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Preface 

The work presented i n t h i s t h e s i s was c a r r i e d out 

between October 1973 and August 1976 i n the Department o f 
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The m a t e r i a l i n t h i s t h e s i s has not been submitted 

p r e v i o u s l y f o r any degree i n t h i s or any other u n i v e r s i t y . 

No claim o f o r i g i n a l i t y i s make f o r Chapters one and t h r e e , 

and most o f Chapter two; the remainder i s claimed t o be 

o r i g i n a l except where otherwise i n d i c a t e d . Chapter two i s 

based on a paper by the author i n c o l l a b o r a t i o n w i t h 

E. Corrigan and D. O l i v e ; p a r t of the work i n Chapter f i v e 

has been published i n a paper by the author i n c o l l a b o r a t i o n 

w i t h D. B. F a i r l i e and R. G. Yates- Relevant unpublished 

work by the author i s a l s o i n c l u d e d . 

I should l i k e to thank Peter Goddard ana David F a i r l i e 

f o r t h e i r guidance and encouragement throughout the course 

o f t h i s work; I should also l i k e t o thank "£d Corrigan f o r man 

h e l p f u l descussions over the past three years. Thanks are a l 

due to Jan Peters f o r t y p i n g the manuscript, and to the 

Science Research Council f o r a research s t u d e n t s h i p . 



A b s t r a c t 

This t h e s i s i s concerned vv^th Dual Resonance Models, 

and i n p a r t i c u l a r w i t h t h e i r a l g e b r a i c s t r u c t u r e s . Chapter 

one i s an i n t r o d u c t i o n t o the s u b j e c t o f dual modelSj n 

which the known models are surveyed, and t h e i r most i m p o r t 

ant f e a t u r e s are i n d i c a t e d . 

Chapter two deals w i t h the c a l c u l a t i o n of the d e t e r 

minants and other f u n c t i o n s of i n f i n i t e dimensional matrices 

which a r i s e i n the c a l c u l a t i o n o f fermion and o f f - s h e l l 

dual amplitudes. A f t e r e x p l a i n i n g how these f u n c t i o n s a r i s e , 

a g r o u p - t h e o r e t i c a l method of c a l c u l a t i n g them i s given, 

which i s much simpler than previous methods. 

I n Chapter three recent work on supersymmetry and 

graded L i e algebras i s reviewed, and i t s relevance to theo

r e t i c a l p a r t i c l e physics i n general and dual /nodels i n 

p a r t i c u l a r i s i n d i c a t e d . The algebras u n d e r l y i n g the known 

dual models, i n c l u d i n g the r e c e n t l y suggested 0(N) algebras, 

are seen to be graded L i e algebras. 

I n Chapter four i t i s pointed out t h a t the f i n i t e 

subalgebras of these ( i n f i n i t e ) dual model algebras are simple 

graded L i e algebras. Representations o f these subalgebras 

are constructed using the super f i e l d formalism of super-symmetry. 

Some of these r e p r e s e n t a t i o n s extend to r e p r e s e n t a t i o n s o f the 

i n f i n i t e algebras, and i n c e r t a i n cases they can be used to 

c o n s t r u c t Fock space r e a l i s a t i o n s of the generators o f these 

(graded) algebras. 

I n Chapter f i v e n - p o i n t amplitudes corresponding to 

the 0(i!) algebras are c o n s t r u c t e d using b i l i n e a r forms 

which arc i n v a r i a n t under t h e i r f i n i t e ::;uba'lgcbr;iG ( d e s c r i b e d 

i n Chapter f o u r ) , The /^-point amplitudes are i n v e s t i g a t e d , 

and i t i s found t h a t t h e i r mass-spectrum con t a i n s ghost s t a t e 

f o r N> r?} and f o r N=2 except i n two space-time dimcnsi.ons. 
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Chapter 1, Dual Resonance Models. 

I n t r o d u c t i o n : The concept of d u a l i t y i n st r o n g i n t e r a c t i o n 
(1) 

physics was f i r s t i n t r o d u c e d by Dolen, Horn and Schmid ' * 

They had s t u d i e d the c o n s t r a i n t s imposed on S- matrix elements 

by a n a l y t i c i t y and c r o s s i n g symmetry, using the techniques 

of f i n i t e energy sum r u l e s . They found t h a t the d i r e c t -

channel resonances and the cross-channel Regge poles provided, 

i n an average sense, e q u i v a l e n t d e s c r i p t i o n s o f the same 

phenomena. 

To o b t a i n a s c a t t e r i n g amplitude which s a t i s f i e s 

a n a l y t i c i t y , c r o s s i n g symmetry, Regge behaviour and Lorentz 
(2.1 

i n v a r i a n c e i s a n o n - t r i v i a l task. The discovery by Veneziano 

of a f o u r - p o i n t crossing-symmetric s c a t t e r i n g amplitude w i t h 

l i n e a r Regge t r a j e c t o r i e s i n i t i a t e d the s u b j e c t of dual 

resonance models. This amplitude possesses an i n f i n i t e number 

of poles (corresponding t o narrow resonances) i n the s- or 

the t - channel, and d u a l i t y i s e x p l i c i t l y s a t i s f i e d : the 

sum over the s- channel poles i s a c t u a l l y equal t o the sum 

over the t - channel poles. 

I t was soon discovered t h a t Veneziano's amplitude 

could be ge n e r a l i s e d t o an n- p o i n t a m p l i t u d e w h i c h i s 

based on the same p r i n c i p l e s , and i s completely f a c t o r i s a b l e . 

A powerful operator formalism was d e v e l o p e d ^ ^ w h i c h 

enabled a proof t o be given t h a t the model i s free o f i n d e f i n i t e -

m e t r i c ghosts^''. Although the n- p o i n t amplitude i s e x p l i c i t l y 

n o n - unitary, c o n s t r u c t e d as i t i s from narrow resonances, a 
(10) 

procedure f o r u n i t a r i z a t i o n o f the amplitudes i s known . , 



The model developed from Veneziano's o r i g i n a l /+-point 

amplitude possesses remarkable mathematical consistency. 

There i s however very l i t t l e freedom i n the model, and as i t 

stands i t i s p h y s i c a l l y u n r e a l i s t i s : the mass spectrum i s 

wrong, there are no fermions, and the model .works best i n an 

unphysical number of dimensions o f space-time. 

To f i n d a way of changing the model i n a way which pre

serves- i t s good q u a l i t a t i v e f e a t u r e s and i t s mathematical 

consistency, and improves the undesirable f e a t u r e s Neveu, 

Schwarz and Ramond̂ "1""1"' developed a model which embodies 

the p r i n c i p l e s o f Veneziano's model, and i n c l u d e s fermions. 

Hov/ever the mass spectrum, w h i l s t an improvement on the 

Veneziano model, i s s t i l l u n r e a l i s t i c , and the model s t i l l 

works best i n an unphysical number o f dimensions o f space-time. 
(13 

There are a number of excellen J" reviews o f dual models " 

and i n t h i s chapter we i n t e n d only t o give a b r i e f i n t r o d u c t i o n 

t o the s u b j e c t , p l a c i n g an emphasis on those aspects which w i l l 

be o f use i n the remainder o f t h i s t h e s i s . We s h a l l also 

b r i e f l y describe the new models suggested by Acemollo et a l ^ 1 ^ 

which we s h a l l consider i n more d e t a i l i n l a t e r chapters. 
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1 .1 , The Veneziano Model 
The amplitude f i r s t w r i t t e n down by Veneziano was a pro

posal to describe ITTT-* ITto s c a t t e r i n g . Adapted f o r the case o f 

s c a t t e r i n g o f four i d e n t i c a l s p i n l e s s p a r t i c l e s ( w i t h no i n t e r n a l 

quantum numbers) 

s = ( k ( + k j l 

Icf «**•(. k ,+ k J 

the proposed amplitude i s 

where A ^ t ) « P ( ~ * ( Q ) H - r f ( t ) ) ( l . D 

and t«t i s a r e a l l i n e a r t r a j e c t o r y f u n c t i o n . A ( s , t ) 

i s an Euler beta- f u n c t i o n , and can also be w r i t t e n i n i n t e g r a l 

form as 

A(.,t) 
The amplitude A ( s , t ) has a number of important p r o p e r t i e s . 

Crossing symmetry i s obvious. More important i s the p r o p e r t y 

t h a t i t can be expressed as a sum of pole terr.s i n e i t h e r the 

s or t channel; e x p l i c i t l y we can w r i t e 

A ( s t ) _ y 

where Hn (x) * I f UU^^l) 
n ! P U ( x ) t O ( 1 . 3 ) 

We see t h a t K n ( x ) i s a polynomial of degree n i n x. Hence the 

residue R ( t ) of the pole i n s a t 0((s)--n i s a polynomial of n L 

degree n i n t ; a n a l y s i n g t h i s i n terms of angular f u n c t i o n s , 



t h i s residue can be expressed i n terms o f spins l e s s than or 

equal t o n. This corresponds to the existence of daughter 

t r a j e c t o r i e s below the l e a d i n g t r a j e c t o r y , w i t h p a r t i c l e s a t 

the same masses as on the l e a d i n g t r a j e c t o r y . 

We note t h a t i f oC (0)=l, the residues Rfl are such t h a t 

there are no odd daughters. The c o n d i t i o n o£(0)=l i s i n f a c t 

r e q u i r e d f o r the consistency of the model when generalized to 

n- p o i n t amplitudes; we can take the slope of the t r a j e c t o r y t o 

be 6t=-?, so t h a t the l e a d i n g t r a j e c t o r y i s oC(s)- l-«-£s . 

The other mosb important f e a t u r e of A ( s , t ) i s t h a t i t i s 

Regge-behaved a t high energy. Using S t e r l i n g ' s formula we see 

t h a t 

as 1*1—* co ( s i n c e we are working i n the narrow-resonance 

approximation, we must take t h i s l i m i t away from the r e a l a x i s ) . 

The amplitude F ( s , t , u ) i n t h i s l i m i t i s 

R * , V ) ~ _ J j + e ) _ 5 ( i > 5 ) 

r(l+«t(0) «i*not(t) 

e x a c t l y as expected f o r an even-signatured Regge pole. 

The n- p o i n t aicplitude i s a g e n e r a l i z a t i o n of the i n t e g r a l 

form o f the amplitude ( 1 . 3 ) ^ . I t i s best w r i t t e n down i n 

terms o f Koba-Nielsen v a r i a b l e s ^ ^ : associate w i t h each 

p a r t i c l e o f momentum k^ a p o i n t on the u n i t c i r c l e , and w r i t e 

the g e n e r a l i z a t i o n o f A ( s , t ) as 
/ K r- - i t . - i , r * .u'o)-\ i 

A,U 0- i t u;-z,) ' f n k - x j 
J ^ „ , j ( » Lm . j 

rtoro -. ^ 7 . jZh ( u 6 ) 
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and the i n t e g r a l i s round the u n i t c i r c l e , m a i n t a i n i n g the 

order o f the z's. We note t h a t the bracketed term i n the 

i n t e g r a l vanishes when < t o ) = i . A has simultaneous r>oles i n 

(n - 3 ) channels, l y i n g on Regge t r a j e c t o r i e s oC^- \tj.Si- , where 
J J 

s . ^ k ^ . + k . ) 2 . 
An imp o r t a n t f e a t u r e o f A n i s t h a t i t i s i n v a r i a n t under 

the p r o j e c t i v e or Mobius group SU ( 1 , 1 ) : Afi i s i n v a r i a n t 

under a I-iobius t r a n s f o r m a t i o n 

X - <KTL- -f b o L o t - b c ^ l ( 1 . 7 ) 

A n can i n f a c t be w r i t t e n i n t e r n s of (Mobius i n v a r i a n t ) cross 

r a t i o s 

^ 7 * - i , Z j " ^ = f ^ i - Z j X z i - , " Z r J (1*8) 

fli-Z-y,) (z;_, - Z") 

The f a c t o r dY b i n ( 1 .6 ) can be thought o f as being 

due to t h i s p r o j e c t i v e i n v a r i a n c e . I f we were to i n t e g r a t e 

over a l l z. i n ( 1 . 6 ) , v/ithout the f a c t o r dV , , we would o b t a i n x a be ' 
(15) 

a constant times A \ . This constant i s e s s e n t i a l l y an 

i n t e g r a l over the group measure, and i t i s t h i s t h a t we are 

f a c t o r i n g out by i n c l u d i n g d v * a b c * 

A n ( k 1 $ k ) i s i n v a r i a n t under c y c l i c ( k ^ ^ k i + l ^ 

and a n t i - c y c l i c t r a n s f o r m a t i o n s . To o b t a i n the f u l l amplitude 

we should sum over a l l i n e q u i v a l e n t permutations of ( k ^ , . . . , k ) , 

j u s t as i n ( l . l ) f o r the i f - p o i n t case. 

The f u l l amplitude has a l l the d e s i r a b l e f e a t u r e s o f the 

'(•-point amplitude. I t can be w r i t t e n as the sum of simultaneous 

poles i n (n - 3 ) channels. I t e x h i b i t s multi-Rcgge behaviour, 

t h a t i s Regge behaviour i n subenergies, when c e r t a i n r a t i o s o f 

those subenergies are he3d f i x e d . I t i s also f u l l y f a c t o r i z a b l e 

w i t h f i n i t e degeneracies.^"'^ 



6 

I n order t o analyse and understand the s t r u c t u r e o f the 

amplitude more c l e a r l y , i t i s u s e f u l t o i n t r o d u c e an operator 

formalism. I n t h i s approach we use an i n f i n i t e set of harmonic 

o s c i l l a t o r - t y p e operators , n> 0 , which s a t i s f y canonical 

commutation r e l a t i o n s 

c • : , * : ] • L e v ? ] - o 
IX,... ( 1 . 9 ) 

The index yi*. runs over 0 , 1 , ... , D - 1, denoting one time 

dimension, and (D - 1) space dimensions. I t i s o f t e n more 

convenient t o use fin , defined by 

- s 

(1 .10) 

where p** i s the momentum op e r a t o r . 

I f qJ* i s the p o s i t i o n o p erator conjugate t o p'*' , then 

we d e f i n e generalized p o s i t i o n and momentum operators and P^ by 

^ ft=-09 

'We i n t r o d u c e a vacuum s t a t e I o)- which s a t i s f i e s e(,JO> =0 

f o r n^O. Then, d e f i n i n g the Fubini-Veneziano v e r t e x ' 

w / • \ - ; k - a u ) H * (1 .12) 
V ( z , / < ; * : e : z 

we can consider a s c a t t e r i n g amplitude f o r n ground-state 

p a r t i c l e s given by 

An !Lk rT(z ;- 2 ;„r"' <oi.fr vu>;)io> 
,„ ;" -" (1.13) 
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where the i n t e g r a t i o n i s taken round the u n i t c i r c l e , m a i n t a i n 

i n g the order of the z 5 s , as before. I t can e a s i l y be shown 

t h a t t h i s i s p r e c i s e l y equal t o the Koba-Nielsen form o f the 

amplitude ( 1 . 6 ) . 

We would now expect the s t a t e s o f the model to be those 

generated by the c r e a t i o n operators flt-n a c t i n g on the vacuum 

J 0^ . Because o f the s i g n of the commutation r e l a t i o n s 

s a t i s f i e d by o(-n} the s t a t e s created by these operators have 

a negative norm; they are ghost s t a t e s which must decouple 

from the p h y s i c a l s t a t e s i f the model i s to be a t a l l r e a l i s t i c . 

The ghost s t a t e s do i n f a c t decouple from the p h y s i c a l 
(17) 

s t a t e s , provided t h a t the dimension of space-time D^26. 

This i s p o s s i b l e because the s t a t e s o f the model s a t i s f y gaug<?. 

c o n d i t i o n s which r e s t r i c t the space o f p h y s i c a l s t a t e s . The 

s i t u a t i o n i s analogous t o t h a t i n QED} where the l o n g i t u d i n a l 

components o f the photon decouples because o f gauge c o n d i t i o n s . 

To s p e c i f y the gauge c o n d i t i o n s o f the Vcnesiano model s 

(8) 
we need t o i n t r o d u c e the V i r a s o r o operators ' 

L . -

where the i n t e g r a t i o n i s round the u n i t c i r c l e . . These s a t i s f y 

the commutation r e l a t i o n s 

r i r ^ * c (1 .15) 

A c t i n g on the vacuum we f i n d t h a t Ln|o^=0 f o r n£ - 1 . 

An operator i s s a i d t o have conformal spin J i f i t 

s a t i s f i e s 
(1 .16) 



I n p a r t i c u l a r , we note t h a t Q ^ ( z ) , P^*(z) and V(y„k) have 

J=0, - 1 , £k 2 r e s p e c t i v e l y . When o£(0)=l, the mass of the 
2 

ground s t a t e i s -g-k '=•-!, so V(z,k) has J = - l . 

Using (1.1/.|.) and (1 . 1 6 ) , the n-point amplitude (1 . 1 3 ) can 

be w r i t t e n i n an e x p l i c i t l y f'actorized form as * * 

AH - < " U " i k , > W i > . ) i > W i Jt,)...«'V ( i,t M V i k - " > l o > 

where • ( l . l ? ) 

Jo L c - I 

and V ( l j k ) i s V(z,k) evaluated a t z = l . Thus the n-point 

amplitude has been w r i t t e n as a succession o f v e r t i c e s and 

propagators, corresponding t o the diagram 

Now consider a t r e e s t a t e I ̂ d e f i n e d cs 

' ^ > - - V / ( i > 1 ) ? . . . ' P V ( l J U . 1 ) e ' ' l , i - < V l o > ( 1 " 1 8 ) 

For tf(0)=l t h i s s a t i s f i e s 

(L-L-Un)|l^> 0 *\ | 
(1 .19) 

I t i s t h i s gauge c o n d i t i o n which a l l o w s the decoupling o f 

c e r t a i n s t a t e s from the physical s t a t e s , and i n p a r t i c u l a r 

decouples a l l o f the ghost s t a t e s from the p h y s i c a l s t a t e s 

f o r D ^ 2 6 . ( 1 7 ) 
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We note t h a t t h i s only works f o r g((0)=:1; i n other cases 
there are ghosts c o u p l i n g to the p h y s i c a l s t a t e s . This c o n d i t i o n 
means t h a t the ground s t a t e o f the model has mass ^'=-1: i t 
i s a tachyon. This undesirable f e a t u r e , together w i t h a l e a d i n g 
t r a j e c t o r y t h a t passes through e ^ ( 0)=l, means t h a t the spectrum 
of the model i s p h y s i c a l l y u n r e a l i s t i c . Furthermore, the model 
p r e f e r s t o work i n 26 dimensions of space-time. The t i g h t 
c o n s t r a i n t s placed on the model by r e q u i r i n g the c a n c e l l a t i o n 
of ghost s t a t e s mean t h a t the model cannot simply be modified 
to r e c t i f y these f a u l t s ; new models must be found. 
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1.2. Re-presentations o f the P r o j e c t i v e Group 

Before we go on to discuss the c o n s t r u c t i o n o f f u r t h e r 

dual models, i t i s convenient t o discuss some aspects o f the 

p r o j e c t i v e group, since t h i s i s an important f e a t u r e o f the 

Veneziano model and i t s extensions. I n p a r t i c u l a r we wish t o 

consider the r e p r e s e n t a t i o n s o f SU (1 ,1) , since we s h a l l use 

these i n l a t e r chapters. 

The V i r a s o r o algebra (1 ,15) has a f i n i t e subalgebra spanned 

by [ L 0 , L±i^ which i s isomorphic t o the algebra of S U ( l , l ) . 

The q u a d r a t i c Casirair operator o f t h i s algebra i s 

C - L0LLo-n)- L , L - / d . 2 0 ) 
The group SU(1,1) i s (isomorphic t o ) the group o f r e a l 

2 x 2 matrices w i t h d e t e r m i n a n t = l . We can t h i n k of these as 

op e r a t i n g on a 2-vector 

4 ; ( ; H ; H ; :)(;) 
The L Q , can be represented as 2 x 2 m a t r i c e s ^ C o n s i d e r i n g 

terms o f the form ( j f * * ' ] ' ' ) we see t h a t they are mapped i n t o 

other terms o f the same form by the t r a n s f o r m a t i o n ( 1 , 2 1 ) ; hence 

they are s u i t a b l e f o r use as the basis o f a r e p r e s e n t a t i o n 

space f o r other r e p r e s e n t a t i o n s o f S U ( l , l ) . 

I n p a r t i c u l a r , consider terms ( T ^ J v / where k i s 

f r a c t i o n a l and m i s an i n t e g e r . J and k are l e f t i n v a r i a n t by 

the t r a n s f o r m a t i o n ( 1 , 2 1 ) . J i s i n f a c t r e l a t e d t o the Casimir 

operator o f ( 1 , 2 0 ) ; the eigenvalue o f C i s 0 ( J + I ) . 

The i n v a r i a n t s J, k can be used to c l a s s i f y the u n i t a r y 

i r r e d u c i b l e r e p r e s e n t a t i o n s of S U ( l , l ) v " ^ ~ ^ \ Re q u i r i n g t h a t 

the r e p r e s e n t a t i o n be s i n g l e - v a l u e d r e s t r i c t s k t o be an i n t e g e r 
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or h a l f - i n t e g e r . For j£ 0 we may c o n s t r u c t (2J+1) dimensional 

r e p r e s e n t a t i o n s ; these are n e c e s s a r i l y n o n - u n i t a r y , as we are 

de a l i n g w i t h a non-compact group. 

For J < 0 there are v a r i o u s classes o f u n i t a r y i r r e d u c i b l e 

r e p r e s e n t a t i o n s . I n p a r t i c u l a r we have the r e p r e s e n t a t i o n s 

IXr 0*<O U> - J M 5 O l l . . 
. w _ (1 .22) 

As explained above, these r e p r e s e n t a t i o n s can be r e a l i z e d 

on a r e p r e s e n t a t i o n space spanned by a basis 

£ | k * ~ (1 .23) 

v y 
where N(J,k,m) i s a n o r m a l i z a t i o n f a c t o r . The r e p r e s e n t a t i o n 
m a t r i x D t f u > i s d e f i n e d by 

= Z 1 ^ (A) i T I c n ) 
(1.2/0 

where A i s the t r a n s f o r m a t i o n ( 1 . 2 1 ) . 

