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A b s t r a c t 
I n t h i s t h e s i s we study problems a s s o c i a t e d w i t h the 

g e n e r a l i s a t i o n , t o i n c l u d e Grassmann type v a r i a b l e s , of the 
'group t h e o r e t i c a l ' approach t o q u a n t i s a t i o n of C.Isham [ 3 7 ] . 
Alth o u g h a f u l l g e n e r a l i s a t i o n of t h i s q u a n t i s a t i o n scheme i s 
no t achieved, c o n s i d e r a t i o n of t h i s problem leads us t o make 
s t u d i e s i n f o u r p r i n c i p l e s e c t o r s : 

(A) Graded Poisson b r a c k e t s and graded 'vector f i e l d l i k e ' 
c o n s t r u c t s . A graded v e r s i o n of t h e Hamiltonian v e c t o r f i e l d 
i s d e f i n e d and i t i s found t h a t b o t h l e f t a c t i n g and r i g h t 
a c t i n g v e c t o r f i e l d s are necessary. P r o p e r t i e s of these v e c t o r 
f i e l d s are i n v e s t i g a t e d . 

(B) Local graded c a n o n i c a l t r a n s f o r m a t i o n s and graded f u n c t i o n 
groups. Simple examples of these s t r u c t u r e s are s t u d i e d . 

(C) The r e a l i s a t i o n of a g e n e r a l superalgebra by the use of graded 
' f u n c t i o n s ' and the graded Poisson b r a c k e t . The graded g e n e r a l ­
i s a t i o n of a s t a n d a r d c l a s s i c a l r e s u l t i s presented. Also the -
q u e s t i o n of c e n t r a l , e x t e n s i o n s t o these algebras i s s t u d i e d and a 
p a r t i a l g e n e r a l i s a t i o n o f a c l a s s i c a l r e s u l t on t h i s i s g i v e n . 

(D) I n v e s t i g a t i o n s i n t o a model of quantum mechanics on a 
2-sphere which i n c o r p o r a t e s f e r m i o n s . This model i s s i m i l a r 
t o t h a t d e r i v e d by S p i e g e l g l a s [ 5 6 ] and Barcelos-Neto e t a l . [ 6 , 7 ] 
from the 0 ( 3 ) supersymmetric sigma model f i r s t s t u d i e d by 
W i t t e n i n [ 6 2 , 6 3 ] , except t h a t an a d d i t i o n a l p r i m a r y c o n s t r a i n t 
has been i n c l u d e d . The graded D i r a c b r a c k e t s of t h i s model 
are c a l c u l a t e d . 
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statement of r e s e a r c h content-
The t h e s i s i s orga n i s e d i n two p a r t s . The s e c t i o n s which 

make up P a r t I are of an i n t r o d u c t o r y n a t u r e and t h e r e f o r e 
u n o r i g i n a l . The o r i g i n a l work of t h i s t h e s i s i s contained i n 
P a r t I I . S e c t i o n 2.1 i s claimed as o r i g i n a l i n approach and 
f o r m u l a t i o n , a l t h o u g h l a t e r i t was dis c o v e r e d t h a t t h e r e i s some 
o v e r l a p between t h i s s e c t i o n and work by De W i t t i n [ 2 2 ] . 
S e c t i o n s 2.2 and 2.3 are claimed as o r i g i n a l . P a r t s of s e c t i o n s 
2.4 and 2.5 are claimed as o r i g i n a l - work not claimed as 
o r i g i n a l i n these s e c t i o n s i s i n d i c a t e d i n the t e x t . F i n a l l y , -
the i n c l u s i o n of an a d d i t i o n a l c o n s t r a i n t i n the model presented 
i n s e c t i o n 2.6 i s claimed as a new f e a t u r e , and which r e s u l t s i n 
a s u b s t a n t i a l l y d i f f e r e n t model from t h a t of [ 6 , 5 6 ] . 
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INTRODUCTION 
The r e l a t i o n s h i p between a quantum t h e o r y and the c l a s s i c a l 

t h e o r y a s s o c i a t e d w i t h i t i s o f t e n not s t r a i g h t f o r w a r d . Broadly 

speaking t h e r e are two ' d i r e c t i o n s ' which t h i s r e l a t i o n s h i p may 

t a k e . E i t h e r a quantum t h e o r y a r i s e s as a r e s u l t of t a k i n g the con­

s t i t u e n t s of a c l a s s i c a l t h e o r y and a p p l y i n g a " q u a n t i s a t i o n map" to 

them, which r e l a t e s the c l a s s i c a l observables and phase space t o 

l i n e a r quantum o p e r a t o r s i n some H i l b e r t space. Or the c l a s s i c a l 

t h e o r y a r i s e s as the r e s u l t of t a k i n g some low energy l i m i t of an 

a p r i o r i quantum t h e o r y . An example of t h i s i s the Green and 

Schwarz S u p e r s t r i n g t h e o r y g i v i n g r i s e t o N=1,D=10 S u p e r g r a v i t y [ 5 4 ] 

I n t h i s t h e s i s we are concerned w i t h the f i r s t of these two 

r o u t e s . The m o t i v a t i o n f o r the work coming from a d e s i r e t o gener­

a l i s e t o i n c l u d e f e r m i o n i c v a r i a b l e s one p a r t i c u l a r approach t o the 

c o n s t r u c t i o n of such a ' q u a n t i s t i o n map': t h a t due t o C.Isham and 

d e s c r i b e d i n h i s Les Houche l e c t u r e s [ 3 7 ] and a l s o [ 3 6 , 3 8 ] . I n t h i s 

work Isham o u t l i n e s a g e n e r a l procedure f o r moving from a c l a s s i c a l 

t h e o r y t o a quantum t h e o r y , the methodology of which c e n t r e s round 

t h e use of the symmetry group of the c l a s s i c a l phase space i n the 

c o n s t r u c t i o n of t h e quantum o p e r a t o r s of the new t h e o r y . There are 

s e v e r a l f e a t u r e s o f t h i s group t h e o r e t i c q u a n t i s a t i o n scheme which 

are a t t r a c t i v e , f o r i n s t a n c e the use of a g l o b a l l y w e l l d e f i n e d 

framework i n which t o d i s c u s s t o p o l o g i c a l and cohomological aspects 

of the q u a n t i s a t i o n process. However, as i t stands [37] o n l y deals 

w i t h t h e o r i e s which are bosonic i n n a t u r e . The work of t h i s t h e s i s 

i s t o study problems a s s o c i a t e d w i t h g e n e r a l i s i n g t h i s q u a n t i s a t i o n 

scheme t o i n c l u d e t h e o r i e s which i n c o r p o r a t e Grassmannian, which i s 

t o say anticommuting, v a r i a b l e s . While u l t i m a t e l y a f u l l g e n e r a l i s ­

a t i o n of Isham's work i n [ 3 7 ] i s not achieved, t he path t o such a 

ferm i / b o s e u n i f i e d framework i s c l a r i f i e d and some new f e a t u r e s 

of ' c l a s s i c a l ' t h e o r i e s which include graded v a r i a b l e s are found. 
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The c a n o n i c a l q u a n t i s a t i o n of c l a s s i c a l t h e o r i e s - that i s 

t h e o r i e s i n which a l l the v a r i a b l e s commute - through the use of the 

group t h e o r e t i c a l programme d e s c r i b e d i n [ 3 7 ] , i s i n essence t a k i n g 

the p r i n c i p l e " r e p l a c e Poisson b r a c k e t s by commutator b r a c k e t s , 

o b s e r v a b l e s by o p e r a t o r s " , proposed by D i r a c , Heisenberg and o t h e r s 

t o i t s l o g i c a l c o n c l u s i o n . Rather than have t h i s r u l e f o r t h e o r i e s 

w i t h o u t c o n s t r a i n t s and a d i f f e r e n t r u l e f o r when c o n s t r a i n t s are 

p r e s e n t ( f o r example the u n d e r l y i n g phase space of the t h e o r y might 

be some g e n e r a l n o n - f l a t space. Expressed as an embedding t h i s would 

r e s u l t i n r e l a t i o n s h i p s between t h e l o c a l phase space v a r i a b l e s ) , 

i n [ 3 7 ] i t i s proposed t h a t q u a n t i s a t i o n of a c l a s s i c a l t h e o r y should 

always r e v o l v e round the n a t u r a l s y m p l e c t i c 2-form of the space under 

s t u d y . The o b j e c t i v e of t h e procedure i s t o c o n s t r u c t the "quantum 

group" a s s o c i a t e d w i t h the c l a s s i c a l t h e o r y under q u a n t i s a t i o n , 

and then f i n d i r r e d u c i b l e . o p e r a t o r r e p r e s e n t a t i o n s of the a l g e b r a 

o f t h i s group on some H i l b e r t space. These o p e r a t o r s then form the 

b a s i s of t h e quantum t h e o r y . So how i s the quantum group c o n s t r u c t e d 

and which s e t of o p e r a t o r s are chosen t o represent i t ? To c o n s t r u c t 

t h e quantum group Isham appeals t o the group of s y m p l e c t i c t r a n s -

l a t i o n a l symmetries of the c l a s s i c a l phase space. This s y m p l e c t i c 

symmetry group, assuming such a group e x i s t s , i s r e q u i r e d t o meet 

v a r i o u s c o n d i t i o n s b e f o r e i t can be a s u i t a b l e candidate f o r t h i s 

q u a n t i s a t i o n process. The a c t i o n o f the group on the u n d e r l y i n g 

phase space must be t r a n s i t i v e and almost e f f e c t i v e [ 3 7 ] , where 

these c o n d i t i o n s are o b t a i n e d as a r e s u l t of c e r t a i n t e c h n i c a l 

c o n s i d e r a t i o n s . Once t h i s c a n d i d a t e quantum group has been chosen, 

t h e next s t e p i n the procedure i s t o r e a l i s e the a l g e b r a o f t h i s 

group u s i n g c l a s s i c a l o b s e r v a b l e s on the phase space and the 

n a t u r a l s y m p l e c t i c 2-form (P o i s s o n b r a c k e t ) of the t h e o r y as the 

L i e c o m b i n a t i o n p r i n c i p l e . I f t h i s i s p o s s i b l e t o do, and sometimes 

i t i s not due to the e x i s t e n c e of o b s t r u c t i o n s t o t h i s process, 

then i t i s t h i s s e t of c l a s s i c a l observables that w i l l determine 
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the s t r u c t u r e o f the quantum o p e r a t o r s o f the t h e o r y . The complete 

quantum t h e o r y i s then uncovered by s t u d y i n g the i r r e d u c i b l e 

r e p r e s e n t a t i o n s o f these quantum o p e r a t o r s , which a c t i n some 

( t o be chosen) H i l b e r t space and obey the same ( o r almost the same, 

th e a l g e b r a might have t o be a d j u s t e d t o take i n t o account the 

re q u i r e m e n t t h a t the quantum o p e r a t o r s are h e r m i t i a n ) commutation 

r e l a t i o n s as t h e i r c l a s s i c a l c o u n t e r p a r t s . 

The programme d e s c r i b e d above r e a l l y i n v o l v e s knowledge of 

t h r e e areas: , 

(A) t he d i f f e r e n t i a l geometry o f s y m p l e c t i c spaces, 

( B ) the r e a l i s a t i o n o f L i e t r a n s f o r m a t i o n groups which a c t 

s y m p l e c t i c a l l y on those spaces by observables, and 

(C) t he r e p r e s e n t a t i o n t h e o r y o f s e m i - d i r e c t p r o d u c t s of L i e 

t r a n s f o r m a t i o n groups (Mackey t h e o r y [ 4 3 ] ) . 

The i n v e s t i g a t i o n s o f t h i s t h e s i s seek t o g e n e r a l i s e ( t o 

i n c l u d e Grassmannian v a r i a b l e s ) r e s u l t s and c o n s t r u c t i o n s on the 

f i r s t two o f these s u b j e c t s , w i t h the thought being u l t i m a t e l y t o 

produce a graded v e r s i o n of the q u a n t i s a t i o n programme developed 

by Isham i n [ 3 7 ] . The t h e s i s i s arranged i n two p a r t s , the f i r s t 

c o n s i s t i n g o f an i n t r o d u c t i o n t o some key concepts i n c l a s s i c a l 

mechanics and d i f f e r e n t i a l geometry and concluded by a b r i e f over­

view of t h e group t h e o r e t i c a l approach t o q u a n t i s a t i o n found i n [37] 

And the second, where the o r i g i n a l work of t h i s t h e s i s i s presented 

and where graded g e n e r a l i s a t i o n s of s t r u c t u r e s and r e s u l t s a i r e d 

i n P a r t I are produced. The remainder of t h i s i n t r o d u c t i o n w i l l be 

taken up by d i s c u s s i o n of those s e c t i o n s of Part I I t h a t are claimed 

as o r i g i n a l . 

The o r i g i n a l work of t h i s t h e s i s f a l l s under f o u r broad 

headings as f o l l o w s : 

(A) I n v e s t i g a t i o n s i n t o v a r i o u s o r t h o s y m p l e c t i c s t r u c t u r e s - graded 

Poisson b r a c k e t s , v e c t o r f i e l d s and so on - found i n s e c t i o n 2.1. 
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( B ) The p r e s e n t a t i o n of a c l a s s of l o c a l graded c a n o n i c a l transform­

a t i o n s and the i n t r o d u c t i o n t o the concept of the graded f u n c t i o n 

group. T h i s i s found i n s e c t i o n s 2.2 and 2.3. 

(C) S t u d i e s c o n c e r n i n g problems encountered when a t t e m p t i n g t o 

r e a l i s e a g e n e r a l s u p e r a l g e b r a by graded f u n c t i o n s on a super phase 

space: s e c t i o n 2.4. 

(D) And f i n a l l y the l a s t two s e c t i o n 2.5 and 2.6. I n the f i r s t of 

these a graded v e r s i o n of the group t h e o r e t i c a l q u a n t i s a t i o n scheme 

i s s t u d i e d , f o r a space which i s the d i r e c t product of Rn w i t h an 

N-dimensional Grassmann parameter space GN. And i n the second, a 

quantum mechanical model of f e r m i o n s on a 2-sphere i s s t u d i e d , very 

s i m i l a r i n c o n s t r u c t i o n t o the standard 0 ( 3 ) supersymmetric sigma 

model [6,56,63,64], and the graded D i r a c b r a c k e t s of t h i s model 

are c a l c u l a t e d . 

The o r i g i n a l c o n t r i b u t i o n s presented under each of these 

g e n e r a l headings w i l l now be examined, s t a r t i n g w i t h a b r i e f 

d e s c r i p t i o n of the work on graded o r t h o s y m p l e c t i c s t r u c t u r e s . 

Graded o r t h o s y m p l e c t i c s t r u c t u r e s . 
I n o r der t o make a graded g e n e r a l i s a t i o n t o a q u a n t i s a t i o n 

p r e s c r i p t i o n of the type suggested i n [ 3 7 ] , one must f i r s t have a 

w e l l understood t h e o r y of ' c l a s s i c a l ' dynamics t h a t i n c o r p o r a t e s 

Grassmannian v a r i a b l e s - p r e f e r a b l y s t a t e d i n a way which makes the 

r o l e o f any supersymmetries i n the t h e o r y e x p l i c i t . Such a t h e o r y 

has been developed i n a s e r i e s of papers by R.Casalbuoni and 

o t h e r s [8,17,18,19], and a l s o b r i e f l y and i n a v e r y d i f f e r e n t 

s e t t i n g by B.Kostant [ 4 0 ] . However n e i t h e r of these approaches 

seemed s u i t a b l e t o base a g e n e r a l i s a t i o n of [37] around: the 

language of the f i r s t was not p r e c i s e enough, where as c o n v e r s e l y 

t h e a l g e b r a i c geometry used i n the second seemed over a b s t r a c t . The 

i n v e s t i g a t i o n s of t h i s t h e s i s begin by t a k i n g the d e f i n i t i o n of the 

graded Poisson b r a c k e t d e r r i v e d by R.Casalbuoni i n [17] and t r y i n g 
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t o couch i t i n a more ' g e o m e t r i c a l ' s e t t i n g ( i n a sense we w i l l 

d e s c r i b e s h o r t l y ) . I t i s w e l l known t h a t the Poisson bracket between 

two f u n c t i o n s on phase space can be ob t a i n e d from the s y m p l e c t i c 

2-form p r o d u c t of the H a m i l t o n i a n v e c t o r f i e l d s a s s o c i a t e d w i t h 

those two f u n c t i o n s . An immediate q u e s t i o n t o ask was whether 

the d e f i n i t i o n o f the graded Poisson b r a c k e t i n [ 1 7 ] could also be 

thought o f a r i s i n g i n t h i s manner. I n ord e r t o d i s c u s s the n o t i o n of 

the graded v e c t o r f i e l d one must f i r s t have some idea of what a 

graded m a n i f o I d ^ 1 i k e s t r u c t u r e i s . U n f o r t u n a t e l y the d e f i n i t i o n s of 

these o b j e c t s i n the l i t e r a t u r e tend t o be h i g h l y t e c h n i c a l , but 

b r o a d l y speaking t h e r e are two approaches t o d e a l i n g w i t h these 

s t r u c t u r e s . Work has been done by F.A. Berezin e t a l . [ 1 3 , 1 5 ] , 

B. Kos t a n t [ 4 0 ] and o t h e r s , u s i n g techniques taken from a l g e b r a i c 

geometry, on what are c a l l e d 'graded m a n i f o l d s ' . Where as B. De W i t t 

o r i g i n a t e d an a l t e r n a t i v e ' s u p e r m a n i f o l d ' approach [ 2 2 ] . Work has 

a l s o been done on v a r i a t i o n s o f super m a n i f o l d s by M. Ba t c h e l o r [10, 

11] and A.Rogers [49,50,51] ( we w i l l r e t u r n t o t h i s i n a moment). 

The approach we take here i s c l o s e t o t h a t of [ 2 2 ] , which the author 

o n l y descovered a f t e r the c o m p l e t i o n of s e c t i o n 2.1 ( the t e x t 

c i t e s where any d u p l i c a t i o n has o c c u r r e d ) . So as t o be able t o 

proceed f u r t h e r w i t h the graded v e c t o r f i e l d q u e s t i o n w i t h o u t 

becoming o v e r l y t e c h n i c a l , we assume the e x i s t e n c e of some u n d e r l y i n g 

graded m a n i f o l d - l i k e s t r u c t u r e whose l o c a l c o - o r d i n a t e expansion i s 

of the form: (x^ , . . . ,xn;9i. , . . . , 6N ) , w i t h the x i v a r i a b l e s commuting 

and t he 9a v a r i a b l e s b e l o n g i n g t o some anticommuting Grassmann 

a l g e b r a . The p r e c i s e n a t u r e o f the u n d e r l y i n g space i s not d e f i n e d , 

but we assume such a d e f i n i t i o n i s p o s s i b l e . Under t h i s assumption we 

produce a graded g e n e r a l i s a t i o n o f the Ha m i l t o n i a n v e c t o r f i e l d which 

i s s t r u c t u r e d from t he d e f i n i t i o n o f the graded Poisson b r a c k e t made 

by Casalbuoni i n [ 1 7 ] . From these i n v e s t i g a t i o n s the f o l l o w i n g s t r u c ­

t u r a l f e a t u r e o f the graded Poisson b r a c k e t becomes c l e a r . For the 

graded b r a c k e t t o be th o u g h t o f as a r i s i n g from a graded Hamiltonian 
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v e c t o r f i e l d , two s o r t s o f graded v e c t o r f i e l d are r e q u i r e d : a f i e l d 

a s s o c i a t e d w i t h even g e n e r a t o r s which acts t o the l e f t , and a f i e l d 

a s s o c i a t e d w i t h odd g e n e r a t o r s which acts t o the r i g h t . These l e f t 

a c t i n g and r i g h t a c t i n g f i e l d s are b u i l t up from l e f t and r i g h t 

a c t i n g d e r i v a t i v e s r e s p e c t i v e l y , as d e f i n e d i n F.A. Berezin's book 

[ 1 2 ] . T h i s r e s u l t was a r r i v e d a t independently, a l t h o u g h the idea of 

a d u a l v e c t o r f i e l d s t r u c t u r e i s c l o s e l y l i n k e d t o Berezin's two 

t y p e s of graded form [ 1 3 ] . Throughout the remainder of t h i s s e c t i o n 

t h e p r o p e r t i e s o f . t h e l e f t and r i g h t a c t i n g graded H a m i l t o n i a n v e c t o r 

f i e l d are e x p l o r e d , i n p a r t i c u l a r how these graded v e c t o r f i e l d s 

combine under graded commutation - the c l a s s i c a l r e s u l t on t h i s type 

of combination i s g e n e r a l i s e d . Also the ' f u n c t i o n of a f u n c t i o n ' 

Foisson b r a c k e t i d e n t i t y i s extended t o the graded case. The 

' s y m m e t r i s a t i o n w i t h r e s p e c t t o handedness' f i r s t observed i n the 

graded H a m i l t o n i a n v e c t o r f i e l d i s found t o c a r r y through as a 

g e n e r a l f e a t u r e of graded v e c t o r c a l c u l a t i o n s , and i t i s p o s t u l a t e d 

a t the end of t h i s s e c t i o n . t h a t the n a t u r a l s t r u c t u r a l o b j e c t of 

t h i s type of graded m a n i f o l d i s the ' l e f t / r i g h t ' t e n s o r . 

I n f a c t De W i t t ' s book [ 2 2 ] a l s o e x p l o r e s the p r o p e r t i e s of o b j e c t s 

v e r y s i m i l a r t o the l e f t / r i g h t t e n s o r suggested i n s e c t i o n 2.1.7. 

For t h i s reason we d i d n o t persue f u r t h e r s t r u c t u r a l development of 

t h e graded v e c t o r f i e l d s i n t r o d u c e i n s e c t i o n 2.1. The s i m i l a r i t i e s 

which e x i s t between the d u a l ' l e f t / r i g h t ' s t r u c t u r e we uncover here 

and which i s f u r t h e r developed i n [ 2 2 ] , and the work of B e r e z i n 

e t a l [13,15] on the K o s t a n t type graded m a n i f o l d , might seem t o 

p o i n t t o a more s u b t l e correspondance. This i s a c t u a l l y the case. 

The Kostant approach s t u d i e s the geometry of the space through the 

a l g e b r a i c s t r u c t u r e of i t s sheaf of f u n c t i o n s [ 4 0 ] , where as the 

De W i t t s u p e r m a n i f o l d i n c o r p o r a t e s the Grassmann v a r i a b l e s i n t o a 

m a n i f o l d - l i k e s t r u c t u r e f r o m the o u t s e t . A f t e r the c e s s a t i o n of work 

on t h i s s u b j e c t , t h e work of M.Batchelor [10,11] was brought t o the 
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a u t h o r ' s a t t e n t i o n *. I n [11] i t i s demonstrated t h a t the c a t e g o r y 

o f Kostant graded m a n i f o l d s are e q u i v a l e n t t o the category of De W i t t 

s u p e r m a n i f o l d s . Hence, t h e type of s t r u c t u r a l s i m i l a r i t y between these 

two approaches t h a t we descover i n t h i s work i s not i n c r e d i b l e , but i s 

merely an e x p r e s s i o n o f the fundamental equivalence of these t h e o r i e s . 

Graded c a n o n i c a l t r a n s f o r m a t i o n s and graded f u n c t i o n groups. 

We now d i s c u s s the work on graded c a n o n i c a l t r a n s f o r m a t i o n s 

and graded f u n c t i o n groups. The work presented i n s e c t i o n s 2.2 and 

2.3 i s claimed as b e i n g w h o l l e y o r i g i n a l i n c o n t e n t . I n 2.2 a c l a s s 

of l o c a l graded c a n o n i c a l t r a n s f o r m a t i o n s . i s i n t r o d u c e d and e x p l o r e d , 

u s i n g a t f i r s t a graded phase space c o n s i s t i n g o f one even and one 

odd c o n j u g a t e p a i r , and then e x t e n d i n g t h i s t o h i g h e r orders i n 

even and odd c o n j u g a t e p a i r s of v a r i a b l e s . I n the s i m p l e s t case a 

l o c a l ' c o - o r d i n a t e n e t ' (q,p;e,TC) w i t h v a r i a b l e s which s a t i s f y the 

graded fundamental Poisson b r a c k e t s [ 1 7 ] , i s transformed i n t o a 

second c o - o r d i n a t e n e t (Q,P;2,r) which we demand a l s o s a t i s f y the 

fundamental b r a c k e t s . I t i s found t h a t the form of the ' t w i s t e d ' 

v a r i a b l e s (Q,P;2,r) may be determined up t o an a r b i t a r y f u n c t i o n of 

t h e bosonic s e c t o r of the phase space. T h i s r e s u l t i s g e n e r a l i s e d f o r 

a r b i t a r y dimension i n b o t h odd and even s e c t o r s of the phase space. 

I n t e r e s t i n g l y , i t i s found not p o s s i b l e t o g e n e r a l i s e the r e s u l t 

by making the a r b i t a r y f u n c t i o n graded. However, i t i s . p o s s i b l e to 

r a i s e the s e t of t r a n s f o r m a t i o n s t o form a group, by demanding t h a t 

t h e u n d e r l y i n g bosonic f u n c t i o n s s a t i s f y two p a r t i a l d i f f e r e n t i a l 

e q u a t i o n s as c o n d i t i o n s (by t h i s we mean t h a t the super Jacobi 

i d e n t i t i e s are s a t i s f i e d by the a s s o c i a t e d graded Hamiltonian v e c t o r 

• f i e l d s , but o n l y f o r s p e c i a l s e t s of g e n e r a t o r f u n c t i o n s ) . A seperable 

v a r i a b l e s o l u t i o n of these c o n d i t i o n s i s g i v e n . 

