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ABSTRACT 

A t h e o r e t i c a l model has been constructed i n order 
t o e x p l a i n the known features of near v e r t i c a l extensive 
a i r showers; the i n t e n t i o n being t o use t h i s model t o 
p r e d i c t the features of showers at la r g e z e n i t h angles. 
The adopted model explains s a t i s f a c t o r i l y the l o n g i ­
t u d i n a l development of both the hard and s o f t components 
of the shower, but two discrepancies are found when com­
parison i s made w i t h the muon l a t e r a l , d i s t r i b u t i o n . The 
f i r s t i s at small distances from the shower core where 
the model overestimates the muon density; a s o l u t i o n t o 
t h i s i s found t o be a reduction i n the p r o b a b i l i t y of 
transverse momentum t r a n s f e r s below 0.1 GeY/c. At la r g e 
distances from the core and high threshold energies there 
i s a considerable underestimate i n the predicted muon 
d e n s i t i e s . Many of the model parameters have been 
i n v e s t i g a t e d i n an e f f o r t t o f i n d a s o l u t i o n ; apart from 
a d r a s t i c change i n the model a f i t between theory and 
experiment may be obtained by p o s t u l a t i n g an increase i n 
the mean transverse momentum. The necessary values are 
<Pt> = 0«6 ± 0*2 GeV/c f o r pion i n t e r a c t i o n s of mean 
energy ~200 GeV and <Pt> = 1»° ± 0.3 GeV/c f o r i n t e r a c ­
t i o n s of mean energy ~4000 GeV. 
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The Durham Ho r i z o n t a l Extensive A i r Shower Array-
has been used t o measure the zenith angle d i s t r i b u t i o n 
of muon showers at la r g e z e n i t h angles (©> l f5° ) J and 
the muon number spectrum f o r 57.5°^ © <• 90° has also 
been determined. The former i s s a t i s f i e d by the adopted 
model w i t h <p^> ^ °«8 GeV/c; there i s however a discrepancy 
between the expected frequency of >2 muon events and the 
observed r a t e . I n order t o f i n d a s o l u t i o n t o t h i s 
problem changes are made i n the primary f l u x ; the best 
f i t i s obtained when the composition i s such that protons 
are predominant f o r primary energies up t o a few times 
l O 1 ^ eV, above t h i s the e f f e c t i v e mass of the primary 
f l u x increases w i t h energy u n t i l 10̂ 7 eV i s reached. 
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PREFACE 

The work reported i n t h i s thesis was c a r r i e d out 
while the author was a research student under the super­
v i s i o n of Professor A.W. Wolfendale, i n the Cosmic Ray 
Group of the Physics Department of Durham U n i v e r s i t y . 

The th e s i s describes the determination of the muon 
z e n i t h angle d i s t r i b u t i o n and the muon number spectrum 
a t l a r g e z e n i t h angles using the Durham Horizontal 
Extensive A i r Shower Array. I n a d d i t i o n thorough theo­
r e t i c a l i n v e s t i g a t i o n s which have been made both f o r near 
v e r t i c a l and l a r g e z e n i t h angle showers are reported. 

The r e s p o n s i b i l i t y f o r the construction of the array, 
i t s day t o day operation and the analysis of the data has 
been shared by the author and his colleagues. The author 
has been s o l e l y responsible f o r the m a j o r i t y of the 
t h e o r e t i c a l analyses presented i n t h i s t h e s i s . 

A report on the merits of p l a s t i c and l i q u i d 
s c i n t i l l a t i o n counters has been made by Ashton et a l . 
(1965)) t h i s being an i n v e s t i g a t i o n c a r r i e d out p r i o r 
t o the c o n s t r u c t i o n of the array. The preliminary 
r e s u l t s from the apparatus were presented t o the 
I n t e r n a t i o n a l Conference on Cosmic Rays, Calgary, i n a 
paper by Alexander et a l . (1967). I n t e r i m reports on 
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the t h e o r e t i c a l aspects of the present work have been 
made w i t h special reference t o n e a r - v e r t i c a l showers by 
Holyoak et a l . (1966) and. by de Beer et a l . (1966, 1967a, 
1967b). A paper g i v i n g d e t a i l s of the t h e o r e t i c a l analysis 
o f l a r g e z e n i t h angle showers i s t o be submitted f o r 
p u b l i c a t i o n i n Proc. Phys. Soc. by the author of t h i s 
t h e s i s . 
(Note - the author i s a co-author of the p u b l i c a t i o n s 
mentioned above). 
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1. 

CHAPTER 1 
I n t r o d u c t i o n 

1*1 The O r i g i n of Cosmic Rays and the Nature of the 
Primary Fj.ux 
Although some of the low energy cosmic rays which 

a r r i v e at the earth* (£10 GeV) come from the sun, at higher 
energies sources f u r t h e r a f i e l d are c e r t a i n l y responsible 
f o r the observed p a r t i c l e s . Supernovae are a l i k e l y 
source of many of the p a r t i c l e s and at the highest energies 
e x t r a - g a l a c t i c sources are also possible. 

Useful evidence about the composition of the primaries 
comes from the observation of a large percentage of L-group 
n u c l e i , - v 5 times the cosmic abundance, these probably 
being due t o the fragmentation of heavier n u c l e i during 
t h e i r passage through space. Many of the higher energy 
cosmic ray p a r t i c l e s must therefore have a source which i s 
anomalously r i c h i n heavy n u c l e i . Such a c o n d i t i o n e x i s t s 
i n supernovae, dense o l d s t a r s , which, having used up a l l 
t h e i r l i g h t n u c l e i , obtain energy by forming heavier 
n u c l e i u n t i l at some point they explode. During the 
explosion the very heavy n u c l e i are formed by neutron 
capture. One of the supernovae, the Crab nebula, has 
been extensively studied and i t s o p t i c a l and radio 

c \ t 
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emissions are consistent w i t h synchrotron r a d i a t i o n from 
e l e c t r o n s . This i n d i c a t e s t h a t magnetic f i e l d s are 
present i n a form capable of accelerating electrons and 
presumably protons and heavier n u c l e i up t o high energies. 

There i s however, some evidence which may be i n 
opposition t o the supernovae theory; Mathieson et a l . 
(1967) postulate an energetic source of i r o n n u c l e i 
which then fragment during t h e i r journey through 
k g.cra""2 of i n t e r s t e l l a r space and they are able t o 
reproduce the observed charge d i s t r i b u t i o n . Nickel and 
heavier elements are not required i n the proposed source 
w i t h an abundance appreciably greater than t h a t predicted 
by the cosmic abundances. Consequently the source 
m a t e r i a l need not have experienced any appreciable 
amount of element b u i l d i n g by neutron capture beyond 
i r o n , which i s i n contrast t o the supernova mechanism. 
The a l t e r n a t i v e explanation i s that the a c c e l e r a t i o n 
mechanism s t r o n g l y favours i r o n n u c l e i . At present i t 
i s not possible t o d i s t i n g u i s h between these, and other 
t h e o r i e s . 

The g a l a c t i c magnetic f i e l d i s not strong enough t o 
c o n t a i n p a r t i c l e s w i t h energies eV and i t i s thought 
t h a t the higher energy cosmic rays observed have an 
e x t r a - g a l a c t i c o r i g i n , perhaps one of the unusual objects 
such as M87. 
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An energy spectrum f o r the primary f l u x has been 
given by L i n s l e y (196 1*), t h i s i s derived from E.A.S. 
data taken i n conjunction w i t h a model f o r shower propa­
g a t i o n . 

For E p < l O 1 ^ eV, 
3(Bp)' = h lO-^CEp/lO 1^)" 2* 6 mT^teradT^-sec^eV- 1 (1.1) 

For E p > 10 1? eV, 
3(Ep) = »t l O - ^ C E p / l O 1 ^ ) - ^ 0 mr 2steradr 1see: 1eVr 1 (1.2) 

I t must be pointed out, however, as w i l l be seen l a t e r , 
t h a t these spectra may not be applicable, depending as 
they do on the propagation models. 

I t has r e c e n t l y been proposed by Greisen (1966) that 
there should be a c u t - o f f a t ~ 1 0 2 0 eV i n the primary 
energy spectrum. This arises because of the apparent 
existence of a black body r a d i a t i o n i n space, corres­
ponding t o a temperature of ~3°K, mean photon energy 
~7 10 - I f eV, w i t h which protons can i n t e r a c t . At <*10 2 0 eV. 
proton energy the photon has s u f f i c i e n t energy i n the 
C-system t o generate a pion, w i t h a corresponding 
r e t a r d a t i o n o f the proton. Such a c u t - o f f i s on the 
present l i m i t of measurement and has not yet been 
observed. 

I t appears t h a t the chemical composition of the 
primary f l u x f o r energies up t o ~10 GeV i s roughly as 
giv e n i n Table 1.1. 



Table 1.1 

The composition o f the primary f l u x ( a f t e r 
Ginzburg and Syrovatsky (196*+) f o r Ep £ 10 GeV). 

Z A I n t e n s i t y Abundance Abundance Abundance Z A 
nf^ster"-*- by number i n universe by mass 

sec"l 
p 1 1 1300 93$ 91$ 71.8$ 

2 h 88 6.3% 9% 19 M 
L 3*5 10 1.9 0.lh% 3x10-7$ 
M 5-9 ik 5.7 0.hl$ 0.09$ 

8.8J6 
5-9 ik 5.7 

0.1*$ 
0.09$ 

8.8J6 
H * i o 31 1.9 0.1*$ 0.03$ 
VH H >20 51 0.53 O.Qkfo 0.:002# 

« included i n H 
These f i g u r e s are i n agreement w i t h those reported 

by Waddington (1960). 
For higher primary energies the p i c t u r e of the 

chemical composition i s not c e r t a i n . One prominent 
theory i s that f o r energies up t o a few times 10-L5 e y 
the primary f l u x i s composed almost e n t i r e l y of protons. 
At t h i s energy protons begin t o leak from the galaxy due 
t o the g a l a c t i c magnetic f i e l d not being able t o contain 
them. The r i g i d i t y (P/Z) of p a r t i c l e s which may be con­
t a i n e d w i t h i n the galaxy i s presumably constant, thus as 
the primary energy increases so the value of Z must 
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increase; t h i s means tha t the mean mass of the primary-
p a r t i c l e s w i l l become greater, u n t i l a t ^ l O 1 * 7 eV the 
f i e l d becomes incapable of containing even VH-nuclei 
w i t h i n the galaxy. Above lO 1? eV the primary f l u x i s 
thought t o r e v e r t t o protons, these having an extra-
g a l a c t i c o r i g i n . 

H i l l a s (1967) suggests th a t the necessary increase 
i n slope of the primary energy spectrum i n the energy 
range ~3 10^ t o l O ^ eV may be a d i r e c t consequence of 
the most energetic cosmic ray protons having o r i g i n a t e d 
i n powerful radio-galaxies. Radio-astronomical evidence 
suggests t h a t such sources had a much greater output i n 
the past than at present. I f t h i s i s so i t i s proposed 
t h a t the importance of i n t e r a c t i o n s between the un i v e r s a l 
f l u x of microwaves and cosmic ray protons above 3 l O 1 ^ eV 
i s g r e a t l y increased because of "red s h i f t s " i n the 
energies of the protons and the microwaves, and changes 
i n density. This would r e s u l t i n the microwaves taking a 
b i t e out of the energy spectrum, which, at production 
has an i n t e g r a l slope of -1.5 throughout, thus g i v i n g a 
steeper observed slope of -2.2 between *-3 and 101? eV. 

An a l t e r n a t i v e method of explaining the d i s c o n t i n ­
u i t i e s i n the sea-level size spectrum i s t o postulate a 
s t r a i g h t l i n e primary spedtrum up t o a primary energy of 
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17 a t l e a s t a few times 10 ' eV, wi t h proton composition 
throughout5 m o d i f i c a t i o n s are made t o the nature of 
high energy nuclear i n t e r a c t i o n s t o bring about the 
required sea-level c h a r a c t e r i s t i c s . 

These three models of the high energy primary f l u x 
have been used i n the present t h e o r e t i c a l analyses and 
the r e s u l t s are presented i n Chapter 7 where an attempt 
i s made t o d i s t i n g u i s h between them. 

1*2 The Importance of Extensive A i r Showers 
The name 'extensive a i r shower1 (E.A.S.) i s used t o 

denote a chain of events i n i t i a t e d by a cosmic ray 
p a r t i c l e of u l t r a - r e l a t i v i s t i c energy i n t e r a c t i n g w i t h 
an air-nucleus. The products of the primary i n t e r a c ­
t i o n s t r a v e l i n p r a c t i c a l l y the same d i r e c t i o n as the 
parent p a r t i c l e and give r i s e t o a cascade of i n t e r a c t i o n s 
u n t i l , i n the lower atmosphere, the number of p a r t i c l e s i n 
a near v e r t i c a l shower may be many m i l l i o n s . 

A l l the secondary p a r t i c l e s a r r i v e at sea-level 
w i t h i n a time i n t e r v a l o f ~ 1 0 0 nanoseconds over a plane 
almost perpendicular t o the d i r e c t i o n of the o r i g i n a l 
p a r t i c l e ^ t h i s d i r e c t i o n being known as the shower a x i s . 
During t h e i r t r a v e r s a l of many kilometres of atmosphere 
various processes cause the p a r t i c l e s t o be d i s t r i b u t e d 

about the a x i s . The r e s u l t i s that the shower covers 
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an area of many thousands of square metres the maximum 
density being i n the c e n t r a l region, r e f e r r e d t o as the 
core of the shower. 

The primary cosmic rays which give r i s e t o the 
l a r g e s t showers i n the lower atmosphere have energies 
up t o « v l 0 2 0 eV and are the most energetic p a r t i c l e s 
known to e x i s t i n nature. A knowledge of t h e i r proper­
t i e s and t h e i r behaviour i n i n t e r a c t i o n s w i t h matter are 
consequently of the greatest i n t e r e s t . Whatever has been 
learned so f a r about the physics of energies £ 1 0 ^ eV 
has been i n f e r r e d from a study of a i r showers. At the 
moment there seems t o be l i t t l e hope of being able t o 
study such u l t r a - r e l a t i v i s t i c p a r t i c l e s by d i r e c t means. 
Even i f measurements could be made at the top of the 
atmosphere, where these p a r t i c l e s e x i s t , the p r o b a b i l i t y 
of d e t e c t i o n would be extremely low due t o the r a p i d l y 
f a l l i n g primary energy spectrum. I n f a c t the frequency 
of a r r i v a l of a cosmic ray w i t h energy >l(P-8 ev o n i m2 

i s only ~1 per 3000 years. The atmosphere by i t s a c t i o n 
of m u l t i p l y i n g the o r i g i n a l p a r t i c l e by m i l l i o n s and 
d i s t r i b u t i n g them over a wide area thus makes i t 
possible t o detect the e f f e c t s of such primaries at a 
not unreasonable r a t e . Even primaries of l O 1 ^ eV would 
be too rare f o r d i r e c t d e t e c t i o n w h i l s t t h e i r a i r showers 
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are e a s i l y detected at sea-level at a rate of many per 
hour. I t should be stressed that the energies involved 
i n even the small a i r showers are s t i l l several orders 
of magnitude higher than the maximum energies a t t a i n a b l e 
by machine a c c e l e r a t i o n of p a r t i c l e s . Present day 
machines produce beams of protons up t o energies of 
30 GeV. The U.S.S.R. hopes t o commission the Serpukhov 
70 GeV proton synchrotron i n 19&9> fciie U.S.A. have plans 
f o r a 200 GeV machine near Chicago and a European machine 
capable of a t t a i n i n g 300 GeV i s under consideration at 
the moment. 

1.3 The Mu-meson, and 3,ts r o l e i n B.A.S. 
Whilst measuring the absorption p r o p e r t i e s of cosmic 

rays, Rossi (1932) showed the existence of two components, 
the ' s o f t ' or e a s i l y absorbed and the 'hard' or penetra­
t i n g component. The use of cloud chambers allowed the 
s o f t component t o be i d e n t i f i e d w i t h electrons. 
I o n i s a t i o n measurements and the existence of p o s i t i v e l y 
and n e g a t i v e l y charged penetrating p a r t i c l e s ruled out 
protons as being s o l e l y responsible f o r the hard compo­
nent. Anderson and Neddermeyer (1936), and Street and 
Stevenson (1937), working independently, determined the 
mass of the p a r t i c l e s forming the bulk of the hard f l u x 
as being ~200 me. Later work showed t h a t each of these 
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p a r t i c l e s , subsequently t o be known as mu-mesons, 
decayed i n t o an elec t r o n and two ne u t r a l p a r t i c l e s , 
the l i f e t i m e being~2.2 10"^ second. I t was n a t u r a l 
a t t h a t time t o i d e n t i f y t h i s new p a r t i c l e w i t h the 
p a r t i c l e proposed by Yukawa i n order to explain the 
inter-nucleon f o r c e . However, the Yukawa p a r t i c l e 
should i n t e r a c t strongly w i t h matter: the existence of 
mu-mesic atoms i n which the mu-meson spends much of i t s 
time i n the nucleus showed t h a t mu-mesons are only 
weakly i n t e r a c t i n g . I t i s now known that the pi-meson 
i s the p a r t i c l e predicted by Yukawa, and i t i s the p i -
meson which, on decay, i s the major source of mu-mesons. 

The most important features of the mu-meson w i t h 
regards t o E.A.S. are i t s r e l a t i v e l y long l i f e t i m e and 
the f a c t that i t i n t e r a c t s weakly w i t h matter. As a 
consequence muons are the predominant p a r t i c l e s at 
la r g e distances from the cores of near v e r t i c a l showers. 
At l a r g e z e n i t h angles, muons c o n s t i t u t e nearly the 
whole of the shower observed at sea-level since the 
electron-photon cascade i n i t i a t e d by the decay of 
n e u t r a l pions w i l l have died out long before sea-level. 

l A E.A.S. at Large Zenith Angles 
The object of the present i n v e s t i g a t i o n i s t o throw 
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some l i g h t on the nature of the primary f l u x and the 
c h a r a c t e r i s t i c s of high energy i n t e r a c t i o n s . As w i l l 
be seen, much can be revealed by a study of near 
v e r t i c a l showers, one reason f o r t h i s being the vast 
amount of experimental data already c o l l e c t e d about 
such showers. However, i t i s f e l t t h a t a f u l l inves­
t i g a t i o n o f high energy muons should give yet more 
inf o r m a t i o n since these p a r t i c l e s w i l l , i n general, 
have o r i g i n a t e d close t o one of the e a r l y i n t e r a c t i o n s 
of the primary p a r t i c l e , and i t seems tha t the most 
f r u i t f u l i n v e s t i g a t i o n would be to look at the muons 
i n l a r g e z e n i t h angle showers. 

At large z e n i t h angles the f i r s t i n t e r a c t i o n of the 
primary p a r t i c l e w i l l take place i n less dense a i r than 
would be the case i n the near v e r t i c a l ; the secondary 
pions w i l l have an enhanced p r o b a b i l i t y of decaying as 
opposed t o i n t e r a c t i n g , consequently there should be a 
l a r g e r percentage of high energy muons than i n near 
v e r t i c a l showers. Because of the large thickness of 
atmosphere t o be traversed, the lower energy muons w i l l 
lose energy by i o n i s a t i o n t o such an extent t h a t , as a 
r e s u l t , they w i l l e x h i b i t a preference f o r ja-e decay 
and the r e s u l t a n t shower at sea-level w i l l be d e f i c i e n t 
i n low energy muons. I t w i l l be shown that the mean 
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muon energy (E^) f o r showers at a z e n i t h angle (©) of 

60° i s -15 GeV, at 75° i t i s ~27 GeV and at 8*f°,~6° G e V -

These f a c t s , together w i t h an expected lack of 
contamination by the s o f t component, provide the reasons 
f o r i n v e s t i g a t i n g muon showers a t large z e n i t h angles. 

1.5 Mu-poor and Mu-rich Showers: 
The existence of near v e r t i c a l showers i n which the 

muon content i s low V30 of the normal) has been 
established by many workers; recently reports have been 
made by the i.6dz group (Gawin et a l . (1966)), the B.A.S.J.E. 
group (Toyada et a l . (1966)), and Matano et a l . (1966). 

The theory has been developed by Wdowczyk (1966). 

This phenomenon has been shown t o be consistent 
w i t h the i n i t i a t i o n of a shower by a primary gamma ray; 
although i t i s j u s t possible t h a t i t could be due t o 
extreme f l u c t u a t i o n s i n the normal shower processes. 
For example, an upward f l u c t u a t i o n i n the number of 
n e u t r a l pions emitted i n the early i n t e r a c t i o n s of the 
primary p a r t i c l e would give r i s e to a shower having an 
abnormally low p to e r a t i o . I t i s u n l i k e l y that a l l the 
observed events are of t h i s type of o r i g i n however. 

I n the primary energy range 1CA5-1016 eV, mu-poor 
events c o n t r i b u t e ~ 2 10~lf of the t o t a l ; t h i s must be 
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regarded as an upper l i m i t t o the r a t i o of primary gamma 
i n t e n s i t y t o proton i n t e n s i t y . 

The B.A.S.J.E. group do not f i n d any low mu showers 
i n the energy range ICr -10 ' eV, i . e . i n the next higher 
decade of energy, and as a r e s u l t of work by Penzias and 
Wilson (1965) and by Gould and Schrdder (1966) a possible 
explanation has emerged. This involves the presence of 
the black body photon 'gas' at ~ 3°K i n the galaxy, as 
mentioned e a r l i e r , which i s responsible f o r the absorp­
t i o n of high energy photons by means of el e c t r o n - p o s i t r o n 
p a i r production as a r e s u l t of photon-photon c o l l i s i o n s 
i n the required energy range. 

At the other extreme, showers have been observed 
w i t h an abnormally high muon content and these are thought 
t o be produced by heavy primary p a r t i c l e s . 

Mu-poor and mu-rich showers are detected experimen­
t a l l y by demanding a c e r t a i n number of electrons i n 
unshielded detectors and the muon content i s then 
determined by the examination of shielded detectors. 
Thus, f l u c t u a t i o n s i n the s o f t component play a v i t a l r o l e 
i n the se l e c t i o n method; such f l u c t u a t i o n s have been 
studied and the analysis w i l l be presented i n t h i s 
r e p o r t . 

Since the s o f t component i s almost completely absent 
i n l a r g e z e n i t h angle showers i t i s d i f f i c u l t t o say 
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whether a shower which, f o r example, has r e l a t i v e l y few 
muons has been i n i t i a t e d by a photon or whether i t i s 
simply due t o a primary of lower energy. A s i m i l a r 
argument may be put forward f o r mu-rich showers a t 
larg e z e n i t h angles, however, i t i s expected t h a t heavy 
i n i t i a t e d showers w i l l be r e f l e c t e d i n a f l a t t e r l a t e r a l 
density d i s t r i b u t i o n which, i n t u r n , w i l l give r i s e t o a 
change i n the predicted r a t e of observation of such 
showers. Furthermore, the absolute rate of detected events 
w i l l depend on the primary mass composition. 

1.6 Muon Bundles 
Many authors (e.g. Vernov et a l . (1962), Miyake et a l . 

(1963)} have put forward experimental evidence f o r the 
2 

existence of l o c a l i s e d regions (a few cm f o r near 
v e r t i c a l showers) w i t h i n the shower f r o n t having a high 
density of muons. The Japanese group r u l e out s t a t i s ­
t i c a l f l u c t u a t i o n s as being responsible and as a conse­
quence need t o i n t e r p r e t these events i n terms of a 
spe c i a l process i n high energy i n t e r a c t i o n s . Miyake 
et a l . (1963) suggest th a t the phenomenon may be due t o 
the decay of a p a r t i c l e of mass 1100 me which would give 
r i s e t o a narrow beam of secondaries. Koshiba et a l . 
(1967) propose t h a t a new baryon, the Aleph baryon, i s 



produced i n u l t r a - r e l a t i v i s t i c i n t e r a c t i o n s . This 
p a r t i c l e has a mass of between 1960 and 2100 MeV, and a 
consequence of i t s p r o p e r t i e s i s that a very narrow 
bundle of high energy mesons reach sea-level. Yet 
again, i t has been conjectured that these muon bundles 
are due t o heavy n u c l e i i n the primary f l u x ; however i t 
i s f e l t t h a t such a primary would not be capable of 
producing the required high density of muons i n a small 
region. 

1.7 Conclusions 
The p r e c e d i n g discussions show that a study of 

the muon component would be valuable i n that i t should 
throw l i g h t on several t h e o r i e s of high energy p a r t i c l e 
physics and some aspects of astrophysics. Some aspects 
seem t o be more amenable t o s o l u t i o n v i a the study of 
muons i n near v e r t i c a l showers, although l a r g e zenith 
angle showers may supply corroborative, but not con­
c l u s i v e , evidence. There are, however, f u r t h e r aspects 
where s o l u t i o n seems t o l i e i n the study of large 
z e n i t h angle showers. 

Since f a c i l i t i e s f o r observing n e a r - v e r t i c a l 
showers seem t o be adequate, an array f o r the de t e c t i o n 
of l a r g e z e n i t h angle showers has been i n s t a l l e d i n 
Durham; t h i s (report) presents some preliminary r e s u l t s 
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of the apparatus and discusses t h e i r s i g n i f i c a n c e . 
Comparison i s made w i t h the r e s u l t s of other workers. 
I n a d d i t i o n an extensive t h e o r e t i c a l i n v e s t i g a t i o n has 
been made, f i r s t of a l l w i t h respect to v e r t i c a l showers 
i n order t o perfec t a model and, secondly, large z e n i t h 
angle showers are studied using the adopted model. 
Again the r e s u l t s are analysed w i t h special reference to 
the mass composition of the primary f l u x and the nature 
of high energy nuclear i n t e r a c t i o n s . 
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CHAPTER 2 

Contemporary Experimental and Theoretical 
Studies of Large Zenith Angle Showers 

2.1 I n t r o d u c t i o n 
Up t o the present time only two other experimental 

i n v e s t i g a t i o n s of large z e n i t h angle showers have been 
made. The apparatus are very d i f f e r e n t i n character to 
each other, they are described i n t h i s section and d e t a i l s 
are given of the only previous attempt at a t h e o r e t i c a l 
a n alysis of the muon component of large z e n i t h angle 
showers. 

