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Chapter 1 

I n t r o d u c t i o n 

I n r e c e n t y e a r s t h e i n t r o d u c t i o n o f t h e computer as an 

a d d i t i o n a l t o o l i n t h e i n d u s t r i a l d e s i g n process has 

s t i m u l a t e d c o n s i d e r a b l e i n t e r e s t i n t h e development o f 

a l g o r i t h m s f o r c u r v e and s u r f a c e i n t e r p o l a t i o n and 

a p p r o x i m a t i o n { 6 - 1 9 } . The purpose o f t h i s t h e s i s has 

.been t o a p p l y some o f t h e f u n d a m e n t a l i d e a s o f 

d i f f e r e n t i a l geometry t o t h i s problem and t o t h e problems 

a s s o c i a t e d w i t h d e r i v i n g two d i m e n s i o n a l p a t t e r n s from, 

g i v e n t h r e e d i m e n t i o n a l s u r f a c e r e p r e s e n t a t i o n s . 

T r a d i t i o n a l l y t h e d e s i g n process has i n v o l v e d a 

tremendous amount o f r e p e t i t i v e work which has been t i m e 

consuming, o f t e n i r r e v e r s i b l e and c o n s e q u e n t l y e x p e n s i v e . 

T h i s process o f p r o d u c i n g s k e t c h e s and d r a w i n g s , making 

models and a p p l y i n g numerous c o r r e c t i o n s and m o d i f i c a t i o n s 

has served t o emphasise t h e need f o r what i s now 

f a m i l i a r l y known as Computer Aided ( G e o m e t r i c ) D e s i g n . 



Tha b a s i s o f CAD c o u l d be s t a t e d b r i e f l y as t h e 

'mathem a t i c a l d e f i n i t i o n o f shape'. More p r e c i s e l y one 

i s i n t e r e s t e d I n d e r i v i n g f o r some shape - which may e x i s t 

i n i t i a l l y p u r e l y i n t h e d e s i g n e r s ' mind - a m a t h e m a t i c a l 

r e p r e s e n t a t i o n as a s u r f a c e i n E 3 w h i c h w i l l be o f such 

fo r m as can be h e l d w i t h i n a computer. The development 

o f such computer hardware as ' r e a l t i m e * keyboards an.d 

g r a p h i c s d i s p l a y s has meant t h a t a d e s i g n e r can 

d i r e c t l y i n t e r a c t w i t h t h e computer t o produce t h i s 

d e r i v a t i o n by u s i n g t h e q u i c k a s s i m i l a t i o n o f computed 

r e s u l t s t o make d e c i s i o n s and t h e r e b y e f f i c i e n t l y 

g u i d i n g t h e computer u n t i l an a c c e p t a b l e r e p r e s e n t a t i o n 

has been o b t a i n e d . 

To a c h i e v e a s u r f a c e r e p r e s e n t a t i o n i t i s c l e a r t h a t f o r 

a l l b u t t h e s i m p l e s t o f shapes g e o m e t r i c a l l y an i m p l i c i t 

e q u a t i o n would be unhandy i f . a t a l l o b t a i n a b l e s i n c e we 

s h a l l be m a i n l y i n t e r e s t e d i n l o c a l p r o p e r t i e s and h a v i n g 

l o c a l c o n t r o l o ver t h e d e s c r i p t i o n . C onsequently t h e 

t e c h n i q u e g e n e r a l l y adopted i s t h a t o f c o n s i d e r i n g t h e 

s u r f a c e as b e i n g composed o f a f i n i t e u n i o n o f 

t o p o l o g i c a l squares commonly known as 'patches' ( 1 1 . 13. 

14, 15) which a r e n o r m a l l y a r r a n g e d t o s a t i s f y c o n d i t i o n s 

which are analogous t o a s u r f a c e t r i a n g u l a t i o n where:-

( i ) no two patches have a common i n t e r i o r p o i n t , 

( i i ) t o each s i d e o f a p a t c h t h e r e c o r r e s p o n d two and 

o n l y two patches w i t h t h i s common s i d e u n l e s s 



t h e s i d e o f t h e p a t c h l i e s on t h e boundary 

o f t h e s u r f a c e i n which case i t belongs t o o n l y 

one p a t c h , 

( i i l ) any two patches can be J o i n e d by a sequence o f 

patc h e s where each p a t c h i n t h e sequence has one 

and o n l y one s i d e i n common w i t h t h e n e x t one i n 

t h e sequence, 

( i v ) a l l p a t c h e s w i t h a common v e r t e x can be a r r a n g e d 

i n a d e f i n i t e o r d e r so t h a t c o n s e c u t i v e patches 

have a common s i d e p a s s i n g t h r o u g h t h e v e r t e x . 

An e x p l i c i t f o r m i n which each p o i n t i s expressed i n terms 

o f two c u r v i l i n e a r c o o r d i n a t e s a l s o enables us t o d e s c r i b e 

a sense round t h e s u r f a c e . However, such a p a t c h 

r e p r e s e n t a t i o n i s by no means unique and i n a d d i t i o n t o 

t h e above we i n s i s t t h a t t h e r e are s i d e smoothness 

c o n d i t i o n s which w i l l ensure t h a t n e i g h b o u r i n g patches 

are g l u e d t o g e t h e r d i f f e r e n t i a b l y t o f o r m t h e complete 

d e f i n i t i o n . 

A l l f u n c t i o n s a r e computed as t r u n c a t e d p o l y n o m i a l s by 

d i g i t a l computers and so i t seems r e a s o n a b l e t o use 

p o l y n o m i a l s as t h e b a s i s f u n c t i o n s f o r b o t h c u r v e s and 

f o r t h e s u r f a c e p a t c h e s . I n p r a c t i c e f o r most 

purposes c u b i c s f o r curves and b i c u b i c s f o r s u r f a c e s are 

o p t i m a l i n t h a t t h e degrees a l l o w f o r s u f f i c i e n t shape 

f l e x i b i l i t y and t h e necessary smoothness c r i t e r i a . 



The problem o f i n t e r p o l a t i o n reduces t o one o f d e t e r m i n i n g 

s u i t a b l e c o n s t r a i n t s t o impose on p r o p e r t i e s such as a r c 

l e n g t h , s u r f a c e area and smoothness i n o r d e r t o u n i q u e l y 

d e f i n e t h e p a t c h b o u n d a r i e s and i n t e r i o r s f r o m t h e 

v e r t i c e s . We I n s i s t however, t h a t we do not impose 

r e s t r i c t i o n s w h i c h are p e c u l i a r t o t h e p a r t i c u l a r 

p a r a m e t e r i s a t i o n adopted and i n p a r t i c u l a r we s h a l l be 

i n t e r e s t e d i n i n t r i n s i c p r o p e r t i e s . By u s i n g elements 

.of i n t r i n s i c geometry we can use t h e r e s u l t s and i d e a s 

o f Riemannian geometry which i s m a i n l y i n t r i n s i c and 

-for which t h e l i t e r a t i v e i s v a s t { 3 } . T h i s would a l s o 

enable i d e a s t o proceed a l o n g more g e n e r a l l i n e s l o o k i n g 

— a t - a - p a r t i c u l a r f i e l d o f t e n s o r s d e f i n e d o v e r 

d i f f e r e n t i a b l e m a n i f o l d s . 
§ 

I n p l a c i n g our c o n s t r a i n t s we must pay a t t e n t i o n t o two 

b a s i c r e s u l t s f r o m t h e t h e o r y o f c u r v e s and s u r f a c e s i n 

E 3. For c u r v e s , t h e f u n d a m e n t a l e x i s t e n c e and 

uniqueness theorem s t a t e s t h a t f o r a r b i t r a r y c o n t i n u o u s 

f u n c t i o n s K ( S ) and T ( S ) . d e f i n e d on a < s $ b t h e n t h e r e 

e x i s t s , up t o a r i g i d m o t i o n , a unique c u r v e f o r w h i c h 

K i s t h e c u r v a t u r e , T i s t h e t o r s i o n and s i s t h e a r c 

l e n g t h . C o r r e s p o n d i n g l y , f o r s u r f a c e s i f t h e f u n c t i o n s 

E ( u , v ) , F ( u , v ) , G(u,v) are C 2 and L ( u , v ) , M ( u , v ) , 

N(u,v) C 1 on some open s e t c o n t a i n i n g ( U O , V q ) and s a t i s f y 

t h e c o m p a t i b i l i t y e q u a t i o n s o f Gauss and Codazzi and i f 

t h e q u a d r a t i c d i f f e r e n t i a l f o r m Edu 2 + 2Fdudv + Gdv 2 i s 



p o s i t i v e d e f i n i t e t h e n t h e r e e x i s t s a unique s u r f a c e , 

up t o E u c l i d e a n m o t i o n , d e f i n e d on a neighbourhood o f 

(u ,v ) h a v i n g E, F, G and L, M, N as f i r s t and second o o 
fu n d a m e n t a l c o e f f i c i e n t s . Length and area c o n s i d e r a t i o n s 

f o r c e us t o c o n s i d e r t h e t h e o r y o f t h e c a l c u l U B o f 

v a r i a t i o n s t o s o l v e what amounts t o a f o r m o f t h e g e n e r a l 

P l a t e a u problem which can be s t a t e d as ' g i v e n an n-1 
n ̂  K 

d i m e n s i o n a l c l o s e d s u b m a n i f o l d T i n E t h e n f i n d a 

m i n i m a l s u b m a n i f o l d M n w i t h boundary 9M n • T '. 

Having a c h i e v e d a s u i t a b l e m a t h e m a t i c a l r e p r e s e n t a t i o n 

which w i l l a c t as t h e g e o m e t r i c d a t a base we can t h e n 

move on t o c o n s i d e r o t h e r phases o f d e s i g n which c o u l d 

be embodied i n an o v e r a l l i n t e r a c t i v e system. The mass 

- p r o d u c t i o n o f f a s h i o n a r t i c l e s f o r I n s t a n c e u s u a l l y 

r e q u i r e s s p e c i a l l y shaped t o o l s such as j i g s , moulds 

and p a t t e r n s and i t would be b e n e f i c i a l i f t h e s e can be 

a c q u i r e d as soon as p o s s i b l e so t h a t t h e m a n u f a c t u r e r 

can c a t c h t h e market a t i t s peak. Thus i f we c o u l d 

use t h e computer h e l d d e f i n i t i o n t o d e t e r m i n e shapes f o r 

p a t t e r n s , w h i c h are n o r m a l l y two d i m e n s i o n a l , t h i s would 

f o r i n s t a n c e f a c i l i t a t e a u t o m a t i o n o f t h e d r a w i n g p r o c e s s 

w i t h t h e a i d o f d i g i t a l p l o t t e r s ; and t h e c u t t i n g p r o c a s s 
v.. 

w i t h t h e a i d o f l a s e r beams or h i g h p r e s s u r e w a t e r j e t s . 

The optimum mapping o f a p a r t i c u l a r s u r f a c e i n t o E 2 w i l l 

o b v i o u s l y depend upon c o n s t r a i n t s imposed by such t h i n g s 

as t h e e l a s t i c i t y o f t h e m a t e r i a l , t h e a v a i l a b l e 
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machinery, t h e c o s t o f t h e raw m a t e r i a l and so on. 

We w i l l need t o Know whether t h e optimum mapping i s 

g o i n g t o p r e s e r v e some g e o m e t r i c a l s t r u c t u r e o f t h e 

s u r f a c e . T h i s w i l l not n o r m a l l y be p o s s i b l e because 

o f t h e r e s t r i c t i o n s t h i s would i n v o l v e and so we w i l l 

have t o l o o k a t v a r i o u s norms f o r measuring t h e d e p a r t u r e 

from t h e c o n s i d e r e d i d e a l . Such an i d e a l m i g h t be an 

i s o m e t r y f o r example or more g e n e r a l l y c o n f o r m a l . I t i s 

w e l l known t h a t every p o i n t on a s u r f a c e has a n eighbourhood 

which can be mapped c o n f o r m a l l y on some neighbourhood o f 

any o t h e r s u r f a c e , and t h i s r e s u l t has been w i d e l y 

e x p l o i t e d by c a r t o g r a p h e r s . The n a t u r a l g e n e r a l i s a t i o n 

o f t h e c o n f o r m a l mapping i s t h e q u a s i c o n f o r m a l mapping 

{ 7 } w h i c h now p l a y s an a c t i v e r o l e i n t h e t h e o r y o f a n a l y t i c 

f u n c t i o n s o f a s i n g l e complex v a r i a b l e . 

For each chosen i d e a l we s h a l l t e r m t h e d e p a r t u r e f r o m 

t h a t i d e a l t h e ' s t r e t c h ' or ' d i s t o r t i o n * o f t h e p a r t i c u l a r 

mapping and t h e optimum s o l u t i o n w i l l be t h e mapping h a v i n g 

minimum s t r e t c h . 

A l t h o u g h t h i s t h e s i s w i l l be concerned w i t h a p p l y i n g 

t h e f u n d a m e n t a l i d e a s o f d i f f e r e n t i a l geometry t o computer 

a i d e d d e s i g n an i n t e r e s t i n g and u s e f u l o b s e r v a t i o n i s 

t h a t t h e computer c o u l d become a v e r y a t t r a c t i v e t o o l i n 

d i f f e r e n t i a l geometry. A s e t which a d m i t s a p a t c h 

s t r u c t u r e i s a C m a n i f o l d w i t h m e t r i c f o r some r 



where r. depends upon how t h e pat c h e s are J o i n e d 

' t o g e t h e r . C o n v e r s e l y i f a m a n i f o l d can be c u b u l a t e d t o 

g i v e i t a p a t c h s t r u c t u r e t h e n t h e computer c o u l d be 

used t o c a l c u l a t e q u a n t i t i e s on t h e m a n i f o l d . ThiB would 

overcome one s i g n i f i c a n t problem whi c h has e x i s t e d i n 

the past i n t h a t f o r p r a c t i c a l convenience many c a l c u l a t i o n s 

have been c o n f i n e d t o a s m a l l number o f m a n i f o l d s o f t e n 

o n l y s u r f a c e s o f r e v o l u t i o n . 

C o n s i d e r a b l e e f f o r t has gone i n t o computer a i d e d d e s i g n 

i n r e c e n t y e a r s but t h e r e i s s t i l l a g r e a t heed f o r 

r e s e a r c h i n many areas b e f o r e a f u l l y i n t e g r a t e d CAD 

system c o u l d be c o n s i d e r e d as c o m m e r c i a l l y v i a b l e . 

Even i f CAD methods t u r n o u t t o be no cheaper t h a n 

t r a d i t i o n a l methods, t h e y w i l l c e r t a i n l y be q u i c k e r , 

w i l l a l l o w more o p t i o n s t o be c o n s i d e r e d and t h e 

m a t h e m a t i c a l c o m p a t i b i l i t y o f such t h i n g s as moulds and 

p a t t e r n s w i l l mean t h a t t h e v a r i o u s components making 

up t h e d e s i g n s h o u l d assemble t o g e t h e r . more a c c u r a t e l y . . 



Chapter 2 

Computer Curves i n E 3 

D e f i n i t i o n 2.1 

A Cubic c u r v e i n E 3 i s one f o r which t h e r e e x i s t s some 

parameter u i n terms o f which th te e q u a t i o n o f t h e cu r v e 
- • v 

can be w r i t t e n as 

£(u) " £ 0 * £ l u + Q . 2 u 2 / 2 ' + £ 3 U 3 / 3 I 

where a_^eE3 f o r 3 

The parameter u i s o n l y i n d e t e r m i n a t e t o . w i t h i n an 

a f f i n e t r a n s f o r m a t i o n o f t h e f o r m u * u • = K u + r\ 

where £, r\ e R and so i f we a p p l y t h e r e s t r i c t i o n t h a t 

t h e c u r v e c o n t a i n s two p a r t i c u l a r p o i n t s i n E 3 w i t h 

s p e c i f i e d parameter , va1ues u a o and u » g say, t h e n 

t h e parameter i s u n i q u e l y d e t e r m i n e d . For convenience 

we n o r m a l l y t a k e a and $ t o be 0 and 1 and l e t 0 < u $ 1. 

We w i l l use primes t o denote d i f f e r e n t i a t i o n w i t h r e s p e c t 

t o a r c l e n g t h s and a N a t u r a l r e p r e s e n t a t i o n o f a c u r v e 

i s one f o r which s i s t h e param e t e r . 
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Then s ( u ) «'/ U|ftu)|du • ' / U . f ( u ) d u and so i t i s easy 
a a N 

t o e v a l u a t e s u s i n g GausB Quadra t u r e w i t h s • ][ w . f l u ) t 

i - 1 1 1 

and v e r i f i c a t i o n t h a t s i s ind e p e n d e n t o f t h e 

p a r a m e t r i z a t i b n f o l l o w s i m m e d i a t e l y f r o m t h e r u l e f o r 

changing t h e v a r i a b l e o f an i n t e g r a l . We s h a l l f i r s t 

o f a l l see t h a t t h e c u b i c r e p r e s e n t a t i o n ( 1 ) p l a c e s 

r e s t r i c t i o n s on b o t h t h e parameter u and t h e c u r v e 

i t B e l f as a g e o m e t r i c o b j e c t . 

P r o p o s i t i o n 2.2 

The o n l y c u b i c c u r v e h a v i n g a N a t u r a l r e p r e s e n t a t i o n i s 

t h e s t r a i g h t l i n e . 

To prove t h i s , i f .,• 

r ( s ) • ao + a j s + a2^ + £ 3s 3/3l t h e n r e p e a t e d 

d i f f e r e n t i a t i o n g i v e s 

r £ l v ) ( s ) - { K » I S ) - K C S ) T 2 ( S 3 - K 3 ( S ) }n + ' { 2 K • ( s ) T ( s } +ie ( s ) T • C s) }b 
i 

- 3 K ( B J K ' C s J t B where we have used thB S e r r e t - F r e n e t 

f o r m u l a e : 
t' » K n_ , n' • Tjb - K t_ , b̂ ' » - T £ 

and where K and T denote t h e c u r v a t u r e and t o r s i o n 

r e s p e c t i v e l y . 

Hence K K ' B 2 K ' T + K T ' • K " - K T 2 - K 3 " 0 " K = 0 

T h i s means o f course t h a t we cannot t a k e t h e arc l e n g t h 

as parameter i f we r e s t r i c t o u r s e l v e s t o c u b i c s . 
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P r o p o s i t i o n 2.3 

For g i v e n | r 0 , . r j , t ^ 0 , t j | C E 3 w i t h | t.o I " I * . l I " 1 • 

t h e n t h e r e are oo 2 c u b i c c u r v e s r_ : C n»1J * E 3 

such t h a t 

r U D • r and r ' ( i ) « t , f o r i - 0,1 — — i — — i 

T h i s f o l l o w s s i n c e i f j r ( u ) • a.o * £ l u + £ 2 u 2 / 2 ! • £ 3 U 3 / 3 ! 

t h e n s ( u H ( u ) » a j + £ 2
U * a . 3 U 2 / 2 and t h e f o u r c o e f f i c i e n t s 

s a t i s f y 

a x • s ( 0 ) t 0 • . . 

• a 2 - 2 ! ' { . 3 - [ r i - r 0 ) - 2 B ( 0 ) t 0 - B ( 1 ) t f } (•) 

a 3 - 3 i { 2 t r 0 - r 1 j + s C 0 ) t 0 + s ( 1 ) t j } 

w hich means we have a d o u b l y i n f i n i t e f a m i l y o f c u r v e s 

p a r a m e t r i z e d by s ( 0 ) and s ( 1 ) . 
i 

C o r o l l a r y 

For g i v e n j£o»£l'lO'llj c E $ w i t n IjLO I * I£.1 I " 1 

and g i v e n K Q . K I E t h e n t h e r e i s a unique c u b i c c u r v e 

r : Co, O * E 3 such t h a t 

r ( i ) « r ± , r ' ( i ) • t ± , | r " ( i ) | - ic f o r i » 0.1 

I n f a c t s i n c e r ( u ) x V l u ) • K ( U ) s. 3£u)bi where b " t x n 

t h e n we o b t a i n s ( 0 ) and s ( 1 ) f r o m : 



r 

2 { 3 t ^ x ( r j - r 0 ) - s (1 H 0 x t \ } » ICQ s 3 ( 0 ) b ^ ( 0 ) 

2 { 3 t i x ( r 0 - r i ) - s ( 0 ) t 0 x t i > « K \ s 3 ( 1 ) b ( 1 ) 

For t h e g e n e r a l c u r v e £ • £(u) i t i s n o r m a l l y c o n v e n i e n t 

t o have t h e c u r v a t u r e K and t o r s i o n T expressed i n terms 

o f t h e d e r i v a t i v e s o f £. 