* The author wishes t o thank P r o f e s s o r Isham f o r b r i n g i n g these 

r e f e r e n c e s t o h i s a t t e n t i o n . 
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The h i g h l y c o n s t r a i n e d r e q u i r e m e n t t h a t the graded fundamental 

Poisson b r a c k e t s be s a t i s f i e d , makes extension of these r e s u l t s d i f ­

f i c u l t - The t r a n s f o r m a t i o n s we d e s c r i b e above a l l depend on a 

c o n f o r m a l - l i k e s c a l i n g i n the f e r m i o n i c s e c t o r , which seems h i g h l y 

r e s i s t a n t t o g e n e r a l i s a t i o n of any s o r t . There i s some cause t o 

b e l i e v e t h a t more i n t e r e s t i n g s t r u c t u r e s i n the f e r m i o n i c s e c t o r are 

p o s s i b l e i f one imposes c o n d i t i o n s on.the bosonic f u n c t i o n s which 

generate the symmetries ( f o r i n s t a n c e demanding t h a t they form a 

commuting f u n c t i o n g r o u p ) , but t h i s would have t o be an o b j e c t i v e of 

f u r t h e r r e s e a r c h . I t i s c l e a r t h a t these s t r u c t u r e s r e p r e s e n t some 

i n t e r p l a y between the odd and even s e c t o r s of the graded Poisson 

b r a c k e t , but j u s t how much more i s w a i t i n g to be uncovered here i s 

hard t o e s t i m a t e . 

I n s e c t i o n 2.3 the n o t i o n of the graded f u n c t i o n group i s 

i n t r o d u c e d . Before d i s c u s s i n g t h i s work we look b r i e f l y a t why the 

c l a s s i c a l v e r s i o n of t h i s concept i s i m p o r t a n t . 

The sta n d a r d r e f e r e n c e quoted on f u n c t i o n groups i s 

s u r p r i s i n g l y s t i l l E i s e n h a r t ' s book [ 2 7 ] , which was w r i t t e n a t a 

t i m e b e f o r e the modern index f r e e d i f f e r e n t i a l geometric language 

was w i d e l y i n use. I n [ 2 7 ] a f u n c t i o n group i s d e f i n e d as a c o l l e c t i o n 

o f f u n c t i o n s f i . , which i s closed under Poisson b r a c k e t combination. 

Thus: { f i , f j } = f i j ( f ) , where $ i j i s some f u n c t i o n of the f i ' s 

a n t i s y m m e t r i c i n i and j . E i s e n h a r t proves a number of theorems 

about f u n c t i o n groups (two of which are quoted i n P a r t I ) and which 

i n d i c a t e t o what e x t e n t one i s ' f r e e ' t o reduce a given s e t of 

c a n o n i c a l v a r i a b l e s t o a s m a l l e r s e t , which also obeying the can­

o n i c a l commutation r e l a t i o n s . I t i s t h i s process which underpins the 

c o n s t r u c t i o n of the D i r a c b r a c k e t , f i r s t i n t r o d u c e d i n D i r a c ' s 

paper [ 2 5 ] , and which under c e r t a i n c o n d i t i o n s i s a c t u a l l y j u s t the 

Poisson b r a c k e t of a s p e c i a l reduced s e t of v a r i a b l e s ( f o r a good 

contemporary account o f t h i s see N. Mukunda and E.C.G. Sudarshan's 

book [ 4 4 ] ) . When such a r e d u c t i o n i s p o s s i b l e , the reduced set of 
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v a r i a b l e s can be t h o u g h t as r e p r e s e n t i n g t h e ' t r u e ' v a r i a b l e s o f t h e 

t h e o r y , i n t h e sense t h a t each one c o r r e s p o n d s t o some a c t u a l p h y s i c a l 

d e g r e e o f f r e e d o m o f t h e s y s t e m ( u p t o some p o s s i b l e r o t a t i o n s o f 

b a s i s ) . T h i s p r o c e s s o f 'phase space r e d u c t i o n ' - t h a t i s s t a t i n g a 

c o n s t r a i n e d t h e o r y i n a manner w h i c h m a n i f e s t l v p r e s e r v e s t h e co n ­

s t r a i n t s - i s one w h i c h p o t e n t i a l l y has g r e a t i n t e r e s t f o r t h e o r i e s 

i n v o l v i n g G r a s s m a n n i a n v a r i a b l e s . Graded t h e o r i e s g e n e r i c a l l y have 

l a r g e amounts o f c o n s t r a i n t s a s s o c i a t e d w i t h them ( f o r i n s t a n c e see 

P.Fayet and S . F e r r a r a ' s r e v i e w [ 2 9 ] ) , w h i c h by t h e i r n a t u r e a r e 

h a r d t o g r a s p i n t u i t i v e l y . D i s c o v e r i n g w h e t h e r i t i s p o s s i b l e t o 

' l o c k i n ' g r a d e d c o n s t r a i n t s by t h e l o c a l r e d e f i n i t i o n o f g r a d e d 

v a r i a b l e s , i n a f a s h i o n a n a l o g o u s t o t h e c l a s s i c a l case, c o u l d be 

i n t e r e s t i n g f r o m b o t h a m a t h e m a t i c a l and p h y s i c a l p e r s p e c t i v e , and i t 

was f o r t h i s r e a s o n t h a t t h e i n v e s t i g a t i o n s o f s e c t i o n 2.3 were 

u n d e r t a k e n . 

I n s e c t i o n 2.3 a s i m p l e example o f t h e f o r m a t i o n o f a g r a d e d 

f u n c t i o n g r o u p i s s t u d i e d , c o r r e s p o n d i n g t o t h e r e d u c t i o n o f a 

c a n o n i c a l s e t o f two even and two odd v a r i a b l e s ( q , p ; e , T i ; ) t o a p a i r 

o f g r a d e d v a r i a b l e s , where t h e s e v a r i a b l e s f o r m a s i m p l e g r a d e d f u n c ­

t i o n g r o u p . T h e r e a r e t h r e e p o s s i b i l i t i e s f o r t h e g r a d e d c h a r a c t e r o f 

t h i s p a i r o f v a r i a b l e s , and each o f t h e s e i s s t u d i e d i n t u r n . The 

g r a d e d J a c o b i i d e n t i t i e s impose s t r o n g c o n d i t i o n s on t h e f o r m o f t h e 

f u n c t i o n g r o u p i n each c a s e , r u l i n g o u t i n t h i s s i m p l e example any 

t r u e l y non t r i v i a l 'mixed' odd-even and odd-odd f u n c t i o n g r o u p . 

However, even t h o u g h t h e f o r m o f t h e g r o u p i n t h e s e cases i s h e a v i l y 

c o n s t r a i n e d , t h e f u n c t i o n a l f o r m o f t h e two g r a d e d v a r i a b l e s i n t h e 

g r o u p show what we t e r m a ' c o m p r e s s i o n ' o f t h e g r a d e d c a n o n i c a l 

t r a n s f o r m a t i o n f o u n d i n t h e p r e v i o u s s e c t i o n . I t i s i n t r i g u i n g t o 

s p e c u l a t e t h a t t h e a p p a r e n t d i f f i c u l t y i n g e n e r a l i s i n g t h e c a n o n i c a l 

t r a n s f o r m a t i o n i n s e c t i o n 2.2.1 t o i n c l u d e a n y t h i n g more t h a n a r e a l 

s c a l i n g f u n c t i o n i n t h e f e r m i o n i c s e c t o r , t o g e t h e r w i t h t h e more 

g e n e r a l f o r m o f t h i s v a r i a b l e i n t h e 'compressed' example o f 
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s e c t i o n 2.3.2, m i g h t h i n t o f a more f u n d a m e n t a l r e s u l t . I n t h e case 

o f t h e even-even f u n c t i o n g r o u p , t h e s t r u c t u r e o f t h e s t a n d a r d 

b o s o n i c s e c t o r o f t h e g r o u p d o m i n a t e s t h e o v e r a l l f o r m o f t h e two 

even f u n c t i o n s . Some s p e c u l a t i o n as t o t h e u n d e r l y i n g n a t u r e o f t h e 

g r a d e d f u n c t i o n g r o u p c o n c l u d e s t h i s s e c t i o n . 

G r a d e d P o i s s o n b r a c k e t r e a l i s a t i o n s . 
S e c t i o n 2.4 c o n t a i n s work on t h e r e a l i s a t i o n o f a g e n e r a l 

s u p e r a l g e b r a by odd and even f u n c t i o n s o v e r a g r a d e d phase space. 

The L i e c o m b i n a t i o n r u l e i s p r o v i d e d by t h e g r a d e d P o i s s o n b r a c k e t 

i n t r o d u c e d e a r l i e r . I n t h e f i r s t s u b s e c t i o n t h e q u e s t i o n o f g r a d e d 

c e n t r a l e x t e n s i o n s i s s t u d i e d . The o b j e c t i v e o f t h i s work i s t o t r y 

and r e p r o d u c e W h i t e h e a d ' s t h e o r e m [ 3 7 ] on c o c y c l e s i n a g r a d e d 

s e t t i n g . B r o a d l y s p e a k i n g c o c y c l e s a r e numbers t h a t can appear 

on t h e R.H.S. o f some ( s u p e r ) L i e a l g e b r a s , when one a t t e m p t s t o 

r e a l i s e t h o s e a l g e b r a s by, f o r example, f u n c t i o n s on ( s u p e r ) phase 

sp a c e . They a r i s e i n a v a r i e t y o f s e t t i n g s and a r e endemic t o p a r t ­

i c u l a r c l a s s e s o f L i e a l g e b r a [ 3 7 , 3 9 , 5 9 , 6 5 ] . Our i n t e r e s t s l i e i n 

' r e m o v i n g them', as t h e y r e p r e s e n t an o b s t r u c t i o n t o t h e q u a n t i s a t i o n 

p r o c e s s . P r o v i d e d t h e s u p e r a l g e b r a s a t i s f i e s v a r i o u s c o n d i t i o n s a l l , 

w i t h t h e e x c e p t i o n o f one c a v e a t , s i m i l a r t o t h e c l a s s i c a l c ase, i t 

i s f o u n d t h a t g r a d e d c e n t r a l e x t e n s i o n s a s s o c i a t e d w i t h t h e s e r e a l ­

i s a t i o n s o f s u p e r a l g e b r a s may be removed. I n t h e second s u b s e c t i o n a 

g r a d e d g e n e r a l i s a t i o n o f a w e l l known c l a s s i c a l r e a l i s a t i o n i s 

p r e s e n t e d . T h i s r e s u l t a p p e a r s i n a l e s s g e n e r a l f o r m i n [ 8 ] , and 

d e a l s w i t h t h e c a s e when t h e d i m e n s i o n s o f t h e g r a d e d phase space 

e x a c t l y m atch t h e numbers o f odd and even g e n e r a t o r s o f t h e s u p e r ­

a l g e b r a . The g r a d e d H a m i l t o n i a n v e c t o r f i e l d s a s s o c i a t e d w i t h t h i s 

r e a l i s a t i o n a r e c a l c u l a t e d . 
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G r a d e d e x a m p l e s . 

The l a s t two s e c t i o n s o f t h e t h e s i s c o n t a i n g r a d e d examples 

d e s i g n e d t o i l l u s t r a t e some o f t h e c o n c e p t s i n t r o d u c e d i n t h e t e x t . 

I n t h e f i r s t o f o f t h e s e , s e c t i o n 2.5, we examine how a g r a d e d 

g e n e r a l i s a t i o n o f t h e g r o u p t h e o r e t i c a l a p p r o a c h t o q u a n t i s a t i o n 

m i g h t l o o k when a p p l i e d t o a ' f l a t ' space o f r e a l and Grassmann 

v a r i a b l e s , m i m i c i n g t h e example o f t h e q u a n t i s a t i o n o f Rn i n P a r t I . 

A l t h o u g h t h i s work has n o t been done e l s e w h e r e t o t h e a u t h o r ' s know­

l e d g e , t h e l a c k o f a f u l l y d e v e l o p e d t h e o r y means t h a t i t i s o n l y 

o f l i m i t e d use a t t h i s s t a g e . However i t does s e r v e t o i l l u s t r a t e 

t h e p r e v i o u s w o r k i n s e c t i o n 2.4.1 on c o c y c l e s o c c u r r i n g i n a 'non 

r e m o v a b l e ' manner. T h i s s e c t i o n a l s o o u t l i n e s t h e f o r m a g r a d e d 

g e n e r a l i s a t i o n o f t h e g r o u p t h e o r e t i c a l a p p r o a c h t o q u a n t i s a t i o n 

m i g h t be e x p e c t e d t o t a k e . 

P e r h a p s o f g r e a t e r i n t e r e s t i s t h e example p r e s e n t e d i n s e c t i o n 

2.6. Here we s t u d y a model o f quantum mechanics on a 2-sphere w i t h 

f e r m i o n s . The model i s d e r i v e d i n a s i m p l e way u s i n g an argument 

f i r s t p r e s e n t e d by E. W i t t e n i n [ 6 3 , 6 4 ] f o r t h e s u p e r s y m m e t r i c sigma 

m o d e l , and a l s o used by J. B a r c e l o s - N e t o e t a l i n [ 6 , 7 ] and by 

M. S p i e g e l g l a s i n [ 5 6 ] . The model we use d i f f e r s f r o m t h a t used i n 

t h e a f o r e m e n t i o n e d p a p e r s by t h e i n c l u s i o n o f an e x t r a c o n s t r a i n t , 

w h i c h a r i s e s i n a s i m p l e way f r o m t h e n a t u r a l s u p e r f i e l d c o n s t r a i n t 

f o r t h i s model [ 5 6 ] . The p r e s e n c e o f t h i s e x t r a c o n s t r a i n t r e s u l t s i n 

some s u b s t a n t i a l s t r u c t u r a l ' d i f f e r e n c e s o c c u r i n g t o t h e model. W h i l e 

t h e m a n i f e s t l y s u p e r s y m m e t r i c c o n s t r u c t i o n o f t h e model e n s u r e s t h a t 

a l l t h e p r i m a r y c o n s t r a i n t s a r e p r e s e r v e d under supersymmetry t r a n s ­

f o r m a t i o n s , i t i s f o u n d t h a t t h e s e c o n d a r y c o n s t r a i n t s r e q u i r e d t o 

m a i n t a i n t h e c l o s u r e o f t h e s y s t e m u n d e r t i m e d e v e l o p e m e n t a r e n o t 

a l l s u p e r s y m m e t r i c i n v a r i a n t s . T h i s c a s t s some d o u b t on w h e t h e r t h i s 

m o d e l i s i n f a c t s u p e r s y m m e t r i c o r n o t , and r e p r e s e n t s a s u b s t a n t i a l 

d e p a r t u r e f r o m t h e w o r k i n [ 6 , 5 6 ] . These d i f f e r e n c e s become even more 

a p p a r e n t when t h e g r a d e d D i r a c b r a c k e t s o f t h e model a r e c a l c u l a t e d . 
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Here t h e p r e s e n c e o f t h e e x t r a p r i m a r y c o n s t r a i n t causes n o n - t r i v i a l 

a d d i t i o n s t o t h e D i r a c b r a c k e t s between t h e f u n d a m e n t a l v a r i a b l e s o f 

t h e t h e o r y , when c o m p a i r e d w i t h s i m i l a r b r a c k e t c a l c u l a t i o n s p e r ­

f o r m e d i n [ 6 ] . T h i s work i s c l a i m e d as o r i g i n a l , t h o u g h s i m i l a r i n 

f o r m u l a t i o n t o work i n [ 6 ] and [ 5 6 ] . F u r t h e r work i s r e q u i r e d t o 

u n d e r s t a n d f u l l y t h e r e l a t i o n s h i p between t h e model we use h e r e , 

i n c o r p o r a t i n g t h e e x t r a p r i m a r y c o n s t r a i n t , and t h e model s t u d i e d 

i n [ 6 , 5 6 ] . The model m i g h t a l s o be u s e f u l as a t h e o r e t i c a l 

l a b o r a t o r y t o s t u d y t h e g r a d e d g r o u p t h e o r e t i c a l q u a n t i s a t i o n p r o c e s s 

i n a non t r i v i a l s e t t i n g . The t o p o l o g y o f t h e s p h e r e m i g h t make i t 

p o s s i b l e t o i n s e r t a ' t w i s t ' i n t o t h e c o u p l i n g t o g e t h e r o f t h e 

quantum t h e o r y on t h e l o c a l g r a d e d c o - o r d i n a t e p a t c h e s c o v e r i n g t h e 

s p h e r e , w i t h p o t e n t i a l l y i n t e r e s t i n g c o n s e q u e n c e s * ( t h e b o s o n i c 

v e r s i o n o f t h i s i d e a i s e x p l o r e d i n [ 3 7 ] ) . I t i s r e g r e t a b l e 

t h a t s u f f i c i e n t t i m e i s n o t a v a i l i b l e t o i n v e s t i g a t e t h i s p o s s i b i l i t y . 

* The a u t h o r w i s h e s t o t h a n k P r o f e s s o r Isham f o r s u g g e s t i n g t h i s 

avenue f o r f u t u r e i n v e s t i g a t i o n . 
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PART I 
1.0.0 C l a s s i c a l M e n h a n i o s O v e r v i e w . 

T h e r e e x i s t many e x c e l l e n t a c c o u n t s o f c l a s s i c a l m e c h a n i c s i n 

m a t h e m a t i c a l p h y s i c s l i t e r a t u r e , v a r y i n g w i d e l y i n s o p h i s t i c a t i o n , 

a b s t r a t i o n and s t y l e . Two t e x t s w h i c h i l l u s t r a t e t h i s w e l l a r e 

Abrahams and Marsden [ 1 ] and Mukunda & Sudarshan [ 4 4 ] , and t h e 

p u r p o s e o f t h e i n t r o d u c t o r y f i r s t h a l f o f t h i s t h e s i s i s n o t t o 

a t t e m p t t o g i v e a n o t h e r , more o f l e s s c o m p r e h e n s i v e , a c c o u n t o f 

c l a s s i c a l m e c h a n i c s - t h a t w o u l d n o t be u s e f u l i n a i d i n g t h e i l l u ­

m i n a t i o n o f t h e second p a r t o f t h e work. What t h e f i r s t p a r t i s 

i n t e n d e d t o do i s m e r e l y t o i n t r o d u c e some o f t h e r e l a t i o n s h i p s and 

i d e a s , w h i c h i n t h e second p a r t o f t h e t h e s i s a r e l o o k e d a t f r o m a 

g r a d e d p o i n t o f v i e w . I n t h i s sense P a r t I s h o u l d be v i e w e d as b e i n g 

a d e t a i l e d g u i d e t o P a r t I I . 

The c l a s s i c a l m e c h a n i c s d e s c r i b e d and i n t r o d u c e d b elow i s 

d r a w c h i e f l y f r o m [ 3 3 ] , [ 4 4 ] and [ 5 8 ] . 

1.0.1 L a g r a n g e ' s E q u a t i o n s . 

I t t u r n s o u t t h a t Newton's Laws o f M o t i o n can be s t a t e d i n 

a v e r y e l e g a n t f a s h i o n u s i n g t h e n o t i o n o f g e n e r a l i s e d c o - o r d i n a t e s 

and v e l o c i t i e s t o d e s c r i b e c o m p l e t e l y some m e c h a n i c a l s y s t e m , and 

a f u n c t i o n o f them know as t h e L a g r a n g i a n . A p a r t i c u l a r l y f a s t way 

o f r e a c h i n g t h e e q u a t i o n ' s o f m o t i o n i s by t h e use o f H a m i l t o n ' s 

S t a t i o n a r y A c t i o n P r i n c i p a l . The s y s t e m i s d e s c r i b e d by K g e n e r ­

a l i s e d c o - o r d i n a t e s q s , s = 1,...,K and by K g e n e r a l i s e d v e l o c i t i e s 

q s , s = 1,...,K, where qs and qs a r e a l l smooth f u n c t i o n s o f a r e a l 

t i m e p a r a m e t e r d e n o t e d t . And a l s o by t h e L a g r a n g i a n f u n c t i o n 

L = L ( q s , q s , t ) . We d e f i n e an a c t i o n i n t e g r a l , t h u s : 

( 1 ) A ( q s ( t ) ) L ( q s , q s , t ) d t 

Where t h e i n t e g r a l i s c a r r i e d o u t o v e r some e v o l u t i o n a r y p a t h 

C ( t o , t i ) o f t h e s y s t e m , d e t e r m i n e d by t h e f u n c t i o n s q s ( t ) , f o r t = to 

t o t = t i and where t € ( t o , t i )<= R. 
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We now demand t h a t t h i s a c t i o n i s s t a t i o n a r y w i t h r e s p e c t t o 

v a r i a t i o n s r o u n d t h e c l a s s i c a l p a t h C ( t o , t i ) . T h a t i s : 

( 2 ) 6A := A(C' ) - A(C) = 0 

W i t h : 

( 3 ) C' = C + 5C , 5C = 0 I to , ti 

( 4 a ) q ' s ( t ) = q s ( t ) + 5 q s ( t ) 

( 4 b ) q ' s ( t ) - q s ( t ) + 5 q s ( t ) 

( 4 c ) 5 q s ( t ) | t o , t i 0 

W r i t i n g : 

L' :- L ( q ' s , q ' s , t ) = L ( q s + 5 q s , q s + 5 q s , t ) 

and F o u r i e r e x p a n d i n g i n powers o f 5qs we a r e l e d t o t h e f o l l o w i n g 

e x p r e s s i o n f o r 6A ( u p t o 1 s t o r d e r i n 6qs ) : 

( 5 ) 6A.= ( L - d_( ^ _ ) ) L d t 
^q s d t ^q s 

Demanding s t a t i o n a r y a c t i o n 5A = 0 y i e l d s t h e f o l l o w i n g K p a r t i a l 

d i f f e r e n t i a l e q u a t i o n s f o r q s ( t ) : 

( 6 ) dj^ - d ( I L ) = 0 , where s =1,...,K 

dqs dt dQS 

These a r e L a g r a n g e ' s e q u a t i o n s o f m o t i o n , e q u i v a l e n t t o Newton's 

e q u a t i o n s , and w h i c h must be s o l v e d t o d e t e r m i n e t h e q s ( t ) and f i n d 

t h e t i m e e v o l u t i o n o f t h e s y s t e m . I n t h e above e q u a t i o n s , t h e 

f u n c t i o n s qs and qs a r e r e g a r d e d as b e i n g f u n c t i o n a l l y i n d e p e n d a n t , 

a l t h o u g h , c l e a r l y , qs = d a s . 
d t 

A c t u a l l y t h e L a g r a n g i a n f o r m u l a t i o n o f m echanics i s n o t t h e 

most u s e f u l t o e mploy when m o v i n g between c l a s s i c a l mechanics and 

quantum m e c h a n i c s u s i n g t h e r o u t e f i r s t t a k e n by H e i s e n b e r g and 

D i r a c - h i s t o r i c a l l y t h e f o r m u l a t i o n due t o H a m i l t o n has p l a y e d a 

s t r o n g e r r o l e . F o r t h i s r e a s o n we now c o n t i n u e by d e s c r i b i n g i n a 

f o r m a l manner H a m i l t o n ' s a p p r o a c h t o c l a s s i c a l m e c h a n i c s , w h i c h 

r e s u l t s i n 2K f i r s t o r d e r e q u a t i o n s o f m o t i o n , r a t h e r t h a n t h e K 

s e c o n d o r d e r e q u a t i o n s above. 

- 21 --



1.0.2 H a m i l t o n ' s E q u a t i o n s . 

P r o c e e d i n g f o r m a l l y a t t h i s s t a g e f o l l o w i n g A r t h u r s [ 3 ] , we 

assume i t i s p o s s i b l e t o i n t r o d u c e a new v a r i a b l e p s ( t ) , i n d e p e n d e n t 

o f t h e g e n e r a l i s e d c o - o r d i n a t e s q s ( t ) and d e f i n e d : 

( 7 ) ps := i L ( q s , q s , t ) , s = 1,...,K 

Where L ( q s , q s , t ) i s t h e p r e v i o u s l y i n t r o d u c e d L a g r a g i a n f u n c t i o n . 

The v a r i a b l e s p s ( t ) a r e s a i d t o be c o n j u g a t e t o t h e g e n e r a l i s e d 

c o - o r d i n a t e s q s ( t ) and a r e c a l l e d ' g e n e r a l i s e d momenta'. F u r t h e r ­

more, we assume t h a t ( 7 ) may be s o l v e d t o g i v e a l l t h e qs i n 

t e r m s o f ( q s , p s , t ) , t h a t i s t h e s y s t e m i s n o n - s i n g u l a r (we w i l l 

r e t u r n t o t h i s c o n d i t i o n l a t e r ) . We now d e f i n e a new f u n c t i o n 

H ( q s , p s , t ) t h u s : 

( 8 ) H ( q s , p s , t ) := 2 psqs - L ( q r , q r , t ) 
s 

T h i s f u n c t i o n H i s known as H a m i l t o n i a n . We now r e w r i t e t h e a c t i o n 

i n t e g r a l ( 1 ) i n t e r m s o f t h e H a m i l t o n i a n : 

( 9 ) A ( q s , p s ) = ( 2 ps q s - H ( q s , p s , t ) ) d t 
s 

where q s ( t ) , p s ( t ) a r e i n d e p e n d a n t f u n c t i o n s o f t . A p p l y i n g t h e 

s t a t i o n a r y a c t i o n p r i n c i p l e as b e f o r e , e q u a t i o n ( 2 ) l e a d s us t o t h e 

f o l l o w i n g L a g r a n g e ' s e q u a t i o n s : 

( 1 0 a ) ( d_ - d L )i 2 p r q r - H ) = 0 , r , s = 1, K 
dqs d t d q s r 

( 1 0 b ) ( d_ - d. i ) ( 2 p r q r - H ) = 0 , r , s = l , . . . , K 
dps d t d p s r 

( 1 0 a ) and ( 1 0 b ) g i v e us t h e f o l l o w i n g : 

( 1 1 a ) - M - p s = 0 , s = l , . . . , K 
dqs 

( l i b ) - M + q s = 0 , s = l , . . . , K 

dps 

These 2K f i r s t o r d e r P.D.E's a r e known as H a m i l t o n ' s e q u a t i o n s and 

a r e e q u i v a l e n t t o t h e K second o r d e r L agrange e q u a t i o n s ( 6 ) . 