2.2 The Experiment of Sekido et a l . (1966) 
The apparatus which i s located i n Nagoya, Japan, 

consists of two a i r Cerenkov counters each having an 
p 

e f f e c t i v e area of 10 m and viewing a t o t a l s o l i d angle 
of 0.05 steradian. Each counter u t i l i s e s a parabolic 
m i r r o r t o focus the very narrow Cerenkov l i g h t cone 

o 
(~1.3 s e m i - v e r t i c a l angle) onto an array of nineteen 
p h o t o m u l t i p l i e r s , see Figure 2.1. The two u n i t s are 
aimed i n the same d i r e c t i o n and a coincidence between 
them i s used t o denote the passage of one or more muons 
through each u n i t ; i n order t o t e s t t h a t these are 



T - Telescope tube 
M - Parabolic m i r r o r 
P - P h o t o m u l t i p l i e r 

array 

T 

•Cerenkov 
r a d i a t i o n 

Pig. 2.1 A Nagoya Cerenkov Telescope. 
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p a r a l l e l a hodoscope record of the p h o t o m u l t i p l l e r 
tubes i s checked. Sekido et a l . quote the muon thres­
hold energy f o r the device as being 10 GeV, t h i s being 
made up of the energy l o s s i n trav e r s i n g 5 cm of lead 
s h i e l d i n g and the energy threshold necessary f o r the 
emission of Cerenkov r a d i a t i o n i n a i r . 

sides of both Cerenkov tubes t o eliminate spurious 
coincidences caused by near v e r t i c a l E.A.S.; t h i s i s 
e s s e n t i a l because although few electrons are expected 
a t l a r g e z e n i t h angles the apparatus would otherwise be 
s e n s i t i v e t o electrons of ̂ 200 MeV which are present 
i n near v e r t i c a l showers. 

There w i l l be some divergence,A© , between the 
p a r a l l e l muons which define a muon shower, due t o 
s c a t t e r i n g ; i n order t o estimate the magnitude of t h i s 
parameter the authors considered the p r o b a b i l i t y d i s ­
t r i b u t i o n o f obtaining various patterns of photo-
m u l t i p l i e r s g i v i n g simultaneous pulses, as a f u n c t i o n 
of &d. The observed d i s t r i b u t i o n was found t o be con­
s i s t e n t w i t h that c a l c u l a t e d f o r &e~3° and as a conse­
quence p a i r s of muons w i t h A8*3° a**e accepted as 
p a r a l l e l . 

The experimental r e s u l t s , which w i l l be discussed 
l a t e r , are based on 2351 events obtained over a period 

Geiger-Mueller counters of\ 2 m are located at the 
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of 50 days, observations being made at azimuthal angles 
O Q 

of 72 and 288 from n o r t h and various z e n i t h angles. 

2.3 The Theoretical Studies of Sekido et a l . 
I n an attempt t o compare t h e i r experimental r e s u l t s 

w i t h theory these workers formulate the f o l l o w i n g model. 
I t i s assumed t h a t the muons are simply produced at 

a depth of ^00 g.cm measured from the top of the atmos­
phere along the t r a j e c t o r y , and that they are spread 

c 
w i t h i n a cone of constant opening angle 0.028 , which i s 
based on a mean transverse momentum of OA GeV/c. 

The e f f e c t i v e area A(E) f o r the detection of a muon 
shower, i n i t i a t e d by a primary of energy E, i s given by:-

A(B) = 2n r ( l - e & f c >) dr m2 (2.1) 

2 
where S i s the area of each detector (10 m ) , A i s the 
muon density which i s a f u n c t i o n of E at a distance r 
from the core 

A = CE 
h 2 

C and oc being e m p i r i c a l constants, r m a x i s given by 
= 0.028h where h i s the l i n e a r path length along 

m<a.x 
the shower axis from the k-00 g.cm"2 l e v e l t o the obser-

f or r < max (2.2) 
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v a t i o n l e v e l . 
Using the primary spectrum j(E) as given by L i n s l e y 

(196h) the counting rate i s given by the f o l l o w i n g 
i n t e g r a t i o n 

C i s assumed t o be 6.7 10" 1 1 eV"1 and « = + •£•. 
The theory does not, i t appears, take i n t o account 

Coulomb s c a t t e r i n g or geomagnetic d e f l e c t i o n . Further 
c r i t i c i s m i s made of t h i s model a f t e r i t s p r e d i c t i o n s 
have been compared w i t h experimental r e s u l t s , §7»7»1+* 

2.k The Utfth Experiment 
Schematic side and plan views of the prototype 

n e u t r i n o detector are shown i n Figure 2.2, the columns 
marked 1,2,3, ... 7 are c y l i n d r i c a l spark counters, as 
described by Parker (1967). The axis l a b e l l e d 'delay' 
may be converted t o distance by use of the f a c t t h a t 
the speed o f sound^is 0.311 metres/m.sec. The apparatus 

has a maximum detectin g area of ~20 m and events i n the 
f o l l o w i n g angular ranges are accepted f o r analysis, 
^-5o :^e<90O and 0° < pi < ^5°j the energy threshold f o r 
muons i s ~2 GeV. 

Rate 
00 1 j ( E ) A(E) dE s t . •'"sec. -1 (2 .3) 
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Fig. 2.2 Schematic diagram o f the prototype 
Utah n e u t r i n o detector. 
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The coincidence requirements were such t h a t any 
si n g l e f a s t muon passing through both Cerenkov tanks 
would be accepted, the t r i g g e r rate being ~25 sec" 1, 
recording delays reduced the us e f u l rate t o ~ 2 . 5 sec" 1. 
I n order t o lo c a t e muon showers these events were scanned 
by computer and those selected i n which there were two or 
more muons crossing spark counter columns 3 and 5> the 

, o 
muon tracks being w i t h i n h- of each other. This resulted 
i n the s e l e c t i o n of 1200 m u l t i p l e events corresponding 
t o a ra t e of 6 . 8^(j'^ hr" 1.. The raw data has been pro­
cessed t o allow f o r changing e f f e c t i v e area w i t h z e n i t h 
and azimuthal angles, also, the p o s s i b i l i t y of an event 
being l o s t due t o a muon t r i g g e r i n g an ' a n t i - w a l l ' of 
a Cerenkov tank or having f a i l e d t o t r i g g e r a coincidence 
w a l l has been considered. 

At 9 = 6*+° the apparatus has an e f f e c t i v e area of 
10 m2 and i t may be shown t h a t the p r o b a b i l i t y of two 

o 
p a r t i c l e s t r a v e r s i n g 10 m i s half of tha t f o r one 
p a r t i c l e through each of two areas of 10 m2. Thus 
Parker's rates should be m u l t i p l i e d by two i n order t o 
compare them d i r e c t l y w i t h Sekido et a l . 
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2.5 Summary 
The r e s u l t s of these two experiments are given i n 

Figure h,2 where they are compared w i t h the zeni t h angle 
d i s t r i b u t i o n derived from the Durham data; a discussion 
of the comparison i s given i n §*+.5.2. The Durham theo­
r e t i c a l p r e d i c t i o n s are compared w i t h the experimental 
d i s t r i b u t i o n s and w i t h the theory of Sekido et a l . i n 
§7.7A and the s i g n i f i c a n c e of the comparison i s again 
discussed. 
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CHAPTER 3 
The H o r i z o n t a l Extensive A i r Shower Array 

3*1 I n t r o d u c t i o n 
B a s i c a l l y , the experimental problem i s t o provide 

i r r e f u t a b l e evidence of muon showers t r a v e l l i n g w i t h 
axes highly i n c l i n e d t o the v e r t i c a l , and t o measure 

of z e n i t h angle. 
At large z e n i t h angles, muons w i l l t y p i c a l l y have a 

mean depth of production of approximately 550 g.cm" ; 
f o r 0 = 60° t h i s corresponds t o a height along the 
t r a j e c t o r y , h, of ~10.5 kms, at © = 75°? h ~ 17 kins and 
f o r Q = 90° h ~ 200 kms. Thus, neglecting e f f e c t s such 
as s c a t t e r i n g and magnetic d e f l e c t i o n the t r a j e c t o r i e s 
of the muons w i l l be p a r a l l e l at sea-level? i n c l u s i o n of 
these e f f e c t s means t h a t the t r a j e c t o r i e s are • p a r a l l e l ' 
t o w i t h i n a few degrees of each other. I n order t o 
c l a s s i f y an event as a muon shower i t i s c l e a r l y 
necessary t o have at l e a s t two, and preferably more, 
• p a r a l l e l 1 t r a c k s . 

A complication a r i s e s because of electron showers 
produced by the electromagnetic i n t e r a c t i o n of muons a 
few tens of metres from the apparatus, these too would 

the density/ of p a r t i c l e s i n such showers as a f u n c t i o n / 
Col 
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appear t o have p a r a l l e l t r a c k s . I t i s therefore essen­
t i a l t o prevent these showers being recorded; t h i s may be 
accomplished by the i n t r o d u c t i o n of a l a y e r of absorber. 
This i s used t o s h i e l d one side of the array only since the 
array may then be used t o study both the s o f t and hard 
components. Bursts may be produced by nuclear i n t e r a c ­
t i o n w i t h i n the absorber; but such events are e a s i l y 
recognised because they give r i s e t o highly diverging 
t r a c k s . 

Before considering the design of the array i n d e t a i l , 
i t 'should be mentioned t h a t i t must be capable of r e s o l ­
v i n g many simultaneous p a r t i c l e s and allow t h e i r zenith 
angles t o be determined. 

3.2 The Array 
The s t e e l framework which supports the detectors 

and from which the absorber i s hung has the f o l l o w i n g 
dimensions: height 7̂ 2 m, l e n g t h 11.6 m and width 1.93 m. 
I t i s s i t u a t e d such that the plane of the detectors i s 
v e r t i c a l and the normal t o t h i s plane i s 18° E of 
geographical n o r t h and 27° E of geomagnetic north. 
The absorber consists of s t e e l plates and i s hung on the 
n o r t h side o f the array. 
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The f i r s t requirement i s that there should be a 
continuously s e n s i t i v e d e t e c t i o n system which w i l l 
record the passage of a shower and t r i g g e r the v i s u a l 
d e t e c t o r s . Four v e r t i c a l s c i n t i l l a t i o n counters, each 

2 

having an area of 1 m , are a v a i l a b l e t o be operated i n 
coincidence w i t h each other and i n anti-coincidence w i t h 
a f u r t h e r counter of s i m i l a r area which i s i n a h o r i z o n t a l 
plane, the l a t t e r being necessary t o reduce the rate of 
t r i g g e r i n g of the array by near v e r t i c a l showers. The 
v i s u a l d e t e c t i o n system consists of twelve trays of neon 

o 
f l a s h tubes, each t r a y having an e f f e c t i v e area of 2.82 m . 
The l o c a t i o n of the detectors w i t h respect t o the frame 
i s shown i n Figure 3.1. 

3*3 The S c i n t i l l a t i o n Counters 
3.3.1 Design 
As these counters are t o be s i t u a t e d i n rather 

inaccessible l o c a t i o n s p l a s t i c s c i n t i l l a t i n g m a t e r i a l i s 
used i n preference t o a l i q u i d despite the higher cost of 
the former. 

B r i n i et a l . (1955) have analysed the class of counter 
i n which the p h o t o m u l t l p l i e r i s i n o p t i c a l contact w i t h 
the phosphor. They show t h a t the conditions under which 
the u n i f o r m i t y i s best and l i m i t e d only by the absorption 
of the phosphor are:-
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i ) The phosphor must be rectangular, 
i l ) A short section of l i g h t guide should be 

included. 

i i i ) The faces of the phosphor should be polished. 
I f these conditions are s a t i s f i e d then l i g h t i n 

only four of the escape cones w i l l be l o s t . 
Garwih (1952) has shown tha t of the t o t a l l i g h t 

output the f r a c t i o n reaching the p h o t o m u l t i p l i e r cathode 
w i l l be = 0.125 S/A where A i s the area of the phosphor 
face t o which the l i g h t guide i s attached and S i s the 
area df the photocathode. 

The p l a s t i c phosphor used i s NE102A i n the form of a 
rectangular slab 133 x 75 x 5 cm, t h i s consists of 
s c i n t i l l a t i o n chemicals i n polyv i n y l t o l u e n e , i t has a 
decay constant of 3-5 10~9 sec, a r e f r a c t i v e index of 

0 

1.58 and maximum l i g h t emission at k^QQ A. Perspex l i g h t 
guides, >i = l.*+9> are cemented t o each end of the 
phosphor w i t h Shell Epikote Resin 815. Mullard, 
53 AVP, 11 stage p h o t o m u l t i p l i e r s w i t h peak spectral 

o 
response at ^200 + 300 A are attached t o the l i g h t 
guides w i t h NE580 o p t i c a l cement. The u s e f u l cathode 
area i s 15.2 cm2, which means that SI = 0.005 f o r each 
end of the counter. 



26. 

Because of stray magnetic f i e l d s i n the lab o r a t o r y , 
precautions have t o be taken t o prevent these a f f e c t i n g 
the performance of the p h o t o m u l t i p l i e r s . Each tube i s 
surrounded by a mu-metal s h i e l d , and a length of -fc" 
t h i c k s t e e l tubing as w e l l as the aluminium box which 
contains the whole counter. This arrangement has 
proved t o be s a t i s f a c t o r y i n the f l u x encountered. 

3.3.2 Operation 
The pulses from the p h o t o m u l t i p l i e r base are -ve 

and t y p i c a l l y 250 mV high w i t h a r i s e time of ~20 nsec 
and are ~lp..sec long. They are fed v i a i n d i v i d u a l head 
a m p l i f i e r u n i t s t o a coincidence and d i s c r i m i n a t i o n u n i t 
from which there i s an added output and a d i s c r i m i n a t o r 
output, t h i s being a p o s i t i v e pulse of <*10v which 
i n d i c a t e s t h a t the sum of the input pulses i s greater 
than the d i s c r i m i n a t i o n l e v e l . I t i s therefore possible 
t o gate the counter on i t s e l f and only look at the 
added output pulses which are above the noise l e v e l . 
The e l e c t r o n i c u n i t s are t r a n s i s t o r i s e d and enclosed 
i n earthed boxes of perforated brass sheet t o prevent 
the p i c k up of electromagnetic r a d i a t i o n . 

The p h o t o m u l t i p l i e r s are set up so tha t a p a r t i c l e 
passing through the mid-point of the phosphor produces 
the same output pulse height at each end of the counter. 
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Examination of the added, pulse heights gives a d i s t r i ­
b u t i o n suoh as that i n Figure 3.2. I n order t o detect 
s i n g l e p a r t i c l e s , the d i s c r i m i n a t i o n l e v e l i s set such 
t h a t most of the noise i s eliminated? t h i s v a r i a t i o n 
of d i s c r i m i n a t i o n l e v e l may be achieved most e a s i l y 
by a d j u s t i n g the E.H.T. t o the p h o t o m u l t i p l i e r bases. 
A small amount of noise i s t o l e r a b l e as i t i s u n l i k e l y 
t o coincide w i t h t h a t i n the other counters; i f i t i s 
not included p a r t i c l e s producing the i n i t i a l r i s e of 
the single p a r t i c l e peak would not be accepted. 
T y p i c a l l y the operating voltage of the p h o t o m u l t i p l i e r s 
i s i n the range 1.3 t o 1.7 kV, once set t h i s should not 
vary otherwise the d i s c r i m i n a t i o n l e v e l s w i l l d r i f t . 

3.3.3 C h a r a c t e r i s t i c s 
I n order t o assess the performance of a counter 

and t o compare i t w i t h other types we define two para­
meters: 

i ) U n i f o r m i t y of response over the area of the 
counter - t h i s i s the percentage diff e r e n c e 
between the response at a given point and 
the response averaged over the whole area 
f o r p a r t i c l e s t r a v e r s i n g the phosphor normal 
to i t s area. 
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?ig. 3.2 A typioal added output, ungated, from a coincidence 
scintillation oounter. 
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i i ) Resolution - t h i s i s the f u l l width at h a l f 
height, of the output pulse d i s t r i b u t i o n , 
expressed as a percentage of the most prob­
able value f o r r e l a t i v i s t i c p a r t i c l e s 
t r a v e r s i n g the mid-point of the phosphor 
normal t o i t s l a r g e s t face. 

This work has been reported by Ashton et a l . (1965); 

a summary of the r e s u l t s i s given i n Table 3.1. 

Table 3,3, 
Comparison of the c h a r a c t e r i s t i c s of l i q u i d 

and p l a s t i c phosphors 

Maximum non-
Bhosphor u n i f o r m i t y Resolution 

P a r a f f i n 18 80 
NE102A 32 50 

P a r a f f i n + 10$ 

S h e l l s o l A 36 ^0 

3.*+ The Coincidence and Cycling System 
The basic components of t h i s system are i l l u s t r a t e d 

i n a block diagram Figure 3»3» 

Pulses from each end of a s c i n t i l l a t i o n counter are" 

added and only those due t o one or more p a r t i c l e s t r a v e r ­

sing the phosphor pass through the d i s c r i m i n a t i o n u n i t . 
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A blocking o s c i l l a t o r transforms these t o square p o s i t i v e 
pulses of f i x e d height. The outputs from any desired 
combination of the four coincidence s c i n t i l l a t i o n 
counters are added and a v a r i a b l e d i s c r i m i n a t o r allows 
the t r i g g e r i n g c r i t e r i a t o be varied . Assuming t h i s t o 
be s a t i s f i e d the pulse i s passed t o an anti-coincidence 
gate which i s closed only i f there i s a simultaneous 
pulse from the anti-coincidence counter. The t r i g g e r 
pulse a f t e r t r a v e r s i n g a paralysis u n i t i s s p l i t , one 
pulse going t o the c y c l i n g system, the other to the 
E.H.T. section. 

A p a r a l y s i s u n i t i s necessary because the c y c l i n g 
system t a k e s ~ 8 seconds t o operate, also, a c e r t a i n time 
must be allowed f o r the E.H.T. u n i t t o recover. The 
t r i g g e r pulse operates a f l i p - f l o p which applies a d.c. 
voltage t o a diode so t h a t f u r t h e r pulses which occur 
during the p a r a l y s i s time are shorted t o earth. 

The c y c l i n g system consists of a set of microswitches 
operated by cams which are mounted on a shaft driven by 
a synchronous motor geared t o 1 rev/8 sec. The t r i g g e r 
pulse i s lengthened t o 0.5 second and t h i s pulse i s used 
t o operate a r e l a y which applies mains voltage t o the 
motor. During the 0.5 second the f i r s t microswitch i s 
actuated thus keeping the mains voltage across the motor 
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f o r the desired l e n g t h of time. Other microswitches 
operate the f l a s h tube t r a y camera, i l l u m i n a t e the 
f i d u c i a l l i g h t s and the clock face. F i n a l l y , j u s t 
before the motor i s switched o f f , a pulse which i s 
subsequently delayed by~ 0 . 2 5 second i s used to reset the 
f l i p - f l o p , thus allowing a f u r t h e r t r i g g e r pulse t o pass. 

3.5 The Neon Flash Tube Trays 
3.5.1 The Neon Flash Tube 
The f l a s h tube was introduced by Conversi and 

Gozzini (1955). I n i t s present form i t consists of a 
glass tube f i l l e d w i t h neon. The passage of a charged 
p a r t i c l e through such a tube w i l l cause l o c a l i s e d 
i o n i s a t i o n , and i f a large p o t e n t i a l difference i s 
a p p l i e d across the tube a v i s i b l e discharge w i l l take 
place. A number of these tubes s u i t a b l y disposed w i l l 
form an e f f i c i e n t t r a c k detector w i t h good s p a t i a l 
r e s o l u t i o n . 

The s p e c i f i c a t i o n s of the tubes used are as f o l l o w s : -
l e n g t h 2.25 m. 
i n t e r n a l diameter 15 mm. 
ext e r n a l diameter 17 mm. 
gas f i l l i n g - commercial neon, 

Ne 98 + 0,2%, He 2 + 0.2%, 

O2 lOv.p.m., N2 100 v.p.m., A 0.5 v.p.m. 
pressure, 60 cmHg. 



31. 

Neon i s used because i t has comparatively good 
breakdown c h a r a c t e r i s t i c s and the ensuing red glow i s 
e a s i l y seen and photographed. 

The c h a r a c t e r i s t i c s of such tubes have been described 
and discussed by Gardener (1957) and Coxell and Wolfendale, 
(I96O), the theory by Lloyd (I96O) and the accuracy of 
t r a c k l o c a t i o n i n a stack of tubes by Ashton et a l . (1958). 

3.5.2 Design, 
Each t r a y i s constructed as indic a t e d i n Figure 3.*+a 

there being approximately 66 tubes i n each of four l a y e r s . 
The tubes are i n t e r l e a v e d w i t h opaque 'Fablion' to prevent 
photon spread which would cause a discharge i n tubes 
adjacent t o those through which the i o n i s i n g p a r t i c l e had 
passed. The walls of a l l tubes are painted white f o r 
6" from the window i n order t o improve the l i g h t output. 

The electrodes are aluminium sheet, the outer earthed 
plates are held r i g i d l y i n a s t e e l frame and the inner 
electrode t o which the pulse i s applied i s supported by 
'Tufnol' formers which also i n s u l a t e the electrode from 
the rest of the system. The electrodes are p a r a l l e l t o 
w i t h i n l ess than 1 mm., obviously any misalignment would 
cause the f i e l d and th e r e f o r e the tube e f f i c i e n c y to vary 
over the area of the t r a y . The twelve trays have a t o t a l 
e f f e c t i v e p a r t i c l e d e t e c t i o n area of 33.9 m2. 



Flash tube 
interleaved 
with Fablon 
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R 
9 1 ? ; Tufnol' j ^ K ^ 

cms. 

Fig. 3.4a Schematic section through a 
f l a s h tube tray. 

12kV 3kV 

6 8M 30M 

0.1 
220 SI 

0.1 100 A 

GEC XH3 E3073 

Big. 3.4b The E.H.T. unit for the f l a s h tube trays. 
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3.5*3 Operation 
The t r i g g e r pulse from the coincidence c i r c u i t i s 

a m p l i f i e d t o ~200 v and applied to the g r i d of a hydrogen 
t h y r a t r o n (Mullard XH3), Figure 3.to. The output from 
the t h y r a t r o n i s used t o t r i g g e r a surge d i v e r t e r 
(GEC E3073) whose output i s s p l i t , a pulse i s applied t o 
each of the f o u r columns of t r a y s . The pulses have the 
f o l l o w i n g c h a r a c t e r i s t i c s , r i s e time ~ 2 ^ e c , delay time 
^3/M-sec, w i d t h ~10 jasee, height 13.5 kV thus g i v i n g a 
f i e l d of kV cm"1. 

Flashed tubes are recorded photographically on 
f l l f o r d 1 H.P.S., red s e n s i t i v e f i l m , v i a a mi r r o r system 
arranged so t h a t the path l e n g t h from the camera t o the 
windows of a l l tubes t o the same, ~23 m. 

3 •!?•**• C h a r a c t e r i s t i c s 
Two e f f i c i e n c i e s may be defined f o r the t r a y s : -
i ) Layer e f f i c i e n c y C^) which i s defined as 

the r a t i o of the number of single flashes 
observed i n a l a y e r t o the number of par­
t i c l e s having passed through th a t l a y e r , 

i i ) I n t e r n a l e f f i c i e n c y d ) which i s determined 
f r o m ^ L by m u l t i p l y i n g the l a t t e r by the 
r a t i o (R) of the separation of the tube 
centres t o the i n t e r n a l diameter of the 
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tubes. This involves the assumption 
t h a t only those p a r t i c l e s t r a v e r s i n g 
the gas i n a tube can cause a f l a s h i n 
t h a t tube. 

-«lL = 88% 

R = 1.13 

"\= 100% 

these e f f i c i e n c i e s being assumed values. 

3.5.5. The Accuracy of Zenith Angle Determination 
The z e n i t h angle had t o be determined from tracks 

recorded i n single t r a y s of f l a s h tubes, th a t i s , each 
t r a c k had t o be measured from four c l o s e l y packed columns 
of f l a s h tubes as shown i n Figure 3 . ^ . A thorough analysis 
was made of the possible f l a s h tube patterns f o r tracks 
at a s p e c i f i c z e n i t h angle and the possible range of 
z e n i t h angles which could give r i s e t o each tube con­
f i g u r a t i o n . The outcome of t h i s analysis i s that the 
f o l l o w i n g l i m i t s t o the e r r o r (de) on a determination of 
z e n i t h angle (©) may be placed, Table 3.2. 
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CHAPTER h 

The Results o f the Durham Apparatus 

I t has already been mentioned t h a t only the n o r t h 
face of the array i s covered -with absorber, t h i s means 
th a t events i n which the shower i s i n c i d e n t from the n o r t h 
may be used t o examine the hard component and those from 
the south allow us t o study the soft component of the 
shower. This i s important since an analysis of the 
electron-photon component i s i n t e r e s t i n g i n i t s e l f and, 
i n a d d i t i o n , i t allows a c o r r e c t i o n to be applied t o the 
'muon1 events f o r e l e c t r o n contamination. 

^•1 The Operating Conditions 
The apparatus has been operated as described i n 

Table *+.l, which also shows the raw data obtained 
during each run. 

During run C the southern side of the coincidence 
s c i n t i l l a t o r s was shielded t o reduce the rate of 
t r i g g e r i n g of the array by S events. 

^.2 Scanning C r i t e r i a 
The f i l m e d events are projected and those which have 

any p o s s i b i l i t y of s a t i s f y i n g the p r e v a i l i n g acceptance c r i t e r i a 
are reproduced on a scale drawing of the f l a s h tubes. 
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Table h.l 
The events recorded i n experimental runs 

Run Absorber Trigger Running Events recorded i n 8 
Thickness mode time 
r a d i a t i o n hrs. e S N 
lengths 

A 1.5 S 1S 2S 3Si f£^ 801 k2.5°-k7.f ikQ 36 

^7 .5° -52 .5° 19+ 23 

52.5°-57.5° 133 ^ 

57.50-77*5° 333 I2h 

77.5°-90° 2k 19 

B k.$ S 1S 2S 3Si fS^ 350 M-2.5°-i+7.5° 1 

^7.5°-?2.5° 1 

52.5°-57.5° 1 

57-5°-77*5° 13 

77.5°-90° 0 

c ^. 5 s i M 5 !53 <:&0 13 
20°-^2.5° 26 

^ 2 . 5 ° - l f 7 . 5 0 l*+ 
^7.5°-52.5° 20 

52.5°-57.5° 22 

57.5°-77.5° 26 

77.5°-90° 5 
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The measured n o r t h and south number spectra are shown i n 
Figure the problem i s t o take the measured south 
spectrum and t o derive from t h i s the incident density-
spectrum. 

