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ABSTRACT

The project investigates the theory and design of varactor
diode frequency multiplier circuits. Special consideration is given
to multipliers which use series-tumed transmission;line cavities for
filtering and impedance matching and an assessment is made of the
merits of these cavities. Practical multiplier circuits are constructed
in microstripline and are tested with the objective of verifying the
analytical predictions.

The theory of the series—tuned cavity is given and its performance
is predicted by computer plots of the insertion loss when it is used
between a 50-Q source and a 50-Q load. These predicted results are
vérified on experimental series—tuned cavities in which the transmission
lines are of two types, namely, coaxial lines and microstriplines, and
the predictions are used in due course in the design of the multiplier
circuits.

A new method of amnalysis for frequency multiplier circuits is
introduced in which the device equation is written in terms of a
Chebyshev expansion. The coefficients of the terms in the device
equation are then given by the results of a spectrum test on the
device and this has the considerable advantage that the device law
will include the effects of parasitics caused by the test circuit
which will be similar to those which occur when the device is used
in a multiplier circuit. The method can be used to analyse both
shunt mode and series mode multipliers and is used here on three
particular circuits: the shunt-diode doubler, the shunt—diode
tripler and the shunt-diodeitripler with idler. Expressions are
obtained for the power delivered to the load resistance and the

input and output capacitances of the diode.



The main achievement of the analysis is that it produces a method
for finding the conditions for matching a non-linear reactive diode
to a source and a load so that the harmonic power delivered to the
load at the required output frequency can be maximised. Measurements
on practical shunt-diode doublers using microstrip technology are
reported and they indicate that the predictions given by the analysis
of doubler circuit operation are of the correct order. The foundations
for the design of microstrip series—tuned cavity multipliers have been
laid and further investigations, especially with regard to multipliers

with idlers, would be of value.
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Introduction

The investigation of the theory and the design of diode frequency-
multiplier circuits were the main objectives of this project. Such
circuits have been developed over many years because they provided
stable sources at VHF, UHF, and microwave frequencies when driven by
crystal-controlled oscillators in the 10 Mdz to 100 Mz range. As a
particular example there is a need for a stable 12-GHz microwave source
which can be used as the local oscillator of an 11-GHz receiver. At
the present time 11-GHz receivers are required for the reception of
television signals from satellites and a receiver having a local
oscillator driven from a crystal-controlled source would have
advantages in terms of cost and performance over alternative systems.
In the last five years there have been developments with crystal
oscillators which utilize surface acoustic waves (SAW) at frequencies
around 1 GHz and it is possible that one of these circuits could be
used in the proposed 12-GHz source. A multiplier chain of two doublers
and a tripler, for example, would then be required to multiply from
1 GHz up to 12 GHz.

Basically, multiplier circuits consist of a non—-linear element
which is energised at a particular frequency. As a result, harmonics
of the input fundamental frequency are generated in the non-linear
element and a particular component of the spectrum is then selected
by a fiiter and delivered to the load. In order to obtain highly
efficient multiplier circuits variable reactance diodes are normally
used as the non—linear elements. Although transistor frequency
multipliers are presently used extensively, especially in the UHF
range, they will not be investigated here. A very important part of

the multiplier circuit is the microwave filter necessary for extraction



of the required harmonic and the type selected for use in this project
is the series—tuned transmission-~line cavity. The analysis of this
type of filter is dealt with in Chapter 2 and its performance is
predicted by a number of computer—plotted graphs. The design and
testing of practical series—tuned cavities is reported in Chapter 3
which also gives the comparison of the advantages of the two types

of transmission line which were used, namely, the coaxial line and

the microstrip line, )

The analysis of frequency multipliers is usually based on the
characteristic of the non—linear diode. The new approach presented
here is to write the diode equation in terms of the harmonic spectrum
generated within it under specified test conditions. This has the
considerable advantage that the device law will then include the
effects of parasitics which will be reflected in the harmonic spectrum.
When the diode is embedded in a multiplier circuit it is to be ensured
that the parasitic elements will be very similar to those in the test
circuit. This method of analysis is developed in Chapter 4 and it
is used to predict the performance of several multiplier circuits
with the results as reported in Chapters 4 and 5.

It was initially thought that the coaxial cavity would be used in
the construction of most of the multiplier circuits because it was
easily-tuned by mechanical means. However, the fact that microstrip line
multipliers could be produced much more easily, quickly and cheaply led
to this type of circuit being used almost exclusively in the development
of the practical multipliers. Microstrip lines are, of course, presently
being used widely in commercial microwave integrated circuits for the
same reasons. The problem of tuning the microstrip line cavity was
satisfactorily solved as reported in Chapter 6 which givés details of

the design and testing of the practical multiplier circuits.
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In conclusion the objectives may be summarized as follows:

(a) the analysis of the operation of the series—tuned cavity so
that its performance as a filter may be predicted,

(b) the design, construction and testing of practical series-
tuned cavities to verify the predicted performance and to
prepare for the use of these cavities in multiplier circuits,

(¢) the analysis of diode multiplier circuits where the device
characteristic is written in terms of the harmonic spectrum
generated by the diode under specified test conditions. The
input and output impedances of the non-linear circuit are to
be investigated to find the conditions for maximum power

transfer,
and

(d) the design, construction and testing of practical diode multiplier
circuits using series—tuned cavities as input and output filters.
The circuits will be tested to verify the results predicted by

the theoretical analysis.
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1.2 Historical Review

In the early nineteen fifties the semiconductor diode began to
be used as a voltage—controlled capacitor in applications such as
the automatic control of the resonant frequency of tuned circuits.

As semiconductor technology improved a special type of diode was
developed for this purpose and was given the name '‘varactor diode”
which is a contraction of the words "variable" and "reactor". The
varactor diode soon found many other applications in the microwave
frequency range, for example, in parametric amplifiers, frequency
converters, mixers, modulators, and frequency multipliers.

Interest in the use of the varactor as a frequency multiplier
was stimulated by a paper by MANLEY and ROWE (Referemce 20, 1956)
which led to the prediction that a varactor with negligible parasitic
resistance should be 1007 efficient as a frequency multiplier. The
performance of a varactor is degraded by a parasitic series resistance
which was first investigated by UHLIR (Reference 41, 1958) who suggested
a simple equivalent circuit consisting of a resistance in series with a
non-linear capacitance. In another important paper PAGE (Reference 23,
1958) showed that the maximum efficiency obtainable when generating the
nth harmonic in a non—linear resistance cannot exceed l/nz.

Towards\the end of the nineteen fifties varactor diode frequency
multipliers were being extensively investigated and many circuit
analyses have been presented since that time. A major contribution
was contained in the book by PENFIELD and RAFUSE (Reference 29, 1962)
who gave computed results for multipliers using abrupt-junction varactors
with and without idlers. Their analyses assumed that the varactor was
not over-driven, i.e. not driven into forward conduction. A similar

treatment is given by LEESON and WEINREB (Reference 18, 1959) who
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analysed frequency multiplier circuits for small signals by using a
Taylor Series expansion about the operating point for the non-linear
Q-V relationship. They extended the analysis to apply to large
signals as the harmonics generated are of small amplitude relative
to the fundamental drive. In 1965 SCANLAN and LAYBOURN (References
33, 34) analysed varactor multipliers with and without idlers and
one of fheir conclusions was that a cascade of two doublers would be
more efficient than a single times—four multiplier with idler. This
result applied before it was realised that over-driving the varactor
could produce higher output powers at higher efficiencies and for
higher orders of multiplication.
A further development was the invention of the step-recovery
diode which can conduct a large reverse current for a brief time
immediately followiﬁg forward conduction. The reverse current then
ceases abruptly and the result is that considerable power can be
generated at the harmonics of the input current frequency. The step—
recovery diode has a doping profile which is not abrupt at the junction
and some diodes of this type are known as ''graded—jumction varactors'.
The extension of multiplier circuit analyses to cover the cases
of graded-junction varactors and step-recovery diodes in circuits where
the diodes were driven into the conducting state started with BURCKHARDT
(Reference 04, 1965) with a complete numerical solution for a variety of
circuits. A publication by SCANLAN and LAYBOURN (Reference 35, 1967)
concluded that operation in the over—-driven mode, especially when using
the characteristic attributed to a step-recovery diode resulted in a
much higher efficiency which is defined as the ratio of output power

to power available from the source.
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HAMILTON and HALL (Reference 09, 1967) published the first
complete account of the operation of multipliers using step—
recovery diodes (SRD) switching between forward conduction and the
reverse~bias condition. The circuits used at that time were mainly
of the coaxial cavity and waveguide cavity type but since then strip-
line and microstrip filters have been increasingly used in multiplier
circuits. The analysis of the SRD multiplier uses the equivalent
circuit of KOTZEBUE (Reference 14, 1965) which is based upon the
physical theory of the operation of the SRD given by MOLL, KRAKAUER
and SHEN (Reference 24, 1962). An alternative approach by GARDINER
and WAGIEALLA (Reference 08, 1973) represented the step recovery
effect as a charge-controlled switch which allowed the device to be
represented as a time—varying element thus permitting the application
of linear circuit theory.

The design of step—recovery multipliers using coaxial cavities
has been given in various application notes (References 10, 26). A
multiplier using microstrip output filters is described by ACCATINO
and ANGELUCCI (Reference'Ol, 1979) with an output power of about 20 dBm
at a frequency of 12.948 GHz. It is expected that output powers of
this order will be obtained from the circuits investigated in this
project.

Recently avalanche diodes have been investigated in frequency
multiplication circuits and high order multiplication has been achieved.
Multiplication from 1 GHz to 35 GHz with an output power of 250 mW and
conversion loss of 13 dB has been claimed by ROLLAND et al (Reference
31, 1973) using silicon avalanche diodes, and GaAs diodes were used by
KRAMER et al (Reference 15, 1976) to achieve an output of 100 mW at

32 GHz from an input of 400 mW at 4 GHz. These circuits take power
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from a d.c. bias supply buz in some applications may weil supersede
other multiplier circudts.

A recent commercially-manufactured sweep oscillator uses two
dval-gate field-effect transistors in a doubler circuit to give
+ 10 dBm at 26 GHz (Reference 11, 1982). This'circuit, in common
with most contemporary multipliers, uses microstripline technology.

There is a large amount of techmnical literature on the subject
of resonant cavities as microwave circuit elements, one of the early
contributions being by MONTGOMERY, RICKIE and PURCELL (Reference 25,
1948). Many of the transmission—line resonant filters which have
been described have been with parallel coupling, for example, CRISTAL
(Reference 05, 1964) described interdigital and comb—line filters which
used coupled circular cylindrical rods, and MATTHAET had described
similar filters (References 21, 22, 1962). The series—tuned coaxial
cavity has been used in experimental mixer circuits by EMMETT
(Reference 06, 1974) and in frequency multiplier circuits by SAUL
(Reference 32, 1974) and KULESZA (Reference 17, 1967) who obtained
excellent results with capacitive transformers as matching circuits.

From about 1960 onwards the stripline (or tri-plate) type of
transmission line began to be the subject of research and development
in microwave filters and numerous publications appeared such as the
book by MATTHAEI, YOUNG & JONES (Reference 23, 1964). The stripline
is a balanced transmission line with a single strip conductor parallel
to and mid-way between two parallel conducting planes which are the
return path. All three conductors.are separated by an insulating
dielectric. If one of the conducting planes is removed the structure
remaining is a copper strip separated from a ground plane by a thin

dielectric plate and this unbalanced line is called a microstrip line.
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The characteristic impedance and wavelength of signals in microstrip
is a function of the geometry and various papers have derived formulae
for the parameters (references 13, 36, 37, 38, 42).

The unbalanced nature of microstrip means that the travelling
waves exist in the dielectric substrate and in the air above the
strip conductor and it 1s convenient to introduce the concept of
an effective dielectric constant which can be used in the formulae
for characteristic impedance and wavelength. Very important
contributions on this subject were made by WHEELER (Reference 42, 1965)
and SCHNETDER (Reference 36, 1969). Useful data on the mitreing of
corners on microstrip lines to prevent reflectionsand attenuation
is given by KELIEY et al (Reference 12, 1968). The series capacitance
of a gap in a microstrip line has been investigated and reported by
BENEDEK and SILVESTER (Reference 03, 1972) who also calculated the
shuint capacitance at a step in the line. The latter occurs in the
quarter—wavelength trénsformer configuration which is used for
impedance matching in the circuits described in Chapter 6. Details
of band-pass microstrip line filters are given by FLEMING (Reference
07, 1977) although no references have been found for the series-tuned
microstripline cavities used dn this project.

Finally, an important aspect of multiplier operation is the effect
of the embedding of the non—linear device in a microwave circuit.
Early analyses of frequency multipliers often ignored this effect
and started from the mathematical law,

]

= - =Y
¢, =c¢c, A-V_J/$ (1.1



1n

where Ci is the incremental capacitance of the varactor junction when
Va is the voltage applied across it. The other quantities in equation
(1.1) are the contact potential ¢, the constant y which depends upon
the doping profile and a constant COv whickh 1s the capacitance when
zero voltage is applied across the junction. KULESZA (Reference 16,
1966)_for example, computed the efficiencies of multipliers using
varactors having various values of y and showed that for y = | the
second harmonic is the highest harmonic present. This conclusion,
however, might be modified by the effect of parasitics upon the
device law. The analysis used in this project (Chapters 4 and 5)
employs a characteristic for the device which includes the effects

of the parasitics present when the diode is embedded in a typical

circuit. This method was suggested by ARMSTRONG (Reference 02,

1983) and is applied to several multiplier circuits in this report.
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2.1 Introduction

The series—tuned cavity is defined here as'a length of short-
circuited transmission line connected to a tuning capacitor to form
a series resonant circuit. The transmission line iIs of length just
less than a quérter wavelength so that its input impedance is an
inductive reactance. It is normally required that the selectivity
of the circuit should remain at a ﬁigh value under load conditionms.
Power can be extracted from the cavity via a coupling loop, a
capacitor probe or a probe which is directly coupled to the conductors

as shown in the schematic diagrams of Figures 2.1, 2.2 and 2.3,

A

—
=
Cs & =« DP = -3

R | &

s A
Es . Transmission Line v\\

A Short
g e - === DC K% === = = =-3 circuit

4

Figure 2.1 ]
Mutual Inductive Coupling

R
CS 4--Di/>

R )70 L
s Al
£ Transmission Line ® Short
] T ~% circuit
R
4

Figure 2.2
™ .
Capacitive Couplling
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Figure 2.3
Direct Coupling

Two types of transmission line which are particularly useful in
UHF and microwave circuits, namely the coaxial line and the microstrip
line, will be used as cavities operating in the series—tumed mode.
They will be required for use as filters and matching networks in the
frequency multiplier circuits investigated in Chapter 6.

The analysis and predicted performance for the series—tuned cavity
are presented in this chapter and practical results for some examples

of coaxial and microstrip cavities are given in Chapter 3.



2.2 Analysis of the series—tuned cavity

In the first instance the transmission line is assumed to be
lossless in order to simplify the analysis. Furthermore, the
simplest type of coupling is used, namely, direct coupling and the
primary objective is to obtain the variation of the frequency plot
of the available power gain as various parameters of the cavity
are changed. The parameters of importance are the length of the
cavity DC, the position of the probe DP, the value of the tuning
capacitance CS and the characteristic impedance Zo° The parameters
of the circuit are the source resistance Rs and the load resistance
Ry |

A normalised frequency variable f 1is used so that the results
may be generalised to design a cavity for any required frequency.
The symbols employed are defined as the analysis is developed
although a full list is also given in Appendix 2(i).

The input impedance Zin of a length DC of a transmission line
terminated in an impedance ZT ohms is given by

Z, + jz_ tan 8 (DC)

7. =2z =%
in o Zo + jZT tan B8 (DC)

2.1)

where 8 is the phase change constant per metre length of the transmission
line which has zero attenuation per unit length.

When the transmission line is terminated in a short circuit the
input impedance is reactive given by
Z = jZo tan 8 (DC) (2.2)

sC

The electrical length of the cavity measured in radians of phase change

8 = 8 (DC) (2.3)
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and B can be written in terms of the inductance and capacitance per Wit

length of line, L_ and C_ as
m m

g = 2vf /Lm Cm (2.4)

or for am air—dielectric line as

2
B = =%5 (2.5)

where ¢ is the velocity of light in airx.
The frequency at which the cavity is a quarter wavelength long will

be called £ and hence
cav

4 (DC) = fc = (2.6)
' A cavy
e =7
- Be - £
cav cav

If the frequency f is normalised by dividing by fcav then

7

i
8 = 5’f (2.8)
where
°
£ = ff £€2.9)
cav

The series resonant frequency of the unloaded cavity (i.e. RL = o)

will be less than fcav’ denoted as fo and given by the relation

f
1 - T "o
_ZW..ZO tan'z'—f__ (2.10)
o SN cav

The unloaded series resonant frequency fo may also be normalised

and expressed as,

£ =2 .11)
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At the frequency fo the value of 8 cam be called eo where

8 == (2.12)

The cavity parameter DC and the tuning capacitance CSN are
included in the expressions for the variables 6 and eo respectively
(see equations (2.6, (2.7), (2.10) and (2.12)) and the position of

the probe DP in the angle ¢ given by

¢ = B (DP) .—_;Z;Lg#:l. (2.13)
The source resistance Rs will inieially be assumed to equal Zo and
the load impedance ZL will be normalised as
Z
A (2.14)
L Z
0 : .
?
The input impedance of the loaded cavity at the terminals 1, 1
as shown in Figure 2.4 is Zi]p’ and using equations (2.1), (2.2),
(2.3), (2.13) and (2.14) this can be expressed as
/ ‘
{- tan (8-¢) tan ¢} + j Z_{tan (6-¢) + tan ¢}
= (2.15)

Z:’L/p'zo , ZL’{l-tan¢tan (6=0)} + j tamn ¢

=3
/2]
—_—
%s
N
-

Figure 2.4
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When the Input capacitor Cs is included, the total input impedance

ZIN is given by

Z =7 L

RSV T XS (2.16)

or
Z =R, %, = § s (2.17)
IN i/p i/p 2r f C,

These resistances, reactances and impedances can be normalised by

dividing by Zo so that

¢ ?

Zyy SRi/p + i X, ' 1 ) (2.18)

e ~TomFe
o s
The real and imaginary parts of equation (2.15) are plotted against fv
in Figures 2.9, 2.19 and the modulus of Zi/pv is shown in Figure 2.8.
The quantity méasured during swept—frequency tests is the output

voltage V. and this is normally calibrated against the signal generator

L
output into 50, making the ratio VL to Es/2 a useful quantity to
compute. The load power PL and the maximum power available from the
source PA are related to the available power gain G by the following
equations
P
G_.,.P_E (2.19)
A
P, = 'Vle (2.20)
T ~
lz, z,|
Es2
PA = zz;» where R.S = Zo (2.21)
)
If ZE:‘is real chen,
' (z! z_P)
L L o L
= =z G (2.22)
Essz W (%6 Ba) L
, v

L “s/2
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The insertion loss L is the decrease in load power caused by connecting

the 2-port network between the signal source and the load and is thus

P
L =10 loglo-Fé
L
or
V4 V,]1’..

Expressions for PL and PA may be easily obtained using equation (2.17)
when the cavity losses are assumed to be zero. Alternatively the
load power may be deduced using the Thevenin Equivalent circuit for

the cavity as shown in Figure 2.5, leading to

v v voc _ 3 cos (8-¢) {tan 6 — tan (6-4)} - (2.25)

oc E_ - 6 - 1 }

8 1+ 3 1tan SREC 7

s 7o
. ' Zo/p ) tan ¢ {Xc - tan (6-¢)} + j tan ¢ (2.26)
ofp Z Re + j Im :
vhere Re = 1 - tan ¢ tan (6 ~ ) (2.26a)
- _ _ {tan ¢ tan (8-¢) - 1}
and Im = tan ¢.+ tan (6-¢) + T Cs zo (2.26b)
YA

= ¢
o/p Zo/p o 2o
—
\\\ Cavity
= ]
(i:) ?VOC VOC oEs Output ] RL

Terminals

Figure 2.5
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An expression for P is

L ; ; . 5 (2.27)
¢ v
Zo -+ Ri/p )T+ (Zo Xi/p T f Cs ¥

Some of the equations developed in this section are plotted in section 2.3.



