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ABSTRACT

“Skyrmion and other Extended Solutions of Non-Linear o-Models

in 2 and (241) Dimensions”
Ian Stokoe

Low dimensional models are generally regarded to be a convenient theoretical
laboratory for studying various aspects of elementary particle theory. In this
thesis, the extended solutions of one particular class of such models, namely the
CP" ! non-linear o-models in 2 dimensions, are discussed. Special attention
is paid to the shape of these extended structures and their dependence on the
parameters of the solutions. Time dependence is introduced into the models,
and properties of the moving objects in these (2 + 1)-dimemional theories are
explored. I;l particuiar, the Hopf terms of the theories are investigated, and
their relation to the spin of the extended solutions is discussed. Also the classical
dynamics of these moving objects, and their explanation in terms of the geodesic
motions on eertain Hermitian and K&hler manifolds is considered. Finally the
embedding of the CP"~! solutions into the 2-dimensional U(n) chiral models is
studied, paying particular attention to the stability of these embedded solutions
in the larger group space, and to the number of independent negative modes of

the fluctuation operator around these solutions.
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1. INTRODUCTION.

It is widely believed that non-Abelian gauge theories play an important role
in any field theoretical description of the theory of elementary particles. For
example, weak and electromagnetic interactions are described by such a theory,
and it is generally felt that the same is true for strong interactions. Gauge
theories are defined in terms of a Lagrangian density £: for example, in the case

of an SU(2) symmetry group, L is given by
L=trFy,F, (1.1)
(u,v =1,2,3,4), where
Fuy = 0uA) — 0, A, + [Ay, A (1.2)

and where A, is a vector function of Euclidean four-dimensional space-time with
values in SU(2).

Many quantities in these theories are given in terms of functional integra-
tions, and hence one of the major difficulties in making progress with any par-
ticular theory is the lack of understanding of how to perform many of these
integrations. One approach is to calculate them numerically: the results of
such attempts are encouraging, but unavoidably involve various approximations,
making the results inconclusive.

If one attempts to calculate the functional integrations analytically, then the
only viable approach available in many cases is based on an expansion around
the stationary points of the action of the theory, followed by perturbation theory
of the resultant effective theory. To proceed in this way, one therefore has to
determine all the stationary points of the action, which as usual are given by

the Fuler-Lagrange equations of the theory:

DuFy, = 8,F,, — |A,, F] =0. (1.3)




Written in terms of the gauge potential Ay, these equations are second order,
highly non-linear partial differential equations.

Now, due to the Bianchi identity

Dy*Fu = 0, (1.4)
where
1
*Fuu = EfpuapFaﬁ (1'5)

and €,,qg is the totally anti-symmetric 4-tensor (with €134 = +1), it is well
known that a subclass of solutions of the Euler-Lagrange equations is provided

by the solutions of the first order equations
F“y == :t *Fl_“/, (1-6)

known as the self-duality equations. These equations can be thought of as
resulting from requiring the Lagrangiah density to be equal to the modulus of
the topological charge density of the theory, that is, imposing the additional
constraint

L=20 1.7)
where

Q=tr Fp.u *Fuu (1'8)

is the topological charge density.

Now, the most interesting solutions of these equations are those for which
the action is finite, since it is only for them that the perturbation theory of
fluctuations around them can be set up. Indeed, all finite action solutions of
(1.6) have been implicitly determined by Atiyah et al. [3]: in the case of the
plus (minus) sign, these solutions are called instantons (anti-instantons), and
they correspond to local minima of the action. Hence these solutions are stable

under small fluctuations.



But what of finite action solutions of (1.3) which are not self-dual? It has
turned out to be very difficult to find such solutions, although presumably they

too will play a part in the calculation of the functional integrations.

Given the complexity of non-Abelian gauge theories in four dimensions, it is
natural that people started looking at models in lower dimensions which exhibit
some features of the four-dimensional theory, but where the relevant calculations
are simpler to perform. In particular, for two (Euclidean) dimensions several
classes of models have been proposed, namely the O(n) non-linear o-models
(4], the principal, or U(n), chiral models [5], the CP""! non-linear o-models
(6,7,8,9], and also the latter’s non-Abelian generalizations, the complex Grass-
mannian models [10]. All of these models are interesting in their own right,
and exhibit many properties similar to those of the four-dimensional theories;
in this thesis, however, the focus of attention is the €P"~! models. This class
of models additionally exhibits a first-order system of equations analogous to
the four-dimensional self-duality equations (1.6), and has solutions which are
also analogous to the instantons of gauge theories. Furthermore, the stability
of these finite action solutions is guaranteed topologically for all n (in contrast
to the O(n) models, which have stable instanton solutions only for n = 3, [11]).
Of course, some of the properties exhibited by these models may not necessarily
indicate what happens in non-Abelian gauge theories; on the other hand, some
of these models may be directly relevant in other specific physical systems, for
example, for the case n = 2 the model provides a phenomenological description

of Heisenberg ferromagnets in a two-dimensional system [12].

Chapter 2 therefore introduces in detail the basic quantities involved in the
CP™ ! models in two Euclidean dimensions: after the defining equations, the
general instanton solution is presented and the stability of the solution is dis-
cussed. Other finite action solutions of the models do exist, however, and after
a brief overview of the O(n) non-linear o-models the chapter goes on to present
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non-instanton solutions of the CP"! models, constructed from instanton solu-
tions of the O(n) models. The chapter ends by discussing a useful reformulation
of the ©P™~! models using projectors, a reformulation which allows the general
finite action solution of the full Euler-Lagrange equations to be written down in
an elementary way. This general solution contains both the instanton solutions
and also non-instanton solutions, and an obvious application of this would be
to attempt the evaluation of the functional integrals mentioned earlier in this
introduction. However, the final pages of chapter 2 demonstrate that any solu-
tion of the €P"~! model which is neither instanton nor anti-instanton in nature
is necessarily unstable under small perturbations, and at present there is no
universal agreement on how to deal with instabilities in this type of calculation.
Rather than trying to pursue this idea further, we therefore return our attention

to the solutions of the models themselves.

Because of the ease with which explicit solutions can be constructed, the
CP"™ ! non-linear o-models offer a good theoretical laboratory for clarifying
non-linear interactions in particle physics. To enable us to benefit from this,
we clearly need a good understanding of the nature of the solutions we are
constructing. To this end, the first part of chapter 3 presents a detailed ex-
amination of the action densities of various solutions in the simplest, ie., CP!
model, investigating the dependence these quantities have on the parameters of
the solutions, and discussing the various interpretations which can be adopted.
Similar techniques are then used to investigate possible analogous field config-
urations for a system containing both instantons and anti-instantons—no such
exact solutions exist, but various field configurations approximate to solutions
provided the instantons and anti-instantons are well separated in the complex
plane. Even though they are approximate solutions, these configurations may
still have an important part to play in the theory. For example, chapter 3 goes
on to investigate an interaction which can be identified in these approximate

4



solutions, and which has an obvious physical analogue.

Up to this point in the thesis, all the structures so far considered have been
solutions (or approximate solutions) of the two-dimensional CP™! models, with
no time dependence. If we wish to make further progress it is therefore of con-
siderable interest to try to extend the models to (2+1)-dimensional (Minkowski)
space, and to investigate time-dependent finite energy solutions of these models.
The static solutions of these (2 + 1)-dimensional theories, known as skyrmions
[13], have already been considered—they are simply the solutions of the two-
dimensional theory discussed previously. To go beyond the static field configura-
tions requires the solution of the full (2 + 1)-dimensional field equations, which
is rather difficult. On the other hand, it has been suggested that one inter-
prets the static field configurations as static extended objects, and then obtains
approzimate time-dependent solutions of the full theory by introducing a time
dependence into these extended objects. This type of time evolution is discussed
in the latter part of chapter 3, and by considering the various extended objects
already discussed in this chapter as moving objects in (2+1) dimensions, various

constraints are derived to ensure finiteness of the kinetic energy of each system.

If one wants to model non-linear interactions using these moving objects, as
much information as possible needs to be known about the evolution of these
structures. In general the movement may induce interaction forces to act, which
will cause a distortion of the shape of the extended objects and may lead to
some radiation effects, but even though the general problem may be intractable,
observations can be made about the evolution of the system in the limit of small
velocities. For example, in the theory of non-Abelian BPS monopoles, Manton
[14] noted that the initial motion of a similar system of monopoles follows the
geodesics in the space of parameters of the static extended solutions. This
observation has led to a partial understanding of the evolution of a system of
monopoles [15,16], and information about the way they scatter off each other. A
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similar consideration for the (2 + 1)-dimensional CP*~! models would therefore

be most welcome.

But before addressing this matter, we investigate a crucial observation made
by Wilczek and Zee [17] on the (2 + 1)-dimensional models: namely, one is at
liberty to introduce an additional topological term, known as the Hopf term, into
the usual expression for the action of the models. This extra term, although it
does not affect the classical equations of motion, does have a profound effect
on the spin and statistics properties of the extended structures in the models,
and in fact leads to the possibility of fractional spin for the skyrmions. This
observation is of particular interest, not only because of the extra information
it provides on the structures in the models, but also in view of its possible
physical relevance: it has been suggested that an explanation of the fractional
quantum Hall effect may be found in terms of such objects [18,19]. Chapter 4
therefore discusses in detail the construction of this Hopf term and its lack of
effect on the equations of motion of the models. Explicit expressioné for the
Hopf terms are derived for the extended structures met in chapter 3, and the
values of these terms are calculated for specific time evolutions of the objects,
ending with a discussion on the spin properties these structures exhibit. The
chapter ends with investigations into a more general method of calculating Hopf
terms, for use with configurations which do not lend themselves easily to the

methods discussed previously.

Chapter 5 returns to the consideration of the slowly moving skyrmions in
the CP""! models. For the case n = 2, Din and Zakrzewski [20] have shown
that the classical dynamics of such structures can be described by the geodesic
motion on a Kihler manifold of the structures’ parameters. This result is re-
produced in chapter 5, followed by detailed calculations aiming to extend the
various observations that can be made to cases other than n = 2, particularly
for structures of a non-instanton-like nature. These latter cases are far from
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trivial, and chapter 5 is completed by a detailed investigation into the methods
one can use to determine the nature of the metrics defined by these structures.

At the beginning of this i'ntroduction, several classes of two-dimensional
models were mentioned, of which €P"~! non-linear o-models was one. To round
off this thesis, chapter 6 looks at the embedding of the €P"~! solutions into one
of the other classes of models, namely the U(n) chiral models. Recently, much
progress has been made in this class of models—this progress is discussed briefly
at the beginning of the chapter, and the remainder of the chapter is devoted to
studying the important question of stability of the CP*~! embedded solutions
in this larger group space. Negative modes of the fluctuation operator around
the solutions are considered, and the number of independent negative modes is
investigated.

Finally, chapter 7 summarizes the major results in this thesis, and sets out to
indicate some of the topics which could be studied in order to further expand our._
knowledge of this interesting and highly non-trivial area of elementary pari_;icle

theory.



2. BASIC EQUATIONS.

The €P"! model in two dimensions, as first discussed by Eichenherr [6],
Cremmer and Scherk [7], Golo and Perelomov [8], and d’Adda et al. [9], can be
defined in terms of an n-dimensional complex vector field Z, = Z,(z,y) where

a=1,...,n on the Euclidean space E2, subject to the constraint
1Z)* = 1. (2.1)

Two such fields Z, and Z! are taken to be equivalent if they are related by a

regular gauge transformation
Z! = Zaeho), (2.2)

that is, the theory is required to be U(1) gauge invariant. The covariant deriva-
tive is given by

D, =08,—2.0,2 (2.3)
where u = z,y and the bar denotes complex conjugation, and the Lagrangian

density for the theory is

L(Z2)=D,Z.D,Z
_ _ (2.4)
= 0u2.0,Z + (Z2.0,2) .

With the action S defined by
S = / Ldz (2.5)

then the Euler-Lagrange equations, corresponding to the stationary points of S,

are

DuD,Z + (DyZ.DyZ) Z = 0. (2.6)
The solutions of these equations which result in a finite action are the required
classical solutions of the model. [To be more precise, imposing the condition of
finiteness of the action means that the base space of the model is the compactified
E?, that is, S?, since the points at infinity are identified.|
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As demonstrated by Din and Zakrzewski [21], it is useful at this stage to

introduce the complex variables
z3 = z +1y. (2.7)
The Lagrangian density can then be rewritten as
£=2[D,z|* +|D_2[| (2.8)

where

Dy =04+ —2.0+2, (2.9)
and the Euler-Lagrange equations become
D_D.Z+|D+Z*=0 (2.10)

or

DyD_Z+|D-Z|*=0o. (2.11)
It is also useful to introduce at this stage the quantity Q defined by
Q =2(|D, 2P - |D_2ZP] (2.12)

which, as shall be seen later, is the topological charge density.
Having rewritten the equations in this form, it is clear from (2.10) and (2.11)

that there exists a subclass of equations called the self-duality equations,

DiZ =0 (2.13)
which correspond to the situation

L=2Q. (2.14)

The finite action solutions of D_Z = 0 are known as the instanton solutions of
the CP™! model (anti-instantons being the solutions of D, Z =0 ).

9



Explicitly, it has been shown by d’Adda et al. [9] that the general instanton
solution is

N fa(-'”+)
R TAPN] (2.15)

where the f,’s are polynomials in z4 of the form
k .
fa(z+) = Ao [] (24 — af) (2.16)
i=1

with no common roots, where A, and @', are complex constants. [The general
anti-instanton solution is obtained by simple complex conjugation.)
The degree k of the polynomials f, is called the instanton number, and the

action for such solutions is

S = 2nk. (2.17)

For example, in the CP! model, consider

fa(z4) = (1, 24). (2.18)

This is an instanton solution of the model, and using (2.15) we find that

(1,1:.,_)
Ly = ~—————=t—. 2.19
°= Atz (2.19)

Hence from (2.8), after a few lines of algebra,

2
= —— 2.20
£ (1+z4z)? (2.20)
and thus from (2.5) we obtain after simple integration

S = 2m, (2.21)

which implies that (2.18) is a one-instanton solution, as we would expect from

the form of f,.

The existence and stability of these instantons can be predicted topologically,
and the observation that the base space is the compactified E?, and not simply
E?, is essential for the existence of the non-trivial topological structure. This

10



can be seen by recalling that the complex projective space €P"~! is the space of
all equivalence classes [Z4] of the complex n-dimensional vectors Zo # 0, with

the equivalence relation defined by
Zl ~ Z4 if  Z,=2XZ, where rAed. (2.22)

D’Adda et al. [9] then noted that if the fields [Z,](z), where z = (z,y), approach
a constant value [Z°°| as |z| — oo, then the fields Z,(z) in the equivalence class

need not be continuously deformable into each other, because if

[Za)(z) — [23°] &  |z] > oo (2.23)
then it follows that
Zo(z) — ¢ (%) zZ2 as |z] — oo (2.24)

where g(z/|z|) is a direction-dependent, singular phase factor. In other words
the fields fall into different homotopy classes. The collection of these classes is
known as the second homotopy group IT;, and using well-known results from

pure mathematics, d’Adda et al. concluded that
IL(CP" ) =% (2.25)

where 7 is the set of all integers. So each homotopy class can be labelled by an
integer winding number @, and therefore every field Z has a topological charge
@ with values in Z. Din and Zakrzewski [22], for example, exhibited a simple

expression for @ as follows :-

Q= / JOd%z (2.26)

where
JO = —;—ﬂe""D,,Z.DAZ (2.27)
with €% = 41. (2.28)
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Written in terms of the complex variables =4, this becomes
Q= _1_/ [2(D4+ 2 - |D-2)] d?z, (2.29)
27
that is, using equation (2.12), ‘
Q= ifQ d?z (2.30)
2w ’

demonstrating the previous claim that Q is the topological charge density.

Defined in this way, if Z is an instanton (anti-instanton) field, then the
topological charge will be positive (negative) and gives directly the instanton
(anti-instanton) number by virtue of equations (2.14) and (2.17). For example,
with f, as in equation (2.18), it is very easy to calculate that @ = 1, implying
as it should that f, is a one-instanton solution.

Now @ is an invariant topological quantity: if a small complex fluctuation
(the explicit form of which will be stated later) is introduced into Z, the field
remains in the same homotopy class and Q is unchanged. Also equations (2.8)

and (2.12) can be used to show that

L=0+4D_Z (2.31)
or
L=-Q+4|D, 2. (2.32)
That is,
L£>|Q| (2.33)
or after integrating
S > [27Q]. (2.34)

The equality holds if and only if Z is either an instanton (£ = @, D_Z = 0) or
anti-instanton (£ = —Q, D4 Z = 0) solution. Hence from this topological argu-
ment we can conclude the well-known result that the instanton (anti-instanton)

12



solutions are absolute minima of the action—and are therefore stable——and have
definite positive (negative) integer topological charge.

The question now arises whether solutions of finite action other than the
instantons and anti-instantons exist: the answer is yes, and Din and Zakrzewski
(23] exhibited some of these non-instanton solutions by using certain results from
two-dimensional Euclidean O(n) non-linear o-models.

The O(n) models [4,11] are defined on the two-dimensional Euclidean space
E? in terms of real n-component fields ¢* = ¢*(z,y) where ¢ = 1,...,n, subject
to the constraint

q.q=1. (2.35)
The Lagrangian density for this theory is defined to be
L(q) = 8uq.0,9  where p=1zy (2.36)
and gives rise to the corresponding Euler-Lagrange equations
0u0ug + (9uq.9ug)g = 0. (2.37)

Again the base space E? is compactified by requiring the solutions to be of finite
action.