The n o r m a l i z a t i o n f a c t o r s are determined from the c o n d i t i o n 

D(L_^)=D(L- ] L)^ , and f o r the D(*; , D*j r e p r e s e n t a t i o n s can be 

taken t o be 

We can o b t a i n ( n o n - u n i t a r y ) r e p r e s e n t a t i o n s o f the 

generators |L Q,L ; t 1| f o r J, k outs i d e the above r e s t r i c t i o n s , 

i n p a r t i c u l a r we can consider the r e p r e s e n t a t i o n i n the 

l i m i t J - — > 0 - . This can be used t o c o n s t r u c t a Fock space 
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r e a l i z a t i o n of the ge n e r a t o r s { L Q , L ± 1 } which c o i n c i d e s 

v/ith the V i r a s o r o e x p r e s s i o n ( l . l Z f ) . 
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1.1. The Ncveu-Schwarz Model 

An e x t e n s i o n o f the Veneziano model was proposed by 
(11) 

Neveu and Schwarz who i n t r o d u c e d anti-commuting a n n i h a l a t i o n 
and c r e a t i o n o p e r a t o r s b.T , b£* s a t i s f y i n g 

r s 

(1.26) 

L 3 
where r, s = • The vacuum i s now understood to s a t i s f y 

b ^*lo)=0 a s w e l l a s «(̂ (o>=0 for n^O. Using the eOs and the 

b's to c o n s t r u c t amplitudes g i v e s a model with more s t r u c t u r e 

than the Veneziano model. 

Neveu and Schwarz i n t r o d u c e d a new f i e l d H^*(z) d e f i n e d by 

r-,-*» (1.27) 

(where b̂ *" =b^"). T h i s f i e l d can be used to c o n s t r u c t new - r r 
V i r a s o r o - t y p e guage o p e r a t o r s : 

L'n - - i i i . z* : • i HU): °4.;z I T <l-M> 
When added to c o n s t r u c t e d from c ^ a s i n ( l . l Z f ) , t h i s g i v e s 

«-«, - "-ft T . 

* (n- ^ j L ^ ^ + Y n t n l ' - l ) ^ < H + n 0 (1.29) 
T h i s i s of the same form a s (1.15). with a d i f f e r e n t c-number 

term. 

A f u r t h e r s e t of o p e r a t o r s G , r h a l f - i n t e g r a l , can be 

d e f i n e d ( 2 l ) : 

which form a c l o s e d a l g e b r a with the L n ' s 

C L n # Q r ] »(i 
(1.31) 
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I f we c o n s i d e r the commutator of L with II ^ ( z ) . and compare 

i t with the d e f i n i t i o n of conformal s p i n (1.16), we f i n d t h a t i t 

has J=-J>-. Under 5 U ( l , l ) t r a n s f o r m a t i o n s , I I ^ ( s ) t r ansforms a s 

a ( J = — k = £ ) r e p r e s e n t a t i o n ( i t i s b u i l t from terms of the 

form z k * w w i t h k=£). 

I n order to w r i t e an amplitude, a new v e r t e x i s d e f i n e d ^ 1 1 ^ 

W i Ic ) • k H W : e- ; k t " l ) : x > k ' ' 1 

' (1.32) 
p 

T h i s has con formal s p i n J=£k"~J, so t h a t i t transforms i n the 
same way a s the Fubini-Veneziano v e r t e x under p r o j e c t i v e t r a n s -

p 

formations, provided t h a t £k "=—\. As i n the Veneziano model, 

t h i s c o n d i t i o n i s a c t u a l l y n e c e s s a r y f o r the c o n s i s t e n c y o f 

the model, and we assume t h a t i t h o l d s i n the f o l l o w i n g . I t 

means i n p a r t i c u l a r t h a t the ground s t a t e of the Neveu-Schwara 

model i s a l s o a tachyon, with mass m2"-—\. 

The n-point Neveu-Schwarz amplitude i s 

where dV" a b c i s the p r o j e c t i v e i n v a r i a n t measure d e f i n e d b e f o r e 

(1.6). A i s i n v a r i a n t under S U ( l . l ) , s i n c e the v e r t e x t r a n s -n 
forms i n the same way a s i n the Veneziano cace. T h i s amplitude 

has simultaneous p o l e s i n (n-3) non-overlapping channels which 

can be e x p l i c i t l y d i s p l a y e d by w r i t i n g (1.33) i n a f a c t o r i z e e l form 

analagous to (1.17): 

Aa= <o|e : k l-H 1.b iV(l fkOr iT V(iJ V l ) k 4 e- ;^fO> 

whore V(l 5k)=k.1-1(1) V 

and V ( l , k ) i s the Veneziano v e r t e x (1.1?) e v a l u a t e d a t z-1. 



The above form of the amplitude i s c a l l e d the j ' , form. 

I t i s sometimes more convenient to work with the ^ form, given 

by removing the k.b terms i n (1.3^) to g i v e 

Both of these amplitudes r e p r e s e n t the s c a t t e r i n g p r o c e s s 

corresponding to the diagram 

k3± 

I n the £ formalism we c o n s i d e r the 1- i ^ a r t i c l e s t a t e to be 

k-tt" 2 ' ^ l o ) , i n the $ formalism we have r e d e f i n e d i t to 

be V i k <V | 0 > . 
As i n the Veneziano model, t h e r e i s the p o s s i b i l i t y of 

,o i « 

negative-norm s t a t e s , c r e a t e d by eC_n and a l s o by b. r . I f 

these a re to decouple from the p h y s i c a l s t a t e s , we r e q u i r e 

gauge c o n d i t i o n s on the p h y s i c a l s t a t e s ; furthermore we expect 

more gauge c o n d i t i o n s than i n the Veneziano model a s there 

a r e more ghost s t a t e s to be decoupled. For k d = — J the gauge 

c o n d i t i o n s s a t i s f i e d by a t r e e s t a t e 

i n the $ formalism a r e 

L J v > = ( L 0 n - n - i ) / ^ > nfcl 
Gr IV> =• (L.«r-i) /<&> r » i <1«36) 

where I Vo/* i s obtained from I ^ by r e p l a c i n g the f i r s t v e r t e x 

V ( l , k , ) by V ( l , k , ) • These gauge c o n d i t i o n s a r e s u f f i c i e n t to 

ensure t h a t the ghost s t a t e s decouple from the p h y s i c a l s t a t e s , 

provided t h a t 

The n-point amplitude can a l s o be w r i t t e n i n a form t h a t 
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i s v ery s i m i l a r to the Koba-Nielsen form of the Veneziano 
( 2* ) 

amplitude (1.6) J . To do t h i s we i n t r o d u c e v a r i a b l e s 6; 

a s s o c i a t e d with each p a r t i c l e k^, i n a d d i t i o n to the v a r i a b l e s 

The Bi s a t i s f y 
{ © • , 9 j } , O * (1.37) 

( PI \ 
An i n t e g r a t i o n over0^ can be d e f i n e d - + by 

J (1.38) 

The n-point amplitude can then be v / r i t t e n a s Ch.^; B 

* w J ( 1 - 3 9 ) 

V/e s h a l l see i n l a t e r c h a p t e r s t h a t t h i s form of the amplitude 

i s p a r t i c u l a r l y u s e f u l for s t u d y i n g the p r o p e r t i e s of the 

"supergauges" G r . 

The Neveu-Schwarz model has a b u i l t - i n ' G - p a r i t y 1 : 

a s t a t e has even/odd G ~ p a r i t y as i t i s c r e a t e d by an even/odd 
A 

number of b' o p e r a t o r s . The n-point amplitude A n v a n i s h e s f o r 

n odd. Because of t h i s i t i s tempting to i d e n t i f y the ground 

s t a t e of the model a s the pion. I s o s p i n f a c t o r s can be 
(25) 

i n c o r p o r a t e d i n A^ by use of the Chan-Paton f a c t o r s . 

The t r a j e c t o r i e s of the Neveu-Schwarz model are spaced 

a t h a l f - u n i t i n t e r v a l s , r a t h e r than a t u n i t i n t e r v a l s a s i n 

the Veneziano model. The l e a d i n g t r a j e c t o r y s t i l l p a s s e s 

through oC(0)=l; however the pole at£k =-1 i s c a n c e l l e d from 

the spectrum, and the ground s t a t e p a r t i c l e i s the pole a t 

4"k"=~ir- Although the l o w e r - l y i n g s t a t e s bear some resemblance 

to the p h y s i c a l mass-spectrum of s t r a n g e n e s s - z e r o mesons, the 

s i m i l a r i t y i s f a r from s a t i s f a c t o r y . I n p a r t i c u l a r the pion 

should not be a tachyonJ Al s o the c a n d i d a t e s f o r the j> and 

u) have s i g n i f i c a n t l y d i f f e r e n t masses ( the j> a c t u a l l y having 



zero mass) and the l e a d i n g t r a j e c t o r y s t i l l has i n t e r c e p t oC(0)=l. 

Thus the Neveu-Schwarz model, w h i l s t an improvement on the 

Veneziano model, i s s t i l l p h y s i c a l l y u n r e a l i s t i c . 

An important f e a t u r e of the Neveu-Schwarz model i s t h a t 
(12) 

a.t can be extended to i n c l u d e fermions, a s shown by Ramond 
./* 

Anti-commuting o p e r a t o r s cl R f o r n=0,+ 1,1 2,... a r e i n t r o d u c e d 

s a t i s f y i n g 
A n - A^ f A1* J*l 1 

(1.^0) 

The b a s i c f i e l d of the fermion s e c t o r i s a g e n e r a l i z a t i o n of 

the if m a t r i c e s 

P r ( z ) - tf^vr yrjE^JV* (1.41) 

The V i r a s o r o operator can be extended to L n - L K + i > n 

by d e f i n i n g 

(1.^2) 
D e f i n i n g f u r t h e r o p e r a t o r s F n ^ y 

J t i r a (1.43) 
we f i n d t h a t the o p e r a t o r s L , F form a c l o s e d a l g e b r a 

n m 

L L r t j »(x -m) F r. t | V 4 

A c t i n g on P^s.) with Lq, L + ^, we f i n d t h a t f1^* t r a n s f o r m s a s a 

( J = - i , k=0) r e p r e s e n t a t i o n of SU(1,1). 

A v e r t e x for the emission of a meson from a fermion l i n e 

can e a s i l y be c o n s t r u c t e d u s i n g the f i e l d V** , and u s i n g t h i s 

an n-point amplitude for the process 



can be w r i t t e n down " . I n t h i s diagram the s o l i d l i n e i s a 

fermion, the broken l i n e s a r e mesons* The t r e e s t a t e s of the 

model 

i I 

: : 
J L 

s a t i s f y L and F gauge c o n d i t i o n s , provided t h a t the meson momenta 

k^ s a t i s f y £k^ "=—£•• T h i s suggests t h a t the meson s t a t e s should 

be those of the Neveu-Schwarz model, and t h i s i s i n .fact so. 

These gauge c o n d i t i o n s are s u f f i c i e n t to decouple the ghost s t a t e s 

from the p h y s i c a l s t a t e s when D-10 ( the c r i t i c a l dimension of the 
( 1 7 ) 

Neveu-Schwarz model) and the mass of the ferraion M i s zero ^ . 

As i n the meson case, the amplitude may be w r i t t e n i n two 

forms, Ĵ , and ^ . The fermion propagators i n and ^ a r e 

( o m i t t i n g s p i n o r s ) ( L ) " and ( F ) r e s p e c t i v e l y . The j~. 
o o " 

amplitude i s a c t u a l l y the c o r r e c t one; the amplitude c o n t a i n s 
an e x t r a f a c t o r of M*" =0 . However the s t a t e s s a t i s f y simple 

tj 

gauge c o n d i t i o n s ; i t i s o f t e n e a s i e r to c a l c u l a t e i n the 

formalism with fl^O, e x t a c t the f a c t o r of fl^and then cot ft =0 

to give the c o r r e c t ( $ x ) r e s u l t . 

The other v e r t e x which must be p r e s e n t j r . the theory i s 

the f e r n i o n emission v e r t e x 

where the meson l i n e couples to a Neveu-Schwarz s t a t e . T h i s must 

be a more complicated o b j e c t than the p r e v i o u s v e r t i c e s c o n s i d e r e d , 

dC-n^.^j to 
t h a t spanned by £ , k C r j • I t was found by Thorn to b e ^ 2 ^ 

( o m i t t i n g s p i n o r s ) 



V ( . » - e ^ t < o l J l o > , 

where T i s q u a d r a t i c i n the b's and d's. The i n c l u s i o n of two 

such v e r t i c e s i n an amplitude l e a d s to e x p r e s s i o n s i n v o l v i n g 
(27) 

the determinants of i n f i n i t e dimensional m a t r i c e s ' which 

ar e d i f f i c u l t to e v a l u a t e . V/e s h a l l show i n Chapter Two 

how such c a l c u l a t i o n s may be s i m p l i f i e d . 
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O f f - S h e l l S t a t e s 

I n a l l of the models d i s c u s s e d so f a r , amplitudes have 

been w r i t t e n down for the s c a t t e r i n g of n ground s t a t e 

p a r t i c l e s on t h e i r m a s s - s h e l l . The e x t e n s i o n of the Veneziano 

model to an amplitude c o n t a i n i n g one or two o f f - s h e l l s t a t e s 

( c u r r e n t s ) way achieve d by Schwarz and Wu^^. A more g e n e r a l 

operator formulation of the o f f - s h e l l s e c t o r of the model was 
(29) 

suggested by Co r r i g a n and F a i r l i e . T h i s r e q u i r e s the 

i n t r o d u c t i o n of commuting o p e r a t o r s c£ , r h a l f - i n t e g r a l ; 

s a t i s f y i n g 
*r _ rt^ r r /* „ ' " I _ ^ r 

Consider the f i e l d R ^ z ) defi n e d by 

( 1 . ^ 6 ) 

(l./-i7) 

T h i s can be used to c o n s t r u c t V i r a s o r o o p e r a t o r s s a t i s f y i n g 

[ L C * j L M ] (n- *0^tm. + Yl n (* + i ) f M < v ( 1 b / | . 8 ) 

and a v e r t e x 

V J ^ ) ^ e - i k a t e ) : ^ d.49) 
i n the same way t h a t the f i e l d Q ^ ( z ) i s used i n the Veneziano 

model* R ^ ( z ) t r a n s f o r m s as a ( J - 0 , k—*-) r e p r e s e n t a t i o n o f 

SU(1,1)* The n-point amplitude for one o f f - s h e ] 1 p a r t i c l e , 

(n-1) o n - s h e l l (Veneziano) ground s t a t e p a r t i c l e s can then be 

w r i t t e n u s i n g v e r t i c e s V^ sandwiched between the c-space 

vacuuii. | o ) c , 

Tiie amplitude r e f e r r e d to above d e s c r i b e s the p r o c e s s 
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where the wavy l i n e i s the c u r r e n t . To w r i t e down amplitudes 
with more than one c u r r e n t v/e need the vertex, for the e m i s s i o n 
of a c u r r e n t from a meson l i n e 

T h i s can be obtained from the one-current amplitude by r e a r r a n g i n g 

the o p e r a t o r s to d i s p l a y ( n - l ) o r d i n a r y Veneziano v e r t i c e s and 

one other v e r t e x , now c o n s i d e r e d between a-space vacua I . 

The one-current v e r t e x i s a complicated o b j e c t which maps from 

the a-space to the c-space and back to the a-space; i t i s v e r y 

s i m i l a r to two fermion emission v e r t i c e s ( l . Z f ^ ) ^ ^ . T h i s 

complicated form of the v e r t e x l e 3 d s to the e v a l u a t i o n of 

determinants of i n f i n i t e - d i m e n s i o n a l m a t r i c e s , and makes the 

computation of amplitudes c o n t a i n i n g two or more c u r r e n t s 

d i f f i c u l t . 

The o f f - s h e l l amplitudes d e s c r i b e d above a r e u n s a t i s f a c t o r y 

fo r a number of r e a s o n s . The ground s t a t e form-factor f o r a 
(29) 

c u r r e n t of momentum Q i s 

o \ - f (1.50) 
which d i v e r g e s . A l s o the scheme i s on] y c o n s i s t e n t v/hen D=16, 

a s opposed to the c r i t i c a l dimension D=:26 for the Veneziano 

m o d e l . ( 3 0 ) 

A one c u r r e n t amplitude f o r the Neveu-Schwarz model can 
(29) 

a l s o be w r i t t e n down , a t l e a s t for the c o n f i g u r a t i o n 
1 1 1 _ _ 1 1 " 1 /v/v/w-k—' — — _ _ . _ J . _ _ 

T h i s works for D=10. the same a s the c r i t i c a l dimension f o r the 

Ncveu-Schwarz model. Also the form-factor i s now f i n i t e . 

http://__._J.__


A one-current v o r t e x may be w r i t t e n dov/n J " but i t i s 

d i f f i c u l t to prove t h a t i t s a t i s f i e s a p p r o p r i a t e gauge c o n d i t i o n 

M u l t i - c u r r e n t amplitudes w i l l be even more d i f f i c u l t to compute 

than i n the Veneziano case, and g e n e r a l l y the o f f - s h e l l s e c t o r 

i s s t i l l not completely u n d e r s t o o d ^ ^ . 
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1.5. S t r i n g Models 

I n an attempt -co provide an u n d e r l y i n g p h y s i c a l p i c t u r e 

for the Veneziano and other dual models, the s t r i n g model was 

developed. T h i s i s a Lagrangian theory based on an a c t i o n 
(32) 

f i r s t proposed by Nambu d e s c r i b i n g the motion of a f r e e 

( i n f i n i t e l y t h i n ) s t r i n g moving i n D dimensions of space-time. 

The a c t i o n i s a n a t u r a l g e n e r a l i z a t i o n of the a c t i o n f o r the 

motion'of a f r e e p o i n t p a r t i c l e . 

A f r e e ( m a s s l e s s ) point p a r t i c l e moving along a path K^it) 

parametrized by T i s d e s c r i b e d by the a c t i o n A = 
X . J Wt/ (1-51) 

A i s equal to the l e n g t h along the path, and the v a r i a t i o n a l 

p r i n c i p l e g i v e s t h a t the p a r t i c l e moves along a path whose 

len g t h i s s t a t i o n a r y with r e s p e c t to s m a l l v a r i a t i o n s . 

To g e n e r a l i z e t h i s to a f r e e C m a s s l e s s ) c t r i n g , we 

p a rametrize the s u r f a c e t r a c e d out i n space-time by the 

parameters 0* t ~C , and d e f i n e the a c t i o n such t h a t the 

a r e a t r a c e d out. by the s t r i n g i s s t a t i o n a r y with r e s p e c t to 

s m a l l v a r i a t i o n s : 

J J U<r Vc/ bo-/ U r / (1.52) 
The i n t e g r a n d of A can a l s o be w r i t t e n a s f-det g] where g 

i s the m e t r i c on the s u r f a c e t r a c e d out by the s t r i n g : 

)ff. (1.53) 1 j 
The c l a s r . i c a l and quantum dynamics f o l l o w i n g from (1.52) 

have been thoroughly i n v e s t i g a t e d / 32-3'i) ̂  ^e note t h a t A i s 

i n v a r i a n t under l o c a l r e - p a r a m e t r i z a t i o n o f the s u r f a c e 



T h i s i n v a r i a n c e means t h a t t h e r e i s an u n d e r l y i n g gauge group 

i n the theory; the g e n e r a t o r s of t h i s group of t r a n s f o r m a t i o n s 

correspond e x a c t l y to the gauge a l g e b r a of the Veneziano model. 

I n f a c t , a f t e r q u a n t i z a t i o n , the spectrum of e x c i t a t i o n s of the 

s t r i n g i s p r e c i s e l y t h a t of the Veneziano model. The l e a d i n g 

t r a j e c t o r y i s d e s c r i b e d by the e x c i t a t i o n s of a s t r i n g of 

constant l e n g t h r o t a t i n g about i t s c e n t r e , with the ends moving 

a t the speed of l i g h t ^ Z f \ 

S i n c e t h e r e i s a gauge i n v a r i a n c e i n the theory, the 

a c t i o n (1.52) has to be q u a n t i z e d i n a p a r t i c u l a r gauge. As i n 

QED t h i s can e i t h e r be an e x p l i c i t l y L o r e n t z - c o v a r i a n t gauge, 

or a non-covariant gauge^*^. I n the f i r s t case i t must be 

checked a f t e r q u a n t i z a t i o n t h a t the p h y s i c a l s t a t e s o f the system 

decouple from the ghost s t a t e s c r e a t e d by the o p e r a t o r s a a t n » 

a s d e s c r i b e d i n S e c t i o n 1.1. I n the second case we can e l i m i n a t e 

such o p e r a t o r s a t the c l a s s i c a l l e v e l , but then L o r e n t z i n v a r i a n c e 

must then be checked a f t e r q u a n t i z a t i o n ; i t was found that, the 
theory i s only L o r e n t z i n v a r i a n t i f D=26 and the ground s t a t e 

p 

i s a tachyon, B I " = - ] . 

I n order to prove the complete e q u i v a l e n c e of the s t r i n g 

model and the Veneziano model ( i n 26 dimensions a t l e a s t ) , a 
theory of i n t e r a c t i n g s t r i n g s i s n e c e s s a r y . T h i s was c o n s t r u c t e d 

(35) 

by Mandelstam ^ who showed t h a t the 3 - s t r i n g v e r t e x i s formed 

by a l l o w i n g one s t r i n g to s p l i t i n t o two o t h e r s . F u r t h e r 
(*6) 

i n v e s t i g a t i o n showed t h a t a -4-string v e r t e x i s a l s o n e c e s s a r y ^ 

The s t r i n g p i c t u r e can be extended to the Neveu-Schwarz. 

m o d e l a l t h o u g h not t o t a l l y s a t i s f a c t o r i l y as the s i m p l e 

u n d e r l y i n g g e o m e t r i c a l p i c t u r e becomes obscured. I t i s p o s s i b l e 

t h a t a g e o m e t r i c a l p i c t u r e of the Neveu-Schwarz model might be 
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obtained u s i n g anti-commuting v a r i a b i l e s 9 a s i n t r o d u c e d i n 
( 1 . 3 7 ) ^ " ^ ' ' ^ • Z u m i n o ^ ^ h a s c o n s t r u c t e d a complicated a c t i o n 
which seems to g i v e the Heveu-Schivarz gauge c o n d i t i o n s . Other 
attempts to provide a g e o m e t r i c a l p i c t u r e of the Neveu-Schwarz. 
model i n v o l v e p u t t i n g some e x t r a s t r u c t u r e onto the Veneziano 
s t r i n g ^ " 1 " \ A s t r i n g p i c t u r e of the o f f - s h e l l s t a t e s has been 
suggested by Green and S h a p i r o ^ ^ . 