2.3

2.3.1

27)

Theoretical Results for Series—Tumed Cavity

The equations (2.15) to (2.27) can be used to plot the variation
of G, L, ZVL/Es and ZIND with normalised frequency f' for various
L )
values of Zts A and Go° Graphs of some of these quantities are shown

in Figures 2.6 to 2.13. A is che ratio of the distance of the probe

from the short circuit to the length of the cavity,

Variation of cavity lemgth

With reference to Figure 2.6 it can be seen that two series resonant
frequencies occur, one just Below the quarter wavelength and the other
just below the three-quarter wavelength frequency where the cavity is
again inductive. The available power gain G and insertion loss L curves
in Figures 2.6 and 2.7 respectively, show that the length of the cavity
must not be too near a quarter wavelengtﬁ.(Go = g&, in fact, zero
insertion loss occurs when 6°¢= 81°. This happens when the input
impedance Zi/p is 500 resistive in series with an inductive reactance
which can then be resonated with the tumning capacitor Cs'

The matching of the input impedance of the loaded cavity to the
source can easily be obtained from the graphs in Figures 2.9 and 2.10.
The frequency at which Ri/pv = 1 is noted and the value of Xi/pv at
this frequency is resonated by adjusting Cs° This occurs at 66 = 81°
and there are no other values of Go which give this maximum power transfer.

The "selectivitf"of the cavity may be measured from the graphs of
output voltage versus frequency which are given in Chapter 3 where
practical and theoretical graphs are compared. A "Q-factor' of about

o

20 is obtained for the first resonance when Z:==1, A = 0.1, and 80 = 81",
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Variation of probe position

The position of the probe or load coupling is given by the constant
A which is usually of the ovder of 0.1. As the probe is moved towards
the input end of the cavity the resonant peaks tend to broaden as shown
in Figure 2.13. The value of G for the first resomance when A = 0.2
(see Figure 2.13) could be adjusted to the matched condition of wmity if
a different value of 60 were used. This could be obtained by plotting
curves of Ri/pv and Xi/p? (similar to Figures 2.9 and 2.10), for various
values of Bo for A = 0.2,

Further investigations show that the response for A = 0.57, for
example, can be changed by making 60 = 88° so that the first resonance
disappears and the second resonance becomes more selective. This can

be seen from the practical result shown in Figure 3, in Chapter 3.

Design procedure

Since the load impedance ZL will normally be specified, ZZ:is known.
Graphs of Ri/pv and Xi/pv can then be plotted using particular wvalues of
A (for example 0.1 apd 0.2) for various values of 90. Thig enables 80
to be determined wﬁicé.produces zero attenuation at the first resonance,
and the graphs of G and L can then be plotted. A suitable pair of values
of eo and A can then be chosen to give the required selectivity. The
normalised resonant frequency is obtained from the graph of L (in

Figure 2.7) which gives fsv of 0.8.

Then £ may be found from
cav

0 (2.28)

and hence the required length of cavity DC may be determined from equation

(2.6), i.e.
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The value of 80 is known and can be used to find the required C - which

3

tunes the unloaded cavity. If equations (2.10) and (2.12) are combined

the following expression for the capacitance may be obtained,

~ 1
Con ° 7T Z 6 tan O (2.29)
cav o 0 o

Values of C.,. for any £ s Z_ =500 and certain values of 8 are shown
SN cav o o]
in Figures2.14 and 2.15. The actuval value of Cs required when the cavity

is loaded will be different from CSN and will be needed to resonate with

. . . . .
Xi]p , and therefore it will be slightly greater than CSN°
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2.4 The Coaxial Series=Tumed Cavity

A coaxial series-tuned cavity with direct=coupled load is illustrated

in Figure 2.16.

50Q Output Connector

~ Short Circuited End
=

Brass Tube
Quter Conductor

Brass Rod -
Inner Conductor

~ Series
Capacitance

Figure 2.16

The dominant mode in coaxial transmission lines is the transverse
electromagnetic (TEM) with the electric and magnetic field components
always at right angles to each other and to the direction of propagatiom.
Different modes o;cur when the frequency is high enough such that the
wavelengt? becomes equal to the mean circumference of the coaxial

system. Formulae for the parameters with TEM propagation on the

coaxial line are well-known and are summarised below so that they may

be used in design calculations. A schematic diagram is shown in Figure 2.17.
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The inductance per metre

where 2b

2a

"

Figure 2.17
Schematic Diagram of Coaxzial Cavity

is the diameter
is the diameter

is the relative
conductors

and the capacitance per metre are

H U

g Lon (E) henrys per metre (2.30)
™ a

27 €5,

—5 farads per metre 2.31)
£n C;)

of the outer conductor
of the inner conductor

permeability of the material between the two

is the permeability of free space, and

is the natural logarithm

is the relative
conductors, and

permittivity of the material between the two

is the permittivity of free space.
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The characteristic impedance of any transmission line is

- /Rm+ jwLm
Z0 E;;_faaﬁ €2.32)

where R = series resistance of line per metre

G_= shunt capacitance of line per metre

™
Lm = inductance of line per metre
Cm = capacitance of line per metre

If R and Ggare negligibly small then for a coaxial line,

from which

|-

In clg), _ (2.33)

T

Q
(3]

and when u_ = 1 and €. = 1 as for the air-dielectric linme,

N
n

60 1n (%) (2.34)

N
1

or 138 log (%) (2.35)

vhere log 1s the logarithm to the base 10.

The wavelength A for a signal of frequency f is given by equation
(2.36)

C

A= (2.36)

f urer

where c is the velocity of electromagnetic waves in free space.

The variation of characteristic impedance with b and a is given
by equation (2.35) which is shown as a graph in Figure 2.18. This
shows that it is difficult to make a coaxial line with a value of Z0
much less than 20Q as the ratio b/a becomes less than 1.4. A lower
characteristic impedance can be produced by using a dielectric other
than air but this will increase dielectric losses which are generally

more significant than conductor losses at microwave frequencies.
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1

The attenuation per metre of an air—dielectric coaxial line can
o . b .
be shown to be a minimum for Z-of 3.6 which corresponds to a

characteristic impedance of 77 chms. However, the attenuation does

3
a

corresponds to the range of characteristic impedance 40 to 136 ohms.

not increase by more than 207 within the range 2 ¢ ¢ 9.5 which

The graph of attenuation against %—is shown in Figure 2.19.

140 7
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Figure 2.18 2  versus b/a for a coaxial line
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The microstrip series—tuned cavity

The microstrip transmission line has been the subject of extensive
research and development in recent years because of its suitability for
use in microwave integrated circuits. A microstrip circuit is normally
produced using the techniques developed for printed—circuit board
production, however, more accuracy is required with the conductor
patterns. The reproducibility of the photolithographic process, the
ease of production and the small size give the microstrip considerable
advantages over the alternative waveguide and coaxial systems.

A microstrip transmission line is shown in Figure 2.20 and can
be seen to consist of three parts: (i) a substrate which is initially
fully clad with copper on both sides (ii) a ground plame of copper
on one side of the substrate and (iii) a conductor pattern of strips

of copper on the opposite side.

strip conductor

t
substrate e = ‘é{/////////
NG _
= ) T
h
_ i

7

Ground plane

Figure 2.20
Cross-section of microstrip transmission line
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The conducting strip Is surrounded by two different materials,
air and substrate, the latter consisting of any of the following:
p.t.f.e.~impregnated glass fibre, alumina, saphire or ferrite. Due
to this lack of symmetry the propagation along the transmission line
is not exactly TEM and exact computation of the velocity of propagation
and characteristic impedance are difficult. An effective relative
permittivity €.

£f has a value between the values of relative permittivity

for air and the substrate. A useful formula for Caff is given by

SCHNEIDER (reference 36) which shows that it depends upon the ratio

w/h as well as the relative permittivity of the substrate, i.e.

e_ -1 -4
_ by 10 W
€. = +_2u’n.—\$;- forﬁ-?;Z (2.37)

(er + 0.5) 1

where C = 0.468 Q%)

and €_ is the relative permittivity of the substrate
h is the thickness of the substrate
w is the width of the transmission line

t is the thickness of the transmission line

The characteristic impedance of the microstrip is

Zo = (—)—{ (2.39)

Ceff

where ZOA is the characteristic impedance of a microstrip with a

substrate having a relative permittivity €. of 1, and €off is the

effective relative permittivity given by equations‘(2.37) and (2.38).
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ZOA may be calculated from
_ 8h , w W
ZOA = 60 1In g;— + ZEQ for E-s 1 (2.40)
or
z. = 120m for = 3 1 (2.41)
04 & b h6 O
1_—1"" 2.42 ‘30044\;‘5’ ('l—;I_)

The wavelength of a signal of frequency f in the microstrip is

A
0

>\m = g__.=_r2 (2.42)
(eegs)

where xo is the wavelength in a microstrip with a-substrate having a

relative permittivity é% of 1. Xo is also the free-space wavelength

and for a signal of frequency f is

8
y o 3.10

o 7 metres (2.43)

The attenuation in the microstrip transmission line is due to
conductor loss and dielectric loss, which are both dependent upon the
characteristic impedance and frequency. An example of the typical
parameters for a 50 microstrip on a fibre—glass substrate is given

in Table 2.1 below.
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Substrate : epoxy fibre glass
h : 1.626 mm
W : 2.72 mm

t : 0.12 mm

€ : 5
T
Dielectric loss tangent, tan 8 : 0.025
f : 895 MHz
A : 0.335 mm
o
€ ff : 3.69
AG : 0.175 m

Zo : 500 (ZOA : 96Q)

conductor loss : 0.3 dB/m

dielectric loss :  3.56 dB/m

Table 2.1
50-Q microstrip on fibre-glass substrate

The variation of characteristic impedance with the width of
conductor strip for the example given in table 2.1 is shown in Figure 2.21.
The microstrip transmission line can be used as a series—-timed cavity
if a discrete variable capacitor or a fixed-value chip capacitor is used

as the tuning capacitor as shown in Figure 2.22.
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Epoxy Fibreglass Substrate

=5
r

€
h = 1.626 mm

1 2 3 4 5
Width of Microstrip, w (mm)

Figure 2.21

Screw through to
ground plane

Tuning capacitor
connected across
this gap

output 50
connector
attached
here

Ground plane

Input 50
connector
attached
here

Substrate

Microstrip series—tuned cavity

Figure 2,22
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Conclusica

The theoretical results shown graphically in Figures 2.6 to 2.13
show that the selectivity of the cavity when feeding a 50-Q resistive
load is a maximum when the probe is positioned near the short-circuited
end. The Q=factor of 20 observed for the case when A = 0.1, Zi =1
and 60 = 81° is obtained with an effective series resistance of 100Q.
The unloaded Q of the cavity might be of the order of 20,000, or
greater, but the cavity is 1o;ded by the source resistance and load
resistance each of which is 500 in the case coansidered. Higher values
of loaded Q-=-factor can be obtained but at the expense of an increasing
insertion loss due to mismatch.

A design procedure is given in section 2.3.3 so that the required
cavity length, tapping point and series capacitance may be calculated

v ?

for any case. Graphs of Ri/p and Xi/p are useful in choosing suitable

values of eo and A. There may be cases when Z_ is not equal to Zo and

L
the cavity may then be used to provide impedance match at the required
frequency.

Experimental results on two practical cavities are given in

Chapter 3 and these show very little deviation from the theoretical

results obtained in this chapter.
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Introduction

The theoretical results predicted in Chapter 2 apply to resonant
cavities constructed with any type of transmission line. Coaxial
transmission lines have been used for many years and have the important
advantage, when compared with microstriplines, that the electromagnetic
field is enclosed. A practical coaxial cavity was therefore designed
and tested and the details are given in section 3.2.

Coaxial technology is now being replaced in many microwave
applications by a planar technology because the latter produces smaller
and more easily manufactured circuits. The resulting transmission
lines are either striplines or microstrips as described in sectiom 2.5.
Three microstrip cavities were designed, produced and tested with
results presented in section 3.3.

The coaxial cavity was called "cavity Cl" and the microstrip

cavities were given the titles "cavity M1", "cavity M2" and "cavity M4"
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A Practical Coaxial Cavity

Design details

The cavity Cl was designed to have a characteristic impedance of
50Q and a first resonance at 192 Miz. A 50-Q G.R. connector was used
at the input and an adjustable air—gap in the centre conductor of the
coaxial transmission line provided the required tuning capacitance Cs°
The mechanical design of the mainly-brass cavity is illustrated in
Figures 3.1, 3.2 and 3.3.

Dimensions of the cavity

Consider a value of 60 of 810, then from equation (2.12),

£ =90 x 22MZ _ 515 3 vy, (3.1)

cav 810

The cavity length DC may then be found from equation (2.6) as,

¢ _ 3.108

= = 35,1 cm (3.2)
cav 4 213.3 10

DC =

4f 6

Equation (2.35) can be used to determine the required ratio of B
to A (see Figure 3.1). The values used for B and A were those of the

50-Q commector, namely,

7 mm (3.3)

i
[}

b
il

16 mm (3.4)

The value of input capacitance required to resonate the unloaded

cavity can be calculated from equation (2.10) as,

1 1
C.. = = =26 pF (3.5)
SN 2mf Z tan 8 5 192 10° 50 tan (81%) '
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The parallel plate capacitor was produced with annular plates and the

plate area Ac is given by the value in expression (3.6)

2 2
A, = % {(7,1o°3) - (3.5 10 3) } = 28.9 10 6 o2 (3.6)

It is useful to know the distance between the plates, dc, when the

parallel-plate capacitor has capacitance CSN given by equation (3.53),

Ac -6 -12
dc - cc o _ 28.9 10 §i§56 10 = 0.098 mm (3.7)
SN 2.6 10

This value of dc is very small and it suggests that a very fine thread

adjustment is required on part H of the cavity showm on Figure 3.3.

Tests on cavity Cl

Swept frequency tests were carried out on the cavity with a probe
consisting of the stiff inner conductor of a 50-Q coaxial cable. The
probe is shown on the photograph in Figure 3.4. The load resistor was
the 50-Q diode detector used with the sweep oscillator. Graphs of

ZVE/ES versus frequency were plotted using an X-Y plotter.

Test 2A: The position of the probe was such that DP was 3.5 cm
and thus it was one tenth of the length of the cavity. The
practical results were plotted on the same axes as theoretical
results from computer plots of the equations developed in

Chapter 2, see Figures 3.5 and 3.6.

Test 2B: Variation of the tuning capacitor Cs produced responses
as shown in Figure 3.7, the corresponding theoretical results being

shown in Figure 3.8.
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Test 2C: This test was conducted with DP of 20 cm so that
A = 0.57 for which the theoretical results are plotted in

Figure 2.13. The practical results are shown in Figure 3.9.

Test 2D: If the value of ¢, is décreased to 0.5 pF the “third
harmonic resonance” becomes sharper as the practical results of
Figure 3.10 indicate. However, it should be noted that the

available power gain G at this resonance is approximately 0.16.

3.2.3 Conclusion
The correlation between practical and theoretical results is very
good as displayed im Figures 3.5 and 3.6. At the resonance the voltage
response‘is about 107 below the theoretical voltage response; the
practical response is thus less than 1dB below the theoretical. This
difference is probably due to the losses in the cavity.
The construction of the cavity requires careful design of the input

capacitance and of the probe comnection.
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A Practical Microstrip Cavity

Design details

A microstrip test board with layout as shown in Figure 3.11 was
produced to obtain practical results which could be compared with the
theoretical results of Chapter 2. The‘board consisted of a fibreglass
substrate with conductor strips of width 2.7 mm, previous tests having
shown that these transmission lines have characteristic impedance of
50Q and effective relative permittivity of 3.17.

In fact three cavities, numbered M1, M2 and M4, were included on
the board with dimensions and data as given in Table 3,1, The short
circuits were produced using brass screws through the substrates to make

the contact between the baseplate and the strip.

Cavity Ml Cavity M2 Cavity Mb
Input terminal 1A 2A 4A
Output terminal 18 3B 5B
Physical Length {(DC) 155 mm 73 mm 73 mm
Predicted £ ., 272 MHz 577 MHz 577 Mz
(assuming €off = 3.17)
A =3t 0.1 0.1 0.1

TABLE 3.1
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3.3.2 Tests on cavities M2 and M4

Test 3A: Cavity M2 was fed through a variable capacitor connected
to input terminal 2A as shown in Figure 3.12., The output coupling
was a copper wire soldered between the cavity and the microstrip
connected to output terminal 3B. The value of CS was the minimum
obtainable on the variable capacitor used and was measured as 3 pF.

The swept frequency response is shown in Figure 3,13.

Test 3B: The above test was repeated on cavity M4 to investigate
the effect of the type of probe comnection (cavity M4 has a 50-Q
microstrip probe). The response is shown in Figure 3.14 which shows
that the resonant peaks are at the same frequencies as for cavity
M2 but the high—frequency transmission of the system is better for

cavity M4,

Test 3C: The value of the capacitor Cs was changed to 5 pF to obtain
a different response and the procedure of test 3A was repeated.
The response has the first resonance at 430 MHz and is shown in

Figure 3.15.

Test 3D: Cavity M2 was fed via Cs but the output was taken from a
position which was 0.2 of the cavity length from the short—circuited
end. The output was taken via a copper wire link to the 50-Q
microstrip connected to point 4B. The value of CS was adjusted

to give a maximum height first resonance and the response was as

shown in Figure 3,16 with the resonance at 460 MHz,
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Tests on cavizy Ml

Test 3E: Cavity Ml was fed via a variable capacitor Cs connected

at input 1A and the output was connected to 1B via a direct copper
wire link to a point 0.1 times the cavity length from the s/c end
of the cavity. It was found that the maxzimum value of CS gave a
low amplitude resonance at 202 MHz and the minimum value of CS also
gave a small first resonance but at 255 MHz. The response for
minimum Cs is given in Figure 3.17. The value of 6, was estimated

to be 84°.

Test 3F: This was similar to the previous test but with .
adjusted to give a maximum amplitude first resonance, see Figure

3.18. The value of 60 for this was estimated to be 78°o

3.3.4 Sumary

It was found that the microstrip probe was more effective than the

copper wire probe connection at the higher frequencies. This is shown

clearly by comparing Figure 3.13 with 3.14.

The correiation between practical results and theoretical results

can be seen by comparing Figure 2.6 with Figure 3.17. It is not as good
as for the coaxial cavity but this could be due‘to the diffiéulty of
providing a tuning capacitor which does not disturb the transmission.

A fixed-value chip capacitor could be used but this would not provide
the adjustability required. The practical results show a loss compared
with the theoretical results of about 2.5 dB for cavity Ml and 1.7 dB

for cavity M2.
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Conclusion

The practical results obtained for the cavities are in close
agreement with the theoretical results predicted in Chapter 2. This
is shown in Figures 3.5 and 3.6 for cavity Cl and in the comparison
of Figures 2.6 and 3.17 for cavicy Ml.

"The resulcs for the practical coaxial cavity show that at the
resonance the voltage response is about 107 below the theoretical
voltage response; this is a difference of less than 1 dB. It is
probably due to the losses in the connectors and, to a smaller
extent, the losses in the cavity.

The correlation between practical results and theoretical
results for the mic:ostrip cavity was not as good as for the
coaxial.cavitys There was a difference of at least 1.7 dB which
could be due to connector loss, cavity loss and radiation loss.

The construction of the coaxial cavity requires careful design
of the input capacitance and the probe connection. The microstrip
cavity was more easily manufactured but there was a difficulty in
designing the input tuning capacitor. The constructional details

for each type of cavity are given in sections 3.2.1 and 3.3.1.
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Introduction

This chapter develops a method of analysing frequency multiplier
circuits and uses it to obtain expressions for the performance of the
shunt—diocde doubler circuit. Diode tripler circuits, with and without
idlers, are dealt with by the same method in Chapter 5.

The method of analysis is explained in Section 4.2 and can be
used for either shunt—connected or series-connected diodes. It assumes
that the diode is tested with a cosinusoidal drive of charge in the
shunt case or voltage in the series case and the resulting spectra
of voltage and charge, respectively, are used to specify the non-
linear characteristic of the diode. The performance of the multiplier
circuit is then obtained in terms of the magnitudes of the components
of the test spectrum.

The performance of a shunt-connected varactor—diode doubler is
investigated in Section 4.3 and expressions are found for the maximum
output power, the drive levels and load resistance values for which
the analysis is valid. The capacitance presented by the diode to the
input circuit, and the output capacitance of the diode operating in
the second harmonic output circuit are also obtained. These expressions
are initially found by an approximate analysis used because of its
relative simplicity; tﬁe approximation is that the diode does not
generate harmonics higher than the second when tested with the
cosinusoidal drive. The modifications required when the third and
fourth harmonics are taken into account are then investigated in
Sections 4.3.2 and 4.3.3 and further insight is gained into the
operaticn of the circuit. A large amount of algebra involved in
obtaining these solutions has been put into appendices, and a summary

of the results of the analysis is given in Section 4.4.



