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ABSrpRAr"T' 

Super s y m m e t r i c models w h i c h a r e baser? on o r d i n a r y q u antum-

m e c h a n i c a l s y s t e m s , o f t h e f o r m o r i g i n a l l y s u g g e s t e d by b i t t e n 

a r e s t u d i e d . G r o u n d - s t a t e e n e r g y i s ch o s e n as a s u i t a b l e measui 

o f t h e e x t e n t o f s p o n t a n e o u s s u p e r s y m m e t r y b r e a k i n g . I n s i g h t 

i n t o t h e mechanism by w h i c h s u c h b r e a k i n g can o c c u r i s a l s o 

s o u g h t . S e v e r a l e x i s t i n g methods f o r e s t i m a t i n g g r o u n d - s t a t e 

e n e r g i e s a r e r e v i e w e d and compared w i t h t h e t r u e v a l u e , and 

t h e n some new methods a r e d e v e l o p e d . A t f i r s t , t h e c a n o n i c a l 

T T a m i . l t o n i a n f o r m u l a t i o n o f t h e models i s used , b u t l a t e r t h e 

p a t h - i n t e g r a l a p p r o a c h i s a l s o c o n s i d e r e d . i n t h e l a t t e r i t i s 

shown t h a t t h e use o f a l a r g e r f a m i l y o f c l a s s i c a l s o l u t i o n s o f 

t h e e q u a t i o n s o f m o t i o n t h a n c u s t o m a r y may be used t o i m p r o v e 

t h e n o r m a l s e m i c l a s s i c a l c a l c u l a t i o n . A n a l o g o u s s o l u t i o n s 
n- i 

e x i s t i n CP model f i e l d t h e o r i e s . C l a s s i c a l , p r o p e r t i e s o f 

t h e s e a r e d i s c u s s e d , and t h e i r p o t e n t i a l use i n s e m i c l a s s i c a l 

c a l c u l a t i o n s s i m i l a r t o t h e q u a n t u m - m e c h a n i c a l ones i n d i c a t e d . 

F i n a l l y we r e t u r n t o s u p e r s y m m e t r i e quantum m e c h a n i c s i n o r d e r 

t o g e n e r a l i s e t h e o r i g i n a l s t r u c t u r e t o c a s e s v/i t h many d e g r e e s 

o f f r e e d o m . 
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C h a p t e r .1 - I n t r o d u c t i o n 

Super.symmetric e x t e n s i o n s o f f i e l d t h e o r i e s were p r o p o s e d a 

number o f y e a r s ago [30J , and s t u d y o f t h e i r p r o p e r t i e s has 

mushroomed q u i t e r e c e n t l y . T h e r e a r e s e v e r a l r e a s o n s f o r t h i s . 

F i r s t l y , i t p r o v i d e s a way o f i n c o r p o r a t i n g f e r m i o n i c d e g r e e s 

o f f r e e d o m i n t o b o s o n i c t h e o r i e s i n such a manner t h a t b o t h 

k i n d s o f p a r t i c l e e n t e r on an e q u a l f o o t i n g . P r e v i o u s l y , model 

t h e s i n e - G o r d o n model a r e p u r e l y b o s o n i c , w hereas t h e T h i r r i n g 

m o del o r t h o s e s t u d i e d i n [143 a r e p u r e l y f e r m i o n i c ) , o r e l s e 

t h e two s e c t o r s were assumed t o be o n l y w e a k l y c o u p l e d , w i t h 

t h e f e r m i o n s h a v i n g 1 i t t l e e f f e c t on t h e s p e c t r u m o f t h e .bosonic 

p a r t . The e q u a l i t y o f i m p o r t a n c e o f t h e two s o r t s o f p a r t i c l e 

i s made p a r t i c u l a r l y m a n i f e s t i n t h e s u p e r s p a c e a p p r o a c h t o 

s u p e r s y m m e t r i c t h e o r i e s , i n w h i c h a " n o r m a l " ( i . e . L o r e n t z i a n 

o r E u c l i d e a n ) s p a c e - t i m e i s e x t e n d e d by a s e t o f a n t i -

c o m m u t i n g ( G r a s s m a n n i a n ) c o o r d i n a t e s t o f o r m s u p e r s p a c e . 

M o dels a r e t h e n c o n s t r u c t e d so as t o be m a n i f e s t l y i n v a r i a n t 

w i t h r e s p e c t t o g e n e r a l c o o r d i n a t e t r a n s f o r m a t i o n s i n t h i s 

s u p e r s p a c e . I n t h i s p i c t u r e , s u p e r symmetry may be u n d e r s t o o d 

as a g l o b a l g a u g e - t y p e i n v a r i a n c e i n c l u d i n g o r d i n a r y L o r e n t z 

i n v a r i a n c e as w e l l as o t h e r more g e n e r a l t r a n s f o r m a t i o n s . 

The s t r u c t u r e o f s u p e r s y m m e t r v imposes s t r i n g e n t r e q u i r e m e n t s 

on t h e b o s o n i c and f e r m i o n i c p a r t s a? t h e L a g r a n g i a n ( and on 

t h e i r i n t e r a c t i o n ) , and hence imposes r e l a t i o n s h i p s between 

t h e v a r i o u s masses and. c o u p l i n g c o n s t a n t s o f t h e t h e o r y . T h i s 

had t e n d e d t o c o n c e n t r a t e on j u s t one k i n d ( 4 
4> t h e o r y and 



means t h a t I n s u p e r s y m m e t r i c t h e o r i e s we f i n d c a n c e l l a t i o n s o f 

d i v e r g e n c e s w h i c h n o r m a l l y a p p e a r i n f i e l d t h e o r i e s as soon as 

p e r t u r b a t i v e c a 1 c u l a t i o n s a r e c a r r i e d o u t beyond t r e e l e v e l -

h e r e i n f i n i t i e s a r i s i n g f r o m b o s o n i c and f e r m l o n l c d e t e r m i n a n t s 

c a n c e l e x a c t l y , l e a v i n g i n many c a s e s an e s s e n t i a l l y f i n i t e 

t h e o r y ( a"i 1 d i v e r g e n c e s may be a b s o r b e d i n t o w a v e - f u n c t i o n 

r e n o r m a l i s a t i o n ) [3^3 . R e c e n t work has shown t h a t t h i s s o r t 

o f c a n c e l l a t i o n , w h i c h was a t f i r s t t h o u g h t t o be a c c i d e n t a l , 

can i n f a c t be t r a c e d t o a s i n g l e r o o t and t h u s a l l o f t h e 

c a n c e l l a t i o n s f o u n d so f a r may be s y s t e m a t i c a l l y u n d e r s t o o d . 

T h i s i s f o r t u n a t e i n some ways , b u t we n o t e t h e f o l l o w i n g . 

F i r s t , t h e c o n s t r u c t i o n i s c a r r i e d o u t o r d e r by o r d e r i n 

p e r t u r b a t i o n t h e o r y , so p o t e n t i a l l y h a r m f u l n o n p e r t u r b a t i v e 

a s p e c t s a r e n e g l e c t e d . S e c o n d l y t h e a r g u m e n t s a p p l y o n l y t o 

m o dels w i t h g l o b a l s u p e r s y m m e t r y , i . e . a s i n g l e g l o b a l c h o i c e 

may be used t o f i x t h e gauge . M o d e l s w i t h l o c a l s u p e r s y m m e t r i c 

gauge f r e e d o m ( i . e . s u p e r g r a v i t y m o d e l s ) a r e n o t i n c l u d e d i n 

t h i s s y s t e m a t i c scheme and so a r e now e x p e c t e d ( d e s p i t e 

e a r l i e r hopes ) t o e x h i b i t t h e u s u a l d i v e r g e n c e s , w h i c h can 

f i r s t a p p e a r i n 3-1oop c a l c u l a t i o n s [ 4 1 1 • 

The above p o i n t i s r e l a t e d t o t h e f o l l o w i n g . A p e r e n n i a l 

s t u m b l i n g - b l o c k i n t h e c o n s t r u c t i o n o f g r a n d u n i f i e d t h e o r i e s 

( i . e . t h e o r i e s s e e k i n g t o u n i f y g r a v i t a t i o n w i t h t h e o t h e r 

known i n t e r a c t i o n s ) i s t h e s o - c a l l e d h i e r a r c h y p r o b l e m [ 4 2 3 . 

T h e r e a r e many ways o f e x p r e s s i n g t h i s p r o b l e m , one o f w h i c h 

i s t h i s . The c h a r a c t e r i s t i c e n e r g y - s c a l e o f g r a v i t y i s t h e 

P l a n c k s c a l e N I O GeV and t h i s i s p r e s u m a b l y a l o w e r bound on 

e n e r g i e s a t w h i c h an u n b r o k e n supersymmetr.i o model w o u l d be 

o f d i r e c t r e l e v a n c e . The c h a r a c t e r i s t i c e n e r g y - s c a l e s o f 



t h e o r i e s w h i c h seem t o be o f i m m e d i a t e r e l e v a n c e a r e v e r y much 

l o w e r , say ^ l u GeV . I f t h e c o n s t r u c t i o n o f f u n d a m e n t a l 

s u p e r s y m m e t r i c t h e o r i e s i s t o be o f any v a l u e a t a l l , t h e r e 

must be e s s e n t i a l l y no new p h v s i c s between t h e s e e n e r g y -

s c a l e s . T h i s i n i t s e l f seems t o be a m a j o r and u n r e a l i s t i c 

a s s u m p t i o n , b u t s u p p o s i n g i t t o be t r u e we s t i l l have t o 

a c c o u n t f o r t h e huge r a t i o b etween t h e s c a l e s . I n t r a d i t i o n a l 

m o d e l s where r e n o r m a l i s a t i o n e f f e c t s a r e c o n t r o l l e d o n l y bv 

e x p l i c i t c a n c e l l a t i o n , t h e ( r e l a t i v e l y ) e x t r e m e l y s m a l l 

e n e r g i e s o f " o r d i n a r y " p r o c e s s e s r e q u i r e s an e x t r a o r d i n a r i l y 

f i n e t u n i n g o f t h e p a r a m e t e r s i n an a p p a r e n t l y ad hoc manner . 

I n s u p e r s y m m e t r i c models , on t h e o t h e r hand , t h i s t u n i n g 

can a r i s e n a t u r a l l y - any c a n c e l l a t i o n w h i c h i s e x a c t a t t h e 

1 - l o o p l e v e l r e m a i n s e x a c t t o a l l o r d e r s i n p e r t u r b a t i o n t h e o r y 

and can a t most change because o f n o n p e r t u r b a t i v e e f f e c t s . 

These a r e e x p e c t e d t o be e x p o n e n t i a l l y s m a l l , i . e . t o be 

~£rv( J g t**T where M i s t h e 

m a s s - s c a l e o f t h e v e c t o r bosons a s s o c i a t e d w i t h g r a v i t y - f o r 
ir->i4 

f-L o f o r d e r ]0 GeV and oL M - -?> r1- t h i s g i v e s a l o w - e n e r g y s c a l e 
3 

o f t h e o r d e r 10 GeV [4 33 . So t h i s l e a d s n a t u r a l l y t o v e r y 

l a r g e r a t i o s . Thus s e v e r a l r e c e n t p r o p o s a l s f o r g r a n d u n i f i e d 

t h e o r i e s b e g i n w i t h a f u n d a m e n t a l s u p e r s y m m e t r i c t h e o r y a t 

e x t r e m e l y h i g h e n e r g i e s , w h i c h i s b r o k e n by n o n p e r t u r b a t i v e 

e f f e c t s a t low e n e r g i e s ( i . e . l a b o r a t o r y s c a l e s o r a t l e a s t 

n o t s i g n i f i c a n t l y h i g h e r ) . 

A f u r t h e r r e a s o n f o r r e q u i r i n g t h e e f f e c t i v e l o w - e n e r g y 

t h e o r y t o be b r o k e n , i s t h a t i n u n b r o k e n s u p e r s y m m e t r i c 

t h e o r i e s t h e p a r t i c l e s come i n m u l t i p l e t s i n w h i c h bosons 

and f e r m i o n s have e q u a l masses . A b r i e f g l a n c e a t some o f 



t h e e x p e r i m e n t a l l y d e t e r m i n e d masses o f p a r t i c l e s shows t h i s 

n o t t o be t h e case . Hence t h e l o w - e n e r g y f o r m o f t h e t h e o r y 

m ust somehow bre a k t h e o r i g i n a l s u p e r s y m m e t r y i n o r d e r t o b r e a k 

up t h e s e s u p e r m u l t i p i e t r ; and g i v e a more v a r i e d s p e c t r u m . 

However , t h e b r e a k i n g must n o t be t o o s e v e r e , o r as e x p l a i n e d 

above t h e o r i g i n a l t h e o r y w o u l d pe o f no v a l u e i n u n d e r s t a n d i n g 

l a b o r a t o r y p h y s i c s . Hence i t has been s u g g e s t e d [ 4 4 T ] t h a t 

e x p l i c i t b r e a k i n g s h o u l d n o t be n e c e s s a r y - t h e breakdown o f 

s u p e r s y m m e t r y s h o u l d o c c u r s p o n t a n e o u s l y v i a d y n a m i c a l a s p e c t s 

o f t h e model , T h i s means t h a t a l t h o u g h t h e L a g r a n g i a n f o r t h e 

m o d e l i s s u p e r s y m m e t r i c a l l y i n v a r i a n t , t h e space o f p h y s i c a l 

s t a t e s i s n o t . I n c h a p t e r 2 we s h a l l see t h i s mechanism 

o p e r a t i n g i n a p a r t i c u l a r c a se . 

As a f i n a l m o t i v a t i o n we w i s h t o m e n t i o n t h a t r e g a r d e d as 

p u r e l y a b s t r a c t o b j e c t s , spaces w h i c h a r e d e f i n e d i n t e r m s o f 

b o t h n o r m a l and a n t i c o m m u t i n g c o o r d i n a t e s have an i n t r i n s i c 

m a t h e m a t i c a l i n t e r e s t . Q u e s t i o n s r e g a r d i n g ( f o r i n s t a n c e ) 

t h e g l o b a l e x i s t e n c e o f a s u p e r s y m m e t r i c s t r u c t u r e o v e r t h e 

e n t i r e space as w e l l as j u s t l o c a l l y ( t h u s g i v i n g a s u p e r -

m a n i f o l d s t r u c t u r e w h i c h g e n e r a l i s e s t h a t o f t h e more f a m i l i a r 

m a n i f o l d ) seem d i f f i c u l t t o answer . As w i t h t h e p h y s i c a l 

p r o b l e m w i t h w h i c h v/e a r e c o n c e r n e d h e r e , t h e c o n s t r a i n t s 

w h i c h s u p e r s y m m e t r y imposes have m a j o r c o n s e o u e n c e s f o r t h e 

g e o m e t r i c s t r u c t u r e o f s u c h spaces . 

The above d i s c u s s i o n r a i s e s many q u e s t i o n s . Super s y m m e t r i c 

m o d e l s a r e i n h e r e n t l y c o m p l i c a t e d , p a r t i c u l a r l y i f t h e y a r e 

i n t e n d e d as r e a l i s t i c m o d e l s i n f o u r ( o r more ) s p a c e - t i m e 

d i m e n s i o n s . Hence t h e r e i s a s h o r t a g e o f e x a c t r e s u l t s w h i c h 

i n c l u d e n o n p e r t u r b a t i v e as w e l l as p e r t u r b a t i v e e f f e c t s . Thus 



many o f t h e p r o p e r t i e s c l a i m e d f o r s u b e r s y m m e t r i c m o d e l s a r e 

c o n j e c t u r a l , o r e l s e t h e r e s u l t o f a n e c e s s a r i l y p a r t i a l 

a n a l y s i s o f t h e p r o b l e m . I t i s h a r d t o have an i n t u i t i v e 

g r a s p o f t h e o r i e s i n w h i c h masses and c o u p l i n g c o n s t a n t s a r e 

so i n t e r - r e l a t e d , and i n w h i c h bosons and f e r m i o n s have an 

e q u a l p r i o r i t y . t h e r e f o r e e x a c t r e s u l t s c o n c e r n i n g any s u p e r -

s y m m e t r i c model a r e o f v a l u e . For example , how b i g can we 

e x p e c t n o n p e r t u r b a t i v e e f f e c t s t o be ? For p r o p o s e d s o l u t i o n s 

o f t h e h i e r a r c h y p r o b l e m i n g r a n d u n i f i e d t h e o r i e s t o be v i a b l e , 

n o n p e r t u r b a t i v e e f f e c t s must be s u p p r e s s e d t o t h e e x t e n t 

e x p l a i n e d above , b u t i t i s c l e a r l y i m p o s s i b l e as y e t t o 

p e r f o r m e x a c t c a l c u l a t i o n s i n o r d e r t o check t h a t t h i s r e a l l y 

does happen . 

S p o n t a n e o u s d y n a m i c a l b r e a k d o w n o f s u p e r s y m m e t r y ( o r i n d e e d 

any symmetry ) i s a l i t t l e - u n d e r s t o o d phenomenon . I t i s 

p o s s i b l e i n many c a s e s t o a s s e r t t h a t i t happens , b u t d e t a i l s 

o f t h e mechanisms i n v o l v e d r e m a i n o b s c u r e . I t has i n t h e p a s t 

been s u g g e s t e d t h a t f i n i t e a c t i o n s o l u t i o n s o f t h e c l a s s i c a l 

e q u a t i o n s o f m o t i o n , r e p r e s e n t i n g q u a n t u m - m e c h a n i c a l t u n n e l l i n g 

b e t w e e n c l a s s i c a l l y s e p a r a t e and d e g e n e r a t e v a c u a , may t r i g g e r 

t h i s , b u t as y e t t h i s i s n o t c l e a r . S i n c e t h e mechanism f o r m s 

an e s s e n t i a l p a r t o f c u r r e n t m o d e l s p r o p o s e d as f u n d a m e n t a l 

t h e o r i e s , i t w o u l d be o f v a l u e t o u n d e r s t a n d i t b e t t e r by 

s t u d y i n g s o l v a b l e m odels i n w h i c h i t happens . 

The p a r t i c u l a r f r a m e w o r k w i t h i n w h i c h we choose t o work uses 

s u p e r s y m m e t r i c e x t e n s i o n s o f o r d i n a r y q u a n t u m - m e c h a n i c a l p r o b l e m s 

w i t h a s i n g l e d e g r e e o f f r e e d o m . Such models were f i r s t p r o p o s e d 

i n [433 as a p o t e n t i a l l y f r u i t f u l a r e a o f s t u d y , and s u b s e q u e n t l y 



t h e r e have been some i n v e s t i g a t i o n s o f t h e m o d e l s [ e. g . 18 , 2.9 , 3 87J . 

B e i n g s i m p l e m o d e l s t h e y a l l o w e x a c t r e s u l t s t o be f o u n d i n many 

c a s e s ( by d i r e c t i n t e g r a t i o n o f e q u a t i o n s o f m o t i o n i f n e c e s s a r y 

as we a r e d e a l i n g w i t h o r d i n a r y r a t h e r t h a n p a r t i a l d i f f e r e n t i a l 

e q u a t i o n s ) . N e v e r t h e l e s s , t h e y c an be v i e w e d as s p e c i a l c a s e s 

o f f i e l d - t h e o r e t i c m o d e l s and so i n s i g h t may be g a i n e d i n t o o t h e r 

more c o m p l i c a t e d models . Many t e c h n i q u e s and a p p r o x i m a t i o n s used 

i n f i e l d t h e o r i e s become p a r t i c u l a r l y e a sy t o use i n quantum-

m e c h a n i c a l models , and t h u s we e x p e c t t o g a i n e x p e r i e n c e o f t h e 

q u a l i t y o f t h e v a r i o u s methods . By v a r y i n g s u i t a b l e p a r a m e t e r s 

i n t h e mo d e l s we may i n v e s t i g a t e e i t h e r u n b r o k e n o r s p o n t a n e o u s l y 

b r o k e n c a s e s , and hence hope t o see w h i c h d i f f e r e n c e s b etween 

them a r e e s s e n t i a l . I n p a r t i c u l a r we w i l l be a b l e t o see t h e 

e f f e c t o f s p o n t a n e o u s symmetry breakdown on t h e e n e r g y s p e c t r u m . 

Some o f t h e models c o n s i d e r e d have i n s t a n t o n { v a c u u m - t u n n e l 1 i n g ) 

s o l u t i o n s a t t h e c l a s s i c a l l e v e l and so we can a t t e m p t t o l e a r n 

t h e r o l e t h e y p l a y i n t h e t h e o r y . I n s h o r t , t h e r e a r e few 

a s p e c t s o f f i e l d t h e o r i e s w h i c h a r e n o t r e f l e c t e d i n t h e s e 

m o d e l s , b u t i n a much s i m p l e r and c o m p u t a t i o n a l l y t r a c t a b l e 

f o r m - n u m e r i c a l c o m p a r i s o n o f v a r i o u s methods o f a p p r o x i m a t e 

c a l c u l a t i o n f o r m s a m a j o r p a r t o f t h i s t h e s i s . 

One i m p o r t a n t f e a t u r e o f f i e l d t h e o r y w h i c h has no c o u n t e r p a r t 

i n q u a n t u m - m e c h a n i c a l m o d e l s i s r e n o r m a l i s a t i o n . T h i s i s 

u n f o r t u n a t e s i n c e t h e s n e c i a l p r o p e r t i e s o f s u p e r s y m m e t r i c 

f i e l d t h e o r i e s f i r s t m a n i f e s t e d t h e m s e l v e s h e r e , and t h e 

e f f e c t o f n o n p e r t u r b a t i v e e f f e c t s on r e n o r m a l i s a t i o n r e m a i n s 

an open q u e s t i o n . I n t h i s r e s p e c t , s u p e r s y m m e t r i c guantum-

m e c h a n i c a 1 models a r e no more s p e c i a l t h a n o r d i n a r y ones , as 

none a r e r e n o r m a l i s e d . F u r t h e r m o r e , t h i s r a i s e s i m p o r t a n t 



q u e s t i o n s r e g a r d i n g t h e n a t u r e o f t h e i n t e r a c t i o n s w h i c h we 

c h o ose t o i n c l u d e i n o u r q u a n t u m - m e c h a n i c a l p o t e n t i a l . S h o u l d 

we p r o c e e d pv d i r e c t a n a l o g y w i t h f i e l d t h e o r y , and so use 

i n t e r a c t i o n p o t e n t i a l s t o i m i t a t e t h e b a r e p o t e n t i a l s , o r 

s h o u l d we a t t e m p t t o i n v e s t i g a t e r e n o r m a l i s a t i o n e f f e c t s by 

i m i t a t i n g e f f e c t i v e p o t e n t i a l s such as t h o s e d e r i v e d f r o m 

c a l c u l a t i o n s a t t h e 1 - l o o p l e v e l ° I n t h e f o r m e r case t h e 

p o t e n t i a l i s r e s t r i c t e d t o b e i n g a p o l y n o m i a 1 o f f a i r l y l o w 

o r d e r , whereas i n t h e l a t t e r we s h o u l d i n c l u d e o t h e r s o r t s o f 

e x p r e s s i o n s u c h as l o g a r i t h m i c t e r m s . T h i s q u e s t i o n i s s t i l l 

open ; i n t h e main p a r t o f t h i s t h e s i s we choose t h e f i r s t 

a p p r o a c h , r e s e r v i n g a s h o r t d i s c u s s i o n a b o u t t h e second method 

u n t i l t h e c o n c l u d i n g c h a p t e r . P r e l i m i n a r y i n v e s t i g a t i o n s 

i n d i c a t e t h a t t h e second c h o i c e can p r o d u c e f e a t u r e s 'which a r e 

q u i t e d i f f e r e n t t o b e h a v i o u r a n t i c i p a t e d f r o m t h e f i r s t c h o i c e . 

The m odels a r e s t u d i e d w i t h t h e i n t e n t i o n o f g a i n i n g i n t u i t i o n 

a b o u t t h e n a t u r e and e x t e n t o f b reakdown o f s u p e r s y m m e t r y . Fo r 

t h i s p u r p o s e we must choose some r e a d i l y c a l c u l a t e d measure o f 

t h i s b r e a k d o w n . F o r p r o b l e m s i n q u antum m e c h a n i c s a s u i t a b l e 

c h o i c e i s t h e v a l u e o f t h e g r o u n d - s t a t e e n e r g y - we w i l l e x p l a i n 

i n c h a p t e r 2 why t h i s i s s u i t a b l e f o r d i s c r i m i n a t i n g b e t w e e n 

b r o k e n and u n b r o k e n m o d e l s . I n f i e l d t h e o r i e s t h e a n a l o g o u s 

q u a n t i t y w o u l d be t h e i n t r i n s i c vacuum e n e r g y - on a l o c a l 

s c a l e t h e a b s o l u t e s c a l e o f e n e r g y i s u s u a l l y t h o u g h t t o be 

u n o b s e r v a b l e and. i r r e l e v a n t , w i t h o n l y r e l a t i v e s c a l e s b e i n g 

o f i m p o r t a n c e . However , s u p e r s y m m e t r y f o r c e s us t o l o o k a t 

t h e t h e o r y g l o b a l l y , and on t h i s ( c o s m o l o g i c a l ) s c a l e we 

can d i s c r i m i n a t e between s i t u a t i o n s i n w h i c h t h e b a c k g r o u n d 

e n e r g y d e n s i t y i s p o s i t i v e o r z e r o . Here a g a i n we see t h e 



e f f e c t s o f suDersymmetry i n m i x i n g b o t h s c a l e s and p h y s i c a l 

p r o p e r t i e s u s u a l l y t h o u g h t , t o be s e p a r a b l e . Ry l o o k i n g a t 

e x c i t e d s t a t e s o f t h e s y s t e m we can i n v e s t i g a t e t h e ene.rnv 

s p e c t r u m o f t h e t h e o r v and hope t o make i n f e r e n c e s a b o u t 

p a r t i c l e s p e c t r a i n f i e l d t h e o r i e s . 

T h e r e a r e many ways o f e s t i m a t i n g g r o u n d - s t a t e e n e r g i e s i n 

quantum m e c h a n i c s and i n t h e n e x t two c h a p t e r s we use s e v e r a l 

o f them . F i r s t we use methods w h i c h a r e e s s e n t i a l l y e x a c t 

( i . e . known t o be a c c u r a t e t o a h i g h e r p r e c i s i o n t h a n t h a t 

n e c e s s a r y f o r c o m p a r i s o n ) , and t h e n a s e l e c t i o n o f commonly 

used a p p r o x i m a t i o n t e c h n i q u e s . As f a r as p o s s i b l e we r e s t r i c t 

o u r s e l v e s t o methods w h i c h have a known o r p o s s i b l e a n a l o g y i n 

f i e l d t h e o r y . The methods d i v i d e i n t o two m a i n c a t e g o r i e s , 

t h e f i r s t b e i n g based on t h e H a m i l t o n i a n f o r m u l a t i o n o f t h e 

t h e o r y , and t h e second u s i n g t h e L a g r a n g i a n p a t h - i n t e g r a l 

a p p r o a c h . The " e x a c t " methods a r e i n c l u d e d i n t h e f o r m e r , 

t o g e t h e r w i t h o t h e r ways . The second c h a p t e r c o n t a i n s s e v e r a l 

v a r i a t i o n s on s e m i c l a s s i c a l c a l c u l a t i o n s w h i c h use s o l u t i o n s 

o f t h e c l a s s i c a l e q u a t i o n s o f m o t i o n t o a p p r o x i m a t e l y e v a l u a t e 

a f u n c t i o n a l i n t e g r a l . The q u e s t i o n o f how i n s t a n t o n s o l u t i o n s 

a r e t o be used a r i s e s h e r e . Of t h e two c h a p t e r s , t h e second. 

( i n v o l v i n g L a g r a n g i a n i d e a s ) i s t h e one f o r w h i c h c o n c l u s i o n s 

may more o b v i o u s l y be g e n e r a l i s e d t o f i e l d t h e o r y - H a m i l t o n i a n 

t e c h n i q u e s a r e s e l d o m used i n f i e l d t h e o r i e s e x c e p t i n l a t t i c e 

c a l c u l a t i o n s . I n b o t h o f t h e s e c h a p t e r s , v a r i o u s q uantum-

m e c h a n i c a l models o t h e r t h a n t h e s u p e . r s y m m e t r i c ones a r e used 

t o i l l u s t r a t e c e r t a i n p o i n t s w h i c h a r i s e , o r t o see w h e t h e r 

c e r t a i n c o n c l u s i o n s a r e g e n e r a l l y a p p l i c a b l e . Much o f t h i s 



m a t e r i a l a p p e a r s i n [2,3H a l t h o u g h some i s new . 

T h e r e a r p s e v e r a l immed i a t ^ g e n e r a 1 i c a t i o n o o f t h e work i n 

c h a p t e r s 2 and 3 , and two such g e n e r a l i s a t i o n s a r e t h e n 

c o n s i d e r e d . Tn c h a p t e r 4 we c o n s i d e r t h e CP A 1 model f i e l d 

t h e o r i e s , w h i c h a r e mo d e l s i n two s p a c e - t i m e d i m e n s i o n s w h i c h 

s h a r e many p r o p e r t i e s w i t h f o u r - d i m e n s i o n a l Y a n g - M i l l s t h e o r i e s . 

The models c o n s i d e r e d h e r e a r e n o t s u p e r s y m m e t r i c . The p u r p o s e 

o f t h i s c h a p t e r i s t o show t h a t t h e y a l s o s h a r e many p r o p e r t i e s 

w i t h t h e q u a n t u m - m e c h a n i c a l models p r e v i o u s l y d i s c u s s e d . 

V a r i o u s f e a t u r e s o f c l a s s i c a l s o l u t i o n s o f t h e CP e q u a t i o n s o f 

m o t i o n a r e r e v i e w e d , b o t h a t t h e p u r e l y c l a s s i c a l l e v e l and 

a l s o t o w a r d s t h e i r i n c l u s i o n i n s e m i c l a s s i c a l c a l c u l a t i o n s . 

I n p a r t i c u l a r we show t h a t t h e n a t u r e o f t h e v a r i o u s s o l u t i o n s 

i s d i r e c t l y a n a l o g o u s t o s o l u t i o n s i n t h e q u a n t u m - m e c h a n i c a l 

m o d e l s , and t h a t t h e y c an p l a y t h e same r o l e i n s e m i c l a s s i c a l 

c a l c u l a t i o n s i n b o t h s e t s o f mo d e l s . A t t h i s l e v e l t h e d e g r e e 

o f s i m i l a r i t y i s r e m a r k a b l e . The c l a s s i c a l p r o p e r t i e s have been 

d i s c u s s e d i n [ l H , b u t use o f t h e s o l u t i o n s i n a s e m i c l a s s i c a l 

manner has n o t a p p e a r e d e l s e w h e r e . 

I n c h a p t e r 5 we r e t u r n t o s u p e r s y m m e t r i c m o d e l s . T h i s t i m e 

we g e n e r a l i s e t h e e a r l i e r m o d e l s , w h i c h had o n l y one h o s o n i c 

d e g r e e o f f r e e d o m , t o c a s e s w i t h many s u c h d e g r e e s o f f r e e d o m . 

Thus i f t h e o r i g i n a l p r o b l e m i s t h o u g h t o f as r e p r e s e n t i n g 

f i e l d s a t a s i n g l e s i t e p r o p a g a t i n g i n t i m e , we now t h i n k o f 

f i e l d s a t a f i n i t e c o l l e c t i o n o f s i t e s p r o p a g a t i n g , where t h e 

s i t e s a r e c o u p ^ d t o g e t h e r i n a s p e c i f i c way by t h e r e q u i r e m e n t 

o f s u p e r s y m m e t r y f o r t h e model . By t a k i n g a l i m i t i n w h i c h t h e 

t o t a l number o f s i t e s t e n d s t o i n f i n i t y we may seek t o s t u d y 



t h e a p p r o a c h t o w a r d s a f i e l d t h e o r y . I n p a r t i c u l a r we s h a l l 

see t h a t t h e e n e r g y s p e c t r u m o f t h e m o d e l can be s i g n i f i c a n t l y 

a l t e r e d hy t h e i n c 1 us * on o^ t h e ^'"rmions . The e f f e c t s o f 

a l t e r i n g t h e g e o m e t r y o f how t h e s i t e s a r e l i n k e d t o g e t h e r i s 

b r i e f l y d i s c u s s e d . P r e v i o u s l y , t h i s work has n o t been w r i t t e n 

up . 

A f t e r c h a p t e r 6 , w h i c h c o n t a i n s c o n c l u d i n g r e m a r k s , t h e r e 

a r e a number o f a p p e n d i c e s c o n t a i n i n g t e c h n i c a l work w h i c h v/e 

do n o t w i s h t o i n c l u d e i n t h e t e x t , b u t w h i c h a i d s t h e 

u n d e r s t a n d i n g o f t h e m a t e r i a l . 



chapter 2 - Ouantum-raechanical Morals - Hamiltonian Methods 

2.1 - D e s c r i p t i o n of novels use r l 

These f a l l i n t o two categories - f i r s t l y models which e x h i b i t 

supersymmetry i n e i t h e r i t s spontaneously broken or unbroken 

forms , and secondly a s e r i e s o f supplementary models used p u r e l y 

t o a m p l i f y p a r t i c u l a r p o i n t s a r i s i n g from the study o f the super-

symmetric cases . The f a m i l i e s o f supersymmetric models a r i s e i n 

a n a t u r a l and systematic manner , as w i l l be explained l a t e r . 

\'le are concerned o n l y w i t h the question o f dynamical breaking o f 

supersymmetry and so do not consider models i n which breaking 

i s p ut i.n by hand . 