Belavin and Polyakov [12], and Woo [24] have shown that these models have
stable instanton solutions only for the specific case of n = 3, given explicitly by

hy Hf=l (23+ - a’i)

w = (2.38)
nf:l (z‘l" - bl)
where w is a complex field related to ¢' by the relation
14 ;.2
_q t+1q
W= T (2.39)

and where A, a;, b; are complex constants such that a; # b; for all s and 7. Anti-
instanton solutions are given as before by complex conjugation of the field w,
and the instanton number of the solution (2.38) is k. Finally the action S for

this instanton solution can be calculated using (2.36) to be

S = 8wk. (2.40)
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The stability of the O(3) instantons can again be explained topologically:
the solutions are characterized by different values of a conserved topological
number because they fall into different homotopy classes. However, for n > 3,
there is no corresponding non-trivial topological quantity for the O(n) solutions,
and Din and Zakrzewski [11] have shown that its absence makes all non-trivial
solutions unstable.

To conclude this brief overview of the O(n) non-linear o-models, we state
the observation of d’Adda et al. [9] that the €P! model is in fact equivalent to
the O(3) o-model: if ¢' and Z, are related by

¢ =Z.0%75 (a,8=1,2)
(2.41)
(t=1,2,3)

where o' are the Pauli matrices

=) -G %) =0 h) ee

then
9.9=2.2=1 (2.43)
and simple algebraic manipulation shows that the Lagrangian densities of the

two models are essentially the same:-

Hence the two theories are equivalent.

Armed with these results, Din and Zakrzewski [23] have produced non-
instanton solutions of the CP" ! model, after first hinting via the energy-
momentum tensor that these solutions can exist: the energy-momentum tensor

of the theory corresponding to the Lagrangian density (2.4) is
J“y = - ”VDAZ.DAZ + D,‘Z.DVZ + D“Z-DVZ (2.45)
and this quantity must be conserved, ie.

8uJuy = 0. (2.46)

14



Written in terms of the complex variables x4, this conservation equation be-

comes
8_[D+2D7Z] =0, (2.47)
in other words, D, Z.D_Z is a function of z; only. Imposing finiteness of the

action gives |[D,Z| — 0 as |z| — oo, which essentially implies that
D,Z.D_Z =0. (2.48)
As was noted, this does not further imply that
D_Z=0 (2.49)

or
DyZ=0 (2.50)
in general; if true, then they could have concluded that the instantons and anti-

instantons were the only existing solutions because (2.49) and (2.50) are the

self-duality equations used to derive such solutions. In the n = 2 case, since
Z.DyZ =0 (2.51)

then (2.48) does in fact imply that at least one of equations (2.49) and (2.50)
holds, but this is not so for general n. This demonstrates the known fact that
only instanton and anti-instanton solutions exist in the CP! (or equivalently
O(3)) model.

For n > 3 there are non-trivial solutions besides the instantons and anti-
instantons: they obtained these by noting that as real (2p + 1)-dimensional
vectors, solutions ¢* of the O(2p + 1) models can easily be embedded in the

(2p + 1)-dimensional space of the CP?’ models by the simple identification
gt = Z; where i=1,...,2p+ 1. (2.52)

These embedded solutions are still solutions of the CP?P models—because q is
real and ¢q.¢ = 1, then
g.0,9q=0 (2.53)
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which means that

- Dug = 3,4. (2.54)

Hence, for q the Euler-Lagrange equations (2.6) and (2.37) are identical.
In fact, as they went on to explain, these embedded solutions can be inter-
preted as a mixture of CP?” instantons and anti-instantons. First notice that

since these solutions are real, then their topological charge is zero: from (2.12)

0 =2[|Dsz? - |D_2/"]

=2[|042* - |0-2/] (2.55)
=0 because Z is real,
and so
= %/ Qd?z=o. (2.56)

Therefore if this interpretation is correct, these solutions should contain an equal
number of instantons and anti-instantons. Now consider the O(3) model instan-

ton solutions given by equation (2.38), which can be written as

w=2 (2.57)

where

k
A(z+) = A [[(z+ - as),

1=1
k

B(12+) = H($+ - b,)

i=1

Using (2.39) this complex field can be related to the real field ¢, and it is found

(2.58)

that

1

1= Gap 5P AB +4B,~i(AB~4B),|B - 14]).  (259)

Interpretation of this field as a solution of the €P? model is made simpler by

introducing a translation defined by

As(z4) = A(z4 — 8), Bi(z4+) = B(z4 — 1) (2.60)
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and writing
1, — — [P S —
i =7 (AdBi + AtB,,—i(A,B; — AB,), B,B; — A‘,A,) (2.61)

where N is the normalization factor. Now, if s =t = 0, then ¢;¢t = ¢q. Fur-
thermore, if |s|, |t| and |s — t| are taken to be large compared to |a;| and |b],
then if z; is taken to be in the neighbourhood of s, g,¢ looks like a k-instanton
solution of the CP? model (see equations (2.15) and (2.16)); with z in the
neighbourhood of ¢, ¢, s resembles a k-anti-instanton solution. Hence (2.59) can
be interpreted naturally as a mixture of k instantons and k£ anti-instantons.

Similarly, embeddings of O(2p + 1) solutions into €P?? can be thought of as
mixtures of equal numbers of instantons and anti-instantons in CP?*’—for more
details see reference [23].

However, it turns out that all these embedded solutions are unstable: in
fact, as shall be demonstrated later, any solution of the CP*~1 model which is
neither instanton nor anti-instanton in nature is necessarily unstable.

We end this chapter by discussing a reformulation of the €P"~! model in a
gauge invariant way, looking at more general solutions of the model and consid-
ering their stability. - »

To reformulate the model, as discussed for example by Sasaki [25] and by

Zakrzewski [26], an n X n projection matrix IP is introduced, defined by
P=2z21 (2.62)
where the dagger denotes hermitian conjugation and where
P=P =1P? (©Z.Z2=1). (2.63)
The Lagrangian density (2.4) can be rewritten as

L= %tr(a,,lP.a,‘lP) (2.64)
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and it can be shown by simple algebraic manipulation that the Euler-Lagrange
equations (2.6) become

[8u0uIP,IP] =0 (2.65)
or, when written in terms of complex variables,

(840_IP,IP] = 0. (2.66)

The self-duality equations (2.13) in this formulation become

Ja_PPP=0 (& D_Z =0) (2.67)
and

Po_P=0 (& DyZ =0) (2.68)
or equivalently

PO, IP=0 (& D-Z=0) (2.69)
and

3,PPP=0 (& D,Z=0). (2.70)

We now re-address ourselves to the question of non-instanton solutions of
(2.6). Din and Zakrzewski [21] have shown that the general finite action solution

of (2.6) can be expressed-in terms of an arbitrary rational analytic vector f =

f(z4) by

Z(k)

Z = —— 2.7

where k =0,1,...,n — 1, with

5(k) _ ak L= w\ ™ k)
Z0 —gkf— 5 aif (M,.,J.) oM, (2.72)
£,j=0

and the matrix M*) given by
M® =817.8,f where i,5=0,...,k-1. (2.73)
Taking k = 0 gives the instanton solutions; Kk = n — 1 results in the anti-

instantons appearing. However, for any other choice of k within the specified
range, new classes of solutions are obtained.
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There is an alternative construction of this general solution using Gramm-
Schmidt orthonormalization which shall be more useful for our later discussions,
and which uses the projector form of the model described above. This con-
struction is described below using Zakrzewski’s notation [26], and although by
making certain identifications the two formulations of the solution can be seen
to be equivalent, we shall nevertheless exhibit Sasaki’s explicit proof [25] that
the expressions obtained by this second method solve the €P"~! Euler-Lagrange
equations in their projector form (2.66).

The construction starts by considering a vector field ¢ € C€C* — {0}. An

operator P, is defined to act on g by

9(7.9+9)

Piog=049— TR (2.74)
and its repeated action is defined by
Plo = Py (PE10) (219
where
Plg=g. (2.76)

Analogous to the definition of Py, an operator P- can also be defined, involving
differentiation with respect to z_ instead of . It is not difficult to demonstrate
that Py P_g ~ g and so Py seems to behave like a kind of raising and lowering
operator. With this definition of ij, algebraic manipulation soon produces the

fact that the Z() of (2.72) are given by
Z(k) — Pif (2.77)

where f again is an arbitrary rational analytic vector.
To proceed further, Zakrzewski [26| noted that
1. PFfPLf=0 if I#Kk,

1, |PESI? (2.78a)
2. 9_(Ptf)=-Pt ‘fw,
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3 a+ ( P-t_lf ) = Pif
|PE-1f1z) PRS2 (2.78b)
4. P"f=0,

all of which either follow directly from the definitions, or are easy to prove from

them. These orthogonality properties show that the P_’ﬁ f vectors can be thought

of as being obtained by Gramm-Schmidt orthogonalizing the sequence of vectors

f104£,0%f, ..., 8% f,.... (2.79)

and if normalized, as shown by Sasaki [25], in fact provide solutions of the @P"~!

model Euler-Lagrange equations: denote by

€1,€2,...,En (2.80)

the vectors obtained by Gramm-Schmidt orthonormalizing the sequence (2.79).

Take the jt* element of the sequence and consider

IP= €je, (2.81)
Also consider another projector
j—l 1_
Q=) exe,. (2.82)
k=1 )
Then, using the relations
O_e =¢e_ (e?_la_e;) + ¢ (e}c’)-e,) (2.83)
and
dre = e (e;'.+18+el) + ¢ (e,Ta_..e,) (2.84)

which follow easily from equations (2.78), various identities can be proved in-
volving IPand Q. First, Q@ and (IP+ Q) can be thought of as projectors describing
instanton solutions in various complex Grassmannian o-models—for more de-

tails see references [25] and [26]—and as such they satisfy the equations

9_Q.Q=0 (2.85)
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and

8_(P+@Q).(P+@) =0 (2.86)

(cf. equation (2.67)). However, due to (2.83) and (2.84), it can be shown that
3_-P.Q=0 (2.87)
and so (2.85) and (2.86) give
o_-PIP+3_QIP=0. (2.88)
Also from (2.83) and (2.84) it is found that
P.0;Q =0,Q (2.89)
and equivalently
0_Q.IP=0_Q, (2.90)
and using these two equations, (2.88) can be written as

8_IP.JP+3_Q=0. (2.91)

Taking the hermitian gonjugate of this gives
P.o+IP+3,+Q =0, (2.92)
and finally if the combination 94(2.91) — 8-(2.92) is considered, it is found that
[8+0_IP,IP] =0 (2.93)

which is the required Euler-Lagrange equation (see (2.66)). This completes

Sasaki’s proof. So
_ Pif
|PES]

is a genuine solution of the CP"~! model: k& = 0 corresponds to instanton

(2.94)

solutions; £ = n — 1 to anti-instantons. Any other choice of k gives new, non-
instanton solutions since the Pi f,k=0,1,...,n— 1 are linearly independent.
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We shall use these non-instanton solutions extensively in later chapters: let us
conclude this chapter by considering their stability.

We have already noted that the instanton and anti-instanton solutions are
relative minima of the action, that is, they are stable solutions. We now exhibit
Din and Zakrzewski’s proof [21] that any solution which is neither instanton nor
anti-instanton in nature is necessarily unstable.

Assume for a certain solution Z that
DiZ#0 (2.95)

and consider a small complex fluctuation ¢ about Z of the form

Z'=\1-|4*Z + ¢ (2.96)
with
Z.¢$=0. (2.97)

The action for this new field Z' is
§' = 2/ (ID'+Z'|2 + ID'_Z'|2) d?z (2.98)

where D!, is the usual covariant derivative (2.9) written in terms of Z’. Since

the integral of
o' =2(|D, 2" - [DL2']*) (2.99)

is a topological invariant, it follows that
S = /Q diz + 4/ |[D_Z'|* d%z (2.100)

where Q is given by (2.12). To second order in ¢ it can be shown that
|D'.Z'* = |D_Z|* + |D_¢|* - |¢)*|D_ 2|
_ _ L . (2.101)
~|Z.D_-¢+¢.D_Z*+D_Z.D_¢ + D_¢.D_2Z.
Hence

s'=8§+ 4/V(¢) d’z (2.102)
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where S is the action of Z and
V(¢) = |D-¢* - |¢[*|D-2|* - |Z.D-¢ + $.D_Z|". (2.103)

They then chose ¢ to satisfy

where € is a small complex number. This choice of ¢ satisfies (2.97), but also

leads to the additional results
D_¢=€eD_DyZ = ~€|D;Z|*Z (2.105)

and
¢.D_Z=0 (2.106)
and so V(¢) becomes

V() = le*|D+Z|* — |ef*|D+Z*|D-2[* — |e[*|D+ 2|
(2.107)
~ _|eP|D_ZP|D4 2.
Since D1 Z # 0, V(¢) is not identically zero, and so equation (2.102) implies
that
s < 8. (2.108)

So the solution Z does not correspond to a minima of the action: it is unstable
under small fluctuations, and is in fact a saddle point of the action.
Hence, as stated earlier, any solution of the €P"~! model which is neither

instanton nor anti-instanton in nature is necessarily unstable.
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3. ACTION DENSITIES AND KINETIC ENERGIES.

In the previous chapter, we reviewed the basic quantities involved in the
CP" ! model in two dimensions. In this chapter, we shall limit ourselves to the
CP! model and concentrate particularly on the Lagrangian densities of various
extended structures in the model. To avoid confusion at a later stage, we shall
call the Lagrangian densities of these two-dimensional objects the “action densi-
ties”, and investigate in detail how these action densities depend on the various
parameters of the structures. Towards the end of the chapter we shall go beyond
the static limit of this model by introducing a time dependence into the system,
and consider the resulting “kinetic energies” of our structures as moving objects
in (2 + 1) dimensions, a concept to be used extensively in later chapters.

First we recall briefly the multi-instanton solution of the two-dimensional

model defined in chapter 2—see equations (2.15) and (2.16). In CP!, we take

fa(z4)
Lo = i 3.1
*= ales)] (31
where a=1,2 and the f,’s are polynomials in z of the form
k
fi=2A H(x+ - a;)
1=1
A (3.2)
fa=[I(z4+ — b))
=1

where A, a; and b; are arbitrary complex constants (with a; # b;, and A # 0).
This configuration solves the Euler-Lagrange equations (2.6) and its action is
27k, independent of the choice of A, a; and b;.

In particular, consider the simplest form of this field configuration, that is,

the case £ = 1 which corresponds to a one-instanton solution, and take A = 1,

so that

fi=z4 —a, fa=z4 —b. (3.3)
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Written another way, consider the configuration

ry —a

= 3.4
w=_"% (3.4)
where w is defined by
fi
w=—=. 3.5
T, (3.5)

Simple algebraic manipulation to calculate the action density using equations
(2.4), (3.1) and (3.3) yields the result

2|(b — o) /2]

D D = Gt b2 + |6 a)/2]

(3.6)

(see also reference [27]). Figs. 3.1 and 3.2 show various plots of this action
density for different values of @ and b: in these and all following figures, the
contour plots on the left are on the usual £ —y complex plane, the horizontal axis
being the real = direction and the vertical axis being the imaginary y direction,
and the surface plots on the right plot the values of the action density as vertical
distances above the same z — y complex plane, the point 0 + 0t being the far left
corner of the grid (as shown in Fig. 3.1a). [The values of the action density on
all the plots are multiplied by a constant factor of 250 for ease of plotting, and
the interval between each contour on the contour plots is 2 units.]

It is well known that this solution has finite total action, and the form of
the action density, as illustrated by the figures, demonstrates that we can think
of this solution (and other similar configurations which we shall meet later) as
describing an extended structure in the model. Observe that the action density
has an obvious maximum at z; = (a + b)/2—this can be seen both by looking
at the form of (3.6), and by studying the pictorial evidence in Fig. 3.1—and so

we identify the point

r =

- (3.7)

as the “position” of the instanton (that is, the position of the “centre” of the
extended object). Note also from (3.6) and from Fig. 3.2 that the action density
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Fig. 3.1a: Action density (3.6) w
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ith @ = 20 + 257, b = 30 + 254

‘11

Fig. 3.1c: Action density (3.6) with a = 30 + 35¢, b = 40 + 351.
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0 20 0 <0 =]

Fig. 3.2a: Action density (3.6) with ¢ = 20 + 257, b = 30 + 251.

10 0 30 L] 20

" Fig. 3.2b: Action density (3.6) with a = 18 + 254, b = 32 + 25i.

—

" " Ve

Fig. 3.2c: Action density (3.6) with @ = 21 + 25¢, b = 29 + 25t.
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is bell-shaped, the shape being controlled by the quantity |b—a|: as |b—a| — 0,
the action density becomes narrower and more peaked about the “position” 7,
the reverse being true when |b — a| increases, but always in such a way that the
total action remains constant (we know this must occur since the action for a
one-instanton solution is 27, independent of the choice of a and b). We therefore

identify the quantity

js] = b— ] (3.5)

as describing the “size” of our extended structure—as the “size” decreases our
extended object becomes more and more “point-like”.
Now we consider the slightly more general case of arbitrary A, that is, we

consider the configuration
AMzy —a
w= ———( + )

D) (3.9)
Calculation of the action density for this solution gives
A(b—a 2
_ 2P +1
D,Z2.D,Z = ! P 7 (3.10)
‘ (APa+8)["  |Ab—a)f
I+ — 2 )
[Al* +1 A+ 1

so we have an extended structure similar to the previous configuration, with the

“position” of the object given by

_|APa+b
T (3.11)
and its “size” governed by
_12X(b—a)

if we work by analogy with the previous case.

Introducing the A parameter in this way enables us to consider two limiting

cases. First, take the limit

A—o00o and b— oo suchthat A/b— —c (3.13)
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where ¢ is some complex number. In this limit, the configuration (3.9) becomes

w — c(z4 — a)

and also note that

Ab—a)|* |1
|AJZ+1 c
and
|Al2a + b e
|A]Z +1

Hence we can say, using equations (3.9)-(3.16), that the configuration

w = c(z4 — a)

has an action density given by

2J1/cf?

D,Z.D,7 =

lze — af2 + |1/cf?