A second-quantized f i e l d theory o f s t r i n g s has been developed 

by Kaku and K i k k a w a ^ ^ * 
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1,6. 0(H) Models 

U n t i l r e c e n t l y the models t h a t we have d e s c r i b e d were, 

a p a r t from minor m o d i f i c a t i o n s , the only c o n s i s t e n t dual models 

(except f or the non-planar S h a p i r o - V i r a s o r o model which we s h a l l 

mention l a t e r ) . Ademollo et a l ^ Z f 2^ have r e c e n t l y suggested 

g e n e r a l i z a t i o n s of the V i r a s o r o and supergauge a l g e b r a s on which 

dual models are based. These g e n e r a l i z a t i o n s w i l l be d e s c r i b e d 

i n more d e t a i l i n Chapters if and 5» 

They can be regarded a s e x t e n s i o n s of the (z ^ , 0 ; ) form 

of the Neveu-Schwarz amplitude d e s c r i b e d i n S e c t i o n 1.3., and 

correspond to a s s o c i a t i n g N Q's ( 0; v/ithot =1,. . . ,N) with each 

p a r t i c l e k^. The Veneziano and Neveu-Schwarz models can be though 

of a s the c a s e s N=0 and 1 r e s p e c t i v e l y . The elements of the 

a l g e b r a s generate c e r t a i n t r a n s f o r m a t i o n s on ( z , 0 >; i n p a r t -

i c u l a r the s e t of l o c a l 0(N) t r a n s f o r m a t i o n s on B i s i n c l u d e d , 

hence t h e i r d e s c r i p t i o n a s 0(11) models. 

Fock-space r e p r e s e n t a t i o n s have on]y been found for the 

0 ( 2 ) a l g e b r a and one other a l g e b r a d e r i v e d from the O(^) algebra,, 

and these have been i n v e s t i g a t e d by Ademollo et al^J\ 

However amplitudes can be w r i t t e n down f o r a l l 0(H) models a s v / i l l 

be shown i n Chapter 5« 



- Z7 -

1.7. Summary 

I n t h i s Chapter v/e have d i s c u s s e d the most important planar-

dual models. There a r e other models which can be obtained from 

the Veneziano or Neveu-Schwarz models by i n t r o d u c i n g i n t e r n a l 

s y m m e t r i e s ' 1 ^ i n a way which reduces the number of space-time 

dimensions of the model. These do not i n t r o d u c e any b a s i c a l l y 

new f a c t o r s i n t o the theory. 

The only other c o n s i s t e n t dual model i s the non-planar 

S h a p i r o - V i r a s o r o model. T h i s i s based on a g e n e r a l i z a t i o n of the 

Veneziano /j-point f u n c t i o n due to V i r a s o r o ^ ^ which e x h i b i t s 

non-planar d u a l i t y : s , t and u channel p o l e s are a l l present i n 

one term. The e x t e n s i o n to an n-point amplitude was d i s c o v e r e d by 

S h a p i r o t o be 

where 

The i n t e g r a t i o n i s over the whole z-plane, and we must have 

-J-k̂  =-2; the l e a d i n g t r a j e c t o r y thus has I n t e r c e p t oC(0)~-2» An 

operator formalisi.i f o r t h i s model can be developed u s i n g two s e t s 

o f o s c i l l a t o r s and 0.„ , and f a c t o r i z a t i o n of the amplitude 

shown i n the same way a s for the Veneziano model- I t i s probable 

t h a t t h i s model d e s c r i b e s the pomeron s e c t o r of the Vencziano 

model. 

The potreron a r i s e s i n the Veneziano model on c o n s i d e r a t i o n 

of non-planar loop diagrams. I t has i n t e r c e p t t w i c e t h a t of the 

Veneziano model l e a d i n g t r a j e c t o r y and h a l f the s l o p e , which i s 

i n rough agreement with the r e a l world; u n f o r t u n a t e l y t h i s means 

t h a t i t has i n t e r c e p t cC(0)=2 which i s t o t a l l y u n r e a l i s t i c . 



Consideration of non-planar loops i n the Neveu-Schwarz 
model also leads to the i d e n t i f i c a t i o n of pomeron terms , 
again corresponding to a leading t r a j e c t o r y of intercept 0((0)-2 
and slope h a l f that of the Neveu-Schv/arz model. I t might be 
expected that t h i s i s a general feature of dual models. 

As we have pointed out, dual models describe many of the 
q u a l i t a t i v e features of strong i n t e r a c t i o n s , but suffer from 
severe defects. The most important of these are the existence 
of a tachyon, the in c o r r e c t leading t r a j e c t o r y , and the unphysical 
number of dimensions i n which the model works best* I n these 
circumstances i t might be imagined that the amplitudes are not 
very useful phenonenologically. Nonetheless Veneziano-type 
amplitudes have been used, with a physical leading t r a j e c t o r y , 
i n phenomenological f i t s to experimental data, often with 
sur p r i s i n g l y good r e s u l t s . 

I t may be hoped that one day the 'correct' dual model w i l l 
be discovered which v / i l l incorporate the good q u a l i t a t i v e features 
of the e x i s t i n g dual models, but w i l l not suffer from t h e i r defect 
Even i f t h i s i s not the case, t h e i r study w i l l have been v/orthwhil 
not j u s t for the discovery of an elegant and complex mathematical 
structure stemming from a simple i)-point amplitude, but also as a 
workshop for ideas about strong i n t e r a c t i o n s where concepts such 
as d u a l i t y can be e x p l i c i t l y realized. Their study has also led 
to the development of new areas of research such as supersymmetry 
and graded Lie algebras (both described i n Chapter 3 ) , v o r t i c e s 

(' 7) 
i n gauge f i e l d theories and models based on simple geometrical 
p r i n c i p l e s , such as the bag mod e l 
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Chapter 2. Some, Calculations Usi.no: Group-Theoretical Methods 

Introduction: I n the introductory Chapter we described b r i e f l y 
the fermion emission and one-current vertices, and pointed out 
that the evaluation of amplitudes containing them requires the 
ca l c u l a t i o n of q u a n t i t i e s (such as determinants) b u i l t from 
i n f i n i t e dimensional matrices. In t h i s Chapter we s h a l l 
explain i n more d e t a i l how these qua n t i t i e s a r i s e , and how 
t h e i r evaluation can be s i m p l i f i e d by making use of the group 
representation properties of the underlying f i e l d s * 

http://Usi.no
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2.1. Determinants i n Feriaion and Off-Shell Amplitudes 
The determinants (and other functions) of i n f i n i t e 

dimensional matrices which arise i n fermion and o f f - s h e l l 
amplitudes do so because the vertices i n these models s a t i s f y 
more complicated gauge conditions than the vortices i n the 
(on-shell) meson sectors of the Veneziano and Neveu-Schv/arz 
models. The fermion emission vertex 

(2.1) 

i s given by < 2 6 > ^ ) 

where ^)s.~=09 and W(z) i s given by 

CO 

A(z) = 2 L t r-A r rWt s 

W(z) i s constructed so that i t s a t i s f i e s 

H«-z) W(z) -- UU) Hr(x) 
which requires the i n f i n i t e dimensional matrices A and B to be 

A / \ | r + s / L \ / ' \ . .Nr+i*« 

X 

rir 
(2./f) 

Using t h i s vertex, consider the state 
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which we denote by ^ F F 1 • For D=10 and i'ermion mass =0 
(14.9-51) 

t h i s s a t i s f i e s the gauge conditions 

< F F|Gv r* < F F l Z , « r JG- 5 r>\ 
i-.'l (2.5) 

r+s+1 where l=(-Dr S L r (4) (4) 
The f i r s t gauge condition i s s i m i l a r to that s a t i s f i e d 

by the meson states. However the second i s s i g n i f i c a n t l y 
d i f f e r e n t ; G_r acting on .̂P Fl gives r i s e to an i n f i n i t e 
number of 'refl e c t e d ' G's. I f v/e consider G between two 
such states < P F I ( r - r |pp ) , G__r acting on < FF I 
gives r i s e to an i n f i n i t e number of G's, each of which acting 
on I F F ^ gives an i n f i n i t e number o f G's, and so on; the 
gauges are r e f l e c t e d back and f o r t h . 

Consider an amplitude 
i ' i 1 

• ! i i 

This consists of a meson propagator between two I FF^" states. 
( 52) 

As shown by Olive and Scherk. the propagator i s not the 
usual meson propagator of the Neveu-Schwarz model. A correction 
factor i s necessary, because of the r e f l e c t i o n property of the 
G gauges, i n order that the spectrum of physical states coupling 
i n the residues of t h i s propagator i s j u s t that of the Neveu-
Schwarz model. The corrected propagator i s 

A l J L -'" 

where the correction factor i s 

AU) - c(et 0-
(2.7) 



- 32 -

We note that M i s related to A defined i n (2.^) by 

A „ = k ( M „ - n . r ) (2.8) 
The value of A ( x ) was guessed by Schwarz and Wu 

(5/,) 
and proved by Corrigan et a l ^ , who evaluated the if-fermion 
amplitude 

This requires the computation of A ( x ) , as well as the 
quantities d e t ( l - A 2 ) and v T ( 1 - A 2 ) _ 1 v , where A i s A (a) and 
v^ i s given by 

(2.9) 
The evaluation of these functions was carried out by an 

i n d i r e c t method:related quan t i t i e s were introduced, d i f f e r e n t i a l 
equations for these qua n t i t i e s were set up and solved, and 
these r e s u l t s were then used to calculate the required functions, 

(53) 
I n t h i s way i t was found^-^ that 

(2.10) 
A simpler method of ca l c u l a t i n g these functions w i l l be 
described i n the next section. 

Another amplitude i n which a corrected propagator must 
be used i s the 2-fermion 2-meson amplitude w r i t t e n i n the 
form 

K 
1 

The fermion propagator i n thi s case ( o m i t t i n g spinors) i s ^ - ^ 



- 33 -

0 ' (2.11) 
where K(J)T ) i s the complete e l l i p t i c i n t e g r a l of the f i r s t 
k ind. We can also calculate t h i s amplitude i n the form 

I K 
k. 

i n which case the propagator i s uncorrected. Hence we expect 
the two ferraion emission vertices to give r i s e to a factor 
which cancels the ) i n the denominator,, 

I n c a l c u l a t i n g t h i s amplitude we fi n d that the following 
q u a n t i t i e s arise 

s . . ( ^ . t - x r * » m m 
1*1+ Yl 

« N 

m /v n 
w - 1.2 

' nan ̂  5 " i f ^ J u a " ^ n ^ ) 

* / 
and we obtain a factor 

(2.12) 

(2.13) 

where 
r - w ' r ( l - T 1 ) ' w , 

(28) This can be evaluated to give 

8 

Correction factors such as those described above also 
occur i n the o f f - s h e l l model, because of the structure of the 
one-current vertex, which i s si m i l a r to two fermion emission 
ve r t i c e s . For example Corrigan and F a i r l i e showed that 
the one-current state coupling to Neveu-Schwarz mesons 
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Q 

can be w r i t t e n as 

< n ( Q ) l 
r i 

•o t> 

o X (2.1/+) 

^,fl"(Q.)| s a t i s f i e s gauge conditionsidentical to those s a t i s f i e d 
by the ferrnion ^ P F l state. Hence i f we calculate the fermion-
meson form factor 

we f i n d that i t i s given by 

Jo X /i(x) 
F P > 

(2 .15) 

where A(x) i s the correction factor defined above. Evaluation 
of t h i s gives a f i n i t e answer, i n contrast with the divergent 

(29) 
form factors of the Veneziano model . 
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2,. 2. GrouP-Theoretlcail Calculation 
As pointed out i n the f i r s t Chapter, the p r o j e c t i v e 

group plays an essential r o l e i n the theory of dual models* 
The underlying f i e l d s from which the vertices and gauge 
operators are constructed transform as i r r e d u c i b l e represent
ations of S U ( l , l ) . The Virasoro gauge operators L n constructed 
from these f i e l d s always contains a subalgebra isomorphic to 
that of SU(1,1). To see t h i s i n the cases of the c and d 
Fock space representations v/e a c t u a l l y have to redefine the 

c d 
gauge operators L£ ; instead of the d e f i n i t i o n s i n Chapter one, 
we take k^+j^* 

The c and d gauge operators d i f f e r from t h e i r a and b 
counterparts i n another respect: the SU(l,l) subalgebra does 
not a n n i h i l a t e the vacuum. In fact (with the redefined *~0 ) 
v/e have 

L , | o > - - O L 0 | o > * £ | D > l » to 

(2.16) 
where 10^ i s the c or d space vacuum as appropriate. Sinco 

I 40, we can consider various expectation values with 
respect to e**""' I , and t h i s proves a useful thing to do. 

States such as t h i s arise n a t u r a l l y using the fermion 
emission vertex: 

V ( ^ ) l o > b . e ^ | . > a 

and i t has already been noted ^ that 

d P (2.18) 
where w(^)andTU) are as i n (2.12). S i m i l a r l y we f i n d t h a t ^ - ^ 
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where fr& = -(NT' tfl\l}r$ (2*19) 

Consider now the function 

c (2.20) 

We can rev/rite t h i s using (2 .19) , and evaluate i t using the 
i d e n t i t y ^ 

SL < o l e ' ^ A X e i ! , t 8 , ( V > 4 < i e t ( | - + A B ; r + 

(2.21) 
The - or + sign i s used according to whether Y s a t i s f i e s 
canonical commutation or anti-commutation r e l a t i o n s respectivel 
Applying t h i s i d e n t i t y to (2.20) gives 

(2.22) 
We can evaluate (2.18) i n a second way, using the 

group property ( e a s i l y checked for the two dimensional 
representation of the L's) 

(2.23) 

Using t h i s together with (2.16) we f i n d that 

>.\-% 
(2.24) 

Since P=-N~"HlN, we have shown that 

< i e t : ( l - M l ) - ~ detll-V1) 

(2.25) 

This i s the correction factor (x) for the propagator i n the 
Ji-fermion amplitude, as defined e a r l i e r . 

The other qua n t i t i e s of i n t e r e s t i n v o l v i n g the A and M 
matrices can be evaluated, given (2.2b)* provided that we also 
know 
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We can calculate t h i s by evaluating i n two ways the quantity 

where 

1 cN 1 J ' (S .27) 

Evaluating using (2.19) and (2.21) gives 

(2.25) 
To calculate H? i n a d i f f e r e n t way we use (2.23) to wri t e 

U \ 2. < ,29) 
R( X ) i s given by 

— I e - X L e 

' (2.30) 

and i t i s the representation i n the c Fock space of the 
pro j e c t i v e transformation 

Now we use the fact that the o f f - s h e l l f i e l d f i ^ ' ( z ) transforms 
as a (J=0,k=-^-) representation of S U ( l , l ) , as noted i n section 1. 

This means that under a transformation 

A : z. -=> CLZ 4 b ocdL - b c - | 
CZ. + ci (2.32) 

the Fock space representation of A acts on c as 
DO 

(2.33) 
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Clearly Dv s a t i s f i e s D(A)D(B)=D(AB). We can obtain an 
i n t e g r a l expression for D ^'"^ from (1.24) which i s ^ " ^ 

i r J ^ n i y (2.%) 

where the contour C i s 

-d. 

1 "f 
I n s e r t i n g R~ (^ )R( A )' between x.c and y.c i n (2 .29) , we 
can use (2.33) f o r the case A^R(\ ) and calculate F 2 to be 

(2.35) 

Thus, using (2.28) and (2 .25) , v/e have that 

x « J l - X (2.36) 
"T 2 —1 

From the above r e s u l t s we can calculate v (1-A ) v, which 
i s i n agreement with the r e s u l t given i n (2*10)» 

We can calculate the corresponding determinants and 
functions i n v o l v i n g S,T and w by considering expectation values 
with respect to S. |o^. For example consider 

i i 6 (2.37) 

Using (2,23) we can writ e t h i s i n a form s i m i l a r to (2 .29) . 

The fermion f i e l d z) transforms as a(J=—J-,k=0) represent
ation of SU(1,1), and 5f* i s the zero mode of . so that 
under the transformation R(A ) we have that 

to 

(2.38) 
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(Here we are w r i t i n g f o r \4% V? a n ) . Using t h i s we 
fi n d thab 

(2.39) 
(40) D can be obtained i n i n t e g r a l form as mn 

J (2.1+0) 
where the contour C i s the same as above. In p a r t i c u l a r we 
see that 

\ 2»ifi; 
where K( X ) i s the complete e l l i p t i c i n t e g r a l of the f i r s t 
kind. 

F^ can also be calculated using (2.18) and (2.21), 
and we f i n d that 

V
 ( (2.42) 

where V - W ( | - T ) W 

This expression i s more complicated than the previous cases 
because of the zero mode terms i n (2.16), which are not 
present i n (2.17). 

V/e can also calculate 

F ^ . j C o | e
A L ' e A L - ' i o > 

^ d (2.43) 

i n two ways, and i n doing so v/e f i n d that 

( | - r ) ' W . t ( l - T ' ) ] \ ( l - ^ f 1 

(2.44) 
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Fi n a l l y we have the algebraic i d e n t i t y 

d e t ( l - S ' ) - . ( l - r ' ) M ( l ' T ' ) 
' (2.45) 

Using these r e s u l t s we can calculate the remaining q u a n t i t i e s 
which arise i n fermion and o f f - s h e l l amplitudes. For example 

det(l-S*)» KM JT^T 
(2.46) 

as previously calculated^ 2 ^ . 
Hence v/e see tha t , using the properties of the p r o j e c t i v 

group and i t s representations, we have been able to give 
simpler derivations of the functions of i n f i n i t e dimensional 
matrices which arise i n amplitudes than those previously 
available. 



- hi -

Chapter 5. Supersymmetry and Graded Lie Algebras 

Introduction: I n order to understand some of the features 
of the algebras underlying dual models, i n p a r t i c u l a r the 0(N) 
models, i t i s useful to discuss some preliminary ideas. The 
properties of the G gauges i n the Neveu-Schwarz model have 
led to the consideration of theories other than dual models 
which possess a symmetry under transformations which mix up 
ferrnion and boson operators; such theories are called super-
symmetric theories. The algebraic structure underlying t h i s 
supersymmetry i s now understood to be that of a graded Lie 
algebra (GLA). 

Graded Lie algebras were the subject of mathematical 
i n t e r e s t some 15--20 years ago when t h e i r role i n do formation 
theory was discussed. I n t e r e s t i n them has recently been 
revived, stimulated l a r g e l y by the i n t e r e s t of the physics 
community, and a number of mathematical r e s u l t s concerning 
GLA's are now available. 

I n t h i s Chapter we s h a l l review the concept of 
supersymmetry and some of the features of GLA's, with a view 
to applying them to gain f u r t h e r i n s i g h t i n t o the algebraic 
structure of dual models. 
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3.1. Supersymmetry 
Supersymmetry f i r s t arose i n dual models with the 

extension of the Veneziano model to the Neveu-Schwarz model. 
The i n t r o d u c t i o n of ad d i t i o n a l anti-commuting operators b r 

leads to the d e f i n i t i o n of 'supergauge' operators Gr i n 
addition to the Virasoro gauge operators L H , as explained 
i n Chapter one. These operators form a closed algebra 

r , h 

As we s h a l l see l a t e r , these r e l a t i o n s (without the c-number 
terms) are t y p i c a l of GLA's". 

The operators have the property that operating on 
a boson state they give a fermion state, and vice-versa. 
( I n t h i s section only we use boson/fermion state to mean 
a state created by a commuting/anti-comrauting operator.) For 
example, ' 

u ' fc (3.2) 
Theories possessing an invariance under transformations which 
map boson states to fermion states and vice-versa are cal l e d 
supersymmetric theories. 

Gervais and S a k i t a ^ " ^ realized that the supersynmetry 
invariance can be expressed as the invariance of an action 
under transformations i n which boson and fermion f i e l d s are 
mixed up* For exampje, consider the action corresponding to 
free boson and fermion f i e l d s i n two dimensions 

I - i*jYll-i.Q<t>)t-1(3.3) 
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where ^ i s an anti-commuting Majorana 2-spinor. This i s 
i n v a r i a n t (subject to suitable boundary conditions) under the 
i n f i n i t e s s i m a l conforraal transformations 

—> <f> + I d <f> 

where 
lr I X ) 5 ( 1 (*(x +) + b(x_) ) , i ( *U J - t£x J ) ) 

together with the super-gauge transformations 

f -v %r «2^<?> (3.5) 
where C(. i s an anti-cor/.muting Majorana spinor that s a t i s f i e s 

f (3.6) 
The Lagrangian i t s e l f i s not i n v a r i a n t , under supergauge 
transformations, but the action I i s . 

( 59) 
Volkov and Akulov extended the idea of supersyrometry 

to four dimensions. They considered actions which are 
in v a r i a n t under the Poincare group together with supergauge 
transformations which are generalizations of (3«5)« The 
Lagrangians are made up from ordinary f i e l d s v/hich depend 
on the space-time variables x^*. A better formalism was 
soon developed^^^ which enabled the transformations involved 
to be expressed more compactly: t h i s involves the int r o d u c t i o n 
of superfields. 

Superfields are functions of the space-time variables x ^ 
together with the further variables 5( . These 0*s have 
the properties described i n (1.37): they anti-commute amongst 
themselves, and commute with x^". In p a r t i c u l a r ( 8^)^-0 t 

hence a superfield 5;) can always be w r i t t e n as a 
polynomial i n . since i f we have n Bi , the monomial ^ v - ^ i r t < 
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must vanish. The c o e f f i c i e n t of each 9i( ...-^ir terra i s a 
function of x ^ o n l y . 

