s e n t e d by t h e s e r i e s : 

y ( t ) = B l e J , M t +JJ*1e J u l' + Bpe** +B*pe'J<,>£ 

The c o n j u g a t e c o e f f i c i e n t s B j and B * j must be d e t e r m i n e d by 

c o m p a r i s i o n w i t h t h e g i v e n f u n c t i o n . I f t h e r e i s any n o i s e 

a t a l l i n t h e g i v e n f u n c t i o n t h e d e t e r m i n a t i o n can not be 

p r e c i s e and some c r i t e r i o n of 'goodness of f i t ' must be 

assumed. I t c a n be shown t h a t i f t h e i n t e r f e r i n g n o i s e i s 

n o r m a l l y d i s t r i b u t e d then the most p r o b a b l e v a l u e f o r t h e 

c o e f f i c i e n t i s o b t a i n e d by m i n i m i z i n g the s q u a r e s of the 

r e s i d u a l s ( H u r r a y , 1 9 6 5 ) . I n t h i s way we a r e l e d t o t h e 

l e a s t - s q u a r e s method of a p p r o x i m a t i n g a l m o s t p e r i o d i c 

f u n c t i o n s i n t e r m s of t h e known c o n s t i t u e n t waves. 
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6-3 The L e a s t Sguare Method 

T h e r e i s a c o n n e c t i o n between t h e F o u r i e r s e r i e s method 

and t h e method of l e a s t s q u a r e s . I t c a n be shown t h a t t h e 

F o u r i e r c o e f f i c i e n t s g i v e t h e b e s t l e a s t - s q u a r e s f i t when a 

f u n c t i o n i s expanded i n terms of an o r t h o n o r m a l s e t of 

f u n c t i o n s . T h i s i s . a s p e c i a l c a s e of l e a s t - s q u a r e s 

a p p r o x i m a t i o n ; the o r t h o g o n a l i t y o f the f u n c t i o n s has the 

e f f e c t o f ' d e c o u p l i n g ' the normal e q u a t i o n s r e d u c i n g each t o 

an e q u a t i o n i n one unxnown. 

I n g e n e r a l t h e f u n c t i o n s of the l e a s t - s q u a r e s a p p r o x i m a t i o n 

w i l l not be an o r t h o g o n a l s e t and c o n s e q u e n t l y they w i l l be, 

a t l e a s t t o some e x t e n t , l i n e a r l y dependent. The s o l u t i o n s 

t o the normal e q u a t i o n s w i l l become l e s s and l e s s w e l l 

d e f i n e d .as t h i s i n t e r d e p e n d e n c e grows u n t i l f i n a l l y when the 

d e t e r m i n a n t v a n i s h e s a s o l u t i o n becomes i m p o s s i b l e . S i n c e 

t h e r e w i l l be a g r e a t e r degree of i n t e r d e p e n d e n c e between 

t h e waves of n e i g h b o r i n g f r e q u e n c y than between waves h a v i n g 

w i d e l y d i f f e r e n t f r e q u e n c y the q u e s t i o n a r i s e s whether a 

•smearing* e f f e c t s i m i l a r to t h a t e n c o u n t e r e d w i t h the 

F o u r i e r t r a n s f o r m w i l l be met with too i n a l e a s t - s q u a r e s 

a p p r o x i m a t i o n to a n o n - p e r i o d i c f u n c t i o n . T h i s q u e s t i o n has 

been d e a l t w i t h by Munk and Hasselmann ( 1 9 6 4 ) , who compare 

t h e r e s u l t s o b t a i n e d by t h e l e a s t - s q u a r e s method w i t h t h a t 

o b t a i n e d u s i n g t h e F o u r i e r t r a n s f o r m i n t h e c a s e of a d a t a 

spectrum c o n t a i n i n g two n e i g h b o r i n g l i n e s p l u s a broad-band 

n o i s e . A t r u n c a t i o n e f f e c t i s found w i t h both methods but 

t h e 'smearing e f f e c t ' o f the F o u r i e r method i s found t o 
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depend on t h e r e c o r d l e n g t h w h i l e s m e a r i n g i n t h e 

l e a s t - s g u a r e s a p p r o x i m a t i o n i s shown t o depend on r e c o r d 

l e n g t h o n l y t h r o u g h the accompanying n o i s e and w i l l be 

a b s e n t i f t h e r e i s no n o i s e . Mumk and Hasselmann d e m o n s t r a t e 

t h a t r e s o l u t i o n s i g n i f i c a n t l y b e t t e r ('super r e s o l u t i o n ' ) 

than t h e i n v e r s e of t h e r e c o r d l e n g t h i s t h e r e f o r e p o s s i b l e 

i n a l e a s t - s g a r e s a p p r o x i m a t i o n ; t h i s i s a c o m p e l l i n g 

argument f o r t h e c h o i c e of t h e l e a s t - s q u a r e s method f o r the 

a n a l y s i s of a l m o s t - p e r i o d i c f u n c t i o n s . I m p o r t a n t too i s the 

c o n v e n i e n c e of the l e a s t - s q u a r e s method i n b e i n g a b l e t o use 

d a t a i n t h e form of a r b i t r a r y - t i m e s a m p l e s of t h e g i v e n 

f u n c t i o n . Gaps i n e a r t h - t i d e r e c o r d s a r e common, 

p a r t i c u l a r l y i n t i l t m e t e r r e c o r d s , because o f t h e d i f f i c u l t 

operatin.g c o n d i t i o n s met with i n underground s i t e s . The 

l e a s t - s q u a r e s method i s t h e o n l y f e a s i b l e method of d a t a 

a n a l y s i s when t h e r e c o r d gaps a r e too l a r g e t o be f i l l e d i n 

by i n t e r p o l a t i o n and t h e l e n g t h of any c o n t i n u o u s s e c t i o n i s 

t o o s h o r t f o r a F o u r i e r a n a l y s i s . Beyond t h i s , i t may be 

more e c o n o m i c a l and j u s t a s r e l i a b l e i n many c a s e s t o o b t a i n 

s e p a r a t i o n of n e i g h b o r i n g c o n s t i t u e n t s by a s e r i e s of s h o r t 

r e c o r d i n g i n t e r v a l s s e p a r a t e d by l o n g gaps t h a n by a s i n g l e 

l o n g r e c o r d i n g . 

F o r t h e s e r e a s o n s I c h o s e t o use a l e a s t - s q u a r e s method 

f o r a n a l y s i n g t h e e a r t h - t i d e d a t a . T h i s a n a l y s i s i s 

implemented by program JANET. 

6-3-1 Program JANET 

T h i s program i s based on a l e a s t - s g u a r e s method 
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d e s c r i b e d by Venedikov ( 1 9 6 6 ) . I n p r i n c i p a l a l e a s t - s q u a r e s 

method c o u l d be made t o work f o r d a t a o b s e r v e d a t a r b i t r a r y 

t i m e s b ut t he p r e s e n c e of d r i f t would g r e a t l y c o m p l i c a t e 

such a g e n e r a l - method. To a v o i d c o n s i d e r i n g d r i f t , 

V e n e d i k o v ' s method r e q u i r e s a b a s i c s e t o f 48 c o n t i n u o u s 

h o u r s of d a t a , a l t h o u g h many s u c h s e t s c a n be used i n t h e 

a n a l y s i s and they may be a r b i t r a r i l y s p a c e d i n t i m e . Each 48 

hour s e t i s f i l t e r e d d i g i t a l l y t o o h t a i n two q u a d r a t u r e 

r e l a t e d numbers p r o p o r t i o n a l t o t h e d i u r n a l wave a m p l i t u d e 

i n t h e d a t a and two numbers p r o p o r t i o n a l t o t h e s e m i d i u r n a l 

wave a m p l i t u d e . The same f o u r f i l t e r s a r e a p p l i e d t o d a t a 

d e t e r m i n e d t h e o r e t i c a l l y f o r t h e s i t e a ssuming a r i g i d 

e a r t h . I n t h i s way f o u r i n d e p e n d e n t c o n d i t i o n e q u a t i o n s a r e 

d e t e r m i n e d by each 48 hour s e t . I f t h e r e a r e a g r e a t number 

o f s u c h s e t s we c o u l d assume c o r r e c t i o n f a c t o r s f o r t h e 

a m p l i t u d e o f each of the t h e o r e t i c a l c o n s t i t u e n t s and 

d e t e r m i n e t h e most p r o b a b l e v a l u e f o r t h e f a c t o r s on t h e 

b a s i s o f t h e l e a s t - s q u a r e d r e s i d u a l of the c o n d i t i o n 

e q u a t i o n s . The r e s u l t i n g normal e q u a t i o n s however would be 

i l l d e f i n e d u n l e s s t h e d a t a span was v e r y l o n g r e l a t i v e t o 

the r e c i p r o c a l of t h e f r e q u e n c y d i f f e r e n c e between a d j a c e n t 

c o n s t i t u e n t s . The c u s t o m a r y remedy f o r t h i s d i f f i c u l t y , and 

t h e one f o l l o w e d by Venedikov, i s t o assume t h a t the 

a m p l i t u d e f a c t o r s (complex) a r e the same f o r a l l t h e 

c o n s t i t u e n t s c o n t a i n e d w i t h i n c e r t a i n narrow f r e q u e n c y 

bands. F o r d a t a s p a n s of l e s s t h a n s i x months Venedikov 

assumes 6 s u c h bands e n c l o s i n g 52 d i u r n a l c o n s t i t u e n t s and 5 
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bands e n c l o s i n g 27 s e m i d i u r n a l c o n s t i t u e n t s , f o r a t o t a l of 

22 unknowns. T h i s a s s u m p t i o n i s v a l i d f o r d e s c r i b i n g t h e 

e f f e c t of t h e t i d e - p r o d u c i n g f o r c e s i n t h e s o l i d e a r t h . I t 

may n o t be v a l i d f o r d e s c r i b i n g t h e .behaviour of t h e ocean 

t i d e however and i n a r e a s where the ocean t i d e has a 

s i g n i f i c a n t e f f e c t on measurements of t he e a r t h t i d e the 

a s s u m p t i o n must be examined c r i t i c a l l y . F r e q u e n t l y t h e 

a m p l i t u d e of t h e ocean t i d e i s s m a l l f o r a l l but t h e main 

c o n s t i t u e n t w i t h i n a f r e q u e n c y band (Murray, 1964) s o t h a t 

any e r r o r i n assuming a c o n s t a n t f a c t o r must be s m a l l . I n 

a d d i t i o n , Munk. and C a r t w r i y h t (1967) f i n d t h a t t h e f u n c t i o n 

d e s c r i b i n g t h e r e s p o n s e of the ocean to the t i d e - p r o d u c i n g 

f o r c e s ( t h e i r * a d m i t t a n c e • f u n c t i o n ) i s smooth and can be 

c o n s i d e r e d c o n s t a n t t h r o u g h o u t f r e q u e n c y bands of width I / 6 

c y c l e s per day. T h i s i s much wide r than t h e f r e q u e n c y band 

assumed by Venedikov. 

6-4 R e s u l t s 

6-4-1 Rookhope R e s u l t s 

The r e s u l t s of t h e a n a l y s i s Of h o r i z o n t a l pendulum 

measurements made a t t h i s s i t e d u r i n g p e r i o d s i n 1968 and 

1969 a r e p r e s e n t e d i n T a b l e 6-2- R e s u l t s f o r h y d r o s t a t i c 

t i l t m e t e r measurements made a t t h e same s i t e a r e shown i n 

T a b l e 6-4*. 

6-4-2 Ottawa R e s u l t s 

R e s u l t s a r e p r e s e n t e d i n T a b l e 6-1 f o r t h e a n a l y s i s of 

h o r i z o n t a l pendulum t i l t u i e t e r measurements made a t H o l l a n d 

H i l l s , Quebec. T h i s s i t e i s l o c a t e d a p p r o x i m a t e l y 50 km from 
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Ottawa. I n T a b l e 6-3 r e s u l t s a r e shown f o r g r a v i m e t e r 
measurements made a t Ottawa. 
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CHAPTER 7 

SPATIAL VARIATIONS OF THE EARTH TIDE 

7-1 I n t r o d u c t i o n 

I t i s n e c e s s a r y t o s t a t e c l e a r l y t h e d e f i n i t i o n s 

adopted f o r t h e d i s c u s s i o n which f o l l o w s . T i d a l - g r a v i t y 

a m p l i t u d e s a r e measured, i n m i c r o g a l s and r e f e r r e d t o e i t h e r 

i n t h i s form o r i n the n o n - d i m e n s i o n a l form c a l l e d 6 

o b t a i n e d by n o r m a l i z i n g t o the t h e o r e t i c a l r i g i d - E a r t h t i d a l 

g r a v i t y a m p l i t u d e a t t h e s i t e . T h i s l a t t e r a m p l i t u d e i s 

g i v e n by: 

V = 74.711 Cos*Xc ( m i c r o g a l s ) (7-1) 

where Xc i s t h e g e o c e n t r i c l a t i t u d e found from the 

g e o g r a p h i c a l l a t i t u d e X by: 

Xc =. X - ( S i n 2 X / 5 . 1826) (7-2) 

T i d a l - t i l t a m p l i t u d e s a r e measured i n m i l l i s e c o n d s of a r c 

and r e f e r r e d t o e i t h e r i n t h i s form o r i n t h e 

n o n - d i m e n s i o n a l form c a l l e d D o b t a i n e d by n o r m a l i z i n g to t h e 

t h e o r e t i c a l r i g i d - E a r t h t i d a l t i l t a m p l i t u d e s a t the s i t e . 