Since £(u) » s ( u ) t _ ( u ) and 

r ( u ) = s ( u H ( u ) + s 2 ( U ) K ( u ) j i ( u ) t h e n 

*(u) x r ( u ) • s 3 Cu)K(u)b^Cu) where bCu) • _t ( u ) x £(u) and 

d i f f e r e n t i a t i o n g i v e s 

•(u) x r'(u) = d_ { S 3 ( U ) K C U ) } t)(u) - s^ ( u J < C u ) T ( u ) r i ( u ) . 
du 

T h e r e f o r e £(u).{£(u) x V( u) } »*-s 6tu3* 2(u)T(u) 

But r 2 ( u ) - s 2 ( u ) and ( r ( u ) x r ( u ) ) 2 « s 6 ( u ) i c 2 ( u ) and 

so K 2 ( U ) ='{£Cu) x r(u)} 2/{£ 2£u)} 3 

T ( U ) * [ r ( u ) , r ( u ) , r'lu) ] / { r ( u ) x r C u ) ) 2 

P r o p o s i t i o n 2.4 

The c u r v a t u r e < and t o r s i o n T o f t h e c u b i c c u r v e £s£ o » l J — 

t a k e t h e boundary v a l u e s : 

K ( 0 ) ( C a i x a 2 ) 2 / ( a i 2 ) 3 > ' 

K£1) - x a 2 + a j x £ 3 + a 2 x a 3 / 2 } / { ( a 1 + a 2 + £ 3 / 2 ) 2 

t ( 0 ) • [ a_i, a_2» £ 3 l ^ £ i x £2 ̂ 2 

xCD - £ a_1# a 2 . £3»3'^£l x £2 * £l * £3 + £2 * . a 3 / 2 } 2 

These r e s u l t s f o l l o w i m m e d i a t e l y by s u b s t i t u t i o n o f £(u) £j .• £ 2 u + £ 3 u / 2 , £(u) • £2 + £ 3 " and £(u) • £ 3 



i n t o e q u a t i o n s (*) and ( * * ) . A l s o as a consequence 

o f e q u a t i o n s (*) and (**) we have 

P r o p o s i t i o n 2.5 
i 

The g e n e r a l c u r v e r • rCu) i s p l a n a r i f f (_ r , £, r J H D. 

r_, £, r J «• K * T S ° and so x » 0 

r , r , r J « 0, 

Con v e r s e l y i f [ r , r, r J«• 0 and t i 0 a t some p o i n t t h e n 

t h e r e i s . a neighbourhood o f t h i s p o i n t where T / 0 and so 

K - 0 i n t h i s n e i g h b o u r h o o d . But t h i s means t h a t t h e a r c 

i s a s t r a i g h t l i n e and so T = 0 w h i c h i s c o n t r a r y t o t h e 

h y p o t h e s i s and so T = 0 a t a l l p o i n t s on j r . 

Any d i s c e r n i b l e p o i n t s a l o n g t h e c u r v e w i l l be o f 

p a r t i c u l a r i n t e r e s t f r o m t h e p o i n t o f view, o f d e s i g n . 

D e f i n i t i o n 2.6 

A p o i n t o f £ «'r_(u) a t which £ n(u) = £ i s c a l l e d a p o i n t 

o f i n f l e x i o n . 

P r o p o s i t i o n 2.7 

I f t h e c u b i c curve £ : * E 3 has a p o i n t o f 

i n f l e x i o n t h e n : 

^ * ̂  C £ i» £2* £3 3 " 0 

and ( i i ) s (0) s (1 D[ t 0,. r p r 0 , t x ] - 0 

where r . • r ( i ) and t . • r ' ( i ) f o r i = 0,1. 



I 

The p r o o f f o l l o w s because f r o m .(*) and (.**) 

K 2 C U ) T C U ) - [ f ( u j / r ( u ) , r ' ( u ] ] / s 6 ( u ) 

and so K » 0 means t h a t 

or i n terms o f boundary v a l u e s t h i s means t h a t 

s ( 0 ) s C1) [] t 0 1 £i~£o» t . i 3 = 0 b v s u b s t i t u t i o n o f e q u a t i o n s ( + ) . 

T h i s means we have t h e f o l l o w i n g : 

P r o p o s i t i o n 2.8 

I f t h e c u b i c c u r v e £ : * e 3 i s such t h a t 

e i t h e r 

C £l' £.2' £3 ~2 •"•s n o n Z B r 0 

o r ( i i ) £ £.0 , £1 - £ 0 . j t j "J i s non zero 

where » £(i), £ » r M i ) , i = 0,1. 

t h e n £ has no p o i n t o f i n f l e x i o n . 

The p r o o f f o l l o w s f r o m P r o p o s i t i o n 2.7 i f s ( 0 ) and s ( 1 ) 

a r e non z e r o . And i f s ( 0 ) • 0 the n 

r ( u ) » 6 u ( 1 - u ) C £ | - r 0 ) + C3u-2)s(1)£ l 

r ( u ) » 6(1-2u)(r 1-£ 0) + 2 t 3 u - 1 ) s ( 1 ] t 1 

£Cu3 = -12C£i-r 0) '+ 6s (131 i 

£*. £. £ J B 0 which means t h e cu r v e i s p l a n a r and 

Ci.0» £1 "£0 • £l] " 0 
And s i m i l a r l y i f s ( 1 ) " « 0 ' 

I f t h e curve i s p l a n a r t h e n t h e p o i n t o f i n f l e x i o n o f 



p a r t i c u l a r i n t e r e s t i s t h e one where ri changes s i g n , 

and c o n t r o l o v e r such p o i n t s i s d e s i r a b l e s i n c e one i s 

n o r m a l l y concerned i n Keeping t h e number t o a minimum. 

I n t h e non p l a n a r case t h e analogy would be t h e p o i n t 

where b' a £ and tj changes s i g n , f o r a t t h i s p o i n t t h e 

c u r v e c r o s s e s i t s o s c u l a t i n g p l a n e . 

To d e t e c t whether a c u r v e £ «' _r(u) i s t o one s i d e o f 

o r on a p a r t i c u l a r p l a n e X t h e n t h e o b v i o u s measure i s 

g i v e n by 'Cjr(u)-IP) .N where £ i s some p o i n t on X and N 

i s i t B n o r m a l . 

v 
I n g e n e r a l we w i l l o n l y be a b l e t o d e f i n e our c u r v e s 

by c u b i c s l o c a l l y . We would now l i K e t o c o n s i d e r t h e 

problem o f l i n k i n g t o g e t h e r s e v e r a l c u r v e segments t o 

f o r m an a c c e p t a b l e composite c u r v e and t o d e f i n e i n more 

p r e c i s e terms what we mean by an a c c e p t a b l e c u r v e . 

Let £ : [ a , b ] > E 3 be a g i v e n space c u r v e C and l e t 

us assume t h a t C i s smooth. The a r c l e n g t h o f C can be 

used t o p r o v i d e a ' n a t u r a l ' c u b i c e x t e n s i o n as f o l l o w s : 

We f i r s t assume t h a t C i s p a r a m e t r i z e d i n what i s t h e 

o n l y g e o m e t r i c a l l y s i g n i f i c a n t way t h a t i s by means o f 

a r c l e n g t h . 

Since C i s smooth we can w r i t e : 



r ( s ) «» r ( c ) • ( s - c J r ' C c ) + ( s - c ) 2 / 2 l r " ( c ) + 

• U - c ) n / n ! r C n ) C o ) + 0 t s - c ) n + 1 

where a < c < b. 

I f we use t h e S e r r e t - F r e n e t f o r m u l a e t h e n 

r ( s ) * rCc) + ( s - c ) t + (s-c.) 2K/2!n_ + ( s - c ) 3 / 3 ! 

' { K ' n + K i b - K 2 t } , + ( s - c ) V 4 L . { C K " - K T 2 - K 3 )n + 

( 2 < ' T + KT'Jb - S K K ' U + + 0 C a - c ) n + 1 . 

where _ t , n, b, K, T a r e a l l e v a l u a t e d a t s «= c. 

Suppose now t h a t we want t o c o n t i n u e C be means o f a n o t h e r 

curve r, which i s c u b i c , w i t h r g i v e n by £ : C c» d3 > E 3. 

We t a k e as parameter f o r r s t h e a r c l e n g t h o f C, and we • 
A *• 

l e t s be t h e a r c l e n g t h o f T. We w r i t e : 

r ( s ) - r ( c ) + ( s - c K + ( s - c ) 2 K / 2 i r i + ( s - c ) 3 / 3 ! 

{K'U + KTb - K 2 J } . 

Then i t i s easy t o show t h a t a t s • c we have : 
A A A A A A 

. t « t , K • K, n « n, T- • T , b • b, K ' E K' 

Thus we have found a smooth c u b i c c o n t i n u a t i o n o f t h e 

cur v e C f r o m t h e p o i n t r f c J . a < d < b. However we have 

assumed t h a t t h e r e a r e no o t h e r r e s t r i c t i o n s on T, and t h i s 

w i l l n o t n o r m a l l y be t h e case. I n g e n e r a l we w i l l be. 

l o o k i n g t o s o l v e t h e f o l l o w i n g problem : 

"Given J bi -n + 1 i C E 3 W B w a n t t o c o n s t r u c t 

a c u r v e r where : 

( i ) r passes t h r o u g h each b^ i *> 1, n+1 

( i i ) r i s c u b i c between b. and b., . i • 1, ..... n 
— i —1+1 

( i i i ) r e , f o r a s u i t a b l e R . 



Such a c u r v e i s Known as a P i e c e w i s e P a r a m e t r i c Cubic or 

P a r a m e t r i c Cubic S p l i n e ( 8 , 1 0 , 2 3 ) . Thus t h e i t n Begment 

of r f r o m b. t o b.^. i s o f t h e fo r m . — i — i + 1 
I i * u ) " £o * - l u * - 2 u 2 / 2 ' * £ 3 u 3 / 3 ! y a j e E 3 » u e C o , O 

To d e t e r m i n e r means we must d e t e r m i n e f o r t h e n segments 

the 4n v e c t o r c o e f f i c i e n t s f o r i = 1, .... n and 

j B 0, ...|3 o r e q u i v a l e n t l y t h e 4n v e c t o r q u a n t i t i e s 

2 i f 0 ) I i ( 1 J ' i i ( 0 ) ' l i 1 1 3 , B a r e q u i r i n g t h a t k £ 0 we 

are i m p o s i n g 6n s c a l a r c o n d i t i o n s and t o a v o i d c o r n e r s 

we i n s i s t t h a t k £ 1, which p l a c e s an a d d i t i o n a l 2n 

c o n d i t i o n s . Jumps i n t h e c u r v a t u r e v e c t o r are u n d e s i r a b l e 

and so t h i s means ^ £ 2 and a n o t h e r 2n c o n d i t i o n s . Now 

we c o u l d impose f u r t h e r c o n t i n u i t y c o n s t r a i n t s t o g i v e us 

th e f i n a l 2n c o n d i t i o n s we now r e q u i r e . T h i s would mean 

t h a t i n a d d i t i o n t o c o n t i n u i t y o f y^, Y^'> Ŷ ," we would a l s o 

have c o n t i n u i t y o f t o r s i o n and r a t e o f change o f c u r v a t u r e . 

I n f a c t . - i f t h e p o i n t s _b 1 • 1,....n + 1 a re c o p l a n a r 

c o n t i n u i t y o f T i s assured and so one might i n s t e a d ask 

f o r c o n t i n u i t y o f tc". However i n p r a c t i c e F i g s d - 4 ) 

th e c u r v e s r e s u l t i n g f r o m e x c e s s i v e c o n t i n u i t y r e s t r i c t i o n s 

a t t h i s d i s c r e t e s e t o f p o i n t s i n d i c a t e t h a t we must r e l a x 

some o f t h e c o n d i t i o n s i n o r d e r t o g a i n c o n t r o l o ver t h e 

beh a v i o u r o f t h e c u r v e away fr o m t h i s s e t . T h i s 

i n e v i t a b l y means we must c o n s i d e r r e s t r i c t i o n s i n some way 

r e l a t e d t o a r c l e n g t h . We have a l r e a d y shown ( P r o p o s i t i o n 

2.3) t h a t f o r c e r t a i n f i x e d end c o n d i t i o n s t h e n t h e r e are 

00 c u b i c s t o choose f r o m f o r each segment depending upon 

th e v a l u e s o f t h e end speeds s ( 0 ) and s ( 1 ) . A l s o t h e r e 



i s no r e q u i r e m e n t f o r t h e s e speeds t o be c o n t i n u o u s 

a c r o s s segments s i n c e C* c o n t i n u i t y o n l y concerns t h e 

t a n g e n t d i r e c t i o n . T h e r e f o r e t h e s e c o u l d be used as 

parameters f o r c o n t r o l l i n g t h e b e h a v i o u r o f t h o c u r v e 

away f r o m t h e segment e n d p o i n t s . Manning' {B } d e v i s e d an 

a l g o r i t h m ' which d e t e r m i n e s t h e speeds based on an 

a p p r o x i m a t i o n t o . a c i r c u l a r a r c , and t h i s has proved 

t o be e f f e c t i v e i n p r a c t i c e . I t i s not c l e a r however, 

t h a t any geometic s i g n i f i c a n c e can be a t t a c h e d t o t h i s f o r m 

o f c o n t r a i n t i n a n o n - p l a n a r s i t u a t i o n or i n d e e d when t h e 

segment end c o n d i t i o n s a r e not s y m m e t r i c a l . B e f o r e 

l o o k i n g a t t h i s problem we c o n s i d e r t h e i m p l i c a t i o n s o f 

t h e c o n t i n u i t y r e q u i r e m e n t s . i 

Suppose t h a t a t t h e p o i n t b^c E 3 we are g o i n g t o c o n t i n u e 

t h e c u r v e a:C0#1]- * E 3 w i t h _§:C°» 1U * E 3 such t h a t 
( k) (k 3 

a (1) = J3 (0) for''some -k. Then i f we express each 

c o n d i t i o n i n terms o f t h e parameter u we f i n d : 

( i ) k c 0 

JCOJ - a(1) " b ± 

( i i ) k " 1 

S i n c e . aCD » a C D a ' M ) and _§C0) - S ( 0 ) j l ' C 0 ] 

t h e n we r e q u i r e 

_gC0) • cjoM) some s c a l a r c > 0 

( i i i ) k * 2 

For o, cifu) • sCu)JbCu), 

a(u) «= s 2 (u)ic (u)n.(u) + s(u)t^Cu) and so 

K ( u ) n ( u ) - { o ( u ) - s ( u D t ( u ) } / s 2 ( u ] . 



But s ( u ) B. < a ( u ) , ' a ( u ) > / s [ u ) , S Z ( L O • < a ( u ) , a(.u)> and 

•" 't_(u) • 1 < x ( u ) / s ( u ) and so 

K ( u ) n ( u ) • (o ( u ) / < a (u) ,a ( u ) > . - <« ( u ) ,a(jLi)> a ( u ) / < a { u ) ,a ( u ) 

Thus we r e q u i r e : ' 

{ a ( 1 . ) / a 2 ( 1 ) } - < a ( 1 ) , a ( 1 ) > u ( 1 ) / < a ( l ) , a ( i ) ^ 

- {£(0)73 2(0)) - <0(O),0(O)>$(O)/<B(O),eCO)> 2 

But s i n c e j J ( 0 ) • 'c<x(U, (k«1), we f i n d t h a t on r e a r r a n g i n g 

we g e t 

c 2 a ( 1 ) - _B(0) - < a ( 1 j , c 2 a C D - 3 i o ) > a ( 1 ) / a 2 ( D 
•« • 

Thus i f we have c * M U - j } ( 0 ) • d<* ( 1 ) e q u a t i o n (•) h o l d s 

f o r a l l v a l u e s o f d. 
a. 

( i v ) k • 3 
For a, a ( u ) - ( a ( u ) - 3sCu)s(u)*(u)£(u ) - s ( u H ( u ) > / s 3 ( u ) 

but s C u ) s ( u ) • <£( u) u) > and so d i f f e r e n t i a t i n g g i v e s 

s ( u ) * ( < a ( u ) , a ( u ) > + a z ( u ) - s z ( u ) } / s ( u ) 
t i l • - • ••• *m o • • • O 

o r s ( u ) = { < a [ u ) , a ( u ) > + a ^ ( u ) - < a ( u ) , a ( u ) > z / 
< o ( u ) , a ( u ) > > / s C u ) 

Thus 

a ( u ) » s Cu)L°Cu)-3<a(u],a(u)>[(o( u)/<a(u],a( u)>> -

< a ( u ) ,£(u)>a(ul/<a,(u) , a ( u ) > 2 ] - (a ( u)/<<* ( u ) , a ( u ) >) 

[<aCu),aCu)> • a 2 ( u ) - <o(u).a{ u)> 2/£ 2 ( u ) J ] / a 2 ( u ) 

and so we r e q u i r e 
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s ( 1 ) [ a ( 1 l = 3<a (1 ) , a (1 j> L(a (1 j / a 2 (1 ) ] ? < o ( U l a ( 1 ) > a ( l ) / 

<a(1 ) ,a(1 ) > 2 ] - ( a ( 1 ) / a 2 C i n [ < a C l ) / a ( 1 ) > + a 2 (1 ). -. 

< a ( 1 ) , a C l ) > 2 / a 2 ( 1 ) " ] ] / a 2 ( l ) a 

S C 0 3 [J3 C 0 3 - 3<£(0),£C0)>LC^0)/8 2(0)) - <£( 0 ] , IB ( 0 ) >j$ (0 ) / 

< e ( o ) , e ( o ) > 2 ] - < B ( O ) / 3 2 ( O ) } [ < 3 C 0 ) , g ' ( o ) > + j i 2 ( o } -
< 0 ( O ) , £ ( O ) > 2 / 8 2 ( O ) ] ] / _ | 2 ( O ) . 

But s i n c e btO) = c a ( 1 ) (K B 1) 

and 0 ( 0 ) = c 2 a ( 1 ) - d a ( 1 ) ( k = 2) 

we f i n d t h a t t h i s reduces t o 
**• ••• . 

. {jS(O) - c 3 a ( 1 ) - 3 c d a ( 1 ) } x a(1 ) =' 0 

C o l l e c t i v e l y t h e s e r e s u l t s mean t h a t : 
. v 

P r o p o s i t i o n 2.9 

I f a : £0,13 • E 3 and jg : C 0 * i 3 — ! > E 3 a r e two c u r v e s 

s a t i s f y i n g : 

( i ) B(0) - o ( 1 ) 
( i i ) | ( 0 ) = c a ( 1 ) 

( i i i ) _B C 0) = c 2 a ( 1 ) - d a ( 1 ) 
( i v ) .J(0) «= c 3 a ( 1 ) - 3 c d a ( i ) + e a ( 1 ) where c.d,ee!R c>0 

are u n i q u e l y d e t e r m i n e d , t h e n jj ! i s a C 3 e x t e n s i o n o f a . 

For comparison { F i g u r e s 7,.8, 9} w i t h r e s u l t s f r o m 

Chapter 5 we b r i e f l y d e s c r i b e two forms o f c u r v e 
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r e p r e s e n t a t i o n a l r e a d y w i d e l y used i n computer a i d e d 

d e s i g n { 1 2 , 1 7 , 1 8 } . -

Let I denote t h e u n i t i n t e r v a l , £0,1jand l e t y { f } 
t 

denote t h e number o f s i g n changes o f t h e f u n c t i o n 

f : I > IR. 

D e f i n i t i o n 2.10 

Let A : C ( I ) > C ( I ) f o r some r such t h a t 

( i ) A C a j f j + a 2 f 2 } " aiACf'j)" + < x 2 A ( f 2 ) f o r f j , f 2 e C r ( i ) , 

a i» a 2« £ IR 
t i i ) A M ) » 1 where 1 : t • » 1 V t 

A. 
( i i i ) A ( I ) . " i 'where I : t • • t V t 

Then A i s s a i d t o be V a r i a t i o n D i m i n i s h i n g i f 

y { A ( f ) } $ y { f ) V f e C r C l ) 

T h i s means t h a t A ( f ) can o n l y have as many p o i n t s of, 

i n f l e x i o n as f . 

D e f i n i t i o n 2.11 

Let B : C r ( l 3 • C r ( I ) f o r each m be g i v e n bv m ,' m 
B t f ) - I f C ^ U . 

m i - 0 m 1 

where X ± : t i • C j ) t i ( 1 - t ) m " i , t e I 

Then C-fD i s c a l l e d t h e B e r n s t e i n a p p r o x i m a t i o n t o f 

of degree m. 



"he B e r n s t e i n a p p r o x i m a t i o n haa t h e f o l l o w i n g p r o p e r t i e s 

( i ) y { B ( f n < H { B ^ t f ) } $ y { f } 
m i n 

where H{B ( f ) } denotes t h e zeros o f B ( f ) on 1°. m m 
t i l ) I f f e C n ( I ) , B ( P , , t f ) 

m 
(P) 

-» f u n i f o r m l y as 
m -* 00 , p • 0,1 

( i l l ) B ( P ) ( f ) m m 
t- 0 

J/(m-P)i I ( - 1 ) P " J ( P ] f ( i ) 
j - 0 j m 

B < P , C f ) m t«1 
m!/(m-PD! 7 .( - 1 ) j f [ ^ ) 

j = 0 . J m 

which means t h a t t h e s e a r e s i m p l y f u n c t i o n s o f 

f ( Q ) ; f ( - l f t - ) and f C D . f C — ) 
m m m 

f ( ^ ) m 
( i v ) I f P:I -* R i s a p o l y n o m i a l o f degree m th e n 

t h e r e i s a unique s e t j f C 0 ] , f ( - ) , f ( 1 ] { 
x m i 

d e f i n e d by 

f C^J m ( J ) { C m - r ) ) / m ! > P ( r ) 

r-0 r t - 0 
m-1 . , , 
- I ( - 1 ) ^ ( m : J } { ( m - r ^ ! / m ! ) P ^ ^ , 

r-0 t«1 

t v ) I f a ,< f P 
(P) $ $ t h e n P P f P l a S m Cm-P)I/mI{B l ' ( f ) } $ 0 f o r p - 1 , . . . 

