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A. J. MONAGHAN
CHEBYSHEV SERIES APPROXIMATION ON COMPLEX DOMAINS
ABSTRACT

This thesis is an account of work carried out at the Department
of Mathematics, Durham University, between October 1979 and September
1982. A method of approximating functions in regions of the complex
plane is given. Although it is not, in general, a near minimax
approximation it 1s.shown that it can give good results. A review of
approximation in the complex plane is given in Chapter 1. Chapter 2
contains the basic properties of Chebyshev polynomials and the
Chebyshev series, together with methods for calculating the coefficients
in the series. The maximum error, over a complex domain, of a truncated
Chebyshev series is investigated in Chapter 3 and Chapter 4 shows how
the Bessel func;;;g;>of the first and secondrkindsfof integer order

~could be approximated over the entire complex plane. Numerical cal-

culations were performed on the NUMAC IBM370.168 computer.
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- CHAPTER 1

INTRODUCTION TO COMPLEX APPROXIMATION

The theory of best minimax polynomial approximations is well
developed for real valued functions, see Davis (1963), but less well
developed for complex valued functions. Algorithms, such as the Remez
algorithm for approximation on closed intervals and the iterative scheme
described by Ellacott and Williams (1976) for closed regions of the
complex plane, do exist to calculate the required polynomials. Opfer
(1978) introduced an algorithm based on Kolmegarov's Criterion and
Barrodale (1977) has investigated the solution of the best polynomial
approximation problem for a number of different norms and suggested

that the {m norm,

Hg(z) 11, = 'ZAEZ;M lg(z )1,

be replaced by the star norm{., defined by

o) [, = Mo  (Max( [Re(g (2 )] | Tn (a(z) ),

* < <M

thus changing the non-linear problem of finding best ¢ ., approximations
to the linear one of finding_bestey polynomiaTé. Glashoff and Roleff
(1981) reformulate the Chebyshev approximation problem in the complex
plane as a problem of linear optimisation in the presence of infinitely
many constraints, and show that algorithms exist for its solution.

However, these algorithms are all relatively complex and expensive in
computation time, and require the recomputation of all the coefficients when
the degree of the approximation is changed. So in many circumstances other
approximations, which are easier to produce and nearly as accurate, are
used in preference. An approximation, which has a maximum error less than ten

times the maximum error of the minimax approximation, over the same region and



of the same degree, is called a near-best or near-minimax approximation.

Near-best polynomial approximations have been found for a
restricted set of regions oM the complex plane, Geddes and Mason (1975)
showed that the truncated Taylor series and the Fourier projection,
interpolation at the (n+1)th roots of unity, are near-minimax approxima-
tions on the unit disc. The truncated Chebyshev series was shown to
be a near-best approximation for a family of ellipses by Geddes (1978),
and Mason (1981) showed that an interpolating projection existed that
was near-minimax on a circular annulus.

For more arbitrary regions of the complex plane, no such results
- exist. On closed intervals of the real line, Chebyshev series approxima-
tion has been extensively used, Luke (1975, 1977), Clenshaw (1962),
Coleman (1980) and the special function section of the NAG subroutine
Tibrary, because by truncating a Chebyshev series for a function on the
interval [-1, 1] we obtain, in many cases, a close approximation to the
minimax polynomial of the same degree. The error in truncating a
rapidly convergent Chebyshev seriesé?fLKTK(X) after (n+1) terms is
dominated by the first neglected term; this, being proportional to

Tn+1(X), has the equioscillation property characteristic of the error

in the minimax polynomial approximation of degree n.
For a domain D of the complex plane we can ask what monic polynomial

of degree n will minimise

4

Max 12"+ Unot 2 4 oonnns + Oy z+C6 |

FA))
The polynomial :Zf (Z) which satisfies this condition is called the
Chebyshev polynomial of degree n for the domain D. The success of
Chebyshev expansions of the real axis suggests that by truncating an

expansion of the form

flz) = S LK'j;(z) (1.1)
K=o

2



we could hope to obtain a near-best polynomial approximation for a
function f in the domain D. When D is the real interval [“1,1],‘32 '

ig 20

times the classical Chebyshev polynomial Tn, whereas if D is

the unit disc t]ikz) = 2“; in which case the right hand side of (1.1)

is simply the Taylor series for f. For other domains the properties

of the polynomials ﬁ]f(z) are not in general known. Explicit expressions
for a few po]ynomia]st:(z) of Tow degree have been found,Geiger and
Opfer (1977),and algorithms exist Elliot (1978) and Opfer (1978) which
will produce numerical values of the coefficients for a given domain D
and degree n, but without a better understanding of the propgrties of

the po]ynomia]sﬁjfb(z) it is not feasible to obtainAthe coefficients

of the expansion (1.1).

Therefore another expansion similar to (1.1), whose coefficients
can be more rapidly calculated, would be preferable even if it did not
converge as fast as the series in (1.1).

One possibility would be a series in terms of the Faber polynomials
related to the compact set of the complex plane on which the function
being expanded would be evaluated. Curtiss (1971) gives a good
introduction to Faber polynomials and the Faber series, jpc]udipg a
study of the convergence of the Faber serijes. Ellacott (1981a) gives
algorithms for calculating the Faber polynomials and the Faber coefficients
and for evaluating the Faber series. Also, Ellacott (1981b) has given
algorithms for producing rational approximations using the Faber transform.

Expanding in a series of Faber polynomials would seem preferable to
finding the Chebyshev polynomials for a particular region, since they
are all related to the function QS(W) which maps the complement of the
region conformally onto the exterior of the unit circle. If however, a
known set of orthogonal polynomials was chosen, it would reduce the amount

of computation time required and the coefficients could be calculated in



the same manner as the expansion of functions of a real variable. The
resulting series would probably converge slower than the Faber series
of the region as it would not be "tailored" to that specific region.
The ease of producing such a series could be the deciding factor,
particularly if the series converges quickly enough so that the extra
accuracy could be achieved by truncating the series after slightly more
coefficients. For these reasons the Chebyshev series has been chosen

in this thesis for investigation as an approximation over complex regions.



CHAPTER 2

CHEBYSHEV POLYNOMIALS AND CHEBYSHEV SERIES

X BASIC PROPERTIES OF CHEBYSHEY POLYNOMIALS

In this section we shall give a brief summary of the properties
of Chebyshev polynomials of the first kind. For further details the
reader is referred to Rivlin (1974).

The Chebyshev polynomial of the first kind is defined by

T,(2z) = Cos (NE)

(2.1)

where

Z = Cos ©.
Normally © 1is taken to be real so that ze&[-1,1], but in the following
chapters we shall allow z to take any value in bounded regions of the
complex plane. The variable x will be used when the argument is restricted
to [-1,1]. A closely related set of polynomials, the shifted Chebyshev
polynomials of the first kind, are defined as follows

T, (2) = T,(2z-1) - (2.2)
The properties of these polynomials can easily be derived from those
we shall give for T,(z).

The following recurrence relationship can be obtained from the

connection with trignometric functions:

Tueg (2) = 22T,(2) - T (2), Wi (2.3)
with T,(z) =1, T,(z) =z
It is clear from (2.3) that T4(z) is a polynomial of degree N, with
real coefficients and for @31 the leading coefficient is 7. Moreover,

if N is even then T,(z) is an even function and if N is odd then TQ(Z)



is an odd function. An alternative expression for Ty(z), which is more
useful in some circumstances than (2.1), is obtained by solving the second

order recurrence equations given in (2.3). They yield
) =

To(2) = 3 {2+ -1 + @-§zi §, (2.4)

where the branch of Jz2-1 to be chosen is determined by the conditions

iz «fZ2-1 (>1 for z & (-1,1]

and
Arg (§z2-1) = W/, for z & [-1,1]
As Cos N® has N zeros in [0,%7) given by

...... N (2.5)

all the zeroslik(ﬂ) of T,{z) 1ie in the interval [-1,1] and they are
symmetrically distributed about the origin.
This property will now be used to obtain a bound on the absolute
value of Ty(z) on a sector D of the unit circle in which )
)
IaeS i« @ <A Ot
and we shall show that the bound is @%fgjnéa: Since the Cheb;éhev

polynomials have real coefficients it is obvious that

iT(z) § = ﬂTJE) I
where z is the complex conjugate of z. Therefore it is only necessary
to consider the sectorOSarg% XS @ . Furthermore the Maximum
Modulus Theorem shows that the maximum occurs on the boundary, i.e. on
the radius €, = rExp(i® ), O<rg1, or on the arc §= Exp(io),
0<¢0¢E .
The zeros of the even polynomial Tsm('S) may be labelled as

+ ;(k (k = 1,2,....m). So we can write



” - am-1 o 2 _ z
T&n(to) = 2 'JEJTL (g )CW)
and therefore on the unit circle

i 2 _g‘ m o 2
I D TR L 1 « 2% Cos 26
ant ) TT0 2 - 2 Cos30),

Clearly, for 0<e<,, this is a monotonically increasing function
of &. The maximum value on the arc therefore occurs at § = Exp (i®)

and as T (1) = 1 we have
am

IT, (& )1 » 1 for 0<osT/, .

am
On the ray 9 = re®

/

ITare®)l = 27 T (e X -2 (@), /

ed
If T/ {@ <Trfy each term in the product is positive and monotonically
increasing with r. On the other hand, if O<®< T/ the kth term in the
product decreases, from the value )CL when r = 0, to a positive minimum
at r = )(,k( Cos 3 @)2 and thereafter increases with r. It follows that
the product takes its maximum value at r = o or r = 1.

Since

_ P ‘@
'ij(o)' = 1<1T (e )
we have, for the-sector-D, the bound

o)
Tl &1 < ITa.m(G, ) /

The Chebyshev polynomial T

~- (%) has a zero at the origin and
am+i

may be written as

Tl 90 =827 (¢ 3 X
where £ 94 (K =1,2...m) are the other zeros. Arguments analogous to
those used above show that once again the Maximum modulus on the sector D
is attained at the point § = Exp (@),

We have therefore shown that on the sector D = (fj) 1§ < il\l\ré%\“@},
where O ¢ ® < TIR,



T, (§)1 < IL(é@ )l ‘ . (2.6) |

The Chebyshev polynomial of degree N may be written as

T.(5)

-

W e W),

i

where

2

W(g) = 9+ (& -1)F

Therefore, on the sector D,

| Ty (8)1 s 3( Q'+ 0", (2.7)
where
¢ =160 ety

It is also useful to note that since o»1, for O < ® £ /s,

T (&)1 s 2 (e"vo™)ek (2.8)

in the sector D.

The relationship with trignometric functions is used to prove
two of the most important properties of Chebyshev polynomials, namely
‘their 6rthogona1ity over [-1,1] with respect to the weight function

2 .
(1-x) %, and the discrete orthogonality. Specifically,

A T j=k=0

T T O3 g = © Jjxk
- Th o i=k %0
(2.9)
and if  ©, = KA K=0,1,...,N
(\] 2
and J« = Cos O, N>0, S¢Nand K = 0,1,...,N
[
N / N, r= 2pN+S, S =10 OQ
T : = % 2pNt
KZ: r(3,{)_7‘5(()“) 0, r ZpNS



where the doubie prime on the summation indicates that the first and
last terms are halved.

Equation (2.9) is pkoved by the change of variable > = Cos©, and
it then becomes a standard trignometic identity. The discrete ortho-

gonality can be proved using the fo]Towing:
() TT00 = 3 {1,060 + T (x)]
(2) T.(J) = Cos(r «Tn)

and

N

B) = cos (jKTN) - {N S
K-0

$2  CHEBYSHEV SERIES

We define the Chebyshev coefficients of a function, f(z), by

I
- 2 s )
ij = = J— f(X)TjG<) (1-x ) # dx (2.12)

j=0,1...

o

We ca]]jf{bT}(z) the Chebyshev series for f(z), the prime on
J=o J

summation indicates that the first term is to be halved. The series may

or may not converge,
Definition
The Chebyshev ellipse ﬁg , g 7L is defined by

E'q = { w | W=y (z4z27h), 1z} = @ } (2.13)

For values of the argument lying on a Chebyshev ellipse we have the

following lemma.

LEMMA 1

Let z ¢ '&e , ‘Q71,then3 We {w’ lw’=ﬁ}



such that

Proof.

From the definition of &, I We {W ] Wl= o ]
such that
z = 3+ W)
- substituting for z in (2.%4) gives

W+N Wooaewd W™ WY
TH(Z) = 3[( + il ) + ( 7 +‘ 4 ) ]

-1, wdy W -1 by -
Wbl (W) (w;w . (wzw ) g

]

1
=
—

=

+

=
~—

(2.14)

We shall now prove a theorem on the convergence of the Chebyshev

series of a function.

Theorem 1

R g _igg_@.,hspAn;j
Let f(z) be analytic in the interior ofaq, g>1|but not in the

interior of any 2{1 with Q>e> (,U\c\ Cenb vmtous e g‘@
Then
f(z) = ji QT (2)

where<15 is defined by (2.12).
The series converges abSo]ute]y and uniformly on any closed set in the
interior of § ¢ and diverges exterior to Eon

Moreover ;
Lim Sup \C* \ = -%

Q_jm

Proof

For u 1in the interior of %g

1 . f(z) dz (2.15)
f(u) = Rj 7=u

¢ 10

\



But since

(z=n)T () = 2T (w - (T (w) +T () ),

1n-sl

we have

. 2 T3 (u). (2.16)
N N T ey

J=o0

and the series converges absolutely at any uy in the interior of Eeu

So substituting (2.16) in (2.15) gives

o/
. 21, (u) f (2) e
fu) = , j - 3 A (L (2.17)
21 %e 3=0<z A1) J2%
Interchanging integration and summation yields
Flu) = JZ Oy Ty . (2.18)
A B i f (z) y
where Cu = — (2.19)
\ .Tr°_jg (z+ 72T jz 1

Now replace  in (2.16) with the real vamab]e-Z..é E%L;flo

That gives

oy .
1= j;ﬁ 2 t,l(\%)‘
7 L(z+za ) [

and from the orthogonality of the Chebyshev polynomials we get

2 J T () oo = a
. (z-x)1- ) (71 (z +{70))
0 .
o, = T:(@ 1 dx d
6 Z_H/L 7Q TJ (1 'J\J(a)”'l (Z')Q) X Az

(]

T T o(x £(2) "
J. (: ( )) j%e dz 4

T (z - =)

2]
é_) T.:00 f00 . Ao
W J., (1 =}

To prove the absolute and uniform convergence on closed sets in the
interior of £, we chose a gf such that 1<<€<Q. Then f(z) is analytic in

and on § Q/ and we may write

)

o = __1_ g feo j T (’{—) A)C o\VQ.
5 e, %Q, _| U,Q -x) (1- 7(_)

11



If we let

Q:(w) . S () dx | (2.20)
- (w =) (1 A
Then

Lol < Ot(é ) ma% ‘f(w)! \Tla:&J/ JW)", (2.21)

whereOC(EQ/) is the length of EQ/.,

To bound -(w)l we make the change of variable w = 3(z+z "), where
QJ

z=0e'¥ | This yields
. = 2 , T \_(() o\
QJ(W) J— (1= o) (ze2%94) *
- Agj T, () A (2.22)

o (2t fiaz 4]
Putting »« =Cos ©in (2.22) gives

Qi(w) = J —Losye de
1 -2Cs® +£)
Now =7
z 1= Qe ef_
z M= 1

The last series converges un1form]y and absolutely for OsJ9STTand for
all Jz) > o'>1
on , O
Hence Q- (w) = 2 2 Cos{1©)Sin(MB) A0,
J - z :

L}
oo Sin-©
but from Gradshteyn and Ryzhik (1965) page 366 we have
i
; O M<Ln
cas (0 ©) sin (MO e = . )
Sin © ™ Mm>n if m + n is odd
(9]
o Mmo>n if M+ n is even
So

. _ 2w <
ORI
21

=z
Z:H':L (1_ 7 1)
Therefore  max ICL'3 (w)l = 27T () 7Y (2.23)

we EQ, (

Combining (2.21) with (2.23) we get

0

12



\ oy € K (9) | (2.24)

where K is independent of j.

Therefore
. )
Lim sup | o | < 1
J\_.j o0 J /
e
Since e'< Q is arbitrary, it follows that
l,'
Lim Sup | CXJ‘ : < S
\)--—7(0 Q
However from (2.14) we have for we EQ’
. \I. _ /
¢55">° SUP\T;‘(W) |9 = o < ¢

So the series converges uniformly and absolutely inside every'Ee', g{(Q.

Suppose now that
Lim Sup| «: |vd <

J== J <

R

Then the series would converge uniformly and absolutely in the interior
of a larger ellipse EQH 5 €1>,Q5 and provide an analytic continuation of
f(z) there. This is a contradiction, because by hypothesis Ee is the

largest ellipse in which f(z) is analytic. So

l‘/J — ~ L

JLim o Supl o - o) and the series diverges

J— J

in the exterior of E,.

§§7 NUMERICAL CALCULATION OF CHEBYSHEV COEFFICIENTS

The calculation of the coefficients in (2.12) can be approached in a
number of ways. We will give here three methods, the first uses the discrete
orthogonality property of Chebyshev polynomials and the other two use

differential equations satisfied by the function being expanded.

§3.1  COLLOCATION METHOD

If we define the coefficients (LS:), j =0,4,.....N such that the

13



Mo v
polynomial ;ﬁltﬁ 7}(2) collocates f(z) at the (v+i) points given by
J:

Yo = Cos KT/w o h=0,1000000 N

/s

we can write

Nt (~). _ | |
f(ék) B J;;QJ K(jh) = O For k=04, ¥

So

P/EL

FOIR)Te ( Ja)

N o

e f o 1i( )

=0 "

'Mz ?K\/\z_

= ‘”)Z Te(J) T
J-o R=0
2 (n)
= (g) a, ) for r=0, 1,.. ... N

because of the orthogonality property (2.10).

. )
We shall now show the relationship between the coefficients ClkN

and the Chebyshev coefficients (ly. If the function f(x) has a convergent

Chebyshev series on [-1,1] then we can write

Yo 02y
Y2 ATy (YT () (2.25)

=0 J=0°
@ N n

de (ﬁk) Tr (3R)

J‘O Rzo

= + i ( (’t apv - r + Ck.Lp.a-rr)
p=L

(,’L(C' )

Zirn Efro

T o

r=ep,i. .. .. ,N .

This shows that if the coefficients converge rap1d1y to. zero that Cl;N)

a good approximation to Q¢ for r<~ and (LN is a good approximation to 20y.
The error incurred when using these 'approximate' coefficients

is

l Ny (,,,) 0

O] 3(2)'2 ay Ty (2)+ Z i T)(2)

- J 3 RELas !
= Z Z [&QPN’A +Q39H f&]T\\ /

J=e Pt
m -
. S (/\(&pri)r\/ TN(Z) + Z C(p_ r(z)
P Ran+l
- (z
\QZ““i(-lR ET =) T IN—()R+N)Mo]> an| 1 (2.26)

If the approximation is to be used in a region such that

14



)

\Tj(z)\ < o & > 1
then given that f(z) has a convergent Chebyshev series we can write the

error ,caused by truncating the Chebyshev series after (v+1) terms,is

bounded by

<2

I
ZE \C\h[cr ’ and the error

h=nNtl

in approximating f(z) by the collocation polynomial of same degree is

o0
bounded by . 1Ox) [ o® + o "]
RaNtL

So the.collocation polynomial has a larger error bound, but it is Tess

than twice the bound for the truncated Chebyshev series.

§3.2 LANCZ0OS' T -METHOD

If a function satisfies a differential equation of order q, which
has only polynomial coefficients, then substituting a polynomial of degree
n for the function will leave a residual polynomial R (z) of degree N
say. If the boundary conditions are met, only (n+i -q) coefficients in
the approximating polynomial are independent. So in constructing R(z)
we may impose (n+1-q) conditions upon its coefficients to give a unique
approximation of degree n.

The conditions chosen by Lanczos (1938) are that the residual polynomial
be a linear combination of m Chebyshev polynomials, where m = W+g-n.
For example if m =1  then the polynomial would be TTy(z), while .if
m= 2 it would be T;]V(z)+'C2TNﬂL(z). The values of the coefficients T
are automatically determined by solving the resultant differential equation.
When T is small we may expect the polynomial to be a good approximation

to the function.

§3,3 CLENSHAW'S METHOD

This method was introduced by Clenshaw (1957) for functions satisfying

15



‘a Tinear differential equation with polynomial coefficients. By
substituting separate Chebyshev series for the function and each of its
derivatives into the differential equation and then equating coefficients
of T; (z), it is possible to produée recurrence relations for the
coefficients,

To equate coefficients we must be able to write the coefficients
of 2° 3(2), p=0,4... -, in terms of the coefficients of 4(z). To solve
the subsequent relations we need to be able to relate the coefficients
of 9'(2) to those for $(z). If we define C{ () to be the R™"
Chebyshev coefficient of ¢ (z) forR >0, and twice this for R=0 ,

then the required relations are:

Clz79(2) = & (°)c

A&, s

e peass - FE) (2.27)

and

2RC, (9 @) o, (g - ¢, (o) ] @

The differential equation yields an infinite system of equations in
the unknown coefficients and a number of initial or boundary conditions,
which can be solved directly using (2.28). However, it is possible to
use (2.28) repeatedly to eliminate the coefficients of the derivatives

and then solve a system of equations in the coefficients of the function

only. For example suppose f(z) satisfies the 0.D.E.

26" (2) - F' (2) + Z £(z2) = o (2.29)

J

with the conditions

flo) = 1, f(1) -o,

then if we let

Co(F"(2)) = 5
C(f'(2)) = a.
Clf(z) = e,

16



and equate coefficients of T, (z) in (2.29) we get

7] i

LA, + Q] = Of + £[0g, +20a+Canl= 0 (2.30)

R:Oy.’ig-""‘

Subtracting the (R + Z)th equation from RED and using (2.28) to

eTiminate the coefficients of £” (2) gives

i N
RQ g+ (“*a)t’*afa"'l\ﬂ*ﬁc\au.“" [ Qg @ = Clpyy 1= 0 (2.31)
R =01, ...

which can be rearranged to give

C\’R"' O‘R"ra — L Qret 4 [aaR-au *Or Qg = 0gaT= 0 (2.32)
4 (R+d) R =

The coefficients from the expansion of first derivative can similarly be

eliminated to yield the recurrence relations

Z(R'1)C\R+1 + 2 (R"'S)C\.g{;

1 fBa-Cass) « Cua-ar 4 Qavg - 2(R+2) Uaeq | -
*I{)(W‘fﬁ%) ®e1) R (R+1)(Rf3)1} o (2.3

R = 03’11""
The boundary conditions yield the equations
w
Z(-Wc\a) = 1 = £(0)
Ve ‘ (2.34)
S ey s 0o=f) -

To solve systems of equations similar to (2.33) with conditions
similar to.(2.34) we find solutions from (2.33) using backward recurrence
from the equation having Ow-1 as its lowest order coefficient, with O
and higher order coefficients given arbitrary values, for various values
of N. A linear combination of a sufficient number of these solutions.
can be taken to satisfy the equations (2.34) and any equations of (2.33)
not used in the backward recurrence. For instance in the above example
we could use backward recurrence from R = N+1 to R = 2 to find an

initial independent solution of the recurrence formulae and this would
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leave equations R = 0 and 1 to be satisfied as well as the two equations
in (2.34). Therefore we would need a Tinear combination of four independent
solutions. However in many cases we shall have only one or two outstanding

conditions to satisfy.

§3.4 CHOICE OF METHOD

The methods require quite different information about a function to
be known. The first requires the evaluation of the function at (« +1)
points. The accuracy of the coefficients depends on the accuracy of these
function evaluations and therefore, this method is useful only if?gVa1uation
method used is inferior to the Chebyshev series either in the speed of
calculation or in the region over which it can be used. The other methods
require the knowledge of a differential equation satisfied by the function
and a small number of values of the function or its derivatives. If
these values are known exactly, then the accuracy of the coefficients

calculated using Clenshaw's method is restricted only by round-off errors .

-
if N is very large. The coefficients given in later chapters were '\\
calculated using Clenshaw's method. Clenshaw's and Lanczos' methods are /
further compared by Fox (1962). //
p :
,’i P /) y’ (/,;1, /
fe
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CHAPTER 3

COMPARISON OF BEST POLYNOMIAL APPROXIMATION WITH
TRUNCATED CHEBYSHEY SERIES OF SAME DEGREE

§1 THE RELATIVE FACTOR

Chebyshev series approximation has been used extensively for
continuous functions of a real variable. Schonfelder (1978, 1980),
Schonfelder et al (1980), Razaz & Schonfelder (1980) and Shepherd &
Laframboise (1981) are just a few examples. The error in this type of
approximation, in comparison to the error in the best polynomial
approximation of the same degree, was investigated by Powell (1967). He
showed that on the interval [-1,1] the maximum norm of the error caused
by using a truncated Chebyshev series of degree N was within a relative
factor ¥y , the N'th Lebesque constant, of the norm of the minimax error.

This can be written as

ey 3y 1l < a s 2 Sl (3.1)
where

i Ez(g) isthe error at % of the best polynomial approximation
on [-1,1] of order N to the function f(3), and EZJ;;) is the error at'gyz
of the truncated Chebyshev series of fﬁ}). The norm is defined by

e (112 = a‘g}g,’;ﬂ | (3] and the
Lebesque constant by y
1 2 i Tan/ 1t
Y = + — —
¥ (2N+1) T 2. (ZN + 1)

t
€=1

This result was extended by Geddes (1978) to Chebyshev ellipses,
with the space of functions restricted to those functions which are
analytic within the ellipse and continuous onto the boundary. In this

chapter a bound on the relative factor will be obtained when the interval
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[-1,1] is replaced by any closed, bounded domain D, which encloses the
interval [-1,1]. |

E; is defined to be the boundary of D. The set of points in
the interior of €, will be denoted T(§ g ) and the closure of T(&,) as
fﬁ(ﬁe), We shall now define ¢  to be the smallest Chebyshev ellipse
which contains D.

So

LI

T(g) DO D ifandonly if 3R .
The space of functions analytic within D énd continuous onto the boundary
{5 will be denoted A (»). We shall assume all functions to be

approximated belong to this space. The norm "\ .V is defined as follows:

lF@ll, = Max | F@)| . (3.2)
ZE >
For a given function f(z) and a region D the error in the best approximation
of order N is
D T
Ef2) = f(2) - 2 ‘oJTJ('L) (3.3)

J=°
where the coefficients QJ( J= O,l,..... ,N) are the solution of the

minimisation problem
Cio, 0y, ..., 0y

Min l[ f (z) - ‘2{ c1 T (2) ﬁ‘ (3.4)
J7o

This minimisation problem has a unique solution, see Davis (1963). The

error in the truncated Chebyshev series of degree N will be denoted by

e, (2) = f (z) Z C T, (2) (3.5)
From (2.12), the coefficients Cd ,(\3= O,i,—-'~:N)above are given by
C - ;%_ Y f (k) Téftl ak (3.6)
\ ., (1 -t)?
As f(z) belongs to A (D), but not necessarily to A(T( ¢e)) the

series may not converge for all ze€ il€_k Subtracting equation (3.5)
J §

from (3.3) yields
20



Ny
EX () - e, @ = = (- 6()T () (3.7)

J=0

which is a polynomial of degree N. From (3.5) and (3.6) it can be

shown that

R _ k) T ()
CJ bd) = Trﬁl——*@(ky)ﬁﬁdt

Substituting the above into (3.7) and taking the norm over D of both

sides we see that

| = L Max 5 HORAS AL T.¢2)
I Eu(z ev ‘D ;F Zeg :E —7—7i‘t§;yz——d

A
zeg dg [ (1- )b (3.8)

The inequality stems from the maximum modulus principle. We shall assume

R>1, since R = 1 has already been dealt with by Powell.

$2 UPPER BOUNDS ON THE RELATIVE FACTOR

We shall now find upper bounds for the right hand side of (3.8) by
obtaining bounds on the integral independent on? . By elementary

man1pu1at1on of summation, integration and modulus signs we have

Z J [ “) ) (1) T, (Zj) Ak <\\EN(Z)\\ ( &120 (ﬂﬂ l (5))'&

J=o (1-e)a" ), W (3.9)
It will now be shown that if 236 E and N>0 then
] 2 T e T - (@)
j . T < (RPD(“ L (3.10)
L (1-¢")% R )ei .

By definition
Td(ﬁ) = Ces (\\ Cc;sl_L {é)) )
and as 3¢ e

a7 L(Re® + g ~LQ) 0 e (T (3a1)
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This means that
Cogi(é) = -6 + LT,
where - = da R > 0.

