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ABSTRACT 

The Keyes mode] has been used to formulate the free 

electron contribution to the e l a s t i c constants of bismuth and 

i t s a l l o y s with antimony (0-10 at.% Sb) The el e c t r o n i c con

tribution has been shown t h e o r e t i c a l l y to be negligible in the 

i n t r i n s i c materials but to be observable i n highly donor doped 

bismuth 

The e l a s t i c s t i f f n e s s constant tensor components of 

single c r y s t a l s of bismuth and i t s a l l o y s (3 at.% Sb, 5 at % Sb 

1 r» Q. CJVN - ~ r3 I f l -4- a O K \ i t h £ n t H " d ~ ^ h d V C b G C I * Obtained 

between 4 . 2 K and room temperature from measurements of u l t r a 

sonic wave v e l o c i t i e s made by the pulse echo overlap technique. 

In contradiction with previous work, on p o l y c r y s t a l l i n e a l l o y s 

the ul t r a s o n i c v e l o c i t i e s are found to increase monotonically 

with antimony composition No el e c t r o n i c contribution to the 

e l a s t i c constants can be observed. Tnc temperature dependence17, 

of the e l a s t i c constants are independent of the antimony concer 

tra t i o n . 

The e l a s t i c constants of bismuth doped with tellurium 

( 0 - 0 . 4 at.% Te) have been measured between 4 . 2 K and room tem

perature. Changes i n some of the e l a s t i c moduli have been 

attributed to el e c t r o n i c contributions, the magnitudes of which 

are i n reasonable agreement with the t h e o r e t i c a l predictions. 
rihe temperature v a r i a t i o n of the ult r a s o n i c v e l o c i t i e s , which 

a\ r independent of tellurium composition, have been explained 

on ^ h e b a s i ^ oi tei»i">i->i ature dependent deformation potentials 
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CHAPTER 1 

INTRODUCTION 

Study of the propagation behaviour of high frequency e l a s t i c 

waves i n s o l i d s i s w e l l established as an e f f e c t i v e way of examining 

the e l a s t i c and a n e l a s t i c properties of materials. The e l a s t i c con

stants of a &o]id r e l a t e d i r e c t l y the t o t a l c r y s t a l energy, part of 

which may be e l e c t r o n i c in o r i g i n . E l e c t r o n i c energy i s responsible 

for the interatomic binding and e l a s t i c properties of many so l i d s 

especia]ly metals, i n which an ordered array of cations i s held 

together by a flux of valency electrons. I n semiconductors and semi-

metals the bonding between atoms i s l o c a l i s e d , either purely covalent, 

as found j n s i l i c o n or germanium, or of the mixed covalent-ionic type, 

as found i n the I I I - V compound1?. 

Straining of a degenerate semiconductor or serm metal may r e s u l t 

i n an energy change of the electronic energy bands. I f the symmetry 

of the s t r a i n allows for the r e l a t i v e molion of the degenerate bands, 

the c h a r y c a r r i e r s become a function of the l o c a l s t r a i n . The e l a s t i c 

properties may be defined i n terms of the free energy with respect to 

the s t r a i n . In semiconductors and semimetals the free energy contains 

a contribution from the c a r r i e r s which depends on t h e i r d i s t r i b u t i o n 

over the e l e c t r o n i c energy l e v e l s . I f the s t r a i n a l t e r s the d i s t r i b u 

tion of the c a r r i e r s there w i l l be a contribution from t h i s source to 

the derivatives of the free energy with respect to the s t r a i n compon

ents, i . e . a contribution to the c l a s t i c constants Keyes (1961) was 

the f i r s t to outline the basic p r i n c i p l e s associated with the c o n t r i 

bution to the free energy and to derive the form of the contribution 

to the e l a s t i c constants of the cubic semiconductors s i l i c o n and 
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germanium. The e l e c t r o n i c contribution to the e l a s t i c constants of 

s i l i c o n and germanium has now been well resolved both t h e o r e t i c a l l y 

and experimentally. 

The present work was i n i t i a l l y inspired by the paper of 

Gopinathan and Padmini (1974a) which indicated that the e l a s t i c moduli 

of p o l y c r y s t a l l m e bismuth-antimony a l l o y s vary extensively i n the 

composition range 0-10 at % antimony, which they p a r t l y a ttubuted to 

a v a r i a t i o n i n the electronic contribution to the e l a s t i c constants. 

The f i r s t objective has been the determination of the compon

ents of the e l a s t i c s t i f f n e s s tensor for a number of bismuth-antimony 

al l o y s i n the range of composition 0-10 at.% antimony and i n the 

temperature range 4 2 K to 300 K by pulse echo overlap measurements of 

ultrasound v e l o c i t y . The t h e o r e t i c a l e l e c t r o n i c contribution has been 

formulated from f i r s t p r i n c i p l e s and the expected magnitude has been 

calculated using the parameters from the l i t e r a t u r e . The e l e c t r o n i c 

contribution to the free energy i s a function of the tota] electron 

population, which may be increased by doping the material with elements 

from neighbouring columns of the periodic table. Tor example, i n 

n-type s i l i c o n and germanium the r e l a t i v e change m the e l e c t r o n i c 

contribution can be two orders of magnitude greater than the atonic 

f r a c t i o n of the donor. In the present work the electron population 

of pure bismuth has been varied by the addition of tellurium, a mono

valent donor, and the e l a s t i c s t i f f n e s s constants have been measured 

as a function of temperature. 

In chapter two the band structures of bismuth and bismuth-

antimony a l l o y s are reviewed, with p a r t i c u l a r emphasis on the points 

pertinent to the present study. Tn chapter three the formal theory 

of anisotropic e l a s t i c i t y i s applied to rhombohedral c r y s t a l s and the 
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rel a t i o n s h i p between ultrasound velo c i t y and the e l a s t i c s t i f f n e s s 
tensor i s established. Chapter four outlines the experimental tech
niques employed c r y s t a l growth and the preparation of samples, the 
p r i n c i p l e s of the u l t r a s o n i c methods and d e t a i l s of the measuring 
system are given In chapter f i v e the Keyes model i s extended to the 
bismuth band structure and the form of the e l e c t r o n i c contribution to 
the e l a s t i c constants i s derived. The magnitude of the e l e c t r o n i c 
contribution i s then computed both as a function of composition and 
temperature i n chapter s i x . The r e s u l t s of u l t r a s o n i c v e l o c i t y 
measurements on bismuth-antimony a l l o y s in the composition range 
0-10 a t . % antimony are presented an chapter seven and the e l a s t i c 
V i o h a ^ ' T _ ^ n v T _ c j i n q ^ ^ i h o ^ Chapter cig^it prc£cr*tc the r e s u l t s of 
ultrasound measurements on bismuth doped with tellurium and the 
e l e c t r o n i c contribution to the e l a s t i c constants i s i d e n t i f i e d . 
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CHAPTER 2 

THE CRYSTALLOGRAPHY AND BAND STRUCTURE 

2.1 Introduction 

The group V semimetals bismuth and antimony have been the 

subject of intense investigation and many important e f f e c t s i n s o l i d 

state physics were f i r s t observed i n these s o l i d s . These materials 

contain two atoms m the unit c e l l each contributing f i v e electrons 

which are accommodated by the f i r s t f i v e B r i l l o u m zones The f i f t h 

and s i x t h B r i l l o u i n zones overlap i n pure bismuth and antimony 

allowing some electrons to s p i l l over into the s i x t h zone, thus, 

by vi r t u e of the simultaneous occurrence of free electrons and holes, 

these elements are e l e c t r i c a l l y conductive at a l l temperatures and 

therefore resemble metals. However, t h e i r c a r r i e r properties and 

t h e i r great s e n s i t i v i t y to impurities give them many s i m i l a r i t i e s to 

semiconductors: thus the term semimetal. Over most of the range of 

composition the a l l o y s of bismuth and antimony also shov semimetellic 

behaviour, but m the range 8-22 at.% antimony the overlap between 

the f i f t h and s i x t h B r i l l o u i n zones disappears and the material 

behaves as a narrow-gap semiconductor 

Tne exceedingly large number of papers which have been pub

li s h e d on bismuth and the bismuth-antimony a l l o y s makes a complete 

review of the subject a daunting task, for a more comprehensive 

guide to the l i t e r a t u r e , the reader i s referred to Noothoven van 

Goor (1971), Boyle and Smith (1962) and Goldsmid (1970). This 

chapter w i l l discuss only the crystallography and band structure 

pertinent to the present investigation 
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2.2 C r y s t a l Structure 

Bismuth, antimony and the bismuth-antimony a l l o y s a l l 

c r y s t a l l i s e into a l a t t i c e with the rhombohedral, arsenic A7 c r y s t a l 

structure. This c r y s t a l structure may be regarded as a d i s t o r t i o n 

of the simple cubic l a t t i c e . The d i s t o r t i o n can be best i l l u s t r a t e d 

by considering the simple cubic l a t t i c e to be composed of two i n t e r 

penetrating face centred cubic l a t t i c e s (Figure 2.1), the or i g i n of 

the f i r s t sublatti ce i s taken to be at (0,0,0) and the orig i n of the 

second to be at (2u,2u,2u). For the undistorted structure u = 0.25 

and the angle a , between the unit vectors a^, a^, a^ i s 60°. The 

two l a t t i c e s are f i r s t displaced r e l a t i v e to each other along tne 

body diagonal, thereby a l t e r i n g the value of u s l i g h t l y from 0.25. 

The rhombohedral structure i s then generated by a stretching of the 

l a t t i c e along the same body diagonal involved i n the f i r s t displace

ment. This body diagonal becomes the tri g o n a l , threefold axis of 

the c r y s t a l structure. The rhombohedral c r y s t a l parameters a and u 

of bismuth and antimony are summarised i n Table 2.1. The trigonal 

system may also be described i n the frame of the hexagonal l a t t i c e 

(see C u l l i t y (1967) p.462) 

An unambiguous orthogonal set of crystallographic coordinates 

i s normally defined as shown m Figure 2.2 (Akgoz, Farley and Saunders 

1972). The trigonal a x i s l i e s along the body diagonal of the 

primitive rhombohedral unit c e l l defined by the l a t t i c e t r a n s l a t i o n a l 

vectors a^, a^, ei The b i s e c t r i x axis i s defined by the projection 

of any a^ on to the tr i g o n a l plane, the po s i t i v e y axis i s taken to 

be outward from the o r i g i n to the projection of a^. The coordinate 

system i s completed by a positive binary a x i s . 
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(a) 
Bismuth Antimony 

Hexagonal a 4 645 8 4.3084 8 
L a t t i c e 
Constants c 11.862 A 11.274 A 

Rhorabohedral 
Parameters 

u 0.2339 

a 57.28° 

0.2335 

57.12° 

References. 

(a) Barrett (1960) 

Cucka and Barrett (1962) 

(b) Barrett, Cucka and Haefner (1963) 

Table 2.1 The L a t t i c e Constants of pure bismuth 

and antimony at 298 K. 
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Bismuth and antimony form s o l i d solutions which c r y s t a l l i z e 

i n the rhombohedral structure over the entire range of composition. 

Cucka and Barrett (1962) have measured the l a t t i c e parameters i n 

the range 0-29 a t . % antimony and found that the v a r i a t i o n i s essen

t i a l l y l i n e a r . 

2 .3 The Band Structure of Bismuth and i t s Alloys 

(a) Pure B]smuth 

The band structure of bismuth i s now well established (for 

a review see Dresselhaus 1 9 7 0 ) . The electron Fermi surface consistb 

of three equivalent qua^i e l l i p s o i d s c e i . a t J a t cue La points, 

occupying MO ^ of the volume of the reduced B r i l l o u i n zone. The 

heavy hole Fermi surface comprises a single e l l i p s o i d of revolution 

located at the T point of the reduced B r i l l o u m zone. At 0 K the 

La-point electron pockets overlap the T-point hole band by about 

38 meV producing a semimetal with a c a r r i e r population of 
17 - 3 

3 .3 x 10 cm (Sumengen and Saunders 1 9 7 ? ) , the electron and 

hole concentrations are equal. The Fermi l e v e l i s constrained towards 

the centre of the region of band overlap and i s c l o s er to the edge 

of that band containing the heavier c a r r i e r , i . e . the hole band edge, 

at 0 K the Fermi l e v e l i n pure bismuth l i e s appioximately 25 meV 

above the bottom of the L g band edge (see Figure 2 4 ) . 

Lach electron e l l i p s o i d has one p r i n c i p a l a x i s coincident 

with the crystallographic binary a x i s . The othei two prin c i p a l axes 

are t i l t e d away from the b i s e c t r i x and trigonal directions by a 
o 

t j I t angle of appioximatc + 6 , the p o s i t i v e t i l t angle i s defined 

as a rotation about the binary i-x axis which takes a vector along 

the +y axis towards the H z axis (see Figure 2.5). For a complete 
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d e s c r i p t i o n of any e l e c t r o n i c parameter a s s o c i a t e d w i t h t h e s e 

e l l i p s o i d s , a t o c a l of f o u r independent c o e f f i c i e n t s of the form 

P ( l ) = | 0 P ? 2 P 2 3 | (2.1) 

P P 23 33 

a r e r e q u i r e d , f o r example, may be the m o b i l i t y , the e f f e c t i v e 

mass or the deformation p o t e n t i a l . The t i l t angle of the e l e c t r o n 

e l l i p s o i d s , i n terms of the g e n e r a l e l e c t r o n i c parameter c o e f f i c i e n t s , 

i s g i v e n by 

1 -1 2 P 2 3 
0 = 7 t a n (2 2) 

' 22 " 33 

I f the form of the g e n e r a l parameter c o e f f i c i e n t s of 

equation 2.1 i s a s s i g n e d t o one of the e l e c t r o n e l l i p s o i d s (super

s c r i p t (1)) the form of the c o e f f i c i e n t f o r the other two e l l i p s o i d s 
o 

must be obtained by 120 r o t a t i o n s around the t r i g o n a l a x i s . T h e r e f o r e 

(2) + (1) + T 
P - R 1 2 0 P R 1 2 0 < 2 ' 3 ) 

120 120 

where 

R 1 2 0 ~\ ~ 2 " 2 ° / R 1 2 0 

0 1 

H T + 
and Rj2Q I e ^ e r < 3 t o the t r a n s p o s e of R J ^ Q 
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S i n c e the h o l e Fermi s u r f a c e c o n s i s t s of a s i n g l e e l l i p s o i d 

of r e v o l u t i o n a t the T p o i n t of the B r i l l o u m zone the e l e c t r o n i c 

components a s s o c i a t e d w i t h i t take the form 

H 

H H 1 1 

0 H 

( 2 . 4 ) 

L y i n g about 1 3 . 6 meV ( a t 4 . 2 K, V e c c h i and D r e s s e l h a u s 1 9 7 4 ) 

below the L a conduction band edge i s a m i r r o r imago v a l e n c e band 

edge (L band). The c a r r i e r s 3 n the L v a l e n c e band are r e f e r r e d t o s s 

as l i g h t h o l e s , however, i n pure bismuth a t o r d i n a r y temperatures, 

t h e i r c a r r i e r d e n s i t y i s low and t h e j r e f f e c t s n e g l i g i b l e . 

The f r e e c a r r i e r c o n c e n t r a t i o n i n c r e a s e s as the temperature 

i s r a i s e d , u n t i l a t room temperature the c a r r i e r p o p u l a t i o n i s 
1 8 —3 

approximately 2 . 4 5 x 1 0 cm (Michenaud and I s s i , 1 9 7 2 ) Tnus, when the 

temperature i n c r e a s e s , the tendency o i u h e Fermi l e v e l i n each 

e l e c t r o n v a l l e y t o d e c r e a s e i s compensated by the thermal e x c i t a t i o n 

of more c a r r i e r s . Hence, w h i l e the number o f c a r r i e r s i n c r e a s e s i n 

the two bands, the Fermi l e v e l should s t a y a t about the same p o s i t i o n 

a t a l l temperatures^ the c a r r i e r s i n each band w i l l be a t l e a s t 

p a r t i a l l y degenerate. 

(b) Bismuth-Antimony A l l o y s 

J a i n ( 1 9 5 9 ) and subsequent v o r k e r s (Simth and Wolfe 1 9 6 2 , 

Brown and S i l v e r m a n 1 9 6 4 , Dugue 1 9 6 5 , Chu and Kao 1 9 7 0 , Thomas and 

Goldsmad 1 9 7 0 , f o r a reviuw see Goldsmid 1 9 7 0 ) have shown t h a t the 
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a d d i t i o n of anitmony to bismuth causes a g r a d u a l d e c r e a s e i n the 

o v e r l a p energy between the L a p o i n t e l e c t r o n s and the T p o i n t h o l e 

band, r e s u l t i n g i n a t r a n s i t i o n from the s e m i m e t a l l i c t c the serai-

conducting s t a t e . T h i s semimetal to semiconductor t r a n s i t i o n o c c u r s 

a t approximately 8 a t . % antimony (Brandt and S v i s t o v a 1970). The 

r e c e n t work of a number of i n v e s t i g a t o r s has a l s o shown t h a t the L 

p o i n t energy gap d e c r e a s e s upon a d d i t i o n of antimony, w i t h the 

r e s u l t t h a t the L p o i n t energy l e v e l s undergo a band i n v e r s i o n a t 

some composition b e f o r e the onset of the semiconducting s t a t e . T h i 3 

view i s c o n s i s t e n t w i t h the t h e o r e t i c a l c a l c u l a t i o n of L i n and 

F a l i c o v (19GG) which show thaL i n pure antimony the L p o i n t con

d u c t i o n and v a l e n c e bands have opposite symmetry to those i n bismuth. 

The m a g n e t o r e f l e c t i o n data of Hebel and Smith (1964) l e d Golxn (1968) 

to propose a model whose L p o i n t i n v e r s i o n o c c u r s a t 5.7 a t . % antimony, 

a f t e r which the L p o i n t energy gap i n c r e a s e s l i n e a r l y w i t h i n c r e a s i n g 

antimony c o n c e n t r a t i o n . T i c h o v o l s k y and Mavroides (1969) from 

m a g n e t o r e f l e c t i o n d a t a have found t h a t the band i n v e r s i o n o c c u r s 

a t 4 a t . % antimony, w h i l e Brandt (1969) observed the t r a n s i t i o n to 

be a t approximately 0.5 at.» Sb, u n c e r t a i n t y of Lhe nature of t h i s 

band i n v e r s i o n s t i l l e x i s t s . 

I f t h e r e i s a p r o g r e s s i v e change i n the band edges w i t h 

composition, the a l l o y must r e v e r t to the s e m i m e t a l l i c s t a t e a t a 

h i g h e r antimony c o n c e n t r a t i o n . The o r i g i n a l work of J a m (1959) 

i n d i c a t e d t h a t the semiconductor to semimetal t r a n s i t i o n o c c u r r e d 

a t a composition of approximately 40 a t % antimony More r e c e n t 

s t u d i e s i n d i c a t e t h a t the t r a n s i t i o n o c c u r s a t 22 a t . % antimony 

(Wehr]i 1968, Brandt c t a l 1970), the suggested cause i s an o v e r l a p 

of a vei] once band a t tho H-point of the B r i l l o u i n zone and the 
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L p o i n t conduction band; i n pure antimony s e m i m e t a l l i c behaviour s 

i s a r e s u l t of an o v e r l a p between the H-pomt hole e l l i p s o i d s and 

the I ^ - p o i n t e l e c t r o n e l l i p s o i d s (Oktu and Saunders 1967). Apart 

from the galvanomagnetic data of Schnieder and T r i n k s (19 72) (on 

30 a t . % antimony) and the m a g n e t o r e f l e c t i o n r e s u l t s of Apps (1974) 

(85-100 a t . % antimony), l i t t l e i n f o r m a t i o n e x i s t s on the band 

s t r u c t u r e m the range of composition 22-100 a t . % antimony. 

The shape of the energy s u r f a c e s o f the L and T p o i n t 

e l l i p s o i d s have been c o n s i d e r e d i n d e t a i l (e.g. L e r n e r , C u f f and 

W i l l i a m s 1968) i n the range of composition 0-10 a t % antimony. The 

r e s u l t s i n d i c a t e t h a t the L and T p o i n t pockets r e t a i n the shape 

c h a r a c t e r i s t i c of pure bismuth, the same d i v e r s i o n r e l a t i o n s may 

t h e r e f o r e be assumed. 

(c) Donors and Accep t o r s m Bismuth 

Many workers have i n v e s t i g a t e d the e f f e c t s of dopma pure 

bismuth w i t h elements from neighbouring columns of the p e r i o d i c 

t a b l e (Noothoven van Goor 1971, G.A. A n t c l i f f e and R T. Bate 

1969, R.N. Bhargava 1967, N. Thompson 1936, Wiener 1962), i n 

p a r t i c u l a r much study has been c o n c e n t r a t e d on the e f f e c t s of 

t e l l u r i u m (a donor) and t i n (an acc e p t o r ) The dope d e n s i t i e s s p o i l 

the i n t r i n s i c e q u a l i t y of the e l e c t r o n and ho l e p o p u l a t i o n s ; a t 

hi g h donor or ac c e p t o r c o n c e n t r a t i o n s only one type of c a r r i e r o c c u r s . 

The a d d i t i o n of t i n and t e l l u r i u m i n c o n c e n t r a t i o n s of l e s s than 

0.1 % i s r e p o r t e d to l e a v e the l a t t i c e c o n s t a n t s p r a c t i c a l l y 

unchanged (Cucka and B a r r e t t 1962). Consequently i t has been 

stan d a r d p r a c t i c e to assume t h a t the r i g i d band model ] " a p p l i c a b l e 

( l e. w h i l s t the c a r r i e r p o p u l a t i o n s change, the r e l a t i v e p o s i t i o n s 



- 12 -

of t h e band edges remain c o n s t a n t ) . E a r l y experiments on doped 

bismuth s u f f e r e d from the u n c e r t a i n t y m a s c e r t a i n i n g the e x a c t 

l e v e l of doping, but the matter has now been r e s o l v e d by 

Noothoven van Goor and Trum (1968) who have proved, w i t h the 

a i d of r a d i o a c t i v e t r a c e r a n a l y s i s , t h a t m bismuth t e l l u r i u m 

i s a monovalent donor and t i n a monovalent a c c e p t o r . 

The i n t r o d u c t i o n of t e l l u r i u m i n t o the bismuth l a t t i c e 

i n c r e a s e s the e l e c t r o n p o p u l a t i o n i n the L g e l l i p s o i d s and 

d e c r e a s e s the heavy hole p o p u l a t i o n i n the T ^ e l l i p s o i d . Con

d u c t i o n e l e c t r o n s and h o l e s can c o e x i s t as lonq as the dope i s 
17 

not heavy, but when 8 x 10 donors a r e p r e s e n t (Noothoven van 

Goor 1971) the e l e c t r o n s a r e the only c a r r i e r s , the h o l e band 

having been completely f i l l e d . A n t c l i f f e and Bate (1966) have 

suggested t h a t above 55 meV other e l e c t r o n bands e x i s t ( a t the 

T p o i n t ) and t h a t t h e s e can become populated by up to 3% of the 

t o t a l e l e c t r o n p o p u l a t i o n The e x i s t e n c e of these a d d i t i o n a l 

e l e c t r o n bands has not, as y e t , been f u l l y confirmed. 

The doping of bismuth w i t h t i n c a u s e s the number of 

conduction e l e c t r o n s to f a l l and the h o l e p o p u l a t i o n i n the 

T l e v e l to i n c r e a s e Emptying of the conduction band r e q u i r e s 
18 —3 4 x 10 a c c e p t o r s cm and a t low temperatures only heavy h o l e s 

e x i s t . At h i g h e r temperatures thermal e x c i t a t i o n of the e l e c t r o n s 

from the T p o i n t t o the L g band o c c u r s . When the a c c e p t o r con

c e n t r a t i o n s are l a r g e , t h e r e i s an appearance of l i g h t h o l e s i n 

the v a l e n c e band at the L p o i n t (R.T Bate, E i n s p r u c h and 

May 1969). 
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Donor and acce p t o r i m p u r i t i e s i n bismuth cannot g i v e r i s e 

to l o c a l i s e d s t a t e s because of the strong s c r e e n i n g o f the i m p u r i t y 

c e n t r e s by the f r e e c a r r i e r s , s o t h a t the i m p u r i t i e s remain i o n i z e d 

a l l the way down to temperatures below 4 2 K (Brownell and Hygh, 

1967); i . e . the i m p u r i t y c a r r i e r c o n c e n t r a t i o n w i l l remain con

s t a n t w i t h temperature. 

2.4 The D i s p e r s i o n R e l a t i o n s 

Shoenberg (1939) was the f i r s t t o propose a d i s p e r s i o n 

r e l a t i o n f o r the Fermi energy s u r f a c e s of bismuth i n which he assumed 

t h a t the s u r f a c e s were both e l l i p s o i d a l and p a r a b o l i c . The d i s p e r 

s i o n r e l a t i o n f o r the e l e c t r o n e l l i p s o i d s i s g i v e n by 

E = 2m. 2m,. 2m„ 
P P„ 2 3 
m. (2.5) 

where ( l = 1,2,3) a re the momenta, m_̂  ( j = 1,2,3,4) a re the com

ponents of e f f e c t i v e mass and E i s the energy. The data can o f t e n 

be p r e s e n t e d m terms of the i n v e r s e e f f e c t i v e mass t e n s o r a , where 

m 
-1 

ra m -m 1 

-m. 

-m. 

3-2 "4 W V 
m. 

(2.6) 

The c r o s s terms ( l e. m^) a r i s e because two of the p r i n c i p a l 

axes of the e l e c t r o n e l l i p s o i d s do not c o i n c i d e w i t h the c r y s t a l axes 
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but a r e r o t a t e d by the t i l t angle 0 about the b i n a r y a x i s . I t i s 

u s u a l l y more convenient to exp r e s s the e f f e c t i v e mass t e n s o r i n 

terms of a coo r d i n a t e system i n which m i s d i a g o n a l (no c r o s s terms) 

i . e . 

m' m (2.7) 

The tvo e f f e c t i v e mass t e n s o r s m1 and m are i e l a t e d by a r o t a t i o n 

*\ i o u u u u L-ue jjj.nct.Ly a x i b 

R(6) m R (6) (2.8) 

where 

R(e) cos G + s m 6 

0 - s i n 8 cos 6 

(2 9) 

Thus the r e l a t i o n s h i p between the c o e f f i c i e n t s of the two e f f e c t i v e 

mass t e n s o r s i s 

m i = m i 

m 

m 

1 + m 3 + [( ( m 2 - m 3 ) 2 - 4m/ 

+ m 3 - [( 2 21*5 

(m 2-m 3) - 4m 4 '1 
(2 10) 

http://jjj.nct.Ly


The e l l i p s o i d a l p a r a b o l i c d i s p e r s i o n r e l a t i o n f o r the T 

p o i n t h o l e e l l i p s o i d i s 

P 2
 + P, 2 P 2 

E = i s ; — + 2 ^ ( 2 1 1 } 

where and are the components of the e f f e c t i v e mass t e n s o r of 

the h o l e s . 

