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C H A P T E R ON 

S-Matrix Theory 



1. I n t roduc t ion . 

Our approach to the problem of strong in te rac t ion 

dynamics fo l lows the S-matrix point of view, as emphasised 

in recent years by notably Chew and his c o l l a b o r a t o r s ^ ) . 

That i s , we attempt to understand the properties of hadrons 

as members of a "nuclear democracy" ( 2 ) i n terms of 

assumption of a n a l y t i c i t y , u n i t a r i t y , crossing symmetry 

and Regge^) asymptotic behaviour of strong in te rac t ion 

scat ter ing amplitudes, without making any reference to an 

underlying f i e l d concept. 

I n t h i s in t roductory Chapter, we out l ine our 

basic hypotheses, and develop some of the formalism 

necessary f o r t he i r t e s t i ng . This provides the foundation 

f o r the dynamical calculat ions presented i n the f o l l o w i n g 

Chapters. 

We begin w i t h a b r i e f summary of the general 

p r inc ip l e s of dynamical S-matrix theory (Buch as they 

are understood at present), and then go on to discuss 

the i r impl ica t ions f o r two-par t ic le to two-par t ic le 

react ions. 

The hypothesis that the scat ter ing amplitude 

i s ana ly t i c , uni tary and crossing symmetric i s embodied 

in an i n t eg ra l representation, which i s unique up to 

possible a r b i t r a r y subtraction constants that express 

unknown high energy behaviour. An ana ly t ic continuation 
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hypothesis removes th i s uncer ta inty, and Hegge poles 

appear as the subtraction terms, g iv ing dynamical content 

to the theory ( 5 ) . 

A means of ca lcula t ion i s to wr i t e down an 

ana ly t i c , crossing symmetric amplitude whose high energy 

behaviour i s governed by Regge poles, and to enforce 

u n i t a r i t y upon i t . We describe the N/D method ( 6 ) as a 

way of doing t h i s . 

2. General P r inc ip l e s . 

Taking a t yp i ca l hadronic mass to be 1 GsV, 

and assuming that Yukawa^2) forces operate, one expects 

strong in te rac t ions to be characterised by decay times 

"lO""2*4 - seconds and by in te rac t ion ranges " l O " ^ c m s -

These estimates are consistent w i t h experiment^^). 

Because of the very short range of the strong fo rces , 

i t i s possible to define asymptotic i n i t i a l and f i n a l 

states containing only f r e e stable hadrons on the i r 

mass she l l s . (Electromagnetic, weak and g r a v i t a t i o n a l 

forces are neglected unless e x p l i c i t l y Btated). These 

physical configurat ions are described by the usual 

quantum mechanical state v s c t o r s ( 9 ) ? l abe l led by the 

pa r t i c l e momenta and spin or ienta t ions - the 

experimental observables. We assume that the set of 

physical states obey the superposition p r i n c i p l e ^ 1 0 ) , 

are orthonormalisable and are complete. 
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Then we define an operator i n the space of 
physical states by 

S = ^ / T H , * * > < - » » , o u t I 

(1.1) 
where the summation runs over p a r t i c l e conf igura t ions . 

Taking matrix elements, i t i s immediately found that 

the assumptions of orthonormality and completeness imply 

that S i s un i t a ry , 

SS+ = S+S = 1 . (1.2) 

The matr ix elements of S s a t i s f y 
<t,WvlS| ajU,> ^ < b ) 0 u £ | ajiW> = <L,oiU;| S | a,ou*> (1.3) 

corresponding to the usual d e f i n i t i o n of S-matrix elements, 

namely 
b a ( l .U) 

Because momentum measurements are experimentally 

p o s s i b l e ( ^ , the asymptotic states w i l l be taken to be 

momentum eigenstates. We sha l l deal here w i t h physical 

states containing only s tructureless bosons. The 

complications of sp in^ 1 3 ^ are i n general not n e g l i g i b l e ( l 3 ) t 

but f o r s i m p l i c i t y w i l l be ignored since they do not 

a f f e c t our conclusions i n t h i s section. A single pa r t i c l e 

state w i l l be w r i t t e n |p)> where p i s i t s four-momentum^ 1^. 

The. " i n " and "out" labels are dropped, as permitted by 

equation (1 .3) . 

We use single pa r t i c l e states w i t h invar iant 

normalisation, v i z . , 

<Klp> - (2n) 3 4p 0 S ( 5 V~ p ) ; (1-5) 



where the corresponding phase space volume element i s 
d3< 

(1.6) 

M u l t i p a r t i c l e states are simply d i r ec t products 

of single p a r t i c l e ones, and the i r corresponding space 

volume element i s the product of the single p a r t i c l e ones 

(divided "by appropriate products of f a c t o r i a l s to take 

account of any i d e n t i c a l pa r t i c l e s i n the intermediate 

state i n ques t ion^- ' ) . 

Expression (1.6) may be replaced by 

using the elementary properties of the d e l t a - f u n c t i o n ^ ^ ) t 

so that manifest invariance under proper Lorentz. t rans

formations i s displayed. The u n i t a r i t y r e l a t i o n (1.2) 

may then be wr i t t en i n terms of general m u l t i p a r t i c l e 

S-matrix elements as 
©0 

2 W T T % « ^ a e ( o < p ; ^ | s | v > > * , x 

-w=f J**i (1.8) 

(where i d e n t i c a l pa r t i c l e s are neglected f o r s i m p l i c i t y ) . 

The re la t ionsh ip between the S-matrix defined 

above and a spa t ia l descr ip t ion of a scat ter ing process 

requires some care C 1 ? ) , a nd we sha l l not enter i n to 

d e t a i l s , except to say that the appearance of Planak's 
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constant i n the Fourier transforms which take S from 
momentum space to conf igura t ion space provide the 
necessary statement that the theory deals wi th micro
scopic phenomena. The transformations of the physical 
observables from one i n e r t i a l space-time frame to another 
are proper Lorenta transformations, under which the 
S-matrix elements are assumed to be inva r i an t , as we have 
already impl ied . 

Among the consequences of Lorentz invariance 

i s the presande. on the r i g h t hand side of equation (1.4) 

of de l ta - func t ions of energy-momentum conservation. 

Because strong in terac t ions have a very short range, an 

S-matrix element consists of "connected parts" 
( 1 8 ) . 

each corresponding to one of the possible reactions 

which may occur between a l l , some, or none of the i n i t i a l 

p a r t i c l e s . Energy and momentum are conserved o v e r a l l , 

and by each connected part . 

For example, the (two-par t i d e ) — » ( two-par t i c le ) 

S-matrix element breaks up as 

(1.9) 

corresponding to the p a r t i c l e s proceeding unaffected or 

scat ter ing. The fac to r *L(2TT) 4 i s conventional, and we 

have chosen to labe l a l l the external four-momenta as 
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incoming. The A-matr ix element i s the " f o u r - l i n e 
connected part", that i s , the scat ter ing amplitude. 

The assumptions introduced so f a r may be 

summarised thus: 

( i ) The superposition p r i nc ip l e of quantum 

mechanics holds, 

( i i ) A uni tary S-matrix ex i s t s , 

( i i i ) The S-matrix i s Lorsnta inva r i an t , 

( i v ) The S-matrix has a disconnected 

s t ructure . 

These postulates are r e l a t i v e l y incontroversial j , 

and are almost ce r ta in to be features of any successful 

theory of hadrons. Of more debatable standing are two 

postulates which give dynamical content to S-matrix 

theory, and which underly the work presented here. 

They are (using Chew's nomenclature ( ) , 

(a) Maximal a n a l y t i c i t y of the f i r s t kind (hereafter 

abbreviated to MAFK). This i s the postulate tha t the 

only s i n g u l a r i t i e s i n the complex energy variables of the 

invar iant amplitudes derived from the connected parts of 

the S-matrix are the poles corresponding to stable or 

unstable p a r t i c l e s , and f u r t h e r s i n g u l a r i t i e s generated 

from these poles by u n i t a r i t y and crossing.(b) Maximal 

a n a l y t i c i t y of the second kind (MASK). This i s the 

postulate that the S-matrix i s continuable throughout 

the complex angular momentum plane, w i t h only isolated 

s i n g u l a r i t i e s . 
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Ths f i r s t of th9se, MAPK, i s a statement of 
what was loosely referred to i n the In t roduc t ion as the 
assumption that hadron scat ter ing amplitudes are ana ly t i c , 
uni tary and crossing symmetric. The second, MASK, i s a 
general isat ion of the assumption that scat ter ing amplitudes 
display Rsgge asymptotic behaviour. 

I t would b9 inappropriate to give here a lengthy 

discussion of ths impl icat ions and theore t i ca l j u s t i f i c a t i o n 

f o r these two postulates f o r a r b i t r a r y scat ter ing processes. 

Detailed reviews are given by Ghew( 1), by Eden(^) e t . a l . , 

and by Co l l i n s & S q u i r e s ^ , who give references to the 

o r i g i n a l work. Instead, we sha l l consider only t h e i r 

implicat ions f o r the f o u r - l i n e connected par t , where t h e i r 

consequences are brought out most c l e a r l y , and where the 

work of l a t e r Chapters i s concentrated. 

3. The Foun-line Connected Part . 

The f o u r - l i n e connected part i s both experimentally 

accessible - i n simple cases - and t h e o r e t i c a l l y t rac tab le , 

because of i t s small number of degrees of freedom. There

fore i t s study has been, and w i l l continue to be, one of 

the most f r u i t f u l testing-grounds of theories of strong 

in te rac t ions . 

Most of the calculat ions described i n the 

f o l l o w i n g Chapters w i l l be concerned w i t h the e l a s t i c 

scat ter ing of equal-mass spinless p a r t i c l e s , and therefore 
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the formulae developed here w i l l be confined to t h i s 
simple case, and l a t e r extended i f necessary. 

I n the absence of spin, i t i s wel l -known^^) 

that Lorentz invariance and the mass she l l condit ion 

confine the independent variables of an n - l ine connected 

part to a set of 3n-10 invar iants formed f rom the 

n external four-moments. For the f o u r - l i n e connected 

part we define as uBual the three invar ian ts s, t and u 

to be, ( see F i g . 1.1), 

s = (p x + p 2 ) 2 

* = ( P I + P3) 2 ( i - i o ) 
u = (P i + P^) 2 . 

The equation r e l a t i n g these variables i s 

s + t + u = 4m 2 , ( l . U ) 

where m i s the external mass. 

We wr i t e the amplitude corresponding to the 

connected part of Fig.1.1 a s A ( s , t , u ) , to emphasise i t s 

crossing symmetry, which has not been proved i n S-raatrix 

theory (as i t has i n quantum f i e l d t h e o r y ) ( 2 0 ) , but i s 

a part of the postulate of MAFK. 

Because of the GPT theorera^^21), and crossing, 

the amplitude of F i g . l describes the s ix processes 

1 +• 2 —» 3 + I+: 3 + k —> T + 2 (1) 

1 + 3 — ^ 2 + T+: 2 + k —> T + 3 (2) 

l + k—»3 + 2: 3 + 2 — > T + 5 , (3) 
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but w i t h (1 ) , (2) and (3) aB pbysioal ly permitted i n 
d i f f e r e n t regions of the s, t and u var iables . For 
process ( l ) we f i n d f rom (1.10) that 

s = (centre of mass t o t a l energy) 2 

(1-12) 
= 4 ( m 2 + q s 2 ) , 

thus de f in ing q 8 , the centre of mass three-momentum. 

Also we f i n d 

t = -(centre of mass momentum t r a n s f e r ) 2 

= 2 q H

2 ( l - a a ) 
(1.13) 

is ^ n s / ? 

where a = cos 0 B and 9 B i s the centre of mass sca t ter ing 

angle. Thus u i s given from (1.11), (1.12) and (1.13) 

as 

u = - 2 q s ( l + a B ) . (1.14) 

Processes (1) are referred to as s-channel processes, 

and are respect ively phys ica l ly allowable i f ±.c^s> O 

while - / 3 ^ s / • 

S i m i l a r l y , i t f o l l ows from (1.10) that f o r 

(2) and (3) the energy and momentum t ransfer var iables 

are ( t , s ) and ( u , t ) respect ively , and correspondingly 

(q t , a^) and ( q u , a u ) are def ined. These are cal led the 

t - and u - channel processes, and are physical f o r 

( ± l t > O j - / ^ « t ^ I ) **<L 

respect ively . The three physical regions are shown 

on the symmetrical Mandelstam d iagram^ 2 2 ) , F ig .1 .2 . 
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MAPK asserts that a connected part has only 
those s i n g u l a r i t i e s i n the (complex) energy var iables 
which are forced upon i t by u n i t a r i t y i n the channels 
i t l i n k s by crossing. For a general process, the 
nature and loca t ion of these s i n g u l a r i t i e s can be found 
by using Landau's ru les^ 2 -^ and Cutkosky's r u l e s ( 2 i + ) . 
For ths f o u r - l i n e connected par t , i t i s i n t u i t i v e l y reason 
able that s i n g u l a r i t i e s must occur i n the energy 
variables as a new process becomes allowed by energy 
and other conservation laws - i . e . , at the threshhold 
of 9ach "communicating channel"(^ - where the amplitude 
suddenly acquires new degrees of freedom. Also i t 
i s natural to carry over from (e .g . ) f i e l d theory the 
correspondence between poles and p a r t i c l e s , and to 
suppose tha t m u l t i p a r t i c l e threshold s i n g u l a r i t i e s 
should be branch points because a continuum of f i n a l -
state configurat ions are possible. 

These conjectures are born out by detai led 

analysis , (reviewed i n r e f . k), and we take without 

f u r t h e r comment the pa r t i c l e -po le correspondence. 

The appearance of threshold branch points comes d i r e c t l y 

from u n i t a r i t y as f o l l ow s . Wr i t ing f o r ths S-matrix 

Sjj - \ + < (corresponding to ( 1 . 9 ) ) , we 

f i n d f rom ( 1 . 2 ) that + yr T + T 
~ Xtf = 2 ^ '*« '^f ( 1 . 

-si 

( ~[ i s the Hermitian conjugate o f T ) . Since 7" 
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conserves four-momentum, the r i g h t hand side i s non-zero 
above the lowest threshold and changes d i s c o n t i n u o u s l y 
at each higher one, corresponding to the presence of more 
allowed intermediate s t a t e s i n the matrix product. 

Equation (1.15) expresses the d i s c o n t i n u i t y 

a c r o s s the u n i t a r i t y cut, drawn from threshold to + °o, 7 

but i t i s very d i f f i c u l t to handle except i n the e l a s t i c 

or q u a s i - e l a s t i c region where only two-body intermediate 

s t a t e s are r e t a i n e d . I n t h i s case, t a k i n g matrix 

elements of (1.2) and using (1.9) and ( 1 . 8 ) , we f i n d 

a f t e r a l i t t l e a l g e b r a C 2 ^ ) , that the d i s c o n t i n u i t y 

a s s o c i a t e d with the ( q u a s i - ) e l a s t i c channel n i n the 

t r a n s i t i o n a->b can be w r i t t e n > 

°>sn being the momentum i n s t a t e n. We s h a l l d i s c u s s 

t h i s equation i n more d e t a i l below; here we merely 

remark that i t may be shown that f o r p h y s i c a l s-channel 

processes, ( t < ^ 0 ) , the i n t e g r a l of (1.16) contains BO. 

s i n g u l a r i t i e s which change the square root nature of the 

threshold branch point, implied by the f a c t o r q B n , so 

that a l l two-body normal thresholds are two-sheeted^ 2*^ . 

MAFK f u r t h e r a s s e r t s that A ( s , t , u ) has a 

" p h y s i c a l sheet" on which the a n a l y t i c continuation 

necessary to achieve c r o s s i n g can be c a r r i e d out. On 

t h i s sheet there are no complex s i n g u l a r i t i e s , and 
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the p h y s i c a l amplitude i s reached "by c o n t i n u a t i o n to the 
appropriate energy value from j u s t above the threshold 
branch cuts (according to the + •!£ p r e s c r i p t i o n ^ ) ) . 
A l l the physical sheet s i n g u l a r i t i e s of A(s,t,u) t h e r e f o r e 
appear on the diagram of Fig.1.2, and equation (1.16) 
r e l a t e s the amplitude evaluated above ( s + ) and below (s_) 
the two-body cut. 

At f i x e d s, the t-plane p h y s i c a l sheet has a 
ser i e s of right-hand branch p o i n t s a t the ^ c h a n n e l 
ph y s i c a l thresholds, a s e r i e s of l e f t - h a n d branch p o i n t s 
from the u-channel thresholds, and possibly some bound 
state poles. (Resonance poles are excluded from the 
phys i c a l sheet by u n i t a r i t y , (equation ( 1 . 1 5 ) ) ; they 
must be near the physical r e g i o n , t h e r e f o r e they l i e on 
the f i r s t unphysical sheet j u s t below the r e a l a x i s . 
Such a p o s i t i o n corresponds to a wave f u n c t i o n w r i t t e n 
as T̂ / <* e*p t-'i-^&t) , where the resonant 

energy E R has a negative imaginary p a r t and the + t£ 
p r e s c r i p t i o n d i c t a t e s the choice of phase i f the state 
i s t o decay). 

I f A ( s , t , u ) i s expressed as a Cauchy i n t e g r a l 
i n the t-plane, MAPK defines the p o s i t i o n s of a l l the 
s i n g u l a r i t i e s of which the path of i n t e g r a t i o n must take 
account. I f t h i s contour i s s p e c i f i e d to run along 
the upper and lower l i p s of both cuts, c l o s i n g w i t h 
s e m i c i r c l e s a t i n f i n i t y , and i f A goes to zero as /1, j 
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goes to i n f i n i t y , then the d i s t a n t c i r c l e does not 
c o n t r i b u t e and a d i s p e r s i o n r e l a t i o n ( 2 7 ) f o l l o w s i n 
the usual way, 

J 

I n t h i s expression 

D u i s defined analogously. 
Returning to (1.15), we have 

W = ^ 2 ^ * t*+ ) 
and w i t h time r e v e r s a l invariance t h i s becomes 

That i s , f o r r e a l s and a, 

"because (1.20) continued below the f i r s t p h y s i c a l 
t h r e s h o l d , i m p l i e s t h a t A(s,t,u) i s r e a l a n a l y t i c i n t . 
S i m i l a r r e s u l t s hold i n the other two channels^2®). 

Prom (1.20) we can deduce the o p t i c a l theorem, 

which makes d i s p e r s i o n r e l a t i o n s l i k e (1.17) accessible 
to experimental v e r i f i c a t i o n . At present, the 
d i s p e r s i o n r e l a t i o n s are found t o be i n complete 
agreement w i t h e x p e r i m e n t ^ t a r,a t h i s c o n s t i t u t e s 
an important check of our a n a l y t i c i t y assumptions, a t 



l e a s t to the extent that complex s i n g u l a r i t i e s on the 
phys i c a l sheet, i f present, are weak. 

I n p r a c t i c e i t i s f o u n a ^ 0 ^ t h a t f o r a l l 
processes 

~ £ LnA'Cs^Oj t+) -> constant 

as t becomes l a r g e , so t h a t apparently (1.17) has to "be 
w r i t t e n f o r a modified f u n c t i o n ( t - t ^ ) t - t 2 ) ~ 1 A ( s, t,u) 
and hence a r b i t r a r y constants appear i n the "twice 
subtracted" d i s p e r s i o n r e l a t i o n . ( F o r t u n a t e l y , i n 
cases of i n t e r e s t , these can be eliminated or f i x e d by 
e x p e r i m e n t a l ) ) . i n general, so long as 

f\ > constant x t , (t>o) , 
an N-timee subtracted v e r s i o n of (1.17) holds. 

We s h a l l assume tha t the amplitude i s indeed 
bounded by a f i n i t e power of t , and i n f a c t take N = 0, 
d e f e r r i n g f u r t h e r discussion f o r the moment. 

The d i s c o n t i n u i t i e s D 8, and D u are defined 
by equations l i k e (1-18), and i n the e l a s t i c region 
e x p l i c i t expressions f o r them are of the form (1.16). 
The r i g h t hand side of the l a t t e r equation c e r t a i n l y 
has t ana u s i n g u l a r i t i e s , and i n f a c t MAFK req u i r e s D s 

t o have only branch p o i n t s at r e a l values of these 
i n v a r i a n t s . Because of t h i s , we can w r i t e simple 
d i s p e r s i o n r e l a t i o n s f o r the D's. D e f i n i n g 
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and 

we can w r i t e 
fa = ~ > 

J 

r 

7T 
J 

I n an e x a c t l y analogous way we can define j^fau) and 

I^^L^i^) > and obtain 

J •v- -t 

The i n t e g r a t i o n s i n (1.26) and (1.27) extend 
over the regions where the "double s p e c t r a l f u n c t i o n s " , 

are non-zero. The boundaries of the various double 
r 
s p e c t r a l f u n c t i o n s w i l l be determined when we discuss 
the i m p l i c a t i o n s of e q . ( l . l 6 ) , and the c a l c u l a t i o n of 
the e l a s t i c pieces of double s p e c t r a l f u n c t i o n . 

S u b s t i t u t i n g (1.26) and (1.27) i n t o ( 1 . 1 7 ) , 
we obtain 

nP 

A to " J - ; 
/ l fry j i 

* JJ(t-r)l*"-*) 

(I 

4 

fa(^±k) , , 

(1.26) 

(1.27) 

(1.28) 

neg l e c t i n g bound state poles f o r s i m p l i c i t y . 
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Her9 we have remembered t h a t (1.17) i s w r i t t e n 

a t f i x e d e, and t h a t the r e l a t i o n 
S+t' + u' = s + t ' + n " - (1.29) 

holds. Interchanging the primes on the second and f o u r t h 
terms of (1.28), and using crossing symmetry we get 

7TL 

JJ 

dJt'du" 

which s i m p l i f i e s , using ( 1 . 2 9 ) , t o 
1 |? eUr'du" 

Therefore we obtain the Mandelstam r e p r e s e n t a t i o n ^ 2 2 ^ 2 ) 
f o r the s c a t t e r i n g amplitude, 

IT 

IT 

JJ 
- I* ' dt'cL" 
Ct'-tX»"- «*; 

(1.30) 

+ 7 

as a consequence of th9 postulate of MAPK f o r the four 
l i n e connected p a r t . We have assumed the absence of 
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s u b t r a c t i o n s - NsO i n eq.(1.23) - and poles have "been 
excluded f o r s i m p l i c i t y . However, both w i l l appear 
i n general. The existence of a Mandelstam representa
t i o n f o r the f o u r - l i n e connected part has been 
established f o r a class of p o t e n t i a l problems^33) ? i j u t > 

although some progress has been m a de^, a comprehensive 
proof i s l a c k i n g ^ * * ) ̂  | M a ^ 4 , ^JU^, 

The number of sub t r a c t i o n s necessary to make 
the i n t e g r a l s i n (1.30) converge l i m i t s the dynamical 
content given t o t h i s theory by MAFK. Froissar.t^35) 
has used u n i t a r i t y to show t h a t i f equations l i k e (1.30) 
e x i s t , then only two su b t r a c t i o n s are needed. ( F u r t h e r , 
M a r t i n ( ^ 6 ) \aaB U 8 Q a crossing t o show t h a t (under 
s p e c i f i c circumstances) even these are f i x e d . ) Our 
second dynamical p o s t u l a t e , MASK, which w i l l be discussed 
i n the next Section, has the e f f e c t of removing 
a r b i t r a r i n e s s i n a p a r t i c u l a r l y s a t i s f a c t o r y way. Before 
t u r n i n g to t h i s , however, we discuss the c a l c u l a t i o n of 
the double s p e c t r a l f u n c t i o n s i n the region where (1.16) 
i s a p p l i c a b l e , by e x p l i c i t l y t a k i n g the S i - d i s c o n t i n u i t y 
of the D s ( s , t ) so defined. 

Re-writing (1.16) f o r e l a s t i c intermediate 
s t a t e s , we have, 

a I M 
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where t ' = t ' ( z ' , s ) , z'=coBOnf, corresponding to the 
centre of mass angle between the intermediate and f i n a l 
p a r t i c l e s , and t " = t " ( z " , s ) , a=cos0i n. These 
angles are r e l a t e d t o t h a t corresponding t o t = t ( a 8 , s ) , 
a s= cos©if, by, (see Pig. 1.3), 

Also 
dSL - d*' df> . 

I f we now s u b s t i t u t e f i x e d - e d i s p e r s i o n 
r e l a t i o n s , ( 1 . 1 7 ) , f o r the two amplitudes on the r i g h t -
hand side of (1.31), and change t h e i r v a r i a b l e s of 
i n t e g r a t i o n from t , u, and %2* u 2 r e s p e c t i v e l y t o the 
corresponding s c a t t e r i n g angle cosines a, and 22? w e 

obtain 

31*1 jr 

— p 
df 

_J J 

df 
_J 

0 

r 

J 

2,. ( t O - 2 ' 
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Interchanging orders of i n t e g r a t i o n , we obt a i n 

the angular i n t e g r a t i o n 

dz>> 
-/ J I v 

S u b s t i t u t i n g f o r 2 " ( ^ s > 2 ' ) <t> ) from (1.32), and doing 
the <j> i n t e g r a t i o n f i r s t , a s t r a i g h t f o r w a r d c a l c u l a t i o n 
gives , 

where 

fc("li*2,aa) = 2 s 2 * a l 2 + a 2 2 ~ a s a l a 2 _ 1 > 
and the branch of the l o g a r i t h m which i s r e a l must be 
taken f o r — / < < / • 

Converting back to the t v a r i a b l e s , and 
remembering tha t we are d e a l i n g w i t h e l a s t i c s c a t t e r i n g , 
we f i n d 

x [j>t 6 l ) + Du&_,<0 fC Hs,t, t , , t z ) x 

where 
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The double s p e c t r a l f u n c t i o n s y^A*"J a n < a 

^,Csiu) a r 9 t h e t - d i s c o n t i n u i t i s s of (:1.35). To 
s i m p l i f y matters we s h a l l neglect the u-channel 
d i s c o n t i n u i t i e s f o r the present and consider 

D5(stt) - 7T 
r 

J r - t 
dx' 

roO ft* 
tit, 

K'Ht,t, ̂  s) 
(1.37) 

Here we e x p l i c i t l y show t 0 , the t-channel th r e s h o l d , and 
b ( s ) , the boundary of the double s p e c t r a l function. 