The array t r i g g e r i n g p r o b a b i l i t y (ATP) i s given by:-

ATP = ( l - e - * S ) n Ce-* S) n' 

where A i s the mean density of p a r t i c l e s f a l l i n g on the 
array, 
S and S1 are the projected areas on the shower plane of 
the n coincidence and n' anti-coincidence s c i n t i l l a t i o n 
counters r e s p e c t i v e l y . 

The use of t h i s expression alone w i l l not lead to the 
c o r r e c t r e s u l t since f l u c t u a t i o n s must be taken i n t o 
account when t r a n s l a t i n g from a density t o a number of 
p a r t i c l e s f a l l i n g on a c e r t a i n area. This i s a consequence 
of the inc i d e n t density spectrum being very steep and i t 
f o l l o w s t h a t a shower of m p a r t i c l e s through the array 
( o f p r o j e c t e d area A) i s most probably due to a shower 
of mean density l e s s than m/A, and i s observed because 
of an upward f l u c t u a t i o n i n the number of p a r t i c l e s 
passing through t h a t p a r t i c u l a r area. 



Frequency 

50 60 
Number of Particles. 

•Jig. 4.1 . The measured north and south number spectra 
with the best f i t t i n g theoretical south spectrum 
and the predicted north spectrum f o r 100MeV 
incident electrons, 57.5° < Q<77.5°. 
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The adopted method was t o assume an in c i d e n t 
density spectrum and to f o l d i n the array t r i g g e r i n g 
p r o b a b i l i t i e s t o give an e f f e c t i v e density spectrum. 
This i s div i d e d i n t o c e l l s ; the mean number of p a r t i c l e s 
(m) passing through the pro j e c t e d area of the array i s 
ca l c u l a t e d by m u l t i p l y i n g the mean density f o r t h a t 
c e l l by the pr o j e c t e d area. The number 31 i s regarded as 
the mean of the Poisson d i s t r i b u t i o n 

P m = jdLnE 
mi 

and each term P m of the d i s t r i b u t i o n when m u l t i p l i e d by 
the magnitude of the c e l l i n the e f f e c t i v e spectrum w i l l 
give the c o n t r i b u t i o n t o the c e l l of magnitude m i n the 
observed number spectrum. The t o t a l predicted number 
spectrum may be obtained by summing over a l l the c e l l s 
i n the e f f e c t i v e i n c i d e n t spectrum. This predicted 
spectrum i s then compared w i t h experiment and the slope 
and magnitude of the in c i d e n t spectrum adjusted u n t i l 
agreement i s reached. 

I t i s found t h a t the shape of the predicted spectrum 
i s independent of the magnitude of the incident spectrum, 
the best f i t being given b y i -

Rate = 2.% 1 0 3 * -3-7+0.2 s e c ^ s t e r ^ C p a r t i c l e / m 2 ) - 1 (^f.l) 

i n the angular range 5 7 . 5 ° < © < 77»5°, and t h i s i s 



shown superimposed on the S event histogram of Figure 

h.3.2 P r e d i c t i o n of the Obgery_ed North Number Spectrum 
The s t a r t i n g point f o r t h i s c a l c u l a t i o n i s the i n c i ­

dent density spectrum and from t h i s i t i s necessary t o 
c a l c u l a t e the number spectrum of showers incident on the 
array. This i s b a s i c a l l y the same c a l c u l a t i o n as t h a t 
d e t a i l e d i n the p r e c e d i n g section, the difference being 
tha t the p r o b a b i l i t y of g e t t i n g one or more p a r t i c l e s 
through the area of the array i s used instead of the array 
t r i g g e r i n g p r o b a b i l i t y . 

From the r e s u l t s of Crawford and Messel (1965) the 
p r o b a b i l i t y of one el e c t r o n incident on the i r o n 
emerging as 0, 1, 2, ... was determined as a f u n c t i o n of 
i n c i d e n t - e l e c t r o n energy. Using a Monte Carlo treatment 
the p r o b a b i l i t y of a shower of m incident electrons 
l e a v i n g the i r o n as m, m-1, m-2, ... was determined. 
This does not produce the spectrum observed by the array 
since not a l l of these showers would t r i g g e r the apparatus. 

Various t r i a l i n c i d e n t spectra were used i n order t o 
f i n d one which would p r e d i c t the number spectrum j u s t -
derived. The array t r i g g e r i n g p r o b a b i l i t i e s applied t o 
the adopted in c i d e n t density spectrum give a number 
spectrum which can be compared w i t h t h a t obtained 
experimentally. This had the same slope as the observed 



hi 

N spectrum, however i t was a f a c t o r of two down i n rate, 
Figure The, only explanation f o r t h i s seems t o be 
t h a t the assumed mean energy of the incident electrons 
was too low, the a l t e r n a t i v e explanation would require 
the d i f f e r e n c e between theory and observation to be due 
t o muon showers; t h e o r e t i c a l studies have shown that 
v i r t u a l l y no muon showers would be recorded under the 
p r e v a i l i n g t r i g g e r i n g c o n d i t i o n s . Thus, i n order t o get 
agreement i t i s necessary t o raise the assumed mean 
e l e c t r o n energy from 100 MeV t o l*+0 MeV. 

As a r e s u l t of these studies i t i s now possible t o 
p r e d i c t the behaviour of el e c t r o n showers f o r various 
array t r i g g e r i n g c r i t e r i a i n conjunction w i t h d i f f e r e n t 
thicknesses of absorber. I t i s therefore possible t o 
make allowance f o r the e f f e c t s of elec t r o n showers 
during studies of the hard component. 

h.k Run B 
The t r i g g e r i n g c o nditions were as i n run A, but the 

thickness of absorber was increased t o h.5 r a d i a t i o n 
lengths. Tfre apparatus was operated f o r a f u r t h e r 350 

hours: 16 N events s a t i s f i e d the scanning c r i t e r i a , the 
S events were not analysed. Theory suggests that 
during the operating time approximately 5 N events due 

t o muon showers would be recorded and the proceeding 
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work would lead us t o expect not more than one event 
due t o a penetrating e l e c t r o n shower w i t h a mean i n c i ­
dent energy of l*fO MeV. 

The conclusion from t h i s run i s th a t the p r e c e d i n g 
theory gives an underestimate due t o upward f l u c t u a t i o n s 
i n the in c i d e n t e l e c t r o n energies being neglected. 
However, as an order of magnitude c a l c u l a t i o n , i t 
appears t o be s a t i s f a c t o r y . 

if.5 Riffl C 
Conclusive evidence f o r the existence of muon 

showers at large z e n i t h angles came from the analysis 
of run C data. The array was operated w i t h s c i n t i l l a t i o n 
counters Si and Sij. i n coincidence and i n a n t i - c o i n c i ­
dence; the thickness of absorber on the no r t h face 
remaining at h,5 r a d i a t i o n lengths. I n a d d i t i o n the 
south sides of Si and were shielded by 6" of barytes 
laden concrete which amounts to approximately h radia­
t i o n lengths, i t s purpose being to reduce the rate of 
t r i g g e r i n g of the array by showers from the south. 

The array was i n operation f o r 153 hours using t h i s 
t r i g g e r i n g system; when a l l S events are rej e c t e d 
together w i t h those N events obviously of a l o c a l nature, 
1^5 N events remain, 126 of these are shown i n table h.St\ 
the remaining 19 d i d not s a t i s f y the scanning c r i t e r i a . 



^3. 

Theory suggests t h a t under these operating condi­
t i o n s ~0.1 event would be expected as a r e s u l t of 
penetrating e l e c t r o n showers i n 153 hours. 

I n order t o compare the accepted events w i t h those 
of other workers i t i s necessary to apply a f u r t h e r 
acceptance c r i t e r i o n , so th a t the showers f i n a l l y 
accepted would have been capable of t r i g g e r i n g the 
Nagoya apparatus. The c o n d i t i o n that both t r i g g e r i n g 
p a r t i c l e s should be v i s i b l e i n f l a s h tube trays T^ and 
T-J_Q reduces the number of acceptable events i n the 
range *+2.5° < ® ^ 90° t o 31 and these w i l l be known as 
'Sekido t y p e 1 events. 

The non-Sekido type events, that i s t o say, those 
events i n which one or no tracks are seen i n f l a s h tube 
t r a y s T^ and T^Q, may be ascribed t o three possible 
causes. The most l i k e l y explanation i s th a t one or 
both of the t r i g g e r i n g p a r t i c l e s have passed through 
gaps i n the f l a s h tube coverage. I t i s estimated, taking 
the z e n i t h angle d i s t r i b u t i o n of showers i n t o account, 
that ~h-5fo of p a r t i c l e s which t r i g g e r e i t h e r S-L or 
would have missed a f l a s h tube t r a y . Consequently, of 
the 87 N events o f run C, i n the angular range ^2 .5°< © 

< 90°, an estimated 39 events would be re j e c t e d f o r 
t h i s reason, thus leaving hS events, a number which i s 



t o be compared w i t h the 31 accepted events. Another 
explanation, which i s not very probable, i s t h a t there 
may be a coincidence between S]_ and due t o a muon 
passing through one of the counters and a charged 
p a r t i c l e caused by a photo-nuclear i n t e r a c t i o n passing 
through the other; t h i s would require an extremely high 
photo-nuclear cross section. F i n a l l y , the p o s s i b i l i t y 
of a coincidence w i t h a noise pulse i n e i t h e r SQ_ or 
must be considered; the p r o b a b i l i t y of t h i s occurring 
i s thought t o be small. 

*+.5»l The V a r i a t i o n of Rate wit h Zenith Angle 
Since comparison w i t h other experimental work i s 

necessary i t i s e s s e n t i a l t h a t only Sekido type events 
are used i n t h i s section of the analysis. The recorded 
events of the present experiment together w i t h the 
t r i g g e r i n g f a c t o r s , necessary because the array t r i g g e r i n g 

p 
p r o b a b i l i t y v a r i e s w i t h 0 as s i n ©, and the area correc­
t i o n f a c t o r s , which a r i s e due t o the gaps between trays 
of f l a s h tubes, are given i n Table H.3. The f i n a l 
column of t h i s t a b l e i s p l o t t e d i n Figure ^-.2; i n the 
region of © = 70° the r e s u l t s are consistent w i t h a 
z e n i t h angle v a r i a t i o n of:-

Rate (9) OL c o s ( 2 , 3 * °*3)9 (^.2) 
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Fig. 4.2 The zenith angle d i s t r i b u t i o n derived from the data 
of the present experiment oompared with those of 
•other workers. 



Table h.l 
Events of run C having p a r a l l e l tracks i n T-̂  and T 1 0 

and t r i g g e r i n g S-j_ and Ŝ  

Angular 
Range 

No. 
events 

Trigger 
Factor 

Area 
Factor 

No. of events 
per 5°6.hr~1 

6 2.00 2.^0 0.188 

5 1.6^ 2.15 0.115 

52.5°-57.5° 8 lM 1.9^ 0.1^9 

5 7 . 5 C - 7 7 . 5 ° 11 1.30 1.57 O.0367 

77 .5° -90° 1 1.00 1.35 0.00353 

h,$.2 Comparison w i t h Sekido et a l . and Parker 
The r e s u l t s of Sekido et a l . and Parker are also 

p l o t t e d i n Figure ^.2, a f t e r having been converted to 
the acceptance of the Durham array. 

The angle over which p a r t i c l e s are accepted by the 
Durham array i s defined i n zeni t h angle by the f l a s h tubes 
i n azimuth i t i s undefined. The rate at which showers 
t r i g g e r the array i s a f u n c t i o n of azimuthal angle since 
the array t r i g g e r i n g p r o b a b i l i t y f o r t h i s run i s given by 

ATP = ( 1 - e - * 3 ) 2 e " 4 S 

where the e f f e c t i v e s c i n t i l l a t o r area (S) at 9 and $ i s 
r e l a t e d t o the tr u e area, S0, by S = S 0 sin0cosj2f. For 
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, 2 low d e n s i t i e s we can approximate, ATPx (sin© cos^) , 
t h i s i s v a l i d since the major c o n t r i b u t i o n t o the rate 

0 p 
comes from showers having A~10 J p/m . Since the mean 

2 o value of cos <fi occurs at <f= 2lV i t may be assumed tha t 
a l l Durham observed showers are incident at <f = 2^'° and 
t r i g g e r i n g p r o b a b i l i t i e s are based on t h i s value. 

The Durham acceptance may therefore be regarded as 
Tl i n azimuth and d9 i n z e n i t h , f o r comparison t o be made 

o o A 

d8 i s taken i n steps of 5 ; the acceptance per 5 i n 8 i s 
0.137 steradian. 

Sekido's apparatus has an aperture of 0.05 s t e r . , 
2 

however the area of his detectors i s 2 x 10 m , t o be 
2 

compared w i t h our 2 x 1 m, thus his array t r i g g e r i n g 
2 

p r o b a b i l i t y w i l l be a f a c t o r of 10 greater ( f o r small A ) . 
The net r e s u l t i s that Sekido's rates must be m u l t i p l i e d 

p 
by 2.7*+7 10"" ; Parker states t h a t the aperture of his 
apparatus i s a f a c t o r of 2 down on that f o r Sekido, the 
scaling f a c t o r f o r Parker's rates w i l l therefore be 
5 . ^ io~2. 

From Figure 1+.2 i t may be seen that the slope of the 
Durham d i s t r i b u t i o n i s i n good agreement w i t h t h a t of 
Parker; the s l i g h t d i f f e r e n c e i n absolute magnitude may, 
a t t h i s stage, be a t t r i b u t e d t o u n c e r t a i n t i e s i n calcu­
l a t i n g the acceptance of the various experimental 
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arrangements. There i s however a marked discrepancy 
between the slope of Sekido's d i s t r i b u t i o n and the 
others; since the muon threshold i s ~10 GeV compared 
w i t h ~ 2 GeV f o r Parker and «•»(>.2 GeV f o r Durham i t would 
be expected t h a t Nagoya rates should be lower at a l l 
z e n i t h angles. Parker suggests that the d i f f e r e n c e i n 
slope may be a t t r i b u t e d t o the d i f f e r e n t threshold 
energies as there are more low energy muons i n 60° 
showers than i n those nearer the h o r i z o n t a l . This has 
been i n v e s t i g a t e d i n the t h e o r e t i c a l section of the 
present work and i t i s concluded that t h i s w i l l only 
e x p l a i n p a r t of the discrepancy. A second p o s s i b i l i t y , 
and one which may also help t o explain the higher r a t e 
a t l a r g e z e n i t h angles, i s the increasing s e n s i t i v i t y 
of the Cerenkov telescope measurement t o contamination 
by v e r t i c a l E.A.S. as the telescope i s d i r e c t e d t o 
l a r g e r z e n i t h angles. Both the Utah and Durham experi­
ments are immune t o such contamination, and even i f i t 
were present i t would be independent of zenith angle. 
A t h i r d f a c t o r i s t h a t the geomagnetic conditions a t 
the three s i t e s are d i f f e r e n t ; p reliminary t h e o r e t i c a l 
considerations show tha t t h i s w i l l not explain the whole 
of the remaining discrepancy however. 
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The o v e r a l l conclusion must therefore be t h a t 
there i s some f a c t o r , as yet unknown, which i s 
responsible f o r the discrepancies between the Nagoya 
and other experimental d i s t r i b u t i o n s . 

^•5-3 The Muon, 'Number' Spectrum f o r 57.5o4 9<q0 o 

The Durham apparatus goes f u r t h e r than the other two 
i n t h a t i t has a large area of detector i n a d d i t i o n t o 
the t r i g g e r i n g counters, the respective areas being 
~3*+ m2 and 2 m̂ . I t i s th e r e f o r e possible t o look at 
the muons accompanying the t r i g g e r i n g p a r t i c l e s . Table 
k.h shows a l l those events not rejected because of non-
p a r a l l e l t r a c k s , f o r 6>57»5°; that i s , i t includes the 
Sekido type events i n t h i s angular range as w e l l as those 
considered t o be of a type which Sekido would have 
r e j e c t e d . 

Table h.k 
The frequency of observation of m u l t i p l e muons 

No. of p a r a l l e l muons (N) 2 3 k 5 6 11 ik 20 

Frequency 12 6 6 2 1 1 1 1 

Parker quotes a two-muon t o three-muon event r a t i o 
of 23:1, however t h i s i s not d i r e c t l y comparable w i t h 
the Durham r e s u l t of ~-Q.il because of the v a s t l y d i f f e r e n t 
acceptance c o n d i t i o n s . 

http://~-Q.il
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1+.5« 1+ Muon Bundles, 
One possible candidate e x i s t s amongst the N events 

of run C, t h i s has 27 v i s i b l e p a r a l l e l tracks at a zenith 
angle o f ¥t°, which means th a t the e f f e c t i v e area of the 
array f l a s h tube t r a y s i s ~ l 6 . 7 m gi v i n g a density over 
the array of <"-1.6 p a r t i c l e s / m . 

^.6 The Barometric C o e f f i c i e n t 
During run A s u f f i c i e n t data were c o l l e c t e d f o r a 

determination of the barometric c o e f f i c i e n t (B). The 
observations of array t r i g g e r i n g p r o b a b i l i t y as a func­
t i o n of atmospheric pressure are shown i n Figure h.2>. I f 
Ap = p - 76O mm.Hg then the rate of t r i g g e r i n g i s given 
by:-

Rate = 6.20 9-Q-2g6fr p e r hr. 0*.3) 

a n d ' (9% 
B = £5$ per cm.Hg. 

Previous experimental determinations give values of 
B ranging from 10$ per cm.Hg f o r a shower of 10-

p a r t i c l e s t o ihfo per cm.Hg f o r p a r t i c l e s ; these 
r e s u l t s being f o r near v e r t i c a l showers. The reason f o r 
the much higher value of 25$ V Q r cm.Hg i s not known at 
present. 
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of the atmospheric pressure. 
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CHAPTER •> 

High Energy I n t e r a c t i o n s - a Survey 

5*1 Introduction, 
The u l t i m a t e aim of the present work i s , as stated 

e a r l i e r , t o throw l i g h t on two problems, the mass compo­
s i t i o n of the primary cosmic rays responsible f o r E.A.S., 
and those features of high energy c o l l i s i o n s which are not 
accessible t o examination by other means. 

I n order t o understand the significance of experi­
mental r e s u l t s i t i s necessary t o have a model w i t h which 
the e f f e c t of a change of, f o r example, some feature of 
high energy i n t e r a c t i o n s on the sea-level c h a r a c t e r i s t i c s 
of the shower may be examined. At the s t a r t of the 
present i n v e s t i g a t i o n there were no experimental r e s u l t s 
a t l a r g e z e n i t h angles t o guide the development of a 
model. Consequently i t has been necessary t o perfec t a 
model which w i l l accurately p r e d i c t the known features of 
near v e r t i c a l showers and then t o t r a n s l a t e t h i s t o 
l a r g e r z e n i t h angles. 

The f i r s t step i s t o make a survey of a l l a v a i l a b l e 
r e s u l t s concerning high energy i n t e r a c t i o n s from emulsion 
work, bubble and cloud chamber data. This means t h a t the 
various spectra and the values assumed f o r parameters 
cannot be j u s t i f i e d i n themselves at the much higher 
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energies involved i n E.A.S. However when these assumed 
values are used i n conjunction w i t h each other t o form 
a shower model and the r e s u l t s concur w i t h those 
observed experimentally, then there i s , t o some extent, 
j u s t i f i c a t i o n f o r the i n d i v i d u a l parameters. 

5*2 I n t e r a c t i o n Length and I n e l a s t i c i t y 
5 . 2 . 1 Nucleon-nucleus C o l l i s i o n s 
There are two features t o be discussed under t h i s 

heading, the p r o b a b i l i t y of such an i n t e r a c t i o n taking 
place and the e l a s t i c i t y of the i n t e r a c t i o n , these being 
i n t e r - r e l a t e d . 

I t i s important t o note the difference between Kj. 
and K - H , the former i s the f r a c t i o n of the incident 
p a r t i c l e energy given t o a l l secondaries -whereas i s 
the f r a c t i o n taken by pions only. I f i s the i n t e r a c ­
t i o n l e n g t h f o r i n e l a s t i c c o l l i s i o n s and \ & i s the 
a t t e n u a t i o n l e n g t h then:-

* i S -l 
£ = 1 - (1 - K T ) x ( 5 . 1 ) 

where M i s the exponent of the d i f f e r e n t i a l primary 
spectrum. 

There i s some doubt as t o the value of X^; experimen­
t a l determinations by Walker et a l . (1950) give = 8 1 + 
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o 
g.cm" whereas Bozoki et a l . (1962) report a value of 

_o 
73> ±. 7 g»cm . This parameter may also be calculated 
from a knowledge of the sizes of a i r n u c l e i and the 
magnitude of the elementary nucleon-nucleon cross section 
Ô . Williams (I96O) and Alexander and Y e k u t i e l i ( I96I , 

HFCRL-IO89) have worked out the r e l a t i o n between \^ and 
QT^; using the i n e l a s t i c cross section measured by Cocconi 
( I 9 6 D at 2h GeV, = 32 mb, \ ± i s 93 g.cm"2 f o r a i r . 
However, f o r the present work \^ i s required f o r much higher 
energies, i t i s thought t h a t 0^ w i l l approach k 3 mb gi v i n g 
\ ^ ~ 80 g.cm" . Udgaonkar and Gell-Mann (1962) using the 
Regge Pole hypothesis i n the primary energy region 
10-10 GeV give = 70 g.cm , however, they used a value 
of greater than the measured value, thus t h e i r value of 
Xj_ i s l i k e l y t o be too short. Grigorov et a l . (1966a) 

have measured the f l u x and energy of unaccompanied, 
charged, s t r o n g l y i n t e r a c t i n g p a r t i c l e s at mountain 
a l t i t u d e by means of an i o n i s a t i o n calorimeter. This 
was compared w i t h the f l u x of primary protons measured 
above the atmosphere by the s a t e l l i t e Proton I . They 
r e p o r t \ £ 86 + 3 g.cm"2 f o r E p > 5 10 2 GeV and f a l l i n g 
smoothly w i t h increasing energy u n t i l Aj_ £ 6 L ±h g.cm"2 

f o r Ep>> 3 10 3 GeV. 
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I f we take a value of 80 g.cm f o r A^, 120 g.cm 
f o r \ a and tf = 2.58 then s u b s t i t u t i o n i n equation ( 5 . 1 ) 

gives K t = 0 .509; Brooke et a l . (196*+) show tha t t h i s i s 
v i r t u a l l y energy independent. I n a survey by these 
authors i t i s concluded t h a t K̂ . - K u «- 0 .12 , that i s , 
K - u ~ 0 . 3 8 , and f o r the f l u c t u a t i o n s i n K«, a d i s t r i b u ­
t i o n of the f o l l o w i n g form i s assumed 

F(K K)dK w = -(l + o O 2 ( l + K n ^ l n d - K n M K r t ( 5 -2 ) 

where 06 = 3 . 6 . 

For K T we replace KR by K̂ . i n the proceeding expres­
sion and put cL - I . V 3 . 

5 . 2 . 2 Heavy nucleus-air-nucleus C o l l i s i o n s 
The i n t e r a c t i o n cross section increases as the mass 

number of the in c i d e n t nucleus increases, consequently, 
_2 

= 15 g.cm f o r an i r o n nucleus. Bradt et a l . (1966) 

suggest th a t only one of the % nucleons of an i r o n 
nucleus i s involved i n the f i r s t i n t e r a c t i o n and. that 
the r e s t of the nucleons which are now fragmented con­
t i n u e w i t h t h e i r o r i g i n a l energy and have an i n t e r a c t i o n 
mean f r e e path of 80 g.cm"2. 

Bradt and Rappaport (1967) have considered two cases:-
i ) Complete fragmentation takes place i n the 

f i r s t i n t e r a c t i o n . 



i i ) Alpha p a r t i c l e s are produced i n the f i r s t 
i n t e r a c t i o n and these fragment i n a sub­
sequent i n t e r a c t i o n . 

They conclude t h a t the change induced i n the muon 
f l u x a t sea-level i s not s i g n i f i c a n t . 

5 « 2 . 3 Pion-air-nucleus C o l l i s i o n s 
Most authors, at the time that t h i s survey was 

c a r r i e d out, agreed th a t these c o l l i s i o n s are completely 
i n e l a s t i c , t h a t i s t o say, *\ = 1, the incident pion does not 
survive the i n t e r a c t i o n . However, the assumed value f o r 
the i n t e r a c t i o n mean free path varies considerably. 
Dedenko &96k) takes Xir= 80 g.cm"2, H i l l a s (1966) 

100 g.cm"2 and Cowsik (1966) a value of 120 g.cm"2. 

5.3 The M u l t i p l i c i t y of Secondary P a r t i c l e s 
A survey has been made of the experimental determi­

nations of t h i s parameter, and the r e s u l t s are shown i n 
Figure The lower primary energy events are bubble 
chamber i n t e r a c t i o n s i n i t i a t e d by machine accelerated 
p a r t i c l e s w h i l s t those towards the upper end of the energy 
scale are observed i n emulsions flown at high a l t i t u d e s 
and are i n i t i a t e d by cosmic rays. Also shown i n the 
f i g u r e are the r e l a t i o n s h i p s between the number of charged 
secondaries ( n s ) and inc i d e n t p a r t i c l e energy (Ep) used by 
various authors. 



Caption f o r Figure 5 . 1 

The number of charged, secondaries as a f u n c t i o n of i n c i ­
dent p a r t i c l e energy, as reported by the f o l l o w i n g authors 

1 von Lindern ( 1 9 6 1 ) . 

2 As 1 . 

3 L a i et a l . ( 1 9 6 2 ) . 

h Dobrotin et a l . ( 1 9 6 2 ) . 