P m p 
and a 0 ^ e

m
f f ) * 

( v i ) I f g : I -* R i s l i n e a r , t h e n f r o m ( i ) 

Z { B m C f ) - g } - . H { B m ( f - g ) } * v i ( f - g } 

which means t h a t B ( f ) does not o s c i l l a t e about f 
m 

D e f i n i t i o n 2.12 

Let r : I -*Ed be g i v e n by 
m 

rtu.) - I X £u)d 
i - 0 1 1 

d_A e E 3 i - 0 , 
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Then £ i s t h e B e z i c r c u r v e o f degree m f o r j d ^ e E 3 | . 

F i g u r e 5 shows t y p i c a l B e z i e r c u r v e s f o r m • 3,5 and 6. 

We see t h a t £(0) • CJQ and £(1) • 6^, and s i n c e 

X (u) > 0, u e 1° and 
* * 

I ( J ) u l ( 1 - u ) - m " i - [ M - u ) + u ] m « 1 t h e n i f f o l l o w s 
i " 0 . 

t h a t £ l i e s w i t h i n t h e convex h u l l formed by t h e jd ̂ . 

We c o n f i n e our a t t e n t i o n now t o B e z i e r Cubic c u r v e s . For 

any s e t o f p o i n t s j d^ e E 3 | i BQ then the c o r r e s p o n d i n g 

B e z i e r c u b i c c u r v e i s g i v e n by 
3 

. rCu) - I X ( u ) d 
i - 0 1 1 

where X. (u) • C ^ ) u i ( 1 - u ) 3 , u e I . i _ - i 

We s h a l l see t h a t t h e p o i n t s d_i c o n t r o l t h e geometry o f 

£ i n a n i c e way. F i r s t l y , t h e c u r v e c o n t a i n s d_0 " £(0) 

and d_3 • £(1) and t h e t a n g e n t d i r e c t i o n s a t d_Q and d j are 

' tCO) • 3Cdi - d 0 D / s ( 0 ) and 

t ( 1 ) - 3 ( d 3 - d_2 J/a (1) 

Then s i n c e t h e e q u a t i o n f o r t h e o s c u l a t i n g p l a n e o f £ 

. i s g i v e n by 

a t u • 0 we have 

C R " l o ' 3 ( d . l _ d . 0 3 ' 6 f d 0 - 2 d 1 + d 2 ) ] • 0 

T h i s means t h a t t h e o s c u l a t i n g p l a n e a t £(0) c o n t a i n s 

d Q , d ^ a n d d 2 * 



S i m i l a r l y t h e o s c u l a t i n g p l a c e a t r [ 1 ) c o n t a i n s 

d j , d_2 and d_3> LooKing a t t h i s a n o t h e r way t h i s means 

t h a t jd 2 * s t n a p o i n t o f i n t e r s e c t i o n o f t h e o s c u l a t i n g 

plane a t d_o w i t h t h e t a n g e n t l i n e a t £ 3 . And s i m i l a r l y 

f o r d\. U n f o r t u n a t e l y t h e s e a re not unique i f t h e 

cu r v e i s p l a n a r . 

F u r t h e r s i n c e K ( U ) • | r ( u ) x rCuJ |/s 3Cu) we see t h a t 

( F i g u r e 5] : 

K ( 0 ) «• zlCdo-dj) + C d 2 - d i ) | s i n 6/3 | d[i-d^o 12 

K ( 1 ) • 2 | ( d 3 - d 2 ) + ( d 2 - d i ) | s i n «fr/3|d3-d2|2 

and s i n c e T ( U ) H l _ £ . t u ) , £(u), £(u)j/(rCu) x £(u)) z 

T [ 0 ) - 2|(d3-do)'+ 3 ( d i - d 2 ) |cos a / c i . where 

Ci " |di-d^o M (jdo-d_i 3 + (d 2-£ 1)|sin 0" 

T ( 1 ) » 2 | ( d 3 - d 0 l + S f d i 1 ^ ) |cos-6 y'?2 ' where 

•?2 e |d.3-d21 | Cd 3-d 2) + C ^ - d x l l s i n $ 

One o t h e r c u r v e f o r m o f p a r t i c u l a r i n t e r e s t { F i g u r e - 6 } 

i s a s p l i n e a n a l o g o f t h e B e z i e r f o r m { 1 7 } and t h i s 

p r o v i d e s a t y p e o f moving average f o r m u l a t i o n f o r a 

se r i e s o f p o i n t s i n E where i n g e n e r a l t h e r e s u l t i n g 

c u r v e does n o t c o n t a i n t h e p o i n t s b u t i s g e n e r a t e d f r o m 

them i n a p r e d i c t a b l e manner as f a r as t h e shape i s 

concerned. 1 

D e f i n i t i o n 2.13 

Let t o »ti t be r e a l numbers w i t h t g 3 t j $ t . 



Then a P o l y n o m i a l S p l i n e o f o r d e r K i s a map S : ( t o # t ) 

s a t i s f y i n g 

( i ) $ 

( i i ) $ e C 

( t ^ , t i + <|) i s a p o l y n o m i a l o f degree k-1 
k-2 

The r e a l numbers t ^ a re known as Knots and f o r f i x e d k 

and n such s p l i n e s f o r m a V e c t o r Space over |R. A 

p a r t i c u l a r b a s i s f o r t h i s v e c t o r space i s c a l l e d t h e 

B-Spline b a s i s and t h i s was f i r s t i n t r o d u c e d by 

Schoenberg { 24} . 

D e f i n i t i o n 2.14 

For r e a l s t 0 , t j , , t t h e B - S p l i n e b a s i s o f o r d e r 

k i s g i v e n by t h e f o l l o w i n g r e c u r s i v e f o r m u l a t i o n . 

B i . 1 ( t ) = 1 f o r * i * * * t i + 1 
B i . 1 ( t ) " 0 f o r t l > * *" * i + 1 
B 1 > k t t ) - U t - t i ] / ( t l H . 1 - t i ) } B u . 1 ( t ) • 

' t lW t ) > (WW l B i*i .k-i t t } ' ' 

There are a number o f a l t e r n a t i v e f o r m u l a t i o n s { 1 7 } . 

B - S p l ines have t h e f o l l o w i n g p r o p e r t i e s ; 

Ci) B ^ k ( t ) > 0 f o r t ± * t « t i + 1 

B i . k ( t ) " 0 f o r * i > * > 

t i i ) l B i < K ( t ) - 1 

( i i i ) I f r kn o t s are c o i n c i d e n t , say 

t •• t „ t A t h e n c o n t i n u i t y a a+1 o + r - 1 
k - r - 1 i s reduced and B . e- C , • j»a,a + 1, . . ,a+r-1 j * k 



( i v ) C a l c u l a t i o n s g r e a t l y s i m p l i f y i f t •» m E N, f o r 
m 

each m. 

(v ) I n t h e p a r t i c u l a r case where t h e r e a r e j u s t two 

Knots a t m » 0 and m • 1 each w i t h m u l t i p l i c i t y k 

th e n t h e B - S p l i n e b a s i s reduces t o t h e B e r n s t e i n 

b a s i s w i t h 

B i . K C t ) ( K j 1 ) t l ( 1 - t ) k " 1
i " i . i - 0 . K-1 

( v i ) The Kth. o r d e r B - S p l i n e a p p r o x i m a t i o n t o f:C0»l3 
i s g i v e n by 

B k m - - Z f U , ) B l f 

ct 

where t h e 

are termed t h e Nodes. 
i + k-1 ) / C K -1) 

IR 

( v i i ) B - S p l i n e a p p r o x i m a t i o n i s v a r i a t i o n d i m i n i s h i n g . 

I v i i i ) I n c o n t r a s t t o t h e B e r n s t e i n a p p r o x i m a t i o n , l o c a l 

changes i n a f u n c t i o n f produce o n l y l o c a l changes 

i n B . ( f ) , K 

D e f i n i t i o n 2.15 
i 

The B - s p l i n e c u r v e f o r m o f o r d e r K f o r t h e s e t o f p o i n t s 

| PjJ C E 3 , i - 0 , . . . . , n i s g i v e n by 
n 

£ ( U ] 1 B i - K K ( u ) ^ i i - 0 1 |'K 1 

The B - s p l i n e c u r v e has t h e f o l l o w i n g b a s i c p r o p e r t i e s : 

Ci) I f K i s . even i t can be shown t h a t t h e Knots o f t h e 

s p l i n e a r e ' o p p o s i t e ' t h e P^ whereas i f K i s odd 



t h e n t h e Knots are ' o p p o s i t e ' t h e p o i n t s 

sk • - « v w 2 

( i i ) Since t h e c u r v e can be re g a r d e d l o c a l l y as a 

convex c o m b i n a t i o n o f P ......, P . . t h e ourve 

l i e s w i t h i n a s e r i e s o f l o c a l convex h u l l s . 

( i l l ) For a g i v e n s e t j p ^ j » i " 0 . . . . n t h e n i f k « 2 , t h e n 

r_eC° and i n t e r p o l a t e s t h e P l i n e a r l y . As k 

tend s t o i n f i n i t y t h e n £ te n d s • t o a s i n g l e 

. s t r a i g h t l i n e . 

( i v ) I f r i s o f o r d e r k and P P ^....P _ are — —x +1 —x + Z — T + k 
c o l l i n e a r f o r some x t h e n r c o n t a i n s a l i n e a r 

segment on t h e l i n e t h r o u g h P and P e where 
* —a — P 

x + 1 ^ B < a $ x + k . 

( v ) I f r i s o f o r d e r k and f_ T + 1- f L T + 2 ' ' f T + K-i 

are c o l l i n e a r t h e n jr t o u c h e s t h e l i n e t h r o u g h 

P_o and P_g where x + 1 $ B < a $ x + k-1. 

The B - s p l i n e c u b i c c u r v e f o r t h e sequence P^ o f p o i n t s 

i n E 3 i s o f t h e f o r m 

r ( u ) •= 7 Btu-a)P — L —a a 
where t h e B - s p l i n e s c a l a r w e i g h t i n g f u n c t i o n B(u) i s 

d e f i n e d by 

B(u) » £ e 3 ( u - 2 } - 4.£ 3fu-1) + 6.53(11) - 4 . 5 3 ( u * 1 ) + • 

C3Cu + 2 ) ] / B 
where ^^Ca) " a' f o r a fc. 0 

and 5. Ca) • 0 f o r a < 0 



E x p l i c i t l y £ i s g i v e n by 

r ( u ) - U 3 ( u - i - 1 ) - 4 . 5 3 ( u - i ) + 6 . 5 3 ( u - i + 1 ) - 4 . 5 3 ( u - i + 2 ) + . 

C 3 ( u - i + 3 ) } P i _ 1 / B 

. • •' U 3 C u - i - 2 ) . - 4 . C 3 ( u - i - 1 )+6..£3 ( u - i ) - 4 . e 3 ( u - i + 1 ) + . 

5 3 ( u - i + 2 ) 1^/6 

* {-53 ( u - i - 3 ) - 4 . € 3 (u - i-2-J+B . e 3 (u-i-1)-4.£ 3(u-i)+ . 

C 3 C u - i + 1 ) > P l + 1 / 6 

+: U 3 ( u - i - 4 ) - ' 4 . 5 3 ( u - i - 3 ) + 6 . ? 3 ( u - i - 2 ) - 4 . 5 3 ( u - i - 1 ) + 

5 3 ( u - i ) } P 1 + 2 / 6 

f o r i $ u $ i + 1 

which means t h a t j r ( i ) * ' (P^.,, "^P^ + P ^ }/6 

Thus i f f _ i _ 1 " P± " P ± + 1 t h e n r [ i ) « P 
a. 

D i f f e r e n t i a t i o n w i t h r e s p e c t t o u g i v e s 

£(u) • '{£ 2(u-i-1 ) - 4 . 5 2 ( u - i ) + 6 . C 2 ( u - i + 1 ) - 4 . 5 2 ( u - i + 2 ) + 

e 2 f u - i + 3 n p i_ 1/2 
• + 'U 2tu-i-2)-4.£ 2(u-i-1)*6.5 2(u-i)-4.£ 2(u-i + 1 ) + 

5 2 ( u - i + 2 ] } f _ i / 2 

+ ' { 5 2 ( u - i - 3 ) - 4 . 5 2 ( u - i - 2 ) + 6 . C 2 ( u - i - 1 ) - 4 . C 2 ( u - i ) + 
e 2 ( u - i + 1 ) } P i + 1 / 2 

+ { 5 2 ( u - i - 4 ) - 4 . 5 2 ( u . - i - 3 ) + 6 . 5 2 l u - i - 2 ) - 4 . 5 2 ( u - i - 1 ) 
5 2 C u - i ) } P 1 + 2 / 2 

and so 

•'«£l*rPl-1>/2 

Thus t h e speed s ( i ) » 0 i f and o n l y i f P, „ = ^. 
— i + 1 — i - 1 

A l s o we can see t h a t i f P±_^ , P , P_i + 1 , P_i + 2 a r e not 

c o p l a n a r t h e n s ( u ) / 0 i n i $ u $ i + 1 . 
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D i f f e r e n t i a t i n g a g a i n g i v e s 

(•u-i-D-4.C 1 C u - i ) + 6 . 5 i ( u - i + D - 4 . 5 i Cu-i*2) + r t u ) » {£ 

C 

•'•(5 

' e 

and so 

( u - i - 2 ) - 4 . C l C u - i - 1 ) + 6 . 5 i C u - i ) - 4 . e i ( u - i + D*. 

( u - i + 2 ) } ^ 

t u - i - 3 ) - 4 . C 1 f u - I - 2 ) + B . C 1 C u - i - 1 ) - 4 . 5 i t u - i ) + . 

C u - i + 1 ) } P i + l 

( u - i - 4 ) - 4 . f 1 t u - i - 3 ) + B . t i ( u - i - 2 ) - 4 . 5 i C u - i - 1 ) 

C u - i ) } P 2 

r ( i ) ••P -2P +P - J - i - 1 - i - i + 1 

Since 

r'(u) « » " { e 0 C u - i - 1 ) - 4 . 5 0 C u - i ) + 6 . e o t u - l * 1 ) " 4 - € o C u - l * 2 5 + 

t ' 0 f u - i + 3'J}P i. 1 

+ U 0 ( u - i - 2 ] - 4 . £ 0 ( u - i - 1 ) + 6 . e 0 C u - i ) - 4 . S 0 ( u - i + 1 ) + 

5 0 ( u - i + 2 ) } P i 

+ ' ( C 0 ( u - i - 3 j - 4 . 5 0 C u - I - 2 ) + B . 5 o t u - i - 1 ) - 4 . e 0 C u - l ) + 
€ 0 C u - i + 1 ) } P i + 1 

+ t C o C u " " i - 4 ) - 4 - e o t u ~ : L ~ 3 ) + B - 5 o t u - i - 2 ^ - 4 - 5 o t L J " l ~ 1 ^ * 
e 0 c u - i ) } P 1 + 2 

t h e n 

r ( i ) " SCP^^-P )+P_i + 1 and so we f i n d t h a t t h e c u r v a t u r e i s 

K ( i ) - 8/' { [ p ^ x P ^ i + t P ^ x P ^ + t ^ 

and t h e . t o r s i o n , . 

t i i ) •[£i.i-£i^ti];'{t£i*ix£i.i,t,£i.ix£iJtV£i*ii}2 
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The c u b i c w e i g h t i n g f u n c t i o n B ( u ) t w h i c h s a t i s f i e s 

( i ) BCuUO V u 

( i i ) ][B(u-a) » 1 
a 

( i i i ) t h e r e e x i s t s aeR such t h a t B(u) ° 0 f o r a l l |u| > a , 

means t h a t we can use t h e } P . a l 3 9 3 means o f shape 

p r e d i c t i o n and m o d i f i c a t i o n o f t h e B - s p l i n e c u b i c c u r v e 

and so t h i s c u r v e f o r m i s p a r t i c u l a r l y a t t r a c t i v e f o r 

a d e s i g n system f r o m t h e d e s i g n e r s ' p o i n t o f view. 

v. 



Chapter 3 . 

Computer S u r f a c e s I n E 

D e f i n i t i o n 3.1 

A B i c u b i c s u r f a c e i n E 3 i s one f o r w h i c h t h e r e e x i s t 

parameters u and v i n terms o f w h i c h t h e e q u a t i o n o f t h e 

s u r f a c e can be w r i t t e n , as : 
3 i i r t u . v ) « I a u v / i ! j ! a,. e E 3 

i , J " 0 1 J ~ 1 J 

The parameters u and v are i n d e t e r m i n a t e t o w i t h i n 
t r a n s f o r m a t i o n s o f t h e f o r m u i- > ou + 3 and 

v i » + 6 but i f we w i s h t h e s u r f a c e t o pass 
l 

t h r o u g h f o u r p a r t i c u l a r p o i n t s i n E 3 w i t h s p e c i f i e d 

parameter v a l u e s t h e n t h e parameters are u n i q u e l y 

d e t e r m i n e d . ' 

For convenience we w i l l n o r m a l l y assume t h a t £ i s d e f i n e d 

on [ o . i ] x [o,1J and t h e f o u r p o i n t s chosen a r e t h e 

f o u r d i s t i n g u i s h a b l e boundary p o i n t s r _ ( i j j ) f o r i , j E | 0 , 1 | 

The f o u r boundary c u r v e s j r ( u, i ) ,'_r( i , v) i e j o , l | a re c u b i c 

c urves i n t h e parameters u o r v. 

We w i l l use £j and r 2 t o denote t h e t a n g e n t v e c t o r s 



3£(u,v)/3u and 3 j r ( u , v ) / 9 v r e s p e c t i v e l y and N f o r t h e 

u n i t s u r f a c e normal where N • (£i x T 2 ) / | r i x r z | . We 

a l s o use . x,'y t o denote t h e u s u a l d o t p r o d u c t o r 

i n n e r p r o d u c t o f v e c t o r s x.y. 

I f : Ca«b] » S i s a curve on a s u r f a c e S t h e n 

_A(t) • £(u(t),vCt)) and s i n c e t h e a r c l e n g t h s a l o n g . X 

i s g i v e n by s " \ ' 5^Ct) » M t ) > d t t h e n a l o n g t h e 
J a 

p a r a m e t r i c c u r v e s v«v and u»u 
. c c 

3 • f 1 / E(u,v ]du and s «.' f V G(u , v ) d v . 
JO c J 0 c 

where E(u,v) • < £i#£i >, F ( u , v ) • < £ 1 » £ 2 >, 

G(u, v) • < £.2»£j2. > a r e t h e F i r s t Fundamental 

C o e f f i c i e n t s . 

P r o p o s i t i o n 3.2 

Given J ot . » . , Y ',\ C E 3 where i , i c\ 0,1 ( t h e n t h e r e « - i j - i j — i j * . 
are oo 1 2 b i c u b i c s u r f a c e s r" : x C0'1!] * e 3 

such t h a t : 

r 

( i ) £(i,j) - O J J " ' 

( i i ) £i(i,j) - J J J 

( i i i ) r 2 ( i , J ) - . i , j e | o . i ) 

Th i s f o l l o w s because t h e r e are t w e l v e degrees o f freedom 

r e m a i n i n g f o r s p e c i f y i n g t h e s i x t e e n c o e f f i c i e n t s o f t h e 

Burf-ace e q u a t i o n . 
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C o r o l l a r y 1 

G i v e n j o ^ j / g ^ j , y_±^ . n ^ j j c e 3 « i . J e j o . l ) t h e n t h e s e 

d e t e r m i n e a unique b i c u b i c s u r f a c e £ : x Q ) , l ] » E 3 

s a t i s f y i n g : 

CD r t i , j ) - a, , , •* -

( i i ) L l t i . j ) • ]j , • 

( i i i ) r 2 C i . J ) - x ± J ' 

Civ) r ^ C i . J ) -

The v e c t o r £ 1 2 * s o f t e n c a l l e d t h e ' t w i s t ' v e c t o r which 

i s a 'misnomer because i t i s not an i n t r i n s i c p r o p e r t y 

o f t h e s u r f a c e . To see t h i s i f we c o n s i d e r t h e sphere 

r : p l , 1 ^ x [0.2TQ > E 3 where 

£Cu,v) a (a s i n u cos v, a s i n u s i n v, a cos v ) , t h e n 

£ 1 2 • £ i f and o n l y i f u • I T / 2 . 