The left hand side of (3.10) can now be written as

-
j (3.12)
ol j=¢°
Equation (3.12) can be rearranged using property i of (2.11) and
e .
2 COS\‘;?j = ¥ Sw(~nrl) 4 (3.13)
ooNTe Sin &
to give
AJ ’ S\A (Ni‘i)‘f 91-(,0) Sin (\“- )((‘P.f@ L('S’) (3.14)
Sin k(- 0-+io) C _ 5
o Su\ la(}ﬂ'fg (6’)
- & [ ( Uy (6,R , ) \y (3.15)
L), \ Uy (e,R )
where

' . -3({+1) Ll
U:)(@)R, ¥) = [COSLJ)" (1"‘ o’lﬂad iCos:lufi)Q + R&U i))
- ~(|+- - (ayrl)
— QCosy ascyi)f(gi(ifg‘ﬂ N6+ R Ve (aye)
bRy (R 1+ Ao +RY)) ]

J:.O/ N

Equation (3.15) was obtained by writing each of the sines in (3.14) in

terms of exponentials and taking the modulus. (O,R,¥ ) are even,

s
J
2T - periodic functions of ©  therefore only-values of © between O

and T are of interest. The inequality (3.10) comes from noting that

)Cmf"’)" (i v )Cos (~+i)‘(’}

and -4 \4
u, (6.0,¥) » (1-&)

Uy (@.Ry) < [(1+ &Y

o

Therefore
T y a
N . .
L uslory) Vi « & W e WY
a - (Q 2 ) \TJ < ‘ ~a I = X N (N'f' \\y (3 16)
o (0,8 ¥ A=) )1 @) Cos

o
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N -a(nv1)

¢ R [ (1+R )(:c%Awday - R_@va )J

a

lm(mi)y’hly]

4

R1eR™)(1R7 ")

(1-R™*

, N> O (3.17)

We have now obtained the bound given in (3.10), but there is an
upper bound on (3.14), which is better than (3.17) for R<6, in terms

of an elliptic integral. We first note that

T
l[ Su(nri)(g-0e5) Sl g) (pro-o) | dy
) | Swaly-o+ig) Sih &(pre-io)
7T
! S (Nf'/)fql-f-co)
N EL o«\a'/a(‘f/f«.o“) 0\\'” (3.18)
’ N 'Q('IN*'.L) 4 T .
=R [1+R__ 1-L Cos(2N+1) w ﬁl
X[ 1+R 1 - MCos(y)) A
where °
L = { Cosh (2m1) o 17 (3.19)
and M = [ Cosh O/}‘i
To obtain the upper bounds in terms of an elliptic integral we shall
now prove the following Lemma.
LEMMA 2
For all ., / e[o 1) _and k a positive 1nteger,
I (3( ji x(cs(aku);u) ‘\7/ <{ Ay (3.20)
1- Jeay o—‘——(baﬁﬂ")‘h
Proof

We shall show that the derivative of I, with respect & £is non-

positive ul 4
%:I“Ly s—é&(r;;ﬁaﬁiﬁg%%(&w
Since 0<x<4 , we have that
Coslakrt)y & Los (2kel) , osysT

(1= X Caslanat)y ) ™
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So o
}__IK(X,J) < - ij Cos@kr)y Y
BK ) Q (i‘jfosy/ )"A-

y cn(alwi)a
(i+3)-1 (L 355\.\ )VA1+B))

K+l

= ) 1 (aj-2) Y /)3(i+ )“‘.J
(i+a)’-1 &J%i (J*Qk‘*i)' (j 2k 1)1

¢ 0
and the lemma is proved,

‘ Since L and M in (3.19) are both pos1t1ve and less than one we have
r’lug . ) ' R (1 R“‘““)'l \‘}’
o \)2:0 CQSJY CLEJ(“GH’(?)' A\( \< ‘Su

3 (LaR2)N (L-Meosy)
v&ﬁVLD Y [
. 1+ _ )[ dy \ (3.23)
. a ‘“‘2 ) ks
where kK = ( Cosk(c’/&)) = H—R(.L-r@)-'&:
From (3.10) and (3.23) we have,
' h) ) 2 B
led - Gl < Ellelwl]]
where A = wmin {1+ R JX “hﬂrib ' ( 1+R ““““*f)zv i Ay
(1-R" ) * (1+R* ) (1-ks2p)t

Therefore, we have

le wl], < HE’Z‘Z’H 2 HEimH.MR”

N ( 1 +%_R A “EN(Z) ) ” ”
4 “ EN%Z)
So we have an upper bound on the Relative factor of

A e .

A

el o
In (3.24) ,] (z) ]l < JiEN ll and in many
cases I'EPJ(Z ” <~ "E (z)ll;; . So we can say

HGN(Z)I'D < (1 + RV A HED(Z)'H

§3 NUMERICAL COMPARISON OF BOUNDS

The integral given by (3.12) was calculated numerically using a
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GaUSSaKonrad integration routine from the NAG 1ibrary, for various
values of ©, o~ and N. Some of these results are produced in Table 3.1.
From these results it can be seen that forlﬂd"rgreater than 1 the
maximum value, as © varies, appears to be reached at or near 69='W78L0
This is in contrast to the case &~ =O , where the maximum is obtained
at 8 =0, for all N,

The maximum values, obtained above for each value of N and&™,
are compared with the bounds (3.10) and (3.23) in Table 3.2. It can
be seen that (3.23) is a closer bound than (3.10) in all the cases
given here, but (3.10) improves and (3.23) worsens as & increases. The
elliptic integral in (3.23) was calculated using a NAG special function

routine,

4 | OWER BOUND ON THE RELATIVE FACTOR FOR Jo(z) OVER D

Given

< Arg z £ Tix }

L)

1]
—~——
—C

N
N
(o]
v
o

X T

we define

MOE 'L ;§JOﬂhT . 75)
o ak
(. (2= Js (2) 'Z Cah ) 7_ /2{)

and
ah
N/ ¥
# _
CN(’-)= 3, (2) "kz Can (7‘/\‘4) > wr(lﬁr:ﬁl
. =0 A U
the coefficients are given by pﬂ%&
3 - 2 )
O, = _,2.4 '5; (Xt) Tar (t)dt =) 10&) ~ 2_:“‘).&_‘70.’:6)
o U 1 (1"td) Ya 2=t ) (;C("(t
and o ¥ o —‘Yo )_,flgx Tbk(7/0’)
Cam ad G h=od oo minimise
00 : .
ll Co o and ‘ | <:N "K respectively over D.
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Then from Barrodale (1977) 1t can be shown that

gllALLL H by o LA

L ICNH "wTICHL

So by calculating the best polynomial approximation in the star norm

284

and the maximum error, in the star norm, of the truncated Chebyshev
series, we can obtain upper and lower bounds on the relative factor.

Numerical results for J,(z) on D for N = 5(15)15 are given below.

N Lower Bound Upper Bound
5 5.41 10.82
10 36.55 73.09
15 231.08 462.16

Although the results show that the truncated Chebyshev series approxi-
mation to J,(z) is not a near-best approximation on D, the lost
accuracy can be retrieved by only slightly increasing the degree of

the approximation.
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TABLE 3.1

e§5i\ 0.05 0.1 0.2 0.3 0.4
N=5 0 3.14 3.33 4.17 5.85 8.81
el 2.7 3.01 4.13 6.10 9.36
T | 2.7 3.05 4.29 6.42 9.89
Ta| 2.7 3.06 4.33 6.51 10.30
N=10 0 3.78 4.73 9.90 | 2.44(+1) | 6.32(+1)
/| 3.40 4.81 | 1.11(+1) | 2.72(+1) | 6.91(+1)
T | 3,51 5.05 | 1.17(+1) | 2.89(+1) | 7.31(+1)
Ty | 3.68 5.19 | 1.19(+1) | 2.93(+1) | 7.43(+1)
N=20 0 5.33 | 1.12(+1) | 7.07(+1) | 4.89(+2) | 3.45(+3)
Tl s.e2 | 1.320e1) | 8.22041) | 5.09(s2) | 3.77(+3)
5| 5.95 1.39(+1) | 8.67(+1) | 5.66(+2) | 3.99(+3)
Ty | 6.02 1.40(+1) | 8.80(+1) | 5.74(+2) | 4.05(+3)
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N=20

TABLE 3.2

— Num.Int. (3.10) (3.23)
.05 3.14 1.66(+3) 3.86
.10 3.33 4.62(+2) 4.00
.20 4.33 1.67(+2) 5.56
.30 6.51 1.2(+2) 8.51
.40 10.30 3.8(+2) 13.40
.05 3.78 1.83(+3) 4.54
.10 5.19 6.42(+2) 6.23
.20 1.19(+1) 4,15(+2) 1.51(+1)
.30 2.93(+1) 5.22(+2) - 3.82(+1).
.40 7.43(+1) 8.39(+2) 9.90(+1)
.05 6.02 2.52(+3) 7.13
.10 1.40(+1) 1.59(+3) 1.70(+1)
.20 8.80(+1) 3.03(+3) 9.70(+1)
.30 5.74(+2) 1.05(+3) 7.65(+2)
.40 4.05(+3) 4.59(+4) 5.40(+3)
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CHAPTER 4

APPROXIMATION OF J_(Z) AND XFJ(Z) OVER THE ENTIRE COMPLEX PLANE

§1 INTRODUCTION TO BESSEL FUNCTION APPROXIMATION

For the Bessel function 7J,,(z) it is possible in principle to use
the Taylor expansion within a disc izI<R and an asymptotic expansion
for 1z >R. This approach suffers from cancellation errors and the
need for an increasingly large number of terms in the Taylor series as
12| increases, as well as from the limitation on the accuracy achievable
from an asymptotic expansion for a given value of R..

Polynomial approximations for Bessel functions of real argument
were obtained by A]ien (1954, 1956). Ardill and Moriarty (1977) produced
approximations for J, and J, , by extrapolating Allen's approximations tb
complex arguments. Because the accuracy of such an épproximation decreases
rapidly as arg z is increased, Ardill and Moriarty (1977) divided the
first quadrant into three regions in which they used extrapolations of
polynomial approximations for 3 ,and J; , valid on the real axis, for the
modified Bessel functions I, and IL,, or for the Kelvin functions Ger and
bel (see Ab;ahow{tz and SteguhA(1§65), p.37®:—”ig QieQ 6;w£hé nafq;eﬂof
these approximations there is no basis for a theoretical appraisal of the
error involved. The error can be assessed, as for Allen's approximations
for real arguments, only by tabulation. Furthermore, the numerical results
given by Ardill and Moriarty (1977) show that the truncation error is
substantially greater in some regions than in others; in the authors' own
words "...considerable improvement ... could be made by devising a new
polynomial approximation for the region given approximately by
60°<¢ arg z ¢ 80;: It follows that this approach is not a useful one if

the objective is a routine which will calculate Tﬂ(z) to a specified

29



accuracy. Approximations, based on Chebyshev series, for Bessel functions
of real argument have been obtained by Clenshaw (1962), Luke (1975) and
Coleman (1980).

Our approach is to divide the complex plane into a’number of sectors
and, in the absence of an expansion of the form (§.1) we use in each

sector an approximation
L

flz) = >'a.7. @ @A), 4
K=z O

the complex constant ¥ being chosen so that:g( 5%ﬁ is real on the central
ray of the sector, where z}(w) is a function chosen to improve convergence
for a particular function f(z). Our expansions for J,(Z) and the genera-
tion of their coefficients are described in Section 2. The study in Section
3, of the truncation error requires an upper-bound for |T r(z)| on a

sector; such a bound was established in Chapter 2. Section 4 describes

the coefficient tables and provides a guide to the accuracy achievable.

In section 5 expansions for 7Q(z) and Y,(z) are produced.

$2 _ EXPANSIONS FOR Jz)

Throughout this chapterrwe sha]}_gpncentrg@g_on values of Z in the
first quadrant, O Sarg z ¢ %{, only, since symmetry relations can be used
to deduce the values of J,(z) elsewhere. It is convenient to consider
separate]y two regions of the complex plane, an inner region |zl <R and
an outer region )z} > R, each of which will be mapped into the unit disc.

It will be assumed that & is a positive integer, but the extension to non-

integral orders is straightforward.

$2.1 The inner region

Clenshaw (1966) tabulated coefficients for expansions of the form
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n

T = L (8) S o e (4.2)

=

on the interval [-8,8], for n = 0 and 1. Coefficients of the
corresponding expansions for n =4a,3,...... ,10  were calculated by
Coleman (1980) and are incorporated in a routine which calculates J(X)
to a specified accuracy.

If x is replaced by the complex variable z the expansion (4.2) still
converges. Since i"'J;(z) is a regular function of z it can be shown
(Rivlin (1974) p.143) that, for any ¢>1,

_ ) §%§§)—

where M(¢) is an upper bound on | 2%n ! Zﬂ‘?}h&l for [z |=8.¢

| a

Furthermore

[T @) <3 W +@* + (1- )37y

for 6] < 1, the bound being attained when & = £ i. It follows that

(0, T o (zr8)] ¢ 2(0) (e )Y

Qa.r

!

and since we may take p> (1 + [2) the convergence of the series is-
established. There is nevertheless a substantial deterioration in the
rate of éoﬁvergence as arg z iﬁ;fgéses. AFgéggxample,;if>the series {5-
truncated to give-a polynomial of degree 20, the first neglected term
increases by a factor of 1.3 x 10° as arg z increases from 0° to 90°,

while }z|= 8.

It was shown in Chapter 2 that in the sector [$] < 1, | argt|<®©

|19 s T e,
The right-hand side of this inequality is a monotonically increasing
function of @ for 0° < © < 90° so the smaller the angular range about
the real axis in which we use a given number of terms of the expansion

(4.2) the less significant the loss of accuracy.

31



The advantages of a Chebyshev expansion on the real interval
[-1,1] may be retained for any particular ray in the complex plane
by writing

Ja(2)

{1

Fa o

%L (% )az‘”/aﬂrT ar (2 [¥)

1]

where ¥ is a complex number having the same argument as Z, and such that
0 =z /¥ <1 . The function V in eqn. (4.3) satisfies the differential

equation
§ [ R
tV o+ (2n+ 1V YtV = 0 (4.4)

where V(o) =1, V'(0) = 0 and the prime denotes differentiation with

respect to t = Z/¥ . We now seék a solution of this equation of the form

o0 ¢ o, .

V(t) = ;i Oye Tar(t) = ;E Qur T () (4.5)
Clenshaw's method applied to egn (4.4) gives the recurrence relations

Q:;r«i = Iaalv+:l_ + Lo (ye (4.6)

Cara = Oaea = bt Dy 3Ol ] )

which may be solved as indicated in Chapter 2, starting with

O s‘ri» Char = O fer >N

O\a:-*i_ = 0O £ e r 2N
for some sufficiently large N °, The results are normalised using the
initial condition V(o ) =1 . |
We have used the method for \¥| = 8 and arg ¥ = 7.5° (15°) 82.5°,
thus providing a separate expansion for each 15° sector in the first
quadrant. The accuracy of these expansions is discussed in Section 3.

The generalized hypergeometric function can be defined by the series
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el (%, Say e BB, By 2)

- s [j(“ﬂxf/ﬁ(ﬁhk‘“]

K= O
( °<)K= Y—\((X.JH() / r?og) ,
p<€q orp=qg+1 and jzl < 1,

where‘bﬁ(z) is the gamma function. The general theory of the expansion
of these functions in a series of the same kind is described in Luke (1969).
It is useful in this context, because both Bessel functions and Chebyshev

polynomials can be written as hypergeometric functions;

Ta) = GFr (nyny s =)
The) e QY ek =2
NEEY

In Luke (1977) are recurrence relations equivalent to (4.6) and (4.7), and

in Luke (1975) a generalised case of the expansion
<

Vt) = >,

L):C‘

b1 (¢ 2 ' 4.8
JJ(t) (4.8)
is given. Initially this appears to be a superior method of expansion,

because it can be used not only in its original sector, but also in a sector

~at right angles to it. The use of symmetry relations means that if, as

before, the quadrant is divided into 15° sectors we need only find exbansions

in the three sectors for which

\argX‘ < /4.

However, the series in (4.8) converge slightly slower than those in
(4.5) and therefore the time required to calculate the Bessel function to

the required accuracy is increased.

§2.2 The outer region

The Bessel function “J.(z) may be expressed as
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(¢}

T a(z) = =[H n) (z) + H ‘i’(z)]

in terms of the Hankel functions of the first and second kinds which have

the asymptotmh;forms N | )\ﬁ ef(z = 40T —L7)
Tz

H n(z)
(a) 2 Y -(z- {gn’”’"ﬁﬂ-)
H A(z) ( Mz

as z-—=>co. Any ray in the region |z| >|y| may be mapped onto [0,1] by

the transformation t = ¥/z and the function

. \)a . i ()
IO (%—Z—) exp[* (= 73" T 5% )1 H ((2)
satisfies the differential equation
2 | . ! , 2 .
tu o+ 2(t+ (Y )u o+ (L~ Ju o= 0 (4.10)

where the prime denotes differention with respect to the real variable t,
and |fak o)= 1. Similarly extraction of the asymptotically dominant
term in Hi)(z) yields a function Lé‘kt:>WhiCh satisfies a differential
equation differing from (4.10) only in the sign of .¥.

Clenshaw's method, used to find a solution of the form

g Zhw) :
u )(t)= >, o T(t) w=4,2 (4.11)
) v - - - - T - T

for ewn.(4.10), gives the recurrence relations
4 . : !
[r(ret) wd=-n*Jciy = (L-n?)0c- 5(r+1) [7TQcy
/ ' ' o
+ Qra v 4 (g +O.,.)] -8 VY{rdlent (4.12)
! : [
Op-gq = drCGe + Oret (4.13)
When these, and the corresponding equations for the Chebyshev coefficients

of u?)(t), are solved the results may be combined to evaluate the Bessel

functions of the first and second kinds, since

RACIE (am)""‘ [ U"te) Exp {Lacw} N0 Exp{—;«m)] (4.14)
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and

- (arrz_)‘:1 (W () Bep {Cx(] 'u(?‘)’Exf{-iw&)'}] (4.15)

~<

2

S
H

where

X (2) =z - §aT - LW
The expansions in (4.11) are particular cases of series discussed by
Luke (1977, p.88). 1In the real case the differential equations (4.10) has
only one solution of the required form and the coefficients can be found,
as described in Chapter 2, by backward recurrence from an arbitrary starting

point and the use of the initial condition. When L~ Y > Othere is no

longer just one solution, since (4.10) is also satisfied by
W(t) = ' ej’“‘”t w(-¢) , t> 0

0 , t <0
It follows that any solution of equations (4.12) and (4.13) corresponds to
a linear combination of WU(t) and W (t). The unwanted solution W(t) may
be removed by solving a boundary value problem in the manner described in
Chapter 2. The known value of J,(¥) is used in addition to the condition
LL(0) = 1. In practice the extent to which the unwanted solution W(t)
- enters-will depend on—the value of-Lm ¥ . In producing the-tables-we solved -
the recurrence systems with two different starting values and decided by
compari;on of the results whether to solve an initial - or boundary -

value problem.

§3  ERROR BOUNDS

A real - or complex-valued function f of a real variable x may, under
suitable conditions, be expressed on the interval [-1,1] as a Chebyshev

series
fe) = 5 be To(x)
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where

L, - %S‘Max .

f1-x

In particular, if f is differentiable to all orders on [~1,1] and

) :
L+ (9 1€ @, on that interval, the work of Elliott (1963) shows that
L bl <

Qe

Nl

To apply the result it is convenient to write equation (4.5) as

20l T(2) = flx) = S o T ex)
= 0
where
X = th -1 = 2( Z/'D’)'l- i

‘Then

ps-

o [T T[]

Ax
ey

(See Watson (1944) p.18). Watson (1944) p.49 establishes the bound

|9 (2)] < 2l e lTa Y (4.16)
2" m}\
Thus if bz | £ V¥land arg z = arg ¥ = @ then
Vel o ant 13T ep(is) ) sin 1) (4.17)

247 r! (n+r)!
Replacing (4.16) by the inequality

m Bl

| T (2) ] g Lzl op (4 ,\_;,‘)
EEC NI
we obtain the alternative bound

| Qar | < 21y o — exp (‘ lﬂi}

ah—f' r l (n+r “_ ({\fl"‘@j—

From Luke (1977) p.77 we know that

(4.18)

v R
aar = 2(_1) X n! F ( r+ & 'n+r+1’ 2r+1-’ - J/L{- )
A ey DR - 7
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K

o S T ) 7
(a; b, ¢35 2) % ) 76 +k) (e +k) k!

where , F g

SO o

| Cael < .gn_!_LﬂrZ (ner)irt(2rs2k)t V31"

T rt(ner)t S, (rek) ! (renek) L(2rk ) 1K F16Y

The ratio of successive terms in this series is
(2r+2k) (2r+2k-1) L3R S ake
16(r+k ) (ren+k) (2r+k )k $ TTR2reOK

since n > -4 , and therefore

Qe | < &n“‘__[1 S f m*; K3

awr|(n+r) w1 ((4(2r+1 K!
nta il gy [4 1P (4.19)
¥ ri(n+r)! w (ar1)

We now have three upper bounds on the coefficients, which differ only
in the argument of the exponential. It can easily be seen that (4.19) is
a lower bound than (4.18) if r>n and vice versa if n >r , whilst (4.17)

is a lower upper bound than both if
Sin 95\ { \ |
4. Max(r+n+1, 2r+1)
Table 4.1 gives some comparisons of these bounds with the values of | Ciael

when n =1 |
Suppose that the Chebyshev series for 2" n!Z‘niﬂ(z) on the ray
argy = §5~1s'truncated‘t0“g1ve' -polyncmial of degreé of 2m and the

resulting approximation is used in the domain

D = {zglz\s\g‘ , 55—95 arng¢+Q})

where © is given. Then the truncation error is
Ce

En,n(2) = = Oar Tar (3/¥)

Ve ned

and its magnitude is bounded by

= W 1. (€]
a,nt A mn ZZ S rt(ner)]
with Femet

Am’n = Min (EJ‘.(} \Zfl Sia ¢)J € xp (’* |«ﬂ& ) Ex{)(‘ ,ﬂ\j{ilﬁ))

AM*B
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Since
M - (am+a)

| T eyl < 5 ¢+ M7

3lr-

m-1)

(4.20)

(4.21)

with Q = \ ev@ + J&(aL9)~l
and
(me1) ¢ (n+m+i)! < k1 \
(m+1+k) ! (n+m+T+k) ! h (m+2)™ (n+m+2f7ﬁ
it follows that &@“g ‘hmﬂ)
I < MA on . ‘?“ S )
i = (m+ 1) T (n+m+ 1) T R
m, N
where Rwn = 1 31? Q*
16(m+2) (m+n+2)
When R, << 1 the truncation error is dominated by the 1st neglected
term. For example, when \dl = 8 and ©= 7.5°, Rozo = 0.014 and
Ryz,0 ~0.007.
The corresponding bound for the expansion (4.8) is
W o am+ L emaAl -(m+1)
IEM"\(L) | £ lil________ n! B PN {(S S J
2 am+3 (m+1) ! (m+n+1)! 1 Pos
where
r,() = I Exp (2. ©) +>Exp(4L9')-i l 7
L Y1* &
Pm,n - ?
16(m+2) (m+n+2)
and
Bon = EXp {‘1'xlq//(64(m+2)(m+n+2)(m+n+3)) }

which indicates why the previous expansion is preferred.

§3.1 Estimation of the réquired number of terms

For ©="TT/,, the ratio of these bounds is approximately 1:(1.6)[”1

We wished to write a program capable of calculating the Bessel function

’3;(2), in the inner region, to a user specified accuracy, less than some

maximum attainable accuracy. To do this efficiently we require a method
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of calculating the smallest number of terms needed in the truncated
Chebyshev series. It is assumed that the degree of the truncated series
would be at least 2 My, where M_+ 1 > [¥]| , and that ©< 4 and |3 > 1

With these assumpt1ons we have for M » M,

TN

M) A _
12 Memn ()] € Exp(1¥178) Qm "oesig) 1+ ¢
ni . 4 22)

(me 1)} (menst)t \ 1 = §/16

where the left hand side is the error in approximation of J.(z). Now set

x_‘= m + 1 and note that

,‘ZTr E*P (-—)C + .J./;]_a:)c.) )( r‘(x.-r1 JEET"EJLP(‘K)X 1

X7 O,

We can now write

n ) AR
Aoz (2)] < 1qewle) 1 Ko
nl 5 -1 .0 —2- ( 4 (L.pn)k+n*i X a
where
) .= éalle (1+ Q—'MZ‘II) \—ZH__Q,h A
T (- @18) ( 2 )

The bound in the last equation is a monotonic decreasing function of »¢.

N
So if the accuracy required is L x 10 , and we find ¥ such that

—N » ay W
x0T - o (esiey” o )
a - 2 ( 4 ) (\/.*ﬂ)f’”“’i. yY*-’i

then-by- setting-
M = [Y]l+1 > M

@]
we have R '
'.E/_Z_l_~ ’ EMn(Z) | <« 4« T
nt ‘

The value of }/ can be obtained iteratively using

(\j'yn = 2 JQ°3e 3 ‘("*1uom( nrdi) v J'i,\,u\ ) + Nk Rt R )

V3l A
gt o} -2l (B -3 5 3,0

where ' (- &hey
13 g__l S
BQ\O) !Ra: {sz- _?%__ oae'{(i-rg“*"‘)}
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and by = A+ nﬂoat(\zﬂ/&).
Furthermore, if ‘/> é and ;> (@Wl/ 4 ), the iteration converges
to )/ from above%\so one iteration gives an upper bound on 7/9 which can

.ka/
be used to determine the number of terms required.

Examples:
|
(1) |31 =8 €% =2.03,n=0 |
N c‘jo 3‘1 ? A
10 10.7 10.7
24 20 23.63 /
40 28 31.65
(2) 13l =2 e*=1, n=0
N %o 3l dl -
16 10 9.09 9.07

The initial value §, was chosen to be [ 12l + N/2 Jas this satisfies
the condition Y, 7 1¥] and uses N/2 as an estimate of the variation of
the number of coefficients required with N. Substituting values [j.—1]

and [ j,] from the first example into (4.22) gives the following results:

[/,1 Bound using [Y,-11 _ Bound using [¥,] Required Accuracy

10 0.2 x 107 0.13 x 107* 0.5x 107%
-23 -25 -2l

23 0.18 x .10 0.25 x 10 0.5 x 10

31 0.30 x 107" 0.24 x 10°¥ 0.5 x 10°*°

From these results we can see that M = 3.] is the smallest integer which
reduces the bound on the error to the required level and therefore, we do
not have to iterate to convergence. They also show that for M large, adding
an extra coefficient gives an extra 2 decimal place accuracy. So although
the relative factor of a truncated Chebyshev series to the best polynomial

approximation of the same degree may be large, the extra accuracy can be
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produced by adding just one or two coefficients to the series. The extra
evaluation time is more than offset against the difficulty in calculating

best polynomial approximations.

§3°2 Asymptotic estimates for the outer region

The dependence of the rate of convergence in the inner region, on (¥l
is evident from the inequality (4.20). By decreasing IZ{I the rate of
convergence in the inner region is increased, but at the expense of a
slower rate in the outer region. The bound (4.20) applies to the inner
region 1z{< |X¥{only. For Vz! > (¥l we do not have useful bounds for the
coefficients of the expansions (4.11), but their asymptotic forms have
been investigated by Miller (1966) and by Luke (1977). The latter reference

gives two slightly different asymptotic estimates:

QL al 1 ;’9 (2re¥) “Exp [s(2p-3) + R/S )
(4.24)
r F r(1+n)
and
(3+ )]
OL\? i\, 4(-1) (T’/’s) (2r C?f) Exp {—5&3’» 3;+Q&r } (4.25)
[(2-n) [(3+n)
where _ - _ - o . -
S = (2reT) s \ y = (2r¥edr) >
P = 4 { 1-¥sinh(y) } , Q - na_%
and c = *1,

Tables 4.2 and 4.3 contain comparisons of our calculated coefficients
with these estimates, in every case the estimate (4.24) is better than
(4.25), but both are remarkably accurate. The valuely|= 8 was chosen
after experimentation with a number of different values. No compelling
reason was found to change the value from that chosen by Clenshaw (1962)

for the real case.
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$4  The coefficient tables for Ju/z)

The coefficients of the Chebyshev expansions (4.5) and (4.11), for
J,(z) and J,(z) with \¥l = 8, were calculated in quadruple-precision on
an IBM 370 computer, and the results were rounded to double-precision form.
For each Bessel function there are six tables, one corresponding to each
of the rays arg ¥ = 7.5° (15°) 82.5°. In each table the top set of
figures corresponds to the expansion (4.5) and the two Tower sets are the
coefficients CC;) and th) to be used for |z!\78

The number of coefficients tabulated in each case, and the number of
decimal digits to which they are quoted, were determined by the requirement
that a certain accuracy be achievable in the calculation of the corresponding
Bessel function in double precision arithmetic. In the inner region the
Chebyshev series converges rapidly and the accuracy is limited only by
rounding error. Table4.4 shows the accuracy achievable for \z1 < 8
with the tabulated coefficients. As arg ¥ increases the low order
coefficients increase in magnitude but i?zl(‘1f61ar = 1 1in all cases;
the resulting loss of significant figuregoreduces the achievable accuracy
as shown in the table.

-~ In"the outer Fegion the truncation error, rather than the rounding
error, is the decisive factor. The truncation error increases as arg .
is increased and we maintain the achievable accuracy (Table 4.5) at a fixed
level for 0 < argZ £ 75° by increasing the number of coefficients retained
in each of the series (4.11). For 75° < argz< 90° we have accepted a
lower level of accuracy as the convergence of the series has then become
very slow. The relative errors quoted in Table 4.5 are not applicable in
the vicinity of the zeros of “J, and J, , all of which 1lie on the real axis.

The tabulated coefficients are sufficiently accurate to permit calculations

with absolute error no greater than ‘fa x 107" near the zeros.
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The coefficients of the Chebyshev expansion (4.5), for J.(z),
J,(2)s coes Tlz) with VI = 8 are also tabulated in quadruple

precision form.