4,2 A Method of Analysis for Multiplier Circuits im Terms of
Varactor Spectral Data

Early work on varactor harmonic generators assumed that operation
was constrained so that the voltage across the diode never exceeded
the reverse breakdown voltage in one direction and the contact
potential of the junction in the other direction. In practice,
especially where automatic bias is used for the varactor, harmonic
generators are usually driven so that the contact potential is exceeded
in the forward direction which results in a short pulse of forward
current. This type of operation produces an increased output power
and efficiency and is the basis of the switching multipliers which
use the step recovery diode (reference 09). The analysis used in
this chapter assumes that forward conduction does not occur so that
it will not strictly apply to step recovery diode multipliers,
although it is hoped that it may be adapted to this case in the future.
Héwever, the method is of considerable interest as it gives closed-
form solutions which are not restricted to small signals as was the
case with the early analyses (reference 17). The method is an
adaptation of that proposed by R. ARMSTRONG (reference 02).

Many papers on varactor multipliers have used the relationship
between the voltage across the varactor junction Va and the incremental
capacitance Ci as

v
——fEL———- when V < ¢ )

Va Y a
(a1 - Erﬁ

Ci(va)

% (4.1)

(F)=o when Vazrb




a7

where ¢ is the contact potential. The measurement of the characteristic
of the varactor has also been the subject of several investigations for
example, SMITH and BRAMER (reference 37, 1972) and NUYTS and VAN
OVERSTRAETEN (reference 26, 1969). Here the varactor Q/Va relacionship
will be taken as the sum of Chébyshev Polynomials as shown in equation
(4.2) for the series diode case and equation (4.3) for the diode in the

shunt connection.

Q= néo Qno Tn(yl | (4.2)
V= .V T (q (4.3)

=0 no =mn

In the above relationships the coefficients Qno are the open circuit
harmonic charges developed in the diode when it is driven by a
cosinusoidal voltage, the coefficients Vno are the open circuit
harmonic voltages developed across the diode when it is driven by a
cosinusoidal charge, and v and q are normalised quantities which are

explained in equations (4.12) and (4.4) in the subsequent text.

(i) The shunt diode

The diode in the shunt connection will now be comsidered in detail
so that equation (4.3) can be fully explained.

The characteristics for the diode are shown in Figure 4.1 where,

Ci = incremental capacitance

Qd = total charge on p-side of junction
Qi = injected charge

V_ = applied voltage
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a
P
I~

‘S
[

e T Ty

Figure 4.1
C-V and Q-V Characteristics

With reference te Figure 4.1 the diode will be used at a bias

of Vo such that the value of Qg = 3 Qps this will enable the charge

to be varied between —QBD and zero. The diode will be tested by
varying the charge Qd by Q10 cos wt about the bias value -QB and

will be QB = A normalised variable may be defined as the

A 1
Q9 2Qgp-

fractional variation in charge, i.e.
- Qd _(_QB§
Q

q
10

(4.4)
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where
-lgq¢s+l (4.5)
Consequently the value of ¢ in the test can be written as
Q10 cos wt
9 = - = cos wt = cos 6 (4.6)
Qo

To apply the cosinusoidal drive to the charge, the diode must be
supplied with a sinusoidal current; an expression for this is obtained

by differentiating Q, with respect to time, i.e.
y d P

iy = %E Q) = g—t- (aQyy *+ Q)

= -leO sin wt 4.7}

When the diode is tested with the cosinusoidal drive of equation
(4.6), a spectrum of voltages will be generated which will contain
only cosine terms as shown in equation (4.8). The test circuit is
shown in Figure 4.2; in practice this test may prove difficult to do
as a very high impedance instrument would be needed to find the voltage
spectrum.

~ ~

V.=V + V. cos wt + VZO cos 2wt + V30 cos 3wt + .... etc (4.8)

¥
—F_:
Yo'
] ‘§

Figure 4.2
Theoretical Test Circuit
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The variation of charge can be measured from the bias point and
the voltage about the bias point ~VB; in effect the Qd’ Va curve is
then translated so that (rQB, -VB) is now the origin, and the new
variables are Q and V.

The amplitudes of the components of the spectrum in equation (4.8)
can now be used as the coefficients in the characteristic of the diode

as expressed by

[~}

VeVt 2 VT (@) (4.9)
n=1
where V = voltage deviation from bias value

]

q = normalised charge deviation given by equation (4.4).

and Tn(q) ig the Chebyshev Polynomial of order n.

The justification for writing equation (4.9) is given in Appendix 4(i).
When the diode is used in a shunt multiplier circuit it is driven
by the sum of two current components, one of the input frequency and
the other of the required output frequency as shown in Figure 4.3.
The spectrum of voltages produced is thus different from that produced
under no-load conditions. The objective of the analysis is to find
the spectrum of voltages produced in the multiplier in terms of the

spectrum produced under no—load conditioms.

|- . Al
i i
\Y
il = il sin ot ;5%; L]RL
Lin = In sin (nwt *+ ¢)
Figure 4.3

Shunt—connected multipler circuit
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The charge variation on the diode in the multiplier circuit is
permitted to have two sinusoidal components of input and output
frequencies but the total variation must not exceed the variation
caused under no-load conditions: for this reason the fundamental
frequency charge amplitude Is assumed to be aélo where "a' is a
constant which is less than unity and the nth harmonic charge
amp litude is_bélo where 'b’ is a constant also less than unity.
This composite charge variation is substituted into equation (4.3)
in order to determine the required voltage spectrum. This method
of analysis is used in the later sections dealing with shunt

multiplier circuits,

(i1) The series diode

In this case the diode must be biassed to the mid-point of its

total voltage swing which is (¢ + VBD) as shown in Figure 4.1, giving

finally
-V <+ ¢
BD h
_VB._ — (4.10)
The diode will be tested by varying the voltage Va about the
bias value —VB by V10 cos wt
v + ¢
= _ 'BD
0~ 2 (4.11)

A normalised variable v may be defined as the fractional variation

~

in voltage relative to Vios i.e.
v - (V)
v = —a—,\———B— (4.12)
N1

-1 g v g +1 (4.13)



The diode will be tested by applying a cosinusoidal voltage and

under no-load conditions the normalised test voltage is

v, = 1 cos wt = cos 6 (4.143

The test circuit is shown in Figure 4.4 and the spectrum of charge

which is generated is given by equation (4.15).
I cos wt
s

o

- =)
L VB %10cos wt}} ﬁ Qo * Z (inocos nwt

= Qoo n=1
W
v
T s
5 §—= n=1(— I sin wt)
A
X
\
\l
monltor
Figure 4.4 resistor R
No—load Test Circuit
_Qo'= QOO + 2:: Qno cos nwt (4.15)

n+l

It is assumed that variations iIn woltage and charge occur about
the bias point which is the "new origin” for the non-linear Q/V
relationship. The test spectrum amplitudes given in equation (4.15)
can be used as coefficients in the Chebyshev expansion which represents

the diode characteristic as in equation (4.2) which is repeated

Q=Qp* 2. QT (4.16)
n=1
where Q = charge deviatioﬁ from bias value

and v = normalised voltage deviation from bias wvoltage.

The justification for writing equation (4.16) is given in Appendixz 4(1).
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When the diode is used in a series multiplier circuit as shown in

~

Figure 4,5 the voltage variation across the diode consists of two

components, one at input frequency and the other at output frequency.

~

- .
Vl cos wt Vn cos (nwt %)

=

i
A%lcos mtl Z:én cds g@t J 1 Vn cos (nwt + ¢)

— § = nu § KL[j

|

Figure 4.5
Series—connected Multiplier Circuit

The voltage variation must not exceed the variation used in
finding the test spectrum and for this reason the drive must be
reduced to aGlO cos wt where 'a' is a constant which is less than 1.
The composite voltage variation is substituted into equation (4.16)

so that the required charge spectrum is obtained. This method of

analysis would be used to deal with series multiplier circuits.
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Shunt-Diode Doubler Analysis

4,3.1 Two—term approximation to the diode characteristic

In this approximate analysis the voltage spectrum obtained

for the diode under test assumes that harmonics of higher order than

the second are negligible. Thus the test spectrum in this case is,

VO = VOO + V10 cos wt + VZO cos 2wt (4.17)
and the diode characteristic can be expressed as
V= VO 10 1(Q) + VZO z(q) (4.18)

The normalised charge variation used in the test is cosinusoidal

i.e
q Q cos Wt
q : AO = 1OA = cos wt (4.19)
Q10 Q10

When the diode is used in the shunt-connected doubler circuit the

charge variation is due to the flow of the two currents shown in the

diagram of Figure 4.6. These currents and the current in the diode

are given in the equations below.

w 2w
i "
_il sin wt 12 sin QQut + ¢) A‘VL
' |
L7 -
T L
|
Y1
Figure 4.6

Shunt diode doubler
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a cos wt = b cos (Qut + ¢) (4.20)

= -anlO sin wt + BZleO sin Qut + ¢) (4.21)

stated in Section 4.2, the charge variation must not exceed that

the test so that the following approximate conditions should

A

ag+l

b

A
A

+1 (4.22)

g atb ¢ +1

The voltage spectrum generated in the diode can be found By

substituting (4.20) into (4.18) resulting in

Substituting for T

A

VOo + V10 T1 {a cos wt = b cos QQut + ¢)}

(4.23)
+ 620 T2 {a cos wt — b cos QQut + ¢)}
1 and T2 yields
Yoo = Voo * & g * b7 Tog
%103 cos wt - 620 2ab cos (wt + ¢)
%10b cos (2wt + ¢) + %20 a2 cos 2wt (4.24)

~

- V20 2ab cos (3wt + ¢)

~

2
V20 b” cos (4wt + 2¢)
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i
Now consider the fundamental and second harmonic components
of the voltage across the diode with '"-sin wt" and "-sin 20t" taken

as the reference phasors.

Then

V= ‘}l A
where

\71 = -jaﬁlo + jzab{rzo T (4.25)
and

v, = +jb€rm [o - jazfrzo (4.26)

The currents may be written in similar form as,

>

I, = awélo 4.27)

2 = ‘Zb‘*’&lo [$ (4.28)

=4 >
|

The peak value phasor for the voltage across the load resistor is

V. = 2buQ, Ry [¢ (4.29)

The output equivalent circuit

The output circuit may be represented by an equivalent circuilt as

in Figure 4.7.

2w
— JAVAV.%!
o ol .
jbv, 8
]
2
Jg Y20

Figure 4.7
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One of the voltages in the "diode circuit® is in quadrature with
the current and may be replaced in Figure 4.7 by a capacitor which
represents the output capacitance of the diode. This capacifgnce Co
is shewn in Figure 4.8 and because it would de-tune the second
harmonic filter it must be 'balanced’ by the inclusion of an inductive

reactance shown as XL.

Figure 4.8

It can be deduced that the current must be in phase with the emf
generated by the diode and the value of ¢ must be -90°,

The value of Co is given by,

e o - (e - _an® . __JL_
bV L& = (-2buQyy [£907) (-] ZwCO)

from which
Q
c =29 | (4 .30)
° v
10

The inductive reactance XL required to maintain the tuning of

the filter in the output circuit is shown to be

A

v
X, = gt = —2 (4.31)
wC 26Q
10
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The final output equivalent circuit is shown in Figure 4.9.

-j2bu Q)

Figure 4.9

Then, equating emf to current times load resistance, gives
.25 . "
-ja V20 = -JwaQIO RL
and finally

2 QR 2o Ry

Va0 Y20

(4.32)

U‘l&“

Equation (4.32) is an important relationship between a and b

and RL'

The input equivalent circuit

The input equivalent circuit may be derived by considering equations
(4.25) and (4.27) and using the value for ¢ which has been recently

determined.
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. Jﬂ\f\f\{l —_—
- - I
I; =& Qp B ia v
1% Y10
2ab V20

Figure 4.10
Input Equivalent Circuit

One of these voltage components lags by 90° on the input current

and this is due to the input capacitance C The other component

IN®

represents the resistance reflected into the input circuit due to
the dissipation of load power. The source impedance must be assumed

to have an inductive component X, so that the input filter is not

1

de—tuned. The input equivalent circuit has the final version as

shown in Figure 4.11

AR f@vx_H 2 %10 3
-ja Vv
— c ==A 3% V10
+ jayVv I
10
2z2b %
20

[ —
i S
=

Figure 4.11
Input Equivalent Circuit-final version
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The ipput capacitance and reflected resistance are given below.

.0 . .1
-jav. = awQ,, (=] —&—)
10 10 wCoy
Q
Cpyg = = (4.33)
V10
2abV 2bV
R' = — 20 _ __20 (4.34)
Q4 T10

Substituting from (4.32) into (4.34) results in

2
ZbRL 4b RL
RL = 2b = = =% (4.35)

a a

The power relationships

The power in the output circuit may be written, using the diagram

of Figure 4.9, as
2

25 5 2
P, = 200 L 220 (4.36)
Z 2R :
or
2/\ ~
a’v 2bwQ A A
20 2
PL= () ) = 6a’bQ Yy, (4.37)
JZ JZ
or
2bwQ
10 12,28
p = | 10 9 (4.38)
L ﬁi ]-33} 10 RL

The power in the input circuit can be expressed in terms of the
reflected load RL' and as the diode is assumed loss-free the formulae
derived in this way should be identical with those given in (4.36),
(4.37) and (4.38): this is shown below

- 2 22~ 2 2
o %) 2% PR 20 4. 39)
o TF R 2 2 "y Ry, '

a



awQ 2abV A A
o € Jz}o) ('J= 20y = a%bu, gV (4.40)
2 2
and
- 2 4o 2
[2abv, 01" | 2.2 2 a° 3 Va0
PIN = =, = 22°b V20 5 == (4.41)
J7 R w' R R
Variations of 'a’ and 'b' with R, R, and E[
It is important to be able to find values for ‘a’ and 'b’ when
the signal source is applied to the multiplier circuit.
APA fVVQﬂ
W
R Xl CIN bo—
s
- 2
4b
E Vs
? s []RL 2 RL
a
Figure 4.12
Consider the circuit of Figure 4.12,
The input current for the doubler will be,
I = =———Dv = auwQ (4.42)
1 RS + RL 10
Substituting from (4.35) for RL',
) ) b’ R
ES = aleo ('RS + -T) (4.43)

a
A further relationship exists between 'a' and 'b' namely (4.32),

repeated below,
2n
a V20

b= —
20Q; Ry,

(4.44)
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If "b* is eliminated from the equations (4.43) and (4.44) taken
simultaneously, equation (4.45) is obtained.

~ 2A

- - 4R, wQ a’v
E. = awQ,. R + L *%0 (—20 42 (4 .45)
S 10 s a 26Q
107

This cubic equation in ‘a’ can be put in the form,

2° 2 - -
w Q R E wQ
a® = - 22 sy, (51 ~% (4.46)
V20 Y20

A graphical solution may be obtained for ‘a’ as the intersection

of graphs of the functions Fl(a) and Fz(a) shown in Figure 4.13.

A
C
F. (a)
1 =N —= 1 Solution to equation (4.46)
i
P
P | F(a)
11 4@’/’ 2
P |
t
0 + = = a
0 1 d
- Figure 4.13
where
3
Fl(a) = a (4.47)
and ) ~ ~
2Q, .° R E.R, wQ
F,(a) = {2—7197——§EE}a ¥ {—ifﬁi—-lg& (4.48)
V20 V20

Noting that,

~

leO = IlO (4.49)



3

9.0

The intercepts °c’ and °d°® in Figure 4.13 are
E_I
1
c == §0RL (4.50)
V20
E
d=—2 (4.51)
L10%s

Values of ‘a’ and 'b° required to give maximum PL

An expression for "normalised’ power can be derived from (4.37)
as

P
P=—L =% (4.52)
N7

i

A

1020

Obviously the load power increases as both 'a’ and "b" increase
and these are always related through equation (4.44). ﬁowever, the
regtriction given in equation (4.22) must apply even when Py is a
maximum. Thus, for maximum swing on the characteristic, a +b =1

may be substituted into (4.52) giving
P, (with max. signals) = e (1 - a) (4.53)
Equation (4.53) is plotted on Figure 4.18 (page number 102) and is
found to have the following maximum value
PN(max) = 0.148 (4.54)

and this occurs when

a = 0.667
(4.55)
b = 0.333
Then,
P_(max) = 0.148 i 6
L 10720 (4.56)
or = 0.148 leOV2O
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Values of drive and load required for maximum power

v

The intercepts ‘c’ and 'd' on Figure 4.13 depend upon RL’ RS

and ES’ If any of these quantities change then either c or d
changes or perhaps both c and d change. However, for maximum power

a = 0.667 and 33 = .3 (approx) and by comsidering the graph of

Fz(a), the ratio

= A= 0nd (4.57)

By substituting (4.50) and (4.51) into (4.57) the following relationship

is obtained between the drive conditions and the load for maximum power,

EsRy R Rs
5 >

— - 0.667 ———= -0.3 =0 (4.58)
20 T10 %0
where
\
R, = 20 S (.59)
I10
Swmary

(a) The maximum second harmonic powér which can be extracted from the
shunt diode doubler circuit is given by equation (4.56).

(b) The maximum power is extracted when E RS and RL obey the

S’
relationship given in result (4.58).
(c¢) Only certain values of ES’ R. and B are permitted [or this analysis

T Lt

to be valid. They must produce a value of 'a' in the graphical
solution of Figure 4.13 which does not exceed unity and which gives
a value of 'b' from equation (4.44) such that the restrictions of

equation (4.22) are maintained.
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(d) The input capaéitance of the diode 'is given by equation (4.33)
This suggests that the input capacitance presented by the diode
is independent of the magnitude of the drive and the load but
this is modified when a third harmonic voltage is assumed to be
generated by the diode.

(e) The output capacitance of the diode is given by equation (4.30)
and is the same result as for the input capacitance, namely,

(o]
Y10

This formula is modified when a third harmonic voltage is assumed

IN

to be generated by the diode.

Three—term approximation to the diode characteristic

This analysis is similar to that carried out in Section 4.3.1 but
in this case the third harmonic of the test spectrum will be taken into
account.,

The test spectrum is

~

V.=V + V cos wt * V2

0 00 10 cos 3wt (4.60)

cos 20t + V

0 30

and the diode characteristic can be expressed as
V+ Vot VlOTl(q) + Vonz(q) + VBOTB(Q) | 4.61)

The normalised charge variation in the test is cosinusoidal,i.e.

Q cos wt
q-= loA cos wt (4.62)

Q10
The doubler circuit is shown in Figure 4.6, and the charge on the

diode has a second harmonic component as shown in

q = a cos wf - b cos QQut + ¢) (4.63)
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The current into the diode is therefore as shown in Figure 4.6

and is
I = - awQ;, sin wt + b2uQ;, sin Qot + ¢) (4.64)

The analysis will differ from the previous because more terms will

be generated in the voltage, i.e.

v=1Y

00 + VlOTl {a cos wt = b cos QQuwt + ¢)}

+ §20T2 {a cos wt = b cos (Qut + ¢)}

+ GBOTB {a cos wt = b cos Qut *+ ¢)} (4.65)

which should be compared with equation (4.23).

Equation (4.65) can be expanded, as shown in Appendix 4(iii),

resulting in

- 24 25 o 2
V= VOO - V20 + a V20 +b VZO - V303a b cos ¢

~

+ V,.a cos wt =V

- 3
10 202ab cos (wt + ¢) + V303a cos wt

~ ~ 2
v 03a cos wt v 06ab. cos wt

3 3

-V, b cos Qut + ¢) + v

2 - ,
10 cos 2ut + V303b cos (2ut + ¢)

20°

- 2 o 3
- V3O6a b cos (Qut + ¢) V303b cos (2wt + ¢)

-V 02ab cos (But + ¢) + V a3 cos 3wt + €73OBab2 cos But + 2¢)

2 30

+

V20b2 cos (but + 2¢) - % 03a2b cos (Luwt + @)

3

+ \7303ab2 cos (Swt + 2¢)

- €z3ob3 cos (6wt + 3¢) (4.66)
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The terms at fundamental frequency and second harmonic frequency
shown in equatioms (4.25) and (4.26) are thus modified to include

terms dependent upon %309 i1.e.

. TN R T,
V1 = Javl@ + ]Zabvzo zg J3é¥V3O j6ab VBO 3 33aV30 (4.67)
V, = +3bV - 32?9, + 5627V, f¢ + 33V, jo - IV, (6 (4.68)
2 10 3% Y20 30 30 1°0%50 .

The fundamental and second harmonic currents are as in Figure 4.6
and are given by equations (4.27) and (4.28). The output equivalent

circuit is thus modified due to the three extra terms in (4.68).

The output equivalent circuit

The output equivalent circuit of Figure 4.7 is modified to satisfy

equation (4.68) and is shown in Figure 4.14.