O b v i o u s l y t h e above C o r o l l a r y would a l s o h o l d i f we 

r e p l a c e d c o n d i t i o n Civ) by e i t h e r £ n ( i # J ) • _n. . o r 

/ 

C o r o l l a r y 2 

Given j a, ,, 8. ... y. . | C E 3 and r e a l s L, ., M. ., N. . where 
! - A J — I J — i j i j i j i j 

i«J e | o , l { t h e n t h e r e i s a unique b i c u b i c s u r f a c e 

r : (O.lU x {O.'Q > E 3 such t h a t 

CD £Ci,j) -."iy 

C i D £i(i.JJ • B^. 

C i i i ) £ 2Ci.J) - Y 



( i v ) . <r nCl.j),N(i»j)> • L 

. < r 1 2 ( l , J ) , N C i , j ) > • M 

. < r 2 2 C i , J ) , N f i . J ) > - N 

Then ^ i j * N i j a r e t n B v a l u e s °* t n e Second 

Fundamental C o e f f i c i e n t s L(u,v)»M(u,v),N[u,v) a t t h e 

f o u r c o r n e r s r ( i , J ) . ~ _ -. • — / 

C o r o l l a r y 3 

Given } O j j / ^ j . X i j ) C E* and r e a l s H ± .'K^ i . J e | o . l l 

t h e n t h e r e are oo \ b i c u b i c s u r f a c e s £ : [p/'Q x'QJt'Q — 

such t h a t : 

( i ) r ( i . J ) " ' s L i j * ' 

( i i ) L l ( i . j ) - 3 i J f . 

( i i i ) r 2 ( i . . J ) - X l J 

( i v ) . The mean HCu.v) and Gaussian K(u,v) c u r v a t u r e s 

t a k e t h e .values H C i . j ) - and K ( i , j ) - K i J 

f o r i , J e | o , l } . 

C o r o l l a r y 4 

Given | a ^ ] C E 3 a n d r e a l s E ± J . G ± y L ± y * ± y * u 

f o r i 4 j e J 0 , l | t h e n t h e r e a r e oo 1 2 b i c u b i c s u r f a c e s 

r : . [p.V] x \0.\\ > E3 such t h a t 

CD r t i , J) - " 

( i i ) E ( i , j ) - - E i j » F ( i . j 3 - F . G ( i . j ) - G ± J . 

L ( i , j ) - L , M ( i . J ) - M l j , N ( i , j ) - N ± J a r e 



t h e v a l u e s t a k e n by the. f u n d a m e n t a l 

. c o e f f i c i e n t s a t t h e c o r n e r s . 

Each o f t h e c o e f f i c i e n t s a ^ j i n t h e s u r f a c e e q u a t i o n 

can be expressed i n terms o f r and i t s d e r i v a t i v e s on t h e 

boundary. The. boundary c u r v e s : • - * .̂ L«»-
i 

r ( u , o ) » a_Q0 + £ 1 Q u • a^QuZ/zj + £ 3 0 u 3 / 3 ! and s 

r ( o . v ) • £ 0 Q • a 0 1 v + a 0 2 . v 2 / 2 ! • £ o 3 v 3 / ' 3 * 

are p u b i c c u r v e s and so we can w r i t e 

( i ) £ 0 0 

£ 1 0 

( H i ) a Q 1 

Civ) £ 2 0 

( v ) £ 0 ? 

( v i ) £3 0 

C v i i ] a °0 3 

- rC0,0] 

- £j C0.0) . 

- r 2 (0 , 0) 

- 21 [ 3 { r ( 1, D ) - r ( 0 , 0 ) } - 2 ^ C 0. 0 ) C1 . 0 ) ] 

" r j l ( 0 , 0 ) 

- 2[ [ 3 { r ( 0 , 1 ) - r C 0 > 0 ) } - 2 r 2 C 0 . 0 ) - r 2 C 0 , l f ] 

" £221°'0) . 

- 31 [ 2 { r C 0 f 0 J - r C l . Q ) } * rx ( 0 , 0) *rl ( 1 . 0 ) ] . 

" r 1111 u, 0) 

" 3 1 [ 2 { r ( 0 , 0 ) - r C 0 , 1 ) } • r 2 ( 0 , u ) + r 2 ( u . , l f j 

r 2 2 2 ( 0 , v ) 

Hence t h e s e c o e f f i c i e n t s have t h e s i g n i f i c a n c e o f t h e 

c u b i c c u r v e c o e f f i c i e n t s as f a r as t h e boundary c u r v e s 

i^tu.O) and _ r t 0 , v ) are concerned. 

I t i s e l e m e n t a r y but t e d i o u s t o show t h a t : 

C v i i i ) a M • r 1 2 t 0 , 0 ) 
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( i x ) 

( x ) 

Cxi) 

( x i i ) 

( x i i i ) 

( x i v ) 

( x v ) 

C xvi) 

- r l 2 ( 1 . 0 ) - 2 r 1 2 C 0 . 0 ) ] 

" £i 2(0,1)-2ri 2C0 f0 j ] 

a 2 1 - 2 [3{r 2(1,0)-£ 2(0,0)} 

• £ 1 2 1 ( 0 , 0 ) 

a J 2 - 2 [ 3 { r i ( 0 . 1 ) - r i ( 0 .0) } 

- £ 2 1 2 ( 0 , 0 ) 

a 3 i - 6\2(£ 2(0,0)-£ 2(1,0)} + £12(1.0)+£i 2(0,0 )J 

*• £in2(u.O) ( 

£i3 « 6 (2{£i(0,0)-£i(0,1) } + £i 2C0. 1 ) *£i 2(0,0)3 

" £ 2 2 2 l f 0 . v ) 

£ 22 e" 4[|{£(0,0)+£(1,1)-£(1,0)-£(0,1)} + 

• 3 { 2(£i (0,0)-£i (0 , 1 ) ) + £i(1,0)-£i(1,1)} • 

3' { 2 ( £ 2 ( 0 . 0 ) - £ 2 ( 1 » 0 ) ) + £ 2C0,1)-£ 2(1,1)> + 

4 £ X 2(0,0)+£i 2(1.1)+2(£i 2{1,0)+£i 2(0,1) f ] 

- £121 2(0.0) 

J3 3 2 «• -12[6{£(0,0)+£(1,1)-£(1 J0)-£'(0,1)} -

3 {£i(1,1)-£i(0,0)+£!(0,1)-£! (1,0 ) } -

2 { £ 2 ( 1 , D - £ 2 ( 0 . 1 ) + 2 ( £ 2 (.1 ,0)-£ 2C0 . 0 ) ) } + 

<£l 2 M . 1 i • 2 (£i 2 ( 0 , 0) +£i 2 (1 . 0) ) +£i 2 (0 .1 ) f ) 

" £ U 122f«J,0) 

a 2 3 = -12 (6{£(0,0)+£(1,1)-£(1,0)-£(0.1)} " 

2{£l(1,1)-£ l(1,0)+2(£l(0,1)-£l(0,0))} -

3{£ 2(1.1)-£ 2(0,0)+£ 2(1,0)-£ 2(0,1)} + 

{ £ 1 2 C1,1)•2(£i 2(0.0)+£i2(0,1))+£i 2(0.1) f ] 

" £22211(u,0) 

a 3 3 - 36 [4{£(0,0 )+£(1,1)-£(1 , 0)-£(0, 1 ) } -

2{£i(1,1)-£! (0,0)+£i(0,1)-£i (1,0 ) } -

2 { £ 2 ( 1 , 1 ) - £ 2 ( 0 , 0 ) + £ 2 ( 1 , 0 ) - £ 2 ( 0 , 1 ) } • 

{£l 2 (1 , 1 ) +£i 2 ( 0 , 0 ) +£i 2 ( 1 , 0 ) +£! 2 ( 0, 1 ) f ] 

" £22211lt"'V) 
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The s u r f a c e e q u a t i o n c o e f f i c i e n t s and t h e second f u n d a m e n t a l 
c o e f f i c i e n t s are r e l a t e d i n the. f o l l o w i n g manner : 

Ci) a t u=0, v»0 

. L " fclO* £ 0 1 * a.2o]/|a.l0 x a 0 i | 

M - [aio» £ 0 1 * a . l l ] / | a . l 0 x £o 1 | 
•«4-- . 

N • [aio# £ 0 1 » £ 0 2 ] / I £ 1 0 x £o i | 
i # 

( i i ) a t u=1. v=Q . 

L -[aio, l i o * a ] / | a 1 0 x J31 0 | 

• n'a[*io. 3io« £)/|aio x j $ 1 0 | 

N » [ a 1 0 . l i o * c]/|a . l 0 x £i 0 1 
, • • « - ' 

. where £io - £i Q + £ 2 0 * £3o/ 2' " £i(1*0) 

l i o ° £.01 + £l 1 + £ 2 1 ^ 2 1 * £ 3 l / 3 ' " C-1»0) 

!20 * !30 " I n 1 1 ' 0 1 

£ " £ 1 1 * £ 2 1 * £ 3 l / 2 l 0 £ l 2 ^ 1 » 0 ^ 

£ " £ 0 2 + £ 1 2 * £ 2 2 ^ 2 ' * £32 /' 3' * £ 2 2 ^ 1 ' 0 ^ 

( i i i ) , a t u«=0, v»1 

L - [ a 0 1 , J J 0 1 . d ] / | a 0 1 x j J 0 i | 

" " t o !• l o i ' £]/|£01 * £01 I 

N B feoi* l o i ' i j / k o i * l o l l 

where £ 0l » £ 1 0 + a_ j j + £i 2/21 + a_ 1 3/31 = £j(0,1) 

i o i " £ 0 1 + £ 0 2 * £ 0 3 / 2 ! il2 C0,1J 

d_ • £ 2 0 * £ 2 1 + £ 2 2 ^ 2 ' * £ 2 3 / 3 l " £lltO»H 

£ " £ 1 1 + £ 1 2 * £ 1 3 / 2 1 " £ 1 2 ^ ° ' ^ 

f " £ 0 2 • £ 0 3 " £.2 2 CO, 1 ) 
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( I V ) a t u - 1 , v»1 

L " [ k l 1 ' £.11 • d / l i l l x i l l I 

M B fell' 1 1 1 ' 10 ̂  1 SLl 1 * i l l l 
N " [ « 1 1 » 111 • JJ /(S.11 x 111 I 3 3 
where a u - J ]> a / ( i - D I J I « r l ( 1 , 1 ) 

111 - X I a V i l ( j - 1 ) | - r 2 ( 1 . 1 ) 
i«0 J»1 i J 

1 - a 2 0 • a 3 0 + _a 2 1 + a 3 1 + ( a 2 2 + £ 3 2 ^ ' / 2 ' 

. * .̂2.2 3*0.3 3^/31 
- r n (1.1 J 

i l " £ 1 1 * £21 * £12 + £ 2 2 * t£31 + £ l 3 +£32*£2 3 J ̂ 21 

* £3 3/^ 
• ri2(1.13 

i £ 0 2 * £ 0 3 * £ 1 2 + £13 + ( £ 2 2*£2 3 3/2' 
\ .• . . -

+(£32 +£33l/ 3' 
" r 2 2 (1 »1J 

We can now d e r i v e t h e e x p r e s s i o n s f o r t h e Gaussian and mean 

c u r v a t u r e s e v a l u a t e d a t t h e c o r n e r s i n terms o f t h e s u r f a c e 

e q u a t i o n c o e f f i c i e n t s . 

( i ) a t u«"0, v=0 

K • .(*20 A 02 ~* 1 1 ( £00 l £ l 0 X£Q 1 I 2 3 

H » CX02 **£! 0 »£ l 0* • *. *2 0 < £ 0 1 » £ 0 1 >. " 2. Aj j <£j Q »£0 1 * ^ / 

( 2 e 0 0 l £ l 0 X £ 0 1 I 3 

where X 2 0

, ! [ £ i o » £ o l ' £ 2 o I I 

. Ao2 B 0*1 0»£0 1 »£02D 

. *11" C £ 1 0 . £ 0 1 » £ l l G 

£<)0B *£1 0 « £ l 0 > < : £ 0 1 »£0 1 > _ < £ 1 0 » £ 0 1 > 
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t 

(11} a t u - 1 , v-0 

K " * - x
h
2'3 / C £iol«io><j!Lioh 

a w D "" 
H " . c* c<9LLO -no* *. * a <(Lio ' i i o * . ^ b * 9Lio »&ao > V 

( 2 £ i o ISLIO x 8io I ) 

-where X A - Q L I 0 '§JO '£] 

. * B " QLIO ' l i o «J3 

Cio " <2.io»s.io><iLio'lio> " " ^ a i o ' l i o * 2 

(111) a t wO, v-1 

K - ( X d V V ) m 0 l l « 0 l x 3 0 l l 2 ) 
H " c * f < s . o i •«oi > * ^ d

< ^ o i ' l o i > " 2 ^ e < a o i ' l o i > 1 / 

t 2Coil«oi x l o i P 
where \d • [ a 0 1 ' l o 1'^Q 

. X e - [«.01'loi'£l 

. X f " &-01 ' l o i ' f l 

$01 • <a.01'fi.01 > <l01'l0 1 > " <&Ol ' J f t o l > 2 

(.iv) a t u»1, v 1 

K " ( x g . . x r x
h

2 ) / l « i i i « n . x i i i i 2 5 

• H " ^ i ^ l l ' S l l * * ^ g ^ l l ' l l l * ' 2 x h < S . U ' - & l l > w 

F e n i a n x I n P 
where X g - [ a i i ' l i i - g ] 

. *h " t i i ' i i i ' i O 

C u " <aii«aii><Iii'lii> " <a.n»lii> 2 

I n Chapter Two we used t h e S e r r e t - F r e n e t e q u a t i o n s t o reduce 

c o n d i t i o n s i n v o l v i n g t h e d e r i v a t i v e s o f t , n and b t o c o n d i t i o n s 



i n v o l v i n g £, £ and t h e c u r v a t u r e and t o r s i o n s c a l a r s 

tc.T. A n a l a g o u s l y f o r s u r f a c e s , we can use t h e Gauss-

W e i n g a r t e n . e q u a t i o n s : 
1 ' 2 

£ll(u,v) " r 11 (u,v)£j ( u , v ) + TjiCu,v)£ 2(u,v) + L ( u . v 3 N t u . v ) 
1 2 

£l2tu»v) = ri 2.(u,v)£ 1(u, v) + r i 2Cu,v)£^ 2Cu,v) + M(u, V)J^(u, v) 

£22fu»v) •» r 2 2(u,v)£j(u,v) + r 2 2 ^ u ' v ^ £ 2 ^ u , v ^ * N ( u , v ) N ( u , v ) 
1 2 N i ( u , v ) = Bi(u,v)£j(u,v) +gj(u,v)£ 2(u,v) 
1 2 

N 2 ( u , v ) = B2tu*vJ£.ifu,v) + 3 2 ( u , v * £ 2 ( u , v j 

t o e x p r e s s ' t h e d e r i v a t i v e s o f £ j , £ 2 and N i n tBrms o f 
k 

ill » £.2* h. and s c a l a r s E ^ j * t h e C h r i s t o f f e l symbols o f t h e 

second Kind which depend upon t h e f i r s t f u n d a m e n t a l 

c o e f f i c i e n t s and t h e i r d e r i v a t i v e s , and B^# t h e Wei n g a r t e n 

c o e f f i c i e n t s w h i c h depend upon b o t h t h e f i r s t and second 

f u n d a m e n t a l c o e f f i c i e n t s . • I n f a c t 
r i l B t G E l - 2 F F l + F E 2 ) / ( 2 [ E G - F 2 ] ) 

. r i 2 B ( G E 2 " FG 1)/C2[EG - F2J ) 
r l 
4
 2 2 - ( 2 G F 2 - GG2 - FG 2 ) / ( 2 [ E G - F 2 ] ) 

. r n ° ( 2 E F l " E E
2 • F E 1 ) / ( 2 [ E G - F 2 ] ) ' 

r i 2 " ( E G 1 " F E 2 ) / ( 2 [ E G - F 2 ] ) 

. r
2 2 « (EG 2 - 2 F F 2 + FG 1 ) / ( 2 [ E G - F 2 ] ) 

i • ; . • 
B, - CMF - LG)/(EG - F 2 ) 
'2 
6 i - (LF - ME)/(EG - F 2 ) 
1 

B 2 - (NF - MG)/(EG - F 2 ) 
••2 
B 2 - (MF - NE J/(EG - F 2 ) 

For g i v e n f u n c t i o n s . . E # F, G, L # M. N o f u and v o f 

s u f f i c i e n t l y h i g h c l a s s t h e n i n g e n e r a l t h e r e i s no s u r f a c e 
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£ '- £(u,v) f o r which E, F, G, L, Mf W a r e t h e f i r s t and 

second f u n d a m e n t a l c o e f f i c i e n t s u n l e s s c e r t a i n 
« 

c o m p a t i b i l i t y c o n d i t i o n s are s a t i s f i e d ( l ) . Using 

these c o n d i t i o n s we can show i n f a c t t h a t K depends o n l y 

upon t h e f i r s t f u n d a m e n t a l c o e f f i c i e n t s and t h e i r d e r i v a t i v e s 

and n o t upon t h e second f u n d a m e n t a l c o e f f i c i e n t s . , . "", 

The f i r s t f u n d a m e n t a l c o e f f i c i e n t s have a n o t h e r i m p o r t a n t 

r o l e t o p l a y and t h a t i s i n c a l c u l a t i n g s u r f a c e a r e a . 
f • 

D e f i n i t i o n 3.3 

The s u r f a c e area o f t h e b i c u b i c s u r f a c e r , i [p»0 * fjO f \j * E 

i s g i v e n by 

. A F j^JVQECu, v ) G ( u , v) - F 2 ( u , v f ] d u d v 

We can o b t a i n A u s i n g Gauss Q u a d r a t u r e where i f we w r i t e 

p(u,v)«»E(u,v)G(u,v)-F 2(u;v) 

then A = J J ki. l j p C u ^ V j ) 

Hence we can e v a l u a t e A i n terms o f t h e c o e f f i c i e n t s a. . o r 
— 1 J 

£ and i t s d e r i v a t i v e s a t t h e c o r n e r s . 

We have now b a s i c a l l y covered a l l o f t h e g e o m e t r i c 

i n v a r i a n t s w h i c h c o u l d c o n c e i v a b l y be used i n p r a c t i c e 

i n d e f i n i n g o ur computer s u r f a c e s . 

I n g e n e r a l b i c u b i c s w i l l not p r o v i d e us w i t h s u f f i c i e n t degrees 

o f freedom t o d e f i n e each . s u r f a c e g l o b a l l y i n terms o f a s i n g l e 

b i c u b i c e q u a t i o n . 
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D e f i n i t i o n 3,4 

A P i e c e w i s e b i c u b i c s u r f a c e i s a mapping R : Co,rol x CO,Q]-

where m. n e N such t h a t £ e C°[o,mJ x [ p , n ] : a r > d 

R x Q - 1 . j ] = r i J i . j e N 0 < i *m. 0 < j <n 

, where r i J : Q), l ] x Q l . i ] » E 3 i s a b i c u b i c 

. s u r f a c e and where f?(U,VD »' r * ^ ( U - i + 1,V-J+1) f o r a l l 

(U.V) e Q j . m ] x [ p , n ] . 

The g e n e r a l problem we a r e i n t e r e s t e d i n s o l v i n g i s t h e 

f o l l o w i n g : 

•Given {_b ± ^} c E 3 where i , j e N 0 < i « m, 0 «J < n t h e n we 

would l i k e t o c o n s t r u c t a unique p i e c e w i s e b i c u b i c s u r f a c e 

R such t h a t ' r, 

( i ) R ( i , j ) » b . j 

C i i ) R e C k Q),m] x Q)*n] f o r some k ' 

and t h i s means we h a v e ' t o f i n d mn b i c u b i c s u r f a c e s each ' 

s a t i s f y i n g c e r t a i n boundary smoothness c o n s t r a i n t s . 

Now any boundary c u r v e o f t h e b i c u b i c s u r f a c e r 1 " ^ i s c u b i c 

and u n i q u e l y d e t e r m i n e d by c o n t r a i n t s a t t h e two e n d p o i n t s . 