I n t h e L a g r a n g i a n d e s c r i p t i o n o f dy n a m i c s t h e f u n d a m e n t a l 

v a r i a b l e s a r e ( q s , q s , t ) . W i t h t h e H a m i l t o n i a n a p p r o a c h t h e y a r e 
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( q s , p s , t ) . I n t h e l a n g u a g e o f d i f f e r e n t i a l g e o m e t r y , L a g r a n g i a n 

m e c h a n i c s t a k e s p l a c e on t h e ' t a n g e n t b u n d l e ' , w i t h l o c a l co­

o r d i n a t e s ( q s , q s ) , o f t h e c o n f i g u r a t i o n space. Where as H a m i l t o n i a n 

m e c h a n i c s t a k e n p l a c e on t h e ' c o t a n g e n t b u n d l e ' , o r phase space w i t h 

( q s . p s ) as l o c a l c o - o r d i n a t e s , o f t h e c o n f i g u r a t i o n space. One can 

p i c t u r e t h e t i m e e v o l u t i o n o f a p h y s i c a l s y stem as a p a t h t h r o u g h 

phase space p a r a m e t e r i s e d by t i m e . T h a t i s : 

t : ( q ( t ) , p ( t ) ) 

tmn-.ii : ( q ^ o i ^ i ^ l , Pv„;̂ ,-j ) , 

The p a t h , o r phase space t r a j e c t o r y , i s d e t e r m i n e d by t h e i n i t i a l 

v a l u e s o f t h e g e n e r a l i s e d v a r i a b l e s (qin;,ul 'P>..Vf.v( ) and by e q u a t i o n s 

( 1 1 a ) and ( l i b ) . The H a m i l t o n i a n H ( q , p , t ) i s t h e e n e r g y f u n c t i o n o f 

t h e s y s t e m . We now i n t r o d u c e t h e key n o t i o n o f t h e 'Poisson b r a c k e t 

1.0.3 The P o i s s o n b r a c k e t . 

C o n s i d e r t h e t i m e d e r i v a t i v e o f a f u n c t i o n f d e f i n e d on phase 

space ( q s , p s ) , f - f ( q s , p s , t ) , where f : {Phase s p a c e ) > R, t h u s : 

( 1 2 ) d £ ( q , P , t ) = 1 ( d a s i f + d n s ^ ) + M , s ^ 1, K 

d t s d t aqs d t aps dt 

Now l e t us employ e q u a t i o n s ( 1 1 a ) and ( l i b ) : 

( 1 3 ) d£ = 2 ( M dij - ^ an ) + j i f . , s = 1 K 

d t s dqsdps d p s i q s dt 

We now d e f i n e t h e P o i s s o n b r a c k e t o f two f u n c t i o n s A and B d e f i n e d 

on phase sp a c e , d e n o t e d { A,B } t o be: 

( 1 4 ) { A , B } : = 2 ( M i B - j i A ^ ) , s = l , . . . , K 

s eqsaps epsdqs 

I n t h i s n o t a t i o n ( 1 2 ) becomes: 

( 1 5 ) I f = { f,H } + af 

d t dt 

The p r o p e r t y o f skew-symmetry o f t h e P.B. i m p l i e s i m m e d i a t e l y : 

( 1 6 ) dK = i H 

d t dt 

Thus change w i t h t i m e o f t h e H a m i l t o n i a n can o n l y come a b o u t v i a an 

e x p l i c i t t i m e dependence, t h u s e n e r g y i s c o n s e r v e d . More s p e c i a l 
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c a s e s o f e q u a t i o n ( 1 3 ) and d e f i n i t i o n ( 1 4 ) a r e : 

qs = { qs,H } , ps = { ps,H } 
( 1 7 ) 

{ q s , q t } = 0 = { p s , p t } , { q s , p t } = 5 s t 

These l a s t t h r e e r e l a t i o n s h i p s a r e c a l l e d t h e f u n d a m e n t a l P o i s s o n 

b r a c k e t s o f t h e s y s t e m . The f o l l o w i n g p r o p e r t i e s o f t h e P o i s s o n 

b r a c k e t may be v e r i f i e d by d i r e c t c a l c u l a t i o n : 

( P I ) Skew-Symmetry: 

{ A,B } = - { B,A ) . . f o r A,B,C € F(M) 

( P 2 ) L i n e a r i t y : 

{ aA+bB,C } = a{ A.C } + b{ B,C } , f o r a,b e R 

( P 3 ) P r o d u c t R u l e : 

{ AB,C } = A{ B,C } + { A,C }B , f o r A,B,C e F(M) 

( P 4 ) ^ J a c o b i I d e n t i t y : 

{ A,{ B.C } } + { C,{ A,B } } + { B,{ C,A } } - 0 

Where F(M) i s t h e s e t o f s u i t a b l y d i f f e r e n t i a b l e f u n c t i o n o v e r t h e 

phase space M. 

At t h i s s t a g e we make t h e o b s e r v a t i o n t h a t ( P 1 ) , ( P 2 ) and ( P 4 ) , t o ­

g e t h e r d e f i n e an i n f i n i t e d i m e n s i o n a l l i e a l g e b r a o v e r t h e f u n c t i o n 

space F ( M ) , w i t h t h e P o i s s i o n b r a c k e t a c t i n g as t h e c o m b i n a t i o n 

p r i n c i p l e . The P b i s s o n b r a c k e t (P.B.) i s t h e f u n d a m e n t a l s t r u c t u r a l 

o b j e c t o f c l a s s i c a l m e c h a n i c s and f o r m s t h e s t a r t i n g p o i n t f o r t h e 

so c a l l e d ' c a n o n i c a l q u a n t i s a t i o n ' o f d y n a m i c a l s y s t e m s . I n more 

g e o m e t r i c a l l a n g u a g e , i n d e f i n i n g t h e P.B. on phase space, one i s 

r e q u i r i n g " t h a t t h e r e e x i s t a c l o s e d , n o n - d e g e n e r a t e , 2 - f o r m on t h e 

c o t a n g e n t b u n d l e o f t h e c o n f i g u r a t i o n space. T h i s c o - o r d i n a t e f r e e 

a p p r o a c h i s t h e n a t u r a l one i n w h i c h t o a d d r e s s g l o b a l q u e s t i o n s , and 

w i l l be b r i e f l y d e s c r i b e d l a t e r i n j> 1.2. 

1.0.4 C a n o n i c a l T r a n s f o r m a t i o n s . 

A c a n o n i c a l t r a n s f o r m a t i o n i s one w h i c h does n o t a l t e r t h e 

f u n c t i o n a l f o r m o f H a m i l t o n ' s e q u a t i o n s o f m o t i o n . More p r e c i s e l y , 

g i v e n a t r a n s f o r m a t i o n o f phase space c o - o r d i n a t e s t h u s : 

( 1 8 ) Qs = Q s ( q , p , t ) , Ps = P s ( q , p , t ) , f o r s = 1,....K 
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where Qs,Ps a r e 2K i n d e p e n d e n t f u n c t i o n s o f ( q s , p s , t ) . We demand 

t h a t t h e r e e x i s t a new H a m i l t o n i a n H'(Q,P,t) such t h a t : 

( 1 9 ) Qs = i i L ' , Ps = -M' , for s = 1,...,K 

dPs dQs 

T h i s r e q u i r e m e n t i m p l i e s t h a t t h e two L a g r a n g i a n s L ( q , P , t ) and 

L ' ( Q , P , t ) d i f f e r o n l y by a t o t a l d e r i v a t i v e . T h a t i s : 
( 2 0 ) 2 PsQs - H'(Q,P,t) - 1 p s q s - H ( q , p , t ) + d£ , s = 1,...,K 

s . s d t 

( Note t h a t we e x c l u d e two t r a n s f o r m a t i o n s f r o m o u r d e f i n i t i o n : 

qs > ps and ( q s , p s ) > ( f q s . f p s ) , f e F ( M ) . 

T h a t i s , i n t e r c h a n g e o f qs & ps and d i l a t i o n s . ) 

F o l l o w i n g [ 4 4 ] , i f we expand t h e R.H.S. o f ( 2 0 ) i n t e r m s o f Qs and 

Ps , s = 1,...,K , and compare c o e f f i c i e n t s , we o b t a i n 2K+1 

c o n d i t i o n s : 

( 2 1 ) Ps - 2 p t d a i = i£(Q,P,t) , s , t = 1,...,K 
t dQs dQs 

( 2 2 ) - 2 ptdaJ. = d£(Q,P,t) , s , t = 1,...,K 
t dPs dPs 

( 2 3 ) H'(Q,P.t) = H ( q , p , t ) - 2 ps qs - ji£(Q,P,t) 

s dt 

For F ( Q , P , t ) t o e x i s t t h e f o l l o w i n g i n t e g r a b i 1 i t y c o n d i t i o n s , 

w h i c h a r e o b t a i n e d d i r e c t l y f r o m ( 2 1 ) , ( 2 2 ) and ( 2 3 ) must be s a t i s f i e d 

( 2 4 ) 2 ( i g s _Es - ^ s ̂ s ) = 0 , r , s , t = l , . . . , K 
s dQt Qr dQrdQt 

( 2 5 ) 2 (^qs^ps - cjqs ̂ ps ) = 0 , r , s , t = l , . . . , K 
s dPtdPr dPrdPt 

( 2 6 ) 2 (dflSdPS - j5qs^P_s ) = 6 r t , r , s , t = l , . . . , K 

s dQtdPr dPrdQt 

The f o r m o f t h e s e c o n d i t i o n s l e a d s us t o d e f i n e t h e 'Lagrange 

b r a c k e t ' o f 2K i n d e p e n d e n t f u n c t i o n s o f qs,ps d e n o t e d R i , as t h e 
f o l l o w i n g : 

( 2 7 ) ( R i , R j ) := 2 (eq_s dPS - dqs e£s ) , f o r i , j = 1, . . . , 2K 
s dRidRj dRj dRi 

Where i t i s r e q u i r e d t h a t t h e qs, p s may be w r i t t e n as f u n c t i o n s o f 

t h e R i ' s , f o r i = 1 , . . . , 2K. I n t h i s n o t a t i o n t h e i n t e g r a b i l i t y 

c o n d i t i o n s ( 2 4 ) t o ( 2 6 ) become: 
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( 2 4 a ) ( Qt,Qr ) = 0 , t . r = 1 ,K 

( 2 5 a ) ( P t , P r ) = 0 , t , r = 1, K 

( 2 6 a ) ( Q t , P r ) = 5 t r , t , r = l . . . . , K 

A s i m p l e c a l c u l a t i o n r e v e a l s t h e t r u e n a t u r e o f t h e Lagrange 

b r a c k e t : 

2 ( R i , R j ) . { R j . R k } = 2 ( ̂^qs ̂  - dqs dPs ) ( i R j d E k - d R k ^ ) 
j s , j dRidRj dRj dRi dqt dpt d q t d p t 

= - 2 ( ^ ^ 6 s t - _ i p s ^ 6 s t ) = - 6 i k , w i t h i , j , k - 1, . . . , 2K 
s , t dRi d q t dRi dpt 

T h a t i s t h e L a g r a n g e b r a c k e t i s t h e i n v e r s e o f t h e P o i s s o n b r a c k e t . 

T h i s means we may w r i t e ( 2 4 a ) t o ( 2 6 a ) i n t h e f o l l o w i n g f o r m : 

( 2 8 ) { Qt.Qs } = 0 . s . t = 1,...,K 

( 2 9 ) { Ps.Pt } = 0 , s , t = 1, . . . ,K 

( 3 0 ) { Qs,Pt } = 5 s t , s , t = 1,...,K 

Thus we. see t h a t t h e f u n d a m e n t a l P.B.'s ( 1 7 ) have been p r e s e r v e d by 

t h e c a n o n i c a l t r a n s f o r m a t i o n s ( 1 8 ) . To c l a r i f y what i s g o i n g on 

h e r e we i n t r o d u c e a new n o t a t i o n ( f o r f u r t h e r d e t a i l s o f t h i s see 

f o r example [ 4 4 ] o r [ 5 8 ] ) and l o o k a t t h e c a n o n i c a l t r a n s f o r m a t i o n 

f r o m a more g r o u p t h e o r e t i c a l s t a n d p o i n t . However, b e f o r e 

p r o c e e d i n g w i t h t h e g r o u p t h e o r y o f t h e P o i s s o n b r a c k e t , we s t a t e 

w i t h o u t p r o o f t h e f o l l o w i n g e a s i l y v e r i f i a b l e i d e n t i t y : 

( P 5 ) { F,G } s 2 ii£ { h i . h j } M 

i , j dhi dhj 

Where h i = h i ( q , p ) € F ( M ) , i , j = 1 2K , and F = F ( h ) , G = G ( h ) . 

1.0.5 Group t h e o r e t i c a l a s p e c t s o f c a n o n i c a l t r a n s f o r m a t i o n s . 

So f a r we have t r e a t e d t h e c a n o n i c a l v a r i a b l e s qs and ps 

s e p a r a t e l y . However, t o g e t a t t h e i n v a r i a n c e a s p e c t s o f t h e P.B. i t 

i s e a s i e r t o u n i f y them and t o d e f i n e a g e n e r a l phase space co­

o r d i n a t e : 

( 3 1 ) ( x a ) = ( q i , . . . , q i , . . . ,qn ;Pi , . . . , p i , . . . , pn) w i t h a - 1, . . ,2n 

I n t h i s n o t a t i o n t h e P.B o f two o b s e r v a b l e s F ( q , p ) , G ( p,q) becomes: 
( 3 2 ) { F,G } = dE { xa,x3 ) M = FaB 

dxa dx0 dxa dxfi 

Where f r o m now on we use t h e r e p e a t e d i n d e x summation c o n v e n t i o n . 
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D i r e c t c a l c u l a t i o n shows t h a t t h e m a t r i x TaS, has t h e f o l l o w i n g 

f o r m : 
On I n 

( 3 3 ) ( T a B ) = 
- I n On 

w h e re On and I n a r e t h e n x n b l o c k m a t r i c e s : 

( 3 4 ) On 
0 . . . 0 

0 
0 . . . 0 

I n = 

T h i s i s t h e f u n d a m e n t a l P.B. i n t h e u n i f i e d n o t a t i o n . The m a t r i x 

( F a B ) has t h e f o l l o w i n g p r o p e r t i e s : 

( 3 5 ) = - r 

( 3 6 ) = - 1 

We can now s t a t e a c a n o n i c a l t r a n s f o r m a t i o n i n a f a r s i m p l e r way. 

F o r t h e f u n d a m e n t a l P.B. t o be p r e s e r v e d i n a t r a n s f o r m a t i o n : 

( 3 7 ) 

we r e q u i r e 

( 3 8 ) 

However, 

•> x' , where x'a= x ' a ( . . . x 6 

{ x'a,x'3 } = FaB 

{ xa.xB } - Ma { XU,XT } ^ 
dxu iiXT 

) 

b u t s i n c e [ xa,xB } - FaB f o r a c a n o n i c a l t r a n s f o r m a t i o n , we have: 

( 3 9 ) 

Or, i f we c a l l 

( 4 0 ) 

i^a FuT Ax3 - TaS> 
dxu dxT 

( 2 a B ) = ( ^ a ) 
6xB 

Then we may w r i t e t h e c o n d i t i o n ( 3 9 ) as: 

( 4 1 ) 2 r 2^ r F 

I t i s easy t o show two c a n o n i c a l t r a n s f o r m a t i o n s c a r r i e d o u t i n 

s u c c e s s i o n i s a l s o a c a n o n i c a l t r a n s f o r m a t i o n , and c l e a r l y i d e n t i t y 

and i n v e r s e t r a n s f o r m a t i o n e x i s t . I t f o l l o w s t h a t t h e s e t o f 

m a t r i c e s 2 s a t i s f y i n g ( 4 1 ) f o r m a g r o u p . T h i s g r o u p i s c a l l e d t h e 

s y m p l e c t i c g r o u p , d e n o t e d S p ( 2 n , R ) , o f 2n (T) 2n d i m e n s i o n a l m a t r i c e s 

w h i c h p r e s e r v e t h e s y m p l e t i c f o r m F. A l s o i t i s easy t o see t h a t 

t h e P.B. o f two f u n c t i o n s w . r . t . two d i f f e r e n t , b u t c a n o n i c a l l y 
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r e l a t e d c o - o r d i n a t e s e t s a r e e q u a l . T h a t i s : 

( 4 2 ) { A ( x ' ) , B ( x ' ) } x ' = { A ( x ' ( x ) , B ( x ' ( x ) ) } x 

The c a n o n i c a l g r o u p o f t h o s e t r a n s f o r m a t i o n s ( 3 7 ) whose J a c o b i a n s 

( 4 0 ) s a t i s f y ( 4 1 ) i s i n f i n i t e d i m e n s i o n a l as a s e t . V a r i o u s sub­

g r o u p s o f t h e c a n o n i c a l g r o u p e x i s t , f o r example t h e s ubgroup o f 

c a n o n i c a l t r a n s f o r m a t i o n s w h i c h s a t i s f y t h e f o l l o w i n g r e l a t i o n s h i p : 

( 4 3 ) 2 PsdQs = 2 psdqs 

s s 

These a r e know as " c o n t a c t t r a n s f o r m a t i o n s " , and have an e l e g a n t 

g e o m e t r i c a l i n t e r p r e t a t i o n as t h e p r e s e r v a t i o n o f t h e L o u v i l l e 

f o r m [ 3 7 ] . More i m p o r t a n t f o r t h e c a n o n i c a l q u a n t i s a t i o n p a t h between 

t h e c l a s s i c a l and t h e q u antum, i s t h e n o t a t i o n o f a 1-parameter sub­

g r o u p o f c a n o n i c a l t r a n s f o r m a t i o n s sometimes known as a ' c a n o n i c a l 

f l o w ' . As w i l l be shown, t h e t i m e d e v e l o p m e n t o f a m e c h a n i c a l system 

i s one s u c h c a n o n i c a l f l o w . A s s o c i a t e d w i t h t h e s e 1-parameter sub­

g r o u p s a r e c e r t a i n f u n c t i o n s , c a l l e d o b s e r v a b l e s , w h i c h a r e s a i d t o 

' g e n e r a t e ' t h e t r a n s f o r m a t i o n s . To d i s c u s s t h i s f i r s t l y we need t h e 

c a n o n i c a l t r a n s f o r m a t i o n i n t h e i n f i n i t e s i m a l . 

1.0.6 I n f i n i t e s i m a l c a n o n i c a ] . t r a n s f ormaticriS • 

F o l l o w i n g t h e a n a l y s i s i n [ 4 4 ] and [ 5 8 ] , l e t us now make an 

i n f i n i t e s i m a l change t o t h e v a r i a b l e s ( x a ) and demand t h a t ( 3 9 ) i s 

s t i l l s a t i s f i e d : 
( 4 4 ) xa > xa + 5xa , f o r a = 1, . . . , 2K 

s u b s t i t u t i n g i n ( 3 9 ) : 

( 4 5 ) l ( x a + 5 x a ) FuT l ( x 0 + Sxfi) = FaB 

dxu dxT 

E x p a n d i n g ( 4 5 ) , and n e g l e c t i n g 0(-6) t e r m s we o b t a i n : 

( 4 6 ) i ( 6 x a ) FuT 5T(3 + 5ua F U T 1 ( 6 X B ) - 0 
dxu • dxT 

o r j i ( 6 x a ) FuB - i ( 6 x 0 ) Fua - 0 
dxu dxu 

2 
M u l t i p l y i n g t h r o u g h by rTaF00 and u s i n g F = - 1 g i v e s : 

( 4 7 ) i ( 5 x 0 r00) - ^ ( 5 x a F r a ) = 0 
dxT dx0 
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E q u a t i o n ( 4 7 ) i m p l i e s t h a t 5xa F r a i s i n f a c t a g r a d i e n t o f some 

f u n c t i o n 8 f ( x ) s a y , where 6 << 1. T h a t i s : 

( 4 8 ) 5xa F r a = -AiQf) 
dXT 

Thus ( 4 4 ) becomes: 

( 4 9 ) x'a = xa + QTardf - xa + 8{ x a , f } 

CSXT 

The f u n c t i o n f ( q , p ) a s s o c i a t e d i n t h i s way w i t h t h e i n f i n t e s i m a l 

c a n o n i c a l t r a n s f o r m a t i o n ( 4 4 ) i s c a l l e d t h e g e n e r a t o r ' o f t h e 

i n f i n i t e s i m a l t r a n s f o r m a t i o n . 

F u r t h e r i n s i g h t i n t o t h e P.B. i s o b t a i n e d by t a k i n g t h e 

c o m m u t a t o r o f two i n f i n i t e s i m a l t r a n s f o r m a t i o n s , each a s s o c i a t e d 

w i t h d i f f e r e n t f u n c t i o n s f and g, say. D e n o t i n g t h e s e by: 

( 5 0 ) ( 6 1 f ) x a := e i { x a , f } 

( 5 1 ) ( 5 2 g ) x a := e2{ xa,g } 

and t a k i n g t h e c o m m u t a t o r o f t h e s e t r a n s f o r m a t i o n s : 

[ 5 1 f , 5 2 g ] x a :^ ( 5 1 f 5 2 g - 5 2 g 6 1 f ) x a 

= 6 1 f ( u 2 { x a , g } ) - 6 2 g ( u l { x a , f } ) 

3 U l u 2 { { x a , g } , f } - u l u 2 { { x a , f } , g } 

Now e m p l o y i n g t h e J a c o b i i d e n t i t y g i v e s : 
[ 6 1 f , 5 2 g ] x a = u l u 2 { x a , { g . f } } 

( 5 2 ) 

:= - U1M2 5 { f , g } x a 

So we see t h a t t h e c o m m u t a t o r o f two i n f i n i t e s i m a l c a n o n i c a l 

t r a n s f o r m a t i o n s i s i t s e l f an i n f i n i t e s i m a l c a n o n i c a l t r a n s f o r m a t i o n 

whose g e n e r a t o r i s t h e ( m i n u s ) P.B. o f t h e g e n e r a t o r s o f t h o s e two 

t r a n s f o r m a t i o n s . Thus t h e s e t o f i n f i n i t e s i m a l c a n o n i c a l t r a n s f o r m ­

a t i o n s f o r m a L i e a l g e b r a whose c o m b i n a t i o n b r a c k e t i s t h e 

( n e g a t i v e ) P o i s s o n b r a c k e t . 
By e m p l o y i n g ( 1 3 ) we see t h a t H a m i l t o n ' s e q u a t i o n s i n t h i s 

n o t a t i o n become s i m p l y : 

( 5 3 ) dxa - {xa,H} + M 

d t dt 

Thus we see t h a t t h e t i m e d e v e l o p m e n t o f t h e s y s t e m f o r a non-

e x p l i c i t e l y t i m e - d e p e n d e n t H a r a i l t o n i a n i s none o t h e r t h a n t h e 
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u n f o l d i n g o f a 1 - p a r a m e t e r c a n o n i c a l t r a n s f o r m a t i o n i n w h i c h t h e 

H a m i l t o n i a n i s t h e g e n e r a t o r f u n c t i o n . 

A t t h i s s t a g e we r a i s e one o t h e r p o i n t c o n c e r n i n g i n f i n i t e s i m a l 

c a n o n i c a l t r a n s f o r m a t i o n s . Suppose a c o l l e c t i o n o f f u n c t i o n s o f 

q i and p j d e n o t e d f i , f o r i - 1,...,N , s a t i s f y : 

( 5 4 ) { f i , H •} = 0 , f o r a l l N 

C l e a r l y ( 1 5 ) i m p l i e s t h a t t h e f u n c t i o n s f i a r e c o n s e r v e d q u a n t i t i e s , 

s o m e t i m e s known as c o n s e r v e d c h a r g e s , w h i c h do n o t change w i t h t h e 

t i m e e v o l u t i o n o f t h e s y s t e m . S i n c e t h e P o i s s o n b r a c k e t s a t i s f i e s 

t h e J a c o b i i d e n t i t y , i t f o l l o w s t h a t any c o m b i n a t i o n { f i , f j } a l s o 

commutes w i t h t h e H a m i l t o n i a n . I n f a c t we a r e a b l e t o g i v e t h e s e t 

o f f u n c t i o n s { f i } t h e s t r u c t u r e o f a L i e a l g e b r a u n d e r P o i s s o n 

b r a c k e t c o m b i n a t i o n s . H a m i l t o n i a n s o f t h i s s o r t a r e s a i d t o e x h i b i t 

an i n t e r n a l svmmetrv. A good example o f t h i s b e h a v i o r i s g i v e n by 

t h e f i r s t c l a s s c o n s t r a i n t s i n j> 1.3, w h i c h p r o d u c e an e f f e c t 

r a t h e r s i m i l a r t o gauge i n v a r i e n c e i n Y a n g - M i l l s t h e o r y [ 4 , 5 8 ] . T h i s 

w i l l be d i s c u s s e d i n more d e t a i l l a t e r on. 

1.1.0 An I n t r o d u c t i o n t o some D i f f e r e n t i a l Geometry. 

B e f o r e p r o c e e d i n g f u r t h e r w i t h t h e s t r u c t u r e o f c l a s s i c a l 

m e c h a n i c s , we w i l l b r i e f l y l o o k a t t h e some o f t h e c o n c e p t s and 

l a n g u a g e o f d i f f e r e n t i a l g e o m e t r y . T h i s w i l l e n a b l e us t o r e f o r m ­

u l a t e some o f t h e p r e v i o u s r e s u l t s i n a f a r more compact and i l l u m ­

i n a t i n g f a s h i o n . The n o t a t i o n we use h e r e i s drawn p r i n c i p l y f r o m 

H a w k i n g and E l l i s [ 3 5 ] and O ' N e i l l [ 4 7 ] . 

1.1.1 D e f i n i t i o n s o f f u n d a m e n t a l o b j e c t s . 

A t o p o l o g i c a l space S i s a p a i r o f o b j e c t s (X,U)", where X 

i s a non empty s e t and U i s a t o p o l o g y on X. T h a t i s , a c l a s s o f 

s u b s e t s o f X w h i c h i s c l o s e d u n d e r t h e f o r m a t i o n o f a r b i t a r y u n i o n s 

and f i n i t e i n t e r s e c t i o n s . 
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A t o p o l o g i c a l s p ace i s c a l l e d a H a u s d o r f f space i f f o r e v e r y 

p a i r o f d i s t i n c t p o i n t s x and y i n X t h e r e e x i s t n e i g h b o r h o o d s V 

and W such t h a t x € V, y e W and VnW = Empty S e t . 