2w
) ~

e - .3 2.
3 [Vlobf# v3o(6a b + 3b

[Lzm& [o
. 10 fp

I

A

...ja

<3 >

20 -2bw &10 ¢

B
[

Figure 4.14

The value of Co given previously by result (4.30) must now change
because the voltage across it has been modified. A formula for CO can

be obtained by equating voltage to current times reactance

3 1

.0 - 2 o 2 .1
jv b + V30{6a b + 3b 3b}Ys = (-2b Qm@ (-3 2mc3)
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kence,

c - %0
o - 2 2 _
Vio ¥ Vag (6a”™ + 3b 3)

The relationship between 'a' and 'b' given in result (4.32) is

not affected by the "third harmonic terms" in (4.68).

The input equivalent circuit

The circuit of Figure 4.10 which was derived in the previous
analysis must be modified due to the extra terms in result (4.67).
Thus Figure 4.10 could be redrawn as in Figure 4.15, the angle ¢

taking the value -90° as in the previous case.

Ly =aw Qe |
S

!

P o : 3
ifaVyg * V30(3a A

+ 6ab” - 3a)]

2abV20 A

Figure 4.15

-

V3O in result (4.67) do not affect the reflected

resistance RL' and results (4.34) and (4.35) are unchanged. The

™ -
Ihe terms 1n

input capacitance C_ _ is modified, i.e.

IN

n - 3 2 R |
] {aVlo + V3O (3a + 6ab 33.)} = anlo ( Ja‘C—I-I\;)

hence
C - Q10
N g+, (337 + 6p° - 3)

(4 .563)

(4.70)
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From this point the analysis is no different from that in section
4.3.1. The power relatiomships of equétions'(4,36) to (4.41) again

apply and the values of 'a' and 'b' are also unchanged.

Summary

(a) The third order term in the characteristic does not make any
difference to the output power generated at this 2nd harmonic
or to the required values of R, RL and ES for any required
output power.

(b) The only effects are on the input and output capacitancesof the

diode. These are given by equations (4.69) and (4.70) which

are repeated below:-

:
%.69) C_ == __10 : .
V., * Vs (625 + 3b° - 3)
Q
4.70)  Cpo == _ 12 -
Vlo + V30 (3a° + 6B° - 3)

Four—term approximation to the diode characteristic

The analysis for this case is shown in Appendix 4(v) and it leads

to the following results.

The output equivalent circuit

I3
Fis

he egquivalent circults of Figures 4.7 and 4.14 will need to be

modified to that shown in Figure 4.16. . N
-j2b leo

/Vyaln .
2w || - ~
R X -j2bw Q.
f bV, + V. (6a%b + 3b° - 3b) A i0 L
30
%]

1.2 - 4 22 2
T -3 [a Voo * V4o (b2 + 627D ba )]

Figure 4.16
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The output capacitance, Co’ will be as predicted in Figure 4.14
and given by equations (4.69).

L0

However, the relationship between 'a’' and ‘b’ developed in

equation (4.32) will be modified, as,

20 . b 2.2, 20, .o -
-j {a Vo0 * Yuo (4ba” + 6a°b° - 4a")} = JwaQlo R
2%V, + Vo (4a” + 62787 - 4ad)
RL = — (4.71)
2wa10

The input equivalent circuit

The equivalent circuits of Figures 4.10 and 4.15 require
modification due to extra terms appearing in the voltage generators;
Figure 4.17 shows all the terms at frequency w from equation (8} in

Appendix 4(v).

>

w = aleO

u
Hﬂ
-j [a?flo (3a +6ab —3a)] @

- - 3 3
V202ab + V40 (8a”b + 12ab™ - 8ab)

Figure 4.17

The input capacitance will be as given in (4.70) as it is not

dependent upon V4 However, the reflected resistance RL' will be

0
modified from the value given in (4.34).

o " 3 3
VZO 2ab + V40 {8a”b + 12ab” - 8ab}

R = = » (4.72)
awQy |




(101)

If equation (4.72) is divided by equation (4.71) then,

) ~ ~ 2 2 -
R 2ab[v20 ¢V, (4a” + 6b 4)] 2buQ,

N - 2F 0 = 2 2
R asQy a [VZO ¢V, (42" + 6b° - 4)]

ox

R 42
L _ 4b° 4.73)
R 2

Hence (4.73) shows the expected relationship between RL' and RL'

The power relationships

~

The load power P. will contain the extra terms in V

L 40 compared with
(4.37),
2bwﬁ
1,2 - 4 2.2 2 10
PL —JE—{a V20 + VAOCAa + 6a° b 4a™)} -——:;=-
or
s 2 s 22 2 _ |
PL = V20 102 b+ V40110a b(4a" + 6b 4) (4.74)
Variations of 'a' and 'b’ with R, Rc and Es

The equation (4.42) still applies to the analysis and if the

substitution is made for RL' from equation (4.73) then

E. = awQ so” 4.75
g = awQy(Rg +:2—RL)' (4.75)

Now 'b' can be eliminated by taking (4.75) and (4.71) simultaneously
to obtain an equation relating 'a', ES’ Rs and RL which requires a

numerical solution by computer.

Variation of P. with 'a' and 'b'

As in section 4.3.1 it can be assumed that the following approximate
relationship will hold if the charge variation is not to exceed the test
condition,

a+b=1 (4.76)
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The equation (4.76) may be substituted into the load power

equation (4.74) to obtain P; as a function of "a",

B, = VL, oot (L = &) + ¥, L a*( - a)f4a® + 601 - 22 - 4] 67D
Hence

P, = U, F (2 + T, ol10F, (D) (4.78)
where

Fi(a) = & - a (4.79)
and

F (a) = - 102 + 223" - L4a> + 2a° (4.80)

The functions F3(a) and Fa(a) are plotted on Figure 4.18., As the
function FA(a) is negative in mnst of the range 0 s a ¢ 1 it is
apparent that the load power is reduced by the fourth harmonic term in

the diode spectrum. The value of Fé(a) at a = .667 is -0.23.

0.25 ¢
0020 <
-F4(a)§\\\\&
0.1541
F (a) A
3 \\\\
0.101
0.05 4
Sm S = & o 7 —= a
0 0.2 0.4 0.6 0.8 1.0

Figure 4.18
Graphs of F,(a) and F, (a)
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Summary
The inclusion of the fourth harmonic term in the diode test

spectrum has the following effects:—

(a) The load power is reduced as shown by result (4.76)}.
() If ES and RS are adjusted so that a = .667 then the load

power 1s given by,

PL = 0,148 V2011o - 0.23 VAOIIO (4.81)

(c) The values of "a' and '’ may be found by the simultaneous

solution of equations (4.71) and (4.75).
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4,4 Conclusion

The analysis has produced some interesting results for the shunt-

diode doubler which are summarised below:—

(a)

(b)

()

The reflected load resistance RLP due to a load RL on the

output circuit is given by,

_ 4b?

(4.73) RL“ 5 RL
a

The values of “a’ and ‘B’ depend upon the load and the drive,

i.e. RL’ Rs and E Approximate values for 'a’ and ‘b’ can

g°
be found using the graphical solution in Figure 4.13 of the
equation (4.46). A more accurate solution for *a’ and ‘b’

requires that equations (4.71} and (4.75), repeated below,

be solved simultaneously,

- L 25 s 4 2,2
G.71) ZbIIORL = a V20 + V4O(4a + 6a b

2
A 4b RL

(4.75) ES = aIlO (RS + —;i-‘=4

- 4a2)

There is a maximum value of power which can be extracted at
second harmonic without over—driving the circuit. This occurs
when the approximate values of 'a' and ‘b’ are 0.667 and 0.333

and the load power is then given by (4.81), repeated below,

~

- 0.23V, T

(4.81) P, (max) = 0.148 V, T, 4ol10

The diode presents a capacitance C_ _ to the input circuit at

IN
fundamental frequency which varies with load and drive, and
therefore with 'a' and 'B'. If a third harmonic term is

included in the diode spectrum CIN varies with drive as

expressed by equation (4.70) repeated below,

Q
(4.70) Cpy = = _10 5 .
VlO +,V3O(3a + 6b° - 3)
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The no—load value of C__ may be written as,

N

>

1
= =2 = .82)
CIN (no load) C (4.82)

10
10

<>

As the output power is increased from zero the input capacitance
"increases and reaches a maximum value at maximum power of,
Cpry (max P ) = %10 (4.83)
N L” - o °

Vio0 7~ V30

(d) The output capacitance of the diode Co is given by,

Q
(4.69) C_ == __10 .
+ V30 (6a” + 3b

o 2
le

-3)

and this has a no—load value of,

QlO
c, (no load) = ———— (4.84)
V10 * V30
As the load on the multiplier circuit increases the value of Co
increases and at maximum output power it has the value ClO’
C_ (max P.) = ho _ (4.85)
o max tq, o 10 .
10

(e) An expression can be derived for the output resistance of the circuit
in terms of the multiplier circuit parameters 'a’ and 'b’ and the
derivation is shown in Appendix 4(vi). The output resistance RO

shown to be,

2 v
_rl—a 20
Ro = { 55 } i (4.86)
10
and at maximum output power R0 is therefore
R (opt) = 2 =22 (4.87)
o 6 I

10
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This value of the output resistance can be matched in the output
circuit to the load resistance RL by the use of an impedance-
transforming technique, and the maximum possible output power is
then obtained. The source should then be chosen to have values

of ES and Rs which produce the required values of ‘a’ and ‘B’ of

2/3 and 1/3 respectively. The source e.m.f. and internal resistance

should satisfy the condition,

E-—-—3—I R +-9-V (4.88)

s 10 s 20

The effective source resistance could be reduced by transformation
to as low a value as possible so that less power would be lost in

the source.
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5.1 Introduction

This chapter uses the method of analysis developed in Chapter 4
to predict the perfcrmance of varactor diode tripler circuits. The
shunt=diode tripler without idler is analysed in section 5.2 and the
tripler with idler is dealt with in section 5.3. The basic circuits
are shown in Figures 5.1 and 5.4 respectively.

Each analysis is carried out initially for a diode having a test
spectrum which contains only d.c., fundamental frequency and second
harmonic frequency terms. Then the test spectrum is extended to third
and fourth harmonic terms so that the effect of these terms can be
evaluated.

In section 5.4 the results are tabulated with results for the shunt—

diode doubler so that it is easy to compare the three circuits considered.
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5.2 Shunt—Diode Tripler Without Idler

$.2.1 Two—term approximation to the diode characteristic

This analysis is similar to that followed in section 4.3.1 except
that the charge variation in the diode will be permitted at fundamental

frequency and third harmonic frequency only. The diode characteristic is

V=V * Y0 T1 (q@) + V50 Ty (@ - (5.1

When the diode is used in the shunt—connected tripler circuit of

Figure 5.1 the charge variation is

q=a cos ot = b cos (3 wt + ¢) (5.2)

The diode current can be obtained by differentiating the actual charge;

hence

I=- aleO sin wt + b 3wQ10 sin (3 wt + ¢) (5.3)

As before, the charge variation in the tripler circult must not exceed that
for the diode under test conditions so that the following conditions

must be observed

-1 b s+1 (5.4)

w T 3w i

"y ="
--I1 sin wt : Iz(sin 3wt + ¢)
I ‘_
R,

Figure 5.1
Shunt—diode tripler circuit
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The voltage spectrum generated in the circuit is

~

00 10
(5.5)
* Ve Ty {a cos wt = b cos (3ot + 9)}
and this can be expanded to

U R

V=V " Vo * V2 *Vyt
+ VIO a cos wt
+ V20 a2 cos 2 wt + V20 2ab cos (Quwt + ¢)
- V10 b cos (3wt + ¢)
- Va9 2ab cos (4wt + ¢)
+ v bz cos (6wt + 2¢) (5.6)

20

‘The voltage components at lst and 3rd harmonic frequencies in (5.6) can

be written in phasor form, taking —-sin wt as the reference phasor,

?
>

V1 =-3 a VlO (5.7)
63 =+ jb %10 Vi) (5.8)
il = a walo = a ilO (5.9
T,=-3bwQ,/8=-3b L s (5.10}

From the expressions for the input and output currents and voltages it
can be deduced that no power is absorbed at the input because the voltage

V1 and the input current I_  are in quadrature. Similarly the output

1

e.m.f. V3 is in quadrature with I3 and cannot deliver power to RL.
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Sumgrary :
¥hen the diode does not generate a third harmonic under test

conditions it cannct be used in this particular circuit as a tripler,

Three—term approximation to the diode characteristic

The diode characteristic is

~

V=V + V0 Ty (q) + Y50 Ty (@) + Vao T3 (q) (5.11}
The charge variation when the diode is connected in the circuit of
Figure 5.1 is given by
q = a cos ot = b cos (3wt + ¢) (5.12)

and the diode current is

I=-a leO sin wt + 3b leo sin (Gut + ¢)
or (5.13)

~

I=-a 110 sin wt + 3b I10 sin Gut + ¢)

The voltage spectrum generated in the circuit is

V=V_ +V T1 {a cos wt = b cos (3wt + ¢)}

00 10
- }
+ VZO T, {a cos wt - b cos (3wt + ¢)}
+ V30 T, {a cos wt = b cos (3wt + ¢)} (5.14)

The voltage spectrum of expression (5.14) can be expanded into the
equation containing 22 terms shown in Appendix 5(i). The fundamental

and third harmonic terms are
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3

¥ =V,. a cos wt = 63 cos wt (3a - 6ab2 = 3a7)

10 o

~

2
- V30 320 cos (wt + )

~ 3 ~
+ V30 a” cos 3 wt - V10 b cos (But + ¢)

~

# Vo cos (3ut + ¢) (3b - 62%b - 3b°) (5.15)

The voltage components at lst and 3rd harmonic frequencies in (5.15)

can be written in phasor form, taking - sin wt as the reference phasor,

as
% = - ja % - ja 36 (a2 + 2b2 - 1) + 3 % 3a2b [$ (5.16)
1 Jad Y107 3 30 3 Y30 .
and
V. =+3b V.. /6= dac V.. +3 V. 3b (b2 + 2a2 - 1) 44 (5.17)
3 3D Vg L8733 Vaq *1 Va4 Lo .
where
I1 = aw QlO . (5.18}
and
I, =~ 3bwQ [¢ (5.19)

The input and output equivalent circuits are developed in Appendix 5(ii).
The phase angle ¢ is again shown to be -90° and third harmonic terms

appear in the expressions -for Co and C

IN
Q
C.=x x Y = (5.20)
o] Z
VlO + V30 (6a + 3b° - 3)
Q
C. = 10 | (5.21)

=

: 2 2
v10 + V30 (3a° + 6b° - 3)
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The equivalent input and output circuits are shown in Figure 5.2.

v = 1 _ 1
LT Wegy wi J3wa10 3w 3wCo
T /VVX% —— AfVV\%E A
| auQy ! | - 733 Ry
R A
S C __Lm — L
N p—

- . 2 ' .35
(::) ?Es V3O3a b RLEJ -ja V30

Figure 5.2
Equivalent circuit of tripler

Variation of "a’ and ‘b’ with R,, R and E,

One relationship between 'a' and 'B' can be obtained from the

output circuit in which

e Vao = = 3 3b wQpy Ry

hence

3w Q b
ad = _Alo—RL (5.22)

V10

The other relationship comes from the input circuit where

-~ _ - A 2
Es ="aw Q10 Rs + V30 3a" (5.23)

Eliminating 'b’ from equations (5.22) and (5.23) produces

2 202 - -
Q R E wQ
& = - {2 RSN {—%:R-LT—E} (5.26)
V30 Va0

It is instructive to compare this equation with the similar one obtained

in the shunt-~diode analysis, namely equation (4.46).
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A graphical solution can be obtained for equation (5.24) as shown

in Figure 5.3 where

Fs(a) = a (5.25)
2~ 2 ~ A
6® Q" R_ E wQ
Fgla) = = {—rot T oag SARLZ 2 (5.26)
V30° Y10
E I,
¢ = -# (5.27)
'
30
and
ES
d =~ (5.28)
IlO Rs

"Figure 5.3
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Values ¢f "2’ and "B’ for maximum lcad power

The expression for load power given in equation (5.29) can be

obtained by inspection of Figurze 5.2

3 ~ ~
a~ v 3wd Q
_ 30 10, .3 .3 & =
PL = (42 ] (72-==)L 5 2 B V30 110 (5.29)
Using the condition specified in equation (5.4) the load power may
also be written as
P =V, I.1.5a Q- a (5.30)
L 30 10 °
or
P =Yg, IlO F7 (a) (5.31)
The function F7 (a) =-»1‘,5a3 (1 - a) has a maximum of 0.158
when 'a' = 0.75 and b’ = 0.25.
Hence the maximum load power is
(5.32)

~

PL=(max) = 0.158 V30 I10

Valuves of E R R, to give maximuwm load power
=‘ﬂ =
The point (0.75, 0.75°), i.e. (0.75, 0.237) must lie on the straight

line graph of Figure 5.3, therefore

~ 2 ~
I R . E I
0.237 = - 0.75 {1‘3—25_5} + {iiLTLQ} (5.33)
V30 V30
Re—-arranging equation (5.33), the mazimum load power occurs when
> R30 Rs
n = 237 ——— —
Eg V3o {0.237 RL + 0.75 R3o} (5.34)
where -
A
Ryp = o (5.35)
I



(116)

Equation (5.34) can be compared.diréctly with (4;58); the equations

are similar in form although the constants are different.

Summary
The maximum third harmonic power which can be extracted from the

(2)
shunt diode tripler is given by equation (5.32) repeated below,

~

(5.32) PL (max) = 0.158 V3O IlO

The maximum power is extracted when Es RS and RL satisfy the

(b}
relatidnship given in (5.34) repeated below,
o R30 Rs
(5.34) E =V {0.237 — + 0.75 =—}
where
v
(5.35) R, = =2
30 I
10

Note that there is a restriction on the value of RL ifd> 1 in

Figure 5.3.

Only certain values of Egs R, and R, are permitted. They must

(c)
produce values of 'a' and °b" which satisfy the conditions of

equation (5.4).

The input capacitance of the diode is given by equation (5.21)

(d}
repeated below,
Q
(5.21) Cpyg = = e :
V0 * Y350 (32° + 6b° - 3)
(e) The output capacitance of the diode Co is given by equation (5.20)

repeated below
Q10

(5.20) Co = — — 5 5
V10 * V30 (6a” + 3b° - 3)
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5.2.3 Four—term approximation to the diode characteristic

The diode characteristic is

~

V=V * Vg Ty (@) * Vyq Ty (@) * Vgq T3 (@) + Vg Ty (@)

(50362
The voltage spectrum generated in the circuit of Figure 5.1 is
V= VOO + %10 Tl {a cos wt — b cos (3wt + ¢)}
+ %20 T, {a cos wt = b cos (3wt + ¢)}
+ 630 T, {a co; ot = b cos (3ut + ¢)}
+V, T, {a cos wt - b cos GGwt *+ ¢)} (5.37)

The voltage spectrum of equation (5.37) can be expanded into the
equation containing 48 terms shown in Appendix 5(iii); the fundamental
and third harmonic terms are found to be no different from those given
in equation (5.15) of the analysis in section 5.2.2. Thus the extra
term taken in the diode test spectrum does not affect the 3rd harmonic
output from the circuit, or the input and output capacitances of the

diode.

Summary

The amplitude of the fourth harmonic generated in the spectrum
when the dicde is tested does not appear to affect the operation of
the tripler circuit in any way. It is noted that many extra terms

appear in the voltage spectrum at 2nd and 4th harmonic.
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Shunt-Diode Tripler with Idler

Two-term approximation to the diode characteristic

The circuit will permit second and third harmonic . currents to
flow in the diode in addition to the fundamental current. The basic

circuit is shown in Figure 5.4.
s mmmiﬂ
Il
3w
Z I, - I
— 2 3
By

Figure 5.4
‘Shunt diode circuit with idler

In the first instance it will be assumed that the diode characteristic
generates only first and second harmonics when tested with a cosinusoidal
charge variation

cos wt

Q
= 19 = cos Wt (5.38)

%

o

The diode characteristic can be written as

~

V=Y * V0T (q) + Y50 Ts (q) (5.39)

As second and third harmonic currents are permitted to flow, the

charge variation on the diode will be

~

Q = ano cos wt — leO cos (2wt + ¢2) - chO cos (3wt + ¢3)

(5.40)
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and the nermalised charge will therefore be

a cos wt — b cos Qut + ¢2) - ¢ cos (3wt + ¢3) (5.41).

