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Abstract 

The second, order potentials method of Bransden 
and Coleman (1972) has been applied to electron impact 

e x c i t a t i o n of l i t h i u m , sodium and helium atoms and to 
proton impact e x c i t a t i o n of helium atoms. The 
calculations f o r the e-alkalis are presented i n the 
impact parameter approximation i n the energy range 
10 - 200 ev., and i n the p a r t i a l wave approximation i n 
the energy range 1 0 - 5 0 ev. On comparing between the 
two r e s u l t s , i t i s concluded that the impact parameter 
approximation i s r e l i a b l e f o r energies larger than 50 ev. 
The results f o r the electron and proton scattering from 
the helium atoms are presented i n the energy range 
100 - 1000 ev (kev f o r proton scattering). 
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The electron-atorn adatfcering problem can not be solved 
exactly; even the simplest i s a complicated three-body 
problem. One must develop techniques that provide a close 
approximation to the exact solution of the problem. The 
t o t a l cross section, the d i f f e r e n t i a l cross section, the 
pol a r i z a t i o n of the impact r a d i a t i o n and the scattering 
amplitude are a l l d i f f e r e n t quantities that can be compared 
with the experimental measurements; which provide a valuable 
test f o r the r e l i a b i l i t y of a p a r t i c u l a r model of scattering. 

The technique that can be used to calculate an e x c i t a t i o n 
cross section depends on the energy at which the cross section 
i s required. The close coupling approximation i s very w e l l 
established i n the low energy regime, while the Born approx
imation and the semi-classical approximations are accurate 
i n the high energy regime. I t i s the intermediate energy 
region (higher than the threshold and up to the Born regime) 
that neither of the two techniques i s adequate. Previous 
results i n t h i s energy region have been obtained f o r the most 
part by extending the range of application of the low and 
high energy approximations. 

The work presented here i s concerned with the 
theoretical calculations of the scattering of electrons from 
l i t h i u m , sodium and helium atoms and of protons from helium 
atoms; i n the intermediate energy regime using the second 
order potentials method of Bransden and Coleman (1972). 



i i 

The general theory of s c a t t e r i n g and some re l e v a n t s c a t t e r i n g 

models are reviewed i n chapters one and two. A comparison between 

the o p t i c a l p o t e n t i a l and the second order p o t e n t i a l i s made i n 

ohapter three and the re d u c t i o n of the second order p o t e n t i a l s i n 

the impact parameter arA p a r t i a l wave formu l a t i o n s i s displayed i n 

chapters f o u r and f i v ? . The c a l c u l a t e d t o t a l cross sections, the 

d i f f e r e n t i a l , cross sections, the p o l a r i z a t i o n f r a c t i o n s and the 

Fftno and tfacek parameters are presented i n chapters s i x and seven and 

compared w i t h other t h e o r e t i c a l c a l c u l a t i o n s end w i t h the experimental 

data, f i n a l l y , atomic u n i t s w i x l be used throughout but cross sections 

r i ' u be expressed i n u n i t s of na^. 



I 
CHAPTER 1. 

GENERAL THEORY OF ATOMIC COLLISIONS. 

1.1 Formal Solution of Schrodinger Equation. 
There are two basic approaches to the study of c o l l i s i o n 

problems, i n quantum theory. The f i r s t i s the approach that 
considers the Incident beam as being switched on i n the 
dista n t past, and the whole system being stationary; one 
then t r i e s to obtain solutions of the schrodinger equation 
subject to appropriate boundary conditions. The other 
approach i s the time-dependent scheme which considers the 
interactions as perturbations that cause t r a n s i t i o n s from 
the specified i n i t i a l state to the permissible f i n a l state. 

Our i n t e r e s t w i l l be i n reactions of the form; 
a + b — a + b (1.1.a) 
a + b •'< . * c + d (1.1.b) 

which represent, s p e c i f i c a l l y , charged p a r t i c l e - atom 
(d i r e c t or rearrangement) scattering. 

Since our target-atoms w i l l be l i g h t ones and the 
interactions are coulombic and time independent, we sha l l 
pursue the stationary state approach i n the centre of mass 
systems 

The Schrodinger equation i s 
(H - E) £l = o (1.2) 

where H i s the t o t a l Hamiltonian of the system and has the 
form H = H y + VY (1.3) 

where Ĥ . i s the Hamiltonian of the arrangement 7 of 
equation (1.1) when there i s no in t e r a c t i o n between the 
aggregates, and i t i s assumed to have a discrete part besides 
i t s continuum spectrum. 

NOV 1977 ) 
>[ no* , y 
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Their eigenvalues and eigenvectors are such that 
(H - E X f i = o d . l f ) 

We assume f u r t h e r , that to each state (j^)ya i n the 

continuous part of H-̂  (which has an energy E), there 
belongs a corresponding state i j ; of H with the same 

energy E, and that <J)yft , are both normalizable, 

at least i n the delta-function sense. 
Let us introduce, a f t e r Lippmann. (Lippmann 1956), 

the Green's functions which are Hermitian and correspond to 
outgoing waves) 

G Y ( A ) = ( A - Hy ) " 1 (1 .5) 

G( A ) = ( A - H)~ 1 

where 
\ = E + i e ; t i s a small positive r e a l number 

to make ~ G ( A ) , G ( « ) / well defined. 
Operating on (^ y a r by G Y ( A ) yields 

By adopting the eigenfunction expansion method (Mathevrs 
and Walker 1965) and introducing the bras and kets 
notation we obtain 

G V ( A ) = n I <f> V A>(E - E A + u r \ f c \ 

(1 .7) 

where the sum over a includes an integr a t i o n over the 
continuum. 

I f denotes an a r b i t r a r y complete state specific
a t i o n , we can wr i t e equation (1 .7 ) as 

(1 .8 .a) 
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where </J > i s a representation of 

i n n -representation, or more s p e c i f i c a l l y 

> = + Y A , = E X P(jJ^BHJU) (1.8.b) 

which i s the schrodinger wave function i n co-ordinate space 
and R, X are the vector of the incident p a r t i c l e referred 
to the centre of mass and the i n t e r n a l variables of the atom 
respectively, and. UQC) i s the wave function of the target atom. 

Making use of the i d e n t i t i e s 

A"1 - B*1 = A"1 (B-A) B M (1.9..a) 

(a + b ) " 1 = a"1 (1 - b (a + b ) " 1 ) (1.9.b) 

i t i s easy to show that the. following equalities hold 

G(*) = G Y ( X ) (1 + V yG ( A ) ) - (1 + G ( X)V y) G y(x) (1.10.a) 

G y(x) = G ( X ) (1 - V yG y(x) )= (1 - G y(\) V y) G(x) (1.10.b) 

(1 - G y( x) V y) (1 + G (x) V y) = 1 (1.10.C) 

From equations ( 1 „ 3 ) , O A ) and (1 .10.a) the solu t i o n of 
(1 .2) i s 

or by equation (1.10.c) 

* * f l

 = (1 + G (X) V y ) * y a (1.11.b) 

The superscript positive sign on * y o refers to an 
outgoing state from the d e f i n i t i o n of the Green's functions. 
Equivalent equations f o r the incoming states are implied 
and w i l l be denoted by a negative sign superscript when 
appropriate. 



I n the following discussion, i and f w i l l replace Y 

to mean, respectively, i n i t i a l and f i n a l channels. Then 
the ,sshrodinger solution f o r the d i r e c t c o l l i s i o n i 3 

• ^ t = **+ G W v i * + i * (1.1l ' .a) 

= (1 • G(x ) v ) *. (1.11.b) 

To get a solution f o r the reaction ( 1 . 1 .b), remembering 
that 

K = H. + Vj = Hf * Vf (1.12) 

and using the i d e n t i t y (V/u'. and Ohmura- 1962) 

(1-G (*)V ) (1 + G(*) V ) = 1 + G (\) (V - V ) 
f f i f i f 

(1.13) 

and operating on (1 .11.b) by (1-Gf (x) V ) and 
recognising that 

(1 + G, (x) (V. - V ) ) <£> = i t Gf (x) £) d . i i f ) 

we obtain 

tfia = V X , , i < ^ l . + V ^ 1 (1.15) 

Here we emphasise that equation (1.15) which represent 
a solution of Schrodinger equation i n the rearrangement 
channel i s obtained from equation (1. l1.b) by transform
ation. Therefore, we i n f e r that while ^ t . 0 e x p l i c i t l y 
gives the d i r e c t scattering, i t also includes i m p l i c i t l y 
the description of the rearrangement scattering. 
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1.2 The wave equation i n configuration space. 

Equation (1 .8 .a) i n configuration space becomes 

< R . X | G « A ) | R . X >; = ^ T ^ y ^ X H E - \ + »« ) ^ f . X ) 

The conservation of energy requires that 

E = 1 

2 m. 
isr + w y 7 

(1.16) 

(1.17) 

where , k and W are the reduced mass, wave vector 
and binding energy of the channel y respectively. 

By taking the sum over a i n equation (1.16) including 
the continuum and using equations (1.8.b) and ( 1 . 17 ) , 

equation (1.16) becomes 

<R.x|6 ( M I R . X > - 5 [ * g I X ) u*(x") G+(k , R R ) 
(1.18) 

where G0(k, R, R ) (see Messiah.. 1970) i s 

h expfik > 
2 * 

R - R 
(1.19) 

From equations (1.8.b) and (1.18) the i n t e g r a l equation 
f o r the complete wave function when the incident state i s 

i becomes; 

IJ^W*) = ^jax) \y + fd xJAR G \ R XJR-X) vjR,x) 1 ^ . 6 * 
(1.20) 

where we have used 

^ R ' X | VlftX)|R«X* > = v y (R,x ) i ( R - R ) # x - x ) (1.21) 



6 

ana 

G M . R . X . R . X ) = < R , X | G U l l R . x > 
y "" " - 1 y ' " (1.22) 

Now we are i n a position to discuss the asymptotic 

form of the wave function, which from equations ( 1 .22 ) , 

(1.18) and (1.20) i s 

Qj + 2 U lX) EXPlik R ) F . R ( 1 , 2 3 ) 

R-»<» ie fa b yb >b ta.yb 

where 

F = - My /d X /djt u*( X* J £ XRik .R)V (R'x' ) ITJ. (R.X) (1.2*0 
'yb — — J yb >b v 

Equation (1.23) is. interpreted as representing an. incoming 
waive i n the incident channel and outgoing, waves i n a l l channels, 

with a scattering amplitude given by equation (1 .2^ ) . 

By. the same method, the rearrangement solution 
from equation (1.15) i s 

(1.25) 
1 l l / ~ L im /V fir G*(r | Y^Y) f ( / ; Y ) + 2 U(Y) E XPli k r) Q 

The f i r s t term i n equation (1.25) w i l l vanish since Gf
+ 

does not propagate i n the channel i , and 

n Cf f - .rt " ( 1 e 2 6 ) 

G _ _M f / d Y / dfu (Y) EXP{-iJc-f ) V (.ry) Uj (.rY) 
i«,fb f V ^ - ^ fb fb f ia 

where we have used new sets of co-ordinates to be 
appropriate with the arrangement of equation (1 .1 .b) and 
0 i s the scattering amplitude i n the rearrange-
A. fb 
ment channel. 
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1.3 The Reaction Rates and Cross Section. 

The scattering cross section can be related to the 
asymptotic form of the wave function i n a similar manner 

to po t e n t i a l scattering. Gerjuoy (1958.b) has formulated 
an approach to describe the rearrangement c o l l i s i o n based 
on t h i s idea. We w i l l f o l l o w his approach considering 
reactions i n equation (1.1) . , (elaborate algebraic formula
tions can be consulted from h i s work). 

Assuming that 1^ i s the displacement of p a r t i c l e i 
referred to p a r t i c l e 1 and I - i s the vector of the set of 
. r i ; i = 2,n and n i s the number of constituents of the 
system. 

Equation (1 .3) can be r e - w r i t t e n as 

H = T + V (1.3) 

where . _ 
1 i»2 2 "j 2 M1 i*k ' k 

and 
/ * i , . i s the reduced mass of p a r t i c l e i r e l a t i v e to 

p a r t i c l e 1 and to i s the mass of p a r t i c l e 1. If ^ 

and l p 2 are solutions of equation (1.2) at the same energy, then 
the generalised Green's theorem gives 

/ d r ( 4iT Q 2 - ip2T£4»= f*\^%>^ =0 0 . 2 7 ) 

or 

J = 0 

where J i s the ourrent density vector and 



where W i s the p r o b a b i l i t y current i n tho space of (n - 1 ) 
fch 

p a r t i c l e s with i component 

and 
j, i s the outward vector drawn normal to the surface 

element ds; and the i n t e g r a t i o n i s to oe taken over an 
i n f i n i t e sphere i n tne space r . 

• 
I f i p . i s a soLutiou of equation ( 1 .2 ) , so i s l p ( 

due to the Horraicity of H • Putting IJJ = 
and = C£J i n equation (1.27) and hating that the 
same equation holds f o r <J)j and <J>. we o b t a i n 

r r * ( ' .29) 

yds jin;n ) = - 2 i m | y«is f.wl^) ; n, )l 
and 

°l = 0 ^ v

i $ > , (1.30) 

' Because of the presence of the bound state i n (F> j 

the only non-vanishing terms i n the r i g h t hand side of 
equation (1.29) come from surface elements along the 
d i r e c t i o n of the formation of the arrangement i . I n 
analogy to the o p t i c a l theorem, wo conclude th a t 

F = f 4S J d l ; ^ . (1.3D 

represents the t o t a l scattered current summed over a l l 
r e a c t i o n channels. 



y 

I t i s convenient to transform equation (1.31) from 
the co-ordinates Jj i n t o a set of co-ordinates _ r

c t j J X iScd 

-cd 
i s the vector Joining the centre of mass of the aggregates 

i 

c and d i n the rearrangement (c,d) of equation (1.1) , 

refers to the i n t e r n a l variables of the bound system 
of the same arrangement. 

Assuming that H. behaves q symptotically l i k e the 
Green's function G(*) ( a f t e r integrating over the i n t e r n a l 
variables X Q ( j ) , equation (1.31) i n the new co-ordinates i s ; 

cd = S / d S c d V - J c d (1.32) 

where 
cd i s the outward vector, normal to the surface d s c d j 

J C£ i s a vector current along the vector Ĵ cd and i s 

and i s the reduced mass of the pair of aggregates 
c and d, Jiaffv Z c d i s 

f 
ca- . / r - c d -crf cd* A 1 i - l ucd' u, ' UO1*; 

Without any loss of generality, we w i l l assume that a 
and c are p a r t i c l e s , while b and d are neutral atoms, 
so CD i s given by equation (1.8.b). However, there * i 
must be a factor of E X P U P . R ) missing from equation 
(1.8.b); where £ i s the t o t a l momentum and R i s the vector 
of the centre of mass of the system referred to p a r t i c l e 1. 



This factor contributes a delta function which expresses 
the requirement of conservation of momentum between the 
i n i t i a l and f i n a l channels. We w i l l drop t h i s factor 
throughout. 

From equation (1.30), equation (1.3^) becomes 

Z = | u , G ( M V . <J) ( j (1.35) 

I t should be noted that 'G(x) V^C^ implies an 

int e g r a t i o n over the suppressed argument, and care must be 
made when manipulating formulas such as (1.10.a) according 
to the boundary conditions (Gerjuoy 1958.a). From 
equations (1.10.a) and (1.18), we have 

Z - - J ^ - l U t X )EXP(i k l j - Jl) + U(X)EXP(il<lf-jl>V GlV (1.36) 
2 * l r - r | " Lr-r i ' 

where 

k 2 = 2/cd B c d (1.37) 

Because of the presence of G(*) i n equation (1.35)> 

the surface I n t e g r a l i n equation (1.32) i s equivalent to 
integrating over a l l space and evaluating the surface 
i n t e g r a l at- i n f i n i t y only (see Gerjuoy 1958.a). We need 
the l i m i t of Z when r 00 ; 

Lim Z = - « l r , { i p " V. <J). } 
r-»co f 1 i (1.33) 

where use of equations (1.10.a) and ( l . 8 . b ) has been made, 
and the braces imply an in t e g r a t i o n , and 

« D = 6 X ^ 1 ( 1 . 3 9 ) 



11 

Substituting equation (1.38) intcre(#tation (1.32) y i e l d s 

J c d cd ' l 2 (1>0) 

which i s the rate at which the particles c and d are 
scattered i n t o a so l i d angle dA along a d i r e c t i o n l . c £ j 
and with a wave vector k c d . 

The cross section f o r scattering of p a r t i c l e s from the 
arrangement a i n t o the arrangement b i s defined by 

= * Fb ' (1.^1) 

or from (1 9k0) 

ab = _ S _ f c _ 4 b _ / « " „ I T a b l 

a 

where 

Tnh = 'ab = < q y f j v, < £ , > (1A3) 

I t i s useful to write equation (1.^2) i n the form 

A f d-n. J f . (Q; 
ab " Va ^ b oo 

where 

, V are the r e l a t i v e v e l o c i t i e s i n the channels 

a and b , and 

ab 2 " 
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The sign i s adopted to agree with equation (1.2 1*). 

Equation O A 2 ) i s equivalent to equation (^.26) of 
Bransden (1970) which i s calculated from the t r a n s i t i o n 
p r o b a b i l i t y . 
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CHAPTER 2. 

THEORETICAL MODELS OP SCATTERING. 

2.1 Born Series. 

The formal expansion of \£J. from equation (1.11.a) 

n=0 
So that the scattering amplitude from equation (1.^5) becomes 

V i = S ( G i vi ) <E>, ( 2 .D 

t<e ) = l l f j f l » (2.2) 

where 

.th The n " Born approximation to the scattering amplitude i s 
defined by 

f % i = i fm <2.w 

The f i r s t Born approximation (FBA) i s obtained when 
n = 1 i n the equations (2.3) and (2.M-). 

This approximation depends on the assumption that the 
incident p a r t i c l e interacts weakly with the target atom so 
that i t s wave function may be closely approximated by a 
plane wave, which would be the correct wave function i n the 
absence of a l l interactions. I t has long been accepted that 
the FBA gives an accurate account of the t o t a l cross section 
f o r p a r t i c u l a r I n e l a s t i c processes ( B e l l and Kingston-197!+) 

at high energy, though i t remains unclear how high t h i s 
energy must be for the FBA resul t s to be r e l i a b l e w i t h i n a 
certain tolerance. I t i s equally clear, both on experimental 
and/ 



1»f 

and th e o r e t i c a l grounds that the FBA can never describe 
i n e l a s t i c d i f f e r e n t i a l cross sections at large angles, b u t j 
again, there i s no way of predicting i n advance the angular 
range over which one can expect FBA results to be accurate. 

An obvious improvement over the FBA i s to r e t a i n the 
f i r s t two terms i n equation (2.2) which gives the second 
Born approximation. 

1 =- f f f t < $ i » i $ > > + « $ i v , g; »,iGf>] < 2 , 5 ) 

The second term i n equation (2.5) cannot be computed 
exactly even i n the simplest case. Further subsidiary 
approximations must be employed. These normally Involve 
taking e x p l i c i t account of the -lowest N states and adopting 
a mean e x c i t a t i o n energy, together with closure, to complete 
the sum a r i s i n g from Green*s function. Different authors, 
(Holt and Molseiwitsch 1968a, Woolllngs and McDowell (1972, 

1973)) make d i f f e r e n t choices of t h i s mean e x c i t a t i o n energy. 
Results f o r i n e l a s t i c t r a n s i t i o n s show a marked 

improvement on the FBA d i f f e r e n t i a l cross section at large 
angles (Woollings and McDowell (1972,1973), Buckley and 
Watters 1975)0 This i s a t t r i b u t e d to the inclusion of the 
i n i t i a l state as an intermediate state, e l a s t i c scattering 
being the dominant intermediate process. 

The e l a s t i c t r a n s i t i o n i n the second Born approxima
t i o n makes a substantial contribution to the t o t a l cross 
section. The peak i n the forward d i r e c t i o n of the d i f f e r e n t i a l 
cross section varies with the mean e x c i t a t i o n energy 
(Birman and Rosendorff- 1969). 
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Byron and Joachain C197jJ b) argue that i n order to 
include the leading term corrections to the FBA cross 

section, one needs to include real ( f.^le)) (together with 

exchange) i n a d d i t i o n to the second Born ampl-ituae,because 
_ 3 _ 2 

the real ( f . f ( 9 ) ) i s of order k. and w i l l give 

c o n t r i b u t i o n of t h i s order to the d i f f e r e n t i a ] , cross section. 

The d i f f i c u l t i e s a r i s i n g from including extra terms 
i n the Born series and the uncertainties i n the methods of 
choosing the mean e x c i t a t i o n energy make the chances of 
improving t h i s model doubtful. 
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2.2 The Glauber Approximation. 

Glauber (1959) has derived a formula f o r the d i r e c t 
scattering amplitude, but the fa c t that the formula f o r 
composite c o l l i s i o n s involves seemingly i n t r a c t a b l e integrals 
has meant that the application to problems i n atomic physics 
was delayed u n t i l Franco (1968) was able to reduce the f i v e 
dimensional i n t e g r a l f o r the e l a s t i c scattering amplitude 
i n electron-Hydrogen scattering to a one dimensional form. 

We s t a r t from the exact i n t e g r a l equation f o r the wave-
function of equation (1.20). 

IJJ*{R._X) = \p.[R,X) - U L X ) ftXjdR u*( X ) G ( k b < R £ J Y I & ) 1 ^ ( £ * ) 2 " 6 ) 

Assuming the energy of the incident p a r t i c l e i s high enough 
to j u s t i f y the sub s t i t u t i o n of k = k,, equation (2.6) with 

the aid of closure r e l a t i o n reduces to 

r f - • , ( 2 - 7 ) 

vhere we have used the Fourier i n t e g r a l representation of 
G Q(k 1, R , R) from equation (1.18). 

The approximate i n t e g r a l equation of i n equation 
(2.7) involves the i n t e r n a l co-ordinates X of the 
composites i n the i n i t i a l channel i n parametric form only, 
hence following Glauber (1959) we write 

(2.8) 
• X M R , * ) = E X P l i k . R ] F I R X ) U ( X ) 

i i - - i -



17 

I n s e r t i n g equation ( 2 . 8 ) i n equation ( 2 . 7 ) , we have 

F (- R>- x l = 1 - < T W P tJl E x p H J Y l - R - - " ) l E x r i i - p - ' - R - P » V.IR X , R f o ) ^ 

P 2 - k 2 - i c 

I n t r o d u c i n g t; = P - k^ equation ( 2 . 9 ) becomes 

i -

3y talcing the z-component o f t along k^, the 

t - i n t e r g r a t i o n i n equation ( 2 . 1 0 ) can be c a l c u l a t e d , to 
order o f V/E, using t!ie i n t e g r a l formula 

/
E X P l i q * ] dq - 2 i n Q ( x ) 

-co ^ '* 

and equation ( 2 . 1 0 ) reduces to 

C (° 1 1 ) 
F IR,X) = 1 - ••' M . / dR'6(/- / ) Glz- z ) Y . l R . X ) F (F,X) 

i ^ 

where 
Q l x ) i s the step f u n c t i o n , such t h a t 0 ( x ) = 1 

f o r x > 0 and zero otherwise, /> and f are the 
pr o j e c t i o n s o f R and R onto a plane normal zo and z i s 
along k^. 

A f t e r i n t e g r a t i n g over the d e l t a - f u n c t i o n , equation 
( 2 . 1 1 ) i s solved by 

z 
F ( R , X ) = EX P[- - i f - / d z ' Y I X , / ^ ) ] ( 2 > 1 2 ) 

1 _oB 1 
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Wow i n s e r t i n g i n t o equation (1.24) f o r the 

d i r e c t .-scattering amplitude and r e c a l l i n g equations (2.8) 
a ad (2.12), we have 

( 2 . 1 3 ) 

V e l = - y ^ r / d x / d R ' u * ( _ x ) E X P ( i ? _ R ) V ( R > ' ) U . ( X ' ) E X P [ - ^ - J*i V « ? > . 2 ' > ] 

q — k - k 
- "i "t 

To make eriuati..;n (2.13) snorr; amenable i'or c a l c u l a t i o n s , 
v.o s;e fciie i . - i t i : o f i . i t s ^ r a t i c n j£ Z alon^ tno 
uioGclor of Lno ĉatK.e.-i'in-'; f-.njjle, w.:.ici'i i; r : ^ l i s u '..»a'; q i n 
irrmal to Z .-.-id t - j c r o f o r o , i n s y l l ^ l r i c a l c o - o r u i i i a t e s , 

f !9 ) _ikj_ l d x / a y E X P ! i q . r ) u( x'i r ip X'I u.lx") 
, f

 2 rr - / / ~ " f "' - • -
( 2 . 1 5 ) 

ana 
00 X ) ' 

( 2 . U i ) 

y h 9 r " 

I -oo 

00 

f 2 ,1 7 J 

we roco;;.ij ne t l i : \ t ro: t i o n ( 2 . 1 5 ) i-= tne Glauour f o r u u , 
w i j i d i f o r iiyurof;enic-L/pe o Ljy/ifi.. j c t i o n s can be put i n t o a 
closed t'^rm (TLomtia and Gorjucy 1971). Respite tiie 
s i m p l i c i t y / 
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s i m p l i c i t y and resultant ease of calculations, Glauber's 
formula suffers from serious deficiencies. F i r s t l y , no 
account i s taken of rearrangement processes, because the 
pote n t i a l i n the incident channel d i f f e r s from the p o t e n t i a l 
i n the f i n a l channel. Secondly, the approximation k^ = k^ 

makes the der i v a t i o n only v a l i d f o r small angle scattering 
and leads to a forward d i r e c t i o n divergence of the scatter
ing amplitude. Thirdly, the choice of the i n t e g r a t i o n path 
that makes q normal to Z causes the scattering amplitude 
to vanish i f *|ml *\ ml i s odd, 
where (l,m ) and ( i ' , m') are the quantum numbers i n the 
i n i t i a l and f i n a l channels. Fourthly, the Glauber' 
formula predicts no difference between the cross sections 
f o r electron scattering and positron scattering. F i f t h l y , 
i t i s obvious from equation (2.16) that the terms of the 
Glauber multiple scattering series are al t e r n a t e l y purely 
r e a l and purely imaginary. This i s i n contrast to the Born 
series of equation (2.2) where the second order term 
contains both r e a l and imaginary parts. 

Attempts have been made to remedy these deficiencies. 
F i r s t l y , by choosing d i f f e r e n t paths of i n t e g r a t i o n (see 
Gerjuoy and Thomas 1971*) and secondly, though t h i s i s 
laborious, by solving equation (2.13). 