A c o - o r d i n a t e s y s t e m o r c h a r t . o f d i m e n s i o n n i n a t o p o l g i c a l 

s p a c e S, i s a homeomorphism 0 o f an open s e t V o f S o n t o an open s e t 

0(V) o f Rn. T h a t i s : 

0 ( p ) - (01 ( p ) 0 n ( p ) ) f o r each p e V , 

where t h e f u n c t i o n s 0i ,...,0n a r e c a l l e d t h e c o - o r d i n a t e f u n c t i o n s 

o f 0, w h i c h has d i m e J i s i ^ n . 

Two n - d i m e n s i o n a l c h a r t s (0,V) and (0,W) i n a H a u s d o r f f 

s p a c e S a r e s a i d t o o v e r l a p s m o o t h l y p r o v i d e d t h e f u n c t i o n s 0.8 

and 9.0''^.are i n f i n i t e l y d i f f e r e n t i a b l e . D i a g r a m a t i c a l l y we can 

r e p r e s e n t t h i s as f o l l o w s : 

0 ( V n W ) — r ^ z t S ^ 6-̂ "̂' > ; \ \ ^ f l - T ^ ^ t ^ e ( v n w ) 
<--- 0.0-1 ..V\ / 

V vnw w 
An i n f i n i t e l y d i f f e r e n t i a b l e n - d i m e n s i o n a l a i l a s . A on a 

H a u s d o r f f space S, i s a c o l l e c t i o n o f c h a r t s ( 0 i , U i ) , i e P, where 

P i s a l a b e l l i n g s e t , s u c h t h a t : 
a ) S = U U i ( t h a t i s , t h e domain o f c h a r t s c o v e r S ) , 

i€ P 

b ) F o r each i , j e P, t h e map 0 i . 0 j i s i n f i n i t e l y d i f f e r e n t i a b l e . 

We now come t o a key d e f i n i t i o n . A smooth n - d i m e n s i o n a l m a n i f o l d M 

i s a H a u s d o r f f space S f u r n i s h e d w i t h an i n f i n i t e l y d i f f e r e n t i a b l e 

n - d i m e n s i o n a l a t l a s A. Thus l o c a l l y t h e m a n i f o l d may be made t o 

r e s e m b l e Rn i n a s m o o t h , w e l l b ehaved, manner. An example o f a 

m a n i f o l d i s t h e two d i m e n s i o n a l s p h e r e S ( 2 ) . 

A d i f f e r e n t i a b l e f u n c t i o n on M, i s a f u n c t i o n f : M > R 

s u c h . t h a t f.0'^: Rn > R i s d i f f e r e n t i a b l e w . r . t . t h e r e l e v a n t 

l o c a l c o - o r d i n a t e s . A s i m i l a r d e f i n i t i o n may be g i v e n f o r a d i f f e r -

e n t i a b l e map betw e e n two m a n i f o l d s o f t h e same d i m e n s i o n . 
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A curve r on M i s a smooth map from some open i n t e r v a l of 

the r e a l l i n e t o M: 

r : (-5,5)c R ---> M 

Using our l o c a l c o - o r d i n a t e f u n c t i o n s we can express T as a curve i n 

Rn pa r a m e t e r i s e d by some r e a l parameter t € (-6,5) : 

0.r: R ---> Rn , 0 . r ( t ) - ( ( t ) , . . . , X p ( t ) ) 

where x i ( t ) = 0 i ( ' r ( t ) ) . 
Suppose r ( t ) = p a t t = 0 ,then the c o n t r a v a r i a n t v e c t o r 

C ^ ) r ( O ) t a n g e n t t o the curve F i n M at p = r ( 0 ) i s the ope r a t o r which 
dt 

maps a smooth, d i f f e r e n t i a b l e f u n c t i o n f € F(M), say, t o the number: 
( d l ) r | t = 0 
dt 

That i s , maps the f u n c t i o n f t o i t s d e r i v a t i v e i n the d i r e c t i o n of 

the curve r ( t ) a t the p o i n t p = r ( 0 ) e M. Thus we have: 

(i£)r:t=o . = Lim i { f ( r ( s ) ) - f c r c o ) ) } 
( 1) dt s-->0 s 

= 2 d x i ^ !r(0)=p , where i = l , . . . , n 
i d t dxi 

C l e a r l y a ta n g e n t v e c t o r t o any curve r ( t ) passing through p can 

be expressed as a l i n e a r combination o f the c o o r d i n a t e d e r i v a t i v e s : 

( 2 ) r ( 0 ) = p , i = 1, . . . .n 

dxi 

Conversely, i t i s easy t o see every l i n e a r sum of d e r i v a t i v e s comes 

from a curve i n M. I n t h i s way t h e . c o 1 l e c t i o n of a l l tangent 

v e c t o r s t o a l l curves t h r o u g h p o i n t p e M form a v e c t o r space 

c a l l e d t h e t a n g e n t space t o M a t p, denoted Tp(M).. The o p e r a t o r s 

(2) are the b a s i s v e c t o r s t o t h i s space. I n g e n e r a l , a v e c t o r can 

be thought o f as a l i n e a r o p e r a t o r which maps the space of f u n c t i o n s 

over M i n t o R. That i s : 

C3) V: F(M) ---> R ., V € Tp(M) 

f o r f € F(M) , V ( f ) € R w i t h v a l u e g i v e n by ( 1 ) . 

Note : There are a l t e r n a t i v e ways of d e f i n i n g the tangent space t o 

a m a n i f o l d . I n p a r t i c u l a r one may d e f i n e a tangent v e c t o r as an 

equ i v a l e n c e c l a s s o f curves which are tangent t o one another a t 
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some p o i n t p. The tangent space a t p i s then the complete s e t of 

ta n g e n t v e c t o r s a t p. 

The ta n g e n t bundle of H, denoted T(M), i s d e f i n e d as the union 

of a l l tangent spaces over M: T(M) = U Tp(M). 
P 

A v e c t o r f i e l d i s a smooth assignment of tangent v e c t o r s 

Vp € Tp(M) t o each p o i n t p e M, i n the sense t h a t the f u n c t i o n de­

f i n e d on the m a n i f o l d M, whose v a l u e at p i s given by the number 

V p ( f ) f o r some a r b i t r a r y f e F(M), i s smooth. Thus: 
V - U Vp: F(M) ---> F(M) . 

P 
I n components 

V f ( p ) := V p ( f ) e R. 
and V i ( p ) = V p ( x i ) , f o r i = l , . . . , n 

V p ( f ) = 2 V i ( p ) J f : ( p ) , f o r a l l p € H 
i d x i 

T h i s i s t r u e f o r a l l f e F(M) so: 

( 4 ) . Vp = 2 V p ( x i ) ( ^ ) 
i (3xi p 

The cotangent space a t p e M i s the dual space t o Tp(M), 

and i s denoted by Tp*(M). A c o v a r i a n t v e c t o r Wp a t p o i n t p € M i s 

a l i n e a r map of Tp(M) i n t o R: 

Wp; Tp(M) ---> R 

We denote the p r o d u c t between c o n t r a v a r i a n t and c o v a r i a n t v e c t o r s 

Wp e T*p(M) and Vp € Tp(M) by <Wp,Vp>p € R. 

A 1-Form W i s a smooth assignment of c o v a r i a n t v e c t o r s t o 

each p o i n t i n M. We can n a t u r a l l y t r a n s f o r m a smooth r e a l f u n c t i o n 

f € F(M) i n t o a 1-form, c a l l e d t h e d i f f e r e n t i a l o f f and denoted d f , 

i n the f o l l o w i n g manner. At p e M, d f € T*p(M) and i s d e f i n e d by 

< df,Vp >p := V p ( f ) f o r any Vp e Tp(M). 

C l e a r l y { d x i } i = l , . . . , n form a b a s i s f o r the cotangent space 

a t p e M, s i n c e from the d e f i n i t i o n < d x i , ^ > = 5 i j . Also we have: 
dxj 

Wp = 2 ( W i d x i ) p and Vp =2 ( V i ^ ) p , and t h e r e f o r e : 
i i dxi 

( 5 ) < Wp.Vp >p = 2 ( W i V i ) p 
i 
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which i s denoted Wp(V). C l e a r l y , i f V i s a v e c t o r f i e l d over M and 

W i s a 1-form, then < W,V > € F(M), t h a t i s , a f u n c t i o n over M whose 

v a l u e a t p i s d e f i n e d by e q u a t i o n ( 5 ) . 

A smooth 1-form i s one such t h a t f o r a l l v e c t o r f i e l d s V on M, 

< W,V > i s a smooth f u n c t i o n on M. 

Note: A smooth f u n c t i o n f € F(M) i s regarded as being a 0-form on M. 

A K-Form i s a t o t a l l y skew-symmetric, m u l t i - l i n e a r map: 

( 6 ) Wp: Tp(M) ® . . .® Tp(M) ( k - t i m e s ) ---> R 

such t h a t the f u n c t i o n : p ---> Wp(VI,...,Vk) i s smooth f o r a l l 

p € M, f o r any s e t o f K v e c t o r f i e l d s VI,...,VK on M. 

The e x t e r i o r d e r i v a t i v e d i s a map which takes a K-form t o a 

( K + l ) - f o r m , as f o l l o w s . For the K-form: 

( 7 ) W = A i j . . . k d x i * d x j * . . .*dxk , w i t h A i j . . . k € F(M) 

t h e ( K + l ) - f o r m dW i s d e f i n e d by: 

( 8 ) , dW :- d A i j . . . k*dxi * d x . i * . . .*dxk. 

Where the denotes the wedge pr o d u c t and summation occurs over 

t h e i , j , . . . , k i n d i c e s . 

The cotangent bundle T*M i s d e f i n e d as the union of a l l the 

c o t a n g e n t spaces over M. That i s : 

( 9 ) T>tcM := U T*p(M). 
P 

We d e f i n e the commutator of two v e c t o r f i e l d s VI and V2, denoted 

by [ VI,V2 ] , as the f o l l o w i n g v e c t o r f i e l d : 

( 1 0 ) [ VI,V2 ] — V l ( V 2 f ) - V 2 ( V l f ) , f o r a l l f e F(M). 

Note t h a t v e c t o r f i e l d s combined i n t h i s manner s a t i s f y the Jacobi 

i d e n t i t y : 

( 1 1 ) • [ V I , [ V2,V3 ] ] + [ V3,C VI,V2 ] ] + [ V2,[ V3,V1] ] ^ G 

To conclude t h i s b r i e f i n t r o d u c t i o n t o d i f f e r e n t i a l geometry 

we d e s c r i b e one l a s t u s e f u l concept - t h i s i s the n o t i o n of 

'pushing f o r w a r d ' and ' p u l l i n g back' tangent and cotangent v e c t o r s 

between m a n i f o l d s . 

Given a smooth d i f f e r e n t i a b l e map 0 between two m a n i f o l d s 

X and Y, say, i t i s p o s s i b l e f o r a tangent v e c t o r on X t o d e f i n e a 
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f € F(Y) 

ta n g e n t v e c t o r on Y, and a cotangent v e c t o r on Y t o d e f i n e a co­

ta n g e n t v e c t o r on X. These correspondences are d e f i n e d as f o l l o w s 

For a tangent v e c t o r Vp € Tp(X) we d e f i n e the corresponding push 

f o r w a r d v e c t o r of Vp, 0Vp € T 0 ( p ) ( Y ) , by: 

( 1 2 ) ( 0 V p ) 0 ( p ) ( f ) := V p ( f . 0 ) 

where f e F(Y) and 0 i s known as the push forward o p e r a t o r . 

D i a g r a m a t i c a l l y we have: 

0 ( p ) _ ^ ^ 

~ 0 V p — 

S i m i l a r l y , t o p u l l back a cotangent v e c t o r W0(p) € T * 0 ( p ) ( Y ) , we 

d e f i n e 0*W0(p) e T*p(X) by: 

( 1 3 ) < 0*W0(p),Vp >p := < 0Vp.W0(p) > , f o r any Vp 6 Tp(X). 

These d e f i n i t i o n s are well'behaved f o r i n d i v i d u a l tangent and co­

t a n g e n t v e c t o r s , t he q u e s t i o n a r i s e s whether i t i s p o s s i b l e t o 

a p p l y t he same map t o v e c t o r f i e l d s on X and 1-forms on Y. I n the 

case of the 1-form the d e f i n i t i o n of the p u l l back o p e r a t o r gener­

a l i s e s as expected: 

( 1 4 ) < (0*W)p,Vp >p :- < W0(p),0Vp >0(p). f o r any Vp e Tp(X). 

Note: I n the case of a 0-form ( i . e a f u n c t i o n on Y), we d e f i n e the 

p u l l back s i m p l y as: 

( 0 * f ) ( p ) : r f ( 0 ( p ) ) , f o r f € F(Y). 

However, w i t h the case of the v e c t o r f i e l d t h e r e can be a problem. 

I f the map 0 i s many-to-one then t h e r e w i l l be p o i n t s where the 

push f o r w a r d v e c t o r f i e l d i s not w e l l d e f i n e d . S i m i l a r l y , i f 0 i s 

n o t s u r j e c t i v e then t h e r e w i l l be p o i n t s i n Y where th e r e i s n ' t a 

v e c t o r f i e l d d e f i n e d a t a l l . To e x t r i c a t e o u r s e l v e s from these 

two p o s s i b l e p a t h o l o g i e s we demand t h a t 0 i s a di f f e o m o r p h i s m . 

Under these c i r c u m s t a n c e s we may d e f i n e a 0 - r e l a t e d v e c t o r f i e l d 

on Y, 0V, from a v e c t o r f i e l d V on X by: 

( 1 5 ) ( 0 V ) 0 ( p ) ( f ) := ( 0 * V p ) ( f ) — V p ( f . 0 ) 

f o r any f € F(Y) and where Vp := (V)p € Tp(X), ( 0 * V ) 0 ( p ) € T 0 ( p ) ( Y ) 

0 - r e l a t e d v e c t o r f i e l d s have the p r o p e r t y of p r e s e r v i n g the 
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commutator. That i s : 

( 1 6 ) 0*[ VI,V2 ] = [ 0*V1.0*V2 ] . 

We can proceed t o make use of t h i s new f o r m a l i s m t o r e f o r m u l a t e 

some of the p r e v i o u s r e s u l t s on c l a s s i c a l mechanicas i n a new and 

more i l l u m i n a t i n g manner i n the next s u b s e c t i o n . 

1.2.0 IlifiLar.gJitl-al Ge-OJietry i n d - a a s i c a l J I e c h a n i c s . 

I n the l a s t s e c t i o n the reader was i n t r o d u c e d t o some c e n t r a l 

concepts and d e f i n i t i o n s used in. d i f f e r e n t i a l geometry. Employing 

t h i s compact and e l e g a n t language i t i s p o s s i b l e t o r e f o r m u l a t e the 

p r e v i o u s work on the c l a s s i c a l mechanics of n o n - s i n g u l a r systems i n 

a f a r more r e v e a l i n g way. Th i s r e w o r k i n g a l s o serves t o i n t r o d u c e 

t h e reader t o some c o n s t r u c t i o n s , graded analogues of which w i l l be 

s t u d i e d i n P a r t I I . A good r e f e r e n c e f o r t h i s approach t o c l a s s i c a l 

mechanics i s found i n Abraham and Marsden [ 1 ] or Sundermeyer [ 5 8 ] , 

f o r example. 

1.2.1 IJi£_s3;:inplectio m a n i f o l d . 

A m a n i f o l d S i s a s y m p l e c t i c m a n i f o l d i f t h e r e e x i s t s a 

c l o s e d , non-degenerate 2-form W, where c l o s u r e means dW = 0 

and non-degenerate means t h a t i f W(V1,V2) - 0 f o r a l l V2 € Tp(S) 

and some p € S, then i t f o l l o w s t h a t VI = 0. 

The cotangent bundle T*M of some c o n f i g u r a t i o n space M has 

a n a t u r a l s y m p l e c t i c s t r u c t u r e a s s o c i a t e d w i t h i t . We l a b l e the 

l o c a l c o - o r d i n a t e s of T't'M : (q^ , . . . , qn; p^ , . . . ,pn) , where the { p i } 

are the ' f i b r e c o - o r d i a n t e s ' a s s o c i a t e d w i t h each cotangent space 

a t some p a r t i c u l a r p o i n t p € M. We now consider 1-forms d e f i n e d on 

the 2n-dimensional cotangent bundle T*M. We d e f i n e the L i o u v i l l e 

i i ^ f Q m on T*M by: 

( 1 ) L := 2 p i ( u ) ( d q i ) u , where u € T*M . 

i 

The n a t u r a l s y m p l e c t i c s t r u c t u r e on T*M i s given by: 

. ( 2 ) W - dL 
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o r , i n words, the e x t e r i o r d e r i v a t i v e of the L i o u v i l l e form. I n 

l o c a l c o - o r d i n a t e s on T*M t h i s s y m p l e c t i c 2-form has the f o l l o w i n g 

e x p r e s s i o n : 

( 3 ) W = 2 d q i * d p i , i = 1, . . . .n 
i 

T h i s i s the n a t u r a l s y m p l e c t i c s t r u c t u r e on a cotangent bundle, 

and we s h a l l see t h a t i t i s v e r y c l o s e l y r e l a t e d t o the p r e v i o u s l y 

d e f i n e d Poisson b r a c k e t between two f u n c t i o n s on phase space. 

Before t h a t though, we d e f i n e a s v m p l e c t i c t r a n s f o r m a t i o n on phase 

space. 

1.2.2 The s v m p l e c t i c t r a n s f o r m a t i o n . 

A s v m p l e c t i c t r a n s f o r m a t i o n ( o r 'canonical t r a n s f o r m a t i o n ' ) 

i s a smooth d i f f e r e n t i a b l e map t a k i n g the phase space M t o i t s e l f , 

i n such a way as t o p r e s e r v e the s y m p l e c t i c 2-form o f the space. 

That i s : 

( 4 ) 0: M > M and 0*W = W ' 

where 0* i s the p u l l - b a c k o p e r a t o r . B a s i c a l l y t h i s statement i s the 

e q u i v a l e n t of the " c a n o n i c a l t r a n s f o r m a t i o n s are those which p r e ­

serve the P o i s s i o n b r a c k e t " statement of ^ 1.0.5. As b e f o r e , a 

s y m p l e c t i c t r a n s f o r m a t i o n can be thought of as a r i s i n g from an 

i n f i n i t e s i m a l g e n e r a t o r . T h i s comes about i n the f o l l o w i n g way. A 

1-paramenter f a m i l y of smooth d i f f e r e n t i a b l e maps on M g i v e s r i s e 

t o a f i e l d of ta n g e n t v e c t o r s on M, where the d i r e c t i o n of these 

v e c t o r s a t each p o i n t i s determined by the tangent t o the f l o w l i n e 

o f the 1-parameter f a m i l y of diffeomorphisms 0t thro u g h t h a t p o i n t . 

That i s : 
0 o ( x ) = x f o r a l l x e M 

where 
0 t ( 0 s ( x ) ) - 0 s + t ( x ) f o r a l l x € M, w i t h s , t e R 

Conversely, a v e c t o r f i e l d on M g i v e s . r i s e t o an unique i n t e g r a l 

curve t h r o u g h each p o i n t x € M, which can be used t o c o n s t r u c t a 

1-parameter f a m i l y o f d i f f e o m o r p h i s m s of M f o r some range of the 

r e a l paramenter t . I f the range of t i s R - the whole r e a l 

l i n e - then t he v e c t o r f i e l d i s s a i d t o be complete. I n t h i s way 
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v e c t o r f i e l d s generate 1-parameter groups o f diffeomorphisms, and a 

group of 1-parameter d i f f e o m o r p h i s m s determines a v e c t o r f i e l d . 

T h i s r e l a t i o n s h i p becomes p e r t i n e n t t o the s y m p l e c t i c t r a n s f o r m ­

a t i o n when we c o n s i d e r one v e c t o r f i e l d i n p a r t i c u l a r , known as the 

H a m i l t o n i a n v e c t o r f i e l d . 

1.2.3 The H a m i l t o n i a n v e c t o r f i e l d . 

The n a t u r e of the c a n o n i c a l t r a n s f o r m a t i o n i s f u r t h e r i l l u m ­

i n a t e d by the i n t r o d u c t i o n o f the f o l l o w i n g v e c t o r f i e l d on M, 

a s s o c i a t e d w i t h some f u n c t i o n f € F(M). We d e f i n e the Ham i l t o n i a n 

v e c t o r f i e l d (H.V.F.) on M a s s o c i a t e d w i t h f , denoted Hf by: 

( 5 ) Hf := 2 ( 1 £ 1_ - A f : ^ ) 

i 6 p i 6 q i a q i e p i 

Why i s t h i s v e c t o r f i e l d i m p o r t a n t ? The H.V.F i s im p o r t a n t because 

t h e t r a n s f o r m a t i o n s assocated w i t h f l o w s along i t s i n t e g r a l curves 
are s y m p l e c t i c . Thus, i f H 

0t . t G R 

i s t h e f a m i l y o f d i f f e o m o r p h i s m s a s s o c i a t e d w i t h a f l o w of para­

meter ' d i s t a n c e ' t down an i n t e g r a l curve of Hf from some p o i n t 

X G M, then: 
H 

( 6 ) 0 t * W = W 

I n t h i s way, every f u n c t i o n on M can be thought of as d e t e r m i n i n g a 

c a n o n i c a l t r a n s f o r m a t i o n v i a the i n t e r g r a l curves of i t s a s s o c i a t e d 

H a m i l t o n i a n v e c t o r f i e l d . I f Hf i s complete, then the 1-parameter 

group of c a n o n i c a l t r a n f o r m a t i o n s i s d e f i n e d on the whole phase 

space. 

How about t he converse process of d e t e r m i n i n g i f a given v e c t o r 

f i e l d i s H a m i l t o n i a n ( t h a t i s , i f i t a r i s e s from some f u n c t i o n 

f € F(M) and the d e f i n i t i o n ( 5 ) ) ? This q u e s t i o n i s more s u b t l e and 

depends on the cohomologv group o f the phase space [ 3 7 ] . I f the 

f i r s t cohomology group i s t r i v i a l - r e s u l t i n g i n every closed 

1-form b e i n g exact - then f o r the v e c t o r f i e l d s which cause the L i e 

d e r i v a t i v e o f t h e s y m p l e c t i c 2-form t o v a n i s h , i t i s p o s s i b l e t o f i n d 

a f u n c t i o n which w i l l g i v e t h e f i e l d s the s t r u c t u r e of the d e f i n i t i o n 
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( 5 ) . Thus t o answer even such a s t r a i g h t f orward q u e s t i o n , immediately 

i n v o l v e s one. i n c o n s i d e r a t i o n s about the g l o b a l n a t u r e of the phase 

space. I f t h e cohomology of the space i s n o n - t r i v i a l the L i e 

d e r i v a t i v e c o n d i t i o n o n l y guarantees t h a t the v e c t o r f i e l d i s ' l o c a l l y 

H a m i l t o n i a n ' - a f a r weaker statement [ 3 7 ] . We now ask the q u e s t i o n : 

does the commutator of two H a m i l t o n i a n v e c t o r f i e l d s y i e l d a t h i r d 

H.V.F. and, i f so, what i s the f u n c t i o n which corresponds t o i t i n 

d e f i n i t i o n ( 5 ) ? That i s i f Hf, Hg e { H.V.F. on M }, w i t h f , g € F(M), 

then does t h e r e e x i s t a f u n c t i o n h € F(M) which s a t i s f i e s 

[ Hf,Hg ] = Hh ? A f t e r some c a l c u l a t i o n one f i n d s [ 3 7 ] : 

( 7 ) [ Hf,Hg ] = H^^ig, 

What i s t h i s f u n c t i o n H f ( g ) ? S u b s t i t u t i o n i n the e x p l i c i t co­

o r d i n a t e form of ( 5 ) q u i c k l y r e v e a l s t h a t i t i s none o t h e r than 

the n e g a t i v e Poisson b r a c k e t between f and g. That i s we have: 

( 8 ) [ Hf,Hg ] = - H { f , g } • 

Th i s r e l a t i o n s h i p i s t h e r i g o u r o u s form of (51) i n (> 1.0.6. We now 

can understand the time development of a dynamical system as being a 

f l o w along t h e H a m i l t o n i a n v e c t o r f i e l d generated by the H a m i l t o n i a n 

f u n c t i o n H, and w i t h a s t r u c t u r e g i ven l o c a l l y by d e f i n i t i o n ( 5 ) . 

T h i s g i v e s us back Hamilton's equations (52) s e c t i o n 1.0.6 simply 

by r e a d i n g o f f the components of the H.V.F.: 

( 9 ) d 5 . i ( t ) = i i i ( q , P ) , d£i(t) = - M 

d t dpi ' d t dqi 

S i m i l a r l y t h e time development of a f u n c t i o n f can be thought of as 

bein g i t s e v o l u t i o n a l o n g a l i n e of f l o w of the system, g i v i n g the 

p r e v i o u s r e s u l t ( 5 2 ) : 

( 1 0 ) d i ( r ( t ) ) = { f,H } ( r ( t ) ) 
d t 

f o r some i n t e g r a l curve of EH i n M, r ( t ) . The Poisson b r a c k e t 

between two f u n c t i o n s f , g € M may now be understood i n terms of 

t h e i r H.V.F.s. I n f a c t c a l c u l a t i o n shows: 
(11 ) W(Hf.Hg) 3 { f , g } 
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How i s the u n d e r l y i n g group t h e o r y expressed i n t h i s new 

approach? The s e t of a l l ( c o m p l e t e ) v e c t o r f i e l d on phase space 

t o g e t h e r w i t h the commutator b r a c k e t o p e r a t i o n ( 7 ) form a L i e 

a l g e b r a - a c t u a l l y i t i s t h e L i e a l g e b r a of the group of a l l smooth 

1-parameter d i f f e r e n t i a b l e maps of M onto M, or i n other words the 

d i f f e o m o r p h i s m group D i f f M [ 3 7 ] . C l e a r l y the group of a l l sympl­

e c t i c t r a n s f o r m a t i o n s of M i s a subgroup of D i f f M, w i t h i t s L i e 

a l g e b r a b e i n g the set of a l l complete l o c a l l y H a m iltonian v e c t o r 

f i e l d s . The s e t of a l l f u n c t i o n s d e f i n e d on M t o g e t h e r w i t h the 

Poissoh b r a c k e t o p e r a t i o n form another L i e algebara, which, through 

t h e correspondence: f > - Hf, i s homomorphic t o the L i e a l g e b r a 

o f H a m i l t o n i a n v e c t o r f i e l d s . T h i s map i s not 1-1, as c l e a r l y the 

c o n s t a n t f u n c t i o n s are the k e r n e l and l i e i n the c e n t r e of the 

Poisson b r a c k e t a l g e b r a (because the Poisson b r a c k e t between a 

c o n s t a n t and a f u n c t i o n on M i s zero). T h i s i s a f e a t u r e which has 

i m p o r t a n t r e p e r c u s s i o n s l a t e r on r e g a r d i n g the occurence of cocycles 

i n the q u a n t i s a t i o n process [ 3 7 ] . 

