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ABSTRACT

This thesis 1s an empirical i1nquiry into the nature of
nroduction functions of manufacturing estiblisnments of
France,India, Isrcel, Japan and Yugoslavia. It uses the
difference between the nature of economic and lechnical
variables to review several forms of productibn functions
in the litersture. Fifteen production relations are se-
lected for 2 cross section analysis of the date of each
countrv, Various criteria of grouping the establishment
dats ere exemined, It 15 found that meaningful results
can be obloined from mixed establishment deta which can
represent the manufacturing seclor of a country. It a1s
found thatl 1a internstional commariscns hased on produc
tion functirm analysis, anstions are morc relevant +than
industries or groups of manufactunng establishments. The
intrinsic featvres of thedste ere be=l reveal-d when
the production relation contains at least one suitable
economic and onc suitable technicel veriable on the ex-
planatory side. By grouping the data according to va-
rious criteris and applying st-alistical tests, 21t 18
shown that there 1s homogeneity between groups of estab-
lishments witnin each country and that this homogenelty
1s revesled in almost all cases when the grouping of
the data 1s based on a varisble vhich 1s not adepend=ant

variable in the production relation uced 1n tne =nalysais.
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CHAPTER ONT

INTRODUCTTION

The Production Function

The neoclassical production function of the firm
sums up 1n a single relation of continuously variable form,
the technology of the firm and an exposation of a variety
of results emanating from the actions of the firm. It 1s
a general descraiption of all outputs that can be obtained
from all efficient combinations of inpuils.

The efficiency of the production function involves
technical efficiency in terms of an ontimum relation between
inputs and outpuls 2nd also economic efficiency in terms of
ithe cost price relation between i1nputs and outputs. Thus the
production function relates the maximum outputs avairlable
from a given set of inputs, resulting from « full considsration
of production decisions made from the alternatives open to
the 1ndividual decision making unit for the allocation of
productive resources. This 1s done by removing what 1s
technically infeasible, from thc physical act of transfor-
mation of inputs into outputs. The production function 1is,
thus, a mathematical artifice which provides a relation
between 1nputs and outputc i1nvelving enginecring lavs and
economic behaviour, but the associated assumptions and the
tvpe of firm cnvisegred by 1%t may be morc abstract than real.

The technical limitaticns on the entrepreneur as
implied by the prodvuction function allowa ccrtain degree of
substitution between inputs. If the study i1s confined to single
output production functions,1t 1s assumed that 1t 1s the level of

factor inputs rather than the level of output,which 1s controlled



according to the forwulation of the production function.

The engineer maximisas output for a given set of inputs
through his choice of technology. The firm, with the strategy
of maximum profits, under the market conditions in which 1t
has 1o produce, subjects the production function to certain
restrictions regarding the rewards to the inputs for their
contribution to the outputs and combines the technological
consideraions suitably with economic requirements,

As an embodiment of technological constraints i1mposed
on economic decisions, lhe production function 1s not supposed
to include explicitly, certain economic variables like interest,
praces and profits. This 1s opecause the form of the relation-
ship between outputs -nd inputs 1s not based on =conomic
decisions. But the behavioral and organisational aspects
are not excluded.

In general, a production process may not be described
as a complete process. Its charactieristiic leatures may vary
depending unon the manner in which 1t may be reloted to other
production processes. The concept of production function,
which 1s a formalism, may, therefore, sometimes exhibit
anomalics by producing different velues of the same parameters
under comparable though essentially different sets of circum-
stances.

The mathematicel expression cf a2 -~roduction function
can take a wide variety of forms but the choice of an
arpropriate form should be made cerefully as 1t may depend

on ¢ number of conditions.



The concept of production function 1s defincd
with respect to a given technoloyyqand way of doing things.
The productioan functiion corresponds to a given time period,
1t 1s the descraption of a continucus flow of inputs
being treaensformed ainlo output, within a feasible regicn
of the production space.2 It 1s not concerned with the
detarled description of the processes that lead inputs
1nto becoming ouvtput, a study of that aspect lies 1n the
managerial or cngineering Jield in waich the definitions
of the variables used may be zntirely different from
thos2 used 1n economic production studies.

The description of a toecnmical boundary of producton
by a production function 1s the concern of the economist
for whom the producticn function is a tool which can be
us=d to 2xplein decisions that have already been made.

The menager attempts to select the bsst production decision
by elimination from a set of elternatives for actual

implementation.

1 A homogenzous tochnology with all the firms
producing the same good. Firms producing even closely
related 1tems may have different production functions.
This 1s because different 1tems may involve the use of
of differant technologies.

Changes in tzechnology altsr the production function.
The firm's technology includes all the technicel information
abeut the_quaniityrof each input recuired to produce
the output. The production function presures technical
efficiency and 15 1aterpreted to define the maximsl output
realisable from the input combineticn.

2 The transformaticn of inputs into output as a
flow mechanism requires the specification of time dim-n<ion.
During the time reriod for which the production function
1s defined, the managzmont cannol alter the availability
ol 1n»nuls




The production function analysis can pe used at
different levels of agpregcation; for individusl processcs,
at the esteblishment level, at the level of a firm, an
industry or sn entire economy. But theoretically, the
1dee has been developed with refercnce to the Tirm. From
the production function aad the profit function, marginsl
productivity cond. tions of equilibrium may be derived
under the assumption that the firm's aim 1s to maximise
profits, Other assumplions about the firm adapting different
advantagenus strategies may ha made. These should help
the firm to make decisions abeut the optisnal use of inputs
to produce certain qu=ntities of ocutputs.

A1l the points on the production surface are
technically fully efficient and this amplies the propriety
of selecting any of them without any technical loss.

But differ=nt points mayr involve different costs of production
and this leads the firm to seek concessions in the Torm

of minimum costs by adjusting various input corbinations
sultably inaccordance with the input prices. This provides

an assoclation of technical efficiency and ecconomlc

efficiency which are necessary and sufficient to arrive

at minimum cost? In practics, inputls have to be purchasecd

in the marl¥et at the ruvling prices with some knowledie of
th21r productivity so that the requirements of economic

efficiency may influence thoge of technical efficiency.

—q1The output points below the production surface are
technically inefficient and those above the production

surface ere thcoretically not possible.

2 Or, maximum profits.




Of the firm's two decision problems, the first is
technical and the second 1s conccrned with profit maximisation
subject to the production function constraint. But the
resulting production function from the solvtion of the
technological problem may not possess the properties of
continvity 2nd nonvanishiig partial deraivatives,"The effecis
of such decilsions are .not adequstely expressed by the
theor~ticsl opzratic. of partial differentiation with respect
to the quantities of scparatle inputs and outputs.‘1
A linear programming type technology, with a finite number
of discontinuities i1n 1ts derivatives, may be used to
handle both decisicn problems simultaneously.

In spite of scme doubts about the economic content
of rusults obtained, several production models in common
use have given remarkably good fits and consastent
raramcters for data obtained from a variety of sources,
at different levels of aggrcgation and in different
centexts Inconsistencies and meaningless results are
obtained a1 times and 1t 3s not unusual to find the fault
being assoclrated with a bed choice of the model end the
quality of data. Sometimes, the widc vaeriety of
th=oretical explanatiors given in this connection can
be disconceriing in the matter of testing ithe fundamental
hypotheses of the theory of production.

But 1t cannot be denied thaet on purcely empirical grownds

the production function has done well cven though 11 may sometimes

1Dorfman R.(1951), Apnlication of linear rrogramming
to the theory of the firm. Berkelcy, Univ.of Calif.Press,




lack a theoretical besis A variety of production function
models have been obtained by using technicslly and economically
meaningful mathematical expressions which satisfy certain

basie requirements. The variety of data covered by successful
production function studies consists of time series as well as

crosssectional data at different levels of cgrregatron.

Specification of the Froduction Funclion Model

The choice of any production function model depends
not only on the properties of the model 1tself but also on
other factors. It 1s not enough 1T the model 1s complex
or i1nvolves a large number of variables or provides a good
il to some given deta. Compared to a complicated model
nol easily applicable to real life results, 2 simpler, otherwise
lese satisfying model may be preferred provided 1ts empirical
attractienss extracts meaningful structural relationships from
the data. If the variables defined by the model are not
found 1n a measurable form in practice , the model may not
help unless express attempts to procure duata on the required
variables succeed. The theory and attraction of production
functions ate concerned with finding a form which 1s simple
and provides a good fit to the data., If the fit 1s good,
the ability of the model to provide a comprehansible picture
of the underlying production process needs to be checked.
Apart from these matters, the availability of statistical
methods to derive the estimates of th¢ parameters in the
model 1s an escential element of any production functicn
study.

It 1s usual to apply the production model fto the

availlable data without proper consideration for the level of




aggregation., To be free from 1lhis problem and th=at of
differences 1n lschnologies, a cross section of fFirms may
be consider=d 1deal for a production Tuaction study.

If all the firms, working in a oompetitaive industry,
are 1dentical in the matter of outnuts, inputs, entrepre-
neurial abilities and face identical input prices, the
produclion funclion would degenerate 1o a poinl aand hencz be
meaninsless, A scatler 1s essential for statistical recults,
This may happen 1f the firms face different input price
rztios and that 1s possible 1f competition 1s not perfect.
If perfect competition 1s not assumed, input and output
rrices may be treated as endogenous variables in which case,
unfortunately the problem of i1dentification arises.

One of the aims of this study 18 to make a sesarch
for arpropriate forms of nroductioa functions which should
be satisaclory theoretically as well as emparically., We
shall go throuzh a variety of forms available 1n tae
literature and consider the exlensioas in some cases, Lhe
problems associated with the estimalion of somc selected
forms 111 also be considered.

There are srme surveys of productien function siudicss
avallable 1n 1he litorature. The better knovmn
are those of Walter(1953), Hildeorand and Liu(1965)

and Terlove(1967). The noxl chapter will give a

1A cross secticn sample 1s static in nature.
The substitution, 1f any, actuelly taking place in (irms,
cannot be observed.




survey on different lines based on the factors entering into
different production models and on the way different forms
evolved along with their connecting links, Our survey 1is
fairly ambitious and wades through a variety of popular as
well as lesser known forms scattered throughout the literature
of the last two decades., Perhaps most of the forms could be
derived from a few generalised versions but that would conceal
the essence of the development of the i1dea of the production
function. We have also shown how further generalisations

are possible 1n some cases. The intention 1s not to provide

a mere catalogue but to present a systemtébvelopment of the

production relations.

The Empairaical Aspect of the Study

We have considered above one aspect of our study. It
consists of a survey of a wide variety of production function
forms i1in the literature, Out of these a few sclected forms
w1ll be used for our empirical study. A rational choice out
of these forms may be difficult to make; but,for empiricel
investigations, some forms mav be unmanageable~or uhdesirable
For an empirical analysis, fifteen relstions, most of them
in common use, have been put into service,

We h-ve a fairly good and reliable mass of data on
individual me-nufacturing establishments of five countries,

The data are crosssectional in nature and correspond to practi-
cally the socme period for all the countries., Moreover they
have been collected on a uniform basis 1n each of the countries
under consideration,by U.N. experts. The five countries are
France, India, Israel, Japasn and Yugoslavia snd the relatively
larger establishments from each have been included. The

empirical framework and the detaills of the data along with




the accompanying i1nadequacles are given 1n chapters three
and four.

The selccted production relations heve been fitted
to the data on the manufacturing establishments of each of
the five countries and the usual production function study
of each coarried oult. The structural characteristics of the
data and the varialtions resulting from the use of different
forms of the production functions are carefully noted. At
the same time the forms themselves come under a proper scrutiny
from the point of view of their ncture, content and results.
A comparison of the characteristics of various forms hes been
made The development of some forms when gradually more variables
are added, 1s analysed with an i1mmediate comparison of the
results for different countries. As the use of different
techniques of estimeztion would make the results more involved,
the ordinary least squarcs technique has been used throughout
although the possibility of better results from the use of

other techniques 1s not ruled out.

The Hypotheses_

The twin aims of the econometric study of a variety
of production function forms and manufacturings activity at
the establishment level in five countries have been supple-
mented by a probe into the possibility of a certain degree of
uniformity in the nsture of manufacturing activity in the five
countries belonging to different economic and political cate o-
geries, This 1s done with the help of the production function
study of the manufacturing establishment data. Here we regret
the lack of adequate data which could hove allowed us to carry
out a more detailed comparative analysis. For instance, 1t

would have been proper to carry out such an analysis had
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for data pertaining to 1ndividual industries. The
availabilaty of similar data in two different time periods
would 21low i1nt.resting comparison pOSSJbllltles.1

For the purnose of analysis, we may resort 1o an
artificial contrivance by assuming thsl each country under
consideration made a begimming under dirfferent sets of
circumstanc=s 1n a certain 1nitial periocd. lhis can be
built on the basic framework that the economic experisnces
over years have not been identical for all countries.
After the twe world wars and particulerly after the second,
many significant changes can be noticed in the process of
industrial development in different counilries. Several
consideration have plcycd important roles in the common
desire of most countries to have rapid industraialisation.

Immedietely after the second wcrld war, we find that
prectically all the nations, irrespective of their standing
during the war period, vere affected in some way or other
by the war. This was at leest onc common factor for most
countries at that time even though some of them were
colonies, some newly bern, some had still plenty of capital
left vith them and others were al different stages of
developmznt. The extant cf manufecturing activity in these
countries differcd significantly. But each country was
required to make somc kind of fresh beginning during the
period 1945-48, Concentrating on the manufacturing activity at
the establishment level 1n the five selected countries which
mey be assumed to have made some kind of startl,irrespective
of their economic, social or »nolitical standards, we wish fo
examine the structure of the manuvfocluring activaty of these

countrics, i1n the period of reference which 1s 1964-66.

1The empirical analyst almost religiously seeks data
wnich should satisfy more and more of his theoretical require-
ments. It 1s not implied that our data are unsatisfactory.
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Any artificiel conirivance of a trend does not influence the
purely crosssectional nceture of the study.

We set out Lo test the hypothesis that in spite of
a variety of experences through which each cowntry mey have passed
the materisl requirements of production can put severe
limitations on the variety of forces of industrislisation
thet different societies may wish to adopt so0 thatl the
structure of the production model tends to remain the same.
In other words,we hypothsise that a production function
analysis of the manufacturing establishments of different
countries ,each with a reasonably prominent industrial sector,
should suggest a certain amount of stability in the structural
charscteristics of th~ production function and that thais
should happen irrespective of the industries or the prevalent
economic systems. Tmpirical work based on a better variety
of data could throw additional light on the conclusions. Ths
analysis 1s given at the level of different size groups of
establishments rather than the industry level in view of
there being only a few establishments corresponding to most
industries. But that does not secem to diminish the quality of
our results. As we shall see 1t adds o new dimension to our
study, which 1s an the form of an analysis of covariance and
a scrutiny of the criteria of grouping the establishments.

t*hile we make use of the production function analysis
in this work, the use of alternative techniques for the same
purpose 1s not ruled out. ©Similarly,the use of time series
data can add to the meaning and utility of the resulis.

While comparing the results for different countries
the use of several production relations enables us to compare

their forms and the explanatory variables entering into them;
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these are divided into technical and economic varliables,
The search for a good form leads us to test the hypothesais
that the production function 1s a technical relationship but
that, for overall satisfactory empirical performance, both
technical as well as economic variables should enter a product=-
lon relation.

We also test for the exaistence of constant returns
to scale and nonunitary elasticity of substitution in all the
couniries under study. On the besis of the division of the
manufacturing establishmenl data of each country into a suitable
number of groups with the help of economic and technical criteria
we test the hypothesis of the uniformity ofthe structural
parameters of different groups in each country by means of
analysis of covariance., It 1s also hypothesised that th-
technical criteria for grouping the data rather than economic
criteria, should lead to the uniformity of the structural

parameters.

The Plan of the Study

In this introductory chapter we have described the
twin aims of this work, viz, a study of the extensions of ihe
production function forms and an empiricsl crosssectional
study of the production function of the manufacturing estab-
lishments of five countries, The hypotheses to be tested
have been given.

Chapter two gives a survey of the production function
literature on the basis of successive extensions obtained by
the addition of certain variables to some basi relations like
the Cobb Douglas form, the CTS funclion or the productivity

relation.
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Chapter three gives the empirical framework of the
study. This chapter provides e base for a production function
analysis of mixed manufecturing csteblishment data. Technical
and economic variablecs as usad 1n this study are defined and
various critsria for crouning the ¢stablishient date discuss=d.
The hypotheses to be tested are also descrihed in thais
chapter.

The deteoils of the deta and ithe variables arc given in
ch~pter four.

Chapter fiv= prz2serts the results of multiple
regression analysis of the data. Only the pool regressions
zre considered in this chepter. An analysis of group
regressions follows 1n chapter six.

The analysis of covariance of the results forms the
subject maotter of chapter seven. The stability and
uniformity of the manufacturing s:ctor of cach country
under studyv 1s tested in this chapfer. This 1s followed by

a summary and corclusions.
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CHAPTSR TWO

A SURV.Y OF TH" LIT..RATURL

Introduction

A large variety of differcnt forms of production
functions, cvolvaed during the last two decades , has been
systematically presented 1n thas chapter, Althoush the
literature on the subject has been highly scattsred and
secms to have developed at an unsven pace, concentrating
on some aspect or the other of the subject at different
periods of twme depending on requirements, the vein of
regular development within cannot fail to be noticed.
What follows therefore, 1s not a mere catalogue of
production function cvents but rather a2 uniform siudy
of the devclopment of the i1dea, without sacrificing the
individual attempts which, though sometimes 1raivial,
made somc contribution to the subject. Inde=d, mcst of
the forms covld have been derive-d 2s particvlar csses of
some generalisea forms. That would be onz approach to
the subject but the significance and thc role of the
individual forms would not come out. The bringing together
of a variety of forms in onc placc has 11s own advantages.,
It has helped us to select suitable forms in the light of
the data we have and the wasy we intend to carry out the
analysis. VWhile considering some cxtcensions of any
production function 1t hes be.n possible to show 1in some
cases that further ~xtensions ar- not over; they continue

to rimain & pocsibility.
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The need to fermulate extensicns and more generclised
forms of production funcition arisec ~ri1i.cs [rom the restric-
tive natur:s of the existing nroducziion functition forms
wnich lead to 1nstability and inconsistencics of the
estimates obtained from their empirical use. The amendmonts
take the form of removal of some undesirable restriclions
even at the cost of simplicity, irnclusion of more inputs,
making use of o corresponding cost function tc estimate the
prcduction nerameters or any other indirect estimation
methods, and othzr techniques. The use of experience gained

(%

from empirical studi=s can be use@}ly incorporszted into
the prodvction relction in a suiteble rm=nner For Jnstance]
the assumnticn, usually besed cn erynerience, may be mode
about the nature or mov-rent of some parameter of a
productinn funclion by hypothesising a suvitable relationshiy
between 1t and somc of the variables ain the praodnction functian.

hatev:or the proczdure followed, 11 seecms
rrorer, 1n a study of various nroductioun funclion forms,
1o evaluate and huild uvpon individvual .fforts rather than
just derive several forms by taking special cases or by
relaxine some restrictions The economic content of some
Torms may be questinnable but even that needs 1o be consi-
dered in view of further improvement possihilitices.

Though the eraisting numbher of forms of production fun-
ctions surpasses anything sirilaer 1n economic$ there 1s still
no univ rsally satisfaclory Corm. Terhaps such a unigque form
does not evist and diflerent situations and types of data
demand thc use of diffcr=nt forms on the basis of their merits
Some forms have not been v rv pcpular empirically, some

1Sato( 1965 )imak s the assumption thet 6 38 a linear function
of K/T znd d-rives some forms cf VIS functions.Soskice(1968)

acsumes the roint returns to scalz to bz related 1o output and
and deriv:s variable rcturns to scale CTS funclion.




16

others have been developed merely as thecoretical cxercises.
unless one or the other of the existing forms, like the Cobb
Douglas or the CES function which 1s simple enough or can be
surtably simplified and 1s capable of satisfying var_jous
requirements, 1s found to bhe adequate, the new form has
meaning only 1f 1t fares a little better. Complicated
mathematical models are not necessarily the best answer as
shewn by th.e empirical results and the amount o1 computational
work involved. Nonlinear procedures of -=stimation have their
orn dravvecks ~nd vroblems i1n spite of lLne computer, scme of
the commen complaints about them are the dszlculty of
ootaining a global optimum by 1teratinon, difficultiecs wilh the
statistical nroperties of the nenlinear ectimates and
multicollinearity problems.

Loart fron a statistically convenient forwm, 11 may
b2 desireble to have 1n a producticn function a number of
propertics that may make 11 less unrealistic. It may be
desirable to have nonhomogencity which i1mplies variable
returns to scale. The variability of elasticity of substi-
tution along the isogquants as well as along the expansion
nath 1s equally desirable. It 1s usual 1o assume diminishing
nar-inal ~reducsts. This cgsumption should be relaxoble to
variable marginal prcducis. Satisfyiug the economic rationale
of tne subject 1s ancther important reguirement.

Yfe look upon the producticn funclion as a relation
nade up of somr technical and economic variables vhich =nt-:r
1t and bring about differences in 1ts form, nature and
cubsequently, in the empiarical resultis obtoin=d witli 1%ts help.

e begin with a simple form and go on developing 1ts

extensions ith the help of variations brought cboul by the



17

use of technical and cccnomic factors. In the case of Cobb
Douglas function with which w Dbegin, we add one or more
factors and arrive at more general forms with some remarkebly
different quelaities. If we begin with th constant elasticity
of substitution (C:iS) production function, we can consider a
number of variatlions which amount to generalisations 1in one
direction or the other., Cth-r extonsions and som~ 1ndependrnt
forms arc also given.

Notation Used

Q Quantity of output

Y Total output in moncy terms
v Valu= added

b Y 1th input

K Capital

L Labour

M Raw materiels

w=W/L Money wages p<r unit of labour

T Rate of rcturn on capital

ol Cutput price

Wy Price of 1th input

Y Lfficiency parametrr

S Distribution parameter

R Substitution paramct-r

) Returns to scale paramcter

S flesticity of substitution
¢, Cutput clasticaty of labour
Cr Cutput elasticity of capital
< Marzinel rale of substitution

3:V/L Output labour ratio

x=k/L Capital labour ratio

Sw Capital shorc of total output
S. Labour shar. of total output

a, b, ¢, A, B, C, etc- Constants
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"he ‘Definition of the Neoclassical Production Function

Th= neoclassical production function 1s a mathematical
statement cxpressing the technological relationship betw:>en
the output of a process and the¢ i1nputs entering into the
process with possibilities of substitution. Let X =(%,,..,%X,)
b= the vector of n inputs X,,...,Xn where each X, >0, Then,
to eech point in the input space there 1s a unique nonnigative
output point. The gemeral oroduction function for a single
output @, produced from n variable inputs,may b~ written
Q = F(¥% ,%,...X%n)
This functicn 1s assum-d to be single valu-d and
continuously diff-rentiable.
There exists an cconomic r.glon which i1s a subset of
the input space in which output docs not dicrcase as input
incr-as-.s. For any two vector noints ' and Xj (&Xt) in the
-conomlc region we have F(X3)2>F(Xi) which implies that the
first partiel derivatives or marginal products are nonnegative:
PF/3X, 20 1=1,2,...,0.
The low of diminishing returns requir-s SF/?YfA-O, 1=1,2,...n.
In a convex subset of the cconomic region, the Hessianmatrx

h 1s negative definite where

2
2 T 2F ok T
h = xz. = Q 'L DX@?‘:. ) BX1}X1\
>F D F 2t f {
L AR, IkeXa RS
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Yor the production function Q = F(X), the returns
to scale depicts the behaviour of outpul .hen all inputs are
cnanged by lhe same proportion. If the inputs are multiplied
by the scale factor ¥ ( > 0 ) at a certain pcint in tne input
space, the functien shows increasing, constant or decr.asing
returns to scale according as (O vY ) >, = or < YF(Y).

At any point (X1’X2""’Xn) in the inpul space, the
scale elasticity of production 1s the swr of the merginal
=lestacitics of cutput witn respect to veraocus i1nputs

€ (x) =€ (0)
1=l
vheres the elesticaty of oubtput with resnect to the 1th incutl
18 given by &l(X) = (Xl/F)'BF/aXl , 1 = 1,2,...,0.

The produciirion curfece divides the noints in Lhe
production space 1nto two parts the attsinable and the
unattainable, The feasible r=2gion of the production space 18
the closed half space defined oy Q < F(X1 ’XZ"'.’XH)

In the case of 1lwo 1inputs X1,X2, the marginal rate
of tachnical subslitution (IRS) 1s given by

MRS = 8 = F1/F2

- dXZ/dX1
where the suffixes to F dcnote the anpropriate pasrtial
derivatives,

Vriting x = XZ/X1’ we havz, for varistions along an

isoquant, the elasticaity of substitution, 1n the case

of two inputs X$’X2’ corrcsponding to suostitutions for

a2 constanl out~ut lovel, defined by 6 = gg s,
It can be shown that
i - - \12( +XF)
Rgdp (P I5 - 2F12F1P2 + Foofp)
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or B S Xis + Xa
$ X, X, X /d%,*

which 1s nonn-zative and lirs betw en zero and infinity. Also
6 1s inv-rsely proportional to changcs in the isoquant slope.

For a homogeneocus production function of degr:e one,
1t can be shown that 8 = F R /F F,

If w. wrate vy = Q/Xy, x=¥2/X, , th. formula for
lasticity of substitution, instead of recmaining a partial
d1fferential ecuation, can be writt.n as a nonlin ar differen-
tial equation

¢ = — L (y-xy')

- nyn
This 1s an extensively used relation in production function

studies.
For the n-input production function Q = F(X,,X.,...Xn),
homogenecus of degree one, the bordered Hessian may be written

O F F...F
F. Fﬂ. Fl'l L) F,-n
F, T, F,y ..R.

¢ s e . o« e

F, F, Fo...Fwmn

where the suffixes to F show appropriate nartial deraivatives,
Denoting the cofactor of Fh by HU w¢ have the Allen

partial c¢lasticity of substitution b:tween X;,Xj given by

8y = ZX.F Hy = 65 (symmetry) 1 #
H
Using -uler's thooremn,

6,{, = Q HL;

X.X, H

from which the result for the two input casz follows easily.
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The production function and related concepts like
marginal productaivity are meant to be applied to 2 single
unit of production and nol to an economy or cven to a
sector of en economy. When tie concept came into
prevalence, the difference between agpgregate production
furction and ihe firm's production function was either notl
realised or i1gnored. As rcmark-d by J. Schumpeter in the

distory of Tconomic Thoucht, "most of the leaders of that

period, among them Bohm-Bawerk, J B.Clark, Wicksteced and
Wicksell, took the existence of the aggregative social
production functltion for granted, at least by implication,
wlthout rcalising that the logical right to use this
concept must be aquired by proof. Nany modern authors,
especirally, the Keynesians, sre just as car=less,”

Somz modern suvthors do rnot believe ah the producticn
function at all.

While 1t 1s possible to exeminc the empirical
appropristeness of a production function or the switability
of a given functionecl form for the dsta, 1t 1s not
quite easy to examine tht assumption of continuous

substltutablllty.1

1 "The so called general case - convex 1soquants
and smooth and ccntinuous subsiitution - brushes too meny
allocation problems under the carpet, and the intermediate
case - discontinucus factor substitution in the presence of
bottlenecks -~ 1s surprisinely enougch the more powerful 1ool
for analvsing the firm's maximisation problem.'"M.DBlaug (196C),
Zconomic Theory in Retrospect. Heincmann, Iondon.
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Technicel and Economic Aspects of the Production Function

While defining a production function as a techn.cal
r~lationship between 1nputs and outonut, 11 1s assumed theail
the producing unit 1s vorking 1n the most efficient
manner possible, with the knowledge and mat-rials at 1ts
disposal. In other vords, at the existing state of t-chaical
knowledpee, the prodvction function 1s so defined as to
express the maximum output avairlable from the given input
combinaticn,

As defined, the production functicn involves
technicel variables and physical guantities. lMoreover,
the cstimetion of the production function 1s Jegitimate
as long as 1t cen be confidently assumed thet the

obsa-vations have been psznerated by the same production

—

procz2gs which 1s sought to be estim=ted., This requirement
may not be fulfilled 1n practice. Also 1t 1s prectically
impossible to messure variscles like outpul and capital
and lzbeur in uvniform, physical units. Alrost invariably,
the difficvlty srising frem the mecsurement of physical
quantities 1s overcome by using money values and the

nges 1n output gquantities

2]

production Tunction comperes ch
which are price weighted with net invesiment or some other
me-=sure of capitel and a pnysical measure of labour, usually
in menhours or manycers snd a cost measure of raw materaial

intut 1f any.

1Combiniag observations on different unitis is
Justified 1f 1t can be assumzad a priori thet th: form of
the individusl production functions snd all the corres-
ponding parameters of different units are the same,
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When a factor, intended to be a physical quantity
by the definition of the rroduction function 1s replaced
by some kind of meney equivalent, the production funcilion
1dez may get somewhat distorted. However, although the
replacement of technical variables by econnomic varlaables1
may 1nfluence the tclhnicolly defined moxaimication i1dea
implied in the production function, this does not change
the technical nalure of 1he oproductltion function.z

The difficulties emenating from thceorelical
requirement end the need for being procitacal 1a empirical

work also lesd 4o the centry of economic factors into

ithe field of the teclnical produnction function.

1The use of tne terms "technical™ sand "economic"
in various different contexts 1s not uacommon in the
iiterature. For instance, the concent: of "technical!
and 'economic" efficiency are well known. Ve will be
mat1ng frecuent use of the terws technicel and economic
in tha sense drscribed on p.125-28, These terms have at times
been used 1n the literature nractically in the same sense
in which we have used them. For inostancec, see Hilton K.
and H Dolnhin(1970), Canital and capacity utilisation 1in
the U K., Bul. Oxford Univ. Inst. of Tcon. and Stat.Vol. 32
where a reference will also be found to Klein L.R.(1960),
Some theoretical issues on the measur<ment of capecity,
Tceonon ~traca,

-

In a production functicn, a factcr of nroductirn
1s conceived as a technically definad 1nput, constituting
an i1mrortanl aspect of the neoclassical vicw of the
economic process. Alt oush capital and labour are
physically crypressed menns cf nroduclion and expected to
be technical 1n n-ture, they evolve oul of economic
(and even social)relationships and are not independent of
olher economic relatinns,
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It 1s difficult to avoid aggregating various different
iypes of output, 1tems of capgél and varicus types of
labour. ¥With that follows the inevitable entry of
economic fectors like wages, rete of return on caritsl
and costs 1n various forms i1nto the produclion model
elther exp11c3tly1 or through some side relations

which become ess.ntial to meet the practical requirements
Also 1t 1s diffaicult for the firm to 1gnor. econcmic
factors because 1ts cxpansion path for different ouztput

levels depends on th: 1nput price ratio. Moyecver,

Tas for instancs, 1a ACMS(1964) C«S funciion and
in Hanoch(1971) CDT function.

An 1nteresting use of real money balances(not prices)
as a factor of vroduction coatributing signitTicantly to
production can he found 1n

Sinair A. and H.Stokes(1972), Real monev balaances an
omitted veriable from the production function © The
Rev. ot Lcoan. and Stat., 2.290-96; =~ reply(1975).

Eh

Sinal and Stokes find many vratcrs like Friedmana,
Johnsoa and hadirl ass.riting that money bzlongs in the
nroduction f{unction. They tost the hypothesis th>t real
money halanczs are a faclor input. The rationale for
1ncluding money belancss i1n lhe precduction function relstes
n pvart, to the in.reased economic efficiency of 2 monevary
econoyy compared with a bart:r zconomy. Although
"the standard n-oclassical proiuction function 1s concerned
w1ith real cutputl and real inputs...yel...leboursrs, owners
of capitel goode and entreprenzurs nust 7o Lo the markets
and exchange physical goods and scevices 1n return for
services and goods." also, "there are numerous i1mplications
of rezl money halances as & factor of production.”

The nossihlity ¢f simultenccus bias 15 not rulcd out hutl
1f a simultaneous model 1s attempted, "1t should contain
the preduction function and factor demand cquations for

capital, labour and mcaey balances."

In this nole; we hove tried to roint out an atiempt
to i1nclude 1n the production funclion zn economic variable.
However, in our study, no use has been made of money
balanczs as a factor of production.
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because of 1ts dependence on economlc nrocesses, the state
of technology cannot be categorically called a non-=conomic
factor. The incorporation of somc nontechnical fectors into
the prodvction funcuion may influence l1he nature of 1ts

1
empirical performance.

Constant Technology Assurption

Changes 1n technology =2re not envisaged 1a cur
manufacturing esteblishment datse which correspond 1o »
given period of time. The production function forms
considered 1n the folloving pages will not invelve techno-

2
logy as - varaable.

The Survev

The plan of the reet of this chapter 1s as follows.
The first pasrt gives a very brief description of a
few basic models and sone fiatures of those lhzt followr.
Tne2 second part bcgians wiih the Cobb Douvglas function
and proceeds to give several extensions obtained by the
introduction into 1t of additional fectfors. Only tcchnical

foctors are used 1n this part

1 1

This 1n no way 1s meant to qu:istion the technicol
nature of the production function. The nroduction function
remains a technical relction.

2Thc average production function may be on ambiguous
concept without assumptions ahout the technical structure
oF establishmenls. A study of future structural changes
can bhe made ty compoering the best nractice and average
nractice functicns of manufacturing industry.

For the menufacturing establishment d-oto, the
production finction resulting from the best practicc
technigque 15 mede up of the maximum-output-giving
parts of the production functions of establishmants.
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Th- third part gives the C.5 function, 1ts extensions
and variations available in the literature.

In the fourth part, 2xt-nsions have b - n made of the
ACMS productivity wage relation by th. addition of new factors.

The fifth part 1s a brirf drscription of variabl:
rlasticity of substitution production functions.

Homothctic production functions are discussed in the
si1xth part. This 1s followed by a few miscellan-ous forms

and a comment.

Some Basic Models

The saimplest functional form fcr a production model
1s the lineer form with two or more inputs The n input model
Q =a + é&b(X, 18 a production function 1f Q and X, are non-
negative and QN = b > 0. The elasticity of substitution
1s 1infinity and the output clasticity 1s unity. This produc~
tion medel 1s not used ain practice.

It 1s possible to think of a firm having only some
discrete choices 1n the matter of inputs, their quantities
and use. Based on this assumption of constancy of engineering
and technological factors that determine the relationship
between 1nputs we hcve the Leontief input-output function
whaich 1s also linear. In the two input cese, let c,,c,stand
for the amounts of inputs X, ,X,nceded to produce one unit of
output. The Leontieff function may be written

Q = min(X,/c, , X,/ca )

or X, Z2c Q@ , X,;2ceQ

Because the two inputs move together the marginal
products remain undefined. The elasticity of substitution 1s O.

The output elasticity i1s unity provided X/c, = X,;/c,
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In th- th.ory of production funclions, th first
ms jor contribution was the Cobb Douglas production function
which hos had = long 1i1f spen ¢nd is still beins used on
a larce sccle in spite of a number of othcr models now
available. The Leonticf fix-d proportions case hes important
applications 1n a spccialiscd input output framework. A
commonly used form in recrnt years 1s the constant ¢lesticaty
of substitution (CES) production function which 1s a genzrali-
sation of the Cobb Douglas function. Th= popularity and
usefulncss of these forms have given rise to 2 number of
cxtensions and mor= ccmplex forms which perform additional
roles and ar supposcd to heve cirtain desirsble properti.s.
Reference may b mad. to th surv.ys of Waltcrs(1963),

Hildebramd and Liu(1965) and Nerlove(1967).

Because of their relative simplicity and m-nageabilaity,
the Leontarf, Cobb Douglas and th- C7S functions have yi-1ded
a number of useful end i1intercsting production function studi=s,
Reccntly som. varisbl elasticiiy of substitution (V..S) functions
hav~ also been used 1n empiricsl work. None of these functions
hes 211 the cmpirically desirable charactecrestics. Often additionzl
qualit1c$brought into them 2t a price which consists of somo
simplifying and vrry likely, unrcalistic assumptions. In aﬁy
case, th methematical reprcsentation of any form does not
have much m=cning unl-ss supported by empirical r sults.

"h Leontief function do' s not allow for substitution
betwe n inputs. Th capitel labour ratio i1s unigquely de=t. rmin-d
and has nothing to do with prices., It means thet for any owutput
th' re 1s only on production proc-ss. Th: Cobb Douglas function
allows for factor substitiution but the <lasticity of substitution

is restrict-d 1o unity. Along an 1soquant, the. proportional
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chance 1n inputs for a given change 1n 1nput »rice ratio 1S
fixed. This 1s also the case with th= CFS function but the
extzat of this chenge 1s a parametler of the CES function and
rot fixzsd 1n advance as i1n the Cobb Douglas case. The VES
function allows the variabilaity along an isoquant, of the
clasticity of substitution ~hiich 1s proportiionel to the 1nput
raltio. In the case of more than 1lwo inputs, we have the irans-
log production functicn which 1s subject to a minimum anumber
of prior rcotrictions and 1s amenable to tests of degree of
returns to scale and separablljty.1

The Cobtbh Doucrlas Function and Some Fxtensicns

We now carry out a brief cnalysis of ithe Cobb Douglas
functzron and scme other forms which may he considered ss 1ts
extensions,

Harter-Cart :r-Hocking's(1960)Transcemdental Froduction Function.
Vinod's(1972)Homorn=ous ®unction of Variable Degree.
Chu-Aigner-Frankel's(1970)Log Quadratic Law of Troduction.
Sudit's(1973)Addirtive Nonhomogeneous Function.
Janvry's(1972)Generalised Power Production Function.
Kmenta's(1967)CLS Approximation.

Christensen-Jorgensen-Lau's(1971)Transloge Functilion.

The Cobb Douglas Produciion Funcition

Tne two 1aput Cobb Dougles production functicn 1is

usually written in th: form
Q= arth

where K and L stand for capital and labour re pectively. Q

1s the output prcdiuced. The functicon satisfies the neoclassical

1The restrictions of seperability and oggregation can
be 1mrosed on the translog function as testable parametric
restrictions.This 15 a very useful festure for empirical work.
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requirements in thet the moreinal productis are jpositive:
2Q/9K = «xQ/K >0, 23Q/3L = [5Q/L > 0.
Also aZQ/aK2=°‘—‘%’Q/K<o, a2Q/aL2=mf_'—')Q/L<o.
« and f? are ovtput elasticities. The returns to
scale are given by ¥+f . A 18 the efficicncy coeffaiciunt
and u/p 15 the degree of input intensity. Writing x = K/I,

the elasticity of substitution 1s given by

6 =d 1n ¥/d 1ln s =1 since s = 3842% = cf% .

Jritten 1n the form Q = A K" Lp , the Cobb Douglas
function i1nvolves only techniccl variables. But as 1t i1s
difficult to measure the physical output Q@ in suitable
units, Q 1s revlaced by ¥, lotal value of output, .

Tt 1s dafficult to express K, capitel
assels, 1n suiteble vhysical terms and therefore, even K
has 1o be used in velue terms. As for the problem of lack
of homogenexrty, 11 1s common to all i1aputs.

The use of money vslues in place of physical
guantities inilroduces an economic element 1nto the purely
technicel relationshin of the production function. This
1s unavoidsble in practice and may bec th-= cause of some
differences 1n conclusions drawn from empirical production
function ctudies based on the assumplion of o purely
technical production relatiomn.

If we wrate cxl for the output clasticity of Xl, the
n-input Cobb Douglas function may be vratten

o) A yy

oy .
QzA:X-dl Xz LI Kn

Also aQ/aXl

11

ot (X, =
o Q/5 >0 emd Foloxt - Zlx=lle o
1 1 1 Xl X,
for 1 =1,2,...,n. The retuins 1o scale 15 given by

22X,  and 6;3 =1, 1= J.
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Cobb Douglas Function with Constant Rcturns bto Scale

1th the constraint « 8 =1, th- Cobb Dcuglas functicen
with two inputs K and L may be writtcn as a productivity
relation between average productivitly and capital inténsity,
Thc assumption of constant returns to scale made here may
or may not be trur. Dividing the unrestricted Cobb Dousclas
equation throusrhout by L, we have

/1 = a x¥/1F

of
A(K/T) since %+ & =1

To test the hypoithesis of constant returns to sczle,
that 1s,to test oA+ =1, the relation may be writtcn

Q/L = A(K/LY TP

The significante of the coefficient of L can b. us<d
to verify the hypothesis that o+f adds un to unity.

The Bxtension Procedure

We now introduc - additional explanatory facters into
th- Cobb Dougles relation. K/L 1s a good cxplanatory factor
and may b 1introduc:rd into th. Cobb Douglas function. But
since 1t leav s the lati-r unalt-r~d in form, a term like
(1n K/L)2 may be uscd in the log lincar Cobb Douglas r-lation.
This gaves rise 1o a new productivily r-lation which happens
to coincide with an approximation by Taylor's expansion of
th C.S as well as th- V S functltions which wc shall consider
lat~r, Thc CUS approximalion 1s usually called Kmenta
approximation.

From th procrdurc jJust mentioncd 1t can be s-cn that
the introduction of an additional factor into an existing
form gives raise to a now form of production function. The
r sulting form may not necessarily continu to r tain the
origcinal properties like those of homogeneity or constaacy

<

of r=turns to scale or unitary elasticity of substitution



3o

that m:y b- pr-sent 1n th basic form with which we moy
start.
If to the richt h nl sid of the Cobbt Douglas function
for n inputs,
oLy iy

r (4 "_O(
Q = A \1 L2 o o o A.n

multiplicative exponints of inputs sr- introduczd w- get

an <arlizr form of transccnd ntal production function given
by Harter, Cartrr and Hocking (1960). Th.rc are several
nonhomogencous veariations of the Cobb Douglas function.

Km-nta approximation obtaincd by adding (1n K/L)2 as an
additional explanatory factor to the Cobb Douglas log linear
relelion rasultis 1n a nonhomoreneous function. Anothcr non-
homogeneous function 1s that of Vined(1972) which 1s obtaincd
by zdding (In X, 1In I) in th= two input Cobb Douglas loglincar
relation. In other words, 1t 1s obtained by meking cach

input exponent a lincar function of th. othcr input in the

two input Cobb Dougles function. If instecad, the exponents

ar mwad> linear functions of input ratics, we g2t Sudit's(1973)
homoz neous function which r.sulils i1n thc adlition of threc
t-rms to th= Cobb Dougl-s linear r:lation, viz., (In K)z,

(1n L)2 and (In K. 1n L), If cnly two t-rms, viz., L 1n K

and K In L ar= added th. r sultin: production function s
nonhomog=n~ous. COthcr nonhomoe neous functiors which may

b- consid:r d as some kinds of ext-nsions of th: Cobb Douglas
function arc thos of Chu-Aigner-Frank~1l (1970), Janvry(1972)
and ths by now quite famous translog production function of

Christens n, Jorgens=n and Leu (1971).
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Some Tixtensions of the Cobb Douglas Function

One of the earlier extensions of the Cobb Douglas
funclicn was obtained by using exponents of innuts as
additional muliiplicative factors in the Cobb Douglas form.
Harter, Carter and Hocling(1960) called 1t the transcendental
production function. It may be writt n

Q= A Xi(i M .xc,)‘(”e(%’.’ §

In the two 1nput casc the marginal rate of tecnnical

substitution 1s given by

0(L+§2.XL X4
oG+ [S\X' )]

S =
The funclion exhibits nonconstant elastiicity of substitution.
It has also the charaderistic of allowing marginal oroducts

to rise befo.e eventvally falling.

The =2lasticities of production are given by

n

€, 21n Q/ 21n Xy =y + B1X1

i

€5 D1ln Q/ 31n Xy =0y + ‘32}{2
so that the scale of prroduction elasticity 1is

€ = K 4+ Dot (31){1 4 {52){2

The Harter, Carter and Hocking r<lation adds a
linear function of innuts to the Cobb Douglas funciion

written i1n the log linear form
In Q = 1n A + ZﬁXJln,Xl + Ei(%lxl

Ths nonhomog,eneous production function of Vinod(1972)
provid:s an «xtension of the Cobb Pouglss function by
substituting ® and P (of Q = AKXL@) by linear functions of
1n uts. X 18 revlaced by 2 lin=ar function of L and ﬁ by a

linear funcition of XK. Taus

as+c,In L 22 4 ¢,1n ¥
Q=4aAK | L 2=
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This function adds an intcractive term 1o 1he linear

Cobo Douglas relation which with a, = C,*C, may be writiten

3
In Q = 1In A + a11n ¥ + azln L + aqln K.1ln L

1f 4y 18 not significantly difr:zrent from zsro, the
Cobd Douglzs funciion 1s implied.

The output elasticitics are given by

€

In K, € In L

L = 8pt 2y K T 2q* 2y

and the scale elasticity
€ = eL+ e:K = ay +a, + azln LK
which 1s variable and dependent on the input levels.

If 1n the elasticitly of substitution expression given

on p.19 or Allen(1938, p.342) we substitute

(a1+a in L)Q/K, PR .= (a2+a31n K),L

3 L
2 2
Qe (€-1)/17, By= Qey(e =1)/K

|1
1~
]

Fep= (€5 € 1Q/T + a3Q/D)/E =(€ geqraq)ypr

] - s r
ve have ‘. FKFL(LFK - LFp Y/EL
= 5 5
Bedy, — 28 ¥l + Frpfy
) € tEg
eL +e;K + 2a3

a, +a, + 83 1n KL

1

a, + a2+a3(2+1n KL)
which 1s less then unitly af 6L+ €y Z.0 and ay Z 0.

The function 1s r=esorably nonr~stricltive and 1s a
natural gen-ralisation of tne Cobb Douglas functiern,

If the ® and 3 of the Cobb Douglas function are rep-
laced by log lin:c¢r functlions of inputl retios,we have Sudit's
(1973)Homogenecus production function of variable degree vith
variable <lasticity of substitution 2nd returns to scale
a,+cy1n E/L ay+c,ln L/¥

Q =4AK L

It 1s homog.n=ous of degrece a,+a +c11n K/L +c,1n L/K, and

2 2

implies thet differenl production techniques as reflectad
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bv diff-r-nt inpul retios = ncrate diff ront scale factors.
It reduce=s to thz Cobb Louglas form with e, = 0 = ¢
For ~stimation purpos-s 1T may be writtin

In = 1In A +aIn¥X + a,Inl +a,, In XK In L \

- ¢, (In K)* - c,(1n L) whire 2, C + Ca

or In Q In A+~ a1nkK + 2,1n1T + c, (lnK 1nkL ~(1nE)")

il

+ ¢,(1nK 1nL -(1nL)")
The output elasticities are given by
€ =a, + (c, +¢c)1InkL -2c,( InK )/K
€. =a + (¢, +¢c3) InK - 2¢,( In 1 )/L

Lhe elasticity of substitution

- EL+£K o
Ex+ € + 2CUnL-DE-Ce "o (1, K \)KEx—E,
LEL Ké€y

=1 1f ¢, end ce are zero.

Although 1t 1s a more flexible form than the Cobb
Douglas function and has variable elasticity of substitution
and r2turns to scalc, 1t may suffer from the effect of
multicollincerityg 1f K and L heppen 1o be highly collinear.
The scalc elasticity veri-s only along the isoquants. Along
the expansion path, this function retains the¢ prop.rty of
homogencity.

Sudit’s(1973) additive ncnhomogeneous production
function (&NH) has a number of desirable properties. The
function wraitten in the general form for Lwo inputs

Q= a, X+ a,X,+ 2,X,1In X, + a,X,1n X,
has marginal products which are functions of the input ratio
and the remaining input

QL X, = 2, + a,ln X, + a,X,/X,

Q8 X,

as+ 3.dn X+ 3, X\ /X2
This implics that the abundeonce of a factor low.rs 1its

marginal nroduct and the marginal cost of the other factor
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rises. The law of diminishing returns 1s thus satisficd. But
the function 1s not necessarily restricted to diminishing
returns since

50/2% = = a, %% and  8QREL = - 2, X, /X0
which mcans incrcasing rcturns from both inputs arc possible
for a,, a,<0.

The shift in th marginal product of one input 1in
rcsponse to a change i1n the other indicrtes the extent of
their complementarity or comp-titiveness

aﬁQ/bx,Dfm_ - f}i + f%&

The scale elasticaity

_X,!_DQ 4 2 0Q » \ 4+ qu-'Fa,_.xL
@ 3x Q 2R Q

which impli@s returns to scale =re

e - (f""(l:

variable over the scale of production.

€ 2 1 1f a,, a,>20

p?
€ = 1 1if a,,, a,= 0 which m.cans Q = a,X;+ 3,%
The « ANH function 1s not conssrain 4 to be convex to

the origin. The marginal ret-s of substitution 1s given by

.@‘ = - iﬁ—*’ @LX?/XL"' BzLXl
Xm 8‘ + auXZ/X‘*‘ AIZXL

The ¢lasticity of substitution 1s not constant and thc
function 1s a variable =lasticily of substitution function.
We now consider the Chu, Aign r and Frenk-1'5(1970)
log quadrrtic law of production. Using L(3 1) for labour,
K(> 1) for capital and L, XK for parameters which ere,
resp ctiv.ly, the mavimising values of the labour ond capital
inputs that determine the highest total output, the

Chu-Ai1gner-Frankel (CAF) function may be written
C'(Q— 'nL/‘”"E) CL(|-—~ vy K/,r)‘E‘

L K
Q=1 (T) &)

IR z
or InQ=a+a1nl +a,InK -5 (InL) - b,(ln KX)
wh re a = In Ao - ¢c,In 1 - czfn.f, n,=2¢,, a,= 2¢;

b= c,/In T, b,=c,/In K
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The Chu-Algner-Trankel(CAF) function 1s nonhomogencous
and has nonconstant factor shares. It 1s obtained by simply
adding the squsred ierms, (1n K)2 and (1n L)2 Lo the loglincar
Cobb Douglas functioa, end thus belongs to a family of
log nolvnomials. If we equate to zero,the marginal vroductis
?Q/3L = 2¢,(1-1n L/1In T)Q/L, 2Q/2K = 2¢,(1-1n K/1aK)Q/K
we get L = T and X =K. Since total output is maximised =t
this roint, I and K mav be called 1he maximum botal productivity
parameters. Similarly, since the average productivities Q/L

1—1/201 eand K = K 1'1/2Ca

Cy and ¢, are the maximum average productivily parsmeters.

and Q/K aré maximised when L = L ,

They determine the maximum average productivilies once T and K
are fived.This helps determine the economic region of the
producticn fuaction.

For the CAF fuaction the marcinal wreduct of labour
exczeds the overage product before th= latter 1s maximum and
1s less than the average product after thatpothe function
obeys 1lhe law of variable proportions. This cnables us to
categorise the behaviour of 1nput nrodu.tivities and hence
to determine the most econcmic region .~i1thout attaching aay
sipgnificance to the symmelry of the stages of production.

Th= returns to scale are variable according to the
valuss taken by L and K. Replacing L and K by AL and MK

in the CAF function, we have

cy(1=1n »1/1n T) ( c,(1-1n 2K/1In K)

A( 2L/T)

){(-—‘E/L)Cj/ll’l TJ- (I_\:/K)Cz/jﬂ K }11’]} Q
L0

K/K)

Il

Q, say.