Byron (1971) derives equation (2.13) i n an eikonalized 
close coupling treatment i n which he demonstrates that the 
Glauber formula and close coupling approximation are 
complementary. Byron and Joachaln (1973a) propose that i n 
electron-atom c o l l i s i o n , the d i r e c t amplitude f I ® ) 
be computed from the following formula 

r r2 G 3 

f (G ) = f ( 0 ) + f ( 9 ) 
if if if 



where l j f ' 6 ) i s tne amplituae i n the scccud oraer -orn 
r G 3 

approximation defined i n equation ( 2 . 5 ) arid j ( g j 

i s the Glauber formula a r i s i n g fror 1. the L'r.ird term i n the 
series o f equation («L' .16) , s u b s t i t u t e d i n equation ( 2 . 1 5 ) . 

Byron ai-d Joaohain, p a r t l y J . I the basis of r e s u l t s obtained 
f o r r..ote^ticl s c a t t e r i n g (3yron end Joa.-jhain 1 9 7 3 b ) , argue 
tha t equafiler. ( 2 . 1 8 ) yield:', the anplitu.de c o r r e c t l y to crder 

(when exchange e f f j e t s aie included a l s o ) . Their .notnod 
appears to be sunerior to the Glauber formula ec-jauso i t 
predict.3 d i f f e r e n t cro.'ss sections f o r the e l e c t r o n and 
p o s i t r o n s c a t t e r i n g , and i t showa u e t t e r a^rec^ent wit.i 
experi.rr.ent (dyron and Joacj'talri 19'/i'c). 

http://anplitu.de
http://experi.rr.ent
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2 . 3 The multichannel e i k o n a l approximation. 

From the di s c u s s i o n o f the preceding s e c t i o n , i t i s 
• 

evident t h a t the t o t a l wave f u n c t i o n ^J. can be approxim
ated by an e i k o n a l method which assumes the p r o j e c t i o n s 

+ 
of GJ on the complete set u (X ) are small during the 

a i i 

entire c o l l i s i o n , except f o r the p r o j e c t i o n on the i n i t i a l l y 
occupied bound s t a t e . 

We w r i t e the t o t a l wave f u n c t i o n as a truncated sum 
over t a r g e t eigenstate 

N 
A ' - S Z | E X P M S ( J ° / Z ) ] U ( X , 

( 2 . 1 9 ) 

then \(£ , Z ) E X F [ i 5 ^ , 2 ) 1 s a t i s f i e s 

t V 2 f V 1 A (/",Zl E X F l i S l ^ Z ) = 0 n ( 2 . 2 0 ) 

v/.here 

V |R 
nm = j l f (X ) V ( R ( X ) U(X) dX (2 .21 ) 

are the i n t e r a c t i o n matrix elements, and Q = (R ,9 ,$) - If,^,!) 

i s the vector o f trie i n c i d e n t p a r t i c l e i n s p h e r i c a l and 
cy•j.i^idrical co-ordinates frames r e s p e c t i v e l y . I n the 
eikon a l method (rsransden 1 9 7 0 , p.79) equation ( 2 . 2 0 ) gives 

S n ( j P / Z ) as 

z 

- ao 

and 

Y I R ) = a i R ) - k n ( 2 < 2 3 ) 
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where 

O . I R I =1 k< _ 2 *» v ( R )j ( 2.2»f ) 
n " nn ~ 

provided v IR ) i s slowly varying with channel wave length 
nn ~ 

(Flannery and McCann 197^a) the eikonal c o e f f i c i e n t s 
A

n
( £ z ' s a t i s f y 

ff f =1,2,— N 

Taking the azimuthal dependent factor out of the potentials, 
and making the .phase s u b s t i t u t i o n 

z , 
C f ( f i Z ) = A f ( f , Z ) E X F H A ^ • j j d z ' v l f , Z ) J (2.26) 

where A = m . - r ^ i s the difference of the azimuthal 

quantum number of the channel i and f / 
reduces equation (2.25) to 

N (2.27) 
i i i - d C f " 8 , Z> ^ Y . V ]CXT)=T. CyfD V ; l f / Z ) E X P I . i l k - k ) Z ] 

M o Z n if T n=i n fn . -n f 

Substituting T̂J from equation (2.19) i n t o equation 
(1.2*0, we obtain the d i r e c t scattering amplitude with the 
aid of equation (2.27) 

\ { 6 ) ~ - - ~ J*l\ir\i2] em^r.iAj] (2.28) 
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and 

lir,9) / 
CO 

6Z Q. bSflLH E X R i a Z l 
f d z (2.29) 

and 

1 ^ , 9 ) 

CD 

= J d Z I & Y l f , Z ) • * V f J c t f » f Z J B f l l a Z J 
-co 

(2.30) 

where 
q' i s the component of q i n the XY - plane, where 

q i s defined i n equation ( 2 . 1 0 , and 

« =; a - a = k (1 - : c o s { 9 )) , 0 ^ , , z m f V2 .31; 

where q z and °.m are the z- component and the rainiraum 
value of the momentum change q • 

On completion of the ̂ . - i n t e g r a t i o n using the i n t e g r a l 
representation f o r the Bessel function of the f i r s t kinds-

2JT 

"* ' (2.32) 

in 

J n ( X l = ~ j r J B f l l X c o s | d > ) , i n £ J d £ 
0 

we obtain from equation (2.28) 

00 

f ( 9 J . = { . \ ) L j p 6 n ^ n [ y \ i 2 ) (2.33) 

0 
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The coupled equations (2.27)? subject to the boundary-
conditions c [P, _«,) = S a n d equation (2.33), 

are the basic formula©needed to solve the scattering problem 
i n t h i s method. 

Now consider the following approximations:-

1 ) V f f « J j ? or V f f « E ( 2 . 3 » f > 

2) kj * k

f (2.35) 

3) k f k
f « (2.36) 

where v i s the incident v e l o c i t y of the p r o j e c t i l e , 
i 

€f. i s the energy difference. The f i r s t approximation i s 
an e x p l i c i t high energy requirement to ensure that the wave
length of the p r o j e c t i l e i s small compared with the atomic 
dimensions. The last two approximations imply that the 
scattering i s confined to small angles only. Furthermore, 
the small angle scattering i s demonstrated e x p l i c i t l y when 

a =0 . Assuming the above approximations i n equations 
. <- f / o i i u \e.« j j / wo l i d V a 

and 
CO 

(2.38) 

and 
q - q ( 1 . 6 2 q 2 v - 2 Jf2 

(2.39) 
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We r e c a l l t h a t equa t ion (2.37) i s the standard impact 

parameter approx ima t ion , which can be de r ived d i r e c t l y 

f r o m the time-dependent Schrodinger equa t ion when the wave 

f u n c t i o n i s expanded i n terms o f the t a r g e t e igens ta te (see 

McDowell and Coleman, 1970), Byron (1971) has de r i ved 

equa t ion (2.37) i n an e l k o n a l i z e d close coup l ing approx imat ion . 

His analyses lead to equa t ion (2.38) w i t h 2kf sin(e|2) 

ins tead o f equa t ion (2.39). We a lso note t h a t equat ion 

(2.38) i s i n agreement w i t h the fo rmula o f Baye and Heenen 

(197**a), who choose a t r a j e c t o r y which makes the quantum 

f i r s t Born approx imat ion and the e i k o n a l f o r m o f the impact 

parameter Born approximat ion e q u i v a l e n t . Wi th the f u r t h e r 

Glauber f o r m u l a when N — * co • 

From the above approximations we can see t h a t the m u l t i 

channel e i k o n a l method i s an improvement over the impact 

parameter method and the Glauber approx imat ion . This has 

been confirmed by the work of . Flannery and McCann (197*+, a, 
b » 1975c),a) on e lec t ron-hydrogen and ( b ) , ( c ) on e l e c t r o n -

Helium s c a t t e r i n g . However, the adop t ion o f a s t r a i g h t l i n e 

t r a j e c t o r y i n t h e i r t reatment and the neg lec t o f p o l a r i z a t i o n 

d i s t o r t i o n and e l e c t r o n exchange makes t h i s model less 

accurate i n the lower energy r e g i o n . 

approximat ion t h a t / equat ion (2.37) y i e l d s the 



26 

2.h The D i a g o n a l l z a t l o n Method. 

A method which i s connected to Born approx imat ion and 

the close coup l ing impact parameter method has been 

suggested by Baye e t a l (1970), who descr ibe the c o l l i s i o n 

problem i n terms o f time-dependent i n t e r a c t i o n p i c t u r e i n 

which a t ime displacement opera to r .n_(t \ ) t ransforms a 
0 

s t a t e vec to r \a; \o> i n t o l . a , i > such t h a t 

i - | r l ° , t > = V ( t , | Q < t > . { 2 m k Q ) 

and 

| a , t > = - n - ( t , t o ) | a . t o > ( 2 . V | ) 

where 

V I fr) = E X P l - i H t ] V EXPMH t , (2.1*2) 

where H and v are d e f i n e d i n equa t ion (1.3) f o r the i n i t i a l 
o 

channel . 

I t i s c l ea r t ha t 

l t o i t ) = 1 ( 2 - 1 + 3) 
O' o 

and -n_ ( t t ) s a t i s f i e s the d i f f e r e n t i a l equa t ion 
' o 

* —|T • P L ( t / t o ) = VCD - n - ( t , t o ) ( 2 . W 

or i n an i n t e g r a l f o r m , w i t h the a i d o f equa t ion (2.J+3) 

t 

- ° - l t , » b ) = i - i J v « t ' ) r u t ^ l d t ' (2A5) 

t 
o 
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Baye e t a l (1970) show t h a t equat ion (2..^5) can be 
put ( t o a second o r d e r ) i n t o the fo rm 

I M ) - E X P i - i J d ^ v i y . ±_jdJdy v i t i ) / V | t 2 
- r L [ \ I I I — w v i - i ; vi t 1 - —! I QT. I Ul 1 Ml t 1 .Ml t j j ] 

I f tQ i s taken to the l i m i t , \ ^ , we expand; | a / t > 

i n terms o f the e i g e n f u n c t i o n o f Hq , | a , t 0 > being 

inc luded i n the expansion, 

l « / t > = Z C Jt ) U (2.1+7) 
P p P 

the c o e f f i c i e n t s c are the t r a n s i t i o n amplitudes and 
pm 

depend on the impact parameter f a t a t ime t and are g iven 

by 

C p m l P > *
 1 ~ < P l - n . | m > ( 2 . W 

The s c a t t e r i n g ampli tude i s then c a l c u l a t e d f r o m 

equat ion (2.38) us ing equa t ion (2,4-8). 

Use o f the f i r s t term i n the r i g h t - h a n d s ide o f equat io 

(2.4-6) reduces equa t ion (2.4-8) to the f i r s t o rder d i a g o n a l -

i z a t i o n approx imat ion which can be de r ived f r o m equa t ion 

(2.37) (Callaway and Bauer 1965), o n l y i f 

Z = v. t (2.4-9) 

and 

! T I M , a i t )j = 0 (2.50) 

where 

mn - v

m n i u E * M e m n t ] 
(2.51) 
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and 

. CD 
a ( t ) d t (2.52) 

The works o f Callaway and Dugan (1966) and o f Baye 

e t a l (1970) on proton-Hydrogen and Baye (1970) on p r o t o n -

Helium show t h a t the f i r s t order d i a g o n a l i z a t i o n 

approximat ion g ives r e s u l t s no b e t t e r than the f i r s t 3orn 

approx imat ion . I n c l u d i n g the second term i n the r i g h t -

hand side o f equa t ion (2.1+6) y i e l d s the second order 

d i a g o n a l i z a t i o n approx imat ion . 

The importance o f the second order term i s demonstrated 

i n the f o l l o w i n g s-

F i r s t l y , i f we expand the exponent i n equa t ion (2.^6) then 

the f i r s t two terras i n the se r i es w i l l account f o r the 

s e m i - c l a s s i c a l second order Born approx imat ion ( H o l t and 

Moise iwl t s ch 1968b). Secondly, the m a t r i x elements connect

i n g some degenerate s ta tes which vanish i n the f i r s t order 

approx imat ion , c o n t r i b u t e to second order and hence increase 

the s t rong coup l ing between these degenerate s t a t e s . 

T h i r d l y , the m a t r i x elements o f the opera tor J - L are d i f f e r e n t 

i n the e l e c t r o n c o l l i s i o n f r o m those i n the p r o t o n o r 

p o s i t r o n case. Th i s i s so because the second order term i s 

charge i n v a r i a n t w h i l e the f i r s t order term i s dependent on 

the charge o f the p r o j e c t i l e . Th i s e f f e c t i s r e f l e c t e d i n 

the r e s u l t s o f Baye and Heenen (1973j a, b , c > 197 4 ) on 

the p ro ton and e l e c t r o n s c a t t e r i n g f rom Hydrogen and Helium 

atoms r e s p e c t i v e l y . The second order d i a g o n a l i z a t i o n method 

has shown (Baye and Heenen (19739 a, b , c }19 74 ) a 

general improvement over the f i r s t order method and Born 

approx imat ion . The basic aim o f t h i s method i s to a l l o w f o r 
a n / 
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-an impor tan t extexasion o f the basis set and to determine 

the e x c i t a t i o n f o r the s ta tes o f h igher Leve ls , where the 

r e s u l t s o f t h i s method lead to cross sec t ions q u i t e 

d i f f e r e n t f r o m those o f Born approx ima t ion . However, the 

s t r a i g h t l i n e assumption l i m i t s the r e l i a b i l i t y o f t h i s 

model to the energy r e g i o n where the s t r a i g h t l i n e and 

constant v e l o c i t y approximations are va" l i d . 
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2.5 The Close Coupl ing Approximat ion . . 

The e lec t ron-a tom c o l l i s i o n problem can be discussed 

i n terms o f a r e p r e s e n t a t i o n i n which the t o t a l wave f u n c t i o n 

f o r the system o f the i n c i d e n t e l e c t r o n and the t a r g e t atom 

i s expanded i n a complete set o f t a rge t atom e lgens ta t e s , 

such t h a t 

IPIB.XJ= S U n m F , R , + ydKU K (X,F l E 1 ( 2 > 5 3 ) 

From the p h y s i c a l p o i n t o f v iew, the completeness o f 

the set means t h a t the expansion must descr ibe a l l poss ib l e 

d i s t i n c t p h y s i c a l events as we n o t i c e d i n Chapter One. I n 

o ther words, the wave f u n c t i o n i n equa t ion (2.53) must 

s a t i s f y both o f the boundary c o n d i t i o n s i n equations (1.23) 

and (1.25). I n p r a c t i c a l numer ica l c a l c u l a t i o n s , on ly a 

f i n i t e number o f e igensta tes may be i n c l u d e d , and t h e r e f o r e 

the expansion i s no longer complete and the boundary 

c o n d i t i o n s i n equations (1.23) and (1.25) cannot be 

s imul taneously s a t i s f i e d . 

C a s t i l l e j o e t a l (1960) show tha t the continuum pa r t 

o f equat ion (2.53) i s s i n g u l a r , and by app rop r i a t e choice 

o f the path o f i n t e g r a t i o n , the boundary c o n d i t i o n s are 

s a t i s f i e d . They suggest t h a t the t o t a l wave f u n c t i o n o f the 

system may be d e f i n e d un ique ly e i t h e r by s p e c i f y i n g the 

asymptot ic f o r m t h a t s a t i s f i e s the boundary c o n d i t i o n s i n 

equa t ion (1.23) and (1.25) o r by s p e c i f y i n g the asymptot ic 

form t h a t s a t i s f i e s the boundary cond i t i ons i n equa t ion 

(1.23) and by choosing the path o f i n t e g r a t i o n f o r the 

i n t e g r a l i n equa t ion (2.53). T n © f i r s t choice can be shown 

t o / 
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to be equ iva l en t to a symmetrized wave f u n c t i o n (Peterkop 

and Veldre 1966) o f the forms 

Nt 
l£J(B,X) = <T A[Un(X)F(a)1 (2.5M-) 

where A i s an exchange ope ra to r , changing the order o f the 

e l e c t r o n co-ordinates , and Nt i s the number o f channels 

inc luded i n the expansion. 

I n previous s ec t i ons , the close coup l ing approximat ion 

has been used where the symmetr iza t ion o f the wave f u n c t i o n 

has been i g n o r e d . The problem was then solved i n a 

c o n f i g u r a t i o n space and f u r t h e r approximations were employed. 

For systems o f l i g h t atoms i t i s a good approx imat ion to 

neglec t the s p i n - o r b i t i n t e r a c t i o n i n the H a m l l t o n i a n . I n 

t h i s case both L , the t o t a l angular momentum, and S, the 

t o t a l s p i n , and t h e i r z-components M and M r e s p e c t i v e l y , 

are conserved d u r i n g the c o l l i s i o n . 

For e l e c t r o n - a l k a l i s systems, c o n t a i n i n g one e l e c t r o n 

o u t s i d e the closed s h e l l , the equations o f the close coup l ing 

method are s i m p l i f i e d cons iderab ly when i t i s assumed t h a t 

the same core f u n c t i o n s are used f o r a l l s ta tes o f the valency 

e l e c t r o n ( f r o z e n core a p p r o x i m a t i o n ) . Since the atomic wave 

f u n c t i o n o f the N - e l e c t r o n system i s an t i - symmet r i c w i t h respe 

to interchange o f any two atomic e l e c t r o n s , we can w r i t e the 

an t i - symmet r i c wave f u n c t i o n o f (N+1 ) e l e c t r o n s as 

J (N*1)^ V k ; ' j k (2.55) 
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where the n o t a t i o n s 

V l m i S 1 i i'2"'2 ' V ' ' i '1 "1 
r s i a.| m . s nf k . |_ m _ m

s ' / ( a i L ™ s m s ) 

are the. angular momentum quantum numbers o f the atomic 

e l e c t r o n s , and ( K 1 ^ ) are the wave v e c t o r and 

angular momentum o f the c o l l i d i n g e l e c t r o n . 

v = ( a I I I 
I 1 2 

T s { a L s l L S M M _ ) 
I i 1 1 2 S 

x = x. , X , X 
1 "2 ' N*1 

X S *1 Xk-1 ' X k 4 ' •• XN*1 

tlx 
x|< = ( Bk.0"k ' space and s p i n v a r i a b l e s o f the k e l e c t r o n . 

, _k 

The f u n c t i o n $ > , f j , x R k T u ) i s 

7R _k - (2.56) 

S W - ^ f " l r i $ ' V , ^ " f ^ ' ^ V S i ^ 

where 

57) 

and <C! ^ !2 i m̂ i LM ! > i s the Clebsch-Gordan c o e f f i c i e n t 

(Rose 1957), % . 
W.V 
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The quantum numbers denoted by f~. i n equa t ion (2.55) 

d e f i n e the i n c i d e n t channel . These w i l l be r e t a i n e d on ly 

when necessary. The sum over r. i s t runca ted to a sma l l 

number o f teems. 

The H a m i l t o n l a n o f the ( N+1) e l e c t r o n s is 

H = Ha • H

N + 1 • v (2.58) 

where 

H = - J _ V 2

 Z / B <2-59) 

HQ-. i s the atomic Hara i l ton ian , Z i s the nuclear charge 

By s u b s t i t u t i n g equa t ion (2.55) i n t o the 

HartreerFock equation:-

V - N * 1 R _ W J (2.61) 

we o b t a i n the coupled i n t e g r o - d i f f e r e n t i a l equa t ion f o r the 

f u n c t i o n Fjl J i n the n o t a t i o n o f P e r c i v a l and Seaton 

(1957) 

( L - 2Y? ) F I R ) - ? £ r t tS 

( M i ; 

where 

L . = 
dR 2 

- l2"2 t1 » + k 2 ) 
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and Vc i s the core p o t e n t i a l (Salmona and Seaton- 1961) 
and i s g iven by 

vc2 F < R ) = Z ( c l o s e d s h e l l s ) (2UHr2YV (P n f IR) FIR ) 
nl L 

- f Z c(l $,] (2.63) 

V R 1 = - i - X / + *p *xcS l

2 . ( ^ U ^ l " ' C2.61*) 

W > ) F ; R ' ) = M 1 * £ Q t ^ ( 2 l L i [ ^ - * L l \ . m (2.65) 

F„,|R) +Y x (P n l 1 F / |R / ) Jp^ lR ) 

2 

k v = 2 ( E - E ^ ) . , g are the t a r g e t energy 

i n the s t a t e (n ^ ) and the energy o f the valency e l e c t r o n 

i n the s t a t e ( n l i ) r e s p e c t i v e l y , and E i s the t o t a l energy. 
I n gene ra l , f , Q Y , , A and c are d e f i n e d as 

' ' x ' = V * ' Sty 

V ^ V * = | I 1 4 L | I ? , W , « M /

2 L ) (2.66) 

Y (AB|R ) 
A 

A ( ABIR] 

C 
l 1 l 2* 

LJ1-1. 

R 00 

I ^ U H B I t ) tXdt + RyXlt JBI t f t^d t ( 2 > 6 ? ) 

7 ? 
0 9 

y*A(R,8(R)dR ( 2 a 6 g ) 

0 

D {w)D(w)p(w)dw 
11 To \ (2.69) 
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P n l i R ) < f ) l w > are the r a d i a l pa r t o f the e l e c t r o n 

o r b i t a l s and the Legendre polynomials r e s p e c t i v e l y . 

We n o t i c e t h a t equa t ion (2.62) i s i d e n t i c a l to t h a t o f 

P e r c i v a l and Seaton (1957) f o r the e lec t ron-Hydrogen atom 

when V1 2 i s set equal to ze ro , c 

The e r r o r s i n the s c a t t e r i n g S-matr ix elements c a l c u l a t e d 

f r o m the asymptot ic fo rm o f F„ (H) w i l l be o f quadra t i c order i n 

the e r r o r f rom the wave f u n c t i o n s ( P e r c i v a l and Seaton 1957). 

Burke and Schey (1962) assume the fo rm o f the s c a t t e r i n g 

wave as 

where we have r e t a i n e d the n o t a t i o n F (» 0 , R J in s t ead 

o f F ( R ) to r e f e r to the i n c i d e n t channel , and 

us 
F , Wo'R> 

LS 
+ T EXPCiQ, ] Sin{ 8. (2.70) 

V 

e 
L 

l o TT (2.71) 
2 

LS 
T i s the p a r t i a l wave ampl i tude . 

I f we set 

• 

a 1 ± 9, 72) 

where F , G are d e f i n e d i n equations (1.2*0 and 

(1.26), then equa t ion (1.23) reduces to the f o r m 

+ Z q EJtflk R] u al'X (2.73) i 
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From equa t ion (2.55)» the s c a t t e r i n g ampl i tude i s 

M R ) ~ EXPlik.RlJ + H ^ a c L EXPlikR ] (2.7*0 

When F

a < R ) i s expanded i n p a r t i a l waves, equa t ion 
• 

(2.74-) reduces to t h a t o f equa t ion (2.70) and CJ 

LS 
( the s c a t t e r i n g ampl i tude) i s r e l a t e d to T

w i f e . We f o l l o w 
the method o f Bransden (Bransden 1970) to r e l a t e Cf to 

Wo, 
LS 

T w 0 by p r o j e c t i n g the s c a t t e r i n g ampli tude on bas i s sets 

t h a t are d i a g o n a l i n the t o t a l momentum. 

The s c a t t e r i n g ampli tude a t an energy E i s 

which can be put i n the fo rm 

where <C ^ k

a H i s defined in equation (1.8b) and has the 

normalisation on the energy she l l : 

(2.77) 

We d e f i n e the basis sets t h a t are d i a g o n a l i n the t o t a l 

o r b i t a l angular momentum such t h a t 

r a > = H ,'2 [2TT ) ' ^ « a k a / d / y _ y ( r L j 
il2 I 2 n / 2 ^ a k Ury )/ , . 

K 

'1 m 1 
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where the phase f a c t o r i l2 i s i n t roduced to match the 

phase o f the asymptot ic f o r m i n equat ion (2.70). The s p i n 

appears o n l y p a r a m e t i c a l l y . The n o r m a l i s a t i o n and the 

completeness r e l a t i o n o f the bas i s sets are 

< ra I ftf > = £ (a i, t2LM ; a j[ (2 L'M') (2.79) 

and 

«P l r > < rQ i = 1 (2.80) 
'a 

Now the s c a t t e r i n g ampli tude i s expanded i n the fo rm 

T * ^ " < \ W > < 5 » T l ? X ^ l $ a ( k a ) > (2.81) 

We in t roduce 

< r€ I T I £ > s - J j - V (2.82) 

so t ha t the d i a g o n a l elements w i l l assume the fo rm o f those 

o f p o t e n t i a l s c a t t e r i n g . When kQ ( the wave vec to r i n the 

i n c i d e n t channel) i s assumed to be along the Z - a x i s and 

M=o, then equa t ion (2.81) w i t h the he lp o f equa t ion (2.78) 

reduces to 

\ a = - 8 n z < / 2 b + 1 -£? y ( y x j 

< l , I 2 < P O | L : O > < I ; I j ^ ' n y L 0 > 

(2.83) 

o r / 
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or 

f i V frh 2I 2*1 9 4 TTI 
i f ? V S > ' 

< H 12-00 I L 0 > < ( ^ m 2 | L 0 > (2.810 

D e t a i l e d a p p l i c a t i o n s o f the close coup l ing approxim

a t i o n (see Moise iwi t sch and Smith 1968) i n d i c a t e t ha t the 

method i s o f good value when a l l open channels and some o f 

the closed channels are i nc luded i n the expansion. The 

method, however, s u f f e r s f rom the drawback t h a t i t i s o n l y 

s lowly convergent , f o r systems o f low p o l a r l z a b i l i t y such 

as Hydrogen, as the number o f s t a t e s i s enlarged (Ormond and 

Smith 196^). A r e l a t e d d i f f i c u l t y l i e s i n the great increase 

i n computing t ime r equ i r ed as f u r t h e r s t a tes are added to 

the ba s i s . These drawbacks may be a t t r i b u t e d to the i n s u f f 

i c i e n t r epresen ta t ions o f d i f f e r e n t p h y s i c a l f e a tu r e s such 

as the d i s t o r t i o n o f the wave f u n c t i o n o f the t a r g e t atom 

( p o l a r i z a t i o n ) or c o r r e l a t i o n e f f e c t . The work o f Moore3 

and Norcross (1972) (us ing the c lo se - coup l ing 3S-3P s ta tes 

o f sodium, which i s known to have 99$ o f the p o l a r i z a b i l i t y 

coming f rom 3S-3P s t a t e s ) agrees w i t h the experiment a t 

lower energies thus l end ing support to the above argument. 
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A s y s t e m a t i c improvement over the c l o s e coupl ing method 

i s to account f o r these p h y s i c a l f e a t u r e s i n an expansion 

tha t has more favourab le convergence p r o p e r t i e s . Burke and 

T a y l o r (1966 T a y l o r and Burke 1967) , use the c l o s e coupl ing 

expansion with a d d i t i o n a l v a r l a t i c n a l l y determined c o r r e l a t i o n 

f u n c t i o n s . However, on comparing t h e i r r e s u l t s with the 

c a l c u l a t i o n s of -iurke et a l ( 1 9 6 7 ) , wherein the n=3 s t a t e s 

o f e l e c t ron-hydrogen were e x p l i c i t l y i n c l u d e d , i t was found 

ti 'Lf . t tae r«3cnances which a r i s e from the n=3 s t a t e s , due 

to the long range d i p o l e e f f e c t s , a r c net w e l l represented 

by the c o r r e l a t i o n terms. Above the n=3 t h r e s h o l d , the 

rcet'.oci icws spur ious r e s o n a n c e s . I t tnus appears that the 

c o r j / e l o t i o n :.:(ithoc\ ir. o f va lue on ly i f a l l open channels are 

i n c l u d e d i n the truncated expansion and the energy i s below 

•'.i-;:.t a t which resonances which a r i s e from the f i r s t s e t o f 

c i o s e n criannels oegin . 

