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ABSTRACT 

We describe the a p p l i c a t i o n of c e r t a i n f o u r and f i v e - p o i n t 

Dual S c a t t e r i n g Amplitudes t o the NNTTTTTT system and compare the r e s u l t s 

w i t h others i n the l i t e r a t u r e . 

I n Chapter One we review the basic ideas t h a t led t o the 

c o n s t r u c t i o n of the Veneziano model and provide a short i n t r o d u c t i o n 

t o the Maximum L i k e l i h o o d Method. 

I n Chapter Two a di s c u s s i o n of f i v e - p o i n t dual f u n c t i o n s 

i s given, f o l l o w e d by an a p p l i c a t i o n t o a p r o d u c t i o n process of the above 

system w i t h an appropriate amplitude. 

I n Chapter Three a f i t by dual f o u r - p o i n t f u n c t i o n s t o some 

s u i t a b l e NN-decay at r e s t data i s presented, together w i t h d i s c u s s i o n 

of r e l a t e d work, and i n Chapter Four we use var i o u s f i v e - p o i n t dual 

f u n c t i o n s t o f i t the same data and c o n t r a s t the two sets of r e s u l t s . 

This i s f o l l o w e d by a summary of B^-phenomenology. 

I n Chapter Five we apply v a r i o u s f o u r - p o i n t f u n c t i o n 

amplitudes t o some NN-decay i n f l i g h t data and comment on t h e i r 

s u i t a b i l i t y . 

References are provided a f t e r each Chapter, and th e r e i s some 

d u p l i c a t i o n of both references and m a t e r i a l between chapters. 



CHAPTER 1 

I n t r o d u c t i o n 

1.1 An O u t l i n e of D u a l i t y 

1.1.1 Why the word " D u a l i t y " ? 

The words Dual, D u a l i t y £ll» Self-Dual and t h e i r d e r i v a t i v e s already 

enjoyed wide use before High-Energy T h e o r i s t s employed them. 

For example, the A l g e b r a i s t used Dual Vector Spaces, would take 

the Dual of the Dual Space and Dual Transformations [ 2 l and might employ 

Dual Grassmann Coordinates [ 3 ] i n h i s Algebraic Geometry. Today he 

s i m p l i f i e s matters and uses the word "Co" as i n Co-homology Group e t c . [^~\. 

As e a r l y as t h e 1920's numbers o f a form z + £j were c a l l e d dual numbers Csl. 

I n F ourier Analysis t h e r e are t h e well-known D u a l i t y Theorems concerning 

f u n c t i o n s and t h e i r F o u r i e r t r a n s f o r m s . Graph Theory also has i t s Dual-

Graphs, Self-Dual Graphs and geometric duals o f p l a n a r graphs £7] and 

s i m i l a r l y i n R e l i a b i l i t y networks t h e r e are Dual networks and those t h a t 

are Dual t o themselves . The Mathematical Programmer uses Dual methods 

i n decomposition and has D u a l i t y t h e o r i e s i n both Linear [9] and non-Linear£loj 

programming. Even outside o f the Mathematical Sciences t h e r e i s a Dualism 

both i n Theology ( i n which one d e s c r i p t i o n o f God's a t t r i b u t e s and His 

nature i s s a i d t o antagonise another) £ll] and i n Philosophy ( C a r t e s i a n 

dualism, and the t r a d i t i o n a l dualism o f Descartes, i n which t h e r e i s a 

'mind-body' dualism) [12J , these being the two explanations of. the usage 

of the word 'dualism' i n r e f . p . ] , and one speaks o f t h e S o c i a l D u a l i s t 

(who keeps h i s p r i v a t e l i f e separate from h i s s o c i a l l i f e and m o r a l s ) . 

I n Physics the famous use o f these words was f o r the Wave-Particle 

behaviour o f , f o r example, l i g h t and e l e c t r o n s , spoken o f i n Quantum 

Mechanics as the Wave-Particle D u a l i t y . There i s a l s o , however, a 

D u a l i t y P r i n c i p l e i n Continuum Mechanics, the use o f the word coming from 



2. 

t h a t i n Analysis [ l ^ Q . 

For many subjects the word ' d u a l i t y ' expressed a correspondence 

or c o r r e l a t i o n o f e f f e c t s between two ideas, t h i n g s o r spaces e t c . Thus 

i n about 1968 when High-Energy T h e o r i s t s wished t o express t h e i r b e l i e f 

i n the correspondence o f e f f e c t s i n a s c a t t e r i n g process betv/een the 

'direct'channel' a t 'low' energies and the 'crossed-channel' at 'high' 

energies they spoke ( o f some k i n d , f o r example Global) of D u a l i t y , thus 

using a word t h a t had the type o f connotation they wished t o convey. 
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1.1.2 Phenomenology f l 5 l 

I n r e viewing the work o f the T h e o r e t i c a l Study D i v i s i o n a t CERN 

i n 1971 [ l 6 ] M. Jacob s a i d , concerning phenomenology : 

"Lacking a theory f o r s t r o n g i n t e r a c t i o n processes, 
models which s t r e s s the importance o f some s p e c i f i c parameters 
are t e s t e d w i t h v a r i a b l e success against t h e many experimental 
r e s u l t s which become a v a i l a b l e . The aim i s thus t o a s c e r t a i n 

•. the prominent r o l e o f some key parameters around which an 
a c t u a l t h e o r y could e v e n t u a l l y develop, t c t e s t t h e t h e o r e t i c a l 
p i c t u r e s thus b u i l t up at t h e i r p r e d i c t i v e value and, by t h e 
same token, t o help choosing the most s i g n i f i c a n t experiment 
t o do next. Having, however, o n l y t h e o r e t i c a l models and not 
an a c t u a l t h e o r y , we cannot a p r i o r i estimate what i s l e f t over 
by the approximation r e t a i n e d i n any s p e c i f i c approach. I f 
i n d i f f i c u l t y w i t h experiment, one may o f t e n c a l l on t h i s 
remainder i n a p a r t i c u l a r way i n order t o help oneself o u t . 
As a r e s u l t , s t r o n g i n t e r a c t i o n models may show t o many a 
somewhat troublesome f l e x i b i l i t y . Nevertheless i f models may 
not d i e , they may w e l l complicate themselves o u t ! A good 
t a s t e f o r s i m p l i c i t y i s one o f t h e main g u i d i n g l i n e s i n our 
search f o r key parameters". 

And: 

"- f i n d i n g , r e g u l a r i t y p a t t e r n s and e v e n t u a l l y 
a s c e r t a i n i n g some key parameters f o r many - p a r t i c l e phenomena 
i s a t present one o f the most c h a l l e n g i n g problems i n s t r o n g 
i n t e r a c t i o n phenomenology." 

The Veneziano model togeth e r w i t h i t s e a r l i e r developments [if] 

d i d indeed provide j u s t such simple expressions f o r s t r o n g i n t e r a c t i o n 

amplitudes. These models contained t h e assumption o f Regge asymptotic 

behaviour and Regge-pole-Resonance " d u a l i t y " . 

I n t h i s t h e s i s t h e " r e g u l a r i t y p a t t e r n s " e x h i b i t e d by t h e pn-*-3n 

decay data are s t u d i e d i n t h e framework o f these dual-models. As such 

the t h e o r e t i c a l aspects of our work o n l y concern developments up t o about 

1971 and no c o n s i d e r a t i o n i s given t o t h e more formal aspects o f t h e t h e o r y 

which are s t i l l being i n v e s t i g a t e d Q.8]. 



k. 

1.1.3 The Dispersion R e l a t i o n Approach 

Superconvergence 

Consider the i n v a r i a n t s c a t t e r i n g amplitude as a f u n c t i o n o f t h e 

usual Mandelstam i n v a r i a n t s s, t , u and denoted A(s, t ) . 

These i n v a r i a n t s are c o n v e n t i o n a l l y defined "by (see F i g . l ) 

s = ( P 1 + P 2 ) 2 

t = ( P 1 + P 3 ) 2 

; - ( p i + V2 

p 
w i t h s + t + u = E m . = E 

i = l 1 

For f i x e d t we can w r i t e down a d i s p e r s i o n r e l a t i o n , unsubtracted, 

and not i n v o l v i n g kinematic s i n g u l a r i t i e s or pole terms, f o r A(s, t ) . 

Consider A(s, t ) t o be a n a l y t i c i n t h e s-plane (see F i g . 2) and f o r f i x e d 

t r e s t r i c t A(s, t ) t o A(s, t.).« ( s _ E ) , so t h a t : 

A ( B F T, = 1 f ^ L A ^ V ) ds' + 1 
TT J S' - S TT 

S 
o 

Sy m b o l i c a l l y w r i t t e n 

Im A ( u ' , t ) du 1 

s « u o o 

A(s, t ) = i Im A ( s ' , t ) ds f 

11.1 

^Note. S t r i c t l y speaking we should use t h e d i s c o n t i n u i t y DvA = £ 

A (v + i e ) - A (v - i e ) j and not Im A. When t $ we have D̂ A = Im A.j 
s 1 

Now suppose we l e t s •* » and make an expansion i n terms o f ( l - — ) 

i . e . Re A(s, t ) = - < - - Im A ( s ' , t ) ds 
I S 7 1 ' r 

• \-\ 
S TT J 

Im A ( s 1 , t ) s 

+ 0 ( —a) terms, 
s . } 

From the f i r s t term o f the expansion we r e q u i r e t h a t Im A ( s ' , t ) vanish f a s t e r 

than f o r convergence, and so on. s 
I f Im A(s', t ) ds 1 <« then 
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Re A ( s , t ) ~ - - (- I Im A ( s ' , t ) ds') (apart f r o i j i l o g f a c t o r s ) . I f i n f a c t 
3-t-GQ S TT 

A(s, t ) ̂  0 ( 1 ) then J Im A(s', t ) ds' = 0 f i f Re A i 
- 2 > \ s 

so i f A(s, t ) <0 (s E ) , e > 0 then 

J Im A(s, t ) ds - 0 11.2 

11.2 i s c a l l e d a Superconvergence R e l a t i o n £l9j . 

This r e s u l t may be obtained more d i r e c t l y . Take a d i s p e r s i o n 

r e l a t i o n f o r A(s, t ) m u l t i p l y by s and s u b t r a c t a d i s p e r s i o n r e l a t i o n f o r 

sA(s, t ) v i z : -

s A ( s , t ) = s I J I * A (•', t ) ds' 
' T J S - S 

V = > 
sA(s, t ) = I ] --, Im A(s', t)s'° ds' 

s* - s 

0 = J Im A(s', t ) -ds' as above. 

I n f a c t i f A(s, t ) <0 ( s " n ~ E ) n = 1, 2, 3 

then J s n ~ 1 Im A ( s , t ) ds = 0 

an ( n - l ) t h moment superconvergence r e l a t i o n . 

We are more l i k e l y t o o b t a i n superconvergence r e l a t i o n s f o r processes 

w i t h s p i n . [ l 5 ( d ) ] 

Take the h e l i c i t y amplitude 

< A l f A2 I A I A 3, Au > * s M A X H * 1 ~ *3 1 , 1 *2 "*u | ] x ( A n a l y t i c 

f u n c t i o n of s) 

M 

i> s x ( A n a l y t i c f u n c t i o n of s) . 

So t h a t the kinematic s i n g u l a r i t y f r e e (K.S.F.) amplitude 

* s a ( t ) " M [ l 5 ( d ) ] 
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I f M } 2, f o r example, then since a(t)£ 1 f o r t < 0 

there w i l l always be a superconvergence r e l a t i o n . 

S i m i l a r l y superconvergence r e l a t i o n s are more l i k e l y when the t - channel 

has i s o s p i n 1 = 2 , since there i s no known 1 = 2 t r a j e c t o r y w i t h 

a(0) > 0. 
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1.1.h F i n i t e Energy Sum Rules (F.E.S.R.) 

F i n i t e energy sum r u l e s are a method o f e x p l o i t i n g the a n a l y t i c 

and asymptotic behaviour (not n e c e s s a r i l y Regge) o f s c a t t e r i n g 

amplitudes, and as such are l i t t l e d i f f e r e n t from t h e w e l l known 

d i s p e r s i o n r e l a t i o n s . They r e l a t e the high-energy asymptotic behaviour 

o f s c a t t e r i n g amplitudes t o t h e i r values at low energies thus p r o v i d i n g 

a method f o r checking t h e consistency o f asymptotic models such as t h e 

Regge model. H i s t o r i c a l l y i t was K. I g i i n 1962 [2cf] who f i r s t used 

d i s p e r s i o n r e l a t i o n s and asymptotic behaviour t o c o r r e l a t e low and h i g h 

energy p r o p e r t i e s . The recent work o f 1967 from which the term FESR 

was introduced was c a r r i e d out by, D. Horn and C. Schmid, K. l g i and 

S. Matsuda, A.A. Logunov e t . al., and R. Gatto [ 2 1 ] . 

Here we f o l l o w t h e d e r i v a t i o n given by Dolen e t . a l . [223 * n which 

the s p e c i f i c a p p l i c a t i o n t o TTN s c a t t e r i n g was made. 

Consider the r e l a t i v i s t i c amplitude A ( v , t ) where f o r convenience 

we take v = —JJJJ w i t h m the t a r g e t mass and s, u and t the usual 

Mandelstam v a r i a b l e s . We assume t h a t A possesses a d e f i n i t e symmetry 

w i t h respect t o st>-u c r o s s i n g and consider t h e case where A i s 

antisymmetric i n v the v a r i a b l e a t f i x e d t . i . e . A ( v ) = - A * ( - v ) . 

Also we assume t h a t A s a t i s f i e s t h e f i x e d t d i s p e r s i o n r e l a t i o n i n v 

given from 

+ 
A"(v, t ) = -

IT 
dv' Im A(v', t ) + 1 

v'-v v'+v 

by A ( v , t ) = — 2v J dv' I m A(v ( w ^ e r e the s u p e r s c r i p t i s ,2 2 v ' - v 

suppressed f o r convenience) and where the i n t e g r a t i o n includes p o l e 

terms f o r 0 < v ' < v.. and continuum d i s t r i b u t i o n s f o r v' > v i t . 
t h t h 
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We now assume t h a t a t high energies t h e amplitude can he w r i t t e n i n 

an expansion o f Regge poles i . e . [see e.g. r e f . 15(a) or ( b ) ] 

For |v| > v N 

,+ - i n a . \ a . ( t ) 
A + ( v , t ) = E B . ( t ) 1 "• i. " • — v 1 

' i a. I s i n va. 
l * l • l 

o . ( t ) 
= E $. v , say 11.3 

l 

so t h a t i f we consider the f o l l o w i n g r e s u l t 

A ( v ) - E B- v 1 = 0 (s X ) 
a ^ - l 1 

l 

t h i s w i l l s a t i s f y the superconvergence r e l a t i o n 
roo J [ i m A ( v ) - I B. v? 1 ] dv' = 0 
o a.>-l l 

Now we cut the i n t e g r a t i o n o f f a t ct^ = N and express t h e h i g h energy 

behaviour by the Regge terms whose a i s below - 1 

rN r a . ( t ) "I r» a. 
J I Im A ( v ) - Z B. v 1 J dv + E 0. v 1 dv = 0 a.>-l '„ a.<-l l N l 

so t h a t on i n t e g r a t i n g we o b t a i n the f i n i t e energy sum r u l e 
N a i + i 

Im A ( v ) dv = E B. - — r r - 1 1 

o .. I a. +1 all°C. i l 

G e n e r a l i z i n g t o sum r u l e s f o r higher moments f o r even i n t e g e r n 

we o b t a i n 
+n+l 

N B- N 
v n Im A ( v ) dv = E 1 ̂  ^ 11.5 . a.+n+l o 1 1 



S i m i l a r l y we can o b t a i n t h i s r e s u l t f o r amplitudes even under c r o s s i n g 

and f o r odd i n t e g e r n. Notice t h a t t h e r e l a t i v e e r r o r made by t a k i n g 

j u s t a f i x e d number o f poles on t h e R.H.S. i s independent o f n i 

Another way t o o b t a i n the r e l a t i o n s 11.U and 11.5 or t h e i r 

equivalents i s t o apply Cauchy's theorem t o the contour o f F i g . 3. 

B . ( t ) [ l - e - i i m i ( t ) ] B . ( t ) 
Assuming A ( v - t ) -»• Z : 1—\ v 1 

s i n n a . ( t ) l l 

As i n 11.3 ( P u t t i n g —, = 3) and 
a \ 

t a k i n g t h e countour radius at | | = N so t h a t 11.3 holds we have 

* ' r . 
A (v , t ) dv + A ( v , t ) dv = 0 w i t h v + = v + i e 

-N (E>0) 

since t h e f u n c t i o n i s r e g u l a r i n s i d e the contour. 

From the symmetry p r o p e r t i e s o f t h e amplitude 

Re A ( v . t ) = -Re A (-v, t ) 

Im A (v , t ) = Im A (-v +, t ) 
We o b t a i n 

2 i [ Ira A ( v , t ) dv + i s N J Bj L 1 - e J J x 

* i R1T1 irr» . j s i n ira. o J 

f i r i?5(a.+l) e 1 

where v = N e , 

and f i n a l l y 

r N N " [ Im A ( v , t ) dv = E B. rr fts i n 11.k 
J J 

or again using v° A ( v , t ) we could o b t a i n 11.5 



10. 

N . g. N J 
a.+n+l 

v n Im A (v, t ) dv = E —^ a.+n+l 
J J 

with n even for antisymmetric amplitudes and 

n odd for symmetric amplitudes. 

The point of using t h i s method i s that one can assume a di f f e r e n t 

asymptotic form for the amplitude, instead of the Regge one i n the 

above, when evaluating the i n t e g r a l over the sem i c i r c l e . 

Continuous moment sum rules CMSR can s i m i l a r l y be obtained. 

R e c a l l that A (v, t ) = — 
TT 

dv' Im A 11.6 

for the odd amplitude A , with v^, = 0 then since 
tn 

k 

Im ( [- v 2 J 2 A ) = | v| k ( c o s ^ | ImA (v) - s i n ̂  Re A (v) ) 

( i f the phase i s chosen as exp ( - l i r ^ ) ) 

then we require also the r e a l part of A. The imaginary part being 

taken from the o p t i c a l theorem [e.g. Ref.„ 1 5(a)]. 

rCD £ 

Now J Im ( [-v 2] A (v) ) dv 

-I |v| k cos —• Im A (v) dv - — 
1 1 2 TT 

k i t I i k , s i n —— | v | dv 

r n 
dv'Jlm A (v') - Im A (v' ) l 

'o \ v 1 - v v' + v / 

Changing the order of integration i n the l a s t term gives 
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v dv 
v 1 - v 

v dv 
v .+ v' 

= + TT COt Tlk V 

= — TT cosec i r k v 

From [23] 

so t h a t the second term becomes: 

kir ,k T ./ i \ j I /coskrr + l x s i n —^ v 1 I m A ( v ' ) dv' x ( :—: ) 2 s i n kir 

s i n — v , k Im A(v') dv 1 2 c o s 2 [ 21-1 + 1, 
n . k n k i r 2 s i n cos — 

cos 
.00 

kTr | ,k 
~2 

Im A(v') OA)' and t h i s then 

cancels the f i r s t term so t h a t the CMSR are i d e n t i c a l l y s a t i s f i e d i f 

Re A i s obtained from the d i s p e r s i o n r e l a t i o n s . This type o f continuous 

moment d i s p e r s i o n r e l a t i o n was o r i g i n a l l y d e r i v e d and compared w i t h 

experiment by Y.C. L i u and S. Okubo [2U]. 

The FESR f o r t h e odd amplitude ( w i t h A) = 0) i s 
t n 

N 
dv |v|] k £cos ^ Iin A(v) - s i n ̂ — Re A ( v ) j 

= E 
j 

| 3 . ( t ) N 
a.+N+l J 

a.+N+l 
J 

cos(a.+N) ^ 

cos a. \ 
11.7 

See Ref. [l5(h)J and [25]. 

The connection between CMSR and i n t e g e r moment FESR was given by 

F e r r a r i and V i o l i n i [26]. 

The use o f FESR f o r Regge a n a l y s i s was an accepted and w i d e l y used 

t o o l , i l l u s t r a t i o n o f t h e i r more recent use being t h a t by F i e l d and 
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Jackson [27J i n which the e f f e c t i v e " p ole" parameters o f the K* and K** 

Regge t r a j e c t o r i e s were obtained using FESR's f o r the r e a c t i o n 

K~ n -»• ir A and IT* n -+ K+A and a knowledge o f the l o w - l y i n g resonances 

and t h e i r couplings. 

A discu s s i o n o f questions r e l a t e d t o the a p p l i c a t i o n of. FESR i n 

the presence o f Regge cuts (which i n t r o d u c e u n c e r t a i n t y o f the way 

t o run them) i s given by F. Schrempp £28J and such cuts are i n t h e 

ana l y s i s ( i n which CMSR's were used) o f Barger and P h i l l i p s i n J29] 

where they are e f f e c t i v e l y parameterized as secondary Regge poles. 

S. Humble j^30 J has described some o f the d i f f i c u l t i e s associated 

w i t h w r i t i n g d i s p e r s i o n r e l a t i o n s *"or p r o d u c t i o n amplitudes and has 

i n d i c a t e d how these can be overcome t o co n s t r u c t FESR's f o r f i v e 

30 

p o i n t amplitudes. 
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1.1.5 The D u a l i t y Idea 

The concept o f D u a l i t y , f i r s t i n t r o d u c e d by Dolen, Horn and 

Schmid ^22^J, s t a t e s t h a t , i n a s c a t t e r i n g amplitude A(s, t ) f o r a 

r e a c t i o n A + B -*• A' + B 1 , the terms c o n t r i b u t e d by s-channel resonances 

and those c o n t r i b u t e d by t-channel Regge exchanges describe t o some 

extent and i n some approximation t h e same dynamical e f f e c t s . This 

d u a l i t y was expressed i n terms o f the imaginary p a r t s o f the amplitudes 

w i t h r e a l c o u p l i n g c o e f f i c i e n t s i n the resonance formulae. 

F i g . h shows t h e s c a t t e r i n g f u n c t i o n f o r ir-N s c a t t e r i n g represented 

both by a Regge f i t and by resonances i l l u s t r a t i n g t h i s concept. The 

p l o t i s of the d i f f e r e n c e o f ir~p and TT+P t o t a l cross sections (which 

give the imaginary p a r t o f the amplitude by the o p t i c a l theorem) 

against energy taken from Chiu and S t i r l i n g ^ 3 l J . Curve I I i s t h e 

e x t r a p o l a t i o n o f the c o n t r i b u t i o n o f the p - t r a j e c t o r y . 

I n 11.U we have a sum over a l l Regge poles s i g n i f i c a n t i n t h e 

re g i o n v > K (and n e g l e c t i n g e r r o r s due t o background terms, lower 

l y i n g poles e t c . i n v > N). On i n c l u d i n g o n l y poles w i t h a. + n > - 1 
J 

then the R.H.S. i s t h e Regge pole c o n t r i b u t i o n i n t e g r a t e d from t h r e s h o l d 

t o v = N, so t h a t i n t h i s sense t h e l e a d i n g Regge pole c o n t r i b u t i o n 

averages the imaginary p a r t o f the amplitude. Or: The prominent 

resonances a t low energies are r e l a t e d t o the l e a d i n g Regge t r a j e c t o r i e s 

a t h igh energies. The le a d i n g vacuum s i n g u l a r i t y was excluded from 

th e scheme, f o r reasons given l a t e r , and t h i s type o f d u a l i t y was 

r e f e r r e d t o as g l o b a l d u a l i t y . 

Dolen, Horn and Schmid ^22 J a p p l i e d t h e F.E.S.R. t o nN charge 

exchange and considered t h e s p e c i f i c example o f iTp •+ ir°n since f o r 

t h i s r e a c t i o n t h e t-channel quantum numbers allow o n l y the p-messon 
P — G + (J = 1 ~ , I = 1 , mass M= 7^5 Mev.) i n a s i n g l e p a r t i c l e 
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i n t e r m e d i a t e s t a t e . So the p- Regge pole exchange vas assumed f o r 

the asymptotic behaviour. See F i g . 5-

This process i s described by t h e i n v a r i a n t amplitudes A 1 and B 

(corresponding t o t-channel n o n - f l i p and h e l i c i t y f l i p [ 3 2 ^ ] ) which 

are found from Regge-pole f i t t i n g t o high-energy data t o change s i g n 

near t = -0.15 ( t h e "crossover" zero o f TTN s c a t t e r i n g ) and t = -0.6 

(where a nonsense zero i n t h e p-residue a t a ^ ( t ) = 0 i s expected), 

r e s p e c t i v e l y . The sign changes and t h e approximate magnitudes o f the 

p residues i n both amplitudes were s u c c e s s f u l l y p r e d i c t e d even though 

a low c u t - o f f o f N = 1.1 Gev was taken. Dolen e t . a l . suggested two 

a p p l i c a t i o n s o f these F.E.S.R. 

1. As an a i d t o determine Regge pole parameters. 

2. As a boo t s t r a p ( i n which Regge poles i n "crossed" r e a c t i o n s determine 

resonances belonging t o t r a j e c t o r i e s i n " d i r e c t " r e a c t i o n s and t h e 

converse). 

The f o l l o w i n g b o o t s t r a p i n g r e d i e n t s may be noted. 

B o o t s t r a p . 

F.E.S.R. (e.g. [ l 5 a Ch.6 ] ) Conventional 

1. A n a l y t i c i t y 1 . A n a l y t i c i t y 

2. Crossing 
E>~<= E j [ ) (Linear 

2. Crossing 

U. 

3. Regge behaviour 

I n A dv given by 
Not important. 

E Resonances. 

'Resonance s a t u r a t i o n 1 assumption. 

5• U n i t a r i t y 

(Non l i n e a r process. Force 

6. Crude approximation 

(e.g. using nearest s i n g u l a r i t y ) 
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A t y p i c a l a p p l i c a t i o n which i n v o l v e d a s i g n problem was t h a t by 

D. Gross ^33^ using only s c a l a r mesons ( 0 + p a r t i c l e s ) . 

This F.E.S.R. d u a l i t y i s incompatible w i t h t h e o l d i n t e r f e r e n c e 

model o f Barger and Cl i n e [ j ^ J and Barger and Olsson ^3^J because the 

d i r e c t channel resonances and Regge pole approximation are made i n 

d i f f e r e n t regions so t h a t no question of "double c o u n t i n g " a r i s e s . 

I f Im A = Im A_ f o r v > N and ImA = Im A_ f o r v < N Kegge Kes 
then 

r Im A_ dv = Im A_. dv Res _ Tegge 

Dolen e t a l . suggest t h a t t h e amplitude be w r i t t e n 

A = A„ +A_ -. <A_ > where. < A_ > denotes the l o c a l l y Regge fles Res Res 

averaged resonance amplitude, so t h a t f o r any s c a t t e r i n g process 

where a l l resonances c o n t r i b u t e w i t h the same s i g n t o A one has 

^Res ~ K ARes > o r A - ̂ Regge 

So t h a t i n t h a t case the I n t e r f e r e n c e Form ( I . F . ) . 

A = Ap egg e + A p e s
 w o u l ^ imply double counting. I f t h e resonances 

c o n t r i b u t e d w i t h d i f f e r e n t signs so t h a t < A p e g > = 0 one would o b t a i n 

the I.F. f o r A. 

The Dual Form (D.F.) i s de f i n e d f o r i n t e r m e d i a t e energies by: 

Im A = Im ( E>~5~< ) = Im ( J ] R ) 11.8 
Res Regge* 

F.E.S.R. cannot p r e d i c t r e l i a b l y t o very h i g h energy since t h e low 

energy i n p u t may not be s u f f i c i e n t l y exact f o r a l a r g e e x t r a p o l a t i o n . 

St e i n e r [36 J has given an estimate f o r t h e range o f t values i n 

which FESR and CMSR can be used and j u s t i f i e s the r e s u l t s o f Dolen 

e t . a l . concerning t h e p-residue f u n c t i o n s a t negative t values. 

References t o the a p p l i c a t i o n o f the i n t e r f e r e n c e model are given 

i n the review a r t i c l e by H i t e [ l 5 g . J and the connection w i t h FESR i s 

discussed by K e l l e t t ^ 3 7 j . 
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1.1.6 Schmid Loops 

Schmid [38 Jwas t h e f i r s t t o show t h a t upon analysing t h e Regge 

c o n t r i b u t i o n i n t o p a r t i a l waves, s t r u c t u r e s may appear i n t h e Argand 

diagram ( i n which the Real and Imaginary p a r t s o f A are p l o t t e d ) o f 

p a r t i a l waves which resemble c l o s e l y resonances. The Regge pole must •. 

c o n t a i n many p a r t i a l waves so t h a t although these may vary r a p i d l y 

w i t h energy t h e i r t o t a l sum i s smooth. Schmid took t h e Regge parameters 

as determined by f i t s a t high energy t o e x t r a p o l a t e t o the p-exehange 

amplitude i n TTN charge exchange s c a t t e r i n g down t o e n e r g i e s ^ 2 GeV. 

Then performing a p a r t i a l wave a n a l y s i s on t h i s he obtained f o r each 

p a r t i a l wave a loop on t h e argand diagram very s i m i l a r t o those 

obtained by phase s h i f t analysis'as evidence f o r nucleon resonances. 

Moreover, these 'pseudo-resonances' were shown t o l i e approximately 

on a l i n e a r r i s i n g Regge t r a j e c t o r y . Such a behaviour o f p a r t i a l 

wave phases i s an almost exact consequence o f t h e Regge form o f t h e 

amplitude, f o r any exchanged t r a j e c t o r y w i t h f i n i t e slope (391-lope [ 3 9 ] . f o r any exchanged t r a j e c t o r y w i t h f i n i t e s 

These c i r c l e s on t h e Argand diagrams are caused mainly by t h e 
i u a f t ) changing phase e i n the s i g n a t u r e f a c t o r of t h e p-exchange 

amplitude. So t h a t i n the expression 

Im A t(E) = I 
1 

J 
dz P £ ( z ) A(E,z) 

- 1 

use i s made o f th e i d e n t i t y 1 
(z izcosO P. (cose) d(cose) (= i * ( ^ ) 2 J ( z ) ) 

4 2 Z SL+l 

so t h a t f o r a r e a l l i n e a r t r a j e c t o r y (where t h e equal mass case i s 

taken f o r s i m p l i c i t y ) o f slope a', and constant r e s i d u e , i . e . 
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a ( t ) = a(0) + ot't, t = - 2 q 2 ( l - c o s # ) , we have 

1 f + 1 - i i r a ( t ) _ , - x , / - x - i T r ( a ( 0 ) - 2 q 2 a ) .1. , _ ? ,» n i 

2 e P £ (cose) d(cose) = e ^ x l j^(-2q zTra') 11. 
-1 

( j ^ f z ) i s a s p h e r i c a l Bessel f u n c t i o n ) . 

For each £ t h e phase o f th e p a r t i a l wave amplitude increases w i t h s 

(s«^q^) and e v e n t u a l l y reaches ^ f o r some s = s^. For another 

p a r t i a l wave, V = I + &J, t h e phase i s reached f o r s=s., = s.+ — 

C o l l i n s et. al.^UoJ g i v e p l o t s o f some o f t h e TT-N p a r t i a l wave amplitudes 

beginning a t t h r e s h o l d obtained from a Regge pole f i t t o hi g h energy 

data. The agreement o f t h e Regge p r o j e c t i o n w i t h experiment i s not 

so impressive as i t appears t o be because t h e energy dependence i s not 

shown. Some f u r t h e r d i s c u s s i o n on t h e i n t e r p r e t a t i o n o f these loops 

i s g iven i n r e f s . [ u i , l * 2 ^ . (Schmid p o i n t s out t h a t t h e authors o f 

r e f . [ ^ 1 ^ o b t a i n unwanted loops i n K +p e l a s t i c s c a t t e r i n g because 

i n t h e i r a n a l y s i s they f a i l e d t o i n c l u d e t h e Y Q (-^~, , ,..) Regge 

t r a j e c t o r y ) . 

I n c o r p o r a t i n g t h e signature f a c t o r i n t o f } ( t ) i t i s seen t h a t t h e 

resonance s t r u c t u r e i s given by the zeroes o f 8 ( t ) which appear as 

dips i n t h e angular d i s t r i b u t i o n . This c o r r e l a t i o n i s shown t o agree 

exp e r i m e n t a l l y i n t h a t channels f o r b i d d e n by the quark model ( c a l l e d 

' e x o t i c ' ) such as pp and K +p do not show these dips w h i l e non-exotic 

channels l i k e pp or K p do. 

Schnid f u r t h e r claims t h a t t h e equivalence between t-channcl Regge 

poles and s-channel resonances holds l o c a l l y at each i n t e r m e d i a t e energy. 

This i s c a l l e d l o c a l d u a l i t y and i s assumed f o r t h e imaginary p a r t o f 

the amplitude only. So t h a t i f one considers t h e d i f f e r e n c e o f two 

FESR 



18. 

s 
dv v n Im A ( v , t ) = 

N, 
E B i ( t ) 
i 

1 - e 
sinTrcu ( t ) 

a. +n+l a. + n+1 -, 
. 1 -N. 1 

a. + n + 1 l 
11.10 

then f o r close t o t h e Regge formula should be a good 

approximation t o t h e s c a t t e r i n g amplitude i n t h e l o c a l sense i . e . 

p o i n t by p o i n t . 
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1.1.7 The Deck E f f e c t 

I n an e f f e c t i v e mass d i s t r i b u t i o n o f a resonances' decay products 

the question a r i s e s : What i s the background? I n the s p e c i f i c r e a c t i o n 

TTN -» irpN Deck [^3^ observed a peak near the resonance i n the 

f i n a l up mass spectrum, despite the f a c t t h a t h i s model had no pole i n 

t h i s v a r i a b l e . The double p e r i p h e r a l model f o r t h r e e p a r t i c l e 

f i n a l s t a t e s was used and the s u b s t a n t i a l low-mass enhancement over 

phase space was seen i n the two-body subchannels. 