Hence a d j a c e n t b i c u b i c s s h a r i n g the same e n d p o i n t c o n s t r a i n t s 

w i l l share t h e complete boundary. Thus a t each p o i n t p 
i 1 k 1 

o f t h e common boundary U = c o n s t , o f r J and r we a l s o 
have k l 

£ 2 I f i n a d d i t i o n we c o n s t r a i n t h e 
i j t h e n we w i l l a ^ j so t h a t a t t h i s boundary 

have C 1 c o n t i n u i t y acros's t h i s boundary.. . We n o t e t h a t 

k l 
£i 



t h i s l a s t c o n d i t i o n can be a c h i e v e d by p l a c i n g c o n s t r a i n t s 
i 1 k l 

a t t h e boundary e n d p o i n t s . For example i f r ( 1 , v ) «• r ( 0 , 
11 k 1 

i s a common boundary o f £ J and r • t h e n i f 

( 1 ) r J J ( 0 , 0 ) •= r f 1 ( 0 . 0 ) 

( i i ) r ^ ( 1 . Q ) - r J J c o . O l 

( i l l ) r j j j ( 1 , 0 ) = l£ 2V n' 0 ) 

( i v ) r 2 2 2 l ( 1 , 0 ) = £ 2 2 2 1 ( 0 . 0 ) 

th e n r i J ( 1 , v ) " £ i 1 ( 0 , v ) f o r a l l v e Qj»iZJ -

We con c o n t i n u e i n t h i s way t o b u i l d up c o n d i t i o n s i n v o l v i n g 

t h e s u r f a c e e q u a t i o n c o e f f i c i e n t s w h i c h ensure t h a t 

p r o p e r t i e s l i k e f u n d a m e n t a l c o e f f i c i e n t s , c u r v a t u r e s , normals 

and t h e i r d e r i v a t i v e s a re p r e s e r v e d a c r o s s b i c u b i c s u r f a c e 

b o u n d a r i e s as r e q u i r e d . A l t h o u g h t h i s w i l l enable us 

t o s e l e c t one f r o m each o f the mn 36-parameter f a m i l i e s o f 

b i c u b i c s u r f a c e s which combined i n t e r p o l a t e t h e b . t h e 

r e s u l t i n g p i e c e w i s e b i c u b i c w i l l i n g e n e r a l s u f f e r a 

s i m i l a r d i s e a s e t o t h e 'over' c o n t i n u o u s p i e c B w i s e c u b i c 

c u r v e . T h e r e f o r e we w i l l have t o r e l a x some o f these 

boundary c o n s t r a i n t s i n f a v o u r o f some f o r m o f r e s t r i c t i o n 

on t h e i n t e r i o r b e h a v i o u r w h i c h i n e v i t a b l y means a 

r e s t r i c t i o n on the s u r f a c e a r e a . 

I n f a c t f o r some a p p l i c a t i o n s we may j u s t r e q u i r e d 

c o n t i n u i t y o f N. At a common v e r t e x p o f f o u r n e i g h b o u r i n g 

b i c u b i c s u r f a c e s c o n d i t i o n s f o r c i n g c o n t i n u i t y o f t h e t a n g e n t 



d i r e c t i o n s o f t h e boundary c u b i c s are s u f f i c i e n t t o ensure 

t h a t a l l f o u r s u r f a c e s have common normal a t p. I f r * ^ 
k1 11 k1 and £ have common boundary £ ( T , v ] = £ ( 0 , v ) t h e n t h e 

normal w i l l be c o n t i n u o u s a c r o s s t h e boundary i f and o n l y 

i f £ i J(1.v), £i k lC0,v) and r^CO.-v) G r 2
i J ( 1 , v ) ] a r e 

_ _ j_ 4 • k 1 c o p l a n a r f o r each v E . (_0.1j. • P u t t i n g £ i J ( 1 , v ) • £i ( 0 ; v ) 

i s s u f f i c i e n t t o ensure t h i s b u t i t i s n o t necessary s i n c e 

£][1(0,v) x rf^CO.v) - w [ r i J ( 1 , v ) x J J { 1 , v ) ] 
I -

i s s a t i s f i e d i f 

r ^ C O . v l ' '-'_'yr} JC1.vJ • \£2 J(1,v) V' ,'.' "' 

whore are s c a l e r s w i t h v > 0. 

And s i m i l a r l y f o r t h e V «• c o n s t , b o u n d a r i e s . 

We c o n s i d e r b r i e f l y some forms o f t h e b i c u b i c r e p r e s e n t a t i o n 

which are c u r r e n t l y i n use i n CAO systems. 
. i 

D e f i n i t i o n 3.5 

Let £ : [ 0 . 1 ] x [ p . f ] — *E 3 be g i v e n by 
m n . . . . 

r t u . v ) = I Y. c T n ^ M - u r - V c i - v J ^ V , 
~* • i = 0 j = 0 J ~ 1 J 

where j d ^ j l C E 3 , m, n eN 

Then £ i s c a l l e d a B e z i e r s u r f a c e .{12). 

I f m » n » 3 t h e n £ i s t h e B e z i e r b i c u b i c s u r f a c e . We s h a l l 

see t h a t t h e c o e f f i c i e n t s d ^ j bear n i c e r e l a t i o n s h i p s w i t h 



t h e s u r f a c e boundary p r o p e r t i e s . ( F i g u r e 10} : 

(1 ) d 0 0 f r ( 0 . 0 ) 

(11) d 0 3 « £(0,1) 

( i l l ) d 3 0 » £(1,0) 

( i v ) d 3 3 - r ( f , 1 ) 

Thus t h e p o i n t s t o be i n t e r p o l a t e d a r e c o e f f i c i e n t s i n t h e 

s u r f a c e e q u a t i o n . . 

( v ) 3 ( d 1 0 - d 0 0 ) •> £1(0,0) 
J 

( v i ) 3 ( d 1 3 - d 0 3 ) = £l(0.1) 

( v i i ) 3 ( d 3 0 - d 2 0 3 " r j ( 1 , 0 ) 

( v i i i ) 3 ( d 3 3 - d 2 3 ) = £!(1,1). 
( i x ) 3(d.oi " d.0 0 J " £2 1 °« 0) • 

( x ) 3 ( d 0 3 - d 0 2 ) ' • r 2 ( 0 , 1 ) 

( x i ) 3 ( d 3 1 - d 3 0 ) = £ 2 (1,0) 

( x i i ) ' 3 ( r i 3 3 - d 3 2 ) " £ 2 ( 1 * D 

Thus t h e s e c o e f f i c i e n t s ' o f t h e s u r f a c e e q u a t i o n l i e on t h e 

t a n g e n t planes t o t h e s u r f a c e a t t h e i n t e r p o l a t i o n p o i n t s : 

( x i i i ) 6 ( £ 0 0 " d 1 0 12 0 * d 1 0 ) a £ n ( 0 , 0 ) 

( x i v ) 6 ( d 0 3 " d.1 3 + d_2 3 - 1 1 3 ) = £ 1 1 ( 0 , 1 ) 

. ( x v ) 6 ( d 1 0 " d_2 0 + 13 0 * d 2 0 ) 8 £ 1 1 ( 1 . 0 ) 

( x v i ) 6 ( d 1 3 - cJ 2 3 + ^33 " d 2 3 ) = £! j ( 1 , 1 ) 

( x v i i ) 9 ( d 0 0 * do 1 + 1 1 1 - ! i o > a £l 2(0.0) 

( x v i i i ) 9 ( d 1 3 " d ! 2 
+ 10 2 " d 0 3 ) e £ 1 2 ( 0 . 1 ) 

( x i x ) 9 ( d 3 1 " d 3 0 
+ d.2 0 - I 2 1 ) e £ 1 2 ( 1 . 0 ) 

( x x ) 9 Cd 3 3 " d 32 + 12 2 * I 2 3 ) = £ 1 2 ( 1 . D 
( x x i ) 6 (d_o o " d 0 i + d.02 - d 0 i ) e £ 2 2 ( 0 , 0 ) 

( x x i i ) 6 ( d 0 1 " d 02 + l 0 3 " d.0 2 ̂  e £ 2 2 ( 0 , 1 ) 



( x x i l i ) 6Id[3o - ^ 3 1 + £32 " d.31 ) B' £22(1,01 
( x x i v ) 6 ( d 3 i - £32 + d.3 3 ~ fj.32 ) » £ 2 2 ( 1 . 1 ) 

T h e r e f o r e a t t h e i n t e r p o l a t i o n p o i n t u a 0 , v»0 (* d o o ) 

t h e second f u n d a m e n t a l o o e f f i o i e n t s and t h e Gaussian and 

mean c u r v a t u r e s a r e : 

L ( 0 , 0 ) « 6|(d^oo " d.io) + (d_20 - d i o ) | c o s a 
M(0,0) - 9 | ( d 0 o * d 0 i ) + (d 11 - d_io)|cos Y 

NCO.Q) » 6 | ( d 0 o - d_01> + (£02 - d_oi)|cos 0 
KC0.0) • (4niH2 " 9n3 2)/9T)4 
H(O.O) » ( n 2 | d i o - d 0 o 1 2 + n i | d 0 i - d 0 o l 2 -

. .. 3TI3 I d_j o _ D.O 0 I I£1.0 1 "d.00 |cos 6}/3ni» 
where 

Hi B |(d_oo"d_lo) * (d_20"d_l 0 ̂  I c o s a 

H2 Ud.OO'd.OlJ * (^02*^01 J I cos 0 

^3 " I (d.OO-d.O 1) * 0 H c o s Y 
n.t» 0 I d i o-doo I 2 l l o i - ^ 0 0 I 2 s i n 2 6 

w i t h a,0,Y#6 as shown i n f i g u r e 10. 

We can t h e r e f o r e see t h a t t h e main advantage o f t h i s 

p a r t i c u l a r r e p r e s e n t a t i o n f o r CAD use i s t h a t p r o p e r t i e s 

o f t h e s u r f a c e a r e i m p l i e d more d i r e c t l y by t h e d e s i g n e r s ' 

c h o i c e o f t h e d_ . 

I n Chapter 2 we c o n s i d e r e d t h e B e z i e r c u b i c c u r v e w h i c h we 

can w r i t e as: 



r ( t ) - t 3 d 3 + 3 t 2 t d 2 + 3 t t 2 d ! + t d 0 

A 

where t • t • 1. 

The more ob v i o u s g e n e r a l i s a t i o n o f t h e B e z i e r c u b i c curve 

i s t h e t r i a n g u l a r b i c u b i c s u r f a c e ( F i g u r e 11] : 

r ( u , v ) • u3A_ + 3u 2vB + 3uv 2C + v 3D + 3u 2wE + •** • 

3vw 2£ + 3uw 2G + 3vw 2H + w3I + 6uvwJ 

where u + v + w «• 1 , } A , B , C , . . . | C E 3 

For v t h l s p a r t i c u l a r r e p r e s e n t a t i o n 

r j C u . v ) » 3 ( u 2 ( A - E ) + 2uv(B-JI) + v 2 ( C - F ) • 

"•' '* 2uwCE-G) + 2vwU-H) + w 2 ( G - I ) J 

r 2 ( u , v ) • 3 Q J 2 ( B - E ) + 2 u v ( C - J ) + v 2CD-F) + 

2uw(JHG) + 2vw(F_-H] + w 2(H-£)] 

r n t u . v ) = 6[uCA-2E + G) + vCB-22+H) + w(E-2G+^f] 

r 1 2 ( u , v ) « 6 (u (B-J.+G-EJ + v(C-F + H - J ) + W U - H + I H J f ] • 

r 2 2 ( u , v ) = 6 [u (C-2£+G) + v(D-2F+H)+ w (F-2H + I _ f ] 

r i n ( u , v ) = 6 [ J - 3 E + 3 G - f ] 

r 1 1 2 ( u , v ) = 6 [Ji - 2J_ + H - E + 2 G - f ] 

r 1 2 2 ( u , v ) = 6 [ t - 2J_ + G - F + 2H - f j 

r 2 2 2 C u f v) = 6 [|) - 3 F_ + 3 H - f ] 

A l o n g t h e boundary u=0, 

3r/3w - 3[y 2l'F-C) + w 2 (_I-_G) + 2vw(H-2f] 

3 r / 3 v « 3 [ v 2 ( D - C ) + w 2(H-G) + 2vw (F - J_r| 

A l o n g v«0, 

3r/3u - 3|u 2(A-B] + w2CG-H) + 2uw ( E - J _ ) | 

3r/3w - 3|u 2(E-B) + w 2(I«H] + 2uw(G-J)| 



Along W b0. 

3 r / 3 v * .3 QJ 2 (B-E) + v 2 ( D-F) + 2uv(C-J_fJ 

3 r / 3 u » 3 [ u 2 ( A " l 5 + v 2 (C-F.) + 2uv(B-J_)] 

Along t h e b o u n d a r i e s t h e normal i s g i v e n by, 

~ju°0 " o ( v ) X ( - " - } + w ^ f i - G 1 * (H-G) 

. • v 2 w 2 [ 4 ( H - J . ) x (F-J) + ( I - G ) x (D-C)+(F-C) x (H-G f ] 

• 2v 3wQ'H-2) X (D-C) + (F-C) x (F-J_f] 

-. + 2 v w 3 Q j > G ) x (F - J ) + (H-J_) X (H-G 

where o ( v ) =» 1/|3£/3w x 3£/3v| 

S i m i l a r l y f o r N and N 
v«=0 w = 0 

Thus c o n t i n u i t y o f normal N a c r o s s u=0 p u t s severe 

c o n s t r a i n t s on t h e c o e f f i c i e n t s o f t h e s u r f a c e e q u a t i o n 

s i n c e we must a l r e a d y have D, H, _I as common c o e f f i c i e n t s 

i n o r d e r t o have a common boundary. For a s u r f a c e w i t h 

c o e f f i c i e n t s as above t h e c o n t i n u i t y o f £j x £ 2 a c r o s s • 

u=0 r e q u i r e s t h a t f o r t h e n e i g h b o u r i n g s u r f a c e (see 

F i g u r e 11) we p o s i t i o n P, 0 and R such t h a t \ D, C, F, Q \. 

i f ' J' il» £ | and j H , G, I , K j f o r m t h r e e skew p a r a l l e l o g r a m s . 

T h i s a l s o moans t h a t e x a c t l y s i x t r i a n g u l a r elements have 

an i n t e r n a l v e r t e x i n t h e system as common v e r t e x * Thus 

a t each v e r t e x we have a s e m i - r e g u l a r p l a n e hexagon. 

For t h e above r e p r e s e n t a t i o n o f a s u r f a c e , t h e c o n t i n u i t y 

c o n d i t i o n s a re so r e s t r i c t i v e t h a t . t h e r e a re v i r t u a l l y 

no degrees o f freedom l e f t . T h i s f a m i l y o f B e z i e r t y p e 

s u r f a c e s i s t h e r e f o r e not r i c h enough and we can c o n c l u d e 
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t h a t b i c u b i c t r i a n g l e s are u n s u i t a b l e f o r B u r f a c e f i t t i n g . 

T h i s i s not a l t o g e t h e r s u r p r i s i n g s i n c e i n c o n s t r u c t i n g 

Bmooth s u r f a c e s most o f t h e d i f f i c u l t i e s a r i s e f r o m 

c r o s s i n g t h e b o u n d a r i e s and i n i n t r o d u c i n g t h e e x t r a 

boundary we can o n l y be a d d i n g t o our t r o u b l e s . We can 

c o n t r a s t t h i s w i t h . f i n i t e . . e l e m e n t a n a l y s i s where.ttie.' 

d i f f i c u l t i e s a r i s e i n j u m p i n g f r o m one s i d e o f t h e element 

t o t h e o t h e r , and so t h e a d d i t i o n o f t h e e x t r a boundary 

g i v e s us an e x t r a s t e p p i n g s t o n e . 

The e x t e n s i o n o f B - s p l i n e c u r v e s t o B - s p l i n e s u r f a c e s i s 

e x a c t l y analogous t o t h e development o f B e z i e r s u r f a c e s 

f r o m B e z i e r c u r v e s : 
' ;- '•• ' •• - • 

D e f i n i t i o n 3.6 

I f t h e e q u a t i o n o f t h e s u r f a c e can be expressed i n terms 

o f B - s p l i n e f u n c t i o n s as . 1 

. .2 2 
t h e n r i s c a l l e d a B - s p l i n e s u r f a c e { 1 7 } . 

S u r f a c e r e p r e s e n t a t i o n s o f t h e t y p e s d i s c u s s e d above have 

been d e r i v e d t o ensure t h a t most o f t h e e n g i n e e r i n g shapes 

l i k e l y t o be e n c o u n t e r e d can be d e f i n e d i n s u f f i c i e n t 

d e t a i l , a l b e i t a t a c o s t of smoothness i n t h e sense o f 

d i f f e r e n t i a l geometry. For o t h e r forms o f a n a l y s i s o f 

t h e r e s u l t i n g s u r f a c e however smoothness becomes t h e c r i t i c a l 
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f e a t u r e . One way o f a c h i e v i n g a compromise would be 

t o proceed f r o m t h e b i c u b i c d e f i n i t i o n t o a smooth 

a p p r o x i m a t i o n t a k i n g o ver p r o p e r t i e s o f t h e b i c u b i c . 

T h i s c o u l d o b v i o u s l y be done, f o r i n s t a n o e by u s i n g h i g h e r 

o r d e r p o l y n o m i a l s . I n so d o i n g i n s t e a d o f c o n s i d e r i n g 

c o n s t r a i n t s on.jus.t one component o f t h e t e n s o r ' o f second o r d e r 

p a r t i a l d e r i v a t i v e s 3 z r / 3 u 3u we c o u l d l o o k a t t h e t e n s o r x 
o» 

where x 1
 fl - 3 2'x i/3u° l3u 8 - r Y . x* - fl -N 1 

where ( N 1 ) i s t h e u n i t normal and (ft .) t h e second 
a p 

f u n d a m e n t a l f o r m . 



sa 

Chapter 4 

E x t r e m a l Mappings o f Riemannian M a n i f o l d s -*T" 

We make use o f t h e f o l l o w i n g n o t a t i o n : 

( 1 ) TM n - U T M n i s t h e t a n g e n t bundle o f t h e d i f f e r e n t i a b l e 
pern " 

n - m a n i f o l d M. 

( i i ) H(TM x TM, fR) i s t h e bundle o f t e n s o r s o f M o f t y p e 

( 2 , 0 ) . I n g e n e r a l H(TM x TM... x TM x (TM)». . . x(TM)*, IR) 
r s 

i s t h e bundle o f t e n s o r s on M o f t y p e ( r , s ) . 

( i l l ) A s e c t i o n o f H(TM x TM, IR) i s a (2 , 0 ) t e n s o r . 

D e f i n i t i o n 4.1 

A Riemannian m a n i f o l d i s a d l f f e r e n t l a b l e m a n i f o l d t o g e t h e r 

w i t h a s e c t i o n g o f H(TM x TM, IR) s a t i s f y i n g 

( i ) g(X,Y) » g(Y,X) . ( i i ) g(X.X) « 0 i f f X - 0 

where X,Y are v e c t o r f i e l d s . 

We w r i t e g(X,Y) as <X,Y> and t h i s i s t h e f i r s t f u n d a m e n t a l 
n 

f o r m on M. Thus f o r M • E t h e n <X,Y> » I x y . 
i - 1 
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D e f i n i t i o n 4.2 

The second f u n d a m e n t a l f o r m on M i s a s e c t i o n B o f 

H(TM x TM, NM) g i v e n by B(X.Y) - [v Y] N t h e normal 

c'omponent o f V^Y f o r the Riemannian c o n n e x i o n 7. 

1 k 
Thus i f u ,...u a r e l o c a l c o o r d i n a t e s a t x'e M c E n 

1 k 1 k X «= ( x 1 f . . . . x n ) - Cx^jCu ,...u 3 , . . . x n ( u ,...u ) ) and 

( g i j ) " ^ T u 1 ' T u J > ) * F o r a s u r f a c Q i n e 3 t h s n 

g i j ' < X i ' X J > ' X i " 8 x / 3 u ± 1 = 1 » 2 a n d l f 

N *> X,± x X2/\X^ x X 2 j i s u n i t normal t h e n 

^X X i " 3 X i / a u J " I r i j X
K * b i j N l n terms o f t a n g e n t i a l 

and normal components. And f o r a cu r v e Y on M w i t h t a n g e n t 

l Y r ' x t h e n 

a c l Y 1 ' x 1 ) / a t . - [ Y L I . * Y k y , r i J x i + ^ V ' b ^ N 

Theorem 4.3 

Given a Riemannian symmetric c o n n e x i o n V and a c u r v e 

Y : C°'1Z1 k n w i t n YfOJ P and Y 0eT^M t h e n t h e r e 

i s a unique Y ( t ) a l o n g Y such t h a t V ^ F Y " 0 

n • fi 

To see t h i s i f X 1,..^ a r e c o o r d i n a t e s a t p, 

V J - j / ^ k • x i B 3 / 3 X i ' 

and Y' - ( X 1 ' ( t ) . . . , X n ' ( t ) ) and 

V Y •" V Y , y l ) ( i 
• y i , x i + y i y

v , x i 

y i ' X i + y ± X j r j l XK 



5 2 

Thus W8 have a l i n e a r system of d i f f e r e n t i a l e q u a t i o n s 

t - 0 
y K ' + y i x J ' r i j B 0 w i t h i n i t i a l c o n d i t i o n Y0. - y 1 ( t ) 

A A A ' 
Since ( | Y - Y | 2 ) ' » 2 <Y-Y.V . ( y - Y ) > . « 0 

* A 

t h e n | Y — Y-12 i s . c o n s t a n t and so s i n c e YCO) A Y ( 0 ) we must 

have uniq u e n e s s . v 

D e f i n i t i o n 4.4 

A Geodesic i s a c u r v e y w i t h a c c e l e r a t i o n v e c t o r f i e l d 

V ,Y' z e r o . . Y 

n ̂  K 

L et r be a c l o s e d ( n - 1 ) ' m a n i f o l d i n E . We say t h a t 

X spans r i f X i s an n - s u b m a n i f o l d and 3X = T . 

