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Abstract

The problem of the origin and nature of the galactic magnetic field is
of fundamental interest. The astrophysical consequences of this field are
far-reaching, being particularly relevant to the unsolved problem of the
or;gin of cosmic rays. An analysis is made of the small-scale and large-
scale features of the distribution of arrival directions of ultra-high-energy
cosmic rays in the hope of deducing information about their sources and
the strength and degree of irregularity of galactic and intergalactic
magnetic fields. The outcome of these statistical searches is negative.

After a review of the basic ideas of the turbulent dynamo, techniques
are developed for performing numerical experiments upon the galactic dymamo.
The results of these experiments indicate that dynamo action can occur in
the galaxy and a steady solution is most easily excited. The dependence of
the models upon boundary conditions and relevant astrophysical parameters
is investigated. An attempt is made to simulate the nonlinear effect of
suppression of turbulence by the magnetic field, which is incorporated into .
the model proposed for the Galaxy.

The propagation of ultra-high-energy cosmic rays is examined for this .
model. It is found that these partiéles cannot be of Galactic origin if
they are protons, in agreement with the results obtained from conventional
field models.

Comparisons arc wade between the predictions of the dynamo models and
the observed synchrotron radiation from the Galaxy and external galaxies

which shed some light upon the nature of the intergalactic medium.
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Chapter One. Introduction

The subject of cosmic magnetic fieids had its beginnings with William
Gilbert, the chief physician in attendance to Queen Elizabeth I, who in
1600 published a treatise asserting that the earth's magnetic field was
that of a dipole, like a uniformly magnetized lodestone. Until Hale (1908)
discovered by means of the Zeeman effect that sunspots were associated with
magnetic fields of the ordef of 1000 Gauss, the earth had remained the only
celestial body known to be surrounded by a magnetic field. Although the
physical principles required for magnetohydrodynamics had been established
before the publication of Maxwell's electromagnetic theory, magnetohydro-
dynamic phenomena have only become manifest through observing the large-scale
phenomena occurring in the cosmos. The largest scales upon which magnetic
fields have been observed are found in galaxies.

Some years after Hale's discovery Larmor (1919) suggested that sunspot
magnetic fields could be explained by a self-excited dymamo mechanism. In
this theory, the motion of the highly conducting solar gases across the
lines of force of a weak seed field was supposed to generate electric
currents which amplify this field and sustain it. Larmor envisaged the
motion and the magnetic field to have axial symmetry about the vertical
axis of the sunspot but Cowling (1934) criticized this theory, producing
his non-existence theorem to the effect that axisymmetric motions cannot
meintain an axisymmetric steady field. As magnelohydrodynamics developed
interest was renewed in the major unsolved problem of the origin of the
earth's magnetic field. Through the work of Bullard and Gellman (1954),
and others referenced therein, it became clear that the dynamo mechanism
provided the best hope of formulating a theory for the maintenance of the

geomagnetic field,
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However, it:was not until some years later that rigorous proofs for the
existence of homogeneous hydromagnetic dynamos were established by
Herzenberg (1958) and Backus (1958).

As progress was made in understanding the terrestial and solar
magnetic fields it was possible to turn attention to the problem of the
Galactic magnétic field. The advent of radio astronomy and cosmic ray
astrophysics emphasized the importance of spch a study. The first
suggestion of a galactic magnetic field appears to have been made by
Alfven in 1937 (Kaplan and Pikelner, 1970). Later this was substantiated
somewhat by Fermi (1947) and Richtmeyer and Teller (1949) in connection
with the study of the motion of cosmic rays, their isotropy, and possibilities
for acceleration. In fact, the initial motivation for the study of the
galactic dynamo presented here arose from problems connected with the
isotropy and origin of ultra-high-energy cosmic rays.

Evidence for the existence of a magnetic field in the Galaxy was first
found from the polarisation of starlight by Hiltner (1949), suggesting that
this polarisation was caused by scattering from dust grains aligned in the
Galactic magnetic field. The results indicated that the magnetic field was
parallel to plane of the Galaxy. Later the Zeeman effect was used by Bolton
and Wild (1957) for studying the field. Splitting of the 21 cm absorption
line is observed when clouds of neutral hydrogen are seen in the line of
sight of strong radio sources. However, Zeeman effect measurements tend to
give information about the fields in localised regions of the Galaxy and
cannot be used to test global aspects of field models. Faraday rotation of
extragalactic and galactic sources also provides means of observing the field.
The plane of polarisation of polarised radiation is rotated as it passes

through the interstellar plasma in a magnetic field.
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In view of the ambiguities arisiné from such observations (Seielstad et

al 1964) they are unreliable indicators of the field. The most reliable
observations of the field are provided by the Faraday rotation of polarised
radio emission from pulsars. Observations of such rotation measures
(Manchester, 1974) suggest that the field in the local region (about 1 kpc
from earth) consists of a longitudinal component of strength 2.2 % Oy pG
directed toward 1II = 9,0 # 110, together with superimposed irregularities
of comparable field strength. Synchrotron radiation from the Galaxy, which
is discussed in greater detail in Chapter Eight, provides a means of obserﬁing
the large-scale features of the magnetic field. - Davies (1965) made the
earlier measurements using this method.

The observational situation of the large-scale isotropies of the
distribution of arrival directions of ultra-high-energy cosmic rays is
summarized in Chapter Two. This is followed by a detailed analysis of the
small-scale features of this distribution in Chapter Three. As well as
testing cosmic ray origin hypotheses, such an investigation cen yield
information ubon the strength and structure of galactic and intergalactic
magnetic fields. Attention is then turned to the problem of origin and
nature of the galactic magnetic field, introducing some of the basic concepts
of dynamo theory in Chapter Four. The numerical techniques necessary for
investigating the galactic dynamo are developed in Chapter Five. These
techniques are largely a generalization of those already establishgd in
connection with investigations of terrestial and solar dynamos. The simple
dynamo model formulated in Chapter Five is developed in Chapter Six,
including an attempt to incorporate nonlinear effects. Using the field
model constructed, the propagation of ultra-high-energy cosmic rays in the

Galaxy is investigated.



Before making concluding remarks in Chapter Nine, a comparison is made of
the models and the observations of non-thermal radio emission from the

Galaxy and external galaxies.
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Chapter Two. The Anisotropy of Ultra-High-Energy Cosmic Rays:

2.1

Large-Scale Features

Introduction

One of the most intriguing features of cosmic ray physics is the
high degree of isotropy of arrival directions of the primaries
throughout the energy range where interplanetary effects are thought
to be negligible (i.e above a few hundred GeV for protons). Below
1017 ov all plausible source candidates are several Larmor radii away,
and particles may ﬂe expected to undergo several random scatterings
before reaching Earth.

In a 3pGinterstellar magnetic field the Larmor radius (r1) for
protons is ~ dimensions of typical field irregularities (30 pc) at
1017 eV, ~ half-thickness of the disk (300 pc) at 1018 ev, a'md ~
comparable to the distance between adjacent Galactic arms (3 kpc) at
1019 eV, Galactic source candidates (supernovae, supernova remnants,
pulsars) are no longer many Larmor radii away at these energies, it
is reasonable to expect an increasingly anisotropic distribution for
the Galactic component of cosmic rays, and one might hope to identify
sources at the highest energies. The distances of extragalactic
source candidates (extragalactic supernovee, rich clusters of galaxies,
radio and Seyfert galaxies, quasars, intense x-ray sources) are several

as -~ o b NP e~
ordars of magnituds larger, but ths

gl

agnetic field in intergalactic
space might be sufficiently weak so that individual sources emerge.
For nuclei of given total energy rp & z-1, so for heavier nuclei
the distribution is more isotropic and individual sources are more
difficult to see. If some of the primaries are neutral, then there
should be some sharp peaks in the actual distribution of arrival
directions, although the observed distribution of the peaks would be

broadened by errors in the measured directions of primaries (~ 5°).
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The large-scale features of the distribution of cosmic rays 1019 ev
are now considered.

The Isotropy of Cosmic Rays with Energies %1019 ev

The arrival directions of the 87 largest air showers (E > 1.5 x
1019 eV) available at that time were analysed by Linsley and Watson
(1974) and the distribution féund to be isotropic. A few months later
the data was extended (20 showers from Yakutsk and 12 with 1019 ev <

E < 1.5 x 1019 oV from Haverah Park being added, bringing the total to

119) and it has been claimed by a joint paper (Krasilnikov et al 1974)
of Haverah Park,.Volcano Ranch, and Yakutsk that these data give some
statistical evidence for a huge anisotropy, harmonic analysis being
carried out for selected declination intervals, grouping the data into
2h RA bins,

Kiraly (Kiraly and White, 1975) has given a detailed account of
the statistical aspects of this proposed anisotropy, finding no strong
evidence in its favour. These findings are summarized as follows,

The impressive significance levels published by Krasilnikov et al
represented 'a posteriori' statistics both from the point of view of
choosing the method of harmonic analysis and also from the point of
view of selecting those declination intervals where either the first

or the second harmonic has a fairly high significance. Making attempts
to simulate the selection effects involved, chance probabilities were
calculated for)(z analysis, analysis for high maxima in individual
bins, as well as harmonic analysis. The results indicated that the
statistical evidence for a genuine anisotropy was weak.

Later at the 14th International Cosmic Ray Conference (Munich,
1975) Krasilnikov revealed that there was a mistake in the published

arrival directions of Yakutsk, and supplied revised values.,
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This further weakened the evidence for anisotropy. At the conference
six more events were added to the world statistics from Haverah Park
(Bdge et al, 1975). Figure 2.1 shows the total 125 events, displayed
on an equal-area Hammer projection. The parametric equations for
this projection are derived in Appendix I. The Galactic plane,
Galactic centre (GC) and Galactic anti-centre (GAC) are also shown.
Qur subsequent analyses pertain to this set of data.

Correlations with Relevant Regions in the Galaxy and Supercluster

The statistical expectation of the number of showers coming from
a given region G of the sky is calculated in the following way. For
each observed shower a lins is drawn of constant J-(see figure 2.2)
and the ratio of the section inside G to the total length (21 ) is
calculated. Assuming complete isotropy, then these ratios can be
interpreted as the probabilities pj of the i*® shower falling inside G.
The change in observational coverage with é does nct affect these
probabilities.

The statistical expectation for the number of showers n which

fall inside G is

(n>» = ZP‘ (2.3.1)
i=1

N is the number of observed showers whose lines intersect G. The

standard deviation of n is given by

N
ot = ((n-<)) = ) pllp) o)
(3
Setting

Fz,(', EF ‘ga"zlji P (2.3.3)

¢

L
[ ]

(2) becomes



2.4

The standard deviation of n is always smaller than it would be for a
binomial distribution with the same N and p = P (except in the
limiting case p; = p for all values of i. Lines lying completely

inside G give no contribution to o? .

Table 2.1 shows the observed and expected numbers of showers in
some relevant regions of the Galaxy and Supercluster. The Supercluster
appears to be a flattened system of groups of bright galaxies. ide
Vaucouleurs suggests that the space distribution of 55 nearby groups
give clear evidence for this flattening. The agreement between the
observed and expected is good.

Discussion

The largest deviation in table 2.1 is the 1.60 deficiency
connacted with the Galactic plane. This deviation is not significant
in itself, but it does put some upper limits on any genuine enhancement
connected with the Galactic plane. This does not exclude a Galactic
origih, but places some restrictions on the cholice of field model and
charge composition of the primaries required, in order to avoid
discrepancy. For conventional models of the field it was shown by
Karekula et al (1972) and Osborne et al (1973) that the observed
angular distributions at somewhat lower energles do not fit with the
hypothesis that the primaries are protons produced in the Galaxy.

The observational evidence for the field is very vagus outsids our
local neighbourhood of about 2 kpc in the Galactic plane. The local
field points approximately in the direction of the inward spiral arm,
but the irregularities make the interpretation uncertain (Berge and

Seielstad 1967, Manchester 1974, Vallee and Kronberg 1973).
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In the case of a universal origin one might expect some enhancement
from the direction of the plane of the supercluster, in particular from
the Virgo cluster (Strong et al 1975). The observed deficiency (-1.209
does not favour this hypothesis.

In the next chapter a comprehensive search for small-scale

anisotropies is carried out.



T

TABLE 2.1

Galaxy Supercluster
Region
Observed Expected (obs-exp)/o Observed Expected (obs-exp)/o

730° band around equator 54 63.1 -1.6 59 64.9 -1.2
Northern Hemisphere 58 53.9 +0.8 10 10.1 -0.0

( 30° circle 7 8.1 0.4 7 7.8 -0.3
Around centre W 60° circle 30 28.8 +0.3 31 30.0 +0.2

( 90° circle 52 53.9 0.4 63 60.9 +0.4
Around M 30° circle 7 7.9 -0.4 7 7.0 +0.0
anticentre ( 60° circle 34 33,2 -0.5 33 29.3 +0.8
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Chapter Three. The Anisotropy of Ultra-High-Energy Cosmic Rays:

3.1

3.2

Search for Correlations with Astronomical Objects

Introduction

Searches are made for correlations of arrival directions with
astronomical objects. Because of the existence of a (alactic magnetio
field, attention is only devoted to charged particles.of the highest
energies ( > 1019 ev ).

The ultra-high-energy primary cosmic rays which give rise to
extensive air showers are usually considered to be protons and
heavier nuclei, but the composition is uncertain. Emphasis is laid
on primary protons.

Although the neutron is unstable it can travel significant
distances if it is sufficiently energetic. On a galactic length
scale, decay ceases to be of importance at energies ) 1016 ev ,

It is only at energies approaching 1020

eV that nearby extragalactic
sources can be expected to produce detectable neutrons.

Neutrinos could produce the air showers if the nucleon-neutrino
cross-section rises sufficilently fast with energy. Berezinskiiand
Zatsepin (1970) have made this proposal in order to account for air
showers with energies beyond 1020 eV while maintaining a universal

origin for cosmic rays.

Prelirinary Analysis

The most straightforward method of looking for intensity
enhancements around suspected sources of a giventype is to calculate
the statistically expected number of showers falling within a certain
angular distance of the sources and compare it with the observed
values. The technique has been described in Chapter Two, but now
the given region of sky is not contiguous but consists of the union

of all circles of given radius centred on the source candidates.
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The results are presented in table 3.1. The cosmic ray data used has
been discussed in Chapter Two. Limiting angular distances of 5° and
10° have been chosen, the first representing the experimental
uncertainty in the arrival directions of the showers, while the
second makes some allowance for deflection effects.

Table 3.1 gives some indications for enhancements in the directions
of extragalactic supernovae and quasars, but none of the data are
statistically significant and their overall distribution is roughly
what one would expect for random fluctuations.

The method adopted is completely unbiased in the sense that the
expectation value of (Obs-Exp)/c is zero for an isotropic distribution
of the arrival directions, whatever the celestial distribution of the
'source oandidates'. Thus, if the hypothesis of isotropy is checked
separately for various types of source candidates, then any
directional correlations among candidates of different types have no
immediate effect, although the (Obs-Exp)/c values are slightly
correlated.