The idea o f studying supersymmetry w i t h i n the context o f 

quantum mechanics was f i r s t proposed i n [413 r using techniques 

f o r i n t e g r a t i n g over fer m i o n i c degrees o f freedom developed 

some years e a r l i e r [03 . There are many reasons f o r considering 

such models rat h e r than o r d i n a r y " r e a l i s t i c " supersymmetric f i e l d 

t h e o r i e s i n 4 or more space-time dimensions , some o f which have 

been discussed i n the i n t r o d u c t i o n . The reasons f o r , and the 

mechanism o f dynamical symmetry breakdown are not a t a l l w e l l 

understood , although several necessary c o n d i t i o n s have been 

found - f o r example general arguments have produced a v a r i e t y 

o f f u n c t i o n a l methods [151 . These tend , however , not t o lend 

themselves r e a d i l v t o c a l c u l a t i o n , and i n a d d i t i o n give very 

l i t t l e i n f o r m a t i o n i n the case o f g r e a t e s t i n t e r e s t - i . e . the 

spontaneously broken cases . I t i s c l e a r t h a t any supersymmetric 

theory which i s t o be u s e f u l i n p r a c t i s e ( i . e . a t low energies 



r e l a t i v e t o any p o s t u l a t e d grand u n i f i c a t i o n scales ) must be 

broken i n some manner , so techniques which produce u s e f u l 

answers i n such cases are e s s e n t i a l . 

We are seeking , then , a readily-computable method o f 

d i s t i n g u i s h i n g between spontaneously broken and unbroken 

cases , anr1 f o r broken cases , assessing the e x t e n t t o which 

the theory i s broken . Several calculations.! schemes are 

a v a i l a b l e f o r t h i s purpose , and we review these as w e l l as 

developing new methods which t o an e x t e n t overcome the problems 

which emerge from using e x i s t i n g methods . This i s another 

reason f o r l o o k i n g a t quantum mechanics r a t h e r than f i e l d 

theory - a l l c a l c u l a t i o n s are much easier and quicker , w h i l e 

s t i l l g i v i n g i n d i c a t i o n s o f hew s i m i l a r c a l c u l a t i o n s might 

proceed i n more complicated models . Thus ve can t e s t v arious 

common b e l i e f s against r e a d i l y obtained and accurate answers . 

There are two p r i n c i p l e ways i n which the Hamiltonian or 

Lagrangian appropriate t o supersymmetrie quantum mechanics may 

be derived - f i r s t l y by dimensional r e d u c t i o n from a super-

symmetric f i e l d theory ( t h i n k i n g o f quantum mechanics as a 

0+1 dimensional f i e l d theory , or the f i e l d theory o f a s i n g l e 

p o i n t or s i t e ) , and secondly by c o n s t r u c t i n g the most general 

supersymmetric a c t i o n i n superspace . Here we b r i e f l y sketch 

t h i s approach - see appendix 2.1 f o r more d e t a i l s . 

The basic o b j e c t s needed t o c o n s t r u c t the theory are the so-

c a l l e d supercharges , operators which generate the siipersymmetry 

algebra . I n our case there are two o f these ; 



2.1.1) A 
a , - & a$ *-»'tyl) 

where q,p are bosonic p o s i t i o n and momentum operators , 

are fermion operators s a t i s f y i n g ( J = £ ^ ' 

v(q) i s a polynomial i n q c a l l e r ' the s u p e r p o t e n t i a l , 

w i t h prime denoting d e r i v a t i v e w i t h respect t o q . 

Note t h a t except i n chapter 3 , f o r convenience we set "ti = 1 , 

and a l s o take our system t o be o f u n i t mass . Also there are-

d i f f e r e n c e s i n the l i t e r a t u r e as t o what i s c a l l e d the 

s u p e r p o t e n t i a l - here we f o l l o w the conventions o f [29,381 . 

I t i s convenient t o d e f i n e ladder operators 

2.1.2) 

i n terms o f which 

wh^re H i s the Hamiltonian , e x p l i c i t l y given by 

^he corresponding Lagrangian i s 

^ > L = i i - k i f r f L + £ ^ - > \ ) 

At t h i s stage we choose a p a r t i c u l a r r e p r e s e n t a t i o n f o r the 

bosonic and ferml o n i c coordinates , rat h e r than keep using the 

a b s t r a c t versions above . I n f a c t the choice i s easy - we use 

the canonical i r r e d u c i b l e representations i n both cases , v i z . 

A ^ • A 



- the von Neumann uniqueness theorem and i t s f e n n i o n i c analogue 

[32,1.2] ensure t h a t these choices are e s s e n t i a l l y unique . The 

ferm i o n l c choice has several consequences - the supercharges 

and ^ a m i l t o n i a n become 2x2 matrices , a c t i n g on 2-component 

vector wave-funct.ions ( each component being a bosonic f u n c t i o n 

acted on .by q and, p as above ) and t h i s immediately y i e l d s an 

occupation number i n t e r p r e t a t i o n f o r the fermions . I f we take 

the fermion number-operator t o be 

then we may i n t e r p r e t the upper ( lower ) component as having 

ferrnion number zero ( one ) . With j u s t one s i t e there i s a 

c e r t a i n amount o f a r b i t r a r i n e s s i n t h i s choice , but i t w i l l 

become more r e l e v a n t i n chapter 4 when we consider more degrees 

o f freedom . At t h i s p o i n t i t i s s u f f i c i e n t t o note t h a t f 

commutes w i t h H and so i s a constant o f motion , and t h a t i n 

t h i s r e p r e s e n t a t i o n TT i s diagonal -

We also d e f i n e V (q) - w' - t h i s i s known as the bosonic p a r t 

o f the p o t e n t i a l and gives bosonic mass and s e l f - i n t e r a c t i o n 

terms , w i t h the other terms i n g i v i n g the boson-fermion 

i n t e r a c t i o n . 

So i t would seem t h a t we have two decoupled problems t o solve 

- however the supersymmetric s t r u c t u r e permits a f u r t h e r 

s i m p l i f i c a t i o n . Note from (2.1.?.) and (2.1.3) t h a t 

F - i ( 0 + ( f ^ ) and t h e r e f o r e 

1) a 1 1 eigenstates of H have non-negative eigenvalues , and 

i1 0 A 
w + 2.1.8) o 

where xr, (a) 



2) a s t a t e has energy zero i f and only i f i t i s a n n i h i l a t e d 
A. A. A 

by both Q (and QLl (equivalent!y Q±) . 

Also we see from (2.1.3) t h a t i f JO i s an eigenstate o f H w i t h 
A , 

energy E>0 , then G^dj are eigenstates w i t h the same energy , 

unless they vanish . There are two p o s s i b i l i t i e s -

1) a l l eigenvalues o f H are s t r i c t l y p o s i t i v e and come i n 

degenerate p a i r s , l i n k e d by supersymmetry transformations 

2) H has a s i n g l e non-degenerate zero eigenvalue f o r i t s 

ground-state ,with a l l the excited, s t a t e s i n p a i r s as 

above . 

Thus , as mentioned i n the i n t r o d u c t i o n , we may use the value 

of the ground-state energy , E Q , as a measure o f the exte n t o f 

supersymmetry breaking . As w i l l be seen l a t e r , t h i s choice i s 

not w i t h o u t problems , but i t does have the advantage o f being 

r e a d i l y computable i n a number o f d i f f e r e n t ways . I n f i e l d 

theory , i n case (1) tine degeneracy i s a t t r i b u t e d t o the presence 

of a zero-mass fermion , the Goldstone fermion . I n t h i s case we 

may choose the eigenstates t o be o f the form . v 

I n case (?.) the e x c i t e d s t a t e s are o f t h i s form , and there i s 
A 

also a s i n g l e s t a t e o f zero energy , a n n i h i l a t e d by both Q f and 

Q_ . To f i n d the form of t h i s s t a t e we solve the simultaneous 

equations 

2.1.10) U S ) - " 
2) we see tha 
to 

where from (2.1.2) we see t h a t 

2.1.10a, - * 1 , CL = - j .... 

This gives the p a i r o f equations ^ 

2.1.U, ( i f / ) t = 0 - ( i - * ^ 

whose s o l u t i o n i s 



2.1.Ua) 

For t h i s wavefunction t o be admissible we r e q u i r e i t t o be 

normaiisable , and t h i s depends on the asymptotic behaviour o f 

the s u p e r p o t e n t i a 1 • I n order t h a t we are s o l v i n g a bound-state 

problem as opposed t o a s c a t t e r i n g problem , we require t h a t 

|v(q)| a s j q l - ^ ^ and w i t h o u t loss o f g e n e r a l i t y we also 

r e q u i r e v(q)-j> + o6 as q-^4-o6 ( the opposite choice simply 

reverses the r o l e s o f the upper and lower components o f ̂ ) . 

There are then two p o s s i b i l i t i e s -

1) v(q)-?4-o& as q->> . I n t h i s case i j ^ o f (2.1.11a) i s 

normalisable and so (2.1.10) has a s o l u t i o n . 

Supersymmetry i s unbroken . 

2) v(q)_»,_cft as q-=> - oo . I n t h i s case ̂  o f (2.1.11a) i s 

not normalisable and (2.1.10) has no allowed s o l u t i o n . 

There i s no s t a t e o f j»ero energy and supersymmetry i s 

spontaneously broken . 

We now n o t i c e two t h i n g s - f i r s t l y i t i s the leading asymptotic 

behaviour o f the s u p e r p o t e n t i a l which i s s o l e l y responsible f o r 

the breaking or otherwise o f sunersymmetry , and secondly the 

p o t e n t i a l Vj_ contains a l l the i n f o r m a t i o n necessary f o r a 

complete determination o f eigenstates and energy l e v e l s , 

i r r e s p e c t i v e o f any p o s s i b l e breaking . So , despite i n i t i a l 

appearances , we have only a s i n g l e eigenvalue equation t o 

i n v e s t i g a t e -

2 . i . u , ' ( - i ^ + iMt))f<0 • £f(t> 
corresponding t o the upper component o f (2.1.8) . See also r33] 



i n which i t is shown that, q u a n t i s a t i o n scheites using ?-componGnt 

vectors or Grassmann-type v a r i a b l e s are e q u i v a l e n t , although 

the reduction t o a s i n g l e problem as above i s not used there . 
T7e may -proceed i n a slip - l a r way from. (2.1.^) t o o b t a i n a 2x2 

diagonal m a t r i x Lagrangian , which again reduces t o a s i n g l e 

component -

.1.™ L = k K - i%k) 

I t i s c l e a r t h a t there a^e b>;o generic forms o f the suoer-

p o t e n t i a l i n which the leading power i s odd or even , which 

cor respond t o spontaneously broken and unbroken models 

r e s p e c t i v e l y ( w i t h our convention o f n o t a t i o n ) . This simple 

choice can be expressed i n a number o f d i f f e r e n t languages , 

e.g. i n [33^ i t corresponds to whether or not the N i c o l a i map 
I 1 

i s single-valued . ^he simplest n o n - t r i . v i a l case has v = ~ u$c^ 

which corresponds t o a supersymmetric harmonic o s c i l l a t o r . This problem i s e x a c t l y soluble and d i s p l a y s the expected energy-
i .1 

T- 1 1-1 
Vj_ — ( a ) and V_ = UX^-j-tO • Thus the eigenstates f o r the 

l e v e l s t r u c t u r e f o r an unbroken model . I n f a c t V, = 10 ^ 

problems are j u s t the harmonic o s c i l l a t o r eigenstates and. we 

have the f o l l o w i n g s t r u c t u r e : 

problem V_ problem 

= nw \CUmi J = W(n+l) 
v o t e t h a t the lowest l e v e l o f the problem i s a t zero , and 

t h a t the ( n - L l f ^ l e v e l here i s equal t o the ri^ l e v e l of the V_ 

Problem . Also 

0 
Q - 0 
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U J 
rer tne sunersymrnetry transformations and no as c l a i m 

transform p a i r s o f eigenstates o f the two nrob.lems i n t o one 

another - s o l v i n g the s i n g l e problem allows us t o f i n d both 

the eigenvalues and the eigenstates o f hoth problems . 

Another p o i n t , f •?rst observed i n [ 1 3 j , i s i l l u s t r a t e d by 

t h i s model . He have said e a r 1 i e r t h a t the v 1 p a r t o f may 

be termed the .bosonic p a r t and the v" p a r t fermion i c . I t i s 

o f t e n s t a t e d t h a t i n unbroken suoe--"symmetric t h e o r i e s the 

bosonic and fe r m i o n i o determinants cancel - here the bosonic 

"determinant" i s given by \J^\jJ - i i j snd t^e f e r m i o n i c by ^(r"=r 

and c l e a r l y the two are equal . For t h i s problem there are no 

higher-order c o r r e c t i o n s t o t h i s and so t h i s c a n c e l l a t i o n a t 

tree-ieve" 1 remains exact t o a l l orders . 

'•fe do not consider t h i s problem f u r t h e r , out t u r n instead t o 

models which have higher powers i n the s u p e r o o t e n t i a l and hence 

are not e x a c t l y s o l u b l e . ̂ he next two cases are the simplest 

n o n - t r i v i a l examples of the generic cases , and most o f the 

r e s t o f t h i s chapter i s devoted t o t H e i r study . ,T1hev are 

,1.1.4a) v = -| Txf + f'q - broken 

.1.140) v = -Lg1* — -Mo2 - unbroken 
k z 

"'n both of which ri"7 0 w i t h M a r b i t r a r y 

a 1 ^o b r i e f l y consider v = -Tq^ a- r'q , fo--; reasons 

e'iplained l a t e r . 

The eor.resoondincT p o t e n t i a l s are 

,1.15a) v = {lcf+ y ) Z , and V = (La 2 f - 21 q 



2.1.15b) V. = ( L c p - v q f , and v = (Lq 3 - I-'qf - (3Lq*+M) b 

Both f a m i l i e s o f s u p e r p o t e n t l a l s have i n common the f a c t t h a t 

they have two a r b i t r a r y parameters ( one of which may he scaler 

out o f the c'aspica 1 theory ) , and the i n t e r p l a y between these 

gives r i s e t o a number o f i n t e r e s t i n g e f f e c t s . For various 

ranges o f the parameters one or both o f or have degenerate 

minima , g i v i n g r i s e t o f i n i t e a c t i o n { i n s t a n t o n ) s o l u t i o n s o f 

the T^iler-Lagranq^ c l a s s i c a l equations of motion , as shown l a t e r 

As mentioned e a r l i e r , we a l s o use other quantum-mechanical 

models from time t o time i n order t o e l u c i d a t e c e r t a i n features 

o f the methods used i n t h i s t h e s i s . Ry analogy w i t h (2.1.12) , 

these a l l have Hamiltonians o f the genera 1 form 

2.1.1fia) where 1) V(q) = (q - f r - the o c t i c o s c i l l a t o r 

( f % 0 ) , or 

2.1.16b) 2) V(q) = (q 1 - {p1) - the quar t i c o s c i l l a t o r 

( jAZ a r b i t r a r y ) . 

Reasons f o r the use o f these models are given a t the appropriate 

p o i n t i n the t e x t . 

Note t h a t there i s a ( not e s s e n t i a l ) d i f f e r e n c e between 

the supersymmetric models and the supplementary ones . ^he 

l a t t e r are p u r e l y bosonic models from the outset , whereas the 

former are p r o p e r l y models c o n t a i n i n g both bosonic and fermionic 

degrees o f freedom . However , by use o F the suoersymmetric 

s t r u c t u r e and a p a r t i c u l a r ( but canonical ) choice o f 

r e p r e s e n t a t i o n wo may reduce these t o e f f e c t i v e bosonic 

t h e o r i e s i n order t o compare r e s u l t s . No i n f o r m a t i o n i s l o s t 



i n so doing , as the f u l l spectrum o f the Hamiltonian i s 

i m p l i c i t i n the s i n g l e equation (2.1.12) and we can r e a d i l y 

pass from one formalism t o the other . Go , although we seem 

to have discarded the fe r m i o n i c degrees o f freedom , i t i s our 

b e l i e f t h a t i n doing t h i s the s t r u c t u r e and consequences o f 

suoersymmetry are more c l e a r l y revealed . 

The remainder o f t h i s chapter i s i n three p a r t s , i n which 

we consider a number o f various approaches , a l l o f which work 

d i r e c t l y w i t h the Hami.l t o n i a n or Schrodinger's equation i n one 

form or another , and so may be considered as f u l l quantum-

mechanical approaches . I n the next chapter v/e work from the 

a l t e r n a t i v e , Lagrangian p o i n t o f view , using s o l u t i o n s t o 

c l a s s i c a l equations o f motion t o b u i l d up a s e m i c l a s s i c a l 

p i c t u r e v i a i n s t a n t o n c a l c u l a t i o n s and g e n e r a l i s a t i o n s o f 

these . I t w i l l be seen t h a t although the Hamiltonian approaches 

can be expected t o r e f l e c t the p h y s i c a l s t r u c t u r e more c l o s e l y 

( or a t l e a s t more i n t u i t i v e l y ) , i t i s less easy t o see how 

they may be a pplied t o f i e l d - t h e o r e t i c c a l c u l a t i o n s i n which 

s e m i c l a s s i c a l c a l c u l a t i o n s using f u n c t i o n a l i n t e g r a l s p r e s e n t l y 

hold sway . 

As explained above , we w i l l concentrate always on e s t i m a t i n g 

the value o f E Q , the ground-state energy , as our measure o f 

supersymmetry breakdown . 

2.2 - Some e x i s t i n g methods o f e s t i m a t i n g E 

We consider three f a m i l i e s o f models i n t h i s s e c t i o n - the 



two supersynroetric cases given I n (2.1.14) and also the q u a r t i c 

o s c i l l a t o r o f (2.1.16) . F i r s t we d i s p l a y the v a r i o u s generic 

types o f the p o t e n t i a l s involved . 

a) broken supersvmmetric case . 

Recall t h a t the s u p e r p o t e n t i a l I s 

where we have defined yU c ^ j^H > Qi - L ^ 

So c l a s s i c a l l y we may scale L out o f the problem and are 

l e f t w i t h a s i n g l e f r e e parameter yU. • 

There are two generic forms o f the bosonic p o t e n t i a l 

according as jW i s p o s i t i v e or negative - see f i g . 2.1a . 

Customarily i t i s s a i d t h a t f o r jm>0 the theory i s broken 

o e r t u r b a t i v e l y ( since the minimum o f the o f the p o t e n t i a l 

i s s t r i c t l y p o s i t i v e ) , w h i l e f o r j^<0 i t i s broken by 

non-perturbative e f f e c t s such as instantons - i n another 

language i t might be said t h a t the t u n n e l i n g between the 

degenerate minima breaks the supersymmetry . Tn T38] the 

jU<0 case i s e x t e n s i v e l y t r e a t e d , and an estimate f o r E G 

i 

i s d erived using i n s t a n t o n techniques which we review i n 

s e c t i o n 3.1 . 

Tf we look a t the f u l l p o t e n t i a l 

2.2b) V+ - o-'*- i r " = {{d1^)2 -9.d) l/s 

leading t o the Schrodinger equation 

then we see t h a t i t too has two generic forms - see f i g . 

2.1b - however thev are separated a t U = - \ k- , i . e . the 

parameter-space i s p a r t i t i o n e d d i f f e r e n t l y . No s p e c i a l 
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behaviour i s observed, near jU = 0 . The double-wel I s t r u c t u r e 

o f i s remembered f o r Jd<JAc but not verv exact"1 y - i n 

f a c t as jyl ->> -c6 the w e l l s do not become degenerate Put diverge 

t o ± 06 . Note t h a t I . merely provides an o v e r a l l scale - i n 

f a c t i t sets the quantum-mechanical scale - and i n the 

f o l l o w i n g we f i x L = 0.3 f o r convenience ( the small value 

o f L makes the p e r t u r b a t i v e c a l c u l a t i o n s which f o l l o w easier 

and quicker t o converge ) . 

b) TTnbroken supersymmetric case . 

where now ^ - M / ^ Q_ - ^\. 

So 

which again has two generic forms according as yU i s p o s i t i v e 

or negative ( f i g . 2.2a) . Since the bottom o f the p o t e n t i a l 

i s always a t zero , i t would normally >~e said t h a t the model 

i s not broken p e r t u r b a t i v e l y - however f o r ̂ U>0 there are 

degenerate minima , hence instantons , and one i s l e d t o 

wonder why they do not break sunersymmetry here . This w i l l 

be considered more f u l l y l a t e r . 

^ot e also 

2.4b) % « ( ( d ^ / A f i ) 2 - Oa1-^) 
g i v i n g 

Vj_ has three generic forms ( f i g 2.2b) , v.'ith the d i v i s i o n s 

between them a t = £ \R- again a d i f f e r e n t p a r t i t i o n i n g o f 

the parameter-space . Again h i u s t sets the scale and t h i s 

time we f i x t, - 1 f o r convenience . 



c) Ouartic anharmonic o s c i l l a t o r . 

Here 

v- (<i*-aVf 
and so 

The two generic shapes o f V are as i n f i g . ?.la . 

Before c o n t i n u i n g we wish t o p o i n t out t h a t very l i t t l e o f 

the r e s t o f t h i s t h e s i s would e x i s t i n i t s present form w i t h o u t 

the work and help o f the operating s t a f f of the NUMA<~" computing 

network . S p e c i f i c references are not made i n the t e x t , as 

they would be too numerous [34} . 

We now e s t a b l i s h t o a reasonable degree o f accuracy the t r u e 

value o f E„in order t o assess the qi.iali.tv o f the v a r i o u s 

e s t i m a t i o n schemes - f o r quantum-mechanical models t h i s i s 

r e l a t i v e l y easy , though not , o f course , i n f i e l d t h e o r i e s . 

I t i s p a r t i c u l a r l y easy f o r case (b) - since the supersymmetry 

remains unbroken we know F, = 0 f o r a l l values o f the nararaeters 
o 

For case (c) we r e f e r t o [111 i n which the value o f F,Q as a 

f u n c t i o n o f jk. i s given t o r a t h e r more accuracy than we need . 

A p l o t of these r e s u l t s may be seen i n f i g . 2.3b . 

Case (a) remains . tipper and lower bounds on EQ were found, by 

a combination o f two methods - standard Rayleigh-^it?: methods 

f o r upper and an adaptation o f t h i s described i n [73 f o r lower 

.bounds . ^he p o t e n t i a l i s s p l i t i n t o two P a r t s , a q u a d r a t i c 

term and a p o s i t i v e semi.definite remainder . ^he truncated 

Kamiltonian ( o f standard harmonic o s c i l l a t o r form and. hence 

soluble ) c l e a r ! y has eigenvalues less than those o f the f u l 1 
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one , and the method o f [73 r e f i n e s values upwards from these 

lower values towards the t r u e ones , much as the Rayleigh-Ritz 

method r e f i n e s values downwards . The t r i a 1 basis s t a t e s were 

chosen t o be the cigenstat.es of the o s c i l l a t o r orordem , and by 

t a k i n g s u f f i c i e n t l y many o f these the .bounds may be made 

a r b i t r a r i l y t i g h t - we found t h a t t a k i n g the f i r s t 14 s t a t e s 

gave s u f f i c i e n t accuracy ( the lower bound accuracy improves 

more slowly ) . Results are shown i n f i g . ?.3a . I t w i l l be 

seen t h a t E Q increases smoothly and s t e a d i l y w i t h jk and a t no 

p o i n t i s there a sudden t r a n s i t i o n between d i f f e r e n t reg.imes . 

For comparison , we have estimated E 0 f o r case (a) v i a 

p e r t u r b a t i o n theory , by t a k i n g the unperturbed Hami 1 toni.an. 

t o c o n s i s t o f the k i n e t i c term plus the q u a d r a t i c p a r t o f v + 

and the p e r t u r b a t i o n t o be the r e s t o f v . This gives the 

oroblem 

( q'/E' are rescaled versions o f qr F. c 

We set ,t 

2,2.7) 

- I A , V 
Following F8J v/e o b t a i n recurrence r e l a t i o n s between the B,-:̂  

J 

and the A-- , and use these t o c a l c u l a t e any desired number o f 

terms i n the se r i e s f o r E Q - v/e used up t o i = j = 15 , 

k 105 . As noted i n [Pi the se r i e s f o r F 0 i s asymptotic ra t h e r 

than convergent , so the Fade method o f resumming v/as used t o 

e x t r a c t p h y s i c a l l y u s e f u l answers . ̂ he r e s u l t s are not shown 

g r a p h i c a l l y as they are not d i s t i n g u i s h a b l e from the exact bounds 

http://cigenstat.es
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shown i n f i g . 2.3a . This came as a s u r p r i s e as t h i s method was 

o n l y expected t o give reasonable answers i n the ji>0 region . 

Ho/ever i t proved t o g i v e h i g h l y accurate r e s u l t s f o r a l l 

values o f jx i n c 1 u d i n a regions where o o r t u r b a t i v e methods are 

g e n e r a l l y thought t o be o f " l i t t l e value „ This i s no doubt due 

t o the large number terms o f the o r i g i n a l s e r i e s a v a i l a b l e 

f o r resumming - these higher order terms can probe the long­

distance s t r u c t u r e n.F the p o t e n t i a l s u f f i c i e n t l y w e l l t o aldow 

for: the seoondarv minimum, . 

Another major way o f e s t i m a t i n g ground-state energies i s by 

some form, o f q u a d r a t i c approximation t o the p o t e n t i a l around 

i t s minimum q e - i . e . the t r a d i t i o n a l zero-point energy 

induced by quantum f l u c t u a t i o n s . The usua 1 way o f doing t h i s 

i s t o evaluate the curvature o f the p o t e n t i a l a t i t s minimum 

and then estimate F, by }• \ \/4" | ̂  . """hus higher-order terms i n 

the p o t e n t i a l are simply discarded . Results r o r the three 

cases are shown i n f i g . ?.4 compared ••?ith the t r u e values o f 

E . Fote the CUSPS i n f i g s . 2.4b and c where the nature o f the o 
g l o b a l minimum, changes as shown i n f i g s . 2.1b and l a . 

a) The estimate i s good f o r large p o s i t i v e jX. , but i t s 

accuracy decreases as jA decreases and becomes negative . 

Thus the expectation t h a t cases jyi>0 are broken p e r t u r b a t i v e l v 

does indeed, hold t r u e f o r l a r g e jk - however there i s a range 

o f small p o s i t i v e values o f jX f o r which some other 

mechanism must be operating . I n chapter 3 we f i n d a 

s i m i l a r r e s u l t , where the nonperturbative e f f e c t s which 

are supposed t o break sunersymmetry f o r JA< 0 o n l y r e a l l y 

•work f o r large negative u , w i t h a region near zero where 
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they f a i l . ^aken together , these r e s u l t s suggest t h a t the 

u s u a l l y sharply-drawn d i s t i n c t i o n between p e r t u r b a t i v e and 

nonperturbative e f f e c t s i s too simple - the t r u e breaking 

mechanism must be a b"1 end o f both , w i t h one or the other 

perhaps dominating i n c e r t a i n asymptotic regions . 

b) and c l I n both o f these cases the estimate i s good f o r 

both l a r g e p o s i t i v e and negative values o f the r e l e v a n t 

parameter , but poor i n the c e n t r a l region around zero . 

I n both cases i t i s p a r t i c u l a r l y bad a t the t r a n s i t i o n s 

between the various generic shapes o f V + a t which the 
u 

curvature V vanishes and we are l e f t w i t h j u s t the 

c l a s s i c a l c o n t r i b u t i o n . At such p o i n t s we are making 

no allowance f o r cnjantum-mechanical e f f e c t s , which are 

contained i n the discarded p a r t o f the p o t e n t i a l . 

We have t r i e d t o get round t h i s problem i n the f o l l o w i n g way -

the procedure i s analogous but not i d e n t i c a l t o t h a t described 

i n HfQ . For s i m p l i c i t y we o n l y discuss model (c) . Using the 

above method i s e q u i v a l e n t t o approximating the t r u e wave-
OJ 

f u n c t i o n v|/ by a Gaussian ij; , whose spread i s f i x e d s o l e l y by 

the curvature a t q 0 . Mow we r e t a i n the Gaussian shape , 
2.2.8, | „ e - » l v t . r / « 

but allow higher-order terms i n the p o t e n t i a l t o a f f e c t our 

choice o f A . The energy f u n c t i o n a l i s given by 

2.?.9) E [fa = < ! p , f l J > 

and i s e v i d e n t l y a f u n c t i o n o^ A ( as w e l l as ju1") . Ev a l u a t i o n 

o f the i n t e g r a l s i n (2.2.0) i s easy as thev are o f the form 

(power.Gaussian) , and gives the answer 

- i t w i l l be seen t h a t E(3 ) _-> oo as and oo . I n f a c t 
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E( A) has a s i n g l e minimum a t 3 say , which we choose i n our 

t r i a l . Results are shown i n f i g . 7.5a . 

This procedure replaces the o r i q i n a l ^ ( given hy j u s t the 

q u a d r a t i c or mass term ) by an e f f e c t i v e value i n c o r p o r a t i n g 

some o f the higher-order terms i n the p o t e n t i a l . The usual 

problem w i t h zero-point energy estimates i s t h a t they probe 

o n l y the short-range s t r u c t u r e round the minimum and so neglect 

a l l long-range e f f e c t s , and t h i s procedure i s an attempt t o 

redress t h i s . However , i t takes i n t o account only even-order 

terms i n the p o t e n t i a l as the odd powers vanish when i n t e g r a t e d . 
Tfe may take these odd powers i n t o account i n the f o l l o w i n g way -

instead o f (2.2.8) we f i t the f o l l o w i n g t r i a l wave-function -

.2.11) J eXp [ - A, (^.-^o) 1 l>lo 

^ ^ [ exp [-A Li-ioT/a] i < q.o 
- and now minimise the two energy f u n c t i o n a l s i n the two h a l f -

ranges over the parameters ^ 1 ) 2. Results are shown i n f i g . 2.5b . 

We have now taken n o t i c e o f the f a c t ( c l e a r l y v i s i b l e i n 

f i g . 2.1a ) t h a t the p o t e n t i a l i s less steep t o one side o f 

the minimum than the other . Results are s u r p r i s i n g l y good -

r e c a l l t h a t we have not e x p l i c i t l y taken i n t o account the f a c t 

t h a t there are two degenerate w e l l s f o r jji ?0° Figs. 2.5a and p 

are i d e n t i c a l f o r JA. <0 as the p o t e n t i a l i s symmetric here . 

I t i s our b e l i e f t h a t a l l o w i n g f o r t h i s asymmetry i s one o f the 

most imoortant m o d i f i c a t i o n s t o the o r d i n a r y Gaussian approach -

perhaps more important than a i l o w i n g f o r higher-order terms . 

I n s e c t i o n 2.T we s h a l l encounter s i m i l a r c o n s i d e r a t i o n s . 



2.3 - The mixed wave-function method 

The m o t i v a t i o n f o r t h i s method a r o j v i n the fol lowing wav -

we wis 1) t o dove Ion a raethcl of e s t i n a t i n q E e wtr'ch i n some way 

blends both p e r t u r b a t i v e and nonoerturbative e f f e c t s , i . e . both 

the short and long distance s t r u c t u r e o f the p o t e n t i a l . We 

a l s o want the method t o be usable f o r a l l values o f the various 

parameters i n the super-potential . A p r o p e r t y o f the Schrodinger 

p o t e n t i a l v which i s independent o f s p e c i f i c parameter values 

i s the number o f s t a t i o n a r y p o i n t s i t has i n the complex plane -

f o r the broken mode.ls o f (2.1.14a) there are three , w h i l e f o r 

the broken models o f (2.1.14b) there are f i v e . The l o c a t i o n s 

and character o f these saddles change as the parameters change , 

but the t o t a l number i s f i x e d s o l e l y by the asymptotic growth o f 

the s u P e r p o t e n t i a l , i . e . i t s leading power . So the method wil d 

use i n f o r m a t i o n from a l l these s t a t i o n a r y p o i n t s , both those on 

the r e a l a x i s and those i n the complex plane . 

Since we are p r e s e n t l y using a Hamilton!an framework we must 

now use t h i s i n f o r m a t i o n t o c o n s t r u c t wave-functions i n a 

systematic manner . We do t h i s by f i r s t n o t i n g t h a t around 

each saddle there e x i s t s a c h a r a c t e r i s t i c d i r e c t i o n along 

which the Hessian m a t r i x ( m a t r i x o f second d e r i v a t i v e s ) i s 

most p o s i t i v e , i . e . the p o t e n t i a l i s most a minimum . The only 

exception t o t h i s comes when the saddle i s degenerate , so the 

second d e r i v a t i v e s vanish - such cases lead t o s p e c i a l problems 

which w i l l tie d e a l t with l a t e r ( thev are analogous t o the 

cusps seen i n f i g s . 2.4b and c ) . Wave-functions around each 

saddle are then constructed by s o l v i n g i n some approximate way 

the associated S~hrodinger equation along t h i s c h a r a c t e r i s t i c 
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d i r e c t i o n . To then get a r e a l wave-function v/e then i f 

necessary p r o j e c t onto the r e a l a x i s . 

For- r i e f i n l t e n e s s we simmar1 se the procedure f o r case (a) -

see f i g . °.-a f o r the behaviour or- the s t a t i o n a r y p o i n t s as 

v a r i e s , and f i g . ?„6b and also appendix 7.7 t o e s t a b l i s h 

n o t a t i o n . 

1) Locate a l l s t a t i o n a r y p o i n t s i n the complex Diane ( here 

a t q o , q t ) . 

7) E s t a b l i s h the c h a r a c t e r i s t i c d i r e c t i o n a t each s t a t i o n a r y 

p o i n t . 

3) Construct wave-functions , i j ^ a t t h e i r r e spective 

l o c a t i o n s by some means ( see l a t e r ) . 