T hese l a t t e r a m p l i t u d e s , f o r t h e d i r e c t i o n s n o r t h and e a s t 

r e s p e c t i v e l y , a r e g i v e n by: 

N = 7. 8706 S i n 2 X c [ 1 - ( S i n 2 X c / 2 9 7 ) J[ 1+(2Cos2Xc/297) ] (7-3) 

E =15.741 CosXc[ 1 - ( 5 i n 2 X c / 2 9 7 ) ] (7-4) 

T h e s e t h r e e t i d a l components a r e c o n s i d e r e d p o s i t i v e 

when d i r e c t e d away from t h e c e n t e r of t h e E a r t h , t o w a r d t h e 

n o r t h and toward the e a s t r e s p e c t i v e l y . When e x p r e s s e d i n 

t h e d i m e n s i o n e d form the phase i s a l a g w i t h r e s p e c t to t h e 

phase o f t h e e q u i l i b r i u m c o n s t i t u e n t a t G r e e n w i c h ( E . C . G ) . 
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Thus t h e p h a s e s o f t h e r i g i d - E a r t h components a r e g i v e n by: 

gV = -20 (7-5) 

gN = -20 - 180 (7-6) 

gE = -20 - 90 (7-7) 

where 0 i s the l o n g i t u d e , i n d e g r e e s e a s t o f G r e e n w i c h , of 

th e s i t e . When the a m p l i t u d e i s e x p r e s s e d i n t h e 

n o n - d i m e n s i o n a l form i t i s more a p p r o p i a t e t o use t h e phase 

r e l a t i v e to t h e phase o f the r i g i d - E a r t h component a t the 

s i t e . T h i s l a t t e r phase i s t h e same a s t h e p h a s e of the 

e q u i l i b r i u m c o n s t i t u e n t through the s i t e ( E . C . S ) . The p h a s e 

used i n t h e n o n - d i m e n i o n a l c a s e i s g i v e n by t h e symbol k and 

i s c a l l e d phase l a g r e . E.C.S. 

R e f e r e n c e i s made to the ' g l o b a l g r a v i m e t r i c f a c t o r ' 

and to t h e ' g l o b a l d i m i n i s h i n g f a c t o r ' . T h e s e a r e nominal 

v a l u e s f o r 6 and D i n t e n d e d t o a p p r o x i m a t e t h e f a c t o r s which 

would be e x p e r i e n c e d on the E a r t h i f t h e r e was no ocean 

l o a d i n g e f f e c t . S e i s m o l o g i c a l e v i d e n c e and model s t u d i e s 

i n d i c a t e t h a t t h e s e f a c t o r s a r e a p p r o x i m a t e l y 1.16 and 0.700 

r e s p e c t i v e l y . 

The g r a v i r a e t e r s i t e a t B i d s t o n i s l o c a t e d on a h i l l 

o v e r l o o k i n g t i d a l w a t e r s a t a d i s t a n c e o f o n l y 2 or 3 kais. 

I t i s n e c e s s a r y h e r e t o c a l c u l a t e t h e d i r e c t a t t r a c t i o n 

e f f e c t due to t h i s h e i g h t . P r o v i s i o n i s made i n program 

GLOBL t o make t h i s c o m p u t a t i o n : The G r e e n ' s F u n c t i o n f o r 

g r a v i t y i s put e q u a l t o 1-0 f o r a l l d i s t a n c e s and two 

c o m p u t a t i o n s a r e made, one wi t h the h e i g h t s e t e q u a l t o z e r o 
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and t h e o t h e r u s i n g t h e a c t u a l h e i g h t ; t h e d i f f e r e n c e 

between t h e two r e s u l t s i s t h e d e s i r e d a t t r a c t i o n e f f e c t due 

to h e i g h t a l o n e . 

7-2 G r a v i t y and T i l t O b s e r v a t i o n s i n B r i t a i n . 

7-2-1 B i d s t o n 

The g r a v i t y p e r t u r b a t i o n due t o oc e a n l o a d i n g i s 

e s t i m a t e d by program GLOBL to be: 

G =1. 978 (-73°) (7-8) 

T h i s i s c a l c u l a t e d on t h e b a s i s of z e r o h e i g h t a t t h e s i t e . 

The a t t r a c t i o n e f f e c t a l o n e , assuming z e r o h e i g h t i s : 

AGa (h=0) = .875 (-53.4°) (7-9) 

The a t t r a c t i o n e f f e c t f o r the t r u e h e i g h t of 5425 cms i s : 

AGa (h=5425) = . 574 (154.5°) (7-10) 

The n e t . p e r t u r b a t i o n due t o h e i g h t e f f e c t a l o n e i s t h e 

d i f f e r e n c e between t h e s e two a t t r a c t i o n t e r m s : 

AGh = 1. 408 (137.5°) (7-11) 

Adding t h i s t o t h e p e r t u r b a t i o n found assuming z e r o h e i g h t 

y i e l d s t h e n e t p e r t u r b a t i o n due t o a l l e f f e c t s o f t h e ocean 

t i d e ; d e n o t i n g t h i s a s AGt we have: 

AGt = AG + AGh = 1.163 (-122.2°) (7-12) 

The M2 c o n s t i t u e n t of t h e g r a v i t y t i d e o b s e r v e d , a s s u m i n g a 

g r a v i m e t r i c f a c t o r of 1.16, then s h o u l d be: 

Go = 1.16 Gt + AGt (7-13) 

where Gt i s t h e g r a v i t y t i d e which would be o b s e r v e d on an 

o c e a n l e s s and r i g i d E a r t h . 

T h i s p r e d i c t e d r e s u l t i s compared with t h e IGY 

e a r t h - t i d e g r a v i t y o b s e r v a t i o n s made i n 1958 by H a r r i s o n e t 



Site Observed Calculated O ^ t i d e Theore tic a l 
Contribution Rigid Earth 

Bidston 30.94 (4.4°) 30.37 (4.4°) 1.16 (-122°) 26.79 (6.1°) 
Winsford 32.84 (2.2°) 32.74 (1.4°) 3.84 (-67°) 27.03 (5.0°) 
Llanrwst - 25.2 (21.3°) 6.42 (119°) 26.83 (7.6°) 
Rookhope - 28.63 (-3.6°) 4.00 (-89°) 24.65 (4.4°) 

TABLE (7-1) Comparison of observed and calculated gravity tide. 
(Amplitudes in ugalSj phase lag re E.C.G.) 

0 N.E.'Atlantic Ocean 0.795 (-70°) 
1 N. Atlantic (remainder) 1.06 (--75°) 
2 S. Atlantic .26 (-116°) 
3 N. Pacific .23 (- 4°) 
4 S. Pacific .67 (-125°) 
5. Indian Ocean .53 (54°) 
6 N. American coastal areas .31 (117°) 
7 Mediterranean area .07 (-106°) 
8 Arctic Ocean 

Total Effect 1.163 (-122°) 

TABLE (7-2) Bidston - Contribution to gravity-
tide by global zones (microgals). 



Poly. Amplitude Cal. t i l t effect Cal. Height 
Nr. (phase) North East grav. effect effect 
1 274 (3i5°) 27.936 17.077 1.021 1.090 
2 183 (325°) 5.518 5.910 .056 .030 
3 107 (350°) 1.255 .209 .009 .004 
4 320 (330°) 5.001 16.857 .196 .181 
5 198 (345°) 2.339 5.029 .033 .023 
6 76 (020°) .317 .450 .004 .001 
.7 274 (316°) .756 9.515 .065 .031 
8 290 (315°) 20.666 13.100 .184 .086 
9 274 (315°) 3.503 .803 .042 .007 
10 290 pl0°) 3,350 3.278 .058 .009 
11 290 (310°) .784 5.340 .075 .010 
12 60 (318°) .011 .607 — 

TABLE (7-3) Bidston - Calculated effects due to local polygons 
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a l (1963) i n Table ( 7 - 1 ) . 

I t i s u s e f u l t o c o n s i d e r t h e g r a v i t y p e r t u r b a t i o n 

c o n t r i b u t e d by each of t h e g l o b a l zones t o make up t h e t o t a l 

g i v e n i n T a b l e ( 7 - 1 ) . T h e s e a r e shown i n T a b l e ( 7 - 2 ) . The 12 

p o l y g o n s shown i n F i g u r e ( 7 - 6 ) , which a r e l o c a l to the 

B i d s t o n s i t e , have a . l a r g e i n f l u e n c e on the g r a v i t y t i d e 

measured a t t h e s i t e . Data f o r these- polygons a r e summarized 

i n T a b l e ( 7 - 3 ) . S i n c e the o c e a n - t i d e e f f e c t i s s m a l l and due 

p r i n c i p a l l y t o l o c a l l o a d i n g i n t h e d i s t a n c e range where t h e 

G r e e n ' s f u n c t i o n f o r g r a v i t y has been e x t r a p o l a t e d t h i s 

r e s u l t c a n not be used t o i n f e r any p a r t i c u l a r c r u s t a l 

s t r u c t u r e . 

T i l t measurements have been made a t t h e B i d s t o n s i t e 

f o r many y e a r s . Lennon and V a n i c e k (1969) have r e c e n t l y 

summarized t h e r e s u l t s of t i l t measurements made s i n c e 1952 

u s i n g s e v e r a l d i f f e r e n t i n s t r u m e n t t y p e s and methods o f 

i n s t a l l a t i o n . T hese r e s u l t s c o v e r a wide range of v a l u e s and 

t h e r e seems t o be no grounds f o r d e c i d i n g which v a l u e s a r e 

t h e more l i k e l y . A s i m p l e a v e r a g e of a l l t h e numbers 

r e f e r r e d t o i n t h e i r T a b l e 2 y i e l d s t h e ' observed* r e s u l t s 

r e p r o d u c e d i n T a b l e (7-4) ( B i d s t o n ) below. The ' c a l c u l a t e d ' 

v a l u e s were d e t e r m i n e d by program GLOBL. I t can be s e e n i n 

T a b l e (7-3) t h a t the t i l t e f f e c t due t o l o c a l p o l y g o n s i s 

r e l a t i v e l y enormous; polygon number 1 a l o n e c o n t r i b u t e s 36 

p e r c e n t of t h e t o t a l n o r t h e f f e c t . T h i s i l l u s t r a t e s t h e 

i m p o r t a n c e o f p r e c i s e l y r e p r e s e n t i n g the ocean t i d e when t h e 

s i t e i s v e r y c l o s e . I f t h e r e l i a b i l i t y of t he t i l t 
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o b s e r v a t i o n s w a r r a n t e d g r e a t e r p r e d i c t i o n a c c u r a c y t h e s e 

l o c a l p o l y g o n s c o u l d be s u b d i v i d e d and the v a r i a t i o n of the 

t i d e o v e r the s u r f a c e c o u l d be e s t i m a t e d more a c c u r a t e l y . 

Improved a c c u r a c y c o u l d be o b t a i n e d too by r e f e r r i n g t o the 

g e o g r a p h i c a l c o o r d i n a t e s of both t h e s i t e and t h e p o l y g o n s 

t o t h e n e a r e s t .001 d e g r e e s r a t h e r than t o .01 d e g r e e s a s 

used h e r e . F o r t h i s d i s t a n c e r a n g e a l l t h e s e s t e p s would be 

r e q u i r e d b e f o r e the p r e d i c t e d r e s u l t s c o u l d be compared t o 

t h e o b s e r v a t i o n s with a view t o a p p r a i s i n g the s u i t a b i l i t y 

of t h e G r e e n ' s F u n c t i o n used f o r t i l t . I n t h i s p a r t i c u l a r 

c a s e t h e measurements appear t o be i n f l u e n c e d by o t h e r 

e f f e c t s and t h e s e r e f i n e m e n t s a r e not w a r r a n t e d . 

7-2-2 W i n s f o r d 

C a l c u l a t e d e f f e c t s a r e p r e s e n t e d f o r t h i s s i t e f o r both 

the g r a v i t y t i d e and the t i l t t i d e a l t h o u g h o n l y t h e IGY 

g r a v i t y o b s e r v a t i o n s of H a r r i s o n e t a l (1963) a r e a v a i l a b l e 

f o r t h i s s i t e . (A s h o r t s e r i e s o f t i l t measurements made by 

Tomaschek i n 1953 a t t h i s s i t e i s c h i e f l y of h i s t o r i c a l 

i n t e r e s t . ) The c l o s e agreement between c a l c u l a t e d and 

o b s e r v e d r e s u l t s d e m o n s t r a t e s the p r o b a b l e v a l i d i t y of t h e 

e x t r a p o l a t e d v a l u e s assumed f o r the G r e e n ' s F u n c t i o n . 