The distribution of the adopted source candidates on the
celestial sphere is not completely isotropic, the.deviations being
due partly to genuine concentrations and partly to observational
coverage effects. An incomplete coverage does not introduce any
bias, but it obviously impairs the efficiency of the search.

It is somewhat arbitrary to decide which sources of a given
type should be included in the analysis. In some cases the sources
can be ranked in decreasing order of expected contributions (i.e a
'figure of merit' can be introduced), and one might include only
those sources with the highest 'figure of merit'. In other cases
the expected contributions are quite uncertain and those objects
which are nearest or brightest in some well defined waveband can

be selected.



The samples analysed in table 3.1 which comprise the largest sets of
objects used in later analyses are not quite homogeneous from this
point of view as will be seen from later discussions.

Correlation with Galactic Pulsars and Sunernova Remnantks

‘The 118 pulsars used in the preliminary analysis are those with
known dispersion measures (DM), taken from an unpublished compilation
of J H Seiradakis (197Lk, 'Jodrell Bank Catalogue of Pulsars'). The
whole set of pulsais shows a negative correlation with the arrival
directions of showers.

The effects of subdividing the list of pulsars according Lo a
figure or merit have been examined. For this quantity (DM x P)‘2 is
taken (following Aguirre 1974) where P is the pulsar pevriod. The
period dependence follows from the Gunn and Ostriker (1969) model in
which the rate al which particles are injected into.tﬁe pulsar wave
zone is proportional to P~2. D is proportiongl to the distance of
tiie pulsar. Various threshold values were examined and it was found
that in all cases the observed number was less than the chance number.
This is apparently a reflection of the fact, mentioned in Chapter Two,
that there is a deficit of cosmic rays within 30° of the Galactic
plane, while there is an excess of pulsars in this region.

¥ith regards to the figure of merit, two points are made. )
Firshly, the Gunn aﬁd Ostriker médel goes on to predict that 1019 ev
particles, if produced at all; would be produced only when the pulser
is very young, yet in our search the bulk of pulsars have deduced
ages from 105 to 108 years. Sccondly, the figure of werit has a
range of a factor of 109 for the observed pulsars. It is apparent
that, if some of the observed cosmic rays do come from pulsars, this
could not be the only factor affecting the flux; the flux from the four
'brightest' pulsars would be about 10 timss greater than that from all
the others combined, yet none of thc 'rbserved coincidences' involves

these pulsars.
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From the catalogue of supernova remnants of Ilovaisky and Lequeux
(1972) 28 have been selected which are, according to their adopted
diameter-surface brightness relation, within 3 kpc of the earth.
This includes a complete sample of thosé with diameters less than
30 pc and thus with ages less than about 3 x 104 years and & large
proportion of those with diameters up to 50 pc (age £ 109 years).

We regard the list as a relatively complete sample of the probable

sites of pulsars, within 3 kpc, which are considerably younger than

the observed pulsars considered above. Table 3.1 reveals little

indication of an excess cosmic ray intensity around these objects.
3.4 Propagation Effects

Before discussing the results of the extragalactic searches it
is reasonable to ask whether such coincidences should be expected at
all. The answer depends upon the nature of the cosmic ray particles,
on the strength and configuration of Galactic and intergalactic
magnetic fields as well as on the cosmic ray intensities of the
individual sources.

For neutral primaries there are no angular deflections and time
delays (relative to optical photons) and the only limiting factor is
intensity. Neutrons cannot contribute on account of their short
lifetime. Althouéh ultra-high-energy cosmic rays and neutrinos are not
known to be copiously produced in identifiable sources, the remote
possibility warrants some search for angular coincidences. For
heavy nuclei as primaries, no coincidences are expectad because of
the huge deflections caused by the Galactic magnetic field. For
protons the deflections are not so prohibitive and a closer scrutiny

of propagation effects is justified.
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The Galactig deflection suffered by a 1019 eV proton arriving
from the direction of the Galactic pole is ~3° if the field has a
maximum strength of 3 uG near the Galactic plane and falls off
exponentially with a scale height of 150 pc. The direction of the
field is assumed to be parallel to the plane. For protons with higher
energies, the deflections decrease as E-'. The time delays suffered
inside the Galaxy are of the orders of years for 10'9 eV and perpendicular
incldence, but increase rapidly for protons arriving at lower Galactic
latitudes. For higher energies, the time delay decreases as E-2,
Thus for this field model (neglecting intergalactic fields) intensity
enhancements within 5° or 10° oircles around the sources might be
observed. The small t ime delays might also allow us to detect intensity
increases around the directions of recently recorded extragelactic
explosions, e.g supernova outbursts. The whole argument is dependent
upon the ver& uncertain Galactic field structure.

Knowledge of the magnitude and structure of the intergalactio
field is even more uncertain. For a model a series of cells hadlbeen
taken in which the field reversed itself completely from one cell to
the next. Skilling (1974, private communication) criticized this model,
pointing out that it was not an adequate representation of a random I
magnetic field. So instead & model consisting of independent cells
with randomly orientated fields has been taken. The model is deseribed
in Appendix II. For protons arriving with small total deflection angles
we find

- 1/
8 1AKE DT (3ubu1)

?

a1l
g = 1900K*E, D*= 25048°D (3.4.2)

Hzl (3.4.3)

where K
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H is the magnitude of the field (nG), f the cell size (Mpc), K a
scattering constant, Jlthe root mean square time delay (years), 8
the angular deflection (degrees), and E1g the energy in units of
1019 ev. By fixing the energy and either 8 or J-, the soattering
constant can be expressed as a function of D. In figure 3.1 the
functions are plotted for Eig = 3 and 8 = 59, d =106 yr and 10 yr.
Close directional correlations with objects active on the timescale
of 106 years might be observed for K and D values in the regions 3
and 4. In 4 the time delays are so short that association of cosmic
ray particles with recently observed explosions (e.g supernovae) might
be observed. In region 2 the angular deflections or time delays prevent
the detection of close directional correlations. Finally region 1 is
beyond the 'diffusion horizon' and particles from such sources cannot
reach us because their velocities of diffusion towards us are
counterbalanced by the recessional velocity due to the Hubble sxpansion.
A further 'propagation effect' is the decrease of flux with
distance. Assuming that the angular deflections are small, the flux
should decrease at least as fast as D=2, Since we have no firm
identification of the sources of the observed ultra-high-energy cosmic
rays the source intensities cannot be estimated. One might ask,
however, about the minimum source intensities needed to give rise
to a detectable effect. The physical plausibility of the resulting
intensities is useful in deciding whether some marginally significant
statistical results should be taken seriously.
The detected flux of cosmic rays above 1019 eV is a few particles
per 10 xm? st yr, with a considerable uncertainty mainly due to the
difficulties in the estimation of the primary energy (Bell et al 1973,

Edge et al 1973).
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The total detection area-time product providing the present world
statistics is ~ 300 km? yr (Bell et al 1973). In order to give a
marked excess above the background we estimate that a typical source
should contribute definitely more than 1 particle per 10 km? per 10 yr
(perpendicular to the line of sight), even if there are sources of |
similar intensity in the sample. Accepting this as a lower limit and
taking a typical particle energy as 2 x 1019 eV, the total rate of
energy production in the form of particles above 10'9 ov is 1038 p2

1, where D (Mpc) is the distance of the source. It is of course

erg s~
diffioult to imégine a source in which most of the cosmic rays are
accelerated to ultra-high energies. It is more likely that the
total energy output in the form of relativistic particles should be
at least 10% times higher than the above estimates corresponding to
a power spectrum with a differential exponent of 2.4. In figure 3.2
these energy requirements are compared with the measured luminosities
of a few particularly active objects. These luminosities refer to
some limited regions of the electromagnetio spectrum but it is
unlikely that the total rate of energy production in the objects
should be more than two orders of magnitude higher than these estimates.
Extragalactic Supernovae

Supernova (SN) explosions, the most violent phenomena ooourring
in stars, have long been considered as obvious candidates for
producing cosmic rays. While Galactic SN probably do give some (and
perhaps even a dominant) contribution to the iocal flux at moderate
energies, it is very much in doubt whether there is a sufficiently
high production rate above 1019V for extragalactic SN to give a

noticeable local flux. According to a proposal by Colgate (1975)

there might be such a possibility.
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In his model the cosmic rays are generated by the same type of source
(tentatively identified with SN) throughout the whole energy spectrum,
the contributions to the local flux being mostly Galactic except at
the highest energies, where the extragalactic flux becomes pradominant.

In the presenli search for correlations between SN and cosmic rays
the SN data have been taken from 'The Master List of Supernovae
Discovered since 1885' maintained by the Palomer group (Sargent et al
197L4). The distances of the parent galaxies of the observed SN have
been calculated from the corrected recessional velocity values of
Sandage and Tammann (1975 a, b, ¢) using a Hubble constant of 60 km
s~1 Mpc‘1. The times of arrival and energies of the cosmic ray
showera oﬁserved at Haveroh Park (A A Watson, privaie communication)
and at Volcano Ranch (J Linsley, private communication) have also
been used ig the course of th; evaluation, o

The éearch has been carried out in three stages, First, all those
SN were included for which the recessional velocity of the parent
galaxy was known end less than 2500 km s=! (92 SN). The coincidence
criteria included the proper time sequence (SN earlier) and an angular
deviation of leas than 5°. For the 89 shower directions (EP 1.5 x
1019 V) published by Linsley and Wetson (1974) somewhat more
coincidences have heen found than statistically expected; furthermore,.
the average (and median) distance to the SN involved in the coincidences
was lower than expected for random right ascensicns of the showers.
None of these deviations is, however, statistiéally signifizant in
itself, and extension of the numbers of showers to 125 (E > 10'9 ev)

has not strengthened the evidence either.
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The comparison of expected and observed numbers of ocoincidences given

in table 3.' shows a slight excess. In the second stage the eanalysis

was restricted to correlations with SN observed at high Galactic
latitudes ( Ib®1>  45°) and at smaller distances (D < 16.6 Mpc
corresponding to a limiting corrected recessional velocity of 1000 km s'1).
This sample included only 22 SN, but most of the genuine effect is
expected from this subset. A somewhat complicated evaluation using

the methods of maximum likelihood has been used and is described in
Appendix IIT. It has yielded the following significances: L% for
energies above 1.5 x 10'9 eV and 10 for energies above 1019 eV. Finally
in the third stage a very small samﬁle of SN was taken (11 SN satisfying
the conditions |bTl> 45°, D < 10 Mpc). The maximum likelihood
significance was similar to that found before (8%). Although the
maximum likelihood method admittedly implies somé arbitrariness in the
construction of the likelihood function it has the advantage that one
obtains some estimates for the unknown parameters, in our case for

the 'intensity parameter' (the number or total energy of ultra-high-
energy particles produced in a SN) and for the 'propagation parameter'

K we have discussed. Of course, these estimates are physically
meaningful only.if the effect is genuine and not merely a statistical
fluctuation. According to these estimates the total energy produced

in the form of particles with energies above 10'9 eV should be about

3 x 101"7 erg (i.e 10‘*o particles with an average energy of approximately
2 x 10'9 eV) with a propagation parameter of approximately 5 x 10-2

nG Mpc%. It is interesting to note that the local flux calculated

from all extragalaétic SN explosions in the universe would have the

same order of magnitude as the observed flux if one accepts the above

'intensity parameter' for all SN.
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The predominantly extragalactic SN origin of the highest-energy
primaries encounters some difficulties however. One is the lack of any
intensity enhancement around the Virgo cluster. The number of SN in
that region shows a definite excess and thus an enhanced intensity
would be expected even if the time delays are too long to associate
the particles with individual SN explosions. There is a more important
difficulty with the transition between the two energy regions, one
where Galactic and the other where extragalactic SN give the main
contribution. For straight-line propagation the time-averaged flux
from Galactic SN should be roughly two orders of magnitude higher than
the extragalactic SN contribution. Now it might happen that at very
high energies & 'preferential bending out' of the Galactic particles
on the one hand and a fluctuation in time on the other, as proposed by
Colgate, largely reduces the flux of Galactic origin. At somewhat
lower energies, however, the much more intense Galactic flux should
surely dominate the extragalactic one and a smooth power spectrum as
observed would seem unlikely under such circumstances. We also note
that the energy required for the production of particles above 1019 ev
is very High (3 x 1047 erg), and the production spectrum should be close
to the flattest spectrum allowed by Colgete in order to have realistic
values for the total energy of cosmic rays produced by a supernova,

The statistical indications in favour of the effect being genuine are
much too weak to counterbalance these difficulties,

Strong Extragalactic Radio Sources

Although very little is known about the production mechanism of
ultra-high-energy cosmic rays, the best extragalactic source cand’lates
appear to be the objects showing violent activity on the scale of whole
galaxies. One such class of objects is characterized by very intense

non-thermal radio emission, generated by the synchrotron radiation of

relativistic electrons.
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In spite of their huge distances, the radio brightness of the strongest
extragalactic sources is comparable with the brightest Galactic sources,
and it might well happen that they are also efficient ultra-high-energy
cosmic ray producers,

The search for coincidences was carried out by using an all-sky
catalogue of strong radio sources at 408 MHz (RSbertson 1973). The
catalogue covers the whole sky except a ¥10° band around the Galactic
plane and a few localized regions. The number of sources above the
lower flux limit of 10 Jy is 160 (1 Jy = 1026 W m~2 Hz=1). In order
to restrict the sample, we have raised the lower threshold to 50 Jy.

The total flux of the 13 sources thus included in the analysis far
exéeeds that of the remaining 14,7 sources. The brightest extragalactic
radio source, Cyg A, is not included in the sample because of its low
Galactic latitude.

Of the 13 sources, 11 are radio galaxies and two are quasars, The
nearest (and brightest) object included is the radio galaxy Cen A,
which has claimed to be the first identified source of high-energy
(B> 3 x 10" ev) ¥ rays (Grindley et al 1975). The results of table 3.1
suggest no cosmic ray excess in the vicinity of the sources,

Extragalactic X-Ray Sources

This class of objects is more heterogeneous than that of the
bright radio sources, and also the set of identifications with optical
objects is much less complete. A representative sample of x-ray
sources published by Rowan-Robinson and Fabian (1975) has been adopted.
The sample contains those 39 'extragalactic' (IbIII) 10°) sources
which fall in the zone of complete coverage of the Abell catalegue of
clusters of galaxies and have fluxes higher than 3 counts s=1 as

measured by the Uhuru satellite.
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This threshold corresponds to an energy flux of about 5 x 10‘11erg em=2
8=1 in the 2-10 keV x-ray interval. Out of the 39 sources only 17 are
more or less reliably identified, most of them with Abell clusters.

The x-ray spectrum of cluster sources is not known well enough to

decide whether the radiation is generated by the Compton scattering of

relativistic electrons on the 2.7 X background or by thermal bremsstrahlung

in a hot gas filling the clusters. While in the first case the presence
of relativistic particles gives some justification for our search, the
thermal bremsstrahlung interpretation gives no direct indication for
violent acceleration processes. Again the results (tablei!) show no
cosmic ray excess in the vicinity of the sources.