The t - d i s c o n t i n u i t y of the right-hand side of 
(1.37) a r i s e s when K=0. The smallest values of and 
t 2 i n the i n t e g r a t i o n are ti=t2=*o» w n 9 n 

K ( s , t , t 0 , t 0 ) = t ( t - 4 t 0 - t 0
2 / q s

2 ) . 
The p o i n t t=o corresponds to « a=l which i s not a 
s i n g u l a r i t y of the product K*c*,t, t,,tOA [ • • • ] > 

therefore we deduce b( s) = t = ^ t 0 ( l + t 0 4 . q a 2 ) . 
For a given q s

2 , higher values of t f and t2 cause K to 
vanish f o r a higher t - v a l u e . Therefore we have f o r 
the e l a s t i c double s p e c t r a l f u n c t i o n the expression 

(1.38) 

-i 
r 

I J 

(1.39) 



I f we had kept the u-channel terms, we would 
have found the product D^Dt to "be replaced by 
D^Dt *DUDU , and have derived an expression f o r 

k * 

c o n t a i n i n g the products D-jD +Dj. Du-
The three regions of non-zero double s p e c t r a l 

f u n c t i o n are marked on Fig.1.2, f o r the e x a c t l y symmetri 
case of the s c a t t e r i n g of scalar "bosons. (Because the 
e l a s t i c threshold i s the lowest, the "boundary of the 
e l a s t i c double s p e c t r a l f u n c t i o n i s the boundary of i t 
a l l ) . 

The f a c t t h a t eq.(1.39) contains only f i n i t e 
i n t e g r a t i o n s w i l l be found important f o r developing an 
approximation scheme f o r the c a l c u l a t i o n of strong 
i n t e r a c t i o n s c a t t e r i n g amplitudes, as we s h a l l discuss 
i n Chapter Two. 

U. P a r t i a l Wave Amplitudes and Regge Poles. 
I n the previous Section we discussed some 

i m p l i c a t i o n s of the postulate of MAPK f o r the f o u r - l i n e 
connected p a r t , and wrote down the r e s u l t i n g Mandelstam 
r e p r e s e n t a t i o n , eq.(1.30). I n t h i s Section we s h a l l 
discuss c o n t i n u a t i o n i n angular momentum and show how 
the postulate of MASK removes the necessity f o r 
a r b i t r a r y s u b t r a c t i o n s i n eq.(1.30), and so gives 
dynamical content t o the theory. I n p a r t i c u l a r , the 
Regge pole concept w i l l lead to the f o r m u l a t i o n of a 
boo t s t r a p h y p o t h e s i s ^ 2 ) . 
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The amplitude A(s,t,u) can be expanded on any 

basis of orthogonal f u n c t i o n , but a convenient choice i s 
the set of angular momentum eigenfunctions i n one of the 
channels, because the conservation law leads t o 
considerable s i m p l i f i c a t i o n s . (For example, a resonance 
has d e f i n i t e angular momentum, and t h e r e f o r e a corresponding 
pole w i l l occur i n j u s t one angular momentum p a r t i a l wave). 
An s-channsl p a r t i a l wave amplitude i s defined by the 
p r o j e c t i o n . 

(1.1*0) 
f o r Jt =o, 1, 2 — , where P j ( a s ) i s a Legendre polynomial 
of the f i r s t k i n d ( ^ 7 ) . The corresponding p a r t i a l wave 
ser i e s i s oo 

(The f a c t o r ( I btr) i s needed t o s i m p l i f y the u n i t a r i t y 
expression f o r the A ^ ( B ) ) . Because P^(a 8) i s an e n t i r e 
f u n c t i o n of a e ( 3 7 ) . i t can have no s i n g u l a r i t i e s i n t or 
u. Therefore we note t h a t the s e r i e s (1.1+1) cannot 
represent the amplitude over the whole s-t-u plans,(Fig.1.2), 
but muBt diverge a t the nearest t.. or u s i n g u l a r i t y ( 2 2 ) . 

We s h a l l see l a t e r t h a t a unique c o n t i n u a t i o n 
i n Jt i s not possible f o r the A ^ ( s ) defined by eq.( 1.1*0); 
instead we have t o deal w i t h "amplitudes of d e f i n i t e 
signature". R e - w r i t i n g eq.(1.17) ( n e g l e c t i n g poles) as 

A ( s , t , u ) = A R ( s , t ) + A L ( s , t ) , (1.1*2) 
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we define amplitudes of d e f i n i t e signature by 

A ±(s,t)^A R(s,t(H s,s))±A L(s,t(-a a,s)), 
each of which has only right-hand s i n g u l a r i t i e s i n t . 
I n f a c t we can w r i t e oto 

j , t ' - t 
oU' 

and so the analogue of (1.30) i s found t o be 

rr 
I 

(*.*) - ; 
Jj 

I f ; - — - rlc'Jfl 

(V- u X t"~ «") 

where we note the lack of symmetry i n s,t and u. (The 
d e r i v a t i o n of eq. (1.1+5) i s given i n the Appendix). 

The p a r t i a l wave expansion of t h i s amplitude 
i s oo 

1=0 

and the p r o j e c t i o n i s ^ 

The formula of Neumann(37) 

4 
^7 Efc'J ; ^ - o . ' . i 



24. 
allows us t o i n s e r t (1.44) i n t o ( 1 . 4 7 ) , and, i f the 
former i n t e g r a l converges, reverse the order of 
i n t e g r a t i o n t o obtain oo 

(1.49) 

The s i t u a t i o n when (1.44) r e q u i r e s s u b t r a c t i o n s 
w i l l be d e a l t w i t h below, and w i l l lead d i r e c t l y t o the 
postulate of MASK. Eq.(1.49) i s c a l l e d the F r o i s s a r t -
Gribov f o r m u l a ^ 8 ) . Because of ( 1 . 4 8 ) , expressions 
(1.47) and (1.49) can be w r i t t e n i n the combined form 

fl^fc) = C&K)J Qi&) ft*(i.5o) 

f o r ^ / = o , l , 2 . . . , where the contours £ x and d z are 
defined i n Fig.1.4a. 

We note t h a t (1.43) i m p l i e s t h a t A + ( s,t) (A"( s, t ) ) 
contains the even (odd) p a r t i n a s of the amplitude, 
although i n general not even (odd) i t s e l f . Because 

(-«)=(-1)^P^(a) f o r j£=of 1,2..., we deduce 
A j ; (s)=A^(s) f o r even^/, 
A ^ ( s ) = ^ ( e ) f o r o d d ^ , 

These are the " p h y s i c a l signature" p a r t i a l waves. 
The s i n g u l a r i t i e s of p a r t i a l wave amplitudes 

derived from the Mandelstara r e p r e s e n t a t i o n are as 
f o l l o w s ^ ) . I n the s-plane, A ^ i ( s ) has the same 
right-hand s i n g u l a r i t i e s as A ± ( s , t ) , and a s e r i e s of 



l e f t - h a n d s i n g u l a r i t i e s generated "by branch p o i n t s i n t 
of A±(s,t) " p i n c h i n g " ^ ) w i t h the s i n g u l a r i t i e s a t 
a=±l of I f MAFK holds, these l i e on the r e a l 
a x i s . We note t h a t "because a Q = l + t / 2 ( ^ s

2 , ( f o r equal 
mass kin e m a t i c s ) , using (37) 

gives, from (1.1+9) 

i f the F r o i s s a r t - G r i b o v p r o j e c t i o n converges. I t i s 
us u a l l y c o n j e c t u r e d ^ ^ t h a t t h i s w i l l hold i n general, 
as i t does i n n o n - r e l a t i v i s t i c s c a t t e r i n g from w e l l -
behaved p o t e n t i a l s (l»^l). Therefore, whenA^*(s) i s 
defined f o r non-integer the e x t r a k i n e m a t i c a l branch 
p o i n t (1.53) must be taken i n t o account. 

The d i s p e r s i o n r e l a t i o n (1.1+1+) f o r A ± ( s , t ) 
may not converge as i t stands, but i f D̂ - i s power 
bounded, i . e . 

t ' y / z s ^ <* 
where N(s) i s i n t e g r a l and 0 < €-£0 <• I » w e 

can make N su b t r a c t i o n s a t « s=o t o give the convergent 
expression 

s 

where F N _ j _ i s a polynomial of degree N-l i n a s. 
I n s e r t i n g t h i s expression i n t o the p r o j e c t i o n (1.1+7), 
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pi 

and using / 726*9 ̂  ^ = O f o r jt > M , the 
f i r s t term vanishes f o r Jt + I > A/ . W r i t i n g 
( a B / a s ) N = (1+ a 8 ) N . and expanding i n powers of 
( a s - a s ) / a B , we f i n d the i n t e g r a l 

, c1 # r v , , / * +... u 

So the P r o i s s a r t Gribov p r o j e c t i o n (1.49) e x i s t s as i t 
stands f o r J~ £ N( s) because of the asymptotic behaviour 
of the Q-function, 9q..(;1.52). This means t h a t 
provided the Mandelstam r e p r e s e n t a t i o n i s power bounded, 
the higher p a r t i a l waves A ^ ^ s ) f o r > N( s) are 
completely determined by the double s p e c t r a l f u n c t i o n s , 
and only the lower ones need s u b t r a c t i o n s . 

The postulate of MASK i s e s s e n t i a l l y t h a t the 
A£±(s) defined by the P r o i s s a r t Gribov p r o j e c t i o n can 
be continued t o ̂ < N ( s ) t o e l i m i n a t e a l l remaining 
a r b i t r a r i n e s s . This w i l l become more e x p l i c i t when we 
discuss Regge poles. We note t h a t because of the 

(17) 
asymptotic b e h a v i o u r ^ " ,n , s&/ , 

Q, (z) > Cfr^t. 



where jffe) = ( z + ^/z*- ( ) t the jf\x(s) 

de f ined "by (1.50) s a t i s f i e s the c o n d i t i o n s f o r Carlson 

theorem(39) t o be a p p l i e d , and so d e f i n e s a unique 

c o n t i n u a t i o n to a r b i t r a r y ^ . I t i s apparent tha t 

because the F r o i s s a r t - G r i b o v p r o j e c t i o n f o r the 

unsignaturea ampli tude A^(s ) i n v o l v e s an i n t e g r a l over 

negative a g , ( i . e . the u-channel c u t ) , and because 

Q £ ( -a )=e ' l l r ' / Q (a) (37) f Ca r l son ' s Theorem excludes the 

p o s s i b i l i t y o f us ing i t t o continue m e a n i n g f u l l y i n JL 

A l s o the poor asymptot ic behaviour of Pjiia) a t l a r g e ^ 

excludes p r o j e c t i o n s l i k e (1.1+0) and (1.1+7). For 

non- in teger JL y the f u n c t i o n has a cut which gives 

r i s e t o the s i n g u l a r i t y s t r u c t u r e shown i n F i g . l . l + b 

f o r the in tegrand i n ( 1 . 5 0 ) , and the contour C 2 must 

be extended a c c o r d i n g l y . 

As we have a l ready mentioned, F r o i s s a r t has 

used u n i t a r i t y , and a n a l y t i c i t y of the ampli tude i n a 

smal l r eg ion of the a plane, t o o b t a i n the f o l l o w i n g 
a 

bounds: 

/ ft (S I < Cen^t. s s) 

and 3/̂  

a t l a rge s. A simple v e r s i o n o f h i s proof i s g iven 

by Chew^ 1 *^). By c ross ing symmetry, f o r S £ O we 

have M (&) ^ / i n eq .(1.5i+). So t h a t f o r 

negative s only the S and P waves are undetermined by 
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the F r o i s s a r t - G r i b o v p r o j e c t i o n , and have t o "be de f ined 
"by some outs ide means. 

Accord ing t o the pos tu l a t e o f MASK, A ^ ± ( s ) 

i s an a n a l y t i c f u n c t i o n of j t apar t f r o m i s o l a t e d 

s i n g u l a r i t i e s , a t l e a s t i n the r i g h t - h a l f ^ / - p l a n e ^ , 

so t h a t c o n t i n u a t i o n to . . / < N ( s ) g ives the p h y s i c a l 

p a r t i a l waves at th9 lower i n t e g e r s . Th i s a l lows us 

to w r i t e a r ep r e sen t a t i on of the p a r t i a l wave ser ies ( l . l j . 6 ) 

which can not on ly be us9d outside the l a t t e r ' s l i m i t e d 

r eg ion of convergence, bu t the i s o l a t e d s i n g u l a r i t i e s 

which may be present w i l l give c o n t r i b u t i o n s to t h i s 

expression which can be i d e n t i f i e d w i t h the s u b t r a c t i o n 

terms i n the Mandelstam r e p r e s e n t a t i o n . 

E q . ( l . U 6 ) i s r e - w r i t t e n a s ^ 0 ^ 

1 

where the contour i s chosen to e n c i r c l e clockwise 

a l l the i n t e g e r s ^ = 0 , 1 , 2 . . . and avoid the s i n g u l a r i t i e s 

of A g ± ( s ) . (See P i g . 1 . 5 a ) . Using Gauchy's Theorem, 

i t i s easy t o see t h a t (1.59) and (1.1*6) are e q u i v a l e n t . 

I f the contour i s deformed i n the usual w a y ^ 1 ^ , (see 

P i g . 1 . 5 b ) , t o inc lude a l i n e p a r a l l e l to the imaginary 

ax i s a t ReJ =L, and close v i a a loop a t i n f i n i t y , as 

L i s decreased below ReJL =N( s) the s i n g u l a r i t i e s 

responsible f o r the non-convergence of the Mandelstam 
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r e p r e s e n t a t i o n are exposed. Accord ing t o the pos tu la te 
of MASK these are i s o l a t e d poleB and "branch p o i n t s , 
c a l l e d Regge(^) poles and cu t s . Herea f t e r we ignore 
cuts f o r s i m p l i c i t y , unless the p o s s i b i l i t y of t h e i r 
presence i s p a r t i c u l a r l y r e l e v a n t . Eq . (1 .59) becomes 

L+'ioO 

J 
L~A, aO 

where a ^ s ) i s the p o s i t i o n of the i**? • Regge po le , and 

^ t ' f O i s i t s res idue i n A ^ ± ( s ) . Because(37) 

z 
we deduce 

f \ % f ) > Czr^Z. * s (1.62) 
^ 00 

where oc^(s) i s the Regge pole f u r t h e s t to the r i g h t 

i n the _ / -p lane . The f i r s t term i n eq. (1.60) i s 

minimised by t a k i n g L=r£ ( - Zj- / ) ^ , and 

the second term, which dominates a t h igh t (<xa B), i s an 
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e x p l i c i t statement o f the power bound, and the s u b t r a c t i o n 

terms necessary t o make the Mandelstam r e p r e s e n t a t i o n 

converge. We note t h a t the P r o i s s a r t bound (1*57) sets 

a c o n d i t i o n on a l l the " t r a j e c t o r y f u n c t i o n s " oi(s) : £eo<£)$ / 

f o r 5 ^ 0 . 

The Regge poles i n eq . (1 .60) give r i s e to poles 

i n A ± ( s , t ) a t s=s R where o((s R) i s an i n t e g e r , and these 

are i d e n t i f i e d w i t h dynamical bound s ta tes and resonances. 

This paral lels the s i t u a t i o n i n p o t e n t i a l s c a t t e r i n g where 

the p a r t i a l waves are meromorphic i n Jt and MASK i s 

es tab l i shed 

The p a r t i a l wave p r o j e c t i o n of a Regge pole 

term i n (1.60) i s found by us ing^-^) 

— I 
to be 

J 

Assuming MAPK, the f u n c t i o n s ol(s) and 

ft)can be s h o w n ^ ) t o be r e a l a n a l y t i c i n 

s cut f r o m the phys i ca l t h resho ld to i n f i n i t y . 

U n i t a r i t y w i l l not permi t X t n <x(s)^o , and c a u s a l i t y 

r e q u i r e s X»u <x £ 0 > O . i f we choose 

and assume £m<Xf(s) « R&c(f(s) , eq . (1.6U) becomes 



31. 

which f o r Iniyd(m 2 ) smal l corresponds t o a B re i t -Wigne r 
resonance of mass m and f u l l w i d t h a t h a l f he ight 

f 1 = Ttocilm*-) jm. RsLol'Crvn-) . Each t r a j e c t o r y 

i s then expected to g ive r i s e t o a s e r i e s of bound 

s ta tes and resonances spaced apa r t by two u n i t s of 

angular momentum, (remembering e q . ( 1 . 5 l ) ) . E v i d e n t l y 

a l l poles of the S-matr ix must be Regge poles - i f they 

were not they would be Kronecker d e l t a s i n g u l a r i t i e s 

i n jt , c o n t r a r y to MASK. 

The pos tu la t e of MAPK s t a t e s t h a t g iven a 

86t o f p a r t i c l e po le s , u n i t a r i t y determines the 

s i n g u l a r i t y s t r u c t u r e o f the ampl i tude complete ly - i . e . , 

the double s p e c t r a l f u n c t i o n s . The pos tu la te of MASK 

s t a t e s tha t these i n t u r n enable a complete de t e rmina t i on 

of the p a r t i c l e poles , which muBt be Regge po les . I n 

the face of t h i s v i o l e n t l y non - l i nea r s i t u a t i o n , the 

hypothesis o f Chew and F r a u t s c h i ^ 1 » 2 ) i s now a n a t u r a l 

one: the on ly set of p a r t i c l e s c o n s i s t e n t w i t h MAPK 

and MASK i s the set observed i n na tu re . Each p a r t i c l e 

i s a composite o f a l l o the r s ; they "boo t s t rap" themselves. 

I n t h i s thes i s we s h a l l present some c a l c u l a t i o n s 

designed to t e s t whether these hypotheses are l i k e l y to 

g ive an adequate d e s c r i p t i o n o f s t rong i n t e r a c t i o n s . 

Of course, any th ing approaching a complete t reatment o f 

the i n f i n i t e set of coupled n o n - l i n e a r equat ions s i m p l i f i e d 

by maximal a n a l y t i c i t y i s impossible a t p resent . I n 
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the next Chapter we s h a l l approach the problem of 

c o n s t r u c t i n g an amplitude f o r a simple ( t w o - p a r t i c l e ) 

> ( t w o - p a r t i c l e ) process which i s a n a l y t i c , c ross ing 

symmetric, and d i sp l ays Rsgge asymptotic behaviour . 

A dynamical c a l c u l a t i o n w i l l then cons i s t o f e n f o r c i n g 

u n i t a r i t y upon i t , and seeing i f the r e s u l t corresponds 

to experiment . I n the l a s t Sect ion o f t h i s Chapter 

we descr ibe the N/D method, which g ives one way of 

c a r r y i n g out such a procedure. 

5. The N/D Method. 

I t i s simple to v e r i f y t h a t the q u a s i - e l a s t i c 

u n i t a r i t y c o n d i t i o n (1.16) i s s a t i s f i e d i n the same f o r m 

by the s ignatured ampl i tudes , A ± ( s , t ) . Taking i n t o 

account a l l two-body channels open a t a g iven energy 

i t becomes - P i ^ t ^ t ) 

Expressing the ampl i tudes as p a r t i a l wave sums, e q . ( l . U 7 ) 
( 

and us ing the a d d i t i o n theorem f o r Legendre funct ions ' - - ' , } 

the i n t e g r a l i n (1.67) can be c a r r i e d out t o y i e l d the 

u n i t a r i t y c o n d i t i o n f o r p a r t i a l wave ampl i tudes . 

J 
i t 

(1.67) 

Ok 
A > / Pin (*) (1.68) 
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I t i s c l e a r l y f a r easier to impose u n i t a r i t y upon 
i n d i v i d u a l p a r t i a l waveB w i t h eq . (1 .68) than t o deal 
w i t h the f u l l ampli tude using the more complicated 
expression ( I . 6 7 ) . We note t h a t , i n accordance w i t h 
MASK, i f a u n i t a r y p a r t i a l wave ampli tude can be 
constructed f o r one p o s i t i v e j£-value, the r e s t of 
the se r ies can be found by a n a l y t i c c o n t i n u a t i o n . 

Because we wish to consider n o n - i n t e g r a l 

i t i s b e t t e r t o use the "reduced" p a r t i a l wave 

amplitude 

B j V ) = ^ ($(<) , (1-69) 

which f r o m eq . (1 .53) has no k i n e m a t i c a l branch p o i n t 

a t t h r e s h o l d . The e l a s t i c u n i t a r i t y equa t ion , 

( i = n = f i n ( 1 . 6 8 ) , f o r t h i s ampli tude i s 

where 

The s u p e r s c r i p t * has been dropped and i s to 

be understood h e r e a f t e r unless otherwise s p e c i f i e d . 

Eq . (1 .70) can be l i n e a r i s e d by the decomposit ion 

8 ^ ) = ^ w / ^ C O , ( 1 . 7 2 ) 

(1.70) 

(1.71) 
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where the N - f u n c t i o n c a r r i e s the l e f t - h a n d s i n g u l a r i t i e s 

of B g ( s ) , and the D - f u n c t i o n c a r r i e s i t s r i g h t - h a n d 

s i n g u l a r i t i e s . Both N and D are r e a l - a n a l y t i c i n s, 

and can be normalised 
A/Wr) v O 

(1.73a) 

3 p f t ) — > / . (1.73b) 

E l a s t i c u n i t a r i t y , sq . (1 .70) g ives 

I n 25, CO/ - - P ^ ) N t ( s ) ( 1 . 7 i + ) 

R.H.CAJC I so t ha t ^ 

^0 
We now in t roduce 

7 

which has the same l e f t - h a n d cu t as B ^ ( s ) . Therefore 

the combinat ion tyfa) "~ S^^f) 6 0 has on ly a 

r i g h t - h a n d c u t , and so, us ing (1 .7U) , we have 

fi 
i 

S ' - 3 

(1.75) 

~ s ' - s S > (1.76) 

06 
r PJL(S') Njite') , 

—L— P — l — i (1.77) 
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S u b s t i t u t i n g f o r D^(s) f r o m (1.75) we o b t a i n 

the standard(^5) equat ion 

(1.78) 

This i s a Fredholm equat ion i f i t s k e r n e l i s 

squa re - in t eg rab le . That i s , g iven a s u i t a b l y behaved 

" p o t e n t i a l f u n c t i o n " B g L ( a ) , i t may be solved f o r N ^ s ) 

by standard means. D/ (e ) i a then found f r o m eq . ( 1 . 75 ) . 

We note t h a t w i t h a well-behaved p o t e n t i a l 

f u n c t i o n , N^(s) i s r egu la r a t t h r e s h o l d . S i m i l a r l y 

D^(s) i s r egu l a r a t t h r e s h o l d , and so i s B ^ ( s ) . 

The re fo re , f r o m eq. ( 1 . 6 9 ) , A^(s ) always has c o r r e c t t h re sho ld 

behaviour . Had we w r i t t e n N/D equat ion f o r A^(s ) 

d i r e c t l y , w i t h phase space f a c t o r ^ tys /\fs there 

would be no guarantee t h a t the c o r r e c t t h resho ld 

behaviour would r e s u l t , unlesB the p o t e n t i a l f u n c t i o n 

were cons t ra ined by moment c o n d i t i o n s ^ ) . 

Equat ion ( I . 7 6 ) f o r B ^ L ( s ) i s of l i t t l e 

p r a c t i c a l use, and severa l more convenient expressions 

can be w r i t t e n d o w n ^ . One f o l l o w s s imply f r o m the 

F r o i s s a r t - G r i b o v p r o j e c t i o n , ( 1 . 5 0 ) , and i s 

(1.79) 
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where V ± ( s , t ) i s A±(a,t) less t h a t pa r t which 

c o n t r i b u t e s to the r i gh t -hand c u t . Another i s found 

by i n s e r t i n g i n t o eq.( 1.1+9) the express ion , i m p l i e d 

by eq . ( 1.14.5), f o r D t ± ( s , t ) i n terms of the double 

s p e c t r a l f u n c t i o n . Th i s gives 

± , „ (T S ft* ± ft" u / 

+ 

The r i g h t - h a n d d i s c o n t i n u i t y i n s i s e a s i l y recognised, 

and removed, to g ive 

JJ 
s ' - s 

•+ 

We s h a l l f i n d b o t h these forms u s e f u l . 

I f the p a r t i a l wave conta ins a bound s ta te 

or resonance, i t w i l l occur a t s=sg where 

D , ( s R ) = 0 (1 .82) 
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I n p r a c t i c e the N/D equations are solved only f o r r e a l s, 
and so a resonance p o s i t i o n m 2 i s determined "by the 
approximate equat ion 

ReD^(m 2)=0. Then the ( B r e i t - W i g n e r ) 

resonance has w i d t h 

and residue equal to (m 2 ) /ReDy ( m 2 ) . A t s=ra2, we 

may take yl ^ &x(s) where o((s) i s the t r a j e c t o r y on 

which the s ta te l i e s , because we are d e a l i n g w i t h c o r r e c t l y 

s ignatured ampl i tudes . We note t h a t (1 .82) i m p l i e s t ha t 

has the same a n a l y t i c i t y p r o p e r t i e s as D ^ ( s ) . 

Therefore we w r i t e ; Troarfa'J , , 
(1.81+) 

where we assume t h a t the i n t e g r a l converges. A l s o , a 

simple-minded c o n t i n u a t i o n o f (1 .83) to threshold 

i m p l i e s , (see eq . (1 .66) e t c . ) , 

a*io)+\ ( 1 .85 ) 

Prom eqs . (1 .66) and ( 1 . 6 8 ) , cannot change s i g n . 

Therefore ImoffciJ and 'Rwx'&J have the same s i g n , 

( T > 0 above t h r e s h o l d ) . E x p e r i m e n t a l l y ( 5) f 

t r a j e c t o r i e s r i s e through resonances, and i n f a c t i n 

p o t e n t i a l s c a t t e r i n g ( ^ ) * ( t o which appeal i s f r e q u e n t l y 
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m a d e ^ 1 ) to reso lve u n c e r t a i n t i e s "by ana logy) , 
oi!(s) |Range of p o t e n t i a l | 2 below t h r e s h o l d . 

Hence Urn <y(s) > O. 

Our statements i n the preceding paragraph are 

based a t most on p l a u s i b i l i t y arguments, bu t a l l can be 

g iven r i g o r o u s proof based on M A F K W ) . Because we 

have assumed = ^(s) t o be r e a l a t s=m 2, 

( e q . ( 1 . 6 6 ) ) , we cannot give s i m i l a r arguments f o r i t . 