5 As L . 
6 As k. 

7 Lohrraan et a l . ( 1 9 6 1 ) . 

8 As h. 

9 Abraham et a l . ( 1 9 6 3 ) . 

10 I.C.E.F. ( 1 9 6 3 ) . 

1 1 Malhotra et a l . ( 1 9 6 6 ) . 

12 As 1 0 . 

13 Aly et a l . ( I 9 6 O ) . 

As 1 0 . 

The l i n e s are due t o the authors given i n the key t o the 
diagram. 
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Some are simple power laws, f o r example, Wdowczyk I 
(1966) , 

n s

± = 1 . 8 E p ^ ( 5 . 3 ) 

Others co n s i s t of compounded power laws, H i l l a s (1966) 

ricr = 1 . 8 f o r E^ < 1 0 3 GeV 
b P P 

n g i <* ^ f o r E p > 1 0 3 GeV ( 5 A ) 

The other type of m u l t i p l i c i t y law has a logarithmic 
form, f o r example, 
Wdowczyk I I (1966) 

n / = 1.0 ln(Ep+2) ( 5 . 5 ) 

Malhotra (196*+) 

n < t - = 1 . 6 l n S l ( 5 . 6 ) 
s 2.7 

A l l of these r e l a t i o n s h i p s are i n reasonable agree­
ment w i t h experiment f o r E p ^ 5 1 0 3 GeV; above t h i s energy 
they are at variance w i t h each other and sel e c t i o n of the 
most s u i t a b l e law i s hindered by the dearth of experimen­
t a l i n f o r m a t i o n . 
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5 » k The Energy D i s t r i b u t i o n of the Emitted P a r t i c l e s 
5» 1+«1 I n t r o d u c t i o n 

These may conveniently be divided i n t o two groups, 
the 'one c e n t r e 1 and 'multi-centre' models. The former 
are exemplified by the t h e o r i e s of Fermi, Heisenberg and 
Landau i n which the energy i s confined i n a small volume 
and then released i n the form of created p a r t i c l e s . I n 
the m u l t i - c e n t r e models, f o r example Kraushaar and Marks, 
Cocconi, Ciok et a l . the c o l l i s i o n leaves the nucleons i n 
a highly e x c i t e d state and there may be two or four 
regions moving w i t h d i f f e r e n t v e l o c i t i e s each capable 
of e m i t t i n g mesons. 

The f i r e b a l l models emerged some eight or more years 
ago, from the study of cosmic rays i n emulsions. Evidence 
t o support the theories has been sparse and i t i s s t i l l 
not clear whether f i r e b a l l s r e a l l y e x i s t . They may simply 
be a convenient way of describing peculiar angular d i s ­
t r i b u t i o n s which may i n f a c t have nothing to do w i t h the 
formation of a massive body which subsequently decays i s o -
t r o p i c a l l y i n t o many lower energy secondaries. 

5.^.2 The C.K.P. Model 
This i s an e m p i r i c a l model put forward by Cocconi 

et a l . (1961) t o account f o r the observed c h a r a c t e r i s t i c s 
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of high energy i n t e r a c t i o n s , i n p a r t i c u l a r the observed 
energy spectrum of pions from the i n t e r a c t i o n of protons 
w i t h l i g h t n u c l e i at machine energies. The r e l a t i o n s h i p 
f o r the number of pions of one sign emitted i n the 
forward d i r e c t i o n i n the C-system i s s -

N(E n)dE n = | exp ( =f*) dE* ( 5 . 7 ) 

where E n i s the energy of the pion i n the L-system, A i s 
the mean m u l t i p l i c i t y of pions of one sign emitted i n the 
forward d i r e c t i o n i n the C-system and T i s the mean pion 
energy. 

I f E p i s the primary energy, then:-

A.T = £ K n.E p ( 5 . 8 ) 

They assume t h a t the m u l t i p l i c i t y f o l lows the Fermi 
equation, n oc Ep*, where n i s the t o t a l number of secon­
d a r i e s ; i f a l l of these are assumed t o be pions, then 
n = 6A. The f a c t o r 6 i s t o allow f o r the three charge 
states of the pion and the $0% of pions emitted i n the 
backward cone i n the C-system, which they assume t o have 
n e g l i g i b l e energy i n the L-system. 

The transverse momentum d i s t r i b u t i o n f o r pions 
f o l l o w s , approximately, the Boltzman Law:-
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f<p t)dp t = \ exp ( W ( 5 . 9 ) 
p o \ po / 

•where the average value of p t , <p^>» i s equal t o 2p Q, 
they suggest t h a t <£p.j.> should take a value i n the range 
OA - 0.*+5 GeV/c. 

5 A . 3 The T w o - f i r e b a l l Model 
Huggett (1966) has re-examined the features of a 

symmetrical t w o - f i r e b a l l model and compared i t s predic­
t i o n s w i t h those of the O.K.P. model which i s e s s e n t i a l l y 
a one centre model. The i n t e g r a l energy spectra of the 
secondaries i n the L-system predicted by the two models 
are s i m i l a r up t o pion energies of ~600 GeV, (E p = 1 0 3 GeV3. 
Above t h i s energy the t w o - f i r e b a l l model has a t a i l which 
i s higher than that of the O.K.P. model. Apart from t h i s 
both models give s i m i l a r features f o r many of the 
observable e f f e c t s . The e f f e c t of the high energy t a i l 
would probably be t o steepen the l a t e r a l muon density 
d i s t r i b u t i o n and t o decrease somewhat, at small z e n i t h 
angles, the >»/e r a t i o , due t o an increase i n the number 
of sea-level electrons. 

5 A. Li- The Isobar Model 
I t has been suggested by many workers (e.g. Peters 

( 1 9 6 2 ) ) , t h a t i n high energy nucleon-nucleon c o l l i s i o n s 
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the e x c i t a t i o n of a baryon isobar may take place. This 
involves the production of massive excited, bodies such as 
N x, K35 and^o mesons; there mesons taki n g the r o l e t h a t 
^ - p a r t i c l e s and fr-rays play i n nuclear i n t e r a c t i o n s , namely 
the r o l e of quanta emitted i n subsequent t r a n s i t i o n s t o a 
more stable s t a t e , f o r example, N X - » K + K + N + nn. 

The p r o p e r t i e s of the model are best i l l u s t r a t e d by 
reference t o models of Cowsik (1966) and Pal and Peters 
( 1 9 6 k ) . They assume that the de-exc i t a t i o n proceeds v i a 
the emission of pions which carry away ~27$ of the i n c i ­
dent energy, these pions are emitted i s o t r o p i c a l l y i n the 
isobar r e s t frame, each having a unique energy, ~ 2 5 0 MeV 
i n the G-system. The d e - e x c i t a t i o n leaves the nucleus w i t h 
a f l a t energy spread of 35 -*70%, i . e . ̂ ~ 3 5 — 70$, *\ = 53$. 

The remaining ~20% i s taken up by a f i r e b a l l which moves 
slowly i n the C-system r a d i a t i n g nucleon-anti-nucleon p a i r s 
and pions i s o t r o p i c a l l y . I n pion-nucleon c o l l i s i o n s , a 
f i r e b a l l at r e s t i n the C-system radiates as i n an 
ordinary nucleon-nucleon c o l l i s i o n . 

At low energies they f i n d that the major c o n t r i b u t i o n 
t o the muon component comes from the f i r e b a l l or pionisa-
t i o n process, then the muons a r i s i n g from the decay of the 
isobar take over. 
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However there i s experimental evidence which i s i n d i s ­
agreement. Grigorov et a l . (1966b) have in v e s t i g a t e d 

3 

showers w i t h E p ^ 2 10 GeV using an i o n i s a t i o n calorimeter. 
They conclude t h a t : d i r e c t i n v e s t i g a t i o n of i n t e r a c t i o n s 
a t p a r t i c l e energies ~5 1 0 3 GeV do not confirm the hypothe­
s i s of the production of high energy pions by isobar decay. 
Fowler and Perkins (196HO suggest t h a t a f u r t h e r consequence 
of the model i s t h a t at very high energies the d i f f e r e n t i a l 
gamma-ray spectrum and the i n t e g r a l muon spectrum should 
both f o l l o w the d i f f e r e n t i a l primary spectrum, whereas, i n 
f a c t , they are s i g n i f i c a n t l y steeper. 

Thus i t would seem t h a t the p r o b a b i l i t y of energetic 
plons being formed by the decay of a nucleon isobar i s 
small. 

5« 1+»5 The P e r s i s t e n t Barvon, Model 
Smorodin (1967) proposed that a number of inconsis­

tencies i n the experimental data on i n t e r a c t i o n s between 
cosmic ray nucleons of >100 GeV and a i r n u c l e i could be 
removed i f i t i s assumed tha t a f t e r i n t e r a c t i o n the 
nucleon goes t o a passive state i n which the cross-
section f o r i n t e r a c t i o n i s lower than normal. Analysis 

of experimental data suggests that the l i f e t i m e i n the 
-10 

passive state should be i n the order of 10 second and 
the i n t e r a c t i o n cross-section should be less than 0.1 t o 
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0.2 of the normal value. 
E r l y k i n et a l . (1967) have reported, i n v e s t i g a t i o n s 

made w i t h the Tien Shan i o n i s a t i o n calorimeter, situated 
a t 20 m.w.e. underground, of the spectrum of i o n i s a t i o n 
b u r s t s . The r e s u l t s show t h a t the c h a r a c t e r i s t i c s of the 
penet r a t i n g component do not d i f f e r from the properties 
of the muon component and do not give any i n d i c a t i o n of the 
existence of a passive baryon state. 

5.5 The Charge Ratio 
Spectrograph measurements of the charge r a t i o of 

muons i n E.A.S. have been c a r r i e d out by Bennett and 
Greisen (196D and by Rochester et a l . CI966). Both sets 
of measurements are consistent w i t h a value which does 
not d i f f e r s i g n i f i c a n t l y from u n i t y ( a t l e a s t f o r the 
bulk o f the muons which come from pions emitted w i t h 
r a t h e r small transverse momenta); t h i s indicates the 
r e l a t i v e unimportance of K-meson production since these 
would give r i s e t o a high plus to minus r a t i o . 

5*6 Transverse Momentum 
A survey of <P-fc>, the mean transverse momentum, of 

the secondary p a r t i c l e s of an i n t e r a c t i o n i s shown i n 
Figure 5.2; t h i s excludes the in v e s t i g a t i o n s t o be 
discussed l a t e r i n t h i s section. I t may be seen that 
a l l the values l i e below ~0.7 GeV/c and that there i s 



Caption f o r Figure 5 . 2 

The mean Transverse Momentum as a Function of Incident 
P a r t i c l e Energy, as reported by the f o l l o w i n g authors. 

1 Aly et a l . (1959). 
2 Blue et a l . (1960). 
3 Rajopadhye et a l . (1960). 
4- Grote et a l . (196D. 
5 Lukin:et a l . (1960). 
6 Bozoki et a l . (1962). 
7 Peters (1962). 
8 Fujioka (1961). 
9 Hansen et a l . (I96O). 

10 Dobrotin et a l . (1962). 
11 Edwards (1958). 
12 Brisbout et a l . (196l). 
13 As 11. 
14 As 11. 
15 Schein et a l . (1959). 
16 As 11. 
17 Minakawa et a l . (1959). 
18 Debenedetti et a l . (1956). 
19 Malhotra et a l . (1966). 
20 As 17. 
21 As 11. 
22 Awunor-Rennor et a l . (1960). 
23 Nishikawa (1959). 
2k Akashi et a l . (1966). 
25 Hasagawa S. (1959). 
26 Ciok et a l . (1957). 
27 Kazuno (1962). 
28 Aly et a l . (I96O). 

o r e f e r s t o measurements on charged secondaries 
D r e f e r s t o measurements on neutral secondaries which 

give r i s e t o a e-8 cascade. 
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the suggestion of an increase of <p^>with E^. 
The next consideration i s the form of the transverse 

momentum d i s t r i b u t i o n ; three of these are i l l u s t r a t e d i n 
Figure 5.3 superimposed on, and normalised t o the 
experimental histogram of Aly et a l . (196*+). The d i s ­
t r i b u t i o n s , which are f o r pions, may be expressed 
mathematically as f o l l o w s : -

C.K.P. 

N ( p t ) d p t = — 2
 e xP Pt / P t \ = — 0 expf-.— dp. 

where 2p Q = <p t> = O.h GeV/c. 
Aly et a l . (196U-), 

2p^ 
I I , N(p f)dp. = -—* exp 

Po 

where 2p Q = 0.̂ -3 GeV/c. 

dp, 

N i k o l s k i i (1963), 
2 

I I I , N ( p t ) d p t = exp ( - J dp 1 

(5.10) 

(5.11) 

(5.12) 

where & = 0.105 GeV/c. 
There i s , however, evidence f o r the existence of 

higher values of <p^> f o r pions although some r e s u l t s 
w i l l be contaminated by nucleons. Hasegawa et a l . (1966) 
have analysed bursts recorded i n shielded s c i n t i l l a t o r s , 

they r e p o r t t h a t a d i s t r i b u t i o n of type I i s consistent 
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w i t h t h e i r measurements f o r <p^> g 1 GeV/c. Among the 
5000 showers w i t h N e £ 5 10^ there were two large bursts 
w i t h <Pt> values of 1.9 GeV/c and l,h GeV/c. The con­
c l u s i o n reached i s t h a t nuclear active p a r t i c l e s w i t h a 
value of p t 2 GeV/c are 100 times more abundant than 
expected from a type I d i s t r i b u t i o n . This i s supported 

by Shibata et a l . (1966) who have analysed double core 
2 

events observed i n a 20 m spark chamber, they have 
events w i t h <p f c> = k7, 21, l*f and 6.5 GeV/c. The 
authors estimate t h a t the minimum p r o b a b i l i t y of occurrence 

If 
of l a r g e p t (£5 GeV/c) i n i n t e r a c t i o n s above 10 GeV i s 
10"-3 which i s t o be compared w i t h 10" , t h i s being the 
p r o b a b i l i t y derived from a type I d i s t r i b u t i o n . Miyake 
e t a l . (1966) also report p f e values i n the range 1 GeV/c 
t o a few tens of GeV/c from t h e i r observations of shower 
cores. 

A f u r t h e r discussion of t h i s important question of 
the p t - d i s t r i b u t i o n w i l l be given l a t e r . 
5.7 Methods of Computation 

There are b a s i c a l l y two methods of computation which 
may be used t o examine the propagation of extensive, 
cosmic ray i n i t i a t e d , a i r showers. These are the 
d i f f u s i o n method and the step by step method, that i s t o 
say, a n a l y t i c a l and numerical. Both of these methods have 
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been used i n the present work and w i l l be described i n 
the f o l l o w i n g chapters. However, i t might be advantageous 
at t h i s stage t o give a b r i e f review of the models used by 
other authors over the l a s t few years, and the features of 
E.A.S. which they have investigated. This w i l l give some 
idea of the vast scope a v a i l a b l e when choosing the para­
meters of the model and i n deciding how to manipulate 
these. 

The problem of the nature of the primary p a r t i c l e s 
has been studied by Bradt et a l . (1966), using both the 
t w o - f i r e b a l l and isobar models. The same problem has been 
examined by Thielheim and Karius (1966) using a Monte Carlo 
treatment, w i t h f i r e b a l l and isobar models, to in v e s t i g a t e 
the production of mu l t i c o r e events. This model had only 
l i m i t e d success due t o l a c k of knowledge concerning the 
high energy t a i l of the production spectrum. 

Turning t o the muon component, Wdowczyk (1966), using 
an a n a l y t i c a l method, has investigated the number of muons 
produced by primary photons. I t i s i n t e r e s t i n g t o note 
t h a t t h i s author used both power law and logarithmic law 
f o r the m u l t i p l i c i t y of secondaries and shows that the 
former gives a much wider muon density d i s t r i b u t i o n w i t h a 
mean density approximately three times that f o r the loga­
r i t h m i c dependence. Cowsik (1966) has examined the high 
energy muon and nuclear a c t i v e p a r t i c l e component of E.A.S. 
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and developed an isobar model i n -which a large f r a c t i o n 
of the non-pions produced i n high energy i n t e r a c t i o n s 
are assumed t o be nucleon-anti-nucleon p a i r s . 
K h r i s t i a n s e n et a l . (1966) have investigated the e f f e c t 
of a wide range of models by noting the s e n s i t i v i t y t o 
changes i n \ i t , the m u l t i p l i c i t y law, energy spectrum of 
secondaries, i n e l a s t i c i t y and allowing the p o s s i b i l i t y 
of isobar production. They have not compared t h e i r r e s u l t s 
w i t h experiment and consequently do not make any conclu­
sions regarding the values of the parameters. 

H i l l a s (1966) has presented r e s u l t s obtained by 
employing the numerical method, he has derived the l a t e r a l 
d i s t r i b u t i o n , energy spectrum and heights of o r i g i n of 
muons. The model employs f i x e d i n t e r a c t i o n points f o r 
the l e a d i n g nucleon and a C.K.P. pion production spectrum. 
M u l t i p l i c i t y i s p r o p o r t i o n a l t o Ejk f o r 4 3 10 3 GeV, 
where E^ i s the i n c i d e n t p a r t i c l e energy, and propor-
t i o n a l t o E i

2 above t h i s value. Coulomb s c a t t e r i n g and 
geomagnetic d e f l e c t i o n have been examined and i t i s 
concluded t h a t t h e i r e f f e c t i s less than 2% f o r v e r t i c a l 
showers, but i t could be q u i t e considerable at large 
z e n i t h angles. An important feature of t h i s model i s 
tha t energy loss by the muon w h i l s t t r a v e r s i n g the atmos­
phere i s taken i n t o consideration, t h i s means tha t the 
p r e d i c t i o n s of the model should be v a l i d f o r muon threshold 
energies down t o a few GeV. 
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CHAPTER 6 

Theoretical Studies of Near V e r t i c a l E.A.S. 

6.1 The Adopted Model Parameters 
As mentioned i n the previous chapter i t i s necessary 

t o choose a model which w i l l give consistency w i t h obser­
vations made i n the v e r t i c a l d i r e c t i o n . 

Following the conclusions r e s u l t i n g from the survey 
of Chapter 5 the followingwere assumed i n i t i a l l y , any 
de v i a t i o n from these values being mentioned at the appro­
p r i a t e p o i n t i n the t e x t . 

i ) High energy nucleons lose, on average, 50$ 
of t h e i r energy i n each c o l l i s i o n and have 
an i n t e r a c t i o n mean f r e e path of 80 g.cm"^, 
both of the q u a n t i t i e s being energy inde­
pendent. 

i i ) The secondary p a r t i c l e s produced i n the i n ­
t e r a c t i o n of protons or pions are e n t i r e l y 

+ 
pions and there are equal numbers of t\ > i \ 
and IT 0 mesons, 

i i i ) These secondary pions have an energy d i s ­
t r i b u t i o n i n the l a b o r a t o r y system given by 
the C.K.P. r e l a t i o n s h i p , w i t h allowance being 
made f o r pions emitted i n the backward cone. 
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f n ( E ) / -Ett\ n(E ) / -E-\1 

S(E n,E 0) = * | _ 2 - e x p ^ j + ^ o _ e x p ^ j i (6.1) 

where n(E Q) i s the m u l t i p l i c i t y of pions produced, E Q "being 
the t r a n s f e r r e d energy. G i s the average energy i n the 
L-system of the backward cone pions and 

T = 2 j \ - n ( E Q ) f j [ n ( E Q ) J "1
 (6.2) 

which i s the average energy of those i n the forward cone, 
i v ) The m u l t i p l i c i t y of pions produced i s given by:-

n- = 2.7 E w i t h E„ i n GeV f o r K = 0.5 
*=• p y 

or n e = 2.7 2* (KE_)* f o r a l l K. (6.3) 

The e f f e c t s of v a r i a t i o n of the c o e f f i c i e n t and the 
index of the power law are considered. 

v) The d i s t r i b u t i o n i n transverse momentum, p t, of 
the produced pions i s given by the expression suggested 
by Cocconi et a l . (196l):-

N ( p t ) d p t = ^ ? exp I )dp (6.4) 
Po \ P 0/ 

The mean transverse momentum, <P t> = 2pQ, i s assumed 
t o be independent of energy and equal to 0.4 GeV/c. As 
w i l l be seen l a t e r , p 0 i s regarded as a v a r i a b l e i n i n t e r ­
p r e t i n g the r e s u l t s . 
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v i ) Pion i n t e r a c t i o n s are assumed t o d i f f e r from 
nucleon i n t e r a c t i o n s i n t h a t they are catastrophic, w i t h 

-2 
an i n t e r a c t i o n l e n g t h of 120 g.cm . The energy spectrum 
of pions produced i n pion i n t e r a c t i o n s i s taken t o be the 
same as that f o r proton i n t e r a c t i o n s w i t h K = 1, i . e . , 
n s = 3.2 Ep*. 

v i i ) When f l u c t u a t i o n s are allowed they may be i n the 
depths and number of i n t e r a c t i o n s of the leading p a r t i c l e 
and i n some cases v a r i a t i o n s are allowed i n the ine l a s ­
t i c i t y of nucleon-air-nucleus c o l l i s i o n s . The adopted 
form o f the i n e l a s t i c i t y d i s t r i b u t i o n i s : -

f ( K ) = -U+oc)2 ( l - K ) * l n ( l - K ) (6.5) 

where ot = l . ^ l ^ f . 
v i i i ) I n i \ - > a decay the energy of the muon i s taken t o be 

O.76 of the pion energy. 
i x ) When considering heavy primaries of mass A and 

energy E p, i t i s assumed t h a t these produce A separate 
showers, each i n i t i a t e d by a primary nucleon of energy 
Ep/A, the f i r s t i n t e r a c t i o n being at the appropriate 
depth f o r a nucleus of mass A. 

6.2 The Method of Computation Adopted 
The pr o p e r t i e s of the atmosphere and the n o t a t i o n 

used i n the c a l c u l a t i o n s are described i n Appendix B. 
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6.2.1 The Hard Component 
Consider the charged pions, i f i t i s assumed tha t 

none survive t o sea-level then each must e i t h e r i n t e r a c t 
•with an air-nucleus or decay t o a muon. 

The p r o b a b i l i t y (P^rj) of a pion i n t e r a c t i n g i n t r a -
v e r s i n g 1 g.cm of atmosphere i s given by:-

where x i s the depth at which the pion i s produced, the 
decay c o e f f i c i e n t , B^, i s given by:-

B < T = M n c h 0 ( 6 < ? ) 

where the atmospheric scale height i s : -

0 /O(x) 

S u b s t i t u t i o n of numerical values i n (6.6), and using 
\t- 120 g.cm"2, gives:-

= 1 + 2 ^ I P " 2 <6-9) 

The p r o b a b i l i t y that a charged pion w i l l decay, rather 
than i n t e r a c t i s therefore given by:-
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P1T]} = 1 - PltX (6.10) 

I n almost 100$ of the cases the decay process i s 

The muons produced have a f l a t energy d i s t r i b u t i o n 
p 

from r E n t o E w where r = (M^/M*) » O.76. 
I n a l l problems i n v o l v i n g the propagation of muons 

through the atmosphere, especially i f we are i n t e r e s t e d 
i n low energy muons, energy loss i n tr a v e r s i n g the atmos­
phere t o sea-level must be allowed f o r . 

f o r E / 1< 0.504/jjo(x) ] ̂  GeV 

= 2.137 10-3 + 7.66 10-5 j i n ^+2 i n E^+i 

+2.73 10~ 6E M GeV gricm? 

+0.106 

(6.11) 

otherwise, 

= 2.109 io" 3 + 7.66 io-5 ̂  I n E m + i 
12 

E^+0.106 

ln/oCx) - 2.73 10" 6 Eu GeV g^cm? (6.12) 
r E^o(x) J ^ 

where, 
- TP2 = E^ \Ejx + M

2
uc 2 -1 
Jttl 
2m e 

(6.13) 
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i s the maximum t r a n s f e r a b l e energy from a muon t o an 
e l e c t r o n . 

I n a d d i t i o n t o the energy loss i t i s essential t o 
take i n t o account the lo s s of muons v i a decay, the muon 
s u r v i v a l p r o b a b i l i t y i s given by:-

where sec©s dx 1 = d l , the increment i n atmospheric depth 
along the t r a j e c t o r y . 

As an example, the muon s u r v i v a l p r o b a b i l i t i e s f o r 
8 = 0 ° are shown i n Figure 6.1. 

I n the c a l c u l a t i o n the atmosphere i s divided i n t o 
_2 

c e l l s of 12 g.cm s t a r t i n g at sea-level, the energy 
l o s s and s u r v i v a l p r o b a b i l i t y f o r muons tra v e r s i n g each 
c e l l i s determined. The t o t a l energy loss i n going from 
the upper boundary of a c e l l t o sea-level i s the sum of 
the energy losses i n the i n d i v i d u a l c e l l s below the 
boundary. The s u r v i v a l p r o b a b i l i t y i s the product of 
the i n d i v i d u a l p r o b a b i l i t i e s . A matrix i s thus produced 
and the energy loss and s u r v i v a l p r o b a b i l i t i e s f o r muons 
produced at intermediate depths may be obtained by a 
three point i n t e r p o l a t i o n procedure. 

SP(x,E 0,e) = exp "M M„c 
cT 

o 
E/x',E 0,e) 'JSCx') 

sec©* dx« 
(6.1*f) 
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Fig. 6 . 1 The muon survival probability as 
function of threshold energy at sea-
l e v e l and production- depth, f o r Q=0°. 
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6.2.2 The Soft Component 
A c o n t r i b u t i o n t o the so f t component i s made by the 

decay of the uncharged pions produced i n nucleon-nucleus 
and pion-nucleus i n t e r a c t i o n s , i n 98% of these decays 
the n e u t r a l pion goes t o two gammas. I t may be shown 
t h a t an accurate r e s u l t follows i f i t i s assumed t h a t one 
gamma-ray takes ~0.8 E^o., and the other ~0.2 Eno,. The 
conversion from gamma ray energy t o number of electrons 
at sea-level may be made v i a the formulae given by 
Snyder (1949): 

N e < t , E , ) * p s f l ^ p j * e xP [ t d - 3 / 2 InS)] (6.15) 

where e c i s the c r i t i c a l energy in a i r , 84 MeV; t i s the 
number of r a d i a t i o n lengths between the point at which 
the gamma was produced and sea-level, t h a t i s , 

x n ( 6 ) - x 
t = -^T— (6.16) 

o 

where X Q i s one r a d i a t i o n length, i n a i r X Q = 37.7 g.cm . 
The age parameter i s : -

S = ^T-T~T (6.17) 
t+21n(E»/ec) 

A p p l i c a t i o n of these formulae t o a l l the gammas 

produced i n a shower and summation of the r e s u l t i n g 

number of electrons w i l l give the t o t a l number of 
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electrons at sea-level produced as a r e s u l t of decay. 
The electrons r e s u l t i n g from the decay of muons do 

not c o n t r i b u t e s i g n i f i c a n t l y t o the t o t a l f l u x as t h e i r 
energy at production i s of the order of 50 MeV which i s 
l e s s than the c r i t i c a l energy. The c o n t r i b u t i o n t o the 
e l e c t r o n f l u x due t o the electro-magnetic i n t e r a c t i o n of 
muons i s neglected. 