If the i1nputs are 1ncreased by a multinle of A ,

nA

the ouput i1ncreased by a multiple of 2z which 1tself 1is

a functiion of 1nputs.
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Janvry's(1972) generalisad power production function
(GPPF) allows for ncnhomogeneity and also for vara bilily of
the returns to scale, marginal productivities, elastlicaities
of prcduction, m-rginal rates of substitution and elesticities
of substitution. It includes as special cases the Jobb Douglas
and trenscendentel production functions,

If f(X) and g(¥) are polynomiels of any derree in the
arguments of the m dimensionsl input vector X, the GPF m-y
b~ written
0 - A"xﬂx’q(x)
This reduces to the Cobb Douglas form 1f f(Y) =x for all 3 and

g(X) = 0, If £ (X) =« for all 3 and g(¥) = ZYX,,, the

)
transcendental forir results.

The merginal product of factor X, 1s

20 - jgg 239, ')
ﬁ'j - Q[ xJ Z-_‘ "\)\’ l )K:l

which can assume positive,zero or negative v.luzs d:zpending
on the specification of the polynomiels and nhwence can describe
all three stages of productirn for g(X) #£ 0.
‘ The GPPF 1s homogeneous 1f and only 1f the polynomials
E(X),3=1,...,m, and g(X) are homogeneous of depree zero.

The function exhibits variable returns to scsle unless
all fm(X) are independent of X which reduces the GFPF to
the Cobb Dourles form.

The econcmic rzzion of production 15 defined by the
set of values of th= X's such that 0< gifJ(X) < 1.

In the specizl tvo input casc ’

Q<A g:*ﬂi‘%« X

the marginal producis ere
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2Q/3X.i= ( oy + BX2 + [iX) Q/¥,

0Q/3%, = (e, 4 S% I Xy ) Q/X,
For X, = - (o 4 Si% )/Y, , 2Q/3% = 0. It 1s maximum for
BQ/3% = 0, 1.c. for X, = = (WA @ X+ Jg,n, /T,
Thus Xy has a positive and d crcasing marginal product in
the int-rveal

- Y"T'("(n +é\xz*‘mz< Ay < Xy — LT. (£x PiXy)

which 1s a function of Xg. Also X, has a negative marginal
product 1f X, exceeds the critical level -'-%.(d.+1]x.)

The -lasticity of substitution of the GPPF 1s a
variable paramet.r

&= b(a + b)
bF + a6l + 2b X,

where a = o 4 B%y and b = %, + p,Xiln X,
If g =0, 61 which 1s the Uobb Douglas case.

If w: introduce a suitable multiplicative expon ntizl
into Vinod's(1972) two input nonhomngen_cus producticn fun—r
ction, an extensicn of Jenvry's form may be obtain.d. But
the general forgﬁanvry's production function allows many

more possibilities,

Kmenta Approximation

Km-nta approximation which was 1introducs&d as a Taylor
s' ries cxpansion up to the second order terms of the constant
elasticity of substitution (C.S) production function, 1s a
commonly used relstion in production function studacs. We
may look upon 1t as an obvious extsnsion of Cobb Douglas
function from which 1t may be obtained by the addition of
somr anpropriate factors.

It 1s diffacult to lin 2rise and «stimat the peremcters

of the C®S functicn with nonconstant returns to scale
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- _g . ~/8
Q = (@1% + (1-5)K °]
or Q/L = InY + (¥-1)In L - % £(R)
£(8) = 1n [§ + (1=-9)(k/L) %]

i

£(0) + Qf'(0) + %‘{2 f"(C), when expaanded sround
highex
Q = 0 with tzrms of orderffhan the second omitted. Sirce

£(0) = 0, £'(0) = =(1 =3)1a K/L

M(0)= 8(1-8)(1n F/T)°
we heve

f) _ f)

fRY) = =& (1= 8)1n 1/L + 2 /78 (1= 8) (1. /17
If we substatute ao=1nY\ , ag=V-1, a,= Y(1-23 ),
vead (1- 3), we have the Kmenta approxinmxtion

9]

In Q/L = a, +a;ln L + a5ln K/ + al(ln K/1)“ (3a)
or equivalently,

In Q + 9810 K + Y(1-9)1a T-38% Y8 (1= 8 )(1n KE-ln L)~

=290

1n ¥ + Inl + a,,(ln X - 1n L)Z.

“#107811 %12 13
The last term on the ridt disappears 1f ¢ = 0 The

13 not

9]

approximation 1s better with ¢ closer to zere, If 213
£

signi ficantly diff=rent from zero, the Cobb Dourglas form nay

not be rcjected thouoh tne exact situation iould be wapredic-
toble as a more general nrodiction function could result 1f
a,, 1s significantly different from zero. loreover 813 also

2

devends on & 2nd 1-9 and thet male- the test weal.

The estimates of the parareters a, and 2, 1n (3a)

1
and nenc: of & and & ere not independent of tas wnits

1 ~
of measurement.S50 the clasticity of substituticn may be evalu-

1At K=1, the approrximation 1s exact. For empiricel
worl:, the unite of K and L may be so chosen 1n the sample
as to <quate thcir conetric averages.
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ated at the m-man level of a sample., The elasticity of
substitution of this function Jdep- nds on the input ratio

and the function may be said to be homothetic. ‘'hile we
sh21ll consader the concept of homotheticity in a later section,
1t mey suffice to say thaet homotheticity implies that,if the
expansion of the lest term in the Kmenta approximation with
fresh coefficients viz.,

a; (In X/IF = a, (InX)? -2a,, In K In L + a , (In L)

1s tested 1n a linear hypothesis framework, it results in
83 = 8y, = a,, = a, . Lf 1t does not, a more general
nonhomothetic polynomial function deserves to be considered
opecafically, Kmenta apyroxamoction belongs to the special
class of homothetic production functions in th-t 1ts elasti-
city of substitution depends on the input ratio.

It 1s not necessary to expand f () around § = O,

Any other appropriate value may be taken., But the error of
approximation depends on the extent to whichi™ctual value of
Rdeviates from the chosen value. It also depends on the input
ratio as well as on the velues of the olher parameters in

the function., The extent of the specification error resulting
from the approximation depends on the closeness of the
approximetion.

Kmenta approximstion of the CIS function 1s linear in
all psrameters. Thus the best linear unbissed estimates can
be obtained from 1t by using ordinary lesst squares method
though the bias may have be n caused by the dropping of the

higher order t-rms.
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The Translog I'roduciion Function

The production function underlying the cost iheory is
ncnhomogeneous. The firm has decreasing r-turns to scale ot
low output levels, constant returns to scale at intermediate
levels and twcreasing returns to scale at higher levels of
output. Such a generalisation 1s not allowed by a homogeneous
production funciion. A ncnhomogen=ous production function
mey allow these variations.

We heve secn that nonhomogeneity can manifest 1tself
when terms of second and higher order are added to the Cobb
Douglas function.

A nonhomothetic, generalised formulstion of the Cobb
Douglas and Kmenta functions may bz written
In Q = 1n & +x1n K +[31n L +Y;£1n Kf-+fuﬂ1n I;.+ TL}n K.1nL (3Db)
whose scale elesticity 1s miven by

£ = & fﬁ-r (Zﬂx+\rm)]n K + (2]2L+(KL)1T1 L.
The bracketed terms of the scale elaslicity vanish linf W= —\%%
in which case the functiron nas constant scale eclasticity end
becomes homogeneous=. It leags to the Cobb Douglas function
1f YL; 0. The function can be useful 1n testing the homo-
theticity of the Kmenta approximation.

The expension (3b) 1s the two input case of the
Chrastensen, Jorgensen and Lau's(1971) translog production
function., The translog production function mey be considcred
as a second order local ap:roximation o7 some underlying
Tunction. It has both linear and quedratic terms ond can admit
an srbirtrary number of inputs. It mcy be viewed as an i1mproved
Fencralisation of the Cobb Douglcs and 'm:nta's CIS approxi-

maticn 1n thet, with mor: than two inputs, and under ressonably
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ceneral conditions 1% ensbles us 1o eslimate partial -lasti-
cities of substitution arong all forms ol i1nputs. In the
case of Cobb Nouglas and CIS functicns, the separcbility
condition= have to bz imposed 1.e.,specified a priori. In
the translog c>se< they con be tested.

Suppose there exists o technological relationshap
for output with thres inputs : capital (K), lcbour (L) and
raw meterial (M), visz.,

InQ=1InA+TF (InkK, InL, In N ).

For the n input cecse In Q@ =1n & + F (In ,, In Z,,..., In Y. ),
a second order Taylor s rics approximetion in the neighbour-

hood about the peaint with inputs unity results in
L.—

D7F
) lnX{D\th

In @ - In & = F(C) +2 n xa%ﬁ%%%lhxtlnx,
‘e hav~, 1n the three input case, with suitable notationel
chenges,
F=lnoy, + o In¥ + & 1In L + oyln ¥V
+ % Y,(K(ln K)° + 3Yi.(In 1) + % rm(]n e

+YwwIn KIn L + Y 41n T In N

+

Youldn M 1n K

By substituting In A + Ineoly = 1In AX,, we have

In Q = 1n A& + X 1ln K + 2te.
For positive marginal products we must have
AQJYlnx, =7 dF/almx, = ot 4 Tabnk+ Y e ¢ Yy ™
70 '{’07‘ L= K, L) ™

For the function to be guasi concave at every data point,

the bordered Hes~ien mectrix should be negative and semid-finite.
It 15 found thal the tronslog function,being a sc<cond

order approximation and a quadratic,is nol globally well behoved.

But 1t may be considered as a good repres=ntation ol production

possibilities for most data.
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Cobb Douglas Splines

Foirier's(1974) piecewise splines permit U shaped cest
curves and precewlse homotheticity althouch differentiabilaity
of the functions along lines parallel to the input axes 1s no
longer possible. In the Cobb Dowslas function, returns to
scale are nonvarying so th t the avcrage cost curve 1s not
U shaped. With the Cobb Douglas svlines the structural change
and behaviour of the function in each piece can be tested.

Let v, and ﬁjbe positive constants and 6 so chosen as
to make the Cobb Douglas spline F(K,L) = 9 i L continuous
over the positive gusdrants formed by the IJ rectangles
defined by the knots in the meshes
D= {L<Le. KLy f, D= LK<K, <K, _4f

Using the continuity conditions

1

in 6, " in © j (ql—tx)ln K, ,1

>

1,2,...,I-1 for all j

1,2,...,d=1 for all 1.

1n Ghﬁﬂ_ 1n 6, +-( ﬂ @“)ln Lj,3
Defining K = max (In K - In K, ,0) ,1 = 1,2,...,I-1
L=mx (Inl -1nL,0) ,y=1,2,...,5-1
we have for a siven 6 and for all ¥ and L
1-1
In F(F,L) = 1n 8y + «1ln K +/5,1n L +§',O(~K +Z (iJ
whereqbég represent changes in the output elastJCJtles of K & L.
For a fixed ocutput level Q, ,the 1soquents over the rectangle(,]):;
..g‘ ‘/d;_
= (Q%L‘“/GU) are continuous thougch hsving corners along the
grid lines., They are sirictly convex 1l and only 1f each output
elasticity 1s a decreasing step function of 1ts respectave
output X, 2 X (%) (;JH; 1=1,...,I-1; 3=1,...,d-1.
» It can be shown th.t F(XK,L) exhibits incressing returns
to scale over all rccta@ges below and to the lefi of rectangle

(1,3) and decreasing returns above and to the right of the

rectable (1,3).
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Th. C.S Production Function

The sccond stage in the development of the production
function 1d-a begins with the constant ~lasticity of substi-
tution (CILS) production function which was introduccd by
Arrow, Chenery, Minhas and Solow, bri Tly, ACMS(1961),and
d-veloped independently by Brown and de Cani(1961). Next
to the Cobb Douglas function, the C-S function has been the
most used form in the lit-ratur- on production functions.
Uzawa(1962), Mukerjyi1(1963), Mcfadden(1963), Harcourt(1966)
and others have treated and devoloped 1t extensaively at the
th oretical level., Its empirical contents heve been examined
by scveral authors. As rightly pointed cul by Heathfield(1971)
"the C4S function seems to hav~ be-n born of empirical obs r-
vations in much th- same way as was the Cobb Douglas function."
Minhas(1973) describrs in detaill the ACMS intercountry data
and methodswhich were used to stimate the CIS function.
Minasian's (1961) study 1s also crosssectional in nature and
estimateos the clasticity of substitution parem=ters from the
CrFS productivity-wage relation used oa U.S. 1957 two digait
menufactiuring industries, Other interestin,; crossscectionel
studies are by Solow(1964) Dhrym-s(1963) and Fuchs(1963).
Ryan(1975) uscs company data and estimates all the paramet-rs
of the CLS function by nonlinecr methods.

Compar 'd to thr Cobhb Douglas function which 18 confined
to unitary elasticity of substitution 6, th: CLS function
allows ¢ to take any positivr constant valu.. Yet, for a
simple estimation procedure th- restrictive assumptions of

homogencity and competitive conditions have to be made.

Consistont estimates of the C7S function arc not essily obtain-d,.



Scveral extensions of the CS function ar:s concrrned
with gencralisations to the multi-input cas s. Unfortunately,
they are nol quite cepabl: of removing somr of the artificial
restrictions on th. ¢lasticity of substitution parameter,
Attempts made by Mukerji(1963),Uzawa(1962), Mcfadden(1963)
and Sato(1964) in this comnecction are not-d in the following
pares, Soskice's(1968) C™S function with variable returns
to scale, offers a dcparture from the ususl pattern. Hilhorst's
(1971) variation doss away with the input prices and cenables
us to estimatr the CES function by mcans of r:lativc factor
shares.

S~veral cxt-nsions of th- productiion function forms
during the last fifteen years hsve been connccted with or
hav- (manated from th. C S function which r-iains all the
neoclassical prop.rtiecs of th Cobb Douglas function. It
allows diminishing marginal products and variable returns
to scale,

In theair intial study, ACMS(1961) uscd a simplificd
vorsion of th CUS functiion by fitting a log linear relation
brtween averace preductivity end wage per unit. Over a
crossscction of sevent~ n countries, scparat. CES estimat s
wrre mad« for cach of twenty four manufacturing industries.
The slope of th 1r lation which stands for the clasticity of
substitution, was fecund to b= consistently 1l-ss than unity.
This was supposcd to chell-nge the Cobb Douglas assumption
of unitary elasticity of substitution. Profit meximisation ,
perf.ct comprtition and optimising mark:t beohaviour are
assumed and hypotheses on production fficiency and distributaiv:
shar.s are tested. Unfortunately,ACNS =stimet- the paramecters

of th- CES function by i1fnorang possible intcrnational
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drff-renc¢ss 1n production mod-ls. This impli-s that all
production parametsrs are i1d=ntical across countri-s But
th- countri.s thus brought tog-th r i1n a singfl= production
function rang~ from hichly d v lopcd countri s lik- America
and Japan to underdev-loped countries like India and Iraq so
that an estimated production function mey not b gquite reliable.
Owing to diffrrences 1n efficicncies, th i1ndustri s in ths
advenced countries mey not b- similar to thosc in the 4 v=loping
countries. Tho input intensities and technologies and the
extent of the availability of capital may differ over countri.s.

The establaishm 'nt dala uscd by us do~ not suffer
from this drawback. Althoush w+ hav- put togcth-r manufactur-
ing rstablishments b-lonzine to diff -rent industri-s th y
are not from diff-r-nt countries whose t.chnclogies ar- lik=ly
to be at uncemparably different lev-ls., DMor-ov r, th data
n 2d not b. confined to th: assumption of unitary «lasticity
of substitution. Th /'S function can be uscd to tiest af
th- latter i1s diff r<nt from unity.
Th- C'5 functionbgiven by

& = Y[rsaS »G-» x317 78
where V1, YZ’ ar: two inputs. It 1s lin-ar and homog.neous
wlth constant r-turns to scale, It belongs to a class of
functions with mean value of ordrr - Q Paroush(1964) prov-=d
by m ans of simple integration and without any assumption
about merk.t conditions that cvrry lincarly homogen~ous
production function , £ in X, and Y, , with a ccnstant

clasticity of substitution 6 1s a mcan value of ord:r -§

o=y (e k7S pa-xg3]T
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where ¥ and § ar- constants,

Yasu1(1965) has prov d , 2lso without any assumption
about thc mark: t, th-= more reneral theorem thot overy
production function f in X1, X2 and with a constant elasti-
city of substitution £, 1s of the form

f = (p[é)ﬁ‘ G-
whrre @ 1s any differ~ntiebefunction. It 1s arbitrary in
so far as 1t do's not contradict economic considerations.

As ¢»> , th- CLS function reduccs to the Leontief
fixed proportions function. As ¢-» 0, 1t reduces to the
Cobb Douglas function. The C.S function has the merginel rate
of t=chniczsl substitution giv:en by

MRS = w/r = 38 (x/1)"
anc¢ the input shere ratio

I/ = 52 /)

The merganel products are positive and the sccond d rivetives

ar n-gctive, e.g. we have

e .5 43 -8 )— 3 -

o _ - —_— ]
ENC Y = Q L [ LS K3-8 J
which 1s n« ~etav sinc -3 <

Henc:forth, w> will use velueadded V, instead of physical

quantity output Q, for th- owwenience of argument.

The Cobb Dougles to the CiS Function

Under the assumptions of perfict compctition and
constent rcturns to scalc th Cobb Douglas function is
v = & k® 177
wher. Q has be'n replaced by value addrd V, for amvenienc-.

The labour share

« = wL/V or V/IL = w/«
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which may be written as a regressicn model

InV/L = = 1lnx + Db lnw
where b can be shown to equal the =lasticity of substitution
between carital and labour under competitive conditliomns.

ACMS(1961) showed thet the Cobb Douglas relation
which confined b to unity and the Harrod Domar relation
confining 1 to z<=reo both cumc from 3 more general relation
which 1s the CES production function V:YISK—Q+CL-§)L-gj1N
where Y 1s the efficiency parameter, d the distribution
parameter of capitsl, 1-3% being that of labour, § the
substitution parameler from which can be found the
elasticity of substitution given by 6 =1%§ .

Discussing the crucial naturs of e¢lesticity oI
substitution, ACMS remarked that :conomic analysis based
on zero or unitary claslicity of substitution often leads

to restrictive conclusions. The instability of the Harrod

Domar growth model rzesults from the assumption of zero
elasticity of substaitulion. It may not be quite reasonable
to assume uvnit c¢lasticity of substitution to agree with the
supposed constancy of input share in some cases 1 All the
sectors of an economy or different economies need not nece-

ssarily have zither zero or unit elasticily of substitiution.

1Wi1th unitary elasticity of gubstititien the e’fect of
change 1n the relative input prices would be exactly compen-
sated by the change.in input ratio }eaving the relative share
maltered. M.Bronfenbrenner(1960,J.of Pol.Tconomy) showg that
constancy of input sharcs 1s possible for a wide range of
values of the elasticity of substitution. If S;=wL/(wL+rK) 1s
labour share, 1t can be shown thet(writing z for L/K)
as;/dz = (w/r)(1-5;:)2( 4 -1)/4 which shows thz change 1n the
la%our share as 1he labour capital ralio chenges expressed as
a function of elesticity of subsiitution, If 6 =1, this
c~uals zero tmplying a fixed labour share with changes in L/K,
Bronfenbrenner points out that the right hand side of this
rxpression does not differ much from zero when & # 1 and
concludes that 6 1s not necessarily exaclly enqual to unity in
order for relative factor sh%res to be constant-llote that

»(ds;/dgfs = (»/r)(1-8L)2/¢
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If we write y = V/L and x = K/L, the general form
of the production function,V = F(K,L), may be written

V/L = F(X/L, 1)

]

ft

or v f(x).
Under competitive ccendations

W

il
i

aV/3L f(¥) - xt'(v) =y - xy!

and 3V/3K = r fr(x) = y*'.

i
i

If in the relation
In V/IL = - 1lno + b In w
we subslitute for w and write 1In a=- 1lnX, we have
Iny=1na+bln (y - xdy/dx)

or dy/dx= (a1<$ - y1/b)/a1/b X,

Set Q= -1 + 1/b, 52: 8_1/b and take %ihlél as a consant

of integration. We then have

y :(S1X .

S 4 5, )_1/%

For marginal »nroducts to be p081tlwe,3\>’0,51>CL

Q ranges from -1 to O and 6 frome~to U since S= 13-

This function comyrises the family of production func—
tions with conotant elasticity of substitution for all values
of K/L. If we write <‘i.+-87_=1’“g and &1%::3 , we have the usuzl

form of the CIS function with constent returas to scale,

- <8
V = WBK2+ U-é)Lg]’ ﬁ0,0<351, Q> -1,
Brown and de Cani(1963) generalis=d this form bv
introducingy , the returns to scale parameter
-3 -R .,v/_g
V=YK’ + (1-3)L"]
YV Z 1 implies increasing, constant or diminishing
returns to scale, respectivily.
The explicit form of the CFS function can be obtained

by a number of different approaches. The assumption of
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homogeneity and the ccnstancy of elasticity of substitution
uniquely determine thc algrbraic form of this function.

For a homogencous function V = F(K,L) of degree ¢
the =lasticity of substitution 18 given by

F Fo

where the suffixes to F denote appropriate partial d-rivelives.
Since 4 =;$§ , we heve J /F = (1 + 8 /»)F/V. Viriting C(L)

for an arbritrary function of L and integrating

1+3

In F = 1n V'3 + (1)

.
T
or v

nei= 1l

C(L) 3av/aL.

Introducing 9,(K) as an arbritrary functicn of K
and 6,(L) as a primitive of C(L),we have

N =S
F=Ve=(-3/v)"[6(K)+ 6,(L)]

Homogeneity of degrec ¥ implirs

KF +LF = sV y
o, ()T ¢ 'ola
6, (1) ] T8/ ()

Since F, = (—”/9)%H[9,(K)
F o= (-9/¢)%"[6 (K)

we have, by substitution

+

+

]

K 6/ (K) + L 6)(L) = =3[ 6(K) + (1) ]

Separating the two cquaticns, we gel

9:%1{%,___1 , O3(L)__ 3
6, (K)" K 6,1 L

or 6,(K) =8, X% , 6,(1) =5,1°
Substituting % Y
={({-V . S - &
Y =) (5D 0 s = S
we heave
/s

VoY LKy etV T
The Cobb Douglas funciion can also be derivced in thas
manncr 1f during the integration proccss we write § = O,
Vazquez(1971). All the other r-lated forms of production
functions, llkéhvarlablo elasticity of substitution

function can be derived similerly
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Alt 'rnatively, since, with nonconstant returns to
scale,we can write

b
L F(1, XK/L)

V =
or V/Lv = f(x) wvhere x = K/L, we have
Se oo ' (¥f - xf' )
L+ % (v = 1)xf'2 - yxff"
The substitution u = v%w~1—rosu]ts in
du/u = (¥ + 1) dx/x since du/dx = V(1 - ff"/f'z) -1
Hence u=vf/f' -x =A X}+S
or f = B(A + XJ;).”/g

where A, B are constanis of intesration.

[

Setting A = L?‘ , B = Y'S-/% we get
VeYLoKS s G-sy L3778
which 1s the required CEZS functaion.
Another alternatlive 1s to make use of the concepts

of partial output elasticities with respect to labour(€,)

and capital (¢€,).

i-xf’ Lerd /
€ = LF,/V = since F, « L (»f~ xf)
3 L
i{’ V-l
€x = KF, /V = 5 since F, =L §
With & = €L+-eK , the MRS of labour for capital 1s given by
S = -;) o —a_‘i—————(:_-‘-—-
V-y"'lf' - xXe€,
Since !
as _ e (ee=) —»x & C e /.
T T =er mere €[ =/
_ r G c"‘x
we have - - € (Vv é,,)’m ?%_‘:ki—r‘: =% X
14§ E (F-€ )+ EL L -
3§ €& wp
. Ai - \/"é"l_ - )C"Pl
R
2t = B(a )78
- -§ 4 =
oy VT -Y[sKDH-3)L] /s

It may be rimark d that any homogeneous production
function can be deraivcd by using suitable assumptions about

1ts parameters and the r-lationship between these paramcters.



Several empirical studies show that the elasticity
of substitution may vary with changes in input combinations.
It may bz possible to assume constant clasticaity of substi-
tution 1n tac casc ol time serizs or deta with a narrov
range for the input ratio but in the case of establichment
data, larce verzatiorzs in 1npul ratios may bz cxpsctzd.
For deta at a highsr level of aggregation, changes in
1muput ratio may be noticed only marginally bul 1n the cas-
of establishmcntl dota, there may be 2 wide range of substi-
tubtion possibillitizs. The Cobb Douglas or the CZS function may
be used for establishmant data 1T 1t can be assumed that
the input ratios are fairly constant. Such an assumption may
hold 1f 2ll the esteblishments are of nearly the same size
and belong to tae same i1ndustry But 1f they come from
diflerent i1ndustri s or different countrics as in ACKS(1961),
this assumption mav not be justified However, the JT.S functian
has produced reasonably sstisfactory resulls in many cascs.

Mayor{1969)pointed out six possiktle sourccs of
bias 1n the elasticity of svbstituti n zstimates from
cross s.ction dela with the CES funciion. There ar. voriations
in labour quality and output nrices. The elficiency parameter
and distribution parameters can vary. There 1s 'wnat he

calls thc problzr of lags end dynamic adgustment.1

1 The assumption of long run competitive equilibrium
in a cross sectional model may require that wages cqual the
marginal value product of labour and productivity 2qual thne
value appropriate for that wage rate. The choice of technique
may usuvelly bc based on permanent rather than the mz2asured
wages which arz used 1n the croscs sectional modsl. Also the
firms do not remain on their optimel vositions throush
fluctuations 1n market forces and the productivity has
significant cyclical movements. These transitory clements in
vages snd productivity introduce = bioss due to the problem
of lacs and dynamic adjustm nis wnich do nol have an casily
discernible effect on the estimates. The probable direction
of biss, 1f any, 1s a matier of conj-cture. Sce Mayor(1969).
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Most of the ACITS(1961) assumptions with respect 10
the CT'S function vere adopted by other theorists and empirical
wnrkers., These assumptions sre constancy of returns to scale,
cxogenelty of wasge rate, atscence of correlation between
outpul and labour prices and equality of factor reward and
mergirel prcductivity. Relaxation of one or more of these
assumptions led to some new forms of production relations
as 1n Fildecbrand and Liu(1965) and Nerlove(1967).

The popularity of the C.5 function rests on 1ts
convenently simplified version though cmpirically 1t may
not always be superior to the Cobb Vouglas function. The
nenconfinemznt to unitery <lasticity of substituizon 1s 1iws
important feature though <2ven that i1s not a very reliable
characteristic. MNadir1(1970) and Katz(1969) find theil tne CES
functicon gives elasticity of substitulion Zctimat-s bvelow
unity in the case of 1ime seriss doata and ebove uanity in the

case of cross saction data.1 Nerlove(1965) r-marked that

1There 1s plenty of evidence to suggest that the
crosscectlion cstimetes of the clasticity of substitution
are greater than the time seri.s estimates.which are
likely to be of a short term nature as gompered ito tlhe
crnss section csiimates. According to Grilliches(1967",
ithe downward bias in tim- seri:z=s estimates ariscs from the
omitied voriables in the regression. Brown(1967) finds that
" patiern emerpes of differcnces betueen cross seclion and
time serizs estimates of clasticily of substitution, anemely,
the formor are gencrally largcer than the time serices estimatceg.”
Farpuson(1965) attributes the downward bies 1n the time
series cstimstes of the elesticity of substitution to
changes 1n the qualaty of labour sorvice,

The estim~tion technique and Lhe siccification of
the model can inTlvcance th=s value of -lasticity of substi-
tution. “ven the arrangement of data and the nature of
capital series used can affect 11 See also )
Maddalf1965)and Lucas(1963).



even minor differences 1n specificalion or methods of
estimatiion resulted 12 differing estimztes of tho elasticaty
of substitution paramet-r.

Cupta(1968) ouestioned the validity of the
ACMS(1961) hypothesis of a commcn _roduction funcilion with
nevtrsl differenc2s i1n the efficiencv Ffactor use for an
induslry across countries These difforeances are n:uhra]1
on'y 1L 1he maerginal r-te of 5 betlitutica 1s tne some

across countsies for» zach .ombination of K and L.

Tor tne CTS finction

18
T[S xS w578 /

the marginal rate of substitution 15 givenby
.. aV/oL i '&(F/L)Ué
AR T

vhere 6 = 1/(1+¢ ). If 6 1s sssumed to be a constant,

il

g 18 comnstant 1mplving Hicks neutrslity for ewch v=lue of

/L provided < :.51/52 1s constant.

1
Since BS/Bé = (K/l,/d = s[é , we ars able to to

4
¥}

193]

the neulralily hyrothesis by examining the varisnce of &
Assuming perfect competition which 1s & long term
and not a short term condition we have s = w/r and
8,/5, = (/1) Puyr
To test the n~utrality hypothasis 11 .ould be inavnro-
pricte to use 51/52 because the 1nequality of s 3nd w/r
anywhrre will lead to vaerious derrees of imperfection in
product end feactor merletis, nonconstancy of returns and
prevelence of diszsquilibrium in various markels, all of vhich
tog . .ther vould smount 1o testing a highly composite hypothesis.

Lven 10 ACMS errivad &t the neutrslity hyvothesis

TAssuming vnembodied neutral technical change
applicable to crosssection observalions.
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their conclusion must be r=jected.
Since 8,= 1=, 8/, = 7%%}

Var (&) # Var %‘\ ,
1t would be wrong to t.st for neutrality by exsmining Var(éﬁ)
as ACMS hev don=, instead of Vh(é%h which should be used
for th- purpose, Also ,since Var (Té%:) > Var(§1)9
the decgreednommiutralaity will be underestimated as ACMS have
used Var(d1) to test the same.

Again, ACKS found that th- assumption of a common
industry production function for all the countri=s in™sample
was 1nvalid brcaus- of neutral efficicicy differcnces across
countries., Consequ ntly they r.vis:d their ~stimates of'{
on the assumption that in each industry, the efficiency
paramet=r varics positively cmong countries. This 1s becausc
% =5¢3Lls highly sensitive to variations i1n 6 . As noted
abovs since we can write

- L \vs
= F(g)

1t follows that

3% . A Lon J_v_
-'2’-2-— \75' ‘2— K

It 1s possible that in spite of differences in the
input int-nsitics of diffcr-nt countries, thcir clasticities
of substitution may b. comparabl becouse of th- rrlataive
Tflexabalaty of capital intensive technologies being similar
to that of labour intensive t.chnologies. ACMS allowcd for
paremet-r daffrrences acrose countries by setting up th- hypo-
th sis of factor use effici-ncy differ nces, purely labour
augm nting diffesrences and capital augmenting differecnces.

Assuming constent € and writaing

. 5, I P b
v =T£'b}\ i‘)-(\”B)LSJ 3.;(3‘)(3" dngJ
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the neutrality of inrut usc implies constant 8,/2.for each

country, allowing for prorortional changes both in é&yando,.
The labour augmenting hypoth-sis implies a varying &; and
the capital auem<anting hypothesis implies a varying & .
They found as a fair working hynothesis that int rnational
production function diff.rences are containcd in {, the
efficiency parameter,

According to Feldst-1n(1967), a weakncss of the CLS
function lies i1n the assumption of the  xogeneity of wage
rate by ACMS(1961) 1in their c¢stimation procedure,another 2
weakness li~s 1n the assumption of equality of wage rate
and the marginal product of labcur. The constant returns
to scal =asprct of the CVS function i1s as questicnable as
1t 1s 1n the case of th Cobb Douglas function.

For nonconstant rcturns to scale with wage rate
equal to th- marginal value proauct, the CFS wage productivity
relation gives a biased elasticity of substituticn because,
eccoréing to Feldstein, the appropriat- relation is

In V/L = a' + b ln w +Qli§!ﬂ) In V where a'= ¢ lnY?%(hJ)
The bias = ( 1 _6)25_0_‘/;
where ﬁ 1s the cxpected value of b as obtained from the

CsS relation In V/L = a + b 1n w,

Thus the equality of the wage rat: and the marginal
valuce product of labour 15 in doubt as 1t diupends on perf-ctly
competitive pr duct and lebour merkeils with all cost minimising
firms and absence of increasing returns to scale for ~ach firm,

This mev le~d to additional bias in the cstimete of & .
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The CILS Function under Imperlecct Col petition

If -t 1s desair-d to gjvé*thc ascumption of perfectly
comoetititve markets, made in the case of most vroduction
function studie., including the CWS [unction, then wrating
Y\PQ for the ~lasticity of demand for ouvtp t and
Y)WL for the elasticity of supply of labour, we may, vith
Dh»y 2s(1965), make a corr> ftion for the inecquelity betuce
the marginal product of labour and the real wage ratce,

allowing for labour snd oubtput market conditions
9Q/2L = w } : %/z;;= w 9(1), say

mhere the index @P(I) may depend on ti e or place,
end Q stands for phisical outp t Q.

Trle may th n write
L8
Q=80 [ o0& «g, (1) 17" ]

where QO, f,, B, are functions of f. Also g, + B, = 1.
The CrS: prcductivity nace relation may be written
InQ/L=a+DbInP+Dblnw
Unfortunately accurate e~timates of ’WWL’ 'qu

cannot be easily obtained though Katz's(1269) ottempt to

apHly 1l to cross sccticnal dets may be noted.
1th {the net pro™it MW= pQ - wlL - rK ,

the vrol1t waximising condition 1s _1ven by

0= /3L = p3Q/3L + Q(2p/2Q)RQ/PL) - w - Ldu/BL

1 +ﬂ
_w +ow/oL L _ wh
end 9Q/3 L= 55050 O C w/p

1 +¢}pQ
nhere Y]WI=(BW/3L)(L/W) and y\pQ = (3p/2Q)(W/p), respectively

are ithe labour wage «=lasticity =nd output »ricc elasticity

1n an impertct merket as mentioncd zbove,
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Under competitive conditions 23Q/8L = w/p. We have, therefore,

)=

w - S i1y I=x
; —:t%?’”i v (1-8) (1) a7
R )+
1 Q/r:[, | 0a) 9(|~J) 3~ _L lr\ v e ——‘—— lﬂ}) {--l— ‘Y( -——————Y’NL
or, n _Tf:g Yg/v i+¢ iqu I+§ (G Y‘PQ
+ -] "HQ
R ']V
Writing D = e for 1he degree of imperfection in
P
r =1
factor and commodity markets and C = (1-6) > , we may

write the abecve r:lation
InQ/L = a+ 8lnw+ 61ln U ~ &1np+ C 1n Q

Katz(1969) uses this relation i1n his crosc regional
study of the CWS function. The hypothesis tested 1s whether
the oxtent of market imperfection 1s different for different
firms depeanding on their sizes (or time factor) 1f the sample
consists of croscsaction (or time scries) data. In spite
of th~ theoretically sound pcints, the empirical worth of
this medificetion 1s not very high unles accurate cstimates

of th: q‘s are avallable,

Some Multi-input Xtensions

The CLS function has been generalised not only to allow
for any degree of homogeneity bul zlso to include any number
of inputs,

For the n inputs, X1, X D

T2 n

Muka2r33(1963) gives the sensralisation
R VD GD BAND P W
where V 1s value added,
Th~ production function 1s symmetrical with respect to all
dimensions of factor intensity because 1t results 1in constant

and 1denticel partisl elastiicities of substitution.
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A less unrcalistic form was given latcor by Nukerji(1964)

Vo= [ (F s
which 1s shown to have constant ratios of partial elasticities
of substitution (CRWS) . This amounts to a partial senerali-
sation of the C S function. It has the added gqualaty of
being nonhomogcneous and nonhomothetic. It 1s nonhomogeneous
so long as § 's are not cqual among thems-lves and also not
equal to Q -

Th- marginal product of the 1th input 1s rivin by

p 1+5
FL = 32! - S} D :!"fk wh-= re‘Y" , without loss
* 2% N X”+‘ of grnerality
1 1+ 8 1+ 5
siner Py = Pp (3 r - LE2t) ana my = 526,

the partial Plast1c1ty of substitution i1s given by

Z X0,
4” (I+§ )()f?,) S ¥ F /8D L F)

which 1s not a constant. It depends on input 1lrv-ls and
their combinations. The retios of partial =lasticilirs are

constant though not necesssrily equal.

Sy _ (x5 Cre8s.)

6.'I}I' (l-F‘g \)(l‘i—? ) l;é:_), l'#J'
i

When all §,'s are equal to ¢, say, then &, = Fo

When one of the subscripts coincides, the ratio 1s indepen-

dent of the common subscript

él ""S 14
J - J
StJI "ng l#;];ék

lhe Mukerji function may be rstimat-d by nonlinear
least squarcs but the diffaiculty will be greater, thelarger
the number of variables. If perfect competition 1s assumed,

then, denoting by w, the price of input X, , we have
p. &% v '3
Vo= fim o "x'l‘nn

which with a log linear regression may be usced to estimate

5&’ ‘t’ %‘
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The Mukerji function restricts the ratios of partial
=lasticities of substitution to bc constant. This may be
unjustifiable on Zconomic greunds. But the function 1s moregmﬂm'
than thc Cobb Douglas and CFS functions which may be derived
as sp cial cas-s.,.

Consider a threz input Mukerji function to sce how
conveni-nl 1t mq:y be Lo make use of 1t in practaice.

Ve YO S s )8
Without loss of generality, we may assumc Y'= 1.

This functicn 1s homogeoneous 1f and only if

$i =% =%, = R . Msov Z 1 according as §; Z S

& _ 48
<1 1+ S

du. Z %3 F ¥ 282 e -5 2 5. -5

Since

Undcr conditions of perfect compe tition

dF _ &i s, V|+‘s
NESX T TR Xk
o e 3.5, x3v4§‘3
Fz AT é;§3 )(2—‘*?3,

If wz wraite ‘5z$/&§3==A, we have the regression equation
In wp/wy3 = In A - b,In X, + b,1In X,
If the three variables are capital K, dirrct labour
Ly and unskilled or indircct labour LI’ then, with suitable
suffixes attached to the symbols, we have the r-gression
equation

in wp/wi =1n # - bIn Iy,+ b.1n Ly

I
From this wec may find the dasticity of substitution betwcen
capital and dircct labour (6gy) and betwsen capital and
indirect 1abour@&1n the short run th. extent of complemcn-
tarity between capaital and direct labour and between
capital and indircct labour may be found.

To verify 1f the partial rlasticity between any two

pairs of inputs i1n the multiple input production function with
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g\: § = constant, may be cqual in actual practice,
Gujerati and Fabozz1(1972) proceed to test 1t empirically
and come to the conclusion that in the cese of the data
they us~d, th.sc portial clasticities src not thc same.

This means that th: C"S production function with morc than
two inputs and ¢, =% may not b: consider.d a re<liable form,
Taking at a time, two variebl-s out of the thre-

variables K, LD and LI Gujerati end Fabozzi meke use of

the first four of the following six rclationships to estimatc &

VE = a r where r 1s th. rate of roturn on capital
{

V/I_D = bWD
5

V/LI = Cwg

<
[ ¥
Ly/Ly= § (Nr/vie)

LY
1 . & (Y/VVI)
a . =
and LD/K - —b—()/v/D) 5 L—[/K c
For data on 18 industri s ihey found that all the
estimated partial clasticiti s differed from one another

for almost 2ll th- industrics. They concluded that for

the thrqce¢ input production function

- -3 ¥
\ ‘:-Tfé,.\K"g + dp Ly Spbp 1, 5.&%**1“1

th. partizl clasticities , though th-oretically equal, may
not be thc same empirically.

To get over thr restrictive difficulty of constant
partizl <lssticities of substitution for 211 pairs of factors
in a2 multi-input CLS function Uzewa(1962) and Mcfaddrn(1963)
arrived at s slightly diffrr-nt form which for th- four input
casc may be wraitten Y - 32

- -% S - ~$34 -S24 7 Sy
Vo= Y 6K s T M8 Xy M Sy Ry

\ = L

- — <
where f,‘*il =1 , Sia T ixy,, 3 14534
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The szt of four inpuls has becn divided into sub-
groups within each of which there 1s a common partial
elasticity of substitution which nced not be th- sam~ for
all th= swbgroups. Unfortunstely, the construction constrains
th:o partial -lasticity brtween variebles of diff:r-nt sub-
groups to unity.

For thre~e i1nputs K ,L ,M the¢ mixed form may be
written as a Cobb Douglas-C4S hybrad.

IR
L)

or v oYk M- (v)® )/g

V= (K

The third input ¥ may be «xpr ss-d as a multi-

plicetivz cxponcntial

v =7 1Y) e

or vV = TN S (v/1)%

=-V/ M
y?

Although these forms src interesting,the difficulty
of nonlinrar estimetion rrmains. I'roblems of cstimation
and artificial constraints are a common faature}MukGrgl,
Uzawa and McFadden's modcls. As 1s evident from the
~mpirical results of Gujarati and Fabozzi(1972), the
th_ory harpens to be v ry diff-rent from practicec.

We now consider Sato's multi-input oxtension of
the C.S function which i1s, relatively speaking, more
rcalistic than some of the forms [iven above. It will
be given fairst in thr n input cas- and then to consiader

1ts practical aspect, i1n the three input case.
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Sato's(1963) Two Level CLS Funetion

Under c-rtain conditions, Sato's two level C S
function generstes diff rent partial elasticities of
substitution between different pairs of inputs.

If thr production function 1s

V=F(X)

F ( X“XL,...,X;,)
and X 1s partitioned into t subscts

X = (X ,%5,...,x9 X, € ', %, ¢ Xf

1= 1,2,...,n; 3,k = 1,2,...
then, 1f the production function 1s strongly s parable
with respect to such a partition, we may write

V=F[g )+ £,(X) +out g, (X ],
If 6, 1s the pariial ¢lasticity of subsiitution

within the mth subset in which 1t 1s constant, and 1f
| — Sm

5o
then a two level CLS function may be constructed:

™ ™ o mN~- X "fm
Ve () = [ZETXE AT

(%

t441
5i7‘0’ —1<‘§m=

|- &

- S RNVA _J-s
Ve F (Vo) = (5 Ve ) ' e >0 -1 <8 -2
where 8 1s the _lasticity of substitution within the t
input groups. We have the twe level CUS function given by
m o omy-F.0 " "'/g
Vo[ A Yzam A7) R
! S c =
4, = Ty, 1S the inira subsct and 4= T

elasticity of substitution. The darzct partial :lasticity

» the i1ntersubset

of substitution betwe n any two inputs X,,Xs 1s

J
m
6, =Sm 1T X, X, €X
&+ b + ¢ |4 9
S &7, ¥ by 4 /S 1t K €X, X, 6 X, p#a
_ 1 { _ oot o _t_,
where a = T L = =5 St EgE ot Ty

‘P

2 J
S;{ 1s the relative share of the 1th elcement of subset r
st 1s the relative shars of the rth subset of inputs.
Thus the partial elasticities of any pair of inputs from

different sroups are harmonic m. ans of 46};ﬂ/and deprnd on
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rrlative share sizes. In general they will be different.

Sato Three Input C4S Functicn(Two Level)

The Sato two- 1level CUS function 1s homoth-taic
because 1ts marginal rate of thechnical substitution(MRS)
depends only on the input ratio and 1s independent of the
scalec of production.

A strongly separable function with 1ts MRS between
any twec inouts indep nd nt of other inputs does nct allow
interd:p ndeonce among inputs. A weakly separseble function
may, therefore, be considercd. If the three inputs are
X,,XJ,Xk and the outout 1s Y, this function will be of
the form

Y= F Y%, XS
The partial clasticity of substitution betw-cn Xz*%] do-s
not depend on Xg.

The partial 1lasticity of substitution between X ,X;
depends on X,; that betw en X ,¥,depends on X,

If the three inputs are capital(K), labour(L) and
raw matcrial(M), the weakly separable function 1is

Y=F{(K,L), M}

This implaics thot in the first stage of production
process, capital and labour sre combined to produce the
composite output V which, combin-d with M,leads to the
final output

Y=F (V, M)

'

Let 6;:;—3 be the ~lesticity of substitution botween

K and I in th- first stare CLS function

‘5’0 bl 9 "Vfo
Ve (OK 4 5K ).

It 6= ﬁ\ be the clasticity of substitution betw-en

V eand M at th-~ second stage CS function

A - Yo - oy,go - ~1/8
Y = [a06K "+ 5,0 °°) % oM ¥]
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This 1s very different from the highly restrictive

case of constant, <qual partial -lasticitics of substituticn
-t ~C ~ "l
Y= (fK + B,L F ) /

Th

[}

Sako two level CES function provides an alternatave
m¢ thod for purposes of compariscn in empirical work thouch
the amount of work involvsd 1s substantial. The constsncy of
elesticities belwern K and L and between V and M do-s not
nrcessarily rosult in ecqual partiel rlasticites of substitution
so thot the ratc of substitution between ¥ and any other
rnput can be found.

If @ = -1 1,c., the lasticity of substitution between
V and M 1s infinite, the twoe level C.S function reduces to

th- usual two input C”S function. As < tends to -1

=No %0 3~ 1/%0
Y o, [k ro, L% /8 + Ky M

- Ay M - - -1 /%
or Vv = ‘Y—;—’——‘ - (éiK $ 4 JIL g) /?
!

1)

If Q 1s infinite, ¢ = 0 and again we arrive at the
two input C.S function vhich can d¢scribce th thrc ainput

production proccss.

The CI'S Production Function with Variabe Returns to Scale

Instead of as-uming constant r.turns to scale 1t may
bec posciblc to assum. that point r turns tc scale are rolatod
teo output , as done by Soskice(1968). In that case, thc common
proccdur= for estimating thc clasticity of substitution may
bs 1nconsistent.

For the production function V = F (K,L), aszuming
th t the point returns te scele are a function of output, or
valu. added, say h (V), w. have, since dL/L =dK/K, thc point
returns to scal. given by

(av/dK) K/v = (aV/2K) K/V + (DV/LY L/V = h (V)
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T n(V) 1s surtably specified, s=avy 2 a cucir-lic
2
V¥, e nay write h(V) = a + a,.V + a V2, a “> a a,.
’ 0 1 27 1 0 2

If g numbers a CES isoquant 1n g = 3K1—1/6 + (1= )L1_1/6

we have
A&V fdgkK ,9%gL _
dg 3Ky *30 y] = n(V)

T 4 (1-1/6) SKTVE 4 (1-1/6 (1= 5116

V dg = h(V)

v g _ 2
1.e. (1 = 1/8) E T - aj + a1V + a2V

If o(,ﬁ are the roots of the guadratuc ao+a1V +a2V2
and 1nY\ 18 an arbitrary constant of integration, we
can write the solution

B - Qo

viv _(;n&[ _P“"’F: {5 K1—1/d+(1_ 5 )L1-1/5J1—1/r5
where a, 18 the returns to scale parameter i1n the usual
CFS fupction. The term beside V on the left, viz.
|V —u-ﬁlv —Pﬁ%p, acls as a deflator or inflator of V
depending on whether the actual returns to scale imply a
higher or lower level of output than that implicd by the
unchanging returns to scale a, -

Different specifications for h(V) would result in
other forms of production Tunctions wilh returns to scale
varying with output.The CLS case corresponds to h(V):aO.

Further, to obtain a consistent estimate of ¢, 1t 1s
usual to add 1n V as an additional i1ndependent variable to
the ACMS equation releting 1n V/L and 1ln w. This 1s valid
provided 1In w 1s orthogonal to the error vector and thais
moy nol be the case usually. The use of an appropriate
instrumental voriable may be helpful. Moreover,

1t also requircs the assumption of constant returas vo scale

to be made, If the returns to scal: are not
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constent and a, # o, a, £ o0 1nh (V), th r gr-ssion of
In V/L on 1n w and 1n V yields an 1inconsistent estiimate of 6.
With variables m-asurcd from their means, this equetion mey
be writton without a constant toerm,

In V/I,. = A1lnw + (1-6) au_-1 1In V

£, @c
friting ¥ = VIV - |- V=BI15P (V)

v oo
we havc, since %\{ = %——L;jj\; = w_;l\_g
In /L = 61lnw 2¥ 4+ (- gy %) |y
2V a
CoIn'V/L = 61ln w +(1-86) au -1 InV + & In 9 ,,_.
J Vv
-0 1] (V)
which involv-s two addltlonal varicbles, viz., 1n 2¥/aV.

and 1In @ (V) which are missing from the originel equation.
Now § (V) and a¥/V arc senerelly hichly corrclated with

V though th extent d.pends on the range of v.lu s of V.

If In w 1s orthogonal to 1n V, the omitted variebl:s do not

matter sipnificently.

Hilhorst's CUS Varistion

Hilhorst's(1971) CiS variation docs not require data
on factor pric=s. It 1s onough to h-v- info:metion about
relative factor shares,

Hilhorst ~1v s & more gencral formulction of the
C'S function

Vo (4T 4 (SK")'/°
which 1s homog -neous of degrce h/c 1f a = b = h. It 1s
lincarly hcmogencous when a = b = ¢ but nonhomogencous
wh'na=>¢#c.

1h. function mokes use of the optimisation result
that the enircpren urs aim at minimising cost per unit of

the product:



67

bt
2V/3K = b X
2V/aL T/w gg- =

Since, with qzaﬁtant igtufns to scale,
V=«L(1+,% )<

« L )V°

£ e Byt a K

and using, ;—(T?—) = w b T

2

(i/LKb/( 1+

by taking logarithms

and \i

1l

= -
O]

have two equations to estimete the parameters

These equations help us to t st the supposition
of minimum costs and the ffects of the size of the
steblishm nt on the usc of th-s inputs.

Lo cerry ocut the empirical work, a suitable 1teration

method may be used, For instence, we may first assume a = b.
From this a/c and b/c may be found approximately and the
y a » K w

+ - = = and 1 + % = £ calculated.

quantities  w L T

Hilhorst found the i1teration process -nding quickly.
Alternatively,writing the CJS formuletion in 1ts

usual notation

= g o= /8
V= YIok74+ (1-5)1°]

where » 1s the returns to scale varam-ter, wr may wrile
Vo Y [1+ L @m)* 1778

Assuming the equality of supply elasticities of labour

and capital, we have

VAL =x»w, V/2K = vr

that
S0 a 3Y/?k~ S (L;y+9" ¥
5 = T:—'é K T Tw
EV/LL . / L)_\,/g
We then have V = YO -8) L Crv TR/w
and In V = ]_nY.- "{, ]n('-é) PERN ’Y\ L “% 1“(|+fK/WL)

This relationship gives the valu=s of » .ndg.
d may be found by 1teration or by d-t rmining 1t cxogen ously.
with on~ of the several side relations of the CES function,

like 1n YK/WL = In é% + % In L/K.
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Kadiayalds (cneral Form

Kadiyala(1972) gives a form of production function
vhich may be considered as a direct generalisaticn of Colb
Douglas ond thz CLS functions. The variatility of the
resvlting elasticity of substitution 1s not confined to a
monotonic rise or fall with the inpvt ratioc as 1s 1lhe case
w1th the usual V'S5 functionsi 1t 1is syumetrical with respect
to the vvo endpecints of ithe .nput ratio and passcs
threugh maximum ond manirum stages.

