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ABSTRACT 

The work described i n t h i s thesis i s directed towards study of the 

magnetostriction i n the Gd-Tb all o y system using resistive s t r a i n gauge 

technique. The experiments were carried out at various ranges of 

temperatures between 4.5 K and 250 K, and magnetic f i e l d s up to 13 

Tesla were available. 

High q u a l i t y single crystals of Gd^ g^Tb^^^^, Gd^ g^Tb^ 2^. 

0̂.50''̂ '̂ 0.50» ^0.25'^'^0.75 used to measure the four magneto-

s t r i c t i o n coefficients A / ' ^ 2 5 ^ 1 X' 

The temperature dependences of the magnetostriction coefficients were 

f i t t e d w ith both single-ion mechanism and a theory containing a term 

representing a two-ion int e r a c t i o n . Only the values of the magnetostric

t i o n coefficients f o r the samples containing high concentration of 

Terbium obey the single-ion I 5 /2 [_ J ^ ' ^ i ^ n ^ " ] law. However, the experi

mental results were better f i t t e d using the other theory, but i n most 

cases the f i t was less close than could have been desired. 

An anomalous behaviour was observed f o r the samples containing 5% and 20% 

of Terbium i n the magnetostriction curves along the c-axis, 45° to c-axis, 

and b-axes i n the b-c plane. These anomalies disappeared by raising the 

f i e l d and temperature above 70-K. Another anomaly was observed i n the 

temperature dependence of sample containing 20% of Terbium 

where a very sharp peak was obtained f o r t h i s coefficient at 60 K. 

The varia t i o n of the coefficients A ' • A2 » ̂ n** A with alloy 

composition were able to be represented using an exponential r e l a t i o n , 

while a linear r e l a t i o n was found f o r the coefficient A . The values 

of the coefficients extrapolated w e l l to the values of the pure metals 

given by previous workers. 
c »2 Y 2 

The r a t i o X (0) / X'(0) was found to have anomalously large values 

compared with that expected f o r the heavy rare earth metals and increase 

with increasing Terbium concentration i n the a l l o y . 
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CHAPTER 1 

GENERAL INTRODUCTION 

1.1 I n t r o d u c t i o n 

A small c o i l c a r r y i n g a current behaves l i k e a magnetic d i p o l e 

of moment, 

M = I A (1.1)» 

where I i s t h e c u r r e n t , and A i s the area of the loop. 

This suggests a possible o r i g i n f o r magnetic p r o p e r t i e s of atoms. 

There are two possible types of charge c i r c u l a t i o n t h a t could give 

r i s e t o an atomic magnetic moment, the o r b i t a l motion of the e l e c t r o n 

around the nucleus and the r o t a t i o n of the e l e c t r o n about i t s own 

axis,a motion r e f e r r e d t o as s p i n . The magnetic moment associated 

w i t h t h i s o r b i t a l and spin motion i s , 

^ - _gtio e p (1.2), 
2m 

where g i s the gyro magnetic r a t i o , g = 1 f o r o r b i t a l motion and 

g = 2 f o r s p i n , e the e l e c t r o n charge and m i s the e l e c t r o n mass. 

fXo= 4''''x 10"^ Hm"-'̂  i s the p e r m e a b i l i t y of f r e e space and P i s the 

angular momentum of the e l e c t r o n . 

For a many e l e c t r o n atom the t o t a l o r b i t a l angular momentum of 

el e c t r o n s ( i = l,2,.,..,n) i s given as 

L = Z \ (1-3) 
i = l ^ 

S i m i l a r l y the spin vectors Si of i n d i v i d u a l electrons ( i = l,2,....,n) 

are coupled through the spin-spin i n t e r a c t i o n t o give the t o t a l spin 

angular momentum as 
S = Si (1.4) 

i = l 

Then L and S are coupled w i t h each other v i a the s p i n - o r b i t i n t e r a c t i o n 

t o give the t o t a l angular momentum J as /̂ '̂̂ '̂  ̂ "'^e?^ 
SCIENCE •''Ŝ  

J = L + S (1.5) \ 5 SEP 1980 
SECTION 



This s o r t of coupling i s r e f e r r e d t o as Russell-Saunders coupling, 

Chikazumi (1964). 

This e x i s t s i n a d d i t i o n t o the Coulomb i n t e r a c t i o n between the 

e l e c t r o n s and the nucleus and i n t e r a c t i o n s between the electrons 

themselves. I n order t o determine the most s t a b l e spin and o r b i t a l 

c o n f i g u r a t i o n we f o l l o w Hund's r u l e s r e a l i s i n g t h a t the vector L and 

S no longer remain constant w h i l e J remains constant, Omar (1975, 

p. 438). I n general one can show t h a t the average t o t a l moment i s 

where 

g = 1 + J ( J + 1) + S(S + 1) - L(L + 1) 
2J ( J + 1) 

(1.7) 

This i s the g - f a c t o r ; when S = 0, J = L, and g = 1, w h i l e f o r L = 0 , 

J = S and g = 2 which agree w i t h the values quoted on page one. I f 

the atom l i e s i n a magnetic f i e l d of i n d u c t i o n B we may w r i t e the 

p o t e n t i a l energy of the o r b i t a l component as 

E| =^gBm^ .. . . . . . . . . ( 1 . 8 ) , 

where 

„ _ "k e (1.9) 

-29 
Jig i s the Bohr magneton and has the numerical value 1.165 x 10 Wbm, 

m, i s an i n t e g e r which takes the values - 1,-1 +1 , >l where I 

i s the o r b i t a l quantum number f o r the angular momentum of the e l e c t r o n . 

For the s p i n moment 

= 2 fig B nfe (1.10) 

i s + f the allowed values f o r the spin quantum number. These apply 

i f L and S are uncoupled. I f they are coupled we could also have 

E j = g j i e B m j (1.11) 
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where mj i s an i n t e g e r which takes the values - J , -J + 1, , J - 1,J. 

The r e l a t i o n between the magnetic i n d u c t i o n or magnetic f l u x density B and 

the magnetic f i e l d i n t e n s i t y H i s r e l a t e d i n vacuum as, Omar (1S75 

p. 429) 

B = fio H (1.12) 

The magnetic i n d u c t i o n i n s i d e a m a t e r i a l medium i s r e l a t e d t o the 

magnetic f i e l d as ' : 

B = Mo (H + M) ( 1 .13 ) , 

where M i s the magnetization vector. 

The r e l a t i o n between the i n t e n s i t y of magnetization M and magnetic 

f i e l d H can be expressed by 

M = K H (1 .14) , 

where K i s the magnetic s u s c e p t i b i l i t y . Thus K i s dlmensionless and 

B = fio (^ + K H) = firPo H 

(1 .15) , 

where i s the r e l a t i v e p e r m e a b i l i t y which i s also dimensionless. 

The s u s c e p t i b i l i t y has values wnich range from 10"^ f o r very weak 

magnetism t o 10 f o r very strong magnetism and may even be negative i n 

s i g n . From t n i s p o i n t of view m a t e r i a l s may be grouped i n t o various 

kinds of magnetic classes depending on the si g n and magnitude of 

the s u s c e p t i b i l i t y . 

1.2 C l a s s i f i c a t i o n of Various Kinds of Magnetism 

1.2.1 Dlamagnetism 

This i s a weak magnetism w i t h a negative s u s c e p t i b i l i t y of magnitude 

about 10"^ and independent of temperature, Craik (1971, p. 32 ) . 

The dlamagnetic m a t e r i a l s have electrons or ions w i t h complete s h e l l s 

or s a turated molecules and t h e i r magnetism i s due t o the precession 

of e l e c t r o n o r b i t a l s about the n u c l e i under the in f l u e n c e of an 

e x t e r n a l f i e l d . 
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The diamagnetic s u s c e p t i b i l i t y per u n i t volume can be c a l c u l a t e d 

by employing the Larmor theorem, K i t t e l (1971, p. 500), and i s given 

by 

K = - N Z e2 <^2> 
6 m 

( 1 . 1 6 ) , 

where N i s the number of atoms per u n i t volume , Z i s the number of 

e l e c t r o n s per atom, e and m are the e l e c t r o n charge and mass 

r e s p e c t i v e l y and <r^> i s the mean square distance of the electrons from 

the nucleus. The mean i s c a l c u l a t e d f o r a l l the occupied o r b i t a l s 

i n the atom. 

1.2.2 Paramagnetism 

This i s also a weak magnetism w i t h a p o s i t i v e s u s c e p t i b i l i t y of 

magnitude 10"^ t o 10"^. The paramagnetism a r i s e s when atoms or 

ions halve r e s u l t a n t moments. These can be aligned by an applied 

f i e l d , but the process i s opposed by thermal a g i t a t i o n which may 

r e s u l t i n only a very small magnetization p a r a l l e l t o the magnetic 

f i e l d . A f u l l c a l c u l a t i o n of the component of magnetization 

p a r a l l e l t o a f i e l d y i e l d s a B r i l l o u i n f u n c t i o n , but f o r small f i e l d s 

i t can be shown t h a t f o r a system con t a i n i n g N atomic moments per 

u n i t volume the magnetization i s given by, Omar (1975, p. 435). 
.2 ^ N \i B = C B 

3 k T T 
(1.18) 

Thus the s u s c e p t i b i l i t y i s given by 

N ^^o^i^ (1.19) , 

~ 3 k T 

where N i s the atomic concentration, \i i s tne atomic magnetic moment, 

and k i s Boltzmann's constant. C> I n eq. (1.18) i s the Curie constant 
and equal t o N \? . Quantum-mechanical c a l c u l a t i o n s give tne paramagnetic 

3k 
s u s c e p t i b i l i t y as 

K = N g2 J ( J + 1) C 
3 "k T - T 
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1.2.3. Ferromagnetism 

This i s a very strong form of magnetism and ferromagnetic materials 
4 5 

possess a p o s i t i v e s u s c e p t i b i l i t y of order 10 t o 10 . This high 

value i s due t o a spontaneous magnetization produced by an e f f e c t i v e 

i n t e r n a l magnetic f i e l d which was f i r s t suggested by Weiss (1907). 

We assume B^^t ^° ^ '^^^ f l u x d e n s i t y of the i n t e r n a l f i e l d . I f the 

f i e l d i s due t o i n t e r a c t i o n w i t h other moments we may consider i t t o 

be p r o p o r t i o n a l t o the magnetization, Bleaney and Bleaney (1976) 

B i n t = A M (1.21), 

where X i s a constant independent of temperature, sometimes c a l l e d 

the Weiss constant. 

Then the t o t a l f i e l d a c t i n g on an ion i s B^ + B̂ ^̂ ^ = B^ + A M, 

where B^ i s the f l u x d e n s i t y of the e x t e r n a l f i e l d . I f we assume t h a t 
Curie's law Mo M = C s t i l l holds and i f we replace B^ by + AM 

Bo T 
we f i n d 

C Bo ^ C (Bo + X M) 
" T Mo |ioT 

(1.22), 

and hence the Curie-Weiss law given as 

C _ C 
(T - X C/ Mo ) (T - e) 

(1.23), 

where 9 = J L S — i s c a l l e d the paramagnetic Curie temperature. Such 
f Mo 

m a t e r i a l s are paramagnetic a t T > 0 and ferromagnetic at T < 9. The 

Curie-Weiss law i s given from quantum-mechanics as 

3 k (T - 9) 

(1.24) 

The neighbouring atoms i n t e r a c t w i t h eacn other, and the i n t e r a c t i o n 

i s spin-dependent, Omar (1975, p. 448). The i n t e r a c t i o n energy between 

two atoms having s p i n Ŝ^ and i s given by 



U i j = -2J" S i . S j 

,(1.25), 

where J i s c a l l e d the exchange i n t e g r a l . This type of i n t e r a c t i o n 

was f i r s t presented by Heisenberg (1928). 

1.2.4. Antiferromagnetism 

N^el (1936) suggested t h a t i n many substances a large negative 

exchange i n t e r a c t i o n occurs r e s u l t i n g i n an ordered s t a t e where 

neighbouring dipoles are aligned i n an a n t i p a r a l l e l arrangement. 

This means t h a t there are e f f e c t i v e l y two s u b l a t t i c e s whose magnetiz

a t i o n s cancel each other. This k i n d of magnetism i s c a l l e d 

antiferromagnetism. I t i s a weak magnetism w i t h a p o s i t i v e suscept-
-3 

i b i l i t y of order 10 which increases w i t h decreasing temperature up 

t o a c e r t a i n temperature where a maximum occurs. Below t h i s so-called 

Neel temperature, the s u s c e p t i b i l i t y decreases w i t h a decrease i n 

temperature. I t i s possible t o express the s u s c e p t i b i l i t y above the 

Neel temperature w i t h the Curie-Weiss law, but the paramagnetic Curie 

temperature i s i n t h i s case negative i n contrast t o the p o s i t i v e 

s i g n found i n ferromagnetism. More complicated types of a n t i f e r r o -

magnetic o r d e r i n g are now known. 

1.2.5. Ferrimagnetism 

I n antiferromagnetism the magnetization of the two s u b l a t t i c e s cancels 

each other e x a c t l y . I f one of these magnetizations i s stronger than 

the other i t would be expected t h a t the d i f f e r e n c e w i l l give f a i r l y 

s t r o n g r e s u l t a n t magnetization. This type of magnetism i s c a l l e d 

ferrimagnetism. The f i r s t t h e o r e t i c a l treatment was suggested by Neel 

(1948). His theory considered t h a t the f e r r i m a g n e t i c materials contain 

two s u b l a t t i c e s A and B. Ferrimagnetism can a r r l s e from a number of 

arrangements. I n the simplest arrangement a l l the dipoles are equal 

i n magnitude, but there are more on one s u b l a t t i c e than on the other 
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FIG. M SOME POSSIBLE ARRANGEMENT OF ELECTRON SPINS. 

/ 
\ 
(a) 

PARAMAGNETISM, WEEK INTERACTION 
BETWEEN EQUAL MOMENTS, RANDOM 
SPIN VECTORS. 

^ 0 

(b) 
FERROMAGNETISM, POSITIVE INTERACTION 
BETWEEN EQUAL MOMENTS,PARALLEL 
SPIN VECTORS. 

ANTI -FERROMAGNETISM, 
NEGATIVE INTERACTION 
BETWEEN EQUAL MOMENTS, 
ANTI-PARALLEL SPIN VECTORS 
ON TWO SITES. 

(d) 
FERRIMAGNETISM, NEGATIVE INTERACTION 
BETWEEN UNEQUAL MOMENTS, ANTI -
PARALLEL SPIN VECTORS ON TWO 
SITES. 

( e ) HELICAL SPIN ARRAY 
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such as i n y t t r i u m i r o n garnet. I n the f e r r i t e s the two s u b l a t t i c e s 

have d i f f e r e n t numbers of p o s i t i v e i o n s i t e s and two d i f f e r e n t d i p o l e 

moments are u s u a l l y i n v o l v e d . 

1.3 T r i a n g u l a r and H e l i c a l Spin C o n f i g u r a t i o n 

Yafet and K i t t e l (1952) suggested the f i r s t t h e o r e t i c a l treatment of 

a t r i a n g u l a r arrangement of spins t o e x p l a i n an anomalous small value 

of spontaneous magnetization i n some f e r r i t e s . Yoshimori (1959) pro

posed a h e l i c a l s pin c o n f i g u r a t i o n t o e x p l a i n the antiferromagnetic 

spin s t r u c t u r e of Mn02 "̂'̂  * s i m i l a r suggestion was made by V i l l a i n 

(1959) f o r MnAu2. To show how t h i s h e l i c a l arrangement can a r i s e , 

consider a s i n g l e row of spins. The spins change t h e i r d i r e c t i o n 

w i t h displacement along the z-axis w h i l e remaining p a r a l l e l t o one 

another i n each xy plane as shown i n F i g . ( 1 . 3 ) . The exchange energy 

stored i n a u n i t volume i s given by Chikazumi (1964 p. 445), 

Eex = - 2 N S2 ( J i cos 9 + J2 cos 2 9) 

(1.26 ) , 

where N i s the number of magnetic atoms i n a u n i t volume, i s the 

exchange i n t e g r a l between adjacent spins and J2 t h a t between next nearest 

neighbours. The s t a b l e c o n f i g u r a t i o n occurs when we have 

i J i I (1.27) 
cose 

H e l i c a l and r e l a t e d spin s t r u c t u r e s have been deeply i n v e s t i g a t e d f o r 

r a r e e a r t h metals and t h e i r a l l o y s which w i l l be discussed i n the next 

chapter. 
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Ml 

FIG 1-3 EXCHANGE INTERACTION IN HELICAL SPIN CONFIGURATION 
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CHAPTER 2 

SOME PROPERTIES OF RARE EARTH METALS 

2.1 C r y s t a l S t r u c t u r e of Rare Earth Metals 

The rare e a r t h elements are the f i f t e e n elements which are u s u a l l y 

arranged outside the p e r i o d i c a l t a b l e of the elements from Lanthanum 

(La) of atomic number 57 t o Lutetium (Lu) of atomic number 71. This 

group i s sometimes r e f e r r e d t o as the lanthanides and these are 

c l a s s i f i e d i n t o two groups, the l i g h t e r elements before gadolinium 

and the heavier from gadolinium t o l u t e t i u m . The heavier rare e a r t h 

elements a l l have hexagonal close packed (hep) s t r u c t u r e s . The l i g h t 

lanthanides have double hexagonal close packed (dhcp) s t r u c t u r e s , w i t h 

the* exception of Samarium (Sm) which has rhombohedral (so c a l l e d Sm-type) 

s t r u c t u r e , Taylor and Darby (1972). Temperature, pressure and 

a l l o y i n g a l l a f f e c t the c r y s t a l s t r u c t u r e s . Some basic i n f o r m a t i o n 

about the c r y s t a l s t r u c t u r e s of the rare e a r t h metals a t room 

temperature i s given i n Table ( 2 . 1 ) . The heavy rare earths Gd-Lu 

except Ytterbium (Yb) have the usual hexagonal close packed s t r u c t u r e 

a t room temperature. As we can see from F i g . (2.1 b) t h i s s t r u c t u r e 

has a s t a c k i n g sequence of the layers ABAB. . . The system which 

i s u s u a l l y used t o de f i n e the axes of the heavy rare earths i s shown 

i n F i g . (2.1 e ) . There are two ways i n which the axes may be set up: 

e i t h e r we can have three axes a, b, and c, the a-axis i n the basal 

plane passing through one corner of the hexagon, the b-axis i n the 

basal plane and perpendicular t o the a-axis, and the c-axis perpendicular 

t o the hexagonal basal plane, or we can recognize f o u r axes aj^, a.2, 83, 

and c. The three axes a^, ag, and are i n the basal plane passing 

through the corners of the hexagon and making between each other an 

angle of 120°. With the exception of the v i c i n i t i e s of europium and 

ytt e r b i u m the atomic volume decreases by about 5% along the series 
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(e) DEFINITION OF THE A X E S IN RECTANGULAR OR 
HEXAGONAL SYSTEM FOR hep RARE EARTH METALS. 
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f o r the heavy elements. This 'lanthanide c o n t r a c t i o n ' i s due t o a 
shrinkage of the 4f e l e c t r o n i c s h e l l as the nuclear charge increases. 
The a x i a l r a t i o s c/a are smaller than the i d e a l value of 
Z^^//^ = 1.633 f o r the heavy metals. 

The l i g h t rare earths have a more complex double hexagonal s t r u c t u r e 

w i t h a s t a c k i n g sequence ABACA. . . as shown i n F i g . (2.1 c ) . Samarium 

has a s t r u c t u r e of even gre a t e r complexity which i s rhombohedral w i t h 

the s t a c k i n g sequence ABABCBCAC. . . shown i n Fig.(2.1 d ) . The c/a 

r a t i o s w h i l e s t i l l not equal t o the i d e a l value are i n excess of 1.6. 

However, lanthanum i s s t a b l e i n the fee s t r u c t u r e from 310 - 861 K, 

E l l i o t (1972). . At high temperatures most of the lanthanide group 

appear t o become bcc as we n o t i c e from Table ( 2 . 1 ) . Europium and 

yt t e r b i u m are d i v a l e n t i n the m e t a l l i c s t a t e w h i l e the others are 

t r i v a l e n t , so these two elements show large d e v i a t i o n s from the r e s t . 

Europium has a bcc s t r u c t u r e a t a l l temperatures, w h i l e Yb c r y s t a l l i z e s 

i n the fee m o d i f i c a t i o n as shown i n F i g . (2.1 a ) , and undergoes a change 

t o the bcc s t r u c t u r e 30° C below i t s m e l t i n g p o i n t . 

I t has been suggested by Taylor and Darby (1972), t h a t the rare e a r t h 

metals w i t h i n c r e a s i n g temperature undergo a s t r u c t u r e sequence 

hep - (Sm-type) - dhcp-fcc-bcc. This i s s i m i l a r t o the behaviour as 

the atomic number decreases or as an e x t e r n a l pressure on the metal 

i s increased. Jayaraman and Sherwood (1964) have suggested t h a t a 

general t r i v a l e n t rare e a r t h metal under i n c r e a s i n g pressure f o l l o w s 

a sequence of the form hep - (Sm-type) - dhcp-fcc. Johansson (1977) 

has studied the v a r i a t i o n of the Wigner-Seitz radius R^g and the 

i o n i c radius Rj as shown i n F i g . ( 2 . 2 ) , and he found t h a t an increase 

i n the pressure on a s p e c i f i c element w i l l decrease R^g and simulate 

a l i g h t e r element. I n a l l o y s i t i s c l e a r t h a t the same s t r u c t u r e 

sequence appears and the s t r u c t u r e of the metal w i l l depend on the 
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mean atomic number. A l l o y s over d i f f e r e n t concentrations between 
Cerium and Gadolinium, Gd-Pr, Y-Ce, and Y-Pr show the s t r u c t u r e s 
hep - (Sm-type) - dhcp and fe e , H a r r i s et a l (1966). I f the 
components of binary a l l o y s l i e i n the same pa r t of the s e r i e s , i . e . 
f o r a l l o y s of l i g h t w i t h l i g h t , or heavy w i t h heavy rare e a r t h , no 
intermediate pnases w i l l e x i s t and only the a x i a l r a t i o and the l a t t i c e 
parameters w i l l vary. Thus the c r y s t a l s t r u c t u r e of the rare earths 
i s s t r o n g l y dependent on temperature, pressure, a l l o y i n g and the 
atomic number. F i n a l l y , i t i s important t o mention the t h e o r e t i c a l 
treatment of the c r y s t a l s t r u c t u r e of lanthanides by Duthie and P e t t i f o r 
(1977), where they found t h a t the s t r u c t u r e sequence hep - (Sm-type) -
dhcp-fcc could be d i r e c t l y r e l a t e d t o the d-band occupancy w i t h the 
f o l l o w i n g r e s u l t s : 

Nd< 1.7 hep, 1.7 < Nd < 2.3 Sm-type, 2.3 < < 2.6 dhcp, and > 2.6 f e e . 

2.2 E l e c t r o n i c s t r u c t u r e of Rare Earth Metals 

A l l the rare earths e x h i b i t s i m i l a r chemical p r o p e r t i e s because of the 

s i m i l a r i t y of e l e c t r o n i c s t r u c t u r e which i s given by: ; 

ls2 2s2 2p6 3s2 3p6 3^^ 4p6 ^^n 5 ^ 2 ^^6 5^1 ^^2 

where n increases from 0 f o r Lanthanum (La) t o 14 f o r Lutetium ( L u ) . 

I n the m e t a l l i c s t a t e the 5d and 6s l e v e l s are mixed t o give the 

conduction band. On the other hand the 4f elec t r o n s are w e l l 

l o c a l i z e d i n s i d e the outer closed s h e l l s . The magnetic pr o p e r t i e s of 

lanthanides vary from one atom t o another, because they depend on the 

number of f el e c t r o n s which are responsible f o r the magnetism i n the 

rare e a r t h s . For s i m p l i c i t y i t i s possible t o consider the 4f electrons 

separately from the other e l e c t r o n s . The magnetic i n t e r a c t i o n s between 

f electons a r i s e mainly as an i n d i r e c t e f f e c t due t o the s-f i n t e r a c t i o n . 
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So the l o c a l i z e d 4f ele c t r o n s on a s i t e n of spin Sn i n t e r a c t w i t h the 
conduction electrons of spin s ( r ) v i a s-f i n t e r a c t i o n and give a 
Hamiltonian of form 

H = -J_V{t-t^-) s ( r ) . \ 

(2.1), 

where r ( r - ̂ n ) i s tne i n t e r a c t i o n constant, Coqblin (1971, 1S77) 

and E l l i o t (1971). A s i m i l a r i n t e r a c t i o n between the conduction 

e l e c t r o n s and the 4f moment on s i t e m leads t o i n d i r e c t i n t e r a c t i o n 

between l o c a l i z e d spins on atoms n and m w i t h a Hamiltonian of the 

form 

H = - Z I (Rn- Rm) . S„ 
n,in ^ 

(2.2), 

where a (R̂ ^ - Rn,)^^ the exchange i n t e g r a l . This kind of i n t e r a c t i o n 

was f i r s t discussed by Rudermann, K i t t e l , Kasuya, and Yosida and i s 

known as RKKY i n t e r a c t i o n . I f the i n t e r a c t i o n i n eq. (2.2) i s projected 

on to the s t a t e of t o t a l angular momentum, J , i t becomes 
H = - I l ( R n - Rm) Jn • Jm 

(2.3), 

where *^v= ( g - ^^^^ S i s the Lande f a c t o r . 

The t o t a l angular momentum J i s given as 

J = L - S (2.4), 

f o r the l i g h t rare earths (n is- 7 ) , and 

J = L + S (2. 5 ) , 

f o r the heavy rare earths ( n - ^ 7 ) . The values of the spin angular 

momentum S, the o r b i t a l angular momentum L, and the t o t a l angular 

momentum J as a f u n c t i o n of the number of 4f electrons are shown i n 

F i g . ( 2 . 3 ) . 
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2.3 Magnetic Properties of Rare Earth Metals 

The e f f e c t i v e magnetic moment of rare earth atoms may be c a l c u l a t e d 

from the expression 

' ^ e f f = \ / J ( J + 1) 

where g i s the Land^ g f a c t o r given by eq. (1.7) obtained f o r the 

l i g h t r a r e earths by eq. (2.4) and f o r the heavier by eq. ( 2 . 5 ) . The 

e f f e c t i v e magnetic moment as a f u n c t i o n of number of 4f electrons i s 

shown i n F i g . ( 2 . 4 ) . Generally each of the heavy rare earth metals 

has an e f f e c t i v e moment i n the paramagnetic s t a t e which i s nearly 

i d e n t i c a l t o t h a t of the corresponding t r i v a l e n t i o n , as can be seen 

f o r the elements from Gd t o Er i n Table ( 2 . 2 ) , but t h a t of Tm i s 

considerably smaller than the f r e e i o n value. The paramagnetic 
Q 

s u s c e p t i b i l i t y i s given by the Curie-Weiss law K = -r . Most 
T 9 

of the r a r e e a r t h elements obey t h i s reasonably w e l l w i t h the 

exception of La, Pr, Yb, and Lu. 

I . The L i g h t Rare Earth Metals 

These are more complicated than the heavy rare earths, and they have 

not been studied i n such d e t a i l as the heavy ones. However, the f i r s t 

case studied i n d e t a i l was the pure metal Cerium (Ce) by Coqblin (1971), 

Lanthanum does not show a magnetic order. I t mainly c r y s t a l l i z e s 

i n dhcp s t r u c t u r e below 583 K, but the fee phase co-exists below room 

temperature, and due t o t h i s i t s s u s c e p t i b i l i t y i s complicated, 

Rhjme (1972). Cerium i s a magnetic and t r i v a l e n t metal a t normal 

temperature and pressure i n i t s fee phase. I t i s antiferromagnetic 

a t 12.5 K w i t h the dhcp s t r u c t u r e , Wilkinson e t a l (1961), and Koehler 

(1965). Burr and Ehara (1966) have found t h a t the s u s c e p t i b i l i t y i s 

time dependent a t 4.2 K, t h i s i s because of the t r a n s i t i o n from a -fee 

t o Y-fce. 
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Praseodymium was suggested t o be antiferromagnetic below 25 K, Cable 
e t a l (1964). Neutron d i f f r a c t i o n measurements show no magnetic 
order s t a t e f o r a s i n g l e c r y s t a l , Johansson e t a l (1970) and Lebeeh 
and Rainford (1971). Neodymium shows a q u i t e complex magnetic s t r u c t u r e , 
Moon e t a l (1964) i n v e s t i g a t e d the magnetic s t r u c t u r e of s i n g l e 
c r y s t a l s of Nd by neutron d i f f r a c t i o n between 1.6 t o 20 K, and they 
found t h a t Nd shows two magnetic t r a n s i t i o n s . At 7.5 < T < 19 K 
the magnetic s t r u c t u r e i s one of antiferromagnetic order between neigh
bouring hexagonal layers B and C w h i l e the A layers w i t h cubic nearest-
neighbour arrangement remain disordered. At 7.5 K the cubic s i t e s order 
a l s o . 

From measurements of the magnetic s u s c e p t i b i l i t y of samarium by Lock 

(1957) and J e l i n e k et a l (1965) f o r a p o l y c r y s t a l of Sm and by 

Schieber e t a l (1968) f o r a s i n g l e c r y s t a l , samarium shows a n t i f e r r o -

magnetle behaviour a t 14 K. The neutron d i f f r a c t i o n measurements show 

t h a t the spins on hexagonal s i t e s only order^^^'^antif erromagnetically 

a t xv6 K and a t ^ t h e cubic s i t e s order i n t o ferromagnetic l a y e r s , Rhyne 

(1972). 

The l a s t metal of the l i g h t r a r e earths i s europium; i t becomes 

an t i f e r r o m a g n e t i c below 90 K, as has been shown by Bozorth and Van Vleck 

(1960), from a paramagnetic s u s c e p t i b i l i t y . Also a neutron d i f f r a c t i o n 

study of p o l y c r y s t a l l i n e Eu has shown t h a t the metal beccanes 

a n t i f e r r o m a g n e t i c a t 91 K, Koehler (1965). 