7-2-3 L l a n r w s t 

G r a v i t y and t i l t c a l c u l a t i o n s a r e p r e s e n t e d i n T a b l e s 

(7-1) and (7-4) f o r t h i s new s i t e e s t a b l i s h e d by G. W* 

Lennon i n 1968. O b s e r v a t i o n s a t t h i s s i t e have no t y e t iieen 

p u b l i s h e d . The g r a v i t y r e s u l t w i l l be p a r t i c u l a r l y 

i n t e r e s t i n g when i t becomes a v a i l a b l e b e c a u s e the c a l c u l a t e d 
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ocean- t ide c o n t r i b u t i o n i s so l a r g e . Accurate observa t ions 

o f the g r a v i t y t i de , should l ead to an exper imenta l 

de t e rmina t ion of the l o c a l Green's f u n c t i o n accurate t o 

w i t h i n a few pe rcen t . 

7 -2-1 Rookhope 

This s i t e i s i d e a l l y s i t u a t e d f o r i n v e s t i g a t i n g the 

e l a s t i c p r o p e r t i e s of the upper mantle by means o f t i l t 

measurements. F igure (7-1) shows the l o c a t i o n of the nearest 

ocean- t ide polygons; the s i t e i s approximate ly 60 kms f rom 

the nearest coas t . According t o Beaumont's r e s u l t s 

(1971-unpublished) the Green's Funct ion f o r t i l t i s the same 

f o r a wide range o f Earth models f o r d i s t ances g rea t e r than 

about 200 kms. I n the d i s tance range of 50-150 kms however 

the Green's Func t ion f o r t i l t i s s e n s i t i v e t o upper mantle 

and deep c r u s t a l s t r u c t u r e but not a t a l l s e n s i t i v e to the 

s u p e r f i c i a l l a y e r s near the s u r f a c e . 

Results f o r data obta ined i n the years 1968 and 1969 

are presented i n Table ( 7 - 4 ) . P r e c i s e l y the same n o r t h - s o u t h 

t i l t was ob ta ined i n both years whi l e the east -west t i l t 

measured d u r i n g the second year was about 12 percent h igher 

than f o r the f i r s t . The net c a l c u l a t e d t i l t shown i s the sum 
i 

o f the ocean- t ide con t r ibu t ion computed by program GLOBL and 

the t h e o r e t i c a l r i g i d - E a r t h t i l t d imin i shed by the f a c t o r 

0 .7 , which i s the g l o b a l d i m i n i s h i n g f a c t o r accepted 

throughout t h i s t h e s i s . There i s r e l a t i v e l y poor agreement 

between the c a l c u l a t e d and observed r e s u l t s ; p a r t i c u l a r l y i n 

the east-west d i r e c t i o n . Working backwards f rom the observed 



- 77-

and t h e o r e t i c a l values the ocean- t ide c o n t r i b u t i o n r e q u i r e d 

f o r agreement of c a l c u l a t e d and observed r e s u l t s can be 

found; t h i s i s shown i n the l i n e marked 1. Although the 

r equ i r ed east-west ocean e f f e c t i s s u b s t a n t i a l l y l a r g e r than 

tha t determined by GLOBL the r e q u i r e d no r th - sou th ocean 

e f f e c t i s smal le r - Th i s r u l e s ou t any suggest ion t h a t a 

s imple increase o f severa l percent i n the Green's Funct ion 

f o r d i s tances f r o m 50 kms t o 100 k.ms i s r e q u i r e d . To 

i l l u s t r a t e the u n s a t i s f a c t o r y e f f e c t the ocean- t ide 

c o n t r i b u t i o n has been recomputed f o r an increase i n the 

Green's f u n c t i o n f o r d i s t ances f rom 50 kras t o 100 Jems of 10 

percent . (Line 2 ) . As the Green's Funct ion i s increased to 

c o r r e c t the east-west c a l c u l a t i o n the phase of the 

north-so.uth c a l c u l a t i o n becomes i n c r e a s i n g l y i n e r r o r . At 

l e a s t f o r a l a t e r a l l y homogeneous mantle the Green's 

Function assumed i s probably near ly c o r r e c t . 

The next s tep i n the t reatment o f t h i s data should be t o 

more p r e c i s e l y d e l i n e a t e the l o c a l t i d e s shown i n Figure 

( 7 - 1 ) ; showing the l a r g e ampl i tudes near shore . I f t h i s 

b e t t e r d e f i n i t i o n does not lead t o b e t t e r agreement between 

c a l c u l a t e d and observed t i l t s then t i l t measurements a t 

another s i t e i n the same area should be made t o c o n f i r m the 

p e c u l i a r f e a t u r e s noted here. I n p a r t i c u l a r i f the l a r g e 

east-west t i l t i s conf i rmed i t would c o n s t i t u t e evidence f o r 

l a t e r a l inhomoger^ities i n the mantle or f o r poss ib l e 

n o n - e l a s t i c e f f e c t s such as b l o c k - t i l t i n g . (Tomflschek 1953). 
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7-2-5 A Suggested S i t e 

As can be seen from F i g . (3-4) the ocean- t ide l oad ing 

e f f e c t i n the south-west pa r t of England should be 

e x c e p t i o n a l l y h i g h . For a s i t e l o c a t e d a t l a t i t u d e 5 0 . 5 0 ° N , 

l o n y i t u d e 3 5 6 . 0 0 ° E , the e f f e c t s on g r a v i t y (pgals) and t i l t 

(rasecs) are computed .by program GLCBL to be 10.332 ( -44°) 

and 37. 093 (-35°) n o r t h , 28.523 ( -64°) eas t . The 

corresponding g r a v i m e t r i c and d i m i n i s h i n g f a c t o r s are 1.400 

( -12°) , 4.590 (130°) n o r t h , 3.618 (14°) eas t . These values 

are l a r g e and a t the same time the p a r t i c u l a r s i t e i s more 

than 20 kms f rom the nearest coast so t h a t t he re are no very 

l o c a l loads and thus no i n f l u e n c e f rom s u p e r f i c i a l su r face 

s t r u c t u r e . For t h i s reason t h i s r e g i o n i s suggested as a 

s i t e f o r measurement o f the g r a v i t y t i d e f o r the purpose of 

de te rmining e m p i r i c a l l y the near - load Green's f u n c t i o n . 

7-3 Belgium T i l t Measurements 

Observed and c a l c u l a t e d t i l t s are presented below 

(Table 7-5) f o r 4 s i t e s i n Belgium where anomalous r e s u l t s 

have been observed which Melchior has suggested may be due 

t o upper mantle he te rogene i t e s . For each s e r i e s of 

measurements a t each s i t e I have l i s t e d the nor th and east 

components of t i l t observed. For each s i t e I have c a l c u l a t e d 

and l i s t e d the ocean- t ide e f f e c t , the net t i l t which should 

be observed assuming t h i s ocean- t ide e f f e c t and a 

d i m i n i s h i n g f a c t o r of 0 .7 , and the net t i l t assuming a 

d i m i n i s h i n g f a c t o r of 0 .6 . The smal l values observed f o r the 

no r th - sou th t i l t s a t Dourbes and Remoucharaps have been noted 
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by K e l c h i o r (1967) and s i m i l a r r e s u l t s have been obta ined a t 

the ne ighbor ing s i t e s of Chevron and V i e l s a l m . The very 

l a r g e n o r t h - s o u t h t i l t observed a t Sclaigneaux i s a t l e a s t 

as anomalous as these sma l l values but has a t t r a c t e d l e s s 

a t t e n t i o n . 

The d i f f e r e n c e between c a l c u l a t e d and observed 

no r th - sou th r e s u l t s i s between -2 .19 and +3.01 m i l l i s e c o n d s 

f o r the seven observa t ions l i s t e d . Th i s i s about equal t o 

the ampl i tude of the vector r ep resen t ing the t i l t due t o 

load ing and a t t r a c t i o n by the ocean t i d e . The corresponding 

d i f f e r e n c e s f o r the east-west r e s u l t s are - . 5 6 and +1.83. 

This p a t t e r n o f v a r i a t i o n s can not be exp la ined by 

c r u s t a l or mantle inhoraogenei t ies . A l l the s i t e s are l oca t ed 

more than 100 kins from the nearest coast thus the su r f ace 

load ing e f f e c t s of the ocean t i d e w i l l be determined mainly 

by the e l a s t i c p r o p e r t i e s o f the mantle r a the r than the 

c r u s t . Inhomogeni t i es a t t h i s depth could not account f o r 

the s m a l l - s c a l e r e g i o n a l v a r i a t i o n s evidenced by the 

r e s u l t s . The s p a t i a l change i n t h e d i r e c t a t t r a c t i o n of the 

water masses i s s i m i l a r l y r e s t r i c t e d ; t h i s can be seen f rom 

the Boussinesq s o l u t i o n f o r an e l a s t i c ha l f - space which 

r e l a t e s the a t t r a c t i o n t o the s u r f a c e d e f o r m a t i o n . Thus the 

v a r i a t i o n observed can not be the r e s u l t o f l o c a l 

d i f f e r e n c e s i n the response o f the Ear th t o the ocean- t ide 

su r face f o r c e . 

The body t i d e o f the Earth i s a f u n c t i o n o f even deeper 

l a y e r s (Takeuchi , 1950) and t h e r e f o r e , a l though the 
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d i m i n i s h i n g f a c t o r assumed may be i n e r r o r by s eve ra l 
percent , i t must have the same value throughout reg ions 
having dimensions i n the order of hundreds o f k i l o m e t e r s . I 
have l i s t e d i n Table (7-5) c a l c u l a t e d r e s u l t s f o r each o f 
the s i t e s assuming a d i m i n i s h i n g f a c t o r of 0.600 to 
i l l u s t r a t e the e f f e c t of t h i s f a c t o r . C l e a r l y the r e s u l t s 
can not be expla ined as s p a t i a l v a r i a t i o n s i n the body t i d e . 

The most l i k e l y reason f o r s p a t i a l v a r i a t i o n s of the 

d i m i n i s h i n g f a c t o r on the scale noted here i s the presence 

of l a r g e underground water courses . A wa te r - sa tu ra t ed zone 

conf ined by impermeable w a l l s , except f o r a few cracks 

through which water may be fo rced when the zone i s 

compressed, has the a b i l i t y t o i n t e g r a t e the e a r t h - t i d e body 

f o r c e throughout the e n t i r e zone and to concent ra te c e r t a i n 

of i t ' s e f f e c t s over a sma l l area. This i s demonstrated by 

the t i d a l v a r i a t i o n i n the l e v e l of w e l l s . I t i s easy to 

imagine a s i t u a t i o n where the t i l t m e t e r i s i n s t a l l e d 

d i r e c t l y on a rock which caps a wa te r - sa tu ra ted zone and 

which i s caused t o t i l t by t i d a l v a r i a t i o n s o f the 

h y d r o s t a t i c pressure i n the zone. 

F i n a l l y , i t i s i n t e r e s t i n g t o observe the good 

agreement between the a r i t h m e t i c means o f the observed and 

the c a l c u l a t e d r e s u l t s . 

7-3-1 The I n f l u e n c e of Hydrology 

Conf ined and unconfined a q u i f e r s i n genera l are 

discussed by Brown (1968) and are i l l u s t r a t e d i n h i s F igure 
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X I I I - 4 which i s reproduced here i n F i g . ( 7 - 4 ) . R e f e r r i n g to 

t h i s f i g u r e i t can be seen t h a t volume changes due to the 

s t r a i n of the e a r t h t i d e w i l l cause changes i n the 

h y d r o s t a t i c pressure i n both the conf ined and unconfined 

a q u i f e r s . The pressure a c t i n g on the under su r f ace of the 

impermeable l ayer w i l l t h e r e f o r e vary p e r i o d i c a l l y and the 

l a y e r may be d i sp laced as a consequence; perhaps 

d i f f e r e n t i a l l y t o cause the upper su r face to t i l t . I n the 

p r a c t i c a l case the hydrogeology i s not g e n e r a l l y known but a 

u s e f u l c r i t e r i o n f o r the poss ib le i n f l u e n c e of groundwater 

on e a r t h - t i d e measurements may be the d r i f t or l ong - t e rm 

behaviour of the recorded t i l t . I f the measurements are 

i n f l u e n c e d by groundwater then t h i s behaviour should r e f l e c t 

the seasonal f l u c t u a t i o n s due to groundwater recharge and 

d i scharge . 