Further i n v e s t i g a t i o n |_^*»5j » using the double Regge model |_^6J, 

was made i n t o t h i s e f f e c t . The D u a l i t y e x p l a n a t i o n \j*T~\ was t h a t 

the "no resonance'' s i t u a t i o n t h a t gives r i s e t o a "bump" i n th e cross-

s e c t i o n F i g . 6(a) and the "Resonance" s i t u a t i o n F i g . 6(b) should not 

be added as i n t h e I n t e r f e r e n c e " model but t h a t these are d e s c r i p t i o n s 

o f the same phenomena. 

The conjecture t h a t the presence o f a Deck enhancement could be 

i n t e r p r e t e d as evidence f o r the existence o f t h e A^ resonance was 

however, c r i t i c i s e d on two p o i n t s . First£l5hj t h a t D u a l i t y was 

a p p l i c a b l e only t o t h e imaginary p a r t and not t o the f u l l amplitude 

and hence not t o t h e cross-section e s p e c i a l l y i f t h e amplitude 

were predominantly r e a l . Secondly t h a t the Deck e f f e c t i s e s s e n t i a l l y 

o f kinematic o r i g i n and should appear f o r any amplitude w i t h a p p r o p r i a t e 

p e r i p h e r a l p r o p e r t i e s independently o f whether t h e r e were resonance 

poles i n the Deck v a r i a b l e or not. Thus one might d i s t i n g u i s h 

a r e a l resonance from a Deck enhancement by a study o f the imaginary 

p a r t or the phase v a r i a t i o n i n t h e mass v a r i a b l e . 

fiil.,1.5] 
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1.1.8 Pomeranchuk Exchange 

Consider c o l l i s i o n s o f t h e type A+B -+ A'+B' (see Figs. 7 and 8) 

which occur w i t h o u t exchange o f t h e i n t e r n a l quantum numbers I.Q.N. 

(such as baryon number, hypercharge, i s o s p i n , or G- p a r i t y ) i . e . 

when IQN (A*) = IQN (A) 1 , I n a l l t h e measured cases of t h i s t y p e 
IQN (B') = IQN ( B ) J 

at f i x e d t shows a weaker s-dependence than f o r t h e exchange t y p e 

c o l l i s i o n s . 

i .e. when IQN (A') ̂  IQN ( A ) l , and i s compatible w i t h the approach t o 
IQN ( B 1 ) * IQN .(B)J 

a f i n i t e l i m i t . The data can be described by an amplitude o f t h e form 

I + . - 1 ™ p ( t > ] « , ( t ) 

A ~ R ( t ) u — ; r - 7 — v + Z Reggeized P a r t i c l e Exchange. 
P s i n va ( t ) B e e 

P 
11.11 

where B i s r e a l and a ( t ) , c a l l e d the Pomeranchuk t r a j e c t o r y ( o r 
P P 

Pomeron), i s subject t o 

0 < a ' ( t = 0 ) <0.5. P 

The mathematical form f o r t h e Pomeron i s probably more complicated 

than the above (Regge cuts f o r example may be r e q u i r e d ) . 

When t h e r e are 3 or U p a r t i c l e s i n t h e f i n a l s t a t e the Pomeranchuk 

exchange dominates whenever i t i s al l o w e d , and t h i s leads t o t h e 

c l u s t e r i n g o f t h e f i n a l p a r t i c l e s as i n F i g . 8 ( b ) . 

Hara r i |^8jand[l7aJ ( a l s o Freund £u<fj and Gilman e t a l j j ? 0 j ) 

suggested t h a t one takes from the r e l a t i o n 

A = A p y ^ + ApQMERON an i d e n t i f i c a t i o n o f the Pomeranchuk 

term w i t h the non-vanishing and non-resonating background. Thus 

d i r e c t channel resonances are not t o be associated w i t h Pomeranchuk 

exchange as t h i s would have i m p l i e d i s o s p i n degeneracy due t o t h e 

f a c t t h a t no non-vacuum t r a j e c t o r i e s are degenerate w i t h t h e l e a d i n g 
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vacuum s i n g u l a r i t y . This Harari-Freund form o f d u a l i t y assumes t h a t 

the Pomeron i s b u i l t e x c l u s i v e l y from t h e background whereas the o t h e r 

Pegge poles are b u i l t e x c l u s i v e l y from t h e resonances. However, the 

o r i g i n a l dual scheme proposed by Schmid [38^ assumed t h a t the resonances 

b u i l t a l l the Regge poles i n c l u d i n g t h e Pomeron whereas the background 

summed t o zero. I n the i n t e r f e r e n c e model of Barger and C l i n e |j3**J 

on t h e other hand, the Pomeron and other Regge poles are b u i l t from 

the background w h i l e the resonances sum t o zero. Each o f these 

schemes i s c h a r a c t e r i z e d by the f a c t t h a t t h e Pomeron on t h e one hand 

and the other Regge poles on the o t h e r hand are b u i l t e x c l u s i v e l y from 

e i t h e r t h e background or t h e resonances. Support f o r t h i s 'two-

component' form o f d u a l i t y was presented by H a r a r i and Zarmi |j5l"] who 
e 

on analysing irN s c a t t e r i n g data found t h a t t h e Argand diagrams f o r 

I =0 and I . = l suggested an i d e n t i f i c a t i o n o f t h e l a r g e imaginary 

background (seen i n the I.=0 diagram) w i t h t h e Pomeron. When t h e r e 

are no s-channel resonances the imaginary p a r t o f t h e amplitude i n 

t h i s scheme i s e n t i r e l y given by the Pomeranchuk term, and t h i s vanishes 

when Pomeron exchange i s f o r b i d d e n . This would apply t o r e a c t i o n s 

l i k e K +p -*• K +p f o r example and i m p l i e s degeneracy o f t h e ID, p, A^, p' 

t r a j e c t o r i e s and allows f o r the p r e d i c t i o n o f t h e SU(3) mixing 

angles o f f - f [52J. 

Del C-uidice and Veneziano [ 5 3 ^ have shown, however, t h a t i n a 

crossing symmetric p i c t u r e , the d u a l i t y between Pomeron and non-resonant 

background i s not compatible w i t h resonance s a t u r a t i o n . I f non-

resonant background i s present i n Pomeron channels,- c r o s s i n g puts i t 

a l s o i n channels where no Pomeron i s p o s s i b l e . 

This e x c e p t i o n a l r o l e f o r t h e Pomeranchuk t r a j e c t o r y i s c o n s i s t e n t 

w i t h i t s apparent f l a t n e s s and the absence o f low mass resonances on 

the t r a j e c t o r y . The assumption t h a t t h e r e i s a f l a t t r a j e c t o r y may 
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however not be c o r r e c t and Rosner (_5^J s ^ o w e ^ t h a t t h i s form of d u a l i t y -

leads t o an inconsistency i n baryon-antibaryon s c a t t e r i n g (which imply 

6 quark meson s t a t e s ) . The r o l e o f t h e Pomeron i n t h e d u a l i t y p i c t u r e 

i s thus r a t h e r mysterious. 
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1.1.9 S t r a i g h t P a r a l l e l T r a j e c t o r i e s 

I n the e a r l y stages o f Regge theory i n analogy w i t h p o t e n t i a l 

s c a t t e r i n g or from simple S-matrix c a l c u l a t i o n s , which neglected 

m u l t i p a r t i c l e i ntermediate s t a t e s , a Regge t r a j e c t o r y had a form s i m i l a r 

t o t h a t i n F i g . 9> For example Squires could s t a t e |j?5j i n 1963 t h a t 

t h e "Re a w i l l probably t u r n over so t h a t i t does not reach very h i g h 

r e a l values o f spin f o r r e a l s (Mass ) and: "The approximate agreement 

o f t h e slopes w i t h ^ * 1 ( f o r the known p a r t i c l e s and resonances) - i s 

s t r i k i n g - and b e t t e r than we have any r i g h t t o expect! Note t h a t , even 

when we have two p o i n t s on t h e same t r a j e c t o r y , t h e c o r r e c t path j o i n i n g 

them w i l l not be a s t r a i g h t l i n e but some curve, y e t t o be determined". 

However, it.now appears t h a t a t l e a s t f o r p o s i t i v e t t r a j e c t o r i e s 

are, over several GeV, approximately l i n e a r and moreover a l l the observed 

t r a j e c t o r i e s (except p o s s i b l y f o r t h e Pomeron) are approximately p a r a l l e l 

w i t h slope a' ~ 1 GeV . F i g . 10 shows a "Chew-Frautshi p l o t " o f 
2 

s p i n ( J ) versus (mass) f o r t h e meson t r a j e c t o r i e s w i t h 1=0 and 1=1 

t r a j e c t o r i e s c o i n c i d i n g and s i g n a t u r e showing no e f f e c t so t h a t f o u r 

t r a j e c t o r i e s appear t o r i d e on top o f each o t h e r . 

I f a ( t ) increases p r o p o r t i o n a l l y w i t h t at l a r g e t then we can w r i t e 

a d i s p e r s i o n r e l a t i o n o f the form 

so t h a t i f Im a ( t ' ) i s small then the l i n e a r i t y c o n d i t i o n f o l l o w s . 

The c o n d i t i o n Im a be small amounts t o r e q u i r i n g t h a t t h e resonances be 

narrow. Should t h e i n t e g r a l diverge i t would r e q u i r e s u b t r a c t i o n . 

Some p l o t s of t h e meson t r a j e c t o r i e s u sing recent data are given i n 

the review by .Collins 15k| f o r example. 

1 d t 1 Im cx(t' a t a + b t + 
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1.1.10 D u a l i t y Diagrams 

H a r a r i [~56j and Rosner [p7j, f o l l o w i n g Imachi et a l jj?8| 
independently suggested t h a t one could represent s c a t t e r i n g amplitudes 

i n terms of continuous quark l i n e s and i n such a way t h a t e x o t i c 

resonances were forb i d d e n i n both d i r e c t ( s ) and exchanged ( t ) channels. 

For t h e c o n s t r u c t i o n o f du a l models, such graphs were used q u i t e e a r l y . 

I n the r e p r e s e n t a t i o n o f Gell-Mann [j>9] Mesons were made o f quark -

an t i - q u a r k p a i r s (qq) and baryons of t h r e e quarks (qqq) and an ' : e x o t i c 

hadron" was defined as any meson whose i s o s p i n and hypercharge are 

such t h a t i t cannot be made o f a quark (q) and an a n t i - q u a r k (q) or any 

baryon not expressible as (qqq). There appears t o be l i t t l e evidence 

f o r t h e existence o f e i t h e r o f these. The quark p r o p e r t i e s are l i s t e d 

i n f i g . 11 f o l l o w i n g t h e n o t a t i o n p, n, A o f Zweig [~6oJ, and various 
D u a l i t y diagrams are shown i n f i g . 12 i n c l u d i n g those used more r e c e n t l y 

f o r t h e Regge-Pomeron-Regge cuts of G i r a r d i e t a l j ^ l j ( f i g . 1 2(e)) 

and a l s o the " i l l e g a l " diagrams ( f i g . 1 2 ( c ) ) which have (qqqq) and 

(qqqqq) channels. C e r t a i n s e l e c t i o n r u l e s were p o s t u l a t e d t o take i n t o 

account experimental data on cross-sections ( L i p k i n ' s Rule [j52J). 

Three hadrcns can couple t o one another o n l y i f every p a i r i s 

connected by a t l e a s t one quark l i n e j j 5 3 ^ and i n a d d i t i o n : (dynamical 

j u s t i f i c a t i o n given i n ^6uJ) No quark l i n e begins and ends i n t h e 

same hadron. 

The quark l i n e from baryon t o baryon, t h a t gives the t h i r d quark 

f o r a baryon, i s c a l l e d a '"spectator" and i n t h e non-planar graph o f 

( f i g . 1 2(d)) there i s none because each baryon forming quark becomes 

a meson forming one. 

I n the n o t a t i o n [^uj Mj^ = qqqq 

B ? = qqqqq 
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(M f o r meson, B f o r barycn, s u b s c r i p t denoting t o t a l number, o f quarks) 

the r u l e s forbad the coupling (M^ M^) but not the cou p l i n g (M^ B^ B^) 

thus a l l o w i n g the coupling o f e x o t i c mesons (M^) t o baryon - an t i - b a r y o n 

p a i r s (but not t o meson-meson p a i r s ) . This i s known as the BB 

problem (65J and the " i l l e g a l " diagram i s shown i n f i g . ( 1 2 ( d ) ) . A 

s t r i c t form o f d u a l i t y would r e q u i r e the existence o f such mesons 

thus r a i s i n g some i n t e r e s t i n g experimental questions. A l t e r n a t i v e l y 

some form o f "broken d u a l i t y " i s r e q u i r e d , [j^^Q i n which a complete 

breakdown o f d u a l i t y i n BB •*• BB i s used. I f t h e e x o t i c mesons i n 

BB e x i s t they can generate e x o t i c baryons B c (qqqqq) when s c a t t e r e d o f f 

baryons (B^ = qqq) Q>3j, and h i g h l y e x o t i c s t a t e s then couple only where 

they are needed f o r d u a l i t y and never destroy e a r l i e r sets o f c o n s t r a i n t s . 

The baryon - anti-baryon e l a s t i c channel thus appears t o be a place 

where d u a l i t y could be c r u c i a l l y t e s t e d [J>TQ« 
Processes which cannot be described by l e g a l diagrams are p r e d i c t e d 

t o have p u r e l y r e a l amplitudes (and hence zero p o l a r i s a t i o n ) a t small t 

values as the imaginary p a r t should vanish by d u a l i t y . A f u r t h e r 

p r e d i c t i o n i s t h a t the t r a n s i t i o n s .-,11*' -*• <j> are not allowed by t h e diagrams 

so t h a t , f o r example,O"(TIN •+ <|>N) = 0 which i s i n good agreement w i t h 

experiment. F i g . 13 gives a summary o f t h e w e l l known mesons f i t t e d 

i n t o the qq model. 
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1.1.11 Exchange Degeneracy (EXP) 

We have seen t h a t D u a l i t y has given the f o l l o w i n g two-component 

p r e s c r i p t i o n : 

Im A (resonances) = Im A (Regge poles) 

Im A (background) = Im A (Pomeron) 

where = means approximate e q u a l i t y when averaged over some energy 

i n t e r v a l a t f i x e d t when t-channel Regge exchange i s being considered. 

From t h e p r a c t i c a l standpoint one o f the most s t r i k i n g consequences 

o f t h i s p r e s c r i p t i o n i s t h a t i f resonance f o r m a t i o n A+B + R i s impossible 

( i . e . t h e s-channel i s " e x o t i c " e.g. i n K +n •+ K°p c o l l i s i o n s ) then 

Im A(Regge) =0 f o r both t - a n d u - channel exchanges. I n order not t o 

have t h e n u l l s o l u t i o n o f decoupling a l l t h e Regge poles we s a t i s f y 

Im A (Regge) =0 i n t h e s-channel imposing t h a t the var i o u s cross-

channel Regge poles (here p, A,,) compensate each other by having 

opposite signatures but equal couplings and t r a j e c t o r i e s - EXD. 

Consider the s p e c i f i c example o f K +n -»• K°p which has an e x o t i c 

s-channel ( i . e . no qqq) and p and Â  t-channel Regge exchanges. 

For t h e two exchanges we have the amplitudes: 

11.12 

B + ( t ) (-1-e 
- i i r a + ( t ) . a . ( t ) 

Amp. ( A 2 ) = s i n ira 7TO o 

Amp (p) = - B ~ ( t ) 
- i i r a ( t ) 

( + l - e 
s i n ira ( t ) (-

s 

a ( t ) 
11.13 

The requirement t h a t on a d d i t i o n t h i s should be p u r e l y r e a l 

leads t o the r e s t r i c t i o n : 



c x + ( t ) = a ( t ) = a ( t ) 
11. Ik 

B + ( t ) = B _ ( t ) = 6 ( t ) 

- 2 B ,s v a 

and t h e sum: —: (— ) sirnra s o 

The 'poles' here may i n c l u d e cuts i . e . 'Argonne' ^69~\ type cuts 

which g i v e no e f f e c t t o t h e r e s u l t s . (They used the WSZ i n c o n t r a s t 

t o t h e 'strong' cuts o f the 'Michigan' [VoJ s c h o o l ) . 

A search f o r t-channel s t r u c t u r e i n d i f f e r e n t i a l cross-sections 

f o r two body r e a c t i o n s which have e x o t i c d i r e c t channels (and by t h i s 

scheme p a i r s o f exchanged poles w i t h opposite s i g n a t u r e ) shows t h a t 

the p r e d i c t i o n of 'no d i p ' i s widely obeyed and t h i s s t i l l holds when 

making an SU(3) extension t o f u r t h e r processes. 

The example o f the BB problem would be: 

I n t h i s case the s-channel i s non-exotic but t h e t - and u-channels are 

and t h e requirement 

Im. l ( n o n e x o t i c s ) = 0 would imply the unreasonable 

r e s t r i c t i o n t h a t p, f , UJ, A^ should decouple from t h e ' — — s y s t e m . 

I n meson-meson s c a t t e r i n g , i n r - s c a t t e r i n g i m p l i e s p, f EXD, 

t r K - s c a t t e r i n g i mplies p, f EXD, and KK s c a t t e r i n g r e q u i r e s 

oj, f o ( l = 0 ) . p, A 2 (1=1) and 

.1=0 D I = 1 . ... KK = KK e q u a l i t i e s . 

D u a l i t y has thus c o n v e n t i o n a l l y arranged t h a t an e x o t i c amplitude 

made r e a l through EXD: i f even and odd s i g n a t u r e t r a j e c t o r i e s having 

t h e same quantum numbers are equal, and t h e i r residues are equal too 
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("strong" exchange degeneracy), then the c o n t r i b u t i o n o f a p a i r o f 

t r a j e c t o r i e s i s 

-iTTO.(t)_ / . \ _ -iTTCl(t) 
W l C , A, > 0 ( t ) [ 1 + e

 g " ] S + P ( t )

 g ] S ° ( t ) 

11.15 

= B < t ) . " ( * > 

which i s p u r e l y r e a l . The c o n t r i b u t i o n o f t h e same p a i r t o t h e 

corresponding l i n e reversed, or non-exotic amplitude i s , however, 
- i n a ( t ) _ ^ _ -iira(t)„ 

. . Pi +i 
A. NON-EXOTIC 

= B ( t ) S
o ( t ) e- 1"" 1* 1 1 1 - 1 6 

and i s s a i d t o have a " r o t a t i n g phase". *:Weak" EXD c o n s i s t s o f bre a k i n g 

EXD f o r the residues ( B ( t ) ) and r e t a i n i n g i t f o r t h e t r a j e c t o r i e s ( c t ( t ) ) . 

Experimental support f o r even s t r o n g EXD seems good A. F i r e s t o n e et a l j j T l J 

found t h e " e x o t i c " process K +n -»• K°p t o be overwhelmingly r e a l so t h a t 

r e t a i n i n g i t t o the gr e a t e s t degree p o s s i b l e i s d e s i r a b l e . Care i n 

tampering w i t h the residues i s r e q u i r e d since the r o l e s of A^ and A^ 

can be interchanged i f t h e residues are a l t e r e d j j 2 j . 

The EXD c o n s t r a i n t s , r e q u i r e d by resonance - Regge pole d u a l i t y 

and t h e absence o f e x o t i c p a r t i c l e s , have many consequences. One o f 

th e most i n t e r e s t i n g p r e d i c t i o n s i s t h a t d i f f e r e n t i a l c ross-sections 

should become a s y m p t o t i c a l l y equal f o r p a i r s o f processes r e l a t e d by 

l i n e - r e v e r s a l j j 3 j - Well known examples o f t h i s p r e d i c t i o n are 

[TI.TU].. 
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^ OTP » P n ) = g <K*. * K°p) 

and 

^ („ +p - K + E +) = § (K"p- - „- Z +) 

Schmid ^ 7 ^ J showed t h a t strong EXD held f o r the Y s i n KN which was 

expected because the FESR are l i n e a r r e l a t i o n s and r e f e r t o one 

amplitude at a time. M a r t i n and Michael ["76 J showed t h a t between 

3 and 4 GeV/c the d i f f e r e n t i a l cross s e c t i o n s f o r 

K p -»• A Ti (pure 1=1 i n t h e s-channel) 

K p -*• A (pure 1=0 i n the s-channel) 

could be r e l a t e d assuming SU(3) and the exchange o f exchange degenerate 
ft ftft 

v e c t o r (K ) and tensor (K ) t r a j e c t o r i e s . 

S i m i l a r r e s u l t s were presumed t o be t r u e f o r r e a c t i o n s i n which 

resonances are produced, e.g. 

— (K p + K p) = — (K p + K p) 

I t has been shown £*73jthat a very general class o f dual models p r e d i c t s 

t h a t these cross-section e q u a l i t i e s are only t r u e f o r r e a c t i o n s i n v o l v i n g 

s t a b l e r e a c t i o n s . 
do 

These r e s u l t s depend on "weak" EXD but i n general — ( r e a l phase) > 
dt 

( r o t a t i n g phase). P o l a r i z a t i o n e f f e c t s ( t h a t depend on i n t e r f e r e n c e 

terms) w i l l vanish (when there i s no P exchange) when " s t r o n g " EXD 

hol d s ; a p r e d i c t i o n t h a t appears t o be v i o l a t e d . I n general i t was found 

t h a t t h e l a r g e r the spin ' n o n - f l i p ' c o n t r i b u t i o n t o the amplitude the 

worse were t h e r e s u l t s o f using EXD w h i l s t t h e sp i n ' f l i p ' amplitudes 

were successful i n t h e i r p r e d i c t i o n s and data f i t s . 
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Both the straightne?s o f the t r a j e c t o r i e s , and exchange degeneracy 

(EXB t r a j e c t o r i e s occur o n l y i n the absence o f an exchange (Majorana) 

f o r c e ) were completely unexpected, and seem q u i t e a t variance w i t h 

the p o t e n t i a l s c a t t e r i n g ideas which motivated the i n t r o d u c t i o n o f 

Regge poles i n t o p a r t i c l e p hysics. 
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1 .1.12 D u a l i t y Breaking 

I f t h e question asked i s : "Given the set o f meson t r a j e c t o r i e s 

generated by the quark model, 77 what f u r t h e r c o n s t r a i n t s are imposed 

"by d u a l i t y ? " JjT8j then the answer i s t h a t one re q u i r e s t h a t t h e meson 

t r a j e c t o r i e s ( f o r no X(x) quarks i n the qq s t a t e ) corresponding t o t h e 

(qq) model have the form o f F i g . l U . The degeneracy o f the F i g . i s L 

only approximately r e a l i z e d . The main d i f f i c u l t y comes from t h e 

N(= P ( - l ) ^ ) = - l t r a j e c t o r i e s which i s presumably due t o t h e l a r g e 

d e v i a t i o n from the " i d e a l " ( t o give qq s t r u c t u r e ) mixing angle. 

Logan and Roy [79 J showed t h a t t h e only s o l u t i o n s o f d u a l i t y and 

absence o f e x o t i c resonances f o r M-M and M-B s c a t t e r i n g , which are 

c o n s i s t e n t w i t h SU(3) symmetric c o u p l i n g s , are t h e ones i n which a l l 

the members o f the vector and tensor nonets are degenerate w i t h each 

othe r . I f less s t r i n g e n t degeneracy requirements are assumed and t h e 

s o l u t i o n o f Har a r i and Freund taken then they show t h a t i t i s necessary 

t o have an unreasonable k i n d o f SU(3) b r e a k i n g o f the cou p l i n g s t r e n g t h s . 

As has been mentioned i n (1.1.10) one can e l i m i n a t e t h e BB problem 

by abandoning f a c t o r i z a t i o n [j3oJ so t h a t a non vani s h i n g p o l a r i z a t i o n 

then i s p o s s i b l e f o r MB s c a t t e r i n g i n accord w i t h experiment. We conclude 

t h a t ' d u a l i t y ' i s thus not a p e r f e c t l y r i g o r o u s s o l u t i o n t o t h e str o n g 

i n t e r a c t i o n problem but can be taken as an approximate d e s c r i p t i o n o f 

nature. 

[ T T ] 
78 
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1.1.13 Successful FESR Bootstrap 

Ademollo, Rubinstein, Veneziano and Vi r a s o r o | 8 l J a p p l i e d FESR t o 

a p a r t i c u l a r l y simple case, TTTI-»-ITU), which l e d Veneziano t o h i s w e l l known 

formula. 

I n t h i s process only one amplitude i s d i f f e r e n t from zero, p a r i t y 

being conserved and the U> having no i s o s p i n and t h i s amplitude i s 

completely crossing symmetric. The p- t r a j e c t o r y w i l l dominate the 

d i r e c t and the crossed channels and i n each case one has 1=1, G=+l, normal 

p a r i t y and negative s i g n a t u r e . 

From F i g . 15 they get: 

[' 

T „ = E e ^ e Pn P- P 0 A ( v , t ) otSY O BY \I pvpo l v c 2p 3a 

Where agy are i s o s p i n i n d i c e s , E „ , e are R i c c i t e n s o r s , e ^ i s 
* agy' uvpa u 

the p o l a r i z a t i o n vector o f t h e u; A ( v , t ) i s an i n v a r i a n t kinematic 
s~u 

s i n g u l a r i t y f r e e amplitude; v = —JJ— where s, t and u are t h e Mandelstam 

v a r i a b l e s J . The one independent E e l i c i t y amplitude has asymptotic 

behaviour T - i i r c t ( t ) ] c x ( t ) - l 
A ( v , t ) - B ( t ) L 1 7 " n ( + ) J (£) 11.17 

6 ( t ) 
where f } ( t ) was parameterized as g ( t ) = p ( n ( t ) ) S ° ^ h a t ^ e P r o P e r 

zeros appeared at nonsense points. 

The FESR f o r the nth moment i s 

v n Im A ( v , t ) dv = ( ̂  ) & ( t ) 1 v n + 1 1L 18 
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Assuming a l i n e a r t r a j e c t o r y over the range o f i n t e r e s t , a "narrow 

w i d t h " approximation f o r t h e resonances and then t h a t f$(t) was a 

constant 8 they f i r s t l y took v i n a s u i t a b l e range and found t h e c u t -
P 2 o f f t o be midway between t h e J = 1 and 3 resonances i n (mass) 

u n i t s . 
fifm ) For the n=l case they found t h a t I n A i P 6(v-v„"> a P 

and t h e i r sum r u l e was: 

4 v = ( 2 , 2 t t - E ) = ^ p a 

2 2 where E = 3 m + m 
IT U) 

- ' 2 
(2va ) , \ K 

r(a+2) l v { 

a-1 
11.19 

When t = E - 2m ^ -m 0 and the eauation i s s a t i s f i e d i f 

o(-m ) = a(-0.53) = 0. P 

This zero was confirmed from the experimental a n a l y s i s o f t h e 

C E X . T T N s c a t t e r i n g data where a di p i s observed. 

On p u t t i n g the term <f> = 1 , from v p = "jj~Ti t h e cut o f f was then 

v = q ( t ) + 2 4a' 
1 |2m 2 + 2 / I 

and t h i s choice o f c u t - o f f midway between the l a s t resonance included 

and the f i r s t ' l e f t out t u r n e d out t o be a general p r o p e r t y o f t h e 

equations used. 

I n order t o enlarge the r e g i o n o f t where the FESR was 

s a t i s f i e d other resonances l y i n g on the p - t r a j e c t o r y were taken i n t o 

account, t h e i r c o n t r i b u t i o n being evaluated from the c r o s s i n g 

symmetry o f the amplitude. 

They show t h a t i n general the cut o f f i s "V = 

and the i - t h resonance p o s i t i o n i s 

"V • +"V , v n v n + l 

• U ( i - l ) + 6 + c t ( t ) . . _ 2 A _ v. = • ;—: where 6 = -a -2m + Z l 4a'. p 11.20 
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For n = i as above 6 =0 corresponded t o a ( _ m
p ) = 0 and a good Regge-

Resonance agreement was found. 

For n=2 6 = -0.05 corresponding t o a(-0.58)=0 and again 

good agreement was found. 

However, in c r e a s i n g n l e d t o bad agreement and the Regge pole no 

longer averaged the resonance c o n t r i b u t i o n because the resonances on=. 

the one p - t r a j e c t o r y could not keep up w i t h the Regge s i d e . 

A s o l u t i o n was suggested which possessed daughter t r a j e c t o r i e s 

assumed t o be l i n e a r , and then found t o be p a r a l l e l , w i t h small 

residues P ( t ) which also agreed w i t h a theorem due t o Khuri on the 

s i n g u l a r i t y o f B ( t ) a t <*>. 
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1.1.14 The Veneziano Model 

I t i s the aim o f the present-day S-matrix t h e o r y , which f o l l o w s 

the f i r s t proposals o f Heisenberg Jj*2j, t o o b t a i n s c a t t e r i n g 

f u n c t i o n s such t h a t the f o l l o w i n g fundamental assumptions are s a t i s f i e d : 

1. A n a l y t i c i t y i n the kinematic v a r i a b l e s . 

2. Crossing symmetry under the interchange o f s c a t t e r i n g channels. 

3. U n i t a r i t y . Required i n order t o preserve p r o b a b i l i t y under the 

assumption o f complete sets o f i n i t i a l and f i n a l s t a t e s . 

From t h e t h e o r e t i c a l framework o f Regge theory one could r e q u i r e 

4. Regge asymptotic behaviour. 

From t h e previous s e c t i o n on d u a l i t y one could add 

5. ' D u a l i t y ' i n the g l o b a l and l o c a l senses. 

6. Resonances on l i n e a r r i s i n g t r a j e c t o r i e s w i t h t h e p o s s i b i l i t y o f 

'daughters'. 

As a r e s u l t o f extensive work on FESR and i n p a r t i c u l a r the 

success o f the a p p l i c a t i o n t o the process TITT-*™ w i t h Ademollo et a l . ! 8 l j 

G. Veneziano [~83j wrote down a neat simple i n v a r i a n t amplitude, i n terms 

o f Euler Beta f u n c t i o n s , f o r the process UTT-^U) which s a t i s f i e d a l l 

but no. 3 o f the p r o p e r t i e s l i s t e d above as the resonance poles 

were a c t u a l l y on the s - a x i s . 

From the d e f i n i t i o n T = e Pi P 2 P P A ( v , t ) given i n 1.1.13 
u uvpa x v "o 

and assuming p a r a l l e l l i n e a r t r a j e c t o r i e s i t was found t h a t 

a s y m p t o t i c l y (s-»-«̂  f i x e d t ) 

A - I r ( l - a ( t ) ) (- a C s ) ) " ^ - 1 + (s*»u) 11.21 
IT 

and t h a t t h i s was a good p a r a m e t r i z a t i o n f o r the amplitude i n t h e high 

s-region i n the sense t h a t i t was able t o reproduce i t s e l f when 
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introduced i n FESR. Veneziano replaced the term ( - a C s ) ) 0 1 ^ ^ ^ 

"by r ( l - a ( s ) ) and d i v i d e d by another r f u n c t i o n i n order t o have the 

c o r r e c t asymptotic behaviour and was led t o t h e expression: 

A ( s . t , u ) 6 B ( l - a ( t ) , l - a ( s ) ) + B ( l - a ( t ) , l - a ( u ) ) + B ( l - a ( s ) , 

l - a ( u ) ) 11.22 

where $ i s a constant, and £ = T ( a ( t ) ) 3 ( t ) and 

B(x,y) = r ^ n / i s the w e l l known Euler Beta Function. 
U x , y ' r(l-<x ) r(l-a ) 

The expression Bd-a^, l _ a
s ) = " f ( 2 a — a ~ ) 

s t 
11.23 

(where a ( x ) = a^) has the p r o p e r t i e s : 

a -1 
( i ) B ( l - a ,1-a ) —»• (- a ) T r ( l - a ) ( f o r f i x e d t ) t s s t 

thus reproducing t h e asymptotic r e l a t i o n i n (11.21) 

( i i ) Whenever a or a take p o s i t i v e i n t e g r a l values the f u n c t i o n 
S "C 

w i l l have poles, but because o f the denominator c o n t r i b u t i o n t h e r e 

i s no double pole i n the two v a r i a b l e s . Lines o f poles and l i n e s o f 

zeros i n the plane given by a v a are thus o f a simple s t r a i g h t 
S "t l i n e p a t t e r n , 

( i i i ) B ( l - a , 1 - a ) = Z 
S L n=o 

r(o *n) 
r(n+i)r<a t) ( n + l - a s ) 

or I 
n=o 

T(a +n) 
s r(n+l)r(a ) s (n+1- o t ) 

The residue o f a pole i n t h e s- v a r i a b l e i s a polynomial i n t h e 

t - v a r i a b l e and vice-versa. This f u n c t i o n can thus be w r i t t e n e i t h e r 

as a sum o f s-channel poles o r t-channel p o l e s . The c o e f f i c i e n t 

o f t h e form ^ n ( t ) = fCn+a^) / Hoc^) i s an n**1 degree polynomial w i t h 
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n e q u a l l y spaced zeros but i t does not coi n c i d e w i t h the Legendre 

polynomial P^CcosS) associated w i t h a resonance at n=J. The pole 

at some t = t i n f a c t corresponds t o a m u l t i p l e t o f n - p a r t i c l e s w i t h 

the same mass m = / t and spins J=0, 1 , .... n. n n 

( i v ) B ( l - a , 1-a ) = B(l-ct , 1-a ) so t h a t c r o s s i n g symmetry i s S X *. s 
obeyed f o r t h i s expression. I n f a c t the amplitude i s i n v a r i a n t 

under c y c l i c and a n t i - c y c l i c permutation o f the e x t e r n a l l i n e s and 

the f u l l y crossing-symmetric expression i s given by the sum o f the 

thr e e non-equivalent terms. 