I I . Heavy Rare Earth Metals 

The heavy rare e a r t h metals have been studied much more ex t e n s i v e l y 

than the l i g h t ones f o r both p o l y c r y s t a l l i n e and s i n g l e c r y s t a l 

samples, and many reviews have been published f o r magnetic p r o p e r t i e s . 
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P a r t i c u l a r l y u s e f u l reviews are those of E l l i o t t (1972) and more r e c e n t l y 
of Coqblin (1977). A l l these elements ( w i t h the exception of Yb and 
Lu) show some form of magnetic ordering at low temperatures. This order 
i s ferromagnetic (Gd, Tb, Dy), helimagnetic (Tb, Dy, Ho), c o n i c a l 
(Ho, E r ) , modulated along c-axis (Er, Tm), or even ferromagnetic 
antiphase (Tm), Koehler (1965). The magnetization curves show a 
maximum a t the para-antiferromagnetic t r a n s i t i o n . This occurs at the 
Neel p o i n t (Tj^) which i s a f u n c t i o n of de Gennes f a c t o r ^ where 

? 2 = ( g - 1) J ( J + 1 ) , Weinstein et a l (1963), g i v i n g an e m p i r i c a l 
2/3 

r e l a t i o n f o r TN as . This i s followed a t lower temperatures 

by a very sharp increase i n the magnetization as the ferromagnetic 

phase occurs, the temperature a t which the ferromagnetism i s observed 

i n Rero a p p l i e d f i e l d i s the Curie p o i n t (TQ), which i s also r e l a t e d 

t o the de Gennes f a c t o r . The magnetization measurements of the heavy 

rare earths show evidence of large magnetocrystalline anistopy which 

w i l l be discussed i n the next chapter. From d e t a i l e d analyses of the 

s i n g l e c r y s t a l neutron d i f f r a c t i o n r e s u l t s i n the appropriate temperature 

ranges, Koehler (1965) and Koehler (1971), the magnetic configurations 

of the heavy rare e a r t h metals represented schematically i n F i g . (2.5) 

have been deduced. Some basic p h y s i c a l p r o p e r t i e s of the heavy rare 

e a r t h metals are summarized i n Table ( 2 . 2 ) . 

a. Gadolinium 

Gadolinium was the f o u r t h ferromagnetic metal t o be discovered a f t e r 

N i c k e l , Cobalt, and I r o n . I t has no antiferromagnetic phase and the 

o r b i t a l angular momentum i s zero as shown i n F i g . ( 2 . 3 ) . Gadolinium 

t r a n s f e r s d i r e c t l y t o the ferromagnetic s t a t e , i . e . the ferromagnetic 

Curie temperature TQ i s the same as the Neel temperature which was 

f i r s t given as 298 K by Trombe (1937) and E l l i o t e t a l (1953). 
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Nigh e t a l (1963) have measured the r e s i s t i v i t y 
from 4.2 t o 380 K and they have found t h a t the b-uxis r e s i s t i v i t y 
changes slope at 293.2 K w h i l e the c-axis r e s i s t i v i t y shows a correspond
i n g change a t 292 K as shown i n F i g . ( 2 . 6 ) . G r i f f e l et a l (1957) have 
given a ferromagnetic Curie temperature of 291.8 K from the thermal 
dependence of the s p e c i f i c heat as shown i n F i g . (2. 7 ) . Graham (1964) 
has found the Curie p o i n t t o be 293 K from the magnetization study of 
a s i n g l e c r y s t a l d i s c of Gd. The magnetic moment as a f u n c t i o n of 
magnetic f i e l d a pplied along the a, b, and c axes of a s i n g l e c r y s t a l 
below the ferromagnetic Curie temperature has oeen studied by Nigh 
et a l (1963). This i n d i c a t e d t h a t the c-axis i s t h e easy axis of mag
n e t i z a t i o n j u s t below Tc, as shown i n F i g . ( 2 . 8 ) . The s a t u r a t i o n 
magnetic moment per gram was found by Rhyne (1972) to be 268.2 emu/g 
by e x t r a p o l a t i o n t o OK which corresponds t o 7.55 jig as shown i n 
F i g . ( 2 . 9 ) . T h e o r e t i c a l s a t u r a t i o n moment ^ J equals 7.00jig and 
thus the excess moment 0.55 represents a p o l a r i z a t i o n of the 
conduction e l e c t r o n s , Rhyne (1972). The paramagnetic Curie 

temperature i s i s o t r o p i c and equal t o 6^^ =9^ = 9^ = 317 K. The 

neutron d i f f r a c t i o n data shows t h a t Gd i s a normal ferromagnetic 

below the Curie p o i n t . The d i r e c t i o n of the moment depends s t r o n g l y 

on the temperature as has been found by several workers. F i g . (2.10) 

shows the temperature dependence of the cone angle wnich i s the angle 

between the moment d i r e c t i o n and the c-axis adapted from Cable and 

Wollan (1968), using neutron d i f f r a c t i o n measurements, and from the 

torque measurements by Corner et a l (1962),Graham (1962), Corner and 

Tanner (1976), and Smith et a l (1978). The easy axis of magnetization 

i s p a r a l l e l t o the c-axis from T̂ ^ t o 232 K, then i t makes an angle 

w i t h a maximum d e v i a t i o n of 65° near 180 K. As the temperature i s 

f u r t h e r decreased the easy d i r e c t i o n moves back towards the c-axis. 
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FIG.2-6 THERMAL DEPENDENCE OF THE RESISTIVITY OF 
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FIG. 2.7 THERMAL DEPENDENCE OF THE SPECIFIC HEAT OF 

Gd AND Tb 

- - - Gd AFTER GRIFFEL et al (1957 ) 

Tb AFTER JENNINGS et al (1957) 
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FIG. 2.8 MAGNETIC FIELD DEPENDENCE OF THE 
MAGNETIC MOMENT OF Gd SINGLE CRYSTALS 
ALONG THE a-AXIS AT 269-8 K ( . ), THE b-AXIS 
AT 2701 K ( x ) . AND THE c - A X I S AT 270-^ K(o) 
AFTER NIGH et a! 1963 
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F IG . 2-9 TEMPERATURE DEPENDENCE OF THE 
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FIG. 210 TEMPERATURE DEPENDENCE OF THE 
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re a c h i n g a t low temperatures a value of 32°. The d i s c r e p a n c i e s i n the 
e a r l y r e s u l t s have been explained as due to the e f f e c t of oxide which 
v a r i e s the easy d i r e c t i o n of magnetization a s reported by Smith e t a l 
(1 S 7 7 ) . T h i s e f f e c t i s i l l u s t r a t e d i n F i g . ( 2 . 1 0 ) . 

b. Terbium 

The heavy r a r e e a r t h metals from Terbium to Thulium have at l e a s t two 

magnetic t r a n s i t i o n s , one corresponding to the N^el point Tj^ and the 

ot h e r to the C u r i e point TQ, w i t h 1^ > TQ' Terbium has the f i r s t 

t r a n s i t i o n a t 22S K from a paramagnetic s t a t e to an a n t i f e r r o m a g n e t l c a l l y 

ordered s t a t e then another t r a n s i t i o n a t 221 K from t h i s intermediate 

s t a t e to a ferromagnetic s t a t e . The paraiaagnetic C u r i e temperature i s 

a n i s o t r o p i c and the two measured values p a r a l l e l and perpendicular to 

the c - a x i s a r e Sj^ = 1S5 K and 6^ = 239 K. I t i s w e l l known now 

from neutron d i f f r a c t i o n measurements, Koehler e t a l (1963), t h a t Tb 

has a h e l i c a l type of o r d e r i n g i n a very s m a l l range of temperature 

from Tj^ of 229 K to TQ of 221 K. The magnetic s t r u c t u r e s of Tb a r e 

i l l u s t r a t e d i n F i g . (2.5 e ) i n the range between Tj^ and T̂ ,, and by 

F i g . (2.5 f ) f o r the c l a s s i c a l ferromagnetic below T^. The h e l i c a l 

s p i n c o n f i g u r a t i o n i n Tb i s q u i t e weak e n e r g e t i c a l l y . I t i s destroyed 

by tho a p p l i c a t i o n of a magnetic f i e l d of l e s s t h a t 200 Oo i n the b a s a l 

piano which induces a fan s t r u c t u r e a s found by Oothuizen and A l b e r t s (1975) 

from magnetization measurements on Tb s i n g l e c r y s t a l s . 

However, as can bo seen from the change i n r e s i s t i v i t y of a Tb s i n g l e 

c r y s t a l measured by Hegland e t a l (1963) a s a f u n c t i o n of teraporaturo 

with magnetic f i e l d a p p l i e d along the b - a x i s , F i g u r e ( 2 , 1 1 ) , the broad 

peak i n the r e s i s t i v i t y between Tfj and TQ disappeared completely only f o r 

ft f i e l d of 11 kOe, Magnetization measurements on a s i n g l e c r y s t a l by 

Hogland ot a l confirmed t h a t Terbium i s ferroraagnetlo below 221 and 
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Fig.(2 H) Thermal dependence of the resistivity of 
a Tb single crystal along the c-axis for different 
value of the magnetic field applied along the b-axis. 
The curves A, B, C, and D correspond to a magnetic 
field of 0, 858, 6700, and 11350 Oe respectively, after 
Hegland et al (1963). 
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paramagnetic above 230 K. Because Tb has a very l a r g e a x i a l anisotropy 
we f i n d that the magnetization p a r a l l e l to the c - a x i s i s much s m a l l e r 
than t h a t i n the b a s a l plane as shown i n F i g , ( 2 . 1 2 ) . At very low 
temperature the s a t u r a t i o n magnetic moment i s 5.34 jig as derived from 
the r e s u l t s shown i n F i g . (2.5) i n a good agreement w i t h the t h e o r e t i c a l 
value of 5 jig the excess moment 0.34 fig r e p r e s e n t i n g the p o l a r i z a t i o n 
of the conduction e l e c t r o n s , Roeland et a l (1575). The magnetic 
s u s c e p t i b i l i t y has been measured by Rhyne et a l (1568) along the c - a x i s 
and reported to be constant w i t h the f i e l d a t 4 K. The s u s c e p t i b i l i t y 
near Tj^ can be represented by 

X= (C/T) ( A + B + e i n £ ) 

( 2 . 7 ) , 

where £ =|TN - T | /TN. The q u a n t i t i e s C, A, and B± are constants. 

The Constants B4. and B- are a s s o c i a t e d with T > T^ and T < T^ 

r e s p e c t i v e l y . I f the magnetic s u s c e p t i b i l i t y follows- the above equation 

near both s i d e s of TN, then a p l o t of d ( X T ) / d T vs. ln£ or 

In^TN - TI should be a s t r a i g h t l i n e . A r a j s e t a l (1575) have measured 

the magnetic s u s c e p t i b i l i t y of p o l y c r y s t a l l i n e Terbium below and 

above TN- They found t h a t the s u s c e p t i b i l i t y f o l l o w s Eq^ (2.7) below 

TN, w h i l e i t does not above T^. T h i s means that there i s a l o g a r i t h m i c 

divergence i n x below Tjg but not above i t . 

Often a peak or knee w i l l occur i n the s p e c i f i c heat vs. temperature 

curve; these u s u a l l y o r i g i n a t e i n some form of ordering process and may 

r e f l e c t the changes of the magnetic s t r u c t u r e , Jennings et a l (1557) 

have measured the t o t a l s p e c i f i c heat of Tb between Tj^ and T̂ ^ and they 

have found t h a t i t g i v e s a X~type anomaly a t Tj^ as shown i n F i g . ( 2 . 7 ) . 

The observed t o t a l s p e c i f i c heat Cp of the lanthanides i s i n most cases 

the sum of f o u r components, the l a t t i c e s p e c i f i c heat 0̂ ', the e l e c t r o n i c 

s p e c i f i c heat Cg, the magnetic s p e c i f i c heat CM which i s caused by 

the i n t e r a t i o n s between the l o c a l i z e d 4f e l e c t r o n s 
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and the n u c l e a r s p e c i f i c heat Cj^ which r e s u l t s from s p l i t t i n g of the 
n u c l e a r h y p e r f i n e l e v e l s w i t h the 4f e l e c t r o n s . Lpunasmaa and 
Sundstrom (1966) have reported s p e c i f i c heat measurements f o r Gd, Tb, 
Dy, and Ho between 3 and 25 K i n order to determine the magnetic s p e c i f i c 
h e a t . They found an e x p o n e n t i a l temperature dependence f o r Tb of the 
form, 

C^ = 36 T3/2 

exp. (-23.5/T) mJ/mole K 

T h i s agrees w i t h N i r a ' s (1960) t h e o r e t i c a l r e s u l t f o r an a n i s o t r o p i c 

ferromagnet, i . e . = T^^^ e x p ( - E / k T ) . E = (KgKg)^/^ the s p i n 

wave a c t i v a t i o n energy, K2, Kg being the a x i a l a n i s t r o p y c o n s t a n t s . 

F o r Gd 

C,̂, = 0.19 T^''^ mj/mole K. 

Houmann and Nicklow (1970) have found agreement between the t o t a l 

c a l c u l a t e d s p e c i f i c heat and the experimental r e s u l t s a t high 

temperatures f o r Tb. 

c . Dysprosium, Holmium, Erbium, and Thulium 

Dysprosium has the same g e n e r a l s p i n c o n f i g u r a t i o n as i n Tb except 

the h e l i c a l s t a t e i s s t a b l e over a much wider temperature range and 

the a - a x i s (1120) , i s the easy a x i s of m a g n e t i z a t i o n , J e l i n e k e t a l 

(1965) and Pauthenet ( 1 9 6 9 ) . The f i r s t t r a n s i t i o n appears a t a 

Neel temperature of 178.5 K and the second occurs a t a C u r i e point of 

85 K, Koehler (1965). The magnetic moment per atom has been found 

by s e v e r a l workers, Behrendt e t a l (1958), and Spedding e t a l (1957) 

to be 1,0.2 which has to be compared to the t h e o r e t i c a l value of 

10 |ig . As i n Tb the h e l i c a l phase between 1^ and T^ can be destroyed 

by the a p p l i c a t i o n of a magnetic f i e l d , Behrendet et a l (1958). 

Holmium a l s o has two t r a n s i t i o n s , a Neel point of 130 K and a C u r i e 

point of 20 K. The ordered s t r u c t u r e i s a b a s a l plane h e l i x , but 

w i t h some d i s t o r t i o n between 45 K and the C u r i e point a t which down 
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to the lowest s t u d i e d temperature t h e r e I s a t r a n s i t i o n to a c o n i c a l 
s t r u c t u r e w i t h a semi-cone angle about 80° as shown i n F i g . (2.S d) 
Koehler ( 1 S 6 5 ) . The spontaneous moment p a r a l l e l to the c - a x l s i s 
1,7fig and the b a s a l plane component i s 9.7 fig . When an e x t e r n a l 
f i e l d I s a p p l i e d p a r a l l e l to the easy b - a x l s the f u l l moment of 10 f̂ g 
i s developed. The c o n i c a l s t a t e c o l l a p s e s by applying f i e l d along the 
b a s a l plane, Strandburg e t a l (1562). The magnetization process i n 
Ho i s one of the most complex of a l l r a r e e a r t h s . At low temperatures 
when a magnetic f i e l d i s a p p l i e d the magnetic c o n f i g u r a t i o n goes 
d i r e c t l y to the ferromagnetic s t r u c t u r e with the magnetic moment along 
the b - a x i s . When the temperature i n c r e a s e s the t r a n s i t i o n occurs by 
p a s s i n g through an i n t e r m e d i a t e fan or incompletely c o l l a p s e d h e l i c a l 
phase, Rhyne (1972) and Coqblln (1977). 

Erbium has three magnetic s t r u c t u r e s ; between the N^el temperature of 

80 K and an intermediate temperature of 53 K the magnetic moment 

remains p a r a l l e l to the c - a x i s and v a r i e s s i n u s o l d a l l y along t h i s a x i s 

a s shown i n F i g . (2.5 b ) . From 53 K down to the C u r i e point of 20 K 

t h e r e i s a d i s t i n c t t r a n s i t i o n i n which the perpendicular components 

of the magnetic moments begin to order and the p a r a l l e l components tend 

to form a type of a n t i p h a s e domain s t r u c t u r e i n which s e v e r a l l a y e r s 

w i t h moments p o i n t i n g up along the c - a x i s are followed by an equal 

number w i t h moments p o i n t i n g down, Koehler (1965), and t h i s i s i l l u s t r a t e d 

by F i g . (2.5 c ) . Below the ferromagnetic s t r u c t u r e occurs and i t 

i s a cone as f o r Hplmium. 

Thulium has a magnetic s t r u c t u r e s i m i l a r to that of Erbium, but the 

magnetic moment remains always p a r a l l e l to the c - a x l s . Between the 

Neel point of 56 K and a temperature of 38 K the a n t l f e r r o m a g n e t l c 

o r d e r i n g i s the c - a x l s modulated magnetic s t r u c t u r e as shown I n 

F i g . (2.5 b ) , Koehler ( 1 9 6 5 ) . Below 38 K i n a d d i t i o n a 3 - 4 antiphase 
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s t r u c t u r e begins to develop as shown i n F i g . (2.5 a ) . At 25 K 
t h i s s q u a r i n g up i s complete. 

d. Ytterbium and Lutetium 

T h e i r magnetic p r o p e r t i e s a re u n l i k e those of the other r a r e e a r t h 

metals because the 4f s h e l l i s f u l l and has fourteen e l e c t r o n s 

which g i v e s a weakly paramagnetic behaviour, Koehler (1965) and 

Spedding e t a l ( 1 9 5 7 ) . 
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CHAPTER 3 

THE FREE ENERGY OF A MAGNETIC SYSTEM 

3.1 I n t r o d u c t i o n 

Ferromagnetic m a t e r i a l s e x h i b i t magnetic p r o p e r t i e s even i n the absence 

of a magnetic f i e l d , due to the f a c t they become spontaneously 

magnetized below the C u r i e temperature. The magnetization i s i n c r e a s e d 

when an e x t e r n a l magnetic f i e l d i s a p p l i e d to the specimen. Moreover 

the r e l a t i o n between the magnetization M and the applied f i e l d H i s 

n o n - l i n e a r and the former r i s e s to a c e r t a i n s a t u r a t i o n v a l u e . When 

the f i e l d i s removed or decreased g r a d u a l l y the specimen r e t a i n s some 

of i t s magnetization M|̂ » so a h y s t e r e s i s e f f e c t occurs. However, 

looking a t a specimen as a whole, Weiss suggested t h a t ferromagnetic 

m a t e r i a l s a r e always m a g n e t i c a l l y s a t u r a t e d throughout s m a l l regions 

c a l l e d domains, Carey and I s a a c (1966 p.2). Barkhausen (1919), was 

the f i r s t to show the e x i s t e n c e of ferromagnetic domains. The a c t u a l 

shapes and arrangements of the magnetic domains i n a c r y s t a l a r e 

determined by a minimisation of f i v e kinds of energy as f o l l o w s . 

3.2 Exchange Energy 

As a l r e a d y mentioned the ferromagnetic m a t e r i a l s are spontaneously 

magnetized. T h i s means th a t the neighbouring moments i n t e r a c t w ith 

each other even i n the absence of an a p p l i e d magnetic f i e l d . Weiss, 

(1907) considered the spontaneous alignment of a di p o l e i n a 

ferromagnet to be caused by the molecular f i e l d and t h i s was l a t e r 

e x p l a i n e d by Heisenberg (1928) i n the terms of exchange energy. I f 

we n e g l e c t the a n i s o t r o p y e f f e c t s the exchange energy between two 

moments i and j i s given a s , 

Wex = - 2 J cos ' ^ i j 
(3.1) 
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where J i s the exchange i n t e g r a l which may take e i t h e r a p o s i t i v e s i g n 
which w i l l give r i s e t o ferromagnetism or a negative one which g i v e s 
r i s e t o other c o n f i g u r a t i o n s as i n ( 1 T 2 - 5 ) The above equation may 
be reduced, i f the angle between the neighbouring s p i n s i s assumed to 
be s m a l l , to, 

WQX = J s2 <|)2 (3.2) 

3.3 Magnetostatic Energy 

Let us c o n s i d e r a ferromagnetic c r y s t a l i n a uniform magnetization s t a t e . 

I f a l l the s p i n s a r e p a r a l l e l to each other, the s t a t e has the lowest 

exchange energy. But f r e e poles on the s u r f a c e of the c r y s t a l produce 

a magnetic f i e l d c a l l e d demagnetization f i e l d B^j opposite to the 

magnetization M. There i s a p o s i t i v e raagnetostatlc energy due to 

Coloumb I n t e r a c t i o n between the magnetic f r e e poles, whose d e n s i t y i s 

given by, Omar, (1975 p. 456) 

Wjn = i M Bd (3.3) 

The f i r s t t h e o r e t i c a l c a l c u l a t i o n of the magnetostatic energy was 

obtained by Landau and L l f s h i t z (1935), L i f s h i t z (1944), and Neel 

( 1 9 4 4 ) . The value of B^j has been found by Williams et a l , (1949), to 

depend on the shape of the s u r f a c e and i t I s given by, 

Bd = -Jio D M ( 3 . 4 ) , 

where D i s the demagnetization f a c t o r and equal to u n i t y f o r a sample 

i n a shape of a t h i n f l a t d i s c normal to the f i e l d . 

I f the c r y s t a l i s considered as a s i n g l e domain, t h i s s t r u c t u r e has 

a high magnetostatic energy due to the magnetic poles formed on the 

end s u r f a c e s of the c r y s t a l . I n order to reduce t h i s energy the 

c r y s t a l d i v i d e s i n t o domains. T h i s s u b d i v i s i o n cannot continue 

i n d e f i n i t e l y because i t r e q u i r e s some energy to c r e a t e the w a l l or 

boundary s e p a r a t i n g two domains magnetized i n d i f f e r e n t d i r e c t i o n s . 
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Landau and L i f s h i t z , (1935) showed that the s u b d i v i s i o n continues u n t i l 
the energy requ i r e d to form f u r t h e r domain w a l l i s g r e a t e r than the 
consequent reduction i n the magnetostatic energy. 

3.4 Domain Wall Energy 

The change i n d i r e c t i o n of the magnetization between one domain and 

the next occurs through a t r a n s i t i o n l a y e r which i s c a l l e d the domain 

w a l l , f i r s t i n v e s t i g a t e d by Bloch, (1932). A r o t a t i o n of atomic moment 

through 180° between a d j a c e n t atomic s i t e s would i n v o l v e an extremely 

high value of exchange energy, tnus the domains w a l l must have a 

f i n i t e w i d t h . I f w i t h i n the w a l l the r o t a t i o n takes place g r a d u a l l y 

over^sites, the exchange energy may be shown to be reduced by a 

f a c t o r of order n. Domain w a l l s can be c l a s s i f i e d according to the 

angle of r o t a t i o n of the magnetization. I n a 180° w a l l 

s p i n r o t a t e s by n from one domain to the other. S i m i l a r l y 90° w a l l s and w a l l s 

such as 71°, and 109° w a l l s may e x i s t . The w a l l c h a r a c t e r i s t i c s are 

not only determined by the exchange energy, but a l s o by the magnetic 

a n i s o t r o p y energy wich w i l l be d i s c u s s e d i n the next s e c t i o n . The 

e f f e c t of t h i s i s to reduce the w a l l t h i c k n e s s . Thus although the 

exchange energy favours the formation of a t h i c k w a l l , the a n i s t r o p y 

energy l i m i t s t h i s t h i c k n e s s . The w a l l t h i c k n e s s and energy can be 

estimated by minimizing the sum of these two e n e r g i e s . For a 180° 

w a l l K i t t e l and G a i t , (1956), have given, 

Y = + 

J_S_2 n2 
N a* Y = ^TTt: + K N a 

^ .........«(3.5)r 

where Ŵ^̂  i s the exchange energy, Wĵ  the a n i s t r o p y energy, J the 

exchange i n t e g r a l , S the t o t a l s p i n , N the number of l a y e r s i n which 
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the s p i n s r o t a t e by 180°, a the l a t t i c e constant, and K the a n l s t r o p y 
c o n s t a n t . By minimizing y w i t h r e s p e c t to N i t i s r e a d i l y shown 
th a t the width of the w a l l i s given by 

/ J S^TT^ 
6 = 

(3.6) 

3.5 M a g n e t o c r y s t a l l i n e Anisotropy Energy 

3 . 5 j l I n t r o d u c t i o n 

Weiss, (1907), suggested t h a t i n a demagnetized s i n g l e c r y s t a l ? t h e 

domain magnetization could l i e i n any d i r e c t i o n . But experiments on 

ferromagnetic m a t e r i a l s show t h a t magnetization can proceed more 

r e a d i l y i n c e r t a i n d i r e c t i o n s , there being "easy" and "hard" d i r e c t i o n s . 

I r o n c r y s t a l s , f o r example, are more e a s i l y magnetized i n the ClOOj 

d i r e c t i o n s than i n ( [ i l l ] d i r e c t i o n s . So the magnetic p r o p e r t i e s of 
rr 

c r y s t a l s a r e a n l s o t o p i c and the magnetic energy of the system w i l l 

depend on the d i r e c t i o n of the magnetization v e c t o r . The d i f f e r e n c e 

i n the energy between the easy and hard d i r e c t i o n s may be c a l l e d the 

magnetic a n i s o t r o p y energy. Magnetic a n l s t r o p y can a l s o be produced 

by a p p l y i n g mechanical s t r e s s to the B i a t e r l a l s ( m a g n e t o s t r i c t i v e a n l s 

t r o p y ) , or may be due to the shape of the specimen. These e f f e c t s 

should not be confused w i t h the i n t r i n s i c e f f e c t r e l a t e d to the c r y s t a l 

s t r u c t u r e and c a l l e d m a g n e t o c r y s t a l l i n e a n l s t r o p y . 

3.5.2 O r i g i n s of M a g n e t o c r y s t a l l i n e Anisotropy 

The magnetic a n i s o t r o p y energy Ej^ f o r a hexagonal symmetry can be 

w r i t t e n i n Hamlltonian form as f o l l o w s , Rhyne, (1972 p. 155) and 

Coqblln, (1977 p. 195) 

H = Ea = 4 Y2 (Q) + K4 ¥4(6) + KQ Y6(e)<-K6 s i n S c o s 6 ̂  
(3.7) 
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where 0 i s the p o l a r angle from the c - a x i s [[ooOl] to the magnetization 

v e c t o r and (f) i s the azimuthal angle i n tne b a s a l plane measured from 

the a - a x i s [ ] l l 2 o ] to the magnetization v e c t o r . 

Yy(Q) r e p r e s e n t s the s p h e r i c a l harmonic Y^ (0, 0) of I and m a o 

v a l u e s . 

The f i r s t t h r e e a n i s 6 t r o p y c o e f f i c i e n t s K and accompanying harmonics 
g 

d e s c r i b e the dominant u n i a x i a l anisotropy, w h i l e the Kg r e f e r s to the 

s i x f o l d b a s a l plane component. 

An a l t e r n a t i v e s e t of a n i s o t r o p y constants may be defined by Mason's 

equation. Mason (1954), f o r hexagonal s t r u c t u r e s i n p o l a r co-ordinates 
as, 

2 4 6 6 E a = KT^ s i n © + Kg s i n 0 + Kg s i n 0 + K^ s i n 0 cos6 <j> 

( 3 . 8 ) , 

where 0 and ^ a r e as i n Eq. ( 3 . 7 ) . 

Two models have been proposed to account f o r the anisotropy energy. 

F i r s t l y i n a d d i t i o n to mutual coupling between e l e c t r o n o r b i t a l and 

s p i n moments t h e r e i s a l s o an i n t e r a c t i o n between the s p i n s and the 

c r y s t a l l a t t i c e v i a the s p i n - o r b i t coupling. Throdgh t h i s i n t e r a c t i o n 

the l o c a l i z e d spin^ of a s i n g l e ion s i t u a t e d i n a c r y s t a l l i n e e l e c t r o 

s t a t i c f i e l d a r i s i n g from neighbouring ions w i l l have p r e f e r r e d 

d i r e c t i o n s w i t h r e s p e c t to the symmetry axes of t h a t f i e l d and hence 

w i t h r e s p e c t to the c r y s t a l l o g r a p h i c axes. T h i s i s c a l l e d the 

s i n g l e - i o n model. Darby and I s a a c (1974). 

I f the an i s t r o p y a r i s e s from the coupling between p a i r s of s p i n s such 

as pseudo-dipolar i n t e r a c t i o n t h i s i s known as a two-ion model. 

a . S i n g l e - i o n Anisotropy 

I n iron-group f e r r o or a n t i f e r r o m a g n e t i c s c o n t a i n i n g ions such as 

Fe^"*" and Mn̂"*" the magnetic moment which i s due to the s p i n moments of 

the 3d e l e c t r o n s i s not coupled d i r e c t l y w i t h the c r y s t a l l a t t i c e . 
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Thus the magnetic a n i s o t r o p y energy a r i s e s from the i n d i r e c t coupling 
between the s p i n and the c r y s t a l l a t t i c e v i a the s p i n - o r b i t coupling 
and the o r b i t - l a t t i c e c oupling. Such a s i n g l e - i o n model can a l s o be 
expected to apply to the r a r e e a r t h metals where the unpaired e l e c t r o n s 
of the 4f s h e l l a r e r e s p o n s i b l e f o r the magnetic moment, but because of 
a s t r o n g L-S coupling magnetic a n i s o t r o p y i s caused by a d i r e c t 
c o u p l i n g between the o r b i t and the l a t t i c e , Yosida (1968). The 
Hamiltonian of a s i n g l e - i o n can be represented by, Darby and I s a a c 
(1974), 

H =gJ'BjSm-S + V c ( r ) + + ^ B H O . ( L + 2 S ) 

(3.9) , 

where Hj^ i s the molecular f i e l d used to represent the exchange i n t e r 

a c t i o n of a s i n g l e - i o n w i t h i t s neighbours. 

H g L i s the s p i n - o r b i t coupling, i s the p o t e n t i a l of the 

c r y s t a l l i n e f i e l d and i s an e x t e r n a l f i e l d . 

F o r the i r o n t r a n s i t i o n group Wolf (1957) has calculated"'the anisotropy 

energy i n terms of parameters e n t e r i n g the s p i n Hamiltonian f o r a 

s i n g l e - i o n , the form of the Hamiltonian depending on the symmetry of 

the surroundings and the magnitude of the s p i n . For a s p i n i n a 

l a t t i c e of c u b i c symmetry the operator which represent,the one-ion 
K 

a n i s o t r o p y can be w r i t t e n w i t h r e f e r e n c e to the p r i n c i p a l axes 5, T\ , 

and ^ of the c r y s t a l l i n e f i e l d . 
I I 1 4 4 4 2 4 H = .Pg HjiS + ^ a ( S ^ + 8 ^ + S^ ) + D + f S^ 

(3.10), 

where S^ Q , S,j , and S^ are the components of the t o t a l s p i n of the 

ion S p a r a l l e l to the 5 » 1 ^̂ "̂ 1 ^ axes, 

a i s the d i r e c t i o n of the a x i a l d i s t o r t i o n , 

a, D, and f represent the amount of a x i a l d i s t o r t i o n . 

I n r a r e e a r t h metals and compounds the c a r r i e r s of magnetic moments 
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are 4 f e l e c t r o n s and they a r e c l o s e l y bound w i t h i n the outer s h e l l s . 
As a r e s u l t of the l a r g e L-S coupling, the t o t a l angular momentum 
J = L ± S i s a good quantum number. Therefore, the s i n g l e - i o n 
a n i s t r o p y Hamiltonian i s given by the c r y s t a l l i n e f i e l d p o t e n t i a l 
i t s e l f . F o r a hexagonal s t r u c t u r e i t can be expressed i n terms of 
J j j , Jy, and w i t h r e f e r e n c e to the hexagonal axes a s , Stevens (1S52) 

H A ^ ^2<-^> T 2 J ^ - J ( J + 1 ) ] + g A°<r% [ 3 5 - 30 J ( J + l ) 

+ 3 ( J + 1)'" + 25 - 6 J ( J + 1 ) ] + < A [ 2 3 1 / 

- 315 J ( J + 1) / + 105 / ( J + if / - 5 ( J + 1 ) ^ 

+ 735 - 525 J ( J + 1) + ^0 / ( J + 1 ) ^ + 29^1 / - 60 J ( J + 1 ) ] 

+YA^ < A 1/2 [ ( J ^ + i J ^ ) ^ ' 4. (J^ - U^fy 

(3.11) 

The above equation can be represented i n an a l t e r n a t i v e form given by 

E l l i o t and Stevens (1953), 

H A = a A° <r^> Y ° ( J ) + P A J < r ^ Y J ( J ) 

+ Y A° < r ^ Y ° ( J ) + Y <^^> C 1 

..(3.12) , 

where A^'s a r e the c r y s t a l f i e l d p o t e n t i a l c a l c u l a t e d f o r the 

t r i p o s i t i v e i o n s and a.3»Y a r e constants determined by J , L, 

and S f o r f e l e c t r o n s . <r"> r e p r e s e n t s the average of r " . 

Stevens (1952) has obtained the anis o t r o p y energy from Eq. (3.11) a t 

the a b s o l u t e z e r o of temperature a s , 

% = D P2 (cos 0 ) + E P4 (cos 0 ) + F Pg (cos 0 ) + Gj s i n 0 cos6<|> 

(3.13) , 

which i s another form of Eq. (3.7) 

D = 2 a A° <r^> E = 8 P A° < A 

F = 16 Y 4<r> « =YA^<r°>/ 
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b. Two-ion Model 

The s i n g l e - i o n a nisotropy energy i s very small f o r an S - s t a t e ion such 

as Gd3+ because i t has no o r b i t a l moments i n the f r e e - i o n s t a t e or i t 

vanishes i d e n t i c a l l y i n some cases such as f o r an e f f e c t i v e s p i n S = 1/2, 

Yosida (1568) and Darby and I s a a c (1574), I n such cases the a n i s o t r o p i c 

i n t e r a c t i o n between p a i r s of ions must be important i n the magnetic 

a n i s o t r o p y . The o r i g i n of the'two-ion anisotropy as f o l l o w s . Since 

the i n t e r a c t i o n energy between the e l e c t r o n i c charge clouds depends upon 

t h e i r shape and the shape of a cloud depends upon the d i r e c t i o n of i t s 

s p i n through the s p i n o r b i t coupling, so the energy depends upon the 

d i r e c t i o n of the s p i n s . 