At energies beyond the i o n i z a t i o n t h r e s n o l d , d i f f e r e n t 

pie'., •.co.:-; are in troduced to -noa: f y the c l o s e coupl ing expans ion . 

.VcU'tce ei. a l (19&9) i n c o r p o r a t e d ii-o c l o se coupl ing paeudo-

s t a t c s motiiod i n which tije t o t a l wavs f u n c t i o n ( f o r a two-

e l e c t r o n system) i s expanded i n the form 

LM 
(1 • A I < L hl"V Fv ( R 2 ) V | R / R ) U J (R,R) 

(2 .8^) 

wr.sr-j now p , (R) a r c not n e c e s s a r i l y the e i^oni 'unct ions nl 

o f t.-e ucujul atoi.-.. The f i r s t few terms o f the expansion 

r e p r e s e n t i:he e i j p y w t a t e s of the bound system, wni le the 

h i g h e r / 
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higher bound and continuum s ta tes are represented by pseudo-

s t a t e s , chosen to be o r thogona l to each o the r and to the 

i nc luded e igens ta tes , but o therwise a r b i t r a r y . The choice 

o f pseudo-states can be made i n a number o f ways. A t lower 

energ ies , the pseudo-states should be chosen to g ive the 

r i g h t p o l a r i z a b i l i t y , w h i l e a t i n t e rmed ia t e energies they 

could be chosen to represent the c o r r e l a t i o n e f f e c t i n the 

f i n a l s t a t e (Burke and Webb 1970). Burke and Webb found 

good agreement between t h e i r r e s u l t s far the cross sec t ions 

f o r the e x c i t a t i o n o f HI1S-2S) by e l e c t r o n impact and 

experiment . I t can be argued i n t h i s case t h a t a t h igher 

energies i t i s less impor tan t to o b t a i n the exact p o l a r i z 

a b i l i t y , bu t the a d d i t i o n o f pseudo-states i s s t i l l 

b e n e f i c i a l s ince they p a r t i a l l y account f o r loss o f f l u x to 

channels, i n c l u d i n g continuum, which has not been e x p l i c i t l y 

inc luded i n the c a l c u l a t i o n . The computed cross sec t ions 

f o r e-H (Burke and Webb 1970, Burke and M i t c h e l l 1973) show 

non-phys ica l resonances close to each o f the pseudo-states 

t h r e s h o l d . Convergence was t e s ted by Burke and M i t c h e l l , 

and they found i t s a t i s f a c t o r y f o r the s ta tes w i t h 1 = 0 * 

A f u r t h e r t e s t on the convergence o f the method was 

made by Callaway et a l (1975) who used a combinat ion o f 

pseudo-states method ( i n c l u d i n g eleven s t a t e s ) and the 

p o l a r i z e d o r b i t a l method. To avoid the problem o f a l a rge 

number o f coupled channels, the v a r i a t i o n a l methods o f 

Nesbet (1969) and Nesbet and Oberol (1972) were employed. 

The non-phys ica l resonances were avoided by v a r y i n g the pseudo-

s ta tes parameters set so as to move the a r t i f i c i a l th resho ld 

away f r o m the energies a t which c a l c u l a t i o n s are d e s i r e d . 



The computed cross sections fo r the e-'H are i n good agree

ment with those of Burke and Webb (1970), which shows the 

s t a b i l i t y of the approximation as further pseudo-states 

a r e added. An alternative method i s to modify the close 

coupling expansion by including effect ive potential terms 

(optical potentials) to represent the influence of the 

•omitted terms i n the truncated expansion, and this w i l l be 

d i s c u s s e d i n the following chapter. 

0 
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2.6 The Polarized Orbital Close Coupling Method. 

I n this method the reaction of the scattered electron 

upon the atomic system is to be accounted f o r . Long range 

polarization e f fec ts , induced by this reaction, are important 

as has been cited i n the previous section. 

The to ta l wave function of an ( N+1 ) electron system 

i s the same as that defined i n equation (2.J>5)> but now 

${ r / xk R CT J i s a set of perturbed atomic wave functions 

which are energy dependent, 

Feautrier et a l (1971) use the polarized o r b i t a l form 

for (£)lff,"Kk 0̂  ) which was or ig ina l ly introduced by 

Temkin (1957) and is of the form 

where ^Ml| ;5<k ) represents the unperturbed atomic 

wave functions.* i s the d i s to r t ion of the 

atomic wave function and Kk i s the coordinate Rk when 

used as a parameter. Other notations are as defined i n 

section (2*5). 

The introduction of the distorted part C ^ ^ / ^ ^ 1 

i n the wave funct ion does not a l ter the Kohn variat ional 

pr inciple , since Cf^°'(T ^ ft ] f a l l s o f f more rapidly 

than • -Rj! as Rk ^ « • 

Feautrier et a l (1971) show that I ^ I and 

' sat isfy the following coupled integro-
N>1 

d i f f e r e n t i a l equations. 



- V i c t f 0 1 - ' M i l F / " i . 1 ' 

- M I H - E K $ I I : , R N I . c t ) P V « N V ^ i = 0 (2.87) 

and 

(2.88) 

where 

V =/$V'v$,rj<^, r t " J

 ( 2 . 8 9 ) 

pol 

(2.90) 

V, - /*"«* "»N. t- i • £ . | & 5 £ i e v M 2 . 9 i > 
N 

v ^ | . = y $ H ( S N * , l v $ f i j , f l N l R; ' | , ^ , d r N - ' (2.93) 

w^= / ^ ' ' ( j f ^ * V < ?<V < T " " 2.9*0 

where we set \%J • [j , ( t A V , ' • tf>* 



I n addition to the direct potentials V and 
n 

exchange potentials w__ , we have the direct polariz-
r j 

po| 
ation potentials v and the exchange polarization 

r\ri 
po[ 

potentials W r r appear i n the scattering equation (2.88). 
The system of the coupled in tegro-d i f fe ren t ia l 

equations (equations (2.87)> (2.88)) is an intractable 

problem. Feautrier et a l (1971) make further approximations 

to decouple the equations of the perturbed atomic wave 
. po! 

function Cp and the free electron wave funct ion F- • 
The reduced equation for ( f f i s that of the f i r s t order 

perturbation theory. Feautrier (1970) applied this method 

f o r the calculation of the scattering of electrons from 

l i thium atoms. The results for the polarization of the 

resonant l ine 2P- 2S (including two states 2S-2P) show a 

marked improvement over those calculated i n the two-state close 

coupling method of Burke and Taylor (1969). Better agree

ment with the experiment is . achieved i n the energy region 

above threshold up to 5 e v • The two calculations seem to 

converge at Sev, which leads one to believe that the 

importance of the method is i n the v i c i n i t y of the excitat ion 

threshold. 

I f only one state i s included i n equation (2.88) 
(e las t ic ) , then the method reduces to that of the polarised 

o r b i t a l method of Temkln (1957) which was generalized by 

Vo Ky Lan (1971). The polarized o rb i t a l method, while i t 

gives good agreement with the close coupling method below, 

the threshold with less labour, f a i l s to give satisfactory 

resul ts / 
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results above threshold. The exchange polarization term 

which seems to be important below threshold fo r e-Li 

scattering, plays no important role above threshold 

(Vo ky lan, 1971). 

McDowell et a l (1973) use the polarized o r b i t a l method 

i n an alternative form. They set the scattering amplitude 

as defined i n equation (1..^3) 

i « { a , = - k < <Pf I V ? j > (2.95) 

+ 

where now lp . i s calculated using the polarized o r b i t a l 

method discussed by Vo ky lan (1971). Application of the 

method to systems of Hydrogen and Helium atoms was very 

successful i n agreeing with the experiment i n the 

intermediate1 energy range ( McDowell et a l 1971+, 
Scott and McDowell 1975). Further application on electron 

-a lkal is has been reported and i t s comparison i s l e f t fo r 

later chapters. 
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CHAPTER 3. 

The Optical Potential Method. 

I n chapter two we showed that the close coupling 

approximation would provide a satisfactory method for the 

study of the scattering problem i n the lower energy 

region. Another approximation scheme for the t o t a l wave 

f u n c t i o n ^ o f the system I s derived from the close coupling 

opt ica l potential method. 

I n this method one seeks to obtain equations for the 

scattered wave function ^(R j with a complicated but 

exact potential . I n practice, one has to make an approximation 

for this potential . 

I f . P i s a projection operator, that projects onto the 

f i r s t N states i n the i n f i n i t e expansion of equation 

(2.53), and is defined as 

N 

( 3 . D 

then our truncated wave funct ion i s 

* t = p q j (3.2) 

But IJJ from the discussion of chapter one, has a 

formal solution as 

(3.3) 

where W represents the direct and exchange potentials, and 

other notations are as defined i n chapter one. 
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From equations (3.2 and 3.3) we have 

where the fact that [ G o , p J = 0 has been used 

(Mittleman and Pu 1962). 
Subtracting equation ( 3A) from (3.3) we obtain 

I T 1* • 

^ - VJJt + G 6 ( i - P l w ^ (3.5) 

or 
I T ) _ . _ 

+ Go ( 1 . p ) W J l p 
^ = ( P 

• 

I f we set v̂ J as 

where 
D * = P + G . ( 1 - P)WD* ( 3 - 6 ) 

then our truncated wave function IJL̂  becomes 

where 
% = P W °* (3.8) 

Equations (3.7) and (3.8) are the basic equations fo r 

the truncated wave function and the effect ive potent ial , 

which were introduced f i r s t l y by Mittleman and Pu (1962). 

The opt ical potential can be calculated by I tera t ing 

the values of D* from equation (3.6) . The f i r s t i t e r a t ion 

w i l l / 
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w i l l give potentials of second order. These potentials 

are the second order potentials i n the method of Bransden 

and Coleman (1972). The exp l i c i t form of u o p i n this 

approximation i s 

N oo 

u = | I w + Z W . G w. 1 (3.9) 

The scattering wave funct ion from equation (3.7) and 

(3.9) using the properties of Green's function such that 

(3.10) 

i s 

, _2 
( V + k 

where 
00 

K N M [ B / R . ) =: ^ W N J G 0 <fc.;. R , R ' , w . m ( 3 # 1 2 ) 

From the d e f i n i t i o n of w ,K consists of three 
T"" ' nm 

di f fe ren t terms, namely: 

(1) polarization terms 

(2) exchange exchange terms 

(3) exchange polarization terms. 

Since G O I I ^ - R . R ' ) i s complex for open channels, 

is complex and i t s imaginary part represents absorption 
from channels 0^n«s N to those channels with n> N*1 • 
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CHAPTER If. 

Application of the Second Order Potentials Method 

to Electron-Alkalis i n the Impact Parameter 

Approximation. 

1 + 0 1 The semi-classical formulation. 

From section (2.5) we note that the equations for 

electron scattering by alkal is system have the same form as 

the equations for hydrogenic system, with an additional 

potential caused by the core electrons. Therefore, one can 

f i n d one-electron descriptions of alkal is i n terms of 

pseudo-potentials, i n which the combined effect of the 

nucleus plus the inner electrons i s replaced by a single net 

effect ive potential for the valency electron. 

Rapp and Chang (1972, 1973) calculated the one-electron 

wave functions of the valency electron for L i and Na 

atoms by using pseudo-potentials of the form 

v c( X) = - ( M - 1 1 1 1 • x

2 ]EXPl-a x] X " 1 ~ x"1 ( i ^ j 

where M i s the atomic number, and a i s an undetermined 

parameter. vCf x i - - M as x — > 0 , whereas * J _ 

' * x X 

as x > » 

We w i l l use these wave functions i n our calculations 

and their forms are given i n Appendix A. 
Starting from equation (3.11), neglecting exchange, 

we set 
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where 

Assuming the high veloci ty condition:! yuch that 

6 o n k;1 « o and V 2 C n l / , Z I « 7 c n ( / , Z ) 

l» 
and the rec t i l inear propagation so that 

k • 7 - K JL_ 
0 az 

where w i s the incident wave vector, and G = 6 . € , 

i s the energy difference between states m and n , 

we have 
i k 

OO 00 

The potentials K are too complicated to evaluate 
exactly, the fur ther approximation i n which, f o r n > N 

the energy g of the target i n state n is. replaced by an o 
e f fec t ive average energy e and correspondingly k 2 i s 

n 
replaced by Tf 2 • Using closure, we can v/rite K m as nm 

where 
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and the bar i n v .(R J i s to Indicate that the core 
potential i s dropped due to the orthogonality (since vn. 
occurs only when n£ j ) . 

The semi-classical Green's function must be employed 

i n the kernels K n m , which i s 

Go .̂R.B ) =-=-L S I f . e ( Z - z ) E X P t i ( Z - 2 ^ J ( i f . 8 ) 

where 

From equation C+.6) and(f+.8), equation (*+. 5) reduces 

to 
N 

- G O 

and 

K J / A / I = E X P , . i i t r ™ , - £ ? ! B ) n , , 

On studying the second order diagonalization approx

imation, discussed i n section 2,*+, we note that i t i s an 

intermediate i n character between the solution of equation 

C+.TO) and the semi-classical second Born approximation. 

1 
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This can be seen from the series expansion for the matrix 

elements of P,°o ) as 

< n I r L ( f , o o j | m > = Z <»*.12) 

where 

0 C -n- - V nm nm 
CO 

00 00 

1 
-PL 

nm 
00 CO 

_n_2 = ( _ L _ , 2 

^ -co -co 

V / ^ B f l K ^ j Z i ^ j ^ l i ^ , - ( 1 + . 1 3 ) 

- V n j l p / Z 2 , V . m ( / ' / z 1 ) E X P [ i ( G n . 2 2 , G . r n Z l ) ^ ) J 

I f closure were used to calculate -^nm / w e would 

have an approximation similar to the second order potential 

method retaining contribution from a l l intermediate states, 
o 

including the continuum. 



h.2 Many Charine 1 Ap pr o x i ma 11 o n. 

Equation (M-. 10) can be s impl i f ied fur ther by 

extracting the azimuthal dependence using the transform

at ion 

C n i j f ,Z 1 = C j r , 2 i E X P H S J ] ( » K 1 I O 

and the e x p l i c i t form of ,K i s given by 

\ y < Z I = » . J ' . z » « » u » i v - S B I I 

where s i s the magnetic quantum number of the n state, n 

and § i s the azimuthal angle. 

We have 

i K A ^ j 2 1 = ^ [ vnmi/» zI c j / V z ) E X P I , C B B Z 1 

16) 

+ J —E X P l i 

The number of coupled channels i n equation Cf . l 6 ) • 

depends on the number of states included and also on the 

value of I of each state, where we have C 2i* 1 ) equations, 

from each value of i , From the symmetry Of equation 

(•+,16) and the properties of the kernels, we can reduce the 

number of the equations from ( 2\* 1 ) to ( l • 1 ) fo r each I • 

To do so, we wri te down the symmetry properties of and j*^ 

as 

Of. 17) 
Hn*. — it / • /n • m r * 
r m n = fnn'Wm' | = t -t J / ^ l -m / | _ m ) 



Then equation (^.16) fo r magnetic quantum number (m) 

and ( - m ) becomes 

and 

ik o m 0 J l x i r 4 , m , , m » cn'| /m / J 
- 0 0 

+ J r - E X P [ f C l Z | r 1 ] / dZ K , ( l . m , l - m J C /< / 11̂  nl ^ / nri n(-m J 

-oo 

on comparing equations (^.18) and (4-. 19) with the.help of 

equations C+.17) we have 

m 
Cnim - M ' C p l - m 0+.20) 

Therefore we can write equations C+.18) and (^.19) only 

f o r m > n a s 

= S [j Wlm-'m'' -HIM - m,.^,jc r i l,m. 

m 
N ^ ' W ^ ' +

 T V B H v , ^ y d z ' ^ K , J ^ ^ ^ • , • • , - f a , • 1 ' 

When the included states are of the form (ns,nP ) , 

the equations (^.21) for the states with quantum numbers 

(nio ) are a l l equivalent regardless of the value of I , 

while/ 



while the states with ( nn ) assumo d i f f e r en t form. 

We write down the e x p l i c i t form of these cases a f te r making 

the transformation 

and mo nlm 

"S ai , " 5 ^ , ^ , and " q f i 4 

as 

ik o B 1 

J Z = 11B1 *^2 B 2 • V ? V 3 ] E X P , V ^ 1 

" ° ° v -I 
and s imi la r ly f o r . by i n t e r c h ^ i f j " ' • t-y ?. 

o Z 

4 2 2 3 3 34 3 

«K> 3 

The kernels 

(»f.22) 

are defined as 

1 1 1 ^ [ 11 11 1221 * i3V3i tj j l 

K

n = Exrt-ie z i c 1 l / i , - v v . 9 7 . 9 (9 .9 )- 7Z v v ] 13 3 L 1 1 1 3 2 2 3 1 3 3 3 3 4 i
 1 ] j 3 J 

3 3 3 4 3 s ^63 / 1 4 " L VJ V13 * 32 23 *jf~ 3j j 3 •* 

I V - 9 I 2 ] 
33 34 J 
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where the sum over j i s to account fo r the spurious core 

states of Lj and N a . 

The coupled in tegro-d i f fe ren t ia l equations (*f,22) 

and (^.23) can now be solved with the kernels K given 

ntn 

by equations (k,2h). The t ransi t ion amplitude f o r the 

excitation of an atom from i t s ground state to the n-state 

can be calculated subject to the boundary conditions 

B n (/>,-«> ) = i 
mo (^.25) 

and the scattering amplitude f (9) can now be 
On 

calculated using equation (2.38) and the t o t a l cross section 

i s 

Q = 
0 n 

P4P 
n On 

1 fr.26> 

Application of the impact parameter approximation to 

the scattering of electrons from Li and Na atoms i s 

expected to be accurate for higher energies and small angles 

as i s shown i n section 2.3. Being aware of th i s , we apply 

the method down to lower energies, t i l l 10ev, The 

reason for this i s to make a quantitative assessment on 

the r e l i a b i l i t y and the range of appl icabi l i ty of the method 

compared with the pa r t i a l wave method, where no further 

approximations on the equation (3.11) are made. 

We also apply the impact parameter approximation to the 

scattering of electrons, positrons and protons fo r the 

states of n = 3 of He atom, using a distorted wave i n the 

i n i t i a l atate. We postpone this discussion to Chapter Seven, 
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^.3 The Choice of the Average Energy g . 

The c l o s u r e approximation Inherent i n the second order 

p o t e n t i a l method, r e q u i r e s the i n t r o d u c t i o n of an average 

e f f e c t i v e energy f o r the s t a t e s not e x p l i c i t l y included i n 

the expansion. Bransden and Coleman (1972) choose the 

e f f e c t i v e energy so that the e f f e c t i v e p o t e n t i a l i n the 

i n c i d e n t channel had the asymptotic form of the a d i a b a t i c 

p o l a r i z a t i o n p o t e n t i a l . For a l k a l i atoms ( L i , Na), however, 

the i n c l u s i o n of np s t a t e i n the two-state c l o s e coupling 

expansion w i l l account f o r 98$ of the p o l a r i z a b i l i t y of the 

targ e t atom (Salmona and Seaton 1961). We the r e f o r e take 

the a v e r a g e . e f f e c t i v e energy to be the energy of the lowest 

s t a t e not e x p l i c i t l y included. 

h.k- Numerical Methods. 

The system of equations C+.22, **.23) has a general form 

I Y Z 1 = F < z , y z » 0+.27) 

Subject to the boundary conditions of equation C+.25) and 
the l i m i t s of the i n t e g r a t i o n a r e -oo<". Z < 00 

To an order of R"^, the value of the t r a n s i t i o n 

amplitude a t a d i s t a n c e say Z =- Z q i s 

Vr> - z o J = - V R > B W ' ^ Q Z , ^ n j T - . n - f T j ^ j 3 0(r,-z e> 

E n ° ( l f .28) 

Z q was chosen to make the e r r o r o f order 10 
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The determination of the upper l i m i t Z — » » 

i s d i f f e r e n t , because the second order p o t e n t i a l w i l l 

introduce an e r r o r of order R when stopping a t a 

p o s i t i v e l a r g e d i s t a n c e and the r e f o r e 2 should be made 

l a r g e . The value of z =100ou i s large enough to make the 

e r r o r of order « i o 4 . 

With the new boundary c o n d i t i o n s , a Hamming modified 

p r e d i c t o r c o r r e c t o r method ( R a l s t o n and W i l f 1962), was 

used to solve the system of equation (^.27) . 

I n t h i s method one needs to 

1) p r e d i c t a value of Y N ( Z I + 1 J J 

2) modify the predicted value by adding the t r u n c a t i o n 

e r r o r which gives Y N l z i * l ) 

3) f i n d Y | J ' Z U 1 - ) from the d i f f e r e n t i a l equation 

and V l 2
i + 1 ) 

*+) f i n d a new value of Y N ( ? J 
n 1+1 

5) c o r r e c t the new value by adding the t r u n c a t i o n e r r o r . 

One very d e s i r a b l e f e a t u r e of t h i s method i s that we 

can estimate the tr u n c a t i o n e r r o r i n a very simple f a s h i o n . 

T h i s i s an i n v a l u a b l e a i d i n deciding when to change the 

value of the step length. I f the step e r r o r i n d i c a t e s that 

the c a l c u l a t i o n s are more accurate than we r e q u i r e , then the 

step length i s doubled. Conversly the step length i s 

halved i f the step e r r o r i s too large a v a l u e . Another 

advantage of t h i s method i s that we need to c a l c u l a t e 
F ( Z F Y N ( Z ) ) o n l y twice at each step. The method i s not 

s e l f s t a r t i n g , and the forward d i f f e r e n c e Newton's 

i n t e r p o l a t i o n formula i s used to s t a r t the c a l c u l a t i o n s . 
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The i n t e g r a t i o n of the non-Local terms appearing i n 
F(Z,Y N)was c a l c u l a t e d using a Simpson quadrature. 

The k e r n e l s V i n equations (^.22) a r e elementary nm 
(Appendix A ) , while the k e r n e l s ^»nm are c a l c u l a t e d 

numerically using the method of Coleman (1972). These 

k e r n e l s have a general form a s (Appendix B ) , 

1 
finn = J A | Z / Z > , . R ^ . ; ; ; S ) ds 

0 

and were c a l c u l a t e d using G a u s s i a n quadrature i n t e g r a t i o n 

(Abramowitz and Stegun 1965). 

The integrand A v a r i e s r a p i d l y near the lower l i m i t 

and therefore the i n t e r v a l was div i d e d i n t o unequal 

s u b - i n t e r v a l s such that 

0 < s £0.1,0.1< * <0.2 , 0«2< * < 0.6, 0-6 < s < , 

A t e s t on the accuracy of the numerical i n t e g r a t i o n i s 

provided by the u n i t a r i t y conditions ( S u l l i v a n 1972) 

such that 
N H B ( P , <* J <. 1 
n=0 n 

To c a l c u l a t e the d i f f e r e n t i a l c r o s s s e c t i o n and the 

t o t a l c r o s s s e c t i o n , the maximum value of f> was 35 a.u. 

which gives a convergence to 2%, The i n t e g r a t i o n f o r the 

s c a t t e r i n g amplitude, equation ( 2 . 38 ) , was evaluated by 
• 

expressing i t as a sum of an i n f i n i t e s e r i e s of d e f i n i t e 

i n t e g r a l s whose l i m i t s of I n t e g r a t i o n are s u c c e s s i v e zeroes 

of the B e s s e l f u n c t i o n . 
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A p p l i c a t i o n of the Second Order P o t e n t i a l 

Method to E l e c t r o n - A l k a l i s using P a r t i a l Waves. 

5.1 P a r t i a l Wave Formulation. 

We s t a r t from equation (3.11) where K i s defined i n 
nm 

equation (3.12) and W^ i s 

Wnm = V C R ) - W (R,R) nm nm nm ( 5 . D 

where 

U* (R' ) |R - R ' f' + B - — k * 1 u ( R ) n '. n 2 m I m 

(5 .2) 

f o r one-electron systems (Drukareve 1961*), S i s the t o t a l 

s p i n and other q u a n t i t i e s are as defined i n chapter one or 

s e c t i o n 2 .5 . 

Expanding F ( R ) and G o(k n,R,R ) i n p a r t i a l waves, 

F ( R ) — 
,l2m2 

n J * T T ( 2 I , . D i 2 f, ( R i y t R » R 
|m ^ 2 nlrn * 
r2 * 11 J j m

2 

(5 .3) 

G ( k V R ' ) = 2 I I 9 I k * R , R ) V t - R ) y I R I R ^ R 1 (5.1,) 

the method of Appendix (C) i n the n o t a t i o n of s e c t i o n 2 .5 

y i e l d s 

L „ f v ( R ) : 2 l 
v 

op 
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where 

H ^ R ' R * = S N \ S r » W " 1 V 2

, £ R ' R ' 1 (5 .6) 
and g has the e x p l i c i t form (Bransden 1970) as 

9 ( k F R , R ) = - ik R R j ( k R < ) {\i k R> ) (5-7) 
1 i l 

with R < = min (R,R ) , R> = max (R , R ' ) and j (kR) and 

h (kR) are the s p h e r i c a l B e s s e l f u n c t i o n of the f i r s t and 

t h i r d kind r e s p e c t i v e l y (Abramowitz and Stegun 1965). 

We have introduced the bar i n v , using the same argument 

as i n chapter four. 

An a l t e r n a t i v e method f o r d e r i v i n g equation (5*5) i s 

to s t a r t from equation (2.62) using the method of Bransden 

and Coleman (1972) (see Winters 197*0. 
2 —2 As i n the previous chapter, k w i s s e t to k and 

using c l o s u r e , H ' s i m p l i f i e s to 

tot • 

where 

Z. ( A 3 I R R ) _ / A l t ) 3 ( t l m|n X(R,t > mm* tR'.t ) h> 
/ Xtl KA ' • 

mi. I R,H mgx (fif, t) 

(5 .9) 
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I n o b t a i n i n g equation (5.5) we dropped terms o f 
second order i n the exenange p o t e n t i a l s . This i s 
j u s t i f i e d on account of 

( i ) The complexity of these terras and the large 
amount of computer time needed, 

( i i ) The work o f Vc ky la n (1971) shows t h a t the 
c o n t r i b u t i o n ,-f the exchange p o l a r i z a t i o n term 
i s n e g l i g i b l e above th r e s h o l d . 

