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SCMMARY

The tide-producing force is derived as a sum of
harmonic terms and directly as a function of time. The Love
Numbers are then introduced to relate the tide-producing
forces to the earthltide and in particular to changes in the
amplitude and direction (tilt) of gravity as measured at the
surface of the earth. The classical problem of earth-tide
research, the determination of the vae Numbers, 1is
complicated by the surface and body-force effects of the
ocean tide. The present thesis is concerned with eﬁaluating
these effects with a view to: 1.Determining true values of
the ecarth tide uncontaminated by ocean-tide effects. 2.
Invéstigating the use of the ocean tide as a probe for
determining the mechanical characteristics of the crust and
mantle, v |

A nethod is introduced for representing the ocean tide
by n-sided surface polygons of constan£ tidal amplitude and-
phase, and for determining the gravitational attraction of
these polygons at any point on a spherical earth. The
Boussinesq solution for elastic yielding of an infinite
halfspace is then used with this ocean-tide representation
to predict the ocean tide loading-effect on tilt throughout

Hestern PBurope. These predictions confirm the main features

h

of observed spatial variations and encourage a more accurate
treatment. The Slichter-Caputo solution for a 2-shell eafth
is -then adapted to the problem and preliminary results are
obtained for "the effect on tilt of distant ocean tides

including the body-force components of the effect. The



Longman solution' for a Gutenberg eargh is dealt with next
and a method of extrapolation for determining results in the
range 0~30° is introduced. A computer program is described
for implementiny the prediction of world-wide tilt and
gravity tides when provided with the Longman solution, or
any other solution expressed as a Green's function, and
ocean-tide data- in the form of poiygons. In general,
predictions are found to be consistent with world-wide
coastal observations and with inland observations in North
America. Predictions for the gravity effect at mid-European
and wmid-Asian sites ére not consistent with observations;
likely due to inaccurate ocean tide data for the Arctic and
Indian Oceans. Observations of tilt throughout the same area
show marked regional variations which can nbt be due to
ocean-tide effect and may fgflect local hydrological
effects.

The establishment of a tiltmeter éite is described and
several computer progranms used in the analyses are
presented. The development and testing of a new type,

sensitive hydrostatic tiltmeter is described.
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CHAPTER 1
INTRODUCTION

The classical aim of earth-tide research is to verify
the theory of earth tides proposed by Love (1909). According
to this theory there are two numbers which can be determined
by measurements of the earth tide and which characterize the.
elastic behaviour of a spherically-symmetric earth without
regard to any assumed density law or phyéical state of the
earth. The significance of this theory is best appreciated
wvhen theories prior to Love's are considered: Kelvin (1890)
for example assumed a uniform earth and obtained an
expression connecting the deformation of the surface due to
tidél forces with ‘'the rigidity of the Earth'. Kelvin's
'*rigidity' however is not real but rather depends on the law
of rigidity “assumed and on :;he particular earth-tide
phenomenon observed. Love's nunbers on the other hand, for a
spherically-symmetric and oceanless éarth, are physical
constants independent of any hypothesis on the interior of
the earth. Given the tide-producing forces they are
sufficient to determine such . earth-tide phenomena as:
deviations of‘ the vertical with respect to the crust;
deviations of the vertical with £espect to the axis of the
earth; variations in -the speed of rotétion of the earth;
variations in gravity, elastic 1linedar strain and cubical
expansions. . |

The tvo principal means of observing the earth-tide are

by recording gravimeter and by horizontal pendulum. The

mm;im‘?”'}" .
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latter measures 'the deviation of the gravity vertical with
respect to the local surface. Love numbers determined during
the last few decades by both these methods however have been
found to exhibit regional variations far beyond those which
might be due to ihe Earth not being spherically symmetric.
Some of these apparent reqional variations have been due
simply to measurement errors but this cause has beconme
steadily less important as better instruments, better
methods of installations and, most important, better means
of calibration have been developed. Regional differences
have persisted in spifé of these improvements hovever and as
a result the Love numbers determined from observations are
uncértain within %+ 1 or 2 percent. Since, in order to be
useful for evaluating various present-day earth models, the
Love numbers *“should be knoWﬂ with an uncertainty of less
than * 0.1 percent it is important to account for regional
variations. This is the purpose of the éresent thesis.

The problem is approached here on a broad front because
many of the methods in use for investigating the earth tide
when this vork began are ill-suited to the study of regional
variations aﬁd required some attention. This includes
methods of data analysis and methods of making the
measurements. The principal 'legitimate; cause of regional
variations howver is surface loading effects of the ocean
tide and the nmain reéearch effort is concentrated on fhe
problen of predicting this effect in terms of earth

structure. Western Furope is the . logical place to begin a
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study of this' type because of the concentration of
earth-tide nmeasurements in Belgium and France and because
the neighboring ocean tides are particularly well known.
This data is supplemented here by British measurements fronm
Liverpool and from a new site vwhich we established at
Rookhope. For treating global effects déta from diverse
sources is considered. Original data from Ottawa, including
tiltmeter data from nearby Holland Hills} is particularly
useful as being representative of midcontinental

measurements.
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CHAPTER 2
THE EARTH TIDE
2-1 The Tide-producing Force

Tide-producing stresses'are set up in the Earth because
the gravitational attraction of the Moon (Sun) is not the
same everywhere throughout the body of the Earth. At the
center of the Earth the gravitational attraction mnmust
provide the centripedal force necessary bécause of rotation
of the Earth-Moon system about its center of mass. Elsewhere
within the Earth, and at its surface, the gravitational
attraction will be different and the consequent stresseé
will cause a deformation which ve call the Earth tide.

The tide-producing potential is the.difference between
the potential due to rotation of the Earth-Moon system and
the potential due to gravitational attraction. This is given
by: .

V = GH[ (1/p) - (1/R) - (r cos@) /R2] (2-1)
wvhere G is the gravitational constant; M is the mass of the
Moon; p is the distance from the observing point to the Moon,;
R is the distance between the center of the Earth and the
center of the Moon ; r is the distance from the center of
the Earth. to the observing point and 8 is the geocentral
zenith distance to the Moon. The distanée p can be written
as: -

(1/p) = (1/R)[1 - (2r cos6/R) + (r2/R2) ]-12 (2-2)
Since r < R this can be represented by an expansion in

Legendre polynomials:
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(1/p) = {(1/R)[Po(cosO) + P1(cosf) + Rl(cose).+...](2-3)
Substituting this in (2-1) yields the tide-producing
potential:
V = (GMr2/R3) [P2(cos8) + P3(cosb) (C/R) + eee) (2-4)
The third order and higher terms are generally ignored.
It is necessary next to express the geocentral distance
@ in terms of a coordinate system which is fixed with
respect to thé celestial sphere.
2-1-1 Calculation Of The Theoretical Tide, Harmonic Method. .
Doodson (1921) shows that the tide-producing. potential
due to Dboth the Moon énd the Sun can be expressed as a sun
of harmonic terms each of whose arguments is a linear
funétion of six astronomical coordinates with integer
coefficients. The astronomical coordinates, with their
periodicities aTe: | |
T = The mean lunar time. (1 day)
S = The mean longitude of the Moon. (1 month)
A = Mean longitude of the Sun.. (1 year)
P = Longitude of lunar perigee. ' (8.85 years)
N = -n, vhere n is the longitude of the
ascending node of the Moon. (18.61 y)
Ps = longitude of the perihelion. (20900 years)
The mean lunar time expressed in termé of Greenwich Mean
Time is:
T= 15t + H -5 -L
wvhere L 1is the longitude west of Greenwich, and t is

Greenwich Mean Time. A convenient notation for each of the
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possible harmonie terms results if the number five is added
to each of the coefficients in the 1linear function of
astronomic coordinates, except the first. Bach term can then
be written in the form:

Vabcdef = Cabcdef Gj Cos[aT+ (b-5)5+ (c-5)H+ (d-5)p

+ (e=5) N+ (£-5) Ps )
vhere a, b, ¢, 4, e and £f are integers, Cabcdef is a
nurerical coefficient and Gj is a geddetic coefficient
involving the radius of the Earth at the point in question
and the latitude.

The most fundaméntal classification of the harmonic
terns is on the basis of the 1long period, diurnal,
semi-diurnal and the ter-diurnal species formed when a=0, 1,
2 and 3 respectively. Within each species the terms are
classified according to the qr&up numnber b with neighboring
groups differing in freguehcy by one cycle per month. The
waves within each group can be further.subdivided according
to the constituent member wvwith neighboring constituents
differing by one cycle per year. In Doodsont's four schedules
values for Cabcdef and for Gj are given for 99 long period
terms, 158 diurnal terms, 115 semi-diurnal terms and 14
ter-diurnal terms. Also noted in the schedules is whether
the cosine or the sine term is to be used;

To facilitate the determination of horizontal tidal
forces from the potential given in the schedules it is bést
to ‘retain in the formula for G the radius p which Doodson

has replaced by the mean radius a. For the unprimed values
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GO, G1 and G2 found in the schedules substitute G {p/a)? and
for the primed values substitute G(p/a)3. For G itself use:
(Melchior, 1965, p 19)
G = 3Mgad/4Ec3 = 26.206 cm?/sec?
The numerical coefficients have been adjusted by Doodson so
that the same G factor can be used for all.

To illustrate the notational scheme coasider the
principal component of the N2 group .given in Doodson's
schedule 2. This is:

v2es6ss = _ 17387 Gp2 Cos2\ Cos({2T-S+P)/a2
A minor component of +this same group involves the primed
geodetic coefficient G2' and it becomes:

V245555 = _(00567(2.59808) Gp3 Sinlh Cos2)\

Sin (2T-S+P+2n) /a3

The vertical and horizontal cdmpqnents of the tide
producing force are determined by differentiatiﬁg as
follovws:

Fv = -6V/6p Fn = -8V/p6A Pw = —6V/pCOSASL

When this is done it is found that the tidal gravity, and
the north and west components of tilt can each be determined
from the schedule of numerical coefficients by determining a
new series of geodetic coefficients for use as multiplying
factors. These new geodetic coefficients can be found in
quite a straight forward manner by differentiating the
several kinds of terms found in the schedules. This has been
done by Melchior (1965, pé64) and his results have been

presented together with a shorter and easier to use version



>~ Moon's Orbit

FIGURE (2-1) Construction for deriving the expression for
the attraction of the Moon. (See text for .
definition of the symbols)



- 8-

of Doodson's schédules. Melchior omits from his table terns
whose amplitude is less than .001 relative to the amplitude
of the largest term leaving a total of 79 terms. Melchior's
table has been used in the analysis program JANET, which is
documented in the appendix and will be described later.
2-1-2 Calculation Of The Theoretical Tide, Direct Method.
Longman (1959) has presented a summary of the formulas used
in developing a closed expression for the vertical component
of tidal acceleration as a function of time for any given
place on the Earth's surface. His summary does not include
formulas for determiﬁing the north-south and east-west
conmponents of the horizontal tidal acceleration thercfore
these formulas are developed here. In addition to the
symbols used by Longman we will use the symbols B, 6 and t
respectively For the azimuth, deglination and hour angle of
the attracting body. Referring to Figure (2-1), the letters
P, 2 and w denote the position on thé celestial sphere of
the north pole, the =zenith and the attracting body. The
anéular distance 1' is the projection of 1 on the equator.
Expressions derived for the Moon are immediately applicable
to the Sun ;fter the obvious substitutions. According to
Longman the horizontal tidal acceieration due to the Moon is
given by: |

H = C Sin28 + [Cr (5Co0s26) Sin6 )/d (2-5)
vhere: C = 3wNr/243 . | |
From the figure, the south and west components of H are

given by:



- 9-

Hs 2C Cos¢SinfCosf+ (Cr/d) (5Cos26-1)SinBCosp (2-6)

Hw

2C cos9SinhSinP+ (Cr/d) (SCos28-~1)SinbCosP (2-7)

using the followving relations for Ampz:

Cos® = SinASinbé+CosACosé6COST ' (2-8)
S5infCosf = CosASiné+SinACosSCosT (2-9)
SindSinp = Cos6SinT (2-10)

and from amb

Cosd = Cosl/Cosl!? ' (2-11)
Siné = SinlsinI (2-12)
Tanl* = Tanl Cosl . {2-13)
Now T = x - 1*' and from.(2-11), (12) and (13):

Cos6CosT = CosxCosl+SinxSinlCosl (2-14)
Cos05inT = SinxCosl-Cosx53inlCosl ' (2-15)

Substituting (14) and (15) in (8), (9) and (10) we obtain
finally: v ._
CosP =5inASinlSinI+Cos)\ (CosxCosl+SinxSinlCosI) (2-16)
SinOCosﬁ=—CosxSinlsin1+sinx(Cosxcos1+SiﬁxSin1Cos1) (2-17)
SinfSinp=SinxCosl-CosxSinlCosI (2-18)
These are the three expressions needed to determine the
three components of the tidal acceleration from equations
(6) and (7) ana from Longman's formulas forAx, 1l and I.

A computer program (ROBIRN) based on these equations was
written to determine the vertical tidal aéceleration and the
horizontal tidal acceleration along any specified azimuth.
This direct method yiélded more accurate results at léss
computing cost than the harmonic method and vas used to

check the latter method and to provide test data for the
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data analysis program JANET. The program is documented in
the appendix.
2-2 The Love Numbers and the Gravimetric and Diminishing
Factors.

An ocean completely covering the Earth would everywhere
define an equipotential surface. The tide-producing
potential would displace such a universal sea radially a
distance V/g where V is the tidal potenti&l. This is called
the height of the equilibrium tide. It is a useful concept
in ocean tide theory although tidal heights. actually
experienced in the ocean are generally much altered from the
egquilibrium value because of the dynamic effects of friction
and inertia. The eduilibrium height ié of greater use in
connection with Earth tides where dyhnanic effects are
negli&le. Love (1911) has shown that both the surface
displacement and the 'newly' created potential due to the
displacement are propoftional . to the equilibrium tidal
height. He has introduced the constants h and k to describe
the proportionality and it is these numbers that have beconme
known as the Love Numbers.

The Love Numbers have been evaluated theoretically on -
the basis of different Earth models by many early workers
{see Jeffggges Sec 7.05, The Earth) aﬁd more recently by
Takeucki (1950), Altergan Jarcsch and Pekeris {195%) and
Alsop and Kuo (1964). Experimentally the Love Numbers have
been determined from measurements of various physical’

phenonena;those of interest here are tidal variations in
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gravity and tidal deflections of the vertical with respect
to the 1local crust. It is convenient to relate these
phenomena to corresponding phenomena which would be observed
on a perfectly rigid Earth. Thus the tidal variation in
gravity can be expressed as:

G =[1+h - (3k/2)) G

=6G"'

wvhere G' 1is the rigid-Earth tidal gravity. The tidal tilt
can be written:

T=1][1+k - h]T*

=DT*

wvhere T' is the rigid-Farth tilt. The factors 6 and D
defined in this way are called gravimetric and diminishing
factors .respectively. Tyvical observed values for § and D
fall within the ranges of 1.135 to 1.230 and 0.550 to_0.§50
respectively. |

Alsop and Kuo (1964) have calculated values for the
Love Numbers for a wide ranyge of spherically-symmetric Earth
models. They find that differences in the structure of the
crust and upper mantle or the presence of a solid inner core
have little influence on the Love Numbers. The presence of a
universal ocean of thickness 5 km however is found to have a
very large effect. This is shown in their Table 3 which is
reproduced here as Table (2-1). The Bullen B modified model
is the Jefferies-Bullen B with an oceanic crusf. The
Bullen-B Oceanic is the Bullen-B modified with the iop 5 kms

of the 10 km oceanic crust replaced with water. This can
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« FIGURE (3-1) The function € near the load,

[FIGURE (3-3) Construction for determining the
attraction of n-sided polygon.
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only be a rough approximation to reality but the result
indicates that Love Numbers observed near oceans should be

significantly larger than continental values.
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CHAPTER 3
THE OCEAN-TIDE EFFECT*

3-1 Introduction

An essential first step in the interpretation of
measurenents of the earth tide by tiltmeter or gravimeter is
to estimate the effect of the ocean tide. This indirect
effect is due to the gravitational attraction of the water
and of the land masses which have elasticaily yielded to the
weight of the water, as well as to the elastic displacement
and possible tilting of the measuring site due to the
loading of the surfaée. The ocean tide is not known
generally and estimates of it for mid-ocean areas in
par£icular are poor since they are inferred from coastal
measurenents made perhaps many hundreds of miles distant. In
spite of these difficulties estimates of the indirect effect
may be sufficient to correct observations of the bodily tide
made at continental sites for the effects of the ocean tide.
In the case of coastal sites where the indirect effect is
large an estimate of its value may be useful in determining,
through an iterative process incorporating the earth-tide
observations, the elastic properties of the regional crust
and uppermantle. |

In. what follows I describe the development of the
various techniques which I have used to estimate the
indirect effect throughout Britain and northvestern Europe
and: throughout the world generally. I describe first a

method of determining the regional effects of the ocean tide
* The ocean-tide effect referredd +o (s that due to the

ML Cons‘t |'tb(€_nt
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assuming an infinite, half-space earth. The particular
method described differs from earlier ones in the manner in
vhich the ocean tide 1is described and its attraction
computed. It is a computer-oriented (rather than site
oriented) method. and permits working directly fronm
cotidal-corange charts. This method is then applied to the
case of a 2-shell Earth and the effects of ocean tides
throughout the world are considered; The attraction
computations for the global case are immediately usable in
equations presented by Longman (1962, 1963) for determining
the response of a Gutenberyg-model Earth to surface forces.
The series appearing din Longman's solutions are not
con;ergent in the form presented by Ldngman for distances
less than about 30 degrees but an extrapolation procedure
pernits solutions for distances down to a few degrees. The
Longman results are tested'by comparison with the results
for the 2-shell Earth and by comparisioﬁ with recent results
determined by Beaumont (1971) using a finite-element method.
" The Beaumont results for surface displacement and tilt are
adopted throughout the distance 0-80 where the Longman
extrapolated results are likely to be in error. In this way
a method of calculating the indirect effect from the
computed attraction of the ocean tide ﬁas been determined
vhich is valid over the globe.
3-2 The Effect On An Infinite Half-Space Earth.

In general the ocean tide throughout the world and the

deformation. of the earth due to the presence of the ocean
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tide must be kﬂown before its influence on earth-tide
measurements can be determined for a particular site, In the
particular case of earth-tide tilt measurements however the
influence of the ocean tide falls off rapidly enough with
increasing distance to Jjustify assuming, as a first
approximation, a plane earth and considering only those
waters within 20 or 30 degrees of the site. We will shov
later that the effect of sphericity and other real-Earth
characteristics is to cause surface tilt to diminish even
more quickly with increasing distance.