Let X : D • E n + K . D c l o s e d b a l l i n E n and X(3D) = r 

D e f i n i t i o n 4.5 

A v a r i a t i o n o f X i s a map X .: Dx[-£,eJ » E n + ̂  ' 
i 

such t h a t " • -
i 
t 

( i ) X 0 ( z ) = X ( z ) f o r each zeD 

( i i ) XuC.3D) = X 0(3D) « X(3D) f o r each u e Q c . e ] 

where X ( z ) = X(z,u) 

Thus f o r f i x e d zeD, X u ( z ) i s a c u r v e w i t h v e l o c i t y v e c t o r 

V ( z ) - d(X ( z ) ) / d u u c a l l e d t h e V a r i a t i o n V e c t o r F i e l d 
u = 0 ' 

a s s o c i a t e d w i t h t h e v a r i a t i o n X. And X (D) i s a s u r f a c e 
u 

w i t h f i r s t f u n d a m e n t a l f o r m g . J u ) B <X . X J > and has area , i J u»i u.J 
. / [ d e t g . J u l l d u 1 d u n «. IdA . 
h i J J • Jn u 



I f ( i r , . . . , u n ) a r e c o o r d i n a t e s , f o r a'domain D i n E n 

and X ( u 1 . . . . . . u n ) i s a smooth map i n t o E n + k w h i c h I s 

everywhere r e g u l a r t h e n X in d u c e s a Riemannlan s t r u c t u r e 

on • and I f we t a k e . < , > t o be t h e u s u a l i n n e r p r o d u c t 
n ̂  K 

on E t h e n X*(< / >) i s a m e t r i c t e n s o r on D. 
fa- -

D e f i n i t i o n 4.B 

g . . • x»c< . > ) o / a u i , a / 3 u J ) - <x,o/3u 1).x« 1o/au' ,)> 
1 J n*k , . 

I 3X./3u l 3X./3u J . 
1 

The .volume element o f ( g j j ) i a d e f i n e d by 

dV •» /QletCg f j d u 1 . . . d u n , and f dV i s t h e 'volume' o f X. 

I f G : D x * E n + k i s a smooth v a r i a t i o n o f X 

which l e a v e s 3D f i x e d , t h a t i s G(z.O) = XCz] and 

G(3D,s) - XC3D) t h e n i f V ( z ) « dG(z,s)/ds 

v a r i a t i o n v e c t o r f i e l d o f G t h e n f o r small 

i s t h e 

enough s,G s 
i s r e g u l a r and Cg ..) • X*C< , >) i s a m e t r i c t e n s o r w i t h 

8 I j 8 ^ 
volume element dV - / [ d e t ( g F] d u 1 . . . . d u n . 

3 B 

D e f i n i t i o n 4.7 

I f f i n i s a d i f f B r e n t i a b l e m a n i f o l d and X : M" » E N + K 

i s r e g u l a r t h e n X i n d u c e s a r i e m a n n i a n s t r u c t u r e on M n as 

above. F u r t h e r m o r e X, i s an i s o m e t r y between each f i b r e -

on T M N and i t s image i n T E N + L \ Such a map i s c a l l e d an 

I s o m e t r i c Immersion. 



D e f i n i t i o n 4.6 

An immersion X : M n » E n + k i s c a l l e d M i n i m a l i f H ;= 0 

where H i s i t s mean c u r v a t u r e v e c t o r f i e l d . 

We s h a l l see t h a t an i s o m e t r i c immersion X : ( i n — : — - v E n + ^ 

i s m i n i m a l i f and o n l y i f t h e volume o f M n i s s t a t i o n a r y w i t h 

r e s p e c t t o a l l v a r i a t i o n s w i t h compact s u p p o r t i n M n - 3M n. 

We remark here t h a t t h i s c a r r i e s over f o r immersions i n 
™* n ̂  K 
M h a v i n g < , > as i n n e r p r o d u c t , and i n t h i s case t h e 

induc e d m e t r i c f r o m a r e g u l a r map i s 
fiiJ ' I 3 X

0
/ 3 u l 3Xp/3u J £ a p where g a p i s j u s t . < . > 

i n l o c a l c o o r d i n a t e s . 

P r o p o s i t i o n 4.9 

With X, D, X as p r e v i o u s l y d e f i n e d t h e n t h e r e i s a normal 

v e c t o r f i e l d H a l o n g X ( d e f i n e d l o c a l l y ) such t h a t f o r any 

v a r i a t i o n X which l e a v e s «*D f i x e d t h e n 

i [<H. 
JD 

V'(0) - -r- I <H,V> dV where V i s t h e v a r i a t i o n v e c t o r f i e l d 

o f X. 

To see t h i s one c o n s i d e r s t h e v a r a t i o n X o f X w i t h v a r i a t i o n 

v e c t o r f i e l d V ( z ) •= d(X ( z ) / d u and by t a k i n g t h e 
f o u = u 

area A ( u ) B j / Q j e t g i ^ ( u f ] du 1...du n° one s i m p l y e v a l u a t e s 

dA/du , u s i n g t h e 1 f a c t t h a t V i s zer o on t h e boundary. 
u B0 

Suppose t h a t y • Cp.l] *M i s a c u r v e . i n M. The l e n g t h 

of, Y i s g i v e n by 



L ° m " lo < Y ' [ t ) ' y ' [ t ) > i d t 

I f y '• x G"G.e] > M i 9 Q o n B paramoter v a r i a t i o n 

o f Y t h e n yQlt) ° ytt) V t e Ql, l ] and Y ( 0 ) - Y C O ) , 
r- - I U 1 _ Y U ( D - Y d ) V u e L-E,eJ. I f we w r i t e L - L 0 ( Y ) t h e n 

f l - . _ i U " 
L «= < Y ' ( t ) , Y ' ( t ) > d t and u s i n g p r o p o s i t i o n 4.9 wu have 
U in u u . . i f 1 i d(L )/du = - < V , H > < Y ' ( t ) , Y ' ( t ) > s d t where V i s t h e 

|u = 0 Jo 

v a r i a t i o n v e c t o r f i e l d a l o n g Y» which depends upon t h e 

v a r i a t i o n and H = ( Y ' 11 )./<y • ( t D, Y ' 11) ) ' i s t h e c u r v a t u r e 

v e c t o r which depends o n l y on Y-

Thus d ( L u ) / d u 

d ( L u ) / d u 

= 0 i f and o n l y i f H = 0 and so 
u = 0 

• 0 f o r a l l v a r i a t i o n s f i x i n g e n d p o i n t s i f 
u = 0 

and o n l y i f Y i s a g e o d e s i c . And i f M = E n t h e n 

H « ( y ' C t ) / < Y ' C t ) . Y'CtJ>'-) ' " 0 means t h a t Y"Ct) = 0 which 

on i n t e g r a t i o n j u s t g i v e s a l i n e a r e q u a t i o n . 

I f X ( s ) i s a cur v e i n E n p a r a m e t e r i z e d by a r c l e n g t h t h e n 

X"(s) i s a v e c t o r normal t o X and X"(s) = 0 i f and o n l y i f 

X i s l o c a l l y t h e s h o r t e s t c u r v e between p o i n t s on X. 

I n t h i s case H = X"(s) - B (X ' ( s ) , X • (s ) ) and i f t h e cur v e i s 

moved i n t h e d i r e c t i o n o f X"(s) t h e n i t s l e n g t h w i l l b e., 

decreased. 

Suppose t h a t r i s a c l o s e d c u r v e i n E 3 and l e t X : • » 

be a s u r f a c e which spans r. Then X has area 

A D ( X ) «= / D / j d e t ( g i J f j d u i d u a and i f X i D x [-£,{] » E 3 

i s a smooth v a r a t i o n o f X l e a v i n g 3D f i x e d w i t h v a r i a t i o n 



v e c t o r f i e l d V ( z ) . 3X ( z , u ) / 3 u 
u-0 u 

and X(z,u) s X f.(z) 

. H>dAo 

i f and o n l y i f X i s . a m i n i m a l s u r f a c e , where 

has m e t r i c j ( u ) t h e n d A ( u ) / d u - - f < v , i 
u»0 ' 

A(u) - J/ftiet B ± j f u ) ] d u i d u 2 . 

I f X : M2 * E 2 + K i s g i v e n l o c a l l y i n terms o f c o n f o r m a l 

c o o r d i n a t e s t h e n a t each p o i n t ( g ^ j ) i 3 0 - f t h e f o r m 

f x * 0 | and t h e L a p l a c i a n AX = (AX 1 , . . .AX2 + h ) - H/Xz . 

Thi s means t h a t X i s m i n i m a l i f and o n l y i f AX ° 0 i f and 

o n l y i f a l l t h e c o o r d i n a t e f u n c t i o n s X^ are harmonic. 

I f we p u t f • 8X / 3 u i - 3X / 3 u 2 . o " 1,..*.2+k t h e n f r o m a a 1 a . ' . 

t h e Cauchy Riemann e q u a t i o n s each f i s a n a l y t i c as a 

complex f u n c t i o n o f . z '» u j + i u 2 and a l s o 

( i ) I f 2 - 0 
• a 

( i i ) . I [ f | 2 - 2X 2 a a 

P r o p o s i t i o n 4.10 

Given t h a t f j , f 2 . , f 2 + k 8 r e a n a * y t i c f u n c t i o n s o f 
z = u i + i u 2 on a s i m p l y connected domain DcC such t h a t t h e y 

' 2 
s a t i s f y ( i ) and ( i i ) above th e n t h e r e e x i s t s X : D * E 
which i s m i n i m a l and i n c o n f o r m a l c o o r d i n a t e s . 

T h i s f o l l o w s by t a k i n g X & =. R e j f ^ 0 = 1,...,2+k 

D e f i n i t i o n 4.11 

Let Y : [ a , b ] > M be a c u r v e i n M which i s p i e c e w i s e 

smooth and c o n t i n u o u s . The energy o f Y» { 4 , 6 } i s g i v e n 
'b 

E ° ( Y ) •" < Y ' » Y ' > d t . 
•'a 



P r o p o s i t i o n 4.12 

d E(Y)/du 
u-0 

- - 2jj ; < U ( t ) , A t V > - •. / g < U ( t ) , 7 v V > d t j 

where Y : [ a , b ] x G"e»Cl * M i s a one parameter 

v a r i a t i o n o f Y, • V - \t^_ i s t h e Jump i n t h e v e l o c i t y 

v e c t o r , V ( t ) - Y ' ( t ) a t t h e c o r n e r t , U ( t ) • 3 Y / 3 u 

and '^V i s t h e a c c e l e r a t i o n v e c t o r o f y. 
u-0 

Th i s r e s u l t f o l l o w s s i n c e 
t 

d. E ( f )/du - d [ | g < Y - , Y ' > d t ] / d u 

' ~" f a C < V i / ' ' Y , > * • < Y , . V u Y , > ] d t 
= 2 

- 2 

< V M Y ' , Y ' > d t a u 
k<V-, U,Y'> d t a Y 

I f Y e C 1 ( 3 l _ 1 / t p x.[>e,e3 i " 1 . ">» t„ 

t h e n s i n c e 

a, t m 

. 3<3Y/>u.Y' :>/3t - <V^, U,Y' > + O Y / S U ^ , y > 

we have 

I t 1 < y r ' u -
i - 1 

t»t 
Y'> d t • <3Y/3U,Y> 

t - t 

- J ! : 

i - 1 

i - 1 
Now 3Y/3U •> 0 a t t«0 o r t«1 and so 

<ty/du,V^, y ' > d t . 

<V ,U.Y'> d t a Y 

m-1 
I < 3 Y / 3 U . A t Y ' > 

1-1 rb . i 
<3 Y/3u,7 , Y'> d t 

J a Y 

C o r o l l a r y 

S t a t i o n a r y p o i n t s o f t h e energy ' f u n c t i o n a r e g e o d e s i e s . 

T h i s f o l l o w s because i f Y i s a geodesic t h e n Y 1& smooth 



and 'yV - 0 and so d E(Y)/du 

C o n v e r s e l y i f d E ( y ) / d u 

B 0 V v a r i a t i o n s y. 

= 0 f o r a l l v a r i a t i o n s y 
u = 0 

th e n VyV » 0 where d e f i n e d and V i s c o n t i n u o u s so f r o m 

th e uniqueness theorem f o r d i f f e r e n t i a l e q u a t i o n s s i n c e 

t h e r e i s o n l y one c o n t i n u o u s s o l u t i o n t h e n y i s an unbroken 

g e o d e s i c . 

D e f i n i t i o n 4.13 

Let Y : L?»b] * M be a c u r v e i n M. Then yit,u,vi) 

i s a two parameter v a r i a t i o n o f Y i f 

Y : [ a . b ] x { j e . F J x ( j f i ' C l > M w i t h 

Y ( t . 0 , 0 ) = ylt) 

I f we w r i t e y'[t) = V, U ( t ) «= 3Y/3U. W ( t ) = 3Y"/3W t h e n 

U ( t ) i s a v e c t o r f i e l d a l o n g t h e c u r v e Y ( t , u 0 , w 0 ) f o r 

f i x e d u Q , w 0 and W ( t ) » 3y ( t . u f l , w ) / 3 w | 
w=w« 

P r o p o s i t i o n 4.14 

For a smooth geo d e s i c Y d e f i n e d on [ j 9 * ^ a n c ' a P i s c e w i s e 

smooth v a r i a t i o n y ( t , u , w ) t h e n 

3 2E/3u3w - - 2 [ j;<Ut,A,.VvW> 
u»w=0 * b U 

•• J a<U.R(W,V)V + 3 2W/3t 2> d t 
f o r v a r i a t i o n v e c t o r f i e l d s U,W o f t h e v a r i a t i o n ,y o f y. 

T h i s f o l l o w s f r o m s t r a i g h t f o r w a r d d i f f e r e n t i a t i o n where 

*CW.V)V «= V WV VV - V VV WV - V^ w < v /-jV and where 

[W,V] - 3/3w 3/3t - 3/3t 3/3w - 0. 
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C o r o l l a r y 

' I f Y ( t , u , w ) i s a smooth v a r i a t i o n w i t h Y(a,u,w) • p and 

Y(b.u.w) - q t h a t i s U(a) - U(b) - WCa) ». WCb) « 0 

then ' . 

3 2E/3u3w - -2/ b<U,RCW,V)V +3 2W/3t 2> d t . 

We s h a l l use t h e f o l l o w i n g n o t a t i o n : 

« B J Y | Y : Qa, b j * M j 

n£ " jYet2 | Y ( a ) •= p,ylb) = q j 

T ^ f i «» | U | U i s v e c t o r f i e l d a l o n g Y | 

r^nj* « j u c T Y f l | U ( p J « U(q) = 0 j 

We can t h e r e f o r e t h i n k o f ' E , E,, E„, as mappings : 

E : 0 »IR, E, : 1(1 • (R, E,„ : T x T^fl *IR 

such t h a t i f WeT SI t h e n E.tW) * 3E/3w 
Y w = 0 

and i f U,WeT a t h e n E,,(U,W) •= 3 2E/3u3wl 
Y Iu ew-0 

P r o p o s t i o n 4.15 

I f YE^p i s a p i e c e w i s e smooth c u r v e o f s h o r t e s t l e n g t h 

on M t h e n Y i s a smooth geodesic and 

E.CU) = 0. E«,(U,U) •> 0 V UeT^n^. 

To see t h i s , s i n c e geodesies are s t a t i o n a r y p o i n t s o f E 

th e n E,(U) - 0. 

b A l s o [ L ° ( Y G 2 - [!a<y'.y'>s d t ] 2 

< / ^ Y ' . Y ' > d t / b 1 d t (Schwarz I n e q u a l i t y ) •/,»a * a • 
- E b ( Y ) (b-a) 



But i f y i s a geodesic L b ( Y ) < L b ( a ) '. V o e flq and so 
a a p 

[ L ^ Y f ] 2 S< [L ^ C - l D 2 « E b t a ) ( b - a ) 
o r E b ( Y ) ( b - a ) S E b ( a ) ( b - a ) a , . a 

Thus f o r any v a r i a t i o n Y o f Y. E b ( Y ) • E b ( Y ( 0 ) ) $ E b [ Y) 
a a a 

and d 2ECY)/du 2 » 0 
u = 0 

P h y s i c a l l y we can i n t e r p r e t 'Energy' as f o l l o w s . I f a 

r u b b e r band d e s c r i b e s a c u r v e r when s t r e t c h e d between 

two p o i n t s o f a f r l c t i o n l e s s c u r v e d s u r f a c e S t h e n t h e 

p o t e n t i a l energy a r i s i n g f r o m t e n s i o n i s p r o p o r t i o n a l 

t o t h e energy o f r. I n p a r t i c u l a r i f we have an 

e q u i l i b r i u m s t a t e t h e n t h e energy i s m i n i m i s e d and r 

i s a geodesic on S. 

Let p, q e E 3 and l e t A : C°« 1D * E $ 0 8 a n y c u r v e i n E 

w i t h A (0 ] - p and. X (1 ) «? q. 

Then Aefi and t h e Energy o f A i s g i v e n by 
P , l 

E( A) - J <A' C t ) , A ' ( t ) >dt . , 
'0 ' 

We now c o n s i d e r ( n 1 2 ) ^ C fiq where 
c p p 

Cn 1 2 ) q - I 
c p \ 

Aen A i s a c u b i c c u r v e 

t-rom t h i s 12 parameter f a m i l y o f c u r v e s we can e x t r a c t 

a 2 parameter s u b f a m i l y ( n 2 ) q as f o l l o w s : 
c p 

L e t T , T e E 3 w i t h |T I 
p q • P' 

1 

t h e n 

( n 2 ) q 

c p 
A e ( f t 1 2 ) q 

c p A ' ( t ) i - o.T , A ' ( t ) 
|p " X ' P 



f o r some e|R. 

I f E(X) i s E U ) r e s t r i c t e d t o t h e s e t ( n 2 ] q
 W e w i l l show 

o p 
. i n Chapter 5 t h a t t h e r e i s j u s t o n e A e f f t 2 ) ^ which m i n i m i z e s E 

c p 

D e f i n i t i o n 4.IB 
• * • « - . • 

Let f : M m r—> N n be a smooth mapping o f Riemannian 

m a n i f o l d s M (compact] and N. I f ( x 1 . . . . . . x m ) and 

( y l # , y n ) are l o c a l c o o r d i n a t e s a t pell and f ( p ) & N 

r e s p e c t i v e l y t h e n t h e energy o f f i s g i v e n by 

•> i 1 *9 A a B where ds* = g..dx d x J and d s ' • g Q d y dy are t h e m e t r i c s i j ap 
i n l o c a l c o o r d i n a t e s , and f " « 3 f a / 3 x , and *1 i s t h e 

volume element o f CU 

The problem o f d e f o r m i n g any g i v e n mapping i n t o one f o r • 

•which 6E » 0 i s c o n s i d e r e d i n { 6 } . For t h i s t h e E u l e r 

e q u a t i o n s t u r n o u t t o be'T-a = .0 where 

where r.r are t h e C h r i s t o f f e l symbols on M.N and any map 

f o r w h i c h T a= 0 i s a Harmonic map. I f we t a k e M ° S 1 

t h e n f i s harmonic i f and o n l y i f f C S 1 ) i s a c l o s e d g e o d e s i c 



Chapter 5 

An E x t r e m a l c u r v e i n E 

Using d e f i n i t i o n 2.1 f o r t h e c u b i c c u r v e e q u a t i o n we 

can w r i t e any member o f ( n 2 ) 1 1 i n t h e f o r m 

c p 

r ( u ) • £o * £ l u * £2 u 2/2l +£3U 3/3I a^e E 3 

where u e Q ) , l ] 

D e f i n i t i o n 5.1 

The energy o f t h e c u b i c c u r v e £ i s g i v e n by 
f l . 