For the l i n e a r t r a j e c t o r y case a
x
 = a

0
 + a ' - x Regge asymptotism 

i s .true i n the whole complex s-plane except on the r e a l a x i s where 

the narrow resonances l i e and i f t h e t r a j e c t o r i e s are s t r i c t l y r e a l 

the a b s o r b t i v e p a r t i s j u s t a sum o f 6-functione. ( I n t h i s narrow-
] P width resonance assumption when a -+J, "-•• = r ±in6(a -J) r s ' a -J±ie a -J s s s 

so t h a t Im A involves Im TT^~~\ = ±ir6(a - J ) . ) I f Q were (a -J±ie) s s s 

given an imaginary p a r t i n c r e a s i n g w i t h energy, however, then unwanted 

"ancestors" ( i n which a r b i t r a r y high spins are associated w i t h a pole 

i n the s-channel) would appear. Since the amplitude gives both low 

energy resonances and high energy Regge behaviour ' d u a l i t y ' i s 

obeyed i n some sense. 

The amplitude i s a p p r o p r i a t e f o r the n o n - d i f f r a c t i o n r e a c t i o n 

0 + + 0 + -»- 0 + + 0 + so t h a t i n order t o remove poles at even values o f ot 

f o r the r e a c t i o n being s t u d i e d Veneziano a p p l i e d the c o n s t r a i n t a g+ â _+ a
u

= 2 . 

F i n a l l y i t was shown t h a t the formula (11.22) was a s o l u t i o n o f 

the superconvergence r e l a t i o n s . 

This expression f o r a s c a t t e r i n g amplitude i n terms o f Beta 

f u n c t i o n s r a i s e d several important problems: 
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( i ) U n i t a r i t y 

The narrow resonance approximation o f the amplitude w i t h poles 

along the r e a l a x i s v i o l a t e s u n i t a r i t y . Three s i g n i f i c a n t d i f f e r e n t 

approaches t o t h i s problem were suggested: 

(a) A simple and crude s o l u t i o n was t o introduce complex t r a j e c t o r i e s 

t o take the poles o f f the r e a l a x i s i n the p h y s i c a l r e g i o n and assure 

the c o r r e c t high energy Regge behaviour. This leads t o 

unwanted ancestors (although t h e i r residues could be very s m a l l ) 

by d e s t r o y i n g the polynomial form o f the residues and gives equal 

t o t a l widths t o a l l p a r t i a l waves t h a t resonate a t the same mass. 

(b) Another approach, due t o M a r t i n and subsequent workers J s s J , was 

t o consider the Beta f u n c t i o n as a d i s t r i b u t i o n t o be , :smeared ! : out 

by a s u i t a b l e c o n v o l u t i o n i n t e g r a t i o n process t h a t moved the poles 

out o f t h e . p h y s i c a l r e g i o n but modified the high energy Regge behaviour. 

( c ) A more ambitious scheme than t h e phenomenological approaches o f 

(a) and ( b ) was t o t r e a t t h e Veneziano formula as a Born term i n a 

p e r t u r b a t i v e approach |86j . Work on t h i s approach i s s t i l l i n hand J îsj 

Other methods o f u n i t a r i z i n g included the K-matrix o f Lovelace JjB7^ 

and s e v e r a l f u r t h e r ingeneous models [j*8j. 

( i i ) Non Uniqueness and S a t e l l i t e Terms. 

The Beta f u n c t i o n amplitude (11.23) could e q u a l l y w e l l have been 

w r i t t e n i n the form: 

r(m-a ) r(n-a ) 
V = s -J- 11.24 nmp r(m+n+p - a -a ) S "t 

This has the same basic p r o p e r t i e s as the expression given by 

Veneziano. The f i r s t poles appear at as=m and a t=n (m and n p o s i t i v e 
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i n t e g e r s and p i s r e q u i r e d t o be an i n t e g e r and^O i f the residues 

on the poles are t o be polynomials) instead o f zero and the 

asymptotic behaviours correspond r e s p e c t i v e l y t o 
a -n-p a -m-p 

S and t S 

w i t h n+p and m+p>0 , corresponding t o daughter behaviour. We may add 

such " s a t e l l i t e " terms t o g e t h e r without modifying any of the de s i r e d 

properties^such as lea d i n g high energy behaviour 9 and i n so 

doing can e l i m i n a t e unwanted daughter c o n t r i b u t i o n s , i n p a r t i c u l a r 

odd daughters JjBcTJ, and ghosts (when residues have negative v a l u e s ) . 

( i i i ) Extension t o Physical P a r t i c l e s 

(a) I n order t o apply the Veneziano formula t o p h y s i c a l processes 

seve r a l authors suggested various f o r m u l a t i o n s t o i nclude fermions 9̂oJ , 

mesons £ s i j a n < i baryons J j 9. Once the Veneziano formula had been 

extended t o the f i v e - p o i n t f u n c t i o n 9̂3̂  and then t h e N-point f u n c t i o n 

^9uJ attempts were made t o include fermions and bosons i n a c o n s i s t e n t 

procedure |̂ 95j . One s o l u t i o n i s t o use Veneziano forms f o r i n v a r i a n t 

amplitudes t h a t are k i n e m a t i c a l s i n g u l a r i t y f r e e and which have t h e i r 

meaning unchanged under c r o s s i n g . There are p a r i t y doubling problems 

f o r t h i s approach as w e l l as t h a t o f the r e l a t i v i s t i c quark models [*9lJ 

and even departing only s l i g h t l y from the s t r a i g h t l i n e t r a j e c t o r i e s 

m o d i f i e s t h e Regge behaviour ^84^ and no longer gives residues 

polynomial i n the dual v a r i a b l e ("ancestors"). Heimann Ĵ 96j has 

discussed some o f the questions i n v o l v e d i n i n c l u d i n g fermions i n dual 

amplitudes. 

(b) The r o l e o f the Pomeron (IP) when app l y i n g a Veneziano type o f 

amplitude needs t o be c l a r i f i e d . (Roberts ^97^ f o r example, found 

t h a t a p a r t i c u l a r g e n e r a l i z a t i o n o f the Veneziano model gave r i s e t o a 

t r a j e c t o r y o f the form ^ ( t ) = 1 + (0.2±0.4)t and concluded t h a t t h e 
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small slope was consistent w i t h almost complete absence o f shrinkage 

of the d i f f r a c t i o n peak i n ifN s c a t t e r i n g so t h a t the IP d i d not f i t a 

Regge pole scheme. See also s e c t i o n 1.1.8). 

( c ) The i n c o r p o r a t i o n o f i s o s p i n i n t o the Veneziano model by a very 

simple general method was made by Chan and Paton j^sj' This methpd 

preserved a l l the desired p r o p e r t i e s o f the model, gave no unwanted 

s t a t e s o f high i s o s p i n and avoided the presence o f e x o t i c resonances. 

The desired i s o s p i n f a c t o r s were given as c e r t a i n t r a c e terms corresponding 

t o the o r d e r i n g o f the p a r t i c l e s ( t h e e x p l i c i t r e a l i z a t i o n f o r f i v e 

p a r t i c l e s being given i n Chapter 2 ) . 

( i v ) D u a l i t y . 

Some d i f f i c u l t y was in v o l v e d i n s o r t i n g out e x a c t l y which 

n o t i o n o f ' d u a l i t y ' was used i n the model |?J9j . However, Sasaki and 

Sugano jiooj demonstrated the Regge poles - Regge poles d u a l i t y i n each 

channel i g n o r i n g Regge c u t s , i n a Veneziano l i k e amplitude possessing 

a f a m i l y o f p a r a l l e l t r a j e c t o r i e s . 
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1.1.15 G e n e r a l i z a t i o n s of the Veneziano Formula 

Many authors have t r i e d to d e r i v e the Veneziano r e p r e s e n t a t i o n 

from g e n e r a l p r o p e r t i e s of s c a t t e r i n g amplitudes [ l O l J » i n p a r t i c u l a r 

u s i n g meromorphic approximations. The suggestion of B a s s e t t o t h a t the 

amplitude be w r i t t e n : 

r(l-ct ) r ( l - a ) a +a 
A ( s , t , X ) = r ( 1 ! a _ Q ) 2 F l ( 1 " ° s » 1 " a t ; 1 " ~ 2 ; X ) 1 1 , 2 5 

S "t 

produces a Veneziano p a t t e r n o f s t r a i g h t l i n e z e r o s f o r X=0, an 

a l t e r n a t i n g s t r a i g h t l i n e - wavy l i n e p a t t e r n f o r X=g and an 'Odorico' [1O2J 

p a t t e r n o f s t r a i g h t l i n e z e r o s f o r X=l. F e r r a r i and G r i l l o [103J 

gave a more g e n e r a l form than t h e Beta f u n c t i o n f o r t h e i n t e g r a l 

r e p r e s e n t a t i o n o f the amplitude and V i r a s o r o jjLO*+̂ j produced an example 

of how the Veneziano e x p r e s s i o n could be extended so t h a t when 

a g+a t+a u=2 the Veneziano form f o r TTir-»-nui i s reproduced. E x p l i c i t l y 

t h i s e x p r e s s i o n was: 

B r(l-la f t) r ( i - i a t ) r ( i - J o u ) 
A ( s ' t , u ) = r ( i - i(o +a )) r ( i - i(a +0 l ) (r ( i - i ( i t+a +)) 1 1 , 2 6 

U t S II S t 

A d d i t i o n s t o the Veneziano e x p r e s s i o n i n order t h a t Regge c u t s may be 

introd u c e d have a l s o been giv e n £l0sj and i n o r d e r t o i n c o r p o r a t e 

Mandelstan a n a l y t i c i t y a new i n t e g r a l f o r m u l a t i o n f o r the d u a l c r o s s i n g 

symmetric amplitude was suggested 106 . 
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1.1.16 A p p l i c a t i o n s o f the Veneziano formula 

( i ) The UTT-MTH s c a t t e r i n g process 

For TTTT s c a t t e r i n g |l07,108,109] one s t a r t s w i t h a l i n e a r exchange 

degenerate p - f Regge t r a j e c t o r y 
o • 

i 
a ( x ) = a (o) + x.a = a P P x 

and r e q u i r e s the lowest p a r t i c l e on the t r a j e c t o r y t o have s p i n 1 

(si n c e a(o) > 0 and the zero p o i n t must have no p a r t i c l e ) . For TT+TT 

e l a s t i c s c a t t e r i n g the n + i r + u-channel i s e x o t i c , hence i m p l y i n g 

exchange degeneracy o f these two p and f t r a j e c t o r i e s and resonances 

i n both s- and t - channels should then be spaced by one u n i t o f spin 

instead of two. I n t r o d u c i n g = t h e f u n c t i o n 

r ( l - c i ) r ( l - a ) 
V<*»y> = " * r ( l - a -a ) Y 11.27 

x y 

where A i s an o v e r a l l constant, (which can be obtained from g ^ n i r ) , 

the HIT amplitudes and i s o s p i n amplitudes are : 

A(ir +ir"-*ii +Tr~) = - X V ( s , t ) 

AUVWV) = - | . ( V ( s , t ) + V ( t f u ) - V(u,s) ) 

A U W Y 5 ) = - | (V(s , t ) + V ( t , u ) + V ( u , s ) ) 

and(neglecting an o v e r a l l c o u p l i n g c o n s t a n t ) : 

I
c

= 0 r 1 
A S = | [ v ( s , t ) + V ( s , u ) J - *V(t,u) 

I =1 
A S = V ( s , t ) - V(s,u) 11.28 
I =2 

A S = V ( t , u ) . 

S a t e l l i t e terms having been disregarded i n the amplitude. 

The slope o f the t r a j e c t o r y i s taken from experiment, a'^ 0.9 (GeV) 2 
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and t h i s f i x e s the mass scale. Lovelace [ l 0 9 j showed t h a t the 

remaining parameters could be determined from c u r r e n t algebra w i t h 

the off-mass s h e l l c o n t i n u a t i o n being made by co n s i d e r i n g s, t and u 

as independent v a r i a b l e s i n (11.27). The Adler s e l f - c o n s i s t e n c y 

c o n d i t i o n [lioj s t a t e s t h a t the amplitude should vanish when one o f 

the I T ' S has zero mass, the remaining pions being kept on the mass s h e l l , 
2 2 i . e . s = t = u = m (s+t+u = 3 m ) . i t IT 

Thus e i t h e r X=0 or V(s,t)=0 when one o f m^~ 0-
2 2 i . e . 1 - a (m ) - a ( m ) = 0 p n p IT 

a (m ) = 5 P n 
and t a k i n g the p-mass as 764 MeV, t h i s gives an i n t e r c e p t of 01^(0)^0.48 

i n remarkable agreement w i t h experiment. 

The t w o - s o f t p i o n l i m i t |11XJ s=u=m ,t=0 f i x e s X i n terms o f 

the p i b n decay constant 

f ^ 9 5 MeV (from TT+UV) as ir 
X = 

nf2 a' 
TT 

Thus, by c o n s t r u c t i o n , the s-wave s c a t t e r i n g lengths agree w i t h 

c u r r e n t algebra p r e d i c t i o n s . Kawarabayashi et a l c o nstructed such 

a model f o r TTTT9 TTK, KK and KK s c a t t e r i n g and normalized at the p-pole. 

I n order t o compute phase s h i f t s and resonance w i d t h s , the amplitude 

must be u n i t a r i z e d : one such p r e s c r i p t i o n being given by Lovelace [ l 0 9 j 

i s t o t r e a t the p a r t i a l wave p r o j e c t i o n as a K m a t r i x . 

The p a r t i a l wave p r o j e c t i o n s of (11.28) are 

AU,s) = R £ ( s ) = \ 
f i 
P £(cos6) A ( s , t ) d(cos6) 

and are p u r e l y r e a l w i t h poles at the resonance p o s i t i o n s . 

The i n t e r p r e t a t i o n i s t o take 
R . ( s ) 

A„(s) = * 1 t p(s ) R^(s) 



where f o r the p term i n a channel with masses M and m Lovelace obtained: 

R e ( s ) = (M 2-m 2)ln M _ 2(M+m)2 f s-(M-m)~| 5 

" ITS m ITS j_ s-(M+m)J x 
l i 

2 
In I fs-tM+m) 2] 2 r s-(M-m) 21 

(_ UMm J [ f t J 
and 

. i 
. 2 i B Ira p(s) r«-(H-m)ff 

[_s-(M+m) J 

Using t h i s prescription, and the given A the r e s u l t 

r ^ 120 MeV P 
was obtained (a consequence of KSFR |j<awarabayashi, Suzuki, Fayzazudin and 

Riazzudinjformula [ l l 3 ^ known to work w e l l ) . The 1=0, s-wave daughter 
c 

of the p i s very broad: 

fc ' r p ~ I 
(a consequence of duality i t s e l f [ l l ^ J ) and the f Q parameters are we l l 

reproduced: M=1289, T=110 MeV. (experimentally M s1300,r s130). 

Roberts and Wagner ^ L i s j applied t h i s Lovelace model to experimental 

data on nn interactions and also to i p+ TI i r +n at low energies ^H^J . 

Using the same model Wagner ^117j predicted the TTTT scattering amplitude 
2 

up to 1 GeV and the o f f - s h e l l A (momentum transfer to the nucleons) 

dependence from TTN-MTITN, as f i g . 17. 

The K-matrix method was also extended i n t o the i n e l a s t i c region 

by Roberts who added an empirical Pomeron and absorptive corrections | l l 8 j . 

Chung and Feldman £ll9jhave presented a formulation of the i n t e g r a l 

representations of the p a r t i a l waves of the amplitude (11.27) studied 

the threshold behaviour i n d e t a i l , demonstrated how to reduce a l l p a r t i a l 

waves to f i n i t e sums of s-waves and reproduced certain power bounds. 
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( i i ) Other Processes. 

Although the Veneziano formula was o r i g i n a l l y devised f o r 

meson-meson processes i t was soon extended to meson-baryon processes 

by I g i [l2oJ and by various authors t o kaon-nucleon scattering by the 

use of various simple formulae to give an ove r a l l description of the 

process i n agreement with experimental data j l 2 l j . I t was, however, 

pointed out that f o r processes l i k e pion-nucleon scattering there are no 

r e l i a b l e p r i n c i p l e s to construct a concise formula incorporating 

a D p r o p r i a t e signatures and i s o s p i n structures of baryon t r a j e c t o r i e s jl22 

E x p l i c i t SU(3) symmetric Veneziano models f o r pseudoscalar meson-baryon 

scattering have however been constructed Q.23J . Studies on other 

processes such as irN-»- nN (12u| irN-*- KA. |125| and Tnr-»-n(Boson) 126 I were 

That i s an appropriate point on which to close t h i s section, as 

the Veneziano formula was i t s e l f suitably generalized to f i v e and then 

N-point processes shortly a f t e r i t s appearance. 

[125 [126] 

also made, and extensions t o f i v e p a r t i c l e processes using pion exchange 

also given 127 
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1.2 The Maximum Likelihood Method (MLM) 

Introduction 

I n the a r t i c l e "Likelihood" [ l ] A W F Edwards traces the history 

of s t a t i s t i c a l inference through Bernoulli's "Ars Conjectandi" (1713), 

de Moivre's "Doctrine of Chances" (1718), Bayes (1763) approach of "After-

t r i a l evaluation" Lambert (1760) and Daniel Bernoulli (1777) who both 

maximised likeli h o o d s , Gauss (1809) following Bayes, and Laplace (1820). 

I t was R A Fisher who i n 1912 [2] proposed the method of maximum li k e l i h o o d 

which he claimed suffered none of the objections of least squares methods, 

which depended on the measurement scale of the variables, or of the method 

of moments, which depended on an a r b i t r a r y choice of moments to equate i n 
o 

the population and the sample, or of Bayesian estimation methods, which 

depended on the parametric form adopted. Edwards states as his l i k e l i h o o d 

axiom th a t : 

"Within the framework of a s t a t i s t i c a l model, a l l the 
information which the data provide concerning the 
r e l a t i v e merits of two hypotheses i s contained i n the 
l i k e l i h o o d r a t i o of those hypotheses on the data, and 
the l i k e l i h o o d r a t i o i s to be interpreted as the degree 
to which data support the one hypothesis against the 
other" 

or: 

"- the hypothesis which best f i t s the data i s to be 
preferred, and the r e l a t i v e excellence of the f i t 
i s to be measured by the p r o b a b i l i t y of obtaining 
the data." 

We s h a l l not be concerned with general the o r e t i c a l questions 

but shall state the widely used p r a c t i c a l results of the method. 
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Method 

The method of maximum likelihood Q)-10] w i l l be used i n order to 

estimate parameters a^, a^, ... , a^ of a given function from experimental 
T 

data. A l i k e l i h o o d function L(a) being constructed (a = (a,, a„, ... , a ) ) 
— — 1 L n 

such that i t i s maximised f o r certain values of a, £* say, called the maximum-

li k e l i h o o d estimator (or solution). Errors e. f o r the parameters a. can 
J 3 

be estimated. 

For an experiment consisting of N independent observations 

(events) at coordinates x^, i = 1, ... , N, suppose the expected d i s t r i b u t i o n 

of observation ( p r o b a b i l i t y density) to be given by a function f ( x ^ , a) 

depending on the n parameters a^, ... , a^. f ( x ^ , a) i s assumed to be 

normalised to u n i t y , so that i f X = range of observation: 
f ( x , a)dx = 1. 

'x 
The l i k e l i h o o d function f o r the problem i s given by the product: 

N 
L(a) = n f ( x . , a) 

i = l 1 

being the j o i n t p r o b a b i l i t y density of getting a p a r t i c u l a r r e s u l t , 

x^, ... , xn» and the Log-likelihood function by: 

i_ = £nL(a) = I &nf(x., a) (12.1) 
i 

From 1"^ = Z |4 1 f < x i ' a> < 1 2- 2> da. .da, l — 
J i J 

3 2<£ _ r f e f 3_f 3 2 f c ( . 
3a.3a. V 3a. 3a, 3a.3a, i V " i ' -j k i v

 J K J k 

J j k L a a ^ a j 

/ f 2 ( x . , a) (12.3) l — 

from which E.. the "error-matrix" or "covariance matrix" 

gives a measure of the variance (diagonal elements) or the co-variance 



(off-diagonal elements) and hence an estimate of the confidence intervals 

on each a^ which are proportional to ± j (the 'correlation matrix' i s 

p., = E., / ,_, v£ ) L is then maximised, corresponding to determining Ik ik . . , ) . J J j j kk 
a solution to: 

f i . ° ° r 3~i. = °' 3 = 1 N " J J 
I n practice, f o r convenience, one usually uses t h i s l a t t e r form since i t i s 

easier to work out sums and t h e i r derivatives rather than products and 

since f can often take an exponential form. 

Inherent i n the MLM there may be a systematic err o r , or "bias", 

i n a [s] , but the MLM i s said to be unbiased f o r large N (where N i s some 

number proportional to the "amount of- s t a t i s t i c s " gathered) because as N 

increases the bias t y p i c a l l y vanishes l i k e N ^. 

The MLM therefore enables one to put s t a t i s t i c a l bounds on the 

a^'s and to show which i f any of them may be neglected, thus giving a 

"best" set of a^'s for the given data. Given an alternative function, 

F(x^, b) say, then the r a t i o of the L values (or correspondingly the 

difference i n jC. values) for f and F, known as a l i k e l i h o o d r a t i o t e s t , w i l l 

indicate which function b e s t ' f i t s ' t h e data. The MLM gives a comparison of 

f i t s to the data but i n order to indicate the qualit y of any "best" f i t one 
2 

would use the usual x " t e s t , i n which the given data i s "binned" (subdivided 
i n t o suitable groups) and the sum £ (u. - N.) / N. computed when i 

i = l 1 1 X 

refers to the b i n , n the number of bins of events, N. the number of events 
l 

i n each bin and u. the predicted number of events i n each b i n . l 
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I n the Method of Least Squares i f an experiment consists of N 

independent measurements y^, i = 1, ... , N, of some quantity y at 

coordinates x. and i f the errors of each y are o. (standard deviations) 1 1 l 
then a minimization i s made of the quantity 

N ? S(a) = I ( f ( x . , a) - y ) z / „ 2 
i = l 1 1 °i 

where f(x^» a) i s the f i t t i n g function as before (but i s not now a 

pr o b a b i l i t y d i s t r i b u t i o n ) . The minimum value of S i s called S*, the least 
3 S 

squares sum, and i s found from -— = 0 . I f the y. have a p r o b a b i l i t y 
9 a • , i J 

density function that i s normal, mean (expected value) f ( x ^ , a) and standard 

o £ and i f $(y., f ( X j , a)) = exp J ^ ^ T ̂  ~ f a ) } ^ ] 
( i = 1, ... , N), represents each density function then the j o i n t p r o b a b i l i t y 

density function f o r y^, y^* ... , y^ i s 
l In 

deviation 

thus 

L(a) -

^ ( a ) = J l n L ( a ) 

7TH exp 
T i J (y, - f ( x . . a ) ) n 

i = l O. 
1 

N 
= -N£n (/2^) - J Una. - ̂  I — ^ 

i = l 1 L i = l a / 
l 

so that f o r normally d i s t r i b u t e d errors w i t h mean 0 and standard deviation 

a. the r e l a t i o n I 

j£ = - -| S(a) + const. 

holds where j£ i s the log-likelihood function f o r the problem. Minimizing 

the quantity S (the least squares sum) thus corresponds to maximizing 
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I n such a case omitting the constant term leads to 

J l ( f ( x . , a) - v . ) ' / 0 2 
(12.4) 

da. T d a . i i — a. (12.5) 

3 a ̂3 a^ - I 
11 11 3 z f 
3 a. 3 3 a.3 3 a k

 ( * i " £<*i>-S» 'a. 2 

1 

For Gaussian-distributed y.'s the d i s t r i b u t i o n of S* = S(a4), J J 2 
the least-squares sum, i s the X d i s t r i b u t i o n of (p - M) degrees of 

freedom where p i s the number of experimental points and M i s the number 

of parameters solved f o r . I f the values are Poisson d i s t r i b u t e d , e.g, 

they could represent counting rates (number of events) i n a small region 

of x, then the quantity 
( f ( x . , a) 

>(x., a) =-J — — ' l — y. I 
exp (- f ( x . , a) ) 

(12.6) 

would give the p r o b a b i l i t y of observing a counting rate y^ i n a region x^ 

expecting a counting rate f ( x ^ , a). The l i k e l i h o o d function L i s then 

given by L = Hp(x., j i ) 
1 

fcnL =f = I y. infix., a) - I f ( x . , a) + const. 
• X X • X 

(12.7) 

3 X- _ r 3_f / a f 

3a " p i 3a 1 f ( x . , a) - J j l 
i J 

3a.3a. . h y i J * i 
3 f 3 f 3 2 f f(x.,a) [ 3 a . 3 a k S a ^ v i ' - ' J/ 

c1, \ r 3 2 f 
f ( x i ' ~ t 3 7 J j 3 a k 

(12.8) 

(12.9) 
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J. Orear [9] quotes the following results ( f o r one parameter): 

In general, the likelihood function w i l l be close to Gaussian 
/(a. - a*)2Lda.-|i 

as i n the f i g u r e , where Aa, 

L ( 3 j ) 

r J U - - a'y^Laa.-i i 

j L ^ L d a j J 

I t i s a known property of M L estimates (referred to as "The M L Theorem") 

that i n the l i m i t of large N, a* -*• a^Q (the true physical parameter value); 

and furthermore, there i s no other method of estimation that i s more 

accurate. Also, the condition for the maximum-likelihood solution i s 

unique and independent of the arbitrariness involved i n the choice of 

physical parameters. B R Martin [A] quotes the following important results 

( f o r one parameter), that are v a l i d f o r common d i s t r i b u t i o n s met i n practice: 

Maximum li k e l i h o o d estimators (MLE) 

a) are consistent ( i . e , as the sample size increases the estimate 

tends to the value of the population parameter), 

b) have a d i s t r i b u t i o n which tends to normality f o r large samples, 

c) have minimum variance i n the l i m i t of large samples. 

I f a s u f f i c i e n t estimator (one that contains a l l the information 

about the population parameter) fo r a parameter exists then i t i s a 

function of the maximum li k e l i h o o d estimator. 
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Blobel [7j gives a programming routine f o r f i n d i n g the maximum 

ofdC. In fact the routines referred to by Swanson [6] under " F i t i e r t e 

L i t e r a t u r " f o r f i n d i n g the minimum of a general function of N variables 

have now been w r i t t e n up as a CERN report MINUIT [ i d ] and t h i s i s the 

routine that has been used. A general review of the main ideas of 

unconstrained optimization, i n which the problem of calculating the 

greatest value of a given real function F(x^, x^, ... , Xjj) > where each 

variable x^ ( i = 1, 2, ... , N) can take the value of any real number, 

i s given by M J D Powell [ l l ] , and also E Polak [ l 2 ] , i n Appendix C of 

the book by B R Martin [4] , and i n Chapter 10 of that by S Brandt [5] . 

A t y p i c a l M L formulation f o r a data f i t t i n g procedure i s given 

i n Q3] and f o r the "Likelihood handling of scattering data with previous 

experimental information" J Bystricky et a l have given a short paper [ l 4 ] . 
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Fig. 13 Summary fo r mesons ( i n the qq model) 
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53. 

CHAPTER 2 

Application of a Veneziano-type Amplitude 

to the process TT~p -» TT~TT+II 

2.1 Introduction 

The generalization of the Veneziano four-point formula 

to that suitable f o r f i v e neutral bosons was f i r s t given by 

Bardakc^i-Ruegg [ l ] and Virasoro [2] . 

For a f i v e p a r t i c l e amplitude there are f i v e independent 

variables p 3 N - 10) f o r N p a r t i c l e s ] and f o r t h i s extension the 
2 

f i v e independent scalar Mandelstam variables = (P^ + > 
P, = P,, were used where P. are the incoming p a r t i c l e four-momenta, b 1 1 

The linear Regge t r a j e c t o r i e s given by = a 0^ + aS. 

were assumed to hold. 

Starting from the four-point function: 

\ = B 4 ( - ° l 1 2 ' - a 2 3 ) = J 0
d u 1 2 j 0

d u 2 3 u 1 2 a i 2 " l u 2 r 2 3 " 1 * C u 1 2 + U 2 3 ~ 1 > 

where the ( a u x i l i a r y ) variable (called dual to U j ^ ) i s f i x e d by 

forbidding coincident poles, the extension i s made to: 

A 5 = B 5 (-o 1 2 > - a 2 3 , - a 3 4 , - a ^ , -a^) = 

tl /-ldu. . ,,du. ... , , - , 
1 > 1 + 1 J > J + 1

 u
 _ a 1 2 - 1

u - a 2 3 " 1
u -"34-^ ""AS-^ _ a 5 r 1-u. . .u. . A l 12 U23 u34 U45 U 5 1 

0 0 J » J + 1 

where i and j are any two non-consecutive integers and the variables 



5k. 

u. . obey the ( d u a l i t y ) constraints: 
1 y 1^1 

U i , i + 1 = 1 " U i - l , i V l , i + 2 ' 1 = 1 5 ' u 0 1 = U 5 l e t C ' 

so that 

"23 - 1 - u 1 2 u 4 5 <™d "34 
1 - u 45 

1 " U 12 U 45 

The Bardakc^i-Ruegg-Virasoro form of B,. i s thus: 

A5 = 

,1 
du 12 

0 

1 - u 

j -Q12-1 -0L/.K.-1 
d u 4 5 U 1 2 u 45 4 5 

'12 
1 ~ u 1 2 u 4 5 

- a 2 3 - l 

45 
1 " u 1 2 u 4 5 

- a 3 4 - l 
* ^ " " I Z ^ 

-a 5 1-2 
(21.1) 

This amplitude i s c y c l i c l y invariant i n the terms; has 

simple poles f o r ou = 1, 2, 3, has simultaneous poles 

i n a. . and a i f i , j , m, n are a l l d i f f e r e n t ; gives the i , j m,n 
correct single and double Regge behaviour i n a l l channels and has 

no "ancestors" to the leading Regge t r a j e c t o r y . 

A compact way of w r i t i n g t h i s expression i s obtained by 

putti n g i t i n t o the form 
,1 

n di 
K K 

B|j (x^ t... ( X j ) = 

K=l 

where u. . , i , i + l - u., U Q = u _, u, = u, and x. = -a. .... The 5 6 1 l i , i + l 
second (primed) product i n the i n t e g r a l i s defined to run over a l l 

u^ except the two (called mutually non-dual) chosen as independent 

variables. The argument of the delta-function is of the form 

"variable plus product of a l l dual variables, minus one". This i s 



the Chan form [3] of which c l e a r l y exhibits both the invariances 

under cyc l i c and a n t i c y c l i c permutations as well as the absence of 

double poles i n dual variables. Extension was made to f i r s t l y the 

case N = 6 [3] , then N = 7 [4] , then N = 8 [5] , and f i n a l l y to 

that for a r b i t r a r y N [6,7] p a r t i c l e s . The corresponding Chan form 

for a r b i t r a r y N being given by: 

B ( x ) = n du u X | C \ _n 6(u-+ n u = - l ) [ 
W L *N J

0<=1 1 K=1 fc=l > 

where R̂^ = N(N-3)/2, the (conjugate Mandelstam) variables are 

denoted u^, K = 1, ... , R̂ , the primed product runs over a l l < 

except the N-3 (mutually non-dual) independent variables (whichever 

are chosen), and the doubly primed ov e r a l l variables dual to K . 
x —1 

The u^ K bring i n the pole structure, while the product of delta 

functions enforces the absence of coincident poles i n dual variables, 

thereby determining (N-2)(N-3)/2 a u x i l i a r y variables (so that when 

N = 5 the 5 variables are reduced to two independent ones as 

(5-2)(5-3)/2 are integrated o u t ) . The corresponding Bardakci-Ruegg 

form [8] f o r N p a r t i c l e s can be obtained by defining 

(o = u, u, . ... u, , q < r q,r l , q l , q + l l , r 

where u^j with j = 2, ... , N-2 are the (H-3) independent 

variables and integrating o v e r a l l delta functions, so that 



B N (1 ... N) = 

r 1 X 1 2 _ 1 X l N-2 _ 1 X 2 3 _ 1 

0
d u 1 2 d u 1 3 ' " d u l , N - 2 U12 •••Ul,N-2 * ^ 1 2 ) 

( l - u 1 3 ) . . . ( l - u l f H _ 2 ) * ( l - a , 2 3 ) 

-2(P N. 3.P N_ 2)^V a' „ -2(p2.p5>rf 
( 1-V3,N-2> * a~ ( 1 )24 ) 

n - 2 ( pN-4- pN-l ) a' j l f, - 2 ( P 2 - P N - I ) a ' 
••• ( 1 _V4,N-2 ) * * ( 1- W2,N-2 ) 

This was the form used extensively i n the f i r s t investigations of 

level structure (9,lcTJ. 

The form (21.1) of the amplitude f o r N = 5 may be obtained 

d i r e c t l y using graphical rules suitable also f o r extension to the N-

point case. Ordering the momenta as i n Fig. 1 we define a p a r t i t i o n 

as a set of at least two momenta with r e l a t i o n to the order of Fig. 1, 

e.g. (123), (34) etc. Two p a r t i t i o n s are said to be dual i f they share 

elements without one being contained i n the other, so t h a t , f o r example, 

(12) and (23) are dual but not (12) and (34). To every p a r t i t i o n i s 

associated the invariant 

i j * ( p i + P i + 1 + ••• + Pj> • 

To the graph i n Fig. 1 i s associated i t s dual i n Fig. 2, where the 

condition E p. = 0 i s e x p l i c i t l y taken in t o account by the closed i l 

polygon, and where each diagonal of t h i s polygon corresponds to a 

p a r t i t i o n ; dual p a r t i t i o n s are associated with intersecting diagonals. 
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There are N-3,2 i n t h i s case, non-intersecting, and hence mutually 

non-dual, variables which correspond to u ^ and u ^ i n (21.1). 