The Radiyalu n 1nput case may be written
Vea[5S R4 z% So, RS Ag 17
where ZS -yLZLELLU In the two input case with L and I,
V= 4A (5K + 25,1 %'L' + SZLLK ;)/nghere S 423, 4+ d= 1
For nonneretive marginal producis and a hewogancous function
of degree one we rmust have §+ K%, = 2K

The funclion rzducas to the C .S form for 9,,=0, to the
Cobb Douglas form for - 0,4§,=0; tc Lu Fletcher VIS form for
3. =0 =nd to Sato Hoffman VTS forw for &,=C,

There zre moxinmuwr and winimuvm values nf elasticity of
substitution for {>0 -1.d for § < O, If the § exponcnts ore
unequzl, the function vould be dafficultl Lo use.

Veyer and Fadiyala(1974) conuctea -npiricel tests by
Fittins voricus constrained and unconstroiacd forms of prod-
uction functions to zgricultursl exp-riu nl dotsz. The Cohb
Dourlas, CT5 and Yadiy2la '‘uncticns were the thres alternative
forms used. Two sets of results were obtained onc with the
censtireint of constant returns to scale and the other without
the constraint. The nonconstant retucns to scale version gavc
a significantly better fii vhich was im»roved by movin- fron
the Cobb Dovglas to ith> CLS to the Yadiyala function. llonlinecr

estimation methols were used,
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Productivity R-laticns and Production Functions

We now consider some cxtensions of the producticn -
function forms beginning once agein with the Cobb Dou les
and C.S functions. The approach followed 1s not differrnt
from that 1n Llhrs section on the cas of Cobb Dougsles function.
Instead of dding only technical variables to the Cobb Dourlas
function, economic varicbl s will also be zdded to arrive at
som+ new forms which contain the esscnc= of both the Cobb
Dourlas end the C°S functions. The authors of the e¢xtensions
presented i1n this section heppen to have begun with th-
productivity instcad of th production function, for th-
dev lopmcnt of their forms.

Thrre 1s a good scope for the additicn of different
types of variebles 1n a productivity r letion and usin. 1t
for cmpiricel purpos s subject to the conomic validity of
the r-lctionship. The procedure 1s useful in carrying out
=xprrim-nts rcgardaing thc consequences of stecpwise addition
or substituticn of some factors beminning with any basic
productaivity rcJationship.

In view of the natur of our deta and th- availebility
of an adequate numbecr of variables 1t shculd be possible to
=Xp rimnt with scverel productivily relationships and arrive
at somr conveni-nt forms of production functions for our
purposc, We¢ have consider d the th-oreticcl d-velopment of
some of the forms though latcr for empirical work we have
sclected only a few.

Beginning with the Cobb Douglas and C S productivity
r<lations wc shall consid-r th functions d velop d by

Iu Fletcher(1968), Tsang and Yeung(1974). Vazquez ('971).
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The Cobb Dourlos function Vo = A K* 1P moy be written
as a productivity relation

v/ = A (k1) TP
or In V/I. = 1n A + o« 1n(K/L) + (= +p -1) 1In L

If the assumptions of prrf~ct competition and profit
maximisation are made, thc Cobb Douglas production function
leads to a productivity r<lation b=tween labour productivity
and the wage rate

V/I = mw
wherce m 1s a constant and w 1s the wage rete which 1is
~quatrd to th. marginsl productivity of labour. If th- steps
are retraced by substitutine w =f(x)~-x f' (x) where x = K/I,
we arrivc at the originel Cobb Douglas functicn.

Th- CI'S productivity rclation, as used cmpirically
by ACMS(1961), 1s given by V/I = m wb
where b 1s not confined to unity. This 1s usually writicn
and uscd in the log-form

Iny = a+blnw whirc e = 1nm, y =V/L

Th depend nce of V/L on K/L as in the Cobb Dougl s
relation and on w as 1n the C'S r-lation may b. used to consider
a joint @ p nd nce of V/L on both. Other possibilitics may
also b- inv stigated.

Hildcbrand and L#d(1965), in a study of two digit U.S.
industri_s noted that & better fit for*production function
could be obtaincd 1f som- key variables d termined the relation.
They suggested th= inclusion of K/L as an sdditional cxplanatory
arpumant in th- C7S function. Lu and Fletcher's (1968) VIS
production function was d rived from a lin-ar relation
betwo n V/L and K/L and w.

In V/I. = a + b1lnw+ c 1ln x where x = K/L (45
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This relation may be looked upon ss a bbknd of the CTS
sroductivity reletion In V/T = 2 4+ b In w and the
Cobb Douglas relation constrained by constant returns to
scale, In V/I = a' + b'ln K/L. %e may also visualise 1t
as obtained from one economic and onc¢ technical explonatory
factor in the ccme relation instecad of only one of the
two explanctory vaeriables. But this reletiion 1is neither
the Cobb Douglas nor i1ls gneralisstion, the CTS function
but includes both as special cascs. Grilliches(1967),
giving an alternctive statislical interpretation to
the relation and considering two equations(the Cobb
bouglas and the CES reletions given above) 1n the
system points out an 1dcentification problem here.

Ve now consider the production funciicon that nay
be ~erived from the relation (4b). It may be noted
thet the addition of any terms to lhe CTS preoductivaty
relation 1s likely to meke the clastiicity of substitution
varamel-r a varieble quantity. In other vords, the
resulting producticn function becomes a variable
elasticity of substitution(VFS) production function,
Cf course, the veriability of elasticity of substitution
can be brought sbout in other ways so that describing
a2 pnroduction funcition as 2 VIS function does not give

1t some evclusive gquality nol to be found elsewhere.
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The Lu Fletcher VES Productionfunction

In the Lu Fletcher relation (4b), where a,b,c are
constants, 1f we assumec homogencity of degree one, we
have, by substituting y for ¥/L and using the relations
v = f(x) = x £'(x) and r = £'(x),

Iny=1na+b1ln (y-xdy/dx) + ¢ In x
which, when SOlV”d results in the production function

- e Ay e

where @ 1s a concstant of integretion. If we write
Q= =1+ 1/b, 2= (1-8)"y" p= gy
we have V =Y[3K '+ (1 =57 (x/1y" Py VS

Txcept for the multiplicative factor associated waith L
this function hes the same form es the CLS function to which
1t reduc.s 1f ¢ = 0, It hes positive mercinal products,
downward sloping mar~-inal proifuct curv s over th relevant
rang-c of the inputs and homogen:ity of degre- one. The
variabl: clasticity of substitution varying with the
input ratio 1s given by

b - b
1T —cf/xf" T 1T -c 1T+ (£f=xf")/xf" )

W

8

b
- c( 1 + wh/rX)

it

under conditions of perf.ct competition. Lu and Fl=tcher
give a menag.abl: ecxpression for & as an explicit function of x.

b
-cf 1 + _'_‘d‘;é A xrr = o/ (bre=1)1"1]

By using sids conditions for marginel »roductivity end

celculating the average value of ng , the valu- of & at

any point on the 1soquant con be deraived.



The Tsang-Yeung(1974) Productivity Relation

The Lu Fletcher relation (4b) has w and X/L
as explanatory factors. Ve have looked upon this relation as
a blend of the restricted Cobb Douglas function and the
CES productivity relation. If we makc a blend of the

Cobb Douglas relation in the form

1la V/L = a2 + o«Iln K/L + (x+f=~1)In L
with the CES productivity relation, we find anotlier relation
with three explanatory factors, viz., w, K/L and L.
Alternetively, in the Lu Fletcher relation with
one technical and one economic factor, one more technical
factor I may be introduced on the ground that 1t does
not find adequate representetion in the Lu Fletcher
relation. What we have described as a blend was given
by Tsong and Yeung(1974) as a productivity reletion
between average productivity, wage rate, i1input ratio and
total labour

In V/L =1, a+ blnw+ c ln w/Lh_1 +d1ln L .

Without loss of generality, we may write
d = (h=1)(1-b) and then we have

Iny=1na+5b1ln wi™ 4+ ¢ 1n x
where y = V/Lh. If h = 1,then y = V/L.

If perfect competition 1s nol assumed and qV and WL
stand for the elasticities of product demand and labour
supply, respectively, we have

p = x'\pn W= p' ﬁh
where p and w are output and labour input prices

respectively,
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For meximum profitl conditicns

2V _ v /) w
‘BL - \+l/']v P

=mw, say, assuning p to bec constont.
If th- functien 1s homog neous of degree h,
mow = -B")/L( L’\y )=( h y - x dy/dx)L"™
Thus In y = 1In 2 + b In(hy - xdy/dx)/m + ¢ 1n x

or dy/dx = ( h - 2P m iiqu) y/x

Using the substitution z = y"”, the solution is
;—t -h( -1) 4;--’/b)_b> &(%.4)1-%
2= [ h(1—b) — ¢ 4'43 ]

where ﬁ 1s a constent of integration.
If we write h = -1 + 1/b

)

»

2" (1 -1 )
0(0' h(1 - b)-c

5= n( =1 + 1/b)
we arrive at
= x (ﬁ44n1d X )
The resulting production function 1is
-8 -3 "% Jh3
= ((ZK + AL (X/L) ] vhore .= ¢/b o= Ao m

Th. form res-mbles th2 C3S functien exc pt for
th™ multiplicative term in K/L associat.d w1th L. Th»
r-sulting term L1 = L (K/Lgdgmay be r-garded as a composite
labour variable associcted with canital intensity.

The Lu Fl: tcher producticn function has the same
form as the Tsang Yeung functicn b cause the latter as
derived from thr Lu Fletcher productivity r-lation viath
th. additional factor L which 1s absorbed in the exasting

L factor of the productavity r¢«letion, 1n th- proc:ss of

deriving the explicit rroducticen function



75

In this production function which 1s mor. of a firm
mod.l function, «concmic macnitudes lik praic-s and lasticaity s
hav~ b ¢n "xplicitly includ-d. It 1s homogcncous of decree h,
has positive and diminishin marginel products for certain
velues of the persmeters, varisble elasticities of substitu_tion
and varizbl. fecctor sheares. It includes as specizl csses,

the Cobt Douglas function

h 3 h-hgo/8 —h
v oo o oxh¥ g for f3 - o,r.:«”
and the CT'S functicn
- -5 ’}’/f
v o= [px + XL ] for ¢ = O

Und r conditions of p-rf-ct competition, of may be replaced by
Ay sincc ;thrnm = 1,

It mov not be quite useful to introduce more factors
into the log linear productivity relation because the number
of the av 11able different fectors 1s smell ond the ~ff-.ct of
any additional fectors mcy be contained in the existing factors.
There 1s the risk of multicollinraraity toc. It was also nolic.d
that the empirical results obtained from the use of successive
productivity relations stopped showing any improvements when
we r-ached thr Tsang Y une production functioen which added
li1ttle to the r.sults.

There does not s. m to be much scope beyond the use
of & few 1mportant technicsl and economic vari~bles in the

productivity reletion,

Vazquez(1971) Iin-ar Productivity Relation

V. may now consider 2 varaiation in the Lu-Fletcher
form by teking a linear productivity relation(withoul using
lo .er1thms) 1nstead of o log linear productivity rel tion.
If we assume a linear relationship bctwe=n V/L, w and x
under condition of perfect competition

V/ L =a +bw+cy
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we have v = a + b(y - x dy/dx) + cx

ot
vhose solution 1s given by y = x(Ax "+ ¢) + a/(1-Db)
where A 15 a constaent of i1nt gretion.

The explicit form of the production function is

!

i-p L
VeAK 1P+ 21+ cK

The marginal productivitics are giv n by

vV o _ $—1

%T. - AZ (K/L) * oy ‘_%b
AV - pabt (KLY P, o«
2K b

which are positiv- for any value of XK/L with a<0, c>0.
If this production function 1s homog nzous of d gree

one, the clasticity c¢f substituticn depends on the input rofio

A = Y (xy' -y)
Xy.y-"

\t

(2 + (b=1)y +cx)( vy — 2 = cx)
(b=-1)y(y-cx) +ay

The function reduces to thec Cobb Douglas form if

a =0=c, If only ¢ = O we have Bruno's model
nl !

V=LKL -%L with 6= 1 - aL/V,

It

"

If only a= O, we hove
]

bl
[

V = » K’LP+ cK  with 6 =1 - cK/(1=-p)V.

If b>1, ¢>0, thné1s always grester than unity.
As V/L incrcascs, § monolonically anproach s unity from above,
If c<0, 6 1s always less than unity and menotonically

approaches unity from bzlow zs V/L increesecs.

Th= linrar productivity rclotion -1ven above 1s
gquite intcresting b caus: 1t can b: hendl d without any
trensformation ond 1t off - rs a2 slreai-htforward ¢.ncralis=iion
of the Cobb Douglas form. In addition 1t offers o nolural
vxlznsion of th- Brunc function which on 1ts own m~y be

consid-r-d rathcr asymm tricel between inputs. But 1t ais
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not morc -~encrel then the Lu-Fletch r productivity
rzlation b.cauce 11 dors not includ: the CES function as
. perticul-r case, So fer as th- fit 1s concerncd w.
found there was nothing to choosc betwon the two from
ths point of viww of our data the lineer as wcll as the
log lainecar productivity r-lations both gave us similar
fits. Betwcon the two we pr fer the lu-TFlctch.r reletion
which th rofor~, wr hsve used emplrically in detail,

* x * *

This section on productiv, ity relations may be looked
upon as an extcensicn of the sections on the Cobb Douglas
as well as the C'S functions. Becsuse of 1ts convenience,
the use of productivity relations 1s a common feature
of production function studies. We have considered above
a few extensions of the CFS productivity relrtioans.
Depending on the imnortance and ihe need fcr inclusion,
more variables may be added 1o an e 1sting relaticn.

For instance, 1f 1t 1s known that (1n K/L)2 can play a
significant explanatory explanatory role, the Lu Fletcher
productivity relaticn may be extended to be 1n the form
InV/L =a+blnw+clnF/T +d(in X/T)%, though 1t 1s
not lakely that 1t mav helmn much. However, a prorer explicit
form of nmroduction function cannot be derived from this
rclation

Txlensicns of other productivity relations may

he obtained cn similsar lines but their value would lais

in their ecorcmic validity.
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Vi3 Froduction Functions derived [vom lasticity of

Substitution Relation

ITxtensions of production function forms may be made
b the use of the elasticity of substitution which 1s assum:d
1o haove a functional relationship with the input ratio or
some other factor. This mode of doerivation of production
function forms 1s hased on the arsumeat tnat a constant or
unlitary elesticity of substitution 1s not a v ry realistic
acsumption.

The form of production function resulting from the
relation between 6 and th= input ratio depends on the type
of assumed reletion., MNoreover, there are two poscsibilities in
the case of a two input function with ¥ and I inputs. One
mey as-ume 6 to lepend on K/L or L/K., In either case, we
do sway with the tacit assumption of Cobb Douglas and CIS
funclions waich regquire some kind of fived technical substi-
tution botween inputs.

“"hile 1t 1s difficult to predict the behaviour of
elesticity of substitution in practical cases 1t 1s cortainly
ros 1blz to derive some conclusions from observed results,
Instzad of assuming 4 to be zzro (“arrod Domar) or unity
(Cobb Doigl-s) or infinity (straight line isoquani) or
even a constanit between zero and infinity (CLS function), 1t
mzy be useful to ascumz that 6 varies with the input retaio.
Several possibilities mcy be considered.

6 1s small at low input ratios, rising as the ratio
rises, reaches 8 moxinum and decreases at a certein valus

of the i1nput ratio.
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Cr, ¢ may b. hi;h et low input rstios, fa1i1n~
with a ris<c in the rstio.

Alternatively, 6 1s small at low input ratios
and incr ascs as thc ratio rises. A may b. assumcd to
vary with any other factor or factors providcd such a
variation can be economically justified.

Unfortunatcly 21t 1s not ~asy to incorporatc various
quzlities cxpectcd of th- paramecter 4 in th: some function.
Attempts have be n mede in thr literature to deal with
simpler cases.

‘mpirically, 1f & 1s found not to vary sirnifi-
cantly with capital deepening the validaty of the C 5
function follows. Eut the constazacy of elasticily of
substitution 1s not a characteristic of the real world
1t 1s counteraintuitive. This has 1:=zd to a scarch for
suitabl: functions with veri.bl. elasticity of substitution.

£s arly as 1931, Hicks, 1n his Theory of Wages emphasised

that clasticity of substitution increas.d with an increase
1n capital and that should result in thc making and
adopting of a leboursaving inveéntion. £ functional relation
between elasticity of substitution and capital labour
ratio was impli-d 1n Hicks’, sug cstion.

The concz=pt of a vsriabls clisticity of substitution
(VTS) production functicn 1f confined to a particular
function 1s not quitc viable inasmuch as any production
function which a1s not a2 C:iS function 1s, by definition a
V.S function for which #n infinity of possibiliti~s can be
discovered., Moreover a VIS function, in the senge in whiach

1t 1s bring understood, just allows for on-'s unwillingness



to ascume constancy along an isoquant. In that case,

one should be esqually unwilling to assume constancy
along 8 ray, this 1s the approsch of the homothetic
production functions. But what 1s needed 1s an algebraic
form which 1s sufficiently general, lincar xn parameters
and coanvenaenl to estimate. The VIS functions, derived
w1th the help of the elasticity of substitution relation
do not necessarily nosscss these qualities. However,
depending on the assumptions made about the =2lasticity of
substitiLtion, some of these qualities may be introduced
into the functions that are derived.

We will arrive at some known forms of production
functions by paving different values to the elasticity of
substitution. The VES functions will result by assuming thet
1t 1s depend.nt on the capitzl labour ratio,K/L. ACHMS(1961),
in their study of the CIS function, suggest such s depen-
dence. Wise aad Yeh(1965), in their inter-country study of
wage and productivity differentials find that the elasticity
of substitution increases to & certain point above unity as
K/L increases and to less than unity as K/L decreases.

We wi1ll considcr the forms developed by Sato(1965)
and Revenkar(1271). A more general form will also be given.
The felloving formula will be found to be conveni.nt to

derive the forms referred to above,

Yy — vyl
¢ .- vy - xy')

.

If 1t 1s assumed that 6= 0, we have y/x = y' .
This leads to y=Ax, where A 1s a constant of inlegration.

Since x=K/L, y=V/L, this relation may be written V = AK,
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Anoth r possible solution 1s V = BL 1f the formula
for =lasticily of substitution us s 1/x = L/K instead
of x = K/L. Th- complete solution 1s the lincar production
function:

V = A K + B 1L, with positive and constant
merginal products. If the rquations V.= A K and V = BL
ar> both true or only on' has m aning, wr have the Leontief
fixed proportions casc

V = mm (Ak, 8L).

If S 1, we have th diff.rentiel equation

¥ yyx =3y = 0
whos- solution 1s y = A X or V/L = A (K/IJd
which 1s the Cobb Jouglas function.

Th assumption 6 = a constant and the resulting
diff-r ntial cquation y" + Y¥/&x - \J'L/G’B = 0
lead to thes CZS function.

Sato(1965) deriv d th- =xplicit forms of som. V.S
production functionsunder the assumptions of perfect

competition and constant tcchnology. Let th clasticity

of substitution b. assumed to bo « lincar funciion of x =K/L,

) ?
1.¢., Alx) = zféé::%L) = & + b Six)Y >0
vY x =KL, y=V/k

Substituting u = y/y',

' - )=
we have —mmmm @ F o0——ro

aw (o4 bl\.) n -
. :
or In (u-x) = L g +e
e - % :c,<..—-”* )'/“
Atbi

¢c>C Dbrcause u - X = marginal rate of substitution > C.
Writing A for™arbitrary censtanl

adx
a — s V& A)o
I b i
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If an explicit solution 1s desired for the
above expression then a simplificetion may be i1ntroduced
by assuming a to be a retional number equsl 1o n/n
vhere mn,m are positive integers. Giving suitable
values to a, a voriety of forms of production functions
can be generated. Only some of these forms may be useful
in practice.

We consider now some Torms of VES functions.

A generalisation 1s 2lso suggested.

Revankar's VI'S production function, although a
particular case of Sato(1965), was 1introduced independently
and may be considered in 1ts own right. Revankar(1969)
makes the asaumption that the elasticity of substitution 1is
a function of the capital labour retio

(%) = 1 + bx where x = K/L.

This allows a test of the null hypothesis b = 0 to find
1f the function should be a Cobb Douglas function.

The explicit form of the production function is

given by
- 4
vo Yx'"8 1+ g-1k]
where D = 11;2 . The parameters é and § are affected

by the units of measuremznt so that 1t is always possible
to secure the condition 0 < 3 <1 as a matter of
convention,

To cnsure that

-4
1- 3%
the restriction 1is L/K

6 =1 +
-8

—

1—a%

Revankar's function can be modifi<d to be one with

K/L = 0©
P2

homogznerty of degree N
!

Y
v (x"0%) [ 14 -1x] .
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Th C7S function cannot b derav d from Revanker's
VES funclion. The lott-r 1s morc general, howsver, 1in
thet, as against a constant ~lesticity of substitution
ind -p: ndent of the 1level of output, at all points of an
1soquent, 1t has the subsiitution parametsr constant only
along a ray whils varyins elong an 1isoquent.
If we wrate Ly = L + (% -1) K
thr functiion becomcs

_s
v - YK\’(' 3) L,

which means that th- use of L instead of Lj in the Cobb

-

Yo §

Douglas function involve~s sp cification zrror. VWith
R £ 1, Iy mey b: regarded as a compositc labour input
in th cont-xt of th. Cobb Dougles function.
»v(1-38) 38
Alt rn.tively, writine Vo o= Y\A(K/L) K L
4
where A(K/I) = [1 +(g-1) £/2]”°%
w2 may compars 11 with

1O -88) Yo s
ﬁ K)—(l S 1 .

V =
Ravenkar's function sztisfi=s th. prop rties of =

ncoclassical production function

BV/OK = (1 = 33)V/E +338 (R - 1)V/[L+(y-1)K) = ©
PV/L = v V/[L+(k-1)K] > ©
_ - X! =48 L a1/s) > 0

\/s =ifiRS = 55 7 T3q K O S0

The factor shareéﬂésymm trical and nonconstant.

They depend on the input ratio.

[P
_ ok 3y o oo Mos
Sp= v =K = (1-58) + g %&
© =% % * Twnk

Revanker's VES function includ-s as sp cial cases

Harrod Domar case: for § = 0, V = AK

$0-8) 4
rPK L

¥
%[u:f (-3>x J

Cobb' Douglas function* for=1, V

f

The St.Linc Isoquant fn.: for%;ﬁ, v
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Sato and Hoffman(1968) using the definition of
elasticity of substiitution, derive a workable form of

production function.

Swe <o YL (¥ = xy')
¢ 4= - xyy"
An
N = A expj‘:s';‘ﬂr” = A expj\f(x) dx , say.

—

S

To solve this 1t 1t necessary to gel an explicat
intesration result for f\y(y) dx., 1If S, (x) stands for
labour shere, assume \+ (x) = Slofx .

Let Sy (x) br a lincar function of x

51, (x) = ax + x
thew V(%)
y

a + 1

]

! eéx }(b

I

Thus , by meking suitabl. assumptions esbout an
expression wnvolving K/L for & , 1t 1s possible to
generat- a vericty of forms of production functions.
This form nemely, ¥y =R xb 1s very casy to hendle
and 1s uscful providcd the assumptitions associat<-d with
1t ar- justificd. Th- asczumptions giv n above, viz.,
N (x) = Sy, (x)/ x and Sy, (¥) = ax + X have been made
only to arrive at s simplc form for ih-2 production function.
Sato and Hoffman fitt-d this VIS function to U.S.

and Japan tim- serirs data and found r:sults which wcre

mor satisfactory than thosc obtaincd from the Cobt Douglas er

CTS function.

Th. dep-ndrnc:- of € on K/L hes b>-n justifird on
theorctical as wrll as empiriczl srounds. We hav- noted
thet Hicks sug-csted such a d pendcnce es early as 1931

in his Theory of «ages. Althou~h ACMS(1961) th mselvcs

didnot mek~ usc of such a connection they did suggest 1t.
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As noted esrlier(see p.78), no definilc rule about
the behaviour ofd with ¥/I has been noticed. On ihe same
lines, we may expect the devendence of 4 on L/K, with the
behaviour of &, with changis in L/K not following any
definite rule. Since a high K/L implies a low L/K, 1t 1s
usual to ithink th-t a r-lstion with one 1mvlics an inverse
relation with the cther. This may not be so i1n practice.

It mey pe surmised th.t 4 depends on both vhou, h not
necessarily symmetrically and that th. reaction of § to
changes 1n K/L need not obviate 1ts recction to changes 1n
L/K. In other words, 1t 1s sugrested thet the ccpital
intensity and labour intensity may not have any pr-dictable
inverse (Iffects on elssticity of subsiitution. The substi-
tution of cenitel for labour is a graduel process which hes
been g¢oing on for centuries. Ire substitution of labour for
cepitel 1s relatively an uncommon phenomenon, 11 tak-ss place
sometimes under certain circumsiances and in a manner,
usually different from 1het of the substit tion of cepital
for labour.

Tt may be useful to modify the assumption of &
dcpending on K/I alone. To avoid more ¢ mplicated rclations,
let us assume ¢ lirear rel:-tion beticen 6 end the two retics
F/L and L/E, in the form

3 a + bK/L + ¢ L/k

il

= a+bx +c/x vhere ¥ = L/I
whcre a,b,c are un¥nown guantities end need to be determined.
From this relaticon 1t 1s possable to arrive at an
explicit Tform of production function 1T ve use the deflz=-

nition of :lasticitvy of substitution


http://pla.ce

6 = _x'y “'XV') = 2 + bx + c/x
Xyy

which nay be viritten

(c + ax + bXZ)(y”/y) - x(y‘/y)2 +y'/y =0
or {(c + ax + bXZ)(1—3lﬁ - ¥+ 1/u=0 vhereu=y'/y.
! do
If vwe write § = - JE?:;:Q;} , Ve have
a_ 2% = eﬁ + X e¢ ag/dax
dx u
— 1
v'/vy =[x+ Be ﬁ(x)]
A
Hence N = A exp f x,+|3e’¢“9

whecre A, B are arbitrary constants. For an explicil solution

ve must have an exrlict solulion for P(x). We have

f{x) = _ 2 - tan _Eﬂé_i_g_§ 1f 4adb > 02
& 4dab - c“ & 1ab - ¢
= 2/(2ax% +c) 1if 4ab = 2
- _ 1 1n 2ax+c- /c2=4ab  1f 4ab < c°
J ¢ = 4ab 2ax+c+ Jcl-4ab

2
Concentrating on the last csse with 4ab<«c” aand substituting

a,= — c-/Egzzaﬁ,h>= c+ JEEZZE% , ¢ = 1
JcZ —4ab
<
we get -0 (x) = 1n %—E—%&
so that y = A exp“:l - B(Ei;&fo)cgj-]dx
.
= & evpf ,Lf’,:;;f:;&,j T,

= A expj‘%%%% dx , seoy,

where T(x), R(x) ars polvnomiais of a degrec which will be
assumed to be an integer as the non-integer case cannot be
solved.

The scluticn may be written

y = A(y - ¥, )FXX "0";,)‘?1..(}( -—7‘")

fn

%6
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where oy, ™, -,%, are the roots of R(x) and none of the roots
1s repeated so thet P(x)/R(x) = %%ﬁn/(x-au)

If &, ,,...,00 are repeated roots such that Wl is
My

™,
repeated m times, 1 = 1,2,...,n, then R(x) =(x-2,)...(x-x»)

and . T(x)/R(x) =E T B /(x %) so that
S 1

fls 3 5 Py 5 In(x-% ) + 1n A
I i rn s U I U

where 1In A 15 a ccnstant of integration. WVriting ﬁ11 = ﬁl,

we have the explicit solution given by
N my M
Y= A {expEE LY (xma )1 P (0 —a
g by 1 o 1
If we write %ﬂx) =(x-al) P(x)/R(x) and 1ts £ gep1-
vative 1s denoted by y(t)

]
(3-1)
B = ) ()
IR (m - 1)1

, we can faind

.

R(x) has repeated roots 1f R(x) and R{x) have a common
root. For instence, repeatecd roots are possible 1f a, = bo’ l.e.
(¢ - JCZ- 4ab )/2a = (c + chu 4ab )/?a or ¢? = 4ab,

If each mJ=1, the simple case of nonrepeated roots follows.
Assuring nonrepested roots and substituting x = K/L, we get
the production relation

vV = AL(K/L—P(1sI(Ix/L—%)T..(K/L— « )
The expression V/I = A'ﬁ;(K/L - &l )P~ 18 a polynomial in K/L
of degree %hﬁt.

If all the roois are equal or 1f there 1s a single root
the expression r-duces to the form V/L = A(K/L —”X)ﬁ which 1s
a polynomial of degree P in K/L. This 1s the simplest
expression that may be arrived at for practical work unless
X = C 1n which case 31t 1s reduced to the Cobb Douglas form
with constant returns to scale. In this form, X may be

considered as a corrcction factor for K/L.
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The production relation

&

V/L = & (K/L -%) (4)

&

satisfies neoclassical requirements 1f 0 < —~< 1, so that

20~ X
_ fx . B
AV/AL = (1 - = YV/IL > 03 2V/2K = —— V/K > 0.

The MRS 1s given by s = J;?L b “/? so that the elasticity
of substiution 1s a function of 1/x 1n this simple case-*

s —1-T‘-§F

L
p o

which implies a=1,b=0,c= —f%ﬁ , and

re
[

which reduces to =1 1f &= 0,

The estimation of the relation (A) requires the use of
nonlinear regression technigue unless the value of X 1s Ynown.
I1 shculd be possible to estimate the relation more easily if
X (or )%,&2,...,un in the n-root case) can be found. This may
be done by estimating a,b and c first.

One way of estimating a,b,c 1s by the method of ordinary
least squares. Assuming that the production relation y = y(x)
1s a polynomial 1n x, 1t 1s possible to obtain approximcte
numcrical valu¢s of the derivatives y' and y" witan the help
of data on x and y. If the n sets of values of x,y,y',y" are
substituted in the formula for ¢, the corresponding n valuss
of dl are obtained. From the rclation

§, =a+ bx + c/xJ 1=1,2,...,n
a,b,c may be estimst~d by ordinary lecast sguares.

The production relation developed in this section 1s
given as an 1nterestiing extension possibilaty. There nay be

a lot of ccemputational work here,
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Inspit of th~ i1nadequacy of the V5 functions the
elesticity of substitution paremeter r-ceiv:d ample attention.
It r sulted 1n somc i1nt resting forms of production functions.
The lit.rature dous not have many cases of =stimation of
the entir: paramct r set of any important functional forms.
ACMS(1961) did 1t in their scminal papcr but 1t was don-
in very fewempirical studies itherecaftcer, Perhaps this was
because of the¢ difficulties associated with theair 2staimation
and also b-cause th: production function phenomenon scems
to have rvolved in a manncr that doses not allow on~ to go
far. ‘ivery_thing secms to rcvolve around a fcw chosen
concepts ani so much labour has gone into the study of the=
basis of these concepts that 1t has beccome difficult to
give them up in spite of meny failures. The paramsters
themselves happen to have been defined in such a way that
many hypotheses can be t-sted even without estimating some

of th- paramcters.

The C&S vs V.OS Apvproximations

Th. Second ordcr &pproximations of the CS & ViS Functions

Both thr C.5 and VuiS functions are nonlinear in
parameirrs., Nonlinzar cstimctiion methods uscd to .stimate
the p:zramet rs are unccrtain and difficult to handle so
that some indircct m-thods bas-d on strong assumptions or
approximations havs to be uscd though the resultings esti-
mat-s are not nccessarily reliable., For instancc, The Cu
function 1s som~times roplaced by Kmenta approximation.

As shown by Maddala and Kadane(1967), by the use of

Monte Carlo methods, this proc dur: do.s not r:sult in



90

relieble cstimetes of the =lasticity of substitution
although 1t givers r=liable estimates of th: r turns to
scal= param=t r. Again, the usc of th popular producti-
vity-weg< r-lationship, instcad of the proper C S function,
1s becsed on somr strong assumptions.

Th =~stimation of the pzrametrrs of the V'S functicn
involv~s us 1n difficulties similer to thos. of th- C.S
function. Although the V.S function 1is cxp.cted to be
sup-rior to the CJS in som- r sp cts, Corbo(1974) hss
shown that thr se=cond order apnroximations of both the C:S
and V.S functions have the same form which, wh:n consider d
as an aprroximetion of the V'S function 1s, 1n Zoneral,
sup -rior toc th approximation of the CTS function.
Accordaing to Corbo, 1t 15 not proper to use the Kmocnta
approximation to "makc inferencrs with resp ct to parameters
of 2 CTS function without stron. indepcndent cvid nce that
th= true production mod 1 1s inu~cd a CwS function."
Km nt=2(1967) also obscrv-s that 1f a function f, 1s an
aprroximation to fa, what i1s rclcvent i1s how well 1
approximates f2 within some renge of practical importance.

£Fllowing for nonconstant returns to scale, the CLS
function 1s [iven by

~5 V8

The Bruno form of the VIS function may be vritten
-3 -30-m) - mg Y/
= (-3 L K ! =K
v = Y[SK '» ] vY >0, xzK >0
0<5<”g )—'
S4+0-3)50"5, 0

The Taylor series expansion u»n to the second order

tzrm of each around Q>= 0 1s given by
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CS 1n V 2

1l

In{ + »51n ¥ +v(1-8) 1n LM36+H)(1n ¥-1n T)

VES In V = In Y + Y[8+m (1-3)]1n K- v (1-8)(m-1) 1n L

-1 795(1—5)(m—1)2 (1n XK-1n 1)2

As the two cxpressions heve thc same common form,
thr CUS expression c.nnot b2 used to estimate the coefficients
of a CILS function without 2 priori information th-1 the CIS
1s 1ndeecd the true model., If this common form 1is
Iny =1In V/I = 1laY + Y}]n b4 +Y;(ln x)2 , x = K/L
there 1s the problem of multicollincaril: 1f x, 1lhe capital
labour ratio 1s limated 1n range. & high correlation between
In % end (In X)Z may imply their varyinc inv:ersely with
esch other and lerge standerd errors of coefficients.

A1l VFS functions dc not necessarilvy have the same
r«sultant epprovimeiion as thal for the CIS function. The
Bruno VIS ferm approximates to the Kmenta form, os roted above
beceuse the CrS function 1s a special cas=s of Brino function
oand 1s nested within 1t. It may not be nestewd vithin some
other VI'S functions. Sce Harvey(1977). A Taylor scries
exnension around § =1 of Revenkar VI'S function

v YU 4 (- 1) IV
results in*In ydln)f+(V—1)ln I +2(1=-8)1n x + g (§-1)x
which 1s different from the Kmente approximstion in that 1t
has & term in ¥ instead of (1n X)2 and enables an indarect
estimatbenof all the parameters. As in the case of Kmenta
approximation, the significance of the coefficient of x
allows a test of the hypothesis that the truc function is

of the Cobb Douglaes form,
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Returns to Scele varyving with Cut - vi. Jomothetic Production

Functions

The rate of relurns to scal?> mcy or may nol vary
with tas output level., “hen 1t vories 1unversly vith the
output, th orptimum l:vel of »roduction can bes dctermined.
""hen 11 1s constant which hoppens vthen the piroduction
function 1s homogeneous of depree one, th= ortimum production
level dozxs not cxist.

Ir Lthe rate of resturns to sc le veries directly with
the output level the c¢ptaimum production level may still bs
found for the whole data. In this case 1t vould be some
Find of everage of the roint returns to scale over diaficrent
output levels and thz production function 1s nc more homo-
geneous. 1f, in such a cass, a homogencous production
funclion 1s assumed, th-> nature of c¢rr-or will depend on the
extent to which point returns to scele vary with output.

Homathetic production functions, introduced by “hLephard
(1953) provide a useful framework of production processes

As applied to the two input cecse, homotheticity implies
the constancy and uniqucnes: of the slopes of the i1soguants
along a ray from the origin. The elasticity of subsiitution
15 constant along a ray but not necessarily so clon an 1soquant.
I'o assumption about the elasticitly of subslitution ne~ds to
be made 1f the homotheticily prop.rty 1s to mcasure varying
rcturns to scale of a production process.

Homothcticity 1s @ geometraic properly. For the enlixe

class of functions related to an und-rlying function,



93

1t 1s us~ful to study production b<haviour bascd on the
pres—rvation of th- homothrticity of the isoquant mep.

Thus we can scpareile the variations in the output
1 v 1 from th elasticity of subsiitulion charact-ristics
of und rlying production functions. Homogcneous functions
ar- a subset of the homothotic functions.

I1 1s lozaical to us ™ homothetic functions which can
off r both nonverichility in r turns to scele as wcll as
2lasticity of substitution. Often 1t 1s difficult to
justify th- us of a function likc th- CiS which allows
nonveriabl: elosticity of substitution and constant r turns
to scale even though th. U-shaped lonc-run average cost curves
n-¢ ssarily imply varisble r. turns to sccle,

A producticn function

V = F (X Xgy00., fn) V2> O
for vhaich output incr-ases stecadily as one moves from thc
origin to the input specr, 1is homothctic 1f c¢v ry 1isoquent
15 a radial blow up of .v.ry other isoquant. All 1soquents
ar> rel~t-d by transformations homothctic to the orioin.
Homoth: ticity 1s a prop rty of th- isoquants and 1c not
affrct~d by th. output labels attech:zd to them. No ray
from th origin cen i1int rs~ct any 1isoquant mor: then oncc.

If F 1s homothotic so eare g (F) and h (g):hig(F)}
wh rc g an h aro order prrscrvings iransformstions. H.re
1t mey b~ noted that = (F) 1s homothctic 1f and only af
F 1s homor .n ous.

Lcocaan 1f F is homoson-ous of d precy, then
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That 1< , 1n the homothetic production function, the
marginal rate of substitulion i1s independent of A, the
scale of nroduction. This mesnsthat the el-sticity of
substitution 1s constant <lcne a ray from the oriocin but
may nol be constant 2long an 1soquant,or, that, along a ray
from the origin, the slopes of the 1soquants are unique and
equel. The unique relation s =% (K/L) beilween the slopes
of the 1soquarnts 'nd the slopec of the ray intersecting 1t
(which 1s the input ratio), 1s a diflferential equation

of the first order which leeds to the homothetic function

V = ¢ (F(&, 1)

Compared to the homozeneous functions, homothetic
functions hove the adventace that they reflect variable
returns to scale varying with output i1n 2 production process
“ven technical progress occuring in various forms can be
tegted with the help of howothetic functlions. Homolheticaty
implies. an even distribulion of returns to scele among all
the inputs.

It can bc easily seen thal any homogencous function
15 homothetic . This folliows 1f we prove s 1s 3 fyrction
of K/1 omly.

4 homogeneous vroduction fimction of de_r=ze h mty be writen

Vv = F (K, L)

"o (x/1)

- -t
Since K - 17 £’ emd FL = I (nf =(K/LYf7),

we have the m rginsl ralte of technical substitution

7L/ Fg = b £/’ - X/L

Y (X/L )

1.e. the MRTS 1s a function of K/L onlv. For a homothetic

0]
1

It
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function the MRTS 1s constant elong a ray from th- origin.

Clcmhout(1968), Mcy r(197C) and Zcllner-Ravankar
(1969) heve developed some forms of homothetic production
functions.

Zcllner and Ravankar(1969) show that -ny necoclassical
production function with -°n arbiirsry dcgr-c of homogen-ity
and constent or veriabl- returnséscale can be transformed
into another nroclassical gen~ralised produciion function
(GPF) with®Same clasticity of substitution and with the
rcturns to scale varicbl . and satisfying a prsassigned
reletionship to th 1ev-1 of output. Clemhouts(1968) homoth &
tic 1soquant production function(HIPF) assumes homotheticity
rather than +thc more restrictive homogencity of th: production
function. The 1d=a 1n each case and particulerly in th-
casr of Z.11lncr and Ravank~r functlions 1s thet c-:rtain
fsatur-s of th. n~oclassical production functions are rctained
and used to form = ncw production function with varying
r>turns to scale., Th- n-w functions, GPF, exhibit = wide
vari-ty of the beshaviour of returns to scale and can be
us~d to r-concile the factor share controversy.

The GPF cannot bz used at th- micro level, b cause
1t do¢s not obry the low of variable proportions, with
th consequenc- that thce inh rent micro production functions
remain unknovn., It may still be used on dats with a low=ar
degree of afr regation. Purcly micro data are difficult to

obtzin in prectace,
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-eneraligcd Production FTunciion

Zellner and Ravenksr's (1968) scnecralised production
function (G P F ) results from the tronsformation of - neo-
classical production function with consteant or voriable
elrsticity of substitution i1nto a neoclassical & T F wih
the same elacticily of substitution and variable retlurns
to scalc satisfyinyg 2 preassisned relationship to the lcvel
of output. I=t the ncoclassic2l rroduction function in
two inputs , B ( K, L ) be of ¢n arbitrary de ree of
ncmosenc ity Let

V = g (F) , £ (0) =0, deg/df >0 for £ 2 O
(de /AF)@¥/aL)~>o
(dg / aP)(AF /AK)>o

so that av / dL
av / ax

o (¥) 18 2 continuous , positive , monotomic i1ncreasing
function end has the same ~lesticity of substiftution as ¥ .
It was called & homothcetic production function by Shephord
(1953) and 1ts potential as a variable returns to sca'e
function wes reveoled bv Zellner and Reav - nkar.

V = g (F) setisfies the ncoclascsical conaitions

for a production function.

Th~ MRS for this function 1s 1ven by
\ ‘ '3)# £
s = ()‘)/UL —_ -I:_: DL o BE:/EL
/K Aiar T L E/3K

dF BJr //

v Het b e logk oy of Qo by bafh v is

_os dx
((_7(.57‘.5

which 1s the sem as th)t for F(X,L), the underlying function

since s 2nd x are the ssme for both.
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For a preossigned returns to scale function €(V), we
have, by Tuler's theorem
Ve(V) = L2 +x ¢ 5
- Ag (L K
where F 1s assumed to be homogenecous of degree €,
s (Av/aR)E/v = E(V)
whose solution gives the production function V = g(F).
For the GPF, factor shares depsnd on the output,
the input retio and th- elasticity of substitution.

If perfect competition prevails

},\{;Lﬂ oF
2L JF AL

The labour share of V = g(F) 1s given by

W =

s, =_LavV _ F dg L 2F

L V3L -~ ¥V & TF 3L

_Ew)
where % 1s the labcur share of F(X,L).
-/
~% 3
For example, 1f F ='Y[3’K +(1-3)1 ] o= ﬁ%
[} _ ~ iy

S = (1= 7v/e) R ys

L w G|

Thus S, depends on V, K/L, ¢ and oth-r factors.

For €~ 1, S, falls as V and K/L inrease.

For 0 <s<1, 5, rises to a maximum and then

falls as V and K/L increase.

The GPF embcdies veriable returns to scale ard
allows for a varied behaviour of factor shares.

Zellner and Revankar(1969) apply to crossscction
data the GIF resulting from

Sy TR
where o =o'h, h = (1-b'6'Y} 6 = 6*h; «,b' > O, b'6'< 1,
If 6> 0,(V) falls from o (at V=0) to zero(as V - = )
If 6<0,¢v)rises from o« (at V=0) to o'(at V=b) tom(as V > -4)

If e =0, €(V) =«, a constent.
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If we solve the cquation
dv _aF _h _
v F 1 + 6V

we get vesY - c“Fk where ck 1s a constent of integration.
If F 1s of the Cobb Douglas form: I = AfK“%fgﬁr y, with returns
to scale d', we have

v Vo rETR* 0<a<t; b,k >0
or InV+067V=1In4+ X(1-8)InK + «1n L = u,
where the error t.rms wu, are normally and indcependently
distrabuted with zero mean and constant variance and
In K, In L are independent of u .

The parameters may be ~stimated by the maximum
likelihood method. Zellner and Revankar found returns to
scal~ varying with output for 1957 state d-ta for U.S5,.
transportation equipment industry.

Nerlove(1963) suggested the form

InV+67V = xlnK/L + ﬂ In L
with the scale elasticity given by ¢ (V) =‘F;§¥

Ringsted's(1971) preassigned rcturns to scale
€(V) = ¢ln 6/V, @ >V, along with an undzrlying Cobb Douglas
function, F = A KML{3 , leads to

v

{i

6 esff- 4 KJL-F,} where o’=ah, f'=gh
#+@=n(«+p) = he¢

En 1nfinite numb r of algebraic forms can be used to
estimate a production function. Clemhout(1968) 1s not satis-
fied with the haighly restrictive economic assumptions made
in the available forms and suggests a homothetic isoquant
production function(HIPF) which allows variable returns to
scale., The underlying function 1s homogen-ous but the trans-

formation allows any form for the production function.
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Th: function mckes us- of th. prop rty of homoth ticity
that th- slone of an 1soquant along 2 given ray from th
origin 1s a function of th- slopz of that ray. Thus any
ecconomies or discconomi-s that arise are of the neutral
type.

Let F(K,L) b- a n: oclassicel production function
homc,*n-ous of d<gre+~ of onc. The goncral form of th
homoth: tic function may bs written V = g (F)
Th- slop- of th 1soquent gives the d:finition of homo-
th-ticity © - dK/dL = ¥y (XK/L)

Vritine L f(X/L) = PF(X,L), w. have waith x = K/L,
dk df/al
V) = - 5= - FEAK

flx)-x f£'(x)

- f'(x)
. have f'/f = ﬁ (X) = ;__\;(§)
¢ 60dx
S f o= e ;
or F (K,IL)= L,G‘Za“L

where the intecrsl hes b n approximated by a polynomial
to find a seracs for F,

$ (x) 1s not known but 1t may b found 1f somc
ascumption about factor peymrnts 1s mad.. Undrr constant
r turns to scel , merginal products equal factor prices.

Then wo have

W(x) = §%§%7r = —% ¥ ; T

Mcy r(1970) took an approximate valu- of x = 2,9
(n.arly equal to the¢ capital ratio of his s®ri-s which was
3.07), approximated Yy (x) by a Taylor's seri s and by adding

success1v "ly hirher powers of -2.9 by st-pwise 1:ast



squarcs ar-ived ot a quadratic cquation, the higher powers
having been found to be insi-nificant. Intesrstion of
this quadratic gave j%b(x) dx and henc- F.

Out of the family of curves of various dcrees for
th' polynomial S alx°:Ei§lng the best fit 1.e. the ome
with the highest value of correlation bctween x and § (x)
serics 1s chosen. We get the F series from which the HIPF
1s obtained.

The elasticity of substitution of the HIPF 1s fre:

to vary for different K/L values.
2
4 - Y(x) | x@ -9 wh.re ¢ (x) = 1
T T (x) T Tx 0F + x ¢ x=Px

Write the r~turns to scale function

A
% = %% %; and th transformation V = F

.

Since V 1s observ 4 and F can be calculated, an estimate
of % can b2 obtsined. The finl form of the production
function 1is vV = A ext’ F} which happens to be a
homogencous function. For rocsression purposes thais form
was used by Clemhout to detcrmine a measure of returns to
scale for data from private nonfarm domestic c<conomy, U.S.
1929-1953, without any cxplicit formulation for returns to
scalc ,Three drfferent measur-s for capacity capital slock

were used, The resulting cocfficients were not very

sensitive to variations i1in measurement.

Wolkowitz(1971) derives homothatic 1soquant product-

1on functions from cconomic relationships drawn directly
from th: production proc:ss. Thr production proc.ss 1s
not specified a priori and i1s therefore empairically a morc

useful conccpt.

100
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If 7_ond "Tware the supply 1lasticitizs of labour
and capital respcctively, w¢ have,under equilibrium

conditions, the marsinal ratc of substitution piven by
MiLO+.) _ MA

I R vare v T
Since 8 = W(X/L) = -dK/dl, w~ have,for K/L = x,
[46odx i
the Cl:mhout rcsult, F((,L) = L e wher: B (x) =¥

w1thouta?xpllc1t solution for F. The numerical scries 1s
not easy to handle and d.p.nds on an approximation for
small velu s of x.

Wolkowitz tries to satisfy both economic and matho-
matical criteria by selectins W(x) ain such a way as to
have § (x) in an inte rrafle form. Although 1t amounts to
a constraint, an (xplicit solution for F can be puarantecd
and som- t=stable hypothes:s may bc -stablished., Wolkowitz
gives several explicii forms.

CRLSH Production Function

Uzawa's n-input CIES generalisation shows that for
constant Allen elasticities further generalisation 1s not
possible., McFadden, using alternative definitions of clasti-
cities, proved th-~t constancy of clasticities implies even
more stringent rastrictions on the production function.Sato's
two level CES function, using a CIS function among composite
goods, each of which was a CLS combination of several factors,
geve a form vhich wes difficult to estimate. Mukerji's constant
ratios of elesticitics of substitution(CRLS) function 1s not
homogeneous or homothetic so that individual elasticities of
substitution vary vith output as well as input combinations

Cormen(1965) pointed out that in the bukerji function,
1f 8 and Q,are functions of output V, rzther than constants,
the CRES gemeralisation could still result. According to

Hanoch(1971), this would alter the patiern of change



{02

of 1ndividual elasticaities of substitution with output as well
as the curvaturce of the expansion lines without removing the
restrictions on ccmbinations of elasticities while preserving
the CRES property, but these elasticities would not be negative
when the paramete s vary with output. Hanoch has given a number
of additional interesting properties of the Mukerji function.
He points out that the Mukerji function does not necessarily
lead to nonhomogeneous or nonhomothetic production function.
His CRLSH production functlonghﬁomothetlc or homogeneous 1n
addition to having the CRES property. For empirical work, he
gives various cases i1ncluding that for crosssectional studies
of i1ndividual firms 1n competitive factor merkets.

The CRISH function 1is useful n studying patterns of
substiti tien or complementarity among three or more factors
like different kinds of sklls or forms of capital, where the
CIS model fails because 1t assumes away these differences.

Several well known forms sre special cases of the CRUSH
function. An analysis fromw the empirical point of view, of the
estimation of Hanoch's CRTSH as well as HCDL(homothetic constant
differences of elecsticities of substitution) functions may be

found in Hanoch(1971) and Weiss(1977).
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Som. other gocneral forms

Vazquez(1971) assumes a functional relationship
between the ratios of output =lasticities (or rclative
sharcs) and K/L under perfect competition and homogeneity
conditions

S./S5x = a+ b x© where x = K/L
From this 1s derived a new and more renersl family of

production functions with interestins properties.

s £ 1
Since SL:Wf x 1 , Sy = * f
f f
we hav: dy _ 4df o v av
y ~ f x(1+a+b x¢)

c 3
( e E()4e)
1+a+b XL

Where A 1s a constant of intepration
o)

e
i
-

Since y = A [(1+a) x¢ + b cCrva)
the production function may bec written W
—cl1+a) ca —c(i+a) cC1+a)
LA + (1+42) (L/K) K

The r turns to scalc arec not constant
a=0, c=~-1 gives straight line isoquants,

a=0, b=0 gives right angled isoquants,

b=0 gives thes Cobb Douglas function
a=0 g1v~es th: C«S function
c=-1 gives Ravankar IVLIS functlon
d(l 23)
Vo= Y [ + (g-1) L]
!
1 1+a+b 'ﬁ;
for w=v 5. ____ g 7 Y- A(Q+a)
1+a+b atr)

If a, b are positive, th» marginal productiviti-s arc
positive:

AV/OK = (»V/EX1+a+b x%)

2V/oL = (vV/L)(a+b x°) (1+a+b X‘fq
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ex MRS _ 1 : ds a+b(1+c)xL
T "x(atb x¢) dr~ - 7 x*(a+b x¢) *

If ds 1s negative, the isoquants will have the correct
dx
convexity for a2l x i1f ¢ 2 -1

For ¢ <. -1 and X* =

. e
| st+7 |

th. 1soquants have a point of infle~xion.