But i t can be shown^*^ t h a t y ( s ) i s r e a l a n a l y t i c 

i n s cu t f r o m th resho ld t o i n f i n i t y , and 

A d i s p e r s i o n r e l a t i o n l i k e (1.85) holds f o r a l s o . 

We have assumed t h a t the N/D equat ion can be 

continued i n jL . Th i s has been proved t o be so by 

Mandel 
s t a m ( ^ ) , 

who goes f u r t h e r to show tha t t h i s 

p roper ty means tha t the on ly s o l u t i o n of eqa . (1 .75) and 

(1.77) cons i s t en t w i t h MASK i s t h a t c o n t a i n i n g no G D D ^ 8 ) 

po les . The GDD ambigu i ty , of course, corresponds to 

the p o s s i b i l i t y of the presence of elementary p a r t i c l e s 

i n the theory , and i s s p e c i f i c a l l y excluded by MASK. 

( S t r i c t l y we should d i s t i n g u i s h between one-channel and 

m u l t i - c h a n n e l GDD p o l e s ^ 0 ) and c u t s ^ 1 ) , t u t such 

cons ide ra t ions are p e r i p h e r a l to the present d i s c u s s i o n ) . 
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6. Summary. 

To summarise, our dynamical pos tu l a t e s f o r 

the f o u r - l i n e connected pa r t a re : 

(a) the ampli tude obeys the Mandelstam r e p r e s e n t a t i o n ; 

(b) c o n t i n u a t i o n i n angular momentum removes a r b i t r a r y 

s u b t r a c t i o n s . 

I n a d d i t i o n , the boo t s t r ap hypothes is s ta tes 

tha t the r e s u l t i s unique and descr ibes na tu re . 

A dynamical c a l c u l a t i o n w i t h i n t h i s framework 

cons i s t s of c o n s t r u c t i n g an amplitude f r o m double s p e c t r a l 

f u n c t i o n s which have Regge asymptot ic behaviour , and 

e n f o r c i n g u n i t a r i t y upon i t . The n o n - l i n e a r i t y of the 

u n i t a r i t y equat ions " d r i v e s " the dynamics and a l lows the 

c a l c u l a t i o n of numbers up t o a scale f a c t o r determined 

f o r example by the e x t e r n a l masses i n the problem, i n much 

the same way as the n o n - l i n 9 a r i t y of cu r r en t commutators 

a l lows the d e r i v a t i o n of n o n - t r i v i a l sum r u l e s . The 

N/D method i s convenient f o r p r a c t i c a l c a l c u l a t i o n s 

because of i t s s i m p l i f i c a t i o n of u n i t a r i t y . 

I n Chapter Two we discuss the c o n s t r u c t i o n of 

a s u i t a b l e fo rm f o r the s c a t t e r i n g ampl i tude . 



F i g . ( 1 . 1 ) . Schematic r e p r e s e n t a t i o n o f 

the f o u r - l i n e connected p a r t . The 

p a r t i c l e four-momenta are l a b e l l e d p^ to 

p^, and are c o n v e n t i o n a l l y taken a l l t o 

be i n g o i n g . 
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F i g . ( 1 . 2 ) . The Mandelstam diagram f o r 

the s c a t t e r i n g o f equal mass sca la r 

p a r t i c l e s . The p h y s i c a l r eg ions f o r 

the three channels are shown shaded, 

and the double s p e c t r a l f u n c t i o n s are 

i n d i c a t e d . 
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F i g . ( 1 . 3 ) . Diagram to define the angular 

variables used i n eqs .(1.3l) and (1.32). 
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Fig . (1.1+) . The ag plane f o r the integrand 

on the r i g h t of eq . (1.50). The cuts are 

shown f o r (a) i n t e g r a l , / and ("b) general J , 

and and are the appropriate in t eg ra t ion 

contours. 
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Fig . (1 .5 ) • The -plane contours 

(a) Gi ( f o r e q . ( l . 5 9 ) ) . and (ID) C 2 

( f o r eq.(1.60)) . 
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CH A PT E R TWO 

A Model f o r the Scattering Amplitude 



1. In t roduc t ion . 

I n t h i s Chapter we describe a pa r t i cu l a r 

approximation to A ( s , t , u ) which displays "broad features 

i n agreement w i t h experimental observation, and which 

can be cast i n a form sui table f o r the sort of 

dynamical calculat ions we have out l ined . I n the next 

three sections we introduce the model and discuss i t s 

general v a l i d i t y , paying par t i cu la r a t t en t ion to some 

c r i t i c i s m which has recent ly arisen against i t . I n 

Section Five we give a mathematical formula t ion of the 

approximation and i n Section Six describe some of i t s 

drawbacks which have appeared i n pract ice , suggesting 

how they could be r e c t i f i e d . 

2. The Interference Model. 

I n general, scat ter ing amplitudes f o r two-body 

processes display the f o l l o w i n g prominent fea tures : 

(a) At high energies, (energy "]^> charac te r i s t i c 

mass involved) , the amplitude i s concentrated 

in to forward and/or backward peaks; 

(b) at lower energies, (energy ^ charac te r i s t i c 

mass involved) , i t appears to be dominated by 

resonance s t ruc ture ; 

(c) the appearance of high energy peaks i s 

correlated w i t h the occurrence of crossed-

channel p a r t i c l e s . 
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The simplest approximation to the f o u r - l i n e 
connected part would be, on th i s basis, to wr i t e i t 
as a d i r ec t sum of the few leading Regge poles i n each 
channel, wi th ana ly t ic properties consistent w i t h the 
Mandelstam representation. 

A t-channel Regge t r a j e c t o r y o((t) ce r t a in ly 

represents a series of t-channel resonances, (eq . (1 .66)) , 

and at large s gives an asymptotic behaviour proport ional 

to a 0 ^*), (eq . (1 .62)) . So, describing at t = t p a low 

energy t-channel pole, the t r a j e c t o r y gives the amplitude 

nearby a behaviour roughly proport ional to ( t - t p ) " 1 . 

This accounts q u a l i t a t i v e l y f o r the rapid v a r i a t i o n i n 

the s-channel close to the forward d i r e c t i o n at high 

energies where the e f f e c t s of direct-channel resonances 

have died away^-^ . 

We s h a l l re fe r to the approximation of adding 

the e f f e c t s of the resonances i n the three channels as 

"the interference model". I t includes as a special case 

the model of the same name introduced(54) parameterise 

pion-nucleon scat ter ing data at intermediate energies, 

and generalises the peripheral model^55) ideas underlying 

f i t s to high energy date using a few crossed channel 

Regge poles(56). 

We expect t h i s model to be a good approximation 

t o A ( s , t , u ) only i n the resonance region and i n the 

forward and backward peaks at high energy. I n par t icu la r 
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we should not ant ic ipate good resu l t s from i t when two 
of the variables s , t , u are "both large. 

I n the next two Sections we sha l l consider 

the v a l i d i t y of the interference model, w i t h special 

a t ten t ion to the question of double counting, which has 

recently aroused interest^"?) m 

3. V a l i d i t y of the Interference Model. 

An amplitude A ( s , t , u ) can be expressed i n 

any one of the three channels as a background i n t e g r a l 

plus a sum of Regge pole terms. Symbolically 

A ( s , t , u ) = B s ( s , t , u ) + R s ( s , t , u ) 

= B t ( s , t , u ) + R t ( s , t , u ) 

= B u ( s , t , u ) + R u ( s , t , u ) . 

The interference model which we contemplate sets 

A ( s , t , u ) & R s ( s , t , u ) + R t ( s , t ,u )+R u ( s , t ,u )+poss ib le 

background. (2.1) 

I t i s not clear that t h i s i s a v a l i d procedure, 

f o r there appears to be no guarantee that a l l parts of 

th9 scat ter ing amplitude are counted only once. For 

example, i f f o r some values of s , t , u the background 

parts B i n each channel were very small compared w i t h 

the Regge pole parts R, then each of R s , R* and R a 

would alone be a reasonable approximation to A ( s , t , u ) 

and the representation (2.1) would break down. We 

contend, however, that wi th proper care, such 



ambiguities can "be avoided, and that the interference 

model can give a reasonably f a i t h f u l representation of 

at least the ove ra l l features of the amplitude, as 

outl ined i n the previous Section. 

F i r s t of a l l , we note that i f i n the 

decomposition A^Bt+R"t ( f o r example) the Regge part R* 

contains a f i n i t e number of terms, then i t i s regular 

i n the variables s and u, (see eq . (1.60)) , and so 

cannot contain the crossed channel resonance poles. 

I n t h i s sense the replacement of B* by R 8+R u i s not 

inconsistent . The question i s now whether R* contains 

some parts of R s and R a , without having necessarily the 

po le - l ike behaviour. There i s no clear-cut answer to 

t h i s problem at present, but i t i s probably true that 

the degree of double counting can be made neg l ig ib le 

i f the model i s used jud ic ious ly . 

The c ruc i a l requirement i s that each term 

R(s , t ,u ) must contain only the h ighes t - ly ing t r a j e c t o r i e s , 

i . e . those w i t h the largest value of Re ot. Each term 

i n R* gives a charac te r i s t i c asymptotic behaviour i n the 

crossed channel l i k e s 0 ^*) , and so provided Reo((t) are 

confined to (say) values above -1 , there i s a minimum 

chance of inc luding e f f e c t s of low energy crossed channel 

resonances, which, on the basis of a simple pole form, 

are expected to die away at least aB f a s t as B""^ . 
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The interference model has "been c r i t i c i s e d 
on the grounds of ca lcula t ion w i t h f i n i t e energy sum 
rules(58) ( p a S R ) . A f u l l discussion of PESR i s outside 
our scope - d e t a i l s have been given by Dolen, Horn and 
Schmid^S) _ t» u t the basic idea i s as f o l l o w s . Consider 
an amplitude antisymmetric under s-u crossing, 
( i . e . - A ( S + , t , u ) =A(u + , t , s ) ) , and UBS t h i s property to 
wri te a f i xed t dispersion r e l a t i o n f o r i t as an in t eg ra l 
ov9r the s -d i scont inu i ty only. Then i f an energy ŝ  
exis ts above which A( s, t , u ) =R't( s , t , u ) , one can derive 

LtJm A ,t, ») = £ Gi W . (2.2) 

The right-hand side i s the asymptotic form of R* (see 

eq.(2.9) below). This equation i s expected to be v a l i d 

i n a range of t where Regge pole exchange i s a v a l i d 

approximation. 

The f o l l o w i n g example i s q u o t e d ^ 0 ) ; "consider 

an e l a s t i c amplitude A ( s , t , u ) at t=0 where the op t i ca l 

theorem (eq .(1.22)) constrains i t s imaginary par t to be 

posi t ive d e f i n i t e . Eq .(2.2) expresses the f a c t that 

f o r s < S j the imaginary part must average out to a curve 

(proportional to) s 0 ^*) , whereas the interference model 

suggests that a l l the necessarily posi t ive resonance 

contr ibut ions (R e ) should be added to s*(*), so y i e ld ing 

a curve everywhere above s ^ * ) . " This example c lea r ly 

sets f o r t h l imi t a t ions f o r th9 model, but by no means 

demolishes i t . 



The f i r s t point i s that at low energies the 

asymptotic form s0^*) i s not a unique representation 

of R*. The second i s that below ŝ  there are 

important contr ibut ions to the amplitude f rom low- ly ing 

t-channel t r a j e c t o r i e s not included i n R*. These are 

buried i n B*, which we replace by R s . (The term R u i s 

"folded over" i n to R s by crossing symmetry i n eq . (2 .2) ) . 

Therefore the implicat ions of PESR are that the Regge 

terms must be constructed to die away quickly at high 

energy i n the i r own channel, since they replace the 

low-ly ing crossed channel Regge poles - which are to be 

excluded from R s , R* and R u , as we have already 

emphasised. A reasonable p r a c t i c a l r e s t r i c t i o n i s 

probably that tf(o) should exceed zero f o r each pole 

included i n any R, and so t h i s w i l l generally describe 

only prominent resonances which give unmistakable 

structure to the cross section. However, provided 

that o(.(o) exceeds -1 there i s probably l i t t l e danger 

of double counting. 

Recently i t has been observed^ 1 ) that i f 

Rt i s decomposed in to s-channel p a r t i a l wave amplitudes 

the l a t t e r display charac ter i s t ics usually associated 

wi th the presence of resonance. Therefore, i t has 

been asserted, R* must contain large parts of R s , and 

"the interference model commits severe double counting". 
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This c r i t i c i s m w i l l be discussed at length i n the next 

Section, and some of i t s i n t e re s t ing i m p l i c a t i o n s ^ ) 

f o r phenomenological analysis w i l l be pointed out. 

h- Regge Pole Exchange and D i r ec t Channel Resonances. 

We wr i te 

fyO) — = _ / 
x Aifi*) (2. 

as a formal solut ion to eq . (1.68), where ^ j t s ) i s 
1 

a r ea l phase s h i f t , p (s) =2q as"" ?, and 0 $ ^i*) I 

parameterises i n e l a s t i c i t y . P l o t t i n g a graph of 

2 p ReAg versus 2yOlmA,£ as func t ions of s, one obtains 

an Argand diagram(63) a s Bhown i n P ig . ( 2 . 1 ) . The vector 

i s confined inside the c i r c l e by u n i t a r i t y . The presence 

of a resonance implies a bump i n the cross-section, that 

i s , a maximum i n In&jg ( s ) , which i s correlated by causal i ty 

(a dispersion re l a t ion) w i t h a sharp dip i n ReA^ ( s ) . 

Thus a t y p i c a l resonance structure i s a rapid ( w i t h s) a n t i 

clockwise loop i n the Argand diagram. 

Schmid^1*) observed that i f one extrapolates 

to low energy the p -meson Regge pole exchange term 

which f i t s the process fff? -> TT°VI at high e n e r g y ^ ) , 

and calculates d i r e c t channel angular momentum components 

using n / ^ 
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the Argand p lo t of a^( s) displays just t h i s behaviour. 

Schmid i d e n t i f i e d his loops wi th well-established^ 6 5) 

resonances. 

To understand Schmid's r e su l t s , we must examine 

the form of R* i n d e t a i l . I n the preceding Chapter, we 

emphasised that a Regge pole couples to a signatured 

amplitude, each giving a con t r ibu t ion of the form 

Prom (l.i+2) and (1.43) the physical amplitude 

i s given by A = £(A +(a)+A"(a)+A +(-a) -A~(-a)), so that a 

t-channel Regge pole gives a con t r ibu t ion to the 

physical amplitude 

? « K ) ± ?,yG*0 (2.5) 

where a posi t ive or negative sign i s taken according 

to whether the pole couples to A + or A" . Using^^^ 

we deduce 
1 mailt) 

f? . -iiWa.<t)«) aw ~ — P,,eJK) * Ols'-') • ( 2 - 7 ) 



The l a s t term comas from the Q-function(37) t a n a w i l l 
be neglected. For e l a s t i c s c a t t e r i n g « t = /+ s \&<£t 

so using (1.6l) we have 

K > — Cow** . fl(-fc) : - -
S -> oO I TTo<(t) \ ^ J 

I n t r o d u c i n g 

- t ; 

which has no k i n e m a t i c a l c u t , and which because of 
the scal9 f a c t o r s 0 has constant dimensions, we f i n a l l y 
have 

, -,1-Kaiit) , s \«(t; 

This i s e s s e n t i a l l y the form used by Schmid(6l). We 
note immediately t h a t i t i s an aymptotic expression 
and i t s e x t r a p o l a t i o n t o low s i s almost completely 
a r b i t r a r y ^ ) . 

A large amount of high energy small angle data 
can be f i t t e d s a t i s f a c t o r i l y using the expression (2.9) 
f o r R"t, w i t h oL(t) l i n e a r w i t h t ^ 6 ) . Although l i n e a r 
t r a j e c t o r i e s are dynamically p u z z l i n g (as we s h a l l 
discuss l a t e r ) , they are c e r t a i n l y c o n s i s t e n t w i t h 
observed resonances which almost always appear w e l l -
placed to be t h e i r r9currences(66). The appearance of 
loops depends c r u c i a l l y on the (near) l i n e a r i t y of o(( t ) 
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out to large negative t , as w i l l become obvious. 

We consider as an example the s c a t t e r i n g of 
equal ( u n i t ) mass scalar p a r t i c l e s , whose high energy-
amplitude i s w e l l represented by a si n g l e Regge pole 
term of the form (2.9). P r o j e c t i n g out s-channel 
p a r t i a l waves we have 

The lower l i m i t i s p r o p o r t i o n a l t o s, so t h a t 
at a given value of t h i s v a r i a b l e the l i n e a r t r a j e c t o r y 
<X(t)=a+bt passes through p r o p o r t i o n a l l y many negative 
i n t e g e r s i n the range of i n t e g r a t i o n . A t these p o i n t s 
^j~( t ) must vanish to avoid "nonsense" s t a t e s i n the 
crossed c h a n n e l ^ ? ) . Therefore we could r e w r i t e y( t ) 
as %Lt)f f ^ t ) ) , b u t , noting that(37) VU-*) = Ti/^TTi 
which would imply an exponential divergence of Aj(a) 
at high s, we p r e f e r t o " k i l l the ghosts" by simply 
leaving out as appropriate the SmTKcklt) denomination 
of (2.9). 

I n the i n t e g r a l (2.10) the signature f a c t o r 
^ / — Q**^ h a s o s c i l l a t o r y r e a l and imaginary p a r t s 

that i n t e r f e r e w i t h the Legendre polynomial P̂, which 
changes sign j[ times i n the range of i n t e g r a t i o n . As 
s increases the r e l a t i v e number of o s c i l l a t i o n s changes^ 
and the net r e s u l t i s that ReA^(s) increases from zero, 

(2.10) 



passes through a maximum, and changes sign to reach a 
minimum, e v e n t u a l l y r e t u r n i n g t o zero. A t the same 
time ImA^(s) increases to a maximum and f a l l s back. 
Thus a counterclockwise loop i s induced i n the Argand 
plane. A t successively higher values of Jl> the 
Legendre f u n c t i o n has more nodes i n the range of 
i n t e g r a t i o n and as a r e s u l t the loops appear at higher 
s-values. Therefore an s-channel "Regge t r a j e c t o r y " 
i s produced, and can "be followed as high as we please. 
A number of examples, upon which these deductions are 
"based, are given i n Fig.(2.2). 

The choice of ghost k i l l i n g f a c t o r i n the 
residue a f f e c t s to some extent the r e s u l t s - i f instead 
of a f u n c t i o n which changes sign at i t s zeroes ( l i k e 
*/p(<*(t)) or Si»* TTOLII-) ) we used one t h a t did not, 

( l i k e 5tn <x.it)w ) only a t low jZ do loops appear, 
and then rather weakly. We note t h a t i n p u t (t-channel) 
and output (s-channel) t r a j e c t o r i e s always have the same 
slope, and t h a t i f the i n p u t t r a j e c t o r y i s raised 
p a r a l l e l t o i t s e l f the output one i s correspondingly 
lowered, and vice versa. 

We have used the asymptotic expression (2.9) 
f o r our discussion "because of i t s s i m p l i c i t y but i t i s 
found t h a t our r e s u l t s remain e s s e n t i a l l y unaltered 
f o r other e x t r a p o l a t i o n s to low energy. 
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Our general conclusion from these examples 

i s t h a t Schmid's loops are an i n e v i t a b l e r e s u l t of a 
single Regge pole exchange amplitude, extrapolated 
from high energy and t o wide angles. Where several 
poles are allowed w i t h comparable s t r e n g t h and d i f f e r e n t 
slopes and/or signatures, i n t e r f e r e n c e between them may 
produce e i t h e r no loops at a l l ^ 1 ) , or loops which 
execute clockwise motion and which are a c a u s a l ^ ^ ) . 

Acausal loops are simply understood. Consider 
two t-channel t r a j e c t o r i e s of d i f f e r e n t slopes which 
c o n t r i b u t e w i t h opposite sign residues t o A ^ ( s ) . They 
each produce a counterclockwise loop, but because of 
t h e i r d i f f e r e n t slope these are executed at d i f f e r e n t 
speeds w i t h respect to s. Because the c o n t r i b u t i o n s 
are opposite i n sign, a net clockwise loop i s possible. 
I n general^ a combination of d i f f e r e n t signature f a c t o r s 
w i t h d i f f e r e n t t r a j e c t o r y slopes may add t o give a net 

AIT* Itr) 

f u n c t i o n hardly resembling a simple a t a l l , 
and so Schmid's loops are not always t o be expected. 
Further, there i s no reason t o expect p a r t i a l wave 
u n i t a r i t y ( Zivifljfc) ^ 0 ) t o be always obeyed when 
there are t r a j e c t o r i e s of d i f f e r e n t couplings, and indeed 
i n a simple scalar meson model w i t h two opposing 
t r a j e c t o r i e s t h i s i s the case. ( P a r t i a l waves 
projected from f i t s t o high energy data(7l) g e n e r a l l y 
obey u n i t a r i t y at low energies, as they do at high 
energies^ 71)). 
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Turning now to the i n t e r p r e t a t i o n of Schmid's 

loops, i t i s a t once cl e a r t h a t they cannot "be associated 
w i t h resonance poles "because there are m a n i f e s t l y no 
second sheet s i n g u l a r i t i e s i n s i n eq.(2.10). Other 
p r o p e r t i e s of the p a r t i a l waves lead one t o the conclusion 
t h a t indeed the loops have nothing at a l l t o do w i t h the 
presence of s-channel resonances or parts t h e r e o f . F i r s t l y , 
while one p a r t i a l wave has s t r u c t u r e , the remaining ones 
conspire to conceal i t i n the t o t a l which i s smoothly 
p r o p o r t i o n a l t o s°4*). Such a c o r r e l a t i o n i s most 
u n c h a r a c t e r i s t i c of a resonance, which should appear 
c l e a r l y i n one p a r t i a l wave. Secondly, the loops depend 
on crossed channel quantum numbers and not on d i r e c t 
channel ones. The processes 7T7T—>T7r and JIT -S> N*l 
have the same d i r e c t channels and so should share a number 
of resonances. Their crossed channels d i f f e r , however, 
and i f Schmid's loops correspond t o resonances, there i s 
no a p r i o r i reason why they should appear i n the same 
place i n each process. As A l e s s a n d r i n i and Squires 
have pointed out(6*3), i n the processes -> 7r°-n and 

Tfp -5> K^S where the d i r e c t channels should have 
i d e n t i c a l resonances w i t h comparable strengths ( i f SU3 
gives a r e l i a b l e order of magnitude e s t i m a t e ) , the 
t-channels are completely d i f f e r e n t . Neglecting the 
u-channels, which are roughly the same - N 's i n one 
case, Y*'s i n the other - we see t h a t the presence of 
the p i n the t-channel f o r the charge exchange process 
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w i l l give Schmid loops, whereas the absence of any known 
t r a j e c t o r y i n the t-channel of the associated production 
process w i l l lead to no s-channel loops a t a l l . F i n a l l y , 
w i t h a combination of several t r a j e c t o r i e s of d i f f e r e n t 
slopes and signatures i t appears quite possible to 
c o n t r i v e to produce acausal, clockwise l o o p s ^ ^ ^ , as we 
have already remarked. 

These conclusions are at present under f u r t h e r 
i n v e s t i g a t i o n by e x p l i c i t numerical c a l c u l a t i o n of 
p a r t i a l wave amplitudes f o r the processes PP—»pp and 
pp -—> pp where high energy f i t s w i t h P,P' and <o 
t r a j e c t o r i e s exist^?- 1-). P r e l i m i n a r y r e s u l t s are i n 
good agreement w i t h q u a l i t a t i v e expectations. I n 
p a r t i c u l a r , Schmid's loops appear i n both processes, 
whereas i f they were manifestations of resonances, they 
should be confined to pp. 

I f Schmid's loops are not t o be i n t e r p r e t e d 
as resonances, we are led t o look a f r e s h a t the c r i t e r i a 
c u r r e n t l y used f o r i d e n t i f i c a t i o n of resonances i n 
phase s h i f t a n a l y s i s . The usual method i s w e l l 
summarised by Love lace (^5) : »i n the present paper, I 
s h a l l c a l l a resonance anything which when . . . p l o t t e d 
describes a considerable p a r t of a c i r c l e , making some 
allowance f o r d i s t o r t i o n by background." I n recent 
years a large number of such resonances have been 
i d e n t i f i e d i n the irN system using t h i s c r i t e r i o n ^ 6 5 , 7 0 j 
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bat we now see t h a t there i s another mechanism i n nature, 
namely the crossed channel R9gge pole c o n t r i b u t i o n , 
which has nothing t o do w i t h d i r e c t channel resonances 
but which i s capable of generating such c i r c l e s . 

To explore t h i s s i t u a t i o n f u r t h e r ( 6 2 ) w e h a v e 

taken the Regge pole f i t t o the forward and small angle 
tvN data at high energies from R a r i t a et a l . ( ^ " ) , using 
the P, P' and <p t r a j e c t o r i e s taken from s o l u t i o n I , 
and the f i t to the backward data, using the N and A 

(72) 

t r a j e c t o r i e s of Barger and C l i n e v ' '. A f a c t o r sunrsc(fc) 
was incorporated i n t o the residue f u n c t i o n s given by 
these authors i n such a way as tfb f i t smoothly onto 
the behaviour i n the f i t t e d ranges of t and u r e s p e c t i v e l y . 
Therefore we were able t o make a p a r t i a l wave p r o j e c t i o n 
equivalent t o (2.10) using the formalism given by, e.g., 
Donnachie(63) to take account of e x t e r n a l spin and 
unequal mass kinematics. We f i n d several Schmid loops, 
and c o l l e c t the r e s u l t s i n Table (2.1) and Pig. ( 2 . 3 ) . 
Most c i r c l e s occur i n the 1=3- channel, and i n the 
I = 5 / 2 channel, which d i f f e r s mainly i n the sign of the 

p c o n t r i b u t i o n , there are fewer large c i r c l e s because 
the c o n t r i b u t i o n s of the p and P' t r a j e c t o r i e s more 
or less cancel. I n f a c t i n the l a t t e r case the 
c i r c l e s stem mainly from the baryon exchange i n the 
backward peak. 
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E v i d e n t l y we f i n d loops i n most of the p a r t i a l 

waves, and some are i n p o s i t i o n s which correspond r a t h e r 
c l o s e l y to those found i n phase s h i f t analyse s ^ ^ ' ^ 0 ) . 
I n view of the manifest u n c e r t a i n t i e s i n Regge pole f i t s 
we would c e r t a i n l y not jump t o a conclusion t h a t any 
such loop was wrongly i n t e r p r e t e d , but we do f e e l t h a t 
the c r i t e r i a used f o r resonance i n t e r p r e t a t i o n are 
r a t h e r inadequate since there are c l e a r l y other mechanisms 
apart from resonance poles which can produce c i r c l e s i n 
the Argand diagram. Of course, where a resonance leads 
t o a bump i n some cross section (which includes our 
i n t e r f e r e n c e model), we can be reasonably confident i t 
r e a l l y does correspond to a pole on an unphysical sheet, 
but very i n e l a s t i c resonances may be d i f f i c u l t t o 
d i s t i n g u i s h from Schmid loops r e f l e c t i n g the Regge 
nature of the amplitude's asymptotic form unless we can 
f i n d processes t o which they are more s t r o n g l y coupled. 