Assune that thé earth can be represented by an
homogeneous medium in the region 2z 2 0. The normal
deférmation of the surface by the distributed normal load
p(x,y) acting at the point x,y in the X, Y piang is given
by: (Sokolnikof%, 1956) ._

W= [ 20/ (WrpOep)) WP,y /0 dx Ay ]
(3-1) |
vhere r2=(X-x)2+(Y-y)2 and p and X\ are the Lamé constants.
It can be expressed too in terms of the gravitational

potential of the load, which is:

E Jf [Gs(x,y)/r dx dy ]
(3-2)
vhen there is a surface mass density uhiéh can be expressed
by:
P(Xsy) = s(x,Y)9 (3-3)
where g is the acceleration due to gravity. Equation 3-1

then becomnes:
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W= (A+2u) GE/[ Ywp (A4 ) G ] | (3-4)
wvhere G is the gravitational constant. 'Adopting the
terminology used by Melchior (1965, p192) we define the tilt
due to the gravitational attraction of the load by:
A = 6E/gér (3-5)

The tilt of the surface then is:

éSw/6r (A+2p) g2n/[ Ump (A+p)G) (3-6)
= BA
The horizontal attraction due to the displaced masses of the
medium is written in the form —-¢A where ¢ is a function to
be determined. The sum of the indirect effects on tilt then
is:
I=(1¢P8 - €A ' (3-7)

An estimate of the horizontal attraction ¢A was obtained
using the global deformationl given by the solution of
Slichter and Caputo (1960) for a homogeneous shell of
rigidity p=1.2x10212 (dyhes/cmz)‘enclosing a fluid core. For
the purpose of computing the horizontal attraction the
deformation was rTepresented by a global sheet of mass
surface density 2.8h where h is the deformation and 2.8 is
the volune dénsity assumed for the displaced masses. Thus
all the displacement was assuﬁed to take place on the
surface. The function ¢ then was determined for a range of
distances from the loading mass by dividing the horizontal
attraction by the horizoétal attraction of the loading maés.
The. resulting function 1is reproduced in Figure (3-1). The

function e 1is the same as the function T2/T3 introduced
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later and shown for further models in Fig.3-5._

Equation (3-7) demonstrates the three principal effects
of the ocean tide on the measurement of tilt and expresses
these effects in terms of the gravitational attraction of
the tide. A fourth effect is the elastic uplift of ground
caused by the gravitational attraction of the water masses.
This effect is significant in the <case -of gravity
measurements at great distances from fhé load but the
associated tilting is negligible. Later we will compare the
results obtained here assuming an infinite-plane earth with
the results obtained using more realistic models.

3-2-1. The Attraction Of The Ocean Tide.

e will introduce now a method of determining the
potential of the M2 component of the ocean tide, from wvhich
the attraction® A can be found for wuse in Egn. (3-7).
Consider first the cotida1¥corange chart shown in Fig.
(3-2). This chart describes  the behaviour of the M2
component of the ocean tide in the waters surrounding the
British 1Isles. It 1is essentially British Admiralty Chart
5058 (1937) supplemented by material from the recent German
North Atlantic Chart (H.Hansen; Institute fur Meereskunde
der Universitat Hamburg, 1969). The contours are drawn
through points of equal amplitude (solid lines) and phase
(dotted lines). The range (double amplitude) is given in
feet and the phase is in degrees lagging the lunar transit
of ‘Greenwich. The <classical method of determining the

gravitational attraction due to this distribution of mass is



————
-
-

338

135

6 A==
AN,
| {0 Sﬁga Y .
E mSBRg SCL ppy "N AR JE
333 | e o HE
; oove ISE ®FRA
]
! WART QX
l! rRe OPAR SDUR
: oMOR oSTR
! OFRE
]
]
1
]
1
v
329

FIGURE (3-2) Ocean-tide contours near Britain (Region 0).
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first 3 figures in the name,
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that using Hayférd zones of constant amplitude and phase
centered on thé site where the attraction is to be
determined. There are two objections to this method: It is
difficult to fit the Hayford zones to the contour pattern
and thus a 1large number of zones 1is required for an
acceptable representation. The second objection is that a
new system of Hayford zones must be set up for each site. An
alternative method of representing the contour pattern is by
a series of spherical harmonics. This harmonic method has
been used by Pertsev (1966) in considering the effect of a
world-vide distributidn of ocean tides. Zones of equal
amplitude and phase in this case are spherical trapezoids of
egQal area bounded by parallels and meridians. The zones of
course are independent of site location but like the Hayford
zones they are*difficult to fitﬂtp the tidal contours and in
addition they cannot be adjusted in size to fit
requirements. Tﬁis method then is practical only for first
approximation global effects and not for determining the
effects of regional tides. Since the principal aim of this
investigation is to explain the spatial variations in
‘earth-tide me;surements the effect of regional tides is
important and must be estimated for a dense distribution of
sites. Consequently neither of the methods described was
applicable.

It will be noticed that the corange and cotidal 1iﬁes
defining the tides tend to intersect orthagonally to fornm

rectangles of approxirately uniform amplitude and phase. In
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fact it can be shown (Defant, 1961, p356) that in the
absence of friction these 1lines would be everywhere
perpendicular. To take advantage of this feature a general
method of determining the attraction of such rectangles was
developed but was subsequently abandoned in favour of a
method suggested by Bott which was usable with polygoans.
This method 1is derived from one used by Bott (1963) for
determining the magnetic field due to fiﬂite 3-dimensional
bodies. We will wuse the nethod again 1later in three
dimensions (program GLOBL) but it is best described in the
simple 2-dimensional form required here,

Consider a n-sided polygon formed by the intersection
of .cotidal and corahge lines drawn in the X,y plane (Fig.
3-3). The behaviour of the water within the polygon can be
described by A single set of harmonic constants (contrast
this with. the <case when the shape of the polygon is
arbitrarily assigned). Number the polygon points clockuise
from j§=1 to j=n and assume a right-handed coordinate frame
u,v centered on the site o, where the potential is to be
determined. Rotate the u,v axes to new positions ut', v! so
that the positive v!' axes is in the same direction as the
side j+1 of the polygon. Denoting the coordinates of the
j-th point with respect to the two positions of the axes by
u(j), v(3j) and u'(j), v'{j) the potential of the lamina j,
0, j+1 then is:

AEj = C u(J) log(n) (3-8)

where:
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M= [v'(§+1) + (v(j+1)2 + u'(f)2)ve),

[v'(d) + (v(3) 2 + u'(j)2) ¥2)

and:
vi(3+1) = [u(3+) (u(F+ ) -u()) =v i+ (v{F+1) =-v (i) /L
v'(3) = [u(d) (uii+)=u(d))+v (I (v(3+N)=u(§)) I/L
ut(3) = [u(3) (v(G+D-v(I) -V (I (ulG+)-u(d)) J/L
ut (3+1) = u’ (3)

L is the distance from point Jj to poiﬂt j+1, and C isla
constant incorporating the amplitude and phase factors, .the
density of water, and the gravitational constant. The
potential of the entire polygon then is the algebraic sum of
the potentials found for the n laminae:
E =% AEj | (3-9)

3-2-2 Program PRESS |

A computéi program (PRESS) has been written to compute
the surface deformation on‘ the basis of the foregoing
assumptions. The region'of W. Europe, particularly Britéin,
has been treated in detail using the cotidal-corange chart
described earlier (Fige. 3-2). The ocean tide considered is
that for the' region east of longitude 259 west, south of
latitude 629 north, and north of latitude 420 north. The
cotidal charts were digitized wusing a electronic 1line
follower to inrut the points defining each polygon. About
500 polygons were used %nitially; their general arrangement
is indicated in Fig. (3-2). The number of every 25th polygon
is " shown. The amplitude and phase of +the ocean tide

throughout each polygon are'given in Appendix VII. For this
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tidal data, and for assigned values of rigidity and
compressibility, program PRESS determines: 1..The amplitude
and phase of the normal displacement of the surface. 2. The
amplitude and the azimuth of "tilt for 30 deqree intervals of
phase. The latter provides data for drawing ellipses
describing the behaviour of the tilt vector (horizontal
force vector/g) as a function of time.A copy of progranm
PRESS is reproduced in Appendix III.

3-2-3 Discussion And Results.

It was originally intended to contour the amplitude and
phase of the surface deformation in the same way as that of
the ocean tide. The phase is fairly constant over the entire
region hovever, lagging the transit of the moon at Greenwich
by 120 to 140 .degrees, and the corange lines alone are
sufficient to r represent the deformation. A mép showing
corange 1lines for the defbrma&ion due to loading by the
ocean tide has been detéermined by PRESS and is presented in
Fig. (3-4). The data from vwhich this map was drawn was
determined on the basis of an infinite half space with p =
1.0x1012 dynes/cm? and Poisson's ratio equal to 0.5.
| Results f6r 24 earth-tide observing sites are presented
in Table 3-1. The location of eaéh of these sites is shown
in Fig. (3-2). These results represent a pfeliminary estimate
of the ocean-tide effect in this important region where 90
percent of the world tatal of earth-tide observations héve
been made. Striking variations in the results of

observations throughout this region have been reported and



A is attraction tilt in msecs and degrees lag relative to transit
of the Moon at Greenwich. I is attraction plus elastic tilt; U is
depression in cms; the subscripts s and w denote the directions

south and west respectively.
(Boussinesq solution with u = 1012 cgs)

SITE LONG LAT As Aw Is Iw U
pLa  [-3.80 | 53.18 |w.79(1%) | 2.50(-166) | 51.49(12°) | 8.08(-157) | 2.35(14°)
BID  |-3.07 | 53.40 |15.96(139%) |13.98(-56%) | 56.36(140%) | 54.08(~56°) | 1.92(140°)
‘wIN  |-2.50 | 53.20 | 5.15(150°) | 2.48(-56°) | 16.33(154°) | 11.58(-52°) | 2.55(140°)
ROO  [=2.21 | S4.78 | 2.28(-109) | %.29(-74%) | 9.47(-98%) | 17.41(-69%) | 2.46(130°)
CAE |-0.22 | 19.11 | 7.82(103%) | 4.78(176°) | 23.u4 (99°) | 24.25(160°%) | 2.85(146°)
PAL  |-0.12 | 48.53 | 4.06(098%) | 4.75(153°) | 9.10¢085°%) | 19.61(151°) | 3.06(140°%)
ORD | 0.24 | 49.20 | 6.29(209°) | 4.89(170°) | 18.67(206°) | 17.58(172°) | 2.60(1s2”)
MOR | 0.33 | 48.32 | 3.17(101°) | 5.05(13%) | 6.70(088%) | 15.35(8°%) | 2.87(139°)
BRI | 0.43 | 49.12 | 5.97(113%) | 4.62(272°) | 17.76(112°) | 15.85(176°) | 2.51(143°)
vir | 2.19 | 19.07 2.,20(124°%) | 2.39(149°%) |. 5.86(127°) | 5.50(163°%) | 2.06(133°)
PAR: 2.33 | 48.83 | 1.86(120°) | 2.69(14°) 4.66(122°) | 6.21(155%) | 2.09(137°)
BRU | 4.35 | 50.80 | 0.40¢141°%) | 0.94(206%) | o0.68(-172) | 1.36(57°) | 1.57(136%)
DUR 4.63 | 50.20 | 0.64(125%) | 1.35(131°) 1.31(134°%) | 2.05(136°) 1.59(1376)
SLA 5.02 | 50.50.| 0.47(117°) | 1.30(128°) 0.72(121°) | 2.01(127°) | 1.52(137°)
"WAR | 5.38 | 49.83 | 0.50(215°) | 1.52(133%) 0.93(118°%) | 2.74(139°) | 1.52(136°) |
REM | 5.70 | 50.48 | 0.44(105°) | 1.42(131°) | 0.74(95%) 2.56(134%) | 1.45(137%)
VIE | 5.90 | 50,27 | 0.43(101°) | 1..4(132°) | 0.98(089°) | 2.61(135%) | 1.u4(137°)
X | 6.13 | 49.62 | 0.41(212°) | 1.55(133%) | 0.77(112°) | 2.93(137°) | 1.44(136°)
SR | 7.77 | 48.58 | 0.23(096°) | 1.46(133°) 0.44(091°) | 2.78(138%) | 1.28(135°)
FRI | 7.87 | 48.00 | 0.18(082°) | 1.50(132°) | 0.36(0m°) | 2.87(137%) | 1.28(135°)
NEU | 7.93| 50.78 | 0.40(104°) | 1.36(137°) 0.83(097°) | 2.69(1us°) | 1.20(137°)
DUR | 8.48| 49.00 | 0.21(099°) | 1.37(134°) -| o0.40(094°) | 2.59(139°) 11.20(136°)
MAR | 8,80 50.80 | 0,35(110°) { 1.25(138°) 0.73(208°) | 2.41(w6°) | 1.11(137°)
TIE |10.17 | 50.72 | ¢.28(116%) | 1.09(137°) | 0.57(118%°) | 1.99(145°)| 0.99(137°)
TABLE (1) Elastic deformation of Western Europe due o ocean-tids loading.




FIGURE (3-4) Elastic depression in cms due to ocean~tide

loading (Boussinesq solution for plane).

For the case: u =1.,0 x 1012, A=o
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an early objective of this research was to determine whether
such variations could possibly be due to ocean-tide effect.
Program PRESS provides an economical means of vrapidly
evaluating the spatial variations in ocean-tide effect. Its
u§e demonstrated that some of the observations must be
affected by some anomalous local condition since they could
not be explained on the basis of any reasonable ocean-tide
loading effect. Most of the observations'however reflected
the predicted ocean-tide loading and this encouraged the use
of a better model and more complete ocean-tide data. This is
pursued in the sections which follow and the present PRESS
results will not be discussed further.

3-3. The Effect On A 2-Shell Earth.

Slichter and Caputo (1960) and Caputo (1961) have
considered thé deformation of a layered earth by an axially
symmetric surface nass disﬁribution. I have used their
method of solution for the non gravitating, homogeneous
shell, fluid core case (Slichter and Caputo, 1960) to
determine the radial deformation vhen the load is a single
qircular cap approximating a point mass (half angle of one
‘degree). Using this result I have determined the tilting
effect and the perturbation of gravity with an approximate
correction for gravitation effects.  Tﬁe computation was
implemented by progranm C@PS, wvhich is documented in Appendix
IV, and the results are presented in Tables 3-4 and 3-5
expressed in a convenient non-dimensional form introduced by

Longman (1963). Longman's . variables are u/(am'/m) and



Table 3~23 dnfluence values for surface displacements (Taylor):
point load p = IpP[2nhE )

Vertical displacement p,

v 0 - 0-2 04 0-5
rih

0-05 37-580 35-921 31-052 27-351
01 17-:586 18-728 14-260 13-360
02 7-624 7-162 §5-897 4914
0-3 4-327 4016 3-154 2-480
0-4 2720 2478 1-827 1-320
05 1-792 1-599 1-092 0-699
0-6 1:212 1-048 0-635 0-290
07 0-823 0-690 0-352 0-051
0-8 0-560 0-450 0-168 —0-079
09 0:373 0-286 0-053 -0-160
1-0 0-250 0-182 -0-011 —0-183
1-25 0-080 0-031 —0-085 —0-194
15 0-013 -0-002 —-0:077 —~0-156
175 -0-007 ~0-007 —0-048 —-0-123
.20 -0-012 —0-011 —0-039 © —0-083
2:5 —0-004 -0-017 —0-025 —0-036
30 —0-003 0-001 —0-008 —0-025
35 —0-003 0-000 —0-004 —-0-018
4-0 —0-001 0-:000 —0-003 -0-012
.60 -0-000 —~0-000 —0-001 -0-002
8:0 -0-000 —-0-000 —0-000 —0-000
10-0 -0-000 —~0-000 —0-000 -0-000

Table 3-2b Influence values for surface displacements (Taylor):
: point load p = IpP[20hE

Radial displacement p,

v 0 02 - 04 0-5
vih
0-05 19-959 14-362 5559 —0-041
0-1 9:948 7:124 2:723 —-0-078
02 4-896 3:455 1-250 —0-156
0-3 3-183 2-184 0-716 —-0-225
0-4 2:308 1:523 0-426 —0-288
0-5 1-773 1-064 0-232 —-0-326
0-6 1-277 0-824 0-102 —0-376
07 1-000 0-620 0-008 —0-405
0-8 0-789 0-465 —0-063 —0-420
09 0-627 0-349 —0-011 -0-421
1-0 0-499 0-259 ~0-141 —-0-417
1-25 0-292 0-150 —~0-175 —0-380
1-5 0-167 0-048 —0-163 -0-315
1-75 0-097 0-012 —0-134 —0-250
20 0-060 0:002 —0-109 ~0-195
2-5 0-027 0-003 —0-070 —-0-118
3-0 0-010 —0-002 —~0-038 © —=0-072
3-5 0-003 ~0-008 —0-022 —0-048
40 0-002 —0-000 -0-014 —-0-029
6-0 0-000 -0-000 —0-002 —0-002
8-0 0-000 —0-000 —0-000 —0-001
10-0 0-000 -0-000 —0-000 ~0-000




Table 33
Properties of the Gutenberg Earth Model

a-7r¥ P Cp C, B A 4
km g/cm3 km/s km/s 10'! dyn/cm? 10" dyn/em? _cm/s?
[ -]
274 614 - 35§ 345 342 982
19
8 3'00 658 3-80 433 432 983
3
332 8-20 465 7418 797 984
50
6 334 817 462 7°13 8-04 985
o
3135 814 4'57 7-00 8-20 98s
70
336 810 4°51 683 8-38 986
% .
337 8-07 446 6-70 8:54 986
90 _ , )
338 8-02 4°41 6-57 8-59 986
100 .
339 7'93 437 647 837 - 986
12§
341 785 435 645 811 987
150
343 7-89 4°36 652 8-31 988
178
. 346 798 438 . 664 8:76 989
200 '
348 810 442 6-80 9°23 989
225 : S
3's0 - 821 4°46 6-96 . 967 990
250 .
353 838 4'54 728 . 1024 991
300 .
358 8-62 468 784 10°92 992
350 : :
3:62 8:87 485 8:52 1145 993
400
369 91§ 5'04 937 12°1§ 995
450
382 945 521 10°37 1338 996
500
401 - 9-88 545 1191 1532 997
600 )
421 1030 . 576 1397 1673 998
700
4-40 1071 6-03 16-00 1847 998
800 .
4°56 1110 6-23 1770 2079 997
900 _ .
. 463 11-35 6-32 18-49 2266 995
1000 .
: 474 11-6o 6-42 1954 2471 993
1200
485 11'93 655 2081 27°41 990

1 400
- 496 12°17 6-69 22°20 . 29-06 986 .
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vy/{(ga'/m) rather‘ than the radial displacement u and the
perturbation of gravity y, where m* is the mass of the load,
m is the mass of the earth and a is the radius of the earth.
In addition to these variables I have used the variable
¢/(m'/m) to represent tilt wvhere ¢ is the actual tilt in
milliseconds of arc. The 1letters U, G and T refer to
non-dimensional displacement, gravity change and tilt
respectively. In the description that foilows, the symbols
P(n) and Q(n) refer to the Legendre polynomials of degree n
in w and 6 respectively where w is the half angle of the cap
load and @ is a variable denoting the anqgular distance to
the load axis.

