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I l l 

ABSTRACT 

A c r i t i c a l review of some current 
malaria models i s given i n which a new 
model of s u p e r i n f e c t i o n i s presented. An 
a l t e r n a t i v e malaria model, p a r t l y stochastic 
and pa r t y d e t e r m i n i s t i c , i s then proposed 
and r e s u l t s of the s i m u l a t i o n of the model 
are discussed. S i m p l i f i e d versions of the 
model are used t o analyse l o n g i t u d i n a l survey 
data from a World Health Organization malaria 
project, c a r r i e d out i n Northern N i g e r i a . 
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INTRODUCTION 

The l a s t 80 years have seen much work devoted to the 
q u a n t i t a t i v e aspects of the dynamics of malaria. This work 
has produced models t h a t are l a r g e l y d e t e r m i n i s t i c , and are 
developments and extensions of the pioneering model of Ross 
(1911). One major c r i t i c i s m of these models i s t h a t they 
emphasize the host-vector r e l a t i o n s h i p almost to the t o t a l 
neglect of the host-parasite i n t e r a c t i o n (Najera, 1974). 

In t h i s t h e s i s , our main o b j e c t i v e i s to propose a 
p a r t i a l l y s t o c h a s t i c framework of malaria i n f e c t i o n aimed at 
i n c l u d i n g some s a l i e n t f eatures of the i n t e r a c t i o n s between 
the host and p a r a s i t e populations. We attempt to achieve the 
l a t t e r by i n c o r p o r a t i n g assumptions based on known e m p i r i c a l 
r e s u l t s about the host-parasite r e l a t i o n s h i p . 

I n order t o gain understanding of the disease and 
appreciate the complexity of i t s biology, we give some 
epidemiological background i n Chapter 1. 

In Chapter 2, we give a c r i t i c a l review of some of the 
b e t t e r known d e t e r m i n i s t i c models. We also propose a new 
model of the phenomenon of s u p e r i n f e c t i o n . 

Chapter 3 contains a summary of some r e s u l t s of semi-
Markov processes t o be used i n subsequent chapters. One of 
these r e s u l t s i s believed to be new. 

Chapters 4, 5, and 6 c o n s t i t u t e the main body of the 

t h e s i s . I n Chapter 4 we formulate a h y b r i d semi-Markov model 

to describe the course of the disease i n an i n d i v i d u a l from 

when he i s i n f e c t e d to when he i s susceptible again. Attempts 



are made t o formulate the d i s t r i b u t i o n s of times i n each 
stage o f the disease so t h a t they r e f l e c t some s p e c i f i c 
b i o l o g i c a l features and are also mathematically t r a c t a b l e . 

I n Chapter 5 we discuss the steady s t a t e s o l u t i o n of 
the model formulated i n Chapter 4. The more complex cases 
are i n v e s t i g a t e d using s i m u l a t i o n methods. 

In Chapter 6, we s i m p l i f y the previous model and use 
i t t o f i n d maximum l i k e l i h o o d estimates of the ' i n f e c t i o n ' 
and 'recovery' r a t e s using malaria survey data from the 
WHO Garki p r o j e c t . 

We conclude i n Chapter 7 w i t h a summary of our r e s u l t s 

and some suggestions f o r possible f u t u r e research. 
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CHAPTER ONE 

BACKGROUND TO MALARIA 

1.1 I n t r o d u c t i o n 

Malaria, probably one of man's most ancient diseases 
(Harrison, 1978, page 1 ) , i s caused by m u l t i p l i c a t i o n of 
p a r a s i t i c protozoa of the gehus Plasmodium, f i r s t i n the 
l i v e r , and then w i t h i n the blood c e l l s of i t s v i c t i m . 
M a l a r i a ' i n f e c t i o n s are characterized by fever, enlargement 
of spleen, anaemia and a chronic r e l a p s i n g course, and among 
c h i l d r e n and non-immune adults they r e s u l t i n f a t a l complic­
a t i o n s i n more than 10% o f cases (Benenson, 1975, page 189). 

Although over f i f t y species of malaria parasites have 
been i d e n t i f i e d , only four are associated w i t h man : Plas­
modium (P.) falciparum, also known as malignant t e r t i a n , i s 
the most l e t h a l of the four; P. vivax, formerly known as 
t e r t i a n or benign t e r t i a n , seldom f a t a l ; P. malariae, gener­
a l l y m i l d but stubborn quartan fever; P. ovale, the r a r e s t of 
the four and found mostly i n the West coast of A f r i c a , i s 
very much l i k e P. vivax. I t i s generally accepted t h a t man 
i s the only main r e s e r v o i r f o r these species (Benenson, 1975, 
page 190: Sambasivan, 1975). The various species of the 
p a r a s i t e s also d i f f e r i n such d e t a i l s as t h e i r morphology, 
p a t h o g e n i c i t y , incubation periods, relapses and duration of 
i n f e c t i o n s . In a d d i t i o n t o being the most serious i n s e v e r i t y 
of a t t a c k s , P. falciparum i s the most prevalent species. 
Henceforth, and unless otherwise stated, we s h a l l be concerned 

s o l e l y w i t h i n f e c t i o n s due t o t h i s species alone. ^ 
2 3 SEP 1982 J 
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The disease i s t r a n s m i t t e d n a t u r a l l y through the 

b i t e s of i n f e c t i o u s female mosquitoes of c e r t a i n species 
of anopheles. Rare but d i r e c t transmission from man to 
man can however occur by e i t h e r i n j e c t i o n , or t r a n s f u s i o n 
of blood of i n f e c t e d persons, or by the use of contaminated 
hypodermic syringes. Congenital transmission of the disease 
to the c h i l d may also occur when the mother has had bouts 
of malaria during the l a t e r months of pregnancy (Russell 
et a l . , 1963, page 455; Benenson, 1975, page 190). 

Malaria i s now confined l a r g e l y t o the t r o p i c a l and 
s u b t r o p i c a l areas of the world, although i n the past i t 
e x i s t e d i n the m a j o r i t y of the countries on the globe 
(Sambasivan, 1975; Harrison, 1978). I t i s estimated t h a t 
over 400 m i l l i o n people s t i l l l i v e i n areas of high malaria 
i n f e c t i o n r i s k (Bruce-Chwatt, 1980). Figure 1 shows the 
various areas where malaria poses serious health problems. 
The whole of t r o p i c a l A f r i c a i s h i g h l y endemic w i t h the d i s ­
ease, and i t i s a serious h e a l t h hazard i n parts of Asia, 
Central and South America. I n t r o p i c a l A f r i c a , i n p a r t i c ­
u l a r , i t i s recognized as a major impediment to economic 
development because of the i n c a p a c i t a t i n g and d e b i l i t a t i n g 
e f f e c t s i t produces i n i t s v i c t i m . Moreover, instances of-
high prevalence of the disease u s u a l l y coincides w i t h periods 
of i n t e n s i v e a g r i c u l t u r a l a c t i v i t y . 

The disease has t h r i v e d i n these areas despite e f f o r t s 

through the World Health Organization (WHO), and l o c a l 

governments of these areas, t o t r y and c o n t r o l or erad­

i c a t e i t completely (see Section 1.6 f o r c o n t r o l ) . There 
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are various reasons f o r t h i s lack of progress. F i r s t , there 
are the e c o l o g i c a l l y favourable conditions f o r mosquitoes 
( v e c t o r s ) breeding coupled w i t h the poor health services, 
inadequate m a t e r i a l resources to wage a consistent war 
against the disease, and the lack of t e c h n i c a l expertise i n 
these regions. In a d d i t i o n , more rec e n t l y a very serious 
problem has emerged of the parasites and mosquito vectors 
developing resistances to the drugs and re s i d u a l i n s e c t i c ­
ides, r e s p e c t i v e l y , t h a t have been t r a d i t i o n a l l y used t o 
combat the disease (Bruce-Chwatt, 1969, 1979; Sambasivan, 
1975; G i l l e s , 1981). This, together w i t h man's a c t i v i t i e s 
such as the s e t t i n g of a g r i c u l t u r a l p r o j e c t s i n v o l v i n g 
large bodies of water are a l l c o n t r i b u t i n g to the resurgence 
of the disease i n areas where i t has been previously con­
t a i n e d , f o r instance i n S r i Lanka and some parts of I n d i a . 

The disappearance of malaria i n developed countries 
has been due t o a combination of favourable f a c t o r s , both 
n a t u r a l and man-made. F i r s t , the low temperatures t o be 
found i n most of these countries l i m i t the transmission of 
the disease i n t h a t P. falciparum requires a temperature of 
at l e a s t 20°C f o r i t s development i n the mosquito 
(Sambasivan, 1975; Bruce-Chwatt, 1980) (see also Section 
1.4). Secondly, the r a p i d socio-economic developments of 
the past few decades have reduced considerably the sources 
of the vector breeding. F i n a l l y , there are the extensive 
network o f h e a l t h services now a v a i l a b l e together w i t h the 
a c t i v e p a r t i c i p a t i o n of a population motivated by a b e t t e r 
awareness o f t h e i r h e a l t h needs. Nonetheless, the r i s k of 
im p o r t i n g cases i s on the increase w i t h the r i s e i n volume 



-4- . 

and speed of i n t e r n a t i o n a l t r a v e l . For instance, i n B r i t a i n , 
1,670 cases of P. falciparum malaria were recorded i n 1980, 
of which seven were f a t a l . The mid-year f i g u r e f o r 1981 
stood at 584. ( G i l l e s , 1981). 

In order t o gain an understanding of the disease and 
appreciate i t s b i o l o g i c a l and e c o l o g i c a l complexities, we 
s h a l l provide, i n the r e s t of t h i s Chapter, b r i e f o u t l i n e s 
of i t s b i o l o g i c a l background, and f a c t o r s i n f l u e n c i n g i t s 
transmission, both n a t u r a l and man-made. The next section 
(1.2) c a r r i e s a short h i s t o r i c a l note on e a r l y understanding 
of m a l a r i a . In sec t i o n 1.3 we sketch the l i f e - c y c l e of the 
malaria p a r a s i t e , followed by the l i f e - c y c l e of the malaria 
vector ( s e c t i o n 1.4) and endemicity of malaria ( s e c t i o n 1.5). 
In s e c t i o n 1.6 we o u t l i n e some of the means of c o n t r o l a v a i l ­
able, both o l d and new, e i t h e r through the human population 
(sub-section 1.6.1) or the vector population (sub-section 
1.6.2). We conclude w i t h a note on a WHO malaria study 
p r o j e c t c a r r i e d out i n N i g e r i a (sub-section 1.6.3) from 1970 
to 1976. 

1.2 A H i s t o r i c a l Note 

The name malaria comes from the I t a l i a n expression 
"mal' a r i a " , meaning bad a i r . The French c a l l e d i t Paludisme 
from the l a t i n word "Palus", which means marsh. These names 
are i n d i c a t i v e of the views held i n ancient times, which 
associated the disease w i t h swamps, marshes and f o u l air.. 
( H a r r i s o n , 1978, page 24). 

Early developments o f s c i e n t i f i c knowledge of malaria 
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were dominated by two n a t i o n a l i t i e s , f i r s t the I t a l i a n s and, 
l a t e r , the B r i t i s h . For the I t a l i a n s , t h i s was probably 
because of the endemic malaria s i t u a t i o n which had e x i s t e d 
i n I t a l y since ancient time, and as f o r the B r i t i s h , t h e i r 
vast colonies were almost a l l malaria i n f e s t e d . I t was, 
however, the Frenchman, Laveran, who f i r s t discovered the 
p a r a s i t e s of malaria, while working i n North A f r i c a i n 1880. 
He was probably i n f l u e n c e d by an e a r l i e r discovery of h i s 
countryman, Kelsch, who observed some black pigments i n the 
blood from corpses of malaria v i c t i m s . Laveran's discovery 
took almost four years t o gain acceptance as most researchers 
at the time b e l i e v e d t h a t the disease was caused by some 
b a c t e r i a t o be found i n swamps, and not by parasites ( i b i d , 
page 11). This view of the disease was changed when, i n 
1884, an I t a l i a n , Camillo Golgi, reported observing and 
recording the asexual reproductive cycles of what he l a t e r 
c a l l e d P.malariae, i n hiiman blood. Soon a f t e r he also d i s ­
covered those of P. vivax and malignant malaria of the type 
o r i g i n a l l y i d e n t i f i e d by Laveran ( i b i d , page 15). 

According t o Harrison, the suspicion t h a t mosquitoes 
were somehow connected w i t h malaria was ancient and f a i r l y 
common among people i n malaria i n f e s t e d areas. However, i t 
was P a t r i c k Manson who, i n 1894, f i r s t conceived the idea 
t h a t mosquitoes were a c t u a l c a r r i e r s of malaria. I t i s 
conceivable t h a t Manson's own discovery i n China, during the 
1870's, t h a t mosquitoes were carriers of f i l a r i a l worms, 
gave him the cue. But he thought people contracted the 
disease through contact w i t h water previously contaminated 
by dead i n f e c t e d mosquitoes. Another I t a l i a n , Amico Bignami 
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cQUhteredthis w i t h an a l t e r n a t i v e view th a t malaria was 
passed t o humans by mosquitoes during feeding. I t i s i n t e r ­
e s t i n g t o note t h a t between them, Bignami and Manson had i n 
f a c t solved the r i d d l e of malaria transmission as we know 
today, from man t o mosquito (Manson) and from mosquito t o 
man (Bignami), but n e i t h e r thought the other was r i g h t . 

I t was l e f t t o Ronald Ross who was himself introduced 
to malaria i n 1894 by Manson t o demonstrate experimentally, 
using b i r d s , the transmission of malaria by mosquito i n the 
way suggested by Bignami. Soon a f t e r , Bignami himself and a 
f e l l o w countryman, Grassi, showed t h a t the disease was sim­
i l a r l y t r a n s m i t t e d t o humans by mosquitoes. This was 
fol l o w e d i n 1898 by the discovery of Grassi t h a t the 
Anopheles mosquito was the sole c a r r i e r of malaria. 

I t must be point e d out t h a t some of these discoveries 
were fra u g h t w i t h f i e r c e controversies and c r e d i t s f o r them 
were also o f t e n i n dispute. In a d d i t i o n , i t must be 
emphasized t h a t those mentioned here are but a few of the 
many who pioneered s c i e n t i f i c research i n and made s i g n i f ­
i c a n t c o n t r i b u t i o n s t o our understanding of malaria. Among 
these i s the Canadian, MacCallum who, i n 1897, was the f i r s t 
t o observe the process of sexual conjugation of malaria 
p a r a s i t e s , the American, Koch, who demonstrated the existence 
of the chromatin substance i n the f l a g e l l a of the par a s i t e 
and the Frenchman, M a i l l o t who pioneered the development of 
successful quinine therapy t o the disease. The book by 
Harrison (1978) provides a l u c i d account of the h i s t o r y of 
the disease. 
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1.3 L i f e - c y c l e o f t h e m a l a r i a p a r a s i t e 

The m a l a r i a p a r a s i t e undergoes a c o m p l i c a t e d c y c l e 

o f development t h a t r e q u i r e s two h o s t s . The d e f i n i t i v e host 

or t h e mosquito v e c t o r i s where the p a r a s i t e achieves sexual 

m a t u r i t y , and t h e process i s known as sporogony. The asexual 

m u l t i p l i c a t i o n o f t h e p a r a s i t e or schizogony, takes p l a c e i n 

man, t h e i n t e r m e d i a t e h o s t . Schizogony has two d i s t i n c t 

phases o f development; t h e t i s s u e phase, c a l l e d t he p r e -

e r y t h r o c y t i c phase, which o c c u r s i n the (parenchyma) c e l l s 

o f t h e l i v e r , and t h e e r y t h r o c y t i c phase which takes p l a c e 

i n t h e r e d b l o o d c e l l s i n the main b l o o d streams. 

To be able t o understand the v a r i o u s stages o f t h e 

development o f t h e d i s e a s e , we s h a l l s k e t c h below o n l y the 

g e n e r a l o u t l i n e o f t h e l i f e - c y c l e o f t h e p a r a s i t e . F i g u r e 2 

i s a schematic diagram o f t h e c y c l e . An e x c e l l e n t and 

c o n c i s e book on t h e s u b j e c t i s t h a t by Bruce-Chwatt (1980) 

f r o m w h i c h much o f what f o l l o w s i s drawn. 

( a ) The Human Host 

A man i s i n f e c t e d by an i n o c u l a t i o n o f s p o r o z o i t e s -

the f i n a l p r o d u c t o f t h e process o f sporogony - when b i t t e n 

by an i n f e c t i o u s female anopheline mosquito. These s p i n d l e -

shaped p a r a s i t e forms c i r c u l a t e i n t h e p e r i p h e r a l b l o o d f o r 

about 30 m i n u t e s , d u r i n g which some are d e s t r o y e d by phago­

c y t o s i s . Those t h a t s u r v i v e e n t e r and lodge i n t h e paren­

chyma c e l l s o f the l i v e r , t o i n i t i a t e t h e p r e - e r y t h r o c y t i c 

stages o f t h e i r development. W i t h i n t h e p a r a s i t i z e d l i v e r 

c e l l s , t h e n u c l e a r m a t e r i a l o f t h e Plasmodium d i v i d e s 

r e p e a t e d l y t o form between 1,000 t o 40,000 daughter forms 
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c a l l e d m e r o z o i t e s . A f t e r about 5i t o 7 days o f development, 
t h e i n f e c t e d c e l l s b u r s t t o r e l e a s e thousands o f these 
m e r o z o i t e s i n t o t h e s u r r o u n d i n g t i s s u e and blood-stream. 
Most.of these m e r o z o i t e s , now known as t r o p h o z o i t e s , then 
invade r e d b l o o d c e l l s t o b e g i n t h e e r y t h r o c y t i c phase; 
o t h e r s g e t p h a g o c y t i z e d . 

I n c i d e n t a l l y , i n t h e case o f P. v i v a x and P. o v a l e , 

p r e - e r y t h r o c y t i c stages are u s u a l l y f o l l o w e d by a secondary 

e x o - e r y t h r o c y t i c (E.E.) phase, d u r i n g which some o f t h e 

m e r o z o i t e s r e - i n f e c t f r e s h l i v e r c e l l s i n s t e a d , t h u s r e p e a t i n g 

the process (see F i g u r e 2 ) . However, more r e c e n t l y a d i f f e r e n t 

e x p l a n a t i o n o f t h i s l a t e l i v e r schizogony has emerged. Some 

m a l a r i o l o g i s t s now b e l i e v e t h a t i t i s caused by l a t e - d e v e l o p i n g 

s p o r o z o i t e s , r a t h e r than by r e - i n v a s i o n s o f the l i v e r c e l l s 

by raerozoites (Bruce-Chwatt, 1980). Thus, t he i d e a t h a t 

r e l a p s e s are caused by secondary e x o - e r y t h r o c y t i c phase i s 

now a m a t t e r o f some c o n t e n t i o n . Moreover, i t i s not y e t 

c l e a r what causes t h i s c o n d i t i o n o f 'dormancy' t o occur i n 

one s p e c i e s and n o t i n o t h e r s . 

Each t r o p h o z o i t e t h a t invades and s e t t l e s i n a r e d 

b l o o d c e l l grows and m u l t i p l i e s a s e x u a l l y t o form a d e v e l o p i n g 

s c h i z o n t . A f t e r about 48 hours t h e r e d b l o o d c e l l s con­

t a i n i n g t h e matured s c h i z o n t s r u p t u r e , each r e l e a s i n g up t o 

24 m e r o z o i t e s p l u s some o r g a n i c d e b r i s i n t o t h e b l o o d plasma. 

Some o f these m e r o z o i t e s are p h a g o c y t i z e d w h i l e o t h e r s 

a t t a c k f r e s h r e d b l o o d c e l l s , i n i t i a t i n g t h e p r o d u c t i o n o f 

anot h e r g e n e r a t i o n o f m e r o z o i t e s . The c y c l e i s repeated 

u n t i l a v e r y heavy b l o o d i n f e c t i o n r e s u l t s which, i f unchecked 

by e i t h e r drugs o r immune mechanism (see s u b - s e c t i o n 1.5.1), 
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may mean t h e death o f t h e h o s t . I t has been suggested t h a t 
i n n o n - f a t a l cases, and i n t h e absence o f r e - i n f e c t i o n and 
i n t e r v e n i n g t r e a t m e n t , t h e d u r a t i o n o f i n f e c t i o n i n 
f a l c i p a r u m m a l a r i a seldom exceeds 1 year (Russel e t a l . , 
1963, page 4 0 ) . The maximum number o f p a r a s i t e s i n a h o s t 
i s u s u a l l y found about 8 days a f t e r p a r a s i t e s are d e t e c t e d 
m i c r o s c o p i c a l l y ( B e l d i n g , 1965). ' 

C l i n i c a l symptoms o f t h e disease o f t e n appear a f t e r 

2 t o 3 days o f e r y t h r o c y t i c phase depending on t h e r e s i s ­

t ances o f the h o s t . At t h i s stage the d e n s i t y o f p a r a s i t e s 

i n t h e body i s such t h a t paroxysms o f f e v e r ensue. The h o s t 

becomes s h i v e r i n g c o l d w i t h body temperature r i s i n g up t o 

40°C o r more. A f t e r s e v e r a l hours he begins t o sweat p r o f ­

u s e l y . T h i s i s f o l l o w e d by some r e l i e f and a f e e l i n g o f 

weakness. Fever t h e n r e s u r g e s about e v e r y day accompanied 

by severe headaches, f r e q u e n t v o m i t i n g and anaemia. The 

l a t t e r i s due t o t h e d e s t r u c t i o n of t h e r e d b l o o d c e l l s by 

t h e p r o c e s s o f schizogony. I f u n t r e a t e d the disease may 

become severe and d e b i l i t a t i n g . I n t h e case o f P . f a l c i p a r u m , 

i n f e c t e d r e d c e l l s get t r a p p e d i n t i s s u e s and narrow v e s s e l s 

o f t h e i n n e r organs, t h u s b l o c k i n g and s l o w i n g down the f l o w 

o f b l o o d . I f t h i s o c c u r s i n t h e b r a i n , the h o s t goes i n t o 

a coma and death soon f o l l o w s . I n g e n e r a l , the i n c u b a t i o n 

p e r i o d , which extends from the time o f i n f e c t i o n t o t h a t 

o f f i r s t appearance of c l i n i c a l symptoms, v a r i e s from 9 t o 

14 days, w i t h an average o f 12 days (Russel e t a l . , 1963, Ch.l2) 

S e v e r a l e r y t h r o c y t i c c y c l e s l a t e r , gametogcny s e t s i n . 

A f t e r i n v a d i n g f r e s h r e d b l o o d c e l l s , some mer o z o i t e s do not 

d i v i d e ; i n s t e a d , t h e y grow i n t o male and female gametocytes. 
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L i t t l e i s y e t known as t o what a c t u a l l y t r i g g e r s t h e i r p r o d ­

u c t i o n o r t h e p r e c i s e p o i n t a t which gametogony b e g i n s . 

They appear t o a r i s e spontaneously from asexual d i v i s i o n . 

I n t h e case o f P. f a l c i p a r u m , the s e x u a l forms appear about 

10 days a f t e r t h e onset o f t h e e r y t h r o c y t i c phase. Once 

formed, gametocytes do n o t undergo any f u r t h e r development 

i n t h e h o s t except c i r c u l a t e i n the p e r i p h e r a l b l o o d , where 

t h e y can be sucked i n t o t h e mid-gut o f a mosquito when i t 

takes b l o o d meal from t h e human, thus i n i t i a t i n g the s p o r -

ogonic phase o f t h e p a r a s i t e development. 

The number o f gametocytes produced i s v a r i a b l e and i s 

u s u a l l y h i g h i n f a l c i p a r u m i n f e c t i o n s , much more so than i n 

any i n f e c t i o n s by the o t h e r s p e c i e s . As t o t h e i r d u r a t i o n 

o f l i f e , t h e s t u d i e s o f J e f f r e y e t a l . (1956) and, more 

r e c e n t l y , Smalley e t a l . (1977) e s t i m a t e i t t o be about 20 

days. T h e i r f i n d i n g i s a t v a r i a n c e w i t h , f o r i n s t a n c e , t h a t 

o f Hawking e t a l . (1971) which says gametocytes are s h o r t ­

l i v e d , o r t h a t o f R u s s e l l e t a l . (1963) which suggests the 

f i g u r e o f 120 days. Smalley e t a l . a l s o observed t h a t 

gametocytes are removed i n t h e s p l e e n , which i s t o be expected 

s i n c e one major f u n c t i o n o f t h e spleen i s the removal of d e b r i s 

and p a r a s i t i c i n v a d e r s . 

( b ) The v e c t o r 

Once i n s i d e t h e mosquito each male gametocyte produces 

up t o 8 t h r e a d - l i k e micro-gametes w h i l e t h e female form 

develops i n t o a macro-gamete. F e r t i l i z a t i o n occurs when the 

n u c l e i o f a micro-gamete and a macro-gamete fuse t o produce 

a m o t i l e , e l o n g a t e c e l l c a l l e d o o k i n e t e . The o o k i n e t e 

develops t o form an o o c y s t which i n t u r n d i v i d e s r e p e a t e d l y 
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t o form s p o r o z o i t e s . When a mature o o c y s t r u p t u r e s i t 
r e l e a s e s thousands o f s p i n d l e - s h a p e d s p o r o z o i t e s i n t o t h e 
body c a v i t y and a l a r g e number o f them f i n d t h e i r way i n t o 
t h e s a l i v a r y glands o f the mosquito. When t a k i n g i t s n e x t 
b l o o d meal, t he mosquito i n j e c t s s p o r o z o i t e - b u r d e n e d s a l i v a 
i n t o i t s v i c t i m (man), thus c o m p l e t i n g t h e c y c l e t h a t 
p e r p e t u a t e s t he Plasmodium i n d e f i n i t e l y unless t he c y c l e i s 
i n t e r r u p t e d somehow. The e n t i r e s porogonic process takes 
from 10 t o 14 days. 

1.4 M a l a r i a V e c t o r 

There are more t h a n 200 rec o r d e d species o f anopheles 

mosquitoes o f which about 50 are c o n s i d e r e d r e s p o n s i b l e f o r 

the t r a n s m i s s i o n o f m a l a r i a p a r a s i t e s i n man ( R u s s e l l e t a l . , 

1963, page 269). Some speci e s o f anopheles are a l s o v e c t o r s 

o f f i l a r i a s i s and c e r t a i n v i r u s , f o r i n s t a n c e Plasmodium 

aedes i n Y e l l o w f e v e r ( S e r v i c e , 1980, page 2 2 ) . We g i v e 

below a b r i e f d e s c r i p t i o n o f t h e i r l i f e - c y c l e . 

The f u l l l i f e - c y c l e o f a mosquito i n v o l v e s 4 stages 

o f w hich t h e f i r s t t h r e e are a q u a t i c : the egg, l a r v a e , pupa 

and t h e a d u l t s tages r e s p e c t i v e l y . A f t e r t h e eggs are l a i d 

on w a t e r , under f a v o u r a b l e c o n d i t i o n s , they hatch i n t o l a r v a 

w i t h i n 2 days. The l a r v a e stage l a s t s about 5 t o 7 days, 

and t h e pupa s t a g e , 2 days. Temperature and species are t h e 

main d e t e r m i n a n t s o f the d u r a t i o n s o f these a q u a t i c stages. 

I n a l l , i t t a k e s from 9 t o 11 days t o complete t he l i f e -

c y c l e . A f t e r t h a t t h e a d u l t may l i v e , from a few days t o 

a few months, depending on t h e temperature and h u m i d i t y . 

The a d u l t i s p a r t i c u l a r l y v u l n e r a b l e t o dry weather. 
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However, i t can s u r v i v e t h r o u g h d r y as w e l l as c o l d weather, 
s i m p l y by a d j u s t i n g i t s p a t t e r n o f l i f e and a d o p t i n g a 
depressed s t a t e o f p h y s i o l o g i c a l a c t i v i t i e s (Sambasivan, 
1975). Of c r u c i a l importance perhaps i s the l o n g e v i t y o f 
t h e a d u l t female v e c t o r s i n c e i t i s the o n l y one t h a t b i t e s 
b l o o d e d animals t o o b t a i n b l o o d f o r the development o f i t s 
o v a r i e s . Even under t h e most f a v o u r a b l e c o n d i t i o n s , i t 
cannot t r a n s m i t m a l a r i a u n t i l i t has s u r v i v e d the p e r i o d o f 
sporogony. Once i n f e c t e d a female v e c t o r remains i n f e c t e d 
and a t r a n s m i t t e r o f t h e disease f o r the r e s t o f i t s a d u l t 
l i f e . 

The s i g n i f i c a n c e o f te m p e r a t u r e and h u m i d i t y i n 

c o n n e c t i o n w i t h t h e t r a n s m i s s i o n o f m a l a r i a a l s o extends t o 

t h e development o f t h e p a r a s i t e s o f the disease i n s i d e t h e 

mo s q u i t o . I n g e n e r a l , P. f a l c i p a r u m r e q u i r e s a minimum tem­

p e r a t u r e o f about 20°C t o develop i n t h e mosquito. The 

p a r a s i t e s cease t o develop below t h e temperature o f 16''C. 

The i d e a l t e m p e r a t u r e i s c o n s i d e r e d t o be from about 20°C 

t o 30°C and a mean r e l a t i v e h u m i d i t y o f a t l e a s t 60%. These 

two f a c t o r s , namely t e m p e r a t u r e and h u m i d i t y , combine t o 

l i n k m a l a r i a w i t h r a i n f a l l , p a r t i c u l a r l y i n the t r o p i c s and 

s u b - t r o p i c a l areas, a p o i n t which we s h a l l e x p l o i t i n 

subsequent c h a p t e r s . 

1.5 E n d e m i c i t y o f M a l a r i a 

Since we s h a l l be p r i m a r i l y concerned w i t h endemic 

r a t h e r t h a n epidemic m a l a r i a , we propose t o d e s c r i b e b r i e f l y 

some o f t h e main c h a r a c t e r i s t i c s o f endemic m a l a r i a and some 

o f t h e f a c t o r s i n f l u e n c i n g e n d e m i c i t y . V/e beg i n by s t a t i n g 

t h e e p i d e m i o l o g i c a l d i s t i n c t i o n between endemic and epidemic 

m a l a r i a . 
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When m a l a r i a i s s a i d t o be endemic i n a community, i t 
i s u s u a l l y u n d e r s t o o d t o mean the h a b i t u a l presence of m a l a r i a 
w i t h i n t h e community due t o n a t u r a l l o c a l t r a n s m i s s i o n . I t 
i s epidemic when i t s o c c u r r e n c e i n the community i s i n excess 
o f normal expectancy. Both cases are a r e s u l t o f i n t e r a c t i o n s 
o f v a r i o u s f a c t o r s a f f e c t i n g the bionomics o f man, mosquito 
and t h e p a r a s i t e i n t h e l o c a l environment. 

E n d e m i c i t y i s f u r t h e r c l a s s i f i e d a c c o r d i n g t o t h e 

degrees o f i n c i d e n c e and i n t e n s i t y o f cases o f t h e d i s e a s e . 

The c l a s s i f i c a t i o n ranges from hypo-endemicity, i n which 

t r a n s m i s s i o n i s low and t h e e f f e c t o f m a l a r i a i s u n i m p o r t a n t , 

t o h o l o - e n d e m i c i t y , where t r a n s m i s s i o n i s p e r e n n i a l and o f 

h i g h i n t e n s i t y , r e s u l t i n g i n marked l e v e l o f immunity responses 

i n a l l age groups, e s p e c i a l l y i n a d u l t s . 

1.5.1 The Immune Mechanism 

An i m p o r t a n t aspect o f endemic m a l a r i a i s c l e a r l y 

t h a t o f immunity. U n l i k e i n the case o f o t h e r diseases such 

as y e l l o w f e v e r , immunity i n m a l a r i a does not bestow complete 

p r o t e c t i o n from t h e disease upon a person. I t serves r a t h e r 

as an a c t i v e defence mechanism t o l i m i t the m u l t i p l i c a t i o n 

o f Plasmodium, mo d i f y i t s e f f e c t s on t h e body and g e n e r a l l y 

a s s i s t i n r e p a i r o f t i s s u e s damaged by t h e disease ( R u s s e l l 

e t a l . , 1963, page 425). Immunity i s e i t h e r n a t u r a l or 

a c q u i r e d . We proceed t o g i v e b r i e f d e s c r i p t i o n s o f each t y p e . 

( a ) N a t u r a l Immunity 

N a t u r a l immunity i s independent o f p r e v i o u s i n f e c t i o n . 

I t i s e i t h e r passed t o t h e c h i l d from t h e mother, t h r o u g h 

t h e p l a c e n t a , o r i t i s o f g e n e t i c o r i g i n . I t i s known t o 
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a c t on b o t h t he asexual and t h e s e x u a l e r y t h r o c y t i c stages 

o f t h e p a r a s i t e (Manson's T r o p i c a l Diseases, 1982, page 4 5 ) . 

T h i s presence o f n a t u r a l immunity i n c h i l d r e n i n endemic 

areas p r o b a b l y e x p l a i n s why such c h i l d r e n e n j o y p r o t e c t i o n 

f rom t h e s e v e r i t y o f t h e disease u n t i l they are about 

3 months o l d when t h e immune mechanism a c q u i r e d from t h e i r 

mothers b e g i n s t o weaken. 

One g e n e t i c c h a r a c t e r i s t i c known t o m i t i g a t e t h e 

s e v e r i t y o f i n f e c t i o n i n man i s the presence o f haemoglobin 

S ( s i c k l e - c e l l t r a i t ) i n t h e b l o o d . T h i s abnormal haemoglobin, 

common among communities i n East and West A f r i c a , has been 

observed t o p r o t e c t t h e c a r r i e r s a g a i n s t m a l a r i a ; i t s presence 

i n t h e b l o o d a p p a r e n t l y does not f a v o u r t he growth and 

development o f t h e p a r a s i t e s i n t h e r e d b l o o d c e l l s ( i b i d , 

page 4 2 7 ) . . - - , • , v ^ r n i 

HO'WeŶ ry ' i t g i v e s r i s e t o a c o n d i t i o n c a l l e d a c r i s i s , 

a p a i n f u l l s t a t e d u r i n g which the p a t i e n t i s g r a v e l y i n c a p -

a c i t a t e d and cannot r e s t u n l e s s g i v e n a s t r o n g p a i n k i l l e r . 

A l t h o u g h i t has been p o s t u l a t e d t h a t h e r e d i t a r y f a c t o r s o t h e r 

t h a n haemoglobin S, such as haemoglobin C and Glucose - 6 -

phosphate dehydrogenase (G-6-PD) d e f i c i e n c y , haemoglobin E, 

and t h a l e s s a m i a p r o t e c t a g a i n s t l e t h a l e f f e c t s o f m a l a r i a , 

t h e o n l y c o n v i n c i n g evidence t o date concerns s i c k l e c e l l 

haemoglobin and G-6-PD d e f i c i e n c y (Lucas e t a l . , 1981, page 179) 

( b ) A c q u i r e d Immunity 

By f a r t h e most i m p o r t a n t defence mechanism i n man 

i s a c q u i r e d immunity. I t s main f u n c t i o n i s t o a c c e l e r a t e 

t h e p h a g o c y t o s i s o f m e r o z o i t e s and d e b r i s i n t h e b l o o d and 

a l s o reduce t h e average number o f m e r o z o i t e s produced by a 
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mature s c h i z o n i t (Garnham, 1966). A c q u i r e d immunity i s b u i l t 
up g r a d u a l l y i n t h e body as a r e s u l t o f a s e r i e s o f i n f e c ­
t i o n s o v e r t i m e . A c c o r d i n g t o Garnham, i t i s produced o n l y 
d u r i n g t h e asexual e r y t h r o c y t i c stages o f t h e m a l a r i a 
p a r a s i t e s . So f a r as i s known, n e i t h e r the l i v e r stages nor 
gametogon.y produce i t , nor are they a f f e c t e d by i t . 

There i s evidence t h a t a c q u i r e d immunity i s a s s o c i a t e d 

w i t h s i g n i f i c a n t i n c r e a s e o f gamma-globulin and v a r i o u s types 

o f a n t i b o d i e s i n t h e b l o o d ( C o l l i n and Skinner, 1964 ; 

Bruce-Chwatt, 1965). F i e l d s t u d i e s made l a r g e l y i n A f r i c a 

over t h e p a s t two decades have r e v e a l e d a p o s i t i v e c o r ­

r e l a t i o n between t h e r i s i n g c o n c e n t r a t i o n o f serum gamma­

g l o b u l i n and t h e a c q u i s i t i o n o f c l i n i c a l immunity t o 

P . f a l c i p a r u m (McGregor, 1974; Molineaux e t a l . , 1980, 

Chapter 6 ) ; see Chapter 6, s e c t i o n 6.5. 

The s i t u a t i o n i n an endemic area may be as f o l l o w s . 

