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A b s t r a c t 

The use of X-ray texture a n a l y s i s techniques enables a 

s i m p l i f i e d p i c t u r e of the microstructure of a rock to be b u i l t up. 

I n t h i s t h e s i s i t i s shown t h a t , i n s p i t e of a wealth of evidence 

Dn p r e - f a i l u r e rock behaviour, a simple a p p l i c a t i o n of G r i f f i t h 

-theory to the assumed microstructure can provide an adequate 

d e s c r i p t i o n of the f a i l u r e c h a r a c t e r i s t i c s of an a n i s o t r o p i c rock. 

I t i s suggested that the c r y s t a l l i t e s t r u c t u r e w i t h i n the rock 

c o n t r o l s the p r e - f a i l u r e a c t i v i t y i n such a way as eventually to.:, 

•produce the crack formation i n i t i a l l y deduced from that c r y s t a l l i t e 

s t r u c t u r e . These conclusions are drawn from work done on two rocks 

of d i f f e r e n t character, Penrhyn S l a t e and Lumley Mudstone. 
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1. I n t r o d u c t i o n 

The technique of using X-rays i n texture a n a l y s i s , the 

determination of c r y s t a l l i t e o r i e n t a t i o n density d i s t r i b u t i o n , i s 

.now w e l l e s t a b l i s h e d ( B a r r e t t and Massalski, 1966) and i s used i n 

many d i s c i p l i n e s (Nightingale and Lewis, 1971 ; Dunn and Walter, 1 9 5 9 ) -

The geometry used i n present commercial texture goniometers i s due 

•to Shulz ( 1 9 4 9 ) and t h i s forms the most common way of determining 

"textures, i n metals at l e a s t . (Starkey, 1964, has developed a geometry 

based on photographic f i l m r a t h e r than a moving counter but h i s method 

seems l i t t l e used a t present.) 

Shulz' geometry has i n f a c t been the subject of close a n a l y s i s 

by a number of authors (von Gehlen 1960; Chernock and Beck, 1952) and 

subsequent workers have made use of and expanded t h i s work to produce 

accurate pole f i g u r e s from X-ray data (Baker, Wenk and C h r i s t i e , 1969; 

.Payad, 1 9 6 7 ) . Despite a l l t h i s , however, the data has only been used 

i n a q u a l i t a t i v e way i n rock mechanics (Att e w e l l 1970; Attewell and 

T a y l o r '1969; Brace i 9 6 5 ). The purpose of t h i s t h e s i s i s to examine 

one p a r t i c u l a r a n i s o t r o p i c property of a rock, that of strengh 

anisotropy, and to t r y to r e l a t e t h i s i n a q u a n t i t i a t i v e way to the X-r 

-texture. 

The process of f a i l u r e i n rock has been studied e x t e n s i v e l y 

(see reviews by Murr e l l , 1969 and Brace, 1969) and these s t u d i e s 

have given the impression that the f a i l u r e of rock i s gradual and the 

f i n a l shear plane i s but the l a s t manifestation.of a very complex 

process. The data obtained ( f o r example, Brace, Paulding, and Scholz, 

1966) shows that there i s indeed great a c t i v i t y w i t h i n a rock some time 

before i t f a i l s , and that t h i s a c t i v i t y i s r e l a t e d to the f i n a l f a i l u r e 

T his has been taken to show that simple t h e o r i e s , for example, 

those based s o l e l y on tho theory of G r i f f i t h ( 1 9 2 1 ) are not a p p l i c a b l e 

to rock. 
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The previous s t u d i e s of rock f a i l u r e have only r a r e l y 

included any work on a n i s o t r o p i c f a i l u r e (Donath 1 9 6 1 ; Jaeger, 1960/ 

and there have been no attempts, to the author's knowledge, to describe 

a n i s o t r o p i c f a i l u r e by any other than the simplest expose" of G r i f f i t h 

theory (Walsh and Brace, 1964; Hoek, 1 9 6 4 ) . The e f f e c t of the 

p r e - f a i l u r e behaviour of rock on a n i s o t r o p i c f a i l u r e t h e o r i e s seems to 

have been ignored. 

There are two r e l a t e d cooperative f a i l u r e t h e o r i e s i n 

existence (Weibols and Cook 1968; Brady, 1969J and both of these can 

be made to deal with a n i s o t r o p i c material by i n s e r t i n g a non-uniform 

crack d i s t r i b u t i o n of some s o r t . This t h e s i s describes an attempt to 

do t h i s and to r e l a t e the crack o r i e n t a t i o n d i s t r i b u t i o n to important 

f a b r i c elements determined by the X-ray texture method. 



2. Texture A n a l y s i s 

I n studying the anisotropy of a given rock i t i s reasonable 

•to suppose that such anisotropy i s due a t l e a s t i n part to some 

property of the minerals i n the rocks. 

Thus i t i s i n t e r e s t i n g to look a t the o r i e n t a t i o n 

d i s t r i b u t i o n of the mineral c r y s t a l s within the m a t e r i a l . 

The way to do t h i s i s to define some i d e n t i f i a b l e d i r e c t i o n 

w i t h i n the c r y s t a l morphology, for example an optic a x i s , a pole to a 

•twin plane or a pole to an X-ray d i f f r a c t i o n plane, and to count the 

de n s i t y of these poles per u n i t s o l i d angle. When such a density 

d i s t r i b u t i o n i s plotted on the surface of a sphere the r e s u l t i n g pattern 

i s c a l l e d a pole f i g u r e . 

I f two or more such d i r e c t i o n s can be defined and t h e i ? 

orientation' density d i s t r i b u t i o n s measured, then a more complete 

d e s c r i p t i o n of the texture may be obtained. The adequacy of t h i s 

d e s c r i p t i o n being r e l a t e d to the c r y s t a l l o g r a p h i c symmetry and the 

(tiltil ) m u l t i p l i c i t y . I n p a r t i c u l a r , i f , f or samples with an a x i a l 

symmetry, instead of p l o t t i n g the d i s t r i b u t i o n of a c r y s t a l l o g r a p h i c 

axi3 with respect to the sample axes, the d i s t r i b u t i o n of the sample a x i s 

with res p e c t to c r y s t a l l o g r a p h i c a x i s i s plotted, then an inv e r s e pole 

f i g u r e i s obtained. T h i s type of plot i s much used i n s t u d i e s of 

metals and p l a s t i c s . 

For samples with l e s 3 than a x i a l symmetry the c r y s t a l l i t e 

d i s t r i b u t i o n function of Roe (1965) may be required. T h i s function 

expresses the inver:..-! > f i g u r e as a s e r i e s of generalized s p h e r i c a l 

harmonics and enables the pole f i g u r e f or any given plane i n the 

p a r t i c u l a r c r y s t a l to be obtained. However, thero are p r a c t i c a l problems 



p a r t i c u l a r l y i n the case of polymineralic aggregates, of peak overlap 

and low r e s o l u t i o n . 

There are two basic groups of techniques f o r obtaining data 

f o r pole, f i g u r e s : o p t i c a l and X-ray. The o p t i c a l techniques d i f f e r 

i n t h e i r methods of d e f i n i n g the d i r e c t i o n s , w i t h i n the c r y s t a l , to be 

counted but they a l l r e q u i r e that the sample be placed on a U n i v e r s a l 

Stage under a microscope so that the d i s t r i b u t i o n may be obtained by 

d i r e c t observation. There are therefore l i m i t s on the s m a l l e s t s i z e 

and the l a r g e s t number of c r y s t a l s that can be counted by t h i s system. 

The use of X-rays i s based on the s e l e c t i v e r e f l e c t i o n 

p r operties of c r y s t a l planes, as described by Bragg's law. The apparatus 

i s c h a r a c t e r i s e d by the f a c t that the source and detector always subtend 

the same angle a t the sample, t h i s angle being r e l a t e d to the Bragf 

angle for the c r y s t a l planes of i n t e r e s t , and that the detector or the 

sample or both are moved such that the r e s u l t a n t v a r i a t i o n i n i n t e n s i t y 

bears a known r e l a t i o n to the pole f i g u r e . 

X-ray methods d i f f e r i n d e t a i l , p a r t i c u l a r l y i n the detector 

used, which may be photographic f i l m ( f o r example, Starkey, 1964) or a 

counter of some s o r t , and a review of some of these methods has been 

published by B a r r e t t and Massalski. (op c i t ) . A counter method i s to be 

described here. 

The instrument used i s a P h i l i p s X-ray texture goniometer* 

making use of a geometry due to Schulz (1949). That i s , the source, 

counter and the centre of the sample surface are kept f i x e d , the angle 

* Texture attachment, PW1050; Goniometer, PW 1078/10; Diffractometer, 
PW 1 3 1 0; using N i f i l t e r e d Cu. r a d i a t i o n . 



5 

between them being chosen to s e l e c t the d i f f r a c t i o n l i n e required, and 
the sample i s rotated about two axes through i t s centre point. The 
f i r s t a x i s , l i n e A A' i n f i g . 1, i s the l i n e of i n t e r s e c t i o n between 
the plane of the sample surface and the plane containing the i n c i d e n t 
and r e f l e c t e d beams. The second a x i s , B B' i n f i g . 1 i s the normal 
to the sample su r f a c e . 

These two r o t a t i o n s bring s u c c e s s i v e s e t s of the planes at 

d i f f e r e n t o r i e n t a t i o n s i n t o p o s i t i o n so that the detector may r e c e i v e 

X—rays r e f l e c t e d from them. The detector output i s thus a continuously 

"varying analogue of the X-ray i n t e n s i t y corresponding to the volume of 

c r y s t a l r e f l e c t o r s i n the o r i e n t a t i o n s s i n g l e d out by the motion. * 

I f the s e l e c t e d o r i e n t a t i o n s are plotted on a s u i t a b l e 

•projection-with respect to a defined s e t of axes i n the sample, taking the 

sample normal as the a x i s normal to the p l o t , then an outward d i r e c t e d 

s p i r a l scan i s produced ( f i g . 2 ) . The parameters of t h i s scan, that i s 

the time for one r o t a t i o n of 2 r r i n the angle Jf and the change i n 

angle J for each such r o t a t i o n , can be s e t to a number of standard 

-values on the P h i l i p s equipment and so the output from the detector may 

e a s i l y be c o r r e l a t e d with the p o s i t i o n i n the scan. 

To i n c r e a s e the volume of c r y s t a l s i r r a d i a t e d and thereby to 

i n c r e a s e the s t a t i s t i c a l r e l i a b i l i t y of the count, the sample i s 

o s c i l l a t e d from sid e to s i d e i n i t s own plane and w i t h i n the plane of 

-the l a t i t u d e Q ) r i n g so that the beam sweeps across i t s s u r f a c e . The 

r o t a t i o n about B B' i s e f f e c t e d by a pawl and r a t c h e t mechanism which 

operates once every o s c i l l a t i o n , ensuring that the same part of the 

surface i s always sampled. 

* The quantity measured by t h i s method i s an i n t e g r a l quantity and 
therefore takes account of c r y s t a l s i z e . I t d i f f e r s i n t h i s respect 
from the o p t i c a l method which counts points i r r e s p e c t i v e of the 
s i z e of c r y s t a l s producing tnose points. 

i 
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As the sample r o t a t e s through ^ the e f f e c t i v e s c a t t e r i n g volume 
i n c r e a s e s as does the attenuating volume. According to the a n a l y s i s 
of Schulz ( 1 9 4 9 ) these two e f f e c t s cancel each other out, making the 
d i f f r a c t e d i n t e n s i t y independent of ^ . (See appendix A) 

This a n a l y s i s depends on the assumption that the X-ray beam 

does not leave the surface of the specimen and that a l l r e f l e c t e d 

rays are counted by the detector. (Von Gehlen 1 9 6 0 ) . 

Since the X-ray i l l u m i n a t e d area on the specimen becomes wider 

for i n c r e a s i n g the edges of the spot w i l l eventually f a l l outside 

the specimen area and a l o s s of i n t e n s i t y r e s u l t s . For samples of 

other than c i r c u l a r shape t h i s f a l l of i n t e n s i t y w i l l a l s o vary with X , 

although a s u f f i c i e n t l y small counter input s l i t should reduce t h i s 

e f f e c t . I n addition to the spot s i z e e f f e c t there i s a defocusing 

e f f e c t which occurs simply because the specimen surface i s not normal 

to the plane of the X-ray beams and the r e f l e c t i n g volume ceases to 

l i e near the Bragg-3rentano focusing c i r c l e (Chernock and Beck, 1 9 5 2 ) . 

These two e f f e c t s combine to cauee a f a l l off i n i n t e n s i t y a f t e r ^tsyo" 

though t h i s angle i s dependent on s l i t widths and two t h e t a values 

(Baker, Went & C h r i s t i e 1 9 6 9 ) , as w e l l as specimen s i z e (Von Gehlen, 

1 9 6 0 ) . One scan i s therefore i n s u f f i c i e n t to complete a pole f i g u r e 

fo r a p a r t i c u l a r specimen. 

The method adopted i n t h i s study f o r completion of the pole 

figu r e was to use t h r t v mutually orthogonal samples cut from a s i n g l e 

specimen and to combine the scans from these to s a t i s f y the empty 

annulus on the projected pole f i g u r e . This r e q u i r e s that the texture 

of the sample does not vary s i g n i f i c a n t l y over the volume from which 

the three samples WP-C t^ken. 



Although a chart record was made of each scan f o r v i s u a l 

i n s p e c t i o n , the data from the counter were c o l l e c t e d a u tomatically 

a t known sampling i n t e r v a l s on paper tape. The information was thus 

i n a s u i t a b l e form f o r immediate use by the s p e c i a l l y w r i t t e n 

computer program. (See Appendix B ) . 

The program accepts data on the s e t t i n g s of the goniometer 

scan r a t e s and a p p l i e s them to the i n t e n s i t y data to produce e i t h e r an 

equal angle or equal area p r o j e c t i o n of the s p i r a l scan. The data from 

two scans of a s e t of three i s rotated i n t o the same system of axes 

as the t h i r d and overlayed with i t , the average i n t e n s i t y being 

taken whenever the value a t any p a r t i c u l a r point i s m u l t i p l y s p e c i f i e d . 

The r e s u l t i n g raw p r o j e c t i o n can then be smoothed (Baker, Wenk and 

C h r i s t i e , 1969^ and any empty points f i l l e d i n to produce a complete 

pole f i g u r e . For ease of printout the data i s normalized to the maximum 

recorded i n t e n s i t y , Imax, and plotted by a l i n e p r i n t e r to a modulus 

10 (rounded up or down between increments) so that 10$ contours can 

e a s i l y be drawn. An i n t e g r a t i o n may be performed under the pole; f i g u r e 

and a value corresponding to the i n t e n s i t y that would be produced by 

the same sample i f i t showed no preferred o r i e n t a t i o n may be produced. 

Th i s i s the random i n t e n s i t y 

1=0 J-a 

A contour of I, i s plotted out. * 

* This contour may, f o r conditions of simple mechanical r o t a t i o n , 
be shown to be a contour d e f i n i n g the i n t e r s e c t i o n of the surface 
of zero f i n i t e l o n g i t u d i n a l s t r a i n with the plane of p r o j e c t i o n . 
However t h i s condition i s too l i m i t i n g to be of use. 
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The r a t i o of I r to Imaz i s c a l l e d here the a n i s o t r o p i c index and may

be used to i n d i c a t e degree of anisotropy, though i t takes no account 

of the shape of the d i s t r i b u t i o n . 

The sequence of overlayed pole f i g u r e s to obtain the complete 

pole f i g u r e i s shown i n f i g s . 6 to 9. These show how the data from 

three scans i s combined and smoothed to f i l l i n a l l the empty points 

on the mesh. The f i n a l printout i s shown with the random i n t e n s i t y 

contour marked by '+' c h a r a c t e r s , s e r v i n g to pick out the o v e r a l l 

form of the te x t u r e . 

The scans have been i d e n t i f i e d by l e t t e r s A, B, & C i n the 

f i g u r e s and these correspond to the l e t t e r s i d e n t i f y i n g the samples 

shown i n Pig.4. This shows the s p a t i a l r e l a t i o n s h i p between the three 

samples and i t can be seen that t h i s r e l a t i o n s h i p i s upheld by the 

p l o t t i n g program. 

The p l o t snown i n F i g . 9 i s of the i l l i t e b asal r e f l e c t i o n 

fo r fonrhyn S l a t e , corresponding to a 29 of 9 degrees ( Cnf,K r a d i a t i o n ) , 

and t h i s c l e a r l y shown a maximum concentration normal to the cleavage 

plane; that i s the f l a t p l a t e - l i k e c r y s t a l l i t e s have tended to a l i g n 

with each other. A t t e w e l l and Taylor (1969) have shown that the 

p r i n c i p a l axes of t h i s texture conform to the p r i n c i p a l d i r e c t i o n s of the 

te c t o n i c s t r e s s e s which developed the s l a t y cleavage a t the point i n 

the rock from which the sample was taken. 

The plot shown i n F i g . 1 3 i s of the basal c h l o r i t e r e f l e c t i o n 

from the same samples of Penrhyn s l a t e , with a 29 of 12.5 degrees 

( C u ^ r a d i a t i o n ) . T h i s p l o t has the same c h a r a c t e r i s t i c s of the 

i l l i t e p l o t , which i s to be expected s i n c e the two c r y s t a l s have a 

very s i m i l a r morphology and i t i s the morphology of the c r y s t a l s which 

determine the rexture, with the major d i f f e r e n c e being that the 

c h l o r i t e texture appears l e s s drawn out i n the y d i r e c t i o n . 
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There are two d i f f i c u l t i e s which a f f e c t the accuracy of the 

f i n a l texture r e p r e s e n t a t i o n . These are the determination of the 

background r a d i a t i o n pickup and the allowance f or ' f a l l o f f i n the 

received s i g n a l as the sample t i l t s . 

The f a l l o f f e f f e c t and the reasons f o r i t s occurrence have 

already been mentioned and.the use of three orthogonal samples i s 

supposed to allow f or t h i s e f f e c t by enabling a scan to be stopped 

before the s i g n a l becomes noticeably degraded. However, even with 

the high accuracy of the P h i l i p s texture-goniometer used to obtain 

these textures i t i s u s u a l l y p o s s i b l e to observe sone f a l l - o f f for 

quite small angles of t i l t . The f a l l off i s exaggerated by the rounding 

i n the printout and a v a r i a t i o n of 1 to 0 may only be due to a 

v a r i a t i o n of 0 . 5 1 to 0 . 4 9 . 