T h i s concludes t h i s b r i e f g e o m e t r i c i n t e r l u d e - i t i s intended 

t o show the e a r l i e r s e c t i o n s on c l a s s i c a l mechanics from a d i f f e r e n t 

p e r s p e c t i v e . Also i t i n t r o d u c e s some i m p o r t a n t o b j e c t s and language 

which w i l l be of use i n the l a t e r s e c t i o n on the group t h e o r e t i c a l 

approach t o q u a n t i s a t i o n , and i n the work of P a r t I I on graded 

analogue s t r u c t u r e s . However f o r the n e x t s e c t i o n we r e t u r n t o 

the more p e d e s t r i a n language of t h e e a r l i e r s e c t i o n s t o d e a l w i t h 

th e problem of dynamical systems which i n c o r p o r a t e a s i n g u l a r 

Lagrangian - t h a t i s , when c o n s t r a i n t s are present i n the t h e o r y . 
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1.3.0 C o n s t r a i n e d H a m i l t o n i a n Systems. 

I n t r o d u c t i o n 

E a r l y i n the i n t r o d u c t i o n t o Hamilton mechanics i t was assumed 

t h a t e q u a t i o n ( 7 ) i n s e c t i o n 1.0.2 d e f i n i n g the c a n o n i c a l momenta, 

l e d t o e q u a t i o n s i n which i t was p o s s i b l e t o e x p l i c i t l y s o l v e the 

system f o r the g e n e r a l i s e d v e l o c i t i e s . These would then be expressed 

as f u n c t i o n s of the g e n e r a l i s e d c o - o r d i a n t e s and t h e i r c onjugate 

momenta. I n the presence of c o n s t r a i n t s , t h a t i s , f u n c t i o n a l r e l a ­

t i o n s h i p s between phase space v a r i a b l e s v a l i d t hroughout the system's 

time e v o l u t i o n , t h i s process i s made complicated by the i n h e r e n t 

dependence of some of the c o - o r d i n a t e s . I n the f o l l o w i n g s e c t i o n we 

d e s c r i b e the c a n o n i c a l approach t o d e a l i n g w i t h these problems, 

which was pioneere d by D i r a c [ 2 3 , 2 5 ] , Bergmann [ 2 , 1 6 ] and o t h e r s , 

c u l m i n a t i n g i n the i n t r o d u c t i o n of the 'Dirac b r a c k e t ' . And, by way 

of an example, we demonstrate t h i s c o n s t r u c t i o n f o r p a r t i c l e s moving 

on an N-Sphere. The f o l l o w i n g review r e l i e s on [ 4 4 ] and [5 8 ] , and 

a l s o w i t h c o n t r i b u t i o n s from [ 2 3 ] and [ 3 4 ] . 

1.3.1 S l i i g u i a r systems. 

A s i n g u l a r l a g r a n g i a n L , t h a t i s one i n which the g e n e r a l i s e d 

v e l o c i t i e s may n o t be u n i q u e l y expressed i n terms of phase space 

v a r i a b l e s , i s c h a r a c t e r i s e d by the v a n i s h i n g of the determ i n a n t 

I ( W ) r s I , where: 
( 1 ) (W)rs = ih where |(W)rs| = 0 , w i t h r , s = 1,...,K 

'dqrdqs 
T h i s p r o p e r t y i s i n v a r i a n t under c a n o n i c a l t r a n s f o r m a t i o n s , u n l i k e 

t he c o r r e s p o n d i n g one f o r the H a m i l t o n i a n [ 4 4 ] . At t h i s p o i n t one 

may now proceed i n the Lagrangian formalism i f so d e s i r e d . However 

here we decide t o f o l l o w the H a m i l t o n i a n approach because t r a d i ­

t i o n a l l y t h i s f o r m u l a t i o n has played a s t r o n g e r r o l e i n r e l a t i o n 

t o quantum mechanics*. F o l l o w i n g t h i s f o r m a l i s m e q u a t i o n ( 1 ) leads 

* Note: t h e r e are a l t e r n a t i v e approaches t o quantum mechanics, f o r 

i n s t a n c e see Feynmann's p a t h i n t e r g r a l method [ 3 0 ] . 
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t o the f o l l o w i n g phase space c o n s t r a i n t s : 

( 2 ) 0u(q,P) - 0 , w i t h u = R+1,...,K 
where, as b e f o r e , ps i s d e f i n e d : 

( 3 ) • ps := i L , w i t h s = 1, . . . ,K 
dqs 

and where R i s the rank of the m a t r i x (W). Equation ( 2 ) embodies 

the s o - c a l l e d 'primary c o n s t r a i n t s ' of the system and, i n p r i n c i p l e , 

i t a l l o w s one t o express momenta pR+1,...,pK i n terms of the 

pi,...,pR. That i s [ 4 4 ] : 

( 4 ) p[i - 8 | i ( q s , p j ) , f o r u - R+1,...,K and j = 1,...,R 

T h i s means t h a t K-R g e n e r a l i s e d v e l o c i t i e s are a r b i t r a r y f u n c t i o n s , 

so t h a t the f i r s t R g e n e r a l i s e d v e l o c i t i e s may be solved as 

f u n c t i o n s of ( q s , p j ) , and K-R a r b i t r a r y g e n e r a l i s e d v e l o c i t i e s . 

The c a n o n i c a l H a m i l t o n i a n i s d e f i n e d as b e f o r e , w i t h : 

( 5 ) He := 2 ps.qs - L(q,q ) 

s 

At f i r s t s i g h t i t appears t h a t t h i s should depend on the a r b i t r a r y 

u nsolved g e n e r a l i s e d v e l o c i t i e s , however, a n a l y s i s shows t h a t t h i s 

i s n o t the case. Thus: 

( 6 ) He := He( q s . p j ) . 

D i f f e r e n t i a t i n g ( 5 ) w . r . t . qs and p j , and us i n g Lagrange's equation 

( 6 ) i n I" 1.0.1 leads t o the f o l l o w i n g equations of motion [ 4 4 ] : 

( 7 ) qj = iiLc - 2 quiiSu , w i t h j - 1,...,R 
( 8 ) ps = - ^ c + 2 quAQ.u , w i t h s = 1,...,K. 

dqs u dqs 

and w i t h u = R+1,...,K. 

(Note : I t i s p o s s i b l e t o i d e n t i f y the K-R a r b i t r a r y g e n e r a l i s e d 

v e l o c i t i e s w i t h the K-R q u ) . The above ( 7 ) and ( 8 ) are Hamilton's 

e q u a t i o n s f o r a c o n s t r a i n e d system.) 
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1.3.2 Weak and Strong E a n a l i t v 

By u s i n g an idea f i r s t i n t r o d u c e d by Dirac [ 2 3 ] , i t i s p o s s i b l e 

t o r e a r r a n g e the c o n s t r a i n e d Hamilton's equations (7,8) i n an i l l u m ­

i n a t i n g manner. Before we can do t h i s though, two d e f i n i t i o n s are 

needed. When the two f u n c t i o n s f and g,- say, d e f i n e d over the whole 

phase space, are equal when valued on the hypersurface s a t i s f y i n g 

the c o n s t r a i n t s of the system, they are s a i d t o be 'weaklv equal'. 

T h i s i s denoted : 

( 9 ) f ( q s , p s ) ~ g( q s , p s ) < = > f = g I pu i: e u(qs,pj) 

Two f u n c t i o n s f ( q , p ) and g ( q , p ) are ' s t r o n g l y e q u a l ' when they are 

weakly equal and t h e i r g r a d i e n t s are a l s o weakly equal. This i s 

denoted: 

f ( q s , p s ) = g( q s , p s ) 

I t i s easy t o prove t he f o l l o w i n g lemma ( D i r a c ) [ 2 3 ] : 
f ( q s , p s ) g ( q s , p s ) < = > ' f - 2 0 U ^ B g - 2 0uig. 

U dPU U dPU 
where': 

0U - 0u(qs,ps) := PU - e u(q3,pj) 

Employing t h i s theorem one is. q u i c k l y l ed t o a more elegant form of 

e q u a t i o n s ( 7 ) and ( 8 ) : 

( 1 0 ) qs ~ M + 2 quMu s - 1, K 
Jps n dps 

.(11) ps X M - 2 quMu u - R+1,...,K 
eqs u L^qs 

where: 
( 1 2 ) H = H' - 0u. aH-

(1 3 ) H'~ He 

Equations ( 1 0 ) and ( 1 1 ) may be w r i t t e n thus [ 4 4 ] : 

( 1 4 ) qs ~ { qs,H } + 2 { qs,0u }qu , f o r s = 1,...,K 

(15) ps ~ { ps.H } + 2 { ps,0u }qu , and u - R+1,...,K 

Where we have the p r i m a r y c o n s t r a i n t s 0n(qs,ps) ~ 0 and where also 

H H He. I f g ( q s , p t ) i s some f u n c t i o n on phase space, then (14) and 

( 1 5 ) g i v e : 

( 1 6 ) dg:(qs,pt) « { g,H } + 2 { g,0u }q\i 
d t u 
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We now demand t h a t the c o n s t r a i n t f u n c t i o n s 0u remain weakly zero 

t h r o u g h o u t the time development of the system - t h i s g i v e s us the 

f u r t h e r e q u a t i o n : 

( 1 7 ) { 0u,H .} + { 0u,0a }qa 0 , a - R+1,...,K 

Assuming d e t l { 0 u , 0 a } ! i s non-zero then i t i s p o s s i b l e , t o s o l v e f o r 

t h e qu i n (16) t o g i v e : 
( 1 8 ) dLg(qs,pt) ~ { g,H } - 2 { g,0u }Cua{ 0a,H } 

d t u, a 

Where Cua = ( { 0 u , 0 a } ) ^ , the i n v e r s e of the m a t r i x of c o n s t r a i n t s . 

So e n t e r s the 'Dirac b r a c k e t ' on t o the scene, and which i s d e f i n e d : 

( 1 9 ) { A.B }* := { A,B } - 2 { A,0u }Cua{ 0a,B } 

U,a 

C l e a r l y i f the m a t r i x of c o n s t r a i n t s i s n o n - s i n g u l a r we now have: 

( 2 0 ) dg.(qs,pt) « { g,H }* 

d t 

Thus we see t h a t by employing D i r a c ' s n o t i o n of weak and s t r o n g 

e q u a l i t y , we are a b l e t o r e w r i t e Hamilton's equations of motion 

f o r a c o n s t r a i n e d system i n a form t h a t i s r e m i n i s c e n t of the f r e e 

e q u a t i o n s . That one i s able t o do t h i s i s , i n f a c t , no a c c i d e n t 

and i s a t o p i c we w i l ] r e t u r n t o l a t e r . 

1.3.3 L i r s t -ajLd_5.ag.Qnd c J ^ 5 a _ _ c x ! J i 5 t r a i n t s 

How do we proceed i f t h e m a t r i x ({0u,0a.>) i s s i n g u l a r ? I n t h i s 

event ( 17) w i l l g i v e r i s e t o f u r t h e r c o n s t r a i n t equations between 

t h e ( q s . p t ) , c a l l e d secondary c o n s t r a i n t s , which must be added t o 

t h e p r i m a r y c o n s t r a i n t s a l r e a d y p r e s e n t . Once again the time d e v e l ­

opment of the f u l l s e t of c o n s t r a i n t s must be checked. I f t h e i r time 

development produces f u r t h e r independent c o n d i t i o n s which must be 

s e t weakly t o zero, then these should be added t o the e x i s t i n g 

c o l l e c t i o n and the process repeated u n t i l a l l the c o n s t r a i n t s have 

been determined. ( I t must be s a i d t h a t the ge n e r a l case of t h i s 

procedure i s q u i t e complex as the rank o f the c o n s t r a i n t s m a t r i x 

must a l s o be checked). The upshot of a l l t h i s i s t h a t t o the R 

p r i m a r y c o n s t r a i n t s are now added a number, say S, of secondary 
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c o n s t r a i n t s , the t o t a l number R + S r e p r e s e n t i n g the complete s e t of 

c o n s t r a i n t s a s s o c i a t e d w i t h the system. 

The next s t e p , f o l l o w i n g D i r a c and o t h e r s [23,34,44] i s 

t o P ' a r t i t i o n the p r i m a r y and secondary c o n s t r a i n t s i n t o so 

c a l l e d f i r s t c l a s s and second c l a s s c o n s t r a i n t s . A f i r s t c l a s s 

c o n s t r a i n t has a weakly v a n i s h i n g Poisson b r a c k e t w i t h a l l other 

c o n t r a i n t s . : second c l a s s o t h e r w i s e ( n o t e : f i r s t and second c l a s s 

mixes p r i m a r y and secondary). Suppose we c a l l the f i r s t c l a s s 

c o n s t r a i n t s : 

( 2 1 ) e i ( q , p ) ?i 0 , f o r i = 1, . . . ,1 

and the second c l a s s c o n s t r a i n t s : 

( 2 2 ) r a ( q , p ) ~ 0 , f o r a = 1 N and I+N = S+R 

D i r a c has a neat p r o o f t h a t the c o n s t r a i n t s m a t r i x associated 

w i t h the second c l a s s c o n s t r a i n t s Da3 - ( { r a , r 0 } ) i s non-

s i n g u l a r and t h e r e f o r e i n v e r t a b l e [ 2 3 ] . I t can be shown, t h a t the 

f i r s t c l a s s c o n s t r a i n t s are r e s p o n s i b l e f o r c o n t r i b u t i n g v a r i o u s 

l i n e a r c o m b i n a t i o n s , which we denote by v i f o r i = 1,...,1, of the 

u n s o l v e d g e n e r a l i s e d v e l o c i t i e s qa t o the time d e r i v a t i v e of a 

f u n c t i o n on phase space [ 4 4 ] . In- f a c t i f g(qs,.pt) i s some f u n c t i o n 

on phase space, t h e n : 
( 2 3 ) d g ( q s , p t ) K { g,H } + 2 { g , € i } v i - 2 { g,ra }(D)a(3{ TP, H } 

d t i a,0 

These a r b i t r a r y f u n c t i o n s may be i n c l u d e d w i t h i n the Hamiltonian by 

d e f i n i n g a ' t o t a l H a m i l t o n i a n ' Ht ,thus: 

( 2 4 ) H t : = H + 2 € i v i 
i 

Then the time d e r i v a t i v e once again becomes: 

(2 5 ) d_g(qs,pt) =s { g,Ht }* 
d t 

The f a c t t h a t { A,Fa }* = 0 i d e n t i c a l l y f o r any A = A(qs,pt ) means 

t h a t , p r o v i d e d D i r a c b r a c k e t s are used t h r o u g h o u t , weak equations 

may now be r e p l a c e d by s t r o n g ones - i t no longer m a t t e r s t h a t the 

c o n s t r a i n t s are imposed a f t e r c a l c u l a t i n g a b r a c k e t expression. 

— 45 



To d i s c o v e r why the D i r a c b r a c k e t i s s t r u c t u r a l l y the way i t 

i s , or what t r a n s f o r m a t i o n s preserve i t , d e t a i l e d a n a l y s i s must be 

c a r r i e d o u t . T h i s was f i r s t done i n [ 1 6 ] , and we b r i e f l y review 

some of the r e s u l t s of t h i s work i n the next s e c t i o n . We s h a l l see 

t h a t the D i r a c b r a c k e t has many p r o p e r t i e s i n common w i t h the stand­

ard Poisson b r a c k e t - i n f a c t s t r u c t u r a l l y i t is. a Poisson b r a c k e t , 

o n l y c o n s t r u c t e d out o f a reduced set of v a r i a b l e s . These v a r i a b l e s 

are independant from and complementary t o the f u n c t i o n s which embed 

the ' c o n s t r a i n t h y p e r s u f a c e ' - the s u r f a c e obtained, by r e s o l v i n g 

t h e phase space c o n s t r a i n t s - i n the higher dimensional phase 

space which has n a t u r a l c o - o r d i n a t e s ( q s , p t ) . F i r s t c l a s s 

c o n s t r a i n t s are i n f a c t g e n e r a t o r s of i n t e r n a l symmetries r a t h e r 

s i m i l a r t o gauge degrees of freedom i n Yang-Mills t h e o r y [ 4 ] . 

That i s , you can show t h a t the f u n c t i o n s ea generate i n f i n i t ­

e s i m a l c o n t a c t t r a n s f o r m a t i o n s which do not a l t e r the s t a t e of 

th e system p h y s i c a l l y . I n t h i s sense the presence of f i r s t c l a s s 

c o n s t r a i n t s obscures the r e l a t i o n s h i p between the phase space 

v a r i a b l e s and the s t a t e s of the theory. [ 5 8 ] . 

1.3.4 Xii£__g,ejiexalised-_PQisgiaji bracked 

I n t h e i r e l e g a n t book Mukunda and Sudarshan [ 4 4 ] d e f i n e the 

n o t i o n of the ' g e n e r a l i s e d Poisson b r a c k e t ' of which they demon­

s t r a t e the D i r a c b r a c k e t t o be an example. They consider a g e n e r a l 

c o n s t r u c t i o n of the f o l l o w i n g n a t u r e : 

L e t X i , f o r i = 1,...,N , be a s e t . o f r e a l v a r i a b l e s d e f i n e d on 

c e r t a i n open i n t e r v a l s i n R, and l e t t h e r e e x i s t a s e t o f r e a l 

f u n c t i o n s of { X i } , B i j ( X ) , which are an t i s y m m e t r i c i n i and j. 

I f f ( x ) and g ( x ) are two f u n c t i o n s o f the { X i } we d e f i n e a t h i r d 

f u n c t i o n h ( x ) by: 

( 2 6 ) h(X) = { f . g } * * — B i j ( X ) a f iig_ 

d x i d x j 

Furthermore, we demand t h a t the { , }** o p e r a t i o n obeys the Jacobi 

i d e n t i t y : 
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( 2 7 ) { f , { g,h } * * } * * + C y c l i c permutations = 0 

A comb i n a t i o n o p e r a t i o n d e f i n e d i n t h i s way i s c a l l e d a g e n e r a l i s e d 

Poi.qson b r a c k e t (G.P.B. ) a f t e r [ 4 4 ] . 

We may now d e f i n e a Ge n e r a l i s e d Canonical T r a n s f o r m a t i o n (G.C.T.) 

as be i n g a map { X i } > { X ' i = X ' i ( X ) } which preserves the G.P.B. 

The c o n d i t i o n t h a t the v a r i a b l e s { X i } must s a t i s f y i n order t o 

•achieve t h i s i s [ 4 4 ] : 

( 2 8 ) { X ' i . X ' j }** = Bio(X' ) 

N o t i c e t h a t t h i s c o n d i t i o n i s j u s t l i k e the usual Poisson b r a c k e t 

c o n d i t i o n w i t h B i j r e p l a c i n g the F i j from <f 1.0.6. Imposing the 

J a c o b i i d e n t i t y ( 2 7 ) on t h i s b r a c k e t g i v e s us f u r t h e r c o n d i t i o n s 

t h a t the B i j must s a t i s f y : 
( 2 9 ) dBjkBmi +dBmjBki +dBkmBji = 0 , i = 1,...,N 

dxi d x i dxi 

As i n the case of the s t r a i g h t Poisson b r a c k e t , we can use func­

t i o n s t o generate I n f i n i t e s i m a l G e n e r a l i s e d C a n o n i c a l Transform­

a t i o n s (I.G.C.T.) by demanding t h a t the f o l l o w i n g d i f f e r e n t i a l 

e q u a t i o n i s s a t i s f i e d : 

( 3 0 ) d l i ( t ) = { X i ( t ) , 0 ( X i , t ) }** 
., dt 

where X i ( t ) = f i ( X o i , t ) , and f i ( X o i , 0 ) - Xoi = X i ( 0 ) , t e R . 

The f u n c t i o n 0 i s known.as the 'generator' of the I.G.C.T., and 

i t i s simple t o v e r i f y u s i n g the J a c o b i i d e n t i t y t h a t the { f i } which 

s a t i s f y ( 3 0 ) . do a l s o s a t i s f y ( 2 8 ) . The G.P.B. i s s a i d t o be s i n g u l a r 

i f d e t l B i j I = 0. T h i s i m p l i e s t h a t t h e r e e x i s t s a f u n c t i o n or 

f u n c t i o n s Wa such t h a t : 

( 3 1 ) { f,Wa }** = 0 f o r a l l f € F(X) 

where F(X) = {The set o f a l l smooth f u n c t i o n s over { X i } } . These 

f u n c t i o n s Wa are c a l l e d n e u t r a l f u n c t i o n s [ 4 4 ] . I f the rank of the 

m a t r i x ( B ) i j i s N-M then you can show t h a t t h e r e are M n e u t r a l 

f u n c t i o n s , which form a b a s i s f o r the space of f u n c t i o n s s a t i s f y i n g 

( 3 1 ) , each one be i n g r e s p o n s i b l e f o r g e n e r a t i n g a n u l l e i g e n v e c t o r of 

m a t r i x ( B ) i j . Suppose t h e r e are M n e u t r a l f u n c t i o n s Wa of the 
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above G.P.B. Let us a d j o i n t o them N-M independent f u n c t i o n s 0a 

so t h a t t o g e t h e r the s e t (izia.Wa) form N independent f u n c t i o n s over 

phase space. Then i t i s p o s s i b l e t o show t h a t the G.P.B. (26) reduces 

t o the f o l l o w i n g : 

( 3 2 ) { f , g } * * = 5 Bab df dg_ 

a,b d0ai0b 

where Bab(X) - { 0 a , 0 b } * * |x and i s n o n - s i n g u l a r . Thus a s i n g u l a r 

G.P.B. may be made t o look l i k e a n o n - s i n g u l a r G.P.B. i n a lower 

number of v a r i a b l e s , t h a t number of v a r i a b l e s being determined by the 

rank of the o r i g i n a l m a t r i x ( B ) i j . 

The importance of the above d i s c u s s i o n l i e s i n i t s use i n under­

s t a n d i n g the u n d e r l y i n g n a t u r e of the Dirac b r a c k e t . I n the next 

s e c t i o n we w i l l see t h a t the D i r a c b r a c k e t i s none other than a 

s p e c i a l case of a g e n e r a l i s e d Poisson b r a c k e t . 

1.3.5 T.he_..Dirac Bracket as an example of a g e n e r a l i s e d Poisson 

b r a c k e t 

R e v e r t i n g t o the n o t a t i o n used i n " 1.0.6, we now consider 

t h e case when the v a r i a b l e s Xa, a = 1,...,2K, are the n a t u r a l 

c o - o r d i n a t e s on phase space. Suppose t h a t there e x i s t an even number 

of secondary c o n s t r a i n t f u n c t i o n s 0a, a = 1,....2N < 2K, w i t h 

a n o n - s i n g u l a r m a t r i x of Poisson b r a c k e t s , whose i n v e r s e i s 

denoted Cab = ( { 0 a , 0 b } ) ^ . To t h i s s e t o f 2N independent f u n c t i o n s 

{0a} we add the f u r t h e r 2K-2N independent f u n c t i o n s Ws, where 

s = 2K-2N+1,...,2K, such t h a t the 2K f u n c t i o n s (0a,Ws) form an 

independent c o - o r d i n a t e s e t . Then Mukunda and Sudarshan show t h a t 

t h e G.P.B. d e f i n e d by: 

(3 3 ) { f , g }**(0,W) := 2 B s t ^ 

s, t dWsdWt 

and where ( B s t ) = (-(Ws,Wt))^ i s the i n v e r s e of n e g a t i v e Lagrange 

b r a c k e t of Ws and Wt w . r . t . the v a r i a b l e s Xa, are p r e c i s e l y t h a t 

o f the D i r a c b r a c k e t . That i s : 

( 3 4 ) { f . g } * * = { f . g }* 
T h i s i s s t r a i g h t f o r w a r d t o demonstrate, r e l y i n g m a i n l y on the 
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p r o p e r t i e s of the Lagrange b r a c k e t , t h a t i t i s the inverse of the 

Poisson b r a c k e t . This shows n e a t l y why the Jacobi i d e n t i t y holds 

f o r the D i r a c b r a c k e t . Rather than being a m i r a c l e i t i s merely a 

r e s u l t of the m a t r i x ( B s t ) s a t i s f y i n g c o n d i t i o n ( 29) through the 

i d e n t i t y p r o p e r t i e s of the Lagrange b r a c k e t . 

Before g o i n g on t o d i s c u s s the s i g n i f i c a n c e of the t r a n s ­

f o r m a t i o n s which preserve the D i r a c b r a c k e t , we i n t r o d u c e an idea 

which i s r e t u r n e d t o i n P a r t I I , and which r e a l l y l i e s at the h e a r t 

o f m a n i p u l a t i o n s i n v o l v i n g Poisson b r a c k e t s : t h i s i s the n o t i o n of 

the ' f u n c t i o n group' [ 2 7 , 4 4 ] . 

1.3.6 F u n c t i o n groups. 

IleiJjljLtJLQIl 

A s e t o f R independent f u n c t i o n s Fa(Xa), a = 1,...,R , over phase 

space {Xa} = ( QJ , . . . qn ; p̂  , . . . , pn ) and such t h a t : 

( 3 5 ) { Fa,Fb } = Gab(Fc) w i t h a,b,c = 1,...,R 

where Gab i s some f u n c t i o n a n t i s y m m e t r i c i n a and b, i s s a i d 

t o form a f u n c t i o n group G of rank R. A f u n c t i o n group G i s 

commutative i f { Fa,Fb } = 0 f o r a l l values of a and b. I f a subset 

o f f u n c t i o n s o f the f u n c t i o n group G forms a f u n c t i o n group then 

t h e y c o n s t i t u t e a subgroup of the group G. There are two theorems 

on f u n c t i o n s groups which are of s p e c i a l i n t e r e s t t o us and we s t a t e 

them here w i t h o u t p r o o f ( f o r a p r o o f see [ 2 7 ] ) . 