The basic supersymmetry transformations are obtained 
using f+ 8 's, chosen so t h a t { 9;̂  forms a Majorana spinor. 
I t i s often more convenient to use the notation of dotted 
and undotted s p i n o r s ^ ^ t where we consider a i+-spinor to 
be w r i t t e n as a complex 2-spinor 8=( 0^) together with i t s 
conjugate spinor & =( 9̂, ) , a,4=1,2. 

The transformations that we consider are transformat
ions i n the 8-dimensi onal 'superspace' ( x'* , 8©. f 9 ̂  ). 
generated by the generators of the Poincare group 
together with four supersymmetry generators Q SQ- v.'hich 

a a 
s a t i s f y anti-commutation r e l a t i o n s amongst Lhcnvselves and 
commutation r e l a t i o n s with P'* , J*** ^ 6 0 ) ^ y / e c a n cje-p-Lne 

three functions of by 

^ ( x ; 8 § ) ' exp(-ix-?+iQ0)exptte«3?) (3.7) 
Using the algebra of ( , J^", ^a'^a^ t V e C a n c a l c u l a t e 

the e f f e c t s of transformations generated by these operators 
on the functions i n (3»7)» For example, a sapergauge 
transformation acting on ̂  i s given by 

******* §Ur\,h) - §(*r+i*o: e-ttfre#»«,f*0 

where 

and 0" ̂  are the usual Pauli matrices. 
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The supergauge transformations for 5?,^,,$^ d i f f e r 
s l i g h t l y ; the other transformations have the same eff e c t s on 
a l l three expressions. These transformation laws, such as 
(3«3)> can be abstracted from the d e f i n i t i o n s (3.7)» and 
superfields defined by t h e i r transformation 

properties alone. 
Given a superfield , transforming as one of the types 

i n (3.7)j 'covariant' derivatives D can be defined with the 
property that DjJ» i s a superfield of the same type as ^ . 
For example, the covariant derivatives acting on type are 

a e (3.9) 
These covariant derivatives can be used to s i m p l i f y the form 
of the superfield under consideration. In bhe case of $ v/e 
could impose the constraint 

(3.10) 
Since 'this condition i s i n v a r i a n t under a l l of the trans
formations considered^ ^ subject to (3*10) i s s t i l l a 
su p e r f i e l d . However i t i s independent of 6 , and may be 
w r i t t e n as 

(3.11) 
Internal symmetries can be incorporated i n t o the 

supersymmetry scheme by attaching indices corresponding to 
a representation of some symmetry group to the 0 and 0 ' s^°^ 
I n t h i s case there are more covariant derivatives, and more 
possibiIibj.es f o r imposing constraints such as (3.10). 

http://possibiIibj.es
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The suporfield formalism can easily be adapted to the 
two dimensional case^ ̂ 'Jt ̂ > ̂  ), Now there are two t r a n s l a t i o n 

1* 01 
generators V , one Lorentz generator J , and two supersymmetry 
generators S-j , such that S=/S1\:Ls a Majorana spinor (there 

i s no need to use dotted spinor notation i n t h i s simple 
case). Using a representation of the ^ -matrices 

/ 0 J \ t- lo -l\ 
\ i 0 J [ I 0 / (3.12) 

we can take the charge conjugation matrix C- . The Majorana 
consbraint on a spinor 0(. then gives 

(3.13) 
The superspace (x,9 ) now consists of x^ ,^=0,7.. nnd 

two 0 ! s which are the components of a Majorana spinor Q - 16, ̂  

The group element can be w r i t t e n i n analogy with (3*7) s.s 

$ (x,8) * e x p l - i * - ? + i e s ) 

The generators form a closed algebra: 

where G,'A*s ~ -i [ t f ^ ^ J • We note i n p a r t i cular that 
| S^jS^J =0. This means that the superfields <J>Z, 

defined i n the same way as for the four dlmensiona.1 case(3.7), 
are a c t u a l l y equal to ̂ : there i s only one type of auperfield 
i n two dimensions. 
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The r e l a t i o n s (3-15) can be used to express the 
transformations generated i n terms of transformations on 
(X^v , 0 a ), as i n (3o8). These are most conveniently expressed 
by introducing "light-cone" co-ordinates x + - XQ+X.^. Then 
under a Lorentz transformation Q.* 

(3.16) 
Under a supergauge transformation 6**"" , where PC i s a 2-spinor, 
v/e f i n d that 

8 —*• fl + ot (3.17) 

i-e- x + — • * * + * < * A 9,. -> + (Kj. 
X. —> X_-aOC,8, 8, — > 0, 

We see that the two sets of variables ( x + , 6̂. )> and (x „ , 9, ) 
transform amongst themselves; t h i s i s because [ J 0 1 ,P_ . S,̂  
and [ j 0 1 ,P + , Sj_j are both subalgebras of the algebra (3.15). 

The above algebra may be extended to consider conformal 
transformations on x^, , rather than j u s t Lorentz transformations.. 
Conformal transformations are defined by 

(x 0,x,) —> fx-1, *•') 
where foj J j c / ^ _ ^ (3,18) 

I n terms of x+ , these d i f f e r e n t i a l equations are s a t i s f i e d 
by 

(3.19) 
where f and g are a r b i t r a r y functions. We also require that 
0 transforms as a conformal spinor; that i s , under the 
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transformation (3.19), 0 must transform as 

The i n f i n i t e s s i m a l parameter OC i n the supergauge 
transformations must s a t i s f y (3.6), which gives 

With t h i s proviso the supergauge transformations for 
i n f i n i t e s s i m a l o£ are j u s t those given i n (3.17), and the 
conforraal and supergauge transformations form a closed system. 

We see that again'each set of variables (x ̂  } Sj.), (x„ , 9, 
transforms w i t h i n i t s e l f ; hence we may consider superfields 
which depend on ( x + . Qj. ) only. I f we put z=x + and ft = *®i > 
the transformations i n i n f i n i t e s s i m a l form are 
con formal: I X + ^ ( i ) 

e-» ( i + i u ' ( * ) ) 0 
supergauge: (3*22) 

6 0 * 

These are j u s t the transformations that are generated by the 
i n f i n i t e dimensional algebra [ L n , G r] of the Neveu-Schwarz 
model 1 , as w i l l be explained i n Chapter four. 

I n four dimensions also the conformal algebra may be 
extended to a supersymmetry a l g e b r a ^ ^ . I n t h i s case 
i t i s necessary to add a further commuting-type generator, 
corresponding to transformations, to the 15 generators of 
the conformal group, together with 8 supersymmetry generators. 
The 4-spinor parameter o( (x) of a supergauge transformation 
must be a Majorana spinor s a t i s f y i n g a generalization of (3«6) 

(3.23) 
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This requires & to have the form 

where O^and 0(( are constant 4-spinors, giving 8 parameters 
corresponding to the 8 supersymmetry generators. The d e t a i l s 
of t h i s Zl\ dimensional algebra are given i n Corv/in, Ne'eman 
and S t e r n b e r g ^ ^ \ 
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3 . 2 . Graded Lie Algebras 
The algebras described i n the previous section are a l l 

examples of graded Lie algebras (GLA's - also called pseudo 
Lie a l g e b r a s ^ 7 ̂  and Lie superalgebras^^ ). I n the next 
two sections we s h a l l describe some features of GLA's, 
following mainly the papers of Nahm, Scheunert and Rittenberg 
( 6 7 , 6 9 ) A N D P a i s a n d Rittenberg^7°\ 

A GLA i s a graded (non-associative) algebra whose 
m u l t i p l i c a t i o n behaves p a r t l y as a commutator and p a r t l y as an 
anti-commutator. They were f i r s t studied i n connection with 

( 7 1 ) ( 7 ? ) work on deformation theory and Hopf algebras , and 
have recently been further studied i n view of t h e i r occurrence 
i n p a r t i c l e physics. 

I n order to define a GLA, we r e c a l l the d e f i n i t i o n of 
( 7 3 ) 

graded vector spaces and graded algebras . A vector 
space V i s graded over the integers Z i f , for each ne.Z, there 
i s a subspace V of V, and 

I n fact we are only interested i n vector spaces graded over Z.,, 
the two element group |o,l"J o f the integers nod 2; so that V 
has the form 

V - V 0 @ V { ( 3 . 2 6 ) 

VQ i s called the even subspace3 and the odd subspace. 
The grading of V i s described by a l i n e a r map )( v : V-j»V, the 
grading automorphism, defined by 

" H * * ( 3 . 2 7 ) 
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i 
Given two graded vector spaces V and V , there i s a 

natural grading that can be defined on LCVjV 1), the space 
of l i n e a r maps from V — f V 1. Even maps are defined as those 
which map V 0 - > V Q

1 , V 1 - > V - j 1 , and odd maps V0"""* V 1 1 , V 1 ~ * V Q 1 . 
I n p a r t i c u l a r we have the graded vector space L(V)=L(V,V) of 
li n e a r maps of V i n t o i t s e l f , and we can writ e L(V)=L Q © L 1 

where 

L . ( v ) . l 3 € L ( v ) l 3 ( ^ 0 ) c \ / O i 3 ( v , ) c V , ] 

I n a si m i l a r way we can define a grading on the space B(.V,V1) 
of b i l i n e a r forms on V and V"*". 

An algebra A i s graded i f i t i s graded as a vector space 

A " A 0 © A , (3.29a) 
and i t s m u l t i p l i c a t i o n s a t i s f i e s 

(3.29b) 
that i s , the usual ru l e f or the m u l t i p l i c a t i o n of even and odd 
elements i s Gel t i s f i e d . 

A graded Lie algebra i s a graded (non-associative) algebr 
A=AQ © A-,, whose m u l t i p l i c a t i o n , denoted by a bracket { J , 
s a t i s f i e s the i d e n t i t i e s 

<x,Y> * (-I)"'<Y,X> 
<x,<y,z» •- «x,y>,z>*(-ifP<Y,<y,z» 

where X 6 A^ , I t A p , Zt A . The second i d e n t i t y i s a 
generalization of the f a m i l i a r Jacobi i d e n t i t y of ordinary Lie 
algebras. V.'e note that A Q equipped with the rules (3.30) i s 
an ordinary f.ie algebra. 



As an example of a GLA, take A to be any graded 
associative algebra, and define 

<x,Y>--lx,y] XcA«#Y€^ K f H M 
<X,V> ^ lY,y] X e A , , y £ A , (3.3 

This i s a GLA. In p a r t i c u l a r we can consider a graded vector 
space V, and take the associative algebra L(V) of l i n e a r maps 
of V i n t o i t s e l f . Equipped with the rules (3»31)> L(V) i s 
then a GLA which we denote by p l ( V ) ; i t corresponds to gl(V) 
i n the theory of ordinary Lie algebras. I f V i s n dimensional, 
then pl(V) i s the algebra of n x n matrices, with grading indue 
from that of V as i n (3-28), and m u l t i p l i c a t i o n as i n (3.31). 

Given a GLA A, and a graded vector space V, a (graded) 
representation of A i n V i s a homonorphism of A i n t o p3(V) 
( j u s t as with an ordinary Lie algebra G we would have a 
homomorphism of G i n t o gl(V) ) . I n p a r t i c u l a r the map 
ad :A — > pl(A) defined by 

i s a representation of the algebra A i n the vector space A, 
called the a d j o i n t representation. 

We note that, i f U i s an A n - i n v a r i a n t subspace of A 

then the a d j o i n t representation ad^ induces a representation 
of AQ i n U, called the adjo i n t representation of AQ i n U,ady 
which i s defined by 

dAY) ( Y ) * <x,y> X,YcA (3.32) 

< A 0 , U > c U (3.33) 

^du (<0 (u.) s < CL, IA > 
(3.3*0 

I n p a r t i c u l a r , because of the grading condition 

< A K , A P > <^ A 

(3.35) 
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we see that AQ and are AQ i n v a r i a n t subspaces; hence we have 
adj o i n t representations of A Q i n A Q and A^. The adj o i n t 
representation of AQ i n AQ i s j u s t the usual a d j o i n t represent
ation of AQ considered as an ordinary Lie algebra. 

Given a representation of a GLA A i n a representation 
space V, we can associate with this.representation an i n v a r i a n t 
b i l i n e a r form $ von A defined by 

(3.36) 
where a ,b are the representations of a.b i n V, and }fv/ 

V V 
was defined i n (3.27). • We denote the "generalized trace" i n 
(3«36) by T r ( a v b v ) . I f V i s f i n i t e dimensional, we choose a 
basis ( v f j V n ] of VQ and [\tm* ,v' w < r t] of a y and 
b v are then (m + n) x (m + n) matrices, and i f we write 

where ^ f & are block matrices, 0( i s m x m etc., then the 
b i l i n e a r form (3«3b) i s given by 

I f A i s f i n i t e dimensional, we can consider the a d j o i n t 
representation and define an even i n v a r i a n t b i l i n e a r form 
on A as above, called the K i l l i n g form of A. 

In the remainder of t h i s Chapter we consider only f i n i t e 
dimensional GLA's, and we fi n d i t convenient to write 
G-AQ, U=A^ f so that A = G © U. Taking a l i n e a r l y independent 

set of generators f fy-l = \Q-,fl» VA ] where f Qra: m=l,...,d 0] 
swan G and \ : p( =l,...,d \span U, we can write the 

1 
mu.l t i p l i c a t i o n ̂  ^ of (3«34) as 
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The adjoint representations of G i n G and U, ad^ and ad^ 
respectively, are given by t h e i r actions on the generators of G: 

The adjoint representation of A maps the generators of A i n t o 
( d Q + d^) x ( d Q + d j ) matrices 

&<IA : 5 » — * 

•V- v. 

o 
o 
0 X # 

0 (3.M) 
where M, N, X, Y are block matrices, M i s d., y. d,. etc. '. ' ' ' ' m 0 0 

The K i l l i n g form 0 i s given by i t s action on the generators 
X ̂* of A, and we define the metric 

Then, i n the notation of (3*39), 

j w p 7 ^ * " " w n ^mot •ftp 

Jeep " F^ct Apy - F w p A * t f - - J j p * 

g w K = 3 « w = 0 (3.43) 
v/here h i s the usual metric tensor for the ordinary Lie mn 
algebra G. 

k = t P J V 

% >vxf 
(3.'iO 
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A quadratic Casimir operator K may be defined by 

5 v (3.^5) 
(where g i s the inverse of g M ) which commutes with a l l 

the generators X̂ , . 
V/e can now ask whether the types of GLA's can be 

c l a s s i f i e d i n some way. One way to do so i s to c l a s s i f y the 
simple GLA's: a GLA i s simple i f i t contains no n o n - t r i v i a l 
(graded) i d e a l s . The simple GLA's have a l l been c l a s s i f i e d 

V/e note here one important difference between simple 
GLA's and simple Lie algebras. For an ordinary Lie algebra 
with metric tensor h , G simple => det h | 0, For sample 
GLA's no corresponding statement can be made about g^ v . I n 
f a c t , there exist simple GLA's which have i d e n t i c a l l y 
equal to zero. 

(68,69,7U and i n the next section v/e s h a l l give the c l a s s i f i c 

ion. 
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3»3» Simple Graded Lie Algebras 
In order to c l a s s i f y the simple GLA's, i t i s convenient 

to consider two cases seperately, as the adjoint representation 
of G i n U i s or i s not completely reducible* 
a) ad^ completely reducible 

I n l i s t i n g t h i s class of simple GLA's we follow Scheunert, 
Nahm and R i t t e n b e r g ^ ^ . V/e do not reproduce t h e i r arguments, 
but l i s t some r e s u l t s which, are useful i n carrying out t h e i r 
c l a s s i f i c a t i o n . 

The a d j o i n t representation ady of G i n U i s completely 
reducible i f and only . ' i f G i s reductive, that i s i f 

where GQ i s the centre of Gs <GQ,G> =0, and G' i s semi-simple; 
note that G' = <G,G> . 

Given that ad^ i s completely reducible, then either ad^ 
i s i r r e d u c i b l e or i t i s the d i r e c t sum of two i r r e d u c i b l e 
representations. I n t h i s second case, the odd subspace 13 can 
be w r i t t e n as the d i r e c t sum of two G-invariant subspaccs 

u = u'e u" 

where < U', U'> . < L>" > = o i3'k7) 

< U > " > , Cr 

I f the centre GQ of G i s n o n - t r i v i a l , then i t i s one 
dimensional, and the representation ad^ i s reducible. Further
more, there exists a (unique) element e e. GQ such that 

< e ; u " > »-t*" V u"e. U" (3.48) 
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I f the ordinary Lie algebra G i s semi-simple, then the 
( 7 5 ) 

generators of G can be w r i t t e n i n a standard Cartan basis 

where l a s the rank of the algebra; the a^ and a 1 are the 
covariant and contravariant roots: N , i s a normalization 

' ab 
factor. I f i n addition the metric tensor g^v of the GLA A i s 
non-degenerate, the basis (3«49a) can be extended to a basis of 
the algebra A, v/ith a d d i t i o n a l generators (which span the 
odd subspace U) s a t i s f y i n g 

The d e t a i l s of $, f, M are given by Pais and Ei t t e n b e r g ^ 0 ^ . 
The Gdj, are the weights of the a d j o i n t representation of G on U; 
to each weight U. there corresponds a root a such that 

Using these r e s u l t s , a l l the simple GLA's with ad^ 
completely reducible can be d i s c o v e r e d ^ ^ . V/e give a l i s t of 
the r e s u l t i n g classes of simple GLA's i n terms of subalgebras 
of pl(n,m), the graded algebra of (n + m) x (n + m) matrices, 
v/hich i n block form are 

x " 
' ' (3-51) 
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where A i s an n x n matrix etc,; the m u l t i p l i c a t i o n O i s 
given by 

<X,X'> = /AA'-A'A+BC+S'C Sk'-B'D* ASIA'S 
[cA'-c'A+hc'-tic ^'-y^+cs'^c's, 

(3.52) 
l ) The special l i n e a r GLA st>l(n,m) i s defined by 

J»l(n,«)--iXt?l(v>)lTr()0" o? 
r 7 1 (3-53) 

Tr(X) i s the generalized trace defined i n (3*36), so that 
with X as i n (3*51) > v/e have 

T r(x)= O U A - trb 
J (3.5^f) 

The Lie algebra G of spl(n.m) i s s l ( n ) x s l ( n ) x U ( l ) , 
For n m, spl(n,m) i s simple. When n=m, sp.l(n,n) lias a 

n o n - t r i v i a l (one dimensional) centre generated by the 2n x 2n 
u n i t matrix: 

(where \ i s a sca l a r ) . The quotient algebra 

r (3.56) 
i s simple. 
2) The orthosyrirplectic GLA 0Sp(2p.m) 

Define the 2p x 2p matrix 

E - I o i p \ 
\ - l p 0/ <3-5« 

Then the subalgebra of pl(2p,m) consisting of a l l matrices X 
of the form (3»5D s a t i s f y i n g 

A TE + £ A - o 

C - *B T£ (3.58) 
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i s simple, and has Lie algebra G=Sp(2o) x 0(m). I t i s called 
the orthosymplectic GLA 0S(2p,m) (p,m£l). \ie note that 0Sp(2,2) 
i s isomorphic to s p l ( 2 , l ) . 

3) Consider the subalgebra of p l ( n , n ) , nfc 3, consisting of 
matrices X s a t i s f y i n g 

AT--~T> B T= B C T*-C 

t ( A ) = 0 N 

13.59) 
This i s a simple GLA, which we c a l l b(n). I t s Lie algebra i s 
G=s'l(n). 
k) Consider the subalg'ebra of p l ( n , n ) , n£ 3, called d R and 
defined by 

( AcqlU) .BeWUW 
3 ' j (3.60) 

A B 
B A 

The centre of d R i s z as i n (3»55). The quotient algebra 
d n/z n i s simple, and has Lie algebra G=sl(n). 
5) There are also some exceptional simple GLA's, analogous to 
the exceptional Lie algebras. These consist of: 

i ) A one parameter family of 1? dimensional 
simple GLA's, v/hose Lie algebra i s 
sl ( 2 ) x s l ( 2 ) x s l ( 2 ) 

i i ) A 31 dimensional simple GLA whose algebra 
i s s l ( 2 ) x G2 

i i i ) A ZfO dimensional simple GLA whose Lie 
algebra i s s l ( 2 ) x 0(7) 

These are a l l of the simple GLA's of t h i s type; they are 
called the c l a s s i c a l simple GLA's, i n analogy with ordinary 
Lie algebras, They can be l i s t e d i n another way, which r e f l e c t s 
the use of the res u l t s quoted at the beginning of t h i s section 
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by Scheunert et al^^\ We wr i t e A=G @ U, and ignore the ex
ceptional algebras. 

I . G s.i.mT)le 
There are 2 cases: 

i ) K i l l i n g form non-degenerate: A=0Sp(2p,l) p£ 1 
i i ) K i l l i n g form degenerate: 

U i r r e d u c i b l e : A=d /z nfc 3 
n ii 

U reducible: A=b(n) n£ 3 
I I . G semi-simple, but not sinrole 

There are 2 cases : 
i ) U i r r e d u c i b l e : A=0Sp(2p,ra) pfcl, mfc-3 

i i ) U reducible: G=GQ x G by (3.46) 
G' not simple*. A=spl(n,m) n,mfc 2 

or A=spl(n,n)/z n nfc 2 
G' simple: A= 0Sp(2p,2) pfc 1 

or A=spl(2,l) 

A l l of the GLA's which are of i n t e r e s t i n physics to date 
are related to cl a s s i c a l simple GLA's. For completeness we 
mention very b r i e f l y the other type of simple GLA. 
b) adq not completely reducible 

The above GLA's are a l l matrix algebras, and correspond 
to the classical Lie algebras. There are further simple 
GLA's defined i n terms of the derivations and d i f f e r e n t i a l 
forms on a Grassman a l g e b r a ^ ^ . I f A i s the Grassman algebra 
on the n variables x^,...,x with the natural grading, the 
(graded) algebra of derivations on A, W(n), can be w r i t t e n as 
the set of elements! p;̂ ,'j where p/6 A, and ^ ( x j ) = &̂  . \V(n) i s 
a simple GLA for n > 1. 
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Two d i s t i n c t algebras,SI and S, of d i f f e r e n t i a l forms 
on A can be defined, generated by the anti-cominuting (commuting) 
d e f f e r e n t i a l s dx^( $ x , ) : 

-ft" • cU,,..., d x n S : K-. ^ X A 
v 3»ol) 

The gradiing on A i s extended t o i l and S by pu t t i n g dx^ odd, 

& even. Every derivation on A induces derivations on i l and 
S; three further sets of GLA's can be defined as subalgebras of 
the algebras of the derivations onSL and S. Further d e t a i l s 
are given by K a t s ^ ^ . 
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3»4. Graded Lie Algebras and Physics 
As we have stated i n section 3»1»» supersyinmetry i s an 

example of a GLA i n physics, and we s h a l l see below which are 
the relevant GLA's. However the e a r l i e s t appearance of GLA1s 
i n physics was the f,d algebra which arises i n tne consider-

(76) 
a t i o n of representations of SU(3) f . 

