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RIEMANNIAN 4--SYMMETRIC SPACES 

J. A l f r e d o Jimenez 

ABSTRACT 

This t h e s i s studies the theory of Riemannian "+-symmetric 
spaces. I t f o l l o w s the methods f i r s t introduced by E. Cartan 
to study ordinary symmetric spaces, and extended by J. Wolf and 
A. Gray and by Kac. 

The theory of generalized n-symmetric spaces was i n i t i a t e d 
by A. Ledger i n 1967, and 2- and 3-symmetric spaces have already 
been c l a s s i f i e d . The theory of ̂ -symmetric spaces i s com­
p l e t e l y new. 

The t h e s i s n a t u r a l l y d i v i d e s i n t o two chapters. The f i r s t 
chapter t r e a t s the geometry of the spaces. Their homogeneous 
s t r u c t u r e and t h e i r i n v a r i a n t connections are studied. The 
existence of a canonical i n v a r i a n t almost product s t r u c t u r e i s 
pointed out. A f i b r a t i o n over 2-symmetric spaces w i t h 2-symmetric 
f i b e r s i s obtained. Root systems are used t o o b t a i n geometric 
i n v a r i a n t s . F i n a l l y a l o c a l c h a r a c t e r i z a t i o n i n terms of 
curvature i s obtained. 

Chapter I I centers on the problems of c l a s s i f i c a t i o n . A 
l o c a l c l a s s i f i c a t i o n i s given f o r the compact spaces i n terms 
of simple Lie algebras. A g l o b a l f o r m u l a t i o n i s given f o r the 
compact c l a s s i c a l simple Lie algebras. 

A f i n a l s e c tion i s devoted t o i n v a r i a n t almost complex 
s t r u c t u r e s . A c h a r a c t e r i z a t i o n i s given i n terms of t h e i r 
homogeneous s t r u c t u r e . I t i s shown t h a t they can bear both 
Hodge and non-Kahler s t r u c t u r e s . 
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INTRODUCTION 

The theory of Riemannian 2-symmetric spaces was i n i t i a t e d 

c e n t r a l subject i n d i f f e r e n t i a l geometry. One of the most 
important features of t h i s theory i s i t s connection w i t h the 
theory of semi-simple Lie groups. This connection i s a source 
of very d e t a i l e d and extensive i n f o r m a t i o n about the spaces. 
I t was through i t t h a t E. Cartan accomplished t h e i r c l a s s i f i ­
c a t i o n . 

Owing t o the importance of 2-symmetric spaces and t o the 
wealth of t h e i r geometric s t r u c t u r e , i t i s i n t e r e s t i n g t o 
search f o r spaces whose theory provides i n a n a t u r a l way an 
extension of t h e i r theory. 

I n 1967, A. J. Ledger [29] i n i t i a t e d the study of general­
ized Riemannian symmetric spaces (see also P. J. Graham and 
A. J. Ledger [ 3 0 ] ) . He showed ( c f . [ 1 6 ] ) t h a t on a Riemannian 
manifold (M,g), the existence a t each p o i n t p i n M o f 
an isometry w i t h p as an i s o l a t e d f i x e d p o i n t was s u f f i c i e n t 
t o ensure t h a t M was a Riemannian homogeneous space. Hence, 
the d e f i n i t i o n of Riemannian n-symmetric spaces i s r a t h e r 
n a t u r a l . Furthermore, the main property of the Cartan spaces 
i s preserved. That i s , the spaces are homogeneous manifolds 
of a w e l l defined type ( c f . Section 2 ) , and t h e r e f o r e t h e i r 
theory i s r e l a t e d t o the theory of Lie groups. Hermitian 2-
symmetric spaces provide a large class of examples which are 
n-symmetric f o r any n. On the other hand, 0. Kowalski [14] 
showed the existence of generalized n-symmetric spaces ( o f 

by E. Cartan i n 19 26. Ever since, t h i s theory has become a 
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a r b i t r a r y order n) which are not m-symmetric f o r m < n. 
Also, he has c l a s s i f i e d these spaces i n low dimensions 
(dimension 55). 

Following Cartan's methods, J. Wolf and A. Gray gave i n 
[28] the general s t r u c t u r e theory f o r f i n i t e order inner auto­
morphisms of the compact semi-simple Lie algebras. Then they 
accomplished a complete c l a s s i f i c a t i o n of the 3-symmetric 
spaces. These spaces are Riemannian manifolds which have 
associated i n a n a t u r a l way an i n v a r i a n t almost complex 
s t r u c t u r e . A. Gray [ 8 ] showed t h a t they are nearly Kahler 
manifolds and obtained a c h a r a c t e r i z a t i o n of these spaces i n 
terms of t h e i r curvature tensor. 

The purpose of t h i s t h e s i s i s t o study the theory o f 
Riemannian ^-symmetric spaces and t o o b t a i n t h e i r c l a s s i ­
f i c a t i o n ( f o r the compact simply connected 4-symmetric spaces). 
The coverage of the t h e s i s i s best explained by the f o l l o w i n g 
d e s c r i p t i o n of i t s contents. 

The t h e s i s n a t u r a l l y d i v i d e s i n f o two chapters. The f i r s t 
one i s mostly concerned w i t h the Riemannian geometry of the 
spaces, whereas the second chapter centers on the problems of 
c l a s s i f i c a t i o n . An a d d i t i o n a l l a s t s e c t i o n i s devoted t o the 
study of i n v a r i a n t almost complex s t r u c t u r e s on these spaces. 

Sections 1-3 are r a t h e r general and a l l the theory con­
t a i n e d i n them goes over ( r e g u l a r ) n-symmetric spaces. Special 
emphasis i s put on the important r o l e of the r e g u l a r i t y con­
d i t i o n . This c o n d i t i o n implies t h a t the spaces can be 
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represented as homogeneous manifolds of the form G/K, where 
G i s a connected Lie group w i t h an automorphism of order f o u r 
whose f i x e d p o i n t set i s ( e s s e n t i a l l y ) K. The existence of 
a unique i n v a r i a n t connection on the p r i n c i p l e bundle 
G(G/K,K), i n v a r i a n t also under the symmetries, i s proved. 
This connection y i e l d s a (.local) c h a r a c t e r i z a t i o n of the 
spaces. These r e s u l t s are ( i m p l i c i t l y ) contained i n [ 1 6 ] . 
Although the proofs here are some.wWi easier. 

I n Section 4 we p o i n t out a geometric f e a t u r e t h a t i s 
i n t r i n s i c t o 4-symmetric spaces. These spaces have c a n o n i c a l l y 
associated an almost product s t r u c t u r e i n v a r i a n t under the 
symmetries. 

TM = 1/ © H (orthogonal decomposition). 

One of these d i s t r i b u t i o n s i s i n t e g r a b l e - we c a l l i t the 
v e r t i c a l d i s t r i b u t i o n I / . I t i s shown t h a t i t defines a 
r e g u l a r f o l i a t i o n and t h a t M admits the ( l o c a l l y t r i v i a l ) 
f i b r a t i o n 

B 

w i t h B a f f i n e 2-symmetric and F Cartan symmetric. We 
study the Riemannian geometry of these f i b r a t i o n s . From our 
d e f i n i t i o n of ^-symmetric spaces i t i s c l e a r t h a t they are 
r e f l e c t i o n spaces, and also t h a t the above f i b r a t i o n s corres­
pond t o the f i b r a t i o n s obtained i n [ 1 7 ] . However our proofs 
are s t r a i g h t f o r w a r d , and no allusion i s made t o the theory of 

(*) M 
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r e f l e c t i o n spaces. I n h i s work, [17] 0. Loos"did not make 
any reference t o any Riemannian m e t r i c . Thus a l l the 
Riemannian geometry of these f i b r a t i o n s i s new and may serve 
as a model to study the Riemannian geometry of r e f l e c t i o n 
spaces and more generally the geometry of Riemannian submersions. 

I n Section 5 we study the geodesies of M under the 
assumption t h a t the f i b r a t i o n (*) i s a Riemannian submersion. 
The main a p p l i c a t i o n of t h i s i s a d e s c r i p t i o n of the f o c a l 
p o i n t s of the f i b e r F i n terms of r o o t systems. 

I n a d i f f e r e n t v e i n , i n Section 6, we set about f i n d i n g 
a l o c a l c h a r a c t e r i z a t i o n i n terms of curvature of Riemannian 
4-symmetric spaces. Here the m o t i v a t i o n comes from various 
sources. On one hand, Riemannian ( l o c a l l y ) 2-symmetric spaces 
are characterized by having p a r a l l e l curvature. Then, 
Kahler manifolds have p a r a l l e l almost complex s t r u c t u r e s . 
Also, Riemannian 3-symmetric spaces are nearly Kahler manifolds 
f o r which the curvature tensor s a t i s f i e s ^x^XJXXJX = ^ 
f o r a l l vector f i e l d s X (see [ 8 ] ) . Thus we pose the problem 
of f i n d i n g a c h a r a c t e r i z a t i o n i n the "same s p i r i t " f o r 
Riemannian 4-symmetric spaces. We ob t a i n one i n terms of the 
symmetry tensor S (the analog of an almost complex s t r u c t u r e ) , 
the fundamental form of the d i s t r i b u t i o n H, and the curvature 
of M. 

Chapter I I begins w i t h a small s e c t i o n on the de Rham 
decomposition of Riemannian 4-symmetric spaces. We show 
t h a t the corresponding group of symmetries also decomposes. 
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I n Section 8 we c l a s s i f y the automorphisms of order f o u r 
of the compact semi-simple Lie algebras. The s e c t i o n i s 
n a t u r a l l y d i v i d e d i n t o two p a r t s . Part (a) t r e a t s the case 
of inner automorphisms. The c l a s s i f i c a t i o n here i s c a r r i e d 
along the same l i n e s as i n [ 2 8 ] . This method i s very s u i t a b l e 
f o r our purposes i n Section 9. 

We o b t a i n the f i x e d p o i n t sets of the automorphisms and 
of the squares of the automorphisms, and give the corresponding 
t a b l e s f o r a l l the Lie algebras. A d e s c r i p t i o n of the base 
space B and the u n i v e r s a l cover of the f i b e r F i n (") i s 
given f o r each one of the e n t r i e s i n the t a b l e s . A g l o b a l 
f o r m u l a t i o n i s accomplished f o r the " c l a s s i c a l " L i e algebras. 
Part (b) f o l l o w s the same'pattern as p a r t ( a ) , but now f o r the 
outer automorphisms. Here we f o l l o w Kac (see Helgason [ 9 ] Ch.X). 

Section 9 i s concerned w i t h almost complex s t r u c t u r e s on 
Riemannian 4-symmetric spaces i n v a r i a n t under the symmetries. 
I t i s shown ( w i t h one possible exception) t h a t the compact 
simply connected almost Hermitian 4-symmetric spaces have non-
vanishing Euler c h a r a c t e r i s t i c . These spaces are characterized 
as U-symmetric spaces w i t h a standard r e p r e s e n t a t i o n of the 
form G/K w i t h K the c e n t r a l i z e r of a t o r u s . Every 
Hermitian 2-symmetric space of the compact type i s one of these 
spaces. We also show t h a t compact 3-symmetric spaces w i t h a 
s i m i l a r standard r e p r e s e n t a t i o n are also almost Hermitian 4-
symmetric. I t i s shown t h a t almost Hermitian ^--symmetric spaces 
(which are not Hermitian 2-symmetric) can have i n v a r i a n t Hodge 
" We show t h a t the important idea of d u a l i t y i n Cartan spaces 
can n a t u r a l l y be extended t o 4-symmetric spaces. We also o b t a i n 
the duals f o r the " c l a s s i c a l " Lie algebras. 
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s t r u c t u r e s - hence i n p a r t i c u l a r they are a l g e b r a i c - and 
can also have i n v a r i a n t non-Kahlerian s t r u c t u r e s (as opposed 
to the Cartan spaces). 
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CHAPTER 1 
RIEMANNIAN GEOMETRY OF RIEMANNIAN 4-SYMMETRIC SPACES 

§1. D e f i n i t i o n of Riemannian •4-Symmetric Spaces 

I n t h i s s e c t i o n we s t a r t w i t h the d e f i n i t i o n of Riemannian 
4-symmetric spaces. They are Riemannian manifolds endowed at 
each p o i n t w i t h a symmetry of order f o u r t h a t preserves the 
metric. Although the d e f i n i t i o n of these spaces arises as a 
n a t u r a l way of extending the d e f i n i t i o n of Cartan (symmetric) 
spaces, t h e i r study can be f a i r l y more complicated i f an 
a d d i t i o n a l r e s t r i c t i o n i s not imposed on them. Following 
Ledger [ 7 ] we include i n our formal d e f i n i t i o n a r e g u l a r i t y 
c o n d i t i o n on the symmetries. Geometrically, t h i s i s an i n -
variance c o n d i t i o n which says t h a t the set of symmetries i s 
i n v a r i a n t under conjugation by the symmetries themselves. 
The consequences of t h i s c o n d i t i o n are more conveniently 
expressed when lo o k i n g at them from the p o i n t of view of 
group theory. Such spaces have a t r a n s i t i v e group of isometries. 
A r e s u l t which i s independent of whether or not the r e g u l a r i t y 
c o n d i t i o n i s imposed. However, the r e g u l a r i t y i m p l i e s t h a t 
the spaces can be represented as the homogeneous manifolds 
G/K where G i s a connected Lie group w i t h an automorphism 
of order four whose f i x e d p o i n t set i s ( e s s e n t i a l l y ) K. 
This f a c t i n t u r n w i l l make f e a s i b l e the c l a s s i f i c a t i o n of 
these spaces. 
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A Riemannian 4-symmetric space i s a connected C°°-
Riemannian manifold (M,g) together w i t h a f a m i l y of 
isometries ^ s

x^ v# i n M)? w i t h the f o l l o w i n g p r o p e r t i e s : 

Ci) For each x i n M, the isometry s i s o f order 
four and has x as an i s o l a t e d f i x e d p o i n t . s 

^ x 
w i l l u s u a l l y be c a l l e d the symmetry at x. 

( i i ) ( R e g u l a r i t y c o n d i t i o n ) . For any two po i n t s x and 
y i n M, the symmetries s^ and s s a t i s f y 

s o s = s , . o s . (0 x y s (y) x 

Comments. Cl e a r l y the above d e f i n i t i o n can be extended t o 
symmetries of a r b i t r a r y order n, see f o r example [ 1 3 ] . 
For t e c h n i c a l reasons i t seems de s i r a b l e t o assume complete­
ness i n the d e f i n i t i o n , however, t h i s w i l l be a consequence 
of the f a c t t h a t Riemannian ^--symmetric spaces are homo­
geneous Riemannian manifolds. Condition ( i i ) i s not p a r t of 
the o r i g i n a l d e f i n i t i o n of n-symmetric spaces, but since we 
s h a l l e x c l u s i v e l y be concerned w i t h the case when they are 
r e g u l a r , we include i t from the very beginning. The reason 
f o r t h i s r e s t r i c t i o n i s not an a r b i t r a r y one: There i s a 
great d i f f e r e n c e between n-symmetric spaces and Cartan spaces, 
whereas t h a t f o r Cartan symmetric spaces the c o n d i t i o n t h a t 
the symmetries be the geodesic i n v o l u t i o n s immediately 
guarantees t h e i r uniqueness, f o r n-symmetric spaces t h i s 
uniqueness i s missing. Thus, the map s t h a t assigns t o 
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each p o i n t x i n M the symmetry s can be r a t h e r a r b i t r a r y 
and complicated t o work w i t h , hence the i m p o s i t i o n of such a 
r e s t r i c t i o n . 

That r e g u l a r i t y i s the r i g h t s o r t of c o n d i t i o n can be 
seen from d i f f e r e n t p o i n t s of view. On one hand i t i s an 
invariance c o n d i t i o n on the set of symmetries (co n j u g a t i o n 
by the symmetries themselves does not a l t e r the s e t ) . On 
the other hand, i t s t i l l allows us, up t o some ex t e n t , t o 
p a r a l l e l the theory of Cartan spaces, e s p e c i a l l y when using 
Lie group theory and o b t a i n i n g the c l a s s i f i c a t i o n f o r the 
compact spaces at the end of the present work. We prove 
here t h a t t h i s c o n d i t i o n i s s a t i s f i e d by the Cartan spaces": 
Since we have to prove e q u a l i t y between two i s o m e t r i e s , we 
only need t o show t h a t t h e i r d i f f e r e n t i a l s coincide at one 
po i n t (and then use the exponential map and connectedness). 
We show t h a t the d i f f e r e n t i a l s of s o s and s v o s 

x y s to x 
coincide at y, x and y any two po i n t s i n M, 

( S o s ) = ( S ) ... o ( s ) .,. = ( S ) ... o _1 r _ ( s ) . 

x y " x -> , s y « x " T M x " 
y s

y
( y ) y y y y 

The f i r s t e q u a l i t y i s merely the chain r u l e . The second 
e q u a l i t y i s a consequence of the f a c t t h a t s^ i s the 
geodesic i n v o l u t i o n a t y, and t h e r e f o r e i t has the negative 
of the i d e n t i t y map of T̂ M as i t s d i f f e r e n t i a l a t y. 
Analogously we have: 
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( s s (y)° sx }* = ( s s (y)... o C sx )*- =
 ~TT . .M^V* Y x - s ( y ) y s x(.y) y 

= -Cs ) , 
X " 

y 
as we wanted. 

A s i m i l a r argument can be used t o give an a l t e r n a t e 
d e s c r i p t i o n of the r e g u l a r i t y c o n d i t i o n . For t h i s , d e f i n e 
the symmetry tensor S as f o l l o w s : 

S i s the tensor f i e l d t h a t associates t o each p o i n t x 
i n M the d i f f e r e n t i a l of the symmetry at x, i . e . 
S = s S i s a tensor f i e l d of type (1,1) and preserves 
the m e t r i c . Furthermore, c o n d i t i o n ( i ) i n the d e f i n i t i o n 
i m plies t h a t S i s of order f o u r and has no eigenvalue +1. 
As done f o r the Cartan Spaces, we take the d i f f e r e n t i a l a t 
y of both sides i n ( 1 ) : 

(s ).,.„o(s ) A = (s , ,).,. , N O ( S ) . , . . x -y y «y s (y) 44s (y) x ! ;y 
X X 

Using the symmetry tensor S, t h i s can be w r i t t e n as 

(2) (s ),. ° S = S , . o ( s )., (x,y i n Mj x »y y s (y) x «y s / 

and as remarked above, by connectedness, the e q u a l i t y of the 
isometries i n (1) i s equivalent t o the e q u a l i t y i n ( 2 ) . 
Therefore, the r e g u l a r i t y c o n d i t i o n ( i i ) i s equivalent t o the 
c o n d i t i o n : 
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( i i ) ' The symmetry tensor S i s i n v a r i a n t under the 

a c t i o n of the symmetries ^ s
x^ ( x i - n ^ } 

We s h a l l see t h a t S i s not only d i f f e r e n t i a b l e , but 
a n a l y t i c . Note t h a t f o r the Cartan spaces, S i s minus 
the i d e n t i t y tensor, t h i s gives an immediate explanation of 
the f a c t t h a t they are always r e g u l a r symmetric spaces. The 
tensor S w i l l play a prominent r o l e i n what f o l l o w s . 

I n general, i t w i l l be said t h a t a tensor f i e l d i s s-
i n v a r i a n t i f i t i s i n v a r i a n t under the a c t i o n of the 
symmetries ^ s

x^* 

§ 2. Riemannian ^-Symmetric Spaces as Homogeneous Spaces 

One of the c e n t r a l r e s u l t s i n the theory of Riemannian 
n-symmetric spaces i s t h a t t h e i r groups of isometries act 
t r a n s i t i v e l y on them. 

Theorem [ 1 6 ] . Riemannian n-symmetric spaces are homogeneous 
Riemannian manifolds. 

The idea of the proof i s t o show t h a t i f we take the 
closure i n the f u l l group of isometries of the subgroup 
generated by the symmetries (s ) , then the o r b i t of one 
po i n t under the a c t i o n of t h i s group i s the whole manifold. 
Since the manifold i s assumed connected and since t h i s 
o r b i t i s closed, i t i s only necessary t o show t h a t i t i s 
open. A t h i n g t h a t can be seen by using the symmetries. 
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An i n t e r e s t i n g consequence of the proof i s t h a t instead 
of having t o work w i t h the f u l l group of isometries we can 
now r e s t r i c t our a t t e n t i o n t o a group which i s c l o s e l y r e ­
l a t e d t o the symmetries and which i s s t i l l l arge enough t o 
act t r a n s i t i v e l y and t o ca r r y i n f o r m a t i o n of the geometry 
t h a t the symmetries induce on M. By connectedness, the 
i d e n t i t y component of t h i s group also acts t r a n s i t i v e l y . 
We denote i t by G. I t turns out t h a t G i s w e l l s u i t e d 
f o r our work. I n f a c t , a complete c h a r a c t e r i z a t i o n of 
Riemannian 4-symmetric spaces can be given purely i n 
terms of G. See P r o p o s i t i o n 1 below. 

M can be w r i t t e n as the homogeneous space G/K, w i t h 
K the i s o t r o p y group of G at a p o i n t 0 i n M. G acts 
e f f e c t i v e l y on M, and K i s compact 4 

The symmetries (s ) may or may not belong t o G, 
nevertheless by conjugation they induce automorphisms (a ) 
on G: 

a x : G + G, a x ( g ) = s ^ g o s " 1 (g £ G.) 

Each of these automorphisms i s of order f o u r , and f o r a Q, 
from now on denoted by a, the f i x e d p o i n t seA G a s a t i s f i e s 

G° c K c G° where Ĝ  i s the i d e n t i t y component of Ga. 

This r e l a t i o n i s a consequence of the r e g u l a r i t y c o n d i t i o n 
(1) i n the d e f i n i t i o n . I t can be seen as f o l l o w s : since the 
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symmetry tensor i s i n v a r i a n t under the symmetries themselves, 
i t i s also i n v a r i a n t under G. I n p a r t i c u l a r , i f k i s any 
element i n the i s o t r o p y group K, then k... ° S_ o k l ^ " 

" 0 U " 0 
equals S Q hence k o S Q O . ] < : ^ = s f o r a l l k i n K. 

i . e . k = s Q o k o s^ 1 f o r a l l k € K. This shows t h a t k 
belongs t o the f i x e d p o i n t set G A. To see t h a t G^ c K, 
we take a one parameter group exp tX, t 6 ]R , i n G^ and 
show t h a t i t i s contained i n K, i . e . we show t h a t 
exp tX • 0 = 0 f o r a l l t i n TR. Since s^ has 0 as an 
i s o l a t e d f i x e d p o i n t , a l l t h a t i s necessary t o prove i s 
t h a t the curve y ( t ) = exp tX •> 0 i s l e f t pointwise f i x e d by 
V 
s Q(exp tX'O) = sQ('exp tX»s~1(0))= s Qoexp tXos^CO) = (expctX) • 0 

and since exp tX belongs t o G^, we have t h a t t h i s i s 
equal t o exp tX - 0 as we claimed. 

We s h a l l see l a t e r on, t h a t conversely, the c o n d i t i o n K 
open i n GQ implies the r e g u l a r i t y c o n d i t i o n ( 1 ) . ( P r o p o s i t i o n 
below i n t h i s section) 

I t i s i n t e r e s t i n g to w r i t e the above r e s u l t s a t L i e 
algebra l e v e l . Let <j be the Lie algebra of G and P the 
Lie algebra of K. Let a (same l e t t e r ) be the automorphism 
on 8 induced by a. Then p i s the f i x e d p o i n t set of a. 
Let u be the eigenspace of a f o r the eigenvalue - 1 . Then 
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f (B v i s the eigenspace of a f o r the' eigenvalue +1. 
2 

Let h be the eigenspace of a f o r the eigenvalue - 1 . 
2 

Since a i s an i n v o l u t i o n on g = f ® v (S k. 

We claim t h a t t h i s decomposition i s A d ( K ) - i n v a r i a n t . 
I n p a r t i c u l a r G/K becomes a r e d u c t i v e homogeneous space: 

Proof. Let V € v and k 6 K, we show t h a t Ad(k)V € v by-
showing t h a t a(Ad(k)V) = -V. But t h i s i s an easy c a l c u l a t i o n 

a(Ad(k)V) = Ad(ok)aV = Ad(k)aV = -Ad(k)V. 

Analogously i f H € k then a 2(Ad(k)H) = Ad(a 2k)a 2H = 
-Ad(k)H € h. 

For the sake of o r g a n i z a t i o n we summarize a l l the above 
r e s u l t s as the f o l l o w i n g : 

Theorem. Let (M,g,s) be a Riemannian 4-symmetric space. 
Let G be the cl o s u r e , i n I(M,g), of the subgroup generated 
by the symmetries ^ s

x^- Then 

( i ) G acts t r a n s i t i v e l y on M, and f o r a f i x e d p o i n t 
0 i n M, M can be w r i t t e n as the homogeneous space 
G/K w i t h K the i s o t r o p y group of G at 0. 

( i i ) Conjugation w i t h respect t o SQ, the symmetry at 
0 induces an automorphism a of order f o u r on G 
such t h a t the f i x e d p o i n t set G° s a t i s f i e s 

G°n c K c G
a . 
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( i i i ) Let g be the Lie algebra of G , and l e t a be 
the induced.autormorphism by a on g . Then g 

s p l i t s i n t o the three vector spaces 

0 P © v © h 

where p i s the Lie algebra of K, , u i s the 
eigenspace of a f o r the eigenvalue - 1 . and h 

2 
i s the eigenspace of o f o r the eigenvalue - 1 . 

This decomposition i s A d ( K ) - i n v a r i a n t and G/K i s a 
r e d u c t i v e homogeneous space. /// 

The canonical p r o j e c t i o n IT from G onto G/K defines 
a p r i n c i p a l bundle w i t h s t r u c t u r a l group K. I t w i l l u s u a l l y 
be denoted by G( G/K, K) . The d i f f e r e n t i a l T\.,S at e has 
ker n e l = f> and maps v © h i s o m o r p h i c a l l y onto T^(G/K). 
This space i n t u r n i s isomorphic t o T̂ M. We s h a l l always 
i d e n t i f y these spaces.As a consequence we have t h a t any G-
i n v a r i a n t s t r u c t u r e on M corresponds uniquely t o an Ad(K)-
i n v a r i a n t s t r u c t u r e on u © h. Also, any X € Q gives r i s e 
i n a n a t u r a l way t o a K i l l i n g vector f i e l d on M. The one 
parameter group exp tX can be regarded as a one parameter 
group of isometries on M thus d e f i n i n g a flow and hence a 
vector f i e l d X. By d e f i n i t i o n , X i s K i l l i n g . The 
correspondence X X from @ i n t o x(M) i s a Lie algebra 
an t ihomomorphism. 

The f o l l o w i n g p r o p o s i t i o n gives a c h a r a c t e r i z a t i o n of 
homogeneous manifolds t h a t are Riemannian 1+-symmetric spaces. 

15 



P r o p o s i t i o n ! Let G be a connected Lie group, and 
a : G ->- G an automorphism of order f o u r . Let K be a sub­
group w i t h Gg c K c Ga, and w r i t e g = 9 © v ffi h as i n 
Theorem 1. I f <,> i s any inner product on v © h which 
i s both Ad(K)- and a - i n v a r i a n t , then <,> induces a G-
i n v a r i a n t metric on G/K which makes G/K i n t o a Riemannian 
4-symmetric space. 

The proof i s r a t h e r standard, the d e t a i l s can be found 
i n [ 14] . We s h a l l only mention how t o constru c t the symmetries 
(s ) , and show t h a t the r e g u l a r i t y c o n d i t i o n i s s a t i s f i e d . 

Construction of the symmetry s^ at 0 = K € G/K: Since 
Kc G°, a induces a diffeomorphism s Q on G/K t h a t makes 
the f o l l o w i n g diagram commutative 

a 
G • G 1 I 

G/K G/K 

SQ i s the symmetry at 0. (The c o n d i t i o n G^ C K ensures 
t h a t 0 i s an i s o l a t e d f i x e d p o i n t ) . I f now x = g • 0 i s 
any other p o i n t i n G/K, g i n G. Then s i s defined by 
s

x
 = g 0 SQ 0 S ̂ • (Of course, i t i s necessary t o show t h a t i t 

i s w e l l d e f i n e d ) . 
To prove the r e l a t i o n s ° s = s o s z = s ( y ) , we 

x y z x x 
f i r s t e s t a b l i s h the f o l l o w i n g i d e n t i t y 

SQ O g o s" 1 = a(g) or s Q ° g = o(g) ° s Q f o r a l l g i n G". (*) 
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(Note t h a t here we are t h i n k i n g of the elements of G as 
a c t i n g on G/K, i n general i t w i l l be c l e a r from the context 
how these elements are regarded). 

Proof of ( * ) . Let g • 0 be any element i n G/K, g i n G. 

Then s Q°g(g-0) = sQ(gg«0) = s Q ( T r ( g g ) ) = if ° a(gg) = 

a(g)o(g) • 0 = a(g) • iraCg) = a(g) ° s Q ° i T ( g ) = a(g) ° s^Cg'O). 

/// 
-1 -1 

Write s^ = g o s Q o g , s y = g' ° s Q o (g' ) , where 
x = g • 0, y = g' • 0, then z = s (y) = g ° s Q ° g 1 ( g ' . 0 ) = 

-1 -1 -1 g ° s 0 ( g g»•0) = g ° a ( g g * ) ( s 0 ( 0 ) ) = g a ( g g ' ) • 0 thus 

s = ga( g "*"g' ) ° s ° a( ( g ' ) ^ g ) g . We now compute s ° s : 
Z U Z X 

sz ° s x = ( g a ( g ~ 1 g ' ) ° s
0 ° a ( ( g ' ) _ 1 g ) g _ 1 ) ° (g ° s Q o g " 1 ) 

-1 -1 
= g ° s

0 ° ( g g ' ) ° S Q o ( ( g ' ) g ) g ' 

= ( g o S ^ g " 1 ) o (g« o S q o ( g 1 ) " 1 ) = S x o s . 

§3. I n v a r i a n t Connections on Riemannian 4-Symmetric spaces 

I n what f o l l o w s we use some w e l l known f a c t s about i n ­
v a r i a n t connections i n homogeneous spaces. (See f o r example 
[12] Vol. I I , Ch. X). (M,g,s) i s a Riemannian 4-symmetric 
space. As a homogeneous space i s re d u c t i v e w i t h respect t o 
the decomposition g = p © v d3 h given i n ( i i i ) above. 
Therefore on the p r i n c i p a l bundle G(G/K,K) there e x i s t s a 
canonical connection Y ( c a l l e d i n the l i t e r a t u r e the connec 
t i o n of the second kind w i t h respect t o the given s p l i t t i n g ) . 
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This connection i s defined by the requirement t h a t the 
h o r i z o n t a l d i s t r i b u t i o n on • G be given by the r i g h t 
t r a n s l a t e s of m = v ® h. I t i s G-invariant, i . e . , G 
acts on G/H as a group of a f f i n e t r ansformations. What 
i s more i n t e r e s t i n g i s t h a t the symmetries are also a f f i n e 
transformations w i t h respect t o r, a r e s u l t t h a t f o l l o w s 
immediately from the f a c t t h a t the s p l i t t i n g of g i s a-
i n v a r i a n t . This connection i s very s p e c i a l as can be seen 
from the f o l l o w i n g uniqueness r e s u l t . 

P r o p o s i t i o n . On the p r i n c i p a l bundle G(G/K,K) there 
e x i s t s a unique G-invariant connection r which i s also 
s - i n v a r i a n t . Furthermore, i t coincides w i t h the canonical 
connection w i t h respect t o the s p l i t t i n g of the Lie 
algebra g as given above. 

Covariant d i f f e r e n t i a t i o n w i t h respect t o t h i s connection 
w i l l be denoted by V. The proof i s r a t h e r standard. The 
existence part has already been est a b l i s h e d above. As f o r 
uniqueness, the idea i s very simple, a l l t h a t has t o be done 
i s t o show t h a t i f a connection V on G(G/K,K) i s both 
G-invariant and s - i n v a r i a n t , then the d i f f e r e n c e tensor 
defined by D̂ Y = V̂ Y - VXY, X, Y i n X(M) i s uniquely 
determined i n terms of V and the symmetries {s }, i . e . , 
D i s independent of the connection V. V is ^ W M ' M CO«NW*J 

Recall t h a t every tensor t h a t i s G-invariant i s p a r a l l e l 
w i t h respect t o any connection on G(G/K,K). I n p a r t i c u l a r , 
since the symmetry tensor S i s G-invar i a n t , VS = 0. 
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Hence, f o r any X,Y i n X(M), 

(V VS)Y - (V VS)Y = - (V, S)Y = (D S)Y = D SY - SD Y 
X X X X X X 

and using the f a c t t h a t both V and V are i n v a r i a n t under 
the symmetries i t f o l l o w s t h a t D i s S - i n v a r i a n t , the 
term on the r i g h t hand side of the above e q u a l i t y can be 
w r i t t e n as D SY - SD Y = D SY - D SY = D,T SY. S i s X X X S X ^1 — ̂>'X 
nonsingular, of f i n i t e order and does not have eigenvalues 
+ 1, hence I - S i s nonsingular and D has the form 

D Y = - (V , S)S _ 1Y X, Y i n X(M). /// 
X (I-S) \ 

Note: This p r o p o s i t i o n compares w i t h the s i m i l a r r e s u l t 
t h a t i n a Cartan symmetric space there e x i s t s a unique 
connection which i s i n v a r i a n t under the i n v o l u t i o n s . 

The connection V has some i n t e r e s t i n g p r o p e r t i e s t h a t 
j u s t i f y i t s i n t r o d u c t i o n : i t i s a metric connection, i . e . 
the Riemannian s t r u c t u r e g i s p a r a l l e l w i t h respect t o V 
(Vg = 0 ) . I n f a c t , a more general r e s u l t i s t r u e , and t h i s 
i s t h a t any tensor f i e l d on G/K which i s G-invariant i s 
p a r a l l e l w i t h respect t o V. Hence, as G acts as a group 
of a f f i n e t r a n s f o r m a t i o n s , G leaves i n v a r i a n t R and T, 
the curvature and t o r s i o n of V r e s p e c t i v e l y , i t f o l l o w s 
t h a t VR = 0 and VT = 0. Also, we have already used the 
f a c t t h a t VS = 0. 
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However, there i s a draw back of the connection V 
w i t h respect t o the Riemannian connection V, V i n general 
w i l l not be t o r s i o n f r e e , thus T(X,Y) = V Y - v vX - [X,Y] t 0 
f o r some X, Y € X(M). A c t u a l l y , t h i s i s an e s s e n t i a l 
d i f f e r e n c e between V and V, because i f T = 0, then 
V = V. As a consequence we would have t h a t ?R E 0 and 
'hence t h a t the space i s Riemannian l o c a l l y 2-symmetric. 
Note t h a t T = 0 i s equivalent t o VS = 0. I f M i s 
simply connected, then M i s a Riemannian ( g l o b a l l y ) 2-
symmetric space ( c f . [ 1 6 ] , Section 5). 

I t i s possible t o give i n terms of V a l o c a l character­
i z a t i o n of Riemannian ^-symmetric spaces purely t e n s o r i a l . 

P r o p o s i t i o n . Let (M,g) be a complete simply connected, 
connected, Riemannian manifold, and l e t S be a tensor f i e l d 
of type (1,1) of order 4 w i t h no eigenvalue +1. 