These conjugate variables are usually w r i t t e n i n t h i s form to 

correspond to each and although any 2(N-3) non-intersecting 

variables can be chosen ( c f . Figs 3 and 4) the "multiperipheral" 

form shown i n Fig. 4 i s easy to visualise and the set S„ , j=2,3,..(N-2) 

is often used. 

From Fig. 2 choose a vertex V of the polygon, associate 

the independent variables u ^ ' u ^ to the diagonals concurring there. 

Then to the diagonal corresponding to u ^ ( i - e , 23) we associate the 

expression ^ u12^ since i t crosses the diagonal l i n e for 
(1 - u 1 2 u 4 5 ) 

u^ 2 > i.e (12), and i s diagonal to the quadrifSteral (123 u ^ ) . 

Simil a r l y the diagonal f o r u ^ , i.e (34) crosses that f o r i« e (45) 

and (12) makes up the side of the appropriate q u a d r i l a t e r a l . The 

diagonal corresponding to u ^ , i.e (51), crosses both (12) and (45) 

and i s associated w i t h (1 - u,_u._) since i t must be unity when u..„ 
12 45 1^ or u,_ are zero. The rules are now: 45 

i ) Integrate from zero to one on a l l independent variables 

i i ) Write the factors corresponding to the diagonals of the 

polygon, each one to a power (-1 - ft^j)» where the i j 

correspond to the diagonals 

i i i ) Divide by the factor 1 - U^2 U45 which guarantees invariance 

when another set of variables i s chosen, i . e . 
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kr = 
1 r l du_„du/c. . -

1 2 4 5
 u ~ a 1 2 - l u -«45-1 

o-o 1 _ U ^ 1 2 4 5 

1 - U 12 
1 " U12 U45' 

- a 2 3 - l 

1 - u 45 
1 ~ u12 u45 

" a 3 4 _ 1 " " i s " 1 

( 1 " u12 u45 } 

(21.3) 

Several equivalent forms of the generalized beta function 

were suggested and i t s various important properties established. 

By expanding the i n t e g r a l for B^ i n a power series i n 

various ways, one can obtain i t as an i n f i n i t e series of beta functions 

of lower order. Such.series expansions were considered i n some d e t a i l 

by Hopkinson and Plahte [ l l ] and y i e l d a p r a c t i c a l i t e r a t i v e method 

for the numerical evaluation of these beta functions. 

I n p a r t i c u l a r f o r the Bardakci-Ruegg form of (21.1) by 

expanding the term i n (1 - u^u^,.) i - n a binomial series, we may 

obtain a f t e r i n t e g r a t i o n : 

B,(x-„,...,x_.) = Z (-1) 
D 1 J k=0 

z B A ( x 1 2 + k , x 2 3 ) B 4 ( x 3 A , x A 5 + k ) 

where z = x $ 1 - - x ^ , and 
f \ 

z 
k 

r(z+i) z 
r(k+i ) r(z-k+i) ' = l . 

(21.4) 

Using the gamma function representation of B^, t h i s may be 

rew r i t t e n (dropping the x's) as: 

B 5(l,2,...,5) = B 4(12,51)B 4(34,45) 3F 2(12,45,-z;12+23,34+45;l) (21.5) 

where 3 F 2 ( a ^ a 2 > a 3; b ^ b 2 ; 1) -

r(a +n) r(a_+n) r(a,+n) r O O r(b„) n 
°? 1 Z J 1 £ Z 

n=0 r ( a l ) r ( a 2 5 r ( a 3 ) r ( b i + n ) T(b 2+n) n! 
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i s a generalized hypergeometric function [ l 2 ] with unit argument. 

This series converges when 

Re ! > < x 1 2 + x 2 3 ) + ( x 3 A + x 4 5 ) " x i 2 + Z " XA5^ > 1 

i e , when Re(x,-^) i s p o s i t i v e . Thus we have found a representation 

for B,. which has a much larger region of convergence than the 

i n t e g r a l . This i s because the i n t e g r a l representation of the beta 

function i s only convergent when both arguments have a positive 

real part, while the function i s well-defined, through the gamma 

function, for a l l values of i t s arguments. 

The series (21.5) i s the s t a r t i n g point f o r any method 

of calculating B,. numerically [l3,14] although since i t i s not 

convergent i n a big enough region to be useful, recursion relations 

(which increase the range of convergence) are used. The program 

for t h i s calculation i s l i s t e d i n r e f . [ l 3 ] together with d e t a i l s of 

the recursion r e l a t i o n s and truncation error terms. 

Since the beta function B̂  has simple poles i n each variable 

at the non-positive integers, so, using cy c l i c symmetry, 

B^(x^,x 2,x.j,x^,Xg) = B^.(x2»x3,x^,x^,x1), has B^ s i m i l a r l y f o r each 

argument separately, and these are a l l the poles of B,.. 

From (21.4) taking the l i m i t x ^ -»• 0 yields 

k B 5 ( x 1 2 , . . . , x 5 1 ) - x ^ 

r(x + k + 1) 

z (-D" 
k=0 V J 

3£ 
B,(x_. ,x., + k) — ^ * 4 34 45 x12 

r < x 1 2 + x 2 3 + k ) _ , x ^ = 0 ~ 1 2 xTI B4 ( X34' V • 
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i . e , r e s t r i c t i o n to the f i r s t pole of any variable gives the 

Veneziano four-point formula - bootstrap consistency [see Fig. s] 

So i f the amplitude for N = 5 i s known then i t i s uniquely f i x e d 

f o r N = 4, as residue of the f i r s t pole. 

In general, i f x ^ ~N 

B 5 ( x 1 2 , ...,x 5 1) -
k12 

N r 
v z 

k=0 

x 2 3 - l 
N - k ( - l ) \ ( x 3 4 , x 4 5 + k ) 

and thus w r i t i n g 

V X 1 2 X 5 1 } " k l Q
 C k ( X23' X 5 1 } x 1 9+k 

the residues (x23» •••» x 5 i ^ a r e polynomials of degree k i n the 

''angle" variables x ^ and x 2 3 and the k*"*1 pole corresponds to the 

exchange of a family of p a r t i c l e s with spins from k down to zero. 

(Mother plus daughters). 

Various "high energy" l i m i t s of B̂  were given by Biat'as 

and Pokorski [ l 5 ^ using the l i m i t i n g properties of the series. For 
12 

example, i f x ^ and x^ 2 -*• ">, wi t h x 2 3 and n = — — f i x e d , the "single 
45 

Regge l i m i t " [see Fig. 6 ] , then B-(1...5) = B (45,51)R(23,34) where 

B^(45,51) i s the Veneziano amplitude for the reaction 

and 

4 + 5 - (23) + 1. Qas x ^ , (45,51) - ( x ^ ) 5 1 * H*51)] 

- Cm ( 3 4' n ) 

R(23,24) = Z — i s the vertex function 
m=0 x23 + m 

expressed as a sum over resonances i n the (23) system. 
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In a similar fashion, i f x ^ , a n ^ x23 °° w ^ t n 

ft - x23 ^ x f i x e d ( t n e "double Regge l i m i t " ) then 
45 

B 5 ( l ... 5) = B 4(45,51)B 4(23,34-51)f(34,51,K) 

X 5 1 X34 ~ = x 1 2
 3 1 x 2 3 ^ f (34, 51,*) 

Both Regge l i m i t s of B^ introduce a well-defined dependence on the 

Toller angle ( ^ n , J t ) . 

The Regge l i m i t s are taken giving to a an imaginary part 

(or a l t e r n a t i v e l y avoiding the real axis where the amplitude develops 

an i n f i n i t e number of poles i n the narrow width approximation). The 

correct signature factors [lb] follow on summing over twelve d i f f e r e n t 

orders of external l i n e s and properly considering the Regge l i m i t s . 

Thus B^ [17] has the essential properties that one would wish to 

generalize from B4: dual pole structure, residues polynomial i n 

angle variables and thus correct spin structure, f a c t o r i z a t i o n and 

thus bootstrap consistency, and high energy Regge behaviour. These 

a l l remain true f o r a r b i t r a r y N. 

A further representation of the N-point amplitude i n a compact 

and manifestly crossing symmetric form was given by Koba and Nielson [18] 

and also P l a h t e [ l 9 ] . This was used i n certain aspects of the formal 

developments of dual theories. 

So f a r we have a formula that violates u n i t a r i t y (being a 

narrow resonance approximation amplitude) and has non-physical p a r t i c l e s 

(being b u i l t up only of scalars). For phenomenological applications one 



usually chooses the t r a j e c t o r y a(x) to be complex with Ima(x) 

increasing with x, the energy, and determined so as to reproduce 

correctly a l l observed resonance widths. The poles are thus taken 

off the real axis i n the physical region and at the same time 

correct high energy Regge behaviour i s assured, although various 

disadvantages (such as residues, i n general, losing polynomial 

behaviour i n the momentum transfers) also follow. We have followed 

t h i s procedure throughout our work. The introduction of physical 

t r a j e c t o r i e s i s a n o n - t r i v i a l problem; i f we re t a i n the term u a * 

in (21.3) we have a ghost when a = 0, i f we change the exponent u a 

we lose the correct asymptotic behaviour. When the external p a r t i c l e s 

are pseudoscalars, kinematical factors are needed i n order to obey 

p a r i t y conservation and they can have j u s t the effect of restoring 

Regge behaviour i n an amplitude with physical t r a j e c t o r i e s . For 

reactions involving fermions one can take Veneziano forms f o r invariant 

amplitudes free of kinematical s i n g u l a r i t i e s . 

Although t h i s leads to the desired pole structure, the 

strai g h t l i n e t r a j e c t o r i e s i n s, t and u give r i s e to an amplitude 

invariant under change of sign of the amplitude i n W = /S and thus 

by MacDowell symmetry [20] to p a r i t y doubling. Removal of baryon 

p a r i t y doublets i n the Veneziano model [21] and discussion i s given 

by Storrow [22] and a re-examination of the arguments using a 

par t i c u l a r spin formalism by Enflo [23]. 

One of the further properties that would have to be taken 

i n t o account i n constructing a r e a l i s t i c system i s i n t e r n a l symmetry, 



or the incorporation of isospin. That i s , we wish to determine 

the c o e f f i c i e n t C^(P) mu l t i p l y i n g B,.(P) corresponding to permutations 

of external p a r t i c l e s 

T. = Z C_(P) B_(P) 
5 {P} 5 5 

such that: ( i ) C,.(P) B^(P) remains invariant under c y c l i c and 

a n t i - c y c l i c permutations; ( i i ) f a c t o r i z a t i o n i s retained; and 

( i i i ) no exotics are to occur i n any channel. This i s dictated 

by experimental evidence. 

For f i v e external isovector p a r t i c l e s condition ( i i i ) 

requires absence of poles w i t h isospin larger than one. The 

solution takes the simple form given by [ 24 ,25 ] 

C _ ( l , 2 , . . . 5) = Tr ( T f l T . . . T ) i i a1 a 2 a 5 

where each T denotes the 2x2 Pauli matrix representing the 
i 

isospin state a^ of external p a r t i c l e i . Condition ( i ) follows 

from the result TrABC = TrCAB, and ( i i i ) from the closure under 

m u l t i p l i c a t i o n of the 2x2 Pauli matrices ( i . e , the product of any 

number of 2x2 matrices i s a 2x2 matrix and hence can represent only 

a combination of isospin 0 and 1 ). To see the f a c t o r i z a t i o n property t 

we note the i d e n t i t y : 

-5- Tr(r . . . T ) = | T T R < T A . . . T )^ Tr(r --aSl 
2 a i a 5 L 2 a i ^ 2 V i 5 J 

I ft Tr(-r . . . T T )1 ft T r ( T T • • • T a ) l 
1=1 L2 a i ^ a i J L 2 a i V l a 5 J 

The f i r s t term i n the RHS corresponds to a singlet (isospin zero) and 
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the second to a t r i p l e t (isospin one) intermediate state; i . e , 

an isospin degeneracy. Summing over a l l permutations shows that 

the two states have d i f f e r e n t signature ( c f . the i d e n t i t y 

T T, = 6 o K
 + ie v T where the two terms on the RHS have opposite a b ab abx x r r 

symmetry under the interchange of a and b ) . In effect t h i s gives 

the p- f° degeneracy from the isospin factor. 

The extension to include kaons as external lines i s 

straightforward using the Gell-Mann A Matrices. The isospin factor 

corresponding to the ordering ( 1 , 2, 5) i s then simply 

Tr (X X ... X ) . 
*1 a2 a5 

(The extension to N p a r t i c l e s i s made by replacing 5 by N). A 

question of uniqueness has been answered by Tornqvist [26] . 

The f i r s t p r a c t i c a l f i v e - p o i n t processes to be analysed 

using B 5 were the KKTHTTT and KKKKTT [27,28] systems. For the 

former process i n the form KK •+ Trim ( i . e , 1,2 -*• 3,4,5) Bardakc^i 

and Ruegg gave the amplitude i n the form 

5 2 l l i 3 i5 1 V i 1 P 2 U 3 u 4
 H l v l v7> *k 

B 5 ( l - o l 2 , l - o 2 3 , l - a 3 4 , l-« 4 5, l - o 5 1 ) 

where the sum i s performed over a l l permutations of the three pions. 

The f i r s t factor i s due to isospin and the second to p a r i t y conservation. 

They obtained correct poles on the lowest values of the t r a j e c t o r i e s 

with correct f a c t o r i z a t i o n properties and went on to show that the 



four- and f i v e - p a r t i c l e Veneziano amplitudes gave consistent 

r e s u l t s , including the standard mixing angles for oi and f 

and f ' , a universal r e l a t i o n f o r 2 + and 1 meson decays, and 

pure F coupling for the decay 2 + -*• 1 0 . Gunion and Yesian [28] 

looked at some of the experimental implications for p a r t i c u l a r 

process of the two systems. The d i f f i c u l t i e s that arise when 

one t r i e s to extend B,. to include physical bosons are i l l u s t r a t e d 

by considering the amplitude f o r the O4TT system (1,2,...5) [29,30], 
P + 

where o denotes a J = 0 boson. Taking 

. , 12 23 34 45 51 N B_(-a , -a , -a , -a , -a ) 5 TT * p ' p ' p ' ir 

introduces a spurious state of negative mass at a = 0 , and i f 
P 

the rho tr a j e c t o r y i s started at one using 

„ / 12 i 23 . 34 . 45 51. B c(-a , 1-a , 1-a , 1-a , -a ) 5 IT p ' p p ' ir 

then i t has to be m u l t i p l i e d suitably to obtain t h i s , a possible 

solution being: 

34 „ , 12 , 23 34 . 45 51. o B_ (-a , 1-a , -a , 1-a , -a ) P 5 ir * p ' p ' P ' T T 7 

34 

where the m u l t i p l i c a t i v e factor k i l l s the a p = 0 ghost and 

provides the correct spin f o r a l l the rho poles without a l t e r i n g 

that of the pion poles. 
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2 . 2 The Reaction ir~p •* T i + i T~n i n the p and f°-mass regions 

A specific f i v e - p o i n t function amplitude f o r the process 

pn -*• T T ~ i T + i r ~ ( 4 , 5 -*• 1 , 2 , 3 ) which ignored spin complications was 

proposed by Rubinstein, Squires and Chaichian [ 3 1 ] . Using the 

notation F(a,0» •••) = B_(-a 1 0, ...) they took t h e i r amplitude 
LZ j Li-

HO be: 
A o P P T>/ P P T B 1 n B 3 * 

A = 31 a 1 2 F( a 1 2 , a 2 3 - 1 , a 3 4 - j> a 4 5» \ 5 " J } 

. B l . . p . p 1 B 1 TT , B I J] + C(a 3 4- 2 ) F ( a 1 2 1 , a 2 3 1 , cx 3 4 j> 1 , a 1 5 2 ) J 

where 0 i s a constant, refers to the Regge t r a j e c t o r y associated 

with each S.., as i n Fig. 7 , and B refers to either the nucleon or 

delta ( 1 2 3 8 ) baryons. Spinor factors were introduced l a t e r [ 3 2 ] i n a 

normalization comparison (see Fig. 8 ) . The constant C was calculated 

by comparing the amplitude w i t h a f i t to the data [ 3 3 ] given by 

A l t a r e l l i and Rubinstein [ 3 4 ] , We show,in f a c t , i n Chapter 3 that t h i s 

data f i t was not satisfactory (although t h i s did not affec t the C 

value), i n Chapter 4 that the value of C should be s l i g h t l y d i f f e r e n t 

from the value of - 1 . 2 5 given, and, i n f a c t , that the second term i n 

the amplitude could be neglected ( i . e , C = 0 ) . An explanation of the 

choice of the terms used by Rubinstein et a l i n ( 2 2 . 1 ) i s given i n 

Chapter 4 where the amplitude i s compared with the data of [ 3 3 ] . 

We investigated the process KNirinr i n the production form 

n~p -> ir~TT +n using the amplitude ( 2 2 . 1 ) . The d i f f e r e n t i a l cross-

section, f o r small values of the momentum transfer, and the angular 

d i s t r i b u t i o n s are both given with the pole positions M = M and 
TTTT p 

( 2 2 . 1 ) 
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M u i r = M f ^ e^ n8 e x p l i c i t l y taken t o s i m p l i f y the c a l c u l a t i o n s . 

An i n t e r e s t i n g p o i n t here was t o see i f the second term i n (22.1) 

would e l i m i n a t e any, s p i n 1, p' c o n t r i b u t i o n from t h e , s p i n 2, f 

pole. Experimentally t h e r e seemed t o be no evidence f o r such a 

p a r t i c l e which i s p r e d i c t e d by the usual Veneziano f o u r - p o i n t 

f u n c t i o n formulae t h a t has f a m i l i e s of daughter t r a j e c t o r i e s . The 

e f f e c t of having the second term i n (22.1) was t h e r e f o r e t o be 

seen i n our r e s u l t s . 

Support was l e n t t o applying B,_ t o nucleon-antinucleon 

a n n i h i l a t i o n r e a c t i o n s by a successful a p p l i c a t i o n t o the r e a c t i o n 

pp •+ 4TT ( a t r e s t ) by Hopkinson and Roberts [35] . L a t e r a p p l i c a t i o n s 

t o the process are considered i n Chapter 4. 

As regards the p r o d u c t i o n form, Jones and Wylde [36] 

c a l c u l a t e d the d i f f e r e n t i a l cross-sections f o r the quasi two body 

processes aa •* (oa)o u s i n g the B^ formula s u i t a b l e f o r aa -*• aoo. 
9 / * 

Taking the same t r a j e c t o r y c u j = (s.^ - (.138) ) + i 0.1 /S.. - 4(.138)' 1 

f o r each of the f i v e channels and an amplitude of the form 

B^(-a^2» _ 0 I23' ~ a 3 4 ' ~ a 4 5 ' ~ a 5 1 ^ they were able t o c o r r e c t l y 

reproduce the observed change of slope of w i t h (oc) mass t h a t 

TTN -*• TTTTA r e s u l t s suggest. Using the same amplitude they [37] 

i n v e s t i g a t e d the Regge residue f u n c t i o n w i t h t h e i r model and simulated 

the pion-exchange processes such as nN -»• pN comparing d i f f e r e n t i a l 

cross-sections and c a l c u l a t i n g spin-1 and spin-2 d e n s i t y m a t r i x 

elements. They suggested f u r t h e r i n v e s t i g a t i o n s w i t h more d e t a i l e d 

models. 
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Waltz [38] a p p l i e d the p r o d u c t i o n amplitude 

a B v 6 „ A o , , p-f , p-f , v 

W P l P 3 P 4 P 5 B 5 ( 1 ~ a12 ' 1 " a23« 1 " a34 • 1 " « « ' 1 " " S I * 

+ (3«t->5) 

to the process B ( 0 + ) T T + -»• b'(0 +) (IT T T + ) ( i . e , 2,3 -»• 1,5,A) and found 

t h a t the expected shape of the d i f f e r e n t i a l c r o s s - s e c t i o n ^ ^ t =^12^ 

together w i t h the resonance mass spectrums f o l l o w e d i n a s t r a i g h t 

forward way from the dual amplitude considered. F u r t h e r , P o k o r s k i , 

Szeptycka and Zieminski [39] showed t h a t the mass dependence of the 

slopes i n d i f f e r e n t i a l cross-sections could be explained using the 

Bardak^i-Ruegg B,. f u n c t i o n , w i t h f i n i t e w i d t h resonances, and the 

kinematics appropriate t o trN •+ nuN. 

a) Phase Space [40] 

A r e a c t i o n w i t h t h r e e p a r t i c l e s i n the f i n a l s t a t e has f i v e 

independent L o r e n t z - i n v a r i a n t v a r i a b l e s . Some such s u i t a b l e v a r i a b l e s 

are i n d i c a t e d i n F i g . 7, where, f o r example, 

S 3 4 = ( P 3 + P 4 ) 2 = P 2 = (P x + P 2 + P 5 ) 2 (22.2) 

For three p a r t i c l e s i n the f i n a l s t a t e the r e s t r i c t e d phase space 

element i s given by: 

d Lips ( S 3 4;P l fP 2,P 5) = - ^ y d Lips ( s
3 4 J ?

1 2 » p
5 ) * 

(22.3) 
d Lips ( S 1 2 . P 1 , P 2 ) d S i 2 
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where: 

d L i p s ( S 3 4 , P 1 2 , P 5 ) = / ( S 3 4 ^ 5 2 ' S 1 2 > ( 2 2 < 4 ) 

4 b 3 4 16ir S ' 34 

where d f i ^ i s the d i f f e r e n t i a l s o l i d angle of p a r t i c l e 5's momentum 

i n the centre of mass 

and: 

d Li,.<S 1 2.P l.P 2) - / * < » 1 2 ' - l W > _ d f l • 
/ 4 S 1 2 1 6 , 2 S 1 2

! 

where dn i s the corresponding d i f f e r e n t i a l s o l i d angle i n the r e s t 

/

2 2 
*(S 1 2» mi » m2 ) 

= k i s the 
4 b 1 2 

magnitude of p a r t i c l e s 1 (or 2) momentum i n t h a t r e s t frame. Hence, 

(22.3) becomes: 

/X(S...m, 2^,,) k dndo, dS . 
d L i P s ( S ;P ,P P ) = / ±± 5^5 f ¥ (22.6) 

J * 1 1 5 V 4 b 3 4 ( 1 6 ^ ) - S 3 4
2 S 1 2

2 (2TT) 

2 2 2 
w i t h X(x,y,z) = x + y + z - 2xy - 2xz - 2yz 

= (x - y - z ) ^ - Ayz 

= (x - / ^ ) 2 ) (x - </7 - / i ) 2 ) 

a L o r e n t z - i n v a r i a n t . 

b) Cross-Section 

The cross-s e c t i o n f o r t h i s process i s given from the general 

case of N f i n a l p a r t i c l e s and a and b i n i t i a l p a r t i c l e s of 

1 

(22.7) 

a = 
A ( S ,m̂  ,m̂  ) •* 

a 
d Lips (S;P l f .... P N ) | T i f | 2 (22.8) 
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where T i s the connected p a r t of the S m a t r i x . 

2 2 
By n e g l e c t i n g spin e f f e c t s so t h a t |T^| = |A| 

t h i s becomes: 

o - 7 - 7 — n r f d L i ^ s ( s34 ; Pi' p2'V lAV (22.9) 

c) Kinematics 

t h a t ; 

where: 

and 

The d e t a i l s are given i n the Appendix, where i t i s shown 

do 
ds A 5ds 1 2dfi 

k_ 
2E A|f x f ( S 3 4 ) 

f ^ S 3 4 ^ ~ 2 2 4 9 ^ X(S 3 4,m Z,M Z)Tr 2 3 

(22.10) 

(22.11) 

E = Energy of p a r t i c l e 1 i n (1,2) CMS 

m = pion mass 

M = nucleon mass 

o. d) E v a l u a t i n g the Amplitude f o r -̂ -p ir+TT~n at the p and f poles 

(a 12 

The d e t a i l s are given i n the Appendix, where f o r the p-region 

1) we had: 

A = 6 
r ( o - i i m p ) r ( l - a 3 4 ) r ( - a 4 5 ) 

F ( i ~ a34 " a 4 5 ) 

0*o, " 1) a 

'23 • "45 ( a 3 4 + a 4 5 - 4) a„„ + a, 

34 *45 
(°34 + a 4 5 " 

(22.12) 



where Imp r e f e r s t o the imaginary p a r t used on the p - t r a j e c t o r y 

at the p-pole t o keep the expression f i n i t e . C i s the constant 

term given as -1.25 i n Rubin s t e i n et a l [31~] . 

where 

1 .e, 

For the f - r e g i o n ( o ^ 2
 = 2) we had: 

A = gK • j a 2 3 ( a * n * o ( a 1 5 " a23 " a 3 4 } 

2 3 + l ) • 2 a 2 3 a 4 5 ( + _ ^ 
"34 "45 

( a15 " a 2 3 ' a 3 4 ) ( a 1 5 + 1 ' a23 " a 3 4 ) ( 1 " a 4 5 ) a 4 5 

l ) ( a 3 4 + a45 " 1} 

+ C 

- C 

< a 3 4 + a45 
( a34 ~ 1> a23 a45 

( a34 + a45 ' I } 

( a 3 4 - - | ) ( a 1 5 » 1 - a 2 3 - a ^ H l - cx 4 5) •. 
3 1 

( a 3 4 + a45 " 2 ) ( a 3 4 + a45 " 2 } J 

K = 

K 

- r ( - a 1 2 + i ) r ( - a 4 5 ) r ( - a 3 4 + i ) 
r ( - a 45 a34 + •1) 

- r ( - i - i i m f ) r ( - a 4 5 ) r ( - a 3 4 + J) 
r ( 1 _ '34 a 4 5 ) 

where Imf r e f e r s t o the imaginary p a r t given at the f - p o l e . 

e) I n t e g r a t i o n 

I n the e v a l u a t i o n of the expression -r=— Orr say) i t ab,_ at 45 
i s r e q u i r e d t o i n t e g r a t e over and S^. To i n t e g r a t e over n we 

i n t e g r a t e over e and 41: 
r 2 IT f 

f d R •+ d $ 
) J n J 

d (cos e) f 

The i n t e g r a t i o n over the $ v a r i a b l e i s done d i r e c t l y using the Gaus 

Mehler method, v i z : 



f (cos <j>) d<j> = 
11 r * /• - ( 2 j - l ) T T X 

n . £. f ( c O S - 2 l T > J = l 

This formula i s exact up t o the order ( 2 n - l ) so t h a t f o r a 4th 

order case, as here, we t h e r e f o r e r e q u i r e n=3, i . e . 

2TT 
f (cos ()>) d<t> = 

3 {' 2 + f ( 0 ) + f 2 

To i n t e g r a t e over 6 we use the Gaussian method on 

f F (x) dx. 

(The previous method i s not used because F involves sin9) 

Since the pole p o s i t i o n s only were taken f o r t o 

i n t e g r a t e over t h i s v a r i a b l e , i t was t h e r e f o r e necessary t o 

assume a p a r t i c u l a r form f o r the amplitude at t h i s p o i n t . The 

simple Breit-Wigner form was assumed, so t h a t : 

,2 
d 2a dS 

dt dS 12 = 
12 

d S= » tdtdS S=S„ .„ . 

t h 
d(S - S R) 

(S-S )*+ E z r z 

<S"SR> = S t h " S R 

2 2 
ER V dtdS 

1 - _ 1 t a n E r Tt R 
(S-S R) 

«-VR E 2 r 2 

LR R LdtdsJ, 
(S-S„) = S -s_ R t h R 
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At the p - p o s i t i o n : 

ER = V RR = w i d t h e . s t h = 4 ( m ) 2 ' SR = ER 2 

At the f - p o s i t i o n : 

E R = m f , r R - Width f. S t h = 4 ( m )
2 , S R = E R

2 

m = pion mass. 

f ) Spinor Factors 

We have mentioned t h a t r e f . [32] gives spinor f a c t o r s t o 

account f o r the fermion's s p i n . These are given by: 

Z |u T u . | , 
f .1 T - Yt (22.20) 

Expanding (22.20) by using the usual p r o j e c t i o n operators and t a k i n g 

m = m = M we get the f a c t o r t o be: p n 

45 
4M 7 as given i n r e f . [32] (22.21) 

g) The Constant 6 

The constant 8 i s given by: 

6 - a' x /l x g f 

2 2 Since we w i l l r e q u i r e |a| then we take B = 6 

B = a' x 2 x g l x ( f z ) z (22.22) 
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where: 

( i ) a1 = The Uni v e r s a l t r a j e c t o r y slope 

Coupling constants 
( i i ) f 2 a ATT x 2.4 puir 

2 
f i n ( i i ) may be c a l c u l a t e d from: 

f 2 P 3 /~2 2 T = - T — —=• where 2 / P + m = m i f p 6TT 2 TI p m 
P 

*m P ^ 
m ! and P = |p| (given i n , f o r example [ 4 1 ] ) 
= = i , m P 

i 
Various values of both ( i i ) and ( i i i ) are quoted i n the l i t e r a t u r e 

f 2 2 

w i t h 2.1<7^-<2.8 and lA-^- 8—-€15. [See f o r example the values i n 4TT 4TT 1— 

Ebel et a l [42] , Sakurai [43] and the Daresbury 4th I n t e r n a t i o n a l 

Conference ( p . 9 4 ) ] . 

h) Computations 

( i ) D i f f e r e n t i a l Cross Section v. Momentum Transfer 

The f o l l o w i n g values were used f o r the masses: 

MJJ = 0 . 9 4 GeV, m̂  - 0 . 1 4 GeV, ( 1 2 3 6 ) = 1 , 2 3 6 G E V ' 

D i f f e r e n t widths were t r i e d : 

T, = 0 . 1 5 GeV, r e 0 . 1 2 5 GeV and r = T = . 0 9 GeV. 
f P P f 

Slopes a* were v a r i e d from 0 . 9 t o 1 . 0 and also a slope t r i e d which 

was given by the p-f masses. The conversion f a c t o r 
- 2 . • l(GeV) = 0 . 3 8 9 3 5 m.b. was used f o r the o r d i n a t e s . 

The t r a j e c t o r y f u n c t i o n s used were: 



75. 

B 

x23 = a 2 3 ( 0 ) + a ' X S23 + 1 ( R T E R M ) / s 2 3 - 4m2 

' a34 = a 3 4 ( 0 ) + a' X S34 + 1 ° ' 1 4 ( S34 " ( M + m ) ) 

a15 = a l 5 ( 0 ) + a' x S15 + i ° - 1 4 ( S i 5 " (M+m) 2) 

2 
a A 5 * a' x ( S A 5 - m ) 

' p. a 1 2 * 1 + i (RTERM) /s°u - 4m2 

Poles-
I £. o w « 2 + i (FTERM) /S* 2 - 4m' / s

f • 2 

where I m a = (a' = SLOPE) x (r = WIDTH) x (m = MASS) 

This phenomenological f i t was f i r s t suggested by Peterson and 

Tornqvis t [44] and we f o l l o w t h e i r p r e s c r i p t i o n f o r both meson 

and baryon imaginary p a r t s . The pole p o s i t i o n s were used so t h a t : 

sp _ 1-0 - a 1 2 ( Q ) ; S J _ 2.0 - ,12(0) 

a' a' 

a 1 2 ( 0 ) = a 2 3 ( 0 ) = 2.0 - a' x S f = 2.0 - a'* M 2 

2 
a 3 ^ ( 0 ) =. a ^ ( 0 ) = 1.5 - a' x M ( f o r the A as baryon) 

\ 3 ( 1 2 3 6 ) 

The r e l a t i o n s h i p between the l a b o r a t o r y energy and the C M energy i s 

given by: 
2 2 S„, - m - M 34 " 2 2 J 2 2 

ELAB 2M i , e ' S34 = ( M + m } * 2 M M P i J + m (22.25) 
S 

( i . e . approx. |? | = = ) 



where: 

From the appendix t o C r e c a l l t h a t : 

g 
S23 = ~T " 2 E ; 2 + I ™ 2 + 2 ( e 2 " 1 1 , 2 ) 2 A3 c o s 6 

E ="|/S 1 2, X 3 = X ( S 4 5 , m2, (2 E ) 2 ) / 16E 2 

T J I2 2 _ 4E 2 + m 2 - S.-Ao = E - m , E, = 45 
J 4E 

( S 4 5 - (m+2E) 2) ( S 4 5 - (m-2E) 2) 
A- = 2 

J 16E 

S i m i l a r l y , 

* ^ - cose cose^ + sin6 s i n e ^ coS(j> J 

2 2 
where: 2 2 S 4 - 4E - M 

A 5 = E 2 - M 2 , E 5 = 4 E 

A 
( S 3 4 - ( M + 2 E ) 2 ) ( S 3 4 - (M-2E) 2) 

5 = 16E 2 

4E(E 5 - E 3) + 4E 2 - 2E 5E 3 + m 2 

and cos Q. T j 
2A A A 3 A5 

( E 3 , E 5, A 3, A 5 and E are given above). 