F a l l o f f v a r i a t i o n s of one unit may be seen i n both the 

i l l i t e and c h l o r i t e textures shown ( F i g . 9 and 1 3 ) . These 

v a r i a t i o n s appear as unexpected maxima at points on the lircumfrence 

of the plot corresponding to the centres of the two scans used to 

f i l l i n the periphery. The width and c l a r i t y of these maxima i s due 

l a r g e l y to the smoothing procedure used to f i l l i n u n s p e c i f i e d j o i n t s 

on the net which forms the plot, and examination of the intermediate 

stages shown i n F i g s . 1 1 and 1 2 shows that the v a r i a t i o n i s qu i t e small 

and probably not much greater than the general noise l e v e l i n the 

s i g n a l . For t h i s reason the degree of f a l l o f f may be taken as 

s u f f i c i e n t l y small so long as i t i s accepted that the printed pole 

f i g u r e overestimates t h i s v a r i a t i o n . 

The estimation of the amount of background r a d i a t i o n 

c o n t r i b u t i n g to the s i g n a l i s of some importance as any e r r o r has a 

d i r e c t e f f e c t on the apiai-ant v a r i a t i o n of X-ray i n t e n s i t y with angle. Thi 
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coupling i s d i r e c t l y due to the use of the recorded maximum as a 

normalizing f a c t o r . Any a d d i t i v e error i n the f i n a l value of X-ray 

i n t e n s i t y used may be catered f o r i n any q u a n t i t a t i v e system using 

the i n t e n s i t y i n a l i n e a r fashion but some non-linear f u n c t i o n , e.g. 

square-root (Section 9)» may be required i n which case compensation 

becomes more d i f f i c u l t . 

The background r a d i a t i o n i s made up of X-rays scattered w i t h i n 

the cavity of the goniometer and, f o r small 26 , X-rays from the source, 

which i n general has a non p a r a l l e l beam, d i r e c t l y entering the counter, 

which i t s e l f has a non p a r a l l e l entrance c o r r i d o r . A representation of a 

28 scan f o r a peak a t 28 = 9 " i s shown i n Fig. 5 . As can be seen, the 

background consists mostly of the d i r e c t component. The background f o r 

the angle of i n t e r e s t i s obtained by i n t e r p o l a t i n g the i n t e n s i t y p l o t 

under the peak and reading o f f at the required point. This i n t e r p o l a t i o n 

i s complicated by the f a c t that the ends of the peak are not w e l l . 

defined and considerable v a r i a t i o n i s possible. Further inaccuracy 

arises because of the rapid v a r i a t i o n of the background over the region. 

Thus a good reading can be spoilb by subsequent mis-setting of the 20 

angle f o r the scan. Though every e f f o r t was made to avoid t h i s , there 

i s bound to be an er r o r from t h i s source of a few percent i n a l l the 

measurements. 

I t has been mentioned that i t i s possible to describe the 

o r i e n t a t i o n d i s t r i b u t i o n of y c r y s t a l type w i t h i n a sample more 

completely by specify.' ag the o r i e n t a t i o n d i s t r i b u t i o n of the sample 

w i t h i n the c r y s t a l axes. This inverse pole f i g u r e has been described 

i n terms of spherical harmonic functions by Roe.(1965; and Baker, Wenk 

and C h r i s t i e ( *9S9) and the essence of the description i s given i n 

Appendix C, Those ^,\::vr'i also describe the procedure required f o r 

obtaining an inverse pole f i g u r e from a family of pole f i g u r e s but the 

procedure i s not immediately useful l o r anything more complex than 

quartz as any rock contains many minerals whose X-ray 20 peaks tend 
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to overlap, thus making i t d i f f i c u l t to obtain pole f i g u r e s f o r a l l 

but a few c r y s t a l planes. I n p a r t i c u l a r , those pole f i g u r e s given 

f o r Penrhyn s l a t e are sensibly the only ones obtainable f o r the 

minerals concerned. As these pole figures were a l l t hat were required 

f o r the present study no attempt was made to i s o l a t e any others. 

Baker, Wenk and C h r i s t i e , i n t h e i r work on inverse pole 

figures use a p a r t i c u l a r spherical f u n c t i o n , the Associated Legendre 

Polynomial, to describe the pole figures from which they worked and i t 

was found convenient to use the same technique i n t h i s study when using 

the pole f i g u r e s f o r q u a n t i t a t i v e work on a d i g i t a l computer. 

Accordingly the i n t e n s i t y data, corrected f o r background, was f i t t e d by i 

l e a s t squares c r i t e r i o n by a function 

Ift̂ -l|̂ Wys»(-»K.*»Tft)C-(«Jf)flu) 
(see Appendix C) where ^ i n d j f a r e defined i n Figs. 1 & 2 and the f u n c t i o n 

i s a Legendre polynomial vrith quantiun numbers I and m . 

The above fu n c t i o n was f i t t e d to the data f o r the i l l i t e 

basal r e f l e c t i o n i n Penrhyn Slake with a value f o r the l i m i t L of 8. 

This .gave some 45 c o e f f i c i e n t s , providing a not unreasonable load f o r 

a f a s t d i g i t a l computer. The r e s u l t of the f i t was prin t e d out i n the 

form of a pole f i g u r e f o r comparison and t h i s i s shown i n Fig.14. 

This p l o t , i n conjunction w i t h Fig.9 shows th a t the f i t i s not perfect 

but that s u f f i c i e n t of the form of the o r i g i n a l i s present to warrant 

acceptance of the method and the c o e f f i c i e n t s obtained were used i n a l l 

subsequent computer analyses of t h i s texture. 
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3. Coneral properties of Stress - S t r a i n Behaviour 

Any attempt to q u a n t i f y the process' of rock f a i l u r e on a 

t h e o r e t i c a l basis must recognise the basic mechanism of that process, 

a mechanism that w i l l be determined by the i n t e r n a l structure of the 

rock material. Information about t h i s s tructure and i t s properties 

may be obtained d i r e c t l y , by observation under the microscope, by 

o p t i c a l data processing methods (Pincus and Dobrin, 1966; Gardner & 

Pincus, 1968) or by X-ray f a b r i c analysis (see section 2 ) , or i n d i r e c t l y 

by measurement of e l a s t i c properties, permeability or other physical 

properties (Brace, 1969) . 

Direct observation reveals grains or small c r y s t a l s of rock 

minerals, joined i n places by some form of intergranular cement but 

otherwise separated by c a v i t i e s . These c a v i t i e s appear to be more or 

less interconnected and the f a c t t h a t rocks possess some primary or 

" i n t r i n s i c " permeability confirms t h i s . From the mechanical point of 

view t h i s means that rock i s h i g h l y inhomogenous, on an i n t e r - c i y s t a l l i n e 

basis, and c l e a r l y i t would be d i f f i c u l t to model at t h i s l e v e l , though 

attempts have been made (Te'eni & Staples, 1969; Brace, 1965; Ko & Haas 

1971; Hsiao and Moghe, 1969). However, most laboratory experiments 

are on such a scale that the rock may be considered to be homogenous 

and rock data are used on an even larger 3cale i n c i v i l engineering 

practice so i t may s t i l l be worthwhile to begin by studying gross 

properties. 

That i n t a c t rocks have hi g h l y non-linear s t r e s s - s t r a i n behaviour 

i s now w e l l known (Brace, 1969i Bieniawski, 1967; Cook & Hodgson, 19^5: 

Morgenstern & Tamuly Phukan, 1969) and a study of such bc-havioux 
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(Brace, Paulding & Scholz, 1966) coupled w i t h information on the v a r i a t i o n 

of r e s i s t i v i t y (Brace & Orange, 1968) and microseismic a c t i c i t y 

(Scholz, 1968 ; Barron 1971; K n i l l , Franklin & Malone, 1968) w i t h 

applied stress lends i n s i g h t i n t o the bulk properties of rock and i t s 

f a i l u r e mechanism. Figure 15 shows a set of generalized curves f o r 

these q u a n t i t i e s . Such a set of curves may be the r e s u l t of a 

compression experiment on a cylinder of rock under confining pressure i n 

a standard t r i a x i a l t e s t i n g machine. (The machine i s a " s o f t " one because 

strength f a i l u r e i s almost coincident wi t h rupture (Rummel & Fairhurst 

1970). Failure i s c l e a r l y b r i t t l e . 

These curves may conveniently be divided i n t o four regions 

(Bieniawski, 1967) and each of these regions w i l l now be discussed. 

Region 1: Characterized by the non-linear toe of the a x i a l 

s t r a i n l i n e . The l a t e r a l s t r a i n l i n e i s almost s t r a i g h t . 

Walsh and Brace (1966), working on rocks under hydrostatic 

pressure found that the volumetric s t r a i n versus prestsur-3 curve became 

l i n e a r a f t e r 2 to 3 kb pressure. They proposed a model which assumed 

that a rock was composed on a l i n e a r l y e l a s t i c matrix containing more 

or le3S equant c a v i t i e s , c a lled pores, and rather long and t h i n c a v i t i e s , 

c a l l e d cracks. The cracks were supposed to close under pressure, the 

thinner cracks closing f i r s t . A closed crack could no longer contribute 

to the volume compressibility and so the compressibility varied w i t h 

pressure. Simmons & Brace ( ' 955 ) confirmed t h i s picture by experiments 

on wave v e l o c i t y i n materials under various confining pressures. They 

found that apparently cracklesa materials (fused quartz, s t e e l , 

aluminium and fine-grained sandstone) did not show t h i s low pressure 

e f f e c t . This model may also be applied to the case of non-hydrostatic 

compression. The sv:i..>i pressure closes cracks whoso normals are 

sub-parallel to the applied load, while the l a t e r a l pressure, which 



.remains constant, has no f u r t h e r e f f e c t on the cracks, l a t e r a l 

s t r a i n being a function of the Poisson r a t i o of the matrix and i t s 

contained pores (Walsh, 1965c). Scholz (1968a) observed that the toe of 

-the s t r e s s - s t r a i n curve disappeared under high confining pressure. 

Scholz also observed some microseismic a c t i v i t y i n t h i s region, an 

e f f e c t which he explains as the collapsing of some weaker pores to form 

closed cracks. 

Region 2: Here, behaviour i 3 l i n e a r . Unloading shows some 

hysteresis but there i s l i t t l e or no permanent a x i a l s t r a i n . 

. R esistivity i s increasing. 

Cook & Hodgson U965), HcClintock and Walsh (1962) and H u r r e l l 

(1964) have shown that closed cracks may s l i d e , and i n doing so a f f e c t 

the apparent e l a s t i c properties of the rock concerned. Cook & Hodgson 

also showed that the cracks which have d i s t o r t e d by s l i d i n g do not 

immediately relax on r e l i e f of pressure, thus some apparently permanent 

s t r a i n i s introduced, producing hysteresis. This permanent s t r a i n may 

be Temoved by removing any confining pressure. Calculations by Walsh. 

(1965 a and b) show that the e f f e c t of s l i d i n g cracks on the 

e l a s t i c constants of the rock i s l i n e a r , the pores and v i r g i n m a t e r i a l 

together behaving as a l i n e a r e l a s t i c s o l i d w i t h i t s own modified 

e l a s t i c constants. 

The observed increase i n r e s i s t i v i t y i s explained as being 

due to the p a r t i a l closure of the pores as they d i s t o r t under pressure 

(Brace and Orange, 1968) . 

Region 3'- Th* =s '.s the onset of f a i l u r e f a i l u r e i n i t i a t i o n ) . 

The l a t e r a l s t r a i n curve begins to deviate from a s t r a i g h t l i n e while 

the a x i a l stress l i n e remains l i i r ^ a r . Permanent I c ^ e r a l s t r a i n s may 

be observed, ihough the a x i a l s t r a i n s are s t i l l purely e l a s t i c 
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(.Brace, Paulding & Scholz, 1966). Scholz (1968a) and Barron (1971) 
iave observed that microseismic a c t i v i t y begins to increase a t t h i s 
point and Scholz remarks that the t o t a l a c t i v i t y i s proportional to 
the i n e l a s t i c volumetric s t r a i n . Wawersik (1968) has taken samples i n t o 
t h i s .region and sectioned them and reports "minor signs of intragranular 
f r a c t u r i n g , loosening of grain boundaries, intergranular s l i d i n g and 
-some crushing of corners of iso l a t e d grains". 

The r e s u l t s of Wawersik and Scholz ind i c a t e t h a t some sort 

of material breakdown has begun to occur and that t h i s breakdown 

corresponds to an increase i n volume of the specimen. Unless the 

.mineral grains themselves are increasing i n size t h i s r e s u l t means 

that c a v i t i e s must be expanding, and according to Brace, Paulding 

and Scholz (1966J t only expanding l a t e r a l l y . Such an increase i n 

-pore volume would produce the decrease of r e s i s t i v i t y observed i n t h i s 

region. 

According -o t h e o r e t i c a l work by Brady (1969), i n a material 

containing open and closed cracks of roughly uniform size and having 

a l l o r i e n t a t i o n s , at f a i l u r e i n i t i a t i o n the closed cracks w i l l be i n 

the correct o r i e n t a t i o n to f a i l f i r s t . However, experimental work by 

Brace and Bombolakis (.1963) and Hoek & Bieniawski (1965) a3 w e l l as 

-theoretical work by H u r r e l l and Digby (1970), indicates that such 

closed cracks w i l l extend and curve so that the extension becomes 

p a r a l l e l to the applied compression. 

Such a mechanism has been invoked by Brace, Paulding and .Scholz 

(1966) to explain the generation of c a v i t i e s that can open i n a l a t e r a l 

d i r e c t i o n , while the model i s consistent with the c l a s t i c model proposed 

f o r regions 1 and 2. 

Rep?'..̂ n A' At the s t a r t of t h i s region, the a x i a l s t r a i n 

curve becomes non-linear and the volumetric s t r a i n curve reverses 
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d i r e c t i o n . These two points do not always coincide exactly (Mor l i e r , 

197l ) but they are s u f f i c i e n t l y close to define the upper region 

"together. Unloading i n t h i s region shows permanent a x i a l s t r a i n and 

a decrease i n Young's modulus. 

The i d e n t i f i c a t i o n of t h i s region i s due to Bieniawski (1967) 

who, using Irwin's (1958) c r i t i c a l energy release rate theory, suggests 

t h a t i n region 3 cracks are driven by the applied stress whereas i n 

region 4 the c r i t i c a l energy release rate has been attained and cracks 

•propagate spontaneously, the necessary surface energy being acquired 

at the expense of the e l a s t i c s t r a i n energy available i n the rock, 

without any f u r t h e r input stress. Morlier ( l 9 7 l ) points out that t h i s 

i s consistent with the i n s t a b i l i t y iaiplied by an apparent Poiesor.s 

r a t i o of greater than 0.5= However, Morlier also proposes a d i f f e r e n t 

mechanism. He states t h a t , i n region 3 , "easy" cracks along planes 

of cleavage and grain boundaries propagate u n t i l stopped by a whole 

gr a i n , but, i n region 4 , the grains themselves then f a i l , and, being 

stronger, once f a i l i n g , continue to do so unimpeded. The l a t t e r 

explanation i s perhaps more i n l i n e w i t h a geological conception of 

a rock while the former lends i t s e l f more to q u a n t i t a t i v e analysis. 

Brace, Paulding and Scholz (19G6) do not d i s t i n g u i s h region 4 . 

I n summary, than, the f o l l o w i n g main points about the stress-

s t r a i n behaviour and i n t e r n a l structure of rock may be put forward. 

a) Rock i s non-linear e l a s t i c and shows a form of hysteresis. 

Both the n o n - l i n e a r i t y and the hysteresis, may be adequately explained by 

p o s t u l a t i n g that the c a v i t i e s i n the rock are i n the form of pores and 

cracks. 

b) Failure i s controlled by these c a v i t i e s , i n p a r t i c u l a r the 

cracks, and f r a c t u r e i n i t i a t i o n occurs at stresses below the ultimate 
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bearing ( f a i l u r e ) stress (some 0.3 - 0.6 of the f a i l u r e s t r e s s ) . 
This e f f e c t has also been observed i n rocks under tension 
(Wawersik, 1968). 

c) Before f a i l u r e , d i l a t i o n occurs, the increase i n volume being 

mainly due to an increase i n l a t e r a l s t r a i n . 

Any t h e o r e t i c a l discussion of rock properties should include 

"these points either as a basis or as a p r e d i c t i o n . 
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Fracture Theories and C r i t e r i a 

I t i s i n t e r e s t i n g to compare e x i s t i n g theories and c r i t e r i a 

f o r f a i l u r e w i t h the picture of rock behaviour j u s t presented and 

w i t h observed dependence of rock strength on experimental conditions. 

These c r i t e r i a vary widely i n appearance and i t i s d i f f i c u l t to d i v i d e 

them i n t o empirical and t h e o r e t i c a l types since they a l l contain, of 

necessity, a degree of empiricism. They w i l l be presented, therefore, 

i n order of depth of treatment. 

This states simply t h a t , at f a i l u r e , [6~, - = const. However, i t 

predicts a f a i l u r e plane angle of 45° and that the u n i a x i a l t e n r i l e 

strength w i l l equal the u n i a x i a l compressive strength. The theory 

describes the behaviour of some d u c t i l e metals but i s inapplicable 

to rocks. 

Next, the Coulomb - Navier c r i t e r i o n proposes that the 

e f f e c t i v e shear stress across the eventual f a i l u r e plane should be a 

maximum. Thus, i f and <s^ are the shear and normal stresses 

respectively, across a plane andJA. i s a c o e f f i c i e n t of i n t e r n a l f r i c t i o 

then l ^ f - j n G J = = »he cohesion of the material. This approach 

works better and f i t s the data f o r a s i g n i f i c a n t number of rocks whose 

Mohr envelopes happen to be s t r a i g h t l i n e s . and u, have no 

physical significance however. 

More generally, the f a i l u r e envelope f o r a rock, w i l l not be 

a s t r a i g h t l i n e and Franklin (1968) found that he could f i t the 

expression 

The maximum shear stress theory i s perhaps the most obvious. 

r 

TmiX = Vx (.2.07; JS 
to most data, where varied between 0 . 6 , ;...Ci J . 8 . 
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A more systematic approach to the whole subject of b r i t t l e 

f a i l u r e was made possible by G r i f f i t h (1920) when he proposed that a 

s o l i d might contain flaws, envisaged as f l a t e l l i p t i c a l cracks, whose 

action would be as stress r a i s e r s , thereby l o c a l l y enhancing the 

applied stress. By applying an energy balance p r i n c i p l e to an 

extending crack, G r i f f i t h obtained the r e l a t i o n 

where E 0 i s the Young's modulus of the material, § i s the crack 

surface energy, C the crack h a l f - l e n g t h , and G£ the stress required 

to propogate the crack. 