Let D Y = - (V n S)S _ 1Y f o r X, Y € x(M) 
X ( I - S ) XX 

and V Y = VY + D Y. 
A X X 

Then (M,g) i s a Riemannian ^-symmetric space w i t h symmetry 
tensor S i f and only i f 

( i ) g, T and R are S - i n v a r i a n t , and 
( i i ) Vg = VT = "VR = "VS = 0 

Here T and R are the t o r s i o n and curvature of V respect­
i v e l y . 
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Proof. This i s only a s l i g h t r e f o r m u l a t i o n of Theorem 4.11 
i n [ 1 5 ] . The l o c a l s - r e g u l a r i t y i n the c o n d i t i o n ( i i ) ( a ) 
i s here replaced by V§= 0. /// 

§4. The Almost Product_Structure of A Riemannian 4-Symmetric Space 

We have already seen t h a t a Riemannian 4-symmetric space 
i s a r e d u c t i v e homogeneous space G/K, w i t h A d ( K ) - i n v a r i a n t 
decomposition of the Lie algebra of G given by g = p © u © h-

Here v © h i s isomorphic t o T̂ M under the canonical pro­
j e c t i o n IT : G •+ G/K. I t f o l l o w s t h a t G/K has an induced 
almost product s t r u c t u r e . The d e f i n i t i o n of t h i s s t r u c t u r e 
i s r a t h e r standard, i t s consequences, however, are very 
remarkable. I t turns out t h a t one of the d i s t r i b u t i o n s 
defines a r e g u l a r f o l i a t i o n , t h a t the leaves of t h i s f o l i a t i o n 
are Cartan symmetric spaces and t h a t the space of leaves i s 
i n a n a t u r a l way an a f f i n e 2-symmetric space. Furthermore, 
i n the compact case, t h i s f i b r a t i o n can be regarded as a 
Riemannian submersion w i t h base a Cartan symmetric space. 

D e f i n i t i o n of the almost product s t r u c t u r e . At each p o i n t 
x € M, we define V t o be the subspace of T M given by 
1/ = g.,. (u) , where g € G i s such t h a t g • 0 = x and 

x "o 

where u c g has been i d e n t i f i e d w i t h TV...(V) c T^M, i n 
p a r t i c u l a r , V n - TT.,.(U). Analogously, H i s defined t o be 
g.,. ( k) . Because of the Ad(K)-invariance of the s p l i t t i n g of 
A, \J and H are w e l l defined and G-invariant. Also, 
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T M = 1/ ® H f o r a l l x i n M. A c t u a l l y we can say more 
as the s p l i t t i n g of g i s a - i n v a r i a n t , then 1/ and H 

are s - i n v a r i a n t , i . e . , i n v a r i a n t under the symmetries 
(s )x i n M. Also, since v i s the eigenspace o f a f o r x 

2 
the eigenvalue -1 and h i s the eigenspace of a f o r 
the eigenvalue - 1 , v and h are orthogonal' one t o each 
other, and hence f and H are orthogonal complementary 
d i s t r i b u t i o n s , i . e . , i f V and H are vector f i e l d s w i t h 
values i n \J and H r e s p e c t i v e l y , then g(V,H) = 0. 
Remark. I t i s possible to describe \/ and H by means of 
the symmetry tensor. (Recall t h a t the symmetry tensor i s the 
tensor f i e l d of type (1,1) defined by S = s x : T M ->• T M) . 

x x5,. x x 2 At each p o i n t x € M, 1/ i s the eigenspace of S f o r the x x 
2 

eigenvalue 1, and H i s the eigenspace of S f o r the 
X X 

eigenvalue - 1 . Observe t h a t t h i s c h a r a c t e r i z a t i o n o f 1/ and 
H i s t r u e at 0 because s^ ° TT = TT ° a, and since S i s 
G-invariant i t i s t r u e elsewhere. 

The p r o j e c t i o n s onto 1/ and H are given by 2 2 I+S I-S 

They w i l l u s u a l l y be denoted by V and H r e s p e c t i v e l y 
(same l e t t e r s ) . The d i s t r i b u t i o n s V and H do not share 
the same p r o p e r t i e s . On one hand we have t h a t H i s always 
even dimensional, i n f a c t , the r e s t r i c t i o n of S t o H 
induces on i t an almost complex s t r u c t u r e . I n general H 
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may or may not be i n t e g r a b l e . On the other hand, 1/ i s 
always i n t e g r a b l e . Furthermore, i t i s a u t o p a r a l l e l w i t h 
respect t o the Riemannian connection, thus d e f i n i n g a 
f o l i a t i o n on M w i t h t o t a l l y geodesic leaves. 

I n order t o prove t h a t V i s i n t e g r a b l e , we use the 
homogeneous s t r u c t u r e on M t o e x p l i c i t l y define the i n t e g r a l 
submanifolds. 

Let G/K be the usual coset r e p r e s e n t a t i o n of M, and 
2 

l e t J c G be the f i x e d p o i n t set of a . J i s a closed 
subgroup and contains K. As K i s compact, i t then f o l l o w s 
t h a t J/K i s a closed submanifold of G/K. Let F^ be 
the connected component of J/K c o n t a i n i n g the p o i n t K = 0. 
Then F Q i s also closed i n G/K and can be w r i t t e n as the coset 
space L/K, where L i s the (closed) subgroup of J t h a t 
leaves F^ i n v a r i a n t 
P r o p o s i t i o n . Let F^ be as above. Then 

( i ) F Q i s an i n t e g r a l submanifold of f . 

( i i ) For each x i n F Q, the symmetry s^ leaves F Q 

i n v a r i a n t . 

( i i i ) FQ i s a complete t o t a l l y geodesic submanifold. 

Proof. We f i r s t prove ( i i ) . We s t a r t by showing t h a t i t i s 
only necessary t o prove t h a t s^ preserves F^: Let x be 
an a r b i t r a r y p o i n t i n F Q = L/K, x = £K f o r some I € L. 
Then the symmetry at x i s given by s = £ o s o £ , 
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t h e r e f o r e s (F ) = I ° s ° £ - 1(F ) = £ ° s ° fi, 1(L/K) = X u u u u 
I ° s_(L/K). I t f o l l o w s t h a t s preserves F_ i f and 0 x c 0 
only i f so does S g . I n order t o prove t h a t S g leaves 
i n v a r i a n t Fg, we show t h a t S g ( J / K ) = J/K, then by 
c o n t i n u i t y and the f a c t t h a t S g leaves 0 f i x e d , the 
r e s u l t w i l l f o l l o w . But t h a t S g preserves J/K i s an 
immediate consequence of the r e l a t i o n ir » o = S g ° TT (since 
o ( J ) = J and J/K =' i r ( J ) = TT(OJ) = s Q ° TT(J) = s Q ( J / K ) ) . 

Furthermore, t h i s r e l a t i o n , i n terms of elements, t e l l s us 
t h a t S g(gK) = S g ( f T g ) = i r a ( g ) = a ( g)K f o r a l l g € G. I n 
p a r t i c u l a r SgUK) = a 2 U ) K = AK f o r a l l I € L, t h i s i s , 
2 

Sg|Fg = i d . This shows t h a t Fg w i t h the induced Riemannian 
metric and w i t h the r e s t r i c t i o n s of the symmetries ( s x > x € Fg 
becomes a Cartan symmetric space. Note t h a t J/K i s the f i x e d 

2 
p o i n t set of S g , hence i t i s a t o t a l l y geodesic submanifold 
of G/K, 'in p a r t i c u l a r , since Fg i s open i n J/K, Fg i s 
also a t o t a l l y geodesic submanifold of G/K. This proves 
( i i i ) . I t i s now easy t o see t h a t F Q i s an i n t e g r a l sub­
manifold of V. As noted above, J/K i s the f i x e d p o i n t set 
of s 2 , thus at 0, Tg(J/K) = T QFg i s the f i x e d p o i n t set 
of S g which i s l / g . At any other p o i n t x = JIK € L/K 

0 we have V = I,. ( l / n ) = il,.(T nF n) = T F n as claimed. /// x "o " 0 0 x O 
An immediate consequence of ( i ) i s t h a t 1/ i s an 

i n v o l u t i v e d i s t r i b u t i o n . This can be seen as f o l l o w s : Let 
x = gK be an a r b i t r a r y p o i n t of G/K, then because of the 
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G-invariance of V, gF Q i s an i n t e g r a l submanifold of V 

through x. Furthermore, i t i s also t o t a l l y geodesic and 
i n v a r i a n t under the symmetries ^ Sy^> Y ^ ^Q' Hence, we 
have proved the f o l l o w i n g theorem. 

Theorem. The d i s t r i b u t i o n 1/ defines a f o l i a t i o n on M 
w i t h leaves complete t o t a l l y geodesic submanifolds. Further­
more, each l e a f i n h e r i t s i n a n a t u r a l way the s t r u c t u r e of 
a Cartan symmetric space. /// 

Up t o t h i s p o i n t we have looked at the s t r u c t u r e o f 
each one of the leaves separately. What i s also an important 
r e s u l t i s t h a t t h i s f o l i a t i o n i s i n f a c t r e g u l a r , t h a t i s , 
the space of leaves has a n a t u r a l s t r u c t u r e of d i f f e r e n t i a b l e 
manifold which makes the canonical p r o j e c t i o n i n t o a d i f f e r ­
e n t i a b l e submersion. A l l t h i s i s very s t r a i g h t f o r w a r d , one 
only has t o n o t i c e t h a t L i s a closed subgroup of G, 
and hence t h a t the quotient space G/L i s an a n a l y t i c mani­
f o l d . Thus we have the f o l l o w i n g l o c a l l y t r i v i a l f i b r a t i o n 

L/K c—* G/K 
J-
G/L 

(see f o r example [12] Vol. I Ch. 1 ) . Note t h a t L s a t i s f i e s 
2 2 

G0
 c L c G , which says t h a t G/L i s an a f f i n e 2-

symmetric space. Thus we have proved the 
Theorem. Every Riemannian 4-symmetric space f i b e r s over an 
a f f i n e 2-symmetric space w i t h f i b e r s the i n t e g r a l submanifolds 
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of the d i s t r i b u t i o n V. I n p a r t i c u l a r , a l l the f i b e r s are 
isometric t o a Cartan symmetric space. /// 

This suggests the adoption of the f o l l o w i n g terminology: 
1/ and H w i l l be c a l l e d the v e r t i c a l and h o r i z o n t a l d i s ­
t r i b u t i o n s r e s p e c t i v e l y . 

There i s one i n t e r e s t i n g case t h a t deserves s p e c i a l 
a t t e n t i o n , t h i s i s when M i s compact. Here we have t h a t 
a l l the above groups are compact and hence G/L can be 
endowed w i t h a G-invariant Riemannian metric t h a t makes 
i t i n t o a Cartan symmetric space. Furthermore, the metrics 
on G/K and G/L can be chosen so as t o make the p r o j e c t i o n 
a Riemannian submersion. Thus i n the compact case, we may 
t h i n k of a Riemannian 4-symmetric space as the t o t a l space 
of a l o c a l l y t r i v i a l f i b r a t i o n over a Riemannian 2-symmetric 
space w i t h f i b e r a Riemannian 2-symmetric space and w i t h 
p r o j e c t i o n a Riemannian submersion. 

We s h a l l study t h i s type of f i b r a t i o n s i n the f o l l o w i n g 
s e ction. 

§5. Geodesies and Riemannian Submersions. Focal Points 

The geodesies of the connection V i s s u i n g from 0 
have an e x p l i c i t d e s c r i p t i o n i n terms of the decomposition 
of the Lie algebra g = ? ® v '& h i n § 2, they are the 
o r b i t s of 0 by the one parameter groups exp tX w i t h X 
i n v © k. I n general, they do not coincide w i t h the geodesies 
of the Riemannian connection. This i s the c o n d i t i o n f o r a 

26 



Riemannian homogeneous space t o be n a t u r a l l y r e d u c t i v e 
( w i t h respect t o the given s p l i t t i n g ) . Cartan symmetric 
spaces are always n a t u r a l l y r e d u c t i v e . This i s a consequence 
of the uniqueness of a connection i n v a r i a n t under the 
geodesic i n v o l u t i o n s . Thus V and V are the same. A. Gray 
has shown t h a t Riemannian 3-symmetric spaces are n a t u r a l l y 
r e d u c t i v e whenever1 the associated almost complex s t r u c t u r e 
i s nearly Kahlerian, see [ 8 ] . As f o r Riemannian 4-
symmetric spaces I do not know whether or not they are 
n a t u r a l l y r e d u c t i v e w i t h respect t o the above s p l i t t i n g . 
However, f o r geodesies i s s u i n g from 0 w i t h i n i t i a l 
d i r e c t i o n on e i t h e r v or k a. s i m i l a r d e s c r i p t i o n as 
o r b i t s of one parameter groups can be given. 

The r e s u l t f o r geodesies w i t h i n i t i a l d i r e c t i o n on v 

i s an immediate consequence of the P r o p o s i t i o n i n §4 and 
the s i m i l a r r e s u l t f o r Cartan symmetric spaces. As f o r 
geodesies w i t h i n i t i a l d i r e c t i o n on h, we prove 

P r o p o s i t i o n . Assume the p r o j e c t i o n IT : M ->• B i n §4 i s a 
Riemannian submersion. Then f o r each X £ h, the o r b i t 
of 0 under the one parameter group exp tX i s a h o r i z o n t a l 
geodesic i n M. 

Proof. Let X be the induced K i l l i n g vector f i e l d on M 
by X. I t i s necessary t o show t h a t V~X vanishes i d e n t i ­
c a l l y along the curve y(t) = exp tX • 0. We prove separately 
t h a t both l/(V^X) and H(V^X) vanish a t 0. Then the 

A A 

27 



r e s u l t w i l l f o l l o w since X i s K i l l i n g and exp tX * 0 i s 
an i n t e g r a l curve. 

At the o r i g i n X i s h o r i z o n t a l , hence l/(V~X) = A~ X 
X U X Q U 

i n O'Neill's n o t a t i o n [ 2 0 ] , and since A Y = i l/[X,Y] f o r 
any p a i r X and Y of h o r i z o n t a l vector f i e l d s , 
i / ( v ^ x ) 0 = 0. 

To prove t h a t H(V~X) = 0 we only make use of the 
X u 

2 
square of the symmetry s^. Since s^ i s an isometry, 2 r ~̂t 2 2 s n(V^X) i s s n - r e l a t e d t o V „ s nX, hence (s-CV^X)) = u x u /<N u u x o 

s QX s L (V-X)_ i s equal t o (V 0 s j x ) ByikW* wx.We . • of 01' X (J ^ 0 0 s 0X 
V, .X, we can s u b s t i t u t e (s^X)_ by -Xn. Thus we have ( • ) 0 0 3 0 
S0 ^ X ^ 0 = ~̂ X ^ S 0 ^ a n (^ t a k i n g h o r i z o n t a l components: 

-H(V~X) Q=-H(V~ s^X). To conclude we show t h a t s^X = -X 

along exp tX • 0. 
Assume t h i s f o r a moment. Then our l a s t r e l a t i o n gives 

- H ( V g X ) Q = -H(V£ SQX) = H( X) = 0 which i s what we wanted 
2-rxj r ~̂/ 

t o prove. Thus we only have t o prove t h a t s QX = -X along 
exp tX -0. By d e f i n i t i o n , (SgX)exp tX • 0 = sjj A Xs~ 2(exp tX«0). 
now X at t h a t p o i n t i s the tangent at 0 of the curve 

_ y 
x(s) = exp sX • SQ ' (exp tX-0) thus 

(s^X)exp tX • 0 = 4~ 0 ^ ds 
S ? ( T ( s ) ) , 
0 _d_ 

s = 0 " d s 

2 - 2 
{s Qexp sX s Q exp tX • 0 } 
s = 0 

2 - 2 2 Note t h a t s Qexp tX s Q (0) = exp to X - 0 = exp - tX • 0 i s 
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2 - 2 U also equal t o s Q exp tX • 0 since s Q (0) = 0. As s Q = i d , 
2 -2 2 2 2 we have s Qexp sX s Q

 s g s g e xP tX • 0 = s Q exp sX exp - tX 0 = 
2 

SQexp(s-t)X • 0 and using again the l a s t remark t h i s i s equal 
t o exp - ( s - t ) X • 0 which i s exp - sX • exp tX • 0, and 
d i f f e r e n t i a t i n g w i t h respect t o s at the o r i g i n we get 
-X exp tX • 0 which i s what we wanted. /// 

Having described the h o r i z o n t a l geodesies i s s u i n g from 
0, i t i s now possible t o describe the h o r i z o n t a l geodesies 
i s s u i n g from any other p o i n t x on the f i b e r FQ. For t h i s 
we use the f a c t t h a t F^ can be w r i t t e n as the homogeneous 
space L/K w i t h L a group of isometries not only of FQ 
but also of M. Then x = I > 0 f o r some £ i n L. Hence 
the h o r i z o n t a l geodesies i s s u i n g from x are o f the form 
y ( t ) = £(exp tH • 0) w i t h H i n k> y ( t ) can be w r i t t e n 
as y ( t ) - I exp tH • 0 = exp Ad(£)tH I • 0 = 
exp t Ad(£)H • x. i . e . , y ( t ) i s the i n t e g r a l curve of the 
induced K i l l i n g vector f i e l d Ad(&)H t h a t passes through x. 
Note t h a t h i s A d ( L ) - i n v a r i a n t , hence Ad(£)H i s an 
element H' i n h. This shows t h a t the h o r i z o n t a l geodesies 
along the f i b e r F^ are the i n t e g r a l curves of the induced 
K i l l i n g vector f i e l d s H w i t h H i n h. I n p a r t i c u l a r , 
the normal bundle t o F Q, v ( F Q ) , i s p a r a l l e l i z a b l e . 

Using t h i s c h a r a c t e r i z a t i o n of the h o r i z o n t a l geodesies, 
i t i s possible to give a d e s c r i p t i o n , s i m i l a r t o the one 
given f o r conjugate points i n a Cartan symmetric space, 
f o r f o c a l points t o the f i b e r s i n terms of ro o t s of the L i e 
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algebra of Q . 

For t h i s , we l e t M = G/K be as usual the coset 
r e p r e s e n t a t i o n of a Riemannian 4-symmetric space, but 
now w i t h the a d d i t i o n a l assumption G compact and semi-
simple. We also assume the f i b r a t i o n i n §4 t o be a Riemannian 
submersion. Under these c o n d i t i o n s , we describe the f o c a l 
p o i n t s of the f i b e r through 0. I n doing so, we need t o 
r e c a l l some r e s u l t s f o r conjugate p o i n t s on Cartan symmetric 
spaces, see [ 9 ] Ch. V I I , and quote a r e s u l t by O'Neill 
i n [ 21] . 

The Lie algebra Q of G i s compact and semisimple, 
the automorphism a of order 4 gives the s p l i t t i n g 
fi = f> © v © h and i f we set X = p © v, then @ = X © h 

i s a symmetric Lie algebra of the compact type w i t h i n v o l u t i o n 
2 2 2 a s a t i s f y i n g a |X = i d and o \h = - i d . The manifold 

B = G/L i s a Cartan symmetric space. h i s i d e n t i f i e d w i t h 
the tangent space of B at 0 and the Riemannian exponential 
map i s the exponential map of G r e s t r i c t e d t o h f o l l o w e d 
by the canonical p r o j e c t i o n TT from G onto G/L. 

Let «, be a maximal abeli a n subspace of h and l e t n 
a be a maximal abela i n subalgebra of fl generated by e^. 

. . . C 

Let 6 be the complexifxcation of ® m 8 . Then 6 i s 
a Cartan subalgebra. The r o o t system of 0 w i t h respect 
to g i s denoted by A, and Afl denotes the set of r o o t s 
i n A which do not vanish i d e n t i c a l l y on fl . ., Then we have 
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P r o p o s i t i o n . The p o i n t X = Ad(£)A i s conjugate t o 0 i n 

B i f and only i f a(A) € fr/^L(2Z-0) f o r some a 6 Afl^, A i s 
an element i n o. (Note t h a t any element i s of the above form, 
since h = U^^AdC £)0 ^ ) . We r e c a l l the f o l l o w i n g r e s u l t by 
O' N e i l l , [ 2 1 3 . 

Theorem. Let TT : M ->- B be a submersion, y : [a,b] ->• M a 
h o r i z o n t a l geodesic. Then the f o l l o w i n g i n t e g e r s are equal: 

1. The order of y(b) as a f o c a l p o i n t of the f i b e r F 
a 

along y• 
2. The order of y(a) as a f o c a l p o i n t of the f i b e r F^ 

along y• 

3. The order of conjugacy of the end points of TT ° y along 
ir o y • 

With t h i s i n mind we can s t a t e (same n o t a t i o n as above) 

Pro p o s i t i o n . Let H 6 h. Then the p o i n t exp H • 0 i n M 
i s a f o c a l point of the f i b e r F^ along the ( h o r i z o n t a l ) 
geodesic exp tH • 0 i f and only i f ct(A) G TT/-3IZ-0 ) . 
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§6. A Local C h a r a c t e r i z a t i o n of Riemannian 4-Symmetric Spaces 

Riemannian 4-symmetric spaces i n some sense resemble 
complex manifolds. Both o f these classes of spaces have 
associated i n a n a t u r a l way a tensor f i e l d of type (1,1) of 
order f o u r . I n the case of complex manifolds, t h i s tensor 
i's the induced complex s t r u c t u r e J on each tangent space 
T M. I n the case of a Riemannian 4-symmetric space, t h i s 
tensor i s the symmetry tensor S. The main d i f f e r e n c e between 
these two types of s t r u c t u r e s i s t h a t whereas J never has 
eigenvalues - 1 , S i n general may admit -1 as an eigen­
value. I n f a c t , i n order t o avoid f a l l i n g i n t o the realm of 
symmetric spaces i t i s convenient t o assume from the outset 
t h a t -1 i s an eigenvalue of S. 

This analogy provides us w i t h a wealth of questions. 
Concretely one may t r y to p a r a l l e l the theory of complex 
manifolds and hence one can always ask i f a theorem i n complex 
geometry has i t s counterpart f o r Riemannian 4-symmetric spaces. 

A b e t t e r understanding of complex manifolds i s obtained 
i f one f i r s t studies them from the more general s e t t i n g of 
almost complex manifolds. Then, the f i r s t fundamental r e s u l t 
i s t h a t an almost complex manifold w i t h almost complex s t r u c t u r e 
J i s a complex manifold w i t h induced complex s t r u c t u r e J i f 
and only i f the t o r s i o n of J vanishes i d e n t i c a l l y . (The 
t o r s i o n of J i s defined t o be N(X,Y) = 2{[JX,JY] - [X,Y] -
J [ X , J Y ] - J [ J X , Y ] } f o r X, Y <E X(M)). This r e s u l t i s purely 
of the complex d i f f e r e n t i a l geometry of M and no a l l u s i o n 
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i s made to any so r t of Riemannian geometry. When a Riemannian 
metric i s introduced so t h a t i t i s compatible w i t h the complex 
s t r u c t u r e , then we have an Hermitian m e t r i c . I n t h i s s e t t i n g , 
the basic r e s u l t i s provided by the c h a r a c t e r i z a t i o n of Kahler 
manifolds: Let (M,g,J) be a Hermitian manifold, then i t i s 
Kahlerian i f and only i f V V J = 0 f o r a l l X € X ( M ) . 

I n [15] are i n v e s t i g a t e d those Riemannian n-symmetric 
spaces (M,g,s) f o r which the symmetry tensor S i s i n t e g r a b l e , 
i n the sense t h a t i t s t o r s i o n vanishes. (The t o r s i o n i s 
defined as S 2[X,Y] - S[SX,Y] - S[X,SY] + [SX,SY].) I t i s 
proved t h a t i n t e g r a b i l i t y of S i s equivalent t o S being 
p a r a l l e l . Moreover, i t turns out t h a t the Riemannian manifold 
(M,g) underlying (M,g,s) i s Riemannian 2-symmetric. 

The question of i n t e g r a b i l i t y of S being s e t t l e d , 
we take a d i f f e r e n t approach t o study Riemannian 4-symmetric 
spaces, our aim being t o a r r i v e at a l o c a l c h a r a c t e r i z a t i o n of 
these spaces. For example, we have t h a t Riemannian 2-symmetric 
spaces are characterized ( l o c a l l y ) as those spaces f o r which 
i t s curvature tensor i s p a r a l l e l . Riemannian 3-symmetric spaces 
are characterized i n terms of t h e i r associated almost complex 
s t r u c t u r e J (see [8 ] ) as those spaces f o r which (V VJ)X = 0 

(nearly Kahler c o n d i t i o n ) and also ^ x ^ X J X XJX = ^ ^ o r al"'L 

X e X ( M ) . Also, as we pointed out above, Kahler manifolds are 
defined t o be Hermitian manifolds w i t h V VJ = 0 . I n the l i g h t 

x 
of a l l t h i s , we pose the f o l l o w i n g problem: 

(P) Given a tensor f i e l d S of type (1,1) of order f o u r and 
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w i t h no eigenvalue +1 on a Riemannian manifold (M,g), 
under what s o r t of geometric r e s t r i c t i o n s i s S the symmetry 
tensor of a f a m i l y of symmetrie.s? 

There does e x i s t an immediate answer. This i s given by 
the theorem of Cartan-Ambrose: S must preserve g and a l l 
the covariant d e r i v a t i v e s V^n^R of the curvature tensor R. 
Of course t h i s r e s u l t i s of l o c a l nature and we also have t o 
check i f the r e g u l a r i t y c o n d i t i o n of the induced isometries i s 
s a t i s f i e d . However, t h i s i s an i n f i n i t e set of c o n d i t i o n s . 
Thus we s h a l l s t a r t by searching f o r a f i n i t e set of c o n d i t i o n s . 
We would l i k e t h i s set t o be g e o m e t r i c a l l y appealing and easy 
to manipulate. We have already obtained a f i n i t e set of 
necessary and s u f f i c i e n t c o n d i t i o n s i n Section 3. There, i t 
was stated t h a t a Riemannian manifold (M,g) - M complete and 
simply connected - i s a Riemannian 4-symmetric space w i t h 
symmetry tensor S i f and only i f 

( i ) g,T and R are S - i n v a r i a n t , and 

( i i ) Vg = 0, VT = 0, VR = 0, VS = 0 

the bars denote covariant d i f f e r e n t i a t i o n , t o r s i o n and curva­
t u r e w i t h respect t o the connection defined by 

VVY = VVY - (V -, S)S - 1Y X,Y 6 X(M) (see §3). 
x x (I-S) X 

The idea now i s : given a Riemannian manifold (M,g) 
complete and simply connected w i t h a symmetry tensor S as 
above, s t a t e e x p l i c i t l y the above conditions ( i ) and ( i i ) i n 
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terms of the Riemannian connection. Our f i n a l r e s u l t s are 
given at the end of the s e c t i o n summarized i n two theorems. 

To begin w i t h , we s h a l l w r i t e the d i f f e r e n c e tensor 
Ê Y = -(V _-, S)S "Sf i n a more appropriate way f o r our 

(I-S) XX 
c a l c u l a t i o n s . For t h i s we use S-invariance and the induced 
almost product s t r u c t u r e on M. 

The S-invariance of D simply means SD^Y = D SY. 
A OA 

Thus SD^l/Y = Dsl/xSl/Y = D^l/Y, hence ^D^l/Y = 0, and 
2 also using S instead of S, HD.,.7l/Y = 0 , i . e . , D l/Y = 0 b ' l/X ' vx 

f o r a l l X and Y. 
This i s a r e l a t i o n t h a t should be expected since the leaves 

of 1/ being t o t a l l y geodesic Cartan symmetric spaces admit 
a unique i n v a r i a n t connection, thus V = V on the leaves and 
D„xl/Y = 0. 

S i m i l a r l y we have 

H(D H X(HY)) = 0, 1/(D (Hy)) = 0, (/(D^C l/Y)) = 0. 
We omit the proofs. 

From t h i s we have t h a t D ̂Y decomposes i n t o three parts 
DXY = „D H XHY + HDHxl/Y + HD^HY. 

We associate the f i r s t two terms on the r i g h t t o define the 
tensor -AY. We s h a l l see t h a t t h i s tensor i s the same as 

A 

the tensor A as defined i n [ 2 0 ] . Since both H and V 

are i n v a r i a n t under the group of symmetries, VH = 0 and 
VI/ E 0. Now, 

35 



l/(V H XH)HY = l/VHXHY - l/HVHxHY = ^ ( H Y ) + l/D^HY. 

This shows two things,on one hand, t h a t H i s a u t o - p a r a l l e l 
w i t h respect t o V, and on the other hand, t h a t 

Analogously, i f we w r i t e down e x p l i c i t l y the r e l a t i o n 
0 = H(VffX(/)l/Y we o b t a i n HDtf VY = - H V H VY. Thus 

DXY = HD^HY - H V H X V Y - l/V^HY = HD^HY - . 

I t i s easy to check t h a t HD^HY = -| H(Vy S)SHY = | ( S) SHY. 

The H can be suppressed because 1/ i s t o t a l l y geodesic w i t h 
respect t o V. 

F i n a l l y we have: D Y = -A Y + ̂ (V(/VS)SHY 

V = v x Y " V + | ( v i / x s ) S H Y 

f o r a l l X,Y i n x(M) ( 1 ) 

and r e c a l l t h a t AXY = HV^l/Y + W^HY. 
The task we have now i s : given the connection V i n 

(1 ) , o b t a i n a set of geometric r e s t r i c t i o n s which ensures t h a t 
the r e l a t i o n s i n ( i ) and ( i i ) above are s a t i s f i e d . The way 
we proceed i s as f o l l o w s : f i r s t we unwind the con d i t i o n s i n 
( i ) and ( i i ) and then show t h a t what we o b t a i n i s indeed a 
good set of r e s t r i c t i o n s . 

I n a l l t h a t f o l l o w s X ,Y ,Z . . . w i l l denote smooth vector 
f i e l d s on M. Note t h a t the S-invariance of g can always 
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be assumed without any loss of g e n e r a l i t y . 
The c o n d i t i o n Vg = 0 
I t i s w e l l known t h a t f o r a connection w i t h p a r a l l e l 

t o r s i o n and p a r a l l e l curvature, t o r s i o n and curvature pre­
serving l i n e a r t r a n s f o r m a t i o n can be r e a l i z e d by means of 
a f f i n e transformations ( l o c a l l y ) , the e x t r a c o n d i t i o n we have: 
Vg 5 0 then means t h a t these transformations w i l l t u r n out 
to be isometries whenever they preserve the metric at one 
p o i n t . I n our present s i t u a t i o n t h i s w i l l be the case f o r the 
symmetries we are searching f o r t o answer (P). 

As A^ i s skew symmetric w i t h respect t o the Riemannian 
me t r i c , we are l e f t w i t h the c o n d i t i o n t h a t (Vy^S)S// be skew-
symmetric as w e l l i n order t o have V^g = 0. This immediately 
implies t h a t i t takes values i n the h o r i z o n t a l d i s t r i b u t i o n . 
We should have g( ( V^S) SHY, l/Z) = -g(HY,(V^S)SHfZ) = 0. 
Conversely, we claim t h a t i f tf (V ̂ S) Stf Y) = (V S)SH;Y, then 
(Vy^S)SHY i s skew-symmetric. 

Proof. g(H(V ( / xS)SHY,Z) = g(HV XS2HY - HSy^SHY^) 

= g(-HV(,vHY - HSV..YSHY,Z) = g( y H Y, - HZ) - g( V ,.YSH Y, H S _ 1Z) l/X v l/X ' ' & v v l / X ' ' " ' & v v l / X 
V X H Z ) - l/Xg(SHY5HS-1Z) + g(L„.,v x. l/Xg(HY, - HZ) - g(HY, - v„YHZ) - l/Xg( SHY, HS - 1Z) + g( SH Y, V | / yHS _ 1Z) 

Recall t h a t S 1 1 H = -S, and using the S-invariance of g 
we obtain 

= g(HY,V(;vHZ) - g(SHY,Vl/vHSZ) = g( H Y, V (.yHZ + H SV U y H SZ) VX l/X &,„ v '•«»|/X
I 

V y H S 2 Z - HSV^HSZ) = -g(Y,H(V l / ) (J = -g( Y,HV,.VHS2Z - HSV.,VHSZ) = -g( Y,H(V ,. S) SHZ) . /// 

37 



This shows t h a t H(VyXS)SH i s always skew-symmetric w i t h 
respect t o the Riemannian metric g f o r any X € x(M). I n 
p a r t i c u l a r , the c o n d i t i o n Vg = 0 i s s a t i s f i e d i f and only 
i f H(Vl/)(S)SHY = (V S)Sf/Y f o r a l l X and Y i n X<M). 

Since S i s nonsingular and preserves the d i s t r i b u t i o n , 
we can express t h i s c o n d i t i o n as saying t h a t (SI^^S)H i s 
h o r i z o n t a l l y valued f o r a l l X. That i s , l/CV̂  S)HY = 
1/V^CStfY) - V S l v (HY) = 0, but l/S = S I / = -11/ = - I / , thus 
the above i s ^ v ^ r t o V (sj^ (SHY + H Y)) = 0 or 
l / ( V V x [ ( I + S)HY]) = 0. Again, I + S i s nonsingular on H, 
thus i t can be o m i t t e d , t h i s y i e l d s l^V^xf/Y = 0. Since V 

and H are orthogonal complementary d i s t r i b u t i o n s , t h i s i s 
the same as w r i t i n g l / V ^ C P Y ) = V^Cl/Y) f o r a l l X, Y € X(M) 
(Here i s the one row c a l c u l a t i o n of t h i s f a c t : g( HV^xl/Y ,HZ) 

g(V ( / xl/Y,HZ) = -g(l/Y,V t / xHZ)) , i . e . , we have shown t h a t the 
c o n d i t i o n Vg = 0 i s equivalent t o the c o n d i t i o n 
l/V^d/Y) = V „ x ( l / Y ) . 

This l a s t c o n d i t i o n has two i n t e r e s t i n g consequences, 
f i r s t l y , i t i s immediate t h a t the v e r t i c a l d i s t r i b u t i o n i s 
i n t e g r a b l e : t o see t h i s we compute the Lie bracket 
[ l / X , l/Y] = V l / X(l/Y) - V V Y ( V X ) = l/V ( / x(l/Y) - l/V^d/XO, = 1/[l/X, l / Y ] . 

i . e . , the Lie bracket of two v e r t i c a l f i e l d s i s a v e r t i c a l 
vector f i e l d . Secondly, i f F i s a l e a f of the f o l i a t i o n , 
then F i s a t o t a l l y geodesic submanifold. 

This i s c l e a r , since the c o n d i t i o n l/V^l/Y = V y VY 
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p r e c i s e l y expresses t h a t covariant d i f f e r e n t i a t i o n of a 
v e r t i c a l vector f i e l d w i t h respect t o another v e r t i c a l vector 
f i e l d i s a new v e r t i c a l vector f i e l d . 

Conversely, i f 1/ i s an i n v o l u t i v e d i s t r i b u t i o n w i t h 
leaves t o t a l l y geodesic submanifolds, then l/V,, l / Y = v , / v l / Y . 
(This i s but the d e f i n i t i o n ) . 

I n conclusion we have 

Pr o p o s i t i o n A • Let (M,g) and S be as i n (P) above. 
Assume t h a t g i s S - i n v a r i a n t , and l e t V be the connection 
defined i n ( 1 ) . Then g i s p a r a l l e l w i t h respect t o V, 
( i . e . , Vg = 0) i f and only i f the v e r t i c a l d i s t r i b u t i o n 
defines a t o t a l l y geodesic f o l i a t i o n of M. 

As i t was proved i n Section M-, t h i s f o l i a t i o n must have 
the f o l l o w i n g two p r o p e r t i e s . On one hand the leaves should 
be isometric t o a Cartan symmetric space, and on the other 
hand, the f o l i a t i o n must be r e g u l a r . We a n t i c i p a t e a l i t t l e 
and note t h a t since both connections V and V coincide on 
the v e r t i c a l d i s t r i b u t i o n , i t f o l l o w s t h a t R = R on \J 

and also S-invariance w i l l imply t h a t "VR = VR = 0 on I / . 
This says t h a t the leaves are l o c a l l y 2-symmetric spaces. 
The' problem i s then t o see when they are g l o b a l l y symmetric. 
As f o r r e g u l a r i t y , l i t t l e i s known to me. 
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For the r e s t of t h i s s e c t i o n 1/ i s assumed t o be auto-
p a r a l l e l w i t h respect t o the Riemannian connection V ( i . e . , 
Vg E 0). 

I n the f o l l o w i n g lemma, we prove some r e l a t i o n s t h a t 
w i l l be u s e f u l i n our computations. 