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

which still exhibits the same characteristics as a true one-instanton configura-

tion despite the simpler form for w. The action density this time indicates an

extended structure with “position”

and “size”
|s| = [2/¢|.

In a similar way, taking instead the limit

A—0 and a— oo such that Aa — —d

(3.19)

(3.20)

(3.21)

where d is another complex number, we can conclude that the configuration

w=d/(zy —b)

has an action density of the form

2/d|?

D,Z2.D,Z =

29

|z — 2 + (dp2*

(3.22)

(3.23)



indicating an extended structure of one-instanton-like character, “position”
r =b, (3.24)

and of “size”
|s| = |2d|. (3.25)

We shall use these configurations later in this chapter—finally note at this stage,
however, that the complex conjugates of all the configurations discussed above,
which correspond to one anti-instanton models, give rise to identical action den-
sities to those calculated above.

Returning to (3.2}, we now consider the case k£ > 1, where the interpretation
of the parameters is more complicated. If each a; is assumed to be close to the
corresponding b; and far away from the other parameters in the complex plane,
then an n-instanton solution looks like a classical system of n extended objects,

whose “positions” are given by

a; + b;

. (3.26)

and whose “sizes” are given by
|8i] = lai — b;], (3.27)

(assuming that A = 1). Various authors, for example Férster [33], d’Adda et
al. [9], and Din and Zakrzewski [28], refer to this interpretation as the dilute
instanton gas limit; Wilczek and Zee [29], and Wu [30] take this limit a little
further and treat the widely separated instantons approximately as point par-
ticles. This form of interpretation may be deceptive however, since in general
the a;’s and b;’s can take any value: Fateev et al. [31] prefer to interpret the
system in terms of a gas of n “instanton quarks” and n “instanton antiquarks”
positioned at a; and b; respectively.

We shall use various aspects of all these interpretations later: let us illustrate
them by considering in more detail the k = 2 case, that is, by considering the
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configuration

_ (z+ —a1)(z+ — a3)
(z+ = b1)(z+ — b2)

It is only a matter of algebra to produce the action density for this system:-

(3.28)

D,Z.D,Z =
2
71 {|$+ —a1[Yz — by |*|by — az|? + |24 — az|*|z+ — b2|?|b1 — a1|2}

+rke ({21~ @)(e- ~ @) (2 ~b)a- ~ B~ )6 ~ aa)}
(3.29)

where

|f|2 = |.’B+ - a1|2[:z:+ - (1-2|2 + |:E+ - b1'2|z+ - b2|2’ (3'30)

and Figs. 3.3-3.5 illustrate this action density for various parameter values,
using the same plotting specifications as Figs. 3.1 and 3.2. (Hatched contours
imply a depression inside the contour.)

Fig. 3.3 demonstrates well the dilute instanton gas limit: the action density
shows two distinct peaks, well separated in the complex plane and each with
negligible distortion due to the other’s presence. However, as depicted in Figs.
3.4 and 3.5, if the “positions” of the objects, r; and r;, are taken to be closer
together, superpoéition of the exfended structures occurs and when |r; — ry|
is small compared to the “sizes” |s;| and |s3|, the two distinct peaks are lost
completely. At this stage, then, we must interpret the system as a gas of instan-
ton quarks and antiquarks since the variables r; and |s;| have no well-defined
interpretations as “positions” and “sizes”.

Despite this superposition, it is important to remember that the total action
of the system is constant for all values of a; and b;: there is no interaction
between the two instantons resulting in a change in the value of the action—the
only change is the way in which we can interpret the system. Indeed, numerical
calculations using the data for the surface plots confirm that the total action for
the system is 47 in every case.
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Fig. 3.3a: Action density (3.29) with {
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Fig. 3.3b: Action density (3.29) with {
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Fig. 3.3c: Action density (3.29) wit {
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a; =4+9:, by =14 + 91,
az = 36 + 41¢, by = 46 + 411,

a1 =6+ 114, by = 16 + 111,
az = 34 + 391, by = 44 + 39:.
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az = 32+ 371, by = 42 + 374,
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Fig. 3.4a: Action densi ) : a; = 10+ 15¢, by = 20 + 15¢
'8 34a: Action density (3.26) with {az = 30 + 351, by = 40 + 351,
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Fig. 3.4b: Action dens1ty (3 29) with {Z = + 171 bl = 22 + 17,,
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Fig. 3.4c: Action densi i h {01 =14+ 191, b = 24 + 19;,
g. 3.4c: Action density (3.29) with {a2 26+ 317, by — 36 4 315
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Fig. 3.5a: Action density (3.29) with {
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Fig. 3.5b: Action density (3.29) with {a'l =17+ 22, by =27 + 22,
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On the other hand, the specific values of the parameters are crucial for
determining the nature of the superposition—even for fixed values of r; and |s;|,
the remaining degrees of freedom in the choice of a; and b; can greatly affect
the form of the action density when superposition of the two extended objects

is substantial. As an example, we fix
ri=ry =25+ 25 (3.31)

and

|s1] = [s2] = 10, (3.32)

as in Fig. 3.5¢c, and illustrate in Figs. 3.6 and 3.7 the form of the action density
(3.29) for various values of a; and b; subject to the constraints (3.31) and (3.32).
[Remember that all these systems have the same total action, but note that a
cut-off had to be introduced during the plotting of Figs. 3.7b and 3.7c as the
peaks became too tall to plot accurately.]

In Fig. 3.6 it is clear that the only interpretation we can sensibly use is that
of instanton quarks and antiquarks; as the specific values of a; and b; change,
however, Fig. ;’».7 clearly illustrates that the dilute instanton gas limit becomes
meaningful, with a¢; and b parametrizing one extended structure and a; and b,
the other—indeed, in Fig. 3.7c where a; =~ b and b; =~ a; (the action density
is ill-defined for a; = by and b; = dg) there is strong evidence that the point-
particle approximation becomes an acceptable interpretation for the system.

So far in this chapter, we have only considered the well-known instanton
solutions of the €P! model, and we have looked in detail at these extended
structures and their interpretations. We shall now go on to use these illus-
trative techniques to study possible analogous field configurations for a system
containing instantons and anti-instantons.

As pointed out by Bukhvostov and Lipatov [32], although the classical Euler-
Lagrange equations (2.6) have no exact solution containing both instantons and
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Fig. 3.7c: Action density (3.29) with {az ~ 30 + 254, by ~ 20 + 25¢
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anti-instantons, field configurations do exist which represent approximate solu-
tions provided the instantons and anti-instantons are concentrated in different
widely separated regions of the complex plane. Again we shall investigate in
detail a simplified case, and consider a system containing only one instanton

and one anti-instanton. Recalling from (3.4) that

Iy —a

w = (3.33)

zy—b
describes one instanton and its complex conjugate one anti-instanton, we fol-
low Bukhvostov and Lipatov’s idea that this system can be described by the
configuration
(z+ — a1)(z— — @3)

w= @b —5) (3.34)

This choice is of course not unique, and later in this chapter we will discuss other

candidates. [For a more general system of n instantons and m anti-instantons,

reference [32] suggests a configuration of the form

Ty T+—6 r T —C
w= ,\g P jl;[l P (3.35)
again a choice which is not unique, but which represents an approximate solution
of the required form for large separations.| | |
Calculating the action density in the usual way for (3.34), algebraic manip-

ulation produces the result

2
|f1 {|x+ —arfflzy — by |by — aaf® + |24 — az|?|z4 — by[*]br - al|2}
(3.36)
where _
IF? = x4 — a1)?|z4 — az]? + |4 — ba[*|z4 — b2|. (3.37)

Written in this form, the action density is not very illuminating; however, note
that there are striking similarities between this and the action density (3.29)
for two instantons. Therefore we shall illustrate this density for the same sets
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of parameters as in Figs. 3.3-3.5 (using identical plotting parameters) and
attempt to interpret the extended structures thus produced in Figs. 3.8-3.10 in
an analogous way to the two instanton case.

The action densities depicted in Fig. 3.8 demonstrate well that the dilute in-
stanton gas interpretation can easily be used to describe this system of extended

objects too. With

b
r = ath (3.38)
2
as the “position” of the instanton and
b
ry = 2 ;r 2 (3.39)

for the anti-instanton, then for |r; —r;| large compared to the “sizes” |s;| and |sg|
(defined as before), two distinct peaks can be seen in the action density centred
on r; and ra, as we would expect. Only when |r; — r3| is small compared to the
“sizes” of the instanton and anti-instanton does this interpretation break down,
as shown by Fig. 3.10, when superposition of the extended object again becomes
significant. Here we have to resort to the instanton quark and antiquark type
of interpretation to obtain meaningful observations.

However, when we compare Figs. 3.9 and 3.10 to Figs. 3.4 and 3.5, there
is one very noticeable and very important difference in the superpositions of
the extended objects: despite starting with similar sized structures when the
separation is fairly large, the resulting action density is dramatically smaller
in Fig. 3.10c than that shown in Fig. 3.5¢. Indeed, if we perform numerical
calculations using the data for the plots in Figs. 3.8-3.10, we find that the total
action for the system decreases from 47 for Fig. 3.8a to 27 for Fig. 3.10c, the
action decreasing significantly once superposition is no longer negligible. In other
words, when the instanton and anti-instanton are well separated in the complex
plane, the total action of the system is approximately equal to the sum of the
action for one instanton and the action for one anti-instanton; however, when the
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separation is small, there is interaction between the objects, and associated with
this interaction we can identify an “interaction energy”. Following Bukhvostov

and Lipatov [32] this interaction energy Si,: can be defined by
Sint = Suw — 2 (ki + ky) (3.40)

where S,, is the total action for the system, and k; and k., are the numbers of
instantons and anti-instantons respectively in the system. So in our case of one
instanton and one anti-instanton, the interaction energy varies from 0 for large
separation to a value of —2r when r; = rp, which seems to indicate an attractive
interaction. This is a very different situation to the two instanton case, where
the total action for the system is always 47, and no interaction occurs.

Remembering that the form of the superposition in the two instanton case
depended crucially on the specific values of the parameters a, and b;, it is natural
to ask the same question for the instanton plus anti-instanton case, and to
investigate their effect on the value of the interaction energy. To this end, we
again fix

ry =rg = 25+ 25¢ (3.41)

and

|s1] = |s2| = 10, (3.42)

as we did in the two instanton case, and illustrate the action density (3.36)
in Figs. 3.11 and 3.12 using the same sets of parameters as in Figs. 3.6 and
3.7 (once again using identical plotting parameters). [Again a cut-off had to
be introduced during the plotting of Figs. 3.12b and 3.12c as the peaks of the
action density became too tall to plot.]

Figs. 3.11 and 3.12 show that the form of the superposition does depend
heavily on the specific values taken by a; and b;, in an analogous way to the
two insta.nto.n case, and the various interpretations we can use for the system
are once again clearly demonstrated (although the point particle limit is not as
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appropriate in this case). The major difference for this system lies in the values
of the total action for the various relative orientations of the instanton and
anti-instanton. Numerical calculations using the data for Figs. 3.11 and 3.12 to
estimate the total action and hence the interaction energy for the system indicate
that the latter can vary from —2r as a lower limit to fairly large positive values—
the action density is so sharply peaked in the later plots that the numerical
approximations used in the calculations make the actual values inaccurate, but
the magnitude of these results is clearly indicated (see later). In other words, the
specific values for the parameters a; and b; can profoundly affect the interaction
between the instanton and anti-instanton, making the interaction attractive or

repulsive depending on their relative orientation.

This situation is in some ways reminiscent of the behaviour of two dipoles
or magﬁets when brought together: two magnets will attract or repel depend-
ing on the relative positions of their north and south poles. Indeed, for large
separations, Forster [33] has shown that the interaction energy for this system
does have a dipole-dipole-type form. We need to take a closer look at how our
numerically calculated interaction energies behave for small separations, to see

if this physical analogy is still valid.

We do this by starting with a system of instanton and anti-instanton with a
certain fized relative orientation, and we plot the calculated interaction energies
against “separation”, which we shall define as |r; —ry|. (This definition makes
obvious sense when the dilute instanton gas-type interpretation is valid: we
simply extend this idea for any values of r; and r;.) We then change the relative
orientation and repeat the procedure several times. The graphs thus produced
are shown in Fig. 3.13a, and the relative orientations which produced these

graphs are shown in Fig. 3.13b.

From the figure, we see that orientations 1-5 produce a negative interaction
energy, that is, an attractive interaction, with orientation 1 being most attrac-
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tive and 5 the least. Orientations 6-9, on the other hand, produce a repulsive
interaction, the weakest being 6 and the strongest 9. This is exactly the type of
behaviour we would expect to see exhibited by a pair of magnets positioned at
r1 and rq, with the north-south axes of the magnets perpendicular to the lines
joining a; and b;, and a3 and b; respectively. Then orientation 1 corresponds to
the north pole of one magnet facing the south pole of the other, and orientations
2-8 represent rotation of one of the magnets about its centre point until two like
poles (either north or south) face each other—orientation 9. In this scenario, we
would certainly expect to see the interaction between the two magnets become
less attractive as we rotate one of them, and become more repulsive until the two
like poles are in line. (The graphs in Fig. 3.13a show some peculiarities for very
small separation, particularly the repulsive ones. This is partly due to numerical
inaccuracies because of the sharp peaking which occurs—see Fig. 3.12c—but for

such small separation the magnet analogy becomes dubious anyway.)

So to conclude, the configuration (3.34) shows many promising features for
it to represent a system containing an instanton and an anti-instanton: for
large separations the instanton and anti-instanton are clearly seen as peaks in
the action density, and for smaller separations the resulting superposition of
the extended objects shows many similarities to the behaviour of the known two
instanton configuration. The main difference is the appearance of the interaction
between the instanton and anti-instanton: for large separation it has been shown
[33] that the interaction is of a dipole-dipole form, and we have seen, at least
qualitatively, that for smaller separations the comparison of the system with a
system of two magnets is still feasible. (Obtaining an analytic expression for
the form of the interaction for small separations is a highly non-trivial problem,

and shall not be addressed in this thesis.)

We now return to an earlier comment made on the uniqueness of this
instanton-anti-instanton configuration (3.34). This choice [32] is certainly not
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unique, and we shall now look at some other possible configurations for this
system.

Recall that the expression (3.34) was constructed from the known instanton
configuration (3.4) and its complex conjugate. However, earlier in this chapter
we derived other expressions which showed one-instanton-like character despite

being of a simpler form—see equations (3.17) and (3.22)—namely
w = c(z4 —a) (3.43)

and
w=d/(z4 - b). (3.44)

In an analogous way, can we produce another possible configuration to describe
a system containing one instanton and one anti-instanton? To this end, we

investigate the configuration
Zy—a
r_—b

This contains an instanton contribution of the form (3.43) and an anti-instanton

w =

(3.45)

contribution of the form (3.44): also the form of this expression is much simpler
than (3.34). Does this represent the required system?

Calculating the action density for (3.45), we find

1
CDTNTOY

=
and Figs. 3.14 and 3.15 show various plots of this density for different values of
a and b.

We see clearly from these plots that (3.45) is not a suitable candidate: the
density shows behaviour more reminiscent of a one-instanton system than a
system containing an instanton and an anti-instanton; however, this observation

suggests we try one final configuration of a similar form, namely

_ (z4 — a_l)(z+ — fl_g)
(z- = b1)(z— ~ by)
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Fig. 3.14a: Action density (3.46) with a = 20 + 251, b = 30 + 25¢.

0 0 30 L 50
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Fig. 3.15b: Action density (3.46) with a = 18 + 257, b = 32 + 25:.

20

10 20 30 @ S0

Fig. 3.15c: Action density (3.46) with a = 21 + 25¢, b = 29 + 251.

51



The action density for this configuration is of the form

D_ALZ-D;LZ =
ﬁ {l(z+ = 1) (24 — a2) (234 — (b1 + b))} (3.48)

2
+ 7 (I~ b)es = 00) (24— (o + )}
where
£ = |2+ — a1*lz+ — @2 + |24 — ba[?|z4 — 2%, (3.49)

and plots of this action density are shown in Figs. 3.16-3.18.

This time we do see two distinct peaks for large values of |r; — ry| and
superposition does occur in a similar way to previous configurations we have
considered. A promising sign, although distortion of each extended structure
due to the presence of the other appears to occur for much larger separations
than was previously the case. There is one major failing of this model, however:
if we consider the limit |z4+| — oo, we see from (3.48) that

4
|z+[?

Hence, the total action of the system, defined by

D,Z.D,Z ~ as |z4| — oo. (3.50)

S = f D.Z.D,Z d’z, (3.51)

is logarithmically divergent. Since one of our first requirements when consid-
ering extended structures in this model was that the configurations should re-
sult in finite action (see chapter 2), the discovery that the configuration (3.47)
gives a divergent action effectively precludes its use as a valid expression for an
instanton—anti-instanton system.

So far in this chapter we have looked in detail at the action densities of
variogs configurations in the €CP! model in 2 dimensions: we have considered
systems containing one or two instantons, and have looked at various candidate
configurations for an instanton—anti-instanton system, of which one in particular
showed many promising features. We shall now go beyond this static limit of
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the model by introducing a time dependence into the system, and consider our
extended structures as moving objects in (2 + 1) dimensions.

The modified action for the €P! model in (2 + 1) dimensions is of the form
S = / (-DuZ.DuZ + DoZ.DoZ) dtd’z (3.52)

where 4 = z,y and

Dy =09 — Z.002Z (3.53)

where d¢ denotes partial differentiation with respect to the time variable t. The
first term in the integrand is simply the “action density” of the model in 2
dimensions which we studied extensively in the previous part of this chapter;
the second term, for reasons which will become more obvious soon, we will call
the “kinetic energy density”. [There is in fact another term which can be added
to the integrand—this extra term will be discussed in detail in chapter 4.]