ECr) • < r ( u ) , r ( u ) > du - J 0 ~ 
Then 

r ( 0 ] = £o 3 P ' 

r ( 0 ) = s ( O ) U O ) 

r ( 1 J = s ( 1 ) H l ) 

"and we r e c a l l f r o m c h a p t e r 2 t h a t each c o e f f i c i e n t i n 

t h e c u b i c e q u a t i o n can be w r i t t e n i n terms o f t h e s e as 

a x » s ( o n c o ) 

a 2 - 6 ( r C l ) - r ( 0 ) ) - 4 s ( 0 ) t ( 0 ) - 2 s t m C l ) 

a 3 - 1 2 ( r C 0 ) - r ( 1 ) ) + 6 s ( 0 ) t ( 0 ) • 6 s ( 1 ) t ( 1 ) 



W r i t i n g 

[ r ( 1 J - r C O ] | • W 

< r ( 1 )-£( 0 ) . M 0 ) > • W cos e 

• • < r ( 1 ) - r ( 0 ) . t M ) > a W cos $ • 

th e n 

<£(u),£Cu)> = 9au** * 120u 3 •. 2 y u 2 + 46u + s 2 ( 0 ) ^ 

where 

o - 4W(W-s(0)cios 9 - s t U c o s $) + s 2 ( 0 ) + s 2 ( 1 ) 

" + 2 s ( 0 ) s ( 1) cos (8 + <f>) 

8 • W(-6W+7s(0)cos 8 • 5 s ( 1 ) c o s - 2 s 2 ( 0 ) - s 2 ( 1 ) 

- 3 B ( 0 ] S ( 1 ) cos C6 + <fr) 

Y • 6W(3W-5s (Q)cos 9 - 2 s ( 1 ) c o s <j> ] • 1 1 s 2 ( 0 ) - 2 s 2 ( 1 ) 

• • . + 1 1 B ( 0 ) B ( 1 ) cos (8 + * J 

6 » 3s(1)W cos 8 - 2 s 2 £ 0 ) - s ( 0 ) s ( 1 ) cos (9 + <J>) 

And t h e energy o f £ i s g i v e n by 

E ( r ) " Wt6W-s(0)cos 8 - s M ) cos.<|>)/5 

+ ( 2 s 2 t 0 ) + 2 s 2 C i ) - s t 0 ) s ( 1 ) cos (8 • •)-)/15 

f r o m which i t can be shown t h a t E t a k e s on i t s minimum 

when 

hlO) ° 3W[4 cos 8 + cos $ cos (8 + $ f ] / ( j 6 - c o s 2 ( 8 + $ f ] 

s ( 1 ) « 3W [4 cos * + cos 0 cos £8 + Q')J/\JB - c o s 2 [9 + <fr f ] 

I n a s y m m e t r i c a l c o n d i t i o n where 8 «= <f> t h e n 

sCO] - s ( 1 ) " 3W cos 8/(5-2 c o s 2 8 ) 

F i g u r e s 12-15 show some examples o f minimum energy c u b i c 

c u r v e s . The boundary speeds (*) s a t i s f y : 

s ( i ) > 0 i f f < r ( 1 ) - r ( 0 ) , U i ) > > 0 i = 0,1 

s ( i ) - 0 i f f < r ( 1 ) - r ( 0 ) , t ( i ) > « 0 i = 0 . 1 



Using p r o p o s i t i o n 2.4 t h e c u r v a t u r e and t o r s i o n o f 

t h e s e c u b i c s t a k e t h e boundary v a l u e s : 

K ( 0 ) » ( 2 / f te.<t>,sM ] ) / s 2 ( 0 ) 

K ( 1 ) - C 2 / f C * . e , a ( 0 ) ) / S 2 C 1 ) 

T ( 0 ) - 3 a C D | ^ ( 0 ) . r ( 1 ) - r ( 0 ) f i t ( 1 ) ] / 8 ( 0 ) f t B . * . a ( 1 ) J 

T ( D - 3s CO) ( t ( 0 ) ( r [ 1 ) - r ( 0 ) , t ( 1 ] ] / S M ) f ( + . 6 . 8 ( 1 ) 0 % 

where s ( 0 ) and s ( 1 ) a r e g i v e n by e q u a t i o n s (*) and where 

f ( a . b . a ) • 3w[3W s i n 2 a - 2a (3 cos b - cos a cos ( a * b ) f j 

+ a s i n 2 ( a + b ) 

and f o r t h e minimum energy p l a n a r c u b i c t h e c u r v a t u r e 

t a k e s t h e boundary v a l u e s 

K ( 0 ) • 2(3W s i n 6 - s M ) s i n (8 + «Jrfj/s2(0) 

- 2^3VI s i n * -'s(O) s i n (9 + t ) J / f i 2 ( 1 ) 
9 m 

where a g a i n s ( 0 ) and s ( 1 ) s a t i s f y ( * ) . 

And i f 8 • + the n we have 

k ( 0 ) » K ( 1 ) - 2 s i n 9 ( 5-4 c o s 2 8 ) { 5-2 cos 29)/3W c o s 2 8 

Let 5 - { p i . p 2 P n | c E 3 and l e t r 1 e C f i 2 ) p J * 1 

P r o p o s i t i o n 5.2 

Given K t h e r e i s a unique p i e c e w i s e c u b i c c u r v e r which 

s a t i s f i e s 

( i ) r c o n t a i n s p^ i B 1,....n 

( l i ) r i s r e p r e s e n t e d by r * between p, and p. . and 
— i i + 1 

r ^ O J " r n ( 1 ) 



( i i i J r e c 2 

i ~ 9 P i + 1 ( i v ) r m i n i m i z e s E on (fl ) _ f o r i«1,...n 
0 * i 
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T h i s f o l l o w s because a t c o n t i n u i t y o f t a n g e n t d i r e c t i o n 

and c u r v a t u r e v e c t o r means ( p r o p o s i t i o n 2.9) t h a t we must 

have 

and 

i - 1 
u = 0 

u = Q 

c r 

2 - i - 1 c r 
u = 1 

u= 1 

f o r some c > 0 

d r i - 1 
u«1 f o r some d 

By w r i t i n g r • i and r i - 1 
u = 0 

i n terms o f the c u b i c c u r v e 
u = 1 

c o e f f i c i e n t s and s u b s t i t u t i n g i n t u r n f o r t h e s e u s i n g t he 

e q u a t i o n s o f p r o p o s i t i o n 2.3 t h e n we f i n d t h a t t h e second 

c o n d i t i o n f o r t h e c o n t i n u i t y o f c u r v a t u r e v e c t o r a t p 
' i 

reduces t o { 8 } : 0 ' 

. y i * i < £ i « £ i > | C r i - 1 C 1 ) - r l " 1 ( 0 ) ) f 

-£ ( 0 ) ) J £ £ > 
• i - 1 ^| 

- <£ ,£ > 
. i - 1 

- <r , r > 
u = 0 

u e 1 

• i «i 
<£ , r > 

<r , r > 
u = 0 

u = 1 

- i - 1 

* i * 1 

where i s an a r b i t r a r y s c a l a r and where 
. i - 1 . .1-1 - i - i i s B r / <;r , r > I ±1-1 

±1*1 

u»0 
• i , «i «i J 
£ / < £ » £ > u = 1 

Hence t h e s e t o g e t h e r w i t h t h e e q u a t i o n s (*) amount t o 

5n c o n d i t i o n s i n v o l v i n g 

• i «i J 
<r , r > 

• i - i i . <r . r > 
U"1 

w i * ±i 



which are s u f f i c i e n t i n number t o u n i q u e l y d e f i n e t h e 

curve T'. 

D e f i n i t i o n 5.. 3 

J 0) 0 
where E and G a r e the two f i r s t f u n d a m e n t a l c o e f f i c i e n t s . 

The b i c u b i c s u r f a c e which m i n i m i z e s E on some c l a s s o f 

surfaces s a t i s f y i n g s p e c i f i e d boundary c o n d i t i o n s w i l l be 

the s u r f a c e which m i n i m i z e s t h e D i r i c h l e t i n t e g r a l { 2 9 } 

w i t h i n t h e c l a s s . ' 

The energy E o f t h e b i c u b i c s u r f a c e r : [p»l[] x [ p # l ] ] 

i s g i v e n by. 

:: E ( r ) ( E ( u . v ) + G ( u , v ) ) d u d v 



Chapter B. 

S u r f a c e Mappings and D i s t o r t i o n , 

D e f i n i t i o n 6.1 

rA Ruled s u r f a c e i s a two d i m e n s i o n a l s u b m a n i f o l d M o f E 3 

w i t h t h e p r o p e r t y t h a t each p o i n t peM l i e s on a s t r a i g h t 

l i n e , c a l l e d t h e g e n e r a t o r a t p, which a l s o l i e s on M. 

I t i s easy t o show t h a t { 1 } on. a r u l e d s u r f a c e t h e 

Gaussian c u r v a t u r e K i s non p o s i t i v e . F u r t h e r : 

* • i 

D e f i n i t i o n 6.2 

I f M has t h e p r o p e r t y t h a t t h e t a n g e n t p l a n e i s c o n s t a n t 

a l o n g g e n e r a t o r s t h e n M i s c a l l e d D e v e l o p a b l e . 

On a d e v e l o p a b l e , t h e mean c u r v a t u r e i s c o n s t a n t a l o n g 

g e n e r a t o r s and a theorem due t o Massey { 2 } s t a t e s t h a t 

a c l o s e d connected s u r f a c e i s d e v e l o p a b l e i f and o n l y 

• i f t h e Gaussian c u r v a t u r e K = 0. 

I f we c o n s i d e r t h e r u l e d s u r f a c e R : Q ) . l ] x Q)» \\ > E 

d e f i n e d by 



R t u , v ) - Rtu.O) + v [ R ( u , 1 ) - RCu.Oj] 

then t h i s has v as t h e parameter a l o n g t he g e n e r a t o r s . 

And R_ i s d e v e l o p a b l e i f 

[RIU.D - R l u . O ] , R j l u . O ) , ' R j t u . l ) ] " 0 V u . 

I f we r e s t r i c t ' o u r s e l v e s t o b i c u b i c s t h e n t h e r u l e d 

b i c u b i c r : [ b , l j x [ 0 , 1 ] »«E3 w i t h p a r a m e t e r v a l o n g 

g e n e r a t o r s i s g i v e n by 

r ( u . v ) • a 0 0 + a 1 0 u + a 2 o u 2 / 2 l + a 3 0 u 3 / 3 | 

+ v [ a ^ 0 i + a n u + £2iu 2/2l + £3iu 3/3f] 

And t h i s i s d e v e l o p a b l e i f [a.(ul,JD(U) , £ ( U 7 J • 0 

where 

£(u) • £ 0 1 * a . i i u + £2i u 2/2l * £3jU 3/3l 

b[u) •» £ 1 Q + £ 2 o u * 

c ( u ) 
a 5.11 * 5 . 2 l u * e . 3 i u 2 / 2 I 

P r o p o s i t i o n 6.3 us 
i 

Given j c t ^ ] C E 3 and r e a l numbers e . J J » t h e n t h e r e a r e 

oo ̂  b i c u b i c s u r f a c e s w h i c h are r u l e d , have v as paramet e r 

a l o n g g e n e r a t o r s and which s a t i s f y 

. ( i ) r ( i . j ) « o j L J 

( i i ) E t i . j ) - E i j , F t i . j ) • F i . j e | o , l } 

a re t h e f i r s t f u n d a m e n t a l c o e f f i c i e n t s E, F 

* e v a l u a t e d a t t h e c o r n e r s . 
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P r o p o s i t i o n 6.4 

Given | . o i j * 3 . i j j C E 3 t h e n t h e r e i s a unique r u l e d b i c u b i c 

s u r f a c e h a v i n g v as parameter a l o n g g e n e r a t o r s such t h a t 

( i ) r ( i , j ) - a ± J 

( i i ) r j t i . j ) - £ i . J e j o . l j V . 

And o f course s i m i l a r r e s u l t s h o l d f o r s u r f a c e s w h i c h are 
« 

b i c u b i c s w i t h u parameter g e n e r a t o r s . 

D e f i n i t i o n 6.5 
The E x p o n e n t i a l map exp : TM *M i s d e f i n e d as f o l l o w s . 
I f Cp.V) e T M t h e n exp(p,V) • exp V i s t h e v a l u e a t I v l . P . P 
o f t h e unique geodesic yit) i n M such t h a t 

( i ) y[0) • p ( l i ) Y' ( t ) • V/|V| 
t»0 

That i s exp pV « Y( |V|) 

Theorem 6.6 

Let X : [a»b] » M C E 3 be a c u b i c c u r v e on t h e 

d e v e l o p a b l e s u r f a c e M such t h a t X(a) » X(b) and suppose 

t h a t A i s c o n t r a c t i b l e on M. Then M i s a p l a n e . 

The p r o o f f o l l o w s s i n c e i f X i s c o n t r a c t i b l e on M t h e n 

t h e r e i s some c l o s e d d i s c i n s i d e X and we can f i n d a g e n e r a t o r 

G o f M which c u t s X t w i c e . Thus we c o n s t r u c t t h e map 

V : [ a . b ] »[a.b] such t h a t 

X ( y ( t ) ) e G i f X ( t ) E G. 



Let Qc.d] c Qa»ffJ. Then we have smooth d i f f e o m o r p h i s m s 

a : £c, d] • Qs, d) x IR and 3 - X x exp : [ c , d] x fR * M 

where 3 i s g i v e n by 

3 s t t , r ) i » p e M 

where p i s t h e p o i n t o f d i s t a n c e r a l o n g t h e g e n e r a t o r 

t h r o u g h A C t ) . C o n s i d e r now j u s t Im 8 on A. L e t VcM be 

a neighbourhood c o n t a i n i n g t h i s image. Since. X i s an 

embedding t h e r e i s a d i f f e o m o r p h i s m y : V »U c E 2 . 

Now t a k e t h e p r o j e c t i o n 6 : U C e ' 0 c ^ • 

Then y » 6y3a : [ c . d ] »C B 'f] i s smooth. 

Now s i n c e X i s c u b i c we. can w r i t e 

X l y ( t ) ) • XCt) + [ y ( t ) - t ] x • ( t ) + [y ( t ) - t 2 ] / 2 l X " ( t ) 

+ . f t i C t J - t p / S l . X " ( t ) . 

S i nce M i s d e v e l o p a b l e t h e t a n g e n t p l a n e i s c o n s t a n t a l o n g 

" g e n e r a t o r s and so 
. j 

[ X ( y ( t } ) - X£t),X' I t ) , A * CM C t D f ] - 0 

But 

X • (y ( t ) ) y ' ( t ) - X* • ( y ' - U X 1 + (y-t.)X» + ( y - t ) (y • -1)X" 

+ ( M - t 3 2 / 2 X m • t y - t ) 2 [ y ' - 1 ) / 2 X-

T h e r e f o r e ( + ) reduces t o 

( u ( t ) - t ) .Q",X' ,X»[]/a .» p a - c o n s t a n t 

Thus; X i s a pl a n e c u r v e on each open sub s e t o f S where S 

c o n t a i n s a l l members t o f [ a , b ] such t h a t a g e n e r a t o r 

t h r o u g h X ( t ) c u t s . X a g a i n . not t a n g e n t i a l l y . 
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C o n s i d a r two c u r v e s X : Qa.bJ y E3 and \i : [jc, d] t E 3 

which a r e not c o p l a n a r . Then we can g e n e r a t e a d e v e l o p a b l e 

M which, c o n t a i n s b o t h A and \i as f o l l o w s : 

I f X ( r ) and w ( t ) 
P 

g e n e r a t o r o f M t h e n 

ar e p o i n t s o f X and 11 which l i e on a 
q 

[X-vi.X ' ,]i '2 • 0 • f ( r , t ) say. 

And 3JF 6 r + 3jf : 'fit «= 0 and so 
3r 3 t 

6 r / 6 t - - tx - v i.X' , y f 3/£x-y,X" 4y]] 

- - 4 > ( r . t . . 

Hence we j u s t need t o s o l v e 

•dr . • - «|> ( r , t ) 
d t 

g i v i n g t h e s o l u t i o n s r a <{i(t) where 

f ( r , i f > C t ) ) = 0 

Suppose now t h a t we want t o f i n d some mapping f o f a p o r t i o n 

o f a c u r v e d s u r f a c e M where f : M » E 2 . We assume 

t h a t f i s d e f i n e d on UcM where U c o n t a i n s a t l e a s t two p o i n t s 

o f M. c 

Let x.ycU. Then we g i v e n t h e f o l l o w i n g q u o n t i t l v o 

d e f i n i t i o n f o r t h e d i s t o r t i o n o f f . 

D e f i n i t i o n 6.7 

The Scale o f t h e map f f o r each p a i r x.yeU i s t h e r a t i o 

s ( f ) - d £ ( f C x J . f ( y ) ) / d n ( x . y ) 



whers d E . ( f ( x ) , f ( y ) ) i s t h e E u c l i d e a n d i s t a n c e between 

f ( x ) , f ( y ) e E and d ^ ( x , y ) i s t h e geodeBic d i s t a n c e between 

x, y CM. 

I d e a l l y we. would l i k ' e s ( f ) t o be. c o n s t a n t f o r a l l p a i r B 

o f p o i n t s i n U, b u t t h i s w i l l not u s u a l l y be p o s s i b l e . 

* 

> . . . 
D e f i n i t i o n 6.8 i . 

The minimum s c a l e 9 j ( f ) i s . g i v e n by 

:s' t(:f) » i n f s ( f ) ( . 
' x. y EU 

and t h e maximum s c a l e 8 2 ( f ) i s g i v e n by 

s 2 ( f ) • Sup s ( f ) 
x, y eU ' 

Then s^Cf) and a 2 ( f ) a r e t h e b e s t p o s s i b l e c o n s t a n t s such t h a t 

s 1 d n ( x , y ) $ d _ ( f ( x ) , f ( y ) ) . $ s 2 d M ( x , y ) V x,y EU • s u ^ n 

T h i s l e a d s t o t h e f o l l o w i n g d e f i n i t i o n f o r d i s t o r t i o n which 

measures t h e e x t e n t t o which s ( f ) i s non c o n s t a n t . 

D e f i n i t i o n 6.9 

The d i s t o r t i o n 6gOf f i s g i v e n by 

6 0 •• l o g s 2 / s\ 

Then 0 s 6 0 « » and 6 0 i s f i n i t e i f and o n l y i f b o t h s l f s 2 >0 

D e f i n i t i o n 6.10 

The map f 0 on U has minimum d i s t o r t i o n i f fioCfg) £ 6© C-F0 

f o r a l l maps f on U. 
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I f we t a k e M • S 3 and U - i s t h e c l o s e d d i s c o f geodesic 

r a d i u s ra . Thus D Q - { x e S 3 : d s ( x , x 0 ) ^ rot [ f o r some f i x e d 

p o i n t XQ e S 3. Then { 2 5 } t h e r e i s one and o n l y one 

minimum d i s t o r t i o n map f(j on . T h i s map i s C* and 

i s t h e ' a z i m u t h a l e q u i d i s t a n t p r o j e c t i o n ' , w h i c h p r e s e r v e s 

b o t h d i s t a n c e s and d i r e c t i o n s f r o m XQ• And i n t h i s case 
5 0 ^ f 0 ^ " l o g ( a / s i n a ) . T h i s map i s i n f a c t t h e i n v e r s e o f 

t h e e x p o n e n t i a l map. " ' „ 

I f M i s smooth w i t h RiBmannian m e t r i c i n terms o f l o c a l 

c o o r d i n a t e s g i v e n by d s 2 • Edu 2 + 2Fdudv + Gdv 2 t h e n we can 

c o n s i d e r A, t h e a s s o c i a t e d L a p l a c e - B e l t r a m i o p e r a t o r , and 

a second Riemannian m e t r i c on M o f t h e f o r m a 2 d s 2 where a 

1 B p o s i t i v e and i n C z. . The Gaussian c u r v a t u r e K a s s o c i a t e d 

w i t h t h i s new m e t r i c i s g i v e n by .{26} t h e f o r m u l a 
A 
K • (K. - A l o g a ) / b 2 . I f f : M — : > E 2 i s c o n f o r m a l and a 

i s t h e i n f i n i t e s i m a l s c a l e f u n c t i o n o ( x ] • l i m s t f ) 
A y — > x A 

t h e n K i s t h e Gaussian c u r v a t u r e o f E 2 a t f I . But K = 0 
X |X 

and so t h e d i f f e r e n t i a l e q u a t i o n A l o g o » K must be s a t i s f i e d . 

C o n v e r s e l y g i v e n any s o l u t i o n o t o t h e d i f f e r e n t i a l 

e q u a t i o n Alog o a K t h e Riemannian m e t r i c c r 2 d s 2 has 

c u r v a t u r e K = 0. Thus { 2 6 } any s u f f i c i e n t l y s m a l l 

connected open subset o f 11 w i t h t h e m e t r i c a 2 d s 2 can be . 

mapped i s o m e t r i c a l l y o n t o an open s u b s e t o f ' t h e p l a n e , 

which i s unique up t o r i g i d m o t i o n s o f t h e p l a n e . 



We c o n s i d e r now t h e c o n s t r u c t i o n o f a p a r t i c u l a r mapping 

f : M > E 2 w h i c h a r i s e s f r o m t h e i n v e r s e o f .the 

e x p o n e n t i a l map. I f CI i s a s u r f a c e d e f i n e d by 

£..- rCu 1..!! 2) where t u 1 , u 2 )e Q), f | x C°»tl t n e n W B f i r s t o f 

a l l a p p l y a l i n e a r t r a n s f o r m a t i o n t o u*,u 2 so t h a t we 

have g j L J (1/2.1/2) - « . k '•••"* 

Now t h e d i f f e r e n t i a l e q u a t i o n s f o r geodesies on M a r e 

d f ^ i + r l d u i du£ 
cU* x i j ds . ds 

d 2 u 2 . ' 2 duf; du£ 
ds* r i J ds dB 

k 
where t h e a r e t h e C h r i s t o f f e l symbols. 