Lemma. Let U, V, W denote v e r t i c a l vector f i e l d s , and 
H, K, L h o r i z o n t a l vector v i e l d s . Then 

( i i i ) V HK = HVRK 
( i v ) VUV = l/V„V. 

n n 

TUTWI ,v.or'i - , both 1/ and H are a u t o - p a r a l l e l w i t h respect 
to V. 

The proof i s very simple, one only has t o unwind the 
d e f i n i t i o n s . For example ( i ) i s an immediate consequence of 
our assumption t h a t 1/ be a u t o - p a r a l l e l . I t i s also c l e a r 
t h a t V and H are a u t o - p a r a l l e l w i t h respect t o V. 

For the r e s t of the s e c t i o n , U, V, W w i l l always denote 
v e r t i c a l vector f i e l d s , and H, K. L h o r i z o n t a l ones. 

We now study the c o n d i t i o n VS = 0. 
The method we f o l l o w w i l l be the same throughout the 

sec t i o n . I t consists of computing f o r each tensor under 
con s i d e r a t i o n each one of i t s components w i t h respect t o the 
v e r t i c a l and h o r i z o n t a l d i s t r i b u t i o n s . Thus f o r VS we have: 

( i ) V V 
u 

( i i ) V..H V ±(V VH-SV VSH) 
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(VyS)W = VV(SW) - S(VyW) = -VyW - (-VVW) = 0 where we have 
used the c o n d i t i o n f a u t o - p a r a l l e l w i t h respect t o V. 
(V VS)H = V V(SH) - S(V VH) = |(V V(SH) - SV V(SSH)) - | S(V VH-SV V(SH)) 
(by ( i i ) of the above lemma) = | ( V y(SH) + S(V yH)) - |(S(V yH) + 

Vy(SH)) = 0. (V^S)V = 0 as a consequence t h a t H i s auto-
p a r a l l e l w i t h respect t o V. F i n a l l y we have to compute 
(V„S)K.= V U(SK) - S(V,TK) using ( i v ) above, we have t h a t t h i s n n n 
can be w r i t t e n as HVH(SK) - HS(VHK) or simply as tf(VHS)K. 
That i s (V US)K = H(V,,S)K. I n conclusion we have: n n 

P r o p o s i t i o n B. Let (M,g) and S be as i n ( P ) , assume 
f u r t h e r t h a t 1/ i s a u t o - p a r a l l e l w i t h respect t o the Riemannian 
connection V. Then VS = 0 i f and only i f tf(VuS)K = 0 

n 
f o r a l l H and K h o r i z o n t a l vector f i e l d s . 

The c o n d i t i o n VS E 0 can thus be i n t e r p r e t e d f o r the 
h o r i z o n t a l d i s t r i b u t i o n as the equivalent of the Kahler 
c o n d i t i o n . I n f a c t , we can draw the f o l l o w i n g c o r o l l a r y : 

C o r o l l a r y . Let N be any connected submanifold of a Riemann­
ian 4-symmetric space (M,g,s) whose tangent bundle i s S-
i n v a r i a n t and i s contained i n the h o r i z o n t a l d i s t r i b u t i o n . 
Assume f u r t h e r t h a t N i s complete t o t a l l y geodesic. Then 
N i s a Hermitian 2-symmetric space w i t h S as i t s complex 
s t r u c t u r e . 

Proof. The t o t a l l y geodesic c o n d i t i o n implies (V^S)K = 
H(V US)K = (V US)K f o r a l l H and K tangent t o N, and 



since f o r a 4-symmetric space VS = 0 holds t r u e , then 
(V RS)K = 0 f o r a l l H and K tangent t o N, i . e . S 
defines a complex s t r u c t u r e on N which i s Kahler. Further­
more, the squares of the symmetries define i n v o l u t i o n s t h a t 
leave S i n v a r i a n t and hence N i s Hermitian 2-symmetric as 
claimed. Of course here we are using the well-known f a c t t h a t 
a complete t o t a l l y geodesic submanifold whose tangent space i s 
l e f t - i n v a r i a n t by an isometry then the submanifold i t s e l f i s 
l e f t - i n v a r i a n t by the isometry. 

There i s one po i n t t h a t deserves some a t t e n t i o n . From 
our p r e s e n t a t i o n i t appears as i f the con d i t i o n s Vg E 0 and 
VS = 0 were r e l a t e d i n one d i r e c t i o n , t h a t i s , t h a t using 
Vg E 0, then we a r r i v e at the r e s u l t t h a t VS vanishes 
i d e n t i c a l l y i f and only i f H(V^S)K = 0. A c t u a l l y we have t h a t 
VS E 0 i s a much stronger c o n d i t i o n t h a t the vanishing of Vg. 
Concretely we prove: 

P r o p o s i t i o n B 1. Let (M,g) and S be as i n (P). V the 
Riemannian connection and V as given i n ( 1 ) . Then VS = 0 
i f and only i f 1/ i s a u t o - p a r a l l e l w i t h respect t o V and 
H(V^S)K = 0 f o r a l l H and K h o r i z o n t a l vector f i e l d s . I n 
p a r t i c u l a r we have t h a t VS E 0 implies Vg = 0. 

Proof. Let U and V be any two v e r t i c a l vector f i e l d s , then 
(V yS)U = VySU - SVyU = -VyU - SVyU, hence t h i s vanishes i f and 
only i f SVyU = -V^U i . e . i f and only i f V̂ U remains v e r t i c a l , 
which i s p r e c i s e l y the c o n d i t i o n t h a t U be a u t o - p a r a l l e l w i t h 

42 



respect t o V. 
Having proved t h i s , the r e s t of the c a l c u l a t i o n s performed 

t o prove P r o p o s i t i o n B hold t r u e , hence the r e s u l t f o l l o w s . 
We now study the t o r s i o n T of the connection V. As 

pointed out at the end of Section 3, the main d i f f e r e n c e 
between t h i s connection and the Riemannian connection i s t h a t 
whereas T i s always i d e n t i c a l l y zero, T i n general does not 
vanish. I n f a c t , we remarked t h a t i f T vanishes i d e n t i c a l l y , 
then VS also vanishes i d e n t i c a l l y and hence the underlying 
Riemannian manifold i s a Cartan space. Thus T i s an i n t e r e s t ­
ing tensor, i t measures how f a r i s a 4-symmetric space from 
being a 2-symmetric space. As usual, U and V are v e r t i c a l 
and H and K h o r i z o n t a l . The assumption remains the same: 
1/ a u t o - p a r a l l e l w i t h respect t o V. Note t h a t both connections 
coincide on V , hence T(U,V) = T(U,V) = 0. Thus we only 
have t o compute T(V,H) and T(H,K). An easy c a l c u l a t i o n 
from the d e f i n i t i o n s shows t h a t 

T(V,H) = |(V S)SH + ARV and 

T(H,K) = -l/[H,K]. 

Observe t h a t (V yS)SH = V y(S 2H) - SVy(SH) ='-VyH - SVy(SH) 
i s always S - i n v a r i a n t , because i f we s u b s t i t u t e S ~*"V by V 
and S **"H by H and apply S on the l e f t we o b t a i n : 
-SV _-, (S _ 1H) - S2V , (SS _ 1H) = -SV (SH) - V H, which i s 

S V S V V V 

our o r i g i n a l expression. Here we have used S "̂H = -SH and 
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our assumption 1/ a u t o - p a r a l l e l w i t h respect t o V. Hence 
we have t h a t T(V,H) i s S-invariant i f and only i f A H V 
i s S - i n v a r i a n t . On the other hand, T(H,K) gives us 
p r e c i s e l y the measure of how f a r i s H from being i n t e g r a b l e 
which i s i n accordance w i t h our previous remarks since i n t h i s 
case, i f H i s i n t e g r a b l e , then i t defines a complementary 
f o l i a t i o n of f w i t h leaves complete t o t a l l y geodesic sub-
manifolds w i t h a n a t u r a l Hermitian s t r u c t u r e on them, and 
hence, our space would be ( l o c a l l y ) the product of two 
Riemannian 2-symmetric spaces. I n conclusion we have 

P r o p o s i t i o n C. The t o r s i o n tensor of the connection V i s 
given as f o l l o w s : 

T(U,V) = 0 (1/ i s assumed a u t o - p a r a l l e l ) 
T(V,H) = |(V VS)SH + AJ_JV 
T(H,K) = -l/[H,K] = -AHK + Â -H . 

Furthermore, i(V^S)SH i s always S - i n v a r i a n t . Hence T i s 
S-invariant i f and only i f both A^V and -l/[H,K] are S-
i n v a r i a n t . I n p a r t i c u l a r , i f A i s S-invariant then T i s 
S- i n v a r i a n t . /// 

I t should be pointed out t h a t although the c o n d i t i o n 
VS = 0 was i n t e r p r e t e d as some s o r t of Kahlerian c o n d i t i o n , 
t h i s c o n d i t i o n and the c o n d i t i o n t h a t T be S- i n v a r i a n t at 
f i r s t do not seem t o be very geometrical, and i t looks as i f 
given one t e n s o r i a l c o n d i t i o n we are only o b t a i n i n g a new one. 
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However, i t must be remembered t h a t we pursue a f i n a l set of 
conditions where a l l of them are interwoven. We s t i l l have t o 
study the c o n d i t i o n s t h a t R be S - i n v a r i a n t , and t h a t 
VR r 0 and VT = 0. 

We now study the curvature tensor R of the connection 
V. As usual U, V and W denote v e r t i c a l vector f i e l d s , 
and H, K and L h o r i z o n t a l vector f i e l d s . 

P r o p o s i t i o n D. Let (M,g) and S be as i n (P ) , and l e t 
V and V be r e s p e c t i v e l y the connection defined i n (1) and 
the Riemannian connection. Assume VS = 0. Then the curvature 
tensor R of V s a t i s f i e s the f o l l o w i n g r e l a t i o n s 

(a) R(U,V)W 
(b) R(U,V)H 

(c) R(U,H)V 
(d) R(V,H)K 
(e) R(H,K)V 
( f ) R(H,K)L 

Before proving t h i s , we s t a t e a p r o p o s i t i o n which gives the 
condi t i o n s under which R i s S- i n v a r i a n t . Then we give a 
j o i n t proof of both p r o p o s i t i o n s . 

P r o p o s i t i o n D'. Given the same n o t a t i o n and assumptions as 
i n P r o p o s i t i o n D, assume f u r t h e r t h a t the tensor f i e l d A i s 
S-inv a r i a n t . Then R i s S-invariant i f and only i f the 

= R(U,V)W 
= | R(U,V)H-| SR(U,V)SH - ̂ (VyS)(V VS)H + 

|(V VS)(V S)H 
= l/R(U,H)V 
= | HR(V,H)K - | HSR(V,H)SK 
= l/R(H,K)V - A RA KV + A KA RV 
= HR(H,K)L-A HA KL M^L - | ( V ̂  ? K ] S ) SL. 
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f o l l o w i n g conditions are s a t i s f i e d : 

(a) l/R(U,H)V = 0 
(3) tfR(V,H)K = StfR(V,H)SK 
(y) l/R(H,K)V and HR(H, K) L both are S-i n v a r i a n t . 

Proof (Of Propositions D and D'). The idea i s the same as we 
have been using. We study each of the components of R 
separately. 

Recall t h a t the c o n d i t i o n VS = 0 i s equivalent t o 1/ 
being a u t o - p a r a l l e l w i t h respect t o V and t o H(V„S)K = 0 
(both conditions taken together, see Pr o p o s i t i o n B ! ) . We 
s h a l l use these conditions repeatedly without any f u r t h e r 
mention. Also we s h a l l use r e l a t i o n s l i k e SV = -V, S~̂ V = -V 
and S"1H = -SH. 

(a) This f o l l o w s because 1/ i s a u t o - p a r a l l e l w i t h 
respect t o V and hence V̂ W = V̂ W remains v e r t i c a l and we 
have R(U,V)W = R(U,V)W. Since S r e s t r i c t e d t o 1/ i s 
minus the i d e n t i t y , i t i s c l e a r t h a t R(U,V)W i s S - i n v a r i a n t . 

(b) By unwinding the d e f i n i t i o n s , the f o l l o w i n g r e l a t i o n 
can be obtained: R(U,V)H = j R(U,V)H - -| SR(U,V)SH 

+ ^SV UV V(SH) - V uV vH] - i[SV u(SV vH) + V^SV/SH))] 

~ ^SVyVyCSH) - V ^ H ] + icsV^SVyH) + v y ( SVyC SH)) ] . 

We s h a l l work w i t h the second row (by skew-symmetry w i t h the 
t h i r d ) . Note t h a t SVITVU(SH) - VTT( SV„ (SH) ) = - ( V S) (V U ( S H ) ) , 
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and also - V^H - SV^SVyH) = CVyS)(SVyH), adding up these 
two expressions we o b t a i n - (VyS)(V^S)H. From t h i s the 
r e s u l t f o l l o w s . Note t h a t the way i n which we have associated 
the terms i n our very f i r s t r e l a t i o n shows t h a t R(U,V)H i s 
S-in v a r i a n t . ( A l s o , we can r e c a l l the proof of P r o p o s i t i o n C 
together w i t h the f i n a l r e l a t i o n s ) . However, we can give a 
s t r a i g h t f o r w a r d proof of t h i s f a c t . Note t h a t we have t o show 
t h a t R(U,V)H = SR(S _ 1U,S" 1V)S" 1H = -SR(U,V)SH. Thus S-
invariance reduces i n t h i s case t o prove t h a t R(U,V) commutes 
w i t h S. (For t h i s one has t o observe t h a t R(U,V) preserves 
the h o r i z o n t a l d i s t r i b u t i o n H). But t h a t R(U,V) commutes 
w i t h S i s an immediate consequence of the f a c t t h a t 
(VyS)H•= 0 which i s p a r t of our assumptions (see also the 
proof of P r o p o s i t i o n B). Hence we have t h a t R(U,V)H i s 
S-in v a r i a n t . 

(c) R(U,H)V = V H V - V u V - V [ U , H ] V = 

¥U ( l / VH V ) - V u V- VCU,H] V = W " W -

Vl/[U,H3 V- Vu,H] V = t / ( V U V H V - V H V U V ) - V l / [ U , H ] V " 
V V H [ U , H ] V = V ( V H V - V H V U V - V [ U , H ] V ) = ^(U,H)V. • 

As f o r the S-invariance of t h i s term, we s h a l l see t h a t i t 
y i e l d s c o n d i t i o n ( a ) . R(U,H)V i s S-invariant i f and only i f 
R(U,H)V = SR(S _ 1U,S" 1H)S" 1V = -SR(U,SH)V but R(U,SH) preserves 
I/, hence we must have R(U,H)V = R(U,SH)V or R(U , (I-S )H) V = 0 . 
The term ( I - S ) can be omitted since i t i s nonsingular when 
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r e s t r i c t e d t o H, thus the l a s t r e l a t i o n can be i n t e r p r e t e d 
as saying t h a t R(U,H)V i s S-invariant i f and only i f 
R(U,H)V vanishes i d e n t i c a l l y . By what we have already proved 
t h i s i s p r e c i s e l y equivalent t o the vanishing of l/R(U,H)V, 
and hence c o n d i t i o n ( a ) . 

(d) Some r o u t i n e c a l c u l a t i o n s y i e l d the f o l l o w i n g r e l a t i o n : 
R(V,H)K = | HR(V,H)K - | HSVV(SVHK) + | HV^SVyCSK)) + 

1 S V l / [ V , H ] ( S K ) " \ H VHCV,H] K-

To s i m p l i f y t h i s expression we now use our assumption VS = 0. 
Thus i n p a r t i c u l a r we have H(V RS)K = 0. With t h i s i n mind 
the above expression reduces t o 

R(V,H)K = | HR(V,H)K - | HSR(V,H)SK. 

For S-invariance we show t h a t R(V,H)K must vanish 
i d e n t i c a l l y : I f R(V,H)K i s S- i n v a r i a n t , then i n p a r t i c u l a r 

2 
i t i s S - i n v a r i a n t i . e . 
R(V,H)K = S 2R(S" 2V,S" 2H)(S" 2K) = S2R(V,H)K = -R(V,H)K 

Thus R(V,H)K i s S-invariant i f and only i f i t vanishes 
i d e n t i c a l l y . Using what we have j u s t proved, we must have 
HR(V,H)K = HSR(V,H)SK which i s c o n d i t i o n (3). 

(e) R(H,K)V = V RV KV - VKVHV - V [ H } K ] V = V R( W^V) - V R( l/VRV) 

" ^ [ H , K ] V = t / V H ( l / V K V ) - l / V K ( t / V H V ) - ^ [ H , K ] V - ^ [ H , K ] V 

- l / V H ( V K V - H V K V ) - I V V H V - H V H V ) " V^H^^V - W H [ R j K ]V 

= l/R(H,K)V - A„A,,V + A„A„V. 
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As we have already assumed t h a t A i s S - i n v a r i a n t , the 
l a s t two terms are also S - i n v a r i a n t , hence R(H,K)V i s 
S-invariant i f and only i f l/R(H,K)V i s S- i n v a r i a n t . 

( f ) R(H,K)L = V RV KL - V KV HL - V [ H 5 K ] L = Hv RHV KL-

H V K H V H L - H V H [ H > K ] L - V ( / [ H > K ] L = HVHC VKL-|/VKU -

H V K ( V H L - , / V H L ) - H V H C H , K ] L - I V l / [ H , K j L + ! S V | / [ H , K ] S L 

= HR(H,K)L - A RA KL + A ^ L + \ V ^ ^ L + f S V ^ ^ S L . 

Note t h a t the l a s t terms can be w r i t t e n as - ̂ V ^ ^ ^]S)SL, 
and so R(H,K)L = tfR(H,K)L - A ^ L + A ^ L - ̂ ( V y ^ K ]S)SL. 

For the S-invariance of t h i s term, we have already shown 
(see the comments before P r o p o s i t i o n C) t h a t (V S)SH i s 
S-i n v a r i a n t , and since l/[H,K] = A„K - A H we have t h a t i f A 

n K 

i s S - i n v a r i a n t , R i s S-invariant i f and only i f HR(H,K)L. 
This together w i t h the l a s t p a r t of the proof of (e) accounts 
f o r (y)« The proofs of both p r o p o s i t i o n s are now complete. /// 

Remarks. As i t was pointed out at the beginning of t h i s s e c t i o n , 
a set of necessary conditions t o solve problem (P) i s given by 
the f a c t t h a t the curvature tensor R of the Riemannian 
connection V and a l l i t s covariant d e r i v a t i v e s V^n^R must 
be S-inva r i a n t . Here we s h a l l only study the S-invariance of 
R and see how i t compares w i t h the S-invariance of R as 
already given i n Pr o p o s i t i o n D'. 
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P r o p o s i t i o n D". Let (M,g) and S be as i n (P). Assume t h a t 
the v e r t i c a l d i s t r i b u t i o n 1/ i s t o t a l l y geodesic w i t h respect 
to the Riemannian connection. Then the Riemannian curvature 
tensor R i s S-invariant i f and only i f the f o l l o w i n g set of 
conditions i s s a t i s f i e d . 

(a) R(U,V)H = -SR(U,V)SH 
(b) HR(U,H)V = -SHR(U,SH)V 
(c) t/R(V,H)K = l/R(V,SH)SK 
(d) l/R(H,K)V = l/R(SH,SK)V 
(e) HR(H,K)L = -SHR(SH,SK)SL 

( f ) l/R(U,H)V = HR(V,H)K = f/R(H,K)V = l/R(H,K)L = Q. /// 

From t h i s we have 

C o r o l l a r y 1. The same n o t a t i o n and assumptions apply as i n 
Pr o p o s i t i o n D'. Assume f u r t h e r t h a t R i s S- i n v a r i a n t . 
Then R i s S-i n v a r i a n t . 

Proof. We would have t o check t h a t c o n d i t i o n s ( a ) , and 
(y) of P r o p o s i t i o n D' are s a t i s f i e d , but t h i s i s t r i v i a l . /// 

The advantage of t h i s c o r o l l a r y i s t h a t the S-invariance 
of R i s now e a s i l y stated i n terms of the S-invariance of 
R. The drawback i s t h a t i t i s not equivalent. S-invariance 
of R i s stronger. Note also t h a t R s i m p l i f i e s 

C o r o l l a r y 2. The n o t a t i o n and assumptions are as i n P r o p o s i t i o n 
D. Assume also t h a t R i s S - i n v a r i a n t , then R i s given as 
f o l l o w s : 
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(a) R(U,V)W = R(U,V)W 
(b) R(U,V)H = R(U,V)H- i ( V u S ) ( V v S ) H + ^(V VS)(V US)H 
(c) g (d) R(U,H)V = R(V,H)K = 0 
(e) R(H,K)V = l/R(H,K)V - AUA^V + A,,AUV 
( f ) R(H,K)L = HR(H,K)L - A RA KL + A RA HL - I c v ^ ^ K-jS)SL. 

The remaining two conditions we have t o work on are 
VT = 0 and VR = 0 which t e l l now t h a t V is- i n v a r i a n t 
under p a r a l l e l i s m . At t h i s p o i n t , instead of f o l l o w i n g our 
general procedure we look a t the r e l a t i o n s f o r T and R 
given i n Propositions C and • D and note t h a t i t i s more 
convenient t o break them up i n t o parts which should vanish 
separately. More concretely we have t h a t T can be given 
i n terms of the two tensors (V^^ o^S)SH(•) and A, and t h a t 
R i s given i n terms of R and these two tensors. Now then, 
each one of these two tensors i s also 5 _ i n v a r , i a n " t f o r a 
Riemannian ^-symmetric space, t h e r e f o r e , both of them must 
be V - p a r a l l e l , i . e . we must have: V[(V^^ o^S)SH(•)] = 0 and 
VA = 0. With t h i s i n mind, we can s t a t e the f o l l o w i n g : 

P r o p o s i t i o n E. Let (M,g) and S be as i n (P) , and l e t V 
be as given i n ( 1 ) . Assume t h a t VS = 0 and t h a t both A and 
R are S-i n v a r i a n t . Then V i s i n v a r i a n t under p a r a l l e l i s m 
( i . e . VR = 0 and VT = 0) i f and only i f the f o l l o w i n g 
conditions are s a t i s f i e d : 
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(a) VA s 0 
(b) V((V l / ( > )S)SH( •)) = 0 
(c) (VR)(U,V)W = 0 
(d) (VR)(U,V)H = 0 
(e) (Vl/R)(H,K)V E 0 
( f ) (VHR)(H,K)L = 0 

Proof. From the previous remarks and the formulas f o r T and 
R i t i s c l e a r t h a t i f c o n d i t i o n s (a) through (e) are s a t i s f i e d , 
then both R and T are V - p a r a l l e l . 

Assume now t h a t V i s i n v a r i a n t under p a r a l l e l i s m . Then 
we claim t h a t (M,g) becomes a Riemannian 4-symmetric space 
w i t h symmetry tensor S. To prove t h i s we have to see t h a t 
conditions ( i ) and ( i i ) i n Section 3 are s a t i s f i e d . ( i ) i s 
immediate from P r o p o s i t i o n C, C o r o l l a r y 1 and our assumptions. 
To prove ( i i ) , i t remains to show t h a t the c o n d i t i o n Vg = 0 
i s s a t i s f i e d . But t h i s f o l l o w s from VS = 0 (see P r o p o s i t i o n 
B' ) . 

I n Section 3 we pointed out t h a t any tensor f i e l d i n v a r i a n t 
under the group obtained by t a k i n g the c l o s u r e , i n the f u l l 
group of isometries of (M,g.), of the group generated by the 
symmetries was V - p a r a l l e l . Since the tensors we are consider­
ing s a t i s f y t h i s c o n d i t i o n , the r e s u l t f o l l o w s . /// 

Thus we have to study conditions ( a ) , . . . , ( e ) of P r o p o s i t i o n 
E. We s t a r t w i t h ( a ) . 
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Lemma 1. I n a d d i t i o n to the assumption 1/ a u t o - p a r a l l e l 
w i t h respect to V, assume t h a t A i s S-i n v a r i a n t . Then 
VA i s given as f o l l o w s : 

(a) ( V V A )
H

K = = | l/R(V,H)K - 1 
2 l/R(V,SH)SK 

(b) (V LA) HK : = l/(VTA)„K 
Li n 

(c) (V yA) HK : = | HR(V,H)W + 1 2 HSR(V,SH)W 

(d) ( V K A ) H
W = : H(VKA)RW. 

Proof. I t should be pointed out t h a t since both d i s t r i b u t i o n s 
V and H are orthogonal and a u t o - p a r a l l e l w i t h respect t o 
V, and t h a t V i s a metric connection, then i t i s only 
necessary t o compute the above f o u r components of VA, (the 
others vanish). 

(a) (V VA) HK = ? V ( A H K ) - A - ^ K - A H V V K 

= VHK - \ \H K + \ ASVVSHK " \ Vv K * \ W K ' 
I n order t o s i m p l i f y t h i s expression we f i r s t prove the 

f o l l o w i n g i d e n t i t i e s : 

ASV VSH K = " \ S H S K i A H S V V S K = " V
S H

V V S K 

and ^V VV S HSK = -l/V^K. 

We s h a l l only prove the l a s t one: 

^VsH 3* - V V S H S K = VV ASH S K = V V S A H K = " W = ""'vV" 
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(The f i r s t two can be proved i n an analogous way, i t i s only 
necessary t o use the S-invariance of A). 

I t f o l l o w s t h a t (V„A)„K can be r e w r i t t e n as 
V n 

"W"! "\HK + £ "\SHSK-| "W + T ̂ SHVVSK = 
|(/R(V,H)K + f l/V[V?H]K + | i/VYVHK-| l/y^K + \ l/V^SK + | l/VSHVySK, 

Using the f a c t t h a t V i s t o r s i o n f r e e the second and f o u r t h 
term of the above expression combine t o give - ~r l/y K, the 

2 v vH 
t h i r d i d e n t i t y proved above then allows us t o r e w r i t e the whole 
expression as f o l l o w s 

= \ l/R(V,H)K-| 1/VVHVK + | l/V V HSK + f l/R( SH, V) SK + \ l/V [ S H j V ]SK 

= \ l/R(V,H)K-̂  |/v VK + ̂- l/V ySK + \ l/R(SH,V)SK. 
H SH 

The term l/V ,,SK can be r e w r i t t e n as f o l l o w s : 
VSH 

l/V ..SK + l/V WSK because of the t o t a l l y geodesic c o n d i t i o n 

i/vSHv HVSRV 
of I/, the f i r s t term vanishes i d e n t i c a l l y , whereas the 
second which i s equal t o A. YSK can be w r i t t e n (because of 

ASH V 

the S-invariance of A) as A. ,,K or l/V yK where f o r the 
H V H V 

l a s t r e l a t i o n one uses once again the t o t a l l y geodesic c o n d i t i o n . 
S u b s t i t u t i o n of t h i s expression i n our l a s t e q u a l i t y y i e l d s the 
desired r e l a t i o n . 

(b) and (d) are s t r a i g h t f o r w a r d . One only has t o unwind 
the d e f i n i t i o n s . 
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F i n a l l y we prove ( c ) : (VWA),TW = V,,ATJW - A- UW - ATIv„W = 
V H V H Vytt H V 

= |(V vA HW-SV v(SA HW))-|(A V v HW-A S V v S HW) - Â W. 

Using the S-invariance of A and the t o t a l l y geodesic 
c o n d i t i o n on V t h i s can be w r i t t e n as 

= |(V V(HV HW) - SV y(Hv s HSW)) - | ( HVy H
W +SHV V S HW) - HV̂ jVyW. 

The p r o j e c t i o n H can be taken out of a l l the parentheses and 
ass o c i a t i n g we have 

= \ HR(V,H)W + | HV [ V j H ]W-| HVRVVW + | H S y ^ W 

~k HW " \ S H V V Q H V W " 1 S ^ [ V , S H ] W ' V on 

The l a s t two terms correspond t o the second term i n the second 
parenthesis by means of the vanishing of the t o r s i o n of V. 
Note the f o l l o w i n g two i d e n t i t i e s : 

S2HVHVVW = SHVSH(SVVW) = -SHVSHVVW and 

HVn UW = H V U r i „W = A. „W = -SA. „W = -HSV^ „W. VHV HVHV H ASH V VSH V 

The t h i r d e q u a l i t y f o l l o w s by S-invariance of A. Hence, the 
t h i r d , f o u r t h and seventh terms of our above r e l a t i o n combine 
to give SHR(V,SH)W whereas the second, f i f t h and s i x t h 
add up to zero. This proves ( d ) . /// 

As an immediate consequence we have: 
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C o r o l l a r y . The same hypothesis as i n the lemma. Assume also 
t h a t R i s S-invar i a n t . Then A i s V - p a r a l l e l i f and 
only i f 

(a) l/(VTA)„K = 0 

(b) H(V KA) HW = 0. /// 

We now study c o n d i t i o n ,(b) of P r o p o s i t i o n E. 

Lemma 2. Assume VS = 0. Then 
[ V H ( V S ) ] V K = HR(H,V)SK - HSR(H,V)K. 

Proof. CV„(VS)]UK = v„( V„SK-Sv,,K) - ( 7 - ..SK-S7- „K) -
n v n V V VTJV VTJV 

n n 
( v v ( s y o - s v v v H K ) . 

This expression can be r e w r i t t e n as follows.(Here i s one p o i n t 
where one has to use the assumption VS = 0) 

= tfR(H,V)SK + tfV[R V ]SK + HSR(V,H)K + HSV|-V H ] K 

" v l / y H V S K + S v l / y H V K -
rl n 

Since [H,V] - W„V = H[H,V] + l/V„H = H[H,V] ( r e c a l l t h a t 
ri V 

VS E 0 implies t h a t 1/ i s t o t a l l y geodesic) , the above 
r e l a t i o n can be w r i t t e n as 
= HR(H,V)SK + HSR(V,H)K + HV H [ H V ]SK - H S V

H j ; H V ] K " 

F i n a l l y , once again use the f a c t t h a t VS = 0 impli e s 
V„SK = SVUK t o o b t a i n the desired formula. /// n n 
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Remarks. I f R i s S- i n v a r i a n t , then the term we have j u s t 
computed vanishes i d e n t i c a l l y . I n t h i s case, the remaining 
term t o be computed i s given by [V w(VS)]yK however I have 
not succeeded i n f i n d i n g a curvature r e l a t i o n l i k e the one 
we obtained f o r the other component. 

I n the f o l l o w i n g two lemmas we study conditions (c) and 
(d) of Pr o p o s i t i o n E. 

Lemma 3. Assume 1/ a u t o - p a r a l l e l w i t h respect t o V and 
R S- i n v a r i a n t . Then 

(a) (V R)(U,V)W = (V R)(U,V)W 
0 0 

(3) (VUR)(U,V)W = l/(V„R)(U,V)W. 
n n 

Proof. (a) i s immediate from the t o t a l l y geodesic c o n d i t i o n 
f o r V. As f o r (3) one only has t o r e c a l l t h a t VUV = (/V„V 

n ri 

and use the f o l l o w i n g r e l a t i o n s : R(l/X,U)V = l/R(X,U)V, 
R(U,V)l/X =l/R(U,V)X. We prove the f i r s t : 
R(l/X,U)V = R(|(I+S 2)X,U)V = | R(X,U)V + | R(S2X,U)V by 
S-invariance R(S2X,U)V = R(X,U)V and the r e s u l t f o l l o w s . /// 

As a consequence we have t h a t 1/ has t o be a f o l i a t i o n 
by l o c a l l y 2-symmetric spaces. 

Lemma 4. The same hypothesis as above 

(a) (V WR)(U,V)H = (V WR)(U,V)H + |(V WS)SR(U,V)H-

^ R(U,V)(V„S)SH 2 W 
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(6) (V^R)(U,V)H = HCV„R)(U,V)H. 
is is. 

We omit the proof and only p o i n t out t h a t t o prove (3) 
the f o l l o w i n g r e l a t i o n i s used R(l/VVU,V)H = HR(7VU,V)H. /// 

I n the f o l l o w i n g lemma we study c o n d i t i o n Ce) of Propo­
s i t i o n E. 

Lemma 5. Assume 1/ a u t o - p a r a l l e l w i t h respect t o V and R 
S-inv a r i a n t . Then 

(a) [V W((/R)](H,K)V * | [ V W ( l/R)3(H,K)V + |[v w( l/R)](SH,SK)V 

(3) [V L(l/R)](H,K)V. = t/tV L(l/R)J(H,K)V. 

Proof. (a) CVW( l/R)](H,K)V = Vt,( l/R(H, K) V) - l/R( V„H, K) V -
w w w 

l/R(H, VWK)V - l/R(H,K)VwV = V y( l/R (H , K) V) - | V R { y H , K ) V + 

\ l/R(SV SH,K)V - i l/R(H,V„K)V + \ l/R(H, SV„SK) V - l/R(H , K) Vr7V . 
/ W Z W I W W 

By the S-invariance of R we have l/R(H,SX)V = -l/R(SH,X)V 
and l/R(SH,SK)V = l/R(H,K)V, i t i s now easy t o see how the 
r e s u l t f o l l o w s . 

•(B) [V L(UR)I(H,K)V = l/VL(l/R(H,K)V) - l/R(HVLH,K)V -

l/R(H,HVLK)V - l/R(H,K)l/V V. 

We work w i t h the term VR(HV,H,K)V, r e c a l l t h a t H = i ( I - S 2 ) , 
L i Z. 

a s u b s t i t u t i o n and using S-invariance of R we ob t a i n t h a t 
the term i s equal t o l/R(V H,K)V. I t i s also easy t o see t h a t 
R(H,K) ° 1/ = V o R(H,K) (use S-invariance of R). Hence our 
above r e l a t i o n becomes 
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= l/VT (l/R(H,K)V) - l/R(VTH,K)V - l/R(H,VTK)V - VR(H,K)V.V. 
LJ L L L 

From t h i s , the desired r e s u l t f o l l o w s . /// 
The next lemma gives a d e s c r i p t i o n of c o n d i t i o n ( f ) of 

Pro p o s i t i o n E. 

Lemma 6. Assume t h a t V i s a u t o - p a r a l l e l w i t h respect t o V 
and t h a t R i s S-i n v a r i a n t . Then the f o l l o w i n g i d e n t i t i e s 
hold t r u e . 

(a) [ V V ( H R ) ] ( H , K ) L = | H(V VR)(H,K)L - y HS(VyR)(SH,SK)SL 

(B) [V„ (HR)](H,K)L = H[V U (HR)](H,K)L. 
H0 Ho 

Proof. (a) i s almost immediate, one only has t o use the 
S-invariance of R i n a s t r a i g h t f o r w a r d fashion. 

(S) For t h i s use the r e l a t i o n s HR(HX,H)K = HR(X,H)K 
and HR(H,K)H = HR(H,K) which f o l l o w immediately from the 
S-invariance of R ( c f . the proof of our previous lemma). /// 

We can now r e s t a t e P r o p o s i t i o n E as f o l l o w s : 

P r o p o s i t i o n E'. Let (M,g) and S be as i n ( P ) , and l e t V 
be as given i n (1). Assume t h a t VS = 0 and t h a t both A 
and R are S-invar i a n t . Then V i s i n v a r i a n t under p a r a l l e l ­
ism i f and only i f the f o l l o w i n g conditions are s a t i s f i e d . 

(a) 1. l/(V TA) uK =0 2. HCV^A^W = 0 

(b) [V„(VS)3 K = 0 
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( c ) 1. 1/(7 R)(U,V)W = 0 ( i . e . The leaves o f 1/ are 
0 . • 

Riemanrua.n l o c a l l y 2-symmetric 

l/(V HR)(U,V)W = 0 
spaces) 

(d ) 1. (V WR)(U,V)H + |(V WS)SR(U,V)H - | R(U,V)(V WS)SH = 0 

2. H(V^R)(U,V)H = 0 

(e ) 1. [V [ 7(l/R)](H,K)V + [V I 7(l/R)](SH,SK)V = 0 
W w 

2. (/[V L(l/R)](H,K)V = 0 

( f ) 1. tf(VvR)(H,K)L - HS(V VR)(SH,SK)SL = 0 

2. H[V„ (HR)](H,K)L = 0 /// 
H 0 

Comments. The f a c t t h a t f o r a Riemannian 4-symmetric space 

R and a l l i t s c o v a r i a n t d e r i v a t i v e s V^n^R must be p r e s e r v e d 

by S can be used t o r e s t a t e P r o p o s i t i o n E'. We s h a l l do 

t h i s n e x t . For t h i s we s h a l l o n l y use t h e S - i n v a r i a n c e o f 

VR. A t t h i s p o i n t i t i s c l e a r which o f t h e components o f VR 

v a n i s h , so we leave i t t o t h e r e a d e r t o w r i t e e x p l i c i t l y t h e 

p r o p o s i t i o n f o r VR analogous t o P r o p o s i t i o n D". 