From t h e age o f 6 months t o about 2 y e a r s , c h i l d r e n become 

v e r y v u l n e r a b l e t o acute and f a t a l a t t a c k s o f m a l a r i a as 

t h e i r n a t u r a l immunity ( a c q u i r e d from mother) wears out w i t h 

age. T h e r e a f t e r , those who s u r v i v e , b u i l d up a c q u i r e d 

immunity as a r e s u l t o f r e - i n f e c t i o n s (and r e l a p s e s i n the 

case o f P.malariae and P . v i v a x ) . At f i r s t i t serves t o 

m o d i f y t h e s e v e r i t y o f c l i n i c a l symptoms, t h e n , l a t e r , 

reduce p a r a s i t a m i a ( D i e t z e t a l , , 1974). 

One i m p o r t a n t f e a t u r e o f a c q u i r e d immunity i s t h a t 

i t e nables m a l a r i a t o be a s e l f - l i m i t i n g disease. I n the 

absence o f f r e s h t r a n s m i s s i o n , even w i t h o u t s p e c i f i c 

t r e a t m e n t , i t tends t o c l e a r away an i n f e c t i o n a f t e r some 

t i m e . I t has been suggested, as mentioned e a r l i e r , t h a t 

t h e l i f e - s p a n o f most u n t r e a t e d , n o n - f a t a l i n f e c t i o n s o f 
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P . f a l c i p a r u m seldom exceeds 1 year ( R u s s e l l e t a l . , 1963). 
However, on i t s own, once e s t a b l i s h e d , immunity may be l o s t 
o ver a p e r i o d o f 2 years o r more a f t e r t he i n f e c t i o n has 
been c u r e d and t r a n s m i s s i o n e l i m i n a t e d (Sambasivan, 1975). 
Thus persons who have l e f t an endemic area f o r more than 
t h r e e y e a r s w i l l have l o s t t h e i r a c q u i r e d immunity and may 
s u f f e r a few severe a t t a c k s on r e t u r n i n g t o the area. 

F i n a l l y , i t i s w o r t h m e n t i o n i n g t h a t a c q u i r e d imm­

u n i t y i s g e n e r a l l y s t r a i n - s p e c i f i c . That i s , w h i l e i t may 

s e r v e t o p r o t e c t a person f r o m t h e s e v e r i t y o f i n f e c t i o n 

o f a l o c a l s t r a i n , i t o f f e r s no s i m i l a r p r o t e c t i o n a g a i n s t 

a s t r a i n f rom a n o t h e r area (Sambasivan, 1975). Furthermore, 

as mentioned b e f o r e , immune response t o P. f a l c i p a r u m 

gametocytes i s u n c e r t a i n . A c c o r d i n g t o Smalley e t a l . , ( 1 9 7 7 ) , 

a l t h o u g h some form o f a n t i b o d i e s a g a i n s t gametocytes are 

produced, these are e i t h e r n o t as e f f e c t i v e as those f o r 

m e r o z o i t e s , or not produced by every gametocyte c a r r i e r . 

1.5.2 Human A c t i v i t i e s 

A number o f man's h a b i t s a f f e c t t h e spread and p e r p ­

e t u a t i o n o f t h e e n d e m i c i t y o f t h e disease. For i n s t a n c e , 

persons whose o c c u p a t i o n s keep them out-do o r s a t n i g h t run 

a g r e a t r i s k o f b e i n g b i t t e n by i n f e c t i o u s mosquitoes. Or, 

i f t h e y happen t o be i n f e c t e d , they may i n f e c t more 

mosquitoes which i n t u r n may i n f e c t o t h e r s u s c e p t i b l e 

members o f t h e community. I r o n i c a l l y , some o f t h e a c t i v i t i e s 

o f man meant f o r economic development, such as the c o n s t r u c t i o n 

o f dams, t h e i r r i g a t i o n systems and o t h e r e n g i n e e r i n g works 

i n v o l v i n g l a r g e b o d i e s o f w a t e r , u s u a l l y boost the m a l a r i a 

r i s k o f an area u n l e s s adequate measures are taken t o 
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p r e v e n t t h e c r e a t i o n o f new mosquito b r e e d i n g p l a c e s (see 
nex t s e c t i o n on c o n t r o l measures). F i n a l l y , t h e movements 
o f s m a l l o r l a r g e groups o f persons i n search o f work, 
g r a z i n g grounds o r because o f c i v i l d i s t u r b a n c e s o r d i s a s t e r s , 
o f t e n o c c u r i n most o f these m a l a r i o u s areas (see F i g . 1 ) . 
Consequently, new s t r a i n s are f r e q u e n t l y t r a d e d around, 
t h u s p e r p e t u a t i n g t h e disease t o the d e t r i m e n t o f t h e e f f o r t s 
o f t hose engaged i n e i t h e r c o n t r o l l i n g o r e r a d i c a t i n g the 
d i s e a s e . 

I t must be emphasized t h a t what has been s a i d o f t h e 

disease so f a r i s o n l y a v e r y s i m p l e form o f an o t h e r w i s e 

complex b i o l o g i c a l process which s t i l l has p l e n t y o f 

un-answered q u e s t i o n s . 

1.6 The C o n t r o l o f M a l a r i a 

A wide range o f measures aimed a t e i t h e r c o n t r o l l i n g 

o r e r a d i c a t i n g m a l a r i a have been developed over the yfears. 

However, t h e contemporary h i s t o r y o f t h e f i g h t a g a i n s t 

the d i s e a s e i s more o r l e s s t h a t o f r e t r e a t . The i n t e r ­

n a t i o n a l e f f o r t t o r i d t h e w o r l d o f m a l a r i a has been spear­

headed by the World H e a l t h O r g a n i z a t i o n (WHO), and m a l a r i a 

has been f o r some t i m e now put on t h e l i s t o f "diseases 

under s u r v e i l l a n c e " . I n 1955 and 1956 t h e 8 t h and 9 t h 

World H e a l t h Assemblies adopted a p o l i c y o f m a l a r i a e r a d ­

i c a t i o n . I n 1969 t h e y r e v i s e d t h e i r p o l i c y down t o t h a t o f 

e r a d i c a t i o n p l u s c o n t r o l . A year b e f o r e , S r i Lanka, one 

o f t h e areas i n which m a l a r i a was c o n s i d e r e d wiped o u t , 

e x p e r i e n c e d an epidemic o f P. v i v a x m a l a r i a a f f e c t i n g more 

tha n 1.5 m i l l i o n people (Bruce-Chwatt, 1975; H a r r i s o n , 

1978; G i l l e s , 1981). The i d e a o f t o t a l e r a d i c a t i o n o f t h e 
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disease p a r t i c u l a r l y i n t r o p i c a l A f r i c a i s now co n s i d e r e d 
u n a t t a i n a b l e . Emphasis i s on containment and c o n t r o l aimed 
a t r e d u c i n g the m o r b i d i t y and m o r t a l i t y o f the disease i n 
these a r e a s . Some o f t h e socio-economic and e c o l o g i c a l 
reasons f o r t h i s change o f s t r a t e g y have a l r e a d y been 
enumerated i n our i n t r o d u c t o r y remarks. We s h a l l o u t l i n e 
below some o f t h e measures b e i n g used t o c o n t r o l the 
dis e a s e . The measures may be grouped under two headings; 
namely those f o r t h e p r o t e c t i o n o f s u s c e p t i b l e i n d i v i d u a l s 
and those d i r e c t e d a g a i n s t t he v e c t o r as s t r a t e g i e s t o 
p r o t e c t e n t i r e communities. 

1.6.1 S u s c e p t i b l e I n d i v i d u a l s 

People who move i n t o endemic m a l a r i a zones from areas 

f r e e o f t h e disease do not have r e s i s t a n c e t o the l e t h a l 

e f f e c t o f t h e disease and t h e r e f o r e need t o take e x t r a 

p r e c a u t i o n s . The r i s k a l s o extends t o i n d i v i d u a l s who 

n o r m a l l y l i v e i n these zones b u t have been away i n m a l a r i a -

f r e e areas f o r a l o n g t i m e . The r e g u l a r i n t a k e o f a n t i -

m a l a r i a drugs such as c h l o r o q u i n e , d a r a p r i m ( t a k e n once 

w e e k l y ) and p a l u d r i n e ( d a i l y ) m i n i m i z e s t h i s r i s k . Other 

measures i n c l u d e t h e s i t i n g o f d w e l l i n g s away from p o t e n t i a l 

b r e e d i n g p l a c e s o f the v e c t o r , s c r e e n i n g o f l i v i n g q u a r t e r s 

and t h e use o f bed n e t s , p r o t e c t i v e c l o t h i n g and mosquito 

r e p e l l e n t s a t n i g h t t o p r e v e n t mosquito b i t e s , and the use 

o f i n s e c t i c i d e s i n a e r o s o l d i s p e n s e r s . 

There are a number o f p r e v e n t i v e measures b e i n g 

r e s e a r c h e d o f which t h e development o f vaccines a g a i n s t mal­

a r i a i s one ( G i l l e s , 1981). An overwhelming d i f f i c u l t y w i t h 
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the development o f m a l a r i a v a c c i n e s i s t h a t a n t i g e n s on which 

these v a c c i n e s are based are o f t e n stage s p e c i f i c . Thus, 

a v a c c i n e based on a n t i g e n s from t h e l i v e r stages may have 

no e f f e c t on the e r y t h r o c y t i c phase o f the disease (Cohen, 

1979) and v i c e v e r s a . 

The most p r o m i s i n g form o f m a l a r i a vaccine i s t h a t 

based on a n t i g e n s from the e r y t h r o c y t i c phase of the p a r ­

a s i t e s . The p o s s i b i l i t y o f t h e p r o d u c t i o n o f these a n t i g e n s 

f o r mass v a c c i n a t i o n has been enhanced by the development 

o f a t e c h n i q u e o f c o n t i n u o u s c u l t i v a t i o n o f e r y t h r o c y t i c 

forms o f P. f a l c i p a r u m ( T r a g e r and Jensen, 1976). However, 

t h e r e are s t i l l some problems t o be surmounted. 

Using c u r r e n t t e c h n i q u e s , i t i s d i f f i c u l t t o exclude 

pathogens from m a t e r i a l s p r e p a r e d f o r t h e vaccine and the 

r i s k o f c o n t a m i n a t i o n w i t h b l o o d group substances i s h i g h . 

Much more s e r i o u s perhaps i s t h e s i t u a t i o n t h a t immune 

response o f a g i v e n p o p u l a t i o n i s l i k e l y t o be i n f l u e n c e d 

by such f a c t o r s as g e n e t i c d i f f e r e n c e s , b l o o d group spec­

i f i c i t y and haemoglobin c o m b i n a t i o n s ( P i a z z a e t a l . , 1972). 

At p r e s e n t the v a c c i n e i s b e i n g t r i e d on animals. Cohen 

(1979) has warned o f i t s use b e i n g e x t r a p o l a t e d t o man 

w i t h o u t c a r e f u l e v a l u a t i o n and thorough p r e p a r a t i o n s . 

The t r e a t m e n t o f acute and c h r o n i c cases o f the 

disease may be a f f e c t e d by the use o f drugs such as q u i n i n e , 

amodiaquine, c h l o r o q u i n e , q u i n i n e s u l p h a t e o r d i h y d r o -

c h l o r i d e (Benenson, 1975, page 194). I n p a r t s o f South 

America, South-east A s i a and t h e western P a c i f i c r e g i o n s , 

where P. f a l c i p a r u m i n f e c t i o n s are c h l o r o q u i n e - r e s i s t a n t , 

t h e use o f q u i n i n e f o l l o w e d by a regime o f pyrimethamine 
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i s suggested ( G i l l e s , 1981; Benenson, 1975, page 194), A 
r e c e n t d r u g , m e f l o q u i n e , found t o be e f f e c t i v e a g a i n s t 
m u l t i d r u g - r e s i s t a n t s t r a i n s o f P. f a l c i p i ? r u m , has y e t t o be 
produced on a commercial s c a l e . Up-to-date d e s c r i p t i o n s 
of t r e a t m e n t s o f P. f a l c i p a r u m i n f e c t i o n have been p u b l i s h e d 
by H a l l (1976) and Bruce-Chwatt e t a l . ( 1 9 8 1 ) . 

1.6.2 The V e c t o r 

C o n t r o l measures a g a i n s t t h e v e c t o r s are d i r e c t e d a t 

th e v e c t o r b r e e d i n g and t h e i r l a r v a e and a d u l t forms. 

( a ) P r e v e n t i o n o f b r e e d i n g 

V a r i o u s methods t o p r e v e n t v e c t o r b r e e d i n g i n c l u d e 

d r a i n a g e and f i l l i n g b r e e d i n g p l a c e s which r e s u l t i n r e d u c t i o n 

o f a n o p h e l i n e b r e e d i n g h a b i t a t s . However, u s u a l l y a good 

knowledge o f t h e b r e e d i n g p r e f e r e n c e s o f t h e l o c a l v e c t o r 

i s e s s e n t i a l f o r s e l e c t i n g t h e method o f c o n t r o l . For 

example, f o r Anopheles (A,) umbrosus i n Western Malaysia 

and A, leucosphysus i n Sabah ( M a l a y s i a ) t h a t p r e f e r shaded 

b r e e d i n g p l a c e s , c l e a r a n c e o f overhanging v e g e t a t i o n has 

been used w i t h c o n s i d e r a b l e success (Sambasivan, 1975). 

Another method sometimes used i s t o c o l o n i z e mosquito b r e e d i n g 

p l a c e s w i t h p r e d a t o r y f i s h such as guppies. 

( b ) L a r v i c i d e 

Measures t o c o n t r o l t h e v e c t o r s w i t h l a r v i c i d e s are 

a l s o common. They i n v o l v e , f o r i n s t a n c e , t he use o f m i n e r a l 

o i l s t o fo r m f i l m s over water s u r f a c e s which s u f f o c a t e and 

u l t i m a t e l y k i l l any l a r v a o r pupa p r e s e n t i n t h e water. Other 

substances i n c l u d e P a r i s green, DDT and some more r e c e n t l y 
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developed organo-phosphorus compounds such as temephos and 

f e n t h i o n . But DDT has l o n g term adverse e f f e c t on a q u a t i c 

l i f e and i s l e s s used i n t h i s f a s h i o n than as a r e s i d u a l 

i n s e c t i c i d e (see f o l l o w i n g s u b s e c t i o n ) . On the whole, the 

e f f e c t i v e n e s s of a n t i - l a r v a l method v a r i e s w i t h the p a r t i c ­

u l a r v e c t o r s p e c i e s i n v o l v e d . 

( c ) Use o f R e s i d u a l I n s e c t i c i d e s 

P r o b a b l y t h e s i n g l e most i m p o r t a n t c o n t r o l measure 

d i r e c t e d a t t h e a d u l t v e c t o r i s t h e use, once o r t w i c e a 

y ear, o f r e s i d u a l i n s e c t i c i d e s . U s u a l l y i n l i q u i d f o r m , 

these i n s e c t i c i d e s are sprayed on w a l l s o f d w e l l i n g s where 

t h e i r r e s i d u a l s remain f o r a l o n g t i m e . Mosquitoes get 

p oisoned and e v e n t u a l l y d i e when t h e y come t o r e s t on these 

w a l l s b e f o r e or a f t e r meals. DDT has been by f a r t h e most 

w i d e l y used and t h e most p o p u l a r . I t i s easy t o use and 

t r a n s p o r t . I t a l s o has p r o l o n g e d r e s i d u a l e f f e c t and i s 

t h e l e a s t expensive o f a l l i n s e c t i c i d e s . I t has been 

s u c c e s s f u l l y used i n t h e p a s t i n e r a d i c a t i n g t h e disease i n 

a number o f c o u n t r i e s i n C e n t r a l America and p a r t s o f t h e 

C a r r i b e a n ( e . g . Cuba). (Sambasivan, 1975). 

I n areas where DDT has e i t h e r been discouraged because 

o f s i d e e f f e c t s o r abandoned because o f v e c t o r r e s i s t a n c e 

t o i t , organo-phosphorus based compounds such as M a l a t h i o n 

and D i c h l o r v o s (DDVP) are b e i n g t r i e d . I n p a r t i c u l a r , 

M a l a t h i o n has low t o x i c i t y t o man but i t i s more expensive 

t h a n DDT. Other replacements are t h e more r e c e n t l y developed 

c a r b o n a t e compounds such as propoxur (OMS33). Propoxur i s 

a v e r y e f f i c i e n t r e s i d u a l i n s e c t i c i d e . For i n s t a n c e , i t 

can k i l l mosquitoes 10 t o 30 metres o u t s i d e a house sprayed 
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w i t h i t . However, i t has the disadvantage t h a t i t i s 8 times 
more expensive than DDT and t h i s puts propoxur beyond the 
reach of most malaria-ridden developing c o u n t r i e s . 

(d) Other Methods 

These other methods are mainly aimed at i n h i b i t i n g the 
e v o l u t i o n of resistance i n mosquitoes t o i n s e c t i c i d e s , and 
they are s t i l l at t h e i r development stages. The goal i s t o 
extend the e f f e c t i v e n e s s of e x i s t i n g i n s e c t i c i d e s . This i s 
motivated by the f a c t t h a t the costs of developing and 
purchasing new i n s e c t i c i d e s are becoming p r o h i b i t i v e . More­
over, r e s i s t a n c e by a vector t o a p a r t i c u l a r i n s e c t i c i d e may 
also extend t o a new i n s e c t i c i d e as i n c e r t a i n DDT resistance 
cases and s y n t h e t i c p y r e t h r o i d s (Chadwick et a l . , 1977, 
P r a s i t t i s u k and Busvine, 1977). 

I t has been noted by Muir (1975, 1977), Comins (1977) 
and others ( C u r t i s et a l , , 1978) t h a t m i g r a t i o n of insects 
i n populations untreated w i t h a given i n s e c t i c i d e would tend 
t o delay the e v o l u t i o n of resistance i n a neighbouring colony 
of t r e a t e d i n s e c t s . I t has been suggested therefore t h a t 
i n s e c t i c i d e s should be applied i n a l t e r n a t i n g sectors of 
a " g r i d " i n which adjacent sectors are sprayed w i t h , f o r 
instance, chemically u n r e l a t e d i n s e c t i c i d e s . One other 
proposal suggested by C u r t i s et a l . (1978), i s t h a t of r e ­
inforcement of n a t u r a l immigration by the release of a r t i f ­
i c i a l l y reared male mosquitoes t h a t are susceptible t o a 
s p e c i f i c i n s e c t i c i d e . These are supposed to re-introduce 
s u s c e p t i b i l i t y of genes i n t o the progeny of the r e s i s t a n t 
p o p u l a t i o n . With the technique of r e a r i n g mosquitoes on a 
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large scale becoming w e l l established (Singh et a l . 1974, 
Dame et a l . , 1974), the l a t t e r method appears promising. 
However, the idea of i n c r e a s i n g the population of man-biting 
i n s e c t s i n ; a community may not at f i r s t be p a r t i c u l a r l y 
appealing. 

1.6.3 The WHO Malaria Surveys i n Garki 

As p a r t of i t s g l o b a l e f f o r t t o c o n t r o l malaria, the 
WHO i n i t i a t e d i n 1969, what i s now known as the Garki P r o j e c t . 
The p r o j e c t , which was m u l t i - d i s c i p l i n a r y i n scope, was based 
on a s e r i e s of l o n g i t u d i n a l f i e l d surveys of the human pop­
u l a t i o n , together w i t h mosquito and meteorological surveys 
c a r r i e d out i n Garki, Kano State, N i g e r i a , i n conjunction w i t h 
the Government of the Federal Republic of N i g e r i a . 

The p r o j e c t had three s p e c i f i c o b j e c t i v e s (Molineaux 

et a l . , 1980, page 21) -

(1) t o study the epidemiology of malaria, which involved 
the measurement and study of entomological, p a r a s i t a l o g i c a l 

and s e r o l o g i c a l v a r i a b l e s and t h e i r r e l a t i o n s h i p s . I t 

also included the measurements of meteorological, dem­

ographic and c l i n i c a l v a r i a b l e s . 

(2) t o measure the e f f e c t s of such c o n t r o l measures as the 
use of r e s i d u a l i n s e c t i c i d e s w i t h and without mass 
drug a d m i n i s t r a t i o n . 

(3) t o construct and t e s t a mathematical model t h a t would 

simulate the transmission of the disease under various 

c o n t r o l s t r a t e g i e s . 

A comprehensive summary of the r e s u l t s of the studies c a r r i e d 
out so f a r by various members of the p r o j e c t team, i n p u r s u i t 
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of the above o b j e c t i v e s , has r e c e n t l y been published as a 
WHO monograph (Molineaux and Gramiccia, 1980). 

The demographic-parasitalogical surveys were aimed 
at covering the e n t i r e population of s i x t e e n selected v i l l a g e s 
i n the area, and were c a r r i e d out i n three phases. I n the 
f i r s t phase, surveys were conducted every ten weeks from the 
end of the wet season i n November 1970 to the end of the 
dry season i n May 1972. Throughout t h a t period no attempts 
were made at treatment (except probably i n the most serious 
cases) or c o n t r o l of malaria. Consequently, these surveys 
are c a l l e d the baseline surveys. The second phase known 
as the i n t e r v e n t i o n phase, i n which surveys were also conducted 
every ten weeks, commenced from A p r i l 1972 t o October 1973, 
during which c e r t a i n c o n t r o l s t r a t e g i e s were applied to some 
of the v i l l a g e s w h i l e others were l e f t untreated as c o n t r o l . 
The t h i r d and l a s t phase, or p o s t - i n t e r v e n t i o n phase, extended 
from November 1973 t o the end of the p r o j e c t l i f e , February 
1976. During t h i s p e riod s e l e c t i v e drug a d m i n i s t r a t i o n was 
c a r r i e d out, p a r t i c u l a r l y i n v i l l a g e s covered by mass drug 
a d m i n i s t r a t i o n i n the second phase. The aim was to p r o t e c t 
these v i l l a g e s whose populations' immune responses had 
apparently been weakened from l e t h a l malaria attacks. Through­
out the p r o j e c t i n f a n t s were surveyed twice as many times as 
the a d u l t s , t h a t i s , about every f i v e weeks. 

We s h a l l subsequently (Chapter 6) be concerned only w i t h 
the data from the baseline phase, and i n p a r t i c u l a r the paras­
i t a l o g i c a l data. These data, (as w e l l as those i n the other 
phases) were obtained by the c o l l e c t i o n and examination, at 
each survey and f o r each person, of a t h i c k blood f i l m , l i n k e d 
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by an i d e n t i f i c a t i o n code number of the person. The blood 
f i l m was examined by means of a microscope, f o r 200 f i e l d s , 
and the person was then c l a s s i f i e d , at t h a t p a r t i c u l a r survey, 
as p o s i t i v e f o r P. falciparum asexual forms, P.falciparum 
gametocytes, P. malariae or P. ovale r e s p e c t i v e l y , i f any of 
these were observed i n any of the 200 f i e l d s , and the number 
of p o s i t i v e f i e l d s recorded. Otherwise he was c l a s s i f i e d as 
negative, t h a t i s , f r e e from parasitamia. 

As regards those surveys f o r gathering sero-
immunological data, these were c a r r i e d out i n selected 
v i l l a g e s twice a year, i n conjunction w i t h the demographic-
p a r a s i t a l o g i c a l surveys, one i n the dry season and the other 
i n the wet season. The surveys involved the c o l l e c t i o n 
of blood samples from f i n g e r p r i c k s i n t o heparinized caraway 
tubes and f i l t e r papers on which several t e s t s were then 
performed. Among the t e s t s were those t o determine q u a n t i t ­
a t i v e l y the l e v e l s of immunoglobulins G and M, using techniques 
described i n the paper by Mancini et a l . (Ii965). 

The i n f o r m a t i o n gathered i n the Garki Project i s 
believed t o provide a b e t t e r basis than was previously a v a i l ­
able, f o r the q u a n t i t a t i v e study of malaria and the planning 
of m alaria c o n t r o l . Before the p r o j e c t was undertaken a l l 
malaria surveys on man were, w i t h a few exceptions (Krafsur 
and Armstrong, 1978), c r o s s - s e c t i o n a l prevalence surveys 
(Russell et a l . , 1963). The Garki data do provide the opport­
u n i t y t o o b t a i n good q u a n t i t a t i v e assessments of some of the 
key f a c t o r s governing malaria transmission such as age and 
sea s o n a l i t y . I n Chapter 6, we s h a l l use some of the data to 
estimate such parameters as human rates of i n f e c t i o n and recov­
ery r a t e s by age-group and season. 
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CHAPTER TWO 

REVIEW OF QUANTITATIVE STUDIES OF MALARIA 

2.1 I n t r o d u c t i o n 

Early attempts to apply mathematical techniques to the 
transmission and c o n t r o l of malaria are a t t r i b u t e d t o Ross 
(1911, 1915, 1916, 1917). Much of l a t e r studies were 
extensions of some of h i s o r i g i n a l ideas. Macdonald (1950, 
( a , b ) , 1953, 1955, 1957, 1965) considered various determin­
i s t i c aspects of the spread of endemic malaria the essence o f 
which could be traced back t o Ross's pioneering work. Other 
workers include M a r t i n i (1921), Lotka (1923), and Moshkovskii 
(1950, 1967). Lotka, i n p a r t i c u l a r , studied extensively the 
various equations proposed by Ross and i l l u s t r a t e d h i s 
s o l u t i o n s of the equations by niunerical examples. Waite 
(1910) considered the r e l a t i o n s h i p between the number of 
mosquitoes i n a l o c a l i t y and the malaria r a t e , a l s o based 
on Ross's ideas. Others who have devoted some a t t e n t i o n to 
malaria include Armitage (1953) and Bailey ( 1975). 

Kermack and McKendrick (1927) have discussed a simple 
d e t e r m i n i s t i c model of the transmission of malaria and 
obtained an approximate r e s u l t f o r the threshold of an 
epidemic; t h a t i s , some l e v e l of the disease prevalence below 
w h i c h i t d i e s out but above which i t maintains i t s e l f . A 
S t o c h a s t i c analogue of t h e d e t e r m i n i s t i c threshqld has l?e!^n 
derived by B a r t l e t t (1964, 1966). Oyelese (1970) and Rao 
e t a l . (1974a,b) have also derived various forms of the 
th r e s h o l d theorem also using s t o c h a s t i c models. 

Recent developments on the subject are due t q Dietz and 
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h i s colleagues at WHO (1974) whose model i s s p e c i f i c a l l y 
based on the Garki p r o j e c t described i n the l a s t Chapter 
( s e c t i o n 1.6). More r e c e n t l y , Aron and May (1980) have 
reviewed the basic model of Macdonald. They have also 
modified i t s l i g h t l y by i n c o r p o r a t i n g such aspects of the 
disease as latency and immunity. An e a r l i e r review of the 
subject i s contained i n the book of Bailey (1975, 
Chapter 17). 

Attempts have also been made t o model the p a r a s i t e 
p o p u l a t i o n i n the intermediate host. E l d e r k i n et al.,(1977) 
have modelled the p a r a s i t e population and the a c q u i s i t i o n 
of immunity i n which both the p a r a s i t e population and 
immune response vary continuously w i t h age. Before t h a t , 
Marcus (1970) has used the method of branching processes 
to model the c y c l i c development of the parasites i n s i d e a 
mammalian host. 

I n the next four sections we o u t l i n e b r i e f l y the 
e s s e n t i a l aspects of some o f the above-mentioned models. 
We begin w i t h the basic d e t e r m i n i s t i c model o f Ross. 

2.2 The Basic Model of Ross w i t h Extension 

Ross's basic model i s defined as a set of d i f f e r e n t i a l 

equations. With t representing the time v a r i a b l e , the 

equations are : 

dx = b ' f • u ( l - x ) - Yx (1) 
dt 

du = b'fx(a-u) - v'u (2) 
dt 
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where 

x : p r o p o r t i o n of human population i n f e c t e d ; 

u : the densi t y o f i n f e c t e d mosquitoes per head 
of human population; 

a : the o v e r a l l female mosquito density per 

person; 

f : p r o p o r t i o n of i n f e c t e d persons who are also 

i n f e c t i o u s ; 

f ' : p r o p o r t i o n of i n f e c t e d mosquitoes th a t are 

also i n f e c t i o u s ; 

Y : human recovery r a t e ; 

b' : mosquito man-biting r a t e ; 

v' : mosquito death r a t e 

By using the p r o p o r t i o n i n f e c t e d i n the human popul­
a t i o n , X, and the density o f i n f e c t e d mosquitoes, u, as the 
dynamic v a r i a b l e s , i t i s assumed t h a t the populations 
i n v o l v e d are, each, approximately constant. The f i r s t 
equation describes changes i n the p r o p o r t i o n of persons 
i n f e c t e d . That i s , new i n f e c t i o n s are acquired at a r a t e 
t h a t depends on the mosquito man-biting r a t e , b', the density 
o f i n f e c t i o u s mosquitoes, f ' u , and the pr o p o r t i o n of persons 
not i n f e c t e d , ( 1 - x ) , from which i s subtracted the pr o p o r t i o n 
o f i n f e c t e d persons who have recovered, Yx. Equation (2) 
describes changes i n the density o f i n f e c t e d mosquitoes. 
These depend on the p r o p o r t i o n o f i n f e c t i o u s persons, f x , 
the man-biting r a t e , b', the density o f uninfected mosquitoes, 
( a - u ) , and the loss term, v'u, which r e s u l t s from the death 
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of i n f e c t e d mosquitoes. Throughout the sequel, by e i t h e r 
a mosquito or a vector, we s h a l l mean the female anopheles 
mosquito. 

To achieve the s i m p l i c i t y i n the preceding formul­
a t i o n , a number of key assumptions are made, i n a d d i t i o n 
t o t h a t of constant human and vector populations. For the 
human populations, the possible e f f e c t s of migration are 
ignored and no new susceptibles are allowed. I t i s also 
assumed t h a t the death r a t e of humans i s n e g l i g i b l e r e l a t i v e 
t o t h e i r recovery r a t e . As f o r the mosquitoes, once 
i n f e c t e d they are assumed t o remain i n f e c t e d f o r the r e s t of 
t h e i r l i v e s . Although the m o r t a l i t y r a t e among i n f e c t e d 
mosquitoes i s believed t o be higher than t h a t among healthy 
ones (Anderson and May, 1979), they are assumed t o be the 
same i n the model. Furthermore, an uninfected mosquito 
gets i n f e c t e d whenever i t b i t e s an i n f e c t i o u s host. I t has 
been suggested, however, t h a t the infectiousness of a 
disease to a mosquito depends p a r t l y on the age of the 
i n f e c t i v e , e s p e c i a l l y i n endemic areas. According t o 
Sambasivan (1975), gametocytes from long-standing i n f e c t i v e s 
are less i n f e c t i o u s to the vector than those of younger 
i n f e c t i v e s . This i s probably why, i n endemic areas, c h i l d r e n 
show greater gametocyte d e n s i t i e s than older members of the 
community, thus s e r v i n g as the main r e s e r v o i r of i n f e c t i o n . 
Also neglected i n the model i s the length of the sporogonic 
cycle i n the vector even though i t i s comparable w i t h the 
l i f e - s p a n of the vector. Nor does the model take account 
of the various stages of development of the pa r a s i t e s i n the 
htmian host such as the latency period. Thus the model ignores 
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completely the h o s t - p a r a s i t e r e l a t i o n s h i p of the disease. 
Despite these short-comings, the model r e f l e c t s the basic 
features of the i n t e r a c t i o n s between the populations of 
human hosts and mosquitoes. 

E q u i l i b r i u m s t a t e s o f the disease may be found by 
s e t t i n g ^ ~ ~ ° equations (1) and ( 2 ) , and s o l v i n g 
f o r X and u. This r e s u l t s i n two sets of s o l u t i o n s . 

( i ) X = u = o (3) 

and 

Lotka (1923b) c a r r i e d out studies of approximate 
time dependent s o l u t i o n s of equations (1) and ( 2 ) , near 
these p o i n t s of e q u i l i b r i u m , w i t h V replaced by y', the 
b i r t h r a t e of mosquitoes. This s u b s t i t u t i o n was made by 
Ross ( B a i l e y , 1975 p.315) who assumed t h a t the b i r t h - a n d 
death-rates of mosquitoes e x a c t l y balanced each other. I t 
i s unclear as t o what t h i s s u b s t i t u t i o n was meant t o achieve 
I n h i s i n v e s t i g a t i o n , Lotka found t h a t f o r a given set of 
parametric values i n the expression, 

ab'' f f ' (5) 
Yy' 

the s o l u t i o n t o these equations tends only t o one of the two 
e q u i l i b r i u m s o l u t i o n s , depending on whether (5) i s less than 
or equal t o u n i t y , or not. More s p e c i f i c a l l y , the s o l u t i o n 
tends t o (4) i f expression (5) i s greater than u n i t y , 
otherwise the t r i v i a l s o l u t i o n i s s t a b l e . This has been 
i n t e r p r e t e d to imply t h a t , i f (5) does not exceed 1, then 
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a few malaria cases introduced i n t o a malaria-free community 
w i l l not r e s u l t i n any epidemic or endemic s i t u a t i o n , and 
the disease soon dies out. Otherwise such an i n t r o d u c t i o n 
w i l l culminate i n the disease reaching endemic proportions 
given by (4) ( B a i l e y , 1975, p.316). 

2.2.1 The Basic Reproduction Rate 

Expression (5) has given r i s e t o the concept of 'basic 

reproduction r a t e ' of Macdonald, (Macdonald, 1952, 1957), which 

i s c o n v e n t i o n a l l y denoted i n the l i t e r a t u r e by Zo. I f we 

replace y' i n (5) by V, then the basic reproduction r a t e i s 

given as 

This i s u s u a l l y i n t e r p r e t e d as the average number of secondary 
i n f e c t i o n s contracted from a s i n g l e i n f e c t e d person i n a 
l a r g e p opulation of susceptibles. I f Zo i s less than u n i t y , 
the disease soon dies out, otherwise i t w i l l p e r s i s t t o 
assume endemic pr o p o r t i o n s u l t i m a t e l y . 

An i n t u i t i v e i n t e r p r e t a t i o n of Zo given by Bailey 
(1975, p.317), i s as f o l l o w s . For a s i n g l e primary case w i t h 
a recovery r a t e o f y , the average i n f e c t i o n time i s ^/x , 

d u r i n g which he w i l l have i n f e c t e d ab'f/y mosquitoes. Each 
of these mosquitoes l i v e s an average of time , during which 
i t w i l l have administered a t o t a l of b ' f / v ' i n f e c t i o u s b i t e s , 
l a r g e l y on susceptible humans. The t o t a l number of secondary 
cases i s provided by the product (ab'f/y) ( b ' f ' / V ) . 

Recently Aron and May (1980) have derived Zo using a 
geometric phase-plane a n a l y s i s . The h o r i z o n t a l axis corresponds 
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t o X, the p r o p o r t i o n of i n f e c t e d persons, and the v e r t i c a l 
a x i s represents the p r o p o r t i o n of i n f e c t e d mosquitoes, 

u/a, which they denote by y. The area of the graph i s s p l i t 
dx 

i n t o 4 domains by 2 i s o c l i n e s corresponding t o ^ = o 
and ^ = o. The i n t e r s e c t i o n s o f these i s o c l i n e s are the dt 
e q u i l i b r i u m p o i n t s . Equation (6) i s obtained by d i v i d i n g 

b'f>" 
the i n i t i a l slope of the y - i s o c l i n e ( ̂ ^v') by that of the 

x - i s o c l i n e Vab'f). Their r e s u l t i s reproduced i n f i g u r e 3. 

Their a n a l y s i s suggests th a t small changes i n e i t h e r 

the man-biting r a t e , b', or i n the mosquito density, a, are 

more l i k e l y to r e s u l t i n s i g n i f i c a n t changes i n the prop­

o r t i o n o f persons i n f e c t e d when ^/^' i s small than when i t 

i s l a r g e . This, they considered, i s a v i n d i c a t i o n of 

Macdonald's argument i n support of using as an index 

of s t a b i l i t y . Thus i n areas where mosquitoes biteman 
r e l a t i v e l y o f t e n ( l a r g e r b') and have long expected l i f e 

b' 
( s m a l l v'), /v' i s high and malaria tends t o be endemic 
or ' s t a b l e ' . Epidemic outbreaks occur i n areas where mos-

b ' 
quitoes b i t e less and have shor t e r l i f e - s p a n ( /v' small) 

('unstable' m a l a r i a ) . 

The parameter f ' i s i n essence the latency parameter 

f o r the mosquito. Let the incubation period of the pa r a s i t e 

w i t h i n the mosquito (sporogonic p e r i o d ) be assumed constant 

and denoted by x . Since an i n f e c t e d mosquito becomes 

i n f e c t i o u s only a f t e r the completion of the sporogonic phase, 

f may be i n t e r p r e t e d as the p r o b a b i l i t y that i t i s s t i l l 

a l i v e by then, and approximately 
f = exp(-v'T), (7) 
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so t h a t 

, a b : i f _ e x p ( ^ (8) 

I t i s from (8) t h a t Macdonald (1957) argued t h a t , as 
c o n t r o l measures d i r e c t e d at the mosquito vectors, ' i n s e c t ­
i c i d e s are more e f f e c t i v e than l a r v i c i d e s ' . The l a r v a l 
component enters Zo l i n e a r l y through a, so tha t the red­
u c t i o n of mosquito l a r v a by a f a c t o r of two, say, would 
only h a l f Zo,whereas doubling the adult death r a t e would 
a f f e c t an exponential r e d u c t i o n i n Zo. Moreover, a sporog­
onic cycle l a s t s roughly as long as the aquatic stages of 
development (see Chapter 1, section 1.4). This observation 
was l a t e r t o change the st r a t e g y of c o n t r o l measures against 
mosquitoes ( H a r r i s o n , 1978, Chapter 23). 