The s i t e at Sclaigneaux i s known to be a f f e c t e d by 

f l o o d i n g o f the near-by r i v e r Heuse. i l e l c h i o r and Brouet 

(1.964) have found tha t the observed t i l t due t o t h i s 

f l o o d i n g i s about an order of magnitude grea ter than t h a t 

due t o l o a d i n g of an i n f i n i t e plane o f r i g i d i t y eyua l to 

1 0 1 1 cgs u n i t s . They f i n d too t h a t the t i l t - l o a d r e l a t i o n i s 

not l i n e a r nor i s i t comple te ly r e v e r s i b l e . A c r o s s - s e c t i o n 

through the mine a d i t l e ad ing to the Sclaigneaux s i t e s i s 

reproduced i n F igure (7-5) (He lch io r and Brouet , 1964). 

Layer 2 i s a sandstone much more porous than the do lomi te of 

l a y e r 1. The s i t u a t i o n i s s i m i l a r to t h a t i l l u s t r a t e d i n 

F i g . (7-4) and i t i s conce ivable t h a t the h y d r o s t a t i c 



SITE 6o M LONG(E) LAT(N) A6 K ficorr K 
Uccle 1. 180 (-1.3) 4.21 50.48 .107 (-54) 1. 118 (3) 
Luxembourg 1. 198 (-1.1) 6.08 49.37 .098 (-52) 1. 138 (3) 
Karlsruhe 1. 211 (-1.0) 8.25 49.01 * .080 (-48) 1. 158 (2) 
Hannover 1. 179 (-1.5) 9.43 50.23 * .080 (-48) 1. 125 (1.5) 
Kiesflbach 1. 192 ( 4.9) 10.07 50.51 * .080 (-48) 1. 146 (8.0) 
Bad Salzungen 1. 131 [ 0.0) 10.14 50.48 .080 (-48) 1. 079 (3.0) 
Potsdam 1. 209 . ( 0.5) 13.04 52.23 .073 (-42) 1. 156 (3.0) 
Freiberg 1. 127 (-0.3) 13.14 50.55 * .073 (-42) 1. 074 (2.0) 
Berggieshubel 1. 273 ( 3.6) 13.57 50.52 * .073 (-42) 1. 223 (6.0) 
Dourbes 1. 308 ( 0.0) 4.36 50.06 .106 (-53) 1. 247 (4.0) 
Strasbourg 1. 202 (-1.0) 7.46 48.35 * .09 (-52) 1. 147 (2.5) 
Frankfurt 1. 180 (-1.0) 8.31 50.05 * .08 (-48) 1. 127 (2.0) 
Bonn 1 1. 202 ( 0.0). 7.5 50.44 * .09 (-52) 1. 144 (3v0) 
Bonn 2 1. 209 (-1.0) 7.5 50.44 * .09 (-52) 1. 150 (2.0) 
Paris 1. 195 2.33 48.83 .123 (-55) 1. 129 (5.0) 
Vedrin 1. 197 4.85 50.50 .106 (-53) 1. 136 (4.0) 

M E A N S 1. 200 .087 1. 142 

TABLE (7-6) Comparison of observed and corrected gravity tide in 
western Europe. (Gravimeter factor 6, phase lags K ) . 

OCEAN-TIDE CALCULATED 
SITE GRAVITY EFFECT GRAV. FACTOR 

New York 2.039 (--179) 1. 201 (- 1) 
Carlisle 1.280 ( 163) 1. 190 C 0) 
Oxford 0.823 ( 133) 1. 175 (- 1) 
Urbana 0.739 ( 119) 1. 169 (- 1) 
Manhattan 0.719 ( -:90) 1. 156 (- 1) 
Denver 0.776 ( 80) 1. 148 (- 1) 
Ephraim 0.927 ( 73). 1. 141 (- 1) 
Reno 1.556 ( 61) 1. 124 ( 0) 
Pt. Arena 2.772 ( 43) 1. 103 ( 1) 

TABLE (7-7) Calculated gravimetric factors 
and ocean-tide effect (ugals) for Trans-
U.S.A p r o f i l e . 
(Phase of ocean-tide effect is lag re E.C.G, 
phase of gravimetric factor is lag re E.C.S) 
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pressure on l a y e r 1 i s caused to vary w i t h the ea r th t i d e . 

The e f f e c t of t h i s pressure may be p a r t i c u l a r l y complex 

because of the f r a c t u r e d s t a t e o f the rock . There i s thus 

s u f f i c i e n t reason t o suspect the anomalous n o r t h - s o u t h 

r e s u l t s determined a t t h i s s i t e . 

The hyd rogeo log ica l c o n d i t i o n s a t the o ther s i t e s have 

not been discussed. Melchior has however s i n g l e d out the 

Warinifontaine s i t e as being p a r t i c u l a r l y s t a b l e ; both f rom 

the s t andpo in t of long- te rm d r i f t and o f constancy i n 

s e n s i t i v i t y . The observa t ions from t h i s s t a t i o n show the 

best agreement wi th the c a l c u l a t e d r e s u l t s i n Table ( 7 - 5 ) . 

7-4 G r a v i t y Measurements i n Western Europe. 

The r e s u l t s o f E a r t h - t i d e g r a v i t y measurements made i n 

recent years a t seventeen s i t e s i n Western Europe are l i s t e d 

i n Table (7-6) toge ther with c a l c u l a t e d ocean- t ide e f f e c t s . 

The column headed A6 i s the p e r t u r b a t i o n of the grav imeter 

f a c t o r determined by program GLODL. Values of A6 marked by 

an a s t e r i s k were determined f o r ne ighbor ing s i t e s and thus 

may be s l i g h t l y i n e r r o r . 6corr i s the net co r r ec t ed 

g r a v i m e t r i c f a c t o r found by s u b t r a c t i n g A6 from the observed 

f a c t o r 6o. 

I t can be seen t h a t the observed values are g e n e r a l l y 

l a r g e r than the value o f 1.16 ± .005 suggested by Alsop and 

Kuo (1964) as the most probable value o f 6 f o r the Ear th as 

a whole. The c a l c u l a t e d p e r t u r b a t i o n leads the phase of the 

e q u i l i b r i u m c o n s t i t u e n t a t the s i t e s by approx imate ly 50° 

and has an average ampl i tude of . 087 . When these c a l c u l a t e d 
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p e r t u r b a t i o n s are sub t r ac t ed f rom the observed g rav imcte r 

f a c t o r s the r e s u l t i s g e n e r a l l y too smal l r e l a t i v e t o the 

probable g l o b a l va lue . Taken i n d i v i d u a l l y the g r a v i t y 

measurements may r e f l e c t var ious unknown e f f e c t s which have 

no geophysical s i g n i f i c a n c e . Taken as a group however t h i s 

l a r g e number of measurements would be expected t o y i e l d a 

s i g n i f i c a n t r e s u l t and the low value of 1.142 f o r the 

average cor rec ted g r a v i m e t r i c f a c t o r suggests a sys temat ic 

e r r o r . Several poss ib l e reasons f o r a sys temat ic e r r o r i n 

the computat ion of the ocean- t ide e f f e c t were considered and 

the most l i k e l y i s the neg lec t of the ocean t i d e i n the 

Norwegian and Greenland Seas. These waters were omi t t ed 

because r e l i a b l e t i d a l c h a r t s were thought not be a v a i l a b l e 

a t the . t ime the ocean- t ide data was compiled f o r program 

GLODL. The t i d a l c h a r t s of T i r o n et a l (1067) have become 

a v a i l a b l e s ince and these do inc lude par t of the area i n 

q u e s t i o n . T i r o n ' s c h a r t f o r the g l o b a l M2 t i d e i s reproduced 

i n F igure 7-2 . I t w i l l be seen t h a t the t i d e i n the 

Greenland Sea-Norwegian Sea area has a n e a r l y un i fo rm phase 

l ag o f 11 t o 12 hours and a mean ampli tude o f 45 cms. This 

phase i s i n near o p p o s i t i o n t o the p e r t u r b i n g e f f e c t a l ready 

noted and t h e r e f o r e w i l l tend to y i e l d l a r g e r values f o r the 

co r rec t ed g r a v i m e t r i c f a c t o r s 6 c o r r . A rough es t imate o f the 

maximum e f f e c t on the p e r t u r b i n g vec tor A6 i s 0.10 (.29 

j jgals) which , i f a p p l i e d u n i f o r m l y t o a l l the r e s u l t s , would 

r a i s e the average g r a v i m e t r i c f a c t o r to 1.152. Th i s r e s u l t 

s t i l l seems low but d e f i n i t e conc lus ions must awai t a 
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d e t a i l e d t r ea tment . 

7-5 North American Measurements 

7-5-1 Grav i ty Along A Trans-U.S.A P r o f i l e 

Kuo e t a l (1969,70) have conducted a t i d a l - g r a v i t y 

survey across the Uni ted States as a basis f o r i n v e s t i g a t i n g 

the s p a t i a l v a r i a t i o n s of t i d a l g r a v i t y . A t o t a l o f n ine 

s i t e s were occupied , each f o r a minimum d u r a t i o n of s i x 

months w i t h a t l e a s t s ix s i t e s i n s imultaneous ope ra t i on a t 

one t i m e . R e l a t i v e c a l i b r a t i o n s among the gravimeters was 

determined to w i t h i n 1 percent throughout the measurements. 

The i r F igure 7 , which i s reproduced here as Figure 

( 7 - 3 ) , shows the l o c a t i o n of the s i t e s , the ocean- t ide 

contours assumed, and the g r a v i m e t r i c f a c t o r s which they 

observed ( s o l i d dots) and which they c a l c u l a t e d ( t r i a n g l e s ) 

on the basis of a Boussinesq s o l u t i o n o f the ha l f - space 

load ing problem. As a f i r s t approximat ion they neglected the 

e f f e c t o f ocean t i d e s beyond the area shown i n the f i g u r e . 

Rather than e x t r a p o l a t e the Green's Func t ion determined by 

Longman (1961) they chose to determine f i r s t the 

displacement by the Boussinesg s o l u t i o n and then t o compute 

the g r a v i t a t i o n a l e f f e c t o f the d i sp laced masses 

n u m e r i c a l l y . 

The c lose agreement between t h e i r observed and 

c a l c u l a t e d r e s u l t s ( b e t t e r than 1 percent except f o r one 

s i t e ) was taken by Kuo e t a l as c o n f i r m a t i o n of an e a r l i e r 

t h e o r e t i c a l r e s u l t (Kuo and Ewing, 1966) t h a t the e f f e c t s o f 



ACCUMULATING PERCENT OF 
OCEAN-TIDE OCEAN-TIDE RIGID-EARTH 

ZONE EFFECT EFFECT TIDE 
N.E. Atlantic 0 .077 (- 57) .077 (- 57) .1 
N. Atlantic 1 .013 (-179) .071 (- 66) .0 
S. Atlantic 2 .738 (-102) .797 (- 99) 1.6 
N. Pacific 3 .113 ( 26) .704 (- 86) - .3 
S. Pacific 4 .363 (-134) .983 (- 102) .8 
Indian 5 .817 ( 75) .170 (- 90) -1.8 
N. American Coast 6 1.796 ( 65) 1.643 ( 63) -4.2 
Mediterranean 7 .103 (- 85) 1.556 ( 61) .2 

T O T A L -3.6 

TABLE (7-8) The calculated ocean-tide effect on t i da l gravity 
measured at Reno, Nevada. (Ocean-tide effect in 
ugals and degrees lag re E.C.G) 

ACCUMULATING PERCENT OF 
OCEAN-TIDE OCEAN-TIDE RIGID-EARTH 

ZONE EFFECT EFFECT TIDE 
N.E. Atlantic 0 .142 (- 55) .142 (- 55) -.3 
N. Atlantic 1 .590 (-169) .549 (-155) 1.1 
S. Atlantic 2 .455 (-112) .938 (-136) .0 
N. Pacific 3 .464 ( 50) .479 (-142) - .3 
S. Pacific 4 .321 (-129) .796 (-137) .2 
Indian 5 .828 ( 70) .383 ( 142) 2.1 
N. American Coast 6 .949 ( 168) 1.303 ( 161) 2.2 
Mediterranean 7 .051 (- 81) 1,280 ( 163) - .1 

T O T A L +2.9 

TABLE (7-9) The calculated ocean-tide effect on t i d a l gravity 
measured at Carlisle. (Ocean-tide effect i n ugals 
and degrees lag re. E.C.G). 
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c r u s t a l and upper mantle s t r u c t u r e on t i d a l g r a v i t y must be 

s m a l l . I n view of the r e s u l t s p r e s e n t e d e a r l i e r i n t h i s 

c h a p t e r t h i s c l o s e agreement must be c o n s i d e r e d f o r t u i t o u s . 

I n t h e c a s e o f D i d s t o n f o r example the p e r t u r b a t i o n due t o 

l o a d i n g by t h e t i d e of the South P a c i f i c Ocean r e p r e s e n t s 

2.5 p e r c e n t o f t h e r i g i d - E a r t h v a l u e and t h a t due t o t h e 

I n d i a n Ocean r e p r e s e n t s 2.0 p e r c e n t . A f l a t E a r t h 

a p p r o x i m a t i o n f o r d e t e r m i n i n g the o c e a n - t i d e e f f e c t on t i d a l 

g r a v i t y i s c l e a r l y not g e n e r a l l y a c c e p t a b l e . 