P r o p o s i t i o n E". The same n o t a t i o n and c o n d i t i o n s as i n 

P r o p o s i t i o n E'. Assume f u r t h e r t h a t VR i s S - i n v a r i a n t . Then 

V i s i n v a r i a n t under p a r a l l e l i s m i f and o n l y i f t h e f o l l o w i n g 

c o n d i t i o n s are s a t i s f i e d . 

( a ) 1. l/(V LA) RK = 0 2. H(.VKA) W = 0 

($ ) CV t I(VS)] uK = 0 W V 
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( Y ) (V WR)(U,V)H+ |(V WS)SR(U,V)H - I R(U,V)(V WS)SH = 0 . 

Proof. We have t o check t h a t c o n d i t i o n s ( a ) t h r o u g h ( f ) o f 

P r o p o s i t i o n E' are s a t i s f i e d whenever ( a ) , ( 3 ) and ( y ) a r e 

s a t i s f i e d . (a) and ( 3 ) account f o r ( a ) and ( b ) , (y) accounts 

f o r ( d . l ) . Thus we have t o show t h a t t h e r e m a i n i n g s e t o f 

c o n d i t i o n s f o l l o w s f r o m t h e S - i n v a r i a n c e o f VR. That t h i s 

i s so i s c l e a r f o r c o n d i t i o n s ( c ) , ( d . 2 ) and ( f . l ) . We now 

have t o work on c o n d i t i n s ( e ) and ( f . 2 ) . 

We s t a r t w i t h ( e ) . From S - i n v a r i a n c e we have 

(V..R)(H,K)V = S _ 1 ( V o t 7R) (SH,SK)SV = S"1 ( Vr ,R) ( SH, SK) V 
w sw w 

and s i n c e we are t a k i n g c o v a r i a n t d e r i v a t i v e w i t h r e s p e c t t o a 

v e r t i c a l v e c t o r f i e l d , i f we t a k e t h e v e r t i c a l and h o r i z o n t a l 

components t h e y w i l l be p r e s e r v e d , i n f a c t we have Vy((/R) = 

(/VyR and V^(HR) = HV^R, hence each one o f t h e s e components 

must be S - i n v a r i a n t s e p a r a t e l y . Apply t h i s t o t h e v e r t i c a l 

component t o o b t a i n t h e r e s u l t , i . e . from t h e above r e l a t i o n 

we have 
[V I 7(l/R)](H,K)V = S_1[V„(l/R)](SH,SK)V = ~ [ V ( l / R ) ] ( S H , S K ) V . 
w w w 

T h e r e f o r e ( e . l ) h o l d s t r u e . 

As f o r ( e . 2 ) , we know t h a t V(V^R)(H,K)V = 0 ( s i n c e i t 

has t h r e e h o r i z o n t a l components), i t i s a l s o easy t o see t h a t 

i t decomposes as f o l l o w s : 

l/(V R) (H,K)V = l/[V (t/R) ](H,K)V + l/V (HR(H,K)V) 
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we c l a i m t h a t each o f these two terms i s S - i n v a r i a n t and hence 

they v a n i s h . I t i s o n l y necessary t o prove t h e S - i n v a r i a n c e 

o f one o f them: 

S~ 1l/V S L(HR(SH,SK)SV) = S^l/V^C SHR(H, K) V) (by S - i n v a r i a n c e 
o f R). 

Note t h a t t h i s can be w r i t t e n as S _ 1A Q T(SHR(H,K)V) and s i n c e 

we have assumed t h a t A i s S - i n v a r i a n t , t h e r e s u l t f o l l o w s . 

The p r o o f o f ( f . 2 ) i s s i m i l a r t o t h i s one, here we have 

t h a t H(V„ R)(H,K)L = 0 (odd number o f h o r i z o n t a l components), 
0 

decompose t h i s t e n s o r as H[V U (HR)](H,K)L + tfVTT (1/R(H,K)L). 
H 0 H 0 

Note t h a t t h e second t e r m i s equal t o A„ (l/R(H,K)L) f r o m 
0 

which i t f o l l o w s t h a t i t i s S - i n v a r i a n t and hence t h a t must 

v a n i s h . ' /// 
We summarize a l l t h e above r e s u l t s i n t h e f o l l o w i n g theorems 

Theorem. Let (M,g) be a complete, connected, s i m p l y connected 

Riemannian m a n i f o l d . Let S be a t e n s o r f i e l d on M o f t y p e 

( 1 . 1 ) , o f o r d e r f o u r , w i t h no e i g e n v a l u e +1 t h a t p r e s e r v e s g. 

( i ) D e f i n e 1/ as t h e d i s t r i b u t i o n f o r t h e e i g e n v a l u e +1 
2 . . . 

o f S and H as t h e o r t h o g o n a l complementary d i s t r i b u t i o n . 

Then 1/ d e f i n e s a t o t a l l y geodesic f o l i a t i o n i f and o n l y i f 

t h e c o n n e c t i o n 

i s a m e t r i c c o n n e c t i o n , i . e . Vg = 0. (Here A VY = HV . l/Y + 
A HX 

l/V..vHY and 1/ and H denote t h e o r t h o g o n a l p r o j e c t i o n s o n t o H X 
t h e d i s t r i b u t i o n s ) . 
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( i i ) The t e n s o r f i e l d S i s p a r a l l e l w i t h r e s p e c t t o 

V i f and o n l y i f V d e f i n e s a t o t a l l y geodesic f o l i a t i o n 

w i t h r e s p e c t t o V and tf(VT,S)K = 0 f o r a l l H and K 
n 

h o r i z o n t a l v e c t o r f i e l d s ( i . e . l y i n g i n H) ("Kahler c o n d i t i o n " 

f o r H). 

( i i i ) Assume VS = 0 and t h a t A, R and VR a r e S-

i n v a r i a n t . Then t h e c o n n e c t i o n V i s i n v a r i a n t under 

p a r a l l e l i s m ( i . e . VR = 0 and "VT = 0) i f and o n l y i f t h e 

f o l l o w i n g t h r e e c o n d i t i o n s are s a t i s f i e d : 

( a ) 1. I/(V A ) H K = 0 2. H(V KA) RW = 0 

(B) [ V w ( V S ) ] y K = 0 

( y ) (V WR)(U,V)H + |(V WS)SR(U,V)H - | R(U,V)(V WS)SH = 0. /// 

I t i s now immediate t h e l o c a l c h a r a c t e r i z a t i o n o f 

Riemannian ^-symmetric spaces. 

Theorem. The same n o t a t i o n as above. Then (M,g) i s a 

Riemannian ^-symmetric space w i t h symmetry t e n s o r S i f and 

o n l y i f t h e f o l l o w i n g c o n d i t i o n s are s a t i s f i e d . 

1. The d i s t r i b u t i o n V d e f i n e s a t o t a l l y geodesic 

f o l i a t i o n w i t h r e s p e c t t o t h e Reimannian c o n n e c t i o n . 

2. H(V„S)K = 0 f o r a l l H and K v e c t o r f i e l d s on 
r l 

H ( K a h l e r c o n d i t i o n ) . 

3. A, R and VR a r e S - i n v a r i a n t 

4. C o n d i t i o n s ( a ) , ( 6 ) and ( y ) o f ( i i i ) o f t h e 
above theorem are s a t i s f i e d . /// 
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CHAPTER I I 
C L A S S I F I C A T I O N OF COMPACT RIEMANNIAN ^"SYMMETRIC SPACES 

§7. De Rham Decomposition 

I n Riemannian geometry, as i n mathematics i n g e n e r a l , 

one o f t h e fundamental problems i s t h a t o f c l a s s i f i c a t i o n . 

That i s , g i v e n a c l a s s o f spaces, th e n w r i t e down a l i s t 

o f these spaces t h a t c o m p l e t e l y exhausts a l l t h e p o s s i b i l i t i e s . 

Our t a s k i n t h i s and t h e n e x t s e c t i o n s i s t o f i n d a method 

t h a t a l l o w s us t o c l a s s i f y Riemannian 4-symmetric spaces. 

Here we s h a l l o n l y c o n s i d e r t h e compact s i m p l y connected 

case s i n c e i t i s t e c h n i c a l l y l e s s d i f f i c u l t t h a n t h e g e n e r a l 

case. The id e a we f o l l o v ; i s e s s e n t i a l l y t h e same as t h a t 

used by Cartan t o c l a s s i f y Riemannian 2-symmetric spaces. 

The geometric problem i s t r a n s l a t e d i n t o an e q u i v a l e n t 

problem i n terms o f L i e a l g e b r a s , and t h e n by means o f t h e 

t h e o r y o f r o o t ' s y s t e m s worked o u t . 

The b a s i c b u i l d i n g b l o c k s i n Riemannian geometry a r e 

t h e i r r e d u c i b l e Riemannian m a n i f o l d s , i . e . m a n i f o l d s whose 

holonomy group a t a p o i n t p -and hence a t any o t h e r p o i n t 

q - a c t s i r r e d u c i b l y on t h e t a n g e n t space. Thus, towards 

a c l a s s i f i c a t i o n o f t h e Riemannian 4-symmetric spaces, i t 

i s f i r s t necessary t o d e s c r i b e t h e i r i r r e d u c i b l e components. 

I n t h i s r e s p e c t , t h e most g e n e r a l r e s u l t has a l r e a d y been 

proved by Ko w a l s k i [ 1 3 ] . We quote i t : 
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Theorem. L e t (M,g) be a s i m p l y connected Riemannian 

n-symmetric space and l e t M = M_ x M, x...x M be i t s 
0 1 r 

de Rham d e c o m p o s i t i o n , where Mq i s a E u c l i d e a n space and 
M,,...,M are i r r e d u c i b l e . Then each M. i s a Riemannian 1 r i 
n^-symmetric space w i t h n^ a d i v i s o r o f n, i = l , . . . , r . 

The i d e a o f t h e p r o o f i s v e r y s i m p l e . F i r s t note t h a t 

s i n c e M i s homogeneous, i t i s complete and t h e de Rham 

dec o m p o s i t i o n theorem can be a p p l i e d . Let p be a p o i n t i n 
M, and l e t T M = V„ © V, ©...© V be t h e o r t h o g o n a l de-p 0 1 r 
c o m p o s i t i o n o f t h e t a n g e n t space i n t o i r r e d u c i b l e components 

( w i t h r e s p e c t t o t h e holonomy group a c t i o n ) , t h e n f o r each 

i , 1 £ i S r , t h e r e e x i s t s an i n t e g e r k^ such t h a t 
k. k. 

(s ).,. 1 ( V . ) = V. and (s ).,.1 r e s t r i c t e d t o V. has no p " I I p " i 

e i g e n v a l u e +1. Since each i s complete, i t f o l l o w s t h a t 
k. 

( S p ) p r e s e r v e s M^, d e f i n i n g i n t h i s f o r m a symmetry a t 

p o f o r d e r n. w i t h n.k. = n. Then u s i n g t h e i d e n t i t y f i l l & y 

component o f t h e c l o s u r e o f t h e group g e n e r a t e d by t h e 

symmetries ^ S p ^ ^ ^ s p o s s i b l e t o o b t a i n symmetries f o r 

a t any o t h e r .point w h i c h s a t i s f y t h e r e g u l a r i t y c o n d i t i o n . 

For t h e p a r t i c u l a r case n = 4, t h e theorem y i e l d s t h e 

de Rham d e c o m p o s i t i o n o f a Riemannian ^--symmetric space. 

Theorem. L e t (M,g) be a s i m p l y connected Riemannian 4-

symmetric soace, and l e t M = M~ x Mn x...x M be i t s 
J " . 0 1 r 

de Rham d e c o m p o s i t i o n where i s a E u c l i d e a n space and 

M^J.-.JM^ are i r r e d u c i b l e . Then each o f t h e components i s 
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e i t h e r a Riemannian 2-symmetric space o r a Riemannian 

^-symmetric space. 

The o u t l i n e o f t h e p r o o f o f t h e theorem shows t h a t some 

powers o f t h e symmetries p r e s e r v e t h e components o f M. 

We now show t h a t f o r a Riemannian 4-symmetric space more 

can be s a i d , t h a t i s we prove t h a t t h e symmetries ^ S p ^ 

p r e s e r v e t h e de Rham d e c o m p o s i t i o n . 

Proof . W i t h t h e above n o t a t i o n we have t o prove t h a t k. = 2 

can never happen. I f t h e r e e x i s t s an i f o r w h i c h k^ = 2 , 
2 the n (s ) r e s t r i c t e d t o M. i s an i s o m e t r y o f M. o f p I J x 

o r d e r two w i t h p as an i s o l a t e d f i x e d p o i n t and 

becomes a Car t a n symmetric space. Then M. x s (M.) i s 
J x p x 

i n v a r i a n t under s^ w i t h b o t h f a c t o r s C a r t a n symmetric 

spaces. Then, t h e symmetry t e n s o r S d e f i n e s an almost 

complex s t r u c t u r e when r e s t r i c t e d t o t h e t a n g e n t bundle 

T(M^x s ( M ^ ) ) . But s i n c e S i s i n v a r i a n t under t h e symmetries, 

i t i s i n v a r i a n t under t h e i n v o l u t i o n s o f each o f t h e f a c t o r s . 

Hence M^ xs^(M^) i s a H e r m i t i a n 2-symmetric space. There­

f o r e i t s de Rham components are a l s o H e r m i t i a n 2-symmetric 

spaces. F u r t h e r m o r e , t h e i r complex s t r u c t u r e s are induced 
by t h e r e s t r i c t i o n o f t h e complex s t r u c t u r e on M. x s (M.) J e x p x 
t o each o f t h e f a c t o r s . I n o t h e r words, t h e symmetry t e n s o r 

S p r e s e r v e s each o f t h e t a n g e n t bundles TM. and T ( s M.). v b x p x 
T h i s g i v e s a c o n t r a d i c t i o n s i n c e i t was assumed k^ = 2. /// 
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The s i g n i f i c a n c e o f t h e above r e s u l t l i e s i n t h e f a c t 

t h a t i f now G i s t h e i d e n t i t y component o f t h e c l o s u r e 

o f t h e subgroup generated by t h e symmetries, t h e n G 

pre s e r v e s t h e de Rham de c o m p o s i t i o n and hence decomposes as 

a p r o d u c t Gn * G., x...x G w i t h each G. a c t i n g t r a n s i -r 0 1 r 1 fa 

t i v e l y on M̂ . Hence we have M = G/K decomposes as 

M = M n x M x...x M and a l s o M = G/K = Gn/Kn xG n/K x...x 0 1 r 0 0 1 1 
G /K w i t h M. = G./K., O s i s r and G. p l a y s t h e r r 1 1 1 ' x ^ J 

r o l e o f G f o r t h e f a c t o r M.. 
l 

Thus t h e c l a s s i f i c a t i o n o f Riemannian 4-symmetric 

spaces i s e q u i v a l e n t t o t h e c l a s s i f i c a t i o n o f homogeneous 

spaces o f t h e form G/K w i t h G endowed w i t h an a u t o ­

morphism a o f o r d e r f o u r such t h a t Ĝ  c K c G a and G/K 

Riemannian homogeneous w i t h a a - i n v a r i a n t i n n e r p r o d u c t 

(see P r o p o s i t i o n i n §'2). However we sh o u l d have t h e r e q u i r e ­

ment t h a t G/K be i r r e d u c i b l e as a Riemannian m a n i f o l d . 

Here t h e s i t u a t i o n d i f f e r s f r o m t h a t f o r Riemannian 

2-symmetric spaces. For these spaces t h e i s o t r o p y group K 

a c t i n g on T QM c o i n c i d e s w i t h t h e a c t i o n o f t h e holonomy 

group. Thus an e x p l i c i t c r i t e r i o n can be g i v e n between 

i r r e d u c i b i l i t y o f t h e space (M,g) as a Riemannian m a n i f o l d 

and o f G/K as a homogeneous space. 

As f o r Riemannian ^-symmetric spaces, t h e r e does n o t 

seem t o be any r e l a t i o n , a t f i r s t , between i r r e d u c i b i l i t y 

i n t h e above two senses. I t l o o k s as i f t h e problem o f 

c l a s s i f i c a t i o n s hould s t a r t by b e i n g a t o p o l o g i c a l one, i . e . 
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c l a s s i f y a l l t h e p o s s i b l e i r r e d u c i b l e homogeneous spaces 

G/K, w i t h G and K as above, do t h i s , w i t h o u t any 

r e f e r e n c e t o a p a r t i c u l a r Riemannian m e t r i c , and t h e n g i v e 

some s o r t o f i n f o r m a t i o n w i t h r e s p e c t t o t h e m e t r i c s t h a t 

such a homogeneous space can bear so as t o become a Riemannian 

4-symmetric space. 

The c l a s s i f i c a t i o n o f t h e s i m p l y connected homogeneous 

spaces G/K w i t h Ĝ  c K c Ĝ  a an automorphism o f o r d e r 

f o u r on G, i s e q u i v a l e n t t o t h e c l a s s i f i c a t i o n o f t h e 

p a i r s (95°) w i t h Q a L i e a l g e b r a over ]R and o an 

automorphism o f o r d e r f o u r . Thus our o b j e c t i v e w i l l be t o 

c l a s s i f y t h e p a i r s ( g , a ) . The problem i n g e n e r a l i s a 

t e c h n i c a l l y d i f f i c u l t one, hence we r e s t r i c t o u r s e l v e s t o 

t h e case when G/K i s a compact m a n i f o l d . Since we a l s o 

want i t t o be Riemannian homogeneous, i t i s n a t u r a l t o ask 

t h a t K be compact. A l l t h i s i n t u r n i s e q u i v a l e n t t o a s k i n g 

t h a t t h e group G be compact and semisimple. And u s i n g 

Weyl's theorem i s e q u i v a l e n t t o assuming t h a t t h e L i e 

a l g e b r a ^ be compact and semisimple. Thus our aim i s 

t h e c l a s s i f i c a t i o n o f t h e automorphisms o f o r d e r f o u r o f 

compact semisimple L i e a l g e b r a s over IR. 
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§8. Automorphisms o f Order Four o f Compact Semisimple L i e 
Algeb r a s 

We s e t about c l a s s i f y i n g t h e p a i r s (g ,a) w i t h g a 

compact semisimple L i e a l g e b r a and a an automorphism o f 

o r d e r f o u r . We a c c o m p l i s h t h i s i n two s t e p s , f i r s t we 

c o n s i d e r t h e case when a i s an i n n e r automorphism, and 

t h e n t h e case when a i s an o u t e r automorphism. For t h e 

f i r s t p a r t we f o l l o w t h e work by Wolf and Gray [ 2 8 ] . 

Whereas f o r t h e second p a r t we m a i n l y f o l l o w t h e g e n e r a l 

t h e o r y as i n Helgason [ 9 ] . 

We f e e l t h a t even though t h e method i n Helgason i s 

r a t h e r more g e n e r a l - i t y i e l d s a c l a s s i f i c a t i o n f o r b o t h 

i n n e r and o u t e r automorphisms o f f i n i t e o r d e r a t once, 

t h e method by Wolf and Gray i s r a t h e r s t r a i g h t f o r w a r d and 

g i v e s t h e same i n f o r m a t i o n w i t h o u t h a v i n g t o r e s o r t t o more 

g e n e r a l and a b s t r a c t c o n s t r u c t i o n s , i n f a c t , t h e i r method 

has t h e advantage o f g i v i n g i n a v e r y e x p l i c i t f a s h i o n -

as we s h a l l see - t h e form o f t h e i n n e r automorphism i n 

terms o f t h e elements o f a maximal a b e l i a n . s u b a l g e b r a o f fl 

A complete and d e t a i l e d e x p o s i t i o n o f these methods 

would r e q u i r e a t r e a t i s e on t h e s u b j e c t . Since most o f t h e 

g e n e r a l t h e o r y i s a l r e a d y w r i t t e n , we s t a r t by b r i e f l y 

summarizing t h e main r e s u l t t h a t w i l l be needed f o r t h e 

c l a s s i f i c a t i o n . A l o n g t h e way we e x p l a i n t h e n o t a t i o n t h a t 

w i l l be used. F i n a l l y , we s o l v e t h e t e c h n i c a l p o i n t s f o r 

t h e case o f symmetries o f o r d e r f o u r , and draw t h e c o r r e s -
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ponding t a b l e s . The b a s i c r e f e r e n c e s are t h e two sources 

a l r e a d y mentioned above. We m a i n l y adopt Helgason's 

t e r m i n o l o g y and n o t a t i o n . 

An e q u i v a l e n c e r e l a t i o n f o r t h e s e t o f p a i r s (fl , a ) . 

Given a p a i r (p',o) w i t h g a compact "semisimple L i e algebra 

and a an automorphism o f o r d e r f o u r , t h e c o r r e s p o n d i n g 

compact s i m p l y connected homogeneous space i s c o n s t r u c t e d 

as t h e q u o t i e n t space G/K where G i s t h e (compact) 

s i m p l y connected L i e group wxth L i e a l g e b r a g , and K 

i s t h e n e c e s s a r i l y connected f i x e d p o i n t s e t o f t h e 

induced automorphism a on G. G/K can be endowed w i t h 

c e r t a i n m e t r i c - n ot n e c e s s a r i l y unique - so as t o become a 

Riemannian 4-symmetric space. The n a t u r a l q u e s t i o n i s now: 

when do two g i v e n p a i r s (S^,o^) and (g^^o^) g i v e r i s e 

t o e q u i v a l e n t m a n i f o l d s ? I f t h e r e e x i s t s an isomorphism 

<j> between g ̂  and g ̂  such t h a t 

a. 

i s a commutative diagram, t h e n <j> induces an isomorphism 

(j): G, Ĝ  such t h a t < j > ( ) = K ? , and hence i t induces a 

d i f f e o m o r p h i s m <j> : Ĝ /'K̂  -> Q /"R t n a " t p r e s e r v e s t h e 

symmetries, i . e . 
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s, = <J> ° s _-, o (J," f o r all x i n G, . 
x ^ 1 ( x ) , 1 1 

Thus t h e p a i r s ) and ( 0 2
, O 2 ^ induce t h e 

same c l a s s o f 4-symmetric spaces - d i f f e o m o r p h i c u n d e r l y i n g 

d i f f e r e n t i a b l e m a n i f o l d s . Hence, we c o n s i d e r two p a i r s 

( g ^ , a ^ ) , (Q^,O^) a s e q u i v a l e n t whenever t h e r e e x i s t s an 

isomorphism $ between fl^ and ® 2 which makes t h e above diagram 

commutative. Conversely, i t i s s t r a i g h t f o r w a r d t o see t h a t 

i f t h e r e e x i s t s an i s o m e t r y between two Riemannian 4-symmetric 

space ( M ^ j g - ^ s ^ ) , ( M 2 , g 2 , s 2 ) t h a t p r e s e r v e s t h e symmetries, 

i n t h e above sense, t h e n i t induces an isomorphism a t L i e 

group l e v e l between t h e symmetry groups Ĝ  and G^. F u r t h e r m o r e , 

the induced automorphism between t h e L i e algebras makes t h e above 

diagram commutative, i . e . ( f l-^a^and (|? 2 s a 2 ̂  a r e e c l u i v a l e n t • 

(a) I n n e r Automorphisms o f Order Four o f Compact Simple L i e 
A l g e b r a s 

We s h a l l c l a s s i f y t h e p a i r s (g,a) up t o e q u i v a l e n c e . 

R e d u c t i o n t o t h e case g s i m p l e i s s t r a i g h t f o r w a r d s i n c e any 

i n n e r automorphism leaves i n v a r i a n t t h e d e c o m p o s i t i o n 

g " = g ^ c 6 . . . @ g n o f «j i n t o i t s s i m p l e i d e a l s . Thus we 

c l a s s i f y t h e i n n e r automorphisms o f o r d e r f o u r o f compact 

s i m p l e L i e a l g e b r a s . 

In what f o l l o w s ft denotes a compact s i m p l e L i e a l g e b r a 

and G t h e compact ce«\w L i e group whose L i e a l g e b r a i s 

9. The group o f i n n e r automorphisms o f g , I n t ( f l ) , i s t h e 
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subgroup o f GL(fl) whose L i e a l g e b r a i s ad ( g) , t h e image 

under t h e a d j o i n t r e p r e s e n t a t i o n o f g i n t o g£(fl). By 

d e f i n i t i o n , g compact means I n t ( g ) compact i n t h e u s u a l 

t o p o l o g i c a l sense. 9 semisimple i m p l i e s t h a t ad ( g) i s 

is o m o r p h i c t o g and a l s o t h a t i t c o i n c i d e s w i t h t h e a l g e b r a 

8 ( g ) o f d e r i v a t i o n s o f g. Since 3 ( f l ) i s t h e L i e a l g e b r a 

o f t h e group o f automorphisms o f g , A u t ( g ) , i t f o l l o w s t h a t 

I n t ( g ) i s the i d e n t i t y component o f AutCg). I t i s a l s o t r u e 

t h a t Aut (g ' ) i s compact, a r e s u l t t h a t f o l l o w s f r o m t h e f a c t 

t h a t Aut ( f i ) i s a c l o s e d subgroup o f t h e o r t h o g o n a l group 

0 ( g) w i t h r e s p e c t t o t h e K i l l i n g - C a r t a n form w h i c h i s n e g a t i v e 

d e f i n i t e . I n p a r t i c u l a r we have t h a t t h e q u o t i e n t group 

A u t ( g ) / I n t ( 9 ) i s f i n i t e . 

Another way o f d e s c r i b i n g t h e group o f i n n e r automorphisms 

i s by means o f the. a d j o i n t r e p r e s e n t a t i o n , we have IntCfl ) = Ad(G) . 

By connectedness, t h e e x p o n e n t i a l map exp : g ->- G i s s u r -

j e c t i v e , t h e r e f o r e any i n n e r automorphism 9 can be w r i t t e n 

i n t h e form 0 = Ad(exp x) f o r some x i n g . Hence, t h e 

problem o f c l a s s i f i c a t i o n o f i n n e r automorphisms o f o r d e r f o u r 

i s e q u i v a l e n t t o c l a s s i f y i n g t h e elements x i n g such t h a t 

Ad(exp x) i s o f o r d e r f o u r . 

Since t h e c l a s s i f i c a t i o n i s up t o c o n j u g a t i o n , an 

i m p o r t a n t r e d u c t i o n o f t h e problem i s a t t a i n e d as f o l l o w s by 

t a k i n g a maximal t o r u s T i n G. R e c a l l t h a t i f i s t h e 

L i e a l g e b r a o f T, t h e n g i s t h e u n i o n U ̂ ^^JKdig) t^. 

T h i s i m p l i e s t h a t every element i n G i s o f t h e form 

exp Ad(g)H f o r some g i n G and some H i n t . But 
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exp Ad(g)H = g(exp H')g , and t a k i n g t h e a d j o i n t r e p r e s e n t a ­

t i o n : Ad(exp Ad(g)H) = Ad(g)Ad(exp H ) A d ( g - 1 ) , i . e . every 

i n n e r automorphism i s c o n j u g a t e - w i t h i n t h e group o f i n n e r 

automorphisms—to an element i n Ad_,(T), t h e image o f t h e 
G 

maximal t o r u s T under t h e a d j o i n t r e p r e s e n t a t i o n o f G 

i n t o I n t C g ) . T h e r e f o r e a t t e n t i o n can be r e s t r i c t e d t o t h e 

elements i n £ . 

The a l g e b r a £ i s a maximal a b e l i a n s ubalgebra i n 9 , 
C 

t h e n when c o m p l e x i f y i n g , £ = £ becomes a Cartan s u b a l g e b r a 

o f 9 . 

An a d d i t i o n a l r e s t r i c t i o n can be o b t a i n e d by i n t r o d u c i n g 

t h e Weyl group w i t h r e s p e c t t o £ . The Weyl group i s de­

f i n e d t o be t h e group o f i n n e r automorphisms t h a t p r e s e r v e s 

£q. W i s is o m o r p h i c t o t h e q u o t i e n t NT/T where NT 

denotes t h e n o r m a l i z e r o f T i n G. Both NT and T have 

t h e same L i e a l g e b r a £^, and NT b e i n g c l o s e d i n G i s 

compact, thus NT/T i s f i n i t e . We c o n s i d e r t h e o r b i t space 

W\£Q: I f two elements and i n £ b e l o n g t o t h e 

same o r b i t , t h e n t h e r e e x i s t s an element t € T such t h a t 

A d ( t ) H ^ = H^, hence Ad(exp H ) i s c o n j u g a t e t o Ad(exp H^) 

by means o f the i n n e r automorphism A d ( t ) , i . e . two elements 

on t h e same o r b i t i nduce e q u i v a l e n t automorphisms. The 

d e s c r i p t i o n o f WX̂ t̂  i s g i v e n i n terms o f the Weyl chambers. 

For t h i s , we l e t £ be t h e c o m p l e x i f i c a t i o n o f £^, s i n c e 

£ i s a maximal a b e l i a n s u b a l gebra o f g , £ i s a C a r t a n 
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s u b a l g e b r a o f g , t h e c o m p l e x i f i c a t i o n o f Q. L e t 

= -t + I g a ( d i r e c t sum) 

I 

be t h e r o o t space d e c o m p o s i t i o n o f § w i t h r e s p e c t t o £. 

Here A denotes t h e r o o t system. We denote by 

\\> = { a ^ , . . . , a } a system o f s i m p l e r o o t s , and by u = £nuou 

th e maximal r o o t . A Weyl chamber i s d e f i n e d t o be a connected 

component o f t h e subset o f £ where a l l t h e members o f 

i> are d i f f e r e n t f rom zero. Then we have t h a t t h e o r b i t 

space W\-£Q can be i d e n t i f i e d w i t h t h e c l o s u r e o f any one 

Weyl chamber. I . e . , more p r e c i s e l y , i t i s t r u e t h a t i f C 

i s a Weyl chamber, t h e n each o r b i t i n t e r s e c t s C i n one and 

o n l y one p o i n t . T h e r e f o r e every element i n £^ i s c o n j u g a t e 

t o an element i n C. 

C i s s t i l l t o o b i g f o r our purposes, t h e r e f o r e we make 

a f u r t h e r r e d u c t i o n as f o l l o w s : I n £^ we d e f i n e t h e diagram 

o f g t o be t h e s e t 
D(fi) = { H e ^ Q : a ( H ) € 2W^1 TL f o r some a € A} . 

Let £^ - £^ - D ( g ) , and l e t be a connected component o f 

£ whose c l o s u r e P n c o n t a i n s t h e o r i g i n , r 0 & 

Let be t h e group o f a f f i n e t r a n s f o r m a t i o n s o f £^ 

generated by t h e r e f l e c t i o n s i n t h e w a l l s o f P Q, t h e n t h e 

o r b i t space ^-g^^A ^ S e 1 u ; ' - v a l e n " t "to P . Since t h e group 

can be d e s c r i b e d as t h e s e m i d i r e c t p r o d u c t o f W and a 
s u b l a t t i c e £. o f t h e u n i t l a t t i c e £ - {H € £ n : exp H = e } , A e 0 r •> 
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i t f o l l o w s t h a t every element i n G i s c o n j u g a t e t o an 

element i n e x p ( P ^ ) . 

I f we t a k e t h e Weyl chamber C t o s a t i s f y t h e c o n d i t i o n 

t h a t ou be p o s i t i v e on -/^T C f o r a l l i , and t a k e 

P Q
 c C, t h e n 

- / ^ l P Q = {H 6 - / - l t : a i ( H ) > 0, i = 1, . . . ,n, and u(H) £ 2ir} 

1 — We put 3 ) N = P . <D i s a s i m p l e x i n / - l t and i t 

i s d e f i n e d as 

*>Q = (x € / ^ T i 0 : a . ( x ) > 0 , i = l , . . . , n , y ( x ) < 1 } 

and i t has v e r t i c e s {u„,u } g i v e n by 
0 1 n . 

v. = 0, a.(u.) = — 6 . . . 
0 x j m i i ] 

F u r t hermore, every element i n G i s c o n j u g a t e t o an element 

o f e x p ( 2 T T / ^ T ® Q ) - Thus we can r e s t r i c t our a t t e n t i o n t o P Q. 

Now, l e t x € S , g = e x p ( 2 i T / ^ T x) and 6 = A d ( g ) , 

when i s 8 o f o r d e r f o u r ? I . e . , when i s i t t r u e t h a t 
2 4 0 i i d b u t 8 = i d . Since t h e a d j o i n t r e p r e s e n t a t i o n 

g i v e s an isomorphism between G and I n t ( g ) , t h i s i s 
2 4 

e q u i v a l e n t t o ask g i e and g = e. For t h i s t o be t h e 

case, we ought t o have ou(2x) \ X f o r some i , and 

a . ( 4x) 6 Is f o r a l l i . 
I 

W r i t e 4-x = y1? n a.u., t h e n n. = a.(4x) = a./m. € %, 
L x = l x x x x x x 

n. m. and a. = n.m., t h u s x = T. _ ^ 1 v. and we must have t h a t x x x Li=l 4 x 
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some i s n o t even. The f o l l o w i n g b a s i c p r o p o s i t i o n 

( c o n t a i n e d i n W. G I [ 2 8 ] ) g i v e s a n o r m a l i z a t i o n o f t h e x's 

so as t o r e s t r i c t t h e r a n g e o f t h e c o e f f i c i e n t s n.m. and 

t h u s i t w i l l l e a d t o w a r d t h e c l a s s i f i c a t i o n . 

JL_ 
2IT/TI 

P r o p o s i t i o n 1. L e t x e — £ , and k > 0 be an i n t e g e r 

s u c h t h a t x | — £ b u t kx € — - — £ , and r e p l a c e by 
2TT/IT E 2TT/^1 e 

a t r a n s f o r m w ( x ) + Y € 3 ) N •> w i t h w £ W and y £ —-— £ , 
n m 27T /-T 6 

n.m. 
and decompose x = J ^ 1 v., where n. = c t . ( k x ) ^ 7L. 

Make t h i s t r a n s f o r m a t i o n i n s u c h a way as t o m i n i m i z e 

T1? _. m. n . . Then ^1=1 i l 

k ( i ) 0 £ n. < k and 0 < n.m. £ k, and Yn.m. 
i 1 1 L l I 

i m p l i e s t h a t m. > 1 w h e n e v e r n. i 0. 

( i i ) n. 5 k/2 i f m. = 1 : and 3 3 

( i i i ) t h e s e t s 1 ^ = { i : n ^ > t } h a ve c a r d i n a l i t y 

| l - ^ | S i and 1 | < k / t , and I i s empty f o r 

t > k/2. 

U s i n g t h i s n o r m a l i z a t i o n we now l i s t a l l t h e p o s s i b i l i t i e s 

f o r i n n e r a u t o m o r p h i s m s o f o r d e r f o u r . 