2.2.2 Seasonal V a r i a t i o n of prevalence 

I t has been long established (Boyd, 1949, Peter and 
Standfast, 1960) t h a t i n regions of endemic malaria, prev­
alence of the disease has a steady seasonal p a t t e r n from 
year t o year. As an i l l u s t r a t i o n , Aron and May (1980) 
examined h o s p i t a l records of monthly malaria cases, before 
c o n t r o l by DDT, from two d i f f e r e n t l o c a l i t i e s , i n S r i Lanka. 
They found t h a t f o r regions of high transmission, the 
records e x h i b i t e d steady seasonal patterns over the years, 
q u i t e d i s t i n c t from l o c a l i z e d f l u c t u a t i o n s . Such patterns 
tend t o f o l l o w those i n mosquito population density. The 
peak of mosquito po p u l a t i o n density occurs e i t h e r before 
(Boyd, 1949, page 636) or du r i n g (Christophers, 1949, page 703) 
the peak of human malaria cases. According to Boyd, the peak 
of prevalence among mosquitoes i s preceded by both the human 
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and mosquito density peaks. 

Aron and May (1980) have considered i n c o r p o r a t i n g t h i s 
seasonal e f f e c t i n t o the basic model of Ross. They introduced 
a t h i r d d i f f e r e n t i a l equation i n a d d i t i o n t o (1) and (2) t h a t 
describes the dynamics of the mosquito population. I n our 
n o t a t i o n , t h i s t h i r d equation i s equivalent to 

II = w ( t ) - V a (9) 

where they define w ( t ) as the " r a t e of emergence" of mosquitoes 
per person. w ( t ) i s made t o vary s i n u s o i d a l l y over the year 
so t h a t the mosquito d e n s i t y , now a f u n c t i o n of time, t , also 
v a r i e s s i n u s o i d a l l y but w i t h some la g . Since only the human 
pop u l a t i o n i s now assumed constant, equation (1) remains 
unchanged w h i l e equation (2) i s - m o d i f i e d accordingly, and takes 
the form 

^ = b ' f x ( a - u ) - ( v + ^ /a)u (10) 

Graphical representations of the s o l u t i o n s to which the system 
of equations (1) (9) and (10) tend, f o r large t , e x h i b i t 
q u a l i t a t i v e agreement w i t h the observations of Boyd mentioned 
e a r l i e r , w i t h regards t o the r e l a t i v e t i m i n g of the peaks. 

2.3 S u p e r i n f e c t i o n 

The model of Ross assumes t h a t an i n f e c t e d person i s 
not r e - i n f e c t e d . However, i t i s gene r a l l y known t h a t , i n areas 
of endemic malaria, human hosts may harbour simultaneously 
i n f e c t i o n s by d i f f e r e n t species (Cohen, 1973; Molineaux and 
Gramiceia, 1980, pp.134-8). Furthermore, not only can d i f f e r e n t 
s t r a i n s of a s i n g l e species f l o u r i s h side by side i n the human 
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host, but the same s t r a i n may r e - i n f e c t the host should the 
r e - i n f e c t i o n occur before s u f f i c i e n t body resistance i s 
developed against the s t r a i n . These types of i n f e c t i o n s are 
examples of the phenomenon of 's u p e r i n f e c t i o n ' . 

Although Ross (1916) had mentioned the e f f e c t of 
s u p e r i n f e c t i o n , he ignored i t e n t i r e l y i n hi s model, thus 
assuming secondary i n f e c t i o n s as l o s t . Macdonald (1950a) 
noted the omission and proposed a m o d i f i c a t i o n to the model, 
i n which i n f e c t i o n s would a r r i v e i n the body and run t h e i r 
course independent of each other. Curiously, the model t h a t 
u l t i m a t e l y emerged i s one i n which successive i n f e c t i o n s 
queue up t o express themselves only when the previous i n f e c ­
t i o n has run i t s f u l l course (Macdonald 1957, 1973; Fine 
1975i, j B a i l e y , 1975 page 33J.). Dietz has since proposed a 
model t h a t embraces Macdonald's o r i g i n a l idea ( B a i l e y , 
1975 pp.318-20). Aron and May (1980) have mentioned construc­
t i n g some models of s u p e r i n f e c t i o n i n which r e - i n f e c t i o n s are 
successively more e a s i l y shed r a t h e r than being t o t a l l y indep­
endent of each other. These models are said t o l i e between 
those of Dietz and Ross. We s h a l l propose another super­
i n f e c t i o n model, which i s a m o d i f i c a t i o n of Dietz's model, i n 
which the r a t e of a r e - i n f e c t i o n decreases as the number of 
i n f e c t i o n s (broods) i n the body increases. 

To incorporate the models of s u p e r i n f e c t i o n we w r i t e 

the basic equation (1) i n the general form: 

^ = h ( l - x ) - Rx (11) 

where h denotes the p r o p o r t i o n of the population r e c e i v i n g 
i n f e c t i o u s b i t e s per u n i t time (h = b ' f ' u ) ; i t i s also c a l l e d 
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the i n o c u l a t i o n r a t e . R i s the r a t e of recovery from a l l 
i n f e c t i o n s i n the body. The various models define R as 
f o l l o w s : 

Ross : R = Y (12) 
Y - h Y > h 

Macdonald : R = { (13) 
o Y 1 h 

Dietz : R = h/{ exp(y) - 1} (14) 

where Y i s now defined as the e l i m i n a t i o n r a t e of an i n f e c t i o n 
from a s i n g l e brood. 

Equation (14) has been a r r i v e d at by modifying Ross's 
o r i g i n a l model i n t o a h y b r i d model i n the sense th a t super­
i n f e c t i o n i s t r e a t e d as a homogeneous stochastic immigration-
death process ( B a i l e y , 1975, pp.319-325). As an a l t e r n a t i v e , 
i f we view s u p e r i n f e c t i o n as a queueing process i n e q u i l i b ­
rium, w i t h both the a r r i v a l ( i n f e c t i o n ) and service (recov-
ery)tlmes e x p o n e n t i a l l y d i s t r i b u t e d , then both equations (13) 
and (14) are simply s p e c i a l cases i n which broods are assumed 
t o a r r i v e and depart according t o the queue M/M/S, to use 
Kendall's n o t a t i o n f o r queueing processes (Kleinrock, 1975, 
page 399; Takacs, 1962, page 160). Macdonald's model assumes 
S, the number of servers, equals 1 (M/M/1), while t h a t of 
Dietz corresponds t o an i n f i n i t e number of servers, t h a t i s 
M/M/°°. 

To o b t a i n a general expression f o r R, the o v e r a l l 
recovery r a t e , we proceed as f o l l o w s . Let p^ denote the 
p r o p o r t i o n of the human population w i t h exactly k broods, 
k >o. Pj^ may also be viewed as the p r o b a b i l i t y of a human 
host having e x a c t l y k broods. I n time 6t, the p r o p o r t i o n of 
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the population which completely recovers i s given by 

YP̂  6t + o ( 6 t ) , s i n c e only persons with one brood can move 

by one step to the s u s c e p t i b l e s t a t e i n the i n f i n i t e s i m a l 

time 6t. Now, the proportion of the population with at l e a s t 

one brood i s 1 - p^, so that the o v e r a l l recovery r a t e i s 

given by ( B a i l e y , 1975, page 325). 

R = (15) 
1-Po 

Thus both models are e x p r e s s i b l e i n the form ( 1 5 ) , d i f f e r i n g 

only i n t h e i r expression for p^. 

For the M/M/1 queue based model, we have p^ = l-^/y 

whenever h < Y» otherwise p^ = o. The i n e q u a l i t y h < y 

i s the well-known necessary and s u f f i c i e n t condition for 

e r g o d i c i t y i n the M/M/1 queue ( K l e i n r o c k , 1975, p.95). We 

a l s o have p ^= p^(^). Equation (13) i s obtained by s u b s t i t ­

u t i n g f o r p^ and p ^ i n ( 1 5 ) . S i m i l a r l y , we note that, i n the 

case of M/M/̂ , we have p^ = e~^^^ and p̂  a l s o equals p^ ( ^ ) , 

which i f s u b s t i t u t e d i n (15) y i e l d s equation ( 1 4 ) . 

2.3.1 A modified Dietz Model 

As s t a t e d e a r l i e r , we now propose a modification to 

D i e t z ' s s u p e r i n f e c t i o n model. We assume that the occurrence 

of r e - i n f e c t i o n becomes more d i f f i c u l t as more broods get 

e s t a b l i s h e d i n the body. 

The modified model i s an example of a queue of type 

M/M/oo with discouraged a r r i v a l s . One s p e c i f i c and simple 

case i s that of an harmonic discouragement of r e - i n f e c t i o n s 

with r e s p e c t to the number of broods present i n the body. 
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Thus, now becomes 

where 

" ° (1+1)Y 

= i;'<^<l>^ ' • (17) 

where I ^ ( . ) i s the modified B e s s e l function of the f i r s t 

k ind with order zero. So, i f we use the new expressions 

(16) and (17) for p^(k=l) and r e s p e c t i v e l y i n equation 

(15) we ob t a i n 

R = h / { I ^ ( 2 ( ^ ) ^ ) -1 } (18) 

Our model of s u p e r i n f e c t i o n f a l l s somewhere between that of 

Diet z and Ross, as we s h a l l i l l u s t r a t e subsequently. I t i s 

i n t e r e s t i n g to note that, i n t h i s respect the model i s s i m i l a r 

to those mentioned by Aron and May. 

The expressions of Zo corresponding to the various 

models, when h i s replaced by b'ue *•, are as follows : 

ab'^f 
Macdonald : Zo = ^ ^' (ye^ ' ̂ -b'u) "̂ ^̂  

Y^h (19) 

-V ' T 
Diet z : Zo = ^ {exp(^^^^^ ) - l } (20) 

Our Model : Zo = ^ ^ { l ^ ( 2 ( ^ ) ^ e V ) _ i } (21) 
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A cursory i n s p e c t i o n of equations ( 1 9 ) , (20) and 
(21) i n d i c a t e s that the q u a l i t a t i v e conclusion reached by 
Macdonald about i n s e c t i c i d e s being more e f f e c t i v e than 
l a r v i c i d e s ( a s c o n t r o l measures against mosquitoes), can 
s t i l l be drawn from e i t h e r of expressions (20) and ( 2 1 ) . I t 
i s worth noting that mosquito density no longer enters l i n e a r l y 
i n any of the three expressions of Zo. T h i s becomes c l e a r e r 
when u i s replaced by ay i n these expressions, where, as 
before, y denotes the proportion of i n f e c t e d mosquitoes. 
However, because of the double exponential expression of v' 
i n (20) and the exponential behaviour of I^C") for large 
arguments, (Arfken, 1970, page 511), changes i n Zo would 
tend to be g r e a t e r i n the l a s t two equations than that i n 
( 1 9 ) , given the same change i n say a or v'. 

2.3.2 D i s c r i m i n a t i n g Among the Models 

The d i f f i c u l t y of d i s c r i m i n a t i n g among these models has 

been pointed out by Aron et a l (1980). They suggest one 

reason f o r the d i f f i c u l t y to be the observation that under 

c o n d i t i o n s of constant i n f e c t i o n r a t e and constant brood 

e l i m i n a t i o n r a t e , y, the parameters h and R are r e l a t e d i n 

an i d e n t i c a l way for a l l the models. To i l l u s t r a t e t h i s , 

they s o l v e equation (J]) to obtain the age-prevalence curve 

x ( t ) , which i s 

x ( t ) = L ( l - e " ^ ^ ) (22) 

where L = h/(h+R) i s the l i m i t i n g prevalence r a t e and K = h+R, 

with R defined by e i t h e r of equations ( 1 2 ) , (13) and (14) 

(and now a l s o ( 1 8 ) ) , of the v a r i o u s models. Now, i r r e s p e c t i v e 

of any of these models, L and K are r e l a t e d by the equation 

h = LK (23) 



One i m p l i c a t i o n of (23) i s c l e a r l y that, given any 

two of the q u a n t i t i e s h, L and K, a value of Y can be 

computed which i s dependent on the model used. For i l l u s ­

t r a t i o n , some r e s u l t s of estimating h and Y for the models of 

Ross, D i e t z and Macdonald are reproduced (Aron et a l . , 1980) 

in Table 1. These estimates are based on the values of L 

and K obtained by Macdonald (1973, pages 104-106) using 

equation (22) to f i t age-prevalence data from Freetown and 

K i s s y , both i n S i e r r a Leone. We have added to the content 

of the t a b l e ( l a s t column) the corresponding estimates of Y 

as computed by our model. 

C l e a r l y the new estimates of Y l i e between those from 

D i e t z ' s and Ross's models. I t may a l s o be noted that the 

new model appears to provide more s t a b l e estimates of Y 

for high values of L than, say, that of D i e t z . That a l l the 

models at low va l u e s of L approach the model of Ross i n which 

s u p e r i n f e c t i o n i s excluded, i s to be expected. They a l l 

r e f l e c t the n e g l i g i b l e occurrence of s u p e r i n f e c t i o n at such 

low l e v e l s of d i s e a s e prevalence. 

The general r e l a t i o n s h i p between Y and the other 

parameters L and h, f o r the va r i o u s models may be f u r t h e r 

i l l u s t r a t e d as i n Figure 4. The f i g u r e i s the r e s u l t of 

p l o t t i n g Y/h ( t h e h o r i z o n t a l a x i s ) , the r e l a t i v e e l i m i n a t i o n 

r a t e of a brood, ag a i n s t L (the v e r t i c a l a x i s ) , the l i m i t i n g 

prevalence r a t e . Again i t i s c l e a r l y seen that our proposed 

model l i e s between the models of Ross ( t h i c k unbroken l i n e ) 

and D i e t z ( t h i n unbroken l i n e ) . The f i g u r e a l s o shows that 

a l l models are bounded from below by the model of Ross and 

from above by that of Macdonald. 
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However, to be able to d i s t i n g u i s h among these models 
we r e q u i r e some independent methods of estimating Y. With 
such an independently obtained Y we may then use, for i n s t a n c e . 
F i g u r e 4 to compare the adequacy of the models. T h i s may be 
c a r r i e d out by using the d i s c r e p a n c i e s between the L values 
as obtained from the graph with those observed from the 
population, to s e t up a simple s t a t i s t i c a l t e s t of e i t h e r 
r e j e c t i n g or accepting a p a r t i c u l a r model. 

There are a number of d i f f i c u l t i e s i n obtaining such 

independent estimates of Y. Among these are the problems 

of d e t e c t a b i l i t y and r e l a p s e s , and e t h i c a l reasons preventing 

measurements under laboratory conditions (Aron et a l . , 1980). 

I f , i n a d d i t i o n , we consider the v a r i a t i o n among p a r a s i t e 

s t r a i n s and r a c i a l groups, then Y becomes a very e l u s i v e 

parameter to estimate with s u f f i c i e n t accuracy. 

I t has been suggested that an independent estimate of 

h, on the other hand, may be obtained e i t h e r from cohort 

s t u d i e s of i n f a n t s i n hyperendemic areas ( P u l l and Grab, 

1974; Molineaux and Gramiccia, 1980,pages 125-126), or from 

known proportions of persons ever i n f e c t e d , expressed as a 

func t i o n of age t . In e i t h e r case, R i s s e t to zero, so 

that the s o l u t i o n of equation ( 9 ) , confined to the r e l e v a n t 

group ( f o r i n s t a n c e , i n f a n t s ) becomes 

x ( t ) = 1-e"^^ (24) 

from which we obtain 

h = l o g g ( l - x ( t ) ) / t (25) 

According to Aron et a l . one way to i n v e s t i g a t e the 

e f f e c t of s u p e r i n f e c t i o n i s to c a r r y out comparative s t u d i e s 
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between two populations i n which the brood e l i m i n a t i o n r a t e s 
are assumed to be i d e n t i c a l . Such s t u d i e s may be between 
c l o s e l y adjacent communities with d i f f e r e n t transmission 
r a t e s as i n Segal et a l . (1974), or, comparisons of the 
seasonal v a r i a t i o n s i n recovery r a t e s f o r a s i n g l e group of 
i n d i v i d u a l s as i n K r a f s u r and Armstrong (1978) and the Garki 
data ( f o r example, Bekessy et a l . , 1976; a l s o Chapter 6 ) . As 
w i l l be seen l a t e r (Chapter 6 ) , a l l the models of super­
i n f e c t i o n tend to p r e d i c t longer recovery times during high 
t r a n s m i s s i o n seasons and s h o r t e r recovery times during 
off seasons. However, these statements are at best suggestive 
and not a consequence of the models. 

2.3.3 Concluding Remarks 

B r i e f l y , the phenomenon of s u p e r i n f e c t i o n i s important 

i n e l u c i d a t i n g the nature of the prevalence of endemic malaria. 

I t s i n c l u s i o n i s t h e r e f o r e imperative i n any model vying for 

r e a l i s m . However, any attempt to d i s c r i m i n a t e among the 

d i f f e r e n t models of s u p e r i n f e c t i o n i s beset with the problems 

of inadequate data. I n a d d i t i o n , Macdonald's model i s at 

v a r i a n c e with h i s o r i g i n a l assumption. The model of Dietz 

which i s based on the c o r r e c t i n t e r p r e t a t i o n of Macdonald's 

o r i g i n a l concept, although reasonable, does ignore another 

important e f f e c t of the d i s e a s e , namely immunity, and p o s s i b l e 

competition among broods (Molineaux et a l . , 1980; Singer 

et a l . , 1990). The m o d i f i c a t i o n we have made to D i e t z ' s 

model i s an e f f o r t to take the l a t t e r i n t o account. In the 

next s e c t i o n we review some of the attempts to allow for 

immunity and, i n p a r t i c u l a r , the i n t e g r a t e d m a l a r i a model 

of D i e t z , 
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2.4 The Model of D i e t z et a l . 

The model of D i e t z et a l . (1974) i s considered to be 

the most p r a c t i c a l and r e a l i s t i c yet. I t i s a d e t e r m i n i s t i c 

model although some of i t s assumptions are based on s t o c h a s t i c 

concepts. I t attempts to incorporate the idea.of superin­

f e c t i o n i n the way modelled by D i e t z and described i n the 

l a s t s e c t i o n , seasonal v a r i a t i o n and the ieffect of immunity. 

In d i s c u s s i n g the model we s h a l l use the o r i g i n a l notations 

of the authors. 
(• 

The human population i s s p l i t i n t o two c l a s s e s , one 

immune and the other non-immune. Each c l a s s i s fur t h e r 

d i v i d e d i n t o s e v e r a l epidemiological c a t e g o r i e s : negatives 

or s u s c e p t i b l e s , that i s persons with no c l i n i c a l l y 

d e t e c t a b l e p a r a s i t e s i n the body, denoted by x^ for non­

immune and x^ for the immune; incubating, persons with 

p a r a s i t e s i n the l i v e r only denoted by x^ and x̂ ^ for the 

non-immune and immune r e s p e c t i v e l y ; the p o s i t i v e s , persons 

with p a r a s i t e s i n the blood, denoted by y^ and y^ for non­

immune, and y^ for immune c l a s s e s . The notations x^, i = 1,.. ,4 

and i = 1, 2, 3, r e f e r both to the proportions and the 

c a t e g o r i e s of the human population at a given time t , and they 

add up to u n i t y . Here, a u n i t time i s considered as one 

day. F i g u r e 5 i s a diagrammatic r e p r e s e n t a t i o n of the model. 

The p o s i t i v e s c o n s i s t of i n f e c t i o u s , y^ and non-infections 

y^ (non-immune) and y^ (immune). I t i s assumed that not a l l 

persons with p a r a s i t e s i n t h e i r blood are capable of making 

mosquitoes i n f e c t i o u s , hence the d i s t i n c t i o n . The r e s t of 

the parameters denote r a t e s of t r a n s f e r s between c a t e g o r i e s 
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and are defined as follows ( B a i l e y , 1975, page 324). 

6 = b i r t h and death r a t e s of human population for 

a l l c a t e g o r i e s ; 

h - i n f e c t i o n r a t e (time-dependent) as before; 

a = t r a n s f e r r a t e from i n f e c t i o u s to non-infectious 

category i n the non-immune c l a s s ; 

a = t r a n s f e r r a t e from the non-immune (non-
2 

i n f e c t i o u s ) c l a s s to the immune 

( n o n - i n f e c t i o u s ) c l a s s ; 

Q = t r a n s f e r r a t e from the incubating category 

of e i t h e r c l a s s to e i t h e r the i n f e c t i o u s 

(non-immune c l a s s ) or the non-infectious 

(immune c l a s s ) c a t e g o r i e s ; given by 

( l - 6 ) \ ( t - N ) ; 

R ,R = recovery r a t e s of non-immune and immune c l a s s e s 
1 2 

r e s p e c t i v e l y given by h/{ e x p ( — - ) - l } , i = 1,2 
Yi 

Here, N i s the incubation period of i n f e c t i o n i n man and 

Y j i s the e l i m i n a t i o n r a t e of any one brood. From the 

expre s s i o n of Q, i t i s assumed that immunity has no 

i n f l u e n c e on incubation. 

The model i s formulated as a set of non-linear 

d i f f e r e n c e equations amenable to i t e r a t i v e s o l u t i o n by 

computer. Thus, l e t Ax. = Ax.(t) = x . ( t + l ) - x . ( t ) , j = 1,...,4, 
J J J J 

and Ay . = A y ^ ( t ) = y j ^ ( t + l ) - y ^ ( t ) , i = 1,2,3, then the 

equations are given as fo l l o w s , with the time argument 
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suppressed except where a time-lag i s involved. 

Ax = 
1 1 2 

- (h+ 6)x + 6; 

( i i ) Ax = 
2 

hx - Qx ( t - N ) - 5x ; 
• 1 2 • 

( i i i ) Ax = 
3 

R y 
2 3 

- ( h +6)x ; 
3 

( i v ) Ax = hx 
3 

- Qx ( t - N ) - 6x ; 
" 3 4 

( V ) Ay = 
1 

Qx 
1 
( t - N ) - ( a +6)y ; 

1 1 

( v i ) Ay = 
2 

a y 
1 1 

- ( a + R + 6)y ; 
2 I 2 

( v i i ) Ay = a y + QX ( t - N ) - (R +6)y (26) 
2 2 

The expression for Q i s derived as follows. 

T r a n s f e r s from x to y at time t c o n s i s t of persons i n f e c t e d . 
2 1 

at time t-N with i n f e c t i o n r a t e h(t-N). I f the death r a t e 

i s 6, then the proportion of s u r v i v o r s a f t e r time N i s 
N 

approximately (1-6) . Therefore, the proportion t r a n s f e r r e d 
N 

to y at time t i s (1-5) h(t-N)x ( t - N ) , which, when equated 
1 1 

to the f i r s t term of the r i g h t s i d e of (26 ( v ) ) gives the 

r e q u i r e d r e l a t i o n . The expressions for R^, i = 1,2, are 

D i e t z ' s model of s u p e r i n f e c t i o n (equation ( 1 4 ) ) , with y and 

y as the e l i m i n a t i o n r a t e s of s i n g l e broods for y (the 
2 2 

n o n - i n f e c t i o u s p o s i t i v e non-immunes) and y (the non-infectious 
3 

p o s i t i v e immunes) r e s p e c t i v e l y . I t i s assumed that i n d i v i d u a l s 

i n y recover f a s t e r than those i n y so that y < y 
3 2 1 2 

As the i n f e c t i o n r a t e , h ( t ) , i s made to depend on the 

v e c t o r population i t w i l l change with the season. An e x p l i c i t 

e x p r e s s i o n for h ( t ) i s given i n terms of a quantity c a l l e d 

v e c t o r i a l c a p a c i t y , denoted i n the l i t e r a t u r e by C ( t ) 

( G a r r e t t - J o n e s , 1964; Garrett-Jones and Shidrawi, 1969). 

C ( t ) i s defined as the t o t a l number of b i t e s d i s t r i b u t e d by 

those mosquitoes s u r v i v i n g beyond t h e i r sporogpnic c y c l e of 
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.duration T ( d a y s ) , having b i t t e n a s i n g l e i n d i v i d u a l on day t . 
Using some of the notations defined e a r l i e r ( s e c t i o n 2 ) , 
C ( t ) i s given as 

ab'^e"^"^ 
C ( t ) = -̂ -̂̂ 1̂ (27) 

That i s , C ( t ) i s the product of the average number of b i t e s : 

per person per day ( a b ' ) , the proportion of mosquitoes . 
- v T 

s u r v i v i n g foi* t days (e ) , the average l i f e expectancy of 

s u r v i v o r s i ^ / v ' ) and the average number of b i t e s of a s u r v i v ­

ing mosquito per person per day ( b ' ) . Note that the mosquito 

den s i t y , a, i s time-dependent. 
An approximate expression for h i s given by 

h ( t ) = g { l - e x p ( - C ( t - N ) y j ( t - N ) ) } (28) 

where g i s i n t e r p r e t e d to mean the p r o b a b i l i t y that a b i t e 

a c t u a l l y i n f e c t s a s u s c e p t i b l e person. The expression i n 

the c u r l y bracket i s derived as follows : I n f e c t i o u s persons 

on day ( t - N ) , ( y j ( t - N ) ) , make on day t and t h e r e a f t e r (through 

the mosquito population) an average number, C(t-N)yj (t-N) , 

of p o t e n t i a l l y i n f e c t i o u s c o n t a c t s with each member of the 

human population. By assuming that a l l these b i t e s occur on 

day t i t s e l f and that t h e i r number has a Poisson d i s t r i b u t i o n , 

the p r o b a b i l i t y that any given s u s c e p t i b l e person r e c e i v e s at 

l e a s t one i n f e c t i o u s b i t e i s given by 1-exp {-C(t-N)Y (t-N) } . 

Di e t z et a l . a l s o derived an expression for what they 
* 

c a l l the c r i t i c a l v e c t o r i a l c a p a c i t y , denoted by C , below 

which the dise a s e cannot maintain i t s e l f at an endemic l e v e l . 

T h i s i s based on s e t t i n g the reproduction r a t e Zo to unity. 

The expression i s obtained by f i n d i n g , i n terms of C, the 
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average number of secondary cases that r e s u l t from a s i n g l e 

primary i n f e c t i o n . Thus the mean period during which a case 

i s i n f e c t i o u s i s (a + 6 ) ~ \ During t h i s time., for small 
1 

v e c t o r i a l c a p a c i t i e s the person makes approximately gC 

s u c c e s s f u l contacts per u n i t time. Hence, 

Z = = 1 

or C* = (a +6)/g (29) 
1 

As mentioned already, the development of the model 

by Di e t z et a l . was c l o s e l y l i n k e d with the Garki p r o j e c t . 

I t has been applied to the b a s e l i n e data of the p r o j e c t and 

has provided what the authors consider a good f i t to the 

observed v a r i a t i o n i n m a l a r i a prevalence by age and season 

of the area. I t has a l s o been used more r e c e n t l y to p r e d i c t 

the e p i d e m i o l o g i c a l pattern of another endemic m a l a r i a l 

community i n Kenya (Molineaux et a l . , 1978). I t has yet to be 

appli e d to epidemiological circumstances f a r removed from 

those p r e v a i l i n g i n t r o p i c a l A f r i c a . 

2.4.1 Some Extensions 

As i t stands the model.assumes that immunity once 

gained, i s not l o s t . However, t h i s i s f a r from the case. 

Mention has been made already of the f a c t that immunity 

wears o f f gradually when transmission i n an area i s s i g n i f i c ­

a n t l y reduced by use of some form of c o n t r o l (Chapter 1, 

S e c t i o n 1.5). Moreover, immunity i s a l s o reduced when a 

person remains uninfe c t e d for some time (McGregor et al.,1966). 

A model of l o s s of immunity has been suggested by 

Aron et a l . (1980), i n which they allow immunity l o s s to 

decrease with i n c r e a s i n g value of the i n f e c t i o n r a t e . The 
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d e r i v a t i o n has some p a r a l l e l with D i e t z ' s s u p e r i n f e c t i o n model 

and i t i s of the form: 

A = h/ { exp(hT) - 1 } . (30) 

where X i s the r a t e of moving out of the immune to the non­

immune s t a t e , and T denotes the mean time immunity l a s t s i n 

the absence of r e - i n f e c t i o n . Equation (30) i s incorporated 

i n t o a simple SIRS (Susceptible-I^nfected-Recovered/I^mmune-Suscep-

t i b l e ) model, represented by a set of l i n e a r d i f f e r e n t i a l 

equations. They make a study of the s o l u t i o n s to these 

equations under v a r i o u s assumptions about i n f e c t i o n r a t e s 

and immunity l e v e l s . T h e i r r e s u l t i n d i c a t e s that gradual 

reduction of tra n s m i s s i o n when i n i t i a l r a t e s of i n f e c t i o n i s 

high, may diminish the l e v e l of n a t u r a l l y acquired immunity 

i n a d u l t s and a c t u a l l y r a i s e t h e i r prevalence l e v e l before 

allowing i t to f a l l as h continues to f a l l . Real age-

prevalence curves s t u d i e d by Boyd (1949) e x h i b i t trends 

s i m i l a r to the t h e o r e t i c a l r e s u l t s of Aron et a l . C l e a r l y , 

t h i s s i t u a t i o n may have s e r i o u s i m p l i c a t i o n s f o r con t r o l 

programmes because such a r i s e i n prevalence curve may be 

i n d i s t i n g u i s h a b l e from that due to a c t u a l lack of success of 

the a p p l i c a t i o n of a c o n t r o l measure. 

Another shortcoming of the model by Dietz et a l . i s 

the assumption that immune persons, when in f e c t e d , never 

become i n f e c t i o u s . We have already mentioned that acquired 

immunity pla y s almost no part i n the removal of gametocytes 

(see S e c t i o n 1.5). I t does, however, a f f e c t i n d i r e c t l y 

the d e n s i t y of gametocytes i n the blood s i n c e i t removes 

some of the merozoites which would otherwise give r i s e to 
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f r e s h gametocytes. Even so, according to Y e k u t i e l (1960) 

mosquitoes can get i n f e c t e d by gametocytes occurring i n 

such small numbers as to escape detection e a s i l y . One 

way we would include the c o n t r i b u t i o n of a l l i n f e c t i o u s 

persons i s as f o l l o w s . 

Let y represent both the category and proportion 
.It 

of persons who are i n f e c t i o u s and immune, and l e t y^( >Y^) 

denote t h e i r t r a n s f e r r a t e i n t o the non-infectious but 

immune s t a t e , y . I f q i s the r a t i o of gametocyte 
3 

d e n s i t y of i n f e c t i o u s immunes to those of i n f e c t i o u s non­

immunes, or some ap p r o p r i a t e l y chosen parameter, then the 

i n f e c t i o n r a t e , h, now becomes 
h ( t ) = g{ l-exp(-C (t-N) (y^(t-N)+qy.^(t-N))) } (31) 

The m o d i f i c a t i o n adds one non-linear d i f f e r e n c e equation 

to (26) ( F i g u r e 6) 

Ay = Qx (t-N) - (y +6)y (32) 
k 2 3 4 

In a d d i t i o n equation (26 ( v i i ) ) now becomes 

Ay = y y + y y - ( R . +<S)y (26 ( v i i ) ' ) 
3 2 2 3 " * a 2 3 

In g eneral, q < 1, a consequence of the reduction of merozoite 

d e n s i t v due to immunitv. C l e a r l v . expression (31) orovides 

an estimate of h which i s c o n s i s t e n t l y higher than that of 

D i e t z et a l . Thus, h reaches s a t u r a t i o n l e v e l at s l i g h t l y 

lower v e c t o r i a l c a p a c i t y than i n ( 2 8 ) . 
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I n endemic areas and more so d u r i n g h i g h t r a n s ­

m i s s i o n p e r i o d , y i s bound t o be h i g h and i t s e f f e c t mav 

not be n e g l i g i b l e as assumed by D i e t z e t a l . One i m p l i c ­

a t i o n i s t h a t a l o t more e f f o r t may be r e q u i r e d at the 

i n i t i a l s t a ges of a c o n t r o l programme b e f o r e a n o t i c e a b l e 

change i s r e a l i z e d i n h. 

The parameter q i n e q u a t i o n (31) i s a simple way 

o f i n c o r p o r a t i n g t h e magnitude o f t h e p a r a s i t e burden i n 

t h e human p o p u l a t i o n . I t has been argued t h a t s i n c e the 

p o p u l a t i o n o f m a l a r i a p a r a s i t e s can e x i s t a t v a r i o u s 

d e n s i t i e s w i t h i n i n f e c t e d persons, then t h e e p i d e m i o l o g i c a l 

m a n i f e s t a t i o n s o f t h e disease depend on these q u a n t i t a t i v e , 

a spects o f i n f e c t i o n r a t h e r t h a n on mere presence or 

absence o f p a r a s i t e s i n t h e body. Besides, i t i s a common 

oc c u r r e n c e t h a t , because of t h e c y c l i c n a t u r e of t h e 

development o f t h e p a r a s i t e s i n t h e blood,-some n e g a t i v e 

r e s u l t s o f e x a m i n a t i o n o f b l o o d s l i d e s may be f a l s e 

(Boyd 1949; M i l l e r , 1958). I t would be i n t e r e s t i n g t o see 

how s i g n i f i c a n t an improvement these m o d i f i c a t i o n s would 

b r i n g about i n t h e model. 
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2.5 The Continum Model 

The model o f E l d e r k i n e t a l . ( 1 9 7 7 ) , which i s based 

on t h e s u g g e s t i o n s o f D i e t z i n c o o p e r a t i o n w i t h o t h e r m a l a r i a 

e p i d e m i o l o g i s t s a t WHO, i s c o n s t r u c t e d t o t a k e i n t o account 

t h e aspects o f m a l a r i a d e s c r i b e d i n t h e l a s t paragraph o f the 

p r e c e d i n g s e c t i o n . The model a t t e m p t s t o d e s c r i b e t he 

dynamics o f m a l a r i a i n a host r a t h e r than i t s t r a n s m i s s i o n i n 

a community as i n p r e v i o u s models. I n the model, the immune 

response and t h e magnitudes o f t h e burden of t h e v a r i o u s 

forms o f t h e p a r a s i t e i n t h e human host are made t o be bot h 

age- and time-dependent. But, i t i s t h e time independent 

(age-dependent) v e r s i o n t h a t t h e a u t h o r s c o n s i d e r i n some 

d e t a i l . 

The s e t o f e q u a t i o n s t h a t d e f i n e t h e model i s as f o l l o w s 

( i ) dy = V /"6e~'^^ g ( v ) d v - py ; 
d t 

-DT 
( i i ) dg = aye -vg ; 

d t 

( i i i ) dp = y y - T ( p - p ^ ) ; (33) 
d t ° 

where, y i s t h e p o p u l a t i o n d e n s i t y o f asexual b l o o d stages 

( m e r o z o i t e s ) o f t h e p a r a s i t e s i n the h o s t , g i s the d e n s i t y 

o f gametocytes i n t h e b l o o d , and p i s t h e death r a t e o f t h e 

asex u a l forms o r l e v e l o f r e s i s t a n c e o f t h e ho s t . The t h r e e 

v a r i a b l e s are a l l dependent on the age o f the h o s t , denoted 

here by t . The parameters i n t h e model have the f o l l o w i n g 

meaning. 

V : t h e " b i t i n g r a t e " o f t h e mosquitoes and i s 

i n t e r p r e t e d s i m i l a r l y t o C, t h e v e c t o r i a l 

c a p a c i t y i n t h e model o f D i e t z e t a l . 
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6 : human m o r t a l i t y r a t e ; 

a : t h e r a t e o f r e p r o d u c t i o n o f gametocytes ; 

( c f . and i n s e c t i o n 2.5) ; 

V : t h e death r a t e o f gametocytes. ; 

y : r a t e o f i n c r e a s e i n l e v e l of imrnunity ; 

Y : r a t e o f l o s s of immunity. 