4) ^ 0 i s already read. - p r o j e c t ^ onto the r e a l a x i s t o get 

a s i n g l e r e p r e s e n t a t i v e (|> ( note t h a t q ± are complex 

conjugates so t h e i r e f f e c t s may be combined i n t h i s way ) . 

The wave-functions , ̂  may be obtained by a v a r i e t y o f 

methods . Perhaps the simplest i s t o choose them to be Gaussian 

humps , whose spread i s f i x e d by the curvature a t the s t a t i o n a r y 

p o i n t ( which matches qu a d r a t i c terms i n the approximate 

Schrodinger equation , as i n o r d i n a r y zero-point c a l c u l a t i o n s ) . 

Other methods t r i e d include r e f i n i n g t h i s bv m u l t i p l y i n g the 

Gaussian by a polynomial , where the c o e f f i c i e n t s are found by 

matching higher-order terms i n the equation , or else a l l o w i n g 

the various parameters t o vary i n an o p t i m i s a t i o n scheme . 

Further d e t a i l s may be found i n appendix 2.7. . 

ule. now c o n s t r u c t a f a m i l y of t r i a d wavp-functions bv tak i n g 

l i n e a r combinations 

.3.1) (J s l | t J i K + . cr> oC 

where 0 ^ <. 5 • As usual the energy f u n c t i o n a l 5 s 
x 
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2.3.7.) 

and we minimise t h i s over the f a m i l y (2.3.1) - m i n i m i s a t i o n may 

.be i u s t over the mixing angle °i , or we can allow some or a l l 

o f the wave-funotion parameters to "?rw as w e i 1 . 

The procedure blends p e r t u r b a t i v e and nonoerturbative e f f e c t s 

i n t h i s way . ^y expanding t r i a 1 wave-functions about j u s t the 

g l o b a l minimum q 0 ( which corresponds to f i x i n g oL- i n 

(2.3.1) i v;e are performing a p e r t u r b a t i v e expansion . On the 

o t t e r hand , since we include c o n t r i b u t i o n s from the other 

s t a t i o n a r y p o i n t s as w e l l , the procedure uses i n f o r m a t i o n 

about the long distance behaviour o f the p o t e n t i a l from an 

e a r l y stage - as we saw i n the l a s t s e c t i o n , resummed 

p e r t u r b a t i o n theory can do t h i s but o n l y when high-order terms 

can be c a l c u l a t e d . The method described here needs o n l y a few 

terms i n order t o get accurate answers . 

Results are shown i n f i g s . 2.7a,b . (a) shows the d i f f e r e n c e 

between f i x i n g and a l l o w i n g oi t o vary , when wave-functions x 

around s t a t i o n a r y p o i n t q s are chosen o f the form (j"t"Q.s(|t*iŝ )£ 

(b) shows the d i f f e r e n c e between f i x i n g A -a = 0 and using 

values given i n appendix 2.2 . We have also i n v e s t i g a t e d the 

improvement i f higher powers are included i n the expansions 

of ^0>ty± ' D u t - j t t l e d i f f e r e n c e can be seen . I n tx)th cases ^ 0 

and are c a l c u l a t e d as i n appendix 2.2 . 

Several p o i n t s may be noted . F i r s t l y , as hoped , there i s 

a general improvement i n the estimate by i n c l u d i n g c o n t r i b u t i o n s 
rrom the complex, saddler, and t h i s i.mPv:ovement i s best i n the 

middle ranqe o f values o f ju when n e i t h e r the zero-point 

estimate , nor ( as we s h a l 1 see l a t e r ) the Instanton methods 

of [381 give good answers . Secondly , as we might have expected 
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from f i g s . 2.^b and c , there i s a problem a t the c r i t i c a l value 

o f jji a t which the tvia saddles i n the complex plane merge and 

then separate a nong the real a x i s - a t such values the saddles 

are degenerate i n the sense explained above . I n s p e c t i o n o f the 

mixing angle c< shows t h a t i t i s equal t o " ^ / j here , so there 

i s no c o n t r i b u t i o n from the complex saddle and the method reduces 

t o an o r d i n a r y expansion around q 0 . C l e a r l y what i s needed i s 

a method analogous t o t h a t used l a s t s e c t i o n f o r r e p l a c i n g 

c a l c u l a t e d values o f a^s and V s by e f f e c t i v e values which 

take account o f higher powers i n the p o t e n t i a l . One way o f 

doing t h i s would be t o repeat the c a l c u l a t i o n s explained a t 

the end o f s e c t i o n (2.2) , but i n f a c t we simply allowed tine 

parameters t o vary i n the m i n i m i s a t i o n o f (2.3.2) j u s t as 

v a r i e s - so we are now o p t i m i s i n g i n a multi-dimensional 

parameter space . 

Results are shown i n f i g s . 2.8a,b . (a) shows the d i f f e r e n c e 

between c a l c u l a t e d and optimised values w i t h t r i a l wave-functions 

chosen as f o r f i g . 7.7a . (b) i s the e q u i v a l e n t o f f i g . 2.7b 

but again w i t h parameters optimised . i t w i l l be seen t h a t 

there i s an improvement over the e n t i r e l e n g t h of the curve 

compared t o f i g s . 2.7 , p a r t i c u l a r l y i n the p o s i t i v e ju, region . 

The problem encountered a t the degenerate s t a t i o n a r y p o i n t s has 

been overcome , as expected from s e c t i o n (2.2) . We have 

i n v e s t i g a t e d the e f f e c t o f i n c l u d i n g higher order terms i n the 

p e r t u r b a t i v e expansions , but again t h i s makes l i t t l e d i f f e r e n c e 

As may be seen from f i g . 2.Ob , i n the negative region i t i s 

the i n c l u s i o n o f l i n e a r c o r r e c t i o n s which i s Important - these 

a l l o w f o r asymmetry o f the p o t e n t i a l around i t s s t a t i o n a r y 

p o i n t s , which also turned out t o be a c r u c i a l , c o n s i d e r a t i o n 
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i n the Gaussian c a l c u 1 a t i o n s o f l a s t s e c t i o n . For a comparison 

of calculated and optimised parameter values , see appendix 2.2 

r,Je have repeated the e q u i v a l e n t c a l c u l a t i o n s i n various 

unbroken cases as well , using super-potentials w i t h leading 

power q u a r t i c . I n such cases there are f i v e s t a t i o n a r y p o i n t s 

and considerations o f symmetry mean t h a t we now have e i t h e r 

two or three wave f u n c t i o n s making up the l i n e a r combination (j> 

The procedure d i f f e r s o n l y i n d e t a i l from the above , so we 

simply present the r e s u l t s here i n f i g s . 2.9a,b and 2.10a,b . 

Fi g . 2.9 shows r e s u l t s f o r the sunerpotential. of (2.2.3) . 

(a) contains cases where the parameters are c a l c u l a t e d , 

comparing the i n c l u s i o n or oth.erwi.se o f l i n e a r corrections t o 

the wave-functions . (b) i s the same , but the parameters are 

optimised . For comparison , the curvature q u a d r a t i c estimate 

E i s also shown . 

Fi g . 2.10 shows the same p l o t s f o r s u p e r p o t e n t i a l s Us ^ 

again w i t h E^ f o r comparison . This case was considered becaus 

the l i n e a r term i n v means t h a t n e i t h e r nor V have any 

symmetry p r o p e r t i e s p e r m i t t i n g the use o f insta n t o n techniques 

thus the o n l y e x i s t i n g method o f c a l c u l a t i o n other than 

resummed p e r t u r b a t i o n theory would be the q u a d r a t i c estimates . 

As i n the broken case , considerable improvement i n the 

e s t i m a t i o n o f E i s achieved by using the mixed wave-function 

method - i n some cases up t o three orders o f magnitude b e t t e r 

than F^ . I n a n cases i t seems t h a t the m a j o r i t v of the 

improvement comes a t the step from, using j u s t Gaussian humps 

t o the m o l l i f i c a t i o n o f these t o a l l o w f o r asymmetry i n the 

potential - t h i s not o n l y confirms what was found l a s t s e c t i o n 

http://oth.erwi.se


w i t h quadratic estimates usinq only the g l o b a l minimum , but i s 

also p a r t i c u l a r l y convenient i n terms oc computer-time . We do 

not have t o perform large p e r t u r b a t i v e expansions around each 

s t a t i o n a r y o o i n t , but need only include a few terms i n order 

t o e x t r a c t the basic shape . The p i c t u r e s show c l e a r l y t h a t 

the gain i n accuracy obtained by using the i n f o r m a t i o n about 

the long-range behaviour o f the p o t e n t i a l given by s t a t i o n a r y 

p o i n t s other than the g l o b a l minimum i s s u b s t a n t i a l . 

F i n a l l y we have a p p l i e d the method t o the o c t i c problem o f 

(2.1.16a) . This was chosen because n e i t h e r the o r d i n a r y 

q u a d r a t i c nor i n s t a n t o n estimates are o f any use here . The 

p o t e n t i a l has been chosen t o have vanishing curvature round 

each minimum , so the o r d i n a r y q u a d r a t i c c o r r e c t i o n vanishes . 

Further , as explained i n [35^ , the o r d i n a r y s e m i c l a s s i c a l 

expansion around i n s t a n t o n s o l u t i o n s f a i l s . Tienee t h i s problem 

has been used as a testing-ground f o r v a r i o u s a l t e r n a t i v e 

approaches h311 . Our r e s u l t s are as f o l l o w s , compared w i t h 

the exact r e s u l t s . I n a l l cases parameters have been optimised 

r a t h e r than c a l c u l a t e d . I n t h i s problem t h e i r are only two 

( r e a l ) s t a t i o n a r y p o i n t s and the symmetry o f the problem also 

c o n s t r a i n s some o f the parameters . 

Exact Terms i n p e r t u r b a t i v e expansion 

r e s u l t Constant Const+linear Cons t+lin-s-quari r a t i o 

f* - 2 1.37 2.36 1.93 l.°3 

f 2 = 4 3.26 3.CA 3.35 3.31 



^gain r e s u l t s are good , and they also show another p o i n t o f 

i n t e r e s t . The r a t e o f convergence would he b e t t e r i f we input 

one more p h y s i c a l f a c t - the asymptotic r a t e o f growth o f the 

p o t e n t i a l , or e q u i v a l e n t 1 v the decay-rate of the wave--function 

!' T i t h our ansats , the wave-function can f a 1 ! o f f no more q u i c k l y 

than as exp(-k.x 2) , whereas a quick estimate shov/s here t h a t i t 

should f a l l o f f as exo(-k. I x| S) f o r large |x| . Perhaps using 

t h i s knowledge would i~>e advantageous . ™e have a l s o repeated 

the methods o u t l i n e d a t the end o f l a s t s e c t i o n f o r e f f e c t i v e 

q u a d r a t i c methods , and r e s u l t s are as f o l l o w s : 

The correspondence between these r e s u l t s and the f i r s t two 

columns o f the mixed wave-function method r e s u l t s i s s t r i k i n g . 

2.4 - Comparison and c r i t i c i s m 

We wish f i r s t t o repeat t h a t i t i s not y e t obvious how any 

scheme based on Hamiltonian techniques wi l d be a p p l i c a b l e i n 

f i e l d t h e o r i e s , where Tiagrangian f u n c t i o n a l methods are 

cus t o m a r i l y used . Some v.ork has been done on the use o f such an 

approach , p a r t i c u l a r l y when considering l a t t i c e approximations 

to continuum models ( e.g. r373 ) , but so f a K as we know r e s u l t , 

are not v e t conclusive . Pince , however , t h e i r use i n quantum 

mechanics i s i n t u i t i v e l y c l e a r e r , we have i n v e s t i g a t e d various 

approaches . 

/en and odd\ 1.95 7.3 Even bowers 

on l y newers 



For the spontaneously broken cases considered , we have seen 

t h a t the usual assumption t h a t there i s a neat d i v i s i o n between 

p e r t u r b a t i v e l y and n o n p e r t u r b a t i v e l y broken models i s not 

supported by p l o t s o f the actual value of E - such a s s e r t i o n s 

hold ondy i n asymptotic regions , and there i s a sizeable 

c e n t r a l region i n which a mixture o f both e f f e c t s must operate . 

I t has also become apparent t h a t ground-state energy i s not. 

a p a r t i c u l a r l y good q u a n t i t y t o look a t i f one i s unsure whether 

a given model i s unbroken or s l i g h t l y broken . Of necessity 

numerical methods g i v e approximate answers , and so can never 

y i e l d the exact answer zero . However , most methods which have 

been developed u n t i l now g i v e almost no i n f o r m a t i o n f o r cases 

which are broken , and numerical estimates o f E 0 can reveal the 

extent t o which a given model i s dynamically broken . 

A v a r i e t y o f Gaussian-type methods were i n v e s t i g a t e d . There 

are strong i n d i c a t i o n s t h a t g r e a t improvements over the usual 

method o f matching curvature may be gained simply by a l l o w i n g 

f o r asymmetry of-(jbe p o t e n t i a l about i t s minimum . Such asymmetry 

i s caused by cubic or higher odd powers , and. are t h e r e f o r e 

u s u a l l y neglected . Taking higher even powers i n t o account ( a 

simpler procedure ) can a l s o giv e good improvements .The under­

l y i n g theme i n a 1 1 these v a r i a t i o n s i s the replacement o f the 

simple curvature estimate by an e f f e c t i v e value i n c o r p o r a t i n g 

longer-distance e f f e c t s , j u s t as i n mean-field techniques . 

Ttie mixed wave-function method described l a s t s e c t i o n i s an 

a l t e r n a t i v e way o f i n c l u d i n g higher-order e f f e c t s , i n v o l v i n g 

use o f a l l s t a t i o n a r y o o i n t s o f the p o t e n t i a l i n the complex 

plane , not j u s t the g l o b a l minimum along the r e a l a x i s . We 

suspect t h a t there i s a connection between t h i s method and the 



use o f complex s o l u t i o n s o f the equations o f motion [ 6 ] ( i . e . 

s t a t i o n a r y p o i n t s o f the a c t i o n d e n s i t y i n complex space ) , 

out we have not been able t o f i n d any o x p l i c i t correspondence . 

D i r e c t comparison i s d i f f i c u l t because o f the inherent 

d i f f e r e n c e s between Hamiltonian r e a l - t i m e and la g r a n q i a n 

imaginary-time methods . The r e s u l t s f o r the o c t i c p o t e n t i a l 

i n d i c a t e t h a t t h e f g i s also a strong connection between t h i s 

method and the improved Gaussian methods described above , a t 

l e a s t when the mixed-wavefunction method has o n l y two basis 

f u n c t i o n s and a high degree o f symmetry . 

T'7e have also i n v e s t i g a t e d the e f f e c t o f s h i f t i n g the l o c a t i o n 

of the secondary wave-function ^ t o see whether the p o s i t i o n 

of the complex saddles does indeed g i v e a sensible guide t o 

t h i s . D i r e c t comparison o f r e s u l t s i s o f course d i f f i c u l t , 

because the s i z e o f s h i f t o f location, becomes another parameter 

t o be v a r i e d i n the o p t i m i s a t i o n process , so we cannot end up 

w i t h a. worse answer . However , i t i s o f i n t e r e s t t o see ha.-/ 

f a r the o r i g i n a l l o c a t i o n i s from the one which gives the 

smallest answer , and the e x t e n t o f v a r i a t i o n i n the answers . 

For basis wave-functions chosen as simple Gaussians f i g s . 

?..lla and b show the r e s u l t s f o r two values o f ju. . I n n e i t h e r 

case does the o r i g i n a l choice g i v e the smallest answer , 

although f o r jk-0 the two values are close . I n both cases 

the secondary minimum should be c l o s e r t o the primary one . I f 

we use basis wave-functions which include a 1 i n e a r c o r r e c t i o n 

then a s l i g h t " 1 v d i f f e r e n t p i c t u r e emerges . '"hese r e s u l t s are 

not shown because they are not i n s t r u c t i v e - a l 1 the values 

are very close t o the exact bounds , increasing only very 

s l o w l y towards the asymptotic values . Once again the l o c a t i o n 
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g i v i n g the minimum value i s s h i f t e r ! towards the primary 

l o c a t i o n , but t h i s time the o r i g i n a l choice i s i n both cases 

close t o the .best choice . ™e also n o t i c e t h a t the lowest value 

obtained by using l u s t Gaussians and s h i f t i n g the secondary 

l o c a t i o n i s v i r t u a l l y the same as the lowest value when l i n e a r 

c o r r e c t i o n s are included . ^hi.s i s an echo o f f i g . ?.8b - a b i g 

improvement i s gained by i n c l u d i n g l i n e a r c o r r e c t i o n s , w i t h 

very l i t t l e b e n e f i t from adding higher-power c o r r e c t i o n s . I t 

seems t h a t a l l o w i n g the l o c a t i o n o f the secondary minimum t o 

vary i n t h i s way i s equivalent t o i n c l u d i n g the next-higher power 

c o r r e c t i o n s t o the wave-functions ( and i s much cheaper i n terms 

o f computer-time ) . I n both cases the p r i n c i p a l wave-function 

i s given the o p p o r t u n i t y o f being asymmetric i n order t o match 

asymmetry i n the p o t e n t i a l . 

I n the next chapter we t u r n t o the other main approach t o 

est i m a t i n g q u a n t i t i e s i n quantum t h e o r i e s - Lagrangian methods 

using f u n c t i o n a l i n t e g r a l s t o quantise the theory . These 

methods are more e a s i l y t r a n s l a t e d i n t o f i e l d - t h e o r e t i c 

terminology , and we s h a l l p a r t i a l l y do t h i s i n chapter 4 . 



C h a n t e r 3 - Quantum-mechanical n o v e l s - L a g r a n g i a n Methods 

3.1. - Hem i c.la s s i ca 1 method u s i n g i n s t a n t o n s 

Q u a n t i s i n g a t h e o r y by t h e p a t h - i n t e g r a l a p p r o a c h was 

o r i g i n a l l y s u g g e s t e d by Feynman [ 2 5 ^ and has s i n c e become t h e 

s t a n d a r d f i e I d - t h e o r e t i c a p p r o a c h , d e s p i t e a m b i g u i t i e s o f 

p r o p e r d e f i n i t i o n . T t has s t r o n g c o n n e c t i o n s w i t h t h e use o f 

t h e p a r t i t i o n f u n c t i o n i n s t a t i s t i c a l m e c h a n i c s , and r a t h e r 

weaker l i n k s w i t h t h e ( r e s p e c t a b l y d e f i n e d ) t h e o r y o f 

Wiener and o t h e r s t o c h a s t i c p r o c e s s e s . 

The b a s i c o b j e c t i s t h e c r e n e r a t i n g f u n c t i o n 

where t h e i n t e g r a l i s o v e r a l l p a t h s x/k) s a t i s f y i n g t h e 

p r e s c r i b e d b o u n d a r y c o n d i t i o n s . S u b s c r i p t t\ i n d i c a t e s t h e 

use o f M i n k o w s k i space . N o t e t h a t i n o r d e r t o d e f i n e t h e 

n o r m a l i s a t i o n o f t h e measure c o r r e c t l y , e i t h e r some f o r m o f 

l i m i t i n g p r o c e d u r e must be used [ 4 ] o r e l s e an e n t i r e l y 

d i f f e r e n t c o n c e p t u a l f r a m e w o r k [ 2 2 ] . 

7, i s t h e g e n e r a t i n g f u n c t i o n a l f o r a l l t h e n ~ p o i n t f u n c t i o n s 

o f t h e t h e o r y . For p u r p o s e s o f c a l c u l a t i o n we a n a l y t i c a l l y 

c o n t i n u e t o E u c l i d e a n space -

1.2. l t - f W e - ^ W d t A 

For c o n v e n i e n c e we w i l l n o t h e n c e f o r t h d i s t i n g u i s h between 

F u c l i d e a n and HinkO'-'ski space q u a n t i t i e s , b u t w i l l work 

e x c l u s i v e l y i n the. f o r m e r . 

I t i s now assumed t h a t we may a p p l y t h e i n f i n i t e - d i m e n s i o n a l 

e q u i v a l e n t o f t h e s t a t i o n a r y - p h a s e a p p r o x i m a t i o n - t h e n t h e 



s t a t i o n a r y p o i n t s o f t h e i n t e g r a n d a r e assumed t o d o m i n a t e t h e 

i n t e g r a l so we need o n l y c a l c u l a t e f l u c t u a t i o n s i n t h e 

i m m e d i a t e v i c i n i t v o f t h e s e . T t i s r e a d i l y seen t h a t t h e s e 

s t a t i o n a r y f u n c t i o n s a r e p r e c i s e ? v t h o s e f u n c t i o n s x(fc) w h i c h 

a r e s o l u t i o n s o f t h e c l a s s i c a l ( E u l e r - L a g r a n g e ) e q u a t i o n s 

o f m o t i o n , where as b e f o r e we a l s o impose s u i t a b l e b o u n d a r y 

c o n d i t i o n s . Thus an e s s e n t i a l s t e p i s t o a s c e r t a i n a l l such 

s o l u t i o n s . 

I f o u r H a m i l t o n i a n i s o f t h e s t a n d a r d f o r m 

3.,.. 3 ) U . / J ' + V ( | ) 

- n o t e t h a t now we r e t a i n a l l d i m e n s i o n a l p a r a m e t e r s f o r 

p u r p o s e s e x p l a i n e d l a t e r - t h e n t h e E u c l i d e a n - s p a c e e q u a t i o n s 

o f m o t i o n a r e 

3.1.4) 

where t h e c o n s t a n t i s c h o s e n t o f i x t h e b o u n d a r y c o n d i t i o n s 

and i s u s u a l l y g i v e n by t h e minimum o f t h e p o t e n t i a l . We must 

now choose what o u r p o t e n t i a l i s t o be - n o r m a l l y t h i s i s 

s t r a i g h t f o r w a r d , b u t f o r s u p e r s y m m e t r i c quantum m e c h a n i c s we 

have two c h o i c e s - o r V + . ^he a u t h o r s o f [ 3 8 ] use as 

t h e y b e l i e v e t h i s t o be t h e more f u n d a m e n t a l , and i n 

c o n s e q u e n c e t h e i r i n s t a n t o n s o l u t i o n s r e p r e s e n t a t u n n e l i n g 

b etween two d e g e n e r a t e w e l l s t o g e t h e r w i t h a change o f f e r m i o n 

number - t h e i r p r o c e d u r e i s more c o m p l i c a t e d t h a n o u r s . We 

b e l i e v e t h a t t h e P u l l p o t e n t i a l r e t a i n s a l l o f t h e s u n e r -

s y m m e t r i c c h a r a c t e r o f t h e p r o b l e m , d e s p i t e t h e r e d u c t i o n t o 

an e f f e c t i v e boson i c t h e o r y , and a l s o makes t h e c a l c u l a t i o n s 

more t r a n s p a r e n t . 

For t h e b r o k e n case w i t h s u n e r o o t e n t i a l ( 2 . 1 . 1 4 a ) t h e r e i s i n 
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f a c t o n 1 y one c h o i c e . ^oc j U < 0 ( f i n . 2.\a) an i n s t a n t o n 

c a l c u l a t i o n can be performer'' u s i n g ( t h i s c a l c u l a t i o n i s 

g i v e n i n d e t a i l i n [ 3 R l ) , w h e r e a s no v p i u e o f p e r m i t s any 

such c a l c u l a t i o n u s i n g v , as t h e r e i s n e v e r any d e g e n e r a c y o f 

minima . We have o n l y one c r i t i c i s m o f t h e c a l c u l a t i o n s o f [3R~J 

- i t i s c l a i m e d t h e r e t h a t t h e i n s t a n f o n c o n t r i b u t i o n t o 
e" , / f e 

i s damped by a f a c t o r o f o r d e r ^ a n d hence i s c l e a r l y 

e x p o n e n t ! a l l y s m a l l and n o n p e r t u r n a t i v e i n o r i g i n . Fowever , 

a c a r e f u l d i m e n s i o n a l a n a l y s i s shows t h i s n o t t o be t h e c a s e 

- t h e damping f a c t o r i s i n f a c t o f o r d e r Q. and a l l 

d i m e n s i o n a l p a r a m e t e r s such as "t\ c a n c e l . T h i s w i l l be 

d e m o n s t r a t e d more c l e a r l y f o r t h e u n b r o k e n case s h o r t l y . 

The r e s u l t s o f [ 3 8 ] a r e shown i n f i g . 3.1 , compared w i t h t h e 

e x a c t bounds on E e . As e x p l a i n e d i n c h a p t e r 2 , t h e y a r e 

e x t r e m e l y good, f o r l a r g e n e g a t i v e yu. ( t h e a s y m p t o t i c n on-

p e r t u r b a t i v e r e g i o n ) b u t become p o o r n e a r jx = 0 . C l e a r l y t h i s 

c a l c u l a t i o n i s i m p o s s i b l e f o r jU^O b u t p r e s u m a b l y t h e a u t h o r s 

w o u l d c o n t i n u e t h e i r e s t i m a t e i n t h i s r e g i o n w i t h some f o r m o f 

p e r t u r b a t l v e c a l c u l a t i o n u s i n g . 

We now t u r n t o t h e u n b r o k e n c a s e s . We have n o t t r i e d t o 

r e p e a t t h e above method i n t h i s case - f o r jU >0 ( f i g . 2.2a ) 

t h e r e a r e two s o r t s o f i n s t a n t o n s t u n n e l i n g b etween t h e c e n t r a l 

minimum and one o r o t h e r o f t h e o u t e r ones . The a c t i o n o f any 

o f t h e s e i s 

3.1.5) S [ \ 1 = j f "t / / j 

- we w i l l comment on t h i s l a t e r . 

I f we use v + i n s t e a d o f t h e r e a r e j n s t a n t o n s o l u t i o n s f o r 

r — J ? r f o u n d by s o l v i ng 
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w h e r e v + = (fc 6 - 2^ ( f t l / ^ f i * ^ 3 \U = \/+ 

The s o l u t i o n o f t h i s i s 

where f o r JK = Q , V c ^ r L 

/ 3 - ' / a 

- c o r r e s p o n d i n g e x p r e s s i o n s f o r g e n e r a l y** may he f o u n d i n 

a p p e n d i x 3.1 . F i q . 3.2 shows p l o t s o f t h e s o l u t i o n s and t h e i r 

t i m e d e r i v a t i v e s f o r two v a l u e s o f J*. - n o t e t h e change o f 

shape f o r ̂ a>\)3 • To e a s i l y v i s u a l i s e t h e b e h a v i o u r o f 

E u c l i d e a n - t i m e s o l u t i o n s o f a p o t e n t i a l V , one may i m a g i n e 

t h e p a r t i c l e m o v i n g i n n o r m a l t i m e i n a p o t e n t i a l -V , 

i . e . m o v i n g i n t h e i n v e r t e d p o t e n t i a l ( see [173 f o r a 

d i s c u s s i o n o f t h i s ) . The a r b i t r a r i n e s s o f c h o i c e o f o r i g i n 

o f t i m e g i v e s r i s e t o a zero-mode i n a d e t e r m i n a n t a b o u t t o be 

c a l c u l a t e d , so h e n c e f o r t h we f i x tD-0 and use t h e Faddeev-

Popov method t o cope w i t h t h i s mode . 

The a c t i o n o f t h e s e s o l u t i o n s i s 

sfyl * City At 
1.7) ~ ^ ( V U ^ ^ ? + ̂ ] ? + 

\oc Urge. I 

N o t e t h a t = ^ V w i R . The f a c t t h a t S c o n t a i n s a p i e c e r i s i n g 

l i n e a r l y w i t h T r e f l e c t s t h e f a c t t h a t t h e b o t t o m o f t h e 

p o t e n t i a l i s n o t a t z e r o - i t i s t h e c l a s s i c a l v a l u e o f t h e 

g r o u n d e n e r g v . The s e m i c l a s s i c a l e s t i m a t e o f g r o u n d - s t a t e 

e n e r g y c o n t a i n s t h r e e t e r m s 

w h i c h a r e r e s p e c t i v e l y t h e c l a s s i c a l v a l u e , z e r o - p o i n t e n e r g y 

f r o m quantum f l u c t u a t i o n s , and t h e e n e r g y s p l i t t i n g due t o 



t u n n e l i n g . P u l l d e t a i l s o f t h e d e r i v a t i o n o f t h e s e t e r m s c a n 

be f o u n d i n a p p e n d i x 3.1 and h e r e we s i m p l y remark 

where K i s a f a c t o r c o n t a i n i n g f j r s t 1 y a n u m e r i c a l f a c t o r 

r e p r e s e n t i n g t h e amount o f o v e r l a p between two w a v e - f u n c t i o n s 

c e n t r e d i n each w e l l ( i . e . t h e e x t e n t t o w h i c h t h e w e l l s a r e 

s e p a r a t e ^ ) and s e c o n d l y t h e q u a n t u m - m e c h a n i c a l f l u c t u a t i o n s 

a b o u t o n e - i n s t a n t o n c o n f i g u r a t i o n s . O n l y s i n g l e i n s t a n t o n s a r 

used because , as e x p l a i n e d i n a p p e n d i x 3.1 , we have made use 

o f t h e s o - c a l l e d d i l u t e gas a p p r o x i m a t i o n . T h i s e s s e n t i a l l y 

assumes t h a t m u l t i - i n s t a n t o n q u a s i - s o l u t i o n s ( i . e . m u l t i p l e 

t r a v e r s a l s f r o m one w e l l t o t h e o t h e r ) can be t a k e n i n t o 

a c c o u n t by s u p e r p o s i n g a p p r o p r i a t e s i n g l e i n s t a n t o n s and a n t i -

i n s t a n t o n s - i n o t h e r w o r d s t h e l o c a t i o n s o f t h e c r o s s i n g s a r e 

w e 1 1 - s e p a r a t e d i n t i m e as compared t o t h e t i m e t a k e n t o c r o s s 

T h e r e a r e o t h e r o a l c u l a t i o n a l schemes w h i c h do n o t make t h i s 

a s s u m p t i o n , b u t t h e y t e n d t o be c o n s i d e r a b l y h a r d e r t o use . 

^he f l u c t u a t i o n p a r t o f A t may be e x p r e s s e d e s s e n t i a l l y as a 

r a t i o o f d e t e r m i n a n t s , w h i c h can be c a l c u l a t e d i n a number o f 

ways - so f o r example [111 and [111 g i v e two s u p e r f i c i a l l y 

d i f f e r e n t ways . As e x p l a i n e d i n [33 b o t h methods i n f a c t g i v e 

t h e same answer . F u r t h e r e x p l a n a t i o n may be f o u n d i n a p p e n d i x 

3.1 , t o g e t h e r w i t h some o f t h e s t e p s o f c a l c u l a t i o n i n v o l v e d 

The r e s u 11 i s nV--i / 

3.1.9) W / f c 

1 \ O - r 
3.1.10) 

ve mav now s u b s t i t u t e e x p l i c i t v a l u e s i n t o ( 3 . 1 . 8 ) f o r M-0 

g i v i n g P , W (1,) + ^.^ao[-iL(i^)l 
fat V ' M M J ^ f IL x i 

1* Ji 1<> 1 * >$? 
3.1.11) 
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T h i s s h o u l d be compared w i t h t h e e x a c t v a l u e ( z e r o ) and w i t h 

o t h e r e s t i m a t e s - i n p a r t i c u l a r n o t i c e t h a t t h e i n s t a n t o n 

c o r r e c t i o n has n o t i m p r o v e d t h e c u r v a t u r e e s t i m a t e 

3.1.1?.) E t » + ^ « 01Z 

i n m a g n i t u d e . I n f a c t a l l t h r e e t e r m s a r e c o m p a r a b l e i n 

m a g n i t u d e , w i t h t h e i n s t a n t o n c o n t r i b u t i o n n o t s u p p r e s s e d 

e i t h e r by p o w e r s o f o r e x p o n e n t i a l s o f — ' / j , , j u s t as i n 

t h e b r o k e n case . 

F i g . 3.3 shows t h e f u l l dependence o f E^ and E ^ o n jj^ - we 

have removed t h e o v e r a l l f a c t o r ^ ̂ /*\ w h i c h we now see as 

b e i n g p r e s e n t o n l y f o r d i m e n s i o n a l r e a s o n s . N o t e t h a t n o t h i n g 

s p e c i a l happens a t jLl= 0 and t h a t t h e r e s u l t s depend on i n 

a r e l a t i v e l y a r b i t r a r y way . T h e r e i s a v a l u e o f yU_ f o r w h i c h 

S., = 0 , b u t E. . v a r i e s r a p i d i v a r o u n d t h i s p o i n t and t h e r e 
•fat t*T 

seems n o t h i n g s p e c i a l a b o u t t h e v a l u e . N o t e t h a t a s y m p t o t i c a l l y 

f o r l a r g e p o s i t i v e « 
) 1 

(V 
V 

3.1.13) ^ . / 

Compare (3. 1 . 5 ) w i t h t h e c o r r e s p o n d i n g b e h a v i o u r i n ( 3 . 1 . 1 3 ) . 

T h i s i s a f u r t h e r r e a s o n why we have n o t a t t e m p t e d t o d u p l i c a t e 

t h e c a l c u l a t i o n s o f [ 3 8 ] - t h e r e a r e no i n d i c a t i o n s t h a t t h e 

r e s u l t s w i l l be any b e t t e r o v e r a l l t h a n t h e r e s u l t s f o u n d h e r e . 