The generators of SU(3) can be represented by 3 x 3 
traceless matrices -5-̂ ;, i = l , . . . , 8 . which s a t i s f y 

I ^3 i J{j 1 + ^ i i t X u (3.62) 

The are the structure constants of SU(3)» I f we wri t e 
matrices f.,d. an 

then the a d j o i n t representation F^ of SU(3) i s given by 
F ^ - i f ^ , which s a t i s f i e s 

(3.6^) 
We can also define D^=d^, and these s a t i s f y 

(3.65) 

As they stand the D's and F's do not form a closed algebra 
However, i f we redefine F^ and to be the 16 x 16 matrices 

o . i f J U o ° , 6 6 ) 

I t , then we do have a closed algebra: 

k 

k 

!< 

(3.67) 
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We recognize (3o66) as the adjo i n t representation of the 
GLA (3 .67) . The algebra (3.67) i s the simple GLA d^/zy as 
i n section 3«3« 

The f,cl algebra can be generalized to 3U(n), and such 
(77) 

algebras are known as the Gell-Mann-Kichel-Radicati algebras . 
They are precisely the simple GLA's-dn/zn, n£ 3. 

Now consider the four (soace-time) dimensional supersymmetry 
algebras* The 2^ dimensionsl algebra of V/ess and Zuraino^^^ 
based on an extension of the conformal transformations i s ( a f t e r 
complexification) precisely the simple GLA spl(/f,l)^^» The 

dimensional algebra based on an extension of the Poincare 
(59) 

group i s not a simple GLA; i t may however be obtained 
from the simple lZf dimensional GLA 0Sp('-i>l) by an Inonu-IVigner 
type contraction. 

The ordinary Lie algebra of 0S(4jl) i s (isomorphic to) 
the de S i t t e r algebra S0(3,2). The 10 generators of t h i s 

(78^ 
algebra can be represented by 

(3.68) 

( where ^ = \ H 0 ) , I f we define new gen e r a t o r s ' 4 ^ 

'XMar (3.69) 

and perform a contraction by l e t t i n g % —* 0, we obtain the 
Poincore algebra, with Mr t. -*p P̂ * , and the other 
generators —> Lorentz generators. 

I f we now take the \ odd generators of 0Sp(4jl)j 
say, and define new generators + 

P^ - P* 
(3.70) 
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then i n the l i m i t ^ ~ » 0 , (3^69) and (3»?0) together give the 
l i f dimensional supersymmetry algebra. 

The tv/o (space-time) dimensional supersymmetry of dual 
models i s i n f i n i t e dimensional, because of the special prop
e r t i e s of the con formal group i n tv/o dimensions; however, i t has 
a f i n i t e subalgebra spanned by { L ^ J L ^ J G ^ ^ . This algebra 
i s the simple GLA 0Sp(2,l). We s h a l l see that the 0(K) 
algebras of Ademollo et a l + are also related to simple GLA's. 

Finally> i n the graded Riernannian geometry of supergauge 
(79) 

theories , one considers manifolds that can be l o c a l l y 
mapped onto a f l a t (graded) space with orthosymplectic metric. 

Hence we see that a l l of the GLA's that have arisen i n 
physics to date are either c l a s s i c a l simple GLA'S, or are 
closely related to them. 
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Chapter 4. Representations of Orthosymplectic Algebras 

Introduction: I n t h i s Chapter we are going to explore some 
aspects of the algebras underlying the known dual models. 
The gauge algebra of the Veneziano model i s (up to c-number 
terms) the i n f i n i t e algebra corresponding to the con formal 
transformations i n two dimensions. I t has a f i n i t e subalgebra 
which generates the Hobius transformations of one complex 
variable; t h i s group of transformations i s isomorphic to the 
symplectic group Sp(2). 

The supergauge algebra of the Neveu-Schwarz model 
(without c-numbers) generates conformal and supergauge trans
formations on the variables (z,0 ) where 0 i s an anti-commutin 
va r i a b l e , as i n (.3.22). This a] gebra has a f i n i t e subal^ebra 
Lq,L + 1,G >j| which i s isomorphic to the orbhosyraplectic 

algebra 0Sp(2,l) ;this w i l l be explained i n section 2. 
Further extensions of the conformal algebra which have 

been proposed correspond to the generators of certain trans
formations on the set of variables (z,®*), where CC=1,..., K 
labe.l s the vector representation of an 0(N) symmetry. This 
0(N) algebra contains the conformal algebra as a subalgebra, 
and has a f i n i t e tubalgebra which i s isomorphic to 0Sp(2,N). 

We wish to study i n p a r t i c u l a r some representations of 
these algebras, as they are useful i n constructing amplitudes 
and Fock--space operators for the corresponding dual models. 

Some of the d e t a i l s of the representations have been 
relegated to an appendix. 
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4.1. The Virasoro Algebra 
As explained i n Chapter 1, the Virasoro algebra i s 

spanned by an i n f i n i t e set of gauge operators L n, which 
s a t i s f y the commutation r e l a t i o n s (1.15). I f v/e omit the 
c-number terms, these r e l a t i o n s are 

U . i ) 
The algebra (4.1) can be realized by p u t t i n g ^ ^ 

1 n + l j -v rt 
L , n r - L w_ - n J z, 

ch- (4.2) 
where J i s any number. This r e a l i z a t i o n i s appropriate for 
showing that the algebra(4.1) corresponds to the generators of 
conformal transformations. I f we consider an i n f i n i t e s s i m a l 
transformation generated by the L s ( 1.+ Slu L.J, we f i n d 
that (with J=0) 

where 
This i s j u s t the form of an i n f i n i t e s s i m a l conformal trans
formation, as i n (3-22). 

I f we consider the action of (4.2) on ẑ "*"* , where m i s 
an integer, we obtain a l i n e a r combination of terms of the 
form ẑ ***, where m' i s an integer. Hence, the vector space 
with j zk4n : m«2,Jas a basis i s mapped i n t o i t s e l f by L n. V/e 
can represent as an i n f i n i t e dimensional matrix with respect 
to t h i s space. 

(18) V/e wri t e the basis of t h i s vector space as 
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where N(J,k,m) i s a normalization factor; d i f f e r e n t choices 
of N(J,k,m ) give equivalent representations. Operating with 

as i n we f i n d that 

U.5) 
gives a matrix representation J) of L n, s a t i s f y i n g (Zj-.l). 

Instead of considering as i n (if.2) acting on elements 
of the form (/+.4)> we could consider a vector space spanned by 
basis elements z'3" z14** and wri t e L as 

J i s in v a r i a n t under L , so that we can consider z z for 
—n* 

fi x e d J, i n which case L_ n takes the form (/|..2). I t i s some
times convenient to w r i t e ^ ^ 

7.'" I ^ U.7) 
L_ n may then be w r i t t e n i n terms of J and *J derivatives (see 
appendix) t. 

As explained i n section 1»2., the vector spaces described 
above can be used to derive the representations of the & J ( l , l ) 
subalgebra of ( ^ . l ) spanned by ̂ L ^ L ^ ] , and the group gener
ated by t h i s algebra. There are d i f f e r e n t classes of represent 
a t i o n of S U ( l , l ) , some of which v/hich were given i n (1.22). 
•The Dj representation i s obtained when J< 0 and k=-J. i n t h i s 
case the subspace spanned by j z'T z3*"! m-0,1,,. i s i n v a r i a n t 
under ̂  LQ,L^.^] , and has no i n v a r i a n t subspaces; hence the rep
resentation D'J ofILQJLJ - JJ obtained as i n (ifo5) i s i r r e d u c i b l e . 
S i m i l a r l y , for J< 0 and k= J, the subspace spanned by 
) z z i rn=0,-l,. -J i s i n v a r i a n t , giving the i r r e d u c i b l e repre 
sentation Dj* . The normalization factors f o r these represent-
ations may be fixed by req u i r i n g D(L^)=:D(L ^) , which gives 
N(J,k= tJ,in) as i n (1.25), 

The representation D̂ ' can be used to obtain a Fock-space 
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r e a l i z a t i o n o f { 1^,1^1 Vi/e put 

L { = - 2 . < f < C ^ J * t i ) 
(4.8) 

where a' are canonical creation operators. I f we take ar 

n n 
to be the usual Veneziano operators, introduced i n Chapter one, 
and consider (4.8) i n the l i m i t J 0 (from below), then we 
obtain the usual operator expression for the Virasoro 
generators ^L Q,L +^| , as defined i n (1.14), provided that v/e 
. , , (18) take the zero moaes 

1 (4.9) 
A Fock space r e a l i z a t i o n of a l l the Virasoro generators 

L n can ac t u a l l y be obtained using the representations of (^.1). 
Take J=0, k£0, and consider the vector space spanned by 

4 tc+w (4.10) 
The derivative expressions (4.2) for L induce a (non-unitary) 
representation D^ok' ( L n ) of (m.I) on t h i s space by (4.5) • We 
can now use t h i s representation i n the l i m i t k —* 0 to obtain 
the usual expression for Virasoro generators (1.14); we put 

where 
a K f = *1 <*\>0) ftp - a p ($>o) (ii.ii) 

The factors of i associated with the a's i n (4.11) j u s t cancel 
s i m i l a r factors i n D^0lt^ which arise because of the normalization 
factors i n (4.10). We note t h a t , although we started with a 
representation of the con formal algebra (4.1)5. the L n defined 
i n (4.11) s a t i s f y the Virasoro algebra(l.15)• 
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For J £ 0, J h a l f - i n t e g r a l or i n t e g r a l , there i s an 
(IS ) 

i r r e d u c i b l e representation of SU(1,1) of dimension (2J + 1 ) 
since SU(1,1) i s a non-compact group, t h i s representation i s 
necessarily non-unitary. I n the present formalism, these 
representations can be realized on the vector space 
I z'T z a : a=J,J-.l,... ,-J \ , which i s i n v a r i a n t underjli^, 
The case J=0 ( d i s t i n c t from the case J 4 0, J—» 0) gives the 
t r i v i a l representation L^=0. We sha l l look at the cases 
J~ J and J - l i n a l i t t l e d e t a i l ; i t i s convenient to use the 
T,^ notation of (4«7)» 

I n the J=4- case, we consider the 2 dimensional space 
of vectors (f ,rj). Using the derivative expressions i n the 
appendix for L . , we f i n d that 

( r . 1 ) - * ( r ' , V M j ; . J n > M 

gives the usual 2 dimensional representation for L Q , L ^ ^ 

I » o / \o of (4.13) 
I n the J=l case we consider the 3 dimensional space 

of vectors ( t^t

l T«j , J l )» and we f i n d the representation 

I f we compare t h i s with the a d j o i n t representation of 511(1,1), 
given by the structure constants 

(act XM.) v - C-v 
' ' (4.15) 

where X^= ( ^ L ^ L ^ ) A N D 

(4.12) 
(80) 

(4.14) 
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we f i n d that t h i s i s precisely the J=l representation(4.14). 
The metric tensor 

C j ^ = "tr ( a d X̂ u . ao< X y ) 
(4.17) 

and i t s inverse can be used to define a quadratic Casimir 
/ -I o \ 

operator 

C - - J J L O ( L 0 + I ) - L . L - , ] 

* (4,18) 
For a given J t h i s has eigenvalue C=-g-J( J-t-l); the represent
ations (4-.13)» (4.14) each give -g-J(J+1 )1 as they must by 
Schur's lemma. 

Consider now the transformations on J and ̂  realized 
by the group generated by the algebra \^->q, I ' * ] ] • i-n 

(1.21) these are 
—> a. W 

c <L 

r l - . A 
(4.19) 

where ad-bc=l; z= undergoes a Kobius transfcr;-f!ation(1.7). 
The matrices A s a t i s f y 

1 A ( ' 
I / \-| I (4.20) 

which i s ju s t the condition for A to belong to the symplectic 
group Sp(2). I n p a r t i c u l a r , the transformation A leaves 
i n v a r i a n t the b i l i n e a r form 

(4.21) 
This b i l i n e a r form i s i n t i m a t e l y connected with the 

K i l l i n g form, the i n v a r i a n t b i l i n e a r form obtained using the 
metric tensor g^ v . In fact we f i n d that the K i l l i n g form i s 

- i 
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This i s j u s t the square of the b i l i n e a r form (4.21)• I f we 
wish we can wr i t e Mobius transformations as 3 x 3 matrices A 
acting on ( f ^ } J v j 3 J l ) and s a t i s f y i n g det A=l and ATgA=g. 

We have developed the d e t a i l s of the representations i n 
t h i s section so that we can see easily how they extend to the 
graded cases. Representations of the Virasoro algebra have 
been studied i n a more rigorous fashion by Goddard and Horsley. 
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4 » 2 . The Neveu-Schwarz Algebra 
I n t h i s section we extend the ideas of the l a s t section 

to the Neveu-Schv/arz case by considering transformations on 
a superspace (z',z,6 ) . As noted before, the gauge algebra 
of the Neveu-Schwarz model i s (without c-number terms) 

U r . G / j •- l l r . , 1 (4.23) 

This algebra can be realized i n terms of derivatives of 
z'fz and 0 , where 0 i s an anti-commuting variable as 
defined i n ( 1 * 3 7 ) : 

to. i i ' x 33 

3-2- d*' d 0 i ( i f . 2 / + ) 

Here ^ i s a left-hand d e r i v a t i v e =1* As i n the 
Virasoro case, i t i s sometimes useful to write L ,G i n 

-n* - r 
terms of derivatives o f ? , vj and B (see appendix. 

We see that L and G acting on z'^ z*"* where n r " 
V = 0 or 1 , leave J i n v a r i a n t , and for fi x e d J z —( may be 
replaced i n ( 4 . 2 4 ) by J. 

We can consider the i n f i n i t e s s i m a l transformations on 
z and 0 ( J = 0 ) generated by {L n,G r] . In the Virasoro case, 
we found that the L n generated conformal transformations on z. 
Now we f i n d that the transformations 

1 + I* u n + l L _ w 

ana 
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generate the conformal and super-gauge t r a n s f o r m a t i o n s ( 3 . 2 2 ) 
on z and0(where u(z) = I u z" and oC(z)--2e{. .,z r +^" are the 
parameters of the t r a n s f o r m a t i o n ( 3 . 2 2 ) ) . 

Consider the vector space spanned by the basis 

( 4 . 2 6 ) 

for fixed J and k, where N(J,k,m,v> ) i s a normalization 
factor. A natural grading can be defined on V by defining 
v m

v to be even or odd as y=0 or 1 respectively. This space 
i s mapped i n t o i t s e l f by L^ and Ĝ ; i n analogy with (4.5) 
we can represent X=L or G on t h i s snace by the i n f i n i t e 

n • r -
dimensional matrix D W V >(X) defined by 

nm J 

where sums over n and V are understood. Actually, to wri t e 
t h i s as a matrix representation v/e should incorporate (m,V ) 
i n t o one index; however v/e prefer to write D(X) as i n ( 4 . 2 7 ) 

and understand that matrix m u l t i p l i c a t i o n implies summation 
of V indices as well. 

Because the derivative expressions ( 4 . 2 4 ) s a t i s f y 
( 4 . 2 3 ) , the matrices defined by ( 4 . 2 7 ) s a t i s f y ( 4 . 2 3 ) : 

( 4 * 2 8 ) 

where 4^ denotes commutator or anti-commutator, as defined 
i n Chapter 3 « 

The f i n i t e subalgebra of ( 4 . 2 3 ) } spanned by J L Q , L + - | ,G4 ., | , 
i s isomorphic to the simple GLA 0Sp(2>l). (We note that 
these generators are ac t u a l l y i n the form of the standard 
Cartan b a s i s ( 3 . 4 9 ) , and we see that the root-weight theorem 
( 3 . 5 0 ) i s s a t i s f i e d ) . We can now consider k=-J. The subsuace 



(4.26) for s p e c i f i c values of J and k, and ask whether there 
are i r r e d u c i b l e representations of t h i s subalgebra s i m i l a r to 
those which e x i s t i n the Sp(2) case. The f i n i t e dimensional 
representations have also been considered by Pais and 
R i t t e n b e r g ^ 7 0 ' . 

For J < 0 we can consider k=-J. The subspace spanned by 
| z / J z 3 + n , 6 : m=0,l,...; \J = 0 , l ] of (4.26) i s i n v a r i a n t under 
0Sp(2,l) and has no i n v a r i a n t subspaces; hence we obtain 
an i r r e d u c i b l e representation from (4.27) which we c a l l i n 
analogy with (1.22). S i m i l a r l y , for k=J < 0, the i n v a r i a n t 
subspace spanned by } z / J z ra=0,-l,...: v =0,1 acts as a 

representation space for an i r r e d u c i b l e representation Dj^~"\ 
The normalization factors N(J,k,m,v ) can be fixed by 

r e q u i r i n g D(L_1)--=D(L]L)''' . For Dj.+1 ,Di"* we have 

J m \ (4.29) 
These factors also ensure that D(G_1_)=D(G1_) ' , provided Lhat 

— it "ST 
we define 

. (4.30) 

that i s the order of must also be interchanged; t h i s i s 
j u s t what we would expect, since, as pointed out previously, 
(mt v ) should r e a l l y be considered as a single matrix l a b e l . 

The representation D^* may be used to obtain a Fock-
space r e a l i z a t i o n of 0 S p ( 2 , l ) . We consider a^ for v =0,1, 

V V' 

where 
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and a n,b r are the usual Neveu-Schv/arz operators. Then i f v/e 
wri t e 

vv'*V ( 4 . 3 2 ) 

for X= [ L Q, L + 1 , G+1_ \ , where D i s the representation rf^ i n 
the l i m i t J—*0, we obtain the correct operator forms of these 
generators as i n Chapter I (using ( 4 « 9 ) for the zero modes). 

The representations DJV'(L.) are diagonal i n , y' ; 
nm x 

hence we can obtain two representations of f L Q , L ^ ^ by 
considering D n m and D . These are j u s t the D representation 
defined i n section 4 . 1 . . » for J -fr 0 and J=-^- respectively. 

As i n the Virasoro case, we can i n fact derive the Fock 
space r e a l i z a t i o n s of a l l the generators - R ' R J 5 G R considering 
representations of the f u l l a l g e b r a ( 4 . 2 3 ) . In p a r t i c u l a r we 
consider the representation induced by the derivative forms 
( 4 . 2 4 ) on the vector spaced. 2 6 ) for J=0 and k£0. V/e take the 
normalization factors to be 

Then, for X=L ,G , wo can write r n' r 

where v 

'«t f t '° f 

0-
tv ° ( n + ^ u n " ( 4 . 3 4 ) 

and a^ ,a Q are as given i n ( 4 . 1 1 ) . Again, although D i s a 
representation of the algebra ( 4 . 2 3 ) ? the operators ( 4 . 3 4 ) 

s a t i s f y the correct algebra with c-number terms. 
Consider now the case J2-0. For J i n t e g r a l or h a l f -

i n t e g r a l , the (4«T * 1 ) dimensional representation of 05p(2,l). 
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As i n the Sp (2) case, we s h a l l look a t the J =7 and J = l c a s e s 
i n some d e t a i l . 

Tn the J =4- case we again use the f ,^ n o t a t i o n , and 

con s i d e r the space of v e c t o r s ( % , *| , »| 6 ) . Using (/ | .27) g i v e s 

the 3 dimensional r e p r e s e n t a t i o n 

• \ \ \ ' \ I "< » ^ i • 

1 i / 

U*36) 

When J - l we c o n s i d e r the 5 dimensional space of v e c t o r s 

C v j l>T^ > J" 1 , , .2. ,2.^ 0 ) . The r e s u l t i n g 5 dimensional 

r e p r e s e n t a t i o n i s p r e c i s e l y the a d j o i n t representations, o btained 

from the s t r u c t u r e c o n s t a n t s of the a l g e b r a a s e x p l a i n e d i n 

s e c t i o n 3*2. 

A m e t r i c t e n s o r for the ge n e r a t o r s of the.- GLA 

0Sp ( 2,l) may be c o n s t r u c t e d , a s i n ( 3 . ^ 2 ) , and i t s i n v e r s e used 

to c o n s t r u c t the q u a d r a t i c C a s i m i r operator, a s i n (3»'-:5)i 

For a given J t h i s has eigenvalue ~ J ( J + 1 ) . The r e p r e s e n t -

a t i o n s f o r J = r , l each give J J ( J + 1)J_ so t h a t Schur's lemma 
A . . . (70) g e n e r a l i z e s to t h i s case . 

We can c o n s i d e r the t r a n s f o r m a t i o n s r e a l i z e d on z and 6 

by the group generated by the a l g e b r a [ L Q , L + ] > G+.I.] • The 

i n f i n i t e s s i m a l t r a n s f o r m a t i o n s generated by (l+e£G + 0 G q ) , 

where Dt and j& are anti-commuting parameters, a r e 

z —> z + f f t ^ + p) 9 
1 C i .38a) 
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F i n i t e super-gauge t r a n s formations, generated by s u c c e s s i v e 

t r a n s f o r m a t i o n s of the type above, a r e 

T~ -L + tit* f> 

The ( f i n i t e ) p r o j e c t i v e t r a n s f o r m a t i o n s a r e 

X — * &lL-+h 0 —y 1 0 

C T L + C I 0+.39) 

when ad-bc=l. 