3—3;1. Program CAPS.

The solution  obtained by Slichter and Caputo (1960) is
solved in proyram CAPS for the.case of a single cap load.
The cap load is defined by the surface density:

£f(8) =T/g 0< 8 < w. | (3-10)
=0 othervise
vhere T 1is the assigned surface pressure and g is the
acceleration due to gravity. This can be represented by the
infinite series:
£(6) = L n = ET[P(n-1)-P(n+1) ]Q(‘n)/Zg

+ T (1-Cosw) /29 (3-11)

It ¥ill be shown later that the term n=1 of this series
requires special treatment. Slichter and Caputo (1960) avoid

using this term by assuming instead of a single cap load two
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identical anti-podal caps. In our implementation of their
method ve assume a single cap load but omit the term n=1
from the computation. We calculate the effect of this term
separately by a method described in Appendix IX and add it
to the results determined for the other terms. The
non-dimensional displacement due to this term is denoted by
U5 in program CAPS. It is shown in the appendix to be, for a
solid homogeneous earth:

U5 = =(392/(3Y+2)) (Cos0/8Gw ) (3-12)
wvhere vy = A/p. (The displacement for a homogeneous shell was
deterained also by this technique but was found to differ
only siightly from the homogeneous earth case).

The elastic equilib;ium considered by Slichter and
Caputo is that of a spherical shell with the applied stress
independent of longitude and the elastic parameters A and u
constant. A solution in the form: |

u = IZR{r,n) Q(n) (3-13)
is assumed, where R(r,n) 1is determined by their Eqmns. (21)
and (22) in terms of the elastic parameters of the shell and
the boundary conditions. The conditions appropiate to a
fluid core are assumed on the inner boundary. On the outer
.boundary a surface-load function S(n,w) is assumed which,
for the single-cap load considered here, becomes:

(7S

/G'
—rT(P(n-1)-P(n+1)M/%§>,? (n>0)
¢ l\

S{nh,uw)
= -rT(1-Cosw) /2@~ _.." (n=0)
.
After determining R(r,n) the radial displacement U1 is

determined using Eqn. (3-13), assuming w=1 degree and summing
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to n=200. There is in addition to this yield;ng due to the
surface force an uplift due to the body force exerted by the
load. Love (1927, Section 174) gives for this uplift on an
homogeneous earth:
6Un = Vonpn{n((n+2) N+ (n+1) p)az-(n-1) ((n+1) A+nu)r2)
/[2(n=1)p((2n2+4n+3) A+2(n2+n+1)\) ] (3-14)

vhere p 1is the density of the homogeneous earth and Vn is
the gravitational potential due to the ioading mass. At a
point on the surface Vn is given by:

Vn = (An)4rGa/(2n+1) . (3-15)
where -a. is the radius of the Earth. This uplift has been
computed by CAPS for a mean density of 4.47 and is tabulated
as .U3 in the Tables. The total radial diéplacement is taken
as the algebraic sum of yielding and uplift and is shown as
U4 in the tables. This includes too a small constant term Uc
due to the displacement wheh n=0 and the term U5 descrihed
above.

There are three tilting effects to consider. The
principal one T1 4is due to the radial displacement of the
surface. This is the surface tilt and is found by
differentiating the expressioh for the total radial
displacement with respect to af. The next largest tilting
effect is called T3 and is due to the hérizontal component
of the gravitational attraction of the load; that referred
to as A in Egn, (3-7). this has the effect of deflécting the
vertical which, with the pendulum-type tiltmeters used here,

is indistinguisable from a tilt of the surface. In the
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non-dimensional form it has the simple form: .

T3 = [Cos (8/2) }/[ 4 Sin2(8/2) ) ' (3-16)
Finally there is a negative attraction due to the masses of
the ecarth which Lave been displaced; the attraction denoted
by =-eA in Egn. (3-7) and which will.  be called T2 here.
Nishimura (1950) assumed as a first approximation for this
attraction the constant ratio -.5A. We obtain an expression
for this factor by differentiating .the gravitational
potential of the radial displacement, Eqn. (3-19) below. The
result expressed as T2/T3 has been computed as a function of
distance assuming a density for the displaced masses of 2.8
and ig shown in Fig. (3-5) for two values of rigidity. Also
shown in this figqure is the ratio T2/T3 determined by the
Longman method discussed in Section (3-6) below.

There are also three parts in the perturbation of
gravity. The principal part is called 61 and is due to
simple radial displacement in the Earth's exterior
gravitational field. The part due to the vertical component
of the gravitational attraction of the load is:

63 = -1/4Sin(0/2) (3-17)

G2 1is the vertical attraction due to the displaced
masses. To estinate it we proceed as follows: We assume the
Earth is inconmpressible and that the displacement of the
surface is given . by U4, determined above, which can be

represented as a series of spherical harmonics in the form:

U4 = Yu P (Cos8) (3~18)
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The gravitational potential due to this redisttibution of
mass is approximately:
V =% {(4wGa) (a/T) (pu B, (CosH)) (3-19)

This is the exterior potential of a sphere coated with the
mass density s=up vwhere p is the density assumed for the
displaced masses. The vertical component of attraction at
the surface then is:

G2 = £ (n+1) (4nGpu B(C0S8))/ (2n+1) ' (3-20)

In this estimate we assume for the density the mean crustal
value of 2.8. Note .that the term n=0 is not included in
Egn. (3-20) since it would not be present on an
incompressible Earth.

The total gravity perturbation G4 is the sum of G1, G2
and G3. v
3-3-2 Discussion.

The displacement determined by program CAPS may be
conpared to that determined by Egn. (3-1) for the infinite
half space. As the distance is nmade small the radial
displacemnent U1 should approach and merge with the
displacement determined by Egn.(3-1). This result is
demonstrated in Fig. (3-6) where displacement has been
plotted for the two cases for a coefficient of rigidity of
0.6x1012 dynes/cm2, The displacement is less for the
spherical model and less still when the uplift due to body

forces (U3) is added to Utl.

The attraction tilt T3 is of course identical in the
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two cases. The tilt T2 is too small to be ;ignificant at
distances where the plane-Earth model is applicable.
3-4 The Effect On A Gutenberg-Model Earth.
3-4-1 Program LONG.

Longman (1962, 1963) has derived the eguations of
equilibrium for an Earth model under the stress of a surface
load wvhen the +three elastic . parameters XA, u and p are
arbitrary functions of the depth. He -has solved these
equations for the case where the elastic parameters take on
the values specified for the Gutenberg-model Earth (Alterman
et al, 1961). Progr;m LONG is an implementation based on
these solutions but including additions and modifications
which will be described later.

For the vertical displacement of the surface, the
horizontal atfraction (tilt) of the loading mass and of the
displaced masses, and the chahge in the gravity field at the

deformed surface Longmaniobtains the solutions:

Un = H'n Pn(cos 8) (3-21)
Tn = (1+K'n)P'n (Cosa) (3-22)
6n = K'n[n+2H'n- (n+1) ¥£*w ]Pn (cos 0) {(3-23)

where Pn (cos®) is the Legendre ﬁolynomial, P'n(Cosf) is its
derivative with respect to G;Lhcn and Tn are the
non-dimensional forms introduced éarlier for the
displacement, tilt and gravity perturbation respectively.
H'n and K'n are the load-deformation coefficients (Munk and

Bacdonald, 1960) which Longman deternines for n up to 40

from the equations of equilibrium,.
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Thé numericaily simple foram of .the equations is a
consequence of the definition of the loaé deformation
coefficients and the <choice of a particularly convenient
point-mass surface load equal to the mass of the Earth. The
solution may be considered as a Green's function from which
the response due to arbitrary surface loads can be obtained
by convolution. The surface load assumed has the Legendre
expansion:

S = (9/4wG) limZ (2n+1) Pn(Cos8) (3-24)
and the interior potential:
Vn = ga(r/a) (3-25)

For the point-mass load assumed summations of the terns
repfesented by Egns.(3-21,23,24) diverge but the Poisson
series obtained by multiplying each term by p"does converge
to the right wwalue for p<1. Tﬂis has the effect however of
broadening the representation of the 1load so that the
assumed point mass may be distributed éver several degrees.
The expansion representing the load, Eqn. (3-24), is shown
for p=0.99 in Fig. (3-7). Longman finds for summation to
n=40 (the maximum for which he has determined n) that p=0.85
is the maximuﬁ value which can be used. Even for this value
of p the effect of terms with nSuo becomes large when @ is
less than about 309 and consequently fesults within this
linit are not correct. To permit p to approach as close as
possible to 1.0 and éomputatious to be made as close'as
possible to the load Longman suggests summing the series for

very large values of n; using the asymptotic behaviour of
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H'n and K'n as n éends to infinity to determine H'n and K'n.
This is the procedure we have followed here to determine the
displacement and gravity perturbation. Fig. (3-8) is a plot
on a semi-logarithmic scale of the values given by Longman
for H'n and K'n. The asymptotes for each of the coefficients
are given by:
H'n = -0.86 log n + 0.58 (3-26)

K'n

0.025 log n ~ 0.127 ' (3-27)
Using this procedure, summing to n=1000 and putting p=0.99,
produces reasonable looking results to within one degree of
the 1load while for greater distances it reproduces closely
the results obtained by Longman.

| Longman omits the term n=1 in the summation for total
displacement and gravity perturbation because‘he considers
the load-deforlmation coefficiénts for this term to imply
displacement of the earth "as a whole. This appears to be
incorrect; it is shown in Appendix.Ix that mass loading
represented by this term results in an equilibrating systenm
of body - and surface forces and significant elastic
deformation. The term is neglected too by others: Munk and
‘MacDonald (1960,p 31) find, that the opposing effects of
yield due to surface force aﬁd uplift due to body force
cancel for this term with the ﬁet resuit that the term is
equivalent to a rigid body displacement of the earth with no
effect on surface gra;ity. This result is true for ihe
incompressible case treated by them but it is not generally

true (see Eqn.(3-12)). An erroneous interpretation of the
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effect of the A=1 term might be made also from Jefferies®
discussion of The Straining of a Sphere (1962, Appendix B)
in wvhich he deals separately with the effects of surface and
body forces. The term n=1'in the series representation of
either of these forces taken separately does imply
displacement of the earth as a whole because static
equilibriun is impossible. This is reflected in the
appearance of the factor n=1 in the denominator of the
expressions derived by Je f f axtam,

The effect of omitting the n=1 term in the series
representation of thé cap load is to distribute a loading
mass over the entire hemisphere opposite the cap (and a
negétive nass over the hemisphere on the same side as the
cap) .

The effect of the term n;1_on surface displacement is
calculated in Appendix IX and added to the results
determined below _using'Longman)s methéd for the terms n#1,
The effect of the same term on surface gravity is calculated
according to the method described in Section 3-3-1 and added
to the Longman result, The tilt effect due to this term is
ﬁegligible beéause of its large vwavelength and relatively
small amplitude. |

To obtain the total Green's funciion for. tilt the
elastic tilt at the surface must be added to the solution
given by Egn. (3-22) wgich includes only the tilt due.to
attraction effects. This is done in program LONG by locally

fitting  the tabulated results for displacenent to a
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third-order polynomial and differentiating this
approximating function.
3-5 Discussion,

The principal results obtained using programs CAPS and
LONG are presented in Tables 3-4,7. Consider first the
non-dimensional displacement determined for the distance
range from 30 degrees to 180 degrees. The LONG results for
this range and the CAPS results for rigidiéies of 1.2 x 1012
and 1.86 x 102 and the same range are plotted in Fig. (3-9).
This demonstrates that the displacement of a Gutenberg-model
Earth due to surface loading by a point mass 1is
approximately the same as that of an Earth consisting of a
single homogeneous shell enclosing a fluid core; at least
for loading at distances g¢reater than 30 degrees. This
corresponds f;irly well with the figure of 1.7 x 1012 found
for the 'Ymean' rigidity of tﬁe Earth's»mantle to a éepth of
2900 kilometers when Bullen's density law 1is assumed.
(Melchior, p324, 19695).

The total gravity perturbation for the same three cases
is shown in Fig.(3—10). The agreement between the LONG and
CAPS results is not as good.here. There is a systematic
difference which is apparently due to the assumption made in
the CAPS implemertation that the displaced masses are sinply
redistributed on the surgace.

3-6 Effects Within 30° Of The Load.
" The results for +the distance range 0-60° are shown in

greater detail in Figs. (3-11,12)-. The total displacenent U4
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and the total éilt T4 vary rapidly in this range and are
reproduced here on a logarithmic scale. The agreement
between LONG and CAPS results is very close down to within a
few degrees of the load. We have previously seen that the
elastic yield and tilt determined by CAPS agrees with that
determined on the basis of the Boussinesq solution very
close to the 1load. This result indicates that the LONG
result too is valid in this range. We will look at this data
in more detail later but before we do it is useful to
consider the Burmister problen.

3-6-1 The Burmister Problen.

Burmister (1956) has treated the case of a point mass
lo&ding the surface of an elastic ldyer of thickness h,
underlain by a rigid half space. %e have reproduced in Table
3~-2 numefical* results presenﬁeq by Poulos (1967) for the
displacement of the first surface assuming several different
values for  Poisson's ratio. The 'influence factor! used in
the tables is defined by the eguation:

I = p2rhE/P (3-28)
where I 1is the influence factor, p is the vertical
displacement of the upper surface, h is the thickness of the
upper layer, E is Young's uodulus‘and P is the force exerted
by the point load at r=0 . |

It can be seen that the displacement falls to zero for
r/h > 1.5 (Table 3-2). Similar results are found for fhe
stress ecxerted on the surface of the underlying layer

{Poulos Table 1, 1967); the stress is zero for radii greater
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than 1.5 he The present problem is to calculate the surface
deformation due to point-mass loading of a shallow layer of
lov mean rigidity wunderlain by a non-rigid half space. We
vant to determine the distance beyond which the effect of
the first layer is negligible. If we assume that the
underlying layer does not yield, then Burmister's results
indicate that this distance is‘1.5 h. The actual yielding of
the underlying layer can be calculated ﬁsing the solution
given in the previous section for the infinite half space,
assuming for the load a mass distribution determined by the
stress distribution given by the Burmister result. We can
approximate this load by a square surface mass of side 2 h.
It can be shown that the horizontal attraction of this mass
distribution beyond a distance of 3 h is approximately the
'same as a pdint distribution of equal mass. Thus, this is
the distance beyond which the effect of layers to a depth of
h is negligible.

In Table 3-3 I have reproduced part of the table of
physical properties presented by Alterman et al (1961) for
the Gutenberg Earth Model. It will be seen that the rigidity
'of layers deeper than 38 kilometers is uniformly near 0.7 x
1012 throughout the first 300 kilometers. From the Burmister
results the influence of layers less thén 38 kilometers in
depth is negligible at distances greater than 114
kilometers, or approximately one degree. Thus the minimun
effective rigidity for distances from the load greater than

one deqree would be expected to be about 0.7 x 1012,
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3-6-2 Comparision'With Other Results.

We have seen that the results determined by program LONG
become increasingly uncertain as the distance to the load is
decreased. The extrapolation method described in Section
3-4-1 produces well-behaved results to within one degree of
the 1load but it remains to be shown that these extrapolated
results are accurate. In Fig.(3-13) I have reproduced the
ratio T4/T3 from both +the LONG and CAPS results for the
distance range 0-28°, The same ratio has been determined for
the infinite half-space Earth, computed from the Boussinesq
solution assuming the élastic constants shown in the figure.
The LONG results appear reasonable; a straight line
extfapqlation from the LONG data  intersects  the
zero-distance axis near 3.5 vwhich, as pointed out in the
last section, “is the largest.value expected for distances
greater than 1 degree. The CAPS results are determined on
the basis of a homogeneous shell of rigidity 1.86x1012
(dynes/cm2) which 1is much too hard to be representative of
that part of the mantle concerned when the site is within a
few degrees of the load. As expected therefore the CAPS
ratios abpear foo small.

OUntil recently the only ;dditional evidence on the
response of the Eartﬁ to surface loads in.the distance range
0-10 was the empirical determinations of Nishimura (1950)
and the theoretical . results of Takeuchi (1950) ﬁho.
considered the problem of surface loading on a semi-infinite

elastic body with elastic constants which were a particular
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exponential funétion of depth. Recently however the
finite-element method (Zienkiewicz, 1967) has been applied
wifh great success to the general problem and preliminary
results have been obtained by Beaumont (1971) for the
surface displacement near a load on a Gutenberg earth.
Beaumont's results are shown in Fig. (3-14) together with
results determined by CAPS and LONG. Prom the displacement
wve have computed the tilt ratio T4/T3 and this is shown in
Fig. {3-15) together with tilt ratios determined by Nishimura
and by Takeuchi. The tilt ratios shown previously for LONG
are reproduced here .also. The gravity perturbation ratio
G4/61 is shown for the 0 -30° region of the LONG result in
Fié.(3-16).

It can be seen that the LONG and Beaumont results for
displacement &gree fairly ﬁeli throughout the range 10-149
shown in Fig. (3-14). The Beaumont results would be expected
to fall below (show a smaller displacement than) those of
LONG where the effect of uplift, vhich is not considered by
Beaumont, becomes important. This uplift is not determined
separately in the LONG implementation since the load
'aeformation éocfficient contains both the uplift effect and
the elastic yield. It is deterﬁined separately in program
CAPS although subject to the assumptioh that the Earth is
homogeneous and .of mean rigidity 4.47 (see Eqn.3-14). This
is tabulated as 03 in.the tables. The displacements shﬁun
for Beaumont's results in Fig. (3-14) should be decreased for

the uplift effect which is approximated by U3. The
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displacements deéermined by Beaumont then appear too small
with respect to the LONG results for distances greater than
about 79, In this particular Beaumont model however the
Earth is assumed to be held fixed at the the distance 6=90°.
This may explain the result here. The effect should be
neglihle- closer to the load than 7°. The CAPS result shows
the effect of a rigidity which is increasingly too large as
the distance is decreased.