The p o o r q u a l i t y o f t h e r e s u l t s d e r i v e d f r o m t h e s e m i c l a s s i c a l 

method came as s o m e t h i n g o f a s u r p r i s e , so we have o b t a i n e d t h e 

e q u i v a l e n t r e s u l t s f o r t h e quart5.c a n h a r m o n i c o s c i l l a t o r w i t h 

p o t e n t i a l as i n (2.5a) . These r e s u l t s a r e shown i n f i g . 3.4a 

( as g i v e n i n [ 2 7 J ) compared w i t h t h e t r u e v a l u e ( f r o m [ 1 1 ] ) 
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and t h e c o r r e s p o n d i n g E. . ^o a l l o w b e t t e r c o m p a r i s o n w i t h 

f i g . 3.3 , f i g . 3 .-1 b shows t h e same p l o t s b u t w i t h t h e t r u e 

v a l u e s u b t r a c t e d o u t ( t h i s i s e q u i v a l e n t t o a r r a n g i n q t h a t 

t h e t r u e v a h i e i s a l w a v s ^ e r o ) . I t s h o u l d be n o t e d t h a t i n 

t h i s case , j u s t as i n t h e u n b r o k e n s u p e r s y m r n e t r i c case , a l l 

d i m e n s i o n a l p a r a m e t e r s s c a l e o u t o f t h e p r o b l e m and t h e i n s t a n t o n 

c o r r e c t i o n i s o f t h e same o r d e r as t h e o t h e r e s t i m a t e s - a o p e n d i x 

3.2 c o n t a i n s a b r i e f d i s c u s s i o n o f t h e d i m e n s i o n a l b e h a v i o u r . 

we can c l e a r l y see f r o m f i g s . 3.3,4 t h a t t h e q u a l i t a t i v e 

b e h a v i o u r o f t h e s e m i c l a s s i c a 1 answer F^. i s e x a c t l y t h e same 

i n b o t h t h e u n b r o k e n s u n e r s y m m e t r i c and q u a r t i c o s c i l l a t o r 

c a s e s . T h i s a g a i n came as a s u r p r i s e , p a r t i c u l a r l y as t h e 

e s t i m a t e s a r e n o t v e r y good . 

Some comments c o n c e r n i n g t h e s e r e s u l t s a r e i n o r d e r . The 

w h o l e i n s t a n t o n c a l c u l a t i o n and i n p a r t i c u l a r t h e d i l u t e gas 

a p p r o x i m a t i o n a r e o n l y e x p e c t e d t o g i v e r e l i a b l e a n s w e r s i n 

t h e s o - c a l l e d w e a k - c o u p l i n g r e g i m e , w h i c h f o r t h e q u a r t i c c a s e 
2 

c o r r e s p o n d s t o l a r g e p o s i t i v e Â. . For t h e s u p e r s y m m e t r i c c ase 

i t i s l e s s c l e a r , because o f t h e way t h e c o e f f i c i e n t s i n t h e 

p o t e n t i a l a r e r e l a t e d . F o r t h e t i m e b e i n g we assume t h a t once 

a g a i n , weak c o u p l i n g means l a r g e v a l u e s o f jA . Thus , 

c o n t i n u a t i o n o f t h e r e s u l t s down t o jK~ 0 i s e q u i v a l e n t t o 

g o i n g f r o m a weak t o a s t r o n g c o u p l i n g r e g i m e , and i t c o u l d be 

a r g u e d t h a t a p p T y i n g t h e s e t e c h n i q u e s i n s u c h a s i t u a t i o n i s 

wrong . 

However , we f e e l t h a t t h e r e s u l t s a r e s i g n i f i c a n t f o r t h e 

f o l l o w i n g r e a s o n s . F o r a g e n e r a l t h e o r y i t i s n o t n o r m a l l v 

p o s s i b l e t o p r e d i c t i n advance where s t r o n g and weak c o u p l i n g 
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r e g i o n s may be e x p e c t e d t o l i e as t h i s depends on t h e d e t a i l e d 

i n t e r p l a y between p a r a m e t e r s i n t h e t h e o r y - t h e p r e c i s e n a t u r e 

o f b o u n d a r y c o n d i t i o n s chosen can a l s o c o n f u s e t h i s . I n such a 

s i t u a t i o n one w o u V i n p r a c t i s e use a c a 1 c u l a t i o n a . l scheme s u c h 

as t h i s i n t h e hope t h a t t h e a n s w e r s o b t a i n e d w o u l d be 

i n d i c a t i v e o f t h e c o r r e c t v a l u e . T t i s t h e r e f o r e o f i n t e r e s t 

t o a s s e s s how a c c u r a t e i n s t a n t o n c a l c u l a t i o n s a r e o v e r t h e 

e n t i r e r a n g e o f v a r i a t i o n o f p a r a m e t e r s . S e c o n d l y , t h e r e i s 

a g r e a t i n t e r e s t a t p r e s e n t i n t h e o r i e s a t t e m p t i n g t o d e s c r i b e 

p a r t i c l e s w h i c h c l a s s i c a l l y have z e r o mass and a c q u i r e a s m a l l 

mass t h r o u g h q uantum f l u c t u a t i o n s - t h e a n a l o g y i n b o t h c a s e s 

h e r e i s f o r t h e d i m e n s i o n l e s s p a r a m e t e r t o have a v a l u e i n a 

r e g i o n where t h e i n s t a n t o n answer i s a t i t s l e a s t a c c u r a t e . 

The t h i r d p o i n t i s c l o s e l y r e l a t e d „ i n o r d i n a r y m o d e l s we a r e 

a c c u s t o m e d t o b e i n g a b l e t o t u n e masses and c o u p l i n g c o n s t a n t s 

i n d e p e n d e n t l y and so , f o r example , c o n s i d e r t h e o r i e s w h i c h 

a r e a r r a n g e d t o d i s p l a y w e a k l y - c o u p l e d m a s s i v e p a r t i c l e s . I n 

s u p e r s y m m e t r i c m o d e l s t h i s i s no l o n g e r p o s s i b l e , as we saw 

above - because o f t h e h i g h l y c o n s t r a i n e d s t r u c t u r e o f t h e 

L a g r a n g i a n , masses and c o u p l i n g c o n s t a n t s become i n e x t r i c a b l y 

bound t o g e t h e r , and i n d e p e n d e n t t u n i n g becomes d i f f i c u l t o r 

i m p o s s i b l e . I l e n c e we may be f o r c e d t o work i n a r e g i o n o f 

p a r a m e t e r - s p a c e where we c a n n o t be s u r e t h a t out: a p p r o x i m a t i o n s 

a r e v a l i d . Ue t h e r e f o r e seek some r e f i n e m e n t o f t h e n o r m a l 

p r o c e d u r e w h i c h p r o d u c e s more r e l i a b l e a n swers o v e r t h e w h o l e 

B e f o r e commenting f u r t h e r on t h e s e r e s u l t s , we w i s h t o m e n t i o n 

one p o i n t . The p a r t o f t h e f a c t o r K i n ( 3 . 1 . 9 ) ( and i t s 

e q u i v a l e n t i n t h e q u a r t i c case ) r e p r e s e n t i n g f l u c t u a t i o n s 

r a n g e o f i n s h o r t one t h a t i s more r o b u s t 



a b o u t i n s t a n t o n s t u r n s o u t t o have q u i t e a s i m p l e p h y s i c a l 

i n t e r p r e t a t i o n - i t i s p r e c i s e l y t h e c u r v a t u r e o f t h e p o t e n t i a l 

a b o u t i t s m?' m'.mun , o r ecru i v a l e n t l y t h e s q u a r e o f t h e a s y m p t o t i c 

( e x p o n e n t i a l ) a p p r o a c h r a t e o f t h e i n n t a n t o n t o i t s l i m i t i n g 

v a l u e . We w i " 1 ! r e t u r n t o t h i s p o i n t i n t h e n e x t s e c t i o n . 

vie b e l i e v e t h e f o i l . o w i n g t o be t h e r e a s o n v/hy t h e above s e m i -

c l a s s i c a l methods a r e n o t good . ^ e m i c l a s s i c a l t e c h n i q u e s a t t e m p t 

t o g i v e a h a l f w a y s t a g e b e t w e e n t h e c l a s s i c a l answer E M ; ^ a n d 

t h e f u l l q u a n t u m - m e c h a n i c a l answer g i v e n i n t e r m s o f a p a t h -

i n t e g r a l w h i c h c a n n o t i n g e n e r a l be computed „ To t h i s end , 

s o l u t i o n s o f t h e e q u a t i o n s o f m o t i o n a r e t a k e n and G a u s s i a n 

f l u c t u a t i o n s a r o u n d t h e s e c a l c u l a t e d . Thus q u a n t u m - m e c h a n i c a l 

e f f e c t s e n t e r o n l y t h r o u g h t h e s e s m a l l f l u c t u a t i o n s ( and o f 

c o u r s e i n h a v i n g a p a t h - i n t e g r a l r e p r e s e n t a t i o n i n t h e f i r s t 

p l a c e ) , and t h e c h o i c e o f p a t h and b o u n d a r y c o n d i t i o n s a r e 

e n t i r e l y c l a s s i c a l i n o r i g i n . Take f o r example t h e b o u n d a r y 

c o n d i t i o n s - t h e s e r e q u i r e t h e p a r t i c l e t o be a s y m p t o t i c a l l y 

a t one o r o t h e r o f t h e d e g e n e r a t e m i n i m a o f t h e p o t e n t i a l , and 

s i m u l t a n e o u s l y ( i f we a r e t o use t h e i n s t a n t o n s o l u t i o n ) t o 

have z e r o momentum . We b e l i e v e t h a t t h i s r e q u i r e m e n t o f e x a c t 

l o c a l i s a b i l i t y s h o u l d be r e l a x e d , t o a c o n d i t i o n more a p p r o p r i a t e 

t o t h e q u a n t u m - m e c h a n i c a l a s p e c t s o f t h e p r o b l e m . The p r e c i s e 

n a t u r e o f t h i s r e l a x a t i o n may be seen i n a number o f ways . 

C o m p u t a t i o n a l l y t h e e a s i e s t i s t o a l l o w f o r a s p r e a d o f v a l u e s 

p o s i t i o n ( momentum ) a r o u n d t h e b o t t o m o f t h e w e l l ( z e r o 11 -

t h i s c o u l d be done t o a f i r s t a p p r o x i m a t i o n by u s i n g t h e 

c u r v a t u r e - G a u s s i a n w a v e - f u n c t i o n and i t s F o u r i e r t r a n s f o r m . A 

r e f i n e d a p p r o x i m a t i o n w o u l d use t h e e f f e c t i v e v a l u e o f t h i s 



"masp" p a r a m e t e r o b t a i n e d f r o m ( 2 . 2 . 1 0 ) o r s i m i l a r methods . 

C o n c e p t u a l l y we can v i e w t h e p r o c e d u r e i n t h e f o l l o w i n g way -

a r e f i vincf hhp v a l u e o f t h e ( 'Rue'1 i d e a n ) e n e r g y o f t h e 

t r a i e e t o r y a t t i n e s + 't1 by r ecu 7' r i nq t h e p a r t i c l e t o have z e r o 

momentum a t t h e t o p o f t h e hump . Q u a n t u m - m e c h a n i c a l l y t h e r e 

w i l l be an u n c e r t a i n t y i n t h e t i m e a t w h i c h we measure , and 

c o r r e s p o n d i n g l y , a s p r e a d i n t h e v a l u e o f t h e c o n j u g a t e 

p a r a m e t e r , e n e r g y . Of t h e s e , t h e s p r e a d i n t h e v a l u e o f T 

becomes u n i m p o r t a n t f o r l a r g e T s i n c e t h e p a r t i c l e spends most 

o f i t s t i m e n e a r one o r o t h e r w e l l as o p p osed t o t u n n e l l i n g , 

b u t t h e s p r e a d i n e n e r g y has a g r e a t e r e f f e c t , as we s h a l l see 

l a t e r . An a l t e r n a t i v e c o n c e p t u a l a i d i s t h a t as t h e w e l l s g e t 

c l o s e r and t h u s more s t r o n g l y c o u p l e d , t h e ( u s u a l ) e x p a n s i o n 

o f t h e p a t h - i n t e g r a l i n t e r m s o f a b a s i s o f p o s i t i o n e i g e n s t a t e s 

becomes u n r e l i a b l e c o m p u t a t i o n a l l y ( w h i l e s t i l l b e i n g e x a c t i n 

an a b s t r a c t sense ) s i n c e i n t h i s r e g i o n t h e r e i s a l m o s t a 

d e g e n e r a c y o f manv n e i g h b o u r i n g p o s i t i o n e i g e n s t a t e s . Thus we 

do b e t t e r i n t h i s r e g i o n t o c hoose a d i f f e r e n t b a s i s , more 

s u i t e d t o n u m e r i c a l c a l c u l a t i o n s - s u c h a b a s i s may be p r o v i d e d 

by t h e harmon.ic-osc i l l a t o r - t y p e b a s i s s t a t e s m e n t i o n e d above . 

However we c hoose t o r e g a r d t h i s p r o c e d u r e , t h e p r a c t i c a l 

e f f e c t i s t h e same . T h i s r e l a x a t i o n o f t h e b o u n d a r y c o n d i t i o n s 

means t h a t s o l u t i o n s o f ( 3 . 1 . 4 ) o t h e r t h a n t h e i n s t a n t o n become 

i m p o r t a n t . T h e r e a r e two f a m i l i e s , d e p e n d i n g on w h e t h e r t h e 

c o n s t a n t i n ( 3 . 1 . 4 ) i s g r e a t e r o r l e s s t h a n t h e minimum o f t h e 

p o t e n t i a l . T h i s c o n s t a n t , £ say , i s t h e E u c l i d e a n - s p a c e 

e q u i v a l e n t o f t h e e n e r g y - as u s u a 1 we c o n s i d e r t h e m o t i o n o f 

t h e p a r t i c l e i n t h e i n v e r t e d p o t e n t i a l and f i g . 3.5a shows 

t h e v a r i o u s p o s s i b i l i t i e s a l l o w e d . 
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E x o . l i . c i t f o r m u l a e f o r t h e s e n o n - i n s t a n t o n s o l u t i o n s a r e 

Qua a r t i c o s c i l l a t o r , V = ~ a fO 

i ) o s c i l l a t o r ^ s o l u t i o n s , ~ I M ^ 2 < O 
4 7 ^ 2 

3 . 1 . 1A a) <£g fe) « °< <™ Wt j i/- J 7? , W2= £/+\/-7 , V1- ^ 

i i ) d i r e c t s o l u t i o n s , 0 < £ 

- t h e i n s t a n t o n s o l u t i o n i s t h e b o r d e r l i n e case w i t h £ = 0 , 

g i v e n by * J~jP AaX Jfg* t 

sn , cn , dn a r e e l l i p t i c f u n c t i o n s w i t h p a r a m e t e r k - see 

[ 5 ] f o r p r o p e r t i e s . 

U n b r o k e n s u p e r s y m m e t r i c case , V = V + = C£ — 

- we c o n s i d e r o n l y t h e jiA-0 case as t h e g e n e r a l c a se 

i s s i m i l a r b u t more c o m p l i c a t e d . 

i ) o s c i l l a t o r y s o l u t i o n s , 0 ^ £ 2 

i i ) d i r e c t s o l u t i o n s , 

- a g a i n t h e i n s t a n t o n i s t h e b o r d e r l i n e c a se , h e r e 

w i t h £r 2 . 

F i g u r e 3.5b shows t h e q u a l i t a t i v e n a t u r e o f t h e two f a m i l i e s 

o f s o l u t i o n s . As m e n t i o n e d e a r l i e r , s p e c i f i c a t i o n o f t h e 

e n e r g y p a r a m e t e r £ may be used t o u n i q u e l y d e t e r m i n e a 

s o l u t i o n i n t h e s e f a m i l i e s , p r o v i d e d t h a t we r e q u i r e t h a t t h e 
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p a r t i c l e g e n e r a l l y moves f r o m l e f t t o r i g h t . T h e r e a r e o t h e r 

s o l u t i o n s c o r r e s p o n d i n g t o m o t i o n , say , f r o m t h e l e f t - h a n d 

hump o f f t o w a r d s n e g a t i v e i n f i n i t y , b u t we do n o t c o n s i d e r 

t h e s e . The i n s t a n t o n i s g i v e n by a s p e c i f i c v a l u e o f £ , 

and ad l o w i n g f o r a s p r e a d i n £ means t h a t we must i n c l u d e 

o t h e r members o f t h e f a m i l y . The use o f t h e s e s o l u t i o n s i n an 

e x t e n d e d sem i c l a s s i.ca 1 c a l c u l a t i o n v 7 i . l l now be d e v e l o p e d . 

3.2 - Phase-space s e m i c l a s s i c a l method 

I n t h i s s e c t i o n we work e n t i r e l y w i t h t h e q u a r t i c o s c i l l a t o r 

so as t o g e t a f e e l f o r t h e method . I n a d d i t i o n t h e c a l c u l a t i o n s 

t a k e s u b s t a n t i a l l y l o n g e r w i t h t h e s u p e r s y m m e t r i c p r o b l e m 

( s i n c e t h e f u n c t i o n a l f o r m o f t h e s o l u t i o n s i s much more 

c o m p l i c a t e d ) and we have n o t had. t i m e t o t h o r o u g h l y i n v e s t i g a t e 

t h i s case . 

The c o n s t i t u e n t p a r t s o f t h e a p p r o a c h a r e f i r s t l y t h a t t h e 

b o u n d a r y c o n d i t i o n s s h o u l d be r e l a x e d f r o m t h e s t r i c t c l a s s i c a l 

ones t o a l l o w f o r u n c e r t a i n t y , and s e c o n d l y t h a t c l a s s i c a l 

s o l u t i o n s o t h e r t h a n t h e i n s t a n t o n may t h e n be used . A l t h o u g h 

we have seen t h a t t h e r e a r e s e v e r a l ways o f v i s u a l i s i n g t h e 

method , t h e e a s i e s t f r o m t h e p o i n t o f v i e w o f c a l c u l a t i o n seems 

t o be t o work w i t h G a u s s i a n s p r e a d s i n p o s i t i o n and momentum . 

I n a c c o r d a n c e w i t h t h e u s u a l c a l c u l a t i o n , we work i n s i d e a 

f i n i t e box ( i . e . a f i n i t e t i m e - i n t e r v a l [-T,T3 ) i n o r d e r t o 

cope w i t h t h e sero-mod.e . We o r o p o s e t o use t h e f o i l o w i n g f a m i l y 

o f s o l u t i o n s -

3.2.1) 

O < T2 < t < T 

T < t < T l < 0 

T l <T b < Tl 
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where q £ ( t ) i s any o f t h e n o n - i n s t a n t o n s o l u t i o n s o f (3.1 . 1 4 a ) . 

^hus t h e n o r m a l c a l c u l a t i o n uses t h e s i n g l e member o f t h i s f a m i l y 

with-TUT2=T and £ - 0 * F i g . 3„^ shows t h e f o r m o f t h i s c h o i c e 

o f q" . N o t e t h a t q i s a l w a v s a s o l u t i o n o f t h e e q u a t i o n s o f 

m o t i o n and so an e x t r e m e p o i n t o f t h e e q u a t i o n s o f m o t i o n . 

T h e r e a r e two " j u m p s " i n t h e s o 1 u t i o n a t r f 1 l , T 2 i n a c c o r d a n c e 

w i t h t h e r e l a x e d b o u n d a r y c o n d i t i o n s - t h e s e a r e p r e s e n t p u r e l y 

t o g i v e a d e f i n i t e f u n c t i o n a l f o r m f o r q t o i n s e r t i n t o t h e 

f u n c t i o n a l i n t e g r a l , and r e f l e c t t h e m i x t u r e o f c l a s s i c a l and 

quantum i d e a s h e r e . The e s s e n t i a l c o n t e n t o f t h e s o l u t i o n i s 

t h a t t h e m i d d l e s e c t i o n does n o t s t a r t and f i n i s h a t t h e m i n i m a 

o f V , b u t o n l y n e a r them , where n e a r n e s s i s measured by t h e 

u n c e r t a i n t y i n p o s i t i o n and momentum . The p a r t i c l e s h o u l d be 

i m a g i n e d d u r i n g t h e f i r s t and l a s t t i m e - i n t e r v a l s n o t as r e s i d i n g 

a t t h e s e minima , b u t a r o u n d them , and w i t h t h i s p i c t u r e t h e 

s o l u t i o n has no d i s c o n t i n u i t i e s . I n a f u l l q u a ntum a p p r o a c h 

o n l y t h e c o m p l e t e a m p l i t u d e i s i m p o r t a n t , and o u r s e l e c t i o n o f 

a p a r t i c u l a r p a t h o r f a m i l y o f p a t h s i s o n l y a t o o l t o a i d 

c a l c u l a t i o n o f t h i s a m p l i t u d e . 

We may i s o l a t e t h e s p e c i f i c c l a s s i c a l and quantum e l e m e n t s i n 

t h e scheme as f o l l o w s . C l a s s i c a l i d e a s e n t e r i n t h a t 

1) we choose r e p r e s e n t a t i v e p a t h s w h i c h a r e p i e c e w i s e s o l u t i o n s 

o f t h e c l a s s i c a l e q u a t i o n s o f m o t i o n , and 

2) we assume t h a t f o r a p a r t i c u l a r n a t h we may work w i t h 

d e f i n i t e v a l u e s o f p o s i t i o n and momentum i n o r d e r t o 

c a l c u l a t e t h e a s s o c i a t e d a m p l i t u d e . 

The s i g n i f i c a n c e o f t h e second p o i n t i s u n c l e a r , as we w i l l 

i n t e g r a t e t h e v a r i o u s c o n t r i b u t i o n s o v e r t h e w h o l e o f p h a s e -

space anyway , and so c o n c e p t u a l l y need o n l y t h i n k o f t a k i n g 



r e p r e s e n t a t i v e v a l u e s o f q and p f r o m a s m a l l b u t f i n i t e r e g i o n 

o f p h a s e - s p a c e i n a c c o r d a n c e w i t h t h e u n c e r t a i n t y p r i n c i p l e . 

A 1 s o t h e a s s u m p t i o n i s i m p l i c i t l y made i n t h e s t a n d a r d s e m i -

c l a s s i c a l a p p r o a c h anyway . 

Q u a n t u m - m e c h a n i c a l i d e a s e n t e r i n t h a t 

1) we c a l c u l a t e G a u s s i a n f l u c t u a t i o n s a r o u n d t h e c l a s s i c a l 

p a t h s as b e f o r e , and 

2) t h e f a m i l y o f a l l o w e d p a t h s i s e x t e n d e d because o f t h e 

s p r e a d o f v a l u e s i n t h e e n e r g y p a r a m e t e r , g i v e n by 

u n c e r t a i n t y . 

^hus q u a n t u m - m e c h a n i c a l a s p e c t s o f t h e p r o b l e m a r e i n c o r p o r a t e d , 

h e r e t o a g r e a t e r e x t e n t t h a n w i t h t h e u s u a l method . 

To i n t e g r a t e o v e r t h i s f a m i l y o f p a t h s we must f i r s t d e f i n e a 

measure , w h i c h we t a k e t o be g i v e n by t h e s p r e a d o f t h e wave-

f u n c t i o n i n p h a s e - s p a c e . I f we t e m p o r a r i l y r e g a r d t h e w e l l s as 

s e p a r a t e and c o n s t r u c t t r i a l G a u s s i a n w a v e - f u n c t i o n s i n each 

w e l l a c c o r d i n g t o t h e u s u a l c u r v a t u r e method , t h e n we may 

r e i n t e r p r e t t h e jumps i n (3.2.1) as b e i n g p r o b a b i l i t i e s o f t h e 

p a r t i c l e b e i n g a t t h a t p a r t i c u l a r p o i n t o f p h a s e - s p a c e , g i v e n 

t h e s e t r i a l w a v e - f u n c t i o n s i n p o s i t i o n and momentum space . 

Thus we have two i n t e g r a l s o v e r p h a s e - s p a c e , c o r r e s p o n d i n g t o 

t h e jumps a t T l and T2 . T l and T2 a r e g i v e n i m p l i c i t l y by t h e 

v a l u e s o f t h e jumps t o g e t h e r w i t h t h e r e q u i r e m e n t t h a t a t t = 0 , 

q = 0 . T h i s w o u l d seem t o g i v e a 4 - d i m e n s i o n a l i n t e g r a l t o 

p e r f o r m , b u t t h e r e i s a c o n s t r a i n t t h a t t h e v a l u e o f £ s h o u l d 

be c o n s t a n t i n [ f l ,^7.1 - f r o m t h e e q u a t i o n o f m o t i o n we see t h a t 

3.2.2) ?,*- = t = tf-[r±-<£f 
where q 4 ' p , a ) a r e t h e jumps i n p o s i t i o n ( momentum ) a t 

T1,T2 . vie use t h i s t o f i x t h e v a l u e o f p_ . 
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I f we c a l l t h e v a l u e o f t h e c o r r e c t i o n due t o t h e s o l u t i o n 

( 3 . 2 . 1 ) K ( T l , T ' 2 ; f ) , t h e n t h e f u l l c a l c u l a t i o n we w i s h t o do i s 

3.2.3) f<^p»p.Ptcp^ K(n,T2i«) P.T>.(«i.,n)Sfjf-p*-(*-if) ,+tf-ff/) 
A t ~ 

^he r e g i o n o f q, - p, p h a s e - s p a c e o v e r w h i c h t h e i n t e g r a l s a r e 

t o be p e r f o r m e d i s shown i n f i g . 3.7 - f o r q 2 and p t h e shape 

i s a n a l o g o u s . C a l c u l a t i o n o f K f o r a g i v e n s o l u t i o n p r o c e e d s 

i n f a c t e x a c t l y t h e same as f o r t h e o r d i n a r y c a l c u l a t i o n -

d e t a i l s a r e g i v e n i n a p p e n d i x 3.3 - e x c e p t t h a t u s u a l l y now t h e 

i n t e g r a l s c a n n o t be done a n a l y t i c a l l y and we must r e s o r t t o 

n u m e r i c a l methods . N o t e t h a t f o r t h i s c a l c u l a t i o n we r e t a i n 

use o f t h e d i l u t e gas a p p r o x i m a t i o n , r a t h e r t h a n d i s c a r d i n g 

i t and a t t e m p t i n g t o use a d i f f e r e n t scheme , as we f e e l t h a t 

a l l o w i n g s o l u t i o n s o t h e r t h a n t h e . I n s t a n t o n i s a more i m p o r t a n t 

p h y s i c a l e f f e c t t o i n c l u d e . F u r t h e r m o r e i t i s shown i n [ 6 J t h a t 

t h e i n c l u s i o n o f q u a s i - s o l u t i o n s o f t h e e q u a t i o n s o f m o t i o n i s 

e q u i v a l e n t t o t h e c o m p l e x s a d d l e - p o i n t method , w h i c h g i v e s 

good, r e s u l t s i n s i t u a t i o n s i n w h i c h t h e d i l u t e gas a p p r o x i m a t i o n 

i s known t o f a i l . A l t h o u g h t h e s o l u t i o n s we use a r e n o t w h a t 

i s meant by q u a s i - s o l u t i o n s i n t h e s e r e f e r e n c e s , we b e l i e v e 

i t p o s s i b l e t h a t t h e same e f f e c t i s b e i n g p r o b e d - t h e a n s w e r s 

o b t a i n e d w i l l p r o v i d e some j u s t i f i c a t i o n f o r t h i s v i e w p o i n t . 

The w e i g h t i n g f a c t o r s a r e g i v e n bv 

3. 7. A,
 P^.?.Wxp[-'gVj?)*- ??Afr%1 

ho compi e i"e anqwpr i g i v e n as h e f o r e r>v t h r e e t e r m s 

where h e r e E • = 0 an f l E i s t h e u°.ua1 a u ? / , r a t i c t e r m ( as i n 

( 3 . 1 . 8 ) ) . 
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Resu 1 t p a r e shown i n * i q . 3. 8a and a r e seen t o .be more r e 1 . iaM.v 

a c c u r a t e t h a n t h e o r d i p a r " c a l c u l a t i o n , t h o u q h s t i l l t w no 

' 3 . . '1 ̂  «-'h * r?h oo t t o r r e f l e c t th° t r u o shades wnu i r 1 invor ove 

r e s u l t s f u r t h e r , b u t have n o t had t i m e t o check t h i s . N o t i c e 

t h a t t h e r e a s o n Tor t h e f a i l u r e o f b o t h t h e o r d i n a r y i n s t a n t o n 

c a 1 e o l a t i o n an r 1 t h i « e x t e n d e d method t o q i v e good answers n e a r 

^=0 i s t h e o o o r q u a l i t y o f t h e q u a d r a t i c t e r m " h e r e . F i g . 3.3b 

shows r e s u l t s i f i n s t e a d o f we use t h e r e f i n e d v e r s i o n 

c a l c u l a t e d i n s e c t i o n 2.2 and d i s p l a y e d i n f i g . 2.5a . T h i s has 

most e f f e c t n e a r jjf^O and t h e r e s u l t s a r e v e r y e n c o u r a g i n g -

b o t h t h e u s u a l answer and t h e new one a r e i m p r o v e d , b u t t h e 

f u l l p h a s e - s p a c e c a l c u l a t i o n s t o a much g r e a t e r e x t e n t . T t i s 

p l a u s i b l e t h a t t h e r e m a i n i n g d i s c r e p a n c i e s a r e due t o t h e 

n e g l e c t e d , h i g h e r - o r d e r t e r m s i n t h e e v a l u a t i o n o f K , P, , and 

P 2, r a t h e r t h a n s h o w i n g t h e need f o r a n o t h e r new c a l c u l a t i o n a l 

method . 

We have p e r f o r m e d t h e same c a l c u l a t i o n f o r t h e u n b r o k e n s u p e r -

s y m m e t r i c case w i t h jk-0 - as e x p l a i n e d above t h e r e has n o t been 

t i m e t o r e p e a t i t i n t h e g e n e r a l case . C l e a r l y t h e w o r k i n g i s 

no d i f f e r e n t i n e s s e n c e f r o m t h e above s i t u a t i o n , a l t h o u g h 

t h e r e a r e many d i f f e r e n c e s i n d e t a i l . R e c a l l t h a t t h e u s u a l 

c a l c u l a t i o n gave ( n e g l e c t i n g o v e r a l l s c a l e s ) 

3.2.6) A b » l - S l — > = - l + x f T - i - S ' l ^ - 0 - 1 - 8 

The f u l l p h a s e - s p a c e i n t e g r a l answer i s 

3.^.7) - > ^ ^ 0-05" 

- e v i d e n t l y a s u b s t a n t i a l i m p r o v e m e n t . 



r je w i s h t o make t h e f o l l o w i n g p o i n t c l e a r . I t has been t h o u g h t 

t h a t o n l y t h e i n s t a n t o n s o l u t i o n neerl be used because 1) i t i s 

easv t o c a l c u l a t e , 2) t h e a c t i o n o f t h e i n?? t a n t o n i s t h e l e a s t 

v a l u e o f a c t i o n o f a l " 1 p a t h s s a t i s f y i n g t h e o o u n d a r v c o n d i t i o n s , 

and 3) i t i s c o n t i n u o u s e v e r y w h e r e . A n o t h e r r e a s o n w i l l be 

d i s c u s s e d n e x t c h a p t e r . The f i r s t n o i n t i s i n d u b i t a b l e , t h o u g h 

one r e l i c o f t h e s i m p l i c i t y o f t h e i n s t a n t o n c a l c u l a t i o n does 

p e r s i s t i n t h e f u l l p h a s e - s p a c e c a l c u l a t i o n - we w i l l t u r n t o 

t h i s n e x t s e c t i o n . The second p o i n t i s p a r t i a l l y t r u e i n t h a t 

c o n s i s t s o f two p a r t s - t h e a c t i o n ( f o r w h i c h t h e c l a i m i s 

t r u e ) and t h e r a t i o o f d e t e r m i n a n t s ( f o r w h i c h i t i s n o t ) . 

Thus t h e i n s t a n t o n need n o t g i v e t h e d o m i n a n t p i e c e i n A t , 

and by t h e t i m e we have a v e r a g e d o v e r p h a s e - s p a c e i t i s f a r 

f r o m c l e a r where we e x p e c t t h e m a j o r c o n t r i b u t i o n t o o r i g i n a t e . 

