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A b s t r a c t . 

T h i s t h e s i s d e als w i t h some g e n e r a l work on the 

ND-"'" equ a t i o n s and, more s p e c i f i c a l l y , w i t h two 

c a l c u l a t i o n s which make use o f them. 

Chapter 1 commences w i t h a b r i e f o u t l i n e o f the 

s u b j e c t , f o l l o w e d by a f a i r l y d e t a i l e d a n a l y s i s o f 

n u m e r i c a l methods o f s o l u t i o n o f the e q u a t i o n s , i n c l u d i n g 

an a n a l y s i s o f c u t o f f and t h r e s h o l d problems. I n 

p a r t i c u l a r we demonstrate a p a r t i c u l a r form o f n u m e r i c a l 

s o l u t i o n which appears t o be r a t h e r s u p e r i o r t o any 

p r e v i o u s ones. 

Chapter 2 d i s c u s s e s t h e problems t h a t a r i s e when a 

m u l t i - c h a n n e l c a l c u l a t i o n i s approximated t o be a s i n g l e 

channel one: we show t h a t i n g e n e r a l t h e r e s u l t s are 

d i f f e r e n t , and d i s c u s s the c o n d i t i o n s f o r them t o agree. 

Chapter 3 i n v e s t i g a t e s what happens when N and D 

have simultaneous zeroes: i t i s shown t h a t a p o t e n t i a l 

t h a t leads t o t h i s i s n e c e s s a r i l y s i n g u l a r and r e p u l s i v e . 

Chapter 4 opens w i t h a g e n e r a l r e v i e w o f the successes 

and f a i l u r e s o f t h e quark model i n s c a t t e r i n g t h e o r y . 

I t i s shown t h a t the quark model i s n e c e s s a r i l y 

i n c o n s i s t e n t w i t h what i s commonly c a l l e d b o o t s t r a p 

p h i l o s o p h y , and we i n v e s t i g a t e whether a reasonably 

c o n v i n c i n g quark model may be c o n s t r u c t e d . 



Chapter 5 o u t l i n e s a c a l c u l a t i o n o f the P-^ 

phase s h i f t . The p r e v i o u s work on t h i s problem i s 

d i s c u s s e d , and the c o m p u t a t i o n a l method i s o u t l i n e d 

a l o n g w i t h a d i s c u s s i o n o f what r e s u l t s can be expected 

f r o m the c a l c u l a t i o n . 
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P a r t i a l Wave Amplitudes and, the ND""1 Equations. 

The s t u d y o f p a r t i a l wave amplitudes d e r i v e s 

f rom t h e s o l u t i o n o f t h e r a d i a l Schrodinger e q u a t i o n i n 

terms o f e i g e n f u n c t i o n s o f the f r e e e q u a t i o n . 

V 2 ^ ( x ) + Vi|)(x) = k 2 M x ) (1) 

Making the s u b s t i t u t i o n 

Mx> =
1 S m ( 2 1 + 1) Y™(6,<j>) ^ ( r ) 

and (2) 

u 1 ( r ) = r ^ C r ) 

g i v e s the r a d i a l e q u a t i o n f o r the i n d i v i d u a l p a r t i a l 

wave f u n c t i o n s u ^ ( r ) . 

d£ u x +L2 _ mill _ V ( r A u , ( r ) = 0 (3) 
d r 2 \ r 2 J 1 

The ' f r e e ' s o l u t i o n o f t h i s e q u a t i o n i s u ^ ( r ) = j ^ ( k r ; ) , ' 

a s p h e r i c a l Bessel f u n c t i o n , which may be s p l i t i n t o , 

two p a r t s which behave a s y m p t o t i c a l l y as an i n g o i n g p a r t 
+ -

h and an o u t g o i n g p a r t h . 
j 1 ( k r ) = l f h ^ ' C k r ) - h 1 " ( k r ) J (<+) 

2 i 

The s o l u t i o n o f (3) can then be w r i t t e n a s y m p t o t i c a l l y 
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as 
u l ( r ) = i 2 l | f 1

+ ( k ) h 1
+ ( k r ) - f 1 ~ ( k ) h 1 ~ ( k r ) (5) 

such t h a t f i s the t o t a l i n g o i n g a m p l i t u d e , f ~ t h e 

o u t g o i n g , and we can w r i t e t he p a r t i a l wave s c a t t e r i n g 

a m p l i t u d e a^ i n t h e form 

1 s c a t t e r e d wave _ 1 f " - f + _ e±5sinS _ . _ 1 " s i ( k ) 

2 i k i n g o i n g wave " 2 i k f - ~ k ~ a l ~ k 
(6) 

The f u n c t i o n s f - a re known as the J o s t f u n c t i o n s , and 

the study o f t h e i r a n a l y t i c p r o p e r t i e s and hence t h a t 

o f the a^ i s o f g r e a t importance. We d e s c r i b e them v e r y 

b r i e f l y w i t h o u t p r o o f . 

I f t h e p o t e n t i a l i s a s u p e r p o s i t i o n o f Yukawas 

V ( r ) = T aim) e " m r , (7) 
mo dm 

r 
+ 

i t can be shown t h a t f ( k ) has a c u t from - i m n t o - i » 
2 

i n t h e p l a n e , and f"~(k) has one from i m 0 t o i °°. The 
2 

o n l y a d d i t i o n a l s i n g u l a r i t i e s i n a^ occur because o f 

zeroes o f f ^ ~ ( k ) . These can be shown t o l i e i n the lower 

h a l f plane ( c o r r e s p o n d i n g t o v i r t u a l s t a t e s and resonances) 

and a l o n g the p o s i t i v e i m a g i n a r y a x i s ( c o r r e s p o n d i n g t o 

bound s t a t e s o f the a m p l i t u d e ) . 



- 3 -

Th i s s t r u c t u r e i s p a r a l l e d by t h a t found i n the 
r e l a t i v i s t i c case, which however r e q u i r e s more assumptions 
summarised i n t h e Mandelstom h y p o t h e s i s . The most 
i m p o r t a n t i s t h a t i f c r o s s i n g symmetry, which i m p l i e s 
t h a t one a m p l i t u d e A ( s , t , u ) d e s c r i b e s a l l s c a t t e r i n g s 
which can be r e p r e s e n t e d by diagram 1 ) . Thus 

a + b -> c + d c o u l d be c o n s i d e r e d 

w i t h s as the (energy) v a r i a b l e 

and t = -(momentum t r a n s f e r ) . Then 

a + d + b + c i s d e s c r i b e d by the 

same amplitude w i t h the meanings o f 

s and t i n t e r c h a n g e d . This a l l o w s 

us t o d e r i v e t h e f o r c e s from the exchange o f p a r t i c l e s 

w i t h t he quantum numbers o f t h e crossed channel; a bound 

s t a t e i n t h e t channel corresponds t o a f o r c e term i n 

the s channel. E x p l i c i t l y 

A ( s , t , u ) = A ( t , c o s t ) = E ( 2 1 + l ) a 1 ( t ) P 1 ( c o s 0 t ) (8) 

= A(s,cos s) = E ( 2 1 + l ) a 1 ( s ) P 1 ( c o s 0 s ) (9) 

where i n g e n e r a l the two expansions have d i f f e r e n t 

r e g i o n s o f convergence. 

A bound s t a t e i n the t channel w i t h 

s p i n 1 and mass m (a,b,c and d are 

presumed s p i n l e s s and s t a b l e ) a l l o w s 

us t o approximate 
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A ( t , c o s 8 t ) J : P, ( c o s e t ) (10) 

From (9) and (10) we d e r i v e 

a., _ ( s ) P-,^(cos6s) Pn ( c o s e t ) d coses 
m 

From t h i s we can d e r i v e the d i s c o n t i n u i t y o f a ^ ( s ) across 

a c u t which t u r n s o u t t o occur along t h e n e g a t i v e r e a l 

a x i s -°°<k2<-m2 as i n the p o t e n t i a l case, where a 

p a r t i c l e o f mass m. The d i s c o n t i n u i t y c a l c u l a t e d i n 

t h i s way i s i d e n t i c a l t o t h a t d e r i v e d from the correspond

i n g Feynmann diagram. 

Another c u t i s t h e so c a l l e d u n i t a r i t y c u t , which 
+ 

d e r i v e s from c o n s e r v a t i o n o f p r o b a b i l i t y : = 1 

which leads t o I m a ^ k 2 ) = k | a 1 ( k 2 ) | 2 k 2>0 

T h i s g i v e s us a f u n c t i o n w i t h a known l e f t hand c u t (L.H.C) 

d i s c o n t i n u i t y and a known r i g h t hand c u t (R.H.C) 

d i s c o n t i n u i t y . By Cauchys theorem, we can w r i t e a 

d i s p e r s i o n r e l a t i o n 

H » 

Yukawa p o t e n t i a l e -mr corresponds t o the exchange o f a 

Re a , ( v ) P f Im a x ( v ) + Pjf/v' |a ( v ' ) | 2 d v 
i IT IT V V 

(11) 

However t h i s form i s n o n - l i n e a r and hence r a t h e r 
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2 ) i n t r a c t a b l e . I t was suggested by Chew and Mandelstom 

t h a t t h e a m p l i t u d e c o u l d be s p l i t i n t o two p a r t s 

N, ( v ) 
a ( v ) = -1 

P x ( v ) 

where N has o n l y t he L.H.C. and D the R.H.C. 

On t h e L.H.C. Im a ^ ( v ) = Im N^(v) so Im N^(v) = Im a^ ( v ) D^(v) 

D ^ v ) 

and on the R.H.C. Im 1 = ImD = -p or Im D = -pN. 
a N 

Th i s g i v e s us the b a s i c N/D equations 

N(v) = £ J I m a l 
P f Im a ( v ' ) D(v') dv ' 
ir < =S (12) L v- - v 

D(v) = 1 - (v - v o ) ? I ^ 
o ir K , , 

)N(v') dv' 
(V* - V ) ( v * - V ) (-x 0 \ 

o (13) 
One s u b t r a c t i o n can be made i n D t o nor m a l i s e i t 

a t an a r b i t r a r y p o i n t V q : N and D can be m u l t i p l i e d by 

v - V q w i t h o u t changing t he amplitude a. The d i s c u s s i o n 

o f t h e p u r e l y mathematical f e a t u r e s o f the s o l u t i o n t o 
3) 

these e q u a t i o n s forms a l a r g e body o f l i t e r a t u r e . I t 
can be shown t h a t t h e e q u a t i o n s are 'independent o f t h e 

4) . • 
s u b t r a c t i o n p o i n t (though m general t h i s i s n o t 

t r u e o f approximate s o l u t i o n s ) : and t h a t so l o n g as t h e 

k e r n e l o f t h e e q u a t i o n o b t a i n e d by s u b s t i t u t i n g (13) i n (12) 
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N(v) = B(v) + £ / ( v " " B ( v ^ ~ ( v " v " ) B ( v ) p ( v ' ) N ( v ' ) d V 
V R ( v ' - v ) ( V - v ) 

(14) 

w i t h B(v) = ;
 I m a l ( v ° d v ' 
L v' - v 

i s ^ , then t he s o l u t i o n i s unique under p r o v i s o s t o be 

discuss e d l a t e r , and a n a l y t i c i n the c u t p l a n e . I n 

p a r t i c u l a r t h i s i s t r u e f o r L.H.C. c o n s i s t i n g s o l e l y o f 

6 f u n c t i o n s 

Ira a , ( v ) = £m.6(v + v.) 
i 

which leads t o the simple c l o s e d form 

D(v) = 1 + Em. D ( - v . ) F ( v ' , v v.) 
(15) 

F(v »v ,v.) s / * ; 
0 1 R (v - v ) ( v * - v ) ( v ' + v.) 

0 1 

At any p o i n t Vg such t h a t D(vg) = 0, t h e am p l i t u d e A ( v ) 

w i l l have a p o l e , which corresponds t o a bound s t a t e 

( o r r e s o n a n c e ) . 

The uniqueness o f t h e s o l u t i o n i s v e r y i m p o r t a n t . 
4) . . 

The s o - c a l l e d C.D.D. a m b i g u i t y concerns the a d d i t i o n 

o f an a r b i t r a r y p o le t o e i t h e r N or D. 

I f we take D(v) D(v) + a 
v - v 

o 



and i f a i s s m a l l 

N(v) a ( v ) 
D(v) + a/v - v 

which w i l l have a zero a t v = V q and a nearby pole a t 

v„ such t h a t ( v n - v ) D ( v n ) = ct 
D D 0 D 

This i m p l i e s a new resonance o r bound s t a t e which i s 

not produced by t h e f o r c e s o f the problem, b u t i s 

i n t r o d u c e d a t w i l l . To f i n d the e f f e c t o f C.D.D. poles 
on t h e a m p l i t u d e i t i s necessary t o c o n s i d e r Levinsons 

5 ) 
theorem : we o u t l i n e a p r o o f f o r e l a s t i c s c a t t e r i n g . 

e 2 i 5 m 1 l y s ) 
a l K S ) ~ 2 i k " D 1 ( s ) 

We d e f i n e t he Omnes - M u s h k e l i s h v i l l i f u n c t i o n 

# < s ) = exp " f r s ) ds (16) 

so t h a t has the same phase as D and has no poles o r 

zeroes on the p h y s i c a l sheet. I f two f u n c t i o n s have 

the same c u t s and same phase they can d i f f e r a t most 

by a p o l y n o m i a l . 

I f we assume 6 ( s ) -»• 6 ( c o ) = const = m IT 

s-*°° 

where 6(0) = 0 by d e f i n i t i o n 

t hen 5^(s) •> const s~ m. 

Since D has no poles b u t o n l y zeroes on the p h y s i c a l 
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shee t , and D(») = 1 

D(s) = t 5)cs) s s. X 

must be t h e r e l a t i o n between D and ̂ 3; D w i l l have b 

zeroes, which s h o u l d i m p l y n bound s t a t e s i n a. I f 

D has n c C.D.D. p o l e s , i t can be w r i t t e n 
nb nc,. 

DCs) = T[" (s - s ^ / f T C s - s.) (17) 
i 3 

and Levinsons theorem takes t h e form 

6(°°) = ( n b - nc)Tr 

This o r i t s m u l t i c h a n n e l g e n e r a l i s a t i o n s should i n 

p r i n c i p l e enable one t o decide whether a bound s t a t e 

was a C.D.D. pole o r n o t . The s i t u a t i o n i s u n f o r t u n a t e l y 

c o m p l i c a t e d by the f a c t t h a t a^ and D̂  obey d i f f e r e n t 

Levinson's theorems: t h i s because i t i s p o s s i b l e t h a t 

a zero i n D̂  i s e x a c t l y c a n c e l l e d by a zero i n N^, and 

then Levinsons theorem f o r a^ becomes 

6 (»)<.-( b - C)TT 

= - ( n b - n + n, ) IT 
c 1 

where n^ i s the number o f superimposed zeroes, o r 

e x t i n c t bound s t a t e s ' (E.B.S). C.D.D. poles are discussed 

more f u l l y i n Chapter 2, and E.B.S. i n Chapter 3. 
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The ND"""L method has been extended t o m u l t i c h a n n e l 
6) 

c a l c u l a t i o n by B j o r k e n : e s s e n t i a l l y a l l t h a t i s 

i n v o l v e d i s w r i t i n g (12) and (13) i n m a t r i x n o t a t i o n , 

w i t h 
- 1 

a 1 ( v ) = N x ( v ) D x ( v ) (18) 
p . . (v ) = 6 . . p . (v ) 
13 13 3 

The a ^ ( v ) i s symmetric, as r e q u i r e d by t i m e - r e v e r s a l 

i n v a r i a n c e . Levinson's theorem cannot be simp l y 

d e r i v e d , because t h e r e i s no m u l t i c h a n n e l analogue o f ( 1 6 ) . 

I n g e n e r a l , t h e ND""'1' equations t h a t we have a r r i v e d 

a t a r e not a n a l y t i c a l l y s o l u b l e . I f t h e f o r c e f u n c t i o n i s 

simple e.g. B(v) = v » t h e n t h e y can be solved by v a r i o u s 
7) 

i n g e n i o u s t r a n s f o r m a t i o n s : Halpern has used these 

t o f i n d s o l u t i o n s when a >_ 0, i n which case (12) and 

(13) are non-Fredholm e q u a t i o n s . 