65 Expansions for Y{z) and Y(z) for \=zl<|¥|

In the outer region the Be§se1 functions of the second kind can be
calculated from the Hankel functions. %/(z) and Y(z) have singularities
at the origin, but as the form of the singularity is known in each case,
we can subtract it and expand the remaining auxiliary function, which is

analytic.
For Y. (z) and Y,(z) we choose
Vo(2) = Vol(z) = & dege (%), Yo(z) (4.26)

and

o . AL deaefBH T
(Z) Va(e) = Y@ + F(E - (R T (4.27)

Putting z = y¢ we find that these auxiliary functions satisfy the non-

homogenous differential equations

i 4 —
(;Vo'"é‘vo-{— 'Zfa(:Vo = lt;_[‘\\é" \)(((),t)

and

2 M i oz _ Lt
v+ 3V ¢ B = T (g gy . T, ) ) (4.28)

where the dash répresents differentiation with respect to €. Since we
already have the expansions of the Bessel functions of the first kind we

can now find the coefficients in the expansions

[+74]

VL(Z) = Z(b }.,a\'\ )TQ

Jy=o

Do, (4.29)
; (t) ‘O 1 .

using Clenshaw's method. The recurrence relations obtained are
2 -
!Jo;ar = !30-, ArTh * —‘E-(CL*'&'" a¢.af*w)

i i
4_(_7_'_%)(!30,ar+3 + Lo,ar-r:l_ )
N

13 r-o,4..... (4.30)



and

@i s 2r : .192Y‘+4 _ é£92r+2 _ é):l,Zr‘ - —1—6--— (ﬁ@saﬁ7°a@9ég, 2

YA
- - - \ =4
+ %ﬁt (a;:?s ZP-Z-G Cl&szr Cl &92”2 : C(‘ ‘&, 2Y'+4)W
V4 ) > .
ST G b g onprby dees) 1 (4.31)
! r=0,1...

where

A

i,J s the coefficient of TJ (t ) in the expansion for
J:(z) given by (4.5).

As previously we have

7 ' /
[9 i,2r+l = a@ﬁa)éiﬁwgéilrﬂ

i=0,1..

We now set the coefficients éﬁ,Zk to zero for k>N and recur backwards

13

using the known values of “~1,i. The solution obtained is a solution of

the differential equation of the form
W, (z) = V. (z) + Akt B%J (2)
K K *\z K
The value of A can be found from the initial conditions

2%
2, v (0) = 2% -1
T /(0 B

where o o o S o o

ez
)
—~
o
o
1
"

R

Euler's Constant = 0.57721...
To get the value of the coefficients of VL (z) we can subtract the
appropriate multiple of the coefficients for the éesse] function of the
first kind from those obtained by recurrence.

The coefficients in the expansion (4.29) are tabulated in quadruple
precision form for i= 0 and 1. The coefficients for Yo(z) and Y, (z2)

converge to zero at a similar rate to those for J,(z) and J, (z).
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Values of lﬂar\

for

TABLE 4.1

7,

(4.17), (4.18) and (4.19).

r

10
20
30

10
20

30

10:

20
30

- N N Oy O

0 — NN W
s &+ & o w

nN

)
.6(-3)
.6(-9)
.2(-26)
.2(-49)

R - NN W

| Car|

w N

N B
P T e S Y e e
)
(Xl
W O — e

(1)
.9(-2)
.7(-8)
.5(-26)
.4(-48)

(4.17)

.4(-2)
.4(-8)
.8(-26)
.1(-48)

—_ e NN
L)

.7(-2)
1(-8)
.9(-26)
.0(-48)_

w o oo,

.6(+3)
.6(+1)
.0(-5)
.9(-23)
.9(-45)

N B S Oy o
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D) .
Values of \arl | for the Hankel function H; (z), and the estimates E

and E ,, obtained from (4.24) and (4.25) respectively.

¢

r har” E, E,
7.5° 20 3.39(-22) 3.43(-22) 3.85(-22)
30 5.11(-29) 5.13(-29) 5.49(-29)
40 4,49(-35) 4,50(-35) 4.72(-35)
82.5° 20 1.67(-23) 1.71(-23) 1.53(-23)
30 4.80(-31) 4.88(-31) 4,57(-31)
40 8.88(-38) 8.60(-38)

8.99(-38)

TABLE 4.3

Values of |G| for the Hankel function H oz(z), and estimates £,

and £ ,, obtained from (4.24) and (4.25) respectively.

@ r Lo E, E,
-7.50 - 20 .22(-21) r2r(2n) - n3s(-en
30 3.69(-28) 3.64(-28) 3.84(-28)
40 6.10(-34) 6.07(-34) 6.29(-34)
. 82.5° 20 1.24(~16) 1.20(-16) 1.08(-16)
30 8.79(-21) 8.65(-21) 8.14(-21)
40 1.84(-24) 1.82(-24) 1.75(-24)
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TABLE 4.4

Maximum absolute error in using (4.5) with the tabulated coefficients

for 1zZ | < 8

arg z n=>0 n=1
0°-15° 0.5(-14) 0.5(-14)
15°-30° 1.0(-14) 1.0(-14)
30°-45° 0.5(-13) 0.5(-13)
45°-60° 1.0(-13) 2.0(-13)
60°-75° 0.5(-12) 0.5(-12)
75°-90° 0.5(-12) 0.5(-12)
TABLE 4.5

Maximum relative error in using (4.11) with the tabulated coefficients

for { z | > 8

arg—z - - on=0- - - n=t =
0°-15° 0.25(-14) 0.25(-14)
15°-30° 0.25(-14) 0.25(-14)
30°-45° 0.25(-14) 0.25(-14)
45°-60° 0.5(-14) 0.5(-14)
60°-75° 0.5(-14) 0.5(-14)
75°-90° 0.1(-13) 0.1(-13)
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APPENDIX A

Tables of Coefficients for the Chebyshev expansions

A: For 'z \ & 8

Jalz) = _%_l (—é-‘j\ 20/ Uar Tar(t) ~

with
t - (.é_) Ex_p(._¢¢) , ¢ = 7.5°(15°)82.5°,
n = a,4 |
B: For |z | > 8
T = 50 H @+ P ()]
, l . a)
Y@ = 40 H 2)-Hy (2]
where
oo |/
A : N S I )
e = () sl e Tow
=0
and B o B o , o .
A - Z.! (a) % .
H (&)(z) _ (_n_i )1 Exp {_Lo((t)} Z . I (t)
= 0
with
X(z) = z-Ln T - LT
d t = 8 - . . - o o o
an (‘E) Exp(; 76) ¢ = 7.5°(15°)82.5
N= ©,4
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APPENDIX B

Tables of Coefficients for the Chebyshev expanéions
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Jalz)
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4 (}€;.> 7 Qe Tar () ne0tee10
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COEFFICIENTS FOR Ju(I) , N= 0

REAL PART

0.4079586905566713764071502815
0.7630782925013140036114677809
0,2906100659581878808558651539
-0.4138951931170936428569062793
00.1440537390606526442962060576
-0.2219186843394032453032044611
0,1582101167867309755922017011
~0.5923415745503702399501267529
-0.9365695496260214294151848978
0.9800718275082219475200227570
-0.5884900586901931633488188421
0,2486184311660110541658644741
-0.7916668533398169474450904099
0.1971352893114206679575258727
-0.3898610162943376016904006214
0.6128830578099246377742848562

ARG(®) =

36920+00
5084C~01
149€G+00
73540400
29816400
2275¢-01
41450-02
356€C-05
8133¢-05
2965C-06
90350-07
22070-08
119C0-10
593:(Q-11
0732¢-13
469€C-15

-0 748722961450839134569194809211S G-17

0. 6512572202276710693246845965
~0,2448430603826362135548606953
-0.3948228169596256044889689987.

0.1056764147740769256390896453,

8214@ 19
690‘@ 21
2804@ 23
9183Q-24

=0 1508785306971745540644708069ﬁ267@ 26
0.16246331754032631900049937714552€-28

-0,1432919935416574740387378953
0,1068901491228431584289838539
-0.,6833142607652003796€31004522
0.3749263322421104994656172411
-0.,1745940368594699685151858989
0-,6656577642024826232114403030
-0.1851881811717461452053191176
0,1710628695606994415316678239

OBIEC 30
5235Q-32
1448G~35
0212¢-37
39356-39
0722Q-42
0205Q-44
842CG-47

7.5 DEGREES
IMAGINARY PART

-0.56442646929£909352007951282745%90Q-01
<0.61302046672716605147332674516915Q-01
-0.20911435561449686363680202686931Q+00
-0.499595127450507236116971017573850Q-012
0.9125576622536T7239948363268407435Q~-01
-0.29516142867063306110340315867002Q-012
0.4789768B10046299698647230746241209Q-02
-0.478637107137780067862878436497310~-03
0-.3222570625865384108728182811868CQ-0%
-0.15271062036972918272686508255232Q-05
0.513703842017491539373172880421670-07
~0.11659304865213573041154924553112Q-08
0.13002722707254774191498280825128Q-10
0.21989564315413682332706849016329Q-12
-0,15719635840571344149732102786680Q~13
0.46989454558€630322083751642752260Q-15
-0.99111434114507861007149844922754Q-17
0.1639298915670204320£6417304659115Q-18
~-0.22147117906606840778028263028522Q-20
0, 24892188592384991764317178926069@ =22
-0, 23401714881381196783886748810376Q 24
0. 18260278516002535548651669668619@ 26
-0 11458225051944390195654405947467Q 28
0. 52084078228743871177741921868437@ 31
-0.89267514828895868537298747317694Q-34
-0,12555686975918394598649293578940€-35
0.17950167586171787447862828877555Q=37
-0,15040125647625372237119683989617Q-39
0.98283442944539753342027380529403Q-42
-0.53871044191808775224137666081112Q-4¢
0.254729288251763134437308628343460Q-46



COEFFICIENTS FOR

ARG(@) =
REAL PART i

0. 186238813652549412063911862807QEC+01
0o 14586386625180950972545797220381Q+01
0. 9954877760365573194853824688564“Q+00
=0, 6836306791980398818’879835761588Q+00
=0 92103894031436975124900736670351Q -01
0.54325155286706497005706705913268C=01
-0.5312699741457736773472562497849€(0-02
-0, 133872871741563805‘222588885682Q 04
0.342873932912792066540246854743375C~04
-0,22152626452254745284258733781922Q~05
0.47791149661373039954614575852045Q-07
0.9877246842914601155495150784251EC€-09
-0.85559418¢13€66383530592303102659€€~-10
0.2149769202231695452408694172709¢¢~11
=0 18044845865653460488125005161979@ 13
-0. 3661195963837536348‘072844099656@ 15
0. 13282565182822653728060@23561167C 16
-0, 17697985099743731846229593931446@ 18
0, 735655838618154986960564843110280 21
0. 13439277020255245432805184079624@ 22
-0, 2734309588159714876‘216409975695Q =24
0. 22524555302524473310456212866351@ 26
-0 5329100551658620961760394844894“@ 29
-0, 8675465173964824441708978887?72°C =31
0.113626048635907135759851694244671G~32
-0.63512437869492818751052544852765Q-35
0.93755737997489190974076797605122C~38
0. 1366164545643859728966731110973°C 39
=0, 12512496648563425010552281402351C 41
0. 5052879103062703783’59307692828OC =44
=0 69692211992199977997653744395681@ -47

JuaCZ) o N= 0
DEGREES
IMAGINARY PART

0.16486122859825242144718307919130Q+00
=0,12544466638704219695403027896923Q+00
-0.10844229108502024582559366154897Q+01
-0.59323596240726279387806001876372Q+00
0.27615145780052247518564222799368Q<00
-0.12476381839349755533666766352444Q-01
~0.465447465856727888381187414478990Q~-02
0.63622927278262264692972383255147Q-03
=0,26013530174549737200216869431038Q-0¢4
-0.45992988672321494631582857389451Q-06
0.824014419467674595322343130211135Q~07
-0.31346016042881186165079€71351767Q0-08
0.40492685731528486918403002058275Q-10
0.84820179582633413317487408538878Q-12
-0.,44965043319601150272937439932755Q-13
0.802281949691701187872132868214548-15
-0.46368682453174704019240608040720Q-17
~0.89566498342508217565158876682037Q-19
0,23784602955667591021187110468363Q-20
~0.245633830162816166493910028453110-22
0.759793105718440822540916767€6722Q-25
0.13101506878535092988935606352495Q-26
-0.21115269624292155974828639121683Q-28
0.141953008763821342988111782523300-30
~0,26277104068594085641577927434T71728~33
-0.404636324862400408223202596401835Q-35
0.439225664818739639097431938116760Q-37
-0,207315657537268783134888262464435Q-39
0.24804524270781308073626942673081Q-42
0.342919313593580814989462280559100Q-44
-0.,268502059322671542741183746713516C=46



COEFFICIENTS FOR

ARG(P) =
1
REAL PART

0,6711927325890699939741756268023¢5¢+01
0. 71500895090149274249562’02933488G+01
0062159845055422611610087734646016C+01
0o 91766948812533030008971126548282Q+00
=0 56777356588961925012223189451426Q+00
-0, 5298496757710102865861144078445(@ 01
0o 1099498809164804914674566909285CC -01
0.33155441080985683550871115114717Q-03
-0.6415853829528015783217177161944EC~-04
-001926227848611983582288755909195CQ-07
0.13098460082289649995221225867196C-06
-0,1681607779631104118911277891405(CQ-08
-0.103711528823211601863616931937984(-09

0.21859346943753071283032864827525¢6~11"

0. 31222454779154038507531746800889@ 13
=0, 10573078967372922849271977707796C 14
=0 11756726790979670550122091559254C 17

0, 2391828102674947289406144314295‘@ 18
-0, 11947502045502751672080653424766Q 20
-0, 2672984069790595187541058948?261@ 22

0,26247196204098981414737826408936Q~24

0,12897963883569176515585530211121¢-26
-0.25035651838797726597574836978744Q-28
0.11734694565831946831155271368515Q-31
0.128324336207347237513593830463650~-32
-0, 45903276163115953174237946205505@ 35
~0.35382723873725811024606758356275C~37
0024657613518293437964736301762445C~39
0,36686604181049271304777475605924G-42
-0.6885430354370690704484331464712174Q-44
0.757363081333714098633280948706360-47

JNCZ) 4 N= 0

37.5 DEGREES

IMAGINARY PARY

0.83712702818187066160128862554041Q+01
0.,59935320789535874704309890908765Q+01
~0.19486400634296973199162619237438Q=200
-0.,24065140778222976905395753482710Q+01
-0.31719376085575826201011612499029Q+00
0.92811127584290710768303757704639Q-01
0.53006984777873094100192858823990Q-02
~-0.96600009434£42741994234559722918Q~C3
-0.,116446140366370472243416450105202Q-04
0.32792409067351769904708187461371Q-05
-0,24389700433340074222958066472352Q~07
-0.41353051818623120210689188092807Q-08
0.70597257863178096934493061241108Q-10
0.20545036410632514002637938671880Q~-11
-0.5330250036314175846743418167046€0~13
-0.32781289949432533628380676339244Q-15
0.17379430376588814964417894251052Q-1¢
-0.40755209566834685198756324933495Q~-19
~0.,27655685125209732758600102490881Q-20
0.20282438263448503305629880293553Q~-22
0.21156346934994648642359041179737Q-2¢4
-0.278€9637139173354839687197440611Q-26
-0,47370861045896446416853047963321Q-29
0.19300680330736498144511520864952Q-30
~0.41046820113458423420150726959960Q-33
-0.73307874882075810998447859481484Q-35
0.37181894194269406039102168670998Q-37
0o 13762270701873969701694544929432@ 39,
-0, 13969378383478819261520215595429@ 41
-0, 27092262682857062761565080270755@ 46
0.297190798596151137951041%07985960-46



COEFFICIENTS FOR

ARG(@) =
REAL PART

-0, 2461560768007209794640941478399EQ+02
=0, 1367468043326338181693004783]60°C+02
0, 42050323986583392856024267002657@*01
0. 5862275976644791413457682747?78’Q+01
0.132040346349086377827314631393532Q+01
OolZOll36204948611960365162806905CC =01
=0, 19372490663037713599494764213266@ 01
-0 13193765886752324090956713249527Q 02
0o 32882094123650831394692136588888G 04
0. 4956120002487949586281653066042‘C 05
0. 66621081843728297217183148014726C 07
=0. 49411940775348074211939481683830@ 08
—Oo14323130562185905266344553318864Q 09
0 1142622912901849766161910563992‘G i1
8139905253356739’688503984541264Q 13

O 42963581930446140337461610709026@ 15
-0. 18413047890098872367751566818597Q 16
-0, 2355643766786722935296318029%57‘@ 18
0o 1478022374381832703227800937P160@ 20
0,4095673450485637017079726476634EQ-22
0o 6398192556522327724009603191F41CC 25
-0.3361872013459960451680550773892C0C0~26
=0 19927812351128876188982915415726G 28
0.12653928079114571953761923102435Q~30
0.1514883145957921806753609948]7641Q~-32
-0 35457362648932105717005203942104Q-36
-0,581504870264934865554454155014652Q-37
-0.,15975891547896140605983712801556Q-39
0-1183140805747210229725152265212E5C-41
0.6863351702818905910007727908389¢C-44
=0, 86383280198037442732074842918968@ 47

JCZd> 5 N= 0

52.5 DEGREES

IMAGINARY PART

0.4070818451974168490689402476450£Q+02
0.36750868601784119090822057617668Q+02
0.20367739691527432297833143363871Q+02
0.35548361381513597005511675099555Q+01
-0.61553461742536762917630456224676Q+00
-0.21071485764786350942543741438291Q<00
-0.103180731906572413860596018343230Q-01
0.10868685743074080331045584156917Q-02
0.9776924037019291837598371958755£6Q-04
0,1008907163268B0748236532179984534Q-06
-0,182232882642546291341167501069420-06
-0:339106755594795768418695356250335Q-08
0,96090174415940859625911547750801Q-10
0.38663761072C19751013073789910377Q-11
0.8729571991670864668976683691820£Q-15
~0.136793520416981772187348375667461Q=-1¢%
-0.124413373726666405996126974429720~16
0,1943301636052533950062360820587¢6C~-18
0-.344220166067059071729170561679391.0-20
-0.508829625614033720409024858095000-23
~0,40558120586£652640015269127140345Q0-24
-0.15617312296875415002587281808420C-26
0.230974580346398072152854584982732Q~-28
0.19179314075437628141222658676683€=30
-0.482918875113082683231695726331540Q-33
~0.10136460884656706702109567689352Q-34
-0.140945180492511484374767819196160Q~37
0.28576217592464116638248112392485Q~39
0.11729079678680638855149063611130Q=41
-0.392146101947560129170821841454352Q=44
-0.33970818794065285978908534066290Q-46



|
COEFFICIENTS FOR

ARG(P) =
REAL PART

=0, 1202323400400358499981888610?656@+03
=0 99170227887441285329135194491064C¢02
-0, 494825516984383236779648125%1407Q+02
-0012834635332439317353249812196134Q+02
=0, 13924145634822307560273601121626C+01
0.35873%442631228915636088468993556C-01
0o 24623296955251348484432877021334C 01
0.25989929406060905193856549537677Q-02
0. 12385474204657920414516265382266Q 03
0.1623381877430497646279047170326(6-05
=0 1284818859020517127228744110bO3EQ =06
=0 7999500110968843124071512644&317C 08
-0, 2055159903608474708’254899649849Q 09
—Oo19551294992334729981372286345167Q 11
0o 3750734940464034579965179793f362@ =13
0.1621460069040592499608491879886€C~14
0, 2589419825327651589031486061b469C -16
0o 16963885835163051058784661923728C 18
-0 13151889996350858678670178161917Q 20
=0, 4315575883158995927596171607%911@ 22
-0, 4690371942712892830‘18125575407‘@ 24
-0, 22018698090879407279084234?2834CC 26
0o 862811554692664779716829539ﬂ7907C =29
0. 227130708544641667642243040ﬂ3967Q 30
0, 1787348600616266104432748786?165@ 32
0.62652933706147687905142320609115Q-35
=00 141505538086356587800914485b2327G 37
-00310245687126385932720181561031135Q-39
-0,18487614673649109975228641556924G-41
=0 5008477851155140698943980827394°Q 44
0, 71176572747691937093496026753804@ &7

JuCZd 5 N= 0

67.5 DECGREES

IMAGINARY PART

-0.66691018233263761381657206590178Q+02
-0.39147826531356588336958685234818Q+02
-0.14800978678558559364104741152456Q+01
0.633516198386800250915594219246811Q<01
00,23497334840795793775590047916078Q<01
0.36184555175082579591418906704027€C+C0
00.25407683584597795664451288720100Q-C1
0,27328614896885497885059913797181Q=03
-0.86478706066528572035583131906616Q-04
-0,68164033686269323775951271638189Q=05
-0023322393287194919485736536781241Q-C6
~0.267182166016452475283904636506960-08
0-.93883769053122440787827556762722Q-10
0.4801536345900574139€881230966287Q-~11
0-,95920761478509471667874560717065Q-13
0.75440387851236339973278181017069Q-15
-0.88611990878570833706219473950495Q-17
-0.33091881056889251909482520124499Q-18
-0,43168897528320881209066285578019Q~20
-0.23825721607151014874315892698848Q=22
0o 12866821474808433187918726739619@ 24
0.3760614461369471005491305430870690-26
0. 34553644783‘55857374984659001160@ 28
0.,13950524503754715029219540715481Q-30
-0.40963510166528041796508686348465Q~33
-0,98027781360£125625445961001149400-35
-0.66805156657504333366626559124035Q-37
-0.2050727206983203306375506,3045718Q-39
0.364058461380286782369569079512925C=62
0.7361752066438058041778733:21421046C-%4%
0.38683765499870789188474037233295€6-46



COEFFICIENTS FOR

ARG(®) =
REAL PART

0,1478633007790339991C834413043462C+03
0,10415768205398205152399654475226C+03
0.37773716029004829631634647285402CQ+02
0.7151068457825563564755242774080€0+01
0.58718947463746490892023107893162Q+00

-0.2733681629252401422324493755416340-01

-0.,1263329838543830399£328684848135C-01
-00,16111141681285472665446158410552C-02
-0.12682388318315677495352037464151Q~-03
-0.710104735765562231102690682372726-05
-0.3002648370033621789391627719135¢0~-06
-0.99086415014185669218051899910642(C-08
-0,26027484117930187788192176623065C=09
-0.54945502031913302315248827628845Q-11
-0,9309790916486472142€484987076695C-13
=0,12405514383185900794313961451406C~14
-0,12100809941441867001603700742545C~16
-0,614025169263540811390780133130726-19
0,54121172480611864676219493583295Q-21
0.194528403467399313583238304451856-22
0.31204514306599118157275391121056Q~24
0,3682034531712097552003205764988BERQ-26
0.35315464449440018810041928637612Q-28
0.285805663882412946101351833673517€-30
0,19836067158649677864126489289905Q~-32
0,11863994266786195581653997529741(C~34
0,6081555768467540007134523714420C8-37
0 0,2614092338201152310028094680528C8~39
0.88434651555956693190035115231847Q-42
0.,1829558608100021489C0887670576021C~4%%
=0,2794431546987037207418742391281€EQ-47

JuCZ) 5 N= 0

82.5 DEGREES

IMAGINARY PART

-0.18685812523542100076518581169684Q+03
-0.144934353767633165554603379954426Q+03
-0.68100726343676867881843240961907Q+02
-0.,19942171041630688504315865053873Q+02
-0037945991286273713731645640517225Q+C1
-0.48944600177602346303381707099740Q+00
-0,44344116850055764209395580208655Q-01
-0.289444888751854239527586268248040-C2
-0.13765284525622497163004271726241Q-02
=0.47052276012432276254645764427057Q-05
-0.10641119963521452180967194363728Q-~06
-0,9276122283794234984019780465710250-09
0.40940074636336826992996865653823Q-10
0.23689419516543360236253155310313Q=11
0.72175746483862135156193005583481Q-13
0.16057793958388156658720457530673Q-14
0.28359465561914272852397225563504Q-16
0.41173060997307404969131501659123Q-18
0049969014268740635137936784721376Q-20
0.51000584521037047207876926762789Q-22
0.43581643056407606329070172519971Q-24
0.30512590903047769797613238757884Q=2¢
0.16376144713659745783339920962069Q-28
0.50849901113658300951720520451353Q-31
-0.163690746137154445054321670968660Q0-33
-0.42101148754094705704577267314262Q~=35
~0,41597029420894998273193569008155Q-37
-0.30302663845261326002874852819372Q-39
-0,18190421665068652999707007238636Q-41
-0.,93583279237706162808161717143004Q-%4
-0.41938207208224406336812682175833Q~46



COEFRICIENTS FOR

ARG(P) =
REAL PART

00,33165086130653997604600350344184Q+00
=00 2802067447370601826592353664144‘Q+00
0o 34611125276606388482375235700901C+00
-0 1669142496114550653‘92628188692‘Q+00
Oo36569355422691324?47952979491214@ 01
=0, 4150292404715913728’095984284926@ 02
0 2255569652975696167230’548945317Q 03
0. 1520971088304356876723308795337EQ =05
=0 1246498422239763302733698416177’C 05
0, 10908980954867918536642675121908@ ~06
~0.577525434550562108992920788245176-08
0o 2194574619882405112’807‘77467124@ -0
=0. 6376231533163081650‘414103493347C 11
0o 146080975335346669196169568%471CQ 12
=0026765123039394560770827053789744Q-14
0. 391928479891540249590166919@3908Q 16
=0044768536013542468161935114956215Q-18
05 3643486610691320931534561923984 Q=20
-0 12481994664354918917576134007972G 22
=0, 20760742168313878200135884612938G 24
0o 5170728910128561549’89331048171lQ 26
-0 7000535158255606487207992751691‘Q 28
0o 7183855281;‘91688766668563004057P 30
-0 6056518141581774647‘042673214826@ 32
0o 43284363698986344220638342081829Q 34
-0 26560244327395905958704200000379Q 36
0. 140113136986882813142187015374360 38
=0 62815278995322935897115439202194@ 41
0. 23077280119695161982292241620196@ 43
-0, 61838480605700457963625457230486Q 46
0. 538613019981135324226159535%650‘G 49

JuCZ) o N=1

7.5 DEGREES

IMAGINARY PART

0,4859399743025669946537546242328€0C~
0.813468482976172977828016389136650~-
-0.14881387653454337076133925474944Q~
-0.57255339954541558145714616435313Q~
0.292686936159160855058413932533228~
-0.639288974678747036762584:54980431Q~
0.81028550263970382178848993942696Q~
-0.67265551812858283025707285895073Q~
0.38945144437760507464997175063692C~
-0.162227191465416547549337232664003Q-
0.4866147404673486374675283503149842Q-
-0.99130676381298998137907296734863Q~
0.96680975881599084980880224383144Q~
0.178583499577296933880652637629580Q~-
-0.11078169548851953812394692101090Q~
0.3055170979430595363017278121662CQ-
-0,601444514076082996302205803402378~
0,934271467672250877723963199358518Q~
~0011907426190414492712693446772511Q-
0.12670553847602525469228558332698Q=
-0,113106291582235371737405395380920~
0.84001782864102962740933761465353Q~
-0.50253077895558263046292282992253¢~
0,217721753660301971886714631469320-
-0.3472831952161139414447432907969¢Q~
-0.49631138636480988176999802523068Q~
0.675629574819777811568107153127940~
-0.54356029802292208501872083462563Q~
0.34251575582187551874589629396549Q~
-0,18121992924502119400041716420578Q~
0.828294115330413246724673983544281Q-



COEFFICIENTS FOR

ARG($) =
REAL PART

0o 40374947400739902338453870603654C+OO
=0, 88138108175613036557239756955584@ 01
0 6394271028327638508836767670927°Q+00
-0 1195814266318471756634247374030‘Q+00
—Oa3773369287973806802C066223717798& 01
0.10559853770136716991430519076342Q-01
-0% 74425351853121363308124920938846Q 03
-0, 119310638369709506414325738?4115Q 04
0.426034124101039434603044962340926~05
-0, 2300544060736084914779148111389‘Q 06
0. 41678050943597051554066841494641@ 08
0. 9575689391248231295915311295187EP 10
-0, 6890784022242164059490476906431 6-11
. 0w 1559170561043835012537062153584‘8 12
=0 1155749028001546511928295165116’@ 14
=0 24463632089036369596417803159916@ -16
0 8010634572003749975°306573339584C -18
=0 9908358661642744534962372952967 &-20
0o 37349945500819304709776999755489@ 22
0. 69819983790738622455537020424396@ ~24
-0 1322572521455303003421346871056CQ 25
0o 1028407579694847867636560939092‘8 -27
-0, 22438307259806460919297069164114@ 30
-0, 3706146825613032086‘899612850662C 32
0o 45939634291541491455250653105002@ =34
=0o 2449636309381936211‘183877887898@ 36
0.337401745760134229805843432655376~-39
0, 496577729465034306743207568ﬂ5624C ~41
=0, 43483704480270018161843698004638@ 43
0. 1687459274437614948171355073791’C 45
=0, 15618962244555390879283290021941Q 48

1

22

JNCZ) 5 N= 1

-5 DEGREES

IMAGINARY PART

0.29030589498529461840121335816053Q%
0.474350682718105660210696742293359Q+
0.10276879026948940920512851933717Q~
-0.261008739276189324358970757626355Q+«
0.58215916946595901765042686098982¢-
-0.61293627327681952647610903719922Q~
-0.82885792280220990733827413627010Q~
0.85216933527842977719908945573381Q~
-0.2784666466510205375€6186946492202Q~
~0.61450261154234234166598634270232Q~
0,80190314302725333364238487329655€C~
-0.267330218103515276181123871230960Q~
0.2988029747503291886101483048776&0Q~
0.66676768179946522159070694899207Q~
-0.30984550287166174445521694821064C~
0.5067858296117215767664060218759€Q~
~0.262567296115724303479447065528210~
52286070629780640755188633381542Q-
0.12764520561942215835658543281793Q~
~0.12352904547766827781678429921744Q~
0.34971983515892016690402800742190CQ~
0.61399725030866895267611728643792Q~
~0.92990443815096385805089313296586Q~
0.59354292870596098797177797276729Q~
-0.101966559075718813459625303208130Q~
-0.158792104182490820267051075461950~
0.16415862419538616285330051206266Q-
-0.74210151285781260581944685691338Q~
. 0.83229933411456819933551135062198Q~
0-,11604643813804646242109875437316460Q~
-0.87200343259351583198351514446403Q~