The f i n a l p o i n t i s n o t , we b e l i e v e , an i m p o r t a n t one . T h i s 

i s p a r t l y because t h e i d e a o f a s i n g l e c o n t i n u o u s p a t h f o l l o w e d 

by t h e p a r t i c l e i s a c l a s s i c a l one , and may be i n a p p r o p r i a t e 

h e r e , and p a r t l y a l s o because o f t h e f o l l o w i n g . When d e f i n i n g 

t h e p a t h - i n t e g r a l bv d i s c r e t i s i n g t h e t i m e - i n t e r v a l , p a t h s 

w h i c h a r e o n l y p i e c e w i s e smooth a r e c o n s i d e r e d ( e.g. p i e c e w i s e 

l i n e a r i n p o s i t i o n and c o n s t a n t i n momentum , o r some s i m i l a r 

p r e s c r i p t i o n ) and o n l y i n some l i m i t does one a r r i v e a t 

c o m o l e t e l . v smooth p a t h s . Here we have s p l i t t h e i n t e r v a l i n t o 

t h r e e s u b - i n t e r v a l s and t a k e n p a t h s w h i c h a r e p i e c e w i s e s o l u t i o n s 

o f t h e e q u a t i o n s o f m o t i o n . P r e s u m a b l y t h e e q u i v a l e n t o f t h e 

above p r o c e s s w o u l d be t o t a k e more and more s u b d i v i s i o n s o f 

t h e main i n t e r v a l , w i t h a "jump" ( and t h u s a c o n s t r a i n e d 

p h a s e - s p a c e i n t e g r a l ) a t each d i v i s i o n . T h i s w o u l d e n t a i l -

p r o g r e s s i v e l y h i g h e r - d i m e n s i o n a l i n t e g r a l s and w o u l d r a p i d l y 
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become i m p r a c t i c a l c o m p u t a t i o n a l l y . F o r t u n a t e l y t h e r e s u l t s -

seem t o i n d i c a t e t h a t ve do n o t need t o do t h i s „ 

As t h e c l o s i n g p a r t o f t h i s c h a p t e r we w i s h t o r e o o r t a r a t h e r 

c u r i o u s f a c t w h i c h emerged f r o m t h e c a l c u l a t i o n s . I n t e r m s 

b o t h o f c o m p u t i n g and a n a l y t i c work , i t i s much b e t t e r n o t t o 

have t o c a 1 c u l a t e t h e p a r t o f Z)£ w h i c h comes f r o m t h e r a t i o 

o f d e t e r m i n a n t s ( see comments a f t e r ( 3 . 1 . 9 ) ) . T h i s w o u l d be 

even more t h e case i n f i e l d t h e o r y where t h e r e i s a l o n g ­

s t a n d i n g c o n t r o v e r s y c o n c e r n i n g t h i s c a l c u l a t i o n [ l o l . F o r 

t h e u s u a l i n s t a n t o n c a l c u l a t i o n i t was f o u n d t h a t th^.re was a 

p h y s i c a l i n t e r p r e t a t i o n f o r t h i s r a t i o , and n u m e r i c a l l y i t 

s u p p l i e s a f a c t o r o f . F o r a g i v e n member o f t h e f a m i l y 

o f s o l u t i o n s i n ( 3 . 2 . 1 ) t h i s i s no l o n g e r t r u e . However h a v i n g 

i n t e g r a t e d o v e r a l l s uch s o l u t i o n s t h i s p a t t e r n i s r e c o v e r e d : 

R a t i o o f d e t e r m i n a n t s 

i n c l u d e d o m i t t e d c o l . 2 / 2yw1 

0.5 0.29 0.3 2 0.29 

1.0 0.5 0 0.3 3 0.25 

2.0 0.5 7 0.17 0.14 

3.0 0.34 0.077 0.0 57 

4.0 0.16 0.022 0.020 

5.0 0.050 0.0051 0.0050 

S i m i l a r l y t h e u n b r o k e n s u p e r s y m m e t r i c case w i t h jU-0 g i v e s 

( i n c l u d e d ) ( o m i t t e d ) ( i n c ) / 6 

0.5R 0.010 0.011 
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T7e f e e l t h a t t h e r e must be some u n d e r l y i n g p h y s i c a l r e a s o n 

f o r t h i s r e s i s t and i f t h i s were p r o p e r l y u n d e r s t o o d , s i m i l a r 

c a l c u 1 a t i o n s i n f i e l d t h e o r v won 1 ̂  be made much e a s i e r . Tn 

t e r m s o f t h e c o n s t r u c t ? on o f snoen'l l i ; 3.3 , t h e o m i s s i o n o f 

t h i s r a t i o seems t o c o r r e s p o n d t o u s i n g a s o l u t i o n w h i c h a t t = 0 

jumps d i r e c t l v f r o m one w e l l t o t h e o t h e r r a t h e r t h a n s m o o t h l y 

m a k i n g t h i s t r a n s i t i o n . 

We have seen t h a t t h i s e x t e n d e d semi c l a s s i c a l c a l c u l a t i o n , 

i n w h i c h more o f t h e q u a n t u m - m e c h a n i c a l n a t u r e o f t h e s y s t e m 

i s t a k e n i n t o a c c o u n t , p r o v i d e s a nswers w h i c h a r e c o n s i d e r a b l y 

more r e l i a b l e t h a n t h e o r i g i n a l v e r s i o n . The r e s u l t s a r e even 

b e t t e r i f t h e o r i g i n a l q u a d r a t i c e s t i m a t e o f t h e z e r o - p o i n t 

e n e r g y i s r e p l a c e d by an e f f e c t i v e v a l u e as d e r i v e d i n s e c t i o n 

2.2 . I f we r e g a r d t h e o r i g i n a l s e m i c 1 a s s i c a l method as a weak-

c o u p l i n g a p p r o x i m a t i o n ( l a r g e ) , t h e n t h i s e x t e n d e d method , 
2. 

when used w i t h an e f f e c t i v e q u a d r a t i c e s t i m a t e f o r n e g a t i v e , 

may be seen as an a t t e m o t t o f i n d a s t r o n g - c o u p l i n g a p p r o x i m a t i o n 

w h i l e s t i l l r e t a i n i n g t h e d i l u t e gas a p p r o x i m a t i o n , w h i c h i s 

e a s y t o use . From t h i s p o i n t o f v i e w , t h e r e s u l t s shown i n 

f i g . 3.8b a r e v e r y p r o m i s i n g . ^ h e r e a r e d r a w b a c k s t o t h e 

method . F i r s t l y one needs a much g r e a t e r k n o w l e d g e o f t h e 

s o l u t i o n s o f t h e e q u a t i o n s o f m o t i o n , a l t h o u g h i n t h e n e x t 

s e c t i o n i n w h i c h we t u r n t o CP model f i e l d t h e o r i e s , we 

s h a l l see t h a t t h i s k n o w l e d g e i s a l r e a d y a v a i l a b l e , a t l e a s t 

i n c e r t a i n c a s e s . S e c o n d l y i t r e q u i r e s t h e use o f a c o m p u t e r , 

as v e r y few o f t h e i n t e r m e d i a t e i n t e g r a l s can be p e r f o r m e d 

a n a l y t i c a l l y . Tn v i e w o f t h e g r e a t e r p h y s i c a l and n u m e r i c a l 

a c c u r a c y o f t h e c a 1 d i l a t i o n s , we f e e l t h a t t h e s e a r e n o t 
Serious 9roUeKS . 
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C h a p t e r 4 - CP Model F i e l d T h e o r i e s 

4.1 - C l a s s i c a l p r o p e r t i e s o f nencra"! C13 s o l u t i o n s 

The work i n t h i s c h a n t e r i s based on [\1 , a l t h o u g h a t t h e 

t i m e o f w r i t i n g t h a t t h e p o s s i b l e s i g n i f i c a n c e o f t h e s o l u t i o n s 

was n o t known . m h e models c o n s i d e r e d h e r e a r e n o t s u p e r -

s v m m e t r i c { a l t h o u g h s u p e r s y m m e t r i c v e r s i o n s o f t h e CP° 

mod e l s do e x i s t [20"] ) , s i n c e we w i s h o n l y t o i l l u s t r a t e t h a t 

a s e m i - c l a s s i c a l c a l c u l a t i o n i n c o r p o r a t i n g g e n e r a l ( non-

i n s t a n t o n ) s o l u t i o n s i s p o s s i b l e h e r e i n d i r e c t a n a l o g y w i t h 

t h a t o f t h e p r e v i o u s c h a p t e r . 

CP*1 ' f i e l d t h e o r i e s [191] a r e mod e l s i n two s p a c e - t i m e 

d i m e n s i o n s , d e f i n e d by a L a g r a n g i a n d e n s i t y 

A 
- . . .... W /. ^ 

where z i s an n-component c o m p l e x v e c t o r s a t i s f y i n g z.z ~ 1 

'-*> £ - k t y * t , l > - - , ft. = s + V 

The model has l o c a l U( and g l o b a l SU n gauge i n v a r i a n c e s , 

r e p r e s e n t e d by m u l t i p l i c a t i o n o f z by a phase and p r e -

m u l t i p l i c a t i o n by an SUft nxn m a t r i x . S u b s c r i p t y U r u n s o v e r 

L o r e n t z i n d i c e s 1,2 . As i n c h a p t e r 3 we s h a l l work i n 

E u c l i d e a n space , and t o t h i s end d e f i n e a u x i l i a r y v a r i a b l e s 

4.1.2 * , . • rv \ 

One can a l s o d e f i n e a t o p o l o g i c a l c h a r g e d e n s i t y 

where as usual, t h e t o t a l c h a r g e 0 -U^f l ld t f tc t a k e s i n t e g e r 

v a l u e s and t h u s p a r t i t i o n s f i e l d c o n f i g u r a t i o n s i n t o d i s j o i n t 

c l a s s e s . T'hese m o d e l s have been e x t e n s i v e l y s t u d i e d because 

t h e y d i s p i a v v e r y s i m i l a r p r o p e r t i e s t o Y a n g - M i I I s models i n 



11 

f o u r d i m e n s i o n s , w h i l e b e i n g much s i m p l e r . 

As e x p l a i n e d i n [ i j , a v a r i e t y o f s o l u t i o n s o f t h e c l a s s i c a l 

e q u a t i o n s o f m o t i o n ha^e been f o u n d among w h i c h a r e i n s t a n t o n 

s o l u t i o n s . One o f t h e c o n c l u s i o n s o f [ I j was t h a t f o r CP one 

c o u l d f i n d a f a m i l y o f n e i g h b o u r i n g s o l u t i o n s j o i n i n g s m o o t h l y 

t o an a r b i t r a r y i n s t a n t o n i n any c h a r g e s e c t o r . 

For g e n e r a l c h a r g e i n g e n e r a l cp f t s u c h f a m i l i e s have n o t y e t 

been f o u n d , so t h a t some i n s t a n t o n s o l u t i o n s appear i s o l a t e d 

a t p r e s e n t - we c o n j e c t u r e t h a t t h e y a r e n o t i n f a c t i s o l a t e d , 

and t h a t t h e r e q u i r e d f a m i l i e s have s i m p l y n o t y e t been f o u n d . 

For t h i s r e a s o n we c o n c e n t r a t e h e r e on CP* , a l t h o u g h i n t h e 

c h a r g e one s e c t o r t h i s i s n o t n e c e s s a r y . 

For CP1 one may p a r a m e t r i s e t h e c h a r g e q ( > 0 ) i n s t a n t o n 

s o l u t i o n s by [243 

/^(«±rfi|\ fal are cmiiki caisfcwfc, 
2 . M U - ^ - V I S 8 ;, * real tofe, 

- f o r n e g a t i v e c h a r g e ( a n t i - i n s t a n t o n s ) r e p l a c e x + by x_ . 

For an i n s t a n t o n o f c h a r g e q t h e a c t i o n i s %. |q| , and i t c a n 

be shown t h a t a l l c o n t i n u o u s f i e l d c o n f i g u r a t i o n s o f c h a r g e q 

have a c t i o n s t r i c t l y g r e a t e r t h a n t h i s . B o t h a c t i o n and c h a r g e 

d e n s i t y a r e s t r o n g l y l o c a l i s e d a r o u n d t h e p o i n t s ) 
J J 

v r i t h s p r e a d o f o r d e r i l ^ - f l - ; ~ t h e s e a r e r e f e r r e d t o as t h e 

l o c a t i o n and s c a l e - s i z e o f t h e i n s t a n t o n . 

To d e t e r m i n e i n s t a n t o n s o l u t i o n s i t i s o n l y n e c e s s a r y t o 

c o n s i d e r t h e s e l f - d u a l i t y ( o r a n t i - s e l f - d u a l i t y ) e q u a t i o n s 

D z = 0 , w h i c h a r e f i r s t o r d e r i n d e r i v a t i v e s , and i t 

i s r e a d i l y seen t h a t t h e s e e q u a t i o n s have no o t h e r s o l u t i o n s 

( up t o r e p a r a m e t r i s a t i o n ) . I n o r d e r t o f i n d o t h e r s o l u t i o n s 

such as t h o s e d i s c u s s e d i n c h a p t e r 3 we must t u r n t o t h e f u l l 



e a u a t i o n s o f tnotion d e r i v e d from the Lagrangian (4.1..I) , 

which are second order and hence much harder t o s o l v e . The 

issue i s f u r t h e r c o m p l i c a t e d by the gauge i n v a r i a n c e s o f the 

t h e o r y as some s o l u t i o n s which a t f i r s t s i g h t seem t o be new , 

prove on c l o s e r i n s p e c t i o n t o be g a u g e - e q u i v a l e n t t o e a r l i e r 

ones . H i s t o r i c a l l y the f i r s t non-.instant.on s o l u t i o n t o be 

found was the meron [283 ; 

\ p \, I / V I'-' -T " J 

T h i s depends on the s i n g l e f u n c t i o n $ ( t + ^ • Tn o r d e r t o f i n d 

s o l u t i o n s which j o i n smoothly between the i n s t a n t o n and. meron 

s o l u t i o n s we must i n c l u d e some dependence on a second f u n c t i o n 

such t h a t 
,2 

Such a f u n c t i o n i s g i v e n by 
3 

t - M £ ( £ 2 ) l 
and the r e q u i r e d f a m i l i e s o f s o l u t i o n s are 

J I + V m . (p' 6, 
1.5 b) 2: * r j I . v 

^ 2 M i - k - m c p 
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and 

1.6c) 

where sn i s an e l l i p t i c f u n c t i o n w i t h parameter k , 0 4 k ̂  i . , [5 } 

I t may be shown t h a t as k—»1 , both f a m i l i e s o f s o l u t i o n s merge 

smoothly onto the i n s t a n t o n s o l u t i o n o f (4.1.4) . A l s o , as k->0 

Doth f a m i l i e s tend t o the meron s o l u t i o n above . A l l o f these 

http://non-.instant.on


~}5 

s o l u t i o n s have charqe q , as e x p l a i n e d l a t e r . By changing x + 

t o x_ v/e may o b t a i n s o l u t i o n s o f n e g a t i v e charge . 

I n E u c l i d e a n space , a l l o f these s o l u t i o n s exceot t he 

i n s t a n t o n have i n f i n i t e a c t i o n - t h i s i s due t o the v o r t e x - i ": ke 
i 

b e haviour around the p o i n t s A- and not because the s o l u t i o n s 
J 

are any l e s s l o c a l i s e d than the i n s t a n t o n . However , f o r t h i s 

reason they have o f t e n been t h o u g h t not t o p l a y a r o l e i n the 

t h e o r y . 

The l a t e r p a r t o f t h i s c h a p t e r w i l l use these s o l u t i o n s t o 
develop t he f i r s t stages o f an extended s e m i c . l a s s i c a l c a l c u l a t i o n 

1 
f o r the CP model , as was done f o r quantum-mechanical problems 

l a s t c h a p t e r . Refore doing t h a t , however , we wish t o d e s c r i b e 

v a r i o u s f e a t u r e s o f the above s o l u t i o n s , viewed a t the p u r e l y 

c l a s s i c a l l e v e l . F u r t h e r d e t a i l s o f t h i s work may be found 

i n [1} . 

F i r s t l y we can ask whether these s o l u t i o n s exhaust the 

p o s s i b l e s o l u t i o n s o f the e q u a t i o n s o f motion . At f i r s t s i g h t 

t h i s seems not t o be the case - i f we p a r a m e t r i s e f i e l d 

c o n f i g u r a t i o n s by 

4.1.7a) 2 = N [ , ) 

then the e q u a t i o n s o f mo t i o n are 
4.i .7D> 3 ( U o • \{%r\. r M 11 file 

The f i r s t i s s a t i s f i e d by choosing r = r (cp) where g<^zdd~ y(^^9 = 0. 
i 2 

Then i f a l s o \ ) ^ \ and v/e s e t r = t a n s , the second becomes 
s" = - s i n 4s , which c l e a r l y has e l l i p t i c s o l u t i o n s . At 

f 
f i r s t s i g h t our s o l u t i o n s appear not t o depend on enough 

a r b i t r a r y c o n s t a n t s o f i n t e g r a t i o n ( the o n l y m a n i f e s t one 

being k ) . 



However , some o f the a r b i t r a r i n e s s cor resoonr's o n l y t o c h o i c e 

o f o r i q i n - we c o u l d have w r i t t e n sn (<p-cpo) w i t h <^)Q a r b i t r a r y -

and some i s absorbed bv the u gauge - v?e c o u l d have w r i t t e n 
MO-So) r\ 

d w t h fc) a r b i t r a r y • However , t h e r e i s one parameter 

which we have f i x e d t o be zero - i t seems t o be l i n k e d w i t h t h e 

c h o i c e o f ( g l o b a l ) gauge and i s t h e r e f o r e u n i m p o r t a n t . 

C e r t a i n l y f o r the meron case i t may be e x p l i c i t l y shown t h a t 

t h e parameter i s not a genuine degree o f freedom . Tn a d d i t i o n 

the g e n e r a l arguments o f r 2 GJ , based on the p r o p e r t i e s o f 

harmonic maps , i n d i c a t e t h a t these s o l u t i o n s are e x h a u s t i v e , 

a t l e a s t i n the charge one s e c t o r . We t h e r e f o r e f e e l j u s t i f i e d 

i n assuming t h a t the f a m i l y o f s o l u t i o n s i n (4.1.6) i s complete 

Next we t u r n t o the q u e s t i o n o f charge d i s t r i b u t i o n . As 

e x p l a i n e d e a r l i e r the s i n g l e i n s t a n t o n s o l u t i o n e x h i b i t s a 

c l o u d of charge d e n s i t y v / i t h a w e l l - d e f i n e d o r i e n t a t i o n i n 

parameter-space , symmetric i n p o s i t i o n - s p a c e , and v a n i s h i n g 

r a p i d l y away from i t s c e n t r e . H u l t i - i n s t a n t o n s are s i m i l a r , 

but v/ith several, c e n t r e s and hence a more c o m p l i c a t e d s t r u c t u r e 

As we reduce the v a l u e o f k from one , two p o i n t sources o f 

charge each o f i n t e n s i t y £ appear a t l o c a t i o n s a* - the d i f f u s e 

c l o u d of charge i s a l s o p r e s e n t , but because o f the p e r i o d i c i t y 

o f the e l l i p t i c f u n c t i o n s i t c a r r i e s zero t o t a l charge - thus 

t h e t o t a l charge o f t h e c o n f i g u r a t i o n i s conserved . Once again 

the p i c t u r e f o r h i g h e r charges i s q u a l i t a t i v e l y t h e same . 

As k—>0 the c l o u d vanishes and f o r the meron we are l e f t w i t h 

j u s t the two p o i n t sources . The r e l a t i o n s h i p between meron 

( a f u n c t i o n o f x + w i t h charge +1 ) and a n t i - m e r o n ( a f u n c t i o n 

o f x_ w i t h charge -.1 ) i s u n c l e a r . The two s o l u t i o n s are 

f o r m a l l y U g a u g e - e q u i v a l e n t , but the necessary t r a n s f o r m a t i o n 
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i s s i n g u l a r a t the p o i n t s a , and t h i s causes the apparent 

a m b i g u i t y i n the s i g n o f the charge . We regard t h e two s o l u t i o n s 

as being e s s e n t i a l l y d i f f e r e n t s i n c e e l l i p t i c ( k ^ 0 ) 

s o l u t i o n s a r b i t r a r i l y c l o s e on e i t h e r s i d e cannot be mapped i n t o 

one another by t h i s method . Another a r t i f a c t o f an i n v a r i a n c e , 

t h i s time the c o n f o r n a l i n v a r i a n c e , has g i v e n r i s e t o the id e a 

t h a t merons ( and by e x t e n s i o n , the e l l i p t i c s o l u t i o n s ) can 

e x i s t as i n d i v i d u a l p o i n t sources as opposed t o always being 

l i n k e d i n p a i r s . T h i s uses a conforms. 1 t r a n s f o r m a t i o n t o send 

one o f t h e l o c a t i o n parameters a* t o the o r i g i n and the o t h e r 

t o i n f i n i t y - t h i s g i v e s 

which g i v e s the s o l u t i o n s an a x i a l symmetry „ Because o f the 

c o n c u r r e n t l o s s o f i n f o r m a t i o n a t i n f i n i t y , d e t e r m i n a t i o n o f 

the p r o p e r t i e s o f these s o l u t i o n s r e q u i r e s care and t h i s has 

l e d t o apparent a m b i g u i t i e s ( such as the c l a i m t h a t the charge 

o f the e l l i p t i c s o l u t i o n s was not l o c a l i s e d ) . However , t h i s 

c h o i c e o f s o l u t i o n i s c o n v e n i e n t f o r the i n v e s t i g a t i o n o f 

c o n f o r m a l l y i n v a r i a n t q u a n t i t i e s , because o f i t s s i m p l i c i t y . 

The e x i s t e n c e of a smooth one-parameter f a m i l y o f s o l u t i o n s 

l i n k i n g t h e i n s t a n t o n ( a s i n g l e extended o b j e c t ) w i t h a meron 

( two p o i n t sources o f charge ) has been used as a c o n j e c t u r a l 

model of t h e process o f confinement [133 ° the analogous 

s i t u a t i o n would be t h a t a nucleon ( extended ) behaves under 

s u i t a b l e c o n d i t i o n s l i k e a c o l l e c t i o n of quarks ( p o i n t charges ) 

There has been s p e c u l a t i o n as t o whether the number o f 

" c o n s t i t u e n t s " ( used i n the above r a t h e r r e s t r i c t e d sense ) 

o f i n s t a n t o n s i n CP models i s c o n s t a n t or i n c r e a s e s w i t h n -

i n t he former case merons would be s u f f i c i e n t , w h i l e i n the 
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l a t t e r , o b j e c t s c a l l e d i n s t a n t o n - q u a r k s have been suggested [24~l . 

We have s t u d i e d t he behaviour o f the a c t i o n d e n s i t y o f 
I 2 

2 - i n s t a n t o n s o l u t i o n s o f CP and CP models i n o r d e r t o see i f 

t h e r e i s any q u a l i t a t i v e d .\ f f e i e n o e v i s i b l e a t the c l a s s i c a l -

l e v e l between them . I f merons are s u f f i c i e n t t h e two p i c t u r e s 

should not d i f f e r , whereas i f i n s t a n t o n - q u a r k s are r e q u i r e d 

t h e CP case should show more i n t r i c a t e s t r u c t u r e . A t y p i c a l 

p l o t o f a c t i o n d e n s i t y ( or e q u i v a l e n t ! ' / charge d e n s i t y , as 

the two are p r o p o r t i o n a l f o r i n s t a n t o n s o l u t i o n s ) i s shown i n 

f i g . 4.1 . I t w i l l be seen t h a t t h e r e i s no q u a l i t a t i v e 

d i f f e r e n c e - a t the c l a s s i c a l l e v e l , merons seem s u f f i c i e n t 

t o account f o r the s t r u c t u r e o f i n s t a n t o n s . 

For the model o f conf i n e m e n t proposed i n [133 i the 

i n t e r a c t i o n between merons was i n v e s t i g a t e d i n [453 . Because 

o f o s c i l l a t o r y s i n g u l a r i t i e s a t a* , we must r e g u l a r i s e the 

s o l u t i o n s i n some way , and i n t h a t paper t h i s was done by 
4 I 

the i n s e r t i o n o f i n s t a n t o n cores around a , each o f charge ^ 

i n o r d e r t o mimic the p o i n t source o f charge ~ . Thus such a 
"smeared" meron would be 

4.1.8) i I j _ 

where 
22-... 

For c o n t i n u i t y o f z we r e q u i r e P. = r. , i = 1,2 . To s i m i l a r l y 

i n v e s t i g a t e the i n t e r a c t i o n o f e l l i p t i c s o l u t i o n s we do the same 

except t h a t the c e n t r a l p o r t i o n i s now 

and the c o n t i n u i t y c o n d i t i o n s become 
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Since - I <̂  sn x < +1 , t h i s i m p l i e s 

which f o r k = 0 r e c o v e r s the o r i g i n a l c o n d i t i o n . So i n the 

g e n e r a l case we may use a wider c o l l e c t i o n o f p a r t - i n s t a n t o n s 

t o smooth the s o H i t i o n . A schematic o i c t u r e o f such a s o l u t i o n 

i s shown i n f i g . 4.2a , and the a c t i o n d e n s i t i e s f o r smeared 

and unsmeared s o l u t i o n s f o r a v a r i e t y o f v a l u e s o f k arejshown 

i n f i g . 4.2b . 

The t o t a l a c t i o n o f the c o n f i g u r a t i o n i s ^>;l4/1+ + £ 

4.1.10a) where 

Since the a c t i o n o f a s i n g l e i n s t a n t o n i s 7c , look a t 

" h e r e F ( t , k ) - f . % , i J r i ( i + ) t - l t » t . ^ t - ! # t - k « t 
f o r which we have used t h e c o n t i n u i t y c o n d i t i o n (4.1.9) and 

the r e q u i r e m e n t r ( < .1 < r ^ . I t may be shown t h a t 

F ( t , k ) ^ 0 Vt,k£ 0 . Note a l s o t h a t F ( t , 0 ) = i t which g i v e s 

Thus we recover the l o g a r i t h m i c i n t e r a c t i o n between ( smeared. ) 

merons d e r i v e d i n [45^ . For g e n e r a l k the behaviour o f F i s 

shown i n f i g . 4.3 . ^hus the i n t e r a c t i o n between smeared 

e l l i p t i c s o l u t i o n s i s weaker than t h a t between merons . The 

i n t e r a c t i o n v a n i s h e s f o r k = 1 , so t h a t i n s t a n t o n s do not 

i n t e r a c t ( t h i s i s because they have l e a s t a c t i o n i n t h e i r 

charge s e c t o r and so have no tendency t o e v o l v e i n t o o t h e r 

c o n f i g u r a t i o n s ) .Since t he p o t e n t i a l f o r k = 1 does i n c r e a s e 

v/ i t h d i s t a n c e , these s o l u t i o n s can be expected t o c o n f i n e each 



is 

o t h e r i n the way t h a t merons do , as e x p l a i n e d i n r 4 5~] „ 

The t o t a l charge o f the smeared c o n f i g u r a t i o n i s 
- Q U y 4- del 

O l a ) r - ( » A ( p ) 
1+ r'Vf2,1 

1 
where again we have used the c o n t i n u i t y c o n d i t i o n . Thus as 

s t a t e d e a r l i e r , the t o t a l charge i s conserved by the smearing 

process by d i v i d i n g i t between the i n s t a n t o n c ores and t h e 

d i f f u s e c l o u d . For smeared merons the c l o u d vanishes and we 

are l e f t w i t h j u s t the i n s t a n t o n c ores which mimic the p o i n t 
Sources. 

4.? - S e m i c l a s s i c a l use of t h e s o l u t i o n s 

We now t u r n t o the development o f the extended s e m i c l a s s i c a l 

c a l c u l a t i o n . For t h i s purpose we w i l l o n l y use s o l u t i o n s i n 

the charge one s e c t o r o f the t h e o r y , on the assumption t h a t 

the d i l u t e gas a p p r o x i m a t i o n i s a p p l i c a b l e as i n the quantum-

mechanical cases l a s t c h a p t e r . There are i n d i c a t i o n s t h a t f o r 

the u s u a l c a l c u l a t i o n t h i s i s not the case [ 4 6 j , but we saw 

l a s t c h a p t e r t h a t i n c l u s i o n o f the a d d i t i o n a l s o l u t i o n s seemed 

t o overcome such problems . Once again we r e f e r t o [63 f o r 

s u p p o r t i n g evidence f o r r e t a i n i n g t he d i l u t e gas a p p r o x i m a t i o n 

here . For convenience we r e p e a t e q u a t i o n s (4.1.6) r e s t r i c t e d 

t o t he case q - 1 . / / -\ \ 

I n s t a n t o n N 
4.2.1) E l l i p t i c f a m i l i e s 6 v . . 0 

a* 
w i t h 

0* ar 
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A s y m p t o t i c a l l y < l a r g e ] x +| ) a l l these s o l u t i o n s tend t o the 
J- / ' ) • 

same vacuum c o n f i g u r a t i o n \ \ j 

Mote t h a t a l l i n s t a n t o n s o f charge one i n any ^Pn"' model have 

c o r r e s p o n d i n g e l l i p t i c f a m i l i e s ( and thus t h e work which 

f o l l o w s may be repeated ) as i t i s o n l y i n the h i g h e r charge 

s e c t o r s t h a t problems a r i s e , 

I n [ll i t was t h o u g h t t h a t the two f a m i l i e s ( d.1.6b,c) were 

not e s s e n t i a l l y d i f f e r e n t - w i t h the b e n e f i t o f t h e e x p e r i e n c e 

o f c h a p t e r 3 we r e a l i s e t h a t t h i s was wrong . The e l l i p t i c 

f u n c t i o n sn i s p e r i o d i c , and we w i l l examine i t s behaviour over 

a s i n g l e p e r i o d . Consider f i r s t (4.1.6b) . Since k< 1 and|/3W<^|$| 

n e i t h e r component o f z ever vanishes ? i n s t e a d they o s c i l l a t e 

between^For (4.1.6c) , however , a t a l t e r n a t e h a l f - p e r i o d s t h e 

s o l u t i o n takes the form and [^j . I f we p l o t the l o g a r i t h m 

o f the r a t i o o f t h e two components , 
4.2.2, i - k S ^ f "«i I J u * ! f ' 

we see the two f i g u r e s 4.4a,b . Using t h i s we i d e n t i f y the 

f a m i l y (4.1.6b) w i t h the o s c i l l a t o r y s o l u t i o n s o f c h a p t e r 3 , 

and (4.1.6c) w i t h the d i r e c t s o l u t i o n s . ^he vacuum 
c o n f i g u r a t i o n s which they i n t e r p o l a t e are (?) - u ) 

ft-l 

- i n CP models any c o n s t a n t v e c t o r ( up t o U, gauge freedom ) 

i s an a c c e p t a b l e vacuum as these are a l l e q u i v a l e n t under 

c h o i c e o f g l o b a l SU gauge . Since the e l l i p t i c s o l u t i o n s o f 
i 

(4.1.5) are e s s e n t i a l l y the o n l y s o l u t i o n s o f CP , we have 

a l l the necessary i n g r e d i e n t s f o r an extended semic"* a s s i c a l 

c a l c u l a t i o n here , as was performed f o r quantum mechanics i n 

c h a p t e r 3 . As e x p l a i n e d above , t h e r e p r o b a b l y are o t h e r 
" i 

s o l u t i o n s m h i g h e r CP models , though perhaps not i n the 



charge one s e c t o r . r,7e have n o t e x p l i c i t ! y performed t h i s 

c a l c u l a t i o n , but p r e s e n t here some o f the i n t e r m e d i a r y steps . 

N o t i c e t h a t by a oonformal t r a n s f o r m a t i o n we may map any 

s o l u t i o n i n (4.2.1) i n t o any o t h e r w i t h the same v a l u e o f k 

- the Lagrangian (4.1.1) i s i n v a r i a n t under t he a c t i o n o f the 

co n f o r m a l grouo i n two dimensions . T h i s g i v e s r i s e t o z e r o -

modes o f the f l u c t u a t i o n d e t e r m i n a n t , j u s t as b e f o r e t he 

a r b i t r a r i n e s s o f the o r i g i n o f time d i d . I n order t o make use 

of t he Faddeev-Popov t e c h n i q u e we must choose a p a r t i c u l a r 

r e p r e s e n t a t i v e o f the f a m i l y t o work w i t h by making an 

a r b i t r a r y c h o i c e o f A* . T h i s e x p l i c i t l y breaks the c o n f o r m a l 

i n v a r i a n c e ; the a r b i t r a r i n e s s and hence the zero-modes are 

then absorbed i n t o harmless volume f a c t o r s . For s i m p l i c i t y we 

make the c h o i c e Q^= ± \ w i t h ^ an a r b i t r a r y ( but d e f i n i t e l y 
i 

chosen ) s c a l e - l e n g t h . 

I n the quantum-mechanical c a l c u l a t i o n we d i v i d e d t h e complete 

t i m e - i n t e r v a l i n t o t h r e e s e c t i o n s , i n each o f which a s o l u t i o n 

o f the e q u a t i o n s o f m o t i o n was used . The t h r e e s o l u t i o n s were 

separate d by jumps i n phase-space , and the whole patched 

t o g e t h e r by i n t e g r a t i o n s over phase-soace . The analogue o f t h i s 

p r ocedure i n CP' i s as f o l l o w s . The purpose o f t r u n c a t i n g t h e 

e l l i p t i c p a r t s was f i r s t l y t o e s t a b l i s h the c o r r e c t boundary 

c o n d i t i o n s and secondly t o a v o i d the i n f i n i t e a c t i o n which 

a r i s e s from the p e r i o d i c i t y o f e l l i p t i c f u n c t i o n s . 

So here t oo we adopt a t r u n c a t i o n procedure , b ut i n s t e a d o f 

jumping a t two p o i n t s we jump on two c l o s e d curves ( these are 

s t i l l o f measure zero compared w i t h the whole space ) . Once 

again t h i s i s done t o a v o i d i n f i n i t e a c t i o n from o s c i l l a t o r y 



behaviour „ Tn the p r e v i o u s s e c t i o n we d e s c r i b e d a 

r e g u l a r i s a t i o n method i n which the d i v e r g e n t c e n t r e s o f t h e 

e l l i p t i c or meron s o l u t i o n s were r e p l a c e d by par t - i n s t a n t o n 

s o l u t i o n s , a process known as smearing ; t h i s was used t o 

d e f i n e the i n t e r a c t i o n between such s o l u t i o n s . T h i s time we 

smear not w i t h i n s t a n t o n cores but w i t h c o n s t a n t ( vacuum ) 

s o l u t i o n s . For example , a s o l u t i o n c o n t i n u o u s i n z ( but not 

its d e r i v a t i v e ) might be 

(o) f < - M 0 ) 

U(lc)<:<p 

where the p e r i o d o f sn i s 4.K(k) ( K i s the complete e l l i p t i c 

i n t e g r a l of the f i r s t k i n d ) [5*] . T h i s s o l u t i o n i s shown 

s c h e m a t i c a l l y i n f i g . 4.5a , w h i l e f i g . 4.5b shows th e 

v a r i a t i o n o f j z j along t = 0 . Around p o i n t s ± ^ are 

c i r c u l a r vacuum r e g i o n s , w i t h the e l l i p t i c s o l u t i o n f i l l i n g 

t h e r e s t o f space - as mentioned b e f o r e , a s y m p t o t i c a l l y i n 

a l l d i r e c t i o n s we reach the vacuum [ J ) • ^ h i - s corresponds 

t o one o f the d i r e c t s o l u t i o n s o f c h a p t e r 3 . The a c t i o n o f 

t h i s c o n f i g u r a t i o n i s 

4.2. 3b) S= ft O-^KlO) 
where F,(k) i s the complete e l l i p t i c i n t e g r a l o f the second 

k i n d [S^ . S i s e v i d e n t l y f i n i t e , and i t i s a l s o p o s i t i v e . 