The s i m p l e s t mechanism i s the magnetic d i p o l e - d i p o l e i n t e r a c t i o n i n which" 
o 

two s p i n s S. and S. on ions separated by v ector R are coupled to give 

a Hamiltonian of form, 

% h^-I . • = i j C S r ^ j - 3 ( S . . R , . ) ( S . . R . j ) R - 2 ] 

^̂ '̂  (3,14) 

observed a n i s o t r o p y 

where E. . = K ' ^ I I Q / R.. • G e n e r a l l y t h i s i s too s m a l l to account f o r the 
1.1 ^ i j 

Van Vleck (1537) proposed an i n t e r a c t i o n between spins Ŝ ^ and S^ to t r e a t 

the source of ferromagnetism of m e t a l l i c Ni, now r e f e r r e d to as a 

pseudo-dipolar i n t e r a c t i o n . T h i s used a s i m i l a r expression to Eq. (3.14) 

but w i t h the constant Ej[j r e p l a c e d by an e m p i r i c a l constant Dj^j which 

was e v a l u a t e d from experimental r e s u l t s . He a l s o needed to include 

quadrupole-quadrupole terms i n h i s treatment. 

The g e n e r a l form of i n t e r a c t i o n energy between two s p i n s S and S i s 
1 2 

given by Darby and I s a a c a s , 

H ^ ^ 1 - i I ' ^ •*• d ( S i X Sg) + S j S g r j r S j S g + higher terms 

.-. (3.15) 

where J and j are t e n s o r s of second and f o u r t h rank r e s p e c t i v e l y . 

The d i p o l e i n t e r a c t i o n and the i s o t r o p i c exchange i n t e r a c t i o n have the 

form of the f i r s t term. The second term has been p r e d i c t e d by 
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D z y a l o s h i n s k i (1958), which a r i s e s from c e r t a i n second order p e r t u r b a t i o n 
te;rms i n v o l v i n g the L-S coupling and the exchange i n t e r a c t i o n . The 
i n t e r a c t i o n g i v e s an o r i g i n of the weak (or P a r a s i t i c ) ferromagnetism, 
Yosida ( 1 9 6 8 ) . The pseudo-dipolar i n t e r a c t i o n between two s p i n s 
appears i n the t h i r d term. 

3.5.3 V a r i a t i o n of A n i s t r o p y C o e f f i c i e n t s w i t h Temperature 

I t i s n e c e s s a r y to know the thermal dependence of the a n i s t r o p y c o e f f i c i e n t s 

before we can study the magnetoelastic e f f e c t s . The main p r i n c i p l e of c a l 

c u l a t i n g the temperature v a r i a t i o n of the magnetic a n i s t r o p y energy ^ 

c o n s i s t s of averaging the a n i s o t r o p y energy of the s p i n s a t various 

temperatures. 

T h i s has been d i s c u s s e d by C a l l e n and C a l l e n (1966) and a f u l l 

e x p l a n a t i o n of the t h e o r e t i c a l treatment i s given by Coqblin (1977 

p. 3 6 0 ) . F o l l o w i n g the c a l c u l a t i o n of C a l l e n and C a l l e n (1966) f o r a 

s i n g l e - i o n model, the t h e o r e t i c a l dependences of the anisotropy 

c o e f f i c i e n t s of order I = 2, 4, 6 a r e given as f o l l o w s , 

. K,(05 i l ^ i ^ i 5 ^ = K,(0) i L^-lW ] 

,(3.16), 

where I i s the reduced h y b e r b o l i c B e s s e l function,^^^^ i s the i n v e r s e 

of the Langevin f u n c t i o n , and = M(T) i s the reduced magnetization. 
M(0) 

The above' equation should be c o r r e c t f o r a l l temperature ranges. 

I n the low temperature region where M(T) 1 C a l l e n and C a l l e n have 
M(0) 

found t h a t the a n i s o t r o p y c o n s t a n t s follow the ClCl"*" l)/2]}"P0''6r 

law as 

(3.17) 
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Another l i m i t concerns the case where M(T) i s very small, i . e . when 
M(0) 

T i s very close to T^, theanisotropy constants can then be represented 

as, Coqblin (1977), 

Kj(0) ( 2 t + l ) ! l 
"M(T,H)' 

_H(0,0)_ 

(3.18) , 

where (21+ denotes 1 x 3 x 5 x (2 1 + 1) 

At temperatures above the anisotropy constants would be expected, 

according to Rhyne (1972) to vary as. 

K ( T ) arh "^''^'^ 

The above results have been established for the single-ion mechanism 

as i t i s an important contributor to magnetic anisotropy effects in 

the rare earth elements. For the two-ion model the situation i s more 

complicated and the I ( j + 1) power law w i l l f a i l , a l l that can be 

said with rigor i s that the low and high temperature limits are 

i l ( I + l ) / 2 and w,4 Callen and Callen (1966). 

3.6 Magnetostriction and Magnetoelastic Energy 

3.6.1 Introduction 

Magnetostriction i s the change in the shape of a c r y s t a l during the 

process of magnetization. The s t r a i n ^JL- due to magnetostriction 
a 

-3 -6 

i s very small t y p i c a l l y between 10 and 10 and i t varies with the 

f i e l d as shown In F i g . (3.1), and f i n a l l y reaches the saturation value 

X . This study deals with both i t s origin and i t s temperature and 

f i e l d dependence. Tsuya et a l , (1964) have reported a theory for 

heavy rare earth metals. Clark et a l , (1965), have discussed the 

theory of magnetostriction of hexagonal-close-packed c r y s t a l s , but 

most of the d e t a i l s of the theoretical calculations have been described 
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6 1 

H 

FIG. 3.1 MAGNETOSTRICTION AS A FUNCTION 
OF THE FIELD INTENSITY. 
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by Callen and Callen in a s e r i e s of papers, (1363, 1965, 1966), 
and a l a t e r review by Callen, (1968) reviewed the work on magneto
s t r i c t i o n since 1961. A brief review of theory has been given by 
Rhyne, (il972) and a f a i r l y complete account of the theoretical 
basis i s given by Coqblin (1977 p. 381). 
3.6.2 Theory of Magnetostriction 

The magnetostriction a r i s e s from the modulation by the s t r a i n of 

single-ion energies such as the anisotropy energy and c r y s t a l - f i e l d 

s p l i t t i n g s ; i t should also include the two-ion magnetoelastic terms, 

which are required to describe the s t r a i n dependence of the exchange 

energy (is o t r o p i c and anisotropic) and the dipole-dipole energy. 

Phenomenologically the Hamiltonian of the system can be written, Callen 

and Callen, (1965) as, 

H = + Hg + + Hg 

(3.21), 

where i s the Hamiltonian of the spin system, Hg i s the e l a s t i c 

•energy (Jc£^), where Z i s the s t r a i n . 

Hjjjg i s the magnetoelastic interaction, coupling the spin ̂ system to 

the s t r a i n , and i s the magnetocrystalllne anisotropy energy. 

The magnetoelastic energy has been given by Clark et a l , (1965) 

as 

.(3.22), 

B'*'' and D̂ '*- are one ion and two ion temperature independent 

magnetoelastic coupling coefficients.£^* are the irreducible 

s t r a i n s . K̂ *'' (Sf) and((|!'' (Sf,Sg) are respectively the symmetry 

polynomial in the spin components of spin f and spins f and g. 
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In t h i s expression I i s the degree of the symmetry polynomial. 
For a hexagonal c r y s t a l , keeping only terms in t = 2,K^^ reduced 
by Tsuya et a l , (1964) to give, 

H.e - B°-2(e,, . tyy) + B ° ( / - 1/3) 

(3.23) 

The superscripts a ,y , and c identify the three possible 

magnetostriction modes, a the f u l l y symmetric s t r a i n mode in which 

the hexagonal symmetry i s unchanged, y i s the shearing mode which 

d i s t o r t s the basal plane, t i s a shearing mode containing tne 

unique aj^es. » .• 

Minimizing the free energy with respect to the s t r a i n , and transforming 

these hexagonal s t r a i n s to Cartesian s t r a i n s , the magnetostriction 

expression for c r y s t a l s of hexagonal close packed symmetry given 

fay Clark et a l (1965), and as corrected by Callen, (1968) i s as 

follows, 

61 LL_ =X = 1 £. . p. 3 
'̂"̂  (3.24) 

,(3.25) 
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Here 0.^, tty, and are the direction cosines of the magnetization 

and, P^, • 3y, and those of the s t r a i n (measuring) directions. 
.a »0 . Q ,0 

The two f u l l y sjrmmetric terms , independent of the 

magnetization direction. They a r i s e from the two-ion interaction term 

i n the Hamiltonian and depend only upon the magnitude of M. The Aa,0 -ĵ  , refers to the s t r a i n measured in a basal plane 
.a,0 

direction, and A2 refers to the s t r a i n along c-axis. They are 

related to the anomalous thermal expansion. The symbols a , e and 

Y describe the s t r a i n modes of magnetostriction as already stated and 

as shown in Fig. (3.2). The coefficients of Eq. (3.25) can be related 

to the general Eq. (3.2a), Clark et a l (1965), as, 
= I [ 1/3'D^'° (f.g) - l/Z-D^'O ( f . g ) ] < S^.Sg> , 

< 1/3 B^'^ - 1/2 B°'2 ] < is\f - 1/3 S(S + 1) > 

+ 1 [1/3"°'^ ( f , g ) - l / 2 D ° 2 ' ^ ^^'S) ̂  
f,g ^ 

X < Ŝ ^ - 1/3 S^.Sg > , 

]^z^ = L 1/3 B^'^ + B^'^ ] < ( s ^ / - 1/3 s(s + 1) > 

+ 1 [1/3 D^'^ (f.g) +'l)2'^ ( f . g ) ] ̂  < 4 4 " V ^ g ^ " ' 
f ,g 

X ' ' ^ B ^ ' 2 < ( S ^ / - 1 / 3 S ( S + 1 ) > 

+ 1 D̂ *̂  (f,g) < s \ s \ - 1/3 s^.s > , 
f.g 

X ' ^ = B^'^< ( s ^ p — 1 / 3 s(s + i ) > 

+ 1 D''^ (f.g) < 4 4 - ^ / ^ 
f.g 1 g I g. 

,(3.26) 
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FIG 3-2 THE FOUR POSSIBLE MAGNETOSTRICTION 
MODES 
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Callen and Callen, (1965) have introduced another s i x magnetostriction 

c o e f f i c i e n t s ^^^,>^2'^1 '^22 'J^ ' ^' 

and they have given the equivalent formula as, 

1/3 Xn(T.H) + ^ XyT.H)(a; - 1/3) 

+ VT X°2i(T,H) (3^ - 1/3) + 3/2 X'22(T,H) (af -l/3) - l/3) 

,^)(3^ - 6^) + a a 8 8 + 2}{ (T.H) [ l//+(a2 - a2)(32 « + 3^ 3 ] 

+ 2X^ (T,H) C 3x + ^ ^ z ] 
....6.27) 

The re l a t i o n s between the coefficients of Clark et a l (1965) and those of Callen 
and Callen (1965) as calculated by Coqblin (1977) including corrections are 

X"°=i/3 ( X\i-VTX°2i) 

X 7 = 1/3 ( X\i ̂  2 VJ- X'21) 

^ 1 " 2 V J ̂  ^12 ^22^ 

A = A arid A = X 
(3.28) 

A higher Order formula up to 1 = 4 has been given by Mishima et a l , 

(1976) as, - „ n 2 

* K] 1' (4 - 1/3) + X' C 1/2 (si- »pial -ap^2 9^ a , ] 

+ 2 'K' 0 ^ + 9y ay) + X\̂  (1 - - 6 + 3/5) 
- X°; 3f (7 - 6 3/5) * [ 1/2 (B,̂  - S^)(a^ - â )̂ 

* ^ ^ '̂ x (7 - 1) + 2 X'' 0 ^ + By a^) »^ (7 ^ " 3) 

* X'"" C 8 3^ Py a, ay (a^ - ap - (S^ - sj) (a;; . - 6 a^) ] 

(3.29) 
»af 8 

For higher order tenns of A i > they have derived the 

magnetostriction to be as; 



I 
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Q,6 

1 ^ 8 ^576 6 ^ . X f ' ( l - , f ) C ^ a ^ i i g 6 a ^ l 7 6 a ^ 3 2 a ^ | ] 

^ ^ ^ ^ 2 r i i ¥ ^ 8 ^ 6^,^. k „ 2 ^ 8 -, 

(3.30) 

A third magnetostriction expression, which has been frequently used 

i n the analysis of experimental work, has been given by Mason (1951, 

1954) up to fourth order for hep structures as, 

^ = A C 2 a, 3, . (a^ - a^) 3, ] ^ ^ B [ (a,^ - a j ) - 3^) 

+ ^ a ^ a y 3 ^ 3 y ] + G [ ( a ^ - a ^ ) 0 ^ - pj) 4 a, 3^ 3^ ] 

+ D (1 - al) (1 - 3^) + E 0.1 (1 - a^) + F (1 - a^) 

+ G 3^ (1 - a^) + H a, 3, (a,, 3^ + 3y) + I 3, (a^ 3^ + ay 3y) 

+ J a f ( i - 3 2 ) + K a ^ 3 ^ . 

(3.31) 

The s i x constants C, D, G, H, J , and K are linear combinations 

of the magnetostriction constants of Callen and Callen in Eq. (3.27), 

or of those of Clark et a l in Eq. (3.25), and can be related to 

each other as follows, 

a,0 Q,2 .c,2 
G = X2 - 1/3 X2 H = 2 X 

a,0 .a»2 
J = X-L + 2/3 X^ 

a.O Q,2 
K = X2 + 2/3 X2 

(3.32) 

The f i v e constants A, B, E, F, and, I are the fourth order magneto

s t r i c t i o n constants. 



- 55 -

I f the equation of Clark et a l up to 1 = 4 which has been derived by 
Mishima et a l , (1976) Eq..(3.29), i s compared with that of Mason's 
formula Eq. (3.31), A to K can be calculated and given as follows, 

A = I X B = - x^ -1 X^ - ^ X ^ + | X + 1 X 
Y,<i Y 

. C = 1/2 ( X - X ) 

D = 1/3 ^ [ ^ + 3/5 - 2/3 t'^ 
(1.0 .a,2 a,^• a ,^ 6,4 

E = - X i - 2/3 X i - 8/5 X^ + 7 X2 - 1/3 X 

.a.O Q,2 Q,4 6,4 
F = X^ + 2/3 X l + 8/5 X;L - 1/3 X 

.Q,0 .a»2 a,4 
G = X2 - 1/3 X2 - 7/80 X2 

,e,2 .£,4 £,4 
H = 2 X + 11/4 A I = 11/3 X 

.a,0 a,2 a,4 6,4 
J = \ + 2/3 X-L + 29/16 X^ + 1/3 X 

a,0 a»2 a,4 
K = X2 + 2/3 X2 + 73/80 X2 

(3.33) 

3.6.3 Determination of Magnetostriction Constants 

The formula of Ciarit et a l Eq. (3.25) w i l l be used in th i s discussion. 

Thiis equation can be reduced by choosing a certain plane and 

direction of measurements. 

( i ) I f the direction of measurements i s the b-axis in the ab plane, 

we can substitute a's and 3's as follows, 

a^ = s i n e = ° 

ay = cos e = ̂  

= 0 3, = 0 

,(3.34) 
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f-t A,0 .a.2 Y,2 
The s t r a i n i s , [ 5 i _ ] ^ = A^ - l/3 Â ^ + 1/2 A cos 2fl 

(3.35) 

The reference state when 9 = 0 i s , 

xl fl-n ^̂ '2 Y.2 
L ^ t - \ - V 3 X, + 1 / 2 X 

^ (3.36) 

And the b-axis s t r a i n between th i s reference state and any other 

state where the magnetic moment makes an angle iji with the b-axis may 

be written as, 2 

....(3.37) 

(3.38) 

( i i ) The s t r a i n along the b-axis for the be plane can be calculated 

i f we substitute as follows, 

a^ = o 3, = o 

a = cos 0 * ̂  

â , = s i n e ^ ° 

(3.39) 

And the s t r a i n i s , „ « 
c| ,a,0 p.2 Y.2 , .Y.2 a,2 

= X^ + 1/6 \ + 1/4 X + (1/4 X - 1/2 X̂  ) COS 29 
(3.40) 

(3.41) 

and 

[ ^ t ' ° - c - f ] r " ( V 2 x ' ' - x°;.) 
(3.42) , 
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( i i i ) And i f the s t r a i n measurements are along the c-axis in the 

be plane we find that, 

a = 0 3 = 0 X ^x 

tty = sine " ° 

a = cos 9 3 = 1 

(3.43) 

and the s t r a i n i s , 
s i v°'0 »°'2 Q,2 

= X2 + 1/6 X2 + 1/2 X2 cos 29 

.(3.44) 

Thus 

..(3.45) 

and i f 90° we find : 

r 6 l -,8=90 r 6 l -,6=0 _ i f ' ^ 

(3.46) 

( i v ) F i n a l l y to calculate A we have to measure the s t r a i n along 
o 

a di r e c t i o n of 45 from the c-axis, t h i s means that, 

a ^ = o 3^=0 

ay= sine 3y= 1/V2' 

a^ = cos 9 3^ = 1/V2" 
....(3.47) 

And the s t r a i n along t h i s direction i s given by, 
ci Q .0,0 .Q,0 .a,2 a,2 v 

i ^ t f = 1/2 ( X^ + X2) + 1/12 ( X i + X2 ) + 1/8 X 

.a, 2 Q,2 Y,2 e,2 + C 1/^ ( X;L + X2 ) - 1/8 A ] COS 29 + 1/2 X s i n 29 

(3.48) 
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And, 

c f r , * - c ^ ] ; ^ f = ci /M x°;'+ x;Vi/8 i t ' ' i ( c o s 2 * - d 

+ 1/2 A s i n 2^ 

(3.49) 

Thus,if we take ij/ to be 45° we find: 
£.2 c 1̂° - c f f 1 = 1 / 8 1 -1/* x;' - 1 / . j ( f . 1/2 X' 

(3.50) 

3.6.4 Magnetoelastic Coefficients of Gadolinium 

The experimental procedure for determination of the magnetostriction 

constants w i l l be discussed in Chapter 5. In th i s section we w i l l 

give an account of previous measurements on single c r y s t a l s . The 

thermal and f i e l d dependence of magnetostriction have been studied on 

heavy rare earths i n part i c u l a r Gadolinium by many people. Gadolinium 

has a small magnetostriction compared to the other heavy rare earths. 

The f i r s t data for magnetostriction on single c r y s t a l s of gadolinium 

were obtained by Bozorth and Wakiyama, (196S), who used s t r a i n gauge 

techniques to measure the magnetostriction X and the thermal 

expansion a from 4.2 K to th^ Curie point. They used a simplified 

expression for the magnetostriction with only four independent 

constants X^» Xg» XQ and Xp. This formula has been given by 

Bozorth, (1954), as, 

+ X B C ( l - a f ) ( l - 3 ^ ) - ( a , - 3 , - ^ a y 3 / ] + X C C ( 1 - ^ ) 8 ' 

- ^ K ^ ̂  ^ ̂  ̂  ^z ̂ z K ̂  ^ ̂ > 

(3.51) 

The r e l a t i o n between these four magnetostriction constants Xg' XQ 

andXj^and the s i x constants i n formula of Clark et a l Eq. (3.25), has 
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been given by Rhyne, (1972), as, 

a , 2 a , 2 
X;̂  = - 1 / 2 ( XA + XB ) X2 = - X c 

i ' ^ = 2 X p - 1/2 ( XA + X c ) 
(3.52) 

Alstad and Legvold, (1964) have obtained similar values of magnetostric

tion c o e f f i c i e n t s for Gadolinium using also s t r a i n gauge techniques . 

F i g . (3.3) shows the four 1 = 2 magnetostriction constants of 

Gadolinium as a function of temperature between 4.2 and 340 K' after 
e 

Alstad and Legvold, (1964). Cowman and Pavlovic, (1965) have measured 

the temperature dependence of the magnetostriction constants at various 

f i e l d s above 77 K and also have measured precisely the forced 

magnetostriction near the Curie temperature. To represent the 

magnetostriction Coleman and Pavlovic have used a formula which has 

been given by B i r s s , (1959) as, 

X = + &l + (R2 + R3 3') ( 1 -a^') +C â  3, + R3 (a^ 3^ 

+ a S ) l ( a 3 +a 3 ) tty Py; J y^^p^ ^3^53) 

The terms RQ and Ri are the exchange magnetostriction constants which 

are independent of the direction of magnetization and depend only on 

the magnitude of the magnetization. R2 to R5 are the anistropic 

magnetostriction constants which depend on the direction as well as the 

magnitude of the magnetization; these four constants can be related to 

Eq. (3.51), Coleman and Pavlovic, (1965), as follows, 

R5 = X A - XB R3 = XC - XB 

R4 = 4 Xj) - X c ~ XA R2 = XB 

(3.54) 
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Coleman and Pavlovic have shown that the forced exchange magnetostriction 

i s f i e l d dependent having a peak between 220 K and 320 K' . The 

constants in Eq. (3.53), are an admixture of those ef order I = 2 and 

I = 4 . Consequently the coefficient R5 can be associated with the 
Y Y 2 Callen and Callen coefficient X or that designated by Clark et a l X ' 

i . e . R5 = X 
Callen and Callen, (1965), have accounted for the f u l l temperature 

Y 

dependence of X or R5 using the data of Coleman, (1964)^ This i s 

shown i n F i g . (3.4) and i t i s c l e a r from the figure that the coefficient 

changes sign before vanishing at the Curie temperature. The change in 

sign was t h e o r e t i c a l l y explained by Callen and Callen (1965) as the 

r e s u l t s of tne contribution of both the one-ion magnetoelastic coupling 

and the two-ion one. 
X^ = 351 xlO"-5 l5/2(^) ~ 243 X 10"^ m^CT.H), 

...(3.55) 

Where 15/2 (x) i s a higher order reduced hyperbolic Bessel function. 

The temperature dependence of the l a t t i c e parameters for Gadolinium has 

been studied by Darnell, (1963). The c-axis was found to increase with 

decreasing temperature below the Curie point. 

Mishima et a l , (1976) have measured the saturation magnetostriction of 

Gadolinium between 4.2 K and 330 K . To f i t the experimental results 

they have to go up to 8-th order terms in the formula of Clark et a l . 
Y 2 

They have obtained a value of X' equal to 108 x 10~® at 4.2 K' . 
Q,2 a,8 

The magnetostriction constants from Xj, to X2 ^-^ ^ 

follows, 
X^ = 145 X 10 6 X-L = - 13 X 10 ^ 
.a,6 a,8 
X-j^ = 6.6x10-6 \^ ^ - 2 . 4 x 1 0 ^ 6 

In the ac plane an anomalous saturation was observed along the c and a 

axes. Below 77 K they observed minima around 9 = 75° and 105° in 
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the s a t u r a t i o n m a g n e t o s t r i c t i o n versus f i e l d d i r e c t i o n curve. These 
i n f l e c t i o n p o i n t s decrease w i t h i n c r e a s i n g temperature and disappear 
completely a t 77 K . 

a, 2 Q,8 

The m a g n e t o s t r i c t i o n constants ^2 t o 2 a t 4.2 K are given as, 

= - 125 X 10"'' A2 = - 14.3 X 10-6 

A = 7.8 X 10-6 ^ - 3.9 X 10-6 
They have also measured the m a g n e t o s t r i c t i o n constants A and A as 

22.1 X 10~6 and 3.6 x 10~6 r e s p e c t i v e l y . F i g . (3.5) shows the tempera-
Q,2 0,2 

t u r e dependence of the second order magnetostriction constants \, , Ao 
Y.2 £,2 0̂ '̂  1 2 

A and A . A shows a good agreement w i t h the measurements 

of Bozorth and Wakiyama, (1963) and A l s t a d and Legvold, (1965), the 

values of the higher order m a g n e t o s t r i c t i o n constants are about 10 times 

smaller than the second order constants. 

The f o r c e d m a g n e t o s t r i c t i o n of Gadolinium i s independent of the f i e l d 

d i r e c t i o n , but depends on the f i e l d s t r e n g t h . Bozorth and Wakiyama, 

(1963) and Coiieman and Pavlovic, (1965) have measured the forced 

m a g n e t o s t r i c t i o n of Gadolinium s i n g l e c r y s t a l s . I t was found t h a t the 

f o r c e d m a g n e t o s t r i c t i o n c o e f f i c i e n t , measured p a r a l l e l t o the 

hexagonal axis i s i n absolute magnitude about 20 times l a r g e r than , 

which i s measured perpendicular t o the hexagonal a x i s . Both Xjj Aj^ 

depend s t r o n g l y on temperature, and present extremum near the Curie 

p o i n t w h i l e tending t o zero at low and high temperatures. Tonegawa, 

(1964) has c a l c u l a t e d a t h e o r e t i c a l forced magnetostriction f o r 

Gadolinium s i n g l e c r y s t a l s . His c a l c u l a t i o n s were based on Yoslda and 

Watabe's theory (1962), i n which they have shown t h a t the exchange 

i n t e r a c t i o n between 4f spins i n rare e a r t h metals i s mainly due t o 

i n d i r e c t exchange i n t e r a t i o n v i a the conduction e l e c t r o n s . The forced 

m a g n e t o s t r i c t i o n of Gadolinium has been obtained by c a l c u l a t i n g the 

s t r a i n dependence of t h i s i n d i r e c t exchange I n t e r a c t i o n . The t h e o r e t i c a l 
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curves are shown i n F i g . (3.6) f o r two applied magnetic f i e l d s 11.6 kOe 
and 17.4 kOe, the curve also shows the data of the forced magnetostric
t i o n c o e f f i c i e n t s and Xj_ obtained by Bozorth and Wakiyama, (1963), 
Coleman and Pavlovic, (1965) have given the f o l l o w i n g e m p i r i c a l 
expression f o r the forced m a g n e t o s t r i c t i o n , 

X= A h" + B 

(3.56), 

where A,B, and n are f u n c t i o n s of temperature. 

Related t o the forced m a g n e t o s t r i c t i o n i s the anomalous thermal expansion 

which a r i s e s from the dominant c o n t r i b u t i o n of the forced magnetostriction 

t o the measured l a t t i c e parameter. Bozorth and Wakiyama, (1963) 

have determined the shape of the a vs. T curve f o r the a and c axes, which 

i s shown i n F i g . ( 3 . 7 ) , I t i s c l e a r from t h i s f i g u r e t h a t the thermal 

expansion c o e f f i c i e n t measured along the c-axis shows a sharp d i p , w h i l e 

t h a t measured along the a-axis e x h i b i t s a sharp peak. 

3.6.5. Magnetoelastic Coefficents of Terbium 

Terbium has a large m a g n e t o s t r i c t i o n compared w i t h Gadolinium. Many 

data are a v a i l a b l e f o r the ma g n e t o s t r i c t i o n of Terbium, but the most 

complete are those of Rhyne and Legvold, (1965) and those of du Pl e s s i s , 

(1968). The a, b and c axis l a t t i c e parameters as a f u n c t i o n of 

temperature f o r Terbium have been obtained using x-ray methods by 

D a r n e l l , (1963). Rhyne and Legvold, (1965) have measured the magneto

s t r i c t i o n of Terbium s i n g l e c r y s t a l s from 4 t o 350 K i n applied f i e l d s 

up t o 30 kOe by s t r a i n gauge methods. Because of the high magneto-

c r y s t a l l l n e a n i s o t r o p y of Terbium magnetic f i e l d s considerably i n 

excess of those normally a v a i l a b l e i n the la b o r a t o r y are necessary t o 

produce s i g n i f i c a n t r o t a t i o n of the magnetic moment out of the basal plane, 

Rhyne and Legvold, (1965) have assumed = 0 i n Eq. (3.3J), i . e . 
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^ C L ( a , 3, % Py)' 3y ^ =̂ y ̂ x^' ̂  

+ D ( l - 3 ^ ) + G p f 

(3.57) 

Using t h i s equation they have measured the constants A, C, D, and G while 

du P l e s s i s has used the formula of Clark et a l Eq. (3.25). The constants 

A, C, D, and G may be determined by d i f f e r e n t measurements of the s t r a i n 

• ^ j ^ — along d i f f e r e n t d i r e c t i o n s 3 . The values of j( = 2C are i n 

agreement f o r both Rhyne and Legvold, (1965) and du P l e s s i s , (1968), 

except below 125 K . F i g . (3.8) shows the values of the two constants 

A, and C as measured by Rhyne and Legvold, (1965) a t 30 kOe. The 

t h e o r e t i c a l c a l c u l a t i o n s of the temperature dependence of the constants 

A, and C by Callen and Callen, (1963), give 

2 

(3.58). 

where I i s a modified Bessel function;!!! i s the inverse of the Langevin 

f u n c t i o n and mn = M(T) / M(0) i s the reduced magnetization. The 

t h e o r e t i c a l curves f o r C and A have been p l o t t e d also by Rhyne and 

Legvold using the above equation and the magnetic moment data of Hegland 

et a l , (1963). The value of C (T = 0) used was 4.3 x 10~^ and the value 
Y 

of A (T = 0 ) was 2.14 x 10-3. The two constants ^ and A were measured 

by du P l e s s i s , (1968) between 77 K and 350 K . F i g . (3.9) shows the 

temperature v a r i a t i o n of ^ > measured at an e x t e r n a l f i e l d 16.4 kOe, 

a l s o , i t was shown by du Plessis t h a t the data are very w e l l f i t t e d by 
the I5/2 [VL"'̂  ) 3 over thewhole temperature range while the mn law 
i s s a t i s f a c t o r y up t o about 200 K as shown i n F i g . ( 3 . 9 ) . By 

.Y _3 
e x t r a p o l a t i o n t o the value a t 0 K , t h i s gives a value of A = 8 • 5 x 10 . 
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Fig. (3-9) The temperature variation of X' measured at an 
external field of 16 4 kOe for^ Tb̂  
The solid line is given by X (0)Is/2 £(mn) , 
where X^(0) = 8500x10^ The broken line is given by the 
lower temperature limit X^O)mn, after du Plessis (1968) 
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The second order c o e f f i c i e n t has been determined by du P l e s s i s , ( 1 9 6 8 ) , 

and he has found t h a t t h i s c o e f f i c i e n t f o l l o w s a I9/2 law w i t h a 

n o r m a l i z a t i o n value of A ( 0 ) = 2 . 5 x lO"^. Thg c o e f f i c i e n t s A, C, D, 

and G have been ext r a p o l a t e d t o zero applied f i e l d by Rhyne and Legvold, 

( 1 9 6 5 ) and y i e l d values f o r D , and G of DQ = - 1 . 6 x 1 0 " 3 and. 

Go = 4 X 1 0 ,, the extr a p o l a t e d values are shown i n F i g . ( 3 . 1 0 ) . 

e.2 a,2 
Du P l e s s i s has determined the thermal dependence of A and A2 

T h e i r v a r i a t i o n w i t h temperature i s q u i t e w e l l f i t t e d by the I5/2 [,^^7^{m )] 

f u n c t i o n as shown i n F i g . ( 3 . 1 1 ) , where f a i r l y l i n e a r curves were 

obtained, except f o r \ when the temperature i s very close t o the 

Curie temperature. The r a t i o X / ^ ' i s expected t o be the same f o r the 

heavy r a r e earths, i t i s equal t o about 0 . 6 , but f o r Terbium i t gives 

an anomalous value of 2 . 3 5 , du P l e s s i s , ( 1 9 6 8 ) . 

Rhyne and Legvold, ( 1 9 6 5 ) and du P l e s s i s , ( 1 9 6 8 ) i n more d e t a i l have 

measured the forced m a g n e t o s t r i c t i o n , also measured by A l b e r t s and 

du P l e s s i s , ( 1 9 6 8 ) . The forced m a g n e t o s t r i c t i o n i s the slope 

of the l i n e a r m a g n e t o s t r i c t i o n at high applied f i e l d s . F i g . ( 3 . 1 2 ) 

shows the forced m a g n e t o s t r i c t i o n i n the a, b, and c d i r e c t i o n s as 

obtained by Rhyne and Legvold, ( 1 9 6 5 ) , from the slope above s a t u r a t i o n 

of the s t r a i n vs. f i e l d curves i n a f i e l d up t o 3 0 kOe. As seen i n t h i s 

f i g u r e the forced m a g n e t o s t r i c t i o n presents a maximum around the Neel 

temperature. Du Ple s s i s has found s i m i l a r r e s u l t s f o r a and c-axis 

measurements f o r a f i e l d up t o 2 0 kOe, The temperature dependence 
of the c-axis thermal expansion has been given by du Pl e s s i s , ( 1 9 6 8 ) . 