These are an assortment o f numerical methods f o r 

the s o l u t i o n o f the e q u a t i o n s : we di s c u s s them i n 

what appears t o be an ascending order o f m e r i t . The 

s i m p l e s t i s what i s u s u a l l y known as t h e K m a t r i x 

method: we ta k e Re D = 1 i n (12) and i g n o r e ( 1 3 ) , so 
N(v) 

a ( v ) = 
1 - i p ( v ) N ( v ) 

T h i s i s a t l e a s t u n i t a r y , b u t n a t u r a l l y v e r y i n a c c u r a t e 
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as i t takes no account o f r e s c a t t e r i n g c o r r e c t i o n s . An 

i n c r e a s e i n accuracy i s gained by i n c l u d i n g ( 1 3 ) , which 
8) 

i s t h e d e t e r m i n a n t a l method 

D(v) = 1 + (v - v ) / P ( V ° B ( V ° dv-
0 R (v" - v ) ( v * - v ) 

0 

However t h i s s o l u t i o n i s n ot only s u b t r a c t i o n p o i n t 

dependent, b u t does n o t g i v e a symmetric a. I t s accuracy 
9) 

has been dxscussed by Luming : i t i s p a r t i c u l a r l y 

poor, as might be expected, f o r a bound s t a t e . 

C l e a r l y t h i s process can be c o n t i n u e d : i n f a c t t h e 

two s o l u t i o n s above form t h e f i r s t and second terms i n 

the Neumann s e r i e s f o r t h e e q u a t i o n s . I n many cases, 

however, t h e Neumann s e r i e s i s d i v e r g e n t w h i l e the 

c o r r e c t s o l u t i o n , d e r i v e d by Fredholm methods, i s n o t : 

q u i t e a p a r t from t h i s the work i n v o l v e d i n a s a t i s f a c t o r y 

i t e r a t i v e s o l u t i o n i s enormous. This l e a d Blankenbecler 

and Roy t o p o i n t o u t t h a t the poorness o f the 

d e t e r m i n a n t a l method l i e s i n the a p p r o x i m a t i o n D(v) = 1 

i n a r e g i o n near D(v) = 0 : i n o t h e r words near a bound 

s t a t e . The suggested a p a r a m e t r i c form 
D ( v ) = ^ i V c . 
o 

v - v b 

s h o u l d be used i n 12) g i v i n g 
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N(v) = ( VB - V B ( V B ) - ( V - V B ( V ) 

v B - V 

D(v) = 1 - - f p ( v ^ ( vB " V B ( V " ( v ' " V c B ( v ' } d v 

( v ' - v) ( v B - v') 

so 

D(v) = 1 - ( v c - v B ) B ( v B ) v B ? ( v B ) - v F ( v ) 

v B - v 

+ v B G ( v B , v c ) - v G ( v , v c ) 

v B - v 

where F ( a ) = / G(b,v ) = / P<v* ) ( v * - v r ) B ( v * ) 
R v ' ( v ' - a) ° R v ' ( v ' - b ) 

I t i s now p o s s i b l e t o s o l v e i t e r a t i v e l y f o r Vg and v^, 

as D ( v c ) = 0 by h y p o t h e s i s , and Vg can be f i t t e d by 

r e q u i r i n g D(0) = D q ( 0 ) = V q . This method i s f a i r l y 

^B 

a c c u r a t e , p r o v i d e d t h a t a t l e a s t one bound s t a t e e x i s t s , 

b u t i t i s clumsy, as a l l i t e r a t i v e methods a r e . 

Th i s s o l u t i o n t u r n s o u t t o be much s u p e r i o r i n 

p r a c t i c e , b u t i t i s s t i l l u n n e c e s s a r i l y complex. To 

f i n d more d i r e c t methods, we w r i t e t h e coupled e q u a t i o n s 
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i n t h e s i n g l e i n t e g r a l e q u a t i o n form 

N(s) = B(s) + - / S ^ B ( S ^ - S B < S > P ( s ' ) N(s') ds' 
ir R s ' ( s ' - s) 

(19) 

D(s) = 1 + - / K(s',s) ImB(s')D(s') ds* (20) 

w h e r e . K(s',s) = / P ( s " ) ds" 
R ( s - - s " ) ( s " - s) 

E i t h e r of these can o b v i o u s l y be s o l v e d by Newmann 
11) 

s e r i e s . A method due t o Shaw puts N(s) = B(s) C(s) 
i n (19) 

and t h e n approximates C(s') = C(s). 

T h i s c u r i o u s procedure g i v e s 

CCs) = B(s) U s ) + i ( V B ( s - ) - sB(s) P ( S - ) d s ' ] - 1 

L 7T L ( S ' - S ) S * J 

N(a) = B(s) £l + f / d s ' + hi ^ 1 ds 
s ' ( s ' - s ) 77 B(s) ( S ' - S ) 

and i t i s s u r p r i s i n g l y s a t i s f a c t o r y . 

However a l l t he pr e c e d i n g methods have one or more 

s t r i k i n g disadvantages: t h e y s u f f e r from one or more 

o f t h e disadvantages o f i n a c c u r a c y , dependence on the 

s u b t r a c t i o n p o i n t , l a c k o f time r e v e r s a l i n v a r i a n c e 

and r e q u i r e , i n a t l e a s t the l a s t two cases, i n v o l v e d 
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n u m e r i c a l i n t e g r a l s . The most g e n e r a l n u m e r i c a l method 
i s t h a t o f m a t r i x i n v e r s i o n . S t a r t i n g from 

f ( x ) = h ( x ) + /K(x,x') f ( x ' ) d x ' 

we r e p l a c e t he i n t e g r a l by a t r a p e z o i d a l type sum 

f ( x ) = h ( x ) + SK(x,x i) f ( x j L ) ( x i + 1 - x i _ 1 ) (21) 

Thi s can be s o l v e d by t a k i n g 

Z ( l + K ( x . j X . ) 5 x . ) f ( x . ) = h ( x . ) 
j x x x 3 

which i s a s e t o f simultaneous e q u a t i o n s , which are 

sol v e d f o r the f ( x ^ ) and s u b s t i t u t e d i n ( 2 1 ) . 

Th i s i s p r e c i s e l y e q u i v a l e n t t o r e p l a c i n g ImB by 

a s e r i e s o f 6 f u n c t i o n s . m.6(s" + s.) 
' l l 

m. = I m B ( s . ) ( s i + 1 - s ^ ) 

This method can be made a r b i t r a r i l y accurate (by t a k i n g 

a s u f f i c i e n t no. o f mesh p o i n t s ) , and i s c o m p a r a t i v e l y 

simple t o s o l v e on a computer, and i t has been w i d e l y 

used as a r e s u l t . G e n e r a l l y (17) i s p r e f e r a b l e t o (18) 

because f o r unequal mass s c a t t e r i n g the L.H.C. i s o f 

ver y c o m p l i c a t e d f o r m , and (18) r e q u i r e s two i n t e g r a t i o n s 

t o be made over i t , which (17) r e q u i r e s none. 

I t i s , however, c o m p l i c a t e d t o sol v e by hand, and 
12) . 

t h i s l e d Pagels t o suggest the f o l l o w i n g t r i c k . 
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E q u a t i o n (18) has t h e k e r n e l 

KCS-.S) = + sllsi (22) 

s'- s s - s' 

where F ( s ) = / d s ' ( 2 3 ) 

R s ' 2 ( s ' - s) 

which i s a m o n o t o n i c a l l y i n c r e a s i n g f u n c t i o n on the l e f t 

hand c u t . T h i s suggests t h a t i t i s a good a p p r o x i m a t i o n 

t o w r i t e 
F ( s ) ~ — — (24) 

s - a 

on the l e f t . Combining equations (24-), (18) and (12) 

a l l o w s us t o d e r i v e 

D ( S ) „ i + N ( a ) C * < 2 5> — a - s 

I n s e r t i n g t h i s i n (12) g i v e s 

M f o N - o/o^ + oB(a) - sB(s) CaN(a) i n s ; - MS; + A _ S ( 2 6 ) 

which i n t u r n g i v e s 

DCs) = 1 + s F ( s ) N ( s ) + N(a) - N(s) Ca (27) 

a - s 

Obviously t he accuracy o f the method depends on the 

goodness o f f i t ( 2 4 ) , and t h i s can be improved by 
13) 

t a k i n g more p o l e s . Smith's c l a i m t h a t the method 
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i s n o t good i s i r r e l e v a n t * , he considers a n o n r e l a t i v i s t i c 
p o t e n t i a l model which leads t o 

F(v ) = - i -
/-v 

and t h i s must be f i t t e d by one pole i n the range 0 t o 

Thi s i s c l e a r l y r i d i c u l o u s : however, i f more poles are 

added, even i n t h i s case a s a t i s f a c t o r y s o l u t i o n can 

be f o u n d . T y p i c a l l y a f i v e p o le ( t e n parameter f i t ) 

t o F ( v ) -20<v<0 leads t o an e r r o r o f D(v) o f l e s s than 

.001% f o r reasonable $ ( \ ) ) . 

However i t i s c l e a r t h a t the Pagels method i s n o t , 

as c l a i m e d , a method o f s o l v i n g the e q u a t i o n f o r D, as 

the a c t u a l n u m e r i c a l work i s i n v o l v e d i n s o l v i n g ( 2 6 ) . 

I t i s probable t h a t i t i s e q u i v a l e n t t o some Gaussian 

method and i t ' s success i s due t o i t s use o f the 
14-) 

k i n e m a t i c f u n c t i o n as a w e i g h t f u n c t i o n . Rather 

than r e s o r t t o ad hoc f i t t i n g procedures t o f i n d C/s-a, 

i t i s b e t t e r t o use t h i s . 

As an a d a p t a t i o n o f t h i s method w i l l be used i n 

Chapter 5 we d e s c r i b e i t i n some d e t a i l . W r i t i n g 19) 

more e x p l i c i t l y , and assuming equal mass e l a s t i c 

s c a t t e r i n g , we have 
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N(s) = B(s) + /"V8*" t s-B(s-) - sB(s) N(s') ds' 
t s' s* ( s ' - s) / 0 0 

or I(s) = f / s l ^ t F ( s ' , s) d s ' (29) 
t s* 

where we have i n c l u d e d an e x p l i c i t c u t - o f f a t s" = a. 

This i s r e q u i r e d i n most p r a c t i c a l s o l u t i o n s o f the 

e q u a t i o n s because B(s) ^ s^~^~ f o r the exchange o f 

s->°° 

a s p i n 1 p a r t i c l e , which renders (28) d i v e r g e n t . The 

use o f c u t - o f f i s j u s t i f i e d by saying t h a t s i n c e 

(presumably) Nature i s n o t d i v e r g e n t and the f i r s t Born 

a p p r o x i m a t i o n i s j a c a n c e l l a t i o n w i t h the h i g h e r Born 

terms must occur t o produce a more or l e s s w e l l behaved 

f o r c e term. Since t h i s occurs a l o n g way from the 

p h y s i c a l r e g i o n o f i n t e r e s t , any reasonable behaviour 

w i l l have n e g l i g i b l e e f f e c t on the a m p l i t u d e t h e r e . 
7) 

The methods used by Halpern would render t h i s 

unnecessary, b u t they would be very d i f f i c u l t t o use 

i n p r a c t i c e . I n t h e o r i g i n a l form of the Pagels method, 

the d i f f e r e n t a s y m p t o t i c behaviour o f the f u n c t i o n F ( s ) 

and i t s a p p r o x i m a t i o n , (23) and ( 2 4 ) , g i v e an i m p l i c i t 

c u t - o f f . 
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S u b s t i t u t i n g s' = t i n (29) g i v e s 
x 

F(x',x) dx' (30) I = t / / l - x 
t / a 

= t ( l - i ) 3 / 2 I FCx^-jx) (31) a . T x. 2 

i = l I 

where 
x . = | + ( 1 . i H 1 . z . 2 > 

w. = 2z. 2m. 
l 1 1 

" t i l 
where, i n t u r n , z^ i s the i zero o f P n ( z ) , and 
m. = 1/(1 - z . ) 2 ( P ' ( z . ) ) 2 i s the c o r r e s p o n d i n g weight, l I n i c ° ° 

N(s) = B(s) + 2 s . B ( S i ) - sB(s) C s > N ( 8 > ) 

* T _ _ 1 1 1 
1 - 1 s i " s (32) 

which i s s i m i l a r t o (26) w i t h an a r b i t r a r y number o f 

p o l e s . I n t u r n 
D ( s ) = i _ * ? Hfl TT , S' S'Cs' - S) 

t 

i s 7 - t <N(s") - N(s) v d s l . sN(s)y / s ' - t ds* 
1 " ir t S' ^ s ' ( s ' - S ) ; TT I S' S'(s'-s) t 

(33) 
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/§ri 
= 1 - Z s C.s. ,N(s.) - N ( s K N(s) . A ,1 - G s 

1 i > ~ TT \ J-°S ^1 + / S _ t ' 
s. - s / 
1 s 

(34) 

T h i s method o f s o l u t i o n appears t o be the b e s t : 

i t g i v e s reasonable r e s u l t s f o r a very few p o i n t s i n 

the i n t e g r a t i o n (even two i s s a t i s f a c t o r y ) , i t i s 

f a g t and a l l o w s t he accuracy t o be a r b i t r a r i l y improved. 

F i n a l l y we b r i e f l y d i scuss the problem o f t h r e s h -

h o l d c o n d i t i o n s . Theory shows t h a t p a r t i a l waves 
21+1 

behave l i k e k" near t h r e s h o l d , which i m p l i e s a 

(21 + l ) t h o r d e r zero i n the amplitude a^ (and hence 

i n N^) a t t h r e s h o l d . The method f r e q u e n t l y adopted 

i s t o w r i t e 

a ( s ) = k 2 1 + 1 N/D 

and w r i t e t he d i s p e r s i o n r e l a t i o n s f o r N and D, which 

o b v i o u s l y f o r c e s the c o r r e c t behaviour. This seems 

u n s a t i s f a c t o r y , n o t o n l y because t h e basic f a i l i n g 

i s i n the a p p r o x i m a t i o n t o the L.H.C. d i s c o n t i n u i t y , 

b u t because t h i s i n v o l v e s f u r t h e r t r o u b l e w i t h 

a s y m p t o t i c b e h a v i o u r . 

T h e r e f o r e we use the Frye-Warnock method o f 

e n f o r c i n g t h r e s h o l d c o n d i t i o n s : t h a t i s t o m u l t i p l y 
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the Born terms by a t h r e s h o l d f a c t o r (W - Ŵ ,)/(W - a) 

( f o r a P wave), where a i s a r b i t r a r y . This i s 

e q u i v a l e n t t o adding an e x t r a pole on the l e f t hand 

c u t , as has been shown by Simmons 

We r e p l a c e B(W) B(W) = B(W) + — - — (35) 
W - a 

and s o l v e the i n t e g r a l e q u a t i o n 

N(W) = B(W) + / W"B(W*) " W B ( W ) P(W*)N(W") dW (36) 
R W - W W 

En f o r c i n g t he c o n d i t i o n N(W^) = 0 leads t o 

C = WE " a 1 fB(W') p(W') N(VD dW (37) 1 f B(W*: 
i r j w - \ 2 - D(a) K J W " -

I n s e r t i n g (37) and (3 5) i n ( 3 6 ) , we f i n d a f t e r some 

a l g e b r a 

NCW) = B(W) + i (!^E) r d W ? r ( W ^ a ) B ( W ' ) . ^ B ( W ) ) £ i O m 
it „ J W'- Wr W-Wr W'(W'-W) W-a E E 

which i s the u s u a l form. 

Simmons demonstrates t h a t t h e r e i s some doubt 

about the v a l i d i t y : i n p a r t i c u l a r he shows t h a t the 

mass of the N i n the i r N P 3 3 p a r t i a l wave depends 

f a i r l y s t r o n g l y on a. We adopt t h i s procedure, however, 

as i t appears t o be the o n l y reasonable c h o i c e . Our 
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knowledge o f the L.H.C. i s l i m i t e d t o the f i r s t Born 

term: i t i s known t h a t i f S- m a t r i x t h e o r y i s t o 

c o n s i s t e n t , t h e many p a r t i c l e terms must be i m p o r t a n t , 

and our c a v a l i e r d i s r e g a r d o f them must be compensated 

i n some way. We do, however know the t h r e s h o l d 

behaviour on v e r y g e n e r a l grounds, so t o r e p l a c e the 

form e r by a s i n g l e p ole t o enforce t h e l a t t e r i s 

c o n c e p t u a l l y r e a s o n a b l e . 



CHAPTER 2 

I n c o n c i s t e n c y o f t h e one and many-channel ND~ c a l c u l a t i o n s . 