The equations of motion corresponding to S (ie. the Euler-Lagrange equa-
tions) have obvious time independent solutions, that is, soliton solutions—these
static objects are simply the instantons (anti-instantons) of the €P! model in 2
dimensions discussed previously. Following Wilczek and Zee [17] we refer to these
solitons as “skyrmions” [13] (or in the case of anti-instantons, “anti-skyrmions”).

To find time dependent solutions, we should try to solve the full equations
of motion, bearing in mind of course that our interest lies in field configurations

for which the total energy FE is finite at any time ¢, that is,
E= / (DuZ.DuZ + DoZ.DoZ) d?z < . (3.54)

Forgécs et al. [34) have studied this problem in detail and presented a general
method of generating such solutions; however, complications were encountered in
the construction of certain auxiliary functions in the solutions, and the existence
of non-static solutions which satisfied all the necessary conditions was not fully

resolved.
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Therefore, rather than trying to solve the equations of motion exactly, we
return to the skyrmion solutions described above, and sntroduce a time depen-
dence into these fields (as described by Din and Zakrzewski [28]) by assuming
that all time dependence resides in the parameters a;, b; and A which define the

skyrmion, ie., we assume
a; = ai(t), b; = bi(t), and A= A(t). (3.55)

These proposed configurations do not solve the full equations of motion exactly,
but if the parameters vary slowly with time it has been argued—see for example
references [20] and [35]—that these fields approximate exact solutions in the
limit of small velocities.

Take for example the n-skyrmion solution defined by (3.1) and (3.2), that

is,
fa(z4)
Z, = 2o\TH) 3.56
TAER] (2:56)
where o = 1,2 and
fl =2A H(z-l- - a‘i)’
=1 (3.57)

12 = T (z+ - b).
i=1

For the rest of this discussion we shall fix A = 1, as this parameter only plays
a minor role in the problem. Following Din and Zakrzewski [28] we now allow
the parameters a; and b; to vary slowly as a function of the time variable ¢
belonging to a finite interval [0, T]. If the configurations are identical at t = 0
and t = T, then the skyrmion system defines a map §3 — CP! ~ S2, and
since it is a well-known mathematical result that IT3(S%) = Z, then for each
topological charge sector the skyrmion manifold is multiply connected: this
result is basically responsible for the spin and statistics properties of skyrmions—

see in particular reference [36] and also discussions in chapter 4.
For the moment, however, we shall assume that e;(t) and b;(t) vary arbi-
trarily in the interval [0,T] (always subject to a(to) # b;(to) for any particular
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to—see note at beginning of chapter). We now recall that we wish our configura-
tion to have finite total energy at any time, as expressed by (3.54). Calculation
of the first term in the integral (3.54) is straightforward—it is simply the “total
action” of an n-instanton configuration in 2 dimensions, which we know takes
the value 27n, independent of the values of a; and b;. So the contribution to the
total energy of the n-skyrmion system due to the time dependence of the param-
eters a; and b; comes wholly from the second term in the integral (3.54)—hence
the interpretation of DyZ.DoZ as the “kinetic energy density” of the system.

So we are left needing to calculate
/ DoZ.DoZ d*z. (3.58)
Note that a small amount of simple algebraic manipulation yields the result
DyZ.DoZ = Ko Ko (3.59)
where

Ko = J20of1 — f100fa
TACEATAL

There is much that can be said about this form of the kinetic energy density for

(3.60)

various configurations and we shall discuss this in detail in chapter 5. Here we
shall substitute explicitly for fi and f; from (3.57) (remembering that A = 1)

and, as noted by Din and Zakrzewski [28], we obtain the result

fifs - b; a;
Kq = - s 3.61
° |f1|2+|f2|2,-z=:1 Ty —bi T4 — g (3.61)
where
. da :  db;
= — and b; = e (3.62)

Now, if the limit |z} | — oo is considered, it is found that

+0 (I?i?) (3.63)

and hence we see that in general [ DgZ.DyZ d%z diverges.

Roko ~ [2(67 —a‘.-)]

>_(b; — &)
7
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In order to ensure that our n-skyrmion system has finite kinetic energy, it is

therefore necessary to impose a constraint on the parameters a; and b;, namely

zn:(i;.- — &) =0. (3.64)
=1

In the “instanton quark and antiquark” interpretation for the parameters a;
and b;, this corresponds to requiring equality of the total quark and antiquark
“momenta”; interpreted as a “dilute instanton gas” this constraint implies that
the total internal “size” of the skyrmions must be conserved, if we make the

obvious definition of “size”:-

|si()| = [b:(t) — as(t)] (3.65)

(cf. (3.8)). [If we interpret the system in the “point-particle” limit, then the
kinetic energy of the system would automatically be finite: this interpretation
contains the assumption that each s; is small and constant, a constraint which

is in fact stronger than the necessary minimum constraint of
n
) s; = constant. (3.66)
1=1 :

which we impose.]

Din and Zakrzewski then go on to calculate the leading terms for the kinetic
energy—for more details, see reference [28]. It is sufficient for our purposes just
to note that the kinetic energy can be made finite.

We are now in a position to return to the extended structures we considered
in two dimensions in the earlier part of this chapter, and to introduce a similar
time dependence into their parameters so that they can be thought of as moving
objects in (2+1) dimensions. We can then look at their kinetic energy densities in
a similar manner to the n-skyrmion case considered above, and determine what
constraints it is necessary to impose on their parameters to ensure finiteness of
the kinetic energy.
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We have five configurations to consider: a one skyrmion configuration from

(3.4)
Ty — a.(t)
Eads s W 2 3.67
v Iy — b(t) ’ ( )
a two skyrmion configuration from (3.28)
ez et - a) .

@+ — 0u(D)) (z+ — ba(t))”
and three candidate configurations for a skyrmion-antiskyrmion system from

(3.34), (3.45) and (3.47), namely

p = Z+ —a(t))(z- — as(t))

(x4 — bi(2))(z— — ba(2))’ (3.69)
_ (z+—alt)
Y= 50 (3.70)
and
(o= () (a1 — () )

(z— — b1 (t))(z- — 5(t))

respectively. Configurations (3.67) and (3.68) are obviously just special cases of

(3.57), and their kinetic energies can be made finite by imposing the constraints
b—a=0 (3.72)

and
(i)l — dl) + (bz - dz) =0 (3.73)

respectively. In other words, in the one skyrmion system the skyrmion’s “size”
must remain constant, and in the two skyrmion system (when the two structures
are well separated) the relative “sizes” of the two skyrmions can change, but the
sum of the “sizes” must be constant.

Now we consider (3.69). Using (3.59) and (3.60), simple algebraic manip-
ulation and then a consideration of the limit |z;| — co produces the result

that

— 1 [|by — @) + |by — as)?
DoZ.DoZ ~ . .
0Z.Do ENE [ 1 (3.74)
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Hence, for the kinetic energy of this system to be finite, we need to impose
by—a; =0 and by —éy=0. (3.75)

This constraint is noticeably stronger than the two skyrmion case, and seems
to indicate that the skyrmion and antiskyrmion “sizes” must be conserved sn-

dependently. Indeed, further consideration using the configuration

w = f]/fz, (3.76)

where X
f=Tl(z+ — ai)(z- - &)
i=1

k

fo = [ (z+ = b)(z— — &),

=1

(3.77)

as a candidate for a system containing k skyrmions and k antiskyrmions soon
produces the constraint
k k
bi—a;=0 and D di—¢é=0 (3.78)
i=1 i=1
to ensure finiteness of the kinetic energy. This clearly indicates that the total
“sizes” of the skyrmions and the antiskyrmions in the system must be conserved
independently—certainly a stronger constraint than in the n-skyrmion case.
Nevertheless, it is still possible to obtain a finite kinetic energy.

This turns out not to be the case for configuration (3.70). Calculating

DoZ.DyZ for this field produces, in the limit |z4| — oo,

— 1 []b? + |af?
DoZ.DoZ ~ 3.79
04.Do T [ 1 (3.79)
and so the kinetic energy is divergent unless
16> + [af* = o, (3.80)

which is only possible if a and b are both constants. This is not a valid situation,
because the configuration would then be time-independent and its kinetic energy
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density would be zero. Hence this configuration cannot result in a finite kinetic
energy: if a large |z | cut-off A is introduced, it is found that the kinetic energy
contains a log A dependence, and is thus logarithmically divergent when we take
the limit A — oo.

Finally, consideration of the kinetic energy density for (3.71) reveals in the
limit |z4| — oo that

1 Idl + dzlz + Ibl + i)g|2

DoZ.DoZ ~
os e |z+ 2 4

(3.81)

Thus the kinetic energy of this system can be made finite by imposing the

constraint

d1+a;=0 and by +b;=0. (3.82)

This constraint has no obvious interpretation in the “dilute instanton gas” limit;
in the “instanton quark and antiquark” interpretation it corresponds to requiring
the total quark and antiquark “momenta” both to be zero independently. Recall,
however, that although the kinetic energy of this system can be finite, the “total
action” of the system in the two-dimensional case was shown to be divergent,
and hence the total energy of the system when thought of as a moving object in
(2 + 1) dimensions is also divergent.

So we have now considered all our configurations as moving objects in (2+1)
dimensions. We have looked at the constraints needed in each case to ensure
finiteness of the energy, and interpreted these constraints as far as possible in
terms of the characteristics of the skyrmions/antiskyrmions in the system. One

configuration, namely
_ (zr —a))(e- — )
w = T 120
(z4+ — b1)(z~ — b2)

is noticeable for exhibiting many promising features we would like to see in a

(3.83)

system containing skyrmions and antiskyrmions.

We shall use all of these (2 + 1)-dimensional moving objects extensively in

the following chapters.
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4. THE HOPF TERM.

It is well known that if a purely bosonic classical field theory admits topo-
logical solitons then it may have fermionic characteristics too—Finkelstein and
Rubinstein [36] considered this possibility from the point of view of algebraic
topology, and found that the multi-valuedness of the configuration space was

crucial for the existence of spin and Fermi-Dirac statistics in the theory.

There are similar possibilities for the €P! model. In 2 dimensions we know
that the field manifold of this model is €P! ~ S? and the configuration space is
the space of continuous maps from the base space (which we know is the com-
pactified Euclidean space E2, that is, S?) to the field manifold. We have seen
in chapters 2 and 3 that since IT;(S%) = Z then this model admits topological
solitons. In (2 + 1) dimensions however, with time evolution introduced as ex-
plained in the previous chapter, we have seen that approximate time-dependent
solutions can be produced which evolve over the time interval [0,T]. If these
configurations are identical at t = 0 and t = T, then the base space of our model
can be thought of as S3 and these skyrmions define maps S — CP! ~ §%. The
additional well-known mathematical result I73(S?) = Z therefore means that
the configuration space in this (2 + 1)-dimensional model is infinitely connected,
which leads to the possibility of fractional spin and statistics. This possibility
can in fact be realized, as was first shown by Wilczek and Zee [17] who noted
that in (2 + 1) dimensions one was at liberty to introduce an additional topolog-
ical term into the usual expression for the action. This extra term, known as the
Hopf term of the theory, does not affect the classical equations of motion as we
shall see later, but does alter the quantum properties of the model—it turns out
that the Hopf term is related to the “spin” properties of the extended structures
in the model, and the skyrmions can have any spin, determined by an arbitrary
coefficient in the Hopf term, a fact reflected in their statistics properties.
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Wilczek and Zee [17] produced an explicit expression for this term using the
O(3) parametrization; Din and Zakrzewski [22] rewrote it using the equivalent
CP! notation, and it is the latter that we shall present here.

The CP! model contains a topological current J# (see reference [22]) given
by

J# = —;;r-e"”'\D,,Z.D,\Z (4.1)

where all greek indices now run over 0,1,2 and €°!? = +1 (hence the notation J°
used in equations (2.26) and (2.27) whilst defining the topological charge). This
current must be conserved, and its conservation enables us to define a “gauge

potential” A, through the curl equation:-
J# = 2 3, A,. (4.2)

Explicitly,

Ay =12.0,2, (4.3)

and using these quantities, the complete action for this model can now be pre-

sented, namely

S = / [‘D#Z‘.D,,z + 2—01;,4,‘#] dt d*z. (4.4)

The #-term is the Hopf term of the theory, where # is an arbitrary coefficient

and

H= / A JP dtd?z (4.5)

is known as the Hopf invariant—a quantity formally analogous to the Chern-
Simons term of gauge theories (see reference [37]) since from (4.2) and (4.3) it

follows that .

4.6)
1 (
where

F,,=0,A, - 09)A,. (4.7)
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The solitons of this model are the time independent solutions of the equa-
tions of motion corresponding to (4.4). However, since the f-term involves time
derivatives it is identically zero for such solutions, and so the solutions are
once again the instantons/anti-instantons of the CP! model in two dimensions
discussed in chapter 2. In fact, as we shall see below, the addition of the Hopf
term does not modify the classical equations of motion of the (2+1)-dimensional
model at all since it can be shown to be a total divergence locally. [This last fact
has been demonstrated independently for the CP! parametrization of the model
by Din and Zakrzewski [22] and by Wu and Zee [38]; in the O(3) parametrization
AuJ*# is not obviously a total divergence locally, but it can easily be shown that
arbitrary variations of A,J* are total divergences—see for example reference
[39]—from which it can also be deduced that the equations of motion remain
unaltered.|

To see that the Hopf term is a total divergence in the n-skyrmion case,
we reproduce here the arguments of Din and Zakrzewski [22]|, with the time
parameter introduced into the skyrmions as described in the previous chapter,

that is, the parameters a;, b; and A in the n-skyrmion configuration

Z=f/|fl’ (4'8)

where

fi= ﬁ_($+ - a;)

= (4.9)

f2 =A H(I+ - bi)a
i=1

are allowed to vary arbitrarily as functions of t in the interval [0, T'] (subject to

a; # b; and A # 0 for all t). Then

T
H =/o dt [z 4,7*

1 T
=—/ dt/dzzh
27 Jo

where the integrand A is given by

(4.10)

h=2mA,J" = ) (2.0,2)(8,7.9,2). (4.11)
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Writing in general
zZ = f/|fl, (4.12)

where f = (fi(z+), f2(z+)), after a few lines of algebra the quantity h in (4.11)

becomes

h = |f|4 [(30f13+f2 — 80f204+[1) (/1842 — 28+ 1)1 . c] (4.13)

Making use of the identity

a-l- (Efl.}P) 'f|4 (f2a+fl fla+f2)i (4'14)

we see that h can be rewritten as

h = { [(3of23+f1 3oflt9+fz)f |f|2] - C-C-} , (4.15)

proving the claim that h is a total divergence. Hence the addition of the Hopf
term does not affect the classical equations of motion, and the total derivative
form of h enables us to write H as a line integral using Green’s Theorem in the

complex plane: we obtain

T
H= ziw [ % [}( (B0 f20+ f1 — BofyBs fa) =T dzy +c. c] & (4.16)

fa If |2
where the z, contour in the line integral is the circle at infinity, which therefore
encloses all the singularities of the integrand.

Inserting the explicit forms for f; and f; from (4.9), the integrand becomes

b 1 3] 1AP
[E — a;)(z+ — bj ) Z (s —a) ] e (4.17)

i (4

where as before the dots mean time derivatives. We can now use calculus of
residues to evaluate the line integral in (4.16): from the first term of (4.17)
there are contributions from the poles at 4 = b;, and from the second term the
only contribution is at infinity. The final result for H is

1 (T "obi—d; A n
_ ! -y LS e dt .
2/o [uﬂ%—w+xu+um °% (4.18)



Note that this expression involves line integrals of the relative vectors b; —a; and
the scale X in the complex plane. If the skyrmion configuration at ¢ = 0 coincides
with the configuration at ¢ = T, that is, if the set of parameters {a;(T)} is some
permutation of the set {a;(0)}, and similarly for b;(t) (and A(0) = A(T)), then
the t integral becomes a closed contour integral and the skyrmion defines a map
S3 — CP! ~ §2%: thus the value of H is always an integer multiple of 27, due to
the mathematical result I73(S?) = Z.

As an example, Din and Zakrzewski considered the case of a one skyrmion

configuration
f=(z+ —a,z4 - b) (4.19)

and allowed the parameters a and b to perform a 27 rotation, following the

prescription
a(t) = ae, b(t) = be®, t € [0,2n7). (4.20)

With this time evolution, it is simple to calculate that
g [or .
H= -5[0 (5 +1) dt = 27 (4.21)

and we recognize that the relative vector b(t) — a(t) makes one revolution about
the origin during this evolution. In general, the value of H thus depends on how
many times the relative position vector of the “instanton quark” and “antiquark”
revolves around the origin.

The two skyrmion configuration can be considered as a further example;
however, before discussing this case in more detail we shall derive expressions
for the Hopf terms of other configurations we have studied in previous chapters.
We can then carry out certain transformations on the parameters of these various
extended structures, and compare the values of the Hopf terms thus produced
in a systematic way.