-6 

An anomaly has been observed a t 2 2 5 K w i t h a peak value - 1 0 4 x 10 

and - 6 5 X 10~^/K~^ a t zero and 1 4 kOe applied f i e l d r e s p e c t i v e l y , as 

shown i n F i g . ( 3 . 1 3 ) . Since the h e l i c a l s t r u c t u r e collapses a t low 

f i e l d , the f a c t t h a t the curves f o r both zero f i e l d and 1 4 kOe peak a t 

the same temperature i s evidence t h a t t h i s occurs at the N^el p o i n t , 

du P l e s s i s , ( 1 9 6 8 ) . 
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FIG.3-10 MAGNETOSTRICTION CONSTANTS A©, C©. D© 
AND Go. THE SUBSCRIPT o INDICATES THE 
VALUES HAVE BEEN EXTRAPOLATED TO 
ZERO APPLIED FIELD, AFTER RHYNE AND 
LEGVOLD 1965 
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FIG. 3 11 THE MAGNETOSTRICTION COEFRCIENTS X*'̂ ^ X̂ '̂  AND 
X2^ VERSUS l5/2p-"Nmn)] AND A VERSUS 

hnl^'^ (mn)] THE MAGNETIZATION HAS BEEN VARIED 
BY VARYING THE TEMPERATURE IN THE FERROMAGNETIC 
REGION AND BY VARYING TEMPERATURE AND FIELD 
STRENGTH IN THE PARAMAGNETIC REGION, AFTER 
DU PLESSIS 1968 
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F I G 3-12 F O R C E D M A G N E T O S T R I C T I O N IN T H E q - > , A N D c - A X I S 

D I R E C T I O N S A F T E R R H Y N E A N D L E G V O L D 1 9 6 5 . 
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FIG 3-13 THE TEMPERATURE DEPENDENCE OF THE ZERO FIELD C 
AXIS THERMAL EXPANSION COEFFICIENT IS DEPICTED 
WITH A SOLID LINE. THE DOTTED LINE R E P R E S E N T S 
THE COEFFICIENT MEASURED AT U Koe AFTER 
DU PLESSIS 1968 
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3.6.6. E l a s t i c Constants 

Due t o the r e l a t i v e l y low order symmetry of rare earths there are f i v e 

Independent e l a s t i c constants. For the hep s t r u c t u r e the c l a s s i c a l _ 

e l a s t i c energy can be represented as f o l l o w s , Coqblln, (1977), 

- 1/2 C"̂ , (e'^'^)' + £°'' + 1/2 G°22 ( 

+ 1/2 c \ ( i^f. + ( ] + 1/2 c'C ( E i ) ^ + ( ep^ ] 
,(3.59) 

The s t r a i n E^'^^are r e l a t e d t o the usual s t r a i n defined w i t h respect 

t o Cartesian axes, x, y, z, as f o l l o w s , 

(3.60) 
u 

The e l a s t i c s t i f f n e s s constants C7, are r e l a t e d t o the f i v e independent 

Cartesian s t i f f n e s s constants by the f o l l o w i n g r e l a t i o n s . 
= V 9 (2 c^^ + 2 + / I ĉ 3 + C33) 

^ ^ 2 = (^11 ^ ' 1 2 - ^ '13-^' V 
C°,2 = 2/3 VT (- C,, - + -H C33) 

(3.61) 

The f i v e independent e l a s t i c constants Cj^j.' ^12 » ^13» '-'33» ^44» 

can be measured by propagating l o n g i t u d i n a l and shear waves i n 

d i r e c t i o n s p a r a l l e l , perpendicular and a t angle 45° t o the c-axis. Palmer 

and Lee, (1972). The f i v e s i n g l e c r y s t a l e l a s t i c constants of Gadolinium 
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and Terbium have measured by Palmer e t a l , (1974), w i t h i n the temperature 

range 4.2 t o 300 K. I n Gadolinium there i s a very pronounced change 

i n the c-axis compressional mode constant C33 a t t h e magnetic or d e r i n g 

temperature. I n Gadolinium also the e l a s t i c constants are ha r d l y 

a f f e c t e d by a magnetic f i e l d , w i t h the exception o f Cgg where a large AC 

e f f e c t i s observed a t about 220 K at which the magnetization Just begins 

t o d e v i a t e from the c-axis. This i s i n reasonable aggreement w i t h 

the magnetocrystalllne anisotropy r e s u l t s from which the temperature ?ras 

found t o be a t 240 K, Comer, e t a l (1962), Smith et a l (1978). I n 

Terbium also i t was found by Palmer e t a l (1974) t h a t there is"an 

anomaly i n Cgg a t T^. P o l l i n a and L u t h i , (1968, 1969) have measured 

the a t t e n u a t i o n of sound i n Gadolinium and Terbium, a sharp peak i n 

l o n g i t u d i n a l a t t e n u a t i o n being observed a t T^. I n Terbium two t r a n s i t i o n 

p o i n t s have been a t Tj^ and TQ. To e x p l a i n t h e i r r e s u l t s P o l l i n a and 

L u t h i , have adopted a two spin-phonon coupling mechanisms. 

(1) a m a g n e t o s t r i c t i v e c o u p l i n g ( s p i n o r b i t type magnetostriction ) , and 

(2) a volume m a g n e t o s t r i c t i v e coupling (two-ion or forced magnetostriction). 

F i n a l l y , i t i s found t h a t the thermal dependence of the e l a s t i c constants 

of Gadolinium and Terbium, i s r e l a t i v e l y weak and becomes s i g n i f i c a n t 

only i n the v i c i n i t y o f the t r a n s i t i o n temperatures. 
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CHAPTER 4 

Magnetic Properties of A l l o y s of Gd and Tb 

4 . 1 I n t r o d u c t i o n 

We can prepare magnetic substances which have various kinds of magnetic 

p r o p e r t i e s by a l l o y i n g r a r e e a r t h metals w i t h each other or w i t h other 

metals. The methods of greatest use i n the study of the magnetic p r o p e r t i e s 

of r a r e e a r t h a l l o y s . f a l l i n t o two groups, d i r e c t magnetization measure

ments and neutron d i f f r a c t i o n methods. Both have been used t o study 

the magnetic s t r u c t u r e of the a l l o y s . 

From the magnetic p o i n t of view i t has been found by Weinstein et a l (1963) 

t h a t i n the Dy-Y a l l o y s the Neel temperature Tjj was p r o p o r t i o n a l t o the 2/3 

power of the Y conc e n t r a t i o n . Then C h i l d e t a€ (1965) found t h a t i n the R-Y 

a l l o y s where R i s rare e a r t h metal generally a 2/3 power law was obeyed. 

They found t h a t Tjj f o l l o w s a u n i v e r s a l law versus c of the form, 
J/3 

( 4 . 1 ) , 

where ^ i s the mean value of the de Gennes f a c t o r . This i s defined 

as 

5= c ( g - if j ( j +1) 

( 4 . 2 ) , 

where c i s the atomic concentration of t h e i r a r e e a r t h . The N^el 

temperatures f o r a l l o y s R-R, where both c o n s t i t u e n t s are heavy rare 

e a r t h metals, f o l l o w the same u n i v e r s a l law. For R-R a l l o y s ^ 

i s given as, Bozorth (1967) , 

. • . . • . . . • * ( 4 . 3 ) i 

where C j ^ and C g are the atomic coneehtraticns o f the two components. 

The Curie p o i n t behaviour v a r i a t i o n w i t h temperature does not appear 

t o f o l l o w a u n i v e r s a l law but i s d i f f e r e n t f o r each system of R-R a l l o y s . 
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Gadolinium binary a l l o y s 

Gadolinium has the highest o r d e r i n g temperature = 293 K of a l l the 

ra r e e a r t h metals, and i t i s ferromagnetic a t a l l temperatures below i t s 

Curie P o i n t . One of the a l l o y series which has been exte n s i v e l y studied 

i s t h a t w i t h Y which has the same c r y s t a l s t r u c t u r e as Gd, nearly the 

same atomic volume and e x h i b i t s simple paramagnetism over a l l the • 

temperature range. The f i r s t magnetization measurements were made by. 

Thorburn e t a l (1958). For a l l o y s of high Gd content paramagnetic t o 

ferromagnetic t r a n s i t i o n s are observed w i t h decreasing temperature. As 

Gd content i s decreased the t r a n s i t i o n ;to ferromagnetic ordering i s 

replaced by one t o ant i - f e r r o m a g n e t i c o r d e r i n g , ferromagnetic o r d e r i n g 

appearing a t a lower temperature. Child and Cable (1969) have made 

measurements of the neui;ron d i f f r a c t i o n from Gd-Y a l l o y s and found t h a t 

Gd-Y a l l o y s are ferromagnetic above 70 a t % Gd and also they found t h a t 
s 

the angle <t> between the magnetic moment and the c-axls f o r the f e r r o -
[ 

o 

magnetic a l l o y s remains; constant and equal t o 70 a t a l l temperatures. 

I t o (1973) has measured the magnetization, magnetocrystalline anisotropy, 

e l e c t r i c a l r e s i s t i v i t y , thermal expansion and magnetostriction of Gd-Y 
V 

a l l o y s . He found that;^ the a l l o y s snow ferromagnetism at high content 

of Gd and antlferromagnetlsm a t low content. The ordering temperature 

decreases n e a r l y l i n e a r l y w i t h Gd content. Because the behaviour of Gd 

cannot be accounted j by the one-ion model of Callen and Callen 

(1965), alone, I t o has found t h a t the temperature dependence of the 

magnetocrystalline anisotropy can be g r e a t l y s i m p l i f i e d by the a d d i t i o n 

of non-magnetic Y. The thermal expansion,the m a g n e t o s t r i c t i o n , and the 

e l e c t r i c a l r e s i s t i v i t y were a l l found t o be a n i s o t r o p i c i n both 

magnetic regions. 

Gadolinium-heavy r a r e e a r t h metal a l l o y s have been studied by several 

workers. Bozorth and S u i t s (1964) have studied the magnetization of 

Gd-Dy a l l o y s . The Gd r i c h a l l o y s are ferromagnetic i n the whole 
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temperature range i n which o r d e r i n g occurs, w h i l e the Dy r i c h a l l o y s have 
a ferromagnetic s t r u c t u r e a t low temperature and a h e l i c a l s t r u c t u r e 
between and T^. The magnetocrystalline anisotropy of Gd-rDy a l l o y 
has measured by Tajima and Chikazumi (1967) f o r 1.3 wt% DytGd alloys-and 
they found t h a t the a n i s o t r o p y constants are a l l i n agreement w i t h those 
estimated from s i n g l e i o n model. 

M a g n e t o s t r i c t i o n and thermal expansion of s i n g l e c r y s t a l s of Gd-Dy alloyshave 

been i n v e s t i g a t e d by N i k i t i n e t a l (1S76) and they have found t h a t along 

the c-axis the m a g n e t o s t r i c t i o n i s mainly due t o a two-ion mechanism, 

w h i l e along the a-axis both two-ion i n t e r a c t i o n s and the one-ion 

i n t e r a c t i o n s must be taken i n t o account. Bozorth and Gambino (1966) have 

studied the magnetization of Gd-Er, Gd-Ho, Gd-Lu and determined the values 

of Tj^ and T^. The magnetic behaviour of the f i r s t three a l l o y s i s close 

enough t o t h a t of Gd-Dy a l l o y s , w h i l e Gd-Lu a l l o y s are also ferromagnetic 

f o r h igh content of Gd, but the t r a n s i t i o n from the antiferromagnetic 

phase t o a ferromagnetic phase takes place through a t le a s t one i n t e r 

mediate 'fan' s t r u c t u r e . Gd-Sc a l l o y s are a l s o ferromagnetic f o r about 

70% Gd and the Curie temperature TQ paramagnetic Curie tempera

t u r e 9p decreases more r a p i d l y i n Gd-Sc a l l o y s than i n Gd-Y a l l o y s . 

Nigh e t a l (1964). The Gadolinium-rich a l l o y s are ferromagnetic a t a l l 

temperatures i n the range of o r d e r i n g , w h i l e Gd-poor a l l o y s have a t 

l e a s t one region of antiferromagnetic-type o r d e r i n g . The Neel 

temperatures f o l l o w E<i.(4.1), and the Curie temperatures decrease 

w i t h decreasing Gd content. 

Tb-binary a l l o y s 

One system which has been w e l l studied i s the Tb-Y. a l l o y system. 

Neutron d i f f r a c t i o n measurements have been made by Koehler et a l (1963) 

on a s e r i e s of Tb-Y a l l o y s i n order t o study the inf l u e n c e of magnetic 

d i l u t i o n on the magnetic p r o p e r t i e s of the rare e a r t h metals. They 

found t h a t i n t r o d u c t i o n of Y i n t o Tb reduces the Neel temperature and 
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produces a h e l i c a l phase. At 30 a t % Y t t r i u m and above the spontaneous 

tra n s f o r m a t i o n t o the ferromagnetic s t r u c t u r e was not observed f o r 

zero applied f i e l d even f o r temperatures down t o 4.2 K. Koehler (1965) 

has found t h a t f o r Tb-Y and Tb-Lu a l l o y s the N ^ l temperatures f o l l o w 

Eq. (4.1) from neutron d i f f r a c t i o n measurements. N i k i t l n e t a l (1977a) 

have found from magnetization measurements t h a t a l l o y s w i t h more than 

35 a t % Y t t r i u m show no transformation t o the ferromagnetic s t a t e f o r 

zero a p p l i e d f i e l d a l l the way t o 4.2 K. 

M a g n e t o s t r i c t i o n measurements have a l s o been made by N i k i t i n e t a l (1977a) 

and they found t h a t the measurements on the basal plane samples y i e l d 

r e s u l t s which f o l l o w the s i n g l e - I o n theory, while the magnetostriction 

measured along the c-axis cannot be adequately described by the s i n g l e -

i o n theory. Vorobev et a l (1977)have found from x-ray d i f f r a c t i o n measure

ments on Tb-Y a l l o y s t h a t d i l u t i o n w i t h Y leads t o a decrease i n magneto

s t r i c t i o n . 

Tb-Ho a l l o y s have been studied by both magnetization and neutron d i f f r a c t i o n 

techniques, Spedding et a l (1969) have i n v e s t i g a t e d the magnetic pr o p e r t i e s 

of t h i s system and they found t h a t the Neiel temperature and the poly-

c r y s t a l l i n e paramagnetic Curie temperature decreases almost l i n e a r l y w i t h 

Ho content t o the pure Ho values; also they have observed t h a t the 

a l l o y i n g does not s i g n i f i c a n t l y a f f e c t the a n l s t r o p y , the b d i r e c t i o n 

being p r e f e r r e d as i n the parent metals and the c d i r e c t i o n being the 

hard d i r e c t i o n i n a l l cases. The same samples of Tb-Ho have been studied 

by Spedding e t a l (1970) using the neutron d i f f r a c t i o n technique, and 

they have found t h a t the h e l i c a l s t r u c t u r e i s present between Tjj and 

the whole concentration range. 

Tb a l l o y s w i t h other heavy rare e a r t h metals such as Tb-Dy, Tb-Er, Tb-Tm, 

and Tb-Lu have been studied by Bozorth and Gamblno (1966) using the 

neutron d i f f r a c t i o n technique. I n a l l these a l l o y s the v a r i a t i o n of 
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Neel temperature i s w e l l represented by Eq. ( 4 . 1 ) . The Tb-Sc a l l o y s are 

s i m i l a r t o Tb-Y and Tb-Lu a l l o y s as has been found by Ch i l d and Koehler 

(1966). Chatterjee (1572) has studied the magnetic pr o p e r t i e s of a 

se r i e s of alloyis between Tb and Sc f o r both s l n g i e and p o l y c r y s t a l s . 

He found t h a t the Neel temperatures f o l l o w a Tj^ a C dependence u n l i k e 

the other systems. Also he found t h a t the 
Y 2 

thermal dependence of the magnetostriction constants X* f o r 

TbQ QQSCQ ^-^ and "^^o.825^^^0.175 reasonably w e l l f i t t e d w i t h 

the s i n g l e - i o n theory. The anisotropy of Tb-Sc a l l o y s f o l l o w s the s i n g l e 

ion theory as has been found by Welford (1575). 

Recently N i k i t i n et a l (lS77b)h8ve studied the concentration dependences 

of magnetic, magnetoelastic and e l e c t r i c p r o p e r t i e s of s i n g l e c r y s t a l s 

of Tb-Gd a l l o y s , and they have found t h a t the magnetic anisotropy 

and m a g n e t o s t r i c t i o n are due mainly t o s i n g l e - i o n i n t e r a c t i o n s . Their 

r e s u l t s f o r m a g n e t o s t r i c t i o n and thermal expansion are shown i n F i g (4,1) 

The values of the thermal expansion c o e f f i c i e n t s a t 320 K change very 

l i t t l e i n a wide range of concentration. The spontaneous magnetostriction 

AQC along the c-axis and Xob ^^ong b-axis were obtained by s u b t r a c t i n g 

the phonbn p a r t of the thermal expansion(^^^which has been obtained from 

the thermal expansion curves of Lu) from the experimental ^-~-) and 

(ALy*"curves measured i n a magnetic f i e l d a p p l i e d along the easy 
^ .Y.2 magnetization a x i s . They found t h a t decreases l i n e a r l y w i t h increase 

i n c o n c entration of Gd. The e f f e c t i v e magnetic moment per atom ( i e f f 

decreases l i n e a r l y w i t h i n c r e a s i n g Gd content i n the a l l o y s w i t h 

y^ff ~ '^'^ H'ff^ ^'^ H '^^ shown i n F i g . ( 4 . 3 ) . 

The paramagnetic Curie p o i n t Q ^ (magnetization i n the basal plane) and 

0f|J (magnetization along the hexagonal a x i s ) were found toL increase 

monotonically w i t h i n c r e a s i n g Gd content, w h i l e the d i f f e r e n c e A 8 ^ S j 0 ^ 9 p 

decreases as shown i n F i g . (4.2) and ( 4 . 3 ) . The paramagnetic Curie 
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FIG MAGNETOELASTIC PROPERTIES OF Tb-Gd ALLOY; 
a) COEFFICIENT OF THERMAL EXPANSION AT 320 K ALONG 
THE HEXAGONAL AXIS (CURVEDAND IN THE BASAL PLANE 
(CURVE 2) b) MAGNETOSTRICTION CONSTANT X" (LINED 
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temperature f o r a p o l y c r y s t a l c a l c u l a t e d from the formula 0^^^" i(29p*0p) 
has a n o n l i n e a r dependence on the a l l o y composition as shown i n F i g . ( 4 . 2 ) . 

The u n i a x i a l magnetic anisotropy constant K|. has been estimated by 

N i k i t i n e t a l (1977b) from the expression K^-^a-^ 6p/̂ *̂̂ ^̂  " '̂^̂^ 
o 

obtained by Kasuya (1966) and they have found t h a t decreases 

l i n e a r l y w i t h i n c r e a s i n g Gd concentration i n Tb-Gd a l l o y s . 



- 87 -

CHAPTER 5 

SPECIMENS, EXPERIMENTAL APPARATUS AND TECHNIQUES 

5.1 Specimens 

The specimens c o n t a i n i n g 50 and75 per cent of Tb, were grown from the melt 

a t the Centre f o r M a t e r i a l s Science, U n i v e r s i t y of Birmingham, by melt

i n g the desired weights of Gd and Tb together. The parent metals Gd and 

Tb were p u r i f i e d using the s o l i d s t a t e e l e c t r o t r a n s p o r t technique. The 

a p p l i c a t i o n of t h i s technique t o the p u r i f i c a t i o n of rare earth metals 

has been discussed by Jordan (1574). The specimens c o n t a i n i n g 5 and 20 per 

cent of Tb were grown byDr. D.A.Hukln a t Clarendon Laboratory, Oxford^ 

using I s v i t a t e d melt i n Water Cooled Ag Cru c i b l e . Single c r y s t a l s of 

Gd-Tb a l l o y s of compositions Gdo.95 Tbo.05» G^o.SO '"̂ '̂0.20' ̂ 0.50 '^^0.50' 

and GdQ 25 TbQ ,yg were cut by elec t r o s p a r k erosion a t the Centre f o r 

M a t e r i a l s Science, except f o r the Gd„ Tb_ „_ samples c o n t a i n i n g b and 
0.80 

c axes which were cut a t Sunderland Polytechnic. A l l the ingots f o r 

s i n g l e c r y s t a l c u t t i n g were or i e n t e d i n i t i a l l y a t Durham using the back 

r e f l e c t i o n x-ray Laue method. Before c u t t i n g the samples from the GdQ.so 

Tbo^20 i"S°'t̂ » "^s necessary f i r s t t o make the g r a i n boundaries 

v i s i b l e ; t h i s was achieved by et c h i n g i n very d i l u t e n i t r i c a c i d then 

washing i n acetone. A s u i t a b l e g r a i n was chosen and then the ingot was 

f i x e d on an ad j u s t a b l e goniometer using equal amounts of D u r o f i x and 

granulated carbon. The g r a i n was or i e n t e d by the back r e f l e c t i o n Laue 

method u n t i l two main axes were centred on the p i c t u r e . The ingot was 

r o t a t e d by 180° and another p i c t u r e was taken of the r e f l e c t i o n from 

the back surfaces t o check i f the g r a i n passed t o the other surface of 

the i n g o t . A s l i c e of thickness about 1.5 mm was cut from the or i e n t e d 

g r a i n using e l e c t r o s p a r k erosion, the c u t t i n g being done under ( p a r a f f i n 

and a wi r e s l i c e being employed. The s l i c e was polished mechanically 

using 6M2 diamond lapping compound followed by 1M4 diamond lapping -compound 
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and then polished chemically i n 50% n i t r i c acid - 50% a c e t i c acid 
f o l l o w e d by a thorough wash i n acetone. The s l i c e was again examined 
by the Laue technique t o check t h a t the o r i e n t a t i o n had been retained 
a c c u r a t e l y d u r i n g the c u t t i n g c y c l e . F i n a l l y a disc was cut from the 
s l i c e using the e l e c t r o s p a r k erosion, w i t h a c y l i n d r i c a l t o o l . 
A l l the specimens were i n the shape of discs of diameter about 5 mm and 
o f thickness about 1 mm. The samples can be s p l i t i n t o two groups 
according t o t h e i r o r i e n t a t i o n . The f i r s t group containing a and b 
axes l y i n g i n the plane of the d i s c and w i t h the c-axis perpendicular 
t o the plane. The second group contained specimens which were cut t o 
contain b and c axes l y i n g i n the plane w i t h the a-axis perpendicular 
t o the plane. A l l the specimens were polished mechanically and 
chemically as described before. 

5.2 Determination of Specimen O r i e n t a t i o n by the Back R e f l e c t i o n Laue 

Method 

The Laue method i s one of the simplest of a l l techniques f o r o b t a i n i n g 

d i f f r a c t i o n photographs. The specimen was f i x e d on a brass block and 

then mounted on two c i r c l e a d j u s t a b l e goniometer . I t s angles were set 

to zero using a t r a v e l l i n g microscope so t h a t one edge of the block was. 

v e r t i c a l . A c o l l i m a t e d x-ray beam of wide wave length range f e l l upon 

the c r y s t a l surface. A 57 high speed Polaroid f i l m was placed between 

the r a d i a t i o n source and the specimen so t h a t the d i f f r a c t e d r a d i a t i o n 

could be recorded as a s e r i e s of spots. The camera used .wasa very 

simple P o l a r o i d cassette, c o n s i s t i n g of a f i l m holder and fltsorescent 

screen. The c r y s t a l was mounted a t 3 cm from the f i l m plane. An 

exposure time of about 10 minutes was adequate using a Mo anode tube and 

a c u r r e n t of 30 mA at 30 kV. Since the beam had been i n c i d e n t almost 

normally on the surface of the d i s c the d i f f r a c t i o n p a t t e r n was close 
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to t h a t expected f o r the appr o p r i a t e c r y s t a l plane. A f t e r the f i r s t 

p i c t u r e the i n t e r s e c t i o n of zones nearest t o the middle of the p i c t u r e 

was chosen and the sample o r i e n t a t i o n adjusted t o move t h i s t o the 

centre of the f i l m . The angles through which the specimen must be 

r o t a t e d were measured on the f i l m u s i n g a W u l f f net, and then the gonio

meter arcs were a p p r o p r i a t e l y adjusted and a f u r t h e r exposure made. 

A 50° r o t a t i o n was made some times, so t h a t the beam was p a r a l l e l t o 

the c r y s t a l plane, t o check t h a t the r e f l e c t i o n obtained was 

c h a r a c t e r i s t i c of the appropriate a x i s . F i n a l l y a r o t a t i o n of the 

c r y s t a l was made on the goniometer about the x-ray beam axis so t h a t one 

p r i n c i p a l a x i s lay v e r t i c a l l y w h i l e the other was h o r i z o n t a l . The 

axes were f i n a l l y i d e n t i f i e d by comparing the p i c t u r e s w i t h computed 

basal plane and b and c a x i s d i f f r a c t i o n p atterns f o r hep c r y s t a l s . 

5.3 M a g n e t o s t r i c t i o n Measurement 

Since m a g n e t o s t r i c t i o n i s a small change i n specimen length due t o a 

magnetic f i e l d a p p l i e d , i t requires an accurate method of determination. 

Several methods can be used such as the x-ray d i f f r a c t i o n method, the 

e f f e c t of the change of length on the a i r gap of a capacitor, or the 

r e s i s t i v e s t r a i n gauge technique. 

Because the x-ray d i f f r a c t i o n method involves bulky equipment, t h i s 

means i t i s an inconvenient method t o be used i n t h i s experiment, since 

the bore of tne magnet i s only 4.75 cm. The capacitor method s u f f e r s 

from the d i f f i c u l t y of operation at low temperature. Also due t o 

the s i m p l i c i t y of the s t r a i n gauge method, t h i s led t o the choice of 

the r e s i s t i v e s t r a i n gauge technique. Unfortunately using t h i s method 

there are inherent sources of e r r o r , 

( i ) the magnetoresistance e f f e c t , but t h i s i s n e g l i g i b l y small 

f o r Karma gauges which have been used i n t h i s experiment as 

discussed by Greenough and U n d e r b i l l (1576), 
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( l i ) s l i g h t misalignments of the gauge w i t h respect t o the desired 

c r y s t a l l o g r a p h i c d i r e c t i o n , however the gauge can be c a r e f u l l y 

a l i g n e d , and i f there was any doubt the c r y s t a l was re o r i e n t e d 

again a f t e r f i x i n g the gauge using the surface on which no 

gauge was f i x e d , 

( i i i ) the u n c e r t a i n t y i n the gauge f a c t o r and i t s v a r i a t i o n w i t h 

temperature, but the gauge f a c t o r quoted by the manufacturer 

was found to be reasonably accurate f o r the c a l c u l a t i o n of 

s t r a i n as w i l l be discussed i n Section 5.g. 

Mechanical s t r a i n i n m a t e r i a l s i s f r e q u e n t l y measured by the r e s i s t i v e 

s t r a i n gauge technique and t h i s technique has been the most widely 

used t o measure ma g n e t o s t r i c t i o n since i t was introduced by Goldman 

(1947). The gauge i s cemented d i r e c t l y t o the surface of the sample 

under t e s t so t h a t changes i n length are detected by changes i n the 

resi s t a n c e of the gauge. The magnitude of the-change i n resistance 

can be determined since, 

R =P J - ( 5 . 1 ) , 

where I i s the t o t a l l e ngth, A i s the cP'oss-section area and P i s 

the r e s i s t i v i t y of the w i r e . 

A measure of the gauge s e n s i v i t i t y i s the r e l a t i v e change i n 

re s i s t a n c e per r e l a t i v e change i n length, or the gauge f a c t o r K, 

K = ( AR/R)/( A l / i ) (5.2) 

The gauge f a c t o r i s given by, Brophy (1977), 

K = 1 + 2o + I 4r ( 5 . 3 ) , 
d l 

where a i s PooLsson's r a t i o f o r tne w i r e m a t e r i a l . 

As c l e a r from the above equation the change i n the resistance arises 

from changes i n the w i r e dimensions because of mechanical s t r a i n . 

There i s also the p o s s i b i l i t y of changes i n r e s i s t i v i t y , w i t h s t r a i n . 

I n metal-wire or m e t a l - f o i l gauges the t n i r d term i n Eq. (5.3) i s 
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n e g l i g i b l e p a r t i c u l a r l y f o r Karma gauges as said before. Assuming 

the volume does not change Poisson's r a t i o i s 0.5 and nence K =2. 

A Wheatstone bridge i s u s u a l l y used t o measure tne cnange i n tne 

res i s t a n c e of s t r a i n gauges. I n t h i s metnod two gauges can be used, 

one bound t o tne specimen w h i l e tnermal and magnetoresistive compensa

t i o n can be achieved by connecting a dummy gauge i n another arm of 

the bridge. I n t h i s experiment a dummy gauge was cemented t o tne 

surface of a copper disc and t h i s was placed i n the same tnermal and 

magnetic environment. Tne a c t i v e and the dummy gauges were e l e c t r i c a l l y 

connected i n adjacent arms of a Wneatsone bridge as snown i n F i g . (5.1b). 

For the s p e c i a l case of a Wneatstone bridge w i t h tnree equal arms as 

shown i n F i g . (5.1a), i f the detect o r system has an input impedance 

much l a r g e r than R the s i g n a l voltage due t o a very small resistance 

change AR may be obtained f o l l o w i n g Smith (1971), Thus 

and 
Vg = V(R + /iR)/(R + R + AR) = |C(^+ AR/fiVd + AR/2R)] 

= I [ d +6 )/(l + 6 ) ] . 
2 

Where 6 = AR/R the f r a c t i o n a l unbalance. 

Using the approximation 

l / ( l + z ) « l - z f o r z sma l l , 

we f i n d 

^ 2 - 2 
tnus 

e = Vo - Vi = I ( 1 + 6 ) - ̂  = V 6 /4 = V. _AR 
^ 2 2 ^ 4 R 

(5.4) 

By s u b s t i t u t i n g from Eq. (5.2) we f i n d 

e = VK f M\ 
4 M ^ 

IHd-^s ) ( i - 6 _ ) ] 4 ^ ' ^ /̂̂ ^ 
2 
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Or, 

A l _ 4e 
I VK 

Hence v a r i a t i o n i n the supply voltage V leads t o e r r o r i n the s t r a i n , 

so an accurate v o l t a g e - s t a b i l i z e r should be used. The voltage-

s t a b i l i z e d power supply whicn was used has been developed and f u l l y 

discussed by Unvala and Green (1974). The c i r c u i t i s shown i n 

F i g . (5.2) . The input voltage 27 V was i n i t i a l l y supplied from tnree 

PP6 b a t t e r i e s to ensure s t a b i l i t y but t h i s was f i n a l l y changed to a 

27 v o l t s s t a b i l i z e d D.C. power u n i t supplied from tne mains. No 

problems of spurious pick-up associated w i t h the 50 Hz mains supply 

were found. 

The output voltage of the f i r s t integrat,ed c i r c u i t |iA741 i s 

s t a b i l i z e d a t about 12 V. This i s used as a power supply to the 

second i n t e g r a t e d c i r c u i t ^A741. Tne output of the second i n t e g r a t e d 

c i r c u i t i s s t a b i l i z e d by the two t r a n s i s t o r s BFY 52 and BC 479 to 

3 v o l t s . 

Since the s t r a i n i s very small, the output voltage e i s small also, 

f o r example w i t h a s t r a i n of 10"^ and using a 3 v o l t s bridge supply 

and s t r a i n gauges w i t h gauge f a c t o r of 2 an; output of about 10 fiV, 

i s obtained so t h a t an a m p l i f i e r was necessary. The a m p l i f i e r must be 

of a low d r i f t type, so as not t o degrade the accuracy of the system. 

An a m p l i f i e r c i r c u i t was b u i l t to use w i t h the s t r a i n gauge bridge; 

t h i s nas been f u l l y described by Unvala et a l (1976). Tne c i r c u i t 

i s shown i n F i g . (5. 3 ) . The t r a n s i s t o r MAT-OIH was cnanged by 

another t r a n s i s t o r type, NPN-2C444 BFY 82 which has the same 

c h a r a c t e r i s t i c as the f i r s t one. This t r a n s i s t o r was followed by 

an i n t e g r a t e d c i r c u i t o p e r a t i o n a l a m p l i f i e r type 308. The gain of 

the combination i s determined by the feed back through VR2 and VR3; 

i n t h i s c i r c u i t switchable gains of xlO and xlOO were used. 
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To provide the +7.5 vjOV^-7.5 V supply f o r the a m p l i f i e r PP6 b a t t e r i e s 
were i n i t i a l l y used, but l a t e r t n i s was changed t o a s t a b i l i z e d DC 
power u n i t supplied from the mains. 