Galaxies with Seyfert or Seyfert-like 8pectra

The objects known as Seyfert galaxies are defined by a combination
of spectral and morphological criteria. The spectral features (broad
high-excitation lines and an enhanced continuum) give evidence of fast
gas motions and other violent processes, similar to those occurring on
even larger scales in quasars,

The search for coincidences has been based on a catelogue compiled
by Vorontsov-Vel'yaminov and Ivanisevic (1974), which includes not
only typical Seyferts but also various transitional objects intermediate

between Seyfert galaxies and other types., Out of the 95 galaxies listed

b
-

those 32 have been selected which are within a distance o
(i.e cz € 6000 km s=1), There is not much indication of an axcess
cosmic ray intensity around these sources,
uasars

Quasars are characterized by a stellar appearance (i.e very small
angular diameter), broad emission lines, strong ultraviolet and infrared

continua, and, what is more important, by large redshif'ts.
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The quasars can be subdivided into those which are radio sources
(generally termed QSS) and those which have similar optical properties
but are radio quiet (QSO). If the redshifts are cosmological the radio
luminosities of QSS are comparable with the most luminous radio
galaxies. It is estimated that the Q5SS group comprises only a few

per cent of all quasars. Some quasars are variable on short time
scales, indicating small spatial extensions of either the quasars
themselves or of some bright constituents emitting a substantial part
of the radiation.

There is still some controversy about the origin of the redshifts
of quasars. The consensus of opinion is in favour of an interpretation
in terms of recessional velocities due to the Hubble expansion, but
some authors favour much smaller distances (see Field et al 1973).
Accepting the majority view, quasars are intrinsically extremely
luminous objects and this luminosity is dus to very violent, strongly
non-thermal processes. In such circumstances very efficient particle
acceleration can be expected, but the reduction of flux due to
propagation effects makes the possibilitlies of detection very doubtful.

The quasar data have been taken from a catalogue compiled by de Veny
et al (1971) containing 202 objects. The majority of these are QS5S,
being optical identifications of radio sources in the Cambridge and
Parkes catalogues, but some radio-quiet objects are included.
Restricting the analysis to the 'nearby' 110 quasars (z < 1) some
excess coincidences have been found (table 3.1) although the affect
is not significant. By taking the 55 nearest quasars only, the excess
increases for the 5° circles (1.83 u) but decreases for the 10° circles
(0.67 ¢0). A subdivision into narrower redshif't intervals shows that
most of the excess is caused by quasars with redshifts between 0.3 apd
0.4, and not by those with the smallest redshifts., We take this as an

indication for a statistical origin of tlie excess,
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As we have mentioned, the cosmological origin of redshifts is
not unanimously accepted. One of the main proponents of small quasar
distances, Arp (1974) has compiled a list of ten quasars suspected to
be associated with the Local Group of galaxies, We have found 8 cosmic
ray coincidences around these objects (5° circles), while the expécted
number is 2.4. Such an excess has a fairly low probability (0.4%).
Discussion

The searches carried out give no firm evidence for the association
of the arrival directions of ultra-high-energy cosmic rays with the
sets of source candidates., There are, however, some indications for
positive effects which, if substantiated, might turn out to give much
information about the origin and composition of cosmic rays and about
some important astrophysical parameters such as the magnitude and degree
of irregularity of Galactic and intergalactic magnetic fields,

From a purely statistical point of view, the best indication points
to a quasar origin. If quasars are at cosmological distances, then the
energies required in the form of particles with E > 1079 6V would be
almost prohibitively high (see figure 3.2). Although the observed
correlations might be easier to interpret in terms of a non-cosmological
origin of redshifts, the statistical evidence is insufficient (chance
probability 0.4%) to justify a definite suggestion in this controversial
field. |

The present observational limits on the large-scale anisotropy
above 1019 ev appears to exclude & Galactic origin for a predominantly
proton composition. In view of our ignorance of the Galactic magnetic
field, however, this is not the case for heavy primaries. For an
extragalactic origin there are virtually no restrictions on the
composition. Because of the importance of the galactic magnetic field

we turn our complete attention toward it.
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In the next chapter some of the fundamental ideas of dynamo theory
are introduced, upon which our model of the galactic magnetic field will
be founded. Later, when a model has been constructed, we return to some

of the problems considered in this chapter.
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TABLE 3.1

5° bins 10° bins
Source Candidates
Observed | Expected | (obs<exp)/v | Observed | Expected | (obs-exp)/v

Galactic Pulsars 119 11 17.8 -1.8 40 L46.2 -1.2
Galactic Supernova Remnants 28 8 6.4 +0.7 17 19.2 -0.6
Extragalactic Supernovae 92 12 9.2 +1.0 33 28.0 +1.1
Extragalactic Radio Sources 13 3 2.8 +0.2 8 10.6 -0.9
Extragalactic x-ray Sources 39 6 9.7 -1.3 30 3. -0.3
Seyfert Galaxies 32 8 7.8 +0.1 18 23.0 -1.2
Quasars 110 21 17.0 +1.1 55 W7 +2.2
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INTERGALACTIC PROPAGATION CHARACTERISTICS
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Luminosities and distances of mome melected source candidates compared to
mianimum energy requirements. The lower line represents the minimum power
output required in the form of particles with energles above 10" eV 1in order
to give rise to observed correlations. The upper line is the estimated mine
imum output required in cosmic rays of all energies. Luminosities are prese-
nted in the radic (&, 10’ =10 1llz), X-ray (X, 2-10 keV) and optical (O)
wavebands. The optical data given refer to non-thermal sources (Jeyfert gal-
axies and quasars).
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Chapter Four. The Turbulent Dynamo

Introduction

The problem of understanding the origin and nature of the galactic
magnetic.field is one to which no satisfactory solutién has yet been
given. One approach argues that the magnetic field is of primordial
origin, Although this notion is certainly unaftractive, it is,
nevertheleés, difficult to eliminate it., Piddington (1970) is the
main proponent of this viewpoint.

Another approach, which provides the most plausible solution,
is based upon dynamo theory. Parker (1955) has pioneered some of

the fundamental ideas of this theory, but the mathematical formalism

"has been largely developed by Steenbeck, Krause, and Radler. Their

work appears in German, but a translation of their most important
papers has been made by Roberts and Stix (1971).

Dynamo theory ascribes the maintenance of the magnetic field to
the flow of currents, induced in the fluid, as a result of its motions
across the lines of force. The complete problem is nonlinear, and
extremely difficult. Electric currents induced in the fluid as a
result of its motions modify the field, and at the same time their
flow in the magnetic field create mechanical forces which modify the
motion (Cowling, 1957). In other words, the governing equations are
coupled, a Lorentz term involving the magnetic field appearing in
the equation of motion, and an induction term depending on the fluid
velocity appearing in the equation for the magnetic field.

Progress has been made by linearizing the problem which involves
meking the small field assumption. This requires that the magnetic
field is sufficiently small, solthat the Lorentz term, which is
quadratic in magnetic field strength, may be ignored, thus allowing

the governing equations to be decoupled.
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One can thewm prescribe the fluid motions and solve the induction
equation for the magnetic field. This is the approach of the
kinematic dynamo problem, and will be the subject of much of the
discussion below.

Basic Equations

The equations are the ordinary electromagnetic equations,
modified to take account of the interaction between the motion and
the magnetic field. Maxwell's displacement currents are ignored.
This is Jjustified if the time scale of variation of the field is
long compared with the light-crossing time of the system. Thus
the electromagnetic state of the system alters only slightly in the
time taken for light to cross it. We will find that tﬁis is a very
good assumption for the cases we consider.

Ifj', is the current density, Q the magnetic field, and g the

electric intensity, then

= -98
ynrE Je (4.2.1)
vng= ‘Kf. (4.2.2)
vg =0 (4.2.3)

Mo the magnetic permeability, is assumed to be constant.
If the material has velocity Y , the electric field it
experiences is £ + u A B8 . Thus if o is the electrical

conductivity, Ohm's Law becomes

c o(E+unB) (he2uk)

f
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o, for the moment, is assumed to be constant.
The fluid is bounded by a fixed surface, S, which separates the

conducting volume, V, from a vacuum region, Va. Continuity demands

that

(B> =0 on §
_ (4.2.5)

where the angular bracket denotes the leap in the enclosed quantity.
The induction equation follows from (1), (2), and (4).

j_,tlj = UalunB) + ’?“71.5 (4.2.6)

where

v 1/ M0 (4.2.7)

is the magnetic diffusivity.
We will now consider the two limiting cases of (6). If the
fluid is at rest (u = 0) the equation becomes
éyg = jf C7‘£? (4.2.8)
at
This diffusion equation indicates that the field leaks through the

fluid, resulting in the decay of the field. Dimensionally (8)

indicates that the time of decay

(a ~ L1/7~ (4.2.9)

where L is the scale of the region where currents flow. For cool
interstellar gas clouds ?7 ~ 1022 ¢p2 g~ (Cowling, 1957).
For a typical galactic length scale of 100 pc this leads to a
diffu;ion time of 3 x 10'! years, which is longer than the lifetime

of the galaxy.
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We will find, however, that when turbulence is taken into account,
the rate qf dissipation of a magnetic field is affected drastically.

For the other limiting case of (6) the fluid is in motion but
has negligible electrical resistance. We have

B . vaAuAB)
3t (4.2.10)

An analogy can be drawn between this'equation and the one for
vorticity of nonviscous flows, which suggests that the lines of
force are "frozen" to the fluid.

When both terms on the right-hand side of (6) are important the
lines of force tend to be carried about the the fluid and, at the
same time, diffuse through it. One can set up a magnetic Reynolds
number (Cowling, 1957) by the equation

"
R = Lu/7 (ho2.11)
where U is typical of the velocities present in the fluid. For

transport of the field to dominate its diffusion R>> 1.

The Kinematic Dynamo Problem

The kinematic dynamo problem is that of determining, whether a
flow,Ud , assigned within a conducting body of fluid, can amplify or
maintain the magnetic field within 1t, without the need for external

sources of field. Therefore

-3
8] = 0Cr7)  a £ > o0 (b.3.1)

where r is the distance from some origin within the body. The

condition that the field does not decay with time is

|8+ © a (= e (1.3.2)
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Outside the conducting region we have

VA8 =0
~ o~ (4.3.3)
Difficulties with the problem are illustrated by the presence of
non-existence theorems, which prohibit the existence of dynamos
possessing convenient symmetrical structures. Cowling's Theorem
(Cowling, 1933) is the most far-reaching of these, and precludes
the possibility of dynamo action sustaining an axisymmetric magnetic
field. Early attempts by Bullard and Gellman (1954) to solve the
problem in a sphere for non-axisymmetric velocities produced a series
of models, all of which proved incapable of sustaining a magnetic
field. The failure of convergence of the solutions had led the early
workers to suspect the existence of a 'super-Cowling's Theorem', to
the effect that no stationary flow could maintain a magnetic field.
Fértunately, this is now known to be incorrect! In, fact it would
appear that any motion of "sufficient vigour and complexity"
(Roberts, 1971), will act as a kinematic dynamo. It was for this
reason that attention was turned to turbulent motions, the first
suggestions being made by Parker (1955).

Effects of Turbulence Upon a Magnetic Field

Turbulence, occurring in rotating, electrically conducting
fluid, is accompanied by unusual electrodynamic effecis. Sweet
(1950) was the first to suggest that the influence of turbulence
upon a magnetic field could be described by an altered conductivity.
This causes the magnetic diffusivity to increase by some orders of
magnitude, thus enhancing the decay of the magnetic field. Another
effect, which is of crucial interest, is the ability of turbulence
to amplify any small magnetic field initially present, and maintain

it indefiinitely.
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A theory of electrodynamics for turbulent fluids, known as
'mean field electrodynamics' has been devéloped by Steenbeck, Krause,
and Radler (see Roberts and Stix, 1971, for translation). This
theory is likely to be of the greatest importance in cosmic electro-
dynamics. It is supposed that there is no éiternal source of magnetic
field, the only source being the electric current distribution within
the fluid itself. Fields infroduced into a turbulent medium vary in
space and time. Let F be such a fluctuating field, which is considered
as a random function. The corresponding mean field, which is defined
as the expectation value of F in an ensemble of identical systems is
F. F' denotes the difference.

The problem of mean field electrodynamics is to determine 13
as a solution tothe induction equation, when some of the properties
of u' are known. On averaging, Maxwell's equations, since they are

linear in B, are unchanged, but Oha's Law acquires a new term.

IA§’)

+

1LY

T = 0o(E +tan
j < b

w

(bolso1)

If u' and B' are correlated in such a way that the turbulent

electromotive force (E.M.F)

wnb (b obsr2)

(¢, ]
n

is non-zero, then the turbulence supplies energy which modifies the
electromagnetic state of the system. This is the crucial point of
the theory. We shall illustrate the most important relations which
follow by an elementary derivation for a special case, which Steenbeck

and Krause have given (Roberts and Stix, 1971).
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Steeﬁheck and Krause make the following assumptions:

The conducting fluid lies in a global field E, which varies

! slowly' witﬁ time. The turbulent velocity field, u', is assumed
to have zero mean (E' = 0). In practice, this motion would vary.
continuously in space and time, but for simplicity it is

supposed that it consists of a sequence of motions, each

constant over a time interval {,, and each cgntinuously varying
in space. At the end of each interval, the motion is abruptly
replaced by another motion which is uncorrelated with it. The

mean correlation time P, of u' is therefore

r = L/2 (b ols3)

The correlation time, T, is small compared with the electromagnetic
diffusion time, based on the correlation length, )\, of the

turbulent velocity field, i.e,

b 8
7 K uoA (ool

The turbulent velocity is so small that, in calculating u'A B!
one neglects terms smaller than those quadratic in u'.

This requires that

where 1/41 is the root mean square (rms) turbulent velocity.
The turbulent velocity field is isotropic. There is no preferred
direction on average, and all the mean values derived from the
velocity field remain constant under any rotation of the
coordinate system, including cyclic pefmutation of axes.

Ohm's Law is

= (DABMM = (€ + H"‘-g) - (Lol o6)

f =
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Applying the curl operator one finds

FOAGABT-FUB=-38 4 Paly'ng)
- st Jt (bokea7)

It is only necessary to estimate B' in the linear u'
approximation, since §77:-§ﬁ is to be computed as far as terms
quadratic in u'. Only that part of B', namely Bi, , which is
correlated with u' is required, It is necessary to retain only
that part of B' which is generated by the particular u' motion, in
any one of the sequence of u' motions. According to (i1) the left-
hand side of (7) may be neglected. Assumption (i) allows integration

of (7) to give

Beor =t ynid Ag} (4o4.8)

and so

"~

u'n By = LuAZA(UAB)  hnd)

Averaging (9) over a time of lehgth to Steenbeck and Krause have

obtained
UnB = UaBu= TUATA(YAR)

(koko10)
Sumnosing the global field B is uniform in the x-direction; thev
F 4 o (=] [=) ~ H o

find that the mean emf in the direction parallel to é is

(w'aB) = '31!:"- (9nd')r B; (WRT)

Assumption (iv) has been invoked to reach (11). It is also shown,
that, because of (iv), components of the mean ewf in directions

perpendicular to E vanish.
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Supposing next that E is not uniform, but has constant derivatives
in the volume which is averaged, then an analogous calculation reveals

the additional term

W2 E

_ LMyt g
§~ ~ 3 f

(bek.12)

which is added to the global enmf.