The Shoenburg model has been found adequate to d e s c r i b e the 

T p o i n t hole Fermi s u r f a c e , however, i t has f a i l e d to d e s c r i b e 

a c c u r a t e l y the e l e c t r o n Fermi s u r f a c e . Two d i f f e r e n t d i s p e r s i o n 

i elctL-KJiito uavt: jjtjtin pxupobed T_O e x p l a i n tne departure from tne 

e l l i p s o i d a l p a r a b o l i c model, the e l l i p s o i d s " 1 non-parabolic (ENP) 

model of Lax (1960) and the n o n - e l l i p s o i d a l non-parabolic model 

(NENP) ot Cohen (1961). Non p a r a b o l i c e f f e c t s become important 

because of the s t r o n g i n t e r a c t i o n between the v a l e n c e and conduction 

bands a t the L p o i n t s . The e l l i p s o i d a l n o n - p a r a b o l i c d i s p e r s i o n 

r e l a t i o n i s 

P 2 P 2 P 2 / V 
1 2 3 - « = [ l + f j (2-12) 

2m '(0) 2m 2'(0) 2m '(0) 

i 

where m (0) d = 1 , 2 , 3 ) r e f e r to the band edge e f f e c t i v e mass 

components and i s the energy gap a t the L p o i n t . T h i s model then 

has an e l l i p s o i d a l Fermi s u r f a c e but non- p a r a b o l i c bands. The NENP 

model of Cohen (1961) m o d i f i e s the d i s p e r s i o n r e l a t i o n s t i l l f u r t h e r 

by the i n c l u s i o n of a term from the v a l e n c e band 
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2 2 P P P 1 2 3 i + £ — H 

2m '(0) 2m 2'(0) 2m 3'( 

ii 

where (0) i s the e f f e c t i v e mass i n the b i s e c t r i x d i r e c t i o n a t 

the top of the balence band, s i n c e the two bands are m i r r o r images 

one can assume t h a t ' - m^". The q u a r t i c term m P^ g i v e s r i s e 

to a Fermi s u r f a c e v h i c h i s d i s t o r t e d from an e l l i p s o i d a t l a r g e 

v a l u e s o f P^. 

The NENP d i s p e r s i o n r e l a t i o n r e p r e s e n t s a band having non-

p a r a b o l i c d i s p e r s i o n i n the P^ and P^ d i r e c t i o n s and p a r a b o l i c 

d i s p e r s i o n i n the d i r e c t i o n of P^ However, as f a r as the band 

parameters a r e concerned, the d i f f e r e n c e between the Lax and the 

Cohen model i s s m a l l . E x p e r i m e n t a l l y i t i s d i f f i c u l t t o d i f f e r -

e n c i a t e between the two models because the d i s p e r s i o n r e l a t i o n s 

reduce t o the same equation over much of the Fermi s u r f a c e . More

over, i n the r e g i o n where they d i f f e r the e f f e c t i v e mass i s l a r g e 

and consequently very d i f f i c u l t t o measure. Dinger and Lavson 

(1970) have r e c e n t l y r e a p p r a i s e d p r e v i o u s c y c l o t r o n resonance data 

and conclude t h a t the NENP mode] pr o v i d e s the b e s t f i t . I n the 

p r e s e n t work t h e NENP model has been chosen. 

(' + E g ) ' E g ( 2 m 2 " ( 0 ) ) 
(2 13 

2.5 The D e n s i t y of S t a t e s F u n c t i o n 

For the e l l i p s o i d a l p a r a b o l i c model, the d e n s i t y of s t a t e s 

i s , 

3/2 (2 TTm* ( E P M 

,.2 I 
E N 

ir 
(2.14) 

where m x(bP) = (m 'in 'm ') m , m* (EP) i s the d e n s i t y of s t a t e s 
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e f f e c t i v e mass, m '(1 = 1,2,3) a r e the Fermi l e v e l e f f e c t i v e 

masses and m Q i s the f r e e e l e c t r o n mass. I n the non-p a r a b o l i c 

n o n - e l l i p s o i d a l model the d e n s i t y of s t a t e s f u n c t i o n must take 

i n t o account the energy v a r i a t i o n o f the e f f e c t i v e masses, where 

•>> H ) = m, (0) I 1 + -F- I (2.15) 

m2 = m 2 , ( 0 ) 

K ) m3' = m 3"(0) ( 1 + 

and m 1 ( 0 ) ( i = 1,2,3) are the e f f e c t i v e mass components a t the 

bottom of the conduction band The NENP d e n s i t y of s t a t e s f u n c t i o n 

t h e r e f o r e becomes 

N ( i ) ( E ) = _4_ ^2 m M N E N P ) ^ 2 ^ 4 |E ^ ( 2 1 6 ) 

, V3 
where m*(NENP) = (m, (0) m„ (0) m ' ( 0 ) ) m 

1 2 3 o 

2.6 Summary 

T h i s chapter has d i s c u s s e d the important f e a t u r e s of the 

bismuth and biemuth-antimony band s t r u c t u r e s and has i n t r o d u c e d 

the v a r i o u s d i s p e r s i o n r e l a t i o n s used to d e s c r i b e the e l e c t r o n 

and hole Fermi s u r f a c e s . The c a l c u l a t i o n of the e l e c t r o n c o n t r i 

b u t i o n to the e l a s t i c c o n s t a n t s r e q u i r e b the e v a l u a t i o n of the 

d e n s i t y of s t a t e s f u n c t i o n , f o r which the a p p r o p r i a t e e l e c t r o n i c 

parameters a r e r e q u i r e d . Chaptei s i x wi11 c o n s i d e r these p o i n i s 

i n g r e a t e r d e t a i l . 



CHAPTER 3 

ULTRASONIC WAVE PROPAGATION IN THE RHOMBOIIEDRAL STRUCTURE 

3.1 I n t r o d u c t i o n 

The s t r a i n s normally encountered i n u l t r a s o n i c experiments 

a r e i n f i m t e s i m a l l y s m a l l and c a l c u l a t i o n s based upon c l a s s i c a l 

l i n e a r e l a s t i c i t y , as reviewed by Love (1927), a r e normally v a l i d . 

F o r the sake of completeness a b r i e f o u t l i n e d e s c r i p t i o n of e l a s t i c 

wave propagation as a p p l i e d t o the rhombohedral system i s i n c l u d e d 

here, f o r a comprehensive rev i e w the r e a d e r i s r e f e r r e d to Hearmon 

(1961), Nye (1957). T r u e U , Flbaum and C h i c k (1969) and 

' - - — - - ~" ' 

3.2 D e f i n i t i o n of S t r e s s and S t r a i n 

The s t r e s s tent,or, w i t h components 1 S d e f i n e d as the 

f o r c e p e r u n i t a r e a i n the x^ d i r e c t i o n a c t i n g on an a r e a normal to 

the x_̂  d i r e c t i o n , a re normal ( l o n g i t u d i n a l ) components and 

a ^ ^ d ^ j ) are shear components. The deformation of a body i s d e f i n e d 

i n terms of the v a r i a t i o n of the displacement ( U j / U 2 ' u 3 ^ V l t h p o s i t i o n 

^ X l ' X 2 , X 3 ^ a n ( ^ t ^ 1 G r e e x i s t n ine components of the form 

3 
u 

t-^- 3 = 1,3) (3.1) 
3 

Two f e a t u r e s need to be c o n s i d e r e d , namely s t r a i n w i t h i n the media 

( e x t e n s i o n per u n i t length) and body r o t a t i o n s , s i n c e a second rank 

t e n s o r can be expressed as the sum of a symmetrical t e n s o r (T = T - ] 1 ^ 

and an a n t i s y m m e t r i c a l t e n s o r (T =-T ) , the s t r a i n t e n s o r can be 

e x p r e s s e d as the symiuotncal p a r t , \ . i t h components 
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(3.2) 

and the r o t a t i o n t e n s o r can be expressed as the a n t i s y m m e t r i c p a r t / 

w i t h components 

% - I (^ " '3.3, 

I f the body i s e l a s t i c , the r e l a t i o n s h i p between s t r e s s and 

s t r a i n i s l i n e a r and may be ex p r e s s e d by the f a m i l i a r Hooke's Law. 

I n an orthogonal c a r t e s i a n c o o r d i n a t e system t h i s law t a k e s the form 

IT, i j k t k-L 

and = o k £ i,D,£,k = 1,2,3 

where a n c ^ "x~y\dL a r ° e^- a s^- L C s t i f f n e s s and compliance c o n s t a n t s 

r e s p e c t i v e l y , both a re t e n s o r s of the f o u r t h rank. I n the g e n e r a l i s e d 

form of Hooke's Law t h e r e a r e 01 components of the e l a s t i c s c i f f n e s s 

t e n s o r . However, by c o n s i d e r i n g the r o t a t i o n a l and t r a n & l a t i o n a l 

e q u i l i b r i u m c o n d i t i o n s f o r an element of volume i n the deformed s t a t e , 

i t can be shown t h a t the s t r e s s and s t r a i n t e n s o r s must be symmetric 

( l e 0 = a and e = c ) , reducing the t o t a l number of mdepen-

dent s t r e s s and s t r a i n c o e f f i c i e n t s to s i x , t i n s i m p l i e s t h a t s i n c e 

CiDk.e ~ c
3 i k £ " cji£k ~ c i 3 £ k { 3 - 5 ) 

the t o t a l number of independent e l a s t i c c o n s t a n t s i s reduced to 36. 

Furthermore, the r e s t r i c t i o n t h a t the e l a s t i c p o t e n t i a l i s a f u n c t i o n 

of thermodynamic s t a t e alone i m p l i e s t h a t 

ci:k£ = ck£in ( 3 6 ) 



T h i s c o n d i t i o n reduces the independent e l a s t i c c o n s t a n t s t o 21. 

C o n s i d e r a t i o n of the c r y s t a l symmetry l e a d s t o the v a n i s h i n g of 

some of the e l a s t i c c o n s t a n t s and may l e a d to a l g e b r a i c r e l a t i o n s 

amongst the remainder, f o r example, f o r a complete d e s c r i p t i o n of 

the e l a s t i c behaviour of a c u b i c m a t e r i a l only t h r e e c o n s t a n t s a r e 

n e c e s s a r y ( C ^ , C and C ^ ) . 

For b r e v i t y and compactness, i t i s c onvenient t o adopt the 

f o l l o w i n g c o n t r a c t e d m a t r i x n o t a t i o n . 

11 = 1 . 22 = 2 , 33 = 3 , 32,23 = 4 , 13,31 = 5 , 12,21 = 6 , 

( f o r example, Cn22 = C14^ " T ^ e e - * a s t i c c o n s t a n t s may then be 

r e p r e s e n t e d by a symmetric 6 x 6 m a t r i x , w i t h components 

C = 1,6. I n t h i s n o t a t i o n Hooke's Law becomes 13 J 

» x = C (1,3 = 1,2,3) (3.7) 

and e = s o (1,3 = 1 , 2 , 3 ) . 1 13 3 

3 3 E l a s t i c C onstants of Bismuth 

Bismuth and the bismuth-ancimony a l l o y s c r y s t a l l i s e i n a 

rhombohedral c r y s t a l s t r u c t u r e , the c r y s t a l ] o g r a p h i c symmetry 

reduces the t o t a l number of independent e l a s t i c c o n s t a n t s t o s i x , 

t h e e l a s t i c c o n s t a n t m a t r i x then t a k i n g the form 
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C l l °12 C 1 3 C 1 4 

C 1 2 C l l C 1 3 ^ 1 4 

C 1 3 C 1 3 S 3 0 0 0 

14 14 44 

44 14 

0 0 0 0 C.. C,-
14 66 

where = [ C n - ] /2 

3.4 Equ a t i o n of Motion 

By c o n s i d e r i n g the f o r c e s on opposite f a c e s of an m f i n i t e s i -

m a l l y s m a l l p a r a l l e l o p i p i d (the element of volume) and by assuming 

t h a t the body f o r c e components a r e zero ; the equation of motion f o r 

an e l a s t i c m a t e r i a l becomes 

3a 
33 

3x = P 

a 2 3 u 

3 t ' 
(3.9) 

where t i s time and p i s d e n s i t y . S u b s t i t u t i n g the s t r e s s - s t r a i n 

r e l a t i o n s h i p (equations 3 2 and 3 4) i n t h i s e x p r e s s i o n g i v e s 

.2 
3 uc 

a 2 3 u 

3x", 3x 
J- 3 

3x 3x, J k 

2p 
0.2 3 u 

3t' 
(3.10) 

S i n c e c
x^yj^ 1 S symmetrical the e x p r e s s i o n reduces to 

dX, Ox 
k j 

a 2 

o u 

at 
(3.11) 
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I n any c r y s t a l l i n e medium each d i r e c t i o n of propagation can 

support three independent waves, each w i t h a c h a r a c t e r i s t i c v e l o c i t y 

and w i t h p a r t i c l e displacements which are m u t u a l l y orthogonal. 

Consequently, three s o l u t i o n s t o the equation of motion i n the form 

of plane t r a v e l l i n g waves are sought , 

= U°£ 6 X P l ( t 0 t ~ ~ —* ^ = 1 , 2 , 3 (3.12) 

Each wave t r a v e l s i n the d i r e c t i o n given by the propagation v e c t o r 

k ( k ^ k ^ f k ^ ) , the magnitude and d i r e c t i o n of tne propagation v e c t o r 

are d e f i n e d by 

- - ( t H " (?) i (3.13) 

where X i s the wavelength, u) i s the angular frequency, v i s the 

phase v e l o c i t y and n ^ n ^ n ^ n ^ ) i s the u n i t v e c t o r drawn normal t o 

the wavefront. 

By d i f f e r e n t i a t i n g equation (3-12) and s u b s t i t u t i n i j n t o 

equation (3.11) the equation of motion becomes 

2 : . p u » n n = p v u i = 1,2,3 (3 1*) i j k t ot k j o i 

For a p a r t i c u l a r c r y s t a l l o g r a p h i c d i r e c t i o n , d e f i n e d by M n ^ , n ^ i n ^ ) , 

the equation of motion w i l l p i o v i d e three s o l u t i o n s , one of which 

resembles a ] o n g i t u d m a l (or compressional wave) and two o f which 

resemble transverse waves ( p a r t i c l e motion normal t o the d i r e c t i o n 

of propagation) . A pure l o n g i t u d i n a l plane wave i s d e f i n ed as one 

which has the p a r t i c l e motion i n the d i r e c t i o n of propagation, a 

pure transverse wave has J t s p a r t i c l e motion normal t o the 
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propagation d i r e c t i o n I n general, however, the s o l u t i o n s of the 

equation o f motion are n e i t h e r pure l o n g i t u d i n a l nor pure transverse. 

Waves which have p a r t i c l e motions most c l o s e l y resembling pure modes 

are r e f e r r e d t o as e i t h e r q u a s i - l o n g i t u d i n a l or quasi-shear modes. 

3.5 S o l u t i o n of the Equation o f Motion 

For the ihombohedral system the equation of motion expands t o 

gi v e the f o l l o w i n g t h r e e equations 

( L 1 1 - p v 2 ) u
Q l

 + L 1 2 U o 2
 + L 1 3 e o 3

 = ° 

L 1 2 V 1 ( L 2 2 - p v 2 ) V + L 2 3 % " ° ( 3 ' 1 5 ) 

1 2 J 

2 
L i J U „ -r L O - J U + ( L - PV )u = 0 13 o„ T 23 o. T 33 o 

where the L . are the C h n s t o f f e l c o e f f i c i e n t s 1] 1 s 

L l l = C l l " l 2 + 2 C 1 4 n 2 n 3 + °44 n 3 2 + ¥ ( C 1 1 " C 1 2 } 

L12 = 7 ( C 1 1 + C 1 2 ) V 2
 + 2 C 1 4 n i n 3 

L13 = 2 C 1 4 n i n 2 + ( C13 + C 4 4 } n i n 3 

L22 = C 1 4 1 1 l 2 + ( C 1 3 + C 4 4 ) n 2 n 3 - C 1 4 n 2 2 

L23 = C33 n 3 ? + C 4 4 ^ ' n 2 3 ) 

L33 = C 1 4 n i 2 + ( C 1 3 + C 4 4 ) n 2 n 3 - C 1 4 n 2 2 

For a complete d e t e r m i n a t i o n of a l l the e l a s t i c constants a minimum 

of three c r y s t a l l o g r a p h i c d i r e c t i o n s must be chosen. Measurements 

along the major c r y s t a l l o g r a p h i c axes w i l l y i e l d a l l the e l a s t i c 

s t i f f n e & s constants except C and the sign o f C , the f u r t h e r 

data can be obtained from any d n e c t i o n except f o r those i n the xy 

plane or along the z a x i s I n the present work measurements were 
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undertaken on [1 0 0 ] , [001] and [0,--^,-^] (or [ 0 , — , — ] ) 
/2 /2 /2 /2 

samples, i n the f o l l o w i n g sections the equation of motion f o r these 

propagation d i r e c t i o n s i s solved, the n o t a t i o n used i s c o n s i s t e n t w i t h 

t h a t of Ec k s t e i n , Reneker and Lavson (1960). 

(a) Propagation i n the [001] D i r e c t i o n 

For n^ = 0, n^ = 0, n = 1, the C h r i s t o f f e l equations 

s i m p l i f y t o 

( 1 ) ( C44 " p v 2 ) u
D l

 = ° 

( n ) (C. - p v 2 ) u = 0 (3 17) 44 o 2 

( i n ) (C,, - p v z ) u = 0 33 o 3 

S o l u t i o n of these equations y i e l d s the v e l o c i t i e s o f a pure l o n g i 

t u d i n a l ( p a r t i c l e displacement v e c t o r p a r a l l e l t o the propagation 

d i r e c t i o n ) wave 

P v / = C 3 3 (3.1R) 

and a pure degenerate shear wave 

p v 8
2 = C 4 4 (3.19) 

which may be p o l a r i s e d i n any d i r e c t i o n i n the xy plane 

(b) Propagation i n the [100] D i r e c t i o n 

Tor n^ = 1, n^ = 0, n^ = 0 the C h r i s l o f t e l equations 

s i m p l i f y t o 
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( i ) (C., - p v 2 ) u = 0 
11 O j 

( i i ) [^(C. - C ) - p v 2 ] u + C u = 0 (3.20) 
/. 11 O 2 14 

(111) C. u + (C - p v 2 ) u = 0 14 44 03 

S o l u t i o n of (1) y i e l d s the v e l o c i t y of a pure l o n g i t u d i n a l mode 

p v x
2 = C n (3.21) 

Combination o f (11) and (111) gives the v e l o c i t y r e l a t i o n s h i p s f o r 

the two pure shear modes 

J, 

^ ^2,3 = 1 1< C66 + C W ± { ( C 4 4 " C 6 6 ) ? + 1 ( 3 ' 2 2 ) 

The d i r e c t i o n of p a r t i c l e motion f o r each of the pure shear modes i s 

g i ven by 

tan ifi = — = - \ (3.23 
°2 V C44 " p V2,3 

where i> i s the angle the p a r t i c l e displacement v e c t o r makes w i t h 

the xy plane. 

(a) Propagation i n the [0, — — , -M D i r e c t i o n 
/2 /2 

For n. = 0, n„ = — — , n_ = — the C h r i s t o f f e l equations 
1 2 /2 3 J2 

reduce t o 
M [ " C 1 4 + K j " i ( C l l " C 1 2 } ' = ° 

(11) [ C 1 4 + l c n + | c 4 4 - p v 2 ] u o ? + [ - I ( C 1 3 H C 4 4) - | c i 4 ] u o 3 = 0 

^ " ^ W u o 2 " [ l c 3 3 H K 4 " p v 2 } u o 3 - ° 
(3.24) 
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Expression (1) corresponds t o a pure transverse wave whose v e l o c i t y 

i s given by 

Pv 13 — (C + C ) - C 2 V 66 44 14 (3.25) 

S o l u t i o n o f ( n ) and ( i n ) y i e l d s the v e l o c i t y r e l a t i o n s h i p f o r a 

quasi l o n g i t u d i n a l and a quasi shear mode 

2 1 2pv - — (C +C ) + C +C ± ^12,14 2 1 11 33 1 44 14 

C _ T C ^ +C, . I J 44 14 

2 ( C 1 1 - C 3 3 ) + C • J 
(3.26) 

t a n = 
u 

(°14 + C l l / 2 + C 4 4 / 2 - p V l " 2 , 1 4 ) 

( - i ( c i 3 - v - i s ^ 
(3.27) 

where lji i s the angle the p a . r t i c l e displacement v e c t o r makes w i t h the 

xy plane. 

The r e l a t i o n s h i p between the v e l o c i t y and the e l a s t i c constants 

f o r the selected propagation d i r e c t i o n s i s given i n Table 3.1; the 

p o l a r i z a t i o n v e c t o r s have been c a l c u l a t e d from the data f o r pure 

bismuth a t room temperature (the e l a s t i c constants are taken from 

Chapter 7 ) . 

3.6 The Energy r l u x Vector 

I t i s an experimental necessity t o know the energy f ] u x v e c t o r 

associated w i t h the d i r e c t i o n of propagation, since d e v i a t i o n s o f 

the energy f l u x from the propagation d i r e c t i o n can r e s u l t i n the 

wave impinging on the cides o f the specimen,, g i v i n g r i ^ c t o mode 
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conversion and considerable e r r o r m the v e l o c i t y measurements 

(Figure 3 1) Brugger (1965) has studied the e f f e c t o f c r y s t a l 

symmetry on the energy f l u x v e c t o r , he concludes t h a t f o r a pure 

l o n g i t u d i n a l v/ave the energy f l u x v e c t o r i s always p a r a l l e l t o the 

propagation d i r e c t i o n ; the same i s t r u e t o r a pure transverse wave 

propagated along a d i r e c t i o n w i t h a t w o f o l d , f o u r f o l d or s i x f o l d 

symmetry or normal t o a r e f l e c t i o n plane. 

Since i n bismuth the x axis i s of t\/ofold symmetry^ the pure 

l o n g x t u d m a l and the two pure shear modes w i l l each have the energy 

f l u x v e c t o r p a r a l l e l t o the propagation d i r e c t i o n , the same r e s u l t 

i s obtained f o r the pure l o n g i t u d i n a l mode along the t r i g o n a l a x i s . 

Because the t h r e e f o l d symmetry along the z a x i s allows degenerate 

pure shear modes of a r b i t r a r y p o l a r i z a t i o n t o propagate, the devia

t i o n of the energy f ] u x v e c t o r manifests i t s e l f i n the phenomenon 

of i n t e r n a l c o n i c a l r e f r a c t i o n , as the p a r t i c l e displacement v e c t o r 

i s r o t a t e d about the t r i g o n a l a xis through 180° the energy f l u x 

v e c t o r r o t a t e s through 360°, thereby generating a cone of p o s s i b l e 

d i r e c t i o n s f o r energy f l o w (see T r u e l l , F,]baum and Chick (1969 P.36). 
1 1 1 1 Propagation along the [ 0 , — , — ] and [0, • , — ] d i r e c t i o n s 

y i e l d s , m each case, one pure transverse mode p o l a r i z e d along the 

b i n a r y ayis and two quasi-pure modes p o l a r i z e d i n the yz plane, 

since none of these modes s a t i s f y the c o n d i t i o n s of Brugger, they 

must have energy f l u x v e c t o r s which deviate from the propagation 

d i r e c t i o n . Pace and Saunders (1971) have c a l c u l a t e d the energy f l u x 

d e v i a t i o n s of the group VB semimetals f o r propagation d i r e c t i o n s i n 

the zy plane, reference t o t h e i r r e s u l t s has been made when con

s i d e r i n g the g e o m e t r i c a l c o n f i g u r a t i o n of the samples. 
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3.7 A d i a o a t i c and Isotnermal E l a s t i c Constants 

Mason (1947) has shown t h a t t h e re e x i s t s a d i f f e r e n c e between 

the a d i a b a t i c e l a s t i c constants, which apply t o r a p i d l o a d i n g , and 

the i s o t h e r m a l e l a s t i c constants, which r e f e r t o slow or s t a t i c 

l o a d i n g . The d i f f e r e n c e i s given by 

a a T 
CA _ C I = i 3 v 
ID ID % 

where the s u p e r s c r i p t s A and I r e f e r t o the a d i a b a t i c and i s o t h e r m a l 

e l a s t i c constants r e s p e c t i v e l y , and are the temperature 

c o e f f i c i e n t s of s t r e s s , i s the temperature and C^ i s the s p e c i f i c 

heat a t constant volume. I n p r a c t i c e , the d i f f e r e n c e between the 

a d i a b a t i c and isothermal e l a s t i c constants i s less than 1*. Under 

c o n d i t i o n s of u l t r a s o n i c measurements the a d i a b a t i c e l a s t i c constants 

are obtained. 

3.8 The S t r a i n Energy 

The s t r a i n energy as e f f e c t i v e 1 ! ' the energy of deformation 

of a s o l i d and many be r e l a t e d t o the s t r a i n c o e f f i c i e n t s i n the 

f o l l o w i n g manner , 

$ = <(> + gC e + -̂C » c c.p + ^-(C » )e E , » E + o ID ID 2 i ] k t . i ] kZ 3 i j k t m n i j lot irn 

(3.29) 

where g i s a constant, e are the s t r a i n components, <f>Q i s the 

s t r a i n energy before deformation and C , C , „, C - are the 
i ] i ] k / t i^k-cmn 

f i r s t , second and t h i r d order e l a s t i c constants r e s p e c t i v e l y . The 

s t r a i n energy before deformation i s zero and i f t h e r e i s no s t a t i c 

l o ading on the m a t e r i a l the i i r s t two terms may be ^ e t t o zero, 
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reducing the s t r a i n energy f u n c t i o n t o 

2 luk-t 13 3 i j k & n n 13 k£ mn 

When the co n t r a c t e d m a t r i x n o t a t i o n i s used, the s t r a i n energy t o 

second order m s t r a i n f o r the t r i g o n a l system i s 

c 2 E 2 

* = C l l ( f + £ f 2 ) + C l 2 ( £ l i e 2 2 - e ? 2 ) 

+ — C E + C f e 2 + e 2 ^ 2 33 33 44\ 23 13/ 

C i2e e + 4e E - 2e £ ) 14\ 11 23 12 13 22 23/ 

1 3 ^ 1 1 E33 + E22 E33 ) " 

(3.31) 

+ C 

I n chapter f i v e the comparison between the second order 

s t r a i n f u n c t i o n and the e l e c t r o n f r e e energy f u n c t i o n d e r i v e s the 

form of the e l e c t r o n i c c o n t r i b u t i o n t o the e l a s t i c constants. 
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CHAPTER 4 

EXPERIMENTAL TECHNIQUES 

4.1 C r y s t a l Growth 

S i n c e the o r i g i n a l p i o n e e r i n g work of J a m (1959) con

s i d e r a b l e a t t e n t i o n has been gi v e n to the growth of homogeneous 

s i n g l e c r y s t a l s of bismuth-antimony a l l o y s . Reference to the 

phase diagram ( F i g . 4.1a) i n d i c a t e s the problems i n v o l v e d i n the 

growth of t h e s e s o l i d s o l u t i o n s . The l a r g e temperature d i f f e r e n c e s 

between the s o l i d u s and the l i q u i d u s (AT) suggest t h a t c o n s t a n t 

composition a l l o y s can b e s t be grown by the repeated p a s s zone 

m e l t i n g technique (Pfann 1958). The problem of c o n s t i t u t i o n a l 

s u p e r c o o l i n g ( T i l l e r e t a l 1953) i s g r e a t l y i n c r e a s e d due t o the 

l a r g e e q u i l i b r i u m s e g r e g a t i o n c o e f f i c i e n t (k = C_/C , where C 
o S L S 

and C are the s o l i d u s and l i q u i d u s c o n c e n t r a t i o n s respect:) v e l y ) 

and s t r i n g e n t p r e c a u t i o n s a r e n e c e s s a r y to e l i m i n a t e the e f f e c t 

I t has been shown t h a t c o n s t i t u t i o n a l s u p e r c o o l i n g and i t s r e s u l t a n t 

s o l u t e s e g r e g a t i o n i n the f r o z e n a l l o y can only be avoided i f the 

growth r a t e R i s l e s s than GD/ T, where G i s the temperature g r a d i e n t 

a t tne s o ] i d - m e l t i n t e r f a c e and D i s the d i f f u s i o n c o e f f i c i e n t of 
5 2 -1 

the m i n o r i t y component m the melt (D = 2 x 1 0 cm s e c f o r Sb i n 

B i , Brown and Heumann 1964) Due to the low m e l t i n g p o i n t of t h e s e 

a l l o y s , l a r g e temperature g r a d i e n t s are d i f f i c u l t to a c h i e v e and as 

a r e s u l t the growth r a t e must n e c e s s a r i l y be s m a l l . F i g u r e 4.1b 

shows the c r i t i c a l growth r a t e as a f u n c t i o n of a l l o y composition, 

i t can be assumed t h a t c r y s t a l s grown below the s o l i d l i n e show no 

inhomogeneity e f f e c t s of c o n s t i t u t i o n a l s u p e r c o o l i n g . 