17) 
I t was n o t i c e d by Squires and i n d e p e n d e n t l y 

18 ) 
by Bander, C o u l t e r and Shaw t h a t the one channel 

c a l c u l a t i o n w i t h i n e l a s t i c i t y and the corresponding 

m u l t i c h a n n e l c a l c u l a t i o n are not n e c e s s a r i l y e q u i v a l e n t , 

u n l e s s a d d i t i o n a l C.D.D. pol e s are i n s e r t e d . This 

c h a p t e r forms a d i s c u s s i o n o f the two p o s s i b l e break

downs, connected w i t h t h e presence o f zeroes i n the one 

channel c a l c u l a t i o n and poles i n t h e many-channel. 

I n g e n e r a l , zeroes cannot occur i n a coupled channel 

problem because o f t h e u n i t a r i t y c o n d i t i o n , 
Im a l l = p J a l l l 2 + p 2 l a l 2 l 2 (1) 

and i t i s c o i n c i d e n t a l f o r and a 1 2 t o have s i m u l t a n 

eous zeroes. However, t h e one-channel c a l c u l a t i o n 

w i t h i n e l a s t i c i t y a p p a r e n t l y p e r m i t s a zero 

Im a = Rp | a | 2 (2 ) 

R = 1 + q i n e l
 = ! + P j H a l 2 j 2 ( 3 ) e e l I |p Pi l a i l r 

and hence t h e methods may be i n c o n s i s t e n t . An e x p l i c i t 
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n u m e r i c a l c a l c u l a t i o n was c a r r i e d " 1 " ^ o u t , t o see how 

t h i s occurs i n a model. 

The two channel a m p l i t u d e w i t h a two pole i n p u t 

s a t i f i e s t h e f o l l o w i n g e q u a t i o n s 

a ( s ) = N(s) D _ 1 ( s ) 

N ( S ) = y l D ( - m i ) +
 u2D(-m.) 

s + mi s + m2 

(4) 

D(s) = 1 - F ^ p i D t - m i ) - F ( 2 ) y 2 D ( - m 2 ) 

F.. = S i j ( s i + + < s j " s > * 13 • 
s + m 

and t h e c o r r e s p o n d i n g one channel a m p l i t u d e s a t i f i e s 

DCs) = 1 Prp(s^)RCs^)NCs^) ds' N(s) = y j^DC-m, ), u i 2D(-m 9) 
n j s' - s } s + mi s + m2 

= 1 - ) i 1 4 ) D ( - m i ) G ( 1 ) s - m ( 2 ) D ( - m 2 ) G ( 2 ) ( s ) (5) 

G ( i ) =/" P I ( B ' ) R ( S " ) 
( s ' ~ s ) ( s ' + m^) 
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The method adopted was t o c a l c u l a t e < j > 1 1 ( s ) , 6 i i ( s ) 

and R(s) from ( 4 ) , where <!> 1 ! and 6 n are d e f i n e d by 

a n = e H | a i l | (6) 

a n = J 2 i k 

and t o use t h i s R t o c a l c u l a t e a ( s ) from (5) l e a d i n g 

t o two o t h e r parameters <|>(s) and 6 ( s ) , s i m i l a r l y d e f i n e d . 

The n u m e r i c a l values chosen were s, 10, 

m 1 - 1 , m 2 = 8 and 

i ) ( 1 ) y 0.9 0.1 

0.1 1.0 

(2) -1.2 0.1 

0.1 1.0 
(7) 

chosen so t h a t t h e e l a s t i c s i n g l e channel a m p l i t u d e has 

a zero a t s = 20 w i t h d e c r e a s i n g phase s h i f t ( f i g s 1,1) 

i i ) t h e same magnitudes, b u t w i t h r e v e r s e d s i g n , so 

t h a t t h e phase s h i f t i s now i n c r e a s i n g ( f i g 3,6). 

The r e s u l t s o f the c a l c u l a t i o n s are shown i n f i g s 

4 and 6. As expected i n case ( 1) the methods g i v e 

d i f f e r e n t answers: i n p a r t i c u l a r § passes through 0 w h i l e 

$ l l passes t h r o u g h TT/2, and as can be seen from f i g 5, t h e 

c a l c u l a t e d c r o s s - s e c t i o n s are very d i f f e r e n t . S u r p r i s i n g l y , 

however, t h e r e s u l t s i n case ( i i ) a re i d e n t i c a l , and 

t h i s occurs because a zero forms i n ReD which e x a c t l y 
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Fig. 5. - A comparison of the true par
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calculated by either method. 
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Pig. 4. Showing numerical results for 
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Case 'J. The two methods agree so that 

<5U = <5 and < p n = <P-
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c a n c e l s t h a t i n N when c a l c u l a t e d from ( 5 ) . T h i s 
phenomenon has c u r i o u s consequences which we di s c u s s i n 
Chapter 3. 

T h i s anomalous r e s u l t can be discussed i n two ways. 

I f we c o n s i d e r t h e f u n c t i o n N(s) i t i s c l e a r t h a t 
a n ( s ) ' 

t h i s has t h e same phase as D on the R.H.C, and has t h e 

same a s y m p t o t i c behaviour. I t can o n l y d i f f e r by having 

p o l e s ( s i n c e D i s a n a l y t i c ) on the r i g h t hand p h y s i c a l 

s h e e t , which i m p l i e s a zero i n a ^ s i n c e N i s a n a l y t i c : 

t h u s t h i s i s a necessary and s u f f i c i e n t c o n d i t i o n f o r 

the f a i l u r e o f t h e method. From t h e f o l l o w i n g simple 

argument, i t can be seen t h a t t he s i g n o f clS i s c r i t i c a l . 

ds 

Assuming t h a t a (s ) = 0 where a^ i s t h e e l a s t i c 

s i n g l e channel a m p l i t u d e , t h e n weakly c o u p l i n g a second 

channel can serve o n l y t o move t h i s zero s l i g h t l y , so 

Re a i ; L ( s ) = 0 a ^ d ' ) = 0 (8) 

where s i s r e a l , s' complex. Hence 

a u ( s ) - ( i - s') d a l l | + a n ( s ' ) 
ds I , , n N 

s=s (9) 
so 

i -1 
s' = s - a Q a l l l (10) 

11 . d s ~ l - . 
s= s 
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Taking t h e i m a g i n a r y p a r t o f t h i s e q u a t i o n g i v e s , u s i n g (8) 

Im s' - - Im a - ^ ( s ) Re 

Now ^ da 

d a l l l 

and so f i n a l l y 

Im a n ( I ) d 

Im s-
da ds s 

11 2> 
ds s 

a 1 1 ( s ) 
d a l l j _ 
ds |s, 

2 ^Ui-. ds J s (12) 

Hence Im s' i s p o s i t i v e i f i s n e g a t i v e , and t h e 
ds 0 

zero l i e s on t h e p h y s i c a l s h e e t , causing the one 

channel method t o f a i l ( c a s e ( i ) ) and v i c e v e r s a . 

To d e r i v e a more s p e c i f i c c o n d i t i o n , we c o n s i d e r 

the Omnes - M u s h k e l i s h v i l l i f u n c t i o n 
«/ f i i s i ) _ 

- 8 / i rJs-<S*-£ ^ ( S ) = -sT ds' 

As shown i n Chapter 1 , t h e r e l a t i o n between D and must 

be D(s) = ( r e a l p o l y n o m i a l ) ^ " ( s ) 

I f t h e a m p l i t u d e a -> 0 as s -> ~, then Im a -> 0 and 
Re a 

-m 
D(s) •> 1 , t h e n (|>(s) •+ -m-n 

^ * ( s ) -> co n s t , s" 

so the p o l y n o m i a l i s o f degree m_>0. Since a has no 

poles on t h e p h y s i c a l sheet away from the r e a l a x i s , t h e 
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zeroes o f t h e p o l y n o m i a l must l i e on t h e p h y s i c a l sheet, 

and f r o m ( 1 ) , below t h e i n e l a s t i c t h r e s h o l d . Hence 

DCs) must have m zeroes i n t h i s r e g i o n , and i f n n i s 

th e number o f bound s t a t e s 
n g £ m 

where t h e i n e q u a l i t y occurs because of t h e p o s s i b i l i t y 

o f simultaneous zeroes o f N and D. The m u l t i c h a n n e l 

method w i l l g i v e a s i m i l a r r e l a t i o n f o r <j>̂ ^ 

S-yco 

Hence a s u f f i c i e n t c o n d i t i o n f o r the f a i l u r e o f the 

one channel method i s t h a t t h e Levinson theorem n D < m,, 

i s n o t s a t i s f i e d : e.g. case ( i ) . That i t i s n o t a 

necessary c o n d i t i o n can be seen from f i g 2, where t h e 

one channel method w i l l c l e a r l y break down, a l t h o u g h 

th e i n e q u a l i t y i s s a t i s f i e d . To see t h a t t he i n e q u a l i t y 

i s r e q u i r e d , i t i s o n l y necessary t o c o n s i d e r t h e 

success o f t h e method i n case ( 2 ) . 

I t i s apparent t h a t t h i s t r o u b l e w i l l not a r i s e i n 
3) 

th e Frye-Warnock method, because the u n i t a r y c o n d i t i o n 
here i s t h a t Im a = p|a| 2 + ( 1 - z 2 ) 

i+ 

and the simultaneous s a t i s f a c t i o n o f z = 1 and a = 0 i s 
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equivalent t o = a^ 2 = 0. 

This problem can be f a i r l y simply overcome by 
adding a C.D.D. pole at or near the p o s i t i o n of the 
zero, so t h a t the zero i s s h i f t e d onto the unphysical 
sheet. I t i s not obvious how the residue of t h i s pole 
can be found. A f u r t h e r d i f f i c u l t y , discussed i n the 
next chapter, i s t h a t i n case ( 2 ) , where N and D have a 
simultaneous zero, the equations are very i l l - c o n d i t i o n e d , 
and numerical s o l u t i o n s lead t o spurious resonances. I t 
i s probably safe to say, t h e r e f o r e , t h a t the R method 
i s i n c o r r e c t when the e l a s t i c amplitude has a zero. 

The other problem i s much more d i f f i c u l t t o analyse, 
although p a r a d o x i c a l l y much simpler to cure. This occurs 
when a bound state occurs i n a second channel when the 
problem i s t r e a t e d e l a s t i c a l l y : when the channels are 
coupled i t may not occur i n the f i r s t . An example of 
t h i s would be i n the r e a c t i o n TfN-* tfN: there w i l l be 

ft 

a resonance due t o the photoproduction of the N^^g) but 
t h i s can scarcely occur because of the forces i n t h i s 
r e a c t i o n , which are purely electromagnetic: i t w i l l i n 
f a c t occur because t h i s r e a c t i o n i s coupled t o TTN + TTN. 
This can be seen s l i g h t l y more q u a l i t a t i v e l y from 



D = 1 - i ^ K(s',s) Im B(s') D(s')ds' 

K ( s , s ' ) = C R ( S" ) P ( S , , ) ds" 
1 ( s " - s ) ( s ' - s ) 

Clearly i s Im B i s i d e n t i c a l l y zero, then J)(s) = 1 
independent o f R. I f a bound state occurs i n another 
channel, t h i s w i l l show up as a zero of det D i n the 
multichannel method, which cannot possibly be r e f l e c t e d 
by a zero i n the D derived from (14). 

20) 
Atkinson, Dietz and Morgan have shown by a method 

of considerable elegance t h a t the conditions f o r the 
breakdown of the one channel "* method can be s p e c i f i e d , 
e x a c tly i n c e r t a i n cases. They show t h a t the S matrix 
can be diagonalised 

S = 1 + 2 i p 2 t p 2 = 1 + 2iT ,(1) 
•D ,(2) 

where 0 = 
u a 

= 0T0 -1 (15) 

a = lU + ( 1 + K 2 ( s ) ) ) - 2 

I = 1(1 - ( 1 + K 2 ( s ) ) ) ~ ^ 
K _ 2/ P lp 2 t 1 2 

P l ^ i - P 2
t 2 2 

(16) 

so t h a t one can w r i t e T ( i ) = e i 6 ( i ) s i n S ( i ) , where 
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i s an "eigenphase-shift". The a n a l y t i c s t r u c t u r e of 
these eigenamplitudes i s complex, but one can derive a 
Levinsons theorem f o r them. 

D = t _ 1 N = P W N ( L Y ) 

so Det D = || ^ T ( l ) ] - 1 det 
= p 20 1T Q

iOp 2N 
N 

I t i s p l a u s i b l e t h a t a l l zeroes of det D correspond to 
poles i n p a r t i c u l a r and vice versa, and so by 
arguments analogous t o those usually used to prove 
Levinson's theorem, one can w r i t e 

( i ) / % _ „ ( i ) /n o x 
6 (oo) = - T r n (18) 

From (15), we can derive 
2i.fi., 2 2i6 ( 1 ) , 2 2 i 6 ( 2 ) 

z e 11 = a e + g e (19) 
2x6 „ 2iS ( 1 ) . 2 2 i 6 ( 2 ) 

z e 22 = 6 e + a a 
which can be geometrically i n t e r p r e t e d 
as f i g ( 6 ) . Clearly i f - 6 ^ i s t o pass 
through TT/2 i t i s necessary 
1) t h a t passes through n/2 and 

a 2 > B 2 

(2) 
2) t h a t 6 passes through ir/2 and 

2 2 8 > a 

http://2i.fi
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2 i 6 
i n other words the vector e must c i r c l e the o r i g i n . 
This i s the so-called crank-shaft theorem. 

2 2 
I f , f o r example, a > 3 f o r s > S q the (presumed 

c o i n c i d e n t ) t h r e s h o l d and there i s a bound state i n 
eigenchannel 2 only, then 

6 ( 1 ) (») = 0 6 ( 2 )(») = -TT 
(20) 

so 6 H ( o o ) = 0 S22(«>) = -ir 

The phase s h i f t c a l c u l a t e d by the F.W. method w i l l agree 
w i t h the multichannel one, so ti^'^'CO = 0 
The Levinson theorem i n t h i s case i s 

6(») - 6(0) = -ir(n - n ) 
c 

where n c i s the number of C.D.D. poles, so obviously 
one C.D.D. pole must be i n s e r t e d , and the C.D.D. pole-
f r e e c a l c u l a t i o n w i l l not work. There r e s u l t can be 
extended under c e r t a i n conditions t o many-channel 
d i s t i n c t threshold problems. 

This elegant r e s u l t , however, i s c l e a r l y of no use 
i n a p r a c t i c a l c a l c u l a t i o n , since i t requires a f u l l 
and accurate multichannel c a l c u l a t i o n t o say whether the 
one channel s o l u t i o n w i l l be correct. The f o l l o w i n g 
argument which presumably can be made rigorous f o r a 
L.H.C. cut c o n s i s t i n g only of poles, appears t o give a 
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more s a t i s f a c t o r y c r i t e r i o n . Since any w e l l behaved 
L.H.C. can be approximated t o a r b i t r a r y accuracy by a 
sum of poles, the deduction i s probably f a i r l y v a l i d . 

A one channel D f u n c t i o n , calculated without 
i n e l a s t i c i t y w i l l have n ^ zeroes which i n the l i m i t of 
^11 = ^ + r e l e v a n t coupling constant) w i l l l i e on 
the unphysical sheet close t o the poles. However i n the 
same l i m i t , the many channel det D may have zeroes away 
from the c u t s , corresponding e i t h e r to bound states or 
resonances. Any R f u n c t i o n calculated from these must 
be f i n i t e , and the i n e l a s t i c D f u n c t i o n w i l l again 
have zeroes near the poles, because the form of the 
i n t e g r a l t o be evaluated has not s i g n i f i c a n t l y a l t e r e d . 
When the coupling i s increased, these zeroes may move 
near or onto the physical sheet, and these w i l l coincide 
w i t h multichannel zeroes. However, the multichannel 
zeroes t h a t s t a r t on or near the physical sheet w i l l 
never have corresponding zeroes i n the i n e l a s t i c c a l c u l 
a t i o n , because t h i s would mean d i s c o n t i n u i t y i n d v 0 / d g ^ , 
where v Q i s the p o s i t i o n of the zero under consideration. 

This argument must be s l i g h t l y modified f o r the 
F.W. method, because a bound state could be produced even 
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i n the l i m i t of g ^ = 0, since a generalised Born term 

B(s) = B(s) + [ 1 " * l 2 ( s ^ ds' 
R J s'- s 

i s used i n the equation f o r N 

— 2 — N(s) = B(s) + i [ s-B(s-), ,- sB(s) 2 j ^ ± _ N ( s . ) d s . 
l + 3|(s) TT s'(s'- S ) l + Jf|(sO 

and i t i s possible t h a t t h i s bound s t a t e i s c o r r e c t . 
I t i s not obvious t h a t any bound state produced by 

i n e l a s t i c i t y i s necessarily correct. Any c r i t e r i o n 
based on Levinson's theorem such as the crank-shaft 
theorem, i s only a s u f f i c i e n t condition f o r breakdown, 
and so i t i s possible t h a t a bound state calculated by 
e i t h e r method could s t i l l be i n the wrong p o s i t i o n , so 
the amplitude would s t i l l r equire a C.D.D. pole. 