' k A 

The f a c t o r 2E f ( S 3 4 ) i s found using: 

2 2 J E = i / S 7 9 , k = ( E 2 - m V , f ( S _ , ) = 2 r " 1 2 ' * ^ " ' » ^ 3 4 ' 2 M 2 4 9 
A(S 3 4,m ,M )n 2 

where A(S 3 4,m 2,M 2) = ( S 3 4 - ( M - m ) 2 ) ( S 3 4 - (M+m) 2) 

The amplitude expressions were put i n t o the more compact forms below 
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p - case (22.12) becomes: 

A = 8 
r (o - i i m P ) r ( - | - a 3 4 ) r ( - a 4 5 ) 

F ( 2 " a34 " a 4 5 ) I <°34 + a45~ 2> 

[u 15 "23 ' ( a34 " I>] } 

(22.29) 

For the f-case (22.13) becomes: 

A = B 
- r ( - i - i i m f ) r ( | - a 3 4 ) r ( - a 4 5 ) ' 

F ( 2 " a34 " a 4 5 ) 

{ a 2 3 ( a 2 3 + 1) + 

+ ( a 3 4 ^ 4 5 - T> k 3 { 2 ' ( a i 5 " ° 2 3 " a 3 A ) + C * ( a 3 4 " 

( 1 " a 4 5 ) a 4 5 ( o t 1 5 " a 2 3 " a34 + 1 } 

( a34 + a45 " 1} 

(22.30) 

{ ( a 1 5 " a 2 3 - a 3 4 ) + C . ( c x 3 4 . - | ) } ] } 

( i i ) Angular D i s t r i b u t i o n a t . f - r e g i o n do / d(cosO) v. cos 6 

A s i m i l a r procedure t o t h a t i n ( i ) was c a r r i e d out except 

t h a t because we i n t e g r a t e over the spinor f a c t o r (22.21) and 

v a r i o u s other terms can not be taken out as f a c t o r s as was the case 

i n ( i ) . The decay angular d i s t r i b u t i o n (see, f o r example, r e f . [ 4 5 ] ) 

f o r one p i o n exchange i n the f°(2 +) resonance r e g i o n takes the form: 

/Ŵ  (6) A cos 0 + B. 

Since i n the p (1 ) resonance case i t takes the form: 

/v^ (e) ̂  c cose 

then i f i n the region = 2 there i s some sp i n 1 (p') c o n t r i b u t i o n 

then we would have the form: 

2 2 
w_ (e) /-w | (D cos e + E cose + F) | 
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As t h i s contains terms odd i n cos6 then a p l o t of the angular 

d i s t r i b u t i o n w i l l i n d i c a t e whether or not t h e r e i s any s p i n 1 

c o n t r i b u t i o n present. 

The Gamma f u n c t i o n s were c a l c u l a t e d by using ZFACT, a (22.31) 

s e r i e s approximation f o r Z! = r(Z + 1) where Z i s complex. 

A d e s k - c a l c u l a t o r check was made, f o r one i n c i d e n t 

energy-momentum t r a n s f e r case, f o r those constants not i n t e g r a t e d 

over (e.g, Ag). 

On the f i r s t few computer runs v a r i o u s output statement 

checks were i n s e r t e d . These were subsequently removed. 

The r e s u l t s of the computations compared w i t h experimental 

data [46,47] are shown i n F i g s . 11-15. Although a f i t t i n g procedure 

was not used there i s considerable l a t i t u d e i n any curve presented 

due t o the wide choices of t r a j e c t o r y f u n c t i o n , resonance widths and 

c o u p l i n g constants. Narrowing the widths increased the magnitude of 

the d i f f e r e n t i a l cross-sections and p u t t i n g C B 0 seemed t o produce 

a slope which corresponded c l o s e r t o t h a t of the data. I n general 

the agreement i s not too good, but i s more successful at 6GeV than 

16 GeV and f o r the p, r a t h e r than the f°-region. W r i t i n g the amplitude 

i n the form + CR^ then, the value of C = -1.25 does not seem t o 

be favoured by the data and i n f a c t a value of C = 0 would be not too 

f a r o u t , at l e a s t as regards the slope of the curve. These 

observations were borne out l a t e r i n d i r e c t data, f i t s as r e p o r t e d i n 

Chapters 3 and 4. With C = 0, however, the agreement i s very poor i n 

the near forward d i r e c t i o n of small | t | . I t would have been, nevertheless, 

worse s t i l l had not the n o r m a l i s a t i o n term [ 2 2 . 2 l ] been in c l u d e d ; a f a c t 

stressed by Rubinstein e t a l [ 3 2 ] i n t h e i r normalization, of the 

amplitude. 
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The angular d i s t r i b u t i o n f o r the f°-region at 8 Gev 

i n d i c a t e s t h a t t h i s model w i t h C = -1.25 gave r i s e t o p' 

( i . e , f°-daughter) c o n t r i b u t i o n s as seen i n the st r o n g asymmetry 

of the graph i n F i g . 15 • A symmetric d i s t r i b u t i o n i n cos9 would 

r e q u i r e C t o be about +2. I n Chapter 4 a value of C = £ was" 

found and t h i s would s t i l l imply the existence of a small c o n t r i b u t i o n 

from the p' daughter term. • 

A f t e r t h i s work was completed two s i m i l a r f i t s t o the 

NNHTTTI complex and the p a r t i c u l a r process irN -*• unN were given. 

Bender, Dosch, M l i l l e r and Rothe gave a dual resonance model [48] 

f o r the complex using B,. f u n c t i o n s s u i t a b l y m u l t i p l i e d by polynomials 

f o r the various i n v a r i a n t amplitudes. They then a p p l i e d t h i s model 

to the process nN •+ inrN [49] at small momentum t r a n s f e r (small | t | ) 

between the nucleons and found t h a t the d i f f e r e n t i a l cross-sections 

f o r the p and f° r e g i o n were i n good agreement w i t h the data provided 

daughter terms were i n c l u d e d . Thus, l e a v i n g out the 1 = 1 daughter 

i n the f°-case l e d t o poor agreement. I n the model proposed by 

F o k o r s k i , Szeptycka and Zieminski [50] i n a d d i t i o n t o a s u i t a b l e dual 

amplitude, w i t h the same v e r t e x f a c t o r as used by Rubinstein et a l 

, there was used a Pomeron term parametrized according t o c e r t a i n 

assumptions. Good agreement w i t h the d i f f e r e n t i a l c r o s s - s e c t i o n data 

at 11 and 16 GeV was obtained f o r the p and f-mass regions. These 

two s l i g h t l y b e t t e r f i t s r e q u i r e d , however, some considerable increase 

i n complexity of the amplitude expressions. 

Given the r e l a t i v e s i m p l i c i t y of our i n i t i a l dual amplitude (22 

and the var i o u s assumptions t h a t had t o be made we have seen t h a t the 

crossed, p r o d u c t i o n , process gave moderately successful r e s u l t s f o r the 

p a r t i c u l a r energies chosen and t h a t some p/ -daughter c o n t r i b u t i o n s were 

present i n the given amplitude. 
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CHAPTER 2 Appendix f o r (c) 

The Kinematics f o r n"p •» n ir~n 

L et M = nucleon mass 

m = pion mass 

We take, c o n v e n t i o n a l l y , a l l four-momenta as incoming so t h a t i n 

the n o t a t i o n of F i g . 7; 3, 4 1, 2, 5, Take 3 and 4 t o be the 

i n c i d e n t p a r t i c l e s and look f o r the resonances i n the 1, 2 region. 

Express a l l v a r i a b l e s i n terms of S^, ^12' ^45' a n ^ t* i e a n 8 l e s 

defined i n the 1, 2 CMS ( i . e , when * + * 2 = 0) . 

I n the CMS of 1, 2 E x = 
2 2 

S12 + m l ~ m 2 

2/s72 

' E 2 = 

2 2 
S12 + m 2 " m l 

2/s72 

/s^ 2 

so i f m̂  = m 2 (pion mass) then E^ = E 2 = —j- = E say. 

As B + -E2 = 0 l e t = k say. 

I n general we d e f i n e the four-momenta as f o l l o w s : 
- p i •

 ( W 
PI + P2 + P3 + P4 + P5 = 0 ^ 

or E 3 + E^ = El + E 2 + E 5 

and P- + 9. = -P. 3 4 1 + *2 + *5 j 

-P 2 = (E 2,P 2) 

-P 5 = ( E 5 , ^ ) 

P 3 = ( E y * 3 ) 

P 4 = ( E4'V 

Outgoing 
p t s . 

Incoming 

Note: I n Polar Coordinates the three components i n (R,0,<|>) are: 

(k cos6, k sinGcoscf), k sin8sin<(i). 



8 1 . 

- P^ • (E, -k cos8, -k sin0cos<t>, -k sin6sin<t>) 

-?2 • (E, +k cos8, +k sin8cos<|>, +k sin6sin<J>) • 

Also -P̂  i s along the x-axis w i t h |-?3| = q, say, so t h a t 

P 3 = ( E 3 , q, 0, 0 ) . 

The CMS c o n d i t i o n t h a t + -Ê  - 2^ = 0 i m p l i e s t h a t 

these momenta are co-planar so l e t the 3,4 angle be 8^ and the 

3,5 angle 8^. See F i g . 16 f o r these angles. 

P 4 * ( E 4 ' l * J c o 8 V k 4 | s i n 0 4 f 0) 

-P 5 = ( E 5 , -1* I cos 8 5, + | * 5 | s i n 8 5 > 0 ) . 

Using the r e s u l t s 

P l + P 2 + P 3 + P 4 + P 5 = ° i n 1 , 2 C M S 

= > * t + * 2 - 0 - * 3 + * 4 - * 5 

and E. + E, = 2E + E. 
3 4 5 

gives the f o l l o w i n g f o r the i n v a r i a n t s : 

S34 = ( P 3 + P 4 ) 2 ( i n t h e U S e ° f P 3 + ? 4 = 

- ( E 3 + E 4 ) 2 - I 2 

2 2 2 
= (2E + E 5) - (E^ - M ) (by CM energy conservation) 

= 4E 2 + 4EE_ + M 2 

2 2 S,. - 4E* - M 
••• * 5 -
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2 ( P 4 + P^) (us i n g the CMS condition, again) 

( E 4 " V 2 - 1*3 I2 

2 2 2 
(2E - Eg) - (E^ - m ) (by CMS energy conservation) 
2 2 4E - 4EE 3 + m 

4E + m - S.c 45 
4E 

( P 1 + P 5 ) 2 

m 2 + M 2 + 2P 1.P 5 

m 2 + M 2 + 2EE 5 - 2? 1^» 5 

2 2 
m + M + 2EE,. - 2k|-P,.| [cosecose^ - sinesin8^cos<j 

m 2 + M 2 + 2EE,. + 2 ( E 2 - m 2 ) 2 (E 2 - M 2)* [-cos6cose + 

+ sin6sin6^cos<£] 

( P 2 • P 3 ) 2 

2 2 m + m + 2P 2-P 3 

2m - [2E(+E 3) - 292.2^ 

2m£ - 2EE + 2 ( E Z - m ) 2 (E, - ni ) J cos6 

2 ( S 3 4 - M 2 ) 2 + 16E 4 - 8 E 2 ( S 3 4 - M 2) - 1 6 E V 
M ) -y 

16E 
2 2 2 2 2 2 2 2 2 S 3 4 + (M ) + (4E ) - 2 8 , ^ - 2(4E )S 3 4-2(4E )M 

16E 2 

M 2 = A(S 3 4,M 2,(2E) 2) 
5 - ( d e f n . ) X,-. 

16E^ . 3 



2 2 2 
Where x(x,y,z) = x + y + z - 2xy - 2xz - 2yz. 

S i m i l a r l y from 
2 2 2 2 2 2 2 2 2 

2 2 S45 + ( 4 E } + ( m 5 " 2 S A 5 ( A E } " 2S in -2ni (4E Z) 
(E. - m ) = = 

J 16E" 
2 2 X ( S 4 5 , m2, ( 2 E ) 2 ) 

E, - m = = = (defn.) X,. 
J 16E* J 

N.B. 

X can be put i n t o v a r i o u s d i f f e r e n t forms (Ref. £4CT] P i l k u h n , p.6) 

of products as w e l l as the above: 

e.g. X ( S 4 5 > m2, ( 2 E ) 2 ) = [ S 4 5 - (H+2E) 2] [ S ^ - ( m ^ E ) 2 ] 

X ( S 4 5 , m2, ( 2 E ) 2 ) = ( S 4 5 - m 2 - ( 2 E ) 2 ) 2 - 4m 2(2E) 2. 

Using these r e s u l t s i n S^, giv e s : 

S 2 
S 1 5 = ~ 2E 2 + y - + m 2 + 2 ( E 2 - m V X5* [-cosecos6 5 + 

+ sin6sin8_cos<jT| 

S23 = ~Y~ " 2 e 2 + 1 m 2 + 2(E 2-m 2) 1 2 X * cos6 

From = 0 3 4 5 

(* 3 - * 5 ) 2 = ( * / 

and * 3
2 + * 5

2 - 2* 3 J? 5 = * 4
2 
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we have: 

cos6g 
2 2 2 

1 3 5 4 ; 

2 | ^ | ^ 5 

2 2 2 
- f f 3 * V - J 4 > 
2 ( E 3

2 - m 2 ) i ( E 5
2 - M 2 ) i 

2 2 2 2 2 2 - ( E 3 -ni + - M - (E^ -M ) ) 

Z X 3 A 5 

But i n t h i s CMS, E, = 2E + E c - E_, so t h i s becomes: 
4 5 3 

COS0j i — 2 2 2 2 2 2 2 2 -1 ^ - m + E 5 - M + M - (4E + E 5 + E^ + 

+ 4EE 5 - 2E 5E 3 - 4EE 3) 

2 X 2 X ' 

cose 
- [4E(E 3-E 5) - 4E 2 + 2E 5E 3 - m 2] 

5 2 i i 
Z A 3 A5 

The D i f f e r e n t i a l Cross Section i s given from 

° =
 0 A c

 1 2 K \ d U P S ( S 3 4 * P 1 ' P 2 ' V I A l 2 /XS 3 4,m 3 ,m̂  ) J 

2 

and dLips ( S ^ . P ^ P ^ P ^ = / x ( S ^ n ^ 2 , S r ) / x ( S r .n^ 2,!^ 2) x 

dftdft FdS 5 r 
(2TT)4(16TT 2) 2S rS 3 4 

where dft^ i s the d i f f e r e n t i a l s o l i d angle of p a r t i c l e 5's momentum 

i n the CMS and the l e n g t h of t h i s momentum i s |P5| = /\iS^m^S^)/^^i} ' 

X(S r, m̂  , m 2 )/2S r i s the magnitude of the momentum 

of p a r t i c l e 1 (and 2) i n the r or 1,2 r e s t frame, i . e . = k, and ft i s 

the corresponding s o l i d angle. 



R e c a l l P r = S r, P r = ? l + P 2 > 

S r = S u = ( P x + P 2 ) 2 = ( P ^ + P 2 ° ) 2 = (E + E ) 2 = 4E 2. 

S r = S 1 2 = (2E) . 

So we have do 
dfi5dS12d£2 from: 

d L i p s ( S 3 4 , P 1 , P 2 , P 5 ) = 
d« 5dfidS 1 2 / x ( S 3 4 , m 5

2 , S 1 2 ) k 

S34 S12 2 * 

do A K S 3 4 , m 5
2 , ( 2 E ) 2 ) 'k s 

L2Ej 
* 1 0 " 5 V 

We now t r a n s l a t e dft.. i n t o dS. c and t o do t h i s we go i n t o the 
5 45 

3,4 CMS ( I . e , the 1,2,5 CMS) or the o v e r a l l CMS of the system. 

See Fig . 1 7 . 

I n the 3,4 CMS 

*. + * = 0 = . So f , = = --P, say, i n t h i s 3 4 1 2 5 3 4 
system. 

45 <P 4 • P 5)' 

45 = n, + m/ + 2P,PF - 2M - 2E,EC + 2 P. P c cos8 ». 

and t h a t 
( i n t h i s CMS) 

4 5 

Recall t h a t £ = 
A(S 3 4,m 2,M 2) 

4S 34 

A X(S 3 4,M 2,(2E) 2) 

4 5 t i i 4 , l - 5 l 

1*31 - P 4 1 

S12 - « > 



2 A(S 3 4,m 2,M Z) A(S, A,M 2,S 1 0) 34'" '"12' 
dS 45 AS dz 

34 

and df2^ = 2TT d cos6^ = 2irdz, 

{The i n t . over d<|> i m p l i e s no i n i t i a l s p i n p o l a r i z a t i o n . } 

So we have: 

do 
d S 4 5 d S 1 2 d n | A ' 2 [ x ( S 3 4 , m

2 , M 2 ) A ?
9 ] 

do 
i . e , dS.cdS,„dfi 45 12 L2E; |A|* * f ( S 3 4 ) 

f ( S 3 4 ) " 2 2 4 9 X(S 3 4,ni ,M^)ir 2* 

86. 
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CHAPTER 2 Appendix f o r (d) 

Evalua t i n g the amplitude expression f o r ir~p v~v+ri. 

Let the amplitude (22.1) be w r i t t e n f o r convenience 

1 3 
(1) A = A ! + A 2 w h e r e A ^ = ^ ai2 F^ a12' a23~ 1" , a34"*2' a45' c t15 - ~^ 

A 2 = BC(a 3 4~ • | ) F ( a 1 2 " 1 ' 0 ' 2 3 ~ 1 , a 3 4 ~ i ' a 4 5 ~ 1 , a 1 5 ~ I 5 

Recall (21.1) and put x - . u ^ , y = u ^ 2
 s o t' i a t 

F ( a 1 2 , a 2 3 , a 3 4 , c x 4 5 , a 5 1 ) = 
0 ' 

L " a 4 5 _ 1 " a 1 2 - 1 " a 3 4 " 1 

dxdyx y (1-x) ( l - y ) 
a„ -, —1 23 

* (1-xy) 
A23 + A34~ A15 

Now f o r t h e . f i r s t term A^ we have: 

A l = B a 1 2 
- a . c - l _ a 1 0 - l (a_. -r) 1 (cu- 1)-1 J j 45 12 * 34 2 N 23 . ,. dxdy x y (1-x) ( l - y ) * 

0J 0 

* (1-xy) 
( a 2 3 ~ 1 ) + ( a 3 4 ~ T M a 1 5 ~ l } 

,1 
(2) A1 = Ba 1 2 

/ • I a. c
- l - ( a - . - - r ) - l ~ a 1 0 - l - ( a O Q - l ) - l , . 45 v 34 2 12 ^ x 23 * dxdy x (1-x) y ( l - y ) * 

(V 

* (1-xy) 
a 2 3 + a 3 4 " a 1 5 

Expanding the l a s t term gives: 

(3) (1-xy) 
a 2 3 + a 3 4 ' a 1 5 

= 1 + ( a 1 5 - a 3 4 - a 2 3 ) x y + 
( 0 t 2 3 + a 3 4 ' a 1 5 ) ( 0 t 2 3 + a 3 4 " a 1 5 ' 1 ) 

(xy) + 0(xy) 

[Note: Hopkinson and Plahte [ i f ] , Hopkinson Q.3] and Biafas and Pokorski 

[ l 5 j have given a general expansion i n the form: 
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B (x ,x ,x ,x ,x ) = I (-1) 
3 1 J k=0 

k r X 5 ~ X 2 ~ X 3 (x +k,x 2)B (x +k,x ) 

as (21.4) 

S u b s t i t u t i o n of the v a r i o u s arguments f o r the x's and expanding 

gives a check on the simpler procedure used here t o d e r i v e ( 4 ) . 

and ( 6 ) . ] 

P u t t i n g (3) i n t o (2) gives: 

6 a 1 2 B ( - a 4 5 , - a 3 4 + | ) B ( - a 1 2 > - a 2 3 + 1) 

+ a 1 2 ( a 1 5 " a34 " a 2 3 ) B ( " a 4 5 + 1 * " a 3 4 + 2 ) B ( " a 1 2 + 1 * " a 2 3 + 1 ) 

T ( a 2 3 + a34 " a l 5 ) ( a 2 3 + a34 " a15 - 1 > B < ^ 4 5
+ 2 . - ° 3 4 + 1> 

B ( - a 1 2 + 2, - a 2 3 + 1) + 

where 

and 

r l 
B(m,n) = , m-l._ .n-1 dx x (1-x) . m»n > 0 

or Re m > 0 

Re n > 0 
r ( m ) r ( n ) 

B(m,n) = r(m+n) 

(5) 

(4) So A t - 0 
r ( - a 4 5 ) r ( - a 3 4 + ^ r ( - a 1 2 ) r ( - a 2 3 + 1) 

_a12 r ( - a 4 5 - a 3 4 + i ) X r ( - a 1 2 - a 2 3 + 1) 

r ( - a 4 5 + i ) r ( - c x 3 4 + 2 ) r ( - a 1 2 + i ) r ( - a 2 3 + i ) 
a 1 2 ( a 1 5 " a23 " a 3 4 } ~TT - ~ 

F ( " a34 " a45 2> r ( " a 1 2 a 2 3 2 ) 

( a 0 0 + a,, - a 1 B ) ( a 0 0 + a,,. - a,* - 1) r ( - o 4 5 + 2 ) r ( - a , A + ^ ) l23 "34 "15 , v*23 "34 "15 '34 V 
'12 

r ( _ a 3 4 " a45 + 2) 

r ( - a 1 9 + 2)r(-a„- + 1) 
* 1± 1£ + 

F ( - a 1 2 - c 2 3 + 3) 
...] 
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Repeating t h i s procedure f o r the second term i n (1) gives: 

r ( - a / c + i ) r ( - « - . + h r ( - a 1 0 + i ) r ( - a 0 0 + i ) 
(6) A 2 = 6 C(a 3 4- 2 ) = x 

r ( - a 4 5 ~ a 3 4 + ^ r ( - a 1 2 " a23 + 2 ) 

, r ( - a 4 5 + 2 ) r ( - a 3 4 4 ) r ( - a i 2 + 2 ) r ( - a 2 3 + i ) 
+ C(a„ - •«)(a1r ~ a,, - a,. + 1) E - — * 

34 2 15 23 34 . 5. , ,v 
r ( " a 3 4 " a45 + 2> r ( * a 1 2 " a23 + 3 ) 

...] 
We can now apply the r e s u l t r ( z + l ) = z r ( z ) , (z £ - n ) , t o (4) 

and ( 6 ) . 

For the p-region ( Q i 2 = l ) w e P u t a±2 = ^ + i l n p a°d f ° r the 

f-p' r e g i o n ( a ^ 2 = 2 ^ w e c a n ^ u t a i 2 = 2 + ^ m ^ * T ^ i s w i l l prevent 

the i n f i n i t e values of T(n) f o r n a negative i n t e g e r and w i l l be 

done a f t e r the expansion. 

p-region 

For(4) 

f i r s t term f a 1 2 r ( - a 4 5 ) r ( - a 3 4 + T ^ ' 0 ^ ! r ( " a 2 3 + 1 } f a 1 2 i r a A 5 ; ' r V 2 ; i V " a l 2 q x 

'45 "34 " 2' r ( " a 1 2 " a 2 3 + X ) 

or f - r ( - a A C ) r ( - a , A + ^ ) r ( - a i n + 1)^ (-<*23) f " 1 ^ a 4 5 ; ^ ' a 3 4 ' 2 ; i V " a 1 2 1 ; ) 
I r ( - a 4 5 - a 3 4 + i) J 

second term 

K x ( - a 2 3 ) . 

{ K ^ x
 ( a 1 5 " a23 " a 3 4 ) ( " a 4 5 ) ( " 1 ) 

(" a34 " a45 + 2> 

K l °45 ( a 1 5 " °23 " °34 ) 

( _ a 3 4 " a45 + T } 



For (6) 

f i r s t term K C ( a 3 4 - | ) (-0^5) (~D 

(' a45 _ a34 + ¥ 

(- a45 ' a34 + I } 

I n t h i s case, t h e r e f o r e , 

A = g ( r ( o - i i m P ) r ( | - a 3 4 ) r ( - « 4 5 ) f 

1 — T A ; — I a 2 3 + -
Tf— — ft..—«._ 1 l — 

•45 ( a15 " °23 " °34)' + 

F ( f ' a34 " a 4 5 ) L " ( a34 + a45 " T> 

+
 C ( a34 " T ) a 4 5 1 } 

*34 "45 

P u t t i n g i n t h i s imaginary p a r t a f t e r making the expansion saves 

having the i n f i n i t e s e r i e s and i s j u s t i f i e d on the basis t h a t we 

are near a pole w i t h 'small' widths and hence 'small' imaginary 

p a r t s . 

f - r e g i o n 

For (4) 

f i r s t term / -^-^DT (-.^T (-a^ \) , r(-»„•!) 
r ( _ a 4 5 " a 3 4 + T > ' r ( - 2 - a 2 3 + l ) 

1 ^~ a23 1 ; 

f x 

> r ( - 2 - a 0 0 + ] 

K (-° 2 3
) r (" a23 ) 

r ( - a 2 3 - 1) 

K a 2 3 ( a 2 3 + 1) 



second term 15 23 34 45 12 23 
(" a34 " a45 + I } r ( " a 2 3 ) 

K 2 a 4 5 a 2 3 ( a 1 5 - a 2 3 - g^) 

(«34
 + «45 " I> 

t h i r d term K ( a 2 3 + a 3 4 - a ^ ) ( a 2 3 + -• - 1) (-ot^+1) (~a 4 5) 

2 ( ~ a 3 4 - a 4 5
 + | ) ( - a 3 4 - ^ + \ ) 

rC-a,- + 1) 
* ( - ° 1 2 ) ( - ° 1 2 + 1 )

 r f + n 

r ( - a 2 3 + 1) 

-K ( a 2 3 + a 3 A - a 1 5 ) ( a 2 3 + a 3 4 ~ a 1 5 - D ( l - a 4 5 ) (*45 

( _ a 3 4 " a45 + 1 } (" a45 " a34 + ¥ 

For (6) 

f i r s t term K C ( < * 3 4 --|) (~a 4 5) (-a 2 3) (-1) 

("°45 " °34 + 1> 

KC ( a 3 4 - -|) a 2 3 a 4 5 

( a 4 5 + a34 " I } 

second term K C ( a 3 4
_ - j ) ( a ^ ^ + l ~ a 2 3 - a 3 4 ^ ~ a 4 5 + * ^ ~ a 4 5 ^ 

(" a34 ' a45 + l ) ( ~ a 3 4 " °45 + T> 

So t h a t we have (A = + A 2>: 

A = BK | c t 2 3 ( a 2 3 + 1) + 2 a 2 3 a 4 5
 ( a 1 5 " a 2 3 " 0 t34 ) 

( a 3 4 + a45 " 2> 

- ( a15 " a23 " a 3 4 ) ( a 1 5 * 1 " a 2 3 " a 3 4 ) ( 1 " a 4 5 } a45 
( a34 + a45 " l } ( a34 + a45 " 2 } 
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, c
 ( a34 ~ I > a23 a45 

( o t34 + a45 " T> 

( ? ) _ c
 ( a34 ' l ) ( a 1 5 * 1 " a23 " a 3 4 ) ( 1 ~ °45 ) a45 

( a34 + a45 " ¥ ( a 3 4 + a45 " 1> 

Where K - '^12 + ^ ^ ' ^ + ¥ 

r ( " a 4 5 " a34 + I } 

- r ( - i - i i m f ) r ( - a 4 5 ) r ( - a 3 4 + -|) 

F ( I - c34 " °45 > 

(Notice t h a t the only d i f f e r e n c e between the K f o r the f - r e g i o n 

and the K f o r the p-region i s t h a t one has r ( - i l m f ) and the other 

has r ( - i l m p ) , or simply, the d i f f e r e n c e i s due t o the r e l a t i v e 

w i d t h s , and these are almost the same. We could, t h e r e f o r e , equate 

the K's i n magnitude t o a good ap p r o x i m a t i o n ) . 



Diagram r e p r e s e n t i n g the f i v e - p o i n t 
i amplitude which corresponds t o the 

o r d e r i n g ( 1 , 2, ... , 5 ) 

5 
Fi g - 2 

The dual diagram associated w i t h F i g . l , 

8 

F i g . 3 

The set of v a r i a b l e s u-, 0u_,_ 
1 £ 2 8 

e t c . on the dual diagram. 

N-l 

N-2 

Diagram r e p r e s e n t i n g the set of 
independent v a r i a b l e s u. _ u_ etc, 

1,2 2,8 

F i g . A 

N-2 N-l 

The set of v a r i a b l e s u^.. ( j = 2 , . . ,N-2) Diagram r e p r e s e n t i n g the set of independent 
represented on the dual diagram. v a r i a b l e s u . ( j = 2, N-2). 

1»J 



F i g . 5 

Diagram i l l u s t r a t i n g the b o o t s t r a p 
consistency of the f i v e - p o i n t amplitude. 

rig- 6 
Diagram i l l u s t r a t i n g the " s i n g l e 
Regge l i m i t " f o r the f i v e - p o i n t 
amplitude. 

(pion 
channel) 

(baryon channel) 

S. IT 

s. '23 
- v < 2 

12 

(meson channel) 

(P , f ... resonance 
channel) 

(baryon channel) 

F i g . 7 
N o t a t i o n f o r the p r o d u c t i o n process TT p -*• T T + T T n. 

F i g . 8 
2 

The Tr-pole diagram where = m̂  used i n the n o r m a l i z a t i o n comparison w i t h pn 
t h r e s h o l d , where = 4H^2 



F i g . 9 

n IT 
I I 

n 

n 

+ 

A quark d u a l i t y diagram f o r the process IT p •+• ir TT n. 

F i g . 10 

Tr 

Diagram of the processes considered. 



FIRS. 11-15 

We use the p - f - t r a j e c t o r y i n the form 

0.9t + 0.56 

and the widths are given by 

r = T = 90 MeV, P f 

as used by Bender e t a l [ 4 9 ] . 

The dashed l i n e s r e f e r t o the given C value and the f i r m l i n e s r e f e r 
t o the case C = 0, (except f o r the angular d i s t r i b u t i o n graph of 
F i g . 15). 



8 GeV 
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F i g . 12 

o 
TT p ->• p n 

16 GeV 

J 
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I I 

01 

1 1 

t (GeV~) 

G V Dass and C D F r o g g a t t , Nucl. Phys. BP, 661 (1968) 

G B e l l i n i et a l , Nuovo Cimento 53A, 798 (196P) 

J Ballam et a l , Phys. L e t t e r s 31B, 489 (1970) 



F i g . 13 

8 GeV 

CM 

0) 

e 

c=o 

.01 

• 

- t (GeV 2) 



F i g . 1.4 

P 
16 GeV 

7 * 

— 4 — 

.01 
c=o 

1 1 1 

t (GeV ) 

+ G B e l l i n i et a l , Nuovo Cimento 53A, 798 (1968) 

+ J Ballam et a l , Phvs. Le t t e r s 31B, 4P9 (1970) 



Angular Distribution for J = 2, 8 GeV t -S0.3 GeV 

100 

events/bin 50 

mits) 
i 

cos 8 
Corresponding data from Ref. 46. 

/ 

1.25 (Given value) 

+2.25 

/ 

s 

3 0 .8 1.0 

(positive) cos(e) (negative) e = 180° 



F i g . 16 
The 1-2 CMS for 3 4 •» 1 2 5 

The angles are as defined i n t h i s diagram. 

--x-axis 
(z) 

y-axis (x) 
In the 1-2 CM system 

F i g . 17 

r 

CMS system for 3 4 -» 1 2 5 
In the 3-4 CMS 

*3 + * 4 = 0 + *2 + * 5 
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CHAPTER 3 

A D a l i t z Plot Analysis of the Annihilation Process 

p n -*• 3n at Rest using Veneziano Type 4-point function 

Amplitudes 

3.1 Introduction 

A remarkable feature of the reaction p n •+ 3 * at rest i s the 

very complicated structure of the D a l i t z plot for the 3TT system. F i g . 1 

shows a computer l i n e - p r i n t e r output of the data (consisting of 2902 

events) for t h i s reaction as measured by P Anninos et a l [ l ] i n which each 

event i s plotted twice (because of the two IT ) so that the plot i s 

completely symmetric with respect to the diagonal. This group made the 

following comments on the structure shown: 

2 -
( i ) strong enhancement in the low M (ir^, n^) region where 

2 + — 2 + — 2 ' o M (n , ir ) = M (it , n 2) = 1.64 GeV (about the f mass); 

2 + - 2 + -
( i i ) absence of events i n the region M (TT , ir^) = M (i: , TT^) - 1.08 

2 
GeV (hole near the centre of the D a l i t z p l o t ) ; 

2 + -

( i i i ) lack of events in the region where one M (TT , TT ) i s small and 

the other one i s large; and 

( i v ) apparent abundant production of p° and f, as seen i n the 
2 + -M (IT , n ) d i s t r i b u t i o n . 



9*. 

[N.B. 

The l i n e - p r i n t e r output tends to mask these effects by grouping some 

of the events for printing purposes. | 

They were not able to find a s a t i s f a c t o r y f i t to the data but could make 

the conclusions that: p production seemed to be very small but f° production 

seemed to be very large. 

The Veneziano [2] 4-point function formula outlined in Chapter 1 

might well never have excited so much i n t e r e s t had i t not been seen by 

C Lovelace [3] to provide a plausible explanation for the complicated dip-

bump structure of the p n •+ 3ir D a l i t z p lot. 

In the annihilation process p n -*• T T + T T TI at rest the i n i t i a l 

state has o r b i t a l angular momentum L = 0 and the t o t a l angular momentum 

J equals S, where either S • 0 ( s i n g l e t ) or S = 1 - ( t r i p l e t ) . The i n i t i a l 

state i s charged so that T = I = 1 and since L = 0 i t has P = (-1)* J +* = -1. 
P - P -

Thus, the i n i t i a l state i s e i t h e r J = 0 or J = 1 , but since 
G = ( - j^+S+I ^ e l a t t e r state has G = ( - )® +l +l - + a m j c a n n o t 

decay into three pions. The i n i t i a l state p n i s thus uniquely an isovector 
G P — — 

pseudoscalar I J = 1 0 s t a t e , or has exactly the same quantum numbers 
as the IT meson, but of mass m + m , also written as 1S and i l l u s t r a t e d ' p n o 

in F i g . 2. F u l l e r discussion on the evidence for S-state capture of the 

antiproton at re s t i s given by Gray et a l [ 4 ] , based on the o r i g i n a l study 

of Day, Snow and Sucher [p]- This assumption about the i n i t i a l state may, 

however, not be j u s t i f i e d since recently there has been evidence against 

complete S-state capture of the p reported by Devons et a l [6] i n the 

process p p •> 2ir° at r e s t and discussed further by R B i z z a r r i [7] and 

T E Kalogeropoulos [8] at the Chexbres Symposium on Nucleon - Antinucleon 

Annihilations. 
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Lovelace took the n—n Veneziano type 4-point function to 

describe t h i s process making an "off mass-shell" continuation on 

the grounds that the exchanged t r a j e c t o r i e s were not modified 

thereby. Since Veneziano forms 

T(n - a ) T(n - a.) 
V = 5 - L . nm r(m+n - a - a ) s t 

depend e x p l i c i t l y on l i n e a r t r a j e c t o r i e s an extrapolation from the 

mass of the pion to that of the two nucleons i s performed by changing 

the connection s + t + u = 4m to s + t + u = J = (m + m ) 
ir *• p n 

2 2 2 + 3m = m, + 3m where s, t and u are the Mandelstan variables for n D ir 

the decay of the dinucleon system into the three pions. Coefficients 

for terms l i k e V depend on the external masses and could be allowed nm 
to change representing, for each term,, j u s t a scale change. 