COEFFICIENTS FOR Jg(Z) ;, N=1

ARG(¢) =
REAL PART

=00.43816218312422748521447402532488C+00
-0 26885225231081266002910940730051C+00
0o 14718095080942915840056756433482Q+01
0. 44144324656702805445101763453712C+00
~009346433107510542225307091260504710-01
=0 11893011139311777202518705869361Q-01
0. 1475622233424317081951025067773‘G 02
0, 5567967447799545626’297077881371Q -04
-0s 71034923884038081093562428977654@ 05
=0, 2598056514497062651783724759828CQ 07
0. 1217319690452110’2670302953132170 07
-0,12389573472045318662097118819965Q-09
-00828613037840469343265097000935301C~11
0o 1518526168064364381‘8823562??484@ 12
0o 221350802354176581324806593L06370 -14
=0o. 65918405516796886161574599591960Q 16
=00 95849052629609285799464543488336@ 19
0. 13411L50333618504664879603246672Q-19
-0 60185031358122344706491862827886Q =22
-0, 136137600266914810607774218&9714Q -23
0. 1237933649663265431C36188768832 @-25
O 60804961167357798911003480672852C -28
=0, 1089385975531247518’785103196154@ 29
0. 385950175233380831806595501n273éQ 33
67710195333088740105442C~3¢
-0 173913p08457121369744016807@5915C 36
=0, 1328058902108555722190034730265°Q 38
0. 8780474923933042110640782433838‘G 41
0- 131100470740262161557531378ﬂ2914Q 43
-0 2299961779248880273064967515714°Q 45
0. 23728801940044736980131953242610@ 48

37.5 DEGREES
IMAGINARY PART

0.23777382028651191455818971645272Q+1
0.25747309246€19626231005266475262Q%
0.103893642359726319562215619881985Q+«1
-0.452576318219283955058368404634952Q<
-0,93005014696467869431995201960880Q~
0.13755046260572593595389031777365Q~1
0.996030308612356795719005623160517Q=1
-0,117585598026873145061460356934680Q~
-0.195302425215311245817804166379410Q~1
0.33172962453404536121438826535092Q~
-0,1518404624132628305001176009997461Q=1
-0.35519485968886486517597865633557Q~¢
0.51305342309898421916665459550042Q=
0,15381743493724142021368082990552Q~
-0.351061136115282494310027460144440Q~
-0.22536931882504213189018277529083Q-:
0.102657201661021731840451885478%6Q~
-0,197116851362779770376062221483660Q~
-0.14756516523607960324735969513814Q~.
0,993732705616149029677464879127925Q-,
0,10327404303977696087227055587926Q~-.
-0.12625286598338979621045179025075Q=
-0,22207505610334869986166922610714Q~-
0.8074244658182294258544619070374660Q~:
-0,15852186429369414162776563947638Q~
-0.28469803800588745967701604002047C~"
0.13671842300489378287411569485097Q~
0.501143368955019100284560045933064Q<
-0.48166609312509968021457111384547Q~
~0.28241436574598738215630110995361Q-¢
0.96251610974220821000762454885317€Q~=



COEFFICIENTS FOR

ARG(g) =
REAL PART

-0010940927246808716125479366946385C+02
-0, 83491278991613342749254616283719@+01
-Oo11814570335990525524815512811297@#01
0. 94356376140535276669469889793886C+00
0% 2558724891775055254685802306899‘Q+00
0% 7257413888462507831648320608608IQ 02
-0 24321261236502427573487062738691Q -02
-0, 1713718681351303148263581618ﬂ174C 03
0, 26?37517545941825886431190617516@ 05
0, 48277606122690481382730149588591@ 06
0. 68598342639081278651616621298922C ~08
=0, 389590098172630187840118726571BCQ 09
-0, 111710539855805558590070854848200 10
0o 7081443981552697812‘722295836021@ -13
0o 53" Q022699420605702264905750510 14
0. ZBJ93807809274387842116612256904Q =16
38502553286487665414801138@ 17
—0 13233&2869247581532442061bBSﬁBBéC 19
0.73701024206502918041851855839560€-22
0o 2041454441856716125656578405%564Q 23
0033507232714118094960842434369708G-26
=0 15106955604823808629962447425567@ =27
-0, 8768556213139846147794964214540‘C 30
0.5151.2571955283736321765020770391¢-32
0. 6061847619421002428824222724795’G 34
-0. 9341051284978308136486683137@596@ 38
=002142232242135662362€381144939564(C~-38
-0, 5786829744293898390634116792W955G 41
0.403398724266866165997388858346214C~43
0. 22932691680283722938417314686591G 45
-0, 2695680429795595601468625171100‘Q 48

JN(Z) 9 N= 1

52.5 DEGREES

00
00
00
210841395452803469481805616803058Q+(

0

-0,
=0,
-0,
«11417503477951557347583972971305Q~(
0.
0.
-0
c34016665430631215551560972027989.C~(
0.
0.
0.
-0
-0
0.
0.
-0,
-0
072980966914057343680822126384247Q~

0

-0

-0

0.
0,
.18538048290341634732473396329818Q-:

-0

-0,
-0,
0.
0.
-0,
-0,

IMAGINARY PART

395731591795756581607196714683910Q+(
575079371133244694637431504646817Q+(
4881541487591792900190284164434670Q+(

55395808501553487531591549673767Q=(
31960179317434170523227349873777Q=(
172714171052024898000274266118466Q-(

10814150814441503845979551199974Q-(
£26240404865720346975229623493027Q~1
15901867321818508449467437112872Q=(

68394652527480149719826791395192Q~
27589583525122415740244499883531€C~

22780434505152393894241069031530Q~

840123408882824925260720163685040Q~-
75309417230874672378125317700421Q<1
10433337060800019353898155252635G~
18164087377541996842071949078884Q~
21592471144066054847355047044603Q<~
19169516918978938656134100033092Q~:

98821830414667873828919719587461Q-!
80292681141736342373043821086972Q<

388800290411879509072968766534795Q~:
54235263594253271099611910110661Q~-
101246517422920612706135648539295Q—¢
40704413799829145177274129758802Q~4
1285222190080468467486149195327€Q~¢
10956139903635251256837250133292Q~¢



COEFFICIENTS FOR

REAL PART

-0021062112152594564669053€6658
=0 1961806289595271289‘44208234

|

ARG (¢)

5503Q+02
030CQ+02

-0, 10451550397097535860286217238061Q+02

-0, 2646632587353199371928174329
=0, 2852301398480963698’65849225
=05 5343267182444556206309920440
0. 2891221197088860175488308847
0. 2976409392042061227715100227
0.1361724067483747615263030260
0-1845242619514276406513604027
-0,1037542846463633861240916065
-0, 63526726800831448623021’1194
-0,1552517313711107440694601943
=-0.1444675065975025453427929359
Qo 2300634132840176220170820868
0. 9831266735693642839149950191
Oa1504212871755541963612332571
0. 9558785942541999894835017061

0462C+01
360CQ+00
6652Q—-03
3253Q-02
151¢Q-03
3391Q-0%
2T6€6-06
5571Q-07

8901¢~-09

3247Q-10
815€6Q-12
5077Q-14
8831€-16
6617G-17
5572@-20

-0 6494703614649421478333353262022’@ =22
-0, 21133085566725459837621655740407Q 23

~0- 2213423704567106934876800192
-Oo1008173251554443019888046830
0o 3563442278527270499100599296
0.9321254444058362799757907765
0,7101101246194323233132632958
0, 2419998207112719732948464541
-0, 5020565627866742548673719745
-0,1095306700506132967194575345
-0,6341606128804390331154257221
-0,16740043643029521853280564467
0.2212938158157126616676886619

4158625
3404Q-27
17846-30
532é6Q-32
223C6-34
B415C-36
2662Q-39
3792€~-40
232(0Q-43
089:C-45
9305Q-48

JuCZ) 5 N= 1

67.5 DEGREES
IMAGINARY PART

~0,27543191701907173044698521355362Q<(
~-0,17287972760804514799105385734195Q+(
-0.30917831418517028023374396511769Q<
0,730044786975624980722951322301890Q ¢
0,35508311729530773623504403642207Q<¢
0.53118086463053725117398885614330Q~¢
0.35458698775011299090688929268442Q~(
0,52218048920171887019739849036804Q~¢
-0.82827909037130778959623603451413Q~(
-0.639648070560492324250845204656664C~1
-0.20744303350006659981034416704508Q=(
-0.236477436171141031314677376977710Q-(
0.,6547618621465865292276466504478660Q<1
0.33026588568828155434989900698979Q~1
0,62994757527479159324355721580748Q=]
0.48158664941240662972014038270232Q~"
-0.484504097242008296588056983861950Q~-
-0.17931914010878113095634591759522Q~1
-0,22496874236790560308799535387124Q~=
-0.12032181241517026311333856416615Q~
0.57880347965764956038227824728839@~
0.16794348031416070713978905784691Q~-
0.14906762856561256734623989082861Q~-
0.58447712503372606844222137921304Q~:
-0.15636081255731552868375521427330Q~=
-0,37209550566376416671830074124986Q~=
-0.2459593285832353434566865671949768Q~:
~0.73486622789130655942959318926882Q~
0.12065359164542154779250805294458Q=¢
0.24290164159€68846627281101342191Q~¢
0.12420363116390780829630611834630Q~=¢



COEFFICIENTS FOR

ﬁRG(?) =

REAL PART
0o 4370561872505194748434758568E34CQ+02
0o 28604219418342189849641811316528Q+02
0o 9175:271882928422930782748337748Q+01
0, 15480330031503695938222900049909Q+01
0o 12391565686220676018195055839356Q+00
=0 1262998345261219441‘691843738527& 02
-0, 1425105567103678715‘0023689009670 02
-0, 17440754126400095348040179606917Q 03
=0, 1271856497619755201‘411585408691@ 04
-0 65696&87996539806797364989244697@ 06

-0 2567930233314216137236056970&89CQ =07

-0, 7863869837379836921’91315168%15’@ =09
-0, 19247532307587339841244‘4749?4740 10
-Oo38019758145626080951814716454888@ -12
-0,.6 27810491395520649490‘63170897Q 14
=0.76: ’W284960917883772717583941357Q 16
-0, 70493793349747147108740675578694@ 18
=0% 34664096911561194986692426062488@ 20
0. 26567399391173611188597‘6843&62 g-22
0. 94323866817110571225096137822622@ 24
0, 1452746527641189114’?8152470839 @=-25
0. 16431688648146850006693432846889C -27
0. 15117887938262157962194‘7620753CQ 29
0o 1175075125248375231332052393724’0 31
0, 78435961171214034575939576118805” 34
0. 45f82051324294693468773035376136G 36
0, 22338:45913959951880665237919406@ 38
0o 9275172429362106251780203605681CQ 41
Oo3037756601543292670605244227041‘C 43
0o 61162232282572711990769979224487G 46
=0 8668720104044253196253712909538’C 49

'

JuCld) o N= 1

82.5 DEGREES

IMAGINARY PART

-00,41923771467787835211152012152582Q+(
~0.3158465842950543183307349933T7817Q+(
~0.136643105649454340060463559906726Q<(
-0,35828118036049386796983480939276Q+(
-0.60544156619452080411930287547991Q%(
-0.69486323969€85972382058150831310€C-(
-0.56367882215703729076145171601:647Q~(
-0,33202506859076857680301623416888Q~(
~0.14370784790881258460241441695177Q=(
-0.,45131931713130223280064569538351Q~(
-0-95136922545545306276052828034417Q-¢
~0.83297261073526140761185475363179Q=:

0.28195299878684876126591629996834Q<
0.15977023686601266706686926058032Q<
0.46140683881766576563809505634054Q~
0.97067233240961046043292955667481Q<
0-16229465614349T7708846408245494360~
0,22352712971€61768676031800804496Q~"
0.257933826840467941229111215518391Q~=.
0.25087851324398685030361998266601Q-;
0.20477128509242162308538342335555Q~,
0-.13727363893429389158176061385632Q~:
0.70775656841198186567859285647384Q~!
0,21315335941138441718438519413034Q~"

-0, 62267129972523796555480203928082&—'
-0.15886693043481200396514310072876Q-:
-0.15191061873385387636325017389106Q=:
-0.10697527857763015195664366514T50Q~¢
-0.6210430624970256482131722432869.2Q~¢
~0.30924847649001085256018023632763Q~¢
-0,1342600753860906816346317046239594Q~¢



COEFRICIENTS FOR Jn(Z) 5, N= 2

ARG($) =
REAL PART

0, 40308494020922546954424296204847Q+00
=0 61754533166874937832199181561564G+00
0 27828253128751248569728290188814Q+00
-0, 87079120395012042423141255796058@ 01
0o 14214195953383715950657341129684@ 01
=0, 12819600218292729171396303128984@ 02
0. 55505353194485932478041088599371C 04
0o 80583257252861197365513050414224@ 06
-0, 28625902194487790066369’35237:16Q 06
0, 21630536553127718633811884136976@ 07
=0, 10257225370044115074023509129598G 08
0. 3567253656280165605484929347459CQ 10
=0, 94755882736143169362064451285697@ 12
0o 20108960551198824692169396930352@ 13
=0, 34328608245084331966969800857901@ 15
0. 4705155027405608510132615028278’Q i7
=0, 50469197665460385070169230984994Q 19
0. 385857632403661744084982317167970 21
-0,1209862809888839794299244387916€C=-23
-0, 2067754632745672842145073913865CQ =25
0.4648178731611425609716495375314371C=27
-0 62027595311262583740084535676789Q 29
0, 60799749727898954135060288135271@ 31
=0, 4909476644084559339555771677339’G 33
Do33675727113580166108917211917878@ =35
-0, 19867748295122840118868818383382@ 37
0,100 189450275378238‘543483484286C -39
6. 660937352871716367921089154@ 42

0 15462043280136651676547996930589@ b4
-0 39960236966011166345280302559821@ &7
0. 3287527829909738509742555974137¢C S0

7.5 DEGREES
IMAGINARY PART

-004441136990423441621661890454179%Q~
0.64152157300714423235290376259072€~
0.31137561976775172749260947063827Q~

-0.39B02343304926248857882406334570Q~
0.12981824691857978493150006147790Q~

-0.21862604752469197373218531280033@Q~
0.2296182069685224456060752552706£Q~

-0.16368709368611071044041518304244Q~
0.83304196737182864199327632255147Q~

~0.30990914751121996563797651356571Q~
0.83917306806766046495660137653251Q~

-0.15502294953288898736300143883529€C=
0-,13348621125257055964696725284813Q~
0,26450781982304070712665836602991Q~

-0,14531992901886071086577407986316C~
0.3721656534059131116392407319598644Q~

-0.68703747302539723265782171408978Q~
0.10061995844199233756583225790111Q-

-0.121383778575049211538512621285804Q~
0.12264250425223904290062326204925Q~

~0.10422534144482073733275420787949Q~
0.738490714133062843384100707228°97Q~

~0,42211848224368161777489703605446Q-
0,17468401906974201410347305029671Q-

-0.25998816514493800107448919159594Q~

=0.37699710122142967219194447565253Q~
0-.489867046466019979778716211408417Q~

-0.37957477794181475869860785949375Q~
0.23061326419158153128935374620518Q-

-0.11792156837381972178741879260936Q~
0.521576870763543945255160359490448~



COEFFICIENTS FOR Jg(Z) , N= 2

ARG(p) ‘=
REAL PART

0.249365865180219764128139621642670¢00
-0.48504347400558459162727768269892Q+00
0038591261,039947551737874911825984Q+00
~0.25633382668680016420793464047725Q-01
~0.17764277080409066591374853505914C0-01
003332856394234943175084945109066€6-02
~0.1804450455771852441425697980[006€C-03
=0,42169089542006823478149774046732Q-05
0,92822840530724185923479160783481C-06
-0.430703947006304167615981727502526-07
0. 6662404213747738888671137094948 Q-09
0,16579038266351002054410839898490C~10
-0.10232141593114072670053738963755Q~11
0.21054188515146056053351664152511Q~13
-0.138934788535062105750495103376776-15
~0,30472442510789686658333130680304Q-17
0.909829 11334984379388988835&375=Q -19

0. 68800651104053899312157548463954@ 25
~0.12194416967362986875633984352221C~26
0o 8977946481765341286342945576213‘@ 29

-0 3033074200155688564389809265959’& 33
0o 35687536627306479492772403888998C 35
=0 18191277653803327321881145375307Q 37
0, 2343463686593028864590335458430 Q=40
0o 348084187396787655661151423%8364@ =42

-0529199783171390708840597123804351G~4%
0o 1090550736090989660998905144516‘C 46

-0, 9517644849739194921‘6836576?507‘@ 50

22.5 DEGREES
IMAGINARY PART

-0.29353519835758802046088754012975Q~
0-.30938253579410447952678326023978Q+¢
0.16951629935542641407168030229095Q+¢

-0.13549385384402128726628035276918Q+
00.19509924901564072810950619560378Q~
0.19938567678700190577795763669853Q-~

~0,24096410961464058144680343314686970Q~
0-.19912632850071877465276070761758Q~

-0.53508261032342183273822606843672C-

-0.13658043925260565074561620790397Q~
0-.14124872512190851017666078359967Q~

-0.41902635319658221776594313729740Q~
0.40977634535197469612753699271396Q~
0.96219203380949983726642554326405Q~

-0.39852988784155803189317522724838Q~
0.60162293930268696794756513373892Q~

-0.28114226205787185060426730669198€C~

-~0.574753760088209848011683488969220Q~
0.129885565300634152794430467794622Q-

-0.11824343840415431290319905695458Q~
0-.30760556837203396074520286383337€~
0.548814468062749532373019404295150~

-0.78403435819833709723460971718314Q=
0,476320228565814166754356945355750~

-0.761537642281393033247232632108820Q~

-0,11989082967850529867952611125355Q~.
0.118244136711455943481347467476240Q~

-0.512852550235476331813196437729990Q~
0.540296653471928546424697418807737Q~
0-,75925301989857448052314998327695Q~

-0.548452336599490385163782105001068Q~



COEFFICIENTS FOR

REAL PART

-0,7495305176151162398636263015
=0 1160441173603402829’56523367
0.459176 r87145720406485495822
00 2240245681962388965151176884

=0 2517486317251496430606746054

=0 4017140062798368273’25359029
0. 3456784235290973360845128329
05 1489154593197291253987066327

-001409596609159614018921554653]

=0.8436793560219253780180680435

0.2062150632928541501531549880
-0.1684692407326501234178506243
-0,1220919573165134414491716459

0, 1971891217174002479518028341

0. 2912112491407é77302872285401
56010372175828551967786

2 3: 6800054033281191555153
0 14228 )4 18884693979052775607
=0, 5770344303495723926909145012
317896847642302762738435905
0o 1115150095404124388028181378
0, 5461103791571394014830425529

-0 908346460181984?41167902593&
0. 232215725619800182063045213&

0. 4000Ql?$49174582626790931296
-0 12698 2722628325612603043018
-0, 96021 6668240469’36799709754

0. 6038365216941554781027282299

ARG(@) =

g39=c+oo
09910401
922CC¢+00
533CQ+00
5658C-01
424€Q-02
25776~03
5632Q-04
7368Q-05
1055¢-08
393¢6£-~-08
2258Q-10
297:Q-11
3710Q-13
5872Q-15
7936Q-17
22176~-19
3265Q-20
700z€-23
7786Q-24

64T5C~26
2429G-29
262£€C-31
845€Q-34
9282¢=35
9510637
0939:Q-40
3594C~42

0o 90271 330289399000670766304h8121Q 45

=0, 14866
0,1441585605956830898839160174

7696208020001377776@6987@ 46

1862C-49

JogC(Z) 5 N= 2

37.5 DEGREES
IMAGINARY PART

0.3146939507766266T744774358736T77681Q%(
0.102386445912622044458597643955180Q+(
0.,77797987440623588402954566895157Q2(
-0.12889838924111171355832189071017Q%(
-0.37325330420036801730568475613223Q~(
0.3477286868713294776214612873462793Q-¢
0.,29425595573124696072476248789301Q=(
-0.25363166513818696259013345212884Q=(
-0.4994414875119664792407539376346580Q=(
0.60701017392192736231811359722265Q~1
-0,151891720422101252640613255391461Q=(
-0.55968679801069037553800424731115Q-1
0.694204695741880734641151169233545Q=
0,2132401711289988119496059613646470Q<1
-0.433680341392477300903894419398564Q~1
~0.28664150970003573354001490349138Q~=
0.11443206076980097763978148755639C~"
~0.,179381573915157686633854800417020~:
-0,14934799524715009686455239467083Q~:
0.92834977132275833825323616643052Q=:
0.95978240369723093603597343769647Q~
-0.109420284956267803113895196299340Q~
~0.19746322757847392961064528039793Q<:
0.64824498406073537262484549206081Q~=:
-0.11786778315934986457864893696309Q=:
~0.21276224404177765902190095862218Q-<
0.96983935038€20181150758097580711Q~¢
- 0.35181646549320813021583855363001Q=4
-0.32106500576013013278924197620937Q~¢
-0,29883739503320216661125385496643Q=¢
0.60379989698039396493128507399441Q-¢



COEFFICIENTS FOR Ju(I) , N= 2

éARG(¢) =
REAL PART
|
“0.498102296950146757620352087670975C+01

-0 47784472437081878149626068981614Q¢01
-0.1123

06 242543332524045897795712204%7067Q+00
058133296091773249473€6838104822222€-01
1) 30775016905636889509450970764500Q 02

-0, 389289é8317916385560288936720420@ 04
0. 3782608469664125’54’297810280564Q 06

Oo125&9?6887628954556563616645604CQ -08
=0, 56977991931770952528870893146707Q 10
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-0,18669113195983391431107773739691C=26 ~0.84671200397922223612982795684¢
-0.58390948295527161848558704951922Q-28 -0,37955737340337166806909380738¢
-0.50166204665818462762337275869122Q-30 0,10250764899153664855367289692¢
-0.1926656091713318475167776042784EQ-32 0.28727491173194381751741543%9044
0.4030276212340396258849528237773264-35 0:.211656796264626835905919777811]
0,102231761150469176444469727231596E0-36 0.704349837823628843376416504607
0.65335741094562545385947435475121Q-39 -0.116487050911874790106383464915
0.1902390085111690459334829268031CQ-41 -0.269716511375038738B633513027674
-0.2531078232406845007861756591362¢80~4¢ -0.15099234B15099471079117871699°2
-0.5387970718526638560631866984861CQ-46 -0.387952338731915604115768427065
-0.266466T7447023154482413067327618EC-48 0.42150195385965386404545155%949¢
-0,60866372429084114029382852101808GC~-51 0.830001327089871212505221703225

0.54709618562114124337551794850091Q-54 0-.365341146430375745952064864291



COEFFICIENTS FOR JW(ZID 5 N= 7
ARG($) = 82.5 DEGREES

REAL PART IMAGINARY PART

-0.,182024002738611291828505509953
~0,119311079186459413448372433683
-0.328330462749980093992173116036
-0,498602812558346510079203602%902
-0.482924100141502940669587464247
-0.,323896463240259506362150313653
-0.,158156533800904691264867653344
~=0.5793047029940367461892933479827
-0.161232448012536158211293497553
~0.,337669497362627011313872250798
-0.,4999387696512807324053590938681
-0.379086316246370681063877097492

0-.56111388441060315511084309626058Q+01
0.,213480104189556539949593629726920+01
0.36119190693143105460364716986167Q+00
0.33687272380229078129062639307608Q-01
0,1762346272125287765€041286796807Q-02
0.33240121578708466056655€686105865Q~04%
~0.235351383688504149571745447199615C-05
~0.244556201562745461852141043169720Q~06
~0.12321691759127232725845279984125Q-07
=0043141910146126901124415622497706€0-09
~0.11532110872926472960418710236535Q~10
~0.2453446431532653780039789377118EQ-12

=0.4245229249037837950029365445425€Q-14%
=0.60334010595574691196485668374444Q-16
-0.7033766983757259012801404190118¢€Q-18
<0.66002467736610312065574694919341Q-20
-0.4678095586889713000331952723583(€Q-22
-0.19051043713450492619157292602870Q-24%
0.764398351846134580795974905347807Q-27
0.249397440862554564384723266937771Q0~28
0-.3099525124291949579520705380173¢€4Q-30
0.2806029204872561755830820615204974-32
00.20731943114677931416623679676091C~-34
0-.13016017006701320894085372398073£G-36

0.439148572092753872789108148213
0,227084301105649898297596075224
0-,49931467729600786155255800204°9
0.790432749840772167885121389295
0.99976874688081975295008271782¢4
0.105123855964283711174117181259
0.935517697423632644959952849212
0,709022147873708279737296145379
0.455679360915236946426730008680
0.243250704439898284086799446971
0,101371668940B87265397631053774%
0,257337949937023909122823488127

-0.456467450033857366380570814711
=0.111979543774130743869619154693
-0.897388973790644072731999998469
=0.526474205970465733079414305407
-0.,255199586630879526926134075725
~0.106527766099528302492274725702
-0.38945140157210987414151983393%

0.70634009840601383523695551365315Q-39
0.33301085494168660671173827689262Q-41
0.13567915718650329241513589411602Q-43
0-46T7T7254696482083498E720506626757C—~46
0.1284181619348004960256508574225SGQ0-48
0.22255623392462292347226445715331C~51
-0.21198670390518689182774290393752Q~54%



COEFFICIENTS FOR JJ(CZ) 5 N= 8

ARG(®) = T.5 DEGREES
REAL PART IMAGINARY PART
0,95759866477106535702280604751455C+00 ~0,14531167521678207037686034262099
~004269213412309187217043311513548€Q+00 -0.34749254153383774671998635719911
0.84326414508050852399541519952233¢-01" 0.30457407980£61859262520650230201
-0.93012538712166909059664584032292Q-02 -0.66139163682128015654304506543204
0.62592083900115097931953475195652Q-03 0.77351177590467780331438939622679
-0,2532370474873111325728119026744€C-04 ~0.58504768187462249516613593561643
0.43136295501460315878999050614097Q-06 0.31162119791821753014029277314088
0.16339950196487954026772089639625Q-07 -0,12260614963295412298792435858307
-0.,15542843648742610537033159857896(-08 0.36589394641877844357136370315434
0,661912046499731129302690273942540Q-10 -0.83522620064934512396808717386922
~0.19530826283722441613942082972665Q-11 0.14325689122153518754655604703160
0.4418046292716662185233244055871(C-13 -0.16914102761094812839067643332279
-0.79917049956956480362737637568504Q0~15 0.79299484863058739002964192912322
0,11798348444541987783600922649404C-16 0.199349559402306568924638986231548
-0.14321052375796553970884944795892Q~18 -0.66249769064311163421315375276199
0.14203929377059938842547403666838Q-20 0.11935929961018500348729347786743
-0.1116180890368917307122438074704C0-22 ~0.16083594275913141849920825320677
0.62478632785863289953176101361235¢-25 0.17568639896019620509887993310109
-0.12381585968572490147732822833505Q~27 -0.16066418113252331769233794216507
-0.23679566029878262917138720314006Q-29 0.12471179046710723921052323807968
0.39982206776516031222315431111546Q-31 -0.82347595085204192622563409712312
-0.3982662560019144272722302532166CQ-33 0.45758655281018177908188068570459
0.30793989793850410428737053884014Q-35 -0.206432901774638880963736211556156
-0,19852982876002179948538705757294G~37 0.67261796947811029258612587135758
0.10976069442825882997613208818001Q-39 ~0.691207344506303179834733620641645
-0.52613734710206156062470484392381¢~42 -0.10707176959139890540771711666763
0.21864837396171779838766422820036Q-44 0.10950593294582907103496409865385
~0.77762274913619247543350831804136Q-47 -0.69278251360105709932816552232368
0.22769319235433768405591915453844Q-49 0.34778326212961962840256792110569
~0.48481544295004608784315594117814G-52 -0.14808505353820076227117354582382

00.29218708821230693750438977901098Q-55 0.54882153519126655455926953176033¢



COEFFICIENTS FOR Jyu(Z) 5 N= 8

ARG($)> = 22.5 DEGREES

REAL PART IMAGINARY -PART
0.946124660161946608982898201764177EQ+00 -0.47984791179505345772240945292058
-0,4864903908546081423421246897610€EC+00 -0.1333250931340587703025526793438¢
0.50282852827693130256304794960422(Q-01 0.934064125984640153831120077467929
0.42710764380632958475140893239045¢C~02 ~0.12738694728747291196517330777146¢
=-0.10555146593276918554375086936335Q-02 " 0.48483161600312265873191809179326S
0.6839784159113317181009945778882£C~-04 0.2759107126725859812638068695671168
=0.1326115269857344881464445428699E8C~-05 ~0.,33558739603375791499779762895444
-0.58922959226501362977803238357221Q-07 0,127823187980356843469080192552146
0.62642903734740556385238879227332C-08 -0.1468197323550672436698901910512°
-0.1066025630892958004159814665974EQ-09 =-0.54237230816693601968645765063910
0-.79421595858104790620152851728382Q~-12 0.25829487864804830936619628773543
002525648T7672475219607199223153001Q-13 -0-4601961591099670502868557564996¢
-0.8546539997417507955€167864352377Q-15 0.23653006520379788106106358490767
00.11364240090872462140278102896245Q~16 0.66228254T790206171158831350416834
-0.42156620305644806347301683839270GC-19 -0.16751918720371348410620060590691%
-0,10561494330550914345635851823814G-20 0.17259383961214045164004152696774
0.2073234259235053158262422870881¢£C-22 -0.47842628356915017421220423811317
-0.,170358731059008583476984172226465Q-24 -0.1085566707178419046193368806632(
0.36277101416543547193093650536540Q-27 0.170229648265551971323024715181297
0,75269329203563279537284568631424Q0-29 -0.11415041987297510548488B60250770°
~0.96476262919876163615644147616872(Q-31 0-,1910073536009352073001317912712%
0.53791185846001651774529010976682Q-33 0.36522571658189678625841358583132
~0,7207620856867759901395522141381€Q-36 -0.3898481793311046042946145044089389
-0,12783226680605055840398807741581C-37 0.18356153806837091573302349504960
0,11540690594997071997782765258982Q=~39 -0.20014046789882885649779087486653
~0,46495365254405809830892674346T7T72C—~42 -0.33105533372€26405787067407465619
0,41824276213262118875853577974451Q-=45 0,256105393929200054403841442503386
0.6482689096985919560099775279523E0~-47 -0.,89281686736784439728178550219012
=0.43455563848€77954464808603675557C-49 0.67060013575186828601208783044513
0.13236510948604973532704731873226¢-51 0.97797603922381905995297414119906