I n a b i a x i a l stress f i e l d such that <5̂  ̂  — » G r i f f i t h ' s 

formula becomes 

( s r - o r j * 8T> (<57 * 6 l ) = o 

or when <C ~-^/3 

(ST - X = O 

McClintock and Walsh (19S2) and Murrell (1964) modified t h i s 

theory to include closed cracks, s l i d i n g , w i t h a c o e f f i c i e n t of f r i c t i o n 

. Their formula i s 

which may be r e w r i t t e n i n the form 

This i s a s t r a i g h t l i n e , l i k e the Coulomb-Navier expression, 

and has had a s i m i l a r degree of success i n describing the res u l t s of 

rock experiments. McClintock and Walsh found f o r t h e i r cr.ta that jx 

was i n the range 0 .8 - 1 while Hoek and Bieniawski (1965) found a wider 

range of 0 .5 - 1.5 f o r various rock types. 

G r i f f i t h ' s o r i g i n a l theory took nc account of the e f f e c t of 
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the intermediate p r i n c i p a l stress and a number of workers have assumed 

that a v a r i a t i o n of <3J would have only a small, and therefore n e g l i g i b l 

e f f e c t . Experiments by M u r r e l l (1965) and Mogi (1971, 1967) have shown 

that such an assumption i s i n v a l i d and that the strength of rock 

observed when 67>Cfi>G5 i s a fu n c t i o n of both (5J and GJ . This 

has also been shown i n t h e o r e t i c a l work on large d i s c o n t i n u i t i e s done 

by A t t e w e l l and Woodman, 1971. 

Murrell (1964) generalized the G r i f f i t h formula by analogy 

replacing (tX-O;) *yJfe^$-*(<57-Ozf+((Z-6;f^ and (oT + 67) by C7+6^+0; 

Thus the G r i f f i t h formula f o r closed cracks becomes 

where 0( and ^3 are functions of the crack f r i c t i o n and the stress 

required to close the crack. 

Mogi ( 1971) , on the other hand, estimated a f a i l u r e curve 

based on a Von Mises f a i l u r e c r i t e r i o n , which states that the 

d i s t o r t i o n a l s t r a i n energy, proportional to the. octahedral shear stress 

( \ , i s related to the volumetric s t r a i n energy, or 

Mogi's c r i t e r i o n takes the form 

where OC i s a parameter to be determined. 

Looking back, i t can be seen that a l l these formulae may be 

w r i t t e n i n the form 

Moreover, i n mosb cases 

where B varies between \ and 1. Such a s i m i l a r i t y between r e s u l t s 

i s , however, a measure : i' bhe form of r e a l rock data and not of the 

success of the t h e o r e t i c a l predictions. That the G r i f f i t h theory, 



21 

f o r instance, appears to be ameans to an end and not a d e s c r i p t i o n 

of rock f r a c t u r e may be seen from the experimental data on rock before 

f a i l u r e . Some form of f a i l u r e i n i t i a t i o n begins before f r a c t u r e , i n 

both compression and tension, and G r i f f i t h suggests that f a i l u r e 

i n i t i a t i o n should be coincident with f r a c t u r e j also, f a i l u r e i n i t i a t i o n 

should lead, i n compression, to a d i s t r i b u t i o n of S-shaped cracks 

f a r removed from the simple e l l i p s o i d s treated by previous workers. 

Thus, i t would seem that G r i f f i t h ' s theory i s only v a l i d as a theory 

f o r f a i l u r e i n i t i a t i o n and i t s a p p l i c a b i l i t y to f r a c t u r e can. only be 

coincidence. 

Barron (1971) has observed that the c o e f f i c i e n t s of f r i c t i o n 

required to s a t i s f y the modified G r i f f i t h theory are greater than the 

c o e f f i c i e n t s of f r i c t i o n f o r the same rocks, measured d i r e c t l y 

(jaeger, 1959) and he has used t h i s f a c t , coupled wi t h the f a c t that 

the form of the G r i f f i t h theory i s correct f o r f a i l u r e to postulate 

an imaginary e f f e c t i v e crack, whose parameters are found from experiment, 

to describe f r a c t u r e , leaving the actual crack model, w i t h parameters 

measured d i r e c t l y , to describe f a i l u r e i n i t i a t i o n . By t h i s method he 

i s able to r e l a t e the occurrence of f a i l u r e ' i n i t i a t i o n and f r a c t u r e 

to the applied stress f i e l d , though his r e s u l t s , being so dependent 

on experimental data, are s t i l l l i t t l e more pr e d i c t i v e than, say, 

the Coulomb - Navier expression. 

Clearly, any work based on a single d e t a i l , as G r i f f i t h ' s 

work was based on a single crack, i s of l i m i t e d a p p l i c a t i o n i n the f i e l d 

of rock mechanics where the material t o be dealt with i s so complex 

and i n t e r a c t i o n e f f e c t s so d i f f i c u l t to study, e i t h e r experimentally 

or t h e o r e t i c a l l y . I n order to tackle such complexity, s t a t i s t i c a l 

approaches have been taken by a number of workers. 

I n the f i e l d of pure s t a t i s t i c s WeibulJ's (1929) weakest 



22 

l i n k theory was perhaps the e a r l i e s t . He modelled a general soli?, 

by a d i s t r i b u t i o n of strengths w i t h i n the s o l i d and worked out the 

p r o b a b i l i t y that the s o l i d would f a i l under a given stress. The main 

r e s u l t to come out of the theory was the pr e d i c t i o n of a size e f f e c t , 

diminishing as the sample volume became very much bigger than the flaw 

volume, that i s , as the number of discrete flaws became large. I n 

i n t a c t rocks with no v i s i b l e flaws, there i s no observable size e f f e c t 

i n normal laboratory samples, implying that the flaws governing f a i l u r e 

are very small (Brown E.T. 1971; Bordia P.K., 1971 J. The disadvantage 

of Weibull's theory i s that there i s no physical basis f o r the assumpti 

of the form of the d i s t r i b u t i o n . 

Weibols and Cook (1968J have suggested that the process of 

f a i l u r e may be controlled by the t o t a l amount of s t r a i n energy stored 

by the deformed cracks w i t h i n the rock and i n p a r t i c u l a r that f r a c t u r e 

occurs when t h i s s t r a i n energy reaches a maximum. Their procedure 

f o r c a l c u l a t i n g the s t r a i n energy of the crack system takes f u l l 

account of the e f f e c t of the stress 3ystem on a closed crack's a b i l i t y 

to s l i d e and the theory predicts c o r r e c t l y the form of the strength 

dependence on the magnitude of the intermediate p r i n c i p a l stress. The 

d i f f i c u l t i e s w i t h the theory are that the c o e f f i c i e n t of crack 

i n t e r f a c i a l f r i c t i o n required to f i t the data does not seem t o match 

wi t h directly-determined values and that the crack d i s t r i b u t i o n upon 

which the ca l c u l a t i o n i s based i s not necessarily the d i s t r i b u t i o n 

obtaining at f r a c t u r e . The physical p r i n c i p l e s of the theory appear 

to r e l a t e more to f a i l u r e i n i t i a t i o n , or to the i n i t i a t i o n of unstable 

crack growth, than to f r a c t u r e . 

The concept of a rock as a mass of, perhaps, i n t e r a c t i n g 

cracks has also been used as the basis of an approach oy 7.'-a. y (1969)• 
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Brady used the stress f i e l d applied to his model rock t o determine the 
density of open cracks, the density of closed and s l i d i n g cracks, and, 
by G r i f f i t h ' s theory* the density of cracks that are i n the process 
of f a i l i n g . He then used the r e s u l t s on dilatancy reported by Brace 
Paulding and Scholz (1966) t o form a semi-empirical s t r e s s - s t r a i n 
r e l a t i o n s h i p f o r the model. This s t r e s s - s t r a i n r e l a t i o n s h i p i s r e l a t e d 
t o f r a c t u r e , he claims, by a c r i t i c a l volumetric s t r a i n c r i t e r i o n ; 
t h a t i s , the material f a i l s when a maximum value of volumetric s t r a i n 
i s attained w i t h i n the rock. The s t r a i n c r i t e r i o n i s equivalent to 
one i n which the t o t a l density of deformable, and Griffith-extendable, 
cracks reaches a c r i t i c a l value, representative of the number of 
micro-cracks needed to j o i n to form a f a i l u r e plane. His argument thus 
leadshim to an i n t e g r a t i o n i n v o l v i n g a crack d i s t r i b u t i o n . He assumes 
that the f i n a l d i s t r i b u t i o n i s proportional to the i n i t i a l d i s t r i b u t i o n 

and i s thus able to reduce his i n t e g r a l to 'known' functions. For a 
random d i s t r i b u t i o n f u n c t i o n t h i s theory shows an apparently l i n e a r 
r e l a t i o n s h i p between 07 and 6J with no dependence on <SJ when Sj i s 
compressive. Brady also shows that a curved r e l a t i o n between 67 and 05 
of the correct form, may be produced by assuming that the rock contains 
a number of d i f f e r e n t phases and therefore cracks with a range of values 
f o r i n t e r f a c i a l f r i c t i o n . Such a material may be approximated by a 
homogenous material w i t h an equivalent c o e f f i c i e n t of f r i c t i o n which 
varies w i t h applied pressure. Presumably the form of pressure v a r i a t i o n 
may be 'bent' to accommodate any experimental data. 

Brady's theory i s empirical i n i t s approach and the re s u l t s 

are not conclusive but i t remains as a major attempt so f a r to r e l a t e 

cracking to s t r e s s - s t r a i n behaviour and s t r e s s - s t r a i n behaviour to 

f a i l u r e . The theories of both Brady and V/eibols and Cook are able to 
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r e l a t e rock properties to something that i s , at least i n p r i n c i p l e , 

measurable by other means than strength t e s t s ; that "something" i s 

the crack d i s t r i b u t i o n and may be considered as a step towards a 

f u l l e r t h e o r e t i c a l d e s c r i p t i o n of rock behaviour. 
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5. I n t r i n s i c Rock Anisotropy 

Many rocks are banded or possess marked f o l i a t i o n as a r e s u l t 

of the geological conditions under which they were formed. Such 

v i s u a l evidence of a defined d i r e c t i o n a l i t y wi t h i n the rock i s usually 

accompanied by a preferred o r i e n t a t i o n of the constituent mineral 

c r y s t a l s , a preferred o r i e n t a t i o n that can be determined by e i t h e r 

o p t i c a l or X-ray methods.- For fine-grained rocks, such X-ray evidence 

may be the only sensible i n d i c a t i o n of any sort of anisotropy. 

The presence of banding or f o l i a t i o n and i t s accompanying 

c r y s t a l l i t e texture indicates that the bulk physical properties of 

the i n t a c t rock may show some anisotropy, e i t h e r due to c r y s t a l 

anisotropy or a non-random c.-ack d i s t r i b u t i o n ( f o r those properties 

that are affected by the c a v i t i e s of the m a t e r i a l ) , and i n most cases 

that i s so. Brace (1965) r e l a t e d v a r i a t i o n s i n i n t r i n s i c (no cracks) 

e l a s t i c i t y to f a b r i c i n q u a r t z i t e , where the c r y s t a l s have an equant 

morphology, and A t t e w e l l (1970) showed a concordance between f a b r i c 

and e l a s t i c properties f o r s l a t e , whose cr y s t a l s are p l d t y i n form. 

Pinto (1970) and Rodrigues (1970) have obtained experimental data on 

the v a r i a t i o n of Young's modulus with d i r e c t i o n i n p a r t i c u l a r rocks. 

Anisotropy may also be induced by applied stresses. Tocher 

(1957) observed a wave v e l o c i t y anisotropy i n a rock under a non-

hydrostatic stress f i e l d and Nur (1971) , reporting a s i m i l a r e f f e c t , 

suggests that the stress f i e l d may p r e f e r e n t i a l l y close cracks, creating 

a non-random crack d i s t r i b u t i o n which w i l l then account f o r the observed 

anisotropy. Nur was able to predict v e l o c i t y anisotropy from a given 

d i s t r i b u t i o n f u n c t i o n but found that the inverse problem, that of 

determining a unique crack f i e l d given a d i s t r i b u t i o n of v e l o c i t i e s , 

could not be solved. 



26 

Observations by Nishihara (1954) and Brace (1964) of a 

v a r i a t i o n of Young's modulus w i t h d i r e c t i o n under a non-hydrostatic 

stress were explained by Brace i n a s i m i l a r way. 

A v a r i a t i o n of strength w i t h the d i r e c t i o n of a p p l i c a t i o n of 

the maximum p r i n c i p l e stress may well also be expected, especially 

i n the case of slate w i t h a w e l l defined plane of weakness, or cleavage 

plane. Such a v a r i a t i o n i s indeed observed, though f o r some rocks i t 

i s not large enough to warrant separate study and i s considered 

merely as a factor a f f e c t i n g the scatter of experimental r e s u l t s 

(Bieniawskl, 1967; Bernaix, 1969). Casagrande and C a r r i l l o (1944) 

were perhaps the f i r s t t o study the e f f e c t q u a n t i t i v e l y and Jaeger 

(1960) considered a rock where the shear strength varied according 

t o the formula 

3 *5, +• 5 Z Coi2(« ~p) 

where S i s the shear strength at an angle o< (usually d e f i n i n g a 

shear f a i l u r e plane) when the cleavage plane or bedding i s i n c l i n e d at 

an angle p to the maximum p r i n c i p l e stress. 

Donath (1961) expanded Jaeger's r e s u l t s and obtained a f a i l u r e 

c r i t e r i o n of the form 

s\ = a.-E>Cos2(30 -p) 

This r e l a t i o n s h i p was shown to f i t reasonably w e l l to his experimental 

data on Martinsburg s l a t e . 

Rodrigues (1970) showed that variations i n strength could be 

observed w i t h i n the cleavage plane i t s e l f , and suggested the 

f o l l o w i n g empirical r e l a t i o n s h i p 

Walsh and Brace (1964) and Hoek (1964) independently produced 
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a suggested mechanism f o r rock strength anisotropy. Their theory was 

an expansion of G r i f f i t h theory and used a non-random d i s t r i b u t i o n of 

crack lengths. Walsh and Brace applied the theory to a d i s t r i b u t i o n 

of long cracks the planes of which were a l l p a r a l l e l to each other, 

and obtained a good f i t to Donath's (1961) r e s u l t s . Hoek had similar-

success wit h his data. 

For a crack system of p a r t i c u l a r length i n c l i n e d at an angle 

,p "to 6", , Walsh and Brace have suggested the equation: 

:for the strength of that-system, where Co i s the strength of the 

equivalent random array of the cracks. The theory has the same data 

f i t t i n g power as any G r i f f i t h theory and, by allowing Co to become a 

Junction of angle ( t h a t i s , by saying that cracks become, usually, 

shorter as t h e i r o r i e n t a t i o n departs from bedding or cleavage) 

then almost any form of strength anisotropy may bo accounted f o r . 

Barron (1971), f o r instance, has applied a multiple crack system to 

a. .sandstone with some success. 

A proper t e s t f o r such a theory would consist of a comparison 

between the crack d i s t r i b u t i o n suggested by f i t t i n g to strength data 

and a d i s t r i b u t i o n measured by some independent means. Such a comparison 

has not been done, and although Walsh and Brace suggest that t h e i r 

s l a t e r e s u l t s are q u a l i t a t i v e l y correct and the theory i s consistent 

w i t h the .long cracks of Morlier, i t seems doubtful i f , Wc.re i t 

possible to measure a d i s t r i b u t i o n , the r e s u l t would be p o s i t i v e owing to 

the known rapid changes i n crack formation undergone by a f a i l i n g rock. 

Two other theories, those of Brady and of Weibols and Cook, 

may be applied to the anisotropic strength behaviour of r-.-.ok. Both 
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-these theories require a crack d i s t r i b u t i o n known beforehand, and the 

i n t r o d u c t i o n of a non-random d i s t r i b u t i o n should produce a v a r i a t i o n 

i n strength w i t h d i r e c t i o n . The next section compares the r e s u l t s 

of these two theories when applied to Penrhyn Slate, a rock whose 

anisotropic c h a r a c t e r i s t i c s , i n i n t a c t form, can be specified i n some 

d e t a i l . 
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6. Analysis of Fenrhyn Slate 

Penrhyn Slate was formed, during the Caledonian orogeny, 

dynamic metamorphism and i t s s t r u c t u r a l character presents 

the summetry of the constraints that acted i n i t s formation 

( A t t e w e l l and Taylor, 1969). I t i s a f i n e grained rock, with a 

well-defined cleavage and a wide v a r i a t i o n i n mineralogy and colour, 

the p a r t i c u l a r form wi t h which t h i s study i s concerned being the "hard 

blue" form. 

Strength analysis of t h i s material was performed by 

Linney (1969) and his data are shown i n f i g . 1 6 . I t i s clear from 

the diagram t h a t there i s a great v a r i a t i o n i n strength wi t h d i r e c t i o n 

w i t h a minimum near p = ?50°. This minimum may be expected at the 

point where the maximum shear stress coincides w i t h the Finimura shear 

strength d i r e c t i o n w i t h i n the rock, that i s , the cleavage d i r e c t i o n . 

Donath's cosine formula f o r such curves may be generalised 

t o include any minimi'si angle and i s then w r i t t e n 

<y,-cr} = 2v + b C o s i ( « ~p) 

Fig.17 shows the f i t of t h i s formula to the data f o r two 
•values of confining pressure. I t would appear from t h i s that the 

data i s rather less symmetrical about the minimum than i s Donath's 

surve although i t i s worth noting that a l l the f i t t e d curves had 

minima at angles somewhere between p = 47° a n ( i |9 = 48°. 

Each point i n Fig.16 represents but a single sample and i t 

i s therefore d i f f i c u l t to draw any q u a n t i t a t i v e conclusions from the 

data. However, from the consistency found i n the f i t t i n g of the 

Donath formula and from the general appearance and self-consistency 

of Linney's r e s u l t s , i t would seem j u s t i f i a b l e t o use t h i s data i n a 

general study of the properties of the rock f a i l u r e theories. 
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I t i s clear that Penrhyn Slate i s s t r u c t u r a l l y anisotropic 

but, i n order to r e l a t e i t s apparent anisotropy to the strength data, 

a de t a i l e d s p e c i f i c a t i o n of the s t r u c t u r a l anisotrophy i s needed. 