5.2 Three Channel Approximation. 

Our c a l c u l a t i o n s i n the impact parameter metnod snow 
th a t trie main c o n t r i b u t i o n to the second order p o t e n t i a l 
comes from the term In the e l a s t i c channel. For t n i s reason 
and the p r a c t i c a l d i f f i c u l t i e s i n the numerical work, we 
solve the equation (5.5) f o r the coupling o f tne states 
(n QS ; nP ) , (n^ i s the ground s t a t e of the t a r g e t atom) , 

when the second order p o t e n t i a l term i s i n the e l a s t i c channel 
o n l y . I n t h i s approximation, a three channel problem 
resuLts, where f o r a t o t a l angular momentum L the tnree 
channels are 

A1 "2 
1 0 L 
2 1 L-1 
3 1 L+1 

The case f o r L=0 i s exception* 1 since v.'e have two 
channels o n l y , and the channel w i t h 1^=1, l 2 = L i s excluded 

by the p a r i t y conservation. We cyn w r i t e equation (5.5) as 

00 . 

4 J * * H l V i 2 | n 0 l 2 ) + • - / - «' o- c -no (5.10) 
o 
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when the e x p l i c i t form and the symmetry p r o p e r t i e s of 

f x ( ^ 1 2 , 1 1 1 2 $ D (Appendix C) together with equation ( 5 . 7 ) 

a r e used, H ( n Q 0 1 2 , n Q 0 1 2 ) reduces to 

00 
H l n o 0 ^ n o l 2 I = _ i k R R Z ( 2 I* +1 I j l { f R< ) h , * ' kR>> x 

g - < ' ^ . 0 0 | L O > 2 J L _ | _ , 2 , , N 

X = 0 ( 2 L + 1 ) ' " ^ L U n

0 S x n

0

S ^ ( 5 . 1 D 

The sum over (n* 1* ) i n c l u d e s the spurious s t a t e s of the 

core e l e c t r o n s i n the same manner as i n chapter four and 

the presence of the Clebsch-Gordan c o e f f i c i e n t s r e s t r i c t s 

the values of \ f o r each value o f 1 2 and L such that 

I I*- L I < x < i* 2 * L 

and therefore we are l e f t with one i n f i n i t e sum only. 
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5.3 Numerical Methods. 

5.3.1 The I t e r a t i v e method. 

Because of the integral terms i n equation ( 5 .10 ) , an 
i t e r a t i v e procedure was used to solve the integro-
d l f f e r e n t l a l equations. This method was o r i g i n a l l y presented 
by Sasakawa (1963) and implemented by Austern (1969) for 
nuclear physics applications and by Winters (197*0 for the 
scattering of electrons from hydrogen and helium atoms. 
Let equation (5.10) be written, i n matrix form, as 

L . F = U F ( 5 - ( | 2 ) 

•whereu i s a two-dimensional matrix and F i s a column matrix. 
The functions S^(X) and C L(X) are the usual regular and 

irregular functions governed by the homogeneous part of 
equation ( 5 .12 ) , they are (X) and (-X) multiplied by the 
familiar spherical Bessel (J^(X)) and Neumann functions. 

Furthermore the function 

e* = c L + i S L (5.13) 

i s the outgoing wave solution, and i s (iX) multiplied by 
the spherical Bessel function of the third kind (h|(X)) 

(Abramowitz and Stegun 1965). 
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The b a s i c i d e a of the i t e r a t i v e procedure i s that 
F
L i s computed by i t e r a t i o n of a t r i a l wave f u n c t i o n t h a t 

contains the s c a t t e r i n g amplitude T L 

so that s e l f - c o n s i s t e n t c a l c u l a t i o n of T " from 

(5.15) 
L L 

0 

co n t r o l s the accuracy of the asymptotic p a r t s of the t r i a l 

wave f u n c t i o n . The zero order form f o r E " i s 

o r 2 1 + 1 l j. 
E L = , - E X P I - I R / Q ' J 1 e * (5.16) 

which s a t i s f i e s the boundary conditions of the exact 

s c a t t e r e d wave both a s y m p t o t i c a l l y and a t the o r i g i n , a' i s 

an increment number and n i s the number of i t e r a t i o n s . 

To begin the f i r s t i t e r a t i o n , the s c a t t e r i n g 

amplitudes T° are determined when F ° and E * a re 

su b s t i t u t e d from equations (5.1*0 and (5.16) i n t o equation 

(5«15) leading to a s e t of l i n e a r equations. The Sequence 

of steps followed i n the i t e r a t i o n procedure a r e : -

a) solve f o r T " i n zero order form 

b) i n s e r t these zero order amplitudes i n the r i g h t -

hand s i d e of equation (5.12)., to Teduce.the r i g h t -

hand s i d e to a s i n g l e term e x p l i c i t f u n c t i o n that 

contains no unknown parameters. 
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c) Solve the inhomogeneous d i f f e r e n t i a l equations 
(5*12) numerically. 

d) Use the solutions so obtained to define an 
improved set of scattered waves to replace E " 

i n equation (5.1 1 *). 

e) Repeat steps ( a ) - ( d ) , using the improved scattered 
waves. 

5.3.2 The numerical solution of the second order 

d i f f e r e n t i a l equation. 

The d i f f e r e n t i a l equation (5.12) i s set i n the form 

d 2 F<x> = f i x ) F ix ) + g ( X ) (5.17) 
d X 2 

where 
f (X ) = l 2 ( l 2 • ! ) x"2 - k 2 

and 
g ix) = U F 

which can be solved using Numerov method (Melkanoff et a l 
1966). I n . t h i s method, equation (5.17) i s replaced by the 
algorithm 

2 1 - ± i _ f ) F = (2 •JSJlLf ) F . ( 1 - ± 1 f. I F. • 
12 1+11+1 6 1 1 «2 I"1 M 

2 
J l _ I 9 +10g • g ) (5-18) 
12 i*1 ' i-1 

where h = x i + 1 - and i n general F ^ + 1 denotes F ( x ^ + 1 ) . 
The value of h was set to equal 0.02 for X < o A ^ and 0.1 

otherwise. 
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When X i s l a r g e , a t e s t f o r the asymptotic s o l u t i o n 

was performed using Burke and Schey (1962) method. T h i s 

method i s based on the idea that once the p o t e n t i a l has 

reached i t s asymptotic form, and the exchange terms can be 

neglected, the s o l u t i o n of (5.12) may be w r i t t e n as 

E 3 ~ Z I S i n l k . R ) ^ a'J R P
 +Cos(k.R) H bJ R*P 1 

j L J

 P=o p j P=O P 
J (5-1 9) 

where j i s the sum over a l l d i f f e r e n t v a lues of k^ appearing 
v 

i n the coupled-channel equations. S u b s t i t u t i n g equation 

(5.19) into (5-12) when only the asymptotic forms of the 

p o t e n t i a l s are included, the f o l l o w i n g r e c u r s i o n r e l a t i o n s 

f o r the c o e f f i c i e n t s ai and b'^are obtained. 
P p 

( k 2 
1 P-2 ' 

2k.(p-iib i j - z z: C X a m j 

J P-l . - mro x 'm P-A-1 

( k r k j 2 ] bp •[< P-1MP-2) -1,-11.*1) J b * i 

* K.I P.i / a — <£_ r . m I 

where c X are the asymptotic c o e f f i c i e n t s of the p o t e n t i a l s , i m 
The c o e f f i c i e n t s a ^ and b 1^ are s e t to give the 

o o 

leading term i n the expansion of e£ , they a r e 

a„ =-(-')' 6 0 k k . 
and J (5.21) 
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Having determined and ^ from equations ( 5 .20 ) , 
P P 

the maximum number of terms i n the i n f i n i t e sum over P and 

the approximate value of the asymptotic d i s t a n c e , say R ^ 

are c a l c u l a t e d to a required accuracy (1:10^) i n the 
3 

expansion f o r E . 

when X > R , F i s s e t as a > 

l " ~ * S L ' B T L " 1 < (5.22) 

and on comparing the values of the left-hand s i d e of 

equation (5.22) with those v a l u e s of the right-hand side 

f o r two s u c c e s s i v e values of X , A and B can be obtained. 

T h i s method provides a va l u a b l e c r i t e r i a f o r stopping the 

numerical s o l u t i o n of equation (5.17) when the value of B 

i s equal to 1. The s c a t t e r e d wave f u n c t i o n E " i s now 
n , n / n 

E L = I F . A S L | / T L 

which i s to be i t e r a t e d again. 

5.3.3 Numerical e v a l u a t i o n of the i n t e g r a l s . 

To evaluate the s c a t t e r i n g amplitude T^' from equation 

( 5 . 1 5 ) * d i f f e r e n t i n t e g r a l s a r i s e due to the matrix u they 

are 00 

S, V.; F D X from the d i r e c t p o t e n t i a l s 
L 'J j 

tJX s 

c o n t r i b u t i o n . 

, J % J / from the exchange 
J dX vy x ,x IF.IX) 

J potentials contribution. J 

from the second order 

p o t e n t i a l c o n t r i b u t i o n . 



69 

Nearly a l l of the above Integrals were performed 
using the method of Clenshaw and Curtis (1960), because 
i t i s one of the most economical of a l l methods i n the 
sense of accuracy obtained for a given number of points and 
i t allows precise and r e l i a b l e error estimates for each 
number of points. The implementation of the method was 
based on the work of O'Hara and Smith (1968) and Oliver 
(1972) from which the error estimates were also taken. 

The d i r e c t potential matrix elements were tabulated for 
small values of X while their asymptotic forms were used for 
large x • The long range behaviour of some potentials makes 
the integral i n (a) slowly convergent.. For this case, the 
i n f i n i t e l i m i t was set to the asymptotic distance (R ) and 

the remaining contribution was calculated a n a l y t i c a l l y by 
expanding as 

Sin (x - . in . )P(x' 1) • C o s l X - i i L l a (x'1 J 

with the same expression for C l • The polynomials RJx'Vand 
are given by Abramowitz and Stegun (1965). This expansion 
together with the asymptotic expansion of w i l l lead to 
.. linear combinations of integrals of the form 

00 

C o s ( a x ) X " n d X a n d J S i n ( a X ) x " n d X (5.23) 

R a 
which are calculated using their recursion relations and 
the auxiliary functions given by Abramowitz and Stegun (1965) 



The exchange terms W,.F were evaluated using 
j J 

Si-npson's r u l e and the second i n t e g r a l over the exchange 
terms was c a l c u l a t e d by the Clenshaw-Curtis method. The 
presence of the bound s t a t e wave f u n c t i o n s i n the exchange 
terms makes the i n t e g r a l r a p i d l y convergent. 

The symmetry property of the second order p o t e n t i a l i n 
X and x' was used i n t a b u l a t i n g the k e r n e l H ( X , x' ) 

only f o r values o f X < x . The method of winters (197k-) 

o f equation (5.9)are l i n e a r combinations of the i n t e g r a l s 

wa:i followed i n evaluating H(x, X ) i n which z ( p |x X) 

M x ( a | X x ' ) = A ^(a IX X I • 3 ^ (a I X x ' l + C ^ l a l x x ' l 

where *< 
-X-1 / d t t EXP[ -a t ] 

3*(alx x )" {kj ~k~f' dtExp,-ati 

c x , a | x * ' 1 = ( X y I* J * * 9x (5.2 ;0 
X < X < ' / d t f EXP[-at 1 

X> 
Evaluation of the i n t e g r a l s A^, a:id C x follows from 

the r e c u r s i o n r e l a t i o n s tht.t govern them and t h e i r i n i t i a l 
values; there d e r i v a t i o n i s given i n appendix (u'j. As 
pointed out by Winters (197*0, the r e c u r s i o n r e l a t i o n f o r 
A. (a |x^. X> ) becomes unstable i n tue forward d i r e c t i o n when 

x > a x < . For t h i s case the backward r e c u r s i o n r e l a t i o n 

was used s t a r t i n g w i t h a large value o f x . The behaviour 
°f H ( x x ' ) i n t l l e l i m i t o f x-—><x> i s worth examining. 
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Consider 

(5.25) 

which, from the p r o p e r t i e s of A x, B x and C x , has an 

X > behaviour and the leading term i n the asymptotic 

region comes from X =1. The asymptotic form of H (X,x'l 

i n the leading term becomes 

H ( X,X J ik X 
L 3(2L 

* I L J lkx< ) h ( E X > H1 - £ ) 
• 1) L L-1 L.1 L ° 

v j v ( k X < | h y i k X > ) J i i X ^ _ 
x - (5.26) 

where the f u n c t i o n f ( x< ) i s c a l c u l a t e d from equation 

(5.25), » =1 when Lso and v = L *1 otherwise. 

I n t e r p o l a t i o n of H ( x x' ) "was avoided when X and 

X. are s m a l l , because i n t h i s case the k e r n e l H ( X , X } 

changes r a p i d l y . The asymptotic behaviour of H(x, x' ) 

was used to c a l c u l a t e the c o n t r i b u t i o n o f the i n t e g r a l f o r 

large values of x. T h i s was done by s e t t i n g H.(x,x' ) 

as 

H l ~ A , h i ' k X > I d - f L f l » A

2 h y ' k x i (5.27) 

which when s u b s t i t u t e d f o r two s u c c e s s i v e values of x> 

w i l l lead to a s e t of l i n e a r equations f o r A 1 and . 
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Using the expansion of h and p" , linear combinations 
L L 

of the integrals of equation ( 5 » 2 3 ) were obtained and 
calculated i n the same method as mentioned before. The 
method of Corbatp and Uretsky (1959) was implemented for 
generating the spherical Bessel function .Mx J • 

5.3 .^ Corrections for higher p a r t i a l waves* 
The ln t e g r o - d i f f e r e n t l a l equations were solved for 

values of L up to 15 p a r t i a l waves. The contribution from 
the exchange terms was negligible for values of L higher 
than 10. The scattering amplitudes for higher p a r t i a l 
waves (> 15) were calculated i n the unitarized Born approx
imation (Seaton- 1961). The scattering amplitude i n this 
approximation i s defined as 

\ . I - 2 . R I I 1 - I R f ( 5 < 2 8 ) 

•where 

0 ' 

The d i f f e r e n t i a l cross section was calculated using 
equation (2.8 1 *). The tot a l cross section for the 
excitation of the state npm with magne'tic quantum number m 
i s from equations (2.8^) and (1.M+) 

GL(ns -nPj = 1 I l ? S * U ^ i L " L [ | 2 L » 1 l ( 2 L J ^ " 

"rs S , 2 i ' 2 

L L' 

LS »L S Lb » L 5 , , c 
< 1 | „ 

(5.30) 
where S i s the t o t a l spin. 
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F i n a l l y the t o t a l cross s e c t i o n f o r a t r a n s i t i o n from «A 

There are two sources o f inaccuracy i n the c a l c u l a t i o n s 
o f the i t e r a t i v e method. The f i r s t due to stopping the 
i n t e g r a t i o n o f the d i f f e r e n t i a l equation ( 5 .12 ) i n the 
asymptotic r e g i o n i s o f the order 3$. The second, due to 
stopping the i t e r a t i o n process was o f order 2.5%, Some 
d i f f i c u l t y was found i n o b t a i n i n g r e s u l t s f o r the p a r t i a l 
wave L=0 w i t h s u f f i c i e n t accuracy. We found i t very 
h e l p f u l to use the f i n a l s o l u t i o n a t higher energy as a 
zero order s o l u t i o n f o r a lower energy. 

ns l e v e l to n'|' i s 

Qt ( ns ,n't; I i_2s » H ( 2 L . 1 y 
i Z2 I S.L.I 

2 

( 5 . 3 D 
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CHAPTER 6 . 

Present C a l c u l a t i o n s on the S c a t t e r i n g o f 
Electrons by A l k a l i Atoms. 

6.1 I n t r o d u c t i o n . 

I n t h i s chapter, two d i f f e r e n t sets o f c a l c u l a t i o n s are 
presented. The f i r s t set are the r e s u l t s i n the Impact 
parameter method ( I P ) . The c a l c u l a t i o n s i n t h i s method are 
o f three types, where they d i f f e r to the extent to which the 
second order p o t e n t i a l s were included. They are: 
a) I P . 1 , the impact parameter close coupling method 

where equation C'+.lo) was solved w i t h the 
i n c l u s i o n o f n QS and n QP states but o m i t t i n g the 

second order p o t e n t i a l s i n a l l channels. 
b) Method IP.2 , i s as method IP . 1 but w i t h the 

i n c l u s i o n o f the second order p o t e n t i a l i n the 
e l a s t i c channel. 

c) Method IP .3> uses the three-channel coupling, where 
the second order p o t e n t i a l s were included i n a l l 
chanaeis. 

The second set o f c a l c u l a t i o n s are i n p a r t i a l wave form, 
again three d i f f e r e n t types o f r e s u l t s are presented: 
1) Method PW.1, i s the two-state ( n s , n P ) p a r t i a l wave 

O O 

close coupling approximation where equation (5 .10 ) was 
solved when the exchange terms and the second order 
p o t e n t i a l s were omitted. 

2) Method PW.2, i s as method PW.1 but the exchange 
terms were included. 
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3) Method PW.3, i s the two-state p a r t i a l wave close 
coupling approximation where equation ( 5 .10 ) was 
so lved • 

The c a l c u l a t i o n s i n the impact parameter method are 
presented f o r the e l e c t r o n energies a t 10, 25 , 50, 100, 

200 ev. The p a r t i a l wave r e s u l t s are presented f o r the 
e l e c t r o n energies a t 10, 15, 20 , 25 , 50 ev, and both 
c a l c u l a t i o n s are given i n tables (6 .1 - 6 . 7 ) f o r e-Li .and 
e-Na s c a t t e r i n g . 

6.2 T o t a l Cross Section f o r e-Li S c a t t e r i n g . 

There have been several previous t h e o r e t i c a l studies o f 
the e-Li s c a t t e r i n g . Burke and Taylor (.1969> have, c a l c u l a t e d 
the e l a s t i c and the resonance e x c i t a t i o n cross s e c t i o n i n the 
two-state close coupling approximation. Walters (1973) has 
ca l c u l a t e d the e l a s t i c and the resonance e x c i t a t i o n cross 
s e c t i o n i n the Glauber approximation (GA). The e l a s t i c cross 
s e c t i o n has been c a l c u l a t e d i n the p o l a r i z e d e i k o n a l approxim
a t i o n (Sarkar et a l 1973) and i n a model based on a simple 
a d i a b a t i c R p o l a r i z a t i o n p o t e n t i a l ( I n o k u t l and McDowell 
197^)* Several other models have been a p p l i e d to the 
c a l c u l a t i o n s of the resonance e x c i t a t i o n cross s e c t i o n . These 
are, the d i s t o r t e d wave p o l a r i z e d o r b i t a l method (DWP0 I I ) 
by Kennedy et a l (1976) , McCavert and Rudge (1970) c a l c u l a t i o n s 
based on a v a r i a t i o n a l model, and the c a l c u l a t i o n s o f 
Vai n s h t e i n et a l (1965) and o f Felden and Felden (1973) based 
on a model t h a t makes allowance f o r the r e p u l s i o n o f the 
elec t r o n s i n the wave f u n c t i o n . 
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Gn the experimental side, there have been some recent 
measurements f o r the resonance e x c i t a t i o n cross s e c t i o n . 
D i f f e r e n t ;,ormalization scheioes have been adopted f o r these 
various measurements to o b t a i n the absolute cross s e c t i o n . 
Williams et a l (1976) who measured the e l a s t i c and the 
resonance e x c i t a t i o n d i f f e r e n t i a l and i n t e g r a t e d t o t a l cross 
sectio n s , normalized the sum o f tne e l a s t i c plus trie i n e l a s t i c 
cross s e c t i o n i n a r b i t r a r y u n i t s to the t o t a l cross s e c t i o n 
of Kasdan et a l (1971) aft-ar s u b t r a c t i n g the i o n i z a t i o n cross 
s e c t i o n at each energy. The nost recant measurements of 
Zapejochnyi et a l (1975) f o r the resonance e x c i t a t i o n cross 
s e c t i o n are normalised to the Bora approximation cress s e c t i o n 
:.!; 30x tnresnold unergy. On the other :iand, L3ep and Gallagher 
(197^) '.iormal.i.*ed t h e i r valuos f o r the resonance e x c i t a t i o n 
cros.i s e c t i o n to tne Eorn approximation cross s e c t i o n at 

ev. 
The measurements o f Williams et a l (1976) f o r tiie 

resonance e x c i t a t i c n and those o f Zapesochnyi et: a l (1975) 

are i n agreement to 5/» and they are larger tnan tnose values 
of L-.:ep and Gal Lather (197^) by about 1 % i n th& finergy r e g i o n 
10 - 30 ev. 

Mathur et a l (1971, 1972) have ca l c u l a t e d the e l a s t i c 
and the resonance e x c i t a t i o n cross sections in tne GLeuDer 
approximation where the core e f f e c t was ignored. The v/ork o f 
'waiters (1973) shows tha t the core e f f e c t makeu a s i g n i f i c a n t 
c o n t r i b u t i o n to the e l a s t i c cross s e c t i o n at the higher 
energies. Their resonance e x c i t a t i o n cross sections are i n 
disagreement w i t h the c a l c u l a t i o n s o f Walters. 
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The method PW.2 i s s i m i l a r to the work o f Burke and 
Taylor (1969). Our r e s u l t s i n t h i s method f o r the e l a s t i c 
and the resonance e x c i t a t i o n cross sections d i f f e r from those 
o f Burke and Taylor by about 5 - 8 $ . We b e l i e v e t h a t t h i s 
d i f f e r e n c e i s due to the use o f d i f f e r e n t , t a r g e t wave 
f u n c t i o n s i n the c a l c u l a t i o n s . We have c a l c u l a t e d the Born 
approximation f o r the e l a s t i c and the resonance e x c i t a t i o n 
cross sections which are shown i n Figures (6 .1 and 6 . 2 ) , and 
our values are l a r g e r by about 5% than the ca l c u l a t e d Born 
cross sections o f some other authors (Walters 1973? Greene 
and Williamson 197*+). We do not show the work o f Burke and 
Taylor and the work o f Mathur et a l i n f i g u r e s (6.1) and ( 6 . 2 ) 

i n the l i g h t o f the previous arguments. 

6.2 .1 The E l a s t i c Cross Section. 

Figure ( 6 . 1 ) shows the e l a s t i c cross s e c t i o n c a l c u l a t e d 
i n the method IP. 2 , PW.2 and PW.3 together w i t h those o f GA 
r e s u l t s , Born approximation and the measurements o f Williams 
et a l (1976) . 

The agreement between the measurements and the t h e o r e t i c a l 
values i s very poor i n the lower energy r e g i o n , where the 
measured values are twice the values of PW.3 a t 10 and 20 ev. 
The discrepancy between the GA values and the PW.3 r e s u l t s i s 
about 10 - 15$ i n the energy r e g i o n 50 - 10 ev, while there i s 
a good agreement between the IP.2 and those o f GA r e s u l t s i n 
the energy range 20 - 200 ev. The Born cross sections are 
l a r g e r than the other t h e o r e t i c a l values. 
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The other c a l c u l a t i o n s which are not shown i n the f i g u r e , 
are those of Sarkar et a l (1973) which p r e d i c t too large a 
cross section. I t i s argued ( I n o k u t i and McDowell 197*0 t h a t 
the p o l a r i z e d e i k o n a l approximation accounts f o r the p o l a r i z -
a b i l i t y twice. The p o l a r i z e d o r b i t a l method (Dai and S t a u f f e r 
1971 and p r i v a t e communication) and the I n o k u t i and McDowell 
(197^) c a l c u l a t i o n s based on the a d l a b a t i c p o l a r i z a t i o n 
p o t e n t i a l , p r e d i c t e d cross sections close to those o f Sarkar 
et a l (1973) . The work o f Walters (1976) showed tha t the 
considerable d i f f e r e n c e between the c a l c u l a t i o n s o f I n o k u t i 
and McDowell and the other c a l c u l a t i o n s based on the close 
coupling approximation or the Glauber approximation i s due to 
the use of the a d i a b a t i c p o l a r i z a t i o n p o t e n t i a l . The r e s u l t s 
o f PW.2 and PW.3 confirm the conclusion t h a t a t the higher 
energies, the long range i n t e r a c t i o n (which i s accounted f o r 
through the second order p o t e n t i a l ) i s not dominant, u n l i k e 
the r e s u l t s o f the p o l a r i z e d e i k o n a l method, the pol a r i z e d 
o r b i t a l method and the work o f I n o k u t i and McDowell would 
suggest. 

6 .2 .2 The Resonance E x c i t a t i o n 

Figure ( 6 . 2 ) displays the r e s u l t s i n the PW.3 and IP.2 

methods along w i t h the Born approximation, the GA and the 
DWPO I I cross sections and the experimental data o f Leep and 
Gallagher (197*0, Zapesochnyi et a l (1975) and Williams et a l 
(1976) . I n the energy r e g i o n 10 - 30 ev the r e s u l t s o f PW.3 

and those o f DWPO I I are i n very good agreement w i t h the 
measurements o f Williams et a l and those o f Zapesochnyi et a l . 
On the other hand, the IP.2 and the GA r e s u l t s show a b e t t e r 
agreement/ 
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agreement w i t h the data o f Leep and Gallagher i n the same 
energy r e g i o n . The GA r e s u l t s show a maxima e a r l i e r than 
the other t h e o r e t i c a l c a l c u l a t i o n s . I n the energy r e g i o n 
30 - 50 ev, the r e s u l t s o f PW.3 and the DWPO I I cross sections 
are i n b e t t e r agreement w i t h the data o f Leep and Gallagher, 
while the GA cross sections are about % l a r g e r than the 
PW.3 values and the IP.2 cross sections are 10$ smaller than 
the PW.3 values i n the same energy r e g i o n . A good agreement 
to 10$ between the data o f Leep and Gallagher and the 
t h e o r e t i c a l p r e d i c t i o n s i s no t i c e d i n energy r e g i o n 50 - 200 ev. 
Because o f the c o n f l i c t i n g r e s u l t s from the experimental 
measurements, no d e c i s i v e conclusion can be drawn f o r the 
agreement between the data and the t h e o r e t i c a l p r e d i c t i o n s . 
The work o f Felden and Felden (1973) (not shown i n the f i g u r e ) 
i n the framework o f the modified model o f V a i n s h t e i n , predic t e d 
small cross sections. Their values are smaller than those 
i n the IP.2 by about 50 - 30$ i n the energy r e g i o n 10 - 50 ev, 
and they show an e a r l i e r maxima. Other c a l c u l a t i o n s not shown 
are those o f McCavert and Rudge (1970) . Their values show 
an improvement over the Born cross sections, but are s t i l l 
l a r g e r than the other t h e o r e t i c a l cross sections i n . the lower 
energy r e g i o n ( < 2 0 ev) where they produced t h e i r r e s u l t s . 
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6.3 T o t a l Cross Section for e-Na S c a t t e r i n g . 