~0.83896342995482259668130781728075Q-55 -0.57356072565099136403356714662957



COEFFICIENTS FOR

ARG(?) =
REAL PART

0.95743429319235820528978554674261Q+00
-0.58893586923288254345916899212294C+00
-0.49845542470162557537324931158402Q-01
0,1779514327955225607£088818906653C~01
-0.10563135448759995267515908334495Q~03
-0.91179189356333689392364692045371G~04
0.22561106314149961071837488847562Q~-05
0.1294767743596278568172548627174EC=06
-0.4602135131363061628563142777532C(~08
=0,5087243855480548764€616598704015Q~-10
0.32432333543040415946763672193704Q-11
-0.78285635211766956725892659694176Q-14
~-0,98192056320765819808182877251611Q~-15
'0.89165268136359357578618697831107Q-17
0.13180775677456747655829221594688G-18
-0,21030557563511425065497119365738Q-20
~-0.52237604617550445246995042409805C-23
0.2318338604708224549944584869621€0-24
-0.561819607343928968053482871768550-27
-0,13351130075453183992904857457111Q~28
0.79106062355917249804696843339311Q~-31
0.3690478653461325866€593400004355Q-33
-0,42858193549043441621407460185372Q~35
-0.5045393302480258269211167419135CQ-39
0.1270403376556926962850128135928€6Q-39
-0,298131810534805629672184627478270~42
~0.21147847630344015853574769548405C~44
0.10260103942565481465818669593326Q~46
0.149953750187444113505197134972301Q-49
-0.18058825750888295085976516445178Q~51
0.12517582090351897926722957412904Q~54

JN(Z) 9 N= 8

37.5 DEGREES
IMAGINARY PART

-0.99056962527153816169244473609479
-0.36362506075793193727272868392628
0,13579774818486417173883245021845
0.,25933690466867680094437470180248
-0.15215663400856413963132724699841
0,2716344046361439300197285403446995
0.39863703909700447300326422062958
-0.11938376335931981948802843916332
-0.30975190133467920742713920949988
0.1368962759416536861911018452288S
0.37976935239412378222108437773337
~0.6234962B666£64660005524389125412¢
0.,37893198562018070298930879725965
00.12666723874401231258874332009461
=0,15306250732812023308883400908197
~0.10501980209116555768245834424500
0.240086146461508973546918389030165
-0.82692273092567819034666673603079
-0.1907531528689685968097842287120¢
0.79666281188215964659488536336778
0.78340926144432688629856822415052
-0.63329238333724024787762838438808
-0.1205342228951546191252335807488¢4
0.25023247127870738068057988985235
-0,3032389633368932058730911381998¢4
-0.56000079514€20929170007219429959
0019485473400223190894855167123559
0.65855117939981949364007402520666
~0.46075838377€646278147979617093709
-0,10547949563883151467114450971567
0.62315511196977072145114512027895



COEFFICIENTS FOR Jy(Z)> » N= 8

ARG(?) = 52,5 DEGREES

REAL PART ' IMAGINARY PART
0.1320666838006880816£699544419665Q+01 -0.18491006007898918869576294036574
=-0.54225415132118554463607171188132€+00" -0.90877097052066620482434039773912
-0.2078433944965078853€72033278623¢€Q+00 0.39985323230773487607272951865945
~00345614018184688624384727099¢1660Q-02 0.,25207537780948039358604843577857
0.18902076258817583760368702286212Q-02 0.91373101176167418978972479963292
0.,87767971875201788606094171813273Q-0¢4% . =-0.9311014817421415183809308652104¢(
-0,297762650932389080405322725697522Q~05 =-0.52536538373839183830996715499138
-0.,22262150770302491252800077953002Q-06 0.50075905561426299628412993934757
-0.489155137713332588781988935372631Q-09 0.70615815098210966877126052087205
0.17228780823082845697784213025254C-09 0.64127051549613147508516528314370
0.2427605762954247122278123409579€6¢Q~-11 -0.325528827564071943027679358047503
-0.46648321015328227958533350128250Q-13 -0.61635197396842567902219939422730
-0.1196280646564361666700229277358€Q~14 0.46078257631898532740190325230839
0.1664T710366922413501€496567058522Q-17 0.18624612564109657093419837133616
0,23758685438614973900731703699975Q~-18 0.4517890626662680614695755252299¢41
0.12493754876140269226162467582384Q~20 -0.24984396088703900157542778594153
=0,2144533001672561572922961251279€&Q~-22 ~0.19517100296760365012751951403564
-0.23066181219218979089740971371495C~-24% 0.14421687065045626342570132542012
0.65393934348294591421007077176285Q-27 0.22240276847164391792773051720652
0.18023743497707459765454425739667Q-28 ~0.25178816822747754535287970544402
0.326837103276T7142374587744600708€(Q-31 -0.,12419370911485414839211277666168
-0,7268765610359183094€22554693233C¢C~33 -0,42393902330368641323495341871828
~0036434169347232816751903855935952Q~35 0-,35520454954722839489458363503558
0013734993267684665191300760156532Q-37 0-,249561764142502757172263324626161
0-.14403591269107890610465820896090Q~-39 -0.34335920200524381149561677426251
0.24831774574892943695116868411895(~43 -0.71615805633079145895917162168792
-0.3089397368698159093627743390863£G~44 -0.,9656355318921740287600915386218%
~0,73910788294215233072675547340841Q-47 0-.11509127015592797595599542778326
0.36233766449980175785538303603952C~49 0.,40298544151138070601248775965227
0.1803006138801713785€645820892791Q~51 -00,904661145952461669689489047409697

-0.13906331877730908642349800627004C~54 ~0.69299066645457249509431046731763



COEFFICIENTS FOR

ARG(g) =
REAL PART

0.2807512309142133517798937921386CQ+01
0.28351138365662222973167226231144Q+00
~0.150746369147192290984639961475436C+00
-0032948116373162691677826432369265Q-01
~0.251315432070294166006443305004426-02
-0.61382341881863290255599973434823Q-0¢4
0.2829296325201939031036307400452€Q~05
0.25929008068089268591423323455225Q-06
0.82601510025675873614119348948188Q~-08
0.10190326775220603081623637346782Q-09
=0.,14350050960466602747028416517312£¢C-11
-0.80370761600640941920359404846442Q-13
~0,14653021657009812252389578260337G~1¢4
-0-11099579379853819166098189329532(Q-16
0,686222194898432750143882622474748-19
0.27635093402926568404315849618554Q-20
0.32605722325398705752628639583741Q0-22
0.16799679532599068472441856520348C~-2¢4
=005492378312011969915241083144368<Q-27
-0,17089032653761279133721197888938Q-238
=0,14253402828310676308419287870987¢€-30
-0.533102508060085140633789023936714-33
0.10344135955141504976340804274827Q-35
0,26129849606314735080935419495121Q-37
0.16261825753827027624424913066847(0-39
0.4621132740859569050084719102620€6Q-42
-0.576041004655523918760268981462084Q-45
-0.12220739130779775762913578789742Q-46
. =0.590026973610204763821823642885160~49
-0.13178775368855747854943426382545Q~51
0.1118328484058388196107022640427€Q-54

J“;CZ) 9 N= 8
67.5 DEGREES
IMAGINARY PART

-0.2603457993572739864212595832239%
~0.15472131695983158246201194683108
~0.256940454673504T79077708781384663
-0.,10423878900230564248788083382465
0,11791635126840991446804694361337
0.15377167911387994428630689591647
0.71333152487269084004235262565451
0,1195255621568360594985344253919¢
~0.28510556989432406626476412896721
-0.19977536973270630087653251235061
-0.46870831067570332798605134977298
-0.44572249164110035605960162326635
0.40352969433865363104563873167053
0.18992169493434442189344776930910
0.27404804946630290663010784857C56
0.169523910159459677181165835155460
-0.74884084397347242679041247119398
-0.2630727804512228984357636279649¢4
-0,258838128976571540149925583084159
~0.112890073208251969376585516650206
0.28103145637557560314976706040271
0.7839323955481534252801670121823¢
0.56162879033824713959754248611766
0.183221335997894918051462880667197
~-0.,28103079284024160835311329882108
~0.6482676056412985312042141697208¢4
~0.3538669202191766239417313310166°9
-0.88823039626412636558792793123375
0.90783071912010785961836516085643
0-.17821398036977581303371505046666
0.76663869%649247991446143469T7240014



COEFFICIENTS FOR

ARG(P) =
REAL PART

0.5015541859856764814€50060113967CC+01
0.1759090351595769900£14360512720€Q+01
0.27382334744147572439848859920402Q+00
0.23639279601028286437641550481562C-01
0.1158166686620206976598341368443C€~-02
0.21717011689949774266770824239101G-0¢
=0,12139656777004974757105657491452Q-05
-0.1238584052285963888886910736989¢<(C~06
~0.5932823472369529639450309259133¢(3-08
-0.19700570380386667602479372872625C-09
-0.49994798261878117138274639633531Q~11
-0.10116432226834993680783301674225€~12
-0.16682970337928802706923150070411Q-1¢
-0.226442463361001313632347615117555C-16
-0.25264968658149395522405102911822Q~-18
-0.,2274072574807420808205850794085€Q~20
-0.15507165220799252099828931701512Q-22
~-0.6128868387988335790325262690398£Q-25
0,21817317733537715850542719422452Q-27
0.7258871298265155223554476589535€0-29
0.87400628120907031516558606714194C~31
0.76571372378321851434289745577262Q~-33
0.5477150310727149942045254398745£Q-35
0.3331694900485329334032850719315¢C~-37
0.17532628740334170592490446010785Q~-3S
0.802277761520068456574256433067442C-642
0:.3175496634637046644675866957700192Q-44%
0-.1064525241181515569743658206016171Q-46
0.28459800477884326559923702441234C-49
0.481918287224394638178788494776940-52
=-0.43268077365239924944537737125335Q~55

JJCZ) 4 N= 8
82.5 DEGREES

IMAGINARY PART

-0.14395645706499038085286698136265
-0.92849752586101145683124462963580
~0.23970584997203179792479865005296
-0.33859409553430887074792890912112
-0-30512957631036962532314787127745
~0-,19093095060473194536931664051106
-0.87279394900814959579039726456902
-0.3003634443694863339049622027048°%
~0.78830194311094566250736134920968
-0.1562915333766044773460041628675¢
~0.22024049633187585182392548708469
-0.16181059789236239757012847085203
0.16447360541249488745738785983475
0.840980552152266290540622576€64803
0.17783458569598912202094251114627
0.27031304384243477898455800052714
0.32850613220889807750163106022012
0.33226352512863549580247280334974
0.28478933132918887270758189107540
0,20815630000230733548645394641401
0.12918945045124353374978507638C¢6
0,6669398716824433609933826949897¢
0.26930529442353889869823399986371
0.66584310465682387557589513369958
-0.10989283373074264822765268313073
-0.26814874039876230978814902206310
=0.,20924417148G5176448566970264616403
=0.119431701134295115432504137759941
-0.56340705664632311273877506102927
-0.22900323011003549286192419255468
-0.,81571189841737152543006113292942



COEFFICIENTS FOR Jy(Z) 5 N= 9

ARG($) = 7.5 DEGREES
REAL PART IMAGINARY PART
0,102072291913356874235203117116223Q+01 -0.14565576227903458559701710686234
-00,40927172272696725342199428117045Q+00 -0.39480008867590826128674824695651¢
0,7264646536830076618164158900084820Q~01 0.274371246361500349160560760569406
-0.72596378500539349614995025176434Q~02 -0.53055918605613511142319236162031
0.44578374626267148591598163699025Q-03 . 0.56395019406422018958409541209740
-0.16503183083552379070895549785475Q-04 -0.391590934985995027214466637707421%
0.,25034872132604691736764332185942¢-06 0.19338375064689284206319212445268
0.100118882638334588228420396895940-07 -0,70900281151119255019425071018344
-0.857898830924594558806015595214950-09 0.19813034563690865019408242200220
0.34124821867357158724726974049495C~10 =0.425157835268429341641753814621762
-0.94820810732064322011641166730131Q-12 0.687460268882403614468836487655002
0.2029310869876206649647751914907€66-13 ~0.76519764343332771686398158076950
-0,34849106487188334194067685731805Q-15 0,329694910148997233869494757246316
0.48980775456472644691354657966724346-17 0.,84866802708421717438591459797476
-0s56735057908047780002560760617657Q~19 ~0.26509665595277232500639033913114
0,53801360400918962000996654592274C-21 0.455341691276537734833831584662649
-0.40476823904861947722163393240497Q-23 -0.58730396052910065008939421544970
0.21683991734942756851308533203965Q-25 0.61558007301890003397188322303091
=0,40194144285616049127932959966856£6Q~28 -0.54120254504968265010739635285272
-0.77892320330003502163382156816331¢~30 0.40451802993936445299815817895618
0,125818549565363363011197041785050~-31 ~0.2575532789624648924009368316914696
-0:5120794703907686823098539074648325C0~33 0.13815618741437582436337545593515
0,90232479991611370155666208106017Q0~36 ~0.60212969076319383673855751331497
-0,5628652646438267346880547531240£6Q-38 0.18945454777485518447337531633738
0.30146170146337373956959869269527CQ-40 -0.18419582612110275029097853280541
-0,140133067067836372871607608030620-42 -0.28774528705049277527103498871138
0.5652425136075311857208998346560€Q-45 0.284265628468274756606949572423932
-0,19526817937073512723721070170105Q~47 ~0.17451447246947190087184032766036
0.55564883204431105647250920835372Q-50 0.85146800946361951981742010316552
-0,1149304194180668827211638296108EC-52 -0,35273105151887495484687363185155

0.66060359153142398965835552338762Q0-56 0.12729143386650328505826813157397



COEFFICIENTS FOR

ARG(®) =
REAL PART

0.102258975852216707382748436924170+01
-0,45353997959298971265501805905428Q+00
003965134245868776097£6£526395992957C~01
0.367646325648281017711233461989795Q~02
-0,764352159746503366024327435601911C-03
0.44658607895997630516476690138975Q~04%
-0.7650337349826076644671556T7069392Q-06
~0.35387614530761650313777943662975¢~07
0.230341390759236252649757791199874-08
~0.53718556259606901830296415096271Q-10
0.36300124203259804568851569997671Q~12
0,118058197788956556335826738098620-13
~0.37204017598679301560178667617512Q-15
0.46698843072610020799773704743027Q-17
~0,15976871827816647974701842780765Q-19
~0.40603096892075513215008399238412Q-21
0,75438961815922103837330167724896G-23
-0.591365786049562854597348179064365Q-25
0,117502754530309706122080749256810~=27
0,24622358887350230498692206586312Q-29
-00301747486449825763855699404403386C0-31
0.16167814162242469841861110250331Q-33
-0,20389721241579299534356748235655Q-36
~0,364258186899682521723149074653450Q~38
0.31661168593544527376154689566608Q-40
-0,12323919777102505167972135615617Q-42
0,105039203478545978315211534265750~45
0.163714608650893434307511300690956Q~47
~0.10619431352893993471548779929204Q~49
0.31379971680086032304199921596907Q~52
~0,18946256279155679956903574108904C~55

JNCZ) 5 N= 9
22.5 DEGREES
IMAGINARY PART

-0.47719089152783541260252735271934
-0.14700158197519581583050440153546
0.81509675977249559556858685335954
-0.97832550325261013538818562850273
0.32253534248810169013219288002115
0.19448637430636356567167718753972
-0.20805276731522011822933281769357
0.72679618789203103409540640778628
=0,74856710791798879485719442994335
-0,28479394993261915443775374971153
0.12474934501477124271871980093728
-0.20829965641608964170463050521962
0.97999682124919073847085775119391
0.27929582249237061794556928216558
-0.66395790460512109624244249623040
0.64950836554408729236809179010561
-0.16709774920329790787667362867722
-0.38364772992307696044492791863989
0.57259922168480868485649312539398
~0.36775263344479477116692596690442
0,57684418749181185247026865227558
0.11123103491493152311791505855823
-0.11394816977750194881981862536103
0.51707933546218889164999105950787
-0.53251110171783464951987807000121
-0.88641221157759999100997350450853
0.66200175830490586084623204765822
-0.22345603515861205780812622107100
0.15947674619303636749292886162642
0.23371884547162630737327460560371
-0.13291099808970913259355570929650



COEFFICIENTS FOR Jy(Z) » N= 9

ARG(®) = 37.5 DEGREES

REAL PART IMAGINARY PART
0,1085215187149863597164312428254€0+01 -0.95777318779619010847200024121095
-0.5187993471847992955327223744372716+00 -0,37218220119290686955881971267273
~-0.48025790140501868861518170813133Q-01 0.1104261812222994693594075829392¢9
0.1341374670031879417700397860683¢C-01 0,2641430200282921564830847254739¢
-0.2840226050663483056561172558307€Q-04 -0.,10674512155113251747686016670426
~0.59789975101214106951950727720934Q-04 0,15425555762210166251296855352153
0.1286016157580224056208593426019%5Q~05 0.24547167547924533036309638939485
0.752688251025232949152275959747346~07 -0.6551803353874069561078896995189¢
-0.24095237785455473687205138593795C~08 -0.171233750609388304970955561561¢47
-0.,27143407859938025157351196277812Q~10 ' 0.682464533726270693329166203135332
0.15602942968986896588848396901165Q-11 0.212398596048813687427685224645519
-0.3017190324069451935€72872077512EQ~-1¢% -0,28251247690263310319532421880506
=0.42532671344409951902649774061934Q~15 0-,15596931162172652218321238254608
0.3581793033610673802309139307827884Q-17 0.52579529139395699316125384459883
0.52604954463498176185990076467997C-19 -0.5937733422127501356147032897080%
~0.78610664703174678236573463546900CQ~-21 -0.,40534944592530828237787740453320
=0.19897763203663402067829485341T7770~23 0.86467119784116891036487464964831
0.8050738864071279404100610036938CQ-25 ~0.19807826160193289777451417896038
~-0.18122043944835437817232012205784C-27 -0.,63943488984458999966063768099792
-0.43264430310713845892558833241417C-29 0.,25258614527361909763097120155913
0,24389057246987028616249488355762Q-31 0,24587641589193332654457714982521
0,11253918770968542425358514468985C0-33 -0,189469944723107256638639377484572
-00.12440360754792577042216635489772G=35 ~0,26038679087543200139932245027724
-0,19392859356259971091814984741151G-39 . 0.70500880302599771068179850236628
0.34766532191314936035041941174052Q-40 -0.80451833652947280245225243808211
~0.780835698340857452636921725415467Q-43 -0.,1490005495101235532023793790036¢
-0.54775632864857140092591107636631C~45 0.498505939300959516169381589189¢C1
00,2559316661516412852623725161731€0Q-47 0.16638099178502765452048959621878
0.3714594385777410303118047803225C8=-50 —0:11203597433C021005075672411385189
-0,42816139374226625147613374424708Q-52" -0.27254415482183584366651266326620

0.28209345358739383715080090748057Q-55 0,1441350833153009950564022483116¢4



COEFFICIENTS FOR Jau(Z) 5 N= 9

ARG(¢) = 52,5 DEGREES

REAL PART IMAGINARY PART
0-149015878762370786356446432426T78G+01 -0.168553146625802616344785190457671
-0,419357467691740330950925705827827Q+00 -0,8383520654B7400541478883260990751
-0:16912542253599059452467330380097¢+00 0.,221827126984216881565267909340121
-0,34823931773245912768779716661251C-02 0.185034617723682559139636209468879(
0.12656824283325412512843222023167Q~02 0,6794560691483568896454764T71T294 5¢
0.57978670566006744954801029711202Q-04% -0.571603851238138773147917107257031
-05166966584554556177470460585967991Q-05 ~0,31789809003407271040477384732340¢
-0,12497133429781679846192026999238Q-06 0.24427090698597791918341898063262!
~0.350175677264555847755204691518232C-09 0,370453471320784422716687047786211
0.848648701241758468546738661971140~-10 0.337750498392568076846830567140111
0.311741599757026453150464700386205Q-11 -0.150983867933773587515510378010371
-0.20376391312041416426509948212022Q-13 -0,2797139838895506671210548298866 9
-0.5135123593488226987€63744725232E0~15 0.188049340212785058504358566008021
0.5628334859299880692383791021856€6Q~-18 0-.759638233359870104620521260114081
0.92354984473327268107343354317424Q-19 0.18898316283169913783535450075485(
0.47877786671570704890166047881325Q-21 -0.927526938905541922224652059532126(
~0.7611634642885189790080592536868€Q-23 -0.70937204899515318978913206278899
-0.80143471083886086621873346253805Q-25 0.4889471776126324521051764620484691
0.2098315955537356515€9882468684617Q-27 0.741436099579338082706387663589731
0.57787319916283497614720459722321Q-29 -0.259432680128321668544450986337211
0.,10458392802209250378149765494597Q-31 ~0,383580570594827182474945088450241
-0.2165091054751818723571571713005€6-33 -0.12868967491294405271330439C07888¢
-0.10634717427153137976054318884921Q-35 0-10208175535302543649260312883504(
0.38040480182879044523722399634758Q~-38 0.70328365774584104536085873216721¢
0.3927197398195560605€688257979615CQ-40 ~0.907729790746224620061164907601622¢
0.77866777500699107214184724686957C-4% ~0.18918927196802006334864732223155
~0.7915585888268846723250916300456CQ-45 ~0.25273766337714179527616558418387¢
<0.18614444376485889725597485316454Q~-47 0.28620160016700776369208429907584¢
0.87466522371406139282689368442175€-~50 0.983579909748109451759465020777861
0.4275298753486621763979726595861£G-52 -0,21173710760034335627883628703703(

~0,31258644494194354112416381893310Q~55 ~0.15986221322757718523689246358470



COEFFICIENTS FOR

ARG(Y) =
REAL PART

0.,2803447432219119260€19332872819C¢+01
0.31437732007530896934607561546251Q+00
=0.1092174964862595089€6312724842387Q0+00
~0.23538711243335439179540181866114Q~01
=-0,17099788895775039989248377040681Q-02
~00.40944438779461664435848115852172Q-04%
0.15608669B3707920492617635195684€Q-05
0014147427746469514158293022108192C-06
0.43190723301963783514918403936564Q-08
0.51704560228225790745288045135541Q-10
-0.63762847379053134580170257357908C-12
-0.35684093996780337870082557096425Q-13
-0.62235832628429628481084041837072Q-15
~0.45746062299811684071119861380747Q-17
0.25504533098548597290099342323586Q~-19
0-.10206883465563043155542036880182Q-20
0.116588920505742341143883411464133Q-22
0.58403563287322845053682570438B405Q~25
-0.17537189507411510580697441525761Q-27
-0.5429801992581355472517483697631€Q~29
~0.,44002894275054373203954687124595Q-31
-0.16036649930360654811215671334478Q~-33
00.2894386313694479370€872777428400Q-36
0,728258147983112956055314779177606~-38
0.44156498562613582030132026288310EQ-40
0.12254829469855025684982835508145C-42
=0.1463422584423345444052615269184786—-45
-0.20328852725337080725369002229257C~47
-0.14303057345016156655482094935250Q-49
-0.3125323501947369399294288089849EQ~52
0.25078662253834067163084730357517C-55

JuCI> o N= 9

67.5 DEGREES
IMAGINARY PART

-0.,22168113161764802686448039675227(¢
-0.13056373037273132576838685540433¢
-0.20627408614340475317877152146504¢
-0.83942942606640410352981936563336(
0,7391701176526956235277302982769¢€(
0.95171256851767575578257753911374(
0.42174403614562450408860759339778(
0.68746121356512272483106309644459¢
-0.14036189978173417209376458232879(
-0.9742209047521729644362254299621 8(
~0.21969510796320723848422157440046(
~0,2026360266346694314646464044612T70413(
0.16334784776688658525220529450233(
0.763323012558860235258360202692851
0.10640604655280035751855542972636(
0.639292556467371213524416964796331
=0.25723622493695918750883418272077¢
~0.8987058741396443100083125944T7947(
~0,85782613544627708503532014023758(
-0.36409355977478066253111339476316(
0.83820489794358796915736661339038(
0.232791564653701257930271111413308¢
0.1622925591735477375106989376T774&1L(
0.51361259043849766427847960461956 3¢
-0.74051497139181772286496912550755¢
=0.17021028413411951197026437462458I
-0.906515728B93514574671664532119642¢
-0.,22239761851124248205733353231595¢
0.21422229239532068611002609592837¢
0.4192953556065355938198867665421 3¢
0.17636779784355912179584888515659¢



COEFFICIENTS FOR

Aasccf) =
REAL PART

0-.4577865907278943580324388079202€Q+01
0.14865911988951922495747745377008Q+01
0.2140727073661821299721283079083¢Q+00
0.17190528410662748007631924748332Q-01
0.791264939656052188438122992382226-03
0.14599285289090907177866000783475Q-04
~0.66293408719324839740283297516924Q-06
~-0.6652292782580808982281127426129€Q~-07
~0.30366094068877039218135082219804Q-08
-0-.958B74470163768310920473470576195C~10
~-0.23155528512801822301739124945351Q~11
~00,446667680475846809936170561665811C-13
-0.70353919802577003695169410034367Q-15
~-0.9137982142462619493782605023701£5¢8-17
~0.977525422980215619789532549075620~-19
-0.845342200947147370663623673881717Q-21
-0.55536947925795873896040840423211Q~-23
-0.21314877223079242153626326680175€-25
0.69454920565746227094022297786286€0-28
0.2294589905896671415(834056417505Q-29
0.267926060174031005459912614889871Q-31
0.,22738792245203343218290001209774G6-33
0.15762682839553318554361114948235(G~35
0.9298818063241594273205477459338€6Q-38
0.474950955545698644704763932461994Q-40
0,21112084222432560557817568B80738€G-42
0.8126455784812476557758783507563230Q-45
0.26505539772445594136616626066297Q-47
0.6904753749017865582635335834926CQ-50
0.11429456439797865372249321677330C~-52
=0.96892149560262123839875621498527Q0~56

JyCid) 5 N= 9
82.5 DEGREES
IMAGINARY ‘PART

-0.1175022181970116851982824321829%
-0.74694952932887756282107403006862
-0.18148145861256552829324664063437
-0.23%46346828468768929276869118400
~-0.201662756572610195145394639253517
-0.11821876051566164953545309570053
-0.5078515747803016264543108472964°5
-0.16477590281856967607776655379971
-0.40906206517409217252675578801802
-0.,769870750713227321737086991058371
-0.,10348044356796781823183329200605
=0.736546269259075211459263663529964%
0.66245988770603706098404184861597
0.33521087090180482253367062302181
0.68269364808600618612002886641996
0,997951120029790000634331250508¢2
0.11670220886594546233543154434652
0.11370313712336180633335476270873
0-,93990234785394433459433661377437
0.66335757568424907697473073106158
0,39803977856878361921443762540167
0.19893644721257648143801072203635
0.77907325196748499363687952535833
0,18771291219537093782831528280677
-0.28899288697921946550294033575800
-0:70159936933568687551485176184254
-0.53346073020585476304811085461725
=0,29645192111165589139948124066226
-0.13619635246725904539952402427983
-0.53940889092100702545067367892825
-0.18732754308268549123272393345062



COEFFICIENTS FOR JQqCZ) » N=10

ARG(?) = 7.5 DEGREES
REAL PART IMAGINARY PART

0.1077077942610607389C192043832212C+01 -0.1467161772667799461648291685854540 ¢
-0.3921296658332540075053567434573CQ+00 -0.428226931725957579777215599430200~(
0,6321717974174438372814719171987€6¢-01 0.246765213624044801892177336985751C(
-0.577667948995476614876966066039120-02 -0.,432065730465827685773998282895837Q~1
0.32623043229235075665154216020844G-03 0,42114593111228692199373708640293Q~(
-0.11128648273865611237436324967911Q-04 -0.,27089968008436003028620257681448Q-(
0.1513984852000228302717641386808E0-06 0.12449474810260664978704310744353Q=(
0.633581085941023296673779906526360-08 -0.,42729393207804263528855321489781Q¢
-0.69465463168803286650968984369307276~-09 0,112208077110546761155924352868810~1
0.184594894603567378657070451146105Q-10 -0,22738519060877352783612498051743Q-
-0,4864742846098336005334805655417731C-12 0.347710376805450094707041467923679Q-1
0,984465947314820083223921904230900-14 -0.36608336053076755707826611586407Q-1
-0.16092574988635954642081991227612C-15 0.145482289897090330841157486304699C~1
0021584244415346523125745667406023C=-17 0.382464603485211142502971379747897Q-1
-0.2390902993597011891C59076888108556-19 -0.112739687009046767046470255784396Q-1
0,21720066854263152721545196496415C-21 0.,185035191234907710511496769621864Q-:
-0,1567308261505005427464117119393181¢-23 -0,228874534264008915733¢06621226772C~-
0.80501395598236888611468356761614(6-26 0.23057539499173694922701488800925Q~
-0.1398866536948378082448765249763¢5Q-28 -0.,19518350103€61280837287638319327C~
-0.274397830846030886370834563347975-30 0.14067528371550764518621536654098Q-
0.4642486511969182125404789613673032¢-32 -0.86476004598222880177270084352663Q~"
©=0,29367209373285906562400771746547C-34 0.448339053069505288982561962152829Q="
0.28443362465281128612221220828632(-36 -0.18899112188647303815005768775349Q-"
-0.17185740972647282211843368652655Q-38 0.574887542593333557610257179089440="
0.89255031371157453272610224573363Q~41 -0.52961039159847705513267306666401C=¢
-0.40271650501305446811450701094976C~-43 -0.833893404762749195463956016835359Q-¢
0.15780448320322486421184122945988C-45 0.796717703210434730463484055082660¢
-0.52996713551233774075793198970871-48 -0.47505880175707503010957889954265Q~¢
0.16466732982141810008€¢201404598724Q-50 0,22545343954568930493691392625562Q-+
-0.294945776524251566280277948256726-53 -0.909234226042688915492898962491234Q-