First, for completeness, note that we exhibited above the Hopf term for the
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configuration

fi= ﬁ($+ — ;)
= (4.22)
fo=AT](z4+ — &)

=1

for the case m = n; we shall now look briefly at the more general case m # n.
(Such solutions do exist: we shall meet examples in later chapters.) Obviously,
H can still be written in a line integral form as in equation (4.16):-

1

_/T% [f(60f23+f1 - 3of13+f2)

- d dt, 4.23

f2 |f|2

and inserting expressions for f; and f; the integrand is found to be

a; — by M AP
[Z = et Y ) A] e 0

i=1j=1 +_al)(x+_b)

in complete analogy with (4.17). Again calculus of residues enables us to calcu-
late this line integral around the circle at infinity: for m > n there are contri-
butions from the poles at . = b; from the first term, and at infinity from the
second term; for m < n the contribution at infinity disappears completely and

the only contributions come from the simple poles. The final result is

A
_l__, - —
2/ [ Z‘:,Zl .t Fmo(m—n) —cc.| dt (4.25)
where
oy J1 form>n
9(m —n) = {0 for m < n. (4.26)

Now we shall attempt to calculate the Hopf terms in an analogous way for
our candidate configurations for a skyrmion plus antiskyrmion system. To this

end we consider first configurations of the form

n

fi = fi(z4) = [[(z+ — @)
i=1

- (4.27)

f2 = fa(z-) = [[(=- - bs),

=1
so that two of our candidates are considered, namely the cases n =1 and n = 2

(cf. (3.45) and (3.47)). Can the Hopf terms for these structures also be written
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in line integral form? Well, if we substitute (4.27) into our expression for A from

(4.11), we find after a certain amount of algebra that

b= iz (000 Ts ~ 6T0s L) (0u i~ i)t e, (429)

and using the identity

O (lelr}lz) - |f1|4 (1204 f1 = 10+f2) (4.29)

we soon realize that

h=i {a_ [(80f16+f2 80f26+f1)f Iflz] - c.c.}, (4.30)

again showing that h can be written in a total derivative form. So as before the
addition of this Hopf term does not affect the classical equations of motion of

the system, and H can be written as a line integral in the following manner:-

H=— / [f(aoflaufz 80120+ f1) 2 dx++cc]dt (4.31)

lfI2

where the =, contour is the circle at infinity.
This expression holds for fi = fi(z4), f2 = f2(z-) in general; we shall now
insert the explicit forms for f; and f; from (4.27), and we find that the integrand

becomes

3 b; — a; |f1|2
i,jz=:1 (z4 — ai)(z4 — b;) |f]? tc.c.. (4.32)

Applying calculus of residues once again to the =, integral around the circle at

infinity, the result obtained for the Hopf term is

;T B by — ag
p==/ [Z:; a'—c.c.] dt, (4.33)
1

i b a

an expression which involves a line integral in the complex plane of the relative
vectors b; — a;, and hence to which we can apply the same remarks as for the
n-skyrmion case (indeed, (4.33) and (4.18) only differ by an overall minus sign
if we take A = 1): we shall see in detail soon that the value of H from (4.33) is
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again always an integer multiple of 27 if the ¢t integral becomes a closed contour
integral as described previously.

But first there is one more configuration for which we would like to derive
the Hopf term: our most likely candidate for a skyrmion/antiskyrmion system

_ (z+ —a1)(z- - f__?)
(o~ 1) (- — )

In other words, we would like to calculate the Hopf term for a configuration of

w (4.34)

the form
— fl ($+,:B_)
f2($+,-'5—)

where f; and f, are functions of z; and z_. Inserting this into our expression

(4.35)

for h in (4.11), we can eventually produce k in the form
; {3of1(—3+f2A+a—sz+f20) — c.c. }
— X

(4.36)
+ 8of2(6+f1A — a..le — flc) — C.C.

where

A=0_fifs~ f10_-F,
B=0,fif2s — i0+f2 (4.37)

C=0_fi8+f2 — 8+110_Fs.
Assuming that we can write

fi(z4,z-) = Fi(z4)Gi(z-)

fo(z4,2-) = Fa(z4)Ga(z-)
—this is always the case for the expressions we use—then (4.36) becomes
— G204 F,G1G3(0_T1 F; — F10_T3)

(4.38)

Fla()Gl + GlaoFl)

i
h= T

+ F38_G2F1 F2(3+G\1G; — G10+Gy)
+ F3G3(F2G10-F18+G; — F1G20_F;0,G1)
+ G13+F1G1G2(8_F1F2 - EB_E)

i(FgaoG'z + G260F2)
1714

- F10_G,F1F;(84+G,G; — G,0.G3)

~ F1G\(F;G18_F18,G; — F1G20_F,0,G))

+complex conjugate. (4.39)
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It is not at all clear how to turn this expression into a total divergence, and

hence how to express this Hopf term as a line integral. We can estimate what

the expression may look like by writing down analogous terms to (4.15) and

(4.30), for example,

h=—10_
—10_
+10_

+ 10

or more generally

h=—10_

—10_

+ 10—

+10_

[(80F184 Fy — 80F284+ F) |1}

hF; |f 2 +idelee]
Cia A A A A Y |12
(aOGl 3+Gcz:1 G30G28+G1) ||?l|2 ] + ia+[C.C-]
[(80F18+ Gz — 80G204+ Fy) | f1]? : a0
| e Tid 194 [c.c.]
S B =V £ 12
(aoc;laJr}«";r2 G_c;iona+G1) Ilfflll2 —id4[c.c)]
.(aof13+f'.t.f:fjofza+f1) |lf}1||: + 104 [c.c.]
-(aoﬁa+f—2)"l—.fzaoﬁa+..f—l) 'IfflII: +id4[c.c.]
t hh : 4.41
(80f18+f2 — ofad+ 1) |1*] 184 [c.c.] .
! hia /12 | i
o A g AITAS
(80f13+f2f2f_:90f23+f1) I‘f;||2 —id4[cc]

but in each case, when we perform the copious amounts of algebra needed to

compare these guesses with (4.36) and (4.39), we are always left with extra

terms which cannot be eliminated. It is clear that we need a different approach

to enable us to calculate the Hopf term for this type of configuration.

The approach we adopt is as follows: consider

where

If we take

_(er—a)e-m) _h

R RN R T e
hH = (z4 —a1)(z- —a3),
B (4.43)
fa = (z4 = by)(z- — ba).
1 _ T+ a1
1= Ty — bl ’
A (4.44)
f2 - T — E,

71



then we can say that

fi
w=—,,

2

(4.45)

but because we now have f] = f{(z4+) and f} = fj(z_) we can use equations
(4.27)-(4.31) to write the Hopf term, as a function of f{ and f3, in the form of a
line integral. Substituting the explicit forms for f] and f} from (4.44) into this
line integral, the integrand becomes (cf. (4.32))

|f1]? { (by — b) + (a1 — az) +ee }
( c.

12 | (z4 —01)(z4+ — b2) (24 — a1)(z4 — a2)

_|f1|2{ (b1 — a2) 4 (&1 — b) +cc}
( <.

IF12 (x4 — 01)(z4+ —a2) (24 — a1)(z4+ — b2)

(4.46)

and using calculus of residues once more to evaluate the line integral we find

that

H(fi, /) = %/OT [(bz e R dz) - c.c.] dt. (4.47)

bo—a; by —az
This is not the final result, however: we are seeking to evaluate H(f;, f2), which
will not in general be the same as H(f{, f3) even though f1/fs = w = f{/f}. We
shall now proceed to calculate the extra terms which may appear in the former
due to this change of variables.
We start with the original definition of the Hopf term in terms of Z' from

(4.10) and (4.11) where
o5

, (4.48)
[F11? + 1 f3)?
that is,
H(Z) =~ /T dt / d*z h(Z') (4.49)
2r Jo )
where
h(Z') = e**(27.0,2")(8,2".9,2"), (4.50)
and we consider a change of gauge given by
(1, £2) = (1, f2) = (1, f2)g (4.51)
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where

9= (z4+ — b1)(z- —@3). (4.52)
Thus
’ .
7 g=29_ g (4.53)
lg]
where

_ .1 (Im(z4 — b1)(z— —a3)
¢ = tan™ (Re(-'5+ = by) (- —a_z)) .

(Note that 7'.Z2' = Z.Z = 1.) How does this change of gauge affect the Hopf

(4.54)

term? Simple algebra yields

h(Z') — h(Z) = h(Z'e"?)

. (4.55)
= h(Z") + i"28,¢(8,2'.9, 2"
and hence
1 gt J T 2 ) 7T '
H(f1, f2) :H(f,,f2)+§/o dt/d z 03,6(8,77.0,2"), (4.56)
so our result for the required Hopf term is
. T M _ . H - -
H= 1/ [(b2 G _h “2) —c.c.] dt
2Jo bz —a bl — ag (4.57)
J T 2 A 71 !
+o— [t [ @z [20,9(0,77.9,2").
Consider this second integral, say I:
— L B 7 !
I=- /V 3, [ 4(0,77.0,2")] av (4.58)

where V is the volume defined by —00 < £ < +00, —00 <y < +00,0<t < T.

Using the divergence theorem, we obtain
= / [¢#24(8,27.0,2")] ds (4.59)
2r Js #

where S is the enclosing surface of V', and if we calculate this integral over the

whole surface using the usual cylindrical polar coordinates we find that

B — _ t=T
I= 2'_" [ / dzdy $(3,2'.8,2' — a,z'.a,z')] (4.60)
t=0
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since the contribution from the curved surface at infinity is zero. Written in

terms of f{ and f], this becomes

t=T
-3 [/ d dy %ip(fiTiaafféa-fé - féféa-f{6+fi)l (4.61)

t=0

and so, finally, the Hopf term for the configuration (4.42) is given by

. T : — . M — .
H= 1/ b — a1 —bl 22 —c.c.| dt
2Jo bz—al bl—a,z

. s or (4.62)
1 P M FTa FTa ! _ f1FTa FTa. ¢!
- [ [[ d=ay i (#Ti04T3o- 1 fzfza—f13+f1)]t=o
where
/Ty —ay ) T —by
1= T T =% (4.63)
and

_ tap-! [I(z+ = b)(z- —T)
#=tan” (Re(3+ — b1)(z- —71?)) '

This expression may seem difficult to work with, and indeed it is, except in the

(4.64)

special cases where the final and initial configurations of a time evolution are
identical, in which case the second term vanishes and only the simpler first term
remains.

More will be said about this Hopf term later; now we note that since we
have derived expressions for our various Hopf terms we can return to the earlier
comment about configurations which coincide at ¢ = 0 and t = T, namely, if the
set {a;(T)} is some permutation of the set {a;(0)} and similarly for b, then the
t integral reduces to a closed contour integral, and the homotopy H3(Sz) =7
tells us that the value of H is always an integer multiple of 2. We illustrate

this by considering the Hopf terms corresponding to the three configurations

_ (=4 - a1)(z+ — ag)

YT (zg = b1)(z4 — b3) (4.65)
_ (z+ —a1)(z+ — a3)

Y (o —b)(e- —b) (4.66)
— (z4 — a1)(z- — @3) -

(z4 — b1)(z- — by)
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when the parameters are allowed to evolve in two ways:-

(a) Fixing b; and b; (so that by = by = 0), and exchanging a; and as

according to the prescription

_(mtae) (e2-a)y

al) =" 2
(4.68)
a(t) = & ;az) , (a2 - a1) it

where 0 < t < 7 (or similarly exchanging b; and by with a; and a; fixed).
(b) Fixing a; and b, (so that &; = b; = 0), and rotating a; through 27 about

b, according to the prescription
a1(t) = by + (a3 — by)e® (4.69)

where 0 < t < 27 (or similarly rotating az about b2 with a; and b, fixed).

The Hopf terms of all these cases bar one (see below) are simple to
calculate—a closed contour integral evaluated using calculus of residues again—
and the various results are shown in Table 4.1. The problem case is the exchange
prescription for the configuration (4.67): since the initial and final configurations
are not identical (they are identical in the rotation prescription), the second ex-
pression in the Hopf term for this structure does not vanish, and hence the value
of the Hopf term is not obviously calculable.

Notice from Table 4.1 that the values of H depend crucially on the positions
of the various fixed parameters with respect to the closed contours traced out
by the moving parameters, and also the values depend on how many times the
contours are traced out by the moving parameters. For example, if we consider
the configuration (4.65), if only b; lies inside the closed contour then the value
of H is 27 (if the contour is traced out once) for both the exchange and the
rotation prescriptions; for b; and b2 both inside the contour, H = 47 for both
prescriptions, and similarly for the configuration (4.66). This observation serves
as an indication that the exchange and the 2w-rotation belong to the same
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Configuration

Motion performed

Hopf term (with conditions)

w = (z4 — a1)(z4 — ap)
(z+ — b1)(z+ — b2)

Rotation of 27 of
a; about b; with

as and by fixed.
Similarly for 1 « 2.

H =47 if by is inside the
contour traced by a,
if by is outside the

contour traced by a,

H =27

w = (24 —a1)(z+ — a3)
(z+ — b1)(z4+ — b2)

Exchange of ¢; and
az, with b; and b,
fixed. Similarly

for a; « b;.

4m

if b; & b, are both
inside the contour
traced by a; & a3
if bl or bz is

inside the contour
traced by a; & a;
if b1 & by are both
outside the contour
traced by a; & ag

w = (21 — a1)(z+ — a1)
(z- —b)(z- — B2)

Rotation of 27 of

a; about b; with
az and b; fixed.
Similarly for 1 « 2.

if b2 is inside the
contour traced by a;
if by is outside the
contour traced by a;

w = (z+ —a1)(z+ — a;)
(z— = b1)(z— — bs)

Exchange of a; and
ay, with b; and b,
fixed. Similarly

for a; «— b;.

if b1 & by are both
inside the contour
traced by a; & ag
if bl or bz is

inside the contour
traced by a; & ag
if b; & by are both
outside the contour
traced by a; & ay

w=(z4 —a1)(z_ —@
RN F——

Rotation of 27 of

a; about b; with
a2 and by fixed.

if by is inside the
contour traced by a;
if by is outside the
contour traced by a;

w = (24 — a1)(z— — T3)
(24 — b1)(z- — b2)

Rotation of 27 of

az about by with
a; and b; fixed.

if b; is inside the
contour traced by a;
if by is outside the
contour traced by a,

w=(z4 —a1)(z- —a3)
(z+ — b1)(z- - by)

Exchange of a; and
ag, with b; and b,
fixed. Similarly

for a; & b;.

The Hopf term for this
motion is not easily
determined.

Table 4.1
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homotopy class, as discussed in reference [36], which is a manifestation of the

connection between the spin and the statistics of the extended structures.

Now, according to Feynman (as quoted for example in reference [17]), to
determine the spin of our skyrmions we simply rotate the skyrmion adiabati-
cally through 27 over a long time period, after which the wave function of the
skyrmion acquires a phase factor exp(iS) where S is the action corresponding
to this rotation. Hence the effect of the Hopf term corresponding to the mo-
tions discussed above is simply to multiply the skyrmion wave function by a
factor exp(i19H/27), as can be seen from equation (4.4). For the choice of the
parameter § = 0, this factor becomes +1, that is, the object is quantized as a
boson; for the choice § = , this factor becomes exp(iH/2) which can be +1,
that is, quantized as a boson, or —1, that is, quantized as a fermion, depending
on the choice of the transformation path but independent of the orientation of
the path. This is shown in Table 4.2 where this factor has been calculated for
all the prescriptions considered in Table 4.1 (setting # = =), and it is clearly
demonstrated that although the Hopf term does not affect the classical equa-
tions of motion of the extended structures of this model as we saw previously,
the term is intimately related to the spin properties of the objects and hence the

quantum properties of the model.

If we choose the parameter 8 such that 0 < < 7, to try to interpolate
somehow between fermions and bosons, the transformation paths can be chosen
so as to obtain any factor exp(igd) where ¢ is an integer, thus realizing the
possibility as claimed at the beginning of this chapter that this model can exhibit

fractional spin and statistics.

We saw above that the form of the Hopf term in (4.62), corresponding to
the configuration (4.34), was not very satisfactory when we tried to calculate
its value for certain transformations. However, (4.34) turned out to be our best
candidate for a system containing one skyrmion and one antiskyrmion in earlier
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Configuration

Motion performed

Value of exp(1H/2)

w = (24 — a1)(z4 — a3)

(z+ — b1)(z+ — b2)

Rotation of 27 of
a; about by with
ay and b; fixed.

Similarly for 1 « 2.

if b, is inside the
contour traced by a;
if by is outside the
contour traced by a;

+1

-1

w = (24 — a1)(z+ — as)

(z4 — b1)(z4+ — b2)

Exchange of a; and
az, with b, and by
fixed. Similarly

for a; « b;.

if b; & by are both
either inside or
outside the contour
traced by a; & a3
if by or b is

inside the contour
traced by a; & a2

w = (24 — a1)(z4 — a3)

(z— — b1)(z- — b2)

Rotation of 27 of

a; about b; with
a and bz fixed.
Similarly for 1 « 2.

if by is inside the
contour traced by a,
if by is outside the
contour traced by a;

w = (z4+ — a1)(z+ — az)

(z- = b1)(z- — b2)

Exchange of a; and
as, with bl and bz
fixed. Similarly

for a; « b;.

if b; & by are both
either inside or
outside the contour
traced by a; & a;
if b; or b is

inside the contour
traced by a; & a2

w=(zy — a1)(z- —a3)

(z+ = b1)(z- — b2)

Rotation of 27 of

a; about b; with
az and b, fixed.
Similarly for 1 & 2.

—1 if by is inside the
contour traced by a;
if b3 is outside the

contour traced by a,

+1

w = (21 —a1)(z - @)

(z+ = b1)(z— — bo)

Exchange of a; and
az, with b; and b,
fixed. Similarly

for a; + b;.

The value of exp(:H/2)
for this motion is not
easily determined.

Table 4.2
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chapters, and so we end this chapter by trying to obtain a more suitable form

for this Hopf term.

We start by recalling that for one skyrmion we know from (4.18) that

b-a b-a
2. s — = T
/hdz m[b—a b—E]’ (4.70)
or if we put
a=p+1gq, b=r+1s, (4.71)

then

2 27|(r—p)(56—4q) + (s —q)(p—¥)]
/hdx_ (r—p)2 + (s — q)? '

We shall try to obtain this same result by a different method, which we hope to

(4.72)

be able to generalize so that we can calculate the required Hopf term for (4.34).