6.2.3 T h ^ M l y ^ j c j j U M k p A Qf gaXcula^oa 

The d i f f u s i o n equations used are described i n 
Appendix 0; they are based on models of E.A.S. developed 
by various authors (e.g. Dedenko and Zatsepin, 1959) to 
evaluate the cha r a c t e r i s t i c s of the electromagnetic 
component. 

The main feature of the model i s the i n d i v i d u a l 
treatment of the cascades i n i t i a t e d by each i n t e r a c t i o n 
of the leading p a r t i c l e . D i r e c t c a l c u l a t i o n of those 
features was not p r a c t i c a b l e because of the computing 
time involved. Consequently preliminary c a l c u l a t i o n s 
were made i n order t o b u i l d up a l a t t i c e of 36 para­
meters as a f u n c t i o n of the energy released and the 
depth a t which t h i s took place, the steps chosen were 
0.5 i n the logarithm of the primary energy and 180 g.cm"2 

i n atmospheric depth. By means of t h i r d degree polynomial 
i n t e r p o l a t i o n , the c h a r a c t e r i s t i c s of any i n t e r a c t i o n 
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could be determined. The 36 parameters are, the t o t a l 
number of electrons and the t o t a l number and f i r s t six 
moments of the l a t e r a l d i s t r i b u t i o n of muons f o r energy 
thresholds of 1,3,10, 30 and 100 GeV. 

The e f f e c t s of i o n i s a t i o n loss, /x-e decay and the 
v a r i a t i o n of scale height w i t h depth are allowed f o r , 
consequently the r e s u l t s should be v a l i d down t o muon 
threshold energies o f a few Gev". 

6.2.^f. The Numerical Method of C a l c u l a t i o n 
Each i n t e r a c t i o n of the leading p a r t i c l e i s again 

t r e a t e d separately, the pions produced go to 'pion 
production l e v e l s ' , the f i r s t of these being at 80 g.cm"^ 
and succeeding ones a t m u l t i p l e s of 120 g.cm below t h i s , 
see Figure 6.2. I f a leading p a r t i c l e i n t e r a c t i o n l e v e l 
does not coincide w i t h one of the pion production l e v e l s 
then an appropriate f r a c t i o n of the pions go t o each of 
the two nearest production l e v e l s , those being the one 
above and the one below the i n t e r a c t i o n l e v e l . Since 

120 g.cm""̂  the pion i n t e r a c t i o n l e v e l s w i l l always be 
i n phase w i t h the already established production l e v e l s , 
consequently no adjustment w i l l be necessary. I o n i s a t i o n 
l o s s and^-e decay p r o b a b i l i t y are again taken i n t o account. 

The computer output from the f i r s t stage of the c a l ­

c u l a t i o n consists of the t o t a l number of electrons and 
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the number of mtions' from each production l e v e l as a func­
t i o n of energy. These r e s u l t s may then be processed by 
the i n t r o d u c t i o n of a transverse momentum d i s t r i b u t i o n 
t o give the sea-level l a t e r a l density d i s t r i b u t i o n f o r 
the desired threshold energies. 

I n order t o ca l c u l a t e the l a t e r a l d i s t r i b u t i o n , the 
muons from each production l e v e l are divided i n t o energy 
c e l l s whose widths increase as 0.1 i n the logarithm of 
the primary energy. Each c e l l of muons has the G.K.P. 
transverse momentum impressed on i t , the method of doing 
t h i s i s t o consider annular rings at sea-level, about the 
core, having mean r a d i i r-p ... r n . The p r o b a b i l i t y 
of t h i s c e l l of muons f a l l i n g i n the annulus denoted by 
r^_ i s determined, s i m i l a r l y f o r ... r n ; the muons i n 
the c e l l are than a l l o c a t e d t o these a n n u l i i according t o 
the determined p r o b a b i l i t i e s . Their c o n t r i b u t i o n t o the 
p a r t i c l e density i n the annulus i s calculated by d i v i d i n g 
the number by the area of the annulus. This procedure i s 
repeated f o r a l l the energy c e l l s from a l l production 
l e v e l s and the r e s u l t i n g densities are summed. 

6*3 The C h a r a c t e r i s t i c s of. Showers f o r Primaries of Unique 
Energy 
The s e n s i t i v i t y of shower c h a r a c t e r i s t i c s t o the 

parameters of the model may be examined by studying the 
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average values of the muon and elec t r o n components at 
sea-level f o r primaries of unique energy. The parameter 
t o which the t o t a l numbers of p a r t i c l e s are p a r t i c u l a r l y 
s e n s i t i v e i s the m u l t i p l i c i t y law, accordingly c a l c u l a ­
t i o n s are made f o r the three f o l l o w i n g cases:-

I n = 3.2 (K.E ) ^ 
I I n q = 2.72 (K.EL)* 

I I I n g = 3.2 (K.Ep)* f o r E p a 2 10 3 GeV and 
n s = 0.57 ( K . E p ) ¥ at higher energies. 

A property of many E.A.S. arrays i s t h a t they have 
an acceptance which leads t o an average z e n i t h angle of 
detected showers i n the region of 30°; consequently, 

c a l c u l a t i o n s have been made both f o r v e r t i c a l showers 
o 

and f o r showers at 3° t o the zenith. 
A f t e r the average shower properties have been 

examined the e f f e c t of f l u c t u a t i o n s i s considered. 

6.3.1 The Total Number of Muons and Electrons f o r 
Primary Protons 

The v a r i a t i o n s w i t h primary energy of the t o t a l 
number of ele c t r o n s , ( N e ) , and muons, (N/uJ, f o r v e r t i c a l 
showers and f o r 9 = 30° f o r primary protons and model I 
are shown i n Figure 6.3. 
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Using model I I , instead of model I , again with, 
primary protons, and at © = 30°, the e f f e c t i s t o increase 
N Q by 20$, t o reduce by 20$ at 1 GeV and leave 
unchanged at 100 GeV. Thus, the Nj*/Ne r a t i o f o r > 1 GeV 
decreases by~kofo. Model I I I produces much l a r g e r changes, 
f o r example, at E p = 107 GeV and 0 = 30°, the N^/Ne r a t i o 
f o r E^ ̂  1 GeV i s 19$ compared w i t h 9.2$ f o r model I . 

Comparing these r e s u l t s i t may be noticed t h a t there 
i s a reduction i n the number of electrons at sea-level 
w i t h increasing m u l t i p l i c i t y . The reason f o r t h i s i s 
t h a t higher m u l t i p l i c i t y gives r i s e t o a greater number 
of secondary pions w i t h a corresponding lower mean energy. 
Two n e u t r a l pions w i t h energy E are not as e f f i c i e n t as 
e l e c t r o n producers as one of energy 2Ej- consequently the 
e-fc cascade w i l l be reduced by an amount which i s not 
completely o f f s e t by the increased, number of pions. 

6.3.2 The Total Number of Muon,s and Electrons f o r 
Primary Heavy Nuclei 

The ensuing shower may be considered as the super­
p o s i t i o n of A showers of energy Ep/A; the dependence on 
Ep of N̂ x and N e i s such th a t N e w i l l be reduced and N 
increased. For example, f o r E p = 107 GeV, 6 = 30° and 
A = 20, the NJA/NQ r a t i o f o r Ep & 1 GeV i s 27$ compared if 

w i t h the 9.2$ f o r protons, using model I i n each case, f 
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6.3*3 The L a t e r a l D i s t r i b u t i o n of Muons f o r 
Primary Protons 

The r e s u l t s on the l a t e r a l d i s t r i b u t i o n at 30° are 
shown i n Figure 6,h. I n t e g r a t i n g over the l a t e r a l d i s ­
t r i b u t i o n f o r each threshold energy, the o v e r a l l energy 
spectrum may be determined. I t i s found tha t the spectra 
f o r the three models are s i m i l a r i n shape; i f the spectra 
are normalised at 1 GeV then only above 30 GeV do the 
i n t e n s i t i e s d i f f e r s i g n i f i c a n t l y , as may be seen i n 
Table 6.1. 

Table 6.1 
The i n t e g r a l energy spectrum of muons f o r primary protons, 
E p = 2 10? GeV, & = 30°; the numbers i n the body of the 
t a b l e are r e l a t i v e i n t e n s i t i e s . 

Muon Energy 1 GeV 3 GeV 10 GeV 30 GeV 100 GeV 
Model No 

I 1.00 0.62 0.28 0.092 0.017 
I I 1.00 0.63 0.30 0.125 0.027 

I I I 1.00 0.62 0.29 0.099 0.021 

6*3.^ The L a t e r a l D i s t r i b u t i o n of Muons f o r Primary 
Heavy Nuclei 

Table 6.2 shows tha t the muon l a t e r a l d i s t r i b u t i o n i s 
a l i t t l e f l a t t e r f o r showers i n i t i a t e d by heavy primaries 
than i t i s f o r proton primaries. The reason f o r t h i s i s 
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t h a t the e f f e c t i v e height of production i s greater than 
f o r proton i n i t i a t e d showers due to the heavy nucleus 
t r a v e r s i n g a much smaller thickness of atmosphere before 
making i t s i n i t i a l i n t e r a c t i o n . 

Table 6.2 
Comparison of the l a t e r a l d i s t r i b u t i o n s f o r proton and 
heavy primary (A = 20) i n i t i a t e d showers, E p = 2 10? GeV. 
9 = 30°. The t o t a l number of muons i s normalised t o u n i t y . 
Threshold Number of muons per m Distance from core 

Energy (GeV) A - 1 A = 20 (metres) 
8.8 10"? 7.9 10"? 10 

2.7 10"? io-? 30 
1 1 0-6 k.k i o - 6 100 

^ 9 io"7 5.2 10" 7 300 
1.2 i o - 8 1.5 i o - 8 1000 

2.7 i c r * 2.2 10 ^ 10 
10"? 5 A io-5 30 

10 
i o - 6 5.0 10" 6 100 

l . i io-7 1.5 lO" 7 300 

6.0 lO"^ 6.h 10 ^ 1 10 
100 2.8 io-? h.o 10-5 30 

8.5 i o - 8 1.6 10" 7 100 
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6.3.5 The Mean Height of Muon Production, 
Figure 6.5 shows the number of muons reaching sea-

l e v e l from various production depths. I t may be seen 
t h a t the mean height of production increases w i t h i n ­
creasing muon threshold energy at sea-level. 

6.3.6 The D i s t r i b u t i o n of N e 

I t has been shown, de Beer et a l . (1967a), t h a t the 
l a r g e s t c o n t r i b u t i o n t o the width of the N e d i s t r i b u t i o n 
f o r a f i x e d primary energy comes from f l u c t u a t i o n s i n the 
i n t e r a c t i o n depths of the primary. The profound e f f e c t 
of these f l u c t u a t i o n s i s w e l l known and the signifi c a n c e 
of the depth of the f i r s t i n t e r a c t i o n has been r e a l i s e d . 
The next l a r g e s t c o n t r i b u t i o n arises from f l u c t u a t i o n s 
i n the i n e l a s t i c i t y from one i n t e r a c t i o n t o the next. 
Two d i s t r i b u t i o n s have been investigated, the preferred 
one of Brooke et a l . (196^) and one w i t h more v i o l e n t 
f l u c t u a t i o n s i n which i t i s assumed tha t f ( K ) i s constant 
from K = 0 t o K = 1; the r e s u l t i n g d i s t r i b u t i o n s are not 
very d i f f e r e n t . 

The r e s u l t s of a Monte-Carlo analysis, i n c o r p o r a t i n g 
both types of f l u c t u a t i o n s , f o r electrons at sea-level 
due t o proton primaries f o r both v e r t i c a l showers and 
showers at © = 30° are shown i n Figure 6.6. An i l l u s t r a ­
t i o n of the basic data from which the smooth curves are 
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Fig. 6.5 The number of muons per production l e v e l for 
a shower i n i t i a t e d by a primary of 2.10^GeV at a 
zenith angle of 0°, for three threshold energies. 



Caption f o r Figure 6.6 

Frequency d i s t r i b u t i o n s of electron number, N , f o r 
f i x e d values of primary energy f o r v e r t i c a l and 30° 
showers. Smooth curves have been drawn through the 
predicte d histograms, one histogram i s shown i n order 
t o give an i n d i c a t i o n of the s t a t i s t i c a l accuracy of the 
c a l c u l a t i o n s . 
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drawn i s shown f o r one value of E . The reduction i n 
o o P 

w i d t h i n going from © = 3 0 to 0 and on increasing the 
energy of the primary i s very marked; both arise because 
these changes give closer proximity t o the shower maxi­
mum, where f l u c t u a t i o n s are a minimum. 

I f the primaries are heavy n u c l e i , instead of 
protons, the w i d t h of the d i s t r i b u t i o n s are reduced 
considerably. A measure of the magnitude of the f l u c t u a ­
t i o n s may be achieved by t a k i n g the width of the N e d i s ­
t r i b u t i o n at one-tenth peak height on a l o g a r i t h m i c p l o t 
and d i v i d i n g by N e. Table 6.3 shows such values f o r 
three values of A f o r a primary energy of 10 GeV. 

Table 6.^ 
The w i d t h of the e l e c t r o n size d i s t r i b u t i o n f o r primaries 
of energy 10^ GeV f o r showers at 30°. 

A Width at i height Width at VlO height 
1 5 20 
k 2.5 8 

20 1.2 3 

This large r e d u c t i o n i n width f o r heavier n u c l e i 
o f f e r s the prospect t h a t experimental studies of f l u c t u a ­
t i o n s might give some information on the mass composition 
o f primary cosmic rays. 
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6.3.7 The D i s t r i b u t i o n of 

The f l u c t u a t i o n i n the number of muons from shower 
t o shower, f o r primaries of unique mass and energy, i s 
very small. D i s t r i b u t i o n s f o r three threshold energies 
a t 0 = 0° and 30° are shown i n Figure 6.7 f o r E p = lO^GeV. 
The widths are approximately a f a c t o r of *f narrower than 
f o r electrons and f a i r l y i n s e n s i t i v e to z e n i t h angle and 
threshold energy. For heavy primaries the d i s t r i b u t i o n s 
are even narrower and may be approximated t o d e l t a 
f u n c t i o n s . 

Although the v a r i a t i o n i n the t o t a l number of muons 
may not be very great, there are considerable f l u c t u a ­
t i o n s i n the l a t e r a l d i s t r i b u t i o n of muons. The s i g n i ­
f i c a n c e of t h i s i s t h a t i n many experiments although the 
elec t r o n s are sampled by many detectors d i s t r i b u t e d over 
the shower f r o n t , the muons are detected only by a small 
number of detectors ( o f t e n only one) and these are qu i t e 
commonly close t o the ax i s . I n a d d i t i o n to c a l c u l a t i n g 
the t o t a l number, the mean distance (T) of muons from the 
shower axis has been determined. Figures 6.8 and 6.9 
show histograms of the frequency d i s t r i b u t i o n f o r Wg/N^, 

and N e r 2 / N j j i f o r muon threshold energies of 1 and 10 GeV; 
the considerable reduction i n width f o r N e r /Wju i s 
evident. The s i g n i f i c a n c e of I J u / r 2 i s t h a t i t i s , 
approximately, p r o p o r t i o n a l t o the average density of 
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produced by primary protons of lO^GeV, and f o r a s e a - l e v e l 

muon t h r e s h o l d energy of 10GeV. 
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muons i n the c e n t r a l region of the shower and i t i s clear 
t h a t the f l u c t u a t i o n s i n the c e n t r a l density are smaller 
than i n the t o t a l number. T4iat i o - t o oay» the f l u c t u a ­
tions, -in. tho oontra-l-d'onsity aro-gfloator than-an tho 
t o t a l numbor. The e f f e c t of f l u c t u a t i o n s w i t h regards 
t o the l a t e r a l d i s t r i b u t i o n of muons w i l l be discussed i n 
a l a t e r section. 

6.3.8 Discussion on the Prediotions f o r Showers 
w i t h Fixed Primary Energy 

The most noticeable f e a t u r e of the r e s u l t s i s the 
f a c t t h a t there are wide f l u c t u a t i o n s i n the number of 
electrons but only r e l a t i v e l y small f l u c t u a t i o n s i n the 
number of muons. The f l u c t u a t i o n s i n N Q have several 
sources, notably the p o s i t i o n of i n t e r a c t i o n of the 
primary p a r t i c l e and the energy released i n such an 
i n t e r a c t i o n . The muons are comparatively unaffected 
because they are weakly i n t e r a c t i n g and as a consequence 
r e l a t i v e l y i n s e n s i t i v e t o the point of o r i g i n . 

6.*+ The C h a r a c t e r i s t i c s of Showers of Constant Size 
6.1+.l The Relationship between, Shower Size and 

Primary Energy 
Because electrons predominate i n near v e r t i c a l showers 

at sea-level, most experimental arrays are t r i g g e r e d by 
t h i s component and the t o t a l number of electrons (N e) i s 
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taken as the datum. This q u a n t i t y may be taken to 
represent the 'shower size ' which i s s t r i c t l y the number 
of p a r t i c l e s of a l l types; f o r 8^ t+5° t h i s w i l l give 
r i s e t o a n e g l i g i b l e e r r o r . Other shower properties are 
then r e l a t e d t o the shower size for the purpose of 
examining trends and to allow comparison t o be made 
w i t h other experimental r e s u l t s . As the preceeding sec­
t i o n has shown, there are l a r g e f l u c t u a t i o n s i n N e thus 
making i t an unfortunate choice f o r the datum, even 
though i t i s e a s i l y measured. 

The main e f f e c t s of these f l u c t u a t i o n s are t o bias 
showers of a p a r t i c u l a r N Q t o primary energies lower 
than those shown f o r ' f i x e d Ep' i n Figure 6.3, i n which, 
by chance, a larg e f r a c t i o n of the i n i t i a l energy i s 
released low down i n the atmosphere. The data of 
Figure 6.6 have been used i n conjunction w i t h an assumed 

-1 6 

primary spectrum (N(>E p) = AE p" * ) t o give the mean 
primary energy f o r proton i n i t i a t e d showers having a 
constant number of electrons at sea-level. These are 
shown i n Figure 6.3 denoted by 'Fixed Ne'. 

The f l u c t u a t i o n s i n Nju are small, however, since 
shower size i s used as a datum there w i l l be a decrease 
i n the Î »./Ne r a t i o f o r ' f i x e d N e' and because of the bias 
towards showers which develop l a t e , a steepening of the 
muon l a t e r a l d i s t r i b u t i o n . 
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6.^.2 The Energy Spectmm of Muons I n a Shower of 
Given Size 

The r e s u l t s f o r model I f o r both proton and heavy 
primary i n i t i a t e d showers at © = 30° are shown i n Figure 
6.10 i n the form of against shower size p l o t t e d w i t h 
muon threshold energy as a parameter. 

From Figure 6.10 the muon energy spectrum Figure 6.11 

may be derived, i t i s p l o t t e d f o r 9=20° since measure­
ments of high energy muons are usually made underground 
where the mean a r r i v a l angle i s commonly ~20° t o the 
zen i t h . 

For proton primaries the s e n s i t i v i t y of the N/*/Ne 

r a t i o t o the model i s c l e a r l y v i s i b l e , p a r t i c u l a r l y the 
la r g e increase associated w i t h the r a p i d l y r i s i n g m u l t i ­
p l i c i t y of model I I I . When heavy primaries are con­
sidered the enhancement i s even more marked. Comparing 
w i t h the t h e o r e t i c a l work of H i l l a s (1966), the shape 
of t h i s author's energy spectrum l i e s between those of 
models I and I I . 

For a comparison between theory and experiment t o 
be s a t i s f a c t o r y i t should be made over a wide range of 
shower sizes. However, many measurements have been made 
f o r showers i n the order of 10^ p a r t i c l e s , even here 
there are d i f f i c u l t i e s associated w i t h the f a c t s t h a t 



F i g . 6.10 The t o t a l number of muons as a f u n c t i o n of 
shower s i z e G^+N e) f o r Covers a t 30° i n i t i a t e d by 
protons and heavy n u c l e i (A=20). 1j>red i c i t * 1 v ^ l a ^ i^x't 

viw.liA u-wly A,Lwe \tri 10".' 
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i ) The measurements have not been made f o r a 
unique z e n i t h angle and i n some cases the 
a r r i v a l d i r e c t i o n i s not known accurately, 
thus making i t necessary t o estimate the 
value. 

i i ) The apparatus u s u a l l y accepts a range of 
shower sizes and i n order to transform the 
muon d e n s i t i e s t o those f o r a unique shower 
si z e , a scaling law, which i s not w e l l 
known, i s applied , 

i i i ) The t o t a l number of muons i s derived by 
i n t e g r a t i n g over the l a t e r a l d i s t r i b u t i o n 
and t h i s quantity i s r a r e l y measured 
accurately i n those regions which make the 
major c o n t r i b u t i o n t o the t o t a l number. 

The experimental r e s u l t s used i n t h i s analysis are 
in d i c a t e d i n the caption t o Figure 6.11, conversion 
having been made, where necessary, t o © = 20°, sea-
l e v e l and a shower size of 10^ p a r t i c l e s . I t may be 
seen t h a t the experimental values appear to l i e on a 
smooth curve, which i s s i m i l a r i n shape to those predicted. 

I t may be concluded from t h i s comparison th a t the 
chosen features of the model concerning the l o n g i t u d i n a l 
propagation of the shower through the atmosphere are 
acceptable. However, the predicted spectra are s l i g h t l y 



Caption f o r Figure 6.11 

The energy spectrum of 
size 10^ p a r t i c l e s compared 

Symbol Authors 

1 Bennett and Greisen 
1961 

1* Greisen 1960 

2 Chatterjee et a l . 1966 

3 Barnaveli et a l . 196̂ -

h Khrenov 1965 

5 E a r l 1959 (r <: 900 m) 
6 Vernov et a l . 196Lt-
7 Hasegawa et a l . 1962 

8 Porter et a l . 1957 

9 Abrosimov et a l . 1958 
1960 . 

muons f o r showers of mean 
w i t h experimental r e s u l t s . 

E^min Size 6° A l t i t u d e 
(GeV) 

1 10 6 20H S.L. 

As 1. 

220 10 6 20* S . L . , 

^0 6 10 5 15 H-OOm, 
10 10 6 30 s S .L . y 

1 k 10 6 25 S.L. 

10 10 6 20 S.L • , 

^.5 10* 10 S.L. 

o.k 6 10 6 30H S.L. 

0.5 
o.5 

5 10* 
2 10' 

30 s 

30 s 
S.L. 
S .L. 

H Value assumed 
S.L. Sea l e v e l 
U.G. Underground 
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i 
steeper above~ 100 GeV, t h i s may be due t o the neglect 
of kaons amongst the secondaries. The neglect of non-
pions w i l l also introduce a small u n c e r t a i n t y i n t o the 
v e r t i c a l scale of the spectra, therefore, the predic­
t i o n s of t h i s f i g u r e w i t h respect t o the mean mass of the 
primary cosmic rays w i l l have a corresponding u n c e r t a i n t y . 
By i n t e r p o l a t i o n i t i s possible to a r r i v e at a value of 
A e f f ^ f o r the p r e f e r r e d model - model I ; although the 
u n c e r t a i n t y mentioned previously has now been enhanced 
by e r r o r s on the experimental p o i n t s . Model I I would 
p r e d i c t & Q f f ~ 8, and i t i s obvious th a t model I I I would 
r e q u i r e & e f f < 1, which i s impossible. 

Using the data on composition given by Ginzburg and 
Syrovatsky (19#f) and assuming that the primary composi­
t i o n i s the same f o r primary energies corresponding t o a 
shower size of 10^ as i t i s f o r lower energies, then A e f f 
would be ~2 . One possible conclusion i s t h a t , assuming 
model I t o apply, the present work lends support t o the 
hypothesis t h a t the f r a c t i o n of heavy p a r t i c l e s i n the 
primary f l u x i s greater at energies i n question than at 
lower energies. Conversely i f the hypothesis i s t r u e 
then t h i s exercise has shown tha t model I i s s a t i s f a c t o r y , 
at l e a s t f o r the l o n g i t u d i n a l development of showers. 
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6.5 The L a t e r a l Development of the Shower 
The muon energy spectrum allowed, the l o n g i t u d i n a l 

aspects of the model to be compared w i t h experimental 
r e s u l t s . I n order t o carry out a comparison w i t h those 
aspects which give r i s e to the l a t e r a l development of the 
shower the l a t e r a l d i s t r i b u t i o n of muons at sea-level w i l l 
be examined. I t should be borne i n mind that any changes 
to the model as a r e s u l t of t h i s comparison should have a 
minimal e f f e c t on the l o n g i t u d i n a l development as t h i s 
has already been shown t o be i n good, agreement w i t h 
experiment. 

6.5.1 The L a t e r a l D i s t r i b u t i o n of Muons 
Figures 6.12, 6.13 and 6.1^ show the muon l a t e r a l 

density d i s t r i b u t i o n s p r e d i c t e d by model I and s l i g h t 
v a r i a n t s on t h i s model f o r a shower size of 10^ at three 
threshold energies. These d i s t r i b u t i o n s have a shape 
which i s almost i n d i s t i n g u i s h a b l e from those predicted 
by H i l l a s (1966). A comparison i s made w i t h the 
experimental work l i s t e d i n the caption to each f i g u r e ; 
the d i f f i c u l t i e s mentioned as points ( i ) and ( i i ) of 6.1+.2 

are again operative. Corrections have been applied to the 
experimental data, where necessary, to convert them to a 
mean shower size of 10^ p a r t i c l e s , the ordinates were 
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scaled according t o N M <* N e * a law which i s derived 
from the present c a l c u l a t i o n s . Further c o r r e c t i o n s have 



Caption f o r Figure 6.12 

The l a t e r a l d i s t r i b u t i o n of muons f o r E>> 1 GeV, K Q = 1(A 
Comparison i s made between predicted and the f o l l o w i n g 
experimental r e s u l t s normalized to Eymin. 