The e q u a t i o n s are i n t e r p r e t e d as f o l l o w s . The change 

i n y depends on g, t h e d e n s i t y o f gametocytes t r a n s f e r r e d t o 

mosquitoes g i v e n by V/°°6e~'^^g(v)dv. T h i s i s the product o f 
o 

the ' b i t i n g r a t e ' V, o f t h e mosquitoes and the d e n s i t y o f 

gametocytes i n a l l persons s u r v i v i n g t o an age v, ^°°6e~*^^g( v)dv, 

The l o s s t e r m , pg, i s t h e death o f m e r o z o i t e s due t o t h e 

immune response of t h e h o s t . As f o r e q u a t i o n (33 ( i i ) ) , 

i n c r e a s e s i n g are p r o p o r t i o n a l t o t h e me r o z o i t e s c o n d i t i o n a l 

on t h e i r s u r v i v i n g f o r a t i m e T, where t h e i r approximate 
-DT 

p r o b a b i l i t y o f s u r v i v a l i s g i v e n by e . Gametocytes are 

a l s o reduced a t a c o n s t a n t r a t e v, by vg. I n the l a s t 

e q u a t i o n (33 ( i i i ) ) , p . i n c r e a s e s p r o p o r t i o n a l l y w i t h y a t a 

c o n s t a n t r a t e y. I n the absence o f m e r o z o i t e s ( y = o ) , p i s 

made t o decrease a t a c o n s t a n t r a t e y t o a v a l u e p^ , the 

immunity l e v e l o f a new-born c h i l d , hence t h e term Y ( P "PQ^" 

C o n d i t i o n s f o r t h e e x i s t e n c e o f n o n - t r i v i a l s o l u t i o n s 

t o t hese e q u a t i o n s i s summarized i n t h e i r theorem 1.1. That 

i s , g i v e n t h e i n i t i a l c o n d i t i o n s : 

( i ) y ( o ) = y° ^ o ; 

( i i ) g ( o ) = g° > o ; 

( i i i ) p ( o ) = p ° ^ o (34) 
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t h e n t h e s e t of e q u a t i o n s (33) has a t l e a s t one s o l u t i o n 
which may be e i t h e r t r i v i a l ( y = g = p = o) or n o n - t r i v i a l 
depending on the f o l l o w i n g c o n d i t i o n s : 

( a ) y° = g° = o ; t h e r e i s o n l y a t r i v i a l s o l u t i o n 

( b ) V >a-^(v + 6) (p^^6)e'^^^ (Po.P°)T 

t h e r e i s a n o n - t r i v i a l s o l u t i o n , o t h e r w i s e 

t h e r e i s a t r i v i a l s o l u t i o n i f 

V <a -Hv+<S ) (p^ + 6)e"^^^('^o'P°)T 

An i m p o r t a n t f e a t u r e of t h e model i s t h a t i t a l l o w s 

f o r r e s i s t a n c e t o be r e - i n f o r c e d o n l y i n the presence o f 

asex u a l b l o o d forms o f t h e p a r a s i t e s . I t a l s o a l l o w s f o r 

i t t o erode i n t h e absence of t h e asexual stages o f t h e 

p a r a s i t e . These assumptions are i n agreement w i t h e m p i r i c a l 

evidence o u t l i n e d e a r l i e r (Chapter 1, s u b s e c t i o n 1.5.1) w i t h 

r e g a r d t o t h e process o f t h e a c q u i s i t i o n and l o s s o f immunity. 

The main e p i d e m i o l o g i c a l c o n c l u s i o n o f t h e model i s 

t h a t gametocyte r e s e r v o i r i n c r e a s e s w i t h i n c r e a s i n g t r a n s ­

m i s s i o n a t low v e c t o r i a l l e v e l ( V ) , but t h a t , as immunity 

b u i l d s up g r a d u a l l y w i t h i n c r e a s i n g t r a n s m i s s i o n the r e s e r v o i r 

e v e n t u a l l y subsides (Aron and May, 1980). T h i s p r o p e r t y i s 

e x h i b i t e d by F i g u r e 7 , reproduced from E l d e r k i n e t a l . The 

i n t e r p r e t a t i o n o f t h i s r e s u l t c o u l d be t h a t a moderate 

r e d u c t i o n i n t r a n s m i s s i o n from a h i g h t r a n s m i s s i o n l e v e l i s 

l i k e l y t o i n c r e a s e t h e p r e v a l e n c e o f t h e disease among 

a d u l t s , t h a t i s , t h i n g s w i l l get worse b e f o r e g e t t i n g b e t t e r . 



1 ^ 
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CHAPTER THREE 

ON .SEMI-MARKOV PROCESSES 

3.1 I n t r o d u c t i o n 

We proceed t o s k e t c h some o f t h e mathematical t o o l s 

and d e r i v a t i o n s t o be used i n subsequent d i s c u s s i o n s . Since 

t h e b a s i c model t o be c o n s i d e r e d i n the sequel i s semi-

Markovian, t h e d i s c u s s i o n here w i l l focus on the t h e o r y o f 

semi-Markov processes, and i n p a r t i c u l a r , on those f e a t u r e s 

of t h e t h e o r y deemed p e r t i n e n t l a t e r on. 

The ideas o f semi-Markov processes were i n d e p e n d e n t l y 

c o n c e i v e d by Levy (1954) and Smith ( 1 9 5 5 ) . About t h e same 

t i m e , Takdcs (1954) i n t r o d u c e d e s s e n t i a l l y t h e same type o f 

s t o c h a s t i c processes and a p p l i e d them t o some problems i n 

co u n t e r t h e o r y . Since t h e n , v a r i o u s aspects o f t h e process 

have been i n v e s t i g a t e d , under t h e general, name of Markov 

renewal processes, by Pyke (1961a,b), Taga (1 9 6 3 ) , Pyke and 

Sch a u f e l e (1964) and Moore and Pyke ( 1 9 6 8 ) . Recent expos­

i t i o n s o f t h e t h e o r y a r e by C i n l a r (1969, 1975) and Hunter 

( 1 9 6 9 ) . Weiss and Zelen (1965) d i s c u s s parameter e s t i m a t i o n 

problems o f models based on semi-Markov t h e o r y i n the c o n t e x t 

o f a p p l i c a t i o n t o c l i n i c a l t r i a l s . Other workers on parameter 

e s t i m a t i o n s i n c l u d e Lagakos e t a l . (1978) (on r i g h t - c e n s o r e d 

d a t a ) and Thompson ( 1 9 8 1 ) . An example o f a p p l i c a t i o n i n t h e 

s o c i a l s c i e n c e s i s t h a t , o f Ginsberg (1971a), who uses i t t o 

model s o c i a l m o b i l i t i e s i n t h e U n i t e d S t a t e s . Ginsberg 

(1971 b, c) has a l s o made a c r i t i c a l a p p r a i s a l o f t h e a p p l i c ­

a t i o n o f semi-Markov t h e o r y i n m o d e l l i n g m i g r a t i o n i n g e n e r a l . 
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I n s e c t i o n 3.2 we g i v e b a s i c d e f i n i t i o n s and i n t r o d u c e 
some n o t a t i o n s . We d e r i v e t h e t r a n s i t i o n p r o b a b i l i t i e s o f 
t h e process i n s e c t i o n 3.3 f o l l o w e d by t h e i r l i m i t v alues i n 
s e c t i o n 3.4, S e c t i o n 3.6 c o n t a i n s t h e o n l y , new r e s u l t s i n 
t h i s c h a p t e r , t h e j o i n t l i m i t i n g d i s t r i b u t i o n s . These are 
d e r i v e d u s i n g t h e f o r m u l a o f f o r w a r d r e c u r r e n c e time d i s t r i b ­
u t i o n s o u t l i n e d i n s e c t i o n 3.5, A sim p l e i l l u s t r a t i v e 
example i s g i v e n i n s e c t i o n 3.7. And we conclude w i t h a few 
remarks ( s e c t i o n 3.8) about t h e a p p r o p r i a t e n e s s of semi-
Markov models i n g e n e r a l . 

3.2 D e f i n i t i o n s and N o t a t i o n s 

We c o n s i d e r a s t o c h a s t i c process which moves from one 

t o a n o t h e r o f a number o f s t a t e s 1, 2, N, i n which 

s u c c e s s i v e s t a t e s v i s i t e d , denoted by the set {X^,X } , 

form a d i s c r e t e t i m e Markov c h a i n w i t h t r a n s i t i o n probab­

i l i t i e s { p ^ j } , i , j = 1, 2,...,N. Here, denotes the 

i n i t i a l s t a t e o f t h e process and X^, n = 1, 2,..., the s t a t e 

i m m e d i a t e l y f o l l o w i n g t h e n t h t r a n s i t i o n so t h a t 

X^e { 1 , 2,...,N } . F u r t h e r , l e t {T^, n= 1, 2,..} be p o s i t i v e 

random v a r i a b l e s such t h a t 

Prob { < t |X^,X^,....X^_^= i , X ^ = j , T ^ . T ^ , . . . , T ^ _ T ^ = H i J ( t ) 

f o r a l l n - 1, 2,.. ( 1 ) 

H i j ( * ) i s assumed t o be an honest p r o b a b i l i t y d i s t r i b u t i o n . 
n 

D e f i n i t i o n 1. Let S„ = , 1 , T = 0, d e f i n e Z. = X f o r 

< t < Sj^_^^ and suppose ^ «> a.s. Then t h e process 

{Z t >o } i s c a l l e d a semi-Markov process (Cox and M i l l e r , 

1977, page 352; Pyke, 1961a). 
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The number o f s t a t e s o f t h e process, N, may be e i t h e r f i n i t e 
o r i n f i n i t e . I n our case, N i s assumed f i n i t e . 

The process i s a l s o c h a r a c t e r i z e d by an N x 1 v e c t o r 

o f i n i t i a l p r o b a b i l i t i e s , A = (a , a ,...,a„), d e f i n e d by 
— 1 2 iM 

a. = Prob { X = i } , i = l , 2, ...,N, and s a t i s f y i n g 
^ ° - N . • 

( i ) a. >o, i = 1, 2,...,N, ( i i ) j S j a . = 1. 

N 

We d e f i n e F . . ( t ) = p . . H . . ( t ) , and W.(t) = .1 F - . ( t ) . 

Since H ^ j ( - ) i s assumed honest, we have 
N 

l i m W.(t) - 1 l i m F. . ( t ) = 1 ( 2 ) 
t->o° j = i t->» i = 1,2, . . . ,N 

Consequently we may d e f i n e p.. = l i m F . . ( t ) . 

L e t ( l ) ^ j ( - ) be d e f i n e d f o r a l l i , j and t >̂  o, by 

< j ) . j ( t ) = Prob { = j I = i } ( 3 ) 

Thus, (}). . ( t ) i s t h e p r o b a b i l i t y t h a t t h e process, i n i t i a l l y 
X J 

i n s t a t e i , i s i n s t a t e j a t ti m e t . 

Unless s t a t e d o t h e r w i s e , m a t r i c e s o f any doubly 

s u b s c r i p t q u a n t i t i e s w i l l be denoted by t h e i r c o r r e s p o n d i n g 

l e t t e r s u n d e r l i n e d . For example, F ( " ) = ( F ^ j ( . ) ) The 

c o r r e s p o n d i n g Laplace t r a n s f o r m s w i l l be d i s t i n g u i s h e d by 

s u p e r s c r i p t ( * ) . Thus f o r 0 > o, f * ( 0 ) = /°°e~^^f ( t ) d t . 
~ o 

I n t h e case o f Laplace - S t i e t j e s t r a n s f o r m s we s h a l l 

use ( * * ) . That i s , f**(e) = /~e"®^df(t). I n a d d i t i o n , 
o 

wherever c o n v e n i e n t , f u n c t i o n s may be w r i t t e n w i t h t h e i r 

arguments suppressed, p r o v i d e d t h i s causes no a m b i g u i t y . 
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The f o l l o w i n g a d d i t i o n a l n o t a t i o n s w i l l a l s o be used 

i n t h e s e q u e l . They are d e f i n e d f o r a l l i , j and t ^ o , and 

are assumed f i n i t e : 

( i ) y = TtdH ( t ) 
1J o 

( i i ) y. = / " t d W . ( t ) 
1 o 1 

( i i i ) a / = /°°(t-y.)2 dW.(t) ( 4 ) 
1 Q X ± 

I t i s c l e a r from t h e d e f i n i t i o n o f F ^ j ( . ) t h a t 

^ = j i ^ J ^ i j ( 5 ) 

3 . 3 The T r a n s i t i o n P r o b a b i l i t i e s 

The f u n c t i o n s ( ( ) ^ j ( - ) may be expressed r e c u r s i v e l y . 

By t h e argument o f t o t a l p r o b a b i l i t y , they are expressed as 

f o l l o w s ( ^ i n l a r , 1969; Pyke, 1961b; F e l l e r , 1957). 

^..(t) = 6. . ( 1 - W , ( t ) ) . J ^ / d F. j ^ ( , ) * ^ . ( t - x ) (6) 

i , j = 1,2, . . ,N, t>T>o 

where 6^^ i s t h e u s u a l k r o n e c k e r d e l t a f u n c t i o n . Equations 

( 6 ) a re d e r i v e d as f o l l o w s . The f i r s t term on the r i g h t a r i s e s 

f rom t h e case i = j and t h e s i t u a t i o n t h a t t h e process never 

l e f t s t a t e i d u r i n g t h e e n t i r e t i m e t . The second term i s 

t h e case i n which t h e process l e f t s t a t e i f o r some i n t e r ­

m ediate s t a t e k, and e v e n t u a l l y reached s t a t e j a t t i m e t . 

I f we denote t h e d i a g o n a l m a t r i x ( 6 ^ j W ^ ( . ) ) by W ( t ) , 
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t h e n e q u a t i o n s ( 6 ) may be w r i t t e n compactly u s i n g m a t r i x 

n o t a t i o n s . Thus, 

Ht) = ( I - W ( t ) ) + ( F , * $ ) ( t ) ( 7 ) 

where ( F j k ^ ) ( . ) i s t h e m a t r i x c o n v o l u t i o n o f F( • ) w i t h 0( . ) . 

To s o l v e f o r $ ( . ) , we use t h e Laplace t r a n s f o r m of ( 7 ) . 

For 0> o 

O*(0) = - W *(6) + eF*(0) . O*(0). ( 8 ) 

S o l v i n g f o r ̂ * ( 0 ) , e q u a t i o n ( 8 ) y i e l d s 

5>*(0) = i ( I - 0 F * ( 0 ) ) " ' (I-eW*(0)) ( 9 ) 
0 

The i n v e r s e i n t h e r i g h t i s w e l l d e f i n e d s i n c e F^j(O) = 0 

and N i s f i n i t e (Pyke 1961b). 

The whole process depends o n l y on the p..'s , H..(.)'s 

and t h e i n i t i a l p r o b a b i l i t y d i s t r i b u t i o n A. I n p a r t i c u l a r , 

g i v e n F. (.)'s (or p. •'s and H. . (.)'s ) ,in t h e o r y , e q u a t i o n ( 9) 

can be used t o o b t a i n 0 ^ j ( . ) ' s . T h i s i s s i g n i f i c a n t i n t h a t 

i t p r o v i d e s t h e means t o express $ ^ j ( . ) ' s i n terms of the 

parameters o f t h e u n d e r l y i n g p rocess, which may be u s e f u l 

f o r s t a t i s t i c a l a n a l y s i s . 

3.4 L i m i t i n g Behaviour o f ^^^j-) 

One o t h e r u s e f u l p r o p e r t y o f (I > ^ j ( . ) i s i t s l i m i t i n g 

f o rm as t tends t o i n f i n i t y . I n m a t r i x n o t a t i o n , l e t $ be 

d e f i n e d by 

f = l i m $ ( t ) (10) 
t->oo 

where t h e l i m i t o p e r a t i o n i s c a r r i e d on each element o f 

$ ( • ) • I n terms o f Laplace t r a n s f o r m s these l i m i t s are g i v e n 
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by (Cox and M i l l e r , 1977, page 355) 

l i m i t {0£*(e) } (11) 
e ^ o 

A rearrangement o f e q u a t i o n ( 9 ) g i v e s 

= l i m {e$*(0) } 
e->o 

= l i m 0(1^- 0 F * ( 0 ) ) ^x l i m - (X-eW*(0)) (12) 
0->o 0->o 0 

p r o v i d e d these s e p a r a t e l i m i t s e x i s t . 

Since W**(0) = 0W*(0) - W(0) = BW* ( 6 ) , t h e second term on 

th e r i g h t becomes l i m - (I-W**(e)). 
0->o 9 ~ " 

Since t h i s e x p r e s s i o n becomes i n d e t e r m i n a t e f o r 0=o 

(W**(o) = I), we need t o use L , H o s p i t a l ' s r u l e t o o b t a i n 

t h e l i m i t . Thus 

l i m I ( I - W * * ( 0 ) ) = W**(0) 
0->o ^ ~ " -

/ t d W ( t ) 
o 

0=O 

= M (13) 

where M = ( S ^ j y j ^ ) , t h e d i a g o n a l m a t r i x whose p o s i t i v e elem­

e n t s a r e t h e u n c o n d i t i o n a l mean h o l d i n g times o f the s t a t e s 

o f t h e process. 

As f o r t h e l i m i t o f t h e i n v e r s e term, we put (Howard, 

1963) ( n o t i n g t h a t F**(e) = 0 F * ( e ) - F ( o ) and F ( 0 ) = o ) , 

U*(0) - 0(I-F**(0) ) ~' 

or U*(e) - U*(e)Pt'*(0) = 01 (15) 
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Now, the m a t r i x U*(0) e x i s t s by v i r t u e o f the e x i s t e n c e of 
t h e i n v e r s e term i n ( 9 ) . T aking l i m i t s of (15) as 8->o y i e l d s 

U*(o) = U*(o) P (16) 

where t h e t r a n s i t i o n m a t r i x , P, i s s u b s t i t u t e d f o r F** ( 0 ) . 

I f we assume t h a t t h e embedded Markov c h a i n o f t h e 

p rocess i s e r g o d i c , t h e n , i t s l i m i t i n g s t a t e p r o b a b i l i t i e s 

a r e u nique and independent o f t h e i n i t i a l s t a t e (Chung, 

1968; . Cox and M i l l e r , 1977, 

page 101). T h i s r e s u l t i s e a s i l y extended t o the case i n 

which t h e process i s i r r e d u c i b l e p o s i t i v e - r e c u r r e n t and 

p e r i o d i c ( F e l l e r , 1957, page 321). 

Let n denote t h e row v e c t o r o f t h e l i m i t i n g probab­

i l i t i e s o f t h e embedded Markov c h a i n . T h i s v e c t o r must 

s a t i s f y t h e e q u a t i o n s 

( i ) n = n P_ 

N 
( i i ) E n = 1 (17) 

j = i 

where 11. >o, j = 1, 2,...,N, are t h e elements o f t h e v e c t o r 

U. Because o f t h e uniqueness o f t h e s o l u t i o n o f (17) the 

rows o f U*(o) must each be p r o p o r t i o n a l t o the row v e c t o r I I . 

To o b t a i n t h e p r o p o r t i o n a l i t y term the r e s u l t s from 

e q u a t i o n s (13) and ( 1 6 ) are s u b s t i t u t e d i n t o (12) t o get 

$ - U*(o)M (18) 

The elements o f ^ must be o f t h e form 
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where u * ^ ^ ( o ) i s t h e ( i , j ) t h element o f U*(o), and k^ i s a 

c o n s t a n t o f p r o p o r t i o n a l i t y between t h e i t h row of 

U*(o) and n . 

N 
Since Z ({>..= 1, the n 

j = i 
N 

k = 1/Z n y (20) j = j J J 

which are i d e n t i c a l f o r a l l . s t a t e s 

Hence 

i j • N 
I 

1=1 

V j _ (21) 

The above r e s u l t s are summarized i n t h e f o l l o w i n g 

Theorem 1. Let { Z^; t >_o } be an i r r e d u c i b l e p e r s i s t e n t 

and a p e r i o d i c semi-Markov process. I f y . < «=, j ^ l , 2 , . . . , N , 
3 

then 

n y (22) 
> i j ( t ) ^ i T " ^ as t ^ 00 

^ n . y p 
£ = 1 

where t h e row v e c t o r , n , w i t h elements IT., i s t h e unique 
3 

s o l u t i o n o f n = n P , and P = l i m F ( t ) . 
t^oo 

As expected, <̂  i s independent o f the s t a r t i n g p o i n t i 

and depends on t h e w a i t i n g tim.e d i s t r i b u t i o n o n l y t h r o u g h t he 

u n c o n d i t i o n a l mean w a i t i n g t i mes y^ , £= 1,2,...,N. 
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3.5 Forward Recurrence Times 

We need t o d e f i n e some concepts on Markov renewal 

process (MRP) and i n t r o d u c e some a d d i t i o n a l n o t a t i o n s . An 

MRP i s t h e process c o r r e s p o n d i n g t o a semi-Markov process 

which r e c o r d s , a t each t i m e t , the number of v i s i t s t o each 

of t h e s t a t e s of t h e process up t o t h a t t i m e . 

More f o r m a l l y an MRP i s d e f i n e d as f o l l o w s . D e f i n e 

m ( t ) = sup { n > ^ o | S j ^ _ < t } and, m_^(t) , the number o f times 

Xj^ = j f o r 1 < k £ m ( t ) . 

D e f i n i t i o n 2 The s t o c h a s t i c process d e f i n e d by t h e v e c t o r -

v a l u e d random v a r i a b l e M ( t ) = { M ^ ( t ) , . , . , M ^ ( t ) } i s c a l l e d a 

Markov renewal process. I t reduces t o an o r d i n a r y renewal 

process when N = 1. 

f e t E ^ j ( t ) , i , j = 1,2,...,N, denote the Markov renewal 

f u n c t i o n ; t h a t i s , E. . ( t ) = E { M . ( t ) | Z = i } . The f u n c t i o n 

i s u s u a l l y expressed i n terms of F̂ .̂  ( • ) ( ^ i n l a r , 1969; Pyke, 

1961b). Thus 

E, . ( t ) = I F\^^\t) (23) 
"-̂  k = i i , j = l,2,...,N 

where F. / ^ \ . ) i s t h e k - f o l d c o n v o l u t i o n of F . ( • ) w i t h i t s e l f , 

X J X J 

The f o l l o w i n g n o t a t i o n s are e s s e n t i a l l y those used by 

^ i n l a r ( 1 9 6 9 ) . Let P.(.) denote t h e p r o b a b i l i t y measure 
3 

c o n d i t i o n e d on X^ = j . That i s P j ( • ) = P^ob {•|X^ = j }. I n a d d i t i o n l e t 

n ( t ) = sup { n, S^ < t } 

Vt = S ; the t i m e u n t i l next 
t " ( t ) + i t r a n s i t i o n 
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Z^ = X /^.N , ; the s t a t e t o be v i s i t e d 
^ n ( t ) + i ^^^^ 

The processes { ^ n ( t ) '^t ̂  ^ \ ( t ) ' ^ t ^ both 

Markov whose s t a t e spaces are t h e C a r t e s i a n product 

{1,2,...,N} x ( o , oo ) . The f o l l o w i n g r e s u l t s about these 

processes are l a r g e l y from C i n l a r (1969) and are s t a t e d 

w i t h o u t p r o o f s . 

L e t X = j and c o n s i d e r t h e event { Z. = k, ± y }, 

(Z^ = • ^ n ( t ) ^ " C o n d i t i o n i n g on S^, and i n v o k i n g t h e theorem o f 

t o t a l p r o b a b i l i t y , we o b t a i n t h e renewal e q u a t i o n s 

P. { Z, = k, V, < y } = 6 (W.(t+y) - W . ( t ) ) + L t dF.(u) 

P^ { Z^_^= k, V^_^< y } j , k = 1,2,...,N (24) 

Since t h e f i r s t t e r m i n t h e r i g h t is bounded, then t h e s o l u t i o n 

t o ( 2 4 ) i s g i v e n by ( K a r l i n and T a y l o r , 1975, pp.184-5) 

P j { Z^ = k, < y } = / dEj j ^ ( u ) (Wj^(t+y-u) - W^(t-u) ) ; (25) 

j ,k - 1,2 ,N 

V i 

I f we denote n• = N then by 

t h e b a s i c renewal theorem, as t c o P { Z^ = k, v ; < y } - n i ^ / / ( l - W ^ ( u ) ) du ; 

j , k = 1,2,...,N 

(26) 
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which i s independent of the i n i t i a l s t a t e j. 

The f o l l o w i n g r e s u l t i s immediate from (25) 

Pi { = j , zl = k, V^<y } = /^dE.j(u) (F.j^(t+y-u) - F.^(z-u)) 

i , j , k = 1,2,...,N ; (27) 

and hence from (26) 

^ i = j , = k, V ^ < y } - x). / ^ ( P j k - F j k ( u ) ) du (28) 

i , j , k = 1,2,...,N 

which i s again independent of the i n i t i a l s t a t e i . 

The next se c t i o n introduces a d i s t r i b u t i o n which i s 
of i n t e r e s t i n i t s own r i g h t . 

3.6 J o i n t L i m i t i n g D i s t r i b u t i o n s 

I t may be of i n t e r e s t to obtain the p r o b a b i l i t y that 
a process a r r i v e s i n s t a t e i , say, at time t and then, a f t e r 
a f u r t h e r period of time z, i t i s i n st a t e j ; t h a t i s , 
Prob { Z. = i , Z, = j } . In p a r t i c u l a r we would l i k e to 
consider the case as t ̂  «>. An example of a s i t u a t i o n i n 
which t h i s may apply i s i f one wishes t o f i n d the steady 
s t a t e p r o b a b i l i t y t h a t at two i n s t a n t s of time z apart, 
the process i s i n sta t e s i and j , r e s p e c t i v e l y . I t should be 
pointed out t h a t t h i s p r o b a b i l i t y says nothing about which 
s t a t e s have been v i s i t e d i n between. 
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The main r e s u l t s of the section i s summarized by 

Theorem 2. I f H ^ j ( t ) i s continuous i n t f o r a l l i , j , then 

Prob { = i , Ẑ ^̂  = j } R^j(z) as t 

where 

R ( z ) = : ; i { ? (P i k - ' ' i k < " ) ' l u 
^ i j i k=i o •J 

+ 5 /"(l-W (u) )du } (29) 

Proof : From f i r s t p r i n c i p l e s and f o r a l l i , j , 

Prob { Z ^ = i , Z^^^=j } = /^^Prob { Z^^ = j l z ^ = i , z ; = k,v;=u} 

x d P r o b { Z ^ = i , Z^=k,V^^u} (30) 

We now consider the p r o b a b i l i t y terms under the i n t e g r a l 

sign separately as t ^ °°. By the Markov property i t f o l l o w s 

t h a t , f o r u £ z, 

Prob 1Z^^^= j I Ẑ  = i , z:̂ = k, = u} = (t)j^jCz-u) ( y i ) 

f o r a l l t > o. Also from (27) we note th a t 

Prob ( Z ^ - i . < = k. v ; < u } = I a^P^ {Z^ = i, z;=k, <_u} 
m=i 

where, as before, a^ = Prob { = m } . Hence 

l i m P r o b i Z ^ = i , z ; = k, v ; < u } ^ \ /^(P . ( y ) ) d y (32) 
t->oo O i k ^ ' 

Since (j), .(z-u) i s a p r o b a b i l i t y , i t i s bounded, and by v i r t u e 
^3 

of the c o n t i n u i t y of the H ^ j ( - ) , i t i s also continuous i n 
u(£z) f o r a l l j ,k and z>^o. Consequently, the i n t e g r a l and 
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l i m i t signs may be interchanged ( B i l l i n g s l e y , 1979, pages 
286 and 288). Thus (30) becomes 

N 

u<z 
R. .(z) = l i m E / (|), . (z-u)dProb { Z, = i, Ẑ  = k, < u } 

t^oo k=i u<z t t t 

k=i u<z ^ i 

which, on rearranging, by the theorem of t o t a l p r o b a b i l i t y 
y i e l d s the required r e s u l t . That i s 

•̂̂  k=i u^z ^ 

. 6. .n. r ( P , ^ - F.j^(u) ) du 

" ^ i j -̂ z ( • ^ - ^ i ( ^ ) ) ^ 

I f we sum (29) over j the r e s u l t reduces to the l i m i t 
T]^ , as expected, i r r e s p e c t i v e of any i n i t i a l s t a t e . Thus 

I ^ R.. (z) = { J ^ //(P.^ - F.j^(u) ) ^ly^i-u) du 

+ /~ (1 - W.(u) ) du } 

n, { r (l-W.(u) )du + / (l-W.(u) )du } 
1 O X Zl X 
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An a n a l y t i c a l l y simpler form of R^^(z) i s given by 
the r e l a t i o n 

R. .(z) = n.(6. .y. . J P.̂  cj.^. (u) - 0. .(u) ) du) (35) 

i , j = 1,2,..., N. 

To a r r i v e at t h i s r e s u l t , f i r s t we note t h a t , from (29) 

N z N 
( i ) I f F (u) (1) (z-u) du = Z / / dF (v)(j)(z-u) du 

k = i o k = i o<u<z v<u 

N 
E / / dF.j^(v) cj)ĵ  (z-y-v) dy 

k = i y i z v£z-y 
(u-v+y) 

/ ((}). .(z-y) - 5.. f dW. (u) ) dy; o i J i J z_y 1 

and 
N zN 

( i i ) I r p cj) (z-u) du = / E P.̂ (f>,,-i (z-u) du (Se) 

In a d d i t i o n , we may w r i t e 

z N „ 
( i i i ) / (1-w (u) )du = S (Pik " ̂ ik^""^) 

o k=i o 

S u b s t i t u t i o n s of these r e s u l t s i n (29) y i e l d s 
N 

^ i j ^ ^ ^ ^ ^ ^ I Pik^kj^"^^ " * i j ( u ) ) du ^ o k - l 

" " ^ i ' ^ i j -^"l-^iCu) )du 

+1^6.J (l-W.(u) ) du 
° z N • 

as required ' M-i i , j = 1, 2 N 
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The Laplace transform of the system of equations 
(35) i s given by 

N 
i j i j 1 I k k j i j (37) 

i J = 1, 2, . . . , N 

3.7 An I l l u s t r a t i v e Example 

When the d i s t r i b u t i o n f u n c t i o n s of sojourn times 
between t r a n s i t i o n s are expressible as simple r a t i o n a l 
La,place-Stieltjes transforms, reasonably simple r e s u l t s f o r 
(35) and t h e r e f o r e (29) are forthcoming. For i l l u s t r a t i o n , 
we discuss the s p e c i a l case of a 2-state (N=2) stochastic 
process, which can also be handled, probably more ele g a n t l y , 
by other methods such as the method of renewal process. 

The t r a n s i t i o n matrix P, of the embedded Markov chain 

i s of the form 

^ 1 1 ^ 1 2 

2 1 2 2 

o <_a. . 1 1 

i , j = 1, 2 (3S) 

We f u r t h e r assume t h a t the times between t r a n s i t i o n s are 
e x p o n e n t i a l l y d i s t r i b u t e d , w i t h parameters X^j>.o, i , j = 1,2 
As a consequence, the d i s t r i b u t i o n f u n c t i o n s Hj^jC") have the 
L a p l a c e - S t i e l t j e s transforms H.. (9) = i j , 

Q+X. 

from which we get 

F (9) = 

^ 1 1 ^ 1 1 

^ 2 1 ^ 2 1 

+ X 2 1 

a 1 2 A 1 2 

^ 2 2 ^ 2 2 

+ X 2 2 (39) 
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I f we now s u b s t i t u t e f o r F*(e) i n ( 9 ) , noting that 
F * * ( e ) = 9F*(0) - F(o) (F(o) = 0)}, then we obtain 

a . .X 
e+x.. j j 

( D e t ( e ) ( 0 + X . j ) ) 

i f 3 

'a. . ( 9 + a/̂"* .X . .) a. .a...X. 
11^ - / 3 - I 3-1 3 - 1 ^ + 13-1 3 - 1 1 13-1 (G+X..)(e+X ) (e+x. 3 _ i 3 _ i ' V - 3 _ i / V -. - s - i i 

(40) 

Det (8) 

1 = J 

where Det (0) i s the determinant of (I_-0Z ( 6 ) ) - E x p l i c i t 
expressions f o r the R. . ( • ) are then obtained by s u b s t i t u t i n g 
(40) i n (37) f o r the ()). .(9) and e x t r a c t i n g the inverse Laplace 
transforms of the r e s u l t . 

Suppose t h a t aj^= Si^^= o, i n which case ^ 1 1 = ^22^ °' 
then the process reduces t o an a l t e r n a t i n g Poisson process 
and may also be analysed as such. In our example, (49) now 
becomes i n matrix form 

<i> (6) = 

1 2 

9 + X i 

9 + X 2 1 
e ( 9 + X + X ^ ^ ) 9 ( 9 + ^ 2 + ^ 2 1 ) 

•2 1 

9(6 + ̂ 2 - ^ ^ 1 ) 9 ( 6 + ^ 2 - ^ ^ 2 1 ) (41) 

From (37) R (0) i s found t o be 

R (0) = 
0(9 + X +X ) 

12 2 r 

. ( 6 + ^ 2 ) 
1 

2 1 

>\^i2 • .vh (6+^21) 
12 •• X 

(4.2) 
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From (4n) the inverse Laplace transforms are e a s i l y obtained 

R(Z) 
^ i ^ 2 ' ' - ( •^-s(^) C n 2 , + •,g(z) ) (43) 

where 

g(z) = exp(-z(X + X ) ) 
12 2 1 

( 4 i ) 
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3.8 Discussion 

Like most s t o c h a s t i c models, semi-Markov models do 

have some serious l i m i t a t i o n s as w e l l as advantages. 

F i r s t , f i n d i n g the t r a n s i t i o n p r o b a b i l i t y d i s t r i b u t i o n s , 

( i ) ^ j ( - ) , i s mathematically i n t r a c t a b l e , except f o r the most 

simple forms of H i j ( - ) - This i s c l e a r l y shown i n the example 

i n the l a s t s e c t i o n . One way to proceed would seem to be by 

s i m u l a t i o n , a procedure t o be pursued i n Chapter 5, or by 

numerical i n t e g r a t i o n , as i n Chapter 6. 

A second d i f f i c u l t y w i t h these models i s tha t i t i s not 

always possible t o ob t a i n data, from the processes being 

modelled, i n the l e v e l of d e t a i l t h a t would allow adequate 

model v a l i d a t i o n . Moreover, these models usually contain 

many parameters f o r which only ad-hoc ranges of values may 

be used. 

An important advantage of semi-Markov models i s perhaps 
t h a t they are q u i t e f l e x i b l e and can accommodate rather 
complex s i t u a t i o n s . They can, f o r instance, be constructed 
such t h a t they incorporate the non-random features o f , and 
the causal s t r u c t u r e s u n d erlying the process being modelled 
(Ginsberg 1971 b , c ) . However, t h i s advantage i s diminished 
to some extent by the a r b i t r a r i l y l i m i t e d dependence of 
sojourn times on jump structure'. 

I n the next chapter, we propose and describe a semi-

Markov model of malaria, and suggest some forms f o r the 

p r o b a b i l i t y d i s t r i b u t i o n f u n c t i o n s f o r the sojourn times 

i n each s t a t e . 
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CHAPTER FOUR 
MODELLING THE TIME DISTRIBUTIONS 

4.1 Basic assumptions 

To r e c a p i t u l a t e from Chapter 1, malaria transmission i n 
a community involves two d i f f e r e n t host populations and several 
l i f e - c y c l e s of the p a r a s i t e population, i n a d d i t i o n to a host 
of other socio-environmental f a c t o r s . As a consequence, any 
mathematical model of the course of the disease that attempts 
at embracing these c h a r a c t e r i s t i c s e x p l i c i t l y , i s l i k e l y to 
be i n t r i c a t e , i m p r a c t i c a l and may lead t o i n t r a c t a b l e 
mathematics. 

One way t o ob t a i n a reasonable mathematical statement 
of the course of the disease may be by c o n s t r u c t i n g a hybrid 
semi-Markov model. Such a model would be made to incorporate, 
f o r example, some of the vector e f f e c t s , d e t e r m i n i s t i c a l l y 
w hile t r e a t i n g as random the times spent by an i n d i v i d u a l i n 
some of the phases of the disease. I t may be argued that the 
vector population i s u s u a l l y large r e l a t i v e t o the human 
popula t i o n , so t h a t the i n c l u s i o n of i t s e f f e c t s as deter­
m i n i s t i c would be both appealing and appropriate. An example 
of combining d e t e r m i n i s t i c v a r i a b l e s w i t h random variables 
i s t h a t of Nasell and Hirsh (1973) and Nasell (1976a,b, 1977), 
i n modelling schistosomiasis ( B i l h a r z i a ) i n an i s o l a t e d 
community. In t h e i r r a t h e r i n t r i c a t e model, the s n a i l popul­
a t i o n , analogous here t o the mosquito population, i s included 
as d e t e r m i n i s t i c i n an otherwise s t o c h a s t i c model. 

We s h a l l consider an i d e a l i z e d s i t u a t i o n of a r e l ­
a t i v e l y i s o l a t e d community i n an endemic malaria environment. 
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In a d d i t i o n , we s h a l l assume that the community has an 
approximately constant population, whose members are not 
subject t o b i r t h , death or m i g r a t i o n . Let us also suppose 
th a t each member of the community belongs t o one of four 
basic categories w i t h respect t o malaria i n f e c t i o n . These 
categories are ( i ) the susceptible, ( i i ) l a t e n t , ( i i i ) 
i n f e c t i o u s , and ( i v ) the non-infectious (but i n f e c t e d ) . 
The sets of the i n d i v i d u a l s i n each of the categories w i l l 
be denoted by U, V, Y and Z, r e s p e c t i v e l y . 