The zone l e v e l l e r used f o r the growth of the a l l o y s i s 

i l l u s t r a t e d i n T i g u r e 4.2. The furnace comprised a t o r o i d a l l y 
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wound Kanthal 'A' r e s i s t a n c e w i r e heater powered by a stepless Eurothenu 

SR-10 temperature c o n t r o l l e r , the sensor f o r which was a Pt-Pt.Rh 13% 

thermocouple embedded deep i n the heater assembly. To increase the 

temperature g r a d i e n t , water cooled copper c o i l s were mounted on e i t h e r 

side of the furnace. The e n t i r e assembly was able t o t r a v e r s e along 

the bed by v i r t u e of a screw thread d r i v e n by a v a r i a b l e speed motor 

( t r a v e r s i n g speeds of 0.3 mm - 2 5 mm hr * were a v a i l a b l e ) . C r y s t a l s 

o f approximate l e n g t h 8 cm and s e m i c i r c u l a r cross s e c t i o n (diameter 2 cm) 

were grown i n quartz boats coated w i t h c o l l o i d a l g r a p h i t e , the c i r c u l a r 

cross s e c t i o n accommodated the thermal expansion of bismuth on f r e e z i n g 

and the g r a p h i t e c o a t i n g prevented the a l l o y from s t i c k i n g t o the q u a r t z . 

i n a 60 cm long, 3 cm diameter quartz tube, i n which an i n e r t atmosphere 

was provided by a c o n t r o l l e d f l o w o f oxygen-free n i t i o g e n . The t e c h -
o -1 

mque provided a temperature g r a d i e n t of about 40 C cm a t the s o l i d u s -

l i q u i d u s i n t e r f a c e (measured w i t h a thermocouple embedded i n the surface 

o f the a l l o y ) . 

Before the growth process, the h i g h p u r i t y elements (99.9999* 

pure) were fused together i n vacuo and r a i s e d t o 700°C t o d r i v e o f f 

v o l a t i l e oxides, continuous shaking o f the a l l o y promoted mixing. The 

f r o z e n p o l y c r y s t a l l i n e boule was then t r a n s f e r r e d t o the quartz boat 

and melted w i t h i n the zone l e v e l ] e r . Homogeneous s i n g l e c r y s t a l growth 

was then accomplished by s e v e r a l zone passes I n s p e c t i o n o f the a l l o y s 

by chemica] e t c h i n g and x-ray a n a l y s i s i n d i c a t e d t h a t the e n t i r e charge 

was e a s i l y converted i n t o s i n g l e c r y s t a l s and tended t o grow i n d i r e c 

t i o n s perpendicular t o the t r i g o n a l d i r e c t i o n , as observed and discussed 

on the basis o f thermal c o n d u c t i v i t y by Yim and Dismukes (1967). During 

the growth process, which extended ovei several weeks, some o x i d a t i o n 
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occurred due t o a small q u a n t i t y of r e s i d u a l oxygen i n the i n e r t n i t r o 

gen. However, the o x i d a t i o n was found t o be i n s u f f i c i e n t t o i n h i b i t 

the growth o f s i n g l e c r y s t a l s and could be r e a d i l y removed by s l i g h t 

chemical et c h i n g w i t h 30% N i t r i c a c i d . 

Pure bismuth and c r y s t a l s doped w i t n t e l l u r i u m were grown m 

the manner described above. Tne r e s t r i c t i o n on the growtn r a t e could 

however be s l i g h t l y r e l a x e d , as the s o l i d u s - l i q u i d u s separation (AT) 

(Hansen 1958 ) i s much less than i n the antimony a l l o y s . 

4.2 Sample Prepara t i o n 

The u l t r a s o n i c techniques employed here r e q u i r e samples w i t h 

p a r a l l e l opposite faces normal t o a s p e c i f i e d c r y s t a l l o g r a p h i c d i r e c t i o n . 

C r y s t a l l o g r a p h i c o r i e n t a t i o n o f the as-grown c r y s t a l s was accomplished 

by means of Laue back r e f l e c t i o n x-ray photography. The c a r t e s i a n 

co-ordinate system assigned t o the rhombohedral l a t t i c e i s described 

i n Section 2.1. The t r i g o n a l a x i s was e a s i l y i d e n t i f i e d by the typxca] 

t h r e e - f o l d symmetry, the b i n a r y a x i s by the t w o - f o l d symmetry and the 

b i s e c t r i x a x i s by the r e f l e c t i o n symmetry of the m i r r o r plane. The 

sense o f the b i s e c t r i c (y) a x i s was recognised from i t s r e l a t i o n s h i p 

w i t h the t r i g o n a l (z) a y i s , the quadrant formed by the H y and + z 

axes contains a pseudo-threefold a x i s w h i l s t t h a t formed by the - y and 

+ z axes contains a pse u d o - f o u r f o l d a x i s . 

Bismuth and i t s a l l o y s w i t h antimony cleave e a s i l y along the 

(001) planes To prevent damage t o the m a t e r i a l , a l l c u t t i n g and 

p o l i s h i n g was performed by a Servomet spark machine (Metals Research 

L t d . , Royston). The mam advantage of t h i s technique i s t h a t because 

the c u t t i n g a c t i o n r e b j l t s from e l e c t r i c a l spark c i o s i o n no mechanical 

stresses J J P i n d u e J by the pressure of a c u t t i n g t o o l S l i g h t 
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mechanical deformation occurs only at the sample interface, which can 

rea d i l y be removed by chemical etching. The Servomet spark machine 

produces a rapid succession of spark discharges between the t o o l and 

the work face, the ent i r e machining area being immersed i n a bath of 

kerosene (the d i e l e c t r i c ) . These sparks erode the work at a rate 

which can be controlled by the input energy The sal i e n t points of 

the operating p r i n c i p l e s are i l l u s t r a t e d i n Figure 4.4. A f u l l wave 

bridge of s i l i c o n r e c t i f i e r s smooths the mains voltage i n t o a D.C. 

supply which i s subsequently fed to a relaxation c i r c u i t compra sing 

of a capacitor and a variable r e s i s t o r . The capacitor, C, charges 

at a rate determined by t^e variable r e s i s t o r u n t i l the d i e l e c t r i c 

breakdown i s reached and an e l e c t r i c a l discharge occurs across the 

gap. The capacitor then re-charges and the cycle i s repeated A 

servo mechanism, controlled by the d i e l e c t r i c breakdown voltage, 

maintains the work t o o l at a constant value of d. The c u t t i n g t o o l 

was either a t h i n copper plate or a continuously moving tinned copper 

wire. Polishing was accomplished by a rapidly r o t a t i n g f l a t copper 
-4 

disc Saiu^les with end faces p a r a l l e l to better than 10 radians 

and normal to within h° of the required crystallographic axis were 

readily produced using t h i s technique. 

4.3 Ultrasonic Velocity Measurements Between 4 2 K and 300 K 

4.3a Pulse Echo Method 

The pulse t r a n s i t time methods are amongst the most 

accurate and sensitive techniques for the determination of the 

attenuation and v e l o c i t y of stress wavc^ wi t h i n a s o l i d , the basic 

pri n c i p l e s w i l l be described an d e t a i l . 
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FIG U 5 GOLD PLATED QUARTZ TRANSDUCER 

BONDED TO SPECIMEN 

FIG 46 TYPICAL RECTIFIED ECHO PATTERN. 
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A short duration pulse of high frequency stress waves i s 

introduced i n t o a s o l i d which has two accurately p a r a l l e l faces 

(Figure 4.5), the stress wave i s generated by the application of a 

high voltage e l e c t r i c a l impulse to a gold plated piezoelectric trans

ducer bonded to one of the normal surfaces of the material. Due to 

the high acoustic impedance mjsmatch at the surfaces, the stress wave 

i s r e f l e c t e d at the lower interface and returns to the transducer-

sample int e r f a c e , here some of the acoustic energy i s converted i n t o 

e l e c t r i c a l energy which i s amplified by a receiver and displayed on 

an oscilloscope. The stress wave continues to t r a v e l through the 

material due to interface r e f l e c t i o n s , producing a sequence of 

multiple echoes, the decay of which i s dependent upon the sound 

absorbing mechanisms of the sample. The time i n t e r v a l between succes

sive echoes represents the v e l o c i t y of ultrasonic wave propagation 

w i t h i n the materia]. 

The block diagram of a simple pulse echo system used i n the 

present work i s given i n Figure 4.7. I t consists of the model 6600 

Matec pulse generator and amplifier and the model 1204A exponential 

generator, calibrated delay and master synchroniser The o s c i l l a t o r 

produces r f . pulses of a controlled duration (1 us t y p i c a l l y employed) 

at a r e p e t i t i o n frequency determined by the master synchroniser 

(0-500 Hz). These r f . pulses are conveyed to the bonded piezoelectric 

transducer and the resultant set of echoes are amplj f l e d and r e c t i f i e d 

by the narrow band pass receiver, the r e c t i f i e d echoes are displayed 

on an oscilloscope to which an e l e c t r o n i c a l l y synthesised exponential 

curve i s added to f a c i l i t a t e the measurement of attenuation The 

time i n t e r v a l between successive echoes may be measured either by the 

calibrated delay or by the oscilloscope tinieba'be 
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(b) Pulse Echo Overlap 

The pulse echo overlap technique i s based upon the pulse 

echo system, with the f a c i l i t y to superimpose any two selected, 

v i s u a l l y i n t e n s i f i e d echoes on an oscilloscope whose t r i g g e r i n g rate 

i s equal to the delay between the two chosen echoes. C r i t i c a l adjust

ment of tne t r i g g e r i n g race permits precise measurement of the t r a n s i t 
4 5 time to 1 part i n 10 (and under ideal conditions 1 part i n 10 ) . 

The i:>articular system used during the course of t h i s work i s 

i l l u s t r a t e d m block form m Figure 4 8. The Bradley 235 signal gener

ator i s used to power the Matec 122A decade divider and double stroke 

generator The l a t t e r u n i t performs two functions (I) i t provides 

two t r i g g e r sources, one equal to the signal generator frequency 

(Master Sync.) and the other a sub-multiple of 10° (n=1,2,3) of the 

master frequency (divided sync). (11) Secondly, the double delay 

stroke generates two, time variable 0-30 v square wave pulses which, 

when linked to the z-modu]ation of the oscilloscope perma t the inten

s i f i c a t i o n of any two sections of the echo pattern. The divided sync, 

tr i g g e r s +he Ilatec 6000 r . f . pulse generator. Each t r i g g e r pulse 

creates an r . f . burst vhich i s i n turn transformed by the quartz trans

ducer i n t o a mechanical v i b r a t i o n w i t h i n the c r y s t a l . Successive 

r e f l e c t i o n s ere then detected by the transducer and amplified by the 

receiver, which then provides two types of output ( i ) the raw r . f . 

echoes amplified, ( n ) the r e c t i f i e d r . f . echoes (referred to here 

as the video output), which are coupled via an exponentia] generator 

to an osci]loscope, where the attenuation can be measured manually 

The waveforms associated with the operation are i l l u s t r a t e d i n 

Figure 4 9. 
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The raw r . f . echoes are f i r s t observed m t h e i r e n t i r e t y 

by t r i g g e r i n g the oscilloscope with the divided sync. Careful adjust

ment of the double delay stroke generator permits the i n t e r s i f i c a -

tions (1 e. the brightness) of any two echoes The oscilloscope 

brightness i s then reduced u n t i l only the two selected echoes are 

v i s i b l e . By t r i g g e r i n g the oscilloscope with the master sync at a 

rate equivalent to the delay between the chosen echoes, the i n t e n 

s i f i e d regions may be overlapped Criti.cal adjustment of the signal 

generator wi] 1 then provide cycle-to-cycle matcning Proper c y c l i c 

matching may be d i f f i c u l t f o r highly attenuating materials, but where 

four or moie echoes are discemable the operation i s straigntforward. 

Cyclic marrnmg may oe acnieved oy using a t r i g g e r i n g rate 

that i s assumed to be equivalent to the t r a n s i t time between two 

successive echoes and i n t e n s i f y i n g the f i r s t echo i n the display by 

the f i r s t strobe pulse. Time va r i a t i o n of the second strobe pulse 

permits the overlap of each echo upon the f i r s t . In the event of 

c y c l i c matching being i n error by one cycle, t h i s error w i l l be 

m u l t i p l i e d by the t r a n s i t time multiple and w i l l become rea d i l y 

apparent as further echoes are over]apped (see Figure 4 10). 
4 

Measurement of v e l o c i t y to 1 part i n 10 i s r e a d i l y achieved, 

but i t must be stressed that such a value i s by no means the actual 

absolute v e l o c i t y characteristic of the sample, corrections have to 

be applied due to the transducer and bond effects (see Section 4 3d). 

(c) Transducers and Bonds 

The generation and detection of ultrasound were effected 

by the use of gold plated quartz transducers produced commercially 

by Brookes Crystals (IlmmoLer) Ltd X and Y cut tranoducpis with 
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fundamental resonant frequencies of 5, 10, 15 and 20 MHz and with 

diameters of 5 mm and 6 mm were used. 

The resonant frequency of a transducer i s determined by i t s 

thickness, the fundamental resonant frequency i s given by d = A/2, 

where d i s the thickness and X i s the wavelength of sound i n quartz 

at the resonant frequency. Odd harmonics of the transducer may be 

generated by applying higher r . f . frequencies which s a t i s f y the con

d i t i o n s f = ( 2 n - l ) f (n = 1,2,3), where f i s the fundamental 
n o o 

frequency. 

A large variety of viscous l i q u i d s have been used t o bond 

quartz transducers to materials, a good review of which has been 

given by Farley (1973) For bonding to bismuth based alloys Nonaq 

Stopcock Grease has been found to be the most e f f i c i e n t . Repro

ducible bonds were formed by the gradual r o t a t i o n of the transducer 

on t o the grease coated surface of the material, bond tnicknesses of 

3 - 5 um were thus readily produced The Nonaq bond performed w e l l 

at a l l temperatures i n the range 4.2 - 300 K. 

(d) Transit Time Errors 

In the pulse echo method i t i s standard practice to regard 

the t r a n s i t time at the measured delay between the peaks of two con

secutive echoes. Essentially the pulse echo overlap technique method 

gives the time delay between two corresponding r f . cycles. Although 

i t appears experimentally that the t r a n s i t time can be measured to a 
4 

precision of 1 part i n 10 , owing to the transducer loading e f f e c t 

the true t r a n s i t time w i t h i n the sample i s smaller than the elec

t r o n i c a l l y measured t j ansit time 
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An investigation of the behaviour of ultrasonic waves 

incident on a boundary between two dissimilar materials requires 

the calculation of the r e f l e c t i o n and tiansmission c o e f f i c i e n t s , 

which are derived from the acoustic impedances of the respective 

materials. The acoustic impedance i s defined as*-

Z = pv , (4-D 

where v i s the v e l o c i t y of sound propagation and p i s the density. 

The r e f l e c t i o n c o e f f i c i e n t of a wave incident normal to a boundary 

i s given by 

and the transmission c o e f f i c i e n t i s 

2Z 
T = ± , (4.3) 

(z 2 + Z l ) 

where and Ẑ  are the acoustic impedances of the materials con

tai n i n g the incident and transmitted waves respectively 

At the free end of the sample the acoustic impedance mis

match from sample to a i r i s e f f e c t i v e l y i n f i n i t e (Z^ »Z^). the 

r e f l e c t i v i t y i s t o t a l (R = - 1 ) But, at the transducer end of the 

sample the s i t u a t i o n i s f a r more complex, a gold plated quartz 

transducer i s bonded to the specimen with a suitable bonding agent, 

consequently there are four interfaces Since the thickness of 

the bond and the gold p l a t i n g together (10 urn) are very much less 

than the thickness of the transducer (0 15 - 0 6 mm) they can, to 

a f i r s t epproxiiral ion, be ignored, and the interface can be con

sidered to be purely between the quartz and the sample. 
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Thus, for ultrasonic wave incident from the sample the 

r e f l e c t i o n and transmission c o e f f i c i e n t s take the form (see 

Figure 4.11) 

Z - Z 2Z 
R = & T •= — , (4.4) 1 Z + Z 1 Z + Z„ ' S Q S Q 

and f o r waves incident from the transducer , 

Z - Z 2Z^ 
R = -2 S = 2 _ (4.5) 
2 Z + Z„ 2 Z o + Z ' 

S Q S Q 

where Ẑ  and Ẑ  are the acoustic impedances of the sample and quartz 

respectively. Figure 4.12 gives the calculated r e f l e c t i o n and trans

mission c o e f f i c i e n t s between quartz and bismuth for tne ultrasonic 

v e l o c i t i e s encountered i n the present work 

Thus when an acoustic wave crosses the sample-quartz 

interface part of nt i s reflected and part i s transmitted. The trans

mitted part i s then t o t a l l y reflected from the free end of the trans

ducer and on reaching the interface from the opposite d i r e c t i o n part 

i s r e f l e c t e d and the transmitted part combines with the o r i g i n a l 

r e f l e c t i o n i n the sample. The ultrasonic wave continues to be reflected 

back and f o r t h w i t h i n the transducer thereby producing an output pulse 

which d i f f e r s i n shape from the input pulse The r e l a t i v e amplitude 

of a wave entering the sample a f t e r n round t r i p r e f l e c t i o n s i n the 

transducer i s simply 

A n = - T l T 2 R 2 n _ i 

R n (4.6) 
9 = T T — — 1 2 R 

4Z Z 
5_2 R " 

(Z„ I Z ) (Z - Z ) 2 
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The wave w i l l be delayed by a time mLerval n T , where x 

refers to the t r a n s i t time w i t h i n the transducer. I f the incident 

wave function i s denoted by i ( t ) , the refl e c t e d function r ( t ) w i l l 

be 

r ( t ) - i ( t ) + z R2" i ( t •< n ) (4.7) 
n=l 

Lenkken and Lahteenkorva (1973) have solved t h i s equation by 

assuming that the input pulse has the form of a Gaussian wave packet 
_ t2 

i ( t ) = exp( /a^) , where a refers to the pulse width. I f the input 

pulse i ( t ) has a maximum at t = 0, the negative time coordinate of 

tne maximum of r ( t ) w i l l represent the time delay 6 . At the maximum 

of g ( t ) , dg/dt = 0 and t = 5 , d i f f e r e n t i a t i o n of equation 4.7 yields 

R1 6 = B Rn exp [~-nx (nx - 2 t 5 ) / a 2 j (nx - S) . (4.8) 

The apparent t r a n s i t time delay 6 may therefore be calculated 

by numerical solution of the above equation. The delay ir. found to 

be independent of the pulse width a for a > 0 5 |is. To a good approxi-
2 

mation the time delay may be obtained by assuming that a >> nx (nx - 26), 

with the r e s u l t that 

Z 
Z g (4.9) 

The v a r i a t i o n of the t r a n s i t time p l o t t e d against the t h i c k 

ness of the transducer should therefore produce a p l o t which i s 

essentially linear An extrapolation of t h i s p l o t to zero transducer 

thickness derives the hypothetical t r a n s i t time corresponding t o a 

mossless transducer The intercept value can bo considered to 
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represent the true t r a n s i t time w i t h i n the material. This technique 

has been v e r i f i e d experimentally by Kammer (1964). 

During the course of t h i s work a l l the ultrasonic v e l o c i t y 

measurements were performed with d i f f e r e n t thicknesses of transducer 

(5, 10, 15 and 20 MHz fundamental resonant transducers were chosen) 

and the extrapolated value was assumed -co be the unpercurbed t r a n s i t 

time. Typical extrapolation p l o t s are shown i n Figure 4-13- The 

t r a n s i t time errors derived from these p l o t s were found to correspond 

closely with the t h e o r e t i c a l predictions and i t was concluded that 

t h i s method could y i e l d the true t r a n s i t time to w i t h i n 0 015 us. 

4.4 Measurement of Temperature Dependence 

(a) The Cryostat 

Measurements m the temperature range 4.2 K to 300 K were 

accomplished using a conventional glass dewar system (see Figure 4 14). 

The cryostat assembly consisted of two double walled glass dew?rs 

and employed l i q u i d nitrogen and helium refrigerants The interspace 

vacuum was monitored usang a Pirani head and gauge (Edwards speedivac 

gauge B5, head type M6A). The deuar inner space included a Pirani 

gauge and a mercury manometer, a mercury protection valve was also 

incorporated to protect the dewar from accidental pressure b u i l d up. 

The frame of the sample holder was constructed of t h i n 

walled stainless steel tubang to reduce heat leakage E l e c t r i c a l 

leads for the temperature sensors'were taken through the tubing and 

lead out through a neoprene vacuum seal at the top of the holder. 

The ultiasonic coaxial l i n e was constructed from a s o l i d core of 

s t a i r l e s s steel sheathed in a thick vailed t e f l o n tube, e l e c t r i c a l 
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connection t o the transducer was made by a s p r i n g loaded, copper 

centre contact. 

U l t r a s o n i c measurements were u s u a l l y taken whi1st the sample 

was being cooled. The r a t e o f c o o l i n g was determined by the q u a l i t y 

o f the interspace vacuum and by the atmosphere of the i n n e r dewar. 

Before c o o l i n g was begun, the inn e r space o f the helium dewar was 

u s u a l l y f i l l e d w i t h d r y helium gas ( a t atmospheric pressure) i n order 

t o provide good heat exchange w i t h i n the system and t o f a c i l i t a t e the 

l a t e r t r a n s f e r o f l i q u i d helium. With an int e r s p a c e vacuum b e t t e r 

than 0.1 t o r r the tame o f c o o l i n g from 300 K t o SO K was approximately 

3 hours. R e f r i g e r a t i o n of the system from 80 K t o 4.2 K was achieved 

by the steady t r a n s f e r of c o l d helium gas. C a r e f u l c o n t r o l of the 

t r a n s f e r r a t e p e r m i t t e d a f i n e degree o f c o n t r o l over the c o o l i n g r a t e 

Rapid f l u c t u a t i o n s of temperature were avoided by mom t c r i n g the 

temperature w i t h a thermocouple l i n k e d t o a d i g i t a l p o t e ntiometer, 

measurements were only taken under steady c o n d i t i o n s . To achieve the 

f i n a l temperature of 4.2 K i t was u s u a l l y necessary t o i n j e c t a small 

q u a n t i t y o f l i q u i d helium. Thus, w i t h g r e a t care, the t o t a l amount 

of l i q u i d helium used could be r e s t r i c t e d t o 1.5 l i t r e s . 

(b) Temperature Measurement 

The measurement of temperature w i t h i n the c r y o s t a t assembly 

was accomplished by means of an Oxford Instruments d i g i t a l temperature 

c o n t r o l l e r . The sensor f o r the u n i t was a cryogenic l i n e a r temperature 

sensor (CLTS), c o n s i s t i n g of a f i n e r e s i s t i v e g r i d of n i c k e l and 

raanganm. For ease of o p e r a t i o n , the CLTS was permanently mounted on 

the sample holder m close p r o x i m i t y ( w i t h i n 5 mm) t o the specimen 
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The o p e r a t i o n of the CLTS i s e s s e n t i a l l y t h a t of the four 

probe p o t e n t i o m e t n c method. The u n i t p r o v i d e s the CLTS w i t h a 

c o n s t a n t c u r r e n t and then compares the developed v o l t a g e w i t h an 

i n t e r n a l l y generated r e f e r e n c e v o l t a g e The c h a r a c t e r i s t i c v o l t a g e 

of the sensor as a f u n c t i o n of temperature i s generated by a m i l l i v o l t 

D.C. a m p l i f i e r , whose gain i s v a r i e d i n segments u s i n g r e s i s t o r n e t 

works, i n the range 0 K t o 100 K i t i s approximated by 10 K l i n e a r 

s t e p s and i s t r e a t e d as l i n e a r m the range 100 K to 300 K. The 

CLTS v o l t a g e i s compared to the c h a r a c t e r i s t i c v o l t a g e by a d i f f e r e n 

t i a l network and the e r r o r v o l t a g e produced modulates the d i g i t a l 

output. The r e a d i n g a c c u r a c y was found to be ±1 K. 
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CHAPTER 5 

THL KLYfcS MODEL 

5.1 I n t r o d u c t i o n 

I t i s w e l l e s t a b l i s h e d t h a t the f r e e c a r r i e r s i n a semi

conductor (or f o r t h a t matter a semimetal) can have profound e f f e c t s 

on the e l a s t i c p r o p e r t i e s of the m a t e r i a l s The f r e e c a r r i e r s 

r e f e r r e d t o here are those which occupy e i t h e r the conduction or 

v a l e n c e bands and take p a r t i n normal e l e c t r i c a l conduction Bruner 

and Keyes (1961) have shown t h a t i n germanium the a d d i t i o n of 
19 -3 

2.8 x 10 cm a r s e n i c donors d e c r e a s e s the e l a s t i c c o n s t a n t C.. 
44 

bv 5 5% w h i l s t the p l a s t i c r n n ^ t a n t - ^ /2 romairiQ e s s e r t i ? l l y 

unchanged. S i m i l a r r e s u l t s have been obtained f o r s i l i c o n by 

E i n s p r u c h and C z a v m s z k y (1963) and by H a l l (1967) i n which 
(C., - C.„)/2 i s changed r a t h e r than C„„. T h i s d i f f e r e n c e between 11 12 44 

the behaviour of s i l i c o n and germanium can be e x p l a i n e d on the b a s i s 

of the symmetry of t h e i r e l e c t r o n i c band s t r u c t u r e s , a shear s t i a i n 

along a <111> a x i s d e s t r o y s the symmetry of the v a l l e y s i n qernaniup, 

whereas a shear s t r a i n along a <100> a x i s does not. The r e v e r s e i s 

t r u e i n s i l i c o n The i m p u r i t y atoms, which a l t e r zhe c a r r i e r con

c e n t r a t i o n , may a l s o have an e f f e c t upon the e l a s t i c c o n s t a n t s . The 

r e l a t i v e changes i n the e l a s t i c behaviour a r e u s u a l l y of the same 

or d e r of magnitude as the atomic f r a c t i o n of i m p u r i t y (Huntingdon, 

1958), whereas i n t h e s e semiconductors the r e l a t i v e changes can be 

two o r d e r s of magnitude g r e a t e r than the i m p u r i t y c o n c e n t r a t i o n . 