We have p r e s e n t e d i n T a b l e (7-7) r e s u l t s c a l c u l a t e d by 

program GLOBL f o r t h e o c e a n - t i d e e f f e c t on t i d a l g r a v i t y a t 

each of the t r a n s - U . S . A s i t e s . T h e s e r e s u l t s have been 

p l o t t e d too i n F i g u r e (7-3) where they c a n be compared w i t h 

the r e s u l t s of Kuo e t a l . We have assumed t h a t t h e i r A6=0 i s 

with r e f e r e n c e to t h e g l o b a l - p r o b a b l e v a l u e o f 6, 1.16. 

T h e i r o b s e r v e d r e s u l t s f o r the western h a l f of t h e p r o f i l e 
a. 

now appear anomalous. T h i s i s an i n t e r e s t i n g r e s u l t but i s 

u n l i k e l y i n view of t he t h e o r e t i c a l r e s u l t s o f Kuo and Ewing 

(1966) and must be examined c r i t i c a l l y . I n T a b l e s (7-8) and 

(7-9) I have l i s t e d r e s u l t s c a l c u l a t e d by program GLOBL f o r 

Beno and C a r l i s l e ; r e p r e s e n t a t i v e of w e s t e r n and e a s t e r n 

s i t e s r e s p e c t i v e l y . T h e s e t a b l e s show t h e i n f l u e n c e of t h e 

v a r i o u s g l o b a l z o n e s on the o c e a n - t i d e e f f e c t and a r e 

p r e s e n t e d h e r e t o d e m o n s t r a t e t h a t low g r a v i m e t r i c f a c t o r s 

c a l c u l a t e d f o r t h e v e s t and h i g h f a c t o r s c a l c u l a t e d f o r t h e 

e a s t a r e n o t due t o d i s t a n t ocean t i d e s which were not 

c o n s i d e r e d by Kuo e t a l . A p p r o x i m a t e l y t h e same r e s u l t i s 
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o b t a i n e d when o n l y t h e ocean t i d e s b o r d e r i n g North A m e r i c a 

a r e c o n s i d e r e d . I n t h i s p a r t i c u l a r C a s e t h e e f f e c t s of 

d i s t a n t ocean t i d e s tend t o c a n c e l and t h e r e f o r e 

c o n s i d e r a t i o n of t h e ocean t i d e s on the l i m i t e d s c a l e 

adopted by Kuo s h o u l d produce f a i r l y a c c u r a t e r e s u l t s . 

Comparison of t h e c a l c u l a t e d r e s u l t s d e t e r m i n e d by 

program G10DL with the c a l c u l a t e d r e s u l t s o f Kuo e t a l f o r 

ocean t i d e s w i t h i n a d i s t a n c e o f 30° i s s u b j e c t t o the 

c r i t i c i s m t h a t t h e Green's F u n c t i o n used by GLODL has been 

d e t e r m i n e d by e x t r a p o l a t i o n . To a v o i d t h i s o b j e c t i o n I w i l l 

d e m o n s t r a t e i n a n o t h e r way t h a t A6 f o r t h e w e s t e r n s i t e s i s 

p r o b a b l y s u b s t a n t i a l l y n e g a t i v e r a t h e r t h a n n e a r z e r o a s 

assumed by Kuo e t a l . The g r a v i t y t i d e a t Reno (measured 

p o s i t i v e outward from the E a r t h ) due to body f o r c e s l a g s the 

e q u i l i b r i u m c o n s t i t u e n t a t Greenwich by a p p r o x i m a t e l y 240°. 

High water o c c u r i n g o f f the w e s t e r n c o a s t a t t h e same t i m e 

w i l l d e p r e s s t h e s i t e and c a u s e a g r a v i t y e f f e c t o p p o s i n g 

t h e body t i d e e f f e c t . I n g e n e r a l , t h e l o a d i n g e f f e c t s of the 

r e g i o n a l ocean t i d e s c a n be e x p r e s s e d as f o l l o w s : 

A6>0 i f -30°<g<150° (7-7) 

A6<0 i f 150°<g<330° (7-8) 

where g i s t h e phase l a g of the r e g i o n a l ocean t i d e on 

Gr e e n w i c h ( E . C . G ) . The c a l c u l a t e d r e s u l t s of Kuo e t a l mean 

t h a t t h e l o a d i n g e f f e c t of t h e ocean t i d e n o r t h of t h e 150° 

c o n t o u r shown i n F i g u r e (7-3) i s n e a r l y c a n c e l l e d by the 

e f f e c t o f t h e ocean t i d e s o u t h of t h i s c o n t o u r . The p o s i t i o n 

of t h e 150° c o t i d a l l i n e i s t h e r e f o r e c r u c i a l i n d e t e r m i n i n g 



CALCULATED PERCENTAGE 
GRAVIMETRIC FACTOR OCEAN-TIDE OF RIGID-EARTH 

SITE OBSERVED CALCULATED EFFECT TIDE 
Ottawa 1.196 (+1.0) 1.190 (+1.0) 1.133 (172) 3.2 (21.0) 

TABLE (7-10) Comparison of observed and calculated t i d a l gravity at 
Ottawa. (Ocean-tide effect i n ugals and degrees lag re E.C.G) 

ZONE 
OCEAN-TIDE 
EFFECT 

ACCUMULATING 
OCEAN-TIDE 
EFFECT 

PERCENTAGE OF 
RIGID-EARTH 
TIDE 

N.E. A t l a n t i c 0 .189 (- 53) .189 (- 53) .5 
N. At l a n t i c 1 .463 (-165) .429 (-141) 1.2 
S. A t l a n t i c 2 .465 (-144) .870 (-127) 1.2 
N. P a c i f i c 3 .353 ( 50) .518 (-125) 1.0 
S. P a c i f i c 4 .393 (-125) .911 (-125) 1.1 
Indian 5 .805 ( 70) .244 ( 178) 2.2 
N. American Coasts 6 .908 ( 166) 1.148 ( 169) 2.4 
Mediterranean etc. 7 .062 (- 85) 1.133 ( 172) .2 

T O T A L 3.1 

TABLE (7-11) The calculated ocean-tide effect on t i d a l gravity measured at 
Ottawa. (Ocean-tide effect i s i n ugals and degrees re E.C.G) 
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whether or n o t the w e stern o b s e r v a t i o n s a r e anomalous. The 

p a r t i c u l a r t i d a l c h a r t used by Kuo e t a l i s one o f s e v e r a l 

t h a t have been p o s t u l a t e d . Munk e t a l (1971) have r e c e n t l y 

g a t h e r e d t o g e t h e r the v a r i o u s c h a r t s a v a i l a b l e and have 

d i s c u s s e d them with r e s p e c t to a new c h a r t which t h e y have 

d e r i v e d based on off-.shore t i d a l measurements. I have 

r e p r o d u c e d t h e i r summary of t h e t i d a l c h a r t s i n F i g u r e s 

(4-10) and ( 4 - 1 1 ) . The c h a r t used by Kuo e t a l i s b a s e d on 

t h a t o f D i e t r i c h ( 1 9 4 4 ) . Amongst a l l t h e c h a r t s , i t w i l l be 

seen t h a t t h e D i e t r i c h c h a r t c o n t a i n s the h i g h e s t p r o p o r t i o n 

o f t i d a l w a t e r h a v i n g a phase l e s s t h a n 150°; f a v o u r i n g a 

n e a r - z e r o v a l u e f o r A6. The most r e c e n t c h a r t s would a l l 

y i e l d more n e g a t i v e r e s u l t s f o r A6. 

I t . i s r e a s o n a b l e to c o n c l u d e t h a t the v a l u e s of t i d a l 

g r a v i t y o b s e r v e d by Kuo e t a l a l o n g the w e s t e r n h a l f of the 

trans-U.S.A p r o f i l e a r e s i g n i f i c a n t l y l a r g e r than e x p e c t e d 

on the b a s i s of a s p h e r i c a l l y - s y m m e t r i c model of t h e E a r t h 

and the ' b e s t ' p r e s e n t l y a v a i l a b l e o c e a n - t i d e d a t a . The most 

l i k e l y r e a s o n f o r t h i s r e s u l t i s l a r g e - s c a l e e r r o r s i n the 

ocean t i d e d a t a , p a r t i c u l a r l y t h r o u g h o u t the c e n t r a l p a r t of 

t h e N. P a c i f i c Ocean, 

7-5-2 G r a v i t y Measurements At Ottawa 

Observed and c a l c u l a t e d t i d a l - g r a v i t y r e s u l t s a r e 

p r e s e n t e d i n T a b l e ( 7 - 1 0 ) . The c o n t r i b u t i o n of t h e v a r i o u s 

z o n e s i s shown i n T a b l e ( 7 - 1 1 ) . 

7-5-3 T i l t Measurements 

R e s u l t s a r e p r e s e n t e d h e r e f o r W i l l i a m s Bay, W i s c o n s i n 
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( Y e r k e s O b s e r v a t o r y ) , H o l l a n d K i l l s , Quebec ( n e a r Ottawa) 

and Rawdbn Nova S c o t i a . 

The o b s e r v a t i o n s r e f e r r e d to a t W i l l i a m s 3ay a r e the 

c l a s s i c E a r t h - t i l t measurements of M i c h e l s o n and G a l e made 

i n 1917 ( M i c h e l s o n and G a l e , 1 9 1 9 ) . T h i s was a w a t e r - t u b e 

type measurement u s i n g p i p e s 502 f e e t l o n g and 6 i n c h e s i n 

d i a m e t e r b u r i e d 6 f e e t underground. T h i s t y p e of d e v i c e i n 

g e n e r a l o f f e r s s e v e r a l a d v a n t a g e s . o v e r s h o r t - b a s e d 

i n s t r u m e n t s of t h e h o r i z o n t a l pendulum t y p e : I t i s not 

s e n s i t i v e to y i e l d i n g a t s u p p o r t i n g f e e t , or t o l o c a l 

t i l t i n g of r o c k s ; t h e s e n s i t i v e d i r e c t i o n i s c l e a r l y d e f i n e d 

and t h e s e n s i t i v i t y can be r e a d i l y d e t e r m i n e d i n terms of 

f u n d a m e n t a l u n i t s ; i t i s i n h e r e n t l y z e r o - s t a b l e and can be 

used t o measure s e c u l a r a s w e l l a s p e r i o d i c t i l t s . B ecause 

of t h e s e r e a s o n s t h e measurements of M i c h e l s o n and G a l a , 

which e x t e n d e d over a y e a r , must be t r e a t e d w i t h a good d e a l 

of r e s p e c t i n s p i t e of t h e i r a n t i q u i t y . T h e s e r e s u l t s a r e 

shown i n T a b l e (7-12) t o g e t h e r with r e s u l t s from t h e H o l l a n d 

M i l l s pendulum s i t e and o c e a n - t i d e e f f e c t s c a l c u l a t e d f o r 

both s i t e s . ( M i c h e l s o n and G a l e seem to have m i s i n t e r p r e t e d 

t h e i r phase r e s u l t s . I n t h e i r c o n c l u s i o n t h e y r e f e r t o both 

t h e o b s e r v e d p h a s e s a s l a g s w i t h r e s p e c t to the 

t i d e - p r o d u c i n g f o r c e s . However, from t h e d e s c r i p t i o n g i v e n 

o f t h e i r a n a l y s i s method and from t h e i r i l l u s t r a t i o n s i t 

seems c l e a r t h a t t h e o b s e r v e d p h a s e s l e a d t h e t h e o r e t i c a l 

phase. P h a s e s shown i n T a b l e (7-12) t h e r e f o r e a r e shown 

l e a d i n g ) . The l a c k o f agreement between t h e 1967 and t h e 
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1968 H o l l a n d M i l l s n o r t h - s o u t h r e s u l t s i n d i c a t e s t h a t 

n e i t h e r i s r e l i a b l e . The e a s t - w e s t r e s u l t s on the o t h e r hand 

a r e g u i t e c o n s i s t e n t . The f i r s t c a l c u l a t e d r e s u l t s shown 

were d e t e r m i n e d on the b a s i s of a g l o b a l d i m i n i s h i n g f a c t o r 

of 0.700. T h i s i s s i m p l y t h e round number c l o s e s t to the 

f a c t o r commonly o b s e r v e d . The second c a l c u l a t e d r e s u l t s 

assume a f a c t o r of 0.66 and a r e much c l o s e r to t h e r e s u l t s 

o b s e r v e d . T h i s i s p r e c i s e l y t h e number found by K e l v i n 

(1890) from o b s e r v a t i o n s of t h e f o r t - n i g h t l y t i d e i n the 

I n d i a n Ocean; t h e o b s e r v a t i o n s on which he based h i s now 

famous remark t h a t the E a r t h was more r i g i d t h a n s t e e l . The 

number 0.66 was determined too by Schweydar (1907) u s i n g t h e 

same t e c h n i q u e but w i t h more f r e q u e n t o b s e r v a t i o n s . The 

p r e s e n t . r e s u l t shows t h a t the measurements of M i c h e l s o n and 

G a l e (1919) a t a s e r a i - d i u r r . a l f r e q u e n c y y i e l d t h e same 

number when the measurements a r e c o r r e c t e d f o r t h e s u r f a c e 

l o a d i n g e f f e c t of t h e ocean t i d e . The number 0.66 i s 

c o n f i r m e d too by the c a l i b r a t e d pendulum measurements made 

a t H o l l a n d M i l l s . 