The best information available f o r t h i s purpose i s the X-ray texture 

diagram d e f i n i n g the sub-fabric (pool) i l l i t e , such a diagram f o r 

Penrhyn Slate being shown i n Pig. 9. The plane of the diagram i s 

the plane of the rock cleavage and the main feature i s that there i s 

a maximum of r e f l e c t e d i n t e n s i t y normal to t h i s cleavage, that i s , 

there i s a maximum volume of X-ray r e f l e c t o r s l y i n g i n the cleavage 

plane. This r e l a t i o n s h i p and the f i n e r r e l a t i o n s h i p between X-ray 

texture and c r y s t a l f a b r i c are discussed i n the s ection of t h i s thesis 

dealing w i t h t e x t u r a l analysis. 

The X-ray data only provide information on the volume of 

c r y s t a l planes comprising the c r y s t a l f a b r i c , but provide no 

information on how these c r y s t a l planes are s p a t i a l l y d i s t r i b u t e d . 

I n p a r t i c u l a r there i s no information on the sizes of the rock c r y s t a l s 

or on the sizes of the grains w i t h i n those c r y s t a l s . What i s more 

di s t u r b i n g , and t h i s i s mo3t important where f a i l u r e theories are to 

be considered, there i s no information on the c a v i t i e s between the 

c r y s t a l s . This means that any attempt to form an idea of a 

d i s t r i b u t i o n of cracks f o r the material must be based on i n t e r p r e t i n g 

the X-ray texture i n the l i g h t of some ad d i t i o n a l f a c t or idea. I n 

t h i s case the f a c t s must be the supplied strength data and the idea 

must be the f a i l u r e theories to be tested; I t must then :>e assumed 

tha t a combination of i n t e r p r e t a t i o n and theory which f i t s the data 

must be close t o the true s i t u a t i o n . Such an assumption i s open to 

c r i t i c i s m but, i n the absence of any proven method of obtaining a 

crack d i s t r i b u t i o n , i t w i l l stand as a basis f o r t h i s t h e s i " , 

There i s one assumption which w i l l aid the in t e r p r e t a t u o r of 

the X-ray data and which car. be made independently of any f a i l u r e 
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theory and t h a t i s th a t the anisotropy i s s u f f i c i e n t l y described by 

the X-ray texture due to i l l i t e (001). This assumes that the 

structure of the rock i s c o n t r o l l e d by the cr y s t a l s ( i l l i t e , c h l o r i t e ) 

having a p l a t e - l i k e morphology and ignores the c o n t r i b u t i o n of the 

more equant cr y s t a l s w i t h i n the rock. There i s e s s e n t i a l l y no 

difference between the c-axis sub-fabrics due to i l l i t e and c h l o r i t e 

and e i t h e r could i n f a c t be-used. Any f u r t h e r assumptions concerning 

the i n t e r p r e t a t i o n of the texture diagram w i l l be mentioned i n t h e i r 

appropriate section. 
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I f one considers only explosive or catastrophic f a i l u r e 

of rock then one i s considering a system i n which there i s a rapid 

release of energy. This being so, i t may be reasonable t o suppose 

that the energy concerned was stored w i t h i n the material by the 

d i s t o r t i o n of the contained microcracks under stress, and t h i s i s 

the basis of the Weibols and Cook concept. 

I n p a r t i c u l a r , i f , under compressive stress, i s the normal 

stress across a crack and ~CC i s the shear stress associated wit h i t 

and i f the crack i s closed and has a c o e f f i c i e n t of f r i c t i o n of 

then that crack w i l l s l i d e when 

and there w i l l be an e f f e c t i v e shear stress, f o r movement across the 

crack.of 

Under these conditions, the crack w i l l store recoverable energy CJ , 

where 

k being a constant, the value of which depends on the e l a s t i c constants 

of the surrounding material. 

The-total energy of d i s t o r t i o n of the cracks w i l l be the 

sum of a l l the CJ'S over a l l the cracks which are s l i d i n g and f o r a 

very large number of cracks t h i s may be w r i t t e n as 

where N(yjf) i s the number of cracks whose normals l i e i n the 

d i r e c t i o n (^,2f) and the i n t e g r a l i s taken over those values of ̂  and Jj" 

f o r which "£^f>0 . The constant k i s assumed to be independent of 

d i r e c t i o n , though f o r an anisotropic matrix t h i s w i l l not be t r u e . 
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The postulate i s that the rock w i l l f a i l when W reaches 

some m a t e r i a l l y defined l i m i t , Wm»x • and the problem becomes one of 

f i n d i n g , f o r a specified p r i n c i p l e stress system and known j* and 

Wmux i the amplitude of the stress difference at f a i l u r e . This, 

i n e f f e c t , requires the s o l u t i o n of the equation. 

v v 'mil 
and can only be achieved i f N(^,y ) i s known. 

The sol u t i o n of the f a i l u r e equation does not require W or 

to be known absolutely and i t i s possible, therefore, to use 

values of k and N which are only proportional to the r e a l values. 

Accordingly, i n the numerical s o l u t i o n of t h i s problem, k has beer 

taken as u n i t y and N has been taken as the normalized d i s t r i b u t i o n 

f u n c t i o n obtained d i r e c t l y from the Penrhyn Slate X-ray analysis, w i t h 

no m o d i f i c a t i o n . 

The use of the above o r i e n t a t i o n d i s t r i b u t i o n f u n c t i o n 

assumes that the cracks i n the material vary i n number but not length. 

The assumptions leading to t h i s are as follows: a) that the c r y s t a l l i t e s 

i n the rock do not vary i n size; b) that the c r y s t a l l i t e s are s p a t i a l l y 

independent; c) that cracks are the voids a t the f l a t faces of the 

p l a t e - l i k e c r y s t a l l i t e s ; d) that the cracks are s p a t i a l l y independent. 

These assumptions allow the X-ray data t o specify the number of 

c r y s t a l l i t e s d i r e c t l y and hence to specify the number of cracks 

d i r e c t l y and j u s t i f i c a t i o n , or otherwise, f o r t h e i r use w i l l be found 

i n the q u a l i t y of the r e s u l t s . 

The form of the fu n c t i o n 

i s shown i n Fig. 18 and, being smooth and quasi-parabolic, l e j i d i 

i t s e l f to a simple Simpson's r u l e i n t e g r a t i o n procedure. Two such 

procedures, one f o r \ and one f o r % , were interleaved to perfoiui 
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the double i n t e g r a t i o n . Each i n t e g r a t i o n was done repeatedly, w i t h 

decreasing step length, u n t i l a convergence c r i t e r i o n had been s a t i s f i e d . 

Execution time f o r the program was markedly dependent on the required 

accuracy and as a s u i t a b l e compromise between the two f a c t o r s , the 

convergence c r i t e r i a were set such that the o v e r a l l accuracy of the 

r e s u l t was 1$ or b e t t e r . 

Values of were obtained f o r various values of the variables 

p ,y. , 6; and 62 and these values were p l o t t e d against (T, to 

produce a family of curves, an example of which i s shown i n Pig. 19. 

Such a set of curves can be used to produce a s o l u t i o n f o r 

\ d n i x by choosing values of W u n t i l the values of 6\ , given by the 

curves correspond with the valv.es of G7 i given by experiment. However, 

by observation i t w i l l be seen that such a f i t would be impossible 

w i t h the given set of curves. These curves predict that the material 

strength w i l l decrease f o r p = 0 ° , 5 0 ° , 4 5 ° ( 60°, i n that order and t h i s 

i s i n complete contrast to the experimental order which has the 

minimum strength a t p = 5 0 ° . An explanation f o r t h i s r e s u l t has been 

sought both i n terms of human error i n i n c o r r e c t l y specif - 1 ed. angles and 

i n terms of the properties of the theory i t s e l f , but no sensible 

conclusion has been reached and the r e s u l t must stand on i t s own merit. 

I t would seem, therefore, that the Weibols and Cook theory 

i s not applicable when used w i t h t h i s p a r t i c u l a r crack d i s t r i b u t i o n 

but i n the l i g h t of information yet to be discussed t h i s would appear 

to be a property of thp d i s t r i b u t i o n rather than the theory. 

A point to note about the curves of Pig.19 i s t h a t they 

show a reduced dispersion i n , f o r reducing W , thus, f o r small W , 

http://valv.es
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there w i l l be no v a r i a t i o n i n strength wi t h angle. This i s precisely 
the r e s u l t that the G r i f f i t h theory would produce when applied to a 
crack d i s t r i b u t i o n where the crack length was constant. As must be 
expected, t h i s l i m i t i n g value i s lower than the minimum strength 
value of experiment. The l i m i t increases w i t h increasing j*. and 
approaches the |3 = 30^ strength value when approaches 0.8. but, 
as t h i s l i m i t i n g ffj value i s the value a t which j u s t becomes 

p o s i t i v e the usefulness of t h i s r e s u l t f o r strength predictions 

must only be to provide an upper l i m i t f o r .the possible values 

of J* . 
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8. Brady's Failure Theory 

This theory i s a mixture of analysis and empiricisms 

based on some aspects of p r e - f a i l u r e s t r e s s - s t r a i n behaviour of rock. 

The work i s based on a pr e d i c t i o n of the permanent s t r a i n s produced by 

cracks undergoing f a i l u r e and a f a i l u r e c r i t e r i o n using the predicted 

s t r a i n s . Numerical predictions r e l y heavily on experimentally 

determined 3 t r a i n and f a i l u r e measurements. 

Though the theory i s q u i t e capable of handling very general 

stress systems i t w i l l be necessary only t o consider compressive 

systems i n which - S~3 i n order to make comparison wi t h the 

data. This w i l l allow only closed microcracks to be considered 

(but see Murrell and Digby, 1970, f o r a discussion of f a i l u r e due t o 

closed or open cracks). 

As a rock i s strained, a value of stress i s reached at 

which microcracking begins and permanent l a t e r a l s t r a i n becomes j u s t 

.noticeable, although a x i a l stress remains e l a s t i c . This leads to 

"two assumptions: f i r s t , that permanent l a t e r a l s t r a i n i s due to the 

extension of microcracks and, second, that microcracking does not 

contribute to permanent a x i a l s t r a i n . Thus, i f the change i n 

s t r a i n e. f o r a single mi c r o f r a c t u r i n g event i s (de^), Brady w r i t e s 

(de,)=o 

The l a s t expression w i l l be v a l i d only i f the crack d i s t r i b u t i o n i s 

independent of the azimuthal angle # . • 

These permanent s t r a i n s w i l l be functions of both crack 

o r i e n t a t i o n (and possibly length, although Brady does not suggest 

-this) and stress, and, f o r a general crack d i s t r i b u t i o n . where (\,»̂  ) 

are the polar coordinates of the crack normal wi t h respeci. to (S] 

Brady's formula becomes 
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where B and m are constants, i s the macroscopic f a i l u r e strength of 

-the m a t e r i a l and g(X,p ) i s an unknown function of the o r i e n t a t i o n 

of the crack. 

I n general, the formula states that s t r a i n s become larger 

.for increasing 6J , but, i n p a r t i c u l a r that the s t r a i n s become i n f i n i t e 

when the rock f a i l s . This form i s not unreasonable f o r strains and 

.stresses close to f a i l u r e , but the existence of a f i n i t e p o s t - f a i l u r e 

.strength i n a number of rocks studied i n s t i f f t e s t i n g machines 

(Bieniawski, 1967; Ruuunel & Fairhurst, 1970; Wawerski & Brace, 1971) 

.suggests either that Brady's proposed form i s incorrect or that the 

.formation of a f a i l u r e plane immediately p r i o r to f a i l u r e allows the 

operation of a mechanism other than d i f f e r e n t i a l crack extension. 

However, as the f a i l u r e plane does not begin to form u n t i l some 98$ 

of the f a i l u r e stress has been applied (Scholz, 1968b) i t 3 presence 

may conveniently be ignored f o r the moment and Brady's r e s u l t s taken 

as they stand. 

From the incremental s t r a i n of each crack, the average 

jnicrocracking s t r a i n may be given as: 

-G7) 
(IV where A- fij^[ a(\,y) P(A,ij,c) <U dn 

and p - ^ p j 1 ' ! ?(\,^,c) JXdt^c 

P^X^rj,^ being the crack d i s t r i b u t i o n p r o b a b i l i t y , being the density 

of microcracks able to extend, and pe being the density of flaws w i t h i n 

the specimen. Thus T J , and and c, and c^are the l i m i t s defined 

by the G r i f f i t h criterion\Tl-[*G"n>2(£-) w i t h K a constant. 

Since <^de1^ — 0 the t o t a l average volumetric 

microcrack s t r a i n i s given by: 
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Nov., Paulding's work on dilatancy (Brace, Paulding, and Sholz, 1968) 

suggests "to Brady that a c r i t i c a l volumetric s t r a i n c r i t e r i o n may be 

operative.. .Accordingly, he takes the t o t a l volumetric work done over 

the .microcrack s t r a i n s : 

K - Y f f f - u l J e J 
where ~V i s the volume of the specimen, and he states a c r i t e r i o n such 

t h a t W ^ W i a * This i s equivalent to the Weibols and Cook theory. 

IThe t o t a l volumetric s t r a i n i s given by: 

the l i m i t s being those over which microcracking may take place. 

.At t h i s stage Brady states, without proof, that the above 

work c r i t e r i o n i s equivalent t o the density c r i t e r i o n 

p = C 

C being a material constant. Slither form of t h i s c r i t e r i o n , he states, 

expresses the assumption that t o t a l f a i l u r e takes place when there i s 

a . s u f f i c i e n t number of microcracks available so that the p r o b a b i l i t y 

of t h e i r j o i n i n g up to form a macroscopic fractur e surface i s large. 

The constant crack density "form of the c r i t e r i o n requires 

f o r i t s operation the evaluation of the i n t e g r a l 

•f>-(l f Pf dXcJndc 

where ' is the density of flaws w i t h i n the specimen. For 

'P(X,rj,c^= P(X y»j) t n e same d i s t r i b u t i o n function as used f o r the 

Weibolls and Cook theory evaluation may be used. 

Using the same d i s t r i b u t i o n function as that used i n the 

Weibols and Cook evaluation, t h a t i s , one i n which the crack length i s 

assumed constant and the number of cracks i s taken to vary, produces 

much the same shaped p l o t when applied to crack densities with much 

the same negative re s u l t s as f o r the previous evaluation. The same 

comments apply here as f o r the Weibols and Cook case. The apparent 
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f a i l u r e of these two r e l a t e d theories must, f o r the moment, be 
assumed t o be due to the crack d i s t r i b u t i o n used. The f o l l o w i n g 
section w i l l deal w i t h an approach which, hopefully, v / i l l resolve 
t h i s problem. 



9. Modified Approach t o Failure Theories 

I t has been shown i n the previous chapter that an approach 

to rock strength anisotropy based on a crack d i s t r i b u t i o n , where a l l 

the crack lengths are assumed to be the same, does not f i t w i t h the 

volume i n t e r a c t i o n theories independently given by Brady and by Weibols 

and Cook. The source of the discrepancy between theory and experiment 

may l i e w i t h the theories or w i t h the d i s t r i b u t i o n , and, since the 

formulation of the d i s t r i b u t i o n f u n c t i o n may be said t o be based on 

weaker assumptions than those used i n the two theories, i t would seem 

reasonable t o look f o r an a l t e r n a t i v e d i s t r i b u t i o n f u n c t i o n . 

The work of Walsh t;"d Brace (1964) and Hoek (1964) provides 

the s t a r t i n g point f o r the formulation of a new crack d i s t r i b u t i o n 

f u n c t i o n . These workers used crack d i s t r i b u t i o n s such t h a t a l l cracks 

had the same length and^were a l l aligned p a r a l l e l to the bedding or 

cleavage plane of t h e i r material and they used t h e i r r e s u l t s t o 

postulate that a good f i t w i t h experiment could be obtained over a wide 

range of the angle p by applying G r i f f i t h theory to a system of cracks 

the length of which grew shorter as t h e i r o r i e n t a t i o n departed from the 

plane of the bedding. The i m p l i c a t i o n was t h a t a crack length . 

d i s t r i b u t i o n could be derived from the experimental data and Barron 

(1971) performed j u s t such a d e r i v a t i o n f o r a sandstone. 

The problem i n the present work i s the inverse of t h i s however 

i n that i t i s required to r e l a t e the strength v a r i a t i o n to a known property 

of the rock, i n t h i s case the X-ray texture. The. problem i s s i m p l i f i e d 

i n the sense that i t i s known from the previous work that a v a r i a t i o n i n 

crack length i s required such that the longest cracks l i e p a r a l l e l t o the 

bedding and the form of the experimental data suggests t h a t t h i s v a r i a t i o n 

should be smooth wit-, v.e shortest cracks l y i n g perpendicular to the • 
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bedding. A function of f-iis shape i s , of course, supplied by the 
X-ray texture f u n c t i o n i t s e l f . 

I n the previous attempt at formulating a crack d i s t r i b u t i o n • 

i t was assumed that c r y s t a l l i t e s , and hence cracks, could be considered 

to be s p a t i a l l y independent. This assumption was the weakest of the 

assumptions used but was nevertheless the most important i n that i t 

formed a d i r e c t bridge between the assumptions of c r y s t a l l i t e size and 

the f i n a l assumed form of the crack d i s t r i b u t i o n . I n work on wave 

attenuation i n rocks, V/alsh (1966) observed that his r e s u l t s suggested the 

existence of one crack f o r every grain. For the type of cracks Walsh 

considered, that i s , those which were j u s t closed under very small 

pressures, he thought that a crack to grain r a t i o of almost u n i t y was 

u n l i k e l y . The work of Brace, Orange and Maddon (1965) on e l e c t r i c a l 

r e s i s t i v i t y of rock suggests the presence of a large volume of 

contiguous pores w i t h i n (most) rock and Walsh suggests that a rock 

should have a looser s t r u c t u r e than his own model with the attenuation 

caused by larger displacements on fewer cracks. This immediately implies, 

though Walsh does ncc say so e x p l i c i t l y , that the cracks must be larger 

than his model suggests and each crack must therefore encompass more than 

one grain. This means that i t i s no longer possible to assume th a t each, 

grain contributes one crack. I t must now be allowed that i n d i v i d u a l 

grains may j o i n together i n some fashion to form la r g e r cracks and i f 

t h i s e f f e c t has some dependence on o r i e n t a t i o n then crack lengths may 

vary wi t h o r i e n t a t i o n . 