As pointed out e a r l i e r (Chapter 1, section 1.5), both 
the a c q u i s i t i o n and loss of acquired immunity are gradual. 
But, f o r convenience, we s h a l l t r e a t the degree of immunity 
i n an i n d i v i d u a l as d i s c r e t e , such t h a t persons who enjoy 
high measure o f immunity are c l a s s i f i e d i n the higher immunity 
l e v e l s , w i t h the non-immunes c o n s t i t u t i n g the lowest l e v e l . 
The sets of i n d i v i d u a l s are accordingly sub-divided, each 
i n t o a f i n i t e number of subsets, , , and Ẑ , 
i = l , 2 , . . . , k , where k i s the number of immunity l e v e l s . 

4.2 Model D e s c r i p t i o n 

The model i s best described by f o l l o w i n g the phases 
through which one i n d i v i d u a l passes before and during an 
i n f e c t i o n . As we proceed through the phases, we s h a l l 
sometimes t r y and i n t e r p r e t e m p i r i c a l evidence to make 
c e r t a i n assumptions about, f o r example, d i s t r i b u t i o n s of 
sojourn times i n these phases. We begin by assuming that 
the person has only j u s t a r r i v e d i n t o the susceptible cat­
egory at immunity l e v e l i ; t h a t i s , he i s i n set at 
time t = o, but was not there at t = o-. Figure 8 gives a 
schematic diagram of the model. 
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4.2.1 The Susceptible Stage 

In t h i s stage the person i s fr e e of the disease but 
i s continuously exposed t o the r i s k of i n f e c t i o n i f b i t t e n 
by an i n f e c t i o u s mosquito. As time goes by, i t i s assumed 
one of two s i t u a t i o n s may occur independently of each other. 
The person e i t h e r becomes i n f e c t e d and moves to the l a t e n t 
set , or he loses h i s current immunity l e v e l and s l i p s i n t o 
the next lower l e v e l i n the susceptible category, Û _ ̂  
( 1 < i £ k ) . Thus, h i s rates of t r a n s i t i o n s to and Û _̂  
are given r e s p e c t i v e l y by: 

( i ) Prob { ^ V. i n ( t , t + 6 t ) } = 3 . ( t ) 6 t + o(6 t ) 

(1) 
( i i ) Prob { ^ U ^ - i ^ " ( t , t + 6 t ) } = X^6t + o ( 6 t ) 

where Q^(t) i s the i n f e c t i o n r a t e of the person at time t , 
and > o i s the ra t e of loss of immunity. For i = 1, 

= o. I n a d d i t i o n , since acquired immunity i s developed 
only d u r i n g an i n f e c t i o n (Section 1.5), no t r a n s i t i o n to a 
higher immunity l e v e l i s expected t o take place i n t h i s stage. 
In the next section ( 4 . 3 ) , we suggest and discuss a s p e c i f i c 
form f o r 3 ^ ( t ) . 

4.2.2 The Latent Stage 

This phase covers the period between the time Sporozoites 
are introduced i n t o the blood stream and the time the i n f e c t e d 
person becomes i n f e c t i o u s . 

There are wide v a r i a t i o n s i n the period, depending on 
the p a r t i c u l a r s t r a i n or species of the par a s i t e ( s e c t i o n 1.1). 
For P.falciparum, i t i s about 17 t o 21 days. This estimate 
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may be i n f e r r e d from the f o l l o w i n g . F i r s t , we may r e c a l l 
( s e c t i o n 1,3) th a t the p r e - e r y t h r o c y t i c phase i s estimated 
to l a s t from 5 i to 7 days. Secondly, the sexual forms of 
the p a r a s i t e appear about 10 days a f t e r the s t a r t of the 
e r y t h r o c y t i c 'phase. And f i n a l l y , other i n v e s t i g a t i o n s 
( J e f f e r y et a l . , 1955) have shown tha t gametocytes are 
f u n c t i o n a l l y mature only a f t e r about 2 t o 4 days of the s t a r t 
of gametogony. We s h a l l assume as a f i r s t approximation, that 
l a t e n t periods, denoted by'J^, are constant f o r each immunity 
l e v e l i . 

4.2.3 The I n f e c t i o u s Stage 

Mature and i n f e c t i v e gametocytes are now present i n the 
blood stream of the host. This i s c l e a r l y the most c r u c i a l 
phase of the disease as f a r as i t s perpetuation i n a community 
i s concerned. Some of the f a c t o r s that may be expected to 
i n f l u e n c e the i n f e c t i v i t y of gametocytes, and hence the 
i n f e c t i o u s stage, include t h e i r l o n g e v i t y , density, sex r a t i o 
and any immune response of t h e i r host th a t may e i t h e r l i m i t 
t h e i r i n f e c t i v i t y or persistence (Smalley et a l . , 1976). We 
begin by considering the immunity f a c t o r . 

Studies about the existence and nature of any immune 
response to P. falciparum gametocytes are inconclusive ( i b i d . ) , 
but as we mentioned e a r l i e r ( s e c t i o n 1.5), i t i s c u r r e n t l y 
accepted th a t immune response has l i t t l e or no e f f e c t on 
gametocytes. However, i t has also been shown (McGregor et a l . , 
1965; Molineaux et a l . , 1980, pages 115-118) that gametocyte 
density appears to f a l l . a s the age of the host advances, and 

hence, w i t h r i s i n g degree of immunity. This i s u s u a l l y 
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i n t e r p r e t e d t o mean t h a t i n d i v i d u a l s w i t h high degree of 
immunity are less i n f e c t i o u s than those with low or no immune 
responses (Dietz et a l . , 1974, Sambasivan, 1.975). As regards 
s u p e r i n f e c t i o n , i t i s known to have l i t t l e or no e f f e c t on 
gametocyte production; see f o r instance Dietz et a l . I t 
should t h e r e f o r e have n e g l i g i b l e e f f e c t on the d i s t r i b u t i o n 
time i n t h i s stage. 

Sraalley et a l . also found t h a t gametocyte production 
i n a host u s u a l l y rose t o a peak, a f t e r which the gametocyte 
po p u l a t i o n would begin t o f a l l at approximately constant 
r a t e . Furthermore, they observed t h a t the r a t i o of the 
female t o male gametes was 4 t o 1 and was maintained throughout 
up t o the d e p l e t i o n of t h e i r numbers. Thus both sexual forms 
were equ a l l y l i k e l y to be removed from the peripheral blood 
at a l l times. 

No mention was made about when gametocyte production 
a t t a i n e d i t s peak from the time gametogony set i n . We s h a l l , 
however, assume t h a t the time lapse i s small r e l a t i v e to 
the mean time gametogony l a s t s . Hence, w i t h the rate of loss 
of gametocytes taken as constant, i t i s postulated that 
i n f e c t i o u s times are e x p o n e n t i a l l y d i s t r i b u t e d w i t h mean^ 
and V. <v.^. 

We now consider the problem of gain i n immunity. Tobie 
et a l . (1966a,b) conducted studies t o demonstrate the production 
and persistence of antibody response i n a group of volunteers 
i n f e c t e d w i t h P.vivax. They observed that antibody l e v e l s rose 
a b r u p t l y about 6 days a f t e r the onset of parasitamia t o 
plateau some 8 days l a t e r . A f t e r about 3 weeks they gradually 
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declined to low but sustained l e v e l s , f o l l o w i n g the e l i m i n a t i o n 

of the p a r a s i t e s . Presumably, the low l e v e l s were higher than 

those before i n f e c t i o n which would allow f o r the slow b u i l d ­

up of these l e v e l s over the years. 

S i m i l a r s t udies, c a r r i e d out e a r l i e r by C o l l i n s et a l . 
(1964) f o r P.falciparum i n f e c t i o n s , were inconclusive because 
of the few number (3) of the subjects involved. But t h e i r 
r e s u l t s show strong s i m i l a r i t y , and i t i s possible th a t the 
s i t u a t i o n s f o r the two species may not be t h a t d i f f e r e n t . We 
s h a l l t h e r e f o r e assume t h a t immune responses, f o r P. falciparum 
i n f e c t i o n , s t a r t b u i l d i n g up towards the end of the l a t e n t 
stage and a t t a i n maxima some time during the i n f e c t i o u s stage. 

Thus we s h a l l suppose t h a t the gain i n the l e v e l of 

immunity i n the model takes place during the i n f e c t i o u s stage 
as shown i n Figure 8. Furthermore, i t w i l l be assumed tha t 
the boost i n antibody response may be approximated by a Poisson 
process of r a t e • Hence, given t h a t a person i s i n subset 
Y. f o r time T, he may gain immunity and move to a higher l e v e l 

-Y-T 
Y^^j w i t h p r o b a b i l i t y 1-e '-̂  , Otherwise, i f the immune 
response boost i s below some th r e s h o l d , he remiains i n the same 

_r.T 
l e v e l of immunity ( w i t h p r o b a b i l i t y e * i ), i n which case 

h i s next move i s to Z^. 
4.2.4 The Non-infectious stage 
Here, while the i n d i v i d u a l s t i l l e x h i b i t s the presence 

of p a r a s i t e s i n h i s blood, he no longer has any c l i n i c a l l y 
d etectable gametocytes. On recovery the person moves i n t o 
the s u s c e p t i b l e stage, s t i l l r e t a i n i n g h i s immunity l e v e l . 

Unlike the previous stage, the e f f e c t of s u p e r i n f e c t i o n 



-79-

here i s important. As t h i s phenomenon has been discussed at 
some len g t h i n s e c t i o n 3 of Chapter 2, s u f f i c e t o r e c a l l here 
t h a t s u p e r i n f e c t i o n i s supposed to prolong the presence of 
p a r a s i t e s i n a host. Moreover, the longer the person stays 
i n t h i s s t a t e the more he i s at r i s k of r e - i n f e c t i o n , thus 
suggesting a time d i s t r i b u t i o n w i t h decreasing hazard f u n c t i o n 
Because of i t s s i m p l i c i t y and f l e x i b i l i t y , we propose a gamma 
d i s t r i b u t i o n of the non-infectious time, w i t h parameters 
r. and a., where o < r. < 1 f o r a l l i , and a. , < a- , , , 
i = 1,2,..., k-1. The l a s t i n e q u a l i t y i s because persons 
i n higher immunity l e v e l s have f a s t e r recovery rates ( s e c t i o n 
1.5). 

I n the next s e c t i o n we dwell a b i t f u r t h e r on the 

d i s t r i b u t i o n of the time to i n f e c t i o n . 

4.3 On the D i s t r i b u t i o n of the Time to I n f e c t i o n 

The occurrence of successful i n f e c t i o u s contacts on 
a susceptible may be thought of as a time-dependent Poisson 
process. Thus, i f 3 ^ ( 0 i s the hazard f u n c t i o n of the d i s t ­
r i b u t i o n , the p r o b a b i l i t y t h a t at l e a s t one such contact i s 
made on a person before time t+v, given that he entered 
at time t , i s given by ( c f . equation (28) of Chapter 2). 

H.(t,v) = 1 - exp(- A . ( t , v ) ) (2) 

where 
t+v 

A . ( t , v ) = / ^An)du (3) 
^ t 

I t would seem u n r e a l i s t i c t o express Q^(') as a s i n g l e 
constant, except perhaps f o r r e l a t i v e l y small time periods. 



-80-

For i n s t a n c e , (•) s h o u l d depend i n some sense on e i t h e r the 
v e c t o r p o p u l a t i o n , t h e f a c t o r s i n f l u e n c i n g i t , t he v e c t o r ' s 
p r o p e n s i t y t o t r a n s m i t t h e disease o r on a l l o f thes e . However, 
as a l r e a d y s t a t e d (Chapter 1 ) , these f a c t o r s i n t e r a c t i n 
complex ways some o f which are s t i l l n o t w e l l understood. To 
i n c o r p o r a t e t h e i r e f f e c t e x p l i c i t l y i s h i g h l y i m p r a c t i c a l . 
I n an a t t e m p t t o overcome t h i s d i f f i c u l t y , we s h a l l p r e s c r i b e 
a r a t h e r s i m p l e and i n t u i t i v e f orm f o r B^(') which i s aimed 
a t r e f l e c t i n g o n l y t he most s a l i e n t f e a t u r e s o f these f a c t o r s . 

Mention has a l r e a d y been made, i n Chapter 1, o f how 

m a l a r i a p r e v a l e n c e tends t o f l u c t u a t e markedly w i t h t h e 

season i n an endemic community. U s u a l l y , t he disease p r e v ­

alence i s h i g h e s t at t h e peak of t h e wet season and l e a s t 

d u r i n g t h e dry season, c o i n c i d i n g w i t h t h e r i s e (wet season) 

and f a l l ( d r y season) i n t h e d e n s i t y o f t h e v e c t o r p o p u l a t i o n . 

Hence and f o r the sake o f s i m p l i c i t y a p a r t i c u l a r form f o r 

3^(.) i s proposed which c o n t a i n s a term v a r y i n g s i n u s o i d a l l y 

w i t h t i m e i n a d d i t i o n t o a c o n s t a n t term. The s i n u s o i d a l 

t e r m i s assumed t o have a p e r i o d o f one year, the seasonal 

c y c l e . Thus, f o r a l l i . 

3 ^ ( t ) = b ^ ( l - b | cos w t ) , o < b!̂  < 1 (4) 

where w = 2 11/365 (365 b e i n g t h e number o f days i n one c a l ­

endar y e a r ) , o r some o t h e r a p p r o p r i a t e frequency v a l u e , and 

b| i s t h e r e l a t i v e a m p l i t u d e o f the s i n u s o i d a l m o d u l a t i o n . 

W i t h o u t l o s s o f g e n e r a l i t y , t h e o r i g i n o f time t i s taken 

t o be t h e b e g i n n i n g o f one ' e p i d e m i o l o g i c a l ' year, the p e r i o d 

between two c o n s e c u t i v e minimum l e v e l s o f disease p r e v a l e n c e , 

assumed e q u a l t o t h a t o f a ca l e n d a r year. 
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I f we s u b s t i t u t e f o r g ^ ( . ) i n ( 3 ) , d r o p p i n g the 

s u b s c r i p t i f o r t h e moment, we get 
t + v 

A ( t , v ) = b / ( 1 - b ' coswu) du 
t 

b ' = b { V - - ( s i n w ( t + v ) - sincot) J , ( 5 ) 
0) 

so t h a t , 

H ( t , v ) = 1 - exp { - b ( v - - ' ( s i n a ) ( t + v ) - s i n w t ) ) } , ( 6 ) 
w 

which reduces t o t h e u s u a l e x p o n e n t i a l d i s t r i b u t i o n when b' = o. 

T h i s form ( 4 ) o f has been used b e f o r e t o i n v e s t i g a t e 

t h e s e a s o n a l i t y e f f e c t o f t h e p r e v a l e n c e o f s e a s o n a l l y v a r y i n g 

d i s e a s e i n a s t r i c t l y d e t e r m i n i s t i c sense. D i e t z (1976) has 

used t h e form of 3 ( - ) suggested here as t h e i n f e c t i o n r a t e 

and a p p l i e d i t i n a d e t e r m i n i s t i c model. An analogous form 

of g ( - ) i s used by B a i l e y (1975, page 138) a l s o as an i n f e c t i o n 

r a t e i n a d e t e r m i n i s t i c model. We may r e c a l l (Chapter 2, 

s u b - s e c t i o n 2.2.2) t h a t Aron and May (1980) have suggested 

m o d i f y i n g t h e b a s i c Ross-Macdonald model by i n t r o d u c i n g a 

v a r i a b l e v e c t o r i a l d e n s i t y of the- form ( 4 ) . I n a d i f f e r e n t 

c o n t e x t , t h a t o f t h e s t u d y o f cosmic r a y s , W i l l i s (1964) has 

d i s c u s s e d some p r o p e r t i e s o f a d i s t r i b u t i o n whose hazard 

f u n c t i o n i s e s s e n t i a l l y of t h e form ( 4 ) . 

Let y ( • ) and u (•) denote t h e f i r s t and second moments 
1 2 

r e s p e c t i v e l y o f t h e d i s t r i b u t i o n d e f i n e d by ( 6 ) . Then 

y ( t ) = 7 v d ^ H ( t , v ) 
^ o 

= L/v (1-b' c o s w ( t + v ) ) 
o 
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X exp { - b ( v - ^ (sinu3(t+v) - sinc o t ) ) } dv 

= b / V ( 1 - b ' cosca(t+v)) exp (-bv) 
o 

X ? [^1 [ s i n a ) ( t ^ v ) - s i m o t j ^ 

where exp ^ ( s i n a j ( t + v ) - s i n t u t ) ] i s r e p l a c e d by i t s s e r i e s 

form. A l t h o u g h t h e i n t e g r a l seems unmanageable, an approximate 

s o l u t i o n can be o b t a i n e d when bb' << 1. I n t h i s case we drop 

a l l except t h e f i r s t two terms o f t h e s e r i e s expansion. 

E q u a t i o n ( 7 ) th e n becomes 

y ( t ) - b / V (1-b' cosco(t+v)) exp(-bv) 
' o 

bb ' 
X { 1 + ( s i n w ( t + v ) - s i n t o t ) } dv 

CO 
00 

= b ( 1 - s i n w t ) / V exp (-bv) dv 
o 

00 . 

bb' 
+ (b si n o j t - (i)cosajt) / v coscov exp(-bv)dv 

o 
00 

bb' 
+ (6iisincot + b coswt) / v sinwv exp(-bv) dv 

o 
(8 ) 

On p e r f o r m i n g t he i n t e g r a t i o n (Gradshteyn and Ryzhik, 1980, 

page 1 9 8 ) , and s i m p l i f y i n g t h e r e s u l t , we o b t a i n 
u ( t ) - K + c s i n w t + c cosojt ( 9 ) 
•"̂ 1 D 1 2 

where 

( i ) c = - ^ (Sb^+o)^) 
1 (h'+o^'f 

( i i ) c = - (Sb^-a)^ 
2 ( b ^ + U ) ^ ^ 
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S i m i l a r l y , t h e second moment, y ( t ) i s o b t a i n e d as 
2 

2 
y ( t ) - — + d sinojt + d coswt , (10) 
2 ^^2 1 2 

where 
( i ) d _ 2bb' I (b-_.) ' l b : 

\ (b^ 1 W V . v . 2 + ^ 2 ) 3 ^2 

( i i ) d = ^^^^'^^^-'^^^ 
2 (b^+wM' 

The approximate v a r i a n c e a ^ ( t ) , i s then g i v e n by 

a ^ ( t ) ^ - + ( d - sincot 
b 2 l b " 

+ ( d - ^^2)cosa)t (11) 
2 b" 

Thus b o t h t h e mean and v a r i a n c e of the d i s t r i b u t i o n are a l s o 

s i n u s o i d a l . When b' = o the n c^ = d^ = o f o r i = 1,2, and 

we the n o b t a i n t h e f a m i l i a r v e r s i o n s f o r t h e e x p o n e n t i a l 

d i s t r i b u t i o n . 

4.4 Some General Comments 

I n t h i s c h a p t e r , we have t r i e d t o c o n s t r u c t models 

f o r t h e d i s t r i b u t i o n o f ti m e s between t r a n s i t i o n s , based on 

some f e a t u r e s u n d e r l y i n g t h e process, c o u p l e d w i t h mathematical 

convenience. The r a t h e r ad hoc n a t u r e o f the l a t t e r i s p a r t l y 

o f f s e t by t h e c h o i c e , i n some cases, of a f l e x i b l e f a m i l y 

o f d i s t r i b u t i o n s , namely t h e gamma. 
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The. c l a s s i f i c a t i o n o f i n d i v i d u a l s i n t o d i s c r e t e c a t ­

e g o r i e s o f s u s c e p t i b l e s , l a t e n t , i n f e c t i o u s , n o n - i n f e c t i o u s 

may n ot be r e a l i s t i c . Mention has been made of the f a c t t h a t 

p a r a s i t e s u s u a l l y e x i s t a t v a r i o u s d e n s i t i e s w i t h i n t h e i r 

h o s t s , and t h a t t h e ep i d e m i o l o g y o f m a l a r i a depends more on 

these q u a n t i t a t i v e aspects o f i n f e c t i o n than on mere presence 

and absence o f p a r a s i t e s ( S e c t i o n 2.4). Moreover, the 

a c q u i s i t i o n and l o s s o f immunity are g r a d u a l processes. 

We a l s o note t h a t , i n p o s t u l a t i n g t h e hazard f u n c t i o n 

o f t h e d i s t r i b u t i o n t i m e t o i n f e c t i o n , i t would have seemed 

more r e a l i s t i c i f , f o r i n s t a n c e , v e c t o r d e n s i t y and p r o p o r t i o n 

o f i n f e c t i o u s persons i n t h e community, were e x p l i c i t l y 

i n c l u d e d . However, t h i s would have e n t a i l e d i n t r a c t a b l e 

mathematics. We expect t h a t t h e e x p r e s s i o n suggested r e f l e c t s 

t h e combined e f f e c t s o f these f a c t o r s . 

I n s p i t e o f t h e shortcomings mentioned above and c e r t a i n 

o m i s s i o n s (such as b i r t h , death and m i g r a t i o n ) , i t i s hoped 

t h a t t h e model d e s c r i b e d here p o r t r a y s some of the more s a l i e n t 

c h a r a c t e r i s t i c s o f t h e disease and i t s p e r s i s t e n c e i n an 

endemic environment, i n a way capable o f p r o v i d i n g s e n s i b l e 

c o n c l u s i o n s . I n t h e next c h a p t e r , we d i s c u s s t he a p p l i c a t i o n 

o f t h e model and i t s s i m u l a t e d v e r s i o n . 
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CHAFTER FIVE 

A SEMI-MARKOV MODEL OF MALARIA 

5.1 I n t r o d u c t i o n 

Having s e t up a semi-Markov framework t o d e s c r i b e t h e 

v a r i o u s stages o f m a l a r i a i n f e c t i o n , we now co n s i d e r t he model 

i n g r e a t e r d e t a i l . I n p a r t i c u l a r we s h a l l d i s c u s s , f o r 

s e v e r a l v a l u e s o f k ( t h e number o f immunity l e v e l s ) the steady-

s t a t e s o l u t i o n s t o g e t h e r w i t h the r e s u l t s o f v a r y i n g some key 

parameters. The more complex cases a r e i n v e s t i g a t e d by 

s i m u l a t i o n procedures. We conclude by a d i s c u s s i o n o f some 

examples o f s i m u l a t i o n runs and the d e f i c i e n c i e s o f the model. 

5.2 The s t e a d y - s t a t e model 

We beg i n by c o n s i d e r i n g the case i n which s e a s o n a l i t y 

has n e g l i g i b l e e f f e c t on i n f e c t i o n r a t e s . T h i s case should be 

a p p r o x i m a t e l y c o r r e c t over s h o r t p e r i o d s r e l a t i v e t o seasonal 

v a r i a t i o n s . With bl^ = o, i = 1,2,..., k, i n e q u a t i o n ( 4 ) 

o f Chapter 4,- and i n the absence o f change o f immunity, times 

t o i n f e c t i o n are now e x p o n e n t i a l l y d i s t r i b u t e d w i t h means 1/6... 

The t r a n s i t i o n p r o b a b i l i t y m a t r i x P, of the embedded 

Markov c h a i n o f the process may be w r i t t e n as 

B c 0 0 

0 0 I^ 0 

0 0 D E 

I 0 0 0 

(1) 
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where B,_C, D and E are k x k submatrices o f the simple forms 

B 

0 0 . . 0 0 

0 . . 0 0 

^ • 
. 0 0 

1 
* 

0 0 • 

• t 

0 

c = 

1 

0 

0 

0 . 

1-b . 
2 

0 . 
* 
I 
0 . 

0 

0 

0 

0 

0 

0 

r 
l - b . 

D 

0 

0 

0 
0 

0 • • 
0 • • 

0 

0 

0 d 
0 

0 

0 

k - i 
0 

E = 

1-d 0 1 
0 1-d 

0 0 

0 0 

0 0 l - ^ k - i 0 
0 0 1 
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I^ and 0 are k x k i d e n t i t y and n u l l m a t r i c e s , r e s p e c t i v e l y . 

A l l t h e s t a t e s i n the model inter-communicate and, 

t h e r e f o r e , t he embedded Markov c h a i n i s i r r e d u c i b l e . 

-Furthermore, i f t h e c h a i n i s a p e r i o d i c t h e n t h e r e i s a unique 

row v e c t o r n s a t i s f y i n g t h e system o f e q u a t i o n s (17) i n 

Chapter 3, which i s 

n p = n 

m 
E n = 1, n. > o , j = 1,2,..., m, 

where m = 4k, i s t h e number o f s t a t e s o f t h e process. 

L e t 2. > — . - and IL denote t he 1 x k row v e c t o r s 
V y z 

whose components a r e those o f H c o r r e s p o n d i n g t o t h e subsets 

o f U, V, Y and Z, r e s p e c t i v e l y . Then, s u b s t i t u t i n g ( 1 ) 

f o r P i n t h e v e c t o r e q u a t i o n IIP = n , we o b t a i n 

( i i i ) ^ = •> 

( 2 ) 

( i v ) i = n E . ^ ^ z y— 

Thus, w i t h t he dimension reduced by b l o c k i n g ^ i t now becomes 

q u i t e s i m p l e t o s o l v e f o r H, The u n c o n d i t i o n a l e q u i l i b r i u m 

p r o b a b i l i t i e s , r i . , o f b e i n g i n any s t a t e j are then o b t a i n e d 
J 

by s u b s t i t u t i n g f o r t h e 11̂  i n e q u a t i o n (21) o f Chapter 3. 
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We now c o n s i d e r t h e s p e c i f i c cases o f k = 1,2. The 

a n a l y s i s f o r k >̂  3 may be c a r r i e d out i n s i m i l a r f a s h i o n 

a l t h o u g h w i t h i n c r e a s i n g l e v e l o f cumbersome but o t h e r w i s e 

s t r a i g h t f o r w a r d a l g e b r a . 

5.3 Two s p e c i f i c examples 

( a ) Case k = 1. I n t h i s r a t h e r t r i v i a l s i t u a t i o n , i t 

i s assumed t h a t an i n d i v i d u a l ' s immune response i s e i t h e r 

i n o p e r a t i v e o r t h a t i t remains u n a l t e r e d by f r e s h a t t a c k s or 

r e c o v e r i e s . 

The process now reduces t o a 4 - s t a t e process, w i t h the 

t r a n s i t i o n m a t r i x ( 1 ) g i v e n by 

P = 

0 

0 

0 

1 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

( 3 ) 

C l e a r l y ( 3 ) d e f i n e s a process t h a t moves d e t e r m i n i s t i c a l l y 

f r o m one s t a t e t o t h e o t h e r . A l t e r n a t i v e l y , i f P i s thought 

o f as a ( d e g e n e r a t e ) doubly s t o c h a s t i c m a t r i x , then a l l 

s t a t e s o f t h e embedded Markov c h a i n have equal chance o f b e i n g 

o c c u p i e d i n t h e l i m i t w i t h n = ( i , J, k, ?)• 

From t h e d i s t r i b u t i o n s o f s o j o u r n t i m e s d e s c r i b e d i n 

t h e l a s t c h a p t e r , and n o t i n g b' = o, the expected d u r a t i o n s 
1 1 r 

Uj, j = 1, 2, 3, 4, a r e x, -, f o r the s u s c e p t i b l e , 

l a t e n t , i n f e c t i o u s and n o n - i n f e c t i o u s s t a t e s ( s t a g e s ) , 

r e s p e c t i v e l y . I f we now s u b s t i t u t e f o r IT. and M. i n e q u a t i o n 
3 3 

(21) o f Chapter 3, t h e u n c o n d i t i o n a l p r o b a b i l i t i e s , n^, are 
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g i v e n by 

( i ) 1/ { 1 + B ( T + ^ + ^ ) } ; . ( t h e s u s c e p t i b l e s t a t e ) 

( i i ) 3 T / { 1 + B ( T + - + - ) } ; ( t h e l a t e n t s t a t e ) 
V a 

( i i i ) B / { V ( 1 + 6 ( T + | + ^ ) ) 5 > (^^^ i n f e c t i o u s s t a t e ) 

( 4 ) 

( i v ) 6r/{ a ( l +3(T+ ^ + f ) ) } ' , ( t h e n o n - i n f e c t i o u s s t a t e ) 

A rough i d e a o f t h e result of varying some o f t h e parameters 

may be gained f r o m these e q u a t i o n s . For i n s t a n c e , the 

( u n c o n d i t i o n a l ) p r o b a b i l i t y o f occupying t h e s u s c e p t i b l e 

s t a t e , T\ , i s g r e a t e r when t h e r a t e o f i n f e c t i o n 3 i s reduced 
1 

by a f a c t o r o f 2 t h a n when t h e r e c o v e r y r a t e ^ i s doubled. 

Thus, fr o m (4 ( i ) ) we have 

2+&(x+ 1 -1- r ) 1 + 6 ( T + 1 + I ) 
V a • V 2 a . 

B ( T ^ ^ ) 

(2 + B ( T - H 1 + r ) ) CI + 6 ( T + 1 + r _ ) ) 
V a V 20t 

> o ( 5 ) 

T h i s i n e q u a l i t y may be i n t e r p r e t e d t o mean t h e f o l l o w i n g 

From t h e p u b l i c h e a l t h v i e w p o i n t , and a l l t h i n g s b e i n g equal 

(such as, f o r i n s t a n c e , t h e co s t per p r o p o r t i o n a t e change i n 

p a r a m e t e r s , f a c i l i t i e s and e x p e r t i s e ) , t h e p o l i c y o f u s i n g 

i n s e c t i c i d e s aimed a t a r e d u c t i o n i n 6 i s p r e f e r a b l e t o t h a t 
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o f , say, t h e a p p l i c a t i o n o f mass drug a d m i n i s t r a t i o n , which 

would b r i n g about an i n c r e a s e i n a / r , t h e r a t e o f r e c o v e r y . 

However, we have i g n o r e d here t h e f a c t t h a t a r e d u c t i o n i n 

i n f e c t i o n r a t e would a l s o reduce s u p e r i n f e c t i o n and so 

a c c e l e r a t e r e c o v e r y . I n t h i s case t h e i n e q u a l i t y ( 5 ) may not 

n e c e s s a r i l y h o l d . F u r t h e r m o r e , a l t h o u g h some drugs such as 

c h l o r o q u i n e are known t o have no e f f e c t on t h e i n f e c t i v i t y 

o f mature gametocytes (Smalley e t a l , 1977) most m a l a r i a 

drugs do. So t h e a p p l i c a t i o n o f mass drug a d m i n i s t r a t i o n 

would a l s o mean a r e d u c t i o n i n t h e number of i n f e c t i o u s i n d i v ­

i d u a l s and t h e r e f o r e t h a t o f i n f e c t e d mosquitoes. The r e s u l t 

would be a f a l l i n B , t h e i n f e c t i o n r a t e . I n view of these 

remarks, i n e q u a l i t y ( 5 ) may be c o n s i d e r e d o n l y as i l l u s t r a t i v e . 

( b ) k = 2. Here t h e human p o p u l a t i o n i s d i v i d e d o n l y 

i n t o two groups, t h e immune and the non-immune. T h i s model 

may be t h o u g h t o f as a s t o c h a s t i c analogue o f t h e m o d i f i e d 

model o f D i e t z e t a l . i n s e c t i o n 2.4. One d i f f e r e n c e t o 

be n o t e d i s t h a t , h e r e , we a l l o w g a i n i n immunity l e v e l s t o 

occur between a d j a c e n t i n f e c t i o u s s t a t e s ( F i g u r e 9 ) , f o l l o w i n g 

what has been s t a t e d i n t h e l a s t c h a p t e r ( S e c t i o n 4.2). We 

f u r t h e r assume here t h a t t h e l a t e n t t i m e s are b o t h equal 

t o T . 

We have 8 s t a t e s w i t h t h e elements of P g i v e n by t h e 

f o l l o w i n g s u b m a t r i c e s ( f r o m e q u a t i o n ( 1 ) ) . 
r 
0 d 

B = 

E = 

0 

b 

1-d 

0 

0 
C = 

0 

l - b 
D = 

0 

0 

0 1_^ 
where Q < ^ ± ^ a n d Q l d f l . S u b s t i t u t i n g f o r 

(6) 
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B, C, D, and E i n ( 2 ) and s o l v i n g t h e r e s u l t , y i e l d 

n = { n^,n^d/b,n^, n^d(i-b)/b,n ,n d/b, n ^ ( i - d ) , n^d/b} ( 7) 

where t h e p r o b a b i l i t i e s are i n t h e o r d e r o f the subsets 

U , U , V , V , Y , Y , Z , Z , a n d 
1 2 . 1 2 1 2 1 2 

= i {I + d/b - d / 2 ) " ' ( 8 ) 

We not e t h a t ( 7 ) can a l s o be got d i r e c t l y from F i g u r e 9'-. 

f a i r l y q u i c k l y . 

I f we d e f i n e by \p t h e row v e c t o r o f t h e mean s o j o u r n 

t i m e s i n t h e 8 s t a t e s , t h e n 

, - / i 1 1-d , d 1 ^ 1 

2 2 1 1 2 1 2 

From ( 7 ) and ( 9 ) we the n o b t a i n , as b e f o r e , the l i m i t i n g 

p r o b a b i l i t i e s o f b e i n g i n any s t a t e o f t h e disease. We 

w r i t e below o n l y t h e p r o b a b i l i t i e s o f b e i n g i n the s u s c e p t i b l e 

s t a t e s ( 1 and 2 ) . Those o f t h e o t h e r s t a t e s may be s i m i l a r l y 

d e r i v e d . 

( i ) n =n / ( 3 n ) 
1 1 1 0 

( i i ) n =n d/{ b (6 +A ) n } 
2 1 2 2 0 

(10) 

where 
m 

1 2 2 

IzA + i + i ^ ( i - d ) ! ; . + } (11) 
V Y b v ur^ b a 
1 1 2 1 2 
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As i n the case k = 1, suppose we would l i k e t o use the 
model t o choose some form o f c o n t r o l measure. One of the 
c r i t e r i a c o u l d be t o choose one t h a t would change the p a r a ­
meters a f f e c t i n g t h e l a r g e s t i n c r e a s e i n the value o f say 
n and n o r t h e i r sura. For convenience we s h a l l denote 

1 2 

n + n by n . 
1 2 

L e t us c o n s i d e r f o r i n s t a n c e t he case d = 1. T h i s 

i s t h e s i t u a t i o n i n which we assume t h a t every i n f e c t e d 

i n d i v i d u a l from t he non-immune l e v e l always gains immunity. 

T h i s i s p r o b a b l y a f a i r l y r e a s o n a b l e assumption, c o n s i d e r i n g 

t h a t immune response i s boosted every time one i s i n f e c t e d , 

n i s ttien expressed as , 

1 2 

where t h e t r a n s i t i o n p r o b a b i l i t y , b , i s now r e p l a c e d by 

A /(3 + A ) , and 11 and n are o f the forms 
2 z 2 1 O 

( i ) n = A /(4 B + 6 A ) 
1 2 2 2 

(13) 

^ ^ o 1 ^ 3 X Y ^ ^ V a 
1 2 1 A 2 2 

2 

U s i n g t h e n o t a t i o n o f D i e t z e t a l . ( 1 9 7 4 ) , l e t 
a-j_ 

= — , i = 1, 2, be t h e r a t e o f t r a n s f e r from t h e non­

i n f e c t i o u s s t a t e t o t h e s u s c e p t i b l e s t a t e . We s h a l l choose 

t h e 3̂  and t h e as our t y p i c a l parameters o f i n t e r e s t f o r 

c o n t r o l purpose. If we assume t h a t a l l t h e parameters are 

independent o f each o t h e r , t h e n i t i s e a s i l y shown t h a t t he 

p a r t i a l d e r i v a t i v e s o f ( 1 2 ) are n e g a t i v e w i t h r e s p e c t t o t h e 

and p o s i t i v e w i t h r e s p e c t t o R^. The s i g n s i n d i c a t e t h a t 

n i n c r e a s e s as e i t h e r t h e decrease o r R̂  i n c r e a s e s . 
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I n f o r m a l l y , we can compare the e f f e c t o f n by v a r y i n g e i t h e r 
o f t h e parameters and examining the r a t i o o f the a p p r o p r i a t e 
a b s o l u t e p a r t i a l d e r i v a t i v e s o f n. 

Thus, f o r 3 and R f o r example we have, 
2 2 

i ) = - n ^ ^ •̂  4 ) ( T . ̂  . I )/(Xy^ ) 33 1 3 A 
1 2 

2 O 

n2 (1 + i ) ( 3 -i-A ) / ( X R ) 
I g X ^ ^ 2 2^'^2 2 0^ 

1 2 

so t h a t 

an 
"33" 

9n 
1r 

= ( ̂  + V2)R2 +1 
3 + X 
2 2 

(15) 

I f 3 , X « 1 t h e n we expect t h a t t h e r i g h t hand s i d e o f 
2 2 

(15) i s always g r e a t e r t h a n u n i t y , i n d i c a t i n g t h a t v a r y i n g 

3 w i l l have t h e g r e a t e r impact on n • We g i v e some examples 
2 

f o r i l l u s t r a t i o n . 

We s h a l l use the f o l l o w i n g t y p i c a l parameter v a l u e s ; 

t h e t i m e u n i t i s one day. 