¥al
il

ox

s
]

a cos 8 = b cos (20 + ¢2) - c cos (30 + ¢3) (5.42)

The charge variation on the diode in the multiplier circuit must not
exceed the test level hence the following conditions apply to the

values of a, b and ¢

- 1< asin® -5 cos (26 + ¢2) - ¢ cos (38 + ¢3) g+ 1 (5.43)

An approximate limitation on a, b and ¢ may be taken as

-15s a+b+cg+1 (5.44)

The voltage spectrum generated in the diode can be obtained by
substituting the expression for q of eqation (5.42) into the diode
characteristic of equation (5.39). This is detailed in Appendix.SCV)
and the terms of frequency w, 2w and 3w and given in equations (5.45)

(5.46) and (5.47), using complex notation to indicate the phase of

the components with - sin wt being the reference phasé
vy =-ja Vig = J be Voo /83 = ¢, * 1 ab ¥y, £¢2 (5.45)
: R . - . 2z
Vo =+ 3b Vi [8y v 1 ac Vyg [85 =5 8 Ty (5.46)

-~

Vy =+ dc Vg /oy + i ab V[0, (5.47)
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The currents in the three branches are obtained by differentiating

equation (5.40) with respect to time giving the following expressions

i, == a Q10 sin wt
hence
Il - a Qlo {5.48)
and
i, =+b 2 Qo sin (2ut + @21
hence
12 I Qlo 422 (5.49)
and
13‘-: +- c.3w Qlo sin (_BUJt + ¢3)
hence
13 e Qlo 423 (5.50)

The third harmonic output circuit may be drawn as in Figure 5.5

Figure 5.5
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Whatever the wvalue of ¢3, the voltage generatoi jec %10 123
is always in quadrature with the current and hence can deliver no
power; it is in the correct phase to represent the voltage across
the output capacitance of the diode, COB“ If the values of ¢2 and
¢3 are taken as — /2 (as in previous cases) the circuit of Figure
5.5 produces no output power and cannot obey circuit analysis laws.

A possible solution would be for the component R, to be a pure

3
inductance but this would de-tune the third harmonic filter. It
is proposed to repeat the analysis with a third and fourth harmonic

term in the diode characteristic.

5.3.2 Three-term approximation to the diode characteristic

The diode characteristic is

~

V=Yy * V0 Ty (@) + V50 Ty (q) + Vg T3 (@ (5.51)

When the normalised charge variation of equation (5.52) is substituted
into (5.51), extra terms are generated in the voltage spectrum as
detailed in Appendix 5(vi) and listed in equations (5.53), (5.54) and

{5.55) below.

~

V) == ja V- 2 be Y, 193_:_92 + 32 ab Voo /9,

- . cm 3 . 2 . 2 en 2 e 2 ‘
* Va4 [+ j3a - j3a” - j6ab” - jbac” + j3a"c 423 + j3b°c 1392 - 93]

(5.53)

>

-~ . PN

. . ~ .2 S
Vo = 3b Vo [92 * 32 ac Vyy [0 - Ja Uy * V30[ i3 (¢,

+

i [8, + 36a7D [o, + j6bc” [o, - j6abe [9, - ¢2] (5.54)
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~ ~

. by D . S
V3 = e Vyg Lo3 + 328D Yy L8y “Vso[ ja” = j3c [b4
.n 3 .. 2 . 2 e p 2 ;

+ j3c £¢3 + j6a c‘£¢3 - j3ab £2¢2 + j6b ¢ £¢3

The equation (5.55) may be used to re—draw the equivalent third
harmonic circuit of Figure 5.5. Assuming, as in previous cases,
that ¢2 and ¢3 are both — m/2 then the equivalent circuit is as

shown in Figure 5.6

Figure 5.6
I3 S ——————— - -
Third harmonic ocutput circuit

From equations (5.55) and (5.50)

o . o [a.3 2 2]
3c™ - 3¢+ €37c + 6bc
1 _ SV M Vyg t V5o de T3l ¢
3w C ~
03 c3w Q10
hence
C _ QlO
03 o 2ab 2 - 2 2 2
VlO+TV20+V30[6a + 6b° + 3c 3]

(5.55)

(5.56)
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The equivaient circuit at second harmonic frequency can be derived

from equations (5.54) and (5.49) and is shown in Figure 5.7

!
2w ! XL N ZwCOZ
YA
~ - A
I, = B2uQ,4 /3,
==

dl

"2'\ . -.I\
T’Ja Voo ~ JGaﬁCVsO

Figure 5.7
Second harmonic output circuit

The capacitance C., is given by

02

o ~ - 3 2 2
L bVpg ¥ 2ae T+ Uy [37 + 6a% + 6bc” - 3]

2w C ~

02 b2w Q10

hence
Q

B 10

Coz = (5.57)

o 2ac 7
V10 + —E—-V

- 2 2 2
20+V30[6a + 6¢c” + 3b —3]

Power at second and third harmonic

From Figures 5.6 and 5.7, the second harmonic load power is

é ErY ~ ~
. - (a V20 + 6abc V30) (b XlO)
2 o2 2
or
P. = a’b V.. I.. + 6ab%c V.. I (5.58)
2 20 10 30 10 e
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and the third harmonic load power Is

24 A
30 3ab V30) Qe IIO)

3 J2 J2

(a” v

or

-~

3 - 2 2. 2
= ac {a" - 3b7) V30 IlO

P3=3

The input equivalent circuit

(5.59)

An equivalent input circuit may be derived from equations (5.53)

and (5.48)}; it is drawn in Figure 5.8,

>

1 = 34Qp,

2/\ ~
3a cV30 + 2abV20
+ 3b2cV

30

Figure 5.8
Input equivalent circuit

From the equations (5.53) and (5.48) the reflected resistance is

~

.o 2 2
v 2ab VY,  + Voo 3c (a" + b7)

R = 3
a Qg
or
v v
R = 2b =22 « 38 (2% + b2 22
I a I

(5.60)
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The input capacitance of the diode is given by

1 10 2
e
“*n aw G,
hence R
C_ = Q10
N - 2bec 2 > 2

2 2
v10+_;.v20+v30[3a + 66" + 6¢ °3]

Variation of a’, 'b® and "¢’ with RZ—EE R and E

(5.61)

Applying Kirchhoffs Laws to the three equivalent circuits provides

three equations in ‘a’ 'b" and ‘cf

~ ~ _ -~ 2 ~ 2 ~
Es - aIlO RS = 2ab V20 + 3a ¢ V30 + 3b"¢c V30
az V. o+ 6abc % = 2b i R
20 30 10 2
37 27 _ 2
a V30 3ab VBO'— 3c IlO Rs

Simultaneous solution of the three equations will produce values of

L

a

Variation of second and third harmonic powers with ‘a', 'b' and 'cf

' and "c' which must obey the restrictions of equation (5.44).

Equations (5.58) and (5.59) are repeated below

2 A- : . 2 ~ ~
(5 581 n S
N’ e A 52 a D V20 Llo + bab (o4 V30 IlO
- v 7 3. 3_9-.2
(5.59) P3 = V30 110 QEAac E-ab c)

(5.62)

(5.63)

(5.64)
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If a certain relationship exists between ‘a’ and "B’ then Py will

be zero for any value of ¢. From (5.59) this relationship is

or

az = 3b2

a=1,73250

If the third harmonic power is zero the question arises whether the

second harmonic power is then at a maximum. This depends upon the

relative values of Vé

~ ~ ~

0 I10 and V20 I10 and 1f these are of the same

order then it is possible that the value of P, given by (5.58) can

exceed the value of P2 given by equation (4.90). The latter equation

has a negative fourth harmonic contribution and this requires

investigation in the case where an idler is included and the four—

term approximation is used for the diode characteristic.

Summary

(a)

(b)

(c)

There is no easy approximate solution to the problem of finding
the currents in the three branches in this case. A numerical
solution of equations (5.62) (5.63) and (5.64) is apparently required.

T LT

If values of 'a', "' and ‘c¢' can be found by a numerical solution ’

then the power in each circuit can be calculated using (5.58) and

(5.59).

The third harmonic power is reduced by the flow of second harmonic

current and the second harmonic power can be increased if the term

V30 is comparable to VZO'
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(d) The input capacitance CIN is affected by both second and third
harmonic currents and is given in equation (5.61). The output
capacitances of the diode at second and third harmenic, C02 and

0039 are given in equations (5.57) and (5.56) respectively.

5.3.3 Four—term approximation to the diode characteristic

The details of this analysis are given in Appendix 5(vii) where

it is shown that the equivalent circuit given in Figure 5.9 can be

derived.

R _ AN'\_”A £

Figure 5.9
Full equivalent circuit
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The following expressions relate to the quantities shown in Figure 5.9:

~ oy 2.2 : b _ .22 2 2 22,2
E2 = VZO_a + V30 6abc + V40 (4a 6a"b” + 12a°¢” + 6b ¢ 43°) (5.66)
. 3 _ 2 " _ 3.
E3 =V 5 (a 3ab”) «+ Vl;o (- 4b7c) (5.67)
? i}20 {730 3¢ 2 040 2
RL~:#25+7—'~;'( +b)+;———4b (2& +3b + 6 - 2) (5.,68)
Lo Lo T10
Q.
10
C = (5.69)
IN > 2bec 2 > s
Vio * 2 Y20 * Va0 [£5 (.5, + V5 [£ (a°b’°)]
where
£ (a,b,c) = 66+ 6c2 + 3a® - 3 (5.70)
and

4Bc 2

(362 + 3c% + 9a2

f6 (a;b,c) = - 2) (5.71)

Expressions for the second and third harmonic outputs powers may be

derived as

_3 - 2
Py = Y0 1o (a%b) + Vso Lo (6ab7c)
# ¥, T, Ga's + 62707 12a%be® + 67 - 4a’b) (5.72)
22 33 g 2 Sa 32
P-3 = V3O I10 (—2—a c-3 ab“c) + V&O Ilo (- 6b7c”) (5.73)

and the input power (at fundamental frequency) is given by

- - 3ac 2 2
P1 =Y 1o (a’p) + v30 Lo &~ [a° + %))
~ s 2. .2 2,2
+ U, I, 2a% [227 + 3%+ 6c® - 2] (5.74)

Hence, as expected,

(5.75)
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Concilusion

The analysis for the tripler circuit without idler gives results
which have similarities with those for the doubler circuit.

The ratios of the peak values of second harmonic current to
fundamental current to fundamenﬁal test current are b:a:l where the
values of ‘a’ and "B' may be obtained by solution of the equation (5.24}.
The approximate values may be found by a graphical ﬁethod shown in
Figure 5.3.

The maximum third Rarmonic power is given by the result (5.32).

The output (third harmonic) power only depends upon the magnitude
of the third harmonic generated in the test spectrum, the magnitudes
of fundamental, second and fourth Harmonics do not directly affect the
output power, see resulkt (5.29).

The input and output capacitances are dependent upon the fundamental
and third harmonic amplitudes generated in the test spectrum, see results
(5.20) and (5.21).

When an idler circuit is used the analysis appears to show that the

third harmonic power P, is reduced by the flow of second harmonic current.

3

However, the second harmonic power P, can be increased as indicated in

2
equation (5.72) which compares with (4.83). When an idler is used the

third harmonic term V30 contributes to P2.

The input and output capacitances of the diode, which cause

~ ~ ~

10° Y20° V30

of the filter circults, are also dependent upon V

Fie

detuming o

and VAO when an idler circuit is used whereas with no idler circuit they

and V,..

only depend upon V10 30

The values of *a' '5" and ‘¢!

require the solution of three
simultaneous equations, (5.62) (5.63) and (5.64), which should be done
using numerical methods.

Table 5.1 compares the results obtained for the three circuits

considered in Chapters 4 and 5.
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Shunt-diode doubler Shunt-diode tripler
Cutput power A A 2 A a
- b = 243
| Py ® V20T10 @ P37 Vohoz 2 C
P A oA 2, ., .2 2
L + 6b° - 4)}
+ Vyolyg tap(82 )
5 .
c _ 12 . Q9
IN ~ " A~ ~
Vip * Va (32 + 6b° - 3) Vi * Vag (3a% + 6c% - 3)
c z s 2 2 = = ) 2
OUT Vlo + V30 (6a” + 3b° - 3) VlO + V30 (6a”™ + 3¢ - 3)
v v | v 2
, ,22-2b + 7ﬁ9v4b (Za2 + 3b2 - 2) 729 3ac = ¢ RL
R Ry T I ~ s’
L N 10 10 10
2
-4 B
=4t R
a .
Vo &+ T, (ba® + 62767 - 4ah) 5. A
Simultaneous - 2 Y30 3e I10 RL =0
Equations -2 I, R =0
for 2, &, <.
aé? E - a i R - % 3a°
S i S
“s 2710 %s a 10 |
approx a, b, ¢ a=0.667 a = 0.75
for PL(max) .
| b = 0.333 ¢ = 0.25
s 0.148 7 3 —pomn s o 0.158 v, 1
iﬁlmated PL(max) 148 ‘20110 0.23 VéOIIO 3011

TABLE 5.1




(131)

Shunt-diode tripler with second-harmonic idler

an harmonic 3rd hamonic
I A - 2 _o Y B3 3._9 .2
Py = Vyolyp @8 * Vgplpp 60 c Py = Vil G a7c - 5 ab7e)
ol 2 2 2 2 ~ oA 39
+ V4OI10 {a"p (ta” + 6b" + 1l2c + VQOILO (- 6b7c%)
- 4) + 6b3c2}
) Q10
- - 2be o 2 2 2 _ 4be 2 2 _ .4
10+V20—+V30.{33 + 6b° + 6¢ 3}+V40 — {9 + 3b° + 3¢ 2}
N Q0 |
02" 7 "~ Zac _ . 2 2 2 _ = Zac .. 2 2 Z _ .
10 VZO + * V30 {6a° + 3B + 6¢c 3} + v40 < {3a° + 9" + 3¢ 2}
- — . Q10 .

03 7 = 2ab _ . 2 ) 7 _ ~— Lab ;.2 ) z_
Vio ¥ Vog = * V3o (62" + 607 + 3¢” - 3} + U, —— {3a" + 3" + 9c" - 2}
620 630 3ce Va0 2 2 2
-— 2B +,—-(.3aC+T) —-— 4b {Za + 367 ¥ 6¢ -2}

Lo Lo L0
2 2
_ 4b 9c
=Ryt Ry
a a
a2 6 + % 6abc - 2b i R, =0
20 30 1c 72
35 e =2 7 -
a” Va4 30 3ab 3¢ IlO R3 =0
E -al R -7V, 2ab-V. 3alec -7 2. <
s 10 Bs = Vpo 42 30 32 ¢ 7 V3q =0

requires numerical solution

requires numerical solution
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Introduction

The design, construction and testing of practical frequency
multiplier circuits are described in this chapter. The multipliers
were designed as frequency doublers with the diode in the shunt
connection as shown in the basic circuit of Figure 6.1, and the
input and output filters were required to have low impedance at

fundamental and second harmonic frequencies respectively.

Input Filter Output Filter
mo === o= =
) § ! '
A | i el 2
i § ' 1 i
i | ' )
IR | I |
R . . '
s Input Circuit ES?Z Varactor ‘ Load
Source T s Output
: Diode ci .
ircuit
s .
1° . 2t

Figure 6.1

One objective of the investigation was the assessment of the
merits of the series—tuned cavity as a component in frequency
multiplier circuits. This form of filter was therefore used in the
multiplier circuit as represented in Figure 6.2. Each cavity consisted
of a length of short-circuited transmission line with a series tuning
capacitor at the input and an output tapping near the short—-circuited
end. In Figure 6.2, CSl and CSz are the series tuning capacitors of

the input and output cavities respectively.
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Transmission line Short circuit
!
1 |
W i
oo e |
d? S1 q ‘
RSD l; ! .
Source % kj%
ESC> - /’ ‘
e
1 /
v
Short
Circuit o
h Transmission
line
Figure 6.2

It had been intended that the cavitieé would be constructed in
both coaxial and‘microstripiine forms but it was quickly decided,
however, that multipliers employing microstripline technology would
be fhe main line of invgstigation as these were more easily, quickly
and cheaply made rather than the type which used coaxial cavities.
Microstrip multiplier designs are described in section 6.3 and details
for a proposed coaxial multiplier are given in section 6.4, In general,
only frequency doubling circuits were investigated.

It would be ilustructive to attempt to verify the predicted results
summarized in the conclusion of Chapter 5 regarding the performance of
shunt-diode multiplier circuits. Thisrinvestigation however, required
more than the available time and thus a series of tests was carried

out which gave an indication of the correctness of the theoretical

predictions.
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6.2 General Test Procedure

When a multiplier was connected between a signal source and a
load, as represented in the circuits of Figures 6.1 and 6.2, the
variables external to the multiplier were ths e.m.f. and internal

resistance of the source and the load resistance. The input fundamental

~

current was assumed to be a fraction "a" of IlO’ vhere the latter was

defined as the amplitude of the fundamental current éupplied to the
diode under the spectrum test conditions. The second harmonic current
delivered to the load, and, incidently, also passing through the diode,
was assumed to be Zbilo wﬁere the parameter "b" was actually the ratio
of the second harmonic charge variation to the fundamental charge
variation during the spectrum test as defined in equation (4.20).

The total current flowing in the diode was assumed to cause a variation
in charge not greater than that in the spectrum test, and was expressed
as,

I = -al . sin wt + 2bI

10

10 sin Qut - 1T/2) 6.1)

as derived in sectiom 4.3.1.
The parameters "a" and '"b" could be called the "multiplier circuit
parameters" and they were shown to play an important role in the operation

of the multiplier. The second harmonic load power PL had been showm in

the theoretical analysis to depend upon these parameters as,

2 ~ ~
PL =3a"b IlO Voo (6.2}
where V, . was the amplitude of the second harmonic of the voltage

20

spectrum generated in the diode under test conditions in which the

diode current is -110 sin wt.



The values of the muletiplier circuit parameters depend upon the
source and load and they can be found using the graphical method of
Figure 4.13. The maximum load power PL (max) was predicted to occur

at a particular pair of values of "a" and "B" given by,

a = 0,667 6.3)
b = 0.333 (6.4)
PL (max) = 0.148 Io v20 (6.5)

The practical tests on the multipliers were required to show that
the vaiues of the multiplier circuit parameters varied in accordance
with:fhe predictioqs given by the graphical solution to the equations
relating "a" and "b" to §S, R, and R;. It was difficult at the
frequgncies used to provide source and load resistances of any value
other than 500 except by incorporating impedance-matching circuits within
the multiplier. Thus all the series—tuned cavities were designed with
50-Q transmission.lines and impedance transformaﬁion was used between
the cavities and the dipde. With the effective values of Es and Rs
remaining constant, the value of "a" was expected to decrease from
unity as RL was reduced from infinity, i.e. as the loading was increased.
The value of "b" was given by,

b= — (6.6)
R,
L

10
and this was expected to increase as the value of RL was reduced. The
quantity which could be measured was, of course, the load power which

was given by equation (6.2). . At a particular value of R, the lecad

power was expected to reach a maximum value.
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Microstrip Cavity Multipliers

Design details

Several experimental shunt-diode frequency doublers were designed

and tested with input cavities tuned to 1.56 GHz at which frequency

a 2%

solid-state laboratory source was available. The connection

of the diode in parallel with the microstripline can be seen in the

photograph of Figure 6.1. The diode was rigidly clamped in position

by a

fibreglass strip and the cavity tuning was achieved by adjustable

parallel-plate capacitors with dielectric consisting of MYLAR sheet

6 - <

of thickness 50.10 "m.

to 6.,

The development of the multiplier design is indicated in Figure 6.2

7 which show the negatives used for the microstrip circuits.

The particular features of each circuit were:

(i}

v

Doubler No. 11A, Figure 6.2,

Doubler with no impedénce matching.

Doubler No. 12, Figure 6.3.

Doubler with impedance matching for 250 in the output circuit

by means of a quarter—wavelength transf-ormer° Extra connec£ions
have been provided at input and output so that the input and

output cavities could be independently tuned.

Doubler No. 13, Figure 6.4,

Double

~

7ith impedance matching to present 250 to the diode in
both,iﬁput and output circuits by means of quarter-wavelength
transformers. Input and output cavities could be independently
tuned befocre connection to the diode.

Doubler No. 14, Figure 6.5.

Doubler with impedance matching to present 202 to the diode in

both input and output circuits by means of quarter-wavelength
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transformers. Input and output cavities could be independently
tuned before connection to the diode but the output éavity was,
in fact, connected in the wrong direction.

(v) Doubler No. 14A, Figure 6.6.
Doubler with,ZQQ values for RL and R.s similar to design No. 14
but with output cavity in correct directiom.

(vi) Doubler No. 15; Figure 6.7.
Doubler arranged so that single—stub matching may be used for
impedance matching in the input and output circuits. Input
and output cavities could be independently tuned before connection
to the diode. All microstriplines have characteristic impedance

of 500.