An i n s i g h t i n t o the f r e e e l e c t r o n c o n t r i b u t i o n may be gained 

by c o n s i d e r i n g a two dimensional s t r u c t u r e c o n s i s t i n g of a four 

f o l d degenerate conduction band, as i l l u s t r a t e d i n F i g u r e 5 1 Jn 
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the absence o f s t r a i n the energy of each v a l l e y i s e q u i v a l e n t and 

the e l e c t r o n p o p u l a t i o n i s d i s t r i b u t e d evenly amongst the f o u r 

degenerate bands ( F i g . 5.1a). A s t r a i n i n the (1,0) d i r e c t i o n 

( F i g . 5.1b) w i l l cause v a l l e y s 1 and 3 t o decrease i n energy, t o 

a t t a i n e q u i l i b r i u m , the e l e c t r o n s are fo r c e d t o r e d i s t r i b u t e them

selves. Since the e l e c t r o n r e d i s t r i b u t i o n minimises the f r e e 

energy m the s t r a i n e d c r y s t a l , some of the work needed t o s t r a i n 

the c r y s t a l i s recovered and the e f f e c t i v e e l a s t i c constant i s 

decreased. A s t r a i n component i n the (1,1) d i r e c t i o n ( F i g . 5.1c) 

would s h i f t a l l the v a l l e y s by the same energy, as there i s no 

net energy d i f f e r e n c e between the v a l l e y s , the e l e c t r o n s cannot 

r e d i s t r i b u t e themselves and no m i n i m i s a t i o n of e l e c t r o n i c f r e e 

energy takes place. 

On the ba s i s of thermodynamics and s t a t i s t i c a l mechanics 

Keyes (1961 and 1967) has developed a theory which reasonably quan

t i t a t i v e l y e x p l a i n s the e l e c t r o n i c e f f e c t s i n s i l i c o n and germanium 

The model p r e d i c t s t h a t e l e c t r o n i c e f f e c t s should be present i n 

m u l t i v a l l e y semiconductors, b u t a knowledge of the deformation 

p o t e n t i a l constants i s necessary before t h e e l e c t r o n i c c o n t r i b u t i o n 

t o the e l a s t i c constants can be c a l c u l a t e d . P r a t t and Das (1970) 

have observed the e f f e c t o f the "L, ' - L ~ band i n v e r s i o n on the 
6 6 

temperature dependence of the c l a s t i c constant C of Pb n rSn rTe 

and have i n t e r p r e t e d t h e i r r e s u l t s on the basis of the Keyes 1 model 

Houston and StraLna (1964) found a large v a r i a t i o n i n the e l a s t i c 

constant of SnTe as a f u n c t i o n of c a r r i e r c o n c e n t r a t i o n b ut since 

the band s t r u c t u r e has not been f u l l y r e s o l ved i t hss not been 

p o s s i b l e t o m t e i p r c t the f i n d i n g s on the basis of the Keyes model 
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The r e s t o f t h i s chapter i s devoted t o the extension of the 

Keyes model t o d e r i v e the form of the e l e c t r o n i c c o n t r i b u t i o n s f o r 

the bismuth band s t r u c t u r e . Since the deformation p o t e n t i a l con

s t a n t s have been measured e x p e r i m e n t a l l y by Walther (1968) and by 

Inoue and T s u j i (1967) i t i s p o s s i b l e t o c a l c u l a t e the t h e o r e t i c a l 

magnitudes of these c o n t r i b u t i o n s i n bismuth. 

5.2 Dand edge energy changes 

The assumption i s made t h a t the s t r a i n s h i f t s a band i n 

energy w i t h o u t a l t e r i n g any associated p h y s i c a l parameters, such as 

the e f f e c t i v e maqs or the deformation p o t e n t i a l I n view o f the 

smal] mechanical s t r a i n s i n v o l v e d m u l t r a s o n i c experiments t h i s 

r i g i d band model should be q u i t e an accurate approximation. The 

change i n energy o f a band edge under the i n f l u e n c e of d mechanical 

s t r a i n i s given by a double c o n t r a c t i o n of the deformation p o t e n t i a l 

tensor over the s t r a i n t e n s o r , 

w U ) - S V ek£ ™ 

where i s the deformation p o t e n t i a l and i s the s t r a i n com

ponent The s o l u t i o n of the equation of motion of an u l t r a s o n i c 

wave (see Section 3.4) takes the form of a plane t r a v e l l i n g wave 

u = u exp i (oat - k • r ) (5.2) o — — 

\<here u i s the p a r t i c l e displacement v e c t o r , k_ the d i r e c t i o n of 

propagation and ui the angular frequency I t should be emphasised 

t h a t , except f o r c e r t a i n p u i u 'node d i r e c t i o n s , the displacement 

\ i i s n o t p a r a l l e l t o the propagation d i r e c t i o n k_ . The s t r a i n 
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tensor i s the symmetrical part of that tensor which describes 

the deformation of the body and comprises tv«o p a r t i a l d i f f e r e n 

t i a l s , 

u 
(5.3) 

where u^ r are the components of the displacement vector and 

^ and are the components of the position vector x_. For 

i n f i n i t e s i m a l s t r a i n equation (5 3) may be approximated to, 

x 

an 

= 1 + (5'4) 

Since the deformation pote n t i a l tensors are symmetric 

(D^£ _ D^) , the expression for the band edge energy change may 

be approximated as, 

' E V \ H (5-5> 
k£ 

The deformation p o t e n t i a l tensors L^ 1^ associated with 

the electron e l l i p s o i d s can be v n t t e n i n the general form 

(see eqn. 2 3) 
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0 

(1) 
23 22 

23 33 

/3 1 ( L _ +3L J , L 22 11 22 23 

/3 2 L (3L + L__) ) , 22 11 11 22 2 23 

1 
23 23 33 

/3 /3 1 IT 23 

/3 (3) (3L +L ) , L L _ ) , 22 22 

/3 
23 2 23 33 

(5.6) 

and the deformation p o t e n t i a l tensor T of the hole e l l i p s o i d 

as 

0 11 

T 

0 33 

(5.6a) 

The s h i f t i n energy of each of the f o u r c a r r i e r e l l i p s o i d s 

may be c a l c u l a t e d by using equation 5.5. Table 5.1 gives the 

energy change of each of the c a r r i e r e l l i p s o i d s f o r sound propaga-
-1 1 

t i o n along the [ 1 0 0 ] , [001] and [ 0 , - - , — ] c r y s t a l l o g r a p h i c 
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Propa
g a t i o n 
Vector 

k 

V e l o c i t y 
P o l a r i s a 

t i o n 
V e c t o r 

u 

Band 
Index 

Band Edge Energy Change 

w U > = ^ V u k k £ 

V l 

1 

0 

0 

1 

2,3 

4 

L l l 

r 1 " 

0 

L 0 
V 2 

0 

0.859 

0.514 

1 

2,3 

4 

0 

± f [ 0 . 4 2 9 [ L n - L 2 2 ] + 0 . 5 1 4 L 2 j ] 

0 

V 3 

0 

0.514 

-0-859 

1 

2,3 

4 

0 

±f [0.257 [ L n - L 2 2 l - 0.859 L 2 3 ] 

0 

0 

. 1 . 

V 7 

0 ~ 

0 

_ 0 _ 

1 

2,3 

4 

T 

"33 

L 3 3 

T 3 3 

0 

0 

. 1 . 

V 8 

cos 0 

s i n 6 

0 

1 

2,3 

4 

L 2 3 

•|[±/3 cos 6- s i n 6 ] L 2 3 

0 

0 
1 
/2 
1 

[_/2 

V 1 2 

0 

-0.842 

0 569 _ 

1 

2,3 

4 

-^(+0.842 1,^ + 0 5P9T. 3 3- 1.411 

±H0 2 1 1 [ 3 L n + L 2 2 ] + 0 5 6 9 L 3 3 + 0 . 7 0 5 L 3 3 ) 

^ ( 0 . 8 4 2 T 1 1 + 0.569T 3 3) 0 
1 
/2 
1 

[_/2 
V 1 3 

1 

0 

0 

1 

2,3 

4 

0 

J2 (V~2" L 2 3 _ L 4 " ( L 1 1 " L 2 2 ) } 

0 

V 1 4 

0 

0.5G9 

0.842 

1 

2,3 

4 

£(-0.569 1 ^ 4 0 842 L 3 3 - 0.273 L 3 3 ) 

£ ( - 0 . 1 4 5 [ 3 L 1 1 + L 2 2 ] + 0.842 L 3 3 - 0.136 

£ ( - 0 . 5 6 9 T n + 0 8 4 2 T 3 3 ) 

Table 5.1 Energy Changes f o r the C a r r i e r E l l i p s o i d s . 

Band Indexes 1,2, and 3 are the e l e c t r o n c 3 l i p s o i d b and 4 i s the 
hole c l l i p s o i d 
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directions, the p a r t i c l e displacement vectors are those calculated 

for pure bismuth at room temperature (see Table 3.1). These c a l 

culations demonstrate the important feature that sound propagation 

i n any d i r e c t i o n m the bismuth c r y s t a l s w i l l produce changes i n 

band edge energies. Moreover, as a consequence of the three f o l d 

symmetry the electron e l l i p s o i d s can only be perturbed i d e n t i c a l l y 

when a longitudinal sound wave i s propagated along the trigonal 

d i r e c t i o n , therefore energy d i f f e r e n t i a l s w i l l e x i s t between the 

electron Fermi pockets for a l l d i r e c t i o n s of sound propagation 

other than for the longitudinal trigonal pure mode. A r e d i s t r i b u 

tion of c a r r i e r s m pure bismuth may be accomplished by two d i s t i n c t 

processes. Energy d i f f e r e n t i a l s between the three L-point electron 

e l l i p s o i d s w i l l promote the transfer of electrons between the 

v a l l e y s to a t t a i n equilibrium. These t r a n s i t i o n s w i l l bn referred 

to here as L->L point t r a n s i t i o n s . A s t r e s s that induces a change 

i n the L - T point overlap energy w i l l either create more c a r r i e r s 

(increase the overlap) or w i l l i n i t i a t e electron-hole recombination 

with an accompanying decrease m the e e r i e r population, This 

e f f e c t w i l l be referred to as an I.-*T point t r a n s i t i o n . In high 

purity bismuth both the L->L and the L->T point t r a n s i t i o n s could 

occur, however, i n the case of highly donor (tellurium) doped 

bismuth the L-^L point t r a n s i t i o n must be the dominant mechanism 

since Noothoven van Goor and Trum (1971) have shovn that when 
17 -3 

8 x 10 cm donors are present the electrons are the only c a r r i e r s , 

the hole band having been completely f i l l e d . The application here 

of the Keyes model to the electronic band structure of bismuch 

w i l l make the assumption that only L->-L point t r a n s i t i o n s occur 

and that the energy s h i f t of T point hole e l l i p s o i d does not 

influence the c a r r i e r density 
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5.3 A p p l i c a t i o n of the Keyes model to the e l e c t r o n band 

s t r u c t u r e of bismuth 

As i n equation ( 5 . 1 ) , the change'in energy of an e l e c t r o n 

pocket i n the presence of a mechanical deformation i s denoted by 

= Kl^1'*1 (5'7> 

Band edge energy changes may modify the Fermi l e v e l from i t s 

e q u i l i b r i u m v a l u e , E , by an amount a, so t h a t E = E + a 
F 0

 F F o 

r e p r e s e n t s the new l o c a t i o n of the Fermi l e v e l . The e l e c t r o n i c f r e e 

e r e r g y of the electrons, i n a v a l l e y ( l ) i s g i v e n by the e x p r e s s i o n 
/ I „ - 1 - _ ^ , •* - _ « n - « * 

F ( 1 ) = n
( l ) js + kT e F 

CO 
* 

N ( l ) ( E ) l o g [ l - f ( E , E ) 1 dE (5.8) 
J E ( D L J 

where the e l e c t r o n i c f r e e energy, (E) i s the d e n s i t y 

of s t a t e s f u n c t i o n , £(E,E ) i s the F e r m i - D i r a c p r o b a b i l i t y f u n c t i o n , 
r 

n ^ i s the number of e l e c t r o n s and E ̂  i s the minimum band edge 

energy. The F e r m i - D i r a c p r o b a b i l i t y f u n c t i o n i s 

- i -1 
ts - J i n 

f (E,E D 
E - E 

1 + exp kT (5.9) 

and the t o t a l p o p u l a t i o n of e l e c t r o n s i n v a l l e y ( i ) i s 

.) (x) f M d ) n I N 

•Id) 
(E) f ( E , E p ) dE (5.10) 

The e x p r e s s i o n f o r the f r e e energy n>ay be expanded by using 

a T a y l o r S e r i e s expansion of log [1 - f ( E j E ^ ) ] in powers of 

( W ^ - a ) and d e r i v a i - L ' o s of ML,E ) . Sanco the band eneigie': 
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are modified by Ŵ 1' ( i . e . E-*E-W^) and the Fermi l e v e l i s 

a l tered by a ( i . e . E = E + a ) , the logarithmic term i n the 
F Q 

free energy becomes 

log ^ 1 - f ( E , E F ) J = logj^l - (1 - exp | (E - E p ) - (W [«--: (1) - a )J A T ) " 1 J (5.11) 

Since 9(log [ l - f (E,E j ] ) / 9 E = f (E ,E )/kT, the s e r i e s expansion 

i s 

log [ l - f ( E , E p ) J = log j ^ l - f ( E , E p ) J 

( i ) 2 3 f ( E ' F V ) 

+ ( W ^ - a ) f ( E , E F o ) / k T + 

3 ^ f ( E ' E
F ) 

2 < w - a ) ° 
+ -. ._ ~ + • 6kT 9E (5 12) 

The t o t a l electron free energy i s obtained by a summation over a l ] 

three v a l l e y s , 

Z P d) 
3 
E 

1=1 
n ( l ) ( E p +CX) + kT j K ( l ) (E) 

I d ) 

log f ( E , E p ) | dE + (W 
o 

N ( l ) ( E ) f (E,E ) dE 
O 

< i ( W ( l ) - a ) 2 

,U) 

9f(E,E ) dE 
„M o . ( 

9E 6 

OO 
^ f »d - 0 ) 1 N 

J (1) 
(E) 

9 f (E,E ) 
o dE + (5 13) 
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The fourth term i n the expansion i s quadratic i n s t r a i n and wall 

make a contribution to the second-order e l a s t i c constants, 

3f(E,E_ )/3E i s a negative delta function and consequently the 
F o 

function 

( 1 ) - - f N U 

J„u> 

9f ( E , E p ) 
= - I N U ) ( E ) 3 E ° dE (5.14) 

E 

i s e s s e n t i a l l y the e f f e c t i v e density of states at the Fermi surface 

concerned i n the r e d i s t r i b u t i o n The f i f t h term i n the expansion 

i s t h i r d order i n s t r a i n and leads to a contribution to the t h i r d 

order e l a s t i c constants, a solution to t h i s term w i l l not be 

pursued here. 

Since the assumption i s made that only L-»-L point t i a n c i t i o n s 

occur, the t o t a l number of electrons remains constant. From t h i s 

c r i t e r i o n , the s h i f t a m the fermi l e v e l can be determined. The 

change i n population of v a l l e y (1) i s 

A n U ) - ( W
( l ) - a) B U 1 (b.15) 

To f u l f i l the condition of constant electron population 

I A n U ) = 0 = 1 (W ( ] ) - a) , 
1=1 1=1 

therefore 

3 ( i ) ( i ) 3 U ) 

I Wv ' B - a J. & = 0 (5.16) 
i = l i"=l 

and the change in Termi l e v e l i s 

3 

1=1 
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S u b s t i t u t i o n of (5.17) i n t o (5.13) y i e l d s the f o l l o w i n g e x p r e s s i o n 

f o r the t o t a l e l e c t r o n f r e e energy to second order i n s t r a i n , 

F = N E_ + kT Z e F , o 1=1 
f N ( l ) (E) log 1 - f (E ' E F >] n —' 

dE 

+ 1 n ( l ) W(l> + i! - I 
1=1 i = l 

W (i) 
3 (3) 
I B 

3=1 

(i ) 
B (5.18) 

where the t o t a l e l e c t r o n p o p u l a t i o n N = E n 
i = l 

The f i r s t two terms 

N E p H kT 
o 

I f N ( l ) (E) log f l - f ( E , E )"] 
1=1 I d ) L r

0 J 
dE (5.19) 

r e p r e s e n t the e l e c t r o n i c f r e e energy i n the absence of s t r a i n . 

The t h i r d term i s l i n e a r i n s t r a i n and r e p r e s e n t s the e f f e c t of 

d i l a t i o n a l s t r a i n on the e l e c t r o n i c energy. Expansion of the f o u r t h 

term which i s q u a d i a t i c an the s t r a i n y i e l d s 

2 

3 1 
F e = E " I 

3=1 
W U ) _ 2 W U ) 3=i 

t B ( 3 ) 

3=1 S=i ' 
B ( i ) 

(5.20) 
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1 3 3 

1=1 3=1 
W U ) B ( ^ - 2 W U ) ^ 3 ( 1 ) 

W U ) w ( 3 ) gU) 3 ( 3 ) 

3=1 

I I I ( i w U ) 2
+ I w ( 3 ) 2 _ w ( x ) „ ( D ) ) B U ) 3(3) 

i = l 3=1 

3 3(3) 
3=1 

= i l I ( w U ) - W ( 3 ) ) 2 3 U ) 

i = l 3=1 
(5.21) 

3 

i = l 
(3) 

Since from equation (5.14) 3 ^ , the q u a d r a t i c f r e e energy 

term reduces t o 

— I 
1 2 i - l 3=1 

I ( w ( 1 ) - w
( 3 ) ) 2 (5.22) 

This equation c l e a r l y shows t h a t there w i l l o n l y be a f r e e e l e c t r o n 

energy c o n t r i b u t i o n t o the second order e l a s t i c constants i f t here 

e x i s t s an energy d i f f ei e n t i a l between a t l e a s t two of the e l e c t r o n 

e l l i p s o i d s , otherwise, i f the band edges remain constant or are 

pe r t u r b e d i d e n t i c a l l y , the c o n t r i b u t i o n w i l l be zero, since 

I T ( W
( J ) = W ( 3 ) ) 2 « 0 (5 

i-=l j = l 
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The general form of the free energy obtained here i s i d e n t i c a l t o 

that derived by Keyes (1967) which he subsequently applied to the 

e l l i p s o i d a l and parabolic band structures of cubic s i l i c o n and 

germanium. For the f i r s t time, a solution of the Keyes model to 

the band structure of rhombohedral bismuth w i l l be presented. 

The dispersion r e l a t i o n that best describes the electron 

Fermi surface i n bismuth i s that of the non-ellipsoidal non-parabolic 

(N.E.N.P.) band model, o r i g i n a l l y developed by Cohen (1961) The 

density of states function i s , 

/ V 2 / \ . ( i ) . 4 / 2unM hi 2E \ ,r IN \F,i = — j - i — — } L | i J- — J (5.24) 

where m* i s the band edge ef f e c t i v e mass, h i s Plan s constant and 

Eg i s the L-pomt energy gap The electron density of a valley i s 

therefore 

n U ) = , . ̂  . i E' ( 1 + ~- \ 1 + exp 
E -E F 

-1 
o 

kT dE (5 ?b) 

Introducing the we l l known Fermi-Dirac function (Macdougall and 

Stoner 1939) 

oc 

I 

k 
F, (n) = I tz ^ r dx (5.26) 
k I 1 +exp(x - n) 

where x = E/kT and n = Ep /kT, the electron density reduces to 
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W 2 « n = —7— N 
Vr c 

2kT 
V2 ha 3/2 

where 

N -=2 c 
/ 2TT m* kT 
V h 2 / 

(5.27) 

(5.28) 

The e f f e c t i v e density of states concerned i n the electron r e d i s t r i 

bution 3 ^ becomes 

-"'•7km' I ''"('*<) 

• * ft) K -

3E 
E - E r 

-1-1 
1 + exp kT 

+ ¥ F
3 / ^ E g 3/2 

dE 

(5.29) 

where 
(n) - F (n) 3n i / 2 

and F' (n) = F (n) 3 / 2 8n 3/2 
(5.30) 

To f a c i l i t a t e numerical calculation, the derivatives of the Fermi 

Dirac integrals may be transformed i n t o a non derivative form by 

the following relationships , 

F k ( T 1 ) - k V i M (5.31) 

Since 
r v 2

 < n ) 
i / 2 F (n) (5.32) 

and F' (n) 
3/2 

3/2 F (n) (5.33) 

the e f f e c t i v e density of states transforms to 

( 1 ) - ," 1 / 2 N ( k T f 1 , , 6kT „ , , (5.34) 
2 g V2 

To complete the evaluation of the second order electronic contribution 

i t i s necessary to calculate the energy change of each e l l i p s o i d i n 

the presence of a mechanical s t r a i n and to expand the summation 

(5.35) 
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The change i n energy of each electron pocket i s given by a double 

contraction of the deformation p o t e n t i a l tensor over the s t r a i n 

tensor. Since the s t r a i n tensor i s symmetrical, i t has six 

independent components 

e l l G12 E13 
E _ e £ 12 22 23 
E _ E c 13 23 33 

(5.36) 

Application of equations (5.7a) and (5.6) gives the form of the 

band edge energy changes , 

W ( D = £ L ( l ) £ 

){y£ 

" L l l G l l + L22 E22 * 2 L23 E23 - L33 E33 

Wl2) - L ( 2 ) £ 
~ & h l

 k £ 

= l / 4 ( L n + 3L 2 2) E N + f ( L n - L 2 2 , E 1 2 + /3 L 2 3 ^ 

H V 4
 ( 3 L 1 1 + L22> e22 " L23 E23 + L33 £33 ( 5 ' 3 8 ) 

W(3) = Z L ( 3 ) e 
k£ 

V 4
 + 3 L 2 2 } E l l - T ( L11 " V E12 " 7 3 L23 £13 

+ V 4 ( 3 L n + L 2 2 ) e 2 2 - L 2 3 c 2 3 + L 3 3 E 3 3 (5.39) 

Expansion of the summation i n the free energy yields six non zero 

'iiponents 

(„W -„fc»)J - (<>H> -w l 2 l) 2
+(w' 2' -w" 1) 2 3 3 

I L 
1=1 j = l 

, ( W ( D . u ( 3 ) ) ?
 + ( w ( 3 ) _ W ( D ) 2 ^ W ( 2 ) .„<3>) 2

 + (w<3> _ w ( 2 ) j ? 

(5.40) 

Due to the ^ i m i l a u t y ±v the f i r s t four coirponsnts these v / i l ] be 

s-ujnmed colluc t j velv 
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Summation of the l a s t two components of equation (5.40) yields 

2 , ,„ 2 
( W

( 3 ) -W ( 2 )) + (W ( 2 ) -W ( 3 )) = 2 4 L 2
3 E

2
3 

(5 42) 
+ 6 ( L 1 1 - L 2 2 ) 2 e ? 2 + 2 4 ( L 1 1 - L 2 2 J L 2 3 E 1 2 e i 3 

The t o t a l summation therefore becomes 
2 2 

3 3 „ „ z.. z. 

1=1 3-1 

" V 4 ( L n - L 2 2 ) 2 ( e n e 2 2 - e
2

2 ) + 2 L 2
3 ( c 2

3 + e^) 

+ 7 2 ( L n - L 2 2 ) L 2 3 ( 2 E l i e 2 3 + « 1 2 e 1 3 - 2 E 2 2 E 2 3 ) J (5.43) 

The e l a s t i c s t r a i n energy of a t r i g o n a l c r y s t a l t o terms of second 

order i n s t r a i n has been sho\<n (see Section 3 8) to be 

«> = C 
2 2 

/ E l l J
 E22 ^ 2 \ 

11 ( T - H — + G12 ) 

+ C12 ( E l i e 2 2 ~ e?2 } H C44 ( £ 23 + e23 } ( 5 ' 4 4 ) 

- C14 ( 2 E 1 1 E 2 3 + 4 C12 E13 " 2 C22 C23 ) 

Comparison of the e l a s t i c s t r a i n energy with that of the electron 

free energy shows that the e l a s t i c constants C.,, C.„, C,„ and C,. 
11 12 14 44 

w i l l possess electronic contributions. The magnitude of these 

contributions w i l l be (from equation 5.22 and 5.34) 
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L c n - - % ( L u " L 2 2 ) 2 * 

A C12 = + 9 / 2 ( L l l " L 2 2 ) 2 Y 

AC 14 12 ( L n - L 2 2 ) L 2 3 Y 

(5.45) 

AC 44 " 3 6 L23 Y 

where 

Y = 3/ 12 

IT », /, " I 
— N c(kT) 

. , 6kT „ , v 

(5 46) 

The deformation potentials have been measured experimentally by 

Walther (1968) and by Inoue and T S U J I (1967) and have been calcu

lated using o pseudopotential method by Katsuki (1969). The 

numerical values obtained are presented i n Table 6.4. Substitution 

of the deformation potent3aIs in t o equation 5.45 indicates t h a t , an 

the presence of a s t r a i n , C^ and C^ w i l l be reduced, wh i l s t C ̂  

and w i l l be increased m magnitude At f \ r s t sight -this might 

appear paradoxical, since we might expect a lowering of a l l the 

el a s t i c constant-.. However, i n r e a l i t y , we must expect a lowering 
2 

of some of the e f f e c t i v e e l a s t i c constants (C = pV , where C may 

be a combination of second order e l a s t i c constants, see Table 3.1), 

but not necessarity a reduction of a l l the second order e l a s t i c 

constant's I n the rhombohcdral structure there fire only three modes 

with a simple v e l o c i t y - e l a s t i c constant rel a t i o n s h i p , i . e . 

2 
PV. 

'11 

(5 47) 

44 
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The present theory predicts a lowering of V and V , consistent 
1 8 

with our expectations. But other directions of propagation present 

a f a r more complex picture (Table 3.1), since always appears 

as a negative constant, an increase i n w i l l decrease the e f f e c t i v e 

e l a s t i c constants, (N.B. i n s i l i c o n also increases, Hall (1966)), 

a change i n C may either raise or reduce the e f f e c t i v e e l a s t i c 

constants? and therefore an increase i n C. . i s consistent with the 
14 

argument. The computations i n Chapter 6 w i l l show that the electronic 
contributions should decrease a l l the measured ultrasonic v e l o c i t i e s , 

2 
apart from the longitudinal t r i g o n a l pure mode ( pV = C ). 
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CHAPTER 6 

ELECTRON BAND PARAMETERS AND COMPUTATION OF THE ELECTRON CONTRIBUTION 

TO THE ELASTIC CONSTANTS 

6.1 I n t r o d u c t i o n 

To c a l c u l a t e the e l e c t r o n i c c o n t r i b u t i o n s to the e l a s t i c con

s t a n t s as a f u n c t i o n of temperature, a knowledge of the e l e c t r o n i c 

parameters i s r e q u i r e d , i . e . the c a r r i e r c o n c e n t r a t i o n , the L p o i n t 

energy gap, the e f f e c t i v e masses and the deformation p o t e n t i a l s . 

F o r t u n a t e l y , we have been ab l e to o b t a i n the experimental data f o r 

t h e s e parameters from the l i t e r a t u r e . The magnitudes of the e l e c 

t r o n i c parameters of pure bismuth a t 4.2 K a r e now w e l l e s t a b l i s h e d 

v a l u e s f o r the e f f e c t i v e masses have been obtained by a number of 

d i f f e r e n t experiments, among them those based on c y c l o t r o n resonance, 

quantum o s c i l l a t i o n s and o p t i c a l r e f l e c t i v i t y , the deformation 

p o t e n t i a l s have been deduced from magnetoacoustic experiments, the 

L p o i n t energy gap from m a g n e t o r e f l e c t i o n and the c a r r i e r c o n c e n t r a 

t i o n has been d e r i v e d from galvanomagnetic measuiements. As the 

temperature i s i n c r e a s e d from 4.2 K the e l e c t r o n r e l a x a t i o n time 

d e c r e a s e s r a p i d l y and the c o n d i t i o n f o r c y c l o t r o n resonance and 

quantum o s c i l l a t i o n (WT >> 1) b r e a k s down. Thus, a t h i g h e r temperatures 

t r a n s p o r t p r o p e r t i e s and m a g n e t o r e f l e c t i o n measurements have t o be 

r e l i e d upon f o r the n e c e s s a r y i n f o r m a t i o n P r e v i o u s l y , i n the absence 

of q u a n t i t a t i v e data, i t has been sta n d a r d p r a c t i c e to assume t h a t 

the e f f e c t i v e masses and the I. p o i n t energy gap remain c o n s t a n t v i t h 

temperature, however, r e c e n t m a g n c t o r e f l e c t i o n s t u d i e s (Vecchi and 

D r e s s e l h a u s 1974) have i n d i c a t e d t h a t t h i s assumption i s g r o s s l y 

i n a c c u r a t e . 
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T h i s chapter reviews the measurements which have been c a r r i e d 

out on bismuth and on the bismuth-antimony a l l o y s , i n the l i g h t of 

t h i s knowledge a j u s t i f i c a t i o n of the parameters used i n the p r e s e n t 

work i s made. F i n a l l y , the e l e c t r o n i c c o n t r i b u t i o n s t o the e l a s t i c 

c o n s t a n t s , as p r e d i c t e d by the model i n chapter f i v e , a r e p r e s e n t e d . 