Thejjrem 1 

A non-commutative f u n c t i o n group G of rank R i s a subgroup of a 

f u n c t i o n group o f rank 2n whose b a s i s (01 , . . . , 0n; TCI , . . . , nn ) can be. 

chosen so t h a t : 
{ 0 i , 0 j } - { T t i , T C j } = 0 , and { 0 i , T i j } = 5 i j 

where i , j = 1^...,n 

Theorem 2 

A system of 2m+q independent e q u a t i o n s which d e f i n e a surface of 

dimension D = 2n-2m-q, denoted = 0, f o r u = l,...,2m+q, and 
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such t h a t t h e rank o f ( { r u , r 6 } ) = 2m, f o r IJI,6 = 1, . . . , 2m+q, can be 

s u b s t i t u t e d f o r a l o c a l l y e q u i v a l e n t system: 
0a = 0 , f o r a = 1,...,m+q and 

Ti:a = 0 , f o r a = l , . . . , m 

and f o r which t he r e l a t i o n s : 

{ 0a, 0b } = { Tta, TT:0 } = 0 , and { 0a, Tia } = 5aa 

h o l d l o c a l l y i n phase space. 

These theorems make i t p o s s i b l e t o , l o c a l l y a t l e a s t , s et the m a t r i x 

(Bab) from f 1.3.5 equal t o the n a t u r a l s y m p l e c t i c 2-form i n the 

reduced number of v a r i a b l e s . T h i s makes the Di r a c b r a c k e t look l i k e 

a Poisson b r a c k e t i n t h a t l o c a l i t y of the embedded c o n s t r a i n t hyper-

space. That i s l o c a l l y we can choose N independent f u n c t i o n s on phase 

space ( 0 r ; T r s ; W i ) , such t h a t : 

( 3 6 ) { f ,g }* = 2 ( df dg - df dg ) 
r 60r dTcr d'Tird0r 

where f = f(0,Tc,W) and g = g(0,Ti,W) , and w i t h Rank(Bab) = 2R. 

Note: I n g e n e r a l t h e t r a n s f o r m a t i o n : (Xa) > (0r,Tis,Wi) i s not 

a g e n e r a l i s e d c a n o n i c a l t r a n s f o r m a t i o n . For t h i s reason o f t e n i t 

i s not co n v e n i e n t t o s t a t e the D i r a c b r a c k e t i n t h i s manner. 

1.3.7 G e n e r a l i s e d c a n o n i c a l t r a n s f o r m a t i o n s and the Dirac b r a c k e t . 

Consider t he I.G.C.T. generated by some f u n c t i o n e ( X a , t ) , where 

{Xa} are the phase space c o o r d i n a t e s w i t h a = 1,...,2K, and the 

f u n c t i o n s : 

( 3 7 ) X a ( t ) = f a ( X a ( 0 ) , t ) , w i t h e ( X a ( 0 ) , 0 ) = Xa(0) 

are determined from the d i f f e r e n t i a l e q u a t i o n : 
( 3 8 ) d.Xa(t) = { X a ( t ) ,e(Xa,t) }* 

d t 

I t i s easy t o t h a t f o r a l l c o n s t r a i n t s f u n c t i o n s 0m used i n 

d e r i v i n g the D i r a c b r a c k e t : 
(39) dJim(t) - 0 , f o r a l l m. . 

d t 

T h i s comes about d i r e c t l y as a r e s u l t of how the b r a c k e t i s 

c o n s t r u c t e d and, as a consequence, means t h a t the t r a n s f o r m a t i o n 
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Xa(0) > X a ( t ) , f o r t > 0, pr e s e r v e s the c o n s t r a i n t h y p e r s u r f a c e . 

For a g e n e r a t i n g f u n c t i o n e such t h a t : 

( 4 0 ) { 0m(Xa),e } = 0 , f o r a l l m 

then t he g e n e r a l i s e d c a n o n i c a l t r a n s f o r m a t i o n becomes an o r d i n a r y 

c a n o n i c a l t r a n s f o r m a t i o n . I f e q u a t i o n ( 40) i s weakly zero then i t 

i s p o s s i b l e t o show t h a t t h e r e e x i s t s a f u n c t i o n 6 ' ( X a , t ) , which 

g e n e r a t e s a normal c a n o n i c a l t r a n s f o r m a t i o n the same as t h a t gener­

ated by u s i n g € ( X a , t ) i n (38) en the c o n s t r a i n t h y p e r s u r f a c e , but 

which d i f f e r s when away from i t i n areas where 0m = 0. The f u n c t i o n 

€ ( X a , t ) i s a r b i t r a r y and G'(Xa,t) i s c o n s t r u c t e d from i t [ 4 4 ] . For 

th e case of t r a n s f o r m a t i o n s generated by the Hamiltonian t h i s works 

as f o l l o w s . The time development of a system which i n c o r p o r a t e s 

c o n s t r a i n t s can e i t h e r be regarded as a g e n e r a l i s e d c a n o n i c a l 

t r a n s f o r m a t i o n generated by H, t h u s : 

( 4 1 ) dg(Xa) = { g,H }*' 

d t 

( n o t e : we assume o n l y second c l a s s c o n t r a i n t s are p r e s e n t ) , on as 

an o r d i n a r y c a n o n i c a l t r a n s f o r m a t i o n c o n f i n e d t o the c o n s t r a i n t 

h y p e r s u r f a c e and generated by the a s s o c i a t e d Hamiltonian H', where: 

( 4 2 ) H • = H - 5 0m Cmn { 0n,K } 

m, n 

I n a phase space where we could g l o b a l l y make our Dirac b r a c k e t 

l o o k l i k e a Poisson b r a c k e t , the group of g e n e r a l i s e d c a n o n i c a l 

t r a n s f o r m a t i o n s i s merely a group of o r d i n a r y c a n o n i c a l t r a n s f o r m ­

a t i o n s i n a phase space of reduced dimension - the f a c t t h a t we can 

o n l y u s u a l l y do t h i s procedure l o c a l l y means t h a t n o r m a l l y these 

groups o n l y c o i n c i d e near t h e i r o r i g i n s . A necessary and s u f f i c i e n t 

c o n d i t i o n t h a t t h i s r e d u c t i o n process i s p o s s i b l e other than 

l o c a l l y i s t h a t t he c o n s t r a i n t e q u a t i o n s themselves form a f u n c t i o n 

group [ 4 4 ] . 
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1.3.8 An example: the D i r a c B r a c k e t on S(N). 

An N-sphere i s d e f i n e d as: { )L e S(N) ; X e Rn, X.K = 1 } where 

X..X denotes the i n n e r p r o d u c t 2 X i X i , f o r i = 1,..;,N+1 , and 
i 

i t i s t h i s which d e f i n e s the c o n f i g u r a t i o n space of our example. 

For the H a m i l t o n i a n of the system we choose the standard: 

( 4 3 ) H r 2 P i P i = E.P 
i 

The d i s t i n c t i o n of p r i m a r y and secondary c o n s t r a i n t s i s not n e a r l y 

as i m p o r t a n t as knowing whether a c o n s t r a i n t i s f i r s t or second 

c l a s s . But b e f o r e d e t e r m i n i n g t h a t , we must f i n d a l l . the c o n s t r a i n t s 

of the system. F o l l o w i n g <3 1.3 we take the P.B. between any and 

every two c o n s t r a i n t s i n the t h e o r y , and between those and the 

H a m i l t o n i a n , u n t i l we have a c l o s e d s e t . Thus: 

H = E.E . 01 = K.X - 1 

and 

{ H,01 ) = 2E.X :^ 02 , { H,02 } = 2H , and { 01,02 } = 2H 

so we see t h a t the s e t ( H , 0 l , 0 2 ) i s closed w . r . t . Poisson b r a c k e t 

c o m b i n a t i o n . Furthermore the c o n s t r a i n t s 01 and 02 are second c l a s s . 

We now form the c o n s t r a i n t s m a t r i x ( { 0 a , 0 b } ) , f o r a,b = 1,2. 

We have: 
0 K.X 

( 4 4 ) ( { 0 a , 0 b } ) - 2 
-X.K 0 

so the i n v e r s e of ( { 0 a , 0 b } ) , denoted ( C ) a b i s : 
a zA ( 4 5 ) (C)ab 3̂  x.x 

_ i _ 
x.x 0 

From ^ 1.3, the D i r a c b r a c k e t between two f u n c t i o n i s given by: 

{ F,G }* := { F,G } - 2 { F,0a }Cab{ 0b,G } 

a,b 

which w i t h the c o n s t r a i n t m a t r i x above g i v e s the f o l l o w i n g funda­

mental b r a c k e t s : 

( 4 6 ) { X i , X j }* = 0 

( 4 7 ) { P i , P j }* = X i P j - X.iPi 
X.X 
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( 4 8 ) { X i . P j }* = 6 i j - XlXl 
X.X 

We remark a t t h i s stage t h a t t h e R.H.S. of (47) has given us the 

S0(3) Casimir o p e r a t o r . I n t h i s example f o r N = 1, t h a t i s , 

q u a n t i s a t i o n on the c i r c l e l y i n g i n Rn, i t i s i n s t r u c t i v e t o show 

how the phase space r e d u c t i o n ' idea of j> 1.3.6 can be understood 

I n t h i s example i t can be seen v e r y simply by choosing the b a s i s 

v a r i a b l e s o f the system t o be ( 9 ; p ) where: 

(4 9 a ) X I = Cos9 (49b) PI = -p Sin8 

( 4 9 c ) X2 = Sine (49d) P2 = p Cos8 

w i t h 0 < 8 < 2Tr, p e R. 

D e f i n i n g the b r a c k e t { f , g } r t o be: 

( 5 0 ) '{ f..g } r := dfdg -
dBdP dddp 

where f = f ( X i ( 8 , p ) ; P..i ( 8 , p ) ) and s i m i l a r l y g = g( X i ( 8 , p ), Pj ( 8 , p ) ) . 

D i r e c t c a l c u l a t i o n shows t h a t : 

( 5 1 ) { X i , X j }* = { X i , X j } r 

( 5 2 ) { X i , P j }* = { X i , P j } r 

( 5 3 ) { P i .P.j }* = { Pi .P.i } r 

That i s the reduced b r a c k e t ( 5 0 ) i n the v a r i a b l e s (8;p) i s equiv­

a l e n t t o a Di r a c b r a c k e t i n the v a r i a b l e s (Xi;P.j) from (46,47,48). 
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1.4.0 The Q u a n t i s a t i o n of Cla.ssical Theories-

I n t r o d u c t i o n • 

I n t h i s s e c t i o n we b r i e f l y d e s c r i b e the q u a n t i s a t i c n of 

c l a s s i c a l t h e o r i e s by t h e so c a l l e d 'group t h e o r e t i c a l ' approach of 

C.Isham e t a 1.[36,37,38] . Once again the emphasis i s not so much to 

g i v e a comprehensive account of these ideas, but simply t o e x p l a i n 

them s u f f i c i e n t l y t o m o t i v a t e the c o n s i d e r a t i o n s of Part I I . At the 

l o c a l l e v e l at l e a s t , t h e group t h e o r e t i c a l approach to q u a n t i s a t i o n 

i s e s s e n t i a l l y the same as the 'Dirac b r a c k e t method' of q u a n t i s i n g 

systems whose a s s o c i a t e d c l a s s i c a l phase space i s some c o n s t r a i n e d 

h y p e r s u r f a c e . An i m p o r t a n t d i f f e r e n c e i s t h a t the G.T. approach leads 

one t o g i v e a new i n t e r p r e t a t i o n t o the ' i h ' i n the Heisenberg 

a l g e b r a , as being the r e s u l t of the e x i s t e n c e of a 2-cocycle i n 

the t r a n s l a t i o n group on Rn [ 3 7 ] ( t h e graded emulation of t h i s 

n o t i o n i s discussed i n j> 2.5). Throughout t h i s b r i e f look a t the 

q u a n t i s a t i o n process, we c o n c e n t r a t e on a p a r t i c u l a r approach t o 

quantum theory - t h a t i t a r i s e s as a r e s u l t 'doing something' to 

the c l a s s i c a : l t h e o r y . By t h i s we mean t h a t i t i s assumed t h a t one 

a l r e a d y has a w e l l developed c l a s s i c a l t h e o r y from which'to con­

s t r u c t the quantum t h e o r y through the d e v i s i n g of some s o r t of 

' q u a n t i s a t i o n ' map'. T h i s i s not the only path betvreen a quantum 

t h e o r y and the c l a s s i c a l t h e o r y though. For example, i n the case 

of S u p e r s t r i n g t h e o r y one t h i n k s of the c l a s s i c a l t h e o r y as r e ­

s u l t i n g from the f i r s t o r d e r terms i n the quantum s t r i n g [ 5 4 ] . We 

do not d i s c u s s t h i s approach t o q u a n t i s a t i o n here, c o n c e n t r a t i n g 

w h o l l y on the c a n o n i c a l p a t h . 

1.4.1 Xiig_3-â -iXL-.£as-Liii.aJLes of QVJajLt,u.ni_TJi£a-iiy-. 

I n the s t a n d a r d approach t o quantum mechanics f o l l o w e d i n f o r 

example [9,24,53,60]. p h y s i c a l s t a t e s of a system are described by 

u n i t rays of v e c t o r s i n some complex H i l b e r t space H. (A u n i t ray F 

i n H i l b e r t space i s the s e t of v e c t o r s {uF},, where 

{ F e H : |F| = 1 }, ^ = e x p ( i a ) , and where |F| i s the norm 
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o f r i n H. T h i s 1-1 correspondance between the p h y s i c a l s t a t e s of 

the system and ra v s i n H i l b e r t space comes about through the way 

i n which the t h e o r y i s i n t e r p r e t e d , which i s i n a p r o b a b i l i s t i c 

manner. The t r a n s i t i o n between one s t a t e represented by u n i t ray 0 

and another F, i s n u m e r i c a l l y equal t o the f o l l o w i n g : 

( 1 ) P r o b a b i l i t y : 0 ."̂ F = 10. Fl 

That i s , the square of the modulus of the inner product between any 

two v e c t o r s . 0 € ^ and F e F, one from each of the rays 0 and F 

r e s p e c t i v e l y . The space of rays i n H i l b e r t space i s a p r o j e c t i v e 

space: the q u o t i e n t ' space o b t a i n e d by d i v i d i n g the H i l b e r t space H 

by the c i r c l e S ( 2 ) . H i l b e r t space i s a l s o a l i n e a r space, so the 

quantum, t h e o r y i n c o r p o r a t e s a p r i n c i p l e of s u p e r p o s i t i o n . That i s 

i f {uF} and {50} are two rays r e p r e s e n t i n g two s t a t e s of the system, 

then e - ar+p0 i s another v e c t o r i n H space and so the ray { T 8 } 

r e p r e s e n t s another s t a t e of the system (where a,B,6,ia,T € C). 

We remark t h a t w h i l e the v e c t o r s 8 and T9 both represent the 

same s t a t e of the system, i n g e n e r a l 6' - a ( u ' r ) + [3(5'0) rep­

r e s e n t s a d i f f e r e n t s t a t e . T h i s means t h a t w h i l e o v e r a l l phase 

changes are u n i m p o r t a n t ( r e p r e s e n t i n g 'movement' w i t h i n a r a y ) , 

changes i n r e ] a t i v e phase w i t h i n a s t a t e c o n s i s t i n g of a super­

p o s i t i o n of o t h e r s t a t e s are i m p o r t a n t and do change the o v e r a l l 

s t a t e of the system. P h y s i c a l q u a n t i t i e s ( o b s e r v a b l e s ) a s s o c i a t e d 

w i t h the system (such as energy, angular momentum e t c ) appear i n 

quantum t h e o r y as l i n e a r o p e r a t o r s on . H i l b e r t space. What value 

does one o b t a i n by measuring such an observable? The quantum p r i n -

c i p l e s t a t e s t h a t a measurement w i l l r e s u l t i n an eigenvalue of the 

l i n e a r o p e r a t o r a s s o c i a t e d w i t h t h a t p a r t i c u l a r observable. Thus, 

f o r an o p e r a t o r t o r e p r e s e n t an observable on H space, i t must be 

h e r m i t i a n ( t o ensure the r e a l i t y o f i t s e i g e n v a l u e s ) . I f the system 

i s i n a s t a t e 0 which c o n s i s t s of s u p e r p o s i t i o n of e i g e n v e c t o r s of 

some ob s e r v a b l e , then the p r o b a b i l i t y of measuring a p a r t i c u l a r 

e i g e n v a l u e of an o p e r a t o r 0, say. i s (where we assume a l l H space 
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v e c t o r s are n o r m a l i s e d ) : 
( 2 ) ( P r o b a b i l i t y of measuring a i ) = ; 9 i . 0 ! 
where 0: H >H and 0 . 8 i = a i S i ( no sum over i ) w i t h a i e R. 

Hence, over a successive number of measurements w i t h each time 

the system s t a r t i n g from the same s t a t e 0, the average value of the 

obse r v a b l e r e p r e s e n t e d by the o p e r a t o r 0 w i l l be: 

( 3 ) 0.0 0 

A s t a t e ( where we now use the terms ' s t a t e ' , ' r a y ' and 

' v e c t o r ' i n t e r c h a n g e a b l y u n l e s s o t h e r w i s e s t a t e d ) develops i n time 

t h r o u g h t he a c t i o n o f an h e r m i t i a n o p e r a t o r L l ( t , t o ) . That i s i f 0t 

r e p r e s e n t s t he s t a t e 0 a t time t , then: 

( 4 ) 0 t = U ( t , t o ) . 0 t o 

We may w r i t e : 

( 5 ) Ut = e x p ( - i t H ' ) 

where H' i s the s e l f a d j o i n t H a m i l t o n i a n o p e r a t o r f o r the system. 

Eigenvalues of the H a m i l t o n i a n operator g i v e the energy of the 

system, which i s t o say: 

( 6 ) • H '0 = E0 

A symmetry of the Ham.iltonian H' of a quantum system i s s a i d t o 

have been ge n e r a t e d , when a c o l l e c t i o n of h e r m i t i a n o p e r a t o r s { T i } 

on the H i l b e r t space H commute w i t h the Ha m i l t o n i a n [ 9 , 5 3 ] : 

( 7 ) [ H ' , T i ] = 0 , f o r i - 1, . . . , k 

I f T i , T j commute w i t h the H a m i l t o n i a n operator then, by the Jacob! 

i d e n t i t y , so does [ T i , T j ] . I t f o l l o w s t h a t the c o l l e c t i o n of k 

o p e r a t o r s t h a t commute w i t h t h e Ha m i l t o n i a n H', t o g e t h e r w i t h the 

commutator b r a c k e t o p e r a t i o n form a k-dimensional L i e algebra on H. 

I t i s easy t o prove the f o l l o w i n g theorem by Eh r e n f e s t on time 

developm.ent i n quantum mechanical systems [ 2 6 ] . I f 0 i s an h e r m i t i a n 

o p e r a t o r on some H i l b e r t space H, and H' i s the H a m i l t o n i a n operator 

then : 

( 8 ) l ( 0 t . O . 0 t ) = i 0 t . [ O , H ] 0 t 
d t i 

Indeed, i f we t r a n s f e r the t i m e dependence of the system from the 
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s t a t e v e c t o r s t o the o p e r a t o r s - the so c a l l e d Heisenberg p i c t u r e -

then we may w r i t e t h i s e x p r e s s i o n as: 
( 9 ) d n ( t ) = i [ T ( t ) . H ' ] 

d t i 

The o p e r a t o r s f o r p o s i t i o n { Q i } and momentum { P i } do not commute i n 

quantum t h e o r y and thus i t i s im.possible t o f i n d an e i g e n s t a t e of 

b o t h these o p e r a t o r s s i m u l t a n e o u s l y - a measurement of p o s i t i o n 

d e s t r o y s mom.entum i n f o r m a t i o n and v i c e versa. The f o l l o w i n g com­

m u t a t i o n r e l a t i o n s are im.posed on the o p e r a t o r s { Q i } and { P j } : 

( 1 0 ) [ Qi,Qj ] = 0 i : [ Pi,P.j ] , and [ Qi,Po ] = i h . 6 i j 

These are Heisenberg's c a n o n i c a l commutation r e l a t i o n s (C.C.R.). 

Using the Baker-Cambe11-Hausdorff formulae we can e x p o n e n t i a t e 

these r e l a t i o n s t o o b t a i n Weyl r e l a t i o n s ( o r Heisenberg group) 

c o r r e s p o n d i n g t o the C.G.R.'s ( 1 0 ) : 
Va.Va' = Va+a' 

( 1 1 ) Ui3.U|3' r UB+I3-

Va.Ue - <a,6>U0.Va 

where Va := e x p ( i a . j P j ) , UB : =: e x p ( i 0 j Q j ) , <a,E3> := e x p ( i a j p j ) 

and where a i , 0 j € R. 

Quantum mechanics on Rn i s b a s i c a l l y about f i n d i n g i r r e d u c i b l e 

r e p r e s e n t a t i o n s of t h i s group ( 1 1 ) . Heisenberg's 'm a t r i x mechanics' 

i s the problem of f i n d i n g an i r r e d u c i b l e r e p r e s e n t a t i o n of the 

a l g e b r a ( 1 0 ) t h a t d i a g o n a l i s e s the Hamiltonian o p e r a t o r H'(Qi,Pj) 

and s o l v e s the e i g e n v a l u e problem, w h i l s t Schroedingers 'wave 

mechanics' i s about s o l v i n g the d i f f e r e n t i a l equation t h a t r e s u l t s 

from the s u b s t i t u t i o n o f a p a r t i c u l a r r e p r e s e n t a t i o n of (10) - the 

Schroedinger r e p r e s e n t a t i o n - i n t o the energy eigenvalue equation 

H'0 = E 0. The Stone-Von Neumann theorem [57,61] s t a t e s t h a t t h a t 

any o t h e r i n t e g r a b l e r e p r e s e n t a t i o n of the a l g e b r a (10) must be 

e q u i v a l e n t t o the S c h r o e d i g e r r e p r e s e n t a t i o n : 
e x p ( i p j Q . i ) : u ( x ) > exp( i { 3 j x j ) u ( x ) 

(12) 
e x p ( i a j P o ) : u ( x ) > u(x + a) 

Thus, quantum mechanics on Rn has an e s s e n t i a l l y unique s o l u t i o n [37] 
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1.4.2 Q u a n t i s i n g a c l a s s i c a l t h e o r y . 
A l t h o u g h , i n many fundamental ways, quantum mechanics i s 

u t t e r l y d i f f e r e n t - f r o m c l a s s i c a l mechanics, both i n the space i n 

which i t a c t s and the types of statements i t makes, many key r e l a ­

t i o n s h i p s w i t h i n the t h e o r y appear t o have c o u n t e r p a r t s i n c l a s s i c a l 

mechanics. Take, f o r example, the s i m i l a r i t y between Eh r e n f e s t ' s 

theorem from <3 1.4. 1 and equ a t i o n (52) f o r the time development of a 

c l a s s i c a l observable i n ̂  1.0.6; or the c o n d i t i o n (53) t h a t a c o l l e c ­

t i o n of c l a s s i c a l phase space f u n c t i o n s generates a symmetry of the 

H a m i l t o n i a n and the c o n d i t i o n ( 7 ) above t h a t [ H , T i ] = 0. Consider 

a l s o the s t r o n g resemblence between the fundamental Poisson brackets 

( 1 7 ) i n " 1.0.3 and the Heisenberg commutation r e l a t i o n s (10) i n 

<3 1.4.1. C l e a r l y , knowing more about the s t r u c t u r e of t h i s p o w erful 

l i n k between the two t h e o r i e s might make i t p o s s i b l e t o consider 

more g e n e r a l t h e o r e t i c a l s e t t i n g s . For i n s t a n c e , i n a quantum theory 

based on a c l a s s i c a l t h e o r y whose phase space i s some m a n i f o l d 

( f o r example a 2-sphere), what a l g e b r a w i l l then replace the 

Heisenberg a l g e b r a and w i l l t h e r e be a s i m i l a r correspondence 

between i t and some group a l g e b r a on the c l a s s i c a l phase space? 

The 'group t h e o r e t i c ' approach t o q u a n t i s a t i o n t a c k l e s these 

q u e s t i o n s by a p p e a l i n g t o the symmetry group ( i f t h e r e i s one) of 

the u n d e r l y i n g c l a s s i c a l phase space. I t shows how to c o n s t r u c t 

from i t t he 'quantum group', i r r e d u c i b l e r e p r e s e n t a t i o n s of which 

w i l l form the quantum t h e o r y i n the same way t h a t i r r e d u c i b l e 

r e p r e s e n t a t i o n s of the Heisenberg group.are the basi s of quantum 

mechanics on Rn [ 3 7 ] . 

F i r s t l y what c o n s t i t u t e s q u a n t i s a t i o n of a cl a . s s i c a l theory? 

The process D i r a c and o t h e r s o r g i n a t e d was t h a t t o each c l a s s i c a l 

o b servable f e F(M) d e f i n e d on some phase space M i s associated a 

s e l f a d j o i n t l i n e a r o p e r a t o r f. on H i l b e r t space H. such t h a t [ 3 6 ] : 
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(A) The map: f > £ i s r e a l , l i n e a r . That i s : 
af + bg > afl + bg , where a,b € R 

(B) The u n i t o p e r a t o r s correspond: 1 > i . 

(C) G ( f ) > G(f.) , where G i s some f u n c t i o n of f € F(M). 

(D) { f , g } — - > _ . ! [ £,g ] 

i h 

I n the event t h a t t h e r e are c o n s t r a i n t s i n h e r e n t i n the c l a s s i c a l 

t h e o r y and i t s Lagrangian i s s i n g u l a r , then the correspondence 

suggested by (D) comes b a d l y a d r i f t because the c o n s t r a i n t s of the 

t h e o r y are not preserved t h r o u g h t i m e . To r e c t i f y t h i s problem D i r a c 

proposed t h a t (D) should be r e p l a c e d by: 

(D') { f , g }* ---> 1 [ f , g ] , 

where { , }* r e p r e s e n t s the D i r a c b r a c k e t , of '> 1.3. 