The total contribution to the global emf from turbulent motions

(to an order quadratic in u') is

un8 = xB8 -5 vng (lels13)
where
’ /
« = -fu YAl (hokutt)
B = tutw (4ol 15)

The same results hold for a velocity field which is a continuous
function of time.

Turbulence can, under certain circumstances, modify the mean
electromagnetic field. This phenomenon is described by the firét
term on the right-hand side of (13) and is called the « -effect.
According to (14) the necessary condition for the existence of an
o -effect is that u'. VA u' does not vanish.

Ir u'.E?" u' is positive (negative) the turbulent motion possesses
right-handed (left-handed) helicity. Only a non-mirror symmetric
turbulent velocity field possesses o # O. The value of 4

does not depend upon the existence of pseudo-isotropic turbulence.

Ohm's Law, for mean fields, becomes

fv,__ o (E ¢ «B ~MB £ ) (4ot 16)
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or

A (£ red) (bede17)
where

%= T/t RTE) (o s18)
and

A A 15

are respectively the turbulent conductivity and the turbulent

magnetic diffusivity. For strongly turbulent flows for which I@))?’

ANy

Tr % } w'tr (loks.20)

It is useful to consider how well assumptions (i)-»(iv) are obeyed
in the interstellar medium. Following Parker (1971) we take the
life-time of a turbulent eddy as 2 x 10’ years ( D> T~6x 104 )
and a scale length A ~ 100 pc. M@~ 10722 on2s~! (see section 4.2)
80 /(O‘AI;V 10'9 s and (4) is obeyed.

Generally, for turbulent motions, one supposes that V‘gﬁ:?"-A
(the above estimate of 7 is based upon this). Assumption (iii) is
therefore is not readily satisfied. In view of the more serious
extrapolations we shall be making, this may not be very important.

The assumption (iv) of isotropic turbulence is an idealizsation.
In the next section we shall follow Parker's argument which suggests
that rotation can provide the required helicity for the interstellar
turbulence. However, this rotation will also destroy the assumed
isotropy. The rotation will imply a preferred direction to the
turbulence and further terms governing the global emf will occur,

The additional terms would appear not to be as significant as the

one involving the o -effect (Roberts and Stix, 1971).


http://lf.lf.18

k.5

0

Magnetic Field Regeneration in the Galaxy

Taking (4.17) and the averaged Maxwell's equations the induction

equation

Q.
e Y

- YA(QA5)+QAx§+ 7", [7"'5

(ke5a1)

QL
[

which follows is called the dynamo equation.

Toroidal shear can create a toroidal magnetic field from a
poloidal one. If the turbulence is non-mirror symmetric, then the
« -effect which ocours can create a poloidal magnetic field from a
toroidal one. A self-sustaining cycle occurs which is described by (1).

We shall turn to Parker's arguments (Parker, 1971a) which justify
the assumed lack of mirror symmetry, and illustrate the « -effect.
The fate of a rising eddy of fluid, in a horizontal turbulent layer,
which is rotating about a vertical axis, and contains an approximately
horizontal magnetic field, is considered. The pressure of the fluid
decreases with height, and the fluid moves in vigorous short-lived,
small~scale eddies, Figure 4.1 illustrates the situation. As an
eddy rises into a region of lower pressure it expands and the
forces (-2 {} A u) associated with this expansion create a circulatory
velocity, or swirl. Clearly, a correlation exists between the vertical
velocity of the eddy and its sense of swirl. Moreover, this correlation
is the same for a sinking eddy, since it is compressed as it falls.
Thus the turbulence possesses a preferred sense, or helicity. Parker
has called turbulence with this property "cyclonic". Bearing (L.1L}
in mind it appears that of is positive (negative) in the northern

(southern) galactic hemisphere.
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The effect of these motions on the magnetic field is illustrated.
Since the mbtién is small-scale, the magnetic field is uniform across
an eddy. Also, since the motion is vigorous and short-lived, the
perfect conductivity picture holds. This is equivalent to assumption
(ii) in the previous section. The vertical motion will bend the
field line into an Jl shape, (see figure 4.2) and the vorticity about
it will twist it out of its plane. Ampéres Law tells us that the
current associated with this out-of-plane loop will have a component
parallel to the field. Imagining a large number of these loops, and
supposing.a period of rest after each motion, over which the fields
created can diffuse over the mean distance separating loops, then
the small-scale currents can produce an average large-scale current,
parallel to B. This toroidal current can generate a poloidal field,
as we require for the cycle.

The o -effect can also generate a toroidal field from a
poloidal one, and dynamos functioning on the & —-effect alone are
called x}-dynamos. The model Parker has proposed for the galaxy
involves differential rotation also, and is called the «kW-dynamo.
Non-uniform rotation can generate toroidal field very efficiently,
work being performed against the tension in the magnetic field while
extending the lines of force into the toroidal direction (Parker,
1976). This work appears as energy in the field. The o -effect,
however, is much less efficient. Turbulent eddies are of a
dissipative nature and loose most of their energy into heat. It is
therefore usual to neglect the production of toroidal field by the
o ~effect in the o(w-dynamo.

oL has the dimensions of velocity and Parker has argued that its
magnitude is essentially given by the cyclonic velocity within an eddy.

This is plausible, when (4.14) is considered.
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Turbulent Diffusion in the Galaxy

Expression (4.20), which gives the turbulent magnetic diffusivity
for homogeneous isotropic turbulence, is a result of mean field
electrodynamics.. Parker (1971b) has calculated a similar result,
from a different view-point. He argues that the probability
distribution for the magnetic field carried in a turbulent fluid

varies with time in a manner identical to that expected of a scalar

field. The results suggest
7,. ~ 015 wA (4.6.1)

where A is the scale of the largest eddies and u' the rms turbulent

velocity. Taking u' as 6 kms™] (again Parker, 1971a) one finds

L4

s -1
7r ~ Ix 107 mtS (4.6.2)

This suggests a characteristic diffusion time, td, of

T, . 12
t;l ~ )\/7,. ~ 2X/0 ]r.) (4.6.3)

)\, the scale of the largest eddies is taken as the half-thickness
of the gaseous disk. This value is some orders of magnitude smaller
than that obtained by considering ambipolar diffusion, and is less
than the age of the galaxy ( ~ 2 x 10'0 years). It would appear,
then, that the possibility of primordial origin for the field is
unlikely.
Discussion

An elementary derivation of the dynamo equation has been provided,
based upon mean field electrodynamics. The re;ults can be justified
with greater rigour than we have given credit for, and the reader
interested in the mathematical formalism is referred to Roberts and

Stix (1971).
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;t is apparent that dynamo action can occur (i.e the systematic
transfer of energy from a turbulent velocity field to the magnetio
field) if the turbulent velocity field lacks mirror symmetry.
Moffatt (i970) has justified this result with some degree of rigour

for the case where the magnetic Reynold's number Rm £< 1, His -

approach, however, does not reveal the effects of turbulence upon
the magnetic diffusivity, since §‘is taken as approximately uniform
in the region considered.

The problem of turbulent diffusion has been mentioned.
Piddington (1972) has repudiated the concept of turbulent diffusion,

imagining that magnetic field stresses suppresQ it completely. He
has also speculated that this suppression of turbulence blocks
dynamo action in the galax&. This suggestion is criticized in
Chapter Six.Thg next chapter mainly concerns itself with setting up
the techniques necessary for the numerical experiments, with which

we shall investigate the galactic dynamo,
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Chapter Five, The Simple Galactic «w=dynamo Model

Introduction

Parker (1971 a, b) has solved the dynamo equation analytically,
using a restrictive "slab" geometry. Stix (1975) has pointed out
that this does not allow boundary conditions to be imposed upon a
closed surface, and has suggested that an oblate spheroidal geometry
is more appropriate, He has then proceeded to solve the dynamo
equation numerically, in this geometry, using the conventional
eigenvalue-problem approach. The work reported here represents the
next step in the development of the problem, Using an initial-value
probiem formulation, a considerably more flexible numerical framework
is constructed, in which the dynamo equation is solved. In particular,
this approach, unlike the eigenvalue approach, allows important
nonlinear effeots to be incorporated. It also provides a valuable
check on the results obtained from the eigenvalue approach.

In faot, some disagreement is found between the results presented
here and those of Stix. Discussions over this matter with P H Roberts
and A M Soward (April, 1976) have led the latter to evaluate,
analytically, an asymptotic relation (section 5.7) which favoured the
results presented here, Repetition of part of Stix's calculations
has also led to good agreement with the results of the initial-value
problem approach. Recently (August, 1976) Stix has informed the
author (private communication) of an error in his calculations, which,

when corrected, resolves the discrepancy.
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The importance of obtaining independent confirmation of the
results will be appreciated once the complexity of the numerical
problem is described. One has to be especially cautious of results
derived purely from numerical means. For example, rounding errors
arising incidentally from the finite difference method used in
solving the differential equation, or through a series expansion of
the magnetic field, can give rise to stray electric fields, which
result in “numerical“‘dynamo action. (Roberts, 1967). Thus,
independent checks, particularly with analytical results, allow
astrophysical and computational effects to be distinguished.

5.2 Decomposition of the Dynamo Equation

The dynamo equation, as we have seen, for the «w-dynamo is

ot (5.2.1)
where b is the global magnetic field, & the global velooity field,

b = D alund) +PAleb) ¢ 7"'71,{7

« a function describing the « -effect, and 'f' the turbulent
magnetic diffusivity. Dividing the magnetic field into a toroidal

(azimuthal) part and a poloidal (meridional) part are set

b = Bre *Bpeu (5.2.2)

Attention is restricted to axisymmetric solutions largely as
a matter of mathematical expediency, although some physical
justification exists, which will be discussed later. In this case,

since the field has zero divergence, one may write

Bow = T8 (5.2.3)
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where A is purely toroidal. The usefulness of this division
(originally due to Lamb) lies in the fact that the curl of a
toroidal field is a poloidal one, and the curl of a poloidal field
is a toroidal one, and that the divergenceless property of the
field is automatically satisfied. Since the small-scale field is
non-axisymmetric, Cowlings Theorem is not violated.

The toroidal and poloidal components of the dynamo equation

can now be equated separately.

OBma < TnlynBr)+ VnxBoat TV 81
¥ (5.2.3)

Wi ¥ nl<fre) + 5 V'8

P14 (5.2.4)

The y field is assumed to be purely toroidal. Rewriting é%wﬂ

as 8 and integrating (4) we have

B - gn(ynPnpl)+ 78
ot (5.2.5)

WB=uf +7 va
(5.2.6)
where, in (5) the regeneration of the field by the K -effect has
been neglected. This, as we have pointed out, is justified if the
generation by differential rotation is the dominant induction
mechanism. No toroidal gradient appears in (6) since this must
vanish for an axisymmetric case. Equation (5) describes the
generation of toroidal field from poloidal field by differential
rotation, and equation (6) describes the generation of poloidal

field from toroidal field by the o« —effeot.
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For dynamo action, the rotation must not be a solid body rotation,
otherwise the first term of (5) would vanish., This conclusion can
also be inferred from the invariance of Maxwell's equations under
rigid rotation. It is also worth noting that neither the sign nor
the magnitude of the field can be predicted from a simple linear model.
Oblate Spheroidal Coordinates

The geometr& which appears appropriate to describing the galaxy
is introdﬁced. The oblate spheroidal coordinate system is formed by
rotating the two-dimensional elliptic coordinate system, which
conslsts of oconfocal ellipses and hyperbolas, about the minor axes
of the ellipses. The 2 -—axis is the axis of revolution, and the
interfocal distance is denoted by d.

These coordinates (Flammer, 1957) are related to the rectangular

coordinates by the following transformations

(]

dAf (17X 0] “eos

(543.1)
',
. an[ct-nrpr )] sng
Y L 7%f (5.3.2)
2 < 0‘/1.7E
5.3.3)
with'

g £1,0€ ¢ €0 0¢ggAN

. (534)

The system is illustrated in figure 5.1.
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The surface f = constant > O is a flattened ellipsoid of
revolution with major axis of length d( y’- + 1 )”" , and minor
axis of length dg . The surface $ = 0 is a oircular disk of
radius a = /2 , lying in the (x', y) plane, and centred upon the
origin. The surface | ’lzl = constant < ! is a hyperboloid of
revolution of one sheet with an asymptotic cone whose generating
line passes through the origin and is inclined at an angle

6 - oos'"’? to the 2 -axis. The degenerate surface

["ll = ] is the 2 -axis. The surface 7 = 041is the (x', y)
plane, except for the cirocular disk § = 0. The surface 4 = constant
is the plane through the 2 =-axis, making the angle g with the
(x', z) plane.

(7 , § , A) form a right-handed orthogonal curvilinear
coordinate system. In the limit d-? O the oblate spheroidal system
reduces to the spherical coordinate system. For d finite, the surface

g = constant becomes spherical as S approaches infinity; thus

1/ld§—>/"'z-7605@ a4 f.apa

where ~ and @ are spherical coordinates.

The scale factors defined by

N K ] 9 . ,..z- = % ld'
dxr® +dyt A= A
(5.3.5)

1yal 'R
hy < E/(z-*Z} (5.3.6)

(5.3.7)
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11y

g[ff 72U srl)]

(5.3.8)
For future reference it is useful to note that
Wr &'/7 9 (48), 4 ;)”"5} 0
f (A (5.3.9)
where
B = (0 08)
(5.3.10)

Scaling of the Equations

2/~

Units of length and time are taken as R and R/fz » where R is
N2

the major axis of the spheroid. The ratio of the minor axis to the

major axis of the spheroidal is

1#p)"™
V= b6/R = g(lI*h
fe (5.4.1)
where fo is the value of f at the surface houndary. Transforming

f to xfo the distance from the axis of symmetry is

5= bL(xttptHI-79]"

(5.4.2)

When the coordinate system is introduced to, and this scaling
applied to equations (2.5) and (2.6), two dimensionless parameters,
associated with the two induction effects, appear. These are R,

and R, where
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(5eke3)

oy and W, characterize typical magnitudes of the respective
effects.