I n any rock, the grains or c r y s t a l l i t e s may take any 

o r i e n t a t i o n , though the number of grains i n any one o r i e n t a t i o n may be 

a functi o n of that o r i e n t a t i o n , and c l e a r l y c a v i t i e s of many shapes w i l l 

form. I n p a r t i c u l a r , crack shaped c a v i t i e s can only form between grains 

which are subparallel to each other although i t i s possible to imagine 

a series of crack shaped c a v i t i e s of many orientations a l l j o i n i n g to 

produce a lar'jc crack which may be f a r from f l a t . However, while 
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acknowledging t h e i n t e r n a l c o m p l e x i t i e s o f such n a t u r a l p o l y m i n e r a l i c 

aggregates i t i s b o t h necessary and reasonable t o use a model o f reduced 

c o m p l e x i t y . 

Brace, P a u l d i n g , and Scholz (1966) have suggested t h a t a l l 

cracks which a r e g o i n g t o c l o s e w i l l have c l o s e d under a reasonably 

low s t r e s s and Brady (1969) has s a i d t h a t i t w i l l be t h e c l o s e d cracks 

which w i l l be i n the c o r r e c t o r i e n t a t i o n t o f a i l f i r s t . The f i r s t p o i n t 

suggests t h a t o n l y cracks which are almost c l o s e d w i l l c l o s e , the 

second p o i n t shows t h a t i t i s o n l y necessary t o l o o k a t c l o s e d cracks 

of one o r i e n t a t i o n a t a time and these two t o g e t h e r mean t h a t t he 

d i s c u s s i o n may be l i m i t e d t o g r a i n s which are s u b p a r a l l e l , t h a t i s , 

i n i n t e r p r e t i n g t h e X-ray t e x t u r e as a means t o f o r m u l a t i n g a c r a c k 

l e n g t h d i s t r i b u t i o n t h e data i n each o r i e n t a t i o n may be c o n s i d e r e d i n 

i s o l a t i o n f r o m the d a t a f o r a l l o t h e r o r i e n t a t i o n s . Berg (1965) 

emphasises t h i s p o i n t by s u g g e s t i n g t h a t t y p i c a l cracks i n r o c k ter.d t o 

be v e r y f i n e w i t h aspect r a t i o s , t h i c k n e s s / l e n g t h , o f t h e order o f 10° 

and t h i s i m p l i e s t h a t crack faces a r e v e r y c l o s e l y p a r a l l e l t o each 

o t h e r . 

Given t h i s , assumption i t should be p o s s i b l e t o r e l a t e t he 

numbers o f g r a i n s i n a g i v e n o r i e n t a t i o n t o the p r o b a b i l i t y o f f o r m i n g 

c l u s t e r s o f a g i v e n s i z e and thence t o an e s t a t e o f a c r a c k d i s t r i b u t i o n 

f u n c t i o n . Mack (1949, 1953) has s t u d i e d an a p p r o p r i a t e two d i m e n s i o n a l 

f o r m o f t h i s problem and has produced a f o r m u l a f o r t h e expected number 

o f a k-aggregate i n a "random" d i s t r i b u t i o n o f point3, where a 

k-aggregate i s d e f i n e d as k p o i n t s which may be covered by a window o f 

known s i z e . 

A window i s an area o f f i x e d s i z e which i s moved over the 

s u r f a c e t o be examined and a t each new p o s i t i o n , an i n r i ^ i t t s i m a l d i s t a n c 

away.from the p r e v i o u s p o s i t i o n , the number of p o i n t s i n the d i s t r i b u t i o n 

f a l l i n g w i t h i n the window area i s counted. I f t h e number o f p(.int3 so 

counted i s "k" t h e n a k-aggregate has been f o u n d . I t i s , of course, 
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p o s s i b l e f o r a new window p o s i t i o n t o i n c l u d e e x a c t l y those p o i n t s which 
were counted i n the p r e v i o u s p o s i t i o n and Mack has a l l o w e d f o r t h i s . I n 
the p r e s e n t a p p l i c a t i o n t h e p o i n t s t c be counted are the c e n t r e s o f 
c r y s t a l l i t e s s u f f i c i e n t l y c l o s e t o g e t h e r t o form a l a r g e c r a c k f a c e . 

There a r e , however, a number of problems a s s o c i a t e d w i t h t h e 

use o f t h i s method. For c r a c k s considered t o be a s s o c i a t e d w i t h 

c r y s t a l l i t e f a c e s , i t i s p o s s i b l e t o imagine two c r y s t a l l i t e s , say, 

s u f f i c i e n t l y c l o s e as t o be' o v e r l a p p i n g , thus p r o d u c i n g a c r a c k l e n g t h 

o f l e s s t h a n two u n i t c r a c k l e n g t h s . A window which i n c l u d e d a l l 

reasonable p a i r s o f cracks would a l s o i n c l u d e a l l o v e r l a p p i n g cracks 

and i t would be necessary t o p e r f o r m a t l e a s t two c a l c u l a t i o n s , w i t h 

d i f f e r e n t window s i z e s , t o take t h e o v e r l a p e f f e c t i n t o account. Such 

a c a l c u l a t i o n would n o t of i ' s e l f be e x c e s s i v e l y d i f f i c u l t b ut t h e r e i 3 

a f u r t h e r problem which may be d i f f i c u l t t o overcome. There i s no s i m p l e 

way o f d i s t i n g u i s h i n g a k-aggregate t h a t i s a l s o p a r t of a k+1 agg r e g a t e . 

I n p a r t i c u l a r i t may be seen t h a t a 3-aggregate may c o n t a i n 1 , 2, o r 3 

o f f 2-aggregates depending on the s i z e s o f the windows used t o view the 

aggregates.. For the case o f c l u s t e r s o f two or t h r e e i U s h o u l d be 

p o s s i b l e t o take account o f t h i s e f f e c t but t h e c o m p l e x i t y o f t h e 

problem i n c r e a s e s w i t h the s i z e o f t h e c l u s t e r b e i n g c o n s i d e r e d and 

r a p i d l y becomes unmanageable. 

These problems, coupled w i t h the c o m p l e x i t y o f Mack's 

o r i g i n a l e x p r e s s i o n , mean t h a t i t w i l l not be p o s s i b l e t o produce a 

complete c r a c k d i s t r i b u t i o n f u n c t i o n even though Mack's approach i s 

a p p a r e n t l y s u i t e d t o ;:he problem. 

For the purposes of G r i f f i t h ' s t h e o r y , i t i s not necessary 

t o have t h e complete d i s t r i b u t i o n . A l l t h a t i s r e q u i r e d i s a knowledge 

of t h e l e n g t h o f t h e l o n g e s t c r a c k c l u s t e r i n any o r i e n t a t i o n . I n t h e o r y , 

t h e l o n g e s t crack i s --nly l i m i t e d by the s i z e o f sample and the t o t a l 

number o f d i s c r e t e u n i t crack3 i n t h e sample w i t h t h a t p a r t i c u l a r 

o r i e n t a t i o n but c l e a r l y these l i m i t s are r a r e l y reached, e s p e c i a l l y when 
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samples t e n d t o be chosen so t h a t t h e y appear t o be homogenous, 

w i t h no major f l a w s i A more p r a c t i c a l l i m i t should be o b t a i n e d i f i t 

i s assumed t h a t the number o f k-aggregates which are n o t p a r t o f ( k + 1 ) -

aggregates reduces t he p o p u l a t i o n a v a i l a b l e f o r (k+1)-aggregates. 

However, t h i s approach s t i l l r e q u i r e s the complete d i s t r i b u t i o n f u n c t i o n 

and, as has a l r e a d y been noted, t h i s i s not a v a i l a b l e . 

A l l t h a t t h i s l e a v e s , then, i s the i n d i c a t i o n t h a t the 

maximum l e n g t h w i l l be some f u n c t i o n o f t h e t o t a l number o f u n i t cracks 

and f o r the r e s t o f t h i s d i s c u s s i o n i t w i l l be assumed t h a t t h i s 

f u n c t i o n i s l i n e a r . T h i s means t h a t t h e assumed maximum crack l e n g t h 

w i l l be d i r e c t l y p r o p o r t i o n a l t o t h e (0001) d i s t r i b u t i o n f u n c t i o n 

as o u t p u t by t h e t e x t u r e - g o n i o m e t e r . 

Having o b t a i n e d some form o f crack d i s t r i b u t i o n , t h e 

G r i f f i t h t h e o r y can be a p p l i e d and p r e d i c t e d s t r e n g t h carves o b t a i n e d . 

The G r i f f i t h f a i l u r e c r i t e r i a can be w r i t t e n (Walsh and 

Brace, 1964) 

where c i s t h e crack l e n g t h and K i s a c o n s t a n t . K and c are t o be f o u n d . 

For t h e p r e s e n t work, c i s taken f r o m the u n m o d i f i e d , n o r m a l i s e d , X-ray 

t e x t u r e and t h e c r i t e r i o n becomes 

I b e i n g t h e n o r m a l i s e d d i f f r a c t e d X-ray i n t e n s i t y v a l u e . The v a l u e s o f 

p and 8 have t o be determined by experiment. 

The process o f f i n d i n g v a l u e s f o r and B and u s i n g 

these v a l u e s t o p r e d i c t s t r e n g t h s wa3 c a r r i e d out i n two stages. The 

f i r s t stage i n v o l v e d t h e use o f a d i r e c t a p p l i c a t i o n of the f o r m u l a o f 
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Walsh and Brace t o the simple d i s t r i b u t i o n of c r a c k s , a l l h a v i n g t h e 

same l e n g t h and a l l being m u t u a l l y p a r a l l e l . The parameters f o r t h i s 

f o r m u l a (Co, the u n i a x i a l compressive s t r e n g t h f o r a random a r r a y o f 

th e same cracks and JA. , the c o e f f i c i e n t o f crack i n t e r f a c i a l 

f r i c t i o n ) were chosen such t h a t the t h e o r y gave a l e a s t squares 

f i t w i t h t h e e x p e r i m e n t a l d a t a a t 3̂ = 30° . The v a l u e o f JA. was 

fou n d t o be 0.5. T h i s v a l u e i s determined l a r g e l y by the p o s i t i o n 

( f ^ 3 ) ) o f i-he minimum s t r e n g t h v a l u e and can thus be v e r y w e l l 

d etermined as t h i s minimum p o s i t i o n i s c l e a r l y d e f i n e d . A number 

o f curves o f Z^\{ =|2 ' l " j u 0n a s a f u n c t i o n o f angle were drawn f o r yu. = 0.5 

and v a r i o u s values o f fff and 61^ (Fig . 2 0 ) . . These curves may be used 

w i t h a p l o t o f 2//c a g a i n s t angle t o determine s t r e n g t h values a^d 

c o n v e r s e l y s t r e n g t h v a l u e s may be used w i t h the "J^ff curves t o 

produce Ti/fc v a l u e s . For t h e simple c r a c k d i s t r i b u t i o n so f a r 

c o n s i d e r e d t h e r e i s o n l y one t / / c v a l u e a t zero angle and the Walsh 

and Brace d i s t r i b u t i o n and r e s u l t s were used t o f i n d t h a t f o r these 

c o n d i t i o n s t h e v a l u e o f B//c was 2.9 i n the u n i t s used. T h i s v a l u e 

must correspond t o the minimum %/JZ. v a l u e f o r any more g e n e r a l f u n c t i o n 

t h a t may be used t o d e s c r i b e the s t r e n g t h d a t a . As B i s a c o n s t a n t 

t h e f u n c t i o n must a l s o s a t i s f y the maximum v a l u e of c. I n t h e more 

g e n e r a l f u n c t i o n chosen c, t h e crack l e n g t h , i s the same as I , t h e 

n o r m a l i s e d X-ray i n t e n s i t y and i t i s known t h a t the l a r g e s t v a l u e o f 

I i s 8. T h i s g i v e s a va l u e o f B = 8 . 2 . 

The second stage i s a c t u a l l y t o p l o t t h e v a l u e s o f 

'B/jc == B/f a n d t o use t h e TIfl: c u r v e s t o determine the angles 

f o r which f a i l u r e w i l l take place w i t h a g i v e n s t r e s s system. T h i s 

i s done by superimposing t h e curve on t o t h e tj/T curve such t h a t , 

f o r a g i v e n <SJ" , the two curves j u s t t o u c h . The angle t h r o u g h which 

t h e Te!£ curve must be d i s p l a c e d t o produce t h i s r e s u l t i s the angle a t 

which 07 i s t h e f a i l u r e s t r e s s (see F i g . 2 1 ) . The ^ifji, c".rve i s shown 

i n Fig.22 and a p l o t of s t r e n g t h a g a i n s t angle f o r f o u r values o f i n 
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shown i n Pig.2 3 . E x p e r i m e n t a l values f o r <3J=0 are a l s o shown i n 
Pig.23 and i t can be seen t h a t t h e f i t o f t h e o r y w i t h e x p e r i m e n t a l 
data seems l e s s marked f o r low va l u e s of p . This i s because the 
t h e o r e t i c a l v a l u e s are almost s y m m e t r i c a l about t h e minimum when the 
data v a l u e s c l e a r l y are n o t . 

The f i t o f t h i s t h e o r y w i t h data i s shown i n P i g s . 24 t o 

27 where ( S", — 6^ ) i s p l o t t e d a g a i n s t f o r v a r i o u s angles p „ 

These diagrams show a reasonable f i t f o r ang l e s g r e a t e r t h a n p = 30° 

but a l e s s t h a n reasonable f i t below t h a t . I t i s t o be no t e d t h a t 

the t h e o r y shows a l i n e a r r e l a t i o n s h i p between 6^ and 6^ and t h a t 

the s l o p e of t h i s l i n e does not v a r y s i g n i f i c a n t l y w i t h n . 
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The a p p l i e d t h e o r y i s a G r i f f i t h Theory and as such produces 

a s t r a i g h t l i n e p l o t between ff; and <SJ w i t h the slope b e i n g dependent 

on t h e c o e f f i c i e n t o f crack i n t e r f a c i a l f r i c t i o n , j\ . There i s 

however one l e s s degree of freedom i n f i t t i n g the G r i f f i t h Theory t o 

a n i s o t r o p i c d a t a i n as much as the value o f JA. must a l s o d e f i n e the 

angle n a t which the minimum s t r e n g t h i s observed such t h a t 
/ min 

± a n 2 p „ l V l = , and f o r t h i s reason i t seems reasonable t o suppose t h a t 

t h e v a l u e o f yw. o b t a i n e d , g i v i n g , as i t does, such a good f i t t o b o t h 

s l o p e and minimum, w i l l r e p r e s e n t q u i t e c l o s e l y t h e average v a l u e o f the 

r e a l c o e f f i c i e n t o f f r i c t i o n a c t u a l l y i n f o r c e i n the r o c k . Walsh (1966) 

quotes -values o f yn o b t a i n e d e x p e r i m e n t a l l y f o r both smooth and 

roughened c r y s t a l s u r f a c e s and the value o f 0 .5 f i t s i n t o t he range o f 

v a r i o u s c r y s t a l s u r f a c e s roughened by s l i d i n g a c r o s s each o t h e r . T h i s 

must be r e a s o n a b l e as t h e r e w i l l be s u f f i c i e n t displacement p r i o r t o 

f a i l u r e across a l r e a d y rough s u r f a c e s ( i n v o l v i n g more than one g r a i n ) 

t o g r i n d those s u r f a c e s and roughen them and i t must be these ground 

f a c e s which c o n t r o l the f i n a l f a i l u r e . 

F i n d i n g t h e value o f C 0 a p p r o p r i a t e t o t h e e x p e r i m e n t a l 

data has no t h e o r e t i c a l s i g n i f i c a n c e unless i t can be used t o g i v e some 

i n d i c a t i o n of c r a c k s i z e . However t h i s needs some knowledge of t h e 

e l a s t i c c o n s t a n t s o f the i n t r i n s i c m a t e r i a l of t h e rock and t h i s data 

i s n o t a v a i l a b l e . 

The f a c t t h a t the a p p l i c a t i o n o f G r i f f i t h ' s t h e o r y t o the 

s i m p l e crack l e n g t h d i s t r i b u t i o n p r o v i d e d produces an a n i s o t r o p i c 

s t r e n g t h d i s t r i b u t i o n i s n o t o f i t s e l f remarkable but t h e r e s u l t i s , none 

the l e s s , a u s e f u l on<? i n t h a t t he s t r e n g t h d i s t r i b u t i o n so o b t a i n e d 

bears a c l o s e resemblance t o t h a t o b t a i n e d by experiment. I n p a r t i c u l a r 

t h e r e i s q u i t e a c l o s e f i t between t h e o r y and experiment f o r angles (3^30° 
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and i n t h i s t h e crack d i s t r i b u t i o n p o s t u l a t e d f r o m the evidence of 

c l a y m i n e r a l b a s a l plane o r i e n t a t i o n d i s t r i b u t i o n improves on t h e 

.simplest d i s t r i b u t i o n where a l l cracks are p a r a l l e l . The crack l e n g t h 

d i s t r i b u t i o n o b t a i n e d f r o m t h e X-ray data i s not n e c e s s a r i l y , and 

I n d e e d i s u n l i k e l y t o be, the t r u e d i s t r i b u t i o n , but t h e v e r y f a c t 

t h a t such a d i s t r i b u t i o n , o b t a i n e d i n d e p e n d e n t l y o f the d a t a i t was 

.hoped t o f i t , does produce such r e s u l t s argues a g a i n s t simple 

c o i n c i d e n c e . 

The main d i f f i c u l t y i n a l l o w i n g the t h e o r y t o d e s c r i b e t h e 

•experimental data l i e s i n the discrepancy between the two f o r ^ 3 < 3 0 ° . 

T h i s a r i s e s because t h e t h e o r e t i c a l curve i s symmetrical about i t s 

minimum, a symmetry which i s n o t shared by the e x p e r i m e n t a l p o i n t s . 

T h i s symmetry i s b u i l t i n t o the two components which go t o make up t h e 

- f i n a l c u r v e. The crack d i s t r i b u t i o n i s n a t u r a l l y s y m m e t r i c a l ; and an 

asymmetric d i s t r i b u t i o n seems most u n l i k e l y . The T^fcurve i s almost 

s y m m e t r i c a l about i t s maximum but what asymmetry t h e r e i s does n o t 

become obvious u n t i l some way below each peack and can have l i t t l e e f f e c t . 