I t i s obviously d e s i r a b l e ( f r o m an 
S-matrix p o i n t of view to be able t o d i s t i n g u i s h 
between genuine resonances-poles and other loops i n the 
Argand diagram, and i t i s p a r t i c u l a r l y important f o r 
the quark model where i t i s n a t u r a l t o c o r r e l a t e 
resonances w i t h bound states of quark systems^?U). 

Our conclusions from t h i s discussion are 
quite clear - Schmid's r e s u l t s i n no way i n v a l i d a t e 
the i n t e r f e r e n c e model, p a r t i c u l a r l y the form we s h a l l 
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use f o r numerical work, when the t r a j e c t o r i e s w i l l not 
"be l i n e a r . I n the next Section we describe a f o r m u l a t i o n 
of the model due t o Chew and Jones which i s our 
s t a r t i n g p o i n t f o r a dynamical c a l c u l a t i o n . 

5. The Chew-Jones Representation. 
We wish t o construct double s p e c t r a l f u n c t i o n s 

f o r A(s,t,u) which give the amplitude i n the i n t e r f e r e n c e 
modal form of eg.(2.1). We s h a l l s t a r t w i t h the 
p r e s c r i p t i o n of Chew and J o n e s ^ ^ ) ^ W h 0 p arameterised 
" s t r i p s " of double s p e c t r a l f u n c t i o n such th a t each Regge 
term R i n eq.(2.1) i s given by an expression s i m i l a r 
t o eq.(2.i+). This i s a f i r s t approximation t o the 
amplitude which has been shown t o be u n s a t i s f a c t o r y i n 
d e t a i l , and which needs augmenting i f a dynamical 
c a l c u l a t i o n i s t o give s a t i s f a c t o r y q u a n t i t a t i v e r e s u l t s . 
There i s a we l l - d e f i n e d way of doing t h i s , as we s h a l l 
discuss i n the next Section, c a l c u l a t i n g e x t r a pieces 
of double s p e c t r a l f u n c t i o n using the "Mandelstam 
i t e r a t i o n " . ( 2 2 ) . 

The regions of double s p e c t r a l f u n c t i o n which 
Chew and Jones r e t a i n are shown i n Fig.2.1+, where each 
term Rs, R* and R uof eq.(2.1) i s given by a p a i r of 
s t r i p s as i n d i c a t e d . Each i s c h a r a c t e r i s t i c of the 
regions of the B - t - u plane dominated by the Regge poles 
i t contains. We s h a l l deal e x p l i c i t l y w i t h R*(s,t,u) 
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- s i m i l a r r e s u l t s w i l l hold f o r the other terms by-
appropriate permutation of the v a r i a b l e s . 

The p r e s c r i p t i o n f o r the piece of double 
s p e c t r a l f u n c t i o n l a b e l l e d R* i n Pig.2.1+ i s 

p - i \ [ r w ^ t ) K ) J 0 c - o , (2.11) 

where P t t ) = - (a«(t)+i) «y(t) ( - ^ / s j * ^ 7
 S | 

i s the " s t r i p w i d t h " , and the symbol i n d i c a t e s 
t h a t the d i s c o n t i n u i t y w i t h respect to t must be taken. 
This gives a c o n t r i b u t i o n t o the s - d i s c o n t i n u i t y of 
of Pit) ^ l y C ' ^ f c j 0 U - s ( ) and a c o n t r i b u t i o n 
to R* i t s e l f of DO 

- f n t ) f 
s i 

Using the formula(37) 
oo 

" — J T T ? (2.12) 
I 

we may r e - w r i t e t h i s i n an eq u i v a l e n t form which converges 
f o r <X(t) o as 

s U f a ) + i f '3aJuQdA 
s - s j (2.13) 

t 
I n c l u d i n g i n a p a r a l l e l way the s t r i p R| of Pig.2.3, 

we deduce the Ohew-Jones equivalent of eq.(2.5): 

(2.1U) 
fife' 
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where i n the i n t e g r a l we have made a s i m p l i f y i n g change 
of v a r i a b l e using a t=l+s/2q|=-l-u/2q|. Eq.(2.11j.) i s 
i d e n t i c a l t o (2.5) up to Q-functions, except t h a t the 
a n a l y t i c p r o p e r t i e s have "been adjusted according t o 
the s t r i p approximation. 

This r e p r e s e n t a t i o n was developed s p e c i f i c a l l y 
w i t h i n the context of N/D c a l c u l a t i o n s , and a modified 
form of the equations set out i n Chapter One are r e l e v a n t . 
W i t h i n t h i s framework one can draw an analogy between 
r e l a t i v i s t i c s c a t t e r i n g and p o t e n t i a l theory. The N/D 
equations take the place of Schroedinger's equation, and 
the p o t e n t i a l i s the f unction Bf*( s) derived from 
R*u=Rt;+Ru, W i t h s o m e c o n t r i b u t i o n s from R a a c t i n g as a 
r e a c t i o n t o the p o t e n t i a l . U n i t a r i t y i s enforced i n 
the s t r i p between s 0 and s, which i s dominated by the 
d i r e c t channel poles t h a t we wish t o c a l c u l a t e . There
f o r e D^(s) i s taken t o be cut only from threshold s 0 to 
the s t r i p boundary B J , and N^a) c a r r i e s , besides a 
l e f t - h a n d cut, the remainder of the right-hand cut. 
The p o t e n t i a l f u n c t i o n BJ'(S) i s equal t o B * ( a) except 
t h a t the p o r t i o n of the p h y s i c a l cut from s 0 to sj_ i s 
removed. Equations (1.75), (1.76), (1.77) and (1.78) 
c a r r y over immediately, unchanged except t h a t the 
i n f i n i t e upper i n t e g r a t i o n l i m i t i s replaced i n each 

case by s^. 
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A s l i g h t complication a r i s e s because i n general 

the d i s p e r s i o n numerators i n these equations do not 
vanish a t s-p and BO l o g a r i t h m i c s i n g u l a r i t i e s are 
introduced by t h i s c u t o f f . I t has been shown (76) t h a t 
despite t h i s the equations can be handled by s t r a i g h t 
forward means, and y i e l d a unique s o l u t i o n provided 

th a t fits,) I M B / M ^ I Other 
important p r o p e r t i e s of the N/D equations, such as 
a n a l y t i c ! t y i n J. , have als o been Bhown^??) to hold 
i n the c u t o f f form, and a l l the conclusions reached 
previously are s t i l l v a l i d . 

The d e r i v a t i o n of B L ( s) i n the Chew-Jones 
approximation i s s t r a i g h t f o r w a r d . F i r s t l y , one must 
construct amplitudes of d e f i n i t e signature i n the 
s-channel. The expression f o r t h i s f o l l o w s s t r a i g h t 
from eq. (1.1+5) g i v i n g A ± ( s,t) i n terms of the double 
s p e c t r a l f u n c t i o n s . The f u n c t i o n ^ s t i s made up of 
the two s t r i p s R| and R£ of Fig.2.U, ^su contains 
Rg and R|, and ^ t u has RjJ and R J . These terms are 
of the form (2.11) w i t h appropriate permutation of 
va r i a b l e s B, t and u (see Appendix). The p o r t i o n of 
A±(s,t) which comes from R t u ( s , t , u ) by c o n s t r u c t i o n 
has no cut i n s between s 0 and s^, and so c o n t r i b u t e s 
unBubtracted t o B L ( s ) . The so-called "Wong p r o j e c t i o n " ^ 
eq.(1.79) i s thus appropriate f o r t h i s piece of 
p o t e n t i a l , and, because i t contains an i n t e g r a t i o n 
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over only negative t-values, i n v o l v e s only r 9 a l values 
of the t r a j e c t o r y and residue f u n c t i o n . (The motive 
f o r e x t r a c t i n g the f a c t o r ( - q i j : ) 0 ^ i s thus apparent). 

The d i r e c t channel poles R s make a c o n t r i b u t i o n 
t o Bj^ ±(s) i n the j ^ s t and ^su term of eq.(1.80) and 
i t i s clear t h a t they give r i s e to a f u n c t i o n cut i n s 
between -co and e 0 - t , due t o the s d i s c o n t i n u i t y of 
qe^Qj(l+*/ 2Qs)> and also cut between s 0 and oO due t o 
the s - d i s c o n t i n u i t y of the poles themselves. Therefore 
t h e i r c o n t r i b u t i o n t o B ^ ( s ) i s simply calculated by 
expressing i t as a d i s p e r s i o n i n t e g r a l over i t s l e f t cut 
only (thus using oC(s) and ^ ( s) only where they are r e a l ) 
£nd>n&gj&dld^gh<t^ V ^ c i t K i s ^ x ^ J ^ ^ ^ e ^ ^ V v b e 
p ^ ^ J t n ^ J 1 ^ ^ E s ^ f ^ h ^ o ^ ( 7 5 ) . 

More d e t a i l e d algebra i s not very i l l u m i n a t i n g 
and t h e r e f o r e i s set out i n the Appendix f o r the spe c i a l 
case of 7T?r e l a s t i c s c a t t e r i n g , where i t w i l l be used 
f o r c a l c u l a t i o n i n Chapter Pour. 

Jones(79) t i a 8 analysed the s t r i p approximation 
i n d e t a i l , and demonstrated i t s i n t e r n a l consistency. 
He found from the form of the N/D equations t h a t because 
calculated residues are given by the equation 

the asymptotic behaviour 
oi (<*>)-1 

'y(s) > (UrwaA:. S 
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iB forced upon them. Here o((ob) i s the dynamically 
determined asymptote of «(s), and provided 
the term R s has high-s behaviour c o n s i s t e n t w i t h i t s 
being p a r t of the t-channel background B*. Such a 
r e s t r i c t i o n i s obeyed i n p r a c t i c e ^ 0 ) , and so t h i s form 
of the i n t e r f e r e n c e model should commit no double 
counting. 

6. Higher Born terms. 
The Chew-Jones r e p r e s e n t a t i o n has been used 

f o r numerical c a l c u l a t i o n of pion-pion e l a s t i c 
s c a t t e r i n g ^ 0 * , w i t h appropriate m o d i f i c a t i o n s t o 
the formalism f o r these i s o s p i n one, odd G-parity 
p a r t i c l e s . Prominent trajectAtNffis which couple to 
two p i o n s ^ ^ ) a r s -the even signature P and P' of zero 
i s o s p i n , and the odd signature p meson of i s o s p i n one. 
A rho b o o t s t r a p ^ w a s successful t o the extent t h a t 
the input t and u channel t r a j e c t o r y could be reproduced 
i n the s-channsl below threshold. The output t r a j e c t o r y 
however d i d not pass through Re <*=i a t s=m|, and although 
the 1=1, J?=l cross section showed a peak at roughly the 
correc t mass, i t had a width above f i v e times t h a t seen 
experimental 

l y ( 6 6 ) . 

F u r t h e r , the o v e r a l l slops of the 
s e l f - c o n s i s t e n t t r a j e c t o r y waB very small, and the 
residues were large and i n shape were not at a l l l i k e 
those which are needed t o f i t high energy d a t a ^ l ) . 
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I n t h i s c a l c u l a t i o n an 1=0 s-channel t r a j e c t o r y 

appeared which had not "been i n s e r t e d i n the i n p u t , and 
so a f u r t h e r investigation^®1^ included "both P and p 
t r a j e c t o r i e s i n a search f o r a completely s e l f - c o n s i s t e n t 
crossing symmetric amplitude. However, i n t h i s s i t u a t i o n 
i t was found t h a t the a t t r a c t i v e force coming from p 
exchange was completely swamped by a r e p u l s i o n from the 
P. As a r e s u l t , a dubious " n o r m a l i s a t i o n " procedure 
suggested by Chew and Teplitz-.( ® 2) t o be used to obtain 
sensible r e s u l t s . Nevertheless, the s e l f - c o n s i s t e n t 
t r a j e c t o r i e s and residues thus c a l c u l a t e d displayed j u s t 
the same u n s a t i s f a c t o r y f e a t u r e s as the p t r a j e c t o r y of 
the f i r s t problem, because the normalised P c o n t r i b u t i o n 
was e s s e n t i a l l y n e g l i g i b l e . 

The reason why the P gives a r e p u l s i o n has 
been explained by Chew(®3) o n the baBis of the Khuri-
Jonss^®^ re p r e s e n t a t i o n f o r a Regge pole. I f only 
one t r a j e c t o r y u c o n t r i b u t e s t o R*, we can approximate 
i t by a t-channel p a r t i a l wave series. 

w i t h 

R 4 W = jt-.<rt) ( % ) £ 

where «].(t) =l+s/2q 2 . I t i s evident from (2.18) t h a t 
i f < * ( t ) , which i s constrained by the Froissart(35) 
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bound t o b9 leas than 1 i n th9 s-channel p h y s i c a l region, 
i s greater than a given value of . / j . , then we can expect 

a negative c o n t r i b u t i o n t o B^(a) - a r e p u l s i o n - from 
I 

t h a t p a r t i a l wave. The lowest allowed value of Jt^ i s 
zero f o r an even signature t r a j e c t o r y and one f o r odd 
signature, and the c o n t r i b u t i o n of each succeeding (even 
or odd r e s p e c t i v e l y ) p a r t i a l wave w i l l be much reduced 
over i t s predecessor by the exponential f a c t o r i n (2.18). 
Thus, an even signature t r a j e c t o r y w i t h <x(t) above zero 
can be expected t o give a r e p u l s i o n , while an odd 
signature t r a j e c t o r y w i l l give an a t t r a c t i o n , i f the 
re l e v a n t crossing m a t r i x ( t - > s ) element i s p o s i t i v e . 

Where the series (2.17) converges (away from 
the double s p e c t r a l f u n c t i o n ) , IraR*^ i s constrained by 
u n i t a r i t y to be p o s i t i v e , so t h a t as t h i s i s not the 
case f o r P exchange alone, lower l y i n g t r a j e c t o r i e s 
could be invoked to provide a c a n c e l l a t i o n . The 
norm a l i s a t i o n procedure of Chew and Teplitz^®2) was 
based on t h i s idea and consisted of s u b t r a c t i n g from 
the P exchange term R|(s,t) the piece R ^ ( o , t ) , and 
adding back the l a t t e r p a r t i a l wave by p a r t i a l wave. 
Each p a r t i a l wave was t o be determined i n a s e l f -
c o n s i s t e n t way i n each channel by a c y c l i n g process. 
The normal i s a t i o n procedure i s r a t h e r a r b i t r a r y , since 
the required c a n c e l l a t i o n could be provided by neglected 
pieces of double s p e c t r a l f u n c t i o n . A l s o , the 
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i n c l u s i o n o f l o w - l y i n g t r a j e c t o r i e s may be i n p r i n c i p l e 
open t o o b j e c t i o n on g rounds o f doub le c o u n t i n g . 

The Poraeranchuk r e p u l s i o n has an i m p o r t a n t 

p h y s i c a l i n t e r p r e t a t i o n , as Chew(83) n a s d i s c u s s e d , 

and i f a d y n a m i c a l c a l c u l a t i o n i s t o g i v e s e n s i b l e 

r e s u l t s , i t must bs handled p r o p e r l y . To the e x t e n t 

t h a t P exchange c o n t r o l s t h e d i f f r a c t i o n peak, i t models 

the e f f e c t o f many channe l s open ing a t h i g h e n e r g y . 

Thus , i n ana logy w i t h the s i t u a t i o n i n n u c l e a r p h y s i c s , 

i t i s expec ted t o nar row resonances and produce Regge 

t r a j e c t o r i e s r i s i n g t o h i g h e r v a l u e s o f a n g u l a r momentum. 

The i m p o r t a n t p o i n t i s t h a t t he r e p u l s i o n i s o f a l o n g e r 

range t h a n most p a r t i c l e exchange f o r c e s , i f t he range 

f o r a g i v e n process i s measured b y the i n v e r s e o f t h e 

l o g a r i t h m i c d e r i v a t i v e o f R ĵ w i t h r e s p e c t t o t a t t = o ( 8 3 ) . 

I n a r o u g h way the P r e p u l B i o n , superposed on a s h o r t e r 

range a t t r a c t i o n f r o m the exchange o f o t h e r quantum 

numbers, adds a l i p t o the p o t e n t i a l w e l l w h i c h t r a p s 

p a r t i c l e s l o n g e r and i n c r e a s e s t he changes o f h i g h e r 

p a r t i a l waves r e s o n a t i n g . 

A s l i g h t paradox a r i s e s he re , because i n 

p o t e n t i a l s c a t t e r i n g the presence o f i n e l a s t i c i t y 

a lways r e s u l t s i n an e f f e c t i v e f o r c e w h i c h has the 

p r o p e r t i e s o f an a t t r a c t i o n , i n c r e a s i n g the b i n d i n g 

o f a bound s t a t e . ( I t i s p r o p o r t i o n a l t o the a b s o l u t e 

square o f the o f f - d i a g o n a l e l emen t s o f the p o t e n t i a l 
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m a t r i x ) ( 8 5 ^ . To the e x t e n t t h a t p o t e n t i a l s c a t t e r i n g 
has been a r e l i a b l e gu ide t o hadron d y n a m i c s , one 
m i g h t expec t a c l o s e l y s i m i l a r e f f e c t f r o m the P, "but 
t h i s i s n o t m a n i f e s t l y so . However, upon c l o s e r 
e x a m i n a t i o n the p o i n t i s r e s o l v e d i n an i l l u m i n a t i n g 
way. 

C o n s i d e r a Regge t r a j e c t o r y f u n c t i o n w i t h a 

d i s p e r s i o n r e p r e s e n t a t i o n o f e q . ( 1 . 8 U ) . S ince Im<*(s) 

i s p o s i t i v e , <X(B) i s a H e r g l o t z f u n c t i o n and 

t h e r e f o r e a l l i t s d e r i v a t i v e s b e l o w t h r e s h o l d are p o s i t i v e . 

U s i n g the i d e n t i t y 

i n the f o r m 

we deduce 

I n t h i s s x p r e s s i o i r o(^n^(s) i s t he n t h d e r i v a t i v e o f 

the t r a j e c t o r y f u n c t i o n , ( n = 0 , l , 2 , 3 - • « ) » and i s a 

p o s i t i o n / o n the t r a j e c t o r y be low t h r e s h o l d , say t h a t o f 

a Jbjgtfnd s t a t e . E q . ( 2 . 1 9 ) / s t a t l \ j / W k ^ n y h f orce ( s u c h 

as i n e l a s t i c i t y ) w h i c h p e r t u r b s a bound s t a t e so as t o 

i n c r e a s e i t s b i n d i n g must no t o n l y r a i s e t h e t r a j e c t o r y , 

b u t u n l e s s i t i s l i n e a r muBt a l s o s teepen i t and make i t 

a t t a i n h i g h e r v a l u e s . 
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The s o r t o f e f f e c t we env i sage on t h i s b a s i s 
i s f o r the r a i s i n g o f the t r a j e c t o r y t o be accompanied 
b y an i n c r e a s e i n Imo<( B) a t h i g h e r e n e r g i e s , t o r e f l e c t 
t h a t r e g i o n ' s i n c r e a s e d d y n a m i c a l i m p o r t a n t . F u r t h e r , 
t h e s t e e p e n i n g w i l l p e r s i s t above t h r e s h o l d i n the 
resonance r e g i o n , t o g i v e more , n a r r o w e r , r e c u r r e n c e s . 

We must expec t t h a t i f the P i s t o r e p r e s e n t 

t he e f f e c t s o f i n e l a s t i c i t y i t must have n o t o n l y a l o n g 

range r e p u l s i v e component, b u t a s h o r t range a t t r a c t i v e 

one, so t h a t bound s t a t e s a t l e a s t do n o t become l e s s 

b o u n d . A pure r e p u l s i o n , w h i c h " u n b i n d s " bound s t a t e s , 

w i l l n o t i n c r e a s e t r a j e c t o r y s l o p e s . 

Prom t h i s d i s c u s s i o n i t i s c l e a r t h a t the 

d e f e c t s o f the Chew-Jones r e p r e s e n t a t i o n are t h e l a c k 

o f s t r e n g t h o f the f o r c e s coming f r o m c ro s sed channe l 

Regge p o l e s ( w h i c h means t h a t c a l c u l a t e d t r a j e c t o r i e s 

do no t r i s e h i g h enough) , and the s i m u l t a n e o u s l a c k o f 

a b i l i t y t o handle the P r e p u l s i o n i n a s a t i s f a c t o r y way. 

A n o t h e r d e f e c t i s the w i d t h o f d i f f r a c t i o n peaks 

c a l c u l a t e d i n t h i s a p p r o x i m a t i o n i s a lways t o o 
b i g ( 8 7 ) 

- t he a m p l i t u d e a lways f a l l s away l i k e t ( a s compared 

w i t h the observed p o s s i b l y e x p o n e n t i a l d e c r e a s e ^ 8 8 ) ) . 

A p o s s i b l e remedy f o r a l l these c o m p l a i n t s 

may be a c h i e v e d b y i n c l u d i n g no t o n l y t he Chew-Jones 

s t r i p s i n the a m p l i t u d e , b u t a l s o the c o r n e r s o f the 

d o u b l e s p e c t r a l f u n c t i o n be tween them (compare P i g . 1 . 2 
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and Fig .2 .1+), where the l a t t e r are c a l c u l a t e d u s i n g 
e l a s t i c u n i t a r i t y a c c o r d i n g t o M a n d e l s t a m ' s i t e r a t i o n 
method. 

B e f o r e d e s c r i b i n g t h i s we s h o u l d p o i n t o u t 

t h a t the e x p l i c i t i n c l u s i o n o f s e v e r a l t w o - t o d y channe l s 

i n a s t r i p a p p r o x i m a t i o n c a l c u l a t i o n (e.g.TTTr^ K K ^ u ^ r ^ HN 

e t c . ) has "been t r i e d ^ ^ ) W i t h r a t h e r d i s a p p o i n t i n g 

r e s u l t s , so t h a t "before g o i n g on t o t a c k l e v a s t l y 

c o m p l i c a t e d m u l t i c h a n n e l s i t u a t i o n s , we s h o u l d make 

sure t h a t a s i n g l e channe l c a l c u l a t i o n has been e x p l o r e d 

f u l l y . 

E q u a t i o n (1.39) can be r e - w r i t t e n i n terms o f 

D ± ( s , t ) d e f i n e d b y ( c . f . eqs.(1.1+1+) and (1.1+5)) t 

* TV] s'— s T M U - u ' 

whereupon i t becomes 

~ 6Ck) Ab, ^ • (2.21) 

The t h e t a - f u n c t i o n d e f i n e s a r e g i o n o f 

i n t e g r a t i o n i n the t ] _ - t 2 p l a n e w h i c h eq . (1 .36) f o r K 

g i v e s as 

t ^ ^ t ^ + t g * (2.22) 

a t 6= 06, and a 3 a s m a l l e r r e g i o n w i t h a cu rved bounda ry 

f o r f i n i t e s ^ ^ ) . T h e r e f o r e an i t e r a t i v e p rocedure 
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f o r c a l c u l a t i n g the e l a s t i c doub le s p e c t r a l f u n c t i o n 
p ( s , t ) u s i n g (2.20) and (2.21) emerges. F o r (2.22) 
s t a t e s t h a t t o c a l c u l a t e ^ o ( s , t ) e x a c t l y a t t = t , we need 
t o know D ^ ( s , t ) o n l y f o r t ^ t . ThuB g i v e n a f i r s t 
a p p r o x i m a t i o n t o D | ( s , t ) f r o m the Chew-Jones r e p r e s e n t a t i o n , 
we may " f i l l i n " the c o r n e r s "between the s t r i p s w i t h the 
e x t r a d o u b l e s p e c t r a l f u n c t i o n i m p l i e d b y the presence 
o f the o r i g i n a l s t r i p s v i a e l a s t i c u n i t a r i t y . 

I f i n p o t e n t i a l s c a t t e r i n g ( f o r a p o t e n t i a l 

s a t i s f y i n g t he Mandels tam r e p r e s e n t a t i o n ) we were t o 

c a l c u l a t e p ( s , t ) u s i n g t h i s p r o c e d u r e , g i v e n the f i r s t 

B o r n a p p r o x i m a t i o n t o the a m p l i t u d e as a s t a r t i n g p o i n t , 

a t succes s ive s t eps i n the i t e r a t i o n we would i n f a c t 

be c a l c u l a t i n g success ive t e rms i n t he B o r n s e r i e s ( 3 3 ) . 

We can r e g a r d t he Chew-Jones a p p r o x i m a t i o n a n a l o g o u s l y 

as the f i r s t B o r n t e r m s i n an e x p a n s i o n whose h i g h e r 

te rms we propose t o c a l c u l a t e , and t h e r e f o r e g a i n more 

i n s i g h t as t o why i t s i n i t i a l a p p l i c a t i o n s f a i l e d . 