5.4 F i x i n g the Gauge(s) on the C r y s t a l 

Karma gauges were used^type WK-06-050AR-350, where: 

W i n d i c a t e s t h a t the gauge i s f u l l y incorporated i n g l a s s - f i b r e 

r e i n f o r c e d epoxyphenolic r e s i n w i t h high-endurance lead wires, 

K Shows the f o i l a l l o y , a nickel-chromium a l l o y being used f o r 

high performance s e l f temperature compensated gauges, 

06 i s the self-temperature-compensation (S-T-C) number which i s 

the approximate thermal expansion c o e f f i c i e n t inpPM/FO of the 

s t r u c t u r a l m a t e r i a l on which the gauge i s t o be used, 

050 i s the a c t i v e gauge length i n m i l s , 

AR describes the g r i d and tab geometry, and 

350 i s the gauge resistance i n d-hms. 

The gauge f a c t o r i s 2.04 * 1% at 2S7 K and i t varies w i t h temperature 

as shown i n F i g . ( 5 . 4 ) . The WK-series have one of the widest opera

t i o n a l temperature ranges, between 4 K and 563 K. 

M-Bond 610 adhesive was used f o r bonding the s t r a i n gauges. I t i s 

u s e f u l f o r temperatures ranging from 4 K t o 500 K. 

The axes of the c r y s t a l having been i d e n t i f i e d , the brass block on 

which the c r y s t a l was mounted was tra n s f e r e d t o a microscope w i t h a 

r o t a t a b l e d i s c provided w i t h a c i r c u l a r scale d i v i d e d i n t o 360°. The 

block was f i x e d on the r o t a t a b l e disc using D u r o f i x , then the disc 

was r o t a t e d u n t i l one of the cr<9ss-lines of the eyepiece was p a r a l l e l 

t o one edge of the block. Then the disc was r o t a t e d clock or a n t i 

clockwise by an angle equal t o the angle through which the goniometer 

was r o t a t e d d u r i n g the o r i e n t a t i o n to set one of the c r y s t a l axes 
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v e r t i c a l . By doing t h i s two axes of the c r y s t a l , a and b f o r basal 
plane samples and b and c f o r b-c axes samples, were d i r e c t e d along 
the c r o s s - l i n e s of the eyepiece. The c r y s t a l was c a r e f u l l y cleaned 
w i t h acetone, then the c r y s t a l and the gauge were coated w i t h a 
t h i n l a y e r of M-Bond 610 adhesive. The adhesive was permitted t o 
dry f o r about 30 minutes. Then the gauge was placed along a chosen 
a x i s . The gauge was o v e r l a i d w i t h a piece of t h i n t e flon.sneet 
and t h i s was covered w i t h a metal p l a t e . The c r y s t a l was removed 
from the microscope and clamped using s p r i n g clamps t o apply pressure 
d u r i n g tne c u r i n g c y c l e . The clamped specimen was placed i n t o a cool 
oven and the temperature raised g r a d u a l l y t o the desired l e v e l . Time 
verses temperature recommendations f o r c u r i n g M-Bond 610 adhesive 
are given i n F i g . ( 5 . 5 ) ; a l l the specimens were cured f o r 2 hours a t 
150OC. Upon completion of the c u r i n g cycle the oven temperature was 
allowed t o drop t o room temperature before removing the clamping 
pieces. F i n a l l y the specimen was washed i n acetone. 
For the basal plane samples one gauge was f i x e d along a b-axis, and 
f o r b and c axis samples two gauges were f i x e d . F i r s t l y one gauge 
was f i x e d along a b-axis and the sample ;was cured, then the sample 
was f i x e d on a microscope glass s l i d e and another gauge was f i x e d 
along the c-axis on the other side of the disc (perpendicular t o the 
b-axis gauge) under the microscope. Later a t h i r d gauge was f i x e d 

on the b-c a x i s samples along a d i r e c t i o n a t 45° to the c-axis a f t e r 

p o l i s h i n g o f f the c-axis gauge. These gauges were required t o permit 

the d etermination of the various m a g n e t o s t r i c t i o n constants as 

described i n s e c t i o n 3.6.3. 

5.5 The Magnet 

To s a t u r a t e the specimens a high magnetic f i e l d was required e s p e c i a l l y 

f o r those of high Tb content. The 13 Tesla superconducting magnet a t 
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the Physics Department of the U n i v e r s i t y of Nottingnam was used. The 
magnet consists of a p a i r of c o i l s w i t h cold bore of 45.7 mm and a 
s p l i t of 15 ram. F i g . (5.6) shows a section of the magnet i n h o r i z o n t a l 
p o s i t i o n . The magnet may be used w i t h i t s axis v e r t i c a l or w i t h one 
of the s p l i t holes v e r t i c a l . The former arrangement was used f o r the 
present measurements. Access to tne magnet i s via the top p l a t e of 
the c o n t a i n i n g dewar. A v a r i a b l e temperature i n s e r t was designed t o 
go w i t h tne cold bore of 45.7 mm and t h i s can be suspended from the 
top p l a t e of the c o n t a i n i n g dewar. 

To operate the magnet f i r s t i t should be cooled t o 4.2 K. This i s 

achieved by f i l l i n g tne inner space w i t h l i q u i d n i t r o g e n , t a k i n g about 

70 l i t r e s , and keeping i t at t h a t temperature f o r about 15 hours. 

Thai the remnant of the n i t r o g e n i s t r a n s f e r r e d t o the outer space by 

a p p l y i n g pressure w i t h nelium gas. On completing t h i s process the 

nagnet w i l l be at about 77 K. The inner space i s now evacuated. This 

i s f o l l o w e d by t r a n s f e r i n g l i q u i d helium i n t o the inner space using 

the d esired amount required f o r the experiment; u s u a l l y 60 l i t r e s would 

give about 8 hours running f o r the f i r s t t r a n s f e r . 

Another magnet was used to run the experinents between 77 K and room 

temperature a t Durham. This magnet consists of a solenoid g i v i n g a 

f i e l d of 1 Tesla. The magnet i s an o i l cooled solenoid. The o i l 

was pumped through the solenoid w i t h i n a closed r e c i r c u l a t i n g system. 

The closed c i r c u l a t i n g system was jacketed by three a d d i t i o n a l heat 

exchangers, these were cooled d i r e c t l y w i t h water from the mains supply. 

The solenoid was wound w i t h copper s t r i n and enclosed i n a brass 

c y l i n d e r which had T u f n o l end pieces; the terminals of the solenoid 

were brought out through these end p l a t e s . The power f o r the solenoid 

was derived from a B r e n t f o r d s t a b i l i z e d D.C. supply. The voltage 

across the solenoid could be swept up t o 120 v o l t s f o r a current of 
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120 amps. The supply had two modes of operation, the current s t a b i l i z e d 
and the voltage s t a b i l i z e d modes. I t was used i n the former. The 
magnetic f i e l d due to the solenoid was c a l i b r a t e d by Mundell (1S76) using 
^ f l u x meter and H a l l probe. F i g . (5.7) shows the c a l i b r a t i o n curve f o r 
t h i s s o l e n o i d . This magnet could be used t o saturate the samples w i t h 
low Tb content, 5% and 20%, and was used f o r the low f i e l d measurements 
f o r the specimens of other compositions. The temperature was varied 
between 77 K and room temperature by evacuating the sample space which 
was surrounded by a s t a i n l e s s s t e e l tube as shown i n F i g . (5.10b). This 
tube was immersed i n l i q u i d n i t r o g e n , and a c a r t r i d g e teater immediately 
below the specimen holder used t o r a i s e the sample temperature i n 
c o n j u n c t i o n w i t h a temperature c o n t r o l l e r (see Section 5.7). 

5.6 The Measuring Assembly 

Since the magnetic f i e l d i n both solenoids i s v e r t i c a l , t h i s required 

a gear mechanism t o r o t a t e the sample i n a v e r t i c a l plane. Figs (5.8a) 

and (5.8b) show the arrangement which has been used to r o t a t e the 

sample, where a h e l i c a l p i n i o n and rack were used t o give 180° of 

r o t a t i o n . A l l was constructed from brass. F i g . (5.8b) shows a v e r t i c a l 

view of t h i s arrangement. I n i t i a l l y , t o hold the c r y s t a l a small piece 

of vero-board was f i x e d using A r a l d i t e on a brass p l a t e which was soldered 

t o the p i n i o n . The c r y s t a l was f i x e d w i t h D u r o f i x on the vero-board, 

but t h i s was u n s a t i s f a c o t r y because tne bond between the c r y s t a l and the 

vero-board was found t o be too weak t o r e t a i n the c r y s t a l wnen acted on 

by the forces produced by the magnetic f i e l d . Another arrangement was 

f i n a l l y used c o n s i s t i n g of a small box as shown i n F i g . (5.8a) where now 

the c r y s t a l was bonded w i t h D u r o f i x i n the box and held f i r m l y i n s ide 

the box by pressing i t w i t h a small pad of cotton wool and c l o s i n g the 

box w i t h a l i d . The s t r a i n gauge leads come out of the box from th^e^—77=5; 

holes by the edge of the box and are connected t o i n s u l a t e d coppe^\ 
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on the surface of the box. From these connections are made to f i x e d 

t e r m i n a t i o n s using loops of enamel in s u l a t e d copper w i r e of SWG 32. 

A c o a x i a l cable was used betweenthe f i x e d terminations and the s t r a i n gauge 

bridge, the cable coming out of the i n s e r t through a vacuum feed-through 

connection. 

F i g . (5.S) shows the top mechanism of the r o t a t i o n where a push-pull r o t o r 

d r i v e motion was used t o d r i v e the rack. A voltage p r o p o r t i o n a l t o the 

angle through which the c r y s t a l had been r o t a t e d w i t h respect t o the 

magnetic f i e l d d i r e c t i o n was obtained by mounting a potentiometer on the 

d r i v e s h a f t . The set-up of the apparatus i s shown i n F i g . (5.10a). Experi

ments were c a r r i e d out i n the temperature range 4.2 K to 250 K. The 

temperatures were measured by using Au + 0.03 a t % Fe vs Chromel thermo

couples . 

5.7 The Variable Temperature I n s e r t 

A v a r i a b l e temperature i n s e r t designed by the Nottingham group was 

modified t o go w i t h the experiment as shown i n F i g . (5.10a). Temperatures 

above 4.2 K were obtained by passing a current through e i t h e r a heater 

res i s t a n c e c a r t r i d g e of 40 onms capable of c a r r y i n g a current of about 

0.85 amperes and f i x e d below the sample, or using a heating c o i l of 

resistance 80 ohms capable of c a r r y i n g 0.5 amperes wound around the 

inner tube i n the v a r i a b l e temperature i n s e r t . The temperature was 

c o n t r o l l e d by using a Thor temperature c o n t r o l l e r Model 3010 I I to 

provide the heater c u r r e n t . The e r r o r voltage can be measured up t o 1 mV, 

which can give a temperature s t a b i l i t y of 0.01 K. The desired temperatures 

were measured by t a k i n g the output voltage from the c o n t r o l l e r and con

v e r t i n g t h i s t o temperature using a t a b l e and graph provided by the 

manufacturers of the thermocouple w i r e . I n a d d i t i o n d i r e c t readings 

were obtained from an'Oxford temperature c o n t r o l l e r Model DTC2 

connected on p a r a l l e l w i t h the Thor Model. The temperatures were 

s t a b i l i z e d t o ̂  O.i K. 
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To run the experiments the v a r i a b l e temperature i n s e r t was evacuated down 

to about 10 ^ t o r r before i t was i n s e r t e d i n s i d e the magnet. Then to 

cool the specimen space which was f i l l e d w i t h helium gas under atmos-

pheric pressure, a small amount of helium gas was introduced using a 

needle valve to the vacuum space, p r o v i d i n g good heat conduction between 

the l i q u i d helium and tne specimen. This small amount of helium gas was 

s u f f i c i e n t t o cool the sample down to about 30 K, then a l a r g e r amount 

of helium was introduced to the vacuum space to cool the sample to 

4.2 K. To heat the sample the helium gas was evacuated f i r s t from the 

vacuum space and then the heater could be used while the specimen was 

kept i n helium gas at atmospheric pressure i n the specimen space. 

5.8 C a l i b r a t i o n of the Measuring Assembly 

Since there i s no way t o c a l i b r a t e the s t r a i n gauge a f t e r i t has been 

f i x e d a separate measurement was made on a n i c k e l c r y s t a l disc whose 

surface was a (110) plane i n order t o c a l i b r a t e the measuring system. 

Two gauges were f i x e d , one along [OOi] and another along [lio] . The 

expression f o r m a g n e t o s t r i c t i o n i n cubic c r y s t a l s i s given by Chikazumi 

(1S64 p. 170) as 

+ 3 X i i i (a^ ay 3y + ay 3, + 3̂ ) 

(5.6), 

where a's and g's are the d i r e c t i o n cosines of the magnetization and 

the s t r a i n r e s p e c t i v e l y . As i n Chapter 3 f o r hexagonal c r y s t a l s the 

above equation can be s i m p l i f i e d bycWeosing a p a r t i c u l a r measuring 

d i r e c t i o n . 
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( i ) The s t r a i n along [OOl] can be found i f we s u b s t i t u t e a*s and g"s 

as f o l l o w s 

0 = 1 

i . e , 

or 

^ = S =il4T s i n e = cos e 

L — J J -3/2 Â QQ 

(5.7) 

( i i ) Tfie s t r a i n along [ l i o ] can be found i f we s u b s t i t u t e a's and P's 

as f o l l o w s 
B = 8 = 3 = 0 

^•x " % " VV2's.ln9 = cose 
and the s t r a i n w i l l be 

T ^ - '^'^ ̂ -^loo-^ >^iii/' 2® - ^^100 3^111) 
or 

(5.8) 

F i g (5.11) shows the v a r i a t i o n of length i n the QX)!) d i r e c t i o n of the 

n i c k e l a t 250 K as i t was r o t a t e d i n tne magnetic f i e l d . F i g . (5.12) 

shows the m a g n e t o s t r i c t i o n a t 250 K along QllO] . Curves of s i m i l a r 

amplitude were obtained a t 77 K. F i g s . (5.13) and (5.14) show the f i e l d 

dependence of m a g n e t o s t r i c t i o n along [oOl] and C^io] r e s p e c t i v e l y . For 

a l l of these r e s u l t s tne gauge f a c t o r s upplied by the makers was used 

to c a l c u l a t e tne s t r a i n . From these curves the magnetostriction constants 

X and X m ""^y t>® thsn c a l c u l a t e d y i e l d i n g 
J.(Jv./ X J. J. 

V o O = "(44 ± 3.2) X 10"6 
a t 250 K 

^111 = - (23 ± 4) X 10 •6 
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Which i n a good agreement wl tn values quoted by Chikazumt (1S64 p. 173) 

a s , 

X = - 45.9 X lO"^ 

'^lOO a t room temperature 

^111 = - 24.3 X 10"^ 

These r e s u l t s weretaken as a reasonable j u s t i f i c a t i o n f o r u s i n g tne 

gauge f a c t o r s quoted by the makers of the gauges to c a l c u l a t e s t r a i n . 

An added check was obtained as described i n Chapter 6. 
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CHAPTER 6 
RESULTS AND DISCUSSION 

6.1 I n t r o d u c t i o n 

Measurements of m a g n e t o s t r i c t i o n f o r Gd-Tb a l l o y s were c a r r i e d out i n 

the temperature range from 4,5 K to 250 K. Magnetic f i e l d s of up t o 

13 T e s l a were a v a i l a b l e , but most of the samples were found to s a t u r a t e 

before r e a c h i n g the h i g h e s t value of the f i e l d . To anal y z e the r e s u l t s 

the e x p r e s s i o n of C l a r k e t a l , Eq. (3 . 2 5 ) , was used. The f o u r magneto-
,̂ ,2 .a,2.a.2 £,2 

s t r i c t i o n c o e f f i c i e n t s A i A 2 lA 1 , and A were obtained i n \ 

accordance w i t h t h e plane of measurement as given i n T a b l e ( 6 . 1 ) . 

TABLE (6.1) M a g n e t o s t r i c t i o n c o e f f i c i e n t of order 2. 

Gauge D i r e c t i o n of s a t u r a t i o n C o e f f i c i e n t 
Plane D i r e c t i o n I n i t i a l F i n a l Obtained 

B a s a l plane b a b 

b and c c b c 

b and c b c b 

b and c kfloc C ^ 8 ^ + 4 2 

The p r e s e n t study c o n s i d e r s the m a g n e t o s t r i c t i o n c o e f f i c i e n t s up t o only 

order 2. The curves obtained i n c l u d e d high order c o e f f i c i e n t s and cannot 

be f u l l y r e p r e s e n t e d u s i n g only the cos 26 term i n Eq. ( 3 . 2 5 ) . However, 

hig h e r terms a r e very s m a l l as w i l l be d i s c u s s e d l a t e r and only the 

amplitude of the c u r v e s were taken to anal y z e the r e s u l t s . The r e s u l t s 

X\2 »a»2 »ai2 
, A2 » Al l » 

and 11 be d i s c u s s e d i n t h a t order. 

6.2 The M a g n e t o s t r i c t i o n C o e f f i c i e n t X 
Y.2 

.Y.2 

6.2.1 The F i e l d Dependence of X 
.Y,2 

Measurements of A were obtained f o r a l l o y s of the four compositions 
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Gdo.S5Tbo.05. ^^0,80^^0.20' ^^.50^^0.50' ^"^ GS.25Tbo.75- ^^.l) 
shows the s a t u r a t i o n m a g n e t o s t r i c t i o n i n the b a s a l plane f o r Gd-, or>Tb_ „_ 

as a f u n c t i o n of magnetic f i e l d d i r e c t i o n :at 6 K as the c r y s t a l was 

r o t a t e d i n the magnetic f i e l d . The curve i n F i g . (6.1) i s not due to a 

cos 26 dependence only, but the curves were s i m p l i f i e d by r a i s i n g the 

temperature above 80 K and curves s i m i l a r to F i g . (6.2) were obtained. 

A l s o by i n c r e a s i n g Tb content i n the a l l o y s the discrepancy from cos 29 

was l e s s observed even a t low temperatures as shown i n F i g . ( 6 . 3 ) . A 

s i m i l a r shape of curve to F i g . (6.1) and F i g . (6.2) was obtained f o r 

the composition c o n t a i n i n g 5% Tb and to F i g . (6.3) f o r composition c o n t a i n 

in g 50% Tb. 

The f i e l d dependencies ofA f o r the f o u r compositions a r e shown i n 

F i g s . ( 6 . 4 ) , ( 6 . 6 ) , ( 6 . 8 ) , and (6.10) f o r v a r i o u s temperatures. The 

c o e f f i c i e n t s were p o s i t i v e over a l l temperature and f i e l d ranges. The 

c r y s t a l s of low Tb content (Tb = 5% and Tb = 20%) tend to s a t u r a t e a t 

about 0.5 T e s l a . As we i n c r e a s e the c o n c e n t r a t i o n of Tb the samples 

need a higher magnetic f i e l d . For a c o n c e n t r a t i o n of 50% of Tb about 

1.5 T e s l a was s u f f i c i e n t f o r s a t u r a t i o n w h i l e the sample c o n t a i n i n g 

75% was found to s a t u r a t e a t about 2 T e s l a . However, i n the l a t e r case 

a s m a l l p o s i t i v e slope i s s t i l l d e t e c t a b l e a t 10 T e s l a , 

6.2.2 Temperature Dependence of A Using S i n g l e - i o n Theory. 
or, 2 

The temperature dependence of the m a g n e t o s t r i c t i o n c o e f f i c i e n t s A fOJ" 

the f o u r compositions a r e shown i n F i g s . (6.5), (6.7), (6.S) and (6.11) 

r e s p e c t i v e l y . The temperature dependence of the c o e f f i c i e n t A can be 

c o r r e l a t e d w i t h one of the C a l l e n and C a l l e n equations (1565). Using a 

c l a s s i c a l f i e l d Hamiltonian they have found f o r one-ion i n t e r a c t i o n t h a t 

the temperature dependence of the r e l a t e d m a g n e t o s t r i c t i o n c o e f f i c i e n t 

i s given by [c/^'^Cm)] 
-AL(T) - A L ( o ) - l ± i - ^ (6.1), 
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where I , ^ \ and m take the meanings quoted i n Chapter 3. 
This may be w r i t t e n , 

~-(T) - f-(o) \^ir\^n =^(0) 
(6.2), 

where x = and l̂+i-''-® reduced hyperbolic Bessel function 

which i s the r a t i o .of the hyperbolic Bessel function of order ( I + J) 

to the hyperbolic Bessel function of order^ , The argument x i s to be 

considered as a parameter to be expressed i n terms of the magnetization 

by inversion of the relationship given by Callen and Callen (1S65) as 

m " l3/2(*) " ^ ~ X 
(6.3), 

where I^ygC^)^^ the f a m i l i a r langevin function. 

In practice experimental values of m are usually available and correspond

ing values of x required. To f a c i l i t a t e t h i s a graph, Fig. (6.12) 

was plotted so that d i r e c t reading of x could be made. 

No magnetization values were available f or Gd-Tb alloys and time did not 

a;ilow the assembly of equipment to measure these so approximate values 

were estimated as follows. 

The magnetization values of Tb obtained by Hegland et a l (1S63) and 

the magnetization values of Gd obtained by Nigh et a l (1S63) were 

plotted on one graph.. The antiferromagnetic ordering i n Tb i s very 

easily overpowered to produce ferromagnetic alignment above the ordering 

temperature and since the values of Hegland et a l were measured at 18 kOe, 

i t was necessary to force the value of Mg to zero at the ordering temper

ature of 221 K. The values of the magnetic ordering temperatures and the 

low f i e l d magnetic moments f o r Gd-Tb alloys have been obtained by 

N i k i t i n et a l (1977b), as shown i n Fig. (4.2) and Fig. (4.3). These 

values were plotted on the same graph and lay between the values for the 

pure metals. Curves were then interpolated between the curves for the 

pure metals, s t a r t i n g and f i n i s h i n g at the c r i t i c a l temperature of the 
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magnetic ordering find the low temperature magnetiaation 
f o r each composition of the Gd-Tb alloys. These curves 
give the magnetization of the alloys as shown i n Fig. (6.13). 
For I = 2 Eq. (6.2) w i l be 

(6.4) 

This equation gives the temperature dependence of the s t r a i n calculated 

from the single-ion theory. The values of I 5 / 2 (x) were obtained from 

data given by Welford (1S75), shown i n Appendix I I and the theoretical 

gnetostriction coefficients A were calculated from Eq. (6.4) by ma 
replacing the s t r a i n — — by the term A 

Y , 2 

Normalization values of X(0) fo r the alloys were taken as, 
Y , 2 
X(0) = (3.22 - 0.4) X 10-4 f o r Gd^ ̂  Tb 
Y ,2 ' 
X(0) = (5.5 - 0.2) X 10"4 f o r GdQ ggTb 
.Y'2 , 
A(0) = (14.4 - 1) X 10-4 f o r Gdo .50Tbo .50 
Y »2 
X(0) = (25.3 - 0.3) X 10"** f o r Gdo 25Tbo.75 

J , 2 

Fig. (6.14) shows the temperature dependence of A f o r the four alloys 

used, more detai l s are given i n Figs. (6.5), (6.7), (6.9), and (6.11). 

In each of these figures the experimental points are compared with curves 

based on Eq. (6.4). I t i s clear from the last four figures that A does 

not follow the simple single-ion r e l a t i o n f o r the low Tb content. This 
vY,2 

theory gives consistently higher value of A f o r Tb concentrations of 5% 

and 20%. The results f o r the Gdo .95Tbo .05 a l l o y follow the single-ion 

curve up t o about 50 K, then higher values were obtained by the theory. 

The same d r i f t was obtained beyond 70 K f o r the Gd^ goTbo.20 *^^°y' 

The system Gd^ 5oTbo 50 better f i t t e d by the single-ion curve, but 

t h i s s t i l l gave a considerably higher value. The alloy with Tb content 

of 75% was wel l f i t t e d by the single-ion mechanism, but at temperatures 

above 240 K the single-ion curve tends to f a l l w e l l below the experimental 
values. 

0.S5 0.05 

0.80*^^0.20 
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-Gdo.25 Tbo.75 

Fig(6-i3) Magnetization of Gd-Tb alloys 

Tb after Hegland et al 0963) 

Gd ofter Nigh et al (i963) 

Transition temperatures and magnetic 

moment for the alloys after 

Nikitin et al 0977) 
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'do 50 ̂ 0 50 
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A I f the logarithm of the measured values i s plotted against 15/2^'^^ * 

straight l i n e of slope equal to unity should be obtained i f the system 

follows the single-ion theory as suggested by Tasuya et a l (1964). Fig. 
.Y,2 ^ _^ 

(6.15) shows a log/log plot of the coefficient A against I ^ ^ ^ W'] 

I t i s clear from t h i s figure that the system Gd^ 25^^0 75 

single-ion theory with a slope very close to unity except at the high 

temperature of 240 K whicl^near to the Neel point. The results f o r other 

compositions do not f i t w ell to the straight line suggested by Tasuya et 

a l . I t i s not unreasonable to suppose that the single-ion theory w i l l be 

inadequate f o r alloys containing a high proportion of Gd. 
J , 2 

6.2.3. Temperature Dependence of A Using an Expression Containing a 

Term Representing a Two-ion Mechanism. 
In the case of Gadolinium Callen and Callen (1965) have found that the 

J.2 

magnetostriction c o e f f i c i e n t A data obtained from Coleman (1964) were 

f i t t e d w e l l by the expression. 

Y,2 
X(T) = a l5/2(x) + b m2 (T,H) 

(6.5) 
<X 

The f i r s t term indicates the single-ion mechanism and^takes a form. 

a = f. (2S + 3) I J 1 J^B^ ( f ) 
L 5: (2S - 2):-' ^Y f 

(6.6) 

The second term indicates the two-ion interaction and b has been 

given as 

b = V T S Z ( f ,g) 
(S + 1)(2S +1) qY ( f . g ) 

(6.7) 

( f ) and D^(f, g) are the single-ion and two-ion magnetoelastic 

coupling constants as mentioned i n Section (3.6), C i s the elast i c 

constant, and S i s the spin operator. 
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The term x i n Eq. (6.5) i s to be expressed i n terms of the reduced 

magnetization m by Eq. (6.3). 

A computer program, shown i n d e t a i l i n Appendix I , was used to calculate 
J. 2 

the values of A(T) from Eq. (6.5) using a least squares technique to 

obtain the values of a and b which best f i t the experimental results. 

The values of the magnetization as a function of temperature were obtained 

as described before. From these results values d 15/2'^^^ were obtained 
using the data given i n Appendix I I . Figs. (6.5), (6.7), ( 6 ; 9 ) , and 

xY,2 
(6.11) show the temperature dependence of A f o r the four alloy 

compositions used and the values of a and b giving the best f i t . Table 

(6.2) shows the variation of the two terms a and b with the composition 

of the a l l o y . 

TABLE (6.2): The variation of a and b with the a l l o y composition f o r X . 

Composition a X 10 4 b X 10 4 

Gd, a f t e r Callen & 
Callen (1965) 3.51 -2.43 

^0.95*^^0.05 8.10 -4.70 

^̂ 0.80'̂ '̂ 0.20 11.3 -5.60 

°̂ 0.50'̂ '̂ 0.50 14.78 -0.10 

'̂̂ O. 2 5^^0.7 5 14.4 11.17 

Tb, a f t e r 
Clark (1980) -37.10 58 
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J, 2 

The values of the coefficient A obtained f o r the sample GdQ Q^^^Q 05 

by the experiment s t i l l do not follow the curve representing Eq. (6.5) 

even at very low temperatures, though the curve l i e s generally closer 

than that based on Eq. (6.2). For a content of 20% of Tb the experimental 

results follow Eq. (6.5) w e l l up to about 70 K, then higher values were 

obtained using the theory up to 170 K above which lower values were 

obtained. For the Gdo^5oTbo^50 sample there was l i t t l e difference between 

the values calculated using the single-ion theory or those using Eq. (6.5). 

The specimen with 75% Tb gives a somewhat better f i t using Eq. (6.5) than 

with the single-ion mechanism. Fig. (6.16^)shows the saturation values 

of magnetostriction co e f f i c i e n t A f o r the four compositions used and the 

pure metals, Gd a f t e r Mishima et a l (1976) and Tb af t e r du Plessis (1968). 
.Y,2 J.2 

Note that the A scale i s logarithmic. A very large change of A was 
observed by adding a small amount of Tb to the a l l o y . The curves obtained 

f o r the specimens containing 5%, 20%, and 50% of Tb do not f a l l so 

rapidly as those f o r the elements i n the higher temperature region, but 

at 75% Tb the curve i s similar to that f o r Tb. Clark (1980) has measured 
\Y.2 

the magnetostriction coefficent A of a Tb single crystal using the 

x-ray d i f f r a c t i o n technique between 135 K and the Curie point of 217 K 

at zero applied f i e l d . His values are about 2.5 times smaller than those 

of du Plessis (1968) and Rhyne and Legvold (1965). The single-ion theory 

was used to compare Clark's experimental results with values calculated 

from Eq. (6.4) as shown i n Fig. (6.16b). The normalized A(0) was 

obtained by extrapolating the value at 135 K to 0 K. This was achieved 

by f i t t i n g the ^5/2^^^^ curve to the experimental point at 135 K and 

then using i t as an extrapolation function. The magnetization values 

were obtained from the neutron d i f f r a c t i o n measurements by Dietrich and 

Als-Nielsen (1967). They measured the spontaneous magnetization from the 

i n t e n s i t y of magnetic reflections i n neutron d i f f r a c t i o n peaks as a 
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Fig(6.16a)Saturation magnetostriction coefficient X̂ '̂  
as a function of temperature, for different alloys 
and the pure metals. 
Tb after du Plessis (1968) 
Gd after Mishima et al (1976) 

0 AO 80 120 160 200 2-40 280 320 
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function of temperature between 100 K and the Curie point of 216 K. ' The 
curve was extrapolated to 0 K. The values of l5/2(x) were obtained from 
the tables i n Appendix I I . 

I t i s clear from Fig.(6.16b) that the single-ion theory does not give a 

reasonable representation of magnetostriction values measured at zero 

f i e l d . While i t i s possible to draw a straight line along the experi-

mental points on a log/log plot of A versus 15/2^^^) *s shown i n 

Fig. (6.15), t h i s l i n e does not l i e with a similar slope to those f o r the 

alloys or the pure metal Tb. I t i s ciear from Fig. (6.16b) that by 

introducing a terra representing a two-ion interaction as i n Eq. (6.5) the 

values calculated from t h i s gave a reasonable representation of the 

temperature variation of the experimental results. Appropriate values 

of a and b are given i n Table (6.2) 
.Y,2 

6.2.4 Variation of A with a l l o y composition. 

Fig. (6.17) shows the normalized saturation magnetostriction coefficients 

(at 0 K) as a function of alloy composition. The results obtained do 

not agree with those reported by N i k i t i n et a l (1977b), who found that 

A increases l i n e a r l y with increasing Tb concentration. The present 

results are capable of being represented by an exponential r e l a t i o n . 

Y.2 

X(0) = A e^^ (6.8), 

where A and B are constants having the values, 

A = 81.10 X lO"'* 

B = -0.04 

and C i s the concentration of Gd i n the a l l o y . 

Fig. (6,17) shows the values to l i e on a smooth curve which extrapolates 

to the values given by Mishima f o r pure Gd and by du Plessis f o r Tb. 

This gives another reasonable j u s t i f i c a t i o n f o r using the gauge factors 

quoted by the makers of the s t r a i n gauges to calculate the s t r a i n . 
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X 

EXPERIMENTAL 

FROM THE RELATION )J^'^0) = Ae^^ 

AFTER DU P L E S S I S 1968 

II MISHIMA et al 1976 

II NIKITIN et al 1977b 

xlOr 

CM 

MO Tb 

Wt 7. 