6.2 Band Parameters of Pure Bismuth 

(a) At 4.2 K 

The Fermi s u r f a c e e f f e c t i v e masses of pure bismuth a t 4.2 K, 

measured by a v a r i e t y of e x p e r i m e n t a l t e c h n i q u e s , a r e c o l l e c t e d i n 

T a b l e 6.1, the e f f e c t i v e masses m,1 , m „ 1 , m „ 1 r e f e r t o those 
x e. j 

measured a t the Fermi l e v e l . The d e n s i t y of s t a t e s e f f e c t i v e mas'; 

i n the e l l i p s o i d a ] p a r a b o l i c model of Shoenberg i s g i v e n by 

m* (EP) = (m^ m2' m^) ' 3

 ( 6 1 } 

I n the n o n - e l l i p s o i d a l n o n - p a r a b o l i c model (see Chapter 2, 

page i a ) the d i s p e r s i o n (E-k) c u r v e s corresponding to m, and are 

n o n - p a r a b o l i c , w h i l s t t h a t corresponding t o n^' i s p a r a b o l i c . The 

band edge e f f e c t i v e masses f o r the NENP model a r e d e r i v e d from the 

e l e c t i o n Fermi l e v e l t f f e c t i v e masses by the r e l a t i o n s 

2E 
m1' (0) = m ' / (1 + ) 

g 
(6.2) 

n 2 ' ( 0 ) = m2' 

2E_ 
m ' (0) = m ' / ( l H — - ) (6.3) 
3 3 E 

g 
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Thus, the NENP band edge d e n s i t y of s t a t e s e f f e c t i v e mass i s 

m*(NENP) = m*(E.P) / 
2 E 

1 h E (6.4) 

S i n c e , i n the ENP model of Lax the e f f e c t i v e masses a r e non-parabolic 

i n a l l d i r e c t i o n s , the band edge ENP d e n s i t y of s t a t e s e f f e c t i v e mass 

i s 

m*(ENP) = m*(EP) / 
2 E . 

1 + ( 6 . 5 ) 

Thus, J f the Fermi l e v e l and the L p o i n t energy gap a r e known, the 

band edge e f f e c t i v e masses may be c a l c u l a t e d usj.ng e i t h e r ( 6 . 4 ) or 

( 6 . 5 ) . There i s now g e n e r a l agreement t h a t the Fermi l e v e l l i e s 

2 5 meV above the conduction band minima and t h a t the L p o i n t gap i s 

1 3 . 6 meV (Vccchi and D r e s s e l h a u s 1 9 7 4 ) . Dinger and Lawcc-n ( 1 9 7 0 ) 

have r e a p p r a i s e d the exp e r i m e n t a l r e s u l t s of both Kao ( 1 9 6 3 ) and 

Edelman and K h a i k m ( 1 9 6 6 ) and have concluded t h a t the NTNP i s a 

more a c c u r a t e d e s c r i p t i o n of the e l e c t r o n Termi s u r f a c e . I n the 

p r e s e n t study the NENP model was employed, the band edge d e n s i t y 

of s t a t e s e f f e c t i v e mass was computed from the r e s u l t s of S i " i t h , 

B a r a f f and R o v e l l ( 1 9 6 4 ) t o be 0 . 0 1 6 f r e e e l e c t r o n masses. T a b l e 6 . 1 

p r e s e n t s the d e n s i t y of s t a t e s e f f e c t i v e masses c a l c u l a t e d from the 

v a r i o u s r e p o r t e d Fermi s u r f a c e experiments. 

(b) As a f u n c t i o n of Temperature 

Michenaud and I s s i ( 1 9 7 2 ) have r e s o l v e d the temperature 

v a r i a t i o n of the c a r r i e r p o p u l a t i o n ; F i g u r e 6 . 1 shows t h a t the 

c a r r i e r c o n c e n t r a t i o n i s approximately c o n s t a n t below l i q u i d n i t r o g e n 
1 7 - 3 

temperatures ( 3 . 3 x 1 0 an a t 4 . 2 K ) , but at hig h e r t e n p o r a t ^ r e 
1 8 - 3 

i t i n c r e a s e s r a p i d l y ( 2 . 4 5 y 1 0 cm a t 2 9 0 K ) . R e c e n t l y 
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Vecchi and Dresselhaus (1974) have overcome the problems of making 

magnetoreflection experiments at higher temperatures and have 

measured the temperatuie dependence of some of the L point band 

edge parameters. Tney give the temperature v a r i a t i o n of the L point 

gap as 

E = 13.6 + (2.1 x 1(T 3) T + (2.5 x 10~ 4) T 2 eV (6.6) 9" 

Thus, the L point energy gap increases with temperature with the 

re s u l t that the electron bands should become more parabolic. Vecchi 

and Dresselbaus also measured the temperature v a r i a t i o n of some of 

the inverse cyclotron masses 8*. but smr-e they only precept the 

results for three cyclotron masses ( l i g h t binary, heavy b i s e c t r i x 

and l i g h t b i s e c t r i x ) i t i s not possible t o derive the temperature 

dependence of a l l the e f f e c t i v e mass components. To u t i l i s e t h e i r 

r e s u l t s , i t i s necessary to make a number of simplifying assumptions, 

the data i s presented i n the form of the inverse cyclotron macs B*, 

where 
m 

8* = 6 - % (6.7) o m * c 

and 

3 = o m c o 

where 3 Q i s twice the Bohr magnetron, mc* i s the cyclotion mass, 

e i s electron charge, h i s Plank's constant and c i s the v e l o c i t y 

of l i g h t . The relationship between the cyclotron e f f e c t i v e mass and 

the band edge e f f e c t i v e masses i s 
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(h . m . h) 
* / (DET m) , l r „. m * = f - 7 — - '- \ m (6.8) 

where h 3 s a u n i t vector i n the d i r e c t i o n of the external magnetic 

f i e l d and m i s 

m^O) 0 0 

~ ( 
m =[ 0 m 2(0) m 4(0) ] (6.9) 

0 m 4(0) m 3(0) 

For the three orientations measured by Vecchi and Dresselhaus, 

we obtain 

(1) l i g h t binary , 
/ 2 m (m m - m ) 

m *(£bn) = l\— 5 — 1 (6.10) 
ral + 3 m2 

(11) l i g h t b i s e c t r i x 

m *(£bx) 
2 ^ m^(m2m0 - m̂  ) 

\ m2 

(111) heavy bj sectrix 

m *(hbx) = 2 
2 \̂  

m1(m2m3 - m4 ) 
c 1 3m̂  + m2 

Inspection of these equations reveals that only solutions to 
m i ' m2 a n <^ m3^ m4 a r e P 0 3 3 1'^ 0' however, attempts at a d i r e c t 

solution f a i l e d because m2 i s much larger than m̂  Since to c a l 

culate the density of states band edge e f f e c t i v e mass \ie require 

solutions i n vhi.ch the eff e c t i v e mass i s diagonal, m, dicigonalizatj_r>n 
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w i l l now be carried through. The two ef f e c t i v e mass tensors are 

related by a r o t a t i o n R(6) about the binary axis 

m R(0) m' R (0) (6.11) 

where R(6) = 

0 cosG -smG 

0 smG cos6 

and 0 i s the t i l t angle of the electron e l l i p s o i d . Solution of 

equation 6 11 yields the relationships between the components of 

the two e f f e c t i v e mass tensors, 

m. 

ra

ni 

2 2 m^1 cos 0 + m̂ ' sm"0 

2 2 m^1 sin 0 + m̂ ' cos 0 

(6.52) 

m. (m^' - m̂  1) cos0 sin0 

and 
( m2 m3 m4 ) = m2' m3' 

The three cyclotron masses therefore become 

(l ) l i g h t binary 

m *(£bn) c 

( n ) l i g h t b i s e c t r i x 

m *(£bx) c 

( i n ) heavy b i s e c t r i x 

m *(hbx) c 

J l '"2 '"3 
' + 3|m2' cos^G + m^1 sm^ol 

'1 '"2 '"3 
2 2 " cos 0 + 1 sin 0 

1 2 3 
I 2 3m̂  + (m ' cos 0 + rn^' sin 0) 

(6.13) 
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Assuming that the t i l t angle i s known, a solution f o r 

should be possible, the t i l t angle at 4.2 K has been reported to 

be 6°20' ± 15' (Edelman and Khaikm 1966). However, a small varia

t i o n i n the assumed t i l t angle would produce wide variations i n 

the calculated e f f e c t i v e masses. Moreover, the assumption that 

the t i l t angle i s independent of temperature i s not necessarily 

v a l i d , (indeed the galvanomagnetic data of Michenaud and l s s i 

(1972) indicates that the t i l t angle increases with temperature). 

Thus a solution which i s independent of the t j l t angle i s desirable. 

Since the t i l t angle i s small, 

2 2 

and because 
m2* > : > m i ' (6.15) 

the cyclotron equations may be s i m p l i f i e d to 

m *(£bn) = 2 c 
'm.1 ra ' 1 3 

m *(£bx) = c m l ' m
3 ' 

(6 16) 

m -(hbx) = 2 c '1 '"3 

Therefore, to a f i r s t approximation, the results of Vecchi and 

Dresselhaus give the temperature v a r i a t i o n of m̂  1 m^1. This i s 

not an unreasonable conclusion since f o r the geometrical orienta

tions used m t h e i r experiments the contribution for 1 i s small. 

Table 6.2 compares the cyclotron masses obtained at 4.2 K by 

Vecchi and Drc= «?elhaus with those calculated on the ba<bis of the 

si m p l i f i e d equations (6 16) using the experiments 1 data of other 

workers, the coirc rpondence i s good 
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The assumption i s made that i n the NENP model m̂ ' i s parabolic 

and does not vary with temperature. Consequently the temperature 

v a r i a t i o n of the l i g h t b i s e c t r i x electrons given by Vecchi and 

Dresselhaus 

B*(£bA) = 7.06 - (2.2 x 10" 2)T + (7.4 x i O ~ 6 ) T 2 

w i l l d i r e c t l y give the temperature dependence of the NENP density 

of states e f f e c t i v e mass as 
1/3 2. 

mB = (m •(0) m '(0) m '(0)) (A&*) / 3 

2, 
= m„(0) (A3 ) 3 

where 

Ag* = 7.06/(7.06 - (2.2 x 10 ) 0 )T + (7.4 x 10 ) T ) 

and m ' ( 0 ) i = 1,2,3 l e l e r to the band edge masses at 0 K 

6.3 The Fermi l e v e l m pure and donor doped bismuth 

l a the previous section a l l the electcomc parameters necessary 

for the c a l c u l a t i o n of the Fermi l e v e l i n bismuth as a function of 

temperature were introduced The Fermi l e v e l i s computed from the 

Fermi-Dnac equation which defjnes the t o t a l electron concentration 

(see equation ^ 27 ) 

N = 2 
2iv m kT B 

V 2 
(T l ) 

where 

Fk(n) x^ d 
exp (A - n) + 1 

and 
nkT 

xkT 
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The method of computation of the Fermi Dirac i n t e g r a l s F^(ri) i s 

described i n the appendix. 

The Fermi l e v e l of pure bismuth calculated as a function of 

temperature i s shown i n Figure 6.1c, i t remains more or l e s s con

stant over the temperature range 0-200 K and then decreases s l i g h t l y 

as the temperature approaches 300 K. The increasing electron popula

tion i s thus counteracted by the increase of the e f f e c t i v e mass. 

This i s i n contradiction to the work of Lerner and Martin (1972) 

who, having assumed that the ef f e c t i v e masses and the L point energy 

gap remain constant, concluded that the Fermi l e v e l should increase 

monotomcally with temperature. 

When bismuth i s doped with a donor the electron concentration 

i s increased while the band edge parameters remain constant When 
19 -3 

more than 10 cm donors are present the electron concentration can 

be considered to be independent of temperature. Figure 6.2 shows the 

vari a t i o n of the Fermi l e v e l for various electron concentrations, tn.e 

Fermi l e v e l decreases with temperature for a l l concentrations. 

6.4 Band parameters of bismuth-antimony a l l o y s 

(a) C a m er Concentration 

The c a r r i e r concentrations of 4.2 K of pure bismuth-antimony 

a l l o c s i n the composition range 0-15 at. % antimony have been reported 

by numerous authois. As antiirony i s added to bismuth Lhe decrease i n 

the overlap between the L point and the T point e l l i p s o i d s w i l l cause 

a gradual decrease i n the c a r r i e r population. I n the semimetallic 

region (0-6 at.% antimony) the} ̂  wi LI always be a f i n i t e c o r n e r 

population i t 0 K re^v^tM.g from Lh»j bonJ overlap IIo\ ever, when the 

al i o } li'-co'i'-es seiviconducting, the c a r r i e r concenti at ion at low 
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temperatures w i l l be predominantly governed by the presence of any 

donor or acceptor impurities Table 6 3 collects some of the 

reported c a r r i e r concentrations f o r the bismuth-antimony alloys 

considered here. The large scatter of the reported values r e f l e c t s 

the problems associated with impurities. To a good approximation, 

the c a r r i e r concentration at 4.2 K decreases monotonically from 

3.3 x 10*^ cm ^ fo r pure bismuth to approximately 1 x 1 0 ^ cm ^ 

for 10 a t . % antimony. 

At higher temperatures thermal e x c i t a t i o n w i l l increase 

the population of c a r r i e r s , i n view of the small band gap energies 

involved at 300 K the c a r r i e r concentration i <? of the <?STCP ordpr 

of magnitude as that of pure bismuth, Ivanov and Popov (1964) 

have measured the numoer of ca r r i e r s i n 10 a t . % alloy to be 
1 8 - 3 18 — n 

1.29 x 10 cm at 300 K compared to 2.48 x 10 cm J i n pure 

bismuth. Jam (1959), who worked on crystals of doubtful homo

geneity, also observed that the c a r r i e r populations of a l l the 

alloys at room temperature were of similar magnitude. 

(b) Band edge parameters of bismuth-antimony 

Measurements of cyclotron resonance f o r the bismuth-

antimony alloys carried out w i t h i n the semimetalDic range (Kao et a l , 

1964, G E Smith, 1962, Herman et a l (1974)) show that i n general 

the Fermi level e f f e c t i v e mass values decrease with the addition 

of antimony. Magnctorcflecti on results have indicated that the 

energy gap at the L point f i r s t decreases, goes to zero at an 

antimony concentration of about 4 at % and then increases again 

wi t h increasing antimony concentration. Recently, Chao, Chu and 

Kao (1974) have reported a Shubnikov-de Haas study o£ 0-3 at.% 



- 76 -

Reference at.% 
Antimony 

Electron concentration at 
-3 

4.2 K cm 

(a) 0.0 3.3 X i o 1 7 

<£) 0.68 2.7 X i o 1 7 

(c) 0.95 1.7 X i o 1 7 

(b) 2.00 1.1 X i o 1 7 

(f) 2.90 1.1 X i o 1 7 

(g) 5.0 1.39x i o 1 7 

(c) 6.0 7.77x i o 1 4 

(d) 7.8 2.0 X i o 1 4 

(d) 9.0 9 X i o 1 4 

(c) 9.0 4 4 X i o 1 3 

(c) 11.2 1.5 X i o 1 5 

(c) 15.0 9 X i o 1 3 

(e) 15 0 4 7 X 1 0 1 5 

References 

(a) Saunders and Suincngen (1972) 

(b) Jacobson (1973) 

(c) Brandt, Dittman and Tonomerev (1972) 

(d) Lerner, Cuff and Williams (1968) 

(e) Brown and Silverman (1964) 

(f) Chao, Chu and Kao (1974) 

(g) Thomas and Goldsmid (1970) 

Table 6.1 riec t r o n concentitjcjon of the 

bj jiuuth-anturony alloys at 4.2 K. 
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antimony al l o y s in which they propose a non-linear v a r i a t i o n of 
the band parameters i n the v i c i n i t y of the L point gapless region, 
t h i s i s to be expected since, i f the NENP model s t i l l holds i n the 
gapless region the e f f e c t i v e masses must become very small or the 
Fermi l e v e l must increase. 

Measurements ca r r i e d out i n the semiconducting region at 

l i q u i d helium temperatures suffer from the e f f e c t s of impurities 

(evidenced by the large s c a t t e r i n the reported c a r r i e r concentra

tions) . Consequently one must question the v a l i d i t y of any i n t e r 

pretation which depends upon r e s u l t s taken from d i f f e r e n t groups, 

for example, Oelgart and Herrmann (1973) calculate the band edge 

e f f e c t i v e masses of n-type semiconducting bisputh antimony a l l e y s 

by taking the Fermi energy from Lerner, Cuff and Williams (1968). 

The extension of the r e s u l t s to room temperatme suff e r 

from the absence of experimental data Although the approximate 

v a r i a t i o n of the c a r r i e r density as a function of uempej.eture i s 

known (Jain, 1959), there i s no precise information regarding the 

e f f e c t i v e masses or the L point energy gap. Lerner and Martin (19 72; 

attempted sorre band edge ca l c u l a t i o n s on bismuth-antimony a l l o y s 

using parameters derived from various cyclotron and galvanomagnetic 

measurement? and suggested an approxa nate temperature dependence 

for the gap at the L point, however, they ignored any temperature 

v a r i a t i o n of the e f f e c t i v e masses. 

In view of the fac t that the v a r i a t i o n of a l l the impor

tant parameters i n these a l l o y s s t a l l remains somewhat unclear, 

i t was decided that to c a l c u l a t e an approximate magnitude of the 

el e c t r o n i c contribution to the e l a s t i c constant at room temperature, 
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the following assumptions would have to be made (1) the c a r r i e r 

concentration at room temperature decreases monotonically from 
1 8 — 3 1 8 — 3 2.48 x 10 cm for pure bismuth to 1 x 10 cm f o r a 10 at.% 

antimony a l l o y , ( n ) the L point energy gap remains constant 

wi t h composition, ( i n ) the band edge mass i s the same as that of 

pure bismuth. 

6.5 The Deformation Potentials 

The deformation potentials of pure bismuth measured at 

l i q u i d helium temperatures by Walthei (1968) and by Ino^e and 

T«?nji ( 1 9 6 ^ anc" calculated b^ Kats^kx (1SC9) cut. yiven i n 

Table 6.4. Since, at present, the deformation potentials can only 

be obtained through magnetoecoustic experiments, no information 

regarding the temperature dependence i s available and consequently 

temperature independent deformation potentials mast be assumed. 

Likewise, i n the absence of data for the bismuth-antimony e l l o y s , 

the potentials must also be considered t o be constani with 

composition. 

6.6 Computation of the Electronic Contributions to the 

F.lastic Constants 

(a) Basis 

The e l e c t r o n i c c o n t r i b u t i o n s to the e l a s b L C c o n s t a n t s 

were shown m chapter f i v e t o be, 
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Wa]ther 
(1968) 

Katsuki. 
(1963) 

Isque and 
T s u j i U967) 

L l l -2.2 -1.7 -2.1 

L22 5.9 5.0 5 3 

L23 

L33 

1.5 

-1.7 

1.1 

-3.8 -1 7 

T l l 1.2 1.1 1 1 

T33 -1.2 -2.5 -1.2 

Table G.4 The Deformation Potentials (eV) 

of Bismuth. 
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A C n - -9/2 ( L u - L 2 2 ) 2 V 

AC 1 2 = 9/2 ( L u - L 2 2 ) 2 V 

A C 1 4 = " 1 2 ( L11 " L 2 2 ) L23 V 

A C 4 4 = " 3 6 L 2 3 2 v 

where 
I , ( 2 m*(HENP)kT 
12 -Z\ J 

6kT 
p_^(n) + ^ - F ^ n ) 

U t i l i s i n g the band edge parameters discussed i n the previous sections, 

the e l e c t r o n i c contributions were computed both as a function of 

temperature and c a r n e i concentration. The computer programme i s 

reproduced i n the appendix. 

(b) Bismuth 

Figure 6.3 presents the t h e o r e t i c a l e l ectronic contributions 

to the e l a s t i c constants , C i 4 a n d C44 o f b l s r a u t h (al_ 4.2 K) 

cal c u l a t e ? as a function of c a r r i e r concentration The magnitude of 

the e l e c t r o n i c component increases with the free electron density 

but for the pure material i t i s r e l a t i v e l y small i n comparison to the 

absolute values of the e l a s t i c constants, for example, a c a r r i e r 
19 -3 

population of 3 x 10 cm i s required to produce a measurable 
10 -2 

change of 1* m C ( C ^ = 69 3 x 10 dyne cm at 4.2 K) . Thus, 

to obtain a s a t i s f a c t o r y experimental v e r i f i c a t i o n of the e f f e c t , 

u l t i a s o n i c rrcosurements on highly donor doped c r y s t a l s must be per

formed Fiqure 6 4 gives the temperature v a r i a t i o n of the e l e c t r o n i c 

contribution for various electron concentrations, the e l e c t r o n i c 

contribution increases L l i g h t l y M i l l temperature, as a cor sequence 
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of the large temperature v a r i a t i o n of the band edge e f f e c t i v e masses. 

The Keyes model predicts that the electron r e d i s t r i b u t i o n reduces 

the free energy and hence the e f f e c t i v e e l a s t i c constants should be 

decreased f o r a l l directions of propagation (other than f o r the 

t r i g o n a l pure mode). The change i n the v e l o c i t i e s f o r the propaga

t i o n directions discussed i n chapter three have been computed f o r 

various electron concentrations. Figure 6.5 v e r i f i e s that a l l the 

ultrasonic v e l o c i t i e s are decreased as the electron population 

increases. 

(c) Bi gmuth-antimony 

The room temperature e]ectronic contributions t o the 

e l a s t i c constants of i n t r i n s i c bismuth-antimony alloys i n the com

posi t i o n range 0-10 a t . % antimony are presented i n Table 6.5, the 

assumptions made are those discussed i n Section 6.4a. The computa

t i o n c l e a r l y shows th a t the electronic e f f e c t i s so small as to be 

v i r t u a l l y i n s i g n i f i c a n t . Moreover, because i t has been assumed 

that the band edge parameters remain constant with coinposjtion, the 

th e o r e t i c a l l y calculated electronic contribution should be larger 

than i s actually the case, the experimental evidence shows that 

the band edge parameters decrease with the addition of antimony. 

6.7 Summary 

In t h i s chapter the band parameters necessary for the c a l 

culation of the electronic contributions have been detailed. The 

computations have shown that f o r the i n t r i n s i c materials the elec

t r o n i c contributions should be negligible However, the e f f e c t 

should be observable in highly donor doped crystals of bismuth. 
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At % 
Antimony 

A C 1 1 A C 1 2 A C 1 4 

x 10 dyne cm 

44 

0 -0 113 +0.113 +0 .042 -0.031 

3 -0.098 +0.098 +0.036 -0.027 

5 -0.085 +0.085 +0.031 -0.023 

7 -0.077 +0.077 -10 028 -0 021 

10 -0.045 +0.045 +0.018 -0.014 

Table 6 5 The room temperature eJecLromc 
contributions to the e l a s t i c constants 
of the bismuth-antimony a l l o y s . 
(For comparison the e l a s t i c constants 
of pure bismuth are , 
C n -- 63.4, C 1 2 - 24.5, •= 24.9 

C.. - 7.28, C.. = 11.5, 14 44 

C,, = 37.9 x 1 0 1 0 dyne cm"2) 
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Chapter seven gives the r e s u l t s of ultrasonic measurements 

on the bismuth-antimony a l l o y s and chapter eight reports the r e s u l t s 

for donor doped bismuth. A more precise discussion of the experi

mentally observable electronic e f f e c t i s reserved for these l a t t e r 

chapters. 
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CHAPTER 7 

THE ELASTIC CONSTANTS OF THE BISMUTH-ANTIMONY ALLOYS 

7.1 I n t r o d u c t i o n 

The r e s u l t s o f u l t r a s o n i c v e l o c i t y measurements on s i n g l e 

c r y s t a l bismuth-antimony a l l o y s i n the range o f composition 0-10 a t ° 

are presented both as a f u n c t i o n of composition and of temperature. 

From these measurements the e l a s t i c s t i f f n e s s and e l a s t i c compliance 

constants have been d e r i v e d . The p o l y c r y s t a l l m e moduli are deduced 

from the s i n g l e c r y s t a l constants and co n t r a s t e d w i t h t h e e x i s t i n g 

data on aggregate m a t e r i a l . 

7.2a Room Temperature U l t r a s o n i c V o i c e ] t j e s 

The as-grown c r y s t a l s were o r i e n t a t e d t o an accuracy of 
o 

h by the conventional Laue back r e f l e c t i o n technique and specimens 

having r e c t a n g u l a r shapes were then machined by the spark e r o s i o n 

process, the f i n a l surfaces being f l a t and p a r a l l e l t o 1 p a r t i n 

10,000. The sample dimensions were 3-5 mm m t h i c k n e s s , w i t h a 
2 

c r o s s - s e c t i o n a l area o f a t l e a s t 1 cm . For a complete determination 

of a l l the e l a s t i c constants three d i r e c t i o n s o f propagation were 

r e q u i r e d ( i ) the (001) a x i s gave C^ ancl c^t ( n ) the (100) axis 
C,,, C.„ and the magnitude o f C, ., ( i n ) the (0, - — , — ) 

1 1 1 2 1 4 /2 /2 
d i r e c t i o n C^ a ^ d the s i g n of C^. The r e l a t i o n s h i p between the 

var i o u s modes and the e l a s t i c constants i s o u t l i n e d i n Table 3.1, 

the n o t a t i o n u^ed i s c o n s i s t e n t w i t h the nomenclature of Eckstein, 

Reneker and Lawson (1960). 

Quartz p i e z o e l e c t r i c transducers were bonded t o the sp e c i 

mens w i t h Nonaq stopcock grease ?nd the u l t r a s o n i c t i a n s i t times 
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were measured a t room temperature (290 K) using the pulse echo over

l a p technique. C o r r e c t i o n s f o r the transducer t r a n s i t time (see 

Section 4.3d) were evaluated by measuring the u l t r a s o n i c v e l o c i t y 

as a f u n c t i o n of transducer thickness and e x t r a p o l a t i n g the values 

so obtained t o zero transducer thickness The (001) and (100) 

l o n g i t u d i n a l modes were r e a d i l y e x c i t e d and d i s t i n g u i s h a b l e as were 

the two shear modes m the (100) d i r e c t i o n . The degenerate shear 

mode along the t r i g o n a l a x i s proved t o be the most d i f f i c u l t t o 

propagate and considerable patience had t o be exercised before a 

clean and ex p o n e n t i a l echo t r a m was obtained; c o o l i n g of the sample 

produced extremely sharp and w e l l d e f i n e d echoes. Propagation o f 

u l t i asonic waves i n the YZ d i r e c t i o n presented no d i f f i c u l t i e s , 

although, due t o t h e i r s i m i l a r v e l o c i t i e s , care had t o be Laken t o 

d i f f e r e n t i a t e between the pure and the quasi-pure sheer Erodes. I n 

gen e r a l , f o r a l l modes, the Nonaq bond appeared t o s t i f f e n when 

cooled from room temperature t o 0°C, producing an apparent, b u t 

smal] decrease i n t h e a t t e n u a t i o n , however, no anomalies \ ore 

observed i n the u l t r a s o n i c v e l o c i t i e s 

Figure 7.1 gives the u l t r a & o n i c v e l o c i t i e s as a f u n c t i o n 

o f composition f o r the e i g h t modes st u d i e d here. There i s an increase 

i n a l l the e x p e r i m e n t a l l y measured v e l o c i t i e s as antimony i s added 

t o bismuth. 