Practical results

The results of measurements made on the doublers are shown in

Table 6.1, Teét 1 in the table gives the output powers with the cavities
separately tuned to the input and output frequencies of 1.56 GHz and

3.12 GHz respéctively, and test 2 was with the tuning capacitors adjusted
for maximum second harmonic output power. Further tests were carried

out for some of the doubler circuits in order to assess the effects of
the settings of the tuning capacitors. The circuits were fed from the

2W solid-state source through an attenuator and the output power was

measured using the attenuator on the spectrum analyser.



a

39)

! 5;ubier Test Circuit Number ?
i 11A 12 13 14A 15 J
Input at £ (dBm) +27 | +30 | +30 +30 | +30
Output at 2fo (dBm) | -10 0 +9 +7 -7
T§ST Output at fo (dBm) -3 =5 4 +1 +1
Cpy (divisions) +2 =2 +1.75 | +2.1 | 2,75
CO (divisions) 0 +3.5 | -1.5 -2 -3
Input at fO (dBm} +27 +30 +30 +30
Qutput at 2fo (dBm) | -8 8 +15 +12
ST oOutput at £_ (aBm) | -5 | 12 +13 | +29
CIN (divisions) +1.5 | +.7 -1.6 0
CO (divisions) +1 +2 -1.1 0
Input at f_ (dBm) +27 "~ +30
Output at 2fo (dBmi +7 +13
T§ST Output at fo (dBm) 4 +23
CIN (divisions) +1.5 ' +2.1
o (divisions) +1 -1.1
Input at fO (dBm) | +33
Output at 2fo (dBm) —7
TEST Output at fo (dBm) +4
CIN (divisions) - +1.5
CO (divisions) +% N

Table 6.1
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Comments:

(i)

Doubler No. 11A.

The lengths of the cavities were found to be incorrect on this
design which was the first circuit to use 1.56 GHz as the input
frequency. The microstrip width was, by mistake, not increased
to that needed for the Duroid substrate which was used in place
of the fibreglass previously employed at lower frequencies.

The input and output cavities were separately tuned by cutting
gaps in the copper striplines with a sharp blade and using silver
condugting paint to make necessary connections; the swept—

frequency responses are shown in Figures 6.8 and 6.9.

The second harmonic output power was very small presumably because
there was mo impedance matching in the circuit. There was a

relatively large output component at fo due to the poor performance
of the cavity fi1ters whiéh.are not working between 50Q impedances.

This circuit had microstriplines of characteristic impedance 65Q.

Doubler No. 12.

The results were improved relative to those of doubler No. 11 but

- the output power was much lower than required.

Doubler No. 13,

The quarter-wavelength transformers were designed to match from

500 to 252, and the results showed some improvement but the

second harmonic output was not sufficiently large. Later tests

on doubler 14A showed that very fine tuning adjustment was required
in order to obtain the best output, and it was possible that larger

output powers were available from this circuit.
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(iv) Doubler No. 1l4.
This was designed but not completed as the output cavity was

in the wrong direction.

(v) TCoubler No. 14A.
This was the re—design of doubler No. 14 with impedance matching
of 50Q to 20Q. The diode was mounted in the 20Q microstripline.
A standing wave test was carried out on this doubler using the
circuit represented in Figure 6.10 and the standing wave patterns

were as shown in Figure 6.11.

It was found that careful adjustment of the tuning capacitors
could produce an output of +15 dBm which was greater than previously
obtained. As the output power was increased the SWR measured on

the slotted line decreased as expected.

(vi} Doubler No. 15.
This doubler was designed with all microstriplines having 5082
characteristic impedance. Tests 1 and 2 were then made in the
usual manner exceﬁt that the SWRs were also measured, giving

results of 36 and 15 respectively.

An open—circuit stub was then painted onto the circuit using
silver conducting paint to provide impedance matching using the

"'single stub matching' technique.

The 50-Q stub was at a position 1.3 cm from the diode on the
output side and a stub length of 0.55 cm gave maximum output
at 2f°. However, the output obtained was only -5 dBm and the

SWR was 30.
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Test 2 showed that the cavities could be tunmed so that a second
harmonic output power of +12 dBm could be obtainedBut this was not
valid as the filters were also allowing the fundamental frequency input
power to appear at the output. As the input power contains +10 dBm of
second harmonic, the output power should be considerably higher than
this, for example, in the range 20 dBm to 30 dBm.

| The stub matching was not successful in this case; the length of
stub required might be expected to be more than a quarter—wavelength
whereas it appeared to require a very short stub to improve the output
power. Stub matching should be possible but apparently not by the

technique used here.
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€.3.3 Summary

i

i)

It was found that the cavity tuning capacitors required adjustment
from their initial settings when each doubler circuit was tested.
This was expected as thHe diode acts as a capacitance in both the

input and the output circuits.

The second harmonic output power P, was measured for the following

transformed values of RL and Rs:

+15 dBm

R =200, R = 200; P,

RL = 25, R_= 25Q; P, = +9. dBm
s 2

R, = 502, R = 500; P, < O dBm
: s 2

These figures show that changes in RL and Rs with Es constant
produce changes in the multiplier parameters "a" and "b" which

are measured as changes in P2° Obviously, more extensive testing

is required to-verify the theory of Chapter 4.

Stub-matching technique requires further investigation as a method

of impedance matching to produce a good transfer of power from the

source to the load.
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6.4.1

6.4.2

Coaxial Ca@ity Multipliers

Introduction

The design of coaxial cavity multipliers has been detailed in
various technical application notes from manufacturers such as
Motorola Semiconductor Products Incorporated and Hewlett Péckard
Ltd (references 10 and 26). These designs have used the transmission-
line cavity as a tapped parallel-tuned circuit with input and output
tappings as shown in Figure 6.12 so that filtering and impedance
transfdrmatiqn are achieved together.

An objective of this project was the investigation of the use of
series—tuned cpaxial cavities in freéuency multiplierS? and a preliminary
design is discussed in ﬁﬁé next sec;ion of this report. Series—tuned
cavities had been used successfully in coaxial multipliers by KULESZA ;
(Referenbe 17, 1967) who reported aﬁ.efficient multiplier chain giving
multiplication by a factor of 144. The matching between the diode and
coaxial cavities in his .circuits was implemented where;pOSSible by
capacitative transformers and this gave an overall efficienCy of 2.57
which at the time was an excellent performance for such a high
muitiplication factor. In ViEW’Of this previous work, this thesis
has concentrated upon implementing the series cavity circuits in

microstripline.

Design details
A preliminary design for a coaxial multiplier is shown in the

photograph of Figure 6.13. The input and output cavities were designed

_to have series resonant frequency of 1 GHz and 2 GHz-respectively, and

the outer conductors were of square cross-section which is the usual
practice. The diode was situated in a hole through the piece of white
insulator (P.T.F.E.) in Figure 6.13 to connect between the outer of

the cavity and a brass disc inner conductor which was set into the middle
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of the insulator. Probes comnected the N-type input and output sockets
to the centre threaded conductors of the cavities by means of springy
strips of brass. The threaded centre conductors form tuning capacitances
with the disc in the white insulator and the capacitances are held at
fixed values by tightening tﬁe knurled lock nuts.

When the diode was: replaced by a direct coanection so that each
cayity could be separately tuned to the desired frequencies, it was
found that a cavity could only be tuned when the inner conductor of
the other had been almost completely removed. Thus this particular
design was abandoned.

It was obvious that the two cavities should be completely screened
from each other by the insertion of an eartﬁéd plate in the position
occupied by the diode in Figure 6.13; The cavities might be more easily
designed if positioned sidé—Ey-side rather than back—to-back and a
proposed design is shown in Figure‘6.14° .However, this design was not
produced because experimental microstripline circuits were far easier,
cheaper and quicker to produce and therefore the microstrip designs

were pursued with the greater vigour.
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6.4 Conclusion

Frequency doublers using varactor diodes in microstripline circuits
with series-tuned cavities have been designed, constructed, and tested
with the objective of verifying the multiplier theory developed in
Chapters 4 and 5. This type of multiplier circuit, i.e. microstripline,
was investigated because the development of experimental circuits was
much easier, quicker and cheaper than designs which use coaxial trans-—
mission lines.

The tests were required torsﬁow that the multiplier circuit
parameters "'a" and "b", and hence the second harmonic outpﬁt power
were dependent.upon the source e.m.f. Es’ the source resistance RS and
the load resistaﬁCe RL in the manner‘stéted iﬁ the conclusioqs.of
Chapter 4. The actual yalues required for Rs and RL for maximum output
power were not fouﬁd‘from spectral tests on tﬁevvaractor‘diodes because
this was too large a project. It was suspected, however, that the vaiues
needed for RS and RL would. be less than 100 Because.impedance matching
of"this order has always.been used in varactor diéde multiplier
circults. fhe source and load reéistances Rs ;nd RL were transformed
to.seve;al different valués.ﬁy'méans of quartef—waveleng;h transformers
-and the second harmonic output power was measured for each céée. The
results are summarised in section 6.3.3 and it can be seen that

increasing the transformation ratios N, and N2 (where source resistance

. , 2 ; : o e 2x
1s transformed to RS/Nl- and load resistance to nL/lz ) produced an

-

increase in output power. The values of N, and N, should have been

increased until a decrease in the output power was observed as this
situation is predicted by the theory of Chapter 4. However, the

highest value which was used for both N, and N, was 1.58 ‘and higher

1

values than this become difficult as the stripline width increases.
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When the diode was connected in paraliel between a wide strip
conductor and the earth plame it was not at all certain that the
travelling wave could Be assumed to arrive correctly at the diode.

In one case the effect of connecting three diodes in parallel was
investigated But no obvious advantage was noted.

The maximum second harmonic power obtained from the microstrip
doubler was #15 dBm at 3.12 GHz wﬁén the effective source and load
resistances were both 202. The actual input power in this case was
not measured but the available power from the source was +30 dBm.

It is thought that more output power would have been obtained with

the "correct” matcﬁing; and that very careful tuning would also produce
a greater output. Although it cannot be claimed that tﬁe theory of
Chapter 4 has been verified, mucﬁ useful experience on the design of
microstrip doublers has been obtained.

A future investigation might make more use of the impedance-
transforming properties of tﬁe series—tuned cavity. All the computer
studies in Chapter 2 were made for a load resistance of 500 because
microwave power measurements are usually made in a 50-0Q load. However,
it is possible for impedance transformation to be achieved in the
series—tuned cavity and ﬁigﬁer transformation ratios might be obtained

compared with those in quarter wavelength transformer designs.
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The Analysis of the Multiplier Circuit

The predictions of the performance of the shunt—diode doubler

lie analyses are summarized in

and tripler which materialize from ¢
Table 5.1 in the conclusion to Chapter 5. Formulae are given for
the maximum lodd power from the multipliers in terms of parameters
obtained from a spectral test on the diode over a specified part
of its characteristic; the measurement of these parameters is a
separate problem which is discussed later. The results show that
there are definite limits to the amounts of power which can be
converted to second and third harmonic output power and that these

are dependent upon the parameters V2 and V These parameters

0 30°
are the amplitudes of the second and third harmonic voltages generated
by the diode when it is excited by a specified amplitude cosinusoidal
charge variation at fundamental frequency, and they are dependent
upon the degree of non-linearity of the diode characteristic. Other
researchers have stated that all the input power may be converted
to output power (assuming zero losses) if a complex conjugate impedance
match is used at the input (reference 18). However, this last state-
ment does not mean that the available power from the source can all be
converted to a particular harmonic power.

The second harmonic output power from a doubler is theéretically
diminished by the presence of a fourth harmonic in the diode test
spectrum and it is probable that similar resulits would be obtained
for a tripler circuit in which the third harmonic output power would
be decreased by any sixth harmonic appearing in the diode spectrum,

This reduction in output power due to higher harmonic terms in the test
spectrum is caused by the production of an output e.m.f. which is in

antiphase with the "principal" output e.m.f. Hence the analysis predicts
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that a "basic" doubler would produce more output power if the test
spectrum of-its diode did~ not contain fourth harmonic.

Note that this assumes that a fourth harmonic current is not allowed
to flow anywhere in the circuit.

A number of other researchers (e.g. reference 16) mention that
only the second harmonic is present if the diode characteristic has
the parameter y = i, and this agrees with one of the conclusions of
Chapter 5 which predicts that a "basic" tripler circuit will produce
zero output if its diode test spectrum has no harmonics higher than
the second. When an idler is used with the shunt-diode tripler the
analysis of Chaptér 5 indicates that the third harmonic power may be
less than for the basic tripler circuit. It also proposes that the
second harmonic output power can be greater when a third harmonic
idler.is used than for a basic doubler circuit. Results from other
researchers have always indicated that the output power is always
increased by the use of idlers in that the currents of the two
frequencies are said to mix in the non-linear characteristic and
produce power at the required sum or difference frequency. The
present aﬁalysis shows that this may not always be the case and

further investigation is required.

The effects of the diode capacitance on the de-tuning of the filters in
the input and output circuits are included in the analysis. To a first

approximation - the input and output capacitances are both equal to the ratio

of the test charge amplitude Q10 to the fundamental component of the voltage

generated during the spectrum test, V This value, symbol C is

10° 10’

also the output capacitance on no-load when terms up to the fourth
harmonic are included in the diode test spectrum. However, for such

a test spectrum the input and output capacitances of the diode will
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vary as the multiplier output power changes. As the outpul power is
increased from zero {(i.e. no load) the input capacitance increases
from C10 and reaches a maximum value at maximum output power. The
output capacitance has a no-load value which is lower than C10 and
it increases as the output power is increased until it reaches the
value ClO at maximum output power. The results imply that the
output filter would require no re-—tuning if the multiplier were
required to operate on maximum output power. It is noted that the
input and output capacitances depend only upon the fundamental and
third harmonic terms in the diode test spectrum in the basic doubler
and tripler circuits. In the case of the tripler with second-
harmonic idler all the harmonic terms of the diode test spectrum
appear in the formulae for input and output capacitance (see Table
5.1).

The resﬁlts predicted for multiplier operation by the analysis
are difficult to prove due to the practical problems involved in
finding the test spectrum for the shunt-connected diode. It is
possible to measure the spectrum of currents for a reverse-biased
diode driven by a sinusoidal voltage and this would give the parameters
required for use in the analysis of the series—diode multiplier. If
the Ci-V characteristic of the diode could be calculated from the data
in the "series spectrum” then it should be possible to generate the
"shunt spectrum" for the diode by a mathematical method. This has not
yet been attempted and might form part of a future investigation.

The multiplier circuits analysed in this report have been circuits
in which very little forward current is allowed to flow in the diode.

Hence the "overdriven case'" has not been considered and this is

unfortunate in that it generally gives higher output power and efficiency
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compared with multipliers which generate harmonics due to the non-
linearity of the reverse-biassed part of the diode chéracteristic.
In the analysis given by Hamilton and Hall (reference 09) the
varactor diode is used as a narrow-pulse generator which gives an
output rich in high—order ﬁa%monics of the input frequency. In
order to apply the present method of analysis the diode would
require a spectrum test under conditions in which step-recovery
actioﬁ occurs. In this case the spectrum would probably contain
sine and cosine terms and thus the phase of each component would
require to be measured. These terms would complicate the analysis
as they would give rise to Chebyshev Polynomials of the second kind
in the diode characteristic. The first kind and second kind
polynomials are defined as Tn(ei = cos (n cos L 8) and Un(ﬁ) = gin
(n cc’s-1 8) respectively and their inclusion in the characteristic
will lead to many other terms in the multiplier circuit equatioms.
Thus the results might be too complex for interéretation and it
might be necessary to evaluate them using the computer in which
case the method would have no advantage when compared with a numerical
analysis which starts from the diode characteristic.

In all the theoretical work in this report the series resistance
of the varactor diode and the losses in the filter circuits have been
ignored. This has been done to simplify the analysis so that the
~ important problem of impedance matching would not be obscured.
Obviously the usual requirement in diode multipliers is for maximum
output power when driven from a specific source, and the main achieve-
ment of the present analysis is that a method is proposed by which
this Ean»be accomplished. The output resistance Ro has been shown
in Chapter 4 to depend upon the multiplier circuit parameters 'a'

and 'b' and the ratio VZO/IIO' When the circuit operates at maximum
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power the output resistance has its optimum value, Ro(opt)9 and this
has been evaluated at 0.833 %20j£10° For operation.at maximum output
power the load resistance RL should be matched to Ro(opt) by

impedance transformation and the source e.m.f. and internal resistance
should then be chosen to give the required values of the multiplier
circuit parameters "a" and "b". The value of source resistance RS

can be transformed to match the input resistance of the circuit and
the value of ES must then be adjusted to obtain the correct values of

"a" aIld II‘E!?°
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7.2 Practical Multiplier Circuits

The design of the practical multiplier circuits shown in Chapter 6
was developed using the series—tuned cavity as the basic filter circuit.
The computer—plotted graphs of the performance of the cavity had been
plotted for operation between a source of 50 and a load of 500, and
thus in the multiplier circuit the cavity was again expected to work
between 500 resistances, and impedance transforming circuits were
inserted between the cavities and the diode. The shunt-—connected diode
multiplier was chosen Because it was easier to mount in the microstrip-
line circuit,

Two types of impedance transforming circuit were investigated in
the multiplier circuits, namely, the quarter—wavelength transformer
and single stub matching. Of the two the former appeared to be the
more promising and it was also easier to design. The variables in
single stub matching are the position and length of the stub and it
was impossible to calculate the required values of these on both
input and output sides of the diode. It was also very difficult to
adjust the four variables Bx "trial and error" to attempt to obtain
efficient harmonic generation. The quarter-wavelength transformers
were much simpler to design as they consisted of a length of line
of characteristic impedance 212 which.éould be found from le,ZZ
where Z1 and Z, were the impedances which were to be matched. The
lengths of these sections were required to be a quarter—-wavelength
at the relevant frequency i.e. 3.12 GHz in the output circuit and
1.56 GHz in the input circuit.

Several impedance transformations were made using the quarter-
wavelength transformer technique and the output powers obtained from

the circuits showed an increase as the transformation ratio increased.



(165)

The maximum transformation used was from 200 to 502 with the diode

in the 20-Q microstripline. Any further decrease in the impedance

of the line containing the diode was not carried out as the width

of the line was becoming excessive. It was considered that a single
diode of the "pill" form might not Ee properly fed from a wide micro—
sfripline and this needed further investigation wﬂich“was curtailed
due to lack of time. One technique which was tested involved the
connection of three varactor diodes in parallel.across the wide

20-Q microstripline but this appeared to make no improvement. A
method is perhaps required by which the output circuit transformation
ratio is continuogsly variable and the values of ﬁs and Rs are also
separately variable; in the tests carried out here the effective
values of ﬁs>and Rs were both dependent upon the transformation

‘ratio Nl’ A particular fixed source having emf and internal
resistance ﬁs and Rs respectively becomes an effective source of

enf és/Nl and resistance Rs/le and has the same available power.

One method of changing the available power would be to use attenuators
between the source and the multiplier circuit and it would also be
possible to use a microstrip power splitter to drive two doubler
circuits in parallel, or push-pull.

One difficulty that was noticed with the circuit used here was
the poor selectivity apparently achieved by the output cavity. When
the output cavity was separately tuned to the second harmonic frequency
of 3.12 GHz (i.e. before connection in the multiplier circuit) the
multiplier output at fundamental frequency was usually at least

6 dB below the second harmonic output, but when the cavities were
re-tuned for maximum second harmonic output the fundamental output

was also considerably increased. It must be concluded that the



(166)

series—tuned cavity is a difficult component fo use in the multiplier
circuit due to the fact that the impedance presented to the cavity by

-
f +the civeuit
I the circuitl

[

the diocde is a value which can change considerably
conditions vary. This variation in impedance would also,of course,
degrade the performance of most other filter circuits.

There were considerable difficulties in converting the theoretical
multiplier circuit into a practical design but the experience gained
during the projedt is invaluable and it is felt that the foundations
have been laid for the design of microstrip series—tuned cavity
multipliers. However, if high output power is the main comsideration
then the step—recovery type of multiplier could need to be given more
attention, and the microstrip parallel-tuned cavity should also be

investigated.
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7.3 TFuture Developments

An important investigation which was not made due to lack of

-~ ~

o° VZO’ V30 ete for

time was the measurement of the parameters %1
the diode. One method of finding these parameters which may be

used in the future would involve the multiple reflections which

occur when the diode terminates a slotted line which also has a
mismatch\at the generator end. In this case standing waves exist

on the slotted line at fundamental and harmonic frequencies and

from their measurement the spectrum generated in the diode may be
calculated. This method could be used to check the measurement of
the spectrum of the series—connected diode which can be obtained

by more conventional means.

It would be useful to investigate the performance of the series-
tuned cavity with load resistances having various values in the range
12 to 202. This would entail coﬁputer calculations which would give
the filter frequency response of the cavity when matching the 50-0
source or load to the diode‘impe.dance.