Lovelace suggested the two term formula: 

T ( l - a ) r (1 - a. ) r( l - ci ) r (1 - a ) 
A(s,t) = -e r M A _ . t + -r ( l - a s - a f c) ' F(2 - a s - a t> 

= {Y - B (1 - a g - o t ) } B (1 - o g j 1 - a t ) 

for the amplitude A(s,t) to describe t h i s process and took a phenomeno-

l o g i c a l Regge t r a j e c t o r y : 

a = 0.483 + 0.885x + i0.28/x~- 4m e(x - 4m ) 



. For comparison with experimental data he gave a and 
s 

a f c imaginary parts i n order to remove the poles away from the r e a l 

a x i s . The residues are then no longer polynomials i n the crossed 

channel invariant but the "ancestor" problems are not too serious 

for t h i s p a r t i c u l a r application. Lovelace ended up by setting 

3 = 0 i n h i s comparison with experiment, so that the standard irn 

Veneziano amplitude [9] was eliminated leaving the s a t e l l i t e term 

which does not have the leading (p, f ...) t r a j e c t o r y . This was 

done because of the apparent absence of an appreciable p- signal 

i n the data of Anninos as mentioned above. 
2 

The d i s t r i b u t i o n of events on the s = M , versus 
ir+ T T -

2 
t = M + - D a l i t z plot i s given by 

IT IT 

. |A(8,o|2 

(The phase space d i s t r i b u t i o n on the D a l i t z plot i s constant). 

Lovelace claimed that h i s version of the Veneziano type 

amplitude given by (31.1 ) predicted the marked depletion of events, 

corresponding to a + a = 3, and the strong accumulation at the 
S t 

edge of the plot given at a = 1 (p band) or a = 2 (f band) and 
s s 

at = 1 or a • 2. I n fac t the hole i s so deep and the depletion 

of events on the l i n e s a + a = 2 or 4 i s so much weaker that a 
s t 

f i t to the data w i l l require an additional l i n e of zeros at a + a -
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which could be obtained, for example, by s e t t i n g B = -y/2 i n (31.1) 

so that A(s,t) - {a + a - 3]B(1 - a 1 - a ) , explaining 
S t S 9 t 

q u a l i t a t i v e l y why s a t e l l i t e terms are needed [16] . Although the 

amplitude (31.1 ) with 6 = 0 could not be s a i d to " f i t " the da.ta 

the idea of applying the Veneziano formula to t h i s p a r t i c u l a r 

reaction was an important one. I f , f o r example, the reaction 

p p •* ir+ I T - ir° had been chosen then the i n i t i a l state at r e s t 

having the quantum numbers of either it, which couples to *"SQ, or, say, 
3 

u), which couples to the states of p p, would have required a 

more complicated analysis and also as the f i n a l state has no exotic 

TTTT channels i t i s l e s s i n t e r e s t i n g anyway. Jengo and Remiddi i n 

fact looked at t h i s problem [ll] and gave an adequate f i t to the 

data. 

Berger [12} pointed out that Lovelace's f i t did not match 

the angular dis t r i b u t i o n i n the p and f-region and he was not convinced 

of the t h e o r e t i c a l j u s t i f i c a t i o n for equation (31.1 ) since i t was 

not c l e a r how the d e t a i l s of the model had entered, beyond the fact 

that the TTTT system contains a p, f and a large S-wave phase s h i f t . 

Using the Lovelace ansatz for the t r a j e c t o r y function ( 31.2) Berger 

allowed 8 and y i n (31.1 ) to be free parameters and found a best f i t 

to the invariant mass dis t r i b u t i o n s with g = -1.0 and y = 1.95. 

The experimental data for the decay angular dis t r i b u t i o n of the ir+ 

i n the mass region of the f show a sharp forward peak that needs an 

L = 2 contribution present i n Berger's model, but absent in Lovelace's. 

In the p-region neither model f i t t e d the decay angular d i s t r i b u t i o n 

very w e l l . 
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The Lovelace r e s u l t s were also compared by Boldrighini and 

Pugliese Q.3] with the phenomenological consequences of using 

amplitudes of the form: 

T ( l - <x s/Y ) r(l - a t / Y ) 
F ( S * t } 38 3 r ( l - (a +ct ) /Y) 3 N D 

s t 

F ( s , t ) = 6 
r ( i - c s / Y ) r ( i - a t/Y) 

T(2 - (a s+a t)/Y) 

assuming 

a = b -s 

and taking b = 0.52, c = 1.29 and y = 0.93. 

They obtained only a f a i r agreement with the data and concluded 

that t h i s was a r e f l e c t i o n of the lack of higher thresholds i n t h e i r 

amplitudes. 

By expanding A(s,t) simultaneously i n poles in a and 
s 

<xt Boguta [l4] was able to make the structure of the D a l i t z plot 

appear very obvious. For TTTT scattering he took the convergent 

expansion for the amplitude as: 

» / 1 \n+l r(n+l - ct - a ) r . . \ 

• I, < " room - - V * ^ } 

= (a + a - 1) ( — ^ — r + - ^ ~ r 

-} 
+ 2 a. + a - 2 

« t - 2 a s - 2 



This converges for Re(l - a - a ) . <0 or s + t > (1 - 2a ) a 

0 

(where a Q r e f e r s to the intercept and a X the slope of the Regge 

tr a j e c t o r y ) = 0 (as aQ - \). The residues of the poles i n t h i s 

expansion grow when s and t increase so that constructive i n t e r 

ference gets stronger when s and t increase - a s p e c i f i c 

prediction. By taking the f i r s t few terms of such an expansion 

one has a s p e c i f i c a l l y non-dual isobar model. 

Boguta was able to reproduce Lovelace's o r i g i n a l r e s u l t s 

by using such a method, i l l u s t r a t i n g that within a limited 

kinematical range a dual model can always be approximated 

a r b i t r a r i l y well by a non-dual model [lo]. 

A si m i l a r type of f i t but using non l i n e a r daughters was the 

r i s i n g phase s h i f t model of Gleeson, Meggs and Parkinson [ l 5 ] . 

Their f l e x i b l e parameterization allowed mass s h i f t s between 

resonances i n each tower of daughters and different widths. By 

l e t t i n g the masses of the resonances vary they were testing one of 

the assumptions of the Veneziano approach, that resonances occur 

i n degenerate towers. 

Moen and Moffat [l6] instead of taking a product of Gamma 

functions for each term took a sura to ensure that there were no 

'ancestors' as occurs i n the Veneziano type of approach. They 

claimed a f i t to the data at l e a s t as good as Berger. Other models 

for t h i s process w i l l be considered l a t e r on i n the chapter. 



100. 

Lovelace had used a one term Veneziano type of f i t and 

Berger a two term f i t , n e i t h e r of which amplitude i s unique. 

A l t a r e l l i and Rubinstein [17^] suggested, t h e r e f o r e , using the 

decay amplitude f o r t h i s process i n the form: 

A ( s , t ) o V 7 C V (31 3^ 
n=l m=0 

where the C are c o e f f i c i e n t s t o be determined by the f i t , and ran J 

V was as above, nm 

I n order t o r e s t r i c t the p o s s i b l e values of n and m 

they u t i l i s e d the experimental f e a t u r e of the D a l i t z p l o t t h a t 

t h e r e i s a "hole" at values o f s and t such t h a t 

a s: a - 1.5. This l e d them t o a f i v e term f i t u sing n + m «3, 
S £ 

so keeping only those terms t h a t vanished at a + a.. = 3, and 
S t 

they obtained f o r the c o e f f i c i e n t s : 

Ĉ Q = 1 ( n o r m a l i z a t i o n ) 

C n = 1.89 

C30 = ° ' 5 7 

So " C 2 1 " 0 

They claimed a good f i t t o the data and r u l e d out the p o s s i b i l i t y 



of a one term f o u r p o i n t f u n c t i o n , such as Lovelace's, f i t t i n g 

the data. ( I n f a c t they p o s s i b l y s l i p p e d up i n computing 

t h e i r c o e f f i c i e n t s and t h e i r decay r a t e r a t i o s given i n equation 

(9) are m i s c a l c u l a t e d ) . Using B i z z a r r i ' s (1968) estimate of the 

conversion f a c t o r (p p -*• a l l ) / ( p n -»• a l l ) they reached rough 

agreement between the experimental and t h e o r e t i c a l values of 

the decay rates f o r (p p -*• TT+ IT- ir° ) vs p n. 
(T = 1) 

Jengo and Remiddi computed t h i s r a t i o f o r Lovelace's amplitude but 

found t h e i r r e s u l t t o be (a f a c t o r of 10) d i f f e r e n t from the (rough) 

estimate of A l t a r e l l i and R u b i n s t e i n . 

Boguta [l8] was again able t o generalise t h i s model t o 

reproduce the i n v a r i a n t m a s s - d i s t r i b u t i o n r e s u l t s of A l t a r e l l i and 

R u b i n s t e i n and also showed t h a t ancestors played an important r o l e 

i n t h e i r f i t s . He took a f i n i t e number of terms and a s u i t a b l e 

ansatz t o give i d e n t i c a l ancestor, parent daughter s t r u c t u r e . 

S i m i l a r agreement w i t h the experimental data using these simple 

i s o b a r i c amplitudes was also made f o r other r e l a t e d r e a c t i o n s [ l 9 ] . 

The. somewhat a r b i t r a r y nature of t a k i n g sums of terms such 

as ( 3 1 . 3 ) was pointed out by R u b i n s t e i n , Squires and Chaichian \2.6] . 

I n s t e a d of using the Veneziano formula appropriate f o r two body 

s c a t t e r i n g processes they took the generalized forms s u i t a b l e f o r 

processes as given by Bardakci-Ruegg and Virasoro [2l]. We have 
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discussed t h i s amplitude i n Chapter 2 and f u r t h e r comment w i l l 

be given i n Chapter 4. I n order t o cast t h e i r amplitude i n the 

form of ( 3 1 . 3 ) they evaluated the amplitude at the t h r e s h o l d , 
2 

i . e , = 4M̂ j ( t h e i r diagram f o r the d e f i n i t i o n of the 

k i n e m a t i c a l v a r i a b l e s i s given i n F i g . 4 ) , took the approximation 
IT R 

c t ^ = 3, and obtained the r e s u l t s : 

C 1 Q = -3C (A 2 + 8A + 15) - (2A 3 + 21A 2 + 70A + 75) 

C n = 3C(2A 3 + 17A 2 + 38A + 15) - (3A 2 + 24A + 45) 

C 2 0 - 3C + 6A + 21 

C 2 1 = 9 - 3C (2A + 3) 

C 2 2 = 3C (2A + 3) - 9 

C = 0 , otherwise nm 

(NB - The Ĉ Q, C^ c o e f f i c i e n t s given i n t h e i r paper 
were i n e r r o r and a p u b l i c a t i o n of the corrected 
terms was made) 

where A = - 2cJ M^2 + 2a B(0) - a p ( 0 ) - 1, a N being the u n i v e r s a l 

t r a j e c t o r y slope, a(0) t h e ' t r a j e c t o r y i n t e r c e p t , ^ the nuclear mass and 
3 

C = 2A.+3 ^ ^22 * S r e c l u ^ r e ^ t 0 ^ e z e r o « 



Using the A 

e n t r i e s ) : 

t r a j e c t o r y f o r a , they gave ( c o r r e c t e d 

C = -1.25 

C 10 - 1 ( n o r m a l i z a t i o n ) 

11 = 3.2 

20 = 0.39 

21 = 0 

Rubinst e i n e t a l claimed e x c e l l e n t agreement w i t h the A l t a r e l l i 

and R u b i n s t e i n r e s u l t s . This was the case, and t h e i r signs were 

c o r r e c t e d c o e f f i c i e n t s , p o i n t e d out the d e f i c i e n c i e s of the f i t 

t o the data. 

Since none of these p r e v i o u s l y c i t e d adaptations of the 

Veneziano model t o p n a n n i h i l a t i o n made d i r e c t f i t s t o the f u l l 

two-dimensional D a l i t z p l o t r e p r e s e n t a t i o n the accuracy of the 

p r e d i c t e d p a t t e r n s was not f u l l y t e s t e d . Gopal, Migneron and Rothery 

[23] made such a f i t t o the data using the same Veneziano l i k e terms 

c o n s i s t e n t , but the A l t a r e l l i and Rubinstein f i t was i t s e l f not 

ver y good i n the form they gave. Boguta {22}, not aware of the 



as A l t a r e l l i and Rubinstein w i t h m + n $ 3 but found t h a t 

t h e i r c o e f f i c i e n t s C were d i f f e r e n t . Their procedure was 
mn 

2 2 t o d i v i d e up the M (= u) vs M . (= s) D a l i t z p l o t i n t o 

a 30 x 30 g r i d and o b t a i n the p r e d i c t e d p r o b a b i l i t y d i s t r i b u t i o n 

p of each square by i n t e g r a t i n g the expression 

over the area of the square. A method of o b t a i n i n g an i n d i c a t i o n 

of goodness of f i t was presented. They found t h a t : 

(1) For the r e s t r i c t i o n m + n « 3 the secondary terms w i t h 

n >y 2 were e s s e n t i a l . 

(2) The o v e r a l l f i t of A l t a r e l l i and Rubinstein was worse than 

Lovelace's. 

(3) The best f i t t r a j e c t o r y of the form 

\ 2 B 2 -a^ = <XQ + a x + i A ( x - 4m ) 8(x - 4m ) 

had dp, ct^ and B = ̂  as f o r Lovelace but t h a t A = 0.33 

(A = 0.28 gave o n l y s l i g h t l y i n f e r i o r r e s u l t s ) . 
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(4) Using t h i s t r a j e c t o r y (3) t h e i r c o e f f i c i e n t s were: 

C 10 1.00 ( n o r m a l i z a t i o n ) 

C 11 2.90 

C 20 2.14 

C 21 7.31 

C 30 -3.74 

We agree t h a t a d i r e c t f i t t o the D a l i t z p l o t i s e s s e n t i a l 

f o r determining the q u a l i t y of any p a r a m e t r i z a t i o n . However, 

the use of a g r i d over the p l o t ( w i t h o u t a good c r i t e r i o n f o r i t s 

s i z e ) and of the Poisson d i s t r i b u t i o n seem unnecessary (except f o r 
2 

a X -type t e s t of a f i t ) . F u r t h e r , e x a c t l y w h i c h - o f the C^'s 

are important and what other ones might be r e q u i r e d should be 

i n v e s t i g a t e d . 



3.2 The Model 

We wish t o f i t the p n -*• 3 n at r e s t a n n i h i l a t i o n 

process w i t h a sum of f o u r - p o i n t f u n c t i o n s of the form (31.3) ,• 

t o give the s t a t i s t i c a l e r r o r s on the c o e f f i c i e n t s found and t o 

see i f a d d i t i o n a l terms other than those p r e v i o u s l y used are 

r e q u i r e d . 

Events f o r t h i s study were those given by Anninos e t a l [ i ] 
2 

i n which 2902 p o i n t s were recorded on the s = M (TT+ n^"") vs. 
2 

t = M (ir+ i r ^ - ) p l o t . (As s + t + u = £ we d i d not f o l l o w 

Gopal et a l [23] who use s v s . u ) . Using the amplitude: 
T(n - a g ) r ( n - a t ) 

A ( s , t ) = ^ Cnm T(n+m - a - a ) n,m s t 
n » 1 
m < n 

I c v = I C T V T ** nm nm £ I I n,m I 
n » 1 
m « n 

0 0 
where a = 0.483 + 0.885x + iA /x - 4m G(x - 4m ) x 

2 2 w i t h s + t + u = (Z M J J ) + 3a 

(M^ = Nucleon mass, m = Pion mass) 

we performed a maximum l i k e l i h o o d [ML] f i t [see Chapter l ] t o 
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the ( s , t ) data using f o r the l i k e l i h o o d f u n c t i o n : 

N=2902 
n 

i = 1 jk 
L = n F ( x . , c ) w i t h F(x, c)dx = 1 

where 

i A < < V ' l > • Cnm's> I " 
V -' / / | A ( ( s , t ) , C n m ' s ) | ^ d s d t F(x., c) = 

( s ^ , t . ) are the data p o i n t s of the p l o t and the i n t e g r a t i o n i s 

taken over the D a l i t z p l o t . Maximum values ofeJt_ = Ln L were 

evaluated using the CERN l i b r a r y r o u t i n e s MINUITS on ZFACT 

f o r the Gamma f u n c t i o n w i t h complex arguments, and the D a l i t z 

p l o t . i n t e g r a t i o n was performed using Simpson's r u l e (72 i n t e r v a l s ) 

and Gaussian Quadrature (32 p o i n t s ) . 

With n + m .$ 3 the value of A was v a r i e d between 0.12 

and 0.35 t o f i n d an optimum and was evaluated f o r the Lovelace [ 3 ] , 

A l t a r e - l l i and Rubinstein [l7] , R u b i n s t e i n , Squires and Chaichian [2cj] , 

and Gopal, Migneron and Rothery [23] p a r a m e t r i z a t i o n s . The r e s u l t s 

of the values f o r these cases are given i n Tables 1 and 2 where 

i t i s seen t h a t the f o u r - p o i n t f u n c t i o n f i t of Rubinstein et a l does 

not give values anywhere near so good as those of A l t a r e l l i and 

Rubi n s t e i n . The C c o e f f i c i e n t s of these two cases were then 
run 

optimised and t h e i r ^ values consequently improved. However, even 



w i t h these improvements they come nowhere near the A = 0.33 

r e s u l t s of Gopal et a l . 

The a n a l y s i s was then extended t o include the and 

c o e f f i c i e n t s and i t was found t h a t - 0 and so terms i n the 

s e r i e s of ( 3 1 . 3 ) a f t e r V^g were neglected. W f l s also found 

t o be small and i n c l u d i n g the term only changed the value of 

by approximately one so t h a t t h i s term too could be l e f t out 

of the s e r i e s . 

An estimate of the e r r o r s ( s t a t i s t i c a l ) on the Cj's was 

obtained from the e r r o r - m a t r i x . 

2 X -1 
= E J J where ±X /E^. 

gives the confidence i n t e r v a l f o r C^, X being given f o r both 

95Z (1.96) and 99% (2.576) l e v e l s . These i n t u r n i m p l i e d changes 
X2 ^ 

of the order of y- i n <̂ L f o r Cj ± X /EJJ., ( f o r a 'normal 
X 2 

d i s t r i b u t i o n ' the v a r i a t i o n i s e x a c t l y -5— ) and the e f f e c t on 

o£ of changing some of the c o e f f i c i e n t s was also c a l c u l a t e d . 

These r e s u l t s are presented i n Table 3. 
We also show the r a t i o s of the decay rates f o r each case, 

f o l l o w i n g A l t a r e l l i and R u b i n s t e i n , given by: 



R(pp -»• 3TT°) : R(pn ->• TT+TT TT ) : R(pp -*• T r + n T T ° ) . 

T=l 

f f. .? 
I f P = 

2 
A ( s , t ) I ds d t and 

Q = 2 Rej A ( s , t ) A * ( t , u ) J ds dt , 

and the i n t e g r a t i o n i s over the D a l i t z p l o t , then these are 

given by 

4 P . 6P - 2Q 
P + Q : P + Q 

These are compared w i t h the approximate experimental r e s u l t s f o r 

R(pp -»• i t + i r T T ° ) 
T=l 

R(pn -* T r + T f ~ i r ~ ) 

and are given i n Table 4. 

The k i n e m a t i c a l and computational d e t a i l s are given i n the 

Appendix. 

The r e s u l t s o f Gopal e t a l are.seen t o agree, remarkably 

w e l l w i t h ours and the requirement of A l t a r e l l i and Rubinstein 

t h a t t h e re should be j u s t the f i v e terms w i t h m + n« 3 i s 

here e s t a b l i s h e d " s t a t i s t i c a l l y . The decay r a t e r a t i o s i n d i c a t e 

t h a t f o r our f i t 

R(pn - M T \ IT ) = R(pp -*• TT +Tf I T 0 ) = 2R(pp -»• 3TT°) 
T=l 



otherwise they are i n c o n c l u s i v e due t o the u n c e r t a i n t y i n the 

experimental value used. Those of A l t a r e l l i and Rubinstein are 

almost reproduced by the Rubin s t e i n et a l N - t r a j e c t o r y ones. 

From a t h e o r e t i c a l p o i n t of view the j u s t i f i c a t i o n f o r 

Eq. ( 3 1 . 3 ) i s perhaps r a t h e r s l i g h t . The i n i t i a l 0 s t a t e of 

mass 2MJJ i s a very l o w - l y i n g o b j e c t on the Chew-Frantschi p l o t * 

perhaps a p a r t i c l e on the t h i r d daughter t r a j e c t o r y of the p i o n , 

as i n F i g . 5. However, very l i t t l e i s known about a n <* 

not h i n g about i t s daughters. The p h y s i c a l i n t e r p r e t a t i o n of these 

Veneziano model f i t s t o pn -»• 3TT i s t h a t at r e s t the r e a c t i o n i s 

dominated by the f i v e IT H resonances: 

p, e, f , p', and e' shown i n F i g . 6. 

These f i t s have no r o l e f o r any I = 2 IT n i n t e r a c t i o n . 



Summary 

Veneziano f o u r - p o i n t f u n c t i o n f i t s have been a p p l i e d w i t h , 

some success t o f i v e p a r t i c l e processes f o l l o w i n g the o r i g i n a l 

idea c f Lovelace [ 3 ] • I n an a n a l y s i s o f t h e s p e c i f i c 

a n n i h i l a t i o n process pn-»-3Tf ( a t r e s t ) we employed the ML method 

t o g i v e an i n d i c a t i o n o f the r e l a t i v e importance o f various 

Veneziano s a t e l l i t e terms. We were able t o give support t o t h e 

idea £17] t h a t t h i s process could be f i t t e d w i t h j u s t a few such 

terms given from c e r t a i n observations o f the s t r u c t u r e o f t h e 

data. For such a f i t we presented the corresponding decay r a t e 

r a t i o s . I n the next chapter we describe e f f o r t s t o f i t f i v e 

p o i n t f u n c t i o n s t o t h e same a n n i h i l a t i o n data. 



3.3 Other Methods 

A more c a r e f u l treatment of the problems inherent i n 

the ad hoc " u n i t a r i z a t i o n " procedure of adding an imaginary p a r t 

t o the p t r a j e c t o r y i s given by Pokorski, R a i t i o and Thomas .[24]. 

The d i f f i c u l t y w i t h the r a t h e r crude treatment of the u n i t a r i z a t i o n 

problem i s t h a t the Ima p r e s c r i p t i o n forces the t o t a l widths of 

a l l resonances w i t h i n a given tower t o be the same, even though 

p a r t i a l wodths of parents and daughters are very d i f f e r e n t . 

Pokorski e t a l f o l l o w e d the method of Boguta [141 and decomposed 

the Veneziano amplitude i n t o a convergent sum of resonance terms 

which enabled them t o " u n i t a r i z e " each resonance term s e p a r a t e l y . 

T o t a l widths were given t o the e, p' and e' w h i l e the p a r t i a l 

widths were determined by the c o e f f i c i e n t s of the Veneziano f u n c t i o n s . 

Mass and angular d i s t r i b u t i o n s which showed the q u a l i t a t i v e f e a t u r e s 

of the model were f i r s t presented by Pokorski and Thomas and then 

a f i t t o the data was made by d i v i d i n g i t i n t o 120 bins and app l y i n g 
2 

an ML type of f i t . A x t e s t was used t o compare t h e i r data f i t s 

and some s i g n i f i c a n t q u a l i t a t i v e d i f f e r e n c e s i n o v e r a l l f i t s was 

noted. An important f e a t u r e of t h e i r dual model was the presence of 

the non-resonant background determined by the resonance coupling 

s t r e n g t h s . The t a b l e of r e l a t i v e c o n t r i b u t i o n s of resonance terms 

f o r the v a r i o u s models as given i n Pokorski et a l [24] i s reproduced 

as Table 5. 
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I n a s i m i l a r a n a l y s i s t o determine the resonance 

s t r u c t u r e f o r t h i s process Gopal et a l [25] found t h a t the 

dominant c o n t r i b u t i o n s t o the ( i r + i r ~ ) system i n pn •* 3n came 

from E , , and daughter resonances and they confirmed 

the "decoupling" e f f e c t of the parent t r a j e c t o r y suggested by 

Lovelace [3] . Rothery [26] suggested a p o s s i b l e e x p l a n a t i o n 

f o r the small p- s i g n a l by using a simple model of p/photon 

analogy. 

Barnes, Sarkar and Wells [27] used a scheme i n which 

e s s e n t i a l l y the Lovelace form was m u l t i p l i e d by a |~~U(12) t r a c e 

terms polynomial f a c t o r . T h e i r f i t proved i n f e r i o r t o Lovelace's 
I 

and they concluded t h a t t h i s was due t o t h e i r use of U ( 1 2 ) 

r a t h e r than c h i r a l symmetry. 

I n a s i m i l a r manner Franzen and Romer [28] constructed 

a dual quark model w i t h Regge-behaviour i n a l l channels and absence 

of both e x o t i c s and p a r i t y d oublets. They claimed reasonable f i t s 

t o the data not only f o r the pn -»• 3ir process but also f o r 

pp •* 3TT, pp n i f + i r ~ and pp •+ wir +ir"". Their resonance spectrum, 

however, contains the w e l l - e s t a b l i s h e d resonances p, p* , f , 

A 2, B but no e ( 0 + 0 + ) . 

The problem of unwanted ancestors i s e l i m i n a t e d by 

Gaskell [29] who uses a model i n which complex t r a j e c t o r i e s appear 



l i l t . 

n a t u r a l l y . He does not make a d i r e c t data f i t f o r pn •* 3n but 

claims t h a t the q u a l i t a t i v e f e a t u r e s of h i s model agree w i t h the 

data f o r a s u i t a b l e choice of h i s parameters. 

More ambitious s t i l l was the model of Cohen-Tannoudji 

et a l £30] i n which a d e f i n i t e model s u i t a b l e f o r HIT s c a t t e r i n g 

was c o n s t r u c t e d i n c o r p o r a t i n g a n a l y t i c i t y , c r o s s i n g , Regge 

behaviour, " d u a l i t y " and p a r t i a l u n i t a r i t y v i a r e q u i r i n g second 

sheet resonance poles at low energies and absorption e f f e c t s at 

h i g h energies. A n a l y t i c a l l y c o n t i n u i n g i n s, t , u the I T + T T ~ 

e l a s t i c amplitude t o the pn -*• 3TT decay region they produced 

D a l i t z p l o t s and mass d i s t r i b u t i o n s t h a t g a v e . q u a l i t a t i v e l y good 

r e s u l t s w i t h o u t making any f u r t h e r k i n d of parameter adjustment. 

However, t h i s success r e q u i r e d a f a i r l y complicated amplitude. 

Hicks., Shukre and W i n t e r n i t z [3l] took a t w o - v a r i a b l e 

expansion of decay amplitudes, based on the r e p r e s e n t a t i o n theory 

of the group 0(4) and a p p l i e d t h e i r formalism, a p p l i c a b l e t o f o u r 

p a r t i c l e cases where the masses and spins are a r b i t r a r y , t o the 

pn -»• 3TT a n n i h i l a t i o n at r e s t data. The numerical f i t was made 

t o some more recent data from T.Kalogeropoulos and account of 

f i n a l s t a t e Coulomb i n t e r a c t i o n s was also made, s l i g h t l y improving 

t h e i r f i t s which were claimed t o be reasonably good. No assumptions 

were made about the i n i t i a l or f i n a l s t a t e s or the a n n i h i l a t i o n 

dynamics, g i v i n g a p u r e l y k i n e m a t i c a l f i t . 
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A Moments Analysis has been given by G Rinaudo [ 3 2 ] , 

and Bj^rneboe [33] has presented a Grand Angular Momentum 

A n a l y s i s , both being given f o r the pn -»• 3IT a n n i h i l a t i o n r e a c t i o n . 
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3.A Application to Other F i n a l States 

Veneziano four-point function f i t s have also been 

applied to other M decay processes with varying success. 

The pn -*• TUCK and pp -*• TTKK a nnihilations were 

f i t t e d by a Rome group [34] using a l e a s t squares f i t to the 

experimental data. The f i t s reproduced the q u a l i t a t i v e features 

of the data and the main d i f f i c u l t y of the model was stated to 

be that a l l the resonances of the same mass were given the same 

widths. S a t e l l i t e terms were disregarded. 

A good f i t to both the D a l i t z plot and the oi - decay 

angular distributions was obtained using Veneziano-type ampli

tudes for the process pp -»• T T + T T — O J by Chung, Montanet and 

Reucroft [35]. A x f i t was made to the D a l i t z plot which had 

a large amount of data. Franzen and Romer [28] pointed out that 

i n the Chung et a l model pa r i t y doublets appear. A s i m i l a r model 

for t h i s process was given by Hussain, Rahman and Razmi [36] in 

which a f i t was made to the mass d i s t r i b u t i o n s but not the D a l i t z 

plot. Both found a small s i n g l e t to t r i p l e t decay r a t i o . 

The Chung et a l group [37~] have made a s i m i l a r sort of 

analysis of the process pp ->• n^ +if~ at rest and by an ML f i t 
2 

together with a x test they obtain good f i t s to the data using 



Veneziano-type amplitudes with s a t e l l i t e terms. I n both of 

these cases the Chung et a l group use the Veneziano-type 

amplitudes i n the form 

T U - a )r(m - a ) 
V = — 
£mn T(n - - a^) 

rather than the symmetric form as in (31.3). Similar r e s u l t s 

for a f i n a l state i n t e r a c t i o n model for t h i s process using an 

ML f i t were claimed by P Espigat et a l jj38] . 

Bia£as, Turnau and Zalewski [39] have shown that in 

the Veneziano model the resonances observed i n the decay and 

production channels in general cannot have the-same properties 

enjoyed by resonances formed i n the d i r e c t scattering channel. 

A modified Veneziano form i s presented by Goebel, Blackman and 

Wali [AO] for dealing with the reaction irn -»• nS where S i s a 
g 

p a r t i c l e of arbitrary spin S and parity ±(-1) . 
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APPENDIX 

Da l i t z Plot Boundary 

I n the figure of the D a l i t z Plot boundary the points 

A-F are given i n the accompanying Table 6. The l i m i t i n g curve 

of the D a l i t z plot corresponds to events which are c o l l i n e a r , 

so that i n the notation of F i g . 4 i f s ^ = s a n a" s^^ = t , 

t h i s becomes: 

/ E l
2 - m i

2
 ± / E 2

2 - m 2
2

± / E 3
2 - n , 3 2 

where m̂  = = m̂  = m. 

By conservation of energy: 

+ E 2 + E 3 = 2M. 

The energies are given by: 

_ (2M) 2 + n 2 - s = (2M) 2 + m2 - t 
3 2(2M) ' 1 2(2M) 

so that the l i m i t i n g curve i s given by 

(2M) 2 - 2(2M) (El + E 3 ) + ZEfo + m2 

= ± 2 / ( E x
2 - m2) ( E 3

2 - m2) 
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2 Substituting for the values of E, multiplying by 2(2M) , 
squaring and c o l l e c t i n g terms gives t h i s equation in the form: 

n o n 
s t + t s - st(£) + m 

2 2 (2Mr " m 2 = 0 (A.l) 

9 - 9 

where s + t + u = I = (2M) + 3m . 

This equation i s symmetric under interchange of s, t and u and 

i s a quadratic i n each of the variables so that for each value 

of s there corresponds two values of t and vice-versa. A check 
2 2 on (A.l) i s that at s (or t) = Am and at s (or t ) = (2M - m) 

the equation should give equal roots corresponding to the one 

value of t (or s) at the minimum and maximum of s (or t ) 

respectively, given by the points B and E (or A and D). The 

points C and F are given by putting s = t . 

An alternative set of axes for giving the boundary 

of the plot are given i n F i g . 7, with 

s = / J < x ~ y)» t = ^ (x + y) 

x c = /2 (m2 + 2Mm), ^ = ^[(2H)2 - m 2)) 

The boundary curve now becomes: 

( y 2 - x 2 ) [ | " 7 2 ] + * 2 [(2M) 2 - m 2 J = 0 (A.2) 

giving two y values for each x value. 
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Integration over the D a l i t z plot 

When optimizing the C co e f f i c i e n t s t h i s was r run 
performed by taking 

If c I V I I 2 M C I 2 | V I ' 2 + i 5 c i c j 2 R e ( V j > 

and integrating each term separately. 

The evaluation of P and Q for the Decay-Rate ra t i o s 

was made using both ( s , t ) and(x,y) axes and as 

and 

P 

Q 

|A(s,t)| 2do = iA(t,u)| 2do 

2Re [A(s,t)A*(t,u)] do 

2Re [A(s,t)A*(s,u)] do 

2Re [A(t,u)A*(s,u)] da 

|A(s,u)rdo 

(where the integration i s over the D a l i t z plot) a check on the 

precision of these r e s u l t s was made by evaluating each p o s s i b i l i t y . 