Note t h a t i n the l i m i t k-?1 , the smearing c i r c l e s s h r i n k t o 

zero r a d i u s and we are l e f t w i t h a s i n g l e i n s t a n t o n s o l u t i o n 

f i l l i n g a l l of space . As expected the a c t i o n tends t o 5 = 71 , 

The g e n e r a l i s e d d i r e c t s o l u t i o n s i n c l u d i n g jumps are 
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( E ( . ) i s now an i n c o m p l e t e e l l i p t i c i n t e g r a l o f t h e second 

k i n d ) . 

S i m i l a r l y t h e g e n e r a l i s e d o s c i l l a t o r y s o l u t i o n s i n c l u d i n g 

jumps a r e . 

( (?) cf<Lrl<Q 

4 . i<S> 4 . ? . 5 a ) 

V 0 < <:a 
wi.th a c t i o n 

4 . 2 . 5 b ) J . i ( E ( l , f , ) + E ( - t r , ) ) - I ( | - t ' ) l f i 

Two t h i n g s r e m a i n t o be done ; c a l c u l a t i o n o f t h e f l u c t u a t i o n 

d e t e r m i n a n t a r o u n d s u c h s o l u t i o n s and c h o o s i n g a measure on 

t h e a p p r o p r i a t e p h a s e - s p a c e . I t i s a t t h i s p o i n t t h a t t h e 

c a l c u l a t i o n i n t h i s t h e s i s s t o p s . As m e n t i o n e d above t h e r e 

i s a l o n g - s t a n d i n g and u n r e s o 1 v e d d e b a t e a b o u t e v a l u a t i o n o f 

t h e d e t e r m i n a n t , c o n c e r n i n g t h e c h o i c e o f b o u n d a r y c o n d i t i o n s 

a t i n f i n i t v . ?he c l a s s i c a l c o n f o r m a l i n v a r i a n c e i m p l i e s t h a t 

c h o i c e o f c o n d i t i o n s a t i n f i n i t y i s i m p o r t a n t ( t h e r e i s no 

i n t r i n s i c l e n g t h - s c a l e by w h i c h t o d e f i n e l a r g e d i s t a n c e s ) , 

and i t i s u n c l e a r w h i c h c h o i c e i s more a p p r o p r i a t e p h y s i c a l l y . 



m h e s c a l e i n v a r i a n c e i s e x p e c t e d t o be b r o k e n a t t h e f u l l 

q u a n tum l e v e l , when quantum f l u c t u a t i o n s e s t a b l i s h a 

f u n d a m e n t a l s c a l e , b u t u n f o r t u n a t e l y a t t h e semi c l a s s i c a l 

l e v e l i t s t i l l c a u s e s p r o b l e m s . The d i r e c t a n a l o g y f r o m c h a p t e r 

.3 w o u l d be t o c a l c u l a t e i n i t i a l l y i n a f i n i t e box ( l a r g e 

compared t o ^ ) , and t h e n p a s s t o t h e i n f i n i t e v o l u m e l i m i t . 

T h i s seems a t t r a c t i v e as t h e p r o c e d u r e i s w e l l - d e f i n e d and 

r e s p e c t s t h e o r d e r i n w h i c h l i m i t s a r e t a k e n , however t h i s 

w o u l d e x p l i c i t l y b r e a k t h e L o r e n t z i n v a r i a n c e o f t h e t h e o r y and 

one w o u l d have t o d e m o n s t r a t e t h a t t h i s was u n i m p o r t a n t i n t h e 

l i m i t . F o r t h i s r e a s o n , c a l c u l a t i o n s i n c o n f o r m a l l y i n v a r i a n t 

m o dels a r e b e s e t w i t h d i f f i c u l t i e s . 

Two more h o p e f u l p o i n t s a r e t h e f o l l o w i n g . F i r s t l y t h e r e i s 

t h e p o s s i b i l i t y r a i s e d i n c h a p t e r 3 , t h a t e x p l i c i t c a l c u l a t i o n 

o f t h e f l u c t u a t i o n d e t e r m i n a n t may n o t be n e c e s s a r y . I f one 

c o u l d u n d e r s t a n d p h v s i c a l l y why t h i s r a t i o seems a l w a y s t o be 

a s i m p l e f a c t o r r e l a t e d t o p r o p e r t i e s o f t h e p o t e n t i a l , t h e n 

t h i s k n o w l e d g e c o u l d be used i n f i e l d t h e o r i e s where t h e 

d e t e r m i n a n t s a r e b o t h e l u s i v e and ambiguous „ ^ h i s i s a n o t h e r 

r e a s o n f o r p o s t p o n i n g t h e c a l c u l a t i o n s t a r t e d h e r e - t h e r e may 

be v e r y much e a s i e r ways o f g e t t i n g t o t h e same answer . 

S e c o n d l y t h e r e i s t h e p o i n t t h a t t h e e l l i p t i c s o l u t i o n s seem 

t o e x h a u s t t h e r a n g e o f s o l u t i o n s n e c e s s a r y t o p e r f o r m t h e 

e x t e n d e d s e m i c l a s s i c a l i n t e g r a l s , as o n l y t h e c h a r g e one 

s e c t o r i s used . Thus t h e above a p p r o a c h i s a p p l i c a b l e t o a l l 
ft-i 

HP mo d e l s , d e s p i t e t h e l a c k o f f u l 1 k n o w l e d g e o f s o l u t i o n s 

i n t h e h i g h e r c h a r g e s e c t o r s . I n a d d i t i o n t h e c o r r e s p o n d i n g 

f a m i l y or" e l l i p t i c s o l u t i o n s has been f o u n d i n t h e c h a r g e one 

s e c t o r o f f o u r - d i m e n s i o n a l Y a n g - M i l l s t h e o r i e s [ 1 6 ] . Once 



a g a i n t h e s i t u a t i o n i n h i g h e r c h a r g e s e c t o r s i s l e s s c l e a r , 

anrl i t i s p r o b a b l e t h a t more s o l u t i o n s h e r e do e x i s t - b u t 

f o r t h e p u r p o s e s o f t h i s c a l c u l a t i o n t h i s i s n o t i m p o r t a n t . 

Thus !«o be? '.ovo t u r . t a1,1, t h s i r i ~ o ' j n i a L o n n euebi-ary Lo p e r f o r i n 

t h e a n a l o g o u s c a l c u l a t i o n i n Yang-PU 11s i s a l r e a d y a v a i l a b l e 

and i t i s s i m p l y a m a t t e r o f p i e c i n g i t a l l t o g e t h e r - and 

l e a r n i n g how t o t a k e a c c o u n t o f q u a n t u m f l u c t u a t i o n s e a s i l y . 



4 3 

C h a p t e r 5 - M u l t i - s i t e 5 u n e r s y m m e t r i c Quantum-mechanics 

^he s u n e r symmetr i c cuantum-mechan i c a l mode <.s used i n c h a p t e r s 

2 and 3 used a s i n g l e p a i r o f each o f b o s o n i c and f e r m i o n i c 

v a r i a b l e s , o r i n o t h e r words c o n s i d e r e d t h e f i e l d t h e o r y o f 

f i e l d s a t a s i n g l e s i t e p r o r o g a t i n g i n t i m e . Tn c h a p t e r -4 we 

c o n s i d e r e d a f a m i l y o f f i e l d t h e o r i e s o f v e c t o r s p r o p a g a t i n g i n 

one space and one t i m e d i m e n s i o n , i n o r d e r t o d e m o n s t r a t e t h e 

g e n e r a l u t i l i t y o f t h e e x t e n d e d s e m i c l a s s i c a l c a l c u l a t i o n s 

d e v e l o p e d i n c h a p t e r 3 . I n t h i s c h a p t e r we seek t o f i l l i n some 

o f t h e gap between t h e s e c a s e s , by c o n s i d e r i n g s u p e r s y m m e t r i e 

quantum m e c h a n i c s w i t h s e v e r a l p a i r s o f b o s o n i c and f e r m i o n i c 

d e g r e e s o f f r e e d o m - t h e t h e o r y o f f i e l d s a t a f i n i t e number o f 

s i t e s p r o p a g a t i n g i n t i m e . T h i s a p p r o a c h c o u l d be p u r s u e d t o 

s t u d y t h e a p p r o a c h t o w a r d s f i e l d t h e o r y by p r o g r e s s i v e l y 

i n c r e a s i n g t h e number o f s i t e s , w h i c h as we s h a l l see need n o t 

be s t r a i g h t f o r w a r d „ We r e t a i n t h e s u p e r s y m m e t r i c n a t u r e o f t h e 

p r o b l e m i n o r d e r t o s t u d y t h e b e h a v i o u r o f t h e l o w e s t e n e r g y 

s t a t e o f t h e e x t e n d e d s y s t e m . Work w i t h s i m i l a r i n t e n t a p p e a r s 

i n [ 2 l 3 , b u t t h a t i n v e s t i g a t i o n i s f r o m a r a t h e r d i f f e r e n t 

v i e w p o i n t . 

The s t a r t i n g p o i n t h e r e i s t h e o b s e r v a t i o n t h a t t h e c o n t e n t 

o f ( 2 . 1 . 2 ) and ( 2 . 1 . 1 0 a ) may be e x p r e s s e d as 

where t h e f e r m i o n i c o p e r a t o r s have t h e f o r m o f l a d d e r o p e r a t o r s 

i n t h a t t h e y change f e r m i o n number by one . S i n c e p r e v i o u s l y 

o u r model was d e f i n e d a t a s i n g l e s i t e B, and F, were o r d i n a r y 

5.1) J5. 0 F 

) F ± - <jf± 



o p e r a t o r s t h e n . 

To g e n e r a l i s e t o v a r i a b l e s d e f i n e d a t n s i t e s , we r e t a i n t h 
A A /\ A A. 

f orm Q^= f+ i n w h i c h F + ( F_ ) i s s t i l l r e q u i r e d t o d e c r e a s e 
A A 

( i n c r e a s e ) f e r m i o n number by one , and ^ ( F ) s t i l l a c t 

s o l e l y on b o s o n i c f f e r m i o n l e ) d e g r e e s o f f r e e d o m . However , 

B ± a r e now nxn m a t r i c e s o f o p e r a t o r s , due t o t h e f a c t t h a t f o 

each o r i g i n a l boson v a r i a b l e we now have n . We s h a l l make as 

few a s s u m p t i o n s as p o s s i b l e a b o u t t h e d e t a i l e d , f o r m o f B ± , 

s i m p l y a s s u m i n g t h a t t h e y have e i g e n s t a t e s and e n e r g y l e v e l s 

w h i c h c o u l d be found, i f d e s i r e d . We s h a l l c o n c e n t r a t e on t h e 

e f f e c t t h a t t h e e x i s t e n c e o f t h e f e r m i o n s has on such l e v e l s . 
A 

We have nov; t o e s t a b l i s h s p e c i f i c f o r m s f o r F^ - t h e s e a r e 
f/\ A o A 

c o n s t r a i n e d by t h e r e q u i r e m e n t s t h a t \ Q±, 0 + J = 0 , and t h a t F̂  

s h o u l d a l t e r t o t a l f e r m i o n number by one . We a l s o r e t a i n 

5.2) • ± f 8 + ; 1 T 
T h e r e a r e two d i s t i n c t ways o f g e n e r a l i s i n g f e r m i o n s t o n 

s i t e s , w h i c h w i l l be shown t o c o i n c i d e f o r n = .1 . The ways 

c o r r e s p o n d t o w h e t h e r v/e w a n t t h e model t o d e s c r i b e j u s t 

f e r m i o n s , o r a m i x t u r e o f f e r m i o n s and a n t i - f e . o n i o n s - do v/e 
A. 

want t h e f e r m i o n n u m b e r - o p e r a t o r f t o have o n l y p o s i t i v e e i g e n ­

v a l u e s , o r w i l " ! we a l l o w n e g a t i v e e i g e n v a l u e s as v/e 11 ? One 

way t o see t h a t t h e d i s t i n c t i o n i s u n i m p o r t a n t f o r n - 1 i s 

t h a t h e r e t h e r e i s n o t h i n g t o compare t h e o r i g i n a l s i t e w i t h , 

and so a d d i t i o n o f a c o n s t a n t t o f p a s s e s f r o m one f o r m u l a t i o n 

t o t h e o t h e r w i t h o u t e f f e c t . W i t h many s i t e s , and t h e 

o p p o r t u n i t y t o compare one s i t e w i t h a n o t h e r , t h i s f r e e d o m 
A 

i n f i s l a r g e l y removed . O t h e r c o n s e q u e n c e s o f t h e d i f f e r e n c e 

w i l l be n o t e d as t h e y a r i s e . 



5.3c) F + = F_ = ( o o 

The f i r s t a l t e r n a t i v e ( u s i n g f e r m i o n s o n l y ) i s t h e more 

o b v i o u s g e n e r a l i s a t i o n o f t h e o r i g i n a l p r o b l e m , and i s a l s o 

e a s i e r t o s t u d y ( and by t h e same t o k e n l e s s i n t e r e s t i n g ! ) . 

We t h e r e f o r e c o n s i d e r t h i s f i r s t , d i s c u s s i n g t h e n = 2 case 

i n d e t a i l and l a r g e r n c a s e s more b r i e f l y . 

W i t h two s i t e s t h e r e a r e two and. o n l y two ways i n w h i c h we 

may r e d u c e f e r m i o n number , by t a k i n g away a f e r m i o n f r o m one 

s i t e o r t h e o t h e r . I f we l a b e l t h e s i t e s a,b , t h i s g i v e s 

5 . 3 . , F ± - £ U ± \ 1 k
 + f \ ^ ) 

where i n o r d e r t o g e t t h e c o r r e c t a n t i c o m m u t a t i o n p r o p e r t i e s , 

«t ft ftfc (, 
E x p l i c i t l y t h i s g i v e s 

o-l 
5 o o o / 

I t w i l l be r e c a l l e d t h a t f o r t h e n = 1 case , t h e wave-

f u n c t i o n s were 2-component o b j e c t s , w i t h t h e u p p e r ( l o w e r ) 

component c o r r e s p o n d i n g t o f = 0 ( 1 ) . Here , w a v e - f u n c t i o n s 

a r e 4-component o b j e c t s , w i t h each component b e i n g i t s e l f a 

2-component v e c t o r . The f o u r components r e f e r t o t h e f o u r 

p o s s i b l e d i s t r i b u t i o n s o f f e r m i o n number ( (0 , 0) , (0,1) , ( 1 , 0) , 

(1 , 1 ) o r e q u i v a l e n t l y , 1® 1,l&ty ,fy&(|/ ) , w i t h t h e two 

components b e i n g t h e a s s o c i a t e d b o s o n i c w a v e - f u n c t i o n s f o r 

each s i t e . As e x p l a i n e d e a r l i e r , we a r e p r i m a r i l y c o n c e r n e d 

w i t h t h e e f f e c t o f t h e f e r m i o n s and so w i l l n o t s t u d y t h e f o r m 

o f t h e s e b o s o n i c w a v e - f u n c t i o n s . For a b a s i s o f t h e f e r m i o n 

s t a t e s we choose t h o s e c o m b i n a t i o n s w h i c h a r e e i g e n s t a t e s o f 

t h e F a m i I t o n i a n - t h e s e a r e 

I t may r e a d i l y be seen t h a t 



and so t h e s e p a i r s o f s t a t e s a r e d e g e n e r a t e i n e n e r g y , u n l e s s 
A 

t h e b o s o n i c p a r t o f 0 + a n n i h i l a t e s t h e s t a t e s on t h e r i g h t - h a n d 

s i d e s ( because o f t h e s u p e r s y m m e t r i c s t r u c t u r e , i f one o f t h e 

p a i r i s a n n i h i l a t e d , t h e y b o t h w i l l be } . F u r t h e r m o r e , by 

e x a m i n i n g t h e H a m i l t o n i a n d e r i v e d f r o m 0 + > H Q + , Q_ | , 

i t becomes e v i d e n t t h a t t h e f o l l o w i n g p a i r s o f s t a t e s a r e a l s o 

d e g e n e r a t e : ( (j/ , ̂  (1&^ + 1) ) , ( ̂ (1S>\> - ̂  & 1), \ &\ ) . 

T h i s d e g e n e r a c y i s o n l y l o o s e l y r e l a t e d t o t h e s u p e r s y m m e t r y 

and i s n o t a f f e c t e d by t h e s p e c i f i c f o r m s o f o „ 

Suppose t h e n t h a t s o l v i n g o f t h e b o s o n i c p a r t o f t h e p r o b l e m 

g i v e s a b o s o n i c w a v e - f u n c t i o n b w i t h e n e r g y E ^ - as w i t h t h e 

n ~ 1 case we have E^ ^ 0 . Then we have t h e f o l l o w i n g t w o 

p o s s i b i l i t i e s : 

1) E, = 0 . The p r e s e n c e o f t h e f e r m i o n s i n d u c e s a 2 - f o l d 
b 

d e g e n e r a c y , w i t h f u l l w a v e - f u n c t i o n s b a ( l e l ) , 

b & i f l & l f ; 1) . The o t h e r f e r m i o n i c s t a t e s a r e 

a n n i h i l a t e d . 

2) E^ > 0 . The p r e s e n c e o f t h e f e r m i o n s i n d u c e s a 4 - f o l d 

d e g e n e r a c y , w i t h a l l f o u r p o s s i b l e f e r m i o n s t a t e s 

a l l o w e d . 

I n n e i t h e r c a s e i s t h e b o s o n i c s p e c t r u m a l t e r e d - t h e o n l y 

c o n t r i b u t i o n made by t h e f e r m i o n s i s t o i n c r e a s e d e g e n e r a c y 

o f t h e l e v e l s as g i v e n above . 

For n s i t e s t h e s i t u a t i o n i s d i r e c t l y a n a l o g o u s . We have 

( b t
J . tr3 g *f l- 3 e> tyt qU- & 1 [ty± * place) 

T'here a r e 2A f e r m i o n s t a t e s , and c h o o s i n g as b a s i s t h o s e w h i c h 



a r e e i g e n s t a t e s o f t h e H a m i ! t o n i a n we f i n d t h a t s u p e r s y m m e t r y 

t r a n s f o r m a t i o n s r e l a t e t h e s e i n p a i r s . As b e f o r e , t h e r e a r e 

o n l y two s u p e r f i c i a l l y d i f f e r e n t S c h r o d i n g e r e q u a t i o n s , and 

once ana i n v/e a r e Ted t o t h e same c o n c l u s i o n s - a boson i c 

e i g e n s t a t e o f e n e r g y E^ g i v e s r-i.se t o one o r o t h e r o f 
A-1 

1) a 2 - f o l d d e g e n e r a c y i n d u c e d by t h e f e r m i o n s i f E^ = 0 , 

2) a 2 - f o l d d e g e n e r a c y i n d u c e d by t h e f e r m i o n s i f E^ > 0 . 

I n b o t h c a s e s t h e b o s o n i c s p e c t r u m i s unchanged e x c e p t f o r 

d e g e n e r a c y . 

C l e a r l y t h i s i s n o t an i n t e r e s t i n g g e n e r a l i s a t i o n o f t h e 

n = 1 case as t h e f e r m i o n s p l a y e s s e n t i a l l y no p a r t i n t h e 

m odel . The a p p a r e n t e x t r a d e g r e e s o f f r e e d o m a r e n o t g e n u i n e 

ones as no new p h y s i c a l e f f e c t s a r e t h e r e b y i n t r o d u c e d „ The 

p i c t u r e i s , however , d i f f e r e n t i f we a l l o w a n t i - f e r m i o n s i n 

t h e t h e o r y . T h i s i s done i n t h e f o l l o w i n g way . I n s t e a d o f 

j u s t a l l o w i n g t h e f e r m i o n i c v a r i a b l e s ( 1 , a t a g i v e n s i t e , 

we a l l o w t h e f o u r a l t e r n a t i v e s ( ty, 1 , ̂ , (|/) w i t h f e r m i o n number 

(-1,0,0,1) r e s p e c t i v e l y . So we now a s s o c i a t e a 4-component 

v e c t o r w i t h t h e f e r m i o n i c c o n t e n t o f each s i t e ; 

so t h a t f o r example l | ] r e p r e s e n t s 1+yv . T h i s e x t e n d s t h e 

r a n g e o f f e r m i o n i n t e r a c t i o n s by a l l o w i n g up t o f o u r f e r m i o n 

o p e r a t o r s i n a g i v e n t e r m i n t h e L a g r a n g i a n - i t i s such t e r m s 

w h i c h r e n d e r t h e s u p e r s y m m e t r i c CP* ' m o d e l s d i f f i c u l t [233 • 

As b e f o r e v/e c o n s i d e r t h e c a se n = 2 i n d e t a i l . F i r s t v/e 
A. 

must c o n s t r u c t t h e o p e r a t o r F̂ _ . T h i s has two p a r t s - an 

" a c t i v e " p a r t w h i c h r e d u c e s t h e f e r m i o n number a t a s i t e by 

one , and a " p a s s i v e " p a r t w h i c h l e a v e s i t u n a l t e r e d . The 

http://-i.se


a c t i v e p a r t o p e r a t e s e i t h e r by d e s t r o y i n g a l|) o r c r e a t i n g a 

. The v a r i o u s a n n i h i l a t i o n and c r e a t i o n o p e r a t o r s a r e 

c h o s e n t o be 

_ ^ = ( ! « ^ ± H ( l « l ) , \\)± = (<T38<r̂ 0 ()« (f±) 

where f o r example ^ a n n i h i l a t e s a f e r m i o n a t a , (^J* c r e a t e s 

an a n t i f e r m i o n a t b , e t c . . ( R e c a l l t h a t we now have a 4-

component f e r m i o n r e p r e s e n t a t i o n a t each s i t e and hence 4x4 

m a t r i x o p e r a t o r s , where b e f o r e t h e y were 2x2 ) . T t i s e a s i l y 

c h e c k e d t h a t t h e s e o p e r a t o r s have t h e c o r r e c t a n t i c o m m u t a t i o n 
-A 

r u l e s . So t h e a c t i v e ( n o r m a l i s e d ) p a r t o f F + i s j u s t 

\\ H" \- ) a t a p a r t i c u l a r s i t e . The p a s s i v e p a r t i s s l i g h t l y 

more c o m p l i c a t e d as t h e r e a r e v a r i o u s b i l i n e a r t e r m s i n t h e 

f e r m l o n s w h i c h c o u l d be used - i n g e n e r a ] we c o u l d have 

I = 1 -r * l | j , l j> + + (1 iJL ( f f f + S f f . 

w i t h olAtf £ a r b i t r a r y . T h i s a r b i t r a r i n e s s i s r e d u c e d f i r s t 

by i n v o k i n g t h e r e q u i r e m e n t t h a t S F + ( F + ] = 0 . I f we a l s o 

impose t h e p h y s i c a l r e q u i r e m e n t t h a t " n o n l o c a l " i n t e r a c t i o n s 

a r e t o be e x c l u d e d ( i n o t h e r w o r d s we e x c l u d e t h e p o s s i b i l i t y 

t h a t f e r m i o n number may be c o n s e r v e d by t h e s i m u l t a n e o u s 

c r e a t i o n o f a and a (|/ a t d i f f e r e n t s i t e s ) t h e n we f i n d 

t h a t o n l y one n o n - t r i v i a l p o s s i b i l i t y r e m a i n s , 

t- £ [ ( H ) V + rVf.r]= i[(S>i, • r^g!)] 

As u s u a l , F_ = F , so we may now c o n s t r u c t Q ± = B + 0 and 

hence H . The f e r m i o n number o p e r a t o r i s f = £. — ^ - ^ f ) 

v/hich s h o u l d be compared w i t h t h e above f o r m o f I „ As b e f o r e 



w 

i t commutes w i t h H and .is t h e r e f o r e a c o n s t a n t o f m o t i o n . 

T h e r e a r e 16 f e r m i o n s t a t e s , w i t h f e r m i o n number r a n g i n g 

f r o m -2 t o 2 , and w i t h some d e t e r m i n a t i o n we may f i n d t h e 
A 

b a s i s o f t h e s e w h i c h a r e e i g e n s t a t e s o f H . A p p e n d i x '5.1 g i v e s 

e x p l i c i t d e t a i l s o f t h i s b a s i s and t h e p r o p e r t i e s o f t h e 

v a r i o u s s t a t e s . As b e f o r e we f i n d t h a t t h e s u p e r s y m m e t r y 

t r a n s f o r m a t i o n s r e l a t e t h e s e i n p a i r s . However , by e x a m i n i n g 

t h e d e t a i l e d s t r u c t u r e o f t h e a c t i o n o f t h e H a m i l t o n i a n on 

t h e b a s i s s t a t e s we f i n d t h e f o l l o w i n g b e h a v i o u r . As u s u a l 

we t a k e a b o s o n i c e i g e n s t a t e o f e n e r g y E^ . 

1) E ̂  = 0 • The p r e s e n c e o f t h e f e r m i o n s i n d u c e s an B - f o l d 

d e g e n e r a c y , and. t h e o t h e r 8 f e r m i o n s t a t e s a r e 

a n n i h i l a t e d by . 

2) E > 0 . T h i s l e v e l becomes s p l i t i n t h e f o l l o w i n g way ; 

- a 4 - f o l d d e g e n e r a t e l e v e l a t \^~) ^ 5 ^ /% • 

2 o f t h e s e s t a t e s have even f e r m i o n number 

and two odd , 

- an 8 - f o l d d e g e n e r a t e l e v e l a t E t • 

4 each even and odd f e r m i o n number s t a t e s , 

- a 4 - f o l d d e g e n e r a t e l e v e l a t ( [ ^ - ' j ^U-^ ; 

2 each o f even and odd f e r m i o n number . 

Thus t h e e x i s t e n c e o f t h e f e r m i o n s has a n o n - t r i v i a l e f f e c t 

on t h e s p e c t r u m o f t h e t h e o r y - t h e o r i g i n a l s i n g l e l e v e l 

becomes s p l i t i n t o t h r e e , o f d i f f e r e n t d e g e n e r a c i e s . F u r t h e r 

e x p l a n a t i o n o f t h e n a t u r e o f t h e f e r m i o n i c c o n t e n t o f t h e 

r e m a i n i n g d e g e n e r a c y i s g i v e n i n a p p e n d i x 5.1 and a l s o i n t h e 

f o l l o w i n g c h a p t e r . I n s p i t e o f t h e s p l i t t i n g , t h e e n t i r e 

s p e c t r u m may be r e c o v e r e d f r o m k n o w i n g j u s t t h e b o s o n i c v a l u e 

E, , as s p l i t t i n g i s g i v e n i n t e r m s o f r a t i o s r a t h e r t h a n 
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d i f f e r e n c e s . I t i s o f i n t e r e s t t o n o t e t h a t t h e s t a t e w i t h 

l o w e s t f e r m i o n number , , i s one o f t h o s e w h i c h r e m a i n a t 

E^ ; i n f u l " 1 f o r t h i s s t a t e we F i n d 

-.7) fi.u(w) - ̂ (r^lMM-lH]'*?**) - ̂ t«<H) 
For t h e n = 1 c a s e we had ^ ^ - JL }\ i . J - / ^ %], _ i i r» 
so h e r e we f i n d p r e c i s e l y t h e same as i n t h e o r i g i n a l case , 

t h a t even t h o u g h when s o l v i n g f o r b we a r e t r e a t i n g o n l y an 

e f f e c t i v e b o s o n i c t h e o r y , we must s t i l l i n c o r p o r a t e t h e 

" f e r m i o r i i c P??"t" o f t h e p o t e n t i a l , and n o t j u s t use t h e 

" d o s o n i c p a r t " . v7e f e e l t h a t t h i s i s s u p p o r t i n g e v i d e n c e f o r 

t h e use i n c h a p t e r s 2 and 3 o f t h e f u l l p o t e n t i a l and n o t 

j u s t . 

M o t i c e t h e f o l l o w i n g - f o r j u s t one s t a t e t h e m a t r i x I o f 

(5.6) does n o t a p p e a r and we r e d u c e t o Fj_ -Jp, l ^ ^ j • T h e r e 

a r e j u s t f o u r f e r m i o n s t a t e s , and t h e d e g e n e r a c y o f a g i v e n 

b o s o n i c l e v e l E^ i s as f o l l o w s . 

1) E^ = 0 . .States |/, Jj(l + jĴ ) a r e a n n i h i l a t e d . 

S t a t e s , ( 1 - i j ^ ) a r e d e g e n e r a t e a t z e r o . 

2) E > 0 . A1.! f o u r s t a t e s a r e d e g e n e r a t e and l e a v e E, 

unchanged . 

I t w i l l be seen t h a t t h e e n e r g y - 1 e v e l s t r u c t u r e ( i n t e r m s o f 

v a l u e s , n o t d e g e n e r a c y ) i s p r e c i s e l y t h e same as f o r t h e 

n = 1 c a se w i t h j u s t f e r m i o n s . As s t a t e d e a r l i e r , f o r n = I 

t h e two g e n e r a l i s a t i o n s a r e i d e n t i c a l , and t h e a p p a r e n t 

i n t-roduc t i o n o f a d d i t i o n a l f e r m i o n i c d e g r e e s o f f r e e d o m i s 

f i c t i t i o u s . O n l y f o r n ) 2 i i o t h e d i f f e r e n c e s between t h e two 

s o r t s o f g e n e r a l i s a t i o n m a n i f e s t t h e m s e l v e s . 
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t,7e may g e n e r a l i s e t h i s s t r u c t u r e t o t h e n - s i t e c a s e w i t h o u t 

d i f f i c u l t y . We now h ave 
A 

5 . B ) {>, _ , i l 0 0 . [ 0 \ / . .\ /, -r \ T J 
i o o | 
O 0 0 0 
\0 0-10 

( j * -place) v 
( U 1 )d « I 0*0 

w i t h 4* f e r m i o n i c s t a t e s . These a f f e c t a b o s o n i c l e v e l E^ 

as f o l l o w s . 
. n 

1) = 0 . Such a s t a t e becomes ~ .4 - f o l d d e g e n e r a t e . 

2.) E > 0 . T h i s becomes s p l i t i n t o t h e f o l l o w i n g l e v e l s 

w i t h d e g e n e r a c i e s such t h a t l e v e l s E,.^~^ and -

b o t h have d e g e n e r a c y 2 
3* 

.3-1 

E.g. f o r n = 4 we have 

l e v e l £t Efc Eu £ fc,.Q2 ^ 
^ A1 X b 

degen. 4 24 40 ?0 (>0 Ik / j -

The f e r m i o n number o p e r a t o r i n t h i s g e n e r a l case i s 

f - + 1 t - f + cyclic -pfinnS. 

The s t a t e o f l o w e s t f e r m i o n number , jj'iflt • jt/ , i s a l w a y s 

one o f t h o s e w h i c h l e a v e E. unchanged , and t h e S c h r o d i n g e r 

e q u a t i o n f o r such a s t a t e i s a l w a y s t h e d i r e c t a n a l o g y o f 

(*i.7) . As a g e n e r a l r u l e , t h e s t a t e s w i t h v e r y h i g h o r low 

l e v e l s a r e t h o s e w h i c h a r e " r o u g h e r " i n t e r m s o f d i s t r i b u t i o n 

o f t h e f e r m i o n c o n t e n t - i n o t h e r w o r d s , s t a t e s i n w h i c h t h e 

f e r m i o n number i s t h e same f r o m s i t e t o s i t e ( such as jig •-•9'^ ) 



do n o t a l t e r t h e b o s o n i c v a l u e much i f a t a l l , w h e r e a s t h e 

s t a t e s w i t h r a p i d a l t e r n a t i o n s o f u's and (Ĵ 's f r o m s i t e t o 

s i t e t e n d t o m'.ve t h e e x t r e m e s . 

T h i s i s i m p o r t a n t because o f t h e f o l l o w i n g „ I t w i l l be 

n o t e d t h a t as we i n c r e a s e t h e number o f s i t e s , t h e v a l u e o f 

t h e l o w e s t e n e r g y l e v e l ( w h i c h we suppose t o be s t r i c t l y 

p o s i t i v e , i . e . we a r e c o n s i d e r i n g a s p o n t a n e o u s l y b r o k e n 

model ) t e n d s t o d e c r e a s e as /^^ , Because o f t h e g r e a t e r 

number o f d e g r e e s o f f r e e d o m , one a l s o e x p e c t s t h e l o w e s t 

l e v e l t o i n c r e a s e w i t h n l i n e a r l y ( c f . h a r m o n i c o s c i l l a t o r 

w i t h n d e g r e e s o f f r e e d o m f o r w h i c h F,„ (w + j ) ) , b u t 

t h i s i n c r e a s e i s c l e a r l y n o t s u f f i c i e n t t o o u t w e i g h t h e p ower-

l a w d e c r e a s e . m h u s i n t h e n-s>ed l i m i t t h e l o w e s t e n e r g y - l e v e l , 

even i n a s p o n t a n e o u s l y b r o k e n m o d e l , t e n d s down t o z e r o . 