For x<x" , th= 1soquanls arc well b-haved.
For x>v¥ , th=y arc concave from below.
PR (&
Since V. ¥V 1-v+a+b( 1+c)x
2k ~ KT (1+a+b x°©)*
b 1
Y _ _ ¥V (1-¥) (a+b x°) +a+b (1+c)x©
2 L+~ L (1+a+b x¢)?2

This means thal the marginal product curves are monotonically
decreasing or increasing for suitable values of c,v .

The elasticity of substitution 1s a variable quantity.

a + b XC O0<s <t forc=20

s = a+b(1+c)xC 4 > 1 for -1<c<O

s > 1 for c<-1 over x x¥
When a,b have the same sign,the possibility of factor
substitution diminishes wilh increasing amounts of capital
per unit of labour.

Sato and Beckman(1968)

According to Sato and Beckman, 1t 1s possiblc 1o
carry oul multivariate analysis «mong subsets of variablcs
1f the two input restriction 1s dropred. Also instad of a
rrior specification of the production function form i1t 1s
prefercable to test produclion relations empirically and
then generate finsl forms. This 1s done by specifying a
log linear relationship between all the commonly usced variables
in production function analysis and then procecedmgto obtain

alternative specifcations of the different forms.



The seven variables used by Beckman and Sato ar:

v = V/L output labour ratio

¥ = K/L capital labour ratio

v/x = V/K output capital ratio

w = y! wage rote

r=y - xv' rate of return on capital

s =(y-¥y')/y' marginal rate of substitution
SL: xy'/y labour share

8= Xl%%;%lll elasticity of substitution

The most gencral rclationshiv may be written
Yy-xy')/y}? (xy /) (y-xy)® U/ Y™ - 0
where ¢ 1s a constant. The authors fitted subscts of variables
in stepwise regression analysis and camc to the conclusion that

only four forms deserved coasiderction

Iny = const. + oln x Cobb Douglas
In y = consti. + b1ln w CuS
In y = const.+b21n w+C,1n x+d21n r Cobo Douglas-CLS

b=0 1f 4 £ C
d=0C 12f b f ]

Inr = const.+b31n w+c3ln x+djln vy Parametric form

The last one gave the best results free from multi-
collinearity which was suspected to be present in the Cobb
Douglas~CES case though the latter gave good results also. The
CLS case yielded good results but suffered from multicollinearity

effects., The Cobb Douglas form gave mostly good results.



106

An attempt hss been made in this survey to bring
together some of the production relations found scattiered
all over the literature on the subject. The survey 18 nol
corplete and many more forms and ideas releted to the
subject haves to be left out as we have z2lready gone beyond
the scope of our study. The empirical analysis in this study
wi1ll be mainly concerned with the Cobb Douglas and the CES3
functions and also with some of their extensions. The inclusion
of homothetic functions i1n this survey is only an attempi
to make 1t rather less incomplete.

The procedure followed in developing the different
forms makes use of the links of t=chnical and economic
variables whichwll be cansidered in 1lhe next chaptcr. The
empirical work in this study depends very much on a distinc-
tion between these two types of variables. The method used
to obtain extlensions of vproduction function forms sceems to
bring out the mesning of cach form mors clearly. It should
b~ possibls to arrivz <l o number of fcrms as special casco
of some mor: general form or by meking suitable assumptions

about the parasmeters 1

1 For instance, (using the natation in the text),in the
case of homogineous production funcitions, the relationship
between 6, s and € , the output =lasticity of labour, may be
utilised to develop any suiiable form of @ homogen-—ous
production function. Since, with r~turns to scale v, wc have

& =V - xf'/f, 11 follows that f = exp | 3h;t' dx or,
v Lvexp ]341%¥£1345 where VL 1s the marginal produvct of
labour,given by V, = (¥ - xf'/£)V/I = € V/I.

Similarly, from the relstion MRS = s = Wf/f' - x, we get
V = ﬂ)expfgrl,d*—. From /-—(dx/ds)(s/x) or s = exp [z dx*

we also gel V -1 eXP | jaud Here ¢, s and¢ are assumed to
be functions of X. jx”*esiﬁ ’

It

Footnote Contd.
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There ore several other forms of production relations
tn be found in the literature. Sato's(1977) nonhomothotic
functions »rovide a more genersl and more meaningful class
of CTS functions. Hanoch's(1971) constant difference of
elasticities of substitution(CDT) mentioned earlier 1s a
multifactor producticu function which mekes use of input
variabless end their prices., The duality between cost end
production has . now long bgen use 1n the literaturc, see for
instence, Wallers(1963), The theory of producticn function
now allows a formsl reprecentation of almnst any underlying
production relstionship even theough 1t may not be casy to
determine how these relationsaips determine the specific

form of the production function.

“ v - Yy

If € =v(1-x, V=1 expj.ﬁifdx: AKX L , we have the
Cobb Douglas funcliomn.
If € =v(1-¢)/(1+6x-x), wec gel the Revankar VLS function
Vo= A K3 (1eex—x) "3
If we teke, instcad, € = :?fiié%,we got 1he CES function
V=a[SK + (1= 85>
If €= vyew(1=-8)/(1- 8 + 8§x %), we pot the Hildebrand-Liu
form of the V.S funclion -2

~¢ Y 3 cw»l)\’j
V= AlSK +(1-8)L  x .
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resources and 1ts international trade, the relationship
between 1ts input cost and input usc and th. nature of

1ts production function. If w- compare any country with
othors on th Dbasis of onc or mor: of the¢se¢ consid.rstions,
we must, at th- sam time, ascrrtain that the remaining
unconsidered fectors do not vary si-nificcntly 1f a

proprr analysis 1s to bc carried out. Unfortunetely, 1t

1s not possiblc to do so b:cause th-rc ar< not meny
countri. s which show much r-semblance in thrse matters.

The production function analysis in the following
chapters cannot climinate th= diffcrences which arc too
obvious to b concealed by any means. There are differenc:s
1n the rater of capacity utilisation, levcls of cconomic
and technologicsl drv~lopm-nt, availability and -xtent
of r-sourcrs and th~ir utilisataion.

Yot we must proce-d to discover 1f th. production
functions have som thing comparable to offzr, c<v n thouch
a prop-r comparison would r quire & consildcration of all
th: factors mention<d above end p~rhaps meny mor-.

In any production function analysis som< assumptions
ar~ almost inrvitablc, It would b. easy for instance,
to mek- the assumption of smooth input substitutability,
perfsct comp=tition in product and factor markets and a
profit maximising firm bchaviour. But 1t 1s not always
necessary to make th se assumptions.

Th wvalidity of the rcsulis depends on a proper
statistical st rpr.tation bas=>d on = correct approach in
terms of conomic theory. It 1s possible that the conclusions
drawn from owr r-sults in thc case of the five countri s

und<r study may not hold in th- casesJothcr countries.
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But th- contrary is mor~ likely since our sample of
countrics is sufficiznt ly repr¢scntative and any conclusions
commonly applicablc to all th five countries may be
2xprcted to be more or less general. Thr validity of the
results depends further on th: assumption thet the selected
rstablishm-nts constituts th. main bedy of, or r-pr-'s.nt
adequatcly, th 1industraal s -ctor of, th. country concermed.
Ve make this assumption and th cémpirical roesults that will
follow justify this.

The five countrics arc characterised by a number of
individual featur.s which are known to differ significantly
from one another. In the midst of dissimilaritics based
on history, cultur., technology, resourc: cndowments,
socio-economic constraints and environm-nt 1t may seem
improp-r to look for any similerity. Txcopt for the
cherascteristics of sc1f interest and existence common to
all nctions, the one possibly common factor among these
countri s 1s gaining political indepsrnd.nce or -m:crzcnce
or a rebirth followings th- s>cond world war.

For Franc= 1t was a fresh political stert und-r
stable conditions. The post liberation governm nt in
1946 made a firm d.caision to guide th cconomy through
proper planning.

India gaincd Independence 1n 1947 after a long period
of cclonisation and pass~d through some yecars of traial
and error. In 1951, India resorted to planning with
increasing emphacis on modern industry,

Isra.l was rsteblisacd as a state in 1948 and

sucessfully screped throu~h mejor cconomic and political
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upherevals,

Japcn's total def-~t in 1945 left the economy 1in
a state: of disorder associat=d with larg: scele capital
destruction. This was followed by rchabilitation and
rzconstruction a2t a2 high rate of recovery and growth.

The mescrcation of Yugoslavie bogan after the
liaberation in 1945 and the country procc-ded towards th-
formation of a socialist socicty. Th worker manaced
enterpris: system pass=d through several phascs leeding to
a continuous dcv:zlopmcnt of th~ ~conomy.

We hav~ thus fiv-> countri-s makins somz2 sort of
b~ginning at about thec semce prriod of tim-., Had they all
been 1duntical in t«chnology, rrsourc: <ndowm.nts and
other f=sturrs in an intial p.riod, th» diffrrences in
thes - characteristiics after 2 cortain p-riod of tim= would
allow an intecresting trend study. These five cconomies
brgan not only with diff-r nces i1n snvironm-nt, in t.ch-~
nology and risourc allocation but also with msjor
diffcrences i1n politicel, «conomic and social structures.
Th -re wer~ differences in 1964-66, our period of referencs,
and even todey, this:e countri s ar- at various steges of
industrialisation, followin, differ nt political 1d-ologies,
posscssing varying degrers of merginal comp~tence and
subject to a varicty of socio-economic constraints. Thr
quentity, quality and productivity of factors differ as
also the strength of th-ir curr ncis.

We con say that these cconomics hav: passed through
sipnificantly daffe-r nt patterns of industrialisatlion and

could be ccensider d as bclongings to diff r-nt cot-pori s,


http://oun.tr

To sc. 1f =ach of 1h=ss hoppens to be ilypical of some
category bas.d on som: acc. pt-d cl ssification, we mey
consider Black's(1966) subdivision obtzined by linking
political factors to the d-v lopmnt of industrialisaticn
in differ nt countrics,

Black(1966) gives s=v n patterns which cover the
world's 148 organised socinti-s. Th- first pattern
cov=rs Britsin and Francec. Th sccond pztt.rn consists
of th- Unit=d Stet s, Canada and such olher countrios as
have Buropcan § ttl-rs. Thc third i1s msde of most Wist
and Dast auropean couwntri:s which consolidatz=d thear
lczdership aft r th: Fronch r volution. Th fourth
pattern consists of Latin Amcrican countri-s. Countries
like Ruscia, Japan and Turk y belong to th fifth pattern;
these are such countriss as w=re influcnc.d by th: pette-rns
m ntion d earlirr but beran to mod rnis-= internally and
wore not und-r colonial rul- b-causc of th-ir military
strength, 1naccossibilaty or othrrwis:, The sixth pattern
1s formed by th- countrics which were onc- colonial
socirtics like Indie, gypt or Malsgsia. Also b-longing
to this patt=rn ar. Isrecl and some counlrics which did
not ex1st b fore. Thc scv-nth patl rn compriscs countries

of th. sub-Scharan Africa which wer< requir<d to undergo
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th- whole of the mod-rnising sequcnce aft-r thcir aindependenc. .

Of th- countri s whos» deta w. ar- coing to d-al
with, Pranc. belones to th first pattcrn, Yugoslavia to
th third, Jepen to the fifth and India and Isra~1 belong
to the sixth pottcrn. Thus, w find th t four patt-rns

find a r.prss/'ntetion in our siudy..



A f-w represrntetiv. charact.ristics of th s:1l-ctrd

countri s may be not.d.

France 4 W stern Twropean industrizlly advanccd
conomy; under th C-rman occupation for som taim: during

the s-cond world war,

India * An Asien x-colony with 2 d-vzloping .conomy;
with th' s:-cond larg st population in th: world , a deop

rootad cepitalist system ~xp rimnting with some sociolism.

Israsl *  k Middle- ast, fast developing economy;

required to makc a totelly freosh start from scratch.

Japen : Tho only non-Westrrn country to become o major
industrieliced capitelist ~conomy. Almost th only country
in Asia, Africe and Latin America that escaped being

turnesd 1nto a colony or d-p.ndoncy of Western Furope.

Yugoslavia: £2n .ast-rn uropean cconomy; rclativ 1y well
advanced i1ndustrislly; brlon—ing to 1th socislist block
but having an ind p-nd nt cheract-r of 1ts ovn.

Some other couniries need to be represented but
we ar. hendicapp=d by th nonavaillability of adequat: data.
Seviral shades of 1d-o0logirs and ~Conomics r.meln unrc pr -
scnted . But we shell meke the best use of what we have
by bringing 1t under s common, comparabl analysis and then
see how far the differing factors interact with reference

to th production structure of th: counirirs.

Some 1ssues

Do the boundwri.s s~t by the environment of 2 country

play such an important rol: as to increase 1ts individuality

in the nature of 1ts industrizlisation,or, do~s some kaind

13
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of int-rn-ctionalisation phenomenon tend to oliminzte

differcnces, 1f any, with th pessage of tam- “ The

two sides of the question may bc consid-r=d scparately.
Th- individuality hypothcsis would suggrst that

in spile of imitation of and borrowing from other

esteblished industri-liscd countri s and drawing lcssons

from their successes and failures, ~ach country tends

to adopt an cconomic pottern which i1s most suited to

1ts own resourcrs, tradition and environment. fraduzlly,

this -merging pattern is establish=d and aft<r a certain

stare, 1t becomzs difficult to make a shift sway from

1t eixther becaus~ of sheczr in-rtiz or because of r-al

or 1maginary risks involved in doing so. This @stablished

patt - rn results in rfturns whichdiffer from onc soci-=ty

to another becausc of the volving difrtercnces and in

spit> of a discernible interdep nd nce. rach such soci=ty

develops 1ts own innovativ investmont, t:--chnology and

-conomic patt rns. There 1s a c.rtainty of rcturns in

a wcll cstablaishrd society with advanccd t chnology and

fast growins ecconomic patt rns. There 1s what Castcorbrook

(1966) calls 2 pcrsisi nce zon- 1n a socl:ty with a

traditional or colonial netur-, suff-rin- from a high risk

situation lrading to low and rven n-gotive re=turns, associatcd

with simpl= -conomic and t-chnologiczl changes, with a

d.p.nd nc> on e¢xt-rnal forcrs and int:rncl and ext rnal

pr-ssures of unc-rtainty. Th re 1s a trsnsformcetion zone

in such countries as have a sufficieont s.curity of r turns

in which inv: stment of r sourc s 1s not automatically

induced by th- -xisting structur~s but is 2 r-sult of



autonomous drcision meking about inv-esim nt. Th- risk 1s
at a normal commercial level and institutionsl support
1s avallabl: from the socicty in all ess_ntial forms.

The other possibility i1s what mey be called an
an 1nt rnationalisation .phenom:znon which 2xplains away
th.se diff=rinces. At a cerrioin stage the industrial

soci1i~t1 s trnd to locock and even b.come similar and the

A

diff renccs arc :liminated gradually. The less indusirieliscd

soci>ti.s derive th-ir industricslisation , partly or fully
from the advanced societies. How this happens can be
scen, variously, through the working of the factory systrm,

sp cialisation, th: mann-r of substitution amonc inputs

and th. nzture of «conomirs of scalc for diffir nt countrics.

Perhaps, one could sug zst th t material r=quiremcnts of
production, consurplion and subsist~nc- can put sev-ere
limitations on th- vari ty of forms of industriclisation
that different socictiss may wishwadopt. As Turnsr(1975)
says," teochnological forms arc not infinately variabl:
and c~rtain salint fcaturss of ithe met:risl environment
on which th. t chnology hi:s to operat- will also excrt
their own limiting efforts,'..but. Yman's ability to
generat~ veracty will hold outgapossibility of o range
of sociz2l forms to b~ explor.d." In addition th- process
of intrrnetionalisstion goes on.

There are numerous forc-s behind the process of
internstionalisation. Technological develonmrnti made
some of the externelitics of the produciion and consumption
process 1nternational in character. As cbserved by
Lindback(1977), "the accentuation of the returns to scale

in somc 1ndustrics forced small and medium sized countries
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to specialis- an a mor: ~nd more narrow rangc of ~roiucts,
th~ increas.d rols of technology in production mena~-m~nt
stimulet-d trad- in technolo,y which r sult-d not only in

an -~xpansion of tr d 1in petents end mschincs but also ,

duc to the complementeriiy b-twe.n t-chnology and men-~ _-ement,
in an i1nt rnationalisation of ecntrepreneurshaip.”

In addition to economic and t.chnicsl f ctors,
politicel d-cisions and institutional changes have also
acceleraled the internationalisation proc-ss. After a
c:rtain stage these changes ar beyond controel so that the
political systz=m practically gives in to the internationalisad
system. According to Lindback,"most important external
~ffects of production and consumption are ext: >rncl o
nations and not only to firms and households."
iﬁ 1s dafficult to say categorically, as to which of the

abov- contentions 1s correct. That of divergence and
indivaduelaity or int - rnationalisation. The difficulty is
allthe greater bccause of th- indetcrminacy of th: time

of arcival and the natur- of industrialisation in a given
socicty. Ideally, we= should lik< to begin with a numb.r of
differ nt socicti-s, rescmbling on: enoth-r 1in sone respects,
Ve mry th n, aft-r 2 c.rtain pesriod of time, say twenty five
years, study the state of affairs in cach of thc socizties
undcr consid-ration and compar= notcs. Instcad, we have

fiv- countri-s, with fundam-ntally different bcginnings and
circumstanccs. We imposr an artifically common beginning
for the countrics and study th- stat. of affezirs after

a period of about two decades . That do s not make a1t

a trend study because thore may be any other intial p<riod
or non< at all. This study rcmains a crosss:ctional study

in any cas~ and considers th¢ happenings in th: period of



1"nv

reference.

In view of the probl ms associated with th- proc-dure
to be followed 1n coming to a conclusion and 1n measuring
and comparinz the extont of interneationalisation or divergence
betwe n th> =2conomies, we shall narrow our field of
inquiry to the manufeccturine esteblishments of the countri s;
we shall confine ourselves to considering the problem 1n
the light of a production function analysis which necd not
necessarily answer all our queries but which could touch
sevceral major aspects of the problem,

Much of what we shall do depcnds on the quality
and quantity of data we have. We havc faive countraics zach
in an entirely diffirent s<t of circumstanc.s in th. matter
of resources, economic development, political and social
structurc. The only possible common factor 1s th pcriod
immediatlyfollowing th last war. If in spite of differcnces
we find similariti-s in th:o production function coefficients,
hypothetically®after”a pcriod of about two decades or any
other p-riod of time, therc may be much to r-~commend the
pos:1bility of internationalisation or somt kind of conver-
g nce towcommon situation., If howover, dissimilarities in
th= production paramcti s ar noticed,the 1nt.rnationalisation

!

phnom.non would stand r.futcd.

Some Related Studies

We have tried to reduce a2 comparative study of the
structural cheracteristics of menufacturing sectors to that

of a study of production functions of manufacturing establish-

ments,
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Whil< trying to put the whole thing i1n a simple
form, we ar-= not unawarc of th. possibility thet muny
compl X proc-=ss s may b at work within. But 1t mey still
be possibl:c to find 1f the industrics in diffr rent countries
have been influenced similarly or diff-.rently by a veristy
of circumsianc-=s and whcther this had led to any structural
diff-rences in their industrial sactlors,

By making int. rnational comperisons, Hof fman(1958)
analys<d the g ncral pattcrn of development of manufactur-
ing industry and found striking similarities in th¢ proc:ss
of growth of various national economies., Dividing the
whole industriezl cconomy of c¢ach country into two brocd
scctors consisting of consumrr goods and cepitel goods
industries he posiulztcd that the former devilop first
during th- process of industrialisation and th latter
soon d velop festcr than that., Th ratio of valu~ added
of th- consumer good 1industri s continually declines as
compar~d with that of capital goods industri s. According
to Hoffmzn, th: date of industrielisation in any country
hac not afficted these pett.rns of i1ndustry. On the besas
of a timec scries analysis h  arrived at the conclusion,
applicabl. to any ~conomy, thet i1rr spcctive of rcletive
amounts of fectors of production, location factors and
state of t chnolcgy,"the structure of th manufacturing
scctor of th- :conomy has always ' followed a uniform
patt rn."

Korep cky(1969) using a contumprery crosss:ction
anzlysis of 2-digit stcndard industrial classification
data on menufacturing found that uniformity could be

causcd by uniform fectors that porsistcd. R-latin~ th
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three hierarchies (1) vages and the prorortions in which

sk11lls arc distributed, (31) capital andlabour intsnsity and
(111) output per worker, each of wanich he found stable over
time, he concluded that changes 1n the structure of
menufacturing were markedly in the direction of the highest
average output per wviorker but not in tlhe direclion of
carital and labour intensive i1ndustries., Koropecky

su-gested thet the pattern of change 1s likely to be

"stable over time and these characteristics of structural
change 1r the manufsctur.ng scctor zxtend beyond the
contemporary crosssections."

The Average Production Function

The present study isa produclion function analysis
a1t the disaggregatzd level of mixcd establishment data for
eoch country. The resulting production function and thesr
characteristics arc some kind of averages which do not
renresent any nortaculer establishment but ~hich can be
auite useful for comparison purposes,

Owing to the nature of data at our disposal, the
rasulting production function 1s the average over industries
since there are establishments belonging to different
indusirics.

Tne conczpt of the averace orcduction function 1is
useful 1n estimatirg the averace output of a firm, given
a certain input ccembination. But 1t 1s not useful in
determ.ning the efficicncy, the degree of resource utili-
s2tion or the production capacity of an ecounomy or industry.
It 1s difficult to exteond the 2dea to the manufacturing indus-
try in general though, 1in that case, the output measur-d
in value terms could sti1ll be used. Unfortunately, this
value may not correspond to any good. The manufacturing

industry production function constructed from establishment

p]
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data must be distimuished from the i1ndustry's aggregate
production function which relates aggregate outputs

with apgregate inputs. The industrv's argreogate rrcduction
function may sometimes be avproximated by the average
production function in the absence o7 eggregate data. In
prectice, however, the reverse may be the case since firm
deta are more dirficult te get. Hildebrand and Liu(1965)
heve sugg sted the use of representative =2stablishments

to estimete menufacturing production functions.

Firms facing difficult nroduction constraints, may,
when considered together, repres=nt an average technology.
Aigner and Chu(1768) supegested that"the estimet.d produc-
tion function repr=sents the average production suxfacer.
for the industry". They consider the divergences from the
production surface ss randem fluctuations duc to chance,

In estirating the average output rom a given set
of inputs, 1f ve note differences in expected average
output, they should be due to differences i1n technical
efficiency. The estimeted production function may, then
be used ag a measure of relative efficiency. This suggests
a uscful method for hondin~ our data which consist of
individual ecstablishments of different sizes end belong
to different industries.

Bronfenbrermer(1944), Nerschak and Andrews(1944)
and Nerlove(1965) in their works on the estimation of
microproiuction functions assume the estimated functicn to
be an average production functicn for the i1ndustry. This
implies that some some firms could produce more than the
average and the others less than thz average. But the

sense 1n which the term average 1s usad
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may be questionable.

The average production function cannot be assumed to
be a function for a firm of averagpe slzge unless an assumption
15 also made that the parameters of the function are random
variebles with averages coriesponding to those of the average
sized firm., Oimilarly an average technology 1s not a feasible
1dea since 1t would reguire the consideration of an averace
corresponding to different inputls.

The productive capacity 1s meeningful only 1f the
output level can be sustained. But th: sverage production
function cannot represent that because 11 dovs not embody
the long run overtones associated with the argument.

If all the estzblishments belong to the samec industry,
the distinguishing features of the production function of
establishments may be embodied in attainable values for
certain technical parameters in the industry production function,
any differences in them reflecting rclative sceles of operstion,
varying organisstlon structures etc. See Aigner and Chu(1968).
If an envelope 1soquant 1s constructed for the i1andustry,
as 1s done by Farrel1(1957, 1962), the production function
of any firm may conceptu-1ly be obtained from the industry
function upto the extent of the firms ability to obtain the
optimmal parameter values of the industry. The i1dea moy be
extended from the industry production functions to the
manufacturing industry production functions, since 1n pr«actice,
firms m-nufacturing identicel, single producis are impossible
to obtain and the notion of value added from price weighted
outputs 1s common. Thus we tend to look upon all establish-
ments as giving ris> to a m.nufscturing industry production

function within the same country. The differences, 1f any,
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are exyected to arise, less from differcnces in the nature
of i1industry but much more from the differences in the
quantity and qualiaty of capitel, labour and related
factors.

I1 should be made clear at this pointl thet production
functicns estirated by resression analysis arc conditional
median nroduction functioans, see Goldberger(1968). The
probability 1s one half for any actucl output roint to
lie oulside the production surface. The neoclassical
producticn function 1s different! from the statistical
production function because 1t cXpresses the maximum
output that may be obtained from @ given combinetion of
inputs at th= existing state of lechnology. The.probability
of 2 production voint lying outside the defined productlion
surfac= 1s zero 1n the case of a neoclassical productlion
function. If prodvction points tend to lie inside the
surface a rew t-chnology may bec imrlied. In en iater-firm
crosssection study, sn average nroduction function can
approximete an apgrcgate nroduction function though 1t
vould be difficult to visualise a firm employing average
capitel, e2verage labour or average technology.

Troblems and Techniqurs of ©stimetion

There are scveral problams in the estimation of
a nroduction functicrn These ara described bracfly in
Anpendix A. Some technigues of estimation, with snecial
reference to the Cobb Douglas and the CIS f nctions have

also been given.
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Use of Ordinary Least Squares Method

In view of 1he very larre number of regressions
attempted 1n this study and because of a larce amount of
computational work involved 1t hes been decided to make
use of ordinary leest squares technique which seems to be
adequate for our purpose. This should enable us to concen-
irate on the comparative analysis of a large number of results.

The least squares estimator has s number of desirable
properties, By Gauss-Markov theorem 1t 1s the best among
the class of unbiased linear estimates ., If the random
elements are independently and normally distributed, the least
squares estimators maximise the likelihood function. But the
least squares procedure 1s not efficient 1f the disturbances
are heteroscedastic, the possibility of which 1s not ruled out
in our data. £Lven when the method may give relatively lower
standard errors of coefficients, the possibility of bias and
inconsistency remsins.

The use of simultaneous equation methods, two stage
least sguares of maximum likelihood , requires the construction
of a complete production and input model. The ordinary least
squares estimates are not consistent and suffer from simultan-—
eous equation bias resulting from the correlatiion betwzen ihe
random error term and the dependentl variable; the bias cannot
be eliminated by increasing the sample size though the use
of suitable instrumental varisbles may help with crosssectional
data like ours. Th:- possibility of a2 high correl:tion between
th- error term and the dependent variablc i1s minimised 1f we
assume a lack of any connecting factor among firms. Use of
suitable addaitional variables msy reduce th¢ upward bizss

associated with ordinarvleast squares estimates,



A ntgh degree of dyaggregation in our data and
noninclusion of very small establishments are likely to
result in low biases which generally result from aggregalion
and specification errors. In addition,our data are reason-
ably reliable and uniformly collected. All this 1s not to
deny the better role thel could pe played by a multi-equation
model.,

In th- estimation of the ppdiction function by the
ordinary least squares method, Zellner, Kmenta and Dreze
(1966) restored faith in the single equation model under
th~ assumption of identical production functions -across
firms with respect to form and paramet:rs which are stochastic.
This makes the firms' profit function random.

The optimality of the estimates of the production
function by ordinary least squares depends on the assumption
0¥ maximisation of expected profits rather than profits with
price given and known with certainty to the entrepreneur.
Thais assumpidon may e fulfilled i1n a market economy where
erther perfect competition or monopolistic competition may
prevail. In a socialast economy we can not be too sure
of the correctness of such an assumption. Cne of the countries
1in our model 1is Yugoslavia which has a socialistic economy
whose results may be expected to be difierent from those of
other countries. The actual manpower or manhours employed
by an establishment in a market economy may tend to equate
marginal revenue product to wage rate though,owing to
miscalculations, only a partisl adjustment to equilibrium
conditions may be attained. The situation may be entirely

different i1n a socialist economy.
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Following the Zellner-Kmenta-Dreze model, 1t 1s
assumed 1n this study, thet thc entrepreneur, faced vith
the uncertainty of non-instantsneous production, seeks
to maximise his expected profits vhile the production
function 1s disturbed by the error term. Thec transmission
of the disturbance from the production funciion to the

marginel productivity reslations 1s 1gnored.

Economic and Technical Variables

Throughout this study, use has been made of the
distinction between economic and technical variables
which occur in nroduclion function analysis. In lhe last
chepter this disitinction was utilised to assess the
extensions of scme production function Forms. An attanpt
wi1ll be made now to clarify the meaning of the the conccept
of cccnomic and technicel varizbles.

The act of rroduction beirag technicsl in anature,
the factors entering 1t muct heve a technical character.
Technical vurisbles are specificstions for inputs and
outputs while economic variables tend to be specifications
of input and outrut prices. In g=nerel, variebles consi-
dered before the acl of production are tochnicsl in nature,
Variables subject to merkel fcrces, expressed in money units,
may be called economic vsriables; usually they orise after
the act of rroduction has already taken place.

It 1s dafficult to place cortoan variables like
the number of shifts worked, the rete of capacity utila-
sation or the age of establishment in either of the two
caterories. They may influence, and be influenced by, both

economic as well as technical considercsiions.
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The money factor 1s always present, al least in th:
background, and influences 211 ospects of production. It
influences technical as viell as all the other variables
with which a production relation may be concerned, If
outout prices are high, the rote of capacity utilaisation
or the number of shifts worked 1s likelv to g£o up. The
economic outlook of an older establishment may be quite
different from that of 2 new establishment.

Because of the inconvenience in the use of physical
units, when a technicol variable has to be expressed in
money terms, the process of change i1n the nature of units
may not necessarily allow the varisble to retzin 1ts
original nature. Capital, though a technical variable, 1s
almost i1nvariably expressed 1n money terms but still
retains 1ts technical neture because 1t-oms of capital are
not purchased frequently and the varisble may not be
seriously influenced by price fluctuations. On the other
hand, output, when expressed in value terms through prace
veighting, may lose 1ts technical character and may become
an economic variable 1n the form of total wvalue of output
or value added.

Wages may not behave as a t-chnilcal veoriable because
the requirement of labour in production does not necessarily
depend on the wages. Tven though,morc capital intensive
techniques can reduce the derendence on labour to some
extent, yet a certain mainimum requirement for labour still
remains 1rrespective of high or low wages which may not

neccssarily be relatcd to the quality or quantity of labour.
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The same wa_&s may not evtract equal quantities of work
from different units of labour. Moreover, the forces of
demand and svupply play en impcrtant rcle in the determinstion
of wages.

Although w 1s equal to the marginal product in
competitive equilibrium and marginal product 1s a technical
matter, the cquilibrium involves supply as well as
demand which zre economic forces. The manager of an
esteblishment may trv to wove his nroductiion fvnction
to an appropriate position so thet w may appear to be
a technicel variable but this may not oe usuvally rossible
hecause of fluctustions 1n prices, trade union activities
and the nature of work 1a the establishment which mey
not necessarily be related to labour productivity.

Tractically the same argur~uts can he given 1n
the case of rate of roivrn on capital In corpetitive
equilibrium 1t may tend to equal ilhe marginal troduct
of capitol and since that involves forces of demand end
supoly of csvital, the role of return on capit=l 1s an
economic variablc,

The ratio w/r may icnd tc equal the morginal rete
of technicel substitution end may be expected tc behave
as a technical variable on the same lincs as v or r.

But under the influence of cennomic forces, i1n practice,
1t behav.s 28 an economic variable,

a8 fnr th2 factor share rcotio, "the intrusion of
tzcinical change betvcen the simple facts of factor ratios
and focetor r:‘wards”1 gives 1t a character of 1ts own and 1ts
erfecltive neture mey depend on the irfluence everted by the

eccnomic and technical factor combination in 1t.
Solovw(1958)
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The manner 1n vhich the production function 1is
defined and used 1n aclual pr=ctice does not seem fto allow
vwatertight compartmoiats for economic and tzschnicel
variazbles. Also, 1t mey not be easy to claim equivalence
of nature of different technical (cr ecoaomic) varialles
But the differencs between tochnical and ceconumic varichles,
in the menner .e have considered 1%, will be used 1o
examine various criteria used for crouning e~tablishment
data and also to consider the effect 1f any, of this
difference, on the horogeneity of manufacturing =stablishment
deta of the countriecs under study.

It may be possible to look upon somc technical
variablos ss quantities and som:2 <economic veriables as
rrices althougn 1t should be remember~d that the relctive
importance of the mrice veirhts used 1n some guantities
may vary from one voriable to ancther end an exact cate-
rorisetion mav be diffacult.

The effect of economic and t:chnjcal1var3ables on the
crouping of manufacturine csteblishment data and on rool and
group regra2:sion a2nalysis will be studied leter. The results
of anclysis of covariance will also be consideredwth

reference to this concept

1The u&e of these terms 15 not uncommon in the liter-
ature. Tne concepts of "econmmicd' and ™t -chnical’ efficiency are
well known. Rgdpntly we came across ihe use of ‘these terms
nearlymade 1n the sane s:snse &s we have done This was 1n
K. Hl]ton and H, Dblphln(1970) Capltal and cavacity utilisation
in the U.¥V.,BulOx\,Univ.Inst. of Tcon mStat.,Vol 32 where a
referconce to"Fleax .2.(1960),Some theore%1cal i1ssues on the
measurement of oapaCJty,Edonomutrlca Vol. 28" 1s a2lso to be
Tound. N
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Faetablishn :nt Size. Groupging of Tstablishm:ont Data.

The size of estzblishmenl 1s a8 measure of crucial
irportance 1n eny vrcductlicn funclion study of intercountry
differenticls. An important role 1s plaeyed by the size of
csteblishment in grour refressicn analysis hich has been
carried out 1n chapter six. The focus of study in that chapter
and chaptcr seven will bewthe veriations obtained by the use
of econemic and technical varisbles to group the esteblaishrent
data.

For a suitable ordaring and grouping of the establish-
rents, we arz not in a position to make use of standsrd indust-—
ri1~l classification numbers because there ar: not enough
establishments corresponding to each such nurber. We resort,
therefore,to other criteria which can be in terms of cconcmic
perforrance and rey be 1nfluenced ty lhe prevalent economic
s wtcom, the size of the murkct end the level of econcm. .
development, or, they can be rzlated to the technolog ond
rey ne useful in the study of certain vroblems with rolicy
implicetions, Som- causes of variations in factor elesticities,
sconomies of sczloe and elasticity of substitution between inuvuts
cen be studied 111 this manner,

It 1s difficult to singl- out any criterion for a
measure of -steblishmenl size or economic performancs Even
though technicel performance 1s oft=n exprecssed in eccnomic
terms and vice versa, 1% 1s Jdilficull to make any general rule
cbout th- correlstion between th: tuo. There are no commonly
cgreed measurrs of cstoblishmont size or economic performance
in cpile of the two being brocketcd together somectimes in

practice.
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Variables like capital assets and Jabour rnust e 1st

before any economic performance is noticed To a cortain extent
the nature of economic perforrance can be visualisad frem a
knowledge of these variabl s vhich are basically technical 1n
nature. Establlsﬁfgﬁze may also be determined by variables like
gro<s or net ouvtpat, output labour ratio, rate of return or
sales vhuch elso harpen to be measures of eccnomic performance.
These latter variables are ususally measured 1n value terms
and as econcric verliables, most variables measuring economlc
performance, are, more or lesc, closely releted 1o the economic
rather than the tochnicsl aspect of production with which the
establishment size veriables are concernad. It may be expected,
therefore, that a prouping of cstablishments on the basis of
lthese two types of variabl-s should give different resultis.
We will set this up as an hypothesis and test 1t cmpiricelly.

We will now consider the relevance of some measures of
estahlishment si1z=z end eccencmac perforranc . main's frem the
point of view of grouring our date. Noreover, ve take the
orportunity to justify the use of a common rrcoduction function
for all manufacturing csteblishments or grcups of establishments
irrespective of 1ndusiry consider:itions.

The ecconomic performance of large companies 1s often
compared by putting them together 1n the same analysis without
reference to 1he industry to vhich they may bvelong. See, for

example, Wood(1975) or the Fortune Directory of five hundred

largest American firms which occurs ncriodically and has been
e source of 1mportant infcrmetion and can provide mcterial for
economic analysis. In ccmparisons likz= these the performance or
"efficicney" of a firm 1s measured by and gradcd according to
rate of return, seles turnovaer, value added, productivity or a

suirtable combination of thecse.
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Measurements are usually carried oul 1n money units as physical
uniis are difficult to handle.

Sales turnov=r, on 1ts own or in relation to capital
employed, 1s a commeonly used meesure cf efficliency by tienagoers.
Unfortunately, the moncy value of i1tems going 1nte sales may be
so different from one firm to snother and from time 1o time
that this measure may not clways be coansidered as a rchable
meesure,

Wood(1975) finds value added am attroctive measure of
econoriac perfecrmanc-. According to him, added value as a nsasure
of performance can be considered to be particularly reliable
because1t 1s not affected by deprecietion policy, interest
charges, develorment costs, government grents, wage levels,etlc.,

.contained within the added valu-...(and) 1s oaly marginally
affected by chances 1n stcck valuetion methods."Vood gives
several recsons and examples in surrort of his contention.

For empirical analysis, one ma choose to measure
cstablishment size by the size of labour force, rather than
by outpul or sales turnover. It would then imply a decrease in
establishment size 1f the number of wvorkers decreases even though
output may have increcscd at the game time becaus. of a high
capital 1ntensity. 4As Pryor(1973) says, "if the average
employment size of esteblishmenls .n a given trerch of i1ndustry
15 deterrained by the level of technological knewledge avallable
to all nations then any diff-rence 1n the average size of
industrisl establishrient cen te cxplained by differences in the
distribution of employment amrons indusirial tronches."

There ar: not many -tudiss about intsrnat.onal comparisons
of establishhent size or cconomic verfornage becauce of lack of
data or because of dhfficultics of generalisation with the heolp

of causal factors underlying establishment size.
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Bain's(1970) study of international differences in industriel
structurc comrarec ilthe plant sizes of :1ght countries as mcasured
by the number of employees. In Lavign:'s(1970) study of sociolist
economies, the ccmparisons made are qualitative in nature. Good
comparative studies pertaining to the ~C countries are common
According to Pryor(1973), vhe carries out an analysis of
si1zc of prodictirn esteblishmenls 1n mining and menulacturing
of commmist and capitelist countrizs, the theoreticcl znosl-sic
of establishment size depends very much on the measure of size
thot 1s employed. On the grounds of available data he chooscs to
meosur< eslablishment sige by labour force. In a crossgection
analysis of manufacturing ostablishnents of eight countries
he finds that 1% 18 possible to rank countries according to
establishment size and the results obtained by using different
indicators of size are similar. There are several such 1ndi-
cators of size. One 1s the arithmetic mean(A.M.) of emplcyees
in all the establishmenis The second 1s the Tntropy Indey of
The11(1967), denoted by F 1n the cxpression In E = 1n L—AZtlln%}
where L 1s total labour force and tl 1s the v»roportion of labour
enplored 1an the 1th productive unit., The Niehan's Inde% N= ZtlLl
where the labour forcz cmploy-d by the 1th unit 1s derroted by L].
Cn the basis of these indicators, Iryor finds the average
employment size of manufacturing =:tablishments 1n several count-
ries., Given in the table below are the results for four of the
five countries 1n our study as the details for India are not
available. The iable has been adapted from I'ryor(1973) and
in 1ts original form,conteins dctails about several other

counirzi:zs.
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Average Tmployment Size of Menufacturing Lstablishments
Percentage of

Year of AN, Entropy Niehan's Labour force

reference  Index Index Index in estbmnt.
France 1962 122 337 1620 20.3
Israel 1965 74 128 220 21.9
Japan 1963 87 224 667 16.6
Yugo- 1963 269 566 1C64 33.1

slavaia

The average estcblaishment size 11 Yugoslavia in particular
and i1n Fastern Turope 1n general 1s very large in comrarison ,1th
that 1n Western Turcpe; on the av:erage 1t 1s up to four times the
size of the establishment in Western urope. As noted by Fryor,
the establishment size in Hungery and Poland 1s <ven larger than
that. This 1s because the central direction of manufactur.t g
in Yugoslavia has b-.en v.ry much less than in Hungory and Poland
althcu h rany manufacturing =stablishments 1n Yugoslevia were built
when the central goverament had considerablc control over
investment and the smaller establisiments were discouraged.

As compared to the other countriecs in our study, the political
influence 1n the case of Yuroslavia 1s so significant as to
singl- 2t ocul as a sypecicl cace from th- point ¢f view of.
unlform development of manufacturing activiiy.

We now consider a few rore measures of -stablishment
g1ze and eccaomic performace of esilablishments. We will also
consider the possibility of interchangealilaity of some of these

measurces,
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According to Moyer(1968), "two important indices
of performance 1n 1ndustry studies sre the degree of
utilisation of production capacily and some measure of
rate of returns. Analysis usually focuses on various
structural conditions that influence these and other
maasur<s of performence as viell as on th2 effect of
market conduct performance. This 1s because . knowledge
of the onzrating ratc can help predict profit without
one's being required to estimate costs, prices and other
factors."

The study of the relationshivp between these factors
1s also useful for public policy,purpos:s. The rate of
return provides s basic level for project evaluation and
1ts knowleadge cen be useful 1n studying the performance
of different sectors of an economy or different groups of
establishments. A malfuactioning of th- capital market may
be expected 1f significant differences in the rate of
return 1n differeni sectors do not tend to narrow down over
time and , 1n the case of establishments, a certain acceptable
trend 1s not noticeeble among groups of establishments
formzd on the basis of a certain siz:z pattern.

Instead of grouping the establishments by their
economlc ‘performance or by the size of one or the other
variable we may group them on the basis of the rate of
technical progress of the industries to which they belong,.
For instance, stcel products, chemicals and machinery
may belong to the high technical progress group and most
consumer goods like food, tobacco and leather may belong

to the low technical progress groun. Other groups



may also be form-~d. Unfortunately,these groups are

likely to be subjective in nature and compact divisions

are difficult to make between different indusiries. Morszver,
in i1nternational comparisons there 1s the possibility of
variations 1n the rate of technical progress in different
industries. The nature of a particular industry is not
likely to be the same in different countries. Also some
countries may be disproportiornately represented by some
industraies.

Grouping of establishments may be based on the
quality rsther than the quantity of certain inputs used.
For qualitative grouping the problem 1s that of defining
and locating similar qualities of inputs 1n different kinds
of data collected from a veriety of sources. The quality
of capital, may, for instence, be decided on the basis
of 2ge of establishment or the age of machinery and
cquipment used but there 1s no guarantee that any
meaningful and detailed d2ata on these or other suitable
characteristics are usually available. Perhaps 1t mey be
easier to group the data on the basis of labour qualitv
provided such classification 1s confined to the same
country. Some ratiocs could prove to be usefual as
allernative modes of groupin~. The capital labour ratio,
the direct-indirect lebour rotio or value added-lahour
ratio are some examples for the purpose.

As the distinction between 2conomic and technical
variables forms an important part of our study, 1l may
be useful to place somec of the variables above,which have

not occurred earlier, in suitable categories.
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Forming technical progress groups caa be a useful
lechnical criterion of grouping the manufacturing
esteblishment dsta provided the daivisions based on 1t
are not subjective 1n nature and are comparable over
countries. This criterion may, however, be handicarped by
the variations in lhe quality and quantity or data in
different countraies.

As for the qualitative grouping based on the age
of machinery cr th. age of ~stablishment, 11t may be
difficult to place the measure in a suitable category
though 1t 1s nearer to being a toctnical grouvping criterion
based on the time factor and experience, The capital labour
ratios of the older establishments are likel; to be diff-
erent from ithose of new establishments. But within each
country, the technicel and economic forces t-ond to
reduce any differences resulting from this cualitatlive
factor; the accummvlated technical and economic experience
of some establishments can be easily shered or neutraliscd
by other establishiments within the country or even from
other countries. We can argue on the same lines about 1lhe
accummulated experience in the form of quality of labour
used as a grouping criterion. We may expect,then, the
age of eslablishment as a grouping criterion, to have the
characterastics of both a technical end an economic
variable.

Utilisation of production capacity 1s snotlher

interesting fsctor which may be used as 2 grouping craiteérion.
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ecanom ¢ OT‘C)
It 1s subject to bothptechnical forces. In the technical

sense 1t may be related to the maximum production in an
establishment, the number of hours worked, the number of

shifis worked, strain on machinery and equipment and so on.

In the economic sense, 1t may be linked with the availability

of resources and their costs, produciang a given oubtputl

at a minimum average cost, and with the attainment of
economic efficiency in general. For mixed csteblishment
data, this may be.a better point of view but the tsechnical
sense 1s also important within eech country. Utilisation
of copacity may influence, and be influenced by, capital
labovr r~tio, productivity of capital, rate of return and
nature and size of an i1ndustry.

It may be interesting to compare groups of
esteblishments of dafferent sizes and having the same
degree of capacity utilisation. Bul that would be difficult.
However, 11 1s possible to put together .stablishments
belonging to certain class 1ntervals of percentage capacity
utilisation.

As a grouping criterion, the number of shifts
worked may also be considered on practically the same
lines as capacity utilisation. Both these factors,viz.,
percentage utilisation of capacity and the number of
shifts worked, therefore, may be looked upon as having
the feetures of technical as well as economic varaables

The age of establishm-=nt falls 1n that cstigory.
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A satisfactory expression for the size of an
establishment may not necessarily be found in any one
or more of thc¢ messures mentioned above., High wages may
be associated with a relatively smell establishment.

Low capital assets 1in some esteblishment may be capable
of yielding relatively high value added. Criteria other
than the one under consideration, in determining the
establishment size, may also play an important role.

A measure combining the essential elem=nts of various
meesures 1s desirable but difficult to construct.

A rough comparison of these measures may be made
by means of Spesrmen's rank correlation. Table 7, appendix,
gives the rank correlations,for all the countries und-r
stdy, between every pair of the following variables:
total value of preoduction, value added, total labour,
direct labour, net canital assels, machinery wvalue,
annual depreciation allovances, total wages, capital-labour
ratio, vslue ogdded-labour ratio, value added-capital ratlio,
rate of capacity utilisation, age of establishment,
age of machinery, percentars of motors operated 1n shift one,
electricity consumption in kwh and capacity of motors in kwh.

As ccon be seen from teble 7, the value of rank
correlation 1s different for diffzrent pairs of variables.
This i1mplies that the analyses based on different criteria
of esteblishment size are likely to produce differcnt
results.,

Great care 1n selecting the best measure 1s usually
not teken i1n practice =2i1ther because 1t 1s assumed that
different mecsures are correlated and therefore inter-
changeable or because betiter mcasures are nol awvailable

and use has to be made of whatever measure 1s found
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to be relatively more convenient. The rank correlation

1s not a very rchable method for the purpose of making

a choice of the measure. Unless the practical consideratlion
of thc availability of the meesures rectricts the choice,
economic and statistical factors should control the
selection of the best criterion. The cmpirical resultis
obtained Ty using different measures are not necessarily
the same and rigorous conditions may need to be considered
for interchangeability of different measures. Smaith,

Boyes and Peseau(1975) show one possible way of interchangng
different measures of establishment size provided they

are related linearly 1n some cases and log linearly in

some other cases with unit elastlcjty.1

1 Let V1 and Y, be two alternativ: measures of
firm si1ze, If there 1s perfect correlstion between their

b
loga.1thms so that Y, = ao\f’2 , a, b > 0,

o?
then b 1s the elasticaty of\V1 with respect to \VZ .
Writing §1 = In'Y, and §2 = 1nY, , we have
g1 =a+Dd £, vhere a=1na_.
If %1 1s used to study a characteristic D,
we may write

4
Hence, § = c + ad + bd §, .

il

c + d&, where H=1n D

The alternstive measurz of firm size yields the
same elasticity for D with respect to firm size

if bd =4 or, b =1,
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Soms comments on the data with roferoncc to this production

function study

In a study of int r —industry production functions
or int-r -cstablishment production functions 1t 1s nccessary
thet the dsta satisfy certain requircments.

Th labour and capitel variabl s should b fairly
homog ncous across i1andustri s or stablishments. This 1s
usuelly not possible. To a certain extont, we msy get around
the probl m bv assuming thot diff-r-nt qualitics of a variable
stand for differ.nt variabl s,

For a propcr production analysis, industri-s or
¢stablishmrnts must b- close to on< another in th- matter of
technology and <fficicney. A correction for daffrrenc-s
in tochnology and officiency mey by mede by introducing
into th= production mod-1l somz possibl. m asures of these
factors. In practice this r~quir mcnt can br only partially
m=t, It may also b- drsirabls 1o m kcacorrcoction for cepacity
utilisation which mey vary from one obscrvation to another.
This 1s bicaus-:, sirictly sp-aking, <ach establishment has
1ts own rool boundries and cach point on 1ts production
function stands for certain technical possibiliti s p:culiar
to 1ts<1f and not to any gen-~rally applicable theory. In
ihcory, as the production function ropr-:sents all possaibl:s
combinations of inputs resulting in an output , 1t amounts
to th- solution of an optimsdtion problem r-sulting from a
considrration of all such combinations of inputs. Thas
impnlies that no commodaty c:n have diffcront production
funciions wh rrv r 1t mey have- b--n produced. Such an
arcum .nt tends to 1pnor< a numb-r of happenirss associlated

with cach establishment in reality. Idrntical amounts of
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inputs 1n different regions con produce different amounts
of output. The difflcerences may be cxplained pertly atlecast
by differenccs an input qualitizs, capacity utilisstion and
environm-ntal factors.

In th prcsent study 1t has not been possible to
sotisfy 11 thc¢ requirements . But this situation applies
to all the studi-s on the subject. Morecover, different
types and sizes of manufocturaing ~stablishments have been

poolrd tog-ther in this study. Somc¢ obscrvetions in this

conncction mey be mad~,

Pooling Different Typrs of Lstablishments : a Justification

Th. naturc snd quantum of our data do not allow
us to carry out our compsrative study with r {-rence to
individual industrizl s:ctors. Ve heve, th r-fore, poolcd
toge ther data on all the establishm nts and fitt d production
functions to a crossscction of 1ndividual esteblishmonts
in :ach country witnout distinguishing between industries.
Different typ-s and sizes of csieblishm-nts have bodn
brought tog-=thcer thoush the r<latively small ones arc not
included.

We begin by making the commonplace apology about the
pesucity of appropriate data which can force the analyst
to make th. best us of what i1s available, even at the
cost of some exactncss or reality. As for the «stablishment
level data, 1t 1s hard to come by and many a production
function study at a disaggregated level has been given up
in favour of an aggregote study. We do not have fully

satisfactory deta but we are not far from 1t and would
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cerry out tho production function analysis on othcrwise
valuable data. There will be some amount of aggregation.
For instance, the value added 1s found by weighting the
net outputs of individual 1tems by their prices. This is
unavoldable as thers are herdly any estetlishm ats in
practic which produce one homo~sn ous product. Iiven if
thore wer= such firms, they could be producins it-ms of
varyine quality.