T = 19 days ( t h e mean o f 17 abd 21 days as 

suggested i n s e c t i o n 4.3) 

_1 ^ 
V . 
1 

20 days f o r a l l i (Smalley e t a l . , 1977) 

1/ = 2 years - approximate p e r i o d o f time f o r 

immunity t o wear o f f ( s e c t i o n 1.5) 

1/ = 7 days - mean time f o r a n t i b o d i e s t o 
Y 

a t t a i n maximum l e v e l . 
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The r e s u l t s o f the com p u t a t i o n o f n f o r the v a r i o u s 

v a l u e s o f t h e B- and R are g i v e n i n Table 2. I t i s apparent 
1 2 

from t h e l a s t two columns t h a t n i n c r e a s e s more when the 3 ̂  
are reduced t h a n when R i s i n c r e a s e d by a s i m i l a r p r o p o r t i o n 

2 
( h e r e by 1 0 % ) . A l s o t he percentage i n c r e a s e s are g r e a t e s t 

( l e a s t ) when i n i t i a l l y t h e 3. are l a r g e ( s m a l l ) and R s m a l l 
1 2 

( l a r g e ) . i t would seem, t h e r e f o r e , t h a t d i r e c t i n g c o n t r o l 

measures a t t h e 3^ i s a good o v e r a l l s t r a t e g y . Moreover, i n 

p r a c t i c e , t h e r e s u l t a n t r e d u c t i o n i n s u p e r f e c t i o n would a l s o 

mean an i n c r e a s e i n R . 
2. 

5.4 S i m u l a t i o n o f Model 

As mentioned a t t h e b e g i n n i n g o f t h e c h a p t e r , i f we 

a l l o w t h e i n f e c t i o n r a t e s t o depend on t i m e , then a p p a r e n t l y 

t h e o n l y way t o proceed i s by s i m u l a t i o n . I n t h i s s e c t i o n we 

c o n s i d e r t h e s p e c i a l case i n which the 3 ^ ( t ) are expressed as 

i n e q u a t i o n ( 4 ) o f Chapter 4. Using some j u d i c i o u s choices 

o f r a t e parameter v a l u e s we s h o u l d be a b l e t o g a i n some i n s i g h t 

o f t h e p r o g r e s s o f m a l a r i a t r a n s m i s s i o n w i t h the time o f the 

year. F i r s t we g i v e a b r i e f d e s c r i p t i o n o f t h e s i m u l a t i o n 

p r o c e d u r e s . 

5.4.1 Method o f S i m u l a t i o n 

A FORTRAN program was w r i t t e n s p e c i f i c a l l y t o c a r r y 

out t h e s i m u l a t i o n . The procedure adopted c l o s e l y f o l l o w s 

t h e s t e p s d e s c r i b e d i n a book by Mihram (1972, page 232). 

The s i m u l a t i o n i s performed w i t h t h e a i d of s c h e d u l i n g 

r o u t i n e s . These r o u t i n e s m a i n t a i n an event l i s t c o n s i s t i n g 

o f t h e next t r a n s i t i o n between s t a t e s due t o occur t o each 
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i n d i v i d u a l . This i s necessary because of the non-Markovian 
nature of the process. 

I n i t i a l l y , a r b i t r a r y numbers of i n d i v i d u a l s are assigned 
to each s t a t e , and the event l i s t i s f i l l e d w i t h the random 
e x i t times from these s t a t e s . Thus no attempt i s made t o 
s t a r t the process i n e q u i l i b r i u m . Each cycle of the simul­
a t i o n then c o n s i s t s of : 

(1) Advancing time t o t h a t of the e a r l i e s t event 

on the l i s t . 

(2) R e t r i e v i n g a code from the l i s t d escribing the 

nature of the t r a n s i t i o n . 

(3) D e l e t i n g the event from the l i s t . 

(4) Modifying the counts of i n d i v i d u a l s i n each s t a t e 
according t o the t r a n s i t i o n code. 

(5) Generating the random sojourn time i n the new 
s t a t e and the next s t a t e t o be v i s i t e d f o r the 
i n d i v i d u a l concerned. 

(6) Scheduling the corresponding time and t r a n s i t i o n 

code on the event l i s t . 

M o n i toring the progress of the si m u l a t i o n i s achieved by 
scheduling a " r e p o r t " event at regular i n t e r v a l s of time on 
the same event l i s t . ' 

The random number generators used are the uniform 
(G05CAF), exponential (GOSOB?') and gamma (G05DGF) d i s t r i b u t i o n 
generators of the NAG r o u t i n e l i b r a r y (NAG, 1977). The 
scheduling and f e t c h i n g subroutines, which implement the event 
l i s t as a binary t r e e , were provided by Dr. Peter J. Green. 
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The p o i n t s at which decisions about the next s t a t e 
have t o be made i n the model are shown i n Figure 8. They are 
s p e c i f i c a l l y of two types : g e t t i n g i n f e c t e d or l o s i n g 
immunity l e v e l , and, r e t a i n i n g one's immunity l e v e l or gaining 
one i n the i n f e c t i o u s stage. 

To generate non-negative random v a r i a b l e s , given a 
s i n u s o i d a l hazard f u n c t i o n , we use the cumulative d i s t r i b u t i o n 
f u n c t i o n transform method (Hammersley and Handscomb, 1964, 
Mihram, 1972). I n t h i s case the procedure reduces to s o l v i n g 

T 
(by Newton-Raphson method) the equation / Bj^(u)du = a 

o 
u n i t exponential random v a r i a b l e . 

5.4.2 Results of Simulation 

The time e v o l u t i o n of the prevalence of the disease 

has been simulated f o r the number of immunity classes k = 1 

and 3. The r e s u l t s are presented g r a p h i c a l l y i n f i g u r e s 

10 and 11. 

The l a t e n t periods are again assumed constant and equal 

t o 20 days f o r a l l immunity l e v e l s . The time d i s t r i b u t i o n s 

are as described i n the l a s t chapter. 

Figure 10 shows the proportions of uninfected (or sus-

c e p t i b l e s ) over several years f o r the case k = 1. The graph 

represents p a r t of the s i m u l a t i o n some years from the s t a r t i n g 

p o i n t i n time. The s i m u l a t i o n i s of a population of 1000 

i n i t i a l l y assigned a l l t o the susceptible phase. Whatever 

i n i t i a l p o p u l a t i o n d i s t r i b u t i o n was. used made l i t t l e d i f f e r e n c e 

to the speed w i t h which apparent e q u i l i b r i u m was a t t a i n e d . 

The r a t e parameters were j u d i c i o u s l y set i n i t i a l l y 
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as f o l l o w s : 

I n f e c t i o n r a t e : b = 0.02, b' = 0.95 
Rate of loss of i n f e c t i v i t y :v = 0.1 
Recovery r a t e parameters : a = 0.015 ^ r = 0.5 

The r e s u l t s of v a r y i n g some of the parameter values are also 

shown i n the f i g u r e . 

The p e r i o d i c forms of the v a r i a t i o n i n the susceptible 
p o p u l a t i o n , and hence the i n f e c t e d , show very c l e a r l y i n a l l 
cases i n the f i g u r e . As expected, the o s c i l l a t i o n f o r 
b = 0.02 i s more pronounced than that f o r b = 0.01. I n the 
l a t t e r case (b = 0.01)a was set at 0.025 to account f o r 
expected reduction i n the e f f e c t of s u p e r i n f e c t i o n . From the 
f i g u r e we also note t h a t the p r o p o r t i o n of uninfected i s 
c o n s i s t e n t l y lower f o r higher values of b, a r e a l i s t i c response 
by the model. For instance, the maximum percentage of 
u n i n f e c t e d f o r b = 0.02 i s about 85% while t h a t f o r b = 0.01 
i s 95%. Their minima are about 33% and 55% r e s p e c t i v e l y . In 
every case, the f a l l i n the p r o p o r t i o n of uninfected i s s l i g h t l y 
steeper than the r i s e . This i s explained by the a v a i l a b i l i t y 
of a l a r g e pool of susceptibles accumulated over the dry 
season. A f t e r the peak of i n f e c t i o n at the height of the wet 
season, r e l a t i v e l y fewer uninfected i n d i v i d u a l s are l e f t t o 
be i n f e c t e d . This non-symmetric behaviour of the model i s 
manifested l a t e r i n Chapter 6 when ra t e parameters are 
estimated from a c t u a l f i e l d data, using s i m p l i f i e d versioiB of 
the model. 

Figure 11 i s the r e s u l t of the s i m u l a t i o n f o r k = 3. 
Again we s t a r t w i t h 1000 i n d i v i d u a l s , of which 200, 400 and 
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400 are assigned t o immunity l e v e l s 1, 2 and 3,respectively^ 
i n the susceptible category. 

The f o l l o w i n g t a b l e contains the parameter values used, 

Immunity l e v e l 1 2 3 

rates 
I n f e c t i o n b. 

1 
0.02 0.01 0.01 

b'i 0.95 0.75 0.5 

Loss of 
i n f e c t i v i t y V 

i 0.1 0.15 0.15 

Recovery a. 
1 0.05 0.03 0.03 

r. 1 0.5 0.5 0.5 

Loss of 
immunity 

A. 
1 0.03 0.03 0.03 

Gain of 
immunity ^ i . 0.15 0.03 0.03 ! 

i 

The r e s u l t shows t h a t , t a k i n g the three immunity l e v e l s 
together, the p r o p o r t i o n of the uninfected population v a r i e s 
p e r i o d i c a l l y w i t h time as i n the case k = 1. Si m i l a r p e r i o d ­
i c i t y p a t t e r n s are d i s c e r n i b l e when the uninfected immunity 
l e v e l 1 are considered separately. However, the niimber of 
un i n f e c t e d i n higher immunity l e v e l s a c t u a l l y increases during 
p e r i o d of high i n f e c t i o n and f a l l s i n the dry season. 
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One r e s u l t of reducing the b^ and increasing a^ i s 
shown i n Figure 11. The p r o p o r t i o n uninfected of the less imnune (1) 
i s now much higher than before. Although fewer people are 
i n f e c t e d , the general v u l n e r a b i l i t y of the population i s now 
high. This observation i s i n agreement w i t h r e a l i t y as 
manifested by the S r i Lanka experience ( G i l l e s , 1981). 
Reducing the r a t e of loss of immunity appears to check t h i s 
v u l n e r a b i l i t y . The general l e v e l of i n f e c t e d population f a l l s 
as i t becomes more and more immune. 

5.4.3 General Comments 

Although the model proposed here may not y i e l d usable 

r e s u l t s by a n a l y t i c means, r e s u l t s from simulation of the 

model are i n general agreement w i t h some of what i s known 

about malaria. 

The s i n u s o i d a l hazard f u n c t i o n f o r the d i s t r i b u t i o n of time 
to i n f e c t i o n seems to provide a p i c t u r e of the process of the 
disease which agrees q u a l i t a t i v e l y w i t h r e a l i t y . One i n t e r ­
e s t i n g r e s u l t i s that" the r a t e of loss of immunity appears to 
be a more decisive f a c t o r than say reducing the i n f e c t i o n 
r a t e . The e f f o r t s being expended t o f i n d a vaccine f o r malaria 
i s thus underlined. 

One major d i f f i c u l t y w i t h the model l i e s i n the lack of 
good data f o r v a l i d a t i o n . A b e t t e r q u a n t i t a t i v e understanding 
i s r e q u i r e d of the various phases of the disease to provide 
more accurate estimates of r a t e parameters and allow the 
c o n s t r u c t i o n of more r e a l i s t i c models of t r a n s i t i o n time 
d i s t r i b u t i o n s . 
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CHAFTER SIX 

SOME ANALYSIS OF THE GARKI DATA 

6.1 I n t r o d u c t i o n 

I n the l a s t chapter, we mentioned the lack of raw data 
t o assess the adequacy of the semi-Markov model. In t h i s 
chapter, we s h a l l consider s i m p l i f i e d versions of the model 
to analyse some of the data from the Garki p r o j e c t described 
i n Chapter 1 ( s e c t i o n 1.6). In p a r t i c u l a r , we s h a l l be 
concerned w i t h the es t i m a t i o n of 'apparent' incidence and 
'apparent' recovery rates of malaria and other r e l a t e d 
q u a n t i t i e s , w i t h i n d i f f e r e n t age groups. These rates are 
said t o be 'apparent' because the d i s t i n c t i o n , f o r instance, 
between new i n f e c t i o n s and relapses from o l d i n f e c t i o n s i s 
not made i n the Garki data. Sometimes incidence rates may 
be r e f e r r e d t o as i n f e c t i o n r a t e s . 

We begin by i n t r o d u c i n g a general form of the t r a n s ­
i t i o n p r o b a b i l i t i e s f o r a f i n i t e s t ate Markov process. We 
then focus on the s p e c i a l case of a 2-state Markov process, 
which i s e s s e n t i a l l y t h a t of an a l t e r n a t i n g renewal process 
( s e c t i o n 2 ) . We also derive expressions f o r e q u i l i b r i u m 
p r o b a b i l i t i e s f o r a time-inhomogeneous version of such a 
process when the elements of the i n t e n s i t y matrix vary period­
i c a l l y (subsection 2.2). The concept of embedding processes 
i n a class of continuous-time Markov chain i s discussed i n 
subsection 2.3. I n s e c t i o n 3, we estimate the incidence 
and recovery rates by assuming exponential (subsection 3,1) 
and some other d i s t r i b u t i o n s (subsections 3.2 and 3.3) f o r 
the times to recovery, followed by a discussion of the r e s u l t s 

2 3 SEP 1982 
^ £ N O E LIBRAR'L 
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(subsection 3.4). Inhomogeneous Markov chain models are 
considered i n s e c t i o n 4, and applied t o two sets of data. 
The r e s u l t s are discussed and compared w i t h those from models 
of the previous sections i n the concluding section ( 5 ) . 

The analysis i n subsection 3.1 i s s i m i l a r to t h a t i n 
Bekessy et a l . (1976) and Singer and Cohen (19S0). However, 
i t was conceived and l a r g e l y c a r r i e d out without p r i o r know­
ledge of these papers. We have, nonetheless, incorporated a 
number of ideas from them. For example, we had s t a r t e d by 
using age group range of 5 years f o r the subjects i n the 
Garki p r o j e c t . But the ages t h a t were recorded at Garki, 
e s p e c i a l l y among the older subjects, were usually estimates 
w i t h a preference f o r m u l t i p l e s of 5 years. The grouping 
advocated by Bekessy et a l . , and which we now use, attempts 
to minimize t h i s bias (Molineaux et a l . , 1980, pages 232-233), 
We have also used t h e i r set of data (Table 5) f o r most of our' 
a n a l y s i s . The c o n d i t i o n of embedding a stochastic matrix, 
generated by a given set of data, i n a class of continuous-
time Markov chain i s t h a t from the paper of Singer et a l . 
(1980). Other ideas from these two papers that have been 
used i n connection w i t h subsection 3.1, are a p p r o p r i a t e l y 
referenced. 

6.2 T r a n s i t i o n P r o b a b i l i t i e s of Markov Processes 

Following Singer et a l . , we s h a l l assume t h a t a two 

parameter f a m i l y of f i n i t e NxN s t o c h a s t i c matrices, which we 

denote by { P ( s , t ) } , o < s < t < t o <<», s a t i s f i e s the 

f o l l o w i n g c o n d i t i o n s (Goodman, 1970)? 
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(a) each element, p ^ j ( s , t ) of P ( s , t ) i s continuous 
i n ( s , t ) , i , j = 1,2,...,N; 

(b) P ( s , t ) = I ^ , the i d e n t i t y m a t r i x , i f and only 
i f s = t ; 

(c) the Chapman-Kolomogonov equations hold; namely 

P ( s , t ) = P(s,v) P ( v , t ) o < s < v < t 

The matrix P ( s , t ) also s a t i s f i e s the Kolomogorov 
forward and backward equations, w r i t t e n i n matrix n o t a t i o n as 

( i ) _9_ P ( s , t ) = P ( s , t ) A ( t ) , PCt,t) = I ; 
9t (1) 

( i i ) _9_ P ( s , t ) = -A(s) P ( s , t ) , PC^.s) = I 
9s 

provided _d_ P ( s , t ) and _3_ P ( s , t ) e x i s t f o r a l l s < t. 
3s 9t 

The elements a ^ j ( u ) of the NxN matrix A(u) are bounded 

measurable f u n c t i o n s such t h a t , f o r every u >_ o, 

( i ) a..(u) < o , i = 1,2,...,N 

( i i ) a . j ( u ) > o , i ̂  j = 1,2,...,N (2) 

N 
( i i i ) E a. .(u) = o i = 1,2,...,N 

j = i '-'̂  
The matrix P ( s , t ) may be viewed as describing an 

inhomogeneous continuous-time Markov chain, w i t h the elements 
p ^ j ( s , t ) as the t r a n s i t i o n p r o b a b i l i t i e s from state i at 
time s t o s t a t e j at time t . A(u) i s then the instantaneous 
i n t e n s i t y matrix of the process. 
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6.2.1 The 2-state Markov process 

In the case N = 2, P ( s , t ) may be w r i t t e n as, 

P ( s , t ) = 
1 - P i 2 ( S , t ) P l 2 ( S , t ) 

P^^(S,t) l - P 2 i ( S , t ) 

, o < s < t (3) 

where o < P j 2 ( s , t ) , p^^^s.t) < 1, and the matrix A(•) may 

be expressed i n the form 

A ( t ) = 
- 3 ( t ) 

a ( t ) 

3 ( t ) 

- a ( t ) 
(4) 

where a ( t ) , 3 ( t ) > o 

Goodman (1970) has shown t h a t i f 

sup / I a^^(v) I dv < 00 , f o r a l l s and t , s < tj (5) 

i n a d d i t i o n to the c o n d i t i o n s i n ( 2 ) , then the system of 
equations (1(i))possesses a general s o l u t i o n P ( s , t ) t h a t has 
the p r o p e r t i e s ( a ) , (b) and ( c ) . The s o l u t i o n i s also 
a b s o l u t e l y continuous i n s and i n t , and s a t i s f i e s the 
system of backward equations ( l ( i i ) ) . 

I n the case N = 2, suppose a(. ) and B(-) s a t i s f y ( 5 ) . 
Then using (3) and (4) we may w r i t e the forward equations 
i n the form 

( i ) 8p ( s , t ) = 3 ( t ) ( l - p ( s , t ) ) - a ( t ) p ( s , t ) ; 

( i i ) 3p ( s , t ) = a ( t ) ( l - P ( s , t ) ) - 6 ( t ) p ( s , t ) 
^21 2 1 2 1 

(6) 
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Solving the above p a r t i a l d i f f e r e n t i a l equations, we obtain 
t t 

( i ) p ( s , t ) = / 3(v)exp ( - / (a(u) + B(u))du) dv 
1 2 s V 

(7) 
t t 

( i i ) p ( s , t ) = / a(v)exp ( - / (a(u) + 3 ( u ) ) du)dv 
S V 

The i n e q u a l i t i e s 
p ( s , t ) p ( s , t ) > det P ( s , t ) > o, (8) 

1 1 - 2 2 — 

where det P ( s , t ) denotes the determinant of P ( s , t ) , f o l l o w 

t r i v i a l l y from 

det P ( s , t ) = 1 - p ( s , t ) - p ( s , t ) 
— 12 2 1 

t 
= exp( - / (a(u) -I- B(u)) du ) 

s 

> o, 
and 

p ( s , t ) p ( s , t ) = ( 1 - p ( s , t ) ) (1 - p ( s , t ) ) 
11 2 2 12 2 1 

= det P ( s , t ) + p ( s , t ) p ( s , t ) 
— 12 2 1 

>_ det P ( s , t ) . 

C l e a r l y the e q u a l i t y holds only i f e i t h e r s t a t e i s absorbing, 

Det P ( s , t ) i s i n t e r p r e t e d ( K a r l i n and McGregor, 1959) 

as the p r o b a b i l i t y t h a t two i n d i v i d u a l s , each s t a r t i n g at 

time s i n states 1 ( s u s c e p t i b l e or negative s t a t e ) and 2 

( i n f e c t e d or p o s i t i v e s t a t e ) r e s p e c t i v e l y , and evolving 

according t o the law of the process, continue to occupy t h e i r 

o r i g i n a l s t a t e s throughout the i n t e r v a l ( s , t ) . The l e f t side 

I n e q u a l i t y i n (8) necessarily holds because the product, 

p ( s , t ) p ( s , t ) , includes the p r o b a b i l i t y of an even number 
11 X 2 
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of t r a n s i t i o n s during the time i n t e r v a l ( s , t ) . We note th a t 
det P ( s , t ) ^ o as s - t which means the tendency to 
remain i n one's i n i t i a l s t a t e decreases as the time of c o n t i n ­
uous occupation o f the s t a t e increases. 

6.2.2 P e r i o d i c i n t e n s i t y matrices and e q u i l i b r i u m 
s o l u t i o n s 

I t may be of i n t e r e s t t o suppose t h a t the elements of 
the i n t e n s i t y m a t r i x A ( t ) vary p e r i o d i c a l l y w i t h period y. 
In t h a t case, the e q u i l i b r i u m p r o b a b i l i t i e s of the process, 
i f they e x i s t , depend on t . 

Let I I ( t ) = (IT ( t ) , n ( t ) ) be the row vector of the 
— 1 2 

e q u i l i b r i u m p r o b a b i l i t i e s . Then the e q u i l i b r i i m i equations 
are of the form 

_n(s) P ( s , t ) = n ( t ) (9) 

w i t h n ( s ) + n ( s ) = 1 
1 2 

Or 

( i ) n ( s ) ( i - p ( s , t ) ) + n ( s ) p ( s , t ) = n ( t ) 
1 12 ^ 2 21 1 

( i i ) n ( s ) p ( s , t ) + n ( i - p ( s , t ) ) = n ( t ) , s < t 
1 12 2 21 2 

(10) 

: ,̂  t = s + ky k = o,l,2, 
We expect t h a t IIj^(s + ky) = n ^ ( s ) (because of p e r i o d i c i t y of 
A ( • ) ) f o r a l l i , then (10) may be w r i t t e n as 

( i ) n ( s ) ( l - p (s,s + k y ) ) + n ( s ) p (s,s + ky) = n (s) 
1 12 2 21 i 

(11) 
( i i ) n ( s ) p (s,s + ky) +n ( s ) ( l - p (s,s + ky) = n (s) 

1 1 2 2 2 1 2 

Solving f o r Jl (s) and II ( s ) , we obt a i n 
1 2 

p (s,s-fky) 
( i ) I I ( s ) = 1 ' p (s,s+ky)+p (s,s+ky) 

12 2 1 
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^̂ ""̂  V ^ ^ " p (s,s+ky)+p (s,s+ky) . (12) 
12 2 1 

f o r a l l i n t e g e r k. 

The denominator of (12) may be obtained from (7) t o be of 

the form 

I(s+ky) , 
I ( s ) 

s 
where I ( s ) = exp(- / ( a ( v ) + B(v)) dv). And since a(v) and 

o 
3(v) are both p e r i o d i c , we have 

s+ky 
I(s+ky) = exp(- / ( a ( v ) + 3 ( v ) ) dv) 

o 

= I ( s ) I ( y ) ^ (13) 

so t h a t the denominator of (12) becomes 1 - I ( y ) . We note 

t h a t , since a ( v ) , 3 ( u ) >o, i t f o l l o w s t r i v i a l l y from (13) 

t h a t , i f we set s = o and k = 1, we have o < I ( y ) < 1. 

We also have 

s+ky s+ky 
p (s,s+ky) = / a(v)exp(- / (a(u ) + 3 ( u ; ) d u ) dv 

s V 

k s+iy s+iy 
= 2 / a(v)exp(- / (a(u)+ 3(u))du)dv 

i = i s + ( i - i ) y V 

= (1 + I ( y ) + I ( y ) 2 + + I ( y ) ^ " ' ) 

s+y s+v 
X / a(v)exp(- J (a(u) + 3(u))du) dv 

s V 

= P.(s,s.y) (14, 
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S i m i l a r l y we may o b t a i n the r e s u l t 

p^^(s,s+ky) = ^ Pj, (s,s+y) (15) 

If 

By s u b s t i t u t i n g l - I ( y ) f o r the denominator and (14) 

f o r the numerator o f the r i g h t side of ( 1 2 ( i ) ' ) , we ob t a i n 

( i ) n ( s ) = p,,(^.«-^y) 
' i - i ( y ) 

and from n^(s) = 1 - n^(s), (16) 

( i i ) n ( s ) = P ^ 2 ^ f ^ 
' i - i ( y ) 

These r e s u l t s may also be obtained as l i m i t i n g p r o b a b i l i t i e s , 
d i r e c t l y from (14 and (15)ask^°°(o< I ( y ) < 1 ) . 

6.2.3 The Embeddability Condition 

According t o Singer and Cohen (1980), a f i n i t e s tochastic 
m a t r i x P i s said t o be embeddable i n a continuous-time Markov 
chain i f there e x i s t s a two-parameter f a m i l y of stochastic 
matrices P ( s , t ) s a t i s f y i n g c o n d i t i o n s ( a ) , (b) and ( c ) , given 
at the beginning of t h i s s e c t i o n , i n a d d i t i o n to P( o , l ) = P. 
A necessary c o n d i t i o n f o r embeddability of matrix P of any 
order has been proved by Goodman (1970) t o be detP > o. This 
c o n d i t i o n has been shown to be also s u f f i c i e n t f o r 2 x 2 
s t o c h a s t i c matricea^ and i n t h i s case i s equivalent to trace 
P > 1 (Singer et a l . 1980). 

As pointed out by Singer et a l . , such a matrix P has 
the disadvantage of being embeddable i n uncountably many 
inhomogeneous continuous-time Markov chains. But t h i s same 
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aspect may be used to advantage s i n c e i t allows for some 

degree of f l e x i b i l i t y i n the choices of s u i t a b l e a l g e b r a i c 

forms fo r a ( • ) and 3 ( ' ) . based e i t h e r on some nice mathem­

a t i c a l p r o p e r t i e s or some known c h a r a c t e r i s t i c s of the process 

under c o n s i d e r a t i o n . The matrix is^however, embeddable i n a 

unique homogeneous chain ( i b i d ) . I t must alsCj be pointed 

out that non-Markovian processes are capable of generating 

s t o c h a s t i c m a t r i c e s P such that det P > o. 

They proceed to develop hypotheses to t e s t , a p r i o r i , 

whether or not a s e t of data may be embedded i n a homogeneous 

continuous time Markov chain. The n u l l hypothesis, H^: det P> o, 

i s t e s t e d a g a i n s t the a l t e r n a t i v e hypothesis, H : det P<o. 

A three-way d e c i s i o n r u l e i s used, based on some s u i t a b l y 

derived parameters 6 ^ > o , i = l , 2 . 

Thus, l e t P be an estimate of P. Then, i f 

( i ) det P > accept ; 

( i i ) det P <-6^, accept 

( i i i ) - 6 < det P < 6 , there i s inadequate evidence 
2 — — — 1 

e i t h e r to accept or r e j e c t H^, probably an i n d i c a t i o n of 

i n s u f f i c i e n t data. They do not say, however, what should be 

done i n such a case. The numbers 6 and 6 are derived from 
1 1 

asymptotic sampling d i s t r i b u t i o n of P for given p r o b a b i l i t i e s 

of r e j e c t i o n , a and a r e s p e c t i v e l y . 
1 2 
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6.3 E s t i m a t i n g the Incidence and Recovery Rates 

The 2-state model o u t l i n e d so f a r i s e s s e n t i a l l y a 

s i m p l i f i e d v e r s i o n of the semi-Markov model described i n 

Chapter 4. We have reduced the nvunber of s t a t e s from four to 

two w i t h i n each immunity category by combining the l a t e n t , 

i n f e c t i o u s and n o n - i n f e c t i o u s s t a t e s to form the p o s i t i v e 

or i n f e c t e d s t a t e . The s u s c e p t i b l e s t a t e i s a l s o known as 

the negative s t a t e . A person i s i n s t a t e 1 or the negative 

s t a t e i f he has no m i c r o s c o p i c a l l y detectable parasitamia 

i n h i s blood, otherwise he i s i n s t a t e 2, or the p o s i t i v e s t a t e , 

We note that s t a t e 1 i s not a s u s c e p t i b l e s t a t e in the r e a l 

sense, because the mere absence of parasitamia (checked by 

microscope) i s no proof of being free from the disease (Cohen, 

1979). In a d d i t i o n to combining some of the s t a t e s , we have 

assumed there are no t r a n s i t i o n s between immunity l e v e l s . 

These l e v e l s now correspond to age-groups. Our b a s i c assum­

ption i s s t i l l t h a t for each i n d i v i d u a l , the underlying 

s t o c h a s t i c process between two s u c c e s s i v e observations i s a 

2 - s t a t e semi-Markov process, or a l t e r n a t i n g renewal process. 

6.3.1 Homogeneous Markov Chains 

The s i m p l e s t v e r s i o n of the 2-state model, herein 

r e f e r r e d to as model A, i s one where the times of t r a n s i t i o n 

between s t a t e s are assumed to be e x p o n e n t i a l l y d i s t r i b u t e d . 

The model thus d e s c r i b e s a 2-state homogeneous continuous-

time Markov process, where P ( s , t ) depends only on the length, 

t - s , of the time i n t e r v a l ( s , t ) and so i s equivalent to 

$ ( t - s ) , o < s < t, ( s e c t i o n 3.3). 
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Because of the homogeneity assumption, the elements 

of the i n t e n s i t y matrix A ( • ) , are constants so that equations 

(7 ) now become 

( i ) (J)̂ ^ ( t - s ) = ^ { 1 - e x p ( - ( a + 6 ) ( t - s ) ) } 

(17) 

( i i ) <t>^^(t-s) = { 1 - e x p ( - ( a + 6 ) ( t - s ) ) } 

As mentioned e a r l i e r ( s e c t i o n 1 ) , model A i s i d e n t i c a l 

to that a p p l i e d by Bekessy et a l to b a s e l i n e data of the Garki 

p r o j e c t . T h i s s e t of data i s reproduced i n Table 3. The 

data are t r a n s i t i o n frequencies, n^^ of persons observed i n 

s t a t e i at one survey and i n s t a t e j at the next survey, 

i , j = 1,2. Each entry i s a 2 x 2 array 

n n 
21 22 

c l a s s i f i e d by age group and the p a i r of s u c c e s s i v e surveys. 

The age groups, seven i n number, used here and i n a l l sub­

sequent d i s c u s s i o n s are : l e s s than one year (o < 1 ) , 

1 - 4, 5 - 8, 9 - 18, 19 - 28, 29 - 43 and 44 years and over. 

F i v e p a i r s of surveys are used, which are ( 3 , 4 ) , ( 4 , 5 ) , 

( 5 , 6 ) , (6,7) and ( 7 , 8 ) ; they are r e s p e c t i v e l y 68, 78, 81, 

76 and 70 days apart. The ages are a l l measured from 

survey 1. 

The 2 x 2 t a b l e s are a l l t r e a t e d as independent samples 

with separate parameter e s t i m a t e s . To c a r r y out the estim­

a t i o n procedure, we assume the two rows of each entry to 

be independent binomial observations. The logarithm of 
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the l i k e l i h o o d function of an entry for the ith survey p a i r 
i s given by 

L ( a , Bit,) = ^Z,^^. l o g 3 0 . j ( t , ) . J_log^ ( " l - j (18, 

where t^ i s the number of days between the ilth survey 

p a i r , 5,= 1,2. . . ,5, n^^ = n.^ + n.^ and 

n. \ n. ! 

n.. ! (n.-n..) ! 11 11 i» 11^ 
The maximum l i k e l i h o o d estimate of <f). . ( t . ) i s given by 

1J X, 
d). .(t„) = n. ./n. , i , i = 1,2. We obtain the maximum ^ i j ^ £ i j ' i» 
l i k e l i h o o d estimates of a and 3 of each entry by s o l v i n g 

( 1 7 ) , u s ing the estimates of <}) „(tp) and (f) ( t ^ ^ ) , with t - s 
r e p l a c e d by t ̂ . 

( i ) a = 

i 2 X, 21 

X. 12 21 

(19) 

$ log ( 1 - (() - * .) 
m\ a - 12 ^e^ 12 21^ 
^^'^ ^ - — 1 „ ( $ •̂ •̂  ) — 

X, 12 2 1 

where the arguments of 't'j^jC*) are suppressed. 

The argument of the l o g a r i t h m i c term i n (19) i s 

det J , and must be p o s i t i v e for a and B to be estimated. 

T h i s i s the embeddability condition pointed out i n sub-section 

2.3. Bekessy et a l . have suggested that a negative value of 

det _$ may mean the data are generated by an inhomogeneous 

process which may s t i l l be Markovian.. However, by the embeddab­

i l i t y c r i t e r i o n t h i s i s not n e c e s s a r i l y the case, a point 
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noted by Singer and Cohen (1980). 

Provided det _$ > o, the estimated covariance matrix 

of a and 3, denoted by C ( a , 3 ) , i s given by the inverse of 

the F i s h e r information matrix, computed at a = a and 3 = 3 

C(a,3) = -

'n - 1 
3^L 9^L 

9a33 

3"L 
3a33 33^ a=a 3=3 (20) 

The elements of the information matrix are: 

( i ) = { S j ( $ ^ , V +$^^U)2 + S ^ ( $ ^ J - $ ^ ^ U ) 2 } /(S S^U^V^) 
3 GL 

( i i ) - . ^ = iS^d^J + ^^p' + ^ ( ^ 2 1 ^ - 4 i U ) ' > /(SS V'V^) 
3 3 

(21) 

^ 2 

( i i i ) 3^L 
3a33 

= (U - V) { S (1) (<i> V +(t) U) 
2 12 2 1 12 

where 

( i ) U = - l o g ^ ( l - < ^ i 2 - * 2 i > / * ) l 

( i i ) V = (c|)^3+<f>3,)/ { ( l - * , , - <l>,,)tji } (22) 

( i i i ) S. = ( } . . j ( l - $ i ^ ) / n . . , i ^ j = 1,2 I J " !• 

Using equations ( 2 1 ) , the e x p l i c i t formula for the elements 

of the covariance matrix (20) are then. 

( i ) v a r ( a ) = {S ^ V+(|> ̂  ̂ U)' -"Si (*i 2'^-*2 i U) M/((j) ̂  ̂ +<i)̂  ̂ ) 
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( i i ) var (3) = {S ($ V+$ V)^+S ($ V-$ U)M /($ +$ ) " (23) 
1 12 2 1 2 2 1 1 2 1 2 21 

( i i i ) cov(a,g) = (V-U){ S^$^/$j^V+$^^U)+S^$^/$^y+$^^U)} /($,+$,,) 

Equations (23) have a l s o been derived by Bekessy et a l . ( ( i ) 

and ( i i ) o n l y ) and Mueller ( i n Singer and Cohen, 1980). 

The r e s u l t s of applying model A to the data i n Table 

3 are l i s t e d i n Table 4. These are the estimates of a and 3 

(columns 3 and 4 r e s p e c t i v e l y ) and t h e i r r e s p e c t i v e estimated 

Standard e r r o r s (columns 3 and 4^ obtained from the estimated 

covariance matrix. The t a b l e a l s o contains the corresponding 

estimates f o r det$^ (column 6 ) , which may be thought of as 

some measure of embeddability. C l e a r l y , none of the e n t r i e s 

of Table 5 v i o l a t e s the embeddability condition, although 

about four v a l u e s of det ^ are r e l a t i v e l y c l o s e to zero 

(survey p a i r s (4,5) and (5,6) f o r both age groups of l e s s 

than one year (o < 1) and 44+ years)' However, before we 

proceed to d i s c u s s these r e s u l t s we would l i k e to consider 

other models that may a l s o provide good, i f not b e t t e r , des­

c r i p t i o n s of the data. 

6.3.2 Other non-Markovian Models 

I t may be argued t h a t , while i t i s f a i r l y reasonable 

to assume that incidence times are exponentially d i s t r i b u t e d , 

the duration of an i n f e c t i o n i s not e n t i r e l y meraoriless. 

Hence, i n t h i s s e c t i o n we explore some cas e s i n which time to-

recovery i s assumed to have d i s t r i b u t i o n s other than expon­

e n t i a l . I n p a r t i c u l a r , we consider the case where recovery 

time has a gamma d i s t r i b u t i o n with parameters r > 1, and a, 

as suggested e a r l i e r i n Chapter 4. More s p e c i f i c a l l y , we 
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TABIE 4 

Malaria Recovery and Incidence r a t e s 
and t h e i r standard e r r o r s estimated 
by model A, plus det $ . 