The t h e o r e t i c a l models which have been ap p l i e d to the 
s c a t t e r i n g o f electrons from l i t h i u m atoms, have been ap p l i e d 
as w e l l to the s c a t t e r i n g of e l e c t r o n s from sodium atoms. 
The Glauber approximation (Walters 1973; T r i p a t h i e t a l 1973a) 
and the p o l a r i z e d o r b i t a l method (Garrett 1965) have been 
applied to c a l c u l a t e the e l a s t i c cross s e c t i o n . The close 
coupling approximation (Barnes e t a l 1965; Carse 1972; 
K o r f f et a l 1973), the Glauber approximation (Walters 1973, 
T r i p a t h i et a l 1973a), the DWPO I I (Kennedy e t a l 1976), the 
modified model of V a i n s h t e i n (Felden and Felden 1973) and the 
v a r i a t i o n a l c a l c u l a t i o n s o f McCavert and Rudge (1970) have 
been applied to the resonance e x c i t a t i o n . 

Enemark and Gallagher (1972) have measured the resonance 
e x c i t a t i o n cross s e c t i o n , using the Born approximation cross 
s e c t i o n at 1000 ev f o r the n o r m a l i z a t i o n o f t h e i r values. The 
experimental data o f Zapesochnyl et a l (1975) f o r the 
resonance e x c i t a t i o n cross sections are l a r g e r than those o f 
Enemark and Gallagher by about 30 - 60# i n the energy r e g i o n 
kO - 10 ev. 

6.3 .1 The E l a s t i c Cross Section 

We show i n Figure ( 6 .3 ) the present r e s u l t s i n the method 
PW.2, PW.3 and IP.2 compared w i t h the GA c a l c u l a t i o n s (Walters 
1973) and the Born approximation cross s e c t i o n s . One can 
n o t i c e t h a t the Born approximation cross sections overestimate 
the e l a s t i c cross sections compared with the other c a l c u l a t i o n s . 
The cause f o r t h i s large d i f f e r e n c e comes from the s - p a r t i a l 
wave (1=0) which v i o l a t e s the u n i t a r i t y bound and c o n t r i b u t e s 
60$ o f the t o t a l cross s e c t i o n . 
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Walters (1976) has ca l c u l a t e d the t o t a l cross s e c t i o n 
(the sum o f the c o n t r i b u t i o n s from the e l a s t i c , i n e l a s t i c 
and i o n i z a t i o n cross sections) and compared them w i t h the 
measured values o f Kasdan et a l (1973)• The experimental 
data are larger than the t h e o r e t i c a l cross sections at the 
intermediate energies. The discrepancy i s about 10$ a t 10 ev, 
but increases f o r higher energies, being 60# a t 50 ev. 
The d i f f e r e n c e between the r e s u l t s i n the PW.3 method and the 
GA c a l c u l a t i o n s w i l l account f o r the 10J6 disagreement w i t h the 
data at 10 ev. But we do not see how the large d i f f e r e n c e 
between the data and the t h e o r e t i c a l c a l c u l a t i o n s a t high 
energies can be explained, since the d i f f e r e n c e between the 
GA c a l c u l a t i o n s and the present r e s u l t s i s small at these 
h i g h energies. I n con j u n c t i o n w i t h the r e s u l t s f o r the e l a s t i c 
s c a t t e r i n g o f e l e c t r o n s from l i t h i u m atoms, one would speculate 
some doubts on the t o t a l cross sections o f Kasdan et a l (1971 ; 

1973) f o r the higher energies. 
The c a l c u l a t i o n s o f T r l p a t h i et a l (1973a) are excluded 

from the f i g u r e because they ignored the core e f f e c t , while 
the r e s u l t s o f G a r r e t t (1965) are too lar g e . The large cross 
sections from the p o l a r i z e d o r b i t a l method a t intermediate 
energies are due mainly to the use of the a d i a b a t i c approxima
t i o n which has d o u b t f u l v a l i d i t y i n t h i s energy r e g i o n . 

6 . 3 . 2 . The Resonance E x c i t a t i o n 

D i f f e r e n t authors (Barnes et a l 1965; Carse 1972 and 
K o r f f et a l 1973) have c a l c u l a t e d the resonance e x c i t a t i o n cross 
s e c t i o n i n the method PW.1. The r e s u l t s o f Barnes et a l and 
those of Carse are i n agreement to w i t h i n 5#> they are 10$ 

l a r g e r thari the r e s u l t s o f K o r f f et a l . K o r f f e t a l argue t h a t 
t h e / 
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the d i f f e r e n c e between the two sets o f r e s u l t s i s due to the 
use of d i f f e r e n t t a r g e t wave f u n c t i o n s . The present r e s u l t s 
i n the method PW.1 are closer to those o f Barnes e t a l and 
Carse. 

Seaton (1962) has c a l c u l a t e d the resonance e x c i t a t i o n 
cross s e c t i o n i n the method I P . 1 . His cross sections are 
l a r g e r than the present IP . 1 r e s u l t s . The d i f f e r e n c e between 
the tv/o r e s u l t s i s due to the d i s t o r t i o n p o t e n t i a l s which were 
ignored i n Seaton's work i n a d d i t i o n to the replacement o f the 
i n t e r a c t i o n p o t e n t i a l s by t h e i r asymtotic forms. 

Figure (6.!+) shows the r e s u l t s i n the PW.3 and IP.2 

methods compared w i t h the Born approximation, GA of Walters 
(1973) , DWPO I I (Kennedy e t a l 1976) and.the experimental data 
of Enemark and Gallagher and Zapesochnyi et a l . The 
ca l c u l a t i o n s o f K o r f f et a l (1973) i n the seven-state close 
coupling approximation (not shown) are i n very good agreement 
w i t h the data o f Enemark and Gallagher. The measurements o f 
Gould (1970, quoted by Enemark and Gallagher 1972) are .10$ 

l a r g e r than those o f Enemark and Gallagher. Enemark and 
Gallagher suggested t h a t the d i f f e r e n t cascade c o r r e c t i o n s and 
normalizations could have caused the 10j£ d i f f e r e n c e between 
the two measurements. 

I n the energy r e g i o n 1 0 - 3 0 ev, the r e s u l t s i n the PW.3 

and DWPO I I methods are i n agreement to 5$ and are la r g e r 
than the data o f Enemark .and'Gallagher by. about 20 -- 6#v On the 
other hand, the data o f Zapesochnyi et a l are la r g e r than the 
two c a l c u l a t i o n s by about 20 - 12$ i n . the same energy r e g i o n . 
The r e s u l t s i n the IP,2 method are i n b e t t e r agreement w i t h 
the data o f Enemark and Gallagher. We f e e l t h a t the agreement 
achieved by the IP.2 and the GA c a l c u l a t i o n s w i t h the data o f 
Enemark/ 



Enemark and Gallagher oeiow 20 G V l a f o r t u i t o u s . ' This own be 
snen from the GA r e s u l t s whore they :;!»o./ an i-ar J L - J J - maxima 
and t h e r e f o r e the a^ree^ent i s an a c c i d e n t a l one. On the 
oth e r hand the r e s u l t s i n the IP . 1 method ar.j smaller tnan 
the r e s u l t s i n the PW.1 method i n the s&tr.o energy r e g i o n , and 
since they are the r e s u l t s o f the c a l c u l a t i o n s o f the same 
equation v;e can not expect the IP method to y i e l d b e t t o r 
r e s u l t s i f we suppose th a t the data c.C Unemark and "Gallagher i s 
r e l i a b l e . 

I n the r e g i o n 30 - 50 cv, the PW.3 r e s u l t s are i n 
agreement w i t h the data o f Enemark and Gallagher. I n t h i s energy 
r e g i o n a l l the t h e o r e t i c a l c a l c u l a t i o n s ( a p a r t from the Uorn 
approximation) are i n good accord w i t h the experimental data 
to 5>. I n the energy r e g i o n 50 - 200 ev. the IP.2 r e s u l t s are 
smaller than the other c a l c u l a t i o n s , but they s t a r t to j o i n t 
the curves o f the other c a l c u l a t i o n s a t 200 ev. I n t h i s 
energy r e g i o n the agreement w i t h the data o f Enemark and Gallagher 
i s f a i r l y good. 

The other c a l c u l a t i o n s not mentioned so f a r are the GA 
c a l c u l a t i o n s o f T r i p a t h i ot a l (which are i n disagreement w i t h 
the c a l c u l a t i o n s o f Walters 1973) 1 the c a l c u l a t i o n s o f Felden 
and Felden (1973) and those o f McCavert and lludgc (1970) which 
are r e s p e c t i v e l y smaller and l a r g e r than the o t h e r t h e o r e t i c a l 
c a l c u l a t i o n s as i n t h e ' l i t h i u m case. 



6.k Discussion. 

Comparing the r e s u l t s i n the IP . 1 method w i t h those o f 
PW.1 r e s u l t s i n tables (6 . 1 - 6.*+) f o r the e l a s t i c and the 
e x c i t a t i o n cross sections, shows the d i f f e r e n c e s between the 
IP and the p a r t i a l wave approximations. These d i f f e r e n c e s 
are purely due to the s e m i - c l a s s i c a l approximation, since we 
are s o l v i n g the same equation. We can see a s u b s t a n t i a l 
d i f f e r e n c e between the values, o f the two sets f o r the e l a s t i c 
as w e l l as f o r the e x c i t a t i o n cross sections. The discrepancy 
i s large at the lower energies and i s about Q% and 10$ at 50 ev 
f o r the e l a s t i c and the e x c i t a t i o n cross sections r e s p e c t i v e l y . 

The second order p o t e n t i a l makes a s u b s t a n t i a l c o n t r i b u t i o n 
to the e l a s t i c cross sections, w h i l e the c o n t r i b u t i o n to the 
resonance t r a n s i t i o n i s less s i g n i f i c a n t . Comparing the r e s u l t s 
f o r the resonance t r a n s i t i o n from the IP.2 and IP.3 methods, 
shows tha t the e f f e c t o f i n c l u d i n g the higher states i s 
i n s i g n i f i c a n t f o r the e-Li r e s u l t s . This i s i n agreement w i t h 
the conclusion o f Burke and Taylor (1969) who studied the 
e f f e c t o f 3 d-state coupling i n the low energy r e g i o n . This i s 
not the case f o r the resonance t r a n s i t i o n o f e-Na s c a t t e r i n g , 
where the coupling to the 3 ^ - s t a t e makes an important 
c o n t r i b u t i o n to the cross s e c t i o n ( K o r f f e t a i 1973) . This i s 
also the case f o r the c a l c u l a t i o n s i n the IP.2 and IP.3 methods 
which leads us to be l i e v e t h a t the second order p o t e n t i a l i n 
the e l a s t i c channel (IP.2 and PW.3 methods) does not account 
f u l l y f o r the e f f e c t o f the coupling to the 3 d-state. The 
three channels must be included to o b t a i n the r i g h t c o n t r i b u t i o n 
from the higher s t a t e s . The extension o f the three-channel 
method to the lower energy r e g i o n i s very d e s i r a b l e , but the 
numerical computations become time consuming even when the IP 
method i s ap p l i e d . 
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6.5 -The D i f f e r e n t i a l Cross Section f o r e-Li S c a t t e r i n g . 
6..5.1 The E l a s t i c D i f f e r e n t i a l CrosB Section. 

The r e s u l t s o f the present c a l c u l a t i o n s i n the PW.3 and 
IP.2 methods are displayed i n f i g u r e s 6.5a) - 6 .5d) f o r energies 
of 10, 20, 25 and 50 eV. 

At 10 eV there i s a s l i g h t d i f f e r e n c e between the r e s u l t s 
from PW.3 and PW.2 methods and t h e i r agreement w i t h the measure
ments of Williams et a l (1976, they quote an e r r o r o f -355?) i s 
poor. They p r e d i c t the shape of the angular d i s t r i b u t i o n but 
the data are l a r g e r than the present work f o r angles smaller 
than 100°. Williams et a l have extrapolated t h e i r values f o r 
angle smaller than 10° and t h e i r values i n the forward d i r e c t i o n 
are 50>? l a r g e r than the present c a l c u l a t i o n s . The GA c a l c u l a 
t i o n s at 11 eV p r e d i c t cross sections at 1 .3° close t o the 
extr a p o l a t e d values of Williams et a l . 

The r e s u l t s from IP.2 and GA c a l c u l a t i o n s are i n good 
agreement w i t h the r e s u l t s from the PW.3 method f o r small 
angles, up t o 60° f o r the GA and 40° f o r the IP.2 method. 
The two c a l c u l a t i o n s decrease r a p i d l y f o r l a r g e angles. 

At 50 eV, the IP.2 and GA r e s u l t s are i n good agreement 
w i t h each other and are i n agreement w i t h the PW-3 r e s u l t s at 
angles smaller than 60°. The p r o f i l e f o r the other energies 
i s the same. 

6.5-2 The Resonance E x c i t a t i o n D i f f e r e n t i a l Cross Section. 
We compare i n f i g u r e s 6.6a) - 6.6d) at 10, 20, 25 and 

50 eV, the PW.3 and IP.2 r e s u l t s along w i t h the GA c a l c u l a t i o n s 
at 11 and 54.4 eV, the DWPO I I r e s u l t s at 12.1, 20, 27.2 and 
54.4 eV and the data o f Williams et a l . 
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At 10 ev, the DViPO I I and the GA c a l c u l a t i o n s are i n 
b e t t e r agreement w i t h the data I n the forward d i r e c t i o n , but 
tiie PW.3 r e s u l t s are i n b e t t e r agreement, w i t h the data 
elsewhere. The r e s u l t s from the IP,2 method are I n very good 
accord w i t h the Pto.3 r e s u l t s f o r small angles, but they do not 
snow t.::.'3 deep minimum a t l a r g e angles. 

At tne other energies, the same p a t t e r n can be n o t i c e d , 
where a t 50 ev the DWPG I I and the GA c a l c u l a t i o n s are s t r o n g l y 
peaked i n the forward d i r e c t i o n , but they are i n good agreement 
w i t h the present c a l c u l a t i o n s f o r small angles. The GA 
calculation:! oacone va n i s h i n g l y small beyond 60°, while the 
DWPJ I I are i n b e t t e r agreement w i t h the FW.3 r e s u l t s at large 
angles. 

I n general, the d i f f e r e n t i a l cross sections f o r e-Li 
s c a t t e r i n g show a minimum around 90-100° and are s t r o n g l y 
peaKed i n the forward d i r e c t i o n . The present r e s u l t s f a i l to 
show ttiQ strong peaking i n the forward d i r e c t i o n , but t h e i r 
pr-^dio': •..as o f tae shape o f t:.e s c a t t e r i n g angular d i s t r i b u t i o n s 
are te . j a t i r > f a c t ; r y . 

6.6 The J.if f e r e n t l a l Cro.'-s Section f o r e-iia s c a t t e r i n g . 
1 « .1 11"! - . — i V ' I _ . . . i - ! » r \ S - ' • I - ' . — - - l - •- - I n — ... - ' 

; J m : : . | i i i v s tu Lfcl .'j y .L L. IJ .!• j.^.L ci J . ' . 1 o J . fci .L ^ JL O >̂ J b'Ci O JLO i t . 

I n f i g u r e s 6.7:0 6.7s I we >-.,.-r; p;:re t he pr e s e n t r e s u l t s 
at 1C, 15, '--O, 2 5 a-'in 50 ev with the a v a i l a b l e d a t a and the 
Gi-» 'jalcul !\ti.;...s. 

The 9 x p u r i r i < i r i t a l d a t a o f Generu: yjid i t e i c f c - r t (1972) i n 
a r b i t r a r y u r . i t s were normal.i:>ed t o tue PW.3 r e s u l t s a t t h e 
e n e r g i e s 1 0 , 15 •'••••J sv. ' f l i 3 agreement between tne d a t a 
and t.;".* LJV;.3 r e s u l t s i s f a i r , where the o s c i l l a t i n g siiru-.'.-ture 
i s predicted s a t i s f a c t o r i l y out :ue n e i g i i t and. widths c f t h e 
o s c i l l a t i o n s / 
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o s c i l l a t i o n s are not i n very good accord w i t h the measurements. 
The GA c a l c u l a t i o n s at 11 eV are i n good agreement w i t h the 
present r e s u l t s f o r angles smaller than 60° but they do not 
show the o s c i l l a t o r y s t r u c t u r e at large angles. The IP.2 
r e s u l t s are i n good accord w i t h the PW.3 r e s u l t s f o r angles 
smaller than lJO°. The v a r i a t i o n s between the PW.3 and PW.2 
r e s u l t s are small i n a l l the angular range and they show an 
o s c i l l a t o r y behaviour at a l l the energies considered. The 
agreement between the PW.3 r e s u l t s and the IP.2 and GA c a l c u l a 
t i o n s at 50 eV i s good f o r angles smaller than 50°. 

6.6 .2 The Resonance E x c i t a t i o n D i f f e r e n t i a l Cross Section. 
Figures 6 .8a) - 6 .8d) at 10, 20, 25 and 50 eV disp l a y the 

r e s u l t s from the PW.3 and IP.2 methods along w i t h the GA r e s u l t s 
at 11 and 5*1.4 eV and the DWPO I I c a l c u l a t i o n s at 12.1, 22.1 
and 5*».*i eV. 

At 10 eV, £he GA and DWPO I I r e s u l t s are close t o each 
other but are l a r g e r than the present c a l c u l a t i o n s at the 
forward peak, and are smaller elsewhere. Here again, the IP.2 
r e s u l t s are i n good accord w i t h the PW.3 r e s u l t s f o r small 
angles. The r e s u l t s from the PW.3 method show an o s c i l l a t o r y 
s t r u c t u r e i n the large angle region f o r a l l the energies 
considered, w h i l e the DWPO I I c a l c u l a t i o n s show a shallow 
minimum i n the same angular range. 

At 50 eV, the agreement between the t h e o r e t i c a l c a l c u l a 
t i o n s and the measurements of Shut t l e w o r t h et a l (1977) i s very 
good at small angles (where they are a v a i l a b l e ) . The GA 
ca l c u l a t i o n s at t h i s energy become very small f o r angles 
l a r g e r than 40°, wh i l e the DWPO I I show a very deep minimum a t 
100° and are close t o the PW.3 f o r larg e angles. 
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However, the o s c i l l a t i o n s at large angles are believed t o be 
non-physical. Perhaps the switch to Born approximation i n 
the calculations caused such o s c i l l a t i o n s . I n conjunction 
with the r e s u l t s f o r the resonance e x c i t a t i o n of e-Li scatter
ing, we notice that the present calculations predict small 
cross sections i n the forward peak, while the calculations i n 
the DWPO I I and GA methods, though large, y i e l d better 
predictions at t h i s angle. We thought that the neglect of 
the coupling of the higher levels t o the 3̂ P l e v e l would 
explain the difference, but the d i f f e r e n t i a l cross sections 
i n the IP.3 method at 50 eV (which accounts for the e f f e c t of 
the higher levels) do not make t h i s substantial difference 
between the two r e s u l t s . The work of Moore8 and Norcross 
(1972) i n the framework of the four-state close coupling 
approximation does not show a strong peaking i n the forward 
d i r e c t i o n when compared with the DWPO I I results at 5 eV 
(see Kennedy 1976). 

6.7 The Polarization Fractions and the Pano and Macek 
Parameters f o r L i and Na. 
Experimental determinations of the t o t a l and d i f f e r e n t i a l 

cross sections produced by electron impact have provided 
important tests f o r t h e o r e t i c a l models of electron-atom 
scattering processes. However, obtaining absolute cross sections 
i s a d i f f i c u l t task f o r the experimentalists to overcome and, 
as we have seen, a. considerable disagreement between the experi
mental data i s mainly due t o d i f f e r e n t normalization procedures. 

The p o l a r i z a t i o n of atomic l i n e r a d i a t i o n and X parameter 
are measurable q u a n t i t i e s , but free from normalization d i f f i 
c u l t i e s and therefore they provide a better t e s t f o r the theory 
when the e x c i t a t i o n to the nP„ l e v e l i s involved. 
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The percentage p o l a r i s a t i o n of the resonance l i n e of L i 

and Na at r i g h t angles with the i n c i d e n t beam i s (Flower and 

Seaton 1967) 

P = 300 x / (12 Q Q + 24 Q1 + X) (6.1) 

where X = (9a-2) (Q0**Q1) and Q Q and Q 1 are the e x c i t a t i o n 

c r o s s s e c t i o n s of the l e v e l n P m w i t h magnetic quantum number 

m=o, -1 r e s p e c t i v e l y . The value of a depends on the r a t i o 

o f the hype r f i n e s t r u c t u r e energy s e p a r a t i o n to the n a t u r a l 

l i n e width and i s 0.413 f o r 6 L i and 0.288 f o r Na. 

I n f i g u r e s (6.9) and (6.10) we show the p o l a r i s a t i o n 

f r a c t i o n s c a l c u l a t e d i n the PW.3 and IP.2 methods together 

w i t h the DWPO I I c a l c u l a t i o n s and the measurements of Leep and 

Gallagher f o r the case of L i and Enemark and Gallagher and 

Gould (1970, quoted i n Enemark and Ga l l a g h e r ) f o r the case of 

Na. The c a l c u l a t i o n s of T r i p a t h i e t a l (1973b) i n the Glauber 

approximation are a l s o shown. However, the disagreement 

between the t o t a l c r o s s s e c t i o n s c a l c u l a t e d by Walters (1973) 

arid those o f Mathur e t a l (1972) and T r i p a t h i et a l (1973a) 

f o r L i and Na r e s p e c t i v e l y , c a s t doubt on the p o l a r i z a t i o n 

f r a c t i o n s c a l c u l a t e d by T r i p a t h i e t a l . 

The present c a l c u l a t i o n s i n the PW.3 method are lower 

than the experimental data f o r L i and Na, t h e i r agreement with 

the data i s only f a i r . On the other hand, the DWPO I I v a l u e s 

are higher than the data i n the same energy region considered 

here. The predictions, o f the p o l a r i z a t i o n f r a c t i o n s by the I P 

method are very poor as i s n o t i c e d from, the f i g u r e s . R e c ently, 

Kumar and S r i v a s t a v a (1976) have c a l c u l a t e d the p o l a r i z a t i o n 

f r a c t i o n s f o r L i i n the Glauber approximation i n c l u d i n g the 

core e f f e c t . T h e i r values are c l o s e to the DWPO I I values i n 

the low energy region and they are i n agreement with the data 
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o f Leep and Gallagher to 2% above 50 eV. 

I n t a b l e (6.7). the p o l a r i z a t i o n f r a c t i o n s c a l c u l a t e d i n 

the PW.3 and PW.2 methods are compared. The s m a l l v a r i a t i o n s 

between the two c a l c u l a t i o n s suft/.'.ont Lhfit t h e Iwo-utaU: c l o n e 

coupling approximation i s good f o r p r e d i c t i n g t h e p o l a r i s a t i o n 

f r a c t i o n s i n the intermediate energy r e g i o n . 

Fano and Macek (1973) have developed a comprehensive t h e o r y 

f o r the connection between the d i s t r i b u t i o n o f t h e e m i t t e d r a d 

i a t i o n and the r e l e v a n t s c a t t e r i n g a m p l i t u d e . T h i s i s expressed 

i n terms of an o r i e n t a t i o n vector which i s p r o p o r t i o n a l t o t h e 

expectation value of the angular momentum of t h e t a r g e t atom 

and an alignment tensor whose components are p r o p o r t i o n a l t o 

the mean values of expressions q u a d r a t i c i n t h e components o f 

the t a r g e t angular momentum. The a n a l y s i s o f t h e parameters 

f o r the n p - s t a t e of L i and Na atoms i s s i m i l a r t o t h a t f o r 

H atoms. Following Morgan and McDowell (1975);, t h e w a v e f u n c t i o n 

f o r t h i s s t a t e i s 

lnp> = a Q|np , 0 > + a 1 £|np,i> - |np,-l>3 (6.2) 

where a v(\>=o,-l) i s the amplitude f o r e x c i t i n g t h e s t a t e 

jnp, M L=v>. 

We may define the q u a n t i t i e s 
< a u » a u > ' °u U = 0 , i 1 (6.3) 

where i s the d i f f e r e n t i a l c r o s s s e c t i o n for- thu e x c i t a t i o n 

of the M=y magnetic sub l e v e l and t h e b r a k c e t s i.mr-ly summation 

over the s p i n s t a t e s . 

The general expression i n terms o f t h e T - m a t r i x elements 

f o r these q u a n t i t i e s i s 
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<a 
u 
, a > = — i . ^ [ T / * ( » I ) T . + ( v ) + 3T *7u) T . ~ ( v ) ~ | (6 .4 ! 

v l6ir 2 * i L i f x f x f x f -J 

where the s u p e r s c r i p t s + and - denote s i n g l e t and t r i p l e t and 

and k f are the i n i t i a l and f i n a l wave v e c t o r s . The o f f 

diagonal term <a Q,a 1> i s complex. 

I f a=o 0 • 2 a 1 i s the t o t a l d i f f e r e n t i a l c r o s s s e c t i o n for 

the e x c i t a t i o n , the dimensionless parameter, X, i s defined as 

X = ao/a ( 6 . 5 ) 

For an 8-p t r a n s i t i o n , the alignment and o r i e n t a t i o n 

parameters of Fano and Nacek can be w r i t t e n , i n the c o l l i s i o n 

plane, as (see Morgan and McDowell, 1975) 

A ° o 1 = V( 1 - 3 ) 0 

A ™ 1 = JTx 
A|f = 4<A - 1 ) 
O™1 = - >/2~ Y ( 6 . 6 ) 

where 

X = Re <a £ ),a 1>/a 

Y '= Im <a,.a, >/a o l 

Note that the parameters X and Y are dimensionless q u a n t i t i e s 

a l s o . The problem i s then reduced to e v a l u a t i n g the parameters 

X, X and Y. 

We show i n f i g u r e s 6 .11a) - 6 .11c ) f o r L i and 6 .12a) -

6 . 1 2 c ) f o r Na, the parameter X (8) c a l c u l a t e d from the PW.3 

method. These are compared with the DWPO I I c a l c u l a t i o n s o f 

Kennedy (1976) at 50 , 25 and 10 eV r e s p e c t i v e l y . 

For the L i ca s e , the agreement between the two c a l c u l a 

t i o n s i s good only at 50 eV. The common fe a t u r e between the 

two r e s u l t s i s t h e i r p r e d i c t i o n s f o r the two minima, but the 
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p o s i t i o n s and the depths of the minima are d i f f e r e n t i n the 
two r e s u l t s . 

The s t r u c t u r e of A(6) f o r the Na case i s more complicated, 

where three minima appear a t high e n e r g i e s . Again here the 

agreement between the two c a l c u l a t i o n s i s only s a t i s f a c t o r y f o r 

angles s m a l l e r than 40°. 