A simple model which demonstrates these properties 
can be e a s i l y found. The simplest two channel model i s 
considered: n o n - r e l a t i v i s t i c w i t h coincident thresholds 
and a one pole L.H.C. 
I f Im B = yS(v + 1) 
we f i n d D ( V ) = 1 - pD(-l)F(v) where F(v) = — - — 

/~v + l 
( f o r convenience the s u b t r a c t i o n point i s taken a t ») 
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-1 

and a(v) = u ( l + i u ) " 1 1 - u ( l + hu)'1? - 1 

1 + v 

= p ( l + y ( i - F ) ) ~ 1 / ( l + v) 
This gives an i n e l a s t i c i t y f u n c t i o n t h a t can be d i r e c t l y 
i n t e g r a t e d : 

R = 1 + |f2£ |2 
a i l 

= 1 + 4 ^ 1 2 2 1 +, V 0 ( 2 ! + ) 
- 2 I 2\i l l - d e t ] i 

. 1 • a i - f ^ 
v + b 

Hence D (v) = 1 - y x l D ( - l ) j ^ - + ^ ( 2 5 ) 

I n the l i m i t of vn = 0+, R * 5, so the e f f e c t of 
the i n e l a s t i c i t y i s t o produce a second sheet pole at 
the p o s i t i o n of the forc e pole, which gradually moves 
away as i s increased. These two poles produce a 
zero, which moves up the negative r e a l axis on the 
second sheet t o t h r e s h o l d , where i t passes through t o 
the p h ysical sheet and becomes a bound s t a t e . I n the 
corresponding two channel det D, there are two zeroes, 
one of which may s t a r t on the physical sheet, while the 
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second corresponds e x a c t l y t o t h a t c a l c u l a t e d by the 
one-channel method w i t h i n e l a s t i c i t y . 

A curious f e a t u r e of t h i s p a r t i c u l a r model i s t h a t 
2 

i f the negative square r o o t of b i s taken i n (25), the 
c a l c u l a t i o n s are i d e n t i c a l : i n other words t h i s i s 
p r e c i s e l y the c o r r e c t form f o r the C.D.D. pole. This 
i s presumably a coincidence due to the very simple form 
of the model, and does not seem to carry through to 
more complex cases. 

I n view of the fo r g o i n g i t seems safe t o make the 
f o l l o w i n g statements: 
1) The R method w i l l always break down when a zero 

occurs i n the amplitude: i n p r i n c i p l e f o r case 1) 
and i n p r a c t i c e f o r case 2 ) . 

2) The R method w i l l always break down when a bound 
sta t e occurs i n the multichannel c a l c u l a t i o n w i t h 
^11 = ^' w^-1-1 w o r ^ when the bound state occurs 
i n the e l a s t i c c a l c u l a t i o n . I t i s d i f f i c u l t t o 
generalise about intermediate cases, when the bound 
sta t e i s produced by the interchannel coupling. 

3) The Tj method w i l l not work when the crank-shaft 
, . theorem i n d i c a t e s i t w i l l not, which w i l l u s u a l ly be 

when the bound occurs i n a second channel. 
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These observations are of l i t t l e p r a c t i c a l use, 
because we must always solve the multichannel problem 
t o decide i f the one-channel w i l l work. We may 
summarise t h i s chapter by saying t h a t i f the single 
channel ND~^ method does not have the correct character
i s t i c s , then i t i s u n l i k e l y t h a t adding i n e l a s t i c i t y 
w i l l make an e s s e n t i a l d i f f e r e n c e . 



CHAPTER 3. 

Anomalous Solutions of the ND""1" equations. 

I n general, the ND equations have solutions which 
have the f o l l o w i n g p r o p e r t i e s : 
1) D ( v ) -> 1 as v -> « 
2) The same Levinson's theorem i s s a t i s f i e d by the D 
f u n c t i o n and the amplitude, a t least when C.D.D. poles 
areaabsent. 
3) The N and D fu n c t i o n s are unique, and stable w i t h 
respect to small perturbations of the in p u t . 
However, i t i s possible t o f i n d force functions f o r which 
none o f these statements hold: i n p a r t i c u l a r one can 
f i n d s o l u t i o n s which have a simultaneous zero i n N and 
D, which i s the previously mentioned e x t i n c t bound 
sta t e (E.B.S.). This i s of i n t e r e s t because of Chew's 
suggestion t h a t Regge t r a j e c t o r i e s may have vanishing 
residues a t what would otherwise be ph y s i c a l l y important 
angular momentum values. 

We consider, f o r s i m p l i c i t y , a two pole n o n - r e l a t i v i s t i c 
model, w i t h the s o l u t i o n (eqn, 4 of chap. 2) 

yjDC-v,) y,D(-v 9) 
D ( v ) = 1 - — — - — ~ (1) 

/-V + Zvj /-v+/v 

I f s o l v i n g t h i s f o r D ( - V l ) and D(-V2), we f i n d 
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P i y 2 D ( - v 2 ) 
1 + _ D ( - V l ) + = 1 (2) 

2/v*! ATj + Zv^ 
y i v2 

D(-v 2) + 1+ — — D(-v 2) 
/ v i + /v" 2

 2 

w i t h the s o l u t i o n 
A + P 2/v" B A - P 1 VAT B 

D = D = i i _ ( 3 ) 

C C 
where D. = D(-v.) 

l l 

A = n / ^ v z (/^ + (4) 

B = 2 ( V l ~ v 2 ) 

C = (v1 + 2 / v 1 ) ( y 2 , + 2S72)(S71 + ^ 2 ) - L H J i P 2
/ V J 2 

There i s apparently no s o l u t i o n i f C = 0 (5) 
corresponding t o the vanishing of the determinant f o r 
eqn.(2) unless also 

2 / v ( A T i + AT> ) 
y. = i ( 6 ) 

2AJ i - ATj -
which implies the eqns. (2) are i d e n t i c a l . Without 
any s i g n i f i c a n t loss of g e n e r a l i t y , and a great increase 
i n numerical convenience, we take = 4, v 2 = g. 
Then (5) gives -100(u 2 + 6) 

„ = — ( 7 ) 
U2 + 150 

Consider, f o r example, V2 = - Uj= 10. I f we take a small 
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pe r t u r b a t i o n e of the y ̂ , we f i n d t h a t a 1 i s w e l l behaved 
as e •+ 0, although the i n d i v i d u a l N and D functions are 
not. I n f a c t 

300(10 + e) 200 (20 - e) 
D(v) = 1 + 

e (e+250)(/7+2) e (e + 250) (/Tv +3 ) 

300(10 + e ) . 200(20 - E ) 
N ( v ) = + 

while a(v) 

e (E+250) (v+4) e (e+250) (»+v+q) 

v-2 (/-v + 2) (/-v + 3 ) ( l - / - v ) 
e->0 v+1 (v + 4)(v + 9) 

which i s an apparently w e l l behaved amplitude w i t h the 
expected force poles and a bound state a t V = - 1. 

a (v) % 
3/2 

However, as y m p t o t i c a l l y (-v) + 4v 
v 2 

1 
so Im a ( v ) ^ —T Re a(v) 

v v 
and so 6(~) = ir/2: i n other words, the normal Levinson's 
theorem does not hold. 

I f we now s a t i s f y ( 6 ) , ( i n t h i s case * J i = -20, ^2 = 30) 
which i s , of course, a special case of ( 5 ) , an E.B.S. i s 
produced. I f we w r i t e = v^D^j then we can choose 
J i and J 2 such t h a t N (v 0) = D(v 0) = 0 f o r s0me v 0 . I f 
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we then c a l c u l a t e \i1 and y 2 from ( 1 ) , and then feed 
these back i n through ( 2 ) , we f i n d t h a t (5) i s s a t i s f i e d , 
and the equations (2) are i d e n t i c a l , and give 

D 2 = (1 + 40^/6 
Hence we f i n d 

((-v)+20D 1-4) 
D(v) = (8) 

(/-v+2)(/-v+3) 
5((-v)+20D,-4) 

N ( v ) = ( 9 ) 
(v+4)( v+9) 

and D and N have a simultaneous zero a t the t o t a l l y 
a r b i t r a r y p o i n t v =-'++20D1. Clearly D obeys a Levinson's 
theorem 
while a.i obeys6(«>) = -ir = -(n + n, )ir 

6 D (10) 
6(») = 0 = - n b T r . 

where n i s the number o f e x t i n c t bound states e 
Auberson and Wanders show t h a t the point i n the 

M i l i 2 plane given by (6) i s an i n s t a b i l i t y point i n the 
f o l l o w i n g sense: small changes i n y j and y 2 from these 
c r i t i c a l values lead to seven d i f f e r e n t combinations of 
bound s t a t e s , v i r t u a l states and resonances. An amusing 
(though useless) observation i s t h a t i f only one of the 
poles s a t i s f i e s ( 6 ) , the bound state i s automatically 
produced at the p o s i t i o n of the other:, the second pole 
becomes i r r e l e v a n t . 
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Atkinson and Halpern f i n d the general c o n d i t i o n 
t h a t an E.B.S. i s produced. I f 

, f p(v')z(v) m v 
Im B(v) = - Im z(v) - ) d v * 

7 7 o 

where z(v) i s an a r b i t r a r y f u n c t i o n a n a l y t i c but f o r an 
L.H.C, s a t i s f y i n g 

00 
1$ p ( v ' ) z ( v ' ) d v ' = u (12) 
ir° 

and p(v') may include an i n e l a s t i c i t y f a c t o r , than a^ 
has a E.B.S. The proof i s simple: w r i t i n g 

Z ( V ) 

gives 
D( 

irp 0 V-v 

CO 

Kv) = 1 - _ i ^ P ( v ) z ( v O v^" vo d v . (13) 

CO 

= v - v 0 [ P(v*)z(v") d v . 
Try J v'-v 

so D(v 0) = N(v 0) = 0. Another way of s t a t i n g the same 
r e s u l t i s t o say t h a t the homogenous equations f o r N 
and D are solved, which again gives a one parameter 
a r b i t r a r i n e s s i n the s o l u t i o n . I t i s t r i v i a l t o see 
t h a t the input y l 6 ( v + v x ) + y 2<$(v+v 2 ) w i t h (6) s a t i f i e s (11) 

Another curious but useless r e l a t i o n f o r e x t i n c t 
bound states involves the Omnes-Muskhelishvilli f u n c t i o n . 
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I f we w r i t e 
D ( v ) = ( v - v 0 ) J f(v) 

and r e q u i r e t h a t N(v 0) = 0 a l s o , we f i n d 

^ Im B ( v ' ) J ( v ' ) d v ' = 0 or • f B ( v ) d v 

L L D V (14) 

The simultaneous zeroes found i n the previous chapter 
imply t h a t R must s a t i s f y a c o n d i t i o n on a c e r t a i n Fredholm 
determinant. ( 1 1 ) leads t o an i n t e g r a l equation f o r z 
t h a t i s the homogeneous equation f o r N 

f B ( v ) * 3 ( v ' ) 
z(v) = ] p ( v ' ) R ( v ' ) z ( v ' ) d v ' (15) 

R » - v-
and t h i s must have a n o n - t r i v i a l s o l u t i o n : i n other 
words A = 0 where (16) 

n 
(-: 

A = 1 -
n 

• l ) n f 
\ d e t | K ( v i , v i ) | || d v,dv. (17) 
R i = l 

and K( v,v') = B(y)-B( vO pU')R(v'). I n f a c t the R ( v ) 
v - v' 

found numerically s a t i s f i e s a simpler c o n d i t i o n , analagous 
to ( 2 ) , which can be derived from ( 1 1 ) , t o a high degree 
of accuracy. However i t i s very hard t o see how one can 
show t h a t any R, derived from a multichannel c a l c u l a t i o n 
w i t h the usual u n i t a r i t y conditions and the c o n d i t i o n on 
the phase s h i f t , w i l l s a t i s f y ( 1 6 ) . R i s not an a n a l y t i c 
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fu n c t i o n } and t h i s appears t o make any statements of 
t h i s form impossible. 

Gross and Kayser show t h a t an E.B.S. cannot occur 
f o r a 'normal' p o t e n t i a l . I f a p o t e n t i a l s a t i s f i e s 

00 00 
/ r | V ( r ) | d r < oo and / e * y r | V ( r ) | dr < °° (18) o o 

and we w r i t e 

D(k) = f ( - k ) , N(k) = f (- }' " f ( ~ k ) (19) 
2ik 

+ + + then f ( - k ) = u(-k,0) where u ( - k , r ) are the solutions 
of the Schrodinger equation behaving asymptotically as 

+ - i k r 
e 

Then the Wronskian W j<Xk,r) , i t ( - k , r ) ^ can be formed 
and shown t o be independent of r and equal t o 2ik a t 
r = oo. However, i f f ( k ) = f ( - k ) = 0, corresponding to 
an E.B.S., then the Wronskian f o r r = 0 i s zero. Hence 
conditions (18) cannot be s a t i s f i e d . 

They then proceed t o show that the p o t e n t i a l i n f a c t 
behaves l i k e at the o r i g i n . The Gelfand-Levitan-r z 

Marchenko (G-L-M) method i s used, which enables one t o 
express the L.H.C, d i s c o n t i n u i t y i n terms of an equivalent 
p o t e n t i a l ^ the f o l l o w i n g i s a summary of t h e i r method. 
Marchenko showed t h a t the p o t e n t i a l may be w r i t t e n 
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V( r ) = ̂  A ( r , r ) (20) 

where A(x,y) i s given by 
A(x,y) + F(x+y) + 7~dt A ( x , t ) F ( t + y ) = 0 x 

and F ( r ) i s given by the Fourier transform of A, 
A( x , t ) = \ a ( v , x ) e " t > / " V dv (21) ^ a(v 

one may derive 
f ( v ) e a(v x) f — 

a(v,x) - \ d v ' = f ( v ) e " x / ~ v C J 

,v,x) - \ dv'- /_v +/ -v' 
(22) 

where f ( v ) = — Im a, (v) on "the L.H.C. 
IT 1 

When the L.H.C. i s a sum of poles, (21) cannot be 
solved d i r e c t l y . However (20) i s equivalent t o 

V(r ) = ( A - ( r ) ) 2 - A ( r ) A»(r) ( 2 3 ) 

( A ( r ) ) 

where A(R) i s the Fredholm determinant of (21). We may 
then solve e x p l i c i t l y f o r the p o t e n t i a l : i f the L.H.C. 
consists of n poles, the f i r s t n terms i n the Fredholm 
series are non-zero, so corresponding to a two pole input 

•2x/-v 
2/-v 

A 2(x) = - ^ f ( v ) — dv 

-2x/-v -2x/-v e ,. e 
A 2(x) = I [[ f ( v ) — f ( v ' > 
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-2x(/-v+/-v') 2 

e 
- f ( v ) f ( v ' ) dv' dv /-V + /-V' 

leading t o 0 0 „ , , . & , -2pix -2p 2x , s9 -2x(pi+p 2) y xe * l y 2e ( P 1 - P 2 ) V>iU2e 

A(x) = 1 + + + 
2 P l 2p 2 ^ P l P 2 ( P l + P 2 ) 2 

( w r i t i n g p^ = /v^) 
Now i f A(x) = constant a t x = 0, the r e s u l t i n g p o t e n t i a l 
w i l l be w e l l behaved. However, i f y j and y 2 are chosen 
such t h a t A(x) * x as x + 0, i t i s easy to see t h a t 
V(x) * 1/x . This corresponds t o the dondition 

2 
Pi y 2 , ( P i - P 2 ) u i i » 2 1 + 4 -J- = 0 (26) 
2PI 2p 2 4 p ! P 2 ( p i + p 2 ) 2 

Which i s i d e n t i c a l t o ( 5 ) . I f we f u r t h e r demand t h a t 
A'(x) % x as x 0, then we f i n d a f u r t h e r condition 

( P 1 - P 2 ) 2 V i v 2 

U l + y 2 + — = 0 (27) 
2PiP 2(Pi+P 2) 

(note t h a t 1/x 2 behaviour of V(x) i s r e t a i n e d , since 
i f A'(x) 'v x, then A(x) ̂  x 2 ) . These two conditions 
t u r n out to be equivalent to ( 6 ) . As the second order 
vanishing of t h i s q u a n t i t y A(x) has no p a r t i c u l a r 
physical s i g n i f i c a n c e , an E.B.S. cannot be regarded as 
having any s i g n i f i c a n c e i n p o t e n t i a l theory. A p l o t of 
the p o t e n t i a l s a t i s f y i n g (26) and (27) shows t h a t i t i s 
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purely r e p u l s i v e . 
I t i s a f a c t t h a t i s not generally r e a l i s e d t h a t 

although presumably any L.H.C. d i s c o n t i n u i t y corresponds 
to a p o t e n t i a l , the connection i s not a n a l y t i c . I n the 
y space there i s a l i n e (or i n general a surface) given 
by C = 0 i n eqn. ( 4 ) , or i t s g e n e r a l i s a t i o n s , which 

2 
behave l i k e l / r a t the o r i g i n . However a r t b i t r a r i l y small 
p e r t u r b a t i o n s lead to w e l l behaved p o t e n t i a l s . There i s 
a one t o one correspondence between the vanishing of the 
Fredholm determinant f o r the D equation, the vanishing 
of the Fredholm determinant f o r the Gelfand-Levitan 
equation and the production of an E.B.S. 