FIG. 617 THE NORMALIZED SATURATION MAGNETOSTRICTION COEFFICIENT 

X̂'̂  A S A FUNCTION OF ALLOYS COMPOSITION. 
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6.3 The Magnetostriction Coefficient Ap 
.a,Z 

6.3.1 The Field Dependence of Az 
OL 2 

The c o e f f i c i e n t Xg' can be determined by a 90° rotation measuring'the 

s t r a i n along the c-axis i n a b-c axis sample. Figs. (6.18), (6.19), and 

(6.20) show the variation of magnetostrictive s t r a i n along the c-axis f o r 

Gdg 95TbQ as the crystal was rotated i n the magnetic f i e l d s of 0.5, 

1 and 4 Tesla respectively. Figs. (6.21), (6.22), (6.23), and (6.24) 

show sim i l a r results at a f i e l d of 1 Tesla as the temperature was raised 

from 8.8 K to 77 K f o r the specimen Gd^ gQTb^ go* These curves show 

anomalous behaviour i n the region of the minimum which s p l i t s i n t o a 

double minimum with a crateriform p r o f i l e . The minima are at approximately 

90° to the b-axis and the s p l i t t i n g i s about 10°. These anomalies 

disappear on raisin g the f i e l d when the minima tend to become very sharp 

as shown i n Fig. (6.19) and Fig. (6.20). Also they decrease with 

increasing temperature and disappear completely at about 70 K as shown 

i n Figs. (6.21) to (6.24). 

The curves cannot be represented by Eq. (3.25) of 1 = 2 or Eq. (3.29) of 

1 = 4 with the term i n cos 20 alone. Similar anomalies were observed 

i n the magnetostriction measurements on Gd by Mishima et a l (1976) at 

e = 75° and to represent these i n f l e c t i o n points adequately they had to 

use a higher order magnetostriction expression as quoted i n Eq. (3.30) with 

I = 6, 8. Rodbell and Moore (1964) observed i n ferromagnetic resonance 

measurements on Gd that there i s an i n f l e c t i o n point at 9 = 78° at 4.2 K 

and 20 K and they had to use higher order anisotropy constants with 

I = 4, 6, 8, i . e . out to Kg sin °e. No similar anomalies were observed 

f o r the two samples Gd^ ^QT^^Q 59 ^°'o.25'^^0.75* curves show 

another anomalous behaviour i n the region of the maximum where the 

magnetostriction value reaches a higher value before i t decreases to 

the minimum. These anomalies were observed f o r the two samples containing 

20% and 50% of Tb, and did not disappear with raising the temperature up 
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0 20 ho 60 60 100 L;^0 1 :̂0 JL6O J.3O 

FIELD DIRECTION FROM [OOOl] (degree) 

Fig. (,6.18) Magnetostriction measured along c-axis in plane containing 
b and c axes as a fxmction of f i e l d direction at 5*8 K and 0.5 Tesla, 

for (^o,95^\.05-
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FIELD DIRECTION FROM [OOOl] (.degree; 

Fig. (6.19) Magnetostriction measured along c-axis i n plane containing 
b and c axes as a function of f i e l d direction at 5.8 K and 1 Tesla, 

^0.95^^0.05-
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xlO 

0 20 l',Q 60 80 100 ].':0 I'i? ].c0 180 
FIELD DIRECTION FROM [OOOl] (degree) 

Fig,(6.20) Magnetostriction measured along c-axis. i n plane containing 
b and c axes as a function of f i e l d direction at 5.8 K and ̂  Tesla, 

for OAo.95'^\.05' 
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xlO 

A 

60 80 100:120 1̂ 0 160 lao 

Fig,(6.21) Magnetostriction measured along c-aixis i n plane containing 
b and c axes as a function of f i e l d direction at tt.8 K and 1 Tesla, 

^0.80^^0.20-
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t\ 

0 ?.o 0̂ 6o oo 100 i;eo v^o i6o 
FIELD DIRECTION FROM [OOOl] (degree) 

180 

Fig.(6.22) Magnetostriction measured along c-axis In plane containing 
b and c axes as a function of f i e l d direction at 50 K and 1 Tesla, 

^0.80^^0.20-
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XlO ~6 

20 '10 6n- 80 100 i::o i/;o i/.;) iBo 
FIELD DIRECTION FROM [OOOl] (degree) 

Fig.(6.23) Magnetostriction measured along c-axis in plane containing 
b and c axes as a function of f i e l d direction at 60 K and 1 Tesla, 

^°^^0.80T^0.20-
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20 '10 60 80 100 120 l̂ 'O l60 
FIELD DIRECTION FROM [OOOl] (degree) 

130 

Fig.(6.2^) Magnetostriction measured along c-axis i n plane containing 
b and c axes as a function of f i e l d direction at 77 K and 1 Tesla, 

^0.80^^.20-
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to the highest temperature studied. No similar anomalies were observed 

either i n the region of minimum or maximum for the sample Gd^ ocTb^, 
{1,2. 

The magnetostriction coefficients A 2 a function of magnetic f i e l d at 

d i f f e r e n t temperatures were obtained by taking the amplitude of the 

change i n length recorded. Results f o r the sample containing 5%, 20%, 

50% and 75% of Tb are shown i n Figs. (6.25), (6.27), (6.29), and (6.31) 
xa,2 

respectively. The sample Gd^ q^'^^q QS negative values of A 2 

while f o r the other samples positive values were obtained. The specimen 

with concentration of 5% was found to saturate along the c-axis at about 

0.5 Tesla. The sample with 20% Tb was foumt tar saturate at aaout 0.8 Tesla 

and the specimen with 50% Tb was saturated at about 2 Tesla. However, for 
the sample containing 75% Tb even 13 Tesla was not enough to produce saturation. 

a,2 

6.3.2 Temperature Dependence of A2 Using Single-ion Theory. 

No corrections f o r higher order magnetostriction coefficients of 1 = 4 , 

6, 8 were applied; however these terms are very small as reported by 

Mishima et a l (1976) and according to the classical single-ion theory 
they have a temperature dependence given by '̂̂ ^ ̂ 13/2^'') which 
causes them to decrease rapidly with increasing temperature, Clark et 

.a, 2 

a l (1965). Temperature dependencies of A2 f o r the four compositions 

are shown i n Figs. (6.26), (6.28), (6.30), and (6.32) respectively. 

Normalized saturation values f o r the samples were taken as, 

>^(0) = - (1.55 - 0.3) X 10"^ f o r Gd^ Tb ^ 

X2(0) = (0.65 - 0.2) X 10 4 f o r Gd^ g^Tb^ go 

^2(0) = (1.15 - 0.2) X 10-4 for GdQ. soTbQ.so 

;^(0) = (27.6 - 0.5) X 10-4 f o r Gd^-ggThQ 75 
.a,2 

The values o f ^ 2 were then calculated from the single-ion expression 

Eq. (6.4) and curves are shown alongside the experimental results. I t 

may be observed that there i s rather poor agreement with the experimental 

values f o r the f i r s t three alloys containing 5%, 20% and 50% of Terbium. 
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An anomaly can be seen i n F i g . (6.28) f o r the sample containing 20% 

Terbium. The value of A2 decreases w i t h i n c r e a s i n g temperature up t o 

45 K from 0.48 x 10~4 t o 0.37 x 10"'* then shows a sharp r i s e t o a very 

high value of 0.6 x 10"^ at 60 K above which i t decreases again w i t h 

i n c r e a s i n g temperature. The experiment was repeated and the same e f f e c t 

was observed, the maximum and minimum appearing a t the same temperatures. 

The t h e o r e t i c a l s i n g l e - i o n curve f o r t h i s sample was obtained by t a k i n g 

a normalized value of A2(°) °f 0.65 x 10"* obtained by e x t r a p o l a t i o n 

from 60 K t o 0 K. This was achieved by f i t t i n g the l 5 / 2 ( x ) curve t o 

the experimental p o i n t s at 60 K and then using i t as an e x t r a p o l a t i o n 

f u n c t i o n . The values of ^2 c a l c u l a t e d using Eq. (6.4) are p l o t t e d 

only between 60 K and 250 K since i t i s not j u s t i f i a b l e t o attempt t o 

f i t the anomaly i n the experimental r e s u l t s . This anomaly cannot be 

explained by the s i n g l e - i o n mechanism or even by i n c l u d i n g a term repre

s e n t i n g a two-ion i n t e r a c t i o n as i n Eq. ( 6 . 5 ) , I t appears a t a composi-

t i o n i n termediate between those f o r which ^ is negative f o r a l l temperatures 

and those f o r which t h i s c o e f f i c i e n t i s always p o s i t i v e . I t may be associated 

w i t h a change of mechanism which f o r a sample w i t h 20% Tb i s incomplete 

a t lower temperatures. 

The c o e f f i c i e n t \, does not f o l l o w the curve appropriate f o r a s i n g l e - i o n 

theory f o r the specimen Gd^ ^QT^^Q 50 ""^y ^® ^^^^ ^" ^^S. (6.30), but 

agreement i s seen t o be very good f o r the sample w i t h 75% Tb i n F i g . (6,32). 
»a,2 

F i g . (6.33) shows on one sheet the experimental values of Ag^or the 

f o u r compositions as f u n c t i o n s of temperature. No l a r g e r d i f f e r e n c e i s 

seen between the absolute values of ̂  f o r the samples containing 5%, 

20% and 50% of Terbium but f u r t h e r increase of Terbium content t o 75% 

r e s u l t s i n a very large increase i n the c o e f f i c i e n t . On p l o t t i n g using 

a l o g / l o g scale the values ofAo against l 5 / 2 ( x ) f o r the f o u r samples 

used, the values f o r the specimen Gdo^25'^^0.75 "ere found t o l i e close 
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to a s t r a i g h t l i n e of slope very close t o u n i t y as shown i n F i g . (6,34), 

but at high temperatures a d r i f t was observed s i m i l a r t o the one which 

was observed f o r A . The values f o r the other samples are not 

capable of being represented by a s i m i l a r s t r a i g h t l i n e . 

6.3.3 Temperature Dependence of A £ Using an Expression Containing a 

Term Representing a Two-ion Mechanism. 

Since the s i n g l e - i o n mechanism could not give a reasonable representation 

of the v a r i a t i o n w i t h temperature of the values f o r A £ specimens 

c o n t a i n i n g 5%, 20% and 50% of Terbium, an expression of the form given 

by Eq. (6 .5 ) was used i n an attempt t o f i n d a b e t t e r f i t t o t h i s 

v a r i a t i o n . Curves obtained using t h e program d e t a i l e d i n Appendix I 

aie shown i n Figs, (6.26), (6.28), (6.30), and (6.32) f o r the samples 

Gdo.95Tbo.05' Gdo 8oTbo^20>Gdo.50^^0.50' ^^^O.25^^0.75 r e s p e c t i v e l y . 

The f i r s t sample does not give a s a t i s f a c t o r y f i t t i n g even on i n t r o d u c i n g 

the two-ion i n t e r a c t i o n c o e f f i c i e n t , but i t gives a b e t t e r f i t t i n g than 

the s i n g l e - i o n theory. I t was only reasonable t o attempt t o f i t the r e s u l t s 

f o r the Gd Tb samples above 60 K due t o the anomaly observed and 
0.80 0.20 

i t represents the experimental r e s u l t s f a i r l y w e l l between 60 K and 200 K 

above which lower values were obtained by Eq. (6 . 5 ) . The values of the 
^a,2 

c o e f f i c i e n t A2calculated from Eq. (6 .5 ) f o r the sample containing 50% 

Terbium f i t t e d the experimental values b e t t e r than the s i n g l e - i o n 

mechanism, but s t i l l gave lower values a t temperatures above 200 K and 

s l i g h t l y highervalues a t much lower temperatures. For the sample 

c o n t a i n i n g 75% Terbium there was l i t t l e d i f f e r e n c e between the values of 

A 2 c a l c u l a t e d from the s i n g l e - i o n theory or those using Eq. (6 . 5 ) . 

Table (6.3) gives the v a r i a t i o n of the two terms a and b w i t h the 

a l l o y composition. 
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TABLE ( 6 . 3 ) : The v a r i a t i o n of the terms a and b w i t h the a l l o y 

composition f o r A2 

Composition a X 10 4 b X 10 ̂  

^'^0.95^^0.05 -3.65 2,1 

^^0.80^^^0.20 1.50 -0,8 

Gd^ r-^Tb^ 0.50 0.50 .2.4 -1.2 

°^0.25%.75 32.2 -4,00 

6.3.4 V a r i a t i o n of Ao With A l l o y Composition 

F i g . (6,35) shows the v a r i a t i o n of the normalized s a t u r a t i o n 
.a,2 

m a g n e t o s t r i c t i o n c o e f f i c i e n t A2 (0) w i t h a l l o y composition. The 

value f o r the sample Gd_, oc^b- was obtained by e x t r a p o l a t i o n of the 
.a,2 

curve showing the v a r i a t i o n of A2''ith 1/B given i n F i g . (6.36). The 

r e s u l t s were represented by Eq. ( 6 . 8 ) , the two constants A and B having 

the values, 

A = 810 X 10"'* 

B = - 0.14 

F i g . (6.35) shows the values t o l i e on a smooth curve which extrapolates 

t o those given by Mishima f o r pure Gd and by du Plessis f o r Tb. This 

again supports the use of the gauge f a c t o r s quoted by the makers of the 

s t r a i n gauges. 

\ a,2 
6.4 The M a g n e t o s t r i c t i o n C o e f f i c i e n t A 

^ va,2 

6.4.1. The F i e l d Dependence of the C o e f f i c i e n t A , 

The c o e f f i c i e n t A, was obtained by measuring the s t r a i n along the b-raxis 

i n b-c a x i s samples and then evaluated from Eq. (3.42). Figs. (6.37) t o 

(6.40) show the m a g n e t o s t r i c t i o n against f i e l d d i r e c t i o n f o r the Gd^ QQ^^Q 20 
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Fig(6-35)The normalized saturation magnetostriction 
coefficient 7^'^ as a function of alloy composition. 

o After du Plessis (1968) 

« After Mishima et al (1976) 
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specimen as the c r y s t a l was r o t a t e d i n i n c r e a s i n g magnetic f i e l d s a t 
4.5 K, An anomaly was observed a t lower f i e l d s as shown i n F i g , (6.37) 
and (6,38). The s p l i t t i n g of the minimum was smaller than t h a t observed 
w i t h the gauge attached along the c-axis, but the angles of the i n f l e c t i o n s 
were the same. The anomalies disappear as the magnetic f i e l d increases 
and the minimum becomes very sharp. The anomaly d i d not decrease on 
r a i s i n g the temperature, but remained constant and then disappeared 
completely a t (63.5 - 0.5)K. A t y p i c a l t r a c e obtained j u s t above t h i s 
temperature i s shown i n F i g . (6.41). I n the two samples cont a i n i n g 
50% and 75% of Terbium no anomalies were observed. No s t r a i n was 
detected f o r the sample Gd^ Q^'^^Q 05 only a s t r a i g h t l i n e was obtained 
as a s i g n a l . This i m p l i e s e i t h e r a zero s t r a i n f o r the system or a very 
small s t r a i n which the apparatus was not capable of measuring. Another 
s t r a i n gauge was f i x e d along the b-axis a f t e r p o l i s h i n g o f f the f i r s t one, 
but s t i l l no s i g n a l was obtained even on c o o l i n g t o 5.3 K. 

»a,2 

The m a g n e t o s t r i c t i o n c o e f f i c i e n t s A. as a f u n c t i o n of magnetic f i e l d a t 

d i f f e r e n t temperatures were obtained by t a k i n g the amplitude of the 

changes i n length recorded. Results f o r the specimens Gd^ Q'^^Q 20' 

GdQ 5oTbQ 5Q and G^o^25'^^0.75 shown i n Figs. (6.42), (6,44), and 

(6.46) r e s p e c t i v e l y . The sample c o n t a i n i n g 20% Tb was saturated at 

about 0.5 Tesla and f o r a l l temperature ranges the constants were neg

a t i v e . The sample Gd _̂.Tb was saturated at about 1.5 Tesla and neg-

a t i v e values were obtained f o r the c o e f f i c i e n t X"̂^ up t o 230 K then 

p o s i t i v e values were obtained. The Gd „^Tb a l l o y was saturated at 
U.^O 0.75 

about 2.5 Tesla and p o s i t i v e values were obtained above 200 K. 
xa,2 

6,4.2. Temperature Dependence of A-j^ Using Single-ion Mechanism. 
»a,2 

The v a r i a t i o n of m a g n e t o s t r i c t i o n c o e f f i c i e n t s A ] ^ w i t h temperature 

c a l c u l a t e d from s i n g l e - i o n theory using Eq. (6.4) are shown wi t h the 

experimental values i n Figs, (6,43), (6.45) and (6.47) f o r the samples 

c o n t a i n i n g 20%, 50% and 75% of Terbium r e s p e c t i v e l y . 
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xlO 

"20 'lo 60 80 100 120 lUO 160 IbO 
FIELD DIRECTION FROM [ lOlo] (degree) 

Fig,(6.37) Magnetostriction measured along b-axis in plane containing 

b and c axes as a fiinction of f i e l d direction at ^.5 K and 0.^8 Tesla, 

^0.80^^0.20-
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XlO 

0 20" 'fO 60 00 100 120 l'^0 160 1̂30 
FIELD DIRECTION FROM [lOlO] Cdegree) 

Fig.(6.38) Magnetostriction measured along b-axis in plane containing 
b and c axes as a function of f i e l d direction at ̂ .5 K and 1 Tesla, 

°^0.80^0.20-
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XlO -A 

?-0 60 80 100 120 i/w. 160 100 
FIELD DIRECTION FROM [lOlo] ^degree) 

Fig.(,6.39) Magnetostriction measured along b-axis in plane containing 
b and c axes as a function of f i e l d direction at k.5 K and 2 Tesla, 

^0.80^^0.20-
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0 20 1̂0 60 80 100 120 I'fO 160 l80 
FIELD DIRECTION FROM [lOlo] (de^ee) 

Fig. (6 .^ ) Magnetostriction measured along b-axis in plane containing 
b and c axes as a function of f i e l d direction at 4.5 K and k Tesla, 

^0.80^^0.20-
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Q 60 80 100 i;:o i';'J 1(̂ 0 J.OO 
FIELD DIRECTION FROM [lOlO] (degree) 

Fig,(6.41) Magnetostriction measured along b-axis i n plane containing 
b and c axes as a function of f i e l d direction at 77 K and 1 Tesla, 

°̂ 0.80̂ 0̂.20-
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Normalized s a t u r a t i o n values f o r the three compositions used were taken 
as, 

a,2 

X^CO) - ( - 3 . 6 0 - 0 . 4 ) x 1 0 " ^ f o r Gd^ g^TbQ go 

X'io) = ( - 1 0 , 7 - 0 , 2 ) X 1 0 " ^ f o r Gdo^soTbg^so 
X^O) = ( - 1 6 . 6 t 1 ) X 1 0 ' " f o r G d o , 2 5 ^ ^ 0 , 7 5 

0 2 

F i g . ( 6 , 4 8 ) shows the experimental values of X ]^ three 

compositions used as a f u n c t i o n of temperature. 

I t i s c l e a r from the c a l c u l a t e d values of magn e t o s t r i c t i o n c o e f f i c i e n t 

using the s i n g l e - i o n theory t h a t t h i s theory does not give reasonable 

f i t t i n g f o r the experimental r e s u l t s even f o r the sample cont a i n i n g 

75% of Terbium. 
f , 2 

6 , 4 . 3 . Temperature Dependence of A^ Using an Expression Containing a 

Term Representing a Two-ion I n t e r a c t i o n . 
Eq. ( 6 . 5 ) was used along w i t h the computer program i n Appendix I i n an 
attempt t o f i t the temperature v a r i a t i o n of the magnetostriction 

a. 2 
c o e f f i c i e n t A l . The r e s u l t i n g curves are shown i n Figs. ( 6 . 4 3 ) , ( 6 . 4 5 ) 

and ( 6 . 4 7 ) f o r samples c o n t a i n i n g 20%, 50% and 75% Terbium r e s p e c t i v e l y . 

No appreciable d i f f e r e n c e was observed f o r the sample Gdg QQ^^Q 20 

between t h e values obtained from the s i n g l e - i o n model and those 

obtained from Eq. ( 6 . 5 ) . For the sample Gd^ ^Jb ^ ^ the values 

c a l c u l a t e d from Eq. ( 6 . 5 ) f i t t e d the experimental r e s u l t s reasonably 

w e l l a t temperatures between 0 K and 2 0 K and above 1 0 0 K, but between 

2 0 K and 1 0 0 K the curve showed values of appreciably greater magnitude 

than those from the experiment. However, the f i t was c l e a r l y superior 

t o t h a t given by the ^ 5 / 2 ^ ^ ^ f u n c t i o n . The r e s u l t s f o r the specimen 

Gd_ opTb- were f a i r l y w e l l f i t t e d by Eq. ( 6 . 5 ) up t o 2 0 0 K, but at 
0.^5 0 . 7 5 

a,2 

temperatures above t h a t a t which the sign of A^ changed the ca l c u l a t e d 

values d r i f t e d g i v i n g lower values than those obtained from the experiment, 
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Table (6.4) gives the v a r i a t i o n of the two c o e f f i c i e n t s a and b w i t h the 
a l l o y compositions. 

TABLE ( 6 . 4 ) : V a r i a t i o n of the two c o e f f i c i e n t s a and b w i t h a l l o y 
\a,2 

composition f o r the m a g n e t o s t r i c t i o n c o e f f i c i e n t A ^ 

Composition a X 10 b X 10 

^"^0.80^^0.20 -5.78 2.1 

^**0.50'^^0.50 -33.5 22.2 

^'^0.25^^0.75 -65.4 47.5 

va,2 
6.4.4 V a r i a t i o n of A ^ W i t h A l l o y Composition. 

F i g . (6.49) shows the v a r i a t i o n of the normalized s a t u r a t i o n values of 

ma g n e t o s t r i c t i o n c o e f f i c i e n t \ -(0) w i t h a l l o y composition. I t appears 

t h a t the c o e f f i c i e n t A 1(0) increases l i n e a r l y w i t h i n c r e a s i n g Tb 

content i n the a l l o y ; u n l i k e the other c o e f f i c i e n t s an exponential r e l a -
\a,2 

t i o n was not obtained. No value of A^ (0) f o r pure Terbium has been 

rep o r t e d , but the r e s u l t s e x t r a p o l a t e d l i n e a r l y t o the value found f o r 

Gadolinium by Mishima e t a l (1976). 

6.5 The M a g n e t o s t r i c t i o n C o e f f i c i e n t A 
»c 12 

6.5.1. The F i e l d Dependence of A 
xe,2 

The m a g n e t o s t r i c t i o n c o e f f i c i e n t A was measured by measuring on a disc 
whose plane contained b and c axes the s t r a i n along a d i r e c t i o n a t 45° 

.e,2 
t o the c-axis and then e v a l u a t i n g A using Eq. (3.50). Some of the 

experimental curves showing s t r a i n versus f i e l d d i r e c t i o n f o r Gd^ „ Tb^ ^ ^ 0.95 0.05 
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wt •/• 
80 60 40 20 Tb 

® after Mishima et al (1976) 

Fig.(6.49) 
The normalized saturation magnetostriction 
coefficient Affas a function of alloy composition. 
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are shown from Fig.(6.50) t o F i g . (6.53) f o r a range of temperatures. 

Other t y p i c a l traces of s t r a i n against f i e l d d i r e c t i o n are shown i n 

F i g . (6.54) and F i g . (6.55). An anomaly was observed f o r the sample 

Gd- ^-Tb,,- _ i n a d i r e c t i o n of about S0°. This anomaly decreases w i t h 0.95 0.05 
inc r e a s i n g temperatures and disappears a t ( 6 5 ^ 1) K. The s t r a i n 

measured a t 45° t o the c-axis does not repeat a f t e r a r o t a t i o n of 50° 

as do the measurements already described, but a r o t a t i o n of 180° i s 

r e q u i r e d . The curves f o r Gd^ QQT^^Q 20 d i f f e r e n t from those observed 

i n the sample c o n t a i n i n g 5% Tb, but on r a i s i n g the temperature curves of 

s i m i l a r form were obtained above 150 K as shown i n F i g . (6.55). The 

low temperature curves f o r the sample Gd „Tb are of the same shape 
U.oU O.OU 

as those observed f o r the sample Gd Tb „ The magnetostriction 
0.80 0.20. 

c o e f f i c i e n t s A as a f u n c t i o n of magnetic f i e l d a t d i f f e r e n t temperatures 

were obtained by t a k i n g the value of the change i n length between 0° and 

45°. Results f o r samples c o n t a i n i n g 5% and 20% of Terbium are shown i n 

F i g . (6.56) and F i g . (6.58) r e s p e c t i v e l y . The f i r s t sample became 

saturated a t about 1,5 Tesla and the other one a t about 2 Tesla. The 

measurements f o r the sample Ĝ o.So'̂ Ô.50 "^^^ c a r r i e d out only at 5.3 K 

and the m a g n e t o s t r i c t i o n versus magnetic f i e l d d i r e c t i o n r e s u l t i s 

shown i n F i g . (6.60). 

6.5.2. Temperature Dependence of A Using Single-ion Theory. 

The v a r i a t i o n of A w i t h temperature f o r the two systems containing 5% 

and 20% Tb are shown i n F i g . (6.57) and F i g . (6.55) r e s p e c t i v e l y . 

Normalized s a t u r a t i o n values of A were taken as, 

;̂ fo) = (2.8 ± 0.7) X 10-4 f o r Gd. ^^Tb^ 

Jf(0) = (6.4 i 1) X 10-4 f o r GdQ goTbQ 20 

Values obtained using Eq. (6.4) are also shown i n the f i g u r e s . F i g . (6.57) 

shows t h a t the s i n g l e - i o n theory does not give a reasonable f i t t o the 

experimental values, but f o r the sample cont a i n i n g 20% Tb thei '^^/2^x) 
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XlO 

20 40 60 80 
FIELD DIRECTION FROM [OOOl] (degree) 

100 

Fig.(6.50) Magnetostriction measured along to c-axis 

i n plane containing b and c axes as a function of f i e l d direction 

at 5.7 K and k Tfesla, for Ckl̂  05' 
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0 . 20. _ ĤT .60 . .. 80 
FIELD'DIRECTION FROM [0001] (degree) 

100 

Fig.(6,51) Magnetostriction measured along ̂ 5° to c-axis 

i n plane containing b and c axes as a function of f i e l d direction 

at 30 K and 4 Tesla, for Gd̂ ^̂ T̂hQ̂ Q̂ . 
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- 20 . • ^ . . 60 80 
FIELD DIRECTION FROM [OOOl] (degree; 

100 

Fig.(6.52) Magnetostriction measured along 45° to c-axis 
i n pleine containing b and c axes as a function of f i e l d direction 
at 50 K and 4 Tesla, for CdQ̂ ^̂ Tb̂ Q̂̂ . 
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XlO :-4 

20 40 60 80 
FIELD DIRECTION FROM [OOOl] (degree) 

100 

Fig.(6,53) Magnetostriction measured along 45° to c-axis 
i n plane containing b and c axes as a function of f i e l d direction 
at 70 K and 4 Tesla, for Ckip̂ ^̂ Tb̂ Q̂̂ . 



187 

0 ^̂0 80 120 . 160 
FIELD DIRECTION FROM [OOOl] (degree) 

Fig.(6.5^) Magnetostriction measured along ̂ 5 to c-axis i n plane 

containing b and c axes as a function of f i e l d direction at 5A K 

and 0.5 Tesla, for Q^Q^QQ^^Q^ZQ' 
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20. 40 . 60 . 80 100 120 
FIELD DIRECTION FROM [OOOl] (degree) 

m i6o l a ) . 

Fig.(6,55) Magnetostriction measured along 45° to c-axis i n plane 

containing b and c axes as a function of f i e l d direction at 250 K 

and 2 Tesla, for CdQ̂ ĝ Tb̂  
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FIG.6-60 FIELD DEPENDENCE OF X^'^ AT 5-3k 
FOR Gdos^Tboso 

2 3 
APPLIED FIELD (TESLA) 
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f u n c t i o n gives a reasonable representation of the temperature 

v a r i a t i o n o f the experimental r e s u l t s . 

6.5.3. Temperature Dependence of A Using an Expression Containing a 

Term Representing a Two-Ion I n t e r a c t i o n 

Even by using Eq. (6.5) which includes the two-ion term the temperature 

v a r i a t i o n of the experimental values f o r the sample c o n t a i n i n g a low 

c o n c e n t r a t i o n of Terbium could not be f i t t e d w i t h the t h e o r e t i c a l 

r e s u l t s . For the sample Gd_ o^Tb_ „_ not much d i f f e r e n c e can be seen 

between the values obtained by the s i n g l e - i o n theory or those obtained 

by Eq. (6.5) except t h a t a t temperatures below 70 K the values obtained 

by Eq. (6.5) give a b e t t e r f i t w i t h the experimental r e s u l t s than the 

s i n g l e - i o n theory which gives s l i g h t l y lower values. The values of the 

two terms a arid b are given i n Table ( 6 , 5 ) . 

TABLE ( 6 . 5 ) : V a r i a t i o n of the two terms a and b w i t h a l l o y composition 

f o r the m a g n e t o s t r i c t i o n c o e f f i c e n t A • 

Composition a X 10 b X 10 ^ 

'̂̂ O. 95^^0.05 

°**0.80^^0.20 

9.0 

6.52 

-6.04 

-0.03 

6.5.4. V a r i a t i o n of A With A l l o y Composition 

F i g . (6.61) shows the normalized s a t u r a t i o n values of A ( 0 ) against 

a l l o y composition. The value of A ( 0 ) f o r pure Terbium was obtained 

from du P l e s s i s (1968) and had been measured i n the paramagnetic region 

because the very large magnetic anisotropy below the Neel p o i n t which 

confines the magnetic moments t o the basal plane d i d not a l l o w him t o 

measure 
E 2 

X' a t lower temperatures. However, du Plessis assumed the 
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Fig{6.61) The variation of the normalized saturation 
values of X̂ -̂  with the alloys composition. 

o After du Plessis (1968) 
« After Mishima et al (1976) g c 

From the relation X^'2|o)=Ae 
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dependence of the c l a s s i c a l s i n g l e - i o n theory and extr a p o l a t e d the value 
t o 0 K. The curve was e x t r a p o l a t e d t o the values of the pure metals 
given by Mishima e t a l (1S76) f o r Gd and du Ple s s i s f o r Tb. The r e s u l t s 
can be represented by the exponential r e l a t i o n given by Eq. (6 .8 ) w i t h 
the two constants A and B having the values, 

A = 232 X ID""* 

B = - 0 .05 

6 . 5 . 5 . V a r i a t i o n of A (0) / A (0) With A l l o y Composition 

Tsuya e t a l (1564) have c a l c u l a t e d the t o t a l t h e o r e t i c a l magnetoelastic 

energies f o r Dy, B^'^ and D*̂ '̂  , and the r a t i o of these c o e f f i c i e n t s was 

about 0 .6 . Clark e t a l (1565) have suggested t h a t i f the s i n g l e - i o n 

mechanism i s the source of m a g n e t o s t r i c t i o n i n a l l the ferromagnetic r a r e 
trZ Y,2 

e a r t h metals the r a t i o of A (0) / A (0) f o r these metals should be 

approximately equal t o 0 .6 . They have measured t h i s r a t i o f o r Dy and have 

indeed found i t t o be 0 .6 ; a l s o they have c a l c u l a t e d the r a t i o f o r Gd 

using the r e s u l t s of A l s t a d and Legvold (1564) and found i t t o be 0 .65. 
For Tb du P l e s s i s (1568) has obtained an anomalous value of 2 .35. The 

r e s u l t s of the present i n v e s t i g a t i o n have been used t o c a l c u l a t e the 
Y , 2 

r a t i o of A (0) / A samples Gd^ g^TbQ q j , Gdo.8o'^^0.20' 

and GdQ ^qT^^q ^q> g i v i n g the values 0.87, 1.14, and 1.65 r e s p e c t i v e l y . 

These values are shown i n F i g . (6.62) as a f u n c t i o n of composition. 

The curve may be reasonably e x t r a p o l a t e d t o the values of the pure 

elements given by Clark e t a l (1565) and by du Ple s s i s (1568). 

6.6 R o t a t i o n a l Hysteresis 

When a d i s c of a magnetic m a t e r i a l i s turned slowly through 360° i n a 

uniform magnetic f i e l d , the energy associated w i t h t h i s r o t a t i o n i s 

c a l l e d the r o t a t i o n a l h y s t e r e s i s loss per cycle and i s equal t o , 
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2 n 

Wr = - 1 L de 
0 

....(6.8) 

where L i s a torque a c t i n g on the disc and i s given by, 

L = - H M„ s i n e s 
(6.9) 

where 9 i s the angle between the magnetic f i e l d H and the magnetization M , 

Determinations of Ŵ. are u s u a l l y made by measuring L using a torque 

magnetometer. This method was not f e a s i b l e w i t h the r e s u l t s of the current 

s e r i e s of measurements, but t o give a measure of the r o t a t i o n a l h ysteresis 

i n a r b i t r a r y u n i t s the area enclosed between the clockwise and a n t i c l o c k 

wise r o t a t i o n b-axis m a g n e t o s t r i c t i o n curves f o r the GdQ 80^°0 20 ̂ ^^^ 

c o n t a i n i n g the b and c axes was measured f o r d i f f e r e n t magnetic f i e l d s . 