First we note that in general we can always write
h = 8uJ* = OJt + 8,J° + 3y JY (4.73)

independently of the configuration we are considering. This result can be ob-

tained simply by algebraic manipulation of

h = "*(2.0,2)(8,7.0)\2) (4.74)
after substituting
Zy = y1 +1y2
(4.75)
Zy = y3+1ys

where the y;’s necessarily satisfy

n’+ylt+yl+u’=1, (4.76)

and we find that .
J = zf(yi)[azylayyz - ayylazy2]

J* = 2f(vi)[0yy10ty2 — 3ey18yy2] (4.77)

JY = 2f(y:)[0ty10:2y2 — 9:410:y2)
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where

fy) = sin™! (____l’i__) . (4.78)
V1-wn?—y?
For certain configurations (for example, the one skyrmion case), h can be further

simplified to

and hence [ hd?z is easily calculated using
/ hd’z = }( (nzh® + nyhY) ds. (4.80)

This was the method we used to calculate all our previous Hopf terms. However,
in some cases, simplification to the form (4.79) is not so straightforward, as we
saw for the configuration (4.34) for example, so instead we use the following

idea: consider instead the quantity
/ hd3z. (4.81)

Using cylindrical polar coordinates with the “z direction” being the t direction

we can use (4.73) to write

[ha*e= [o,0ma%z= [ s#as,

= Jtdzd —/ Jtdzd /J“dS
t=T oy t=0 zay + o »

(4.82)

where o is the curved cylindrical surface at infinity. Now, by choosing a particu-
lar gauge the first two terms can be shown to cancel as we shall now demonstrate.

Recall that from (2.27) the topological charge density J° is given by

i —
I = (D:Z.0yz - D,Z.D.2)
A B (4.83)

=5 (0:2.8,Z — 8,Z.0.2)

after a few lines of algebra. Substituting (4.75) into this expression yields

1 1
J? = ~[02y19yy2 — Oyy1zya] + —[9:¥sByya — Byyadzya)- (4.84)
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Also, from (4.77),
Jt = Zsin_l (—i—) [azylayyg - ayylazygl. (4.85)
V3?2 + y4?
Now, if we choose a gauge such that
Y3 = ayq (4.86)

where a is a constant, then (4.84) and (4.85) simplify to

1
J% = ~{02119y2 — Oy 8.1 (4.87)
and
. - Q
Jt = 2sin™! (T\/ﬁ) [02410yy2 — Byy10:y3]. (4.88)

In other words, this choice of gauge produces the result

JO o Jt, (4.89)
Hence,
/ Jt dzdy o f J° dz dy (4.90)
to to

for any time tp, but since JO is the conserved topological charge density and is
therefore independent of time, then the value of [ J? dz dy and hence [ J! dz dy

is independent of the time at which it is evaluated. Hence

t — t
/;=TJ dzdy = /t=0J dz dy (4.91)

and the first two terms in (4.82) cancel as claimed.
For the one skymion case, can such a gauge choice be made? In other words,
if
Z — 2' = Ze", (4.92)
can ¢ be chosen so that y3 = ays and such that the Hopf term is invariant?
(We saw earlier that for a general ¢, H is not always invariant—see for example
(4.56).)

81



Algebraic considerations soon show that ¢ must be of the form
-1 [ Y3 — ayy
¢ = tan™! (—-——) 4.93
ays + Y4 (4.93)
to ensure y3 = ay, in the new gauge. We need to check the behaviour of H
under this gauge transformation.
We saw earlier—see (4.56) and (4.60)—that under a gauge transformation

Z — Zé'? the Hopf term transforms as

i _ . t=T
H— H+ o [ j dzdy ¢ (0:2.8,7 - a,,z.a,,z)L=0 : (4.94)
Using (4.83), we realize this can be written in the form
t=T
H— H- [//dxdy ¢J°] , (4.95)
t=0

and also in an n-skyrmion case J° can be rewritten in the form
o_ 1 2
J' = ;BJ,B_ log 'fl (4.96)

(this can be proved in only a couple of lines of algebra) and so we can say that
1 t=T
H—H-— [// dz dy ¢ 8,9_log |f|2] (4.97)

t=

Integrating this second term by parts twice, it is fairly easy to show that the

surface terms vanish and we are left with

H— H- % [/ dzdy 8,0_¢ log |f|2]:T (4.98)
Finally it can be shown that in our one skyrmion case
8+0-¢=0 (4.99)
and so we are left with
H — H, (4.100)

that is, the Hopf term is snvariant under this change of gauge.
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Hence this choice of gauge can indeed be made, and equation (4.82) simplifies

to

/hd3:z: = j;J“ dS, (4.101)

where the quantity on the right must be calculated in the new gauge, but the
quantity on the left is invariant under this change of gauge. Now o is the curved

cylindrical surface at infinity and so on this surface

dS, = pli'rgo nupdip dt (4.102)

th

where n, is the 4** component of the unit normal to the surface, and p and

Y are the usual radial and angular variables in cylindrical polar coordinates.

Hence
/ hddz = Jim / Thn,p dip dt, (4.103)
that is,
/hdzzdtz pllr&/(J‘cosd;-{-J”sintﬁ)p dy dt (4.104)

and so we can write in this particular gauge

2%
2 — . z y .
/hd z—plLr{‘xo/(’ (J®cosyp + JYsinep)p dyp (4.105)

where J® and JV are given by (4.77). Thus we have an expression for [ hd2z as
required, which we need to calculate in the correct gauge for the one skyrmion
case to compare with (4.72)

Recall that previously the one skyrmion configuration was given by

_(z+iy) = (p+1qg)
“= 7l

_ (z+iy) — (r+1s)
1]

(using (4.71)). In the new gauge we know that ys = ays, so the f(y;) in (4.78)

(4.106)

Z

becomes a constant:

f(@) = sin™! (\/%T?) (4.107)
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and y; and y; can be shown to be given by

n= —x_pcosd:— ———y_qsinqs
y2=y qcos¢+ psmq&
|71 |71
where, using (4.93),
4 = tan~! 2=y = (r = a9) (4.100)
az+y— (ar+s)/’ )

Several pages of algebra enable us to calculate the various derivatives of (4.108)
needed to calculate J* and J¥, and hence complete expressions for J* and JY
can be written down. Here, however, we shall just consider the 7 dependent
terms for the sake of argument, and compare these terms with the # dependent
terms in (4.72).

It is found after much algebraic manipulation that the # dependent terms in

J* and JY are

2f(a)f{(z —p)* +(z—¢q)* = (z—r)(z —p) — (y — 5)(y — q)]

(- )V + (= + - pP + (v — )P 110)
and
~2f(e)f[(z — r)(y — q) — (= — p) (v — 5)] (4.111)
[(z—r)?+(y—s)?+(z—p)*+(v— ) '
respectively, with f(a) given by (4.107). Changing to polar coordinates
T =pcosy,
(4.112)
y = psiny,

the # dependent term in [ A d%z can therefore be shown to be given by

/2" [p%(r — p) + p(p* + q* — rp — sq) cos ¢ — p(rq — sp) sin 9] dy
i (202 — 2p(r + p) cos ) — 2p(s + q) sin® + (r? + s2 + p2 + ¢2)2
(4.113)

Now, as p — oo, the integrand appears to behave ~ 1/p? and so if we take the
limit p — oo this r term would disappear. This contradicts our expected # term

from (4.72) of
2n(q — s)r

=2+ (-
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Similar behaviour appears if we consider the terms dependent upon §, p or ¢ and
hence we are forced to conclude that our method contains a fundamental error:
we believe that the gauge transformation interferes with the simple pole which
gave us our contribution via the calculus of residues to the Hopf term (4.70)
for the one skyrmion configuration, and so we cannot immediately produce the
Hopf term we required. However, although we shall not pursue this idea further
in this thesis, preliminary investigations indicate that if a way could be found to
deal with this interference then this method provides a promising mode of attack
to produce Hopf terms so far uncalculable by the method previously discussed

in this chapter.
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5. SKYRMION DYNAMICS AND KAHLER METRICS.

We saw in chapter 3 that the motion of skyrmions in the €P"*~! models can
be studied by assuming that all time dependence of these skyrmions resides in
the skyrmion parameters. This in fact amounts to studying the dynamics of
slowly moving skyrmions which approximate to genuine time dependent classi-
cal solutions of the full (2 + 1)-dimensional theory. In that chapter we defined a
quantity known as the “kinetic energy density” of the slowly moving skyrmions
and studied the constraints it was necessary to impose on the skyrmion param-
eters to ensure finiteness of the kinetic energy. Here we shall look more closely
at the form of the kinetic energy density so that we can make observations of a
more general nature about the evolution of these systems in the limit of small
velocities.

First we consider the CP! model, a case already studied in detail by Din
and Zakrzewski [20], but one which is important enough in our later work to be
presented again here in some detail. In chapter 3 we saw that the kinetic energy

density of the CP! model is given by
DoZ.DoZ = KoKop = K, say, (5.1)

where

Ko — fa0of1 — f100 2
|f1]2 + | f2|?

(see equations (3.59) and (3.60)). Substituting the n-skyrmion configuration

(5.2)

= _ﬁ($+ — ;)
=t (5.3)

f2 = H($+ - bi)a
1=1

we saw that the constraint
n
2 (bi—a)=0 (5.4)
=1
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must be imposed to ensure finiteness of the kinetic energy of the system (see
(3.64)). However, if we now look more closely at the form of (5.2), further
observations can be made. Din and Zakrzewski [20] noted that the kinetic energy

density K for the n-skyrmion system can be written in a more convenient form

as
If|4|f2190.l"1 flaOfZI
1 S . (5.5)
= W d"b—a; - bc Ifll ‘le

(where summation is implied over repeated indices). Introducing the compact

notation
{Aa}—_-{01,...,Gn,bl,...,bn} (5.6)

the second equality in (5.5) implies that

K =g,5A% AP (5.7)
where
1 8 @
Ga;a; = |f|4a aa ‘fllzllez
1 ¢ o
ga;b_j - 'fl‘l aa' ab |fl |2|f2|2 (5'8)

130 e

19 a .

and hence we see that the kinetic energy density simply defines an Hermitian
metric on the manifold of skyrmion parameters. [Such a metric always exists
on a complex analytic manifold: this means that for our complex local coordi-
nates {A®}, the quadratic form ds? which defines the metric on our manifold of

skyrmion parameters can be written in the form
ds? = 905 dA*d AP (5.9)

where g5 is an Hermitian matrix.]
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In fact, a few lines of algebra easily show that the metric given by (5.8) can

be written compactly as

8 3 .
- e 5.10

which is of the form
v
9eB = 340048
and hence we see that the metric defined by K is Kahler-like, with Kéhler

(5.11)

potential

V =log|f2. (5.12)

[There are several other ways one can recognize a Kihler metric, some of which
we shall meet later in this chapter—for a complete mathematical discussion of
Hermitian and Kihler manifolds, see for example reference [40].]
The kinetic energy K is obtained by integrating the metric form over the
space coordinates:
K = [g,54° 47 d% (5.13)
and this integral is well defined on the submanifold given by the constraint (5.4)

discussed previously. We can also write this as
K =G 5A% AP (5.14)
by introducing the integrated metric

Gaﬁ = /gaﬁ dzz (515)

but care is needed here to avoid divergent integrals: finiteness of (5.13) (due to
the constraint) is not enough to ensure that individual terms such as (5.15) in
the summation over a and f are finite.

As Din and Zakrzewski have explained [20], it is possible to prevent diver-
gences occurring, for example, by introducing a Lagrange multiplier term into
the metric, or by introducing a space cut-off in all intermediate calculations and
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then removing it in the final expressions. Suffice it to say that such a defini-
tion of the integrated metric can be made rigorous: we can then write down

the corresponding equations of motion for the quark and antiquark coordinates,

namely
G A% + ﬂA‘A” =0 (5.16)
aff AT - )
or
-G =
Ac af Z €8 ge fv 17
A+ G 6A’7AA 0. (5.17)

Solutions of these equations, with the constraint taken into account, are
precisely the geodesic motions of the skyrmion constituents which represent
approximate solutions to the full (2+1)-dimensional theory if the velocity vectors
are small.

So, in the €P! model we have seen that the classical dynamics of slowly
moving skyrmions can be described by the geodesic motion on a Kahler man-
ifold of the skyrmion quark and antiquark constituents. We shall now try to
generalize these observations for the CP*~! models with n > 2, also in (2 + 1)
dimensions, where similar time-dependent structures exist which approximate
to exact solutions in the limit of small velocities.

In chapter 2 we studied in detail the €P™~! model in 2 dimensions, and

apart from the k-instanton solutions

Z = f(z+)/171] (5.18)

where
fi = (4 — a) (04 — a) .. (2 — o) (5.19)
with ¢t = 1,...,n, we saw that for n > 2 there also exist non-instanton solutions

of the full Euler-Lagrange equations, obtained from the instanton solutions,

given by

Z = P, f[|P:] (5.20)
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where _
f(f.0+f)
| f1?

(see equations (2.94) and (2.74)). We can think of all of these extended struc-

Pof=8.f- (5.21)

tures as moving objects in (2+ 1) dimensions simply by introducing time depen-
dence as before: by supposing that the a,f depend on a time parameter ¢. As for
the CP! case, these moving objects then approximate to exact solutions of the
(2 + 1)-dimensional theory in the limit of small velocities. Can we extend the
previous results in this chapter for the €P! model to both the instanton-like and
the non-instanton-like skyrmions in the CP™~! model in (2 + 1) dimensions?

We consider first the k-instanton-like configuration (5.18) with

fi = (z+ — a}(8)) (z+ — a5(2)) ... (z+ — ai(t)) (5.22)
where ¢ = 1,...,n. Starting from the definition of the kinetic energy density
K = DoZ.DoZ = |80Z — (2.802) 2|} (5.23)

we can rewrite K as
K = 307.30Z - (807.Z)(7.80Z). (5.24)

Then if

Zi = fi/lf| where i=1,...,n (5.25)

it is easy to show that

K= #[(Tf) (307.60f) — (80F-£)(F-00f)]
(5.26)
- |f|4 Y | fiBofi — fidofil*.
>y
Substituting
k N
fi = [ (z+ — ai(2)), 5.27)
=1
we soon find that
k 9 a
'J_. . 2 2 |
'f|4 'Z>; Iilzzl (0,1 aa{ ) Iftl |f]| ] (5 28)
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This result is a direct consequence of D_Z = 0, simply stemming from the fact
that all the parameters a.f in f; are mutually independent.

Introducing the compact notation
{A%} = {d},...,dl,d},...,d%,...,a},...,a}} (5.29)
then equation (5.28) implies that
K = g,5A%AP (5.30)

where the metric can again be written compactly, after a certain amount of

manipulation, as

o 0

998 = 345 507 1°8 Vi (5.31)
and hence we see again that the kinetic energy density defines a Kahler-like

metric on the manifold of the skyrmion parameters, with Kahler potential
V = log|f]|? (5.32)

in direct analogy with the CP! case. So once again the classical dynamics of
slowly moving instanton-like skyrmions in this model can be described by the
geodesic motion on a Kahler manifold of the skyrmion parameters, and to ensure
finiteness of the kinetic energy of this system, we find that we need to impose

the constraints
k

S (éf—al)=0 forall i#j, (5.33)
=1

clearly a simple generalization of (5.4) for the CP! case.

We now turn our attention to the non-instanton-like skyrmions in the (2+1)-
dimensional CP"~! model. Again the kinetic energy density K for this system
is given by

K = 80Z.00Z — (002.2)(Z.902) (5.34)

as in (5.24), but this time we make the substitution

Z; = P, f;[|P+f| (5.35)
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where i = 1,...,n and the f; are given by (5.27), and a few lines of algebra soon

produce the result

K = I_P%F[(E_f'm /) (BoPyf.B0Ps f) — (30 P+ f.Py f)( P+ f.B0 P4 f)]. (5.36)

A significant amount of manipulation then follows, making use of the usual
chain rule of differentiation, and again introducing the compact notation {A®}
as in (5.29) for the skyrmion parameters. The manipulation involves various

easily-proved identities containing P, f, P, f and their derivatives, for example,

0 —
Ve P,.f.Pif=0 (5.37)
and
0 —— 0
345 P.f. P, f=0, (5.38)

AP

and the final result of this algebra is that K can be written as
K = g 5AAP (5.39)

where the metric 907 is given by

1 0 —— a 3 ad

o - 0
| P: i ( S FiT P+f) (P+f- = Aam) .

Just a few more lines of calculation, motivated by analogy with the instanton-like

(5.40)

case, shows that this last expression can be rewritten in the form

o)

) : 28—
gaﬂ aAaaAﬁ

TR 5aa P 5 P,

2 log | Py f[2 + (5.41)

So the metric defined by the kinetic energy density in this case is certainly Hermi-
tian, and when written in the form (5.41) the first term is obviously Kéhler-like,
with Kahler potential

V = log|P; f|?. (5.42)

But what of the second term? Is it possible to write 9.5 completely in an

obviously Kahler form?
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Naively for this metric to be Kahler, the second term

_2 0
|Py f|* 0 A®

—_— d
—— =H Z s 5.43
T2y =Hy sy (5.43)

must be Kahler-like itself, that is, a potential ¥V must exist such that

o 0

a= o ==V. 44
of aAaaABV (5.44)

If such a potential V exists, then by symmetry of partial derivatives we have

a4 9 o o 0
0AY OA* g AP 0A“9AT gAB "’ (5.45)
that is,
0 0
WHGE = -BFH"E. (546)
Hence, if this result does not hold, it seems that H = can not be Kahler-like.

af
As an example where the result should hold, we consider the specific case of

a one-instanton-like skyrmion in €P2, that is, we take

f1=(z+ —a)
fa=(z+ =) (5.47)
fa=(z4 —¢)

where @, b and ¢ depend on the time parameter ¢t. Applying the P, operator to

this solution we obtain
Py fi=[(a—b)(z- —b) + (a - ¢)(z- —))/If"
Pyfa=[(b- a)(z- ~ @) + (b~ c)(z— —T)/If|* (5.48)
Py fs=[(c—a)(z- ~ @) + (¢ — b)(z— - B))/|S*

which in fact is essentially a one anti-instanton-like solution of the €P? model,

that is, of the form _
Pifi = Az- —d')

Py fy = p(z- — V) (5.49)

P+f3 = U(Z_ - .c_'.)

and so we know that this solution should define a Kahler-like metric in the way
discussed above for the instanton-like case.
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However, when we try to compute (5.46) for the configuration (5.48), we
find that the result does not hold in general, implying a non-Kahler metric!
This contradiction leads us to reflect upon our “condition for Kahlerity”, (5.46),
and we realize that we are not using a covariant condition. This presents us
with a very interesting problem: in one set of variables o', ¥, ¢’ (that is, one
complex structure) our metric appears to be Kahler-like whereas in another set
of variables a, b, ¢ (that is, a different complex structure) a non-Kahler-like
metric is obtained. Hence, we clearly need a “condition for Kahlerity” which
will not produce contradictions due to changes of complex structure. We shall
discuss this further later in this chapter; first we present configurations for which
this prescription works perfectly reasonably, and the P, operator does give us
further solutions which clearly define Kahler-like metrics.