We can see i n a q u a l i t a t i v e way t h a t i n c l u d i n g 

the e x t r a t e rms may go a l o n g way towards r emedy ing the 

d e f e c t s we have d e s c r i b e d . I n TTK s c a t t e r i n g f o r 

example , the i n c l u s i o n o f e x t r a powers o f the e f f e c t i v e l y 

p o s i t i v e p-meson c o u p l i n g w i l l i n c r e a s e i t s s t r e n g t h , 

w h i l e the e x t r a powers o f the e f f e c t i v e l y n e g a t i v e P 

c o u p l i n g w i l l have a l t e r n a t i n g s i g n s , so t h a t t h e r e i s 

some hope i t s f i e r c e r e p u l s i o n would be c a n c e l l e d , and 
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i t s p r o p e r e f f e c t s show as expec ted i n the n a r r o w i n g 
o f resonances and s t e e p e n i n g o f t r a j e c t o r i e s . A l s o , 
i f w i t h t he i t e r a t e d P c o n t r i b u t i o n i n c l u d e d D ^ ( s , t ) 
changes s i g n f o r t 0 ^ t ^ t , A ( s , t ) would f a l l o f f 
f a s t e r a t n e g a t i v e t and a na r rower s - c h a n n e l d i f f r a c t i o n 
peak, c l o s e r t o e x p e r i m e n t , wou ld r e s u l t ^ ® ? ) . 

7. Summary. 

We have d i s c u s s e d t h e c o n s t r u c t i o n o f an 

a m p l i t u d e i n accordance w i t h the hypotheses o f MAPK 

and MASK as an i n p u t t o a d y n a m i c a l c a l c u l a t i o n u s i n g 

t h e N/D method. The b a s i c approach i s t h r o u g h the 

i n t e r f e r e n c e m o d e l , w h i c h a t p r e s e n t seems t o c o n t a i n 

no g l a r i n g i n c o n s i s t e n c i e s , b u t w h i c h muBt be used 

w i t h c a r s . There i s some hope o f o b t a i n i n g r e a s o n a b l e 

q u a n t i t a t i v e r e s u l t s i f a f o r m u l a t i o n o f the model 

due t o Chew and Jones i s augmented b y a d d i n g t o the 

Regge p o l e te rms a "backg round" p i e c e o f d o u b l e s p e c t r a l 

f u n c t i o n c a l c u l a t e d b y the Mandels tam i t e r a t i o n . 

Th9 inadequacy o f the s i m p l e Chew-Jones 

a p p r o x i m a t i o n has caused a r e n e w a l o f i n t e r e s t i n the 

" o l d " f o r m o f t he s t r i p a p p r o x i m a t i o n ^ 9 * 1 0 9 ) , i n 

w h i c h e l a s t i c u n i t a r i t y i s used t o c a l c u l a t e t h e comple te 

d o u b l e s p e c t r a l f u n c t i o n b y i t e r a t i n g t he d i s c o n t i n u i t y 

o f t he c r o s s e d - c h a n n e l p o l 9 s o u t t o a s y m p t o t i c v a l u e s 

o f t and t h e n i d e n t i f y i n g the s - c h a n n e l p o l e s f r o m 
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the a s y m p t o t i c "behaviour o f the a m p l i t u d e , 
The n u m e r i c a l a c c u r a c y r e q u i r e d t o c a l c u l a t e t r a j e c t o r i e s 
i n t h i s way i s v e r y g r e a t , however, p a r t i c u l a r l y i n 
s i t u a t i o n s where s e v e r a l t r a j e c t o r i e s occur one "below 
the o t h e r . Our a l t e r n a t i v e p r o p o s a l w i l l "be advantageous 
i f o n l y a f e w i t e r a t i o n s are needed t o g e t a good 
a p p r o x i m a t i o n t o the p o t e n t i a l . To t e s t whe the r ou r 
approach i s l i k e l y t o succeed we s h a l l d e s c r i b e i n t h e 
n e x t Chap te r a c a l c u l a t i o n i n p o t e n t i a l s c a t t e r i n g 
u s i n g s i m i l a r t e c h n i q u e s t o a t t a c k a s o l u b l e prob l e m ( 9 0 ) . 
T h i s i s a p r e l i m i n a r y t o c a l c u l a t i o n s o f p i o n - p i o n 
s c a t t e r i n g , w h i c h w i l l be d e s c r i b e d i n Chap te r Pour . 



TABLE 2 . 1 . P i o n - N u c l s o n Resonances. P o s i t i o n s and w i d t h s are i n 
MeV. P o s i t i o n s w i t h a q u e s t i o n mark r e f e r t o 
s t r u c t u r e s n o t p l a i n l y " r e s o n a n t " . 

T h i s c a l c u l a t i o n Phase s h i f t A n a l y s i s 
P a r t i a l P o s i t i o n W i d t h E l a s t  P o s i t i o n W i d t h E l a s t 

Wave i c i t y i c i t y 
S l l 2100 ? - - 1535 120 0 .35 

1710 300 0 . 8 

P l l 1U50 250 0 .55 11+70 210 O.65 

2000 ? - - 1750 330 0 . 3 2 

p 1 3 1860 300 0 . 3 1863 300 0 .21 

D l 3 1550 300 0 .55 1520 115 0 .55 

2057 290 0 .26 

D 1 5 1700 250 0.1+5 1680 170 0.1+0 

F 1 5 1530 250 0 . 2 1690 130 0 .65 

Pl7 1500 300 0 .25 1983 225 0 . 1 3 

G 17 2010 200 0 . 2 2200 300 0 . 3 5 

G19 2150 250 0 .15 - - -
S31 1320 150 o.u 161+0 180 0 . 3 

P31 1700 300 0 .35 1931+ 31+0 0 . 3 

P33 1300 200 0.1+ 1236 125 1.0 

1688 2:80 0 . 1 

D 3 3 1700 300 0 .15 1691 270 0.11+ 

D35 1700 200 0 . 1 1951+ 310 0,15 

p 3 5 1550 300 0 . 1 1913 350 0.16 

P37 1550 1+00 0 . 1 1950 220 o.u 
G37 1350 150 0 .01 - - -
G 3 9 1500 300 0 .01 



F i g . ( 2 . 1 ) . The A r g a n d d i a g r a m 

of A , ( s ) o f e q . ( 2 . 3 ) 
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F i g . ( 2 . 2 ) . T r a j e c t o r i e s f o r the s c a l a r 

meson example , w i t h a l i n e a r i n p u t 

t r a j e c t o r y o f t he f o r m a + b t . "Resonance" 

ene rgy on the o u t p u t Schmid l o o p s i s 

t a k e n t o be where the phase s h i f t moves 

f a s t e s t w i t h s. 
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F i g . ( 2 . 3 ) . The Schmia l o o p s f o r the 

p a r t i a l waves w h i c h c o r r e s p o n d most c l o s e l y 

t o the phase s h i f t r e s u l t s . The f u l l 

l i n e s are our c a l c u l a t e d c u r v e s , and t h e 

dashed l i n e s are the c u r v e s deduced "by 

the CERN a n a l y s i s , R e f . 6 5 . We take the 

" resonance" p o i n t t o "be where the phase 

s h i f t moves f a s t e s t w i t h s, and we 

i n d i c a t e e n e r g i e s i n t he c e n t r e o f mass 

sys tem i n MeV. 
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F i g . (2 .U) • The Mandels tam d i a g r a m showing 

t h s s t r i p s o f doub le s p e c t r a l f u n c t i o n 

p a r a m e t e r i s e d b y Ch9w and Jones . The 

n o t a t i o n i s e x p l a i n e d i n t h e t e x t . 
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C H A P T E R T H R E E 

The Use of Born Approximations 
i n N/D Ca l c u l a t i o n s . 
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1. I n t r o d u c t i o n . 

We have Been t h a t the forces which generate 
Btrongly i n t e r a c t i n g p a r t i c l e s are l i k e l y t o contain 
both a t t r a c t i v e and r e p u l s i v e components. This has 
created d i f f i c u l t i e s i n dynamical c a l c u l a t i o n s where 
the p otention f u n c t i o n Bj'(s) used as i n p u t to the N/D 
equations has been known i n only what i s e s s e n t i a l l y 
the f i r s t Born approximation. 

I t has been found^®1) t h a t i f a r e p u l s i v e 
for c e i s combined w i t h an a t t r a c t i v e one i n t h i s 
approximation the e f f e c t of the r e p u l s i o n i s o f t e n t o 
give stronger b i n d i n g , i . e . , t o act as an a t t r a c t i o n , 
i n a s i t u a t i o n where the opposite should occur. 

This f a c t has been commented on by K a y s e r ^ 1 ^ 
and has been noted since by many authors(92-95) ̂  
p a r t i c u l a r l y i n the context of the Dashen-Frautechi 
type of p e r t u r b a t i o n c a l c u l a t i o n . 

What i s worse, i f th9 r e p u l s i o n i s r e a l l y 
strong, i t i s possible f o r "ghosts" - i n t h i s context 
resonances w i t h negative residues - t o a p p e a r ( ^ l ) . 
These v i o l a t e c a u s a l i t y , and, l i k e the unexpected 
a t t r a c t i o n , must be due t o the inadequacy of the 
approximation used. 

We have described s i m i l a r defects of the 
Chew-Jones re p r e s e n t a t i o n as an approximation t o the 
f u l l p o t e n t i a l , and have suggested t h a t a remedy 



l i e s i n the i n c l u s i o n of e x t r a double s p e c t r a l f u n c t i o n , 
i . e . , higher Born terms. 

The f u l l Born s e r i e s f o r the l e f t - h a n d cut 
i s of course p r o h i b i t i v e l y d i f f i c u l t t o c a l c u l a t e , and 
so the question a r i s e s as t o the order of approximation 
which i s needed t o give s a t i s f a c t o r y accuracy i n an N/D 
c a l c u l a t i o n . "In other words, W9 wish to gain some 
idea of how much double s p e c t r a l f u n c t i o n must be 
calculated v i a ( e l a s t i c ) u n i t a r i t y . The best way of 
t r y i n g to assess t h i s i s t o examine the s i t u a t i o n i n 
single channel p o t e n t i a l s c a t t e r i n g where we can compare 
the s o l u t i o n of the N/D equations f o r various types of 
p o t e n t i a l s t r e a t e d i n various Born approximations w i t h 
the exact s o l u t i o n of the corresponding Schroedinger 
equation. We know of course t h a t i f we were able to 
use the exact le f t - h a n d c u t , the N/D equation would 
give the exact answer. 

Luming (97) h a B examined the problem f o r 
a single a t t r a c t i v e p o t e n t i a l i n the f i r s t and second 
Born approximations, and here we extend h i s work t o 
include the t h i r d Born approximations and also to 
consider combinations of p o t e n t i a l s of d i f f e r e n t signs 
and ranges. I t i s a n t i c i p a t e d t h a t t h i s w i l l give us 
guidance as t o the l i k e l i h o o d of obtainin g reasonable 
r e s u l t s w i t h s i m i l a r approximations to the double 
s p e c t r a l f u n c t i o n s and l e f t - h a n d cut i n strong i n t e r 
a c t i o n s . 
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I n the next Section we give some necessary 

formalism, and i n tbe f o l l o w i n g one e x p l a i n how one 
i s at>le t o c a l c u l a t e the lowest orders of approximation 
to B^(8). I n Section k we give numerical examples 
which demonstrate how various approximations "break down. 
Section 5 contains an examination of an i n s t r u c t i v e 
a n a l y t i c a l l y soluble model, and i n the f i n a l Section 
are our conclusions. 

2. Formalism of P o t e n t i a l S c a t t e r i n g . 
The numerical c a l c u l a t i o n s are made f o r 

the n o n r e l a t i v i s t i c s c a t t e r i n g of equal mass scalar 
p a r t i c l e s due t o a superposition of N simple Yukawa 
p o t e n t i a l s . Taking tl=c=l and choosing the e x t e r n a l 
mas m=l, i n the centre of mass system (CMS), the 
r a d i a l Schroedinger equation i s 

y ' H + {£ - V H - ^ + O - ^ j - V - H - O, (3.i) 

where q e i s the magnitude of the momentum of the 
p a r t i c l e s . The p o t e n t i a l i s 

Vi H - % i ^1 , (3.2) 

where 
N 

•i-l 



76. 
D e f i n i n g the CMS s c a t t e r i n g angle t o be 9, we introduce 
v a r i a b l e s (corresponding t o the i n v a r i a n t s of eqs.(1.12) 
and (1.13)), 

s=U(l+q|) (3-i+) 
t=-(CMS momentum t r a n s f e r ) 2 

=-2q|(l-cos9) (3.5) 
There i s of course no crossing symmetry and 

we do not consider exchange p o t e n t i a l s . The 
ap p r o p r i a t e l y modified hypotheses of MAFK and MASK hold 
f o r the s c a t t e r i n g a m p l i t u d e ^ 2 ) , which t h e r e f o r e has a 
Mandelstam repres e n t a t i o n w i t h s and t c u t s ^ ^ ^ , and 
di s p l a y s Regge asymptotic behaviour i n t ^ - * ) . We can 
then w r i t e a f i x e d energy d i s p e r s i o n r e l a t i o n of the 
form (l.UU) cv* 

t ' - t ' (3.6) 

and separating out the pol98 i n t(*+9) We also have 

ds' (3-7) 
hi r 

1-1 J-
S £ 

where s 0 ( t ) i s the boundary of the double s p e c t r a l 
f u n c t i o n j?( s, t ) i n the s-t plane. 

The p a r t i a l wave series f o r A ( s , t ) i s of 
the form ( l . l i l ) , and "reduced" p a r t i a l wave amplitudes 
are defined as i n (1.69) and uniquely i n t e r p o l a t e d 
i n Jl by the F r o i s s a r t - G r i b o v formula ( c . f .eq.'(1.^9)) 



00 
r ri 

J 

Becaase there i s no u-cut there i s no problem of 
signature. 

The N/D equations f o r B (s) f o l l o w e x a c t l y 
aB i n Section 5 of Chapter One, except t h a t now the 
phase apace f a c t o r iB 

Using the formula (3*7) the analogue of 
eq.(1.8l) i s 

oo 

ji 

For our approximations t o ^ ( s , t ) i t w i l l 
"be evident t h a t the i n t e g r a l s i n (3.10) converge and 

Prom ( 1 . 7 0 ) ( 9 7 ) , 

-•«.•• ' 

n e g l e c t i n g now l o g a r i t h m i c f a c t o r s (c.f.eq.(1.73a)), 
so t h a t the N/D equations are w e l l - d e f i n e d f o r — / < / < 
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I n p r a c t i c e , f o r numerical c a l c u l a t i o n the 

i n f i n i t e upper l i m i t s of the N/D equation are replaced 
"by a c u t o f f s i , and, as we haV9 already mentioned, t h i s 
introduced no e s s e n t i a l d i f f i c u l t y ( 7 6 ) m T h e equation 
can be solved by standard m a t r i x i n v e r s i o n techniques^®1* 
and the s o l u t i o n i s found t o be p r a c t i c a l l y independent 
of 81, i f t h i s i s taken s u f f i c i e n t l y l a r g e . 

3. C a l c u l a t i o n of Double Spectral Function. 
We now t u r n to the problem of c a l c u l a t i n g 

p ( s , t ) using the Mandelstam i t e r a t i o n . 
When we r e f e r to the p o t e n t i a l f u n c t i o n as 

determined i n the Born approximation, we mean t h a t 
i t i s derived from g^, m̂  and from p ( s , t ) c o r r e c t t o 
order g£, f o r a l l i = l . . . N . I f we were to use t h i s 
p ( s , t ) i n (3-7) t o c a l c u l a t e D t ( s , t ) , and then 
applied (3.6) t o f i n d A ( s , t ) , t h i s would be equivalent 
to summing the f i r s t n terms of the Born series(33). 
The amplitude would not of course be u n i t a r y . What 
we s h a l l i n f a c t do i s t o solve the N/D equations, as 
described above, w i t h B ^ ( s ) known t o the n* 1 1 Born 
approximation, and t h i s of course w i l l not give the 
same r e s u l t s because we s h a l l be enforcing u n i t a r i t y 
on our amplitude. 

The p o t e n t i a l i n the f i r s t Born approximation 
i s found by s e t t i n g p ( s , t , ) = 0 and keeping only the 
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pole terms i n eq.(3.10). Higher Born terms are 
cal c u l a t e d using eq.(3.7) ( c . f .eq. (2.20) and the 
analogue of eq.(2.21), which i n t h i s n o n r e l a t i v i s t i c 
s i t u a t i o n i s ( c . f . eqe.(3«9) and (1.71)) 

J 
— —'J± dMoU,cU-2. 

Bq.(1.36) defines K. 
As o u t l i n e d i n the previous Chapter, i t i s 

possible t o use t h i s equation to c a l c u l a t e the n*k 
Born term from the previous n-1. I f we regard Yukawa 
p o t e n t i a l s c a t t e r i n g as representing the exchange of 
a p a r t i c l e , t h i s i s analogous t o c a l c u l a t i n g a given 
ladder graph from a knowledge of the lower order ones, 
beginning w i t h the single p a r t i c l e exchange diagram 
- the pole term. For example, when we c a l c u l a t e t o 
order n=3 f o r N=2 d i f f e r e n t Yukawa p o t e n t i a l s , we sum 
the graphs depicted i n Fig.3.1. 

We can f i n d p ( s , t ) e x p l i c i t l y f o r n=2 
and n=3 as f o l l o w s . Using only the pole term of (3»17) 
f o r D t i n (3.13) we derive 



where 

and 

M X ) t + 

The-r.e are ?N(N+l) d i s t i n c t terms i n the double sum of 
(3.1i4.) because of the i - j symmetry. (This i s evident 
from the graphs of Pig.3.1). 

Each d i s t i n c t piece of double s p e c t r a l 
f u n c t i o n j ? ^ ( s , t , ) has a boundary i n the s-t plane 
given by s=s i

(J( t ) =k( ̂ ( n ^ m - j ) 2 [ t + ( m 2 . " m 2 ] ) 2 -2(mf+m 2)J 
Using (3.7) we then derive 

a/ 

Dffe.t} - (fckyfc™ + ^ ^ ( V ) , 

where 

f o r 5 £ S**(fc) ; and 

X#K J ) T " t s . t j CSV , 

f o r s > s^Vt;. 



Using (3.13) again we f i n d 

where terms of order g3 are given by 

32TT^ 
•5 JJ 

Using (3.19) t h i s becomes 

c £ 

J 

where we w r i t e 
a=s-U 
b^=a(m^+t) +2tm| 
c^=a(m^-t) 2 o 
b2=a(m^+m2.) +2m2.m2. 
o 2=a(m 2_m 2.) 2 

We see t h a t symmetry i n 3 and k leaves only 
N(N+1) d i s t i n c t terms i n the t r i p l e sum of (3,21), as 
might be expected from the graphs of Pig.3.1. 

The upper l i m i t of the i n t e g r a l i n (3.23) 
i s given by the lowest zero of the denominator 
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and the boundary of ^ k ( s , t ) i n the s-t plane i s 
given by 

fc(s,t)=(m.j+mk) ?, 
which has a s o l u t i o n which we w r i t e as 

= a . i s=s o 3 k ( t ) . 
I n Pig. (3.2) we d e p i c t the s-t plane and 

show the boundaries of o ^ ( s , t ) and p ^ f c ( s , t ) f o r 
\ 

the case N=2. 
The general f e a t u r e s of p£jk(s,t) are e a s i l y 

found from the expression of (3.2U). W9 f i n d t h a t 
f ^ k ( 8 0 ^ ( t ) , t ) = O f 

and t h a t a l l the d e r i v a t i v e s of ^ 4 ^ | ( s , t ) at s = s 0
i j k ( t ) 

are i n f i n i t e . Therefore, from i t s boundary, the 
f u n c t i o n r i s e s sharply t o a peak, and then f a l l s away, 
going e v e n t u a l l y p r o p o r t i o n a l t o s" 1 a t f i x e d t and 
to t~3/<* a t f i x e d s. I t s main- features are sketched 
i n Pig.3-3. This behaviour i s to be contrasted w i t h 
th a t of p ( | ^ ( s , t ) , which has an inverse square r o o t 
s i n g u l a r i t y a t i t s boundary, and f a l l s monotonically 
i n both s and t , being asymptotically p r o p o r t i o n a l t o 

1 1 
s" 5 a t f i x e d t and to t " 1 at f i x e d s. 

The double s p e c t r a l f u n c t i o n cannot r e a d i l y ' 
be c a l c u l a t e d t o higher order, but the general f e a t u r e s 
are c l e a r . Successively higher terms would have 
less pronounced peaking close to t h e i r boundary, and 
would f a l l away f a s t e r a t high s and t . 
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The f i r s t p o i n t agrees w i t h the f i n d i n g s of 

B a l i ( " ) and of Bransden e t a l . ( 1 0 0 ) , whose doable 
s p e c t r a l f u n c t i o n s were ca l c u l a t e d from the exchange 
of a Breit-Wigner shape f o r the p-meson i n Trrr 
s c a t t e r i n g . They found o s c i l l a t i o n s corresponding t o 
the boundary peaks which died away q u i c k l y w i t h 
increasing t . We obtain more severe o s c i l l a t i o n s 
since we are i t e r a t i n g a & - f u n c t i o n , but the s i n g u l a r i t y 
at the boundary disappears by the time the t h i r d Born 
term i s reached. The o s c i l l a t i o n s make i t extremely 
d i f f i c u l t t o c a l c u l a t e ( n u m e r i c a l l y ) higher Born terms 
f o r more than one Yukawa p o t e n t i a l ^ 1 0 1 " ^ . 

The second p o i n t f o l l o w s by i n s p e c t i o n of 
(3.13) and i t i s c l 9 a r t h a t successive terms i n the 
i t e r a t i o n have improved asymptotic behaviour by a 
f a c t o r f - ( s t ) " 2 over t h e i r predecessors. We note, 
however, t h a t the sum of the i n f i n i t e s e r i e s - the 
t o t a l double s p e c t r a l f u n c t i o n - must have asymptotic 
behaviour p r o p o r t i o n a l t o t * * ( s ) when i t i s c a l c u l a t e d 
completely. I t i s c l e a r t h a t i n t h i s case, i n c l u d i n g 
terms up to order g^ only, a l l our i n f i n i t e i n t e g r a l s 
(eqs.(3.10), (1.75) and (1.78))» w i l l converge, and 
we can solve the N/D equations. 
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k. Numerical Examples. 
I D t h i s Section we present, mainly 

gr a p h i c a l form, the r e s u l t s of s o l v i n g the N/D equations 
w i t h p o t e n t i a l s c a l c u l a t e d i n the manner j u s t described, 
and compare them w i t h the s o l u t i o n to th9 corresponding 
Schroedinger equation^ 1 0-5). W9 are mainly i n t e r e s t e d 
i n p o t e n t i a l strengths which are s i m i l a r t o those found 
i n strong i n t e r a c t i o n physics. The re l e v a n t parameter 
i s g/m, where m i s the mass of the exchanged p a r t i c l e i n 
u n i t s of the reduced mass of the s c a t t e r i n g system. 
According to the c a l c u l a t i o n s of F i n k e l s t e i n ^ 1 0 i 4 ' ^ , the 
equi v a l e n t , energy-dependent, p o t e n t i a l due to the 
exchange of th9 p-meson i n TT-TT s c a t t e r i n g 
w i l l correspond t o g/m » 3, over the range of energies 
between threshold and 100m2, and t h i s i s a f a i r l y 
t y p i c a l order of magnitude f o r such fo r c e s . 

F i r s t l y , i n F i g . 3 . w e p l o t the p o s i t i o n 
of an S-wavs bound state r e s u l t i n g from a si n g l e u n i t 
range (11^=1) Yukawa p o t e n t i a l of the form (3.3) as a 
f u n c t i o n of the s t r e n g t h of the coupling, g^. 
Corresponding curves (except f o r the i n c l u s i o n of the 
t h i r d Born approximation) are t o be found i n Refs. 97 
and 102. We see tha t the f i r s t Born approximation 
i s not r e a l l y s a t i s f a c t o r y i f the p o t e n t i a l i s strong 
enough t o produce a bound s t a t e , but t h a t the t h i r d 
Born approximation i s quite good even f o r large 
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couplings, and also gives quite a s a t i s f a c t o r y account 
of the secondary bound state which appears f o r g > 6.5. 

The corresponding t r a j e c t o r i e s f o r two 
d i f f e r e n t couplings are given i n Pig.3*5, and again 
f o r the weaker f o r c e , the t h i r d Born approximation i s 
very good. 

E v i d e n t l y a very strong force i s needed to 
produce a P-wave resonance. I f we arrange combinations 
of a t t r a c t i v e and r e p u l s i v e p o t e n t i a l s t o produce the 
same S- or P-wave st a t e s , as i n Pig.3.6, we get a 
somewhat steeper and c e r t a i n l y h i g h e r - r i s i n g t r a j e c t o r y 
the l a r g e r i s th9 r e p u l s i o n . I t i s also found t h a t 
the width of the P-wave resonance i s smaller w i t h a 
l a r g e r r e p u l s i o n , and t h i s i s e x a c t l y the e f f e c t which 
we hope f o r from the P re p u l s i o n i n dynamical 
c a l c u l a t i o n s . 

Next we want t o see how good t h 9 various 
Born approximations are f o r producing t r a j e c t o r i e s 
when both a t t r a c t i v e and re p u l s i v e f o r c e s are present. 
I n Pig.3.7 we show the r e s u l t s f o r a comparatively 
weak a t t r a c t i v e f o r c e and various long-range r e p u l s i o n s . 
E v i d e n t l y the lower Born approximations are much l e s s 
accurate than they are when there i s only one 
a t t r a c t i v e f o r c e . Indeed we see i n Pig.3.8 t h a t the 
lower Born approximations give t r a j e c t o r i e s t h a t are 
i n the wrong order - i . e . , the t r a j e c t o r y i s more 



h i g h l y bound the stronger i s the a t t r a c t i o n . This 
e f f e c t i s shown w i t h greater c l a r i t y i n Pig.3.9 where 
we p l o t the change i n the p o s i t i o n of an S-wave "bound 
stats due t o the presence of a f i x e d r e p u l s i o n , against 
the coupling s t r e n g t h of the a t t r a c t i v e f o r c e . The 
response of the exact s o l u t i o n t o the r e p u l s i v e 

a-

p e r t u r b a t i o n i s almost independent of how deeply the 
state i s bound, but t h i s i s c e r t a i n l y not true of the 
lower approximations. Only the t h i r d Born approximation 
i s able to give reasonable r e s u l t s f o r a wide range of 
couplings. 