The values of these areas are given i n Table (6.6) and some of the areas 

are shown shaded i n F i g . (6.37) and (6.40). These areas were p l o t t e d 

against the f i e l d and the r e s u l t i s shown i n F i g . (6.63), where a very 

sharp peak was obtained a t about 1 Tesla; a f t e r t h i s the curve f a l l s 

r a p i d l y a t f i r s t and then more slowly above 6 Tesla. 

The peak occurs when the sample i s j u s t beyond the knee of the magnetisation 

curve but a f t e r t h i s the r o t a t i o n a l h y s t e r e s i s declines towards zero 

at s a t u r a t i o n as found by Bozorth, (1951, p. 515) f o r a Ni sample. 

I n an unmagnetized specimen the domains are o r i e n t e d a t a random. When 

a f i e l d i s a p p l i e d domains i n which the magnetization i s p a r a l l e l or a t 

a small angle w i t h the f i e l d grow a t the expense of those where the 

magnetization i s a n t i p a r a l i e l . So the boundaries between domains are 

di s p l a c e d . This continues on i n c r e a s i n g the magnetic f i e l d or on 

t u r n i n g the sample i n a constant magnetic f i e l d about a l i n e perpendicular 

t o i t s a x i s . When the a p p l i e d f i e l d i s reduced or the r o t a t i o n reversed, 

t h e r e i s i n i t i a l l y l i t t l e change i n the domain s t r u c t u r e , so t h a t the 

magnetization remains q u i t e h i g h . This gives r i s e t o h y s t e r e s i s . 
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FIG 6.63 VARIATION OF ROTATIONAL HYSTERESIS WITH APPLIED 
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TABLE ( 6 . 6 ) : V a r i a t i o n of the r o t a t i o n a l h y s t e r e s i s ( a r b i t r a r y u n i t s ) 

w i t h a p p l i e d f i e l d f o r the sample Gd^ g^ThQ go b-axis i n plane 

c o n t a i n i n g b and c axes at 4 .5 K. 

Applied F i e l d 
Tesla 

Hysteresis 
( A r b i t r a r y U n i t s ) 

0.3 20 

0.48 21 

0.8 22 

.1 25 

2 13.3 

3 7.5 

4 5.5 

7 4 

6.7 Conclusion 

The aim of the present study was t o measure the magnetostriction i n 

Gd-Tb a l l o y s and t o attempt t o f i n d the best f i t between a theory using 

one of the Calien and Callen equations and the experimental r e s u l t s . The 

i n t e n t i o n was t o make a survey along the system Gd-Tb a t f a i r l y widely 

spaced concentrations t o attempt t o f i n d the important regions of concen

t r a t i o n f o r f u r t h e r i n v e s t i g a t i o n s . The f i g u r e s from F i g . (6.64) t o 

F i g . (6 .67) show i n summary the experimental r e s u l t s f o r the four 
\Y.2 ^a,2 \a,Z ^e,2 

ma g n e t o s t r i c t i o n c o e f f i c i e n t s A , A^ ' ̂ 1 , and A studied as a 

f u n c t i o n of temperature. The Tables from Table (6 .7 ) t o Table (6.10) 

give the magnetization values, l^/2^x), the experimental r e s u l t s , and the 

values c a l c u l a t e d by Eq. (6 .5 ) f o r the f o u r compositions studied. 
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Fig (6-66) Temperature dependence of 
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Fig (6-67) Temperature dependence of 

•X'^^XY.and -XV for 
Gdo.25 "rbo.75 disc. 
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Along the a l l o y s eries the s i n g l e - i o n theory was successful only w i t h 
the samples c o n t a i n i n g a high concentration of Terbium. By i n t r o d u c i n g 
a term representing a two-ion i n t e r a c t i o n the experimental r e s u l t s were 
b e t t e r f i t t e d than w i t h the s i n g l e - i o n theory, but i n most cases the 
f i t was less close than could have been desired. The discrepancy between 
the experimental r e s u l t s and those c a l c u l a t e d e i t h e r using the s i n g l e - i o n 
mechanism or by Eq. (6.5) might be due t o the u n c e r t a i n t y i n the values 
of the magnetization as a f u n c t i o n of temperature. No measurements of 
t h i s parameter were a v a i l a b l e f o r the a c t u a l samples used and values 
obtained by i n t e r p o l a t i o n of the r e s u l t s of N i k i t i n e t a l (1577b) had t o 
be employed. Thus measurements of magnetization should be made on these 
samples over the whole ferromagnetic range. These would form a more 
s a t i s f a c t o r y basis f o r the c a l c u l a t i o n of t h e o r e t i c a l curves of v a r i a t i o n 
of m a g n e t o s t r i c t i o n c o e f f i c i e n t s w i t h temperature i n p a r t i c u l a r a t high 
temperature near the Curie p o i n t . Thus the a p p l i c a b i l i t y of t h e o r e t i c a l 
models might be b e t t e r t e s t e d . 

While the molecular f i e l d - t y p e theory of Callen and Callen f o r temperature 

dependence of the macroscopic anisotropy and magnetostriction using 

s i n g l e - i o n or two-ion models i s a very successful theory i n many s i t u a t i o n s 

i t may be s t i l l too simple t o represent the temperature dependence of 

the a n i s o t r o p y and ma g n e t o s t r i c t i o n i n the rare earths. However, s p i n -

wave theory has received p a r t i c u l a r a t t e n t i o n during the l a s t few years, 

but the treatment of the anisotropy and magnetostriction i s complicated 

and was not done s y s t e m a t i c a l l y . The a p p l i c a t i o n of the spin-wave 

theory t o c a l c u l a t e the o r i g i n of the anisotropy and magnetostriction i n 

rare earths was discussed by J. Jensen i n a ser i e s of papers, Jensen, 

(1576 and 1577). Lindgard and Danielsen (1574) have found s i g n i f i c a n t 

d e v i a t i o n s from the c l a s s i c a l [ ( I + 1) temperature law. ^ 
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I t i s clear from the magnetostriction curves that higher order terms 

are involved, so more advanced analyses using higher order equations 

w i l l allow the determination of higher order magnetostriction coefficients. 

This w i l l enable more r e l i a b l e values of the lower order coefficients to 

be obtained and permit a more r e a l i s t i c comparison with theory. 

The anomaly observed i n A £ sample containing 20% Tb should 

be f u r t h e r investigated by f i l l i n g the gap between 5% and 20% of Terbium 

with more alloys to f i n d how the coefficient varies with temperature i n 

the region of composition where i t i s changing sign. 
,e,2 Y,2 

The r a t i o A ( 0 ) / A appears to have an anomalously large value 

compared with that expected f o r heavy rare earth metals and increases 

with increasing Tb concentration i n the al l o y . Another technique f o r 

measuring t h i s r a t i o w i l l give more c l a r i t y . An x-ray technique may be 

applicable. 

6.8 Suggestion For Further Work 

I t i s important to measure the magnetization of the Gd-Tb alloy system 

using the presently available high q u a l i t y samples. This w i l l give 

accurate values f o r the calculation of the theoretical temperature varia

t i o n using a single-ion model or Eq. (6.5). However, when magnetostriction 

coefficients are obtained from macroscopic measurements on materials i n 

which magnetization varies sharply with applied f i e l d there i s always 

some doubt as to what i s the appropriate magnetization value to be used 

i n conjunction with the value of a particular coefficient at a given 

temperature. The alloys with high Tb content show strong temperature 
J . 2 

dependence i n the region of the Curie point. The values of A 

obtained by Clark (1980) using the x-ray technique were very well f i t t e d 

by Eq. (6.5). This suggests that i t might be preferable to measure the 

magnetostriction coefficients at zero f i e l d using the x-ray d i f f r a c t i o n 
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technique and also to measure the temperature variation of the reduced 
magnetization from the i n t e n s i t y of neutron d i f f r a c t i o n peaks fo r Cid-Tb 
a l l o y over the whole ferromagnetic range. Domain and other effects which 
make d i f f i c u l t the achievement of re l i a b l e saturation values are avoided 
e n t i r e l y . This would allow the comparison of the theoretical models 
with the temperature variation of the magnetostriction coefficients at 
zero f i e l d . 

More measurements of X̂ ^̂ ^ f o r compositions between 5% and 20% of Tb 

should be made to investigate the anomalous behaviour of thi s c o efficient. 

Also values of very low concentration of Gd between the pure Gadolinium 

metal and 5% of Terbium w i l l give more information about the v a l i d i t y 

of Eq. (6.5) because Callen and Callen (1965) found that t h i s equation 

was f i t t e d w e l l by pure Gd. Also i t i s desirable to repeat the measure

ments f o r the metals Gd and Tb using high purity material to check the 

results of previous workers which have been assumed i n the previous 

discussion. 

The computer program could be elaborated by adding more terms to 

Eq. (6.5) with m raised to higher even numbers. Thus attempts could be 

made to f i n d an empirical series better able to represent the experimental 

resu l t s . The data could also be subjected to Fourier analysis using a 

higher order equation than Eq. (3.25) which i s of second order only, 

yeilding values of higher order magnetostriction coefficients. 

In p a r a l l e l of these investigation measurements of magnetocrystalline 

anisotropy should be made as these too can throw l i g h t on the v a l i d i t y 

of the the o r e t i c a l models examined i n the present work. 
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A computer program f o r c a l c u l a t i n g the values of the four 
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APPENDIX I I 
Reduced h y p e r b o l i c B e s s e l f u n c t i o n s of x from 0 to 150, adapted 
from Welford (1975). 
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7 . 3 9 0 .864S65 0 .6 ' . 9573 0 . 2 4 6 3 1 4 C.C53238 
7 .49 0 . 6 6 6 6 6 7 0 . 6 5 3 3 3 3 C .250961 0.0<^p357 
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X 

CROcR 

X 3/2 5 / 2 9 / 2 1 3 / 2 

7 . 6 4 0. f t 52 31 0 . 6 5 9 1 0 5 0 . 2 5 7 8 6 9 0 . 0 6 3 5 8 1 
7 . 7 9 C.-- : i79 5 0 .66469 ' * 0 . 2 6 4 6 9 8 0 . 0 6 6 8 5 7 
7 . 9 4 C.:7-:,214 0 .67C107 0 . 2 7 1 ^ 4 9 C-C7C13i 
8 . 0 9 C.5 'b543 0 . 6 7 5 3 5 4 C . 2 7 3 i l 3 0 . 0 7 3 5 5 0 
8 . 2 4 O . r ' 3 7 3 5 0 . 6 8 0 4 4 0 0 . 2 3 4 7 0 7 0 . 0 7 6 9 6 1 
8 . 3 9 C.5-:09 52 0 .665374 0 . 2 9 1 2 1 4 C.080412 
8 . 5 4 0 . i : 3 U 4 1 0 . 6 5 0 1 6 1 0 .297&38 0 . 0 8 3 8 9 3 
8 . 6 9 C.£35057 0 . 6 5 4 8 0 7 0.3C39S0 0 . 0 8 7 4 1 3 
8 . 8 4 C.5570C5 0 .699320 C.310239 C.C9C969 
8 . 9 9 0 .7C3703 0 . 3 1 6 4 1 5 0 -094543 
9 . 1 4 O. i^0710 0 .7C7963 0 -322503 0 .098152 
9 . 2 9 0.352473 0 . 7 1 2 1 0 5 C-32S519 C.101780 
9 . 4 4 C.3- -179 0 . 7 1 6 1 3 3 0 . 3 3 4 4 4 9 0 -105428 
9 . 5 9 0- t>5a33 0 . 7 2 0 0 5 2 0 . 3 4 0 2 9 7 0 . 1 0 9 0 9 4 
9 . 7 4 C . C 9 7 4 3 5 0 . 7 2 3 8 6 5 C .346065 0 . 1 1 2 7 7 6 
9 . 8 9 C.E95989 0 . 7 2 7 5 7 3 0 . 3 5 1 7 5 2 0 . 1 1 6 4 7 3 

1 0 . 0 4 C.9:C497 0 . 7 3 1 1 9 4 C.35736C C.120182 
1 0 . 1 9 C.9C1960 0 . 7 3 4 7 1 7 0 . 3 6 2 3 9 0 0 . 1 2 5 9 0 1 i 
1 0 . 3 4 C.903331 0 . 7 3 3 1 5 0 0 . 3 6 8 3 4 2 0 . 1 2 7 6 2 8 
1 0 . 4 9 0.9C4761 0 . 7 4 1 4 9 6 C.373717 0 . 1 3 1 3 6 Z 
1 0 . 6 4 0 . c : 6 i 0 3 0 . 7 4 4 7 5 9 0 . 3 7 9 0 1 7 o . i?5 ;o i 
1 0 . 7 9 C.'^:7407 0 . 7 4 7 9 4 2 0 . 3 3 4 2 4 1 0 . 1 3 3 6 ' t 4 
1 0 . 9 4 Ci9 :3675 0 . 7 5 1 0 4 7 0 . 3 6 9 3 9 2 0 . 1 4 2 5 3 5 
1 1 . 0 9 0 -5 :5909 0.75-^078 0 .594 ' i 7C 0 . 1 4 6 3 3 2 
1 1 . 2 4 C . 9 l i l l l 0 . 7 5 7 0 3 7 0 . 3 9 9 4 7 6 0 . 1 5 0 0 7 6 
1 1 . 3 9 C.9I228C 0 . 7 5 9 9 2 6 0 . 4 0 4 4 1 2 0 , 1 5 3 8 1 7 
1 1 . 5 4 0.913419 0 . 7 6 2 7 ^ 8 C.409277 0 -157555 
1 1 . 6 9 0 . 9 ! - 5 2 9 0 . 7 6 5 5 0 5 0 .414074 0 - 1 6 1 2 3 9 
1 1 . 8 4 C .S l56 i I 0 . 7 6 3 1 9 9 0 . ' t l 3 e O 3 0 . 1 6 5 0 1 6 
1 1 - 9 9 C.9:a666 C.77C933 C. ' r23466 0 . 1 6 8 7 3 7 
1 2 . 1 4 Q.?:7695 0.7734CQ C.A28063 0 .17245 0 
1 2 . 2 9 0 .9 IS699 0 . 7 7 5 327 0 .432595 0 -176154 
1 2 . 4 4 C.515678 C.77339C C.437065 0 . 1 7 9 3 ^ 9 
1 2 . 5 9 0 .52 :634 0 .73C301 0 . ^ 4 1 4 7 1 0 . • .33553 
1 2 . 7 4 C . = : i 5 6 8 0 . 7 £ 3 ; 6 C 0 . 4 4 5 3 1 6 0 . 1 8 7 2 0 6 
1 2 . 8 9 C.92248C 0 . 7 8 5 4 5 9 C .450101 0 . 1 9 0 8 6 7 
1 3 . 0 4 0.523371 0 . 7 8 7 7 3 0 0 . 4 5 4 3 2 7 0 .194516 
1 3 . 1 9 C.5I4242 0 . 7 8 9 9 4 4 C.45c454 C-198151 
1 3 . 3 4 C.=I5C93 0 . 7 9 2 1 1 3 0 . 4 6 2 6 0 4 0 . 2 0 1 7 7 5 
1 3 , 4 9 0.525925 0 . 7 9 4 2 3 3 C. ' r66657 C.2C5330 
1 3 . 6 4 C . C 2 6 7 3 9 C.796320 C.A7C655 0 .208972 
1 3 . 7 9 0-527536 0 . 7 9 8 3 6 1 0 . 4 7 4 5 9 9 0 . 2 1 2 5 4 9 
1 3 . 9 4 C.525515 0 .800362 0 . ^ 7 3 4 3 9 0 . 2 1 6 1 0 9 

.14 .09 0.525078 0 .802323 0.^*62326 C.219654 
1 4 . 2 4 0.525324 C .80^247 0 . ^ 5 6 1 1 2 0 . 2 2 3 1 6 1 
1 4 . 3 9 C.53:555 0 .8C6134 0 . 4 8 9 8 4 7 C-226692 
1 4 . 5 4 0 . 5 i : 2 7 1 0 .607585 0 . 4 9 3 5 3 2 C.2301S5 
1 4 . 6 9 C . : 2 : 5 7 2 0 . e C 9 8 0 1 C . < t 9 " l d o 0 . 2 3 3 6 6 0 
1 4 . 3 4 0.532659 0 . 8 1 1 5 3 3 C.500755 C.237118 
1 4 . 9 9 C.533333 O . S i 3 3 3 3 C.5C4296 0 . 2 4 0 5 5 7 
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CKCEU 

3 / 2 5 /2 9 / 2 1 3 / 2 

1 5 . 1 9 0 .934210 0 .815616 C.506944 0 .245113 
1 5 . 3 9 0 .935064 0 . 8 i 7 2 4 4 C.513512 0.24=3636 
1 5 . 5 9 0 .955897 0.•520019 C.516C00 0 .254125 
1 5 . 7 9 C.936708 0.322143 C.522412 0 . 2 5 3 5 7 9 
1 5 . 9 9 0.9375CG 0. f l : '4218 C. 52o743 0 .262999 
1 6 . 1 9 0 . 9 3 8 2 7 1 0 .326245 0.531011 0.267334 
1 6 . 3 9 0 .939024 0 .328227 C.535202 0 .271733 
1 6 . 5 9 0 .939759 0 . 8 30164 0 . 539322 C.276047 
1 6 . 7 9 0 .940476 0 .832057 0 .543374 C.280326 
1 6 . 9 9 0 .941176 C.S33910 C.547359 0 . 2 8 4 5 6 9 
1 7 . 1 9 0 .941360 0 .635722 0 .551278 0 . 2 8 8 7 7 6 
1 7 . 3 9 0 .942528 0 .337<.95 0 .555133 0 .292947 
1 7 . 5 9 0 . 9 4 3 1 3 1 0 .329250 C.55S926 C.297083 1 
1 7 . 7 9 0 .942820 0 .64C929 0 .562657 •C .301182 
1 7 . 9 9 0.9<(4444 0 .842592 0 . 5 6 6 3 2 9 0 . 3 0 5 2 4 5 
1 8 . 1 9 C.945054 C .644221 0 .569942 0 . 3 0 9 2 7 5 . 
1 8 . 3 9 C.9 ' f5652 C.S456L7 C.573498 0 . 3 1 3 2 6 7 
1 8 . 5 9 0 .946236 0 . 3 ^ 7 3 3 1 0 . 5 7 6 9 9 3 0 . 3 1 7 2 2 4 
1 8 . 7 9 0 .946808 0 .548913 0 .580442 0 . 3 2 1 1 4 6 
1 8 . 9 9 0 .947358 0 .S50415 0 .553835 0 . 3 2 5 0 3 3 
1 9 . 1 9 0 .947916 0 . 9 5 1 3 3 8 0 . 3 6 7 1 7 4 C.323S35 
1 9 . 3 9 0 .948453 0 . 8 5 3 3 3 1 C.590462 0 . 3 3 2 7 0 1 
1 9 . 5 9 C.943979 0 . 3 5 4 7 4 5 C.5937C1 0 .336434 
1 9 . 7 9 0 . 9 4 9 4 7 4 0 . 8 5 6 1 3 7 0 . 5 9 * 3 9 0 0 . 2 4 0 2 3 1 
1 9 . 9 9 C.950CCC 0 .857499 C.600031 Cw343945 
2 0 . 1 9 0 .950495 0 . 3 5 3 3 5 7 C.603125 G.54Vii4 
2 0 . 3 9 0 . 9 5 0 9 8 0 0.36014S C.606173 0 . 3 5 1 2 7 0 
2 0 . ?9 0 . 951456 0 . 3 6 1 4 3 6 C.6C9176 0 . 3 5 4 3 6 2 
2 0 . 7 9 0 .951923 0 .862703 0 .612136 C.353461 
2 0 . 9 9 0 .952380 0 . 8 6 3 945 0 .615052 0 ,262007 
2 1 . 1 9 0.952S3C 0 .865165 0 . 617926 0 .365520 
2 1 . 3 9 0 .953271 0 .366363 C.620759 0 . 3 6 9 0 0 1 
2 1 . i 9 0 .953703 0 . 8 6 7 5 4 1 0 . 6 2 3 5 5 0 0 . 3 7 2 4 4 9 
2 1 . 7 9 0 .954128 0 . 8 6 6 6 9 7 C.6263C2 C.375366 
2 1 , 9 9 0 . 9 5 4 5 4 5 0 . 3 6 9 8 3 4 C.62901C 0 . 3 7 9 2 5 1 
2 2 . 1 9 C.954954 0 .37C952 0 . 651592 0 .332605 . 
2 2 , 3 9 C.955357 0 . 6 7 2 0 5 0 C.634330 0 .365923 
2 2 . 5 9 0 .955752 0 . 3 7 3 1 3 0 C.636932 0 .539220 
2 2 . 7 9 C.956X'VC 0 .874192 0 .639493 C.392431 
2 2 . 9 9 C.956521 0 . 6 7 5 2 3 6 C< 642023 C.395712 
2 3 . 1 9 C.956396 0 .376263 0 . 644525 C . 3 9 3 9 ! 4 
2 3 . 3 5 C.957254 0 .877273 0 . 6 4 6 9 3 7 0 .402C86 
2 3 . 5 9 G.957627 0 .678267 0 . 6 4 9 4 1 7 0 .405229 
2 3 . 7 9 C.957933 C.379245 0 .651314 0 .4C5342 
2 3 . 9 9 0 . 958333 0.880203 C.654179 0 ,411427 
2 4 . 1 9 0.';5c677 0 .531155 0 . 6 5 6 5 1 3 0 . 4 1 * 4 8 4 
2 4 . 3 9 0 .959016 0 . 8 6 2 0 8 3 C.653816 0 -417513 
2 4 . 5 9 0 . 9 5 9 3 4 9 0.333C06 0 .661089 0 .420514 
2 4 . 7 9 0 . 95=677 0.8839C-; C.663353 C.423437 
2 4 . 9 9 0.96CCOO p . £ 5 * 7 9 9 0 . 6 6 5 5 4 8 0 . 4 2 6 4 3 4 
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CRCER 

2 5 . 2 4 
2 5 . 4 9 
2 5 . 7 4 
2 5 . 9 9 
2 6 . 2 4 
2 6 . 4 9 
2 6 . 7 4 
2 6 . 9 9 
2 7 . 2 4 
2 7 . 4 9 
2 7 . 7 4 
2 7 . 9 9 
2 8 . 2 4 
2 8 . 4 9 
2 3 . 7 4 
20.« '9 
2 9 . 2 4 
2 9 . 4 9 
2 9 . 7 4 
2 9 . 9 9 
3 0 . 2 4 
3 0 . 4 9 
3 0 - 7 4 
3 0 . 9 9 
3 1 . 2 4 
3 1 . 4 9 
3 1 . 7 4 
3 1 . 9 9 
3 2 . 2 4 
3 2 , 4 9 
3 2 . 7 4 
3 2 . 9 9 
3 3 . 2 4 
3 3 . 4 9 
3 3 . 7 4 
3 3 . 9 9 
3 4 . 2 4 
3 4 . 4 9 
3 4 - 7 4 
3 4 . 9 9 
3 5 . 2 4 
3 5 . 4 9 
35 .74 
3 5 . 9 9 
3 6 . 2 4 
3 6 . 4 9 
3 6 . 7 4 
3 6 . 9 9 
3 7 . 2 4 
3 7 . 4 9 

3 / 2 

0 .560396 
0 . 9 6 0 7 3 4 
0 .961165 
0 . 9 6 1 5 3 3 
0 . 5 6 1 9 0 ^ 
C.962264 
0 .962616 
0 . 9 6 2 9 6 2 
0 .963302 
0 . 9 6 3 6 3 6 
0 .963963 
0 .9&A235 
C .964601 
0 . 9 6 4 9 1 2 
0 . 9 6 5 2 1 7 
C.965517 
0 . 9 6 5 8 1 1 
0 . 9 6 6 1 0 1 
0 .966336 
0 . 9 6 6 6 6 6 
C.966942 
0 .967213 
0 . 9 6 7 ^ 7 9 
0 . 9 6 7 7 4 1 
0 -967999 
0.9632">3 
0 -969503 
0 . 9 6 9 7 4 9 
0 .963992 
0.96Q230 
0 ,969465 
0 .969696 
0 . 9 6 9 9 2 4 
0 . 9 7 0 1 4 9 
C.97C370 
C.97C538 
0 . 9 7 0 3 0 2 
0 . 9 7 1 0 1 4 
0 . 9 7 1 2 2 3 
0 . 9 7 1 4 2 3 
C .971631 
0 - 9 7 1 8 3 0 
C.972027 
0 .972222 
0 .972413 
0 .972602 
C.9727S9 
0 . 9 7 2 9 7 2 
0 . 9 7 3 1 5 4 
0 .973333 

5 /2 

0 . 8 8 5 8 9 3 
0 . 3 5 6 9 6 6 
0 . 3 8 8 0 1 9 
0 . 8 3 9 0 5 3 
0 . 8 ' 5 0 C 6 8 
0 . 3 9 1 0 6 4 
0 . 6 9 2 0 4 2 
0 . 8 9 3 C C 4 
0 . 8 9 3 « : ' . 6 
0 . 3 9 4 8 7 6 
0 . 8 9 5 7 3 7 
0 - 8 5 6 6 8 3 
C . 8 9 7 5 6 4 
0 . 8 9 3 4 5 0 
0 . 8 9 9 2 6 1 
0 . 9 0 0 1 1 8 
0 . 9 0 0 9 4 2 
0 - 9 0 1 7 5 2 
0 . 9 0 2 5 4 9 
0 . 9 0 3 3 3 3 
0 . 9 0 4 1 0 4 
C . 9 0 ' . 8 6 4 
0 . 9 0 5 6 1 1 
0 . 9 0 6 3 4 7 
0 . 9 0 7 C 7 1 
0 . 9 0 7 7 3 5 
0 . 9 C 6 h 8 7 
0 . 9 0 9 1 7 9 
C . 9 C 9 S 6 1 
0 . 9 1 0 5 3 2 ! 
0 . 9 1 1 1 9 3 
0 . 9 1 1 5 4 5 
0 . 9 1 2 4 8 7 
0 . 9 1 3 1 2 0 
0 . 9 1 3 7 4 4 
0 . 9 1 ^ 3 5 9 
0 . 9 1 4 9 6 6 
0 . 9 1 5 5 6 3 
0 . 9 1 6 1 5 3 
0 . 9 1 6 7 3 4 
0 . 9 1 7 2 0 7 
0 . 9 1 7 8 7 3 
0 . 9 1 8 4 5 1 
0 . 9 1 8 5 8 1 
0 . 9 1 9 5 2 4 
0 . 9 2 0 0 6 0 
0 . 9 2 0 5 8 5 
0 . 9 2 1 1 1 0 
0 . 9 2 1 6 2 : 

\ 0 . 9 2 2 1 3 3 

9 / 2 

0 . 6 6 8 2 7 7 
0 . 6 7 0 9 6 3 
C . 6 7 3 t 0 6 
0 . 6 7 6 2 0 8 
0 . 6 7 3 7 6 9 
0-. ' i31291 
0 . 6 3 3 7 7 5 
C.686221 
C.668629 
0 .691002 
0 . 6 9 3 3 3 9 
0 . 6 9 5 6 4 2 
0 , 6 9 7 9 1 1 
C.700147 
0 . 7 0 2 3 5 1 
C-704523 
0 . 7 0 6 6 6 4 
0 . 7 0 3 7 7 4 
0 . 7 1 0 3 5 5 
C-712907 
C.714930 
0 -716925 
0 .71S893 
C.720334 
C-722749 
0 -724639 
0 -726502 
0 . 7 2 8 3 4 1 
0 . 7 3 0 1 5 5 
0 . 7 3 1 9 4 6 
0 . 7 3 3 7 1 4 
0.735'»58 
C.75713C 
C.73S831 
0 . 7 4 0 5 5 5 
0 . 7 4 2 2 1 6 
0 . 7 4 3 8 5 3 
C.745469 
C.747065 
0 . 7 4 8 6 4 1 
0 .750193 
0 . 7 5 1 7 1 5 
C.753255 
0 . 7 5 ^ 7 5 6 
0 . 7 5 6 2 3 9 
0 . 7 5 7 7 0 4 
C.759152 
0 . 7 6 0 5 8 3 
0 . 7 6 1 9 9 7 
0 . 7 6 5 3 9 5 

1 3 / 2 

C.430079 
0 .433632 
0 .437245 
0.4<.076B 
0 . 4 4 4 2 5 1 
0 .447694 
0 .451099 
0 .454466 
0 .457796 
0 .461033 
0 .464344 
0 .467563 
0 .470748 
0 .475397 
0,.'^77012 
C.460093 
0 , 4 3 3 1 4 0 
0 .486155 
0 . 4 8 9 1 2 6 
0 . 4 9 2 0 8 6 
C,495004 
0 . 4 9 7 6 9 1 
0 . 5 0 0 7 4 7 
0 .503573 
0 . 5 0 6 3 6 9 
0 .509135 
0 .511373 
0 . 5 1 4 5 6 1 
C.517262 
0 .519915 
C.3225<,0 
0 ,525139 
C. 527710 
0 ,530256 
0 .532775 
0 .535269 
0 .337738 
0.5401.12 
0 .542601 
0.54- .997 
0 ,547360 
0 .549710 
0 .552C41 
0 .554343 
C.556622 
0.5S363C 
0 . 5 6 U 1 5 
0 .563329 
0 .565521 
0 .567692 
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CRCER 

3 7 . 7 9 
3 8 . 0 9 
3 8 . 3 9 
3 8 . 6 9 
3 3 . 9 9 
3 9 . 2 9 
3 9 . 5 9 
3 9 . 8 9 
4 0 . 1 9 
4 0 . 4 9 
4 0 . 7 9 
4 1 . 0 9 
4 1 . 3 9 
4 1 - 6 9 
4 1 . 9 9 
4 2 . 2 9 
4 2 . 5 9 
4 2 . 3 9 
4 3 . 1 9 
4 3 . 4 9 
4 3 , 7 9 
4 4 . 0 9 
4 4 . 3 9 
4 4 , 6 9 
4 4 . 9 9 
4 5 . 2 9 
4 5 . 5 9 
4 5 . 8 9 
4 6 . 1 9 
4 6 . 4 9 
4 6 . 7 9 
4 7 . 0 9 
4 7 . 3 9 
4 7 . 6 9 
4 7 . 9 9 
4 8 . 2 9 
4 8 . 5 9 
4 8 . 8 9 
4 9 . 1 9 
4 9 . 4 9 
4 9 . 7 9 
50.C9 
5 0 . 3 9 
50 .69 
5 0 . 9 9 
51 .29 
5 1 . 5 9 
5 1 . 8 9 
5 2 . 1 9 
5 2 . 4 9 

3 /2 

0 . 9 7 3 5 4 4 
0 .973753 
0 .973958 
0 .97416C 
0 .974558 
C.974554 
0 .974747 
0 .974937 
0 . 9 7 5 1 2 4 
0 .975308 
0 .97549C 
0 . 9 7 5 6 6 9 
0 .975345 
C.976C19 
0 . 9 7 6 1 9 0 
0 .976359 
C.976525 
0 . 9 7 6 6 3 9 
C.976951 
0 . 9 7 7 0 1 1 
C.977168 
0 . 9 7 7 3 2 4 
0 .977477 
0 .977628 
0 . 9 7 7 7 7 7 
0 . 9 7 7 9 2 4 
0 . 9 7 3 0 7 0 
0 .978213 
0 . 9 7 3 3 5 4 
C.97S494 
0 .976632 
0,97-9766 
0 .=7c9C2 
0 . 9 7 9 0 3 5 
C.979166 
0 . 9 7 9 2 9 6 
0 . 9 7 9 4 2 3 
C.97955C 
C.979674 
C.97Q797 
0.97-7919 
0 . 9 8 0 0 3 9 
0 .960158 
0 .980276 
0 .950392 
0 .95C506 
0 . 9 6 0 6 2 0 
0 . 9 3 0 7 3 2 
C.950342 
0 .960952 