Tooling of this typ= 1s not uncommon in the literaturc
on production functiions. Grilliches and Rlngstad(9171) have
don- 1t in th-ir femous production function study. Solomon
anl Forsyth(1977) and Pack(1976) do the samc,

An advantage we hav: 1s 1n the form of a number of
r:d "eming featurcs associcted with the daeta which arc mor:
r<liebl-> then most other similar data. Th.y provide us
with two mcasur>s of output, a f.w measur s of lerbour and
abtout a dozen m-asurcs of czopitcl. VW= have 1n addition, good
merasur ~s of capacity utilisation, inventories, int. rmedaat-
inputs, fucl consumption, capacity of motors nork~d, age
of machinzery, ags of establishm.nt, shifts work-d :cnd the
us~ of l-bour and p rc ntage of motors op.rated in :ach
shift. Th-se ar vari.bles which production function studi-~s
have oft-n to mcnac: without.

Th brheviour of 2 firm becloneing to one industry
may not conform io that of othor industrics. But i1t 1s trur
that the behaviour of individu-l firms docs not n-cessarily
conform to that of other units in the sam~ industry or
to what the whol- industry does. At the suom timz2, 11 may
b- difficult to prov:. th- contrery. A firm b longing to
any i1ndustry k.-ps a w tenful ~y< on firm- b=lonsing to oth-r

industri s. Th- work-rs alrcady -=ngagcd in any industry and
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thos~ yet to join somec industry as well as the tredc union
leaders have a fairly good i1des of the circumstances
availabl- in oth:r industrirs. In a mark-t =conomy with
good mobility of labour, the <lem-nt of coempetition among
different jobs can not be casily avoided. Th same can be
said about cepital which tcnds to move towards diffor nt
industries according to the pattern of returns. It do-s not
h~sitate to des rt certain industirics according to the
samc patt rn. Txpected roturns play an importent role in
determining th- dirrction, quantity and quality of capital
flowing intr industrirs, While 1t 1s tru-~ that th= use of
additional capital in any establishmsnt dep-nds on the
circumstancas avallable in that establishment, 1t 1s also
truc that the introduction of substaniizl quentitics of
fresh capital or the use of capitel 1n & new cstablishment
d>p nds on ~xpectod r turns rath-r then on thc natur- of
industry alone,

Th' implicit assumption about 1he constancy of production
function for all (stablishm nts i1n th- same i1ndustry mey
not n ¢ asarily b. trus, Such an ascumption msk-s the
s~l-ct~d productive t chniqurs a function of r latave
factor prices. Ths sam« can be said about th- assumption
conczrning the constancy of produstion function for zll
~stablishm nts irrcspectiv: of industry. If, th refore,
we fail to discover such a constancy w> will have open to
us th alt rnative to test the xtent and naturec of variabilaty
of production functions in our data. This will bc done by
arranging th-. data according to certain cr1t~r1d:}1tilng
production funciions to diff r.nt parts of 1t and carrying

out thr analysis of covarience.
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The cxistence of diff-rent production functions can -
«nable us to .xamin: the duxl charactceristics observed 1n
th= 1ndustrisl scctor of any country.

£ comporison of production functions of differ-nt
countrics 1s usually done on en aggr-gete level, A study
of <stablishments b longing to diffcrent industriess, pool-=d
together may throw additional light on the results.

The technical standards of all the establishments
included i1n such a study would renerally be not the same,
more so when they belong to different industries., Whether
or not this may be th~ case , th-> outcomc nc:ds to be car=fully
enslyse-d., Th re may, for instance, be some i1nternal pecu-
liaraities 1n some =stablishments and not in others.

If there ar- major differences they may be revealrd
to a certain =xtent, 1n a production function analysais.
It 1s not unlaikely thet the conclusion dravmn from a pzartial
sct of establishm-nis from >ach country moy arouse suspiclon
b=ceause s vzral asp:cts of thesc countrics may not have
been taken inte account. For instancce, therec may be tremendous
drff-renc s in cstablishm-nt sizes in differcnt countri-s,.
There may be difficulty in mecasuring the cstablishment size
according to an accepted patt rn. Ther~ may be dissimilarities
in th: pattirns of industrics and th<ir pcrc-ntage repr sent-
ation.

But some or more of these difficulties will always
b present 1n any production function study.and inspite of
that we are lookaing for som:> uniformity of pattern., Th
intention 1is not to i1gnor- th- differ-nccs but to carry out
a comparative analysis of different countri s under different

circumstancrs and influcnces. The differrnces arising from
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the pattern and rroportion of i1.dustri=s cannot be elirinated.
But the mobilily of factors and their adjustment eliminate a
number cof differences, whatever the industry. The factors
centinue to compete with one another even vhen they belong

to di1fferent 1ndustraies.

The proling of manufacturing establishments for a
production function study can be a useful exercise, ALt timas
pooled dalc wey prove to be superior to the data of individual
industries. According to Stei1ndl(1964) w:o0 has carriad ocut
a stochestic study of firms of different countries, "1f the
mass of firms 1s divided sccording to individual lines of
manufacturing or trade, the distribution often becomes irregular.
Anest division of fairms, 1f 1t oes beyond the broad division
of manufa.turing, trzde, etc., 1s crtifiazl because of the
arbitrary allocation of manv firms, and becsuse, lfirms
in growing sprcad from one businese lo lhe oth r,the
stochastic proc-ss which acccunts for the regularity 1s more
arpliceble to the broad {1214 of all f.rms than 1o narrow
1dustrial daivisions."

The regression analysis in chapter five 1s basen on
pooled manufacturing estisblishmeat data The _roup regression
analysis 1n chapter siy 1s elso cerried oul without r fercace
to the industries to which the estahlaishmenis may pelong.

Ls we will see, the use of various otrer criteria, instcad of

industry-wiss [rouring can also produce interesting rcsults.,



The Hypotheses

On the basis of a crosssectional production function
analysis of the manufacturing estoblishments of Irance, India,
Israel, Japan and Yugoslavia during the period of refercnce
1964-66, we set up the hypothesis that, irrespective of the
industries to which the manufacturing establishments of a
country may belong, the pool regressions for all the estab-
liyshments teken together should provide stlatistically meaning-
ful results provided the si1ze of the estaeblishments 1is not
unduly small and provided appropriate production models are
used for the analysais.

It 1s usuwal to group manufacturing establishment data
according to standurd industrial classification numbers.
It 1s suggested that economically meaningful groups can also
be formed by means of criteria other than those of staadard
industrial classification. We set up the hypothesis that
from the point of view of crosssectional production function
analysis, such groups are statistically meaningful provided
the number of establishmrenis 1n any group 1s reasonable from
a statistical roint of view and suitable criteria arc used
to form the groups.

It 1s hypothesised that the poel regressions, 1f based

on a more or less complete set of manufacturing establishment
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data of a country should provide statisticslly and economically

superior results to the group regressions hased on any subsct

of the complete data. The pool datla and the production funcilions

fitted to them should, therefore, represent the manufccturing
sector of any economy morc fully than any groups and the

production functions fitted to them.



In the absence of time series data, 1t 1s not
pnssible to compare resvlits at two diff-rent vnoints of
time Instead, therefore, with the help of our manufecluring
est2ablishment data, we set up the hypothesis that, for
countries wnich arz industrialised or which e1: on their
way to industrielisaticn, the process of i1uternaticralisation
mav be reflected 1n the almost 1dentical reaction of
each country to any approprisie vrroduction model, provided
a feir sample of 211 typres of manufacturing activity within
the country 1s taken 1In other words, the technical asnect
of the »nrcduction function should be noticeable in ihe
comparable values of the technicel parameters of different
countries. This may be verified by pool regressions.

The hvpothescs of const-ncy of returns teo scale and
nin wnil=ry elasticity of substitution will bc verificd by
meens of production function analysis of the manufactiuriang
e=tablishmwent data

The production function beir g & technic.l rclationship,
technical foctors sheuld be oble to explain this relationship
fully In practice, 1t 1s diflicult to avoid the 1nulluence
of econcmic forces wviitch m»lay a promincent rolc in
productlon.1 It technical factors are found to be 1nsdequate
as explanatory factors, the use of economic megniiudes should
help. Depend:rng on the method of ordinary lewst squeres,wc sct
up the hymthesis thet the explanatory power of a produchon model may

be 1mproved 1f technical as well as economic varizhles

1For i1nstonce, the SMAC(1961) CTS functiocn and Hanoch
(1971)CDT or constant di1fference of elasticitizs of subsii-
tution funclion have,included i1n them, economic magnitudes
like prices and elaslicitieswyt prrces
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are used together as exrlanastory factors. In other words,
even though, theorectically, the vroduction function 1s a
purely technical concent, in practical applications,

the use of technical as well as <economic macanltudes as
explanatory factors should improve the statistical resulis.
This hypothesis w:ll be tected with thce manufacturing
sstablishment data of erch country under study w.1th the
help of vool regressions as viell as group regressions,

in chepters five and six.

Chapler seven presents the analysis of covariance
of proup regressiors for cach country

Several technicel and economic criteria of size will
be vsed to divide the manufacturing establishment data of
each country i1nto three nearly equal erouns, each containg
about one third the total number of establishments, arraonged
n an increasing ordcer of magnitude of the size criterion
used.

We will test the hypothesis that within esch country,
the corresponding technical psrameters of any nroduction
rzlation fatted to each gmup within a cowntry, are stotistai-
cally not different. In other wvords, with the help of
analvsis of coveriance, we will verify the homogenzity of
different groups vithin each couniry. Since, helerogencity
of grcups resulting from grouping by the depend-nil variable
in 2 production relation 1s a statistical srtifact arising
from s~mple selcction bias, our ccncern will be mainly with
independent variables in the nroduction relation or otherswthle
variables available in the data. It 1s suggested that, in lhe
revelation of homo¢enerty by the use of different criteria,
some discrerancles can be introduced becauvse of differences

in lhe economic and technical nature of the grouying criteria.
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The conclusions drawn from the anzlysis c¢f covariance
w1ll tesl the stabilitly =znd uniformity of the manufacluring

sector within each country.



CHAPTTR _FOUR

THF DATA AND THI VARIABLLS

Introducticn

There are numerous data probl-ms 1n any cconom~tiric
study. Apart from the probl-m of avoilability of satisfactoery
data, th-r is thc scrious question of thz implicitly assumed
homogenelty of i1anputs liks capital and labour. o operation-
ally sati<factory solution that could take care of the non-
homogeneity of inputs has besn found i1n production function
analysis. Othes problrms ar= conc<rned with input utalisation and
the role of some inputs whose measures are eith-r not
avalilabl~s or not reliabls, It 1s not clear whcther allowing
for thesc defacts or duveloping techniques to tekc care
of thec shortcomings 1is worth the ~dditional complicetions
th=21 may b~ introduc-d. Our data mey bo consid-red rcosson-
ably satisfectory perticularly becaus:> they have ben
uniformly and syst-mic-1lly collected by «xp.rts.

We beein by d scribing the nelure of the data used.
This 1s followcd by & consideration of the varisty of
measur. s avallable an the data for -ach variabl-; a suitable

choice of a fcw variables out of th-s« hrs beon made,

Naturc of th- Data Usecd

Ltny <ffort to evaluate and measure the performance
of an ~conomy, particulerly in the¢ industrisl sector, must
conc ntrate on the individual establishment or th firm
which 1s the decision meking unit and which along waith
other saimilar or dissimilar units in the economy 1is the
sourc: of useful information. A study of th~ rclatively

larger manufacturing establishm-nts using large quantaitaes
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of capital and lebour can br highly rewerding .

Ve have at our dasposal d-tailcd information about
th manufecturing establishments of France, India, Isra-=l
Japen and Yugoslavia. For ~ach ofwfiv: countri s we wish
to cerry out a production function analysis of th- cross-
s=ction over individual ecstablishments. Th: y=ar of refcrence
1s 1964-66 and the data have been obtained from the U.N.

Profiles of Industrial Jstablishm-nts published from 1969

onwards., The dets w=re collected on th. semc¢ uniform
patt rn to elicit information from s:leccted menufacturing
-stablishments i1n cach of thc countri-s mentioned here, The
U,N.representatives from the section on th developmont
and organisation of industries visited and carricd out
an cxtensive survey of theair establishm nts. The perticipating
personncl of sc<lected -stablishm nts were brief.d and guided
by a specizl expert group orgqnised in 2ach country to
ascertain th: uniformity of the collccted data which wer.
later check d for consistency.

Th + numbzr of obscrvetions s:lccted from zach country

1s as follows:

France 64
Indaia 117
Israel 69
Japan 63
Yugoslavaia 145

The pattern of data collcetion remains the same
throughout. In th cesc of France, Indie, Isracl and
Japan th obsecrvetions are on what may bc descraibed as
individual establaishmnts. In th casc of Yugoslavie the

term uscd 1s ont rpris:s which are d-scribad as financicslly
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and minag-ri2lly s~1f conteincd units. Th: pettern of

th e¢stablishmint siz: differs from country to country and

docs not n-cessarily reflect th:e size of tke und rlying

t-chnological units. The concept of size 1tself nreds som:

clarification and has been consid-red seperately.
“stablishm:nts with l-ss than ten workcrs or norstive

value addec are not includ~d in our data., Wages for dire-ct

and indirecct labour werc usuelly availabl s-parately but

on a few occassions had to bz estimsted on the basis of

comparable, related establishmints . In the later stag~s,

the analysis did not require th: usc of scsparatcd wapus -

The ..stablishmcnt, the Local Unit, thie interprise

The differ.nce bctwoen th~ :stablishment, the local
unit and thc ent rpris- mey be not:d in th- light of the

dcfinition given in The Growtih of World Industry 1938-1961

National Tables,New York, 1963,

Th ~steblishment 1s en cconomic unit which cngagss
undrr a singlc ownership or control, in one or pr-dominatly
onc kind of industricl activity at a single location : =.g.
th- i1ndividual workshop, factory or generating station.

Th local* unit compris.s all th industrial activitirs
carried on at a singl- location under ¢ singl ownership
or control.

Th »nt rpris~, a lrgal -=ntity, is an individual
proprictcrship or any ascociation of pesrsons or organisation
owning and carrylng on a business undertaking, ecngagcd in
on. or mor> indusiriclectivitics at one or more locations.

It mey be daivisibl: into establishments or local units.In this

study the Yugoslav enterprises are treated as >»steblishments.



THE VARIABLLS

The manufacturing =stablishment data which we ere
Soing to use, offers us ample opportunity in the matter of
choice of veriables. There are two measures of output:
total value of production snd value added, the latter
obtained from the former by the subtraction of the value of
intermediate inputs. Neither of the two mezsures can be used
in physical terms because with a single output production
function and with mixed industry data, we are forced 1o use
money measures. In any case, 1t would be hard to find
many establishments of ihe same type, producing one and
the same commodity.

We have several measures of capital or 1ts proxies.
There are various difficulties associated with 1ts measure-
ment. But we have been able to get over the difficulty to
a cerbtain extent by pulting 1ato service as many as a
dozen differcnt measures of capital, Such diverse i1tems
as net value of capitol assets, consumption of elcctricity
in kwh, value of electricity consumed in money terms
and capacity of motors were fitted 1nto the same production
model, with the same set of data. Alternative scets of data
and production models were also tried. The results obtained

were found to be remarkably close to one another. A partial

descrintion of tnis exercise 1s given in the next section on

Selection of Variables. Highly significant values of rank
correlations betwcen pairs of these variables weres also
found, see appendix table 7.

A sorting of other mcasures was also carricd out ¢n

similar lines.
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This r<f:rs to the grose vaelue of goods and services
produced during th> yecar under study. This does not includc
intcrnally consumed 1tems but any products sold for r-venue
or meent to be sold regardless of their having be'n sold or
not are includ-d in 1t. This varieble thus includcs
shipm-nis for salc, transf'rs to sisteor =stablishments, f-es
r-celv.d for any contract or commission work perfor: ed in
mat _risls supplicd by others as well as other rcv-nurs
arising from use of productive facailities lik- repairs,
installation., transpotation, storage -tc., markectable
by-products and proccssing wastes. Total valuc of production
1s cclculated by finding the values of individual products
at unit veclu s which arc factory deliv-ry prices <xcluding
sal-s tax wh-rc different products erc lumped together for
convenl nce; theoir unit prace repre-s.nils a weizhted average
of the praices of th: sp-cific components.

It 15 difficult to imagine a truly homegen-ous unit
of outputirom all cstablishm nts 1n an empiracal study.

The total or average of all th- goods and series produccd

can b. don~ only 1in monc<y terms 1n most cases and avolds

th- probl-m of vcriation in th- int.rm-diatc goods mix used.
Unfortunate«ly. by this m-thod ,th r-sources would appear

to b used with cqual ¢fficiency. The probl-m do~s not

vanish 1f w. ar. mor. strict about thc choice of ostablishm.nts

workin on compar-ble lines * thcre will not b: many such casecs.,

Valu- *ddod

According to vood(1976) ,"All productive economic
activity 1s d-signed to 2dd value to mat-orials by using
th skills and =fforts of the p-opl: couplad with capital

rcsourc=s in the form of machin~ry and buildings."



Th variable"valus added" in our data 1s 2qual to

th: diffcrence betwe n the total value of production and

th> cost of all "intermediate inputs", defined separat:ly.
Alternatevely, velue added as used her. 1s the sum

of a number of i1ngredicnts

1) waces and sclaries inclusive of 1ncome tax.s and social
security contribution as also of bonus or paym-nts 1in
hand, 1f any

11) administrative or wzlfar< 2xpenses on -=mploy~-s

111) annusl d-preciation and royal_ties paid out, 1f any

iv) certain indirect texcs (othcr than sales taxes) charg-d
to corporations and not transferred overtly to custom.rs

V) rentals

V1) subsidics as a negativ: compon.nt of wvaluc =dd-d

v1i1) other -ross busin-ss income cbtained as s r-sidual
total <ross velw of production minus total consumption
of mat - risls, enc¢rgy 2nd non factor services etc, this
~quals the sum of corporat: income¢ taxes , dividends,
retaincd profits and interest pcid on financial liabiltics,
It 15 common to usc valu. addcd as a proxy for physical

output. It 1e a gocd proxy provid-d the price implicitly

used 1n 1t docs not chang- syst-matically with onc or more

of the explanatory veriabl-s. In a compctitive industry

cxcess profits resulting from technologic=l progr.ss may

hav: b:n ~liminatod so that the price will be the lowest

posecible., The regrossion of value addcd on the other

vari~bl:s do.s not rrflz=ct the cxact situation implicit

1in a2 production- function based on phvsicel output 1dea.

In particular , ths t:.chnological progr=ss 1s conc-aled,

Thus th' assumption mad:> aboul price loscs m-aning in a
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competitive, profit maximising situation. Also according
to Euler's theorem, since payments satisfying marginal
productivity conditionrs exhaust all output, valu- added
must meintain th~ same rclation to i1nputs 1rresp-ctaive of
their productivities under conditions of constant returns
to scale,

In spite of somc probl ms associated with value added
as a m asurc of outpul, 1t 1s one of the most coanveni=nt
and commonly used measur<s, Valu~ add.d as well as value
of physicalcapital may usuelly be cmployed dircctly, without

bering d.flated in crossscction analysis.

Capital

We have the following meesur s that may repr->sent

capital,

1. Cross capital assets

2, Net capital cssets

3. Depreciation allowance for the ycar, b ing the

d1ff r:nce betwern gross and nct assets

4. Fixed capit-~l excludins machinery and cquipment

5. Machinery and <quipment

6. Queniity of fucl consumed : <lectricity, gas, coal,
walrr

T Value of fu<l consumption

8. +l-ctricity consum'd in KWH

9. Valu- of c¢lectricity consumcd

10, Capacity of elcctracity motors

11, Capital stock including pr-fcerence and .quity

12. Net worth of capitcl stock
Th. valus of fixed ass.ts i1n our data 1s th: book

voalu after doprociation. It 1s obtainced by subtracting



tot2l depr-ciation charged upto 2 given date from the

valur befor- d-przciation which 1s the accummidation of

th~ historical purchase values. In the casc of Yugoslavia

we have data on revalied capital asscts whaich ar: appreciated
values. Thesce have been tsken under the same hcading as
capitsl assets after depreciation.

Machinery and equipment ar~ lumped together. This
varizblc can be easily used as an alt rnetive measure of
capital. Another me surc of capitel, which may reprcsent
the total of liguid and fixed capital 1s the capit.l stock
1.e. the total of preferred and common stoeck. The net worth
of total ass~ts, 18 the sum of capitol stock plus reserves
and rctained earnings.

Annuel depreciation 1s in terms of a percentage of
book-vaelue after d~prcciation at the end of the prcvious
ycer. The measurc do-s not neccssarily rofl=ct the rate
of capitalus~. Th mrthod of calculation may differ from
onz =stablishment to another.

Replacemrnt value 1s ccetim-ted 8s the cost of replacing
an °xiasting unit by a net functional equivalent which may
be zcro in the case of an antiquated unat.

Avcrag~ age of machinery

The av-rage age of machinery in yesars 1s calculated
b=ginning with th- ycar of meke which 1s assum-d to b the
samc as th. first yecar of 1ts usc. Details about this

variable are not properly available over all establishmonts.
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Lzbour
The 1wo major caterories into which total labour is
divided ere direct labour and indirect labour. Direct
production labour(d-noted by LD) consists of production
workers engsaged in manufacluring proper as well as 1n
important ancillary operations suvch as preparaticn of raw
materiels, insvecticn snd packaging. Indirect 1abnur(LI)
consists of managem~nt and other auxiliary activities like
production planning, resecerch and development, accounting,
sales and purchases, clerical work and those unrelated to
the primary manufacturing »rocess, We also have a cross
classification between educaeted labour including those with
certaln skllls(LT) and otiher 1abour(LO) with no significant
and L

treining period. The total of L 15 total labour(Ll)

D I
which 18 also the teotsl of LE and LO. Thus the direct/indirecct
and cduccted/other classifications of labour are nol mutually
exclusive,

We also have the oplion of meesuring latour by the
number of viorking hours. This 1s becesuse the actual numter
of hours worked i1n each establishment are available, IFf
HD relate to direct labour working hours and HI
to 1ndirect working hours then total working hours of all

labour may be wraitten H = H. + H

D I
Yet another measure of labour or working hours mey be
constructir~d, Thus, we may define nel working hours,

which we may dencte by H as the sum of the direct working

I\ ’
hours and suiteably weirhted 1andiarect working hours, The
vielghts could bz obtein.d, for insiance, from the ratio of

indirecl to direct wa =s for csch establishment Such


http://ava.ilu.ble
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weightine could hsve the :ffect of arriving at a mor~ appro-
prist: meaesure of working hours.

Capital as wcll as 1-bour ar> both likz=ly to work
at di1ff-rent derrc s of int-nsity which can change rapidly

and ars difficult to m asure.
Wages

Th-re arc three complementary meesures of wage carnings
Wp wage arnings of dircct labour
Wy wage cernings of indirect labour
W othcr expenditure on ~mployces

The totol wages ar- given by W o= Wy + Wy o+ Wy
Nost of the timc w- have mad. use of wages per unit of totsol
labour which 1s giv-n by w = W/L

Th: othecr corr-sponding measures are direct and

indirsct wages per unit

Interm- diatc Inputs

Purches=s from outsid:, intre-firm transf rs and

net withdrawls from the stock of materials together make

the 1nt rm~diete 1nputs which include th following 1tems

1) work p rform-d by sub-contractors

11) repalrs and meintainance

111) materials(not including mat rials purchas~d on capital
account

1v) mat 'rizl input for cuxiliary activiti s

V) non- fector service inputs
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Cap-caity Utilisetion

In our dota, th~ figucc for capacity utilisation 1is
only a rough estimate supplied by th- nanagem nt personn:l
of ccch establishment. It cannot be consider-d to be an
objective estimete. In thesurvsy data, 1t was found to
have been given in th. form of "a potentiel percentage
increas: 1n the following year ov-r the acluzl produ tron
thi< y~er providcd certain additional production facilitiles
are meds availabl-= to th monspement.”" Takaing this potentisl
prrentage ficure given by th. menagement 1n express gquanti-
tative terms, as repres.niing full capacity utilisation,
w- have derived the fipur~s for actual capacity utilisation
for the yesr of rcf-rence. The figures arrived at ar:
bound to be of 2 subj~ctive naturc.

£t th= individuel fairm level, profit maximisation
or cost minimisation ar. suppos d to guides the entr-prcneur
to arrive ¢t an cquilibrium level of output which is most
efficient from th profit or cost points of vizw recsp ctively.
This output level 15 the capacaity output of the firm. The
problems associstcd with th use of th conccpt o capacaty
output arc th- usual problems associzted with an aggr .gate
production function. v-n 1f we us: establishment data,
problems like dissimilerites of production functions,
trchnolozy and entriopren uriel abilities for different
firms, nonhomoczneous inputs and outputé"h1581m11ar1ty of

supply constraints still remain.
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Inventories

Inventories are lhe sum of direct production
materials, other input materials like energy, packing,
repairs and maintenance and auxiliary activity materials,
work in process and finished prcducis valued at selling
price or production costs, Differences in valuation
procedures introduce a poscible element of error which
1s not expected to be very significant In the case of
Yugoslaevia , the dsta on inv .ntories are not
available, Therefore, in the case of Yugoslavia only,
enother variable, which has nothing to do with i1nventories,
has been i1ncluded; this 1s the interzst paid by the
enterprise for the loan taken. This 1s a feature peculiar
to Yugoslavia vhere each entervrise vnays this interest
every vear; the interecl covers only the contributions
to the central investment fund which are different from
interest on loans and eare levied on business o eraticnal
funds, fax«~d assets ond working capital. The rate varies

from one to six per cent for different industraies.,

Number of Shifts

The number of shifts 1s ecither one, two or three.
ile do have an approximste measure of cavnital utilisation data.
But 1n the absence of sctusl capital utilisation data,
according to Nediri ond Ros-n(1973), a direct relation between
canital utilisation and the number of shifts may be cssumed.
Rourhly sreaking, full wtilisation may be assumed to corres-

nond to three shifts wnere each normal aémft 1s of eght hours.



Two sharfts may be linked to two-third utilisation of
capacity and one shift to cne-third utilisation,

only for convenaience,

SELECTION OF VARIABLIS

The number of varlables in our data being large,
1t may be possible to mak. a choicc between several
different claimants to represent some of the wvarisbles
for the purpose of production function analysis. Since
we are going to use severel production rzlations for
the data o7 five countries, the computation ‘ork may
prove to be rather heavy. We will select therefore, only
one representative for each variable required, so far as
possible. To this end, the Cobb Douglas function wes fitted
to the data of each of the five countries using different
claimants for each variable; thz one giving ithe best overall

resulls was sclected for final anelysis.

Selection of the Capital and Output Variables

We have two measures of output i1n value terms-
gross value of output, Y and net value added, V.
There are several mecsurcs of cepital, K. The results
obtained by the use of some of these measures of K
along with totel labour, L, i1n the Cobb Douglas functions
v =2’ ana v - a0
w1ll now be given. The equations given bclow have
been selected from a larger set of results in which

not only the mea-ures of capilal described earlier

hav~ teen triecd but also several other measures with

163
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corrections appli~d for capacity utilisation and the eff-cts
of i1ntermediate inputs and inventori~s. The corrce tions

and manipulations in the mcasurcs of capital did not seem

to help much. For a proprr compsirison to b made of the
results emanating from different measurcs of capital and

output, we shell usz tho following suffixed notation

Capital Varisble Cxponent of K “xponent of I,
K Net capital asscts X F

Kme Yachinery and cquipment K me FMC

Kpp Deprecciration Xy p GQDP

Key Value of fuel consumed X oy 5 £V

Kgr "lectricaity consumed K gL (QEL

Key Velue of «lectricity consumed Ky P £

Th: rank corr laztion b twe n scveral palirs of these
diff r-nt capital m asurcs was found to bes hichly significant
for =ach pair teken. This chould, to 2 sood extent, ruls
out th> n--d to fit production functions with differ -nt
claimants.

Th' following production functions w.rec obtaincd

in th casez of India, onr of th- fiv~ countri s in our data.

0:4(5 o ko5 R

V = A K L 0.91
0390 o 663

V = A Eme L 0.89
C 44 0 655

v o= A g3 1o’ 0.86
b

v o= A k) 107 0.86
O 265 NEY

V = A Ky L° 0.87
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R2
Y = A K0378 L0569 °84
Y - A K.43O L.533 .83
y - A g-3084 10582 .82
Y = A K.285 L.618 .80
v - a x-303 I.656 81

It 1s dafficult to choose between V and Y from the
above results but perhaps the resulils J1th V may be considered
prceferable. In any case we have chosen to use V 1n our
smoirical work. Many empirical productsion function studies
have oreferred to use V instead of Y, for different rzasous
See for instance, Grilliches and Ringstad(1971).

As for the capital variable, we decided to make use
of net capital assets.1 It would be difficult to handle
sz2veral representatives of capital in an analysis which 1s
comparative in nature and makes use of a number of production
r2letions., This 1s not to deny the important role which

variables 11ke intermediate 1nputs, capac

—

1v utailisaticn,
2
nercentage of motors ovncraled and capacity of motors used can

play in this connection, in improving the cuality of the
capital varrabl-=.

1Some empirical results given on this pare and the last
were not the final dectermining factors in the selection of the
capital input. Data of other countries were also usz2d MNoreover,
several, though not all, permutations of wariables were tried
and the differences in various sets of results were not very
large, This 15 not the bestl criterion of selecting the variable.
An sttempt hes been made tc select a fairly representatlive
variable out of several available

2See for i1nstanc=,Bautista R.(1975),Industrial capital
utilisetion in the Thillipphines,iimeo,IBRD,Heathfield D.(1972)
The measurement of capital usage using clectricity consumption
date for the UK, J of the Royal St.Soc.II,135,Hilton K.(197C),
Capital and capacity utilisation i1n the U.K.,Disc.laper 7003,
Tconometric Mod>1l Progress Paper A6,Univ.of Southampton;Kim Y.
& G.Kwoen(1973)Capital vtilisation in Korean mfg., Morawetz D.
(1975),The clectricity we.sure of copital utilisation,Tne laurice
Falk Inst.for Tcon.Reszarch in Isracl,Discussion Paper 755.
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Choice of the Labour Variable

There are several measures of labour invut 1n 1ts
different asnccis available to us

L total labour

=
o

dir=sct labour

ag
—

indirect labour

educated lahour

o

other labour

Lo

LN net labour

H totel working hours
HD direct working hours
HI indirect worlaing hours
HN net working hours.

It may be nnted thot

L=1Ip +1Ip =15 +1

H = HD + HI
Ly= Ly + LI.WI/WD
Hy= Hp + HI.WI/WD

vhere w1 and Wy are the wage eernings of direct and indirect
workers respectively, The rank correlatjon1between pairs of
some of these variables, like 1, Ly, LN was found to be
significent. Alsc 1otel working man hours insteaa of totzal
manyears did not imrrove unon the lattzr in that thcy differ

more or less by @ constont multirle.

1Deraived independently
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Using & proc2dure similar to that for capital, 1%t
was felt that total labour could bevépproprlate choice for
our study. The use of net labour or net working hours did
not seem to i1mprove upon the results obtained with the
help of total labour. The reason possitly mey lie in that,
frem a technical point of view, which 1s morc relevant for
production fuaction analysis, welghting by weges may be
1nappropriate es 11 1s likely to introduce an clemecnt of

bias against 1adirect ]abour.1

1It 15 not implied that 1ndarect labour contritutes

to production in the same way as direct labour. Direct
labouor without support from indirect lebour 1s not all that
helpless but the "indirect" still remaein to be done. The usec
of direct labour to do these jcbs in the absence ofindirect
Jabour implies loss of rescurces in the same wav ag the use
of me type-of equipment to do som™ Job which couwd be more
appropristely handled by a different type of equipment.

As for the administrative functions, the role and
range of activities rerformed by the administretive
personnel have 1increased considerably 1in an age of
rapid technological progress which 1s accompanied by a
growing comnlexaty of rroduction and financial planning.
High managerial shills arc essential not only i1n advanced
economies but also 1in developing economies which may
import their technology from advanced economies and are
thus obliged to use their methods too.
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An examination of capitel and lebour variables
together in the different Cobb Douglas fits sug, ested an
obvious choice of net capital assets -nd total labour for
purposes of production anslysis.

To sum up, only four bosic variables will be used
subapuently although in somc c=ses, a few other variables
w1ll be needed. The four main vari.bles are K,L,w and V,
The other varizbles used 1n some models will be LD (direct
labour), LI (indirect labour), M (raw material), Y (total
value of output) and r (rate of return). The four main
variables will also be used in certain combinations in
different functional forms and with some transformations,
Although we heve arrived at this small number of variables
after a careful choice made out of numerous possibilities
and also after a very large number of regression fits,
several regressions wi1ll still heve to be estimated. We
w1ll have fifteen production models in eleven of which V,
value added or V/L, value added per unit of labour or V/K,
value added per unit capital will be the dependent varicble;
in one casc ¥, total value of output will be the dependent
varieble. Other dependent variables have been used in the

lasl three cases.

Nature of Agzrersation in our Establishment Data

Th estimates of micro production functions should
directly refl - ct th. micro technologi~s because at low
levels of ag-regetion extrancous influences should be less
importent. Aas observed by Bosworth(1976), the "problems of

argregationcan result in failure of ag-re;ate production
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functions to reflect the underlying technology of production.
Such fears give micro studies much of their appeal.”

Our establishment data, collected systematically
by experts, mey be assumed to be relatively free from
extraneous influences. But they are not free from a certain
amount of apgregation which i1s in the form of addition of
outputs ss well as inputs corresponding to various processes
within eech estoblishment. In any cas-, strictly homogeneous
outputs and innuts are difficult to obtain. An establishment
1s generally required to produce a variety of ovtputs which
are usually added by weighting by pricec. There are differences
in the quality and intensity of input use and intermediate
products., Different i1tems of capital are not all homogeneous,
alternative 1tems may vroduce the sam~ output per unit of time.
There may be variations in the dvrability, quality and per-
formance of different 1tems of cepital. The same can be
sa1d about labour.

The rroblem of homogencous output 1s not solvcd even
1f we are strict about the choice of the est.blishments
by selec ting only those that should be working on comparable
lines and producing similar 1f not 1dentical outputs. The
veriations 1n output per unit of input will not be easily
observable and the efficiency in the vuse of resources may be
different. Also, market imperfections may affect the
establishments differently-

As we would like to be confined to the single output
prroduction functions, the output of cach eslablishment
w1ll be measured in value terms. This will not involve the
problem of variations i1n the mix of intermcdi-te goods

used.
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At the level of individual establishment data, 1t 1s
possible to construct appropriate and more accurate series
with an improved degree of homogeneity in outputs and inputs
though the extent of improvement depends on thce number and
complexity of the underlying production processes. Unfortu-
nately we cannot take full advantage of the facility of
having a more homogeneous series because, the number of
observetions for each industry being small, we have to form
a pooled series of establishments belonging to different
industries.

Our aggregation 1s 1n value terms so that the marginal
producis will also be 1n value terms. This 1s a convenient
compromlse because we have different indusiries pcoled
together. Thoet would be difficult unless we brought in the
medium of value.

Such aggregation 1is not quite valid unless there
are constant returns to scale. This condition would apply
even when the outputs are all i1dentical and that 1s a condition
which 1s hard to obtsin. Our results may suffer, therefore,
from some ag¢regation bias which cannot be avoided in any
case because th~ basic conditions of i1dentity of production
functions and constant returns to scale mzy not necessarily

be satisfied in practice.
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CHAPTER FIVE

TMPIRTICATL RESULTS

POOL REGRTSSIONS

Introduction

This chapter gives the main statistical results
and a surmmary of findings. The descriplion of our data has
already bern given, There are 64 menufacturing establishments
from France, 117 from India, 69 from Israel, 63 from Japan
and 145 from Yugoslavia. The observations from different
couniri<cs have not becn pooled together : the data for =ach
cocuntryhave been anclysed seperately and comparable resulis
and conclusions presented. 1In view of the nonavoilasbility
of a sufficiently large number of establishments belonginc
to each of the several standerd industracl classiyfication
(SIC) nurbers or even related SIC numbers sll establishmentls
in each country h ve been looked upon as productive units
which make use of daiffcrent quantities of certain inputs
and show differences in economic performance, Different
criteris wilh their various interpretations have been exploited
to rearrange the ostablishments in a suitable order which
helped 1n forming possibly more homogeneous groups whose
cheracteristics could be subjected to a proper analysis
of cowvariance.

The Three Stages of Anclysais

The results are analysed in three stages., In the
first stage, all the establishments i1n each couniry heve
becn lLaken as observation units and various production
models have been fitted to them on 1dentical lines., These

have been called pool regressions.,
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The results for each of these regressuns, corresponding to
different production models are given in alphabetical order
for all the five countries in the first row of each block
in tables 1 to 6, NYpemacx

The second stage consists of the corresponding results
for the groups of estzblishmenis formed on the basis of K,
the capital assets of establishments in each country. wach
group includcs nearly one third of thc totel number of
establishments belonging to the small K, medium K and leorge
K cetegories. The results obtained from grouping based on
alternative criteris =zre also given and compared.

In the third stege, the analysis of covesriance 1S
given., Various sets of results are obtained but the mein
results are for groups formed on the basis of K.

The tables showing the results for some alternative

criteris for grouping 2re given ~nd analysed.

Thz Froduclion Relations Usced 1n the "mpiracal Study

For the empiracel analysis, fifteen forms of production
rclatiens hove been selected. All these relstions, derived
from the original forms,have bveen 1n use 1n empirical studies
1n the literature though some of them like th- Cobb Douglas
and the CIS functions hzve been used more commonly.

Thc explaznatory sidc of these relstions will be looked
upon as heving been composed of technical and /or economic
variables., The offect of the inclusion of different veriables
in the reletions will be studied with the help of regression
analysis. The ordinery least squares method will be used

throughout.
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The regressions fitted to the total number of manu-
facturing estsblishments in each country will be called pool .
regressions. In the next chapter where grouping of th- estab-
lishments 1s done, the regression equations fitted 1o the
groups will be called group regrescions for which thc same
production relationcs and ordinary least syuares mcthod as for
the pool . regressions will be used. Table O gives the
mathemetical expressions for the fifteen relations used
and the order in which they will occur in the analysis.

Table O 1s 1n six parts.

Part one shows the Cobb Douglas production function
(1a) with two inputs X,L and (1b) with three inputs K,L,M.

Part two shows the Cobb Douglas function (2a) with
three inputs K,Lp,L; and also(2b) with three inputs K,L.,L.

Part three has (3a) the Kmenta approximation and
(3b) the tresnslog pronduction function.

Part four consists of (4a) the CESL relation between
output per unit of labour and wages per unit; (4b) the VESL1
relation between labour productivity and wages per unit and
capital labour ratio as explanatory variables, 1t has been
denoted by VUSL1 to distinguish 1t from (4c) the VESL2 relstion
between labour productivity and waces per unit, cepital labour
ratio and labour as explanatory variables.

Part five has three relations corresponding to those of
part four. (5a) The CESK 1s the relalion between output per
unit of capital and rate of return, (5b) the VESK1, the relation
between output per unit of capital and vate of returh, ¥ and
labour capital ratio L/K, and (5¢) the VFSK2, the relation
between outpmt per unit of capital and v,L/K and K.

Part six has (6a), (6Db), two side relations of the CLS

function and (6c) derived from the CFS function.



Table O

The Fifteen Froduction Relations used in the Tmpirical Analysais

____________________________ PART ONF __
1a) Cobb Douglas 1b)Cobb Douglas
Two inputs K,L ! Three inputs K,L,M
ot P ' S [ fi
e V= AK L Y = AgK L M ___
____________________________ PART TWO___
2a) Cobb Douglas ‘ 2b)Cobb Douglas
Three inputs K,LD,LI \ Three inputs K’LE’LO
or _Po_fii ! Ko e o
_____ Ve=toK Lp Ly __________+_ o ___Vsh=eK L L ____
___________________________ PART THRLE _ ___ ___ ____
3a)Kmenta Approximation ‘ 3b)Translog Frod. Fn.

In V = AK+p<Kln K+ pkln L i ]:nLV = AT+ﬂolnln K+ By hnL
___________ +Sx(In /L) r%n(eK)afr(nL) +11n K.1n L
___________________________ Eé@@-_EQQE________F_________________
4a) CESL 4b) VLSL1 4c) VISIL2

in V/L =aI+bL1n W ‘ n V/L =a11+b111n w | 1n V/L:aIL+bLzln w

} +cpy In K/L ’ +c, 1n K/L
d+, In L
e e e .
__________________________ PART  PIVE o __
5a) CUSK er) V.57 ! 5¢c) VTSK2
in V/K =ay+byln ; 1n V/K =8y +bp, In T ; 1n V/K:aK&+szln T
2 +Cpy 1n I/K | tey, In L/K
l L +dK21n K
____________________________ PARDSTY
| T
6a) ‘6b) { 6c)
In K/L = ap | 1n wI/rK j,as i In L _aV-bV 1n w
+ bpln w/r +1=5 1n X/L + cy In V
D by J Vv




The Multiple Recression Results, Tables 1-6.

The empirical results for the fifteen production
relstions hsave been surmarised in six tables which correspond
to the six perts of table O.

Tables 1, 2 and 3 give two forms each and tablcs
4, 5 and 6 cover three forms each. Thc tables give for
each form, the ordinery le=st squsres regression coefficionts
which 1n some cases have a straightforward economic meaning
while 1n others the meaning can be worked out.

The vertical lines i1n each of the tables 1-6 separate
the results for different production relations. The value
of R2 1s given 1n each case, The first row 1n each block
gives the pooled regression coefficients along with their
t-values, The otherrows'ln each block correspond to groups
and will be considered in the following chapter.

The result of the pool rezression of each model
w1ll be studied on 1ls own as well as i1n comparison with
other models. Chenges 1n results obtained as we move from
one production relation to the other will be noted. In
perticular, the effects of elterations made in a production
form and of the addition of technical cnd economic variables
in a form will be considered.

The numbering of the equations 1s 1in strict corres-
pondence with the numbcraing of the tables., The two sides
of t2ble 1 correspond to two production equations which are
numbered (1a) and (1b) throughout. Table four hzs theeparts
which correspond to production equations numbered (4a), (4b)
and (40),and so on. Th correspondence between the table
numbers and equation numbers 1s maintained in all the

following chapters.
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POOL REGRESSIONS

The results and znalysis of each of the fifteen
production relations follows. There will be referenc.es to
the tables in the appendix but 1t will not be slvays neceasary
to refer to them because the essential parts of each table
are given alcong with the text.

The Cobb Douglas Function

The left side of table 1, appendix, gives the results
for the two input Cobb Douglas function

v =4 of (12)
Cn the right are the results of the three input Cobb Douglas

function B T
a M IM
Y =AyK L M (1b)

where ¥,L,I,V,Y stand for capital, labour,raw materials,
velve added end value of totzl outout respectively. The fairst
line of eachblock i1n the ®ble shows thet the coefficients

of all the factors in both (1a) and (1b) are statisticaelly
significant. The fits are good and the Cobb Douglas function
seems to represent thr data very well.

Table 1a(1) gives the summary results for all the
countrics 1n the case of the two input Cobb Douglas function
{(1a). The returns to scale prarameter v= m~+F 15 near unity
Tfor all the countries. To check for the ccnstancy of returns
to scale, the iwo input Cobb Douglas function in the form

V/L = & (k/L) 127F7)
wes filted 1o the date and the significance of h = K+ p -1
was t~sted against the alternative h = 0. All the h values
were found to be insigrificant cnd we conclude that const.nt
returns to scale prevail for the manufacturing establishmcnts

of all the countries under ccnsiderstion.



Table 1a (1)
The Two Input Cobb Douglss Production Function Vei K 1P

France 64 firms RE \'=4+F

In V= 2,88 + 0.197 In K + 0.752 In L 0.t¢ 0.95
e L8ue) (13.2)
Indaiz: 117 firms

In V = 0.5 + (.465 1n K + 0.60C5 In L C.91 1.07
e f00) M0
Israel 69 firms

In V= 2,97 + 0,157 In ¥V + 0.656 1In I. (.84 0.8
e X308) o 09.53)
Japsn-* 63 firms

In V= 1,16 + C.456 In ¥ + ©.529 1In 1 0.96 0.99
SRS O/ 2% ) N € <7 ) S
Yugoslavia:® 145 firms

In V= G.17 + 0.335 In K + 0,641 In 1 C.8% 0.9¢

o ———— e e e e e B e e e e e e s T —— T — —— - —————— ————
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Use of Raw Material Input

The onission of materiel input from rroducticon function
studies 1s 1mplicitly assumed with value addécd as a8 meesure
of output. Ii mey be useful to check 1f raw material input(d)
has a role to play wilh the help of Cobb Douglas function,

According to Klein(1962), M as an input should be
treated the same wey as I and T hecsuse 1t may not have any
fixed relation with output; at different levels of operation
there may be cconomies or diseconomies of scale in the use of M.
Minhas(1963)1akes raw materials as a constent proportion of
output, and thus assumes g zerc <2lasticaty of substiiution
betwecen material input and value added since M = a¥,
V=Y-M=(1-a)F(K,L) so that V mey be used 1nstead of Y 1f 2 1s
a constant or 1is uncorrelsted with K or L. Alternatively,the
assumption may be made that the =lesticity of substitution
vetween V and M in g[F(X,L),¥] = g(V,M) 1s 1nfinuile,hccording
to Grilliches and Ringstad(1971),"the role of materials may be
imtermediate or more compliccted thar either one of these two
extreme modcls."

Different countrics may face different sets of circunm-
stances 1n vrocuring th-oir raw meterials., Costs may be differant
depending on lime end place 2nd the nrroducticn fuaction may noét
remein uninfluenced by the introduction of this input. In
perticular, 1t may be i1nteresiing to know 1f the production
function results for daiffercont countries shov some uniformity
of reaction with resprect to raw materiel input. We will make
use of 1he three input Cobb Douglas funclion for the purrose.

Wilh 11 factors in physical t.rrs in tne production re-
lotion Q=F(K,L,M), th- stuation could be easily enalysed 1f all

the establishnents produced 1denticel goods with unfom 1dentical

|
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units of all inputs. In practice, every establishment
manufaclurs a number of 1tems and uses a large varicty of
inputs Both the sides, therefore nezd to be suitably weighted.
Unfortunately the meeasure of capital weighted by price 1s

not necessarily rolated to that for the output. I 1s usuelly
m-asured 1n man-days or man-hovrs, V¥ 1s measured in terms of
costs 1ncurred which, again,may have no proper conncction with
output or finished goods prices. The anomclies are difficult
to reconcilz as the quantities on the two sides of the
vroduction function correspond to different unitis or to diffcor-
ent systems of pricings. There may be a significant time and
place lap between the scts of prices of raw matzrial anc output.
The capitel comenent may be velued, revalued, depreciated or
defleted 1n different ways., The valuation prices mey be highly
unreliable or incoasistent 1n most ces~s. Thz dzprcciation
rates mey differ from one establishment to another.

In spite of these difficulties the money values of the
concepts can help and we have replaced Q@ by Y, the gross velue
of output (not by V, the velue adced) and assum' d thet ¥ and M,
instecad of being physical quantitics, have been valued svitsbly
in moncy terms. This mokes 11 easier for us to put together
<svanlishmints belongin~ to diff~rent industrics.

On th~ right side of table 1 app.ndix, w=~ have the
detailed results of the thres-input Cobb Douglas producticn
functioen

Y = & K T 1l (1b)

where Y 1g the value of total output i .
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Toblie 1a(2)

Regressicn Coefficients of the Thrie Input(L,L,M)

Cobb Douglas Ffunction

Country Constant o, B Yo o a4 Pt Yo R®

Fremce  2.45 .14 .67 .14 .96 .90
(3.1) (10.4)  (2.4)

India -0.08 .33 .48 .28 1.09 .93
(7.2)  (8.2)  (5.1)

Israel 2.21 .08 .64 .18 .89 .86
(1.7 (9.7) (2.9)

Japan 0.90 .31 .53 .19 1.04 .93
(4.2)  (6.6) (3.2)

Yugoslavia C.37 .24 .48 .31 1,03 .88

Th- value of th. constant te-rm hes gone down for all
the countries cxcept for Yuposlevia. +he returns to scals
cre still constant fthough mor: emphelically aow then 1a tac
two input c-se,

The coefficicnts ﬁk are sicnificent throughout. ILhe
entry of raw materi~l has reduced to a cerlain extenl the
statistical sigynificence of the coefficients oy and F”' lhe
raw materisl i1nput does scem teo have a decisive influcnce on
other 1nputs and h-nce on the production function. Relatively
speaking, 1lhe coef”acicnt of capital 1s affected more then .
that of lsbour by the entry of raw materiels.

rillches and Rlngstad(1971) Justify the exclusion
of raw m-teri.ls from the list of inputs becausethis facilitates
the comp-rison of resulis for different industries with
different malerial use 1ntensiti~s and 11p oves the compara-
bility of data for individual eslablishments even within the

same 1irdustry. It facilitetocs agrrecotlion by reducing double
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counting as the product crosses industry lines oa 1ts way

to final consumption. The estimelion and interpretation
problems becom: simpler because of the elimination of raw
material from both sides of the production relatien. Raw
material 1s an "asymmetric"inoul, related to gross precduction
output level so that 1ts inclusion as an 1ndependent veriable
may obscure the production relation and lead to a simul-
tancous equation tias 1nasmuch as this factor 1s more
cnuogenove than labour or capital.

We find thot the raw material input does play an
important role as an explanawory factor in production function
analysis. In an csteblishment, 1t 1s an 1nput factor like
capital or labour, It results i1n a more comnlete and better
model nearer to reality. We note that i1ts inclusion does
infhence the results of other inputs and comparable results
for different countries are obhtained, the technologies in
different countries all seem to be influenced by the
rav material factor,.

Quality of Labour

We now consider the three input Cobb Douglas function
with a difference. The gualitly of lebour has been known to
make a considerable difference to the production function,
as should be evid:nt from ihc study of Layard et al(1971)
who treat several educetion groups in an interplant study
1in the electirical engineering industiry., It mey be assumed
that the productivaty of direct labour 1s different from
that of i1ndirect labour and that the costs and beneflits
pertaining to the two are different.

If therefore, we 41vid- lebour into two parts, say
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dir ct (LD) indirect (LI), ve have a threc-input (K,LD,LI)
Cobb Douglas function ro compare the results with thos.
of the two-1nput Cobb Douglas form(la). DLy comparing the
roles of different gualitiecs of lebour we shall also consader
whether such a throec-input cess brings different countries
closer togethecr in their production psitern or tends to pull
them apart.