P r o p o s i t i o n 2 . L e t 8 be an i n n e r a u t o m o r p h i s m o f o r d e r f o u r 

on a compact o r c o m p l e x s i m p l e L i e a l g e b r a g. Then 8 i s 

c o n j u g a t e , by an i n n e r a u t o m o r p h i s m o f g, t o A d ( e x p 2TT/-1 x ) 

where x i s as g i v e n b e l o w . 
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( i ) x = v. w i t h m. = 1 . 4 3 3 

( i i ) x = ~(v.+v.) w i t h m. = m. = 1 4 i D x : 

x = ^ u. w i t h m. = 2. 2 3 3 

( i i i ) x = ^ ( u . + v . + u . ) w i t h m. = m. = m. = 1 4 I j k x j k 

x = i ( 2 u . + u . ) w i t h m.= 2, m. = 1 . 4 x ] 1 3 
3 

x = — v . w i t h m. = 3 ^ 3 3 

x = ^ ( 2 v . + u . ) w i t h m. = m. - 1 . 4 i D i ] 

( i v ) x = w i t h m. = m. = 2 2 x ] x 3 

x = u . w i t h m. = 4 x x 

P r o o f • The c a s e s a r e l i s t e d so as t o have 

( i ) u ( 4 x ) = 1 o r I n j m i ~ x ' w h i c h c l e a r l y has t h e on 

s o l u t i o n g i v e n above 

_ , 1 n. = m. - 1 x = — u . , 
x x 4 x 

( i i ) y ( 4 x ) = 2 o r Tn.m. = 2, h e r e we have n. = n 
L x x x 3 

m. = m. = 1 w h i c h g i v e s one s o l u t i o n , a l s o n. = 1 1 3 3 
m_. = 2 i s a n o t h e r s o l u t i o n g i v i n g r i s e t o x = v 

as r e q u i r e d , h o w e v e r , t h e s o l u t i o n n _. = 2, m_. = 1 

i s r u l e d o u t s i n c e n. s h o u l d n o t be d i v i s i b l e by 
x 

t w o as r e m a r k e d a b o v e , o r a l s o we w o u l d h a v e 
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x = ^ u. and 2x = v. € — - — -C and x w o u l d 
2 D ] 2TT/TT E 

i n d u c e an a u t o m o r p h i s m o f o r d e r t w o . 

( i i i ) u ( 4 x ) = 3-, Jn.m. = 3. The above s o l u t i o n s a r e 
L I x 

c l e a r l y v a l i d , one more s o l u t i o n c o u l d be n. = 3, 
3 

m. = 1 , i . e . x = — u. b u t by n o r m a l i z a t i o n , l 4 x J ' 
4 

n ^ 5 — = 2, t h u s x t xs r u l e d o u t . 

( i v ) u ( 4 x ) = 4; Tn.m. = 4. We c a n n o t h ave 
L x x 

x = v. + u . +u +v „) w i t h m. = m. = m, = mn = 1 by 
4 x ] k & x j k £ J 

n o r m a l i z a t i o n ( s e e ( i i i ) i n t h e n o r m a l i z a t i o n ) . 

N e i t h e r c a n we h ave x = v. w i t h n. = m. = 2 . 
3 i i 

T h i s w o u l d g i v e an a u t o m o r p h i s m o f o r d e r t w o . 

The same a p p l i e s t o x = ^ ( u . + u . ) w i t h n. = n. = 2, 
2 x ] x ] 

m. = m. = 1 . /// 
i 3 

As f o r t h e f i x e d p o i n t s e t o f an i n n e r a u t o m o r p h i s m , a 

r o o t s y s t e m c a n be g i v e n i n t e r m s o f t h e r o o t s o f g . The 

f o l l o w i n g p r o p o s i t i o n i s a l s o i n W.G.I. [ 2 8 ] . 

P r o p o s i t i o n 3. L e t g be a compact s i m p l e L i e a l g e b r a w i t h 

s i m p l e r o o t s y s t e m \p = { a ^ . j . • • >a } , and 6 an i n n e r a u t o ­

m o r p h i s m o f g. N o r m a l i z e x, so 8 = A d ( e x p ln/^l x ) 

r n 
where x = > . c. v , e ® 0 . I f u i s t h e m a x i m a l r o o t o f 

Lx=l x x 0 
g so t h a t u ( x ) = £c^, t h e n \\> , d e f i n e d as f o l l o w s , i s a 

s i m p l e r o o t s y s t e m f o r 8 , t h e f i x e d p o i n t a l g e b r a o f 6: 
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{cu € 4> : c i = 0 } , i f y ( x ) < 1 

{cu 6 \\> : c i = 0} U { - p } , i f y ( x ) = 1 . 

U s i n g t h e s e l a s t t w o p r o p o s i t i o n s , we draw t h e f o l l o w i n g 

t a b l e . I t g i v e s a c o m p l e t e l i s t o f t h e p o s s i b i l i t i e s f o r x 

an e l e m e n t i n /^T i n d u c i n g an a u t o m o r p h i s m o f o r d e r f o u r 

8 - A d ( e x p 2TT/T x ), t h e f i x e d p o i n t a l g e b r a g , and t h e 
Q 

s i m p l e r o o t s y s t e m o f 9 . 

Here ~ d e n o t e s e q u i v a l e n c e i n t h e f u l l g r o u p o f a u t o ­

m o r p h i s m s . 

x 

X 
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TABLE I 

!? X 
*x 

.6 
8 

1 
empty 

fl , n > 2 
n 

o 

\ a \ 
- u i 

a o 1 n 

1 r 1 n 
* viL^ V i + i ] { a 1 , . . . , a . _ 1 , a i + 1 , . . . , a n } « . © e ® r 1 

i - l n -i 

fl , n > 2 
n 

o 

\ a \ 
- u i 

a o 1 n 

i ( u. + v . ) , ( i < j ) 

v +v ) if 4 r s 

{ r - l , s - r - l , n - s } = 

{ i - 1 , n - j } ] 

{a-^ J • • • » 

a i + l " - • ' a j - i ; 

a j + l " - - ' a n } 

fl. .,© e. . 
i - i j - i - i 

© A © u*2 

fl , n > 2 
n 

o 

\ a \ 
- u i 

a o 1 n 

i < j < k 

E-"r(v +u i f 4 r s t 

{ r - l , s - r - l , t - s - l , 

n-t} = { i - 1 , j - i - 1 , 

k - j - l , n - k } ] 

{ a ^ ? • • • >a^_-j^ 

°i+l''"' aj-l ; 

a j + l ' • * * , a k - l ; 

a k + l " • • > an } 

@ . -,© fl . . 
i - l j - i - 1 

k - ] - l 

© a , © 3:3 

n-k 

fl , n > 2 
n 

o 

\ a \ 
- u i 

a o 1 n 

i(2u.+v.),i< j 

[-i(2u +v ) i f 4 r s 

i-1 = n-r 

j-1 = n-s] 

{a^ J • • • >a^_^; 

a i + l " - - ' a j - i ; 

a j + 1 , . . . , a n } 

e . , © a. . 
i - l j - i - i 

2 
© « n_j© £ 

Remark. F o r a g l o b a l f o r m u l a t i o n see b e l o w . 
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TABLE I ( c o n t . ) 
9 X * V 8 

6 , n 
n 

:> 2 1 ...,a } 
n 

6 n © 
n - l 

: i 
> 

a 
1 ^.(2Si£n) {a ,. . . • V r « . , © S • © T 1 

l - l n-i 
-y 

2 c 

) 

!> 

a 
2 

a 
3 

V i - ••••„> 

1 

a 
2 

a 
3 

7 ( v + 2 V . ) ( 2 < i < n ) 
4 1 l 

,a. ,; 
1-1 

9 . © £ © *»2 

i - 2 " n - i * 

2 i 
(1 

2 o 

a 
n-l 

a. 
i+1' 

...«n} 2 i 
(1 

2 o a n 
)(2<i<j<n) 

2 i ] 
( a , , . . . 

• V i ; 
t © fl 

I j - i - 1 

a i + l " • • ' a j - l ' 
© g . © or1 

.. ,a }U{-u> n 

Remark. A g l o b a l f o r m u l a t i o n i s g i v e n b e l o w . 
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TABLE I ( c o n t . ) 

0 X *x e 6 

e , n> 3 
n 

2 o a x 

2 | a 2 

2 CJ a 
A n-1 

n 

1 
4 U n { a i V i } 

« © <*«1 n-1 •* e , n> 3 
n 

2 o a x 

2 | a 2 

2 CJ a 
A n-1 

n 

y u^(l£i2n-l) {a , • • • 'Ĉ .-L' 

a. , ,..•,a } 
1+1 n 

i - 1 6 n - i * 

e , n> 3 
n 

2 o a x 

2 | a 2 

2 CJ a 
A n-1 

n 

f(t> +2U. )(lSi£n-l) 4 n I {a , • • • •> c t
i_ 1 j 

a l + l ' - - " a n - l } 

« . . , © « . , © s r 2 

l - l n - i - 1 

e , n> 3 
n 

2 o a x 

2 | a 2 

2 CJ a 
A n-1 

n 
i-( U.+ v. ) ( 1 5 i < j S n - l ) 2 1 3 {a ,... , a i _ i 

a i + l ' - - - ' a j - l ; 

a , a }U{-p} j +1 n 

C . © « . . ., 
1 3-1-I 

© e . © Sf 1 

n-] 

Remark. See b e l o w f o r a g l o b a l f o r m u l a t i o n . 
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TABLE I ( c o n t . ) 

X e 

S> , n >4 n 1 
— V 4 1 

{a ,. ..,a } 
^ n 

2 ' a 2 

'»3 

( y ) [ v, ] 
4 n 4 n-1 ( V " ' V i } • n - l 

2 c 

' a 2 

'»3 

( y ) [ v, ] 
4 n 4 n-1 ( V " ' V i } • n - l 

2 c 

' a 2 

'»3 ^ ( u + v )[-^-( V +v )] 4 1 n 4 1 n-1 { a 2 " - " V l } -n-2 ^ 

/ l l ) ) a a , n n-1 

1/ \ 
4 n-1 n { a l 5 . . . , a n _ 2 } % - 2 ® ^ 

/ l l ) ) a a , n n-1 
| v (2<isi-2) {a^i. . . '0 t£_ 1» 

a i + 1 , . . . , a n } 

e. , © s> . e v 1 

l - l n - i / l l ) ) a a , n n-1 
/ l l ) ) a a , n n-1 

^•(v +v +v ) 
4 1 n-1 n 

{ a 2 ' - ' a n - 2 } n-3 

/ l l ) ) a a , n n-1 

hv +2u. )(2si<n-2) 
4 1 l 

{ a 2 " - " a i - i ; 

a i + 1 , . . . , a n } 
1-2 n - i 

/ l l ) ) a a , n n-1 
/ l l ) ) a a , n n-1 

^(U +2u.) 
4 n-1 l 

C ^ ( u +2 v.) 4 n I 
(25i5n-2) 

{a^>•• • 3ou ; 

a i + l ' " * ' a n - 2 , a n } 

fl . © 6 
l - l n - i - 1 

2 

/ l l ) ) a a , n n-1 

^ ( 2 u +u ) 4 I n 

[~jk2u+v , ) ] 4 1 n-1 

( a 2 V l } 0 . @ or 2 

n-2 
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TABLE I ( c o n t . ) 

0 fl6 

»n h?v 1 + u ) 
4 n - l n 

{«,,.. ' a n - 2 } -n-2 

(co n t i n u a ­
t i o n ) 

[~7<2v +V . ) ] 4 n n - l 

f<2u +u ) [ - f ( 2 u 4 n 1 4 n- { a 2 , • • ' V i } \ - 2 
2 

©or 

^ { u . + u . ) ( 2 s i < i a - 2) ' a i - i ; *. © 
l i - i - i 

a i + r 

a j + i ' •• , a £ } U { - p } 
n-D 

Remark. A g l o b a l f o r m u l a t i o n i s o b t a i n e d b e l o w f o r a l l t h e e n t r i e s 
3 

b u t t h e one c o r r e s p o n d i n g t o (S> ,<5 „ © £ ) . 
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TABLE I ( c o n t . ) 

0 X 
v x 

e 

' 
-v 
2 

o2 

o « 

1 
2 V 2 {a } 4 ,

1 ©if 1 

3^ 

o2 

o « 
3 
4 U l { a 2 } 

-u 
f 4 2 1 { a 2 ' a 3 ' % } 

e 
3 
© or 1 

o 1 ' a i 
3 

' a i 
2 4 { a i ' a 2 ' a 3 } 

6 
3 
© - r 1 

i+ c > a 3 3 
4 U2 {a ,a ,0^} 1 © « 2 © "i f 1 

o t t 
• { a 2 , a 3 > U { - y } l ® e 2 © S 1 

"3 
{ a , , a ;a }U{-M) -L 2 4 A 

3 
© e 

Remarks. A l t h o u g h t h e two g i v e n a u t o m o r p h i s m s o f 8 2 h a v e 

i s o m o r p h i c f i x e d p o i n t s e t s , t h e y a r e n o t c o n j u g a t e . Hence t h e 

c o r r e s p o n d i n g compact s i m p l y c o n n e c t e d 4 - s y m m e t r i c s p a c e s a r e n o t 

i s o m o r p h i c . 

F o r f ̂  we can s t a t e 

P r o p o s i t i o n . Two i n n e r a u t o m o r p h i s m s o f o r d e r f o u r o f ?^ w i t h 

i s o m o r p h i c f i x e d p o i n t s e t s a r e c o n j u g a t e , ( a c i w a l l y w i t h i n t h e 

g r o u p o f i n n e r a u t o m o r p h i s m s ) . 
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TABLE I ( e o n t . ) 

v 6 

1 o a. 

2 6 a, 
"2 3 o o- 6 a. 

-V 2 
2 p a. 

1 6 a„ 

1 r 1 , 
IT V ~ i T U 6 ] { a 2 , • • • , a & } 0 

{ a 2 •> • • • > } 

1 
2 U2 { W V V a 6 } « © 3 ? 

1 r 1. -I {a, , ;a„ 5a,, 5 a r ,ar } i 2 4 b 6 

C-^(u(;+2ur-)] 
4 6 b 

{ a 2 , a ^ 5 a 5 , a g } 

C ^ ( u 6 + 2 u 3 ) ] 

« 3 © « ©«T 

[--(u 6+2u 2)] 

{ a 3 ' W a 6 } 

I T V 4 { a 1 , a 2 , a 3 , a 5 , a 6 } fi

2 iB®1 © fl
2 © Jjf 

E-T-(2U-+U1 ) ] 
4 D 1 

{a 2 , . . . , a , - } \ © ^ 

7 ( U 3 + U 5 ) { a 1 , a 2 , a j 4 , a 5 } U { - p } e e « ® • © ^ 

2 ( U 2 ^ 3 ) 

f ^ 2 ( u 2 ^ 5 ) 3 

{ a 1 , a 1 + , a r - 5 a 6 } U { - y } 

Remark. The f o l l o w i n g i s t r u e , 

P r o p o s i t i o n . Two i n n e r a' 
f i x e d s e t s a r e c o n j u g a t e . 
P r o p o s i t i o n . Two i n n e r a u t o m o r p h i s m s o f e g w i t h i s o m o r p h i c 
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TABLE I ( c o n t . ) 
0 X e 

0 

t 

U 
7 
? 

1 
4 U7 ,a } 

6 

a 2 
o 

2 

3 ( ) a 
1 
— V 
2 1 

{ a 2 ' »6 
a 2 
o 4 ) 

3 

% 
1 
2 U 6 , a 5 ; a ? } © « © 5T 1 

2 c ) 
3 

% 
1 
2 U 6 , a 5 ; a ? } © « © 5T 1 

3 

2 

< 

c 

a 5 

a 6 

1 
2 '2 V • • • 5a?} a 

6 
© S 1 

1 f 

a 5 

a 6 

i ( V 2 V { a 2 , ' a 6 } *5 
2 

©£ 

, a 5 } *5 
2 

.©£ 

*<V2V {ĉ , a 3 ' • • • ' a 6 } * 5 
2 

©£ 
3 
4 U 3 V V--- 'VV fi 

1 
© ffl r © 5T1 

5 
3 
4 U5 ,a4;a6,a7l % © 6^ ©Sf 1 

{ a 2 ' ,aQ;a }U{-p} b 7 &a ©& © S 1 

1 4 

{ a 3 , , a y } U { - u } 1 5 

{a , V a ,a ,a }U{-y} 4 o / ®1 © <» 5 © 4 T 1 

\ V a„,'a ,a ,a }U{-y} J o b / « 3 ,© a, © « 
1 3 

Remarks• The f o l l o w i n g i s t r u e . 
P r o p o s i t i o n . T h e r e a r e t w o n o n c o n j u g a t e c l a s s e s o f i n n e r a u t o m o r ­
p h i s m s o f o r d e r f o u r o f e ̂  whose f i x e d p o i n t s e t s a r e i s o m o r p h i c 
t o « 3!̂ ". W i t h t h i s e x c e p t i o n , any two i n n e r a u t o m o r p h i s m s o f 
o r d e r f o u r o f 6 g w i t h i s o m o r p h i c f i x e d p o i n t s e t s a r e c o n j u g a t e . 
Comment. The g e o m e t r i c d i f f e r e n c e b e t w e e n t h e two o p t i o n s f o r 
ffl.. © s © i s t h e e x i s t e n c e o f i n v a r i a n t a l m o s t c o m p l e x s t r u c t u r e s 1 b 
( s e e S e c t i o n 9) . 
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TABLE I ( c o n t . ) 

0 X 
*x 

e 
0 

e 8 1 { a 2 , . • • , a Q } &7 © 3 ? 1 

2 <! 

4 -
3 6 

I ~ I f 

5 

^ °3 ' 

> \ 

k a
6 

1 
2 % { c ^ , . . . , a } e ? © s 1 

2 <! 

4 -
3 6 

I ~ I f 

5 

^ °3 ' 

> \ 

k a
6 

4 2 ^ a l ' a 3 ' ' ' ' ' a 8 ^ V
 1 v 

5 

4 

3 < 

2 < 

5 

^ °3 ' 

> \ 

k a
6 

4 2 ^ a l ' a 3 ' ' ' ' ' a 8 ^ V
 1 v 

5 

4 

3 < 

2 < 

5 

^ °3 ' 

> \ 

k a
6 

3 
4 U7 { V . . . , a 6 ; a 8 } 5 1 

V
 1 v 

5 

4 

3 < 

2 < 

5 

^ °3 ' 

> \ 

k a
6 

{ a 2 , . . . , a 7 } U { - y } & 6 © a i ©Sf 1 

V
 1 v 

5 

4 

3 < 

2 < 

5 

^ °3 ' 

> \ 

k a
6 

U 3 •t°t
1'»a2 >an ' * • • 5 ag}U{-y } a © « 7 

U6 { a x , . . . , a 5 ; a 7 , a g } U { - i i } 6 5 

Remark. The f o l l o w i n g i s t r u e . 

P r o p o s i t i o n . Any t w o i n n e r a u t o m o r p h i s m s o f o r d e r f o u r o f s 

w i t h i s o m o r p h i c f i x e d p o i n t s e t s a r e c o n j u g a t e . 
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D e s c r i p t i o n o f t h e base space and t h e u n i v e r s a l c o v e r o f t h e f i b e r 

The n e x t s t e p i n t h e c l a s s i f i c a t i o n o f compact R i e m a n n i a n 

4 - s y m m e t r i c spaces i s t o o b t a i n t h e g l o b a l f o r m u l a t i o n o f t h e 

above t a b l e s . I . e . we s h o u l d draw a t a b l e o f a l l t h e compact 

s i m p l y c o n n e c t e d c o s e t s p a c e s M = G/K w h e r e G i s a compact 

c o n n e c t e d L i e g r o u p a c t i n g e f f e c t i v e l y , g = o 9 "the L i e a l g e b r a 

o f K and 0 an i n n e r a u t o m o r p h i s m o f o r d e r f o u r . We s h a l l o n l y do 

t h i s f o r t h e c l a s s i c a l L i e . a l g e b r a s . ( s e e t h e end o f t h i s s e c t i o n ) . 

We s h a l l c o n c l u d e t h i s s e c t i o n w i t h an a p p l i c a t i o n o f t h e 

l o c a l c l a s s i f i c a t i o n t o o b t a i n some more i n f o r m a t i o n o f t h e 

g e o m e t r y o f t h e s e s p a c e s . R e c a l l t h a t i n S e c t i o n 4 we saw t h a t 

a compact R i e m a n n i a n 4 - s y m m e t r i c space f i b e r s o v e r a compact 

C a r t a n s y m m e t r i c space w i t h f i b e r a compact C a r t a n s y m m e t r i c 

s p a c e . F u r t h e r m o r e , t h i s f i b r a t i o n c a n be r e g a r d e d as a 

R i e m a n n i a n s u b m e r s i o n . T h u s , i f M = G/K i s t h e compact 

s i m p l y c o n n e c t e d R i e m a n n i a n 4 - s y m m e t r i c space c o r r e s p o n d i n g t o 

one o f t h e e n t r i e s i n t h e above t a b l e s , i t i s i n t e r e s t i n g t o 

d e s c r i b e t h e f i b e r and t h e base s p a c e . F o r example one c o u l d 

a s k w h e t h e r o r n o t t h e f i b e r i s an H e r m i t i a n 2 - s y m m e t r i c s p a c e . 

The answer t o t h i s q u e s t i o n i s e q u i v a l e n t t o a n s w e r i n g w h e t h e r 

o r n o t t h e t o t a l space a d m i t s an a l m o s t c o m p l e x s t r u c t u r e 

i n v a r i a n t u n d e r t h e s y m m e t r i e s . These s t r u c t u r e s w i l l be 

s t u d i e d i n S e c t i o n 9. Here we w i l l d e s c r i b e t h e base and t h e 

f i b e r i n g e n e r a l . 
9 ~ L e t (g , (j ,8) be an e n t r y i n t h e t a b l e s , l e t G be t h e 

compact s i m p l y c o n n e c t e d L i e g r o u p a s s o c i a t e d w i t h Q , and 

l e t K be t h e c o n n e c t e d s u b g r o u p o f G c o r r e s p o n d i n g t o 8 , 
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t h e n G7£ i s t h e s i m p l y c o n n e c t e d ^ - s y m m e t r i c space a s s o c i a t e d 
0 ~ w i t h (g , Q , 0 ) . ( N o t e t h a t G does n o t n e c e s s a r i l y a c t 

e f f e c t i v e l y on G/K). L e t 0 (same l e t t e r ) be t h e i n d u c e d 
2 

a u t o m o r p h i s m on G, t h e n t h e f i x e d p o i n t s e t G o f 0 i s 
2 2 

a compact c o n n e c t e d s u b g r o u p and b o t h G/G and G /K a r e 

compact C a r t a n s y m m e t r i c spaces and t h e d i a g r a m 

G 9 /K ^ ^ G /K 

1 
2 

— ,~0 G/G° 

g i v e s t h e f i b r a t i o n o f G/K. Thus t h e way we p r o c e e d t o 
~ 0 2 ~ 

g i v e t h e i n f o r m a t i o n o f t h e f i b e r F = G /K and t h e b a s e 
~ -8 2 

space B = G/G i s by f i r s t d e s c r i b i n g t h e f i x e d p o i n t s e t 
2 
0 2 

g o f 0 i n o u r above t a b l e s and t h e n we f i n d o u t f o r 
0 2 

(g,g' ) w h i c h i s t h e compact s i m p l y c o n n e c t e d C a r t a n s y m m e t r i c 
space a s s o c i a t e d w i t h i t . T h i s space w i l l be t h e base space B. 

2 
0 0 

We do t h e same f o r (g ,g ) . The space a s s o c i a t e d w i t h t h i s 

p a i r w i l l be t h e u n i v e r s a l c o v e r o f t h e f i b e r F. 
Q 

P r o p o s i t i o n 3 g i v e s a d e s c r i p t i o n f o r 0 , 0 = A d ( e x p 2TT/3X 

x 6 it^ w h e n e v e r y ( x ) 2 1 , o u ( x ) > 0. Thus t h i s p r o p o s i t i o n 

c o u l d be a p p l i e d t o o u r p r e s e n t s i t u a t i o n w h e n e v e r 2x e , 

where x i s as g i v e n i n P r o p o s i t i o n 2. However, t h i s i s n o t 

a l w a y s t h e c a s e . The p r o o f o f t h i s p r o p o s i t i o n y i e l d s t h e 

r e s u l t t h a t 2x £ S Q i f and o n l y i f x i s o f one o f t h e 

f o l l o w i n g f o r m s : 
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77 v. w i t h m.. = 1 
4 ] ] 

x = T-(U.+U.) w i t h m. = m. 4 i 3 i j 

— u. w i t h m. 2 : 3 

Hence, f o r t h e s e t h r e e c a s e s we o b t a i n an e x p l i c i t d e s c r i p t i o n 

o f @' . The f o l l o w i n g t a b l e s g i v e t h i s i n f o r m a t i o n . The 

f i r s t t a b l e e x p l a i n s how t o c o n s t r u c t a r o o t s y s t e m f o r 
o z X 

8 
9 o u t o f a r o o t s y s t e m >J> f o r g . I t a l s o s a y s w h e t h e r 

• 8 2 

o r n o t g i s t h e c e n t r a l i z e r o f a t o r a l a l g e b r a . ( F o r t h i s 
we use P r o p o s i t i o n 2 o f S e c t i o n 9 b e l o w ) . I n t h e s e c o n d t a b l e 

0 
we w r i t e x and 8 as g i v e n i n o u r t a b l e s a b o v e , and i n s t e a d 2 8 8 o f g i v i n g t h e r o o t s y s t e m \\> o f 9' , we now w r i t e g 

F o r e q u i v a l e n c e s amongst t h e d i f f e r e n t i n n e r a u t o r m o p h i s m s 

and f o r n o t a t i o n and t h e e x t e n d e d D y n k i n d i a g r a m , we r e f e r t h e 

r e a d e r t o TABLE I . 
X *x *2x 

1 , { a . 6IJJ:C.=0} 
1 1 

{ a . €i|):c.=0} 
1 1 

(} i s the c e n t r a l i z e r of a 
t o r a l a l g e b r a 

m.=m =1 
1 ] 

{ a . £<JJ:C.=0} 
1 1 { a . € * : c . = 0 } U { - u l 

1 1 

e 2 

8 . i s the c e n t r a l i z e r of a 
t o r a l a l g e b r a 

1 
— v., 
2 : 
m.=2 
J 

{ a . e i j K C =0} 
1 1 

{ a . ^ : c . = 0}U{-y} 1 1 

e 2 
9 i s not the c e n t r a l i z e r of a 

t o r a l a l g e b r a 
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Remarks. I n S e c t i o n 9 i t i s shown t h a t f o r these t h r e e cases 

fl i s t h e c e n t r a l i z e r o f a t o r a l a l g e b r a , and hence t h a t t h e 

c o r r e s p o n d i n g spaces are almost H e r m i t i a n 4-symmetric. The 

above t a b l e t h e n shows t h a t f o r t h e f i r s t two cases, t h e base 

space i s an H e r m i t i a n 2-symmetric space, whereas f o r t h e t h i r d 

t h i s i s n o t so. Of course, t h e f i b e r i n a l l these cases i s 

always H e r m i t i a n 2-symmetric. 

A l s o , note t h a t f o r t h e f i r s t case, x = -p- v., m. = 1 , 
2 ^ 1 1 

6 0 

<J = (j T h i s means t h a t t h e squares o f t h e c o r r e s p o n d i n g 

symmetries are i n f a c t t h e geodesic i n v o l u t i o n s and hence 

t h a t t h e o r i g i n a l space i s H e r m i t i a n 2-symmetric. 

0 X e 
S 

e 2 

9 

• l 
1 1 

X 

V n > 2 
- V 
4 i 

a . , ©a . (t)^ 1" i - l n-x « . . , © « , ©a* 1 

l - l n-x * 
V n > 2 

^<v^+Uj),(i<j) 2 
I - I j - x - l n-] * •n-j+iSVi-i®* 1 

6 ,n>2 n 
• 4 1 n-1 6 n - l 

6 ,n>2 n 
« . , ©g . © ^ 

i - l n - i 
t>. © 6 . 

l n - i 

e ,n>3 n 

1 
4* V n 

fl , ©Of1 

n-1 
e ,n>3 n 

j u i ( l < i < n - l ) e. © e 
i n - i 
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0 X 0 0 2 

1 
4 V l »n-l ^ & ©sr 1 

n - l 
1 r 1 i 
4 n 4 n-1 n-1 A © £ X 

n-1 

n ~(v +v )C~^(u +u , ) ] 4- 1 n 4 1 n-1 « n - 2 ^ e e ^ 1 

n-1 

i ( u +u ) 
4 n-1 n 

6n-2 n-1 

- u. (2SiSn-2) 2 l 1-1 n-i &. ©& , 
i n - i 

1 
2 U2 flie0l 

f 
4 

e3 8 f l l 
f 

4 1 
2 \ 6 3 O-S*1 

64 

1 r 1 n 
4 1 L 4 6 b 5 © S 1 &c © s 1 

e 
-(u +y ) 
4̂  1 6 &c ©sr 1 

6 1 
2 V2 fl © fl 

5 1 
1 r 1 -, 
2 3 2 5 J A © o © s-1 

fl5 S S 1 
1 
4 U7 e „ © ^r1 

6 

e 
1 
7 u i $>c © E 1 

6 
7 I 

2 U6 & © e n © s 1 

5 1 • l * *6 
1 
1 V 2 

(j © ^ 
6 & 7 
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0 X e 
0 

e 2 

*8 
1 
2 U l i>7 © 1 

»8 *8 

1 
2 V8 

I 

Remarks. I t s h o u l d be d e s i r a b l e t o have a g e n e r a l a l g o r i t h m 

which c o u l d work f o r t h e r e m a i n i n g cases o f x. A t h i n g one 

can do i s t o c a r r y x, by means o f r e f l e c t i o n s , i n t o 3)^. I n 

t h i s way we c o u l d o b t a i n an e q u i v a l e n t automorphism o f o r d e r 

f o u r f o r which P r o p o s i t i o n 3 c o u l d be a p p l i e d . ' I have n o t 

y e t found a g e n e r a l method t o do t h i s . 

On t h e o t h e r hand, note t h a t f o r a l l these cases i t i s 

now p o s s i b l e t o i d e n t i f y t h e base space, and somehow, by 

i n s p e c t i o n , t o do t h e same f o r t h e f i b e r ( i . e . t h e u n i v e r s a l 

cover o f t h e f i b e r ) . I n what f o l l o w s , we w i l l do t h i s . 

A c t u a l l y we s h a l l go beyond these t h r e e cases and s h a l l g i v e 

a complete d e s c r i p t i o n i n a l l p o s s i b l e cases. We do i t as 

f o l l o w s . 

Let be a s i m p l e L i e a l g e b r a over £ o r a compact 

sim p l e L i e a l g e b r a over ]R , and l e t 0 = Ad(exp 2t\/^T x) be 

an i n n e r automorphism o f o r d e r f o u r as g i v e n i n t h e t a b l e s . 

1. Study t h e i n n e r i n v o l u t i o n s o : g -*- g and d e s c r i b e t h e i r 

f i x e d p o i n t s e t s g 0 . Observe t h a t i f 0 : g ->g' i s an 
2 

i n n e r automorphism o f o r d e r f o u r , t h e n 0 : g -> g is';an 
0 2 

i n n e r i n v o l u t i o n , hence 0 must correspond w i t h some 

9 ° . 
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2. Given g as i n 1 , study a l l i n n e r i n v o l u t i o n s 

P • (1° 8 ° a n c^ " t h e i r f i x e d p o i n t s e t s ( g 0 ) ' 3 . 

3. F i n d o u t which s e t s ( g ° ) P correspond w i t h t h e L i e 
- i - i 6 a l g e b r a g . 

I n most cases (see below f o r t h e few e x c e p t i o n s ) t h e 

correspondence i n 3 i s one t o one a v o i d i n g any p o s s i b l e 

a m b i g u i t y . 

The s i m p l e s t cases are when g i s an e x c e p t i o n a l L i e 

a l g e b r a . We s t a r t w i t h them. 

The c l a s s i f i c a t i o n o f t h e i n v o l u t i o n s o f t h e s i m p l e L i e 

a l g e b r a s over £ i s g i v e n i n Tables I I and I I I i n Helgason 

[ 9 ] pp. 514-515. A c t u a l l y , these t a b l e s o n l y g i v e t h e f i x e d 

p o i n t s e t s o f t h e i n v o l u t i o n s , however i f two i n v o l u t i o n s on 

a simple L i e a l g e b r a g over C have i s o m o r p h i c f i x e d p o i n t 

s e t ^ they are c o n j u g a t e . Since we s h a l l be i d e n t i f y i n g t h e 

base space and t h e f i b e r , we s h a l l be c o n t i n u o u s l y r e f e r r i n g 

t o Table V i n [ 9 ] pp. 518, where a complete l i s t i s given' o f 

th e s i m p l y connected i r r e d u c i b l e Riemannian 2-symmetric spaces. 

(Table IV p. 516 g i v e s t h e L i e groups f o r t h e sim p l e L i e 

a l g e b r a over <C and t h e i r compact r e a l f o r m s ) . 

0 = 1 2 

T h i s s i m p l e L i e a l g e b r a has o n l y one i n v o l u t i o n . T h i s 

i n v o l u t i o n i s i n n e r and has as i t s f i x e d p o i n t s e t e^ ® a ^ . 

I n p a r t i c u l a r t h i s shows t h a t t h e automorphism 
1 3 0 = Ad(exp 2TT/=T X) w i t h x = \j • o r x = j- u as g i v e n 
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i n Table I do not g i v e r i s e t o 2-symmetric p a i r s , i . e . t h e 
Q 

couple (g,0 ) i s n o t a 2-symmetric p a i r . The base space 

o f t h e f i b r a t i o n s i s * a s s o c i a t e d w i t h t h e 2-symmetric p a i r 

^fl 2' °1 a n c* h e n c e i " t i s t n e compact s i m p l y connected 

Cartan symmetric space g i v e n by ^® 2 ( ) ' 8*«C 2 ) + SuC 2 ) ) . I t 

has r a n k 2 and dimension 8. The f i b e r i s a s s o c i a t e d w i t h 

t h e 2-symmetric p a i r (<j^ ©«^) «^ ©3^"). Here we have no 

problem i n f i n d i n g o u t which a r e t h e c o r r e s p o n d i n g f a c t o r s 

(because we are d e a l i n g w i t h i n n e r automorphisms). These are 
g i v e n by C ] _ ' f l ] _ ^ x ^fl 1 > ̂  ^ • T l i e f i r s ' t f a c t o r i s t r i v i a l 
and t h e second corresponds t o ('818(2), . The compact 

s i m p l y connected Cartan space i s SU(2)/SO(2) ^ S O ( 3 ) / S O ( 2 ) S ' 

I t i s t h e t w o - d i m e n s i o n a l sphere, and has rank one. There 
2 

are two p o s s i b i l i t i e s f o r t h e f i b e r , e i t h e r i t i s S o r i t 
2 . 2 

i s I P t h e r e a l p r o j e c t i v e p l a n e . However, I P i s r u l e d 
out s i n c e i t i s not even o r i e n t a b l e . 
8 = V 

Th i s s i m p l e L i e a l g e b r a has two i n v o j L u t i o n s . Both o f 

them are i n n e r and t h e i r f i x e d p o i n t s e t s are g i v e n by 6 ̂  

and « © C„. Now, t h e i n n e r i n v o l u t i o n s o f these two L i e 

a l g e b r a s y i e l d t h e f o l l o w i n g f i x e d p o i n t s e t s 
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2 5 p £ 4 

8 3 © 3T 1 

# 1 ® 63 « © (e © e 2 ) 

3T1 © ( e © e ) 

« © (f) © £ ) 

3T1 © (8 © i f 1 ) 

Thus we can draw t h e f o l l o w i n g t a b l e which a l s o i n c l u d e s 

t h e case g = i ^ - As u s u a l we r e f e r t o Table I f o r t h e Dynkin 

diagrams and n o t a t i o n . 

„2 Base 
0 Space Universal cover of the f i b e r 

1 
2 V 2 

« © i f 
1 * 1 1 

f i

1 © % a © e 1 1 

e © r 3 * a © e 
l 3 

FI 

2 4 FI I S0(9)/S0(7) x S0(2) 

4 2 1 2 "* fl © e 
1 3 

FI Sp(3)/U(3) 

2̂  1 4 fl © 6 ©3* 
1 2 "!' 

fl © e 
1 3 FI S x (Sp(3)/Sp(l) x Sp(2)) 

F I I S0(9)/S0(6) x S0(3) 

Here G. F I , F I I s t a n d f o r t h e c o r r e s p o n d i n g compact 

s i m p l y connected Riemannian 2-symmetric spaces i n C a r t a n 1 s 

l i s t . They are g i v e n by ( f i
2 ( - 1 4 ) ' % n (-2^ + m ( - 2 ^ •> 

(f 4 ( _ 5 2 ) ,8p( 3) + 8«(2) , (f i + ( _ 5 2 ) ' 3 ° ( 9 ) ) r e s p e c t i v e l y . T h e i r 
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dimensions are 8, 28, and 16 r e s p e c t i v e l y , and t h e i r 

r a nks 3, 4, 1 r e s p e c t i v e l y . 