Since we expeot | Rw/R« /[ >> I , the physical
magnitude of the toroidal field will be greater than that of the
poloidal field. It is, however, numerically convenient to have
these field quantities about the same order of magnitude, so A and

B are rescaled in the following manner

= (Re/R) A" B = (R/BY)™ B’

(5elioks)

Dropping the primes on A and B, equations (2.5) and (2.6) become

I8 - -sRn I& JIsA) _ Ja J(sA)
ot b’(x‘»‘y‘/f‘) I 77 7 Jx

l
e

2 4g-2)"% )2 1pp-2)"
1/§’1}[(x ff,):gxt((z ) LB} +

(1- 7}“9 ((1- lJ"Bj/

r)ﬂl

(5e445)

A o fkn b + ! (2252
+(1- l}"ﬁ" (¢l Z‘j"‘/}}]

(5ek06)
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W= Wb lny) =X (XY)
¢ (5eka?)
W = Sw (54.8)
/
fon = (Is Rl) ™
(5.4.9)

The angular velocity distribution and o ~effect distribution
are presoribed in (7). The only dimensionless parameter which
appears in equations (5) and (6) is the magnetic Reynolds number,

R, , given in ( ). The dynamo number, P, is defined as

P ~ ﬂd Ru . (5.&_.10)

Boundary Conditions

Equations (4.5) and (4.6) determine the toroidal components
A(x,‘7 , t) and B(x, 7 , t) of fields A and B, once the boundary
conditions are specified. We take a homogeneous oblate spheroid,
outside of which; we suppose there is vacuum, No currents can cross
the surface of the spheroid (defined by x = 1) so ( U ~ é )x =0
on x = 1. According to (3.9) the toroidal fisld must alsc vanlsh
on the surface, so

B = 0 a,t X = 1 (5.5.1)

The second boundary condition on the surface arises from the
continuity of the magnetioc field within the spheroid to the source-

free potential field outside it.
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The potential field is a consequence of our negleoct of retardation
effeots due to the finite velocity of light. Both components of

the poloidal field must be centinuocus at x = 1, so not only must A
be continuous, but also its normal derivative (see equation (3.9)).

Thus

CAY = (%> =0 at x=1

ox (545.2)

where the angular bracket denotes the leap in the enclosed quantity.

Outside the conducting spheroid the condition is given by

(545.3)

which becomes, in our coordinate system

14o2)J'A 4 2x A "t A -ptl) )2
(s Jﬂ’- FT R +z;&3‘e'z) " 7j3)'jf.

-7dR g A )
J -2 =
’ “ Z} (5.5.4)

The requirement that no exteimal sources are present is

fulfilled by the condition

ad X -2 eo
A= 0 (5.5.5)

In general one would demand A = Of x? )as x =2 ©© , for a
unique solution to Laplace's equation. This additional constraint

is unnecessary since A contains no arbitrary scalar gradient.
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On the axis of symmetry (7z = 1), since both A and B are norms
of azimuthal veotors, axisymmetry will demand that they both vanish.
The remaining conditions to be satisfied are those on the equator.

The global velocity field is assumed to have mirror-symmetry
about the egquator, which is physically realistic for the galaxy.

The o -effect is takento be an odd function of latitude, since it
desoribes a pseudo-scalar (helicity). One can also appreciate this
by observing that the Coriolis forces, which give rise to the lack
of mirror symmetry, and hence the o -effect, change sign at the
equator,

Under these conditions Roberts (1972) has examined the symmetry
properties of the solutions for the magnetic field. He has found
that they break down into two separate families, one for which A is
an odd function of latitude and B an even funotion, called the
quadrupolse family, and another for which A is even and B odd, called
the dipole family. For negative dynamo numbers stationary quadrupole
and oscillating dipole solutions are preferred. The situation 1s
reversed for positive dynamo numbers. Figure 5.2 illustrates the
boundary conditions,

Numerical Technigues

The techniques described here are largely a generalization of
the techniques employed by Jepps (1975) in his approach to the solar
dynamo. The problem is of such a nature that, if the state of the
physiocal system is arbitrarily specified at some initial time t = t, ,
a solution exists for t > t, , and is uniquely determined by the
equations, together with the boundary conditions.

A spatial mesh is introduced in the ('7 , X) plane, on which
the derivatives of the dependent variables are expressed in a finite-

difference form.

<
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Following Jepps, the Dufort-Frankel scheme (1953) is employed to
perform.thé integratibn. This scheme is explicit and involves

three time levels. Making the following approximations

' &Y -~/
A(idz,f'dx,ldé} = (/)9-,- # /1’?‘ /2

JA - ( A M PR VEY.Y.
o

[ g
._H = [Ain,j 'lqi-l,j }/ 7.07

a4/

] ¢ g-1 8
IA { Aitf A = Ay +/4¢'.:,j'}/AZ2'

1
97 (5.6.1)

and similarly for JA/Jx and 0*A/Jx‘, the finite difference forms
of equations (4.5) and (4.6) can be written down. To initiate the
integration starting values are required for the first two levels,
which can be taken from any desired approximation valid in the limit
4 t=> 0. In perticular one can set the arbitrary values at the
first time level equal to those at the second time level. As the
integration proceeds the boundary conditions are imposed at each

time step. Three-point backward difference equations have been

[0}
o

found sufficiently accurate to impose conditions such as JA
and dﬁ/‘)x = 0 at the equator. 1
The condition which presents the most difficulty is that at
x=1. Here it is necessary to ensure that equations (4.5), (k.6),
and (5.4) are simultaneously satisfied, at each time step. This is
complicated since (5.4) spans an infinite domain. Inversion removes
this difficulty. One writes C ( x ) as A (1/x) and equation (5.4)

becomes



+ £ +[/-7‘)J_"C __27:_)_5- -,
(8 *1) 7 gy
(5.6.2)
and the condition at x = 1 becomes
A = A =C
ox Jr (5.6.3)

Noting that the symmetry of the interior solution is inherited by
the inverted solution, the other relevant boundary conditions
follow readily, The condition on A at x = o0 inverts to C = 0

at x = 0,

A matrix multiplication method is used to determine the boundary
values of A for each time step of the integration. This method,
which was originally suggested by R Thirlby (unpublished work), and
has been used by Jepps, is now described.

For a three-point backward difference approximation of the

conditions at x = 1 one finds

C )= gﬂ(l-ax)f C(I-Ax}))?

2
J

(5.6.4)
-_/é(,q”_ux - ([I'-lex}f
§

A1) = C 1) (5.6.5)
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The following operations are now necessary in order to achieve
the simultaneous solution of equations (4.5), (4.6) and (5.4):

(1) A1l the values of A and B are determined from the finite-
difference form of (4.5) and (+.6) at the interior mesh points
on the next time level.

(1i) Equation (5.4) is expressed in a finite-difference form, and
using relations (6.4) and (6.5) together with the other
relevant boundary conditions, the values of C at all the
points on the inverted spatial mesh can be determined. The
method of solving this n x n system of finite-difference
equations provides some difficulty, which will be discussed
below.,

(iii)Finally the boundary values of A can be calculated from (6.4)
and used to advance the next time step.

The matrix multiplication method allows these operations to be
combined into one simpler procedure. We are, at present, only
interested in the inverted solution beceuse it determines the
boundary values of A. Let the vector whose components are the
values of A at the boundary points be Ap, and let the vector whose
components are the values of A at the two rows immediately inside
the boundary be A]. The operations outlined above calculate the
boundary values Ap given Aj. However, since Ap is a linear function

of AT, a matrix, M, exists such that

(5.6.6)

It is now only necessary to calculate M at the start of the
calculation and the boundary values Ap can be found at each time
step by matrix multiplication. The matrix M can be calculated

column by column, once the following is noted.
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If the nth component of A1 is set equal to unity, and all the
others set equal to zero, then the boundary values obtained by our
operations consist of the nth oolumn of M.

The problem of solving the inverted equation is now discussed.
The finjite-difference form of this equation gives rise ton xn
equatiéns which are solved in common. Successive over-relaxation
is usually employed, but this technique converges only if the
matrix of the coefficients of the equations is positive definite.
This is true for the spherical case, but untrue for the more
general oblate spheroidal case. A method involving triangular
factorization and back-substitution has been used instead.

To determine the external solution it is first necessary to
reconstruct the inverted solution from the final boundary velues.
This is then interpolated onto a uniform external mesh.

The length of the time step is decreased, and the fineness of
the spatial mesh increased, until the solution found is independent
of both. The magnetic Reynolds number is prescribed at the
beginning of the calculation, and the subsequent development of
the field reveals whether the value is sub-critical, critieal, or
super-critical. For sub-critical (super-critical) values the field
exponentialxy(grows}_decays . Determination of critical values is
therefore a matter of trial and error.

The calculations have been performed upon the NUMAC IBM 370/168
at the ﬁniversity of Durham. Library programs (of the Nottinghem
Algorithms Group (NAG)) have been used to perform the triangular
factorization and back-substitution, and interpolation procedures.
The contouring procedure which is used to display the results has
been adapted from a program originally written by F J Rens

(Geography Department, University of Michigan).
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It was possible to advance the integration using 20 x 20 spatial
intervals by 100 steps in 3 seconds C.P.U. time. 10 x 10 interval
mesh gave essentially the same results, but the finer mesh was
found more convenient for contouring. A time step At = 1075 was
used. This could be increased to At = 1072 in the spherical limit.
The techniques described enable the development of the magnetic
field to be investigated for any given choice of velocity field and
of -effect distribution. The final solutions were found not to be
sensitive to the initial field distribution. In practice, both A and
B were set equal to unity at each interior mesh point.

Tests in the Spherical Limit (V- 1)

Throughout the calculations it was found more convenient to
use a (@, x) grid instead of a (7 , x) grid (where 7 = cos Q).
The former gives a more uniform coverage in Cartesian coordinates.
Letting -j;-# o© produces the spherical limit. Comparison cen then
be made with results reported by Roberts (1972) on a solar dynamo
model suggested by Steenbeck and Krause. The simple model is defined

by

Table 5.1 shows a comparison of the magnetic Reynolds numbers
and oscillation frequencies obtained for quadrupole symmetry. For
the initial-value approach the oscillation frequency is obtained by

counting the number of time steps needed to complete a cycle.
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TABLE 5.1
Sign of Critical Magnetic Oscillation
o, W Reynolds Number, Rm Frequency

Roberts (1972)

+ 76.1 55.1

- 85.4 67 4
Present Work

+ 75.4 54.8

- 81.3 67.8

A 10 x 10 spatial mesh has been used in these calculations.
As the integration proceeded the solutions settled down rapidly,
giving the expected oscillatory behaviour. The agreement is

reassuring. Steady solutions are not excited in the spherical case.

5.8 Stix's Model

Stix has proposed the following distributions for the galactic dymamo

< MEE (5.9.1)

~ - 3
d fds = S/R
(5.9.2)
(1) is the simplest function which is an odd function of latitude

and (2) gives a very rough approximation to the observed differential

rotation in the galaxy.

5.9 Tests in the Asymptotic Limit{V-> 0)

A M Soward has derived the following asymptotic formula
(personal communication), from analytical considerations, for the

critical dynamo numbers, Pc, of the steady solutions to Stix's

dynamo model.
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3 &,
ip = 1+V (5"‘f0cu’f
vie ;P({ ) /

(5.9.1)
A\ < 1- 01879
(5.9.2)
For the steady dipolar mode Pc 2 0 and
p = 69-093 y = 0F3661%
00 (5.9.3)
For the steady quadrupolar mode Pc £ O and
= -/2-§5572 =1-06229
oo v =1 (5.9.4)

A comparison between the present work and the asymptotic results

is shown in table 5.2.

TABLE 5.2

Critical Dynamo Numbers

Aspect Quadrupole Dipole

Ratio Symmetry Symmetry
Asymptotic Results (Soward)
2/15 ~-51,000
1/15 ~363,000 2,250,000
Present Work
2/15 -63,000
1/15 -4,00,000 2,800,000

No steady dipolar mode is excited at V = 2/15. The agreement is

satisfactory.
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As V 1s decreased the agreement improves, as one would expect from
comparison with results from an asymptotic relation. For values of
V less than 1/15 the numerical scheme starts to break down, i.e,

the length of time step and fineness of mesh, required for stability,
become computatibnally prohibitive. It is Jjust in this regime where
asymptotic results can take over.

Comparison with Stix's Results

Disagreement had been found between the present work and Stix's
results, which motivated A M Soward's derivation of the asymptotic
relation. It had become clear that the difference could be explained
simply by a factor of V, for the critical dynamo numbers obtained.
Stix has now confirmed this (private communication).

Previous to this, part of Stix's calculations had been repeated.
It was found that for V = 2/15 the critical dynamo number for the
steady quadrupole solution was -58,000. The method used follows
directly from Stix's work and is described in Appendix III. This is
of some interest, since it suggests an alternative procedure for
imp- o§ing the boundary conditions for the initial-value problem
approach, which would combine the best features of each approach.
Results

Steady and oscillating solutions have been investigated for
both parities (dipolar and quadrupolar) for Stix's model. The
results are shown in the following series of pictures. Equispaced
contours of constant toroidal field strength are plotted on the
right-hand side, and poloidal field lines plotted on the left-hand
side,

Poloidal field lines are given by As = constant. We can see
this from the following argument (Roberts and Stix, 1971). Field

lines are defined by
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Bay AL = © (5.11.1)
where ji is the normal unit vector to the magnetic field £3ﬁu. .
From (3.9) it is evident that V/ (4s) is perpendicular to £?pu_ .
Consequently As = constant will satisfy the definition.

Figures 3-7 show steady solutions. The second solution shows
& higher quadrupole mode being excited as the dynamo number is
increased. Parker (1971a) has discussed the crowding of field lines
which occurs at the boundaries for these modes. This effect becomes
puch more pronounced as P is further increased. The dipole solution
shown in figure 5 is slowly decaying. An aspect ratio V = 2/15 is
taken for all of the solutions except those shown in figures 6 and 7.
Steady modes at V = 1/15 for both parities are shown there.

Figures 8-13 (14-19) illustrate the oscillating quadrupole
(dipole) solution. Phase = O is an arbitrary starting point. For
the quadrupole (dipole) mode the critical dynamo number is
approximately +260,000 (-260,000) and the oscillation frequency is
2617 (1707). (27 ?/AZJL/

Discﬁssion

We take, for the galaxy, R = 15 kpe, # ~ 1 kpc kn s-1,

w, = =2A (Oort‘s constant), and &g = 0.5 km s=1 (which correspond
roughly to the numbers used by Parker, 1971a and Stix, 1975) we

find

3 s K
R, = w.kl/? . -7x10 R = x.R/Z 7 (5.12.1)
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Thus, P = ( Ry Ry) ~ -5 x 104 , which compares favourably with
the dynamo numbers computed for the steady quadrupole modes shown
in table 5.2. Steady solutions are preferred to oscillating ones,
where the dynamo number required for excitation is much higher. For
the numbers quoted the oscillation periods correspond to -~ 107 yr.
The galactic disk, is, however, highly oblate, Taking V = 1/100
we find from the asymptotic formula that Pc = -7 x 107, which is
some orders of magnitude larger than the estimate of the observed
quantity. The most uncertain parameter involved in the estimate of
Pc is pro_bably?Z , upon which Pc depends considerably. We note that
even.ii‘i'is a factor of 30 less than our estimate the characteristic
escape time of the field from the gaseous disk is ~ 6 x 109 years,
which is less than the age of the galaxy, Stix's conclusion, that
the galaxy can act as an «W-dynamo, and that a steady quadrupole
mode is most easily excited, is therefore accepted.
Before formulating a working model for the galactic magnetic
field, development are made to the simple model, which are reported

in the next chapter.
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Chapter Six, Developments of the Simple Model

Introduction

Modifications to the simple galactic dynamo model are discussed.
It is important to decide how sensitive the results are to the
particular forms of & and du¥ds employed. In order to simulate the
suppression of turbulence by the magnetic field nonlinear models are
constructed in which X is a function of B. This prevents the field
from suffering the unphysical fate of increasing indefinitely, if
the dynamo number is super-critical.