F i g u r e s 6 . l i d ) and 6.12d) d i s p l a y the PW.3 r e s u l t s f o r L i 

and Na r e s p e c t i v e l y , comparing the v a r i a t i o n s of X(6) a t the 

d i f f e r e n t energies 10, 15 and 20 eV. 

The r e s u l t s from the I F method cannot be compared with 

the other c a l c u l a t i o n s s i n c e the q u a n t i z a t i o n a x i s adopted f o r 

c a l c u l a t i n g the s c a t t e r i n g amplitude i s not along the i n c i d e n t 

momentum. 

The parameters X and Y are c a l c u l a t e d a t s e v e r a l e n e r g i e s . 

F i g . (6.13) and (6.14) show the X parameter f o r L i and Na atoms 

r e s p e c t i v e l y and the r e s u l t s are compared w i t h the c a l c u l a t i o n s 

of Kennedy (1976). The two c a l c u l a t i o n s are i n d i s a c c o r d . For 

L i case, the X parameter e x h i b i t s two minima and three maxima 

a t the lower energies (10 eV). The-firrist--minimum s h i f t s towards 

the small angle r e g i o n and becomes a dip at higher energies 

(50 eV). The behaviour of the X parameter f o r the Na case i s 

s i m i l a r to the behaviour of L i at small angles but i t has only 

two maxima. 

The Y parameter i s d i s p l a y e d i n f i g . (6.15) and (6.16) f o r 

L i and Na atoms r e s p e c t i v e l y along w i t h the c a l c u l a t i o n s of 

Kennedy. I t appears t h a t there i s a d i f f e r e n c e i n s i g n between 

the present c a l c u l a t i o n s and those of Kennedy, perhaps t h i s 

i s due to a d i f f e r e n c e i n d e f i n i n g the Y parameter. Morgan 

( p r i v a t e commuriications) mentioned the wrong s i g n i n a l l 

t h e i r published papers. The Y parameter f o r L i case makes 
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severe o s c i l l a t i o n s a t l a r g e angles and higher energies 
(50 eV). The s t r u c t u r e f o r the Na case i s a complicated 
one. 

F i n a l l y , we conclude t h i s chapter by the f o l l o w i n g remarks 

The e f f e c t of exchange and the second order p o t e n t i a l i s 

very n o t i c e a b l e a t the lower energies f o r the e l a s t i c c r o s s 

s e c t i o n and to a l e s s e r extent f o r the e x c i t a t i o n c r o s s 

s e c t i o n . The impact parameter method while g i v i n g t o t a l 

c r o s s s e c t i o n to 20% accuracy i n the low energy region, f a i l s 

to give the r i g h t shape of the d i f f e r e n t i a l c r o s s s e c t i o n a t 

l a r g e angles. I t can be s a i d that the I P method p r e d i c t s a 

t o t a l c r o s s s e c t i o n to 1055 accuracy f o r energies l a r g e r than 

twenty f i v e times the f i r s t t h r e s h o l d energy, and i t y i e l d s 

good p r e d i c t i o n s f o r the d i f f e r e n t i a l c r o s s s e c t i o n s f o r 

angles smaller than 40°. I t s p r e d i c t i o n s f o r the p o l a r i z a t i o n 

f r a c t i o n s are very poor. 
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CHAPTER 7. 

The E x c i t a t i o n of the n=3 l e v e l s of Helium 

by E l e c t r o n and Proton Impact. 

7.1 The d i s t o r t e d wave approximation. 

I n t h i s chapter, the numerical c a l c u l a t i o n s f o r the 

e x c i t a t i o n of the n=3 l e v e l s of helium by e l e c t r o n and 

proton (and some r e s u l t s f o r the p o s i t r o n s c a t t e r i n g ) impact, 

i n the d i s t o r t e d wave approximation, are presented. The 

general theory of the impact parameter apiDroximation was 

dis c u s s e d i n chapter four, i t s a p p l i c a t i o n i s s t r a i g h t 

forward. The couplings between the n=3 l e v e l s of helium 

and the couplings to the ground s t a t e and to the 2^P s t a t e s 

are r e t a i n e d . I n the n o t a t i o n of chapter four the coupled 

channel equation becomes 

N 
1 Y . ( £ , Z ) C . IP,2) EXPliG..Zk"U 

=0 

1 y r , z ) c if z ) ^ r t i y i d ( 7 . D 

where c (/*, z ) , ( k - 1 S / 2 P s t a t e s ) 

are the p r o b a b i l i t y amplitudes f o r s c a t t e r i n g by helium i n 

the ground s t a t e and the 2 1P s t a t e s respectively.. These 

amplitudes are taken from an unpublished supplement to the 

works of B e r r i n g t o n et a l (1973) and Begum e t a l (1973) i n 
which allowance f o r d i s t o r t i o n and absorption i n the e l a s t i c 

channel was made by i n c l u d i n g the second order p o t e n t i a l i n 

the e l a s t i c channel. The i n d i c e s i and j r e f e r to the 
1 1 1 1 1 

s i x n=3 l e v e l s of helium; 3 S, 3 Po, 3 P + 1 , 3^ 0 , 3^ + 1 
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The a c t u a l number of l e v e l s f o r the n=3 s t a t e s i s nine, but 

they are reduced to s i x l e v e l s only, when equation (^.21) 

i s used. The forms of the coupled d i f f e r e n t i a l equations, 

n e g l e c t i n g the second order potential... terms, f o r the l e v e l s 

( n l O ) , ( n i l ) and (nl2) are 

i k o ^ | a l D 5 I V l n|0,k ) B k EXPfl G ^ Z $ 1 + 

1 1 

(7.2) 

JT Z V ("10, i ) 3 i EXPliG_,.Z k" 
^ 5> j j n , ; j 0 

l k o ~ - 8 n l m =V2~ V ( n | m , k J 8 EXPtiG Z k " 1 ] *. 
bZ k k nfc "* * 

n l m ' J nfrf 

where B * 1 ^ Z«f 1 
j = n lm.= nfm s nPj , / n D

2 

The matrix elements i n equation (7.2) a r e evaluated i n 

a general form i n Appendix A. The ground s t a t e and the 2 1P 

wave f u n c t i o n s of helium were those d e s c r i b e d by Plannery 
1 1 

(1970). For the e x c i t e d s t a t e s , the 3'P and 3 D wave 

fu n c t i o n s of Goldberg and Clogston (1939) and 3 S wave 

f u n c t i o n of Cohen and McEachran (1967) were used. The 

c o u p l e d - d i f f e r e n t i a l equations (7.2) were solved n u m e r i c a l l y 

by a step-by-step i t e r a t i v e procedure u s i n g the f i v e p o i nts 

formulas (Milne. 1953). The d i f f e r e n t i a l c r o s s s e c t i o n s and 

the t o t a l c r o s s s e c t i o n s are c a l c u l a t e d i n the same manner 

as i n chapter f o u r . 
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To a s s e s s the e f f e c t of coupling between the n=3 

l e v e l s and of coupling v i a the 2 1P l e v e l , the c r o s s s e c t i o n s 

are obtained i n a number of d i f f e r e n t approximations, f o r 

e l e c t r o n , proton and positron, e x c i t a t i o n , which are shown i n 

ta b l e s (7 .1) , (7.2) and (7.3) together with the Born 

approximation f o r comparison. These approximations d i f f e r 

i n the number of l e v e l s coupled through equation (7.1) as 

f o Hows i 

(two-state, t h r e e - s t a t e and four-
M s - k ) 

s t a t e approximation, when only 

one element of the s e t k i s 

included) 

I 1S _ j ) ( s e v e n - s t a t e approximation, a l l 

the elements of the s e t j are 

included and are coupled to 1S 

and to each o t h e r ) 

( i s — j +2P 0 • 2^ ) ( n i n e - s t a t e approximation) 

« 1 1 1 1 1 1 , 



7.2 E x c i t a t i o n of helium by e l e c t r o n Impact. 

Recently, a large number o f t h e o r e t i c a l c a l c u l a t i o n s 

have become a v a i l a b l e on the t o t a l cross s e c t i o n s f o r the 

e x c i t a t i o n of helium from i t s ground s t a t e to the n=3 l e v e l s . 

These c a l c u l a t i o n s were performed i n a v a r i e t y of d i f f e r e n t 

models. Some f a l l i n t o the regime of s e m i - c l a s s i c a l 

approximations, others are i n Born approximation or i t s 

modified forms. They are, the ten-channel e i k o n a l approxim

a t i o n (E10) of Flannery and McCann (1975) > the second-order 

d i a g o n a l i z a t i o n (SOD) of Baye and Heenen (197^)» the Glauber 

approximation (GA) (Chan and Chen (1971*-) f o r 3 1P e x c i t a t i o n ; 

Chan and Chang (1975) f o r 31D e x c i t a t i o n ) , the d i s t o r t e d 

wave p o l a r i z e d o r b i t a l approximation (DWPO) ( S c o t t and 

McDowell (1975) f o r 3 1S e x c i t a t i o n ) , the second Born 

approximation (SBA) (Woollings and McDowell (1973) f o r 31D 
e x c i t a t i o n ) and the Born approximation (BA) o f B e l l et a l 

(1969). The d i f f e r e n c e between the r e s u l t s i n the semi-

c l a s s i c a l approximations(E10, SOD, GA and the present r e s u l t s ) 

w i l l be, mainly, due to the d i f f e r e n t combinations i n the 

coupled channels and p a r t l y , due to the use of d i f f e r e n t wave 

fu n c t i o n s f o r the helium atom. On the experimental s i d e , 

d i f f e r e n t i n v e s t i g a t o r s (Moussa et a l (1969) f o r n=3 

l e v e l s ; de Jongh and van Eck (1971), van Raan et a l (1971) 

and Donaldson e t a l (1972) f o r 3 P e x c i t a t i o n ) have measured 

the absolute t o t a l cross s e c t i o n s f o r the e x c i t a t i o n of 

helium. D i s c r e p a n c i e s e x i s t between the va r i o u s measured 

cro s s s e c t i o n s , p a r t i c u l a r l y as to the p o s i t i o n and magnitude 

of the peak i n the cross s e c t i o n . 



97 

7.2.1 3 S S t a t e E x c i t a t i o n of Helium. 

The t o t a l c r o s s s e c t i o n s f o r 3 1S e x c i t a t i o n are shown 
i n t a b l e (7.1). The v a r i a t i o n s i n the c r o s s s e c t i o n v a l u e s 
due to d i f f e r e n t couplings are n o t i c a b l e . I t i s i n t e r e s t i n g 
to note that much of the change i n the cr o s s s e c t i o n that 
occurs when t r a n s i t i o n s v i a the 3 1P l e v e l are taken i n t o 
account (goirgfrom column I I to column I I I of ta b l e (7.1)) 
i s c a n c e l l e d when t r a n s i t i o n s v i a the 2 1P l e v e l are included 
(column I V ) . F i g u r e (7.1) shows the n i n e - s t a t e r e s u l t s 
and the r e s u l t s of DWPO, E10, SOD, 5A and the measurements 
of Moussa et a l . 

The agreement between the n i n e - s t a t e r e s u l t s and the 

measurements i s good beyond 500 ev, they are 15% higher 

than the experimental values a t 100 e v > At M-00 e v , the 

measured cr o s s s e c t i o n s show a sudden change which i s not 

not i c e d i n any of the t h e o r e t i c a l c a l c u l a t i o n s . The 

d i f f e r e n c e s between the n i n e - s t a t e values and the E10 and 

the SOD values are due to the e f f e c t of coupling of d i f f e r e n t 

channels. The large discrepancy between the n i n e - s t a t e 

r e s u l t s and the SOD r e s u l t s which include the e f f e c t of twenty 

t w e r s t a t e s , r e f l e c t s the importance of coupling to higher 

l e v e l s . The DWPO (which a l l o w s f o r the e f f e c t s of d i s t o r t i o n 

i n the i n i t i a l channel, i n c l u d i n g p o l a r i z a t i o n , and a l s o f o r 

the d i s t o r t i o n of the t a r g e t by di p o l e p o l a r i z a t i o n ) r e s u l t s 

a r e very c l o s e to the n i n e - s t a t e r e s u l t s above 200 e v. 

T h i s agreement may suggest that the adoption o f the impact 

parameter approach for t h i s t r a n s i t i o n i s very reasonable 

beyond 200 e.v. 
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7.2.2 3 P S t a t e E x c i t a t i o n o f Helium. 

From t a b l e (7.1) i t i s seen that the d i f f e r e n c e 
between the cr o s s s e c t i o n s c a l c u l a t e d i n the three 
approximations i s quite s m a l l f o r the strong t r a n s i t i o n to 
the 3 1P l e v e l . F i g u r e (7.2) shows the n i n e - s t a t e r e s u l t s 
compared with the BA, GA, E10 and SOD r e s u l t s , and the 
measurements of Moussa et a l , Donaldson et a l and those of 
de Jough and van Eck. The n i n e - s t a t e r e s u l t s are very c l o s e 
to those of BA, E10 and SOD r e s u l t s . I n ge n e r a l , the 
maximum d i f f e r e n c e between the n i n e - s t a t e values and the 
lowest t h e o r e t i c a l values does not exceed 20$ a t 100 e v , 
while the discrepancy i s very s m a l l a t 1000 e v. The 
measurements of Moussa e t a l and those of de Jough and 
van Eck are 2$% and 6% lower than the n i n e - s t a t e v a l u e s a t 
100 and 1000 e v r e s p e c t i v e l y , while the measurements of 
Donaldson et a l are 17$ lower and 5# higher than the nine-
s t a t e values a t the same e n e r g i e s . 

Within the e r r o r s of the experiments the agreement 

between the t h e o r e t i c a l p r e d i c t i o n s and the measurements i s 

s a t i s f a c t o r y . The agreement of the Born approximation c r o s s 

s e c t i o n s with the other c a l c u l a t i o n s above 200 s v., 

strengthens the conclusion t h a t the Born approximation can 

provide t o t a l c r o s s s e c t i o n s f o r the o p t i c a l l y allowed 

t r a n s i t i o n s i n helium which a r e accurate to w i t h i n 10$ above 

200 e-v. 
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7.2.3 3 1D S t a t e E x c i t a t i o n of Helium. 

The work of Woollings and McDowell (1973) i n the 
framework of the second Born approximation, i n d i c a t e s t h a t 
i n d i r e c t coupling of the 31D l e v e l to the ground s t a t e v i a 
the 2 1P l e v e l i s only important a t small angles of s c a t t e r i n g 

o 

( 0 < 5 f o r e l e c t r o n s ) and i s not expected to be Important 

f o r the c a l c u l a t i o n of t o t a l e x c i t a t i o n c r o s s s e c t i o n s 

i n t e g r a t e d over a l l s o l i d a n g l e s . On the other hand, 

t a b l e (7.1) shows that the c r o s s s e c t i o n s f o r the e x c i t a t i o n 

of 3̂ D l e v e l are very s e n s i t i v e and more dependent on the 

approximation employed. The i n c l u s i o n of the e f f e c t of 3 P 

l e v e l caused a s u b s t a n t i a l i n c r e a s e , but t h i s was c a n c e l l e d 

by the e f f e c t of the 2 1P l e v e l . S i m i l a r evidence f o r the 

importance o f the 2 P coupling e f f e c t has been obtained by 

Somerville (1963) f o r the e x c i t a t i o n of Hydrogen by e l e c t r o n 

impact. F i g u r e (7.3) shows the n i n e - s t a t e r e s u l t s together 

with the SOD, E10, BA and GA r e s u l t s and the measurements of 

Moussa et a l . The SBA r e s u l t s o f Woollings and McDowell 

(1973)9 (not shown), are lower than those of GA r e s u l t s . 

From the f i g u r e , i t i s seen that the Q *E values remain 

almost constant f o r energies h i g h e r than 600 e v. Agreement 

between the measurements and the t h e o r e t i c a l values I s very 

poor, they are 30$ higher the n i n e - s t a t e r e s u l t s a t 1000 e v. 

Th i s large d i f f e r e n c e a t such high energy can not be 

a t t r i b u t e d to a d e f i c i e n c y i n the approximations considered. 

I t can be argued that the coupling from higher i e v e l s i s not 

important, s i n c e the SOD r e s u l t s are very c l o s e to the present 

r e s u l t s f o r energies higher than 500 e-v. Moussa e t a l 

suggested that some s o r t of experimental i n a c c u r a c y might 

have caused t h i s l a r g e d i s c r e p a n c y . The measurements o,f 

S t . John et a l (196>+), (not shown), are s t i l l higher than 

those/ 
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those of Moussa e t a l , but they show a strong r i s e i n 

6L XE values a t 200 e v and do not show a s t r a i g h t l i n e 

behaviour above t h i s energy. 

7.3 E x c i t a t i o n of Helium by Proton Impact. 

The t h e o r e t i c a l c a l c u l a t i o n s that e x i s t , f o r the n=3 

l e v e l s of helium are based on e i t h e r Born approximation and 

d i s t o r t i o n approximation (see Van Den Bos- 1969a) or c l o s e 

coupling impact parameter approximation (Van Den Bos 1969b) 

and the SOD approximation (Baye and Heenen 1973c). 

The work of Van Den Bos i n the impact parameter 

approximation i s very s i m i l a r to t h i s work but. d i f f e r s i n 

the number of channels included. H i s n i n e - s t a t e 

c a l c u l a t i o n s are s i m i l a r to the present n i n e - s t a t e 

c a l c u l a t i o n s except that the 2 1S l e v e l i n h i s work i s 

replaced by 3 S l e v e l and our ground s t a t e wave f u n c t i o n 

accounts f o r d i s t o r t i o n and absorption i n the e l a s t i c 

s c a t t e r i n g channel. I n ge n e r a l , the r e s u l t s of the two 

c a l c u l a t i o n s show the same f e a t u r e s . 

There are few measurements f o r the e x c i t a t i o n o f 3 1P 

l e v e l of helium (Hippler and Schartner (1971*); Hasselkamp 

e t a l (197D; Van Den Bos et a l (1968); Thomas and Bent 
(1967)). The agreement between the measurements of 

Hasselkamp e t a l and those of Hippler and Schartner i s very 

good (see Hippler and Schartner (197*0) 3 but those of 

Van Den Bos et a l ( f o r E <150 kev) and those of Thomas and 

Bent ( f o r E >150 kev, and they quote an e r r o r of 35$) are 

10$ higher than the measurements of Hip p l e r and Sch a r t n e r . 

For the 3 1S e x c i t a t i o n , only the measurements of Van Den 

Bos et a l (1968 f o r E < 150 kev) arid those of ocliarmann 

973C 



and Schartner (1969a)are a v a i l a b l e . Van Den Bos et a l 
i 

suggested that t h e i r 3 S e x c i t a t i o n r e s u l t s are the l e s s 

accurate cross s e c t i o n s i n t h e i r measurements. T h e i r v a l u e s 

are higher than those of Scharmann and Schartner i n the 

same energy region. Only the measurements of Van Den Bos 

et a l (E<150 kev) e x i s t f o r the e x c i t a t i o n o f the 31D l e v e l . 
7.3.1 3 1S S t a t e E x c i t a t i o n of Helium. 

The s i t u a t i o n f o r the proton e x c i t a t i o n i s very 

s i m i l a r to the e l e c t r o n case. The v a r i a t i o n s due to d i f f e r e n t 

couplings are demonstrated i n t a b l e (7 .2) . There i s a 

d i f f e r e n c e of the order of 10$ between the present r e s u l t s 

and those of the SOD r e s u l t s (see Figure 7.*0. The measure

ments of Scharmann and Schartner (higher than Born 

approximation) show the same shape of Born approximation. 

On the other hand, the present r e s u l t s i n the n i n e - s t a t e 

approximation and those of the SOD r e s u l t s have the same 

shape, which i s d i f f e r e n t from that o f Born approximation. 

The measurements of Van Den Bos et a l agree to 10$ with 

the n i n e - s t a t e and SOD r e s u l t s . 

7.3.2 3 1P S t a t e E x c i t a t i o n of Helium. 

Figure (7*5) shows the present n i n e - s t a t e r e s u l t s ^ 

SOD and BA r e s u l t s and the measurements of Hi p p l e r and 

Schartner and the measurements of Van Den Bos et a l . There 

i s , once more, a very good agreement between the v a r i o u s 

t h e o r e t i c a l c a l c u l a t i o n s and the experimental measurements. 

The n i n e - s t a t e r e s u l t s of Van Den Bos (not shown), are 

s l i g h t l y higher than the present c a l c u l a t i o n s . The 

discrepancy might be a t t r i b u t e d to the e f f e c t of 3 S l e v e l 

coupling and the d i s t o r t i o n of the ground s t a t e i n t h i s work. 

2 NOV 1577 
Of I o i l 

Ul- ARI 
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7.3*3 31D S t a t e E x c i t a t i o n of Helium. 

Again the co n t r i b u t i o n s of t r a n s i t i o n s v i a the 2 1P 
and 3 1P l e v e l s are of opposite s i g n , but i n c o n t r a s t to the 

e l e c t r o n case, t h i s c a n c e l l a t i o n i s much l e s s complete and 
1 1 indeed for the 3 D e x c i t a t i o n t r a n s i t i o n s v i a the 2 P l e v e l 

a r e o f major importance. Van Den Bos (1969b) found that 

replacement i n the s i x - s t a t e approximation of 3 1P l e v e l by 

2^P l e v e l caused an in c r e a s e i n the cro s s s e c t i o n by three

f o l d and ten - f o l d a t 1000 and 100 kev r e s p e c t i v e l y . T h i s 

f e a t u r e i s common i n the present r e s u l t s (see t a b l e 7.2 

column I I I and I V ) and i n those of SOD r e s u l t s . 

The Born approximation d i s a g r e e s very badly with those 

r e s u l t s t h a t i n c l u d e t r a n s i t i o n s v i a the 2 1P l e v e l (see 
•1 

F i g u r e 7 .6) . T h i s may suggest that the 3 D e x c i t a t i o n cross 

s e c t i o n i s a t y p i c a l f e a t u r e i n c l o s e coupling c a l c u l a t i o n s . 

The measurements of Van Den Bos et a l are about h a l f the 

present n i n e - s t a t e r e s u l t s . 

7.1*- The D i f f e r e n t i a l Cross S e c t i o n s f o r Electron-Helium 
E x c i t a t i o n . 

The o n l y a v a i l a b l e measurements a r e those o f 

L a s s e t t r e et a l (196*0 for the 3 1P e x c i t a t i o n a t sma l l angles 

(0 < 1 0 ° ) . The n i n e - s t a t e r e s u l t s a r e compared with the 

E10 r e s u l t s of Flannery and McCann ( p r i v a t e communications). 

F i g u r e s (7.7a, b, c ) , (7.8a, b, c ) and (7.9a, b, c) show 
1 1 1 

the d i f f e r e n t i a l cross s e c t i o n s for the 3 S , 3 P and 3 D 

l e v e l s r e s p e c t i v e l y . The agreement with the measurements 

f o r the 3 1P e x c i t a t i o n a t 51 '1 e v i s very good. The two 
1 

r e s u l t s agree w e l l f o r the 3 P e x c i t a t i o n , but d i f f e r f o r 
t h e / 
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the 3 S e x c i t a t i o n for angles l a r g e r than 30 where i t i s 

expected that the two approximations w i l l be i n a c c u r a t e . 

The d i f f e r e n c e between the two r e s u l t s I s most noticed 

i n the shape of the 31D e x c i t a t i o n , where the discrepancy 

i s large f o r large angles and they show a d i f f e r e n t peak i n 

the forward d i r e c t i o n . 

7.5 The P o l a r i z a t i o n F r a c t i o n s f o r Electron-Helium 
S c a t t e r i n g . 

The percentage p o l a r i z a t i o n f r a c t i o n s f o r the r a d i a t i o n 
1 1* 

emitted from the n P and n D s t a t e s r e s p e c t i v e l y ( P e r c i v a l 

and Seaton 1958) are 

P . n V , = SL^JL 
o. • a 

and 

P( 3
1D , 31 Q l - ?QL?) 

where Q..} i s the t o t a l c r o s s s e c t i o n f o r the e x c i t a t i o n 

of a s u b l e v e l i . F i g u r e s (7.10) and (7.11) d i s p l a y the 

p o l a r i z a t i o n of the 3 1P - 2 1S and 3 1D -2 1S l i n e s , i n which the nine 

- s t a t e r e s u l t s and the E10, SOD, and GA r e s u l t s are 

compared with those measurements of Moussa e t a l (1969) and 

Van Raan et a l (1971) ( f o r 3 1P - 2 1S l i n e o n l y ) . The two 
1 1 

measurements agree w e l l (to 10$) f o r the 3 P-2 S l i n e , while 

the n i n e - s t a t e r e s u l t s show Very bad agreement with the 

measurements and with other t h e o r e t i c a l v a l u e s . The SOD 

r e s u l t s are i n very good agreement with the measurements. 
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On comparing the n ine-s tate values f o r the 3 1P-2 1S l i n e 

w i t h the r e s u l t s o f B e r r i n g t o n et a l (1973) f o r the 2 1 P-

2 1 S l i n e , one notes t h a t the p o l a r i z a t i o n i s approximate ly 

independent o f the p r i n c i p a l quantum number n . These 

values are : 

P o l a r i z a t i o n F r a c t i o n s o f the R a d i a t i o n 

emi t t ed f r o m H e ( n 1 l ) 

Energy 2 1 P 31P 
(ev) 

31P 

100 + 0.017 + 0.019 

200 - 0.08^ - 0.088 

500 - 0.20 - 0.22 

1000 - 0.26 - 0.27 

For the 3 D-2 P l i n e , the n i n e - s t a t e and SOD r e s u l t s 

are i n f a i r agreement w i t h the measurements. Above 600 ev, 

the measurements show a s t r a i g h t l i n e shape, w h i l e the 

t h e o r e t i c a l values are s t i l l decreas ing . The GA r e s u l t s 

underest imate the p o l a r i z a t i o n l i n e , while, those o f E10 

show a very steep r i s e i n the lower energies and they are 

lower than the measurements. 
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7 .6 I J o l a r i za Lio n _Fr act ions J^or Pro ton-he l ium o^a^ .^v lng . 

Figures (7 .12) and (7.13) she* tne n i n e - s t a t s r e s u l t s 

tOi-v-Dt ".ar v ; i th tne BA, 3uL> arid the n i n e - s t a t e r e s u l t s o f 

V?i:i iJeii 3os (19^9°) > the nea:;urevents o f jcharmann and 

Jch-u-tner (1967 f o r 3 1 P-2 1 3 l i n e ; 1969b f o r 3 1 L»-2 1 3 l i n e ) 

r.r.d those o f Van Jen Bos ot a l (1968, f o r a < 1 50 k e v j . 

The t,.ieor--..-uLeal predi c-ti jr:s f o r tne 3^p-2 1 o l i n e , aca r t 

fro:-: j-Ji value a, --ire i n aj.^H^reerr.ent w i t h tne measurements. 