Tilt factors are compared in PFig.(3-15) for five
results. The Beaumont and LONG results again agree quite
well although, as previously mentioned, this may be
fortuitous because gravitational uplift has been neglected
by .Beaumont. A valid comparison of the various results can
be made best in the region Dbetveen 1° and 5°; that is,
beyond that di'stance where the'effect of the crust is shown
by Beaumont's method. 1In the range 1°-49 the Takeuchi and
LONG results are virtually identicai. This is convincing
evidence for the validity of the LONG result since the
Takeuéhi function was determined theoretically on the basis
of a flat Earth and a distribution of elastic constants
which approximates that of Gutehberg's model to a depth of
1200 kilometers but omits the crust. The LONG implementation
too would be expected to leave out the éffect of the crust
because the 1load deformation coefficients for large n vere
obtained by sinmple extrapolation from mantle-effective
values. The flat-Earth assumption and the use of fictious

elastic constants for depths greater than 1200 kilometers
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are the reasons. for the failure of the Takeuchi funcﬁion
beyond about 49. The Beaumont function, which includes the
effect of a crust, does not disagree with Takeuchi and LONG
results in this range. The result determined by Nishimura is
of interest. This function was deterained experimentally by
Nishimura as that which best fitted more than two years of
differential tilt measurements carried out in Japan. This
differential method of treating a series of tilt
measurements made throughout a small region does not seem to
have been repeated by others. The basis for the method is
that the difference between the tilt measured at two or more
neighboring sites 1is relatively free of distant ocean-tide
logding effects. Nishimura assumed that T2/T3 was a constant
equal to 0.5 and obtained the best fit to TU/T3 to be:

T4/T3 = 0.5 + (12.6/[r+3)) | | (3-30)
where r is the distance to the load in degrees. We have seen
that the function T2/7T3 is in fact verf different from 0.5,
especially near the 1load, but this does not alter the
validity of Nishimura‘'s result for T4,/T3.

Finally, in Fig. (3-16) the behaviour of the gravity
‘perturbation qu/G1) is shown. I know of no previSus results
with which this could be compared; especially with regard to

the region within 10 of the load.
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CHAPTER &
PREDICTION QF THE OCEAN-TIDE EFFECT

4-1 Introduction

In the previous chapter I described a method of
_deterwmining the gravitational attraction of the ocean tide
on a horizontal plane. I then used the Boussinesq solution
for the elastic displacement of a plane due to a point-mass
surface load to determine the displacemenfs due to the load
of the ocean tide. The Boussinesq solution in this way is
used as a Green's Function and the displacement 1is
deterunined by convoluﬁion with the gravitational attraction
over the surface. Later 1in the same chapter the loading
effécts of ‘ a point mass located on a spherical,
Gutenberg-model Earth are derived and thesé too may be
considered as?Y Green's Functions determining the effects of
an arbitrary distribution of ioading masses on the spherical
Earth. Values determined for . these Green's Functions are
suminarized in Table (4-1) . The tilt-ratio function varies
rapidly wvhen the distance is less than 19, reflecting the
influence of the crust, and in this region the function has
been determined at 5 kn intervals and is shown in Figure
(4-1). This latter data has not-previouély been presented;
it wvas obtained from Beaumont's .solution for a
finite-element Gutenberg Earth using a 10 km mesh interval
and a load of radius of 10 km. This is not quite the sﬁme
Beaunont solution discussed in the previous chapter; a

smaller mesh interval and 1load radius were assumed for a
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0~100 kms 105=200 kns

535 359
620 338
610 336
594 336
578 335
558 ' 335
533 334
506 334
476 334
W5 333
116 333
393 332
375 330
361 331
350 330
344 330
340 330
340 328
340 . 327
340 326
339 -

TABLE (4=1c) Values of the Green's function for tilt at
5 km intervals in the range 0-200 kms.
(Values given are x100)
(Beaumont preliminary solution for a Gutenberg
model earth. (Beaumont, 1971)).
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better behaved soiution in the critical egion 0 to 200 km.

In this chapter 1 describe the method I have used to
compute the gravitational attraction of the world-wide
distribution of ocean tides and then, through the use of the
Green's Functions, the calculation of the various loading
effects.

4-2 The Ocecan-Tide Data.

Ocean-tide data is normally publisﬁed in the form of
contours representing 1lines of equal amplitude and phase.
This representation can be conveniently digitized as a
netvork of surface polygons containing regions of
approximately constant amplitudé and phase. This is the
précedure I have followed here in digitiiing world-wide data
directly from published tidal maps. Each polygon vas
digitized and" recorded accord;ng to the following format:
Number of the polygon (3 fighres), amplitude of the tide in
centimetres (3 figures), phase lag of the tide in degrees
relative to transit of the Hoon at Greenwich (3 figures),
the region of the Earth (1 figure), and the latitude and the
longitude of weach of the polygon points taken in clockvise
‘'order when viewed from above (up to 7 points at 10 figures
per point). Each polygon can theréfore be fully described on
one 80 column card. The polygons used are.listed in Appendix
VIII. A discussion of the original ocean-tide data used
together with figures showing the location of most of ihe
polygons is presented below,

The polygons of region 0 were described and illustrated
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(Fig.3-2) in the iast chapter. This region is that affecting
the many Farth-tide stations in Western Europe and for this
reason it has been digitized in fine detail. Sone
small-scale polygons near Bidston (BID) are shown in Figure
(;;;5). These are polygon numbers 1 through 12 and were
drawvn using data due to Lennon (1961). The tide assumed for
the northern part of region 0 is of doubtful validity.

The main part of the North Atlantic is called region 1.
The polygon map is reproduced in Figure (4-2). The original
data from which the polygons were drawn is due. to Hansen
(1969) and is reproduced in Pigure (4-3). The polygon map
for region 3, the South Atlantic, is reproduced in Figure
(a—ﬁ); the original data is due to Hansen (1969). Regions 3
and 4 are the North and South Pacific Ocean and are shown in
Figure (4-5). * The original dafa_is due to Bogdanov (1961).
Some polygons in- region 3 near the west coast of North
America were subsequently removed when this-coastal region
was included within region 6 which is described below.

Region 5 is taken as that water east of the southern
tip‘of Africa, west of the east coast of Australia and south
of Indonesia. fhe only ocean-tide data found for this region
is that of Oneo (1964). Uneo. solved the hydrodynanmic
eguafions for this region by finite diffefence methods using
5 meshes and neglecting bottom friction. The resulting data
is not suitable for detegmining regional loading effects 5ut
should be adequate for detefmining global effect;. The

polygons for this region are simple 5° meshes and are not
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FIGURE (4-5) Ocean-tide polygons for the Pacific.
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illustrated.

Region 6 includes much fine detail about the North
American = continent. Figures (4-6,7,8) illustrate the
polygons assumed for the waters of off-shore eastern Canada,
Hudson Bay and Straits, and Davis Strait respectively. The
original data for +these results is due to Dohler (1964).
-Figures (4-9,10) show the part of region 6 bordering the
east coast of the United States and the Gulf of Mexico.
Original data is that of Hansen (1969) with near-shore
detail due to Emery (1970).

There are many tidal charts for the Pacific Ocean. Munk
et al (1970) have summarized the most recent ones in charts
which I have reproduced in Figures (4-11,12). The tidal
distribution which we have' assumed previously for the
Pacific_ Ocean" is that of Bogé;nov (1962) . It is not shown
but it is very like that of Bogdanov et al (1964), shown in
Figure (4-12), with the amphidromic point situated near 42
north latitude. The tidal data shown by Munk et al in Figure
(4-12) is the first determination made on the basis of
deep-sea tide measuremnents. The evidence for the existence
‘'of the amphidromic point shown by them appears strong and
conseguently I have removed' the polygons determined
previously for tbis area and replaced theh with new polygons
designed to fit Munk's results. The resulting polygon map is
incorporated. in region-“G ;nd is illustrated in Figﬁre
(4-13).

Region 7 includes the Mediterranean, Adriatic and Red
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-tide polygons for Hudson Bay and Straits. (Part of Region 6)

FIGURE (4=7) Ocean



n-tide polygons for Davis Strait.

FIGURE ( 4-8) Ocea
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. FIGURE (4~-10) Ocean-tide polygons for Gulf of Mexico.
(Part of region 6.)
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FIGURE (4-13) Ocean-tide polygons for the.Pacific to fit M,S and W .
results of Fig. (4-12)
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Seas. The origiﬁal data was drawn frpm Defant (1961).'The
polygons are shown in Fig. (4-=-14). |

Region 9 is an alternative interpretation of that part
of region 6 in the Pacific Oc¢ean just discussed. The polygon
map for this region is based on Dietrich's (1944) data shown
in Figure (4-11) with amplitude contours taken from Kuo
(1970)« This will be referred to again in a later chapter.
Region 8 has not been assigned.

This comnpletes the description of the ocean-tide data
used in the analysis to be discussed later. The most
significant lack of dafa is that for the Arctic Ocean.

4-3 Program GLOBL

| This program accepts as a specification the latitude
and longitude of the site where the loading effects are to
be calculated.” An ocear-tide pdlygon is then read in from a
tape and the following computations performed:

1. A crude estimate of the attraction of the polygon is
made by assuming it's area to be egual to the product of the
first and second sides and taking the distance from the site
as that to the first polygon point. If the resulting
'ﬁttraction is. less than a certain limit, assignable as the
specification: PULLSIZE, the polfgon is omitted and another
polygon is read from the input tape.

2. If the polygon is accepted then the direction of the
radius vector drawn féom the center of the earth to ihe
center of the line joining the first point of the polygon to

the third point is determined. This is an attempt to
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approximate the .center of the polygon as economically as
possible. In the case of a rectangular-like polygon it is a
good approximation. It is a poor approximation for a 3-sided -
polygon but there are very few such polygons and they will
be avoided cowmpletely in future. This vector defines the w
axis which remains fixed for all computations on this
polygon.

3. A u,v plane is determined next péssing through the
site and perpendicular to the ¥ axis. This now is the
problem discussed in detail by Bott (1963) .and I have
implemented his results. The u,v axes are rotated for each
lamina so that it is necessary to resolve the components of
atéraction of each lamina along x,y;z axes which remain
fixed in the Farth. The net attraction due to the polygon is
then determinéd and resolved aiqng vertical, east and north
axes through the site. Before storing these components of
attractions for accumulation they afe multiplied by the
appropiate Green's Function-(for gravity or tilt effects). A
ﬂew' Green's PFunction may be read in as input data by
specifying on the header card: NEWTON=2., The default is to
"NEWTON=0 whiéh causes the Green's Function listed in the
source program to be wused. If NEWTON=1 is specified the
Green's Function for tilt is put egqual tb the cénstant 1.0.
This 1is necessary when the height effect -at a site is to be
determined. The tilts -computed then are due only to fhe
Newtonian attraction and the height effect is the difference

between the tilts found for HEIGHT=0 and HEIGHT equal to the



- 45-
actual site heigh£.

A single 1line of output is listed for each polygon.
This line includes the 3 loading effects (gravity in
microgals, north and east tilt in millisecs) due to the
polygon anq the accumulated effect due to all the polygons
considered to that point.

4. Wwhen the final polygon has been processed the direct
attraction of the Moon is calculated and resolved along the
vertical and horizontal directions to determine the direct
gravity and tilt effects. The accumulated gravity and tilt
effects .due to the poiygons is then divided by these direct
attraction effects and the resulting ratio is 1listed
togéther with the phase difference. Finaliy, the gravity and
tilt which would be expected on an 'average' Farth without
oceans 1is estimated by multip;ying the direct attraction
effects by the gravimetric factor 1.16 and the diminishing
factor 0.700. The calculated loading effect of the polygons
is then added to this result to yield an estimate of the
Earth-tide gravity amnd tilt which should actually be
observed on such an Earth at the site. It is this final
result which .is later compared to Earth-tide observations
made throughout the world. |
4-3-1 Refinement For Computing Local Effécts.,

When the distance to the polygon becomes comparable to
its dimensions some defects which previously could .be
neglected become important. The normal to each polygon is

determined by the radius vector to the center of the
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polygon; if this éoint is assumed to lie in the plane of the
polygon then the edges of the polygon will project out above
the surface of the Earth, If the polygon is located near the
site this projection may cause a large anomalous gravity
effect. To minimize this ¢type of error the polygon is
adjusted along the w axis to pass through the first point of
the polygon. The polygon therefore falls below the surface
of the Earth near the center but the edges, nearer a
potential site, are represented more realistically.

We have assumed that the Green's Functions vary
sufficiently slowly Qith distance from the site that they
can be evaluated at the closest degree distance and taken
ouéside the attraction inteqral. Where the distance is less
than one Jdegree however the tilt Green's Function varies
rapidly, as ¢&an Dbe seen in-Eigure (8=1). In this region
therefore it is necessary to broceed in a different way. The
integrals concerned are: (See Bott, 1963)

DFU

it

Jfu K[R](u2+v2+w2) F24qu dv

DFV

ppv K[R)}{u2+vZ2+w2) ¥23u dv
vhere DFU and DFV are the u and v components of tilt due to
‘the attraction of a single lamina of a polygon. K[R)] is the
Green's function for tilt evaluéted at the distance R. The
constant K[R] is taken outside the integr&l sign and applied
as a final step to the tilts resolved along the north and
east directions. |

Ke can take into account the first order variétion of

the Green's Function over each lamina by writing: (Square
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brackets are used'here to mean 'function of?)

K[r] = K[R) + B(r-R)
where B8 1is the first derivative of K with respect to the
distance r evaluated at R. Since we restrict this integral
to distances of the order of one deqgree, W can be neglected
and we can write:

DFU = ffK[r] u (u2+v2+w2)¥2 du dv

= (K[RJ=BR) Jfu (u2+v2+w2)¥2 du dv
+ [fBu (u2+v2) ¥2 du dv

with a similar expression for DFV. The second integral
introduced here is an elementary form. This method of
solution 1is implemented by the program when the distance is
legs than 200 km and the specification 'DETAIL' has been set
cqual to 1. Both the Green's PFunction for tilt and its
derivatives hdve bheen set within_the program to values at 5

km intervals from 0 to 200 kms.
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CHAPTER 5
THE HMEASUREMENTS
5-1 The Horizontal Pendulums.

In this device the pendulum is supported by wires or
fibers so as to swing freely in a horizontal plane, much
like a gate on it's hinges. Like a gate too, it is very
sensitive to tilting of the hinge axis in a direction awvay
from the plane defined by the pendulum ané the hinge. It is
this sensitivity, which can be increased to the point of
instability by setting the hinge axis «closer to the
vertical, which makes the horizontal pendulum a useful
device for the measurement of tidal tilts. The horizontal
pe&dulums used both at Rookhope and at Holland Mills are of
Verbaandert-Melchior (1958) design and are constructed
entirely "of fused quartz so 53 to be as friction free and
dimensionally stable as poésible.. They are mounted on
right-angled shaped aluminium bases supéorted on 3 legs, twvwo
of which are adjustable for independently controlling the
sensitivity and the azimuth of the pendulum. The fixed leg
;s located directly under the near-vertical hinge axis of
‘the pendulum. The sensitivity is increased by increasing the
height of the period leg which-is located in the plane of
the pendulum ard hinge beneath the ﬁendulum bob. The
pendulum is caused to rotate about. the hinge axis by
changing the height of the third leg.uhich supports ihe
third corner of the right-angled base; this is called the

azimuth or drift leg.
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flelchior (1965, p65) shows that the .sensitivity of the
pendulum to tilting depends upon the angle of the hinge axis
to the vertical and that this determines too the period of
natural oscillations of the pendulum. The sensitivity in
fact varies as the inverse square of the natural period and
thus 1is determined when .both the period and proportionality
constant are known. The proportionality K is measured when
the pendulum is constructed by means. of an independent
method of tilt measurement. This second method has been
devised by Verbaandert (1959) and utilizes a stainless-steel
disk qontaining a small cavity which communicates with a
reservoir of nmercury by means of a connecting tube. The
thick upper surface of the disk 1is caused to deflect
slightly- by raising or lovering the height of the mercury
reservoir. The deflection is approximately linear and can be
measured precisély using metrology techniques which
Verbaandert describes. To determine the value' of K the
horizontal pendulum is tilted a precise amount by placing
this disk under the drift leq of the pendulum and changing

the height of the mercury reservoir.

Both the Holland Mills and Rookhope sites are eguipped

with disks permanently installed under the drift legs. The

sensitivity of» the pendulums can therefore be measured
either from a period measurement or directly from the
response to known deflections of the disk.

Motion of the pendulum is measured in the classic vay

by the deflection of a beam of light which is reflected from
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a nmwmirror mounted on the pendulur near its axis of rotation.
The sensitivity of the pendulum to tilts is given for an
optical lever length of S m by:
S = K/T2 ' (5-1)

wvhere K is the proportionality constant and T is the period
of free oscillations of the pendulum. The sensitivity S is
expressed’ as the pendulum tilt in arc seconds required to
produce a deflection of the reflected imége of 1.0 mm. The
pendulums are normally operated with natural periods in the
range 70-85 seconds which yield, for a typical value for K
of 6.000, a sensiti?ity of .0012 to .0008 arc seconds per
M.