Rawdon i s l o c a t e d i n Nova S c o t i a n e a r t h e l a r g e l o a d i n g 

t i d e s of t h e Bay of Fundy. Lambert (1970) h a s measured t h e 

two components of t i l t t h e r e u s i n g V e r b a a n d e r t - H e l c h i o r 

pendulums. H i s o b s e r v e d r e s u l t s a r e l i s t e d i n T a b l e (7-4) 

t o g e t h e r w i t h the c a l c u l a t e d r e s u l t s assuming a g l o b a l 

d i m i n i s h i n g f a c t o r of 0.7 and an ocean t i d e e f f e c t computed 

by program GL03L. Both c a l c u l a t e d r e s u l t s a r e s m a l l i n 

c o m p a r i s o n w i t h t h e r e s u l t s o b s e r v e d . The G r e e n ' s F u n c t i o n 
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used h e r e was the same as t h a t used to c a l c u l a t e t h e t i l t a t 

B i d s t o n and Rookhope; the v a r y i n g d e g r e e s o f agreement 

o b t a i n e d between o b s e r v e d and c a l c u l a t e d r e s u l t s may r e f l e c t 

d i f f e r e n c e s i n c r u s t a l or ( p a r t i c u l a r l y i n t h e c a s e of 

Rookhope) upper mantle s t r u c t u r e . E x p e r i m e n t a l work i n t h i s 

unigue a r e a i s b e i n g c o n t i n u e d by Beaumont w i t h a view t o 

d e t e r m i n i n g an a c c u r a t e f i n i t e - e l e m e n t model of t h e r e g i o n a l 

c r u s t and mantle. 

7-6 A f r i c a , A s i a and Japan 

R e s u l t s f o r s e v e n s i t e s a r e shown i n T a b l e { 7 - 1 3 ) . The 

o c e a n - t i d e e f f e c t d e t e r m i n e d by GLOBL f o r t h e f o u r mid-Asian 

s i t e s a p p e a r s t o be i n e r r o r . E x c e p t f o r T a l g a r the o b s e r v e d 

v a l u e s a r e a l l v e r y low a l t h o u g h the o c e a n - t i d e e f f e c t i s 

computed a s b e i n g a d d i t i v e . T h i s may be due to major e r r o r s 

i n the assumed d i s t r i b u t i o n of ocean t i d e s i n t h e I n d i a n 

Ocean o r to o m i t t i n g t h e e f f e c t s of the t i d e of t h e A r c t i c 

Ocean. T i r o n e t a l (1967) have r e c e n t l y p r e s e n t e d a new 

c o t i d a l c h a r t f o r t h e I n d i a n Ocean which i s l i k e l y much 

improved o v e r t h e p u r e l y t h e o r e t i c a l l y - d e r i v e d c h a r t o f Uneo 

(1965) used i n program GLO.BL. T h i s new c h a r t i s b e i n g f i t t e d 

to the program now. The a b s e n c e of t i d a l c h a r t s f o r t h e 

A r c t i c b a s i n r e m a i n s a d i f f i c u l t y . 

The f i r s t t i l t measurements i n A f r i c a were made 

r e c e n t l y by Blum (1969) a t E c k e r , A l g e r i a (Long 5.08 °E. L a t 

24.05°N). The d i m i n i s h i n g f a c t o r s o b s e r v e d f o r the M2 

c o n s t i t u e n t a r e D=0.668 f o r t h e e a s t - w e s t component and 

D=0.351 f o r t h e n o r t h - s o u t h component. T h i s s i t e i s l o c a t e d 
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a p p r o x i m a t e l y 2000 Xms from the c l o s e s t ocean and t h u s 

s h o u l d be l i t t l e i n f l u e n c e d by ocean t i d e s . When t h e 

c o r r e c t i o n computed by program GLOBL i s a p p l i e d to Blum's 

f a c t o r t h e r e s u l t i s : D=0.608 (NS) and D=0.405 (EW). The 

o n l y a p p a r e n t e x p l a n a t i o n a v a i l a b l e f o r the a n o m a l o u s l y low 

e a s t - w e s t f a c t o r i s a. h y d r o l o g i c a l c o n d i t i o n s u c h a s t h a t 

s u g g e s t e d p r e v i o u s l y t o e x p l a i n t h e Belgium r e s u l t s . 

The r e s u l t s of t i l t measurements .made a t 27 s i t e s i n 

t h e S o v i e t Onion have been summarized by A k s e n t i e v a e t a l 

( 1 9 6 9 ) . Although the o c e a n - t i d e e f f e c t f o r a l l of t h e s e 

s i t e s i s s m a l l t h e r a n g e of v a l u e s d e t e r m i n e d f o r the 

d i m i n i s h i n g f a c t o r i s from 0.476 to 0.955; t h e r e i s one 

v a l u e of 0.252. The means however a r e 0.653 (+0.015) f o r t h e 

n o r t h - s o u t h d i r e c t i o n and 0.683 (+0.007) f o r the e a s t - w e s t . 

T h i s i s f u r t h e r s u p p o r t f o r a g l o b a l d i m i n i s h i n g f a c t o r n e a r 

0.66. 
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ClUPTEP. 8 

DEVELOPMENT OF A S E N S I T I V E HYDROSTATIC TILTMETER 

8-1 I n t r o d u c t i o n 

The i n i t i a l aim o f t h e r e s e a r c h d e s c r i b e d i n t h i s 

t h e s i s was t o e x p e r i m e n t a l l y o b s e r v e t i d a l t i l t s a t s e v e r a l 

p o i n t s t h r o u g h o u t B r i t a i n . The i m p r a c t i c a b i l i t y of t h i s p l a n 

o n l y became a p p a r e n t a s t h e d i f f i c u l t i e s of s i t e p r e p a r a t i o n 

and t h e p e c u l i a r i t i e s of h o r i z o n t a l pendulum o p e r a t i o n were 

r e a l i z e d . The b a s i c d i f f i c u l t y i s t h a t t h e h o r i z o n t a l 

pendulum r e s p o n d s t o t h e t i l t of a b a s e which i s o n l y 23 cms 

l o n g . The g r e a t s e n s i t i v i t y r e q u i r e d of t h e t i l t m e t e r i s 

o b t a i n e d a t t h e expense of s t a b i l i t y of the z e r o o r i n i t i a l 

p o s i t i o n of the pendulum and s e n s i t i v i t y to d i m e n s i o n a l 

change. • The s h o r t base l i n e c o n t r i b u t e s too to t h e problem 

of p l a c i n g the t i l t m e t e r on the E a r t h ' s s u r f a c e so t h a t t h e 

t i l t i t e x p e r i e n c e s w i l l r e p r e s e n t t h e l a r g e - s c a l e t i l t due 

t o t h e t i d e r a t h e r than s p u r i o u s movements of the s m a l l r o c k 

o r of t h e s u p p o r t p i n s on which t h e t i l t r a e t e r i s p l a c e d . I n 

p r a c t i s e t h e s e d i f f i c u l t i e s have the f o l l o w i n g c o n s e q u e n c e s : 

The h o r i z o n t a l pendulum i s d i f f i c u l t and e x p e n s i v e to s e t 

up; f r e q u e n t and s k i l l e d a t t e n t i o n i s r e q u i r e d to keep i t i n 

o p e r a t i o n ; s i t e o c c u p a n c y of one y e a r i s p r o b a b l y r e q u i r e d 

f o r r e l i a b l e ( r e p e a t a b l e ) r e s u l t s ; t h e r e s u l t s o b t a i n e d may 

no t r e p r e s e n t r e g i o n a l t i l t i n g b u t r a t h e r a s p u r i o u s l o c a l 

e f f e c t ; a l l pendulum t i l t r a e t e r s e x h i b i t a l o n g - t e r m d r i f t 

and none a r e s u i t a b l e f o r s t u d y i n g s e c u l a r t i l t i n g . 

F a c e d w i t h t h e s e d i f f i c u l t i e s we abandoned p l a n s t o 



- 93-

measure t i l t a t more than one s i t e and i n v e s t i g a t e d 

a l t e r n a t i v e means of m e a s u r i n g t i l t . S e v e r a l modern 

t i l t m e t e r s o f t h e s h o r t - b a s e t y p e were a v a i l a b l e b u t were 

r e j e c t e d i n f a v o u r of t h e c l a s s i c w a t e r - t u b e t i l t m e t e r used 

f o r t h e f i r s t time f o r measuring t i d a l t i l t s by M i c h e l s o n 

and G a l e i n 1914 (see S e c t i o n 7 - 7 ) . T h e o r e t i c a l l y a t l e a s t 

t h e h y d r o s t a t i c t i l t m e t e r i s z e r o s t a b l e and i t ' s 

s e n s i t i v i t y i s d e t e r m i n e d s o l e l y by the l e n g t h of t h e b a s e 

l i n e . Some a d d i t i o n a l a d v a n t a g e s over t h e the h o r i z o n t a l 

pendulum a r e : The p l a c e m e n t problem i s no l o n g e r c r i t i c a l 

and i n s t a l l a t i o n i s q u i c k and c h e a p ; t h e d i r e c t i o n i n which 

t i l t i n g i s measured i s p r e c i s e l y d e t e r m i n e d ; a s y s t e m s e a l e d 

t o p r e v e n t e v a p o r a t i o n w i l l o p e r a t e f o r l o n g p e r i o d s of time 

w i t h o u t . a t t e n t i o n . 

E x t e n s i v e b i b l i o g r a p h i e s on h y d r o s t a t i c l e v e l i n g a r e 

p r e s e n t e d i n M e l c h i o r ' s book (196 5) and i n S c h e e l (1956) who 

d e v e l o p s t h e t h e o r y and d e a l s w i t h t h e problem of 

e l i m i n a t i n g e r r o r s due t o t e m p e r a t u r e and p r e s s u r e e f f e c t s . 

Modern s e m i - p o r t a b l e h y d r o s t a t i c t i l t m e t e r s a r e d e s c r i b e d by 

E a t o n ( 1 9 5 0 ) , Donchkovskiy and S k u r ' y a t ( 1 9 6 1 ) , and by Eto 

(196G). None o f t h e s e t i l t m e t e r s however p r o v i d e a 

s e n s i t i v i t y n e a r t h a t of the h o r i z o n t a l pendulum, which i s 

t y p i c a l l y 1.0 mm of c h a r t d i s p l a c e m e n t p e r 1.0 m i l l i s e c o n d 

of t i l t . M e l c h i o r (1965. p91) q u o t e s an rms e r r o r of 0.3 mm 

i n r e a d i n g t h e h o r i z o n t a l pendulum t i l t m e t e r c h a r t s o t h a t 

t h e rms e r r o r i n r e a d i n g t h e g r o s s t i l t (the sum of a l l 

harmonic c o n s t i t u e n t s ) i s 0.3 m i l l i s e c o n d s . To measure the 
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PLATE 8-1) The measuring pot of the water-tube tiltmeter mounted on a shelf 
bolted t o the rock face. 
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t i l t of a h y d r o s t a t i c t i l t m e t e r w i t h a 100-meter bas e l e n g t h 

t o t h e same a c c u r a c y t h e water l e v e l a t e a c h end must be 

measured t o an a c c u r a c y o f ±0.065p (±2.6 m i c r o i n c h e s ) . T h i s 

i s j u s t w i t h i n t h e c a p a b i l i t y of modern d i s p l a c e m e n t 

m e asuring t r a n s d u c e r s of t h e d i f f e r e n t i a l t r a n s f o r m e r t y p e . 

I n p a r t i c u l a r a t r a n s d u c i n g s y s t e m m a n u f a c t u r e d by the 

B o u l t o n - P a u l A i r c r a f t Company of E n g l a n d measures t h e 

d i s p l a c e m e n t o f t h e a r m a t u r e of a d i f f e r e n t i a l t r a n s f o r m e r 

t o an a c c u r a c y ( a t c o n s t a n t t e m p e r a t u r e ) of 1 p e r c e n t 

t h r o ughout a r a n g e o f 250 m i c r o i n c h e s . The r e m a i n d e r o f t h i s 

c h a p t e r w i l l d e a l w i t h t h e d e s i g n and use of a s e n s i t i v e 

h y d r o s t a t i c t i l t m e t e r i n c o r p o r a t i n g t h e s e B o u l t o n - P a u l 

t r a n s d u c e r s . 