We now draw t a b l e s f o r ft = e g , c ? , t ̂ . We o m i t t h e 

d e t a i l s . 

9 X 6 
9 

e 2 Base 
Space 

Universal cover 
of the f i b e r 

e 
6 

s> ©ir1 

b 
fe5©4r1 EI 11 * 

^©sr 2 & 5 © r 1 E I I I S0(10 ) /S0(8 ) x S0(2) 
1 
2 U2 e ©sr1 

b 
« ©« 
5 1 

E I I s 2 

1 
2 U3 0 ©<8 

1 4 
e ©fl 
5 1 E I I s u ( 6 ) / s ( u x u ) 

b 1 
* ^ ( U 1 + 2 U 3 ) A © r 2 

4 
E I I I S0(10)/U(5) 

a ©fl ©3f2 

3 1 fl ffifi 5 1 E I I S 2 x (SU(6)/S(U ( +xU 2)) 

? < V 2 V 8 ©3T S>5©3J- E I I I S0( 10)/U( 5 ) 
3 
— V s ©fl ©e' © r 1 

2 2 1 
« ffi« 5 1 E I I SU(6)/S(U 3 x U 3) 

~(2V + V ) 4 1 6 &4©iir2 

5 E I I I S0(10)/S0(8 ) x S0(2 ) 

-(V +V ) 
2 3 5 

ft ©a ©« iBX1 

1 3 1 b E I I I S0(10)/S0(4 ) x S0( 6 ) 

-( V +v ) 
2 2 5 

a ®fi @« ©If1 

1 1 3 5 E I I I S 0(10)/S0(4) x S0(6) 

Remarks. * Here t h e t o t a l space c o i n c i d e s w i t h t h e base space. 

T h i s means t h a t t h e squares o f t h e symmetries are t h e geodesic 

i n v o l u t i o n s and hence t h a t t h e t o t a l space i s an H e r m i t i a n 2-

symmetric space o f t h e g i v e n t y p e . 

** These we t h e o n l y cases where some a m b i g u i t y a r i s e s . We 
e 2 

have two p o s s i b i l i t i e s f o r fl (however a d i r e c t c o m p u t a t i o n i n 
terms o f r o o t systems shows t h a t fi ©a ± s r u l e d o u t ) : 

b l 
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8> © £ w i t h f i b e r SO(.10)/U(5) o r o 
? fl,- ® fi ± w i t h f i b e r S x SU(6)/S(U xU ) .• 

3 5 1 

E I I stands f o r ( « 6 ( _ 7 8 ) ' 3 it C 6) + S " ( 2 ) ) . I t has rank 4 and 

dimension 40. 

E I I I stands f o r (t g ^ _ 7 g ^ , g 0 (10 ) + ]R). I t has rank 2 and 

dimension 32. 

9 X e 
9 

e 2 

9 
Base 
Space Universal cover of the f i b e r 

<7 
1 
4 U 7 6 6 EVII <7 

1 
2 U l 6 b 6©« x EVI s 2 

<7 

1 
2 U6 t> ©« ©r 1 

b 1 1 6 EVI SO(12)/S0(10) x S0(2) 

<7 

1 
2 U2 fl ©r 1 

6 *• 
fl7 EV SU(8 )/S(U7xU ) 

<7 

EVII E I I I 

<7 

^7+V 
2 

©or 
5 

6 EVII E I I I 

<7 

^ ( u 7 + 2 v 2 ) 
2 e ©3: 5 fl e* 

1 6 
EVI S2 x (S0(12)/U(6)) 

<7 

3 
4 U3 fl ©a © T 1 

1 5 
fl fl)b 

1 6 
EVI S0(12)/U(6) 

<7 

3 
4 U 5 ^©fl^or1 A 

7 
EV SU(8)/S(U5 x U ) 

<7 

a . l©« l©b t©!^:-L EVI S2 x (S0 (12 ) /S0 (4 )x S0(8)) 

<7 

G .©,,
5©,rL « ©sr1 

6 
EVII E I I 

<7 

A l©« 5©r L « © r 1 EVII E I I 

<7 

U 4 
« ©« ©« 
3 1 3 

<» ©b 
1 6 

EVI S0(12)/S0(6) x S0(6) 
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Remarks. * Here t h e t o t a l space and t h e base space c o i n c i d e . 

The squares o f t h e symmetries a r e t h e geodesic i n v o l u t i o n s . 

T h i s space i s H e r m i t i a n 2-symmetric. 

** I n these e n t r i e s some a m b i g u i t y a r i s e s s i n c e t h e r e are two 
6 2 

p o s s i b l e c a n d i d a t e s f o r g : 

a © b K w i t h f i b e r o f t y p e S 2 x (SO(12)/SO(10) x S0(2)) 

t 6 © 3T w i t h f i b e r o f t y p e E I I I . 

However a d i r e c t c o m p u t a t i o n i n terms o f r o o t systems r u l e s 

out t h e f i r s t a l t e r n a t i v e . 

ft e 2 

0 

Base 
0 X 9 

e 2 

0 Space Universal cover of the f i b e r 

e 
8 2 1 * ©3T1 

7 »8 EVIII S0(16)/S0(lt) * S0(2) 

2 8 « ©T 1 

7 
« ®e 
1 7 

EIX s 2 

4 2 « © a : 1 !) 
8 

EVIII S0(16)/U(8) 

i u 
4 7 

0 ©« 
6 1 

« ©t 
1 7 EIX EVII 

-(v +u ) 2 1 8 
b ©« s i r 1 

6 1 V v EIX S2 x (EVII) 

v 
3 

fll0a7 fll*e7 EIX EV 

V 
6 

b 5 © « 3 EVIII SO(16)/SO(10) x S0(6) 

For t h e c l a s s i c a l L i e a l g ebras one c o u l d f o l l o w t h e same 

procedure. However, i t i s p o s s i b l e t o d e s c r i b e e x p l i c i t l y t h e 

automorphisms o f o r d e r f o u r by means o f t h e i r s t a n d a r d m a t r i x 

r e p r e s e n t a t i o n s . We s h a l l so t h i s n e x t . Note t h a t a g l o b a l 

f o r m u l a t i o n w i l l be r e a d i l y a v a i l a b l e . 

p.,Qcj^\ Continued on p. 107 
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The Automorphisms o f Order Four o f t h e C l a s s i c a l Compact L i e 
Algebra s 

Here we d e s c r i b e t h e automorphisms o f o r d e r f o u r o f t h e 

" c l a s s i c a l " L i e a l g e b r a s i n much t h e same v e i n as Ch. X § 2 i n 

Helgason's book [ 9 ] . The main r e s u l t i s t h a t we can o b t a i n t h e 

compact s i m p l y connected 4-symmetric spaces a s s o c i a t e d w i t h 

these L i e a l g e b r a s . I n f a c t , a complete d e s c r i p t i o n o f t h e 

f i b r a t i o n s o f these spaces i s g i v e n . We l i s t f o r each one o f 

them b o t h t h e f i b e r and t h e base space. Fu r t h e r m o r e , t h e i d e a 

o f d u a l i t y f o r 2-symmetric spaces i s extended t o 4-symmetric 

spaces. T h i s e x t e n s i o n i s v e r y n a t u r a l and p r o v i d e s us w i t h 

a l a r g e c l a s s o f examples o f noncompact 4-symmetric spaces. 

A d e s c r i p t i o n o f these d u a l spaces w i l l a l s o be g i v e n . Here 

we s h a l l o n l y c o n s i d e r i n n e r automorphisms. For t h e o u t e r 

automorphisms we r e f e r t o S e c t i o n 8 . ( b ) . 

Let »t be a compact s i m p l e L i e a l g e b r a and 6 an a u t o -
9 

morphism o f o r d e r f o u r o f « ; l e t u = w + v + h be t h e 
dec o m p o s i t i o n o f « i n t o "eigenspaces" o f 0 (see S e c t i o n 2 

2 
f o r d e t a i l s ) . Then (u,6 ) i s a 2-symmetric L i e a l g e b r a o f 

8 r ~ 

t h e compact t y p e and i t s d u a l L i e a l g e b r a = (u +v) + /^T h 
i s a 2-symmetric L i e a l g e b r a o f t h e noncompact t y p e . i s 

C 

a r e a l f o r m o f t h e c o m p l e x x f i c a t i o n fl = ts and i s a l s o a 

4-symmetric L i e a l g e b r a . I t has t h e same f i x e d p o i n t s e t and 

the same " v e r t i c a l space" as «. Hence t h e c o r r e s p o n d i n g s i m p l y 

connected 4-symmetric space i s Riemannian 4-symmetric w i t h t h e 

same compact f i b e r as i t s d u a l . Note t h a t d u a l i t y does n o t go 

over t h e f i b e r s . 
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Here we l i s t t h e " c l a s s i c a l u , t h a t i s , g u C n + l ) , 

3 o ( 2 n + l ) , 3 o(2n) and 84)(n) and f o r each g i v e v a r i o u s 9. 

We s h a l l show t h a t these 9 exhaust a l l t h e p o s s i b i l i t i e s up 

t o c o n j u g a t i o n . The s i m p l y connected Riemannian 4-symmetric 

a l o n g w i t h t h e f i b e r and t h e base spaces. 

The l i n k between f i n i t e o r d e r automorphisms o f a sim p l e 

L i e a l g e b r a g over <C and a compact r e a l f o r m u ( o f g ) 

i s g i v e n by t h e f o l l o w i n g p r o p o s i t i o n . (The p r o o f i n [ 9 ] 

p.442 f o r t h e case n = 2 works i n g e n e r a l ) . Here Aut (g ,n) 

denotes t h e s e t o f automorphisms o f o r d e r n f o r a L i e 

a l g e b r a {? . 

P r o p o s i t i o n . L e t g be a sim p l e L i e a l g e b r a over C and « 

a compact r e a l f o r m o f Q . The mapping 

T : Aut(«,n)/Aut(u) ^ Aut(g , n ) / A u t ( f f ) 

C 
induced by SH- S i s a b i j e c t i o n . /// 

For t h e d e f i n i t i o n s and n o t a t i o n o f t h e c l a s s i c a l L i e 

groups and t h e i r L i e a l g e b r a s we r e f e r t o [ 9 ] Ch. X. 

The u n i t m a t r i x o f o r d e r n w i l l be denoted by I , 
J n 

and we p u t 

spaces c o r r e s p o n d i n g t o (« , 0) and g 0 are a l s o l i s t e d - , 

I 
0 

0 
J n 

I 0 1 n 
/ 2 V - I 0 n q 
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K p>q 

/ i o 
p 

0 0 

0 1 0 0 
q 

- I 0 
p 

0 0 

0 0 

0 I 

p,q,r,s 
p>q 
0 0 

r , s 
0 

p>q 
o 

o 

o 

o 

o 

o 

' r , s 

J =|0 
p>q>r 

0 0 

- I 0 
q 

Remarks. I and J are o r t h o g o n a l and have d e t e r m i n a n t 
q>p p>q> r 

( - l ) q . On t h e o t h e r hand, J , R , K , L _, . , 
n p,q p,q p,q,r,s a l l b e l o n g 

t o S 0 ( 2n), SU(2n) and Sp(n) ( f o r n a p p r o p r i a t e ) 

8 = <»n, n > 1, n = B tt (n+1) . The f o l l o w i n g p r o p o s i t i o n y i e l d s t h e c l a s s i f i c a t i o n o f t h e 

i n n e r automorphisms o f o r d e r f o u r o f fln. 

P r o p o s i t i o n . L e t 8 : a
n^" fl

 n (n > 1) be an i n n e r automorphism 

o f o r d e r f o u r . Then i t s f i x e d p o i n t s e t fl i s one o f t h e 

f o l l o w i n g . 

( i ) «. , © f l . . , © a . . n © « n © 4 T , l s i < i < k 5 n , l - l j - i - 1 k - j - 1 n-k ' J 

( i i ) « . , © « . . . . © « . © AT , l - l D - i - l n-] 

( i i i ) A . , © fl . © 3T , 
i - l n - i 

1 £ i < j < n. 

l < i < n . 

C o nversely, each one o f t h e above s e t s can be o b t a i n e d as 

t h e f i x e d p o i n t s e t o f an i n n e r automorphism o f o r d e r f o u r o f 
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« . Furt h e r m o r e , t h e c h o i c e o f t h i s automorphism i s unique 

up t o conjugacy. . /// 

C o r o l l a r y . Two automorphisms o f <i , n > 1 are c o n j u g a t e i f 

and o n l y i f t h e i r f i x e d p o i n t s e t s are i s o m o r p h i c . 

Proof. I f b o t h automorphisms a r e o u t e r a glance a t t h e 

c l a s s i f i c a t i o n t a b l e i n S e c t i o n 8 (b) y i e l d s t h e r e s u l t . 

Remarks. I n our c l a s s i f i c a t i o n t a b l e s ( T a b l e I ) we have t h a t 

f o r <Jn t h e automorphisms induced by x = v j ) a n d 

x = T 1 ( 2 U . + v.) ( i < i ) b o t h have t h e same f i x e d p o i n t s e t , 
4- 1 3 

hence they are c o n j u g a t e ( w i t h i n t h e f u l l group o f automorphisms 

o f « ) . For a p r o o f o f these r e s u l t s one has t o a p p l y t h e 

g e n e r a l t h e o r y as exposed i n Helgason [ 9 ] Ch. X. 

To c o n s t r u c t t h e i n n e r automorphisms o f o r d e r f o u r o f 

§ w ( n + l ) , we r e g a r d t h i s L i e a l g e b r a as imbedded i n S o(2n+2) 

i n t h e u s u a l way, t h a t i s : 

Let X £ 8 w ( n + l ) , and w r i t e i t as A + i B w i t h b o t h 

A and B r e a l , t h e imbedding i s 

/ A B \ A + iB H- ( I € 3 o ( 2 n + 2 ) . 
\-B A/ 

The i n n e r i n v o l u t i o n s o f 8 i t ( n + l ) (up t o c o n j u g a t i o n ) 

are XH- I XI where p + q = n + 1, p > q > l . When 

8 t f(n+l) i s r e g a r d e d as s i t t i n g i n s i d e 8 o ( 2 n + 2 ) , these 

i n v o l u t i o n s a re g i v e n by X K XK , X € 8 n ( n + l ) c 8<s(2n+2) 

The f i x e d p o i n t s e t s o f these i n v o l u t i o n s a re 8« ( p ) © t © 8ti ( q ) 
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where t g i s a one d i m e n s i o n a l c e n t e r . Mote t h a t i n t h e 

c o m p l e x i f i c a t i o n t h i s s e t corresponds t o fl p i ® fl
 n p @ ^ 

l < p 5 n , which i s ( i i i ) i n t h e above l i s t . T h i s t e l l s us t h a t 

t h e c o r r e s p o n d i n g 4-symmetric spaces are i n f a c t H e r m i t i a n 

2-symmetric w i t h geodesic i n v o l u t i o n s t h e squares o f t h e 

symmetries. These spaces a r e 

SU(p,n+l-p)/S(U x U ... ) , SU(n+l)/S(U xU . n ) ( l < p < n ) . ^' ^ p n + l - p p n + l - p ^ 

The automorphisms o f o r d e r f o u r on 3'*(n+l) c 3&(2n+2) are 

X L A , X L" 1 1 < p 5 n. p,n+l-p p,n+l-p 

( i ) As i t was p o i n t e d o u t , t h e m a t r i x L belongs 

t o S0( 2 ( p + q + r + s ) ) and hence. X ^ L X L""1 

* p,q,r,s p,q,r,s 
d e f i n e s an i n n e r automorphism on g e ( 2 n ) , 

n = p + q + r + s. The c l u e here i s t h a t t h i s automorphism 

p r e s e r v e s 3 u ( n ) . ( T h i s has t o be p r o v e d ) . 
Thus we l e t g u ( n + l ) c 3o(2n+2) and d e f i n e 8 by 

X H- L. , . . - , ,,X LT 1. . . . ( l s i < i < k < r a ) . i , k - j , 3 - i , n - k + l i , k - j , 3 - i , n - k + l ' 

8 i s an automorphism o f o r d e r f o u r whose f i x e d p o i n t s e t i s 

A 0 0 
0 B 0 0 
0 0 C 0 
0 0 0 D/ 

A e t f ( i ) , B O e ( k - j ) , C O e ( j - i ) , D e« (n-k+1)' 

Tr(A+B+C+D) = 0. 

Note: The d e s c r i p t i o n o f tt i s g i v e n r e g a r d i n g § u ( n + l ) c 

Q 1 ( n + l , I ) , a d e s c r i p t i o n o f i n §s(2n+2) would r e q u i r e 

an 8 x 8 p a t t e r n . L e t 
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p q r s 

0 0 0 

(0 g 2 
0 0 

\° 
0 g 3 0 

\ o 0 0 

g i e U ( i ) , i = p,q,r,s 

I T det g£ = 1 

The c o r r e s p o n d i n g s i m p l y connected 4-symmetric spaces are 

SU(k-j + i , n - k + j - i + l ) / S ( U . x u. . xU. . xU . . - , ) , J ' J l k - j 3-1 n-k+1 ' 

SU(n+l)/S(U • x U. .xU. . x U , , , ) , ( I f i < i < k S n ) . i k - j 3-1 n-k+1 J 

The f i b e r i s 

S(U. . A . x U ... . , 1 ) / S ( U . xU, .xU. . x U 1 A 1 ) k-3 + 1 n - k + 3 - i + l l k-3 3-1 n-k+1 

and t h e base spaces a r e 

S U ( k - j + i , n - k + j - i + l ) / S ( U v ...xU ... 
J J k-3+1 n - k + j - i + l 

SU(n+l)/S(U. . . . x U ... . ) . 
k-3+1 n - k + j - i + l 

( i i ) T h i s case i s s i m i l a r t o ( i ) . Again l e t 

3«(n+l) c 3o(2n+2) and d e f i n e 6 by 

X H L. • n • - X L . 1 _ . . 1 < i < 3 < n. i , n - 3 + l , 0 , 3 - 1 i , n - 3 + l , 0 , 3 - l 

Note t h a t t h i s i s t h e same as t a k i n g i = 0 o r k = n + l 

i n ( i ) . 

The c o r r e s p o n d i n g s i m p l y connected ^-symmetric spaces a r e 

SU( n - j + i + l 3 j - i ) / S ( U . x U ,,,xU. . ) , J ' J 1 n - 3 + l 3-1 

SU(n+l)/S(U. x U ... xU. . ) , ( l s i < j s n ) 1 n-3+1 D-i 
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w i t h f i b e r 

S(U ......xU. O/SCU.xU .^-.xU. ,) 
n-3+1+1 3-1 1 n - 3 + l 3 - I 

and base spaces 

S U ( n - j + i + l , j - i ) / S C U . . - . n X U . .) J ' J n - j + i + l j - i 

S U(n+l)/S(U . . . x., x U. . ) 
n - j + i + 1 j - i 

A l l t h i s can be summarized as f o l l o w s 

Theorem. The compact s i m p l y connected M--symmetric spaces w i t h 

n o n v a n i s h i n g E u l e r c h a r a c t e r i s t i c a s s o c i a t e d w i t h a , n > 1 a r e 
n 

SU(p+q+r+s)/S(U p x x x U g) p > 0 , q > l , r > l , s > 0 

w i t h f i b e r 

and base 

S(U ^ x U )/S(U x U x U x U ) p+q r+s p q r s 

SU(p+q+r+s)/S(U . xU . ) . /// ^ ^ p+q r + s 

9 = 6 n , n > 2 , K = 3 o ( 2 n + l ) 

P r o p o s i t i o n . L e t 9 :5 ->• 6 be an i n n e r automorphism o f 
0 

o r d e r f o u r . Then i t s f i x e d p o i n t s e t 6 i s one o f t h e 
f o l l o w i n g : 

( i ) & i - 2 * 6 n - i 8 *2 ' 2 5 i £ n 

( i i ) « . , © 6" . © E 1 , l - l n - i ' 2 £ i < n 

( i i i ) *. © « . . . © 6 . © 2 £ i < j < n 1 3 - 1 - I n-3 

( i v ) 6 -, © ^if1 

n-1 

113 



C o n v e r s e l y , each one o f t h e above s e t s c a n be o b t a i n e d as 

t h e f i x e d p o i n t s e t of an i n n e r automorphism o f o r d e r f o u r of 

6 n > F u r t h e r m o r e , the c h o i c e of t h i s automorphism i s unique up 

to c o n j u g a c y . /// 

C o r o l l a r y . Two automorphisms of fi , n >1 a r e c o n j u g a t e i f 

and o n l y i f t h e i r f i x e d p o i n t s e t s a r e i s o m o r p h i c . 

( i ) L e t 6 be c o n j u g a t i o n on 8 e ( 2 n + l ) w i t h r e s p e c t t o 

^ i - 1 2 2 ( n - i ) + l ^ 2 ~ n ^ ' ^ e c o r r e s p o n d i n g s i m p l y 

c o n n e c t e d 4-symmetric s p a c e s a r e 

SO ( 2 i - 2 , 2 ( n - i ) + 3 ) / U ( i - l ) * S 0 ( 2 ) x S 0 ( 2 ( n - i ) + l ) , 

S 0 ( 2 n + 1 ) / U ( i - 1 ) x S0'(2) x SO ( 2 ( n - i ) + 1) , (2 £ i < n) . 

( i i ) L e t 0 be c o n j u g a t i o n on 8 o ( 2 n + l ) w i t h r e s p e c t t o 

J \ Q 2 ( n - i ) + l ' ^2 5 i s n ) . The c o r r e s p o n d i n g s i m p l y 

c o n n e c t e d 4-symmetric s p a c e s a r e 

SO ( 2 i , 2 ( n - i ) + l ) / U ( i ) x S 0 ( 2 ( n - i ) + l ) , 

S 0 ( 2 n + 1 ) / U ( i ) x S 0 ( 2 ( n - i ) + l ) , (2 £ i < n ) . 

( i i i ) L e t 8 be c o n j u g a t i o n on 3<s(2n+l) w i t h r e s p e c t t o 

J . . „. „ , . U l ) ( 2 s i < i < n ) . The c o r r e s p o n d i n g j - i , 2 i , 2 ( n - j ) + l J i. to 

s i m p l y c o n n e c t e d 4-symmetric s p a c e s a r e 

S0 Q(.2( j - i ) , 2 ( n - j + i ) + l ) / U ( . j - i ) x SO ( 2 i ) x SO ( 2 ( n - j )+ 1) , 

S 0 ( 2 n + 1 ) / U ( j - i ) x S 0 ( 2 i ) x S 0 ( 2 ( n - j ) + l ) 2s i < j < n. 
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( i v ) L e t 8 be c o n j u g a t i o n on 3 o ( 2 n + l ) w i t h r e s p e c t 

to g 2 n - l . The c o r r e s p o n d i n g s i m p l y c o n n e c t e d 

^ - s y m m e t r i c s p a c e s a r e 

SO ( 2 , 2 n - l ) / U ( l ) x S 0 ( 2 n - 1 ) , S O ( 2 n + l ) / S O ( 2 ) x S 0 ( 2 n - 1 ) . 

These s p a c e s a r e H e r m i t i a n 2-symmetric w i t h g e o d e s i c 

i n v o l u t i o n s t h e s q u a r e s of t h e s y m m e t r i e s . 

I n c o n c l u s i o n we have the f o l l o w i n g 

Theorem. The compact s i m p l y c o n n e c t e d 4-symmetric s p a c e s 

a s s o c i a t e d w i t h 6 , ( n > 2 ) , a r e 

S 0 ( 2 n + 1 ) / U ( j - i ) x S 0 ( 2 i ) x S 0 ( 2 ( n - j ) + l ) 0 < i < j < n 

w i t h b a s e space 

S 0 ( 2 n + 1 ) / S 0 ( 2 ( j - i ) ) x S O ( 2 ( n - j + i ) + 1 ) 

and f i b e r 

( S 0 ( 2 ( j - i ) ) / U ( j - i ) ) x ( S O ( 2 ( n - j + i ) + l ) / S O ( 2 i ) x S 0 ( 2 ( n - j ) + D ) . /// 

Remarks. F o r 6 n ( n > 2 ) , t h e r e a r e no o u t e r automorphisms 

of o r d e r f o u r . Thus t h e above s p a c e s a r e i n f a c t a l l t h e 

p o s s i b l e compact s i m p l y c o n n e c t e d 4-symmetric s p a c e s a s s o c i a t e d 

w i t h i t . When i = 0 o r 1, we o b t a i n t h e c o r r e s p o n d i n g 

a l m o s t H e r m i t i a n 4-symmetric s p a c e s . ( S e e S e c t i o n 9.) 

S = 6 n , ( n > 3) , i? = So (2n) 

P r o p o s i t i o n . L e t 0 : fc -»- h , n > 3, be an i n n e r automorphism 
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of o r d e r f o u r . Then i t s f i x e d p o i n t s e t & i s one o f t h e 

f o l l o w i n g 

( i ) 

( i i ) 

( i i i ) 

( i v ) 

( v ) 

( v i ) 

F u r t h e r m o r e , f o r t h e c a s e ( i i ) t h e r e a r e p r e c i s e l y two non-
c o n j u g a t e i n n e r automorphisms o f o r d e r f o u r which have 

2 

" n 2 ® % as a f i x e d p o i n t s e t . F o r each r e m a i n i n g c a s e , 

t h e r e c o r r e s p o n d as manynonconjugate i n n e r automorphisms of 

o r d e r f o u r as many t i m e s as i t a p p e a r s i n d i f f e r e n t s e r i e s . /// 

( i ) I have not y e t found a g l o b a l f o r m u l a t i o n f o r t h i s 

c a s e , however a g l a n c e a t t h e c l a s s i f i c a t i o n o f t h e 

i n n e r i n v o l u t i o n s o f &n , n > 3, y i e l d s t h e r e s u l t 

t h a t t h e c o r r e s p o n d i n g b a s e s p a c e must be 

S0(2n)/S0(t+) x S 0 ( 2 n - 4 ) , and t h a t t h e u n i v e r s a l 

c o v e r of t h e f i b e r must be S 2 x S 2 x S O ( 2 n - U ) / U ( n - 2 ) . 

( i i ) We must f i n d two n o n c o n j u g a t e automorphisms o f o r d e r 

f o u r w i t h t h e same f i x e d p o i n t s e t . 

fl 0 ©£ 
n- 3 

*n-2 ® * 

( a ) a j _ 1 © 0
n _ j _ ! ® £ 2> 

(b) fl'_._2 © 8> n_j © 3 r 2 , 

ft . , © t . © 3T1, ] - l n-] * ' 

2 < j 5 n - 2 

2 5 j 5 n - 2 

2 5 j 5 n - 2 

l l - i - l n - 3 -** 
2 5 i < j < n - 2 

( a ) ft n © £' n-1 

(b) &n_x ffi a-
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L e t 9^ : 8 s ( 2 n ) ->• 3 e ( 2 n ) be c o n j u g a t i o n w i t h r e s p e c t 

to Rn_-L 2.' a n d l e t 6 2 : 3 o ( 2 n ) + s e ( 2 n ) be con­

j u g a t i o n w i t h r e s p e c t t o J „. Because 
I I " 1 j U j Z 

R n - l , l = J n a n d Jn-1,0,2 = ^ - 2 , 2 ' t h e ^ a r e 

n o n c o n j u g a t e . The c o r r e s p o n d i n g s i m p l y c o n n e c t e d 

4-symmetric s p a c e s a r e 

( 8 ) S 0 * (2n/U(n-1) x U ( l ) , SO ( 2n)/U( n-1) x U( 1) 

( 8 2 ) S 0 Q ( 2 n - 2 , 2 ) / U ( n - l ) x S 0 ( 2 ) , S O ( 2 n ) / U ( n - l ) xSO(2 ) . 

At f i r s t t h e r e does not seem t o be any d i f f e r e n c e i n 

the compact c a s e however, t h e c o r r e s p o n d i n g f i b r a t i o n s 

a r e g i v e n as f o l l o w s : 

U(n)/U(n-l)xU(l)^S0(2n)/U(n-l)xU(l) S0(2n-2)/U(n-l)*SO(2n)/U(n-l)xSO(2) 

( 9 i } I (V i 
S0(2n)/U(n) S0(2n)/S0(2n-2)xS0(2). 

( i i i ) ( a ) L e t 0 be c o n j u g a t i o n on § e ( 2 n ) w i t h r e s p e c t 

to R. . , ( 2 < j < n - 2 ) . The a s s o c i a t e d s i m p l y D ,n-D -
c o n n e c t e d ^ - s y m m e t r i c s p a c e s a r e 

S 0 * ( 2 n ) / U ( j ) x U ( n - j ) , S 0 ( 2 n ) / U ( j ) x U ( n - j ) , (2 < j 5 n - 2) . 

(b) L e t 8 be c o n j u g a t i o n on §s ( 2 n ) w i t h r e s p e c t 

to J . , „ ( 2 < i s n - 2 ) . The c o r r e s p o n d i n g 3 - l , 2 ( n - ] ) , 2 
s i m p l y c o n n e c t e d 4-symmetric s p a c e s a r e 

S O Q ( 2 j - 2 , 2 ( n - j ) + 2 ) / U ( j - 1 ) x S 0 ( 2 ( n - j ) ) x SO(2) 

S 0 ( 2 n ) / U ( j - 1 ) x S 0 ( 2 ( n - j ) ) x S 0 ( 2 ) , (2 < j S n - 2 ) . 
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( i v ) L e t 8 : 3 o ( 2 n ) -* Se(2n) be c o n j u g a t i o n w i t h 

r e s p e c t t o J . , . •> , ('2$ ] 5 n - 2 ) . The c o r r e s -

ponding s i m p l y c o n n e c t e d 4-symmetric s p a c e s a r e 

S 0 Q ( 2 j , 2 ( n - j ) ) / U ( j ) x S 0 ( 2 ( n - j ) ) , S O ( 2 n ) / U ( j ) x S O ( 2 ( n - j ) ) , ( 2 s j s n - 2 ) . 

( v ) L e t 9 : So(2n) -> 8eC2n) be c o n j u g a t i o n w i t h r e s p e c t 

to J . . n • n , ( 2 s i < j £ n - 2 ) . The a s s o c i a t e d ] - l , 2 i , 2 ( n - j )' J 

s i m p l y c o n n e c t e d ^ - s y mmetric s p a c e s a r e 

S 0 Q ( 2 ( j - i ) , 2 ( n - j + l ) ) / U ( j - 1 ) x S 0 ( 2 i ) x S 0 ( 2 ( n - j ) ) , 

S 0 ( 2 n ) / U ( j - i ) x S O ( 2 i ) x S O ( 2 ( n - j ) ) , ( 2 s i < j < n - 2 ) . 

( v i ) ( a ) L e t 8 : S o ( 2 n ) + 8 o ( 2 n ) be c o n j u g a t i o n w i t h 

r e s p e c t t o ^ N Q • ^he c o r r e s p o n d i n g s i m p l y c o n n e c t e d 

4-symmetric s p a c e s a r e 

S 0 * ( 2 n ) / U ( n ) 5 S 0 ( 2 n ) / U ( n ) 

(b) L e t 9 : 3«(2n) § o ( 2 n ) be c o n j u g a t i o n w i t h 

r e s p e c t t o o 2n 2* c o r r e s P o n d i - n S s i m p l y 

c o n n e c t e d 4-symmetric s p a c e s a r e 

S O Q ( 2 , 2 n - 2 ) / S O ( 2 n - 2 ) x S 0 ( 2 ) , SO(2n)/SO(2n-2) x S 0 ( 2 ) . 

The s p a c e s i n ( a ) and i n (b) i n ( v i ) a r e H e r m i t i a n 2-

symmetric w i t h g e o d e s i c i n v o l u t i o n s t h e s q u a r e s o f t h e s y m m e t r i e s . 

I n c o n c l u s i o n we have 

Theorem. The compact s i m p l y c o n n e c t e d 4-symmetric s p a c e s w i t h non-

v a n i s h i n g E u l e r c h a r a c t e r i s t i c a s s o c i a t e d w i t h 6 , ( n > 3 ) , a r e g i v e n 

by 
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T o t a l Space Base Space F i b e r 

(J> ,«' 0 © £ 3 ) * n n-3 
S 0 ( 2 n ) / U ( n - l ) x u ( l ) S0(2n)/U.Cn) U ( n ) / U ( n - l ) x U ( l ) 

S 0 ( 2 n ) / U ( j ) x u ( n - j ) 

1 < j < [ | n] 

S 0 ( 2 n ) / 
S 0 ( 2 ( n - j ) ) x S 0 ( 2 j ) 

( S 0 ( 2 j ) / U ( j ) ) x 
( S 0 ( 2 ( n - j ) ) / U ( n - j ) ) 

S 0 ( 2 n ) / U ( j - i ) x 
S 0 C 2 ( n - j ) ) x S 0 ( 2 i ) 

0 s i < j 5 n - 2 

S 0 ( 2 n ) / . 
S 0 ( 2 ( j - i ) ) x S 0 ( 2 ( n - j + i ) ) 

( S 0 ( 2 ( j - i ) ) / U ( j - i ) ) 
( S 0 ( 2 ( n - j + i ) ) / S 0 ( 2 i ) 
S 0 ( 2 ( n - j ) ) ) 

S 0 ( 2 n ) / U ( n ) S 0 ( 2 n ) / U ( n ) 

Remarks. "Needs t o be g i v e n a g l o b a l f o r m u l a t i o n . The b a s e 

s p a c e i n t h i s c a s e i s g i v e n by S 0 ( 2 n ) / S 0 ( 4 ) x SO(2n-4) and t h e 
2 2 

u n i v e r s a l c o v e r of t h e f i b e r by S x s x ( S O ( 2 n - 4 ) / U ( n - 2 ) ) . 

8 = e , ( n > 2) u = 8 » ( n ) 
n • 

P r o p o s i t i o n . L e t 0 : e -> e be an i n n e r automorphism of o r d e r n n 
Q 

f o u r . Then i t s f i x e d p o i n t s e t e i s g i v e n by one o f t h e 
n 

f o l l o w i n g 

( i ) « n © n-1 

( i i ) « . , © e . © 3f , l - l n - i ' 

( i i i ) « . ' © « ' . . © 3r 2, l - l n - i - 1 ' 

1 5 i 5 n - 1 

1 5 i 5 n - 1 

( i v ) * . © « . . , © e . © 3 r , l < i < j < n - l i D-i-1 n-] 

C o n v e r s e l y , each one of t h e above s e t s c a n be o b t a i n e d a s 

the f i x e d p o i n t s e t o f an i n n e r automorphism of o r d e r f o u r o f 

e . F u r t h e r m o r e , the c h o i c e of t h i s automorphism i s u n i q u e up n 
to c onjugacy, /// 
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C o r o l l a r y . Two automorphisms o f e n o f o r d e r f o u r , Cn > 2 ) , 

a r e c o n j u g a t e i f and o n l y i f t h e i r f i x e d p o i n t s e t s a r e isomor­

p h i c . /// 

We now c o n s t r u c t t h e c o r r e s p o n d i n g automorphisms f o r e a c h 

f i x e d p o i n t s e t , 

( i ) L e t 9 : 3J)(n) -> 84) ( n ) be c o n j u g a t i o n w i t h r e s p e c t t o 

RQ n - The c o r r e s p o n d i n g s i m p l y c o n n e c t e d 4-symmetric 

s p a c e s a r e 

S p ( n , I R ) /U(n) , S p ( n ) / U ( n ) . 

These s p a c e s a r e H e r m i t i a n 2-symmetric, t h e g e o d e s i c 

i n v o l u t i o n s a r e t h e s q u a r e s o f t h e s y m m e t r i e s , i . e . 

the v e r t i c a l d i s t r i b u t i o n i s t r i v i a l . 