:
0,161865336190428645853672284544620-56 00.31975785447339136437482027426421Q-°



COEFFICIENTS FOR Jy(Z) », N=10

ARG(#) = 22,5 DEGREES

REAL PART IMAGINARY PART
0.10934365869883-215738394208304922L+01 ~0,47028B6024646269440118915689945615Q+
-0042521461236315023627007955311524Q+00 -0.15566301656672756046348216474698Q+
0.3181906056526526716E607118327558:2€-01 0.7160242466130632359£€915881812180Q~
0.3154276394%4476711461019401953146$Q-02 =0.76714591660115322777735474948080Q-
-0.567093505746311854570514383181545C€-03 0.22148909866535180484739570299698Q<
0.301597192013302135450993592329240Q-0¢4 0,13996066148054386442657645937180Q~
-0.4601570724622946582270174007063CC-06 -0,1337664T7042€674452136864451628413Q-
-0, 22017318292751463419500’8033036 €-07 0.43145883711639812681855130560882Q~
0.1307936703382625135€624375066783¢(Q~08 -0.40091793666705322622005627536410C~
-0,2846397763244184203599206884013CQ-10 -0,15645730759689277826822406831854Q~
0.17530694536689452705873179018724Q-12 0.63466019804804903761488810487431Q-=
0.5815315199133158574€9445792377620-14 ~0.996580306776683872115149853891150<
-0,1715098164859217883€95057694662£0-15 0.431055928823903505400531731615820Q~
0,203845324991305577049548725452720-17 0.12480651957886549317103378075187Q-
-0.6453239278023860468870920822960C8-20 ~0.27986837324220134634599715035091Q-
-0.166133183277255434523097626561820-21 0.26062150414425241285394934214502Q=
0.29301551513187396232117€2079929¢€¢=-23 -0.624028874184601146651381616928700Q-
~0021958047473642545743166366089862Q-25 -00,14482351658154859035216129810815C~
0.4080852417713650384866078625943(C~-28 0.2062215787820183321€6783187477040Q~
0.86294549510274699551258563531162(C-30 -0.12707473004285527797409603267730C~-
~0,10131298417960660731707743332042C~31 0.18723949489272310548225920747591Q-
0,52244061160892101031525866621885C0-34 0.36387266537721670106359309018600Q~
-0,621256366063251486475613785149376C-37 -0.3583413785255289363338442881834¢Q-
-0o 1117379548362625685744971087104‘@ -33 0,15691693477317070412427269050201(~
0.$3639085759250130455588803809472C-41 -0,1528844196832837932801731419838£C~
-0.35254244552994616950521581637437Q0-43 -0,25599684525958349714597681406665Q-
0.,2851185061097604299310502537047SC~46 0,18479557799232439953018901551077Q~
0.446T70612584875300546018404878062C-48 -0,60456595263285699080420351167459Q~
=0.28068717767492755444456297018307C-50 0.41050316306662456631196103872692Q-=
0,80533826700881921255531663978337Q-53 0.604639777526461537929395834428985Q-

-0.46372384893806546987618502678121€~-56 -0.,3335884503382996127167957881847CQ-



COEFFICIENTS FOR Jw(ZI) 5y N=10

ARG(¢) = 37,5 DEGREES

REAL PART IMAGINARY PART
0.1189273139706102104C654756324935320+01 -0.92070712182592098061603414817541Q+
=0.4608237718055119873¢€839907799622C+00 -00.37235126135E48637966983735515245Q+
=0.4516573993270719929254347771463€0Q~01 - 0,9127749365108915160175775618043¢€Q~
0,1034378417367431983G624282308915¢¢-01 0.249748765612919161076081675995550Q~
0.79507749186446350767994724675178C~05 =“0.7T702657713771627426829785563989¢€Q~
~0.40513259416553563357639481366671C~04% 0.90653826910150025246570868723397Q~
0.7652553334099649292502477423689C(C-06 0.15680875727€197709829934712576400Q~
0.45537336594143751690101859150321¢-07 -0.376489063734354732093248755536660Q~
-0,13243833551223220538747463928332C0-08 -0.9872240109674594738B6437086375846Q~-
-0.15096685345703534112808439983121¢~-10 0.3580739725083066086604680784¢78304Q-
0.77171652528247393555037980816695Q-12 0-12100160889C1758088452426039194%5C-
-0.12156334218876028024705413991347C-14% -0.135337404612746199432675615031962Q~
-0.19516712330693265724118€9935535¢S(~15 0.681893244095098345157865203415860Q~-
0.1530549325138843639248173734254(0C-17 00,23161500199510543895649978286785Q~
00,2231157831958813905€600853256654(C-19 -00.2453699431645037T7063745577503711Q~
=0.31345371296322153212933411246127C-21 -0.16639683173760065235013111472695Q~
-0.80431383887768639269400563609724C-24 0.33265357338L27656563360596461776Q~
0.29903245821330885972100599008225(¢~-25 -0.42878122783181978180491684125084¢~
~00.£269329679030463186€46360384617920~-28 -0.22954801378€0319590140357961982¢€C~
-0.15030726715889159520837011563137C-29 . 0.85965255951477178039204037964465Q—
0-.8078659289484643170€005408122002¢-32 0.8281388B5541594805183371996391602C~
0.36854718930376072903891€1315670£60-34% -0.60958298692728767195676509194550Q~
-0.28867074916762003688099278913567C-36 -0.11569332064387194220272824361761Q~-
-0.7365349946958960889€364535141621C-40 0,21398055036140281096845725195902Q~
0.10258158926465044574865126701272C~-40 ~0.23025345007292336547012618559439Q~
-0.220830592214198494905316251552020Q-43 ~0.42777008870140030222903118672166Q~
-0.15319139404231290368473338873326(C~45 0.13779724754099566569509672484470Q~
0.6902195542580232214737624775095¢6C~48 0.454614601385440251306873434034731S5G~
0.9942868755275127042€791507940520Q-51 ~0,29472207386€3906957001232932126£Q~
=-0.1098926413311123576442953899478S6=-52 ~0.75430765786330559529532446048065Q~

0.68906997742274749733737821100824C~56 0.36111617066616194965118257450540Q~



COEFFICIENTS FOR JyCZ) », N=10

ARG($) = 52.5 DEGREES

REAL PART IMAGINARY PART
0.1613130169293398202C05863901538¢8¢+01 =0.15439212736918901332324849988325C+%
~-0.329251216941903301620952756674656+00 -0,77415763657918279025279595027443Q+
-051399303553183511460118378473310£C+00 00112029724355014503916681332786420Q~
-0032477100333648170948629780892145Q~-02 0,1394675942814690117534836999246640Q~=
0.8767542704714505080£6737058743826¢C-03 0.51311143781636042535110904478778C~-
0039504461786992409929595299616255Q-04 -0.36520882658532342937431039504513Q~
-0.5791843276552295877803472090475€6C0-06 -0.1999799410813410488506467510752€Q-
-0.73334710023407880688057358897995Q-07 0.124629779126227047852441180310515Q-
=0, 2392420962057727776622241286676’Q 03 0.20403426459801682898748947123482¢C~
0.44046774218340694817875126113604€0Q- 10 0.1857099395715502292623061078637£Q~=
0. 59773999635131568020684186639394Q 12 -0.74026278898078383207261331317165Q~
~0.943625687944628940703745954972206-14 -0.134170298721314429777167077176040Q=
~00,233697529276929864824543425614432C€~-15 0.81575011540892412976223261456772C~
0.,19790524831005259460894762097036C~18 0.32931082974101630348739273399272Q~
0.3824107585884958382614054909087€Q~19 0.83372331803903805291106730813360Q~
001952490907451197514087520410131€Q~-21 -0.26751282172291512821128944880172Q~
~0,288870917367856638356505030459874-23 -002751940180504282997242754481770¢C-
-0:29781886052901580270841359808291€Q~-25 0,17756087997486642841890546664815Q~
0. 7223707924305557228770762672999°Q 28 0.264805085712464318383472987346745Q-
0.198782409061299933647674207604TEG-29 00866983605647044390860457276630850~
0,3583736048442435311244186198863£Q-32 -0.,32727735517113735941903850811010Q~-
-0, 6936930694806698502’305’9154034&@ .34 ~0.419€4393844151244608774565376342Q~
~-0.2333985161215754156067521364158870-36 0.31594037532879267414227608286185Q~
0.113594242831661340174172065604140~-38 0. 21350122312764593977994122083172Q=
0, 11547164900803300405485156245012Q 40 -0.25903484617452265166831964390329Q-
0o 2551094316209845007?53393758916 C=064 -0.53949243706967857362217030145751Q~
-0,21912110489853883337082128591615Q-45 =~0.71363331609€37988600969460769551Q~
-0.50656867911545607162207365975335¢6C€~438 0.76959629169£699179435507740927286Q~=
0.22850126897083686270599679914752Q-50 0.25966240520705018274788479116694Q~
0,10974225638919435684874221396094€~52 -0,53676787509358374721516988745198Q~

-0.76169062126935885500855521294288C-56 ~0.,39950709078496150627555314745569Q~



COEFFICIENTS FOR

ARG(ji») =
REAL PART

0.27822907138463913982077228239064C+01
0.,22580066855842345192718396283317GQ+00
-0.81517601434128351486625630962365Q-01
-0.17346134968614217143376700852984C-01
-0.12022018424009118429572782447224€£-02
~0.28096257126468491302399608789547C~04
0.9023001836671199371£647196588441E6Q-06
0.80958625413888454762821598493514€-07
0,237229024555838922679516837534972¢-08
0.27548520369482274784784077741642C-10
-0.,30013872256094967812333178412415Q-12
~0.16669346718516516646564482342204C-13
-0,28053780805678310592151879714947G-15
-0.2001807764640944514€235950127044C-17
0.10117738986138448080457622054616G~-19
0.4025423705200351628%369140896282C-21
0.4455880342736957009311374111598¢Q-23
0.21713708815461493035836976482057C0-25
-0.6009827418633873658786455986483SC~28
-0.18521392886501332092735154871307C-25
-0.1459516122091479213033409782789£¢-31
~0.,51858284005809331672942£61423354(-34
0.87284902527443447414007744443395Q-37
0.21879706167675198332460240564104(C~38
0-129381849086987787213679590988516-40
0.3507242790761492787958239462191(¢—-43
-0.38612746049153302910881766293428L-46
-0.81400786697637970641412370912304C-48
=0.37517263200483345273113256861754C-50
-0.80232072700061882662560246762196G~-53
0.60973356483030893412653042011155C-56

Ju€Z) » N=10
DEGREES
IMAGINARY PART

-0.1921185073876431883128611731923€Q+(
-0.11222345126569609690751959093825Q+(
-0.,16886843297843570184702308467810Q<(
-0.68033252734030429612633911500232C=1
0.481902538154634681755685909930113Q~¢
0.61329385231121013017460389312020Q~(
0.260065339092546724720472649915863Q<¢
0.411806179361743956242181187348924Q=(
~0.728449309324644296167968487288868Q-C
-0.50118494418729065294094909080112Q-1
-0.10878570475951727746922204467646682Q<1
-0.9732817782568918533€63497977304€EQ-1
0.70334161119495955003495937124837C~1
0,3264877261356272973102102669173GQ~-1
0.44015944790935392325526145255116Q~1
0.,25657299617€08944753€5282985773EQ~=7
-0.945952872471355736359066366494118Q~-2
-0.3287741932871789936276859267845£6(=1
-0.30466136372478204540092384484482Q-7¢
-0,12593126879228347638024896938318Q~-7
0.268914827797831002451246583466338Q~:
0.74375073603579126121327254409973Q~:
0.50492564515150912624136340649118Q=7
0,15565394971255342244936048926047Q~==
~0,21066331538343720110360088473163Q~¢
-0.48257804498128586104664533050125Q~¢
-~0.250907913582946785763664T76T7464100Q=¢
-0.6019199104852312628£5989588381375Q~¢4
0.54736708832091399121065888457811CQ-¢
0.10683396196357965851457116385584Q<
0.43961298506966719755036932639655C~



COEFFICIENTS FOR

ARG(P) =
REAL PART

0,424467314438858021135768539021454C+01
0.1281618595002278648(0302670673817Q+01
0.1715774537168704515383094304093¢¢+00
0,1287252214960743983067847618T7445C-01
0.55835887247162660114702881288112€~-03
0-,10073534186631920691166692869692C~04
-0.,37979524084068634625698€13527625Q-06
-0.375374199255261549828537184470467C-07

=-0.163647727237038B7857767776603355€6Q0-08 -

-004924153542762533088563134635877(C~10
-0,11343973206188397916203464791644C-11
-0,2090529566655836397048974540408£Q-13
~-0.,3151018902423778059520110844240CC-15
-0.3923524500254147878290365290521(CC-17
-0,40308123950144529339529001489088Q~-19
=0.33540523345508838684005531973484C-21
-0,212570461947446936231354841705602Q-23
=0.792715574329246756885553169142T7€C-26
0,23735454055847514175232386015774(-28
0.77895478163617758143210152994354Q-30
0.8828433134353328384219943425252E(C~32
0.72653356264619964407755€637392408Q~34
0.48856414564635088861E8452057204284C-36
0.27975424683552502864924514057542C~-38
0.13880587224784616645936733648024C—-40
0.59985432051894836742212767092T7TEG=43
0,22460891117575026417263733847945C-45
0.713618001488851366839662606134B£6Q0~48
0.18125655482174649487348646005322076-50
0.29343207113616831655464794788975C~53
-0.2352559778336380498580364110395E5C~-56

Juw(Z) 5 N=10

82.5 DEGREES

ITMAGINARY PART

~0.983341245754719197220049406470870Q+
-0.61696510345942212007588790523339@+
-0.14149192886131537194456163290311Q+
-~0.17507432642116695670720268525378G~
-0,13832386200217289901890398165733¢C~
-0.,76250525655960568692329827102811Q~
-0.30888592802055494189618835666205Q~-
~0.94783344481441606245572624760200Q~
-0,22320172581098813248723308640775Q~
-0.39974879281519RB12397246662178058Q~
-0.51354242457369746175507841595217Q~
-0.35415960637573766224972180313220Q-

0.2839409606183027609€93663959121EQ~
0.14228957518635015326895721023317€C~-
0,27947787308485203846718520533009Q~
0.39344829641267875848821222453201Q~
0.44335968524575969670958912355662G~-
0-.616€5618539183018229260641529583Q~
0.33258089962183097469586745634458Q~
0.226917017311901630684492077658254Q~
0.13178276940464517975593295985025Q~
0.63827807520755921114421630049285Q~
0.24264220522136749138904946517078Q~
0.57005087473485524612600646028962CC~

-0.820597001086230871450684380624538~
-0.19826086110294003030394191514909C~
-0.14698426083363886378587189216027Q~
-0.79580705508134970881013554920667C~
~0.35630400382439371429769289610840Q-
-0.13759059108864575835476319980845Q~
~-0.46615512223085639938498020530894Q~-



COEFFICIENTS FOR YNCZ) 5 N= 0O

ARG(@> = T.5DEGREES
REAL PART IMAGINARY PART
0.287172129467966274308062479659Q-02 0,189175526283888869155234658493Q+00
-0.3156371614524691146160345369752Q+00 0.265039064095993662940135840354Q+00
0.334865235657286400512166314221Q+400 0.178975025484857816145548661325Q+00
0.150427907100657108718422350824Q¢00 -0.735216715810214891905031214297Q-01
-0,110064835554034273456647971899Q200 -0,503268718590368360830100342784Q-01
0.2209379419667969110€57059721170Q-01 0.259976183740834830309255006196Q-01
-0.1878280752210575235275655882070Q~-02 -0.510347514456898656862768602823Q=02
0.194725134575721085357172420383Q-04 0.573254561294709730469045559176Q=03
0.1151857950810909889304427220980Q-04 ~0.419751446205880724341723403541Q-04
-0.133013875318738913949915608748Q-05 0.212378424463630405521893377551Q~05
0.849478807388054025279247742283Q-07 ~0.754266473595541168191883129145Q-07
-0.,376231258339377421380465073652Q-08 0.179651578649456500055832044095C=-08
0.124799462600334325671914409671Q-09 -0.211890662425691986644577124813Q~10
-0.321705405619908963628198565981Q~11 -0.344384585787282581762623571635Q-12
0.6559541718997649994756527453990-13 0.261654024937918764227269753719Q-13
-0.105994013957885675803999163332Q-14 -0.807344449703155930726675356635Q-15
0.132800880967539146677884713710Q-16 0-174804817760828251064669954306Q~16
-0.1183615700345167770£62556024029Q~-18 -0.29589728864721558485499232026€6Q-18
0.459841671094723146451002870230Q-21 0.408233540206645980327204865393Q-20
0.733196156204235866974381363552Q-23 -0.467755695293795169751230039028Q-22
~0,201287237807042408169004640430Q-24 0.44767284696249175349364724120910Q-24
0.292633882398674567444154219373Q~-26 -0.355208400102381739810373494293Q~2¢
-0.320206995614655283783593976279Q-28 0.226459266602804832923678981262Q-28
0.286635600570986695388261083303Q-30 -0.104567859728879799723724404852C~3¢
-0.216799319050532778524365768063Q-32 1 0.183381072012006592025462940872Q~33
0.140411650374743546920384696439Q-34 0.2565939609356438361655181113880=35
-0.,779998289737202829156885774814Q~27 -0.372585492050160538960268183016Q-37
0.367530449595450355084004793748Q~-29 0.316082054715164010265491324788C~35
-0,14172557420881700435611€1357290Q~-41 -0.208918115116909194553018765962Q0-41
0.3987886579035254946596671755340Q-44 0.115746253684701085208465872357Q=42
-0.374868953426172642536880068437Q-47 -0,552908065428936609478906132227Q~4¢

-0.457688512889497176350890418816Q~-49 0,230208071881553537531466077206Q-48



COEFFICIENTS FOR Yyd{ZI) 5 N= 0

ARG(¢) = 22,5DEGREES

REAL PART IMAGINARY PART
-0,149982401841825042207821066617Q+C1 0.107859531040152735387221625774C+01
~00,1413570932331750979197032960627Q+01 0.148986082032130339624541018790Q+01

0.282951921154269806808585056208Q+00 0.133966569289799879053736615991Q+01
0.657552965009547521396763736648Q+0C0 0.126672405937401965979281578336Q+00
0.1982917065293681573529154606180Q-01 -0.248569829627057726857390461395Q<00
=0.522518701407516862859822726742Q-01 0,194210168500914138659457696360Q-01
0.6371793980471064€9894454574630Q-02 0.474178746600371388992805121038Q-02
-0.328634348978159485614814420281Q-05 -0.783284338912632757302061535032Q-03
=-0.439092520757651666348547108820Q-0¢ 0.360316803150178065168213046779Q=04
0.311469670381302876523120119137Q-05 0.554575750608498406761396553401Q-0¢
-0.72805150336€116421284280539682Q-07 -0,119380750534273396772761336039Q-0¢
-0,1427126774039218073£€9950040297Q-08 0,482286911005137130473876802019Q-08
0-,1348518286575561996719372199981Q-09 -0.661943242988150217983811484321Q-10
~0.353932973478850986153770653065Q-11 ~0,134831224477900589647254954717Q-11
0211877766002957957951895964222Q-13 0-.755336107340111135024372308735Q-12
0.6219674616488506945329328598647Q-15 -0.139406218976751538861636227753Q-14¢
-0.23481046149876621757962C115046Q-16 0.838971365080555841659818271420Q-17
0.221559240901043744725354451325Q~-18 0-160182372762271410187426277948Q-18
-0.1383648673923239597482226456440Q-20 ~0.,438692734349015130211087780655Q~20
-0.25066866597€6145974374741957813Q-22 0.463549011924315275878111807280Q-22
0.52291955040€060196877774286877Q-24 -0,147770094088740172304545740072Q-24
~0.,4392800169426365650293326416840Q-26 -0,253215861539776800269773816881Q-2¢
0.106736554307622893072702514977Q-28 0.4167348719911€4514710446161458Q-28
0.1729178686792412068017020015130Q-30 -0.284970575964110297693018241003Q-30
-0.230577487360277615155178584082Q-32 0,540249891588032775311271188516Q-33
0.1308335609373105893S5468340261Q-34 00.828143464106055904552579893535Q-3°%
-0.197344861622563937926334032317Q-37 -0.913731401882880974853355400171Q-37
~0.286655588122102846401879178211Q~-39 0.437101783150790746689468155574Q=39
0.266204149094617817073086313546Q-41 -0.532358782721014378644233062524Q-42
-0.108806062887745602120902243316Q-43 -0.735435554601903342305083007853Q-4¢
0.108952B0946694760665016€6863959Q~46 0.583017946925049396861830701816Q-46

0-142879013281696972870821207824Q-48 -0.205948927316980664622675106645C-%8



COEFFICIENTS FOR YJ(Z) » N='0

ARG(?) = 37,5DEGREES

REAL PART IMAGINARY PART
-0.107922180850610026963964637326Q202 -0.333324268974311560250880686962Q+01
~0.5881634264523002185€166466T7187Q+01 -0.485318846118956569918482178475Q+C9
-0.467892581986132737528413725781Q+01 . 0.3205867822026164620592376153913Q+01
-0.717989813690795418116315725300Q-02 0.231138B3754887¢€2331691777820764Q+01

0.£610323799934335457685267403055Q+00 0-,185697764512417610039951894297Q+00
0.435422950018807878167528969854Q-01 -0.107448555939270962562695163217Q+090
-0.13525106510£€7905000477970786300Q-01 -0.509014616775542648794833978378Q-02
=0.343814423298775911184250099449Q-03 0.125414408649802251144933583053Q~02
0.874496121331639152789130244914Q-04 0.116965558658103692901872786620Q-04
-0.,139011163823896903424102396102Q-06 ~0,4669538230818237792992535942891Q-05
-0.193960340054676960306171341278Q-06 0.4177586066064B84211651215020718Q-07
0.274689911969373331712706233331Q-08 0.634061918897420083057736240815Q-08
0-,163994041735505369725107525278Q-09 -~0.1161404619914€6329009925716B600Q-06
-0.3661949981155470464306280417119Q-11 -0.3336580160584€65863061759872511Q~11
~0,518113847845265705306031247786Q-13 0.911664077428161326572993154683Q-13
0.1866472506986891445433330063940Q-14 0.549902645466658894696224029104Q-15
0.179382676240224621132507214827Q-17 -0.30966323431076836853422620138364Q-16
-00434321720497827011904445601915Q-18 0.777853918633221669322134190596Q-15
0.225337779680624431328445006622Q-20 0.511145658470170493508707527559Q-27
0.502144294788007211580592248533Q-22 -0.386252838062239940082631366364Q-22
-0.50635544121817498712464€899896Q-2¢ -0.4032722128859821512806205888420Q-24
-0:,248740707507716633625470461924Q-26 0.544962649857128012317334760885Q~-2¢
0.496101382859511596154616205491Q-28 0.91440174624211076050604646518772Q-2S
-0.252187963407082842421892591126Q-31 -0.387393253620527405375990961652Q-30
-0.2607329238418076341847499490960-32 0.8452031994866873922185804574837Q=33
0.950960010783038225449765792403Q-35 0.150676217767453445941€43393574Q-34
0.7350618714079314128C3492699543Q-27 -0.777490027601082226986859149853Q-37
-0.,520716535570809045557617942256Q~-39 -0.288593094932095386491103624381Q~36
-0.773629478709789265413313016973Q-42 0.2979210315091568061886175430130Q-41
0.148257045723851696789934974680Q-43 0.205349518158695416249384551169Q-46
-0,166215108542638588883192344113Q-46 -0.6458480322648€3330609385145345Q-4¢

-0:.245642346248618848457290110525Q-48 0.1360228958745€8912330551993222Q-48



COEFFICIENTS FOR Yy<Id 5, N= 0

ARG(%) = 52,5DEGREES

REAL PART IMAGINARY PART
0.278167761515106343592401499865Q+01 -0.4605740857503£1160686512577276Q+02
-0.409726348594874336920167506482Q+01 ~0.36664T77599417306281669988700194Q+02
-0.10216263494€8505G61205525466191Q202 ~0.162700427624759510508719089756Q+0¢
-0.6362602940022978958188219969750Q+01 -0.,202121828801310636329876939073Q+01
-0.127830646407103653024327374375Q+01 0.859322104720186302722953615135Q+C4
0.117452687478855487713985948879Q~-01 0.241848173579418698286686769216Q+00
0.26477166625715730€3449686550834Q-01 0,109089755531801989258324310407Q-01
0.,1650731302219491452€9995525072Q-02 . =00,151908082960960518635981905487Q-02
-0.511238201622499100284924022574Q-0% ~0,1333513613473046109325656557722Q=03
~0.7189098005835667147443219850070Q-C5 0.876061949950436645836818914507Q-07
-0.5344410776112029558429966505760Q-=-07 0.2778060303960C4536427358012773Q=0¢
0.786606023754497392426913229562Q~08 0.595873198432559270192103135936Q-08
0.228871028861010840863539644649Q-09 -0.159444737505312073289944077075Q-0¢
-0.199705735215906325706067937223Q-11 -0.640789647023392195194565102688Q~=11
~0.139131450618618223879301652410Q-12 0.255908347963311093728653133124Q-15
-0.726254356984184455553458166247Q-15 0.240285567091300863973249332574Q-14
0.331629497666836080230637476783Q-16 00,2195729521657099699568389654910~1¢
0.4273668226070212573€4487400306Q-18 -0.3584947522738804465735292897532Q~18
=0.2797705082581513976718353176072Q-20 -0.638769964045017023239631346997Q-2C
~0.775343963389745240582506297751Q-22 0.101388900189541263637654742692Q-22
~0.,118751444420606751486381113404Q-24 0.781890036866025040733€20740770Q-24
00.6591913226052954290$3358741752Q-26 0-3021022783160776014160836815860~2¢
0.393393103713127189801590604052Q-238 ~0.460274491716130597121283604214Q~28
~0.256254622485587094890894499765Q-30 -0.,384861622312278153980282473148Q-30
-0.3084428871349767322¢8466203945Q-32 0.996314037908744213698725214234Q~-33
0.805119661976124636751663478848Q-236 002091777495272617521326461256950-34
0.121524654628079249889565687368Q-26 0.290419869824867122032148909%9420~-37
0-.335570584137414017029144024983Q~29 -0.604642€1639708734174395094298452Q-39
=0.253196110860095366156518581976Q-41 -0.249640598821033550720506711270G<41
=0.146776T7T7736391526£697538063741730-43 0.8492324144239€8866333933982658Q-44
0.189807859279370788852000558473Q-46 0.739182158470702333800686622145Q=46

0-,2199C01220306211542767851430255Q-48 0.5880103580966E86655650150194553Q-540



COEFFICIENTS FOR Yy(Z) 5 N

ARGC(()
REAL PART

0.119463175477615061881038647996Q+03
0.9435712398155403€461338€6116460Q+02
0.456863789220643102434320101213Q+02
0,120198192259166127525402702926Q<202
0.128515372976718187428719627123Q+01
=0.7064366404250058795509163903904Q-01
-0.326781304025297306062339912286Q-01
~0.3492675817536777251265932557575Q-02
-0.170840564845140039913808228329Q-03
=0.216294970425069764444628362362Q-05
0,202557508906811012276416635323Q-06
0,127013552348433686973372683530Q-07
0.2329767512259460548€834600554030Q-09
0.3191944153299083091130570368560Q-11
=00.6592351427914507644459210792640-13
-00.2862396418465782611479754182275Q-14
-0.4643116376101525276043257350840Q-16
~-0.307443084874502695143683440008Q-18
0,2498043577242517198€3478750620Q-20
0.822088729953723267399120576233Q-22
0.904726635503040321526930430046Q-2¢
0.428978834966685291669752282326Q-26
-0.1739170290302671026€1157824101Q-28
-0.4587761063536090158498019539840Q-30
=0.364770255070797020479926771364Q-22
-0.1290005418039534288(02548581058Q-24%
0,299178302254708202761294617563Q-27
0.656947439796182076315591620219Q-39
0,3949133906403295746566870335940Q-41
0.1078220196771763983£9895746121Q-43
-0.15656753793011397325817G656T0546Q-46
=0.294034058004412321907840543556Q-48