Two different sets of Cobb Douglas results are shown

(cr Lable 2a0)betan)

in table 2,append1x.n *he left sid shows them when darect
(LD) and indir.ct (LI) lebour are used along with net capital
assets () :

A Lf” Lft (20)
end the right side shows the results with educated (IE) ana
other (L,) lebour along with ¥

Aeo Pc (‘L“

Vo= A_K I 1, (2h)

Th- suffixes used arc self-cvxplanstory and totel 1:bour
I = LD + LI = L~ + LO

i

we note that all the coefficients are significant and
the fats sre good throughout. The returns to scals ar.
constont.,

The relation (2a) can be useful 1n examininge, the contri-
bution of marginal product ol indircct labour as comparsd
to thet of direct 1-bour. Alsc, 1f the estimstse of ﬁi, the
output -lasticity with rispect to i1ndirect labour hcppens to
be 1insignific ntly different from zero 1t would mean that
irdirect l~bour contributes 1ittle to output. A significont
F& would 1mply < justification of 1ts us: and a separate con-
sideration. Any results obtained would be qualified to a
certain <xt:nt in th-t the establishments do not face similar

technological pos=ibilities nor do they bz=long to the same mdustry.
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Table 2a(1)

Regression Coefficients of the Three Input

Cobb Douglas Production Funciion

_________ R S A S VR i

HKprp (lp (LI “pf*pp*ﬁi dﬂo @E (2(, ‘*Ev*(zp*ﬁv
T4 .33 .45 .92 Framce .19 .19 .60 .97
(3.5) (5.3) (7.2) (4.5) (3.6) (9.7)

A6 .48 .13 1.C8 India A4 .16 .48 1.07
(0.0) (6.9) (1.9) (9.1) (2.8) (8&.8)

.16 LA .21 .81 Israel .16 .26 .40 .82
(3.7) (5.5) (2.9) (2.7) (4.5) (5.6)

A2 .13 .36 .92 Japan .46 .26 A7 .89
(7.0) (1.6) (6.6) (7.6) (5.7) (3.3)

.35 .28 .34 .96 Yuso- .29 .30 .36 .95
(1c.2) (4.1) {6,5) slavia (g ) (6.2) (6.0)

Tables 1a(1), 12(2) and 2a(1) corresponding toc the
two-1nput and three-input Cobb Douglas cases show thal returns
to scale for the establishment data tend 1o be nearly constant.
It 1s also noticed that raw material as wecll as diflerent
varieties of labour are all essential factors 1n the study of
the Cobb Douglas production function as applicd to eur data,
The introduction of raw matericl influcnces the significsnce
ofthe c.pital veriable in the two-irput case »ut the quality-
wise break-up of labour does not influence capitsl., While 11
1s true th~t esch type of lebour has a different role to play,
1t 18 elso true that different types of labour may be pooled
together. Thir mey be due to our 1inability, i1n the absence of
adequate data, to mcke 2 more claborate clessification of
different types of labour or due to an 1nadequate number of

classes. Also ag regation and valuation in money terms, of
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net output, may conceal the proper role played by different
types of labour. It 1s also likely thet the disaggregation
of only one of the variables may not be adequate . This
implies that production 1s a joint =ffort on the part of
all the factors. The significant velues of the regression
coefficients show that both dircct and indirect labour are
essential for vroducticen in any country. The same may be
sald aboul educated and other labour.

The alternative classifications of labour do not
seem to influcence the role of capital whose regression
coefficients remain praectically unaltered.

In France, Japan and Yuvugoslavia, where the difference
between the weces of direct and indairect labour 1s not very
large, the regression coefficient of i1ndirect labour has a
higher valus than that of direct labour. In the case of the
division based on educated and other labour, the higher
share of other labour, as compared to that of educated
labour 1s discernitle 1n all the countraes.

The capital share, « , 18 proportionately higher i1nthe
relctively less developed countries and lower in Lhe
rclatively advanced countries in our dats. The labour
share,% , 1s rcletively lower in d=veloping countries. In
this respect, Japen, though economically an advanced
country 1s an exception and shows a high capital share in
manufocturing with relatively less being offered to

labour. With the transfer of technology from the developed
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to the developing countries, porhaps, a graduel eliminotion
of diff.rences betwecon ihe ﬂ's of dificrent countrics may be
expected.

Coming back to table 2a(1), we notice that the three
input(one capital and two labour inputs) case bears a
resemblance with the two input case of equation (1a)., The
coefficients of capital from (l1a) are similar to those
obtained from (2a) and (2b). At the same timce the coeffi-
cients of labour from the two input case seem 1o have just splait
into two parts for each country “his 1s evident from table
2a(2).

Table 2a(2)

The Coefficients of Capital and Labour

o wpi fo_f1
in the Two Input(V=AK lﬁ) and the Three Input(VzggoLpLi) cases

bquation France Indaia Israel Japan Yugoslavia

(1a) « .20 AT .16 .46 .34
(2a) o .14 .46 .16 42 .35
(1a) P .75 .61 .66 .53 .64
(2a) B,rfy .78 .01 .65 .49 .62

The closeness of results between countries is

remarlable end supgests a wniformity of paltern in 31l the
1

countries.

1 Foy sere statsbedl  tests see P 20%a-e
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Ementa Aprroxaimation and the Translog lroduction Function.

Table 3, Acpundax

Th> Taylor serics expansion up to the second ordar

terms of the CYS function

- ¢ -3 —g 3
v =YL8tY « (1-myL° 1

may ba written

1nV=laf + ¥ink 4+ »(1-3) In T-40-90¢8(1n K/1)°  or,

In V

D
Inf+ otdn £+ fdn I+ Sln (K/1)° (3a)
where the suffix ¥ 1s for the first lettcr of Kmenta and

Yk:f ! O(K: 178 ’ §—V(']—S\), (SK:—}—,\)QS(l—ﬁ)

)

In the Kmenta approximction ) depends on the units
of measurements. The perametlers are constant over the whole
range of output, as ir the Cobb Douglas casc., Fmentas(1967) hes
sho.m empiracally thet 1f the second order 1zrm 1s included
the error resulting from neglecting higher order torms 1is
not serious unless both ¥%/L and 3 =re either very high or
iow though according Lo herlove(1967),tnc error can
be substantial. Since the ceoefficient of the emitrted term
1s likely to be nerative th- Cobb Douplas funciion will tend
to yield a low output el-sticity of capital and a high output
elasticity of lebour. Dborcover capital and labour are Tikely
to be related to the residual of the production function.

In the casc of menufacturing establishments 1t 1s
difficult to imagine capital and labour to be uncorrelated
with the residual in thc regression. If the residual were
a stochastic element, cxpecled profit maximisation by the
entrepreneurs would make the i1ndependence of capitsl and
labovr from the residusl valid. According to lerlove(1967),

in & crosssection of firms, 1t 1s gencerally more reasonable
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Table 3a(1)

A Comparison of the Values of Regression Coefficients

of Cobb Douglas function and Kmenta Approrimation

Cobb Douglas Function Kmenta Approximation
Coefficient « B oAy ﬁK 8k
of (1n X) (1n 1) (In K) (In L) (1nK/L)°
.20 .75 France -.09 1.05 .05
(4.6) (13.2) (.57)  (6.4) (1.9)
.47 .61 India .34 .73 .C4
(1,0) (10.5) (2.3)  (5.1)  (.93)
.16 .66 Israel -.11 .93 .05
(3.8) (9.5) (.80) (6.2) (2.1)
.46 .53 Japan .43 .56 017
(7.0) (&6.1) (1.7)  (2.1)  (.12)
.34 .64 Yugo- .12 .C8 .09

(9.3) (13.7) slavia (1.8)  (11.5) (3.8)
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to assume that the residuals reflect differences among
firms such as"the possession of nonmeasured amounts of
other fecltors and so are known to the decisinn makers who then
allow for such dirferences 1n optimising i1arut levels, thus
producing @ correlation between them and the residuals."

“guation {3a) mav be looked upon as an ervension of
Cobb Douglaes funcilion with an 3dditional explanatory factor
involving the capatal labour r-tio. The cqgustion also results
from 2 Taylor series eynansicrn of certain veriable elasticily
of substitution funciions. For instance, sze p.89-91,

Kmenta apnroximation 1s homothetic and nonhomogeneous
end 1s en interesting form on 1ts own.1

As cen be seen from tabkle 3, appendix, or table 3a(1)
hereinabove, the pool regression fits for ihe Kmenta appro-
ximation are sz2lisfecteory but the regression coefficients
are not all statistically significant gﬁK’ the coefficient
of (]nK/L)Z, 18 not significant except 1n the case of Israel
and Yugoslavia thourch the overall results ere unsatlisfectoarv
in all the cases., The introductien ol the additional term

2
(In K/L)° alters thc Cobb Douglas results 1n a mejor wav.

1An advantsge of using tae Kmenta approximation
1s that 1t deces not require any assumptions to be made
ebout factor rewerds. A]thoughﬁlK and ;BK are nol 1nvariant

with regard to units in vhich K and 1L are measured,
there 1s no such problem with & + Py and dy 1n equation (3a)

It may be noted, however, thati the Kmenta approxi-
mation can be used to test the null hypolhesis that the
elasticity of substitulion 1s unity provid-d lhe bassic
production function 1s of the CTS form.



Both the labour and the capital cocfficients are affected
by the introduction of (1ln K/L)2 as sn exnlanatory factor
in the Cobb Douglas function. All the t values are now

much diminished. This st1ll leaves the coefficicnls of
labour significant but the coefficients of capital are
affected much more and sre rendered insignificant in
practically all the cases. The ratio X/L contains the
effect of bolh K and L but 1t could be easily used as a
substitute for X rather than for L. Being a measurec of
intensity of capital per unit of labour, K/L can prove to
be a suitable explenatory factor in some cases., In the case
of some countries, capital intensity may be a more decisive
faclor 1n production than the absolute valuc of capitsl.

There may be other rcssons for the insignificant or
negative values of the capitel coefficients. There may be
a high correlation between ithe i1ndependent veriables and
this may make 11 daifficult to seoparate their =ffocts on the
dependent veriable. The adlition of the explanatory factor
(1n K/l)2 may also be looked upon as a misspecification. The
a sumptions associat~d wilh the producticen function may,
at times, lead to anomalous results.

The collinzarity between K and L need nol have the
sare effect on all the scmples It 1s not a stetistical
problem, 1t 15 a problem z2rising out of the insufficicency of
information thct could separate the contraibution of capitel
from thoet of labour.

Douglas and Bronfenbrenner(1929) arrive et these
"nons _nse parameters" 1in th-ir cross s-cticn
study of Americen industry in which they relcr tn

the reality of the instability problem

190
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There are several produclion fuaction studies whach show
that multicollinearity may lead to problems of structursl

estiwation end <pecafication errcor.

The Translog Produciion Function

The translog £ nction may te looked upon as an
extension of the Cobb Douglas function as well as th2 Kmenta
approximation. It isanonhomogenecus form witli all technical
evplanatory factors and may be viritten

In V= 1o A+o,In K+ fi,In Tt &g, (1nK) %+ Py, (1nL) %+ YploK.1nL  (3D)

£

Ae cen be seen from table 3, eppendix, vanere the
pool re:cression results are fiven, the statistical fii
for 211 the countries are very good out the »resence of
raulticollinearity may be suspected. Some estimators have
reletively large varisaces »nd may be i1mnreclse. The
coefficients of In L and 1aK.Inl in almost 211 the
cases s.em to supgeet that these variables are redundant
for the deta. On 1he vhole, 2t would be difficult to
place much confid-nce 1n the 1ndividual_percmeter

estimot

[
w

.

This finction will not be used for analysis of
croup rzgressions 1n the next charter although 1t
w11l be sudzected to analvsis of coveriance with rerterence

to our dat-o.
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The CES and VES Functions Teble 4 and 5 Appendix.

The C" function in thes form
-5 —5

Vo= Y8k (1-8) 1] (3)
recuires th: use of nonlinear methods for the estimation
of 1ts parameters., Onc way out 1s the use of Kmenta approxi-
mation which has given good results in some production function
studies.

A simplified, version of (3) under the assumptions of
constant returns to scal-, perfect competition in ithe factor
and production markets and profit maximising conditions i1s the
productivity relation com.2cting labour productivity V/L with
the wage rate V.

In V/I. = a + b lnw (4a)
where a = b In [ /(1-35) 15 a constant and b 1s found to be the
elasticity of substitution parameter so thet b = 6 = 1/4+¢),

Since capital assats ¥ and rate of return on canvital r
are not used 1n this cquation snd since thire 15 a parslicl
relation connectin , these two we may rewraite (48') with
suitably sufiixed pesrameters and call 1t

CSL * In V/i= a + blnw (4a)
the perallel relestion vsing capilal as

C SK In VK= a,+ bln r (5a)

The reletion (5a) 1s not 1n common use because of lack
of data on ¥ and r and the bias resultins from the way V,k and
r are measured. Of course, the relation (4a) 1s also not free
from bios. Pcderson(1972) has investigated the direction of
bias when capital data are used 1n the cstimation. He has
found cmpirical support for the hypothesis that the bias 1n

the velue of b 15 towards unity when labour daia are usd.

Federson iested the hypothesis by varifyrng the results for
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two digit menufacturing industries in the U.S.

Tebles 4 and 5, Appendix, show that all the regression
coefficients bL and b, which stand for clasticities of
substitution using labour and capital data respectively, are
sifnificant for all the countries. lederson's hypothoses
that b, should be less than b, 15 consistenily satisfied.
This secms to supgest that CLESK 1ends to give lower estimates
of elasticaity of substitution than CISL does. WForeover, with
only one exception, all the b values are less than unity as
Pederson's hypotheses sugrest. See table 4a(1)

It would be convenient to study the CIS function
results along with those of the VuS functions as the Iniltar may
be considered as extensions ofthc former. The introduction

of the V S functions, at this stage can simplify the comparison.

Table 4a(?1)
The Tlasticity of Substitution obtained from

op Py
et France .78
.79 India .75
.87 Tsrasl .89
.85 Japan .62
1.36 Yugoslavia .93

Note. All the t values are significantat$/level
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For the VIS function we shall use the Iu-Fletcher(1968)

generalisation

101 33) - /8

v o= ¥ [SE s (1-8)9 (k/1) L7 ]
This results in the productivity relation

In V/ = a + blnw+ c 1n K/L
which baing an extension of the CiS productivity relation,
1s obtained from 11 by the addition of the factor K/L. It
w1ll be writien with the suggestive suffixes involving L -

In V/L = ap, + Db, Inw+ ¢, 1InK/L (4v)
to distinpguish 11 from the parallel relation

In V/E = a, + by Inr +cy, 1n L/K (5b)

K)
vith suffixc~s corresponding to the capital variable K.

These two relations will be called, respectively
VESL1 and VISK1 to distinguaish them from yet another set of
relations,

The addition of the explanatory factor L to th~ VISIH
results 1in

In V/I = a;, + by, Inw+c, InKL+dyyInl (4c)
This will be called VuSL2. It 1s due to Tsang and Yeung (1974)

& parallel relation based on K may be called VISK2 and
written

In V/K = ag,+bgalnw+ ¢, In I/K +d , In K (5¢)

Th- results for th. equations (4a), (4b), (4¢) are

civen in the form of the! consdlidated tablo 4&(1)



Table 4a(2)

POOL RFGRESSICN COLFFICIINTS

CFSL VESTA VESL?2
P Pry gy IS PR )
Coef, Coef. Coef. Coef. Coef. Coef.
of w of w of K/L of w of K/T of L
.81 .75 .18 France T4 .18 =01
.19 .50 .37 India .49 o 37 .C2
.87 .84 .09 Israel .78 20 =12
.85 .68 .39 Japan .36 .41 -.12
1.36 1.12 .25 Yugoslavia  1.12 .25 -.c2

All t values cxcept those 1n the underlined cases are
significant at 5% level.
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Teble 4a(2) presents the grsduzl change 1n the
velues of the parenmelers as the CVSL relation 1s rcneralised
by first inscrting K,'T as an additicael cxplanatlory
factor 1ato the CFSL and then inlroducing L as a further
exrlanatory faclor inte thz resulting VI'SL1 relatiion
As we move from the CISL 1o the VEISLI, a point easily noted
1s that vhile the coefficient of w continues to remain
significant, thet of ¥/L also cmerges significant in all
cases, However, a largcer change 1n the coefficiznt of w
1s notlticed in the coesz of India and Japan where the
role of canital 13 quite prominent as we found »ith
the heln of Cobb Dougles funcilion.

The results dn not continuve to improve when we
move from the VTSL1 to 1he VISLZ2 ‘Vhile the coefficients
of w end E/L remain prectically unchesnged, 1hz significance
c? L s shown in th. cesc of tvo out of five countries.

The possibility of ortaining significant values of the
coefficient of L for some cther data 1s not compl - tely
rulced out.

It can b said thet ocutnut pe-r unit dcpends both
on ihe wege r.le as vell as the carital i1atencitly and
other fecieors -nd not on the wage rete alonc. The addition
of a tochnicel fa tor to th2 CUSL releftion viith only an
economic 2vnlkenatory factor or the addition of an eco-

nomic cxplanatory fector like w  to the Cobb Douglas
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Table 5a(1)

POOL RFGRESSION CCEFFICICNTS

CESK VFSK1 VESK?2
g by 1 Cg 1 Pgo  Cgp  dgp
Coef. Coef., Coef. Coef. Coef., Coef.
of r cf »r of L/K of r of L/K of K
.78 .36 .62 France .36 .56 =,07
.75 Y .32 Indaa .57 LA U8
089 04'3 050 Israel n4‘2 058 —.-C_)_2
.62 .51 47 Japan .52 .50 .02
.86 67 .33 Yugoslavia .67 .32 -0t

All t wvalues cexcert those in the underlined cases are
significant at 5% level.
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af
relation in the form V/IL = A (K/L) involving only nne

technical exrlanatory faclor improves the results
remarkably. Thus both XK/L and w are essential to the
VESL1 productivity relation Thc use of this relation also
leads to a reduction 1n the valve of tane constant t=rm

as obtained from the CT'S relation for =211 the countries.
Lt the same time, the statistical significance of
regressicn cocefficients saovws an overall improvement

A1l 1has goes to prove the suveriority of the VISLI

over the CTSL relalion.

The movement from the VISL1 Lo the VESL2 relation
does not suggesi any nceleworthy imvrovement in the
rerregsion fite for o1} the countries, as cgbtained
from theaddition of another explanatory fector L in the
VISL1 relaotion., But wnile the regression coefficicnts of
L gre insigniticant 1a the casc of France, Indis and
Yugoslavia tacy sre stetisticselly significant in the
case of Isrocel and Javman showing the grealer importance
of the role of latcur in the manufacturing ectablisnmentis
of Tsreel ond Japen es evideunc~d by this production
function analysis.

It may be noted that, algebraically speasking,
th- methematical expression for the V.ISLZ relation hsas
ths same form s thet for the VFSL1 relation and the
consider-tion of L as a =ewaratle factor may be used to

test the sifnificance of 1L 1n the VLSL) relataion.
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On the same lines, the 1nclusion of K as an additional
explasnatory factor way helwn 1n testing the significance
Cf I 1n the VISK1 relationa From the empirical results
FJiven in taple 5, appendix, 1t can be seen that in a
chenge from the VTSK1 to the VT3KZ2 function, the coef-
ficients of r and L/K remain practically unalftered ain
almost 211 ithe cases., The pool regression results are
Fiven 1n table 5a(1).

Just as we found that the CI'SK relotion produced
better resalts than the CEFSL relation on an overall basis
so does the VESK1 relztion seem to give better overall
results than the VIFSL1 relation. We also note that
the change Trom the CTSL to VTSI1 (or from the CTSK to VISK1)
1s accompanied by significant coefficients of ¥/L(or L/K)
while the coefficients of w ( or r ) remain sicnificant
end have practically the same absolut: wvalues., This
1mplics the incompleteness of the CTS productivity relation
which on the whole, gives rotiher unsstisfactory roesults
The additicn of 2 technicel explanatory factor produces
immediately imvroved results and collinearity does nol
seem to be & serious problal, ¢s shown by tn: resulis.

The pattern of results obtained +,2th the help of
the VTS rel~tion 1s common to all the countrics undeor
studv and shows the importance of the i1nclusion of boih
K/’I and w (or L/K and r) as explaiatory factors in ihe

nroduction r-lalion.

oy & *
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We have now analysed the results obtained by a
trensition from the Cobb Douglas cnd the CTS functlions
to the VES function . In the matter of 1ts explanatory
power as well as in the significance of 1ts coefficients,
the VFS function scems to do better then the Cobb Youglas
as well as the CFS function in the case of our manufacturing
esteblishment dota. There mav certainly be scope for
further improvement but this improvement may be difficult
to obtain from the use of additicnal explanatory variables
in the production relation, the effect of most variables
in common use may be found 1n w or K/L. Fven the effect
of w may be conlained in K/L.. We have also noticed the
not very encouraging results obtained by the use of
labour(er capital) as additirnal explanatory factors in the
VISL1 (or VESK1) relstions and 1t seems difficult 1o go
bevend that,

An i1mprovement 1n results mey be possible if,
instcad of using mixed industry establishment dsta, use
1s made of data belonging to individual industries,
Ve are not 1n a position to do that bul we have divided
the data into groups of establishments based on verious

criteria and carriad out the analvsis in the nexi chapter
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Three Variations from the CFS Function

From the CES function

v=Ylox% 4 (1—5)];_3]/3
we can derive the two side relstions for the estimation
of some of the parameters of the function. If we assume
the CES function to b~ volid and make the assumptions
of perfect competition along with cost minimisation
with output fixed exogenously, we arrive at

K/L = (755" (w/x)

|

where ¢ = T:—q— . This can be written

InkK/L= 6 1n Téi? + & 1n w/r (6a)

Since neither the returns to scale nor the
output pric= enter this r<lation, 1t may be found to be
quite useful for +the purpose of estimation of the CTS
parameters, However, the data on capitsel labour ratio
and 1nput price ratio should be available

The relatien (6a) oetween capital labour ratio
and the input price ratio connects technical forces
and their economic rewards without reference to ocutput.
It suggests an inlerference in the technical process of
production by economic factors in that any particular
input combinetion would have created the same amount of
output anywhere had 1t not been for veriations in
rewzrds lhat might bring about major differences
in r2sults,

IT we keep K/L constant then & /(1-3& ) becomes
a functicn of w/r. Thaet m=2ens the distributicn rararceters
tend to acquire new values con the basis of factor
rewards which dxffer between countries and hence change

5/(1-8 ) as well as K/L.
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The eguation (6a) may be considered to be the
expansion Doth of the firm and implies that the firm
dezcides changes in capitel labeour ratio in response
to changes 1n inyput price ratio without any allowance
for time log 1n the adjustment process. The equation
suggests the long run pattern of atteining optimum
production under the available technological conditions.
If relative prices ere i1ndependent of the disturbance
term or, in other words, given to the {irm, the equation
(6a) allows the estimstion of the distribution parameter
é and the elesticity of substitution & . There will be
simultaneous equation bias 1f input prices are Jufluenced
by decisicns ebout the input r=2tio. This 1s less likely
to happen i1n the case of firm level data. Once g and§
are found the remaining parameters of the CLS function
can be estimzted in the secondkstage from the additional
relation In V = InY - %CS k™S 4 (1_§) I—Q]
provided the lasi term on the ripht 1s independent of
the disturbance term 1n the production function, or .sith
Kmenta(1964) and Nerlove(1967)1 does not give consistent
estimetes of ¢ and Y unless K and L are independcnt
of the residual i1n th= production functicn. They
suggz2st th.t direct methods of estimaling the production
fuacticn seen more useful. In the CTS runction, f
15 ~ssum2d 1o be a neutral efficiency parameter with
a uniform impact on capital and labour <=fficiency.

If there are varistions 1n1ﬂacross observations, the
caritel latour ratio K/L and factor price ratio

w/? remein unailtered because r cancels oul 1n the
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numerator and denominator,in egquation (6a). As no
mescsurement errors are i1nvolved an unbiased estimale of &
may be obtained. loreov-er, 31f therc 1s a crosssectional
me3surement error in L and a corresponding pronorticnal
error 1n K, i1he meticr 1s statistically indistinguishable
from crosssectional variation 1n.r. If the error 1n K 1is
not proporticnal, the =stimate of 4 1s unbiased.

In view of the debate about the appropriate measure
of capitsl a~ a sto .k or as a flow of sarvices, .an error
18 Jlikely 1o arise 1f one 1s uscd instead of the otler,
Moroney(1970) has shown that 1f the specification (6a) is
used, any meesurement error resulting from the wrong use
merges with the disturbence term and i1n that case &€ 1s not
likely to be biessed under suitable assumptions.

Suppose capiial measur=d as services 158 AK where A
1s some fraction of the observed capital stock., Then, using

u for the disturbance term, (6a) beccomes!

2K/L = @éﬁ?(w/ré et

i
or K/L = (g%Y?w/rf et
where u' = u - 1n) 1s a new disturbance tzrm, the form (6a)

remaining the same. If A 1s a constant or 1s stochastically
independent of w/r then4 remains unbiased. X may bz considered
as a correcction term for crosssecction varie¥ion ia capital
qualitv and hence may be assumcd Lo be independent of w/r.

If A 1s int rpretced as a departure from full capacity utili-
sation, 1t 1s likely to very among indusiries. As we have
combined cbservations on andustries, the 6 cbtained from

(6a) may be biased to a certain cxtent. At the samz time,
allhougch industriel production cycles differ, resulting in
di1fferent values of A for different industraes, A may bc

assumed to be fairly constant for all indusirics within

e ———

1 see page 2e2a
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Footnote continued from p.202

The relation

< 4 4
ME/L = (3 ) (w/r) (62a)

was fitled to the data i1n the form
In E/L= 61n (25 ) + &1n (w/r) (6ab)

The empirical resulis were not found to be
satisfactory. While the estimates of elcsticity of
substitution, for France, India, Israel, Japan and Yugoslavia
rcspectively, were

.85 .89 1.3 .94 .88
t-values (2.5) (6.0) (10.0) (3.7) (6.8)

all of them statisticelly significant, the values of R2
were extremely low suggesting very poor fits. The introduc-
tion of M di1d seem to make a difference 1nasmuch as

1t pulled up the elasticity of substitution estimates of
all the countries except thet of Yugoslavia invhich case
the effect was the orposite. This certainly brought out

the effect on the manufacturing establishment of different
countries of the factor capacity utilisation which seems

to even out, to a certain extent, the values of elasticiily
of subsiitution leading them closer to unitv.

Unfortunately, the group regressions produced nuch
poorer results, with practically all regression coefficieats
stetistically insignificant imuch lower valucs of R2 than even
in the case of pool regressions. Also the F values from
analysis of covariance were extremely large.

The fitting of the relation

In K/L = 8y + boln w/r + coln) (6ac)
produced consstently low values of the coefficient of A
for pool as well as group regressions associated with

statistically poor fitis.All cés were 1insignificant.

Both the relations (6ab) and (6ac) have not b-en
considered in the following chapters. This does not
necessarily reflect the inadequacy of the reletions.




Table 6a(1)

The Values of Tlasticity of Substitution obtained

from
(42) (5a) (6a) (6b) (6c)
France .81 .78 .66 1,87 .80
India .79 .75 .64 1.75S .54
Israel 87 .89 80 1.43 .88
Japan .85 .62 .32 4,C0 .63
Yugoslavia 1.36 .93 .97 1.72 1.26

cte A1l t values are signficent % 59 level

In WL =a; + b, Inw (4a)
11 V/K = ay + b Inr (5a)
in K/ = ap + by In w/r (ha)
In wh/rK= ag + t%g 1n /L (6D)
In L =ay ~by Inw+cylnV (6¢c)
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each country but not bet: een countries. The extenli to which
this assumption 1s violated, may be shown by the values of & .

The relation (6a) allows the bringing together of
different qucalitics of labour and different vintages of capitel
whose rates and menner of utilisation mey differ from one
establishment to andther., The left =ide of avpendix table 6
gives the results for (6a). The fits are a8ll poor although the
regression coefficients rcepresenting the elasticity of substai-
tution are all sipgnificant. Iractically the same was the case
with the C%SL relation (4a) which, however, yielded more
uniform values of elssticity of substitution. These values along
with some other eomparable results are given in tsble 6a(1).

The middle of appendix table 6 gives the resuvlts for

1n wL/rK = 1n %? + ¢ 1n K/L (6b)
which 18 the repression of input shsre ratio on capital labour

retio. This follows 1f (6a) 1s written as

w/r = l%E (K/L)é or wL/rK = ';é (K/L)?

The equation (6b) also fits th= data rather poorly
though the regression coefficients have significant vslues
as can be seen from table 6a(1).

ACFS(1961), using the relaticn (6b) found contradictory
results and blamed the discrcpancy on the difference in the

assumptions about the error terrs implied in the different

modes of estimation.
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A Teabour Demand Relation

If we allow for ihe possibilaty of specification error
in the CES productivity-wage relation, we arrive al a statista-
cally more accurate vergion of the CiS function. The spccification
error cen arise out of errors in the measurement of inputs or
variability of“{ , the index of eff301ency’or p,the outpul praice.
Moroney(1970) has shown 1lhat the consequences of these omissions
may be convenicntly analysed within a common specification
error framemork. A

If,1n the 038 function V = YLK % (1=8) T3] w41,

we use 2V/9L = w, we have the modified relatiun

T%/v

Y-8
/ _ Ys

instead of 1n V,L = ﬁ}n7:3+ C&ln w. Also

- (an \Y!W) .
E(&) = 6 + (1= &) y%

& 1s bicsed unlcss €= 1 or there 1s no correlation

In V/I = 41n

+ 61nw+ (1-¢) 2511n v

between In w and 1In V. Other cases of specification error mav
be considerzd on the same lines.

Since V enters the modificd CBS relation exogeneously,
although 1t 1sspecified as zndogencous, 1t 1s not quite
pror=r to use V a3 an additional explenatory variablza. If 1t
1s essumed thet w and V are exogenecus and L 18 endogencous

we have another model for our empirical study

Y (i-3) -
In L = §1n ffggf -éln w + (54-6(i‘)) In V (6c)
i tuble Ga(i) abeve

The right side of anpendix table 6, gives the resultils
for (6¢). The fits ar- good for all the countries. The values
of elasticity of substitution are commarable with those of
the CLSL relaticen. They are slightly lower than those of the
C2SL though the differences in the case of India and Japan

are sipenificent as can be scen from table 6a(2).



Table 6a(2)

The Tlasticity of Substitution obtsined from (4a) and (6c)

Eqgn.(6c) France Indaia Israel Japan Yugoslavia
.80 .54 .88 .63 1.26
(6.9)  (5.5) (10.5) (3.0) (11.2)

Fan. (4a) .81 .79 .87 .85 1.36
(6.9)  (8.4) (10.7) (5.2) (12.4)

In the cese of Yugoslavis the differeance 1s small. These
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differences are likely to te the result of the returns to scale

factor which has been introdvced into the cquation (60). In
the case of India, Japan and Yugoslavia the returns to scale
arc sliphtly increasing, andethe case of France and Isracl
slightly decreasing thouzh 1n either case they are not
significantlv different from unity. The equation (6c¢)
emphasises these differences by pulling down the values of
elasticity of substitution in the relevant casecs.

In the cage of Indie, Japen and Yugoslavia, the demand
for labour 1s likely to increasec with increasing returns to
scale because the total quantity of labcur 1s not as limated
as 1n the case of Trence and Isrzcl. This 1s reflected 1n the
results in soite of a very nominal difference in returns to

scale
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From the results obteined so fer, 1t may not be possible
to arrive at any definite conclusions about the uniformity of
manufacturing pattams on the basis of mixed manufactuing
eslablishrnent deta. But we find that the perameter values
obtained fcr diffcerzent countries from the some model 1end to
suggest such uniformity. The wnifornity comes ocut mors clearly
in the case of the Cobb Douglas Tunction and 1ts extensions
obtained with the addition of technical variablcs only. The
differences scemr to come 1n "1th the use of economic
veriebles., But, then, economic factors cannct be 1gnored 1.
any production model. From a practiczl point cf viecw, the
exprission for the produvction function rusl make use of both
technical as well 3s econc ac f.cters in spit- of the production
functien bezng a technical rcolationshir, This do=s not change
our <tand ebout the basically t:chnical nature cf the
production function.

The Jiflfercnces thet ere rnoticod 1n tre results are 2lsc
suggestive of Aifferences in the netuvre sand vnace of the
econoni:cs. We cannct assvme a sipilarity of situstion in the
ccuntri-s undcer consideretion. ""hile 1t 1o truc that scom.
kind of postwar begimning w s made by crch of the ccocuntries
under considoration, they were different cconcoriacally, polita-
call; and hislorically. Their ratz of dev<lopment was different
and so were the quality and cuentity of labour and capital
ana cxperiznce aveilabl~ 1o them., Yet, on the whole, there is
reason to believe thot cach of the production models used,
rrovides ample cvidence of the similarity of the nature of
manufacturing =stablishocents of the five countries. This hanpens

t¥rough the nature of fits which arz cither uniformly ~ood or

unifornly bad for practicelly all the ccuntries with reference
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to any of the various models used. The returns to scale are
constent 1n all the cases. The elasticity of substitution 1s
found tc be not differing much from 0.8 for all the countries
except Yugoslzvis 1f we draw our conclusions from thce CFS
function. Ferhaps a further improvement in the similaraty of
results 1s a metter of time which may differ Zor each country.

Unfertunstely the zrgument cannot bo substantiated unless
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data for rore countries and indivaidual 1ndusitries are avairlsasble,

we now snalyse some results besed on the Cobb Douglas
and CES functions.

The percantagre shares cf capitsl and labour as obtained
from the two input Cobb Douglas function allow, roughly, the
followang grcups to be formed

France, lIsreel Yugoslavia India,Jdapan
Capitel Tabour share 2080 35:65 4555

Although the Japanese cconomy 15 advaenczd the wage
pattern has ncot changed much there. In Yugoslavia worker
particiration seems to help the labour shere ge up. The maximun
labour share 1s to be found ih the case of France and Israel,
20:80,perhaps an 1d=zcl for other countrics.

These differzsnces in input shares ore int-rnal, and
exist 1n spite of nearly constant returns to scale available in
all the cases. The range of cepital sharc is rather wide though
th-t for labour 1s not so wide. Some details of the internal
differences will be revealad wvhen we consider grours of
manufacturing establishments in the next chapter where a

simil=zr nroduction function analysis 1s carried out for them

We now consider the €L a»d CIDSY relations (1a) and (5a).

Assuming the elasticity of substitution to be constant we note
that the 9 values for a2ll the 'capitslist' countries are below

unity and thst for the 'socislist' Yugoslavia above unity.
1 Fn Same stabishecal testy sec page 2oga-e
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The hypothesis & O 15 rejected for all the countries,

The hypothesis ¢

il

0.8 1s supported by all the countries
excepl Yugoslavia.

The resulis obtained from the VIS function justify the
hypothesis that the explanatory nower of a nroduction model
in practice can be improved only 1f technical as well as
economlc variables are included as explanatory faclors. Lven
though, theoretically, only the technical aspect 1s emphasised
by the production function, the economic factors should not
be 1gnored in an economic world.

The good fits obtained in the casc of several production
models and the setisfactory valucs of parameters show that 1f
we have data on 1individual manufacturing c<tablishments, the
nonavsaillability of industry-wise deta mey not neccessarily be a
handicap.

A support for these hypotheses and others mentioned in
chapter three may be available from an analysis of group
regressions and analysis of coveriance which are the subject

matter of the next two chapters.

20%



le%a

THE FIFTEFN PRODUCTICIT RELATIONS

USED IN THV TMPIRICAL ANALYSIS

The equations for the fifteen production relaotions used

for empirical analysis in this study,

Tnelr anumbers usead

throughout this stiudy and the order in vhich they occur

in ell the tables 1-6 anywhere 1n the textare given below.

Table 1

1a) A\
1b) Y
Table 2

2a) \%
2b) v
Table 3

3a) in V
3b)

Table 4

43) 1nV/L
4b)  1nV/L
Ac) 1nV/L
Table ©

5a) 1InV/K
5b) InV/K
5¢) 1nV/K
Table 6

6a) 1nK/L

1l

i

6b) 1n wL/rK=

6c) in L

o
A X L
K
AMK

A
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Some Statistical Tests

The purpose of this note 15 to present some
statistical tests which were used to make cortain state-
menls occurring 1m a few places 1n the text.

In the multiple regr-ssicn model

Y = b, + byX+ b X

1 272 373 +"'+mem

the test of the hyrnothesis thet bl equals a specified
numberﬁll.e. Hy* by = P‘ , can be carried out1by the
use of the stetistic tn_m=(bl— Pl)/sl wher> s 1s the
standard error of bl.

To test 1f, with the Cobb Dougles function(p.186),
the capital sharefor France and Isrsel is 209, for
Yugoslavia 35¢ and for India and Japan 45%,so far as
our manuvfacturing ectablishment dole are concerned,
we make use of the abovementioned t stetistic and find
that for France, India, Israel, Japan, Yugoslavis,respec—
tively t= 0.3C4, .827, . 799, .062, 139
all of which are ctalisticslly insignificant st 5% or 17
level of signaficance The 1311 hypOLhe81s was nol rejected.

The test of lhe hypothesis PD+ ﬁIZP was carried
out by u31ng2 t = ( B+ pr=p )/Smpr . A1l the ¢
values were found to be nearly zero and statistically
mnsignificant. The null hypothesis was not regzcted.

To tect 1f the elasticaty of subslilution as
obtained vith the heln of the CI'SL relation 1s around
0.8 for 211 the countries excert Yugoslavia, we make use

of the ttest once arain.

1Kmenta J.(1271), TLlements of Tconometrics,
Macmillan.y, 266,
2Ibid.p.372.
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The t velues for Frsence,India,Isracl,Japan,Yugoslavia
res~eclively are t = 0.006 ,0.1C6, 0.£61,C.206, 5.1C5.
If the nvll hypothesis 3s 6 = 0.80, 11 18 not rejected
for France, India, Israel and Japan. In the casc of
Yugoslavia 1t 1s rejeciled.

The hypothesis that lhe correspc.iding regression
coelfficients of all the cowntries under study are equal
was cerried ovt Ly using the F statistic. The hypothesis
yas rejected in th=2 cas~= of almost all the production
relations we have used i1n this chapter It was decided
therelfore to compare the results for pairs of countries
im our study by using the F statistic. As can be seen
from table CO on p.208d, ten poirs of countries were
cemsidered and the F statistic weas calculated for all
these pairs i1n resnect of the fifteen preduction relations
vie have been using Col.1 1a the talle shous the
number of the production rel ticn used «nd the nawes of
the countries in other columns are sbbreviated to the
first three lelters 1a encht case Cols.2-11 cive the
F volues for the pairs menlinned above Lhe columns Only
o brief analysic will he gaven,

Cols. 2,6 and 10 1ndicale 1thet ihere 1s no
corpatibility b:twe-n the pairs of countries.
rrance and India, India and [sroely Isracl and Yugoslavia,
with r:ference lo almost all the production relztions.

Tne only relaticns vhich bring almost 311 the countrics
togrether arelihe relation (6a) vhich does not involve
value added znd 1rto which neither the returns to scele
narameter nor the output price enter, and 2., the relation

(6c) which 15 the labour demnzand relation. However,
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there are some nalrs ol counlries vhich seem to go
together »1tn resnecl to 2lnost all the production
relations and some other pasirs of countries which show
similority for sither the vnroduction roel=ztions involving

only th:t technicel expla..sfory fsclors or for tne proauction

—+
[

els

=3

ons 1rvolvaing ~nly the esceonnmiaice explznator fcelepen,

3

he v2irs France,Israel -ond India,Japan exhibit common
feetures vith respect to almost all the relaticans. This
was noticed also when the nool regressions were heing
onelvsed 1n 1his chapter. Moreover, a part of this result
has already been considered with the help of the t test
when the capital shares from the Cobb Douslas fianction

znd the elasticities of substitution fror the CES function
were compared.

An interessting lfeeture of the results 15 that
out of three countries(France,Israel,Yugoslaviz 1n the table)
1f tvo peirs (France, Israel and France, Yugoslevia)
exhi1bit some common characteristics with resyecl to
seversl ~roduction r=lations(Cnl.3 and <cl.5), this 1s
no guarantee thet the thard pair(Israel,Yugosl-via,Co6l,10)
should necessarily evhibit common characteristics with
respect to those production relcwion.

From the results given i1n table CO for our manufacturihg
establishment dats 1t cannot be maintained th-t all the
countries in our stud7 have common production parameters
wilh refcrence to any of the production relstions ercent
perhaps (6a) and (6c) but 1%t cen be ssz1d that therc are
croUDPS Oor at 1e&¢tf§1rs of countries which do have common
production characteristics with reference to almost any

nroocuction relation 1n this sludy.
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CHAPTTR 5IX

THE GROUP REGRESSIONS

Ther~ are several eccaomic and technical criteria
which can be used to divide the manufacturing estatlishment
data into a given nwunber of parts. In this chapter, for a
deteiled study of group regressions, use will be made of
the mons value of net cepitel essels, K, to divide ihe
total number of establishnents into three nearly equal
sized rroups. A vproduction function analysis will be
cerried out on each group so formed. The ascumptions, the
procedurz and lhe forms of production relations ug2d wall
be thce seme as those 1n the case of pooled data. The
nature of ihe technicezl paramcit-rs 1n the groups and the
problem of roturns to scele w111 be considered.

The group regressions llow a comparative <tiudy of
the parametlers correspond:ng to the groups. We mav be
able to study how the parameters chenge when ve move from
the group of small size establishments to the grour of
large size establishments. Ve can find 1f ihe pool regression
paramelers sre surported by i1dentical corresponding values
of the group regression paremeters or are merely ihe
averages of the values of the group regression parsmeters.

The three groups into vwhich the establishment dets
of each countrv have been divided according to the vzlue
of X, will be called Small K, Medium K and Large K
groups, each containiane about on: third of the total nunber
of establishnentis 1n the case of eacn country. The details

are given 1n the 1lable below.
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Tcble Showing the Number of Tetoblishments
in the Groups

France India Israel Japan Yugoslavia

Total Number 64 117 69 63 145
Small KX Group 21 39 23 21 49
Medium K Group 22 39 23 21 48
Large X Group 21 39 23 21 48

The small K group consists of establishirents which
correswond to the low-:st third of the totsl number of
zstablishrents when they :re arranged in 1ncreasing order
of magnitude of K, There 1s no lover 1limit 1n terms of
capital but there are no establishments with less than tin
workers.

Th2 medium k group censists of the middle third of
the esteblishnents and has clearly defined l1imits for each
country. The larpge K gpoup has ithe upper third of the

establishments. The lower Ti1mi1t 1s defined but the upper

limit is open.1

1The limits 1n each cese are the limits of the
data themselves. This means the limits for different
countries are not comparable. This 15 not uncommon 1n
such studies. Had we 1insisted on the equality of limats
for all the countries there would be problems sbout the
adequacy of the nurber of ~stablishments within each group
Some groups would not contain a single establishments
and the purvose of the study would be lost

In any case, 1n our study, we have not compared
the corrzspond ng groups of different countries. aAny
comparisons that will be mede will be for overall results,
tendencies over groups or for pooled data.



214

The frequency distributions of several variables
pertaining to the esta lishment deta of France, Indis,
Israel, Javan and Yugoslavia are given 1n table 8, appendix.
As can be seen from ithe curulative percentage frequency
figures, the distributions for diflferent countries
are dissimilar in the case of most variables.

Because of the inadequacy of data, only a fraction
of the total frequency i1s represented 11 the case of some
frequency distritutions. Fortunately, complete dala are
available for the more important variebles, but the
number of observations corresponding to cach class inter-
val and the total nwber of establishments in each country
are not all comparabkle 1n size. Some of these variables
will be used as gerouring criteria in the anelysis of
ceveriance which will be carried out later.

¥ * * -

Tebles 1 to 6, appendiy, give the empirical
results for pocl regressions and group regressions.

The first line 1n each block corresnonds to pocl regressions
vhich have been enalysed in the last chapter. The next

three lines i1n each block correspond to the small K,

medium K ond large ¥ group regressions. As 1n the

case of pool regressions, fifteen production relations

have been used for the analysis. The main emphasis will

be on the Cobb Douglaes, CFS and VES relations.

It may not be necessery to refer to the appendix
tabl-s continuously to study group regression results
as the surmarised results are given 211 along the body

of the text.

* * N * * * *



In thais chapter, all the group regressicn results
v11ll be studied 1n d2tail and 1f an overall uniformaty
w1ll be noticed for all the countries in the matter
cf the production function results, 1t waill be taken as
a possibility, though not as a conclusive evidence, of
uniformity within the manufacturing sector of each
country. The final decision will rest uith the results
of analysis of covariance which has been carried out in
the nzxt chepter.

The group regression results will pe compared
v1th the results of pool regressions, i1n the matter
of stetisticel fit, significance of regression coeffi-
cients and oversall performance. We will test tlhe
hypothesis that, for a proper representation of the

menufscturing sector of an economy, the production

function for the pool data of manufacturins establishrents,

rather then that for any proup of Lhose establishments,
1s the sppropriate mode of ~xrression. This will be

done with the help of sev-ral production function forms.

212



GROUP REGRYUSSICN RLSULTS

Cobb Douvglas Production Function

Table 1, appendix gives the group regression results

for the Cobb Douglas production function with two and three inputs

" a
Y o= A Iz("LFM\” (1b)

Considering first the results for (1a) we note that
the fits sre satisfactory and 211 the labour ccefficients are
si1gnificant as they were i1n the case of pool regressions.But all
the capitel coefficients are not signifTicant except i1n the
case of Japan. The largc K gours, however, yield significant
capirtal coefficirents for all the .ountries. This implies that
there 1s the possihility, particularly in the case of small
and medium groups, of the existence of multicollineeraity which
vanishes in the case of pool regressicns.

We also make the observation th:t the p-oled dete fit
1s decisively superior to the group fits for all the countries.
This should imply that thc pooled data are reasonably represent-
ativer of total manufecturing establishrent data of each country
since they seem to teke caredall the constituent parts of
manufactiuring activity.

If the regression ceefficients and their significance
in statistical terms can be considered as 1indicators, we may
say that invariably, the labour coefficient remains the more
important varicle for all the groups and for all the couatries.

Txcept for some differences 1n the values of regression
coefficients, we note that the regression rattern remains
practically the same for all countries under consideration.
To arrive at some more definiteconcusiwns, some additional features

of the results shouvld be considered.
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Returns to Scale

Table 1b(1) shows the zroup regression coefficients
along with the coefficients for pool regressicans, lor the
Cobb Douglos function (1a). The returns to scale are
given by VY = o + P . Whereas the null hypoilhesis « +P =1
was not rejected by the pool regression results of all
the countries and constant returns to scale seemed to
be the charscteristiic fisture of manufacturing establish-
ment deta, we now find thet the groups do not exhibit
constant returns to sccle everyvhersz.

In the case of Fronce, th- smsll establishments
exhibit coastent retvterns, the medium size establishments
show 1ncrezsing returns vhile th: large size establisn-
ments show diminishing returns. Beyond the medium size,
diseconocwmles of scale seem 1o pgrevail. The conclusion 1s
supported by Carré, Duboils ond Malinvaud(1976)

In the cas> of India, the medium ond lerge sigzge
3stablishmoents scem to be atl the siz.e of conctant roturns
to scale. It 1s difficult to say 1f st1ll lerger >stoblish-
m:nts would realise 1ncreasing 7 turus but tne possibility
18 not ruled out. For Iadia, 1464, our period of refercnce
may be said 1o be a crucial year in the third five yecr plan
which,as & result of top priority gwen to rapid mdustmalisstion
and diversificetion of the economy in the second plen, was
assoclated with lorge capitdl mvestments.Our results find a
support 1n Cheema's(1975)anzlysis of larce and small factor-
1es during 1963-64.Cheema's observetions are based on a
detailed study 1n a more general context.It 1s likely that
the high productivity of small establishments may be dus to

cheaper inpats obtained from the large establishments.
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Belween 1963 & 1964, the average size of fixed asscts of
factories rose by more than <leven per cent The possibility
of low productivity of lerge esiablishments beceuse of new
investments driving ur the capital assets without an i1mme-
diate proportionate increese 1n output 1s not ruled out.
In the case of Isreel, increacing returns are
discernible as the size of the establishments increasses.
Compered Lo the rise in returns to scale from the small to
medium estadtliirshments, thot from the medium to large
establishments 1s sabstantielly large. This may be
because, 1n the case of Israeli deta, the smoql and
medium size estohlishments are much smaller than the
large size establishments on the basis of different grouping
criteria and particulerly on the basis of net capitel
ascels used.
In the case of Jaren, although the coefficients
of cerital cnd labour are very differsnt from those of
Icsrael, the returns to scale factor follows the same
pettern as that of lsrael. There 1s 2 small rise from
the smAall to midium and a lerge rise from the medium
to larg? size establishments so far as the returns to
scale are concerned. Not survrisingly, the size
dastribution p2tternof meanufecturing establishments
of Janen happens to be practically the same as that for
Israel, as can be scen from the anpendix table 8,
Both 1n the ces. of Israel as well as Japan, imporbted
technology played an important role in economic
modernisation. In the cese of Japon, this finds mention

in Okhawa and Rosovosky(1973).
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In the case of the socialist Yugoslav oconomy,
even the small enterprises are sufficiently large and
show constant returns to scale. The largs enterprises
do the same but the medium size enterprises show
diminishing returns. These resudts for the returns to scale
figures for Yugoslavia materialise because of the
unique structure of her enterprises riost of which are not
autonomous and are often grouped vith other enterprises
under a variety of arrangements and for a aumber of

reasons According to a World Bank Report(1975) on

Yugoslavia, '"the units function rather like divisions

with separstc accounts within a decenlrelised concern.”

If, for the time being, we leave Yugoslavia
out of consideration, ve note that for all the countries,
the change from the small te medium size establishments
1s similar in the metter of returns to scale as obtainzd
from the Cobb Douglaes function. The behaviour of large
establishmants scems to be rather erratic, although, 1t
can be said that roughly smesking, a tendency for
incrersing returns 1s discernible in the case of Indaa,
Israel end Janan., This mav be because, while other groups
h2ve some kind of limits 1mposaed by the mode of srouping
the data, th larpc estoblishments do not have any well
dzfined upper limit so thet the extent of largeness
would differ from onc country to another and the results
may be neither uniform nor comparable for different
countries. In 1lhe case of ool regressions, the discrepan-

cics srising from such a situation can be concealed.
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Ferhars, comperable livits surossu on s1ze mray bring the results
for lerge estsblishments i1n line with those of small and medium
size establishments for all the countries.

It 1s likely that @ certain siz. ; coup of one country
may orxhibit rcturns to scale similcr 1o thosc of e different
g1ze group of another country. This may be because of 2 corres-
pondence between such groups whose sizes may be ccmparable or
whose ccnstituent perts may match with each other, The small K
establishments of France allow nearly the some returns to scale
as the large K establishmenls of Tndia. The medium K group of
France seems to correspond to the large X group of Isrsel,

The results, given in table 1b(2) for the three input
Cobb Dnuglas functien (1b) shov that the paltern of group reg-
ressaions, aftcr the introducticn of the third input VW, row
metericl, comparss well with the two input cas=. The pool . reg-
ression fit 1s superior™that of group regressions. The lacour
coefficient 1s highly significant but the capital ceefficient
15 not while the coefficient of I emerges significent at the cost
of bnth labour and capital for all the groups. The raw material
coefficient shows a distinct tendency of becoming more important
es%establishment size increases. It rises from the small to the
large K groups for all the countries. The ranking of the
capital coefficients 1s similar to that of M while the labour
coefficient behaves as 1. the two 1nput case.