A general f i n i t e t r a n s f o r m a t i o n generated by ( L Q , L + ^ , G ^ ^ ^ 

can be w r i t t e n a s 

n ) 
h 

b 

c 

nj8 W 
1 

A 

(4.40) 

s u b j e c t to a ' g e n e r a l i z e d determinant* c o n d i t i o n 

( 4 . U ) 

T h i s d e f i n i t i o n of the determinant of A c o i n c i d e s with t h a t 
(79) 

given by Nath and Arnowitt f o r m a t r i c e s i n which some of 

the elements a r e of anti-coir.:nuting type; t h i s d e f i n i t i o n w i l l 

be explaned f u r t h e r i n Chapter 5» 

The supergauge- t r a n s f o r m a t i o n s (4 .38) are obtained from 

(4 .40) by p u t t i n g b=c=0, a=d=l-4-j(p; the con formal t r a n s f o r m a t i o n 

('+•39) correspond t o t f = j j - 0 , s u b j e c t to ad-bc=l. I n both canes 

we a r e t a k i n g z= 

The m a t r i c e s A s a t i s f y the c o n d i t i o n 

K* 1 1: \ A -~ I ' • \ 
1 

1 / 
( W l 2 ) 
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where A i s define d a s 

• 

(i|.if3) 

Note the change of s i g n o f 2 elements i n the bottom row 

compared to the u s u a l transpose of A. T h i s e n s u r e s t h a t the 

tr a n s f o r m a t i o n A l e a v e s i n v a r i a n t the b i l i n e a r form 

/ I ! ' ft. 1.(<l.«.) 
- I 

_ — I — . 

We see t h a t ( 4 .if4) i s a n t i - s y m m e t r i c under i n t e r c h a n g e of l a b e l s 

1 and 2, s i n c e the 8's anti-compute. The o r t h o s y m p l e c t i c 

t r a n s f o r m a t i o n s correspond to the n a t u r a l g e n e r a l i z a t i o n of the 

sy r a p l e c t i c group, the group which l e a v e s an a n t i - s y m m e t r i c 

b i l i n e a r form i n v a r i a n t , to the case where we a l l o w a n t i -

coramuting a s w e l l a s commuting v a r i a b l e s . 

We note t h a t , i n the Koba-Nielsen formulation of the Neveu-

Schwarz amplitude, u s i n g anti-commuting O's , e x p r e s s i o n s 

s i m i l a r to (4„Z)I|) appear a s the n a t u r a l g e n e r a l i z a t i o n s of the 

forms s i m i l a r to (Jf»21) which appear i n the Veneziano model. 

We s h a l l comment f u r t h e r on t h i s i n the next Chapter. 

Given four ( , *Jt- , *jfl̂ )» we can de f i n e a g e n e r a l i z e d 
1 c r o s s - r a t i o ' 

S i n c e t h i s i s c o n s t r u c t e d from i n v a r i a n t b i l i n e a r forms 

i t i s i n v a r i a n t under 0 S p ( 2,l). However i t no longer has the 

simple property t h a t (1-x) i s a l s o a c r o s s - r a t i o . 
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I f we a l s o c o n s i d e r the i n v a r i a n t b i l i n e a r form c o n s t 

r u c t e d u s i n g the m e t r i c tensor g ^and the 5 dimensional v e c t o r 

( t ^ S f ^ > ^ t v/e o b t a i n the form 

which i s j u s t (minus) the square of the form as i n the 

Veneziano case. 
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Z|..3* The Fermion and O f f - S h e l l Algebras 

I n d i s c u s s i n g the Neveu-Schvarz a l g e b r a i n the 

p r e v i o u s s e c t i o n , we o n l y considered t h a t p a r t of the 

a l g e b r a corresponding to the ( o n - s h e l l ) meson s e c t o r of 

the Neveu-Schwarz model, the gauge o p e r a t o r s b u i l t from 

a n and b^ o p e r a t o r s . We might ask whether the formalism 

can a l s o be a p p l i e d to the fermion and o f f - s h e l l s e c t o r s 

o f the model. 

Brink and W i n n b e r g ^ ^ have shown t h a t the fermion 

amplitudes can be w r i t t e n i n terms of the z,0 s u p e r f i e l d 

formalism, so we would expect to be a b l e to r e p r e s e n t the 

fermion o p e r a t o r s i n a manner analgous to t h a t used for 

the meson s e c t o r . The gauge o p e r a t o r s i n the fermicn 

s e c t o r a r e L and F , where n,m= 0,±1 and they 
n m 

s a t i s f y the r e l a t i o n s ( o m i t t i n g the c-nurnber terms) 

The F's s a t i s f y almost e x a c t l y the same r e l a t i o n s a s the G's, 

the only d i f f e r e n c e being that the F's a r e l a b e l l e d by i n t e g e r s 

whereas the G's are l a b e l l e d by h a l f - i n t e g e r s . Hence we can 

immediately w r i t e down a r e a l i z a t i o n o f L ,F i n terms of 

d e r i v a t i v e s of z'' , z and 9 ; we take L to be as i n (Z*.2/|) 

and F to be the e x p r e s s i o n for G with r r e p l a c e d by m. m - r * 
These r e a l i z a t i o n s can again be used to c o n s t r u c t rep

r e s e n t a t i o n s of L and F_ on the v e c t o r space scanned by 

(4-^7) 

The only f i n i t e subalgebra of (z+,^7) i s the 

Mobius subalgebra f L 0 ' L i l l so t h a t we cannot look for f i n i te 
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dimensional r e p r e s e n t a t i o n s a s befor e . We can however f i n d 

r e p r e s e n t a t i o n s of the whole a l g e b r a Ow47) , u s i n g ( 4 . 2 7 ) . 

Although J i s ag a i n i n v a r i a n t under the t r a n s f o r m a t i o n s 

( 4 . 4 7 ) , k i s not: F r changes k by The v e c t o r space spanned 

by [ z'** z^*^,^7 z 1** 1** 1 , & : m=0,t 1 , . . . j for f i x e d J and k i s 

i n v a r i a n t under ( 4 . 4 7 ) , and can be used to de f i n e a r e p r e s e n t 

a t i o n of the a l g e b r a ( 4 . 4 7 ) . 

I n p a r t i c u l a r wc can co n s i d e r the r e p r e s e n t a t i o n D 

obtained by p u t t i n g J=0, k+0, r e a l i z e d on the r e p r e s e n t a t i o n 

space 
I k + f* k+m-'i -J z. • z, 9 : m= 0,± I,. 

-J It* fit' J (4 .48) 

As i n the pr e v i o u s c a s e s , t h i s r e p r e s e n c a t i o n g i v e s the u s u a l 

Fock space r e p r e s e n t a t i o n of the f u l l a l g e b r a (1 .44) ( w i t h 

c-number t e r m s ) . IVe w r i t e X=L or F a s 
n m 

where (4 .49) 
l o t i r o i 

a ' J + < <! - dn 

and a ' ̂" » a
n
 a r e a s given i n (4 .11) • 

A. s i m i l a r procedure can be c a r r i e d out f o r the o f f - s h e l l 

s e c t o r s of the model, the o f f - s h e l l meson s e c t o r c o n s i s t i n g 

o f c„ and b , and the o f f - s h e l l fermion s e c t o r c o n s i s t i n g o f 
X S 

c and d , I n each case we can de f i n e a r e p r e s e n t a t i o n D on r n 
the i n v a r i a n t subspaces 

- i *i k + ^ n k-^^-t^ / ) (4 .50) 
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i. 
where N - (k + m + - J - ) " 2 . T h i s r e p r e s e n t a t i o n can be used 
to c o n s t r u c t the a p p r o p r i a t e gauge o p e r a t o r s X a s i n Oi . i f 9 ) , 
where now we take 

and a ' = b or d , a s i n (^,34) or (A.'i-9)» a s a p p r o p r i a t e , n n+ "p* n 
v' v 

I n a l l of the r e p r e s e n t a t i o n s descrobed above, D (L ) 
r ' nm n 

i s diagonal i n v and v ; hence these m a t r i c e s provide a 

r e p r e s e n t a t i o n o f the conformal a l g e b r a ( i f . l ) . I n p a r t i c u l a r , 

i f we c o n s i d e r the D s d e f i n e d aboce i n the l i m i t k - » 0 , then 

i n the fermlon case g i v e s the (J=0,k—*>0) r e p r e s e n t a t i o n of 

the L n , and D M g i v e s the (J=-J-,k=0) r e p r e s e n t a t i o n (wnerc nov/ 

J,k a r e those a p p r o p r i a t e to the a l g e b r a , a s i n s e c t i o n 

in- the o f f - s h e l l c a s e, g i v e s the (J=0,k=Jr) r e p r e s e n t a t i o n , 

and D" g i v e s the (J=~j>-,k=2-) or (J=-J,k=0) r e p r e s e n t a t i o n a s 

a'' =b or d r e s p e c t i v e l y . 
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4.'i. 0(N) Algebras " / 

The supergauge a l g e b r a of the Neveu-Schwarz model can 

be g e n e r a l i z e d by c o n s i d e r i n g t r a n s f o r m a t i o n s on z and © , 

f o r ( j ( = l , . . .,NV . The i n f i n i t e s s i m a l t r a n s f o r m a t i o n s on 

( z , 8^ ) are given by 

Sr.- ( i - n ) ^ - ' ^ ) ^ : . . ^ 

v.4»52) 

where o(. =1,... ,N and n=0,...,N form a c l o s e d system; the para~« 

meters £ '"" * are taken' a s commuting/anti-commuting a s n i s 

even/odd. The conformal and supergauge t r a n s f o r m a t i o n s 

correspond to n-0 and 1 r e s p e c t i v e l y . The n=2 t r a n s f o r m a t i o n s 

l e a v e z unchanged, but perform a ( l o c a l ) 0(N) t r a n s f o r m a t i o n 

on the 0's. 

The g e n e r a t o r s of these t r a n s f o r m a t i o n s c o n s i s t of one 

s e t of L (n=0 t r a n s f o r m a t i o n s ) , N s e t s of G's, G (n=l t r a n s f o r m -in ' ' r 
a t i o n s ) , 4-N(N-l) s e t s of T ' s corresponding to l o c a l 0(N) 

gener a t o r s T*^ (n=2) , together with g e n e r a t o r s corresponding 

to h i g h e r ( n > 2) t r a n s f o r m a t i o n s . The g e n e r a t o r s corresponding 

to n^ and n^ s a t i s f y mutual coinmutation/anti-commutation 

r e l a t i o n s a s (n-^4- n,,) i s even/odd. F u r t h e r d e t a i l s a r e given 

by Ademollo et a l ( / + 2 ) . 

The s i m p l e s t a l g e b r a a f t e r the Veneziano (N -0) and Neveu-

Schwarz (K-"L) c a s e s i s the 0(2) a l g e b r a which has one s e t of 0 (2) 

g e n e r a t o r s T ansi two s e t s of G's , G 1 and G . The a l g e b r a i s v 

m ' r r 

f U , Cr*) ' (> - r ) C „ , r 

f f f * 6 / J . I f f Lr<, •> t*f Ir-Sfr; 

lX,r~]-° 



As i n the p r e v i o u s c a s e s , t h i s a l g e b r a can be r e a l i z e d 

i n terms of d e r i v a t i v e s of z , z, 0 : 

C l e a r l y these can a l s o be w r i t t e n i n terms of ( j , tj fl ) 

(s e e appendix). The t r a n s f o r m a t i o n s generated on z,8 by Of.54) 

a r e j u s t those of (4 .25) ( w i t h N=2). 

We see t h a t (4.54.) a c t i n g on z ' J zh*m 8'"' 0 ^ tf=0 or i , 

l e a v e J i n v a r i a n t . T h i s extends to the 0(N) case, and we can 

look f or r e p r e s e n t a t i o n s on the v e c t o r space spanned by 

' ; (4 .55) 

f o r f i x e d J and k. R e p r e s e n t a t i o n s a r e induced on t h i s space 

a s i n (if.27) by 

(4 .56) 

provided t h a t the r e p r e s e n t a t i o n matrix i s l a b e l l e d by the 

s e t V t \ v>j J , and i n matr i x m u l t i p l i c a t i o n we understand t h a t 

are to be summed over. 

The f i n i t e subalgebra i n the 0(K) case i s spanned by 

I LQ.L+T ,G.».., , T ^ J . and i s isomorphic to the simple GLA 0Sp(2,H) 

The o r d i n a r y L i e a l g e b r a formed by [ L 0 , L t l , T ^ K ^ J i s Sp (2) x 0(N) 

As pointed out a t the end of s e c t i o n 3»3»> the a d j o i n t r e p r e s e n t 

a t i o n of Sp (2) x 0(K) on the subspace of 0Sp(2,N) i s i r r e d u c i b l e 

f o r a l l N except N=2; f o r N=2S [ (r + ^ l s p l i t s i n t o two subspacea 

each i n v a r i a n t under [ L Q , L + ^ , T ^ | : 

u' - f Q._ +\ (f \ , Gr.i <( G-.i { 
U . 5 7 ) 

U " ( Grl ~\. (si*, &A -X ] 
J- X 7 J- » 
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which s a t i s f y i U', L) ' ] - \ U ', 0 ' ] ' 0 

We can de f i n e r e p r e s e n t a t i o n s of 0Sp(2,N) u s i n g (4.55) and 

( i f . 5 6 ) . I n p a r t i c u l a r we can de f i n e i r r e d u c i b l e r e p r e s e n t a t i o n s 

D ^ f o r J=-k< 0, as i n pr e v i o u s c a s e s , u s i n g the i n v a r i a n t 

subspace 

U ( J > ! - J l ^ l J x , V * - e ^ . . 0 - 1 ' " : m « Z l V 4 - - O l l I 
(if.58) 

n o r m a l i z a t i o n f a c t o r s , f i x e d by D( L ^ ) = D ( L _ ^ ) ^ , a r e given by The 

• i m! m . (i f . 59) 

These give D(G>D(G , ) + and D(*T*P' )=-D(T J f^) 1" , provided 

t h a t we d e f i n e D"̂" as i n (if « 3 0 ) . 

The r e p r e s e n t a t i o n Dj i n the l i m i t 0 nicy bp used 

to o b t a i n a Fock space of 0Sp(2,N) by w r i t i n g 

n ^ 0 " * (if.60) 

where a^ i s a commuting or anti-commuting operator a s ( • • %. ) 

i s even or odd r e s p e c t i v e l y . 

I n the 0(2) case, t h e r e i s a Fock space r e p r e s e n t a t i o n 

of the f u l l a l g e b r a (if . 5 2 ) ̂ 2 , Z ^ . We can o b t a i n t h i s a s i n 

pre v i o u s c a s e s by c o n s i d e r i n g the J=0,k£0 r e p r e s e n t a t i o n D , 

induced by the d e r i v a t i v e e x p r e s s i o n s (^.5^)} on the v e c t o r 

space spanned by 

IjlT+m ' (i f . 61) 

I n t h i s way we obt a i n the Fock space r e p r e s e n t a t i o n given by 

Ademollo et a l ( « ) i f we w r i t e 
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X = 5~ -1:1 *':'*•£:(*)<*: 
w ' (,'..62) 

' 0 (7 ' i II i -

where 0. n ^ a n ft* ^ a n<-j 

Here a
n > a n / k r , b ^ a r e c a n o n i c a l comnuting/anti-comrnuting 

o p e r a t o r s , a s i n r e f e r e n c e (43)• F a c t o r s of ( - i ) must be 

a s s o c i a t e d with a^ for n< 0, as i n ( 4 . 1 1 ) . 

The o p e r a t o r s (A.62) s a t i s f y the a l g e b r a (4 .53) with add

i t i o n a l c-number terms.^' +-^ T h i s a l g e b r a can a l s o be obtained 

from the Heveu-Schwara a l g e b r a b y w r i t i n g the a ,b o o e r a t o r s 
m' r 

of the Neveu-Schwarz model as a
r a

= a
m + " » a

m » ^ - ^ p + ^ ^ j a i l d- p u t t i n g 

G^G^' + xG* : T f l a r e then the gene r a t o r s which c l o s e the a l g e b r a . 

We s h a l l come back to t h i s p o i n t i n the next s e c t i o n * 

For N> 2, t h e r e i s i n gen e r a l no s u i t a b l e Fock space 

r e a l i z a t i o n of the f u l l a l g e b r a of the t r a n s f o r m a t i o n s (4-52) 

4 ' V J* (the N=4 case i s an exception, as w i l l be e x p l a i n e d 

i n the next s e c t i o n ) . A c t u a l l y Fock space r e a l i z a t i o n s o f the 

al g e b r a can always be w r i t t e n down. For any r e p r e s e n t a t i o n D 

of- the a l g e b r a of (4 .52) on. the v e c t o r space (4 .58), the 

generators X of the a l g e b r a can be r e a l i z e d a s 

x . - I a ; " ' . O x ) « . 
v 

nm (4-b3) 
Vv>' 

T h i s (yives the a l g e b r a without any c-numbor terms. I f we 

wish to o b t a i n a r e a l i z a t i o n where ve i d e n t i f y a „ and 
—n 

a j " , and ob t a i n the a l g e b r a with c-numbers, we have to c o n s i d e r 

an e x p r e s s i o n such a s ( 4 .62 ) ; t h i s w i l l only work i f the 

r e p r e s e n t a t i o n D has s u i t a b l e symmetry p r o p e r t i e s , and for 

genera] N t h i s i s not the case. 

Wo can obtain f i n i t e dimensional r e p r e s e n t a t i o n s of 0Sp (2 , ir 
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f o r J h a l f - i n t e g r a l or i n t e g r a l , 0 e ?or J=TT we have 

a ( 2 + N) dimensional r e p r e s e n t a t i o n on the v e c t o r space 

( J > "J > fj ̂  )» induced by the d e r i v a t i v e r e a l i z a t i o n s of the 

ge n e r a t o r s . For J = l we have a (3 + l-N(N + 3) ) dimensional 

r e p r e s e n t a t i o n on the v e c t o r s 

64) 

which i s p r e c i s e l y the a d j o i n t r e p r e s e n t a t i o n of 0Sp(2,N), 

c o n s t r u c t e d as i n s e c t i o n 3*2. 

As i n (3*42) we can c o n s t r u c t a m e t r i c t e n s o r g^,v f o r the 

gen e r a t o r s X ^ o f 0Sp(2yN), and obtain a C a s i m i r operator 

C=g/*"XrXv . A c t i n g on z " z k""* 0" i n the 0(N) case, we f i n d 

t h a t the C a s i m i r operator i s (up to an o v e r a l l c o n s t a n t ) 

(4 .65) 

C o n s i d e r i n g t r a n s f o r m a t i o n s of (X,y,y« ) under the 

group generated by the 0Sp(2,N) a l g e b r a 

T \ 

we f i n d t h a t A s a t i s f i e s the c o n d i t i o n 

r 
7 

(4 . 6 6 ) 

A' 
/ . / 

A -• -1 

«1 (4 .67) 

where 1^ i s the II x II u n i t matrix, and A T i s an obvious 

g e n e r a l i z a t i o n of (4 .43)• I " p a r t i c u l a r A l e a v e s i n v a r i a n t the 

b i l i n e a r form 

( i i .68) 
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The b i l i n e a r form i n the J = l case i s j u s t (minus) the square 
of t h i s , a s i n the Veneziano and Neveu-Schwarz c a s e s . T h i s 
b i l i n e a r form o c c u r s i n the n-point amplitude for the 0(N) 
model, a s w i l l be ex p l a i n e d i n the next Chapter. 

There i s one exception to the above g e n e r a l i z a t i o n s . 

The a l g e b r a 0Sp(2,^) has a m e t r i c t e n s o r g^v which v a n i s h e s 

i d e n t i c a l l y . However there i s an i n v a r i a n t b i l i n e a r form, 

and there i s a 17 x 17 matrix which has the p r o p e r t i e s of 

non-zero gynv and which can be e x t r a p o l a t e d , e i t h e r from the 

c a s e s N=4 or from the square of the b i l i n e a r form ( 4 . 6 8 ) . 
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4*5. 0(2) and Quaternion A l g e b r a s 

I n the pr e v i o u s s e c t i o n we Gave some i r r e d u c i b l e 

r e p r e s e n t a t i o n s of the 0Sp(2,N). There may however be f u r t h e r 

i r r e d u c i b l e r e p r e s e n t a t i o n s which a r e u s e f u l . For example, 

c o n s i d e r the 0Sp(2 ,2) a l g e b r a . From Chapter 3 we know t h a t 

t h i s i s isomorphic to the s p l ( 2 , l ) a l g e b r a ; hence t h e r e must 

be a r e p r e s e n t a t i o n of osp ( 2 , 2 ) i n terms of m a t r i c e s of s p l ( 2 , l 

type, t h a t i s 3 x 3 m a t r i c e s with ( g e n e r a l i z e d ) t r a c e z e r o . 

T h i s r e p r e s e n t a t i o n i s 

• 
L L L 

/ 
I 

j ci G 
I 

/ 
/. 

(^.69) 
(4 hat the 0 (2) I t has been noted by Ademollo e t a l 

a l g e b r a can be r e a l i z e d by t r a n s f o r m a t i o n s on (x , 0 ) , where :-r 

and 6 are given by 

x-- zt i 6 V 0= O * K B X 

(4 .70) 

Guided by t h i s , we suppose t h a t the r e p r e s e n t a t i o n (4*69) a c t s 

on ( J , »| . , ^ 0 ) ; we can t r a n s l a t e the r e p r e s e n t a t i o n ('•, .-69) i n t o 

a r e a l i z a t i o n of the a l g e b r a i n terms of d e r i v a t i v e s ( s e e 

appendix:), which g e n e r a l i z e s to the f u l l a l g e b r a (4«53)« 
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I f we expre s s the f i n i t e t r a n s f o r m a t i o n s on ( f , y ,^5 ) 

as a 3 y- 3 m a t r i x A, then A s a t i s f i e s 

A —' — 

i 

A- -
i ' " ' (4.71) 

where A"*" =A'T , and A T i s d e f i n e d a s i n Of . i f3 ) . V/e see t h a t the 

matrix A = e""*l s a t i s f i e s ( i f .71); hence the (-graded) group o f 

m a t r i c e s which s a t i s f y (if .71) i c a c t u a l l y s p l ( 2 , l ) x U ( l ) . 