I n Pig.3.10 we p l o t the same e f f e c t the 
other way round, t h a t i s , we f i x the s t r e n g t h of the 
a t t r a c t i o n and vary the r e p u l s i o n . We have chosen a 

5 

case where none of the Born approximations g i v e i ^ a 
s a t i s f a c t o r y r e s u l t i n t h a t the response i n each case 
i s i n the wrong d i r e c t i o n . The important t h i n g i s 
t h a t as the r e p u l s i o n i s increased, there comes a p o i n t 
at which the p o s i t i o n of the bound state has moved o f f 
t o s=-<*). I f the r e p u l s i o n i s increased beyond t h i s 
the "ghost" phenomenon, mentioned above, appears. 

This i s r e a d i l y explained i f we examine 
the behaviour of the corresponding N- and D- f u n c t i o n s 
w i t h , f o r example, the f i r s t Born approximation t o 
B ^ s ) (see also r e f . 8 l ) . Pig.3Ha shows the form of 
N- and D- f u n c t i o n s when a normal bound st a t e i s 
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produced. I n P i g . 3 . l i b more r e p u l s i o n has "been added 
and the bound state becomes more t i g h t l y bound. A 
f u r t h e r increase i n the r e p u l s i o n r e s u l t s i s the 
development of a pole i n the N-function at t h r e s h o l d , 
as the p o s i t i o n of the bound state moves t o - <», and 
the N- and D-functions f l i p t h e i r signs near th r e s h o l d . 
The f i r s t zero of the D-function, shown i n P i g . l i e , 
corresponds not t o a resonance but to a ghost. An 
examination of (1.78), the equation f o r N, shows why 
t h i s happens. The sign change occurs at the p o i n t 
where the i n t e g r a l vanishes at t h r e s h o l d , and we get 
N & B L. Inc r e a s i n g the r e p u l s i o n f u r t h e r r e s u l t s 
i n the ghost moving f i r s t a l i t t l e c loser t o t h r e s h o l d , 
and then f u r t h e r away, f i n a l l y t o vanish as the d i p 
i n the D-function f a i l s t o reach zero (as i n Pig.3.12). 
Ghosts thus a r i s e only a f t e r the bound s t a t e has moved 
o f f to —oO . 

I t i s evident from Pig.3.9 t h a t the way to 
check t h a t the order of Born approximation used i s 
adequate i s t o ensure t h a t when a s u i t a b l e r e p u l s i o n 
i s added the bound state i s r e a l l y r e p e l l e d , and 
(Pig.3.10) t h a t the amount by which i t moves i s roughly 
p r o p o r t i o n a l t o the s t r e n g t h of the r e p u l s i o n . I f i t 
i s not, a higher approximation i s needed. We can 
a n t i c i p a t e from these examples tha t whereas the f i r s t 
Born approximation, which i s u s u a l l y used, w i l l nearly 



always "be unsat i s factory unless the coupling i s very 

W9ak, the third Born approximation i s l i k e l y to be 

good for most of the types of forces encountered in 

strong in terac t ions , and indeed for rather stronger 

ones. 

5. A Soluble Model. 

I t i s in teres t ing to look at some of the 

anomalous properties of repuls ive forces in a simple 

soluble model. 

Following K a y s e r ^ ^ O , w e consider S-wave 

scat ter ing with n o n r e l a t i v i s t i c kinematics, replacing 

the l9ft-hand cut by simple poles. With one pole the 

potent ial function i s 

B L ( S ) ~ - , 

(a r e a l and p o s i t i v e ) , which S i s well-known^ 1 0^) to be 

the f i r s t Born approximation to the potent ia l 

For X > 2a, the potent ial function (3.29) 

gives r i s e to a bound state on the phys ica l sheet. 

I f a small long-range perturbation i s added, i n the 

form of a second pole at q^=b2. (b < a ) , the small 
0 

s h i f t in the bound state posit ion i s e a s i l y calculated 

by the Dashen-Frautschi^^6) method. K a y s e r ^ ^ ) has 

shown that for weak binding, such that the bound state 

l i e s to the r ight of q |=-b 2 , a repuls ive perturbation 



moves the bound state towards threshold, in the correct 

manner. For a stronger binding force , however, where 

the bound state l i e s between the two left-hand poles, 

a repulsive perturbation appears to act l i k e an extra 

binding force , moving the bound state to the l e f t . 

The reason for th is i s e a s i l y found. The 

potent ial function (3.29) i s the f u l l l9ft - h a n d cut for 

ths p o t e n t i a l 1 0 6 ) . 

The addition of the second pole at qfsb2, 
of residue A' gives ths f i r s t Born approximation to 

the potent ial 

or ths f u l l left-hand cut for the potent ia l^ 1 0 ^) 

where 

For small X, V the potent ia ls (3«32) and 

(3.33) are quits s i m i l a r , and as X; \ f approach z9ro 

(3.33) approaches (3-32) . 
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For large X i . e . , a strong a t t r a c t i o n , 

expressions (3.32) and (3.33) are very d i f f e r e n t , and 
i t i s evident that X'< 0 can no longer "be interpreted 
as corresponding to a simple repuls ive force . 

The conclusion to "be drawn from th i s example 

i s that a given potential function B ^ ( s ) , which 

corresponds to some Born approximation to a given force , 

also represents the complete Born ser i e s for an often 

completely d i f f erent force , which coincides with the 

f i r s t only in the l i m i t of weak coupling. Th i s gives 

us some ins ight into the qual i tat ive features of the 

numerical r e s u l t s presented in Section h (although, 

unlike t h i s example, our r e s u l t s do not depend on the 

"bound state "being inside the left-hand c u t ) . 

Kayser^^) has shown that these considerations 

enable us to understand a s imi lar problem, presented 

by Sawyer(93) J i n connection with the Dashen-Frautschi 

method. I f the force producing a bound state i s 

approximated by a simple pole, and i f the pole i s moved 

s l i g h t l y to the l e f t , leading, according to (3.29) 

and (3 .30 ) , to a weakening of the binding force because 

of the decrease of i t s range, a Dashen-Frautschi 

ca lcu la t ion predicts that the bound state becomes 

more t ight ly bound. By inspection of ( 3 .31 ) , 

however, i t i s c lear that an increase of a does not 

correspond simply to a decrease i n the range of V ( r ) ; 
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the change i s more complicated, and ae Kayser has 
shown, leads not to a weakening but to a strengthening 
of the "binding force . Therefore the r e s u l t of the 
perturbation ca lcu la t ion of Sawyer i s in no way 
anomalous ( c . f . r e f . 9 5 ) . 

Unfortunately th i s simple model i s unable 

to encompass the ghosts which our numerical ca lculat ions 

have produced. The left-hand poles correspond to â , a, 

potential V ( r ) that s a t i s f y the conditions for the 

amplitude to have a Mandelstam representat ion^^) m 

Therefore causa l i ty w i l l not be v io lated and ghosts 

cannot be produced. The potent ia ls V(<r) corresponding 

to the functions B^(s) used in our numerical c a l c u l a 

t ions must v io la te the Mandelstam representat ion. 

Our approximations have mutilated the ana ly t i c properties 

of the potent ia ls to such an extent that they cease 

to bear any r e l a t i o n to the forces they are supposed 

to approximate, and therefore nonsensical r e s u l t s 

occur. 

6. Summary. 

We have solved the N/D equation for potential 

scatter ing with various Born approximations to the 

left-hand cut, and compared the r e s u l t s with the 

corresponding exact solutions. I t turns out that the 

f i r s t Born approximation, which i s most commonly used. 
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i s often quite inadequate, e spec ia l ly when we have to 
deal with combinations of a t t r a c t i v e and repulsive 
forces . I n th i s s i tuat ion repulsions may have anomalous 
e f f e c t s , leading to spurious a t t r a c t i o n s , and possibly to 
ghosts. Both of these unpleasant features are removed 
for a wide var ie ty of potential strengths, including 
those l i k e l y to be encountered in p a r t i c l e physics , i f 
the third Born approximation i s used. 

We therefore have good reason to hope for 

considerable improvement over previous work in a 

ca lcu lat ion of strong interact ion dynamics based on the 

Chew-Jones representation augmented by higher Born 

terms i n the form of extra "corner" pieces of double 

spectra l funct ion. We have a l i t t l e reservat ion , 

however, because these examples have not thrown very 

much l i gh t on the way to handle the pecul iar features 

of the P repuls ion, because t h i s force i s hardly 

l i k e l y to bear much resemblance to a simple energy-

independant Yukawa potent ia l . 

I n the next Chapter we describe some 

ca lcu lat ions of pion-pion e l a s t i c scat ter ing , using 

the augmented Chew-Jones representation for the 

scatter ing amplitude. 



F i g . (3 .1) • The un i tar i ty diagrams for two 

d i f f erent Yukawa potent ials up to the third 

Born approximation. 
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F i g . (3.2) . A sketch of the s - t plans 

s i n g u l a r i t i e s for two Yukawa potent ia l s , 

showing the posit ions of the poles at 
2 2 t=*n|, and t=m|, and the curved "boundaries 

of the double spectral function for the 

second and th ird Born approximations. 
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F i g . ( 3 . 3 ) « A piece of double spectra l 

function fl^^(s,t) plotted against t 
r i j k 

for three values of s. 
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F i g . ( 3 . U ) • S-wave bound state posit ions 

plotted against coupling constant for a 

single unit range a t t rac t ive Yukawa potent ia l . 

Here and throughout the symbols E , B3» B2, 

B l denote the exact, third Born, second Born, 

and f i r s t Born approximations respect ive ly , 

and the primary and secondary bound states 

are indicated in each case. 
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F i g . ( 3 * 5 ) . Regge t r a j e c t o r i e s for a 

single a t t r a c t i v e Yukawa potent ia l ; 

(a) V=-3e" r / r ; (To) V=-8e~r/v. The 

notation i s as for F i g . ( 3 - -
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F i g . ( 3 . 6 ) . An S-wave "bound state and a 

P-wave resonance produced by various 

forces . 

The potent ials for the P-wave resonance 

are : -

(a) V=-2i+.3e- r/r + 7 . 5 e - 0 - 3 r / r , 

(b) V=-18e- r / r + 5 e - ° ' 3 r / r , 

(c) V = - 8 e - r / r ; 

and for the S-wave bound stats : -

(d) V=-lhe~v/r + 3 . 8 e " ° - 3 / r , 

( s ) V=-7e"Vr + 2 e - ° - 3 r / r , 

( f ) V = - 3 e - r / r . 
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Fig.(3.7). Regge t r a j e c t o r i e s f o r 
a t t r a c t i v e f o r c e s combined w i t h various 
longer range r e p u l s i o n s . The 
p o t e n t i a l s are:-
(a) V=-3e~r/r, 

(b) V=-3e-r/r + 0 . 5 9 " 0 , 3 r / r , 
(c ) V=-3e _ r/r + 1.0e-°-3r/r. 

The n o t a t i o n i s as f o r Fig.(3«U). 
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F i g . ( 3 . 8 ) . Regge . t r a j e c t o r i e s aB f o r 
Pig. (3.7) "but w i t h a stronger a t t r a c t i o n . 
The three cases are:-
(a) V=-8e- r/r, 
(b) V=-8e _Vr + 1.5e"°'3r/r, 
(c) V=r-8e- r/r + 3.0e-°«3*/r. 
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F i g . (3.9). The s h i f t & 6 of the 
bound state p o s i t i o n when the p o t e n t i a l 
V=-g Ae" r/r i s changed t o V=-g Ae~ r/r + 
0 . l e " 0 , 3 r / r . The n o t a t i o n i s as f o r 
Fig.(3.U). 
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F i g . (3.10) . The s h i f t Xs 6 of 
"bound state p o s i t i o n when the p o t e n t i a l 
V = - l l e " r / r i s changed t o V=-lle"" r/r + 
g Ke" 0 ,^ I'/r. The n o t a t i o n i s as f o r 
Pig.(3.U)• 
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F i g . (3.11). A sketch of the p o t e n t i a l 
f u n c t i o n B ^ ( s ) , and the N- and D-
f u n c t i o n s , f o r the p o t e n t i a l 
V = - l l e ~ r / r + g Re"°« 3 r/r i n f i r s t Born 
approximation. The three oases are: 
(a) g R = 2.7, 
(t>) g K = 3.0, 
(c) g R = 3.3-
Over t h i s range, B^( s) changes only 
s l i g h t l y . 
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F i g . (3.12). A sketch of the S-wave 
D-functions f o r the p o t e n t i a l 
V = - l l e ~ r / r + g Re~°' 5 r/r i n f i r B t Born 
approximation. The two cases have:-

(a) g K = 3.3, 
(b) g_ = 8.0. 
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C H A P T E R F O U R 

Calc u l a t i o n s of pion-pion s c a t t e r i n g 
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1. I n t r o d u c t i o n . 

I n t h i s Chapter we describe some c a l c u l a t i o n s 
of pion-pion e l a s t i c s c a t t e r i n g according t o the maximal 
a n a l y t i c i t y postulates set out i n Chapter One. We use 
a generalised i n t e r f e r e n c e model f o r the s c a t t e r i n g 
amplitude, namely the Chew-Jones approximation, described 
i n Chapter Two, augmented by ex t r a pieces of double 
s p e c t r a l f u n c t i o n c a l c u l a t e d from the e l a s t i c u n i t a r i t y 
equations. We enforce u n i t a r i t y on p a r t i a l wave 
amplitudes using the N/D method. Prom the r e s u l t s of 
Chapter Three we suspect t h a t i n c l u s i o n of the t h i r d 
Born term w i l l be s u f f i c i e n t to guarantee more r e l i a b l e 
( i f not more r e a l i s t i c ) r e s u l t s than h i t h e r t o achieved. 

I n the next Section we give the necesBary 
formalism ( r e l e g a t i n g some d e t a i l e d algebra to the 
Appendix), and i n Section Three present r e s u l t s of a 
rho-meson bo o t s t r a p . We obtain an s-channel vacuum 
t r a j e c t o r y not included i n the i n p u t , which we i d e n t i f y 
w i t h the P. I n Section Pour we begin to i n v e s t i g a t e 
the l\n system w i t h both P and p t r a j e c t o r i e s i n 
the crossed channel, and f i n d some i n d i c a t i o n s t h a t a 
reasonable account of the vacuum r e p u l s i o n may be 
possible. I t does not seem l i k e l y , however, t h a t the 
present c a l c u l a t i o n a l scheme w i l l give r e s u l t s t h a t 
agree very c l o s e l y w i t h experiment. 
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2. Formalism of pion-pion s c a t t e r i n g . 

The pion has zero strangeness, I G=0", 
J p = l ~ , p o s i t i v e change conjugation p a r i t y , and a mass 
of about IkO M e v ( 6 6 ) . I t s simple quantum numbers and 
low mass mean t h a t i t i s copiously produced i n strong 
i n t e r a c t i o n , and plays a large p a r t i n c a r r y i n g the long 
range component of the nuclear f o r c e . I f we approach 
the problem o f strong i n t e r a c t i o n s w i t h a t f i r s t 
n e c e s s a r i l y l i m i t e d o b j e c t i v e s , and t r y to i s o l a t e one 
system f o r study, the pion-pion i n t e r a c t i o n i s a 
n a t u r a l choice because of i t s s i m p l i c i t y and importance. 
The o v e r a l l s t r u c t u r e o f the low energy dynamics 
appears t o be dominated by the p -meson a t about 750 MeV, 
and since t h i s has predominantly e l a s t i c d e c a y ^ ^ i t 
would not be a t o t a l l y hopeless f i r s t approximation t o 
t r e a t the problem as completely elastic using the N/D 
techniques so f a r employed. We s h a l l see, however, t h a t 
some i n e l a s t i c i t y i s implied i n our dynamical scheme, 
and we s h a l l modify our approach accordingly. 

We neglect electromagnetic e f f e c t s and deal 
throughout w i t h amplitudes of d e f i n i t e i s o s p i n , 
A I ( s , t , u ) , 1=0,1,2. The process of crossing i s thus 
complicated by the necessity to use a crossing m a t r i x 
to r e l a t e t and u channel amplitudes to those i n the 
s-channel. We have, as i s w e l l known/ 6) 



A l ( B , t , u ) = ( j U V U ^ u ) 

(-1) 1 V ' ( u , t , s ) , I I 
where 

f l 6 i 5 / 3 ) 
V3 V2 -V6 | 

and the index I ' i s summed from 0 to 2. 
Each amplitude A 1 obeys the Mandelstam 

re p r e s e n t a t i o n , and because the pion i s pseudoscalar 
(a three-pion v e r t e x i s thus f o r b i d d e n ) , has double 
s p e c t r a l regions as shown i n Pig.U.l (where the Chew-
Jones s t r i p s are also d e p i c t e d ) . Each of the s i x 
curved boundaries has an asymptote ; a t Wjj: i n one 
d i r e c t i o n and 16m2. i n the other, corresponding t o 
the l a c k of a three pion intermediate state i n the 
u n i t a r i t y sum, e.g. (1.20), and the i m p o s s i b i l i t y of 
the simple box diagram: 

\ T 

\ IT 0 

We begin by c o n s t r u c t i n g s-channel 
amplitudes of d e f i n i t e s i g n a t u r e , and i n t h i s 
connection we not9 t h a t the interchange t<-»u, 
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( a s ^ - a s ) * corresponds t o an interchange of ( i d e n t i c a l ) 
pions. Therefore to preserve Bose s t a t i s t i c s the 
signature f a c t o r - i s equal to (-1) 1, and so only even 

angular momentum states c o n t r i b u t e to 1=0, 2 amplitudes 
and only odd angular momentum states to the 1=1 amplitude. 

We s p l i t each of the three double s p e c t r a l 
regions i n t o two c o n t r i b u t i o n s , each e l a s t i c i n a d i f f e r e n t 
channel. What i n the scalar mason case of Chapter One 
was l a b e l l e d j°st now consists of p s t and ^ t s , the 
former e l a s t i c i n s, the l a t t e r i n t . S i m i l a r 
decompositions are made f o r what were ^ > 8 U and ^tu> 
see Fi g . i + . l - This r e - l a b e l l i n g f a c i l i t a t e s the 
i n t r o d u c t i o n of the Chew-Jones r e p r e s e n t a t i o n , where 
R 1

t c o n t r i b u t e s to pt=|, R 2
U to p u s e t c . 

Using eq.(l.kd) f o r A±(a,t), and remembering 
(l+. l ) e t c . , we. have i n t h i s convention (see Appendix), 

where 
D l ( s , t ) = v I ( s , t ) + d I ( s , t ) , (h.k) 

and 

(U.6) 
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R e - l a b e l l i n g again, we reserve the symbol 

p s t f o r only t h a t p o r t i o n of the s - e l a s t i c double 
s p e c t r a l f u n c t i o n i n the corner between the s t r i p s 
R| and R̂ , and s i m i l a r l y use the other f i v e symbols p . 
Then our i n t e r f e r e n c e model approximation to A I ( s , t ) 
consists of r e p l a c i n g i n eqs.(U.5) and (U.6) the double 
s p e c t r a l f u n c t i o n by the appropriate s t r i p s plus the 
corresponding corner pieces. 

To c a l c u l a t e the corner pieces, we concentrate 
o n Pst» which we obtain from s-channel e l a s t i c u n i t a r i t y 
i n the form of eq. (2.21), 

.1.. ^3-, 

T> ' + t , ' © W <b*<kL- ( 7 ) 

Other pieces are obtained by a simple 
permutation of v a r i a b l e s s,t and u. That i s , because 
each channel contains an i d e n t i c a l process, f o r a given 
i s o s p i n ^ t s i s *'ie s a m e f u n c t i o n of t as i s of 
s, and so on. We note t h a t when ^> 8t i s known out 
t o a given t , Ptu» ( w h i c n i s the same f u n c t i o n of u. 
as p s t i s of t ) , i s known only to the same l i m i t e d 
value of u, so t h a t the i n t e g r a l over i t i n (U.6) has 
t o be cut o f f . The e r r o r thus introduced was found 
numerically t o be n e g l i g i b l e , since the whole 
c o n t r i b u t i o n of any reasonable ^ t u i s i t s e l f very 
small, and was i n f a c t neglected. 
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I f the double s p e c t r a l f u n c t i o n 

calculated from (U.7) i s important to the dynamics, the 
i m p l i c a t i o n i s t h a t ^> t B i s eq u a l l y so, and of course 
the i n t e g r a l over i t i n eq.(l+.6) i s unce r t a i n f o r an 
e x a c t l y s i m i l a r reason. The only way to estimate i t 
would be to carry out a " m a c r o - i t e r a t i o n " , using the 
r e s u l t s of one i t e r a t i o n t o "begin another, and, w i t h 
the not unreasonable expectation of convergency, carry 
on u n t i l ^ s w a B unchanged. The consistency of t h i s 
procedure as stated i s questionable, however, as the 
presence of p s t i m p l i e s t-channel i n e l a s t i c i t y (e.g., 
m u l t i p l e ^ -meson exchange), and t h e r e f o r e the presence 
of p ^ B i m p l i e s an equal degree of s-channel i n e l a s t i c i t y 
which renders i n v a l i d the e l a s t i c u n i t a r i t y assumption 
underlying eq.(U.7)« A s o l u t i o n would be to modify 
( I4.7) i n some way t o tak9 account of i n e l a s t i c i t y a t the 
second and subsequent steps i n the " m a c r o - i t e r a t i o n " . 
However, such a procedure i n v o l v e s immense numerical 
e f f o r t , and i t i s not clear t h a t i t would y i e l d any u s e f u l 
improvement over the simpler approximation t h a t was i n 
f a c t used. 

Our approach was to neglect a l t o g e t h e r the 
c o n t r i b u t i o n of p t s t o (U.6) i n the i t e r a t i o n , b ut 
estimate f o r the e f f e c t s of i t s implied presence by 
using N/D equations modified according to the method 
of Prye and W a r n o c k ^ 6 ) , w i t h the i n e l a s t i c i t y parameter 
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•Tj c a l c u l a t e d from p t a (obtained by permutation of 
a and t from ^ s t ) a B w e s h a l l describe. 

To determine we need D-£(s,t) evaluated 
i n the corner where ffwi* £ Ŝ 'fc * S, ; and c l e a r l y 
R B ( s , t ) , which i s contained i n d I ( s , t ) , eq.(iu5)» does 
not c o n t r i b u t e here. To begin the i t e r a t i o n we thus 
set D^v 1, where the l a t t e r contains only the 
c o n t r i b u t i o n of the s t r i p s R£ and R|, since R£ has no 
t - d i s c o n t i n u i t y i n the r e l e v a n t region. Therefore 
our s t a r t i n g t - d i s c o n t i n u i t y i s given by, (see Appendix) 

L 

J, 

where alt) 

(U.8) 

and a summation over i s o s p i n I ' , and t-channel t r a j e c t o r i e s 
i s i m p l i e d . We have a l t e r e d (2.11+) i n t o a form s u i t a b l e 
f o r q^ > 0, and neglected Q-functions. We s h a l l describe 
our parameterisations of o(.(t) and ^Cb) - both needed 
above threshold where they are complex - i n the next 
Section. 

The numerical computations were c a r r i e d out 
by c a l c u l a t i n g D l ( s , t ) , as given by eqs. (k'k)-(U. 6) f o r 
s-values between 1+m̂  and s, a t successively greater 
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t-values, w i t h the corner piece of double s p e c t r a l 
f u n c t i o n ^> B t given by (k-7) i n terms of D^(s,t) a t 
lesser t-values. The c o n t r i b u t i o n s from and 
p u t were small, and were thus ignored because t h e i r 

i n c l u s i o n increased t e n f o l d the computer time r e q u i r e d . 
was 

The c o n t r i b u t i o n of ^ ̂ B we^e neglected to the extent 
described above. Thus the e n t i r e c o n t r i b u t i o n of v 1 

i s given by the s t a r t i n g d i s c o n t i n u i t y , eq.(l+.8). 
I n general the s t a r t i n g d i s c o n t i n u i t y of 

eq. (J+.8), which has a large-s behaviour p r o p o r t i o n a l 
t o , may increase w i t h s, and so i t i s evident 
from eqs.(l+.l+) - (U-7) that,unless very d e l i c a t e 
c a n c e l l a t i o n s occur i n the i t e r a t i o n procedure,as s^ 
i s increased the c o n t r i b u t i o n to the amplitude of 

p st cal c u l a t e d i n t h i s way could be made a r b i t r a r i l y 
l a r g e C 1 0 ^ ) , i n c o n t r a d i c t i o n to the s p i r i t of the 
in t e r f e r e n c e m o d e l ^ 1 0 ^ ) . To overcome t h i s d i f f i c u l t y 
we followed the p r e s c r i p t i o n of B a l i e t a l . ( 1 0 ^ , and 
m u l t i p l i e d the double i n t e g r a l of 7) by a f a c t o r 

( ( 4- e*p ( (S-£,)/A)Y1
 7 (A>1>) ; t o damp 

down p s t at large s. 
The c a l c u l a t i o n of the c o n t r i b u t i o n to the 

p o t e n t i a l f u n c t i o n B L ( s ) of the Chew-Jones asymptotic 
s t r i p e i s s t r a i g h t f o r w a r d (see Appendix), and has 
been given i n d e t a i l by C o l l i n s and T e p l i t z ( 8 o ) 4 

L i k e these authors we found numerically t h a t the 
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c o n t r i b u t i o n of the d i r e c t channel s t r i p t o was 
e n t i r e l y n e g l i g i b l e , as were the terms i n v o l v i n g 
i n t e g r a t i o n s over f o r t > s-j^. I g n o r i n g these 
terms, we f i n d q 

- eC 

/ _ 
J 

I + (-0 

4 ^ 

e i t h e r 
i f 

or 
+ 

where ?C*fr)) = C&*r f o r x ' ~ D j Z ; 

and - la*v — 2 ~ f o r I ' =1. As i n ( 4 . 8 ) , a; 
summation over i s o s p i n I ' and t r a j e c t o r i e s i s 
understood. 