Constant r-oturns to scelz are evadent for all the grcups
thcugh the large K rrcours of India, Isracl and Japan shov returns
to scale on the increcsing side. The psttern rcsembles thot of

the two 1nput cace.
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The Three Input Cobb Douglas Function with Two Labour Inputs

We will now consider the group regression results
with the help of a three input Cobb Douglas funciion,
using net capitel assets K and two labour inputs
obtained by dividing total labour intoc two perts corres-
ponding to two qualities of labour. Two cross classifi-
cotions of total letour are used. Direct Wabnur,LD and
indirect labour, LI add up to total labour,L which 1is
also the total of educeted ]abour,lr and other lalcur LO .
Table 2, appendix or table 2b(1) nerewith gives

the group regression results 2longside those of pool

regressions 1n the case of the Cobt Douglos functions

Koz @D PI

Vo=dp K7Ly Ig (2a)
Xeo _Be _ po

vV = AEO K LE Ly (2v)

The statistical results for the expressions
(22) and (2b) resemble each other 1ir some respects.
The coefficients of capital are practically equal 1in
all the cases and the role of direct labour i1s played by
other labour while the role of indirect labour seems to
correspond to that of educated lalour, in most cases
This implies that in the actual running of ¢ manufacturing
cstablishment, educated labour mostly rlays the part of
indirecl labour.

Comparing the results - 1th the two input Cobb
douglas function results, we find that while & 1s

nearly equel to X or ero ,the sum FD+ ﬁI or the

DI
sum Fi+ @O of the labour coefficientssnecrly equal to ﬁ .


http://vvh.il

This situation, being common to all the countri-s,
meay b gencralised anc considered to be th 1r usual
festur: and supports thc hypothesis of a uniform pattcrn
1in th matter of distribution of total lebour shere
betwoen direct and indirect labour. But, although the
pattern 1s th samc, the values of the shares are- not.

The inequalities of income distribution betwsen
dircct and indirect dabour are obvious in the case of
Israel, and mor. pcrticularly in the case of India whers
the wages for indirect labour are generally cxtromdly
low. In the case of France, Japan and Yugoslavia,
indirect lebour 1s well paid. In the case of mor- advanc:zd
countrics,as the c¢stablishment siz: i1ncreas-.,the proportion
of dir ct 1o indir=ct labour sherc decr ascs as can be
se-n from the r.sults for Yugoslavia and France. It may b-
surmlsod%hat with the passag- of tim and furth-r indus-
trialisation th¥s situation b-com-s the com on f-atur-
of all the countries. A proper verification of this pos-
sibility r-cuircs an. analysis of simiar data in a lat-r
period of time,

The constoncy of rcturns is proved, cnce again, as
in the two inoput case, for all the groups except small K
fFroup , Israel,and msdium K group, Yugoslavia. rven
1in these cases , the pool rogr ssions continue to show
constancy of rcturns.

Dcspite quantitative difforences, the pattern of
various characteristics in diffcrent countries shows
uniformity when analysed with the help of two input and

three 1apuat Cobt Douglas funcitions.



Kmenta Approximalicn and Translog Froduction Function

The left side of table 3, appendix, shows the group

regression results alongside those of the pool regcression
for the Kmenta approximation

ImV=1nf +w¥In K + v(1-3 )in -39 (1n K/1)° (3a)

il

Inf, + oIn K + Bdn I +§(1n K/1)°

The fits are satisfactory and tho cozofficyi nts of K
and L follow the same pettern as that of the nool » regrescion,
thst 18 , the coefficients of capital are not significant
but those of laboir are. The ceme 1s true of the additional
torm (1n K/L)2 whose coefficients sre not sigaificant along
with those of ¥, 1n - most cases, except 1n the case of
lerge K rroups of France,Jepan and Yugoslavia. This i1mplies
that cacital-labour retio does play an important rocle in
lerge estallishments. India and Tsrael do not come i1nto the
picture because, relatively spesting, their establishments
cannot be sai1d to be large -=nough.

The hvpothesis of conslent reiirns 7o scale 1s Justificd
1n the cesejiooled d2ta and also 1n the casc of small and madium
K groups but not 1n the case of lerge K grours of Franc:
and Japan TFor sfrence, 1t 15 diminishing returns to scale
and for Japan, 1%t 1s incr-asing roturns to scele. Fxcent for
these cascs, there 1s support for the hyrothesis of constant
rzturns to zcale for all the groups of the countries being
studied.

As cen be seen from 1he results lhere 1s a possibilaty
of high correlation betw=en somc of the erpleralory variables
1n group refr.ssions. the presence of multicollinecrity cennot

be ruled cut.
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Ls wmentioned 1a the Jasl cnertzr the group

recression results for the translop funclion ore given in

fn
=

> arpendix table 3, Hovever, th:t analysis of covarizance
results based on the trenslog funciion will be gaiven in

the rext chanter.

CTSL &nd CT3K

The laft si1de of table 4, arpendix cives the results
for the CTST relation which 1111 he censid-red along
Are

vith the C7SK relatien the results for whlchﬂon the left

si1de of table 5, eppendix. The two r2lciions cre

CFSL in v/1

il

o+ by In w (4a)

+ b, 1n

]

=

CTSK In V/E = ay X (52)

Fach of ttcse 1wio rel-tions 1s either 2 descripliuvn of
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Table 4b(1)

Tlasticities of Substitution bL and bK Obtained from
C2S1 and CLSK  Functions

France India Israel Japan Yugoslavia
br by by By b b by B P
all .81 .78 .19 .15 .87 89 .85 .62 1,36 .86

Small X .78 .50 .94 .13 .80 .59 .58 .36 1,36 .87
Medium K .63 .80 .94 .85 1.08 .69 1.06 .49 1.46 .77
Large X .96 .85 .22 .57 .78 1,01 ,94 .87 1.21 .98

Note., The t-values are all statistically significant.
at 5% level of significance.

th: wege rote expleining labcur productivity in money terms
ocr thst of the rate of return on cagital explainiag capital
producltivity 1n money terms,

The fiis are not very good tnough they are better in

the case of CTS8K. The regression coefficients, by and bKaWthh

L
stand for the elasticity of substiitution in each case are
significent for all the groups of all the countries. The valucs
of bL and bK are given 1n table 4b(1). The CESK pgives lower
cstimates of the elasticity of substitution then does the CLSL
for almost all the grours. This su.norts Pcderson's(1972)
hypothesis thet bK should be less than bL' Ancther contention
of Pederson 1s also surnort~d in thzt almost all bK values
are less than un'ty.

In the case of T00% regressiony the elasticitics of

substitution for all the countrizs, -xcept Yugoslavia, were

found to be close to each olher as derived from C_.SL and CTSK,.
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For most of the groups, the difference between the
values of bL and bK 1s fairly large and docs not

scem to follow any paltern. This 1s because ithe size
of establishment and the level of economic development
of e-ch countrycontributes decisively to the difference.
This also implies that, as noticed in chapter three,
the nature of wage rate and rate of return depends on
the country to which they belong. The values of
elasticity of substitution obtained from (4a) and (5a),
therefore, vary according to the 2xtent to which the
economic forces ascertvailn themselves in the face of
technical factors.

The average effect of the pool regressicn vslucs
of bL end bK suggests thet the pooled deta rather thean
the group dets, can vell represent lhe important aspects
of 1he menufacturing induslry within ecch country.

A generalisation about tht values of the elasticity
of substitution may be difficult but 1t can be said thot
except for the CFSL casc of Yugoslevia, the values are,
inde~4d, on the lower side of unity for the pool as
well as group regressicns. As the group size increases,
the elasticity of substitulion values tznd to go up
thecugh 1t 1s diffaicult to rive a hard and fast rule for
this. The movement of ihe bK values 1s relativ:zly more

smooth 1han that of the b, values. With the excertion

I
of the large ¥ grour of India, the bY values raise,
as the group size rises, 1n ¢ mere A€clsSive manner

than the bL valuzs., I1 may be remembered
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that the grouring of the c¢stablishments i1s based on K values.
his meens thit the elasticity of substiution depends on K,

and possitly on K/L. But the extent and manner of dzpendence

dc not seem to be predictable or identical for different
countrics, Ferhaps, 1t may bc possible Lo make similcr remarks
atcut the depondence of bL on L or L/K 1f the data are regrouped
according to the L velues. Il may be centended ihat the
elasticity of substitution depends on both K/L and L/K. It 1s

on the basis of this conteantion that we developed the production
relation given on page 86 in chapter two.

Ag for some different results obtained i1n the case of
Yugoslev establishments 1t should bc remembered that they scem
to worl und-r conditions different from those 1n caprtalist
establishments. They sre labour monaged end are constrained
to maeke the best utilss2tion of resources, ovea 1f 1t has to
be don? by withhnlding gresent consumption in favour of capital
formation. Moreover, ihey have no capital of their own whach
1s all borrowved and aJtds substantially to their rcsponsibility.

In snite of different values of repression coefficients
obtained for different groups within ezch country with the
help of (4a) and (5a), 1t cannot be asserted that the groups
cre structurelly different. The hormog:eneily of the groups
can be decided by means of analysis ofwveriance in the
next chenter. But we have been sble to notice, with the help
of the CISL and CESK relations, th.t there are some produciion
charecteristics which may be found i1n all the countries uniformly.

On the basis of pool as viell as group r-grd(ssions,
1f ve were to make a choice between the CESL and CISK functions,
we may s2y that the ov-rall performance of CISK 1s better than
that of the CISLT i1n that 1t gives a better fit and nore consis-

tent and significent volucs of the regression coefficients.
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This implies that internstional comparisons as well as those
between groups, when based on 8 production rel=tion invol-
ving capital onreduclivity, reveal the subject mstter more
clearly then when based on a rel-tion involving labour
productivity., The internetionel market for machinery and
equipment 1s nurte competitive ;the nrices of i1tems of capital
and capital productivity tend to be equal in different countraies.

The CES results are based on the assum-tion of
constent returns to scale.1 The Cobb Douglas function
indicated constancy of returns to scale emphatically in
1the case of pooled data but not sc emphatically i1n the
case of group dats. On ithat basis, thc elasticity of
substirtution as obtsined from the pooled data of each country
may be considered more rzliable than lhose obteined from
groups. Impreved values of the elasticity may be expected
1f allowance 1s medz for nonconstancy of returns to scale
wACre nicessary.

Although both the CESL and CLSK functions reveal o
variety of 1nteresting results and point towards some kind
of wniformity of the pattern of produciicn relation for
different countries, 1t has not been rossible to come to
any definite conclusions. Both suffer from inadsouvate
explanatory pow:r snd the addition cof 2 technacal expl=anatory
variable may be expected to improve ithe results. This takes

us to a consideration of the VESL and VIESE relavions.

1If there are nonconstant r=turns to scale, we can
use tho modified rel_.tion discusscd earlier

in V/IL = const. + d1lnw + (1-4) 3'5" In V

The assumntion of constent returns to scale s2ls the last
coefficient in this ecuation zcro.
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VST and VT'SK

The middle oarts of tsbles 4 and 5 in the appendix,

cive th2 results obtained for the VFSL1 .nd VESK?1 relations
VTSTA in V/L = apq + blqln w o+ cL1ln K/L (4D)
VFSK1 n V/K = agq4 * bpqln v + cpyln L/¥ (5b)

The fits for the grouns are cood and the regression
ccofficients are all statistically significant though the
overall performance of the VISK1 1s bettier than thatl of VTSL1,

The input ratio comes out as an important s=xnlanstory
factor both i1n the case of VESL1 and VESK1. Its inclusion
as an additional explanatory factor secems to lead to an
improvement of r:sulisj The addition of the technicel factor
K/L(or I/K) 1n the CTS relsztion does not suggest a fall
in the imoortance of w(lor r). In most cases the
coefficients of w remein practically the same as 1in tne
case of C7SL and the cocfficients of r register a slight

fall in several cases.

1There 1s a vrominent i1mprovemen! in €1t in all the
eroups and the coefficients of w(or r) and K/L(or L/X)
are all significant.

According to Grillichzs(1967)(in ¥ Brown(¥d,),The
Theory and Fmparical /nalysis of Troduction), there may be
an 1dentification problem here. Also, according to him
since all the effects of w sre contained 1in K/L, 1ts
coefficient sheould not only be significant but"should
actually swamp the effect of w" Since K/L 18 rarely
"measured without error and w 1s relsated 1o tlhe
systematic compounent of K/L, the latter variable may
rerform as a proxy for the corr:ct K/L measure and
not be forced out."

According to Nerlove(1967), "what remains striking
15 the diversity of results and their sensitivity to
small changes 1n the specilication of the cquation fitted
or of the data uscd.”lerlove suspectis the possivility of
collinearity wvhich we nolice 1s not the case with our results
Moreover, we find thet ihe correlation between w and K/L
1s very poor for all th- countries.
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Table 4b{2)

A Comraraison of the Coefficients of

CESL VFSL1 CEFSK VRSK1
by, b1 C1q by by gy
Coef. of Coef. of Coef, of Coef. of
w v K/L T r L/K
_________________ France Tttt TTTTTmTTTTT
.81 75 .18 A1l 78 36 62
.78 .12 .08 omall K .50 .27 .72
.63 .61 .15 Medium K .80 . 34 .65
.96 .79 .27 Large K .85 .58 A2
India
79 50 37 A1l 75 57 32
.94 .85 .27 Small X .73 .63 .34
.94 .93 .19 Medium K .85 .63 .41
22 L0300 .52 Large K 57 40 .35
: Israel
‘ .87 .84 09 £11 89 43 .50
! .8C .79 .05 Small K .59 31 L7
1,08 .86 .19 Medium K .04 A4 AT
' .78 .70 .26 Large K 1.01 .63 .55
Japan
85 .60 .39 T <L S S
.58 .56 .54 Small K .36 A3 .51
1.06 .85 .59 Medaium K .49 .54 <47
.94 .84 .33 Large ¥ .87 .63 « 37
Yugoslavia
Jde36__1.12 25 AXL .86 W8T W33
1,36 1.32 .07 Small K .87 .62 .39
1.46 1,16 26 Medium k T .6C 24

1.2 .99 .36 large L .98 .80 .23

A1l t-values evcepl those i1in t'e underlincd cases are significant.
at 59 level of significance.




The empirical results for ths VOSL1 ~d th> VESK1
relotions, are civen 1n a sunmary form in table 4b(2).
It skows thez contrilvtion of the inrut ratio in the
VESLT1 VISK1 relations in the case of all the groups and
for all the countries 1n our study It 1s quite likely
that the VISLi and the VESK1 r lations may provide good
results in the case of the data of other countries as well.
Between the two movements from the UWSL to the VFSL1 and
from the CVSK to the V¥5K1, the lstier nrovid s better
resultis on the vhole.

If we compere the VU'SL1 coefficiznls of w and K/L
with the VTSI'1 coefficicents of r and L/K, we fina thet
in almost all the groups, the cocfficienls of w are larcer
then those of XK/L but the coefficients of r are sgmaller
than the coefficients of L/K, If these two factors in the
two preoduction relations covld be likened to the two
inputs 1n the case of the Cobb Douglas function, a
similaraty in the velues as well as the paltern of the
values of thcse coefficionts can be easily noticed.
However, this 1s suggested only as e rouch anslogy
but 1t helps 1o see Lhat whatcver the form in which
a production relation i1s expressed, the presence of the
two factors, cepitel snd lahour, 1n some lorm or other
in the production relstion 1s diffaicult Lo avoad.
This 18 not weant to 1mply thzti th: ch=npge from the Tobb
Douglas relation to the VIS relation has rothineg different

to offer,
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The VIS5 relelion 18 a2 blend of the CT'S productivity
rzlation and tne Cobb Dougles relaticn with conslant
returns 1o scale. But 1t 15 neirther the Cobb Douvglas
nor tie CIS r-laison a@lihough botn ar: 1ts particular
cases, There may be an identificetion problem here,

a2

m

ar31110hes(1967)1pm3nts ont 1° the VIS relction 1s
split into the two r=lsticns (viz., the Cobb Douglas
cnd the C78 relalions r-_crred Lo <bove).

& useful charactericstic of the VFS function 1s
that 1t hes the onrovperty of varizable elasticily of
substitution which can be useful 1n some cases. e
should not be tro concorned with what the <pecafac
vzlue of clasticily of substitution at come mean point
1s bzcausz2 11 vall change as one moves along 1lhe
isoquant. What 1s important is thot the resuliing
naremeters cmanaete from a variable :lasticity of substi-
tvtion proauctinon function vhose shecial characteristics
may be erpacted to be rei~cted 1o 2 certain extent
1n lthese parameters.

i'e nov consider the resvltis obtained from the
extension of ithe VI'SL1 and VL5K1 functions to the
VTSL2 and V'SK2 functions in the case of group regfressions
on tho same lines as v a< done in lhe case of pool reg-
ressicns.

The addition of L as = further exnlanatory factor

in the VISL1 and the addition of ¥ 10 the VISK1 lead to

1Grllllchcs(1967),ln M.Brown(":d),The Theory and
Fmrirical &nslysis of Production.
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I

VTSLY -« in V/I a1o+Ppoln wiep,ln K/L+dL21n L (4¢c)

VI'SKZ2 -+ In V/K

N

agotbpoln rcp,ln L/K+dK21n K (5¢)

The emmirical results for these 110 relations
are given on the richt side of tebles 4 and 5, appendix,.
There 15 no notevorthy improvement 1n the recraess:ron
resultis and the coefficients of L and K arc statistically
insignificant for almost all th ¢roups. At th: same time,
th~ *1¢ repression cocfficiants of w,K/IL and of r,L/K
remain practically unaltered in almost all the cases.

These two exnlanatory factors, v»,K/L or r,L/K, between
themselves, seem to manage well the explanatory reculrement
ol 1the relstion for all the groups in all the countries.
Twe vattern 1s almost consisient for all 1he countries

and 1s snggestive of the uniforr reaction of nanufacturing
establishment deta of all i1he countries to the VES

relacion involving these two factors.

So far as the analysis of group results 1s concerned
we can say that 1t 15 not neces-ary to move from the VISLA
tn the VISL2 or frem the VNSK1 to the VESK2 relstion as
no major irprovement seems to be made 1n the empirical

snalysis by this.
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C¥S Variations

The group rogrsssion resdlts for tho relation between
the inrut ratio and the input praice ratio
¢ 2

N

In K/L = by In Tfj; + by law/r (eca)

ere on the 1efl side of table . The coefficicent bD stends
for the clasticity of substitution as derived from this
rel~tion and © 1s th= distribution parameter of the CFS funclaicn.

The resress:on fits are very joor for the groups. This
was also the case vith pool rzressicns. But except 1n the
cases of smell end medium groups of Japan, the values of bD
are significant in all the casecs. The negative valves of bD
1n the case of Janan ar. assoclrated with extrewmely poor reg-
r2ssicn fits. This implics that in the small and medium size
establshrents of Japan, the incresse i1n the use of capital
15 associated with 2 simultanecus 1increase 1n the gquantity of
labour. It also i1mplies that the rete of return on csoital
has risen mor- than proportionately wiih the risec 1n weoge rate.
This 1s 1n support of 2 siriler conclusion desrived with the
help of the Cobb Dougles function.

The ~lasticity of substitution values bD,aS obtained
from the relation (6a) are comparable with the values bL as
obteined frolm the CTSL reletion (4a), If we leave outb
Yugoslavia, the bL values seem to cluster arcund C.8 and the
bD values 2round 0.6. The small end m.dium groups of Japan
are an exception. The values of bD and bL are relatively
higher in the cas. of Yuroslavia.

The relation (4a) 1s constrained by the assumplion of
constcnt returns to scale while (6a) 1s free from such a
r-striction and does not contain the value added veariaple.

“hile this should be considercd a merit cf (6a), some difficuliy
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-rises when an cconomic fsctor like w/r 1s used to explain
a technical fecter like K/L, Tven 1f (6a) may be theoretically
a better rclation, the CTSI relat:on (4a) secms to fare better
becaus > 1t 1ncorporates the constancy of returns to scale which
may be considered to be a feature of our data or because the
explanastion of labour crocuctivity by wage rate 1s a better
method of describing the state of «ffairs in the dats

The relationship betwcen the factor chare ratio vL/rK
and the input ratio K/L given by

In wL/rK = 1n Egi + ﬁ%gé in K/L (6h)
where bS 1s the i1inyut elasticity of substituvtion in this relation,
1s a straigcht deriveticn from the relation (6a) and may bhe
expected to give empirical resultis comparable wath those of (6a).
The middle pert of tatle 6, a;pon’ix, gives the deteirled
results for (6b). Table 6b(1) gives the values of by elong with
the values of bD’ bL ana bV’ the last of which will be
obtzined from the rclzticrn (6c) whose detalls will soon follow.

The reletion (6Db) produces poor regr-ssion fits althcugh
the values of regrzssion cceffacients are 2ll significont
with only one excention. The range of veluus of the regression
coefficients for 211 th2 groups romein wilhin reascnable
limits, the small and medium group of Jansn are the exceptions
which remind us of 2 similer situation obtained with (6a).
The higch values of the regre<sion coefficients 1n these two
ceses su~rest that in t@e small and medium size establisrments
of Japan, the shere of 1labour has not gone up with the rase
in capitel intensity. This vas 2lso the conclucion drawn Zrom
(Ga) and th: Cobb Dougles function

In the 2a,preissl of veriocus technical and economic

variables in chepter three, the factor sharc rctic,wl/rk



Table 6b(1)

The Values of Tlasticities of Substitution Obtained from

(4a) (5a) (6a) (6D) (6c)

France _29912@__L§1____;2§______;éé_____1;52_____;59_
Smell K .78 .5C . 39 1.42 78

Medium K .62 .80 65 1.72 .7C

Large K .96 .85 74 1.93 .94

Indaia _fooled .79 ___. 15 . Cq____ 1.32 .54
Small K 94 T2 46 1.67 a7

Medium K 94 .35 69 1.66 1.03
Lerge X .22 .57 29 2.27 12

Israel _Pooled .57 ___. 89___ __. 19 Y4l . 88 _
Small ¥ .80 .59 37 1.85 .85
Medaum K 1.00 b4 .61 1,32 1.01

Large X 75 1.01 65 2.22 66

Japan _Fcoled .85 __ . 62 .32 4.00 . 63_
Small K .50 .36 10 -7.69 58

I'edium K 1,06 .49 A2 -9.09 .48

Large K .94 .87 .76 2.17 .67

Yugoslevia _Pooled 1.36____.86_ .97 ___ 1.72 ___1.26_
Small K 1.3 E7 .79 1.25 1.34

Medium K 1,46 LT .62 1.72 1.4%

Large K 1.21 .98 1.07 1.93 1.36

A1l t values except those 1n the underlined cases are
significent at 59 level

Note. 1n V/L = a; + byln w (4a)
in V/K = ap + beln T (52)
In ¥X/L = ay + byln w/r (6a)
In wL/rK = ag + 1 28ln K/L (6Db)
n L = ey = bylnw + ¢y In s (6c)
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was found to lie scmewhere near the middle of cur
technical-eccnorniic spectrum. Its value seems to fluctuate
under the influcnct of -conomic forces. But there are no
major fluctuvations between the groups of the same country,
thr Japanes: groups being an excertion. It should be possible
to csteblish this uniformity morzs firmly with the help of
analysis of covariance
The relstion (6b),vhich omounts to -¥vplaining an
economic variable with the heln of a technical variable,
althourh ctatistically net very successful for our deta,
unfolds nore cleerly what wos ohtained eerlier with other
relations, I1 1s vseful beceause 1t brings in explicitly,the
probler of eryplaining fector sh-res in a production rzlation
In the contcxt of a2 discussion of various simultaneous
equations difficultiecs which nay arisc in the estimation
of CTS production functions, Nerlove(1967) suggests that 1t
18 simpler to use (6a) 1f data are availlable. The equation
"does not 1nvolve f end so must hold exactly unless there
are 1mperfections in profit maximisation. These 1n turn
mizht mek. 1t impossitle to cstimate (ihe equation) by
ordinary least squares." What apvlies to (6a) a-plizs to
(6b) 2lso. It 1s possible to soy that the regression resulis
for (6a) and (6b) are not quite sctisfactory and this might
be caused, smong other factors, by imperfections in profit
maxinilsation in different groups and different countries.
It 1s likely that the use of simultancous equations method
may 1mprove the results but the results already obtained show
the prominent influence of economic foactors in bringing about

differences 1n the technical act of production.
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A Tabour Demand Relation

We nou ccnsider the labour demand relation derived
from the CTS function after allowing for the spccification
bias. This should possibly yield more accurate estimotes
of thc elasticity of substituticn. The relation

In L = b,In»(1-3)/ =b,In w +@F+h,%5)In V  (ec')

or In L = ay = by lnw +cy lnV (6¢)
1s essentially an economic relation connecting demand
for labour with i1he wage rate and value added, even though
1t 1s based on a technical relation

The empiricel resulte ore given or the left side
of table 6, appendix. The summary table éb(1) gives the
results along with those of some other reletions,
Practically all ithe greup rcgression fits obteined for
the rzlation (6c) are good and all the regression

1.

ct

ct

coefficients ar

(o]
o

1sticnlly significant with the

:xcention of the smell and medium <st blishment cases of

W

Japan, this 1s in line with the results oblained from

(6a) and (6b). Thr valves of 2lasticity of substitution
are, with the excegtion of Japan, practically the same as
those obtained with the CIS relation (4a). This anplies
that the correction for specaificeticn bias inlended to

be made by (6c¢) 1s not quite neces-ary. The CLSL relatien
based cn the assumpition of ccnstant returns to scale seems

to be adequate and does not need to be replaced by (6¢c).

fn interesting findiang from the empirical results

of (6¢c) 1s that Cy, the coefficient of 1n V, has
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a value which 15 arcund unity in the case of pool :s well
as group regressicns, Once again, this implies constancy
of returns to scale in practically all the cases. A uni-
formity in the nature of the parameters of different groups
within cach country i1s discernible but 1t 1s dafficult to
say 1T this uniformity pervades over all the countries.
However, the reaction of the manufacturing establishment
dats of each country to the relation (6c) 1s similar.
The reaction 1s also similar to the other CLS variations
(48),(5a),(6a-c).

In overall performance, the relation (6¢) which 1s a
labour demend relation, 1s superior to any of the C..S
variations including the CFSL and C7SK., It also gives the
elasticity of substitution estimates frec f{rom bias. But
since the main results obteined frem 1t and from the CIESL
are similar for cur deta, the CTISL may as wvell be depended
upon for certain conclusicns Between the CESL and the C7TSK,
the rerformrence of the CLSK 1is definitely bitter.
These observations are from the point of view of the
quality of empirical resulls as obitained from the use of
different production relaticns. But so far «s the
reation of the manufacturing establishmeont data of different
countries 1s coancerned we find that 1t 1s practically the
same Jrrespective of the production relation used.

We will now compare the empirical raesultis as

obtcined from the pool regrossions and group regressions,
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The Pool Repressions and The Group Regressions

In the case of all the countries under study, the
pool rTegressions have provided better stetisticsl fits then
the croun regressions. They have slso produced regression
coefficiwnts which sre slways significent except in the case
of the 1lranslog production function while there are seversal
cases of group regression coefficients being statistically
insignificent. It implies that the pooled dsta provide a
better rerresentative of and coastitute a more complete sei
of observations from the manufacturing scctors of the
countriss under study then do the group data., We s.y this from
a compariscn point of view, Il 1s not mcanl to ve said thet
the ocuelity of orouv results 1s poor or thet tney exhipiz
heterogenerty of structure within the couniries under the
study; this aspect . 111 be deelt vith under the heading of
analysis of coveriance in chepter seven. Here we have beecn
able to show thit 1t 1s possible to carry out produclion
functicor analysic wiithout reference to i1ndustry and tihet
measningful results can be obleined cven when the censtitucnt
units are looked upon as arranged according to the quaantaty
of canital acs=ts us.d by them. Other criteris to arran:ze
the cstablishmentis may olco bz used We did carrv out the
production fuwiction snalysis on the basis of olher craiteria
and noted certein interesting results which were found to
denend significantly on the nature of the criteris used.

As the nature and extent of diff-orences 1n results become
evident more ¢esily from an analysis of covariance of the
group regressions, the main results obtained from the use

of other criteria ere in the next chapter.
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From the results obtained so far we conclude that
the nonavailability of dats according to stenderd industrial
classification nurbers 1s not n.cesserily a handicap and
thet @ production function st.dy can still be carried out
with useful rcsulits.

Te also note that the evplanetory ocover of rool
regressicns as vell as group recressions 1s vrominently
incrersad when the explanatory side of the production
relelion consists of both technical and economic factors.
Cocd results may rnot be expected alwsys in mracice 1f any
one of these two types of explanatory factors 1s missing
from the production relation.

The parameters of the production relations are not
1dentical for ell the countries. The impact of the prevalent
political systen, the historical fector and the level of
economic d .velopment of the country on the nature of the
empiricsl r-sults cannct be comrletely ruled out. For
instance, the nature of results 1n the case of Yugoslavia
can be easily attributed to the political forces though
even then, the pattern of results does not differ much
from thet of other countries.

We note that 1n snme cases the varialions between
the values of group regressicn coefficicnts are lerge
buvt, almost i1nvariably, their average values arc vory
close to the values of the pool regression coefficients.
Unfortunately, the group establishment sizes of different
countries are not the same so that th: groups may not
be erxpected to give conrerable velues of the coefliciints,
The pool regressions :ven out a number of differences 1in

the group regression results.
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In spite of some differences, the values of the
narameters of the pool regressions as well as group
regressions remain within resscnable limats., "Xcept in the
case of Yugoslavia, the value nf elasticity of substituticn
15 found tc be around 0.8. The returns te scale parereter
in most cas-s 1s crownd unity. Constent returns to scale
are emphasised more by the pool regrossions than by the
fFroup repressions.

5o far as the ability to reprcsent the manufactucing
sector of @ country 1s concerned, the pooled dsta are
quite superior to the group data., While the pool regression
results betveen different countrizs cen be easily compared,
the group regressicn results, based cn different sizes of
frecups of different countries azre not comparable. But a
comrarison of 1lhe ponl regressirns of different countries
makes meaning ocnly 1f there 1s stebilaity of grour
regreesions within ezch country. This leads us to the

analysis of covariance of the data 1n the next chapter,
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CHAPT YR STVLN

ANALYSTS OF COVARIANCE

A satisfactory estimation of a production function
for the manufacturing establishments of a country,pooled
together, 18 meaningful 1f the underlying structure 1s stable,
Such 8 stability mzy imply the siructural uniformity of the
manufacturing sector of the country.

If the establishments are divided into groups and 1f
a production function fitted to each of ithe individual groups
shows signs of similarity among the groups as well as with
the pooled data production function, the argument of stability
and uhiformity 1s emphcsiced. If the group results fail to
establish uniformity in spite of a satisfactory pool regression
there 1s sti1ll the possibility of uniformity of dale 1in some g oujs
and nol 1n others unless 1t 1s categoraicslly proved thet
uniformity and stability for the groups are completely ruled
out,

We have carried out the regression analysis for our
m=nufacturin~ establishment data in two pzarts. 1In the first
part, pool regressions have been obtained for each country
and studied i1n detail on their own as well as on a compareative
basis. ©Several production funclion forms have been used.

In the second psrt, i1he establishments in each country, have
been divided into three groups and a regression analysis
similar to the first one, along with a comparative study,
has be~n carried out. The same production functions as in

the first p2rt hove been used here.
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The Chow Test of Equality of Regression Coefficients

We have divided the manufacturing establishment
data of each country under szsudy into three groups.

We are intercsted in finding 1f the group regression
parameters, which represent the structural characteristics
of the respective groups, differ significantly from

one group to another. In other words, we would like

to know 1f there are any structural differences between
different grouns of each country.

Let by, b, , b3 stand for the vectors of
the regression coefficients of groups one, two and three
respectively. We v1ch to 1est the hypothesis b1 = b2 = b3
against the slternstive hypothesis that the regressicn
parameters of different grours are different, or vhet
1s the same thing, tneir structural characteristics are
not the same.

If there are n establishments in a country and the
production function fitted to the data has m explanatory
variables in the regression equation, we have the Chow
test to verify our null hynothesais b1 = b2 =b3, which

makes use of the F statisiic given ny

_ (T - %ﬂh)/Z(m+1)
(21 )/ (n-4m-4)

F

where T 1s the sum of the squared residuals for he pool
regression and TJ 1s the sum of the squared residuals of
the regression for group 1. The degrees of freedom are
given by 2(m+1) and n-4m-4. We will nmake use of this test

n tnhe snalysis of covariance.
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Analysis of €ovariance Tables

There are several sets of tables i1n the appendix
which give the anlysis of covariance results based
on different grouping criteria. Corresponding to each
grouping criterion and the fiftemn production relations
listed 1n table O, the analysis of covariance results
are spread over six tables as in the case of pool and
group rcgression. The results for o few criteria are
siven briefly in some consolidated tables.

Tables 1A to 6A are based on K groups

Tables 1B to 6B are based on L  grours

Tables 1C to 6C are based ocn V Eroups

Tables 1D to 6D are based on K/L groups
Tables 1E onwsrds ere based on miscellaneous grouping criteria.
They are in consolidated form.

The pool regression analysis in chapter five and
the group rcgression analysis in chapter six were given
1n detaxl for K grours only. On th: same lines and 1n
the same order, the analysis of coveriance resultls will
be discussed in detail in the case of K proups. A brief
account of the analysis of covariance resulis will
also be given for other grouping criteraza along with

some tablcs.
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The Cobb Douglas Function

We begin by considering the results of the analysais
of covariance of the grouped manufactuing establishment data

subject to the two and three input CobdDouglas functions

voart (12)
o
Y - & KMLGHMYN (1b)

In both cases the explanatory facters are technical
varlables ana Lhe grouping of the data 1s based on K which
1s 8 technical variable butbt which 1s not a dependent
varisble in the equation Under these circumsvances we wish
to know 1f 1here 1s homogeneity between groups of
establishments.

Table 1A 1n the arpendix shows thot pracfically all
the F wvalues, obtsined by analysis of coveriance, corres-
ponding to (1a) and (1b) are insignificant. This 1mplies
that the corresponding producticn funciion parcmeters of
different grouvvs of cech counlry when compared on the hasis
of Cobb Douglas Tunction compare well witll one ancther. We
may say thet the estimates of regression coefficients which
corresnond to one saother in different groups, are randomly
distributed.The grouping does not seem to lecd 1o different
production relations for different , roups and th. pool reg-
ressions for the total manufacturing establishment data of
each country nay be considered as valid,

It 1s 1i1k=2lv that the groups meay te i1n the form of -
continuing segments with the same slore and intercept. It 1s
also likely th=zt in spite of variation within the grouns the

hwelllng1effect equates slopes and intercepts. In either case

1I.e.even 1f some groups show more variaticn than otners
their scatters may remain on the same slope
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the conclusions romain unaffecteda. In particular, the
voriations within the grours represent a vide variety of
experience and the F values are svuggestive of ths stebilaty
of the parameters of the vroduction relatiocns

We thus find that homogeneity between sroups of
errh country 1s revealed and the pooled drta of each
country suggest an underlying stable structiure when
the grouping of estallishmcents 1s done by reans of a
dependant variable like net cepital ass~ts. It 1s likely
that the technical nature of this variable mesy also
be contributing to a better revelalion of ithe homogeneity
th3t 1s therc between groups. Whether this 1s so needs
to b. tested bv means of other derendent variables or
other factors with different charoct=ristice This wild
he done later.

We conclude from the emvirical resulis that the
use of the Cobb Douglas function with two and three
inputs along with a grouping of the data by K,
fully confirms the presence of homogeneity between grours
and jJustifies the pooling of all manufacturing e tablish-

ment data for the nroduction function snalvsis.
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The Cobb Douglas TFunction with two labour inputs.

Table 1B, eppendix, gives the analysis of covariance

results correstonding to the three input Cobb Douglas relations

xpI D Pi

V = Amx Lﬁ Iﬁ (2a)
Xeo_ Pe_Po

Vo= AJX I Lo (2b)

where the two types of labour, LD(dJrect) and LI(lndlrect)
add up to total labour L which 1s also the sum of LE(educated)
and Lo(other labour). The analysis of covariance results
support the hypotheses of the last section very well.

A11 the explanatory veriables in (2a) end (2b) are technical
in nature and the grouping criterion k 1s technical too.

The stebility of the production relation for the pool data
of each country 1s more firmly established. If the analysis
of covariance r=sults obtained so far sre meaningful, we may
expect similsr rcsults witl, cother production relations

under comparable circumstances.

Kmenta Avprorvyimation and the Translogs Function

The erplanatory factors in the case of Kmenta approxi-
mation and the Translog Production function are all technical

in nature

In 7 =Vy + oy In ¥ + P 1nL+<SK(1nK/L)2 (3a)
1n V= T»fun\n K+ ‘Z_T'L‘n L'+«_>/T£Awki\ﬁp,rz('\n1.)2 + YTln K.ln L (3b)

With the grouping criterion K, the situstion rescmbles,
in erther case, that 1n the cas~ of the Cobb Douglas
function above. The analysis of covariance table 3A,append:ix,
shows that every F value 1s 3insignificant. This hanspens 1in
spite of unsatisfactory regression results. But here we are
concerned with the stability of pool regressions and the
homoseneirty between groups which are much in evidence

and fully supnort the hypotheses referred to ecrlier.
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CLSL aond CFSK

We now consider ithe analysis of covarianc:

results fs1van 1n talles 4A ond 5A, aspenciy for Lhe

relations
CrsSL 1n V/L = ay, + by In w (4a)
CESK in V/K = ag + by In T (5a)

Since a sopawrate regsoning may be given for the
CTSK, we wnll*bbnSJder the CFSL results. Tne grouning
1s by K wnich 18 not a dependent variable in the CESL
relation which has an ecrnomic explanatery variable.
With such a combinalion of circumsicnces, homogeneity is
revealed i1n the case of France, Israel and Janan; the
heterogeniesty 1n the case of India and Yugoslavia
may be introduc.d for a variety of reasons., In the
cese of both of these countries, th:z distribulion of
establishments, accerding to grouping by I, 1s rather
uneven as compared 1o ithat of eny of the other countries.
This can be seen from the appcndix table 8. Both
the countries make much more use of direct labour as well
as 1ndirect labour in producticn than other countriecs in
our sludy. The cattern of wages 15 uneven 1n either case;
the differences 1n wages of two similar est. blishmenis
in thes. countries can be large. Moreover, in the
case of Yugoslavia,lhe enterprise 1s worker managed
and the situation 1s different from a capitalisti type
of enterprise. There 1s no specialicsed economic administ-
ration directing ent-rnrises nor any 1mperative planning

of their activity Reforring to the worker maneged
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cnterpricse 1n Yugoslevia, Tavigne(1970) remaks that
"income distrabution 1s the chosen ground of self manage-
ment...and the enterorise must fulfil 1ts social obligations
...The purpose of obliging the enterprise to <stablish
funds 1s to prevenl all the revenue being distributed to
workers "

Coming to the analysis of covariance results for
the CESK given in the anpendix table 5A, we find thet
the F values of 8ll 1he counlries are significant. Thas
may sugzest that 1f the CESK 1s the right rel. t1on for
the dsta, group homogeneity does not exist i1n any of the
countries., But the reascon for this hetcrogeneity may lie
elsewhere., Although the grouring varisble 1 1s not a
depend :nt variable yvet 1t seems 1o affect the denendent
varisble 1n a systemeiic manner. As the quantity X
increes-g from the swall K to large K grouns, the quantity
V/XK 1n the denendent variable go-=s on diminishing thus
forming three distinct groups based more or less on a
denendent varisble, This shculd lead to the suggestioan
of helerogewneity as would also be the case with the use
of a dependent grouping variable in any producltion relation.
However, 1 Lh: grouping voriable, in sddilion to being
a part of the dependent varizable, also occurs as an
exnlanatory veriahle or 2s a narl of an explanatory variabls,
thz chances of helerogeneity being revealed may be diminished,
de nandiae upon how far any explanatory variable contains
the effect of other exvlanatory variables. For instance,
according 1o Gr11110he5(1967)1,a11 the effects of w may

be contained 1n K/T 1n the V™SL relatinn.

1Ibad.
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With the help of i1h2 CTS »rodvction relations
(4a) =nd (5a) as also from the ecrlier results in this
chapter, ve have bteen able to show that zven vhen
homocenelrty 1s known 1o be present i1n the data, the
method of grouping can initroduvuce heterogencity A proper
choice of 2 grouping varisble 15 essenti1al to reveal
the presence of romogeneity.

From the results we 2lso ncte thel 1t 1s not
quitle necesssry ton group wanufacturing establishment data
according to standsrd 1ndustriel classification numbers
cnly. Use may be made of other grouring criteris
vvhich can help i1n the analysis of howogen.ity of groups
end stabilirty of nool rrgrecsions. Of course, the nciure
of ths veriables used in the production relstion does
play o role in this connectlon.

We vi1ll consider now what chunges, 1[ any, are
brought eboul in the anelysis of covariance results
when additicnal explanatory faclors are 1atroduced 1nto

the CuS relation.




VESL and VFSK

The production relaticns

V' ST In V/L

1

agq+bp4in w +cqy,lIn K/L (4b)

VFSK1 In V/K

agqibgqin T +cpqln L/¥ (5b)

are oblaincd from the corresponding CIS relation by the
intiroducticn of an input retio, ¥/L or L/X vhich 1s a
technical factor.

So far as the grouping criterion K 1s concerned,
1t does ncl occur eilher as a rdependent veriable or as
en effective psrt of the dependent vazriahle. In addition,
1t occurs &35 part of amwependent veriable, The situation,
tnerefore, mcy be said to be a litfle bett 'r then the
corresponding case of the CLSI relation., Further, ss
we heve noted esrlier wiilh reference 1o Grilliches(1967)
the effect ¢f w ray be contzined in T'/L.

From the snaslysis of coveriance latle 4A 1in the
anpend 1x, we find thot the resultis are an improved
version of the CTSL resulils 1acsruch as India and
Yugoslavia do sherw significant F values as in the CTSL
case but with a diminisned F. This 1s for the same
reasons as ¢iven in the case of the CISL relation.

“he results for the V SK1 relation given in table
54 1n the appendix, follow the pattern of the CFSK results.
Arguing on the same lines as 1n the case of the VFPSLY
reletion, we may sey that L/E 1s now lhe effective
explanotory factor and the results should be influenced
by 1ts prisconce., All the F valves are diminished now

and tuc of the five values have even become 1nsignificant.

|
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It mey be noted that while K 1s prisent 1n the dependent
variable 1t 1s also effectively present in 3an explanatory
Taclor.

To find 2f the explicitl presenc= of the grouping
variable on the explanatory side of the productlion relation
does make & notable difference i1n the results, 1t 1s
necessary to consider the VISEZ relation which has K
as an additicnal exrlanatory factor. However, we will

cnnsider the results for hcth the VOSLZ2 and VISKZ:-

]

VFSL2 in V/L +bL91n wt+co o 1n K/T+d. ,1n L (1¢)

210 12 1.2

VTI'SK?2 in V/K = app*Pyo1n THep,ln L/F+dK21n K (5¢)

Frcm the anpendix tables 4A and 5A we note thet
the introducticon of the grouping veraable explicitly
or of ancther veriable with similor cneracteristics
further improves the nrosrect of revealing the homogenecity
in the data. The dror :n the value of T 18 noticed bnth 1n
the case of VI'SIZ and VI'SK, thcough more sco in ithe case of
the latter because of the presence of K eg an explanatory
fector., Whereos all the F values were significent with the
CTSK, all the F wvalues except that of Yucoslavia, are
stetistaecally ansigni ficent now with VISKe.

We note that 1n the transition from the CTSL to
VESL1 Lo V"3LZ2 or from the CT3K 1o VESK1 1o VISKZ2
the homopenerty of the manufacturing ~stablishment data of
each cocuntry comes out graduallyv 1f, by the iantroduction of
additioral explanatory factors in the production r2lation,
any ~[fiv1tv between the grouping criterion and the
dependent verieble becomes lsss. For tnis conclision, the net
effect of the explanctory frctorc i1n the orovucticon relatinn

should be taken i1ntlc account.
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The CES Veriations

T the relation

1n X/T = 2y, + bpln w/r (63)

the dependeni variable K/IL has a close affinity with
the grouning criterion 1", Table 6A in the 2ppendix
gives the analysis of coverience results for this
relation vith K prouping and ac may bte erpected 211 the
F values sre statistically highly significentthus
showing that pgrouping by a derendent vorisble in a
production relction must reveal the rresence of het-rogencity
in the data.
The same table givec ihe analysis of covariance
results for

In wL/rK = ag + bgln /L (6b)

vvhich exnlains the factor share ratic by means of the

capital labour rstio. The grouping varieble K has a

strong affinity with the explanatory factor K/L and

homogenertv 1n the dats should be expected 1o be revealed.

A more 1mporlant remrson for this expectetion may be the

absence of an affinily between K and the dependent variatle,

Table 64 shows that with the relation (6b), the F

values for almost all the counlrics are statistically

insignificant., The conclusions drewn in the case of

earlier production relations are supported by (6a) end (6Dh),
Ve mow consider the demand for _ labhour. relation

Flven by

In L = ap=byln w +cyin V (6c)
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The demand for labour relstion

In L = const. = by 1nw + cy 1n v (6c)

18 not a production relation although 1t can be looked
upon as an alternative method of expressing ithe CLSL
relation (4a), with a correction for specification bias,
As can be seen from the aznalysis of coveriance table 64,
arpeandiyr, the F valucs are sipgnificent only in the

case of Indie ana Yug slavia, for reasons similzr io

those given i1n the case of (4a).

All the analysis of covariance resulls obtained with
the help of 1h> technical grouping criterion K, seem to
confirm almost categorically, the hypothesis, that
when the explanatcry voriebles in a production relation
are technical in nature. 8 grouring of manufacturing
2stablisanrent data based on a technical criterion, results
1n homogeneous grou;s within eoch country and indicates
the stability of »nool rcgressions. #1th economic explanalory
variables, group homogenelly 1s absent; 1t 1s possible
to reveal group homozeneily by the addition of tzchnical
explanatory variables to the nroduction relestion, provided
the tschnicel effect 1s stroag encugh when compare<d with
the economic effect of the exisiing veriables.

We nov consider the results with some other croupring

criteria
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L Groups

Tables 1B to 6B in the appendix eive the snalysas
of covariance resuvits for .groups of establishments formed
on the basis of total labour L.

The ¥ values corresponding to ithe two and three
1aput Vebb Douglas fuanction and the Kments spproximation
civen i1n tables 1B,2B,2B are all statistically mot
significant and support the contention that when the
grouping 1s based cn a variable nol releted 1o the
deperdent veriable, lLomogeneirty betlween grours should be
revealed and the stability of pool regressions established.
“he conssstency of the results oblained 1n the cas: of
equations (1@ ) (15),(lﬁ\y,clh)tﬁ(lu\/(3b57,- - -
metches well with that obtaired oo v grouping - couls

The re2sults For the CFS and V'S reletions as
cJso those for the C7S side relations (a-6) follow
practically th- same pattern as thal of the K groups,
though they are not an exact replica of the K group
results. As shovm by table 7, avpondix, the rank corrzlation
between K and 1T 15 not rerfect. This implies th-t in
spite of a2 somewhat different constitution of the groups
now formed, tThe results voint to'erds 1h:z same conclusions.

The technical veriables ¥ and L are vsually 1o be
found on the explanatory side of a production relation.

e non consider another grcuping craterirn, V which 21s

usually a dependent variable 1n a production r=letlion.




Grouping Based on Vajue Added, V

Tebles 1C to 6C 1n the aprnendix give the 2nalysis
of covarsance results based ~n the grouping criterinon V,
which, 1n most of our producticn relsiions occcurs on the
left hand side.

As we have considered earlier, the grouping based
on denendent veriable 1s mnst likely to supgest hetero-
genelty between groups for obvious statistical reasons.
Thus even when therc 1s homogeneity tetween groups, a
grouping by a dependent variable will lend to corceal 1t
and heterogoneitly will oppeay. e will now see 1f this
1s wnel zctvally nappens witn the dependent variable V,

Th~ anolysis of covarisnce results for tne Cobb
Douglas and other rilations (1 to 3) vad T vaslues vhich
are a2ll stetistically insipgnifaicant. Thas follovs at once
becavse V is a dependent variable 1a these relations.

In the case of the CTS and VI'S r.latioans, we have
s=en tnst the net elffect of the explenatlory v riaples
influences the results. The preseance of another varizable
in the dependent variable 2lsc mekes a differ=nce 1in
re ulte<. The crgument can be given on lhe seme lin:zs as
th 4 given 1n the case of ¥ groups. As for the demand for
input rolation, the results arc more straightforwerd., I
this relatien(6a), V 1s onc of the explanatory factors
so thet 11 the F values oare stetislicclly insignificant,

Ve can sav that 1n almost all cas-s, significant
heterogeneity ariszs when grouvange 1s done by the dependent

variatle,
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V/1 Groups

It 15 commen to have V/L as a2 dependent variable
1n »roduction function studies. For this reason and to
obtain a svupport for the conclusions arrived at vath
the help of V groups , V/L wses put to use as a grcuping
criterion. As expected, almost all the F values,where
V/1 was a dependenl veriable or had a strong affinity to
the dependent variable in the production relation, were

found bto be statistically significant

K/L Groups

The greuring by K/L was carried out to rain
supvort for the es¥lier results In almost all the ccses
homogeneity was revealed when K/L was not a dependent
variable or had no 2ffinaity with the derendent voriable

of the production rclation unaer study.

-~ x* b3 *

We have found homogeneily in our manulactluring
establishment data with the help of several grouping criteria fa
occur on the explanatory side of a rroduction relction.

We will now consider scme other grouping criteria which
cannot be categorised as dependent or independent variables
Bul they are certainly not dependent variables in the
production relation. They havetheir own peculisrities some

of vhich vwe wi1ll consider nov.
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Analysis of Covariance with some Other Grouping Criteria

Several other grouping criteria, in addition to
those considered so fer, were utilised in this study for
group regression analysis and analysis of covarisnce. Some
of the results obtained from the use of certain craiteris
w1ll be considered now for analysis of covariance,.

The consolidated tables showing only ithe F values
corresponding to each production relation are given 1n
the sppendix, The numbering of the expressions for the

production relations remains the same as before.

Age of Establishment. The age of establishments

may be looked upon as a technical factor, but, as noticed
in chapter three, 1t 1s also a qualitative factor whaich
intoracts with technical as well as economic forces.

As shown by table 7, arpendix, the rank correlation between
the age of establishment(denoted by NRYRS in the table)
and capital labour ratio(CAPLT) 1s negative, though
statistically not significant. To a certain exbtent, the
older establishments may be expected to have a low
capirtal labour rotio and vice wersa. It can be eesily
said that for our data, the subsets of establishmento
formed by the grouping criterion of age of establishment
1s likely to be quite different from those formed by
capital labour ratio or by net capital assets(CAPAS)
which has a low rank correletion with the age of

establishment (NRYRS),



Table 1E 1n the appendix gives only the F values
obtained from the analysis of covariance based on the
regression analysis of the three groups of establishments
formed with the help of the age of establishment craterion.
The results for all the countries have been put together
in the tabhle in which the number of the production relation
1s shown on the left,

Practically all the F wvalues are statistically
imsignificant and reveal the homogeneity of groups
formed on the basis of the age of esteblishment. This
happens i1irrespective of the netuvre of the production
relation used. The age of establishment 1s thus an interest-
ing criterion for grouping establishment deta and firmly
svpports the hypothesis of uwniformity of the manufacturing
sector within each country.