The dynamic reéponse of the peﬂdulums it was found
could be approximated with sufficient accuracy by the
second-order “differential eqﬁqtion describing a simple
oscillator with linear damping. The static sensitivity of
the pendulum expressed as the rotatibn of the pendulum in
arc seconds per arc second tilt of the pendulum base is a
useful term to isolate in this equation. It is related to
the period of the pendulum and the proportionality constant
K by:

s = 20.6 T2/K (5-2)
The pendulum equation then can be written;

(p2 + poduw' +w'2)0 = sw'2d (5-3)
where P is the differentiating operator of Laplgce
transformation notation, w' is the angular velocity of

natural oscillations of the pendulum, 6 and d represent
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rotation ‘of the pendulum and tilt of the pendulum base
respectively. &6 is the damping coefficient expressed as the
fraction of crictical damping and is typically near 0.01.
The response of the pendulum to periodic tilting of the base
with amplitude d and angular velocity w is:
0 = s d Sinwt/[ (1~w2w'2)2 + (26w/w')2]Y2 (5-4)
For frequencies not too close to the natural frequency of
the pendulum the damping term is negiigible and this
equation can he written:
0 = sdu'2/(w'2-w2) (5-5)

5-2 Recording the Pendulum Measurements

The tilts detected by the pendulums are recorded by a
two-channel light-spot follower (Sefram). The pens of this
recorder are mounted on trolleys which are servo-driven to
follow the light spot reflected from the pendulums. In order
to use this device it was nécessary to replace the optical
system supplied with the pendulums wi£h a collimated light
source which placed an adequately bhright slit image on the
photcell for an absolute minimum of source power. A standard
;utomobile bulb rated at 12 vgtts but used at half power
gave several months of continuous operation. In additiom to
the analog record, mrade directli on métallic paper by pens
mounted on the trolleys, an electrical éignal was obtained
from two linear potentiometers which were driven by the
trolleys. These signals were used to detect when a liéht
spot was approaching the limit of travel of a trolley. This

condition caused a low-speed nmotor coupled to the drift
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screw of the appropiate pendulum to be energized briefly to
bring the pendulum back into the operating region. This
action wvwas more difficult to achieve than expected. It was
necessary to contact and turn the drift screv without at the
same time jarring the pendulum; a pure rotational motion was
required at the coupling. The desired behaviour was finally
achieved with a flexible fork and bar coupling suggested by
J. Geuer (Dominion Observatory Draftinq.office). Tﬁe fork
and bar contact only during driving and vhen the desired
rotation has been achieved the motor is reversed to back the
fork off slightly from.the bar.

Wwhen the original spot follover recorder used at
Rookhope was lost in a mine flood in December 1968 it was
replaced by a new all-transistor model. This cooler running
instrument wa$ found to regﬁire supplementary heating to
avoid deterioration of the metallic chart paper by moisture.
The new recorder too was found .to some£imes lose servo lock
after the power had been interrupted briefly, a common
occurrence 1in a working mine. This is a difficult fault to
recognize Dbecause brief power failures are not obvious on
‘the chart record. The trouble was overcome by introducing
relays which delayed the restogation of power to the spot
follover until the light sources -had -reached full
brilliance.

5-3 Preparation of the Rookhope Site.
Rookhope 1s 1located in County Durham approximately

mid-way between the east and west coasts. Geographical
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coordinates are 540 47' North, 2° 6.3* West and height above
sea level 1is 350 m. The site used was in an operating
fluorspar wine owned by the Weardale Lead Co., Ltd. A plan
of part of the mine showing the pendulum site is reproduced
in Figure (5-1).

An operating mine was selected as a site as a last
resort after many non~-operating properties had been
investigated and found unsuitable because of flooding, poor
rock conditions, remoteness or other reasons. The concern
about an operating mine was that the movement of ore trains,
the frequent dynamite blasts and the operation of punmps
would produce an intolerable level of noise in the tiltmeter
me;surements. The advantages of an opefating mine hovever,
particularly for short-tern measurements, proved
irresistable dnd s0 it was deé;ded to attempt to make tilt
measurenents in the Rookhope mine.

The site made available . to us Qas a large room used
originally as a chamber from which exploratory drilling
could be made. It was located at the end of a 200m long
cross-cut. This 1level was 17 fathoms (31 m) beneath the
surface and néar'the hase of the Great Limestone. The floor
here was dry and sound under apécoximately 30 cm of rubble
so it was decided to install the tiltmetérs directly on the
floor rather than in a large niche cut in the wall which is
the normal practise. Niche cutting had proven expensive énd
time consuming at Holland Mills and it was desirable to find

an alternative technique. The installation required for each
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pendulum consisted of installing securely in the rock three
stainless-steel pins on which the three legs of the pendulun
wouid rest. Plates (5-1) and (5-2) illutstrate how this was
done. Long steel studs Wwere first set in the floor by means
of expansion plugs (Rawlplug). An aluminum plate was
predrilled to mark the locations of the six holes to be
drilled in the rock. This plate was mounted on the steel
studs and washers and nuts on the studs were adjusted until
the plate was supported precisely horizontal and as close to
the floor as possible. (The floor had previously been
cleaned to sound rock and.- leveled by chipping). A drill
press was then clamped on the level plate and holes for the
leg support pins were Qrilled to the required depth, about_
15 cms. This technique ensured that the pins were all at the
correct height and the upper surfaces level. Important too
was the perfect'roundness of the holes vwhich wvas the result
of clamping the drill press firmly to the plate during
drilling. This was desirable in order to maintain a unifornm
clearance of about 0.25 mm around the pins fbr the adhesive,
vhich wvas applied next., The adhesive is a two-component
polyester resin of the type used for bonding strain-gauges
‘to rock surfaces at low temperatures. This is generally
considered to have better creep characteristics than an
expoxy adhesive, partiéularly in moist arease.

The spot follower site was prepared next. This is shown
in Plate (5-3); it consists simply of an aluminium base

plate pre-drilled to accept the four feet of the spot
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follover. It ig secured to the floor at the proper
horizontal 1level, distance and direction relative to the
pendulum. This is a convenient stage at which to connect by
surveying the pendulum azimuth to some known azimuth line in
the mine. To do this it is generally assumed that the center
of the fixed leg and the center of the period leg define the
azimuth of the pendulum. A template vwas made which fitted
the position constraints (the classic holé, slot and plane)
on the surfaces of the three pins and at the same time
provided marking pins on which a transit could be sighted.
In this way azimuthﬁ of north 299 west and east 29° north
vere determined for the two pendulums.

| The completed installation is shown in Plates (5-4) and
(5-5). A large aluminum case is fitted to the base plate and
sealed against “moisture. Fiber §1§ss and epoxy has been used
to seal the holes vwhere the‘pins enter the bhox. This glass
cloth is thin enough not to transmi£ to the pendulum any
motion of the box. The tvo motors which operate the drift
screws can be seen mounted on the front of the box at the
lover right. Mounted on top of the box is a clock-controlled
mechanism for varying the height of the mercury reservoir
which can he seen connected to tﬂe pendulums by long tubes.
This calibrating device is energized .once a week. Plate
(5-5) shows the spot follower and its plastic cover vhich is
essential for moisture protection. On either side of fhe
spot follower a 1light source can be seen mounted on a

vertical post. A slit of the proper dimensions is formed by
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a mnask fastened to the lijht source and an_image of this
slit is focused on the photocell by a 5 m focal length lens
after reflection at the pendulum mirror. The S m lenses were
mounted on the small plastic covers which can be seen
enclosing each pendulum. It is worth noting here that these
plastic covers, which are supplied by the manufacturer,
should be modified by having a panel cut in the front so the
pendulum can be accessed without having.to move the cover
over the top of the pendulun.
5-4 oOperation of the Rookhope Site.
5-4-1 1Initial Setting Up

The setting up procedure for the horizontal penduluns
is‘ described by Melchior in his book and in detailed
instructions accompanying each Verbaandert-nelchior
pendulum. The sensitivity is iﬁqreased in small steps until
a natural period of about 75 seconds is obtained. After each
step change in sensifivity a trimming adjustment of the
drift screw 1is required to keep the pendulum in its
operating range. When the proper period range is reached the
sensitivity is decreased, without changing the drift screw
‘adjustment, to give a period of about 10 seconds. The
position of the reflected slit image at this time is taken
to represent zero tilt of the pendulum.base; that is, the
pendulum is assumed to lie parallel to the line joining the
period screw and the fixed screw. This is the refereﬁce
direction nmentioned in the last section. The sensitivity is

restored to the 75 second region for normal operation.
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The difficulties in this technique are due mainly to the
almost total lack of damping in the pendulum motion. At high
periods a disturbance is introduced each time thé period or
drift screws is adjusted, however carefully, and this causes
large oscillations of the pendulum which take several
minutes to damp out. Moreover these adjustments must be
carpied out with the bbserver's wveight immediately next to
the pendulum so that even when stable operation is achieved
it may be upset when the observer moves away. With patience,
successful operation is eventually attained but the
difficulties are a serious hindrance to the application of
the £iltmeter. Some consideration was given to the
possiblility of achieving critical damping of the pendulum
by causing the mercury reservoir to move up and down as part
of a servo 1loop with controlling signals derived from the
potentiometers of the spot follower. Analysis shows that
this could be implemented by moving the reservoir at speeds
less than 7.0 mm/sec and through a vertical range equal to
three times the amplitude of expected tilt steps measured at
the recorder. This was demonstrated by controlling the
reservoir height manually but lack of +time prevented
construction of an operating system.

5-4-2 Summary

The £first tilt observations were made at the Rookhope
site in April 1968, Many inter;uptions wvere experienced
during the first few wonths due to failures of the spot

-follower or duve to prolonged power interruptions. The site



- 58_
could be visited only once or twipe per week so that
failures of any kind caused a data loss of a few days. Many
of these early records are being salvaged now by identifying
pover interrruptions and correcting timing errors.
Continuously good records began to appear in August and
continued wuntil mid-December when a major rock fall closed
the mine for several weeks. The pumps were without power
after the rock fall and the tilt recording equipment was
soon submerged under six feet of water. The spot follower
vas a total loss, mainly bhecause of the.corrosive_effects of
the water. The pendulums although unclamped throughout the
the fiood were found undamaged but very dirty. They were
later scrubbed clean and the 40-micron suspension fibers
br;ken off and replaced with new ones. A& replacement spot
follower was borrowed from the Dominion Obsérvatory and the
site reoccupied in February 1969. Regular recording beéaﬁ in

May and continued until the project ended in December 1969.

In spite of the fact that the Rookhope site is a
working mine the tilt records were generally quieter than
the Holland Mills records. This is believed to be due to the
difference in topography. The Holland Mills site is locafed
in an abandoned asbestos mine in thé midst of rough,
irreqular local topography. This topography is 1likely
reflected in a complex distribution of underground water
courses which cause anom%lous tilting effects during rain

storms and possibly during seasonal changes as well. The



(c)

(d)

(e)

PLATE (5-6) Representative Records Of Tilt From The Holland Mills Site.
(Horizontal scale:l.3cm/hr. Vertical scale:l,Ocm/,05 arc secs.)
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topography too results in a greater wind exposure tha% that
at Rookhope.

Reproduced in Plate (5-6) are several records from the
Holland Mills site vhich illustrate the behaviour of the
horizontal pendulums. Frame (a) shows a typically 'quiet®
record and a calibrating signal. This calibration was
produced by a single rotation of the lever arm carrying the
mercury reservoir. Normally several rotations are made so
that the effect of noise can bhe averaged out. Frames (b) and
(c) are typical records made during high winds and during
heavy rains respectively. The low frequency noise in Franme
{c) is principally on the east-west record; it is
unsymmetrical with respect to the tidal curve and usually
beéins and ends with the rain. This same pendulum in the
spring showus frequent permanent t*tares' in the sane
direction as this noise. An automatic scale shift appearg at
the right of Frame (c). The disturbance shown in Frame (d)
resembles a seisaic event but was not detected at the Ottawa
seismological station. Frame (e) illustrates a particularly
noisy record and a ‘'tare' of the type that seems to be
observed by all horizontal pendulums occasionally.

¥ind effects at Rookhope are much less noticeable than
at Holland Mills, presumably because the smooth rolling
topography near Rookhope presents little wind exposure. Low
frequency noise of the type shown in Frame (c) is sonetimes
experignced at Rookhope but it does not seem to be related

to rainfall.
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Long term tilting measured at the Rookhope site was
generally smaller than at Holland Mills. The direction of
tilt measured at both sites was the same throughout the year
and remained the same after the suspension fiber of a
pendulum was changed. This indicates that the long ternm
tilts measured were rTeal although they are probably too
large to represent tilting of more than a very local area
about the pendulums. At Rookhope the tilting during the
sunmer of 1968 was towards the direction west 49° south at
the rate of 4.5 millisecs/day. The following summer, after
the rock fall in December 1968 and repairs to the
tiltmefers, the direction was west 299 south at the rate of
8.0 millisecs/day. These_directions tend to be toward rather
than away from the working area of the nmine where

approximately 500 toms of rock was being removed each week.

The effects of blasting and the movements of ore trains
at Rookhope were of no importance in the mea;urement of
tidal tilt at diurnal and semi-diurnal frequencies. The
closest traffic and the closest blasting were located 1000 n

and 7000 m respectively from the pendulums. The temperature

in the pendulum room, which was not sealed off from the rest

of the mine, remained at 70.35°C %0.03° throughout 1968.
Throughout 1969, using a a different thermometer,; the

temperature was 10.27°C +£0.03°,
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"CHAPTER 6
DATA ANALYSIS

He will be concerned here with the problem of
determining the amplitude and phase of the constituent waves
in earth tide gravimeter and tiltmeter records.

6-1 PBditing The Data.

The chart records vwere digitized using a line-follower
device recording directly on magnetic tape. The output of
this preliminary phase is put on cards. The chart values
werc scaled to a maximum value of 999 so that a single card
carries 24 hourly values of 3 figures in addition to
necessary identifying information. It will bhe shown later
that the error associatgd with this level of resolution is
negli&le.in comparision with the errors due to other causes.
The data cards were next edited for isolated errors or level
changes, missing- data was estimated by interpolation where
possible, the non-tidal noise 1level was estimated and
finally, calibration constants were-applied and corrected
cards punched out. These editing functions were accomplished
with the aid of program BETTY which will now be described.

Errors or level changes in the data are detected in a
_smoothness test (Cartwright, 1966) which compares each
hourly data with a value found for that hour by
interpolation according to the formula:

X' (n)=.75[X(n+1)+X(n-1) )= 30[ (X(n+2) +X{n=-2) ]
+.05[ X (n+3) +X (n=3) ] (1)

The difference (Xn=X*n) is zero for any 5-th order
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polynonial. An isolated error produces a recognizable
symmetrical sequence of differences and a general shift in
level produces an anti-symmetrical sequence. The original
data is corrected for isolated errors revealed by this test
and level changes are subtracted from all subsequent data by
adding to the program input assignment cards of the form
FST(J,M)=C, where J is the day and M is the hour of the
level change of magnitude C. A second running of the progranm
will reveal whether the corrections have been applied
correctly. Short sections of missing data, not exceeding a
day in length, may sometimes bhe estimated at this stage.
Equation 1 1is used again for this interpolation with
consecutive terms separated by 1, 2 and 3 days rather than
1, 2 and 3 hours. It can be shown that an interpolation made
with this linear combination is not affected by the presence
of periods of 124hours or 24 hours. (Melchior, 1965, p71).

After the data has been proof-read and corrected in this
way the computer is caused to apply calibration constants,
estimate noise 1level and output data cards usable by the
analysis program JANET, which will be described later. Daily
calibrations are deterrined by interpolation between
~whatever calibration constants are entered as input. Noise
is estimated by applying to the data for each day, a linear
combination which discriminates against tidal periodicities.
This is described by:

Y(t) = Zui y(t-i)

wvhere y(t) is the hourly data, Wi.is a term of the linear
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combination and Y (t) is the result of the linear cowmbination
and represents in this case the effect of noise only. If the
noise in the original data is random with an rms value of ¢
then:

Y2 (t) = e2rWiz
In the case of the Lecolazet (1959) filter used here: IWiz =
1872. If there are Q days of data then:
€2 = [Y2(t) + Y2(t424).....Y2(t+n24) J/mEWiz
A typical value for tiltmeter records is given by Melchior
as €=0.3 nmm. We <can compare this to the error due to
quantization when the resolution of a 250mm record is 0.001.
The séale unit then is 0.25mr and the standard deviation of
the quantization error is (Bendat, 1966), 0.29 x .25 = 0.075
mme This 1is negli@le in comparision to‘the noise present in
the record due to other causes. Program BETTY is described
in more detail in the documentation presented in the
appendix.
6-2 The Fourier Method.

It 'was shown earlier that the potential of the
tide-producing force can be written as a series of terms
involving six fundamental frequencies. The six frequencies
are not commensurable and as a result the tidal potential is
not periodic in the sense that the function X(t) is periodic
vhen for any integer n: X(t)-= X(t ¢+ nT) where T is some
" finite time. On the other hand the tidal pﬁtential is
perfectly predictable and its spectrum consists of a finite

number of discrete 1lines. It is therefore fundamentally
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different from non-periodic phenomena in geperal which is
usually "transitory and is represented in the frequency
downa in by a continuum of energies. The tern
'alrost-periodic' has Dbeen used (Bendat, 1966) to describe
the predictable non-periodic function. The distinction is
important because it is on these considerations that an
optimum means of analysis is determined. If the function to
be analysed is periodic then it can be precisely represented
by a Fourier series. The series will contain all possible
constituent waves; the conmnplete orthonormal set of functions
for the specified interval. The coefficients of the series
are found term by term by multiplying bhoth the series and
the given function by_ a Fourier function and integrating
throughout the 1interval. This turns out to be a simple
operation because of the orthogonality of the Fourier
functions. If the function to be analysed is not périodic it
may be assumed to have a period equal to infinity and a
Fourier representation as before. In this case however the
Fourier coefficients must be determined by integration over
an infinite interval. Since the given function will "~

generally not be known for all times it must be replaced by

a truncated function equal to the given function throughout

the period in which it is defined and vanishing beyond this
interval. We can in this way find the Fourier representation
of the truncated function. This may or may not be a good
representation of the real function. Truncation can be

considered as multiplication of the given function by
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another function of time. In the frequency domain this is
represented by convolution of the  two corresponding
frequency functions which, in this <case, results in a
'smearing' of the 1line spectra of the given function.
Adjacent lines will tend to widen and merge. When the given
spectrum 1is mainly a band limited continum with very little
line content +truncation effects are not so serious. The
Fourier transform and the power spectral density function,
vhich are both developed from the Pourier representation
described here, are useful in cases where the chief ainm is
to establish the frequency content of the given function.
Here fhe situation 1is different; we are concerned with
determining the amplitude and phase of a limited number of
waves of known frequency. If there are p frejuencies present

we know that the function can be represented by the series:

Y(t) = B1e™ +3#168™  4.iiiieinnnoo.Bp? eBrpe™

The conjugate coefficients Bj and B*j must be determined by
comparision with the given function. If there is any noise
at all in the given function the determination can not be

precise and some criterion of ‘'goodness of fit' must be

assuned. It can be shown that if the interfering noise is

normally distributed then the most probable value for the
coefficient 1is obtained by minimizing the squares of the
residuals (Murray, 1965). In this way we are led to the
least-squares met hod of approximating almost periodic

functions in terms of the known constituent waves.
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6-3 The Least Square Method

There is a connection bhetween the Fourier series method
and the method of least squares. It can be shown that the
Fourier coefficients give the best least-squares fit vhen a
function 1is expanded in terms of an orthonormal set of
functions. This is _a special case o0f least-squares
approximation; the orthogonality of the functions has the
effect of 'decoupling' the normal eguations reducing each to
an equation in one unknown.
In general the functions of the'least-sguares approximation
will not be an orthogonal set and consequently they will be,
at least to some extent, linearly dependent. The solutions
to the nornal equatioqs will become "less and less well
defined .as this interdependence grows until finally when the
determninant vanishes a solution becomes impossible. Since
there will Dbe a greater degree of interdependence between
the waves of neighboring frequency than between waves having
widely different frequency the duestion arises whether a
'smearing' effect similar to that enéountered with the
Fourier t;ansform will be met with too in a least-squares
approximation to a non-periodic function. This guestion has
_been dealt with by Munk and Hasselmann (1964), who compare
the results obtained by the least-squares method with that
obtained ' using the Fourier transform in the case of a data
spectrum containing two neighboring lines plus a broad-band
noise. A truncation effect is found with both methods but

the ‘'smearing effect' of the Fourier method is found to
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depend on the record lenqgth while smearing in the
least-squares approximation 1is shown ‘to depend on record
length only through the accompanying noise and will be
absent if there is no noise. Mumk and Hasselmann demonstrate
that resolution significantly better ('super resolution')
than the inverse of the record length is therefiore possible
in a least-sgares . approximation; this is a compelling
argqument for the choice of the least-squares method for the
analysis of almost-periodic functions. Important too is the
convenience of the least-squares method in being able to use
data in the form of arbitrary-time samples of the given
functiﬁn. Gaps in earth-tide records are comnmon,
particularly in tiltmeter records, because of the difficult
operating conditions met with in underground sites. The
least-squares method is the only feasible method of data
analysis when the record gaps are too large to be filled in
by interpolation and the length of any continuous section is
too short for a Fourier analysis. Beyond this, it may be
more economical and just as reliable in many cases to obtain
separation of neighboring constituents by a series of short
recording intervals separated by long gaps than by a single
long recording.