An i n t e r e s t i n g , speculation suggests i t s e l f a t t h i s 
p o i n t . The multichannel N/D equations have a multichannel 
Schrodinger analogue, and presumably t h e i r s o l u t i o n s 
are i d e n t i c a l : s i m i l a r l y the one channel N/D equations, 
w i t h i n e l a s t i c i t y , have a corresponding Schrodinger 
equation w i t h an equivalent (presumably complex, energy 
dependent) p o t e n t i a l . I t i s plausible t h a t the connect-

2 
xon between E.B.S. and 1/r potentxals c a r r i e s through 
t o the i n e l a s t i c case. We have seen i n Chapter 2 how 
an E.B.S. must be produced i f the method w i t h i n e l a s t i c i t y 
i s t o be co r r e c t when the amplitude has a zero: hence the 
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equivalent p o t e n t i a l should have a 1/r 2 s i n g u l a r i t y . 
Now i t i s known t h a t i n e l a s t i c p o t e n t i a l s c a t t e r i n g , 
s i n g u l a r r e p u l s i v e p o t e n t i a l s lead t o Regge . t r a j e c t o r i e s 
t h a t are s t r a i g h t as s -> « (because the behaviour of 
the t r a j e c t o r y a t i n f i n i t e energy i s l i n k e d to the 
curvature of the p o t e n t i a l at the o r i g i n . ) Hence the 
em p i r i c a l s t r a i ghtness of the t r a j e c t o r i e s may be 
simply explained by the f a c t t h a t a l l physical c a l c u l 
ations should r e a l l y be considered as coupled channel 
problems. 

I t i s apparently very d i f f i c u l t to proceed f u r t h e r , 
because equivalent p o t e n t i a l s f o r coupled channels are 
energy-dependent (and hence non-local) and complex. 
The method o u t l i n e d above i s unsuccesful, because an 
i m p l i c i t assumption i n the d e r i v a t i o n of the G-L-M 
equations i s t h a t the v-plane may be 'unfolded' along 
the u n i t a r i t y cut: i n other words there i s no u n i t a r i t y 
cut i n the k = A> plane. I t i s probably impossible t o 
solve the r e s u l t i n g equations i f the transformation 
k = R/v i s made, because R i s not an a n a l y t i c f u n c t i o n . 
The method of Bargmann cannot be used, because t h i s 
assumes t h a t the S- matrix may be w r i t t e n i n the form 

S(k) - (28) 
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N 

where f ( k ) i s of the form f ( k ) = T T k " a n (29) 
\\ k - en 
n = l 

Although one can consider non-unitary S-matrices (and 
hence complex p o t e n t i a l s ) i n t h i s method, which i s 
equivalent t o , but less convenient than, the G-L-M 
formalism w i t h a pole i n p u t , i t i s not tru e t h a t any 
complex p o t e n t i a l corresponds t o a r e a l multichannel 
one, i n the same way t h a t R must s a t i s f y a very subtle 
c o n d i t i o n i f i t i s t o represent a 'genuine' multichannel 
e f f e c t . For a 'genuine' R, such as t h a t calculated a t 
the end of the preceding chapter, i t i s impossible to 
make the decomposition i n (28) and (29). 
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CHAPTER 4. 

A Dynamical Quark Model. 
I t i s apparent from the discussion i n Chapter 2 

t h a t } i f the major forces i n a second channel, then i t 
i s i n general improbable t h a t a multichannel bound 
sta t e w i l l be found i n a one-channel c a l c u l a t i o n . I n 
t h i s and the next chapter we consider two cases: one i n 
which the major forces must occur i n a second channel 
and one i n which they may do so. The f i r s t deals w i t h 
the s o-called 'naive' quark model, and the second w i t h 
a two channel c a l c u l a t i o n of the wave i n irN s c a t t e r i n g 

The great success of SU(3) as a c l a s s i f i c a t i o n 
scheme l e d t o many attempts t o obtain a less e m p i r i c a l 
basis f o r i t . The most successful of these i s the 

24 2 5) 
quark model * , which assumes a t r i p l e t of basic 
spin g p a r t i c l e s w i t h the f o l l o w i n g quantum numbers I I 

3 
S B Q 

p i 
2 

i 
2 0 "3 \ i 

n 1 
2 

1 
~ 2 

0 -I \ "3 
X 0 0 1 \ -\ 

(1) 

Then the mesons may be constructed from quark-anti-
quark p a i r s 
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+ 1 

e.g. TT = — ( p - t - n V - p + n f ) 
+ 

p = p t p t 
and the baryons from symmetrised quark t r i p l e t s 
e.g. 1 

+ = (B - 2B, „. ) 
/ l 8 1 1 5 1 2 4 

where the B.., are SU(6) i n v a r i a n t tensors which describe 
the wave f u n c t i o n s : e.g. B i s the f u l l y symmetrised 
combination of p + p t n 4-

I t i s f a i r l y simple to show t h a t i f baryon number 
and charge i s conserved, then permutation symmetry on 

25) 
the quarks i s equivalent to SU(6) symmetry . However, 
very much more can be deduced from the quark model than 
from the symmetry; f o r example, the quark model pr e d i c t s 
t h a t mesons w i l l occur i n nonets (corresponding to the 
9 possible qq combinations i n the various possible states 
of angular momentum). Plausible p o t e n t i a l s lead to 
reasonable i n t e r m u l t i p l e t s p l i t t i n g s , and the f o l l o w i n g 

27) 
nonets have be t e n t a t i v e l y i d e n t i f i e d " (the n o t a t i o n 
i s the standard spectroscopic one). 
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State L S J P G P a r t i c l e s 
l s o 0 0 0~~ irKnrj' ' 

3 S i 0 1 1 - + 

3 P 2 1 1 2 + ~ A 2 K 1 12 0 f f ' 

1 1 1 + - A l K l 3 2 0 D E 

3 p o 1 1 0 +" S<+60 '^ 1 0 0 3 » K725 » 1 T
V

( 1 0 5 0 ) 

1 0 1 + + ' K l 0 8 0 > 

3D3 2 1 3-+ R3 ( 1 6 4 0 ) 

3D, 2 1 2"+ R2 ( 1 6 5 0 ) 

3 D 1 2 1 1 - + Rj ( 1 7 0 0 ) 

1 D 2 2 0 2"~ 
3 1 4 + " S 

3 G 5 1 5~+ T 
3 H 6 5 1 6 + - U 
The assignments i n the f i r s t three nonets are almost 

c e r t a i n , as i s the existence of most of the other p a r t i c 
l e s : however i t must be emphasised t h a t the scheme i s s t i l l 
f a i r l y s peculative. For example, the spin of the R,S,T and 
U mesons i s a guess based on the assumption of a l i n e a r 
Regge t r a j e c t o r y ; and the existence of the whole scalar 
nonet i s i n doubt. I t appears tha t the observed resonances 
may tend to s p l i t i n t o two or three ( t h i s has already 
happened f o r the R, and may w e l l happen f o r the and 
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when b e t t e r experimental r e s o l u t i o n becomes a v a i l a b l e , 
and there w i l l , i f anything, be a s u r f e i t of p a r t i c l e s . 
The only p a r t i c l e a t present t h a t cannot be f i t t e d i n t o 
a m u l t i p l e t i s the 1 = 3/2 K;Q75> a n d t h e existence of 
t h i s i s very much i n doubt. 

For baryons, the model i s less successful, because 
of the much greater complexity of 3 quark systems and 
the requirement of p a r a s t a t i s t i c s t o give a symmetric 
S-wave wave-function. The octet and decuplet are s a t i s 
f a c t o r i l y described, and i t has been shown by Dass and 

2) 
Ross t h a t a large number of members of higher SU(6) 
m u l t i p l e t s w i l l be coupled e i t h e r very weakly or very 
s t r o n g l y to presently a v a i l a b l e p a r t i c l e s , so t h a t they 
are u n l i k e l y t o be experimentally observed f o r some time. 

The quark model gives a s a t i s f a c t o r y physical 
25) 

i n t e r p r e t a t i o n of the Gell-Mann-Okubo mass formula, 
by assuming t h a t m̂  = m̂ , m̂  = m + 6 and an iso s p i n 
s p l i t t i n g o c i ( i + i ) ; and the Coleman-Glashow formula, by assuming t h a t m = m + 6-p and an e l e c t r o s t a t i c i n t e r -& n p E 
a c t i o n * Q . The famous SU(6) r e s u l t y n / = -2/3 

q \ up 
f o l l o w s , by assuming t h a t the magnetic moments of the 
quarks are equal t o t h e i r charge, and sum t o give t h a t 
of the nucleon. However there i s some d i f f i c u l t y i n 



• • 2 
exp l a i n i n g the f a c t t h a t mesons obey a (mass) formula, 
while baryons do not: t h i s can be explained by assuming 

2 7) 
c e r t a i n types of p o t e n t i a l 

From other assumptions, f u r t h e r mass r e l a t i o n s can 
be derived: i f the wave f u n c t i o n i s the same f o r a l l 
members of a m u l t i p l e t then the mass s p l i t t i n g depends 
s o l e l y on the a d d i t i o n a l mass of the \ quark 

m2 - m2 = mjf't - m2 = m2* - m2 (. 220:. 214:. 218) 
(4) 

However, such r a t i o n a l i s a t i o n of SU(6) r e s u l t s i s 
a comparatively small success. The greatest success of 
the quark model has been i n p r e d i c t i n g r e l a t i o n s between 

. . . . 29) 
cross-sections. This was o r i g i n a l l y done by Li p k m 
and c o l l a b o r a t o r s and extended to a large number of 

30) 
other i n t e r a c t i o n s . The basic assumption i s the 
impulse approximation; the p a r t i c l e s may be envisaged 
as being bound by a comparatively long-range energy-
dependent f o r c e , and i n t e r a c t i n g v i a a short-range one. 
(The model may be likened t o hard b a l l s attached by e l a s t i c 
rods; i t i s amusing t o note t h a t a r e l a t i v i s t i c r o t a t o r 

2 31) 
gives r i s e to an energy l e v e l formula M = k l , which 
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i s apparently s a t i s f i e d by the p-A2-R-S-T-U chain of 
mesons). Hence i n any given c o l l i s i o n , the amplitude 
i s the sum of two-quark amplitudes while the other quarks 
are regarded as spectators. Thus, ignoring s p i n , we 

+ + 
can w r i t e the ^ p u' p amplitude as 

CT+P|T|TT+P> = <(pH)(ppn) |T| (pH)(ppn)> 
= 2<Hp|T|np> + 2<pp|T|pp> +<pn|T|pn> +<£n|T|Hn> (5) 

By summing the s i m i l a r amplitudes, we can derive 
2 - (a M + a~„T + a + a_ ) = a + a (6) 3 pN pN pp pp TT+P u-p 

Here we have used only the o p t i c a l theorem and isos p i n 
invariance. The f u r t h e r assumption of the Pomeranchuk 
theorem gives the w e l l known 

a 3 
-EE = - (7) 
o 2 TTP 

D i f f i c u l t y a r i s e s when (7) i s compared w i t h experiment 
because i t i s not clear whether or not we should compare 
the cross-sections a t the same energy. The discrepancy 
i s about 20% i f both are compared at 18 G.e.v. Van Hove 
suggested they should be compared at the same C.o.m. 
energy per quark; 

i . e . EPP 3x3 3 
IVp " 2x3 = 2 
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7) 
which gives the r a t i o i n as .6. HDD Watson and 

32) 
P James have argued t h a t the cross-sections should 
be compared a t an energy such t h a t the r e l a t i v e v e l o c i t y 
of the quarks should be the same. Considering the proton 
i n each case as s t a t i o n a r y , we f i n d 

m m 
E = 3L . _ E 
* /1-v 2 P / l - v 2 

TT P 

and since the v e l o c i t y of the quark i s obviously equal 
to t h a t of the p a r t i c l e , En_ = mrt_. The r e l a t i o n (7) 

E„ m 
P P 

now requires a p l a u s i b l e e x t r a p o l a t i o n , but the 
agreement now seems e x c e l l e n t . More r e c e n t l y Van Hove 
and Kokkedee have argued t h a t , since the quark model 
s p e c i f i c a l l y assumes conservation of quarks and anti-quarks 
i n d i v i d u a l l y , we must exclude the a n n i h i l a t i o n cross-
section from a p p i n equation 6 ) , which brings i t i n t o 
s a t i s f a c t o r y agreement w i t h experiment. I n f a c t the 
e r r o r i n 6) i s then less than the experimental e r r o r . 
I t i s an i n t e r e s t i n g observation t h a t no other model of 
high energy s c a t t e r i n g p r e d i c t s even t h a t 

The basic idea has been extended to non-forward 
and i n e l a s t i c r e a c t i o n s , which require a d d i t i o n a l 
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assumptions t o replace the o p t i c a l theorem. Kokkedee. 
and Van Hove consider 

•AB ( s , t ) = i E } j f i
A ( t ) f j

B ( t ) < i j | T | i j > 

A B 
as an ansatz f o r the s c a t t e r i n g amplitude: f ^ and f.. are 
the formfactors (corresponding to the Fourier transform 
of the wave-function of quark i i n p a r t i c l e A etc) and 
^ L j | T | i j ^ the matrix element f o r the quark s c a t t e r i n g 
r e a c t i o n s . These l a s t are probably more or less equal 
at high energy, so we can w r i t e 

T A B ( s , t ) = A ( t ) ^ i f i
A ( t ) E j f j B ( t ) (9) 

which i l l u s t r a t e s a property s i m i l a r to the Regge 
property of f a c t o r i s a t i o n . 

For simple i n e l a s t i c reactions which only involve 
the change of s p i n , charge or strangeness of one p a i r 
of quarks, the amplitude can be w r i t t e n as 

<AB|T|CD)= <xj|T|kl> (10) 
where quark i i s i n p a r t i c l e A and sc a t t e r s o f f quark j 
from p a r t i c l e B. Hence PP •+J\.A,is described by (i g n o r i n g 
spin) 

/(ppn)(ppn)ITI (pnx)(pnx)> 
N . (11) 

= <PP|TQ|XA> 
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and the pn, pn p a i r s are assumed not t o enter i n t o the 
r e a c t i o n . To achieve any q u a n t i t a t i v e r e s u l t s one 
must assume t h a t t dependence i s the same f o r any i , j , k , 
1 i n (10). I f the analysis i s c a r r i e d out w i t h the 
i n c l u s i o n of spin these requirements can be relaxed but 
the p r e d i c t i o n s are r a t h e r more complex. 

The simplest p r e d i c t i o n s tend to be negative: f o r 
example 
^PP|T| = 1^ = <(PP|T| = ̂ PP|T|N"_N"-^ = 0 (12) 

because a l l r e q u i r e two c o l i s i o n s of the type pp X)s 
However ^PP|T|£ +£ +^f 0 (13) 
because t h i s requires only nn -> XX: experimentally the 
cross-section from (13) i s at least 30 times as large 
as those i n from (12). An a d d i t i o n a l encouraging r e s u l t 
i s t h a t one would expect the angular d i s t r i b u t i o n given 
by (13) to be l a r g e l y forward; t h i s i s i n f a c t so, while 
the d i s t r i b u t i o n s (such as they are) from the f i r s t 
two reactions i n (12) are i s o t r o p i c . 

Calculations have been done i n v o l v i n g s p i n , and 
these too have s a t i s f a c t o r y consequences. For example, 
+ + + + 

TT p -> IT P w i t h s p i n - f l i p and it p + p P are c l e a r l y 
associated w i t h the two amplitudes 

^ p t p - t - | T | p * p +^ and + p + | T | n + |̂  
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which might be expected to vanish a t the same r a t e . 
Experimentally p production decreases r a p i d l y w i t h 
energyj while s p i n - f l i p remains f a i r l y large even a t 
high energy. I n f a c t i t turns out t h a t the amplitudes 
have c o e f f i c i e n t s such t h a t P production vanishes i n the 
Pomeranchak l i m i t while spin f l i p does not. 