Symbol Authors E^min Size 6° A l t i t u d e 
(GeV) 

• Abrosimov et a l . 1958 0.5 5 10^ 30K S.L. 
A Abrosimov et a l . 1960 0.5 2 10? 30 s S.L. 
o E a r l 1959 1 106-3 10? 30 S.L. 
* Porter et a l . 1957 O.k 6 10 6 30 x S.L. 

Lehane et a l . 1958 1 2 105-2 10 6 30H S.L. 

35 Value assumed 
S.L. sea l e v e l 
• A l l p^ 1 denotes the complete transverse momentum d i s t r i ­

b ution. 
'p^ ^ 0 . 1 ' denotes a c u t - o f f applied so that p a r t i c l e s w i t h 

transverse momenta below 0.1 GeV/c are suppressed. 
1 c o r r 1 denotes c o r r e c t i o n f o r errors i n core l o c a t i o n . 
Except where <p t> = 0.6, the d i s t r i b u t i o n s r e f e r t o a 
transverse momentum ( w i t h no c u t - o f f ) of 0,h GeV/c. 
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Caption f o r Figure 6.13 
The l a t e r a l d i s t r i b u t i o n of muons f o r 10 GeV i n 
showers of mean size 10^ p a r t i c l e s . Comparison i s made 
between p r e d i c t i o n and the f o l l o w i n g experimental r e s u l t s . 

Symbol Authors E^min 
(GeV) 

o Vernov et a l . 196^ 10 

• Vernov et a l . 196*+ 10 

A Vernov et a l . 1966 10 
( a f t e r Khrenov) 

Nomenclature as F i g . 6.12. 

Size ©° A l t i t u d e 

5 10 6 20 S.L., U.G. 
5 10* 20 S.L., U.G. 

10 6 30 s S.L., U.G. 
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Caution f o r Figure 6,lh 

The l a t e r a l d i s t r i b u t i o n of muons f o r E^> 1+0 GeV, 
N Q = 10^. Comparison i s made between p r e d i c t i o n s and 
the f o l l o w i n g experimental r e s u l t s . 

Symbol Authors E^min Size 9° A l t i t u d e 
(GeV) 

• Barnaveli et a l . 196^ ^0 6 10^ 15 kOOm, U.G. 

Nomenclature as F i g . 6.12. 
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been made t o convert to a mean zenith angle of 30° ? and 
t o sea-level assuming the electron number t o vary w i t h 
an a t t e n u a t i o n l e n g t h of 200 g.cm . I n the case of the 
f i g u r e f o r > 1 GeV some of the data have been corrected 
t o allow f o r the f a c t t h a t t h e i r threshold energy i s less 
than 1 GeV, t h i s has been done using the energy spectrum 
as a f u n c t i o n of r a d i a l distance, derived i n the present 
work. 

Comparing the curve marked 'A = 1 , a l l p^.', which i s 
the d i r e c t r e s u l t of applying the Cocconi et a l . transverse 
momentum d i s t r i b u t i o n t o model I f o r protons, i t i s 
obvious t h a t i t p r e d i c t s excessive muon d e n s i t i e s at 
small distances from the core f o r a l l threshold energies. 
Before a t t r i b u t i n g t h i s t o a defect i n the model the 
accuracy of the experimental determinations of core 
l o c a t i o n should be considered. The accuracy of core 
l o c a t i o n w i l l vary w i t h i n each array and from array t o 
array; i n t h i s study i t i s only possible t o make a 
•blanket' c o r r e c t i o n . The e f f e c t has been examined by 
tak i n g what i s thought t o be a t y p i c a l e r r o r of core 
l o c a t i o n - a t r i a n g u l a r d i s t r i b u t i o n having a standard 
d e v i a t i o n of 25m - and f o l d i n g t h i s i n t o the predicted 
l a t e r a l d i s t r i b u t i o n . The r e s u l t i n g curve i s denoted by 
' A l l p t - c o r r 1 . 
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The e f f e c t of errors i n determination of shower size 
are mainly t o change the absolute magnitudes of the muon 
d e n s i t i e s , not the shape of the l a t e r a l d i s t r i b u t i o n . 
Coulomb s c a t t e r i n g and geomagnetic d e f l e c t i o n would tend 
t o f l a t t e n the d i s t r i b u t i o n ; H i l l a s (1966) states that 
the change f o r the former would be i n the order of 2% 
and the l a t t e r should be of the same order. 

Despite the improvement i n f i t between theory and 
experiment, the agreement i s s t i l l not s a t i s f a c t o r y and 
some m o d i f i c a t i o n t o the model would appear t o be 
necessary, although f u r t h e r experimental corrections are 
not e n t i r e l y r u l e d out. This i s also t r u e f o r the t a i l 
of the d i s t r i b u t i o n a t the higher threshold energies, 
where, despite a s l i g h t enhancement due t o the c o r r e c t i o n 
f o r core l o c a t i o n , the predicted curve s t i l l l i e s below the 
experimental p o i n t s . 

6.5.2 M o d i f i c a t i o n s t o Transverse Momentum D i s t r i b u t i o n 
Necessary t o give Agreement at Small Radial Dis­
tances 

Since we req u i r e fewer muons t o f a l l close t o the core 
i t would be b e n e f i c i a l t o reduce the frequency of small 
transverse momentum t r a n s f e r s . An i n d i c a t i o n that t h i s i s 
the c o r r e c t parameter t o vary i s the f a c t t h a t , i f the 
median transverse momenta are calculated f o r various muon 
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thresholds, as a f u n c t i o n of r a d i a l distance, i t i s found 
t h a t the departure of the experimental points from the 
pre d i c t e d d i s t r i b u t i o n occurs i n each case at about the 
same value of p^. Also such a mo d i f i c a t i o n would cause 
n e g l i g i b l e change i n the muon energy spectrum. 

An estimate of the e f f e c t of reducing the frequency 
of low transverse momentum tran s f e r s has been made by 
in t r o d u c i n g i n t o the transverse momentum d i s t r i b u t i o n a 
c u t - o f f such that transverse momenta of less than 0.1 GeV/c 
are not allox^ed. The ensuing reduction f a c t o r s are shown 
i n Figure 6.15. The muon l a t e r a l d i s t r i b u t i o n s have been 
r e c a l c u l a t e d and e r r o r i n core l o c a t i o n has again been 
allowed f o r , the r e s u l t i n g curves are denoted by 'p^ 4- 0*1? 

c o r r 1 . I t appears t h a t the reduction i s s u f f i c i e n t to give 
agreement i n Figures 6.12 and 6.13, and some improvement i n 
Figure 6.1Lt-. 

The j u s t i f i c a t i o n f o r such a change i s as f o l l o w s : -
i ) Von Dardel (1962) pointed out that the adopted 

transverse momentum d i s t r i b u t i o n would p r e d i c t a cusp at 
the o r i g i n , which i s a p h y s i c a l l y unreasonable r e s u l t , they 
suggest a Gaussian d i s t r i b u t i o n which would be f l a t t e r near 
the o r i g i n . 

i i ) Lindendbaum and Sternheimer (1962) suggest t h a t , on 
general t h e o r e t i c a l grounds there should be a lower l i m i t to 
the transverse momentum i n the range 0.15 - 0.28 GeV/c. 
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Pig. 6.15 The var i a t i o n i n the factor by which'the l a t e r a l 
d i s t r i b u t i o n derived using the C.K.P. transverse momentum 
di s t r i b u t i o n should be multiplied to allow f o r a cut-off 
below p^=0.1GeV/c, as a function of radi a l distance. 
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i i i ) 'Ifomaszewski et a l . (1966) using a m u l t i p l e 
s c a t t e r i n g method t o derive the transverse momentum d i s ­
t r i b u t i o n from u l t r a - h i g h energy i n t e r a c t i o n s i n nuclear 
emulsion, have present r e s u l t s which tend t o suggest a 
d e f i c i t of low momentum events. 

i v ) The adopted d i s t r i b u t i o n comes from the work of 
Cocconi et a l . and r e f e r s t o proton-C, Be and B nucleus 
c o l l i s i o n s and a degree of confirmation fromp-p data. I n 
the proton-, pion-, oxygen and nitrogen nucleus c o l l i s i o n s 
which are predominant i n E.A.S., the p r o b a b i l i t y of a pion 
being scattered w i t h i n the nucleus a f t e r production i s 
higher and t h i s would give r i s e to a reduction i n the 
p r o b a b i l i t y of small transverse momenta. 

6.5*3 The Discrepancy at Larger Radial Distances 
P r i o r t o the recent work at Haverah Park i t had been 

found t h a t w i t h the adopted transverse momentum d i s t r i b u ­
t i o n a t <P£> = 0,*f GeV/c q u i t e good agreement could be 
obtained between theory and experiment f o r muon thresholds 
of 1 and 10 GeV a f t e r allowance had been made f o r errors 
i n core l o c a t i o n and a reduction i n the frequency of 
transverse momentum t r a n s f e r s below 0.1 GeV/c. However, 
f o r muon energies i n excess of *+0 GeV/c the t h e o r e t i c a l 
l a t e r a l d i s t r i b u t i o n i s steeper than the d i s t r i b u t i o n 
i n d i c a t e d by the experimental r e s u l t s of Barnaveli et a l . 
(196*0. 
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More recent measurements by Earnshaw et a l . (1967) how­
ever have considerably extended the l i m i t s of muon energy 
and l a t e r a l distance t o the region where there i s considerable 
s e n s i t i v i t y of the muon density to the mean transverse momen­
tum. The r e s u l t s are shown i n Figure 6.16, the points have 

been scaled down by a f a c t o r of 7»6 to convert from the mean 
7 

measured size of 2 x 10 p a r t i c l e s to the size expected f o r 
7 

a primary of 10' GeV. The t h e o r e t i c a l treatment i s approxi­
mate i n t h a t i t r e f e r s t o a unique primary energy rather 
than an energy spectrum and i t used f i x e d i n t e r a c t i o n p o i n t s . 
The e f f e c t of using an energy spectrum f o r primaries would 
be t o make the d i s t r i b u t i o n s l i g h t l y narrower. I t i s ob­
vious t h a t the experimental d i s t r i b u t i o n s are wider than 
predic t e d and t h a t the discrepancy increases w i t h r i s i n g 
muon energy. To i n t e r p r e t these differences i n terms of 
increased <p^> would r e q u i r e extremely high values as may 
be seen i n Figure 6.16 where d i s t r i b u t i o n s which f i t the 
observed l a t e r a l density d i s t r i b u t i o n s are shown. These 
values are in d i c a t e d by crosses i n Figure 6.17. 

Other parameters a f f e c t i n g the l a t e r a l spread of a 
shower, and t h e i r importance i n attempting t o explain the 
discrepancy, are as f o l l o w s . 

i ) M u l t i p l i c i t y 
I n an attempt t o produce an increase i n the number 

of muons at l a r g e distances from the shower core a 
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Fig. 6.16 Comparison of "the experimental data of Earnshaw et a l . 
(1967) on the l a t e r a l d i s t r i b u t i o n of muons with various 
theoretical predictions, 'B.C. ' denotes 'bias correction'. 
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model has been t r i e d i n which the m u l t i p l i c i t y of 
secondary p a r t i c l e s i s allowed to increase substan­
t i a l l y f o r i n c i d e n t p a r t i c l e energies i n excess of 
10 6 GeV, such that n g = 2.7 E p* + 6.667 1 0 " 1 1 E p

2. 
This i s rather a d r a s t i c step since Figure 6.11 shows the 
e f f e c t t h a t model I I I has on the energy spectrum. The 
philosophy behind t h i s i n v e s t i g a t i o n i s t o reduce the 
mean depth of muon production and t h i s has been success-
f u l i n t h a t the most probable depth i s now ~320 g.em 
f o r © = 0 ° and E = 2.10^ GeV whereas the most probable 
depth f o r model I i s 6*+0 g.cm"2. As a consequence there 
i s a redu c t i o n i n the magnitude of the discrepancy between 
the predic t e d and observed l a t e r a l d i s t r i b u t i o n s , however, 
i t i s clear t h a t the means of obtaining t h i s improvement 
are untenable since i t would destroy the agreement between 
the predic t e d and observed energy spectra, 

i i ) Divergence of the parent p a r t i c l e s 
The transverse momentum d i s t r i b u t i o n has only been 

impressed on those pions which subsequently decay t o 
muons. Thus the d e v i a t i o n of the primary p a r t i c l e from 
i t s i n i t i a l path due t o i n t e r a c t i o n s has been neglected 
and the high energy pions which subsequently i n t e r a c t 
w i t h an a i r nucleus are considered t o t r a v e l along the 
shower a x i s . No accurate computation of the e f f e c t of 
these parameters has been made, however, simple c a l c u l a -
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t i o n s show t h a t the l a t e r a l displacement of primaries 
and high energy pions w i l l give only a small o v e r a l l 
improvement because of the high l o n g i t u d i n a l momenta of 
the p a r t i c l e s involved. 

i i i ) Errors i n core l o c a t i o n 
Figures 6.12, 6.13 and 6.lh show that the importance 

of t h i s e f f e c t i s confined to small distances from the 
core. I n the work of Earnshaw et a l . (1967) several 
arrays were used t o cover the range of l a t e r a l distances 
and the r e l a t i v e inaccuracy i n each measurement of r was 
at the most 20$, t h i s f i g u r e i s given by de Beer et a l . 
(1967); such a small inaccuracy means that i t s c o n t r i b u ­
t i o n t o the s o l u t i o n of the discrepancy at large r a d i a l 
distances i s n e g l i g i b l e . 

i v ) S c a t t e r i n g and magnetic d e f l e c t i o n 
There should be a less than 2°/o e f f e c t f o r near-

v e r t i c a l showers. 
v) Fluctuations in, the l a t e r a l d i s t r i b u t i o n of muons, 

i i The proceeding work has shown that the major c o n t r i ­
b u t i o n t o the f l u c t u a t i o n s i n N̂», and N e comes from f l u c ­
t u a t i o n s i n the i n t e r a c t i o n depths of the leading p a r t i c l e . 
As a f i r s t step a study was made of the e f f e c t of allowing 
the p o s i t i o n and number of i n t e r a c t i o n s of the primary t o 
vary. The number of i n t e r a c t i o n s en route t o sea-level has 
a Poisson d i s t r i b u t i o n w i t h a mean of ~12.9 and the depth 
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between successive i n t e r a c t i o n s has a d i s t r i b u t i o n of the 
~ tt -x/80 
form e 

The computer produced f o r each shower a set of 
i n t e r a c t i o n p o i n t s f o r the primary p a r t i c l e , a t y p i c a l 
set i s i l l u s t r a t e d i n Figure 6.18. The secondary 
p a r t i c l e s produced as a r e s u l t of these i n t e r a c t i o n s are 
a l l o c a t e d t o pion production l e v e l s , the f i r s t of these, 
l e v e l ' 0 1 , c o i n c i d i n g i n depth w i t h the f i r s t primary 

-2 

i n t e r a c t i o n l e v e l , at 31 g.cm i n t h i s case, succeeding 
production l e v e l s being at 120 g.cm * i n t e r v a l s . Thus 
a l l of the pions produced by the f i r s t i n t e r a c t i o n of 
the primary w i l l go t o production l e v e l ' 0 ' . I n order 
t o .explain \he a l l o c a t i o n of pions due t o l a t e r primary 
i n t e r a c t i o n s consider the pions produced a t *+89 g.cm" , 

-2 

these are a l l o t t e d t o production l e v e l ' 3 ' at 391 g.cm 
and l e v e l at 511 g.cm" as the inverse of the d i s ­
tance between i n t e r a c t i o n l e v e l and production l e v e l . 
Thus 18$ of the pions w i l l go t o l e v e l ' 3 ' and 82$ 

t o l e v e l ih1. The method of computation of the shower 
formation from t h i s stage i s i d e n t i c a l w i t h that used 
i n the non f l u c t u a t i n g case. 

The extreme l a t e r a l d i s t r i b u t i o n s found f o r 12^ 

such showers are shown i n Figure 6.19; i t i s evident 
t h a t the f l u c t u a t i o n s are l a r g e and of p a r t i c u l a r im-



Primary 
E 0 

100% t 

35% 
6% 

100 

I 

200 

300 

LOO 

82% 500 t 

6oo 

700 
g. cm 

Pig, 6.18 The method of numerical calculation when 
fluctuations i n the positions of the interaction points 
are allowed. 
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primary protons of 10̂ GeV calculated using a Monte-Carlo 
method. The curves shown are the outer pairs, from a 
set of 124 showers. 
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portance i s the increase i n spread as the muon threshold 
increases. I f f l u c t u a t i o n s i n i n e l a s t i c i t y and m u l t i ­
p l i c i t y were t o be taken i n t o account the spread would 
presumably be even l a r g e r . 

I t i s i n t e r e s t i n g t o note the c o r r e l a t i o n between 
various parameters of the muon shower, f o r example, Ne, 
M>A, the mean height of muon production, h, and the shape 
of the l a t e r a l density d i s t r i b u t i o n . As a s t a r t i n g point 
i n t h i s discussion take the i n t e r a c t i o n l e v e l s of the 
primary p a r t i c l e , i f by chance there are several i n the 
upper part of the atmosphere, say before 200 g.cm""̂ , 
then the f o l l o w i n g g e n e r a l i s a t i o n may be made; w i l l 
be high, Ne low, and the l a t e r a l d i s t r i b u t i o n w i l l be 
f l a t t e r than the mean. Conversely, i f the f i r s t few 
i n t e r a c t i o n s are l a t e r than usual the l a t e r a l d i s t r i b u ­
t i o n tends t o be steeper, Nu low and We higher than would 
be produced i n a n o n - f l u c t u a t i n g model. Some of these 
statements are expressed q u a n t i t a t i v e l y i n Figure 6.20 

which shows strong p o s i t i v e c o r r e l a t i o n between shower 
size and the mean radius of the muon d i s t r i b u t i o n ( r ) and 
also w i t h the height of o r i g i n , 

v i ) Conclusions 

I t i s concluded t h a t corrections f o r parameters ( i ) 
t o ( i v ) above do not b r i n g about a s i g n i f i c a n t improvement 
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Pig. 6.20 Correlation between the mean radius and 
the mean height of origin of muons with shower 
size, f o r showers produced by primary protons 
of 108G-eV. ' • 
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i n the f i t between the predicted and observed l a t e r a l 
d i s t r i b u t i o n s . 

The r e s u l t of the study of f l u c t u a t i o n s i n the 
l a t e r a l d i s t r i b u t i o n of muons, w i t h regards to E.A.S. 
measurements, i s t h a t , where arrays have a few w e l l spread 
detectors there w i l l be a bias towards s e l e c t i n g the 
f l a t t e r showers, these being showers which by v i r t u e of 
upward f l u c t u a t i o n s have several early i n t e r a c t i o n s . Such 
showers w i l l have fewer electrons at sea-level but t h i s 
l o s s w i l l be more than o f f s e t by the increased muon den­
s i t y at larg e distances. The enhancement w i l l be p a r t i ­
c u l a r l y marked i n the case of the Haverah Park array 
since the use of Cerenkov detectors r e s u l t s i n greater 
s e n s i t i v i t y t o muons than electrons. When t h i s bias 
e f f e c t has been allowed f o r i t seems tha t any remaining 
discrepancy must be explained i n terms of a change i n <Pt> • 

6.5.1+. Necessary Modifications t o the..Transverse 
Momentum D i s t r i b u t i o n 

An attempt has been made to allow f o r the bias 
exposed i n the preceeding section. With reference to the 
work of Earnshaw et a l . , an ex t r a p o l a t i o n has been made 
of the c o r r e l a t i o n s between the l a t e r a l d i s t r i b u t i o n s 
found i n f l u c t u a t i o n c a l c u l a t i o n s f o r the three thres­
hold energies. The predicted d i s t r i b u t i o n s are determined 
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f o r > 10 GeV and Ê x > 100 GeV which a r i s e when a 
d i s t r i b u t i o n i s chosen f o r the Ep. > 1 GeV case "which 
reproduces the shape of the measured d i s t r i b u t i o n f o r 
t h i s energy threshold. This means that the <P̂ .> values 
are e f f e c t i v e l y normalised a t t h e i r lowest mean energy 
po i n t t o 0.*f GeV/c; the r e s u l t i n g d i s t r i b u t i o n s f o r the 
other thresholds f o r <V-\> = O.h GeV/c and a f t e r bias 
c o r r e c t i o n are shown i n Figure 6.19. The open c i r c l e s 
of Figure 6.18 show the values of mean transverse momen­
tum which are necessary t o give agreement w i t h experi­
ment, a f t e r bias c o r r e c t i o n . For Ê . > 10 GeV, or pion 
i n t e r a c t i o n s of mean energy ~200 GeV i t i s found t o be 
necessary t o r a i s e <p^> to 0.6 + 0.2 GeV/c and a value 
of 1.0 + 0.3 GeV/c i s required t o explain the d i s ­
crepancy which e x i s t s a f t e r bias c o r r e c t i o n a t 
Eja. > 100 GeV or mean pion i n t e r a c t i o n energy of ~^000 
GeV; even so the f i t at small values of r i s s t i l l not 
very good. A possible explanation of t h i s ppor f i t i s 
th a t the transverse momentum d i s t r i b u t i o n does not i n 
f a c t f o l l o w the G.K.P. d i s t r i b u t i o n , but has a much 
longer t a i l . 

I t should be emphasised tha t these values of <p^> 
are based on the assumption tha t the discrepancy between 
the bias corrected d i s t r i b u t i o n and experimental r e s u l t s 
i s s o l e l y a transverse momentum e f f e c t . 
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6.5.5 Other Models 
The isobar model does not help since i t leads to a 

decrease i n the mean height of muon production 'which 
r e s u l t s i n a steeper l a t e r a l d i s t r i b u t i o n . The e f f e c t s 
of uking the p e r s i s t e n t baryon model have been evaluated 
and t h i s produces a s i m i l a r shaped d i s t r i b u t i o n t o that 
given by the adopted model but the absolute magnitude of 
the densities i s too low. 

An a l t e r n a t i v e explanation has been put forward by 
Fowler (1967), t h i s involves a rapid change i n the 
c h a r a c t e r i s t i c s of the nucleon-nucleon c o l l i s i o n at high 
energies. Fowler postulates a second order phasetransition, 
possibly associated w i t h the emission of quarks, which 
gives r i s e to high transverse momenta. On t h i s hypothesis 
some of the energetic E.A.S. p a r t i c l e s at large r a d i a l 
distances would then be expected to be quarks, i f the 
quark i n t e r a c t i o n l e n g t h i s long. An experimental check 
of such a p r e d i c t i o n should be possible. 

F i n a l l y i t should be noted that i n t e r p r e t a t i o n of 
the r e s u l t s i n terms of excessive transverse momentum i s 
l i m i t e d by the assumptions adopted f o r the other model 
parameters. Thus i t i s possible to change i n t e r a c t i o n 
lengths so tha t the mean heights of o r i g i n are greater, 
and t o account f o r the r e s u l t s i n t h i s way. However, 
the experimental data suggest a 'normal' height d i s t r i -
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b u t i o n so t h a t t h i s explanation i s u n l i k e l y . 
Very recently Gierula (1967) has given evidence 

which suggests that the pion-air-nucleus i n t e r a c t i o n 
i s not catastrophic but has K ~ 0.5« The e f f e c t of t h i s 
i s t o increase the width of the l a t e r a l d i s t r i b u t i o n of 
muons somewhat (probably by ~20$ - Wolfendale, p r i v a t e 
communication). Such an increase i s not s u f f i c i e n t t o 
explain the experimental data. 

6.6 Summary of the Adopted, Model 
I t i s concluded t h a t the transverse momentum d i s ­

t r i b u t i o n , the mean transverse momentum and the mass 
composition of the primary f l u x are the va r i a b l e s which 
require f u r t h e r study. The analysis of muons i n large 
z e n i t h angle showers w i l l give f u r t h e r information about 
these parameters. 
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CHAPTER 7 

Theoretical Studies at Large Zenith Angles 

7.1 The Model 
This i s e s s e n t i a l l y the 'numerical' model previously 

used i n the study of n e a r - v e r t i c a l showers. I n view of 
the increased depth of atmosphere i n which the shower 
may develop, the number of primary i n t e r a c t i o n l e v e l s i s 
increased t o sixteen, the primary p a r t i c l e i s therefore 
considered u n t i l i t has reached a depth of 1280 g.cm , 

i k by which time i t s energy w i l l be a f a c t o r of ~10 down 
on i t s i n i t i a l value. Pion production l e v e l s extend t o a 
depth of 2000 g.cm . I t has been found t h a t t h i s a l l o ­
c a t i o n has been over generous, consequently i t i s 
possible to say t h a t no muons of £1 GeV at sea-level 
have been neglected i n t h i s analysis. Energy loss by 
the muons and loss of muons due to decay, Figure 7*1, 
are p a r t i c u l a r l y important because of the increased muon 
path lengths t o sea-level at the l a r g e r z e n i t h angles. 
The widths of the energy c e l l s considered now increase 
as 0.3 of the lo g a r i t h m of the primary energy. The 
model deals q u i t e w e l l w i t h the l o n g i t u d i n a l development 
of the shower and evidence f o r t h i s i s provided by the 
comparison of the muon energy spectra w i t h experimental 
r e s u l t s and other t h e o r e t i c a l work. 
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The e f f e c t s of s c a t t e r i n g and geomagnetic d e f l e c t i o n 
are n e g l i g i b l e at small z e n i t h angles, however, the im­
portance of these parameters increases w i t h zenith angle 
due t o the increasing path length. The e f f e c t s of geo­
magnetic d e f l e c t i o n are p a r t i c u l a r l y d i f f i c u l t t o study 
since the muon l a t e r a l d i s t r i b u t i o n i s no longer c i r c u l a r l y 
symmetrical a f t e r the i n t r o d u c t i o n of t h i s parameter. I t 
was hoped t h a t a precise treatment would be possible by 
v i r t u e of the computer being able t o f o l l o w small groups 
of muons, o r i g i n a t i n g at the same atmospheric depth and 
having s i m i l a r energies, t o an exact l o c a t i o n at sea-level. 
However, t h i s has not proved t o be f e a s i b l e because of the 
computing time which would be involved; i t i s hoped t h a t 
by reducing the number of primary i n t e r a c t i o n l e v e l s and 
pion production l e v e l s a treatment of t h i s nature might be 
possible i n the f u t u r e . I n the present work a method i s 
used which involves a compromise between accuracy and 
computing time, t h i s w i l l be discussed f u l l y i n section 
7.7.1. 