The c o n t r i b u t i o n of the corner pieces of 
double s p e c t r a l f u n c t i o n s to B L(s.) f o l l o w s immediately 
from (1.81), and i s 
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L 
X ITERATED 

4 hi 

PteWO 5*tW rfs' XI 
+ 

J 

+ t O p ("0 

t o 1 I I U'-u(t) 2«t 
J 

Hers the boundaries of the pieces of doable 
s p e c t r a l f u n c t i o n s are s 0 ( t ) = U ( 1 + 1 6 j { t - 1 6 ) ) and 
u 0 ( t ) = l 6 ( l + u / ( t - U ) ) , i n u n i t s where n£. =1. A l l the 
pieces of double s p e c t r a l f u n c t i o n are included i n 
t h i s expression, where t h e i r c o n t r i b u t i o n i s not 

I T i n\ 
smaiiv m 
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Equations (1+.9) and (U. 10) give the input 

f o r the Frye-Warnock (U6) N/D equations. To derive 
these equations, we w r i t e ( c . f . eq.(2.3))> 

B^O - [nit)***'* - i ] f . 

where p^(r) = 3^ />ls , I n the decomposition 
B=N/D, D now c a r r i e d an e l a s t i c u n i t a r i t y cut from 
threshold t o s^, and N has a l e f t - h a n d c u t , a r i g h t -
hand cut above s^, and the i n e l a s t i c p a r t of the 
u n i t a r i t y cut from s I N (=l6m 2 ) t o S]_. The d e r i v a t i o n 
of r e f . ( 5 ) f o r e ^ = ^ c a r r i e s over to give 

s - s 

where 

s r-s 
>«4 

(P denoting Oauchy p r i n c i p a l v a l u e ) , 

and 
/ 
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Also S", 

o 

3U0 = I ' S'-£ ^ ' 

Given B^(a) and 'fyfc) these equations can 
be solved f o r N^(s) and D^(s). Because 

we can form a d i s p e r s i o n r e l a t i o n f o r N^(s) (iw^l^ce^liig-

^ ^ r M ^ s ^ ^ S s ^ S ^ 1 ^ ' a n c 3 8 0 c a l c u l a , t 9 residues ^ ( s ) and 
t r a j e c t o r i e s o£(s) i n the way o u t l i n e d i n previous 
Chapters. 

To ca l c u l a t e "*ji(s)» w e w r i , f c e f o r the 
(reduced) p a r t i a l wave amplitude ( l u l l ) the u n i t a r i t y 
equation ( c . f . ( 1 . 7 0 ) ) , 

where / _ ̂ ,-2'/i) 

The i n e l a s t i c cut ( i . e . I m B j N ( a ) ) comes 
from the term p t s ( s , t ) i n the equation t h a t corresponds 
t o (1+.10> f o r B^( s ) . Therefore 

+ tz. 
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where c 

f 

I n the next Section we apply t h i s method 
to a bootstrap of the ^ -meson t r a j e c t o r y ^ • L 1 1 ) . 

3. A rho-meson b o o t s t r a p . 
I t has been shown i n previous pion-pion 

calculations^®°»that the force from rho exchange 
generates not only an 1=1 s-channel t r a j e c t o r y but 
also a h i g h e r - l y i n g 1=0 t r a j e c t o r y . The reason i s 
e s s e n t i a l l y t h a t the crossing m a t r i x element from 1=1 to 
1=0 i s twice t h a t to 1=1, see eq.(l+.2). The second 
t r a j e c t o r y we i d e n t i f y w i t h the Pomeranchon, P, and i n 
t h i s Section.we ignore i t s presence and concentrate on 
f i n d i n g a s e l f - c o n s i s t e n t rho. I n c l u s i o n of only one 
t r a j e c t o r y enables us to make a comprehensive search 
f o r s e l f - c o n s i s t e n c y and t o examine thoroughly the 
e f f e c t of the c u t - o f f parameters ( ^ and S]_) on our 
s o l u t i o n . 

To c a l c u l a t e the s t a r t i n g d i s c o n t i n u i t y f o r 
the Mandelstam i t e r a t i o n we need a parameterisation 
of < t ) and - f l ( t ) above t h r e s h o l d , t > i+m2 . 
W i t h i n the context of t h i s c a l c u l a t i o n b o t h are r e a l 
a n a l y t i c i n t cut from i+m2 t o 06 along the p o s i t i v e 
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r e a l a x i s . We w r i t e d i s p e r s i o n r e l a t i o n s (eq.(1.8i+)), 

y TT t ' - t 
J 
4*1 

and 
°0 

T ( t ) = ^ 
t ' - 1 

and use parameterisations of the type introduced by 
Ahmadzadeh Sakmar^-1-12) f o r the imaginary p a r t s : 

Jjv\ cx(l') -
C, x 

and 

y^) 3 7 o T 

where x=t-i+m . I n s e r t i n g these forms i n t o eqs.(i+.2l) 
and (1+.22)-, the i n t e g r a l s may be evaluated by choosing 
a s u i t a b l e contour t o give 

/ - t i r \ A 

f o r - / < \ < Z and 
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f o r - l < X < ( where 0^ - *^OL^) . The form of 
these f u n c t i o n s i s shown i n Fig.U.2 (see also Fig.5.2). 
Note t h a t Im cc must "be p o s i t i v e by u n i t a r i t y , but there 
i s no such r e s t r i c t i o n on Imy . Both imaginary p a r t s 
must vanish a t threshold f o r oi(^m^) > - £ We are _ I 2. 
also assuming t h a t o((s) approaches a constant at 
large s, as i t does i n p o t e n t i a l s c a t t e r i n g . I f 
o((s) —> oO we cannot expect our single-channel 
bootstrap to work, although i t may s t i l l give a reasonable 
approximation to the t r a j e c t o r y over a l i m i t e d region 
of s near s=o. (See the next Chapter f o r a discussion 
of t h i s , also ref.130). The input width of the rho 
meson corresponding to these f u n c t i o n s i s given by 

These pararneterisations were used i n the 
i t e r a t i o n to f i n d the e l a s t i c double s p e c t r a l f u n c t i o n 
f o r a given value of s^ and A • I t i s evident 
t h a t the number of i t e r a t i o n s needed t o f i n d 
depends on how large i s The main weight of the 
s t a r t i n g • t - d i s c o n t i n u i t y i s at the p o i n t where Im o(( t ) 
i s a maximum, and since t h i s must be above the p mass 
(through which the t r a j e c t o r y r i s e s ) the number of 
i t e r a t i o n s needed f o r , say, si=2000m2 i s only 6 or 7. 
(The r e s u l t s of Chapter Three i n d i c a t e t h a t three 
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i t e r a t i o n s should be s u f f i c i e n t f o r a r e l i a b l e 
approximation t o the p o t e n t i a l ) . The calculated 
double s p e c t r a l f u n c t i o n i s then used to ca l c u l a t e 
the p o t e n t i a l and i n e l a s t i c i t y f u n c t i o n s f o r the 
N/D equations. 

There are thus eleven i n p u t parameters f o r 
the c a l c u l a t i o n , a, b, c,, , d, a 2, b 2 , c 2, ao» 
8± and A • The f i r s t e%ht of these are t o be 
adjusted t o make the input and output t r a j e c t o r i e s 
and residues s e l f - c o n s i s t e n t f o r given values of A S Q 

and s^. Our boo t s t r a p i s only r e a l l y s e l f - c o n s i s t e n t 
i f the dependence on the choice of A and s^ i s 
small. Since A only determines the width of the 
c u t o f f f u n c t i o n of the i t e r a t i o n the r e s u l t s are i n 
f a c t only t r i v i a l l y dependent on i t , as Fig.l+.3 
shows. I n the r e s t of the r e s u l t s we quote, A i s 
f i x e d a t 50m2 . Also the scale f a c t o r i n the residue 
f u n c t i o n which i s supposed f o r consistency t o be' about 

t o f s ; ^ 1 1 ^ ) we f i x e d at So=200m2 . 

A s e l f - c o n s i s t e n t rho t r a j e c t o r y i s shown 
i n Fig.J+,2. I t has been chosen so t h a t i t s parameters 
correspond to the phy s i c a l rho-meson by having 
oc(30)sl, and the experimental input w i d t h 1^ =lUTMeV ( 
The t r a j e c t o r y i s not q u a l i t a t i v e l y d i f f e r e n t from 
those obtained i n previous work^O, 81) _ Where the 
second and higher Born terms were not included, but 
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a good deal of extra force has been obtained. 

Part of t h i s extra f o r c e i s due to the 
i n c l u s i o n of i n e l a s t i c i t y , as shown by Fig.ij-.ij-, 
which includes the t r a j e c t o r y w i t h ^ ( s ) = l , as 
w e l l as w i t h the c a l c u l a t e d values. The v a r i a t i o n of 

7^,(8) w i t h s f o r various .^-values i s shown i n 
Fig . i i . 5 . The corresponding values above s^ (calculated 
by using ImBj'(s) as given by the asymptotic s t r i p ) are 
also i n d i c a t e d i n the f i g u r e . They do not match 
completely, of course, since nothing has been done t o 
make them c o n s i s t e n t , but the discrepancy i s not too 
bad, except t h a t f o r JL & 0-Z u n i t a r i t y i s v i o l a t e d 
above 6]_. This problem has been noted p r e v i o u s l y ^ 1 ) , 
and i s due to the f a c t t h a t the s e l f - c o n s i s t e n t residues 
tend t o have too large a value of <y(tj f o r < 0 . 
This i s compensated by having a large o i ' f t j i n the 
region of the p -meson by p u t t i n g the peak of Imoc(t) 
not too f a r above the p a r t i c l e (see Fig.l+.2). The 
p r o b l e m ^ 1 ) of a large i n p u t width to generate enough 
force to produce a reasonable output t r a j e c t o r y i s thus 
circumvented. 

The dependence of the r e s u l t s on the choice 
of s i i s shown i n Fig.4.6. We see t h a t the p o s i t i o n 
of <*( 0) i s l i t t l e a f f e c t e d by the value of t h i s 
parameter provided we take si ^ 800ra^ . and i s m»ch 
reduced by the i n c l u s i o n of higher Born approximations. 

http://Fig.ij-.ij-
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The Blops ^'(O) tends to decrease w i t h increasing 
B-^, but again the higher Born approximations make 
the r e s u l t s almost independent of t h i s a r b i t a r y 
parameter i f i t s u f f i c i e n t l y l a rge. The dependence 
i s c e r t a i n l y not so great as to make one f e e l t h a t 
i t i s p l a y i n g a dominant r o l e . 

I n Fig.l+.7 we show the v a r i a t i o n of ^ s t 
w i t h t f o r some values of s. The f i r B t peak 
corresponds t o the f i r s t i t e r a t i o n of those i n D t ( s , t ) 
due t o the p a r t i c l e a t t=m|, and the maximum of 
Imo((t) above i t , and the subsequent maxima are due t o 
the f u r t h e r i t e r a t i o n s . The double s p e c t r a l f u n c t i o n 
has s e t t l e d down to i t s asymptotic behaviour at 

~t ~ loOO ftT^ t and so we take t h i s as our pref e r r e d 
value of S]_. The double s p e c t r a l f u n c t i o n calculated 
i n t h i s way matches smoothly on to the asymptotic s t r i p 
r egion above s].. 

The c h i e f problem i n t h i s type of c a l c u l a t i o n 
i s the range of parameters over which "reasonable" 
se l f - c o n s i s t e n c y can be obtained. We have found t h a t 
a t the u n i t a r i t y l i m i t c<(0)=1.0, i t i s possible t o 
obtain such a s o l u t i o n , and f o r lower values down t o 
o((0)B0.17. Some examples are shown i n Fig.U.8. 

I t w i l l be noted t h a t the basic shape of the 
residue f u n c t i o n i s always the same, agreeing w i t h the 
Chew-Teplits f o r r n ^ 1 1 ^ . 
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|(t) - cW. «'ft) (t-fcj ( / -t ) > t -
(U. 

which can "be seen t o be an i n e v i t a b l e consequance of 

the N/D equa t i ons fo r s l o w l y - v a r y i n g ( w i t h s) p o t e n t i a l 

funct ionsBjk( s ) . 0 

We have ReD^ flj (m 2 ) =0, and eq . (2 . 15 ) , 

I f B^(s) i s s l owly v a r y i n g , the i n t e g r a l s f o r N and 

ReD' bo th \ can be approximate ly evaluated a t t=T. 

Using a d e l t a - f u n c t i o n approximat ion f o r the crossed 

channel resonance ( a t m 2 ) , i t s p a r t i a l wave p r o j e c t i o n 

i s a Q - f u n c t i o n , g i v i n g eq.(i4..28). There i s s t r i k i n g 

agreement between t h i s p r e d i c t i o n and e x p l i c i t numerical 

c a l c u l a t i o n s ^ 8 0 ' 8 l ) . 

The only way f o r the Chew-Tepl i tz f o r m to be 

avoided i s f o r B-p(s) to vary r a p i d l y , perhaps changing 

s ign , between th resho ld and 8]_. The need f o r such 

o s c i l l a t i o n s i f we are t o f i n d res idues w i t h a r a p i d 

decrease f o r negative t , l i k e those found i n many f i t s 

to the exper imenta l d a t a ^ 6 ) ? has- been discussed by 

C o l l i n s ^ 8 ? ) , W i t h only the a t t r a c t i v e rho-exchange 

p o t e n t i a l we cannot expect sign-changes, a l though we can hope 

tha t they w i l l r e s u l t i n a s a t i s f a c t o r y t reatment o f the 
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vacuum r e p u l s i o n . The f o r m of I m ^ t ) i n (U-2k) has 
"been chosen t o reproduce (I+.28) f o r negative t , and 
the change of s i gn a t t=km^d seems the eas ies t way to 
do t h i s . 

Since the output shape of y(s) i s always 

much the same, the values o f d , a 2 and b 2 are more or 

less f i x e d . The values o f X should oorrespond t o 

the known th re sho ld behaviour of Im^( t ) which i s 

(see e q . ( 1 . 8 6 ) ) , 

I n p r ac t i c e we have f i x e d X=0.5 f o r a l l * ( 0 ) . 

Th i s has "been found to make r a t h e r l t t t l e d i f f e r e n c e 

so long as X does not approach one too c l o s e l y , when 

the d i s p e r s i o n i n t e g r a l f o r /y* d ive rges . The on ly 

r e a l l y f r e e parameter, which i s not determined by the 

shape o f the output res idue , i s the o v e r a l l magnitude, 

Cg- I t i s t h i s which i s determined by demanding 

s e l f - c o n B i s t e n c y o f i n p u t and o u t p u t , and ranges f r o m 

c 2 =0.093 f o r o((0>=l t o c 2 =0.028 f o r o((0)=- .17. 

S i m i l a r l y the range o f shapes of the output 

t r a j e c t o r i e s e x h i b i t e d i n the s o l u t i o n of F ig . l+ .8 i s 

very l i m i t e d , and the on ly r e a l l y s i g n i f i c a n t f r e e 

parameter i n (1+.25) i s the absolute height of the 

t r a j e c t o r y determined by oi(ob) . Aga in X was 

f i x e d a t 0.5, a l though i n t h i s case the i n t e g r a l (U.21) 
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converges f o r X< 2 . The values o f a^» bj_ and 01 

are e s s e n t i a l l y f i x e d "by the f o r m o f the o u t p u t . 

As f a r as we have been able t o d i scover , the t r a j e c t o r i e s 

shown i n F ig . i+ .8 span the f u l l range o f parameters f o r 

which reasonable s e l f - c o n s i s t e n c y can be achieved. I t 

has not proved poss ib le t o get a s e l f - c o n s i s t e n t s o l u t i o n 

w i t h ot(°o) < 0 f o r any choice o f i n p u t parameters, since 

such t r a j e c t o r i e s produce much too l i t t l e f o r c e . To get 

a t r a j e c t o r y l i k e the exper imenta l rho 
(64) 

we would l i k e 

a much smaller cu rva tu re , b u t F i g . 4 . 8 shows t h a t the 

amount of curvature i s always about the same. 

I t i s seen f r o m F i g . 4 . 2 t h a t , as i n e a r l i e r 

c a l c u l a t i o n s ^ 8 0 ' ^ , a l though the i n p u t and output 

t r a j e c t o r i e s agree very c l o s e l y f o r t<o i t i s not 

poss ib le to make them agree f o r t >> 0 , and i n f a c t 

ReD^(s) f o r does not have a zero i n the s o l u t i o n 

shown i n F i g . 4 . 8. The output widthB quoted i n F i g s . 4 . 4 

and 4 .8 were obtained by p l o t t i n g the p a r t i a l wave 

c r o s s - s e c t i o n . They show something of an improvement 

over p rev ious c a l c u l a t i o n s ^ 8 0 ' 1 3 -5) ^ t h e 

problem of ach iev ing a s a t i s f a c t o r i l y narrow rho w i d t h 

has c e r t a i n l y not been so lved . 

There i s a r e l a t e d d i f f i c u l t y i n t h a t , because 

of the bunching of Im*( t ) i n a peak j u s t above the^mass, 

D t c a l c u l a t e d f r o m ( 4 . 8 ) a l so has a peak there , and has 

the s o r t o f shape p l o t t e d i n F i g . 4 . 9 - Normal ly one 
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would expect the maximum of to be a t t=m^ , ( t he re 

i s a secondary peak t h e r e ) , corresponding t o the 

van i sh ing of TT <*( t ) . A large I m « ( t ) of t h i s 

so r t i s e s s e n t i a l t o our pa ramete r i sa t ion i f ws are 

t o o"btain a t r a j e c t o r y w i t h a curvature l i k e t ha t o f 

the ou tpu t . This peak i m p l i e s tha t there i s a peak 

of the t -channel c r o s s - s e c t i o n , tout no such peak i s 

found i n the s-channel . P u l l c ross ing symmetry has 

thus not "been achieved. I n B a l i ' s c a l c u l a t i o n s ^ ^ ) , 

(see F i g . 8 o f h i s paper ) , I m « ( t ) was a con t inuous ly 

i nc r ea s ing f u n c t i o n r i g h t up to t=sj_, and the 

i t e r a t i o n o f such an i n p u t would not s e t t l e down to 

i t s asymptot ic fo rm u n t i l t >)> s^. We can hope to 

improve the s a t i s f a c t i o n of c ross ing symmetry by 

choosing our parameters t o ensure t h a t the t - and 

s-channel p a r t i a l wave c ross -sec t ions are c o n s i s t e n t , 

"but i t i s probably not wor th wor ry ing about t h i s u n t i l 

the Pomeranchon has been inc luded as w e l l . 

k> Pomeranchuk Exchange. 

W i t h i n the con f ine s o f the present 

c a l c u l a t i o n , the l e a d i n g vacuum s i n g u l a r i t y i s a 

simple po le . On the ba s i s of phenomenological f i t s 

t o d a t a ^ 1 * t which seem to r equ i r e an unusua l ly 

f l a t e f f e c t i v e Pomeranchon t r a j e c t o r y , and i n the 

expec ta t ion t ha t branch p o i n t s are present i n the 
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/ - p l a n e ^ H O ) ^ o ther , sometimes more compl ica ted , 

s t r u c t u r e s coup l ing t o the vacuum quantum numbers 

have "been s u g g e s t e d t o e x p l a i n t h 9 apparent 

tendency of t o t a l c ross - sec t ions e i t h e r t o approach 

a c o n s t a n t ^ 0 ) o r t o decrease very s l o w l y ^ 1 8 ) a t 

large energ ies . I n a d d i t i o n there i s f i r m evidence 

of a second p o l e , the P ' , and r e c e n t l y the presence 

of a t h i r d pole has been suggested(120). There has 

been no s ign i n t h i s or previous w o r k ^ 8 ^ of lower-

l y i n g poles i n the d i r e c t channel, and t o beg in w i t h 

we s h a l l i n s e r t only a s ingle 1=0 pole i n the crossed 

channel . 

The f i r s t r e s u l t s of p u t t i n g i n the P are 

g iven i n Pig.i+-10. We began w i t h the s e l f - c o n s i s t e n t 

s o l u t i o n of Fig.2+.2, and f i t t e d , t o the output 1=0 

t r a j e c t o r y and r e s idues , formulae of the f o r m (J+.25) 

and ( i | .26) . Using the r e s u l t i n g expressions f o r 

c<(t) and ^ ( t ) f o r the crossed P p o l e , and the 

s e l f - c o n s i s t e n t parameters f o r the rho , we obtained 

s o l u t i o n s f o r the d i r e c t channel P and f> as i n d i c a t e d . 

The f i r s t s a t i s f a c t o r y f ea tu re o f the 

r e s u l t s i s tha t s o l u t i o n s have appeared a t a l l . I n 

previous w o r k ^ 8 1 ) us ing the simple Chew-Jones 

approximat ion - the f i r s t Born term - the e f f e c t of 

the P was to give a r e p u l s i o n la rge enough t o 

completely swamp the rho a t t r a c t i o n , and, as we have 



exp la ined , l ed to the use of the Chew-Tepl i tz 

n o r m a l i s a t i o n procedure. 

Two f u r t h e r po in t s are immediately apparent 

f i r s t l y the output t r a j e c t o r i e s are steepened, and 

secondly the residues are decreased. E v i d e n t l y 

i n c l u s i o n of the ex t r a Born terms has "been s u f f i c i e n t 

to compensate f o r the u n r e a l i s t i c r e p u l s i o n of the 

f i r s t , and i t i s c lea r t ha t the hoped-for narrow rho 

resonance may w e l l appear i n a f u l l y s e l f - c o n s i s t e n t 

s o l u t i o n . However, w i t h the paramster i sa t ions 

used f o r i n p u t Regge poles there i s no l a rge change 

i n the shapes o f the s o l u t i o n f o r of( s) and ^ ( 6 ) , 

and so the o v e r a l l agreement w i t h experiment may "be 

only m a r g i n a l l y improved. Fur the r c a l c u l a t i o n s are 

i n progress . 

5. Summary. 

The p r e l i m i n a r y a p p l i c a t i o n s of our 

dynamical scheme to e l a s t i c p i o n - p i o n s c a t t e r i n g 

show tha t i t g ives some (not unexpected) improvement 

over previous work. I n c l u s i o n of the P c o n t r i b u t i o n 

seems to have been achieved i n a more meaningfu l way 

than b e f o r e , and some of i t s expected impor tant 

e f f e c t s promise to appear. 

Use o f the N/D method has not a l lowed 

t r a j e c t o r i e s to be f o l l o w e d p r o p e r l y above t h r e s h o l d , 



"but the i n d i c a t i o n s are t h a t the t r a j e c t o r y turns 

over ra ther q u i c k l y , p o s s i b l y w i t h o u t reaching jt=l, 

and c e r t a i n l y nowhere near £=2. S i m i l a r l y , since 

there are no supercon-vergence c o n d i t i o n s b u i l t i n t o 

our p o t e n t i a l ^ 1 2 1 ^ , the t r a j e c t o r y endpoint , °<(°o) , 

must be above jl'=-1, and i n f a c t ends up above j2=0. 

There i s l i t t l e tendency towards any th ing approaching 

exponen t i a l f o r m f o r y ( t ) a t t «0 , bu t a d d i t i o n 

of the P gives a sharper f a l l - o f f because i t mak9s 

B^(s) vary more w i t h i n the s t r i p . 

A good dea l of f u r t h e r work remains to be 

don9, b u t , as we e x p l a i n i n the next and l a s t Chapter, 

i t may w e l l be f r u i t l e s s . 



F i g . 1) . The Mandelstam diagram f o r 

p i o n - p i o n s c a t t e r i n g , showing the 

Chew-Jones s t r i p s , and the corner pieces 

of double s p e c t r a l f u n c t i o n ca l cu l a t ed 

f r o m u n i t a r i t y . The n o t a t i o n i s 

explained i n the t e x t . 
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F i g . (4 .2) . S e l f cons i s ten t rho 

t r a j e c t o r y , and res idue , f u n c t i o n s 

( i npu t Re = , i n p u t Im o( , 

output Re <?(f and Re of f = ) . The 

parameters (see t e x t ) are 8^=1000, 

A =50, s o=200,a l=47.0,b 1=3.9ij.,c 1=1.05, 

a 2=540.0,b 2=392.5,c 2=0.068,d=lj.20, a l l 

i n ir^j. u n i t s . This corresponds to an 
1-7 

i n p u t rho w i d t h 1̂  =147 MeV, bu t the 

output w i d t h I? =340 MeV. 
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B i g , (k-3) • The output rho t r a j 9 c t o r i 9 s 
which r e s u l t w i t h th9 i n d i c a t e d valugs 

of A • A l l the other parameters are 

as i n P i g . ( k . 2 ) . 
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F i g . k) - (a)Tb.9 s e l f cons i s t en t rho 

t r a j e c t o r y of F ig . ( i+.2) , (b) i s the 

output t r a j e c t o r y obtained when i s 

set equal to 1, and (c) tha t obtained 

when only the s t r i p c o n t r i b u t i o n s are 

included i n the l e f t - h a n d cu t , i . e . 

th9 f i r s t Born approximat ion . 
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Fig.(U»5)• A p l o t o f the i n e l a s t i c i t y 

" ) | ^ ( B ) agains t s w i t h the parameters 

of F i g . (k. 2 ) , f o r (a) J =1.0, (b) J . =0.2 

and (c) ^ =0.0. The values ca lcu la t ed 

f r o m the s t r i p s above S]_(=1000) are a lso 

shown and we wse t h a t f o r J,<-2 u n i t a r i t y 

i s v i o l a t e d a t s^. 
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F i g . (U.6) . P l o t s of ot(o) and oc'(o) 

a g a i n s t S]_ w i t h a l l th.9 o t h e r p a r a m e t e r s 

f i x e d . The t h r e e c a s e s a r e (a) t h e 

c o m p l e t e c a l c u l a t i o n , ( b ) ^ s e t e q u a l 

to 1, and ( c ) o n l y the s t r i p c o n t r i b u t i o n s 

i n c l u d e d i n l e f t - h a n d c u t . The dependence 

on the c h o i c e o f i s much r e d u c e d "by 

i n c l u d i n g the e l a s t i c d o u b l e s p e c t r a l f u n c t i o n . 
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F i g , (h. 7) • A p l o t of p j . t ( s , t ) a g a i n s t 

t f o r two v a l u e s of s . The dashed l i n e i s 

the a s y m p t o t i c s t r i p f o r t <S]_, and m a t c h e s 

on r a t h e r w e l l showing t h a t we have i n d e e d 

r e a c h e d the a s y m p t o t i c r e g i o n f o r 

t >, lOCO YYX1! „ 
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F i g . 8 ) . S e l f c o n s i s t e n t r h o 

( i ) t r a j e c t o r i e s , and ( i i ) r e s i d u e s , w i t h 

( a ) o t ( Q ) = i . o . «-(<») =0.1+9, ( b ) «(0)1=0.57, 

0^(00) =0.17- and ( c ) o((o)=0.17 f * H = 0 . 0 3 -

The d a s h e d l i n e s a r e the o u t p u t , and the 

f u l l l i n e s t h e i n p u t Regge f u n c t i o n s . 