The b i l i n e a r form v/hich i s l e f t i n v a r i a n t by s o l ( 2 , I ) x U(] ) 

i s 
I i \ 

V V f A / 72) 

where x= ̂  . Using (/+.70) t h i s i s r e l a t e d to the form (.'i.68) 
l e f t i n v a r i a n t by s p l ( 2 , l ) by 

' ' (4 .73) 

T h i s i s j u s t (minus) the square of the s p l ( 2 . 1 ) form, except 

t h a t J^i. has been r e p l a c e d by J j j J Ivj^l } r e f l e c t i n g the 

a d d i t i o n a l U ( l ) i n v a r i a n c e . 

We can a l s o o b t a i n i n f i n i t e dimensional r e p r e s e n t a t i o n s of 

0Sp(2 ,2 ) , and the f u l l 0(2) a l g e b r a , on subspac.es of the v e c t o r 

space spanned by |x' Jx k ,*' w &V | , where x ' = Jtj , In P a r t i c u l a r 

we can c o n s i d e r the J -0,k^0 r e p r e s e n t a t i o n of the f u l l a l g e b r a , 

and use i t Lo obtain a Fock space r e a l i z a t i o n of the ge n e r a t o r s 2 

v v' 

where 
„ / o 

n 
i I 

+ * fen* 

( i l .? i f ) 

http://subspac.es
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and we must a s s o c i a t e f a c t o r s of ( ~ i ) w i t h a'°,a'°* f o r n < 0 , 
n n ' 

as i n ( 4 . 1 1 ) . T h i s g i v e s e x a c t l y the Fock space r e a l i z a t i o n 

d e s c r i b e d b e f o r e . I n t h i s v/ay we see why the 0(2) Foclc-space 

r e a l i z a t i o n i s obtained from the Neveu-Schwarz model by 

'c o m p l e x i f y i n g 1 the op e r a t o r s ^ m J^ r

:
 t n e r e p r e s e n t a t i o n space 

on which i t i s based i s s i m i l a r to t h a t f or the Neveu-Schwarz 

model, with r e a l v a r i a b l e s r e p l a c e d by complex onos(A | „70 ) . 

As pointed out i n the pr e v i o u s s e c t i o n , the 0(K) a l g e b r a s 

do not i n ge n e r a l have a ( s u i t a b l e ) Fock space r e a l i z a t i o n . 

However t h e r e i s another a l g e b r a which has a Fock space 

r e a l i z a t i o n ; t h i s a l g e b r a i s obtained from the Keveu-Schwarz 

a l g e b r a by expanding the c a n o n i c a l o p e r a t o r s ^ n s ^ r a s 

q u a t e r n i o n s ^ ^ » ^ ^ ^ } r a t h e r than complex o p e r a t o r s a s d e s c r i b e d 

above f o r the 0(2) c a s e . T h i s quaternion a l g e b r a does not 

correspond to any of the 0(H) a l g e b r a s ; i t i s however a 

subalgebra of the 0(4) a l g e b r a ^ . I t i s made up of 1 s e t of 

L n o p e r a t o r s . 4 s e t s o f G's, G r, and 3 s e t s of T's, T^P, 

s a t i s f y i n g the r e l a t i o n s ( o m i t t i n g c-number terms) 

C U . t ? ] - ( 5 - r ) c r 

r-r«? - r ^ - l - f * * - r . B f (Pt-r«v c<*i-r0» r^-r-tiS 
*•'« , J ' " * U t r ^ - * •»• « U+m + 3 

L ;
 L m J ' * ' >WP<V ( / | . ?5 ) 

where C<~1 , . . . , 4> and T*^ 

There i s a f i n i t e subalgebra of t h i s a l g e b r a , the 14 

dimensional a l g e b r a spanned by |LQ*~-I + , , G + i . s T 0 * j . 'This i s 
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i s o m o r p h i c to the simple 6LA spl(2,2)/z->, where i s the 

1 dimensional a l g e b r a generated by the k x i| i d e n t i t y m a t r i x , 

a s e x p l a i n e d i n s e c t i o n 3«3»; spl(2,2) i s the a l g e b r a of k x /|. 

m a t r i c e s with ( G e n e r a l i z e d ) t r a c e equal to zero. V/e can thus 

o b t a i n a p r o j e c t i v e r e p r e s e n t a t i o n o f the f i n i t e subalgebra 

by m a t r i c e s of s p l ( 2 , 2 ) . A p r o j e c t i v e r e p r e s e n t a t i o n of a 

GLA i s ( i n analogy w i t h the o r d i n a r y L i e a l g e b r a c a s e ) d e f i n e d 

to be a r e p r e s e n t a t i o n D(X ^ ) of the generators Xy^ which s a t i s f i e s 

<Utr\Wv)} -• 1[<.W*>) • V 1 (4.76) 

v/here i s some number; thus a p r o j e c t i v e r e p r e s e n t a t i o n i s 

a r e p r e s e n t a t i o n up to m u l t i p l e s of the u n i t m a t r i x . S i n c e 

the f i n i t e subal cobra i s isomorphic: to s p l ( 2, ?.)/{ 'Al] ? i t 

f o l l o w s t h a t v/e can f i n d spl(2,2) m a t r i c e s which s a t i s f y 0<-.76). 

T h i s p r o j e c t i v e r e p r e s e n t a t i o n i s given i n the appendix; i t io 

v e r y s i m i l a r to the 0(2) r e p r e s e n t a t i o n (4*69)• We see t h a t 

i t s a t i s f i e s a l l of the spl(2,2)/z2 r e l a t i o n s , except t h a t 

Guided by the 0(2) case, v/e suppose t h a t the ( p r o j e c t i v e ) 

r e p r e s e n t a t i o n a c t s on ( f , vj ,iju', tjw 1 ) , where the v a r i a b l e s 

a r e complex. V/e can t r a n s l a t e the 4 x L m a t r i c e s i n t o e x p r e s s 

i o n s f o r the g e n e r a t o r s i n terms of the d e r i v a t i v e s of x = (fy»j)v 

x=jT»j , w' , « v . The u n i t matrix i s expressed as 

t 1 — v 2i x' ~~/ . _ 
• L 3* (4.73) 

Hence i f we operate on (x,w*) alone, the d e r i v a t i v e e x p r e s s i o n s 

fo r the ge n e r a t o r s form a c l o s e d a l g e b r a , and we can use them to 

obtain genuine r e p r e s e n t a t i o n s , not merely p r o j e c t i v e ones. 



- 92 -

Furthermore, the d e r i v a t i v e r e a l i z a t i o n s can toe extended to the 

f u l l a l g e b r a (4.75) ( s e e appendix). 

I n p a r t i c u l a r , we can c o n s i d e r the r e p r e s e n t a t i o n of the 

f u l l a l g e b r a induced on the space spanned by 

— i X y Li JwZZTi * w w / 
(4.79) 

and use t h i s i n the l i m i t k-*0 to o b t a i n a Fock space 

r e a l i z a t i o n of the g e n e r a t o r s of the f u l l a l g e b r a ; vie use ( i i - 7 4 ) j 

v/here now V 5 f^i, V,.], and 

a i ii 
n I I n 

where a ^ / ^ a r e c a n o n i c a l com:nuting/anti-com.muting o p e r a t o r s , 

and f a c t o r s of ( - i ) must be a s s o c i a t e d ivith a ,aj| 1 for n < 0 , 

as before (4.11)» T h i s i s the same as the r e a l i z a t i o n obtained 

by w r i t i n g the Neveu-Schwarz o p e r a t o r s as q u a t e r n i o n s j we a r e 

t h i n k i n g oT the q u a t e r n i o n a s made up of two complex p a r t s . 

The f i n i t e t r a n s f o r m a t i o n s A geneiate'' by the 4 x 4 

( p r o j e c t i v e ) r e p r e s e n t a t i o n of s p l ( 2 . 2 ) / z 2 s a t i s f y 

/ I 

- I A 
i ' 

/ 
• t 

(4.81) 

where again A* = k'* , and PP i s the obvious g e n e r a l i z a t i o n of 

(4.43), We note t h a t ( h . 8 l ) i s a l s o s a t i s f i e d by 

A 1 (4.82) 

so t h a t the group of A s a t i s f y i n g (4.31) i s a c t u a l l y 

s p l ( 2 , 2 ) x U ( l ) x U ( l ) . 

The b i l i n e a r form l e f t i n v a r i a n t by t h i n group i s 

— ec . u \ — / _ — r e u \ 
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Wc see t h a t one of the U ( l ) i n v a r i a n c e s has f a c t o r e d out, 

expressed a s *|,->6 |/; the other i s W;->S • 
I f we d e f i n e a m e t r i c t e n s o r g ̂  f o r s p l ( 2 , 2 ) / z 2 u s i n g 

the a d j o i n t r e p r e s e n t a t i o n , we f i n d t h a t i t v a n i s h e s i d e n t i c a l l y . 

However we can use the p r o j e c t i v e r e p r e s e n t a t i o n to d e f i n e a 
(71 } 

non-zero g . Wc put 

3 r * T r ( i ( X r ) M X v ) ) 

where D(x^,) i s the p r o j e c t i v e r e p r e s e n t a t i o n , and Tr i s the 

g e n e r a l i z e d t r a c e . There i s no ambiguity i n (/+.3if), s i n c e 

T r { ( ] > ( X r ) * * l ) ( ] H X , ) + b l ) ] 

u s i n g Tr D(X^ )=Tr j_ =0. T h i s i s e n t r i r e l y anaiagous to the 

c o n s t r u c t i o n of a m e t r i c t e n s o r for the o r d i n a r y L i e a l g e b r a 

of 2n x 2n m a t r i c e s with t r a c e zero. 
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Chapte?- 5- 0(N) Amplitudes 

I n t r o d u c t i o n : I n the l a s t Chapter v/e c o n s i d e r e d the 0(N) 

a l g e b r a s d i s c o v e r e d by Ademollo et a l 4 . I n t h i s Chapter 

we s h a l l c o n s i d e r the dual amplitudes corresponding to these 

a l g e b r a s ; they a r e c o n s t r u c t e d from an obvious e x t e n s i o n of 

the (z,S ) form of the Neveu-Schwarz n-point. amplitude. T h i s 

s o r t of e x t e n s i o n had "been considered p r e v i o u s l y , but r e j e c t e d 

because i t a p p a r e n t l y gave a v a n i s h i n g f o u r - p o i n t amplitude. 

We s h a l l see t h a t t h i s i s due to the zero mass of the ground 

s t a t e of the 0 ( 2 ) model, and the f a c t t h a t the amplitude had 

been ev a l u a t e d i n the ;f( formalism; e v a l u a t i o n of the 

amplitude i n the ^ gauge g i v e s a non-zero r e s u l t . 

Given the n-point amplitude for the 0(N) model, we may 

a s k whether there are any ghost s t a t e s i n i t s spectrum* We 

an a l y s e the 0(K) Zf-point amplitude, with d i s a p p o i n t i n g r e s u l t s . 

F i n a l l y v/e po i n t out how our t e c h n i q u e s would apiuy j n 

the quaternion model. 
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Jp.l. n-point Amplitudes 

As e x p l a i n e d i n s e c t i o n 1.3»} the n-point amplitude 

o f the Neveu-Schwarz model can be w r i t t e n i n Koba-Nielsen 

form as a s t r a i g h t f o r w a r d g e n e r a l i z a t i o n of the Veneziano 

n-point amplitude, where we have an anti-commuting v a r i a b l e 0{ 

a s w e l l a s a z^ v a r i a b l e , a s s o c i a t e d with each p a r t i c l e 

A . 

(5.1) 
dV , i s the u s u a l Ven'eziano measure f a c t o r , and the 0 

i n t e g r a t i o n s a r e d e f i n e d ae i n (1.38) by 

J C5.2) 
V/e note t h a t i f Q. changes by a f a c t o r , 6; -V 0.6- } then (5.2) 

r e q u i r e s t h a t dQ; ~cl0i . The i n t e g r a n d of (5«1) ( i n c l u d i n g 

the measure f a c t o r s ) i s i n v a r i a n t under a Mobius t r a n s f o r m a t i o n 

(ij.39) on a l l ( z , , 0: ) provided t h a t £k?=-f. 
J- JL 

The obvious g e n e r a l i z a t i o n c f (5«l) to the case when we 

have @. , o(,=l,,,, .N, a s s o c i a t e d with each p a r t i c l e k^ i s the 

amplitude 

A . 

</V a b e " (5.3) 
The i n t e g r a n d of t h i s i s i n v a r i a n t under a Mobius t r a n s f o r m a t i o n 

(4.39) > provided that 7Vk i=( J-N-l). However, i f we c o n s i d e r the 

A-point amplitude A^, v/e f i n d t h a t i t i s i d e n t i c a l l y equal 

to zero for N£. 2, as was pointed out by F a i r l i e and Martin 

I f v/e look c a r e f u l l y a t the e v a l u a t i o n of the Zf-point 

amplitude, we f i n d t h a t the cause of i t s v a n i s h i n g for N Z- 2 
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i s a f a c t o r of the 0 ( 2 ) ground s t a t e mass (=zero) i n the answer. 
The amplitude can be evaluated ( a s was done f o r the 0 ( 2 ) case 
by Ademollo e t a l ( ' l 5 ) ) to g i v e ( 8 i f ) 

A ¥ » C N P fw^Cs) ) P f d - « t ( t ) ) 
P f f l - H i t ) - t i l t ) ) 

where 6 ( ( s ) = 1 + -Je i s the l e a d i n g t r a j e c t o r y . T h i s r e s u l t , may 

e a s i l y be e s t a b l i s h e d by i n d u c t i o n , s i n c e we may i n t e g r a t e over 

a l l 8* i n (5»3) to give an e x p r e s s i o n of the same form w i t h 

N-l ft1e. By doing this> we f i n d t h a t 

where -g-k^-J-N-l i s the 0(N) ground s t a t e mass. Thus, for 2, C 
p 

c o n t a i n s a f a c t o r J-k^O. 

T h i s i s analagous to the fermiori case of the Neveu-Sch v/arz 

model, where c e r t a i n amplitudes a r e not w e l l - d e f i n e d i n the 

gauge because of the v a n i s h i n g of the ferraion mass. B r i n k and 

W i n n b e r g ^ ^ showed t h a t (5.1) i s i n f a c t the J expression., 

and t h a t the ( c o r r e c t ) 1 amplitude i s obtained by chunpins the 

measure f a c t o r 
J _ _ * J _ k h . 

We should l i k e to show how t h i s can be r e l a t e d to the i n v a r i a n c e 

of (5»1) under supergauge t r a n s f o r m a t i o n s . 

The Veneziano measure f a c t o r dV ^ can be thought o f a s 

a r i s i n g from c o n s i d e r a t i o n of 

1 (5.7) 
We can r e w r i t e t h i n i n terms of an i n t e g r a t i o n over ( n - 3 ) z i , 

w i t h the other 3 z f i x e d , together with an i n t e g r a t i o n over 
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the 3 parameters a,b,c of the Hobius t r a n s f o r m a t i o n which t a k e s 

the fiiced z./ s i n t o t h e i r v a l u e s i n (.5.7)- The i n t e g r a l then 

s e p a r a t e s i n t o an x n t e g r a t i o n over the group v a r i a b l e s ( i n f i n i t e 

s i n c e i t i s a non-compact group) m u l t i p l i e d by the u s u a l Veneziano 

n-point f u n c t i o n ^ . The f a c t o r (dV . i s then the J a c o b i a n 
abc 

o f the t r a n s f o r m a t i o n from the 3 z i ' s to be f i x e d to the 3 group 

v a r i a b l e s a,b.c. 

I n the Neveu-Schwarz c a s e , the i n t e g r a n d i s b u i l t from 

terms of the form ( z . - z . ) . We note t h a t t h i s i s j u s t 

( ) 1 times the b i l i n e a r form (4.^4), which i s i n v a r i a n t 

under the extension of .'the Mobius a l g e b r a j L^,L + L, G-,_ "| . The 

terms IT dz. dfl- a r e j u s t s u f f i c i e n t to compensate f o r the 
* I 1 

t r a n s f o r m a t i o n s of T r t a ^ ; ) ' under t h i s a l g e b r a , "provided t h a t 
2 

so t h a t 

KWiKU^r'^' l9.a) 

i s i n v a r i a n t under the (graded) group of t r a n s f o r m a t i o n s (Zf.iiO), 

not j u s t the Mobius t r a n s f o r m a t i o n s . Hence we v:ou3 d expect to 

o b t a i n the Neveu-Schwarz amplitude by f a c t o r i n g out an i n t e g r a t i o n 

over the group, l e a v i n g the J a c o b i a n of the t r a n s f o r m a t i o n to 

the group parameters, as i n the Veneziano case. 

Suppose t h a t we f i x ( z^ , z^ , , 0, , ) , and transform these 

i n t e g r a t i o n s to i n t e g r a t i o n s over group v a r i a b l e s a,b,c, 6*., (J . 

An i n f i n i t e s s i m a l t r a n s f o r m a t i o n generated by the 0 S p ( 2 , ] ) 

a l g e b r a i s 

C + A L i b L o + C L „, -t DC &<,% -t (3 Cr_i J 

The a c t i o n o f t h i s on z^,& i i s given by the d e r i v a t i v e 

e x p r e s s i o n s (i|.2i|)» The J a c o b i a n t h a t we r e q u i r e i s 
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To d e f i n e t h i s , we need a d e f i n i t i o n of the determinant 

of a m a t r i x i n which some of the elements a r e commuting and 

some are anti-coramuting. Such a d e f i n i t i o n has been given by 
(79) 

Nath and Arnowitt ; i t corresponds to g e n e r a l i z i n g the 

i d e n t i t y l o g ( d e t A ) = t r ( l c g A) by r e p l a c i n g the t r a c e by the 

g e n e r a l i s e d t r a c e d e f i n e d i n s e c t i o n 3*2. For a m a t r i x w r i t t e n 

i n block form a s 

M - / a a \ 

I C 3> j (5.1D 

Where A and D have commuting elements, and B and C have a n t i -

commuting elements, Nath and A r n o w i t t ' s d e f i n i t i o n g i v e s clet f l = diet A 
(5.12) 

Using (5-12) to e v a l u a t e (5.10), we f i n d 

(z.,-2.Jfra-Z 3)(2 3 -Z,j 
( z . , ~ z j (5.13) 

Thus we would expect the n-point Neveu-Schwarz amplitude to be 

^ n U . . - ^ e ; 6 j ) " M ^ 

<KbL U - ' i J K j (5.1/+) 
V/e know t h a t t h e r e can be no 0, ,BK dependence i n t h i s , s i n c e we 

s t a r t e d with an e x p r e s s i o n i n which a l l o f the 0 s were i n t e g r a t e d 

over, j u s t a s i n the Veneziano case t h e r e i s no dependence on 

z , s , , z : i t can e a s i l y be checked e x p l i c i t l y for the ^ - p o i n t a u c 
f u n c t i o n t h a t the 8,, 0L terms do v a n i s h . Using the d e f i n i t i o n 

of the 9 - i n t e g r a t i o n , (5»lii) can be r e w r i t t e n as 

titid0i
 Lb. T T U . ' - v M j j ' '(5.15) 



- 99 -

which i s j u s t the form of the amplitude ̂ ' +^. 

The e x t e n s i o n of t h i s to the 0(H) case i s now obvious. 

The b i l i n e a r form i n v a r i a n t under the f i n i t e subalgebra 

f L 0 , L t l , G ^ , T j J P | of the 0(H) a l g e b r a i s ^ l ( z 1 - z 2 + ^ ^ f ) , 

a s i n O1.68). I f we c o n s i d e r 

(5.16) 

t h i s i s i n v a r i a n t under the t r a n s f o r m a t i o n s generated by t h i s 

0Sp(2,N) a l g e b r a , provided t h a t ^ k ^ ^ N - l ) . F a c t o r i n g out 

t h i s i n v a r i a n c e g i v e s a J a c o b i a n f a c t o r , as above; the 

0 - i n t e g r a t i o n s which -have beenremoved can be r e - i n s t a t e d a s 

i n (5.15), to gi v e the £ form of the amplitude 

A - c f c 

The constant C i s now non-zero f o r a l l N. I n P a r t i c u l a r , the n * ' 
/j-point f u n c t i o n i s as given i n (5»'t-)» except t h a t the o v e r a l l 

c onstant i s now non-zero for a l l K. 

For N-2 the n-point amplitude (5*17) agrees w i t h the 

e x p r e s s i o n obtained from the operator formulation of the 

m o d e l ^ ^ . For N £ 2 t h e r e i s no Fock space r e a l i z a t i o n of 

the 0(N) a l g e b r a , so t h e r e i s no operator e x p r e s s i o n to 

check (5.17) a g a i n s t . I f we had a simple g e o m e t r i c a l p i c t u r e 

of the z, form o f the Neveu-Schwarz model, v/e could perhaps 

understand l o g } z . - z . +8*5^1 a s a Green's functions, j u s t a s 

l o g [ z ^ - z . | i s a Green's f u n c t i o n i n the Veneziano c a s e . 
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5.?.. Ghosts 

Now t h a t wo have an n-point amplitude for the 0(N) model, 

we can ask whether i t i s ghost f r o c I n the Veneziano and Neveu-

Schwarz models, we know t h a t t h i s i s the case only when the 

number of space-time dimensions i s D i 26 or 10 r e s p e c t i v e l y , and 

t h a t the upper l i m i t i s the c r i t i c a l dimension i n which the 

model i s most c o n s i s t e n t . 

We c o n s i d e r the 4-point amplitude , given (up to a 

p o s i t i v e c o n s t a n t ) by 

P f l t . - k , ) (5.18) 

We note t h a t , i n the second way of w r i t i n g t h i s amplitude, the 

v a l u e of N appears only i n the r e s t r i c t i o n on the ground s t a t e 

mass: Jtk*=(£N-l). 