(Survey 
p a i r s 

Age Recovery r a t e Incidence rate, % c o r r e l 
groups (10"*day (10"'day ' coeff. 
( y e a r s ) ( s . e . ) 

0 <1 48 (13) 38 (10) 28 
1-4 18 ( 3) 70 (16) 4 
5-8 29 ( 5) 171 (30) 60 
9-18 57 ( 7) 90 (12) 50 

19-28 108 (14) 50 ( 6) 53 
29-43 179 (19) 59 ( 6) 72 
44-H 183 (25) 54 ( 7) 7 

0<1 85 (76) 323 (194) 95 
1-4 18 ( 4) 220 (34) 60 
5-8 21 ( 4) 233 (37) 64 
9-18 33 ( 5) 129 (13) 53 

19-28 95 (13) 89 ( 9) 69 
29-43 141 (17) 102 (10) 97 
44 + 178 (37) 125 (21) 91 

0<1 30 (16) 245 (73) 69 
1-4 17 ( 4) 175 (35) 58 
5-8 29 ( 5) 204 (39) 79 
9-18 53 ( 7) 123 (17) 66 

19-28 112 (13) 94 (11) 74 
29-43 166 (17) 89 ( 9) 82 
44+ . 190 (28) 88 (14) 85 

0<1 26 ( 8) 49 (15) 28 
1-4 16 ( 4) 149 (31) 54 
5-8 32 ( 6) 186 (35) 71 
9-18 63 ( 8) 93 (14) 60 

19-28 145 (15) 47 ( 7) 62 
29-43 191 (16) 42 ( 5) 65 
44 + 211 (24) 42 ( 7) 70 

0<1 41 (10) 15 ( 6) 19 
1-4 11 ( 3) 111 (25) 37 
5-8 23 ( 4) 181 (30) 56 
9-18 54 ( 7) 71 (10) 44 

19-28 115 (15) 44 ( 6) 50 
29-43 171 (18) 46 ( 5) 66 
44 + 208 (32) 53 ( 8) 75 

det $ 

(3,4) 

(4,5) 

(5,6) 

(6.7) 

i(7,8) 

0.58 
0.55 
0.26 
0.37 
0.34 
0.20 
0.20 

0.04 
0.16 
0.14 
0.28 
0.24 
0.15 
0.09 

0.11 
0.21 
0.15 
0.24 
0.19 
0.13 
0.11 

0.57 
0.29 
0.19 
0.31 
0.23 
0.17 
0.15 

0.67 
0.43 
0.24 
0.42 
0.33 
0.22 
0.16 
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d i s c u s s the cases r = 2,3, assuming the process i s i n equilibrium. 

E s s e n t i a l l y , these models are examples of e q u i l i b r i u m 

a l t e r n a t i n g renewal processes. Regardless of the d i s t r i b u t i o n 

Jbrms, i f we define fl. . ( . ) as 
J- J 

n ( t ) = lim Prob { Z = j | Z = i } , i.,j = 1,2 (24) 

then Cox (1970, pages 85-86) has shown that 

n . . ( t ) = n. - ± f i = 1,2 (25) 

where, as before, n- i s the l i m i t i n g p r o b a b i l i t y of being i n 
J 

s t a t e j and the f u n c t i o n w(t) has Laplace transform w (e) 

given by 
^ n y ( 1 - F * * ( 6 ) ) ( 1 - F * * ( 0 ) ) 

03(0) = -1-L- ^ (26) 
0 02(1-F (0) F ( 6 ) ) 

1 2 2 1 

We note that here the t r a n s i t i o n p r o b a b i l i t i e s of the embedded 

Markov chain are simply p = p = o and p = p = 1 . 
^ ^ 11 2 2 12 21 

I n our p a r t i c u l a r case, we have 

^i*2*(9) = ^2*i*(9) = ^KT^^^ (27) 

1 r 
with y = - and y = - . We f i r s t consider the case r = 2, 

^ 3 ^ a 
which we i d e n t i f y as model B. T h i s i s followed by model 
C, where r = 3. 

( a ) Model B ( r = 2) 

We s u b s t i t u t e (27) with r = 2 i n t o equation (26) 

and i n v e r t the r e s u l t i n g Laplace transform to obtain a)(t) 

The r e s u l t i s s u b s t i t u t e d i n t o ( 2 5 ) , and a f t e r some 
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s i m p l i f i c a t i o n and rearrangement ) 

n . j ( t ) = 1^(1 - g(a,3, 2 J t ) ) 

where 

(28) 

i n = 1.2 

g(a,3,2;t) = 
exp(u a t ) { 2u cos(u at)+(3+2u ) s i n ( u a t ) }/2u 

1 2 2 1 2 - 2 

o < p < 8 (29) 

exp(u a t ) {(3+2(u +u ) ) exp(u a t ) 
1 1 2 2 

+ ( 3 + 2 ( u , - u j ) exp(-u,at) } /u^ 1 2 

p > 8 

with 

( i ) u^ = -(4+P)/4 

( i i ) u^= 

( 8 p - P^) /4 o < P < 8 

( p ^ - 8P) /4 p > 8 

(30) 

and p i s the r a t i o of the mean recovery and i n f e c t i o n r a t e s . 

I f we apply model B to each of the 2 x 2 e n t r i e s of 

Table 3, we obtain, by the maximum l i k e l i h o o d method, the 

f o l l o w i n g r e l a t i o n s 

I t i j = n j d - i ) = n^./n.. i ^ j = 1,2 

where a l l arguments are suppressed. Equations (31) immed­

i a t e l y l e ad to 

(31) 

( i ) = 
n . .n. 

n n + n n 
1 2 2. 2 1 1» 

l i 2 = 1,2 

(32) 
( i i ) g =l-n^^/n^^ -.Jrs^ 
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from which we a l s o obtain 

p = ( n n ) / ( n n ) (33) 
12 2t 21 1« 

From the expression of g(a,B, 2;t) i t i s c l e a r that 

e s t imates f o r a and 6 can only be obtained by numerical 

methods. To t h i s end, i t i s required only to solve equation 

( 3 2 ( i i ) ) f o r a, using for i n s t a n c e , the Newton-Raphson 

method. Estimate f o r 3 i s then obtained from the r e l a t i o n 

23 = pa. The r e s u l t s of the computation are l i s t e d i n Table 5 

The asymptotic covariance matrix i s obtained by e v a l u a t i n g the 

d e r i v a t i v e s by f i n i t e d i f f e r e n c e , and we use Romberg's i n t e r -
c 

p o l a t i o n method ( ^ e i d , 1968, page 108- Fox and Meyers, 1968, 

page 176), to reduce t r u n c a t i o n and rounding off e r r o r s . 

A quick comparison of the r e s u l t s i n Tables 4 and 5 

shows that the e s t i m a t e s of the r a t e s of model B are c o n s i s t ­

e n t l y lower than those of model A. But before a d e t a i l 

comparison, l e t us consider the case r = 3'. "~ - • : 

(b) Model C ( r = 3) 

In t h i s model, the s u b s t i t u t i o n of (27) int o equations 

(26) f o r r = 3, and the r e s u l t of i n v e r t i n g the Laplace 

transform, y i e l d e x p r e s s i o n s i d e n t i c a l to equation ( 2 8 ) . 

However, we now have g(a,3, 3;t) expressed as 

3 3a? + 8a. + 6 
g(a,3, 3;t) = I ^ exp(a at) (34) 

1=1 ^ 1+1 l ' ^ ^ 1+2 1^ 

where a d d i t i o n of s u b s c r i p t s i s modulo 3 i f i t i s greater than 

3. The aa^, i = 1,2,3, are the cube roots of the Laplace 
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TABLE 5 

Malaria Recovery and Incidence r a t e s 
and t h e i r standard e r r o r s ( s . e . ) estimated 
by model B. 

Survey 
p a i r s 

Age 
groups 
( y e a r s ) 

Recovery r a t e 
(10" May" M 
^ ( s . e . ) 

Incidence 
(10"'*day 

3 

r a t e 

( s . e . ) 

1 

% c o r r e l . 
coef f 

(3,4) 0<1 38 (10) 34 ( 9) 17 
1-4 17 ( 2) 66 (10) 31 
5-8 26 ( 3) 153 (23) 61 
9-18 48 ( 6) 77 ( 9) 34 

19-28 87 ( 9) 41 ( 5) 37 
29-43 135 (11) 45 ( 4) 58 
44 + 138 (15) 41 ( 5) 57 

(4,5) 0<1 59 (13) 224 (42) 44 
1-4 16 ( 2) 198 (40) 96 
5-8 18 ( 2) 207 (37) 96 
9-18 29 ( 4) 113 (14) 44 

19-28 75 ( 7) 71 ( 7) 53 
29-43 105 ( 8) 76 ( 6 ) 69 
44 + 128 (17) 89 (12) 82 

(5,6) 0<1 25 ( 6) 206 (48) 61 (5,6) 
1-4 15 ( 2) 160 (33) 94 
5-8 25 ( 3) 175 (26) 76 
9-18 44 ( 5) 103 (11) 50 

19-28 86 ( 8) 72 ( 7) 61 
29-43 121 (10) 65 ( 6) 74 
44 + 135 (18) 63 ( 9) 79 

(6,7) 0<1 24 ( 6) 45 (13) 20 (6,7) 
1-4 15 ( 2) 138 (27) 84 
5-8 28 ( 4) 161 (23) 59 
9-18 52 ( 6) 78 ( 9) 42 

19-28 111 (13) 36 ( 5) 52 
29-43 141 (14) 31 ( 3) 61 
44 + 154 (22) 30 ( 5) 68 

(7,8) 1 
1 

0<1 37 (11) 13 ( 3) 10 (7,8) 1 
1 1-4 10 ( 1) 106 (24) 78 
i 5-8 21 ( 2) 164 (27) 68 
i 9-18 46 ( 5) 58 ( 7 ) 28 
19-28 92 (10) 35 ( 4) 38 
29-43 130 (11) 35 ( 3) 53 

i 
44 + 153 (19) 39 ( 5) 65 j 

1 
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transform bj*(6), and the a^ are given by 

( i ) a^ = c-d/c - 1 - P/9 

( i i ) a = wc - w^d/c - 1 - p/9 (35) 

( i i i ) a^ = w^c -w d/c - 1 - p/9 

where 

( i ) c = { (K - L/81) } 
1 8 

( i i ) d = _P- (9 - p) 
8 1 

( i i i ) >W 1 + Ij/l 2 

( i v ) K = 1 ^ ^ l e z i i ) 
81 

( v ) L = 2p2 - 27p +24 3 

We s t i l l have the same expression f o r the estimates of 

g( a, 3. 3;t) and p i n terms of n^^ given by ( 3 2 ( i i ) ) and 

(33) r e s p e c t i v e l y . 

Again we must r e s o r t to the Newton-Raphson technique 

to c a l c u l a t e e s t i m a t e s of a and 3. As i n model B, we f i r s t 

s olve f o r a and then obtain 3 from the r e l a t i o n 3 3 = pa. 

The estimates of the parameters from the data i n Table 3 

appear i n Table 6. Attempts to obtain t h e i r standard e r r o r s 

by computing the asymptotic covariance matrices numerically, 

as i n model B, produced r a t h e r i n c o n s i s t e n t r e s u l t s . This i s 

probably because of t r u n c a t i o n and rounding off e r r o r s which 

even the use of such refinement as Romberg's i n t e r p o l a t i o n 

technique could not reduce s i g n i f i c a n t l y . 
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One way to get round t h i s d i f f i c u l t y i s to estimate 

the v a r i a n c e s and cov a r i a n c e s of the parameters by Monte 

Carlo techniques as suggested for instance by Singer and 

Cohen (1980). T h i s i n v o l v e s generating say 1000 s t o c h a s t i c 

m a t r i c e s from binomial samples of s i z e s n and n , with 
1. 2, 

parameters 11̂ ^̂  ~ " i i / ' \ ~ l ' ^ , r e s p e c t i v e l y . The binomial 

v a r i a t e s so produced are then used to compute the a's and 

3's using equation (34) by Newton Raphson or some other method. 

The Monte Carlo estimates ( s u b s c r i p t e d mc ) are then obtained 

from the equations 

10 0 0 
( i ) E ^,(a/3) = 0.001 Z ( ^ ) mc .^^ 3 J 

^ 10 0 0 ^ 
( i i ) E^^ (3) = 0.001 Z ( 3 ) j 

J 1 

/\ 1 0 0 0 ^ /\ 
( i i i ) v a r ^ ^ ( a/3) =0.001 I (a/3f. - {E(a/3))^ (36) 

J ""1 

^ 10 0 0 ^ ^ 
( i v ) v a r ^ ^ ( 3 ) =0.001 2 (3)'^ - ( ^ ^ ^ ( ^ ) ) ' 

3 ^ 

( V ) cov(a/3,3) =0.001 ' r ( 3 ) . ( a / 3 ) - E^^( 3)E^^( a/3) 
mc J -1 3 J mc mc 

where the s u b s c r i p t j denotes a value of the r e s p e c t i v e 

parameter computed from the j-th matrix generated ( c f . Singer 

et a l . 1980). We used subroutine G0.5EDF from the NAG routine 

l i b r a r y (NAG, 1977) to generate these binomial v a r i a t e s for 

each of the 2 x 2 array e n t r i e s of Table 3. The Monte Carlo 

e s t i m a t e s of the standard e r r o r s are the ones given i n Table 6 



•123-

TABLE 

Malaria Recovery and Incidence r a t e s 
and t h e i r standard e r r o r s ( s . e . ) 
estimated by model C. 

Survey 
p a i r s 

Age 
groups 

( y e a r s ) 

Recovery r a t e 
( 1 0 " ^ " ^ ) 
ay^ (s.e.) 

Incidence r a t e 
(IQ'May"!) 

3 ( s . e . ) 
% c o r r e l . 

coeff. 

(3,4) 0<1 37 ( 8) 33 ( 7) 11 
1-4 17 ( 1) 65 (15) 100* 
5-8 25 ( 2) 149 (24) 100* 
9-18 46 ( 5) 74 ( 9) 31 

19-28 81 ( 8) 38 ( 4 ) 31 
29-43 121 (10) 40 ( 3) 52 
44 + 123 (13) 36 ( 4) 53 

(4,5) 0<1 53 (10) 200 (22) -18 
1-4 16 ( 1) 195 (27) 100* 
5-8 18 ( 1) 202 (28) 100* 
9-18 28 ( 2) 110 (10) 44 

19-28 69 ( 7) 65 ( 5) 44 
29-43 94 ( 8) 68 ( 5) 63 
44 + 110 (16) 77 ( 9) 79 

(5,6) 0<1 24 ( 6) 199 (40) 43 
1-4 15 ( 1) 158 (30) 100* 
5-8 24 ( 2) 170 (27) 100* 
9-18 .42 ( 4) 98 (11) 48 

19-28 78 ( 7) 65 ( 6) 52 
29-43 106 ( 8) 57 ( 5) 66 
44 + 117 (12) 54 ( 7) 72 

(6,7) 0<1 24 ( 4) 44 (13) 27 
1-4 15 ( 1) 136 (28) 100* 
5-8 ! 27 ( 2) 156 (26) 88 
9-18 i 50 ( 5) 74 (10) 42 

19-28 ! 100 ( 8) 33 ( 4) 45 
29-43 124 ( 8) 27 ( 2) 56 
44+ ' 135 (12) 27 ( 3) 61 

(7,8) 0 1 ! 36 ( 7) 13 ( 3) 5 
1-4 ' 10 ( 1) 106 (24) 100* 
5-8 ' 20 ( 1) 161 (24) 100* 
9-18 i 44 ( 5) 56 ( 8) 27 

19-28 i 85 ( 9) 33 ( 4) 32 
29-43 1 116 ( 9) 32 ( 2) 51 
44 + 135 (17) 34 ( 4) 66 

* Note the high c o r r e l a t i o n c o e f f i c i e n t s between the r a t e s 
f o r 5-18 age groups. 
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While we defer, u n t i l a l a t e r s e c t i o n , the comparison 
of the e s t i m a t e s of the recovery and i n f e c t i o n r a t e s obtained 
by the v a r i o u s models, we need to note at t h i s juncture that 
from tables4rfiporresponding estimates of these r a t e s decrease 
as r i n c r e a s e s ; that i s , i n the order of the models A, B and 
C. As these r a t e s are bounded below by o» i t would seem that 
as r °° t h e i r v a l u e s tend to some f i n i t e l i m i t . However, 
we have not been able to obtain e x p l i c i t expressions for these 
r a t e s i n terms of r; consequently we are not able to get 
a n a l y t i c a l l y e x pressions for the l i m i t . Nonetheless, we 
can o b t a i n t i g h t bounds for the r a t e s i f we consider an 
example of a model i n which recovery time i s assumed to be 
constant f o r each age group and survey p a i r . 

6.3.3 A model with constant recovery times 

T h i s model, h e r e i n r e f e r r e d to as model D, may be 

thought of as having gamma d i s t r i b u t e d recovery times i n which 

we l e t r ^ CO and a o with r/a = k f i x e d , to obtain a 

concentration of p r o b a b i l i t y at k (Cox and M i l l e r , 1977, 

page 258). In a d d i t i o n , we s h a l l s e t a c o n s t r a i n t on the 

parameter space by assuming that times between s u c c e s s i v e 

surveys do not exceed k. T h i s has the r e s u l t of r e s t r i c t i n g 

the number of an i n d i v i d u a l ' s t r a n s i t i o n s between s u c c e s s i v e 

surveys to at most one. The model i s not therefore c o r r e c t i n 

the s t r i c t sense, for we need a l s o to consider the case k < t . 

However, t h i s case introduces the problem of deciding j u s t how 

many t r a n s i t i o n s to allow between consecutive surveys. Cases 

have been recorded of uncomplicated P.falciparum i n f e c t i o n s 

c l e a r i n g w i t h i n two months (Kitchen, 1949), and we have a l s o 

a l r e a d y mentioned the f a c t that some may l a s t for as long as 

1 year. 
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To d e r i v e t h e c o n d i t i o n a l p r o b a b i l i t i e s (frj^jCt), we 
proceed as f o l l o w s -

L e t be t h e random t i m e spent i n s t a t e 1 b e f o r e 

moving t o s t a t e 2, measured from the t i m e o f the f i r s t survey, 

and e x p o n e n t i a l l y d i s t r i b u t e d w i t h mean -^(Y, the random 

t i m e spent i n s t a t e 2 b e f o r e moving t o s t a t e 1, measured 

a l s o from t h e f i r s t o f t h e two surveys b u t d i s t r i b u t e d u n i f ­

o r m l y i n ( o , k ) . Let T be t h e random time spent i n s t a t e 1, 

and l i k e , d i s t r i b u t e d e x p o n e n t i a l l y w i t h mean I / 3 . The 

t i m e between t h e surveys i s t^, i =1,2,...,5. 

Then, 

( i ) < l > i 2 ( t i i ) = Prob { T^ < t ^ } 

3e-^^^ du = 1 - e-^^^ 
o 

( i i ) (() ( t ) = Prob { Y < t . , Y t T > t j } (37) 

= f ^Prob { Y + T > t | Y = y } i d y 
o 

= / ^ Prob { T > t ^ -y } I dy 

= 1 /'^e-^(*£-^>dy = ( 1 - e-^*.)/3k ^ o 

£ = 1, 2, . . . , 5 

As i n p r e v i o u s models, we assume b i n o m i a l sampling o f 

t h e t r a n s i t i o n c o u n t s , and use maximiam l i k e l i h o o d e s t i m a t o r s 

o f (}) and ()) ( g i v e n i n s u b s e c t i o n 6.3.1) t o o b t a i n e s t i m a t e s 
1 2 2 1 
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f o r 3 and k., from e q u a t i o n s (37) 

( i ) 6 = - l o g g d - ^ ^ ) / t ^ 

(38) 

( i i ) k = max { - t ({) /((|) l o g ( 1 - $ ) ) , t , } 

p r o v i d e d $ ,$ / o o r l . These l i m i t a t i o n s are analogous 
12 2 1 . 

t o t h e e m b e d d a b i l i t y c r i t e r i o n o f s u b s e c t i o n 2.2 which would 

r e s t r i c t model D o n l y t o data w i t h no zero t r a n s i t i o n counts 

such as those i n Table 3. 
Wi t h t h e c o n d i t i o n s , o < (J) , (j) < 1, s a t i s f i e d t h e 

1 2 2 1 

a s y m p t o t i c c o v a r i a n c e m a t r i x , C ( 3 , k ) , may again be o b t a i n e d 

by t h e i n v e r s e o f t h e F i s h e r i n f o r m a t i o n m a t r i x , computed a t 

B = ̂  and k = k. 

C(3,k) = 

9!L 
96^ 

969k 

9^L 
969k 

9k2 

-1 

( 39) 

6 = 6 , k = k 

where, as b e f o r e , L i s t h e l o g a r i t h m o f t h e l i k e l i h o o d 

f u n c t i o n . The elements o f t h e i n f o r m a t i o n m a t r i x are g i v e n 

by 

( i ) ^ = vM s 0^$^ + s $ (u+$ )M / ( u 2 $ ) 
' ^ n 2 1 1 2 2 2 1 1 2 1 2 96-

( i i ) - = S U'cj)"* /V^ (40) 

( i i i ) 
969k 

= S (U+$ )V IV 
2 1 2 2 1 1 2 

k > t ^ , 
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where now we have 

(i) u = ( 1 - i j l o g g d 4 ^ ^ ) 

( i i ) V = t ^ ^ ^ ^ d -*^^) 

( i i i ) S. = n.y{ < } ' i j ( l - 4 ' i j ) } i ^ j = 1.2, 

From ( 4 0 ) , t h e elements o f m a t r i x (39) become 

( i ) v a r ( 6 ) = J / {S V M 
12 1 

( i i ) v a r ( k ) = VM S U'(})='+S ())' (U+()) )^ } / { S S \5 " } (41) 
1 1 2 2 2 1 1 2 1 2 1 2 2 1 

( i i i ) COV ( 6 , k ) = -(U + (t) )/{ S (|) U M 
1 2 1 2 1 

k > t J 

The r e s u l t s o f a p p l y i n g model D t o each 2 x 2 a r r a y 

e n t r y o f Table 3 a r e l i s t e d i n Table 7. I n s p e c t i o n s o f 

t a b l e s 4,5,6 and 7 show a c o n s i s t e n t and g r a d u a l f a l l i n t h e 

e s t i m a t e d r a t e s i n t h e o r d e r o f t h e models A, B, C and D. 

That e s t i m a t e s o f t h e r a t e s f r o m model A are h i g h e r t h a n 

those f r o m model D,can be shown t o h o l d a n a l y t i c a l l y . 

Let ttj^ = 1/k, where t h e s u b s c r i p t i n d i c a t e s t he model 

used. From e q u a t i o n s (19) and ( 3 8 ) , suppose k > t ^ , then 

c l e a r l y 

M = S A = log,(l-^^^-^^^) 

log (i-i ) 
^ 1 2 

1 2 
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TABLS 7 

M a l a r i a mean Recovery times and I n c i d e n c e 
r a t e s and t h e i r s t a n d a r d e r r o r s ( s . e . ) , 
e s t i m a t e d by model D, p l u s comparisons w i t h 
t h e r e s u l t s o f model A 

i Recovery t i m e I n c i d e n c e Comparison 
Survey Age r a t e s % Corr- w i t h model A 
p a i r s groups ( d a y s ) (10 M a y M e l . " A - 1 ^A-1 ( y e a r s ) £ ( s . e . ) a ( s . e . ) c o e f f . 

^ 

( 3 , 4 ) 0<1 275 (70) 32 ( 8) -11 0.15 0.19 (3 , 4 ) 
1-4 591 (87) 65 (14) -30 0.06 0.08 
5-8 400 (56 ) 148 (23) -46 0.16 0.16 
9-18 221 (21) 72 ( 9) -28 0.26 0.25 

19-28 135 (11 ) 35 ( 3) -14 0.45 0.43 
29-43 101 ( 5) 33 ( 2) -15 0.81 0.79 
44 + 100 ( 6) 29 ( 3) -15 0.82 0.86 

(4.5 ) 0<1 208 (78) 182 (24) -20 0.77 0.77 (4.5) 
1-4 635 (120) 194 (25) -39 0.14 0.13 
5-8 559 (92) 201 (26) -45 0.17 0.16 
9-18 357 (42) 108 (10) -27 0.18 0.19 

19-28 159 (13 ) 59 ( 4) -19 0.51 0.51 
29-43 128 ( 7) 57 ( 3) -19 0.80 0.79 
44 + 117 ( 8) 60 ( 4) -20 1.08 1.08 

(5 , 6 ) 0<1 420 (170) 196 (39) -29 0.26 0.25 (5 , 6 ) 
1-4 672 (128) 157 (28) -47 0.14 0.11 
5-8 423 (59) 168 (25) -57 0.23 0.21 
9-18 250 (22) 94 (10) -41 0.32 0.31 

19-28 147 ( 9) 57 ( 5) -22 0.65 0.65 
29-43 119 ( 5) 45 ( 3) -27 0.98 0.98 
44 + 113 ( 5) 41 ( 3) -28 1.14 1.15 

(6 , 7 ) 0<1 426 (115) 44 (13) -18 0.11 0.11 (6 , 7 ) 
1-4 672 (127) 136 (26) -44 0.08 0.10 
5-8 373 (57) 154 (23) -53 0.19 0.21 
9-18 211 (19) 71 ( 9) -36 0.33 0.31 

19-28 118 ( 6) 27 ( 3) -25 0.71 0.74 
29-43 103 ( 3) 21 ( 2) -22 0.97 1.00 
44 + ;99 ( 4) 20 ( 2) -21 1.09 1.10 

( 7 , 8 ) 0<1 279 (59) 13 ( 5) - 9 0.14 0.15 ( 7 , 8 ) 
1-4 959 (214) 106 (23) -31 0.05 0.05 
5-8 488 (76) 161 (23) -42 0.12 0.12 
9-18 231 ( 2 3 ) 55 ( 7) -24 0.25 0.29 

18-28 130 (10 ) 29 ( 3) -14 0.50 0.52 
29-43 104 ( 5) 26 ( 2) -14 0.78 0.77 
44 + 95 ( 6) 27 ( 3) -14 0.99 0.96 

• 1 
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l o g ^ d - * -<j) ) 
1 2 e 1 2 2 1 

( $ ^ ^ + $ ^ ^ ) l o g ^ ( l - $ ^ ^ ) 

Since 

t h e n 

l o g ^ ( l - ^ , - ^ l ) > - ^°ge(^-^.) 
(}) + 4) (}) 

1 2 2 1 1 2 

2 1 < 1 

(42) 

(43) 

$ 
otA 3a 

which i m p l i e s — = — > 1. 

S i m i l a r r e s u l t s are o b t a i n e d when ^ 
/\ 

While ( 4 3 ) s t i l l h o l d s f o r ̂ A , we now have 
3 
D 

a $ + $ 
U 1 2 2 1 

^i'°ge(^- (44) 

1 2 

But s i n c e f r o m (38 ( i i ) ) we have (because k = t ) 

t h e n , 
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from which we o b t a i n t h e i n e q u a l i t y 

i 10g(l4 ) T 
_ _JJ l e 11— > 1 (45) 

<^ 

1 2 

A p o s s i b l e e x p l a n a t i o n f o r t h e low e s t i m a t e s o f the 

r a t e s from model D compared w i t h those from A i s t h a t , model 

A a l l o w s f o r s e v e r a l t r a n s i t i o n s between c o n s e c u t i v e surveys 

w h i l e model D i s r e s t r i c t e d t o a t most one t r a n s i t i o n o n l y . 

I t c o u l d be s a i d t h a t model D u n d e r - e s t i m a t e s t h e r a t e s . 

From t a b l e s 4 and 7, we observe t h a t t h e d i s c r e p a n c i e s 

between t h e e s t i m a t e s o f t h e r a t e s by models A and D are 

g r e a t e s t among t h e o l d e r age groups. These are t h e groups w i t h 

g e n e r a l l y h i g h r e c o v e r y r a t e s most o f which have t h e i r 

r e c i p r o c a l s ( e x p e c t e d r e c o v e r y times as by model A) less .. 

than t h e t i m e s between s u r v e y s . The q u a n t i t i e s T T - - 1 or 
^A °D 
^ — - 1 may be used t o assess t h e l e v e l s o f d i s c r e p a n c i e s 
3d 

between c o r r e s p o n d i n g e s t i m a t e s . These are g i v e n i n t h e l a s t 

two columns o f Table 7. Among t h e younger age groups (0 - 8 ) , 

these v a l u e s are l a r g e s t d u r i n g t h e wet season ( s u r v e y p a i r s 

( 4 , 5 ) and ( 5 , 6 ) ) , t h e p e r i o d o f h i g h i n f e c t i o n r a t e s 

and low r e c o v e r y r a t e s . O v e r a l l , these q u a n t i t i e s are l a r g e 

f o r h i g h r a t e s and s m a l l f o r low r a t e s . D e s p i t e these d i s ­

c r e p a n c i e s , a l l t h e f o u r models g i v e q u a l i t i t i v e l y s i m i l a r 

p a t t e r n s o f r e s u l t s w i t h r e s p e c t t o age and season . 

We note i n p a s s i n g t h a t model D may be used t o d e s c r i b e 

d a t a t h a t a re i n c o n s i s t e n t w i t h c l a s s o f c o n t i n u o u s - t i m e 

Markov models. Some o f t h e t r a n s i t i o n counts i n t h e i n t e r ­

v e n t i o n and p o s t - i n t e r v e n t i o n phase o f t h e G a r k i p r o j e c t are 
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o f t h i s t y p e . For example, t r a n s i t i o n counts o f i n f a n t s i n 
c e r t a i n v i l l a g e s i n G a r k i , a t surveys 21 and 22 are g i v e n 
by S i n g e r and Cohen as t h e m a t r i x , 

68 281 

( n . .) = 

17 

Since det $ has t h e same s i g n as det ( h . .) and det ( n . .) = 

68 X 4 - 28 X 17 < o, the n t h e m a t r i x does not s a t i s f y t h e 

e m b e d d a b i l i t y c o n d i t i o n . Now i f we use e q u a t i o n s (38) and 

( 4 1 ) , w i t h t g g = 70 days, we o b t a i n 6 = 0.0049 (s.e.= 0.0009) 

and k = 73.14 days ( s . e = 0.56). 

However, t h e r e s t r i c t i o n t h a t t h e i n t e r v a l s between 

s u c c e s s i v e s u r v e y s s h o u l d not exceed k may not always be 

s a t i s f i e d . For example, i f i n t e r v e n t i o n i n c l u d e s mass drug 

a d m i n i s t r a t i o n o f t h e de f a c t o p o p u l a t i o n , then i t i s p o s s i b l e 

t h a t k may l i e o u t s i d e t h e r e s t r i c t e d parameter space. T h i s 

i s because mass drug a d m i n i s t r a t i o n would b r i n g about q u i c k 

c l e a r a n c e o f p a r a s i t a m i a and t h a t means s h o r t r e c o v e r y p e r i o d s . 

I t i s not p o s s i b l e t o d i s c r i m i n a t e among these f o u r 

models (A,B,C and D). E s s e n t i a l l y , t h e f i r s t t h r e e may be 

c o n s i d e r e d as v e r s i o n s o f t h e same model, w i t h r = 1,2 and 3, 

r e s p e c t i v e l y . I d e a l l y , we would l i k e t o e s t i m a t e r s i m u l ­

t a n e o u s l y w i t h a and 3- However, t h i s would i n t r o d u c e t h e 

problem o f n o n - i d e n t i f l a b i l i t y o f r and a ( S i l v e y , 1975, page 

5 0 ) . Moreover, we cannot use t h e u s u a l goodness o f f i t 

t e s t s i n c e a l l t h e models f i t t h e data e q u a l l y ; t h e l o g 

l i k e l i h o o d v a l u e f o r any 2 x 2 a r r a y i s t h e same f o r any r . 

A l t e r n a t i v e l y , f o r each age group, we c o u l d s i m u l t a n e o u s l y 
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e s t i m a t e r , cx and 3 across s e v e r a l 2 x 2 a r r a y s . However, 
because o f expected h e t e r o g e n e i t y among these a r r a y s w i t h 
r e s p e c t t o season, i t may not be a p p r o p r i a t e t o do so. 

I n v i ew o f the above d i f f i c u l t y , we may o n l y s p e c u l ­

a t e t h a t t h e i n t e r m e d i a t e models (B and C) would p r o v i d e 

r e a s o n a b l y good d e s c r i p t i o n s o f the process. Model D may be 

u s e f u l t o g i v e s i m p l e and rough d e s c r i p t i o n s o f non-erabeddable 

t r a n s i t i o n c o u n t s . 

6.3.4 The R e s u l t s o f Model A p p l i c a t i o n s 

As a l r e a d y s t a t e d , t h e c o r r e s p o n d i n g e s t i m a t e s o f both 

t h e ( a p p a r e n t ) i n c i d e n c e and ( a p p a r e n t ) r e c o v e r y r a t e s 

o b t a i n e d from models A, B, C and D, e x h i b i t s i m i l a r q u a l i t ­

a t i v e p a t t e r n s . These p a t t e r n s are a s s o c i a t e d b o t h w i t h 

season and age. F i g u r e s 12 and 13 g i v e v i s u a l summaries o f 

t h e r a t e s as computed by t h e f o u r models. We b r i e f l y d e s c r i b e 

below t h e v a r i a t i o n s i n these r a t e s . 

( a ) I n c i d e n c e Rates 

From F i g u r e 12 we see t h a t i n c i d e n c e r a t e s are gen­

e r a l l y low d u r i n g t h e d r y season ( ( i ) , ( i v ) , ( v ) ) and h i g h 

d u r i n g t h e wet season ( ( i i ) , ( i i i ) ) . W i t h r e g a r d t o age, 

d u r i n g t h e d r y season the r a t e s r i s e s t e a d i l y t o t h e i r 

h i g h e s t l e v e l a t t h e 5-8 years age group. They then d e c l i n e , 

s t e e p l y a t f i r s t , t h e n g r a d u a l l y , t o l e v e l o f f from age 2S. 

D u r i n g t h e wet season, i n f a n t s show the h i g h e s t i n c i d e n c e 

r a t e s which d e c l i n e g r a d u a l l y a t f i r s t , and then more r a p i d l y 

f r o m 5-8 years age group t o 9-18 years age group. A f t e r 

t h a t t h e y l e v e l o f f , s t a y i n g above the d r y season l e v e l a l l 

t h e t i m e . There i s a l s o a s l i g h t d i p f o r t h e 1-4 years 

age group. 
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These age v a r i a t i o n s are u s u a l l y i n t e r p r e t e d i n terms 
o f immunity, and those by season are a t t r i b u t e d t o the v a r ­
i a t i o n o f v e c t o r m a n - b i t i n g r a t e s . F i g u r e 14 reproduced 
from Molineaux e t a l . (1980, page 5 7 ) , i s a graph o f man-
b i t i n g r a t e s o f t h e ano p h e l i n e (A.) s p e c i e s A.gambiaes s.G. 
and A. f u n e s t u s , f r o m one o f t h e v i l l a g e s i n c l u d e d i n t h e 
b a s e l i n e d a t a . A c u r s o r y comparison o f t h i s f i g u r e w i t h 
F i g u r e 12 i n d i c a t e s h i g h i n c i d e n c e r a t e s correspond t o 
h i g h v e c t o r m a n - b i t i n g r a t e s . D u r i n g t h e d r y season when 
t h e m a n - b i t i n g r a t e s a r e low, i n c i d e n c e r a t e s s h o u l d t h e r e f o r e 
r e s u l t m a i n l y from r e l a p s e s . 

G e n e r a l l y , i n d i v i d u a l s aged 1 - 1 8 years have h i g h 

i n c i d e n c e r a t e s and low r e c o v e r y r a t e s . T h i s i s because of t h e 

e r o s i o n by t i m e o f n a t u r a l immunity and t h e f a c t t h a t a c q u i r e d 

immunity i s not y e t w e l l e s t a b l i s h e d . T h i s p o i n t i s w e l l 

i l l u s t r a t e d i n F i g u r e 15. Here, immunoglobulin G (IgG) and 

i m m u n o g l o b u l i n M (IgM) t i t r e s o f i n d i v i d u a l s , expressed as 

p ercentages o f maximum c o n c e n t r a t i o n s ( f o r IgG, 100% = 520 

lU/ML, and f o r IgM, 100% = 915 lU/ML (Molineaux e t a l . , 1 9 8 0 ) ) , 

are p l o t t e d a g a i n s t age. As mentioned e a r l i e r ( S e c t i o n 1.5 and 

S e c t i o n 4 . 2 ) , these a n t i g e n s are l o n g e s t a b l i s h e d as means t o 

gauge immunity responses i n i n d i v i d u a l s . 

The s e r o l o g i c a l d a t a used t o produce the graph cover 

o n l y some o f t h e people surveyed i n survey 5 (wet season), 

and r e s u l t s are meant t o be e x p l o r a t o r y . The data have l a r g e 

v a r i a t i o n , and t o smooth them we used a r o b u s t l o c a l l y 

w e i g h t e d r e g r e s s i o n procedure ( C l e v e l a n d , 1979). The p r o c ­

edure, w h i c h we o u t l i n e i n t h e Appendix, c o n s i s t s of l o c a l -

i t e r a t i v e f i t t i n g o f p o l y n o m i a l s t o data u s i n g w e i g h t e d 

l e a s t squares. The aim i s t o guard a g a i n s t d e v i a n t p o i n t s 
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t h a t m i g h t d i s t o r t t he smoothing. 

The r a p i d l o s s o f n a t u r a l immunity i s c l e a r l y d i s ­

c e r n i b l e f r o m the f i g u r e (15)- Both l e v e l s o f IgG and 

IgM drop s t e e p l y t o age one b e f o r e they r i s e s t e a d i l y t o 

l e v e l o f f around t h e age o f 15 years f o r IgM and, f o r IgG, 

t h r e e years l a t e r (18 years p o i n t ) . 