The p r i n c i p a l e r r o r s i n the v e l o c i t y mec-'surements are. 

( i ) the u n c e r t a i n t y i n the measurement of the apparent t r a n s i t t i m e , 

i . e i n s t r u m e n t a t i o n e r r o r , ( n ) the d e t e r m i n a t i o n of the c o r r e c t i o n 

f o r th<- e f f e c t i v e t r a n s i t time i n the transducer, ( i n ) m i p o n e n t a -

t i o n of the sample, ( I V ) u n t c - t a a n t y m tho l e n g t h measurement, 

(v) d i f f r a c t i o n Since the pulbe c.v-ho overlap t._'„hnique c?n r r c s u r e 
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4 the apparent t r a n s i t time t o an accuracy of 1 p a r t i n 10 , t h i s e r r o r 

can be neglected. The u n c e r t a i n t y i n the d e t e r m i n a t i o n of the 

e f f e c t i v e t r a n s i t time w i t h i n the transducer i s estimated t o be a t 

most 0.015 | i s , thus, t h i s e r r o r i s dependent on both the v e l o c i t y 

o f propagation and on the thickness o f the sample. De B r e t t e v i l l e 

e t a l (1966) have shown, f o l l o w i n g the method o f Waterman (1959), how 

t o c a l c u l a t e the v e l o c i t y e r r o r s due t o m i s o r i e n t a t i o n f o r the 

p a r t i c u l a r modes i n rhombohedral c r y s t a l s , f o r a m i s o r i e n t a t i o n o f 

1° the e r r o r s f o r , V^, and V ? w i l l be le s s than 0.01% and f o r 

V_, V,r , V,_ and V . less than 0.1%. The specimen dimensions were 7 \<l 13 i4 e 

measured, using a d i a l gauge, t o an accuracy of 0.03%. Papadakis 

(1966) has shown t h a t , f o r the frequencies used here, the e f f e c t o f 

d i f f r a c t i o n i s l e ss than 0.05o. Thus the t o t a l u n c e r t a i n t y ] i n u t s 

are approximately 0 4% f o r l o n g i t u d i n a l v e l o c i t i e s and 0.2% f o r the 

sheax. wave v e l o c i t i e s 

7.2b The E l a s t i c Constants a t Room Tenderaturo 

Cnly the c l a s t i c constants C,,, C__ and C„„ can b j obtained 
11 33 44 

from s i n g l e v e l o c i t y measurements i n pure mode d i r e c t i o n s , the con
s t a n t s C,_, C, . and C., must be deduced from a combination of v e l o c i t y 

12 13 14 1 

measurements The method of least-mean-squares has been employed t o 

compute the e n t i r e set o f e l a s t i c constants f o r each composition 

(see Pace and Saunders 1970). I n i t i a l l y each o f the e f f e c t i v e e l a s t i c 

constants i s c a l c u l a t e d from an approximated set of Ĉ ,̂̂ , d i v i d e d by 

the corresponding experimental val'ue and compared t o u n i t y t o compute 

the parameter RUMSQ 
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SUMSQ 

1=1,2,3,7,8 
12,13,14 

2 - 2 

CALULATED pv 
y - i o 

MEASURED pv 
1 

SUMSQ i s then minimised by a c y c l i c adjustment o f the e l a s t i c con

s t a n t s . The computer program and i t s mode o f op e r a t i o n are given 

an Appendix 3. The d e n s i t i e s o f the samples were obtained by the 

displacement method o f Archimedes. The computed e l a s t i c constants 

as a f u n c t i o n of composition are given i n Figure 7 2. The e r r o r s 

i n the e l a s t i c constants were estimated by u s i r g the least-mean-

squares programme and a d j u s t i n g the measured v e l o c i t i e s t o t h e i r 

experimental l i m i t s o f accuracy. The e l a s t i c constants C^, C^ 

and C.. are observed t o increase monotonically w i t h co'nno?.ition, 44 ** 

\shile C^p, ancl Ĉ ^ remain approximately constant The constants 

show an approximate agreement w i t h Vegard's Law i f they are e x t r a 

p o l a t e d t o pure antimony (Epstein and De B r e t t e v i l l e (196^) have 

measured the e l a s t i c constants o f pure antiinony a t 300 K t o be 

C u = 99.4, C 1 2 = 30.9, C 1 3 = 26.4, - 21.6, C 3 3 = 44.5, 
10 -2 

= 39 5 x 10 dyne cm ) , an e x t r a p o l a t i o n over such a small 

composition range must however be t r e a t e d \ i t h extreme c a u t i o n . 

The e l a s t i c constants o f pure bismuth a t loom temperature obtained 

here compare favourably t o the r e s u l t s of E c k s t e i n , Reneker and 

Lawson (1960) and Kamnjer, C a r d i n a l , Void and (Jliskman (1972) . 

Tcible 7.1 compares these tnree sets of data. As i n the present 

work, both Eckstein e t a l and Kaininer e t a l made c o r r e c t i o n s f o r 

the e f f e c t i v e t r a n s i t time i n the transducer, Eckstein e t a l 

used the e m p i r i c a l pjoepdure of determining the t r a n s i t time w i t h 

and without, a dura^y trance" uf or on the opposite- face o f the sample, 

file:///shile
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E l a s t i c 
Constant T K This Work Eckstein, Lawson 

and Reneker(1960) 
Kammer ex a l 

. (1972) 

42 69.25 68.7 -
C l l 80 68.18 68.6 -

290 63.39 ± 0.4 63.7 63.5 

42 24.48 23.7 -
C12 80 24.49 23.8 -C12 

290 24.52±0 3 24.9 24.7 

42 25.37 - -
C13 80 

290 
25.41 
24 90 ± 0 4 24 7 24.5 

42 8 40 8 44 
C14 80 8.12 8.0b C14 

290 7.28 ± 0.1 7.i7 7 23 

42 40.41 40.0 
C33 80 39.93 40.6 C33 

290 37.90 i 0.3 38.2 38.1 

• 42 13.55 12.9 
80 13.09 12.7 

290 11.51 ± 0.15 11.23 11.3 

42 22.39 22.5 
C66 80 21.85 22.4 C66 

290 19 44 i 0.4 19.41 19.4 

Tal 1.. 7 .1. The e l a s t i c constants of pure bismuth at 4.2 K, 
78 1 arc 290 K , comparison with the work of 
Eckstein, Lavvoon and Rancher (1960) and Kamrier, 
Cardinal, Void end Glirl-rir^^ (1972). 
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while Kammer et a l measured the t i a n s i t time as a function of trans

ducer thickness. Thus, i n a l l three studies, the p r i n c i p a l error 

has been reduced to a minimum. Both these groups measured the 

ul t r a s o n i c v e l o c i t i e s of fourteen modes of propagation and therefore, 

although t h e i r e l e c t r o n i c techniques were not as sophisticated as 

used i n the present work, they v/ere able to reduce t h e i r errors by 

having a large number of redundant terms. 

7. 3 Temperature Dependences 

The temperature v a r i a t i o n of most of the modes was measured 

with the pulse echo overlap technique m the range 4 2-290 K The 

r e s u l t s are presented i n Figures 7.3 to 7.10 An i n t e r e s t i n g finding 

i s that the temperature dependence of the ul t r a s o n i c v e l o c i t i e s i s 

e s s e n t i a l l y unaltered by alloying; Figures 7.11-7.13 pretent the 

v e l o c i t y data as V(T)/VU90) and demonstrate that the temperature 

v a r i a t i o n i s independent of composition. The degree of scatter of 

the experimental points r e f l e c t s the accura c y of the technique. The 

pulse echo overlap method i s s e n s i t i v e to a v e l o c i t y vana\.ion of 
4 

1 part i n 10 , the t r a n s i t time was continuously monitored and 

measurements recorded i n at l e a s t f i v e degree i n t e r v a l s . Some error 

might be introduced i f the t r a n s i t ti>ne correction for the perturba

tion of the transducer were to change w i t h temperature. To check 

t h i s , the corrections were evaluated both at room temperature and 

at l i q u i d nitrogen and found to be e s s e n t i a l l y i d e n t i c a l , thus i t 

was concluded that the t i a n s i t time c o i r c c t i o n was temperature 

independent Furthermore, the fac t that the temperature dependences 

of the ultrasonic v e l o c i t i e s of a l l tne biLmuth-antimory a l l o y s are 

id e n t i c a l a t t c t i , ^ to t h i s assumption. The sample thicknesses. 
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although si m i l a r , were not i d e n t i c a l and thus the percentage t r a n s i t 

time corrections were d i f f e r e n t for each specimen Any change in the 

correction factor would thus have r e f l e c t e d i t s e l f i n the temperature 

dependence. Based upon t h i s simple evidence, the temperature depen

dences measured here are believed to be of high prec i s i o n . 

The least-mean-squares programme was used to obtain values of 

the e l a s t i c constants at a s e r i e s of temperatures down to 4 2 K. 

The ult r a s o n i c path length and the density were corrected for change 

with temperature by use of the two c o e f f i c i e n t s of thermal expansion 

of pure bismuth given by White (1972). Values of the e l a s t i c con

stants at temperatures between 4.2 K and 290 K are given i n Table 7.2 

and snown grapni c a l l y i n Figures 7.14-7.16. Apart from t n e con

stants vaiy l i n e a r l y with temperature approaching a maximum at 0 K 

with zero slope - the usual behaviour found to c r y s t a l l i n e materials. 

Within the l i m i t s of experimental accuracy, the constant i s 

observed to be independent of temperature Eckstein et a l measured 

a l l the e l a s t i c constants apart from C ^ £t 4.2 K to 70 K, making 

corrections for thermal expansion from the data of E r f l i n g (1939), 

i n general, the present findings substantiate t h e i r measurements. 

However, the temperature dependences obtained here are accurate to 
5 

1 i n 10 for C.., C_, and CAA and 1% for the i n d i r e c t l y measured con-11 3 J 44 

stants C ^ , C and C Kammer et a l (1972) determined the adiabatic 

s t i f f n e s s constants at a number of discrete temperatures ranging from 

room temperature to the me 1ting point, and made corrections to the 

sonic path length and density by usii.g the tnermal expansion data of 

Cave and Holroyd (i960) Thus, the ]»esent r e s u l t s complete the data 

for pure bismuth ever the entire cange of temperature extending from 

4 2 K to tne netting pOj.nL 

http://pOj.nL


2 76 H 

274 H 

2 72 H 

R 2 6 4 H 

2 6 2 H 

2 5 6 i 

100 150 200 

Tempera tu re °K 

300 

F i g u r e 7 3 T h e t e m p e r a t u r e v a r i a t i o n o f V 1 

© p u r e b i s m u t h . x 3 a l % . • 5 o t % n 7 a t % . o l O a t % a n t i m o n y 



1 78 H 

176 

174 

in O 

O 
(V 
(A) 

172 -

1 70 

B O 
[3 O 

0 O 
s o 

@ o 

• 
• 

o 
• o 

H O 

s o 
is o 

• o 

E 
o 

1 68 i 
0 

CM 
> 166 

164 4 

1 62 4 

1 60 

158 

1 56 

• • 
D • 

O 
0 O 

• 
• 

• 
• o 

m o 
• 

• 
• O 

• 
• 
• 

• 
• 

O • 
• 

© • 

© 

© 

o 

0 50 100 150 200 

Tempera tu re °K 

F i g u r e 7 4 T h e t e m p e r a t u r e v a r i a t i o n o f V2 

250 



0 99 

0 9 8 

0 97 -

0 95 -

0 95 

0 94 

0 93 

0 92 H 

0 91 

0 90 H 

0 89 

0 8 8 

0 87 -

0 8 6 -

0 o 
o 

o 
o 

m a o 
13 0 

a O 
o 

o 
® ° o 

D • s „ o 
• s 
• Q o 

X • 0 0 

x n ° 
X
 v • _ Q O 

° y D B 
© X

 x • H O 
° o x • p ° 

O X n H ° „ 
O X B ° 

© y a 

o x n o 
© x • 

o x D 

© X • 
© x • 

© x • 
© X • 

G X u 

„ X 
@ x 

0 X 
o 

i 1 1 1 r 

0 50 100 150 200 250 300 

Tempera tu re ° K 

F i g u r e 7 5 T h e t e m p e r a t u r e v a r i a t i o n o f V3 



2 07 

u 201 

> 200 

50 100 150 200 

Tempera tu re °K 
250 300 

F i g u r e 7 6 T h e t e m p e r a t u r e v a r i a t i o n of V7 



128 

126 1 

\1L 

1 22 H 

120 

y l i f t 

£ 
O 

00 
> 

116 

1 U J 

112 

110 J 

108 H 

o o, 

E3 

O 

• O 

• 
IS 

IS 

• • 

o 

• • 

© 

• • 
© • 

o 

El 
G 

GJ 

• 
© 

• 0 
© • 

0 • 

Q • 

© 
© 

© 

© 
G © 

© 

0 50 100 150 200 
Temperature °K 

250 300 

Figure 77 The t empera tu re v a r i a t i o n of V8 



2 701 

262H 

'o 2 60 

6 258-I o 

2 54-

252 -

2 50H 

100 150 200 
Temperature °K 

250 300 

Figure 78 The t e m p e r a t u r e v a r i a t i o n of V12 



> 0 96 

0 9 2 -

-i r 
100 150 200 

Temperature °K 

250 300 

Figure 79 The t e m p e r a t u r e v a r i a t i o n of V13 



116 

1 U H 

112 
o cu 
in 

\ A A f\ 

O 
T — 

X 

> 108 

106H 

104 

0 100 150 200 
Temperature °K 

250 300 

Figure 710 The t e m p e r a t u r e dependence of V U 



109 

m o V3 
108H 

• 
107 

106-

1051 

ftp © 

V2 

• 
• 

• 

x© 
O 

Q 

© x 

• 

/—* 
cn 

o © 
© X 

• X 
V1 

> 1041 

103 

1021 

1 01 

100 

• 
• 

© 

• 

o 
o 

• x 

o • 
© 

© O 
0 © 

O x 

B • 
O 1 

• • 
O 

E3 O 

• 

O o 

* • 
o 

I 1 1 I 1 1 1 1 « 1 1 1 1 1 1 — — - ~ \ 

0 100 200 300 
Tempera tu re °K 

Figure 7.11 Norma l i sed t e m p e r a t u r e dependence of 

t he u l t r a s o n i c ve loc i t i es , (100) d i rec t ion 

©pure b i s m u t h . x 3 a t % S b . n 5 a t %Sb J i a7a t%Sb ,ol0at%Sfc< 



109 

G 
108 ^ 

107 

106 

_ 105-

o 
cr» 

> 1 04 ^ 

103 

102H 

101 

100 H 

° V8 
© 

o 
G 

4> 

• 

• 
• 

• 

• 

° ° o 9 V7 
o « • 

5 @ 

Q 

O C3 
x 

0 0 • 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 -

0 100 200 
Temperature °K. 

F igure 712 Norma l i sed t e m p e r a t u r e dependence o f 

the u l t r a s o n i c v e l o c i t i e s , (001) d i r e c t ion 

300 



109 

108 

107 A 

106 

105 

8 104 
> 

> 103 

102 

101 A 

100 

o „ V13 © o 
© o 

r\ «-» W H O - O v i * . 
O 

O 

© 

0 o 
© 

o 

° o - ° 
© 0 o o 

o 
o 

o o 
© u 

o © 
© 

O © O 
« o 

o © 
o o 

o 

1 I I I 1 1 1 1 1 1 1 1 1 1 1 1 
0 100 200 300 

Temperature °K 

Figure 7 13 Norma l i sed t e m p e r a t u r e dependence of 

the u l t r a s o n i c ve loc i t i es . (0,1/V2,1A/2) d i rect ion 



- 91 -

C M I T ) CM i n 00 cn VO m cn i n C O 0 0 10 CM 

o cn cn ro C O -si* ro C O C O ro 

r* 
•* 

r* 
CM C M CM CM C M CM C M CM C M CM C M CM CM CM CM CM 

Vh 

o B 
H 

+ J 
C VD O r-i CO r » v o T—< VO VO i n VD H 

< m ro C M r-i *—i «—i C M C M C O C O C O C M ro C O 

• P ro ro cn cn C O ro C O C O C O ro ro C O C O ro ro ro 
C 
ni 

CM CM CM C M C M CM C M C M CM CM C M CM C M C M CM CM 

o 
<u 

PH 

o 
o o i n p - VO m 0 0 O O VO v o v o VO i n vo CTi 

o ro ro cn 0 0 r - 0 0 r ~ to 0 0 r-~ CO 00 0 0 cn CO 
H 

cn CO 

0 cn ro co ro C O C O ro C O o C O f t ro C O 

o 
1 1 

C M CM CM CM C M C M C M C M C M CM CM CM C M C M CM CM 

< 
C M r-i VO CM cn C M 0 0 0 0 i n cn C O i n VO 0 0 
I T ) r « m i n i n i n *r i n L. , m 

o 
V j * * f 
CM CM cn CM CM CM C M CM CM CM < N CM CM C M CM 

0) 
H 

a
tu

 

C M a
tu

 

W 
C M 

M O O O o o o O O O o O o o o o 
0) o cn 0 0 VO C M o 0 0 VO CM O CO CM 

ft CM C M CM C M CM CM 
CM 

f-f 
<U 

fr< 

CM 

u 

o 
0> 
O 
a 
0) 
c 
CO 

ft 
CD 

a 
v 
u 

+ J 
m 
u 
0) 

ft 
H 
01 

E-i 

o O o H v o c n 0 0 C O T-i v o CO r-i oo o 
Q 

C O e n m i n c n 00 C M C O CM VD c n C O VO C O 

VO VD r » 0 0 C D oo c n c n O o CM CM 
vo VO v o VO VO VD VO VD r - r - r--

0 
o 
a 
H r-- r-l C M VO r - C M VD C O i n o CM C O i n CM i n 

• P o *—1 r-~ »-) VO i n o 00 r o r - i n 00 e n 
c 

00 e n 

vo VO VO r-- 00 0 0 c n c n O o r-i r-i r-i r-i 

I ) 
v o VO v o v o v o vo VO v o v o v o r - r~ r » 

+•* 

c O 
U 
u 
o 00 C O C M v.0 oo *—i C O m o m vo v o VD 

L O 
CM <tf o C O C O c o C O i-^ CM r~- ^' 00 o C M 

U i n i n vo VO VO r - r - 00 C O CTl c n O o o r-i i—( 

c 
vo vo v o vo VO vo v o vo v o VO v o r-- r - r - r -

o 
+ J 

< 
c n O U o C O v o CM o c o i n 
C O vo CM VO o i n C O ( t r - i n c o r-i CM 

r o C O •>r vl" i n i n i n VD v o r~- r - CO oo C O 01 c n 
v o VO VO VO vo vo v o VD v o VO v o VO VD VD VO v o 

o 

+ J CM 
ctf 

O o o o o o o O o o o O o o O 
o 0 c n C O VO «* C M o oo VO C M o O J vo CM 

ft CM CM CM CM CM CM H «—l •r-t •* C •* 
0) 
r-i 

u 
VH 
o 
01 
u c 
-a 
c 
<y 
ft 
0) 

a 
0) 

u 
•p 
rti 
u 
& 
0) 
H 



- 92 -

o i n o o o 1 0 o CN m v o v o v o o 
o r o r o sj< IT) VO VO c o c n o CM r o i n 
r-t • 

0 0 CO CO CO CO CO CO CO CO C n c n c n c n c n c n c n 

o o r - V0 r o e n o CO CM CM r o 00 CD 
r o r o ^' LO VO r - CO c o o o CM r o •si 1 s j i n 

O 
CO c o CO CO CO c o CO CO c n CTl c n c n c n c n CM c n 

o m H -1 O v o r - r o CO 0 0 r o r o c n r o 
CO CO o »-< CN CN m i n VO v o r-~ CO c n c n o 

m 
r - r - CO c o CO c o CO CO CO CO 0 0 c u c o c o CO c n 

0), 
PH 

a 

Q) 
M 
P 
•P 

H 
01 
D. 

E H 

c o c n CO '3* CO c o CN o VO O 
CM CM UJ vo r > c o c o c n o CM CN r o 

1 - r - r - r-- r » r~ r - CO 0 0 CO 00 CO CO 

CM 
o o O O O O o o o o o o o o O 
c n CO v o •sP CN O CO vo CN o c o VD •"•J" CN 
CN CN CN CN CN CN x-1 

c n CN i n i n r— CM i n m c n CN i n v o c o c n 
vO r-- r - CO 0 0 c o c o 0 0 c n e n c n c n c n c n 

o • • •» • • • • • # • • • • 

•sT •sj' •si* •s]< ^' S J 1 s i ' >y 
CM CM CM CN CN CN CN CN CN CM CN CN CM CM CM CM 

>• 
c 
6 o O r o CN r » r o CN <# O vo VD O 

4 J 
SI* •Si' i n i n i n VO VO r - vO r - VO vo r - r - v o 

V3' •si- •si' •s]' s f <* s r •st- s i •sr s r •a-

< CM CN CN CN CN CN CN CN CM CN CN CN CM CN CM CN 

4 ' 
C 
0) 
u 
JH O o i n r o " 0 O VO CN —i H r~ oo 
<U CO oo CO c o CO c n c n c n O O —{ o o o 
Ch i n 

S J ' s r •3' <3' m i n m m m i n i n m 
U 
,_] 

CN CM CN CM CN C4 CN CM CN CN CN CN CN CN CN CN 
' T 
£ j 
O 
•P 

o i n CO O O m oo m c n c o CN r - c n r 1 r~ 
c n c n o H <—< »— CM CN r o r o r o r o <r r o 

o 
• s i ' i n m m i n i n m m i n i n m i n i n m i n 

CM CN CN CN CM CN CN CM CN CN CN CN IN CN CM CN 

a; 
J-i 

•P CM 
m 
H o o o o o o o o o o o o O O o *3' 
0) c n v o M' IN o CO v o d ' CN o vo •si' CN 
r o C-i CN CN CJ CM •—( 1—1 

l-« 
(U 

E-i 
. , _ 



- 93 -

c 
B 
H 
•U 
G 

4 J 
a 
0) 
u 
M 
(!) 

PH 

U 
H 
& 
O 

• P 

CTl in 00 n IX) r o r o o r o CTi CTI o r-~ 
O CM i n v o 0 3 O r o I T ) r - CTl C N r o r o 

r o r o r o r o r o r o s r i n i n i n 

1 r o r - r - r - CO C N C N 0 0 
0 3 c n o C N i n r~ CO o C N r o i n CO CTI o 

C N C N r o r o r o r o r o r o <3* « t f i n 

CM r~ r o 0 0 C N o r o r - CTi i n CTi 0 3 CTl *- i 
C N C N l£> r - e n C N m v O CO CTi r-t C N r o 

i n 
C N 

C N C N CM C N C N C N r o r o r o r o r o C O r o «# 

*—1 »—( m C N 0 0 r o CO O 0 0 r o r - CTI i n o o i n 
m i£> I-- CTi o C N r o i n « 3 0 0 CTl o C N i n i n 

o 
«-H C N C N C N C N C N C N C N r o r o r o r o r o 

01 

• P 
(0 
u 
0) 
0 , 0 
Q) 

E H 

o O o o o O O o o o o o o o 
I 

o "3* 
CTl CO ix> C N O 0 0 vo C N o 0 0 i£) C N 
C N C N C N C N C N C N < «-4 1—I 

> 1 
c 
o 
B 
H 
+J 
c 
rtl 
4-1 
a 
OJ 
(J 

CI 
P-i 

U 
H 
0 
O 

• P < 

AT 
n 
D 

• | J 
«J 
H 
QJ 
D , O 
B 
t-i 

r o 
CM 

r o 

CTi 

r -
r o 

C N 

00 
r o 

CTi 

r o 

O 
CTi 
CN 

O 

CO 
r o 

r o 
C N 

0 3 
r o 

r o 

CO 
r o 

i n 
IX) 

oo 
r o 

r-
co 
oo 
r o 

r o 
O 

CTi 
r o 

r o 
i n 

CTl CTi 
r o r o 

CTi 
r o 

r o 
0 3 

CTl 
r o 

CTi 
CTi 

0 1 
r o 

i n 

o 
•3* 

CN i n r o 
T-I C N 

0 0 
r o 

0 0 
r o 

0 0 
r o 

r o 

O 
C O 
C N 

0 0 C N 
I D CTi 

i£> 
r o 

i n 
"5]' 

CTi 
00 

CTi 
O C N 

O 

o 

CO CO CO 00 
r o r o r o r o 

CTi 
r o 

CTi 
rt 

CTl 
r o 

CTi 
r o 

CTi 
r o 

O 

r o 
i n 

r o m H 
01 CN r o 

CO 
i n 

i n IX) 
CTi 

o 
C N r o 

O 

CN 
i n 

o 
-a* 

r o 
<X) 

0 0 
r o 

CO 0 0 
r o r o 

CTi 
r o 

CTi 
r o 

CTi 
r o 

CTi 
r o 

CTi 
r o 

O 
"3" 

O 

i n vf 
CTi «-i 

r o 
r o 

i n 
i n 

i n 
CTl 

0 3 i n 
r o 

m 
i n r-

CN 
CTi 

O 

o 

o 

C N 
CM 

CO 
r o 

CO 
r o 

0 3 
r o 

CO 
r o 

0 3 
r o 

CTi 
r>> 

CTi 
r o 

CTi 
r o 

CT> 
r o 

CTi 
r o 

O O 

o 
1 0 
C N 

o 

C N 

O O 
CN O 
CN CN 

O 
O J 

O O O 
I D <3* CN 

- i T~i *—t 

O 
o 

o 
0 3 

O 
>X> 

O 

r o 

O 
-3* 

O "si1 

CTi 

r-
o 

o 
<3' 

o 
C N 

o 

o 

r o 
co 
o 
1" 

VX) H 
r o ' d ' 

o 



73 0 

71 0 i 

69 0 -

670 -

65 0 -

o 63 0 

c 16 0 H 

15 0 1 

U O H 

13 0 -

12 0 H 

150 200 
Temperature °K 

300 

Figure 7 U Temperatu ievanat ion of t l ie elastic constants 

C11 and C U 

©pure b i smu th , n 5 a t % Sb , • 7a t%Sb , o i 0 a t % Sb 



41 0 H 

400H 

390 

380 

0 0 

100 150 200 250 300 

Temperature °K 

F igu re 715Tempera tu re v a r i a t i o n of t he 

e l a s t i c c o n s t a n t C33 



10 0 

0 50 100 150 200 250 300 

Tempera tu re °K 

F igure 716 T e m p e r a t u r e v a r i a t i o n of t h e 

e l a s t i c c o n s t a n t C14 



- 94 -

7.4 The E l a s t i c Compliances 

Often, i t i s more convenient to r e l a t e the response of a 

body d i r e c t l y to a p a r t i c u l a r s t r e s s . The e l a s t i c compliance 

t e n s o r i s g iven by 

e = S o (7.1) 

The t r a n s f o r m a t i o n between the e l a s t i c s t i f f n e s s and compliance 

t e n s o r i s a f f e c t e d by , 

S = ( - l ) 1 * 3 A C /A C (7.2) 

c c vhere A i s the determinant of the C terms and A i s the minor 
13 —2 

of the element C . Expansion of (7.2) g i v e s the r e l a t i o n s h i p 
3-D 

between the c o e f f i c i e n t s of the two t e n s o r s ?o 

511 " ( C 3 3 / H + C 4 4 / N , / 2 

5 1 2 = ( C 3 3 / H - C 4 4/M)2 

S 1 3 " " C13/M 

S 1 4 = -C14/M 

S 3 3 = ( C11 + C 1 2 ) / M 

S 4 4 " ( C 1 1 - C 1 2 ) / N 

S - 2 (S - S ) 66 v 11 12 

where M - C ^ l ^ + C ^ ) - 2 ^ 

2 N = C (C - C ) - 2C 3 3 1 11 12 ; * 14 

The computed temper?+-ure dependence's of the e l a s t i c com

p l i a n c e s a r e p r e s e n t e d i n F i g u r e s 7.17-7.19. As expected, the 

e l a s t i c compliances i n c r e a s e v j t h trmpersLaro. 