5 /2 

0 , 9 2 2 7 3 4 
0 . 9 2 3 3 2 6 
0 . 9 2 3 9 0 9 
0 . 9 2 * 4 8 3 
0 . 9 2 5 0 4 9 
0 . 9 2 5 6 0 6 
0 . 9 2 6 1 5 5 
0 . 9 2 6 6 9 6 
0 . 9 2 7 2 2 9 
0 . 9 2 7 7 5 4 
0 . 9 2 6 2 7 2 
0 .928733 
0 .929266 
0 . 9 2 9 7 3 2 
0 .930272 
0 . 9 3 0 7 5 4 
0 .921230 
0 . 9 2 1 7 0 0 
0 . 9 2 2 1 6 3 
0 . 9 3 2 6 1 9 
0 . 9 3 5 0 7 0 
0 . 9 3 3 5 1 5 
0 . 9 3 3 9 5 4 
0 . 9 3 4 3 8 7 
0 . 9 2 4 6 1 4 
0 . 9 2 5 2 2 6 
0 . 9 3 5 6 5 3 
0 . 9 3 6 0 6 4 
0 . 9 3 6 4 7 0 
C.926871 
0 . 9 3 7 2 6 7 
0 . 9 3 7 6 5 3 
0.92304-t 
0 .938425 
0 . 9 2 8 8 0 2 
C.959174 
0 . 9 3 9 5 * 1 
0 . 9 3 9 9 0 4 
0 .940263 
0 .94C618 
0 . 9 4 0 9 6 6 
0 . 9 4 1 3 1 4 
0 . 9 4 1 6 5 7 
0 .941995 
0 . 9 4 2 3 2 9 
C.942ccC 
0 . 9 * 2 9 3 7 
0 . 9 4 2 3 1 0 
0 . 9 4 3 6 2 9 
0 . 9 4 3 9 4 5 

9 / 2 

C .765051 
0 .766684 
C.768294 
0 .769333 
0 . 7 7 1 4 5 0 
C.772997 
0 . 7 7 4 5 2 2 
0 . 7 7 6 0 2 8 
0 . 7 7 7 5 1 3 
0 . 7 7 3 9 7 9 
C.78C426 
0 . 7 3 1 5 5 5 
0 . 7 3 3 2 6 5 
C.734657 
0 . 7 3 6 0 3 1 
0 . 7 8 7 3 8 8 
0 . 7 8 8 7 2 8 
0 . 7 9 0 0 5 1 
C.791358 
0 . 7 9 2 6 4 9 
0 . 7 9 3 9 2 4 
C.7951S4 
0 . 7 9 6 4 2 9 
0 . 7 9 7 6 5 3 
0 .798673 
C.800073 
0 .801259 
0 .802432 
C.603590 
C.504736 
0 . 8 0 5 3 6 8 
0.S06V37 
0 .603093 
0 . 6 0 9 1 8 6 
C.810268 
0 -611327 
0 .312394 
0 .813440 
0 . 8 1 4 * 7 4 
C.615497 

o . e i 6 5 c e 
C.617509 
C.813498 
0 . 6 1 9 4 7 7 
C .620*46 
C.8214C4 
0 . 3 2 2 3 5 3 
0 . 5 2 2 2 9 1 
0 . 6 2 * 2 1 9 
0 . 8 2 5 1 3 9 

1 3 / 2 

0 .570271 
0 .572819 
C.575339 
0 .577S31 
0 . 5 3 0 2 9 * 
0 .532750 
0 .535139 
0 . 5 8 7 5 2 1 
0 .539376 
0 .592206 
0 . 5 9 4 5 1 1 
0 .596790 
0 .599044 
0 .601275 
0 . 6 0 3 4 3 1 
0 .605664 
0 .607824 
0 . 6 0 9 9 6 0 
0 .612075 
0 . c l 4 i 6 7 
0 . 6 1 6 2 3 7 
0 . 6 1 8 2 8 6 
0 .620314 
0 . 6 2 2 3 2 0 
0 .624507 
0 .626273 
C.628219 
C.620145 
0 .632052 
0.63594C 
0 .635609 
0 .637659 
0 .639492 
0 . 6 * 1 2 0 6 
0 .643102 
0 . 6 4 ^ 3 3 1 
0.646643 
0 .643363 
0 .650115 
C.651327 
0 .653522 
0 .655201 
0.65 .6861 
0 . 6 5 3 5 1 1 
C.660143 
C.661760 
0 .663362 
0 .664949 
0 .666521 
0 .663079 
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CRCtR 

3 /2 5 /2 9 / 2 1 3 / 2 

5 2 . 3 4 G.981073 0 .944309 0 .826198 0 .669S73 
5 3 . 1 9 0 .531203 0 . 9 4 4 6 6 9 0 . 3 2 7 2 4 5 0 .671659 
5 3 , 5 4 0 .931325 0 .945023 0 .829230 0 . 6 7 3 4 2 1 
5 3 , 3 9 0 .531447 0 .945374 0 .825302 0 .675164 
5 4 , 2 4 0 .981566 0 . 9 4 5 7 1 5 0 .620312 0 ,676339 
5 4 . 5 9 0 .991584 0 . 9 4 6 0 6 1 0 . 3 3 1 3 1 1 0 .673596 
5 4 , 9 4 0 .981301 0 . 9 4 6 3 9 3 0 .322296 0.6302S6 
5 5 , 2 9 0 .931916 0 . 9 4 6 7 3 1 0 .833273 C.681953 
5 5 , 6 4 C.98203C 0.9470^50 0 .334237 0 . 6 8 3 i l 3 
5 5 . 9 9 0 .982142 0 -947335 0 .825190 0 .685251 
5 6 . 3 4 0 .932253 0 . 9 4 7 7 0 6 C.836123 0 .686672 
5 6 . 6 9 0 .982263 0 , 9 4 8 0 2 3 0 . 8 3 7 0 6 4 0 .683473 
5 7 , 0 4 0 .982471 0 ,946336 0 .337965 0 .690067 
5 7 , 3 9 0 .982578 0 . 9 4 6 6 4 5 C.333396 0 .691640 
5 7 , 7 4 0 .93263? 0 . 9 4 3 9 5 1 0 .839797 0 ,693197 
5 8 , 0 9 0 .962733 0 . 9 4 9 2 5 3 0 .540637 0 .694739 
5 8 . 4 4 0 , 9 3 2 8 9 1 0 , 9 4 9 5 5 2 0 , 3 4 1 5 6 3 0 .696266 
5 8 . 7 9 0 .932993 0 , 9 4 9 8 4 7 0 . 8 4 2 4 3 9 0 .697778 
5 9 . 1 4 0 .583093 0 , 9 5 0 1 3 8 C.343301 0 .699275 
5 9 . 4 9 0 ,933193 C,950427 0 .644153 C.700753 
5 9 . 8 4 0 , 9 3 3 2 9 1 0 , 9 5 0 7 1 2 0 , 8 4 4 9 9 6 0 ,702226 
6 0 . 1 9 0 .983383 0 ,950993 0 ,645830 0 .7036 30 
6 0 . 5 4 0 .9834q4 C.951272 0 .846656 0 .7C5120 
6 0 . 3 9 0 ,983579 0 , 9 5 1 5 4 7 0 , 3 4 7 4 7 2 0 .706547 
6 1 . 2 4 0 .983673 0 , 9 5 1 9 2 0 0 .843280 0 .707959 
6 1 . 5 9 C.933766 0 , 9 5 2 0 8 9 0 .845079 0 .709359 
6 1 . 9 4 0 .983657 0 -952355 0 ,849670 0 .710745 
6 2 . 2 9 0 .563943 0 . 9 5 2 6 1 9 0 ,850653 0 .712119 
6 2 . 6 4 0 .964036 0 . 9 5 2 8 7 9 0 ,851427 0 .713479 
6 2 . 9 9 0 ,984126 0 , 9 5 3 1 3 6 0 .952194 0 -714627 
6 3 . 3 4 0 ,934214 0 , 9 5 3 3 9 1 0 .352953 0 .716162 
6 3 . 6 9 0 ,934301 0 , 9 5 2 6 4 3 0 .653704 0 .717485 ; 
6 4 . 0 4 0 .984337 0 . 9 5 3 3 9 2 0 .654447 0 .718796 
6 4 . 3 9 0 .984472 0 . 9 5 4 1 5 9 0 .855183 0 .720095 
6 4 . 7 4 0 .984555 0 . 9 5 4 3 8 3 0 .655912 0-721392 
6 5 , 0 9 0 .984639 0 . 9 5 4 6 2 4 0 .656633 0 .722656 
6 5 . 4 4 0 . 9 3 4 7 2 1 0 . 9 5 4 3 6 3 0 . 6 5 7 3 4 7 0 .723922 
6 5 , 7 9 0 .534302 0 . 9 5 5 1 0 0 0 .856054 0 .725174 
6 6 , 1 4 0 .534882 0 . 9 5 5 3 3 4 C.S58754 0-726416 
6 6 . 4 9 0 .984962 0 . 9 5 5 5 6 5 0 .359448 0 .727646 
6 6 . 3 4 0 .935041 0 . 9 5 5 7 9 4 0 .660134 0 .728666 
6 7 . 1 9 0 .935119 0 . 9 5 6 0 2 1 0.36C314 0.73C075 
6 7 . 5 4 0 .935196 0 .956245 C.S61437 0 .731273 
6 7 . 3 9 C.5S5272 0 . 9 5 6 4 6 6 0 .362154 C.732460 
6 8 , 2 4 0 .585347 0 . 9 5 6 6 3 3 0 .362315 0 . 7 3 3 6 3 3 . 
63 .59 0 .985422 0 .956505 0 .663465 0 .734305 
6 3 . 9 4 0 .985496 0 . 9 5 7 1 2 1 0 .864117 0 .735962 
6 9 . 2 9 0 .935569 0 , 9 5 7 3 3 4 0 .364759 0 .737109 
6 9 . 6 4 0 .935642 0 . 9 5 7 5 4 5 0 .865394 0 .739246 
6 9 . 9 9 0 , 9 6 5 7 1 4 0 , 9 5 7 7 5 5 0 .866024 0 .759374 



- 234 -

X 
CRCEP 

X 
3 / 2 5 / 2 9 / 2 1 2 / 2 

7 0 . 3 9 0 . 9 6 5 7 9 5 0 . 9 5 7 9 9 1 0 .666737 0 .740651 
7 0 . 7 9 0.9S5S75 0 . 9 5 8 2 2 5 0 .867442 0 .741915 
7 1 . 1 9 0 . 9 6 5 9 5 5 0 .956456 C.86814C 0 .743168 
7 1 . 5 9 0 . 9 8 6 0 3 3 0 . 9 5 6 6 3 5 0 .666830 0 .744409 
7 1 . 9 9 0 . 9 8 6 1 1 1 0 .958912 C.869514 C.745o37 
7 2 . 3 9 C.966137 0 . 9 5 9 1 3 5 C.870190 0 .746854 
7 2 . 79 0 .996263 0 . 9 5 9 3 5 7 ^ C.570859 0 .746059 
7 3 . 1 9 C.966338 0 . 9 5 9 5 7 6 C.671522 0 .749255 
7 3 . 5 9 0 . 9 6 6 4 1 3 0 . 9 5 9 7 9 2 0.672177 0.750436 
7 3 . 9 9 0 .966436 C.960007 C.672626 0 .751608 
7 4 . 3 9 0 . 9 8 6 5 5 9 0 . 9 6 0 2 1 9 0 .673469 0 .752770 
7 4 . 7 9 0 . 9 6 6 6 3 1 0 . 9 6 0 4 2 9 0 . 8 7 4 1 0 5 0 .753920 
7 5 . 1 9 0 . 9 8 6 7 0 2 0 . 9 6 0 6 3 6 0 .B74735 0.75506C 
7 5 . 5 9 0 . 9 8 6 7 7 2 0 .960842 0 . 8 7 5 3 5 8 0 .756139 
7 5 . 9 9 0 .936642 0 . 9 6 1 0 4 5 0 .875975 C.7573C8 
7 6 . 3 9 0 . 9 8 6 9 1 0 0 . 9 6 } 2 4 6 0 . 6 7 6 5 8 7 0 .758417 
7 6 . 7 9 0 . 9 3 6 9 7 9 0 . 9 6 1 4 4 6 0 . 6 7 7 1 9 2 0 .759516 
7 7 . 1 9 0 .967C46 0 . 9 6 1 6 4 3 0 . 6 7 7 7 9 1 0 .760605 
7 7 . 5 9 C.967113 0 . 9 6 1 3 3 8 0 . 5 7 6 3 6 5 0 .761635 
7 7 . 9 9 C.967179 0 . 9 6 2 0 3 1 0 .676972 0 .762754 
7 8 . 3 9 0 . 9 8 7 2 4 4 0 -962222 0 .879555 0 .763815 
7 8 . 7 9 C.987309 0 . 9 6 2 4 1 2 c . e e c m 0 .764866 
7 9 . 1 9 0.967373 0 . 9 6 2 5 9 9 C.650702 C.765907 
7 9 . 5 9 0 . 9 8 7 4 3 7 0 . 9 6 2 7 3 5 C.681266 0 .766940 
7 9 . 9 9 0 , 9 3 7 5 0 0 0 . 9 6 2 9 6 3 C . 8 8 i 9 2 3 0 .767963 
8 0 . 3 9 0 . 9 6 7 5 6 2 0 . 9 6 3 1 5 0 0 .6823S3 •C .768973 
CO.79 C.987623 0 . 9 6 3 3 3 0 0 .682933 C.7699r!4 
8 1 . 1 9 0 . ' ;S7684 0 . 9 6 3 5 0 9 C.883478 0 .770931 
8 1 . 5 9 0 . 9 6 7 7 4 5 0.<:63635 0 .684018 C.771970 
e i . 9 9 C . 9 6 7 8 0 * 0 . 9 6 5 8 6 0 C.89-'-553 0 .772950 
8 2 . 3 9 0 . 9 3 7 8 6 4 0 . 9 6 4 0 3 * 0 .6950B3 0 .773922 
8 2 . 7 9 0 . 9 8 7 9 2 2 0 . 9 6 4 2 0 5 0 .685603 0 .774385 
8 3 , 1 9 C.987980 0 -964375 0 .666126 0 .775641 
8 3 . 5 9 0 . 9 8 8 0 3 8 0 . 9 6 4 5 4 4 0 .8B6645 0 .776783 
8 3 . 9 9 C.S86095 0 . 9 6 4 7 1 0 0 .887154 C.777723 
84.39 C.9SS151 0 . 9 6 4 8 7 6 0 . 6 8 7 6 6 1 0.7736t>0 
84.79 0 . 9 3 8 2 0 7 0 . 9 6 5 0 3 9 0 . 6 8 8 1 6 3 C.779534 
8 5 . 1 9 0 .988262 0 . 9 6 5 2 0 2 C.893660 0 .780500 
8 5 . 5 9 0 . 9 3 8 3 1 7 0 . 9 6 5 3 6 2 0 . 6 8 9 1 5 3 0 .78x409 
8 5 . 9 9 0 . 9 6 8 3 7 2 0 . 9 6 5 5 2 1 0 . 0 8 9 6 4 2 0 .782310 
8 6 . 3 9 C.988425 0 . 9 6 5 6 7 9 C.690126 0 .785204 
8 6 . 7 9 0 . 9 6 5 4 7 9 0 . 9 6 5 3 3 5 0 .890606 0 .794091 
C7 .19 0 . 9 6 8 5 3 2 0 . 9 6 5 9 9 0 c.e ' ; ioe2 0 .734971 
8 7 . 5 9 0 .986534 0 . 9 6 6 1 4 4 C.£91554 0 .735343 
6 7 . 9 9 0 . 9 6 3 6 5 6 0 . 9 6 6 2 9 6 C. 392022 0 .786709 
88.39 0 .963687 0 . 9 6 6 4 4 7 0 . 8 9 2 4 8 6 0 .737567 
8 8 . 7 9 0 .968738 0 . 9 6 6 5 9 6 0 .892945 0 .783419 
8 9 . 1 9 0 .9S8789 0 . 9 6 6 7 4 4 0 . 8 9 5 4 0 1 0 .789264 
8 9 . 5 9 0 . 9 8 8 3 3 9 0 . 9 6 6 3 9 1 0 .895853 C.790102 
C9 .99 0 . 9 8 8 8 3 3 0 .967C37 0 .69430H 0 .790954 
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CfiCSR 

X 3 /2 5 /2 9 / 2 13 /2 

9 0 . 4 4 0 .988944 0 .967199 0 . 8 9 4 6 0 1 0 .791862 
. 9 0 . 3 9 0 ,568999 0 .967355 0 .395296 0 . 7 9 2 7 3 1 

9 1 . 3 4 0 . 5 3 9 0 5 3 0 .967518 0 .695767 0 . 7 9 3 6 9 3 
91 . 7 9 0.56'=106 0 . 9 6 7 6 7 6 0 .696273 0 .754597 
9 2 . 2 4 0 .585155 0 .967632 0 .656754 0 . 7 9 5 4 9 5 
9 2 . 6 9 0 . 9 3 9 2 1 2 0 .967936 0 . 6 9 7 2 3 1 0 .796331 
9 3 - 1 4 0 .935264 0 .963135 0 .597703 0 . 7 9 7 2 6 1 
9 3 . 5 9 0 . 5 8 5 3 1 6 0 . 5 6 3 2 9 1 0 .893172 0 .798134 
9 4 - 0 4 0 . 5 3 5 3 6 7 0 . 9 6 3'r41 0 ,896636 0 .799000 
9 4 . 4 9 0 . 9 3 9 4 1 7 0 . 9 6 3 5 6 9 0 .699095 0 .799353 
9 4 . 9 4 0 . 9 8 9 4 6 8 0 . 9 6 3 7 3 7 C.699551 0 .600709 
9 5 . 3 9 0 . 9 3 5 5 1 7 C.96S.192 . C.900CC2 C.501552 
9 5 . 8 4 0 . 5 6 5 5 6 7 0 .969027 0 .900450 0 . 6 0 2 2 3 9 
9 6 . 2 9 0 . 9 9 9 6 1 5 0 . 9 6 9 1 7 0 0.9C0893 0 .603213 
9 6 . 7 4 C. 539664 C.969312 0 .901533 0 , 3 0 4 0 4 1 
9 7 . 1 9 0 . 9 3 9 7 1 1 0 . 9 6 9 4 5 3 0 , 9 0 1 7 6 9 0 , 8 0 4 6 5 7 
9 7 . 6 4 0 . 9 5 9 7 5 9 0 .969592 C.9Q2201 0 .605666 
9 8 . 0 9 C.939306 0 , 9 6 9 7 5 0 C.902629 0 .806469 
9 8 . 5 4 0 . 9 6 9 3 5 2 0 . 5 6 9 6 6 7 0 ,903053 0 ,807265 
9 8 . 9 9 0 -939693 C.97C002 C.9C3474 0 .808054 
9 9 . 4 4 0 . 9 3 5 9 4 4 0 . 9 7 0 1 3 7 0 . 9 0 3 8 9 1 0 . 3 0 8 8 3 7 
9 9 . 8 9 0 . 9 8 9 9 8 9 0 , 9 7 0 2 7 0 0 ,904304 C'. 809614 

1 0 0 . 3 4 
1 0 0 . 7 9 

0 . 9 9 0 0 3 4 C-97C402 C.9C4V14 0 .610334 1 0 0 . 3 4 
1 0 0 . 7 9 C.99C079. 0 .97C553 0 . 9 0 5 J 2 1 0 . 6 1 1 1 4 9 
1 0 1 . 2 4 C.990123 0 . 9 7 0 6 6 3 0 .905523 0 . 8 1 1 9 0 7 
1 0 1 . 6 9 0 . 5 5 0 1 6 ? 0 . 9 7 0 7 9 1 0 ,905923 0 . 9 1 2 6 5 5 
1 0 2 . 1 4 C.990210 0 , 9 7 0 9 1 8 0 ,906319 0 .813405 
1 0 2 - 5 9 C.99C253 0 , 9 7 1 0 4 5 0 .906712 0 . 3 1 4 1 4 5 
1 0 3 . 0 4 C.99C295 0 . 9 ( 1 1 7 C 0 .907102 0 , 3 1 4 3 3 0 
1 0 3 . 4 9 0 .990336 0 ,971294 0 .907438 0 .315609 
1 0 3 . 9 4 C.990379 0 . 9 7 1 4 1 7 C.907371 0 , 6 1 6 3 3 2 
1 0 4 . 3 9 0 . 9 5 0 4 2 1 0 . 9 7 1 5 3 9 0 . 9 0 3 2 5 1 0 .917049 • 
1 0 4 . 8 4 C.990462 C.971660 0 .906623 0 . 6 1 7 7 6 1 
1 0 5 . 2 9 0 .590503 0 . 9 7 1 7 3 0 0 ,905002 0 .816467 ' 
1 0 5 - 7 4 C.990543 0 . 9 7 1 8 9 9 C.909373 0 ,319163 , 
1 0 6 . 1 9 0 . 9 9 0 5 8 3 0 . 9 7 2 0 1 7 t . 9 C 9 7 4 l 0 .319863 1 
1 0 6 . 6 4 0 . 9 9 0 6 2 3 0 . 9 7 2 1 3 4 0 .910105 0 ,920554 ! 
1 0 7 . 0 9 0 .990662 0 . 9 7 2 2 5 0 0 .510467 0 .821239 
1 0 7 . 5 4 0 .99C7C1 0 , 9 7 2 3 6 5 0 .910326 0 .821918 : 
1 0 7 . 9 9 C.99C740 0 . 9 7 2 4 7 9 0 . 9 1 i l 3 2 0 .822593 ' 
1 0 8 . 4 4 0 . 9 9 0 7 7 9 0 , 9 7 2 5 9 2 C.911536 0 .825263 
1 0 8 . 3 9 0 . 9 9 0 3 1 7 0 . 9 7 2 7 0 4 0 .9113S6 0 .823927 
1 0 9 . 3 4 0 .990355 0 . 9 7 2 8 1 6 C.912234 0 .3245E7 
1 0 9 . 7 9 C.95C852 0 . 9 7 2 9 2 6 0 . 9 1 2 5 7 9 0 . 3 2 5 2 4 1 
1 1 0 . 2 4 0 . 9 9 0 9 2 9 C.973C35 0 . 9 1 2 9 2 1 C. 325891 , 
1 1 0 . 6 9 C.950966 0 . 9 7 3 1 4 4 0 . 9 1 3 2 6 1 0 .326536 
1 1 1 . 1 4 0 . 5 9 1 0 0 3 0 .973152 0 .913593 0 . 3 2 7 1 7 7 
1 1 1 . 5 9 0 .9 '? ! 039 0 . 9 7 3 3 5 9 0 .913532 0 ,327812 
1 1 2 . 0 4 0 .991075 0 , 9 7 3 4 6 3 C.914264 0 .328443 
1 1 2 . 4 9 0 . 9 9 1 1 i l 0 .97357C 0 .914593 0 .329069 
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CRCER 

1 1 2 . 9 9 
1 1 3 . 4 9 
1 1 3 . 9 9 
1 1 4 . 4 9 
1 1 4 . 9 9 
1 1 5 . 4 9 
1 1 5 . 9 9 
1 1 6 . 4 9 
1 1 6 . 9 9 
1 1 7 . 4 9 
1 1 7 . 9 9 
1 1 8 . 4 9 
1 1 8 . 9 9 
1 1 9 . 4 9 
1 1 9 . 9 9 
1 2 0 . 4 9 
1 2 0 . 9 9 
1 2 1 . 4 9 
1 2 1 . 9 9 
1 2 2 . 4 9 
1 2 2 . 9 9 
1 2 3 . 4 9 
1 2 3 . 9 9 
1 2 4 . 4 9 
1 2 4 . 9 9 
1 2 5 . 4 9 
1 2 5 . 9 9 
1 2 6 . 4 9 
1 2 6 . 9 9 
1 2 7 . 4 9 
1 2 7 . 9 9 
1 2 8 . 4 9 
1 2 8 . 9 9 
1 2 9 . 4 9 
1 2 9 . 9 9 
1 3 0 . 4 9 
1 3 0 . 9 9 
1 3 1 . 4 9 
1 3 1 . 9 9 
1 3 2 , 4 9 
1 3 2 , 9 9 
1 3 3 . 4 9 
1 3 3 . 9 9 
1 3 4 . 4 9 
1 3 4 . 9 9 
1 3 5 . 4 9 
1 3 5 . 9 9 
1 3 6 . 4 9 
1 3 6 . 9 9 
1 3 7 . 4 9 

3 /2 

C.991150 
0 .991139 
C.=91223 
C.991266 
C.991304 
0 . 9 9 1 3 4 1 
0 .991379 
C.991416 
C.991452 
0 .991489 
C.991525 
0 . 9 9 1 5 6 1 
C.991596 
0 . 9 9 1 6 3 1 
0 . 9 9 1 6 6 6 
0 . 9 9 1 7 0 1 
C.991735 
0 . 9 9 1 7 6 9 
0 . 9 9 1 3 0 3 
0 . 9 9 1 8 3 6 
0 .991869 
0 .991902 
C.991935 
0 . 9 9 1 9 6 7 
0 . 9 9 2 0 0 0 
C .992031 
0 .992063 
C.992094 
0 . 9 9 2 1 2 5 
0 .992156 
C.992137 
0 .992217 
0 . 9 9 ^ 2 4 8 
0 .992277 
0 .992307 
0 . 9 9 2 3 3 7 

.992366 

.992395 
,992424 
.99 i ; *52 

0 . 9 9 2 4 8 1 
C.992509 
0 .992537 
0 .992565 
0 .992592 
0 .992619 
C.992647 
0 . 9 9 2 6 7 3 
C.99270C 
C.992727 

5 / 2 

0 .973636 
0 . 9 7 3 6 0 1 
C.973915 
0 .974027 
0 .974139 
0 .974250 
0 . 9 7 4 3 5 0 
0 .974469 
0 .974573 
0 .974635 
0 . 9 7 4 7 9 1 
0 . 9 7 4 8 9 7 
0 . 9 7 5 0 0 1 
0 .975105 
0 .975203 
0 . 9 7 5 3 1 0 
0 . 9 7 5 4 1 1 
0 . 9 7 5 5 1 1 
0 . 9 7 5 6 1 1 
0 . 9 7 5 7 1 0 
0 .975803 
0 .975905 
0 . 9 7 6 0 0 1 
0 . 9 7 6 0 9 7 
C.976191 
0 . 9 7 6 2 6 6 
0 . 9 7 6 3 7 9 
0 .976472 
0 .976563 
0 .976655 
0 . 9 7 6 7 4 5 
0 . 9 7 6 3 3 5 
0 . 9 7 6 9 2 4 
0 .977012 
0 . 9 7 7 1 0 0 
0 . 9 7 7 1 3 7 
0 .977274-
0 . 9 7 7 3 5 9 
0 .977444 
0 . 9 7 7 5 2 9 
0 . 9 7 7 6 1 3 
0 .977696 
0 . 9 7 7 7 7 9 
0 . 9 7 7 8 6 1 
0 .977942 
0 .978023 
0 . 9 7 6 1 0 3 
0 .978132 
0 .978262 
0 . 9 7 8 3 4 0 

9 /2 

0 .914956 
C.915516 
C . ; i 5 6 7 3 
0 .916026 
C.916377 
C.916725 
0 . 9 1 7 0 7 0 
0 ,917412 
0 .917752 
0 .913083 
0 .913422 
0 . 9 1 3 7 5 3 
0 .919032 
0 .919408 
C.919731 
C.920052 
C.92037C 
C.920635 
C.920993 
C.9213C9 
0 . 9 2 1 6 1 7 
0 .921923 
C.922226 
0 . 9 2 2 5 2 7 
C.922826 
0 .923123 
0 .922417 
C.923709 
0 .923993 
0 .924285 
0 . 9 2 4 5 7 1 
0 ,924955 
0 . 9 2 5 1 3 * 
0 . 9 2 5 * 1 5 
C.925692 
C.925967 
0 .926239 
0 .926510 
0 .926779 
0 .927046 
0 . 9 2 7 3 1 1 
0 . 9 2 7 5 7 4 
0 ,927835 
0 .926095 
0 . 9 2 3 3 5 2 
C.9266C8 
0 .926362 
0 . 9 2 9 1 1 4 
C.929364 
0 .9296 j .2 

1 3 / 2 

0 . 8 2 9 7 6 0 
0 .630445 
0 . 3 3 1 1 2 5 
0 . 6 3 1 7 9 9 
0 . 9 3 2 4 6 3 
0 . 3 5 3 1 3 1 
0 . 8 3 3 7 9 0 
C.334443 
0 . 8 3 5 0 9 1 
0 .635734 
0 .636372 
0 .S27005 
0 . 8 3 7 6 3 4 
0 . 8 5 3 2 5 7 
0 . 6 3 8 8 7 6 
0 . 8 3 9 * 9 0 
C.84CQ99 
0 . 8 4 0 7 0 4 
0.54.1505 
0 . 8 4 1 9 0 0 
0 . 0 4 2 4 9 2 

! 0 . 6 4 3 0 7 9 
0 . 8 4 3 6 6 1 
C.344259 
C.544S13 
0 . 6 4 5 3 9 3 
0 . 3 * 5 9 4 9 
0 . 3 4 6 5 1 0 
0 .347063 
0 . 3 4 7 6 2 ! 
0 . 3 4 3 1 7 1 
0 . 6 4 6 7 1 6 
0 .849253 
0 . 3 4 9 7 9 6 
0 . 8 5 0 5 3 0 
C.050S6C 
0 . 3 5 1 5 5 7 
0 . 3 5 1 9 0 9 
0.9=242 8 
0 .352944 
0.355<.56 
0 ,353964 
0 .35*469 
0 . 3 5 * 9 7 0 
0 . 8 5 5 4 6 8 
0 .355963 
0 . 6 5 = 4 5 4 
0 . 3 5 6 9 4 2 
0 . 3 57*2 7 
0 . 6 5 7 9 0 3 
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CRCE 

X 3 / 2 5 /2 9 / 2 13 / 2 

1 3 8 . 0 4 0 .992756 0 .978426 0 ,929394 0 . 8 5 8 4 3 4 
1 3 8 . 5 9 0 .992734 0 . 9 7 3 5 1 1 0 .930153 0 . 8 5 3 9 5 6 
139 .14 G.992313 0 .978555 C.930420 C.S59474 
1 3 9 . 6 9 0 .552S41 0 .978679 0 .930685 0 . 3 5 9 9 5 8 
1 4 0 . 2 4 0 .592869 0 .973762 0 .930948 0 . 8 6 0 4 9 3 
1 4 0 . 7 9 0 .592397 0 .973344 C.9312C9 0 .861005 
1 4 1 . 3 4 0 .992925 0 -978926 0 .931466 0 , 3 6 1 5 0 8 
1 4 1 , 8 9 0 .992952 0 .979007 C.5.51726 0 , 362008 
1 4 2 . 4 4 0 .992979 0 .979097 0 . 9 3 1 9 6 1 C.862504 
1 4 2 . 9 9 0 .993006 0 .979167 0 . 9 3 2 2 3 4 0 .862996 
1 4 3 . 5 4 0 .993033 0 ,979246 0 .532486 0 .863485 
1 4 4 . 0 9 C.993060 0 .979325 C.932736 0 . 3 6 3 9 7 0 
1 4 4 . 6 4 0 ,993036 0 .979403 0 .922933 0 ,864452 
1 4 5 . 1 9 0 ,993112 0 .979431 0 ,923229 0 , 8 6 4 9 3 1 
1 4 5 . 7 4 0 . 9 9 3 1 3 3 0 .979553 0 . 9 3 3 4 7 4 0 . 3 6 5 4 0 6 
1 4 6 . 2 9 0 .993164 0 .979634 0 .933716 0 , 6 6 5 3 7 5 
1 4 6 , 8 4 0 . 9 5 3 1 9 0 0 .979710 0 . 9 3 3 9 5 7 0 . 6 6 6 3 4 7 
1 4 7 . 3 9 0 . 9 9 3 2 1 5 0 .979735 0 , 9 3 4 1 9 6 0 . 8 6 6 8 1 2 
1 4 7 . 9 4 0 .993240 0 .979859 0 .934433 0 . 0 6 7 2 7 4 
148 .49 0 .993265 0 ,979934 C.934668 0 . 6 6 7 7 3 3 j 
1 4 9 . 0 4 0 .995290 0 , 980007 0 .934902 0,8631.39 ! 
1 4 9 . 5 9 0 .995315 0 ,980030 0 .935134 0 . 8 6 3 6 4 1 
1 5 0 . 1 4 0-993339 0 ,930153 0 . 9 3 5 3 6 5 0 , 3 6 9 0 9 1 

SECTION 