I t i : ; s t r i k i n g l-.v-.z tne BA rosu. i t ~ are i n good agreement 

v / i th trie Measurements f o r unergios n igher tnan 600 e v . *r, 

i n tne e l e c t r o n ca..;e, the u o l a r i z a t i c n i s independent o f Ltie 

p r . i ; i c i c i . L quantum nunoer n . 

'i'do l i a e i s siv.ilw to the e l ec t ron -no Lium 

s c a t t e r i n g case, where Liie present r e s u l t s are i n f a i r 

agreement w i t h the Tieusuremeuts. The n i n e - s t a t e and the 

SuD r e s u l t s are very close to each o t h e r , whi le the ni>te

s t a t e r e s u l t s o f Van us;, oos (19o9o) overes t imate the 

p o l a r i z a t i o n values and the BA values underest imate the 

p o l a r i z a t i o n l i n e . 

7.7 E x c i t a t i o n o f Helium by P o s i t r o n Impact . 

The cross sec t ions f o r the e x c i t a t i o n o f hel ium by 

p o s i t r o n impact have been c a l c u l a t e d , f o r comparison wi tn 

the e l e c t r o n - h e l i u m s c a t t e r i n g cross s ec t i ons , s ince tnere 

are no exper imenta l measurements f o r the p o s i t r o n s c a t t e r 

i n g . Taole (7 .3 ) shows the cross sect ions i n the 

approximations ( t w o - s t a t e , t h r e e - s t a t e ano f o u r - s t a t e f o r 
1 1 1 \ 

3 S, 3 P and 3 D e x c i t a t i o n r e s p e c t i v e l y ) unci tne seven-state 
approx imat ion . 

http://rosu.it
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I t i s noted t h a t the values o f column I o f t a b l e (7 . 3 ) 

are approximate ly ( < 5 # ) equal to those values o f c o l u m n I I 

o f t ab l e ( 7 . 1 ) f o r energies h igher than 300 ev. This shows 

t h a t the s i g n o f the p o t e n t i a l has l i t t l e e f f e c t i n t h i s 

approximat ion . I n con t ras t to t h a t / t h e e f f e c t o f the s i g n 

i n the d i p o l e and quadropole coupl ings i n the seven-state 
1 1 

approximat ion i s most n o t i c e d i n the 3 S and 3 D 

e x c i t a t i o n . The seven-state approximat ion (which Inc ludes 

the e f f e c t o f the 3 1P l e v e l ) reduces the cross sec t ions f o r 

e l e c t r o n s c a t t e r i n g f o r the 3 1S and 3 1P l e v e l s and increases 

the cross sec t ions f o r 3 1D l e v e l , w h i l e the p o s i t r o n 
s c a t t e r i n g cross sect ions f o r the 3 1S are increased and those 

1 1 

o f the 3 P and 3 D l e v e l s are decreased. The increase o r 

decrease i n the cross s e c t i o n f o r the e l e c t r o n case, are 

no t accounted f o r by the same amount f o r the p o s i t r o n case. 

Th i s f e a t u r e was n o t i c e d i n the p ro ton s c a t t e r i n g a l s o . 
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Conclus ions . 

I n t h i s work, the second order p o t e n t i a l s method has 

been app l i ed to the s c a t t e r i n g o f e l ec t rons f r o m l i t h i u m 

and sodium atoms i n the impact parameter and p a r t i a l wave 

f o r m u l a t i o n s and to the s c a t t e r i n g o f e l ec t rons and protons 

f rom hel ium atoms i n the impact parameter f o r m u l a t i o n . 

I n a p p l i c a t i o n to e - a l k a l i s , the second order p o t e n t i a l s 

make a s u b s t a n t i a l c o n t r i b u t i o n to the e l a s t i c cross s e c t i o n . 

However, the agreement between the exper imenta l data and the 

c a l c u l a t e d cross sec t ions f o r the e - L i case i s very poor. 

The measured t o t a l cross sec t ions f o r e - a l k a l i s are 60$ l a r g e r 

than the t h e o r e t i c a l c a l c u l a t i o n s a t energies as h i g h as 

20 - 50 ev. This la rge discrepancy a t such h i g h energy warrants 

f u r t h e r work to v e r i f y the disagreement between the data and 

the t h e o r e t i c a l work. 

The e f f e c t o f the second order p o t e n t i a l i n the e l a s t i c 

channel was less s i g n i f i c a n t i n the resonance t r a a s i t i o n , and 

the ex tens ion o f the method to the three-channel to account 

f u l l y f o r the c o n t r i b u t i o n f r o m the coup l ing to h igher l e v e l s 

i s very much d e s i r a b l e . The d i v e r s i t y between the exper imenta l 

measurements f o r the resonance e x c i t a t i o n o f L i and Na due to 

d i f f e r e n t n o r m a l i z a t i o n procedures adopted, makes i t d i f f i c u l t 

to draw a f i r m conc lus ion on the agreement between the da ta and 

the t h e o r e t i c a l c a l c u l a t i o n s i n the i n t e rmed ia t e energy r e g i o n . 

On the c r e d i t s i d e , our c a l c u l a t i o n s have p red i c t ed the 

shape o f the d i f f e r e n t i a l cross s e c t i o n f o r the e l a s t i c and 

the resonance e x c i t a t i o n q u i t e s a t i s f a c t o r y and the p o l a r i z a t i o n 

f r a c t i o n s are i n f a i r agreement w i t h the measurements. 
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Appl icat ion of the method i n p a r t i a l waves and i n the 

impact parameter approximation, highl ights the range of 

a p p l i c a b i l i t y of the l a t e r approximation, where i t was found 

that the impact parameter approximation i s r e l i a b l e for 

energies larger than 50 ev and for angles smaller than W0°. 

The appl icat ion of the Impact parameter approximation 

was generally adequate for the exc i ta t ion of the dipole a1 loved 

t r a n s i t i o n states of helium (31P s ta te ) a t energies larger 

than ten times the threshold energy compared with twenty f i v e 

times the threshold energy for the a l k a l i s case . 

The weakest t r a n s i t i o n s , s p e c i a l l y the 31D l e v e l , showed 

an important dependence on the coupling to the intermediate 
1 1 

s tates of the 2 P and 3 P l e v e l s , and the ir calculated cross 

sections are larger (smal ler) than the measurements for the 

e lec tron (proton) impact. 
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APPENDIX A. 

a) The r a d i a l p a r t o f the wave f u n c t i o n o f a s t a t e n i s 

normalized such tha t 

< * n 

b) Wave f u n c t i o n s o f L i atom 

R 2 s ( r ) 

R 2 p ( r ) 

where 

^ ( e V

 + f 2 * ) 

N 2 ( r - & 1 ) ( £ a 2 r + a 3 e a l * r ) 

N . r ( e b i r + b 9 e V ) 

N 1 = 7^739 = 2.131038 

N 2 = 0.6719289 a 1 = 0.869875 

a^ = 1.6028 

b 1 = 0.518 

b 3 = 1.75 

= 0.219217 

c) Wave f u n c t i o n s o f Na atom. 

R 1 a ( p ) = N ^ e ^ 1 " + V . i A 3 ' ) 

R 2 s ( r ) = N 2 ( r - S l ) ( i s 2 r + s 3 e S * r ) 

R 2 p ( r ) = N ^ r ( e " b i r + b 0 r i b 3 r ) 2pJ 

A = 

a 2 = 

b„ = 

R. ( r ) = N ^ r - C ^ C e ^ 1 + (c + c k r ) e'C5 r ) 

1.0001 

0.71305"+ 

2.05067 

O.83I+ 

R 3 p ( r ) = V ( i a i r + a 2 £ a 3 r ) 
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where 

N 1 = ^6.339 xiJ = 9.00738 \ = o.5"+58 * 3 = 17.99983 

N 2 = - 0.20^75 S 2 = 2.&2?2k = 10.0 

\ = 5-5 

N 2 = O.592O.I b 1 = 0.98865 b 2 = 75.22339 

b 3 = ^.6236 

= 0.7022M+ C 1 = O.961 C 2 = 0.71 C^ =-^.76 

C^ = -Ik. C ? = 3.6 

\ - -0.1^87^3 a 1 = O.Vt a 2 = -25.1+ a 3 = 3.8 

I t should be noted t h a t the wave f u n c t i o n s R„„ f o r L i 
1 s 

and R 1 s » & 2 s and R

2 p f o r Na are spurious s ta tes t h a t have to 

be removed f rom the c losure r e l a t i o n . 

We ca l cu l a t ed these wave f u n c t i o n s i n the v a r i a t i o n a l 

method. 

We w r i t e down the fo rm o f the p o t e n t i a l s , f o r a genera l 

wave f u n c t i o n to avoid r e p e t i t i o n o f the c a l c u l a t i o n s o f 

He, L i and Na. The i n t e r a c t i o n p o t e n t i a l between the charge 

p a r t i c l e , o f charge Q, and the atom i s 

V = Q V C ( R ) - 5 T Q \ R - Xj f 1 

i 

where V c i s d e f i n e d i n equa t ion (^.1) f o r the a l k a l i atoms 

and i s ft"1 o t he rw i se , i = 1 f o r a l k a l i atoms and 2 f o r He. 

I n general the wave f u n c t i o n w i l l be o f the fo rm 

< t W « > • R

n i ( x > V ; ) 

where 

H n l ( x ) . = H a j x J e b J x 

and/ 
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and 

and 

< R n l R • » > = 
n L 

N 
R n l ( X ) R n Y ( x ) = ^ C. x^ e"aJ x 

nn i l 

< ^ n s | V I 4 > n s > = « [ v C l f . . + N J

n s A . 

E 1 = C o b o ( 2 ' Q o ) + C1 b o ( 3 > V + W ' V -

A . 2 

<cf)Jv |c|) n p> = < c h | v |<±g> (azimuth 4>- independent) 

G = ( 3 R 2 ) 1 [ 3 ' ( < * - t s ( - ^ „ ) ) ) ] 

G 2 r C 0 ^ ( 2 , a 0 ) • C t ^ ( 3 , | * C 2 b ^ u , a ? ) * . . . 

= M , " - * < 3 b | » | ( p > 

m1 m 2 ~ K 1 

A • 3 

h 1 = R" 
- N n p E 1 

h 2 = 1-1) 1 2 J20TT y <R I f T ^ 

s ( J J . . . ) ) ) ) 

, "2 
- I C o b

2

{ 2 ' a

0 > • C, b 2 < 3 , y „ C3 b 2 ( 4 , p 2 , ) J 



112 

OP 

H , = n c n / « 4 * n . ' e a n t d t 

n * 

2 n 2 n 

< C ( ) n |V > = N

n p ^ D [>j207T < 2 . 1 ) ^ 1 ^ X 2 1 1 0 0 |1 
n p m 1

 n D m 2 

| 1 o >* 

lm-m. V 3 R * * ' \ | 3 
1 2 

< 2 1,00 I 3 0 > Y* < R > ( j & H, 
3 m ? m 2 * 7 R 4 

)] 

A.5 

CO 

„ / j • n r - r ^ * 
w 3 = 7 c /dt » 9 

Hz _ 

CP 

t 5 + n G n 

T 2 T 2 

4 . n [ 2 0 T T < 2 2 ; n ^ m | 2 ^ ^ > < 2 2 } 0 0 l 2 0 > Y * ^ I 

_ H 9 ) + 3 6 n < 22 J m ^ U m - r y * 

A.6 

< 2 2 * 0 0 \ i o> v^J?' ( i n - H 
9 R* 11 )] 
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H 7 

«8 

Z c 

9 n 

'10 

h11 
c n b [ 2 * n , a J 

I n general 

CD 

b j n , . , = _ J \ ( t

U " 
1 2 L • 1 J * R U 4 1

 t 

and i s the normalization constant. 
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APPENDIX B . 

The second order p o t e n t i a l s i n c o n f i g u r a t i o n space. 

To evaluate the k e r n e l K _ i n equa t ion C ' + . H ) , the 
nm 

kernel « ^ needs c loser examinat ion , the m a t r i x elements 
t 

V have been evaluated i n Appendix A. 
nm 

The k e r n e l 

A» = f H V ; ^ = / " ' " " f a " - ' C B - 1 

where f I X ) i s the product o f the r a d i a l pa r t o f the wave 

f u n c t i o n s f o r the s ta tes n and m, can be expressed as a 

l i n e a r combinat ion o f the i n t e g r a l s I ( L , M ) such t h a t » 

/MljfV^mj = ^ [12'1 • 1

t M 2 » y 1 )] <|,l ?;rc|rn 2ILM > * 

< \ l^OOl L 0 > I ( L , M ) 

B.2 
L~ 4 T r ( 2 L * 1 I 

and 

T fr M> _ A i x ) X ^ D * 

when the two-s t a t e close coupl ing (n Q s - n Q p ) are 

considered, the s p e c i a l cases a r i s e 
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/»(00;00) = I (0 ,0) B A 

f (00j10) = I (1 ,0) 

f (00;11) = I (1 ,1) 

f ' O O j I O ) = I (0,0^ATT + I ( 2 , o / \ J T T T 

/» (10511) = ( _ L J * 1 (2 ,1) 

f (1-1;11) = - ( 3 f l (2 ,2) 
M o n ' 

M11 ',11) = I ( 0 , 0 ) - I (2 ,0 ) 
4T7 >] 20TT 

Because o f the p r o p e r t i e s o f the s p h e r i c a l harmonics, 

r ( l 1 m l 5 \ * J = /» CL 2 m 2 ; 1 ^ ) 

and B.5 
m* R U 

/ • (1. , -ny, l 2 - m 2 ) = ( - ) 1 ^ C ^ m 1 ; l 2 m 2 ) 

f u r t h e r m o r e , fd^m^; L 2 m 2 ) i s r e a l f o r any l ^ m ^ l j and m 2 . 

The s p h e r i c a l harmonics i n the I n t e g r a l I ( L , M ) are 

d e f i n e d w i t h respect to a coord ina te frame (n) GXYZ w i t h Z 

ax i s along the i n c i d e n t v e l o c i t y V and the c o l l i s i o n plane 

as the XZ plane w i t h the polar coordinates as ( r , e , ^ ) ) . 

To s i m p l i f y the i n t e g r a l , i t i s more, convenient to use 

a second frame (W) o:xyz w i t h po la r ax i s along R, 

R and R are coplanar . 

The po la r coordinates o f R depend on i t s p o s i t i o n 

w i t h respect to R. We have 

R = f + Vt B .6 

and r / - = P + v t ' 
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Case I 

R - C R ' and t ' < t 

here t < 0 and t > 0 and 

t h e r e f o r e R Lies to the L e f t 

o f R i n the xz~plane and the 

poLar angLes o f R are (®>C0 

as i n F igure ( B . 1 ) . 

X 

I 

F i g . 3 .1 

To b r i n g the 0*yz. frame i n t o coincidence w i t h OXYZ 

f rame , the Buler angLes are 

c*- = TT, % = e \ =TT 3 .7 

and the t r a n s f o r m a t i o n m a t r i x t h a t b r i n g s the system 

Oxyz—»QXYZ i s such t h a t 

and the c o e f f i c i e n t s r m m * 9 ' are the elements o f 

the r o t a t i o n m a t r i x (Messiah 1970). 

When the eiements r ! , ( 9 ) are s u b s t i t u t e d , the 
'mm 7 

s p e c i a l cases f o r n Q s - n Q p close coupl ing a r e : -

/ « ( 0 0 ; 1 0 ) = 0030)1(1 ,0) + \ f T " s i n t e ) I ( 1 , 1 ) 

f (00;11) = -§Loi9 j I (1 ,0 ) + COSOl. 1 (1 ,1) 

+ s in 2 ( e I [ U f t O ) _ I t 2,0) \ ^~ 
I I 2f? I ] | . _ 3 _ 

U TT { 2 0 r r ^ J i 0 F 

/ . ( 1 1 ; 1 1 ) - / ( 1 . 1 , 1 1 ) = s i n 2

( e , [ XJmL + I f 2 / Q / B.9 
4 n J T f F " J 
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+ cos ( o i [ nq»o> _ H 2 . 0 1 , 
4 7 7 J 20 n \ l 1 0 ^ 

I I 2 ,2 ) ] 

+ 2vTT S in (9 lC0S(9) [ I J J_ 1 ( 2 , 1 ) ] 
\ 20TT 

(10,11) = - - S i n ( Q)CQS(gJJ7 _I(Q,Q) ^ I ( 2.0) ) 
N]~2~ L L A T T V J T T T - ' 

f - [ X T H2,2) ) 
ion 

Case I I 

+ fcosie)- s j n i e ) ) [ [ E Z . H 2 , i ) l 
l " - v l 2 0TT J 

when t > t and R 

Lies to the r i g h t o f R i n 

the x* plane, the polar 
/• 

angles o f R are ( ® , n ) . 

X 

0 
T -A-

R ' ' R ' 

F i g . B.2 

The on ly d i f f e r e n c e i n t h i s 

case i s tha t . I ( L , M ) o f Case I i s 

to be m u l t i p l i e d by ( - 1 ) M . 

The r e d u c t i o n o f the i n t e g r a l s I ( L , M ) i s done f o l l o w i n g 

the method o f Coleman (1972) and t h e i r f i n a l forms f o r 

1 = 0, 1 , 2 and M = 0 ,1 ,2 are 
1 

I ( 0 , 0 ) = T L f A IRY . f f 
; y y2 

Y ) dY 
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where 

D = (1 -2 XZY 2 + X

2 Y 1 + ) 

and "? 

A ( a , b) = / dX f I X ) X 

a 
1 

T ivt * ? a m2XY{Z-xv^ 
d Y -

I ( 1 , 0 ) » - ^ L [ f T i t Y t . 2 ^ m 2 X Y ( 2 - X Y 3 i 

o 

where 

T ^ Y 
2 

= (1*xV)[ A j o - f ^ V l - l ^ > A ^ R / Y , * * ) ] 

+ ± L i J ^ J L [ (RY) 2 RY,ool - A ^ j R Y l ] 

/ '2 / 
2CL(1 ) = A ^ o ^ R ' l * ( R ) A ( R ^ O O J 

1 ( 1 , 1 ) = _ U £ " Sin|(8)|[ / T2(Y>-S2>sub 

o 

where 

2 = A ( O . R ) - I R ) 2

 A L ( O . R ' ) 

T 2 ( Y ) = ( 1 - Y * ) Q < | + Y ^ ( 1 . X V ) Q 2 

Q1 = ^ o , R Y ) - ( R Y ) 2 A ^ l o , R Y ) 

0 = A l o , R ^ Y ) - ( R / Y ) 2 A I ( O , R 7 Y ) . 

sub = 2 X Y ( 2 - X Y 2 1 

I ( 2 ' 0 , = J f ? t dY . s„ 
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where 

= 
3 " [ I X 2 * * X Z » 3 J A J o ,R ) * ( R ' j 1 A ^ o o J I I + 6 X Z * 3 X 2 ) [ • 

+ 2 I R ) 2 (1 - x 2 ) A o ( R / , 0 0 ) + 2 R 2 A 0 ( 0 . , o o ) ] 

Q 3 = - (3 + 2Y 2 + 3Y^)[- 3 A | 0 I R Y > ^ C R T ^ A ^ R Y U ^ R Y f A J o ^ Y I ] 
2 t R^ Y ^ 

Q " = 1 [ 3 R ^ 3 , 2 Y 2 O Y 6 J A ( O , C O ) . ( 3 * 2 x V • 3 X Y ) [ 3 A ^ R V Y , 

«3 R , 2 

1 

I ( 2 ,1 ) = i±2IL S i n l ® I f / XY 2 (Q . • a ) + S "Sub c q 

where 

S. = - L J ( X . A X Z - 1 ) A J ° / R I • ( R) A ( R' oo )(1 - 4 X Z - X ) 
RR^- -2 2 

,2. 
+ 2 ( R R | 2 A 2 lo,ooJ • 2 | F f l 2 M - x ' | A 0 f f R ) ] 

2 

Q i + = <^ - * » [ 2 (RY ) 2 H -Y 2 J A o ( o , R Y ) * ( 1 *3Y 2 } Aio^RYl - ( 3 + Y 2 R R Y f A j o ^ l ] 

. 2IRyY)(1-xV) AJojRy'Y) ] . ( 2 - 3xV*X2
 Y 6 M R / Y ) A ^ C O ) . 

1 

I ( 2 , 2 ) = ^ J j L S l n > 0 l [ J * ^ ' < ' * r . S j J 

o D^2 3 
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where 

S„ = 
T ^ I 2 - 2 2 

+ 2 ( 1 - X 2 ) A o ( 0 ,R'O 

0 - I w f j ^ f j R Y l 2 A ( 6 , R Y ) - 2 A ( o , R V ) • I R Y ) 2 A ( o , R Y l ] 
W t > y"3 ^ 2 1 

I n general b 

A n l * b l = f * ' " " X , d X 

and Y = R / X or Y = X / R ^, Z = C 0 S I ® | 

w _ Mini R,t=f) 
Max I R , R ' ) 

The I n t e g r a l s i n the set of equations B . 1 0 are to 

be c a l c u l a t e d n u m e r i c a l l y . 
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AhPfiriDIX C 

Vie w i l l . expand the folLowing aquation 

V* • k2 ) F ( B ) = 2H (W , ( R , R'U K X R , R ) | F , { R ' l d R ( C D 
a a _/ / a a a a - - a 

v/iv.-ro W / and K , are uefined i n eauations (5.2) and ( 3 . 1 2 ) 
aa aa 

r e s p e c t i v e l y . We have drop fad VQCJ' oecause the analysis 
i s .-iiniU.T' ti t-:- t ^ i " K / a.id w i l l appear only i n the f i n a l 

a a 
f ~rm. 

l i i j .r ciCU.T.ijns (5.3) -'T̂  (?.*+) i i i equation (C . 1 ) 

• • a . ^ multiplying by ( R y { f t JJ and integ r a t i n g over 

2f"2 

2 

0 

K 2 2 ' ' i M I T n V . 1 R 1 ^ R 

w ^ 2 ' * f 2 , 1 , 2 ^ . . { I 

\ 2 7 i"2 \m, 

y (R ) y i R l d - n d - f t ) Y X ( P N ( f 2 ' 2 ! ^ } l { 6 j j c ? , ) 

and 

v ( R ) y ( x ) p , 1 R«X ) y (x j y 1 R i ' d r v d 
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To transform equation ( C . 2 ) from a r e p r e s e n t a t i o n 

of { | m , _ ) to a r e p r e s e n t a t i o n { . . i ) w ® use 
1 T 2 2 1 # '2 

and multiplying by < I , I j , ^ r̂ | LM > a n d summing over 

m. m using the f a c t that the Clebsch-Gordan c o e f f i c i e n t s 
1 ) 2 

s a t i s f y 

^ < ' i ' 2 ^ m 2 H - M > < « 1 i 2 ^ m 2 i L ' M ' > = f L i : ^ M ' ( c # 7 ) 

and r e t a i n i n g the d e f i n i t i o n o f , , | n i | j we have 
oo ^ 2 

r 
L . f j R"» = 2 9 "» 

00 

• 2 y K W ( R ; R ) l / r ' — 

where 0 

w ,f a p ' l " f , i o i r T ~ 0 f i i u ' I t I w . _ r 

( C 8 ) 

( 6 , - X J « J » A « P n l f ^ ) 4 o | p r f | ( R J ( C , 9 ) 

and 

2 
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I n obtaining equation(C. 10) , we have i n s e r t e d equation 

(C.7)when ( ̂  m J are replaced by ( ̂  x , m* « I i n 

equation (C.k) and used the d e f i n i t i o n s 

LM 
A i • ' » 

3"* 

< I, L,, m m 2 l L M > < C, £ , m ^ | L M > . 1 1 ) 

and 

l i f t < '1 ' 2 ' " 2 I L M > < *• W ^ L M > 

d - r L d - r Sc y «x J y ( R ) D t x . R i y t x j y i R j ( c . i 2 ) 
' l m l ^ 2 > 1 

and f o r equation ( C . 9 ) Q ' * i ' 2 'h *' / L ' 

i s defined as 

From the symmetry p r o p e r t i e s of the Clebsch-Gordan 

c o e f f i c i e n t s - i t i s c l e a r that 

fx 11^2,1; I'aiL ) = f ^ T ^ L ) 

For the s p e c i a l case f x (0 U.l, l 21 L ) J using 

equations ( C . 1 2 ) and ( C . 7 ) with the help of (Rose.1957) 

d-n. y [JTL )y [j^ j y = ( 2 l i + 1 ) 1 2 b * H ] 
l3m3 ^2 

< >1 l 2,m,mjl 3m 3>< l , l 2 ' OOlljO 
wo havu 

( 2 I 2 + 1 ) 

. 1 2 1 2 * D(2**U . 
< l' 2 (/0 OIL 0 > d | 

(n 1 c"\ 



APPENDIX D. 

The integrals A^(a, R,R1), B^(a; R,R1) and 
Ĉ Ca, R,h1) from equation ( 5 . 2 ^ ) are 

• A - 1 / 2X*2 Q - a t 

Ax = (R<R>) /dt t y D.1 

0 R> .at 

00 R< 
7 2X _ a t 

Cx = (R>R<)y d t ' Q 0 . 3 
R> 

n o W -a R < 

o a 3 R<R> a R > 1

 a a* R< •* 

Integrating equation D.1 by parts twice we obtain the 
recurrence relations f o r x > 0 

I 2 * * 1 ) ( 2 X * 2 ) . 0 
• a R < 

X*1. 

which i s stable f o r x < a R< * 
max 

F o r x > O R w e begin with the expansion for 
max 

L a r S e X m a x 

2 X + 3 » R J L 2X + 4 (2X*4 | (2X*5J J 

to give a reasonable value f o r A x „ and then recur 
"max 

downwards. 