Consider the r e s i d u e s o f the l e a d i n g t r a j e c t o r y p o l e s o*" 

A^ at04(s)=M for M>(-2-N-l). Each r e s i d u e can be decomposed i n t o 

a sum o f terms, each of which corresponds to d e f i n i t e a n g u l a i 

momentum; to do t h i s we w r i t e the r e s i d u e a s a l i n e a r combination 

o f the angular f u n c t i o n s a p p r o p r i a t e to D dimensions. For D=Zj 

these f u n c t i o n s would be the Legendre polynomials; f o r g e n e r a l 

D the r e l e v a n t f u n c t i o n s are the Gegenbauer polynomials 

( z ) * The c o n d i t i o n t h a t the amplitude be g h o s t - f r e e i s 

t h a t the c o e f f i c i e n t of each c"^" 3"* f o r n=0,l,...,M should be 
n * ' 

p o s i t i v e . 

The r e s i d u e of A, a t the i>ole&(s)=M i s given by 

[c'-0 
M odd 
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where c,. i s a n o s i t i v e c o n s t a n t , and z i s the c o s i n e of the n 

c e n t r e of mass s c a t t e r i n g a n g l e . V/e note t h a i only even/odd 

powers of z appear i n I?(z) a s M i s even/odd r e s p e c t i v e l y , so 

t h a t t h e r e a r e no odd daughters i n t h i s amplitude. 

Consider the case when K i s even. R ( z ) may be expanded 

a s an even s e r i e s of Gegenbauer polynomials, given (up to an 

unimportant p o s i t i v e n o r m a l i z a t i o n f a c t o r ) i n terms of 

b r i e fu: (R5) 
hypergeometric f u n c t i o n s by 

(5.20) 

The f i r s t four oolynorr.ials a r e given by 

e : % - 1 

Cf-3)h-)-- 3 ( ! w J ( W ) i ' - 2 ( l ) t i ) ! ' - i 

We see t h a t T)~l<c g i v e s the u s u a l Legendre polynomials. 

When K=0 or 1, the Veneziano and Neveu-Schwarz c a s e s , the 
-1-(D~3) ./ c o e f f i c i e n t of i n the r e s i d u e a t R ( s ) = 2 v a n i s h e s for 

the c r i t i c a l dimension D--=26 or 10 r e s p e c t i v e l y . I n trio N=2 

case, i t v a n i s h e s when D=2, and Ademollo et a l ^ ^ have shown 

t h a t the c r i t i c a l dimension of the 0 ( 2 ) model i s i n f a c t D---2. 

For N V 2 i t i s easy to see t h a t the amplitude p o s s e s s e s 

ghosts. Consider the r e s i d u e a t c£ (s)=2N~2: 

(5.22) 
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I n the second e x p r e s s i o n we have w r i t t e n the r e s i d u e a s a sum of 

Gegenbauer polynomials. V/e f i n d t h a t the c o e f f i c i e n t i s 

I 

(5.23) 
For N=2,D=2 t h i s g i v e s SLQ=0, a s noted above. For 2, the 

o v e r a l l constant i s p o s i t i v e , and we see t h a t a^ 0 f o r a l l 

D2"2. Hence the spectrum of A^ as i n (5.13) p o s s e s s e s ghosts 

fo r a l l N> 2. 
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5.3. The Quaternion Modol 

We have shown t h a t t h e r e a r e ghosts i n a l l of the 0(N) 

models, except f o r the 0(2) model i n two dimensions. The only 

o t h e r model whicli has a r i s e n from the O(I'f) a l g e b r a s i s the 

quaternion model. Can we c o n s t r u c t the n-point amplitude f o r 

t h i s model u s i n g the i n v a r i a n c e arguments of before? We can 

c o n s t r u c t an amplitude, but i t does not appear to be d u a l . 

As pointed out i n s e c t i o n A|.5., we can r e a l i z e the 

quaternion a l g e b r a i n terms of d e r i v a t i v e s of X, CJ', O J 1 . The 

corresponding b i l i n e a r , form i s 

V/e can a l s o r e a l i z e the a l g e b r a i n terms of z,z ,» ( t h e f i n i t e 

subalgobra i s given i n the appendix). I f we put 

x-- zrile'eS-B'e*; -\ e W ^ 

* •• ( e l -ne , o*e*) t t (e* + h f l , e * ^ 

and a c t on x, u',*^ only, then the two r e a l i z a t i o n s a r e the same. 

V/e would expect the n-point amplitude to be obtained from 

by f a c t o r i n g out the i n t e g r a t i o n over the group v a r i a b l e s , g i v i j 

a J a c c b i a n f a c t o r , a s before. However, i f we do t h i s and 

ev a l u a t e the r e s u l t i n g ij.-poi.nt amplitude i t i s no longer 

d u a l . 
f ],V) 

Ade»r.ollo a t a l have shewn t h a t t h e r e a r t i n f a c t 

ghosts i n the aua t e r n i o n node.'. 

http://ij.-poi.nt
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,5.4* Conclusion 

I n t h i s t h e s i s we have emphasized some a s p e c t s of the 

r o l e played i n dual models by the conformal algebra-and i t s 

e x t e n s i o n to supergauge a l g e b r a s . Host of t h i s work was s t i m 

u l a t e d by the d i s c o v e r y of Ademollo et a l ^ + ^ of f u r t h e r 

e x t e n s i o n s of the conformal a l g e b r a i n what had p r e v i o u s l y 

thought to be a t i g h t l y c o n s t r a i n e d s i t u a t i o n . 

We have l a r g e l y been concerned with the r e p r e s e n t a t i o n s 

of these a l g e b r a s , and i n Chapter 2 we showed how r e p r e s e n t 

a t i o n s of the p r o j e c t i v e group can be used to s i m p l i f y the 

c a l c u l a t i o n of f u n c t i o n s of i n f i n i t e dimensional m a t r i c e s , 

which are otherwise t e d i o u s to c a l c u l a t e . 

I n order to e x p l a i n how such r e p r e s e n t s tioris extend to 

the supergauge a l g e b r a s i t was found convenient to e x p l a i n 

the formalism, and some r e c e n t r e s u l t s , of graded L i e a l g e b r i s . 

We l i s t e d the c l a s s i f i c a t i o n of simple GLA's, and noted t h a t 

the important ( f i n i t e ) graded a l g e b r a s which have o c c u r r e d i n 

p h y s i c s to date a r e e i t h e r ( c l a s s i c a l ) simple GLA's, or d e r i v e d 

from them by c o n t r a c t i o n . 

Y.'e have shown how r e p r e s e n t a t i o n s of the (graded) Neveu-

Schwarz and 0(N) a l g e b r a s can be c o n s t r u c t e d i n a manner 

completely ana.Lagous to the conformal case, provided t h a t the 

conformal v a r i a b l e z i s extended to a superspace of v a r i a b l e s 

( z , 0 ) . These r e p r e s e n t a t i o n s can be used i n c e r t a i n c a s e s to 

c o n s t r u c t Fock space r e a l i z a t i o n s of the a l g e b r a s ; however the 

0(N) a l g e b r a s do not i n g e n e r a l admit a ( s u i t a b l e ) Fock space 

r e a l i z a t i o n . 
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The f i n i t e s u b a l g e b r a s of the 0(N) supergauge a l g e b r a s 
a r e the simple GLA's 0Sp(2,N), and i t has been shown t h a t the 
i n v a r i a n t b i l i n e a r forms of 0Sp(2,N) a r e important f o r b u i l d i n g 
n-point a m p l i t u d e s . Using them we were a b l e to c o n s t r u c t an 
n-point amplitude f o r the 0(N) a l g e b r a s , even where no Fock space 
r e a l i z a t i o n e x i s t s . U n f o r t u n a t e l y we found t h a t a l l of these 
amplitudes have ghosts i n t h e i r spectrum, except f o r the 0 ( 2 ) 
model which has c r i t i c a l space-time dimension two, and i n 
which the only p h y s i c a l p a r t i c l e i s i n f a c t the m a s s l e s s ground 
s t a t e U 3 ) . 

D i s a p p o i n t i n g though the c o n c l u s i o n of the study of the 

0(N) a l g e b r a s i s , we b e l i e v e t h a t i t has been worthwhile, not 

l e a s t f o r the examination of the graded L i e a l g e b r a s t r u c t u r e 

of the Neveu-Schv/arz model. We have seen t h a t the r e p r e s e n t 

a t i o n s of the meson and fermion s e c t o r s , on and o f f s h e l l , o f 

the Neveu-Schwarz a l g e b r a are i n t i m a t e l y connected. The ( z , 0 ) 

formalism seems to be such a n a t u r a ] one for d e s c r i b i n g the 

e x t e n s i o n of the Veneziano model to the Neveu-Schwars model, 

t h a t i t may be hoped t h a t some simple g e o m e t r i c a l p i c t u r e o f 

the Neveu-Schwarz model i n superspace may soon be f o u n d . 
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Appendix 

I n t h i s appendix we l i s t some d e t a i l s of the 

r e p r e s e n t a t i o n s of the o r t h o s y m p l e c t i c a l g e b r a s and t h e i r 

i n f i n i t e dimensional g e n e r a l i z a t i o n s which a r e r e f e r r e d to 

i n Chapters 4 and 5» 

4 1 D e r i v a t i v e R e a l i z a t i o n s 

The d e r i v a t i v e r e a l i z a t i o n s of the 0(N) a l g e b r a s f o r 

N=0 S1 and 2 a r e given by 

M J 1 - ( |+%0 y ^ ) 

1 '7 

( A . I ) 

The V i r a s o r o a l g e b r a (N=0) c o n s i s t s of \ L N ] ; the tfeveu-

Schv;arz a l g e b r a (M="J.) c o n s i s t s o f [L^ , j : with one 0 = {•)' 

the 0 ( 2 ) a l g e b r a c o n s i s t s of the f u l l a l g e b r a ( A . l ) with 

Q' , Q*- . I n ( A . 1 ) the I andt| d e r i v a t i v e s a r e understood 
a * 

to be taken keeping ^v f i x e d . 
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M e t r i c Tensors 

The m e t r i c tensors f o r soine o f the f i n i t e subalgebras 
considered are (up t o a c o n s t a n t ) : 

3 

/ 
3 

\ 

OSpli.i) 
9 

1 
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0 S p ( 2 , 2 ) = s n l ( g . l ) 

The r e a l i s a t i o n o f the generators o f 0Sp(2,2) i n term 

o f . d e r i v a t i v e s of (complex) x , x 7 , ^ i s 

x r i 
z * 

1 ax 
• rA 

/ - e x 9 + j 
( >jf 

(A.3) 
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s p l ( 2 , 2 ) / z 2 

The p r o j e c t i v e r e p r e s e n t a t i o n o f the f i n i t e subalgobra 

o f the quaternion algebra by matrices o f s p l ( 2 , 2 ) i s given by 

r • . -

/ 
- -

u . \ 

1, : / 

/ 

- i i 

11 

* i 

These s a t i s f y the ( a n t i - ) commutation r e l a t i o n s of s p l ( 2 , 2 ) / z 2 * 

except f o r 

U( , t-J 1 • 2 T.*\m1 ( A - 5 ) 
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By t a k i n g (A.i|) t o a c t on (f, tj ( ) we can o b t a i n 

a r e a l i z a t i o n o f the above matri c e s i n terms of d e r i v a t i v e s o f 

x= ^/r> ,x'= f*j t u>' , fc>X . These do not form a closed algebra 

because of (A.5). However we note t h a t i \ 2ix'- i n d e r i v -

a t i v e form. Hence i f we operate on (x,<o^) o n l y , so t h a t x'--0, 
h' 

v/e w i l l have a closed a l g e b r a . Operating i n t h i s superspace, 

v/c can extend the d e r i v a t i v e r e a l i z a t i o n t o the f u l l q u a t ernion 

algebra: 

n X 1 + Uvul) «*3. / 

2 T " 

>6J 

a t 

X n f i 
. A T 

7-3 

3w 
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The r e a l i z a t i o n o f s p l ( 2 , 2 ) / z ? i n terms o f z,z', 0* X=d,. 

i s given l>y 

L 0 * z J + i 0*3. 

(' ? / I j ; >*7 }e" ' i 38* 

(A.7) 

I f v/e change v a r i a b l e s t o x,x <J* w1, « ' ; w 1 using (5„24), 

and set 1 <L -_ j L =C> v;e o b t a i n the subalgebra o f (A.6) 



- 112 -

References 

1. R. Dolen, D. Horn and C. Schmid Phys. Rev. L e t t , 

19 (1967) 402 
2. G. Veneziano Nuovo C.i.mento 57A (1968) 190 

3. K. Bardacki and H. Ruegg Phys. Rev. 181 (1969) 183/+ 

c. J . Goebel and B. Sa k i t a Phys. Rev. L e t t . 22 (1969) 257 

Chan Hong-Ho and T. S. Tsun Phys. L e t t . 28B (1969) /H85 

Z. Koba and I I . B. Nielsen Nucl. Phys. BIO (1969) 633 

Nucl. Phys. B12 (1969) 517 

5. S. F u b i n i , D. Gordon and G. Veneziano Phys. L e t t 29B 

(1969) 679 

6. S. F u b i n i and G. Veneziano Nuovo Cimenlo b"?k (1970) 29 

7. S. F u b i n i and G. Veneziano Ann. o f Phys. 63 (197D 12 

8. M. A. Virasoro Phys. Rev. Dl (1970) 2933 

9. P. Goddard and C B. Thorn Phys. L e t t . 40B (1972) 235 

R. C„ Brower Phys. Rev. D6 (1972) 1655 

10. K. Kikkawa, 3. Saki t a and M. A. Virasoro Phys. Rev. 

W (1969) 1701 

11. A. Neveu and J. H. Schv/arz Nucl. Phys. B31 (1971) 86 

12. P. Ramond Phys. Rev. D3 (197D 2^15 

13. J. H. Schv/arz and others "Dual Models 1' North Holland (1974) 

P. 11. Frampton "Dual Resonance Models" V/. A, Ben j'amin( 197-4) 

-U. K. Ademollo et a l (see r e f . /+2) 

15. L. C l a v e l l i and P. Rai^ond Phys. Rev. D3 (197D 988 

16. P. Carrpagna* E. Napolita n o , S. Sciuto and S. F u b i n i 

Nuovo Cimento 2A (1971) 911 

R. C„ Browor and C. B. Thorn Nucl. Phys. B31 (197D 163 



- 113 -

17. K. Del Giudice, P. Di Vccchia and S. F u b i n i Ann, o f Phys. 

70 (1972) 378 

R. C. Brov/er and P. Goddard Nucl. Phys. B/+0 (1972) 437 

18. L. C l a v e l l i and P. Ramcnd Phys. Rev. D2 (1970) 973 

19. V. Bargmann Ann. Math. 48 (1947) 568 

20. A. 0. Barut and C. Fronsdal Proc. Roy. Soc. A237 (1965) 532 

21. A* Ncveu, J. H. Schwarz and C, B. Thorn Phys. L e t t . 

35E (1971) 529 

22. P. Goddard and C. B. Thorn Phys. L e t t . I(0B (1972) 235 

L. B r i n k and D. O l i v e Nucl. Phys. B56 (1973) 253 

23. C Montonen DAMTP p r e p r i n t (1973) 

D. B. F a i r l i e and D. M a r t i n Nuovo Cimento 18A (1973) 373 

2k. F. A. Eeresin "The? Method o f Second Q u a n t i z a t i o n " 

Academic Press (1966) 

25. Chan Kong-Mo and J. E. Paton Nucl. Phys. BiO (1967) 519 

26. C. B. Thorn Phys. Rev. D4 (1971) 1112 

J. H. Schwarz Phys. L e t t . 37B (1971) 315 

27. J. I I . Schwarz and C. C. Wu Phys. L s c t . 47-' (1973) '453 

28. J. I I . Schwarz and C. C. Wu Nucl. Phys. B72 (1974) 397 

29. E. F. Corrigan and D. B. F a i r l i e Hucl,. Phys. B91 (1975) 527 

30. M. B. Green and J. A. Shapiro CERN p r e p r i n t TH2216 (1976) 

31» E. F. Corrigan unpublished 

32.. Y. Nambu "Proc. I n t e r n . Conf. on Symmetries and Quark 

Models" Wayne State U n i v e r s i t y (1969) 

33• References c i t e d i n r e f . 13 

34. P. Goddard, J. Goldstone, C. Rebbi and C. B. Thorn 

35. S. Mandelstam Nucl. Phys. B64 (1973) 205 

36. M. Kaku and K. Kikkawa Phys. Rev. D10 (1974) 1 HO 

37. Y. Iwasaki and K. Kikkawa Phys. T?ov. D8 (1973) ' H Z I ° 



- 114 -

38. S. Mandeletam Nucl. Phys. B69 (1974) 447 

39. P- A. C o l l i n s and R. V/. Tucker U n i v e r s i t y o f Lancaster 

p r e p r i n t s (1976) 

40. Bo Zumino CERK p r e p r i n t TH2120 (1976) 

41. A. B. Kraemmer and H. B. Nielsen Nucl. Phys. B98 (1975) 29 

P. Goddard DAHTP p r e p r i n t (1976) 

42. H. Ademollo, L. B r i n k , A. D'Adda, R. D'Auria, E. Napolitana, 

S. S c i u t o , E. Del Giudice, P. Di Vecchia, S. F a r r a r a , 

F. G l i o z z i , R. Musfco and R. P e t t o r i n o Phys. L e t t . 62B (1976) 

105 
43. M. Ademollo + ...•+ J. H. Schwarz NORDITA p r e p r i n t (1976) 

44. K. Bardacki and M. Halpern Phys. Rev. D3 (197D 2493 

45. M. A. Vi r a s o r o Phys. Rev. 17? (1969) 2309 

46. J. A. Shapiro Phys. L e t t . 33B (1970) 361 

47. H. B. Nielsen and P. Olesen Nucl. Phys. 36.1 (1973) 45 

48. A. Chodos, R. J a f f e , K. Johnson, C. B. Thorn, V. Y/eisskopf 

Phys. Rev. D12 (1974) 3471 

49. E. Corrigan and D. O l i v e Nuovo Cimonto 11A (1972) 749 

50. E. Corrigan and P. Goddard Nucl. Phys. B68 (1974) 189 

51. I . . B r i n k , D. O l i v e , C. Rebbi and J. Scherk Phys. L e t t . 

45B (1973) 379 
52. D. O l i v e and J . Scherk Nucl. Phys. E64 (1973) 334 

53. E. Corrigan, P. Goddard, D. O l i v e and R. A. Smith 

Nucl.. Phys. B67 (1973) 477 

54° P- Goddard unpublished 

55. D, Bruce, E. Corrigan and D. O l i v e Nucl. Phys. B95 (1975) k?-7 

56. E. Corrigan Nucl. Phys. B69 (1974) 325 

57«. E. Corrigan PhD Thesis Cambridge (1972) 



- 115 -

58. J. L. Gervais and B. Sakita Nucl. Phys. B3Zf (1971) 632 
/ 

59. D. V, Volkov and V. P. Akulov Phys. L e t t . i t 6 B (1973) 109 

6 0 . A. Salam and J. Strathdee Nucl. Phys. B80 (1974) ^99 

61. e.g. I . H. Gel'fand, R. A. Minlos and Z. Ya. Shapiro 

"Representations o f the R o t a t i o n and Lorenz Groups" 

Pergamon (1963) 

62. R. J. F i r t h and J. D. Jenkins Nucl. Phys. B85 (1975) 525 

P. H. Dondi and M. Sohnius Nucl. Phys. B81 (1974) 317 

63. S. Fe r r a r a Nuovo Cimento L e t t . 13 (1975) 629 

64. L. B r i n k and J-0. Winnberg Nucl Phys. B103 (1976) 445 

65. J. V/ess and B. Zurcino Nucl. Phys. B70 (1974) 39 

66. L. Corwin, Y. Ne'eman and S. Sternberg Rev. Hod. Phys. 
hi (1975) 573 

67. W. Nahm and M. Scheunert J, Math. Phys. 17 (1976) 868 

68. V. G. Kats Funct. Anal. Appl. 9 (1975) 263 

69. M. Schoiuiert, V/. Nahm and V. R i t t e n b e r g J. Math. Phys. 

17 (1976) 1626 
70. A. Pais and V. R i t t e n b e r g J. Math. Phys. 16 (1975) 2062 

71. A. Wyenhuis and R. W. Richardson B u l l . A s. Math. Soc. 

70 (1964) 406 
7 2 . J. W. Mi l n o r and J . C. Moore Ann. Math. 81 (1965) 211 

73. S. Maclane and G. B i r k h o f i "Algebra" Macmillan (1967) 

74. Pr G. 0. Freund and I . Kaplansky J. Math. Phys. 

17 (1976) 228 
75. e.g. G. Racah i n "Group T h e o r e t i c a l Concepts and Methods 

i n Elementary P a r t i c l e Physics". Gordon and Breach(1964) 

76* e. g. P. Carruthers " I n t r o d u c t i o n to U n i t a r y Symmetry" 

I n t e r s c i e n c e (I966) 

77, L» Michel i n "Group Representation i n Mathematics and 

Physics" Springer (1970) 



- 116 -

78» e. g. F. Gursey i n "Group T h e o r e t i c a l Concepts and 

Methods i n Elementary P a r t i c l e Physics" 

Gordon and Breach (I96 / - 1 ) 

79. R. A r n o w i t t and P. Nath Phys. L e t t , %B (1975) 81 

R. A r n o w i t t , P. Nath and B. Zumino Phys. L e t t . 

% B ( 1 9 7 5 ) 81 

80. E. Corrigan and C. Hontonen Nucl. Phys. B36 (1972) 58 

81. P* Gcddard and R. Horsley Nucl. Phys. B i l l (1976) 272 

82. E. Corrigan unpublished 

8 3 . D . B. F a i r l i e and D. M a r t i n Nuovo Ciwento 18A (1973) 373 

Nuovo Cimento 21A ( 1 9 7 0 W 

8 i f . D. J. Bruce, D. B. F a i r l i e and R. G. Yates I l u e l . Phys. 

B1C8 ( 1 9 7 6 ) 310 

8 5 . I . . S. Gradshteyn and I . M. Ryzhik "Tables o f I n t e g r a l s , 

Series and Products" Academic Press 

2 7 ocrra* 