Once tf/ea) has "been d e c i d e d upon the 

demand f o r s e l f c o n s i s t e n c y f i x e s t h e 

shape o f t h e t r a j e c t o r y . T h e w i d t h of 

the j[ =1 r e s o n a n c e s i n the t h r e e c a s e s 

a r e ( a ) "bound s t a t e , (t>) 350 MeV, 

( c ) 630 M9V. Note t h a t c a s e ("b) i s s i m i l a r 

t o , "but s l i g h t l y d i f f e r e n t f r o m , P i g . ( ^ . 2 ) . 

The p a r a m e t e r s w h i c h have "been changed a r e 

"b2=Z+00 and C 2 =0.76 . T h i s i n d i c a t e s the 

amount of v a r i a t i o n w h i c h c a n "be t o l e r a t e d 

i n t h e s e p a r a m e t e r s . 
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F i g . (U.9) • A p l o t o f l o g 1 Q D ^ = 1 ( s , t ) 

a g a i n s t t f o r s = 15"! .̂ . I t shows 

the f i r s t peak of D t due t o the p a r t i c l e 

a t t=30m^- and the second and l a r g e r 

peak due to t h a t of Im<X. a t t=U7m2 . 
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Ftp;, ( k . 10) . T r a j e c t o r y and r e s i d u e 

f u n c t i o n s f o r the case when P exchang 

i s i n c l u d e d . The f u l l l i n e s a r e the 

i n p u t ( t - c h a n n e l ) f u n c t i o n s , and the 

dashed l i n e s the o u t p u t ( s - c h a n n e l ) 

ones. Shown a l s o as a d o t t e d l i n e 

are the o u t p u t t r a j e c t o r y and r e s i d u e 

f u n c t i o n s f o r the s e l f c o n s i s t e n t 

s o l u t i o n o f F i g . ( t | . . 2 ) . 
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C H A P T E R F I V E 

L i n e a r Regge T r a j e c t o r i e s 
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1. I n t r o d u c t i o n . 

The n a t u r e o f a p a r t i c u l a r Regge t r a j e c t o r y 

f o r n e g a t i v e v a l u e s o f a ( = ( e n e r g y ) 2 ) can "be 

d e t e r m i n e d "by f i t t i n g the n e a r - f o r w a r d a n g u l a r 

dependence o f t h e h i g h e n e r g y power b e h a v i o u r o f t h e 

a m p l i t u d e f o r the c rossed channe l p rocess w i t h ( a sum 

of ) , f o r m u l a e l i k e ( 2 . 9 ) . A p a r t i c u l a r l y c l e a r - c u t 

case i s the r h o meson t r a j e c t o r y i n 7T p charge 

exchange(6*+), where i t i s the o n l y p r o m i n e n t t - c h a n n e l 

c o n t r i b u t i o n . The t r a j e c t o r y so deduced^**) i s 

a p p r o x i m a t e l y o f t h e f o r m ot( s)=0.57+s "between 

s=-0.9 GeV 2 and s=0. L i n e a r t r a j e c t o r i e s ( w i t h s) 

f o r b o t h b a r y o n s and mesons f i t a wide range o f 

p r o c e s s e s ^ ) , and , i f t h e y are e x t r a p o l a t e d t o p o s i t i v e 

s, t h e r e appear i n many c a s e s ^ ) resonances s u i t a b l y 

p l a c e d t o be t h e i r r e c u r r e n c e s . P a r t i c u l a r examples 

are the n u c l e o n i s o b a r s ^ ^ ) f a r ) $ ^he R, S, T , U m e s o n s ^ 1 2 2 ) 

seen i n m i s s i n g mass expe r imen t s^ 1 2 3 ) . I t seems t h a t 

the l i n e a r i t y may p e r s i s t up t o a t l e a s t 6GeV 2 . 

The r h o meson t r a j e c t o r i e s c a l c u l a t e d i n 

the p r e v i o u s Chapte r had c o m p l e t e l y d i f f e r e n t b e h a v i o u r , 

b e i n g much s h a l l o w e r b e l o w t h r e s h o l d and t u r n i n g over 

q u i c k l y above i t . The more or l e s s c o r r e c t b e h a v i o u r 

c l o s e t o z e r o was a c h i e v e d a t t he c o s t o f b u n c h i n g 

I m o t f t ) i n t o a l a r g e s p i k e a t abou t s=U5m2 ( e n e r g y ~ 

950 MeV) , so t h a t t he r e c u r r e n c e a t Re<x=3 was v e r y 
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l i g h t . We are now f a c e d w i t h the q u e s t i o n o f what 
m o d i f i c a t i o n our model needs t o r ep roduce e x p e r i m e n t 
more c l o s e l y . 

The d e f e c t o f a l l models based on e l a s t i c 

u n i t a r i t y i s t h a t L e v i n s o n ' s Theorem^• L 2 i + ) c o n s t r a i n s 

the c a l c u l a t e d t r a j e c t o r i e s t o t u r n o v e r . However 

i t i s easy t o Imag ine t h a t as we i n c r e a s e the ene rgy 

the t r a j e c t o r y c o u l d become s t r o n g l y coup led t o the 

new channe l s t h a t open up , and so c o n t i n u e t o r i s e . ^ 1 2 ^ ) 

Models have been proposed on t h i s b a s i s ^ 2 ^ , and we 

note the s i m i l a r i t y t o the P - r e p u l s i o n m o d e l . I f 

l i n e a r b e h a v i o u r were t o p e r s i s t i n d e f i n i t e l y so t h a t 

<*(s) - v B aa s-» oo , t h e n t h 9 a m p l i t u d e A t * ( 8 ) 

would n o t be u n i f o r m l y power bounded and the Mandels tam 

r e p r e s e n t a t i o n f o r A wou ld n o t h o l d , u n l e s s the 

r e s i d u e s f i s ) were e x p o n e n t i a l l y d a m p e d ( 1 2 7 ) . (A 

b e h a v i o u r y( s) —> c o n s t . « ( s ) " ^ B ^ has been sugges t ed ; ( 1 2 ® ^ 

p r e l i m i n a r y compar i sons w i t h expe r imen t^ 129) a re 

f a v o u r a b l e ) . N e i t h e r i n d e f i n i t e l y r i s i n g t r a j e c t o r i e s 
•r 

noX e x p o n e n t i a l l y damped r e s i d u e s are l i k e l y t o be 

produced i n our model w i t h a f i n i t e number o f c h a n n e l s , 

b u t one m i g h t hope t h a t b y i n c l u d i n g s e v e r a l low-masB 

ones r e a s o n a b l e agreement m i g h t r e s u l t i n a c o r r e s p o n d i n g 

energy r e g i o n c l o s e t o s=0, wh9re i n t e r e s t l i e s . 

I n t h 9 n e x t S e c t i o n we s h a l l s h o w ^ 1 5 0 ) t h a t 

such a hope i s u n t e n a b l e i f t h e c u r r e n t l y accep ted 

l i n e a r e x t e n s i o n o f t he r h o and A 2 t r a j e c t o r i e s a r e c o r r e c t . 
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2 . D y n a m i c a l consequences o f a l i n e a r t r a j e c t o r y . 

Prom e q . ( 1 . 6 U ) a Regge p o l e 0(( s) g i v e s t o 

the s - c h a n n e l p a r t i a l wave a c o n t r i b u t i o n o f the 

f o r m R ( s ) ( i - o t ( s ) ) " 1 , and i f ImoO ( s) « Re «! ( s) we 

d e r i v e e q . ( 1 . 6 5 ) , w h i c h , "by compar i son w i t h t h e B r e i t - -

Wigner f o r m ( m 2 - s - i m f ) " 1 , g i v e s f o r the f u l l w i d t h a t 

h a l f - h e i g h t o f t he resonance a t s=m 2 t he e x p r e s s i o n 

We c o n s i d e r the p and Ag t r a j e c t o r i e s , upon 

w h i c h are supposed t o "be t h e ^ , R, and T , and the A2» 

S, and U mesons r e s p e c t i v e l y : see P i g . 5 . 1 . Prom 

e q . ( 5 . 1 ) , u s i n g t h e w id ths g i v e n "by R o s e n f e l d e t a l . , ( ^ 

we d e r i v e t h e v a l u e s o f I m « g i v e n i n P i g . 5 . 2 . The 

i m p o r t a n t p o i n t t o not9 i s t h a t the h i g h mass s t a t e s 

are v e r y n a r r o w , so t h a t I m ot( s) must "be s m a l l a t 

h i g h ene rgy . T h i s w o u l d n o t be so i f t he t r a j e c t o r i e s 

were s t r o n g l y c o u p l e d t o h i g h e r t h r e s h o l d c h a n n e l s . 

We assume t h a t DC( S ) obeys a d i s p e r s i o n 

r e l a t i o n o f the f o r m ( 1 . 8 U ) , 

n i 0 [' acts') ds' 

( 5 . 1 ) 

^ / S ' - S (5 .2) 

where s 0 = t h r e s h o l d (= (21^)2 f o r , and = ( 3 m T r ) 2 f o r < * A 2 ) . 

A r e a s o n a b l e f i t t o I m x ( s) i s o b t a i n e d u s i n g the 

p a r a m e t e r ! sa t i o n o f Ahmad zad eh. and S a k m a r ^ 1 1 2 ) ( c . f . eq . ( 4 . 2 5 ) , 
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Lw «(0 , O - ^ + e 1 ' (5.3) 

where X = s - s 0 , and A =0.0001, d=2.0 ( G e V ) 2 , 

e=1.0 (GeV) , and C=0.31 f o r the rho t r a j e c t o r y and 

0.11+5 f o r t h e A 2 « T h e s l o p e of Re <*( s ) i s not v e r y 

s e n s i t i v e to t h e c h o i c e o f X . The t r a j e c t o r i e s 

f o u n d f r o m e q . ( 5 . 2 ) u s i n g (5*3) a r e shown i n P i g . 5 . 2 , 

and we see t h a t the c o n t r i b u t i o n o f t h e i n t e g r a l i s 

n e g l i g i b l e . So a l t h o u g h w i t h a s u i t a b l e c h o i c e of a 

we c a n mak9 e i t h e r t r a j e c t o r y p a s s t h r o u g h any g i v e n 

p o i n t , t h e r e i s no hope o f o b t a i n i n g the c o r r e c t s l o p e 

i f e q . ( 5 . 1 ) h o l d s good. 

I f we do not n e g l e c t I m oC ( s ) i n c o m p a r i s o n 

w i t h Re a ' ( s ) , t h e Regge p o l e g i v e s a p a r t i a l wave 

a m p l i t u d e p r o p o r t i o n a l t o ( ^ 2 ) 

<XX C^) < X . ^ L A . OCz(to*) foL) ( 
*yu*~ _^ c -4- — - — —. ) 

where of-j-slmoc, <xR=Re oc . I f I m oc' ft Re <*', i t i s 

c l e a r f r o m (5.I1.) that, a l a r g e r I m oL would be p o s s i b l e 

f o r a f i x e d w i d t h V . The t h i r d t e r m , p r o p o r t i o n a l 
par t of-

t o I m : o t ' ( m 2 ) , i s ^ t h e s o - c a l l e d " r e s o n a n c e s h i f t " ( . 

F o r t h e N 7 r (1238), f o r e x a m p l e , i t i s w e l l - u n d e r s t o o d ^ , 

and i s e q u a l to about 13 M e V , ( x 1238 M e V ) . The w i d t h 

of t h i s r e s o n a n c e i s a b o u t t e n t i m e s a s 
big (66) 
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i n d i c a t i n g oi'jj o</R^0.1 a t S=M|̂  . The resonance s h i f t 
f o r mesons i s less well-understood, "but one might 
expect a s i m i l a r order of magnitude^-^l) # I n any case, 
i t i s d i f f i c u l t to -conoeive of both Imrt and—Im bfling 
l&gge togg'thlr but-not-fre-paratoly l-F eu.(5.2) I s bu b-e 
•aatiof ied-. (To check t h i s p o i n t we attempted t o f i t -
by a l 9 a s t squares method - the l i n e a r rho t r a j e c t o r y 
of Fig.5.1, and the widths of the recurrences (Pig.5.2), 
using (5.2) and (5-U) to c a l c u l a t e Re<x(s) and V f o r 
various parameterisations of Imoc(s). We were not 
able to f i n d any s a t i s f a c t o r y s o l u t i o n s ; always 
Im tf1 ( s) « Re oe'(s), and t o achieve Re o<(s)^sit was 
necessary to have Im oc(s)~>s over the same r e g i o n ) . 

Another possible f l a w i n our argument l i e s 
i n the assumption t h a t (5.2) holds. I t i s possible 
f o r t r a j e c t o r y f u n c t i o n s to develop l e f t - h a n d cuts i f 
two of them c r o s s ( 5 ) f "but i t i s d o u b t f u l i f these can 
play an important r o l e i n the dynamics since the sum 
of the two d i s c o n t i n u i t i e s have to vanish. There i s 
no evidence f o r crossing t r a j e c t o r i e s , except t h a t the 
very poor p o l a r i s a t i o n data i n the process 7Tj>->7i°'*i 
i s consistent w i t h no decrease w i t h energy, and the 
t r a j e c t o r y - c r o s s i n g model i s the only simple one that 
does not p r e d i c t a power decrease However the 

data has very b i g e r r o r s . 

We now consider the i m p l i c a t i o n s of our 
r e s u l t and the p o s s i b i l i t i e s of s o l v i n g the d i f f i c u l t i e s 



i t r a i s e s . F i r s t of a l l we note t h a t i t does not 
help t o change the form of Im <*(s) so t h a t i t t a i l s 
o f f slowly, i . e . , l i k e s" e where £ i s small and 
p o s i t i v e . This would allow us to make the c o n t r i b u t i o n 
of the i n t e g r a l of (5«2) as large as we l i k e , but 
the c o n t r i b u t i o n to dd/ds f o r small s would s t i l l be 
n e g l i g i b l e . 

We appear to be faced w i t h three a l t e r n a t i v e s : 
(a) Eq.(fj.2) f o r <*(s) r e q u i r e s an a d d i t i o n a l 

s u b t r a c t i o n , 
oo 

i 
where the a r b i t r a r y constant b i s responsible f o r the 
slope of the t r a j e c t o r i e s i n the low energy region. 
This i s a very unpalatable suggestion i n the present 
context, f o r i t means t h a t , u n l i k e p o t e n t i a l s c a t t e r i n g , 
the "forces", (double s p e c t r a l f u n c t i o n s ) do not 
determine the important parameters of the t r a j e c t o r i e s 
and hence are not responsible f o r the existence of 
p a r t i c l e s . I n f a c t t h i s would k i l l the whole 
bootstrap philosophy, tf^f^i4T >9s's Nsjijfc^ 
MfrSI^-Hl0-s-s-Jn>*xira4$^ 
-*2P€LS"Biar3^^^^#r^ 
cwr^G&Ly^iJ3^aSrgH£lrt^^ . 

(b) The curve f o r Im <x( a) r i s e s again at higher 
energies. This would seem t o imply t h a t there was 



some other mass "scale" i n the problem. This would 
"be the case i f , f o r example, the mesons were made up 
of very heavy p a r t i c l e s , e.g., " q u a r k s " ( 1 ^ 2 ) - although 
SU(3) p r o p e r t i e s are i r r e l e v a n t . I t i s then found 
tha t i f we assume t h a t the t r a j e c t o r i e s are ( a t l e a s t 
to a good approximation) "bound states of these quarks 
( i . e . , of a qq p a i r ) , then the s t r a i g h t n e s s of the 
t r a j e c t o r i e s i s i n e v i t a b l e , and independent of any 
f u r t h e r assumptions about the qq p o t e n t i a l . 

To see t h i s we r e - w r i t e eq.(5.2) 

T J s'- s 

where now the i n t e g r a l begins a t s T , the qq threshold, 
and we assume t h a t i t converges. Since s T i s very 
l a r g e ^ 1 ^ , a n d i m ( X ( 8 ) h a e t o be p o s i t i v e , we can 
approximate i t by a d e l t a f u n c t i o n a t s=Sn *> s i f 
we are concerned only w i t h s « ŝ ,. 
Thus 

<*(S) i <<(<*>) +• 

(s « s p , s p > s T ) , which can be w r i t t e n 

a QC, r. ̂ 1 

se 5c S
P 
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Since the t r a j e c t o r y passes through (say) the rho, 
we must have 

( = «(00') + Ttrf- > (5.9) 
r f 

so t h a t 

P 

The slope of the t r a j e c t o r y a t s=0 i s g/s 2, 
which according to Fig.5-1 i s about 1 GeV"2, so t h a t 
(5.10) gives 

Henc9 th9 t r a j e c t o r y must pass through many 
(<~ s p /(lGeV) 2) negative i n t e g e r s , which r e q u i r e s t h a t 
the qq p o t e n t i a l "be such t h a t a large number of 
superconvergence r e l a t i o n s ^ ^ U ) (SCR) are s a t i s f i e d . 
There i s no obvious o b j e c t i o n t o t h i s , aB s i m i l a r SCR 
must also obtain when the e x t e r n a l p a r t i c l e s involved 
have s p i n ( ^ 5 ) but i t means tha t the qq p o t e n t i a l must 
be quite u n l i k e the simple forms which have sometimes 
been used i n the l i t e r a t u r e ^ , and which force 
<X(o6)=-l. We note t h a t the quadratic and higher 
term i n eq.(5.8) are n e g l i g i b l e i n the p h y s i c a l l y 
i n t e r e s t i n g region. 

(c) The i n t e r p r e t a t i o n of the neavy mesons as 
recurrences of the ̂  and A2 i s wrong. I n t h i s 
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connection i t i B worth noting t h a t the missing mass 
experiment^1 23) W a a biassed against the d e t e c t i o n of 
broad s t a t e s , which may have been present as 
recurrences of those t r a j e c t o r i e s , but which escaped 
undetected. There i s however, some recent evidence(137) 
t h a t the R (sometimes c a l l e d the g meson) does i n f a c t 
have Jp=3~" and i s o s p i n 1=1, as required i f i t i s t o be 
on the rho t r a j e c t o r y . 

3. Conclusion. 
U n f o r t u n a t e l y there are a t present no other 

meson t r a j e c t o r i e s where recurrences can be i d e n t i f i e d 
or reasonably speculated(^6) # p o r taryons there i s 
the complication that the t r a j e c t o r y f u n c t i o n has a 
left- h a n d cut, and the possible N ̂  r e c u r r e n c e 3 3 ) 
show widths i f anything increasing w i t h e n e r g y ^ 6 6 ) ^ 
However i t i s i n t e r e s t i n g to note t h a t two heavy and 
very narrow (masses 3690 and 321+5 MeV, widths 50 and 
35 MeV) N ̂  bumps have been reported( 13®»139), These 
are w e l l above the l i m i t s of presently f e a s i b l e phase 
s h i f t analyses, and so there i s no evidence of t h e i r 
spins, but they are possibly high, and thus could mean 
th a t Im« f o r t h e i r t r a j e c t o r i e s i s small a t high 
energy. I t would be very i n t e r e s t i n g t o know i f small 
widths are a general f e a t u r e of heavy, high-spin 



resonances l y i n g on steep l i n e a r Regge t r a j e c t o r i e s . 
I f they are, i t i s d i f f i c u l t to see how the bo o t s t r a p 
model could succeed. 



F i g . (5» l ) • The "boson resonances 
i n t e r p r e t e d as l y i n g on l i n e a r Regge 
t r a j e c t o r i e s . The s t r a i g h t l i n e s 
are 

°<p(s)=O.Ai.3+0.9U8s 
*A 2(s)=0.26+1.Oils 



FiG. 5.1 



F i g . (5.2). The v a l u 9 of Im <*(s) obtained 
from e q . ( 5 . l ) , and f i t t 9 d by eq.(5.3) f o r 
the ^ and A 2 t r a j e c t o r i e s . The r e a l 
p a rts of «<(s) are obtained from eq.(5«2) 
w i t h a tak9n a r b i t r a r i l y t o be zero. 
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a. General. 

We wish to con s t r u c t pion-pion amplitudes 
of d e f i n i t e s-channel signature. We have eq. (1.1+2), 

A(s,t,u) = A R ( s , t , u ) + A L ( s , t , u ) , ( A . l ) 
and eq. (1.1+3), 

A±(s,t) = A R ( s , t , u ) ± ? A L ( s , u , t ) . (A.2) 
We have used the f a c t t h a t f o r e l a s t i c s c a t t e r i n g the 
interchange Bs - a s i s equivalent t o the interchange 
t u. W r i t i n g a f i x e d -s di s p e r s i o n r e l a t i o n f o r 
A(s,t,u) ( n e g l e c t i n g poles) we have eq.(1.17), 

A(s,t,u) = £ J t ^ t ( s , t \ V ^ + i ^ ^ u ( s » \ > u ' ) - ( A O ) 

Note t h a t we are g i v i n g the f o l l o w i n g s i g n i f i c a n c e t o 
the order of arguments. The symbols (x,y,a) denote 
((c.m.energy) ,-(cm.momentum t r a n s f e r ) ,-(e.m.crossed 
momentum t r a n s f e r ) 2 ) . The two term on the R.H.S. of 
(A.3) are A R and A L of ( A . l ) r e s p e c t i v e l y . Using (A.2), 

= ̂  t * = i [ D t ( a , t ^ ) ±D t t( B fy,t»)J , (A.U) 

the second e q u a l i t y f o l l o w i n g from a simple r e - l a b e l l i n g 
of dummy v a r i a b l e s . Note t h a t f o r c l a r i t y we are 
g i v i n g some independent s i g n i f i c a n c e to the t h i r d 
argument of the d i s c o n t i n u i t y f u n c t i o n s , although, 
of course, there i s always the c o n s t r a i n t s+t+u«;£m2. 
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From eqs.(1.26) ana (1.27) we have, r e f e r r i n g 

to Fig.1.2, 

1 \- K 
* S"~ S 

p (s"±\) + - p Jy*,*") 

and 

Therefore 

upon r e - l a b e l l i n g th9 dummy v a r i a b l e . S u b s t i t u t i n g 
(A.5) and (A.7) i n t o (A.h) we have 

J A C e t . <\ + 
i 

which i s j u s t eq.(l.U5). 



b. Pion-pion s c a t t e r i n g . 
For pion-pion amplitudes we r e f e r to F i g . l + . l , 

and w r i t s 

where I ' , the crossed channel i s o s p i n i s summed from 
0 to 2. Here each term R i s t o be understood to 
contain not .just the appropriate Chew-Jones s t r i p , but 
also the associated corner piece of double s p e c t r a l 
f u n c t i o n . For example, R| has ^B^, R| H A A ?s\x? 

R.| has ^»j;U e t c . , where now these symbols have a 
d i f f e r e n t meaning from t h a t i n eq. (A.8), as i s evident 
from Figs.U.l and 1.2. 

Eq. (A.9) makes transparent the c o r r e c t way 
to replace the double s p e c t r a l f u n c t i o n s of eq. (A.8) 
w i t h the pion-pion double s p e c t r a l f u n c t i o n s . We have 

e«-c«.V)->- M ^ i f e - . ^ ) + ( - o V 1 ' ^ " , ^ , 
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S u b s t i t u t i n g (A. 10) i n t o (A.8), and p u t t i n g 
(-1) 1 f o r the (±) signs i n t h a t equation, gives 

1 .H'/JA *'/..» x.V 

(A.11) 

from whioh the f i n a l r e s u l t i s 

(A. 12) 
where 

o i l ' 

IT 
7 (A-13) 

These two equations are j u s t eqs.(/+.3) -(tf.6) 



c. The Ch9w-Jones Approximation. 
~ I n the Chew-Jones approximation, we have from 

eq.( A ..9) , 

where R1 now stands f o r any s t r i p on F i g . l + . l ; the order 
of arguments d i f f e r e n t i a t e s them. Eq.(2.13) gives 

The s t a r t i n g d i s c o n t i n u i t y f o r th9 Mandelstam 
i t e r a t i o n i s t h a t piece of D*(s,t,u) which i s non-zero 
f o r km2 >< s,t ^ S]_. By i n s p e c t i o n of (A.11+) and 
.(A-,15) t h i s i s ^ - - ' j ^ R - ^ t ^ u M - l ) 1 V ' ( t f u , s ) J , or 
eq.(2.l3). 

d. The p o t e n t i a l f u n c t i o n . 
I n eq.(A.lU), only R I ( s , t , u ) i s cut i n s 

between s 0=i+m 2 and s^. Therefore the r e s t of th9 
amplitude c o n t r i b u t e s unsubtracted to B ^ ( s ) , g i v i n g a 
c o n t r i b u t i o n , ( using eq. (1. 7 9 ) ) , 



6>L (*) 
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(A.16) 

The c o n t r i b u t i o n of R * ( s , t , u ) i s c a l c u l a t e d 

"by p r o j e c t i n g out i t s c o n t r i b u t i o n t o B ^ ( s ) , i d e n t i f y i n g 

the l e f t - h a n d cut d i s c o n t i n u i t y of t h i s f u n c t i o n , and 

d i s p e r s i n g over i t , n e g l e c t i n g the r i g h t - h a n d cut 

a l t o g e t h e r . The F r o i s s a r t - G r i b o v p r o j e c t i o n , eq. (1.1+9), 

g ives 

r 

•l D l R f c T KS 
J (A. 17) 

whose l e f t - h a n d cut r u n s from s=- 00 to a=l+m 2 -S]_, and 

i s due to the cut i n Q j ( s B ) . 

Here 

(A. 18) 

( c . f . (1.1+8)), so tha t 
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— o© 
->«ax t(s') 

r A 

j 

where the t - i n t e g r a l s t a r t s a t s^ where the t - c u t of 

R 1 b e g i n s , and f i n i s h e s a t the highest v a l u e al lowed 

"by the va lue of a-' i n the outer i n t e g r a l . Us ing 

(A.15) f o r the v a r i o u s terms R i n (A.17) and ( A . 1 9 ) , 

w i th some e f f o r t one d e r i v e s the e x p l i c i t e x p r e s s i o n 

f o r B^Cs) t h a t i s e q . ( l O ) of r e f . 8 0 , which reduces , 

as e x p l a i n e d , to eq.( l+-9) , when n u m e r i c a l l y sma l l 

terms are n e g l e c t e d . 
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