Capacaty Utilaisation and Shaifts Worked. Both,

the percentage utilisation of capacity and the number of
shiyfts worked may be looked upon as technicsl factors

bul, being related to the rate of return and the value of
output, they =2re both subject to economic forces Table 7,
appendix, shovs insignificant rank corrclations between
either of the two and ¥, L or K/L. The subsets of
establishments formed by the grouping criteria,capacity
utilisation and shifts worked,are quite different from each
other, perticularly because the sizesof groups formed by
capacity utilisaticn can be made equal but the sizes formed
by shifts vorked may not necessarily be equal. The groups
formed on the basis of number of shifts worked need notl be

a third of 1he total number of establishmonts.
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Tables 2F and 3E show, for all the fifteen producilicn
r-leticns, only the F valves obtained from the analysais
of covariance hased on the -~rouring criteria of percentare
vtilisation of capacily and the number of shifts vorked.
As can be scen from the taples, practically 211 the F
valuees 2are slatistaeslly insignificent and reveal The
homoreneily ol grouvs within each country. We have
thus several criteria vhich suprort the conclusion of
homogeneizty between groups of nanufacluring ectablishments
irrespective of the nature of the croduction relation

used
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Summary and Conclusions

This study has been carried out i1n two feirly
distinct parts. “The firsl pert reviaws thne extensions of
some of the simple production function forms i1n the literzture.
For tnis purpose, use 15 made of the concept of technical
and economic veriables,

Fi1fteen relatiocns have been selected for an empirical
production function sludy which constitutes the second part
of this work. Use 1s made of the manufacturing establishment
deta of PFrance, India, Isreel, Japen end Yugoslavia.

This 1s the main part of the work.

Instead cf making use of 1ndustry-vise eslablishment
data, this work relies on pool dcta of mixed 1adustry
esteblishments for an empirical production function analysis.
Instead of a stop after a straightforward production function
analysis of pool rcgressions, w~ proceed further, divade the
data of each country into three nearly equal sized groups
and carry out group regression analysis as well as
analysis of covariance based on different grouping criteria,
The procedure followed 1n the case of group regressions 1s
the same as that for pool regressions. The detailed analysas
of covariance results are based on the K group craterion
which also forms the basis of group regressions.

Several conclusions can be drawn from the variety
of results obtained by means of pool regressions, group

recressions and onalysis of covarlance,
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In a production relation 1t 1s possible to drscribe
somc faclors as technical and some others as economlc
variables. There can be some variables which are difficult
to rut in ecither of ihese two categories. The enlry of
2n cconcmic Tactor into a nroduclion relation may iake
place i1n a va iety of weys. For instance, 1t can take
place by a direct use of an ecoanomic factor 3s in the
case of Sinail and Stokes' use1of real money balances
as a fzctor of production; 11t may be through the 1nevﬁable
weigcht.ng by money units of scme of the technical
variabloes vhich cannot be otherwise expressed in suitable
homog neous physicel units, or, 2s 15 often Lhe case,
the entry nf an economic factor 1ntc 2 production relalion
may tske place ihrough some side relestlons of the
rroduction functicen. Usvally ihe interpretation and anzlysas
111 be differzmy on different caser, Bul any of these hacsp-n-
ings dces nol change the basic concept tncl the productlaion
function 1s, and remsins 2 technicel relertion i1n the
neoclassical view of th° economic vrocess,

The choice of suilsble technicl and economic
variables entering 1rto a rroluction relotion must be
based on logical economnic consideretions. Use can be
made of the conc~nt of tecrnical and economic variablcs
in the developminl of gseverel nroduclion fuaction forms
m the Ti1lerature. Several extensicrs of som- basic
production (functicn forms cen be obtained by the use of
addi1tionol technicel znd/or econormic exolanatory factors
in some basic production relalion Froduction rel:ciions
can be also derived or their extensions o~tained, on the

' ijld. -
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basis of informalion cobhtained from emmirical resulils

and suiltlable assumptions ecbout the natlure of the parameters
of the production relalion For instence, 1t 1s ususl

to assume 1lhe dependence of elastiicity of substitutlion

on capitol labour ratic. The development of a variety of
prodvction funciion forms hes been consider °d 1n thas study.

Some produclion relations and hance ithe technical
and econcmic veraables in those relaticns, capture the
prominent lestures of ¢ produclion proc=ss more vaividly
than some other rroduction relations In empiricel work
on production function studies, ithe use of more than
one production rclation 1s useful for the purpose cf
analysis,

In this study, seversl »roduclion rolations have
been used in the cross seclion analysis of marufacturing
esteblishments of five countries It 1s found thet the
precsence of one sultable economic veriable and one
svitasble technicel verieble on the explanatory side of
the production relation leads to statistically more
satisfrectory results previded an arprovriate choice of
these exrleanatory variables i1s made. In most cases,
the use of further explanatorv variables in the vroduction
reletion do s not necessarily help. We find that the
esscnc of the techniccl and economic fealures of the data
1swell captured vy the combined use of techniczl and
econcmic explanatory Tectors in the Lu Fletcher VIS
relation., Other producticn reletions sre also helpful
1n verious contemts,

A1l the production relations used in the empirical

analysis suggest that in 1nternationsl comparisons
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R

made on th=2 basis of ovroductlion function analysis,
nations are more relevant than indusiries or groups of
manufacturing esteblishments. It 1s legitimate to pocl
together establishments belonging to different
industries provided the s1ze of establishments included
in the analysis 1s not very small, In the case of each
country, the pool regressions yield statistically and
economically meaningful results. The pool data and the
associated production relations are better representatives
of the manufacturing sector of an economy and can
describe 1t more fully than any group or groups of
establishmenls and the associated production relations.
So far as the gquestion of forming groups of
manufacturing establishments i1s ccncerncd, 1t 1s not
necessary to adhere to the classification scheme based
on standard industriesl classafication numbers unless
the anelysis specifically requires the use of such a
classificatron scheme, Other criteria can 2lso be used
to form economically meaningful groups of establishments.
There are several technical and economic criteria
which can be used for the purpose. The quantitive nature
of these .crmteéria makes 1t possible to arrange the
establishments in a certain order and to form a certain
number and type of groups depending on the scope and
analysis of the project.
Within each country, the group regressions
provide many useful resultis and form a good basis for
internal comparisons. Group results between counlries can
be compared provided the groups are of comparable
sizes and have more or less the same range for th: grouping

criterion.
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The process of 1nternationalisation affecis all
the 1ndusirislis:d countries and also those countiries
which ar~2 on their wsy to induvstrialisation. However, in
spite of the wiorking of the internationalisation process,
the parameters of the produvction functiicens of all such
countries may nct be i1denticsl, at least in the short rumn.

While we find thot all the countries in our study
do not exhibil cormmon characlerastics with reference to
certain producticn relations, there are some pairs of
countries which do yield alrost adenticsl productiern
raramel~rs by the F tc<t as 1he enitomised results in
t2ble 00 have shown. Yo cernclude th=t 1t 2¢ possitle to
form svbsets of countries with similar characteristics
so fsr as tlheir production relaticns are concerncd.

A1l the seme, 1t 15 ecsily noliced th t there is
considerable uniformitly across nations in the #bailaity

of almost all the production r-1slions used i1n this study
to capture the main features of the production process.
The narawmeters very, of course, but the statistical
nroperliies reveal @ remarkeble uniformity.

Constancy nf r.turns to ccale 1s noticed 1n all
the countries under study. There 1s evidence of a
nonunitary <lasticity of substitution which i1s found 1o
be sround 0.8 for 211 the countricse under study excepi
Yugoslavia vhere 1t 1s significantly above uanity.

Within eech comntry, 1f groups of eslablishments
are formed on the basis of czrtain criteria, homogeneity
of the techrical paramcters of the production functions

betw-en gcroups 1s revezaled. In almost all cases,
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as 1t should be expecled statistically, significant
helerogeneity arices when grouping 1s done by the dependent
varieble in the production relation. However, 1lhe homogenelty
of manufacturing esteblishment data within each country

1s decasively revealed 1n almost all cocsesc when the grouping
of data 1s drne by an independent varioble in the production
relation or by a variable aot relst.d to lhe dependent

variable,
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AFFINDIY A

The General Linear lModel, Istaimstion Froblems associated

with the Production Function, Some Estimation Techniques.

The Ceneral ILinesr lModel

The general linear model in ithe motriy form m v be

written y = X + 1
nig NAm TG niy

which 18 a8 linear relationship between the dependent variable
vy, a column vector of n observations and the m explanatory
variebles X, , Vo5, ..., e X 1s the nam m-.trix of observations
on x's,

F 15 the vector of tru~ repression coefficients and u
18 the vector of unobscrved stochastic terms such that £ u = 0,
. (uwu') = q;:ln. This ascumes thot u;'s are uncorrelated
random variables with zz2ro expectatlion and variahnce dﬁ .

Another as-umption of tTh-s zeneral linear model 1s that
the i1ndependent vcriables are free from errors of messurement.
Thus X 1s nomstochastic. The stochestic term arises bec use
of sampling vseriestions 1n y for given values of X,

If 1% 1s assumed that the rank of X 1s m«n, 1t implies
3 unique leasl squares solution resultin, in an unbias<d and
ef 1cient estimat: 1.e. thz best linear unbiased estimetc of G,

If the u's are normelly distributed the least sguares

estimates are the meximum likelihood estimztes., If we write

A A
y = X P we heve th- vector of obscrved error” term
A NAM Vmal
civen by
"~
E =y - v

nAD AL nxd
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Assuming th: inverse of X'X exists,we have,by minimising XG%
A -1
P = (X'X) X'y

All the assumptions may not necessarilvy be satisficd
in the case of 2311 data. Tt 1s 2lmost i1mpossible to test
1f thc independent variables are measured without error,
Moreover, 1n the case of economic variables, the entry ot
some measurement errors 1% unavoidable since several
imperfect adjustments may have been made in the data.

Tt may be difficult to ascumc that all sets of X's
ere linearly 1adependent If some sets are not indepindent
nr 1f tnere 1s o high dcgree of correlaticn between one or
more razirs of X's, the problem of multicollincarity may srise.
Alsco, the assumption of nomoscedasticity or the constency
of error variance may not bhe satisfaied.

additional asswpliicas regarding the dastribution of
u terms may te necessery, 1n lhe case of the general linear
model., Tither 1t may be assumed that the u's are independenily,
normally distributed or, no exrlicil assumption about the
form of the distribution of u may be made and instead,
resort may bte mede to the Cental Limit theorem.1

If 11 1s found thaot th: regressors are random vari-
ables, not nccessarily normally distributrd but heving sn
arbitrary distribution 1t may still be possible to use
recression analysis vith some modifications. An outline of
such models cnd related discussicn 1s given by Johnston(1963)

snd Goldberger(1964) and others

1The Central Limit incorem may be invoked to Justiify

the normality of the distributlion of u as a fair approximation.

For instence s:e W Fellner(1957),An i1ntroduction to probability
thcory. John Wiley.
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The Production Funciion and the 'stimation Froblaem

The regression anelysis 1r thz most commonly used
method to estimatzs the parcmzters of the production function.
In spite of 1ts repeatled an: fruitful use, th- method suflers
from certain drawbicks. The imporvant i1ssucs involved 1n a
rroduction function study are thosce of i1dentificstion, bies
and 1nconsistency of estimat-s. The Cobb Dougl-cs and the
CTiS functions hecve bsen the most studied mod-ls 1in thi-z

~gpect. A brieof sccount of some estimation methods with
r-f-rence to these 1s given here., Thc results can be extended
to othzr models.

The simple © economic production process could be
represented by a single wnilateral cemsal relation and hence
by th single equation approsch which sllows computation.l
simplicity. The= rcsearcher implicitly hopcs, ac Feady an
D311lon(196C) put 1t, "thet the single _cuation cstimates are
not greatly bviss-d (vihile) s system of cqualions might be
more appropricte - at least theoretically, althoush perheps
not computetionally. The researcher mey not hsve any idea
of the extent of th. bias in not usings a mulliequziion

model "

The Problem of Id- ntification and Lstimation of thz Production

runction

I'erlove's(1965) study of the 1dentification problem
in production function analysis hos been done with special
reference to the Cobb Douglas function. According to llerlove,
ordinery least squares cstimates do not result in unbiascd
estimotes o the parameters 1f capstal and labour inputs

influence the prices of these inputs in th: econcmy.
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He considcrs the problem on the basis of different assumptions
about the i1input and output markctis and their slternative
measures of inputs and outputs.

It would be difficultl to estimrate = function 1f the
neture of the system i1n which 1t exists 1s not known and
the 1dentifiablity conditicns are not satisfied., Th~2 funcuion
1 only a part of the system a2nd has some veriables determined
somewhere clse in the syst.m., Th= economist hes to takc all
th. valucs of the variables as they come , produced by the
mechenism oulside the control of th¢ economist. According
to Marshack and Andrews(1944), "this mechanism 1s expressed
by 2 system of simultancous equations, as many of them as
there are variables. The experimenter can 1solate one such
equation, substituting hic own action for all the other
equations. Th~ economist cannot”. hile the whole system
may be vorking smcothly the part under consideration mey not,

Th~ use of direct least sguares to estimate the
production function would therefore result i1n simultaneous
equation bias. The resulting estimates may be biescd and
inconsisient,

Simulteneity and interrelationships sre comron features
¢ production function analysis. For each firm or industry,
output 1s a cause as well as effect so thet 1t can occur as
an indep~ndcat or as a depondent variable., In most production
function studies ordinery least squares technique is used in
preference to the simultaneous equation or msximum likelihood
aporoach because of lack of nececsary data and computational
problims though the fulfilment of certain ascumptions mcy msake

the ordinary least scuares technique adcquate for most purposes.
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The Cobb Douglas FProduction Function

Considcr th- production funciion of 2 firm with two
inputs K and L and working under conditions of p-rfect
competition. Thir 1mplies that pricecs of inputs and outputs
ar. given cxogenously. ¢ shown by harschck and Andrews(1944)
such a production relation, remains undcridentified and
cannot be estimated meaningfully. In the technical relstion-
ship in the form ol a production function, thc actual input
guantities used sre a result of economic and behasvioural
decisions. Assuming that the firm maximises profits subjcct
to thce constraint of th production function vhich we take

to be th. Cobb Douglas producticn function,

p
Q = A % 1 , Thr profitl 1s given by
M, = p Q - wlL - rK.
If we marimise M= nQ - wL - rK - M(Q -F)
. o P
vhere § = F(K,L) = A K I |, we have
21 _ 28 . T _ W _g
AMQ T 2 ?L A

so that p=XA, w=A F , r=2> F , Q=F.
The mcrginsl productivities are given by

B = QK = w/p
E p/L
The corplete production model 1s described by the three

r/p

relotions

< f

Out put supply Q = A K L
Demand for cepitzl xQ/K = r/p
Demznd for 1:bour ﬁQ/I = w/p
These mav be written
InQ- «xIn¥ - finLl = InhA = Ao, say
In Q -1n T = 1n w/p@ =Ny , say

1
I_l
5
R
~
=
a2
Il
>
m
»
g

In Q - 1n E
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It 1s assumed thet input and output prices anc hence
A and s ere the same for all firms.
Yriting Xp = In Q, x, = 1Ink, x, = 1n L,

the z2quations moy be written

Xe = &#%; - (QXZ = Ao
Xe = X, = A
X, - 2 = Ao

or,
1 - "? Xe = )G
1 - 1 0 X, M

Ao -

1 o -1 X,

which for a given set of praces, will not be 1dentifaed
because they will gonerale only a single point on the
production function. There 1= no estimction problem 1f
prices vary over time, For a crossscection of fairms, cach
wlth the same production function an. vorking under conditions
of perfect competition th. sfme problem would arise when
estimation 15 carrred out at any time with the assumption
of fixed prices. If however, enterprensuricl talents are
assumed to be unequal and distributed randomly, we ma
introduce into thz production function a random variable
correspondiag to the technical ability of the enterpreneur

P

[+'¢
of the a1th firm. The production function Q = A K I will,
o« B,
for the 1th firm, now take th. form Q= A, K ' I,

t
Ug, .
where A; = Ae “ which 1s the coefficient of technical ofii-
crency and 1s different for each firm. Using u, and ug,

for the random veriebles includcd a1n th2 marginal productivity

relations, we heve the set of simullaneous equation-

Xe oL Xy, - {3 Kot = )\O U,
XU - Xl» = )' - ult
Xc - XL = )‘1- - Uz,
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To allow for market imp=rfections resulting in the
nonsatisfaction of marginal productivity conditions two
constreints R, and Ry mey be introduc:d such thet rR;, = MF,
and wR, = A, . In the above system of equations, Ay and A,
w1ll then be defined by M= 1n rRy/xp and "= 1n sz/ﬁp.

If the data are crossszclional ,)o , M y A2 , are
const-nts 1f prices are fixed, so thst, th=ere being no exogen-
eous variasbles, the production function will not be i1dentifired.
Moreover the equations i1n th. simultaneous system given above
are not independent because the random variables mey be
cor:related with entreprencuricl abilities. iven 1f we ascume
that in thc short run capital and labour are exogeneous, the
assumption may not hold in the long run in which cas. the
sirmultsncous equation bias cannot be avoided.

Since this mey leed to bizsed and inconsistent peorarcsters
slternztive zstimetion m-thois haszd on differeni assumptions
about the profit maximisation conditions have been developed.

Zellner, Kmenta and Dreze(1966) zssume that thc firm
1s working und r conditions of unc~rtainty and the producticn
process 1s not insiantancous,., Th: random veriable 15 made up
of unpredicteble variitions in input performance, weather
conditions and olher foctors beyond the entrepreneur's control.
The prices are known with certainty. If they arc not known
they are independent of the production function and thear
expected values are known. The firms try to maximise expected
profits under these conditions. If u,, 1s normaelly disiributed
with zero mesn and voriance Syg, the expected value of Q 1in
the Cobb Douglas function 1s T(Q ) = A K L@ 300
Since prices my nol be known exactly and may have to be

anticipated, random f ctors do affect the entrepreneur's
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oconomic activity.
/

/
Vriting 2, = (In rR /pa) - S,°/2 )2 = (1n wR /;?) —505/2
and essuming that u and u,as well as u, Pnd u, sre uncorce-

1_ted w2 have ¢ consistent system of simulteneous equations.

Xey - X Xnp - {51“ = Ap T Uce
/ Al
Xof - Ly - ). + U, + Uy
}
Xoi - Ay 2 AL+ Uel M

In thr reduced form x ~— and x, do not depend on u. .
This mcdel can be usad for crosssection data. Simple least
squares estimetion of ithe model

InQ = lnh+«InkK+ BflnI +u,
gives consisient cstimates of the parameters provided only
uncxpected factors bring sbout varietions i1n the production

funcliion from one firm to 2another,

The Cobb Douglas Function with Constant Returns to Scala

If thc sssumption 1s modc thet merginal products
are equel to factor prices so that totel output 13 cexheusted
in the constent returns to scale Cobb Douglas function

UL = A (/D)7
we have

Q0L = xQ/L = w/p

This giv-s us a completec system of lincar equations

]

n Q/T, In A + X1n X/L + 1n u
In Q/IT = 1n 1/x + 1n w/v

from which the pecroresters can be ecsily derived.

Indircct Least Sguares

Constlant zstim ti¢s of the parsmeters o 1he proiluction
function m-y also be obt:1n d by th: use of indirect leecst

sguares, In ithe Cobb Jougles relation
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In Q = In A+ «In K+ Bln L+ In u, 1f we wrive z,=In K-1ln Q,
in A

o
22:1n L-1n Q, A1='1_T_—§5— ’ O(1= T:o(——“b- ’ O(2= 1 _u_ﬁ ’

we obtemn In Q = A1+ X424 + p122 + Uy from which can b:> found
FoESpy TP

The least souveres ectimoles based on this equetion
are crneistent if T(uv1) = F(uvz) = 0, where vy and v,
are thc zconomic disturbances in the relations
In K - 1In Q = C1+ vy o InL = 1In Q = CZ+ Vs
whaich are deraved from profit maximising cond.tions The
param=ters will be efficient 1f 1n this two step procedure,
the error terms 1in the technical and behavioural equations
ar- independent or i l-ast uncorrelated.

If thare 1s only one inmut or 1f one of the two 1nnuts
1s [ixed, say L 1s fixed, then only one equation 1s enough flor
consistent least squares estam. tion of the parsmetlers

In Q = &4, + {% 1n T + CK1 In z, + uy

X u
where zj=1n K-1n Q,CK1=-——— , F1= Té%T y W= T

— X
Grilliches hss obscrved that reasonable estimates

are not available from indircct least squares mathod which
1s a full informztion method but "this informelion while full
1s apparently not very good as 1t leads to unreasonable

coefficients 2nd very high standard errors.”

Note. Only @ bricf description of wvarious simultancous
equation difficulties thet may arise i1n the estimation of
the Cobb Douglas ~and the CT'S functions has been given here,
e do not have any serious 1dentification problem i1n our
analysis. In any cross section study like rurs, an
exogenous 2xnlanation for differing prices 1s a desirable
situation. It may be noted however, thet dispersion through
price dafferences 1s an induced dispersion, the firms
scattzring thou-h production space 1n pursuirt of their targets.

Goem
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Kleain's TFactor Share NMethod

In the case of Cotb Douglas function,Klein{1953)
method of factor share does not make use of the leest
squares procedure and K and P are estimated as the shares
of cq&tal and labour 1an totel output

o = rk/pQ, B= wL/ pQ
The estimates are found by using Theogeometrlc mesn over

n observations of input shares

x :(jT rlKJ/plQl)1/n ﬁ - (.6IW Ly/p, Q)

)

which can be written

Jn"o( = > (In r K -In p]Ql)/n, 1n?3 = 2(1n w, L =In r.Q ).
As shown by Dhrymes(1962), the estim-tes are
asymptotlca}}y unbrascd and have the minimum vari>ence.
However elnm 1s not an unbiased estimate of elHOK .
The procedure dozs act estimete the production
function dirzctly. It mses the informetion that the
inpul demand equations are jointly derived along with the
rrodvction function during ithe ccurse of profit maximisotion

InQ =1In A + X 1n K + ﬁ'ln L + U,
in rk

il

In o< + In pQ+ V4

In wlL

i

1n p + In pO+ v,

There are two nonlinesr restrictions here in that the
last two ecquaticns involve 1n&X and lnp whereas the Tirst
one has ™® and @ . It 18 agsumed thatl input and outnut prices
are not only exogenous constant but sre 2lsoc observable,

1

The method cennot be used to Lewt hyvotheses «bout
2conomies of scale because the parameters will tend to sum
to uwnity 1f the accounting i1dentity connecting Q,K snd L

has Pbeen us~4d,.
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Hoch(1958) propos:du%stjmptlon procedure in the cese of
the Cobb Dougles function which removed the single equation
lezst csoucres bias from the estiimates.,

If v, , v, , va are th. error veriables in the production
function and the two input demend r=2lstions with variences
Soo, Sy anu 522 respectively, Hoch's estimatcs of  and F?,
using x 'and ﬁ/ , th= ordinary lecast squ res cstimates,are given
by, o = o (1+ Soo/S,; + Soo/S2r) - S00/Sy«

F ﬁ/(1+ Soo/S11 + Soo/S,2) - Soo/SPE

By calculating m,,th sample variance of Q, My 2 U1F€

the sample v riences of ¥ and L and m,, mOF the sample

coveoriances o’ (¥,Q) and (L,Q) and using the relation

N LY

Sco = mw—O(mOO( _Pmof*

Hoch estimates

i

v ,

co Soo (1-5S00/5;, -~ So00/S,, )

il

- ol —
24 rﬂoc muo( 2 m

g;zmw+m‘3€—2moﬁ

If T 1s exogen_ously determined and the remeining disturbances

9 X

2>
l

2]
-

are uncorreloted, Z (uUcV,) = C so that

A
Soo
[0 8 o’ (1 + Soo/Sy, )- S0o/S,,
/
F - P (1 + Soc/3yy )

It T (vv,) =0then B (UeV, ) =T (“Vy) =0,

8}

]

Soc (1- Sor/S,' )

i1

that 15, econcmic disturbances are correlated with each other
but not with techniccl disturbances. Hoch gives additional

results also without any concideration for prices.

-
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The CES Production Function

The parameters of the C.J5 function may be estimated
directly by nonlinezr methods or, as 1s ususlly the case,

wilith the help of marginal productivity reletions,

Nonlinear Tstimation of ihe Uv.5 Function

There are several nonlinear approaches used to estimate
the C15 paremeters. Basically they amount to iterative least
squares regression by specifying an initial value © for cach
unknown parameter € in Y = F (X, 6) = F (X,,...%,, €)y+4+460)
which 1s written as a Taylor's series expension around & .

‘he difference between T (X, ¢) and F (X,Oﬁ) whichsapproximated
to the first order derivatives, 1s minimised to arrive at the
nev st of per-meters 6', The best solution 1s obtained
1teretively. Th re 1s no gueraniece thal the solution may be
obtained. There 1s the possibility thet the unknown = priori

velues of © may be wrongly chosen. The problem of multicollin-

ezr1ty mey not be ruled out. See Goldfeld and Nuangdt(1971).

The CHS Function, Simultancous -guations

The usual method of determining the C'S function
coefficrents mokes use of the merginal productivity reletions

Fiven below
1+%/v

WK - waV o Sy
v(J-é)\/'+g/j/yr‘/ﬂ Lﬁ 3

Here , a desirable property of neoclassicel production

i

dV/AL

Tunction, 1s satisfied 1n that the marginal productivities are
positive. Thc¢ second order condition 1s not satisficd unless
V =4, The elasticity of substitution 1s given by 4= 1/1+43.
Since §muoy t-ke any constant value, 8 may do so too. R, )

and Y\are features of the ruling technology in a crosssectional
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context.

Assuming perfectly competitive factor and product
markets, the bzhavioural equations result by equating the
merginal productivities to their respective frctor prices.

A consistent anu efficient =zstimation will require the

use of thvee simultaneous =quations* the production functiion
and the two marginal productivity relctions, all of which

lead to reducad forms, nonlinear in perameters. A single
equation lucst squares method by using one of the two marginal
productivity relations can help. Since under our assumptions
w = (1=£)V ”g/"/Yy»LH—?

we may have L as the explained varisble

in I = ;Ylﬂ V(t—V)f—iNv T%Ylnw + ;Eiﬁ)hvv + Y (4a,)
Y+
Similarly. 1 Kr—"‘wéfg/i Lo 4+ 2 MV e (5ao
imllarly, in i*g Ty Y(irg)

If only tlhese two equations arc used 1t mzy be possible
to estimete all ihc four persmeters y, v , Y\ and d , provided
both give intially similar estimates of & and ¥ ., This may
not necessaraly be the case particularly in the cese of
crosssection data. DBut 1t 1s possible to put these squations
to use for testing the validity of the model.

The difference in the values of the paramet rs from
th: two equations may be due to errors of observation in
the capital data, misspecification in one of the derived
demands 1gnoring the dyrnemic element in the relationship or
the institutional factors. <hey may also be due to the breach
of the assumption that the explanatory veriables should not be
correlated with the disturbance term in the ordinary least
squares.method used. Vhile these possibililies are likely
th~> more likely possibility 1s thet the value added may be

related to the disturhance term in the behavioural relations.
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If howaver we assume that no scale economies exist

so that the production function becomes homogeneous with

YV =1, we hove the relation
1 Y A v
Inl = ﬁin(a N & Inw - In
so thnt 1in V/L = ""—-l-:'g ’n(‘_g) {“‘J_‘_ T-:TY'HW + u,
-3
similarly 1n V/K ="T%§“‘ s Y s b

Both of theses can be eslimeted by ordinary least
squares which will give biascd and 1nconsistent estirates
1f v £ 1. If the paramctr.estimatcs happen to be similar from
the two equation they can be used i1n the production function
to linearise 1t in a two step procedure.
A division of (49,) by (5a,) results in
. In /T = =bohn 128y e 2w (ta)
d and é\ from this used 1n & = [sK 5% (1=9) i 1,
an instrumental variable, can lead to the estimation of v and)f
d and § are optiwmally c<stimated as (6a) does not make
use of endogncous explanatlory variables. Bul the estimatos of
YV and Y"may not be efficient unless K and L used as explanotory

variablzs in ths second step are uncorrelated with the ercor

term,

The Two Step Procedure for the CLS Function

- -3 -v/g
For the C1S function Q@ = Y[SK'S + (1=-3) 1 ,
equating factor rewards to the marginal productivities uader
the assumption of perfect competition, we get

20/0K = r/v = S _(k/i)'S
QAL Lo
which when writtien in the form
In r/w = In (§/1-3) = (1+%) In ¥/ + In u
Fives the cstimates of & and R . The latter when substituted

in th relation

In @ = 1n Y - %? 1n [5?( + (1—3) };@] + 1n u




n1s

can enable us to estimete Y\—uulv . We assume that u 1s
normally distributcd with zoro mean and constanl varianue,
Und<r the essumption of the gencral linear modcl
the equation 1n r/v = 1n (&/1-8) - (1+¢) 1n K/L yields uabiased
estimates of lun (§/1-%) and § . Tt does not follow that g
obtained from the estimate of 1ln (&§/1-3) 1s unbiased. If
this 1s teken as the first stage regression 1t should be
remembered that in the second slag. regreesion of the CTS
production function, Q and S thus estimated, are subject
to errors of cstimation. Since only poinl estimates of €
and.zycan be used, the standard e rors of § and ® hove to be
ignored so that the s<cond slapge regression does not fulfaill
the assumption of the general linear rcdel. This 1s bccause
the i1independ -nt veriablcs are not measured v,ithout crror.

The resulting fit in the scecond stage gives R2 applicable to

thr sccond stage only, subjeclt to the errors of the first

Kmenta Approximation

I1 1s possible to estimzt the parameters of the CFS
function by nonlinear 1:ast squares procedures. DBut the con-
verzence to well defined values of the paramcters 1s not always
pucranteed., Imonts anproximation of th- C.S function has
often been used to do awey wiih the nonlinearity problem
associated waith the C 5 function:

1n Q=InV+931n ¥ + v (1=3) In T -2 893 (1-)(1n L-1n 1)?
"wcept for the last term on the right hend side , this cquation

§V3 (1-9 )

represents the Cobt Douglas function. The lest term

ol

(In ¥ - 1n I)Zmzy be looked upon as a correc tion term reflecting
the departvre of { from zuro It disarpeers 1f Q = 0 . [Ifg

1z nol sagnific ntly different from zero, the CES function



ple

in the form of ¥menta approximation, may be rejected in

favour of th. Cobt Douglas function. Q = O mesns & = 1.

A significant value of § means an clasticity of substitution

diffeorent fror unity. Lf the elesticity or substitution is

significantly different from unity 1t does not lecad 1o an

attomatic zcceptance of th. Cu5 function. This 15 because

several other production modzls are compatiable with the

1dea of acnunitary or variable clasticily of substituilon.

Noreover the Kmenta approximalion ignores the third and highcr

order tirms wnose effects are unknown and unpredictable.

The coerficient of (1ln K/L)%:namely,%§”5(1-§) on which

we base our conclusion 1s likely to be biesed on the lower

si1de since 11s constitutent parts are nostly less than unity

eech., The assumption of Q = O 1gnores the possibility of

any other ofthese ccnstitutents contributing to the results,

The estimates are not 1nd:pend.nt of the units of m2asurement.

Recently Corbo(1974) h.s found that the =xpression in the

knenta approximelion docs not follow from thc C .5 function

alone, It can cqually well result from a similar approximation

of some variable clasticity of substitution production functions.
Grillches and Ringstad(1971) have shown that since

the cetimate of the coefficieat of (1In K/L)2 15 not independent

of units of measuremunt of K snd L there are advantages in

evaluating the parameters at the geometric mean level of inputs.

The accuracy 1s improved when the units of measurement are so

chosen as to c¢quate to z-ro the mecans of In K and 1n L, If

¥ = L the approximetion 1sexact so that the sample obscervations

of K and L are daistributed about the line K = L, For improvad

results.iﬁhﬁ, In L and 1n K/L may be subtractca from 1n K,

1a L and In K/L in the approximation .
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The Kmenta anproximation may be used in the estimetion
of the (TS function by indirect least squares. The CLS pro-

duction function and the marginal productivity r=lstions

- - -/
0 o YET e (1-%) 1751 e
-5/ 1t 5 __\> -
/o = o) @ K5
W/p ) ‘uU’S)Y—y)’QW %/:J L,,-g e"“‘l-
may be written
.-§ 'g
mQ = In| -8 In[3K + (1-3) L ] +u,
3w
(1+9/+) 1n Q - (1+§) 1n K = 1n:?gg roe
(148/v) 1n Q = (14+¢) In L = 1n 07 w4 up
v (1-8)

F'or constant or nonconstant returns to scale and for
an elasticity of suvbstitution of unity or otherwise we have
to deal with a simultaneous system of equations linear in
parameters whose number 1s large. There 1s a possibility of
1dentifacation 1f prior restrictions are imposcd on the
parameters . Kmenta assumed a diagonal variance covarliance
matrix of the disturbences and replaced the U..S eXpression
by . using Taylor's series approximation so that the system
becomes

In Q- ¥81n K= ¥(1-5) 1n L+2 ¥ 83(1-9) 1n K-1n 1)%= A, +u,

(148/») 1In Q-(148) 1n K = A, +u,

(143/%) In Q-(1+y) In L = A+ u,

$/V 3/
where Ay = 1n r 24 %L=:]11_£JQL~ w
yud g P (- Q)

The last two equations, which are input demand relations

are first i1dentified and can yield consistent estimctes of%%%?
provided the two relations give the same results.
}
Let ¢ +3/»
1+ R
and defin: 2z, 6 = éln Q-1InkK, z, = éln G - 1In L and
z, = (InX - 1n L)?

we then heve to estimate the regression equation
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In Q = a,+ a;z,+ a,z,+ a5z;+ u'
Here u' 1s proportional to u, and the coefficicnts are identified.

Hodg2s(1969) evtcnded to the CLS function the result
of Zellner-Kmenta-Dreze epplied to the Cobb Douzlas function.

Janvry(1972) shows that under the behavioural sssumplion
of maximisetion of e¢npccted profits, dirsct =stimation of the
production function from crosssection dets on firms 1s =2lways
fr<e from simultencous equation bias, whatever the functional
form specified. For the general class of stochastic functions

Q = £(X) &% , F(e™) = IS
let the fairm objective be to marimisc condailtional expectation
of rofits undzr conditions of perfect competition

P(T)= » Q) - Zp¥,

vhere p 1s the output pricec and ISP 1,...,m, the m 1nput

rric-s. Since F(Q) = f(X%fL , w2 have the m additional

equations D ﬁj(X)}& - D, = 0
]
ox pe (0 g () -3 ene
If we write ¢, = 1n PI/R#, we gel m + 1 simultancous

equations similar to those of Zellner-Kmentr-Dreze.

1a Q = In £(X) + v,

In Q + 1n gJ(X) =0tV 4V, 3 =1,2,...,0.

In the reduced form equations, v, 1s independent of %
so th t consistent crdinery least squares esiimat:s of the
parameters are obtzined for any form of production function.

A similer result can be obteinzd in the estimation
of the general class of stochastic production functions

Q=1f(X) +v, , F(v,) = 0.

A similar result has been given sndependently by

kalejian(1971).
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Specarfication Bias resulting from inclusion of i1rrelevant

variables or exclusion of relevant variables.

Consider a general linear model which may be assumed

to be the true model, with three i1ndependent variables
N O R E R -t L .S P

where y 1s a column of n  observations on output and

y

X1, LW X3 are columns of n observations each on the

three 1nderendent variables, In the matlrix notation,

y o= X P + u
nx? narf 4Ax1 nxl
where a column of unity has been associatsdwith PO'
I the model wrongly specified 1s
1
A R R - PR

X @ + u

y

or NG

1l

nxl nx3 3x1T nx?
the rank of X 1s likely to be higher than the rank of X.

Fo- (xD7 Ty

I
<
~
>
p<
=
I
.
-®

where G = (X'¥ Z'%L . Yo bias 1n the parameter
cstimates of the regression equation 1s 1nvolved 1f X3 1s
not correlated with X1 and X2. But the returns to scale
parameter will b= biased.

In the case of the Cobb Dou.als function 1f the
specificaiion 18 Y = A Kal?lnstead of ¥ = A K&LPM{ ,
the returans to scale will be noted as « + rather than

% + G +'{. The bies will be downward in this case., It

will be upward 1f an i1rrelevant variable 1s included.
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1f the omitted variable X3 1s positively
correlated with X, or X,, either P1 or /% or both
w1ll be based upward.

If prorzortional changes in X1 or X2 corr.spond
to less then proportionsl changes in XB’ the returns
to scele will be underestimated. They wi1ill be overestimated
1f the correspondence of proportional changes in X1 or X2
1s with more than proportional changes in XB'

If X3 changes 1n the seme proportion as X1 and

12, there 1s no bias involved.

The Aggrecation Problem

The apggregation nroblem arises because of a jump
from the microeconomics of one unit to the macroeconomics
of many wnlts, usuclly assuming a pattern for the latter
similar to the one for the former.

In the case of a firm, the tcchnological relation-
shiv of the prcduction function 1& maneged by the entre-
preneur who deccides the output levels and the required
inoput proportions. But vho does the job 1n the case of
an 1ndustry ® As Walier=(1963) says in his survey,

"one difficulty 1s i1mmedislely opparent inose factors
which we regard as fix=2d for the individual firm are not
necessarlily [lixed for the indusiry, e.g.,entreprencuvrial
ability." This means that full fledged aggregation or even
part aggregavion results 1n the misspecification of the

variables and h=nc: of the sssociated parameters.
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There 1s no profit maximising macro-decision maker.

There 1s no reasonable analogy in equating marginal
productlivity of inputs to their rewards nor the
equilibrium available under perfect compelition.

In spite of the success associated with a number of

macro models, the usnal basis of such aggregotion is
mmturtion which may introduce an 11logical element in the
subject.

According to Grzen(1964), zgeregation 1s a process
"whereby a pari of th infermation aveilable for the
solution of a problem 1s sacrificed for the purrose of
making the problem more ezsily managesble." Aggregstion
ma} be deemed to be satisfactory 1f, in spite of not
using detailed dsta, the reliability of results 1s not
lowered significantly while the costs ar-: lowerzad at the
same time. In other .ords, the trsnsition from the
micro to macro should not significantly affect the viability
of aggregation of varisbles and relctions to be used in
the process of eggregation.

If the macroeconomic variables are set up to
correspond to the nicroeconomic vzariables, cae may question
¢hether the 1d.ntical looking macro verisbles deline the
same phenomenon as the micro veriables. Alternatively,
one may ask 1f the macro variables can be so defined
as to be consist=nt with thz microcconcmic theory.

Scme asrects of this rrcblew mey Le considered vith

reference to preduclion functions.
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Specification Bias due to Aggregation

The aggregate production function, when used 1o
compare interindustry efficiency or intertemporal technical
progress, tends to 1gnore quality and structursl differences
in 1nputs. It 15 essential to take care of the structural
aspect of labour for a proper specification of the labour
input in the production function which may suffer from
bias as a result of almost stable differences in the
qualitities of different types of labour. The assurption
of homogrneity of labour and capital withoul any corrective
for heterogeneity involves serious policy implications
apart from bias. Unfortunately, 1t 1s not possible to do
much sabout 1t 1n empirical work for reasons of non-
availability of data and difficultiies of estimation.

The areregation problem may be considered as s
special case of specificalion bias. Reasonig in terms
of aggregates 1s 2 long standing tradition of economic theory
though, often, 1ts use may not be justified.

Fach additional level of disaggregation may be
expected to i1mprove the homogeneity and accuracy of the data.
But there are limits. For inst-nce, many different 1teoms are
used as capital to produce goods which pass through
several processesjiand prices of capital 1tems used are also
not i1dentical, Also, the alternative 1tems of capital may aot
necessarily produce the samc out»ut per unit of taime. The
durability of different units of output may not be the

same. Yet different units of output or dirfferent
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units of canitsl mcy bt eg-regated without preper justi-
ficatioca.

Thus, stract disag rezation 1d diffacult bocause
zvenr a single establishment or plant employs a variety
of capitsl and lebour ond must, in general, produce several
kinds of outputs. It 1s practically impossaible to obtain
striclly homog-neous cutputs, cepitel and labour in all the
obs~rvetions and thereforec a cortain degree of aggregation
or a limitcd disargr: gation has to be allow-d.

Any establishment produces morc than on: outprut
though most production functicn studies arc based on a
singlc output. The afrregatlion prohlem obviously orises
because the single output wus-d in the empirical analvsis
1e th2 resvlt of aprice weighted combination of severzal
1tems which mey, 1n some cas s, be very difforeont from
one anoth~r. Any errors arising out of agerigation will
be lawger, the higher the degrec of aggregstion. Oimilarly,
labour snd capital unaits, even though nonhomogeneous and
diffcrang 1n numerous ways, have to be combincd. Usuvally,
detairled data ar not availeble, But even 1f t.ey wcre,
1t would be difficult to make use of them in vicw of the
variations 1n quealitly, age,experience and o varicty of

other circumstsnces over different establishments.
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Agoregation 1n Production Function Studies

It has been observed by Bosworih(1976) that
'problems of agapregaticn can result in the failure of aggre-
gate production functions to reflecct the underlying
technology of production. Such fears give micro siudies
much of thzir appeal. 4% a very low level of aggregation
extrancous 1nfluences should be less important and e~timetes
should directly reflcct the micro technclogies."

Fisher(1969,1971) has pointed out how rigorous
aggrepgation, almost i1nvariably resorted to 1n production
function analysis, 1s possible only under very stringent
conditicns., 411 these rzstricticns are in addition to the
many other unrealistic assumptions associated with
the subject.

The concept of the production function, as originally
envisa_ed, was conczrned with qusntifying the relztionship
betireen the output and inputs of an i1ndividuzl fairm.
According to Nelson(1964), the extension of this relationship
to a "single and stable rclstionship belween s measure
of aggregate outputs 1s uncertain at best." The
uncertainties and doubts asscocisted with the problem of agg-
regaticn may be many. For a firm, the nrroduction function
1s = technolozicsl releticnship between 1ts oulput and
inputs to be used. Is 1t the same for an industry or an
economy “ It 1s difficult to visualise a whols 1ndustry
or an economy from the same technological angle as the
firm. Inputs have a different m:aning for a firm comparecd

1o that for & industry.
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The main difficulty due to aggrcecgation arises
when use 1s made of the seme form of the production function
in the macro case as 1n the micro case. Th> use of a
particular form of the aggrepate rroduction function
cannot be gquestioned. #het 1s objectionable, however,
1s the implicit assumption thal aggregsetion does not make
any diffecrence to lhe situaton.

For our manufacturing esicblishment data, in so
far as we carry out some kind of addition of all outputs
and inputs corresponding to various production processes
within each establishment, without distinguishing
between different types and nualities of inputs or
outputs, our nroducticn functions do tz=ccme rouchly
aggregetive 1n nature. Yet the intrinsic features of ihe
technologies mithin the establishments do not remain
unr~flected by this. Cur ageregation 1s 1n value terms so
thet thz varginsal products will also be 1in value terms.
Such an agevregation 1s not valid uanless there areconstant
returns to scale. Our results may suffer, therefore, from .
some argeregation biess bvt we realise at the same time that
1t 1s neither possible nor feasible to separates data
in ecch product which 1s likely to differ from
one establishment tco ancther. Nor are the basic
conditions of i1dentity of production functions and

constant ra2turns to scale likely to be satisfied.
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hecording to Klein (1946),1f thore exast production
functions relating oulputs to inputs from the individual
firm, functions connecting arcregote outputs and inputs
for the economy as ¢ whole should also ~xist. Further,
1f 1ndividual firm- are a sumed to be meaximicsing thear
profits according to certain mearginal productivity relations
then the g, regete variables should satisfy enalocous
zquations. Altecrnatvely , 1t should be pos-tible to derave
from the individual produclion functions an :zconomy producton
function of aggrigste variables which mey be looked upon
as il~chnological variables of an economy-wid= process.
This r.quircrment 1s independw«nt of the satisfaction of
any equilibrim conditicens for meximum profits since tech-
nology alone 1s 1nvolved In equilibrim however, the
agcresate variables for the economy should satisfy the
clessical marginal productivit, conditions Tu (1946)
objected by saying that Kl&n's assumption th=at a gregcte
output 1s aindependent of i1rnput didtrabutions is not proper
and to assumc that a unique mccro production function ~xists,
I unnecessary and arbitrary pecause some other function can
as well tek. care of the profit maximising conditions
Pu otscrved that 1t was possible to imagine a transfer of
factors betw~en firms resultin,, 1n a risc or fall of the
agrreg:te production function although the total quantity
of factors rem-ineca unchoneed. It 15 nccessery to include
1n an ag regete production function veriables showing the
distribution of factors. Agger.ration should be bes~d on
fixcd patterns of distribution of the values of the micro-

variables 1n each cg r-gate. In other words, the existence
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of such fixed patterns 1s essontial for acgregation.
hccording 1o Shephard(1971), the production reletion to be
aggregated reflects scme optimisatieon or ecuilibrium
decisions and describes a2 limited arrangement of inputs

to outputs relative to those svailable in the technology.

If 1n the aggr.gates, the microveriables have a fixed
pattern of distribution, then the aggregate production
function dous not describe the alternatives i1n the technology
and beccmes a statement of the net effect of i1individual
optimising decisions. For some given set of prices and
circumstances, Klein's individual production functions
reflect the full range of the alternatives available ‘hether
realised or not by the firms at a given time. The aggregat-
rroduction funclion thus constructed from agrregate
variebles can be successfully used Tor ithe purpos2 of
prediction 9ond explanation. In the very short run, Fu's
assumption of fixed distraibulion of microvariables may

be fulfilled but not in th= long run.

Using The1l's(1954) procedure of aggregation as
applied to the Cobb Douglas function, Crilliches(1957)
shovs that vhen the micro perameters are not i1d=antical,
the estimatcs of the macro parameters resulting from
aggregalion are averages of the correspending micro
parameters along wlth a blas depending on zll the elements
of each of the micro parameters. The macro coefficient
of labour in a tw input model 1s influenced by the

micro coefficients of labour as well as capital.
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Zellner(1969) considers another aspect of the
aggregation problem in terms of regression models with
random coefficients. He shows thst under certain conditions,
the usual macro two stage least square estimator 1s a
consistent estimalor for the mean of i1ndividual coefficient
vectors. Theil's resulis relate to models wiln laxed
coefficients., Zellner's"consistent" results v1th no
aggrecation bias relate to models with random coefficients

vvhich havz been found 1o be useful 1n some situations.
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Table 1E

ANATYSIS OF COVARIANCE

GROUTINIIC CRITZRION : 4G OF T.STaBLISHLTIIT

FProduction FVALUIS OINLY
Relation France Indaia Israel Japan Yugoslavia
(1a) 1.8 1.9 2.2 4 1.
(1) 1.1 1.6 1, 2 2.6
(2a) 2.1 1.8 1.6 1.3 1.2
(2b) 2.5 .1 1.8 1,2 1,
(3a) 1 1.7 .3 2.4 1.0
(3b) 1.8 2.5 2,2 1.0
(42) 1.4 2.4 3.C 1.3 1.5
(4b) 2.1 2.3 1.6 1.9 1.1
(4¢) 1.8 2.2 1.2 1.8 1,0
(5a) 1.6 1,7 1.8 1.8 1
(5b) 2.7 5. 4%~ A 1.6 6
(5¢) 2.5 3,0%= 3.4 1.6

(6a) 2.5 2.8 2.9 1.6 1.1
(6D1) 2 2.2 2.5 1.7 1.9
(6c) . 8,9** 2.2 1.4 1.3




Table 2E
ANATLYSTIS O COVARIALNCT

F wvalues only

GROUTING CRITTRICN - IRRCTNT:/(CZ CATACITY UTILISATICIT

I'roduction

Relotlion France Indaia Isreel Japan Yugoslavia
(1a) 1.2 1.3 2.0 1.5 1.0
(1p) 1.1 2.1 2.3 1.3 1.2
(2a) 1.2 1.1 1.9 0 1.2
(21) 1.7 2.1 1.8 . 1.3
(2a) 1.5 2.1 1 1.3 1.4
(3b) 1.6 2.1 1 1.7 1.3
(4a) 2.1 3,0%F 1.2 1.9 1.7
(4b) 1.1 2.6 1.6 1.7 1.2
(s¢) 1.2 2.6 1.4 2 1.1
(5a) 1.1 1.2 6.0%* 2.2 1 1
(5b) 1.0 3,07~ 1.3 2.7 1,2
(5¢) 2.0 2.4 1.2 2.2 1.7
(6a) 1.8 1.C 2.C 2.1 1.0
(6D) 1.5 1.3 3,67% 1,9 1.2
(6c) 1.1 3, 1% 1,C 2.0




Table 3E
ANALYSIS OF COVARIANCT

F values only

GROUPING CRITFRION : NUMBTR OF SHIFTS WORKFD

Production

Relation France Indaia Israel Japan Yvgoslavia
(1a) 1.5 1.3 1.4 2.1 2.9
(1b) 1.0 1.2 1.0 1.7 2.2
(2a) 1.1 1.1 1.3 1.4

(2Db) 1.4 1.8 1.1 1.8 .
(38) 1.9 1.7 1.0 3.7 1.8
(3b) 2.3 1.6 1.0 2.3 1.8
(4a) 1.8 1.5 1.7 1.6 1.7
(41) 1.2 1.8 2.6 1.0 2.C
(dc) 1.1 1, 1.6 1.4 3, Cx%*
(5a) 1.6 .3 3 2.9 2.1
(5b) 1.8 1¥ % 2.4 1.7 1.5
(5¢) 1.3 3 1, 1.3 1.5
(6a) 1.7 1.5 1.3 hog~% 2.6
(6Db) 1.9 2.3 5, %x* 1.4 5.5%*
(6c) 1.0 2.1 1.7 2.0 1.1




Table 7

RANK CORRILATICN BITWEEN CTRTAIN TaIRS OF VARIABL.S

The notation used in this table 1s given below. The

corresponding notation, 1f any, used in the text 1is

given 1n brackets.

TVPRD(Y)
VADTD(V)
LTOTL(L)
LDRCT (L)
CAPAS(X)
MCHNY(KMC)
DALAN(KDA)
WAGTS (W)
CAPLT(K/L)
VADLT(V/L)
VACAS(V/K)
CADUT
NRYRS
VCAGE

P 0S 1
FLCWH
MOTEW

SIG

Total value of production

Value added

Total labour

Direct labour

Net caprital assets

Machinery and eculpment
Depreciation allowances per annum
Total wages

Capaital labour ratio

Value added labour ratio

Value added capital ratio
Tercentage capacity utilisation
Age of establishment

Age of machinery

Percentage of motors operated 1n shift one
Electricity consumed in kwh

Capacity of motors in kwh

Number of observations

Level of sagnificance
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