Further r e l a t i o n s can be derived between production 
amplitudes f o r p a r t i c l e s i n d i f f e r e n t m u l t i p l e t s . I n 
t h i s case, the wave f u n c t i o n must be s p l i t i n t o a s p a t i a l 
p a r t which w i l l be the same f o r every p a r t i c l e i n a 
m u l t i p l e t , and a pa r t which depends s o l e l y on the quark 
i n t e r a c t i o n . Thus 

A T r - p + K - £ + 5
 f l ( I ' K ) <PplT I X A > 

Vp-K* E + = f2 (X>*) <PP|T|XX> 
(1<+) 

1 4 0 5 
so t h a t 

Air-p+K§91 ~z* _ A T r - p + K i 3 2 0 ~ E +
 =

 A T r - p - v K ~ Y l 3 8 5 

A _ A _ « A T r ~ p ^ - T T ~ N i > o q o 

TT-P+P P TT-p+Aj P (15) 

Backward s c a t t e r i n g can be q u a l i t a t i v e l y described 
by the quark model. We must assume now t h a t quarks have 
a tendency to p a i r i n s i d e a baryon, i n much the same way 
as nucleons tend t o form a p a r t i c l e s inside a nucleus. 
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Then meson-baryon backward s c a t t e r i n g w i l l proceed by the 
backward s c a t t e r i n g of the meson antiquark from the 
baryon quark p a i r (dence), while the remaining quarks 
continue i n t h e i r o r i g i n a l d i r e c t i o n . Thus TT+P 
backward s c a t t e r i n g may be w r i t t e n 

( p 1n)+(p 2p 3n)-?(p 2 , 3 n ) + ( p 1 p 3 , 2n) 
w i t h a matrix element 2^n (p n)|T|n (p n ) ^ . This has 
several very simple experimental consequences: f o r 
example 

^ r - p ^ - p = ^K-p+u-V (16) 
0= IT 0=11 

ffir-p->K-E+ = ^LK-P-K+=- (17) 
= ir 0 = ir 

These r e s u l t s are independent of spin or energy consider
a t i o n s : the f i r s t has L.H.S. and R.H.S. of 7.0yb and 

+ 
10-5yb r e s p e c t i v e l y a t 3.5 G.e.v. 

However, the most elegant r e s u l t s obtained t o date 
are the r e l a t i o n s between density matrices f o r high 

34-) 
spin p a r t i c l e s produced i n c o l l i s i o n s . Some density 
matrices are given as simple numbers by the quark model, 
without any assumptions about spin or energy consider
a t i o n s . For example, the r e a c t i o n 

* + + A + + 

pp + A A 
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leads t o the v a l u e s 

P n 

Theor 

0.5 

Expt. a t 5.7 Gev/c 

0.41^.02 
2 2 

P3-2 
2 

0 o.oio.oi 

0 -0.05io.02 

The r e s u l t s a re c l e a r l y good, even though t h e i r energy 

i s n o t r e a l l y s u f f i c i e n t l y h i g h . S i m i l a r r e s u l t s seem 

t o p r o v i d e t he c l e a n e s t p o s s i b l e t e s t o f t h e model. 

There have been s e v e r a l o b j e c t i o n s t o the quark 

model. The most b a s i c i s s i m p l y t h a t quarks have never 

been observed: t h i s c o u l d be due |wJ 1 c t o t h e i r v ery 

h i g h mass: t h e p a i r p r o d u c t i o n c r o s s - s e c t i o n i s e s t i m a t e d 
5 

t o go down by a f a c t o r o f 10 f o r every increment o f one 
35) 

p r o t o n mass . An a e s t h e t i c a l l y more s a t i s f a c t o r y 

s o l u t i o n i s S c h i f f s s u g g e s t i o n t h a t f r e e quarks cannot 

e x i s t because o f some fundamental c o n s e r v a t i o n law, o f 

e l e c t r i c o f b a r y o n i c charge, which o n l y a l l o w s p h y s i c a l 

s t a t e s such t h a t Q = 0 modulo 3. 
3 6) 

Secondly t h e r e i s t h e problem o f p a r a s t a t i s t i c s 

The l o w e s t s t a t e f o r baryons ( t h e 5_6 of SU(6)) r e q u i r e s 

a t o t a l l y symmetric wave f u n c t i o n . Since t he u n i t a r y 

s p i n p a r t o f t h e w a v e - f u n c t i o n i s symmetric, then i f t h e 

http://-0.05io.02
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s p a t i a l p a r t i s s-wave t h e quarks must obey p a r a s t a t i s t i c s 

t o a v o i d v i o l a t i n g the P a u l i p r i n c i p l e . The a l t e r n a t i v e 
37) 

i s t h a t the l o w e s t energy s t a t e i s P-wave , which i s 

unexpected on simple p o t e n t i a l arguments (un l e s s the 

dominant f o r c e between quarks i s a t h r e e body one). 

However n e i t h e r s o l u t i o n i s i m p o s s i b l e . 

T h i r d l y t h e r e i s t h e o b j e c t i o n t h a t t h e r e l a t i o n s 

g i v e n by the quark model are simply wrong. I n p a r t -
3 8) 

i c u l a r Barger and Durand have claimed t h a t r e s u l t s 

s i m i l a r t o ( 6 ) , (7) and (13) are i n c o r r e c t : n o t a b l y 

t h e Johnson-Trieman r e l a t i o n s 
ff K-p * °K +p = 2 ( o T . n - o x ) (20) 

c TT p 7T T p 
However, t h i s r e q u i r e s an a d d i t i o n a l assumption i n 

t h a t f u l l SU3 symmetry i s r e q u i r e d , e.g. 

< A p | I p ^ = (n p|H p̂ > (21) 

However, t h i s i s n o t p a r t of the quark model, 

which assumes s p e c i f i c a l l y t h a t \ a mplitudes are i n 

g e n e r a l d i f f e r e n t from p and n: e x p i r i c a l l y t h e r e i s a 

20% d i f f e r e n c e , which c a r r i e s through t o backward s c a t t 

e r i n g 
°1+T, Y+T,

 2 « 8 oB+-, (22) 
K p->K p 7T p->TT P 
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whereas SU3 would p r e d i c t them t o be e q u a l . T h e i r 

second s e r i o u s o b j e c t i o n i s t h a t the r e l a t i o n 

2~=rTr-p+Tr°n = ^K*p->K°n = Sjfpp+NN (23) 

i s s e r i o u s l y i n a c c u r a t e . The f i r s t r e l a t i o n does not 

f o l l o w from t h e quark model, b u t , even u s i n g the Van-

Hove or James-Watson energy p r e s c r i p t i o n s , the second i s 

i n poor e x p e r i m e n t a l agreement. However, i f the a n n i h i l 

a t i o n c o n t r i b u t i o n i s s u b t r a c t e d from the pp->NN a m p l i t u d e , 

t h e agreement becomes f a i r l y good. This i s a l s o the type 

of process which w i l l be v e r y s e n s i t i v e t o r e s c a t t e r i n g 

c o r r e c t i o n s , which d i f f e r f o r BB and MB processes. 

A t h i r d s i g n i f i c a n t f a i l u r e o f the quark model i s 
. . . 39) . . 

m PP a n n i h i l a t i o n a t r e s t . The o r i g i n a l model o f 

R u b i n s t e i n and S t e r n which merely r e a r r a n g e s the quarks 

and a n t i q u a r k s i n t o p a i r s t o form mesons i s h o p e l e s s l y 

wrong. About a dozen c l e a r e x p e r i m e n t a l comparisons can 

be made, and o n l y two are c o r r e c t : t h e branching r a t i o s 
+ - + - o 

i n t o TT TT * j and i n t o I T TT K f i n a l s t a t e s (and the second 

f o r t h e wrong reasons, i n t h a t t h i s i n f a c t proceeds 

m a i n l y t h r o u g h p i r ) . The average number of mesons produced 

i s 5 ( n o t 3) and s t r a n g e decays ( f o r b i d d e n on t h i s model), 

form 10% o f t h e t o t a l . 
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An a t t e m p t has been made t o a l l o w f o r c r e a t i o n and 
a n n i h i l a t i o n o f qq p a i r s : t h e s i m p l e s t assumption i s 
t h a t t h e p a i r s a r e produced i n a 'S s t a t e , and pp, nil 
and x\ p r o d u c t i o n are e q u a l l y probable. T h i s i s e q u i v 
a l e n t t o pr o d u c i n g an SU6 s i n g l e t . The rearrangement 
model used here i s h a r d l y any more s u c c e s s f u l : i t p r e d i c t s 

App-nnr - 9 
ApP-»-pTr 

t h e o r e t i c a l l y even b e f o r e t h e un f a v o u r a b l e phase space 

has been a l l o w e d f o r , whereas t h e e x p e r i m e n t a l r a t i o i s 

1/10. Since t h e a n n i h i l a t i o n i s a t r e s t , the mesons 

w i l l be c o m p a r a t i v e l y s l o w l y moving and so w i l l i n t e r a c t 

f a i r l y s t r o n g l y : i n o t h e r words the f l a w i s i n the 

assumption t h a t t h e r e are no f i n a l s t a t e i n t e r a c t i o n s . 

E x p e r i m e n t a l comparison should o n l y be made a f t e r a l l 

s t r o n g decays have o c c u r r e d , and even so t h i s i s 

p r o b a b l y n o t a good t e s t o f the model. 

These are e m p i r i c a l o b j e c t i o n s : a t h e o r e t i c a l one 

i s t h a t the model ought t o be poor because i t i g n o r e s 

the k i n e t i c energy o f t h e quarks i n s i d e t h e hadrons. This 

would be p a r t i c u l a r l y bad f o r h i g h s p i n p a r t i c l e s : any 

e x t e n s i o n t o (say) s p i n 5/2 p a r t i c l e s would be suspect 
4-0) 

on these grounds. D e l o f f has shown t h a t xn a reason-
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a b l e model r e s c a t t e r i n g c o r r e c t i o n s w i l l be o f the 
o r d e r o f 10%. This i s i r r e l e v a n t f o r comparisons o f 
MB o r BB am p l i t u d e s s e p a r a t e l y , but f u r t h e r confuses t he 
comparison o f the two t o g e t h e r . 

F i n a l l y t h e r e i s t h e o b j e c t i o n t h a t t h e quark model 

t e l l s n o t h i n g t h a t cannot be o b t a i n e d from t he p e r i p h e r a l 

( o r Regge p o l e ) model p l u s some symmetry. For example 

the p r e d i c t i o n s (12) are found by t h e p e r i p h e r a l model 

because t h e r e i s no doubly charged or double strange 

meson t h a t can be exchanged: a t h i g h energy t h e y must 

proceed by two p a r t i c l e o r p o l e exchange, which makes no 

p r e d i c t i o n s about a n g u l a r d i s t r i b u t i o n . However, i t i s 

s t i l l d i f f i c u l t t o o b t a i n r e l a t i o n s between MB and BB 

am p l i t u d e s on any o t h e r model. This i s not so much an 

o b j e c t i o n as a m a t t e r o f t a s t e . 

I t i s apparent t h a t t o understand t h e quark model 

more f u n d a m e n t a l l y we must know something about t he 

dynamics. An i n t e r e s t i n g s u g g e s t i o n i s t h a t quarks i n t e r 
41) 

a c t by a v e c t o r p a r t i c l e coupled t o the baryon c u r r e n t 

t h i s i m m e d i a t e l y g i v e s SU3 symmetry. When we i n v e s t i g a t e 

t h e model more s e r i o u s l y , however, a paradox comes t o 

l i g h t . I f , f o r example, the p i s a qq bound s t a t e t h e n 
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i t o ccurs o n l y i n c i d e n t a l l y ( i . e . as a C.D.D. p o l e ) i n 
the TTTT c h a n n e l . This i m p l i e s t h a t any low energy dynam
i c a l model, f o r example the p b o o t s t r a p , cannot hope 
t o work, as t h e bound s t a t e i s i n t h e wrong channel. I n 
o t h e r words t h e quark model, which assumes t h e p i s 
b a s i c a l l y a qq bound s t a t e , and c o n v e n t i o n a l b o o t s t r a p 
t h e o r y , which makes i t a m bound s t a t e , are i n c o m p a t i b l e . 
I n c i d e n t a l l y i t i s i m p o s s i b l e f o r i t t o be a bound s t a t e 
i n b o t h channels s i m u l t a n e o u s l y , because degenerate 
p e r t u r b a t i o n t h e o r y t e l l s one t h a t the combined a m p l i t u d e 
w i l l c o n t a i n two p o l e s . I t i s known t h a t a b e l i e v a b l e 
p can be produced by a b o o t s t r a p : t h e r e f o r e i t i s mean
i n g f u l t o ask whether i t can p o s s i b l y be made o f quarks. 

4-2) 
A model c a l c u l a t i o n was performed t o i n v e s t i g a t e 

t h i s p o s s i b i l i t y . Because o f our complete ignorance o f 

the qq f o r c e , i t i s pr o b a b l y n o t unreasonable t o i g n o r e 

s p i n and i s o s p i n . We t h e r e f o r e c o n s i d e r two heavy 

(~5 G.e.v) quarks s c a t t e r i n g i n an S-state producing a 

deeply bound p : t h e f o r c e being p r o v i d e d by an X meson 

(a g a i n s c a l a r ) . I f we th e n couple i n a second ch a n n e l , 

c o r r e s p o n d i n g t o inr» and a d j u s t the parameters t o produce 

the c o r r e c t p->2tr w i d t h , t h e p o s i t i o n o f the p pole w i l l 

move. Th i s d i s p l a c e m e n t w i l l g i v e a rough idea o f how 



- 65 -

good o r bad the model can be. 
43 ) The f i r s t p r o p o s a l s f o r a r e a l i s t i c quark model 

suggested t h a t n o n - r e l a t i v i s t i c quantum mechanics c o u l d 

be used d e s p i t e the v e r y deep b i n d i n g . The range due 

t o t h e exchange o f a meson o f mass m i s 
x 

h 
m c x 

so f r o m the u n c e r t a i n t y p r i n c i p a l p " ^ ~ m 
m 

so t h a t t h e k i n e t i c energy T ** —^— ~ — 
2m m 

q q 
I f m " 1 B.e.v. and m ~ 5 B.e.v., the n T - 200 M.e.v. 

x 0. 
<< m^, and the n o n - r e l a t i v i s t i c a p p r o x i m a t i o n i s 

j u s t i f i e d . From arguments about 'reasonable' p o t e n t i a l s , 

one may show t h a t t h e energy d i f f e r e n c e s between s t a t e s 

o f d i f f e r e n t o r b i t a l a n g u l a r momentum are l i k e l y t o be 

o f the o r d e r o f the ground s t a t e energy, which i s 

p h y s i c a l l y reasonable and can be compared t o the m u l t i p l e t 

s t r u c t u r e d e s c r i b e d e a r l i e r . However, Greenberg has 

i n d i c a t e d t h a t t h e n o n - r e l a t i v i s t i c a p p r o x i m a t i o n may 

be no good even f o r a s u p e r p o s i t i o n o f Yukawas. 

An a l t e r n a t i v e p o s s i b i l i t y i s t h a t t h e qq f o r c e i s 
44) p r e d o m i n a n t l y s h o r t range , corresponding t o m m . x q 

T h i s would suggest v e r y d i f f e r e n t p r e d i c t i o n s : t h e 



k i n e t i c energy o f th e quarks would now be ̂  m , and 

one would expect t h e energy d i f f e r e n c e between t h e s 

and p s t a t e s t o be s i m i l a r . Thus o n l y t h e 1 = 0 s t a t e s 

i n t h e c o n v e n t i o n a l quark model would be genuine qq 

resonances: t h e h i g h e r ones would be bound s t a t e s o f 

pseudo-scalar o r v e c t o r mesons. This would no l o n g e r 

r e q u i r e t h e baryon e x c i t e d s t a t e s t o be C.D.D. pol e s : 

t h e N'J 2 3 6 would be a genuine I T N bound s t a t e ; t h i s model 

has t h e p l e a s i n g r e s u l t t h a t o n l y the lowest l y i n g 

p a r t i c l e s , t h e pseudo-scalar and v e c t o r meson nonets 

and t h e baryon o c t e t are f u n d a m e n t a l l y quark bound 

s t a t e s , b u t u n f o r t u n a t e l y i t r e q u i r e s an e x t r a s i n g l e t 

s p i n 3/2 baryon, which has n o t y e t been observed ( i n 

o t h e r words, t h e baryons f o r m a _2o r e p r e s e n t a t i o n o f 

SU ( 6 ) ) . An even more extreme model might assume t h a t 

quarks couple almost e n t i r e l y by s p i n : t h i s would g i v e 

o n l y a pseudo-scalar nonet and a baryon o c t e t as 

fun d a m e n t a l , and has no C.D.D. problems as a r e s u l t . 