17.3) 
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7.5 The Polycrystallme Moduli 

The results obtained here indicate that there are no strange 

anomalies i n the e l a s t i c behaviour of the bismuth-anitmony alloys 

i n the range of composition 0-10 at.% antimony. This i s i n com

plete contradiction to the work of Gopmathan and Padmini (1974) on 

p o l y c r y s t a l l i n e a l l o y s , m which they observed very large changes 

m the e l a s t i c moduli, both as a function of composition and tempera

ture. These workers attempt to explain q u a l i t a t i v e l y t h e i r observa

tions on the basis of a change i n the electronic contribution t o the 

e l a s t i c constants and on the complex v a r i a t i o n of the l a t t i c e para

meter as determined £>y Jain (1959J . The present work has shown 

that the electronic contribution i s so small, as to be i n s i g n i f i c a n t , 

while the l a t t i c e parameters (0-29 at.% antjmony) have been very 

c a r e f u l l y pleasured by Cucka and Barrett (1962) and shown to vary 

l i n e a r l y \ ; i t h composition. 

To f a c i l i t a t e a more d i r e c t comparison between the present 

findings and the data of Gopmathan and Fedmmi (1974) , the ela-stic 

corotants obtained here are transformed i n t o the e l a s t i c moduli to 1 

a po]yc.L/&talline aggregate. H i l l (1952) showed that the values of 

the e l a s t i c moduli f o r a p o l y c r y s t a l l i n e material l i e between those 

calculizeti from the tv.o clabsical approximations of Voigt (1928) 

and Reubs (1929) , the Voigt method averages over a l l l a t t i c e direc

tion:: u<:ing the assumption that the s t r a i n i s uniform tnroughout 

the aggregate, win "e the Reubb method assumes tha t the stress i s 

uni rorrr throughout the aggregate, the Voigt moduli are larger than 

the Reusr> moduli. Both methods are s l i q h l l y inaccurate, but the 

average of the values obtdircd i s i n good agreement \<ith the experi

mental evidence (see Hcannon ±961, p.44) . For the rhombohedral 
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2 structure the equations f o r the shear moduli (G = v , where V s s 
i s the p o l y c r y s t a l l m e shear velocity) are 

GV " Tif ( ( 2 C 1 1 + C 3 3 } " <C12 + 2 C13> + 3 { 2 C 4 4 H C66» 

GR - 15/(4(2S n + S 3 3) - 4 ( S 1 2 + 2S 1 3) + 3 ( 2 5 ^ + S^)) 

and f o r the bulk moduli 

" V " ? ( ( 2 C 1 1 + C 3 3 } + 2 ( C 1 2 ' 2 C 1 3 } ) 

K R = l / ( ( 2 S n + S 3 3) + 2 ( S 1 2 + 2 S 1 3 ) ) 

where the subscripts V and R refer to the Voigt and Reuss approxi

mations respectively . In Lot.ii iipproxiraartops tne Dulk Toduli arc 

equivalent (K^ = K^). 

For the bismuth-antimony alloys it can be assumed Lhat, 

l i k e other materials, the actual "shear modulus i s 

G = (G v + GR)/2 

The Yoni j's 'podulus E, Poi^son's r a t i o a , c empress, i f c i l i t y B ana 
2 

the longitudinal modulus L (L - pV , where V i s the lon g i t u d i n a l 
L L 

ve l o c i t y of the aggregate) are calculated from the following 

formulae, 
I = _L f _L E 3G 9K 

a (E - 2C)/2G 

L E ["U >r a) U - 2a) ] 

B =• 1/K 

http://Lot.ii
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The longitudinal and shear moduli and the compressibility 

as a function of composition are given i n Figure 7.20, the results 

obtained by Gopinathan and Padmini (1974) are also p l o t t e d . The 

differences between the two sets of data are very s t r i k i n g . Not 

only do these workers observe a pronounced minima i n the moduli at 

5% at % antimony, but t h e i r longitudinal modulus fo r pure bismuth 

i s only half of that obtained here. Their data suggests that they 

measured a longitudinal v e l o c i t y f o r pure bismuth which i s less 

than the slowest longitudinal v e l o c i t y i n single c r y s t a l material. 

Furthermore, they i n c o r r e c t l y related the longitudinal v e l o c i t y to 

Young's modulus, i . e . t h e i r quoted Young's modulus i s i n f a c t the 

longitudinal modulus. Gopinathan and Padmini measured t h e i r u l t r a 

sonic v e l o c i t i e s using the composite o s c i l l a t o r method, o r i g i n a l l y 

developed by Balmuth (1934), at a frequency of 110 kHz. I n a sub

sequent paper they report various ultrasonic studios on bismuth 

single c r y s t a l s , using the same technique they measure the z axis 
5 -1 

v e l o c i t i e s to be ( i ) longitudinal 1.470 x 10 cm sec 
3 -1 

(1 966 x 10 cm sec measured here) end ( n ) •snear 5 - 1 5 - 1 0.703 x 10 cm sec (1.083 x 10 cm sec ) . The deviations (from 
the results obtained here) f o r t h e i r longitudinal and 6hear 

v e l o c i t i e s are 25% and 42% respectively, yet they quote t h e i r 

measurements as accurate to a few parts i n a thousand, and the 

modulus values accurate to one percent Thus, assuming that they 

used bismuth and single c r y s t a l s , t h e i r tecnnique must be accurate 

not to a few parts i n a thousand, but to 2 paits i n ten. Bearing 

i n mind that t h e i r eriors are so extreme, i t 1=: interesting t o note 

that t h e i r quoted p o l y c r y s t a l l m e Young's modulus (which they 
2 

incorrect l y related to E = pV ) and •shear modulus fo r pure bismuth 
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(which they correctly related to G = pv ) agree to w i t h i n 0.3% and 

0.1% of those quoted m Hearmon (p 44, 1961). In view of t h e i r 

compounded experimental and theoretical errors, t h i s coincidence i s 

reroarjcable. These workers then go on to point out a perfect cor

r e l a t i o n between the v a r i a t i o n of the l a t t i c e parameter (as measured 

by Jain 1959) as a function of antimony concentration with Young's 
2 

Modulus (obtained from V ). The maxima and minima i n both proper-

t i e s occur at vhe same composition Yet, these workers are apparently 

unaware of the careful and accurate measurements of Cucka and 

Barrett (1962) of the l a t t i c e parameters and atomic p o s i t i o n a l para

meters of the bismuth-antimony alloys which demonstrate ihaic the 

l a t t i c e constants vary l i n e a r l y with composition i n the range. 0-30 

at.% antimony. I n the composition range corsLdercd here Copmathan 

and Padmini also i n c o r r e c t l y related the decrease i n th? L-T point 

band overlap to the decrease i n v e l o c i t y , throughout the paper these 

workers have assumed that the electronic contribution increases che 

e l a s t i c constants, whereas here i t has been shown fiom the Keyes 

model that the reverse i s true and also that the e f f e c t J . S n e g l i g i b l e . 

Since Gopinathan and Padmini have made so many basic experimental, 

theoretical and i n t e r p r e t i v e errors no further discussion wi11 be 

pursued here 

7.6 Measurements o" U1trasonic Attenuation 

Although they were not of primary i n t e r e s t , ultrasonic atten

uation m^riburements were taken simultaneously with the v e l o c i t y 

ni'.c«caxemen'.c rurtherm^ro, to ensure a c c u r a t e v e l o c i t y measurements 

i t was invariant to ̂ ri'-.ui e. that, the sequence of r , j l u . p 1 e echoes 

remained Cy.^oncncial whiLsl v,he tempers tore was varied. 
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In general, the attenuation decreased with decreasing tem

perature and there was no evidence of any pronounced e f f e c t s . No 

o v e r a l l dependence with composition could be asceitained; t y p i c a l 

results obtained are shown i n Figure 7.22. The attenuation measure

ments could not always be readily reproduced. There are probably 

two mam reasons f o r the behaviour of the attenuation: ( i ) the 

Nonag band i s lossy (Farley 1974, Maynell 1972) and the attenuation 

w i t h i n i t might vary with temperature, ( n ) the prepared sample 

must necessarily ha"e a t h i n ('WOO u) layer of pclycrysta! l i n e 

material on each of the two p a r a l l e l faces (a r e s u l t of the machining 

process), t h i s layer may nave a dominating influence on the apparent 

attenuation. Therefore, unless the machining process i s i d e n t i c a l 

for a l l samples (and t h i s i s d i f f i c u l t to achieve), a d i r e c t com

parison of the absolute attenuation c o e f f i c i e n t s i s not easy. Augen 

and Freedman (1967) have commented on t h i s very point and have shown 

that the presence of t h i s layer does introduce a s i g n i f i c a n t excess 

attenuation. To obtain r e l i a b l e acoustic attenuation measurements 

they piopose a technique which u t i l i s e s a comomaticii of mechanical 

grinding and electropolishing. The p o l y c r y s t a l l i n e layer should 

however have a negligible e f f e c t on the v e l o c i t y measurements. 

7 .7 The Debye Temperature 

The e l a s t i c constant and density data at low temperature 

were uspd by Dr. G A. Saunders to calculate the Debye temperature 

0^ from 

o 1 1 1 dQ e AH 

I 
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where h and k are Plancks and Boltzmann's constants respectively, 

N i s Avogadro's number and are th eigenvalues of the C h r i s t o f f e l 

equations. The i n t e g r a l over the s o l i d angle dfi has been approxi

mated by a sum taken 10288 points each subtending on equal s o l i d 
- 3 

angle AO. (= 1 218 x 10 steradians) . Values of 6 D obtained f o r 

pure bismuth and 10 at.% antimony are 121 i 1 K and 128 ± 1 K respectively 

Separation of the specific heat of bismuth i n t o l a t t i c e and electronic 

contributions has proved to be rather d i f f i c u l t because the Debye 

temperature i s small and the electrons i n t h i s semimetal with a small 

band overlap contribute l i t t l e to the low temperature specific heat. 

However, accurate measurements by Collam, Krueuis and Pickett (1969) 

gave a best f a t to an expression of the form VT + BT H AT 2 of 

C p = (0.5 i ? 5)T + (1120 ± 50)T 3 H (0.0064 ± 0 002)T~ 2 uJ/mole K2 

with the r e s u l t that the electronic contribution (vT) to the spe c i f i c 

heat i s i n good agreement with that calculated (V = 7.1 uJ/inole K) 

from the e l l i p s o i d a l model of the Fermi surface, thus removerg the 

apparent discrepancies observed by other workers. The T 3 dependent 

l a t t i c e contribution to the specific heat gives a Debye temperature 

of 120 3 ± 1.5 K i n excellent agreement w:th P h i l l i p s (1960) deter

mination and the 121 ± 1 K obtained here from the e l a s t i c constants. 

Previous calculations (Anderson 196b) of the Debye temperature from 

e l a s t i c constant data have obtained 106 K (Eckstein, Reneker and 

Lawson) and 118 K (Bridg man 1924). 

There as no available specific heat data with which to compaie 

the 0p calculated from the c l a s t i c constant data of the birmulh-

antimony alloys. Hovevsr, the ancrcfise of the Debye temperature to 
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128 K f o r the 10 at % a l l o y i s consistent with the G of 184 K f o r 
D 

pure antimony calculated by Anderson (1965) from the isothermal 

constants of Bridg.man (1924). 

The ultrasonic measurements on the bismuth-antimony alloys 

i n the range of composition 0-10 at.% antimony have shown that the 

e l a s t i c constants "ary monotonirally with composition and, contrary 

to the results of Gopmathan and Padmim (1974) e x h i b i t no anomalous 

behaviour This confirms the t h e o r e t i c a l studies of chapters f i v e 

and s i x , which have shown t h a t , although the electronic band structure 

undergoes some rather d r a s t i c changes, the electronic contributions 

to the e l a s t i c constants are negligible. 

Despite the abundance of l i t e r a t u r e reporting the e l a s t i c 

constcints of various elements, compounds and a l l o y s , l i t t l e informa

t i o n regarding the e l a s t i c 'behaviour of comparable c r y s t a l l i n e s o l i d 

solutions i s available. Araki and Taneka (197?) have measured the 

e l a s t i c -stiffness constants of the selenium-tellurium system .Jhich, 

l i k e the bismuth-antimony alloys, also form an uninterrupted series 

of s o l i d solution. They found that the v a r i a t i o n of the e l a s t i c 

constants was essentially line a r over the e n t i r e range of composition. 

Grison (1951) has shown that the u n i t c e l l dimensions of the selenium-

t e l l u r i u m system with composition depart only s l i g h t l y from l i n e a r i t y 

Since t h i s system c r y s t a l l i s e s i n the hexagonal structure, i t bears 

resemblance to the rhombohedral sLructure of the bi£.muth-antimony 

alloys. The present f i n d i n g that the ela&tic constants of the 

bismuth-antimony alloys shov approximate agreement v i t h Vegard's Lav 

arc thuc„, m essence, suppoj ted by the xcsults of Aiaki and Tanaka 

7.8 Discussion 

31 

2 6 M' I<? 
f-iirn 
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CHAPTLR 8 

THE ELASTIC CONSTANTS OF BISMUTH DOPED WITH TELLURIUM 

8.1 Introduction 

The computations at the end of Chapter 6 have shown that, 

i n highly donor doped bismuth, an electronic contribution to certain 

e l a s t i c constants should be observable, the theory predicts that an 

increase i n the free electron density should decrease C.,, Ccr and 
11 bb 

C44 a n c^ increase a n <3 • A programme was evolved to attempt 

an experimental v e r i f i c a t i o n of the e f f e c t . 

Single crystals of bismuth doped with t e l l u r i u m were grown 

by the zone l e v e l l i n g technique and ultrasonic samples were prepared 

i n the manner described for the bismuth - 3n t imony alloys Since 

Noothoven van Goor and Trum (1969) have shown that t e l l u r i u m i s a 

monovalent donor i n bismuth, i t was assumed that each tel l u r i u m atom 

contributed one election to the e l l i p s o i d s at the L point. The com

plete set of e l a s t i c constants was measured for crystals with electron 
19 -3 ?0 -3 concentrations of approximately 10 cm an3 10 cm (the exact 

te l l u r i u m and electron concentrations are given i n Table 8.1), f o r 

brevity these w i l l be referred to here as T19 and T20 respectively. 

The T19 c r y s t a l was cut and polished i n t o samples with p a r a l l e l 

faces normal to the (100), (010), (001) and ( 0 , - — , — ) cryst?!--
1 T /2 

logiapric d i r e c t i o n s , the mea^med room temperature ultrasonic 

volociti.es and the velocity-e] a s f c constant relationships are sum

marised i n Table 8 2. The T20 cr y s t a l was cut i n t o samples with 

faces normal to the (100), (001) and (0, — , — ) crystallographic 
/2 /I 

directions, the ultrasonic v e l o c i t i e s measured at 100m temperature 

are given i n Trble 8.3 The sane corrections foi the perturbation 

http://volociti.es
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Sampl e % Wt. To % At Te Electron cm ̂  
Concentration 

T 
19 

0.0?4 0 039 19 
1 11 x 10 

T 
20 

0.262 0 428 20 
1.21 x 10 

Table 8.1. The densities of the bibiuurh 

doped te l l u r i u m samples. 
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of the transducer, as detailed i n 7.3 and 4.3, were made The 

ve l o c i t y errors are of the same magnitude discussed f o r the bismuth-

antimony alloys. Table 8.4 compares the ultrasonic v e l o c i t i e s f o r 

both samples with those measured f c r pure bismuth. In general the 

addition of t e l l u r i u m causes a decrease i n the ultrasonic v e l o c i t i e s , 

consistent with the t h e o r e t i c a l prediction of the Keyes model (see 

Figure 6.6), however, the changes i n many of the v e l o c i t i e s are 

s t i l l w i t h i n the l i m i t s of uncertainty. 

8.2 The e l a s t i c constants at room temperature 

The e l a s t i c constants at coom temperature were compiled by 

the method of least-mean-squares described i n Section 7.2, the 

derived values are given i n Table 8.5 and compared to the t h e o r e t i c a l 

magnitude of the electronic contribution calculated iron 1 the keyes 

model. For both samples a change i n most of the elasLic constants 

has been observed. For T19 the changes m the e l a s t i c constants from 

that of pure bismuth are j u s t w i t h i n the l i m i t s of expe^imental 

uncertainty, while f o r T20 the changes i n C , C and C are lai q c r 

than the error l i m i t s (the error i n the chj'-ge i n the ji'tasurrment ^ f 

each individual constant). Moreover, the overlying trend i s f o r C ^ 

and . to decrease and f o r C,_ to increase with the t e l l u r i u m conccn-66 12 
t r a t i o n , as predicted by the Keyes model, the numerical change (not 

peLrentage change) of each of these constants i s approximately the 

same. The va r i a t i o n of Ĉ ^ i s n e g l i g i b l e , l y i n g well w i t h i n the 

uncertainty l i m i t s of pure bismuth. The changes observed i n the 

e l a s t i c constants c:_, C . and C„ . remain somewhat unclear. C„. 
13 14 44 44 

decreases f o i T19 and increases f o r T20 C, , decreases by 2%: C. . 
13 14 

increases r i a ^ g m a l l y with the t e l l u r i u m concentration. 
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Pure 
B i s m u t h T19 T20 

v l 2.548 2.529 2.503 

V 2 1.561 1.547 1.527 

V 3 0.862 0.835 0.828 

V 4 - 2.549 -

V 5 -- 1.385 -
XT 

"6 - 4 r\*\"» 

i . • V£< A. 

V 7 1.9G5 1.968 1 961 

V 8 1.083 1.074 1.088 

V 9 2 053 

v i o - - 1.509 

V l l - - 1.128 

V 1 2 2.448 2.429 -

V 1 3 0.9130 0.873 -

V 1 4 1.043 1.044 -

Tab-1e 8 4 Compare son o f t h e Room Temper a t u r e 

V e l o c i t i e s (x 10^ cm sec S . 
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i 

I I n v i e w o f t h e e x p e r i m e n t a l u n c e r t a i n t i e s , i t i s c o n c l u d e d 

t h a t o n l y t h e e l a s t i c c o n s t a n t s C, , , C.„, C: and C__ a r e o b s e r v e d 
11 \l 66 33 

t o v a r y i n t h e manner p r e d i c t e d by t h e Keyes model. The changes i n 

t h e e l a s t i c c o n s t a n t s C^-j/ C 1 4 C 4 4 n a v e n o t been v e r i f i e d e x p e n -
20 -3 

m e n t a l l y . S i n c e , t o o b t a i n an e l e c t r o n c o n c e n t r a t i o n o f 10 cm , 

i t has been n e c e s s a r y t o i n t r o d u c e 0.4 a t . % t e l l u r i u m i n t o t h e 

b i s m u t h l a t t i c e , some o f t h e v a r i a t i o n o f t h e e l a s t i c b e h a v i o u r c o u l d 

p resumably be due t o t h e p r e s e n c e o f i m p u r i t y atoms The changes m 

and 3 - 5 % , w h i c h i s b a r e l y an o r d e r o f m a g n i t u d e l a r g e r 

t h a n t h e a t o m i c f r a c t i o n o f i m p u r i t y . I n c o m p a r i s o n , t h e a d d i t i o n 

o f 0 4 a t % a n t i m o n y causes a 0.5% change i n (based upon e x t r a 

p o l a t i o n o f t h e d a t a i n C h a p t e r 7) w h i l e and change t o a 

n e y l i g a b l e e x t e n t . On t h i s b a s i s one may p l a n s i b ] y argue t h a t t h e 

e l e c t r o n s a r e t h e d o m i n a n t mechanism m t h e change o f t h e e l a s t i c 

c o n s t a n t s f o u n d hcLC f o r t e l l u r i u m doped b i s m u t h . The o n l y o t h e r 

r e p o r t e d v o r k c o n c e r n e d w i t h t h e e f f e c t s o f i m p u r i t i e s on t h e e J a s t i c 

p r o p e r t i e s o f b i s m u t h i s t h e u l t r a s o n i c s t u d y o f G o p j n a t h a n and 

Padminn (1974b) on p o l y c r y s t a l l i n e b i s m u t h doped w i t h i m , i n w h i c h 

t h e y o b s e r v e a most pronounced dependence o f t h e e l a s t i c m o d u l i w i t h 

c o m p o s i t i o n . However, s i n c e t h e s e w o r k e r s have made t h e same f u n d a 

m e n t a l e r r o r s as m t h e i r p a p e r on t h e b i s m u t h - a n t i m o n y a l l o y s ( f o r 

a d i s c u s s i o n o f t h i s p o i n t see S e c t i o n 7 5 ) , a comparison w i t h t h e i r 

w o i k w i l l be o m i t t e d h e r e . 

£ 3 Tht-- Comprc? r- i l u l i t i e s anu* Young ' s Modulus 

A knowledge o f t h e comp]ete s e t o f e l a s t i c t e n s o r c o e f f i c i e n t s 

p e r m i t s t h e determ m o t i o n o f a m a t e r i a l ' s response t o any a p p l i e d 

s t r e s s system. Pcu t i c u ] a ^ l y i m p o t t r i n t :n r e l a t i n g t h e o r e t i c a l l y t h e 
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i n t e r a t o m i c b i n d i n g f o r c e s and e l a s t i c i t y a r e t h e b u l k modulus, t h e 

volume c o m p r e s s i b i l i t y and t h e l i n e a r c o m p r e s s i b i l i t i e s . The volume 

c o m p r e s s i b i l i t y ( i t s i n v e r s e i s t h e b u l k modulus) i s t h e measure o f 

d i l a t i o n under h y d r o s t a t i c p r e s s u r e and f o r r h o mbohedral c r y s t a l s 

i s g i v e n by 

\ = 2 ( S 1 1 + S 1 2 } + 2 S 1 3 + S 3 3 ( 8 ' 1 ) 

where S , a r e t h e c o m p l i a n c e s , ( t h e t r a n s f o r m a t i o n f o r w h i c h has 13's c ' 

been g i v e n i n 7.4;. The l i n e a r c o m p r e s s i b i l i t y o f a c r y s t a l i s t h e 

r e l a t i v e d e crease i n l e n g t h o f a l i n e when s u b j e c t e d t o u n i t h y d r o 

s t a t i c p r e s s u r e , i t has two components, one p a r a l l e l t o t h e t r i g o n a l 

a x i s , 

B = 2S., + S,, (0.2) z 1J J J 

and t h e o t h e r n o r m a l t o t h e t r i g o n a l d i r e c t i o n 

3 = (s., + S.J -r s., (8.3) xy 11 1 ^ 13 

T h e o r e t i c a l l y , s i n c e t h e e l e c t r o m r e n n t n h i i t 1 on t o t h e e l a - t i c com

p l i a n c e s i s such t h a t 

6 S 1 1 = " 6 S 1 2 ' 6 S 1 3 = 0 ' 6 S 3 3 = 0 ( 0 4 ) 

t h e r e s h o u l d be no e l e c t r o n i c e f f e c t on t h e c o m p r e s s i b i l i t i e s . T h i s 

i s t h e same r e s u l t f o u n d by w o r k e r s on s i l i c o n and germanium i n w h i c h 

o n l y v e r y s m t - ] l changes i n t h e D u l k modulus were o b s e r v e d T a b l e 8 6 

shows t h a t the c o m p r e s s i b i l i t i e s measured h e r u decrease s l i g h t l y w i t h 

t h e addj t i o n o f t e l l u r i u m , b d t a r e w i t n n t h e l i m i t s o f u n c e r t a i n t y . 

I n v i e o f t h e complex c r y s t a l s t r u c t u r e o f b i s m u t h , i t i s 

i n t e r e s t i n g t o c o n s i d e r t h e Young's Modulus s u r f a c e charge due t o t h e 

e l e c t r o n i c c o n t i J b u t t o n The Young'b modulus 3 b d e f i n e d as t h e r a l 1 0 
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s 11 s. „ s 13 s s s s 11 12 13 14 33 44 66 

Pure Bismuth 25 .6 -8.0 -11 .1 -21 .3 39 1 114 .0 67 .4 

T19 26 7 -8.8 -11 .6 -22 .8 41 5 117 .9 70 .9 

T20 27 9 -9.9 -11 .6 -24 .2 41 5 117 .2 75 .7 

T a b l e G 6 (a.; m e t i a s T - i c L.ompLiancc C o n s t a n t s i n 

u n i t s o f 10 cm dyn 

L i n e a r 

3 3 
z x y 

"1 
Volunit 

3 
V Pure B i s m u t h 

T19 

T20 

16.9 ± 1.5 6.58 + 0 7 52 2 1 2 5 

18 2 6.28 54 0 

18 3 6 40 54.3 

T a b l e 8 6 ( b ) The L i n e a r and Volume C o m p r e s s i b i l i t i e s 

i n u n i t s o f 10 ^ cm^ dyn . 
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Figure 81 C r o s s s e c t i o n s of the c h a n g e in Youngs modu lus 
s u r f a c e ( a ) x z p l a n e , [b)y? p l a n e (*10 dyne cm A ) 

e x p e r i m e n t a l T 2 0 • - t h e o r e t i c a l N =10 cm" 3 
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o f t h e l o n g i t u d i n a l s t r e s s t o t h e l o n g i t u d i n a l s t r a i n , i t s 

o r i e n t a t i o n dependence f o r r h o m b o h e d r a l c r y s t a l s i s g i v e n by 

Y M = ( s . J - 1 = [ ( 1 - V ) 2 S 1 1 ^ 3 4 S 3 3 + V ( 1 - £ 3 2 ) ( 2 S 1 3 + S 4 4 ) 

+ 2 £ 2 £ 3 ( 3 . c 1
2 - £ 2

2 ) S 1 ^ | (8.5) 

where {Z ,Z^,Z^) i s t h e u n i t v e c t o r i n t h e d i r e c t i o n o f t h e l o n g i 

t u d i n a l s t r e s s . The o r i e n t a t i o n dependence o f Young's modulus i n 

p u r e b i s m u t h was f i r s t r e p o r t e d by Gunton and Saunders (1972) 

F i g u r e 8.1 p r e s e n t s t h e change i n Young's modulus i n t h e XY and XZ 

c r y s t a l l o g r a p h i c p l a n e s . 