By i m p o s i n g t h e i n i t i a l c o n d i t i o n s t h a t : 

' ( i ) u 1 ( 0 ) - 1/2 . u 2 ( 0 ) .« 1/2. 

and by t a K i n g a*,a z such t h a t 

( i i ) d u V d s » a 1 and d.u2/ds 
s»0 

a 2 

s = 0 
t h i s w i l l g i v e s o l u t i o n s o f t h e f o r m u.1 »» u l ( B , a * , a . 2 ) 

and u 2 *• u 2 ( s , a 1 , a 2 ) and i f we w r i t e 

u 1 - . JA 1 ( a i ) v s ( a 2 ) v
s

X • ' 
Ay v 

and s o l v e f o r t h e A's t h e n a t s • 1 t h i s g i v e s 

f • - u ( L a 1 , a 2 ) 

m n 

L e t M and N be Riemannian m a n i f o l d s w i t h 11 compact and 

l e t f : M m * N n be C 1. At peM t a k e l o c a l c o o r d i n a t e s 

x 1. and a t f ( p ) y 1 so t h a t l o c a l l y y° - f aCx 1» • • • •x'") end 



The d i f f a r o n t i a l f * haa m a t r i x r e p r e s e n t a t i o n ( 3 f /3x ) 

r e l a t i v e t o t h e s e c o o r d i n a t e s wherB u i I-
P l 3 x x J f t p ) 

D e f i n i t i o n 6.11 

6 j ( f , p ) » sup H f ^ u 1 ) ! ! 2 * sup g' f ^ u V 

(i) The d i s t o r t i o n 6j of, f a t peM i s g i v e n by 

!•• • n R U A U J 

where g and g' are t h e m e t r i c s on M and N 

and : || u 11| «= 1 

( i i ) The d i s t o r t i o n o f f i s g i v e n by 

5 j ( f ) "• sup &i Cf» p) 
peM 

n g 
.Now i f f i s an i s o m e t r y t h e n g. . B g * ' 0 f 4 f j and so as a 

i J ot p 1 j 
measure o f n o n - i s o m e t r y we can t a k e 

a i C p . u 1 ) - g ^ f ^ V " g i j u i u J 

Then t h e problem i s t o f i n d t h e maximum o f 
EoB f i f j u l u J " 1 s u b j e c t t o g i J u i u J - 1 * > 0 

I f we w r i t e 

F ( u ) - ' 1 " . X ( g i j u i u J " 1 5 

t h e n 

3 F / 3 U 1 «= g' f " f ? u J - X u J - 0 
~ M J B

t i J , . 
and so t h e d i s t o r t i o n a t p w i l l come f r o m t h e c h a r a c t e r i s t i c 

r o o t s o f t h e e q u a t i o n 

1 J 

D e f i n i t i o n 6.12 " 

If peM and f : fl > N i s such t h a t f o r each peM t h e n 



.'|| f , (u)||/|| u|| i s c o n s t a n t on T
p

M » t h e n f i s c a l l B d 

c o n f o r m a l . 

Every smooth o r i e n t e d . 2-man.ifold has a c o n f o r m a l s t r u c t u r e 

I f M and N are o r i e n t e d .C2 s u r f a c e s immersed i n E 3 t h e 

E u c l i d e a n m e t r i c imposes a s p e c i f i c c o n f o r m a l s t r u c t u r e 

upon M and N. Conformal p a r a m e t e r s may be I n t r o d u c e d 

on M f o r i n s t a n c e by means o f i s o t h e r m a l c o o r d i n a t e s . 

At each p o i n t peM m l e t A be t h e m a t r i x r e p r e s e n t a t i o n o f 

th e d i f f e r e n t i a l f + r e l a t i v e t o o r t h o n o r m a l bases o f 

T M m and T.. |N n and l e t A* be t h e t r a n s p o s e o f A. I f P f l p J 
r a n k f , • rank A B r a t each p o i n t t h e n r ^ minCm.n) 

t '''' '• and rank A A " r . 

I f X x * X 2 * X 3 X r > X r + 1
 B. X r + 2 - X m - 0 

are t h e c h a r a c t e r i s t i c r o o t s o f A*A t h e n we c o n s i d e r t h e 
. • I 

f o l l o w i n g r a t i o f u n c t i o n ||Arf«|| o f 1 volume elements o f M 

and N { 2 7 } , where 
T 

r , 
. V " . ^ 1 • r 

Thus ||A f , | | « | | f , | | i s t h e r a t i o o f d i s t a n c e s . 

r -1 
At each peM l e t S be a u n i t ( r - 1 ) sphere i n TpM. H 5 

r - 1 

rank f , • r • min(m,n) t h e image o f S under f , i B an 

e l l i p s o i d o f d i m e n s i o n r - 1 . 

D e f i n i t i o n 6.13 

f : M > N i s c a l l e d K - q u a s i c o n f o r m a l i f a t each p o i n t 



peM the n a/b K where a and b a r e t h e l a r g e s t and 
r - 1 

s m a l l e s t axes o f t h e e l l i p s o i d f . ( S ) i n T f ^ j N . 

One may v e r i f y t h a t f i s K - q u a s i c o n f o r m a l i f and only, 

i f X i / X r $ K 2 a t each p o i n t . 

Let M and N be o r i e n t e d C 2 s u r f a c e s immersed i n E 3. 

D e f i n i t i o n 6.14 
I 

f : M *N i s c a l l e d a T e i c h m u l l e r mapping i f i s o t h e r m a l 
* 

c o o r d i n a t e s u,v may be chosen i n t h e neighbourhood o f a l l 

but a d i s c r e t e s e t o f e x c e p t i o n a l p o i n t s on M so t h a t t h e 

f i r s t f u n d a m e n t a l forms a t c o r r e s p o n d i n g p o i n t s o f M and N 

ar e g i v e n by 

d s 2 = y ( u , v ) ( d u 2 + d v 2 ) 

d s 2 => y ( u , v ) ( K 2 d u 2 .+ d v 2 } 

I n f a c t a T e i c h m u l l e r mapping i s e i t h e r a c o n f o r m a l mapping 

or e l s e i t i s t h e K q u a s i c o n f o r m a l mapping c h a r a c t e r i s e d 

by a p a r t i c u l a r B e l t r a m i d i f f e r e n t i a l { 7 } . I t i s known 

t h a t { 2 8 } t h e mapping m i n i m i s i n g K amongst a l l homeomorphisms 

between c l o s e d Riemann s u r f a c e s Ri and R 2 o f t h e same f i n i t e 

genus * 2, which a r e homotopic t o some f i x e d homeomorphism 

between Rj and R2* always e x i s t s i s unique and i s T e i c h m u l l e r . 

Thus a T e i c h m u l l e r mapping always e x i s t s between any two 

c l o s e d o r i e n t e d C 2 s u r f a c e s immersed i n E 3 and each one 

w i l l g i v e t h e most n e a r l y c o n f o r m a l mapping between t h e 

s u r f a c e s among homeomorphisms homotopic t o i t . 



Let £ : D » ScE 3 be a r e p r e s e n t a t i o n o f some s u r f a c e 

S i n E 3. We c o n s i d e r t h r e e mappings f 1 # f 2 i f 3 o f S i n t o 
E 2. 

CD A mapping f j which has t h e p r o p e r t y t h a t f j . has 
. . 3S 

a d i s t o r t i o n e q u a l t o zero and i s such t h a t on S-3s t h e 

- d i s t o r t i o n i s a minimum. 

Co n s i d e r f i r s t o f a l l t h e mapping o f S on t o i t s 

parameter .domain •. " I f t h e m e t r i c s on S and D a r e 

d o 2 and d.s2 t h e n 

d o 2 • Ed.u2' + 2Fdudv + Gdv 2 and d.s2 * d.u2 + dv2 

T h i s mapping w i l l produce s t r e t c h i n g on dS and so 

d o 2 f d s 2 on t h e b o u n d a r i e s . T h e r e f o r e we l o o k 

f o r a mapping h : D'. * D such t h a t t h e m e t r i c ds.*2 

on D' s a t i s f i e s d s ' 2 « d a 2 on t h e b o u n d a r i e s . I f 

zeD' l e t h ( z ) be g i v e n by u - u C u ' . v ' ] . v « v ( u ' , v ' l . 

Then . . " . , 

fdu] ^ . f 3u/3u'. 3u/3v ' V f d u ' ] f d u ' ) 
( d v j lav /au* av/av'J (dv'J h(dv '.J,.. 

And 

da2 » (du dv) fE F V f d u l ( F G } ( d v ] 

~ (du 'dv '• ) J?" I'E F"\ ,3 fdu' } 
H I F G J I d v J 

So t h e new f i r s t f u n d a m e n t a l m a t r i x i s J k fE J 

w i t h parameters u'.v'. 

For a s m a l l d i s p l a c e m e n t 
[dv'J 

a l o n g 3D' we r e q u i r e 
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t h a t da- - do' whic h means on 30' 
(du \ ) 2 + (dv'.)2 » (du 'dv • ) J, h f E F l J f c , u ' l 

W B i n f a c t f i n d a c o n f o r m a l h:D >U* w h i c h 

a c h i e v e s t h i s . For a s m a l l d i s p l a c e m e n t dz on 

90 we have d i s p l a c e m e n t h ' ( z ) d z on 3D* and so t o 

u n s t r e t c h t h e boundary we r e q u i r e 
• 'J 

|h' ( z ) || dz| « do = <J)(z] | dz | 

where <Hz) = do/|dz| i s t h e s t r e t c h f a c t o r a t t h e 

boundary p o i n t z. We t h e r e f o r e r e q u i r e h ' ( z ) 

a n a l y t i c i n D w i t h | h ' C z ) | = $ ( z ) on 3D. I f t h e r e 

i s such an a n a l y t i c h ' ( z ) t h e n l o g | h ' ( z ) | • u ( z ) 

i s harmonic i n D and i s t h e r e f o r e t h e s o l u t i o n o f 

D i r i c h l e t s problem f o r t h e g i v e n boundary f u n c t i o n 

l o g <f>(z). Having o b t a i n e d t h i s u n ique uCz) we 

can f i n d t h e c o n j u g a t e harmonic v ( z ) f r o m t h e Cauchy 

Riemann e q u a t i o n s ( u ^ «= v^, u^ • by i n t e g r a t i o n 

T h i s w i l l d e t e r m i n e v ( z ) u p _ t o an a r b i t r a r y a d d i t i v e 

c o n s t a n t , and 
. , , , u ( z ] + i v ( z ) h l z ) * e 

and i n t e g r a t i n g g i v e s us h ( z ) which s a t i s f i e s 

j h' ( z ) j - <fr(z) 

Then h ( z ) c e r t a i n l y maps t h e boundary onto a c u r v e 

w i t h d s ' 2 = d o 2 but u n f o r t u n a t e l y we do not know 

t h a t 3D' i s a s i m p l e c l o s e d c u r v e . 



Now c o n s i d e r h : D* > D" auch t h a t h has 
D.D ' 

d i s t o r t i o n zero end where h reduces t h e d i s t o r t i o n 

a t t h e p o i n t o f maximum d i s t o r t i o n i n D'-DD'. 

Now d a 2 - d s 2 = ( E - 1 ) d u 2 +. 2Fdudv + [ G - 1 ) d v 2 . 

At z £• D-3D t h e d i s t o r t i o n i n t h e two p r i n c i p a l 

d i r e c t i o n s i s g i v e n by t h e c h a r a c t e r i s t i c r o o t s o f '^B ^ j j 

T a k i n g d e t ^ g ^ j - X6 i j j = 0 we havB v 

X 2 - (E+G)X + EG-F2 - 0 

and t h e s o l u t i o n s X l f X 2 a r e t h e magnitudes o f t h e 

p r i n c i p a l axes o f t h e i n f i n i t e s i m a l e l l i p s e a b out 

r 

z 

I f we choose h such t h a t 

«..- ( A ! - 1 D ̂  + C X 2 " 1 ̂  2 

i s m i n i m i s e d t h i s w i l l g i v e t h e r e q u i r e d s o l u t i o n . 

And i n f a c t we can w r i t e 

? E. C x l + x 2 ) Z ~ 2 x l * 2 ~ 2(A!+X 2) * 2 

which i s c o n v e n i e n t l y i n terms o f ^ t h e t r a c e and 

d e t e r m i n a n t o f t h e m a t r i x . 

A mapping f 2 s S * ScE 2 h a v i n g t h e p r o p e r t y 

t h a t f i s c o n f o r m a l and i s l o c a l l y an i s o m n t r y on 3S» 

We assume a l s o t h a t S i s b i c u b i c r e p r e s e n t e d i n terms 

o f parameters s and t by t h e e q u a t i o n 3 
£C*.t) .- I £ 1 k

s J t K £ i k e E 3 

w i t h D «= [O. l j x Q), \\ . 



On S l e t t h e m e t r i c do2 be g i v e n by 

d o 2 '• Eds 2 + 2Fdsdt + G d t 2 

and i f h : D' »D i s g i v e n by B = slu,v),t«t(u,v) 

t h e n 

d o 2 B E [ s u d u + s v d v ] 2 + 2F [ 3
u

d u + s v d v ] [ t u d u + t v d v j 

+ G [~t du + t d v " l 2 

L u v J 
• rE s u 2 + 2Fs t +Gt 2"|du2 

L U U U U -J 

+ 2fEa s + F (S t +s t )+Gt t Tdudv L u v u v v u u v - l 
+ fEs 2 + 2 F S t +Gt 2"]cjv2 L V V V v J 

Then f 2 : S •D' i s c o n f o r m a l i f and o n l y i f 

Es s + F ( s t +s t ) + Gt t = 0 and u v u v v u u v 
E ( s 2 - s 2) •+. 2F(s t -s t ) + G ( t 2- t 2) B o u v . u u v v u v 

S o l v i n g t hese non l i n e a r d i f f e r e n t i a l e q u a t i o n s 

w i l l g i v e a c l a s s o f s o l u t i o n s f r o m which we choose 

t h e one g i v i n g t h e l o c a l i s o m e t r y p r o p e r t y on t h e 

boundary. 

W r i t i n g t hese e q u a t i o n s i n m a t r i x f o r m we have 

t ) fE F U s I (s t ) fE F i f e I 

( S 

which combined g i v e 

where <f> i s a s c a l a r . 

W r i t i n g x •• f s ) . w (u). MTM - fE F ] 
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we have 

(3x/3w] TM TM(3X/3w) » <j> I 

-1/2 
Then • ri(3x/3w) i s o r t h o g o n a l and so we can 
w r i t e 

O w / a x ) - f e 
l - f ej 

. . • *" 

Now Bince 

1 1 - f / E F / / E I 
0 / E G - F * / / E J 

Then (+) becomes 

f u u , ] f l / / E - F / / E ( E G - P ) 1 f e Y 1 

[ v * v * J [ o / E/ZETT 2" J e j 

Hence we have t h e two d i f f e r e n t i a l e q u a t i o n s 

E3v/3t = / E G - F 2 3 u / 3 s + F3v/3s 

-Eau/st • /EG-F z3y/3s - F3u/3s 

The uniqueness comes by i n s i s t i n g t h a t f i s l o c a l l y 

an i s o m e t r y on the boundary. 

, I f t h e m e t r i c on D • i s do'2 w i t h d o ' 2 •= d u 2 + d v 2 

thBn s i n c e , a l o n g c o n s t a n t t , d o 2 = Eds 2 and a l o n g 

c o n s t a n t s, d a 2 " G d t 2 t h e n t h e r e q u i r e d boundary 

c o n d i t i o n s are 

( 3 u / 3 s 3 2 + ( 3 v / 3 a ) 2 - E f o r t e j O , l i 

( 3 u / 3 t ) 2 • ( 3 v / 3 t ) 2 « G f o r s e | o , l ( 
w h i c h w i l l g i v e uniqueness up t o r o t a t i o n and 

t r a n s l a t i o n . 

( 3 ) A mapping f 3 j S r-*ScE 2 which m i n i m i s e s a g i v e n 

norm f o r t h e d e p a r t u r e f r o m i s o m e t r y . 



L e t the m e t r i c d s z on S be g i v e n by 

d s 2 • Edu 2+2Fdudv+Gdv 2 

and l e t h : D » D* •= S be g i v e n by 

x»x(u,v), y e y ( u , v ) w i t h m e t r i c d a 2 on S g i v e n by 

ds^"« Edu 2+2Fdudv+Gdv 2 

where • 

E = K ^ + y ! 2 , F - X i X 2 + y i y 2 . G » X 2 2 + y 2 2 

Let vi " d.s 2/ds 2. Then 

( E n - E ) d u 2 + 2 ( F y - F ) d u d v + (Gji-G)dv 2 • 0 

and t he maximum and minimum v a l u e s p j , v i 2 °f V 

a r i s e f r o m t he c o n d i t i o n 

( F M - F ) 2 - (Ep-E)(Gy-G) 

W r i t i n g 

H 2 - EG - F 2. H 2 = EG T - F 2. J • (EG+EG-2FF)/2 

th e n these v a l u e s a r e 

y - ( j ± / ( J 2 - H 2 H 2 ) ] / H 2 

I f f 3 i s an i s o m e t r y t h e n y j = y 2 " 1 Q n d 

J = H 2 = H 2 , E = E , F - F . G = G 

Two ob v i o u s norms f o r measuring t h e amount by which 

d i s t o r t s S are : . 

(a ) a t each peS _ -

6j ( f 3 . p 3 " l o g C y j / y j ) 

Then and &J = 0 i f and o n l y i f y 1 • y 2 

A l s o 6 j —» co as | j j —» oo o r y 2 » o 

*• I n terms o f t h e f u n d a m e n t a l c o e f f i c i e n t s , 

ff 3»p) " 2 l o g (J + /0/HH 

where C • J 2 -H 2H 2. 



And a measure o f t h e o v e r a l l d i s t o r t i o n of. f3 

i s 6T ( f , ) 
' ' D 2 J J. l o g ( J + / C ) / H dudv 

( b ) a t each peS 
• -1 • - l 

fi2(f3»P> " t y i * W l +P2 +V2 -4")/2 
Then 6 2*0 and 6 2

B 0 i f and o n l y i f v1" y 2 "'.1 

*• '• A l s o 6 2—>» as y i »- <» o r y 2-»0. 

I n terms o f t h e f u n d a m e n t a l c o e f f i c i e n t s , 

6 2 ( f , p ) = ( J / H 2 • J/.H2) - 2 

The o v e r a l l d i s t o r t i o n o f f 3 i n t h i s case i s 

6 2 3 ) = j | ft J/H 2 + J/.H2) - 2] H dudv 

To o b t a i n t h e mapping whic h m i n i m i z e s t h e chosen norm we 

can f o l l o w t h e normal methods o f t h e c a l c u l u s o f v a r i a t i o n s . 

I f x = a t u , v ) and y = &Cu,v) i s t h e e x t r e m a l mapping f 0 

say t h e n we c o n s i d e r f g i v e n by 
A ' I 
a ( u , v ) « aCu,v) + 6E(u,v) 
* 
f j ( u , v ) » p ( u , v ) + e n f u . v ) 

Then 

E = E + 2 6 a i 5 i * 2 e e i m + 0 t . f i - 2 ) + OC.e2) 

F » F + fiCc^Eo + a 2 C i 3 + e C ^ n ^ * 3 2 r ( 1 ) + Q t f i 2 ) + • ( e 2 3 
A 
G • G • 2 5 a 2 E 2 + 2 e B 2 n 2 • 0 ( 6 2 ) + 0 ( . e

2 ) 
A 

H » H 2 + 2 e H ( a i n 2 " a 2 n i ) • ^ f i H C ^ C i " P l ^ 1 * 0C.62) + 0 ( e 2 ) 

http://0t.fi-2
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Then 

6 2 t f ) [(EG + E G - ' 2 F F ) ( 1 / H 2 + 1./H2 ) - 2 ] Hdudv 

Q j / H 2 + J / H 2 ) - 2 ] H d u d v 

• 26 \\ C Y a 5 x * Y b e z ) d u d v 

D 
+ 2e n (Y„li + Y . T ) 2 ) dudv • 0 ( 6 2 ) . + 0 ( e 2 ) 

D d . . .. 
where Y Q » Y b » Y c * Y d a r e f u n c t i o n s o f E,F,G,H,EPF,G,H and 

'•8a/3u. 3ct/3v, 3B/8u. 30/3v. 

I f f 0 i s t o m i n i m i s e 6 2 t h e n we r e q u i r e 

C Y 3€/3U + dudv « 0 

( Y 3n/3u + v ^ S n/Sv) dudv *> 0 c d 

f o r a r b i t r a r y f u n c t i o n s 5 ( u , v ) and n ( u , v ) . 

I f D " LP'1!] X L P ' l ] t h e n we r e q u i r e 

3 Y + 3 Y ^ / 3 V B 0 a b 
3 Y / 3 U + 3 Y _ / 3 V = 0 c d 

w i t h t h e boundary c o n d i t o n s 

Y a - Y c . = Y b - Y d 
u»Q u» 1 v«0 v»1 
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