A q u a n t i s a t i o n scheme based around t h i s correspondence does not 

have the above mentioned t r o u b l e because, as we know, a D i r a c 

b r a c k e t between any f u n c t i o n and a c o n s t r a i n t i s i d e n t i c a l l y zero 

and t h e r e f o r e v a l i d t h r o u g h o u t t h e time e v o l u t i o n of the system. 

We w i l l r e t u r n t o t h i s l a t e r . 

The o b j e c t i v e of G.T. q u a n t i s a t i o n scheme [ 3 7 ] i s t o f i n d f o r a 

g e n e r a l c o n f i g u r a t i o n space the L i e group whose algebra corresponds 

t o the r o l e the Heisenberg a l g e b r a p l a y s when c a r r y i n g out quan­

t i s a t i o n on Rn. But where then does the Heisenberg algebra come 

from? C l e a r l y i t i s j u s t the a l g e b r a one o b t a i n s by t a k i n g the 

Poisson b r a c k e t of the ( s p e c i a l ) s e t of c l a s s i c a l observables, 

the c o - o r d i n a t e f u n c t i o n s ( q i , p j ) : 

{ q i , q j } = 0 = { p i , p j } 

( 1 3 ) { q i , p j } = 5 i j , f o r i , j = l , . . . , n 

{ .c,qi } = 0 = { c.pj } 

where q i . p j e F(M) and c € R: the c o n s t a n t f u n c t i o n s on phase 

space M. Put i n a more g e n e r a l way, i t appears t h a t q u a n t i s a t i o n i s 

based on f i n d i n g i r r e d u c i b l e r e p r e s e n t a t i o n s of some f i n i t e dimen­

s i o n a l L i e group, whose L i e a l g e b r a i s some sub-algebra of the 

— 59 --



i n f i n i t e d i m e n s i o n a l L i e a l g e b r a of f u n c t i o n s on phase space, w i t h 

the Poisson b r a c k e t as the combination p r i n c i p l e . What makes the 

se t of observable ( q i , p j ) s p e c i a l i s t h a t any f u n c t i o n on Rn 

( o r indeed on some l o c a l c o - o r d i n a t e patch of a g e n e r a l m a n i f o l d ) 

may be expressed i n terms o f them. Any sub-algebra of the i n f i n i t e 

d i m e n s i o n a l L i e a l g e b r a o f f u n c t i o n s which i s used t o c o n s t r u c t a 

quantum t h e o r y around, must r e f l e c t t h i s p r o p e r t y i n some way [ 3 7 ] . 

The fundamental q u e s t i o n i s - how does the quantum group of t h i s 

s u b - a l g e b r a r e l a t e t o the c l a s s i c a l phase space? T h i s q u e s t i o n 

i s answered i n [ 3 7 ] t h r o u g h appeal t o the case of quantum t h e o r y 

on Rn. B r i e f l y t h e argumen't goes as f o l l o w s . P r e v i o u s l y we 

d e f i n e d the o p e r a t o r s ^a and U3 which make up the Heisenberg 

group ( 1 1 ) . These o p e r a t o r s a c t on the p o s i t i o n and momentum 

o p e r a t o r s Qi and Ej as f o l l o w s : 

)La.Q.i.)La = Qi - a i l Where i i s 
( 1 4 ) the u n i t 

.!i0.Ei.UJ3 = E i + 0 i i o p e r a t o r 

C l e a r l y the quantum o p e r a t o r s Za,LL(3 r e p r e s e n t i n g the Heisenberg 

group (11) are a c t i n g i n a f a s h i o n r e m i n i s c e n t of the ge n e r a t o r s 

of t h e group of a b e l i a n t r a n s a l a t i o n s o f the c l a s s i c a l v a r i a b l e s 

( q i : p j ) - T h i s suggests t h a t (see [3 7 ] f o r the f u l l argument) the 

group whose a l g e b r a w i l l p l a y the same r o l e as the Heisenberg 

a l g e b r a on some more g e n e r a l n o n - l i n e a r phase space, w i l l be a L i e 

t r a n s f o r m a t i o n group of t h a t phase space. This L i e group must also 

be s y m p l e c t i c , because i t s a l g e b r a must be capable t o being r e a l ­

i s e d by some sub-algebra o f the i n f i n i t e d i m e n s i o n a l L i e algebra 

of c l a s s i c a l o b s e r vables on phase space, which has the P.B. as a 

com b i n a t i o n p r i n c i p l e . We may d e f i n e a ( l e f t a c t i n g ) L i e t r a n s f o r ­

mation group as a L i e group G, whose elements g € G may act on 

some u n d e r l y i n g m a n i f o l d M i n such a way t h a t the map, 

g: p > g.p f o r p 6 M and g € G, i s a d i f f e r e n t i a b l e map. Also 

f o r the i d e n t i t y element i € G we have i p = p, and f o r any g,g'€ G 

then g ( g ' p ) = (gg')P f o r a l l p e M. A good example of a L i e trans-
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f o r m a t i o n group i s the a c t i o n o f S0(3) on the 2-Sphere, where the 

t h r e e g e n e r a t o r s of S0(3) generate r o t a t i o n s round the sphere. 

B a r r i n g some g l o b a l c o n s i d e r a t i o n s t h i s q u a n t i s a t i o n p r i n c i p l e 

i s i n essence c l o s e t o t h a t of D i r a c ' s f o r c o n s t r a i n e d systems. 

As we know from u 1.3, the D i r a c b r a c k e t i s none o t h e r than a 

Poisson b r a c k e t i n a reduced s e t of v a r i a b l e s , w i t h these v a r i a b l e s 

b e i n g the u n c o n s t r a i n e d v a r i a b l e s i n some l o c a l p a t c h of the 

u n d e r l y i n g phase space of the t h e o r y . When we s u b s t i t u t e D i rac 

b r a c k e t s f o r commutator b r a c k e t s , what we are r e a l l y t r y i n g t o do 

i s t o r e p r e s e n t the ' g e n e r a l i s e d c a n o n i c a l group' of t r a n s f o r m ­

a t i o n s t h a t p reserve t he D i r a c b r a c k e t , by l i n e a r o p e r a t o r s on 

some H i l b e r t space. However, because i t i s not g e n e r a l l y p o s s i b l e 

t o move c a n o n i c a l l y from one s e t of reduced v a r i a b l e s ( t h a t t r a n s ­

form the Di r a c b r a c k e t i n t o l o o k i n g l i k e a P.B.) t o another 

a d j a c e n t s e t , the group t h e o r e t i c a l approach t o q u a n t i s a t i o n i s 

f a r b e t t e r s u i t e d t o t a c k l i n g problems which have a g l o b a l 

element t o them. One s i t u a t i o n where these two approaches w i l l 

e x a c t l y match each o t h e r , i s i n the case where the c o n s t r a i n t 

f u n c t i o n s of the D i r a c t h e o r y themselves form a f u n c t i o n group. 

T h i s i s because under these circumstances g e n e r a l i s e d c a n o n i c a l 

t r a n s f o r m a t i o n s are a l s o c a n o n i c a l t r a n s f o r m a t i o n s . Given then 

t h a t the group which w i l l p r o v i d e us w i t h our quantum algebra i s a 

group o f s y m p l e c t i c t r a n s f o r m a t i o n s of the u n d e r l y i n g c l a s s i c a l 

phase space, which c l a s s i c a l observables do we choose t o 

q u a n t i s e ? The group t h e o r e t i c a l programme [37] r e q u i r e s t h a t one 

choose the s e t of c l a s s i c a l observables which make a Poisson 

b r a c k e t r e a l i s a t i o n of the a l g e b r a of the s y m p l e c t i c group. For 

t h i s t o make sensej t he (assumed f i n i t e ) subset of the i n f i n i t e 

s e t o f a l l smooth f u n c t i o n s on phase space, must be s u f f i c i e n t l y 

l a r g e as t o p l a y the same r o l e as the ( q i ; p j ) i n managing t o gener­

a t i n g a l l observables,- i n t h a t p a r t i c u l a r l o c a l c o - o r d i n a t e patch 

of t h e phase space. T h i s requirement demands t h a t the a c t i o n 
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of t h e L i e t r a n s f o r m a t i o n group G on M must be t r a n s i t i v e [ 3 7 ] . 

That i s , g i v e n any p,p' e M then t h e r e must e x i s t an element 

g € G such t h a t p' = g.p. This means t h a t u s i n g G and a s i n g l e 

p o i n t p G M, one may reach any o t h e r p o i n t i n the phase space, 

which ensures t h a t t h e set of observables which r e a l i s e the L i e 

a l g e b r a o f G i s l a r g e enough l o c a l l y t o express any observable 

on M as a f u n c t i o n of t h i s s p e c i a l s e t [ 3 7 ] . 

F o l l o w i n g [ 3 7 ] we can now l i s t the steps f o r the 'group 

t h e o r e t i c a l ' q u a n t i s a t i o n of a c l a s s i c a l t h e o r y which has some 

g e n e r a l m a n i f o l d M as i t s phase space: 

(A) F i n d a L i e . t r a n s f o r m a t i o n group G which a c t s t r a n s i t i v e l y and 

s y m p l e c t i c a l l y (so i t preserves the n a t u r a l s y m p l e c t i c 2-form on M) 

on M. For the sake o f s i m p l i c i t y we assume t h a t t h i s L i e group has 

f i n i t e dimension N, say. C l e a r l y , G has some L i e algebr a associated 

w i t h i t L (G ) : 
k 

(15 ) [ T i , T j ] = C i j Tk , where { T i } G L ( G ) and 
k 

w i t h i , j , k - 1,...,N, and where C i j are the s t r u c t u r e c onstants 

of t h e L i e a l g e b r a L ( G ) of G. 

(B) F i n d a f i n i t e subset of the s e t of a l l smooth f u n c t i o n s on 

phase space M which produce a Poisson b r a c k e t r e a l i s a t i o n of the 

above a l g e b r a L ( G ) . That i s , f i n d a correspondence: 

(16 ) T i > f i , f o r i = 1, . .. ,N 

such t h a t : 
k 

(1 7 ) .{ f i , f j } C i j f k 

(C) 'Quantise' t he s e t of f u n c t i o n s { f i } , by mapping them onto a 

set o f h e r m i t i a n o p e r a t o r s { L i } which a c t on some H i l b e r t space H, 

and which obey the same commutation r e l a t i o n s : 

( 1 8 ) f i ---> f . i f o r i = 1, . . . ,N 

where: 
k 

(1 9 ) [ f . i , f j ] = c i j f.k 
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(D) F i n d i r r e d u c i b l e r e p r e s e n t a t i o n s of t h i s a l g e b r a . 

P o i n t s (A) thro u g h (D) o u t l i n e i n 'physics type' language, the 

b a s i c steps of the m a t h e m a t i c a l l y p r e c i s e q u a n t i s a t i o n procedure 

d e s c r i b e d by C.Isham i n [ 3 7 ] . Put i n more m a t h e m a t i c a l l y c o r r e c t 

language steps (A) t o (D) i n v o l v e s the f o l l o w i n g : 

( A ' ) F i n d i n g a L i e t r a n s f o r m a t i o n group G which a c t s t r a n s i t i v e l y 

and s y m p l e c t i c a l l y on M. That i s i f 0 i s a smooth d i f f e o m o r p h i s m 

of M induced by the a c t i o n o f the group G, then 0*W - W where W i s 

th e n a t u r a l s y m p l e c t i c 2-form on M, and 0* i s the p u l l b a c k o p e r a t o r 

a s s o c i a t e d w i t h the d i f f eomorphism 0. 

• Taking the N d i m e n s i o n a l L i e algebra L(G) a s s o c i a t e d w i t h 

t h i s group and u s i n g each g e n e r a t o r of the algebra t o determine a 

v e c t o r f i e l d on M. T h i s i s achieved by e x p o n e n t i a t i n g each g e n e r a t o r 

of t h e algebra t o o b t a i n a 1-parameter f a m i l y of di f f e o m o r p h i s m s , 

which then determine (by t h e process discussed i n u 1.2.3 ) an 

a s s o c i a t e d set of N l o c a l l y H a m i l t o n i a n v e c t o r f i e l d s . F T i . 

That i s : 

( 2 0 ) r : T i > L T i , i = 1 , . . . .N 

where T i € L(G) and FTi e { L o c a l l y H a miltonian v e c t o r f i e l d s on M}. 

For t he group t h e o r e t i c a l q u a n t i s a t i o n procedure t o succeed we 

need f u l l y : H a m i l t o n i a n v e c t o r f i e l d s on M [ 3 7 ] . This requirement 

a l o n g w i t h the n e c e s s i t y t h a t t h e map F be one-to-one, i n order 

t o c r e a t e an isomorphism between t he algebra of g e n e r a t o r s and 

t h e i r c o r r e s p o n d i n g H.V.F.'s, s e t s f u r t h e r c o n s t r a i n t s on the group 

G and the phase space M. To ensure the map F i s 1-1, a c t i o n of G on 

M must be almost e f f e c t i v e . , m e a n i n g t h a t i f t h e r e e x i s t s an element 

g e G such t h a t gp = p f o r a l l p € M, then i t must n e c c e s s a r i l y 

i m p l y t h a t g e D , where D i s a d i s c r e t e subgroup of G. 

(B' ) F i n d i n g a map - t e c h n i c a l l y known as the 'Souriau momentum 

map'(see [ 5 5 ] ) , which maps t h e a l g e b r a L(G) i n t o the space of 

ob s e r v a b l e s on M : 

(21) P : T i e L(G) ---> P ( T i ) = f i e F(M) , f o r i = 1,....N 
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Where the map P i s l i n e a r and a l s o a L i e a l g e b r a isomorphism, 

meaning t h a t the c o l l e c t i o n of f u n c t i o n s { P ( T i ) = f i } r e a l i s e the 

L i e a l g e b r a L(G) of G under Poisson b r a c k e t combination. This 

r e q u i r e m e n t uncovers another p o s s i b l e upset i n the q u a n t i s a t i o n 

p r o c e s s , namely t h e a l g e b r a L(G) might have what i s known as a 

n o n - t r i v i a l 2-cocycle a t t a c h e d t o i t . A b s t r a c t l y a 2-cocycle i s a 

skew-symmetric map Z, say, which maps a p a i r of elements i n the 

L i e a l g e b r a L(G) of G i n t o the r e a l s R: 

( 2 2 ) Z(A,B) = - Z(B,A) e R , w i t h A,B € L(G). 

The map a l s o s a t i s f i e s the J a c o b i i d e n t i t y : 

( 2 3 ) Z(A.[ B,C ] ) + Z(C,[ A,B ] ) + Z(B,[ C,A]) = 0 

B a s i c a l l y these o b j e c t s come,about through the p o s s i b i l i t y of r e ­

d e f i n i n g the f u n c t i o n s P ( T i ) i n ( 2 1 ) up t o the a d d i t i o n of an 

a r b i t a r y c o n s t a n t .(where we r e c a l l t h a t k e r n e l of the map between 

t h e s e t of observables on M and t h e i r a s s o c i a t e d H;V.F.'s i s the 

space of c o n s t a n t f u n c t i o n s ) . I n simple language t h i s means t h a t 

a r e a l number Z i j , say, might appear on the R.H.S. of ( 1 7 ) : 
k 

( 2 4 ) { f i , f j } = Ci.j f k + Zi.j , w i t h Zi.j € R 

I f t h i s happens then t h e r e i s a problem, because c l e a r l y the 

f u n c t i o n s { P ( T i ) } are no l o n g e r r e a l i s i n g the a l g e b r a L(G) of G. 

To t r y and circumvent t h i s problem we.are f r e e t o add a r b i t r a r y 

c o n s t a n t s t o the the f u n c t i o n s P ( T i ) i n an attempt t o cancel out 

t h e numbers Z i j , by the f o l l o w i n g r e d e f i n i t i o n : 

( 2 5 ) P ( T i ) = f i > f ' i f i + Z i , where Z i € R . 

I n t h i s case we r e q u i r e : 
k 

( 2 6 ) C i j Zk + Z i j = 0 
k 

Under what c o n d i t i o n s f o r the s t r u c t u r e c o n s t a n t s C i j are we 

assured of b e i n g able t o s o l v e ( 2 6 ) f o r the numbers Zi? Stated 

l i k e t h i s i t i s f a i r l y c l e a r t h a t we can do t h i s when the Cartan-

K i l l i n g form of the L i e a l g e b r a L(G) i s n o n - s i n g u l a r and so we are 

a b l e t o i n v e r t ( 2 6 ) . T h i s i s the case when the group G i s semi-simple. 
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I n summary i t i s c e r t a i n l y p o s s i b l e t o f i n d a map 

P:L(G) >F(M) which has the p r o p e r t i e s we d e s i r e , i n the circu m ­

stances t h a t t h e second cohomology group of L(G) vanishes. An 

example of t h i s occurs when the group G i s semi-simple. 

The number of s e t s of f u n c t i o n s { P ( T i ) } t h a t one can f i n d which 

s a t i s f y our r e q u i r e m e n t s i s a c t u a l l y l a b e l l e d by the elements of 

the f i r s t cohomology group of L(G) [ 3 7 ] . An example of a s i t u a t i o n 

when t h i s , g r o u p i s t r i v i a l i s once again the case when the group G 

i s semi-simple [ 3 7 ] . Thus, when G i s semi-simple e s s e n t i a l l y 

t h e r e i s a unique choice of the s e t of f u n c t i o n s P ( T i ) . 

But suppose we want t o q u a n t i s e a dynamical system w i t h a 

phase space whose t r a n s i t i v e l y a c t i n g L i e group G does have a non-

t r i v i a l 2-cocycle? I n t h i s event the 'quantum group' of the t h e o r y 

i s n o t the L i e group G of symmetries of the c l a s s i c a l phase space M, 

but r a t h e r i t i s t h i s group c e n t r a l l y extended. B a s i c a l l y t h i s 

means we a c t u a l l y i n c o r p o r a t e the non-removeable 2-cocycle i n t o 

th e a l g e b r a we are t r y i n g t o r e a l i s e , by e n l a r g i n g the group G to 

i n c l u d e a c e n t r a l term ( t h i s means t h a t the a l g e b r a of the new 

group G', say, now i n c l u d e s a term t h a t commutes w i t h a l l the 

g e n e r a t o r s of the a l g e b r a , i n j u s t the same manner as the constant 

f u n c t i o n s commute w i t h a l l f u n c t i o n s on phase space under Poisson 

b r a c k e t c o m b i n a t i o n ) . 

We f i n i s h o f f t h i s s e c t i o n w i t h an example of the group 

t h e o r e t i c a l approach t o quantum mechanics f o r the most f r e q u e n t l y 

s t u d i e d case: when the u n d e r l y i n g phase space i s sim p l y Euclidean 

space Rn. As i t t u r n s out t h i s i s a case i n p o i n t when the second 

cohomology group of the space i s n o n - t r i v i a l , which r e s u l t s i n the 

a l g e b r a of the t r a n s f o r m a t i o n group having to be c e n t r a l l y extended. 

T h i s r e s u l t s i n the f a m i l i a r i h term i n Heisenberg a l g e b r a [ 3 7 ] . 
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1.4.3 Iil£_gll£iilB_iJie-ar£±i C a I approach t o the o u a n t i s a t i n n nf Rn . 

Here the u n d e r l y i n g c o n f i g u r a t i o n space of our t h e o r y i s 

E u c l i d e a n space Rn. The phase space i s t h e r e f o r e j u s t the t r i v i a l 

bundle of cotangent spaces, which here i s the d i r e c t product of Rn 

w i t h i t s e l f : Rn Rn. Because of the uncomplicated nature of t h i s 

phase space we are able t o d e f i n e c o - o r d i n a t e s (q^ . ,qn;p^ , . . , pn ) 

which can be used t h r o u g h the space. S i m i l a r l y i t f o l l o w s t h a t 

t h e r e i s a g l o b a l l y w e l l - d e f i n e d Poisson b r a c k e t given by the 

u s u a l e x p r e s s i o n ( 1 4 ) i n y 1.0.3 expanded i n the above c o - o r d i n a t e s . 

What then i s the r e l e v a n t L i e group of t r a n s i t i v e and s y m p l e c t i c 

t r a n s f o r m a t i o n s on the phase space? The obvious choice i s the 

a b e l i a n group of t r a n s l a t i o n s [ 3 7 ] , which acts on the phase 

space as f o l l o w s : 

g ( a l . . . , a n ; b l , . .,bn ) (. . , q i , . ; . , p j , . .) > 
( 2 7 ) 

> (: . , q i + a i , . ; . ,pj + b j , . . ) 
where g e G and f o r i , j = l , . . . , n . Also f o r g,g'€ G we have: 

( 2 8 ) g ( g ' p ) - (gg')P - (g'g)P - g'(gp) 

The L i e a l g e b r a c o r r e s p o n d i n g t o t h i s group i s simply the set of 

u n i t b a s i s v e c t o r s i n R2n: 
( 2 9 ) Ka = ( 0 , . . . .0,1,0, . . . ,0 ) . f o r a = 1,. .. , 2n 

p o s i t i o n a 

V e c t o r s i n t h i s L i e a l g e b r a are combined by v e c t o r a d d i t i o n and so 

c l e a r l y we have: 
( 3 0 ) [ £a,E.b ] : = £La.Eb - Eb.Ea = 0 

The programme now demands t h a t we must r e a l i s e t h i s algebra by 2n 

independent f u n c t i o n s on phase space, u s i n g the Poisson b r a c k e t 

as t he L i e b r a c k e t . Thus we must f i n d f a = f£(qi;pj) € F(M) such 

t h a t : 
( 3 1 ) { f a , f b } = 0 , f o r a l l a = l , . . . , n . 

Given t h a t we need 2n independent f u n c t i o n s , the best we can do i s 

t h e correspondence: 
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( 3 2 ) (..,Ea,..) ---> ( . . , f a , . . ) = (.., q i p j , . . ) 

where a = 1,...,2n and i - l , . . , n . 

C l e a r l y t h i s does not r e a l i s e the algebra (30) because of the cross 

terms: 

( 3 3 ) { f i , f j + n } = { qi,p . i } = 6 i j , i . j = l . . . . , n 

T h i s problem i s a consequence of a n o n - t r i v i a l 2-cocycle i n the L i e 

t r a n s f o r m a t i o n a l g e b r a ( 3 0 ) we are using. I t i s not p o s s i b l e t o 

remove i t by r e d e f i n i t i o n o f the f u n c t i o n s f i because of the a b e l i a n 

nature- of the group ( 2 7 ) . The remedy to t h i s problem, as i n d i c a t e d 

above, i s t o i n c o r p o r a t e t h e 2-cocycle i n t o the al g e b r a ( 3 0 ) , and 

make t h i s c e n t r a l l y extended a l g e b r a the one around which t o base 

the quantum mechanics o f t h e system. Changing n o t a t i o n and c a l l i n g 

g e n e r a t o r s : 

( 3 4 ) E i Qi , and Ei+n := P i , f o r i = l , . . . , n 

The v e c t o r space of the c e n t r a l l y extended L i e algebr a i s now the 

space Rn+Rn+R, w i t h a t y p i c a l element A € L(G) o f the a l g e b r a 

b e i n g ( a l , .. .,an;b 1, . . .,bn;c) € Rn + Rn + R. I n terms of the g e n e r a t o r s 

Q,i and E j , we have a t y p i c a l element of L(G) as: 

( 3 5 ) A. = 2 a i Q i + biE.i + c i , w i t h A € L(G) , i = l , . . . , n 
i 

and where the 2 n + l - t u p l e 1 = ( 0 , . .,0,..,1). (Note t h a t now Qi and 

ELj are also 2 n + l - t u p l e s d e f i n e d l i k e Ea i n (29) except now w i t h an 

e x t r a 0 i n the 2n + l s l o t ) . The L i e bracket of t h i s c e n t r a l l y extended 

a l g e b r a i n terms of the g e n e r a t o r s Q.i and L j i s [ 3 7 ] : 

[ Qi.Qj ] = 0 

( 3 6 ) [ E i , L j ] = 0 

[ QLi.Ej ] = Z ( Q i , E j ) = 5 i j 1 

f o r i , j = l , . . . , n . For two g e n e r a l elements A,E. ^ L(G) of the algebra 

t h e L i e b r a c k e t i s : 

( 3 7 ) [ £L,B. ] = 2 ( a i . b ' i - a ' i . b i ) ! 
i 

W i t h A = 2 a i Q i + b i E i + c i , and & = 2 a ' i Q i + b ' i E i + c ' l . 
i i 
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C l e a r l y we may r e a l i s e t h i s a l g e b r a by observables on phase space 

w i t h the Poisson b r a c k e t as the L i e b r a c k e t , by the correspondance: 

(38) a i > q i , E.i > p i , i > 1 where i = 1, . . . ,n . 

The f i n a l step i s t o q u a n t i s e these c l a s s i c a l observables t o o b t a i n 

f a m i l i a r Heisenberg a l g e b r a , by p e r f o r m i n g the f o l l o w i n g map i n t o 

t he space of l i n e a r o p e r a t o r s on H i l b e r t space [ 3 7 ] : 

(39) q j > - i o j , Pj > - i a j , 1 > - i h i 

Here the u n d e r - l i n i n g now. r e p r e s e n t s o p e r a t o r s on H i l b e r t space 

and where the s c a l i n g f a c t o r h, Planck's c o n s t a n t , comes about 

t h r o u g h some i m p l i c i t s c a l i n g i n (38) which we have not shown here. 

What t h i s example demonstrates i s t h a t we may i n t e r p r e t the 

i h i i n the Heisenberg a l g e b r a , as coming.about through the e x i s t -

ance of a n o n - t r i v i a l second" cohomology c l a s s f o r the L i e algebra 

o f the group of a b e l i a n t r a n s l a t i o n s on Rn [37]. T h i s i s q u i t e a 

s a t i s f a c t o r y r e s u l t as i t i s r e m i n i s c e n t o f the appearance of 

anomalous terms i n , f o r example, c u r r e n t algebras [39,65]. 

The above example concludes t h i s r a t h e r t e l e g r a p h i c look at 

the group t h e o r e t i c a l approach t o q u a n t i s a t i o n contained i n [37]. 

I t a l s o concludes the f i r s t , i n t r o d u c t o r y , p a r t of t h i s t h e s i s . 