8.4 The Temperature Dppendence 

The t e m p e r a t u r e dependence o f f i v e o f t h e v e l o c i v i . e s o£ 

p r o p a g a t i o n were measured (V., V„, V., V and V D ) , s u f f i c i e n t t o 
1 2 3 7 b 

o b t a i n t h e t e m p e r a t u r e dependence o f a l l t h e e l a s t i c c o n s t a n t s 

b a r c^2* t* i e n o r n i a l l s e ( 3 u l t r a s o n i c v e l o c i t i e s V ( T ) / V ( 2 9 0 K) .re 

pj.esented i n Figures. 8 2-8.6. An i n t e r e s t i n g fird.ui.-j J.3 t h a t , as 

f o r t h e b i s m u t h - a n t i m o n y a l l o y s , t h e r e i s no measurable d e v i a t i o n 

i n t h e t e m p e r a t u r e v a r i a t i o n o f t h e u l t r a s o n i c v e l o c i t i e s f r o m t h a t 

o f p u r e b i s m u t h . The l e a s t mean-squares program was used t o coi„pate 

t h e e l a s t i c c o n s t a n t s a t a s c r i e s of t e m p e r a t u r e s dovn t o 4 2 K, 

t h e t e m p e r a t u r e dependences o b t a i n e d a^e g i v e n i n F i g u r e 8.7. As 

d e m o n s t r a t e d by t h e n o r m a l i s e d v e l o c i t y c u r v e s , t h e t e m p e r a t u r e 

varo-Ption o f most o f t h e c l a s t i c c o n s t a n t s appears t o be v i r t u a l l y 

i n d e p e n d e n t o f t h e t e l l u n u m c o i i c e n t r n r t o n However, f o r t h e 

t e l l u r i u m doner' s a n p l e o t h e e l a s t i c c o n s t a n t ( w h i c h i s tempera

t u r e independent, f o i p u r e b i s m u t h ) i n c r e a s e d s l i g h t l y as t h e 

http://velocivi.es
http://fird.ui.-j
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t e m p e r a t u r e i s d e c r e a s e d . The c o r r e s p o n d i n g changes i n t h e e l a s t i c 

c o n s t a n t s C, , C , C , C and C a r e g i v e n i n F i g u r e 8.8, t h e 11 x Z bb 14 44 
changes a r e l a r g e r a t l o w e r t e m p e r a t u r e s and t a k e t h e a p p r o x i m a t e 

f o r m 

6C(T K) _ C(T K) 
6C ( 2 9 0 K) ~ C ( 2 9 0 K) 

f o r a l l t h e c o n s t a n t s , a p a r t f r o m 

8.5 The Temperature V a r i a t i o n o f t h e Band bdge E f f e c t i v e Mass 

and o f t h e D e f o r m a t i o n P o t e n t i a l s 

F i g u r e 6 . 4 shows t h a t t h e t h e o r e t i c a l e l e c t r o n i c con

t r i b u t i o n p r e v i o u s l y c a l c u l a t e d f r o m t h e Keyes mode] i n c r e a s e s 

s l i g h t l y w i t h t e m p e r a t u r e (30% f r o m 4 2 K t o room t e m p f - r a t u r e f o r 
2 0 - 3 

a c a r r i e r c o n c e n t r a t i o n o f 10 cm ) . T h i s i s i n c o n l - i u i L c t i o n t o 

t h e p r e s e n t f i n d i n g o f a d e c r e a s i n g e l e c t r o n i c c o n t r i b u t i o n w i t h 

t e m p e r a t u r e . When comparing t h e e x p e r i m e n t a l r e s u l t s w i t h t h e 

c a l c u l a t i o n s o f c h a p t e r 6, i t must be remeiibered t h a t t h e tempeiw-

t u r e v a r i a t i o n o f t h e bnnd edge e f f e c t i v e masses were o™ly a p p r o x r 

mated f r o m t h e d a t a o f V e c c h i and D r e s s e l h a u s ( 1 9 7 4 ) and, a l t h o u g h 

t h e i r r e s u l t s a r e o f h i g h p r e c i s i o n a t l o w e r t e m p e r a t u r e s (below 

100 K) , t h e e x t e n s i o n o f t h e s e p a r a m e t e r s t o h i g h e r t e m p e r a t u r e s i s 

o n ] y based on two d a t a p o i n t s t a k e n a t 2 0 0 K and 2 8 0 K Moreover, 

t h e T e r m i l e v e l o f p u r e b i s m u t h c a l c u ] a t e d f r o m t h e s e p a r a m e t e r s 

(see F i g u r e G 1) e x h i b i t s a r a U i e r s t r a n g e dependence, r e m a i n i n g 

c o n s t a n t n» t h e range 0 - 180 K and t h e n d e i r e a c m g r a p i d l y t o r e a c h 

t h e c o n d u - t i o n band edge a t a p p r o x i m a t e l y room t e m p e r a t u r e , t h i s 

j m p l i c s t h c i t t h e max-eriol must bt coirc s e m i c o n d u c t i n g a t h i g h e r 

temper a Lu 1 es . T u r t l e Tore, t h e a s s u m p t i o n t h e i t h e d c f o i mata on 



- 114 -

p o t e n t i a l s a r e t e m p e r a t u r e i n d e p e n d e n t i s n o t n e c e s s a r i l y v a l i d . 

I n d e e d , t h e work o f B a l s l e v (1966) has shown t h a t t h e d e f o r m a t i o n 

p o t e n t i a l s o f s i l i c o n a t 295 K d i f f e r s l i g h t l y f r o m t h o s e o b t a i n e d 

a t :80 K (E = 9.2 eV a t 295 K, 8.6 eV a t 80 K) . I n v i e w o f t h e l a r g e 

t e m p e r a t u r e v a r i a t i o n o f a l l t h e o t h e r p a r a m e t e r s , b o t h e l e c t r o n i c 

and e l a s t i c , i t w o u l d n o t be s u r p r i s i n g t o f i n d a l a r g e v a r i a t i o n 

o f t h e d e f o r m a t i o n p o t e n t i a l s o f b i s m u t h . U n f o r t u n a t e l y , t h e r e i s 

no i n d e p e n d e n t way o f s e p a r a t i n g t h e t e m p e r a t u r e dependence o f t h e 

d e f o r m a t i o n p o t e n t i a l s f r o m t h a t o f t h e e f f e c t i v e masses. Two 

d i s t i n c t approaches w i l l be made here t o r e s o l v e t h e t e m p e r a t u r e 

v a r i a t i o n o f t h e e l a s t i c c o n s t a n t s . F i r s t l y , by assuming t h e d e f o r 

m a t i o n p o t e n t i a l s t o be t e m p e r a t u r e i n d e p e n d e n t , t h e t e m p e r a t u r e 

dependence o f t h e e f f e c t i v e masses w i l l be d e r i v e d and c o n t r a s t e d 

v / i t h t h o s e a p p r o x i m a t e d f r o m t h e r e s u l t s o f V e c c h i and D r e s s e l h a u s 

( 1 9 7 4 ) . S e c o n d l y , t h e e f f e c t i v e masses o f V e c c h i and D r e s s e l h a u s 

w i l l be assumed a c c u r a t e and t h e t e m p e r a t u r e dependence o f t h e 

d e f o r m a t i o n p o t e n t i a l s w i l l be deduced. 

B e f o r e p r o c e e d i n g , i t i s i m p o r t a n t t o r e a l i s e t h a t t h e f o r m 

o f t h e e l e c t r o n i c c o n t r i b u t i o n c a n n o t m o d i f y a l l t h e e l a s t i c c o n s t a n t s 

i n such a vay as t o be t e m p e r a t u r e i n d e p e n d e n t S i n c e 

' A C l l l = l A C 1 2 ' = IA C

6 6I <8-6> 

and 

C.. (T K) C. 0(T K) C (T K) 
C (290 K) ' C (?90 K) r C (290 K) l ° " 
11 1/ D D 

t h e i e must be some v a r i a t i o n an t h e t e m p e i o t u r o dependence o f t h e 

e l a s t i c conbtPi'Ls i r o n t h a t o f p u i e b i s m u t h , however, i t m i g h t be 

so s m a l l r b t o be p y p c r i m r n t a l l y i n d i s t i n g u i s h a b l e . 



- 115 -

Since the temperature v a r i a t i o n of was observed to be 

independent of the electron concentration, the temperature dependence 

of the band edge e f f e c t i v e mass was deduced making the following 

assumptions- ( l ) the deformation potentials remain constant, (11) the 

band edge e f f e c t i v e mass, the Fermi l e v e l and the calculated electronic 

contribution at 4.2 K are accurate, (111) the temperature v a r i a t i o n 

of the L point energy gap as measured by Vecchi and Dresselhaus i s 

accurate. The electronic contribution calculated at 4.2 K was then 

extrapolated over the en t i r e temperature range to give a temperature 

dependence of consistent with the experimental measurements. From 

a combination of the equations which define t^e c a r r i e r concentration 

(see equation 5.24) and the el e c t i o n i c contributions (see equation 

5.45), the Fermi l e v e l and the e f f e c t i v e masses were calculated over 

the e n t i r e range of temperature. The Fermi l e v e l W d S deduced fcom 

- i [F-hM + F Z V n ) l , 1 L H Eg 3 =! F e = - 9 ^ 1 1 - L 2 2 ) 2 N . ( 2 4 ) c T ) — ' ^ - - (8.8) 

and the e-FCective mass from 

m* = irN/(6N c [ r ^ n ) l - ^ - F ^ n ) ] ) (8.9) 
g 

The v a r i a t i o n of the Fermi le v e l and the band edge e f f e c t i v e 
20 -3 

mass for a ca r r i e r population of 10 cm calculated from the tem

perature dependence of C i s qiven i n Figure 8.9, the Fermi l e v e l 

inirea&es s l i g h t l y uiLh temperature, as does the e f f e c t i v e mass. The 

e f f e c t i v e mass deduced from these computations was then used to recom

pute the electronic contributions to the c l a s t i c constants both as a 

function of temperature and electron concentration, the electronj c 

c o n t r i b u t i o b r a m c r t at 4 2 K and room temperature are presented i n 
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Table 8.7. The i n t e r e s t i n g finding i s that the temperature dependence 

of a l l the e l a s t i c constants are, wi t h i n the l i m i t s of experimental 

uncertainty, e f f e c t i v e l y independent of the electron density. Thus, 

although there i s a s l i g h t deviation i n the temperature dependence 

of the e l a s t i c constants from that of pure bismuth, i t i s experi

mentally unobservaoie. fi g u r e 8.10 compares the th e o r e t i c a l temperature 

dependence with the experimentally measured temperature dependence of 

the e l a s t i c constants C.., C-_, C„. and C,„. 
11 6G 44 14 

Thus, by f i t t i n g the electronic parameters to the temperature 

dependence of the e l a s t i c constants, the behaviour of the Fermi l e v e l 

and the band edge e f f e c t i v e masses have been deduced The v a r i a t i o n 

of tne Formi l e v e l f o r various electron concentrations i s given i n 
19 -3 

Figure G . l l , above c a r r i e r densities of 2 x 10 cm the Termi 
le v e l increases s l i g h t l y with temperature, whereas Cor concentrations 

19 -3 
of less than 2 x 10 cm i t decreases wi t h temperature. However, 

i f the effects of thermal e x c i t a t i o n are included, the Fermi leve] 

rises s l i g h t l y with temperature f o r a l l donor concentrations (at 290 K 
18 - 3 

the c a r r i e r density of pare bismuth i s 2.3 x 10 cm J. Figure 8.12 

presents the Fermi l e v e l of pure bismuth as a function of temperature 

(the c a r r i e r concentration i s taken from Michenand and I s s i , 1972) . 

I t can be seen that the Termi le v e l rises from 25 meV at 4 2 K t o 

36 meV at 290 K, i n contrast to the decreasing Fermi l e v e l calculated 

from the data of Vecchi and Dresselhaus. 

The temperature dependence of the band edge e f f e c t i v e mass 

obtained here deviates rather strongly, ospecialJy at higher temperatures, 

from the results of Vecchi and Drosselhaus, thus i t rfas f e l t that the 

observed temperature dependence of the e l a s t i c constants was more 

l i k e l y to be a consequence of a va r i a t i o n m the deformation pot e n t i a l s . 
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Using the temperature dependence of the band edge e f f e c t i v e mass of 

Vecchi and Dresselhaus, the temperature dependence of the deformation 

potentials ( L ^ ~ L22^ & n (^ L23 w e r e c a l c u l a t e < * t o t n e observed 

v a r i a t i o n i n the e l a s t i c constants The following assumptions were 

made (i ) the band edge e f f e c t i v e mass, the deformation p o t e n t i a l s , 

the Fermi l e v e l and the calculated electronic contribution at 4.2 K 

were accurate, (11) the temperature v a r i a t i o n of the band edge 

ef f e c t i v e mass and of the L point energy gap \<ere those derived from 

Vecchi and Dresselhaus (1974). Figure 8.13 shows the temperature 

dependence of the deformation potentials ^n~±J2?J an<^ Tj23 c a l c u l a 1 - e ^ 

from the temperature v a r i a t i o n of the e l a s t i c constants of T20, the 

potentials change by approximately 20% from 1 2 K to 300 K 

8 6 Summary 

In t h i s chapter i t has been shown that the addition of tellurium 

to bismuth causes changes i n the e l a s t i c constants which are consistent 

with the electronic contributions to the e l a s t i c constant 0 predicted 

by the th e o r e t i c a l extension of the Kcycs model Tne tf-npe-'c (rurc 

v a r i o t i o n of the e l a s t i c moduli has been shown to be e f f e c t i v e l y 

independent of the free electron density, i n marked contrast to that 

obtained by other workers on s i l i c o n and germanium (Ha]l 1967), i n 

which the electron contribution i s 2 - 4 times larger at 4 2 K than at 

300 K. Indeed, the temperature v a r j a t i o n of the electronic contribution 

to the e l a s t i c constants of s i l i c o n and germanium can be so large at 

lower temperatures that the e l a s t i c constarts cvn increase (rathei 

than decrease) \ . i t h temperature. The results obtained here f o r 

bi tiruth doped v i t h t e l l u r i u m and f o r the bismuth-antimony alloys 

indicate thct i t as nou possible to control the temperature dependence 

of the e l a s t i c con^tantr 
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Thus, even though the observed change i n the e l a s t i c con

stants may i n part be due to the impurity atoms, the electronic 

contributions t o the e l a s t i c constants of bismuth must have a 

temperature dependence which i s , i n e f f e c t , independent of the 

ca r r i e r concentration. Furthermore, i t has been demonstrated t h a t , 

by a suitable ad]ustment of the temperature v a r i a t i o n of either the 

deformation potentials or of the band edge e f f e c t i v e mass, the 

th e o r e t i c a l electronic contribution can predict the observed tem

perature dependence to a high precision; however, i t i s f e l t t hat 

the observations are best explained by a temperature v a r i a t i o n of 

the deformation p o t e n t i a l s . 
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APPENDIX 1 

CALCULATION OF THE FREE ENERGY 

In Fermi Dirac s t a t i s t i c s the electrons are assumed to 

occupy N levels w i t h energies e^f .... each of these levels 

having g^, . g N states. The states m each energy le v e l are 

assumed to contain n^ electrons (a maximum of one electron per state 

i s allowed) , consequently n_̂  states are f u l l and g_̂  - n^ states are 

empty. The t o t a l electron concentration i s , 

n = v n
3 ( M . l ) 

D 

and the t o t a l enercrv of a l l the el eri-mn<; 3 ? 

U = 2 n e (A1.2) 
3 D 3 

Since the electrons are indistmguishable ( they cannot 

be i d e n t i f i e d by number and therefore an exchange of state can only 

be considered i f an occupied state i s exchanged v.ith an unoccupied 

state. Therefore the wavs or permatmg the thermodynamic p r o b a b i l j t v 

for one energy le v e l i s given by 

V 
w d = r r ( g 3 ' - n 3') ( A 1- 3> 

The t o t a l thermodynamic p r o b a b i l i t y i s 

w - n w - n - , ( g

J , _ n , } ( a i . 4 ) 

The e l c c t r o i i i c free energy L S related to the t o t a l energy 

U and the entropy S by the function 

F •= U - TS (Al .5) 
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The entropy i s given by , 

S = k£n (A1.6) 

The thermodynamic p r o b a b i l i t y w i l l be a maximum when 

dW/dn] = 0. However W i s a d i f f i c u l t function to d i f f e r e n t i a t e 

and xx. i s more convenient t o di f f e r e n c i a t e with respect to Ln W. 

Using Sterling's approximations , 

Zn n ! = n £n n - n 
3 3 3 3 

d £ n n ! ( A 1 - 7 ) 

3 , - -£n n dn j 

i t can be shown that 

In W = E g Irig - n Inn - (g - n ) £n(g - n ) (A1.8) 
D L 3 3 3 3 3 3

 3 3 -I 

= Z j ^ n ^ n t g ^ - n h) - In n^) + g ^ n g ^ £n(g^ - )jj (A1.9) 

Using the method of the Lagrange undetermined m u l t i p l i e r s 

the summation Z i s constructed , 

(A1.10) Z = ZrM + a ( n - I n ) l b t J - Z n r 
3 3 L 3

 3 3 i 

which when d i f f e r e n t i a t e d with respect to n_̂  musu obviously br 

equal to 'ero 

d / " -£n n + -£n(g - n ) - a - Ce (Al 11) 
d l l

3 3 3 3 3 
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The solution t o the above equation i s found t o be 

g^/U + exp(a + Be^)) (A1.12) 

which i s easily recognised to be the Fermi-Dirac p r o b a b i l i t y function 

where 

- 5/kT and 3 = JL (Al.13) 

Substitution of equations Al(11,12 and 13) i n t o A1.19 yields 

£n V* „ = - E n / kT + E n r^-MAX ] 3 -j 3 kT 

3 L 3 1 + e x p ( ^ - ) J 

therefore 

In W MAX = - Z n ^ / ^ . E n ^ - Z g ^ n ^ - f t E , ? ) ] (A1.14) 

where 

f (E ,0 = [: 1 + exp E - K kT J 
-1 

(A1.15) 

The electronic free energy therefore takes the form 

F = En C + £ kT q In 
3 3 J 3 

1 - f(E (A1.16) 

g^ i s essentially the density of states (E) and therefore the 

free energy of the electrons m a valley ( I ) i s given by 

1 ] - n ( l ) £, H k T ] " n ( i ) (L) In l - f ( r dE (Al 17) 
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APPENDIX 2 

THE COMPUTER PROGRAM FOR THE EVALUATION OF THE 

ELECTRONIC CONTRIBUTION TO THE ELASTIC CONSTANTS 

Fermi-Dirac s t a t i s t i c s frequently require the evaluation of 

integrals which have the form , 

F k ( n ) = 
k a x dx 

exp (x - n) +1 

Macdougall and Stoner (1939) have shown hot/ these integrals 

chc^ld be evaluated f e u . a l l values, o f i | . Tney nave Lactuated t r e 

numerical values of these integrals i n the range -4 < n < 20 and hav« 

derived series representations f o r those integrals \<ith n > 20 and 

n < 0. I n the computer program presented here the methods of 

Macdougall and Stoner (1939) have been u t i l i s e d . 

F k(n) f o r n < 0 

When n < 0 and k > -1 
CO 

F (n) = r (k + 1) I ( - l ) r - 1 e x p ( r n ) / r k H l 

K r = l 
1 1 3 

where r (k 11) i s a ganma function Tor k = — , — and — the gamma 

functions are 
n i ) = /JT , r(2) = /nV2, r ( 3 ) = 3/^/4 

Summation of only tnree terms are neccssaiy to achieve an absolute 

accuracy of b e t t e r than 10 
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F k ( n ) for -4 $ n < 20 

For the range -4 < n ^ 20 the Fermi-Dirac integrals were 

obtained from the tabulated results of Macdougall and Stoner. 

Intermediate values were computed by i n t e r p o l a t i o n . 

F, (n) f o r n > 20 k 

When n » 1 

where a„ i s a zeta function Summation of i-hp f i ^ s t s i v (o™= zx 
of the assymptotic series was necessary to achieve a precision 

n nk+1 F, (n) 1 + 2 a„ n k+1 2r 

of 10 -6 
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Nomenclature of Computer Program 

NEW n 

FNNP2 4<n> 
FKNP32 = pf<n) 

FKNN2 F-|(n) 

BOLTZ k Boltzman's Constant 

PLANK h Plank 1s Constant 

FASS m 
o 

Free electron mass 

NO N Electron Concentration 

rfASS m*(NENP) Band Edge Effective mass 

"FEM EF Fermi Level 

EbG E 
g 

L-point energy gap 

BET Temperature Dependence of mass 

C(7) c 
13 

E l a s t i c Constants 

ARRAY(16t8) = Temperature v a r i a t i o n of e l a s t i c constants 

TEiyp T Temperature 

D l l , D22, D33 Deformation Potentials 

A2(I) a 2 i Zeta Function 

NEWE(I) = n 

T32(I) = 

F(I) 
S- Macdougall and Stoner Tabulations 

WFD(l) = 

W2FD2 (I) = 

W3FD3 (I) 

DELCN (N) •= 6c Electronic Contribution to the Elastic 
•LD 

Constants 
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ẑ  —* LZ- > I T 
« ? 1— o 

r rs. 
Q O L J »>. »- JL 
a LL < w- z JR 

1 
J 

1 c sr
 

< : 
I 

<m — <i c : < a r~ 
- J •r r 

Z ) ~ z; t «c i - LLl c a 
y 2 . „- u 

w 1 * Z ) < r-

c 
L L 

C -
LL 

LL 
1 

L J 
<1 L> J " 

<. 
J K ^> LL. z X a 
w — y . r j _ y~ LL LT 
•If z *c c Ct u . a. ^ < y L - #— c 
1— j w # •* «— » 

r < LL » u >• 
*-* - e » * ? ~— u. —• <: 

— + + ft Li L_» L J ^g • s. L J a 
+ —* » — r* Ll »- LL ^» — ; 7 ti D 
C <X m ^ 7 z LU « f ^* > . r g J -

L J z; ZD IT • z; C ~- t _ , U J I H 2 . 
» «- a • i r ( u * i _ J >~ L J a n 
» "~- *z * *-* c> > — C* LLI -t •—< U ^ c c I L a _ J _ J C cr —* LL a 

z> • — u LL r - L J 1 -? \_ o 
w J ~ 2* —̂ z. C — -• IT « a 

+ LL « w — ** x_ a l _ * II II — II v. >L> 
»- ^. i ~- - r a ** — u l _ _J > a ' a . I L u u *— UL 

LL, u K . 1 »N r v j o u rs. Li UJ L . 1 S ' L z> u •z II r - — - ~" zz 
7 L J JL I I c I I II o U - LL L. — II *r L , > * — h - S Z) L>n I * ^ 1 • I i —• 
w ( L i l i *- •—• t— r* L L s »- r I J f > r 

I I l< _J ^ ~ L_ C L c _ l Ct r o L J •—• c- 7 t— 1- f r— a t - K j —i IL II I I K II _ ) 

rf _ I r~ z . 1— i L _ I r f , u »— <• 
r 

1 « „ »— 
Z) * I L - C i . z. -5 L. l LU L Li w l - 1 f r _ r c - _y _ .s • I — z *" z; L u ». 

"- L_ —' J l _ L>_ LL L_ Lv y~ 
L , 

r l_i L_ -) r-
O 

L . L >• - J L J - L i 1 / (Z L LL a. _ 

o *N f l bi * \ l u o — J m 
O o O O _ l „ l it r i J—t <• 
-* P I P 1 r» —4 a> ^-1 T 1 J L J 

Z ; 

1 ui 

I 
• 3r 

> — p 
2 u •—• r-« L t 

_ J -J- K- L J 
u_ _i 1 
u . • Li J 

LL * r -
i Ll w — 

L i c J J 
U . — 

J - —< LL. c & 
LT n 
»Ji z . t 

— u t » 
r r - - — I 
z _ J r* z" 

~ - *" 

w • J 
<w 1— 

o 



- 128 -

c 
3 

—J CM 
• <I • 
O f— ^ 
I < — 

~> I I -
o • a -

£ a L- •• := ~ l — u. i 

, - " 1 ^ — » — — — II 

— u - I < ; ^ > _ -
L ' '— — V - | 

— ~ L ^ C < t ^ U - _ < , 
- — - " C - t - z : — _ c . 

-f ^ 
- «- u 
ft 1 . i 

+ * + 
CM <\J r \ * * * 
•f 1 * 

T 

Z <r x 
>• > " < 

-£ s- r 
* _ J ^ i i i 

— — r 

L_J — U + 

• P* + CN. 
— •v . _ 
O — «. — 

r*. r — ^ u 
v . v_ * _ f 
— + < — 4. I 

r v — 
(XI — 

o 
I 

J 

a. a • J J i L J c c O 4- + r •f r 1 
z f -J 2 — y* v " •r r — — I N —. 

w & • i t + 1 * 1 c •v. — i r •s. 
a u > z: _ j —* —* •—• #-» — — — 

• » *~ < r 4 < i > •— — — —» >* + 
3 _J c P ~ > ^ ̂  I T — 

u L C O • r " C «— — — — + u — i r Lw c A . ? 2. 
» i r <_ > < * — - > L_, + 1 •—4 t -

IT IN. *— u • u IX •— L L. _ J * •• | ••• w + 
• • »•» a 1 ^_ (a. •y w >• U —^ « — «— _ JL -• 4 

«—i -4- — X u > _•. L , - 1 t «• > r- — 
— r \ j • i ». i r ^' _ , —i 

• ^ 1 • u (/• r" w Li 7- ~* — r , _ . 
c - S « r -

c _ i II M n r— 1 t— 3 , c w — i — + 
+ a < re 1 + »• U > _ _. + r 

r U ~- ~J r j Y- i - •» ~* »- - | — i 1 1 11 II 
u u u u ~ _ l / - n _ <- n II i -? 3 II 1 H 1 1 I> 1 il I I _ .̂ -*-

T ' 1 C LL ~ i - 1 j r {- _ •r -.T 

ii _ II II c II r 1- _ I — It - 1 1) _ u —* ^- C , • - i t—' 
_r - J r- r a — > r i *• — — — — — — — —' i l *»> _ -» 
_ i <- r J 1 # — < f 1 , — _ i J *- > 7 > > > .... 

O 1 - *— - " L 1 VI - _ - i - t L c a. c + a _ C -



- 129 -

APPENDIX 3 

THE LEAST-MEAN-SQUARES COMPUTER PROGRAMME 

The e l a s t i c s t i f f n e s s costants are derived from the experimen

t a l l y measured ul t r a s o n i c v e l o c i t i e s by a minimisation of the parameter 

SUMSQ , 

SUMSQ 
n 

1=1 

Calculated pV 

Measured pV 
i 

The computer programme calc u l a t e s the e l a s t i c constants as a 

function of temperature applying the thermal expansion data of White (1972) 

Nomenclature 

ERR (I) 

SOLN (I) 

MAX (I) 

MIN (I) 

STEP (I) 

SMALL 

DENS 

DELT (N,M) 

TEM (I) 
ALPHAI (I) 
APPHA2 (I) 

BETAX 
BETAZ 
BETAYZ 

DENS 1 

CONST 1 
CONST 2 
CONST 3 
Q 

i 
± AV 

i 
C 
ID 

AC 

P 

j j X y c L i i l i a i n.aj . i y umcibUi.eu vt:xut-J-T_y 

Error i n v e l o c i t y measurement 

Calculated e l a s t i c constant 

Maximum e l a s t i c constant 

Minimum e l a s t i c constant 

Change i n e l a s t i c constant 

Minimum SUhsQ required 

Room temperature density 

Temperature dependence of the v e l o c i t i e s 

Thermal expansion data of White (1972) 

x axis 
z ax i s Temperature v a r i a t i o n of the l i n e a r dimensions 

ID 

R.T. 

yz axis 

SUMSQ 

Density corrected for thermal expansion 

http://jjXycLiiliain.aj.iy
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