However, a l t h o u g h these models are a p p e a l i n g f o r dynam

i c a l reasons, t h e y are f a r l e s s r i c h i n e x p e r i m e n t a l 

p r e d i c t i o n s . 

To t e s t b o t h models, we c a r r y out a dynamical 

c a l c u l a t i o n w i t h a v a r i a b l e mass f o r the exchanged meson. 
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For a g i v e n v a l u e o f m , we use the Feynmann diagram ( i ) 

as an i n p u t t o the ND"*''" 

equa t i o n s . The p appears 

as a bound s t a t e i n t h i s 

a m p l i t u d e ( i i ) , and we a d j u s t 

G, - u n t i l m i s near the xqq p 
p h y s i c a l v a l u e . We then 

couple the I T I T channel by 

( i i i ) , i n t r o d u c i n g a second 
parameter G - which i s irqq 
a d j u s t e d u n t i l y

 0 has 

t h e e x p e r i m e n t a l v a l u e . 

There i s an a d d i t i o n a l 

f o r c e due t o ( i v ) , b u t t h i s 

t u r n s o u t t o be c o m p a r a t i v e l y 

u n i m p o r t a n t . Because most 

o f t h e dynamics o f the c a l c u l a t i o n comes from the qq 

ch a n n e l , i t should be p o s s i b l e t o t r e a t the TTTT channel 

as a p e r t u r b i n g i n f l u e n c e , and we now d e r i v e a f o r m u l a 

which d e s c r i b e s p e r t u r b a t u r e i n f l u e n c e s on ND" 

e q u a t i o n s , s i m i l a r t o t h a t o f DaPhen and F r a u t s c h i ' 

Both u n p e r t u r b e d and p e r t u r b e d a m p l i t u d e s obey 

u n i t a r i t y on the r i g h t , 

°v t 

,-1 

45) 
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Im a" 1 = -P 

Im (a + 6 a ) " 1 = -P 

so Im ( a " 1 6a a" 1) = 0 i n the R.H.C. 

W r i t i n g a = ND"1 = ( D T ) - 1 N T g i v e s 

Im (D 6a D T) = 0 (24) 

w h i l e on the L.H.C. 

Im (D 6a D T) = D Im 6a D T (25) 

I f we c o n s i d e r (24) and (25) s p e c i a l i s e d t o the case 

where i n i t i a l l y a = a = 0 (so the channels are 
12 2 1 

d e c o u p l e d ) , we o b t a i n a d i s p e r s i o n r e l a t i o n f o r 6 a 1 2 

I t 
•nD1 ! ( s ) D 2 2 ( s ) L

J S'- s 
6 a ( = a ) = \ d s ' D l l ( s Q I m a l 2 ( s ' ) D 2 2 ( s " ) 

(26) 

Now i f we c o n s i d e r t h e one channel case, i n i t i a l l y 

Im a n = P l | a n |2 (27) 

and f i n a l l y I m ( a n + 6 a x i ) = p ^ a ^ + ! [ 2 + P 2 | a i 2 l 2 

(28) 

I f t h e f i r s t channel has a h i g h t h r e s h o l d , we may 

i g n o r e the f i r s t t e rm so t h a t 

Im 6 a n = P 2 I a i 2 I 2 t 2 < s < t 1 

o r , s i n c e D X 1 i s r e a l i n t h i s r e g i o n 
Im ( D u f i a n D u ) = p 2 I a i 2 I 2 I ? i 11 2 ( 2 9 ) 
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Again d i s p e r s i n g t h i s g i v e s 

A l t h o u g h (24) suggests t h a t D ^ a a ^ D n has no R.H.C. 

t h i s i s o n l y i n f i r s t o r d e r , (30) i s c l e a r l y a second 

o r d e r e x p r e s s i o n , which suggests t h a t the a p p r o x i m a t i o n 

s h o u l d be good. Near the p po l e we have 

a n = 
s-sp 

SO 2 

f j 6 s p 2 f 1 6 f 1 

6 a i 1 1 ~ ~ ( s - s p ) 2 (s-sp) 

(30) and (31) g i v e 

(31) 

D^ma,-,! 2 

1 ^ ds/ 1^1 1 I - 1^12 I - (32) ssp = — ^ — n 
f i l D n C s p ) ! 2 j£ 71 s'- s P 

However, we a l s o have 

near t h e p p o l e , and t h i s combined w i t h (26) g i v e s 

^ Dx x ( s ' ) I m e x -- a 1 2 ( s ' ) D 2 2 ( s ' ) d s . 

Dli(sp)D22(sp) R s'- sp (33) 

= — P where g i s some c o u p l i n g 
Dx x ( s p ) D 2 2 ( s p ) 

c o n s t a n t . 

From (33) and ( 2 6 ) , g can be e l i m i n a t e d t o g i v e 



D , i ( s p ) D 2 2 ( s p ) I ( s ) , o l l, 
a 1 2 ( s ) = - f x f 2

 ( 3 4 ) 

!>! X ( s ) D 2 2 ( s ) K s p ) 

so f i n a l l y 

- f 2 ( I ( s ' ) 2 D 2 2 ( s p ) ds* (35) 
6sp = \ p 2 s'-sp 

ir R
J K s p ) D 2 2 ( s ' ) 

2 

which i s an e x p r e s s i o n f o r 6sp i n terms o f f 2 , t h e 

c o u p l i n g of t h e bound s t a t e i n the second channel. A 

ve r y simple f o r m occurs i f we take 

I m a 1 2 = g S ( s + e ) (36) 
when I ( s ) = D l l < e ) D 2 2 < e > s + e 

and (35) becomes 
2 r 2 d 

6sp - X V 2 ( 3 7 ) 

2 r 
- f 2 I D 2 2 ( s p ) s + —1 \ P2 J± __£ 
17 T) D 2 9 ( s ) s + t £ J 2 2V.S ; s + e s - sp 

Several p o i n t s about (35) and (37) are w o r t h n o t i n g . 

I f t 2 , t h e channel 2 t h r e s h o l d , i s l a r g e r t h a n sp, t h e n 

a l l t h e q u a n t i t i e s i n (35) are p o s i t i v e d e f i n i t e , and 

so t h e m a s s - s h i f t i s n e g a t i v e d e f i n i t e . Even f o r 

sp > t 2 , t h e mass s h i f t t u r n s o u t t o be n e g a t i v e i n t h e 

example c o n s i d e r e d : however t h i s i s n o t t r u e o f ( 3 7 ) . 

Secondly i f sp > t 2 , (35) g i v e s an e x p r e s s i o n f o r the 

i m a g i n a r y p a r t o f t h e mass 
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2 

Im 6psp = f 2 p(sp) 

which i s t h e u s u a l c o u p l i n g c o n s t a n t - w i d t h r e l a t i o n , 

so l o n g as sp i s ta k e n t o t h e p e r t u r b e d mass ( i . e . 

sp = sp + 6sp). Otherwise t h e expre s s i o n i s c l e a r l y 

wrong i f t h e bound s t a t e moves below t 2 . F i n a l l y , 

(37) i s independent o f D j j : t h e b i n d i n g i n channel 1 

has no e f f e c t on t h e mass s h i f t due t o channel 2. We 

would t h e r e f o r e expect t h i s t o be a p p r o x i m a t e l y t r u e 

o f ( 3 5 ) . 

Computer programs were w r i t t e n t o s o l v e t h i s 

problem, b o t h e x a c t l y , by c a l c u l a t i n g the f u l l two 

channel a m p l i t u d e c o r r e s p o n d i n g i n i t i a l l y t o a one 

pole i n p u t and secondly t o s c a l a r p a r t i c l e exchange, as 

w e l l as by t h e p e r t u r b a t i v e expressions (37) and ( 3 5 ) . 

The ND""1' eq u a t i o n s were s o l v e d by m a t r i x i n v e r s i o n o f 

the i n t e g r a l e q u a t i o n f o r D: t h i s i s simple because 

t h e L.H.C. i s s t r a i g h t , and the Born t e r m f o r s c a l a r 

exchange has a simple i m a g i n a r y p a r t . 

The one p o l e a p p r o x i m a t i o n , where t h e channel 1 

i n p u t i s t a k e n t o be Im B = g^- x S(s + 4m| - m̂  ) (38) 

shows a remarkable agreement between (3 7) and t h e 

exac t e x p r e s s i o n . The p o s i t i o n o f t h e pole (36) was 



t a k e n t o be a t t h e end o f t h e c u t due t o quark exchange 
2 

(diagram ( i l l ) : i . e . a t e = - C+m - m̂  ) . This weights 

q 
(37) towards t h e lower end o f the i n t e g r a l , and g i v e s 

a p o s i t i v e s h i f t . To make t h e a p p r o x i m a t i o n (3 8) 

r e a s o n a b l e , m i s t a k e n t o be l a r g e , so the f o r c e pole 

i s d i s t a n t . T h i s produces v e r y l i n e a r D and N f u n c t i o n s , 
2 

and m t u r n t h e mass s h x f t as a f u n c t i o n o f f 2 i s 

h i g h l y l i n e a r . The agreement between (37) and the 
2 

exact e x p r e s s i o n i s e x c e l l e n t ; from s = mp = l ( B e v ) 2 

2 

r i g h t up t o sp = 4-m̂  = lOO(Bev) 2 ( t h e channel 1 t h r e s h 

o l d ) , t h e d i s c r e p a n c y between the p e r t u r b a t i v e and the 

exact s o l u t i o n i s about 1 % . 

However, f o r a r a t h e r more r e a l i s t i c i n p u t , t h e 

s h i f t t u r n s o u t t o be n e g a t i v e . U n f o r t u n a t e l y ReD 2 2 

has a cusp a t s = t 2 , and t h i s d e s t r o y s t he l i n e a r i t y . 

A r e l a t i o n between s and g can be found, s i m i l a r t o 

( 3 5 ) , and t h i s remains l i n e a r : the r e s i d u e 

N n D 1 2 - N 1 2 D n ( 3 g ) 

^2 f x d _ ( d e t D ( s ) ) 
ds 

has a n o n - l i n e a r behaviour because of the cusp i n d e t D. 

For t h i s reason t h e mass of the p i s i n i t i a l l y t a k e n t o 



- 73 ~ 

be r a t h e r h i g h e r t h a n t h e p h y s i c a l v a l u e . The r e s u l t s 

f o r two d i f f e r e n t v a l u e s o f m are shown i n f i g s (js») (>) 
3 

and ( « ) . 

A poor f e a t u r e o f t h i s c a l c u l a t i o n i s t h e v e r y 

l a r g e value we o b t a i n f o r G2 - A%100) w h i l e G2 -
One would hope t h a t they would be r o u g h l y s i m i l a r , as 
t h e o n l y d i f f e r e n c e between the p and TT i n t h i s 
c a l c u l a t i o n i s t h e mass. Th i s i s a l s o the f a u l t i n 
another dynamical quark c a l c u l a t i o n , where an 
a t t e m p t i s made t o b o o t s t r a p the p and ir i n qq s c a t t e r 
i n g ( t h e above c a l c u l a t i o n , w i t h m = m , c o u l d be 

6 ' x p * 

c o n s i d e r e d as a v e r y crude b o o t s t r a p ) . The reason f o r 

t h i s i s q u a l i t a t i v e l y c l e a r . The e q u a t i o n f o r D may 

be w r i t t e n 

D(s) = 1 + ^ K(s,sO Im B ( s ' ) D ( s ' ) d s ' (40) 

For t h e exchange o f a p a r t i c l e o f mass M , t h e 
2 2 

L.H.C. s t a r t s a t s = 4.M - M , and has a l o g a r i t h m i c 
q x ' to 

s i n g u l a r i t y a t t h i s p o i n t , whereas f o r the r e s t o f t h e 

cu t i t i s f a i r l y s l o w l y v a r y i n g . This r a p i d v a r i a t i o n 

w i l l a f f e c t D i n t u r n , and so D'(s) w i l l be l a r g e o n l y 

near t h e end o f t h e c u t . ( T h i s argument i s s i m i l a r t o 

t h e B a l l - F r a z e r mechanism f o r the p r o d u c t i o n of resonances). 
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Hence i f M = mp, or a l t e r n a t i v e l y m > 2mq, D' w i l l 
2 

be small a t s = mp, and the coupling w i l l be la r g e . 
Hence i t appears t h a t one must have 

2 2 2 m 4m - nip x q 
t o produce a reasonable p. I t i s i n t e r e s t i n g t o note 
t h a t the p now has the mass t o bind the X: however i t 
i s not obvious t h a t t h i s new form of r e c i p r o c a l bootstrap 
can work. Speculations as t o the form of the X can be 
made: i n the short range quark model i t could be the 
genuine 1 = 1, J = 1 bound state of two quarks. The 
bootstrap would probably re q u i r e Sqqp^ §qqx' s o 

gp m2 100 
so t h a t the width of the X i n the TTIT channel could be 
f a i r l y small. A second p o s s i b i l i t y i s t h a t the X 
corresponds t o the e x c i t a t i o n of the p r i n c i p a l quantum 
number n. On the basis of p o t e n t i a l models, one may 
argue t h a t the gap between (1 = 0, n = 0) and (1 = 0, 
n = 1) states w i l l be very much greater than t h a t 
between (1 = 0, n = 0) and (1 = 1, n = 0) states. 

The r e s u l t s of t h i s c a l c u l a t i o n are reasonably 
favourable t o the quark model. Taking mp = 1 Bev, 



T '75 " 

ni = 5 Bev and m = .139 Bev, we f i n d t h a t f o r the q IT ' 

p h y s i c a l values of g 
P 7TTf 

m -Am* x p 
8 .ll(Bev)2 
2 .20 " 
.5 .20 " 

so t h a t the s h i f t i s reasonably small. 
The second dynamical model inve s t i g a t e d attempts 

t o estimate the e f f e c t of the strong i n t e r a c t i o n s on 
weaker ones. One of the most celebrated SU(6) 
c a l c u l a t i o n s i s t h a t f o r the magnetic moments, which 
assumes, among other t h i n g s , t h a t the electromagnetic 
features of a bound s t a t e of quarks i s independent of 
the strong i n t e r a c t i o n e f f e c t s . We therefore consider 
a ( r a t h e r u n r e a l i s t i c ) c a l c u l a t i o n of the e f f e c t s of 
a low mass channel on a weak coupling. 

We introduce a f i c t i t i o u s photon-like p a r t i c l e a. 
For reasons of kinematic convenience i t i s much simpler 
t o assume t h a t the p a r t i c l e i s spinless and has mass . 
Then the a pchannel i s coupled to the qq channel, but 
has e s s e n t i a l l y no for c e s : the dominant ones come from 
the other channels. 



- 76 -

(v) 

I n the pure quark model, the 
qq -> p a amplitude w i l l have 
forces given by ( i ) , ( i i ) and 
( i i i ) . The coupling of the a 
to the quark i s assumed known, 
and the a d d i t i v e quark model 
would obviously suggest t h a t 
2G (40) 

= 2G A 

qqa p p a 
whereas the e f f e c t s of the 
strong forces w i l l be to ren-
ormalise t h i s so 

(41) 
p p a qqa o 

Since the p a channel i s (by d e f i n i t i o n ) 
weakly coupled, we may again use p e r t u r b a t i o n 
theory. From (24) and (25) 

D <$a D = — 
IT 

D Imsa D 
ds • (42) 

s'- s 
Now we assume t h a t there i s e s s e n t i a l l y no force 

i n p a -> p a , so considering only the qq and p a channels, 
we f i n d t h a t (26) becomes 

6a 
1 P D n I m s a r 

12 = ~ ~ \ 
1 1 11 J s ' " 3 

(43) 



The forc e terms t h a t give r i s e t o Im a are taken 
from diagrams ( i ) and ( i i ) . I n p r i n c i p l e ( i i i ) should 
be of much the same s t r e n g t h , though possibly f u r t h e r 
from the physical region: i t i s rather complicated, 
however, and as t h i s i s an order of magnitude c a l c u l a t i o n 
we ignore i t . Hence we f i n d 

2 2. 
T ,, 2TT ^qqp^qqa g - g - f(s,mq,ntp) 
Im <5a12 = — &qqp Bqqa ' L i y 

(s-4mq)2(s-4mp) 2 

Analagously.to (33), we f i n d a t the p pole 

_ 2g - 1 f d s ' D,i(s') „. n 

gnnz> - Bqqa \ \± (45) 
toppa —« - \ r — i 2~T 

D n ( s p ) IT J(s'-sp) (s'-4m ) 5(s--4mp) 5 

ft 4 

= 2g - A 
&qqa o 

Annumerical evaluation of the i n t e g r a l A q i n (4-5) 
shows t h a t A = 1, which i s very encouraging as i t 
i n d i c a t e s t h a t the o r i g i n a l a d d i t i v i t y assumption i s 
sound. However, i t i s cl e a r t h a t the TTTT channel w i l l 
have an infl u e n c e on g , due to diagram ( v ) . We 

toppa' to 

t h e r e f o r e repeat the c a l c u l a t i o n , now i n c l u d i n g the 
qq, TTTT and pa channels. (42) becomes 

6a 
(det D)2 

r T 
D Im6a D ds" ^-1 

s"*- s 
ft 



6<a = (detD)2 * 

Im5a 1 3" 
Im<$a23 

Imsa 1 3 Im^a 2 3* 
which gives 

Aa 

where 

- 78 -
D 2 2 ( s ) - D l 2 ( s ) . " 
- D 2 ( S ) D X 1 ( S ) : 

detD 

D11 ( s ' ) - D 1 2 ( s - ) 

D 2 1 ( s ) D 2 2 ( s ' ) 

D H ( s ' ) D 2 1 ( s ' ) . 
D 1 2 ( S ' ) D 2 2 ( s * > . 

ds-
S'-Sp 

D 2 2 ( s ) - D 2 (s) . 