The possibility of the intergalactic medium having a finite
conductivity is investigated by adjusting the boundary conditions in
a simple manner, Finally a model is proposed for the galaxy which
incorporates some of the features we have discussed, Attention is
restricted to the steady quadrupole mode in all cases,

Dependence upon &

The distributions of & suggested by Parker (1971), Stix (1975),
and the present work are illustrated in figure 6.,1. Parker's
distribution has discontinuities at 2z = 0 and 121 = b (the surface
of the disk). Stix's distribution increases monotonically to the
surface, where it is discontinuous. We suggest that the cyclonic
velocity of turbulent eddies across the disk (and therefore £ ) has
a continuous distribution and take

=1¥ - A

~ = 15686 e s b 27
& =1 “ (6.2.1)

2 = 2/ b

where (6.2.2)

The constant has been chosen so & has unit maximum. The resulting

solution when # is changed in this manner is shown in figure 5.2,
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Before a comparison can be made of the oritical dynamo numbers
for each model the following remarks are in order. Parker, as we
have pointed out, has employed a 'slab' geometry, but has also employed
a different function for dw/ds (one in which the gaseous disk obeys
Keplerian motion). For sufficiently small values of V, the spatial
variation of the field in the s-direction is very small compared to
its variation in the z-direction. Therefore, differences arising from
the different geometries are likely to be insignificant. Anticipating
a result of section 6.6 the following table is compiled.

TABLE 6.1

Critical Dynamo Numbers for some Relevant Models V = 2/15

Parker Present Work Stix

-2,500 -8,000* -4,0,000 -63,000

*Includes Observed Rotation Curve.

Since Parker's prescription of Keplerian motion for &q/ds differs
insignificantly from the observed motion, the differences occurring in
the first two entries of table 6.1 can be largely ascribed to the
different o distributions used (compare (a) and (c) on figure 6.1).
The last two entries of table 6.1 reveal that the difference caused
by using our X distribution instead of Stix's is slight.

Suppression of Turbulence by the Magnetic Field

To simulate this suppression, the following dependence of o upon

g is considered

st o= NI/(1+18]") (6.3.1)

Jepps (1975) has investigated cut-off laws of this form for the

solar dynamo. Since the Lorentz force is quadratic in B we take n = 2,
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The choice of cut-off law is arbitrary, and not based upon any theory
of turbulent magneto-hydrodynamics. We find that, for supercritical
values of Pc, the magnetic field now stabilizes at a finite value,

N is a quantity which gives the degree to which the prescribed

dynamo number is supercritical. The dependence of o' is only on

the toroidal field, B, which is consistent with the assumption made
earlier about the field being predominantly toroidal. This cut-off

law is probably unrealistic for small values of B, where no suppression
of turbulence is expected.

For these nonlinear models an additional operation is performed
at each time step of the integration : the new distribution of
based upon the current magnetic field distribution is calculated in
readiness for the next time step. Results are shown for N = 5 and
N = 10 in figures 6.3 and 6.4, respectively. As one expects, the
variation in the magnitude of the field is reduced. This nonlinearity
will also prevent higher modes of the field from being excited.

Variation of Diffusivity

A3 a crude attempt to simulate spiral arm structure in the

galaxy the following distribution of j? has been investigated

7(1'0) A1+ @ sn(2is/2) ) (6.4.1)

where a = 5 A= R/ (6.4.2)

Clearly, spiral arm structure cannot be incorporated into a
axisymmetric model, so concentric annuli are considered. It is
assumed that the diffusivity is a maximum in the 'interarm' region,

where there is less conducting matter.
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For a spatially dependent ? the dynamo equation acquires an
additional term, becoming

b= Tn él,qAﬁ 4 E?/\61A§}1L29 pig - E@?f\(?ﬁ\é

[

(6.4.3)

PN

A resulting solution is shown in figure 6.5. This solution is
not exactly steady, and for such a large value of P 'active
degeneration' occurs : the poloidal field is decaying, but the
toroidal field is growing. Higher modes do not occur. At an
appropriate lower value of P an exactly steady solution can be found.

The mention of spiral structure leads to the question of whether
we are Jjustified in considering axisymmetric solutions to the dynamo
equation. Braginski (1964) has developed an alternaéive approach to
the dynamo problem, through the nearly symmetric dynamo.

In this case it is supposed that the fluid motions are loné-
lived and large-scale, in contrast to the short-lived, small-scale
motions of the turbulent dynamo. As the degree of asymmetry
approaches zero the dynamo number Pc~» O (Roberts, 1972). One
expects, then, large dynamo numbers for the excitation of a nearly
symmetric dynamo. It is on this expectation that we suggest the
galaxy prefers to excite an axisymmetric field. _

Soward (1972) has found that for the nearly symmetric dynamo
can be explicitly evaluated in terms of the asymmetric flow, and is,
surprisingly, closely related to the helicity of flow. If the large-
scale asymmetric motions of the galaxy could be predicted (or observed)
then one could decide with confidence if nearly axisymmetric fields

are excited (Roberts, personal communication).
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6.5 An Intergalactic Medium of Finite Conductivity

Here we consider the case where the galaotic disk is surrounded
by an infinite medium, having the same conductivity as the di#k.
Then, not only will A and .-)A,/ ¢ x be continuous across the surface
of the disk (x = 1), but also B and )B/ J x. The boundary at
X = 1 now represents the surface beyond which there are no fluid

motions. For steady solutions the additional condition

paPnB =0 (6.5.1)

~ -

is satisfied outside the boundary. The boundary conditions for B

at x = 1 are imposed in a manner identical to that already described

for A at x = 1,

For those interested in studying oscillating solutions under
these boundary conditions the situation is somewhat more complicated,
since the equations governing the external solution (such as (1))
would contain time-dependent terms. In this case the following
procedure might be adopted:

(1) The equations governing the external solution ere inverted and
expressed in a finite-difference form.

(ii) The integration may be carried out by time-stepping the inverted
and interior equations simultaneously.

(i17) At each time ste is eimple to imposs the necessary boundary
conditions at x = 1 (from the continuity requirements) which are
used in the next time step.

We have, however, only considered the steady quadrupole solution. The

resulting field structure is shown for aspect ratios of 2/15 and 1/15

in figures 6.6 and 6.7, respectively. The dynamo numbers found

suggest that the field is easier to excite if the intergalactic

medium has a finite conductivity.
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Parker (1971) has considered similar boundary conditions for his
model, but has allowed the shear to extend to infinity. He has
found that the excitation parameter (and therefore dynamoc number) is
small compared to the estimate of the observed value. In this case
he argues that a higher mode is excited, bul the reversed fields cannot
escape freely (as a result of the finite conductivity of the surrounding
medium) and active degeneration occurs. He cor‘inues to conclude that
the emptiness of the intergalactic medium is an essential part of
the galactic dynamo., We reject this conclusion on {two accounts: the
dynamo number obtained is sensitive to the prescribed o -effect
function (see table 6.2): the inclusion of the nonlinear effects we
have discussed prevent higher modes from occurring and are thsrefore

likely to save the field from active degeneration.

TABLE 6,2

Critical Dynamo Numbers for Models with Finite Conductivity

of Intergalactic Medium V = 1/15

Parker Present Work

-750 | -15,000 | =-6,000*

*TIncludes Observed Rotation Curve

In table 6.2 we have also included the dynamo number for this
model when the observed rotation curve is included. It is more
appropriate to compare this number with Parker's result. Given that
dynamo action occurs in the galaxy, we conclude there is né evidence
for (or against) the intergalactic medium having a finite conductivity.
We find, however, that the situation is clearer when we look at

external golaxies (Chapter Eight).
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Inclusion of the Observed Galactic Rotation Curve

The.galactic rotation curve (Mihalas, 1968) has been approximated
to suitable polynomials. Figure 6.8 shows the observed points and
the polynomial approximation. From this we can calculate dw/ds at
each point on the finite-difference mesh. The shear is normalized
so that its value at earth is unity. This allows w, to be
interpreted as -2A, where A is Oorts' constant.

Figures 6.9 and 6.10 show the resulting field for aspect ratios
of 2/15 and 1/15, respectively. The dynamo numbers (-8,000 and
-20,000) are smaller than those reported in previous models. If the
toroidal field strength is normalized to 3 MG at the earth, then, in
the case where V = 1/15 the maximum field strength is some three
orders of magnitude larzer. The nonlinear effects arising from the
mechanical forces exerted by such large fields would be important.
We therefore allow the turbulence to be suppressed in the manner
already described.

A Proposed Model for thé Galaxy

Figure 6,11 shows the radial behaviour of B at z = 0, for
three values of N. The field values have been normalized so that the
field strength at the earth is 3 pG. We choose N = 6 for our model.
This choice is somewhat arbitrary, but it leads to more reasonable
values of B towards the galactic centre (French and Osborne, 1976).
Also the required dynamo number does not differ significantly from
the estimate of the observed value. The solution is shown in
figure 6.12., 'he external solution has been calculated out to a
distance of ~ 20 kpc, in readiness for the investigations we describe

in the next chapter.
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Discussion

With regards the suppression of turbulence by the magnetic field
we first point out that an alternative school of thought exists.
Parker (1975) has suggested that the Petschek mechanism for the
rapid reconnection of field lines may be important here. As the
magnetic field grows and becomes entangled by the turbulent velocity
field, Fluid is squeezed out tetween neighbouring ribtons of field,
so the field gradients become very large. Under these conditions
(Parker, 1975, and references therein) resistive diffusion proceeds
rapidly and rapid reconnection of the field occurs, preventing the
field from becoming sufficiently large so that field stresses are
important. We do not know whether this mechanism or the one
considered in section 6.3 dominates. It is clear, however, that if
the turbulence is suppressed in the manner we have suggested, it does
not block dynamo action, as Piddington (1970) has suggested.

We note that Piddington (1973) has also suégested that spiral
structure is of a hydromagnetic origin, challenging density wave
theory. Unlike the hydromagnetic model, density wave theory predicts
that H! rogions should lie along the spiral arms. Lindblad (1974)
has pointed out that Oorts' observations (1974) of neutral hydrogen
in M5! favour the density wave theory, and remove Piddington's
earlier criticism. This point has bheen subgtanstisted by higher
resolution studies of neutral hydrogen by Allen et al(197hl

The model discussed in section 6.4 serves mainly as a example
of the way in which a spatially dependent diffusivity can be
incorporated. From equation (4.4.10)we expect the diffusivity to
increase with the rms turbulent velocity, and therefore probably
towards the galactic centre. We leave the diffusivity constant in
the final model, in view of the lack of observational evidence to

the contrary.
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The back-reaction of the field upon the fluid motions may also
influence the large-scale motions. As the field grows it can exert
& braking effect upon. the differential rotation, reducing its capacity
for regeneration. Unfortunately, this effect has proved too difficult
to be included in our models. The most successful attempt to include
the effect of the magnetic field upon the large-scale flow appears
to have been made by Malkus and Proctor (1975). Their work is
concerned with spherical ¢xx-dynamos and illustrates that only the
most sophisticated techniques are able to make progress in this

nonlinear regime.
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Chapter Seven. The Propagation of Ultra-High-Energy

Cosmic Rays in the Proposed Field Model

Introduction

The consequences of our field model for the propagation of ultra-
high energy cosmic rays are investigated by means of calculating the
trajectories of particles leaving earth. This technique has previously
been used by Thielheim and Langhoff (1968), and Karakvle et al (1972),
and Osborne et al (1973). They have considered 'conventional' field
models which are characterized by a semi-empirical nature, Unlike a
model predicted from the dynamo mechanism, a conventional model possesses
no poloidal component.

Our model is concerned with the averaged large-scale component of
the field, but the small-scale fluctuating component may also be
important to the present problem., The irregularities in the Galactic
magnetic field appear to be on scales ranging from 10 pc to 100 pec,
which are comparable to the scales of turbulent motions. At a rigidity
of 1018 év a particle in a 3 MG magnetic fleld has a Larmor radius
300 pe. Therefore, at rigidities 73, 1018 &V it seems reasonable to
neglect the effect of the small-scale fluctuating component of the fiseld.

Calculation of Trajectories

The Lorents force F acting on a charged particle g, moving with

velocity y in a magnetic field B is

F = Z/c(g Ag) (7.2.1)

A

¢ is the speed of light. Cgs units are used. The acceleration on the
particle is given by

g - 91§ x10? (¥ aB) 2 ’Q/Mﬁ (7.2.2)
ct €



7

where a is the ac;eleration (kpe 5=2 ), c the speed of light (kpc s-1 ),

¥ the instantaneous unit velocity vector, B -the magnetic field (pe),

Z the atomic number, and E the energy of the energy of the particle (eV).
A simple time-stepping procedure is employed to calculate the

trajectory. At the beginning of each time step the acceleration is

calculated using (2). Since the acceleration is not constant during

the time step an effective acceleration is calculated. This is equal

to the acceleration at the mid-point of the step, and is calculated by

a parabolic extrapolation using the acceleration at the two previous

steps, The effective acceleration is now used to calculate the position

and velocity at the end of the step, The length of the time step is

reduced until the trajectory no longer depends upon it. Rounding errors

can accumulate and become important if the trajeotories are sufficiently

lengthy. They manifest themselves through the loss of normalization of

the instantaneous unit velocity vector.

The field model, described in section 6.6 spans an oblate
spheroidal region whose semi-major axis is 25,8 kpc and semi-minor axis
21 kpc. It is complicated to perform the trajectory calculation in any
goometry other than a Cartesian one, so we must specify the field in
Cartesian co-ordinates. Components of the field are first found in
cylindrical polar co-ordinates (r, 4, z) at each point on the oblate

spheroidal grid (8, x). We find the components of the poloidal field

are
. I/l .
8 = -~ 2t + 2500 B,
r xt+ i to/gt (x4 cos /() .f (7.2.3)

n

B,

2508 By 4 30/ X1 “
(xt+ o 8/ft) 74 (;;:;,zo/!.z) 8f (7.2.4)

10" :
where Bz = _Z_ij 94 1—_{9 -1]] (7.2.5)

b(ats a,.,lg/!’t)"l Jx [.z‘-fﬁ
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I JA -//960("9./

and B' = b(zt.,.(ogz'&{fot)“- J—G (7-2-6)

The notation has been explained in Chapter Five. The toroidal field

is, of course, BA.

At the beginning of the program for calculating trajectories the
field values (Br, B4, Bz) are read in for each point on the oblate
spheroidal grid. During each time step of the trajectory calculation
the field values are found in the following way:

(1) Given the position of the particle (x', y, z). the corresponding
position on the oblate spheroidal grid (@, x) is found from the
inverse of the transformations given in section 5.2.