1
o

57.50EGREES

IMAGINARY PART

0.2274658388304280638157926956174Q+02
0,93241832447599040443846453254760Q+01
-0,785297841966779507421109550104Q+01
-0.812619329258559138769301669265Q+01
-0.271703765848739280849064637025Q+0C1
-0.425359591635636377102062826763Q+00
-0,306295314718128396750830873201Q-01
-0,2369303377525663473070781004776~03
0.126547530178929849462276578642Q=02
0-,100684637769034704566671838372Q-04
0.3525707805846322729954073215989Q-0¢
0.403497551472803003149430161364Q-~08

'=0,157092858973373342212290781976Q-09

-0.807863825301744684545950088158Q~11
~0.16462691416842697852105093476574Q-12
=0.,130512472501919799339926358299Q~-14
0.162367309626134991957423608303Q-1¢
0.608507996404088915397243624849Q-1¢
0.8054905325771C8897376382007580Q-20
00.448927266770169139266047243361Q=-22
-0.252208634657242428125013288914Q-2¢4
~0.738938339627675641294098736404Q-2¢
-0.686690752096620888253111922734Q-28
-0,2798637282428253058745987181170Q-30
0.846656919769721782389072354633Q-32
0-.202968976354208046890453975297Q~-3¢4%
0.139638891022022131808723403693Q-36
0.4322215553456€61139996438470234C-39
-0.785782547920678826311709359557Q~42
-0.159108883528420000343267188776Q-43
~0.84287524224664T7094466285945894Q~46
-0.204418718677626608891814720512Q-48



COEFFICIENTS FOR YaCZ) o N= 0

ARG<¢>
REAL PART

-0.105542264171543564071520438503Q+03
-0.786454959742101137758108226126Q+02
-0.316062393504746738823798662881Q+02
-0.645617231729705975540108910410Q+01
-0.5258976205338310670€63786460931Q+00
0.4600254338T76543768533964347604Q-01
0.17127977986€5414653526423891199Q-01
00,222954768191032223626178909764Q-02
0.181899173757394841124506372776Q-03
0.105624491738584652036684642917Q-04
0.662151697221401511824997085012Q-06
0,157401237840098723418452753118Q-07
0.46425548512696€002523953044723605Q-09
0.922344697059932542603491259717Q-11
0.1600831557751499143€0304636191Q-12
0,218015096161939951418285191851Q-14
0.21675338542€6864853409838346719Q-16
0.111198996315245818550660117690Q-138
-0.103012855256134166084231121283Q-20
-0.3718459606557194693679360226927Q-22
-0.€604728803138919725350217158798Q-24%
-0,723687321526021144826591979543Q-26
-0.703654881490028781381384171013Q-28
~-0.576954434515810638833185004931Q-30
-0.405448982636371774641061299170Q-22
-0.24539186720£137431968235213445Q-24%
-0.127214356857863649200323622058Q-236
-0.5526763497593114552€4891428418Q~29
-0.,188832905672543734451483873709Q-41
-0.393840808489456309703426174283Q-44
0.6151033835325130686500352830331Q-47
0,122679143902130988823571991299Q-48

B2.5DEGREES

IMAGINARTY PART

0.169032416773011957509624836121Q+03
0.133791944879530687355835253701Q+03
0.664185803052271919867833761270Q+02
0.208756985872904668262115650612Q+02
0.426842613334153813691775459994Q<01
0.588437584721592236767841336077Q+00
0.5655691928530921856999691876466Q-01
0.388983345611003337422526856101Q-02
0.193588612957359139021487214153Q-03
0.688052032694014646891954911923Q-05
0,160493583181161166957268438916Q-06
0.139019743917576904551641636542Q-08
-0.688561152868893916693681704816Q-1¢C
-0.401748264894704598017362687557G-11
-0,124928157493799097298229956202G-12
-0,283818509696517572876772260834Q=14%
-0.51139€210303886631918587047333Q-1¢
-0.756628091779054453756654081973Q-18
-0.9347136006599230377647827746528Q-20
-0.9700191786982562931130474128B31C-22
-0.841927940663325139546503884607Q-2¢
-0,598069506016744417938690829514Q~26
~0.325251680579870427887519029497Q-28
-0.101992478080088321193751760908Q-30
0.338698681221392395622556437559(0=33
0.873358609498524480738860608385Q-35
0.871711232667847601568972581220Q~-37
0.641675668165550663357829763045Q-39
0.389129270848857280184078410393Q-41
0,202168566422885980982426010536Q-42
0.914594100174680165314291277348Q=4¢
0.361881072814514425761921993754Q~48



COEFFICIENTS FOR Yy(CZ) 5 N= 1

ARG(¢) = 7.5DEGREES
REAL PART IMAGINARY PART
0,123748557806745811056135432336Q+400 -0.515168267682041884177266904100Q8=-023
-0.193838690455536387474256807103Q+00 -0.6104948326785437879212934393510-02
-0.634618056986256598023425631538Q-01 0,67643526646314541567T7688944284641Q-01
0.1057608281906680918C3609110273Q+00 0.180390199187001934207711382491Q-01
-00325932423164314776926268260171Q-01 =0,2260314137293685701065049046468Q-01
0.446152884151434668274525830978Q-02 0.632494552256200851427689143782Q=02
~0.280844397053831951668433700629Q-03 -0,923147544582502937655419202145Q-03
-0.5258930181328821561021067230126Q-06 0.843283216584284551488938784305Q-04
00.1611452169943951023249306786468(-05 -00524961639646953719960530163623Q~0¢
-0,152856766553300750093316609584Q-06 0.231814714579735416035535860517Q=06
0.854648301634342315800685772603Q-08 -0.730542134747220603219322849795Q-08
-0.339294477936013940657600811272Q-09 0,155597457527462822510830937430Q-09
0.102305992687996096812895052888Q-10 -0,160022801562510040897161976874Q-11
-0,2420964404688551335504622964792Q-12 -0.286373390502653068011096071816Q-13
0.456536263195830152526756718730Q-14 0,1871972307030£66271313515432616Q~14
~0.686175965714311671155256056347Q-156 -0.531774044196846464T7042222373163Q-1¢
0.802889587240727866675653913956Q-18 0.10731454822363268361614207623540-17
-0.668818015404528756828163611320Q-20 -0,170421574995371970661920717459Q-15
0,236529480318469956163961748183Q-22 0.221613526672372778454580002068Q-21
00.3894864296543609786749366359450-24 ~0.240223356498914567026588351206Q-23
-0.,693423180737253136350800644806Q-26 0.218164410729927690245569543924Q=25
0.136855689871462335409146923331Q-27 -0.164665261447144543031856582440Q-27
-00,1426361376846167944€61307525376Q-29 0,10003459854914646308801467648094Q-26
0,1219906546063875120221117848940Q-231 ~0.44004626426129C06247892523027864C-32
-0.8836303707123846978956953601878Q~24 0.717817926907847945625931199325Q=35
0.569132769671228875602534424085Q-26 0.102095389042727538145098749008Q=3¢
-0,2931890701923334715526711269833Q~28 -0.141075259543352363205464118030Q0-38
0.132960034454766960974985721680Q-40 0.114960678659966164743537759830Q-40
~00493915918014890342007552521647Q-43 “0,731956429972298377856188054876Q=43
0.1338258345686318599408362137390Q0-45 0.391341827209621467559478584875Q-65
-0.118580144177632238121202874371Q-48 -0.180658248337403526701616084426Q=47

=0.146225986660949306876362630425Q-50 0o7277869435708773542464467814667Q-=50



COEFFICIENTS FOR YNCZ)

ARG (9)
REAL PART

-0.2428257663863939918£8368328900Q+C0
-0.581053479084877644991684664899Q+00
-0,202824695808903405217156243338Q+0Q0
0.14613656247251291841777E8962528Q+00
0.264101624271580280823400171705Q-01
-0,111493645011921025726052782356Q-01
0.534862756292923378408244483221Q-03
0.106910845189902056255293234594Q-0¢
-0.5678840465487168716C0282628189Q-05
0.232034760387430601141038095423Q-06
~0.€47672277585484770185924835843Q-08
~-0.143024622738837045956724406358Q-09
0.110584635898943389753296089672Q-10
-0.260486138171834383328392373605Q~12
0.202235356097057642050857568805Q-14
0.421860782044955867304831146969Q-16
~0.1432452461798367195593786422576Q-17
0.181840855337160521450376791331Q~-19
=0.70872509244699642%90927007161787Q-22
-0.131504137006064352405160459858Q-23
0.2550460121929627244513004679835Q-25
~0,202081035601418595161975241764Q-27
0.452490717117115691216806987405Q~-30
0.7440668887063867559€2745451205Q~-22
-0.538237183776031130941439561033Q-3¢
0.5076548181425822167252635396940Q-356
=0.714117920777066643667587809077Q-39
-0.104793987861206912852605089104Q-40
0.5300144814619320156059457677985Q-43
—0.3651747271483136331€5366709741Q-45
0.3440355540899436396436124239440Q-48
00454527528859774729511515974567Q-50

N= 1

22.50EGREES

IMAGINARY PART

-0.,35268B1634483825046064836820031Q<00
-0.132128841713672614502911245256Q+00"
0.2667325312168389241649390291598Q+00
0,163215890999840252221514388141Q+C0
~0.586749824735128397301€84700748Q-01
0.166456507941861115990355850473Q-02
0.924621782378134271100847454228Q-023
-0.1093869347080£65166115350915234Q-02
0.396681130838238994138425448285Q-05
0.,803281786685600381491013662806€-07
=0,119120581029948827225290722686Q-07
0.419138865544663377935110765910Q-09
-0.4959816498082797363396939029161Q~-11
-0.108191145827876199261075124440Q-12
0.527851379530953799627376460392Q-14
~0.891166888824095853416444173829Q=1¢
0.480002130650915589092232792156Q~18
0.946196911254922161050281497942Q-=20
-0.237717404125617122067695745887Q-21
0.235136098152520977794428568353Q-22
~0.685620984793591509631444531484Q-2¢€
-0,119658866822919756513887932049Q-27
0.184870620215186997188991879046Q-26
-0.119953542146356296592946977991Q~31
0.210923381889B45618463263644157Q-34
0.327298062802918533055491878558Q-3¢
-0.3434968875490£3650147959808378Q-38
0.157316290188515794341736043277Q-4¢0
-0-,179866230490163910154€83413052Q-432
-0.250168276529252043283346642395Q-45
0.150259703528151649037340695141Q-47
-0.647541742051235062702875939918Q-50



COEFFICIENTS FOR Ywi(Z) 5 N= 1

ARG(%) = 37,5DEGREES

REAL PART IMAGINARY PART
-0.856690795730996964622143251062Q+C0 -0,278521911276997064547443170033Q+01
-0.1583956896523744208271062718310Q+01 . -0,199301986229420556588618110171€+01
-0.148072480474776520520945972773Q+01 -0,194006212734653497490120511358Q+00
-0.278773637457742476347525251961Q+00 0,500870075297875246972222039137Q+040

0,109110390859522699544327218384Q+00 0.788869299610031856478013507377€4-01
0,117969543056272346268510564538Q=-01 -0.168263866252753129140045857612Q~-01
-0.189179123073902363033630909403Q-02 -0.109228218706458112565142791126Q-02
-0.651225377888054657478482293291Q-04 0.157868350451040202433056446355Q-03
0.996168059700034457814816201690Q-05 0.,232967406018006204860861412351Q-02
00.232924883638330421339650963411Q-07 -0.484214087318153438114403203314Q-C6
~-0.184256653057881356158945279622Q-07 0.275007106582743148476161613356Q-08
0,20607930309102882761887£€135780Q-09 0,555472079344939811130593911371Q-06
0-,1334119280597749699€9003442939Q-10 -0.856456054962319288464619476687Q-11
=0.257801779518344023523940913133Q-12 -0.254061070224758288279458815613Q-12
-0.373425313841958565329822154950Q-14 0.6079180177610320913443503643140Q-14
0,116455461554159798775617¢€771810Q-15 0.3850650055546165302345294321559Q~1¢
0,1562668010237746355021132460642Q-18 -0.184896881771605088157487625292Q-17
=0.246005332334029941175017747033Q-19 0.380962239683060050780577851689Q~-20
0.11446965105794855051748524093060Q-21 0,275353241761211777209428171597Q-21
0.258076763101821274513861114278Q-23 =-0.190788661442650492856€33233906Q-22
=0.24067778667953912227681025%9293Q-25 -0,198582597017435217887055423372Q~2%
-0,118289624353552934488455639391Q-27 0.24870509640429228078682519%9477Q-27
0.217394951526542957459471226235Q-29 - 0.433200331826501757523411214495Q-30
-0.8452995988678178834535656240690Q-23 -0,163153707476025012996518440162Q~-31
~-0.1056816580019274¢56E5440936058Q-33 0.328384050705110949833496664536Q-34
0-.362370894137148761892142913284Q~-36 0.588780683549317071955218749578Q-3¢
0,2775449297423596964€6232654301710~38 -0.287478417766917419524042004271Q-38
-0,186422370816902536606736927460Q-40 -0.105702821492393790499878671545Q-40
-0.278150637354411518193857386625Q-43 0.103254597638372845884951162411Q-42
0.497692764157270246863468350102Q-45 0,490920009348659956583740648877Q~4%7
-0,5231466599395778613G67895373262Q-48 -0.,210175574216258434075402961533Q~47

~0,775773549826535326357108632395Q-50 0,4220552982991435086173979316013Q~590



COEFFICIENTS FOR YN(ZI) o N= 1

ARG(®)
REAL PART

0.7703936456460667834042467235355Q<01
00435526489072981676517272360793Q+01
-0.3099892753033155162801877335830Q+00
-0.112363880067804649428500856683Q+01
~0.2695467346107295707€0603415776Q+00
-0,536367402102601421163722766929Q-02
0.,321427404769108647428093176257Q-02
00223439508477124237993655977612Q-03
-0,432292913962386321706918879508Q-05
-0,715721141219107711217623987407Q-06
-0,999236883943139736480692348000Q-08
0.629832579148817211379370761677Q-09
0,181502528893741062035646441528Q-10
-0.1255669574760461612146967890753Q-12
~0.929383250105790144587902390375Q-14
-0.4986359786148172258346706679258Q-16
0.1922323483716086719€69045352899Q-17
0,2426630298775915694211154026756Q-19
-0.140675290182577092964801323664Q-21
-0.3897229014696325701141581159904Q-23
-0o 6305955683285567773846620117930 26
0,298352821299457760120805860633Q-27
0,17437937367€6672516556900548186Q-29
-0,104972473965767807562406209961Q-31
~0.124202666423854127876077448235Q-23
0.22051499067€905852117050377493Q-37
0.450189947433100475344567391150Q-38
0.122249974254186826828135068022Q-40
-0.867606284531915526456855611942Q-43
-0.,4962031882322939115513712100610-45
00594988488487687161138714935586Q-48
0,100201005283935693955340088378Q-49

52,5DEGREES

IMAGINARY PART

-0.883876692102317344576385332864Q+01
-0,804477524357552879047166816238Q<01
-0.456485826850671406812689487910Q+01
-0.881500124496982236874037287733Q+00
00942445121633046390023126480124Q-01
0.3842729069562173806442356€68758Q-01
0,199978572243102088738599909088Q-02
-0,164055725100444361259959150138Q-03

=0 151692083813606295296€6£3403449Q-04

-0, 4309694643715463541924440120640M07
0,246822504352548514143681055217Q-07
0. 529598679217760468927704107950Q =09

-0, 115047227600270500949957493032@ i0

-0, 463724515747442735294587949572@ i2

-0,2890013584554206993057847331520~15
0. 149201337146421882672469506003@ -15
0,1345274846639818016551664323678-17

'=0.1942150433915095310982864232750Q-16

-0.340187692658571847083460525801Q~21
0.435600734202198522388351726872Q-24
0.372428642957051022286200641092Q=-25
'0.142374002923177846014210810622Q-27
-0.198250995474329927211184110875C~29
-0,162210204865002062133672556027Q=31
0.384721331397776349257909601283Q=34
0.807084146948174842152819456711Q-36
0.1125259402982042651235121753060Q-38
~0.215281442881600616864984725722Q-40
-0.870940015035947102563046998149Q-43
0.279650144034476013819366778872Q~45
0.239526743097598768193593918855Q-47
0.258330249741415183038953988274Q-51



COEFFICIENTS FOR Yn(CI) o, N= 1

ARG (¢))
REAL PART

0.255657066505864807832199C574804Q+02
0. 206534107462896958721819510861@402
0. 1028171511712322049’9369132391Q+02
0:265289842223579826569294118313Q+01
0s 291576517168570£6259677438616420<00
-0, 2865925039701441739C8569153106Q 02
-0o39359195269430675518950’1007480 02
-0, 409930022181211863619379612387Q 03
-0, 1898089833879452405’42585566380 04
-0,2577043183783453321451119462231C-06

0. 166108302613723668817989908115Q 07

0.102374103987820485905140083379Q-08
0,255232764327328265758158910956Q-10
0.239837008751282475333286922319Q~12
-0, 408713113603419411569526467771@ 14
=0 175369393939459123462910029110Q 15
-0 2724669322284766275°4355289269Q 17
-0.175065855774373180103531843949Q-19
0o 124357799589234382802440282247@-21
0, 405761715162839121074366000771Q 23
00.4302346098406504553974665910035Q-25
Do 197934791159546137484609195:BOQ 27
-0 72289398828293586392454€6978208Q-30
-0% 189466322424750148422300874839@“’1
=0 14581190945150013018146151388410Q-33

-0 501301524968391497377195260303@ 36

0, 106707574411616198175428353904@ 28
0, 233138766300758317249055789067Q 40
0. 1361497704870065012‘540’5057160 42
0, 362179798215036764352470281216Q 45
-0.488950749690909731459231282142Q-48
~0,914568109347026479111258336952Q-50

67.5DEGREES

IMAGINARY PART

0.166859929567612648083519648368Q+02
0.1024542325359235227529487766093Q+02
0.120510286191943786612618190410Q+01
-0.1062784064989436287379885867120Q+01
-0.4257911469733246326538354525318Q0+00
-0,647101966452086034740234645956Q-01
-0, 444964138235927667729619935589@ 02
=0, 590292289112889153609848144664Q 04
0.122568497029215075541802771725Q=04
0.962538375130008238234386728922Q0~-0¢
0. 319458258575827014636891976923@ 07
0. 36595643690049607781173000670 Q=09
-0, 110955992339734238981860167486@ 10
-0, 562539626699077596447103683372Q i2
=0, 109181575861547456785460964090Q 13
-0.843935141198521856817315297392Q~-1¢
0.896736067440713025909149187046Q-18
0.3327198013828663321212387487319Q-156
0.423161430720030794332539230538Q-21
0.2287344109298473541844954540810Q-23

-0.114267506023676747155290367842Q-25 .

=0 332320961923323840505992312596Q 27
-0 298270151710681939601256955858Q 29
-0.,1180514265126190250722798938150~31
0.325049076948093373776655173625Q-34%
0.7748336387867759901513955839880~-36
0.5169716045642678340372897304580-38
0.155734592824313629674065597.965Q-40
~0.261677643625918002690284341990Q-43
=0 527»89220043431773186706910066Q ~4&E
-0,271885754372020616127083760794Q-47
-0.643152077302248599343706649486Q-50



COEFFICIENTS FOR Yy(Z) 5 N= 1

ARG($) = B82.5DEGREES

REAL PART IMAGINARY PART
-0.217036928918682085992406038860Q+202 0.3853151378787£2881372825795854C+02
-0,226495515099745260057510243012Q+02 0,297010381412445792878546024327Q+02
-0.81244984162332938730944C129067Q2C1 0.136755121810163659100427007169Q+02
-0.,150223929520897908229580504945Q+0C1 0.386265294908567356620506361705Q+01
-0.124876048778886452300820243089Q+00 0.701409013000716783003902364363Q+0C

0,215861912030447738538255687957Q-02 0.858858339421387801680505609886Q-01
D.19742500695678244570457041637410-02 0,737546533450758405912429107646Q-02
0.2646131560670728769407995702152Q-03 0.456610101814328051495753864609Q-03
0.185804603466345069023199302505Q-0¢ 0.206395039371653566412449516615Q-04
0-.993988343051537199855654790448Q~-06 0.672907583322916905936505473735C-0¢
0.401510844140920395830920325712Q~-07 0.146202231888547022457609844047Q-07
0,126733059340307836630542766487Q-08 0.128271862162680111857230185172Q~0°¢
0-.31890565631712227000305€354372Q-10 -0.4799724138930645371130499933124-11
0-€646114306867542719177153614921Q-12 -0.274070554621815090076104492845Q=12
0.105275005778788683355192547433Q-13 -0.807342069820989629921922660080Q-14
0.135209093420141199282338079678Q-15 -00,173319146228936405867394050683Q-15
0.127564159690697043604483150898Q-17 -0.29546664201105068522581404423308-17
0.634485749104378485876772732683Q-20 -0.414467901538641026628589697656Q-19
-0.509682841674276525747943523512Q-22 -0.486571743396785789478472741728Q-21
~-N0.1816832277663244543732504626764Q-23 -0.480973778584023330476379343267Q-23
-0.28359982445218823822258€652841Q-25 -0.398572236778421630496420801560Q~2%
-0.,3252115351651931340£2685736184Q-27 -0.270996262861443689831158402894Q~27
-00303221074247875952463722116746Q-29 -0.141535141171829861058012490761Q-25
-0.,2387107163953591024164905756150Q-21 -0.430456976851794654305334971981Q~-32
~0.161288638385395165341987737479Q-33 0,1295771491633€673516938426939170-34
-0.939908456050182047627568476645Q-36 0.331403233704093056778331458457A~36
-0.469841589314670734325458759093Q-38 0.320065053758083791099433920801Q~38
<0.1971324163099478018S8176177561Q-40 0,227701720251752263403122925116Q-40
-0.651839343342953979657641874425Q<-43 0.133515526383480086476741479016Q~42
=0,1323204440807768375€82173498460-45 0.6712701618669197496591567931780@-45
0.191657486334752997247170256546Q-48 0.294144346635971982472€463216904Q-47

0,280065662084014583718315897007Q~50 0,112839888164485364642740769871Q-69



APPENDIX C

Fortran Subroutine for J.(z), lz | < 8

This subroutine can be used to calculate J.(z) for lzl< ®
to a user supplied accurécyo It can be adapted for different orders

- by changing, NU, DENOM and the coefficients in A.
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1,000 : SUBROUTINE BESA( NACC, Z, BESSy IFAIL )

2‘»0000 C
3,000 Co=mmome- EXPLANATION OF VARIABLES-~=ccmcmccccccrcsccccos
4,000 c
50000 C i\ACCoooooo'INTEGER‘ o
6,000 c ON ENTRY CONTAINS THE NUMBER QOF
7,000 c DECIMAL PLACE ACCURACY REQUIRED .
8,000 c MAXIMUM ACCURACY CF 28 TO 31 FLACES
9,000 o DEPENDS ON ARGCZY o
10,000 c NACC SHOULD SE NO GREATER THAN 28
11.000 c FOR I NEAR THE IMAGIMARY AXIS o
12,000 c UNCHANGED oN EXIT
13,000 c
14,000 C ZoooooooooQUADRUPLE PRECISICN CCMPLEX o
15,000 C ON' ENTRY CONTAINS THE POINT AT WHICH
16,000 € THE FUNCTION IS TC 8E CALCULATED o
17.000 c THE MODULUS OF Z MUST NOT BE GREATER
18,000 c THAN 8.,0Q0 o .
19,000 c UNCHANGED ON EXIT o
20,000 c
21,000 C BESScooo0cQUADRUPLE PRECISICN CCMPLEX o
22,000 € UNSPECIFIED ON ENTRY &
23,000 o ON SUCCESSFUL EXIT C SEE IFAIL p)
26,000 C CONTAINS THE VALUE OF THE BESSEL
25,000 c ‘UNCTIDN AT T
26,000 ( » : : :
27,000 c IFAILoooooINTEGER o : o o
28,000 C "~ UNSPECIFIED ON ERTRY . : o
29,000 € QN EXIT HAS ONE CF THE FOLLOWING VALUES
*30,000 c
31,000 C OooooocoooCALCULATION COMPLETED TO REQUIREDAACCURACY
32,000 (o . o
33,000 c looooooooREQUIRED ACCURACY TOO HIGH
34,000 o ‘CALCULATICN COMPLETYED TO MAXIMUM ACCURACY o
35,000 c
36,000 c zaoooooooABSOLUTE VALUE OF Z IS GREATER THAN EIGHT o
37.000 C NO .CALCULATIOGN PERFORMED o
33,000 € )
39,000 IMPLICIT REAL*16CQ)

40,000 COMPLEX=x32 A, BESSy Cy Cly, Ty Zy 27
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41,000 REAL*16 ABSZ, ARGZT, COSIN, DENOMs; PIFEC, X, V

62,000 REAL*%4 FNACC, FNU, RO, R1l, R2
43,000 DIMENSIUN AC6y 28D COSIN(é)
66,000 € _
65,000 C NUOOOOOQOOINTEGER ° -
46,000 C THE ORDER OF THE BESSEL FUNCTICN OF THE FIRST KIND o
67,000  C
68,000 C CENOMoooooQUADRUPLE PRECISICN REAL o
695000 - € SET TO NU FACTORIAL o
50,000 € :
51.000 DATA NUy, DENOM 7/ 0, 1.0Q0 / .
52,000 C :
53,000 C PIFACo000.QUADRUPLE PRECISION REAL o SET TO PI/24 o
56,000 C , : S -
55,000 DATA PIFAC / 1. 30899693899‘7471826927680763664@-01 /.
56,000 C
57,000 C COSINoooooQUADRUPLE PRECISION REAL ARRAY OF DIMENSION 6 -
53,000 € COSINC K ) SET TO COSC PI % C 2K=1 ) 7 24 3 o
. 59,000 C , ' :
. 40,000 DATA COSINCLYs COSINC2), CCSINC3), COSINC4), COSINC5); COSINCE) 7
 £1,000 % 0.991444861373810411144557526528563Q+00 . :
52,000 # 0,923879532511286756128182189396789Q+C0 o
535000 % 0.793353340291235164579776961501302Q04€0 .
54,000 % 0,608761429008720639416097542898169Q4C0
65,000 * 0.382683432365089771728455984030460624C0 , i
56,000 * Oo130526192220051591548406227895500Q+001/ 2
57.000 C , . o - : ;
63,000 C BosoooooooQUADRUPLE PRECISICN CCMPLEX , TMO DIMENSIDNAL ARRAY . .
69.000 C OF DIMENSIONS 6 BY 28 , ‘
70,000 C ROW K CONTAINS THE COEFFICIENTS IN THE EXPANSIDM 0F THE
71.,000. C FUNCTION ALONG THE RAY WITH ARGUMENT PL % C 2Kk=1 ) / 2% o
72.000 C
73,000 DATA ACL,1)y AC152)y AC153)9 ACLo4), A(195>9 A(lgé)g ACL,7) /-
76,000 *  ( 0.407958650556671376407150281536$3Q200 , IR
75,000 *  -0.56442646929590935200795128274590€-01 ) . ’
76,000 % ( 0.763078292501314003€11467780950£46Q-01
77,000 ¥ -0.61302046672716605147332674516919€C=01 3 o
78,000 ( 0.29061006595818788085586515391458Q+00
73,000 ¥ =0.,20911435561449686363€802026869316200 )
20.000 % ¢ -0.41389519311709364289690627537340+00 -
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~0.49959512745050736116571017573850Q-01 )

81,000 - *

82,000 * ( 0.,144053739060652644296206057629€61Q+00
83,000 * 0.912557662253672396432632€8407435Q-01" )
84,000 % ( -0,22191868433940324530320446112275Q-01
85.000 * -0,29516142867063306110240315867003Q-01 3
86,000 % ( 0,15821011678673097559220170114149Q-02
27,000 % 0.64789768100466239698647230742412090-02 )

38,000 DATA A(C1,8) AC159)p AC1,10), ACLl,11)y ACL1,12)y ACLi 130, A(Cl,14) 7/

33,000 * ( -0.592341574550370239550126752935¢€Q-05
90,000 % -0.47863710713778006789287843649731Q-03 )
31,000 % ( -0.93656954962602142941518489788123Q-05
92,000 ¥ 0,3222570625865384¢1087281828118680Q-0¢ )
93,000 * ( 0.980071827508221947520022757029€9Q-06
34,000 * =-0,15271062036972918272£€86508255232Q~-05 )
95,000 * ( ~0.58849005865019316324881884219025Q-07
56,000 * 0,51370384201749153937217288042167Q-07 )
97.000 % ( 0.264841843116601105419586447412207Q-08
58,000 ¥ =00.11659304865213573041154924553111@-08 )
99,000 ¥ ( -0.79166685333981694744505040991150Q-10
190,000 % 0,13002722707254774191498280825128Q-10 )
101,000 s % ( 0,19713528931142046755752587275922Q-11 -
122,000 % 0.219895643154136823327068490163290Q-12 )

103,000 DATA A¢1,15), ACl,16), AC1,17>y ACLl,18), ACi,19), AC1,20) 7

NV 0O 0O D Y 0 D O D VO RNO D O U U O O YU YV U YV Y LV WNY O OV Y Y

194,000 % ( -0.389861016294337460169040062140723Q-13 ‘

105,000 % -0.,157196358405713441497321027866804Q-13 ) ‘

106,000 * C 0.61288305780992463717746284856246S8Q-15 ,
127,000 - * 0.469894545586303220837516427922600-15 ) '
103,000 * ( -0.748722961450839134656916480321123Q-17

103,000 * -0.9911146361145078910071498449227540=-17 )

110,000 % ( 0.651257220227671069224684£59658214Q-19

111,000 * 0,163929891567020463205417306659115Q-18-) 3

112,000 % ( =0.24484306038263621355468€0695369058Q-=21 e

113.000 % -0.2214671179066068407780282€3028522Q-20 7 a

114,000 %  ( =0.39482281695952560448896899872804Q-23 «

115,000 * 0.24892188592384991764217178926069Q~22 ) E

114,000 DATA 8(C1,21)y AC1,22)y AC1,23), AC1,24) /

117,000 % ( 0.10567641464TT74076925€6990£964539182Q-24%

118,000 * -0.,2346401714881381196783886748810376Q=24 ) o

113,000 = ( -0.150878530697174554064470806942672=26 o

120,000 % 0.18260278516002535548¢€5166965686190-=-26 ) o
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C 0.162463317540326321900049937714552Q-28

121.000 % b
122.,000 * -0.11458225051944390195£544059474470-28 )
123,000 % ( -00143291993541657474C38727895308182=30
124,000 % 0.520840782237438B71177741921848437Q-31 ) /

125,000 DATA A(C1,25), A(1,26) AC1,27)y AC1l,28) /

126.000 ¥ ( 0,10689014912284315842898385395235Q-32

127,000 ¥ -0,89267514828895868537298747317694Q-34% )

128,000 % ( -0.683314260765200379603100465221448Q-35

123,000 % -0,12555586975918394598£6492593578940Q~-35 )

130,000 * ( 0.37492633224211049946561726110212Q-37

,131.000 % 0,17950167586171787447E62828877555Q-37 ) .
132,000 ¥ ( =0.17459603685946996851518939893929Q-39 ~
133,000 * -0.150401256476253722371196839389617Q~-39 )

134,000 DATA AC251)y AC252)y AC293), AC2:6), AC255) AC206), AC2,7) 7 -

125,000 % ( 0.1862388136525494120639118428074¢€Q+01

126,000 * 0,16486122859825242144718307919130Q+00 )

137,000 ¥ ( 0.145B6386625180950972545797220381Q+01

138,000 * =0.125444666387046219695403027856923Q+00 )

135,000 % ( 0.99548777602655731948538246885642Q<200

1405000 * -0.1084422910850202458255933¢€615489768+01 )

161,000 % ( -0.683630679198039281€638798357615£8Q+00

142,000 * ~-0.59323596240726279387806001876372Q+00 3

163,000 ¥ ( -0,921038940314369751249007366703£1Q-01

166,000 * 0.27615145780052246751856422279935680+00 ) .