- D 1 2 ( s ) D u (s) . 
detD 

1 3 

D n I m A a 1 3 + D 2 lImAa 2 3 

(47) 

ds' (48) 
S'- s 

T7 T « 

2 I m A a 1 3 + D 2 2 I m A a 2 3 ^ 
(49) 

PP a 

L 

2g - P 

s'- s 

22 
d e t ^ D ( s p ) L q q \ TJ 

m 
^—0- ds<)+ 2 

2 2 
D,,(s')f(s',m„,m ) 
-11 ±—a- ds> _ 

s - s 

f D^(s>)f(s',m 2,m 2) 
~ 1 2 J 

J_» S ' - s gqqp (D4 
D„ . ( s ' ) f (s-jm 2,!!! 2) P D„9(s')f(s',m2,m2) 
— ^-0 ds'- D 1 2 \ — U _ 0 _ d S i 

s s S s (50) J 

i . e . g = 2g - A + 2g B 
pp a qqa Trtra 

(51) 
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Note t h a t i n (50), a l l the q u a n t i t i e s have been determined 
i n the f i r s t c a l c u l a t i o n . We f i n d the f o l l o w i n g values 
f o r A , A and B o' 

m = 8 Gev m = .5 Gev x x 
A Q 0.91 1.33 
A 1.00 1.50 
B 0.02 0.57 

These r e s u l t s are i n t e r e s t i n g i n t h a t the short-
range quark model i s very c l e a r l y less susceptible t o 
p e r t u r b i n g influences than the long-range. Since 
presumably G » 26 - . naive quark model would give a 
r e s u l t about 2/5 of the c o r r e c t one. This probably 
explains why the p r e d i c t i o n s of the quark model which 
in v o l v e vector meson magnetic moments are not very good. 

The quark model, then, has a large number of 
a t t r a c t i v e f e a t u r e s . I t seems t o be e m p i r i c a l l y c o r r e c t 
f o r a very large number of strong, electromagnetic and 
weak i n t e r a c t i o n s and i t has the overwhelming v i r t u e of 
s i m p l i c i t y . Against t h i s must be set the objections 
previously o u t l i n e d . Obviously a s a t i s f a c t o r y dynamical 
theory must be found t o explain the p e c u l a r i t i e s of 
the model. 



CHAPTER 5. 

The P̂ ^ P a r t i a l Wave i n irN Scattering. 

A very large number of papers have been w r i t t e n 
M 4 . 4 . • 4 . i 47) ,50) ,51) ,52) * on TTN s c a t t e r i n g at low energy ' * ' . A 

f a i r l y large p r o p o r t i o n of these deals p a r t l y or 
e n t i r e l y w i t h the P̂ ^ p a r t i a l wave: t h i s chapter 
describes a f u r t h e r attempt t o understand the q u a n t i t a t i v e 
f e a t u r e s . 

I t i s simple t o consider the S^ and the P^ waves 
48) 

together because of the Macdowell symmetry p r i n c i p l e 
which states 

Ao (W) = A p (-W) 
b l l *11 

The P.̂  amplitude contains the f o l l o w i n g phenomena: 
the nucleon pole below t h r e s h o l d , a r a p i d l y increasing 
i n e l a s t i c i t y a t low energy (~1080 Mev) and a phase s h i f t 
which i s i n i t i a l l y negative, but r i s e s through 0 9 a t about 
1100 Mev and increases t o a resonant or near resonant 
value a t about 1400 Mev. The 'experimental'situation 

49) 
i s s t i l l s l i g h t l y confused, but most phase s h i f t 
analyses agree reasonably w e l l . The phase s h i f t 
s t a r t s p o s i t i v e and gradually climbs up t o about 30° 
at around 1380 Mev, where i t appears t o have a cusp: 
i n e l a s t i c i t y very suddenly increases and i t resonates 
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at 1570 Mev. This resonance almost overlaps w i t h a 
second a t 1700 Mev, which i s , however, f a i r l y e l a s t i c . 

So f a r N/D c a l c u l a t i o n s have been ra t h e r 
50 51 52) 

unsuccessful * ' . Taking the Born terms from N, 
N A and possibly p exchange, and ad j u s t i n g any f r e e par
ameters ( u s u a l l y a c u t o f f ) so that the p o s i t i o n of 
the nucleon pole i s c o r r e c t , one f i n d s t h a t the 
phase s h i f t decreases monotonically while the S^ has 

5 2) 
the i n c o r r e c t s i g n , i f e l a s t i c u n i t a r i t y i s used 
Considerably b e t t e r r e s u l t s are obtained i f the nucleon 
i s i n s e r t e d as a C.D.D. pole (not s u r p r i s i n g l y , as t h i s 
introduces three f u r t h e r parameters): c l e a r l y the p o s i t i o n 
and coupling constant of the nucleon can be f i t t e d by 
the pole and the c u t o f f can be used to f i t the zero of 
the P^ wave, f o r example. The i n c l u s i o n of i n e l a s t i c , 
u n i t a r i t y makes no s i g n i f i c a n t change, although the 
c a l c u l a t i o n w i t h the C.D.D. pole included i s marginally 
improved. 

Two channel c a l c u l a t i o n s have been f a i r l y p r i m i t i v e 
53 54-) 

so f a r ; two have been performed ' , both of which 
use the o-N channel as the second. These are both 
successful, i n the sense t h a t when f i t t e d t o the nucleon 
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pole the adjustable parameters can be adjusted to 
produce a zero i n the phase s h i f t , but both are suspect 
on numerical grounds: t h a t by Coulter, Shaw and Wong 
because the L.H.C. i s reduced to two poles and t h a t by 
Bender ET AL because the one pole Pagels method 
i s used. A two channel c a l c u l a t i o n using the ^N* as 

55) 
the second channel has been performed , but t h i s 
deals w i t h the P̂ ^ wave, and again i s of doubtf u l value 
f o r numerical reasons. (They have also taken the curious 
step of producing the N* independently i n the and 
TTN* channel, which n a t u r a l l y gives two resonances when 
the channels are coupled). 

We have attempted t h i s c a l c u l a t i o n considering the 
N " as the second channel. This has been done not so 
much to produce a convincing f i t to the phase s h i f t s as 
t o provide a basis f o r a proposed c a l c u l a t i o n of the 
proton-neutron mass d i f f e r e n c e . I t seems f a i r l y clear 
from the preceding discussion that a C.D.D. pole i s 
required i n the one channel c a l c u l a t i o n , which implies 
t h a t the nucleon i s a t l e a s t p a r t l y a bound state i n 

5 6) 
a second channel . The n a t u r a l candidate, from an 
SU(6) point of view, i s the TTN* channel: a simple 
c a l c u l a t i o n gives 
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|B7 = /2/5|PB7+ /4/9|PD7 + SMALL CONTRIBUTIONS FROM 
VECTOR MESON STATES 

i n an obvious n o t a t i o n . We see, t h e r e f o r e , t h a t the 
nucleon i s q u i t e l a r g e l y made up of decuplet states: t h i s 
leads t o the n a t u r a l conclusion t h a t TTN* i s the most imp
o r t a n t second channel. This leads t o a 'plausi b l e ' 
explanation of why the celebrated Dashen-Frautschi 
c a l c u l a t i o n leads t o the wrong sign f o r the n-p mass 
d i f f e r e n c e : the most important single state i n the proton 
wave f u n c t i o n ( i n terms of CLebsch-Gordan c o e f f i c i e n t s ) 
i s the ir~N* + + . 

On the assumption t h a t f o r some reason the dynamical 
symmetry breaking accentuates the TTN* c o n t r i b u t i o n , i t i s 
possible t h a t the T T ~ N * + + could outweigh the other c o n t r i b 
u t i o n s . As t h i s s t a t e has the l a r g e s t (negative) Coulomb 
energy, i t could lead to the proton being the l i g h t e r 
p a r t i c l e . This c a l c u l a t i o n i s beset by a number of tech
n i c a l d i f f i c u l t i e s : the i n f r a - r e d divergence of the photon 
exchange diagram (which gives r i s e t o the m a s s - s p l i t t i n g ) 
and the complexity of the numerical work when the feedback 
terms (due t o the m a s s - s p l i t t i n g of the N* and TT as w e l l 
as t h a t of the N) are taken i n t o account are only two. 

The force i n p u t t o t h i s problem consists of N and 
N* exchange i n a l l channels 
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Tv 
v. hi 

N " I T If 

T IT N 

p exchange has been ignored because i t i s generally 
beleived t o be less important than N and N*: i t i s 
also harder t o c a l c u l a t e . 

The numerical method adopted to solve the ND~̂  
equation i s the modified Pagels method, o u t l i n e d i n 
Chapter 1 ) . A d d i t i o n a l complications are added by the 
d i f f e r e n t masses of the p a r t i c l e s , by the presence of 
Macdowell symmetry, by the required P-wave threshold 
c o n d i t i o n s , and by the i n s t a b i l i t y of the N*. Threshold 
conditions are enforced i n p r i n c i p l e by adding a pole at 
some point on the force cut and i n f a c t by m u l t i p l y i n g 
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the Born terms by (W-t)/W. A point which we have so f a r 
ignored i s the presence of overlapping cuts. The Born 
term from (v) ( f o r example) has a cut which overlaps 
the u n i t a r i t y cut i n T T N a s c a t t e r i n g : t h i s i s because the 

i s a p h y s i c a l l y allowed one. This i s probably not a 
3 ) 

serious problem; f o r example the Frye-Warnock method 
assumes the existence of overlapping cuts. However, i f 
the problem i s t r e a t e d ' r e a l i s t i c a l l y ' by considering 
the N * mass as complex, the cuts w i l l no longer be 
superimposed. We t h e r e f o r e consider the force cuts as 
being s l i g h t l y displaced., whereupon the formalism 
goes through e x a c t l y as before. Trouble may a r i s e near 
the end of the c u t s , where the r e a l p a r t of the Born 
term has a l o g a r i t h m i c s i n g u l a r i t y : however t h i s i s a 

59) 
numerical r a t h e r than a physical d i f f i c u l t y . We 
note the problem would be v i r t u a l l y i n s o l u b l e using the 
i n t e g r a l equation f o r D, due t o the p e c u l i a r contours of 
i n t e g r a t i o n r e q u i r e d . 

The c a l c u l a t i o n contains three free parameters: a 
c u t o f f and two coupling constants g , the so c a l l e d 
' e l e c t r i c ' and 'magnetic' couplings. These are i n 

process 
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p r i n c i p l e given by SU(6): we have preferred to t r e a t 
them as f r e e parameters. These are adjusted by a 
minimization r o u t i n e i n the program to f i t the p o s i t i o n 
and residues of the nucleon pole, which are r e l a t e d to 

S NN a n d S NN*' 
By f o l l o w i n g an analysis analagous t o t h a t on pages 

16 and 17 we f i n d the equation f o r N may be w r i t t e n 
1 b f _ t f (W'-t)B(W')-(W-t)B(W) 

N(W) = B(W) + - + \+ 1 — p(W')N(W') dW 
tJ J W-(W'-W) ^ 

where P..(W) = s „ f ( W ^ - ^ + y )2 ) ( w ^ - ^ - y )2 ) \ ̂  ^ 

M1 = nucleon mass; M = N* mass; y = TT mass 
t i s the re l e v a n t threshold 
b i s the c u t o f f 

Hence we f i n d 
n 

. .-t)B(W.)-(W-t)B(W) 
N(W) = B(W) + / — - — - C.W.N(W-) 

(W. - W) 
1 = 1 1 (5) 

where = t / ( t / b - (1 - t / b ) ( l - x^)) 
2 / J 

C. = 2 x.m. . 3/2 f (w.+t)(W.2-t'2)^ 
(X - ) I 

rrt a V W13 

and s i m i l a r l y 
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Jr» C.W,(N(W,)-N(W)) 

D(W) = 1 - 2_ ~ - N(W) 
1 = 1 1 

P(W) - P ( w ) r° rT dw 
dW + p(W) + (8) 

W'(W'-W) J J_ b W'(W'-W) 

With the advantages of h i n d s i g h t , we w i l l discuss 
the flows i n t h i s c a l c u l a t i o n . I t can, at best, only 
give one resonance i n the wave because the lower 

60) 
one i s p a t e n t l y an resonance . I t i s possible 
t h a t the s c a t t e r i n g length w i l l s t i l l have the 
wrong sign because the »N channel may have an influence even below i t s t h r e s h o l d : however the f a c t t h a t the 
c a l c u l a t i o n w i t h a C.D.D. pole included gives the 

6 2) 
c o r r e c t sign i s encouraging . Clearly i t should give 
the nucleon pole c o r r e c t l y , as w e l l as the s c a t t e r 
ing l ength. I t could give an increasing phase s h i f t 
around the irN* t h r e s h o l d , due t o the Ball-Frazer 
mechanism, but the phase s h i f t zero and the Roper 
resonance are probably due to the a -N channel: phenomen-
o l o g i c a l analyses of low energy pion production suggest 
t h a t t h i s i s the important channel up to at lea s t 13 50 
Mev. 
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The c a l c u l a t i o n i s u n s a t i s f a c t o r y i n t h a t a t lea s t 
two more channels should be included: the 0N and the nN. 
I t i s also u n s a t i s f a c t o r y i n t h a t the c u t o f f i s not a 
very believable one. We should r e a l l y exclude the 
d i s t a n t part of the force c u t , which i s what r e a l l y 
leads t o the divergences r a t h e r than the u n i t a r i t y cut 
which we believe i s w e l l known. We should make some 
allowance f o r the complex mass of the N* so as t o avoid 
an unphysical cusp as i t s threshold. A method of doing 
t h i s i s as f o l l o w s : i n an experiment to observe an N*, 
the p r o b a b i l i t y of a mass M being observed i s 

i n the narrow width approximation where C i s normal

i s a t i o n constant so 

P(M') = 
(M'-W 0) 2

+£^ 

J P(M-) dM' = 1 
m+2v, 

Hence the 'average' phase space factor' should be 
fWmax 

p „(W) P(M')p(M',W) dM' 
W-u A. y (W2-CM )2)(W2-(M'+y) 2) dM y 

+ 2 f j (M'-M0)2+r2/<4 ^ <4WH 

= 0 i f W < M + y 
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This has the c o r r e c t behaviour i n th a t i t has a 
double zero a t W = M + y, so there i s no cusp, and f o r 
H small t h i s reduces t o the usual expression. 

A l l these c o r r e c t i o n s are only attempts to patch 
up what i s c l e a r l y an u n s a t i s f a c t o r y theory: q u i t e 
c l e a r l y the problem i s a three-body one and should be 
dealt w i t h as such. I t i s t o be hoped t h a t no strange 
p a r t i c l e channels are required. 



APPENDIX - Notation 

The n o t a t i o n which i s generally regarded as 
standard has been used throughout 

S = W2 where W i s the C.o.m. energy 
t = -A2 A i s the momentum t r a n s f e r 

so t h a t i n the equal mass case 

s = 1 4 k 2 - 4m2 

t = - 2 k 2 ( l - cos 9 S) 
We have also used v = k 2 and z„ = cos 0 Q: i n the examples 

s ° 
of Chapters 1,2 and 3 we have used v and s interchangeably 
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