This situation occurs for example for very special configurations describing
a one instanton-like skyrmion and one anti-instanton-like skyrmion located at
thg same point. Such solutions are real and are constructed as follows: we start

with a one instanton solution of the 2-dimensional CP! model, that is,

fl = A(:B.;. - a.)
(5.50)
f2 = p(z4+ — b)
and we translate this solution into its O(3) form using
q‘ = anipr (5.51)
where a,4 = 1,2 and 1 = 1, 2,3, and where as usual
Do = fa/|f| (5.52)

and o* are the Pauli matrices

=(00) =(17) =G 3) e

This procedure yields the results

1 _ AB(z4 —a)(z- — b) + c.c.
IAPlz4 — al? + |pf?|zs - B*’
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g \E(zy — a)(z— —B) + c.c.
ARlz+ — af? + |ul?|z+ — b

s _ IPle = af? = [uloy ~3F
IAPlzs — af* + |u?|z4 — b7

(5.54)

q

The next step is to identify ¢* with the components Za.(l) of a configuration
in the ©P? model, that is, simply put ¢* = Z‘-(l) in CP%. These Z’s are real, and
do indeed define a solution of the ©P2 model Euler-Lagrange equations—we met
this type of embedded solution earlier, in chapter 2 (see equations (2.41)—(2.44)
and (2.52)-(2.54)).

Now, defining
D = Ng(z4 - @)(z_ —B) + uX(z_ — @)(z4 — b)

M = iXg(zy — a)(z— - B) — ipX(z— — T)(z4 — b) (5.55)
(1) — (A2l — al? — lulPlz. — bI2
/3 = lzy —al® — |pf*lzy — b]
we use the operator P_ defined by

f(f-0-1)

Pr=0-I= "

(5.56)

to give us another solution of the CP? model (recall we discussed solutions

produced by the operators Py in chapter 2). Performing the algebra, we obtain

p_ ) _ A3z — a)? — ul(zy — )7
- APlz+ — aFf + [aPTos — b
) _ a6 =Nz ~ o) +u'(zs — b))
Fhe IA|lz4 — a? + |p|?|z4 — b (5.57)
P_ §‘) = —2Xp(b — @) Ap(z+ — a)(z4 — b)

P[zs — P + uPles — O

and ignoring overall factors, which we are at liberty to do since the model is
invariant under a change of phase of Z = P_f/|P_f|, we can take this new
solution to be defined by

z; = f0|50) (5.58)
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where

£0) — A? 2

(z+ — @)® — p*(z4 — b)
fz(o) = A2 (z4 — a)? + ip?(z4 — b)? (5.59)
) = —22u(es — a)(z4 - b)-

We see that this configuration describes a special two-instanton solution of our
two-dimensional €P% model. We can now introduce time dependence into this
system in the usual way, and if we consider the kinetic energy density of this
(2 + 1)-dimensional moving object, we do indeed find that it gives rise to a

Kahler-like metric of the form

___9 9
9o = 9Aa g2p

log | f©)? (5.60)

as before, with the obvious definition of the compact notation {A“}.

Now, applying P4 to f'(o), we get our (2 + 1)-dimensional non-instanton-like
solution

Zi = P\, 5O (5.61)
where explicitly
—22u(b — a)[Mi(z4 — a)(z— — B) + uX(z4 — b)(z— — @)]
[A?l2+ — af* + |pl?z4 — b2
—22pu(b — a)[iXT(z4 — a)(z- — b) — ipA(zy — b)(z- —@))
APlz+ — a? + [pf2|zs - b[?

P f(O) — —2)‘“(1’ — a)[|z\|2|x+ — a‘lz _' |u|2|$+ - b|2]
+ls PPlos — o + uPley b7

PO =

P =

(5.62)

Performing the copious amounts of algebra needed to calculate H of from
(5.43) and then to compute (5.46), we find this time that the result (5.46)
does hold, and thus this non-instanton-like skyrmion configuration can lead to
a Kahler-like metric as claimed.

Note that, as expected, the Pf_ f'-(o) ’s can be shown to describe essentially a
two anti-instanton-like solution, which leads once more to a Kahler-like metric
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from the kinetic energy density in a similar manner. Hence we have produced
three related skyrmion systems in CP? which all lead to Kihler-like metrics,
despite one of them being of non-instanton-like form.

In all our discussions of the €P™"! non-instanton-like cases, we have used
the “unintegrated metric” g5 given by (5.40). To discuss the dynamics of these

systems this metric has to be integrated to the full metric, as in (5.15), that is,

G5 = / 9,54 (5.63)
Then the dynamics are determined by the motion of the skyrmion parameters
along the geodesics of this metric. Unfortunately it is very difficult to perform
the integration in (5.63) analytically, even for the simplest configurations, and
additionally the form of the constraints (analogous to (5.4) and (5.33)) needed
to ensure finiteness of the kinetic energy of the system are more complicated
now. Almost certainly any progress here would have to involve some numerical
calculations, and so we shall not pursue this further in this thesis; however, it is
difficult to conceive how the integrated metric, if it could be determined more
explicitly, could avoid exhibiting similar properties to the ones we have discussed
above for the unintegrated form.

So, in summary, we have seen that the classical dynamics of slowly moving
CP"~! instanton-like skyrmions in (2 + 1) dimensions can be described by the
geodesic motion on a Kahler-like manifold of the solution parameters. However,
for the CP™! non-instanton-like solutions, the Kahler or non-Kahler nature
of the metric produced is unclear. For some special solutions the metric is
obviously Kédhler whereas for others the choice of complex structure affects the
results dramatically. We end this chapter by taking some steps towards finding
a “condition for Kahlerity” which will not be so dependent upon the choice of
complex structure.

Pope et al. [41] have produced expressions, involving the Riemann curvature
tensor, Ricci tensor and covariant derivative constructed from a metric, which
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may in principle be used to test whether the metrics we have been considering
are Kahler or not. These expressions vanish for Kahler metrics, but not for
general Riemannian metrics—the exact expression used depends on whether
the metric in question is Einstein (ie. if the Ricci tensor is proportional to the
metric tensor) or not.

Now, the metrics we have been considering are certainly Hermitian—are

they Einstein? In other words, can we demonstrate that

Rap = REE =0
(5.64)
Raﬁ = Agaﬁ
where Ra’ﬁ is the Ricci tensor and A is a constant of proportionality? We start
by considering the quantity R,g.

In terms of the Riemann curvature tensor R%.4, we can define R,5 by
Rop = R"a'yﬂ + Rwaqp, (5.65)

and the Riemann curvature tensor itself can be defined in terms of the Christoffel
symbols I'f. by

) . . (5.66)
a x a
~ TusTpy + T Tips — TsTpy

(these are simply the usual definitions for the Riemann curvature tensor and
the Ricci tensor for a complex manifold). So we need to calculate the various
Christoffel symbols for our Hermitian metrics. Working from first principles,
the Christoffel symbols are determined by two conditions, namely requiring the
metric to be covariantly constant, and requiring the manifold to be torsion-free.
Coupled with the fact that our metrics are Hermitian, it takes only simple alge-

braic manipulation to produce the following results for the Christoffel symbols:
1 -
Igy =I5 = Ega”(aﬂg'vﬁ + 0+957)

=1 -
g5 =T5p = Eg““(aﬂgﬁ — Ougp7) (5.67)
0



Now that we have the Christoffel symbols, we can substitute (5.67) into
(5.66) and hence evaluate (5.65)—performing the tensor analysis, it is straight-

forward to show that

Rop — Rga =0, (5.68)

that is,

Rop = Rg, (5.69)

so the Ricci tensor R,g is certainly symmetric; however, we find that
Rop+ Rgo =0 (5.70)
only if we impose an additional constraint on the metric, namely
dagpy — 9pga7 = 0. (5.71)
If this condition is imposed, we see that
Ry =0 (5.72)

as required; if we do not impose this condition then our metric cannot be Ein-

stein.

But what have we assumed if we impose this condition? To understand this,
we introduce a 2-form F which is known as the “Kahler form” associated with

the Hermitian structure
ds® = g5 dA°dAP, (5.73)
given by
F= %gaﬁ dA® A dAP. (5.74)

Now, in order that an Hermitian metric is Kahler, it is necessary and sufficient

that

(dF)apy =0, (5.75)
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that is, the Kahler form is closed (see for example reference [40] and also reference
[42]). But a couple of lines of algebra shows us that this closure condition can

be rewritten equivalently as

Bagpy — 93ga7 = 0 (5.76)
which is exactly the condition (5.71) we had to impose to ensure that Ro5 = 0.

So we find ourselves with a puzzle. To use the results of Pope et al. [41]
to test the Kahlerity of our Hermitian metrics, we need to know if the metrics
are Einstein or non-Einstein. To this end we calculated R, via the Riemann
curvature tensor and the Christoffel symbols. R,g should be zero if thé metric
in question is Einstein, but we found that to achieve this we needed to impose
a condition which, according to the above comments, is equivalent to already
requiring our metric to be Kahler! Additionally, looking closely at the expres-
sion (5.76), we recognize that this condition is exactly the type of “condition for
Kihlerity” we studied earlier in the chapter (cf. (5.46)), which we found was
subject to grave inconsistencies when different complex structures were consid-
ered. This is exactly the type of condition we were trying to avoid! One final
problem is the method we used to calculate Rap—cdnstruction of the Christof-
fel symbols involved the use of the inverse metric g"E, but consideration of 9op>
even for the simplest case of one instanton-like skyrmion in CP!, shows us that
the metric 9,5 is degenerate and hence non-invertible!

These inherent problems prevent us from being able to proceed further with
this approach; however, we would still like to use the results of Pope et al. to
test our metrics. This may still be possible if we calculate the Ricci tensor in
a way which avoids the explicit use of the inverse metric. We may then be
able to determine whether our metrics are Einstein or not without resorting to
a condition of the form (5.76), and we would then be in a position to use the
results of Pope et al. as required.

We shall therefore attempt to recalculate the Ricci tensor, this time using a
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method described by Eguchi et al. in section 3 of reference {42] which appears
to satisfy the needs outlined above. This method involves calculating for a given
metric such quantities as the vierbeins, affine spin connection 1-forms, curvature
2-forms and hence the Riemann curvature tensor and the Ricci tensor—rigorous
definitions of all these quantities are contained in [42]; we shall introduce the

quantities as necessary as we work through the method.

For simplicity, we shall consider first the case of a one instanton-like skyrmion
in the (2+ 1)-dimensional @P! model, and then try to extend the results to more

general systems. For the one skyrmion case, we already know that the metric is

given by
ds® = 907 dA*dAP (5.77)
where
{A%} = {a,b} (5.78)
and
9op = a%;%bg 712, (5.79)
with
f=(z+ -0, 24 -} (5.80)

(see equations (5.9), (5.6), (5.10) and (5.3) respectively) and so we know that
this metric is Kahler-like. Nevertheless, we continue with this system in order
to demonstrate how the Kahler nature of the metric may be concluded via the

method of Eguchi et al. and Pope et al.

First, writing

a=p+1q, b=u+1v (5.81)
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we see that our quadratic form ds? in (5.77) can be rewritten as

J d
dada
0 o

+ 57 77 log |f2(du? + dv?)
%b a{;, (5.82)
+ P log |f|2(dpdu + dgqdv + idgdu — idpdv)

+ %% log | f|*(dudp + dvdq — idudq + idvdp),

© ds? = log|f| (dp +dq2)

that is,

ds® = g, drdz” (5.83)

where u,v =0,1,2,3 and

dz’ =dp, dz' =dq, dr®=du, dz®=dv. (5.84)

We can now calculate the vierbeins e® for this metric using the defining equations

Guv = "abeauebu (5.85)

and

e* = e, dz* (5.86)

where a,b =0,1,2,3 and n, = diag(1,1,1,1). In other words, calling

22 loglff =4 o2 logl/' =B
iilo ’fzz 2 alO lf2_..D .
daap Bl = abog el =
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we need to solve the set of simultaneous equations

3 .3
800600 + eloelo + ezoezo +e'geg = A

eoleol + ellell + e21e21 + e31e31 = A
eozeoz + elzelg + 622822 + eazesg =B
603803 + 613613 -+ 823623 + 633833 =B
e%0e’1 + eloel| + e?pe?s + e3pe?; =0

(5.88)

602603 + 812813 + 822623 + 832833 =0

€%0e%; + elgels + e2oe?s + edpedy = %(C + D)
e®1€% + e'1els + e?1e%3 + €31e%3 = L(C + D)
e1€% + el €'y + e?1e?; + €*1e%y = £(C — D)

e%0€% + €lgels + e?ge’s + elpedy = —3(C - D),

a set of ten equations containing sixteen unknowns. With suitable choices
for various of these unknowns, we find by the usual elimination/substitution
technique for simultaneous equations that a consistent set of quantities can be
obtained for all these unknowns. The details of this calculation are clearly

tedious—we shall simply state here that during the calculation the result
AB=CD (5.89)

was needed, a result which can be proved in a couple of lines for our one skyrmion
system—and it was found that seven unknowns needed to be chosen. A suitable

choice turned out to be

611 =621 =831 =e33=e20=0

2, _ _UC-D)

(5.90)
= T EA)E

ety = &S, = B2

from which the other nine unknowns could be calculated. Using (5.86), the
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vierbeins for this metric could then be written down: they are

i(C - D) (C + D)
e°=A1/2dq+2—Al/2—du+—W'd‘U
- /2 (C — D)
L o 1f2 g [(C+ D) +2i(AB)2) i
e = (24)/*dp+ (8A)1/2 du (8A)/2 ’ (5.91)
. _ |(C+D)-2i(AB)"/?  i(C - D)
R 7 (VB

¢ = —iAY?dp+ BY* du
with A, B, C, D given by (5.87).
Having obtained the vierbeins, we are now in a position to calculate the

affine spin connection 1-forms w?®;, which are defined by
de® + W Aed =0 (5.92)

for a torsion-free manifold. To calculate these quantities, Eguchi et al. advocate

writing de® in the form
de® = c,® A el + c8ye® A e? + By A €®
(5.93)
+cSaef Aed + e Ael + clyel Al
where it should be easy to determine the cj; simply by comparing independent
terms on the left and right hand sides of (5.93). Having obtained the quantities
¢y, it is only a matter of simple substitution into a certain set of equations
to obtain the affine spin connection 1-forms w®,—it is not very illuminating to
present these equations here: they can be found in reference [42], in section 7 of
Appendix A.

Carrying out this prescription for our vierbeins (5.91), however, surprisingly
we find that a consistent set of expressions for the ¢}, can not be found: the
simultaneous equations we obtain by comparing independent terms on the left
and right hand sides of (5.93) are not compatible, and hence we cannot calculate
our affine spin connections in this manner.

What has caused this unfortunate breakdown? A couple of reasons present
themselves: first, it is possible that the choices we made whilst calculating the
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vierbeins were poor—perhaps more suitable choices would produce a consistent
set of expressions fof cg;? On the other hand, it is possible that the problem
again lies in the non-invertibility of the metric 95> even though the inverse
metric does not appear explicitly in this calculation.

One solution we suggest to this problem is to consider not 905 but the
integrated metric G of which, as we saw earlier in the chapter, can be suitably
defined to avoid divergences. Preliminary investigations into this suggestion
indicate that G of is not necessarily non-invertible, and hence we may be able
to complete the above calculations using this integrated form of the metric.
Unfortunately, calculations involving the integrated metric are very difficult to
perform, and so far we have not succeeded in producing explicit expressions
for the vierbeins associated with this metric. Nevertheless, it would be very
interesting to proceed further with these calculations in an attempt to carry out
our proposed verification of the Kahler nature of this metric. We could then
proceed to more general skyrmion systems and comment on the nature of their
associated metrics also.

The prospect of being able to make such comments, particularly in cases
where the Kahler or non-Kahler nature of the metric in question was not previ-

ously clear, serves to highlight the importance of further research in this area.
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8. LARGER SPACES AND NEGATIVE MODES.

In this thesis we have looked in detail at several important aspects of the

CP" ! models and their solutions. Before concluding, we would like to discuss

one more interesting item, namely the embedding of the CP™~! solutions in

larger group spaces, and their stability in these new spaces.

It has been known for some time that all solutions of Grassmannian models

are also solutions of the 2-dimensional U(n) chiral models [43]: in particular, as

we shall see'below, CP"~! solutions can be shown to be solutions of the SU(n)

chiral model. To see this, we start with the Lagrangian density £ for the SU(n)

chiral model

L= i-tr(a,.gfa,,g)
where g € SU(n), so that
ng = ggT =1 and detg=1.
Calculating the Euler-Lagrange equations in the usual way, we obtain
aﬂ(gta;‘g) =0.