The various decay rates (4a, 4b and 4c i n A l t a r e l l i 

and Rubinstein) are found as follows using the well known inr 

isospin r e l a t i o n s for the s-channel: 

A° = 4 [A(s,t) + A(s,u)] - \ A(t,u) 

A = A(s,t) - A(s,u) s 

A' = A(t,u) 
s 
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For 1 -*• 2, 3, 4 consider 1, 2 + 3, 4 and use the 

Clebsch-Gordon c o e f f i c i e n t s for (T = l ) x ( T = 1) 

(a) pn -* Tr+ir~iT~ i s considered to go v i a 

I T " -*• TT +TT -"!T~ 

2 

i.e.Tr~Tf~ -* ir~ir~ ,T = 2 amplitude A 

or A(s22> S34^ = ^ t , s ^ ^ u a n c* s interchange) 

(b) pp -*• ir+ir~irO i s considered to go v i a 
T=l 

iro •> ir+ir-irO 
1 2 1 

i.e.n°Tr~ -»• n~irO .amplitude -^(A - A ) 

or -| (-A(s 1 2, s 2 3 ) + A ( s 1 2 , s 3 4 ) + A ( s 2 3 > s ^ ) ) 
= -5- (-A(u,t) + A(s,u) + A ( t , s ) ) (u and s interchange) 

(c) pp •*• 3ir° i s considered to go v i a 

1 7 ° -*• TTOTTOTTO 

i.e.irOnO -»• irOiro Using the isospin r e l a t i o n s 
1 o 2 2 

(no interchange needed) on A + A gives 

•| [A(s,t) + A(s,u)] - -| A(t,u) + I A(t,u) 

= -| [A(s,t) + A(s,u) + A(t,u)] 



The decay rates are then proportional to the modulus 
« 

squared of these r e s u l t s . So that i f 

A x = A(s,t) 

A 2 = A(s,u) 

A 3 - A(t,u) 

using Bose s t a t i s t i c s gives 

R 21 ' A l l 

\ | A 3 " A 1 - A 2 | 2 

M l I A 1 + A 2 + A 3| 2 

Integrating using the r e l a t i o n s for F and Q gives 

R a " T P 

*b = 1 P " T Q 

I (P • Q) 

so that 

or 

\ 
1 : : R R 

becomes 1 : 4P_ 
P+Q 

6P-2Q 
P+Q 

Also 
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From S - 1 I S 
R ~ 2 2 P a 

and -l.< f < 2 

we obtain the relationship: 

1 *b , 
2« R~ < 2 ' a 

i.e. 2 
l R C P P ^ T T + T T - H O ) 

^ R(pn -> TT + 7 T - T T - ) < 2 < 

Amplitudes 

The amplitudes used were of the form: 

T(n - a )T(n - a ) 
y c L_ 
L n m r ( m + n - a - a ) n,m s t 

where was the Lovelace type Regge tr a j e c t o r y 

/ 2 2 a = 0.483 + 0.885x + i A /x - Am 9(x - Am ) . x 

Taking out the TTTT amplitude as a factor we have 

Lovelace 

C,, = 1.0, C = 0 otherwise 11 run 

T ( l - a )T(1 - a ) 
A(s,t) = S Z 

r ( l - a - a j (1 - a - a.) s t s t 



A l t a r e l l i and Rubinstein 

C , „ = 1.0, C-T = 1.89, C _ . = 0.57, other C = 0 10 11 30 run 

A(s,t) = 
r ( i - a g ) r ( l - a t ) 

r<* ~ «s " a t ) 
C10 + (1 - a - a J 

S k 

c l l + 

30 
(1 - a s ) ( l - ot t)(2 - a s ) ( 2 - a t> 

(2 - a " a J s t 

Gopal, Migneron and Rothery 

A=0.28: C 1 Q = 1.0, C n = 2.55, C 2 Q = 2.96, C 2 1 = 7.80, C 3 0 = -4 

A=0.33: C 1 Q = 1.0, C n = 2.90, C 2 Q = 2.14, C 2 1 = 7.31, C 3 0 = -3 

A(s,t) 
r ( i - « s ) r ( i - a t ) 

r<! - % - a t > 

(1 - a H l - a j 
S L 

C10 + (1 - a s - a t ) C l l + 

'20 + f C21 + C 3 0 ( 2 " a s ) ( 2 " »t>] 
(2 - «, - « t) 

C 2 2 and terms were included by replacing by + ^ 

31 and C._ by C o n + -r= r- res p e c t i v e l y . 30 30 (3 - a - a,) s t 

Rubinstein, Squires and Chaichian 

In the C terms below nm 

A = - 2 ax M2 + 2 o B (0) - a P (0) - 1, 
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where a s = 0.885 and a p ( 0 ) = 0.483 

and for N* = A, ct B(0) = 1.5 - a N (1.236) 2 

N , a B ( 0 ) = 0.5 - a> M2. 

Putting = 1 for normalization 

C 1 ( J 1 = - 3C(A 2 + 8A + 15) - (2A 3 + 21A2 + 70A + 75) 

C n = [3C(2A 3 + 17A2 + 38A + 15) - (3A 2 + 24A + 45)] j 

'101 

C 2 Q = [3C + 6A + 21] / 
101 

r ( i - a s ) r ( i - a t ) 
^ • • ^ = r ( l - a - a ) 

s t 

. + r c i i * c 2 o ( i - t t 8 ) ( i - g t ) i 
'10 (1 - a - a ) 

s c 

For the case C = 0, 

C21 = 9 / C22 = ~ C21 
'101 

A(s,t) = 
T ( l - ct g ) r ( l - a t ) 

^ ~ \ ~ a t ) 

(1 - a j ( l - a ) s t 

C10 + (1 - a - a ) s t 

'21 

C l l + 

C20 + (3 - a - O s t 



Error Matrix 

The amplitude A = 7 C V was written u nm nm n,m 

A = l \ \ 
I 

so that A A* = ( I 5^ V R ) ( \ ^ V* ) 
K L 

From L = II = — taking logs gives 
i /|A| do 

n in [|A|2 do - I an | a | 2 ' 
' i 

= n ^ - \ £ 2 . 

The error-matrix i s given by 

I 3X.3X.I 
L 1 J , 

where X^ = 1 for normalization 

3 ^ . I 2 Real (Vj V*) X j 

1 A 1 * 
3 2 ^ 2 2 Real (Vj. V*) 

I A | 2 

6 2 Real (V ] ; V*)Xj 6 2 Real ( V R V * ) ^ 

J - l I A I 2 L - l I A I 2 

This was then summed to include each i value and held in store to 

be subtracted from the corresponding value of , v . v' >\each term 

-3 2c£ 
„ v . „ being calculated and noted separately due to the large 3 X^ Xj 



computing time of completing the whole operation i n one process). 

The values of the error matrix were found by inverting the 

resultant matrix and the square-root of each diagonal element 

taken and then multiplied by A for the required parameter 

confidence i n t e r v a l . 
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F i g . 2 p n -» 3TT Annihilation at Rest 

n 

" 8 - 3 Mandelstam Variables for pn •» 3TT 

IT 1 
P.-

IT 

J IT TT 

(P, + P j (P. + P.) S 

(P. + P,) (P P_) 

(P. + P J (P P.) a a 
I + 3m s + t + u •b 

Mandelstam Variables for ref... 20 F i g . 4 

34 

23 

45 

12 

15 



Table 1 

VALUES OF THE LOG LIKELIHOOD FUNCTION 

Taking M = m = 140 MeV. M - M = M = 940 MeV. TT p n 

m + n. « 3 FIVE TERM FIT 

A -JL 
0.12 4780 

0.28 4220 

0.31 4214 

0.32 4214 

0.33 4214 

0.35 4217 



Table 2 

VALUES OF THE LOG LIKELIHOOD FUNCTION 

Taking m = M = 1 4 0 MeV. M = M = M = 940 MeV. ° IT p n 

LOVELACE C, = 1 C = 0 0.28 4531 11 nm 
I f A = .33 0.33 4512 

ALTARELLI C 1 Q = 1, C n = 1.89, C 3 Q = 0.57 0.28 4603 
and 

RUBINSTEIN 
Best F i t C 1 Q = 1, C 1 1 = 1.67, C 3 Q = 2.98 0.28 4409 

with 
C 2 0 = C 2 1 = ° C10 = 1* C n - 1.67, C 3 Q - 2.98 0.33 4356 

RUBINSTEIN C 1 Q = 1, C n = 3.22, C 2 Q = 0.39 0.28 5776 
et a l 

Best F i t , 
with C. = 1, C.. = 4 x 10 , C 2_ = 0.39 0.28 4531 

C 2 1 = C 3 0 = 0 

GOPAL C 1 Q = 1, C n = 2.55, C 2 Q = 2.96, 0.28 4220 
et a l 

C 2 1 = 7.80, C 3 Q = -4.52 

C10 = 1* C l l = 2 , 9 ° ' C20 = 2 , U * ° ' 3 3 4 2 U 

C 2 1 = 7.31, C 3 Q = -3.74 



Table 3 

VALUES OF THE LOG LIKELIHOOD FUNCTION 

TAKING MASSES FROM 'PARTICLE PROPERTIES' TABLE 

Confidence Levels 

99% 95% 
(X=2.576) (A=1.96) -X 

Best F i t 
including 

C22 

Best F i t 
with 

C22 = ° 

Best F i t 
including 

C22 
for 

A - .28 

Best F i t 
with 

c 2 2 = o 
for 

A = .28 

c i o = 1 
c l l = 2.89 
C20 = 2.16 
C21 = 7.35 
C30 = -3.65 
C22 

= -0.10 

C10 1 
C l l = 2.86 
C20 2.14 
C21 = 7.31 
C30 

= -3.65 

C10 1 
C l l = 2.55 
C20 2.96 
C21 = 7.74 
C30 = -4.52 
C22 

= -0.10 

C10 = 1 
C l l = 2.52 
C20 = 2.96 
C21 = 7.74 
C30 -4.52 

± 0.47 
± 1.04 
± 1.80 
± 0.94 
± 0.45 

± 0.45 
± 0.99 
± 1.75 
± 0.86 

± 0.25 
± 0.96 
± 1.62 
± 0.91 
± 0.33 

± 0.25 
± 0.93 
± 1.63 
± 0.88 

± 0.35 
± 0.79 
± 1.37 
± 0.72 
+ 0.34 

± 0.34 
± 0.76 
± 1.33 
+ 0.65 

± 0.19 
± 0.73 
± 1.23 
± 0.69 
+ 0.25 

± 0.19 
± 0.71 
± 1.24 
± 0.67 

0.33 4212 

0.33 4213 

0.28 4219 

0.28 4219 



Table 4 

DECAY RATE RATIOS 

R(pp -*• T r + n " i r 0 ) 
T=l 

R(pp -*• 3Tr°):R(pn •* i r + i r ~ 0 :R(?P ^ i r + i r ~ i r 0 ) R(pn -*• TT + T T — r r ~ ) -
T=l 

LOVELACE 

ALTARELLI 
and 

RUBINSTEIN 

RUBINSTEIN A 
et a l N 

RUBINSTEIN A 
et a l 

with C - 0 N 

GOPAL et a l 
A - 0.28 
A = 0.33 

Best F i t 
A = 0.28 

c 2 2 = o 

A = 0.33 
C 2 2 * ° 
C22 = ° 

1.53 1.05 0.69 

2.47 

1.60 
2.54 

1.63 

1.66 

2.30 
2.01 

2.32 
2.31 

2.03 
2.02 

2.95 

1.20 
3.09 

1.27 

1.33 

2.60 
2.02 

2.64 
2.62 

2.05 
2.04 

•1.19 

0.75 
1.21 

0.78 

0.8C 

1.13 
1.00 

1.14 
1.13 

1.01 
1.01 

EXPERIMENTAL 
VALUE FROM 
ALTARELLI [17] 

1.6 + 1.1 

- 0.8 
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labelled by t h e i r common names (p,e etc.) and J 
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Table 5 

The r e l a t i v e magnitudes C„(M ) as defined by 
K R 

r ( 2 L + l ) C R ( s ) P L ( c o s 9 ) 
A(s,t) = M 2 + ( s ^ f t ) + (non-resonant •• 

R & background) 

where the r e l a t i v e contribution of each resonance, neglecting 

interference e f f e c t s , i s 

(2* • i ) | C r ( M e
2 ) I 2 / ^ r R 

when a f i n i t e width i s given to the resonance. 

C 
e 

C 
P <V V Cf 

LOVELACE 1 0 1 -0.2 0 

ALTARELLI and RUBINSTEIN 0.2 1 -2.1 1.2 -0.22 

GOPAL et a l . A=0.28 case 1.8 1 -1.7 2.6 0.42 

POKORSKI et a l 1 -0-052 1.0 -0.56 0.072 

TTTT AMPLITUDE (LOVELACE) 1 -0.2 2.0 -0.5 0.04 



^ 6 - 7 

M2
 + _(GeV/c 2) 2 

THE DALITZ PLOT BOUNDARY 

pn -» 3ir (At r e s t ) 
ir IT 

s + t + u = (2M) 2 + 3m2 = I 

(M = Nucleon Mass, m = Pion Mass) 

u 

\ 
\ E 

.A 
LZ ZD 

M2 + -(GeV/C 2) 2 
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Table 6 

POINTS ON THE DALITZ PLOT BOUNDARY 

s t 

A 2 
m + 2Mm (2M - m) 2 

B (2m) 2 

2 2 (2M) Z - mZ 

2 

C 2 
m + 2Mm 

2 
m + 2Mm 

D 
2 2 

(my - ni , 
2 

(2m) 2 

E (2M - m) 2 2 
m + 2Mm 

F 
2 2 (2M) - in 
2 

2 2 (2M) - m 
2 
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CHAPTER 4 

Five-point function f i t to the pn 3TT 

at r e s t D a l i t z plot data, and B Phenomenology 

4.1 Introduction 

I n Chapter 3 various four-point function f i t s to the 

pn ->- 3TT at rest data of Anninos et a l [ l ] were discussed. Berger [2] 

recommended the use of five-point B,. function f i t s to D a l i t z plot 

data for 2 3 body processes and i n p a r t i c u l a r for the pn -*• 3rr 

process i n which one might have expected some contribution from 

baryon exchange graphs. I f t„ denotes the four momentum t r a n s f e r 
Nn 

for an i n i t i a l nucleon and f i n a l pion then the allowed kinematic 

range of i s given by: 

^ + 2' 5 M' ^N,^ ( MN " V 2 = °'6A G e v 2' 
2 2 

At the upper l i m i t , i s not f a r from the (M^ = 0.88 GeV ) 

nucleon pole position, so that Berger expected large contributions 

to any amplitude from nucleon exchange. Further weight to t h i s 
argument was lent by observing that t„ being near i t s maximum 

2 

implied that ^ + w a s also and that therefore the baryon exchange 

should be largest in the two corners of the D a l i t z plot where 

indeed maxima of the density d i s t r i b u t i o n s are observed. Sivers [3] 

has pointed out that there i s a l i m i t a t i o n to the use of the four-

point ^function models used as a convenience for reproducing a general 
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f i n a l state vn interaction with a reasonable, spectrum of 

resonances, i n that there i s a l e v e l at which they can do no 

more in describing the data. The suggestion i s that the t-channel 

(the cross-channel i f NN i s i n the direct-channel) exchange picture 

and the f i n a l state interaction picture (based on direct-channel 

resonances) may be combined i n a consistent way by a five-point 

function approach. Such an approach considers the process to be 

a 2 -*• 3 reaction i n which two duality diagrams correspond to 

functions with poles i n the pn channel. Some duality diagrams for 

pn -*• i r + i r - T r - are shown i n F i g . 1, and indicate that they each have 

an exchanged nucleon pole. Sivers suggests that looking at the 

exchange picture i s more appropriate and more complete than that 

of the f i n a l state interaction picture and therefore one should 

f a c t o r i z e at the exchanged nucleon pole rather than i n the NN 

channel and one should also look at the structure of the D a l i t z 

plot i n t h i s l i g h t . However, Sivers points out that i f functions 

are used then these should not be used to make detailed f i t s but 

rather to give a qua l i t a t i v e guide to the data. 

Reference has already been made i n Chapters 2 and 3 to 

the five-point function given by Rubinstein, Squires and Chaichian[4] 

for t h i s (pn) threshold annihilation into three pions process. These 

authors started from the assumption that, when the external p a r t i c l e s 

l i e on leading t r a j e c t o r i e s , a good approximation to the amplitude i s 

provided by the leading Veneziano terms. I t was then necessary to 



construct physically acceptable five-point functions and the 

following conditions were required: a l l desired poles, leading 

Regge behaviour i n a l l channels, no spin-zero ghosts when 

t r a j e c t o r i e s have positive intercepts. The demand was then made 

that the relevant piece of the five-point function, i . e . the 

invariant non-flip amplitude, reduces to the leading term i n 

each channel when we go to a pole on a leading t r a j e c t o r y . I n 

p a r t i c u l a r t h i s gives the important r e s t r i c t i o n that the amplitude 

does not have the nucleon pole i n both baryonchannels simultaneously, 

since otherwise we would obtain an incorrect TTN -»• I T N non-flip 

amplitude. 

They take for that part of the amplitude which has poles 

i n the NN-channel, corresponding to the configuration of figure 2 

A - P T 7 / P P i B 1 IT B 3. 
A - a 1 2 F ( a 1 2 , - 1, - ̂  a ^ , a 1 5 - j) 

. B _ 1. . p p B _ 1 n B 1. 
+ C ( a 3 4 - 2 > F ( a i 2 1 ' a23 X ' a34 V a 4 5 _ 1 ' °15 ^ 

where C i s a constant and the terms not written come from non-cyclic 

reordering of the external p a r t i c l e s of figure 2, and 

F(x^, ^2' ^3' ^4* = ^5^ _^1' * — ^ 3 ' —^4' ~ 

where B_ i s the Bardakci-Ruegg-Virasoro form [5] given i n Chapter 2. 
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a re f e r s to either the N or the A t r a j e c t o r y , with the 

notation a.. = a(S..) where each a., r e f e r s to the appropriate 
LJ i j i j 

B 1 S.. of F i g . 2. The factor a_. - -x was chosen to eliminate 
i j 34 2 

the double nucleon pole and the term a^-j ~ 1 k i l l s the ghost. 

They point out that Bose - s t a t i s t i c s demands the addition of an 

i d e n t i c a l term with 1 and 3 ( r e f e r r i n g to the two T T ~ ' S ) i n t e r 

changed, and also that instead of t h e i r second term they could 

have added a term l i k e the f i r s t but symmetrised i n 4 and 5 that 

would also give spin - j poles i n the 15 channel. We have seen i n 

Chapter 2 that d i f f e r e n t i a l cross sections are not f i t t e d w ell with 

the i r given C value and are improved i f we put C = 0. S i m i l a r l y 

in Chapter 3 the four-point function f i t derived from t h i s amplitude 

with the same C value was not very successful.- An additional reason 

for having such a second term was the hope that i t might have enabled 

an uncoupling of the ff daughter of the f as at the time (and also 

the present [2]) the status of t h i s p' was not established. This 

would have been a means of eliminating a p a r t i c l e that appeared i n 

the resonance towers.of the usual Veneziano four-point function 

expressions. The r e l a t i v e contribution of each resonance as evaluated 

by Pokorski et a l [5] i s presented i n Table 5 of Chapter 3, showing 

that the four-point function f i t s each have a p' contribution. This 

second term does not have leading behaviour i n a l l channels as, for 
a -1 

example, i t behaves l i k e when S ^ and are large and th e i r 

r a t i o i s constant. Schematically then the Rubinstein et a l amplitude 

i s : 
(appropriate to f (with (a s a t e l l i t e ^ 

A non-flip) = 8 (A^ pion-pole) + Ck^ term) J 
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Pokorski et a l [6] point out that when evaluating the Rubinstein" 

et a l B^ model at a pole in the pn channel the r e s u l t i n g B^ four-

point function f i t does not give a reasonable description of the 

data. They note also that e(1234). B,. models seem to work well 

only for peripheral c o l l i s i o n s [7] and suggest that the five-point 

function model for pn annihilation s t i l l has unsolved problems. We 

have seen i n Chapter 3 that the c r i t i c i s m of the four-point function 

f i t (with C = -1.25) i s indeed j u s t i f i e d . 

Boguta [8] also c r i t i c i s e d the Rubinstein et a l amplitude 

and computing exactly the model predictions v i a the standard B,. 

program of Hopkinson and Plahte [9] showed that the r e s u l t s did not 

f i t the data at a l l . However, Boguta does not make i t clear how he 

performed the f i t s and does not produce any goodness of f i t c r i t e r i o n . 

Repeating the Rubinstein arguments he wrote down amplitude (41.1) 

plus the same thing with 1 and 3 interchanged, as demanded by Bose 

s t a t i s t i c s . Using the r e s u l t for pn at rest that 

B B 
a34 = a35 

B B 
°51 = a14 

he singled out the terms involving the factor C which were 

„, B p , p . B i n , B l v C ( a 3 4 - T ) F ( o 1 2 - l , a 2 3 - l , a ^ - 2 > a ^ - 1 , a ^ - ) 

„, B p . p , B 1 IT 1 B 1 x 

+ C ( a 1 4 " 2 ) F ( ° 2 3 _ 1 ' a 1 2 - 1 ' a 1 4 _ 2' "AS" 1' °35" 2 } 

and then applied the permutation 12345 -> 32154 together with these 
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•a 
a e q u a l i t i e s to give the sum as: 

„, B B I \ T I / P T P I B I T T - B 1 x 

C ( a 3 4 a14 " 1 ) B ( a 1 2
_ 1 » a23~ ' a34~ 2' a45 ' a15" 2 } 

at pn threshold. 

Quoting Rubinstein et a l that: 

( / ( A M / ) - 3 

and that the residuum of B^ can be used i n an approximation for A 

where B c = — - — Res B_ 5 ir _ 5 a -3 
ir _ to get the decomposition a =J 

r r(n - o„)T(n - a #.) ) _ s t A = L Q 

nm nm r(m + n - ot - a_) 
s t 

where the co e f f i c i e n t s are given i n the Rubinstein et a l paper , 

Boguta then pointed out that i f a l l the terms of C are collected 
nm 

B B 

having the factor C, i t must be d i v i s i b l e by cc^ + CL^ - 1 and 

since t h i s was not the case for the Rubinstein et a l c o e f f i c i e n t s 

then one of them must be wrong. In f a c t , Rubinstein et a l had 

simply forgotten to symmatrise in the 1 and 3 variables and they 

l a t e r published corrections as pointed out i n Chapter 3. A further 

comment of Boguta's was on the approximation of taking the residuum 

of B^ i n the va r i a b l e . He stated that t h i s destroys the pole 

structure i n the dual and ( i .e, baryon exchange) v a r i a b l e s 

and that for the approximation to make sense one should be ce r t a i n 

that no c h a r a c t e r i s t i c features of baryon exchange are present when 

computing with the t o t a l B^. The approximation i s claimed unfounded 

for the delta exchange which was not at a l l negligible and the nucleon 



exchange was no better. I n the actual numerical computations no 

width was assigned to the ir-trajectory and a poor data f i t was 

obtained even when C was allowed to vary. No best C value was 

given. 
m 

Pokorski, Szeptycka and Zieminski [10] applied the 

generalised Venezianb model to the related process n~p •*• i^ir+n 

in the laboratory momentum range from 5 to 16 GeV/C. They 

considered the following four processes, each of which was thought 

to be dominated by IT exchange: 

f"p -*• Ti'ir+n 

TT+P TT+TT-N*++ 

K~p -> K~ir +n 

K+p -> K+Tr-N*++ 

They claimed that their approach had the following nice properties 

as compared to previous versions of one pion exchange (OPE) models: 

(a) nucleon-nucleon four-momentum transfer dependence i s 

f u l l y predicted by our amplitude without any 

additional phenomenological form factors, 

(b) f a c t o r i z a t i o n of the amplitude into the irir -*• TTTT part 

and the TTNN vertex i s not assumed, 

(c) the eff e c t s of uN resonance production i n the (15) 

system (see F i g s . 1 and 2) are taken into account 

in a natural way. 
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Their calculations were an attempt to include ir exchange into 

the duality frame, even though the dual nature of the pion i s 

not c l e a r , but they do not test the model's crossing properties. 

The form of amplitude used for the given reactions was 
2 2 2 |A| = C|A^| + |Ap| where Ap represents a Pomeron term 

which they claim has to be taken into account. The dual amplitude 

for the p a r t i c u l a r process ir~p •* Tr+ir~n had the form 

= u(p)Y 5u(q) x [1 - - a j j * 

[ B 5 a-<xP
2y l - o J 2 , | - a * 5 , - a j 5 , \ - o ^ ) + (4«*5 ) ] 

(41.2) 

using the l a b e l l i n g of F i g . 2. 

The presence of fermions i n the calculations was taken into 

account by the TTNN vertex factor uCp^tjUCq) which.when averaged 

over i n i t i a l and summed over f i n a l nucleon spins gave the factor Ŝ ,.. 

The kinematic factor which multiplies the B^ functions was introduced 

i n order to get the Lovelace amplitude for -mr e l a s t i c scattering as 

a residue at the pion pole. This type of model with the Adler 

condition b u i l t in i s c r i t i c i s e d by Pokorski et a l i n [6] since the 

r e s u l t i n g sum of amplitudes does not seem to give a reasonable 

description of the annihilation data. Thomas [ l i ] points out that 

the approximations used for fermion spin, isospin and u n i t a r i t y for 

vector exchange reactions may not apply to pion exchange reactions, 

and that the approximation of making a complex as followed by 

Pokorski et a l [lOj i s a very poor one. He claims that i n such 
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cases instead of the B,. method an e n t i r e l y equivalent description 

to the data may be made by using a amplitude times the pion 

pole: 

s a i r 

Bu Y.u — (1 - a - a ) B . ( 1 - a , 1 - a ) 5 a p p 4 p p 

Then he suggested that no new insight i s obtained by including the 

pion pole in a dual model because, for example, the pion amplitude 

at small t i s mostly r e a l , and hence plays no part in building 

up the imaginary part of the dual resonance contribution. Thus 

there are important differences between vector exchange and pion 

exchange. Thomas also pointed out the further d i f f i c u l t y of 

finding a r e l i a b l e model in which to include the Pomeron. These 

points are amplified l a t e r . 

Pokorski et a l [l6] attempted a detailed comparison of 

t h e i r model with experimental data giving di f f e r e n t widths to 

resonances on parent and daughter t r a j e c t o r i e s by adding suitable 

terms to (41.'2). They found that the dual model describes the 

d e t a i l s of the experimental data very well and was better than a 

given reggeized v exchange amplitude. They stated that the dual 

nature of the pion was not strongly tested by the application of 

the B_ model to the i r given reactions. 
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This irimNN process has also been examined in d e t a i l i n 

terms of these five-point functions by a Heidelberg-Karlsruhe group 

of workers. Starting from the covariant decomposition of the 

UTIITNN- five-point function chosen by Dosch and Miiller [lZ] Bender, 

Dosch, Miiller and Rothe [l 3 j made a p a r t i c u l a r ansatz for the 

invariant functions i n terms of B^-functions multiplied by polynomials 

of the invariant v a r i a b l e s . The construction of a dual model for 

t h i s process was based on these invariant functions because of th e i r 

known and simple crossing properties. Each invariant function was 

expressed as a sum of twelve terms, each of the above form, and i t 

was demanded that the invariant functions should f a c t o r i z e c o r r e c t l y 

at the nucleon and pion poles so that the uN and mr-amplitudes 

appearing i n the residues were supposed to have the I g i fl4] and 

Lovelace [l5] structures respectively. This forced a minimal set 

of Regge t r a j e c t o r i e s to be those of the m, p, p', o> and N. Using 

ce r t a i n asymptotic requirements and that the spin-averaged cross 

section s h a l l behave i n a l l single Regge l i m i t s l i k e a corresponding 

s c a l a r five-point function the i r rather unwieldy expressions were 

somewhat simplified, but despite the complicated formulae various 

s i m p l i f i c a t i o n s i n the physics remained. Application was made to 

the process TT+p -»• p +p with apparently good agreement with the 

d i f f e r e n t i a l cross section data, a l l parameters now being fixed. 

Further applications, to show the prediction for nn-resonance 

production at high energies, were made [l6] and the re s u l t i n g 

d i f f e r e n t i a l cross section for the n~p -> Ti+ir~n process at various 
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energies and for the p and f-mass regions were found to be quite 

good i n comparison with the experimental data. Of p a r t i c u l a r 

relevance to t h i s section was the application of the foregoing 

five-point function dual model to the special case of np 

annihilation at rest made by Bender and Rothe p.7] . Using the 

requirement of absence of exotics in the isospin 2 irn-channel and 
2 

that at the np threshold Re a^CAM ) = 3 they reduced the T-matrix 

element for the annihilation process to 

T = -/2 v Y 5 u H ( S 1 2 , S 2 3 ) 

where H = g 3 a'2 H M - 2g ax f 2 H 

and HN ( S23' S12 ) = ( S23 + S12 ' ( 2 M ) 2 ~ m ^ B 5 ( 1 " a 2 3 ' 

, P 1 B _ ir 1 B » f/i i\ l - a 1 2 , -J - o 1 5 , 2 - a 4 5 , j - c ^ ) (41.3) 

V S23' S12> = ( 1 " K23 " a P 1 2 ) B 5 ( 1 - a 2 3 ' * 

3 B TI 3 B . 
2 " a15' " a45' 2 ' a34 ) 

g, f and a* being constants, and the notation being as previously. 

Use of the r e s u l t B,. (x,. ,x^,x^,x 2,x^) = B^x^.x^x^.x^.x,.) together 

with c y c l i c symmetry w i l l restore the expressions for and to 

the form used i n (41.2). A free parameter X was then introduced i n 

front of the f i r s t term to compensate for the deficiency of the 

model regarding those terms containing the nucleon poles. Proceeding 



"a l a Rubinstein et a l " (Y| they further reduced the expression to 

sums of Veneziano four-point functions with suitable c o e f f i c i e n t s 

but to obtain a good data f i t some l i b e r a l v a r i a t i o n of the widths 

and slope was required. The authors suggested the direction for 

improvement i n the ninrNN-£ive-point function model but have not 

followed i t . 



4.2 Comparison of five-point function f i t s 

I n t h i s section we investigate the quality of the f i t s 

to the pn -*• 3n at rest data made by the five-point function 

amplitudes of the l a s t section as given by Rubinstein et a l [ 4 ] , 

Pokorski et a l [id] and Bender and Rothe [l7] . Taking these 

amplitudes to be respectively A^, and A^ they are given by 

A l = R x + C R 2. 

R l = al2 B5 (-°'l2' l~aiy 2 - Q34» -"45' 2 " a 1 5 ) + 

(1**3) 

, B l v„ /, P 1 P 1 B • 
R 2 = ( a34 • 2 ) B 5 ( 1 " a l 2 ' 1 _ a 2 3 ' 2 ""34' 1 - * 4 5 ' 

A 2 = (1 - - c x P
1 2 ) B 5 ( l - a ^ , l - a P

1 2 , | - a j 5 § - a j 5 . 

I -a*, ) + (l<->3) 

A 3 = A 2 + X B r 

l l = CS23 + S12 " ( 2 M ) 2 ' m 2 ) B 5 ( 1 - a 2 3 ' 1"cl12» 

2 " " I S ' 2 _ a 4 5 ' 2 + ( 1 ^ 3 ) 

where C and >. were taken to be free parameters, M = nucleon mass, 

m = pion mass and each a., corresponds to an S.. of F i g . 2. 
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For the case of decay from rest i f = s, = t and 
2 2 2 2 

/OWN 2 c t + m - 2M _ _ s + m - 2M S A 5 = (2M) then = S 1 5 g , = 835 g 

2 2 
and s + t + u = (2M) + 3m = E. (See Appendix). 

The p Regge trajectory was taken i n the form 

a p - 0.483 + 0.885x + i 0.33 A - 4m2 

x 

as given in [18] and a refers to the nucleon (B=N) or A(1238)(B=A) 

tr a j e c t o r y with the same slope of 0.885. 

a" = a v ( S 4 5 - m2) + i ^ or a 1 ^ - (3m) 2) + i l 2 

r e f e r s to the pion trajectory or a '3it' daughter t r a j e c t o r y , again 

with the same slope, ex. Boguta [8j i n h i s f i t t i n g procedure for A^ 

did not put any imaginary part to the pion t r a j e c t o r y and i t i s not 

necessary i n fact although improvements to a l l f i t s can be obtained 

with i t s use. 

I t w i l l be noticed that each of these amplitudes are 

appropriate for the diagrams A and B of F i g . 1 and no terms for the 

diagrams C and D are included. We do not present suitable amplitudes 

for these l a t t e r configurations. 

Since Hicks et a l [19] could comment on t h e i r f i t t i n g 
2 

procedure that the ^ -method i s not too applicable i n regions where 
2 

the x contributions vary greatly from bin to bin (large s t a t i s t i c a l 

e r r o r s ) and that i t might be preferable to consider, for example, the 

" l i k e l i h o o d of observation", we continue to use the same procedure as 

in Chapter 3. 
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We perform a Maximum Likelihood [ML] f i t to the Anninos 

et a l [ l ] ( s , t ) data using for the likelihood function: 

N , 
L = n F ( s . , t . ) , J^= la L, N = 2902 and 

i = l 1 1 

l A ( s i t t . ) | 2 

F ( s i ' t i ) ~ / |A(s,t)| zdsdt o 

where ( s ^ , t^) are the data points of the Da l i t z plot and the 

integration i s taken over t h i s plot. I n t h i s case the numerical 

integration was performed using the Gauss-Legendre quadrature scheme 

(with double precision arithmetic). o£ was maximised for various 

cases by applying the CERN routine MINUIT [20~] to -^and the 

imaginary parts 1^ and I ^ were optimised (regardless of signs) to 

give minimum - jC for each p a r t i c u l a r case. The. terms were 

evaluated using an adaptation of the computer subroutine written 

by Hopkinson [21] and the gamma functions were evaluated using the 

CERN routine ZFACT. The four B^ terms were optimised f i r s t with 

both (B=N) and (B=A) being used for the best value being obtained 

for A2 with (B=A) and the '3H1 t r a j e c t o r y with an imaginary part of 

0.071 - (3m) . Combinations of amplitudes were next optimised 

using f i r s t l y p a i r s , then t r i p l e t s and then a l l four (with B=N). 