The asymmetry o f t h e e x p e r i m e n t a l data i s s i m i l a r t o t h a t 

n o t e d by Donath (1961) i n h i s data on M a r t i n s b u r g s l a t e . Bonath i n f a c t 

o n l y n o t i c e d a s e r i o u s d e p a r t u r e from h i s symmetrical curve i n t h e 

da t a f o r p = 0° and i n t h i s i n s t a n c e claimed t h a t t h e c o n s t r a i n i n g 

e f f e c t o f the sample end p l a t e s a f f e c t e d the r e s u l t . T h i s c o u l d w e l l 

be so as Donath a l s o r e p o r t s t h a t t h e i n c l i n a t i o n o f t h e shear plane 

ai; f a i l u r e f o l l o w e d c l o s e l y the i n c l i n a t i o n o f the clea-v.-ge plane f o r 

angles 3̂ up t o 30° and a l i t t l e beyond and under those c o n d i t i o n s 

t h e f a i l u r e plane would have i n t e r a c t e d w i t h the end p l a t e o f t h e 

compression apparatus. For a s t a n d a r d sample w i t h a l e n g t h t o dia m e t e r 

r a t i o o f 2 / l such i n t e r a c t i o n would be expected f o r shT-ur -olntie angles 

of l e s s than about 26° 

The i n t e r a c t i o n between the angle of the f a i l u r e plane and 
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"the o r i e n t a t i o n o f t h e sample r e p o r t e d by Donath i s a l s o seen i n P e i r h y n 
.Slate.. The i n c l i n a t i o n , OC , of t h e f a i l u r e plane w i t h r e s p e c t t o 07 i s 
p l o t t e d a g a i n s t p , t h e sample o r i e n t a t i o n , i n F i g . 28a. f o r a l l t h e 
samples o f Penrhyn S l a t e a t a l l angles and c o n f i n i n g p r e s s u r e s . No 
d i s t i n c t i o n i s made between data o b t a i n e d a t d i f f e r e n t c o n f i n i n g 
p r e s s u r e s as no d i s t i n c t i o n was d i s c e r n a b l e . T h i s p l o t shows a t r e n d 
-towards c o n t r o l o f t h e f a i l u r e plane angle by sample o r i e n t a t i o n and 
i i ; seems s i g n i f i c a n t t h a t the d a t a f o r p = 15° and p = 30° shows much 
l e s s s c a t t e r -than t h a t f o r o t h e r a n g l e s . The r e l a t i o n s h i p between 
ai and p i n d i c a t e d by t h i s data may be g e n e r a l i s e d t o the assumption 
-that o t = p -for p 6 3 0 ° and w i t h t h i s assumption some new r e s u l t s may 
be o b t a i n e d f r o m -the t h e o r y presented i n t h e l a s t s e c t i o n . 

The expected f o r m o f i n t e r a c t i o n between the e f f e c t i v e shear 

s t r e s s and -the c r a c k l e n g t h s i s shewn i n F i g . 21. Where the t ; ^ curve 

j u s t -touches t h e 3/Jc curve d e f i n e s t h e f a i l u r e p o i n t and i t would be 

•expected t h a t t h a t p o i n t of c o n t a c t would a l s o d e f i n e the a n g l e , OC , 

o f the subsequent shear plane, as shown. Normally t h i s angle (X would 

l i e q u i t e c l o s e t o t h e expected angle of 30° b u t , i f i t i s known t h a t 

.has some o t h e r c o n s t r a i n t on i t then a d i f f e r e n t s i t u a t i o n o b t a i n s . I n 

p a r t i c u l a r , -the case where <X = p i s shown i n F i g . 29 and t h i s c l e a r l y 

r e q u i r e s a h i g h e r v a l u e o f SJ than would n o r m a l l y be p r e d i c t e d . A new 

s e t o f values f o r <T, may be o b t a i n e d u s i n g t h e assumption t h a t forp< 3 0 < 

then (X = p and r e s u l t s f o r <JJ = 0 are p l o t t e d i n F i g . 30. As can be 

seen, the r e q u i r e d u p t u r n i s o b t a i n e d and a p l o t o f (0} -G?J ) a g a i n s t <S~Z 

f o r p = 15° i n Pig.31 may be compared t o P i g . 15 which shows t h e same 

p l o t o b t a i n e d b e f o r e ^ h i s m o d i f i c a t i o n . The improvement i s s i g n i f i c a n t . 

Fig.28b shows t h e r e l a t i o n s h i p between ot and p g i v e n by 

the above c o n s i d e r a t i o n s and m o d i f i e d by the a p p l i e d c o n s t r a i n t . I t can 

be seen t h a t t h e p r ^ f - i c^od angles, o*., above Q = 30° are l a r g e r t h a n the 
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data suggests b u t t h a t t h e g e n e r a l form o f the d a t a i s preserved. 

Even so t h e answer i s f a r from complete. For angles oc = |3 

c l o s e t o zero the "Kffcurve vanishes and t h e t h e o r e t i c a l s t r e n g t h o f 

t h e r o c k becomes i n f i n i t e . Thus the proposed m o d i f i c a t i o n s t i l l l e a ves 

an unknown gap. 

A more obvious, though perhaps r e l a t e d , d e f i c i e n c y i s 

expressed by t h e q u e s t i o n : why should the shear plane be c o n s t r a i n e d t o 

f o l l o w , t h e cleavage plane f o r o n l y t h a t range of angles? There i s 

n o t h i n g i n t h e t h e o r i e s so f a r presented which suggests any reason f o r 

t h e r e g i o n p <. . 3 0 ° b e i n g d i f f e r e n t from the r e g i o n / 3 > 3 0 ° . I t i s , 

however, p o s s i b l e t o imagine a mechanism and t h i s i s d e s c r i b e d here. 

A number o f workers ( f o r example Brace and Bombolakis, 1963; 

Hoek and B i e n i a w s k i , 1966; M u r r e l l and Digby, 1970) have shown t h a t a 

c r a c k w i l l propagate i n the S shape form shown i n F i g . 32a such t h a t t h e 

e x t e n s i o n s t e n d t o become p a r a l l e l t o <5J . Now t h e i n i t i a l l y p r o p a g a t i n g 

c r a c k w i l l be a t a p p r o x i m a t e l y 30° t o GJ , but t h e new e x t e n s i o n s w i l l 

have t h e e f f e c t o f p r o d u c i n g a new e f f e c t i v e c r a c k a t a s m a l l e r a n g l e 

t o ff^. Thus t h e c r a c k w i l l seem t o r o t a t e e i t h e r away from or towards 

t h e cleavage plane a c c o r d i n g t o whether p i s g r e a t e r or l e s 3 t h a n 30°, 

as shown i n Fig.3 2 b . I n t h i s way the f a i l i n g cracks may become e n t r a i n e d 

i n t h e plane o f weakness, t h e cleavage plane, and t h e o r i e n t a t i o n d e n s i t y 

d i s t r i b u t i o n w i l l become d e p l e t e d f o r crack o r i e n t a t i o n s away from the 

cleavage plane. T h i s e n t r a i n m e n t becomes l e s s and l e s s easy f o r p 

approaching zero and t h e r e must be some gr a d u a l m o d i f i c a t i o n i n t o y e t 

another f a i l u r e mode, f o r example, the e f f e c t i v e t e n s i l e s t r e s s mode o f 

Brown and T r o l l o p e ( 1 9 6 7 ) . 

Having o b t a i n e d a t h e o r y which enables the a n i s o t r o p i c 

s t r e n g t h v a r i a t i o n s of a m a t e r i a l t o be p r e d i c t e d t o a reasonable degree 

of accuracy, i t i s necessary t o examine the success of t h a t t h e o r y i n 
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The f a c t t h a t the proposed t h e o r y r e l i e s s o l e l y on a G r i f f i t h 

c r i t e r i o n immediately suggests t h a t the p r e - f a i l u r e behaviour o f t h e 

m a t e r i a l has been i g n o r e d . This i s n o t n e c e s s a r i l y t r u e . The e x a m i n a t i o n 

o f Dock f a i l u r e t h e o r i e s showed t h a t o n l y t h e Weibols and Cook and Brady 

t h e o r i e s made any a t t e m p t t o take i n t o account a c o o p e r a t i o n o f cracks 

i n f o r m i n g t h e f a i l u r e but i t i s e a s i l y seen t h a t these t h e o r i e s p r o v i d e 

l i t t l e or no improvement over the G r i f f i t h one. I n p a r t i c u l a r , t he 

c o n s t r a i n t s on t h e c r a c k f r i c t i o n c o e f f i c i e n t , |* , are the same i n a l l 

t h e o r i e s . Examination o f Pig.19 shows t h a t the s t r a i n energy f u n c t i o n , 

f o r c o n s t a n t c r a c k l e n g t h , produces the same slope f o r t h e C5J" a g a i n s t 6^ 

l i n e i n d e p e n d e n t l y o f the t o t a l s t r a i n energy and t h e r e i s no reason t o 

suppose t h a t t he change i n the form of t h e d i s t r i b u t i o n would change 

t h a t . S i m i l a r l y t he shape of the <S~, a g a i n s t ji v a r i a t i o n would remain 

s y m m e t r i c a l as i n the simple case though t h e d e t a i l e d shape vrculd depend 

on the exact f o r m o f t h e U//t curve used and, as has been shown, t h i s i s 

open t o some m a n i p u l a t i o n . Thus t h e two c o o p e r a t i v e t h e o r i e s would 

produce v e r y much the same r e s u l t s as the simple G r i f f i t h t h e o r y . 

Where t h e s t r a i n energy and s t r a i n volume c r i t e r i a do 

d e p a r t f r o m t h e G r i f f i t h t h e o r y i s i n t h e i r a b i l i t y t o p r e d i c t t h e a n g l e 

o f the f a i l u r e p l a n e . N e i t h e r t h e o r y c o n t a i n s any mechanism whereby the 

expected f a i l u r e plane angle may be d e r i v e d and i t would be v e r y 

d i f f i c u l t t o modify e i t h e r t h e o r y t o take i n t o account the crack 

e n t r a i n m ent mechanism proposed f o r < 30°. Such a m o d i f i c a t i o n i s n o t 

i m p o s s i b l e and i t may w e l l be f e a s i b l e t o implement t h e a p p r o p r i a t e 

i n t e g r a t i o n over a dynamic crack p o p u l a t i o n by use o f a d i g i t a l computer 

b u t , h a v i n g done so, the answer would t u r n out t o be a s e r i e s o f 

a p p l i c a t i o n s o f G r i f f i t h ' s t h e o r y and the basis o f the work, e i t h e r 

s t r a i n energy o r s t r a i n volume, would become l o s t i n •(,?•'_• d e t a i l . Indeed 

such t h e o r i e s become i r r e l e v a n t when such a d e t a i l e d model o f the 

s t r u c t u r e becomes a v a i l a b l e . 
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I t would seem t h a t , even f o r a n i s o t r o p i c d a t a , t h e G r i f f i t h 
t h e o r y s t i l l h o l d s good d e s p i t e a l a r g e q u a n t i t y of data on p r e - f a i l u r e 
r o c k behaviour w h i c h suggest t h a t a more complex c o o p e r a t i v e t h e o r y i s 
r e q u i r e d . The q u e s t i o n i s , i f t h e G r i f f i t h t h e o r y i s a p p l i c a b l e t o 
r o c k f a i l u r e r a t h e r t h a n f a i l u r e i n i t i a t i o n then what i s happening t o 
cause a l l t h e a c t i v i t y observed between f a i l u r e i n i t i a t i o n and f a i l u r e ? 
M u r r e l l (1969) p r o v i d e s the c l u e . 

M u r r e l l p o i n t s out ( M u r r e l l , 1969) t h a t the m i c r o c r a c k 

events which occur p r i o r t o f a i l u r e c o n t r i b u t e t o the f o r m a t i o n o f new 

crack d i s t r i b u t i o n s and t h a t t h e r e must be a whole range of crack 

d i s t r i b u t i o n s formed d u r i n g the p r e - f a i l u r e p e r i o d . ' He a l s o p o i n t s out 

t h a t any c r a c k nay propagate more than once as a s t r e s s d i s t r i b u t i o n 

becomes m o d i f i e d by the s u r r o u n d i n g a c t i v i t y . M o r l i e r (1 971) a l s o 

p r o v i d e s p a r t o f the answer when he suggests t h a t i n i t i a l m i c r o c r a c k i n g 

may be due t o cracks i n weaker m a t e r i a l p r o p a g a t i n g u n t i l h a l t e d by, say 

a harder g r a i n , c a u s i n g f r a c t u r e h a r d e n i n g . 

N e i t h e r o f t h e above statements contravenes any o f t h e 

observed p r e - f a i l u r e occurrences b u t , e q u a l l y , n e i t h e r n e c e s s a r i l y 

i m p l i e s c o o p e r a t i o n i n t h e sense of Weibols and Cook or Brady.. However, 

a form o f c o o p e r a t i o n i s t a k i n g place i n t h a t t he p r e - f a i l u r e a c t i v i t y 

i s s e t t i n g up t h e r e q u i r e d c o n d i t i o n s f o r f a i l u r e . 

I t was remarked i n an e a r l i e r s e c t i o n t h a t cracks i n r o c k 

were formed by a s s o c i a t i o n s of s u b - p a r a l l e l g r a i n s . I t was a l s o p o i n t e d 

out t h a t cracks so formed may t a k e a l l o r i e n t a t i o n s and may j o i n t o g e t h e 

t o produce l a r g e r cracks which a r e not f l a t b ut bend and t w i s t i n space 

i n an u n d e f i n e d manner. I t i s now p o s s i b l e t o envisage such d i s t o r t e d 

cracks as h a v i n g weak p o i n t s , say, a t c r y s t a l l i t e edges, and t h a t under 

s t r e s s these weaknesses v i l l a l l o w some form of m i c r o f r a c t u r e . Such 

m i c r o f r a c t u r e s w i l l propagate o n l y the s u r f a c e of the c r y s t a l l i t e s 

concerned and any excess energy w i l l appear as a d d i t i o n a l s t r a i n on t h e 



I 

53 

whole c r a c k and as mic r o s e i s m i c a c t i v i t y . I n o t h e r words, t he s u r f a c e 

of such a d i s t o r t e d crack w i l l become ground and s p l i n t e r e d u n t i l i t 

tends t o become f l a t and t h e o r i e n t a t i o n o f t h e r e s u l t i n g f l a t c rack w i l l 

be j u s t t h a t o r i e n t a t i o n undergoing maximum shear s t r e s s . The o v e r a l l 

t e x t u r e o f t h e r o c k w i l l n ot be a l t e r e d by t h i s o p e r a t i o n , o n l y t h e c r a c k 

d i s t r i b u t i o n , and i n f a c t i t w i l l be the c r y s t a l l i t e s t r u c t u r e o f the 

rock which w i l l c o n t r o l t h e f o r m a t i o n o f the new c r a c k d i s t r i b u t i o n . 

T h i s m o d i f i c a t i o n o f t h e cr a c k d i s t r i b u t i o n w i l l o n l y t a k e p l a c e f o r t h o s e 

o r i e n t a t i o n s f o r w hich t h e shear s t r e s s i s l a r g e , but w i t h i n t h a t 

l i m i t a t i o n the c r y s t a l l i t e t e x t u r e o f the r o c k w i l l d e f i n e the f i n a l 

c r a c k d i s t r i b u t i o n and n o t the i n i t i a l one. I n t h i s way c a t a s t r o p h i c 

f a i l u r e w i l l n o t occur u n t i l a w e l l - d e f i n e d c r a c k - l i k e c a v i t y , t e r m i n a t e d 

by some s t r o n g e r p a r t of r o c k m a t e r i a l , has formed, whereupon the 

G r i f f i t h c r i t e r i o n comes i n t o p l a y w i t h a l l t h a t t h a t i m p l i e s . 
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11. A p p l i c a t i o n o f Theory t o Liunley Mudstone 

Having o b t a i n e d a t h e o r y which p r o v i d e s a reasonable f i t t o 

e x p e r i m e n t a l data f o r one r o c k , Penrhyn S l a t e , i t i s a p p r o p r i a t e t o 

a p p l y the same t h e o r y t o a d i f f e r e n t r o c k and t o examine the 

d i f f e r e n c e s , i f any, exposed i n t h e process. 

The r o c k chosen i s a Coal Measures mudstone, from Lumley, 

County Durham. T h i s i s a l i g h t l y l i t h i f i e d m a t e r i a l , w i t h a w e l l 

d e f i n e d cleavage, c h a r a c t e r i s e d by l i g h t and dark l a m i n a t i o n s d e r i v e d 

as a r e s u l t o f c y c l i c s e d i m e n t o l o g i c a l regimes. I t s u f f e r s f r o m 

r a p i d w e a t h e r i n g on exposure. 

I n f o r m a t i o n on s t r e n g t h v a r i a t i o n w i t h cleavage i n c l i n a t i o n 

was o b t a i n e d and t h e r e l a t i o n s h i p between t h e two i s shown i n Fig.?3 f o r 

t h r e e v a l u e s o f c o n f i n i n g p r e s s u r e . I t can be seen t h a t t h e m a t e r i a l 

i s n o t s t r o n g and i s a n i s o t r o p i c w i t h a s t r e n g t h minimum i n the 

r e g i o n o f p = 3 0 ° . 

An X-ray t e x t u r e diagram was o b t a i n e d and i s shown i n F i g . 3 4 . 

As expected, t h e r e i s a maximum i n t e n s i t y p e r p e n d i c u l a r t o the plane of 

the cleavage but t h i s runs o f f q u i t e q u i c k l y t o a wide p l a t e a u o f 

c o n s t a n t i n t e n s i t y s t a r t i n g a t about 40° away from the maximum. The 

case o f Penrhyn s l a t e showed t h a t the t e x t u r e i s s i g n i f i c a n t up t o 

50° away from the maximum and t h e r e f o r e t h i s p l a t e a u can be expected t o 

i n f l u e n c e t h e p r e d i c t e d s t r e n g t h r e s u l t s . 

The v a l u e s o f the two parameters of the t h e o r y , JA. , t h e 

c o e f f i c i e n t o f f r i c t i o n and B, f r o m B//F , were chosen by eye as t h i s 

enabled the e f f e c t s o f the t h e o r y t o be e v a l u a t e d . The v a l u e s chosen 

were JA. = 0.6 and B =3. 

The p l o t o f B//c i s shown i n Fig.35 and shows the p l a t e a u 

f r o m the t e x t u r e . A l l o w i n g f o r the r o u n d i n g up o f values p r i n t e d on 

the t e x t u r e diagram has l i t t l e e f f e c t as t h i s can only be a^oumed t o 

* The r o o f r o c k o f the High Main c o a l seam 
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come i n t o f o r c e towards the r i m o f the diagram, t h a t i s a t an a n g l e 
o f 4 0 ° t h e i n t e n s i t y must be c l o s e t o 3 as p r i n t e d and can o n l y f a l l 
t o 2 . 5 . which rounds up t o 3 , towards an angle o f 9 0 ° . T h i s has been 
shown i n F i g . 3 5 . 