Now, if we write

g =1I(1 — 2IP)

where
n—1 times

I = diag(T,1,.,1,-1)
then our Lagrangian density (6.1) becomes
L = t2(8,IP3,P)
and the Euler-Lagrange equations (6.3) become

[8,0,IP,IP] = 0.
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But we saw ‘in chapter 2 that if
Py = 2.21 (6.8)
where Z is a solution of the ©P"~! model, then IP, satisfies the equation
[048,1P,IPy] =0 (6.9)
(see equations (2.62) and (2.65)), and hence
go = II(1 — 21P,) (6.10)

satisfies the Euler-Lagrange equations (6.3). Thus our CP"~! solution defines a
solution of the SU(n) chiral model, as claimed.

Previously, not much was known about other solutions of the U(n) chiral
models; recently, however, Uhlenbeck [44] has made great progress by proving
that all classical solutions of the U(n) chiral models are of the form

!
g=AJ[(1-2P) (6.11)
i=1
where ! is some number (which Uhlenbeck calls the “uniton” number), A4 is
a constant matrix and the IP; are projectors which satisfy certain first order
differential equations. This theorem therefore provides a way of generating new

solutions from old ones: namely one writes

g1 = go(1 — 2IR) (6.12)

and then, as Uhlenbeck has shown, g, satisfies the Euler-Lagrange equations if

go does and if IR satisfies the equations
(1-R)A;R=0 (6.13)

and
(1-R)[0-R+ A_R| =0, (6.14)
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where

1
Ai = § g;aigo. (6.15)

If go = 1, equations (6.13) and (6.14) reduce to
d_RR =0, (6.16)

that is, the self-duality equations for the instantons of the €P"~! model (see
equation (2.67)). For go # 1 we obtain more general solutions, which include
the CP"! non-instanton solutions we met in previous chapters and also non-
Grassmannian solutions. Piette and Zakrzewski have studied properties of these
non-Grassmannian solutions and plan to report their findings soon [45]; in this
thesis we shall be more concerned with the CP™~! solutions.

One of the most important properties of any solution is its stability when
subjected to small fluctuations. We saw in chapter 2 that the CP™~! instanton
solutions are stable whereas the non-instanton solutions are unstable with re-
spect to small fluctuations: we also saw that the stability of the instantons was
guaranteed by the topology of the field manifold. For the chiral model, however,
there are no equivalent topological arguments to guarantee the stability of the
non-trivial solutions, and so we would expect all these solutions to be unstable.
For the €P"~! non-instanton embeddings this is obvious since they are already
unstable in the €P"~! subspace: this leaves us with the instanton embeddings
and the non-Grassmannian solutions.

Now, for solutions which are unstable it is important to know the number
of directions of instability—the so-called “negative modes” of the fluctuation
operator around the solution—and to check their independence. For example,
in the functional integral approach to quantization one has to evaluate the de-
terminant of the fluctuation operator which (at least formally) is given by a
product of positive eigenvalues. All directions of instability have to be excluded
from this calculation of the determinant and treated in a special way: hence the
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importance of the number of negative modes, since this defines the index of the
fluctuation operator.

It is in fact possible to show that all non-trivial solutions of the U(n) chiral
model are unstable. To demonstrate this we take a general solution of the model
and use Uhlenbeck’s procedure (6.12) to construct from it a new solution. If
we then define a third field which interpolates between the two solutions it is
not difficult to show that the constructed solution is unstable. The details of
this calculation have been presented in reference [2]; however, it is unclear using
this method whether more than one mode of instability exists in general. In this
chapter, therefore, we shall restrict ourselves to the instanton embeddings in the
SU(n) chiral model. We shall introduce the fluctuation in a different way, and
try to determine whether there is more than one negative mode.

We start with our instanton embedding from (6.10), that is,

go = I(1 — 2IPy) (6.17)
where [Py satisfies
IPoIPy = 1Py
Pod+ 1P, = 0 (6.18)

a+]P01P0 = 6+IP0

(cf.(2.63) and (2.69)). We introduce a small fluctuation by assuming that the

field g in the neighbourhood of gy can be written in the form
g = goexp(ieX) (6.19)
where € is small. For g € SU(n), X must satisfy
x=xt (so that ng =1) (6.20)

and
trX =0  (sothat detg =1). (6.21)
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Substituting (6.19) into the Lagrangian density (6.1) and calculating to second

order in ¢, it is straightforward to show that

2
£(6) = L(o0) + Sr(3,X3, X + 20} 0,30 X0, X) (6.22)

where we have used the Euler-Lagrange equations (6.3) for go, and assumed
that X — 0 as |z| — oo (this must be the case if we wish our fluctuation to be

integrable). Finally, substituting for go from (6.17) and writing
€2
L(g) = L(go) + 6L, (6.23)

we find that, after transferring to complex coordinates z4+ and using the prop-

erties (6.18), 6§ L can be written in the form
6L = 4tr[04+X0-X — 20,P X0_X + 20_Py X3, X]. (6.24)

Therefore, considering the action S$ = [ £ d%z for the solutions ¢ and go, we

see that
2
€
§(9) = 5(g0) + 65 (6.25)
where 65, the action associated with the fluctuation, is given by

65 = [6L.d%. (6.26)

So, to find negative modes of fluctuation, we simply have to find X such that
6L is negative.

It is relatively easy to find one negative mode. For example, consider
X = PoKTPo — ~tx(Po KTPo) (6.27)
where K is a constant matrix which can be written in the form
K=vvl (6.28)

where V is a column n-vector. This X certainly satisfies (6.20) and (6.21)—what
value do we obtain for 6L for this trial fluctuation?
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With X given by (6.27), then
1
9+ X = 84 IP0KIPy + IPo K93, 1P, — ;tr(3+lPoK) (629)

(using the cyclic properties of trace), and similarly for d_X. Performing the
necessary algebra, using the properties (6.18) where appropriate and the cyclic

properties of trace, substitution in (6.24) produces the result

6L = 4tr[KIPo K(941P0d_TPy — 3_IPyd., IPp)]

4 (6.30)
—;tl‘(a_lpoK) tr(6+]PoK)
Now, since
8_PolPy = 0 | (6.31)
we can write
04+0_1PIPy + 8-1Py3+IPp =0 (6.32)
and so
0_Ppo4+1P = —040-1RIP,
= —-6_6+1POIP0
(6.33)
= -a_ (6+IP01P0) + 04+1IPy3_1P,
= '-a_a+]P0 + 3+]P06_]Po,
that is,
04+1P3_Py — 0-1Py3+1Py = 3_341P (6.34)
so, substituting (6.34) into (6.30) we get
4
6L = 4tr|[KIPoK3_0,1Py| — ;tr(a_IPoK) tr(94+ P K). (6.35)
The last term is clearly negative since it can be written as
4 2
but what of the first term?
Well, we can rewrite this term as
4tr[0_(KPoK9+1P) — KO_IPy K3, 1IP). (6.37)
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If we now think in terms of the integrated quantity §S = [ 6L d%z, we realize
that if K is chosen so that the divergence theorem can be used, then the first
term in (6.37) becomes a surface term and, as we shall see below, can be dropped.

So the final expression for 6 L is
4
6L = —4tr|K3_IPy K3, 1P) — ;Itr(6+IP0K)|2, (6.38)
in other words, substituting K = vvl and using the cyclic properties of trace,
t t 4\ te, mv 2
6L = —4[V1a_IPVV 19, IPV| — —rle a,+IPV |4, (6.39)

that is,

50 = —4(1+ L)via,mov. (6.40)

This quantity is negative definite, and so we have found our required negative
mode, provided we can justify the dropping of the surface term. Looking at this

term, which we can essentially write as

V’f%v via, (%) V] (6.41)
since K = VV1 and
P, =22t = .If_ffl"t (6.42)
where f = f(z4) for our instanton embedding, it is sufficient to require that
'%;{le 50 as |z] - oo, (6.43)

This condition is easy to impose: we shall look at one simple example for n = 3.

Consider the configuration

h=zi, fi=V2z,, fi=1, (6.44)

SO

[l = (1 +242.). (6.45)
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It is trivial to check that this is a valid €P? instanton solution, and if we consider

the limit |z4| — co we see that

S

T (1,0,0) as |z4|— oo. (6.46)

Hence, if we choose V' to be of the form

0
V = (02) (6.47)
v3

where vz and v3 are constants, our condition (6.43) is satisfied, and we can

rightly drop the surface term (6.41). Hence
1
X =P KIPy — ;tr(IPoKIPo) (6.48)

does give us a genuine negative mode, which in our n = 3 example depends on
two parameters vy and vz. However, it is easy to check that no superposition
principle exists for the independent parameters of V: the way the parameters
appear in the expression for the fluctuation prevents us from taking the number
of them as the number of negative modes. Do further independent negative
modes of fluctuation exist?

First of all, observe that instead of (6.48) we could také
X = (1 - Po)M(1 — o) — -’I:tr[(l — Po)M(1 - IRy)] (6.49)
where M is another constant matrix such that
M=ww (6.50)
where W is a column n-vector, that is, take
X = RMR — i—tr(]RM]R) (6.51)

where
R=1-T, (6.52)
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Since

1.
8,00 = —2(1 — 2IPy)2,IP,
90%ugo ( 0)8u1Po (6.53)

= -2(1 - 2R)3,R,
then the abbve calculation can be repeated, with 1Py replaced by IR and K by

M, to demonstrate that (6.49) is also a negative mode of the fluctuation, with
8L given by
5L = —4(1+ LHywla, rw?, (6.54)

that is,

6L = —4(1+ L wia,pw|. (6.55)

Again we must justify the dropping of a surface term, namely

tr[M(l - ]Po)Ma+]P0], (6.56)
which can be rewritten as
[W’f(ﬁ%{fjw] [w'fa+ (%I-) W] (6.57)

using (6.50) and (6.42). This time it is sufficient to require that

W52 - Wi rp2
1T

which again is easy to impose: for our special case of n = 3 and f given by

—0 as |z|— oo, (6.58)

(6.44), this corresponds to choosing

w - ('6’) . (6.5)
0

So (6.49) is another genuine negative mode. The important question we
must now ask is whether these two modes are independent. To answer this

question we consider the following superposition of the two modes:
1
X =1KIP+ ﬂ(l - IPo)M(l - ]Po) - ;tr[IPoKIPo +ﬂ(1 - ]Po)M(l - IPo)] (6.60)

If this superposition remains a negative mode of the fluctuation for any value of
the constant G, then the two modes are truly independent.

114



If we perform the substitution of (6.60) into (6.24) and do the necessary
manipulation, using the properties (6.18) as before, we find that 6L for this
superposition is given by

6L = 4tr[KIPo K39+ 1P + 2804 IPoK3_PoM — 2 M (1 — Po) M 3_9,1P)

—-%tr[aJPoK — BO_TPoM] 1|3, PoK — 33, PoM).
(6.61)
Choosing K and M as before (so that the surface terms can again be dropped)

this expression can be rewritten as

52 = — 4||via, v + gwlo, w2 — 28wta, v
4 (6.62)
- ;|(VT8+IP0V — pwla, w2

The last term here is clearly negative, but the appearance of the mixed term
(proportional to 8) prevents us from drawing a conclusion in full generality. Let
us therefore consider the first term for our special n = 3 case, with IPy = Hl;

where

IZ
f= (\/{u ) (6.63)

0 w
Vz(o), W=(o) (6.64)
v 0

for simplicity. It is not difficult to show that the first term in (6.62) for this

as before, and with

special situation simplifies to

16z
6L = + )6[|u|4 + Blziz_|wl* — 28]v)?|w]. (6.65)

(14 z4z-

Not being able to say much more at this stage, we therefore turn our attention
to the integrated quantity 6S = [ 6L d2z. Demonstrating that 6S is negative
clearly indicates a negative mode in the same manner as showing 6L to be
negative: we shall therefore calculate 65 from (6.65). To do this, we change to

polar coordinates in the normal way:

Ty =re?, z_ =re " (6.66)




so that
d%z — v drdf (6.67)

and the integration range is 0 < r < 00, 0 < 8 < 27. Since z4z_ = 72, there is
no 8 dependence in (6.65) and so the angular integration is trivial; to perform

the radial integration we use the well-known results

rm rm—2 7.m—ft!
— — dr— [ ————— 6.68
/ (r2+1)" dr / (r2 +1)n-1 ar / (r2+1)" ar (6.68)
and

r dr = 1
/(r“rl)" T (@ )T

which can be found in any table of indefinite integrals. The final result of this

(6.69)

manipulation is
68 = —§7r(|v|2 — Blwl?). (6.70)

This quantity is clearly non-positive, only vanishing for |v|> = 8|w|?; in the case

|v|* = Blw|?, however, the second term in (6.62) does not vanish and so the total

expression for 65, that is,
65 = —An(jv]? — Blwl?) — 4 / (via,pov - pwto, p,w)?d2z  (6.71)
is negative definite for all values of 8.

Thus, for our special n = 3 solution we have found two genuinely indepen-

dent negative modes of fluctuation. [If we had taken

0
V = (02) (6.72)
v3

as before, it can be shown easily that the two modes are independent only for
vg = O—hence our stated choice for V in (6.64)|. It is very difficult to say much
more in general about the number of negative modes—in this special n = 3 case
we have exhibited two such modes, but the question of more modes is unclear
since we have been unable to find a general method of generating such objects:

preliminary attempts using quantities of the form

P 7ANN 5 (1Y) LI <3 1(:7) L
T PR [PEE

116

P (6.73)




(where f, P.f and P2f are all solutions we have met previously of the CP?
model) have not produced results of the desired form. Similar considerations for

n = 4 have produced two negative modes analogous to our n = 3 case, with

0 w
_10 _10
V= vs and W=|, (6.74)
V4 0
for the special solution
3
Ty
2
f= vz} (6.75)

Vizy |’
1

but again we do not have a superposition principle for the independent param-
eters of V, so although our fluctuation contains three parameters this number
cannot be té,ken as the number of independent negative modes, and so far we
have been unable to find a third genuinely independent negative mode.

It would be very interesting to find a general method of generating such
negative modes of fluctuation, and to find a procedure by which the number
of negative modes for a particular fluctuation could be predicted. Although

at present we have not succeeded in formulating these methods, this problem

clearly merits further study.
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7. CONCLUSION.

So, what have we learned from our consideration of the €P"~! non-linear

o-models?

Instanton solutions of the two-dimensional models have been known for some
time; we have seen how these extended structures depend on the parameters
of the solutions, and how various interpretations can be used to describe this
behaviour. Using similar techniques, we have considered various field configura-
tions which approximate to solutions of the theory, and which contain instanton
and anti-instanton components, and have found that one configuration in par-
ticular exhibits many properties we would desire from such a system. Indeed,
an interaction between the constituents was predicted, of a form very much

reminiscent of the interaction between dipoles.

Introducing time dependence into the models, we saw that the full theory in
(2 + 1) dimensions was rather difficult to solve, but that approximate solutions
could be obtained by introducing time dependence into the static solutions of the
theory. We have derived certain constraints which can be imposed on these sys-
tems to ensure finiteness of the kinetic energy, and have discussed their physical

interpretations.

It is well known that the spin properties of such solutions are determined by
the Hopf term of the theory; we have derived expressions for this term for both
solutions and approximate solutions of the model, and have calculated the values
of the Hopf term for certain explicit evolutions. This enabled us to make various
remarks about the spin properties of the systems under consideration. One
system did not lend itself easily to invéstigation in this way, however: to remedy
this situation, we have initiated a more general method to derive Hopf terms
for configurations of this form. Unfortunately, we have not been able to pursue
this method to its conclusion, but the early indications are that this method

118



would provide a convenient way to produce Hopf terms as yet uncalculable, and

is clearly worthy of further investigation.

What more have we learned about the motion of these extended objects? In
the @P! case, it was already known that the dynamics of slowly moving skyrmions
could be described by the geodesic motion on a Kahler manifold of the skyrmion
parameters. We have been able to extend this result to €P"~1! for instanton-like
skyrmions, but we have seen that the situation for non-instanton-like skyrmions
is far more complex. The metrics defined by the latter are certainly Hermi-
tian, but we have found difficulty in producing a consistent way of testing the
Kahlerity of these metrics. Various approaches have been tried, and certainly

further research in this area would be of great benefit.

Finally, we have looked at the stability of the €©P"~! solutions when embed-
ded in the 2-dimensional U (n) chiral models. We have seen that all non-trivial
solutions of the U(n) chiral model are in fact unstable, and by using the CP"*~!
embedded solutions have exhibited negative modes of the fluctuation operators
around these solutions. The number of independent negative modes, however,
was not so easy to determine: for specific solutions we have been able to find
two genuinely independent negative modes, but the problems of finding a gen-
eral method of generating these modes, or of determining the number of such

modes are still unsolved—clearly a third area of interest for future study.

The various topics considered in this thesis have certainly enhanced our
knowledge of the CP"! non-linear o-models, and have indicated certain areas
where further research would definitely be of great benefit: what other topics

could be studied to further improve our understanding?

In the approximation of considering only instanton and anti-instanton solu-
tions, various authors [46,31] have shown that the quantum corrections to these
classical solutions can be described in terms of a gas of instanton quarks. It
would be interesting to consider the effect non-instanton solutions would have
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on the properties of this gas. One may argue that classical solutions which are
not stable give rise to unstable quantum states, and therefore it does not make
sense to study quantum fluctuations around these states; however, although
positive modes of fluctuation can be treated with standard methods, there is no
universal agreement as yet on how to take into account negative modes with an
appropriate mathematical apparatus.

Other authors have chosen to understand the physics of these models using
a 1/n expansion approach [9,47]. This approach has led to interesting features
like dynamical mass generation and dynamically generated, confining long range
fields. It has also been shown (48] that 1/n expansion results can be simulated by
classical solutions obeying certain boundary conditions. This line of approach
would be particularly interesting if similar relations could be found in four-
dimensional gauge theories.

Finally, one could consider a supersymmetric version of these models, and
look at the various topics considered in this thesis again for the supersym-

metrized models. A report on progress in this area can be found in reference

[27].
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