8-2 D e s c r i p t i o n of t he A p p a r a t u s . 

The t i l t m e t e r was d e s i g n e d o r i g i n a l l y a s an e x a c t copy 

of the v i s u a l l y - r e a d t i l t m e t e r d e s c r i b e d by E a t o n ( 1 9 5 9 ) . 

T h i s t i l t r a e t e r c o n s i s t s of two p o t s w i t h c o n n e c t i n g w a t e r 

and a i r t u b e s . The p o t s a r e a p p r o x i m a t e l y 10 cms i n d i a m e t e r 

and 20 cms i n h e i g h t . A m a n u a l l y - a d j u s t a b l e micrometer i s 

f i t t e d t h rough t h e bottom of each pot through a r u b b e r s e a l . 

T h i s m i c r o m e t e r a d j u s t s the h e i g h t of a p o i n t e d - h e a d s p i n d l e 

which, when viewed through a window i n t h e w a l l of t he p o t , 

can be s e t t o mark t h e l e v e l of t h e w a t e r . V a r i a t i o n s i n t he 

water l e v e l can i n t h i s way be measured w i t h an rms e r r o r of 

about 1.5 J J . 

To a c c e p t t h e B o u l t o n - P a u l t r a n s d u c e r s t h e upper end of 

t h e m i c r o m e t e r s p i n d l e was m o d i f i e d so t h a t the t r a n s d u c e r 
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c o u l d be i n s e r t e d i n t o i t and s e a l e d w i t h epoxy- The 

t r a n s d u c e r c o n n e c t i n g l e a d s were ta k e n out through a h o l e 

d r i l l e d a x i a l l y t h r o u g h t h e s p i n d l e and micrometer head. The 

t r a n s d u c e r a r m a t u r e , which has t h e form of an i r o n rod o f 

d i a m e t e r 1.5 mm and l e n g t h 1.5 cm, was f a s t e n e d t o a l i g h t 

p l a s t i c f l o a t s o t h a t when the f l o a t r e s t e d on t h e w a t e r 

s u r f a c e t h e a r m a t u r e p r o j e c t e d i n t o the a x i a l s p a c e of t h e 

t r a n s f o r m e r with a p p r o x i m a t e l y 0.2 mm c l e a r a n c e on a l l 

s i d e s . S u b s equent changes i n the water l e v e l , w i t h i n t h e 

l i n e a r r a n g e of the t r a n s d u c e r , were the n d e t e c t e d and 

o u t p u t t e d a s p r o p o r t i o n a l changes i n v o l t a g e . 

A f t e r l a b o r a t o r y t e s t s and m o d i f i c a t i o n s , which w i l l be 

d e s c r i b e d i n the n e x t s e c t i o n , the a p p a r a t u s was i n s t a l l e d 

i n t h e .long s t r a i g h t a d i t l e a d i n g t o t h e pendulum s i t e . The 

p o t s were clamped to aluminum s h e l v e s s e c u r e d to t h e r o c k 

w a l l w i t h b o l t s and e x p a n s i o n n u t s (Rawlplug) and l o c a t e d 60 

in a p a r t . The a i r and water l i n e s were of d i a m e t e r 0.93 and 

1.27 cms r e s p e c t i v e l y . The i n s t a l l a t i o n of one pot i s shown 

i n P l a t e ( 0 - 1 ) . 

8-3 L a b o r a t o r y T e s t s and E o d i f i c a t i o n s . 

L a b o r a t o r y t e s t s o f t h e w a t e r - t u b e t i l t m e t e r began i n 

O c t o b e r 1968 with the s y s t e m f i l l e d w i t h t a p w a t e r . At f i r s t 

t h e o u t p u t v o l t a g e was o b s e r v e d t o d r i f t o f f q u i c k l y i n a 

s e r i e s of s t e p s or sudden ' t a r e s ' . Much o f t h e d r i f t was 

e l i m i n a t e d by r e b u i l d i n g t h e r u b b e r s e a l t h r o u g h which the 

m i c r o m e t e r e n t e r e d the pot and by b o i l i n g t h e water t o 

remove d i s s o l v e d a i r . ' T a r e s ' were s t i l l o b s e r v e d however 
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when the p o t s were tapped l i g h t l y . T h i s was t h o u g h t to be 

due t o r u b b i n g of the a r m a t u r e a g a i n s t ' t h e t r a n s d u c e r body 

and a m e c h a n i c a l v i b r a t o r was c o n s t r u c t e d and f a s t e n e d t o 

the pot i n an a t t e m p t t o keep the a r m a t u r e i n c o n t i n u o u s 

motion. The v i b r a t o r c o m p l e t e l y removed the t a r e s but when 

the s e n s i t i v i t y of t h e . s y s t e m was i n c r e a s e d a n o t h e r t r o u b l e 

became a p p a r e n t . On f i r s t s i g h t t h i s seemed t o be a 

r e p e t i t i o n on a s m a l l e r s c a l e of the t a r e i n g e f f e c t n o t i c e d 

p r e v i o u s l y . The b e h a v i o u r however was d i f f e r e n t ; r e p e a t e d 

t a p p i n g of t h e t i l t r a e t e r pot would c a u s e the o u t p u t t o t a r e 

r e p e a t e d l y i n t h e same d i r e c t i o n . T h i s i s c o n s i s t e n t w i t h 

t h e h y s t e r e s i s e f f e c t of c a p i l l a r y f o r c e s d e s c r i b e d by 

Landau and L i f s h i t z ( 1 9 5 9 ) . The c o n t a c t a n g l e of a l i q u i d on 

a s o l i d . s u r f a c e i s i n g e n e r a l d i f f e r e n t depending on whether 

t h e l i q u i d i s a d v a n c i n g o v e r a d r y s u r f a c e o r r e c e d i n g from 

a p r e v i o u s l y wetted one. Changes i n t h e c a p i l l a r y f o r c e s 

a c t i n g on the f l o a t a r e b a l a n c e d by the buoyancy f o r c e s and 

t h e d e pth o f immersion r e q u i r e d t o b a l a n c e t h e c a p i l l a r y 

f o r c e i s : 

h = 2 r C o s 9 / p g r (3-1) 

Here y i s t h e s u r f a c e t e n s i o n of t h e f l u i d , 0 i s the a n g l e 

between the s u r f a c e c o n t a c t e d and the t a n g e n t t o the f l u i d 

s u r f a c e , p i s t h e d e n s i t y of t h e f l u i d and r i s t h e r a d i u s 

o f t h e f l o a t . F o r t h e c a s e h e r e r=U.O cm, p =1.0, y=7U,0 and 

t h e i m m e r s i o n depth assuming p e r f e c t w e t t i n g (0=0°) i s 

h=380p. C l e a r l y , v a r i a t i o n s i n c o n t a c t a n g l e i n g e n e r a l and 

t h e h y s t e r e s i s e f f e c t i n p a r t i c u l a r r e p r e s e n t s e r i o u s 
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problems since we are a t t empt ing t o measure the water l e v e l 

t o an accuracy of ± 0 . 0 6 5 J J . Given the f l o a t r ad ius a l l t h a t 

can be done to lessen the e f f e c t o f v a r i a b l e fo rces o f 

c a p i l l a r y i s t o choose a f l u i d w i t h a low r a t i o o f su r face 

t ens ion t o dens i t y and ensure t h a t a l l su r faces are as c lean 

and as smooth as poss ib le and e i t h e r comple te ly wetted 

.(8=0°) or comple te ly unwetted (0=180°) by the f l u i d . I n the 

present case the su r f ace tens ion was lowered by about one 

t h i r d by adding a de te rgen t to the water. An examinat ion 

then of the con tac t l i n e of water and f l o a t revealed t h a t 

the con tac t was very i r r e g u l a r . Thorough degreasing of the 

f l o a t improved on t h i s s i t u a t i o n but i r r e g u l a r i t i e s were 

s t i l l present apparen t ly due t o sur face roughness. F i n a l l y 

the su r face o f the f l o a t was coated w i t h t e f l o n and po l i shed 

smooth. This changed the con tac t angle d r a s t i c a l l y , f rom 

near p e r f e c t w e t t i n g t o n o n - w e t t i n g . More impor t an t however 

was the f a c t t h a t the contac t angle now appeared u n i f o r a 

about the c i r cumfe rence . With these m o d i f i c a t i o n s the 

t i l t m e t e r s t i l l showed occas iona l ' s t i c t i o n ' e f f e c t s but 

they were much smal l e r than p r e v i o u s l y . 

Before i n s t a l l i n g the t i l t m e t e r i n the mine the 

v i b r a t o r system was replaced w i t h a loud speaker i n t roduced 

i n t o the a i r l i n e . A speaker of diameter 18 cm was d r i v e n by 

approximate ly 10 wat t s o f power a t a f requency o f 50 h e r t z . 

The c o n f i g u r a t i o n of the v i b r a t i n g system was a r b i t r a r y 

except t h a t the m a t e r i a l s were convenient and i t had the 

des i red the e f f e c t . 
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8-4 Results 

The water - tube t i l t m e t e r was operated i n t e r m i t t e n t l y 

over the pe r i od A p r i l 1969 t o March 1970. There were 

f r equen t breakdowns of the t ransducer e l e c t r o n i c s which had 

t o be r e tu rned t o the manufacturer twice f o r long p e r i o d s . 

U n f o r t u n a t e l y t o o , d e f e c t s i n the t ransducer e l e c t r o n i c s 

produced an e f f e c t which resembled the ' s t i c t i o n ' e f f e c t due 

t o c a p i l l a r y f o r c e s . Consequently the l a t t e r e f f e c t could 

not be explored i n a sys temat ic way. Observat ions made 

d u r i n g the per iod Ju ly 8, 1969 to September 16* 1969 were 

analysed by the methods descr ibed i n Chapter 6 and the 

r e s u l t s are presented i n Sect ion 6 - 4 - 1 , The t i l t measured by 

the water- tube t i l t m e t e r i s anomalously low f o r a l l harmonic 

c o n s t i t u e n t s . The manufac tu re r ' s c a l i b r a t i o n was used to 

determine the t ransducer s e n s i t i v i t y f o r t h i s a n a l y s i s . 

There was no convenient method of c o n f i r m i n g t h i s 

s e n s i t i v i t y on the assembled water- tube t i l t m e t e r . I n 

p r i n c i p l e i t would be s u f f i c i e n t t o change the water 

capac i ty of the system by a p rec i se amount, by dropping a 

b a l l bear ing of known volume i n t o one of the pots f o r 

example, but i t was imposs ib le t o open the a i r sea l o f the 

system wi thou t i n t r o d u c i n g o ther e f f e c t s . A method of 

c a l i b r a t i n g which w i l l avo id t h i s d i f f i c u l t y i s discussed i n 

the next sect ions 

I n Figure (8-1) s imul taneous t i l t measurements by both 

the water - tube apparatus and the h o r i z o n t a l pendulums are 

shown f o r the pe r iod J u l y 24, 1969 to August 6, 1969. The 
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d r i f t behaviour of both t i l t m e t e r s i s very near ly the same 

which suggests t h a t i t i s r e a l . The water - tube t i l t m e t e r 

record i s shown i n more d e t a i l i n F igure ( 8 - 2 ) . 

8-5 Conclus ions . 

The r e s u l t s demonstrate the f e a s i b i l i t y o f b u i l d i n g a 

s e n s i t i v e water- tube t i l t m e t e r t o replace the h o r i z o n t a l 

pendulum. For a system using a f l o a t to d e f i n e the l e v e l of 

the water some e r r o r due to va ry ing c a p i l l a r y f o r c e s seems 

i n e v i t a b l e . These v a r i a t i o n s can be minimized by using a 

l a r g e d iameter , massive f l o a t and ensuring t h a t i t s su r f ace 

i s u n i f o r m l y clean and smooth and i s e i t h e r comple te ly 

wetted or not wetted by the f l u i d . The h y s t e r e s i s e f f e c t 

discussed i n Sect ion 8-3 seems unavoidable but can be kept 

s m a l l enough to be unimportant i n t i d a l s t u d i e s . I t may be a 

handicap though i n measuring secular t i l t s or i n measuring 

r e s i d u a l t i l t s due t o se is jn ic events . 

The de te rgen t -wate r s o l u t i o n used here was s e l ec t ed on 

the hasis o f immediate a v a i l a b i l i t y . P ropy l a l c h o h o l 

( p r e f e r r e d name i s 1-propanol) has been suggested as being 

more s u i t a b l e because o f i t ' s tendency to d i s s o l v e grease or 

o ther contaminants which might c o l l e c t on the su r face of the 

f l o a t . 