The s t r e n g t h s p r e d i c t e d u s i n g the t h e o r y a r e p l o t t e d a g a i n s t 

cleavage i n c l i n a t i o n i n Fig. 3 6 . f o r two o f the v a l u e s o f c o n f i n i n g 

pressure t h a t were used t o o b t a i n t h e data shown i n F i g . 3 3 . The 

p l a t e a u i n i n t e n s i t y i s now seen t o produce a c u t - o f f i n s t r e n g t h f o r 

p < 7 0 ° , a c u t - o f f which i s n o t r e f l e c t e d i n t h e e x p e r i m e n t a l d a t a . 

For angles p < 7 0 ° however the p r e d i c t e d v a l u e s f o l l o w the 

u s u a l p a t t e r n , and comparison o f 67 v s - <3J f o r v a r i o u s angles ^3 , 

shown i n F i g . 3 7 . i n d i c a t e d t h - t o n l y minor m o d i f i c a t i o n s t o fi and yw. 

would be r e q u i r e d t o make a good f i t w i t h experiment. 

The r e s u l t s o b t a i n e d w i t h t h e t h e o r y here do n o t i n c l u d e the 

e f f e c t s o f f a i l u r e plane e n t r a i n m e n t and y e t Fig.3 7 shows t h a t the 

p r e d i c t e d s t r e n g t h s f o r 3̂ = 1 5 ° f a l l q u i t e c l o s e t o t h e e x p e r i m e n t a l 

v a l u e s . T h i s i s a major d e p a r t u r e from t h e ideas put f o r w a r d w i t h 

Penrhyn S l a t e and r e q u i r e s a c e r t a i n amount of d e t a i l e d d i s c u s s i o n . 

As shown i n Fig.2 1 i t i s p o s s i b l e t o make use of the 'theory t o 

p r e d i c t t h e angle o f the f a i l u r e p l a n e , oc , w i t h r e s p e c t t o (57 . The 

v a r i a t i o n o f ex. w i t h p f o r Lumley Mudstone i s shown i n Fig. 3 8 f o r 

two d i f f e r e n t c o n f i n i n g p r e s s u r e s . The averaged e x p e r i m e n t a l r e s u l t s 

are i n c l u d e d f o r comparison. I t i s c l e a r from t h i s f i g u r e t h a t 

c o n f i n i n g pressure do*3 have a s i g n i f i c a n t e f f e c t on f a i l u r e plane a n g l e 

and t h i s may be e x p l a i n e d by r e f e r e n c e t o Fig.3 9 where two T^-tfcurves a t 

two d i f f e r e n t c o n f i n i n g pressures are compared. This comparison shows t h a t 

t he lower the c o n f i n i n g pressure the f l a t t e r t h e "Crft curve becomes, 

and a g r e a t e r v a r i a t i o n i n c o n t a c t p o i n t between and " b / i c w i l l occur 

f o r a f l a t curve t h a n f o r a l e s s f l a t one. T h i s v a r i a t i o n was 

n o t so marked w i t h Penrhyn S l a t e , ano. was s m a l l enough t o be i g n o r e d 
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* 
because the h i g h e r 67 v a l u e s reduced the e f f e c t . As i n the case 

of Penrhyn S l a t e t h e p r e d i c t e d v a l u e s o f & are h i g h e r t h a n the 

e x p e r i m e n t a l ones. 

The p l a t e a u i n the t e x t u r e diagram m a n i f e s t s i t s e l f i n t h e 

e*- v s . p p l o t as a d i p i n <x f o r > 65, t h i s d i p b e i n g g r e a t e r f o r 

low v a l u e s o f GJ . The e x p e r i m e n t a l d a t a shows a s i m i l a r d i p and i t i s 

t e m p t i n g t o use t h i s f a c t as a c o n f i i m a t i o n of the p l a t e a u . T h i s i s , 

however, s t i l l i n c o n s i s t e n t w i t h t h e s t r e n g t h d a t a and i t i s f e l t t h a t 

f u r t h e r work i s r e q u i r e d b e f o r e the c o n f l i c t can be r e s o l v e d . 

The major d i f f e r e n c e between Penrhyn S l a t e and Lumley 

Mudstone, and i n the a p p l i c a t i o n o f the t h e o r y t o them b o t h , seems t o 

be t h a t Penrhyn S l a t e s u f f e r s a h i g h degree o f en t r a i n m e n t o f <X w i t h p 

whereas Lumley Mudstone does n o t . The f a c t t h a t (X f o l l o w s c l o s e t o p 

f o r some v a l u e s o f |3 <• 30° w i t h Lumley Mudstone i s not due t o 

en t r a i n m e n t b u t merely a r a m i f i c a t i o n o f the simple t h e o r y . Since 

th e t h e o r y o t h e r w i s e works w e l l f o r b o t h rocks i t becomes necessary t o • 

ask why one r o c k behaves i n t h i s f a s h i o n and another does n o t . I t i s , 

o f course, v i r t u a l l y i m p o s s i b l e t o answer such a q u e s t i o n on a study o f 

o n l y two r o c k s . 

Given t h a t cracks do propagate i n o r d e r t o cause b u l k 

f a i l u r e i t i s reasonable t o assume t h a t t h e y would p r e f e r t o propagate 

a l o n g t h e plane o f l e a s t s t r e n g t h , t h a t i s , the cleavage f l s s i l i t y 

p lane o f t h e r o c k . Given a l s o t h a t cracks propagate i n the s i g m o i d a l 

f a s h i o n d e s c r i b e d p r e v i o u s l y t h e n , f o r p < 30°, an e x t e n d i n g c r a c k 

s h o u l d , a t some t i m e , have t he c o r r e c t o r i e n t a t i o n t o be e n t r a i n e d by 

the cleavage f i s s i l i t y . T h i s e n t r a i i u n e n t would seen t o be t h e n a t u r a l 

course o f events. Why, t h e n , does not Lumley Mudstone e x h i b i t t h e e f f e c t ? 

* The r a d i u s o f c u r v a t u r e o f '£jfat i t s maximum i n c r e a s e s w i t h b o t h 

<S\ , and 
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The f i r s t s i g n i f i c a n t f a c t i s t h a t entrainment enhances 

t h e s t r e n g t h o f t h e r o c k f o r those o r i e n t a t i o n s a t which i t o c c u r s . 

T h i s suggests t h a t a c r a c k f i n d s g r e a t e r d i f f i c u l t y i n p r o p a g a t i n g i f 

i t extends a t s m a l l angles t o t h e cleavage plane ( (* < 30°) t h a n i f i t 

extends almost p e r p e n d i c u l a r l y across the cleavage plane ( fi> 30°). 

That i s , i f a crack extends through the c r y s t a l l i t e s i n i t s p a t h , r a t h e r 

t h a n between them, t h i s must occur most e a s i l y i f the l o c a l shear i s a t 

a h i g h angle t o t h e plane o f the c r y s t a l l i t e . 

The second s i g n i f i c a n t f a c t i s t h a t Penrhyn S l a t e has 

undergone dynamic metamorphism, whereas Lumley Mudstone has n o t . Thus 

t h e c r y s t a l l i t e s o f any p a r t i c u l a r m i n e r a l are l i k e l y t o show l i J j t l e 

v a r i a t i o n i n average s i z e w i t h o r i e n t a t i o n i n Lumley Mudstone, b u t , 

because o f p r e f e r e n t i a l growth under s t r e s s , c r y s t a l l i t e s i n Per.rhyn 

S l a t e may w e l l show a v a r i a t i o n i n l i n e a r dimensions w i t h o r i e n t a t i o n . 

Such an e f f e c t w i l l , o f course, make l i t t l e d i f f e r e n c e t o the a n a l y s i s 

o f t he X-ray t e x t u r e as one l a r g e c r y s t a l l i t e w i l l appear the same as 

two c r y s t a l l i t e s , of h a l f t he s i z e , c l o s e t o g e t h e r , b u t , i t may have a 

s i g n i f i c a n t e f f e c t on t h e a b i l i t y o f a crack t o propagate across the 

cleavage plane. I n p a r t i c u l a r , i t may be t h a t a crack w i t h i n Penrhyn 

S l a t e must extend by b r e a k i n g t h r o u g h c r y s t a l l i t e s whereas a c r a c k i n 

Lumley Mudstone may extend by p a s s i n g round such o b s t a c l e s s i n c e the 

c r y s t a l l i t e s concerned are much s m a l l e r . 

The presence o f more equant c r y s t a l l i t e s w i t h i n a r o c k 

w i l l , o f course, modify t h e e f f e c t o f t h e - p l a t y ones and ';his m o d i f i c a t i o n 

i s n o t y e t q u a n t i f i a b l e . The mechanism o f the f o r m a t i o n o f a f a i l u r e 

plane i s a l s o n o t f u l l y understood and thus the above s u g g e s t i o n f o r t h e 

e n t r a i n m e n t mechanism must be taken as a t e n t a t i v e one. 
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12. Conclusion 

Previous work (see Chapter 3) has shown that the b r i t t l e 

f a i l u r e of rock i s a very complex process, made more complex by 

anisotropy of the rock s t r u c t u r e . Because of t h i s i t was suggested that 

a simple theory, such as that of G r i f f i t h , was too simple to be of use. 

Bowever, Walsh and Brace (1964) demonstrated that strength anisotropy 

could be included i n the G r i f f i t h theory by allowing crack length to 

become a f u n c t i o n of o r i e n t a t i o n , and i t has been shown t h a t , despite 

-the complexity of the f a i l u r e process, the simple G r i f f i t h theory may 

be applied to a n i s o t r o p i c rocks with some success, provided that the 

crack lengths used by the theory are taken as the crack lengths obtaining 

i n the rock immediately p r i o r to f a i l u r e . For the case of Penrhyn S l a t e 

considered, the required o r i e n t a t i o n d i s t r i b u t i o n of crack length 

appears to be given by the unmodified data from the X-ray texture diagram 

of l l l i t e basal(0001) planes and i t would appear from t h i s that the 

p l a t e - l i k e i l l i t e and c h l o r i t e c r y s t a l s are a major f a c t o r i n determining 

the way that l a r g e cracks w i l l form i n the m a t e r i a l . I t has a l s o been 

shown that the l a c k of symmetry i n the experimental strength data may 

be explained by allowing the f a i l u r e plane to be entrai;.;d by the cleavage 

plane f o r sample o r i e n t a t i o n s of 30°. Such entrainment has been 

observed for Penrhyn S l a t e as w e l l as f o r other a n i s o t r o p i c rocks. 

The importance of these r e s u l t s i s twofold. F i r s t l y , they 

show that the use of a n i s o t r o p i c m a terial can provide a greater i n s i g h t 

i n t o the mechanism of f a i l u r e , as, i n t h i s instance, i t has shown that 

-the G r i f f i t h theory s t i l l describes rock behaviour rather better than 

any others, and, secoi.'ily, they show that i t i s possible to r e l a t e 

q u a n t i t i v e l y an independently measured property, i n t h i s case X-ray 

t e x t u r e s , to measured strength data and f i n d reasonable agreement 

between them. 
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Examination of she data for Lumley Mudstone has 
emphasised the a p p l i c a b i l i t y of the o v e r a l l concept described here but 
t h i s has a l s o shown that the angle, tx -f of the f a i l u r e plane i s .a 
s i g n i f i c a n t parameter i n the d e s c r i p t i o n of the f a i l u r e mechanism. 

The predicted angles, cx f f o r both materials used are 

only i n general agreement with the experimental data and f u r t h e r study 

i s needed to f i n d where the discrepancy l i e s . However, there i s a 

s i g n i f i c a n t d i f f e r e n c e between the form of the two s e t s of r e s u l t s i n 

t h a t only Penrhyn S l a t e shows a proper entrainment e f f e c t . T h i s has 

"been i n t e r p r e t e d as a r e f l e c t i o n on the i n t e r n a l s t r u c t u r e of the 

.materials and i t suggests that, for Penrhyn S l a t e , g r a i n s i z e (as w e l l 

as crack s i z e ) may be a function of o r i e n t a t i o n . 

I t was the o r i g i n a l purpose of t h i s work to examine ways 

i n which an X-ray texture, or pole f i g u r e s , could be used i n a 

q u a n t i t a t i v e fashion to describe prope: t i e s of a n i s o t r o p i c m a t e r i a l , 

with a view to d e f i n i n g the accuracy requirements of the process for 

obtaining the pole f i g u r e s . I n the prpsent a p p l i c a t i o n the X-ray data 

are already more accurate than the strength data and i t w i l l have been 

observed that, f o r a rock with a smoothly decreasing o r i e n t a t i o n d e n s i t y 

d i s t r i b u t i o n of the f a b r i c feature being studied (the s i t u a t i o n which 

a p p l i e s to Penrhyn S l a t e ) , cracks with an o r i e n t a t i o n greater than 

approximately 50° away from the bedding plane can never take part i n the 

f a i l u r e process as described i n t h i s T h e s i s . T h i s i m p l i e s t h a t , f o r 

strength anisotropy experiments, only one X-ray sample need be used. 

Moreover, the o r i e n t a t i o n of the sample need not be s p e c i f i e d very 

c l o s e l y as t h i s w i l l be given by the observed maximum. Thus, the f a b r i c 

determination may be g r e a t l y s i m p l i f i e d . 

I t has been assumed throughout t h i s T h e s i s that f a i l u r e 

has been due to closed cracks, and that these cracks have been c o n t r o l l e d 

by one type of mineral phase only. Both assumptions are, to some 

extent, j u s t i f i e d by the r e s u l t s . 
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The control of f a i l u r e by the p l a t y minerals within the 

rock i s , perhaps, obvious. Rocks which contain small amounts of 

micaceous, a l l i e d p l a t y , or other inequant minerals would not be 

expected to show s i g n i f i c a n t i n t r i n s i c strength anisotropy and there 

i s a c l e a r r e l a t i o n s h i p between such strength anisotropy and a 

preferred o r i e n t a t i o n of p l a t e - l i k e c r y s t a l l i t e s . 

The assumption that f a i l u r e i s by closed crack follows 

from t h i s i n that the longest cracks within rocks of the type considered 

here are best formed by the adjacent f a c e s of micaceous mineral 

c r y s t a l l i t e s . Such cracks are l i k e l y to have small aspect ratio's 

(Berg, 1965) and would appear to close q u i t e e a s i l y , t h i s being shown 

by a l i n e a r s t r e s s - s t r a i n r e l a t i o n s h i p a f t e r the i n i t i a l curve ( F i g . 15). 

The presence of a p o s i t i v e , f i n i t e , value f o r crack i n t e r f a c i a l f r i c t i o n 

completes the connection and, thus, for rocks of the type considered, 

open cracks appear to have very l i t t l e e f f e c t . 

I n conclusion, strength anisotropy of rock has been 

asso c i a t e d with a t e x t u r a l anisotropy observable by X-ray techniques 

but i t must be s a i d that the s t r u c t u r a l anisotropy, i n the form of a 

crack length o r i e n t a t i o n d i s t r i b u t i o n , may only be a control on other, 

more complex, perhaps, f a i l u r e devices and may not describe the complete 

f a i l u r e mechanism. 

The concepts presented here should allow the p r e d i c t i o n 

of the complete b r i t t l e strength o r i e n t a t i o n r e l a t i o n s h i p f o r an 

a n i s o t r o p i c rock from a s i n g l e texture measurement and s u f f i c i e n t 

u n i a x i a l strength measurements to define the minimum strength o r i e n t a t i o n . 

Further work on crack length o r i e n t a t i o n d i s t r i b u t i o n s and f a i l u r e plane 

formation i s , of course, required, and i t i s hoped that t h i s T h e s i s has 

s u f f i c i e n t l y emphasised the importance of such work. 
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Appendix A. Schulz' c a l c u l a t i o n to show independence of r e f l e c t e d 
i n t e n s i t y on sample e l e v a t i o n 

The independence of d i f f r a c t e d i n t e n s i t y on the sample 

e l e v a t i o n angle ^ was given by Schulz (1949) as follows: 

Prom Pig.3 an elemental volume a t depth t i s given by 

d v = w s at 
Sine Cos^ 

where W = h o r i z o n t a l width of beam 

S = v e r t i c a l width of beam 

The path length through the m a t e r i a l f o r X-rays d i f f r a c t e d 

a t the depth t i s given by 

I = 2t 
Sine Cos£ 

Now, i f JA. i s the l i n e a r absorption c o e f f i c i e n t f o r the 

m a t e r i a l and D i s the s c a t t e r i n g e f f i c i e n c y a t the angle 6 then the 

t o t a l i n t e n s i t y d i f f r a c t e d i s given by 

= I Q D j exp ( - 2 ^ t / SinQ Cos^ ) dV 

where the i n t e g r a l extends over the e n t i r e volume of an i n f i n i t e l y 

t h i c k sample 

S u b s t i t u t i n g f o r dV gives 

I — J L ! L 1 — exp (-2wt / SinQ Cos \ ) dt 
S i n o Cos^ / j 
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which becomes, a f t e r i n t e g r a t i o n , 

I = I D W 3 
2 

showing that, f o r a sample of i n f i n i t e t h i c k n e s s , or of s u f f i c i e n t 

t h i c k n e s s to produce s e n s i b l y complete absorption, the r e f l e c t e d 

i n t e n s i t y i s independent of the angle. 
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Appendix B 

The texture goniometer Data Reduction programme 

The P h i l i p s texture goniometer, i n common with other 

equipment of t h i s type, scans along i t s observation s p i r a l ( F i g . 2 ) a t 

a constant r a t e and the mechanism i s so designed that equal increments 

of time imply equal increments of ^ and 2T ( F i g s . 1 & 2) and i t i s 

t h i s f a c t which provides the b a s i s f o r the program. 

For ease of handling, the X-ray i n t e n s i t y data was sampled a t 

known f i x e d i n t e r v a l s of time and punched -on to paper tape by an Addo-X 

punch. Under some circumstances i t was found convenient to repr.i'ich the 

data on to cards ( t h i s was performed by a Computer Unit f a c i l i t y ) but i n 

any case the program w i l l accept the data i n any form and i n any format 

provided that s u c c e s s i v e data items are i n the c o r r e c t sequence. The 

data f o r each scan are terminated by a zero. 

The program must be provided with information on the r a t e of 

re v o l u t i o n (TIME) of X , the r a t e of change of V with each f u l l 

r e v o l u t i o n of 2f (TILT) and the sampling i n t e r v a l f o r the data (STIM). 