Other practical objectives which should be pursued include the
verification of the results predicted for the operation of the
multiplier with idler. This might be rather easier than the
verification of the basic multiplier circuit operation as the second

harmonic output could be observed, for example, as the third harmonic

Further theoretical work would also be useful on the subjects
covered in this project. One such topic is the connection between
the "series spectrum" and the "shunt spectrum" of a diode, as mentioned
in.section 7.1, which would be useful for deriving the latter from the

former which happens to be much more easily measured.
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The application of the method of analysis to the “overdriven
case', which has also been discussed in section 7.1, might, if
successful, yield useful results on the impedance matching which
is needed in step-recovery multiplier circuits. Another application
for the analysis is the multiplier circuit which uses either the
silicon or gallium arsenide avalanche @iode; a relatively recent
circuit which is used for multiplication in the range 10 GHz to
100 GHz. When multipliers are used in chains the load presented
by the second stage on the first stage obviously affects the operating
conditions of that stage and vice versa. The problem here is to
operate both stages in the best conditions so that the final output
power reaches the desired level. The interdependence of the two
stages could be responsible for the gemeration of spurious fre@ueﬁcy
components and an investigation might discover the mechanism by which

they occur. Thus the analysis could produce some very useful results

but the full verification of doubler operation should first be made.
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Appendix 2(1)

List of Symbols
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Note that in a few cases a symbol has been used for more than

one parameter, but this doss not cause confusion as it is always clear

which parameter is meant from the context in which it is found.

3i).

334).

4(1).

4(ii).

10.

a

a

Ratio of DP to DC
Plate area of tuning capacitor for coaxial cavity
Radius of immer conductor in coaxial transmission line

Ratio of the fundamental charge variation in the diode
in a shunt multiplier circuit to the fundamental charge
variation used in finding the test spectrum of the diode

Radius of outer conductor in coaxial transmission line

Ratio of the second harmonic charge variation in the
diode in a shunt multiplier circuit to the fundamental
charge variation used when finding the test spectrum of
the diode

Input capacitance

Incremental capacitance of varactor diode
Capacitance per unit length of transmission line
Output capacitance

Incremental capacitance of diode at Va = zero

Output capacitance at 2nd harmonic frequency



=3
=2
o

12.

13.

14(1).

14(11).

15.

16.

17.

18.

19.

20,

21.

N
V]

23,

24,

25.

03

SN

0

DC

op

th

(A3)

Output capacitance az 3vd harmonic frequency

Capacitance of series tuning capacitor at input
of short-circuited transmission line cavity
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Appendix 4 (1)

To show that the coefficients of the Chebyshev Expansion

emmmm mmm S s m mmm 1S amen ke e cwmf et A A - 2 mae 3 £ +h
TEPIrESEnting & non—iLin€ar Characteristic are thne magnitudes of tae

harmonics obtained by driving the non-linear characteristic with a

cosinusoidal drive.

Equation (4.9) expresses the characteristic of the diode,

V=£fQ

in the form of the sum of Chebyshev Polynomials Tn(q) where q 1is
the normalised charge deviation from the bias value. In the proof
given below, the variable q is replaced by x and the variable V

is replaced by vy.

Equation (4.16) expresses the characterisctic of the diode,

Q= f(v)
in the form of the sum of Chebyshev Polynomials Tn(y) where v 1s
the normalised voltage deviation from the bias value. In the proof
given below, the variable v is replaced by x and the variable Q is

replaced by ¥.

Proof:

Let the non-linear characteristic be given by the power expansion

given in equation (1) and the sum of the Chebyshev Polynomials in

equation (2).

y = ag + a;x + arx? + azx’ + ....

cg * 1T1(x) # cTo(x) *+ c3T3(x) ..6o

<
hi

(12

2)
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Note that the Chebyshev Polynomials are defined as im (3) below,
Tn(x) = cos(n cos”! x) R 3
If we make x vary with time, i.e. apply a drive to the

characteristic (2) given by equation (4) below then result (5)

would be obtained.
X = cos wt = cos O (4}
Substitute (&) into (2),

vy = cg * 1T (cos 8) + cyTp{cos 8) + c3T3(cos 8) ...

¥ = ¢g + cyjcos(cos™! cos 8) + ¢, cos(2 cos ! cos 6)
+ c3 cos (3 cos™! cos 8) + ....
¥y =cq * ci‘coss # cp cos 26 + c3 cos 38 + ... (5)

° °

The equation (5) shows that the amplitudes of the harmonics
generated when the non-linear characteristic given in (1) and (2)
is driven by the cosinusoidal function given in (4) are the
coefficients of the Chebyshev terms used in the characteristic in (2).
Thus it can be concluded that the diode characteristic may be

written as either equation (4.9) or equation (4.16)

It is useful to see how the 'c' coefficients are related to the
"a' coefficients used in (1). The Chebyshev Polynomials are given

below in equations (6) to (11).

To(X) =1 (6)
T1(x) = x @)
To(x) = 2x2 - 1 (8)
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Ty(x) = 4x3 = 3x )
Ty (x) = 8x* - 8x2 + 1 - €10}
Ts(x) = 16x° = 20x3 + 5x (1)

Substituting these into (2),

y=cgt ez + (282 = 1) + c3(xd - 3x) ¢+ ¢, (8x"* - 822 + 1)

+ c5(16%x° = 20x3 + 5%) (12)

Equating coefficients of powers of x in equations (1) and (12)

we can obtain the following results:-=

ag

az

as

ay

as

= epg = C2 * Cl oo 3}
= ¢1 = 3c3 + 5¢5 o..0 ‘ (14)
= 2¢cy - 8¢y + .oeo (15)
= 4cy = 20C5 ¥ ... (16)
= 8cy = oo (17}
= 16C5 = co0o (18)

The advantage of the Chebyshev representation for the non-linear

characteristic is that each term in the series improves the approximation

of the law.

It

Co

€1

c2

€3

can similarly be shown that,

=ag + dap + ay * ... (19)
= a; + as + 3ag * ... (20)
= tap, + fay + ... 21}
= laz + >/16 ag + ..o (22)



cy

Cs

fl

%alg‘b"ocoo

1/16 ag * ..o

(A13)

(23)

(24)
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Derivation of equation (4.24) from equation (4.23).

(4.23) may be written as,

Lo

-~

V=V, + le {a cos 8 -b cos (206 + ¢)}

00

00

00

00

v 2{a cos 8 = b cos (28 =+ ¢)}2 =1

20
Va0
aVlO cos 6 = bVlO cos (29 + ¢)
> 2 2 - 2 2
ZVZOa cos” 0 + ZVZOB cos” (26 + ¢)
4V203b cos 0 cos (20 + ¢)
Y20

~

ale cos 6 - ble cos (26 + ¢)

2V20a2 (1 + 4§ cos 29) + 2‘}20132 {1+ 1 cos (46 + 2¢)}

éﬁzoab {} cos (30 + ¢) + 4 cos (B + ¢)}

~ 2A 2A
Voo ¥ 2V * BV,

~

aVlO cos 9 - 2abV20 cos (8 + ¢)

~

2 ~
a V20 cos 286 - Vlob cos (28 + ¢)

QZOZab cos (36 + ¢)

Vzobz cos (46 + 2¢)

(4.24)
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Appendix 4(1ii)

Derivation of equation (4.66) from equation (4.65).

V= VOO + VlOTl {a cos 8 - b cos (206 + ¢)}

- V20T2 {a cos 6 = b cos (286 + ¢)}

~

+ V30T3 {a cos 8 = b cos (286 + ¢)} (4.65)

The 10 terms given in result (4.24) which are obtained from

i}

the first 3 terms of (4.65)

-~

+ V30 4{a cos 8 — b cos (28 * ¢)}3 - 3{a cos @

- B cos (28 + &)}

= The 10 terms of result (&4.24})

2

2
302 ©co8 8 b cos (20 + ¢)

+ V304a cos™ 6 12v

+ 12v o2 ©os 8 bz cos2 (28 + ¢) - 4& 0b3 cos3 (28 + ¢)

3 3

- 3v Oa cos 6 #+ 3bV

3 cos (26 + ¢)

30

= The 10 terms of result (4.24)

~

+ v 3 (2 cos 8 + L cos 30)

304a

63012a2b (4 + 1 cos 28) cos (20 + ¢)

*

- 2
V3012ab, cos e[; + 1 cos (46 + 2¢)]

A3
V,olb [g cos (26 + ¢) + 1 cos (66 + 3¢)]

03b cos (26 + ¢)

~ o
- V303a cos 6 #+ V3
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Appendix 4(iv)

(Y
Extra terms due to inclusion of temm V4OT4(q) in the diode

T RS
ciagracteristic.

The extra terms, VEX’ are

ox 540T4 {a cos 6 = b cos (26 + ¢)}

= VQo[? {a cos 8 - b cos (26 + ¢)}4 - 8{a cos 6 = b cos

(26 + 4>)}2 + 1]

4 2.2

= %40{3:44 + 3% ¢ 122262 - 4a% - 4b2

+ 1}

~

+V

40%°8 (8 + ¢){8ab - 12ab3 - 12a3b}

~

+ V4Ocos 8 - ¢§){- 4a3b}

+ V4Ocos 26{4a4 + 12a252 - éaz}

~

+ Vmcos 26 + 2¢) {6a2b2}

+ Véocos (36 + ¢) {8ab - 1233b - 123b3}

o 4
+ V40cosv49{a }

+ ¥, cos (40 + 26) (46" + 12a%b° - 4%}

-

+ V4Ocos (59

i

o) {- 4ap}

~

+ V, cos (586

3

%

~

+ V, cos (68

2.2
40 2¢) {6ab" }

o+

+ %aocos (78 + 3¢) {- 4ab3}

~

+ vV

4
40 46) (b}

cos (886

+
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i0 terms of resuli (£.24)

- 2
V303a b cos ¢

~

- 3 n 2 .
+ V303a cos @ <+ V306ab cos © V303a cos ©

~

= V3O 6a2b cos (28 + ¢) - % 03b3 cos (26 + ¢)

3
+ VBO 3b cos (29 + $)

S~ 3 - 2
+ V3Oa cos 38 f V303ab cos (26 + 2¢)

- 2
V303a b cos (46 + ¢)

+ {7303&@2 cos (56 + 2¢)

o 3
V3Ob cos (68 + 3¢)

o 22 2 ~ 2
V00 - VZO + a VZO + b VZO - V3O3a b cos ¢

+ V,.acos 8§ -V

o 3
10 2oZab cos (0 <+ ¢)+V303a cos 6

+ V 06ab2 cos 6 -V

3 03a cos B

3

» A2 - 2
- VlOb cos (26 + ¢) + V,.a cos 28 - V306a b cos (28 + ¢)

20

> 3 , i .
- V303b cos (26 + ¢) + V303b cos (26 + ¢)

VZOZab cos (36 + ¢) + V30a3 cos 36 + V303ab2 cos (36 *+ 2¢)

&

V20b2 cos (46 + 2¢) - 6303325 cos (486 + ¢)

- 2
+ V303ah cos (50 + 2¢)

- %3Ob3cos (686 + 3¢) (4.66)
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Appendix 4(v)

The Analysis of the Shunt Diode Multiplier using the Four-Term
Approximation to the Diode Characteristic.

This analysis is similar to that carried out in sectioas 4.3.1
and 4.3.2 but in this case the fourth harmonic of the test spectrum
will be taken iInto account.

The test spectrum will be assumed to be that given by equation

(1)} and the diode characteristic will be expressed as equation (2)

-~

V.=V + V cos wt + V

o~ Yoo ¥ V10 20 cos but

(1)

cos 2ut + V cos 3ut + V

30 40

V=Yoo * Vg1€ad * Vpglalad + V5aTalad + V, 4T, (q) (2
The normalised charge variation in the test is cosinusoidal as

in equation (3)

Q10 cos wt
qQ= = = cos wt = cos © (3)
Q0
The shunt-diode doubler circuit is as shown in Figure 4.6 and

the charge on the diode then has a second harmonic component. The

fundamental charge variation is assumed to be reduced to a fraction

L. §

a' of its test value and the second harmonic charge variation is

'd" times the test value where 'b' is also a fractiom. The conditions
iven in (4.22) must hold for the values of "a’' and ‘b’ for this

g

analysis to remain appropriate.
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Thus the normalised diode charge q is given by (4) and the

current by (5) after differentiating the expression for charge.

a cos wt — b cos (Qut + ¢) (&)

fal
]

(]
I

= =»aw(i10 sin wt + me(ilo sin Qut + ¢) (5)

The expression for q in (4) is then substituted into the

characteristic equation (2) with 6 in place of wt

V= VOO % VlOTl {a cos 8 — b cos (20 + ¢)}}

* %20T2 {a cozs 8 -b cos (20 + $)}

+ V301'3 {a cos 8 = B cos (26 + ¢)}

+ §40T4 {a cos 8 = b cos (26 + ¢)} (6)

Twenty—six extra terms are generated in the voltage due to the
inclusion of the term V40T4(q) in equation (4.72). All the extra
terms are given in appendix 4(iv) and those at frequencies w and 2w

only are shown in equation (7) below.

V(extra terms) = V408ah cos (8 + ¢) - V4012a3b cos (8 + ¢)

A 3 ~
. V4012ab. cos (6 + ¢) - V40433‘b cos (8 - ¢)
- 4 - 2.2 '
+ V404a cos 26 * V4012a b~ cos 26
+V, 6a2b% cos (26 + 2¢) - V. 4a> cos 26 7y
40 40

The equations (5) and (6) will now require to be modified to
include all the terms in (4.67) and (4.68) plus terms due to equation

(7); the revised equations are shown below in (8) and (9).

-~

e a3 a2 .
v, = Vlo( ja) * Vzo(JZab. b)) + V3o( j3a j6ab” + j3a)

o . . 3 . 3 ., 3
+ V40{-38ab&+ jl2a™bf$_+ j12ab~ [¢ + jéa'b (¢}
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and inserting ¢ = = w/2
V. = V. (= 3a) + V. (2ab) + V. (= 33a> =.i6ab® + j3a)
1 10V & 20 30v ] =] 3
. %40 {-8ab + 12a3b + 12aB° - 4ab}
oY
% = V. (= ja) + v (2ab) =+ v (- j3a3 - j6ab2 + j3a)
1 0% & 20%-2 30 -
+ %40 (Saab + 12ab3 - 8ab) (8)
and
V. o V.. (b) + Vo (= 3a%) + V. (6a%b ¢ 3b3 - 3b)
2 10 20% 30
oV, (- jsa® - j12a%8% + jua® + j6a7b%)
or
V. = V. () + V. (- ja) + V. (6a°b + 3b> - 3b)
2 10 20 128/ 30
U, (- j4a* - j6a%b% + j4a®) : (9)

The output equivalent circuit can be found for this case by
considering equation (9) above and Figure 4.14 is shown to be

modified to Figure 4.16 which is given in sectiom 4.3.3.
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Appendix &{vi)

The derivation of a formula for the output resistance of the diode
at the harmomic output frequency.

An output equivalent circuit (see Figure 4.10) is shown below.

A

~ja2V, R,

=j2bI; g

2
ey

Figure 1

~

The reduction in the second harmonic e.m.f. from =j VZO to -ja2 VZO
could be due to the internal resistance of the source, Ro' Thus Figure 1
could be re-drawn to include a source resistance,

2) v
Ro = [1 a ] 20 Q)

7 =
Lo

-

Of-s. A

=j2bI;
—_—

Figure 2
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The output equivalent circuit of Figure 2 is at the frequency 2w,
The maximum output power is obtained when the load resistance RL
is matched to Ro and then the values of "a’ and ‘b’ will be 2/3 and

1/3 respectively,

Let Ro = Ro (opt) whem a = 2/3D b= 1/3 (2)
Bence,
R (opt) = 2 x> _ (3)
o I :
10
The max output power may then be calculated as
v
7 s
PL (max) = A Ro (opt) =370 20 I10 (4)

and this agrees with the previous calculacion shown in equatiom (4.56).

Circuit operation at maximum output power:

The load resistance RL should be matched to Ro (opt) by impedance
transformation. The source should then be chosen to have values of
Es and R (which give the required values of 'a' and 'b") which satisfy
the condition

- _,26 SA .
Es =3 L0 B T3 Y20 )

The source impedance could be reduced by transformation to as low a

value as possible so that less power would be lost in Rs.
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Appendix 5(i})

The full expansion of equation (5.14)

The equation (5.14) can be expanded using equations (6) to (9)

in Appendix 4(i}. The following result may then be obtained:

_ - Y
V=Y50"V0* Vg & *Vyp?

~

o - 3 - 2
+ V10 a cos © V30 3a cos 8 * V30 32~ cos 9§ + V30 6ab” cos 8

~ 2 ‘
- V30 3a" B cos (8 + ¢}

+ V a2 cos 20 =+ V

20 O.ZaB cos (20 + ¢)

2

A a3 cos 38

- V.,.bcos (38 + ¢) +V o 3b cos (38 + ¢) 10

10 3

4

" 3
V30 357 cos (38 + ¢)

- VBO 6azﬁ cos (30 + ¢)

- V20 2ab cos (46 + @)

—{7 3a2bcos (586 + ¢) + V

2
10 0 3ab” cos (56 + 2¢)

3

+ Ty b2 cos (66 + 28)

o 2
+ V30 3ab” cos (76 + 2¢)

- %30 53 cos (96 + 33) (1)

where the substitution

8 = wt (la)

has been used as an abbreviation.
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Appendix 5(I)

Development of the equivalent circuit of Figure 5.1 in section 5.2.2.

An equivalent output circuit may be drawn using equations (5.17)

and (5.19) as shown in Figure 1 below.

3w

M

-3wa10é$=

S
%. - 2.2
Jb3v30(23 *H7-1) o R [}

. 32
% ja V3O

Figure 1

Two of the voltage generators in Figure 1 are lagging the current by
90° and may be considered as the output capacitance Co of the diode.
The reactance of Co can be written as

~

2

- 3

1 b le * V30 (36~ + 62"b = 3b)
3wC -

-0 3bu»Q10

or
Q
Cy = ()
le + V30 (6a” + 3b" - 3)

The output capacitance causes de-tuning of the output circuit filter
but this must be assumed to be corrected so that only 3rd harmonic
current flows in the load. The loadAcsifent must be in phase with
the generator e.m.f. and thus the value of ¢ must be —900.

Then,

. 3z - _ "
- ja V30 = j RL 3bw Q10
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and

3w é b
N Ul A -

7

30

Equation (2) is an important rvelationship between ‘a’ and 'b’ and
becomes equation (5.22) in section 5.2.2,
An equivalent circuit at the input frequency may be obtained

using equations (5.16) and (5.18) and it is shown in Figure 2 below

/ﬂ;Qi{ﬂ 17 *ho
—

-JaV JaV30
(3a2 + 6b2 - 3)

| O

Figure 2

One voltage generator may be replaced by the input capacitance CIN

as shown in Figure 5.2. A compensating inductance must also be shown

to prevent de—=tuning of the input filter. The value of C_ . 1is derived

IN
from,
a % + a G (3a2 + 6b2 - 3)
1 - 10 30
wC -
IN aw Q10
from which
Q
_ 10
Cm == = 7 (3)

2
v, + V30 (32" + 6b° - 3)
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The ozher voltage generator im the circuit of Figure 2 represents

. . . - R Y
the load resistance reflected into the input circuit, RL”

Hence
. 2.
0 V30 3a"®

RL = e (4)
aw Q4
If (2) and (4) are combined then result (5) is easily obtained,

v b2

R ”':z’RL (5)
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Appendix 5({ii)

The full expansion of equation (5.37).