We have n o t had t i m e t o e x p l o r e t h e c o n s e q u e n c e s o f t h i s f o r 

f i e l d t h e o r y , b u t we e x p e c t t h a t t h i s i s r e l a t e d t o t h e 

o b s e r v a t i o n t h a t t h e l o w e s t - l y i n g s t a t e s a r e t h o s e w i t h r a p i d 

f l u c t u a t i o n o f f e r m i o n c o n t e n t . I t i s p o s s i b l e t h a t we a r e 

s e e i n g i n t h i s phenomenon t h e a n a l o g y i n quantum m e c h a n i c s o f 

t h e s p e c i e s - d o u b l i n g w h i c h c a u s e s d i f f i c u l t i e s w i t h l a t t i c e 

c a l c u l a t i o n s i n f i e l d t h e o r i e s w i t h f e r m i o n i c d e g r e e s o f 

f r e e d o m [ 4 0 J „ I f t h i s i s t h e c ase , t h e n we e x p e c t t o f i n d 

some mechanism o p e r a t i n g i n f i e l d t h e o r i e s such as e n t r o p y 

w h i c h w o u l d s u p p r e s s such v i o l e n t l y o s c i l l a t i n g s t a t e s . 

We have c o n s t r u c t e d i n t h i s c h a p t e r tv/o e s s e n t i a l l y d i f f e r e n t 

g e n e r a l i s a t i o n s o f t h e s i n g l e s i t e s u p e r s y m m e t r i c quantum 

m e c h a n i c s t r e a t e d i n c h a p t e r s 2 and 3 . We have shown above 

t h a t t h e y c o i n c i d e f o r n - 1 b u t d i f f e r m a r k e d l y f o r c a s e s 
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w i t h l a r g e r n . The f i r s t , w h i c h i s t h e more o b v i o u s , l e a d s 

t o a s t r u c t u r e w h i c h i s t h e same i n e s s e n c e as t h e o r i g i n a l 

c ase i n t h a t t h e m u 1 t i p ! i c i t y o f f e r m i o n v a r i a b l e s w i t h s i t e s 

p r o d u c e s no new f e a t u r e s . ^he second , w h i c h i n c o r p o r a t e s 

a n t i - f e r m i o n s as w e l l as f e r m i o n s , p r o d u c e s a n o n t r i v i a l 

change t o t h e n o s o n i c s p e c t r u m - t h e f e r m i o n i c i n t e r a c t i o n s 

s p l i t any b o s o n i c l e v e l i n t o a sequence o f l e v e l s w i t h r e g u l a r 

r a t i o s s p a c i n g them . T h i s s e c o n d model has many i n t e r e s t i n g 

f e a t u r e s , p a r t i c u l a r l y as r e g a r d s t h e b e h a v i o u r f o r a l a r g e 

number o f s i t e s and t h u s t h e a p p r o a c h t o f i e l d t h e o r y . 

F i n a l l y we w i s h t o p o i n t o u t t h a t t h e r e a r e o t h e r ways o f 

g e n e r a l i s i n g ( 5 .6) w h i c h c o i n c i d e up t o and i n c l u d i n g n = 3 

b u t can d i f f e r f o r h i g h e r c a s e s ( 5 . 8 ) i s t h e s i m p l e s t such 
A 

g e n e r a l i s a t i o n , i n w h i c h t h e m a t r i x I i s use d i n F + f o r a l l 

s i t e s o t h e r t h a n t h e one a t w h i c h t h e a c t i v e p a r t o f t h e 

o p e r a t o r i s l o c a t e d . I t c o u l d be a r g u e d t h a t t h i s c h o i c e 

i n d u c e s f e r m i o n i c t r a n s i t i o n s w h i c h have a c e r t a i n n o n - l o c a l 

c h a r a c t e r w h i c h may be u n a c c e p t a b l e . S p e c i f i c a l l y , c r e a t i o n 

o r a n n i h i l a t i o n o f f e r m i o n s i n d u c e s ( t h r o u g h t h e f o r m o f t h e 

I - m a t r i x c h o s e n ) t r a n s i t i o n s o f t h e f o r m <j/|/ a t s i t e s 

w h i c h i n t h e p h y s i c a l a r r a n g e m e n t o f t h e s i t e s may be w e l l 

s e p a r a t e d . To a v o i d t h i s we c o u l d a d o p t i n s t e a d t h e f o l l o w i n g 
g e n e r a l i s a t i o n 

/\ 

5.9) 
tijdic 

where 1 i s t h e n o r m a l u n i t m a t r i x t o t h e a p p r o p r i a t e t e n s o r 

power , and l a b e l s a r e t a k e n t o be g i v e n modulo n . T h i s new 

g e n e r a l i s a t i o n i s e a s i l y seen t o i n d u c e t r a n s i t i o n s l*-s>ij/||/ 

o n l y a t s i t e s a d j o i n i n g t h e a c t i v e s i t e and t h u s a c t s i n a 

more l o c a l manner . We have n o t i n v e s t i g a t e d t h e p r o p e r t i e s 



o f s u c h a model i n d e t a i l y e t ( m a i n l y because d i f f e r e n c e s 

o n l y s t a r t t o appear f o r n ^ A ) b u t i t i s p r o b a b l e t h a t t h e 

e f f e c t w i l l be t h a t t h e s p e c t r u m w i l l be l e s s changed by t h e 

i n c l u s i o n o f t h e f e r m i o n s t h a n i n t h e case ( 5 . 8 ) - p e r h a p s a 

b o s o n i c l e v e l E^ w i l l o n l y e v e r be s p l i t i n t o t h r e e , a t S^.Q 
v\-

Efe, and E. f b e f o r e , t h e h i g h e s t power o f ^ a p p e a r i n g was ^ 
T 

and t h e r e were ( n - 1 ) I - m a t r i c e s i n t h e p r o d u c t s ) . 

An a d v a n t a g e o f t h i s more v a r i e d g e n e r a l i s a t i o n i s t h a t i t 

a l l o w s us t o c o n s i d e r v a r i o u s g e o m e t r i c a r r a n g e m e n t s o f t h e 

s i t e s . The f o r m o f ( 5 . 9 ) i m p l i c i t l y assumes t h a t t h e s i t e s 

a r e a r r a n g e d r o u n d a c i r c l e so t h a t each s i t e has e x a c t l y two 

n e i g h b o u r s . A l t e r n a t i v e l y we may a r r a n g e t h e s i t e s a l o n g a 

l i n e by n o t i d e n t i f y i n g t h e two ends . C l e a r l y by v a r y i n g t h e 

l o c a t i o n s o f where l ' s and I ' s a r e i n s e r t e d we a r e a l l o w i n g 

d i f f e r e n t n e a r e s t - n e i g h b o u r s t r u c t u r e s . I n g e n e r a l d i f f e r e n t 

s uch s t r u c t u r e s w i l l d i s p l a y d i f f e r e n t p a t t e r n s o f e n e r g y -

s p l i t t i n g f o r a g i v e n b o s o n i c l e v e l . So , f o r example , t h e 

o r i g i n a l p r o p o s a l ( 5 . 8 ) assumes t h a t e v e r y s i t e i s a d j a c e n t 

t o e v e r y o t h e r ( i n t h e sense o f b e i n g n e i g h b o u r s f o r t h e 

f e r m i o n i c i n t e r a c t i o n - r e c a l l we have n o t assumed s p e c i f i c 
A 

f o r m s f o r t h e b o s o n i c o p e r a t o r s B + . A more c o m p l i c a t e d 

example i s t h e f o l l o w i n g . A r r a n g e n s i t e s i n an nxn a r r a y 

numbered as ( f o r n = 4 ) 1 7. 3 4 

5 6 7 8 

o 10 11 1? 

13 14 15 

and l e t 

,0> M i (i1 i ' V r i ' - % + f j i i V T ! i M r) 



where s i t e - l a b e l s a r e t a k e n m o d u l o n , so t h a t f o r example 

I = I Then i f we l e t n t e n d t o i n f i n i t y w h i l e r e t a i n i n g 

t h i s s t r u c t u r e we can end up w i t h a f i e l d t h e o r y based on a 

t o r u s i n s t e a d o f a c i r c l e - o r , by n o t i d e n t i f y i n g o p p o s i t e 

s i d e s we may work on a p l a n e i n s t e a d o f a t o r u s . E v i d e n t l y , 

a l a r g e number o f p o s s i b i l i t i e s may be e x t r a c t e d f r o m a scheme 

such as t h i s . 



C h a p t e r 6 - C o n c l u s i o n s 

I t r e m a i n s now t o make some c o n c l u d i n g r e m a r k s . These w i l l 

toe o f a g e n e r a l n a t u r e , as s p e c i f i c comments c o n c e r n i n g t h e 

v a r i o u s methods have been marie a t t h e a p p r o p r i a t e p o i n t s o f 

t h e t e x t . 

We s e t o u t i n i t i a l l y t o a t t e m p t t o u n d e r s t a n d t h e n a t u r e and 

e x t e n t o f t h e s p o n t a n e o u s breakdown o f s u p e r s y m m e t r y , and. 

t o w a r d s t h i s end have c o n s i d e r e d a number o f q u a n t u m - m e c h a n i c a l 

m o d e l s , b o t h b r o k e n and u n b r o k e n . I n s u p e r - s y m m e t r i c q u a n t u m -

m e c h a n i c a l m odels , t h e c r i t e r i o n f o r d e c i d i n g w h e t h e r o r n o t 

t h e symmetry i s b r o k e n i s p a r t i c u l a r l y s i m p l e ( a l t h o u g h i n 

f i e l d t h e o r i e s i t i s n o t , so we seek some a l t e r n a t i v e 

c h a r a c t e r i s a t i o n ) - one l o o k s a t t h e t r i a l w a v e - f u n c t i o n brO^, 

(where v ( q ) i s t h e s u p e r p o t e n t i a l ) and sees i f s u c h a s t a t e 

i s n o r m a ! r s a b l e . I f i t i s , t h e n i t i s a s t a t e o f z e r o e n e r g y 

and s u p e r s y m m e t r y i s u n b r o k e n ; o t h e r w i s e i t i s b r o k e n . 

N o r m a l l y ( and a l w a y s i n t h e t e x t above ) t h i s c o r r e s p o n d s t o 

c h e c k i n g o n l y t h e a s y m p t o t i c b e h a v i o u r o f v ( q ) f o r l a r g e j q ( , 

b u t see b e l o w f o r o t h e r p o s s i b i * 1 I t i e s . So w i t h o u r c a s e s t h e 

p a r i t y o f t h e h i g h e s t power o f q i n v d i s c r i m i n a t e s - even 

u n b r o k e n and odd b r o k e n . A l t h o u g h t h i s i s v e r y c o n v e n i e n t f o r 

ease o f d e c i s i o n , i t l e a d s t o t h e f o l l o w i n g p r o b l e m . 

N o r m a l l y t o b e g i n t o s t u d y a b r o k e n symmetry we f i r s t c o n s i d e r 

t h e u n b r o k e n case and t h e n s w i t c h on a b r e a k i n g t e r m w h i c h may 

be t a k e n a r b i t r a r i l y s m a l l i n o r d e r t o s t u d y t h e e f f e c t . Here 

we c a n n o t do t h i s , as t h e d i f f e r e n c e b e t w e e n b r o k e n and 

u n b r o k e n models i s c o n t a i n e d i n t h e d o m i n a n t b e h a v i o u r o f v ( q ) 
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Thus i t makes no sense , f o r example , t o s t a r t w i t h t h e 

( u n b r o k e n ) model v = ̂ u) q Z and t h e n s w i t c h on a b r e a k i n g t e r m 
v - 3 ^ ^ ~ however s m a l l £ i s , t h e new p o t e n t i a l , t h e b o s o n i c 

p o t e n t i a l , and t h e f u l l p o t e n t i a l used i n t h e t e x t a r e a l l 

c o m p l e t e l y a l t e r e d . Thus , o u r c h o i c e o f w h e t h e r o r n o t 

s u p e r s y m m e t r y i s t o be b r o k e n i s a f u n d a m e n t a l one t o be made 

a t t h e s t a r t o f t h e c a l c u l a t i o n , n o t an o p t i o n a l one w h i c h 

can be l e f t open a t f i r s t . 

The i n v e s t i g a t i o n s o f t h i s t h e s i s have n o t shed much l i g h t on 

t h e mechanism by w h i c h s u p e r s y m m e t r y i s b r o k e n d y n a m i c a l l y . 

By now a v a r i e t y o f m odels o f s u p e r s y m m e t r i c quantum m e c h a n i c s 

have been s t u d i e d by numerous p e o p l e , and i n some ways t h e 

q u e s t i o n becomes more open as more i s d i s c o v e r e d a b o u t t h e 

m o dels - see [293 f o r a summary o f some o f t h e c a s e s . 

The work o f c h a p t e r 2 i n d i c a t e s t h a t t h e mechanism must 

somehow b l e n d p e r t u r b a t i v e and n o n p e r t u r b a t i v e e f f e c t s r a t h e r 

t h a n b e i n g l i n k e d t o j u s t one , a l t h o u g h c l e a r l y i n c e r t a i n 

a s y m p t o t i c r e g i o n s one o r t h e o t h e r may d o m i n a t e . The work i n 

c h a p t e r 3 shows t h a t , a t l e a s t i n s t r o n g - c o u p l i n g r e g i o n s , 

t h e r e l a t i v e s i z e s o f e f f e c t s t e r m e d " p e r t u r b a t i v e " and 

" n o n p e r t u r b a t i v e " may be v e r y s i m i l a r , and so t o n e g l e c t 

e i t h e r i s h a z a r d o u s . The m i x e d w a v e - f u n c t i o n method d e v e l o p e d 

and e x p l a i n e d i n c h a p t e r 2 p r o v i d e s a n s w e r s w h i c h a r e n u m e r i c a l l y 

good ( p r e s u m a b l y because i t b l e n d s p e r t u r b a t i v e and n on­

p e r t u r b a t i v e i d e a s ) , b u t i t does n o t p r o v i d e a g r e a t d e a l o f 

p h y s i c a l i n s i g h t i n t o t h e b r e a k i n g mechanism . I n t h e p a s t i t -

has been s u g g e s t e d t h a t t h e e x i s t e n c e o f i n s t a n t o n s o l u t i o n s 

c o u l d a c t as a t r i g g e r t o b r e a k t h e symmetry , b u t t h i s now 

seems u n l i k e l y - we have seen t h a t i n s t a n t o n s - a r e p r e s e n t i n 
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some u n b r o k e n t h e o r i e s , b o t h i n t h e f o r m a l i s m u s i n g t h e b o s o n i c 

p o t e n t i a l and t h e one we use , w i t h t h e f u l l p o t e n t i a l V + . 

S i m i l a r l y t h e r e a r e b r o k e n m o d e l s w i t h no p e r t u r b a t i v e b r e a k i n g 

and w i t h o u t i n s t a n t o n s - an example i s t h e s u p e r p o t e n t i a l 
v " i ^ - 1 ? • W e c a n s e e f r o m t h e e a r l i e r comments ] n t h i s c h a p t e r 

why i n s t a n t o n s a r e i n s u f f i c i e n t - s u p e r s y m m e t r y breakdown i s 

g o v e r n e d by t h e l e a d i n g b e h a v i o u r o f t h e s u p e r p o t e n t i a l , w h i l e 

t h e e x i s t e n c e o f i n s t a n t o n s i s d e c i d e d by t h e s p e c i f i c f o r m o f 

t h e n o n - l e a d i n q t e r m s . So f o r example t h e two s u p e r p o t e n t i a l s 

v = £ - ^ q , v = jj-q'1' - q b o t h l e a d t o u n b r o k e n t h e o r i e s , 

b u t t h e f o r m e r has i n s t a n t o n s ( i n b o t h and V + ) whereas 

t h e l a t t e r does n o t . I n [29.3 i t i s s u g g e s t e d t h a t t h e n e c e s s a r y 

c o n d i t i o n i s s l i g h t l y more c o m p l i c a t e d : i n s t a n t o n s i n t h e 

p r o b l e m w i l l s i g n a l s u p e r s y m m e t r y b r e a k i n g u n l e s s t h e phase 

t r a n s i t i o n when t h e f e r m i o n i c p a r t o f Vj_ i s t u r n e d on i s o f 

f i r s t o r d e r ( so t h a t t h e e x p e c t a t i o n v a l u e o f t h e c o o r d i n a t e 

c hanges d i s c o n t i n u o u s l y ) . T h i s c r i t e r i o n ( w h i c h i s d e r i v e d 

e m p i r i c a l l y r a t h e r t h a n p h y s i c a l l y o r t h e o r e t i c a l l y ) i s 

s a t i s f a c t o r y f o r t h e m odels so f a r c o n s i d e r e d , b u t as y e t i t 

i s t o o e a r l y t o a s s e s s i t s g e n e r a l v a l u e . A t f i r s t s i g h t i t 

seems once a g a i n t o be p r o b i n g n o n - l e a d i n g t e r m s , b u t t h i s 

i n f a c t i s n o t c l e a r as t h e l e a d i n g power o f t h e f e r m i o n i c 

p a r t o f t h e i n t e r a c t i o n has t h e same p a r i t y as t h a t o f t h e 

s u p e r p o t e n t i a l , so t h e c r i t e r i o n may be a d e q u a t e . We f e e l 

t h a t t h e q u e s t i o n i s s t i l l v e r y much open . 

One n o i n t w h i c h a r i s e s f r o m c h a p t e r 2 c o n c e r n i n g s i n g l e - s i t e 

p r o b l e m s i s t h e f o l l o w i n g . I n t h e i n t r o d u c t i o n i t was s t r e s s e d 

t h a t f o r a s u p e r s y m m e t r i c model t o be p h y s i c a l l y p l a u s i b l e , 

i t w o u l d have t o be b r o k e n i n some way i n o r d e r t o s p l i t up t h e 



p a r t i c l e s u p e r m u l t i p l e t s c o n t a i n i n g bosons and f e r m i o n s o f e q u a l 

mass . However , t h e b r o k e n models d i s c u s s e d h e r e do n o t do t h a t 

t h e s o l e q u a l i t a t i v e e f f e c t o f t h e b r e a k i n g i s t o l i f t t h e 

l o w e s t e n e r g y - l e v e l f r o m z e r o and r e n d e r i t d e g e n e r a t e . A l l 

e x c i t e d s t a t e s o f an u n b r o k e n model come i n d e g e n e r a t e p a i r s 

( one b o s o n i c , one f e r m i o n i c ) w i t h a n o n d e g e n e r a t e ( b o s o n i c ) 

vacuum ; a l l s t a t e s w i t h o u t e x c e p t i o n o f a b r o k e n model come i n 

d e g e n e r a t e p a i r s ! T h i s i s r a t h e r d i s a p p o i n t i n g , and q u e s t i o n s 

t h e use o f t h e w o r d b r o k e n .The s i t u a t i o n i n t h e models 

c o n s t r u c t e d i n c h a p t e r 5 i s a l i t t l e more e n c o u r a g i n g - u s i n g 

t h e more e l a b o r a t e m o d e l s s p l i t s up a s i n g l e b o s o n i c l e v e l i n t o 

s e v e r a l l e v e l s o f d i f f e r e n t e n e r g i e s . However , each o f t h e new 

l e v e l s i s s t i l l d e g e n e r a t e and c o n t a i n s an e q u a l number o f 

s t a t e s w i t h odd and e v e n t o t a l f e r m i o n number , so t h e p r o b l e m 

i s n o t y e t f u l l y r e s o l v e d h e r e . However , i t i s known t h a t f o r 

s u p e r s y m m e t r i c Y a n g - M i l l s models , c e r t a i n t y p e s o f e x p l i c i t 

b r e a k i n g can be i n t r o d u c e d ( w i t h o u t s p o i l i n g t h e f i n i t e n e s s o f 

t h e m o d e l s ) w h i c h g i v e each p a r t i c l e a d i f f e r e n t mass , s u b j e c t 

t o an o v e r a l l s u m - r u l e [ 4 l J . We t h e r e f o r e s u g g e s t t h a t t h e 

r a t h e r r i g i d n a t u r e o f e n e r g y - l e v e l s i n t h e b r o k e n c a s e s h e r e i s 

an a r t i f a c t o f t h e s m a l l number o f d e g r e e s o f f r e e d o m , and need 

n o t p e r s i s t i n f i e l d t h e o r y . 

As o u r measure o f t h e e x t e n t o f s u p e r s y m m e t r y b r e a k i n g we have 

used t h e v a l u e o f g r o u n d - s t a t e e n e r g y . As e x p l a i n e d b e f o r e , 

t h i s has t h e a d v a n t a g e o f b e i n g r e a d i l y c a l c u l a b l e i n many 

( a p p r o x i m a t e ) ways , u s i n g b o t h H a m i l t o n i a n and L a g r a n g i a n 

t e c h n i q u e s . I t i s p a r t i c u l a r l y s u i t a b l e f o r c a s e s i n w h i c h 

we know i n advance t h a t t h e t h e o r y i s b r o k e n and w i s h o n l y t o 

a s s e s s t h e e x t e n t o f t h i s . I t i s n o t s u i t e d t o s i t u a t i o n s i n 



no 

w h i c h we w i s h t o t e s t w h e t h e r a g i v e n m o d e l i s u n b r o k e n o r 

s o f t l y b r o k e n , s i n c e n u m e r i c a l e s t i m a t e s have i n t r i n s i c 

i n a c c u r a c i e s , and t o d e c i d e w h e t h e r a s m a l l answer i s " r e a l l y " 

z e r o o r e l s e p o s i t i v e , w i t h no a d d i t i o n ? " 1 , e v i d e n c e , i s c l e a r l v 

i m p o s s i b l e . The p r o b l e m h e r e i s t h a t v e r y few t e c h n i q u e s 

p r o v i d e a n s w e r s w h i c h a r e g u a r a n t e e d t o be l o w e r bounds - e i t h e r 

t h e answer i s known t o be an u p p e r bound ( e.g. most v a r i a t i o n a l 

methods ) o r e l s e i t i s ambiguous ( e.g. z e r o - p o i n t e s t i m a t e s o r 

i n s t a n t o n c a l c u l a t i o n s ) . P r o c e d u r e s w h i c h do g u a r a n t e e l o w e r 

bounds , such as t h e method o f [7 3 , t e n d t o c o n v e r g e more 

s l o w l y t h a n s t a n d a r d u p p e r - b o u n d methods ; f o r p r o b l e m s o f t h e 

t y p e c o n s i d e r e d h e r e , v/e a l r e a d y have a l o w e r bound - z e r o 

- and so may need t o expend c o n s i d e r a b l e e n e r g y t o i m p r o v e t h i s 

i n a s o f t l y - b r o k e n case . I t w o u l d t h e r e f o r e be a d v a n t a g e o u s t o 

have a g e n e r a l t o o ] , f o r e s t a b l i s h i n g w h e t h e r o r n o t b r e a k i n g 

o c c u r s , b e f o r e a t t e m p t i n g t o a s s e s s i t s e x t e n t . I n q u antum 

m e c h a n i c s t h i s i s s t r a i g h t f o r w a r d ; i n g e n e r a l , some f u n c t i o n a l 

m ethods have been e s t a b l i s h e d [153 based on an o r i g i n a l i d e a i n 

[433 , b u t t h e y a r e e x t r e m e l y d i f f i c u l t t o a p p l y i n most c a s e s . 

As a f i n a l g e n e r a l p o i n t c o n c e r n i n g t h e s e m o d e l s , we r e t u r n 

t o a q u e s t i o n r a i s e d i n t h e i n t r o d u c t i o n - w h a t happens i f we 

a l l o w t h e s u p e r p o t e n t i a l t o c o n t a i n n o n - p o l y n o m i a l t e r m s i n an 

a t t e m p t t o d u p l i c a t e t h e e f f e c t s g e n e r a t e d by r e n o r m a l i s a t i o n 0 

As a s p e c i f i c m odel t o a n a l y s e we t a k e a f a m i l y o f s u p e r -

p o t e n t i a l s 

i r = i ^ + i l it <£ 

p a r a m e t r i s e d by h . T h i s g i v e s ftosonic and f u l l p o t e n t i a l s 

\ > K + \T 
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^ h i s f a m i l y o f m o d e l s i s c u r r e n t l y u n d e r i n v e s t i g a t i o n by 

N . J . Z a k r z e w s k i and m y s e l f , and few d e f i n i t e r e s u l t s a r e y e t 

a v a i l a b l e . However , p r e l i m i n a r y r e s u l t s i n d i c a t e t h a t t h e 

b e h a v i o u r o f t h e models i s i n many ways v e r y odd . F i g s . 6.1a,b 

show t h e v a r i o u s g e n e r i c f o r m s o f and , and we s h a l l b e g i n 

by a n a l y s i n g t h e e x p e c t e d b e h a v i o u r o f t h e models a c c o r d i n g t o 

c o n v e n t i o n a l wisdom . C o n s i d e r f i g . 6.1a . F o r b > 0 t h e m o d e l s 

appe a r t o be b r o k e n by p e r t u r b a t i v e e f f e c t s , s i n c e t h e 

c l a s s i c a l minimum i s above z e r o . F o r b < 0 t h e c l a s s i c a l 

minimum i s a t z e r o , so t h e m o d e l s a r e n o t b r o k e n 

p e r t u r b a t i v e l y , b u t because o f t h e d e g e n e r a c y we can e x p e c t t o 

f i n d t u n n e l l i n g s o l u t i o n s w h i c h c o u l d b r e a k t h e symmetry 

n o n p e r t u r b a t i v e l y - t h e d i s c u s s i o n i n [ 3 8 ] f o l l o w s p r e c i s e l y 

t h e s e l i n e s . Nov; l o o k d i r e c t l y a t t h e s u p e r p o t e n t i a l . S i n c e 

f o r l a r g e \q\ , v <-u q 2 t h e u s u a l a r g u m e n t w o u l d c o n c l u d e t h a t 

t h e m o d e l s a r e a l w a y s u n b r o k e n , r e g a r d l e s s o f t h e v a l u e o f b . 

However , c a r e f u l a p p l i c a t i o n o f t h i s a r g u m e n t r e q u i r e s t h a t 

we l o o k more c l o s e l y a t t h e n o r m a l i s a b i l i t y o f t h e t r i a l 

w a v e - f u n c t i o n ID <\> c . T h i s r e q u i r e s 

<£=> - <* < \> £ I 

- t h e c r i t i c a l b e h a v i o u r o f i j ^ i s now a t t h e o r i g i n , 

s i n c e we have f i x e d t h e l o n g - r a n g e b e h a v i o u r a p p r o p r i a t e l y . 

Thus f o r b < -!- t h e m o d e l s a r e n o t b r o k e n , and f o r b > r if * 
t h e y a r e b r o k e n . T h i s d i s c o n t i n u o u s change i n t h e b e h a v i o u r 

f o l l o w i n g t h e c o n t i n u o u s change o f t h e p a r a m e t e r b p r o v i d e s 

a n o t h e r s u r p r i s e , and c o n t r a d i c t s s e v e r a l p r i o r e x p e c t a t i o n s 

( see e.g. [153 r f 4 ^ ] , o r r e m a r k s e a r l i e r i n t h i s c h a p t e r ) . 

N o t i c e t h a t t h e a r g u m e n t s based on t h e use o f Vi gave t h e wrong 
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c o n c l u s i o n s f o r some r a n g e s o f b . F o r 0 4 b < f , t h e wave-
T 

f u n c t i o n i s peaked a t t h e o r i g i n , so we a r e most l i k e l y t o 

f i n d t h e p a r t i c l e i n t h e m i d d l e o f t h e p o t e n t i a l b a r r i e r . 

For - 1 < b < 0 , t h e wave- f u n c t i o n v a n i s h e s a t t h e o r i g i n , 

so we a r e l e a s t l i k e l y t o f i n d t h e p a r t i c l e i n t h e p o t e n t i a l 

w e l l . O n l y f o r b <. - 1 does t h e shape o f t h e w a v e - f u n c t i o n 

a c c o r d w i t h p r i o r e x p e c t a t i o n s . One o t h e r s u r p r i s e comes i n 

t h e r e g i o n ~ < b .Here t h e c l a s s i c a l minimum o f t h e S c h r o d i n g e r 

p o t e n t i a l f o r t h e p r o b l e m i s above z e r o , y e t t h e e n e r g y o f t h e 

t r u e g r o u n d - s t a t e i s e x a c t l y z e r o - somehow t h e quantum 

f l u c t u a t i o n s manage t o r e d u c e t h e g r o u n d l e v e l t o a l o w e r v a l u e 

t h a n t h e c l a s s i c a l one . 

T h i s i n v e s t i g a t i o n i s f a r f r o m c o m p l e t e , b u t t h e above 

r e s u l t s show t h a t t h e i n c l u s i o n o f n o n - s t a n d a r d t e r m s i n t h e 

s u p e r p o t e n t i a l may l e a d t o some v e r y s t r a n g e e f f e c t s . ^ i n c e 

t h i s i s done i n o r d e r t o i m i t a t e t e r m s a r i s i n g i n t h e e f f e c t i v e 

p o t e n t i a l , f r o m r e n o r m a l i s a t i o n i n f i e l d t h e o r i e s , we b e l i e v e 

t h a t f u r t h e r s t u d y i s amply j u s t i f i e d . 

We t u r n now t o t h e e x t e n d e d s e m i c l a s s i c a l c a l c u l a t i o n s o f 

c h a p t e r s 3 and 4 . These use s o l u t i o n s o f t h e c l a s s i c a l 

e q u a t i o n s o f m o t i o n o t h e r t h a n t h e u s u a l ( i n s t a n t o n ) ones , 

p a t c h e d o n t o c o n s t a n t s o l u t i o n s a t e i t h e r end , t h e i d e a 

b e i n g t o a l l o w f o r a s p r e a d i n t h e v a l u e o f t h e e n e r g y o f t h e 

s y s t e m f r o m i t s c l a s s i c a l v a l u e . The f a c t t h a t t h e r e a r e such 

g e n e r a l s o l u t i o n s i n many ( an^ p r e s u m a b l y a l l ) m o d e l s has 

been known f o r some t i m e , b u t t h e p r a c t i c a l use o f s u c h 

s o l u t i o n s has been u n c e r t a i n and t h e i r p h y s i c a l r e l e v a n c e 

q u e s t i o n e d many t i m e s on s e v e r a l g r o u n d s , one o f w h i c h i s 



t h a t t h e y a r e o s c i l l a t o r y and t h u s have i n f i n i t e a c t i o n i f 

a l l o w e d t o f i l l t h e w h o l e o f space „ T h e r e f o r e i t i s s a t i s f y i n g 

t o have f o u n d a p o s s i b l e use , as o t h e r w i s e t h e i r e x i s t e n c e i n 

so many t h e o r i e s w o u l d be r a t h e r m y s t e r i o u s „ The s p e c i f i c 

p r o b l e m o f i n f i n i t e a c t i o n i s a v o i d e d i n t h e method h e r e by 

s i m p l y n o t u s i n g t h e e n t i r e s o l u t i o n , b u t o n l y a p a r t o f one 

p e r i o d i n a l o c a l i s e d r e g i o n o f space ( t h e d i l u t e gas 

a p p r o x i m a t i o n i s assumed t o c o v e r m u l t i p l e o s c i l l a t i o n s ) . 

I n o r d e r t o have a s p e c i f i c f u n c t i o n a l f o r m t o i n s e r t i n t o t h e 

f u n c t i o n a l i n t e g r a l , we a r e t h e n r e q u i r e d t o use p a t h s w h i c h 

a r e o n l y p i e c e w i s e s o l u t i o n s o f t h e e q u a t i o n s o f m o t i o n and 

w h i c h have jumps on c u r v e s o f measure z e r o r e l a t i v e t o t h e who! 

space . These jumps a r e used o n l y f o r c a l c u l a t i o n a l p u r p o s e s , 

and t h e p a r t i c l e s h o u l d be i m a g i n e d as s l o w l y m e a n d e r i n g t o t h e 

s t a r t i n g - p o i n t o f t h e g e n e r a l s o l u t i o n u n d e r t h e i n f l u e n c e o f 

q u a n t u m - m e c h a n i c a l f l u c t u a t i o n s . A h e l p f u l p i c t u r e s u g g e s t e d 

by A.D.Rums i n t h e c o u r s e o f a d i s c u s s i o n i s t h e f o l l o w i n g . 

C l a s s i c a l l y we t h i n k o f a p a r t i c l e m o v i n g f r o m p o i n t A t o p o i n t 

B a l o n g a d e f i n i t e p a t h ; 

I n t h e u s u a l s e m i c l a s s i c a l c a l c u l a t i o n s we t h e n a l l o w f o r 

G a u s s i a n f l u c t u a t i o n s o r t h o g o n a l t o t h i s p a t h ; 

W i t h t h e scheme p r o p o s e d h e r e we a l s o a l l o w f o r f l u c t u a t i o n s 
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a r o u n d t h e i n i t i a l , and f i n a l p o i n t s , p r e s u m a b l y g o v e r n e d by 

some s o r t o f d i f f u s i o n p r o c e s s 0 

C l e a r l y now d i f f e r e n t c l a s s i c a l p a t h s a r e a l l o w e d , s i n c e t h e y 

need l i n k o n l y t h e v i c i n i t i e s o f A and n. r a t h e r t h a n t h e 

p o i n t s A and B „ 

The e f f e c t o f t h i s seems t o be t o i n c r e a s e t h e domain o f 

v a l i d i t y o f t h e s e m i c l a s s i c a l c a l c u l a t i o n i n t e r m s o f a c c u r a c y 

o f a n s w e r s . The n o r m a l ( i . e . i n s t a n t o n + d i l u t e gas ) 

c a l c u l a t i o n i s o n l y r e l i a b l e i n t h e w e a k - c o u p l i n g l i m i t - t h i s 
V I - I 

does n o t i n c l u d e t h e CP c a s e because o f t h e e f f e c t s o f t h e 

c o n f o r m a l i n v a r . i a n c e . The r e f e r e n c e s o f [6j show t h a t 

i n c l u d i n g c o m p l e x - v a l u e d s o l u t i o n s o f t h e e q u a t i o n s o f m o t i o n 

( i . e . c o m p l e x s a d d l e s o f t h e a c t i o n ) g i v e s t h e same answer 

as t h e d i l u t e gas method i n w e a k - c o u p l i n g c a s e s , and i s more 

r e l i a b l e i n s t r o n g - c o u p l i n g r e g i o n s . The s o l u t i o n s used i n 

t h e s e methods i n v o l v e e l l i p t i c f u n c t i o n s , c o m i n g f r o m d i r e c t 

i n t e g r a t i o n o f t h e e q u a t i o n s o f m o t i o n . I t seems p o s s i b l e t h a t 

o u r method , u s i n g g e n e r a l ( r e a l ) e l l i p t i c s o l u t i o n s w i t h 

r e l a x e d b o u n d a r y c o n d i t i o n s , p h a s e - s p a c e i n t e g r a l s and t h e 

d i l u t e gas method , i s i n f a c t p i c k i n g up t h e same e f f e c t s as 

t h e complex complex s a d d l e - p o i n t method . I f so , t h e c o n c e p t u a l 

a d v a n t a g e s o f t h e method d e s c r i b e d h e r e a r e t h a t i t i s more 

ea s y t o v i s u a l i s e t h e b e h a v i o u r o f t h e c l a s s i c a l s o l u t i o n s and 

i t a v o i d s t h e use o f c o m p l e x i f i e d v a r i a b l e s . 