For these reasons I chose to use a least-squares method
for analysing the earth-tide data. This  analysis is
implementgd by program JANET.

6'3—1. Program JANET

This program is based on a least-squares method
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described Dby Venedikov (1966). In principal a least-syquares
method c¢ould be made to work for data observed at arbitrary
times but the presence of drift would greatly complicate
such a general- method. To avoid considering drift,
Venedikov's method reguires a basic set of 48 continuous
hours of data, although many such sets can be used in the
analysis and they may be arbitrarily spaced in time. Each 48
hour set 1is filtered digitally to obtain two quadrature
related numbers proportional to the diurnal wave amplitude
in the data and two numbers proportional to the semidiurnal
wave amplitude. The same four filters are applied to data
determined theoretically for the site assuming a rigid
earth. In this wvay four'independent condition equations are
determined by each 48 hour set. If there are a great number
of such sets we could assume correction factors for the
amplitude of each Oof the theoretical constituents and
determine the most probable value for the factors on the
basis of the least-squared residual of the condition
equations. The resulting normal eguations however would be
ill defined unless the data span was very lonyg relative to
the reciprocal of the frequency difference between adjacent
‘constituents. The customary remedy for this difficulty, and
the one followed by Venedikov, is to assume that the
amplitude factors (complex) are the same for all the
constituents contained within <certain narrow frequency
bands. For data spans of less than six months Venedikov

assunes 6 such bands enclosing 52 diurnal constituents and 5
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bands enclosing 27 scwmidiurnal constituents, for a total of
22 unknowns. This assumption is valid for describing the
effect of +the tide-producing forces in the solid earth., It
may not be valid for describing the behaviour of the ocean
tide however and in areas where the ocean tide hLas a
significant effect on measurements of the earth tide the
assunption must be examined <critically. Prequently the
amplitude of the ocean tide is small for all but the main
constituent within a frequency band (Nurray, 1964) so that
any error in assuming a constant factor must be small. In
addition, tiunk and Cartwright (1967) find that the function
describing the response of the ocean to the tide-producing
forces (their 'admittaqce" function) is smooth and can be
considered constant throughout frequency bands of width 1/6
cycles per day. This is much wider than the frequency band
assuned by Venedikov.
6-4 Results
6-4-1 Rookhope Results

The results of the analysis ©f horizontal pendulum
measurements made at this site during periods in 1968 and

1969 are presented in Table 6-2. Results for hydrostatic

tiltmeter measurements made at the same site are shown in

Table 6-4,
6-4-2 Ottava Results

Results are presented in Table 6-1 for the analysis of
horizontal pendulum tiltmeter measurements made at Holiand

Mills, Quebec. This site is located approximately 50 km froam
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Ottawa. In Table 6-3 results are shown for gravimeter

measurements made at Ottawva.
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CHAPTER 7
SPATIAL VARIATIOKS OF THE EARTH TIDE

7-1 Introduction

It is necessary to state clearly the definitions
adopted for the discussion which follows. Tidal-gravity
amplitudes are measured in microgals and referred to either
in this form or in the non-dinmensional form called 6§
obtained by normalizing to the theoretical rigid-Earth tidal
gravity amplitude at the site. This latter amplitude is
given by:

V = 74.711 Cos2Xic (microgals) (7-1)

vhere | AC is the geocentric 1latitude found from the
geographical latitude X py:

Ac = X = (Sin2)/5.1826) (7-2)
Tidal-tilt amplitudes are measured in milliseconds of arc
and referred to either in this form or in the
non-dimensional form called D obtained by normalizing to the
theoretical rigid-Earth tidal tilt amplitudes at the site.
These latter amplitudes, for the directions north and east
respectively, are given by:

N

7.8706 Sin2\c[ 1- (Sin2Axc/297) ][ 1+ (2Cos2rc/297) ] (7-3)

E =15.741 Cosic[-1-(S5in2xc/297) ] (7-48)
These three tidal components are considered positive

vhen directed awvay from the center of the Earth, toward the

north and toward the east respectively. When expressed in

the dimensioned form the phase is a lag with respect to the

phase o0of the equilibrium constituent at Greenwich (E.C.G).
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Thus the phases of the rigid-FEarth components are given by:

gv = =20 (7-5)
gN = -26 - 180 (7-6)
gE = =20 - 90 (7-7)

where 6 1is the longitude, in degrees east of Greenwich, of
the site. When the amplitude is expressed in the
non-dimensional form it is more appropiate to use the phase
relative to the phase of the rigid-Earth component at the
site. This latter phase is the same as the phase of the
equilibrium constituent through the site (E.C.S). The phase
used in the non-dimenional case is given by the symbol k and
is called phase lag re. E.C.S.

Reference 1is made to the 'global gravimetric factor!
and to the 'global diminishing factor'., These are nominal
values for 6 and D intended to approximate the factors which
would be experienced on the Earth if there was no ocean
loading effect. Seismological evidence and model studies
indicate that these factors are approximately 1.16 and 0.700
respectively.

The gravimeter site at Bidston is located on a hill
~overlooking tidal waters at a distance of only 2 or 3 Kkas.
It is necessary here to calculate the direct attraction
effect due to this height. Provision is made in progranm
GLOBL to make this computation: The Greent's Function for
gravity is put equal to 1.0 for all distances and two

computations are made, one with the height set eqgual to zero
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and the other usinj the actual height; the difference
between the two results is the desired attraction effect due
to height alone.
7-2 Gravity and Tilt Observations in Britain.
7-2-1 Bidston

The gravity perturbation due to ocean loading is
estimated by program GLOBL to be:

G =1.978 (~789) . (7-8)
This is calculated on the basis of zero height at the site.
The attraction effect alone, assuming zero height .is:

AGa (h=0) = .875 (-53.49) (7-9)
The at£raction cffect for the true height of 5425 cms is:

AGa (h=5425) = .574 (154.50) | (7-10)
The net . perturbation due to height effect alone is the
difference bhetvween these two attraction terms:

AGh = 1.408 (137.59) (7-11)
Adding this to the perturbation found assuming zero height
yields the net perturhation due to all effects of the ocean
tide; denoting this as AGt we have:

AGt = AG + AGh = 1.163 (-122.29) (7-12)
The M2 constituent of the gravity tide observed, assuming a
_gravimetric factor of 1,16, then should be:

Go = 1.16 Gt + AGt (7-13)
where Gt is the gravity tide which would be observed on an
oceanless and rigid Earth.

This  predicted result is compared with the IGY

earth-tide - gravity observations.made in 1958 by Harrison et



Site

Observed Calculéted

Ocean-tide
Contribution

Theoretical
Rigid Earth

Bidston

Winsford
Llanrwst
Rookhope

30.94 (4.4%)  30.37 (4.4%)
32.84 (2.2% 32.74 (1.49

1.16 (-1229)
3.84 (-67%)

- 25.2 (21.3%)  6.42 (1199
- 28.63 (-3.6%)  4.00 (-89%)

26.79 (6.1%)
27.03 (5.09)
26.83 (7.6°)
24.65 (4.4%

TABLE (7-1) Comparison of observed and.calculated gravity tide.
(Amplitudes in pgals; phase lag re E.C.G.)

N. American coastal areas .31 (117°).

Mediterranean area

.07 (-106°)

0 N.E. Atlantic Ocean 0.795 "(~70%)

1 N. Atlantic (remainder) 1.06 (u75°)

2 S. Atlantic .26 (-116°)

3 N. Pacific 23 (- 49
4 S. Pacific .67 (-125%)
5. Indian Ocean .53 (54%)

6

7

8

Arctic Ocean
Total Effect..... .o

1.163(~-122°)

" TABLE (7-2) Bidston - Contribution to gravity
tide by global zones (microgals).



Poly. Amplitude Cal. tilt effect Cal. Height

Nr. (phase) North East grav. effect effect
1 274 (315%)  27.936 17.077 1.021 1.090
2 183 (325%) 5.518  5.910 .056 .030
3 107 (3509 1,255 .209 .009 .004
4 1320 (330%) 5.001 16.857 .196 .181
5 198 (345%) 2.339  5.029 .033 .023
6 76 (020°) .317 .450 .004 .001
7 274 (316%) .756  9.515 .065 .031
8 290 (315%)  20.666 13.100 .184 .086
9 274 (315°) 3.503 .803 .042 .007
10 290 (310%) 3.350  3.278 .058 .009
11 290 (310%) 784  5.340 . .075 .010
12 60 (3189 011,607 ——- -

TABLE (7-3) Bidston - Calculated effects due to local polygons
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al (1963) in Table (7-1).

It is useful to consider the gravity perturbation
contributed by each of the global zones to make up the total
given in Table (7-1). These are shown in Table (7-2). The 12
polygons shown in Figure (7-6), which are local to the
Bidston site, have a . large influence on the gravity tide
measured at the site. Data for thesg-polygons are summarized
in Table (7-3). Since the ocean-tide effect is small and due
principally to local loading in the distance range where the
Green's function for gravity has been extrapolated this
result can not be wused to infer any particular crustal
structure.

Tilt nmeasurements have bheen made at the Bidston site
for many years. Lennon and Vanicek (1969) have recently
summarized the results of tilt measurements made since 7952
using several different instrument types and methods of
installation. These results cover a wide range of_values and
there seems to be no grounds for deciding which values are
‘'the more 1likely. A simple average of all the numbers
referred to .in their Table 2 yields the ‘observed' results
reproduced in Table (7-4) (Bidston) below. The 'calculated'
~values vwere determined by program GLOBL. It can be seen in
Table (7-3) that the tilt effect due to local polygons is
relatively enormous; polygon number 1 alone contributes 36
percent of the total north effect. This illustrates the
importance of precisely representing the ocean tide when the

site is very close. If the reliability of the tilt
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observations warranted greater prediction accuracy these
local polygons could be subdivided and the variation of the
tide over the surface could be estimated more accurately.
Improved accuracy could be obtained too by referring to the
geographical coordinates of both the site and the polygons
to the nearest .001 degrees rather than to .01 degrees as
used here. For this distance range all these steps would be
required before the predicted results could be compared to
the observations with a view to appraising the suitability
of the Green's Function used for tilt. In this .particular
case the measurements appear to be influenced by other
effecté and these refinements are not wvarranted.
7-2-2 #@insford

Calculated effects are presented for this site for both
the gravity tide and the tilt tide although only the IGY
gravity observations of Harrison et al (1963) are available
for this site. (A short series of tilt measurements made by
Tomaschek in 1953 at this site is - chiefly of historical
interest.) The close agreement between calculated and
observed results demonstrates the probable validity of the
extrapolated values assumed for the Green's Function.
7-2-3 Llanrust

Gravity and tilt calculations are presented in Tables
(7-1) and (7-4) for this new site established by G. W.
Lennon in 1968. Observations at this site have not yet been
published. The gravity result ¥vill be particularly

interesting when it becormes available because the calculated
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ocean—-tide contribution is so large, Accuratg observations
of the gravity tide. should lead to an experimental
deternmination of the 1local Green's function accurate to
within a few percent.
71-2-4 Rookhppe

This site 1is ideally situated for investigating the
e¢lastic properties of the upper mantle by means of tilt
measurements. Figure (7-1) shows the location of the nearest
ocean-tide polygons; the site is approximately 60 kms from
the nearest coast. According to Beaumont's results
(1971—pnpublished) the Greent's Function for tilt is the sane
for u wide range of Earth models for distances greater than
about 200 kms. In the distance range of 50-150 kms however
the Green's TFunction for tilt is sensitive to upper mantle
and deep crustal structure but not at all sensitive to the
superficial layefs near the surface.

Results for data obtained in the years 1968 and 1969
are presented in Table (7-4). Precisely the same north-south
tilt was obtained in both years while fhe east-west tilt
measured during the second year was about 12 percent higher
than for the first. The net calculated tilt shown is the sum
~of the ocean-tide contdbution computed by program GLOBL and
the theoretical rigid-Earth tilt diminished by the factor
0.7, wvhich 1is the global diminishing factor accepted
throughout this thesis. There is relatively poor agreement
between the calculated and observed results; particularly in

the east-west direction. Working backwards from the observed
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and theoretical values the ocean-tide contribution required
for agreement of calculated and observed results can be
found; this is shown in the line marked 1. Although the
required east-west ocean effect is substantially larger than
that determined by GLOBL the reguired north-south ocean
effect 1is smaller. This rules out anj suggestion that a
simple increase of several percent in the Green's Function
for distances from 50 kms to 100 kms is required. To
illustrate the unsatisfactory effect the ocean-tide
contribution has been recomputed for an increase in the
Green's function for distances from S50 kms to 100 kms of 10
perceni. (Line 2). As the Green's Function is increased to
correct the east-wesg calculation the phase of the
north-south calculation becomes increasingly in error. At
least for a 1laterally homogeneous m@mantle the Green's
Function assumed is probably nearly correct.

The next step in the treatment of this data should be to
more precisely delineate the local tides shown in Figure
(7-1); showing - the large amplitudes near shore. If this
better definition does not lead to better agreement between
calculated and observed tilts then tilt measurements at
another site in the same area should be made to confirm the
peculiar features noted here. In particular if the large
east-vest tilt is confirmed it would constitute evidence for
lateral inhomoge&ities in the mantle or for possible

non-elastic effects such as block~tilting. (Tom%schék 1953) .
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7-2-5 A Suggested Site

.As ‘'can be seen from Fig. (3-4) thé ocean-tide loading
effect in the south-west part of England should be
exceptionally high. For a site located at latitude 50.50°N,
longitude 356.00°E, the effects on gravity (pgals) and tilt
(msecs) are computed by program GLCBL to be 10.332 (~U449)
and 37.893 (-359) north, 28.523 (-64°) east. The
corresponding gravimetric and diminishing factors are 1.400
(-129), 4.590 (130°) north, 3.618 (149) east. These values
are large and at the same time the particular site is more
than 20 kms from the nearest coast so that there are no very
local 1loads and thus no influence from superficial surface
structure. For this reason this region is suggested as a
site for measurement of the gravity tide for the purpose of
determining ewmpirically the near-load Green's function.
7-3 Belgium Tilt MeasuTements

Observed and calculated tilts are presented below
(Table 7-5) for 4§ sites in Belgium where anom%lous results
have been observed which Melchior has suggested may be due
to upper mantle heterogeneites. For each series of
neasurements at each site I have listed the north and east
~components of tilt observed. For each site I have calculated
and listed the ocean-tide effect, the net tilt which should
be obhserved assuming this ocean-tide effect and a
diminishing factor of 0.7, and the net tilt assuming a
diminishing factor of 0.6. The small values observed for the

north-south tilts at Dourbes and Remouchamps have been noted
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by Melchior (1967) and similar results have begn obtained at
the neighbhoring sites of Chevron and Vielsalm. The very
large north-south tilt observed at Sclaigneaux is at least
as anomalous as these small values but has attracted less
attention.

The difference betveen calculated and observed
north-south results is between -2.19 and +3.01 milliseconds
for the seven observations listed. This is about egual to
the amplitude of the vector representing the tilt due to
loading and attraction by the ocean tide. The corresponding
differences for the east-west results aré -.56 and +1.83.

This pattern of variations can not bhe explained by
crustal or mantle inhomogeneities. All the sites are located
more than 100 kuns from the nearest coast thus the surface
loading effects of the ocecan tidc will be determined mainly
by the elastic. properties of the mantle rtather than the
crust. Inhomogenities at this depth could not account for
the small-scale regional variations evidenced by the
results. The spatial change in the direct attraction of the
vater masses is similarly restricted; this can be seen from
the Boussinesq solution for an elastic half-space which
‘relates the attraction to the surface deformation. Thus the
variation observed can not be the result of 1local
differences in the response of the Earth to the ocean-tide
surface force.

The body tide of the Earth is a function of even deeper

layers (Takeuchi, 1950) and therefore, although the
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diminishing factor assumed may be 1in error by several
percent, - it must have the same value throﬁghqut regions
having dimensions in the order of hundreds of kilometers. I
have 1listed 1in Table (7-5) calculated results for each of
the sites assuming a diminishing factor of 0.600 to
illustrate the effect of this factor. Clearly the results

can not be explained as spatial variations in the body tide.

The most 1likely reason for spatial variations of the
diminishing factor on the scale noted here is the presence
of 1large underground water courses. A'water-saturated zone
confinéd by impermeable walls, except for a few cracks
through which water may be forced when the zone |1is
compressed, has the ability to integrate the earth-tide body
force throughout the entire zohe and to concentrate certain
of it's effects over a small area. This is demonstratea hy
the tidal variation in the level of wells. It is easy to
imagine a situation where the tiltmeter is' installed
directly on a rock which caps a water-saturated zone and
which is caused to tilt by tidal variations of the
hydrostatic pressure in the zone.