( i i ) L e t 9 : 8}>(n) 84) ( n ) be c o n j u g a t i o n w i t h r e s p e c t t o 
0 

L. ., ( 1 5 i < n - 1 ) . Here i s g i v e n by 

t«(i) S 8?) (n - i ) . The c o r r e s p o n d i n g s i m p l y c o n n e c t e d 

4-symmetric s p a c e s a r e 

S p ( i ; n - i ) / U ( i ) x S p ( n - i ) , S p ( n ) / U ( i ) x S p ( n - i ) , ( l < i < n - l ) . 

( i i i ) L e t 6 : §l>(n) 3J>(n) be c o n j u g a t i o n w i t h r e s p e c t t o 

R^ n _ j _ 5 ( l 5 i s n - l ) . The c o r r e s p o n d i n g s i m p l y 

c o n n e c t e d 4-symmetric s p a c e s a r e 

Sp(n,]R) / U C i ) x u ( n - i ) , S p ( n ) / U ( i ) x u ( n - i ) , ( l < i < n - l ) . 

( i v ) L e t 6 : 3 l ) ( n ) ->g}s(n) be c o n j u g a t i o n w i t h r e s p e c t t o 

L n . . . ., ( 1 5 i < j 5 n - 1 ) . Here t h e f i x e d p o i n t 

s e t i s g i v e n by t e ( j - i ) © Si»(i) ® S H > ( n - j ) . The 
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c o r r e s p o n d i n g s i m p l y c o n n e c t e d 4-symmetric s p a c e s a r e 

Sp( j - i , n - j + i ) / U ( j - i ) x S p ( i ) x S p ( . n - j ) , 

S p ( n ) / U ( j - i ) x S p ( i ) x S p C n - j ) , 1 < i < j < n - 1. 

I n c o n c l u s i o n we have t h e f o l l o w i n g 

Theorem. The compact s i m p l y c o n e n c t e d ^--symmetric s p a c e s 

a s s o c i a t e d w i t h e , ( n > 3 ) , a r e 

T o t a l Space Base Space F i b e r 

S p ( n ) / U ( i ) x U ( n - i ) S p ( n ) / U ( n ) U ( n ) / U ( i ) x U ( n - i ) 
O f i s n - 1 

S p ( n ) / U ( j - i ) x Sp(n)/(Sp( j - i ) x (Sp( j - i ) / U ( j - i ) ) x 
S p ( i ) x S p ( n - j ) S p ( n - j + i ) ) ( S p ( n - j + i ) / S p ( n - j ) x S p ( i ) ) 
0 5 i < j s n - 1 

Remarks. © n has no o u t e r automorphisms o f o r d e r f o u r . Hence 

t h e above s p a c e s p r o v i d e a l l the compact s i m p l y c o n n e c t e d 4-

symmetric s p a c e s a s s o c i a t e d w i t h ( n > 3 ) . The s p a c e s 

a p p e a r i n g i n the f i r s t row, and t h o s e i n t h e second row w i t h 

i = 0 a r e t h e a l m o s t H e r m i t i a n 4-symmetric s p a c e s a s s o c i a t e d 

w i t h e (n 5 3) . n 
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( b ) Outer Automorphisms o f Order Four of Compact S i m p l e L i e 
A l g e b r a s 

As f o r i n n e r automorphisms, we f i r s t r e d u c e t h e problem 

of c l a s s i f i c a t i o n o f t h e p a i r (fl ,a) w i t h g compact semi-

s i m p l e and a automorphism of o r d e r f o u r , t o t h e c a s e when 

g i s s i m p l e . The d i f f e r e n c e i s t h a t i f g = g-^©. • • ® 9 N i - s 

the d e c o m p o s i t i o n o f q i n t o i t s s i m p l e i d e a l s , t h e n a doe 

not n e c e s s a r i l y p r e s e r v e i t . However i t can a t most permute 

the f a c t o r s . L e t { g ^ , . . . , ^ } be an o r b i t by a. S i n c e 

a i s of o r d e r f o u r , i t w i l l c o n t a i n a t most f o u r e l e m e n t s . 

We assume t h e i n d i c e s a r e s u c h t h a t a U .) = (?.,-,, and so on 
" i a 1+1 

w i t h tf('flr) = 8^. Then a r e s t r i c t e d t o © ^ • • • © g r i s an 

automorphism o f o r d e r f o u r w i t h each one o f t h e i d e a l s i s o ­

morphic t o g .. Thus we may t h i n k of g . . ©g a s 
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g JB. . . © o ̂  and of o a s t h e automorphism ( x ^ , . . . > x
r ) *-»-

r - i t i m e s 

( a ( x ) , ) . a i s o u t e r i f e i t h e r t h e o r b i t r l x+1 r - 1 
fl£»'--5gr c o n t a i n s more t h a n one element o r i f a : j ^ + j . 

i s o u t e r . Hence we can r e s t r i c t our a t t e n t i o n t o o u t e r 

automorphisms of o r d e r f o u r of compact s i m p l e L i e a l g e b r a s . 

The way we o b t a i n t h e c l a s s i f i c a t i o n o f t h e o u t e r a u t o ­

morphisms of o r d e r f o u r o f t he s i m p l e L i e a l g e b r a s o v e r (C i s 

by a d i r e c t a p p l i c a t i o n of t h e g e n e r a l method exposed i n [ 9 ] 

Ch. X. We w i l l not g i v e t h e d e t a i l s of t h i s method. We s h a l l 

o n l y e n u n c i a t e t h e main theorems and t h e n p r o c e e d t o t h e 

c l a s s i f i c a t i o n . At t h e end of t h e s e c t i o n , -we g i v e e x p l i c i t 

d e s c r i p t i o n s of t h e f i b r a t i o n s o f t h e s p a c e s . Once a g a i n 

t h e g l o b a l f o r m u l a t i o n i s p r e s e n t e d f o r ' g " c l a s s i c a l " . 

L e t 0 be a s i m p l e L i e a l g e b r a o v e r £, t h e n t h e r e 

e x i s t s a one t o one c o r r e s p o n d e n c e between automorphisms 

a of n o f o r d e r m and TL - g r a d a t i o n s o f 8 . 
m 

8 = © . „ « . . A s s o c i a t e d w i t h each one of t h e s e g r a d a t i o n s 
m 

i s t h e c o v e r i n g L i e a l g e b r a L(g ,a) = ©. ,™x̂ ;-fl. , and to b ' j €Z u j mod m 

the c o v e r i n g homomorphism (j) : L (g ,a) -> g d e f i n e d by 

cf>(xkY) = Y (Y € <?. , ) . The main u o i n t i s t h a t by 
' k mod m *• J 

s t u d y i n g t h e Z-graded L i e a l g e b r a s L(g ,a) (Q s i m p l e ) one 

o b t a i n s a d e s c r i p t i o n o f a l l ZS^-grad a t i o n s o f s i m p l e L i e 

a l g e b r a s . The i d e a i s t o d e v e l o p t h e w e i g h t t h e o r y f o r 

L ( f l , o ) , t h a t i s , t h e a n a l o g o f t h e r o o t t h e o r y f o r fl . 
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Thereby one e s t a b l i s h e s an isomorphism L ( g , a ) ^ L (g , v ) , 

where v i s an automorphism o f a v e r y s p e c i a l t y p e , namely 

i n d u c e d by an automorphism o f t h e Dynkin diagram. T h i s 

r e s u l t s i n an e x p l i c i t d e s c r i p t i o n of a i n terms o f v. 

The diagrams a s s o c i a t e d w i t h t h e s e c o v e r i n g L i e a l g e b r a s 

a r e g i v e n i n t h e t a b l e i n p. 503 i n [ 9 ] . F o r t h e n o t i o n o f 

c a n o n i c a l s e t o f g e n e r a t o r s we r e f e r t o t h e same book, page 

482. We now s t a t e t h e main theorem. 

Theorem. L e t g be a s i m p l e L i e a l g e b r a o v e r C, v a f i x e d 

automorphism of g of o r d e r k (k = 1,2,3) i n d u c e d by an 

automorphism o f t he Dynkin diagram f o r a C a r t a n s u b a l g e b r a 7i 

o f 9 . L e t g = © . gV be t h e c o r r e s p o n d i n g Z v - g r a d a t i o n . 

The f i x e d p o i n t s e t hv o f v i n h i s a C a r t a n s u b a l g e b r a 

o f t h e ( s i m p l e ) L i e a l g e b r a 9^. F i x c a n o n i c a l g e n e r a t o r s 

X^, Y_̂ , FL ( I S i S n ) o f g^ c o r r e s p o n d i n g t o t h e s i m p l e 

r o o t s a - ^ 5 - - - 5 a n i n A ( 9 Q , / I v ) . L e t ctg be t h e l o w e s t r o o t 
v o f L ( g , v ) of t h e form ( a g » D and f i x XQ ^ 0 i n g^ 

s u c h t h a t x X n € L(<i,v) . L e t ( s n , . . . , s ) be i n t e g e r s > 0 0 O n 
w i t h o u t n o n t r i v i a l common f a c t o r . Put m = k a . s . where 

L0 x l 
t h e a. a r e t h e l a b e l s from t h e diagram of L ( g ,v) c o r r e s -

ponding t o t h e s i m p l e r o o t s a 0 , ou = ( o u , 0 ) , ( l s i s n ) . L e t 

e be a f i x e d m-th r o o t o f u n i t y . Then: 

( i ) The v e c t o r s X_, X_,...,X g e n e r a t e a and t h e 
U 1 n 

r e l a t i o n s 
s . 

o(X. ) = e 1 X. (0 5 i 5 n) x x 

124 



d e f i n e u n i q u e l y an automorphism o f g o f o r d e r m. I t w i l l 

be c a l l e d an automorphism o f typ e ( s ^ , . . . , s ; k ) . 

( i i ) L e t i ^ , . . . , i be a l l t h e i n d i c e s f o r w h i c h 

s ^ =...= s ^ = 0 . Then g Q ( t h a t i s 0 ° ) i s t h e d i r e c t sum 

of an ( n - t ) - d i m e n s i o n a l c e n t e r and a s e m i s i m p l e L i e a l g e b r a 
( k ) 

whose Dynkin diagram i s t h e subdiagram o f t h e diagram 8 

i n T a b l e k c o n s i s t i n g of t h e v e r t i c e s i ^ , . . . , i . ( S e e 

t a b l e i n [ 9 ] , p. 5 0 3 ) . 

( i i i ) E x c e p t f o r c o n j u g a t i o n , t h e automorphisms a e x h a u s t 

a l l n - t h o r d e r automorphisms of 9. 

Theorem. With t h e n o t a t i o n o f t h e above theorem, l e t a be 

an automorphism o f t y p e ( , . . . , s ; k ) . Then 

( i ) a i s an i n n e r automorphism i f and o n l y i f k = 1. 

( i i ) I f a' i s an automorphism o f t y p e ( s ^ , . . . , s ^ ; k ' ) , 

t h e n a and a' a r e c o n j u g a t e w i t h i n A u t ( g ) i f and o n l y i f 

k = k' and t h e sequence ( S g , . . . , s ) can be t r a n s f o r m e d i n t o 

t h e sequence ( S g , . . . , s M by an automorphism ijjg o f t h e 

diagram 9 . 

We now c l a s s i f y t h e o u t e r automorphisms o f o r d e r 4 up t o 

c o n j u g a c y . The e q u a t i o n t o s o l v e i s 4 = k £^_Q a j _ s i - However, 

s i n c e we a r e i n t e r e s t e d i n o u t e r automorphisms, t h e second 

theorem t e l l s us t h a t k = 2. The f o l l o w i n g a r e t h e s o l u t i o n s . 

( i ) a. = a. = s . = s . = 1. 

( i i ) a. = 2 , s . = 1 . 1 1 
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I n c a s e ( i ) fi has one d i m e n s i o n a l c e n t e r , whereas i n 

c a s e ( i i ) , 0^ i s s e m i s i m p l e . 

O uter Automorphism o f Order Four of the S i m p l e L i e A l g e b r a s 

9 
0 

«2 ftl 

a 
2n t.m . 

n>l lSjSn 

(3 
2n-l 

b.e, • 
i 'n-i 

n>2 2SiSn-l 

86 a3mi 

«3®'l 

0 
o 

fl 
i 
fl 
2n-l 

e V 
n - l 

n>2 n W 
n - l 

S'n+l i - l n - i - ] u3 
n>l l<i:5n, 05j5n-i 

e 6 e 3 ^ 

Remark. F o r ^ n + ± "there does e x i s t symmetry f o r t h e diagram 

and hence some r e s t r i c t i o n 0 5 i ' 2 [-^(n+l)] has t o be made 

t o a v o i d r e p e t i t i o n . A l s o , any two automorphisms g i v i n g r i s e 

t o t h e same e n t r y ((},<? °) a r e c o n j u g a t e . 

We now s e t about f i n d i n g 8 . We f o l l o w t h e method as 

e x p l a i n e d i n p a r t ( a ) o f t h i s s e c t i o n . We s t a r t w i t h e_ and 
6 

<*2 , n > l . T h e s e c a s e s a r e s t r a i g h t f o r w a r d . We omit t h e d e t a i l s . 

F o r n o t a t i o n we r e f e r t o H e l g a s o n p. 518 
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2 
a a Base space Universal cover of the fi b e r 

« « ffifl fl ©0 
6 1 3 1 5 E I I SU(6)/S0(6) 

E I I I (SO(10)/SO(7)xSO(3)) x ]R 

3 * 1 5 E I I S 2 x (SU(6)/Sp(3)) 

« e.©6 . «„. .© 
2n ] n-] 23-I 

n>l l S j s n <» , . .©3T1 

2(n-3 ) 

SU(2n+l)/ 

S ( U 2 j X U 2 ( n - j ) + l ) 

( S U ( 2 j ) / S p ( j ) ) x 
(SU(2(n-j)+l)/S0(2(n-j)+!)) x TR 

Remark. E I I and E I I I s t a n d f o r t h e compact s i m p l y c o n n e c t e d 

Riemannian 2 - s y m m e t r i c s p a c e s i n C a r t a n ' s c l a s s i f i c a t i o n l i s t 

( s e e H e lgason pp. 517, 5 1 8 ) . 

By c o n s i d e r i n g a ̂ n
 a s "the L i e a l g e b r a o f complex 

( 2 n + l ) x ( 2 n + l ) m a t r i c e s o f t r a c e 0, we can g i v e an 

e x p l i c i t c o n s t r u c t i o n of i t s o u t e r automorphisms o f o r d e r f o u r . 

Note t h a t a l l we need t o do i s t o c o n s t r u c t o u t e r automorphisms 

of o r d e r f o u r whose f i x e d p o i n t s e t s a r e a s g i v e n i n t h e t a b l e . 

Then r e c a l l t h a t any two s u c h automorphisms g i v i n g r i s e t o 

the same e n t r y ( !!3 ,g a ) a r e c o n j u g a t e . T h e r e f o r e , t h e s e 

w i l l i n f a c t be a l l t h e p o s s i b i l i t i e s . 

One f u r t h e r comment. I t t u r n s out t h a t t h e s e automorphisms 

l e a v e i n v a r i a n t t h e compact r e a l form 8 u ( 2 n + l ) . Thus we 

would r a t h e r work w i t h t h i s L i e a l g e b r a . As a consequence, 

a t t h e end we o b t a i n a g l o b a l f o r m u l a t i o n . T h a t i s , we o b t a i n 

the compact s i m p l y c o n n e c t e d 4-symmetric s p a c e s a s s o c i a t e d w i t h 

the e n t r i e s (fl„ ^ ) a o u t e r o f o r d e r f o u r . 
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The f o l l o w i n g n o t a t i o n w i l l be u s e f u l ( s e e H e l g a s o n [ 9 ] 

Ch. X, §2). I w i l l denote t h e u n i t m a t r i x o f o r d e r n, ' n ' 
and put 

S °\ J _ / 0 M 
I p ' q " ^ 0 I

q / J " V ^ n 0 ' 

F o r 0 s i s n - 1 d e f i n e Y. 
J . 
n- x 

0 ^ i + l ' ' 
and d e f i n e 

: 3«(2n+l) 3 i t ( 2 n + l ) as the automorphism C K ( X ) = ^ X 

Here t h e b a r denotes c o n j u g a t i o n i n t h e u s u a l s e n s e . 

C l a i m . i s of o r d e r f o u r and has f i x e d p o i n t s e t g i v e n by 

3l>(n-i) x 8«(2i+l). ( I . e . c o m p l e x i f y i n g 

8 M n-i,C) © 3 o ( 2 i + l , C ) = e . © 6 . ) . F u r t h e r m o r e , 
n - i I 

2 o . ( X ) = I„, • >. O - J T bas f i x e d p o i n t s e t l 2 ( n - i ) , 2 i + l r 

8 u ( 2 ( n - i ) ) . x t Q x Sit ( 2 i + l ) ( h e r e t ^ denotes a o n e - d i m e n s i o n a l 

c e n t e r ) . The proof of t h i s f a c t c a n s a f e l y be o m i t t e d . 

Thus o^, O s i S n - 1 a r e a l l t h e o u t e r automorphisms 

of o r d e r f o u r (up t o c o n j u g a t i o n ) . D e n o t i n g by t h e same 

l e t t e r the i n d u c e d automorphisms on S U ( 2 n + l ) , we have t h a t 

t h e c o r r e s p o n d i n g compact s i m p l y c o n n e c t e d 4-symmetric s p a c e s 

a r e g i v e n by S U ( 2 n + l ) / S p ( n - i ) x S O ( 2 i + 1 ) . 

The b a s e s p a c e i s g i v e n by SU( 2n+l) / S ( U 2 ^ n _ ± ^ x]J

2i+l * ' 

and t h e f i b e r by S ( U 0 , ..xU . , n ) / S p ( n - i ) x S 0 ( 2 i + l ) . 
2 ( n - i ; 2i+1 

Sche. - m a t i c a l l y , we have 
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S ( U 2 ( n - i ) x U 2 i + i ) / S P ( n - i : > x S 0 ( 2 i + l ) - ^ SU(.2n+l)/Sp(.n-i) x S 0 ( 2 i + l ) 

S U ( 2 n + l ) / S ( U o r . v x U , . ^ ) . 
2 ( n - i ) 2 i + l 

We can do t h e same t h i n g f o r « n n > 2. Now i n s t e a d 
zn-1 

of and , d e f i n e R i = \ o I - / 1 S i < n - 1 and 

P. ( X ) = R.X RT-}-I 1 1 

C l a i m . P ^ ( 2 5 i 5 n - 1 ) i s an automorphism o f o r d e r f o u r w i t h 

f i x e d p o i n t s e t S'p ( n - i ) © 3 i ( 2 i ) ( i . e . c o m p l e x i f y i n g 
2 

« -.©*>. 2 5 i 2 n - l ) . F u r t h e r m o r e P. = I n / . N ~. has f i x e d n - i l i 2 ( n - i ) , 2 i 
p o i n t s e t 3 u ( 2 ( n - i ) ) x t Q x § u ( 2 i ) . ( t i s a o n e - d i m e n s i o n a l 

c e n t e r ) . The c o r r e s p o n d i n g f i b r a t i o n s a r e g i v e n by 

S ( U 2 ( n _ i ; ) x U 2 i ) / S p ( n - i ) x S O ( 2 i ) ^ - > SU(2n) / S p ( n - i ) xS0( 2 i ) 

i 
SU(2n)/S(U 0, .\xtl . ) . 

2 ( n - i ) 2 i 

On t h e o t h e r hand we have p : 3«(2n) S't(2n) w i t h f i x e d 

p o i n t s e t 3l> ( n - 1 ) ® 3o ( 2 ) when c o m p l e x i f i e d becomes ' n - i ®^"1" 

one d i m e n s i o n a l c e n t e r . The c o r r e s p o n d i n g f i b r a t i o n i s g i v e n 

by 

S ( U 2 n _ 2 x U 2 ) / S p ( n - l ) > < S O ( 2 ) ^ SU( 2n) / S p ( n - l ) xSO( 2 ) 

i 
S U ( 2 n ) / S ( U 0 0 x U 0 ) . 

2n- z 2 

T h i s i s t h e o n l y c a s e where t h e f i b e r and hence t h e t o t a l 

s p a c e appear to admit i n v a r i a n t a l m o s t complex s t r u c t u r e s . How­

e v e r , t h i s i s not so. Note t h a t t h e base i s a l w a y s an H e r m i t i a n 
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2 - s y m m e t r i c space i n t h e t h r e e c a s e s . 

F o r fl ( n > l ) t h e r e i s s t i l l one more o u t e r a u t o -2 n - l 
m o r p h i s m o f o r d e r f o u r . T h i s a u t o m o r p h i s m must have as i t s 

f i x e d p o i n t s e t fl
n_i® ^ • However, I have n o t y e t f o u n d an 

e x p l i c i t d e s c r i p t i o n as i n t h e above c a s e s . 

We now c o n s i d e r q = ^ n + 1 ' > ' ^ e ^ i e a i S e b r a °f 

co m p l e x skew s y m m e t r i c m a t r i c e s o f o r d e r 2 ( n + l ) and t a k e i t s 

compact r e a l f o r m 3o ( 2 n + 2 ) . 

L e t 2 < i + j < n - l , 1 5 i < n - 1 , 0 5 j . D e f i n e 

/ J n + l - i - j ° \ 
y.. = \ T / and a . . : 8 o ( 2 n + 2 ) ->• 8 o ( 2 n + 2 ) 

C l a i m . a^_. i s o f o r d e r f o u r and i t s f i x e d p o i n t s e t i s g i v e n 

by n ( n - i - j + 1 ) ® 8«(2j+l) ® 8 o C 2 i - l ) . ( I . e . when c o m p l e x i f i e d 

n . . © i ? 1 '3 6 . kB 8 . , ) . The f i x e d p o i n t s e t o f 
n - 1 - 3 3 i - l 

o\. -- I 2 ( n + 1 . H ) > 2 ( i + j ) i s g i v e n by 8 •( 2 ( n + l - i - j ) ) x 

S o ( 2 ( i + j ) ) . /// 

S i n c e c o n j u g a t i o n by a l s o i n d u c e s an a u t o m o r p h i s m 

o f S O ( 2 n + 2 ) , we have t h a t t h e c o r r e s p o n d i n g f i b r a t i o n s a r e 

g i v e n by 

( S 0 ( 2 ( n + l - i - j ) ) / U ( n + l - i - j ) ) x ( SO(.2 ( i + j ) )/S0 (2 j + 1) xSO( 2 i - l ) ) *-»• 

S O ( 2 n + 2 ) / U ( n + l - i - j ) x S O ( 2 j + l ) x S O ( 2 i 

I 
SO(2n+2)/SO( 2 ( n + l - i - j ) ) x S 0 ( 2 ( . i + j ) ) 
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We now c o n s i d e r ( i n t h e above s i t u a t i o n ) t h e e x c l u d e d 

p o s s i b i l i t y i + j = n. I n t h i s c a s e we have 

/ J i 0 \ T.. = x and a.. : s o ( 2 n + 2 ) -> 8 e ( 2 n + 2 ) 
n ^ V o l . • / n 1 3 

xm- y..x y:. 

(We p u t t h e i n d e x n t o remember t h a t i + j = n ) . 

C l a i m . a.. i s an a u t o m o r p h i s m o f o r d e r f o u r whose f i x e d 

p o i n t s e t i s g i v e n by 3o ( 2 ) x 8o(2-j + l ) x g o ( 2 i - l ) . ( I n t h e 

c o m p l e x i f i c a t i o n i t i s g i v e n by <i> 6 'i> 6 i + j = n , 

l s i s n ) . o2 . = I . 0 has f i x e d p o i n t s e t 8 o( 2) ® 3o( 2n) . /// n i j 2,2n , ^ 

Once a g a i n we o b t a i n an i n d u c e d a u t o m o r p h i s m on S O ( 2 n + 2 ) , 

and h e n c e , we o b t a i n t h e c o r r e s p o n d i n g f i b r a t i o n s 

SO ( 2 n ) / S 0 ( 2 ( n - i ) +1 )*S0( 2i-].)<•--»• S O ( 2 n + 2 ) / S O ( 2 ) x S O ( 2 ( n - i + 1 ) x S O ( 2 i -

SO(2n+2)/SO(2)xSO(2n). 

T h e r e i s one o u t e r a u t o m o r p h i s m o f o r d e r f o u r f o r *n+]_» 

w h i c h we o u g h t t o d e t e r m i n e , t h i s a u t o m o r p h i s m has f i x e d p o i n t 

s e t a ^ © 3̂ ". ( I t c o r r e s p o n d s t o i = 1 , j = 0 i n o u r 

c l a s s i f i c a t i o n t a b l e s ) . F o r t h i s , t a k e c o n j u g a t i o n on §e(2n+2) 

w i t h r e s p e c t t o t h e m a t r i x | n / n ° i \ V T n e f i x e d p o i n t s e t i s 

\° {1:1)1 
« ( n ) . The c o r r e s p o n d i n g f i b r a t i o n i s 

S 0 ( 2 ) x ( S 0 ( 2 n ) / U ( n ) ) ^ S0( 2 n + 2 ) / U ( n ) 

S 0 ( 2 n + 2 ) / S 0 ( 2 ) x S 0 ( 2 n ) . 

F o r t h e e n t r y («2><>^) one can do a d i r e c t c o m p u t a t i o n . One 

o b t a i n s : 

1 3 1 



SUC2) ->• UC2) ̂  SU(3) 
0 

g U a) 

U ( 2 ) / S U ( 2 ) ^ SU(3)/SUC2) 
+ 

S U ( 3 ) / U ( 2 ) 
M- I 0 d e t g 0 

c 0 d 

The d u a l spaces a r e g i v e n as f o l l o w s 

S U ( 2 n + l ) / S p ( n - i ) x S 0 ( 2 i + l ) 
0 < i < n - 1 , n > 1 

S U ( 2 n ) / S p ( n - i ) x S 0 ( 2 i ) 

1 5 i £ n - 1 , n > 2 

S U ( 3 ) / S U ( 2 ) 

S 0 ( 2 n + 2 ) / U ( n + l - i - j ) x 
S O ( 2 j + l ) x S O ( 2 i - l ) 
2 < i + j < n - l , 
1 < i < n - 1 , 0 < j , n > 1 

SO(2n+2)/SO(2) x 
S O ( 2 ( n - i ) + l ) x S O ( 2 i - l ) 

1 < i < n, n > 1 

S 0 ( 2 n + 2 ) / U ( n ) 

S U ( 2 ( n - i ) , 2 i + l ) / S p ( n - i ) x S 0 ( 2 i + l ) 

S U ( 2 ( n - i ) , 2 i ) / S p ( n - i ) x S O ( 2 i ) 

S U ( 2 , 1 ) / S U ( 2 ) 

SO ( 2 ( n + l - i - j ) , 2 ( i + j ) ) / 

U ( n + l - i - j ) x S 0 ( 2 j + l ) x S 0 ( 2 i - l ) 

S O Q ( 2 , 2 n ) / S O ( 2 ) x S O ( 2 ( n - i ) + l ) x 

S 0 ( 2 i - 1 ) 

S 0 Q ( 2 , 2 n ) / U ( n ) 

The f o l l o w i n g t a b l e i s a summary o f o u r above d i s c u s s i o n , 

i t g i v e s t h e d e s c r i p t i o n o f t h e f i b r a t i o n s f o r t h e compact 

s i m p l y c o n n e c t e d 4 - s y m m e t r i c spaces w i t h v a n i s h i n g c h a r a c t e r ­

i s t i c a s s o c i a t e d w i t h t h e " c l a s s i c a l " L i e a l g e b r a s . 
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§9. A l m o s t H e r m i t i a n ^ - S y m m e t r i c Spaces o f P o s i t i v e C h a r a c t e r i s t i c 

An a l m o s t H e r m i t i a n ^ - s y m m e t r i c space i s a R i e m a n n i a n 4-

s y m m e t r i c space w h i c h has an a l m o s t c o m p l e x s t r u c t u r e i n v a r i a n t 

u n d e r each symmetry and w h i c h i s c o m p a t i b l e w i t h t h e R i e m a n n i a n 

m e t r i c . Examples a r e p r o v i d e d by t h e H e r m i t i a n 2 - s y m m e t r i c 

spaces o f t h e compact t y p e and t h e noncompact t y p e . These 

a r e a l w a y s s i m p l y c o n n e c t e d and have t h e c h a r a c t e r i s t i c p r o p e r t y 

t h a t t h e i r i s o t r o p y g r o u p s a r e n o t s e m i s i m p l e and t h e r e f o r e h a v e 

n o n d i s c r e t e c e n t e r s . A c t u a l l y , t h e s e s p a c e s a r e H e r m i t i a n 

n - s y m m e t r i c f o r any n ( s e e [ 2 7 ] ) . Here we s h a l l be c o n c e r n e d 

w i t h compact a l m o s t H e r m i t i a n 4 - s y m m e t r i c s p a c e s w i t h n o n v a n i s h -

i n g E u l e r c h a r a c t e r i s t i c . We show t h a t t h e s e spaces a r e c h a r a c ­

t e r i z e d as t h e homogeneous m a n i f o l d s o f t h e f o r m G/K, where 

G i s a compact c o n n e c t e d L i e g r o u p a c t i n g e f f e c t i v e l y on G/K, 

and X i s a c o n n e c t e d ( c l o s e d ) s u b g r o u p o f m a x i m a l r a n k w i t h 

t h e f o l l o w i n g t w o p r o p e r t i e s . ( i ) I t i s t h e i d e n t i t y component 

o f t h e f i x e d p o i n t s e t o f an ( i n n e r ) a u t o m o r p h i s m 0 o f G o f 

o r d e r f o u r i n d u c i n g t h e s y m m e t r i e s on M, and ( i i ) i t i s t h e 

c e n t r a l i z e r o f a t o r u s . We t h e n c l a s s i f y them. 

T h i s s e c t i o n was m o t i v a t e d by t h e f o l l o w i n g t w o r e s u l t s 

f o r R i e m a n n u m 2 - s y m m e t r i c s p a c e s : ( i ) E v e r y a l m o s t c o m p l e x 

s t r u c t u r e i n v a r i a n t u n d e r t h e g e o d e s i c s y m m e t r i e s i s i n t e g r a b l e 

and ( i i ) i f i n a d d i t i o n t h i s s t r u c t u r e i s c o m p a t i b l e w i t h 

t h e R i e m a n n i a n m e t r i c , t h e n i t i s K ' a h l e r i a n . Hence, i t i s 

n a t u r a l t o a s k w h e t h e r o r n o t an i n v a r i a n t a l m o s t c o m p l e x 

s t r u c t u r e on a R i e m a n n i a n 4 - s y m m e t r i c space i s i n t e g r a b l e o r 
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i f c o m p a t i b l e w i t h t h e m e t r i c i s K a h l e r i a n . From o u r r e p r e ­

s e n t a t i o n o f a l m o s t H e r m i t i a n 4 - s y m m e t r i c spaces w i t h n o n -

v a n i s h i n g c h a r a c t e r i s t i c i t w i l l t u r n o u t t h a t t h e y a d m i t 

i n v a r i a n t c o m p l e x s t r u c t u r e s w h i c h a r e n o t o n l y K a h l e r b u t 

a l s o Hodge. I n p a r t i c u l a r t h e y a r e a l g e b r a i c m a n i f o l d s . 

F i r s t o f a l l , we s o l v e a more b a s i c p r o b l e m . T h i s i s 

t h e q u e s t i o n o f e x i s t e n c e o f s u c h a l m o s t c o m p l e x s t r u c t u r e s . 

(Q) D e c i d e w h i c h o f t h e compact R i e m a n n i a n "4-symmetric 

spaces w i t h n o n v a n i s h i n g E u l e r c h a r a c t e r i s t i c a d m i t an i n v a r i a n t 

a l m o s t c o m p l e x s t r u c t u r e . 

The way we p r o c e e d t o answer (Q) i s as f o l l o w s : 

F i r s t we p r o v e t h a t t h e s e spaces have a d e c o m p o s i t i o n i n t o 

" s i m p l e f a c t o r s " ( f o r d e t a i l s see b e l o w ) and t h a t each o f 

t h e s e s i m p l e f a c t o r s a l s o b e l o n g s t o t h i s same c l a s s o f s p a c e s . 

The s i m p l e f a c t o r s a r e q u o t i e n t s o f compact s i m p l e L i e g r o u p 

Now we c a n use a l l t h e i n f o r m a t i o n c o n t a i n e d i n t h e c l a s s i f i ­

c a t i o n t a b l e s o f S e c t i o n 8. From t h e s e t a b l e s , we d i s t i n g u i s h 

b e t w e e n t w o p o s s i b i l i t i e s f o r ? ( t h e L i e a l g e b r a ,of f i x e d 

p o i n t s o f t h e a u t o m o r p h i s m 9 ) : ( i ) f i s t h e t h e c e n t r a l i z e r 

o f a t o r u s , ( i i ) P i s n o t t h e c e n t r a l i z e r o f a t o r u s . I n 

t h e f i r s t c ase i t i s i m m e d i a t e t h a t t h e c o r r e s p o n d i n g space 

a d m i t s an i n v a r i a n t a l m o s t c o m p l e x s t r u c t u r e . F o r t h e s e c o n d 

c a s e , we draw t a b l e s o f t h e s e s p a c e s . The f i n a l r e s u l t b e i n g 

t h a t o n l y t h o s e spaces f a l l i n g i n t o t h e f i r s t c l a s s do a d m i t 

i n v a r i a n t a l m o s t c o m p l e x s t r u c t u r e s . 
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I t s h o u l d be p o i n t e d o u t t h a t i n a more g e n e r a l s e t t i n g , 

W o l f and Gray ( s e e [28]) have a l r e a d y g i v e n a c o m p l e t e d e s c r i p ­

t i o n o f a l l a l m o s t c o m p l e x m a n i f o l d s ( M , J ) , M = G/K, w h e r e 

G i s a compact c o n n e c t e d L i e g r o u p a c t i n g e f f e c t i v e l y on M, 

K i s a s u b g r o u p o f m a x i m a l r a n k ( t h i s i s an e q u i v a l e n t way o f 

s a y i n g t h a t G/K has n o n v a n i s h i n g E u l e r c h a r a c t e r i s t i c ) , and 

J i s a G - i n v a r i a n t a l m o s t c o m p l e x s t r u c t u r e on M. 

We c o u l d r e f o r m u l a t e o u r o r i g i n a l q u e s t i o n (Q) as f o l l o w s : 

f r o m t h e d e s c r i p t i o n g i v e n by W o l f and Gray f i n d t h o s e s p a c e s 

w h i c h a r e R i e m a n n i a n 4 - s y m m e t r i c . 

F i r s t we r e c a l l a d e c o m p o s i t i o n t h a t h o l d s i n g e n e r a l 

f o r c ompact homogeneous sp a c e s w i t h n o n v a n i s h i n g E u l e r c h a r a c ­

t e r i s t i c . The d e t a i l s may be f o u n d f o r e xample i n [24]. L e t 

M = G/K be a' homogeneous space where G i s a compact c o n n e c t e d 

L i e g r o u p a c t i n g e f f e c t i v e l y on M and K i s a c o n n e c t e d 

s u b g r o u p o f m a x i m a l r a n k . As K c o n t a i n s t h e c e n t e r o f G, 

t h i s means t h a t G i s s e m i s i m p l e and c e n t e r l e s s . Now 

( 1 ) G = G, x...x G , K = K x...x K , M = Mn x...x M 

1 r 1 r 1 r 

w h e re 

G. i s s i m p l e , K. = K fl G., M. = G./K.. 
l ^ l 1 1 1 1 

F o l l o w i n g W o l f and Gray, we s h a l l r e f e r t o ( 1 ) as t h e decompo­

s i t i o n o f M = G/K i n t o s i m p l e f a c t o r s . The p o i n t i s t h a t i f 

M = G/K i s assumed t o be an a l m o s t - H e r m i t i a n 4 - s y m m e t r i c s p a c e , 

t h e n i t s s i m p l e f a c t o r s a r e a l s o a l m o s t - H e r m i t i a n 4 - s y m m e t r i c 

s p a c e s . T h i s i s t h e c o n t e n t o f t h e n e x t t h e o r e m . 
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B e f o r e s t a t i n g t h e t h e o r e m , we s h a l l make a comment on 

t h e n o t a t i o n t h a t we s h a l l be u s i n g t h r o u g h o u t t h i s s e c t i o n : 

I t has a l r e a d y been p r o v e d i n S e c t i o n 2 t h a t e v e r y R i e m a n n i a n 

H - s y m m e t r i c space c a n be r e p r e s e n t e d as an homogeneous space 

o f t h e f o r m M = G/K, where G i s a c o n n e c t e d L i e g r o u p o f 

i s o m e t r i e s a c t i n g e f f e c t i v e l y on M w h i c h i s i n v a r i a n t u n d e r 

c o n j u g a t i o n by t h e s y m m e t r i e s and K, t h e i s o t r o p y g r o u p a t 

a p o i n t 0 ? M s a y , i s an open s u b g r o u p o f t h e f i x e d p o i n t 

s e t G w h e r e 8 i s t h e a u t o m o r p h i s m on G i n d u c e d by 

c o n j u g a t i o n by t h e symmetry a t 0. We s h a l l r e f e r t o s u c h a 

r e p r e s e n t a t i o n as a s t a n d a r d r e p r e s e n t a t i o n . Whenever a 

R i e m a n n i a n 4 - s y m m e t r i c space i s w r i t t e n as c o s e t s p a c e , i t 

w i l l be u n d e r s t o o d t h a t i t i s by means o f a s t a n d a r d r e p r e s e n ­

t a t i o n . 