The v e r y h i g h i n c i d e n c e r a t e s i n i n f a n t s , d u r i n g the 

wet season c o u l d i m p l y , among o t h e r t h i n g s t h a t w h i l e n a t u r a l 

immunity may enhance r e c o v e r y (see next p a r a g r a p h ) , i t o f f e r s 

l i t t l e o r no p r o t e c t i o n a g a i n s t i n f e c t i o n . The low i n c i d e n c e 

r a t e s i n t h e o l d e r age groups may be i n d i c a t i v e o f a c q u i r e d 

immunity f a r i n g b e t t e r i n t h i s r e s p e c t . 

We may note i n p a s s i n g t h a t the i n c i d e n c e r a t e s f o r a l l 

age groups are c o n s i s t e n t l y h i g h e r e a r l i e r i n t h e wet season 

t h a n l a t e r . T h i s i s p r o b a b l y because t h e disease u s u a l l y 

t a k e s i t s t o l l a t t h e b e g i n n i n g o f the h i g h t r a n s m i s s i o n 

season, r e s u l t i n g i n a drop i n t h e p o o l o f s u s c e p t i b l e s f o r 

t h e r e s t o f t h e wet season. 

( b ) Recovery Rates 

Recovery r a t e s e x h i b i t p a t t e r n s o f v a r i a t i o n o p p o s i t e 

t o t hose o f i n c i d e n c e r a t e s , b o t h by season and age. B r o a d l y , 

these r a t e s are low (as opposed t o h i g h i n c i d e n c e r a t e s ) 

d u r i n g the wet season ( F i g u r e 13, ( i i ) and ( i i i ) ) , and h i g h 

d u r i n g t h e d r y season ( F i g u r e 13, ( 1 ) , ( i v ) and ( v ) ) . 

I n i n f a n t s , r e c o v e r y r a t e i s l o w e s t at the onset o f 

t h e d r y season ( s u r v e y p a i r ( 6 , 7 ) ) w h i l e c h i l d r e n aged 1-4 

have t h e l o w e s t r a t e about t h e middle of the dry season 
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( s u r v e y p a i r ( 7 , 8 ) ) . Maximum r a t e s are a t t a i n e d at the 

b e g i n n i n g o f t h e wet season ( s u r v e y p a i r s ( 4 , 5 ) ) . I n d i v ­

i d u a l s over the age o f 8 years have t h e lowest r e c o v e r y 

r a t e about t h e same t i m e , and the maximum r a t e , e a r l y i n the 

d r y season ( s u r v e y p a i r ( 6 , 7 ) ) . These v a r i a t i o n s again 

r e f l e c t t h e i n t e n s i t y o f v e c t o r m a n - b i t i n g , r a t e s and r e l a p s e s , 

e s p e c i a l l y among t h e o l d e r age groups. 

We now b r i e f l y c o n s i d e r v a r i a t i o n s w i t h age. Except 

f o r i n f a n t s , r e c o v e r y r a t e s r i s e r a p i d l y from 1-4 age group 

t o 19-28 age group, and t h e n s t a b i l i z e s t h e r e a f t e r . F i g u r e s 

13 and 15, t a k e n t o g e t h e r , i l l u s t r a t e t h a t i n c r e a s e i n 

r e c o v e r y r a t e s c o r r e s p o n d w i t h t h e r i s e o f a c q u i r e d immunity. 

The d e c l i n e observed i n t h e r e c o v e r y r a t e s from i n f a n t s t o 

1-4 age group i s i n d i c a t i v e o f t h e l o s s o f n a t u r a l immunity. 

I t c o u l d a l s o be p a r t l y due t o t h e e f f e c t o f s u p e r i n f e c t i o n , 

which ma.y have had s u f f i c i e n t t i m e t o s e t i n by th e n . However, 

d u r i n g t h e d r y season t h i s f a c t o r i s u n l i k e l y t o be o f s i g ­

n i f i c a n c e . 

6.3.5 P o o l i n g r a t e s by season 

I n view o f t h e v e r y low v e c t o r m a n - b i t i n g r a t e s d u r i n g 

t h e d r y season ( F i g u r e 1 4 ) , i t may be reasonable t o expect 

t h a t t h e i n c i d e n c e r a t e s e s t i m a t e d f o r t h a t p e r i o d o f the 

year are l a r g e l y due t o r e l a p s e o f p r e v i o u s infections. We also note 

t h a t , except f o r c h i l d r e n aged under 5 y e a r s , i n c i d e n c e 

(and a l s o r e c o v e r y ) r a t e s , when grouped by season ( d r y and 

w e t ) , are o f s i m i l a r magnitude f o r the d i f f e r e n t age groups. 

T h i s suggests we may use s i m p l e e x p l o r a t o r y t e c h n i q u e s t o 

o b t a i n , f o r each age group, t h e mean r a t e s by season. 
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Columns 1 and 2 o f Table 8 g i v e t h e weighted means of the 

i n c i d e n c e r a t e s f o r t h e d r y and wet seasons r e s p e c t i v e l y , 

(model A ) . S i m i l a r l y , columns 4 and 5 are the c o r r e s p o n d i n g 

w e i g h t e d means'of the r e c o v e r y r a t e s . The r a t i o s o f the 

r a t e s appear i n columns 3 ( i n c i d e n c e r a t e s ) and 6 ( r e c o v e r y 

r a t e s ) , The w e i g h t s used here are t h e i n v e r s e s o f the c o r r ­

esponding a s y m p t o t i c v a r i a n c e s o f t h e e s t i m a t e d r a t e s . For 

i n s t a n c e , columns 1 and 4 are the r e s u l t s o f the r a t e s o b t a i n e d 

from t h e survey p a i r s ( 3 , 4 ) , ( 6 , 7 ) and ( 7 , 8 ) . ( d r y season). 

A v i s u a l d i s p l a y o f Table 8 i s p r o v i d e d by F i g u r e 16. 

Again we n o t e t h e h i g h i n c i d e n c e r a t e s i n the wet season i n 

i n f a n t s , which drop s t e a d i l y t o 19-28 age group t o s t a b i l i z e 

t h e i ^ f t e r . The v e r y low i n c i d e n c e r a t e f o r i n f a n t s i n the 

d r y season r e - i n f o r c e s t h e argument t h a t t h e d r y season 

i n f e c t i o n s are l a r g e l y r e l a p s e s o f o l d i n f e c t i o n s . The 

i n c i d e n c e r a t e f o r i n f a n t s are m a i n l y due t o new i n f e c t i o n s . 

The w e i g h t e d r e c o v e r y raites e x h i b i t r o u g h l y the same p a t t e r n s 

o f v a r i a t i o n as b e f o r e ( c f . F i g u r e 1 3 ) . 

Columns 3 and 6 o f Table 8 show a wide v a r i a t i o n i n 

i n c i d e n c e r a t e s among younger age groups (0-4) and o n l y 

s m a l l v a r i a t i o n s i n r e c o v e r y r a t e s f o r a l l age groups. Except 

f o r 1-4 age group^ r e c o v e r y r a t e s i n t h e d r y season are con­

s i s t e n t l y h i g h e r t h a n those i n the wet season. The d i f f e r e n c e s 

are more pronounced i n the o l d e r age groups than i n the 

younger ones. T h i s c o u l d be i n t e r p r e t e d t o mean t h a t e i t h e r 

s u p e r i n f e c t i o n o c c u r s more among a d u l t s t h a n the young, o r 

t h a t r e l a p s e s are c l e a r e d more e a s i l y than f r e s h i n f e c t i o n s . 

We c o n s i d e r the l a t t e r t h e more l i k e l y e x p l a n a t i o n . 
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I t should be emphasized t h a t these weighted estimates 
of the r a t e s are at best e x p l o r a t o r y . Nonetheless, as noted 
e a r l i e r , they do i l l u s t r a t e much more c l e a r l y , the d i f f e r e n c e 
between the e f f e c t s of n a t u r a l and acquired immunity on 
incidence and recovery r a t e s . As i n d i c a t e d by the very high 
incidence r a t e of i n f a n t s i n the wet season, n a t u r a l immunity 
seems to have v i r t u a l l y no e f f e c t on preventing i n f e c t i o n 
o c c u r r i n g . Acquired immunity, on the other hand, appears f i r s t 
t o enhance recovery then to reduce the occurrence of i n f e c t i o n . 
The upward trend of recovery r a t e commences e a r l y , from 1-4 
years age group, the downward trend of incidence r a t e , one 
age group l a t e r (. 5-8). 

6.4 Inhomogeneous Markov Chain models 

A n a t u r a l extension to model A, i n the l a s t s e c tion, i s 
to suppose t h a t the parameters a and 3 are not constant between 
successive surveys. So l e t us assume i n t h i s section t h a t the 
data may be described by a class of inhomogeneous continuous 
time Markov models. As mentioned e a r l i e r (subsection 2.2), 
the idea i s to use s u i t a b l y chosen forms f o r the elements of 
the i n t e n s i t y m a t r i x A.(') or hazard functions a(*) and 3( • ), 
based on some s p e c i f i c f eatures of the disease, provided 
these f u n c t i o n s s a t i s f y , say, the boundedness conditions 
given by ( 5 ) . 

6.4.1 Seasonally Dependent I n f e c t i o n and Recovery Rates 

One of the main f a c t o r s i n f l u e n c i n g the prevalence of 
the disease, which we can t r y to incorporate isSeasonality, 
More s p e c i f i c a l l y , i f we assume homogeneity w i t h i n each age 
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group (as i n the previous models), seasonality may be e x p l i c ­
i t l y included by supposing, f o r example, t h a t the hazard 
f u n c t i o n s vary s i n u s o i d a l l y w i t h the time of the year as was 
suggested i n Chapter 4 ( f o r i n f e c t i o n r a t e o n l y ) . Thus 
suppose, f o r each age group. 

( i ) a ( t ) = a^(l+a^ sinwt+a^ coscot) 

( i i ) 3 ( t ) = b ^ ( l + b ^ s i n wt+b^coswt) 

(46) 

where w = 2n/y, a^, b^, i = 1,2,3, are constants w i t h the 

c o n s t r a i n t s 

and 

o < a ,b < 1 
1 1 

- l < a , b < 1 i = 2,3 i 1 

As before, (subsection 6,2.2) y i s the period of the i n t e n s i t y 
m a t r i x of the l e n g t h of an epidemiological year, defined as 
the p e r i o d between two successive minima of disease prevalence. 
This p e r i o d could also be made one of the parameters t o be 
estimated, but here, i t i s assumed t o equal one calendar year. 
The parameters a^ and b^ are, r e s p e c t i v e l y , the average rates 
of recovery and i n f e c t i o n , w hile the a^, b^, i = 2,3 determine 
both the phases and r e l a t i v e amplitudes of the s i n u s o i d a l 
modulations. 

By s u b s t i t u t i n g (46) i n t o (7) we obtain expressions 
f o r the t r a n s i t i o n p r o b a b i l i t i e s p ^ j ( s , t ) , i , j = 1,2, i n 

terms o f a , b , m = l , 2 , 3 . m m 
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F i r s t , we note t h a t 

t t 
/ ( a ( u ) + 3 ( u ) ) du = / { (a^+bj) + (a^a^+bjbp sinwu 

+ (a^a^+ b j b j ) cos cou } du 

= (a^ +b^ ) ( t - s ) - ( ^ i ^ 2 " ' " ^ i ^ 2 ^ (coswt-cosws) 

+ ( ^ i V ^ V ^ (sinwt-sLnws) (47) 

A f t e r appropriate s u b s t i t u t i o n of (46) and (47) i n t o 

equation (7 ( i ) ) , we have 

t 
p ( s , t ) = b / (1+b sinojv+b coswv) exp { -(a +b ) ( t - v ) 

1 2 1 g 2 3 1 1 

+ (a^a^+b^b^) (coscjt-coswv) 

_ ^a^a^+b^bg) (ginwt-sinwv) } dv 

t 
b h ( t ) / (1+b sinuv+b coswv) g(v)dv, (48) 

1 g 2 

where 

1 1 
^ 1 a,+b^ 

a 
1 
a +b 

3 1 
b 

3 

^ 1 S ^ ^ i 
CO 

a +b 
3 1 ̂ 3 

CO 
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Now, since 

t t 
/g( v ) d v = g{s) ^ 1 f (c sinwv-c coscjv)g(v)dv, (49) 
S 1 1 l i s 

where 

( i ) 

( i i ) c 

a a +b b 
1 2 1 2 

CO 

equation (46) becomes 
b ( l - h ( t ) g ( s ) ) a b h ( t ) . t 

P i / ^ ' * ) = ' a H-b ^ ~ ^ b ^ ( ^ 2 - ^ 2 ) / sin(.vg(v)dv 
1 1 1 1 ^ 

t 
+ ( b 3 - a ^ ) / cos(jovg(v)dv } (50) 

S i m i l a r l y , we have 

a ( l - h ( t ) g ( s ) ) a b h ( t ) t 
P 2 i ^ « ' t ^ = ^ i-Tb ^ - H b ^ ( ^ 2 - ^ 2 ^ f sin(.vg(v)dv 

1 1 1 1 ^ 

+ (a -b ) / coswVg(v)dv } (51) 
^ ^ s 

We note t h a t the i n t e g r a l s i n C50) and (51), which are 
e s s e n t i a l l y sine and cosine transforms of g ( v ) , are not 
amenable t o a n a l y t i c i n t e g r a t i o n . Some bounds can be obtained 
f o r the p. . ( s , t ) , but these depend too much on the signs and 
r e l a t i v e magnitudes of the a^ and b^, i = 1,2,3, to be of use. 
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6.. 4 . 2 F i t t i n g Model E t o data 

We s h a l l apply t h i s model, t o be c a l l e d model E, to 
two separate sets of data. The f i r s t set i s that i n Table 
3- The other set which appears i n Table 9 i s that of i n d i v ­
i d u a l s who have been present i n a l l s i x baseline surveys. 
The parameters are estimated f o r each data set by age group 
over the s i x surveys which s t r e t c h roughly over one epidoniological 
year. Again we use maximum l i k e l i h o o d estimation. Unlike f o r 
models A, B, C and D, the log l i k e l i h o o d functions are summed 
over a l l the s i x surveys. 

Let o = t j < t ^ < •'••<^g denote the points i n time at 
which the surveys were conducted. The time of the f i r s t 
survey i s taken as the i n i t i a l time zero. Further, l e t 
n.. i , j = 1,2, denote the t r a n s i t i o n counts of i n d i v i d u a l s 
X J A/ 

i n s t a t e j at survey I given they were i n s t a t e i at survey 
£ = 3,2...,8. The l o g l i k e l i h o o d f u n c t i o n 

8 2 
L = Z E n . ..log p. . ( t . t )+ a constant term (52) 

£ = 3 i , j = i e X3 I I a 

was maximized f o r each age group, using subroutine E04JBF 
from the NAG r o u t i n e l i b r a r y (NAG,1977). Another subroutine, 
DOIANF, also from the NAG l i b r a r y , was used to compute 
approximations f o r the i n t e g r a l expressions i n (50) and (.51). 
The asymptotic covariance m a t r i x was obtained again by 
i n v e r t i n g the Fisher i n f o r m a t i o n m a t r i x of (52), The r e s u l t s 
of the computation f o r both data sets are given i n Table (10), 
Because some of the 2 x 2 arrays f o r i n f a n t s , i n the second data 
s e t , had zero elements, we have combined the o < l age group data 
w i t h thOSS of 1-4 year age group. 
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We have also included, i n the t a b l e , the r e l a t i v e 
amplitudes of the r a t e s about t h e i r respective means, given 
by (a^ + a^ ) ^ and ( b ^ +b^)^ f o r the recovery and i n f e c t i o n 

2 3 2 3 

r a t e s , r e s p e c t i v e l y . But before we proceed to discuss the 

r e s u l t s i n Table 10, we s h a l l t r y t o assess how w e l l the 

model f i t s the data. 

6.4.3 Goodness of f i t of model E 

We use the f a m i l i a r Pearson's goodness of f i t s t a t ­

i s t i c , denoted by G ,̂ which i n our case i s 

where, n. . are the expected values of n. . , estimated by 
model E. G^ approximates a chi-squared d i s t r i b u t i o n f o r 
lar g e observations. Table 11 gives the Ĝ  values f o r each 
age group together w i t h the separate c o n t r i b u t i o n s of the 
survey p a i r s i n the group. There are 4 degrees of freedom. 

The t a b l e (11) shows t h a t , f o r the data from Table 3, 
the model f i t s r a t h e r poorly f o r three of the seven groups, 
namely 1-4 years and 29+ years age groups. The main d i s ­
crepancies come from the end survey p a i r s (3,4) and (7,8). 
The intermediate age groups data f i t q u i t e w e l l . With regard 
to data from Table 9, at 99% q u a n t i l e p o i n t only one of the 
seven age groups, (29-43), has a poor f i t . An inspection 
of the separate components of Ĝ  by survey p a i r again reveals 
the end survey p a i r s as the major source of the discrepancies, 
and the intermediate groups as f i t t i n g best. These ra t h e r 
l a r g e discrepancies from the end survey p a i r s are possibly 
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TABLE 11 

Age Survey p a i r s 
groups 7~\ o +- o groups jja L a. (years) Set (3,4) (4,5) (5,6) (6,7) (7,8) Ĝ  

0<1 I 2.795 3.921 0.535 3.339 0.595 11 .186 
I I - - - - - -

1-4 I 4.508 3.215 1.812 0.476 3.440 13 .450t 

I I 2.951 2.514 0.743 2.777 3.637 12 .621* 

5-8 I 3.441 1.549 0.352 0.143 2.248 7 .733 

I I 0.865 1.227 1.038 0.614 0.294 4 .037 

9-18 I 2.439 1.509 0.909 0.167 1.044 6 .068 

I I 0.513 0.398 0.480 0.249 0.341 1 .981 

19-28 I 1.263 0.123 1.016 2.858 3.341 8 .600 

I I 0.850 0.350 2.289 4 .016 5.306 12 .812 

29-43 I 5.919 1.313 0.526 1.935 6.105 15 .797t 

I I 2.878 0.408 2.304 3.270 5.197 14 .057t 

44 + I 6.904 3.574 0.282 1.423 4.350 16 .533t 
1 

I I 4.250 
• 

1.609 0.437 0.813 3.218 10 .327 
i 
1 i 

Goodness of f i t of model E f o r t r a n s i t i o n frequencies 
of Table 3 ( I ) and Table 9 ( I I ) . d.f. = 4. 
Rows w i t h high values of Ĝ  are marked ' t ' 

*The row i s f o r the combined age groups 0 - 4 years 
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due to the symmetric forms of the r a t e s . We have t r i e d 
various non-symmetric forms f o r a ( - ) and 3 ( - ) but none of 
them has improved on the r e s u l t s of Table 11. 

6.5 Summary of r e s u l t s 

Despite the poor f i t s i n some of the age groups, the 
r e s u l t s of applying model E t o both sets of data e x h i b i t 
the e f f e c t s of age, and hence immunity, i n the estimated values 
of a^ and b^, the mean recovery and i n f e c t i o n rates r e s p e c t i v e l y , 

The mean i n f e c t i o n r a t e , b , rose from 0.0111 
1 

(s.e. = 0.0014) among i n f a n t s (o < 1 year) to a maximum of 
0.0197 (s.e. = 0.0016) among c h i l d r e n aged 5-8 years, and 
then dropped t o s t a b i l i z e around 0.0070 i n i n d i v i d u a l s aged 
19+ years. For the second data set, except f o r i n f a n t s 
(now combined w i t h 1-4 years age group), and 29-43 years age 
group, the estimates of b are not s i g n i f i c a n t l y d i f f e r e n t 

1 
from those of the f i r s t data set (Table 10). 

The estimates of the mean recovery r a t e , a.^ , from the 
f i r s t data set f e l l at f i r s t from 0.0036 (s.e. = 0.0006) i n 
i n f a n t s t o 0.0017 (s.e. = 0.0002) i n c h i l d r e n aged 1-4 years, 
then rose s t e a d i l y t o 0.0193 (s.e. = 0.0012) i n the 44+ age 
group. For the second data set, i t . r o s e from 0.0024 
(s.e. = 0.0003), gra d u a l l y at f i r s t , up to age group 9-18, 
then r a p i d l y to 0.0212 (s.e. = 0.0016) i n age group 44+. 
Again the corresponding estimates of a^ i n the two data sets are 
not s i g n i f i c a n t l y d i f f e r e n t . 

The columns denoted as b' and a' i n Table 10 give the 
estimates of the amplitudes of the seasonal v a r i a t i o n s of the 
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rates about t h e i r respective means. For bcith data sets, the 
v a r i a t i o n s f o r the i n f e c t i o n r a t e s were much higher than those 
f o r recovery r a t e s , except f o r age groups 5-8 ( f i r s t data set) 
and 9-18 (second data s e t ) . This suggests t h a t i n f e c t i o n 
r a t e s v a r i a t i o n by season are more pronounced than those of 
recovery r a t e s . The younger age groups (0-4) e x h i b i t e d 
the l a r g e s t v a r i a t i o n , and the middle age groups the lea s t 
v a r i a t i o n . Except f o r age groups 0-4 and 9-18, the seasonal 
v a r i a t i o n s of the recovery rates were generally low. These 
r e s u l t s conform w i t h those discussed i n subsection 3.5 
( c f . Figure 16 and Table 8 ) . 

O v e r a l l , the r e s u l t s obtained here are comparable 
q u a l i t a t i v e l y w i t h those obtained from models A-D. Perhaps 
one advantage model E has over models A-D, i s t h a t , f o r a 
given age group we could estimate i n f e c t i o n and recovery 
r a t e s between two consecutive surveys. The phases of these 
r a t e s could also be estimated as the angles whose tangents 
are b 2 / b 3 and a j / a j r e s p e c t i v e l y . 
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CHAPTER SEVEN 

CONCLUSION 

We s t a r t e d by g i v i n g a c r i t i c a l review of the basic 
model of Ross and i t s extensions, i n which we showed tha t 
the v a r i o u s models proposed f o r s u p e r i n f e c t i o n are i n f a c t 
s p e c i a l cases of a gueueing process i n e q u i l i b r i u m . We then 
proposed another model which allows f o r diminishing chance of 
r e - i n f e c t i o n as the number o f broods increases i n an i n f e c t e d 
person. This model l i e s somewhere between those of Dietz 
and Ross, and i n t h i s respect i s s i m i l a r t o a class of models 
proposed by Aron et a l . 

I n p r a c t i c e , the phases of the progress of malaria 
i n f e c t i o n i n an i n d i v i d u a l are subject to random e f f e c t s . 
Motivated by t h i s idea, we t r i e d t o represent the course of 
the disease by a h y b r i d semi-Markov model. We defined four 
mutually exclusive statuses t o which any person may belong : 
sus c e p t i b l e , l a t e n t , i n f e c t i o u s and non-infectious (but 
i n f e c t e d ) . Each s t a t u s was f u r t h e r sub-divided i n t o d i s c r e t e 
immunity l e v e l s . This framework allows f o r the i n c o r p o r a t i o n 
of the h o s t - p a r a s i t e r e l a t i o n as random while some aspects of 
the host-vector r e l a t i o n s h i p are included as d e t e r m i n i s t i c . 

The model does not y i e l d usable r e s u l t s by a n a l y t i c 
methods. But when we use s i m u l a t i o n i t gives r e s u l t s t h a t 
are g e n e r a l l y i n agreement w i t h r e a l i t y . For instance, the 
r e s u l t s show tha t while i t i s good p u b l i c h e a l t h p r a c t i c e 
t o reduce i n f e c t i o n r a t e , i t may rob the population of i t s 
r e s i s t a n c e t o f u t u r e a t t a c k s , e x p l a i n i n g the causes of 
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resurgence of the disease i n areas where i t has been previously 

eradicated. The use of vaccine i s shown to be the more 

e f f e c t i v e c o n t r o l . 

Because of lack of data to v a l i d a t e the model as des­
c r i b e d i n Chapter 4, we reduced i t t o a 2-state s t o c h a s t i c 
model. I n d i v i d u a l s were grouped i n t o e i t h e r the 'apparent' 
sus c e p t i b l e s t a t u s ( s t a t e 1) or 'apparent' i n f e c t e d status 
( s t a t e 2 ) . For p r a c t i c a l purposes s t a t e 1 was defined as 
t h a t s t a t e i n which the p a r a s i t e s of malaria could not be 
m i c r o s c o p i c a l l y detected. The model was then used t o o b t a i n 
maximum l i k e l i h o o d estimates of the 'apparent' i n f e c t i o n and 
recovery r a t e s from malaria survey data from, the WHO Garki 
p r o j e c t . 

Several versions of the model,one homogeneous and 
Markovian (model A) and the others, non-Markovian (models B, 
G and D), were used. A l l the corresponding estimates of the 
r a t e s from models A - D e x h i b i t e d q u a l i t i t i v e l y s i m i l a r 
p a t t e r n s , r e f l e c t i n g some of the more important host-vector 
and h o s t - p a r a s i t e r e l a t i o n s h i p s . We could not, however, 
d i s c r i m i n a t e among these models because they f i t t e d the data 
e q u a l l y w e l l . 

As i l l u s t r a t e d by f i g u r e s 12 and 13, tne estimates show 

t h a t i n f e c t i o n r a t e s are high i n the wet season and low i n 

the dry season, corresponding to the high and low vector 

d e n s i t i e s during the wet and dry seasons, r e s p e c t i v e l y . The 

e f f e c t of s u p e r i n f e c t i o n , a consequence of high vector density, 

i s e x h i b i t e d by the g e n e r a l l y low 'recovery' rates during the 

wet season and high r a t e s during the dry season. 
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As regards the h o s t - p a r a s i t e i n t e r a c t i o n , t h i s i s c l e a r l y 
i l l u s t r a t e d by the d i f f e r e n c e i n r a t e s by age. The very high 
i n f e c t i o n r a t e s among i n f a n t s d u r i n g the wet season suggest 
t h a t n a t u r a l immunity o f f e r s l i t t l e or no p r o t e c t i o n against 
i n f e c t i o n s . However, i t appears t o accelerate the clearance 
o f parasitamia once i n f e c t i o n has occurred, hence the high 
recovery r a t e s r e l a t i v e t o the 1 - 8 year age groups. Apart 
from the i n f a n t s , both the decrease i n i n f e c t i o n rates and 
increase i n recovery r a t e s , w i t h increasing age, are due t o 
the cumulative e f f e c t s of acquired immune responses from 
a t t a c k s by malaria over the years. 

Results s i m i l a r t o those j u s t described were obtained 
when we used a 2-state inhomogeneous Markov model w i t h the 
t r a n s i t i o n i n t e n s i t i e s expressed as some p e r i o d i c f u n c t i o n s 
of time. The r a t e parameters were estimated by the maximum 
l i k e l i h o o d method, w i t h the l o n g i t u d i n a l panel data summed 
across the surveys. Two sets of data were used, th a t of 
Table 3, i n which some i n d i v i d u a l s missed at le a s t one survey, 
and t h a t of Table ' ' 9, where only persons who appeared i n a l l 
s i x surveys were included. 

The r e s u l t s of applying the above model (Table ;o) 
show much more c l e a r l y t h a t seasonal f l u c t u a t i o n s are i n 
general more pronounced i n i n f e c t i o n r a t e s than i n recovery 
r a t e s . Except f o r the 1 - 1 8 year age group, the amplitudes 
of the r a t e s of i n f e c t i o n are c o n s i s t e n t l y higher than t h e i r 
corresponding values of the recovery r a t e s . I n a d d i t i o n , the 
d i f f e r e n c e s between corresponding estimates of the parameters 
f o r the two data sets, are r e l a t i v e l y minor, wi t h the estimates 
of Table 8 showing the higher mean ra t e s . 
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The model d i d not, however, f i t the d a t a as w e l l as 
models A - D. The d i s c r e p a n c i e s , c o n f i n e d m a i n l y to the end 
s u r v e y p a i r s , i n d i c a t e t h a t non-symmetric p e r i o d i c f u n c t i o n s 
f o r t h e r a t e s may be more a p p r o p r i a t e . 

F o r a p r o p e r v a l i d a t i o n of the model d e s c r i b e d i n 

C h a p t e r 4, i t i s n e c e s s a r y to have a c c u r a t e e s t i m a t e s o f the 

p a r a m e t e r s we have used. T h i s r e q u i r e s a b e t t e r q u a n t i t a t i v e 

u n d e r s t a n d i n g of the p h a s e s o f the d i s e a s e through e x p e r i m e n t s 

of s p e c i f i c a s p e c t s of t h e d i s e a s e . 

I n e s t i m a t i n g t h e 'apparent' i n f e c t i o n and r e c o v e r y 

r a t e s we have not t a k e n a c c o u n t of t h e e f f e c t s of mixed 

i n f e c t i o n s , t h a t i s , s i m u l t a n e o u s p r e s e n c e i n the human body 

of two o r more d i f f e r e n t s p e c i e s of t h e p a r a s i t e . The a n a l y s i s 

o f mixed i n f e c t i o n s from t h e G a r k i p r o j e c t has been r e p o r t e d 

by M olineaux e t a l . ( 1 9 8 0 ) . We c o u l d use t h e d a t a of mixed 

i n f e c t i o n s t o d i s t i n g u i s h among the models of s u p e r i n f e c t i o n 

d i s c u s s e d i n C h a p t e r 2. T h i s may be done by assuming t h a t 

mixed i n f e c t i o n s approximate c a s e s of s u p e r i n f e c t i o n . The 

d i f f e r e n c e s i n the s p e c i e s s h o u l d , however, be noted. 

As s t a t e d by S i n g e r e t a l . , the t h e o r y o f the a n a l y s i s 

o f l o n g i t u d i n a l p a n e l d a t a , of t h e t y p e from t h e G a r k i p r o j e c t , 

i s not w e l l d e v e l o p e d . Data from the i n t e r v e n t i o n and p o s t -

i n t e r v e n t i o n p e r i o d s o f t h e p r o j e c t may r e q u i r e s i m p l e d e s ­

c r i p t i o n s by non-Markovian models. Moreover, t h e r e i s e v i d e n c e 

t o s u g g e s t t h a t even the t r a n s i t i o n f r e q u e n c i e s from the b a s e ­

l i n e d a t a may not be Markovian. The use of model D i s r e s t r i c t e d 

by i t s c o n s t r a i n e d p a r a m e t e r s p a c e . There i s c l e a r l y a need 

f o r b e t t e r and p r e f e r a b l y s i m p l e non-Markovian models to a n a l y s e 

s u c h d a t a . 
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The e s t i m a t i o n s o f r a t e s have been c a r r i e d out by age 

groups. The d a t a from G a r k i a l s o c o n t a i n c l a s s i f i c a t i o n s of 

i n d i v i d u a l s by t i t r e o f IgG, IgM and o t h e r measures of immune 

r e s p o n s e s . I t may be u s e f u l t o e s t i m a t e t h e i n f e c t i o n and 

r e c o v e r y r a t e s a c c o r d i n g t o t h e l e v e l s of t h e s e a n t i g e n s and 

compare t h e r e s u l t s w i t h t h o s e o b t a i n e d h e r e by age groups. 

F i n a l l y , i t h a s been argued t h a t f o r models of b i o l o g i c a l 

phenomenon, s u c h a s i n f e c t i o u s d i s e a s e s , t o be of v a l u e , t h e y 

s h o u l d be c o n s t r u c t e d i n c o n j u n c t i o n w i t h some on-going f i e l d 

s t u d i e s . We g i v e a q u a l i f i e d s u p p o r t f o r t h i s view. Because 

o f t h e h i g h e x p e n s e s u s u a l l y r e q u i r e d , t h e long time spans 

i n v o l v e d and the e f f o r t s t h a t o f t e n go i n t o a s s e m b l i n g i n t e r ­

d i s c i p l i n a r y teams, s u c h f i e l d e x p e r i m e n t s a r e v e r y r a r e . 

F o r i n s t a n c e , i n the c a s e o f m a l a r i a , t h e WHO G a r k i p r o j e c t 

i s p r o b a b l y t h e o n l y comprehensive s t u d y o f m a l a r i a e v e r 

c a r r i e d o u t . On t h e o t h e r hand some p r o g r e s s may be made by 

u s i n g r e s u l t s from s m a l l e x p e r i m e n t s about s p e c i f i c f a c e t s 

of t h e d i s e a s e . T h i s i s by no means i d e a l , but i t may p r o v i d e 

the o n l y avenue to b u i l d an i n t e g r a t e d m a l a r i a model i n f u t u r e . 
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APPENDIX 

Smoothing S c a t t e r p l o t s 

The method us e d t o smooth the s e r o l o g i c a l d a t a i n 

C h a p t e r 6 i s t h e s o - c a l l e d r o b u s t l o c a l l y weighted r e g r e s s i o n 

method ( C l e v e l a n d , 1979, and t h e r e f e r e n c e s t h e r e i n ) . I t 

combines t h e u s u a l w e i g h t e d r e g r e s s i o n method w i t h a r o b u s t 

f i t t i n g p r o c e d u r e w h i c h we now d e s c r i b e . 

Suppose t h a t ( x ^ , y ^ ) , i = l , 2 , . . . , n , a r e the p o i n t s 

o f a s c a t t e r p l o t . L e t o < f £ 1 and r = |_fnj , t h e 

t r u n c a t e d i n t e g r a l p a r t of f n . F o r each x^, l e t Wj^(x^) 

d e f i n e t h e w e i g h t s f o r a l l Xj^, k = l,2,....,n. The f o l l o w i n g 

i s t h e s e q u e n c e o f o p e r a t i o n . 

1. F o r e a c h i , compute t h e e s t i m a t e s $ j ( x ^ ) , j = o, 

l , . . . . , d o f p a r a m e t e r s i n a l o c a l p o l y n o m i a l r e g r e s s i o n of 

d egree d o f yj^ op x^^, f i t t e d by w e i g h t e d l e a s t s q u a r e s w i t h 

w e i g h t s Wj^(x^) f o r (Xj^^Yj^)- The smoothed p o i n t a t x̂ ^ i s 

( x ^ , y ^ ) , where 

d - . 
Y i = _l ^ j ( ^ i ) 4 

2. D e f i n e ' B , a b i s q u a r e weight f u n c t i o n by 

( 1 - x , x| < 1 

B ( x ) = < ( 2 ) 

o , I x l > 1, 

and l e t = - Y i ' t h e r e s i d u a l s from the c u r r e n t f i t t e d 

v a l u e s . I f we denote by s the median of the |e^|, then 

r o b u s t n e s s w e i g h t s a r e d e f i n e d by 

\ = B ( e j ^ / c s ) , ( 3 ) 
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where c i s some p o s i t i v e c o n s t a n t i n t e g e r (recommended v a l u e 

o f c = 6 ) . 

3. Compute new y^ f o r e ach i by f i t t i n g a d-th degree 

p o l y n o m i a l a s i n s t e p 1 but w i t h new w e i g h t s 6,w, ( x . ) f o r 
K K X 

(Xj^, y ^ j ) , k = 1,2, . . . ,n. 

4. Repeat s t e p s 2 and 3, f o r a p r e - s e t number of t i m e s t , 

t o o b t a i n t h e f i n a l r o b u s t l o c a l l y w e i g h t e d r e g r e s s i o n f i t t e d 

v a l u e s , y^, i = 1,2,...,n. 

The w e i g h t f u n c t i o n W(x) f o r g e n e r a t i n g Wj^(x^) i s a 

' t r i c u b e ' ; 

(1 - i x | 3 ) ^ , |x| < 1 
W(x) = <| ( 4 ) 

o , |x| > 1 

i n w h i c h w. ( x . ) d e c r e a s e d a s t h e d i s t a n c e of x, from x. 

i n c r e a s e s . F o r e ach i , l e t h^ be t h e d i s t a n c e from x^ to the 

r - t h n e a r e s t n e i g h b o u r of x^. Then, f o r k = 1,2,...,N 

Wj^(x.) = W((Xj^ - x . ) / h . ) ( 5 ) 

The c h o i c e of f d e t e r m i n e s t h e amount of smoothing 

r e q u i r e d . S u g g e s t e d v a l u e s range from 0.2 ('rough' smoothed 

p l o t ) t o 0.8 ('smooth' smoothed p l o t ) w i t h 0.5 as a good 

compromise. The c h o i c e s of v a l u e s f o r d and t a r e l a r g e l y of 

c o m p u t a t i o n a l i n t e r e s t , and s e t t i n g d = 1 and t = 2 a r e u s u a l l y 

q u i t e adequate f o r most s i t u a t i o n s . The t r i c u b e form f o r W(x) 

i s recommended b e c a u s e i t i s supposed to p r o v i d e c h i - s q u a r e d 

d i s t r i b u t i o n a p p r o x i m a t i o n of e r r o r v a r i a n c e ( i b i d ) . The form 

f o r B ( x ) i s s a i d to p e r f o r m w e l l f o r r o b u s t e s t i m a t i o n and 

r e g r e s s i o n ( G r o s s , 1976, 1 9 7 7 ) . S u g g e s t e d r e f i n e m e n t s i n c l u d e 

t h e h a n d l i n g of m u l t i p l e y v a l u e s of t h e . 
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