Finally, it is interesting to observe the good
agreement between the arithmetic means of the observed and
the calculated results.

7-3-1 The Influence of Hydrology
;onfined and anconfined aquifers in general are

discussed by Brown (1968) and are illustrated in his Figure
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XITII~-4 which is reproduced here in Fig. (7-4). Referring to
this figure it «can be secen that volume changes due to the
strain of the earth tide will cause changes 1in the
hydrostatic pressure in both the confinced and unconfined
aguifers. The pressure acting on the under surface of the
imperﬁeable layer will therefore vary periodically and the
layer may be displaced as a consequence; perhaps
differentially to cause the upper surface to tilt. In the
practical case the hydrogeology is not generally known but a
useful criterion for the possible influence of groundwater
on earth-tide mwmeasurements mway be the drift or long-tern
behavibur of the recorded tilt. If the measurements are
influenced by groundwater then this behaviour should reflect
the seasonal fluctuations due to groundwater recharge and
discharge.

The site at Sclaigneaux is known to be affectea by
flooding of the near-by river Heuse. Melchior and Brouet
(1964) have found +that the observed tilt d;e to this
flooding is about an order of magnitude greater than that
due to loading of an infinite plane of rigidity egual to
1011 c¢gs units. They find too that the tilt-load relation is
not 1linear nor is it completely reversible. A cross-section
through the mine adit leading to the Sclaigneaux sites is
reproduced in Figure (7-5) (Melchior and Brouet, 1964).
lLayer 2 is a sandstone much more porous than the dolomite of
layer 1. The situation 1is similar to that illustrated in

Fig. (7-4) and it is conceivable that the hydrostatic



SITE So (k) LONG(E) LAT(N) AS K Scorr «
Uccle 1.180 (-1.3) 4.21 - 50.48 +.107 (-54) 1.118 (3)
Luxembourg 1.198 (~1.1) 6.08 49.37 .098 (-52) 1.138 (3)
Karlsruhe 1.211 (~1.0) 8.25 49.01 * .080 (-48) 1.158 (2)
Hannover 1.179 (~1.5) 9.43° 50.23 * .080 (-48) 1.125 (1.5)
Kiesflbach 1.192 ( 4.9) 10.07 50.51 * .080 (-48) 1.146 (8.0)
Bad Salzungen 1.131 ( 0.0) 10.14 50.48 * .080 (-48) 1.079 (3.0)
Potsdam 1.209 ( 0.5) 13.04 52.23 .073 (-42) 1.156 (3.0)
Freiberg 1.127 (-0.3) 13.14 50.55 * .073 (=42) 1.074 (2.0)
Berggieshubel 1.273 ( 3.6) 13.57 50.52 * .073 (-42) 1.223 (6.0)
Dourbes 1.308 ( 0.0) 4.36 50.06 .106 (-53) 1.247 (4.0)
Strasbourg 1.202 (-1.0) 7.46 48,35 * .09 (-52) 1.147 (2.5)
Frankfurt 1.180 (-1.0) 8.31 50.05 * .08 (-48) 1.127 (2.0)
Bonn 1 1.202 ( 0.0)... 7.5 50.44 * .09 (-52) 1.144 (3s0)
Bonn 2 1.209 (-1.0) 7.5 50.44 * .09 (-52) 1.150 (2.0)
Paris 1.195 2.33  48.83 .123 (-55) 1.129 (5.0)
Vedrin 1.197 4.85 50.50 *..106 (=53) 1.136 (4.0)

MEANS. 1.200 .087 1.142

TABLE (7-6) Comparison -of observed and corrected gravity tide in
western Europe. (Gravimeter factor §, phase lags k).

OCEAN-TIDE CALCULATED

SITE GRAVITY EFFECT GRAV. FACTOR
New York 2.039 (-179)  1.201 (-1
Carlisle 1.280 ( 163) 1.190 (D)
Oxford 0.823 ( 133)  1.175 (-1)
Urbana 0.739 ( 1190  1.169 (-1)
Manhattan 0.719 ( <90) - 1.156 (-1)
Denver 0.776 ( 80) 1.148 (-1)
Ephraim 0.927 ( 73). 1.141 (-1)
Reno 1.556 ( 61)  1.124 ( 0)
Pt. Arena 2.772 ( 43) 1.103 ( 1)

TABLE (7-7) Calculated gravimetric factors

and ocean-tide effect (ugals) for Trans-

U.S.A profile.

(Phase of ocean-tide effect is lag re E.C.G,
phase of gravimetric factor is lag re E.C.S)
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pressure on layer 1 is caused to véry with the earth tide.
The effect of .this pressure may be particularly conplex
because of the fractured state of the rock. There is thus
sufficient reason to suspect the anomalous north-south
results determined at this site.

The hydrogeological conditions at the other sites have
not been discussed. Melchior has however singled out the
Warmifontaine site as being particularly stable; both from
the standpoint of long-term drift and of constancy in
sensitivity. The observations from this station show the
best aqreement with the calculated results in Table (7-5).
7-4 dravity Measurements in ¥Western Europe.

The results of Earth-tide gravity measurements made in
receng years at seventeen sites in Western Europe are listed
in Table (7-6) together with calculated ocean-tide effects.
The column headed A6 is the perturbation of the gravimeter
factor determined by program GLOBL. Values of A6 marked by
an asterisk were determined for neighboring sités and thus
may be slightly in error. ©6corr is the net corrected
gravimetric factor found by subtracting A6 from the observed
factor 6o.

It can be seen that the observed values are generally
larger than the value of 1.16 +.005 suggested by Alsop and
Kuo (1964) as the most probable value of 6 for the Earth as
a whole. The calculated perturbation leads the phase of the
equilibrium constituent at the sites by approximately 50°

and has an average amplitude of .087. When these calculated
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perturbations are sSubtracted from the observed gravimeter
factors -the result 1is generally too small relative to the
probable global value. Taken individually the gravity
measurements may reflect various unknown effects which have
no geophysical significance. Taken as a group however this
large number of measurements would be expected to yield a
significant result and the 1low value of 1.142 for the
average corrected gravimetric factor suggests a systematic
error. Several possible reasons for a systematic error in
the computation of the ocean-tide effect were considered and
the most 1likely 1is the neglect of the ocean tide in the
Norweqian and Greenland Seas. These waters were omitted
because reliable tidal charts were thought not be available
at the time the ocean-tide data was compiled for progran
GLOBL. The tidal <charts of Tiron et al (1967) have become
available since and these do include part of the area in
question. Tiron's chart for the global H2 tide is reproduced
in Figure 7-2. It will be seen that the tide in the
Greenland Sea-Norwegian Sea area has a nearly uniform phase
lag of 11 to 12 hours and a mean amplitude of 45 cms. This
phase is in near opposition to the perturbing effect already
noted and therefore will tend to yield larger values for the
corrected gravimetric factors écorr. A.rough estimate of the
maximum effect on the perturbing vector 46 is 0.10 (.29
pgals) which, if applied uniformly to all the resuits, would
raise. the average gravimetric factor to 1.152. This result

still seems 1low but definite conclusions must await a
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detailed treatment.
7-5 North American Measurements

7-5-1 Gravity Along A Trans-U.S.A Profile

Kuo et al (1969,70) have conducted a tidal-gravity
survey across the United States as a basis for investigating
the spatial variations of tidal gravity. A total of nine
sites were occupied, each for a minimum duration of six
months with at least six sites in simultaneous operation at
one time. Relative calibrations among the gravimeters was

determined to within 1 percent throughout the measurements.

fheir Figure 7, which 1is reproduced here as TFigure
(7-3), shows the 1location of the sites, the ocean-tide
contours assumed, and .the gravimetric factors which they
observed (s0l1id dots) and vhich they calculated (triangles)
on the basis of a Boussinesq solution of the half%séace
loading problen. As_a first approximation they neglected the
effect of ocean tides beyond the area shown in éhe figure.
Rather than extrapolate the Green's Function determined by
Longman (1961) they chose to determine first the
displacement by the Boussinesg solution and then to compute
the gravitational effect of the displaced masses
'numerically. |
Thé close agreement between their observed and
calculated results (better than 1 percent except for one
site) was taken by Kuo et al as confirmation of an earlier

theoretical result (Kuo and Ewing, 1966) that the effects of




ACCUMULATING PERCENT OF
OCEAN-TIDE OCEAN-TIDE RIGID-EARTH
ZONE EFFECT EFFECT TIDE

N. Atlantic 1 .013 (-179) .071 (-~ 66) .0
S. Atlantic 2 .738 (~102) .797 (- 99) 1.6
N. Pacific 3 113 ( 26) .704 (- 86) - .3
S. Pacific 4 .363 (-134) .983 (-102) .8
Indian S .817 ( 75) .170 (- 90) -1.8
N. American Coast 6 1.796 ( 65) 1.643 ( 63) =4.2
Mediterranean 7 .103 (- 85) 1.556 ( 61) .2
TOTAL -3.6

TABLE (7-8) The calculated ocean-tide effect on tidal gravity

measured at Reno, Nevada. (Ocean-tide effect in

ugals and degrees lag re E.C,G)

ACCUMULATING PERCENT OF
OCEAN-TIDE OCEAN-TIDE RIGID-EARTH
ZONE EFFECT EFFECT TIDE

N.E. Atlantic 0 142 (~ 55) 142 (- 55) -.3
N. Atlantic 1 .590 (~169) .549 (-155) 1.1
S. Atlantic 2 455 (-112) .938 (-136) .0
N. Pacific 3 464 (1 50) 479 (~142) - .3
S. Pacific 4 .321 (-129) .796 (~137) o2
Indian 5 .828 ( 70) .383 ( 142) 2.1
N. American Coast 6 .949 ( 168) 1.303 ( 161) 2.2
Mediterranean 7 .051 (- 81) 1,280 ( 163) - .1
TOTAL +2.9

TABLE (7-9) The calculatéd ocean-tide effect on tidal gravity

measured at Carlisle. (Ocean-tide effect in ugals
and degrees lag re. E.C.G).
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crustal and upper mantle structure on tidal gravity must be
smalle In view of the results presented earlier in this
chapter this close agreement must be considered fortuitous.
In the case of Bidston for example the perturbation due to
loading by the tide of the South Pacific Ocean represents
2.5 percent of the rigid-Earth value and that due to the
Indian Ocean represents 2.0 percent. A flat Earth
approximation for determining the ocean-tide effect on tidal
gravity is clearly not generally acceptable.

We have presented in Table (7-7) results calculated by
program GLOBL for the ocean-tide effect on tidal gravity at
each 6f the trans-U.S.A sites. These results have been
plotted too in Figure (7-3) where they can be compared with
the results of Kuo et al. We have assumed that their A6=0 is
with reference to the global-probable value of §, 1.16.
Their observed results for the western half of the profile
nov appear anom%lops. This i1s an interesting result but is
unlikely in view of the theoretical results of Ku; and Ewing
(1966) and must be examined critically. In Tables (7-8) and
(7-9) I have listed results calculated by program GLOBL for
Reno and Carlisle; representative of western and eastern
sSites respectively. These tables show the influence of the
various global zones on the ocean-tide effect and are
presented here to demonstrate that lovw gravimetric factors
-calculated for the west and high factors calculated for the
east are not due to distanéé ocean tides which were not

considered by Kuo et al. Approximately the same result is




- 86—

obtained when only the ocean tides bordering North America
are considered. In this particular c¢ase the effects of
distant ocean tides tend to cancel and therefore
consideration of the ocean tides on the limited scale
adopted by Kuo should produce fairly accurate results.

Comparison of +the <calculated results determined by
program GLOBL with the calculated results of Kuo et al for
ocean tides within a distance of 309 is subject to the
criticism that the Green's Function used by GLOBL has been
determined by extrapolation. To avoid this objection I will
demonstrate in another way that A6 for the western sites is -
probably substantially negative rather than ncar zero as
assumed by Kuo et alf The gravity tide at Reno (measured
positive outward from the Earth) due to body forces lags the
equilibrium constituent at Greenwich by approximately 240°,
High water occﬁring off the western coast at the same time
will depress the site and cause a gravity effect opposing
the body tide effect. In general, the loading effects of the
regional ocean tides can be expressed as follows:

A6>0 if -309<g<150° (7-7)
46<0 if 1509<g<330° (7-8)
_where g 1is the phase 1lag of the reqgional ocean tide .on
Greenwich (E.C.G). The calculated results of Kuo et al mean
that the loading effect of the ocean tide north of the 150°
contour shown in Figure (7-3) is nearly cancelled by the
effect of the ocean tide south of this contour. The position

of the 150° cotidal line is therefore crucial in determining




CALCULATED PERCENTAGE

GRAVIMETRIC FACTOR OCEAN-TIDE OF RIGID-EARTH
SITE OBSERVED CALCULATED EFFECT TIDE
Ottawa 1.196 (+1.0) 1.190 (+1.0) 1.133 (172) 3.2 (21.0)

TABLE (7-10) Comparison of observed and éalculated tidal gravity at
Ottawa. (Ocean-tide effect in pgals and degrees lag re E.C.G)

ACCUMULAiING PERCENTAGE OF

OCEAN-TIDE OCEAN-TIDE RIGID-EARTH
ZONE " EFFECT EFFECT " TIDE

N. Atlantic 1 .463 (-165) .429 (—14;) 1.2
S. Atlantic 2 465 (-144) .870 (-127) 1.2
N. Pacific 3 .353 ( 50) .518 (-125) 1.0
S. Pacific 4 .393 (-125) 911 (-125) 1.1
Indian 5 .805 ( 70) .244 ( 178) 2.2
N. American Coasts 6 .908 ( 166) 1.148 ( 169) 2.4
Mediterranean ete. 7  .062 (- 85) 1.133 ( 172) .2

: T O I AL 3.1

TABLE (7-11) The calculated ocean-tide effect on tidal gravity measured at
Ottawa. (Ocean—-tide effect is in ugals and degrees re E.C.G)
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vhether or not the western observations are gnomalous. The
particular tidal chart used by Kuo et al is one of several
that have been postulated. Munk et al (1971) have recently
gathered together the various charts available and have
discussed them with respect to a new chart which they have
derived based on off-shore tidal measurements. I have
reproduced their summary of the tidal charts in Figures
(4-10) and (4-11). The chart used by Kuo et al is based on
that of Dietrich (1944). Amongst all the charts, it will be
seen that the Dietrich chart contains the highest .proportion
of tidal water having a phase less than 150°; favouring a
near-zero value for A6. The most recent charts would all
Yield more negative results for A$.

It . is reasonable to conclude that the values of tidal
gravity observed by Kuo et al along the western half of the
trans-U.S.A profile are significantly larger than expected
on the basis of a spherically-symmetric model o§ the Earth
and the 'hest' presently available ocean-tide data. The most
likely reason for this result is large-scale errors in the
ocean tide data, particularly throughout the central part of
the N. Pacific Ocean.

1-5-2 Gravity Heasurements At Ottawa

Observed and calculated tidal-gravity results are
presented in Table (7-10). The contribution of the various
zones is shown in Table (7-11).

7-5-3 Tilt Measurements

Results are presented here for Williams Bay, Wisconsin
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(Yerkes Observatory), Illolland [ills, Quebec (near Ottawa)
and Rawdon Nova Scotia.

The observations referred to at Willians Bay are the
classic Earth-tilt mneasurements of Michelson and Gale made
in 1917 (Michelson and Gale, 1919). This was a wvater-tube
type mreasurement using pipes 502 feet long and 6 inches in
diameter buried 6 feet underground. This type of device in
general offers several advantages . over short-based
instruments of the horizontal pendulum type: It is not
sensitive to yielding at supporting feet, or to local
tilting of rocks; the sensitive directiomn is clearly defined
and the sensitivity can be rcadily determined in terms of
furdamental units; it is inherently zero-stable and can hg
used to measure secular as wWwell as periodic tilts. Because
of these reasons the measurements of Nichelson and G;le,
vhich extended err a year, must be treated with a good deal
of respect 1in spite of their antiquity. These results are
shown in Table (7-12) together with results from the Holland
Mills pendulum site and ocean-tide effects calculated for
both sites., (Michelson and Gale seem to have misinterpreted
their phase results. In their conclusion they refer to both
_the observed phases as lags with respect +to the
tide;producing forces., However, from the description given
of their analysis method and from their illustrations it
seems clear that the observed phases lead the theoretical
phase. Phases shown in Table (7-12) therefore are shown

leading). The 1lack of agyreement between the 1967 and the
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1968 Holland Mills north-south results indicates that
neither is reliable. The east-west results on the other hand
are guite consistent. Thé first calculated results shown
were determined on the basis of a global diminishing factor
of 0.700. This 1is simply the round number closest to the
factor commonly observed. The second calculated results
assume a factor of 0.66 and are much closer to the results
observed. This is precisely the number found by Kelvin
(1890) from observations of the fort-nightly tide in the
Indian Ocean; the observations on which he based his now
famous remark that the Earth was more rigid than steel. The
number'0.66 vas determined too by Schweydar (1907) using the
same technique but with more freguent observations. The
present A result shows that the measurements of Michelson and
Gale (1819) at a semi-diurnal frequency yield the same
number when the measurements are corrected for the surface
loading effect of the ocean tide. The number 0.66 is
confirmed too by the calibrated pendulum measurements made
at Holland Mills.

Rawdon is located in Nova Scotia near the large loading
tides of the Bay of Fundy. Lambert(1970) has measured the
two conponents of tilt there using Verbaandert-Melchior
pendulums. His observed results are listed in Table (7-4)
together with the calculated results assuming a global
diminishing factor of 0.7 and an ocean tide effect computed
by program GLOBL. Both calculated results are small in

comparis.on with the results observed. The Green's Function
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used here was the same as that used to calculate the tilt at
Bidston ~and Rookhope; the varying degrees of agreement
obtained between observed and calculated results may reflect
differences in crustal or (particularly in the case of
Rookhope) upper mantle structure. Experimental work in this
unique area is being continued by Beaumont with a view to
determining an accurate finite-element model of the regional
crust and mantle.

7-6 Africa, Asia and Japan

Results for seven sites are shown in Table (7-13). The
ocean-tide cffect determined by GLOBL for the four mid-Asian
sites.appears to be in error. Except for Talgar the observed
values are all very low although the ocean-tide effect is
computed as being additive. This may be due to major errors
in the assumed distribution of ocean tides in the Indian
Ocean or to omitting the effects of the tide of the Arctic
Ocean. Tiron et al (1967) have recently presented a new
cotidal chart for the Indian Ocean which is likely much
improved over the purely theoretically-derived chart of Uneo
(1965) used in program GLOBL. This new chart is being fitted
to the program now. The absence of tidal charts for the
_Arctic basin remains a difficulty.