L e t (M,g,J) be an a l m o s t H e r m i t i a n ^ - s y m m e t r i c s p a c e . 

Then t h e s e t o f i s o m e t r i e s o f M t h a t p r e s e r v e s t h e a l m o s t 

c o m p l e x s t r u c t u r e i s a c l o s e d s u b g r o u p o f I ( M , g ) a n d i s 

t h e r e f o r e a L i e t r a n s f o r m a t i o n g r o u p o f M. We d e n o t e t h i s 

g r o u p by A ( M ) . I t i s t r a n s i t i v e on M s i n c e i t c o n t a i n s 

a l l t h e s y m m e t r i e s . The i d e n t i t y component A^(M) o f A(M) 

i s a l s o t r a n s i t i v e on M. L e t 0 € M and l e t K be t h e 

s u b g r o u p o f G = A Q ( M ) l e a v i n g 0 f i x e d . W i t h t h e a u t o ­

m o r p h i s m g -+ SQgs^ 1 o f G ( d e n o t e d by 8 ) , M = G/K i s 

a s t a n d a r d r e p r e s e n t a t i o n o f M w i t h t h e a d d i t i o n a l p r o p e r t y 

t h a t t h e a l m o s t c o m p l e x s t r u c t u r e J o f M i s G - i n v a r i a n t . 

I n p a r t i c u l a r , i f M i s compact w i t h n o n v a n i s h i n g E u l e r 
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c l a s s , t h e n M has a s t a n d a r d r e p r e s e n t a t i o n w i t h t h e f o l l o w ­

i n g p r o p e r t i e s : 

( a ) M = G/K, G compact c o n n e c t e d L i e g r o u p o f i s o m e t r i e s 

a c t i n g e f f e c t i v e l y on M w h i c h a l s o p r e s e r v e s t h e a l m o s t 

c o m p l e x s t r u c t u r e J . 

( b ) K i s a c l o s e d c o n n e c t e d s u b g r o u p o f m a x i m a l r a n k . 

( c ) The a u t o m o r p h i s m 6 o f G i s an i n n e r a u t o m o r p h i s m 

o f G. I t a c t u a l l y can be w r i t t e n as 0 = A d ( k ) f o r some 

k € K. 

I n p a r t i c u l a r , t h e s e spaces a r e s i m p l y c o n n e c t e d . The p r o o f s 

o f ( b ) and ( c ) can be f o u n d i n §4 o f [ 2 8 ] . 

Theorem 1. L e t (M,g,J) be a compact a l m o s t H e r m i t i a n 4-

s y m m e t r i c space w i t h n o n v a n i s h i n g E u l e r c h a r a c t e r i s t i c . L e t 

M = G/K be a s t a n d a r d r e p r e s e n t a t i o n w i t h p r o p e r t i e s ( a ) , ( b ) 

and ( c ) as a b o ve. Then M = G/K decomposes i n t o p r i m e f a c t o r s 

as i n ( 1 ) , i . e . 

G = G-,x...xG K = K x . . . x K , M = Mn x . . . x M 
1 r 1 r 1 r 

w h e re -

G. i s s i m p l e , K. = K (1 G. M. = G./K. i f •> 1 X 1 1 1 

F u r t h e r m o r e , each o f t h e p r i m e f a c t o r s M. = G./K. i s a l s o a 
^ i l l 

compact a l m o s t H e r m i t i a n 4 - s y m m e t r i c space w i t h n o n v a n i s h i n g 

E u l e r c l a s s , and t h e r e p r e s e n t a t i o n ^ / K ^ i s s t a n d a r d and 

s a t i s f i e s p r o p e r t i e s ( a ) , ( b ) , ( c ) as w e l l . 
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P r o o f . F i r s t we q u o t e a r e s u l t w h i c h g i v e s us t h e i n d u c e d 

R i e m a n n i a n m e t r i c s and t h e i n d u c e d a l m o s t c o m p l e x s t r u c t u r e s 

on t h e p r i m e f a c t o r s . 

P r o p o s i t i o n 1 ( s e e §4, [ 2 8 ] ) . L e t T be t h e c l a s s o f t e n s o r 

f i e l d s o f one o f t h e f o l l o w i n g t y p e s : c o m p l e x s t r u c t u r e , 

a l m o s t c o m p l e x s t r u c t u r e , R i e m a n n i a n m e t r i c , a l m o s t H e r m i t i a n 

m e t r i c o r H e r m i t i a n m e t r i c . Then t h e G - i n v a r i a n t t e n s o r 

f i e l d s o f t y p e T on M = G/K a r e j u s t t h e t e n s o r f i e l d s 

E, = E,-^ £ where i n t h e above n o t a t i o n , £^ i s an 

a r b i t r a r y G ^ - i n v a r i a n t t e n s o r f i e l d o f t y p e T on M^. 

The p r o o f o f t h e t h e o r e m i s now v e r y s t r a i g h t f o r w a r d . 

The a u t o m o r p h i s m o f G i s i n n e r , t h e r e f o r e i t decomposes 

i n t o a p r o d u c t 8 = 9^ x...x 9_̂  o f i n n e r a u t o m o r p h i s m s o f 

t h e f a c t o r s G.. C l e a r l y K. i s l e f t f i x e d by 0. w h i c h x J 1 J 1 
i m p l i e s t h a t G./K. i s a s t a n d a r d r e p r e s e n t a t i o n o f M.. 1 x x x 
9. = A d ( k . ) f o r some k. € K. ( b y ( c ) ) and hence t h e 
x x X X " 7 

s y m m e t r i e s p r e s e r v e t h e m e t r i c and t h e a l m o s t c o m p l e x s t r u c t u r e , 

Thus q u e s t i o n (Q) can be r e f o r m u l a t e d as f o l l o w s : 

(Q') L e t (M,g,J) be a compact a l m o s t - H e r m i t i a n 4 - s y m m e t r i c 

s p a c e . Assume t h a t M a d m i t s a s t a n d a r d r e p r e s e n t a t i o n 

M = G/K w i t h p r o p e r t i e s ( a ) , ( b ) and ( c ) , and s u c h t h a t G 

i s a s i m p l e L i e g r o u p . 

P r o b l e m : c l a s s i f y t h e s e s p a c e s . 

139 



The r e s t o f t h i s s e c t i o n i s d e v o t e d t o s o l v i n g t h i s 

p r o b l e m . T h i s w i l l be done f r o m t h e p o i n t o f v i e w o f L i e 

a l g e b r a s . 

F i r s t , s i n c e we a r e d e a l i n g w i t h i n n e r a u t o m o r p h i s m s , 

we d i s t i n g u i s h f r o m t h e t a b l e s i n §8.(a) when ? i s o r i s 

n o t t h e c e n t r a l i z e r o f a t o r u s . F o r c o n v e n i e n c e we q u o t e 

t h e c r i t e r i a - t h a t g i v e s us n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s 

t h a t t h e f i x e d p o i n t s e t o f an i n n e r a u t o m o r p h i s m be t h e 

c e n t r a l i z e r o f a t o r u s . (See [ 2 8 ] P r o p . 2 . 1 1 ) . 

P r o p o s i t i o n 2. L e t 0 = A d ( e x p 2TT/-T x ) be an i n n e r a u t o ­

m o r p h i s m o f a compact s i m p l e L i e a l g e b r a g w i t h m a x i m a l 

r o o t u = m.ip., i n a s i m p l e r o o t s y s t e m IJJ = {i j ; , . . . , IJJ „ } . 

N o r m a l i z e x = , c.y. as i n S e c t i o n 8 ( a ) . Then 
^ x = l x x 

1. 0 i s t h e c e n t r a l i z e r o f a t o r u s i f and o n l y i f one o f 

t h e f o l l o w i n g t w o c o n d i t i o n s h o l d s t r u e 

( l . a ) y ( x ) < 1 ; 

( l . b ) u ( x ) = 1 , c^ > 0 i m p l i e s t h a t > 1 , and 

{HK : c^ > 0} i s a s e t o f r > 2 r e l a t i v e l y p r i m e i n t e g e r s . 

2 . 3 i s n o t t h e c e n t r a l i z e r o f a t o r u s i f and o n l y i f t h e 

f o l l o w i n g t h r e e c o n d i t i o n s a r e s a t i s f i e d 

( a ) u ( x ) = 1 , 

( 3 ) c^ > 0 i m p l i e s nu > 1 , 

( y ) {nu : c_̂  > 0} e i t h e r has j u s t one e l e m e n t o r i s a 

s e t o f r > 2 i n t e g e r s w i t h g r e a t e s t common d i v i s o r 

p = 2 , 3 , o r 4 . 
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I n t h e f o r m e r c ase o f ( i i i ) , x = v. and 9 has o r d e r 

mj > 1 ; i n t h e l a t t e r case o f ( i i i ) i f 0 has o r d e r k 

t h e n p d i v i d e s k. 

A d i r e c t a p p l i c a t i o n o f t h i s c r i t e r i a t o t h e d e s c r i p t i o n 

g i v e n i n P r o p o s i t i o n 2 i n S e c t i o n 8 . ( a ) o f t h e i n n e r a u t o ­

m o r p h i s m s o f o r d e r f o u r o f t h e compact s i m p l e L i e a l g e b r a s , 

y i e l d s t h e r e s u l t t h a t f o r t h e f i r s t t h r e e c a s e s t h e r e ( i ) , 

( i i ) and ( i i i ) , t h e c o r r e s p o n d i n g f i x e d p o i n t s e t o o f 

9 = A d ( e x p 2TT/^T X) i s t h e c e n t r l i z e r o f a t o r u s . Whereas 
Q 

f o r t h e f o r t h c a s e o i s n o t t h e c e n t r a l i z e r o f a t o r u s . 

From t h e c l a s s i f i c a t i o n t a b l e s i n S e c t i o n 8 . ( a ) i t i s 

now easy t o draw t h e f o l l o w i n g t a b l e w h i c h g i v e s a c o m p l e t e 

l i s t . o f t h e p o s s i b i l i t i e s f o r x an e l e m e n t i n / ^ l 

i n d u c i n g an a u t o m o r p h i s m o f o r d e r f o u r 0 = A d ( e x p 2TT/^T X ) 
0 

s u c h t h a t i t s f i x e d p o i n t s e t 0 i s n o t t h e c e n t r a l i z e r o f 

a t o r u s . I|J i s a s i m p l e r o o t s y s t e m o f . We r e f e r t h e 

r e a d e r t o t h e t a b l e s i n S e c t i o n 8 . ( a ) f o r n o t a t i o n and t h e 

D y n k i n d i a g r a m s . 

0 X 9 6 

fi ,n>2 n ^( V.+V. ) ( 2 s i < j 5 n ) 2 i 3 { a 1 , - - . , a i _ 1 ; a i + 1 > . . . , a j _ i ; 

a j + l ' ' ' ' ' a
n ^ U ^ ~ ^ ^ 

fe. ©fl . • -, 
l i - i - l 

6 ,n>3 n ^(vAV^ ) ( l s i < j 5 n - l ) { a 1 , . . . , a . _ 1 ; a . + 1 , . . . , a . _ i ; 

a . + 1 , . . . , a n } U { - y } 
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8 X *x fl6 

^(v^+u )(2<i<j<n-2) t o i V i i a i + i a j - i ! 

a. ,a }L){-y} j + 1 n 
1 

©b . ©3f 
n-D 

U { a 2 a 3 ) U { - y } 

{ c ^ a 2 ; a 4 } U { - ) j } fl3afll 

-(U +u ) 2 3 5 { a ,a ,a , a 6 } U { - ) j } e © « 3 © « ©sr1 

h v +V ) 
2^ 2 3 

{a ,a ,a ,a }U{-y} o © A © A ©3T1 

J. X o 

{ 7 {a ,. . . ,a 5;a 7}U { - v i } o ©« ©b 
1 1 4 

2^ 1 2 {a ,. . . ,a 7}U{-y} A © ig" 1 

5 1 
h v +u ) 
ST 2 6 

{•a ,a ,a 1 +,a 5,a 7 } U { - v i } <g ©fl © ^ L 

1 5 

\ { a ^ a , a 3 , a 5 , a 6 , a 7 } U { - v i } fl ©«. ©fl 
3 1 3 

t 
8 2 V 1 8 { a 2 , . . . , a 7 } U { - u l ©fl ©Sf1 

6 1 

V3 {a ;a ,a ,... ,a Q}U{-y} 

u 
6 

{a ,... , a 5 ; a 7 , a 8 } U { - y } & © 0 
5 3 

The p r o b l e m now i s t o d e c i d e w h e t h e r o r n o t each o f t h e 

s p a c e s i n t h e above t a b l e a d m i t s an i n v a r i a n t a l m o s t c o m p l e x 

s t r u c t u r e . W o l f a n d Gray have c l a s s i f i e d t h e spaces (G/K,J) 

where G i s a compact c o n n e c t e d s i m p l e L i e g r o u p , K i s a 

c o n n e c t e d s u b g r o u p o f m a x i m a l r a n k w h i c h i s n o t t h e c e n t r a l i z e r 
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o f a t o r u s and J i s an i n v a r i a n t a l m o s t c o m p l e x s t r u c t u r e on 

G/K [ 2 8 ] , Thus a case by case i n s p e c t i o n shows t h a t none o f 

t h e s paces i n t h e t a b l e a d m i t s an i n v a r i a n t a l m o s t c o m p l e x 

s t r u c t u r e . Hence we have p r o v e d t h e f o l l o w i n g 

Theorem 2. L e t (M,g,J) be a compact a l m o s t H e r m i t i a n 

4 - s y m m e t r i c space w i t h n o n v a n i s h i n g E u l e r c h a r a c t e r i s t i c . 

L e t M = G/K be a s t a n d a r d r e p r e s e n t a t i o n w i t h p r o p e r t i e s 

( a ) , ( b ) and ( c ) . Assume f u r t h e r t h a t G i s s i m p l e . Then 

M = G/K i s one o f t h e spaces l i s t e d i n S e c t i o n 8 . ( a ) e x c l u d i n g 

t h e s paces t h a t a p p e a r i n t h e above t a b l e . 

Theorems 1 and 2 y i e l d t h e c l a s s i f i c a t i o n o f compact 

a l m o s t H e r m i t i a n 4 - s y m m e t r i c s p a c e s w i t h n o n v a n i s h i n g E u l e r 

c h a r a c t e r i s t i c . The f o l l o w i n g t h e o r e m g i v e s a c h a r a c t e r i z a t i o n 

o f t h e s e s p a c e s . 

Theorem 3. L e t (M,g) be a compact R i e m a n n i a n 4 - s y m m e t r i c 

space w i t h n o n v a n i s h i n g E u l e r c h a r a c t e r i s t i c . M a d m i t s an 

i n v a r i a n t a l m o s t c o m p l e x s t r u c t u r e i f and o n l y i f M has a 

s t a n d a r d r e p r e s e n t a t i o n M = G/K w h e r e K i s t h e c e n t r a l i z e r 

o f a t o r u s . 

H a v i n g a n s w e r e d q u e s t i o n (Q) we now t u r n t o s t u d y t h e 

g e o m e t r y o f t h e s e s p a c e s . One t h i n g t h a t i s w o r t h p o i n t i n g 

o u t i s t h a t t h e c l a s s i f i c a t i o n was o b t a i n e d m a i n l y by u s i n g 

t h e s y m m e t r i e s ( h o m o g e n e i t y ) and t h e i n v a r i a n t a l m o s t 

c o m p l e x s t r u c t u r e . No a l l u s i o n was made t o any k i n d o f 
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R i e m a n n i a n m e t r i c . We s h a l l now s t a r t d o i n g t h i s . T h i s i s o n l y 

a b e g i n n i n g and i n no way c o n s t i t u t e s an e x h a u s t i v e t r e a t m e n t o f 

t h e s u b j e c t . We s h a l l a nswer t h e o r i g i n a l q u e s t i o n s t h a t m o t i v a t e d 

t h i s s e c t i o n , t h r o u g h t h e r e l a t i o n b e t w e e n 3- .and 4 - s y m m e t r i c s p a c e s 

(Q^) D e c i d e w h e t h e r o r n o t an i n v a r i a n t a l m o s t c o m p l e x 

s t r u c t u r e on a R i e m a n n i a n 4 - s y m m e t r i c space i s i n t e g r a b l e . 

(Q^) D e c i d e w h e t h e r o r n o t an a l m o s t H e r m i t i a n 4 - s y m m e t r i c 

space i s a K a h l e r m a n i f o l d . 

U s i n g o u r c h a r a c t e r i z a t i o n i n Theorem 3, (Q^) and (Q^) 

have t h e f o l l o w i n g ( p a r t i a l ) a n s w e r s . 

Theorem 4. L e t (M,g,J) be a compact a l m o s t H e r m i t i a n 4-

s y m m e t r i c space w i t h n o n v a n i s h i n g E u l e r c h a r a c t e r i s t i c . Then 

M a d m i t s an i n v a r i a n t a l m o s t H e r m i t i a n m e t r i c w h i c h makes i t 

i n t o a Hodge m a n i f o l d . I n p a r t i c u l a r , M i s an a l g e b r a i c 

m a n i f o l d . 

Remarks. T h i s t h e o r e m does n o t a f f i r m a n y t h i n g a b o u t t h e 

o r i g i n a l a l m o s t H e r m i t i a n s t r u c t u r e , i t o n l y e n s u r e s t h e 

e x i s t e n c e o f s u c h a s t r u c t u r e w i t h t h e s t a t e d p r o p e r t i e s . 

For a p r o o f see [ 2 8 ] , S e c t i o n 9. 

On t h e o t h e r h a n d , we p r o v e t h a t e v e r y a l m o s t H e r m i t i a n 

4 - s y m m e t r i c space a d m i t s i n v a r i a n t a l m o s t . H e r m i t i a n s t r u c t u r e 

w h i c h i s n o n - K a h l e r i a n , hence s o l v i n g ( Q ^ ) -
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Theorem 5. L e t M be an a l m o s t H e r m i t i a n 4 - s y m m e t r i c s p a c e . 

Assume t h a t t h e v e r t i c a l d i s t r i b u t i o n V has p o s i t i v e d i m e n ­

s i o n . Then M a d m i t s an i n v a r i a n t a l m o s t H e r m i t i a n m e t r i c 

w h i c h i s n o n - K a h l e r i a n . 

Comments. The c o n d i t i o n t h a t V be n o n t r i v i a l i s n e c e s s a r y ; 

o t h e r w i s e t h e s q u a r e s o f t h e s y m m e t r i e s w o u l d be t h e u s u a l 

g e o d e s i c i n v o l u t i o n s and hence t h e space w o u l d be H e r m i t i a n 

2 - s y m m e t r i c and i n p a r t i c u l a r K a h l e r . Examples o f sp a c e s 

w h e r e t h i s happens a r e p r o v i d e d by t h o s e c o r r e s p o n d i n g t o t h e 

e n t r i e s where x = ~ v. w i t h m. = 1 i n t h e n o t a t i o n o f 
4 1 I 

S e c t i o n 8 . ( a ) , ( P r o p o s i t i o n 3, and t h e t a b l e s ) . 

B e f o r e we p r o v e t h e t h e o r e m , we g i v e a c r i t e r i u m w h i c h 

t e l l s us when a R i e m a n n i a n 4 - s y m m e t r i c space i s an a l m o s t 

H e r m i t i a n 4 - s y m m e t r i c s p a c e . T h i s t h e o r e m p o i n t s i n a 

d i f f e r e n t d i r e c t i o n t o Theorem 2. F i r s t , t h e n o n v a n i s h i n g 

c o n d i t i o n on t h e E u l e r c h a r a c t e r i s t i c i s d r o p p e d , s e c o n d , i t 

h o l d s t r u e i n g e n e r a l w h e t h e r o r n o t t h e space be compact o r 

noncompact and t h i r d , no m e n t i o n i s made t o any t r a n s i t i v e 

g r o u p o f i s o m e t r i e s . As an a p p l i c a t i o n , we s h a l l use i t a t 

t h e end o f t h e s e c t i o n t o d e c i d e f o r t h e m a j o r i t y o f c a s e s , 

when t h e compact s i m p l y c o n n e c t e d space ( w i t h v a n i s h i n g E u l e r 

c h a r a c t e r i s t i c ) c o r r e s p o n d i n g t o one o f t h e e n t r i e s i n t h e 

c l a s s i f i c a t i o n i n S e c t i o n 8 . ( b ) i s an a l m o s t H e r m i t i a n 4-

s y m m e t r i c s p a c e . 
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Theorem 6. L e t (M,g) be a R i e m a n n i a n A s y m m e t r i c s p a c e . 

Then (M,g) i s an a l m o s t H e r m i t i a n 4 - s y m m e t r i c space i f and 

o n l y i f t h e f i b e r o f M i s an" H e r m i t i a n 2 - s y m m e t r i c s p a c e . 

P r o o f . Assume M i s an a l m o s t H e r m i t i a n 4 - s y m m e t r i c s p a c e , 

and l e t J d e n o t e t h e i n v a r i a n t a l m o s t c o m p l e x s t r u c t u r e on M. 

C l a i m . J p r e s e r v e s b o t h t h e v e r t i c a l d i s t r i b u t i o n V and t h e 

h o r i z o n t a l d i s t r i b u t i o n H. The p r o o f can s a f e l y be o m i t t e d . 

N o t e t h a t SJ = JS w h e r e S i s t h e s ymmetry t e n s o r . 

Thus we have t h a t t h e r e s t r i c t i o n o f J t o t h e f i b e r s 

d e f i n e s an a l m o s t c o m p l e x s t r u c t u r e on them. These f i b e r s 

a r e C a r t a n s y m m e t r i c s p a c e , and s i n c e t h e g e o d e s i c i n v o l u t i o n s 

a r e i n d u c e d by t h e s y m m e t r i e s ( o f M ), t h e y l e a v e i n v a r i a n t 

t h e a l m o s t c o m p l e x s t r u c t u r e . Hence t h e f i b e r s a r e H e r m i t i a n 

2 - s y m m e t r i c . 

F o r t h e c o n v e r s e , l e t J be t h e c o m p l e x s t r u c t u r e on t h e 

f i b e r s , t h e n we o n l y have t o d e f i n e an i n v a r i a n t a l m o s t c o m p l e x 

s t r u c t u r e on H. B u t t h i s i s p r o v i d e d by S when r e s t r i c t e d 

t o H. D e f i n e J = J on V and J = S on H. Ill 

P r o o f o f Theorem 5. The i d e a i s v e r y s i m p l e . We use t h e 

a l m o s t c o m p l e x s t r u c t u r e J on M c o n s t r u c t e d above and 

o b s e r v e t h a t i f i t i s K a h l e r i a n , t h e n a new s t r u c t u r e J c a n 

be d e f i n e d w h i c h i s n o n - K a h l e r i a n . 

I n g e n e r a l , f o r an a l m o s t H e r m i t i a n L f - s y m m e t r i c s p ace we 

have (V..J)W = 0, l/(V„J)V = 0 and H ( V H J ) K = 0. T h u s , t h e 
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space i s K a h l e r i a n i f and o n l y i f t h e f o l l o w i n g t h r e e c o n ­

d i t i o n s a r e s a t i s f i e d : 

( V V J ) H = 0, H ( V H J ) V = 0 and l / ( V H J ) K = 0. 

Now o b s e r v e t h a t t h e s e c o n d and t h i r d c o n d i t i o n s e s t a b l i s h 

a r e l a t i o n b e t w e e n J and S: 

H ( V U J ) V = H V U ( J V ) - SHV UV = 0 and l/(V„J)K = l/V„(SK) - Jl/V„K. n ri H n n n 

Hence i f J i s K a h l e r i a n , t h e new a l m o s t c o m p l e x s t r u c t u r e 2f 

d e f i n e d as f o l l o w s 

J = - J on I / , J = S on H w i l l n o t be K a h l e r i a n . /// 

I n v a r i a n t a l m o s t c o m p l e x s t r u c t u r e s on compact ^ - s y m m e t r i c 
s p a c e s w i t h v a n i s h i n g E u l e r c h a r a c t e r i s t i c . 

A g l a n c e a t t h e c l a s s i f i c a t i o n t a b l e i n S e c t i o n 8 ( b ) 

shows t h a t w i t h p o s s i b l y t h e e x c e p t i o n o f t h e space a s s o c i a t e d 

w i t h 2 n - 1 ' a n - l * ^ ^ ' n o n e °f ^ e spaces a d m i t s an i n v a r i a n t 

a l m o s t c o m p l e x s t r u c t u r e . 

Remark. The d i f f i c u l t y i n d e c i d i n g w h e t h e r o r n o t t h e s p a c e s 

a s s o c i a t e d t o ^ n 2 n - l n - 1 ® " ^ 1 ^ a r e H e r m i " t i a n ^ - s y m m e t r i c s p r i n g s 
2 

f r o m t h e f a c t t h a t t h e f i x e d p o i n t s e t o f o does n o t have 

an i m m e d i a t e d e s c r i p t i o n . ( H e r e a i s t h e c o r r e s p o n d i n g a u t o ­

m o r p h i s m o f o r d e r f o u r o f * 2 n - l ^ " However, t h e a u t h o r c o n ­

j e c t u r e s t h a t t h i s space i s n o t a l m o s t H e r m i t i a n 4 - s y m m e t r i c . 
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We s t a t e t h e f o l l o w i n g c o n j e c t u r e . 

C o n j e c t u r e . L e t (M,g) be a compact s i m p l y c o n n e c t e d a l m o s t 

H e r m i t i a n 4 - s y m m e t r i c s p a c e . Then M has n o n v a n i s h i n g E u l e r 

c h a r a c t e r i s t i c . 

The r e l a t i o n b e t w e e n 3- and 4 - s y m m e t r i c s p a c e s . 

We have a l r e a d y p o i n t e d o u t t h a t t h e H e r m i t i a n 2 - s y m m e t r i c 

spaces a r e H e r m i t i a n n - s y m m e t r i c f o r any o r d e r n. On t h e 

o t h e r h a n d , s i n c e J . W o l f and A. Gray [ 2 8 ] have a l r e a d y 

c l a s s i f i e d t h e 3 - s y m m e t r i c p a i r s (G,K) w i t h G compact 

s i m p l e , i t i s a l s o i n t e r e s t i n g t o see w h i c h o f t h e s e p a i r s 

w i l l a l s o c o r r e s p o n d t o 4 - s y m m e t r i c p a i r s . We s h a l l see t h a t 

a l l t h e p a i r s w h i c h a r e "good c a n d i d a t e s " a r e i n f a c t 4-

s y m m e t r i c . As an a p p l i c a t i o n o f t h i s r e l a t i o n s h i p , we s h a l l 

be a b l e t o g i v e a f i n a l answer t o q u e s t i o n (Q-^) i n t h e 

n e g a t i v e s e n s e , ( t h a t i s , n o t a l l i n v a r i a n t a l m o s t c o m p l e x 

s t r u c t u r e s a r e i n t e g r a b l e ) . 

F i r s t we d e s c r i b e w h a t we mean by a "good c a n d i d a t e " . 

C o n s i d e r a 3 - s y m m e t r i c p a i r ( G,K). (We s h a l l a l w a y s assume 

G compact and s i m p l e ) . Then e i t h e r r a n k K •= r a n k G o r 

r a n k K < r a n k G. The s e c o n d c a s e , i s i m m e d i a t e l y r u l e d o u t 

by c l a s s i f i c a t i o n . Thus we a r e l e f t w i t h t h e case o f e q u a l 

r a n k . T h a t i s G/K must have n o n v a n i s h i n g E u l e r c h a r a c t e r ­

i s t i c . We now r e s o r t t o t h e c a n o n i c a l a l m o s t c o m p l e x s t r u c t u r e 

o f a 3 - s y m m e t r i c s p a c e . T h i s s . t r u c t u r e i s G - i n v a r i a n t , t h u s , 

i n p a r t i c u l a r , i f t h e p a i r (G,K) i s 4 - s y m m e t r i c , i t w i l l be 

i n v a r i a n t u n d e r t h e s y m m e t r i e s o f o r d e r f o u r ( b e c a u s e t h e y 
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n e c e s s a r i l y a r e i n n e r ) . Hence G/K w o u l d have t o be an 

a l m o s t - H e r m i t i a n 4 - s y m m e t r i c s p a c e . Then Theorem 3 a b o v e , 

t e l l s us t h a t i n t h i s case K has t o be t h e c e n t r a l i z e r o f 

a t o r u s . T h i s t e l l s us t h a t a compact 3 - s y m m e t r i c p a i r 

(G,K) (G s i m p l e ) i s a "good c a n d i d a t e " t o be a 4 - s y m m e t r i c 

p a i r o n l y i f K i s t h e c e n t r a l i z e r o f a t o r u s . We s h a l l 

p r o v e t h a t t h i s c o n d i t i o n i s s u f f i c i e n t . 

Theorem. L e t (G,K) be a 3 - s y m m e t r i c p a i r w i t h G compact 

s i m p l e L i e g r o u p . Assume f u r t h e r t h a t r a n k G = r a n k K and 

t h a t K i s t h e c e n t r a l i z e r o f a t o r u s . Then (G,K) i s a 

H - s y m m e t r i c p a i r . 

Remark. I f (G,K) i s a p a i r as i n t h e t h e o r e m , t h e n K i s 

c o n n e c t e d and G/K i s compact s i m p l y c o n n e c t e d . Hence, t h e 

p r o b l e m can be t r a n s f o r m e d i n t o a p r o b l e m on L i e a l g e b r a . 

Thus we p r o v e : 

Theorem. L e t (g , f ) be a 3 - s y m m e t r i c p a i r w i t h g compact 

s i m p l e L i e a l g e b r a . Assume f u r t h e r t h a t r a n k P = r a n k g 

and t h a t f i s t h e c e n t r a l i z e r o f a t o r a l s u b a l g e b r a . Then 

( 3 , 6 ) i s a 4 - s y m m e t r i c p a i r . 

The f o l l o w i n g p r o p o s i t i o n i s t h e a n a l o g o f P r o p o s i t i o n 2 

i n S e c t i o n 8 ( a ) . I t g i v e s t h e l o c a l c l a s s i f i c a t i o n o f 3-

s y m m e t r i c spaces - w h i c h i s w h a t we need. F o r n o t a t i o n we 

r e f e r t o S e c t i o n 8 ( a ) . 

P r o p o s i t i o n (C28]p. 8 7 ) . L e t $ be an i n n e r a u t o m o r p h i s m o f 

o r d e r 3 on a compact o r c o m p l e x s i m p l e L i e a l g e b r a fl. 
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Choose a C a r t a n s u b a l g e b r a and l e t = {a , . . . ,ct } be a 

s i m p l e r o o t s y s t e m f o r fl . Then <p i s c o n j u g a t e i n t h e 

i n n e r a u t o m o r p h i s m g r o u p o f a to some 0 = AdCexp 2TT/̂ T X) 
where e i t h e r x = ^ m.v. w i t h 1 < m. < 3 o r x = — ( v . + v . ) 

3 l l I 3 l j 
w i t h m. = m. = 1 . 

Remark. A c o m p l e t e l i s t o f t h e p o s s i b i l i t i e s f o r x, t h e 
9 9 f i x e d p o i n t s e t 0 and a s i m p l e r o o t s y s t e m o f g , 

up t o c o n j u g a c y i n t h e a u t o m o r p h i s m g r o u p o f g , can be 

f o u n d i n t h e t a b l e s i n [ 2 8 ] pp. 88-89. 

The n e x t s t e p i n o u r p r o g r a m i s t o d e c i d e f o r w h i c h o f t h e 

x's as d e s c r i b e d i n t h e p r o p o s i t i o n , fl i s t h e c e n t r a l i z e r o f 

a t o r a l s u b a l g e b r a . B u t f o r t h i s we can a p p l y t h e c r i t e r i o n 

g i v e n i n P r o p o s i t i o n 2 i n t h i s s e c t i o n . T h i s y i e l d s t h e 

f o l l o w i n g c o n c l u s i o n s . 

(-) I f x = ^ m.u. w i t h l < m . rs 2 o r x = ^ - ( v . + v . ) w i t h 3 l l I 3 l j 
m. = m. = 1 , t h e n 9 i s t h e c e n t r a l i z e r o f a t o r a l i : 
s u b a l g e b r a . 
. . 1 0 (**) I f x = -r- m.v. w i t h m. = 3, g i s n o t t h e c e n t r a l i z e r 3 i I I ° 

o f a t o r a l s u b a l g e b r a . Thus we r e s t r i c t o u r a t t e n t i o n t o ( * ) . 
1 0 o I f x = m.v. w i t h m. = 1,2. Then 9 = g w i t h 3 1 1 1 

a = AdCexp 2TT/̂ T ̂  IIKV^) and a i s o f o r d e r f o u r . A n a l o ­
g o u s l y f o r x = w i t h m. = m. = 1 , we have t h a t 
to J 3 1 3 1 j 

9 = 9 w i t h a = AdCexp 2TT/̂ T r ( v . + v . ) ) and a i s o f o r d e r 
4 1 j 

f o u r . T h i s c o m p l e t e s t h e p r o o f s o f t h e t h e o r e m s . 

We now a p p l y t h i s t o answer (Q-^) ( a n d hence ( Q ^ ) ) . 

A. Gray [ 8 ] showed t h a t e v e r y 3 - s y m m e t r i c space a d m i t s a 

n e a r l y K a h l e r s t r u c t u r e . F u r t h e r m o r e , he showed t h a t t h e 
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s t r u c t u r e i s Ka.hleri.an i f and o n l y i f t h e space i s H e r m i t i a n 

2 - s y m m e t r i c ( [ 8 ] p. 3 5 3 ) . On t h e o t h e r h a n d , i n [ 1 5 ] i t 
2 

i s p r o v e d t h a t M = SU(3)/T i s n o t homeomorphic w i t h t h e 

u n d e r l y i n g m a n i f o l d o f any R i e m a n n i a n 2 - s y m m e t r i c s p a c e . 

S i n c e M i s a 3 - s y m m e t r i c s p a c e , t h e above two r e s u l t s say 

t h a t i t s n e a r l y K a h l e r s t r u c t u r e c a n n o t be K a h l e r i a n . S i n c e 

t h e a l m o s t c o m p l e x s t r u c t u r e of a n o n - K a h l e r n e a r l y K a h l e r 
2 

m a n i f o l d i s n e v e r i n t e g r a b l e , and s i n c e t h e p a i r ( S U ( 3 ) , T ) 

i s a l s o 4 - s y m m e t r i c , we o b t a i n an example o f an i n v a r i a n t 

a l m o s t c o m p l e x s t r u c t u r e on a 4 - s y m m e t r i c ( a n d a l s o on"a 3-

s y m m e t r i c ) space w h i c h i s n o t i n t e g r a b l e . 

1 51 
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