The experiment demonstrated the need f o r a method f o r 

f r e q u e n t l y measuring the s e n s i t i v i t y o f the wate r - tube 

system wi thou t d i s t u r b i n g i t i n anyway. A means of doing 

t h i s i s suggested by the c a l i b r a t i n g device o f Verbaandert 

(1950) which was descr ibed i n Chapter 5. A p rec i se v a r i a t i o n 
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i n the w a t e r - c a r r y i n g volume of the water- tube t i l t m e t e r 

w i l l induce an equa l ly precise v a r i a t i o n i n water l e v e l i n 

each o f the po t s . The precise v a r i a t i o n i n volume could be 

obta ined by the e l a s t i c de fo rma t ion of a Verbaander t - type 

device f o r m i n g par t of the system volume and caused t o 

deform by the h y d r o s t a t i c f o r c e exer ted by a column o f 

mercury. The he ight of the mercury column cou ld be caused t o 

vary p e r i o d i c a l l y i n the same way as i n the Verbaandert 

method o f pendulum c a l i b r a t i o n . The t ransducer ou tpu t s would 

be read out i n d i v i d u a l l y r a the r than as a d i f f e r e n c e and the 

s e n s i t i v i t y o f each t ransducer determined. 

The anomalously low s e n s i t i v i t y observed i n the 

water - tube t i l t m e t e r r e s u l t s i s not the same f o r a l l 

c o n s t i t u e n t s . This suggests t h a t the t i l t m e t e r i s i n some 

way d i s t o r t i n g the harmonic c o n s t i t u e n t s o f the t i d e . The 

c a l i b r a t i o n apparatus descr ibed above i s s u i t a b l e f o r 

d r i v i n g the system smoothly a t any given frequency and 

t h e r e f o r e w i l l be u s e f u l i n de te rmin ing both the f requency 

response o f the system and the degree o f n o n - l i n e a r 

d i s t o r t i o n . 
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CHAPTER 9 

CONCLUSIONS 

A method o f de te rmin ing the e f f e c t of the ocean t i d e on 

measurements of the e a r t h t i d e has been a p p l i e d f o r the 

p a r t i c u l a r case o f an ' e x t r a p o l a t e d ' Gutenberg-model e a r t h . 

The r e s u l t s suggest . values f o r the g r a v i m e t r i c and 

d i m i n i s h i n g f a c t o r s of 1.16 and 0.66 r e s p e c t i v e l y a l though 

i t i s c l e a r t h a t the g l o b a l ocean t i d e s are not ye t w e l l 

enough known to c o r r e c t a ccu ra t e ly f o r t h e i r e f f e c t s . The 

computed ocean- t ide e f f e c t s are c o n s i s t e n t w i t h observa t ions 

throughout eas tern North America but western observa t ions of 

t i d a l g r a v i t y suggest a major e r r o r i n the assumed ocean 

t i d e d i s t r i b u i t o n i n the North P a c i f i c . Observat ions of 

t i d a l g r a v i t y throughout A s i a , and to a l e sse r degree 

throughout Europe, lead t o anomalously l o u g r a v i m e t r i c 

f a c t o r s when c o r r e c t e d f o r the computed ocean- t ide e f f e c t . 

The European measurements may be brought i n t o l i n e w i t h 

theory when the ocean t i d e of the Norwegian-Greenland Seas, 

which has j u s t r e c e n t l y become a v a i l a b l e , i s cons idered . The 

anomalous Asian de te rmina t ions may be due t o the e f f e c t o f 

unknown A r c t i c Ocean t i d e s but are more l i k e l y due to 

sys temat ic e r r o r s i n the d i s t r i b u t i o n assumed f o r the t i d e 

i n the I n d i a n Ocean. 

I n the above i t can be seen t h a t a g r a v i m e t r i c f a c t o r 

has been assumed and the t i d a l - g r a v i t y observa t ions have 

then been used t o appraise the accuracy of the ocean- t ide 

data , r a t h e r than t o determine the g r a v i m e t r i c f a c t o r . Th i s 
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i s the appropia te d i r e c t i o n t o take because s e i s m o l o g i c a l 

evidence l i m i t s a l l o w a b l e v a r i a t i o n s of the g r a v i m e t r i c 

f a c t o r t o about 1 per cent which , i n t y p i c a l c o n d i t i o n s , i s 

less than the e f f e c t of assuming d i f f e r e n t but equa l ly 

probable ocean- t ide models. The case i s d i f f e r e n t f o r 

t i d a l - t i l t measurements.because the e f f e c t of ocean t i d e s a t 

d i s tances g rea te r than about 50 degrees i s n e g l i g i b l e . Th i s 

reduces the need f o r accurate ocean- t ide data to a r e g i o n a l 

scale and a m i d - c o n t i n e n t a l s i t e may r e q u i r e no ocean- t ide 

c o r r e c t i o n at a l l . However, the l a r g e number of t i d a l - t i l t 

measurements made throughout Europe and Asia du r ing the past 

s eve ra l years have produced a wide v a r i e t y o f r e s u l t s f o r 

the ampl i tude and phase o f the d i m i n i s h i n g f a c t o r . Many of 

the anomalous r e s u l t s have been shown to be r e l i a b l e by 

p a r a l l e l obse rva t ions but the s i t e s are too f a r i n l a n d f o r 

the d i sc repanc ies t o be due to ocean- t ide e f f e c t s . The only 

apparent e x p l a n a t i o n f o r anomalous t i l t i n g a t t i d a l 

f r e q u e n c i e s i s a d i f f e r e n t i a l su r f ace displacement due t o 

the e f f e c t s of t i d a l s t r a i n i n an unde r ly ing c o n f i n e d 

a q u i f e r . The presence of such an a q u i f e r e f f e c t i s i n d i c a t e d 

when ' d r i f t ' t i l t i n g c o r r e l a t e s w i t h per iods of 

p r e c i p i t a t i o n or atmospheric pressure v a r i a t i o n s . Th i s 

c h a r a c t e r i s t i c i n the d r i f t behaviour suggests a much-needed 

means o f i d e n t i f y i n g i n a c c u r a t e r e s u l t s and poor s i t e s . 

A q u i f e r e f f e c t s may be lessened by using a t i l t m e t e r 

having a l o n y e r base - l i ne l e n g t h ; such as the water - tube 

t i l t m e t e r descr ibed here. I n any case, f u t u r e emphasis on 



water - tube in s t rumen t s i s suygested because of t h e i r 

i nhe ren t s t a b i l i t y and ease o f i n s t a l l a t i o n . 

The de t e rmina t ion of the e f f e c t s on e a r t h - t i d e 

measurements of very l o c a l ocean t i d e s has been demonstrated 

and the basis has been e s t a b l i s h e d f o r using such l o c a l 

loads f o r i n v e s t i g a t i n g the mechanical p r o p e r t i e s of the 

c r u s t and upper mantle . 
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APPENDIX I X 

DEFORMATION DUE TO THE N= 1 TERM 

E q u i l i b r i u m o f an i s o t r o p i c e l a s t i c s o l i d r e q u i r e s 

t h a t : (Symbols a r e t h o s e of Caputo [ 1 9 6 1 ] ) 

y ± 3 , j " F i <1> 

i n the i n t e r i o r o f the medium and on the s u r f a c e bounding 

t h e medium: 

U j V ' T i (2) 

The s t r e s s - s t r a i n r e l a t i o n i s : 

T i j = X 6 i j V + 2pe. i ; j (3) 

where v = e i i I s the d i l a t a t i o n o r t h e d i v e r g e n c e of t he 

d i s p l a c e m e n t v e c t o r , e i s t h e s t r a i n . V a n i s h i n g of the 

moments of e x t e r n a l f o r c e s on t h e body r e q u i r e s y^ = y.^ . 

The d i s p l a c e m e n t U j i s de t e r m i n e d by: 

u• • +u • • = 2e•• 

E q u a t i o n 3 can be w r i t t e n a l s o i n t h e form: 

* i j = X 6 i j u k , k + ^ i , j + u j , i > <*> 
S u b s t i t u t i n g t h i s e q u a t i o n (1) f o r t h e s t r e s s g i v e s : 

JJU . .. + (X + L I ) u . .. • F . = 0 ( 5 ) 

which can a l s o be w r i t t e n : 

( X + 2H) g r a d d i v u - JJ c u r l c u r l u + F^ = 0 (6) 

The s o l u t i o n t o t h i s e q u a t i o n i s found by f i r s t f i n d i n g a 

p a r t i c u l a r i n t e g r a l o f ( 6 ) , a d d i n g t o i t t h e c o m p l i m e n t a r y 

f u n c t i o n o f e q u a t i o n (6) w i t h . F ^ = 0, then a d j u s t i n g t h e 

a r b i t r a r y c o n s t a n t s a v a i l a b l e so t h a t t h e p r e s c r i b e d 

boundary c o n d i t i o n s a r e s a t i s f i e d . (Love, 1892, p 2 5 2 - 2 5 3 ) . 



D e f o r m a t i o n due t o mass l o a d i n g r e p r e s e n t e d by t h e n=1 

term can be found u s i n g C a p u t o ' s (1961) e g u a t i o n s a s 

f o l l o w s : A p a r t i c u l a r i n t e g r a l of e q u a t i o n 1 i s g i v e n by 

Love (1927) (p253) f o r a body f o r c e which i s the g r a d i e n t o f 

a p o t e n t i a l Vn. Thus a p a r t i c u l a r i n t e g r a l c a n be found f o r 

each s h e l l . F o r e a c h s h e l l t h i s p a r t i c u l a r i n t e g r a l c a n be 

added to t h e complementary f u n c t i o n f o r the same s h e l l and 

t h e sum used i n Caputo's e g u a t i o n s 5 and 6 (and the 

e g u a t i o n s d e r i v e d from them) t o d e t e r m i n e t h e a r b i t r a r y 

c o n s t a n t s . 

I n t h e s p e c i a l c a s e n=1, and assuming t h e s i n g l e s h e l l 

c a s e m=1/ A2 and A4in C a p u t o ' s e q u a t i o n 3 must be z e r o and 

t h e r e f o r e t h e r e a r e o n l y two a r b i t r a r y c o n s t a n t s ; A1 and A3. 

When e q u a t i o n s 3 a r e s u b s t i t u t e d i n .eguations 8 the 

c o e f f i c i e n t of A3 t u r n s out to be z e r o and t h u s we can put 

A3=0. (A3 c o r r e s p o n d s t o t r a n s l a t i o n of the e a r t h a s a 

w h o l e ) . The s t r e s s e s due t o t h i s complementary f u n c t i o n now 

a r e : 

P r r ( s ) = 6fjrA ^ cos©[ 1+ (X/p) - (XT/2>j) J 

P r 9 . ( s , ) = - p & 1 ( 3 / 2 ) r s i n t ? [ 1 + T J 

where T = (2y + 3 ) / ( 7 - 1 ) and 7=X/,u 

The s u r f a c e s t r e s s due t o a u n i f o r m p r e s s u r e P Q ( f = ~ P 0 ) 

throughout t h e cap whose s e m i - a n g l e i s u i s g i v e n by: 

f i f = E ( P n * l C c o s w : ) ~ V l C c o s w ) ) P n c o s 0 ( V 2 - 5 " ( V 2 - 1 ( 1 " c o s t o : ) 

t h u s f ^ = - (3/4) P.j s i n 2 cosG 

F i n d i n g t h e p o t e n t i a l due t o t h i s mass d i s t r i b u t i o n ( P Q / q ) 

(egn 20) and s u b s t i t u t i n g t h e p a r t i c u l a r i n t e g r a l (egn. 21) 



we o b t a i n : 

P r r ( s , ) = C l r c o s 0 [ - ( 6 p / 5 ) - X ] 

P r 0 (s ) = (2/5) pC^r s i n 0 

where C 1 = (KirdP, s i n 2 w ) / ( X + 2jj) g 

a d d i n g t h e s t r e s s e s due t o both the p a r t i c u l a r i n t e g r a l and 

t h e complementary f u n c t i o n and e q u a t i n g t o t h e boundary 

c o n d i t i o n s we o b t a i n : 

A l =
 4 C Z 1 5 { 1 + T ) 

and t h u s t h e d i s p l a c e m e n t i s : (from C a p u t o ' s e g u a t i o n s . and 

2) 

U R L = - (3aP,sin2<j c o s S ) / (8JJ (3y + 2) ) 

C o n v e r t i n g t o Longman's d i m e n s i o n l e s s form- [ u/(aai'/ra) ] 

y i e l d s : 

U r l = ~ ( 3 G * C O S O ) / [ 8K » ) J ( 3 T + 2 ) ] 

F o r p = 1 . 8 6 x 1 0 1 2 and y=1„27 t h i s becomes: 

Ur1 = -.159 Cos0 

I have a l s o o b t a i n e d a s o l u t i o n f o r t h e c a s e n=1 

assuming an e a r t h c o n s i s t i n g of an o u t e r s h e l l e n c l o s i n g a 

f l u i d c o r e . The r e s u l t f o r t h i s c a s e i s : 

0r1 = -.157 CosS 
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