The first tilt measurements in Africa were made
recently by Blum (1969) at Ecker, Algeria (Long 5.08 °E. Lat
24.050%N). The diminishing factors observed for the N2
constituent are D=0.668 for the east-west component and

D=0.351 for the north-south component. This site is located
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approximately 2000 kms from the closest ocean and thus
should be 1little influenced by ocean tides. When the
correction computed by program GLOBL is applied to Blun's
factor the result 1is: D=0.608 (NS) and D=0.405 (E®W). The
only apparent explanation available for the anomalously low
east-west factor 1is a hydrological condition such as that
sugygested previously to explain the Belgium results.

The results of tilt measurements .made at 27 sites in
the Soviet Union have been summarized by Aksentieva et al
(1969). Although the ocean-tide effect for all of these
sites is small the range of values determined for the
diminighing factor is from 0.476 to 0.955; there is one
value of 0.252. The means however are 0.653 (*0.015) for the
north-south direction and 0.683 (+0.007) for the east-west.
This is further support for a global diminishing factor near

0.66.
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CHAPTER 8
DEVELOPMENT OF A SENSITIVE HYDROSTATIC TILTMETER

8-1 Introduction

The initial aim of the research described in this
thesis was to experimentally observe tidal tilts at several
points throughout-Britain. The impracticability of this plan
only became apparent as the difficulties of site preparation
and the peculiarities of horizontal pendulum operation were
realized. The basic difficulty is that the horizontal
pendulum responds to the tilt of'a base vhich is only 23 cnas
long._ The great sensitivity required of the tiltmeter is
obtained at the expense of stability of the zero or initial
position of the pendulum and sensitivity to dimensional
change. - The short base line contributes too to the problenm
of placing the tiltmeter on the Farth's surface so that‘the
tilt it experieﬁces will represent the large-scale tilt due
to the tide rather than spurious movements of the'small rock
or of the support pins on which the tiltmeter is placed. In
practise these difficulties have the following consequences:
The horizontal pendulum is difficult and expensive to set
up; frequent and skilled attention is required to keep it in
~operation; site occupancy of one year is probablj required
for reliable (repeatable) results; the results obtained may
not rTepresent regional tilting but rather a spurious local
effect; all pendulum tiltmeters exhibit a long-term drift
and none are suitable for studying secular tilting;

Faced with these difficulties we abandoned plans to
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measure tilt at more than one site and investigated
alternative means of measuring tilt., Several modern
tiltmeters of +the short-base type uwere available but were
rejected in favour of the classic water-tube tiltmeter used
for the first time for measuring tidal tilts by Michelson
and Gale in 1914 (see Section 7-7). Theoretically at least
the hydrostatic tiltmeter is zero stable and it's
sensitivity is determined solely by the lengtk of the base
line. Somc additional advantages over the the horizontal
pendulum are: The placement problem is no longer critical
and installation is quick and cheap; the direction in which
tiltiné is neasured is precisely determined; a system sealed
to prevent evaporation Hill operate for long periods of time
vithout attention.

Extensive bibliographies on hydrostatic leveling are
presented in Nelchior's book (1965) and in Scheel (19%6) who
develops the theory and deals with the problem of
eliminating errors due to temperature and pressure effects.
Hodern semi-portable hydrostatic tiltmeters are described by
Eaton (1950), Bonchkovskiy and Skurt'yat (1961), and by Eto
(1966) . None of these tiltmeters hovever provide a
sensitivity near that of the horizontal pendulum, which is
typically 1.0 mm of chart displacement per 1.0 millisecond
of tilt. Melchior (1965, p91) guotes an rms error of 0.3 mm
in reading the horizontal pendulum tiltmeter chart so that
the rms error in reading the gross tilt (the sum of all

harmonic constituents) 1is 0.3 milliseconds. To measure the
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tilt of a hydrostatic tiltmeter with a 100-meter base length
to the same accuracy the water level at each end must be
measured to an accuracy of $0.065p (2.6 microinches). This
is just within the <capability of nodern displacement
measuring transducers of the differential transformer type.
In particular a transducing system manufactured by the
Boulton-Paul Aircraft Company of England measures the
displacement of the armature of a differential transformer
to an accuracy (at constant temperature) of 1 percent
throughout a range of 250 microinches. The remainder of this
chapter will deal with the design and use of a sensitive
hydrogtatic tiltmeter incorporating these Boulton-Paul
transducers.

B-2 Description of the Apparatus.

The tiltmeter was designed originally as an exact copy
of the visually-read tiltmeter described by Eaton t1959).
This tiltmeter consists of two pots with connecging water
and air tubes. The pots are approximately 10 cms in diameter
and 20 c¢ms in height. A manually-adjustable micrometef is
fitted through the bottom of each pot through a rubber seal.
This micrometer adjusts the height of a pointed-head spindle

which, when viewed through a window in the wall of the pot,
can be set to mark the level of the-water. Variations in the
water level can in this way be measured with an rms error of
about 1.5u.

To accept the Boulton-Paul transducers the upper end of

the nmicroameter spindle was modified so that the transducer
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could be inserted into it and sealed with epoxy. The
transducer connecting leads were taken out through a hole
drilled axially through the spindle and micrometer head. The
transducer armature, vwhich has the form of an iron rod of
diameter 1.5 mm and length 1.5 cmn, was fastened to a light
plastic float so that when the float rested on the water
surface the armature projected into the axial space of the
transformer with approximately 0.2 mm clearance on all
sides. Subsequent changes in the water level, within the
linear range of the transducer, wuwere then detected and
outputted as proportional changes in voltage.

After laboratory tests and modifications, vwhich will be
described 1in the next section, the apparatus was installed
in the long straight adit leading to the pendulum site. The
pots were clamped to aluminum shelves secured to the rock
wall with bolts and expansion nuts (Ravlplug) and locatea 60
m apart. The air and water lines were of diameter 0.93 and
1.27 cns respectively. The installation of one pét is shown
in Plate (8-1).

8-3 Laboratory Tests and Fodifications.

Laboratory tests of the water-tube tiltmeter began in
October 1968 with the system filled with tap water. At first
the output voltage was observed £o drift off quickly in a
series of steps or sudden 'tares'. Much of the drift was
eliminated by rebuilding the rubber seal through which the
micrometer entered the pot and by boiling the water to

renove dissolved air. ‘*Tares' were still observed however
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when the pots were tapped lightly. This was thought to be
due to "rubbing of the armature against the transducer body
and a mechanical vibrator was constructed and fastened to
the pot in an attempt to keep the armature in continuous
motion. The vibrator completely removed the tares but when
the sensitivity of the system was increased another trouble
became apparent. On first sight this seemed to be a
repetition on a smaller scale of the tareing effect noticed
previously. The behaviour however was different; repeated
tapping of the tiltmeter pot would cause the output to tare
repeatedly in the same direction. This is consistent with
the hysteresis effect of «capillary forces described by
Landau and Lifshitz (1959) . The contact angle of a liyguid on
a solid.surface is in general different depending on whether
the 1liquid is advancing over a dry surface or receding ﬁrom
a previously wétted one. Changes in the capillary forces
acting on the float are halanced by the buoyancy forces and
the depth of immersion required to balance the capillary
force is:

h = 2yCos@/pgr (8-1)
Here 7y 1is the surface tension of the fluid, @ is the angle
~ between the surface contacted and the tangent to the fluid
surface, p 1is the density of the fluid and r is the radius
of the float. For the case here r=4.0 cm, p =1.0, ¥y=74.0 and
the immersion depth assuming perfect wetting (6=09) is
h=380u. Clearly, variations in contact angle in general and

the hysteresis effect in particular represent serious
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problems since we are attempting to measure the vater level
to an accuracy of $0.065u. Given the float radius all that
can be done to 1lessen the effect of variable forces of
capillary is to choose a fluid with a low ratio of surface
tension to density and ensure that all surfaces are as clean
and as smooth as possible and either completely wetted
(8=0°) or completely unwetted (6=180°) by the fluid. In the
present case the surface tension vwas lowered by about one
third by adding a detergent to the water. An examination
then of the contact line of water and float revealed that
the contact was very irregular. Thorough degreasing of the
float- improved on this situation but irreqularities were
still present apparently due to surface roughness. Finally
the surface of the float was coated vith teflon and polished
smooth. This changed the contact angle drastically, from
near perfect wetting to non-vwetting. More important hbuéver
vas the fact that the contact angle now appeared unifora
about the circumference. With these modificétions the
tiltmeter still showed occasional ‘t'stiction' effects but

they vere much smaller than previously.
Before installing the tiltmeter in the mine the
vibrator system was replaced with a loud speaker introduced
.into the air line. A speaker of diaﬁeter 18 cm was driven by
approximately 10 watts of power at a frequency of 50 hertz.
The configuration of the vibrating system was arbitrary
except that the materials vwere convenient and it had the

desired the effect.
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8-4 PResults

The water-tube tiltmeter was operated intermittently
over the period April 1969 to March 1970. There were
frequent breakdowns of the transducer electronics which had
to be returned to the manufacturer twice for long periods.
Unfortunately too, defects in the transducer electronics
produced an effect wvhich resembled the 'stiction' effect due
to capillary forces. Consequently the latter effect could
not bhe explored in a systematic way. Observations made
during the period July 8, 1969 to September 16, 1969 wvere
analysed by the nmethods described in Chapter 6 and the
results are presented in Section 6~4-1, The tilt measured by
the water-tube tiltmeter is anomalously low for all harmonic
constituents. The manufacturer's calibration was used to
determine the transducer sensitivity for this analysis.
There vas noi convenient method of confirming' this
sensitivity on the assembled water-tube tiltmeter. 1In
principle it would be sufficient ‘to change the water
capacity of the system by a precise amount, by dropping a
ball bearing of known volume 1into one of the pots for
example, bhut it was impossible to open the air seal of the
~ system without introducing other effects. A method of
calibrating which will avoid this difficulty is discussed in
the next section.

In Figure (8-1) simultaneous tilt measurements by both
the water-tube apparatus and the horizontal penaulums are

shown for the period July 24, 1969 to August 6, 1969. The
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drift behaviour of both tiltmeters is very nearly the sanme
which suggests that it is real. The water-tube tiltmeter
record is shown in more detail in Figure (B8-2).
8-5 Conclusions.

The results demonstrate the feasibility of building a
sensitive water-tube tiltmeter to replace the horizontal
pendulum. For a system using a float to define the level of
the wvater some error due to varying capillary forces seems
inevitable. These variations can be minimized by using a
large diameter, massive float and ensuring that its surface
is uniformly clean and smooth and 1is either completely
wetted or not wetted by the fluid. The hysteresis effect
discussed in Section 873 seems unavoidable but can be kept
small enough to be unimportant in tidal studies. It may be a
handicap though in measuring secular tilts or in measuring
residual tilts due to seismic events.

The detergent-water solution used here was selected on
the hasis of immediate availability. Propyl alchohol
(preferred name is 1-propanol) has been suggested as being
more suitable because of it's tendency to dissolve grease or
other contaminants which might collect on the surface of the
_float.

The experiment demonstrated the need for a method for
frequently measuring the sensitivity of the wvater-tube
system without disturbing it in anyway. A means of doing
this 1is suggested by the calibrating device of Verbaandert

(1958) which was described in Chapter 5. A precise variation
P
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in the water-carrying volume of the water-tube tiltmeter
will induce an equally precise variation in water level in
each of the pots. The precise variation in volume could be
obtained by the elastic deformation of a Verbaandert-type
device forming part of the system volume ana caused to
deform by the hydrostatic force exerted by a column of
mercury. The height of the mércury column could be caused to
vary periodically in the same way as in the Verbaandert
method of pendulum calibration. The transducer outputs would
be read out individually rather than as a difference and the
sensitivity of each transducer deternmined.

The anomalously low sensitivity obhserved 1in the
water—-tube tiltmeter results is not the same for all
constituents. This suggests that the tiltmeter is in soae
way distorting the harmonic constituents of the tide._The
calibration apéaratus described above is suitable for
driving the system smoothly at any given frequency and
therefore will be useful in determining both the frequency
response of the system and the degree of non-linear

distortion.
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CHAPTER 9
CONCLUSIOQNS

A method of determining the effect of the ocean tide on
measurements of the earth tide has been applied for the
particular case of an 'extrapolated' Gutenherg-model earth.
The results suggest . values for the gravimetric and
diminishing factors of 1.16 and 0.66 respectively although
it 1is clear that the global ocean tides are not yet well
enough known to correct accurately for their effects. The
conputed ocean-tide effects are éonsistent with ohservations
throughout eastern North America but western observations of
tidal gravity suggest a major error in the.assumed ocean
tide distribuiton in the North Pacific. Observations of
tidal gravity throughout Asia, and to a lesser degree
throughout Europe, lead to anomalously lou gravimepric
factors vwhen corrected for the conputed ocean-tide effect.
The EBuropean measurements may be brought into line with
theory when the ocean tide of the Norwegian-Greenland Seas,
wvhich has just recently become available, is considered. The
anomalous Asian determinations may be due to the effect of
unknown Arctic Ocean tides but are more likely due to
_systematic errors in the distribution assumed for the tide
in the Indian Ocean.

In the above it can be seen that a gravimetric factor
has been assumed and the tidal-gravity observations have
then been wused to appraise the accuracy of the ocean-tide

data, rather than to determine the gravimetric factor. This
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is the appropiate direction to take.because seismological
evidence 1limits allowable variations "of the gravimetric
factor to about 1 per cent which, in typical conditions, is
less than the effect of assuring different but egqually
probahle ocean-tide models. The case 1is different for
tidal-tilt measurements because the effect of ocean tides at
distances greater than about 50 degrees is negligible. This
reduces the need for accurate ocean-tide data to a regional
scale and a mid-continental site may require no ocean-tide
correction at all. However, the large number of. tidal-tilt
measurements made throughout Europe and Asia during the past
several years have produced a vide variety of results for
the amplitude and phasg of the diminishing factor. Many of
the anomalous results have heen shown to be reliable by
parallel observations but the sites are too far inland for
the discrepancies to be due to ocean-tide effects. The only
apparent explanation for aﬁomalous tilting at tidal
frequencies is a differential surface displacement due to
the effects of tidal strain in an underlying confined
aquifer. The presence of such an aquifer effect is indicated
when tdrift! tilting correlates with periods of
_ precipitation or atmospheric pressure variations. This
characteristic in the drift behaviour suggests a much-needed
means of identifying inaccurate results and poor sites.

Aquifer effects may be lessened by using a tiltmeter
having a longyer base-line length; such as the vater-tube

tiltmeter described here. 1In any case, future emphasis on
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water-tube instruments is suygested because of their
inherent stability and ease of installation.

The determination of the effects on earth-tide
measurements of very local ocean tides has been demonstrated
and the basis has been established for using such local
loads for investigating the mechanical properties of the

crust and upper mantle.
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APPENDIX III

Program PRESS















APPENDIX IV

Program CAPS












APPENDIX V

Program LONG
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Program GLOBL
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APPENDIX VIIT

World-wide Tidal Data File
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APPENDIX IX
DEFORMATICON DUE TO THE N=1 TERYN

Equilibrium of an isotropic elastic solid requires
that: (Symbols are those of Caputo [ 1961])

Yij,j- = "Fi (1
in the interior of the medium and on the surface bounding
the medium:

TijV4= T4 | (2

The stress-strain relation is:

Yij = A& ijv + Zye.,ij - (3)
vhere V=ei;; 1Is the dilatation or the divergence of the
displacement vector, eij 1.5 the strain. Vanishing of the
noments of external forges on the body requires 7ij = in'

The displacement uj is determined by:
R e = ..
i, Y g,1 T 2%
Equation 3 can be written also in the form:
.. = A6 .1 + Uu. ++u. - ’ i
Tij i3kt MUy YUy ) )
Substituting this egquation (1) for the stress gives:

M + Atg)u . .. ¢+ F. =0 (5)

1) S .
1,]) JsJ1 1
vhich can also be written:
(A+2u) grad div u - p curl curl u + Fi =0 (6)
The solution to this equation is found by first finding a
particular integral of (6), adding to it the complimentary
function of equation (6) with_Fi = 0, then adjusting the

arbitrary constants available so that the prescribed

boundary conditions are satisfied. (Love, 1892, p 252-253).




Deformation due to.mass loading represented by the n=1
term can be found wusing Caputo's (1961). equations as
follows: A particular integral of equation 1 is given by
Love (1927) (p253) for a body force which is the gradient of
a potential Vn. Thus a particular integral can be found for
each shell. For each shell this particular integral can be
added to the complementary function for the same shell and
the sum wused in Caputo's equations 5 and 6 (and the
equations derived from them) to determine the arbitrary
constants.

In the special case n=1, and assuming the single shell
case m=1, A2 and Ad4in Caputo's equ%tion 3 must be zero and
therefore there are only two arbitrary constants; A1 and A3.
When equations 3 are substituted in equations 8 the
coefficient of A3 turns out to be zero and thus we can put
A3=0. (A3 corresponds to translation of the earth as a
whoie). The stresses due to this complementary function now
are:

P.yp {S) = 6urA 3 cosef 1+ (\/u)=(\T/2p) ]

P g (5.) -pA1(3/2)r sineF1+TJ

where T = (27+3)/(y-1) and 7y=\/u

The surface stress due to a uniform pressure Po (£ = -Pé)

T

throughout the cap whose semi-angle is w is given by:
£.= I Pn*l(cosw) - Pn_l(cosw))Pncose (PO/Z) - (PO/Z)(l—cosw)

thus fil = —(B/Q)Ph)SLnZ cos9

Finding the potential due to this mass distribution (Po/g)

(eqn 20) and substituting the particular integral (egqn. 21)




ve obtain:

Prr (s-)

Po (s )

Clr cosB[ = (6p/5) =\ ]

(2/5)pC1r sing
vhere o 1= (KrdP, sin2w)/(A\+2u) g
adding the stresses due to both the particular integral and
-the complementary function and equating to the boundary
conditions we obtain:
Ap = 4 Cy15(1+T)

and thus the displacement is: (from Caputo!s eguations . and
2) .

Url = =-{(3aP,sin2a cos8)/(8u(37+2))
Converting to Longman'; dimensioniess form- [u/(am'/m) ]
yields:

Url = - (392 cos0) /[ 8Krpu(37+2) ]
For p=1.86x103'2 and y=1.27 this becomes:

Ur1 = -.159 Coso

| I have also obtained a solution for the case n=1
assuming an earth consisting of an outer shell enclosing a
fluid core. The result for this case is:

Ur1 = -.157 Cosé@
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