1 2 5 

I n the same method 

a R * - Q R > 

R> L a J aR> 

and i t s recurrence r e l a t i o n f o r x > 0 i s 

B = J s Bx -1 

^Similarly 

- a R > 

and i n w r i t i n g 

oo - t 
-1 G =/d"" 

R 
(see Abramowitz and Stegun 19°5) 

we obtain 
_ a R > 

and the recurrence r e l a t i o n for x > 1 i s 
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Table 6«1 

2 
Total e l a s t i c cross,sections f o r e - L i (ira ) 

Energy 
eV 

a b c 1 
A. 2 3 

10 15.88 21.30 mm 17.73 22.44 26.2 

15 - - - 13.0 14.85 17.18 

20 - - - 10.81 11.85 13.27 

25 7.43 8,94 - 9.02 9.26 9.87 

50 4.45 4.90 4.96 5.06 5.16 5.33 

100 2.58 2.72 2.78 - - -
200 1.56 1.61 1.62 - - -

a ) I P-1 • bj 1P.2 c) I P." 3 

2) PW.2 3 ) PW-3 



Table 6.2 
2 2 

Total cross sections (ffa^ ) for the 2 P excitation of e - L i 

Energy 
eV 

a b c 1 2 3 
• 

10 53.89 49.10 - 63.18 57.66 51.89 

15 - - - 53.5 50.46 46.11 

20 - - - 44.75 42.8 40.21 

25 34.42 33.01 - 38.72 37.89 36.12 

50 20.75 20.0 19.75 22.66 22.27 22.06 

100 12.11 12.0 11.99 - -
200 7.50 7.36 7.29 - - -

See Table .6.1 for key 



Table -6.3 
o 

Tot?.l e l a s t i c cross sections for e-Na (ira ) • • • ' • • o—' 

Energy 
eV 

a b c 1 2 3 

10 15.71 22.64 - 19.97 23.16 3i.87 

15 - - 15.61 17.36 21.99 

20 - - - 12.19 13.74 15.85 

25 7.44 8.91 9.75 9.97 11.57 

50 5,30 5,72 5.74 5,67 5.85 6.17 

100 3.19 3.31 3.32 - - -
200 2.68 2.69 2.69 - - -

See T a b l e 6 • 1 f o r k e y 



Table 6.4 
2 2 

Total cross sections yTra_ ) tor the 3fcP excitation of e-Na 

Energy 
eV 

a . b c 1 2 3 

10 47.16 42.35 - 57.29 52.30 47.54 

15 - - 49.06 47.11 42.71 
20 - - - 41.17 40.00 37.97 

25 31.84 30.36 34.87 33.87 32.78 
50 19.76 18.97 17.96 22.21 22.00 21.77 

100 11.87 11.50 10.85 - -
200 7.10 6.90 6.81 - - mm 

See Table B...1 f or key 



Table 6.5* a 

NO'Jl.A" 'M >TC l'V)T?1K F-! I =xrjT/ ,TTp\i f.crss S ̂C. T T ONJ 
P V- T ! A (_ WAV?: TP r£ "•Tf'r, f Jt-tT .-2 

d-<rv. 

n 15 ? C ? F 50 
V'<~1 " 

. .. f ' V 
! 

Q 7 + ? ' '<>. 7f- + 2 1". 04 + 3 1 • *5/5+3 Y.73+3 
10 r 76+2 4 . 1 7 + ? 2.A5+2 3. 19 + 2 ?. 5C+1 
20 1 Tl + 7. 4.--+1 2. 04 + ! •5.AO 0 
30 : u 2 2 + \ • 4.*? 0 1.7ft C 2.73 0 7.62-1 
40 -i« 3* 0 1.12 0 9.51-1 9.63-1 3.71-1 

i 10 :") 7 . R 7 - 1 f.OZ-! 7.65-1. 1.78-1 
e 0 ! r"« 6 « 5 2 - I 4.^0-1 7.Cfi-1 fl.2P-? 
70 I c. I • * . 1 1 - 1 4.72-1. 2-1 3.P2-2 
50 ! f - • 4 . 5 f i - l 4 . 5 1-1 4.n7-l 2.20-2 

100 3 . 3 '-<- 7 5-22-1 4.40-1 1.6.5-2 
120 . ^. 23 - 1 4«?• e - 1 6 .5R-1 7„27-1 1. (• P-2 
U 0 1 i) 

; • « 
•7.7-1 P.«4-l 1.27 0 1.fl?-2 

I AO i 1-5° 0 1 . 4 ? 0 1. 35 0 1.45 0 3.01-2 
1»0 : 2 e 

68 0 l . f , 0 3.C7 0 1.11 * 1 7.22-2 

AMr.ni.AP; m sn> TPUTTHN F-U P L A S T I C CRCSS SECTION 
P.APTIAI. WAV? TPEATMENT. 

A WO 1-
0 4.64+2 

10 1.89+2 
20 3.C + 1 
30 7.54 0 
40 3.15 0 
K 0 1.36 0 
60 f?.«l-l 
70 7.23-1 
80 7,5?-l 

100 1=24 0 
120 2. 26 0 
140 2.72 0 
160 3.45 0 
1H0 3.90 0 

15 20 

3.a«+2 3.32+2 
1.09+2 7.65 + 1 
I.7P+1 J .56+1 
5.8" 0 5.77 0 
2 . 7 K 0 2.5* 0 
1.43 C 3 .55 0 
9,91-1 9.35-1 
9.P0-1 ?.°0-l 
3.0 5-1 7.33-1 
9 * 6 6 - 1 0.C7-1 
1.32 O" 1 .01-1 
1.70 0 3. 17 C 
2.12 0 3 . 6 6 0 
2.2 7 ;. 1.35 0 

2 f t " 50 

2.P6+? 1.94+2 
4.91+1 2.6P+1 
1.16+3 7.77 0 
3. ?5 0 2.69 0 
?.C« 0 l . M 0 
1.0' 0 8.98-1 
8.CP-1 5. P3-1 
5.31-1 4.18-1 
. 4 . 4 0 - 1 3.61-1 
* . C l - l 2.S8-1 
4.25 -J 2.R2-1 
5.11-1 2.73-1 
R.P3-1 2,26-1 
l . T f l 0 l.°fi-l 

http://AMr.ni.AP


T a b l e 5.5-b 

d-n. • 

L • • t \ 

' Mf 1 " 
iOv] 10 25 -0 ioo • 2CC 

» » J V i. • 
n ' 1.36*3" '"" ?\.r3 + 3 ' 3.7^ + 3 >". 10 + 3 " 7 . 14 +3 

10 1 .6"+ 2 1.16+2 ?.P»+1 s . - 9 ? 0 
20 A . 4 ? «-1 1.51+1 2.78 C 7.16 0 , 3.15-2 
30 1.5*+1 ?«,?? 0 P « *5 *3 — 1 1.1 » - l 1.56-2 

F-iP« 0 3.96-1 2.34-2 3.R9-? 7.33-3 
50 1 o V T 0 ' • . •>° - l ^ «v,o— t 1.66-2 3 « i c-3 

l . ' - S 0 ? . C > 4 - 1 ^.l°-3 I.P5-? 
70 l r 7 7 - 1 3 . 05-? 5.14-3 2.53-3 
BO 1.16-1 1.^6-2 ^.''2-3 
90 B.PR-? 1.3 7-? 2.K6-3 UOfi-3 
10? 4 7 - 1 5.31-2 R . 4 2 -3 ).H3-3 
120 2.45-'. 3.'» 1-2 5.T2-3 1.17-3 3. 4P-4 
13 "5 1 - 3.17-2 A. 2.^4-4 
150 i . ^ n— :> 2. 7«t-2 3.66-3 H. 56-4 2.62-4 
16 5 1 . 4 * - i 2,65-2 3.23-3 7. 91-4 2. 36-4 
120 ; 1.3<W 2 . 4 4 - 2 3,13-3 7.74-4 2.31-4 

ANf-MLftR PJSTFTPUTJON E-L I PLASTIC CROSS SECT I DM 

. . . „ . . _ 

J 0 
?0 
30 
'.0 
50 
60 
70 
fiO 
90 

10? 
120 
1?5 

150 
16 5 
180 

10 25 50 100 200 

5.53+2 4.1';+2 2.97+2 2.C4+? ).«*•? 
? .""'+?. A . - ^ + l 2.«?A + 1 1.74+1 1 . 1 ? + 1 
3.10+1 i . n o + i 6.20 C 3.6* o !.*<? 0 
6. 37 0 2.53 0 2.0^ 0 1,14 0 5.94-1 
7. 30-1 1.00 0 9.07-1 .5.00-1 2.62-1 
5.^6-2 5.52-1 4.^6-1 2.5 ? - l l . ^ R - 1 
:' .44-3 3.7 / . - r 3.01-1 1.52-1 B.2P-2 
?. 27-3 ?,7B-1 1.95-1 9.6Q-2 5.45-2 
3, V?-3 * . 17- 1 1.31-1 6.71-? 3.93-2 
7.22-3 1.17-1 9.4Q-2 4.93-? 3.00-2 
1.13-2 1.3*-J ft.09-2 3.45-2 ? . m-2 
1.47-? l . C f t - l 4,22-2 2. 71-2 1.74-2 
],?3-2 a.15-2 3.26-2 2.2?-? . 1.4»-2 
1.3 5-? 3. 16-? 2. 71-? 2.C7-? 1.33-2 
1.14-2 7. 2.42-2 1 . e * - 2 l..? B-2 
1.92-2 7.A/--2 2.33-2 1.90-2 1 .22-1 



T a b l e 6.6.a 

AN r i l l , A J.- 0? ST!"1 T P 1JT r- l_ ̂  C T T f. C r.' 
11 - . > , I T | d 0" 

d_TL 
P \ i'- "*• I M_ WAV- Tpr,\T:--

r- l_ ̂  C T T f. C r.' 
11 - . > , I T | d 0" 

d_TL 
) a 0 

r- l_ ̂  C T T f. C r.' 
11 - . > , I T | d 0" 

d_TL 
) a 0 

1 
1 
j r ^ v PYtevl 10 20 25 50 
! : \ v i ; IE, _ 
i <J I 

1 
5« '> 3 + : 3» 5 5 + 2 • 3 7 2 7 * + 7 " ' 2,61 + 2 2.C5 + 2 

1C 1 
1 
• 

2.21*? ° . 2 ° + ?. 6 . -13 +1 * . 2 ? + l 2. 1.5 + 1 
3 . 6 ? + 1 .1 .A 4 + 1 0 . 5 6 ;) 4.^6 0 ?-.45 0 

1 30 r.t\i o 0 3.92 0 2.00 0 1.4* 0 
1 *0 ? .^3 0 !.'*•> 0 1,92 0 2 . 1 5 0 1,52 0 
1 60 A :> 2.13 0 2 . 4 * 0 1.55 0 

60 r . 14-1 2,91 0 4 „ 2 0 0 2.33 0 1 . ? ? 0 
70 7 , 2 7 - 1 4c 74 0 3.99 0 2.23 0 1.18 0 

1 SO 1 2 1 0 3 1 3 0 2.41 C 1. *9 0 • 8. C9-1 
; ° o 2.32 J 2 . 5 6 0 1.66 0 ' R , 0 0 - 1 5 , e i - l 
i 100 ? . * 7 0 1 . 4 ? 0 H . 7 3-1 5.39-1. 3.47-1 
; n o 2.33 i . o n o 8 . 4 5 - 1 4 . C5-1 2. 82-1 
: 120 1.2 5 0 1.7A-1 1 . 2 * 0 6 .45-3. 7 . 4 « - l 
! 130 ! r . 5 2 - l - .4 5 0 1.33 0 1.3 A 0 5 .71-1 
! 1*0 ; f . 7 3 - 1 2 ^ « 3 0 2,57 0 2.14 0 P.7P-1 

1.50 1.31 1 A . no c 3.3 * 0 3.33 0 J .45 0 
; i6o 1 5.33 0 5.44 0 3.6'- C 4. IH 0 i . « n o 

iac> ! 6 . 0 5 0 3 . 0 3 0 5.03 C 6.C2 0 2.46 0 

AMCtJLAP D I S T R I B U T I O N f. :XC ! T f i T ION C H S S S r C T I O N 
P A R T I A L WAV? TPP/JTMEMT. 

F H F P O Y f r v J 10 
« M I.J L w . 

15 20 25 50 

0 8.^3+2 I . 2-'+3 1.41+3 1.59+3 . 2. £1 + 3 
10 21+2 3.63*2 3.07+? 2.70+2 0.05+2 
20 4.63+1 4.39+1 5.42+1 2.32 + 1 2.57 0 
30 ' 1 . 7 Q + 1 * . ° 2 0 * ,33 0 2.27 0 7.P0 - 1 
40 6.15 0 3 .60 0 2.81 0 3.17-1 3 . 17-1 
50 A . 01 0 2.*9 0 1.24 0 2. 12-1 1. 75-1 
60 " 1 * 67 0 1.26 O- f . 3* -1 6 .73-1 1.34-1 
70 1.24 0 4 .33-1 3 .52-1 5.23-1 3 .28-1 
80 7 .55-1 2 .49-1 1.51-1 4 .09-1 1 . « 1 - 1 
90 7 .23-1 3 .12-1 2 - O f l - l 1.01-1 1 . S 2 - 1 

100 c . 5 6 - l 3 .51-1 3, -0-1 4 .54-2 1. 19-1 
110 5.<J«?-1 2 . 3 * - i 1 . P I - 1 7 .5*-2 9 .94 -2 
120 f . 5 0 - 1 5 .28-1 1.4 5-1 1.3C-1 1.53-1 
130 1.40 0 5.AQ - 1 ' ' .29-1 2 .20-1 3 . » 2 - l 
1*0 7,73-1 5.65-3 7 .06-1 2.92-1 1 . « 3 - l 
150 4 .65-1 4 . 4 1 - i « . 5 7 - l 3 . 1 l - i 1 . 6 0 - 1 
160 6 . R l - 1 6 . 7 « - l 1.07 0 3 .26-1 2.35-1 
IPO 1 . 2 5 - 1 6.H1-1 1.9Q 0 3, I . 4«3 0 



Table 6.6. b 

A^HJl. *R n j S TP TIMJT TON P-M* ELASTIC 
TMPAt'.T p/PA'-TTTP >•< g T [•< r-n, 0 I _d CT~ 

r.o.nss SECTION 
» a' 

FN - ! : GY lev) 1 0 25 50 100 2C0 
AMf.|.r 

5*12+2 4.26+2 22+2 2.2«+2 1.55+2 
10 2.09+? 6 .95 + 1 3.31+1 2.02*1 1.35+1 
20 <= * 3 1 +1. O.PP C 6,5 7 0 4.^4 0 3.51 0 
30 7 e 44 0 ?.17 0 2.31 0 1.55 0 1.54 0 
40 1.05 0 7.83-1 1.23 0 .6."4-1 7.25-1 
50 2,22-1 4.26-1 7.53-1 3.32-1 5.03-1 
60 5.17-2 2 . 91- 1 4.93-1 I.71-1 3.93-1 
70 6,02-2 2.13-1 3.^0-1 1.03-1 2,71-1 
80 3.85-? 1.59-1 2.24-1 7.56-2 1 . R 6 - 1 
90 6."2-2 1.71-1 1.5.W 6.49-2 1.36-1 

105 c c <»2-2 •3o 27-2 9.4]. -2 6.01-2 7.29-2 
120 7„59-2 6.21-2 5.96-2 5,93-2 3.R9-2 
135 8.00-2 5,03-2 4.10-2 5.A7-2 2.37-2 
150 8.C7-2 4 . 4 C - 2 3.04-2 5.79-2 1.7 2-2 
16? P, 10-2 4 .12-2 2.56-2 5.79-2 1.26-2 
180 8.12-2 4."V:-2 2.41-2 5 . 7 6 - 2 1.09-2 

ANGULAR F-MA FXCITATlON CROSS SE 
PACT PAPAMFTEP •VCTHCC. 

25 50 100 200 
ANGI. !7 
0 5.45+2 2.10+3 3.40+3 4.7P+3 6.47+? 
10 ^.33+2 1.69+2 1.06+2 1.71+1 2.16 0 
20 6.00+1 1.37+1 2.2'=>+l 6.63-1 5.43-1 
30 1 , 3 9 + 1 2,OP 0 7.30-1 .1.06-1 . 6.98-2 
40 3. 22 0 9.25-1 2.25-1 8.04-2 1.58-2 
50 2e65 0 4.79-1 1.11-1 4.87-2 1. 13-2 
60 ] . 6 7 0 2 . 4 6 - 1 6.22-2 1.12-2 1.2C-2 
70 9.45-1 1.45-1 3.80-2 6.49-3 4.12-3 
80 8.24-1 9.32-2 2.56-2 1.04-2 5.36-3 
"0 3.46-1 6.28-2 1.80-2 7,65-3 1.12-2 

105 • 3.41-1 4.06-2 I.10-2 2.52-3 8. 20-3 
120 3.55-1 2.""— 2 7.60-3 2.21-3 1.09-3 
135 •3.67-1 2.33-2 1.55-2 7.28-3 2.C5-^ 
150 3.46-1 2.00-2 A.56-3 2.C0-3 5.27-3 
1ft 5 3.20-1 ].80-2 1.09-? ] , 9 & - ? 6.72-3 
1.R0 3.09-1 1.7P-? 3.87-^ l.«2-? 7.09-3 



T c b ! e 6.7 
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T ^ o L t i 7»3 

P o a i t r o n - H e ] i u m K x . " : t t n t, i o n C i \ • : . , . , > i r . 

Energy(ev) I I I I I I I I I 

100 >*.21(3) 6.4-9(3) 36.9^(3) 27.55(3) 10.27(4-) 8.^5( i+) 

200 2.35(3) 3 > (3) 2S.k (3) 23.68(3) 5 75 (*0 5 . 1 9 ( « 

300 1.6^(3) 2.28(3) 20.63(3) 19.58(3) 3-f- » 3.67(»+) 

4-00 - 1.66(3) - 16.86(3) - 2.83GO 

500 1.02(3) 1.3 (3) 1^.82(3) 1^.62(3) 2.29( , ;+) 

1000 .5260) 0.61(3) 8.96(3) 9.175(3) l.i.'6(4-) 1,19(L0 

I present work: Two-state approximation for Z'^ axi;Lt?t:.i r. 
•) 

Three-state approximation f o r 3 P e x e i c a t i o r . 

Four-state approximation for j ' j excic&oion 
I I present work; Seven-state approximation 

The number i n round brackets (n) repre>.: ~.:\zz 

the pov/er of ten by which the ̂ t r • =>.' :iJ.d 
be divided. 



FIGURE CAPTIONS 

F i g . 6.1 E l a s t i c s c a t t e r i n g of electrons by l i atoms, 
Present work (method PW.3) 
Present work (method Ip.2) 
Glauber approximation (Walters 1973) 

0 Experiment (Williams et a l 1976) 
-o—o— Bo.m approximation. 

F i g 6.'2 e - I i 2S-2P ex c i t a t i o n 

A A -A A Experiment (Zapesochnyi et a l 1975) 
© ® 9 © Experiment (Williams et a l 1976) 
I I I I Experiment (leep and Gallagher 1974) 

DWPO I I ( Kennedy et a l 1976) 
other symbols are as i n F i g . 6.1 

• o 9 

Fig.' 6.3 E l a s t i c s c a t t e r i n g of electrons by Na atoms. 
AS i n F i g . 6.1 

Fi g . 6.4 e-Na 3s-3p ex c i t a t i o n 
Experiment (Zapesochnyi et a l 1975) 

A A A A. Experiment (Enemark and Gallagher 1972) 
© 9 9 9 DWPO I I (Kennedy et a l 1976) 

otker symbols are as i n F i g . 6.1 

Fi g 6,5 D i f f e r e n t i a l cross sections for the e l a s t i c 

s c a t t e r i n g of (a)10 ev, (b) 20 ev, (c) 25 ev 
(d)50 ev electrons from lithium. 

Present work (method PW.3) 
Present work (method IP.2) 

A A A A Experiment (Williams et a l 1976) 
+ + + + Glauber approximation at l l e v anfi 54.4 ev 

(Walters 1973) 



The points at 0°in the GA calculations are i n fa c t not 
at 0° ,since at t h i s angle the Glauber approximation i s known 
to diverge for e l a s t i c s c a t t e r i n g . They are at 1.3° for the 

e l a s t i c e - l i s c a t t e r i n g and 2° and 1.4° at 11 and 54.4 ev 
res p e c t i v e l y , f or e-Li e x c i t a t i o n . For the e l a s t i c e-Na 

sc a t t e r i n g ,they are 2.6° and 1.34° at 11 and 54.4 ev 

re s p e c t i v e l y and 2.3° and 0.55° at 11 and 54.4 ev for the 

e- Na exci t a t i o n . 

Pig. 6.6 D i f f e r e n t i a l c r o s s sections for the 2 2P ex c i t a t i o n 

of lithium by 
(a)10 ev, (b)20 ev,(c) 25 ev, (d)50 ev electrons. 

• • • • DWPO I I at 12 ev, 22 ev and 54.4 ev (Kennedy 
et a l 1976) 

other symbols are as i n F i g . 6.5 

F i g . 6.7 D i f f e r e n t i a l c r o s s s e c t i o n s f o r the e l a s t i c 
s c a t t e r i n g of ( a ) 10 ev, (b) 15 ev, 

(c)20 ev, (d)25 ev, (e) 50 ev electrons from Na . 

A A A A Experiment (Gehenn and R e i c h e r t 1972) 

other symbols are as i n F i g . 6.5 

o 

F i g . 6.8 D i f f e r e n t i a l c r o s s s e c t i o n s f o r the 3 P 

e x c i t a t i o n of sodium by 

(a)10ev, (b)20ev, (c)25ev, (d)50ev e l e c t r o n s . 
O » 0 ® DWPO I I a t 12 e v , 2 2 ev and 54.4 ev (Kennedy 

et a l 1976) 

A. A A A Experiment ( s h u t t l e w o r t h e t a l 1977 ) 

other symbols are as i n F i g . 6.5 



Pig. 6.9 Percentage polarizations of the resonance 
l i n e 2p-2s emitted from l i by electron impact. 

©—®—9 DWPO I I (Kennedy et a l 1976) 
Present work (method PW.3) 

© ©0 8 Experiment (Leep and Gallagher 1974) 

o — „ — Glauber approximation (firipathi et a l 1973b) 

Present work (method IP.2) 

Percentage polarizations of the resonance l i n e 
3p-3s emitted from Na by electron impact. 

Experiment (Enemark and Gallagher 1972) 
Experiment (Gould 1970, quoted i n Enemark and 

Gallagher) 
other symbols are as i n Pig. 6.9 

Fi g , 6.11 The parameter for L i 
(a)50 ev, (b) 25 ev , (c) 10 ev 

F i g . 6.10 

© © © © 

A A A A 

A. K X A 

Present work (method PW.3) 
T \ I I I i > /> -r -r /rr JI __ 1 r>rj c \ 

F i g . 6.12 The parameter \ for Na 
(a) 50 ev, (b) 25 ev, (c) 10 ey 

symbols are as i n Fig. 6.11 



The parameter X= Re<a oap>/0" for L i 
(a) 10 ev , (b) 25 ev , ( c ) 50 ev 

Present work (method PW.3) 
DWPO I I (Kennedy 1976) 

The parameter X= Re <a 0a-j>/jj for Na 

(a) 10 ev , (b) 25 ev , (c) 50 ev 

symbols are as i n Pig. 6.13 

The Y= Tm<a 0ap>/ c r p a r a m e t e r . for L i 
(a)10 ev 

symbols are as i n Pig. 6.13 

The y = I n i < a 0 a ] L > / c r p a r a m e t e r f or Na 
(a) 10 ev , (b) 25 ev , (c) 50 ev 

symbols are as i n Pig. 6.13 

Ex c i t a t i o n cross sections of the l e v e l 3^S of 
helium by electron impact. (QV" versus energy) 
Q i s the t o t a l cross section i n 7r&0 

and V i s the v e l o c i t y . i n a. u. 

Present work (9-state method) 
Born approximation ( B e l l et a l 1969) • 
E10 (Plannery and McCann 1975) 
DWPO QS.cott and McDowell 1975) 
SOD (3a.ye and Heenen 1974) 
Experiment (Moussa et a l 1969) 



o e o 
3 o o 

<r + + 

i * IS 

1 F i g c 7 '- E x c i t a t i o n cross s e c t i o n of the l e v e l 3 P of 
helium by e l e c t r o n impact -

SOD (Baye and Heenen 19 7M 

Born approximation ( B e l l et a l T969) 

experiment (Donaldson et a l 1972) 

experiment (de Jongh. and Van Eck 1971) 

..— Glauber approximation (Chan and Chen 197*+) 

other symbols are as i n F i g , 7.1 

1 
F i g . 7=3 E x c i t a t i o n c r o s s s e c t i o n of the l e v e l 3 D 

of helium by e l e c t r o n impact . 

— , _ . — Glauber approximation (Chan and Chang 1975) 

other symbols are as i n F i g . 7*1 

F i g . 7. L E x c i t a t i o n cross s e c t i o n of the 3 1S Level of 

helium by proton impact p 

present work (9 - s t a t e method) 

. SOD (Baye and Heenen 1973c) 

x x * * Born approximation ( B e l l et a t 1968) 

I I I I experiment (Scharnann and Schartner 1969a) 

o 0 o o experiment (Van L'en Bos et a l 1968) 

F i g . 7o5 E x c i t a t i o n cross s e c t i o n of the 3'P l e v e l of 

helium by proton impact. 

A J.\ A experiment (Hippler and Schartner 197'+) 

other symbols are as i n F i g . 7.^ 



F i g . 7<.6 E x c i t a t i o n cross s e c t i o n of the 3 D l e v e l of 

helium by proton impsct 

symbols are as i n F i g . 7.'+ • 

F i g . 7„7 E x c i t a t i o n d i f f e r e n t i a l c r o s s s e c t i o n of the 
1 

3 3 l e v e l of helium by e l e c t r o n impact a t 

(a) 200 ev, (b) 300 ev, ( c ) 500 ev 

present work ( 9-state method) 

» ri10 (Flannery and McCarm 1975) 

F i g , 7,8 E x c i t a t i o n d i f f e r e n t i a l cross s e c t i o n of the 
1 

3'P l e v e l of helium by e l e c t r o n impact at 

(a) 200 ev, (b) 300 ev, ( c ) 500 ev 

'•' * x experiment ( L a s a e t t r e et a l 1964-) 

other symbols are as i n F i g . 7»7 

F i g . 7.9 E x c i t a t i o n d i f f e r e n t i a l cross s e c t i o n of the 
1 

3 D l e v e l of helium by e l e c t r o n impact a t 

(a) 200 ev, (b) 300 ev, ( c ) 500 ev 

1 1 
F i g , 7.10 P o l a r i z a t i o n f r a c t i o n s of the l i n e 3 P-2 S 

emitted from helium by e l e c t r o n impact • 

present work ( 9-state method) 

30D (Baye and Heenen 1974-) 

Glauber approximation (Chan and Chen 1 97*+) 

E10 (Flannery and McCann 1975) 
A A A 

Q experiment (Moussa et a l 19&9) 

$ $ $ experiment (Van haun et a l 1971) 



F i g . 7,11 P o l a r i z a t i o n f r a c t i o n s of the l i n e 3 1D-2 1F 

emitted from helium by e l e c t r o n impact . 

' — ' * — Glauber approximation (Chan and Chang 1975) 

other symbols are as i n F i g . 7.10 

F i g , 7,12 P o l a r i z a t i o n f r a c t i o n s of the l i n e 3 1P-2 1S 

emitted from helium by proton impact » 

—. — present work ( 9~state method) 

e ~ — — © SOD (:3aye and Heenen 1973c) 
— . impact parameter (Van Den Bos 1969b) 

_ .~ — Born approximation (Van Den Bos 1969a) 

A A A experiment (ocharmanri and Schartner 1967) 

0 0 0 experiment (Van Den Bos 1968) 

F i g . 7,13 P o l a r i z a t i o n f r a c t i o n s of the l i n e 3 1D-2 1P 

emitted from helium by proton impact , 

^ /K & experiment (Scharmarm and Schartner 1969b) 

other symbols are as i n F i g . 7.12 
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