7.2 The Single Muon Energy Spectrum at Large Zenith Angles 
During the computation the muon energies at production 

and the depths at which they are produced are extracted and 
are used as the, basis of the data f o r t h i s section of the 
an a l y s i s . 



I n i t i a l l y the muon energy spectra f o r s i n g l e showers 
2 ^ 

i n i t i a t e d by primary protons having energies of 10 , 10 J 

k o 
10 , . . . 10 7 GeV are produced, an example at one of the 
z e n i t h angles considered i s given i n Figure 7.2. The 
primary spectrum of L i n s l e y (196*+) i s then f o l d e d i n t o 
give the predicte d single muon energy spectra, the 0 = 8L < 

spectrum may be compared w i t h what i s observed experimen­
t a l l y , and the comparison i s made i n Figure 7*3. The 
experimental r e s u l t s shown are those of MacKeown et a l . 
(1966) and Ashton et a l . (1966) f o r © = 83 .75° . Osborne 
(1966) takes the v e r t i c a l muon energy spectrum at sea-
l e v e l and works back through the atmosphere i n order t o 
obt a i n the parent pion spectrum. This spectrum i s then 
a p p l i e d at large z e n i t h angles and the r e s u l t i n g sea-
l e v e l muon spectra, w i t h no sca t t e r i n g c o r r e c t i o n , a t 
© = 7 5 and 8 k are shown i n Figure 7.3 f o r 50 GeV. 
Osborne gives the spectra f o r Ep< 1000 GeV and i n the 
range 5° GeV ^ E>» <• 1 ° 0 0 G © v the spectra predicted i n 
the present work are coincident w i t h those presented by 
Osborne. There i s also good agreement when comparison i s 
made w i t h the r e s u l t s of A l l e n (1961); t h i s suggests t h a t 
the method of c a l c u l a t i o n i s s a t i s f a c t o r y . 
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Coulomb s c a t t e r i n g of muons i s of importance since 
a t l a r g e z e n i t h angles i t can give r i s e to considerable 
v a r i a t i o n s i n the l e n g t h of the muon t r a j e c t o r y between 
production and sea-level. The net r e s u l t i s tha t the 
muon i n t e n s i t i e s a t large z e n i t h angles calculated taking 
s c a t t e r i n g i n t o account w i l l be higher than i n those 
ne g l e c t i n g s c a t t e r i n g . Using the c o r r e c t i o n f a c t o r s 

o 
given by Osborne, the spectrum f o r 6 = 8 ^ i s elevated 
s l i g h t l y at the lower muon energies thereby g i v i n g b e t t e r 
agreement w i t h experiment; there i s no change i n the muon 
i n t e n s i t i e s a t 0 = 60° and 75° when s c a t t e r i n g i s included. 

The conclusion t o be made as a r e s u l t of t h i s analysis 
i s that the model also p r e d i c t s w i t h good accuracy the 
l o n g i t u d i n a l development of showers at large zenith angles. 

From these energy spectra i t i s possible t o determine 
the mean sea-level muon energy as a f u n c t i o n of zenith 
angle, the r e s u l t i n g values are given i n Table 7.1. 

The mean muon energy at sea-level f o r various z e n i t h angles 
Table 7.1 

e Eu s . l . 
/ GeV 

60° 15.6 

75° 26.8 

60.5 
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7*3 The Number of Muons at Sea-Level as a Function of 
Primary Energy 

I n Figure 7.*+ the r e l a t i o n s h i p between Ŵ* (>1 GeV) 
and Ep i s shown f o r three z e n i t h angles. I t may be seen 
t h a t there i s an almost l i n e a r r e l a t i o n s h i p f o r E p > 10 

GeV and that & E p
0* 9. Below E p » 10^ GeV the value of 

N J A f a l l s r a p i d l y w i t h decreasing primary energy, especially 
at the l a r g e r z e n i t h angles; t h i s i s a consequence of the 
increasing muon path l e n g t h w i t h zenith angle since the 
muon energy at production must be r e l a t i v e l y low and a 
l a r g e f a c t i o n of t h i s energy w i l l be l o s t i n t r a v e r s i n g 
the atmosphere, therefore the muon decay p r o b a b i l i t y w i l l 
be high and few muons w i l l be seen at sea-level. 

7.^ The Number of Muons at Sea-Level as a Function of t h e i r 
Heigh,t of Production 
Figure 7.5 shows tha t the mean depth of muon produc­

t i o n , f o r muons reaching sea-level w i t h energies >1 GeV, 
i s a f u n c t i o n of both primary energy and zenith angle. 
Figure 7*6 may be used to convert from the muon production 
depth t o height above sea-level along the t r a j e c t o r y . I t 
should be remembered t h a t the muon production depth i s 
approximately 60 g.cm"2 lower ( i n the present model) than 

the parent pion production l e v e l . As an example, a primary 
7 

proton of 10' GeV would give r i s e t o a shower i n which the 
sea- l e v e l muons would have a most probable height of 
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production of~18.5 km at a zeni t h angle of 60°, 
~52 km at © = 75° and <vl55 km at © = 8*f°. 

7*5 The__Lateral D i s t r i b u t i o n of Muons at Sea-Level 
I n i t i a l l y the l a t e r a l spread of muons due to the 

i n t r o d u c t i o n of the C.K.Pi. transverse momentum d i s t r i ­
b u t i o n i s considered. The method, of applying t h i s t o 
the muon energy spectra i s i d e n t i c a l to tha t used i n 
the examination of the l a t e r a l spread of near v e r t i c a l 
showers. I n a d d i t i o n Coulomb sc a t t e r i n g i s considered. 

7.5.1 Coulomb Scattering 
The mean square value of the s c a t t e r i n g i s given 

-2 
f o r a c e l l of 12 g.cm i n depth i n the f o l l o w i n g 
formula, which i s derived i n Appendix D. 

<7>12= ̂ ff^ { hie)* • ) 2 } -etr..* (7.D 

I n order t o c a l c u l a t e the t o t a l mean square displace­
ment the mean square displacements f o r each 12 g.cm""2 c e l l 
between sea-level and the production depth are calculated 
and the l i n e a r sum of these evaluated. 

I f an annulus of mean radius r and width dr i s 
considered, the p r o b a b i l i t y of one p a r t i c l e which would 
have f a l l e n w i t h i n the annulus w i t h no s c a t t e r i n g , now 
f a l l i n g on u n i t area at the centre of the annulus i s given 
by:-
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F(rMr =W 6XP(^) (7'2) 

where o-Q i s the root mean square value of the t o t a l d i s ­
placement; t h i s expression i s also derived, i n Appendix D. 

The t o t a l number of p a r t i c l e s f a l l i n g i n the annulus 
without s c a t t e r i n g may be determined from the muon 
l a t e r a l density d i s t r i b u t i o n s f o r the case of transverse 
momentum only. Using t h i s number w i t h the formulae (7.1) 
and (7»2) the number f a l l i n g on u n i t area at the centre 
of the annulus i s ca l c u l a b l e . Summing the r e s u l t s f o r 
a n n u l i i of increasing radius gives the r e s u l t a n t density 
of muons at a p a r t i c u l a r distance from the core of the 
shower. R e p i t i t i o n of t h i s procedure f o r other distances 
from the core gives an o v e r a l l p i c t u r e of the l a t e r a l 
s t r u c t u r e of the muon component of the shower a f t e r 
s c a t t e r i n g has taken place. 

7.5.2 Results of the Analysis 
The muon l a t e r a l density d i s t r i b u t i o n s f o r showers 

i n i t i a t e d by primary protons of various energies are 
p l o t t e d f o r © = 60° and ©= 8>f° i n Figures 7.7 and 7.8. 
One e f f e c t of increasing z e n i t h angle i s , as mentioned 
e a r l i e r , that there i s a more rapid decrease i n muon 
number at sea-level as the energy of the primary p a r t i c l e 

k 
f a l l s below 10 GeV. This e f f e c t appears i n these f i g u r e s 
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as a f a s t e r decrease i n muon density, at s p e c i f i c d i s ­
tances from the core, as the primary energy f a l l s below 
10 GeV. The ra t e of decrease i s again higher f o r the 
l a r g e r z e n i t h angle. 

I t may also be seen tha t a t 9 = &+° the d i s t r i b u t i o n s 
are considerably f l a t t e r than those f o r ©= 60°; t h i s i s 
again a consequence of increasing muon path length w i t h 
z e n i t h angle. A l l muons, especially those w i t h low 
energies, w i l l as a r e s u l t of t h e i r transverse momentum 
and s c a t t e r i n g f a l l a t greater distances from the core at 
the l a r g e r z e n i t h angles. 

At a z e n i t h angle of 60° i t has been shown tha t the 
mean sea-level muon energy i s ~ l 6 GeV, therefore i f the 
muon threshold energy i s raised from 1 GeV t o 10 GeV a 
s i g n i f i c a n t change i n the l a t e r a l d i s t r i b u t i o n would, be 
expected, t h i s i s shown i n Figure 7*7* The r e s u l t of a 
d e f i c i t of low energy muons i s a steepening of the 
d i s t r i b u t i o n since i t i s these low energy muons which 
s u f f e r the greatest d e f l e c t i o n and therefore a r r i v e at 
la r g e distances from the core. This steepening i s not 
nearly as marked at 6 = 8*+° since the mean muon energy i s 
much higher, ~60 GeV, and the f r a c t i o n of muons having 
energies <£10 GeV i s considerably less than i n the case of 
e = 6o0.. 
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7.6 The Muon Density Spectrum 
I n order t o pre d i c t a density spectrum of sea-level 

muons a primary energy spectrum should be fold e d i n t o the 
muon l a t e r a l density d i s t r i b u t i o n s , i n i t i a l l y the spec­
trum of L i n s l e y (196*+) was used. The r e s u l t i n g spectra 
f o r threshold energies of 1 GeV and 10 GeV f o r © = 60° 
and f o r 1 GeV a t 0 = 75° and 8*+° are shown i n i n t e g r a l 
form i n Figure 7*9* The slope of the © = 8k° spectrum 
increases from -1.8 at a density of lO"^ p a r t i c l e s . m~2 

-2 ? 
t o -2.2 at 10 p a r t i c l e s m"̂ ; the e f f e c t of increasing the 
threshold energy at 9 = 60° may be seen t o be a s i g n i f i c a n t 
r e d u c t i o n i n the frequency of occurrence of low density 
showers. 

7*7 Comparison of the Zenith An,gle D i s t r i b u t i o n w i t h 
Experiment 
The predicted r a t e f o r the observation of muon showers 

a t a p a r t i c u l a r z e n i t h angle may be obtained by applying 
the t r i g g e r i n g conditions f o r the apparatus involved to 
the density spectrum t o give an e f f e c t i v e density spectrum 
and i n t e g r a t i o n i s c a r r i e d out under t h i s spectrum. I n 
a d d i t i o n , allowance i s made f o r - t h e e f f e c t of the earth's 
magnetic f i e l d at the l o c a t i o n of the apparatus. 
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7.7.1 The Correction f o r the Earth's Magnetic F i e l d 
Precise c a l c u l a t i o n s have been made at a z e n i t h angle 

ojf 75° i n order t o obtain the root mean square distance 
( r ) of muons i n showers under the f o l l o w i n g conditions. 

i ) w i t h transverse momentum and sc a t t e r i n g 
incorporated ( r ^ 2 ) -

i i ) w i t h geomagnetic d e f l e c t i o n only ( r ^ ) 
The method of c a l c u l a t i o n of geomagnetic displace­

ment f o r a single p a r t i c l e i s to divide the muon t r a j e c t o r y 
i n t o steps of 12 g.cm and t o use the expression derived 
i n Appendix E f o r the root mean square displacement i n 
such a c e l l , which i s : -

<te** - [ ^ ' S ^ j l?'°6/f>{*})f ~ t r . s (7.3) 

These are added i n quadrature t o give the t o t a l root mean 
square displacement f o r a si n g l e p a r t i c l e . 

The r e s u l t i s tha t r j _ j _ 2 = 1.5 r ^ 2 f o r the magnetic 
f i e l d p r e v a i l i n g i n Durham where the t o t a l magnetic 
i n t e n s i t y i s O.^ gauss and the angle of i n c l i n a t i o n i s 67°, 
d e c l i n a t i o n being 9° W of N. 

The geomagnetic c o r r e c t i o n factor a t © = 75° i s 
defined t o be:-

=/ l 2 + (1.5) 2 i7M 
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That i s , instead of considering the shower t o be 
w i t h i n the c i r c u l a r l i m i t s which a r i s e when transverse 
momentum and s c a t t e r i n g only are considered, or w i t h i n 
an e l l i p s e l i k e boundary as i n r e a l i t y w i t h geomagnetic 
d e f l e c t i o n incorporated, the shower i s considered t o be 
c i r c u l a r l y symmetrical w i t h a radius which l i e s between 
t h a t of the o r i g i n a l c i r c l e and the semi-major axis of 
the e l l i p s e . The f i r s t term inside the square root of 
(7.k) represents a mean transverse momentum of O.h GeV/c 
the p r o j e c t M i o f t h i s on the major axis of the e l l i p s e 
should i n f a c t be taken when combining w i t h the geo­
magnetic d e f l e c t i o n c o r r e c t i o n f a c t o r . To compensate 
f o r t h i s the a r i t h m e t i c mean i s taken of the z e n i t h 
angle d i s t r i b u t i o n s w i t h and without geomagnetic 
c o r r e c t i o n . 

The c o r r e c t i o n f a c t o r i s dependent on the muon path 
l e n g t h ; geomagnetic d e f l e c t i o n i s pr o p o r t i o n a l t o path 
l e n g t h , (1$), squared and the d e f l e c t i o n due to tr a n s ­
verse momentum i s p r o p o r t i o n a l to 1q. I n a d d i t i o n the 
angle (S$) between the p a r t i c l e t r a j e c t o r y and the 
magnetic f i e l d d i r e c t i o n must be considered. For other 
l o c a t i o n s the c o r r e c t i o n f a c t o r also contains a term R 
which represents the r a t i o between the t o t a l magnetic 
f i e l d i n t e n s i t y at the l o c a t i o n and the value i n Durham. 
Thus the f a c t o r becomes:-
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F e = ^ l 2 +̂ ..5 R I s s i n 6 e j 2 (7.5) 

The method of applying t h i s c o r r e c t i o n f a c t o r i s to 
move each po i n t of the d i f f e r e n t i a l incident density spec-

2 
trum t o the l e f t by F e t o allow f o r the increase of the 

p 
area on which the shower f a l l s , then tip by Fg to* altlow f o r 

p 
change i n c e l l width and up by a f u r t h e r F e because of the 
increased number of showers which w i l l be capable of 
t r i g g e r i n g the array. 

7.7.2 Comparison w i t h Durham Zenith, Angle D i s t r i b u t i o n 
The array t r i g g e r i n g p r o b a b i l i t y i s given by:-

A.-T.P. = (1 - e - A S ) 2 e- A S, S = 1 m2. 
i n t h i s case and those f o l l o w i n g S w i l l be the area presented 
by the t r i g g e r i n g detectors t o p a r t i c l e s i n c i d e n t normally 
on the apparatus. The v a r i a t i o n of e f f e c t i v e area w i t h 
z e n i t h and azimuthal angle i s not required since i t i s 
incorporated i n the experimental p o i n t s . 

When t h i s t r i g g e r i n g f u n c t i o n i s folded i n t o the 
appropriate density spectrum i t i s found that the i n t e g r a ­
t i o n t o obtain the rat e at a p a r t i c u l a r zenith angle i s 
not convergent. That i s t o say, when i n t e g r a t i n g back t o 
smaller d e n s i t i e s the c o n t r i b u t i o n s from each c e l l do not 
become n e g l i g i b l e w i t h respect to the t o t a l . The s o l u t i o n 
t o t h i s problem has been t o integrate under the energy 



spectrum (Figure 7*3) f o r th a t angle i n order t o obtain 
the r a t e of single muons, the second stage being t o f i n d the 
lower l i m i t f o r i n t e g r a t i o n over the incident density 
spectrum which w i l l give the same r a t e . This lower l i m i t 
i s then applied t o the i n t e g r a t i o n under the e f f e c t i v e 
density spectrum. This procedure i s used f o r a l l three 
z e n i t h angles and the r e s u l t a n t z e n i t h angle d i s t r i b u t i o n 
without geomagnetic c o r r e c t i o n i s shown as the broken 
l i n e of Figure 7.10? which also shows the experimental 
p o i n t s . This f i g u r e also gives the curve obtained when 
geomagnetic d e f l e c t i o n i s incorporated w i t h mean trans­
verse momenta of Q.k, 0.65 and 0.8 GeV/c. 

I f the discrepancy between the theory w i t h the 
'normal' mean transverse momentum of 0.*+ GeV/c and 
experiment i s s o l e l y a transverse momentum e f f e c t then 
t h i s f i g u r e implies t h a t the mean transverse momentum . 
of p a r t i c l e s released i n high energy i n t e r a c t i o n s i s i n 
the order of 0.8 GeV/c. I t may be seen that the z e n i t h 
angle d i s t r i b u t i o n i s extremely s e n s i t i v e to the mean 

transverse momentum and t h a t a two-fold increase i n < p t > 
/bur' 

leads t o a * e e ~ f o l d reduction i n the rate observed by 
the a rray. 
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Although the c o r r e c t i o n f o r geomagnetic c o r r e c t i o n 
might be considered somewhat crude i n i t s e l f , i t should 
be borne i n mind that a 100$ change i n e f f e c t of t h i s 
c o r r e c t i o n on the z e n i t h angle d i s t r i b u t i o n w i l l only 
make an approximately 15$ change i n the derived value of 
<Pt>. Thus err o r s due t o the inaccuracy of t h i s correc­
t i o n are not thought t o be important, at t h i s stage, i n 
comparison w i t h the e r r o r s on the experimental p o i n t s . 

The N^-Ep dependence (Figure 7.*+) i n the energy 
region g i v i n g the maximum c o n t r i b u t i o n t o the r a t e i s 
such t h a t i n going from proton t o heavy primaries there 
i s an increase i n number of muons observed. This leads 
t o an e l e v a t i o n of a l l l a t e r a l d i s t r i b u t i o n s which i n 
t u r n gives r i s e t o an enhanced ra t e . This i s s l i g h t l y 
o f f s e t by the s l i g h t f l a t t e n i n g of the l a t e r a l d i s t r i ­
b utions, which w i l l lead t o a reduction i n the r a t e . 
The net r e s u l t i s however a s l i g h t increase i n the 
p r e d i c t e d r a t e and i t must be concluded th a t the i n t r o ­
d u c t i o n of heavy primary p a r t i c l e s w i l l not improve the 
f i t between theory and experiment. 

7*7*3 Comparison, w i t h the Utah Zenith Angle Dis­
t r i b u t i o n 

The earth's magnetic f i e l d at Utah has a t o t a l 
i n t e n s i t y of 0.55 Gauss and the angle of i n c l i n a t i o n i s 
-72°. 
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Apart from the array t r i g g e r i n g p r o b a b i l i t y be|ng:-
2 

A.T.P. = e-AS, S = 20 m2 

the method i s the same as t h a t d e t a i l e d i n the pr e c e d i n g 
section. 

A comparison i s made w i t h the experimental r e s u l t s 
of Parker i n Figure 7*11 and i t may be seen t h a t t o 
obt a i n a reasonable f i t a mean transverse momentum of 
1.2 GeV/c i s required. 

7*7^ Comparison w i t h the Nagoya Zenith Angle 
D i s t r i b u t i o n 

At Nagoya the t o t a l geomagnetic i n t e n s i t y i s 0.1* Gau 
and the i n c l i n a t i o n is~50°. 

A.T.P. = (1 - e _ A S ) 2 , S = 10 m2 

I n t h i s comparison i t i s necessary to allow f o r the 
f a c t t h a t the muon threshold energy i s reported t o be 
~10 GeV. Two l i n e s are drawn on Figure 7*12 showing 
z e n i t h angle d i s t r i b u t i o n s uncorrected f o r geomagnetic 
d e f l e c t i o n , one f o r E 1 GeV, the other f o r E > 10 GeV 
the d i f f e r e n c e i n slope and magnitude i s small. This i s 
because the maximum c o n t r i b u t i o n t o the rate i s made by 
showers having a density of ~h 10 D p a r t i c l e s m~ at the 
array whereas the decrease i n the incident density spec­
trum caused by an increase i n the muon threshold energy 
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occurs at d e n s i t i e s of ^ 1 0 _ M * p a r t i c l e s m" . 
The conclusion i s tha t i t i s extremely d i f f i c u l t t o 

ex p l a i n the Nagoya r e s u l t s i n terms of the present 
theory. 

I t w i l l also be no t i c e d t h a t there i s a great d i s ­
crepancy between the present theory and tha t of Sekido 
et a l . which uses a <P t> of 0,h GeV/c. Analysis has shown 
the discrepancy to be mainly due to the d i f f e r e n t l a t e r a l 
s t r u c t u r e f u n c t i o n used by Sekido et alL; these authors 
assumed tha t Ap(r) oi which i s very much f l a t t e r than 
th a t p r e d i c t e d by the present theory. This f l a t t e n i n g 
of the muon l a t e r a l density d i s t r i b u t i o n i s i n f a c t com­
parable t o t h a t which would be produced by a considerable 
increase i n the mean transverse momentum, and as already 
observed t h i s would lead to a reduction i n the predicted 
r a t e . 

However, the f a c t s t i l l remains that the experimental 
p o i n t s of Sekido et a l . are not i n agreement w i t h the 
shape of the z e n i t h angle d i s t r i b u t i o n predicted by 
e i t h e r of the t h e o r i e s . 

7*7.5 Comparison w i t h the Durham Number Spectrum 
The i n c i d e n t density spectrum i s converted to an 

e f f e c t i v e density spectrum by the i n t r o d u c t i o n of the 
array t r i g g e r i n g p r o b a b i l i t y . The number spectrum may 
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be obtained from the e f f e c t i v e density spectrum by t a k i n g 
a c e l l of the l a t t e r having a c e r t a i n median density and 
al l o w i n g Poissonian f l u c t u a t i o n s i n the number of p a r t i ­
c l e s crossing the f l a s h tube trays as accompaniment of 
the t r i g g e r i n g p a r t i c l e s . This procedure i s c a r r i e d out 
f o r each c e l l of the e f f e c t i v e density spectrum and the 
r e s u l t a n t frequency d i s t r i b u t i o n s are summed t o give the 
number spectrum. 

Several models of the primary f l u x have been used i n 
t h i s a n a l y s i s . 

i ) Proton composition throughout w i t h an energy 
spectrum as given by L i n s l e y (196 1 +), (equations 1 .1 and 1 . 2 ) . 

This model of the primary f l u x i s i d e n t i c a l t o that pre­
d i c t e d by H i l l a s ( 1 9 6 7 ) , the background t o t h i s having 
been mentioned i n § 1 . 1 . 

The p r e d i c t e d number spectra f o r three values of <p t> 
are shown i n Figure 7*13 where comparison i s made w i t h 
the experimental p o i n t s . This f i g u r e implies th a t a <p^> 
of 0 .8 GeV/c i s required f o r the t w o - p a r t i c l e events 
whereas a value of 0,h GeV/c would be s a t i s f a c t o r y f o r 
the denser events. Figures 7 .13 and 7 .10 are not i n ­
consistent since the experimental points on the l a t t e r 
are f o r 'Sekido type' events only, that i s , f o r two-
p a r t i c l e events, and the required. <p^> i n t h i s case 
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agrees w e l l w i t h t h a t required f or the t w o - p a r t i c l e 
events of the number spectrum. 

I t has been shown ( § 7 . 7 . 2 ) that the i n t r o d u c t i o n of 
heavy primary n u c l e i i n t o the model w i l l not improve the 
f i t between the predicted z e n i t h angle d i s t r i b u t i o n and 
t h a t observed experimentally; but f u r t h e r evidence, t o 
be presented l a t e r i n t h i s section, indicates that the 
d e t e r i o r a t i o n i n the f i t w i l l . b e only s l i g h t . Thus i n 
the next phase of the analysis a mean transverse momen­
tum of 0 .8 GeV/c w i l l be used and heavy primary n u c l e i 
w i l l be introduced i n an e f f o r t to reduce the discrepancy 
between theory and experiment f o r the >2 p a r t i c l e events 
of Figure 7 . 1 3 . 

i i ) The modulated energy spectra of the various 
components of the primary f l u x adopted f o r t h i s section 
of the analysis are shown i n Figure 7 . 1 ^ , heavy n u c l e i 
becoming in c r e a s i n g l y important f o r primary energies 
^ . l O 1 ^ eV. The r e s u l t of using t h i s model t o p r e d i c t 
the number spectrum i s shown i n Figure 7 » l 5 denoted by 
( i i ) . As suggested previously the change t o the rat e 
of two p a r t i c l e events i n changing from the protons only 
composition of the previous model, ( i ) , i s only small. 
This may be a t t r i b u t e d t o the f a c t t h a t the two p a r t i c l e 
events a r i s e from the lower energy primary p a r t i c l e s 
which, as Figure 7.1 )+ shows, are predominantly protons 
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anyway. The r o l e played by the heavier n u c l e i increases 
when the primary energy exceeds a few times l O 1 ^ eV, and 
t h i s i s r e f l e c t e d i n the increase i n frequency of >2 
p a r t i c l e events w i t h respect t o the spectrum predicted 
by model ( i ) which i s shown i n Figure 7 .15 f o r <p t> = 
0 . 8 GeV/c f o r reference. 