I n t h i s t h e s i s we have o n l y used t h i s method i n c a s e s where 

5? .V. 9< 



t h e r e i s a d o u b l e - w e l l s t r u c t u r e , and t h u s a c l a s s i c a l 

d e g e n e r a c y i n t h e p r o b l e m . However , because o f t h e jumps 

f o r d i f f u s i o n r e g i o n s ) one can e n v i s a g e p e r f o r m i n g a s i m i l a r 

c a l c u l a t i o n i n s i t u a t i o n s where t h e r e i s o n l y a s i n g l e g l o b a l -

minimum , p e r h a p s w i t h a s u b s i d i a r y l o c a l minimum e l s e w h e r e as 

i n c a l c u l a t i o n s c o n c e r n i n g t h e decay o f a m e t a s t a b l e vacuum 

s t a t e . Examples o f s u c h a p o t e n t i a l may be f o u n d i n c h a p t e r 2, 

as c a s e s o f s p o n t a n e o u s l y b r o k e n s u p e r s y m m e t r y . I n such a 

s i t u a t i o n one can i m a g i n e u s i n g a s o l u t i o n w h i c h jumps o u t 

f r o m t h e minimum , moves on a c l a s s i c a l p a t h f o r a t i m e , and 

t h e n jumps back a g a i n : 

The s e c o n d a r y ( f a l s e ) minimum w i l l a c t t o r e d u c e t h e g r o u n d -

s t a t e e n e r g y f r o m t h a t c a l c u l a t e d u s i n g j u s t t h e t r u e minimum 

and v/e can hope t o e v a l u a t e t h i s r e d u c t i o n t h r o u g h an e x t e n d e d 

s e m i c l a s s i c a l c a l c u l a t i o n u s i n g s o l u t i o n s s u c h as t h e above . 

W i t h t h e n o r m a l a p p r o a c h t h e r e i s no s o l u t i o n o t h e r t h a n t h e 

t r i v i a l one w h i c h has t h e c o r r e c t b o u n d a r y c o n d i t i o n s , and 

v / i t h t h e u s u a l a p p r o a c h we c a n n o t d e t e r m i n e t h i s s p l i t t i n g . 

W i t h o u r a p p r o a c h t h e r e i s no e s s e n t i a l d i f f e r e n c e between t h i 

c a l c u l a t i o n and t h e one t r e a t e d i n t h e t e x t . 

I n c h a p t e r 5 v/e have p r o p o s e d and s t a r t e d t o i n v e s t i g a t e a 

g e n e r a l i s a t i o n o f t h e o n e - s i t e m o d e l s o f c h a p t e r s 2 and 3 t o 

an a r b i t r a r y f i n i t e number o f s i t e s w h i c h may i f d e s i r e d oe 

a r r a n g e d i n d i f f e r e n t g e o m e t r i c a l c o n f i g u r a t i o n s . T h i s i s 

a n o t h e r a r e a w h i c h has g r e a t p o t e n t i a l f o r f u r t h e r s t u d y , 



1 

p a r t i c u l a r l y as r e g a r d s t h e l i m i t i n g case o f n ^ , i . e . t h e 

a p p r o a c h t o f i e l d t h e o r y . The e f f e c t on b o s o n i c e i g e n s t a t e s 

i s t o s p l i t up t h e d e g e n e r a c y o f a s i n g l e l e v e l i n a w e l l -

d e f i n e d manner ; however w i t h some o f t h e c a s e s c o n s i d e r e d t h e 

v a l u e o f t h e l o w e s t e n e r g y l e v e l f o r a s p o n t a n e o u s l y b r o k e n 

t h e o r y a r e u n c l e a r . I t i s p o s s i b l e t h a t t h e s e v e r y l o w - l y i n g 

s t a t e s , w h i c h a l s o e x h i b i t r a p i d a l t e r n a t i o n s i n t h e i r f e r m i o n 

c o n t e n t , a r e s u p p r e s s e d i n f i e l d t h e o r i e s by some s o r t o f 

e n t r o p y f a c t o r , and t h u s t h e l e v e l s w h i c h seek t o v a n i s h i n 

t h e n -*> <30 l i m i t a r e i n f a c t a b s e n t . A l t e r n a t i v e l y t h e p r o b l e m 

may be r e l a t e d , t o o u r c h o i c e o f t h e n e a r e s t - n e i g h b o u r s t r u c t u r e 

and so c h o o s i n g a more r e a l i s t i c one m i g h t s o l v e i t . W h i c h e v e r 

t h e c a s e , t h e p r o p e r t i e s o f t h e s e m o d e l s have an i n t r i n s i c 

i n t e r e s t , and f u r t h e r s t u d y w o u l d be w o r t h w h i l e . 

model ro as n^>«o-The c o n s e q u e n c e s o f t h i s f o r f i e l d 
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A p p e n d i x 2.1 - H o n s t r u c t i n g t h e s u p e r s y m m e t r i c q uantum-

m e c h a n i c a 1 L a g r a n g i a n 

We b r i e f l y r e v i e w t h e p r o c e d u r e f o r c o n s t r u c t i n g t h e most 

g e n e r a l such t h e o r y i n s u p e r s p a c e . ^ h i s t r e a t m e n t may be f o u n d 

i n [18 J and we i n c l u d e i t p u r e l y f o r c o n v e n i e n c e . 

The s u p e r s p a c e i s g i v e n bv (t,G, Q ) v/here t i s a n o r m a l 

( i . e . commuting ) v a r i a b l e and 0,0* a r e G r a s s m a n n i a n 

( a n t l c o m m u t i n g ) . Thus t h e v s a t i s f y 

I n f i n i t e s i m a l s u p e r s y m m e t r y t r a n s f o r m a t i o n s ( w h i c h a r e Grassmann-

even t r a n s l a t i o n s i n s u p e r s p a c e ) a r e 
t t' ~ t - \ LB*t ~ , 

6 e' = G+£ , s>* -*<9*'« ( 9 * 4 c* 

where £ , a r e c o n s t a n t a n t i c o m m u t i n g p a r a m e t e r s . F i n i t e 

t r a n s f o r m a t i o n s a r e g e n e r a t e d py 

where ^ , 0 * a r e t h e s u p e r s y m m e t r y g e n e r a t o r s . These t r a n s f o r m 

a l l q u a n t i t i e s as 

A - » A' = 

w h i c h i n f i n i t o s i m a l l y g i v e s 

To r e p r o d u c e t h e p r e v i o u s t r a n s f o r m a t i o n s o f t,9,Q we r e q u i r e 

that ^ l 4 * ? . 2 ; J t s 2 H > I f t , l f l « C d \ U > 0 
C o v a r i a n t d e r i v a t i v e s f o r t h e s e t r a n s f o r m a t i o n s a r e g i v e n by 

We now c o n s i d e r a s u p e r f i e l d w h i c h i s r e a l and t r a n s f o r m s as 

a s c a l a r : <k* U , 9 , 6 * ) = ( H * ' 6 ' 6 * ) 



E x p a n d i n g t h i s i n powers o f Qgives t h e f o l l o w i n g t e r m s 

w h i c h we use t o d e f i n e t h e f i e l d s q ( t ) , , lb* It}, n ( t ) , 
$ M . 0 M = ft) + ,©t|,(fc) - i^t)©* + m ) 

The a c t i o n o f c o v a r i a n t d e r i v a t i v e s on <|) i s 

T'he most g e n e r a l a c t i o n i n supe r s p a c e , i n v a r i a n t u nder s u p e r -

svmmetrv t r a n s f o r m a t i o n s i s 

where f ((j>) i s some p o l y n o m i a l i n <j> ( c h o o s i n g a p o l y n o m i a l 

h e r e i s c o n v e n t i o n a l because o f l i m i t a t i o n s i n f i e l d t h e o r y 

c o n c e r n i n g r e n o r m a l i s a b i l i t y , b u t i t i s n o t c l e a r t h a t t h i s 

r e s t r i c t i o n s h o u l d s t i l l a p p l y i n q u a n t u m - m e c h a n i c a l models ) 

We now a p p l y t h e i n t e g r a t i o n ru"> es f o r a n t i c o m m u t i n g v a r i a b l e s 

t o see t h a t o n l y t h e c o e f f i c i e n t o f $Q i n ~ |]^<|>|2- f ( ^ ) w i l l 

c o n t r i b u t e t o t h e a c t i o n : 

I n t e g r a t i n g o v e r © ,<9* we f i n d 

I n t h e quantum f o r m u l a t i o n o f t h e t h e o r y we w i l 1 f u n c t i o n a l 1 

i n t e g r a t e o v e r a l l f i e l d s g ( t ) , |>( t ) , ̂  { t ) ,D ( t ) . N o t i c e t h a t 

n e n t e r s o n l y g u a d r a t i c a l l y and w i t h o u t d e r i v a t i v e s , so t h i s 

f u n c t i o n a l i n t e g r a t i o n may be i m m e d i a t e l y p e r f o r m e d t o g i v e an 
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e f f e c t i v e a c t i o n 

w h i c h a p p e a r s i n t h e g e n e r a t i n g f u n c t i o n a l 

W i t h t h e i d e n t i f i c a t i o n o f v(q) as t h e s u p e r p o t e n t i a l , v;e 

see t h a t t h i s e f f e c t i v e a c t i o n i s t h e one used as a s t a r t i n g -

p o i n t i n t h e t e x t = 



A p p e n d i x 2.2 - r e t a i l s f o r t h e m i x e d w a v e - f u n c t i o n method 

T h i s s h o u l d he r e a d i n c o n j u n c t i o n w i t h f i g . 2. „ ft . We show 

i n d e t a i l t h e c a l c u l a t i o n f o r t h e case 

Let / t h e n 
A 

R e p l a c i n g q by <j^ + £ a n ^ c o m p a r i n g q u a d r a t i c and q u a r t i c p o w e r s 

i n I y i e l d s f ^ s J U*^* - 2 L M 

A r o u n d t h e complex s t a t i o n a r y p o i n t s q = q ± we p e r f o r m a 

s i m i l a r p r o c e d u r e t o g e t w a v e - f u n c t i o n s (j^ say , and t h e n 

c o n s t r u c t t h e r e p r e s e n t a t i v e w a v e - f u n c t i o n W a r o u n d Re a by 

where Re o + = Re 0_ = 0 and o l i e on t h e l i n e s o f f i g . 2.6 . 

I n o u r case t h i s g i v e s 

$ Id) - ( u ar [a-Qzp)) exf[- t ^ U ^ ^ ? ) 

where \ ^ - J I U f y * - 2 l * V l ' / to* % 

These e x p r e s s i o n s f o r J\ , ̂  ,a .a r e q u i r e a l i t t l e m o d i f i c a t i o n 
o o 

w h e n ^ < , ^ i t , b u t t h i s i s s t r a i g h t f o r w a r d . 

Fo r v e r s i o n s o f t h e method i n w h i c h t h e s e p a r a m e t e r s were 

o p t i m i s e d i n a m i n i m i s a t i o n r o u t i n e , t h e above v a l u e s were 

used as f i r s t g u e s s e s . 

'•Text we show t h e d i f f e r e n c e s b etween c a l c u l a t e d and o p t i m i s e d 

v a l u e s o f t h e p a r a m e t e r s f o r t h e c a s e jA. - 0 ( as i n t h e t e x t , 

we f i x L = 0.3 f o r p u r p o s e s o f i l l u s t r a t i o n ) . Method fa) 



1 2 1 

f i x e s a. = a 

Method 

( a) c a 1 o , 

o p t . 

(o) c a l c , 

o p t . 

0 , w h i l e method (b) a l l o w s them t o v a r y 

P a r a m e t e r 

a 

1.19 

1.15 

n. 8 7 i . i P 

1.2 4 1.2 5 

0.8 7 1.16 - 0 . 2 1 0.11 1.31 

1.2 3 0 . 9 6 - 0 . 0 6 0.33 1.10 

0.2133 

0.1367 

0.1303 

0.12 6 5 

Compare t h e s t r i c t bounds w h i c h g i v e 0. 1245 < E o < 0.1.266 

I t w i l l be seen t h a t none o f t h e p a r a m e t e r s i s a l t e r e d 

d r a s t i c a l l y by t h e o p t i m i s a t i o n p r o c e s s ( i . e . by o r d e r s o f 

m a g n i t u d e ) . F o r t h e r e g i o n n e a r ^ j ^ c t where t h e p a i r o f 

comple x s a d d l e s becomes d e g e n e r a t e and ^ 0 , we f i n d t h a t A 

i s c h a nged by a l a r g e amount - t h i s i s t o be e x p e c t e d as t h e 

o p t i m i s a t i o n p r o c e s s was i n t e n d e d t o c i r c u m v e n t t h e p r o b l e m s 

a r i s i n g f r o m t h i s . 



A p p e n d i x 3 . 1 - I n s t a n t o n c o n t r i b u t i o n f o r s u p e r s y m m e t r i c 

q u a n t u m m e c h a n i c s 

As m e n t i o n e d .in t h e t e x t , t h e r e a r e ( a t l e a s t ) two ways 

o f p e r f o r m i n g t h i s c a l c u l a t i o n , as i n [273 o r [173 . I n [ 3 } 

we gave d e t a i l s f o r t h e second o f t h e s e - f o r v a r i e t y we h e r e 

show w o r k i n g f o r t h e method o f r 2 7 3 . The m o t i v a t i o n and b a c k ­

g r o u n d f o r t h e c a l c u l a t i o n f o r t h e c a l c u l a t i o n a r e g i v e n i n t h i s 

r e f e r e n c e , so we w i l l onTy m e n t i o n t h a t we seek t o e x p r e s s an 

a m p l i t u d e ( g i v e n by a f u n c t i o n a l i n t e g r a l ) i n t h e f o r m 

and t o t h i s l e v e l o f a p p r o x i m a t i o n t h e l o w e s t e n e r g y l e v e l i s 

F. ̂ - A £ . N i s a n o r m a l i s a t i o n f a c t o r . The s u p e r p o t e n t i a l f o r 

t h i s p r o b l e m i s 

q i v i n g t h e S c h r o d i n g e r p o t e n t i a l 

We a r e i n t e r e s t e d i n t h e case |*7-\)S , f o r w h i c h t h e r e a r e two 

d e g e n e r a t e m i n i m a o f Vj. l o c a t e d a t 

We must s o l v e 

2 > 
The s o l u t i o n i s 

- as i n t h e t e x t we s e t t = 0 

where = U 1 J^M* 

and so t h e a c t i o n o f t h e I n s t a n t o n i s 

= "2 - f ^ T +- m T 



The f u n c t i o n a l i n t e g r a l we w i s h t o p e r f o r m i s 

w h i c h by a change o f v a r i a b l e ^60* c^&)-^Ck) becomes 

s u b j e c t t o j j ^ ± T ) , 0 

As e x p l a i n e d i n \2l2 we p e r f o r m t h i s i n two d i f f e r e n t ways i n 

o r d e r t o c a l c u l a t e t h e d e t e r m i n a n t s i n v o l v e d . T'he f i r s t way 

i s v i a a change o f ^ v a r i a b l e 

(M(T)M(-T) 
g i v i n g 

and t h e second uses an e x p a n s i o n i n n o r m a l modes t o g i v e 
2y - r f /Wia* \ f c 

I n t h e l i m i t T >̂ 06 ( w h i c h we r e q u i r e ) T,* O ; t h i s zero-mode 

c o r r e s p o n d s t o i n v a r i a n c e u n d e r t i m e - t r a n s l a t i o n s . I n t h e 

f i n i t e - t i m e case E i s n o n - z e r o and f o r l a r g e T may be f o u n d 

by b o u n d a r y p e r t u r b a t i o n t h e o r y -

( I t s h o u l d be m e n t i o n e d t h a t a l l t h e s e c a l c u l a t i o n s i n v o l v e 

some d e g r e e o f a p p r o x i m a t i o n , and t h e v a l i d i t y o f some o f t h e 

s t e p s i s q u e s t i o n a b l e ) . The q u a s i - z e r o mode i s t a k e n c a r e o f 

by t h e use o f t h e Faddeev-Popov method o f c o l l e c t i v e c o o r d i n a t e s 

w h i c h i n t r o d u c e s an a d d i t i o n a l d e t e r m i n a n t i n p l a c e o f t h e 

d i v e r g e n t e i g e n v a l u e . The new v a l u e o f t h e p a t h - i n t e g r a l i s 

= A f ? . I . 
T \J 

where Apj>; jflk ^ ^ ' w n e r e ^ 0 i - s t 1 _ i e e i g e n f u n c t i o n 

c o r r e s p o n d i n g t o E J . F o r l a r g e T ^ ^ ^ and we f i n d 

TP \] 



i3o 

C o l l e c t s no t e r m s , 
T h u s t o t h i s d e p t h o f a n n r o x i m a t i o n , t h e k e r n e l we w i s h t o 

e v a l u a t e i s c. _ . ~£ 

— r • • " t 

Til w 
T h i s n i v e s t h e f i r s t t e r m i n t h e e x p a n s i o n f o r s i n h , t o g e t h e r 

w i t h t h e n o r m a l i s a t i o n f a c t o r w h i c h p h y s i c a l l y r e p r e s e n t s t h e 

e x t e n t t o w h i c h t h e two v.'ei i s can mix , i . e . t h e o v e r l a o o f 

two w a v e - f u n c t i o n s l o c a t e d i n each w e l l . " h i s f a n t o r may be 

f o u n d ov t h e methods o f \21~\ t o be 

One may a l s o check t h a t t h e n e x t t e r m i n t h e p o w e r - s e r i e s f o r 

s i n h i s g i v e n by s o l u t i o n s o f t h e f o r m i n s t a n t o n + 

( a n t i - i n s t a n t o n , i n s t a n t o n p a i r ) , a t l e a s t i n s o f a r as t h e 

d i l u t e gas a p p r o x i m a t i o n may be t r u s t e d f o r t h i s p r o b l e m ( t h i s 

assumes t h a t a i l m u l 1 1 - i n s t a n t o n q u a s i - s o l u t i o n s may be 

a p p r o x i m a t e d by s i m p l e s u p e r p o s i t i o n s o f s i n g l e I n s t a n t o n 

s o l u t i o n s , i . e . t h a t a l l t h e i n s t a n t o n s c o n c e r n e d a r e w e l l -

s e p a r a t e d ) . So t h e k e r n e l i s g i v e n bv 

and hence we f i n d 

and 

jU=0 t h e s e become [>We vliixt 



i^rom t h e g e n e r a 1 e x p r e s s i o n s <-'e see t h a t f o r a l l v a l u e s o f j, 

d i m e n s i o n a l p a r a m e t e r s p r o d u c e a h a r m l e s s o v e r a l l s c a l e , r a t h 

t h a n a c t i n g t o s u p p r e s s t h e i n s t a n t o n c o n t r i b u t i o n 

TL^e£\&6 fa jj^O : 

a e 



A p p e n d i x 3.2 - d i m e n s i o n a l a n a l y s i s f o r i n s t a n t o n c a l e n 1 a t i o n 

I n t h e t e x t u»e have w r i t t e n t h e E u c l i d e a n . T.aqr a n g i an f o r t h e 

a n h a r n o n i o ( cm a '•"(:~' o ) osc i 1 l.a t o * - as 

i n w h i c h jji1 i s used as a o a r a r n e t e r . The most o b v i o u s way t o 

a l t e r t h i s t o i n c l u d e d i m e n s i o n a l q u a n t i t i e s e x p l i c i t l y i n a 

d i m e n s i o n a l ! ' / c o r r e c t scheme i s t o r e w r i t e i t as 

w h e re M has t h e d i m e n s i o n s o f a l e n g t h and L o f a l e n g t h cubed 

Then a d i m e n s i o n ! e s s q u a n t i t y i s g i v e n bv 

A 

and i t may r e a d i l y be c h e c k e d t h a t JA. e n t e r s a l l e x p r e s s i o n s i n 

t h e same wav as t h e o r i g i n a l u . The d i m e n s i o n a l s c a l e f o r 

e n e r g i e s i s / ^/t 

We now compare t h i s w i t h t h e s t a n d a r d a p p r o a c h w h i c h comes 

f r o m d i r e c t g e n e r a 1 i s a t i o n o f t h e e q u i v a l e n t c l a s s i c a l p r o b l e m 

where t h e c o n s t a n t i s a r r a n g e d t o g i v e a c l a s s i c a l minimum a t 

z e r o . 60 and JZ a r e c h a r a c t e r i s t i c f r e q u e n c i e s , g i v i n g 

r e s p e c t i v e l y t h e r a t e s o f o s c i l l a t i o n a t t h e b o t t o m o f one o f 

t h e w e l l s and between t h e two w e l l s - i . e . t h e s h o r t and l o n g 

r a n g e o s c i l l a t i o n s . The dimens i o n i e s s p a r a m e t e r c h a r a c t e r i s i n g 

t h e p r o b l e m i s t h e r a t i o between t h e s e two f r e q u e n c i e s , 

where f o r a w e a k - c o u p l i n g p r o b l e m we e x p e c t 9̂  1 : 0 ^ G l a r g e 

( s l o w r a t e o f o s c i l l a t i o n b etween w e l I s as opposed t o w i t h i n 

a w e l l ) . R e w r i t i n g t h e above T.agrangian , 

L = *-ix + ^ ( V - % 7 \ 2 

1 CLt ^ 2 ^ 1 
we mav i d e n t i f y o u r o r i g i n a l p a r a m e t e r s as 

^2 . / i _ \VZ 



and so CX |- = = fK =[* . 

^hus jx i s i n d e e d t h e a p p r o p r i a t e d i m e n s i o n l e s s p a r a m e t e r t o 

choose . I n t h i s second, f o r m u l a t i o n t h e d i mens i o n a 1 s c a l e o f 

e n e r q y i s g i v e n h " "\\ Jl ( <->>- e q u i v a 1 e n t ! v "tCtO , b u t we a r e 

p a r t i c u l a r l y i n t e r e s t e d i n s t r o n g - c o u p l i n g c a s e s n e a r t_) = 0 

wi t n XL f i n i t e ) . 

For t h e s u o e r s y m n e t r i c p r o b l e m we have 

and r ewr i t ing t h i s i n t e r m s o f c h a r a c t e r i s t i c f r e q u e n c i e s g i v e 

Then d i m e n s i o n l e s s r a t i o s a r e 

where h e r e p\ i s t h e dimension'' e ss p a r a m e t e r used in. t h e t e x t 
M 

U-^ . So , as e x n l a 1 nerl i n t h e t e x t , t h e l o c a t i o n o f weak 

and s t r o n g c o u p l i n g r e g i m e s i s more o b s c u r e i n t h i s case , b u t 

seems t o be q u a l i t a t i v e l y s i m i l a r t o t h e q u a r t i c p r o b l e m . 
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A p p e n d i x 3.3 - C.a1 c u l a t i n n a m p l i t u d e s f o r non- i n s f a n t o n 

s o l u t i o n s 

T h o r p a^e su n r i s i nq 1 v re« 7 f f e r e n c e s h e r e f r o m cad. c u 1 a t i o n 

o f t h e i n s t a n t o n a m p l i t u d e , b u t most o f t h e i n t e r m e d i a t e s t e p s 

can o n l y be e x p r e s s e d j n t h e Form o f i n t e g r a 1 s t o be p e r f o r m e d 

n u m e r i c a l l y , r a t h e r t h a n e x a c t l y c a l c u l a t i o n . T h e r e f o r e , 

t h i s a p p e n d i x s h o u l d be r e a d i n c o n j u n c t i o n w? t h a p p e n d i x 3.1 . 

The L a g r a n g i a n f o r t h e q u a r t i c p r o b l e m ( d r o p p i n g d i m e n s i o n a l 

f a c t o r s ) i s 

We t a k e as t h e c l a s s i c a l s o l u t i o n a b o u t w h i c h t o expand 

c-J>*vT _T<t * r i 

I J7/T VZ < b< T 

where q f ( t ) i s any member o f t h e f a m i l y o f s o l u t i o n s ( 3 . 1 . 1 4 ) -

i t s a t i s f i e s 

i f - (i£'- i / ) s
 + e 

and t h e i n s t a n t o n has £ - 0 

The c l a s s i c a l a c t i o n i s 
s = f i l i l k . f t f d t - f (T2-T,) 

E x p a n d i n g a b o u t t h e c l a s s i c a l s o l u t i o n i n t h e f u n c t i o n a l 

i n t e g r a l g i v e s -r 

I - fey e*j> -_^(^ 2 +HHV)a 2 + ^ f* ^ ) 
where ^ ( t) , ^ ) - ^ ( t ) 

A.s b e f o r e t h , i s i s done i n two ways , f i r s t by a change o f 

va r i a b l e t o ^ 

b e f o r e we had rl(t) = q ( t ) , b u t h e r e we c a n n o t do t h i s as N ( t ) 

must be c o n t i n u o u s . m o d e t e r m i n e M ( t ) we must r e t u r n t o i t s 
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d e f i n i t i o n \27j by ft (t) « ( ^ f c ) - / * ? ) M&) 

and s o l v e t h i s i n t h e t h r e e r e g i o n s s e p a r a t e l y . Thus 

- -T<t<T| 
^ (t) - T l < t <T 7 ? 

^ eij) f - j 2 ^ f c - T 2 ) ] T 2 < t < T 

where a , , •= q (T.l , m?.) - M i s now c l e a r l y c o n t i n u o u s : nhen 

2 i L 

T2 

A l t e r n a t i v e l y we may expand i n n o r m a l modes t o g e t t h e same 

answer as b e f o r e , 

where t h e e i g e n f u n c t i o n ^ c o r r e s p o n d i n g t o E ̂  i s n o r m a l i s e d 

I n p a r t i c u l a r we have ^ c<: ti(jc) 
i 

E s t i m a t i n g E 0 bv b o u n d a r y p e r t u r b a t i o n t h e o r v g i v e s 

To cope w i t h t h e q u a s i - z e r o - m o d e o f t i m e t r a n s l a t i o n s we 

i n t r o d u c e a Faddeev-Popov d e t e r m i n a n t , w h i c h t o o u r d e g r e e o f 

a p p r o x i m a t i o n i s 

and n o r m a l i s i n g ^ c o r r e c t l y g i v e s t h i s as 

The • F u l l n o n n e r t u r b a t i v e p a t h - i n t e g r a l i n c o r p o r a t i n g t h i s i s 

r i 

icy** y 

We may now n e a r l y r e c o n s t r u c t t h e f u l l a m p l i t u d e , b u t f i r s t 
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must f i x t h e n o r m a l i s a t i o n f a c t o r w h i c h p a t c h e s m u l t i p l e 

c o n t r i b u t i o n s t o g e t h e r . P h y s i c a l l y t h i s r e p r e s e n t s t h e e x t e n t 

o f o v e r l a p between t h e two " e l l s , as e x p l a i n e r ! i n appendi.x 

3.1 , and so has a y * 1 uo i n d e p e n d e n t o<" t v a l u e o f g 

C a l c u l a t i n g i t f o r t h e i n s t a n t o n , we f i n d i t t o be 
=7 

On r e c o n s t r u c t i o n we f i n d 

t o -
— t _ . q . t h e q u a d r a t i c e n e r g y i s i n d e p e n d e n t o f £ t h i s i s 

because i t i s f i x e d by t h e p r o p e r t i e s o f t h e p o t e n t i a l a r o u m 

i t s m i n i m a and does not. depend on how we t r a v e l f r o m one 

minimum t o t h e o t h e r . 

- t h i s does depend on £ t h r o u g h g,, q2, S and J . 

I n f a c t f o r n u m e r i c a l c o m p u t a t i o n we do n o t d i r e c t l y use £ 

i n s t e a d f o r each p h a s e - s o a c e i n t e g r a l we p i c k t h e v a l u e s o f t h e 

iumps i n q and p as t h e i n d e p e n d e n t v a r i a b l e s and hence d e r i v e 

t h e a p p r o p r i a t e v a l u e o f £ f r o m £ = j ) 2 f j ^ u 1 ) . T h i s a l s o 

p r o v i d e s a d e l t a - f u n c t i o n i n t h e i n t e g r a l s i n c e t h e v a l u e o f 

s t a y s f i x e d a l o n g t h e p a t h P j ( t ) . 
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A p p e n d i x 5„1 - P r o p a g a t i n g f e r m i o n s t a t e s f o r two s i t e s 

i n c l u d i n g a n t i - f e r m i o n s 

" h e r e a r e 1 c. i n d e p e n d e n t s t a t e s , -..'ith an o r i g i n a l has i s a t 

each s i t e c h o s e n t o be t i - ^ (\ + | j j ^ ) , j ; ) . s t a t e s w h i c h 
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T h e a d d i t i o n a l d e g e n e r a c y because t h e S c h r o d i n g e r e q u a t i o n s a r e 

i d e n t i c a l r e l a t e s t h e f o l l o w i n g g r o u p s -

A : 1,3,0,1? ° 4, i n ; 5 , n 

B : 2,5,1?,-> C ; 7 , 1 * ; 0,15 

I f a b o s o n i c l e v e l has e n e r g y E ^ , t h e n 

1) E , = 0 . A l l s t a t e s i n 3 a r e a n n i h i l a t e d by b o t h O and 0 , 
b +-

and a l l s t a t e s .•'n A have r e r o e n e r g y . Thus t h e 

g r o u n d - s t a t e i n t h i s case i s 8 - f o l d d e g e n e r a t e . 

^he f e r m i o n i c c o n t e n t o f such a s t a t e i s 

( l x ( f = l ) + 3 x ( f = 0 ) + 3 x ( f = - l ) + l x ( f = ~ 2 ) ) , 

so t h a t t h e q u a n t i t y A d e f i n e d i n [4 3 ] i s 

l x f - 1 ) + 3 x ( l ) + 3 x ( - l ) + l x ( l ) = 0 - as e x p e c t e d , 

f o r an u n b r o k e n model A= 0 • T h i s q u a n t i t y A may 

he used i n some c a s e s t o t e l l i f a p a r t i c u l a r m o d e l 

i s b r o k e n o r u n b r o k e n - i n r e f e r e n c e [ 1 5 ] i t i s 

r e d e f i n e d i n t e r m s o f a f u n c t i o n a l i n t e g r a l . 

2) E P» 0 . The f i r s t g r o u p s i n b o t h A and 3 a r e a l l d e g e n e r a t e 

w i t h e n e r g y E ^ , t h e second g r o u p s a l J d e g e n e r a t e 

w i t h e n e r g y ^ E ^ , t h e t h i r d g r o u p s a l l d e g e n e r a t e 

w i t h e n e r g y E j / f l , w h ere J U ^ j f c i 2 - 6 • Thus t h e 

f e r r a i o n s s p l i t t h e o r i g i n a l s i n g l e l e v e l as f o l l o w s 
. a f t (MM) 

^ > • -h OAUWM) 
^ A/a (S.M.K) 

F e r e t h e f e r m i o n c o n t e n t o f t h e t h r e e s t a t e s i s 

l v ( f = i i + 2 x f f = 0 ) + l x ( f = - l ) 

I x ( f = 2 ) + 2.x ( f ^ l ) + 2 x ( f = 0 ) + 2 x ( f ^ - l ) + \x(f--2) 

l x ( f = - - l ) 4- 2 x ( f = 0) + l . x ( f - - - l ) 

and so t h e q u a n t i t y As I x (-1 ) + 2x (1> + l x ( - l ) = 0 . 



Thus even t h o u g h a s t a t e such as t h e f i r s t o f t h e s e 

c o u l d r e p r e s e n t t h e g r o u n d - s t a t e o f a s p o n t a n e o u s ! v 

b r o k e n t h e o r v , we st.M i have A = 0 — t h i s i s t h e 
A 

amoiqnous s i t u a t i o n i n '>?h i c h k n o w l e d g e o f ^ d o e s n o t 

h e l p us t o d i s c r i m i n a t e between b r o k e n and u n b r o k e n 

c a s e s . 

Thus ( u n l e s s t h e r e i s an a d d i t i o n a l d e q e n e r a c y from, 

t h e b o s o n i c s e c t o r ) i n an u n b r o k e n t h e o r y t h e 

q r o u n ^ - s t a t e has z e r o e n e r g y and i s 8 - f o l d 

d e g e n e r a t e ; i n a s p o n t a n e o u s l y b r o k e n t h e o r y i t 

has s t r i c t l y p o s i t i v e e n e r g y and i s 4 - f o l d 

•^eaenerate . 