When equation (5.37) is expanded it will contain the 22 terms
of equation (1) in Appendix 5(i), pius extra terms due to the fourth

harmonic term:

Hence

V = 22 terms + extra terms 1)

vhere extra terms = ‘?40 TQ {a cos & = b cos (38 + ¢)}

VA40 [8 {a cos 8 = b cos(36 ¢ ¢)}4 - 8{acos 8 - b cos
(36 + &)} « 1]
= ?740 [8a4 c054 8 - 32 a3b cos36 cos (36 + 4)

3

+ 48 azbz c0526 cos2 (36 + ¢) - 32 ab” cosé cos3(3e +

+ 81!)4 <:osz'P (38 + ¢) - 8a2 cosze
2 2
+ 16 ab cos 8 cos(36 + ¢) - 8" cos" (38 + ¢) + 1]

)

The terms in equation (2) can now be expanded using the useful identities

given in equations (3) to (11):

2

cos“A =4 + | cos 2A (3)
cos A = ? cos A+ { cos 3A 4)
cosAA =3 + 1 cos 2A + } cos 4A 5)
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l

cos A ccs B

&

cosZA cos B

} cos (A + B) + 4 cos (A= B) (6)

1 cos B+ { cos (24 + B) + { cos (2A - B) @))

cosBA cos B=3 cos (A+B) + 3 cos (B-A) +} cos (3A -B) + } cos (3A + B)

+

cosZA coszB =4+ } cos 2A + } cos 2B ¢+ } cos (2A + 2B) +

(8)

cos {2A = 2B)

@i

9
G =-38)2 = a3 - 3a%8 + 382 - B3 (10)
A - B* = 4% - 4438 + 6a28% - 448> + B4 (11)

°  Extra terms = 640 [Sa4 (2 + 4 cos 26 + } cos 46)

- 32a3b (% cos (48 + ¢) + 2 cos (26 + ¢)

+ 1 cos (= ¢) + } EOs 66 + ¢)

+ 48a252 {} + 4 cos 20+ 1} cos (60 + 29) + ! cos (86 + 2¢) + | cos (46 +

BZab3 {3 cos (46 + ¢) + 3 cos (20 + ¢) ¢+ ! cos (86 + 3¢) + I cos (106 + 3¢)

86% {3 + 1 cos (60 + 20) + } cos (126 + 443}

8a% {} + } cos 26}

16ab {} cos (486 *+ ¢) + é.éos (26 + ¢)}

862 {4 + L cos (66 + 20)} + 1 ]



(A30)

2V, 1o 5a% = 4276 cos ¢ + 122282 + 55% - 422

- 452

+ '4a4 cos 28 - 12a3b cos (26 + ¢) + 12a2b2 cos 20

12ab3 cos (28 + ¢) = 4&2 cos 286 + 8ab cos (26 + ¢)

£

aa cos 48 - 12a3b cos (46 + ¢) + 6a2b2 cos (48 + 2¢)

- 12ab3 cos (48 + ¢) + Bab cos (46 + ¢)

2.2

- 4a3b cos (66 + ¢) + 12a°b" cos (66 + 2¢) + 4b4 cos (68 + 2¢)

- 4b2 cos (66 * 2¢)
2.2 L, 3
+ 6a°b” cos (88 + 2¢) - 4ab cos (88 % 3¢)
- 4ab3 cos (108 + 3¢)

+ Bcos (126 + 4] | (12)

The extra terms given in equation (12) do not include any of frequency
w or 3w. The terms in (5.37) at these frequencies are as given in

equation (5.15) of sectiom 5.2.2.



Appendix 5(iv)

Identities needed in 5.

(A-B-C=a

3

+ 3AC

Cos Acos Bcos C =

G-B-c)*

3

P

i

ER

- 4A”B

E

4BC

3

(A31)

o2,

83 - ¢3 - 3a%p - 3a%c + 3482

+ 64BC = 3B%C - 3BC®

cos (A+B<+C)+fcos (A-B-C)

cos (A+B~=C) + £ cos (A-B + C)

BA' &> 04 2+ 6,525232 + 6A202 + GBZCZ
- 4482 - sac® - wadc + 4B3C
+ 12478C -~ 12AB%C - 12aBC2

(13

(2)

(3)



Appendix 5(w)

(A32)

Analysis of section 5.3.1.

V=V * V10 [-{A"

B-cl] +v,,[21a-3-c%-1] 1)

vhere A - B - C=a cos 8 — b cos (20 + ¢2) = ¢c cos (39 + ¢3) 2)

L V=Y T V0 [A"B

~

2 2

~ ~

=V, ~-V. +V..acos 8-V o b cos (26 + ¢2) =V

00 20 10

” 2 2 2
< VZO [Za cos 6 + 2b

+ 4 be cos (28
- 4 ab cos (28

- 4 ac cos (38

f
<3

|
<3
+
<3)>
A}
0
[}
7]

00 20 10

- V.. c cos (38

10
+ V. 2a° S
20 2
~ 2 . |
+ Voq 2b] + 3

20

v L
+ V20 4bc [2 cos

- 620 4ab [5 cos

- Y50 bac [% cos

+ ¢2) cos (38 + ¢

- Cﬂ

2

* Y0 [ZA + 2B” + 2C° + 4BC = 4BC = 4AC - 1] (3)

c cos (30 + ¢3)

1 10

2

cos2 (26 =+ ¢2) + 2¢ cos2 (36 +'¢3)

3

+ ¢2) cos 8

+ 9,) cos 6] ()

- U, b cos (20 + ¢,)

6)

cos 28}

cos (4 + 2¢,)]

cos (66 + 2¢.)]

(50 + ¢, + 03) + § cos (8 + ¢ = ¢,)]
(36 + 9,) + } cos (8 + 4,)]

(46 + ¢3) + § cos (20 + ¢3)] (5)



-V

A

~

v

- (A33)

10

- Véo 2ab cos (8 =+ ¢2)

~ A

- Vlo b cos (29 +-¢2) % VZO

=V 2

19 © cos (36 + ¢3) -V

+ V.. acos 8 + Véo 2bc cos (8 + ¢3 - ¢2)

az cos 26 =V

20

2ac cos (29 + ¢3)

0 2ab cos (38 + ¢2)

+ % bz cos (48 + 292) - % 2ac cos (46 =+ ¢3)

20 20

+ VZO 2bc cos (56 <+ ¢2 + ¢3)

3 S*ticVyy [95+] 2ab Vyg [9)

~ 2
+ VZO ¢ cos (68 + 2¢3)
1% 7 Ja Vg 5 2be Vpg [85 = ¢ + J 2ab V5 [9
V. =+ 3b V.. oo + § 2ac V.. /6. - 3a° ¥V
2 b Vi[85 * ] 20 {23 ~ 32 Yy

(6

N

(8).

(9)



 Appendix

(A34)

5(vi)

Analysis

where

of section 5.3.2

extra terms generated in the spectrum are,

]

?730[{4 A-B-C7-3{a-B-cl

cos ©
cos (26 * ¢2)
cos (38 + ¢31

3 2. = 124%¢C + 12 aB2

3 - 124%B

~ 3
V10 [4A - 4B° - 4C

12a¢% + 24ABC - 12B%C - 12BC2

34 + 3B + 3C )

- 3 3
V30 [4a cos™ 8

4b3 c053 (28 + ¢2)

3

b4e cos3 (30 + ¢3)

1Zazb cosZS cos (29 + ¢2)

N

12a2c cosze cos (36 + ¢3)

2

12ab cos2 (28 + ¢2) cos O

12ac2 cos? (36 + ¢,) cos @

12b2c cos2 (26 + ¢2) cos (36 + ¢3)

125’ cos” (36 + ;) cos (26 + 6,)
24abe cos (36 + 93) cos (28 + ¢2) cos 6

3a cos 6 + 3b cos (26 + ¢2) + 3c cos (36 + ¢3)]

(1}

(2)
3)
(4)



(A35)

>

A

- F4a> (2 1
Ex V30 kéa {2 cos® + L cos 36}

4b3 {2 cos (206 + ¢2) + } cos (68 + 3¢2)}

4c2 {2 cos (30 + ¢3) + 4§ cos (98 + 3¢3)

12a%b {1 cos (26 » 9,3 * ! cos (48 + ¢2) + 1 cos ( - ¢z)i

- 12a2c {} cos (36 + ¢3) + {1 cos (50 + ¢3) + 4} cos (-6 - ¢3)}

+ 12ab2 fé cos® + { cos (56 + 29,) + i cos (36 + 2¢2)}

+ 12ac® {} cosd ¢ } cos (70 + 24,) ¢ £ cos (50 + 24,)}

- 126%¢ {4 cos (30 + 94) + ! cos (78 + 0y + 04} * f cos (8 + 24, - 42}
- 12bc2 {1l cos (20 + ¢2) + % cos (88 + 2¢3 + ¢2) + { cos (46 + 2¢3 - ¢2)}

+ 24abe {§ cos (60 ¢ ¢5 + ¢,) + { cos (43 = ¢,)

+ § cos (40 + 94 * ¢2) + { cos (26 + ¢q = ¢2)}
- 3a cosf %+ 3b cos (28 * ¢2) + 3c cos (38 + ¢3)]

. s _ & a2 _
O VEx = V3O ( 3a"b cos ¢2 + 6abc cos (¢3 ¢2)

o— 3a cos 0O + 3a3 cos 6§ - 3azc cos (8 <+ ¢3)

+ 6ab2 cos 6 + 6ac2 cog 6 - BBzc cos (6 + 2¢2 - ¢3)

) - 632“ cos. (20 + ¢

3

+ 3b cos (28 + 4.) = 3b7 cos (20 + & )]

2 2 2

- 6bc cos (20 + 4,) + 6abe cos (20 + b5 = 9,)
3 3
+ 3c cos (30 + ¢5) + a” cos 38 - 3c” cos (36 ¢ 95)

- 6ac cos (30 + ¢y + 3ab% cos (30 + 26,) - 6b2c cos (30 + 6,)



(A36)

= 3ab2 cos (46 + ¢2) - BBCZ cos (46 < 2¢3 - qbz) + Gabec cos (46 < ¢3<P¢2}}

Ba?‘c cos (56 *+ ¢3) + 3ab2 cos (56 + 2¢2) + 3ac2 cos (56 + 2¢3)

t

‘b3 cos (68 + 3¢2) + 6 abc cos (66 + cb3 + ¢2)

4=

3ac2 cos (76 + 2¢3) - 352c cos (78 + ¢2 + ¢3)

2
3b¢” cos (88 + 2q53 + Qzl_

¢ cos Qe <+ 3¢3)]

The extra terms generated at w, 2w and 3w are shown in equations (5) (6)

and (7) with - sin 0 taken as reference phasor.

3 4 5322 s,

. 2 . 2 ¢l ’
-~ j6ab” - j6ac” + j3B c @2 - QB] &)

Vl(ex) = V30 [-ﬂ- j3a - j3a
¥ (ex) = V [j—-'3‘b [o, + 35> [o, + i6a%6
2 30 \J 2 73 2 7 (o5
. 2 .
+ jébe” [o, - j6abe [o4 = ¢, ] (6)

- .3, .
V3(gx) = V30 {—Ja - 3j3c ng * ]3(:3 &_3
+ j6a’c [o5 ~ j3ab® [29, + j6bic L¢5] %)



(A37)

Apoendix S5(vii)

&nalysis of section 5.3.3.

Extra terms due to the 4th harmonic:

~

o Cm b e L m L 2
Veg = V4o 18{A=-B -0 = 8{a-B=-0C° + 1] (1)

where A= B=-C=2a cos 8 = b cos (20 #¢2)—ccos (30 +qb3)

Vg = Vg ES{A"’ + B + c* + 6428 + 6a%c? + 6822 - 4478
- 4483 - sac® - sa3c + 483 + 4BC + 124%BC
- 1248%C - 12aB¢% - (4% + B® + ¢ - 248
- 24C + 2BC} + 1] ()

~

_ 4 4
= VAO [8a cos o

- Sh4 cos4 (20 + ¢2),

- 8c4 cosé (3 + 4)3)

+ 48a2‘b2 cos2 ] <:os2 (% + 421

+ 4832c2 cosv2 ] cos2 (3 =9 31

+ 48b2c2 cos2 (26 + cbz)_ c052 (36 + ¢3)

- 32a3b ccs3 & cos (26 + ¢2)
3 3
- 32ab” cos 8 cos” (20 + ¢2).A

- 323::3 cos © cos3 (30 + ¢3)

o

+ 328%¢ cosd (28 + $,) cos (30 + ¢,

* 32'bc3 cos (20 # @2)_ o::c»s3 (39 = 51)3),

- 32a3c cos38 cos (38 = 93) .



(A38)

96azbc cosz 8 cos (20 <+ ¢2} cos (306 = ¢3)
2 2
96ab“c cos & cos” (20 + ¢2) cos (38 + ¢3)

96abc2 cos 9 cos (26 + ¢2) cos2 (39 + ¢3)

2 2

8a2 cosze = 8% cosZ (20 «+ ¢2) = 8¢ cos2 (38 + ¢3)

16ab cos 6 cos (26 + ¢,)
16ac cos 8 cos (36 <+ ¢3)
16bec cos (28 + ¢2) cos (36 = ¢3)

1] (3}

v b ors 1 :
V0 [1 + 8a {3 + 1§ cos 26 + | cos 468}

- 8‘&:4 {2 + 1 cos (40 + 2¢2) + 1 cos (88 # 4¢3)}

- 8c* {§ + } cos (68 + 2¢3) + } cos (126 + 4¢3)}

48a2h2 {f + % cos 26 + { cos (46 + 2¢2} + {1 cos (66 + 2¢2) + 1

cos (20 =+ 2¢2)}
48a%c? {£ + % cos 20 + { cos (66 * 2¢5) + § cos (86 + 2¢,) + 4
cos (40 + 2¢3)}
48b2c2 {f + 1% cos (46 + 2¢2) + 1 cos (66 ¢ 2¢3) + } cos (106 + 2¢3 + 2¢2
+ } cos (26 + 2¢. - 2¢.)
3 2z
3233b {2 cos (36 + ¢2) + 3 cos (0 + ¢2) + § cos (B - ¢2) + { cos

(58 + ¢,)}

1w

32ab3 2 cos (36 + ¢2) + 3 cos (0 + ¢2) + ! cos (56 + 3¢2) * § COS

(78 + 3¢,)}

7]

32ac3'{§ cos (46 + ¢3) + 3 cos (26 + ¢3) + § cos (88 + 3¢3) + } cos

(108 =+ 3¢3)}
32ac3‘{§ cos (49 =+ ¢31 + 3 cos (26 + ¢3) + i cos (¢3) + 1 cos (60 + ¢3)



(A39)

cos (38 + 3¢2 - ¢3)

+ 1 cos (98 + 3¢2 * ¢3)}

o=

3
+ 32b ¢ {3 cos (56 + ¢2 + ¢3) + 3 cos (8 + 94 ~ ¢2) +

cos (79 =+ 3¢3 - ¢2)

(=1

q 3 =
+ 32bc” {32 cos (56 ¢+ 9, * ¢3)¢ 2 cos (6 % b9 = #y) *

+ 4 cos (118 + 3¢3 - ¢2)}

+ 96a2bc {(} + % cos 208} [% cos (56 + 9o * ¢3} + 4 cos (6 + 94 = ¢2)]}

- 96ab’c {[} +

L5

cos (40 + 29,3] [4 cos (46 + ¢) + } cos (28 + ¢)]}
- 96sbc? ([t + 4 cos (60 + 26,3] [ cos (30 + ¢,) + } cos (8 + ¢,)]}
- 8a% {4 +} cos 20}

- 8% {} + § cos (46 + 2,)}

- 8% {} + 4 cos (66 + 20,)}

+ 16ab {} cos (36 + ¢2) + 4 cos (6 + dzz)}

+ 1l6ac {} cos (46 + ¢3) + § cos (26 + ¢3)}

— 16bc {} cos (56 + ¢5 *+ ¢,) + } cos (8 + ¢, = ¢,) (4)

The terms at fundamental frequency are:

%l(ex) = ;740[‘ 12a3b. cos (6 + q;z), - 4335 cos (6 - ¢2)

]_23b3 cos (6 + q)z) + 1253C cos (8 + ¢3 - ¢2)

+

12bc3 cos (9 + ¢3—¢2) + 8ab cos (8 + &2)

8bc cos (8 + ¢3 - ¢2) + 24a2bc cos (8 + ¢3‘ ¢2)

-

+ 12a2bc cos (8 - ¢3 + ¢2) - Zéabc2 cos (8 + ¢2)] 6))



(A&0)

The terms at second harmonic are:

- 4 2.2
V40 [éa cos 20<12a"B° cos 26

{

Vz(ex)
+ 6a2b2 cos (26 *+ 2¢21 % 12&2c2 cos 26

+ 6b2c2 cos (28 + 2¢3 = 2¢2) - IZac3 cos (28 + ¢3)

- 12a3c cos (28 + ¢3) - 4a2 cos 28

4

8ac cos (20 + ¢3) - Zéaﬁzc cos (28 + ¢3)

12ab2c cos (20 + 2¢2 - 93)] 6)

The terms at thixd harmonic frequency axe:

V3(ex) = VQO E12a3b cos (36 + ¢2) - IZab3 cos (36 + ¢2)

of

4b3c cos (36 + 36, = ¢,) + 8ab cos (30 + $,)

&

12a2bc cos (38 + ¢2 + ¢3) + 12a2bc cos (36 + ¢3 - ¢2)

24abe? cos (36 + @21 - 12abc? cos (39 + 2¢3 - ¢2)] (7)

The reference phasor will be taken as ~ sin , as previously, and if
¢2<a ¢3 = - /2 the equations for V19 V2 and V3 can be written in complex

notation as,

+ '2ab %

Vy = - Ja Vg - 32be Yy, 20

+ 630 [- jBa3 + j3a + 3azc - j6a52 - j6ac2 *+ 3b2c]
+ 9,5 [~ 3128 - 5 12bc” + j8bc - j36abe

+ 8a3b + 12ab° - 8ab +.24aﬁc2] (8}
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o A '2A
2 bVlO%ZacVZO=Ja '

<3P
]

20

o 3 2
+ V30 [=- 3b + 3b

+ 6a%b + 66c” - j6abe]

2 2

? - 366%c? + jba

S

o b L 2.2 .
VQO [=— jba - j6a’b" = jl2a

+ 12ac3 + 12a3c = 8ac #* 36a§2c] ‘ (D
» A A
V3 =c VlO + 2ab VZO
A
¥ VBO [‘ 3¢ s%-'3c3 + 6a2c + 652c - ja3 + j3a52]
¢ 9,0 [+ 122% + 12a0° + 36a6c” - 8ab + j4b7c ) (10)

The equations (8), (2) and (10) may be used to modify the equivalent
circuits of Figures 5.6, 5.7 and 5.8, The expression for C03 given in

equation (5.56) would bBecome,

~

c 3w QlO m;;- c ,Vlo + 2ab VZO + V3O [3(: + ba

2c + 6b2c - 3c1

3

+ ¥, [12a% + 12267 + 36abc® - 8ab)

1

Hence Cy; = = PR = = (11)
Vo * o Voo ¥ Vo [£1 (B2 ] + V4 [£, (abe)]
2 2 2 .
where f1 (abe) = 6a° = 6b” + 3¢” - 3 (12)
£, (abe) = ii—“—‘ (322 + 35% + 9¢2 - 2) (13)

The equation (5.57) must be modified to,

~

b2uw QlO =b V10 %+ 2ac V20 + V30 [3b3 + 6a

1

2w C02

% + 6bc? - 3b]

+ %40 [12a3é + 1-2ac3 + 36ab2c - 8ac]



(A62)

and thus,

Q
= 10
Cop = = - — (1)

Vot TS Vyg Uy [£3 ()] # V0[5, (b0))

6a% + Gct + 32

4]

where f3 (abe) -3 (15)

f

bac (332 2 2

flg, (abc) 5 + 3¢” + 9B° - 2) (16}

The second and third harmonic powers given in equations (5.58) and (5.59)

must be modified in the following ways:

2 ~ ~ 4 2.2 2 2 22 2
Pz‘-fa V20+6al’ocv3oss-v40(4a + 6a"B” + 1227 c¢” + 6b°c éa)]
11 -
v [za Iw]
or
.3 ' - 4 2.3 2. 2
Pz- 20 10 (a B) +V30 Cﬁaﬁ c) +V40 IlO (ba™d + 62"~ + 12a°be
+ 6b°c? - 4a%b) an
P. = V. - 3ab% V. - 4b3c ¥ ]—- (31
3= (37 V3 - 37 vy, 400 7272 ¢ 10
or
T 39 .2 ooa 32
P, = Vo Ilo(%ac S abPe) + ¥, I, (- 6b7cH) (18)

The reflected resistance in the input circuit becomes,

. 2ab V., + V,. (3a%c + 3b%c) + V, (8a%b + 12ab> + 24abc’ - 8ab)
2 = 20 0 40
2 Iis
or
' V20 V30 3c V40 2
R 2b——-+———( +b)+—4b(2a + 3b +6c -2) (19}

I10 I10 IlO .



The input capacitance C. . previously expressed in equaticm (5.61) is

IN

modified below to include the fourth harmonic term

~

1 A . - 3 2 2
o Qo TV * e Vyo ¢ Vg (32° + 6ab” + Gac® - 3a]
+ 7,5 [126% -+ 126c” + 36a%be - Bbe]
oxr
Q
10
Co, = = — = - (20)
™ 2bc .
Vio ¢ 5 Yy * Vao [£5 (aBe)] + V4 [f& (abc)}
| 2 2 2
where fs (abe) = (6B # 6c” + 33" = 3) . (21)
£, (abc) = %"- (382 + 3¢% + 9a° - 2) (22)

The equivalent circuits for fundamental, second and third harmeonic

frequencies are shown in section 5.3.3.