145,000 % ( 0.5432515528€70643700970670559132£8Q-01 a
146,000 % -0,12476381839349755533¢€667663524440-01 )

167,000 % ( =0.531259974614577367724672562497845€Q-02 ‘
142,000 % =0.465464745856727888381187414478990Q~02 )

149,000 DATA AC258), AC2,9)9 AC2510)y AC2,11)y A(C2,12), AC2,13) 7/

oooooaocoocV\onoooouoocoooD\ooooooc

150,000 % ( -0.31338728717415638055222588885682Q-04

151,000 % 0.63622927278262264692572383255147Q@~03-.) v

152,000 ¥ ( 0.36287393291279206654024854743379Q-0¢ Rl
153,000 * -0.26013530174549737200216869491038Q=-04 )

156,000 * ( -0022152424645225464T745284258733781922Q-05 “

155,000 * =0,45992988672321494631582857389451Q-06 D

156,000 % C 0.47791149661373039954614575852049Q-07 A
157,000 * 0,82601441947674595322243130211135Q-07 )

153,000 % ( 0.98772668429146011554951907842518Q-09

159.000 % ~0,313460160428811861650796713917678-08 )

160,000 % ( -0.855594184126638253(0592320310265S¢Q2-10



151,000
162,000
163,000
164,000
165,000
"146.000
167,000
168,000
169.000
172.000
171,000
172.000
173,000
174,000
175,000
176,000
177.,000
178,000

179,000

180,000
181,000
182,000
183,000
184,000
185,000
126.000
187,000
188,000
'189.000
190,000
191,000
192.000
193,000
194,000
195,000
196.000
197.000
138,000
199.000
200,000

2L 3 I 3 W A 2 2 I 2 36 3

2 3% 2 2 2 2 4 A W

2 3 2 IF 2% % 3¢

%-H-&#J’-‘

0.404926857315284865918403002058275Q=10 ) /

DATA A(2514),

AC2,15),

AC2,16),

AC2517),

AC2518),

¢ 0.214976920223169545240869417270990Q-11
0.848201795826324132174874085388780-12 )

( -0.18044845865653460488125005161979Q-13

-0,44965043319601150272637439932755Q-13 )

( -0.366119596383753634850728446099654Q-15
0.8022819496917011878721338682145460Q-15 )

~0.4€368682453174704019240508040720Q~-17 )
{ -0.17697985099743731846225593931446Q-18
-0.89566498342508217565158876682037Q-19 )

9
D
D
9
9
( 0.,13282565182822653728060423561167Q=16 »
9
0
9
D

( 0.73565583861815498696056484311028Q-21
0-237846029556675910211871104683630~-20 3 /

DATA AC2520), A(C2,21)5 A(C2,22)5 AC2,23)y AC2,24) 7

(¢ 0.13439277020255245422805184079622Q-22
-0.24563383016281516649291002845311Q-22
( -0.273430958815971487£52164099756%5Q-24
0.75979310571844082254091676766722Q=25 )
(' 0.2252455530252447331045€212866351Q=26

( -0.532910055165862096176039484489499-29
- =0,21115269624392155974828639121683Q-28 )

9
9
9
9
0,13101506878535092988935606352495Q8-26 ) »
9
9
D

( =0.8675465173964824441T708S5788877729Q-31
0.14195300876382134298811178252330Q-30 ) 7/

DATA A(2525),

DATA A(3,1)

AC3,2),

AC2526)

A(353),

AC2,2T),

B(3,54),

AC2,28) /
( 0,11362604863590713575385169424467Q-32 , -
-0,26277104068594085415779274347173Q-33 ) o
( =0.63512427869492818751052544852765Q-35
-0-,40436324862400408223202556401835Q~-35 )
¢ 0093755737997489190974076797605123@438 o
0.43922566481873963909743192811676Q8-37 ) o'
¢ 0.136616454564385972896567311109739Q-39 o
- =0,20T731565753726878213488826244435Q~39 ) 7/
A(355), A(396)“/

( 0.671192732589069993574617562680235Q201

0.837127028181870661601288625540461Q+01 )
¢ 0.715008950901492742495523029334¢68Q<01
0.59935320789535874704309850908769Q+01 )
{ 0.62159845055422611610087734446016Q+01

Y
9
>
hi

AC2519) 7



201,000

202,000
202,000
204,000
205,000
206,000
207,000
208,000
2093000
210,000
211,000
212,000
213,000
214,000
215%000
216,000
217,000

218,000
219,000 ©

220,000
221,000

222,000,
223,000 -

224,000
225,000
226,000
227,000
228.000
225.,000
230,000
231,000
232,000
233,000
234,000
235,000
236,000
237,000
238,000
239,000
260,000

FTRNYRTOUTR VR

B 3 2 2 A 2 28 2 2 2 2 48

3%

3 2 4 2 o

4 28 2 34 2L 3 2 24 W

(

=

3¢

C

DATA AC3,7), AC3,8)y AC3,9)y AC3,10), A(3,11)

¢
(

(

(
C

-0.2438970043336400742225580666472352Q-07 3

(

a

BATA A(3,13), AC3,146), - AC3915)) AC3;16), A(3,

C
(
(
¢
C

(

o

DATA A(C2,19); A(C3,20), A(C3,21),-AC3,22)y AC3,

(

0-19486400634296973199162619237638Q+00 2

0.917669488125330200089711265482€62Q+00
0,2640651407782229765052957534827108<01 )
-0.5677735658896192501222318945142€Q<00
0.317193760855758262010116124990294<00 >
=0,52984967577101028658611440784420Q-01
0.928111275842907107682037577046394-01 )

0,10994988091648049146745669092850Q-01
0.53006984777873094100192858823990Q-02 D
0.33155441080985683550871115114717Q=-03
0.966000094346646274619942346559722918Q-03 )
-0.66158538295280157822171771619448Q-04
0.11664140366370472243416450105202Q-04 D
-0.19262278486119835822887559091950Q=07
0,32792409067351769904708187461371Q-05 )
0.13098460082289649955221225867198Q-06

-0,16816077796311041189112778914050Q-08
0,413530518186231202106831880928074§-08 )

-0,103711528823211601863616931979E4Q-09
0.70597257863178096934493061241108Q-10 )

0.218593469437530712830328648275¢5Q-11
0,20545036410632514002637928671880Q-11 D

0.312224567761540385075317468008€E9Q-13
0.5230250036316417584674341816704666Q-13 )
-0.10573078967372922849271977707796Q-14

-0.22781289949432533¢€28280676339244Q-15 )

-0,117567267909796705201220915592540Q-17
0.17379430376588814964417894251052Q=-16 3

0,2391828102674947285460614643142955Q~18
0.40755209566834685198756324933495Q-19 )

-0,1194750204550275157208065342476£Q-20

=0,27655685125209732758600102490881R-20 )

(

(

-0.267298406917905951375410589489261Q-22
0.20282438263448503305€29880293553Q-22 )

0,25624719620409898141473782564608926Q-24
0021156346934954648£42259041179737Q=-2¢4% 3

AC3,12) 7

OV O YV O NRYD VUV O DO U O Y0 D NY Y YO Y O YO YO N O NN O OO o o

DR A(3918> 7 N
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C 0.12897963883569176515585530211121Q=26

- .2461.000 *
262,000 ¥ . =0.27869637139173354839€87157440611R-26 )
263,000 % ( =0,250356518387977265575748346978744Q-28
246,000 % -0.473708610458564464168530479633210-29 )

265,000 - "DATA- A(2,26), A(3,25), AC3,26), AC3,27), A(3,

266,000 % ( 0.11734694565831946821155271368519Q-31
267,000 ¥ 0.193006803320736498144511520864952Q2-30 )
248,000 % ( 0.128324336207347237513593830463£5Q-32
269,000 % -0,410468201134658423420150726359960Q2-33 )
250,000 % ( -0.45903276163115953174237946205508Q-35
251,000 * =0,73307874882075810998447859481484@-35 ) ,
252.,000 % ( =-0.35382723873725811024606758356275Q-37 ~
253,000 % 0,37181894194269406039102168670998Q-37 ) '
254,000 % ( 00246574135182934379€473€201762449Q-39
255,000 % 0,12762270701873969701€945449294320~39 )

256,000 DATA A(éol)g A(‘M)Z)o A(‘op3)9 A(494)9 A(495)D

257,000 % ( -0.24615607680072097946409414783958Q+02
258,000 % 0-.40708184519741584906894024764506Q+02 D
259,000 * C -0,13674680432263381816930047837609Q+02
260.000. ¥ 0.36750868601784119090822057617668@+02 )
261,000 ¥ ( 0.4205032398¢583352854024267002657Q<01
252,000 % 0,20367739691527432297883143363871Q+02 ) )
263,000 ¥ ( 0.5862275976€644791413457€8274TT77£2Q+01
264,000 * 0.25548361381913597009511675099555Q+01 )
255,000 2 ¢ 0.132040346349086377€27314563133523Q<+01
265,000 % -0.61553461742526762917£30456224576Q+00 )
267,000 % ( 0.120113620454861196C3651628069050Q-01
268,000 * -0.21071485764786350942543741438291Q<00 O

259,000 DATA AC4oT), AC458) AC459)y AC4,10)y A(C4p11)y AL4912) 7

O YV O VU UV YD DO U YV O \Y U YU Y Y oY 09 Y BYRYD OV Y OO U oo NYO O

270-,000 % ( -0,193724906630377135594947642132£6Q-01

271,000 * -0,103180731906572413860596018343234-01.)

272.000 % ( -0,131937658867523246090956713249527Q-02 el
272,000 ¥ 0.108686857643074080331C455€84156917Q-02 )

276,000 ¥ ( 0.3288209412365083135469213658838€£8Q-0¢4 N

275,000 * 0,97769240370192918375583719587556Q-04% ) -
276,000 * ( 0.495612000248794958¢€281653066042%Q-05

277,000 % 0.100890716326807468236592179984534Q-06 )

278,000 % ( 0.656621081843728297217183148014726Q=07

279,000 % =0,182232882642546291346116750106942Q-06 )

-280.000 % { -0.69411940775348074211935481683820Q-08
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281,000 % -0.39106755594795768418695956250335Q-08 ) / g
282,000 DATA AC4513), AC4y14)y AC4515), AC4;16), AC4 17D, AC4,18) 7/

283,000 ¥ ( -0.1463231305621859052€6344553318864Q-09

. 284,000 % 0-.960901744159408596256115477908010-10 >

. 285,000 % C 0-114262291290184976€16191056399290Q-113

286,000 % 0.386637610720197510130737899103774-11 )
287,000 = ¢ 0.813990525335473936€8503984561264Q-13
288,000 % 0.872957199167086466897663369182064-15 )
289,000 % ( 0.42963581930446140337461610709026Q=15
290,000 ¥ =0.12679352041698177218734837566741Q-1¢ ) ,
291,000 * ( -0-184130478900988723¢7751566818597Q~16 . .
292,000 % <0.124413373726666405996126974429720~-16 ) ~
233,000 % ( -0.2355643766786722935£2962180294575Q-18
294,000 % 0.19433016360925339500€623608205876Q~18 )

w
V .
AN

295,000  DATA AC4519), AC4520)s AC4s21), AC4522), ACh,

296,000 ¥ ( 0,14780223743818327032278009370160Q=-20 :
297,000 % 0.244622016€067090717291705¢61679391Q-20 3

298,000 * ¢ 0.40956734504856370170797264766348Q-22

299,000 % -0.50882962561403372040502485809500Q~-23 )

300,000 % ¢ 0.63981925565223277240096031917410Q-25

301,000 % -0.60558120586652640015269127140345Q-24% )

302,000 - # ( -0.33618720134599604516805907738920Q-26"

303,000 * =0.15617312296875415002587281808420Q-26 )

304,000 % ( =0.1992781235112887618898291541672£Q-28 ’

305,000 * 0.23097458034639807215285458493273Q~28 )

306-,000 DATA AC4924), AC4525)y AC4,26)5 AC492T)y A(h,

oo
s
AN

307,000 % ( 0.12653928079114571953761923102429Q-30 )
308.000 % 0.19179316075437628141322658676683Q~30 )

309,000 ¥ ( 0.151488314599792180€67536099487641Q~32

310,000 % -0.482918875113082683231695726331548-33 ) N

311,000 # ( -0.35457362668932105717005203942104Q~-36 .

312,000 $  -0,10136460884656706702109567689352Q8-36 ) '

313,000 3 ( -0.581504870264934865554454155014652Q=-37

314,000 #  =0.140945180692511684374767819196160-37 ) -

315,000 # ( =0.15975891547896140605982712801556Q-39 : g

316,000 % 0,285762175926641166382481123924850-39 ) -

317.000 DATA A(551)s A(592)y A(593)9 A(5,4)y A(C5,5),

VO 0 RO D 0D 0 U 00 0O NNYNYY O U0 O O D D o0 NJ{Y O U OO oY oY v Y

318,000 % ( =0.12023234004600358495981888610765€Q+03
319,000 ¥ =0.6€6691018233263761281€57206590178Q+02 >
320,000 & ( -0.9917022788744128532913519464910£460+02
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-0.2514782653135658833655846852348184<+02 )

321,000 ¥

322,000 * ( -0,49482551698438323677964812571407Q+02
323,000 ¥ -0,14800978678558559264104741152456Q+01 3
324,000 ¥ ( -0.12834635332439317323245812196124Q+02
325,000 % 0-.633514619838680025091559421924811Q<01 D
326.,000 % ( -0,139241456348223075€0273601121626Q+01
327,000 ¥ 0,22497334860795793775590047916078Q@<01 )
328.,008 % C 0.35873442631228915628088468993558Q-01
329,000 % 0.36184555175082579591418906704027Q+00 )

°320.000 DATA A(CS5,7)y A(S5,8)y A(5;9), A(5,10), A(5511), A(5,12) 7/

331,000 % ( 0.266232969552513484E64432877021334Q-01
332,000 ¥ 0.25407683584957795664451288720100Q-01 ) -
333,000 % ( 0.259890294040409051538565495376177Q-02
° 334,000 ¥ 0.27328614896885497885059913797181Q-03 >
335,000 % ( 001238547420465792041451€2653822€66Q-03
33¢.000 % -0.864787060665285720355831319066160-046 )
337.000° * ( 0.1623381877430469764€627930471703260Q~-05
338,000 % -0.6816464033686269323775551271638189Q-05 >
339,000 * ( =-0,1284818859020517127228744110502€Q-06
340,000 % -0,22322393287164919485736526781241Q~-06 )
361,000 % ( -0.79995001105488431240715126441317Q-08
362,000 % =0.267182166016452475283290463650696QR-08 )’

363,000 DATA AC5513)5 AC5,14)5 ACS5,15), AC5,16)5 AC5,17)5 AC5,18) /

364,000 % ( -0.20551599036084747083254899649849Q-09
345,000 * 0.93883769053122440787827556762722Q-10 ) i
366,000 % ( =00195512949923347299813722863451¢€7Q-11
347,000 % 0.480153634590057412968812309466287Q-11 )
348,000 % ( 0.375073494046403457596517979343€2Q-13
* 369,000 * 0.959207614789094T1667E5745607170690-13 )
350,000 * ( 0.162146006904059249960849187988£6Q-14%
351,000 * 0,.75440387851326339973278181017069Q-15 )
352,000 ¥ (¢ 0.258941982532765158503148606104€9Q-16
353,000 ¥ -0.88611990878570833706219473950495Q-17 )
354,000 % ¢ 0.16963885835163051058784661923728Q-18 .
355,000 ¥ =0.320918810568892515094825201244998-18 )

356.000 DATA ACS,19)) AC5,20), AC5,21), A(5,22), A(5,

O O U VD NND DU 0O U0 U Y U 90U ERRPD T U Y D O O YD U YUY Y U U O YU O D o

357,000 % ( -0.,13151889996350858678670178161917Q-20
358,000 % -0.43198897528320881209C64285578019¢-20
359,000 ¥ ( -0.43155752331589959275961716074911Q-22
360,000 % -0.22325721697151014¢874632158926988480Q-22 D
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361,000 ( -0.469037194271289283C9181255754075Q-24

%
352,000 * 0.128668214748084331875187267396198-24 )
363,000 % (.-0,22018658090879407279084234728340Q-26
364,000 % 0.37606144136947100549130543087069Q-26 )
365,000 % ( 0.86281155469266477971682953927307Q-29
366-,000 % 0o345536447835558572746584659001160Q-28 )

367,000 DATA A(5924)s A(5525)9 A(5,26), A(5,27)s A(5,

358,000 * ( 0,22713070854464166T7€4224304073967Q2-30
. 369,000 % 0-.12950524503754715029219540715481Q-30 )
373,000 % ( 0.17873486006162661044327487865169Q=-32
371.000° % -0,4096351016652804179650868¢3484669Q-33 )
372,000 % ( 0.6265293370€14676879051462320609119Q-35
373,000 * ~-0,98027781360612562544596100114940Q-35 )
374,000 % ( -0.14150553808635658780091448512327Q-37
375,000 * -0.6€805156657504333366€26559124035Q-37 )
376,000 % ( -0.31024687126385932720181561031139Q-39 ‘
+377,000 % =-0,205072720698320330637550€3045718Q-39 )
378,000 DATA ACE51), AC652)y ACE,3)y ACK,4)s AC6,5)y A(6,6) 7
° °373.000 % ( 0,14786330077903399910834413063463Q+03
380,000 % -0,18685812523542100076518581169684Q+03 )
381,000 % ( 0.104157682052982051€2395654475226Q+03
382,000 * =0.14493435376763316555403379954426Q+03 )
. 383,000 % ( 0.37773716029004829621634647285402Q+402
384,000 * -0.68100726343676867881843240961907Q+02 )
' 335,000 % ( 0.7151068457825563235647552427740806Q+01
386,000 * -0.16942171041630688504315865053873Q202 )
387,000 % ( 0.5871894746374645085202310789316312+00
388,000 % =0.37945991286273713731645640517225Q+01 )
385,000 % ( =0,27336816292524014223244975541654Q-01
390,000 ¥ -0.489446001776023463036817C70997408+00 )

391,000 DATA AC65T7)y AC698)y AC6,9)y ACE,10), A(6,11), A(6,12) 7.

R - - - e N I S - T T T - T~ T~ T - TR T N R R R -~ I I - B T . B N - T - R I - I -

392,000 ¥ ( -0.,126332983854383039563286834848135Q-01
393,000 RS -0.44344116850055764209295580208655Q-01 )
..3946,000 % ( -0,161111416812854726€9446158410552Q-02
335,000 ¥ -0.289444888751854239521758626824804Q-02 )
396,000 % ( -0.12682338318315677499352037464¢151Q-03
397,000 % =0.137652845256224971630046271726241Q=-03 )
398,000 % ( -0.710104735765562231102650682372712Q-05
393,000 % -0.467052276012422276254€45764427057Q@=-05 )
400,000 % ( =0.30024483700336217853916277191359Q-06



o > e D S A e T — 3 ———— D —— D —— > e R o O € S B €D D ) 5 D WP OO S D R T TR D (D 1D D D R D S e O D D S O S N M G S O O R RS O G OO S OO S OSSR O OO O T RS A OGO O AT S Do e S

401000

* -0,106411199639214521805671543637288-06 J o
£02.000 % ( =0.99086415014185669218051899910643Q-08
$03,000 ¥ -0.62761222837942349840197804571025Q-09 ) 7/
£04,000 . DATA AC&,13), AC6514)y A(6,15), AC6,16)y A(6517), AC6,18) 7
405.000 % ( -0.26027484117930187788192176623065Q-09 o -
£06.000 * 0.409460074636336826992596865653823Q~10 )
437,000 % ( =0.54945502031913302315248827628845Q-11
408,000 % 0.236894195165433602362531553103134Q-11 )
£25,000 % ( -0.9309790916486472142646849870766%5Q~-13
10,000 * 0.72175746483862135156193005583481Q-13 )
411.000 ¥ ( =0.1240551463821859007943129614514059Q=14%
412,000 ¥ 0.16057793958388156658720457530673Q~14 ). .
413,000 ¥ ( -0,12100809941441867001603700742549Q-16
416,000 * 0.283594655619146272852397225563504Q-16 )
415,000 * ( -0.61402516926354081129078013313073Q-19
©16,000 % 0.641173060997307404969131501659123Q-18 ) '

X «17.,000 DATA ACE,19) AC6520)y A(HK,21), AC6,22)5 AC(6
618,000

% ( 0.56121172480611844676215493583295Q-213
419,000 * - 0.49969014268740635137536784721376Q~20 D
4620.000 % C 0,194528403467399313583228304451€65Q-22
£21.000 * 0.5100058452103237047207876926762789Q=22 )
422.,000 * ( "0.31204514306599118157275391121026Q~-24
£23,000 . ¥ 0,42581643056407606329C70172519971Q-24 )
424,000 ¥ ( 0.368203453171209755200320576498€E8R-26 g
£25.,000 % 0.30512590903047769797613238757884@-26 )
626,000 % ( 0.353154644494400188100413928637612Q-28
£27.000 % 0.163761446713659745783239920962069Q-28 )

628,000 DATA AC6,24)9 A(6525)y A(C6526)y A(6527)s AC(6

VY O 0O 0 0 UV O 0 O N{ZYY O 0 YV O UV VU VU NNy YD VD Y O O Y O o D

429,000 %  ( 0.28580566388241294610135183367357Q-30

430,000 % 0,50849901113658300951720520451353Q-31 )

431,000 % (. 0.198360671586496778€412€6489289905Q-32 .

432,000 %  -0,163690746137154644505432167096866G-33 ).

433,000 5  ( 0,11863994266786195581653997529741Q-3¢6 )
626,000 % -0.42101148754094705704577267314263G4-35 ) R g
$35.000 %  ( 0.608155576846675400071345237144200Q=37 )

©36.,000 2 -0.415970294208949982731935€9008155@Q-37 )

637,000 % ( 0.26160923382011523100280946805280Q-39

£38,000 %  -0.30302663845261326002874852819372@-39 )

635,000 IFAIL = 0

440,000 c



$41.000
$62,000

463,000

444,000
445,000
466,000
%47.000
4£48,000
443,000
450,000

- 451,000

4525000
453,000
4545000
455,000
456,000
457,000
458,000
4595000
4605000
461,000
- 6625000

463,000

466,000
465,000

466,000
45587, 000,

458,000
469,000
470,000
471:000
- 672,000
473,000
$T76,000
4£75,000

476,000

677,000
£78.000
479,000
480,000

e NaNe)

oo

OO0 OO0

coO

CHECK THE MODULUS OF Z IS LESS ThAN EIGHY
ABSZ = CQABSC Z ) ,
IF ¢ ABSZ +6To 8.0Q0 > GO 7O 70

‘IF THE MOCULUS IS LESS THAN 1.0Q=16 - -
TFE TAYLOR SERIES . IS USED FOR THE CALCULAYION o
. IF ( ABSZ oLT. 1.06-16 ) GO 7O 60

IF THE REAL AND" TMAGINARY PARTS CF Z HAVE OPPOSITE SIGNS 0

J1 IS SEY 701 o
X. = QREALC Z ) _
Y = QIMAG('Z R . : B 2
Ji 0 ‘ , , . p
IF ( C X%Y ) oLTo 0.,0Q0 ) Ji = 1

THE NEXT FEW LINES ARE USED TO TRANSPOSE THE POINT Z INTB 7 -
IN THE UPPER RIGHT QUADRANT BY TAKING THE ABSGLUTE VALUES IF '
ITS REAL AND IMAGINARY PARYS o °

X = QABSC X )
Y = QABSC Y ) :
Z7 = QCMPLXC Xp Y D ‘ , ’

NOW DECIDE WHICH SET OF CGEFFICIENTS ERE REQUIRED o '
I.Es THE VALUE OF K SUCH THAT (2K-1)#PI/24 IS CLOS:ST 0 ARG(ZT?
K IS$ PDSITIVE AND NO GREATER THAN 6

FtDATING;PUINT'DIVISIDNgBY ZERD CHECK o -
IF X IS ZERO THEN ARG(CZY) IS 'PI/2 , SO K IS 6 o
IF ( X oNE. 0.0Q0 ) GO YO 10 '
K= 6 : , N
G0 YO 20 ' o N
10 ARGZT = QATANC Y /X ) '
K = 1 + ¢ IQINTC ARGZT /PIFAC ) ) /2

CHECK K IS LESS THAN 7 } o
IF NOT K IS SET ECUAL TO 6
IF ( K «6To 6 3 K = 6

20 CONTINUE

. . . .
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481,000
482,000

433,000

434,000
485,000
486.000
487,000
488,000
439,000
491,000
492,000
692,000
$94,000
495,000
496,000
$97.,000
498,000
499,000

500,000

5010000
502,000
592,000
504,000
505.000
. 506,000
507,000
508,000

509,000

510,000
511,000
512,000
513,000
514.000
515.000
5160000
517,000

518-,000

513,000
520,000

e Xel

[aNaNel

30

&0
50

CIFC IFAIL

CHECK NACC o IF NACC IS GREATER THAN 28 IFAIL.
IS SET YO 1 AND NACC 70 32 o

28 ) IFAIL =

IFC NACC 2 -
1 ) NACC = 22 B

oAGT °
o EQo

THE NEXT FEW LINES CALCULATE THE NUMBER OF COEFFICIENTS
REGUIRED FOR THE GIVEN ACCURACY o

2 /C Rl ¢+ -C 0.5 /RO Y # C 0.5 /C RO + FNU D D) = 2, 0940008 D

NUM = INTC R1 ) ¢ 1

°

T = ZT % QCMPLXC COSINC K )y =COSINC 7=K 3 )
T = 0, éZSQ 01 % T T - 2.6Q0 , ’
NMUMML ‘= ‘NUM = 3 ' e
BESS = T‘$ AC Ko NUM ) 2+ AC Ky, NUMM1 )
€ = AC Ko NUM Y : T
BB 30 J = 2, NUMML
€1 = € .
C = BESS _ _
BESS = T % C = C1 ¢+ AC Ky NUM=J )
BESS = €.5Q0 % ( BESS = C1 ) /DENOM
SYMMETRY RELATIONS ARE USED TC GET THE VALUE AT - Z o
IF ¢ J1 .EQ. 1 ) BESS = QcoNch aess D)
IF ( NU -EQ. 0 ) GC TO S0 S e
12 = 0+5Q0 %2 - _ , - Lo T
DC 40 J = 1, NU o - -
BESS = 72 #% BESS
CONTINUE

RETURN

CALCULATION OF THE TRUNCATED CHEBYSHEY SERIES QT v o ‘

FNACC = FLOATC NACC )
FNU = FLOATC NU )
" RC = 8.0 ¢+ 0.5 % FNACC : - ‘ ey
Ri = ALOGC RO * (¢ RO ¢ FNU ) ) - : 7
R2 = ALCGC ¢ RO + FNU ) /4.0 )~ g
Ri = ( RO # 2,0 = ( 0.5 % R D) = ( FNU * R2 ) ¢
1 C 0.5 % RO ./C RO &+ FNU ) ) + ( FNACC % 2,3025851 ) ¢ 0, 4909109 )
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521,000

522,000

523,000
524,000
525,000

526,000

527,000
528,000
529,000
530,000
531,000
532,000
533,000

FOR SMALL MODULUS THE TERMS "IN THE TAYLOR
SERIES GREATER THAN 1.0Q-32 ARE USED °

60 BESS

IF ¢ NU
IF ¢ NU
RETURN

MOCULUS OF I TOO LARGE
HAS BEEN PERFORMED

70 IFATIL

"BESS = 0.0Q0
RETURN

END

1 ) BESS
0 > BESS

Z % 0.5Q0
1.0Q0

NO CALCULATION

-