Some of these r e s u l t s are summarised i n Table 1 where, f or 

comparison, the values of J L for the one, three and f i v e term four-

point function f i t s [18] are also given. I t was found that a s l i g h t 

improvement i n the values of was to be obtained by using the ' 3TT' 
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daughter t r a j e c t o r y instead of the pion t r a j e c t o r y for the i n i t i a l state 

as prescribed by Rubinstein et a l [22], i . e , I - = Im (x) * X(x-9m ) 

(a s t r a i g h t l i n e Ima). However 1^ and 1^ both changed signs when 

going from (B=A) to (B=N). I n f a c t , 1^ and could both have been 

previously fixed prior to making a f i t i f some theoretical r e s t r a i n t 

were required such as, for example, that given by Rubinstein et a l 

in r e f . [22]equation ( 9 ) . Another computing d i f f i c u l t y was that 1^ 

and I 2 had to be varied both for sums of amplitudes as w e l l as for 

individual ones as they changed from case, to case. The value of C 

obtained i n the f i t for A^ was about 0.5 but i n any case R 2 only 

had a small effect on the amplitude A^. C varied according to the 

value of I 2 but was not near the value -1.25 as given by Rubinstein 

et a l [4] which seems to confirm the r e s u l t s of Chapters 2 and 3 

that t h i s R 2 term could be neglected. Most of "the likelihood values 

come nowhere near those of the four-point function f i t s [ i . e , they are 

not within about 3.3 at the 99% l e v e l ] but, however, a change i n 

the argument of. the B,. function for B^ of a34 <*"^ a]_5 produced much 

more encouraging r e s u l t s . [rhis would correspond to the suggestion 

of Rubinstein et a l in [4] that one could, and i n general should, 

add terms si m i l a r to the amplitude but with 4 and 5 interchanged and 

multiplied by an arbitrary coefficientTJ Therefore, although the 

amplitudes given by these three groups did not produce good f i t s to 

the D a l i t z plot data i t should be possible to give an amplitude i n 

terms of, say, two B^ functions that does do so, at least to the order 

of the four-point function f i t s given i n [ l 8 ] . 
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Summary 

In chapter three i t was shown that a suitable sum of terms 

gave a reasonable and economical parameterisation of the pn-*3ir (at 

r e s t ) data. In t h i s chapter we have tested some functions 

using the same data with the hope that with j u s t a few parameters 

we may have been able to give a comparable f i t to the data and thus 

predict the various c o e f f i c i e n t s i n the former f i t . This would 

then have been a r e a l t e s t of the whole dual model idea, giving a 

check on the large mass - small spin region (see F i g . 5 of Chapter 3) 

which i s more s i g n i f i c a n t than t e s t s which l i e on the leading 

t r a j e c t o r y . From our r e s u l t s we have shown that t h i s project was 

not successful so that r e a l support for the model was not provided. 

However, since the r e s u l t s were not too absurd we can attri b u t e 

the f a i l u r e i n d e t a i l to the fact that we did not know how to write 

down dual amplitudes with fermions. There are diagrams without 

resonance in the NN channel which we did not include in the 

an n i h i l a t i o n f i t . Sivers [3] argued that a l l four diagrams 

A, B, C, D of F i g . 1 should be taken into account i n a data f i t 

since a l l have the exchanged nucleon pole and including functions 

appropriate for diagrams C and D would have been an obvious next 

step to t e s t the NT? channel " f a c t o r i z a t i o n " assumed i n the four-

point function approach. In that case the.crossing predictions 

of the model assumed i n chapter two would have required the use of 

extra terms to give the amplitude for irN -*• TTTTN from that of NN wait. 



4.3 B,. Phenomenology 

There are several excellent reviews of the application 

of the B,. formulae to five-point function processes and the 

development and progress of t h i s work can be traced through those 

i n , for example, 

Chan (1969) 

Lovelace (1969) 

Satz (1970) 

Berger (1971) 

Thomas (1971) [23] 

and i n the Introductions to some of the o r i g i n a l papers. N point 

Veneziano formulae give a new approach to multi-Regge phenomenology. 

They include resonances and Regge exchange i n a' dual manner, they 

should be v a l i d for a l l values of the subenergies, and they have 

well determined and t h e o r e t i c a l l y plausible Regge' residues. A l l 

the main drawbacks of the multi-Regge model are thereby removed and 

a u n i f i e d description of mechanisms previously considered separate, 

such as "resonance production", "background" and "double-peripheralism" 

i s provided. The a t t r a c t i v e properties of correct Regge asymptotic 

behaviour, crossing symmetry and duality possessed by such models lead 

to the expectation that the same amplitude describes different 

amplitudes related by crossing and that i t should describe also two 

body reactions related by "bootstrap consistency". A further 

a t t r a c t i v e feature i s that, due to the t h e o r e t i c a l constraints imposed 

in constructing the model, i n applications there are r e l a t i v e l y few 



unknown parameters. The shortcomings of the B,. model as applied 

to data are that spin and isospin are not cor r e c t l y included i n 

the model and u n i t a r i t y i s violated, being simulated usually by 

adding i n an imaginary part to the traj e c t o r y function as required. 

Further, the model requires a method of dealing with the Pomeron, 

since the Pomeranchuk si n g u l a r i t y has no place i n a dual model of 

thi s type without u n i t a r i t y . 

We have mentioned some of the early applications of the 

uses of B,. i n Chapter 2 where the p a r t i c l e s were mesons (TT,K,O). 

However, the B^ amplitude was f i r s t applied in the analysis of a 

production experiment by Petersson and TOrnqvist [24] who studied 

the reaction 

K~p -*• A i r + i T ~ 

over the energy.range 3 - 1 0 GeV/C. This reaction was suitable for 

such an analysis because of the absence both of Pomeron and picn 

exchange, the r e s t r i c t i o n by quantum number of permissible graphs, 

and the dominance of "normal parity exchange. The baryons were put 

in with spin zero. The s p e c i f i c amplitude chosen for this process 

was of the form 

1 2 3 4 A = C e „ R P P„ P P, X 

*5 (1"V 1-V "t ~°Yf *
 1_V ' 1 ~ °Y* > + 

B 5 (1"V 2 " 
3 3 ~1 
2 - a Y * '

 1-V 2 " "Y* ^ ] 
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where C was a normalizing parameter and the t r a j e c t o r i e s were 
2 

given the universal slope of 0.9 (GeV) and had imaginary parts, 

inserted above thresholds, of the form A / S - S ^ for the p and 

B (S-SQ) for the Y* resonances respectively. A further d i f f i c u l t y 

i n interpretation, however, was that the graphs chosen for the 

above amplitude were not those that the Harari-Rosner [ 2 5 ] quark 

duality graphic rules would suggest in that the " h e r e t i c a l " model 

with four quarks and an antiquark in the KN channel was chosen. 

This i s i l l u s t r a t e d i n F i g . 3 where the two sets of duality diagrams 

considered are shown. The reasonable agreement obtained with the 

large range of experimental data treated was most impressive and 

c e r t a i n l y encouraged further applications. TOrnqvist [ 2 6 ] then 

crossed to the process ir +p -*• <+ir+ft and found that the normalization 

was too large by a factor of two for the process and i t s r e l a t e d 

quasi-two-body process ir +p -*• Y* ( 1 3 8 5 ) K + the dominant sub-channel, 

which is-Pomeron free. This was nevertheless considered by Lovelace 

[ 2 3 ] to rank among the very best existing checks of crossing symmetry 

since a well-known backward ir -p Regge f i t when extrapolated to the 

A pole was out by a factor of 2000! This example of crossing i l l u s 

t r a t e s the novel feature of these types of models i n which the legs 

of the B,. formulae can be permuted by crossing symmetry to predict, 

ten different 2 -*• 3 reaction channels, several of which are often 

observable. I f the f i v e external p a r t i c l e l i n e s are permuted then 

there are (N - 1 ) ! j ^ = 12 in-equivalent such diagrams. 

Further, i n each reaction a considerable number of charge combinations 

are also possible so that several processes could be f i t t e d simul

taneously and for a range of energies. 
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Further applications were made by Hoyer et a l [27] but 

most of the work on production processes was, however, concerned 

with the KKNNTT system f i r s t investigated by Chan, R a i t i o , Thomas 

and Tornqvist [28]. The four channels <N •+ KTTN, KN KTTN, 

TTN •* KKN, NN -*• KKT\ were considered and 21 charged states that had 

enough data for study were c l a s s i f i e d into those that were considered 

to require ( i ) a vector exchange model, ( i i ) a vector + a Pomeron 

exchange model, ( i i i ) a pion + a Pomeron exchange model. They then 

considered the three reactions of type ( i ) <+p K ° T r + p , K~p -»• < ° i r ~ p 

and TT~p -»• K°K-p and used the orthodox Harari-Rosner diagrams (and 

absence of exotics) to obtain three terms of the Petersson and 

Tornqvist form for their amplitude. For each channel the dominant 

t r a j e c t o r y was inserted and the imaginary part of a above threshold 

was found using the formula Ima = dM T . " 
& res res 

A large wide ranging quantity of data was f i t t e d by t h i s 

one parameter f i t although once again the cross-section normalization 

was predicted badly from reaction to reaction. This apparently 

s i g n i f i c a n t work which tested global duality was then continued i n 

several d i r e c t i o n s . 

By taking the Chan et a l [28] amplitude at the nucleon or 

A, pole predictions for the two-body reactions of the kind K~P -»• <°n 

and n~p -*- <°A were made by Peterson and Thomas [29] . Bartsch et 

a l [30] made a study of the reaction <~p •* ic 0Tr~p s i m i l a r to the one 

above and R a i t i o [31] subsequently studied the reactions < +n •* K°n +n 

and K~n -»• K°u~n related to those considered by the Chan group by 

isospin invariance. These global successes with so few adjustable 
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parameters at f i r s t seemed impressive, especially when compared 

to other models that have much more inherent freedom but f a i l to 

do better. However, a closer look at the above works showed that 

to some degree the quality of the f i t s reflected a judicious input 

int o the model, so that i t became evident that the claims of one 

parameter f i t s were somewhat misleading. (Discussed i n the Review 

by Berger [2]) . The CERN group also looked at the complex where 

u-exchange i s thought to be dominant and considered the group of 

reactions derived from <~p -*• K ~ T i + n [32}. An o v e r a l l crossing 

symmetric description was attempted and the. main features of the 

data were found to be determined by pion exchange, and the daughter 

structure and r e l a t i v e coupling constants which follow from the zero 

width model were supported by the data. The dominant baryon resonances 

were concluded to be dual to the p and no experimental evidence was 

found f o r pion d u a l i t y to known baryon resonances. For a model 

describing these reactions, .the e kinematic fac t o r , spin, isospin and 

u n i t a r i t y solution used fo r vector exchange reactions may not be 

appropriate. I n contrast to the s i t u a t i o n with vector exchange, fo r 

pion exchange daughter states give appreciable contributions i n a l l 

but the pn channel, even for the lowest position on the t r a j e c t o r y , 

thus making the approximation of a to be complex .a very poor one, as 

remarked e a r l i e r . An e n t i r e l y equivalent description to using the 

sort of 3(1 - a - a ..) B_ u y_ u form f o r the amplitude was found p <* 5 5 
to be a amplitude times, the pion pole: 

BuYeu (1 - a - a .) B. (1 - a , 1 - a ) 5 o p K * 4 p <* n 



Some s i m p l i c i t y i n understanding'might' thus be obtained* by • 

excluding the pion from the dual framework, a conclusion that the 

Pokorski paper [ i d ] did not thoroughly t e s t , as remarked i n the 

e a r l i e r section. The fears expressed by Lovelace [23] , that no 

B,. phenomenology existed outside the CERN group and that spin 

would therefore never be put i n to the amplitudes properly, were 

no doubt overcome by the work that gradually appeared from America, 

Europe and the USSR. 

A detailed test of the Bardakci-Ruegg model applied to 

the data of K + p -*• ir+pico was made by Waluch et a l [33} i n order 

to determine what portions of the success of the model were t r u l y 

independent of the input. I t was shown that even without ad hoc 

modifications of tr a j e c t o r y functions a good f i t could be obtained, 

but at the expense of using several kinematic'factors and f i v e 

adjustable parameters. A report of the experiment at 12 GeV/C 

and an extension of t h e i r study i s given by Waluch [34]. Several 

authors have also extended the study of the complex to other 

energies, e.g. [35] . 

An Imperial College group considered a number of d i f f e r e n t 

reactions using the procedure of these previous authors and i n the 

K K N N H system considered the process ir"p -*• < O K O N a t 12 GeV/C [36] , 

and found only a l i m i t e d success with t h e i r model when assuming only-

vector exchange. Other dual resonance models f o r the pion-dominant 

reactions <~p •+ K ~ i r + n , < +p •+ ic +ir +n, ic +n * ' K + T r ~ p , and K~n -*• K ~ i r +p 

[37-39] have been presented. Shafee [40] analysed the effe c t of the 
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f i r s t daughter of" K ^ Q Q i " n the reaction ic+p •+ K°ir+p using a 

B(. formularism, and others [41-43] have f i t t e d <N •* tc+irN 

reactions with e , B j models. 

Other Complexes 

Besides the N N K K I T complex other types of reactions were 

investigated: KNNN/V by Dunwoodie and Tuominiemi [44] and others 

[45-46], N K K K A by a UCLA-Oxford group [47], < +p •*• K + p u by Jerome 

and Simmons [48], N K K * T T A++ by Baier et a l [U9j, <~p •* 3 T K by Ross 

and Lyons [ s o ] , and recently Chu [ s i ] constructed a dual resonance 

model to describe the reaction n +p ir+nOp. 

Spin and Isospin 

Spin and Isospin have been incorporated i n various ways. 

Benfatto et a l [52] proposed a model fo r the N N K K T process (having 

the correct asymptotic behaviour and spin structure, the r i g h t 

isospin and signature on the parent t r a j e c t o r i e s and the appropriate 

f a c t o r i z a t i o n properties on the lowest poles) using invariant 

amplitudes. A similar Veneziano type -ansatz f o r invariant amplitudes 

to s u i t t h i s complex was given by Schmidt [53] . The most general 

spinless dual amplitude describing the set of reactions <N K T T N , 

by imposing isospin, charge conjugation and crossing symmetry, as 

well as absence of exotic states, was given by a group at Technion [54]. 

The group at Imperial College presented a method f o r including both 

spin and unitary spin by combining the U(6,6) supermultiplet formalism 

w i t h the Veneziano spinless amplitude, application being made both 



to K~p -»• TT~TT^A [5i] and ic~p"-»• K°iir~p [56], with greater success 

i n the l a t t e r , and also to <~p -»• K * ~ i r + n [ 5 7 ] . Hirshfeld and 

Schmidt [ 5 8 ] also looked at the dual K N A nir system with spin. 

Pomeron Exchanges 

Pokorski and Satz [ 5 9 ] attempted to describe d i f f r a c t i o n 

dissociation reactions by s p l i t t i n g a five-poi n t function f o r 

AB -»• ACD up into 

f ( tAA ) ; V(4)(PB-CD . 

where fCt^) denoted a form factor for the hadron-hadron-Pomeron 
2 vertex, s = (P. + P_) i s a factor to account f o r the Pomeron A B 

propagator and V(4) denoted the "amplitude" f o r the "reaction" 

IP + B •+ C + D. Berger [2] doubted the r e l i a b i l i t y of such a model, 

but Kajantie and Papageorgiou [60] i n t h e i r Dual + Pomeron analysis 

of K*p •* < ± T T ° P made a good analysis using it,and applications by 

other authors were made [61,62].. 



Summary of B„ Phenomenology 

A t t r a c t i v e Features: 

1) Offers a unified approach to resonance production and 

multi-Reggeism. 

2) Crossing symmetry. 

3) Bootstrap consistency (some ambiguity i n p r a c t i c e ) . 

4) " F i t s " a large amount of data with few parameters. 

5) Some complexes have only a few allowed graphs. 

Limitations: 

1) U n i t a r i t y simulated by imaginary part of t r a j e c t o r i e s . 

2) Fermions treated as Bosons 

3) One t r a j e c t o r y i n each channel-inserted 'dominant' one. 

4) Complexity for more bodies i n f i n a l states ( i . e , i f N > 5) 

5) Has the problems of simple Regge theory (which probably need 

cuts f o r t h e i r r esolution). 



APPENDIX 

I n the symmetrization procedure i t i s necessary to f i n d 

and S^s' Using t n e notation of Fig. 2 with a four-momentum 

vector P̂  associated with each p a r t i c l e i then: 

At threshold P̂  = P 5 = (M,0) and Ê^ + E 2 + Eg = 2M 

S o S 1 4 = ( P 1 + P A ) 2 = [ ( P 1 + P 5 ) + ( P 4 - P 5 ) ] 2 - <VP5)2 - S 

S34 = <VV = [ ( P 3 + P 5 ) + ( P 4 ~ P
5 [ ] 2 = ( P 3 + P 5 ) 2 " 5 

Also 

But 

15 

35' 

S14 = ( P 1 + P 4 ) 2 = ( ?
2

+ P 3 + P 5 ) 2 " S23 + ^ + 2 P 5 ( P 2 + P3 

= S 2 3 «• M2 - 2M (E 2 + E 3) 

= S 2 3 + M2 - 2M (2M - E t) 

S23 = ( P 2 + P 3 ) 2 = ( P l + ( P 4 + P 5 ) ) 2 = ( P l + ( 2 M'°)) : 

= (ra2 + (2M) 2 + 2(r2ME 1)) = -AME;L + (2M) 2 + 

(2M) 2 + m2 - S 2 3 

Therefore E, = rr: 
1 . 4M 

Hence = S 2 3 + M2 - j (4M2 - m2 + S 2 3) 
. 2 _..2 

m 
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I nterchanging indices 1 and 3 gives: 

S = S = S12 + ^ " S34 S35 — r 

I n a similar manner 

'24 (P 2 * P . ) ' 

But 

So 

2 2 M + m - 2ME, 

E 2 = 2M - E x - E 3 

S 0 / = M2 + m2 - 2M 24 
S12 + S23 - 2m' 

4M 

Therefore 

S 2 5 = j f m 2
 + 2M2 - S 1 2 - S 2 3 _ . 
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Diagrams giving the s i n g u l a r i t y structure of a dual model for pn •* n \ K, 

Poles occur i n channels defined by adjacent p a r t i c l e s 
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TABLE 1 

Values, of ..the,, log, .likelihood, function JE . 

Amplitude - £ 

Aj (B = N) 5006 

R 1 (B = N) 5002 

(B = N) 4855 

Aj (B = A) 4679 

A3 (B = N) 4619 

A 3 (B = A) 4576 

Lovelace 4531 

^ (B = A) + B x (B = N) 

R^ (B = N) + B^ (B = N) 

4568 

4485 

a34 **- a 1 5 i n B^ 

Rj^ (B = N) + B x (B = N) 

4548 

4470 

A 3 (B = A) 

^ (B = A) + B x (B = N) 

Ag (B = N) 4415 

A l t a r e l l i and Rubinstein 4409. 

4355 

Nicholas 4213 



FIG. 3 

it 

a 

A showing the " i l l e g a l Quark d u a l i t y diagram f o r the reaction K " P • * IT TT 

diagrams (a and b) used by Petersson and Tbrnqvist. 
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CHAPTER 5 

Four-Point Function F i t s to the pn -*• 3TT 

1.2 GeV i n f l i g h t Dalitz Plot data 

5.1 Introduction 

The data of B e t t i n i et a l [ l ] f o r the process pn •* T T + T T 

at 1.2 GeV/C i s shown as a Dalit z plot of the 818 events i n 

Fig. 1. Each event, as i n the at rest case, i s plott e d twice 

giving a symmetric p l o t , although use of the l i n e p r i n t e r has 

resulted i n some bunching of events. This data also shows a 

s t r i k i n g pattern of zeros i n the experimental p l o t although 

the features are not quite the same as those f o r a n n i h i l a t i o n 

at rest. Fig. 2 shows the equal density contours on the p l o t , 

as given by B e t t i n i et a l , from which i t i s seen that there are: 

2 2 
( i ) two symmetrical zeros, at M + _= M . _ = 1, 

M' 
I T 71 TT TT 

M 
TT TT TT I T 

= 2. 

other zeros, at M' 

M' 

1, M 
TT TT T T ~ T T 

3, M 
TT T T TT TT 

( i i ) absence of zeros, at M 

M' 

1, M 
TT T T T T ~ T T 

2, M 
Tf Tf TT TT 



2 2 3 ( i i i ) symmetric maximum, at M + - = M + - - - r 
ir n ^ 2 1 

M 2 1 M 2 7 other maxima, at M + _ = -z, M + - - -z 
ir TT^. . L TT ^ 2 ^ 

K , 2 7 M 2 1 
TT TT ^ I TT TTj ^ 

B e t t i n i et a l [ l ] attempted to f i t t h e i r data with two types of 

Veneziano type amplitudes. F i r s t l y a four point function f i t , 
P + 

assuming that the decay was from a J = 2 state, where the 

amplitude was of the form: 
T(2 - a g ) r ( l - a t) 

A = (factors) —JTTT * + (s«*-t) 
r<3 - a g - a t) 

The t r a j e c t o r y used was found from f i t t i n g a s t r a i g h t 

l i n e along the diagonal on the dip-bump-dip structure of the D a l i t z 

plot to give 

a 
s 

= 0.65 + 0.84S + 0.26 i / s - 4m2 . 

Their resultant f i t to the data did not give the bumps 

at the ends of the p-bands and gave only a rough q u a l i t a t i v e 

agreement over the D a l i t z p l o t . 

Secondly a f i v e point function amplitude was suggested, 

which included only normal parity, states i n the pn channel, ruled 
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out various external l i n e permutations and neglected the 

nucleon spins. Labelling the part i c l e s P^n^ 1 T3 1 T2 1 I1 t o o k 

A re - \ « r>> 45 3 N . 12 . 23 A = (factors) B,.(2 - ctp , y - ô ,., 1 - a , 1 - a , 

| - a j 4 ) - ( 1 ^ 3 ) 

and found results s i m i l a r to those obtained by the four-point 

function f i t . 

Odorico [2] noted the f a i l u r e of the four-point and f i v e -

point functions suggested by B e t t i n i et a l to explain f u l l y the 

Dalitz plot data and i n p a r t i c u l a r that they f a i l e d to give the 

prominent h i l l s present at the corners of the p l o t . Also they 

f a i l e d to explain the fa c t that when the holes are present they 

are present alternately only. Pointing to the fact that to f i t 

the data at rest one required several terms of four-point functions 
3 

i n order to reproduce the "hole" at a g = = he suggested 

that f o r the i n f l i g h t case many such terms might be required f o r 

the more complicated D a l i t z p l o t . S p e c i f i c a l l y Odorico proposed 

an amplitude of the form 

A(s,t) = 
r ( i - a ) r ( i - o . ) r 

s t 

a +a s t 

a -a s t a -a t s + 1 
3-a -Ok s t 

(51.1) 

with a = + x. x 2 
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This amplitude e x p l i c i t l y gives zeros at a - a = 2m 
S L 

and removes them f o r a + a = 2n (m and n a r b i t r a r y integers) 
s t 

so that an alternate presence of holes i s automatically incorporated 

into the expression f o r the amplitude. The amplitude i s Regge. 

behaved, crossing symmetric and has stra i g h t l i n e behaving zeros. 

However i t implies the existence of exotic meson resonances with 

1 = 2 ( i n the u-channei), alt e r n a t i n g signs of the residues of 
2 -

successive towers of poles and that increasing m (pn). increases 

the mass of the u-channel f i r s t resonance p o s i t i o n . What Odorico 

had observed was th a t , near a pole i n s and a pole i n t , the 

amplitude could be w r i t t e n 

a + b 

x 

2 2 2 2 s-m̂  t n 2 (s - ) ( t - m2 ) 

l ~ l 2 2 1 2 2~I ^ (a+b)(t+s-m 1 -m2 ) + j (a-b)(t-s+n^ -m2 ) 

So that i f a = b, the square bracket would generate a l i n e of 

zeros at constant u, while i f a = -b, the l i n e of zeros would 

be at f i x e d ( s - t ) . The former occurred with a simple Veneziano 

type model whereas the l a t t e r appeared to agree bet t e r with the 

i n f l i g h t a n n i h i l a t i o n data. Writing Odorico's amplitude i n the 
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form 

A(s,t) = 
sm -=-(a -a. ) r ( l - a ) r ( l - a . ) l - a s ~ a t 2" s t s 7 a.) r(2 TT Tf sin -=(a +a, ) s 2 X s t 

(by using the 'duplication' formula) shows that the modification 

to the Veneziano amplitude used to obtain zeros at f i x e d ( s - t ) 

was j u s t to mult i p l y i t by a suitable factor of s and t . As a 

phenomenological r e a l i z a t i o n i t i s not clear that t h i s type of 

amplitude i s required to f i t the data but the suggestion of 

having lines of zeros at f i x e d ( s - t ) , rather than f i x e d u, was 

certainly i n t e r e s t i n g . (Odorico has also looked f o r f i x e d u 

structure i n other reactions). Fig. 3 shows the pattern of 

zeros and poles i n both the Veneziano and the Odorico formulae, 

and Fig. 4 shows the pattern on the D a l i t z p l o t . 

the most economic amplitude of the Veneziano type giving an 

absence of zeros at the required points corresponding to 

a + a = 4 was the form 

B u g r i j , Jenkovski and Kobylinski [3] suggested that 

s t 

A(s,t) = (3 - a - aJV.. + C(3 - a - a ) 2 V s t 11 s t 32 

with V 
a )T(n - a.) r ( n 

nm r(m + h - a - a ) 
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or 

A(s,t) = V1(J + 2 V U + C(V 3 Q - V 3 1 + V 3 2) (51.2) 

where a = 0.483 + 0.885x + 0.28i /x - 4m2 from Lovelace . x L J 

Like the Odorico amplitude of (51.1) t h i s was equivalent to 

multiplying the Veneziano-type amplitude by a r a t i o n a l function 

of a and a . This form of the amplitude follows that of (31.3) 

as given by A l t a r e l l i and Rubinstein [pi] f o r the at rest data. 

Bugrij et a l made a f i t to the experimental d i s t r i b u t i o n and 

found C to be -1.44. They did not make i t clear how such a f i t 

was made and by changing C t h e i r f i t could i n fact be improved. 

Both the mass d i s t r i b u t i o n and the D a l i t z p l o t are not f i t t e d 

well with t h e i r amplitude. Even when they attempted using a 

dual amplitude w i t h Mandelstam a n a l y t i c i t y (DAMA) the resultant 

f i t to the Dal i t z p l o t was w i l d l y out. 

One might say that what i s r e a l l y needed i s a f u l l y 

dual five-p o i n t function amplitude (with spin and isospin taken 

into account) that would f i t the i n f l i g h t pn •*• T r ~ T r ~ T r + data, 

would suitably extrapolate to the data at r e s t , also reproducing 

the four-point function amplitude results of Chapter 3, and would 

describe by crossing, Tr~p -*• T r + T r ~ n and the other TTN •* TTTTN 

processes. However, the lack of quantitative agreement by the 



existing five-point functions to f i t the at rest data suggests 

that t h i s would not be a simple task. There i s the p o s s i b i l i t y 

that the differences i n the two Dalitz plots are i n d i c a t i v e of 

important dynamical effects i n the i n i t i a l NN state which might 

mitigate against such a treatment [ 6 ] . 

The fact that the Dal i t z plots f o r both the at rest and 

i n - f l i g h t cases have pronounced minima and maxima suggests that 

one might extend the Lovelace method to the i n - f l i g h t data. Since 

the pn i s no longer at rest i t can no longer be asserted that a 

'heavy pion 1 adequately represents the i n i t i a l state quantum 

numbers, nor that the pion-trajectory dominates the d i r e c t channel 
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5.2 Four-point function f i t 

I n making a four point function f i t one could follow 

the method of B e t t i n i et al [ l ] and use sums of terms each of 

which were appropriate f o r a pa r t i c u l a r TTTT -»• irS process where 

S has a r b i t r a r y spin and p a r i t y . A l t e r n a t i v e l y a sum of four-

point functions could be used with i n d i v i d u a l terms of the form 

r U - a s)r(m - a t) 

In our f i t , however, i t was decided to use the same 

form for the amplitude as had been used i n the at rest case. This 

allowed a comparison wi t h the at rest f i t and also with that of 

Bugrij et a l [ 3 ] . 

The amplitude expression was taken to be 

A(s,t) = l e v 
u. nm nm n=l 
m< n 

with 

T(n - a )T(n - a.) 
/ = !_ 
nm r(m + n - a - a ) 

S t 

(52.1) 

and 

a = 0.483 + 0.885x + 0.33 i Jyl •- 4m2 

(the t r a j e c t o r y used f o r the at rest case). 



The f i t to the data was performed by maximizing ^£ i n 

the expression 

N 2 J> L = n | F ( s . , t . ) | where j[_ = In L, N = 818 
i = l 

|A s . , t . ) | 2 

and F(s., t . ) = ; | A ( 8 i t ) | J t d B d t 

a 

2 2 and where the data points (s., t . ) ref e r to the M . _ , M . _ 
v l l T I + I T ^ ^2 

Dalitz p l o t events given by B e t t i n i et a l f o r 1.2 GeV/C incident 

momenta and the integration i s taken over t h i s new p l o t . J^. was 

then maximised, as for the previous cases, by applying the CERN 

routines MINUETS for -jC and ZFACT f o r the Gamma functions. 

The 95% and 99% confidence intervals on the c o e f f i c i e n t s C 
nm 

imply changes of the order of i n aC where X i s 1.96 and 2.576 

respectively and t h i s allowed terms that did not changejC by more 

than these amounts (about 2 or 3.3 f o r the two cases) to be dis

carded from the series. Proceeding i n t h i s manner the f i t seemed 

to have approximately the simple form of: 

A(s.t) - V n - V 2 0 - 2(V 2 2 - V 3 Q) + V 3 2. 

A pr a c t i c a l d i f f i c u l t y with the minimization routine was 

that as further terms were added i n i t tended to neglect these i n 

preference to the e a r l i e r ones, p a r t i c u l a r l y i f the former were 

only having a small e f f e c t oxioC. I n both t h i s and the at rest case 



therefore there could be higher terms t o the series giving a small 

effec t onc£. The actual c o e f f i c i e n t s are given i n Tahle 1 

together with thecA_values of Odorico and Bugrij et a l . These 

results indicate that the Odorico amplitude does not f i t the data 

as well as the sum of terms but t h a t , l i k e the Lovelace amplitude 

f o r the data at r e s t , i t could be one of several s i m i l a r terms 

which when combined could do so. The Bugrij et a l suggestion of 

only one free parameter was unduly r e s t r i c t i v e and even when t h i s 

was f i t t e d thee*- value, although better than Odorico's, showed 

that extra terms were required. 
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Summary. 

The amplitude expression (52.1) gives r i s e t o straight l i n e 

zeros(assuming a and a. are real) for a + or > max (m+n) so that s t s t 
i f we wish t o preserve t h i s property over the Dalitz p l o t then we 

should impose the condition m+n - 5 i n the same s p i r i t as the 

r e s t r i c t i o n m+n - 3 noted i n chapter three that was used fo r the 

decay (at rest) case. Although the data appears t o suggest an Odorico-

type pattern of zeros we have nevertheless f i t t e d i t with a simple 

pattern of Veneziano-type amplitudes. We have not performed a f i t 

using a combination of Venezia.no and Odorico-type terms although t h i s 

may have indicated which pattern of zeros the data dictated. The 

addition of the imaginary part t o the t r a j e c t o r y function meant that 

the lines of zeros were not simply extractable unless f o r example 

we neglected these imaginary parts i n such considerations. 

I t might be thought that arguments based on simple four point 

functions should not be relevant here but quite surprisingly the 

pa.ttern of zeros seems to exhibit the s t r i k i n g form suggested by 

Veneziano (or Odorico)-type amplitudes. 

We conclude by r e i t e r a t i n g that perhaps a suitable f i v e point 

dual function f i t should be made to the data such that the at-rest 

case i s f i t t e d as a p a r t i c u l a r example of the i n i t i a l energy. 

http://Venezia.no
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Veneziano zeros and poles pattern 
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Veneziano zeros are due to the denominator of 
r ( i - a s ) r < i - a t) 

r < 2 " a s " at> 

which also removes double poles. Odorico zeros are given at 

a - a = 2m, and removed at a + a = 2n. s t s t 

Odorico zeros and poles pattern 
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The zeros and pol.es pattern i n the Mandelstam 

plane f o r : a) The Veneziano formula 
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b) The Odorico formula 
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Table 1 

Values of the log likelihood function X 

Cnm values used -£ 

C l o — - 0,131 

c l l = 1 

c = -0.915 

C21 = -0.280 

C22 = 1.826 

C30 = -2.005 

C31 = 0.979 

C32 = 0.870 

1740 

Putting C 4 Q = 0 

C10 = -0.129 

c l l = 1 

C20 -0.787 

C22 = 1.859 

C30 = -2.238 

C32 = 0.878 

1741 

Putting C 2 1 = C 3 1 = C 4 Q = 0. 

C 1 Q= -0.130 

C l l = 1 

C20 = " ° * 8 4 7 1 7 4 3 

C 2 2 = 1.862 

C 3 Q = -2.084 
Putting C 2 1 = C 3 1 = C 3 2 = C 4 Q = 0 

Odorico 2766 
Odorico (Lovelaee trajectory) 2685 

Bugrij et. a l . 2200 
C10 = 1 

C l l : 2 

C-Q - c ?, - c 2 2 - o 
CS = ^31 = ^32 = " 1 9 - 1 9 
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