With t h i s information the program can work out the change i n Jf ( S ^ ) 

and ^ ( S ^ ) f o r s u c c e s s i v e data itera3 such that 

SiT = 360 * STIM / (60 * TIME) 

= TILT * STIM / (60 * TIME) 

The f i r s t data item i s assumed to s t a r t w i t h ^ = JC = 0 ind the angles 

are incremented approximately f o r each item. 

As the angular p o s i t i o n f o r each point i s determined then i t 

must bo transformed from the sample coordinate system x .X. . to the 

p r o j e c t i o n coordinate system X,,)^,*;, . I n the simplest cube the two w i l l 
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be the same and no transformation w i l l be required but i n general a s e t 

of 3 E u l e r angles w i l l be required, these are: 

A, a r o t a t i o n about the x 3 a x i s taking x,-*-*,' and x. z-*Xj 

B, a r o t a t i o n about x,' taking x , - * X j 

C, a r o t a t i o n about X 3 taking x,'-*X, and x^-»X a 

These angles are taken as p o s i t i v e i f a r i g h t hand screw moves away 

from the o r i g i n and the coordinate transformation becomes: 

where Li j i s 

Cos ( A ) . C o s ( B ) . C o s ( c ) , S i n ( A ) . C o s ( B ) . C o s ( C ) ,-Sin(B).Cos(c) 

- S i n ( A ) . S i n ( c ) -I-COS(A) . S i n ( c ) 

- C o s ( A ) . C o s ( B ) . S i n ( c ) , - S i n ( A ) . C o s ( B ) . S i n ( c ) , S i n ( B ) . S i n ( c ; 

- S i n ( A ) . C o s ( c ) + C O S ( A ) . C o s ( c ) 

C o s ( A ) . C o s ( B ) , S i n ( A ) . S i n ( B ) , Cos^B) 

Having obtained the proper coordinates of the point the p r o j e c t i o n 

coordinates are then found as 

*F; = X r/(r * Xs) i ' 1 , 2 

or 

fo r equal angle or equal area p r o j e c t i o n r e s p e c t i v e l y . The data may now 

be entered i n t o the a r r a y at the appropriate (rounded) coordinate p o s i t i o n 

I t can happen, p a r t i c u l a r l y near the centre of a s p i r a l , that 

a number of data points w i l l f a l l i n t o the same square on the net. This 

p o s s i b i l i t y i s catered f o r by keeping a t o t a l of the number of times 

each net square i s accessed and averaging the data entered. 
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Some samples may contain c r y s t a l s of much l a r g e r s i z e than 

average f o r that sample and should such a c r y s t a l be i n the c o r r e c t 

o r i e n t a t i o n and f a l l under the X-ray beam then the s i g n a l may be enhanced 

by s e v e r a l hundred per cent, forming a spurious peak on the t r a c e , 

When t h i s i s done then the data i s examined over the s i x current values 

l l ( l ) -to H(6) and truncation occurs i f 

MAX (H (4 ) , H(3)) - MAX (H ( 6),H(l)) > PEAK 

Thai; i s to say, PEAK represents a height above the wanted data such that 

data values above t h i s value w i l l be truncated. I n such a case, new 

v a l u e s w i l l be chosen f o r the points H(2) to H(5) such that they f a l l 

on a .straight l i n e between H ( l ) and H(6). 

Before being entered onto the net a l l data values are 

corrected for background. The background value (BKG) i s determined 

according to the method i l l u t ' t r a t e d i n Fig. 5 . 

A s c a l e f a c t o r must also be introduced and t h i s i s done 

•through the parameter SCALE. This r e l a t e s the m i l l i v o l t reading of the 

counter to counts per second and must- include any s c a l i n g f a c t o r 

introduced a t the datalogger. Since the background value i s normally 

taken from the chart record the value of BKG must a l s o be adjusted to 

include the datalogger s c a l i n g . 

The data i s c o l l e c t e d and the pole f i g u r e b u i l t up, one 

sample a t a time, and i t i s possible to request a printout of the 

intermediate s t a t e s of the pole f i g u r e . The plot so obtained i s a plot 

of the average of ( i - BKG) /BKG, where I i s the data value appropriate 

to each point on the net, and t h i s plot therefore only serves to provide 

an i n d i c a t i o n that samples have been c o r r e c t l y matched and l i t t l e more. 
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When a l l the data have been entered the data are smoothed. 

T h i s has the dual function of reducing the e f f e c t of noise on the s i g n a l 

and of f i l l i n g u n s p ecified points on the net with estimated v a l u e s . 

The smoothing algorithm i s e x a c t l y as used by Baker, Wenk and C h r i s t i e 

(1969;, that i s each point takes the value of a weighted average of i t s 

previous value and the 8 surrounding values. I n order to avoid 

d i s t o r t i o n of the pi c t u r e as the smoothing window i s swept across the 

n e t the new values are kept separate from the old and only old values 

are used on each a p p l i c a t i o n of the algorithm. To ensure complete 

coverage the net i s swept twice with d i f f e r e n t weights used i n each pass. 

I n order to avoid edge e f f e c t s when the c o l l a t e d data i s 

smoothed, an annulus i s defined on the net, i n s i d e the p r i m i t i v e c i r c l e 

of the p r o j e c t i o n , such that any points within t h i s annulus are mirrored 

a t the corresponding point outside the p r i m i t i v e c i r c l e . The width of 

t h i s annulus i s s p e c i f i e d by BAND i n terms of l i n e s i n the y d i r e c t i o n 

of the paper. The dimensions of the storage a r r a y are c a l c u l a t e d from 

t h i s value according to the p r o j e c t i o n being used. A value of 6 i s 

suggested for normal use, though i f only the c e n t r a l part of the 

p r o j e c t i o n i s being used a value of zero i s more appropriate. 

F i n a l l y , f o r ease of printout, the data i s normalized to the 

value of the o v e r a l l maximum found i n the s e t . I f required, a value for 

t h i s maximum may be forced by the TOTMAX parameter. 

Pr i n t o u t occurs with s i n g l e c h a r a c t e r s , blank, 1 to 9, 0, i n 

each p r i n t p o s i t i o n , being the data value i n that p o s i t i o n to modulus 10. 

The centre of each character p o s i t i o n the l o c a t i o n f o r i t s p a r t i c u l a r 

v a l u e . 

The p r i n t i n g devices normally used have a v e r t i c a l s c a l e of 6 

l i n e s to the inch down the page and 10 characters bo inch along the page. 

This r a t i o i s allowed f o r i n c a l c u l a t i n g the x and y coordinates of the 
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projected points and i s f i x e d i n t h i s program. The s c a l i n g of the 

coordinates must, of course, be taken i n t o account when working back 

to angles from the prin t e d diagram. 

An i n t e g r a t i o n may be performed on request to f i n d the average 

value of the X-ray i n t e n s i t y . This i n t e g r a t i o n i s performed simply by 

summing the values i n each square of the net and subsequently d i v i d i n g 

by the t o t a l number of squares counted and i s thus only v a l i d f o r an 

equal area p r o j e c t i o n . The r e s u l t of t h i s i n t e g r a t i o n i s prin t e d and 

points w i t h i n a c e r t a i n tolerance of the value are replaced on printout 

by a plus (+) c h a r a c t e r . Any number of pri n t o u t s with t h i s f eature 

may be requested. 

The program i s ' a l s o designed to deal with data from a 

transmission X-ray sample (Baker, Went & C h r i s t i e , 1969) as w e l l as the 

r e f l e c t i o n data. I t i s important that data from the two types of scan 

be d i s t i n g u i s h e d and space i s provided f or s p e c i f y i n g "R" or "T" f o r 

re l e v a n t information. One or other of these c h a r a c t e r s ?rvust be included 

where appropriate as there i s no d e f a u l t . 
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Card 1 Col 1 

Card 2 - 5 a l l columns 

Card 6 Col 1 

Col 4 

Col 7 

Col 10 

Col 12 

Col 16 

Col 17 

F(5 ) SNO 

4 t i t l e cards 

F( 2 ) Q 

F(2) RAD 

F(2 ) 

B(1) 

F ( 4 ) 

A(1) 

A ( D 

BAND 

P 

TOTMAX 

PINT 

I P 

Sample Number 

No. of data s e t s 

"y" r a d i u s of output 
c i r c l e 

l i n e s 

(l-equ.Ang. Proj 
(0-equ. Area. Proj 

R or T 

I - i n t . printout 

Card 7 & subs, cards f o r Q data s e t s 

A(1) 

p(3) TIME 

F (3 ) TILT 

F ( 2 ) STIM 

F ( 4 ) NUM 

F (3) BKG-

F ( 4 ) SCALE 

F(4.0) SETPUI 

F (3) A 

B • 

C 

F (3) PEAK 

A(8) IDENT 

Col 1 

Col 3 

Col 7 

Col 11 

Col 14 

Col 19 

Col 23 

Col 28 

Col 33 

Col 37 

Col 41 

Col 45 

Col 73 

Further l i s t input 

N1 , N2, N3 ad i n f i f Ni < 1 

causes p r i n t out with randomisation + uses window 

Ni * 100$ . L a s t Ni=Nj > 1 causes repeats of l a s t p r i n t o u t . 

L a s t l y 8888 s i g n i f i e s repeat with new data group 

9999 s i g n i f i e s termination 

notes. I f code 8888 or 9999 i s missing and Nj <1 and next SNO < 7000 
then prog w i l l attempt to produce SNO copies of f i n a l p r i n t o u t . 

R or T 

minutes 

degree 

seconds 

mV 

cps = mV + SCALE 

trans only 

r o t a t i o n angles (degre 

mV 

* Optional Parameter 
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Appendix C 

The C r y s t a l l i t e D i s t r i b u t i o n Function 

Because two planes of one c r y s t a l type bear a constant 

r e l a t i o n s h i p to each other, defined by the c r y s t a l i t s e l f , then two 

pole f i g u r e s obtained from each of the planes w i l l a l s o bear a 

c e r t a i n r e l a t i o n s h i p to each other, though such a r e l a t i o n s h i p may 

not be p r e c i s e l y defined (Baker, V/enk and C h r i s t i e , 1969). Meieran 

(1962) introduced the following d e s c r i p t i o n of the r e l a t i o n s h i p between 

the various pole f i g u r e s . 

One can draw a s e r i e s of spheres around a c r y s t a l , one fo r 

each c r y s t a l form that i s to be plotted. I f the radius of each sphere 

i s l/d^i , the r e c i p r o c a l of the i n t e r p l a n a r spacing, the poles 

to planes plotted on the corresponding spheres w i l l form the 

r e c i p r o c a l l a t t i c e . 

When the c r y s t a l i s rotated into another o r i e n t a t i o n with 

resp e c t to a f i x e d coordinate system, the l a t t i c e of points r o t a t e s 

with the c r y s t a l . The f a b r i c may be generated by r o t a t i n g the c r y s t a l 

i n t o a large number of or i e n t a t i o n s and at each o r i e n t a t i o n p l o t t i n g 

the poles to the various planes on the appropriate spheres. The points 

on each sphere may be contoured and projected to produce pole 

f i g u r e s . The pole f i g u r e s are r e l a t e d to each other since they were 

produced by the same s e t of c r y s t a l o r i e n t a t i o n s . 

I t i s p o s s i b l e to describe i n d e t a i l how these- pole f i g u r e s 

are r e l a t e d . 

I f rectangular c a r t e s i a n axes are defined x,y,z i n the 

sample and X,Y,Z i n the c r y s t a l i t s e l f then these two ocl.i .>f axes are 

connected by a transformation T(ijr,x,<|> ) where\lf,%,i^ are the E u l e r 

angles f o r the r o t a t i o n and are as defined i n Roe (1965). The density 

of the c r y s t a l s having a p a r t i c u l a r o r i e n t a t i o n w i l l be a function of 

that o r i e n t a t i o n and the c r y s t a l l i t e d i s t r i b u t i o n function of Roe (1965) 
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may be w r i t t e n as co ( ^ ; < j r , ^ ) 
where ^=Co&(?c) and such that 

| | | CJ d^dljrclcj) = 1 
o o -! 

Since t h i s function involves three angles i t may not be 

represented on the surface of a sphere, however an a x i s d i s t r i b u t i o n 

chart ( j e t t e r et a l , 1965) may be obtained by i n t e g r a t i n g with respect 

to i|r and then p r o j e c t i n g the r e s u l t on to the surface of a sphere. 

I n the s p e c i a l case of the sample having a x i a l symmetry about x 

then to i s independent of ijy and the function may then be p l o t t e d 

on a sphere. The r e s u l t i n g diagram, which shows the frequency density 

of the specimen symmetry a x i s with respect to c r y s t a l axes, i s known as 

an i n v e r s e pole f i g u r e ( B a r r e t t and Massalski, 1966). 

I n order to d e r i v e the c r y s t a l l i t e d i s t r i b u t i o n f unction from 

pole f i g u r e data the i r r e c i p r o c a l l a t t i c e vector r ; i s considered. The 

o r i e n t a t i o n of r { i s given by G t and i n the X,Y,Z system of the c r y s t a l , 

and by o«,; and p L i n the *<y,z. system of the sample and these angles are 

r e l a t e d by the expression 

Sin x-L Cos pi 

Cot <X; 

'§« 0: Cos £ 

Coj©; 

6,2 

where ~T i s the transformation matrix previously defined and expanded 

by Roe (1965). 

Let X(^.ip ;)be the i n t e n s i t y d i s t r i b u t i o n obtained from a 

goniometer s u i t a b l y corrected for e r r o r s . Then the normalized pole 

d i s t r i b u t i o n i s obtained from 

* -i 
where ^ = Cos cx£ 
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N o w , ^ ( y ^ ) and cj(^j|r, <£) may be expanded i n terms of 

s p h e r i c a l harmonies and generalised s p h e r i c a l harmonics r e s p e c t i v e l y , 

(the symmetry properties of these functions have been dea l t with by 

.Meyer, 1954) g i v i n g 

and 

-4*«-££titK_2taQ).**'*U*> 6,5. 
where (^) i s a normalised a s s o c i a t e d Legendre function and 

defined by Roe, i s a g e n e r a l i s a t i o n of t h i s . 

Using the orthogonality properties of the functions 4 and 5 

gives 
or i 

and 

*\7 

The next step, that of r e l a t i n g and has been tackled 

d i f f e r e n t l y by Roe and Baker, Wenk and C h r i s t i e and, because of 

d i f f e r e n c e s i n the normalisation used, the answers d i f f e r i n the 

a u u l t i p l i c a t i v e constants. T h e i r formulae are otherwise e s s e n t i a l l y 

the same. 

Roe's method i s simpler and w i l l be presented heis, 

The transformation of coordinates represented by 2 may be 

applied to T^O).') to produce 

where ^ C o s & 

By multiplying both s i d e s of 8 by ^(\,^-,^)qfX\ ,(i
i) a n d 

i n t e g r a t i n g over the whole ranges of J'^'^'^. a n d
 f*. the required 

r e l a t i o n i s obtained: 

QL- f £ ̂  * T C A ) H 9• 
The QJ^ may a l l be obtained from experimental data and the 
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Vvi*,, may then be found from the s e t of l i n e a r equations 9 > or 
conversely, given from a previous c a l c u l a t i o n an unknown .̂(y,|3 ) 

may be found. 

Since 9 has (2 l +1) unknowns,A =(-L ... 0 . . . I ) , then, i n 

general, ( i L + 1 ) pole f i g u r e s need to be determined f o r i t s s o l u t i o n . 

However, s i n c e the sample often possesses some s o r t of symmetry, many 

of the ^lnn cease to be independent and the number of pole f i g u r e s 

needed i s l e s s than (lL •(- 1 ) . 

I n working with a pole density d i s t r i b u t i o n i t i s convenient, 

numerically, to have i t i n the form of a f u n c t i o n a l expression r a t h e r 

than a tabular p l o t s i n c e t h i s s i m p l i f i e s the programming problems 

a s s o c i a t e d with i n t e r p o l a t i o n . 

The required expression i s given by equation 4; however the 

function i s complex and f a i l s to take i n t o account the i n t e r r e l a t i o n s h i p s 

of c o e f f i c i e n t s . 

I f Q ^ i s w r i t t e n as fc't_ + i L>| then equation 4 becomes 

Prom P r i e d e l ' s law the pole fi g u r e must always be centrosymmetric, that 

i s 

which, i n conjunction v i t h the property of Legendre functions 

leads to 

Qu -(-0L Q u 
Thus QLm must be i d e n t i c a l l y zero when I i s odd, or 

f o r I odd 
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By taking Roe's d e f i n i t i o n of 1t C^) which has 

T Q ) "(-l)m?C'C\) where E<|15 
and applying t h i s to equation 6 the s i m p l i f y i n g r e l a t i o n s 

» u - * • < > " * . 6 

are found. 

Using the symmetry p r o p e r t i e s of s i n e and cosine and equations 15 and 16 

enables ^ ( ^ , p ) to he w r i t t e n as 

where A L o= &.t„ , BLo«= 0 

T h i s form takes i n t o account the p o s s i b l e s i m p l i f i c a t i o n s 

due to the properties of the functions used without assuming anything 

about the symmetry of the measured texture. Since t e x t u r e s i n rocks are 

not always s u f f i c i e n t l y w e l l defined and since i t may be convenient to 

have the symmetry a x i s not coincident with the sample a x i s then the form 

equation 17 i s quite s u i t a b l e f o r general a p p l i c a t i o n to any problem 

concerning rock te x t u r e . 
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F i g . 8. Intermediate computer p r i n t out o f pole finjure 

f o r Ponrhyn S l a t e , i l l i t e (001;. Sample s e c t i o n C. 
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F i g . 9« F i n a l computer p r i n t out o.f smoothed pole f i g u r e 

f o r Penrhyn S l a t e , i l l i t e (001), showing locus o f average 

i n t e n s i t y , I R 
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F i f f . 10. Intermediate computer p r i n t out o f polo "inxre 

f o r Penrhyn S l a t e , c h l o r i t e (001 J. Sample s e c t i o n A. 
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F i g , 11. Intermediate computer p r i n t out of pole f i g u r e 

f o r Penrhyn S l a t e , c h l o r i t e (001 ) . Sample s e c t i o n B. 
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F i g . 12. Intermediate computer p r i n t out o f pole f i g u r e 

f o r Penrhyn iJ l a t e , c h l o r i t e (031). Sample s e c t i o n C. 
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F i g . 15. F i n a l computer p r i n t out o f smoothed pole f i g u r e 

f o r Penrhyn S l a t e , c h l o r i t e (001), showing locus o f average 

i n t e n s i t y , I R 
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F i g . 14. Pole f i g u r e p r i n t o u t of Penrhyn S l a t e i l l i t e (001) 

data f i t t e d by a s e r i e s of associated Legendre polynomials. 
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