(i1) (Bx', By, Bz) is evaluated from the relevant (Br, B4, Bz) value

Results
The path lengths in the disk and deflections have been calculated

for sets of 800 trajectories at prescribed energies. The particles

(antiprotons) have been set off from earth in directions on a uniform

grid in gelactic co-ordinatos (11L bII), If it is essumed that

cosmic ray sources are uniformly distributed in the disk, then the
intensity of cosmic rays expected from a certain direction is proportional

to the path length in the disk in that direction. PFigures 7.1 to 7.3

show the path length distribution in Galactic co-ordinates for energies

of 2 x 1018, 2 x 1019, and 10%C eV. The contours are equi-spaced and

range typically from 1 kpc to 10 kpc in value. Figures 7.4 to 7.6

show the relevant deflections. The contour levels are marked in degrees.

Even at the highest energies significant deflections occur in certain

directions,

Discussion
The distribution of path lengths gives some idea of the expected

anisotropies in arrival directions of particles if they are of Galactic

origin.
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The lack of observed anisotropies at these energies suggests that these
particles, if they are protons, cannot be of galactic origin. Our
result does not differ from that deduced from conventional models.

Judging from the deflections we have calculated, it would seem
wiser to choose cut-offs at E = 2 x 1019 eV and b1l = 45° for extra-
galactic correlation searches. The deflections are somewhat larger
than we have anticipated in Chapter Three. This is because of the
poloidal field component of the model.

If the boundary conditions are adjusted to sult the case of a
conducting intergalactic medium (section 6.5) then the stronger toroidal
component of the field will penetrate the surface of the disk., For
this model the deflections are much larger, so, unless the intergalactic
medium is empty, the small-scale features of the dlstribution of the
arrival directions of ultra-high-energy cosmic rays will probably give no
information about thei:r sources,

If the primary cosmic rays (E » 1019 eV) are heavier particles
(say iron nuclei) then their rigidities are 1017 - 1018 Vv, We have
not ruled out the possibility that these primaries are of Galactic

origin. This applies also for the conventional models.
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Chapter Eight, Comparison with Observations

Introduction

Synchrotron radiation is emitted wherever an electron having a

relativistic velocity encounters a magnetic field. The emission for

an ensemble of electrons is

(T+1)/2
£ &£ Ne 8.[ Jl

(8.1.1)

where the integral is along the line of sight ¥ is the spectral index
of the differential energy spectrum of the relativistic electrons.
B, is the magnetic field strength perpendicular to the line of sight.
A complete treatment of the subject is given by Pacholczyk (1970).

In galaxies the sources of relativistic electrons are very probably
encountered in the galactic plane and perhaps towards the galactic centre.
If the propagation of the electrons is by some effective diffusion
mechanism or by a combination of diffusion and convection one would
expect that the electron density, ne , would fall off towards the
edges of the galaxy and that, because their rate of energy loss increases
with energy, their energy spectrum would be steeper in the outer parts.
For simplicity in the present comparison we take Ang and X as constant,
the latter being set equal to 2.8 in agreement with the mean spectral
index of the overall continuum emission froum spiral galaxies, Our
results will represent, therefore, upper limits to the extent of the
synchrotron radiation from galaxies.

Comparison will be made with two field models:

(a) the model used in Chapter Seven, which is characterized by ... empty
intergalactic medium,
(b) the model which has a conducting intergalactic medium, and has been

described in Chapter Six.
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Figure 8.1, which shows the field model for (b) can be compared with
Figure 6.11, which shows the field model for (a). For model (b) the
diffusivity of the intergalactic medium is the same as the galaxy, and
is ~ 1026 cm2 5=1, No turbulent motions are prescribed outside the
galaxy so this diffusivity is of an ambipolar nature. Noting that the
ambipolar diffusivity of the interstellar medium is ~ 1022 2 3'1, where
the density of ionized matter (protons or electrons) is 10~' -10-2 cm -3
(Bridle and Venugopal, 1969) one expects a density 1072 -10-6 cu3 to

be appropriate for the intergalactic medium of model (b). The critical
density required to close the universe (for a Hubble constant Ho =

50 km s Mpc) is ~ 102 cm=J.

Calculation of the Synchrotron Radiation

The calculation for the emission expected within the Galaxy is
first described. Taking a direction (lII, bII) in Galactic co-ordinates,

the unit vector, 8, along the line of sight is

( ot %o b -5ind T 8 smnb7)

RN

(8.2.1)

This is for a right-handed Cartesian co-ordinate system. Note that

8, = Bsirﬂ = (28] (8.2.2)

gctor mades with liie line of
sight. Let X¢ be the position vector of the earth. The position vector

of a point at & distance @ along the line of sight is

A
rosoxe 118 (8.2.3)
The manner in which the field is specified in Cartesian co-orindates

has already been described in Section 7.2.



8.3

83

By can be calculated at each point along the line of sight and the
integral evaluated numerically using Simpson's rule. The region which
the field occupies has also been described. By evaluating the integrals
for slightly smaller regions the convergence of their values can be
tested. It was found that the results do not depend upon the extent

of the region used.

For the calculation of the emission from the external galaxy the
situation is more straightforward: integrals are evaluated along the
lines of sight in the (©, x) plane. As a check upon the calculations
the emission from the line of sight through the galactic centre can be
compared for the (alaxy and an external galaxy. Both should, of course,
be the same, apart from small differences arising from the emission in
the anticentre for the Galaxy. This is found to be the case. A step
length of 0.1 kpc was used for all the integrations.

Comparison with the Synchrotron Radiation of the Galaxy

The survey map of the synchrotron radiation of the Galaxy at
150 MHz is shown in figure 8.2 (Landecker and Wielebinski, 1970).- The
emissions expected from models (b) and (a) are shown also upon a
sinusoidal projection of the entire sky in figures 8.3 and 8.4. Galactic
co-ordinates are used and each projection employs the same phase
convention, which is set up in figure 8.2. The field models have been
normalized to 3 pG at earth, but the emission is not normalized. The
constants of proportionality for conversion of the predicted results to
brightness temperature depends upon the frequencies of observation. The
conversion factors, by which the emission for the predictions is
multiplied, are quoted for relevant frequencies in table 8.1. The-=

results follow from formulae appearing in Felten and Morrison (1968).

The value of the electron flux (Io) has been taken as a constant, and

equal to the observed value at earth (80 g-2-8 m-2 st=1 s=1 Gev-1)
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TABLE 8.1
Conversion
Frequency Factor
Mz OK/contour unit
150 2.5
610 4.3 x 10-2
1415 3.7 x 103

The most striking feature of the predictions is their lack of
symmetry about the plane perpendicular to the equator at the Galactic
centre. Individually the toroidal and poloidal components of the fields
give rise to a symmetric contribution, but the combined contribution is
asymmetric, In model (b), where the toroidal field penetrates the
surface of the disk, the degree of asymmetry is less than in model (a).
This is because the role of the toroidal field is more dominant in model
(b) than model {(a). The observations also show some asymmetry, but this
may be understood in terms of spiral structure. In particular the
observations in the plane show more emission at 111 _ gpo (spiral in)
than 111 - 2700 (spiral out) but the converse is true for the models.

In view of the probable dependence of the disk emission upon spiral
structure and the dependence of the predictions upon the model parameters,
such as distributions afq? and £ and the factor by which turbulence is
suppressed, it is not realistic to make a detailed comparison. However,
for the emission at high latitudes the situation is more favourable.

The contribution predicted from the fields outside the disk depend upon

their potential nature, being largely independent of the model

parameters.
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The fall-off in emission with Galactic latitude at 1II = 0
is faster for model (a), but slower for model (b), than for the
observations. This suggests that it is not possible to account for
the observed high latitude emission if the intergalactic medium is
enpty. The contribution from the disk component does, of course,
confuse the situation somewhat, but by comparing with the observations
of external galaxies one can overcome this difficulty.

Comparison with the SynchrotronRrdiation from External Galaxies

Observations of five edge-on galaxies (NGC 891, 4631, 424k, L4565
and 5907) have been made by Ekers and Sancisi (Sancisi, private
communication, October 1975). The two which are of the greatest
interest are NGC 891 and 4631. They have been studied at 6 cm and
21 cm with resolutions of 8" and 30". The others have been studied
only with the lower resolution of 1' so it is not possible to make
comparisons. Figure 8.5 shows the observed map of NGC 4631 at 610 MHz,
which has been redrawn from results communicated by Sancisi. Figure
8.6 is taken from Sancisi et al (1974) and shows the observed emission
for NGC 891. Naturally one must make the assumption that these
galaxies are very similar to our own. This is probably a good assumption
for NGC 891 but more doubtful for NGC 4631, since there appears to be
some evidence for tidal interaction of this galaxy with a neighbouring
one (Baldwin, personal communication, November 1976).

The emissions expected from models (a) and (b) are shown in figures
8.7 and 8.8 respectively. Equispaced logarithmic contours are plotted
in each case, The conversion factors relsvant for the observations of
NGC 4631 (at 610 MHz) and NGC 891 (at 1415 MHz) appear in table 8.1.

The observed and predicted profiles for both galaxies and models are

compared in figure 8.9.
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The slight asymmetry in the observations above and below the plane
may be of an instrumental origin. The predicted profiles have been
convolved with Gaussians of half-widths .4 kpc and 2.4 kpc which are
appropriate to the resolution of NGC 891 and 4631 respectively. The
curves in each case have been normalized to the same maximum value,
The predicted profile for model (a) falls off considerably more
rapidly than the observed profile for NGC 891. The situation is not
8o clear for NGC 4631 where the resolution is poorer. In view of the
poorer resolution for NGC 4631 and complications arising from the
possible gravitational interaction of this galaxy, it is wiser to base
conclusions upon the comparisons with NGC 891. For model (b) the
predicted profile falls off less rapidly than the observed profiles for
both galaxies. These findings reinforce the suggestion made earlier
on the difficulty of accounting for the observed high-z emission in
terms only of a poloidal potential field. It is emphasized that the
potential nature of this field primarily determines the fall-off, and

its strength, which is model dependent, is not so important.

Discussion

Before summarizing the results of the comparisons some remarks
are made concerning the problem of intergalactic gas. Field (197.4)
has reviewed the evidence for an intergalactic gas. Several rich clusters
of galaxies (e.g Coma) have been found to be x-ray sources. If the
emission mechanism is thermal bremsstrahlung (TB) then the observations
give positive evidence for an intracluster gas (ICG). The x-ray data
for Coma are consistent with TB from an ICG having T = 0.9 x 108 K and
mass (2-5) x 1014 Mo. This mass of gas is not sufficient to resolve

the virial mass discrepancy of the cluster.
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Observations of the diffuse x-ray background are sensitive to gas with
T = 106 - 10'0 K. Silk and Tarter (1973) have predicted the
contributions of clusters to the diffuse x-ray background and have
tentatively concluded that the de Vaucouleurs' groups of galaxies

(de Vaucouleurs, 1976) should be TB x-ray sources with T = 109 K to
10/ X, containing sufficient ICG to bind the groups and close the
universe. Field has suggested that a decisive test would be the
observations of soft x-rays from such groups. If the temperature of
the ICG is somewhat lower say T = 10% - 106 K, then the TB would be
between 1 eV and 100 eV, which is a difficult region to observe, since
the lower end is obscured by starlight, and the upper end by interstellar
absorption.

The galaxies we have discussed are members of nearby de Vaucouleurs'
groups. It is of some interest to note that model (b) which can be
interpreted as having the galaxy surrounded by ionized intergalactic
hydrogen (density 1072 - 10~6 particles cm~3) accounts for the high-z
synchrotron emission observed in some galaxies. It is not difficult,
however, to construct models which agree with observations. We have
assumed a constant relativistic electron density throughout the entire
region considered, so the results of the comparison with NGC 891
(figure 8.9) places an upper limit on the way this electron density
must fall off in order to obtain agreement. This probably casts doubt
on the realism of model (b). The ionized gas surrounding the galaxy
is envisaged to be in hydrostatic equilibrium, thermal pressure maintaining
the gas against gravitational collapse. Dynamic effects may play an
important role here, the gaseous disk of the galaxy being inflated by
cosmic ray pressure, and perhaps a galactic wind blowing fields and

matter outwards.
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One may also expect the fields to influence the motions of a very

tenuous intergalactic gas. By introducing a diffusion mechanism for

the relativistic electrons in model (b) it is possible that some conflict

would arise between the predictions and observations. Given this, it

would then be necessary to try and include the more complicated dynamic

eff'ects we have mentioned.
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Figure 1:

Distribution of HI column density in
NGC 891. The contours (0.2, 0.4, 1.2,
2.0, 2.8) are in units of 3 x 102! cm™2,
These values are underestimates of the
actual column densities, because of 1I
self-absorption and absorption against
the radio-continuum emission from the
disk cf the galaxy itseif. The beam~
size is shown by the small ellipse.
The map is based on incowmplete data
and therefore preliminary.

Map of the radio continuum emis-
sion at 1415 MHz, The contour unit
is 5 m.f.u./beam {( = 4 K). The
contour interval is 0.4 from 0.4
to 2.0 and 2.0 from 4.0 on, The
spatial resolution is approximate-
ly the same as in the HI map.
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Comparison between predicted profile of dynamo models (a) and (b) and
the observations of NGC 4631 and NGC 891.
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Chapter Nine. Conclusions

Dynamo action can occur in the galaxy. The galaxy can act as an ®W-
dynamo, the steady quadrupolar mode béing preferred. Oscillating solutions
also occur, but require higher dynamo numbers for their excitation. Some
attempt has been made to include nonlinear effects into the dynamo model,
but this is far from satisfactory. fhe observed variation of the magnetic
field in the disk inferred from the synchrotron radiation from the Galaxy is
considerably less than predicted by the linear model, It is not clear
whether the back-reaction of the magnetic field on the small-scale turbulent
velocity field or on the large-scale velocity field dominates. The former
effect has been investigated only in an arbitrary manner, a more sophisticated
treatment awaiting further developments in turbulent magnetohydrodynamics.
Good observations exist for the rotation curves of galaxies and provide
incentive for developing the numerical techniques required for investigating
the latter effect. There is no reason to believe that the suppression of
turbulence can block dynamo action or that the occurrence of turbulence in
a rotating cosmic body cannot alter the electromagnetic state of that system,
88 Piddington has suggested. The galactic magnetic field does not appear
to be primordial but a consequence of present conditions.