I t may be concluded t h a t model ( i i ) gives s a t i s f a c ­
t o r y agreement w i t h the experimental r e s u l t s as they 
stand at the moment; i t i s hoped that the s t a t i s t i c a l 
e r r o r s on the experimental p o i n t s w i l l be reduced i n the 
near f u t u r e thus making a more conclusive statement 
possible. 

i i i ) The t h i r d model of the primary f l u x considered 
has a s t r a i g h t l i n e energy spectrum w i t h protons through­
out; the number spectrum which t h i s p r edicts i s shown as 
( i i i ) i n Figure 7 . 1 5 . 

The adopted primary spectrum i s that given by 
Adcock et a l . ( 1 9 6 7 ) . I n order to preserve the shape 
of the sea-level size spectrum i t i s necessary t o make 
some change i n the nature of high energy i n t e r a c t i o n s . 
Adcock et a l . suggest e i t h e r a change i n the m u l t i -

15 
p l i c i t y law at a few times 10 ' eV, or a decrease i n the 
nucleon i n t e r a c t i o n l e n g t h i n the same region of energy. 
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The r e s u l t of t h i s model i s that the predicted 
frequency of two p a r t i c l e events and >2 p a r t i c l e events 
i s increased to such an extent that the t h e o r e t i c a l l i n e 
now l i e s above the experimental points. A possible way 
of improving the f i t between model ( i i i ) p r e d i c t i o n s 
and experiment would be t o propose a reduction i n the 
c o e f f i c i e n t of the primary energy spectrum. 

7.7*6 Comparison w i t h the Utah M u l t i p l e Events 
When analysis i s made using a <p > of 0 .8 GeV/c and 

the Utah t r i g g e r i n g p r o b a b i l i t y , f o r the three models 
of the primary f l u x , the f o l l o w i n g two-muon event to 
three-rauon event r a t i o s are predicted, Table 7 . 2 . 

Table 7 . 2 

The predicted two-muon event t o three-muon event r a t i o s 
f o r the Utah apparatus 

Model Ratio 
( i ) 3 6 : 1 

( i i ) 1 9 : 1 

( i i i ) 1 3 : 1 

These are t o be compared w i t h the experimental r a t i o 
of (23 + 7 ) : 1 » ! t i s seen that model ( i i ) gives a r e s u l t 
which l i e s w i t h i n the experimental e r r o r s and t h i s gives 
more weight t o the conclusion expressed i n the previous 
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s e c t i o n . Parker (1967) also gives a two-muon event to 
four-muon event r a t i o of 2 5 0 : 1 , but t h i s i s based on 
only one four-muon event. 

7 . 7 . 7 Summary 
This analysis of muons i n large z e n i t h angle showers 

has provided f u r t h e r s u b s t a n t i a l evidence f o r an increase 
i n the mean transverse momentum of secondary p a r t i c l e s i n 
high energy i n t e r a c t i o n s , and the value required i s i n 
accord w i t h the values given i n §S,^,h, 

Furthermore, evidence has been presented i n § 7 . 7 * 5 

and § 7 . 7 . 6 i n favour of the second model f o r the primary 
f l u x , t h a t i s , a modulated f l u x as i l l u s t r a t e d i n 
Figure 7 . 1 ^ , and the analysis discriminates against the 
two models i n which there i s proton composition through­
out. ' 

7• 8 The Role of Fluctuations .irLiiMS§„,?.enith.Jingle 
Showers. 
Although c a l c u l a t i o n s i n v o l v i n g f l u c t u a t i o n s have 

not been c a r r i e d out at l a r g e zenith angles i t i s 
thought t h a t t h e i r i n c l u s i o n would have l i t t l e e f f e c t 
on the r e s u l t s presented f o r muons because of the great 
depth of atmosphere i n which shower development may take 
place. 
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However i t i s imperative that any proposed el e c t r o n 
c a l c u l a t i o n s should take f l u c t u a t i o n s i n t o account since 
an e l e c t r o n shower i s formed and dies away over a r e l a ­
t i v e l y small thickness of atmosphere. Consequently a 
nucleon or charged pion which survived i n t e r a c t i o n or 
a n e u t r a l pion which survived decay u n t i l i t had almost 
reached sea l e v e l could give r i s e t o an e l e c t r o n shower 
which would not be seen w i t h a n o n - f l u c t u a t i n g model. 
The r e s u l t s of the present model show at 6 = 60° a very 
low mean number of electrons compared w i t h what i s 
observed experimentally. This could be due t o the 
neglect of f l u c t u a t i o n s or because electrons produced as 
knock-ons by muons and those r e s u l t i n g i n d i r e c t l y from 
Bremsstrahlung have not been considered. 
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CHAPTER 8 
Conelusions and Future Work 

8.1 Conclusions 
I t has been shown t h a t the adopted model w i l l a t a l l 

z e n i t h angles accurately p r e d i c t the sea-level energy 
spectrum of single muons, that i s t o say, i t s a t i s f a c ­
t o r i l y explains the l o n g i t u d i n a l development of the muon 
component of E.A.S. This does not of course mean tha t 
the c o r r e c t values f o r the model parameters and shapes of 
spectra have been determined, however, i t does imply t h a t 
when these are taken i n conjunction w i t h each other they 
form a s a t i s f a c t o r y model. 

When p r e d i c t i o n s f o r the l a t e r a l spread of near 
v e r t i c a l showers are compared w i t h experimental deter­
minations f o r various muon threshold energies, two f a c t s 
are immediately obvious. The f i r s t i s an overestimate 
of muon d e n s i t i e s a t small r a d i a l distances f o r a l l 
t h r e s h o l d energies and secondly there i s an underestimate 
of the muon density a t la r g e r a d i a l distances and at the 
higher threshold energies. The former has been explained 
i n terms of a reduction i n the p r o b a b i l i t y of transverse 
momentum t r a n s f e r s below 0.1 GeV/c. Several explanations 
are put forward f o r the second phenomenon which does seem 
t o be a r e a l e f f e c t and not a consequence of experimental 
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biasses. This second, discrepancy has also been noted 
very r e c e n t l y by Murthy et a l . (1967) who compare the 
r e s u l t s of a simple t h e o r e t i c a l treatment w i t h experi­
mental r e s u l t s . I f the explanation i s made solely i n 
terms of a change i n mean transverse momentum, then the 
present analysis indicates t h a t f or E^u>10 GeV a value 
of <P t> of 0 . 6 GeV/c i s necessary and f o r > 100 GeV/c, 
<Vt> * 1 GsV/c i s required. 

With regards t o the discussion of the merits of 
one centre and two centre models f o r the energy d i s ­
t r i b u t i o n of secondary p a r t i c l e s (§5»^); i t was stated 
t h a t a two centre model would give r i s e t o a steeper 
l a t e r a l d i s t r i b u t i o n of muons, thus the choice of the 
C.K.P. one centre model seems t o have been j u s t i f i e d . 

The i n t r o d u c t i o n of the passive baryon and isobar 
t h e o r i e s decreases the accuracy of f i t of the predic­
t i o n s of the model, consequently t h e i r i n t r o d u c t i o n 
i n t o a. shower model cannot be advocated on the present 
evidence. 

The study of f l u c t u a t i o n s i n the muon l a t e r a l d i s ­
t r i b u t i o n has shown the importance of experimental bias 
towards the s e l e c t i o n of f l a t t e r showers, tha t i s , those 
showers i n which the primary p a r t i c l e has made several 
e a r l y i n t e r a c t i o n s . I n v e s t i g a t i o n s i n t o the f l u c t u a ­
t i o n s of the t o t a l number of electrons i n n e a r - v e r t i c a l 
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E.A.S. have shown t h a t the choice of t h i s parameter 
as the datum f o r shower s e l e c t i o n i a unfortunate i n 
view of the l a r g e f l u c t u a t i o n s i n N e compared w i t h the 
q u i t e small f l u c t u a t i o n s i n Nyu. 

Further evidence f o r an increase i n the mean trans­
verse momentum a r i s e s from a study of the muon component 
at l a r g e z e n i t h angles. When comparison i s made between 
the present theory and the r e s u l t s of the Durham array 
a value of <p t> of 0.8 GeV/c i s found t o s a t i s f y both 
the measured z e n i t h angle d i s t r i b u t i o n and the number 
spectrum. Both the value of <p^> and the energy of 
parent p a r t i c l e s making the major c o n t r i b u t i o n are i n 
good agreement w i t h the range of values determined i n 
the analysis of near v e r t i c a l showers. 

The r e s u l t s of analyses of both v e r t i c a l and l a r g e 
z e n i t h angle showers provide evidence f o r a change i n 
the primary composition from predominantly protons t o 
a higher e f f e c t i v e mass at a primary energy of a few 

15 

times 10 eV. The evidence from the Durham number 
spectrum seems t o be emphatically i n favour of t h i s 
model of the primary f l u x , provided t h a t the assumed 
features of the i n t e r a c t i o n model are co r r e c t , and i t 
di s c r i m i n a t e s against those models of the primary f l u x 
i n which there i s proton composition throughout. 
Comparison w i t h the Utah m u l t i p l e event r a t i o s does not 
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provide conclusive evidence but i t does tend to confirm 
the above statement. The comparisons are not dependent 
on the very high energy primary f l u x , consequently 
nothing can be deduced from the present work w i t h 
regards t o the 'ankle' i n the primary energy spectrum 
a t ~ 1 0 1 7 eV. 

8 .2 M o d i f i c a t i o n s t o the Array 
The conclusion w i t h regards t o the array i s tha t i t 

has been s a t i s f a c t o r y i n operation so f a r ; however, mod­
i f i c a t i o n s have been made which w i l l make the analysis 
easier and should provide f u r t h e r information about 
h i g h l y i n c l i n e d muon showers. I t would be advantageous 
t o have a run of a few thousand hours i n order t h a t the 
s t a t i s t i c a l e r r o r s on the present experimental points 
may be reduced s i g n i f i c a n t l y . Chapter 7 showed t h a t 
the z e n i t h angle d i s t r i b u t i o n i s extremely s e n s i t i v e 
t o the assumed value f o r the mean transverse momentum 
and i t i s hoped t h a t as the experimental e r r o r s are 
reduced so the value of <p^> may be spe c i f i e d w i t h 
increased c e r t a i n t y . When the number spectrum has been 
evaluated from the data of a longer experimental run a 
more precise statement concerning the model of the 
primary f l u x should be possible. 
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The major m o d i f i c a t i o n s to the array concern the 
t r i g g e r i n g system; instead of a two-fold t r i g g e r on 
s i n g l e s c i n t i l l a t i o n counters and Ŝ , these are 
replaced by two-element telescopes; i t w i l l also be 
possible t o t r i g g e r from a 120 GeV m.d.m. ho r i z o n t a l 
spectrograph which i s i n l i n e w i t h the 'east' telescope. 

A schematic side view of one o f the telescopes i s 
shown i n Figure 8 . 1 , these are situated such that scin­
t i l l a t i o n counters Si and Ŝ , as shown i n Figure 2 . 1 , 

form the f i r s t elements of the west and east telescopes 
r e s p e c t i v e l y ; the t r i g g e r i n g elements of the east t e l e ­
scope are shown i n the f i g u r e as and S^&. Triggering 
p a r t i c l e s from the n o r t h have t o be capable of pene­
t r a t i n g a t o t a l of approximately 5 .75" i r o n , that i s 
~ 8 . 6 r a d i a t i o n lengths, there i s i n a d d i t i o n a 3" t h i c k 
w a l l of barytes laded concrete which contributes a 
f u r t h e r two r a d i a t i o n lengths of absorber. This should 
be q u i t e s u f f i c i e n t t o r u l e out a l l p o s s i b i l i t y of a 
n o r t h t r i g g e r i n g p a r t i c l e being anything other than a 
muon. 

Near v e r t i c a l showers of electrons w i l l be elimina­
ted by two means, f i r s t of a l l there i s the a n t i - c o i n c i ­
dence counter and i n a d d i t i o n at l e a s t four r a d i a t i o n 
lengths of absorber w i l l be located above each telescope. 
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Fig. 8.1 A telescope of the modified Durham Horizontal 
Extensive A i r Shower Array. 
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The zenith angle of the shower w i l l be calculated 
from the tracks of the two t r igger ing par t ic les in two 
f l a s h tube t rays , f o r example, i n the east telescope 
system, T 1 2 and ^2.2a ^Ich a r e situated *+8 cms apart. 
Tracks i n the remainder of the f l a sh tube trays w i l l 
have to have a tube conf igurat ion consistent wi th th i s 
angle i n order to be counted as a constituent of the 
muon shower. Flash tube t ray T^2b i n w ^ c k tubes 
are v e r t i c a l w i l l be used to measure the azimuthal angle 
of the shower. Thus the determination of shower direc­
t i o n can be made wi th greater accuracy, th i s means that 
the e f f e c t i v e area of the array and hence the muon 
density may be determined more precisely. Each t e l e ­
scope w i l l accept muons from the north i n the zenith 
angle range ~30° to 90° . 
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APPENDIX A 

Properties of the Cosmic Ray Flux 

i ) The properties of the elementary, par t i c les 

Rest Energy 
MeV 

Mean l i f e t i m e 
seconds 

n 939.550 + 0.005 (1.01 + 0.3) 10 3 

P 938.256 + 0.005 stable 

K± 139.580 + 0.015 (2.551 + 0.026)10~8 

7C° 13^.97^ ± 0.015 (1.78 + 0.26) 1 0 1 " 6 

M± 105.659 ± 0.002 (2.2001 + 0.0008)10~6 

e± 0.511006+0.000002 stable 

The relevant decav schemes 

Decay mode Relative abundance of 
a l ternat ive decay modes 

e + + D e 

1 - 10-^ 

10+ 

I T — X +3J£ 

Tt°-» 2* 98.8$ 

y+ e + 1 e" 1.2% 

2e + + 2e~ O.OQhfc 

e*- + D + D 
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APPENDIX B 

The Atmosphere 

The atmosphere may be divided in to two layers, the 

stratosphere and the troposphere, the boundary between 

these being known as the tropopause. From sea-level to 

the tropopause atmospheric temperature increases wi th 

height, above the tropopause, that i s , i n the s trato­

sphere, the temperature remains at a constant value. 

The re la t ionships between pressure, x, density, f> , 

and a l t i t u d e , h, are derived below. Subscript ' t ' refers 

to values at fthe tropopause and ' o 1 to those at sea-level. 

The density of the atmosphere at depth x g.cm""2 i s 

given by:-

x s "3 yOCx) = R - f f k ) g . cnfJ (B!) 

where T(h) i s the absolute temperature, at h kms. and the 

gas constant, R = 2.888 10^ erg. °K~ 1 g.cm" 1. 

We also have the re la t ionsh ip : -

dx = p dh g.cm"2 (B2) 

Combining Bl and B2 and integrat ing 

i = exp 
x o 

h 
(B3) h R 



For the tropopause, i . e . x > x t , T(h) = TQ - f h , 

where T i s the lapse rate; B3 becomes:-

x = x l l - ' J I ^ (B>+) <•['-%] 
For the stratosphere i . e . x 4 x t , T(h) = T 

x = x t exp j^~|^(h-h t )j (B5) 

Goody (195^) gives the fol lowing values at the 

l a t i t u d e of Durham (55°N) 

ht = 10.3 km 

T t = 219°K 

T Q = 282°K 

thus, T = 6.O78 °K/km 

x Q = 103^ g.cm"3 

Subst i tut ion i n B2, Bk, B5, gives:-

tropopause x t = 253.3 g.cm" 2 

troposphere x = 103^ (1-0.02156 h ) ^ 8 7 g.cm" 2 (B6) 

Ch)x = 1+6.380-13.398 x 0 , 1 7 9 kms (B7) 

pix) = ^.170 10" 6 x 0 , 8 2 1 g.cm" 3 (B8) 

stratosphere x = 253.3 exp(-0.154-9 (h-lO. 3)) g.cm" 2 (B9) 

h(x) = 4-6.0^-0-6.4-576 l n ( x ) kms. (BIO) 

jO(x) = 1.5^8 10" 6x g.cm" 3 (BID 
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The preceeding statements are true f o r a v e r t i c a l 
section through the atmosphere. Suppose t h a t the depth 
i n g.crrf 2 of point C i n Figure Bl i s known and the 
i n c l i n e d height from C t o the point of observation, 
h ( 6 ) , i s required. Then equation (B7) or (BIO) w i l l 
give h ( a t v ) , the equivalent v e r t i c a l height and h(6) may 
be derived as f o l l o w s . 

The cosine r u l e on t r i a n g l e ABC of Figure Bl gives: -

[ R e • h ( x v ) ] 2 = [ h ( 6 ) ] 2 + [ R J 2 + 2h(©)RB cos© 

• * • ( i l l " 
hCe) = -R Ecosfc +1 [R Eeose] 2~[RgJ 2 + [R E+h(x v)] 2V (B12) 

where R E = 6370 km. 

sect? 1 ̂  s i n 2 9 , 
(l+h ( x )/RET 

CB13) 

Figure B2 shows the height above sea-level (along the 
t r a j e c t o r y ) as a f u n c t i o n of equivalent v e r t i c a l height 
f o r various z e n i t h angles. The i n c l i n e d depth i s p l o t t e d 
as a f u n c t i o n of equivalent v e r t i c a l depth i n Figure B3a 
and Figure B3b shows the r e l a t i o n s h i p between v e r t i c a l 
height and depth i n the atmosphere at 6 = 0°. 
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APPENDIX C 
A n a l y t i c a l Method of .Calculation 

The f o l l o w i n g d i f f u s i o n equations are taken as the 
s t a r t i n g of the c a l c u l a t i o n s . 

-oo 
S f f l j ^ . = .. j i + ~ J j L ^ m E ) X ) + y(E',E)TTCE',x)dE« (CI) 

This equation describes the pion cascades due t o the i n t e r ­
a c t i o n o f the primary a t depth x Q ; i t i s solved using the 
method of successive generations. 

The equations f o r successive generations, obtained 
from CI arer-

dTL(E,x) 

( B , x ) 

1 + e < t V > ^ L ( E ' X ) 

d x 1 + B . 
ECx+x~T o 

CO 

^CS,x) 

+ 
!

(X3 
S(E ,,E)T^_ 1(E',x)dE' (C2) 
E 

f o r n = 2,3,»f, 
I t i s assumed tha t the shape of the d i s t r i b u t i o n i n 

depth of i n t e r a c t i o n of pions of a given generation i s 
independent of energy. The reduction i n the number of 
pions a v a i l a b l e f o r i n t e r a c t i o n , due t o decay, i s taken 
i n t o account. I n order t o si m p l i f y the c a l c u l a t i o n s , the 
muons are considered t o o r i g i n a t e at below the depth 
a t which the parent pion was produced. 
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Under these assumptions the functionTV^^CE',x) i n 
equation 02 becomes 

TTn-lCE') Pn-l(E') W x ) 

where t^.iCE') i s the energy spectrum of pions of the 
( n - l ) * * 1 generation, fCx) i s t h e i r d i s t r i b u t i o n i n depth, 
neglecting decay, P(E) i s t h e i r i n t e r a c t i o n p r o b a b i l i t y 
as a f u n c t i o n 6f energy. 

This s i m p l i f i c a t i o n makes i t possible t o solve equa­
t i o n C2, as f o l l o w s : -

-B/E 

I x o 
e~ x 

n _ 1 /_ «\ f v + v m-2 
x~ + 

2+B/E 0 

( - l ) n ~ 2 /n-2\x 0
n~ 2 x+x^ 

\n-2) 1 + B / E 

+ ( - I ) " " 1 ( n - 2 ) J x ^ ^ - 1 ^ ) " 3 3 ^ e" x 

( n - 2 ) J 
(C3> 

T ^ ( E ) = PtEMSCE'jE^n-^CEMdE' (Oh) 
JT?. 

(n-l+B/E) (1+B/E) 

f o r n > 2. 
where _ 

'E 
JU(E,x), which represents the number of muons produced at a 
c e r t a i n depth x from pions of energy E, i s given by:-

U(E,x) = B£Tf n(E,x) 
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Using t h i s f u n c t i o n the t o t a l number of muons a r r i v i n g 
a t sea-level i s c a l c u l a t e d from the f o l l o w i n g expression. 

f°° f x s 
N/ntE>Et) = LUE,x) SPCE,Et,x) dx dE (C6) 

where SPCEjE^., x) gives the p r o b a b i l i t y t h a t a muon pro­
duced at depth x by a pion of energy E w i l l a r r i v e a t 
sea-level w i t h energy greater than Ê .. 

This f u n c t i o n SP(E,E^.,x) i s calculated taking i n t o 
account muon energy losses and t h e i r energy d i s t r i b u t i o n 
r e s u l t i n g from TV-Ji decay. 

The expression f o r the mean distance of muons from 
the a x i s i s : -

X sjJL(E,x)SP(E,E t,x)r 1(E,x)dr dE CG7) 
o 

where r^CE,x) represents the mean distance at which a muon 
w i t h parameters E and x reaches sea-level. 

U f^rri>Ep 



APPENDIX D 
Coulomb Scattering 

l>+9. 

From Figure Dl we have 

< y f > =jzT2 h ( 9 ) 2 + ̂  Ah 2 

Fori s p a t i a l 'angle of s c a t t e r i n g , ^ . 

2 _ (0.021) 2 Ax 
E, X, 

(Dl) 

(D2) 

where i s i n GeV, Ax i n g.cm"2 and X Q i s the r a d i a t i o n 
l e n g t h f o r a i r i n g.cm"2. 

S u b s t i t u t i n g Ax = 12 g.cm" and X Q = 37.7 g.cm"2 i n 
equation D2 

2 = l.hQ* 10' 
Ey (D3) 

Thus Dl becomes 

< k y s > 1 2 i Ei 
h ( 6 ) 2 + 

3 J 

I f Ax in g.cm"2 and p (x) in g.cm"^ then 

Ah c m 

yO(x) 

Au Ax 10" 2 

or Ah = ~ ^ t x T m 

Therefore 
< y2> = i J i P j L i o . h ( 9 ) 2 + i />(x)J 

CD5) 

(D6) 

(D7) 



r Ah metres. 
Ax g. cm 

4> 

2 
«3 

F i g u r e D. 1 
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The f a c t o r i i n the second term of (Dl) occurs 
because j£ i s the angle of the p a r t i c l e t r a j e c t o r y on 
l e a v i n g c e l l r e l a t i v e t o t r a j e c t o r y on entry,, and i t i s 
not the mean angle which i s required i n t h i s c a l c u l a t i o n . 

Table Dl 
The root mean square value of sca t t e r i n g (0^) 

i ) E ^ U L » 1 GeV at sea-level 
Depth of muon 
production 
g.cm-2 0= 60° 

O-o 
metres 

75 S 8^° 

2060 8.71 h.12 10 2 9.85 10 2 

1580 1.2h 10 2 5.10 i o 2 1.05 10 3 

1100 2.50 10 2 6.13 10 2 1.13 i o 3 ; 

620 3.=86 10 2 7.30 10 2 1.22 10 3 

ihO 5.83 10 2 9.08 10 2 1.36 10 3 

© = 75° Depth of production = 620 g.cm"2 

Eju a t 
production 

GeV 
Co 
metres 

8.69 7.30 10 2 

10.2 6.02 10 2 

12.6 !+.59 10 2 

17.0 3.21 10 2 

U-1.7 1.20 10 2 

20+ 1.82 10 
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The p r o b a b i l i t y of a p a r t i c l e which would have f a l l e n 

i n the shaded area of Figure D2a without s c a t t e r i n g a r r i v i n g 
i n u n i t area at the centre when sc a t t e r i n g i s included, i s 
given by:-

F ( r ) d r = G(x)dx G(y)dy (D8) 

9 2 2 where x^ + y = r . 
Re f e r r i n g t o Figures D2b and D2c which show the Gaussian 

d i s t r i b u t i o n s i n the xz and yz planes formed by the scattered 
p a r t i c l e s ; equation (D8) may be r e w r i t t e n as fol l o w s 

As. At = 1 

F ( r ) d r = G(x) As G(0) At (D9) 

F ( r ) d r = G(x) G(0) (DlO) 

Now, -, / v 2 
G ( x ) ' * k e x p " i ? ( D U ' 

I f O0 = 0"/2* i s the root mean square value f o r s p a t i a l 
d i s t r i b u t i o n , then, 

a(y) = 

<Zff \ o-o 
G(x) = - 4 = exp ( "—2 \ (D12) 

and G(0) = — L - (D13) 

. The p r o b a b i l i t y of one p a r t i c l e which would have f a l l e n 
i n the annulus, a r r i v i n g on u n i t area at centre when 
scattered i s , 
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APPENDIX E 
Geomagnetic D e f l e c t i o n 

From Figure E l , 
y m =oC.h(e) ( E l ) 

and oC = ̂  (E2) 
R 

where R i s the radius of curvature of the muon t r a j e c t o r y 
i n the earth's magnetic f i e l d . 

R ( O M ) = i ( E 3 ) 
B(Gauss)3DO 

Ah = (*) 

S u b s t i t u t i o n of E2, E3 and Elf i n El gives 

Thus, 

y m = M T F 1 " ( H ( E ) + 0.06/b(x)) 
'm /3(x) E^ r m e t r e g ( E 6 ) 

f o r Ejs i n GeV. 
The term 0.06/p(x) i s t o allow f o r the f a c t that Ah 

i s not n e g l i g i b l e w i t h respect t o h ( 8 ) . 



Ax g. cm 
Ah metres. 

-2 

F i g u r e E . I . 
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Table El 

Geomagnetic displacement at sea-level 

i ) EjiSfc. 1 GeV at sea-level 
Depth of muon 
production 
g.cm"2 6 = 60° 

2^m 
metres 

75 8^° 

2060 2.61 8.08 10 2 h.76 10 3 

1580 1.11 10 2 1.25 10 3 5.80 10 3 

1100 3.6H- 10 2 1.90 103 7.36 10 3 

620 8.79 10 2 3.09 103 If. 
1.02 10 

ihO 3.M+ 10 3 8A7 10 3 2.1*+ 10^ 

= 75°, Depth of production = 620 g.cm 
at 

production 
GeV 

£ y m 

metres 

8.96 3.09 10 3 

10.2 2.56 10 3 

12.,6 1.96 10 3 

17.0 1.37 10 3 

lKL.7 5.12 10 2 

26k 7.73 10 1 

V 1 ".- • 