Only axisymmetric solutions to the dynamo equation have been conaidered.
However, the existence of spiral structure in the galaxy suggests that
macroscopic regeneration induced by large-scale nearly symmetric fluid
motions may be important. The approach provided by mean field electro-
dynamics to the problem is deceptively simpler than that of Braginskii's nearly
symmetric dynamo approach, but the dynamic problems encountered in mean field
electrodynamics are more difficult involving the fundementals of turbulence
theory. It is possible that both macroscopic and microscopic regeneration

affect the nature of the galactic dynamo.
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It is not possible to explain the observed synchrotron radiation from
external galaxies on the basis. of an essentially kinematic model and an
empty intergalactic medium. Although it is possible to explain the
observations by altering the model so that the intergalactic medium is
conducting this is not interpreted as evidence for such a passive ionized
medium in view of the physical implausibility of such a model. The results
do suggest that ionized gas exists outside the denser galactic disk, but
whether this is a global medium out of which galaxies may have formed and
perhaps of sufficient density to bind clusters of galaxies or whether this
has been issued from the galactic disk remains undecided. The escape of
magnetic field by diffusion into the passive intergalactic medium of the
model may have little relevance to the real case; instead it is envisaged
that the magnetic field at the surface of the disk may dominate the motions
of a tenuous intracluster plasma, both field and gas evaporating froma disk
inflated by cosmic ray pressure. Observations of radio polarization of the
synchrotron radiation from edge-on galaxies may be made in the near future
and should distinguish between kinematic and dynamic models for the megnetic
field. The kinematic model will give rise to a larger degree of polarization
than a dynamic one, as & consequence of the large-scale regular field outside
the disk.

As for the propagation of ultra-high-energy cosmic rays in the galaxy
the kinematic dynamo model would rule out a galactic origin for primaries of
a predominantly proton composition, in agreement with conventional field
models. ‘The poloidal field of the dynamo model is too weak to have any
trapping effect upon the high energy particles. In the case of an empty
intergalactic medium it is possible flor small-scale correlations to provide

source information particularly at high latitudes (bl » 45°).
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However, it seems that significant amounts of ionized gas exist beyond the
disk, weakening this possibility considerably. It is not clear how much
dynamic effects might alter the picture, and seems wise to keep an open
mind about the problem of extragalactic versus galactic origin for these
particles.

In conclusion, dynamo theory can provide an adequate basis for building
models of the galactic magnetic field which provide the most plgusible
explanation for its existence, and serve to unify diverse astrophysical

observations both in the fields of cosmic ray astrophysics and radio

astronomy.
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APPENDIX I

The Parametric Eqpations,of the Equal-Area Hammer Projection

This projection of the entire.sky, also known as:the equal-area
Aitoff projection (although Hammér made the first construction, see
Steers, 1962), is commonly used in Astrophysiés: its parametric
equations, however, do not appear readily available in the literature
on map projections. We have therefore made the following derivation,
(Fong and White, unpublished) the results of which should prove usaful
to those wishing to use ‘this projection in computer graphics.

To obtaln this projection the following op;rations are necessary.
The hemisphere shown in figure 1 is projected onto the (x, y) plane,
and then the co-ordinate system is rotated so that the pole no longer

appears at the centre, but at the circumference. We have the equations

z = cos® = cos @' cos '
y = sin@ sinf = cos @' sin g’ AT (1)
x = sin®cos g = sin @'

and, referring to figure 2, we make the equal-area requirement that

dA = o? sin @ d@ df =  afat AT (2)
wen i dll*) = ~atd (8]
. : _ I AL (3)
g = a’'(1-cno} ”
AT (&)
where a' = fia
We set
X = Qcosg
AT (5)
Y = Qsing
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To cover the entire sky we perform the final transformations

66 g =af  we
M x =y y =X

”l
whence { = a (1 ¥ 03 O cod F5/2 )

, , AT (7)
and éa«ﬁ"‘”“&-"ﬂ”%‘l

This has the effect of stretching, by a factor of 2, the original
circular projection in the X, axis, giving the familiar elliptical
shape of the final projection. Substituting equations (6) and (7) into
equations (5), and simplifying, shows that the equal~area Hammer

projection (@s, f#s)-»(X_, Y. ) is given by the equations

> .
[ ad
n

2a'bcod O i g/

S
]

(1+ 26 @ /2) T

-in < g <¢ i

- 17 < ﬂ; £ /7

o
it

We have put the operations which can be performed manually to
produce the projection into a mathematical form.
As a check, it can be now shown that the equations do represent

an equal-area projection., It is found that the Jacobian

Q}L QXL

965 op - atces O
0% 9y

2%  ofy

as expected. The family of curves are shown in fipgure 3.
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APPENDIX II

The Random Magnetic Field Model

Kiraly (personal communication, November 1974) has suggested the
following derivation for the random small-angle multiple scattering of
a proton in a magnetic field. The f'ield model consists of uncorrelated
fields of dimension Zz. Each cell has a constant field strength and the
overall directional distribution of the field is isotropic.

The path of a high-energy proton projected on the xz-plane is

considered.

The angular deflection the xz-plane (yz-plane) for a high-energy

. ', . . . wr . VANVIR 5 Yy b LN
proton is 2 (i, ) in the i c¢ell. We expect K &z / = ( a(‘-7 /
v

0
A
-
g
[+
ct
AN
&
-
1]
v

<a(f'7> = 0 . The angular

bracket denotes 'the expectation value. Then
-l
X, < Z ((F -VZE) ayy
v=o
;
= 32 i KXiw,x
“=f ATT (1)
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Consequently (1.,'-)= 0, but

4
12y = 52 T dimg Kian )

.K,K'zl
4 o, . s ,2
= 504"2 Kk = Ll AU 3T
y 3] B 1
¥ <3ty
AII (2)

The total deflection

Similarly ¢ ¢ct) = w33
CBYD (x> ¢ <ot>)/ p

I
where D = (¢ 0'% # X *%;J t

For small-angle scattering

is the straight line distance.

1
A SR ATI (3)
then D'~ D, and
- 10/32
<A = 0 ATT (1)

Since we have isotropy i.e. <ﬁx17 s (67‘) = <32 )= <§a),

and constant fields in each cell then
- N R 2
’(4,'.1:1 > 137 Ez///ooé',,lj ) 0<:7 h &LE/K/OOS‘Q j

where E,,(1019 eV), B (10~9 Gauss), Z (Mpc), « (radians)
In these units

<3 = KB 3 /7006, 1/ ATI (5)

. i\ "4
and for B ( = { A1) ) in degrees, we find

ALl (6)

A = 27kE; 0

- iy 3
where K = 8% 2 is the propagation parameter.
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/ - {
For the path length difference we proceed as follows: let J =L o ’

where L is the length of the path in space, and d=0C" o

]
= r. ! In ¥ 42
J=JI'-{(5 57,/ ATT (7)
because of (3).
Since
I = Z (iz'l‘ (x, - x,., t (y, - < - ? /4'-—
J m[ Vol yi-9i0)?) 5 ]
A
= ! D ~X., )2 . - 1
33 ‘.gl [(2. K-y )< # (jg 7¢—/} ] AIT (8)
and

Clm-x)t> = Kl iy )2

IS tom g - £ :
Z vy Eo (C-1-v)g,, ) P,

=1 ‘ 2 l
Pt £ )

1]

= 152,
P A’ AII (9)
one obtains A
iy = 1 AxPEXI (= xPiain
<D 25 S
= P
23
and finally
(8> = #P 0TS L 200
27 32
A LN A PLY & ATT (10)
6 3 § 2

using (5) we conclude

() = 800 KPETEDT

ATI (11)
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where (f) is in years.
Skilling (private communication) has reached essentially the same

results by Fourier analysing the magnetic field.
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APPENDIX III

The Simplified Maximum Likelihood Evaluation of the SN Hypothesis

The principle of maximum likelihood (see Kendall, 1951) is applied
to evaluate the SN hypothesis discussed in Chapter Three. The
likelihood function which is formulated has been suggested by Kiral&
(personal communication February 1975). Let ¢ be the intensity parameter,
which characterizes the intensity of ultra-high energy cosmic rays
produced by a SN, It is assumed to be the same for all SNg . Let
v=1, 2, ... N index the observed air shower lines, and i = 1, 2, Ky
index those SNy whose circles (radius 5°) have intersections with the
shower line. Let oy (hours) denote the right-ascension (RA) of the
shower, and dy 1ts declination. We Set X = o(y/2. The probability

tA
density for the Y shower being in the position xp is, without

normalization, _

Ky

P,,’va) = ] + ‘z./ /lv‘-txv) ATTTI (1)

ﬁy‘-(x,.) s ]v,; txy)C ‘03"]1: ATII (2)
ﬂp‘--x [ Xv 'xv‘;/ £ 01)"

yv‘:(.ly) < .
o X -Xnl > 4y,

ATII (3)-

Diagramatically:
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' Ay (Xy)
3 S
P, (xy) ]
o :w_’ :
4%1& b 1

Ry; is the distance of the SN which contributes at Xy;. X = 2
takes account of the inverse square law, whereas X = L would also make
allowance for the reduction flux due to propagation effects caused by
magnetic fields (see AII). The cosd; factor appearing in (2) allows -
for coverage sffects,

The normalized probability density is

Ky K,
Pyw) = (148 hnex (142 % dwc R emrd)

= (]fCCOJ’Jl;Sv)/(J"‘C“”‘/;é)

ATIT (4)
where
. Ky
S‘v s z f’,‘. (ij
c=y
Ky - X
Sy = 2 Ax R‘i‘ ATTI (5)

{2/
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The likelihood function L (¢J is

Y
= / /7 /O (Xy)
L(C} ?7;&/ v ATII (6)
and maximlzing with respect to ¢ we find
N
W = § (5 -5)dy = 0
e v=i (14 ¢ Sycosdy, N1 +cs,.cow£) ATTI (7)

The maximlization is achieved numerically, taking a suitable range
for c. The maximum value Cpax of ¢ and L(cpyy) is determined for |
the actual data. L(cpax) is the probability density of finding cpax,
relative to the ¢ = 0 case. The quantile of L(cmax), which is
found by Monte Carlo methods (i.e assigning random values of RA to the
showers), tests the hypothesis: it is the probability that we have
wrongly re jected the null hypothesis,

In order to estimate both the propagation parameter (K, discussed
in Appendix II) and the intensity parameter it is necessary to extend
the likelihood function to two dimensions (X, c¢). L (K, ¢) is then
maximized with respect to both K and ¢, To achieve this a time 'window'
selection is performed, for varying values of K, before determining the
meximum value of c. The selection was carried out by allowing those

[
events whose time delays 5' satisfied

f72 s J' ¢ AIII (8)

where J-is given by AII (11). The random sets of air showers are now

also assigned the actual arrival times in a random order.
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APFENDIX IV

The Eigenvalue Approach to the Dynamo Problem

Stix (1975) hes formulated this approach, which is outlined. We

mention & way of incorporating this approach for the imposition of
boundary conditions for the initial-value problem.

The external magnetic field

8 = - v¢ ATV (1)
In the axisymmetric case

K3 AR 9) i)
A=/

ATV (2)

satisfies the boundary condition at infinity. The time dependence, t,
is separated into the exponential factor. Pp and Qn are Legendre
polynomials of the first and second kind, respectively.
The internal toroidal field is represented by
Aé > 4
B = e Z /65(‘7‘) /A [7') m(5)
A=l
bn (1) = 0 for all n satisiies the condition that no currents flow . -
outside the disk.
The internal poloidal field is represented by the toroidal vector
potential A = (0, 0, A) where
Y = 1
A= RE ) R7(7)
Az ATV (4)
The boundary condition on aj (x) is found by equating the ex*r+nal
and internal poloidal field components, using the orthogonality of P,

and Pn1, and eliminating A;,., The result is
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{1+ ’/f,l) j{ah/

[t [ 1= D00 Y g ) ]
ol X=/
= 0

ATV (5)

Equations (3) and (4) are substituted into equations (5.4.5) and (5.k.6),

which are multiplied by (11*7‘{51) /Oy‘z[?} and integrated over

the 7 interval (=1, 1). The results are

Er by = - B é_klxv s Q/” (x*+ 0_7_]‘11/5
A; Y A Ul [- ‘r d}l”

+ Axdhy 4 & - vér‘ﬂ]b]
dx /+.71_‘Jr¢,1 ” hxv (6)

and
/\ZFV‘Q uﬂmganv‘*/yy[(xz?‘oz)da)
A Ve dxt
+ ladav 4 av - vtvil)ay |
Iz Txigt ‘ ",/
17X S ATV (7)
where
F., = f’(xz'#’il/ z]/"jpjd'r;
v -1 A Ot ATV (8)

Kaw <of /% 0 (50, R2) . 1] p
w S5 g eaRl) 40 I (sa k)] Ry

97 J'Z Jx
- /
Cav bﬁj-‘/ Z (x4 Z;/szj,g‘,gid/z
My = lvewil)/(ivel)

The integrals are worked out using orthogonality and recurreire

relations, and are listed in the appendix of Stix's paper.
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To test Stix's calculation we proceeded as follows. The problem
was first simplified by setting A = 0, and only the steady modes occur.
(6) and (7) become

AX = 0 ATV (9)
where X is the column vector consisting of values of 2, (x) and b, (x)
at grid points, for each harmonic. For (a,, n =0, 2, 4 ., N), (b,, n =
1, 3, 5 .. N + 1) the quadrupole mode is obteined, and (a, =1, 3,5 ..
N+1), (b, .=0, 2, 4, N) the dipole mode is obtained. The split
occurs since the integrals in (8) vanish if n- P is odd. This arises
because of the symmetry properties of «& and d%; with respect to z = 0.
At x = 0, Z has a discontinuity, and for regularity it is required that
ap and by for all even n and dan/dx and dbp/dx for all odd n are zero.

To determine ap (x) l xe=1 the following relations are used

(Roberts and Stix, 1972):

=g (1) -dxday + 92t d%a,
al\-(]“a‘t‘}-a* / ,[i/ 2/ dx'- /;/

ATV (10)

[xlff-l]:[[dn/ ¥ Z.de,\/ fah[-(%l ‘A[Af]]]
xt

ATV (11)

(7), (10) and (11) give the required result:

&[J’dx)/&a) = J "/f_"}_t d,\(])[/]—/tl/\r‘/)

R/ A Legx)
f AL f 4

ATV (12)
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We can now set up the matrix A (in (9)) and determine the dymamo
number (R:’) for the quadrupole mode. The value of R, for which the
first zero of JA| occurs gives the result. This was determined by trial
and error, using a standard NAG Library progi'am to find IAI Ten
harmonics and ten grid points were taken. Our determinant was therefore
200 x 200, The result PR -~ 58,000 is in reasonable agreement with the
initial value problem result (-63,000). Stix solves the more general
eigenvalue problem AX = ABX.

We now consider if it is advantageous to incorporate some of these

techniques into our initial-value formulation. Noting that
At , & 7
Aly, 1-0z) = R all-ax) (7]
AzY

we can determine a,,(/‘al) for alln from the values of A (7 , 1= 4x)

on the finite-difference grid. This would obviously involve the same
amount of work as the method we have already de.scribed for the imposition
of boundary conditions, unless the matrix in concern is positive definite
(in which case over-relaxation could be used). Givena, (1 -4%), a,(1)
are determined from (12) which give A ('Z.. 1) .

For the external solution, however, the situation is definitely
more favourable. Given an (1), Ap are determined (once the internal
and external values of the poloidal field are equated) which give }é and
consequently Bp. This would be more efficient computationally than the

method of interpolation we have employed, and greater accuracy could ' -

probably be achieved.
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