Now, except where c i t e d , the work i s claimed as o r i g i n a l from 

f 2.1 onwards. 
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PART I L 

2.0.0 Graded Analogues of C l a s s i c a l Concepts. 

I n t r o d u c t i o n 

In the s e c t i o n s c o m p r i s i n g P a r t I I the o r i g i n a l work of 

t h i s t h e s i s i s p r e s e n t e d . The work c o n s i s t s of a t t e m p t i n g t o f i n d 

c o n s i s t e n t graded analogues t o the v a r i o u s pieces of c l a s s i c a l 

machinery which were i n t r o d u c e d i n the f i r s t h a l f of t h i s t h e s i s , 

the u l t i m a t e g o a l i n mind being the i n c l u s i o n of fermion l i k e v a r i ­

a b l e s i n t o C.Isham's group t h e o r e t i c a l approach t o q u a n t i s a t i o n [ 3 7 ] 

reviewed e a r l i e r . A l t h o u g h i n the end t h i s task i s not f u l l y a c h i ­

eved, the p u r s u i t of the g o a l r a i s e s a number of i n t e r e s t i n g p o i n t s 

which we f e e l are s u f f i c i e n t t o j u s t i f y the u n d e r t a k i n g . 

Before s t a r t i n g the author would l i k e t o s t a t e t h a t the 

i n i t i a l stages of the work presented here, namely §> 2.1, were 

c a r r i e d out w i t h o u t the knowledge of a p a r t i c u l a r l y i m p o r t a n t 

r e f e r e n c e [ 2 2 ] . Subsequently f u r t h e r r e f e r e n c e s , p a r t i c u l a r l y the 

work of M a r j o r i e B a t c h e l o r [10,11] and a l s o a d d i t i o n a l work by 

F.A Bere s i n e t a l [ 1 5 ] were brought t o the author's a t t e n t i o n * . 

T h i s work has a d i r e c t b e a r i n g on the c o n s i d e r a t i o n s of f 2.1 

and, on d i s c o v e r y of [ 2 2 ] , t h e r e was no p o i n t i n p u r s u i n g f u r t h e r 

i n v e s t i g a t i o n s i n t h i s area. E a r l i e r knowledge of the more 

a c c e s s i b l e and r i g o r o u s approach t o supermanifold t h e o r y presented 

i n [ 2 2 ] f o r example, might have s i g n i f i c a n t l y increased the 

pro g r e s s made towards p r o d u c i n g a c r e d i b l e graded g e n e r a l i s a t i o n 

t o C.Isham's work i n [ 3 7 ] . We commence t h i s h a l f of the t h e s i s by 

making some i n t r o d u c t o r y remarks and statements about graded 

a l g e b r a s , and t h e i r uses i n c o n s t r u c t i n g graded analogues t o 

c l a s s i c a l mechanics. For a review of the uses of graded algebras 

i n p h y s i c s see [ 2 1 ] . 

* The author wishes t o thank P r o f e s s o r IsHam f o r b r i n g i n g these 

r e f e r e n c e s t o h i s a t t e n t i o n . 
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2.0.1 Z7 graded a l g e b r a s . 

The work t h a t f o l l o w s r e l i e s e x t e n s i v e l y on the p r o p e r t i e s of 

so c a l l e d 'graded' o b j e c t s . T h i s r e f e r s t o members of a Z2graded 

a l g e b r a A, which as a v e c t o r space i s the d i r e c t sum of two s e c t o r s , 

Ao and A^. I f a i e Ai and a ' j e A j , then: 
i j 

( 1 ) a i . a ' j = ( - l ) a ' j . a i f o r i , j = 0,1 

T y p i c a l l y we r e f e r t o the members of Ao as being e q u i v a l e n t l y ; 

'even', 'commuting' or 'boson l i k e ' , and de n o t i n g them by the 

Roman al p h a b e t . S i m i l a r l y members of Â  are r e f e r e d t o as being 

e q u i v a l e n t l y ; 'odd', 'anticommuting' or 'fermion l i k e ' , and u s u a l l y 

denoted by the Greek a l p h a b e t . An element of A which l i e s e i t h e r 

f u l l y i n Ao or i n Aj i s c a l l e d homogeneneous. For a more d e t a i l e d 

e x p o s i t i o n of graded v e c t o r spaces see [ 2 2 ] . An example of 

a Z2 graded a l g e b r a i s a Grassmann a l g g b r a which has a s e t o f N 

g e n e r a t o r s 9a, f o r a = 1,...,N, such t h a t : 

( 2 ) 8a.96 - - 9B.8a , 9a.8a = 0 , f o r a l l a,B - 1,...,N 

We denote t h i s a l g e b r a G n . C l e a r l y a l l polynomials of even or d e r : 

1, 8a . 90 , So.. 93 . 95 . 9u , - . . e t c (where we have inclu d e d 1) are members 

of Ao, and a l l p o l y n o m i a l s of odd orde r : 9a, 9a.90.66, . . . e t c are 

members of A^. 

2.0.2 Graded analogues of c l a s s i c a l mechanics. 

I n a s e r i e s o f papers R.Casalbuoni e t a l . [8,17,18] developed 

a v e r s i o n of c l a s s i c a l mechanics which i n c o r p o r a t e d the use of Z? 

g r a d e d • v a r i a b l e s as the fundamental v a r i a b l e s of the t h e o r y . 

There i s a number of reasons why such a theory might be of i n t e r e s t , 

n o t the l e a s t of them b e i n g t h a t i t a l l o w s the study of graded 

v a r i a b l e s i n p h y s i c s i n a v e r y f a m i l i a r c l a s s ' i c a l s e t t i n g . However, 

th e reason why i t i s of i n t e r e s t t o us here i s because the group 

t h e o r e t i c a l q u a n t i s a t i o n programme d e s c r i b e d i n [ 3 7 ] r e q u i r e s the 

e x i s t e n c e of a c l a s s i c a l t h e o r y , the symmetries of which w i l l 

p r o v i d e a b a s i s f o r d e t e r m i n i n g t h e group of the quantum t h e o r y . 

C a salbuoni's work i s u s e f u l because i t p r o v i d e s j u s t such a t h e o r y , 
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however u n f o r t u n a t e l y i t i s not s t a t e d i n a way t h a t makes a 

g e n e r a l i s a t i o n o f the group t h e o r e t i c a l approach t o q u a n t i s a t i o n 

s t r a i g h t f o r w a r d . The o n l y o t h e r approach t h a t was a v a l a b l e on t h i s 

t y p e of graded analogue o f c l a s s i c a l mechanics was a s h o r t s e c t i o n 

a t the end of B.Kostant's work on graded m a n i f o l d t h e o r y [ 4 0 ] . 

S t r u c t u r a l l y t h i s seemed as f a r removed from [ 3 7 ] as Casalbuoni's 

work d i d , and the language i t was set i n - a l g e b r a i c geometry - was 

m a t h e m a t i c a l l y tougher t o f o l l o w (as i t t u r n s out the type of 

approach t h a t seems best s u i t e d t o p r o v i d e a c o n v i n c i n g g e n e r a l ­

i s a t i o n o f [ 3 7 ] i s the one adopted by B.De W i t t i n [ 2 2 ] , where 

th e 'superman i f o l d ' i s d e f i n e d . However a t t h i s stage the author 

wasn't aware o f t h i s w o r k ) . I t was decided t o use Casalbuoni's 

work as a b a s i s f o r the approach we take here, and t o couch i t 

i n a f o r m a l i s m more s u i t e d t o our needs w i t h regard t o producing a 

graded g e n e r a l i s a t i o n of [ 3 7 ] . Rather than g i v i n g a long review of 

the r e s u l t s and c o n c l u s i o n s a i r e d i n [ 8 , 1 7 , 1 8 ] , we decide t o l i m i t 

o u r s e l v e s t o a b r i e f but s u f f i c i e n t s k e t c h of t h i s approach t o 

Z2graded c l a s s i c a l mechanics, a th e o r y which Casalbuoni e t a l . 

named 'pseudomechanics'. 

2.0.3 • Sjme__£î jie.Dj:,s_..Ql_£5.£Jidiara£j2±!_a.n-Lc5-:.. 
The Lagrangian f o r m u l a t i o n of pseudomechanics takes place 

on a c o n f i g u r a t i o n space C d e s c r i b e d by a set of n r e a l co­

o r d i n a t e s f q i ) and a f u r t h e r N c o - o r d i n a t e s {8a] which form a 

GN Grassmann a l g e b r a . Thus the ' p o s i t i o n ' of a p s e u d o p a r t i c l e 

i n the c o n f i g u r a t i o n space C.is d e s c r i b e d by the ( n + N ) - t u p l e 

( . . , q i O a , . . ) w i t h i - l , . . . , n and a = 1,...,N. These 

p o s i t i o n v a r i a b l e s are f u n c t i o n s of some r e a l time parameter 

t e R, and t h i s leads t o t h e concept of g e n e r a l i s e d v e l o c i t y co­

o r d i n a t e s ( . . , q i 6 a , ..) . Thus we may c o m p l e t l y d e s c r i b e 

t h e dynamics of a p s e u d o p a r t i c l e u s i n g the g e n e r a l i s e d p o s i t i o n 

and v e l o c i t y c o - o r d i n a t e s ( . , q i q j 8 a 8 3 , . ) , w i t h 

i , j = l , . . , n and a,3 - 1,..,N . 
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F o l l o w i n g [ 1 8 ] one may now d e f i n e a pseudomechanical Lagrangian 

f u n c t i o n L = L( q i ( t ) , q.j ( t ) ; 9a( t ) , 9B( t ) ) which t y p i c a l l y w i l l look 

l i k e : 
( 3 ) L - i 1 9a9a + I m i ( q i ) - V(q,9) 

a i 

Where 'V(q,9) i s a p o t e n t i a l term. D e f i n i n g the a c t i o n S as: 

( 4 ) S := Ldt 

Then the p r i n c i p l e of l e a s t a c t i o n leads us to the f o l l o w i n g E u l e r 

Lagrange equations of motion [ 1 8 ] : 
( 5 ) m i d a i = - i V , ( n o sum over) i = l , . . . , n 

d t dQi 

( 6 ) dSa = - i ^ , and a = 1,...,N 

d t d9a 

As w i t h t h e case of standard c l a s s i c a l mechanics we now d e f i n e 

th e H a m i l t o n i a n f u n c t i o n H, and r e f o r m u l a t e our t h e o r y i n a 

Z graded g e n e r a l i s a t i o n of phase space. We d e f i n e : 

( 7 ) pi :- , T t a : = j i L 
dqi b^a 

where the p i commute and the Tia anti-commute. Then the H a m i l t o n i a n 

i s d e f i n e d : 
( 8 ) H := 2 ( q i p i + 8aKa) - L 

i , a 

Once again employing the p r i n c i p l e of l e a s t a c t i o n as i n y 1.2 

we are lead t o Hamilton's e q u a t i o n s [ 1 8 ] : 

( 9 ) dP-i - - M • . d a i - M i = 1, . . . n 
d t dQi d t api 

( 1 0 ) dlta =' - iH. , dScc - - a = 1 . . . . , N 

d t c;9a d t dTta 

Where the H a m i l t o n i a n f u n c t i o n H = H(q,p;9,-n;) i s even and d i f f ­

e r e n t i a t i o n i s w i t h r e s p e c t t o the r e a l time parameter t . N o t i c e 

t h a t t h e r e i s a r e l a t i v e s i g n d i f f e r e n c e between the equations of 

th e even s e c t o r and a s i m i l a r i t y of s i g n between the equations of 

t h e odd s e c t o r . We w i l l r e t u r n t o t h i s p o i n t s h o r t l y . 
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We now i n t r o d u c e t he reader t o the graded Poisson b r a c k e t 

d e f i n e d i n [ 1 7 ] , a s t r u c t u r e which leads n a t u r a l l y t o the n o t i o n 

of the i n f i n i t e s i m a l graded c a n o n i c a l t r a n s f o r m a t i o n . We w i l l make 

e x t e n s i v e use of t h i s d e v i c e i n f 2.1. 

2.0.4 The graded Poisson b r a c k e t . 

From the graded v e r s i o n o f Hamilton's e q u a t i o n s ( 9 ) and (10) 

we can see t h a t the n a t u r a l v a r i a b l e s of t h i s type' of graded phase 

space are (.., q i p j 6 0 i r B ) where the q i . p j are the 

n a t u r a l bosonic phase space c o - o r d i n a t e s as before> and the 8a, 

are c o n j u g a t e p a i r s of anticommuting odd c o - o r d i n a t e s , which t o g e t h e r 

w i t h t h e q i , p j make up the f u l l Z2 graded phase space. 

By c o n s i d e r i n g t h e time d e r i v a t i v e of some g e n e r a l f u n c t i o n 

F = F(q,p;8 , T r ) d e f i n e d on graded phase space, we can a r r i v e a t the 

e x p r e s s i o n f o r the graded Poisson b r a c k e t by f o l l o w i n g the same 

st e p s as we do i n f 1.0.3. I n f a c t one f i n d s [ 1 8 ] : 

( 1 1 ) d£(q,p;8 ,T i ) = { F , H } - + i i £ 
d t dt 

Where the { , }' r e p r e s e n t s the graded Poisson b r a c k e t , which i s 

d e f i n e d as f o l l o w s : 

( 1 2 ) { F, G } • : = 2 ( dG dF. - ^ i f l ) - 2 ( dG_ an + ^ dL > 

i d q i ( i p i d p i d q i a dQadna dna dQa 

Where F F(q,p;e,Ti) and G - G(q,p.;e,Tc) are two f u n c t i o n s on the 

graded phase space. As i t t u r n s out [ 1 7 ] , t h i s d e f i n i t i o n (12) i s 

o n l y v i a b l e f o r the case when the f u n c t i o n G i s even (commutative). 

To d e a l w i t h the o t h e r a l t e r n a t i v e s , we r e q u i r e our graded br a c k e t 

t o s a t i s f y an a d d i t i o n a l c o n d i t i o n . We demand t h a t i f | i i s some odd 

parameter, then: 

( 1 3 ) u { E . 0 } ' { uE . 0 } ' = { E , uO } ' 

Where E i s some even f u n c t i o n of (q i, p j ; So, T t g) and 0 i s some odd 

f u n c t i o n . That i s , we demand t h a t the graded b r a c k e t forms an 

a l g e b r a over a Grassmann r i n g [ 1 7 ] . 
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T h i s e x t r a c o n d i t i o n ( 1 3 ) means t h a t we may now d e f i n e the 

a d d i t i o n a l graded Poisson b r a c k e t s as f o l l o w s [ 1 7 ] : 
( 1 4 ) { O . E } ' : = 2 ( ^ i E - i [ E ^ ) - 2 ( ^ d E + ^ ^ ) 

i dq i ̂ p i d<3 i dP i <3 d9a dna dQa dna 

( 1 5 ) { E,0 }• := S (_^ - ^ ^ ) + 2 iM. iO + 60 dE ) 
i dqi ̂ p i d q i d p i a d9a ana d9a dna 

( 1 6 ) { Oa.Ob } ' := 2 ( ^ ^ O b + ) - 2 ( ̂Oa aOb + aObaOa) 
i i q i ^ p i ( j q i d P i o. dQadTia dQadna 

These d e f i n i t i o n s lead t o the f o l l o w i n g p r o p e r t i e s of the graded 

b r a c k e t under the i n t e r c h a n g e of the v a r i o u s o b j e c t f u n c t i o n s : 

( 1 7 ) { Ea,Eb ) • = - { Eb,Ea }' 

(1 8 ) { E.O }' = - { 0,E }• 

(19 ) { Oa .Ob } ' = { Ob.Oa }' 

Where 0, Oa, Ob are odd; E, Ea, Eb even. This completes the d e f i n ­

i t i o n o f the graded Poisson b r a c k e t (some a d d i t i o n a l p r o p e r t i e s 

of t h e b r a c k e t are s t a t e d i n appendix A). We now look a t the 

group of f i x e d t r a n s f o r m a t i o n s which preserve t h e s t r u c t u r e of 

t h i s b r a c k e t , t h a t i s , t h e group of ' i n f i n i t e s i m a l graded c a n o n i c a l 

t r a n s f o r m a t i o n s ' ( I . G r . C . T . ) . 

2.0.5 Ih$ . . . i n f i n i t L e^Jjiial gradj£ii c a a o n i c a l t r a n s f o r m a t i o n s . 

We d e f i n e the group o f graded c a n o n i c a l t r a n s f o r m a t i o n s i n a 

s i m i l a r way as we d i d b e f o r e i n ̂  1.0.4, only t h i s time making the 

g e n e r a t i n g f u n c t i o n graded even. Thus we have the f o l l o w i n g d e f i n ­

i t i o n f o r a graded c a n o n i c a l t r a n s f o r m a t i o n (Gr.C.T.): 

D..el: i n i t i o n 

A graded c a n o n i c a l t r a n s f o r m a t i o n i s a t r a n s f o r m a t i o n 

of the fundamental v a r i a b l e s ( q i ; q j ; 9 a , 8 0 ) such t h a t the new and 

o l d Lagrangian f u n c t i o n s d i f f e r by at most a t o t a l time d e r i v a t i v e 

of some a r b i t r a r y f u n c t i o n f , say. That i s , we have a t r a n s f o r m a t i o n 

( 2 0 ) ( q i . q j ; e a , 9 0 ) ---> (q ' i , q ' j;9'a,8'0) 

( 2 1 ) L(q,q;8,e) —-> L ' (q ' ,q';8',9') 

where i , j . = l , . . . , n and a,0 = 1,...,N, and such t h a t : 
( 2 2 ) L-(q'.q';e',6') = L(q,q;8,e) - dKq . q ' ; 8 . 9 ' ) 

d t 
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By d i f f e r e n t i a t i o n t h i s produces the f o l l o w i n g r e l a t i o n s h i p s [ 1 8 ] : 

( 2 3 ) d p ' i = - ^ , dE.i = i f . i = l , . . . , n d p ' i = - M. 
d t dq ' i 

( 2 4 ) diL'a = 
d t d9a 

dE.i = i f . 
d t eqi 

dTta = i f . 
d t d9a 

a = 1, . . . ,N 

Using ( 8 ) t h i s i s e q u i v a l e n t to:. 

( 2 5 ) H'(q',p';9',Tr') = H(q.p;9,7i) + ^ 

at 

One can show [ 1 8 ] t h a t the c l a s s o f I.Gr.C.T. which do not change the 

graded c h a r a c t e r o f the fundamental v a r i a b l e s may a l l be generated . 

by even f u n c t i o n s d e f i n e d on graded phase space. That i s i f : 

( 2 6 ) q i = q ' i + 5 q i , p i = p ' i + 5 p i 

( 2 7 ) 9a 9'a + 69a , na = n'a + dna 

where 6 q i , 5 p i commute and 59a,5Tr.a anticommute, then: 
( 2 8 ) H = H' + i Z 

dt 

w i t h F = F(q,p;8,Ti) and i s even, and F - 1 ( 5 q i p i + fiearra) - f . 
i ,a 

The v a r i a t i o n of a g e n e r a l f u n c t i o n on graded phase space under 

t h e t r a n s f o r m a t i o n (26,27) i s : 

(29: G(q,p;9,Tt) •> G + 6G where 6G = { G,F }' 

Where { , }' r e p r e s e n t s t he graded Poisson b r a c k e t . 

The group t h e o r y of these i n f i n i t e s i m a l t r a n s f o r m a t i o n s i s 

di s c u s s e d i n d e t a i l i n [ 1 8 ] . What the work t h e r e demonstrates i s 

t h a t I.Gr.C.T. are those t r a n s f o r m a t i o n s which preserve the graded 

e q u i v a l e n t o f t h e s y m p l e c t i c form i n ̂  1.0.5, which i s the o r t h o -

s y m p l e c t i c form [ 1 8 ] : 

(30) r = 
A i j 

0 

0 

Ba0 

where: 

( 3 1 ) ( A ) i j 
0 1 0 0 

- 1 0 0 0 
0 0 0 1 
0 0-1 0 

(B )a0 
0-1 0 0 
•10 0 0. 
0 0 0-1 
0 0-1 0 

Thus the group which p l a y s the same r o l e i n pseudomechanics as the 

s y m p l e c t i c group does i n c l a s s i c a l mechanics, i s the super L i e 
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group OSp(niN), t h a t i s t h e group o f o r t h o s y m p l e c t i c t r a n s f o r m ­

a t i o n s which preserve the o r t h o s y m p l e c t i c form ( 3 0 ) [ 4 8 ] . 

For f u r t h e r d e t a i l s o f Casalbuoni's work on pseudomechanics 

th e reader should c o n s u l t t h e r e f e r e n c e s g i v e n e a r l i e r i n t h i s 

s e c t i o n , as we now leave t h e i n t r o d u c t o r y m a t e r i a l as i t stands 

and s t a r t on the o r i g i n a l c o n t r i b u t i o n s of t h i s t h e s i s . 

2.1.0 F u r t h e r I n v e s t i g a t i o n i n t o the Graded Poisson Bracket. 

I n t r o d u c t i o n 

I n t h i s s e c t i o n we i n v e s t i g a t e some f u r t h e r p r o p e r t i e s of 

th e graded Poisson b r a c k e t (G.P.B.) w i t h a view t o d e t e r m i n i n g t o 

what e x t e n t Casalbuoni's d e f i n i t i o n of the brac k e t (12,14,15,16) 

i s c o n s i s t a n t , when i t i s used i n the c o n s t r u c t i o n of graded general­

i s a t i o n s of some of the s t r u c t u r e s i n t r o d u c e d i n Part I . The f i r s t 

s t r u c t u r e we attempt t o ap p l y Z 2 g r a d i n g t o i s the Hami l t o n i a n 

v e c t o r f i e l d of o 1.2.3. What we d i s c o v e r i s t h a t a s i n g l e graded 

v e r s i o n o f t h i s v e c t o r f i e l d i s n o t enough t o enable the r e p r o ­

d u c t i o n o f b a s i c p r o p e r t i e s t h a t a g e n e r a l i s a t i o n shouId possess, i n 

o r d e r t o be c o n s i s t e n t w i t h the d e f i n i t i o n of the G.P.B. 

T h i s leads t o the i n t r o d u c t i o n of the n o t i o n of ' l e f t a c t i n g ' and 

' r i g h t a c t i n g ' v e c t o r f i e l d s , which are a fundamental f e a t u r e 

of t h e geometry of spaces which i n v o l v e anticommuting v a r i a b l e s . 

A l t h o u g h we a r r i v e a t t h i s c o n c l u s i o n i n d e p e n d e n t l y , and p u r e l y 

t h r o u g h the s t u d y of graded analogues t o c l a s s i c a l 'phase space', 

t h i s c l a i m i s supported elsewhere [ 1 5 , 2 2 ] , and i n a f a r more r i g ­

orous s e t t i n g than we use here. We s t a r t by t r y i n g t o f i n d a 

c o n s i s t e n t Z2graded H a m i l t o n i a n v e c t o r f i e l d . 

2.1.1 A_-Z2 graded analogize of the H&iDjU±Qiiian vector f i e l d . 

I n ^ 1.2.3 of t h i s t h e s i s , we saw t h a t t h e r e i s a n a t u r a l geo­

m e t r i c a l way i n which t o imagine t h e a p p l i c a t i o n of a r e g u l a r 

i n f i n i t e s i m a l c a n o n i c a l t r a n s f o r a m t i o n (I.C.T.) t o some dymamical 

system. T h i s i s through t h e i n t e g r a l curves of some s u i t a b l y 

smooth and w e l l d e f i n e d H a m i l t o n i a n v e c t o r f i e l d (H.V.F.) on the 
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phase space of the system. The H.V.F. i s the d i f f e r e n t i a l o p e r a t o r 

a s s o c i a t e d w i t h some w e l l d e f i n e d f u n c t i o n f € F(M) on phase space, 

which maps some o t h e r w e l l d e f i n e d f u n c t i o n g € F(M) onto the 

Poisson b r a c k e t between i t s e l f and f . Thus, i f f , g e F(M) then: 

( 1 ) Hf : g ---> { g . f } 

Where Hf i s the H a m i l t o n i a n v e c t o r f i e l d a s s o c i a t e d w i t h f e F(M). 

I n terms of the n a t u r a l c o - o r d i n a t e b a s i s ( . , q i p j , . . ) on phase 

space M, the H.V.F. has the f o l l o w i n g form: 

( 2 ) Hf = 2 1 £ i ! _ - ^ d _ , i = l , . . . , n . 
i d Pidqi d q i d p i 

The f i r s t aspect of t h e d e f i n i t i o n i n ci 2.0 of the graded Poisson 

b r a c k e t we wish t o e x p l o r e , i s t o descover i f i t i s p o s s i b l e t o 

c o n s i d e r t h i s b r a c k e t d e f i n i t i o n as a r i s i n g i n a s i m i l a r manner 

from some graded analogue of the H.V.F. 

Rather than d e l v i n g d e e p l y i n t o the p r e c i s e n a t u r e o f the space 

which i s bei n g d e a l t w i t h here, we decide t o proceed i n a more 

p e d e s t r i a n manner u s i n g the c o n s t r u c t i o n s i n t r o d u c e d i n P a r t I 

as a gu i d e . I n ; j 2.0 we saw t h a t t h e r e i s a graded v e r s i o n of 

phase space which i s d e s c r i b e d by graded v a r i a b l e s (q i , p j ; Sa , Tt(3) , 

w i t h i . j . = 1 n and a,B - 1,...,N, and where the ( q i . p j ) 

commute and the (8a,Tt0) anticommute. Although we haven't d e f i n e d 

e x a c t l y what t h i s means i n a mathematical sense, we assume t h a t 

these v a r i a b l e s r e p r e s e n t some form of l o c a l expression f o r the 

n a t u r a l c o - o r d i n a t e s o f an o b j e c t we c a l l a 'super phase space' 

( t h i s approach i s made r i g o r o u s i n [ 2 2 ] ) . We assume t h a t i t i s 

p o s s i b l e t o express t h i s super phase space i n a g l o b a l l y w e l l 

d e f i n e d manner, as i t i s f o r a normal s y m p l e c t i c m a n i f o l d , but 

at t h i s stage we don't know how t o do t h a t . A l l we have are l o c a l 

c o - o r d i n a t e expansions. V e c t o r s i n t h i s approach we assume, f o r 

ti m e b e i n g , are d e r i v a t i v e o p e r a t o r s w i t h r e s p e c t t o the n a t u r a l 

super phase space (S.P.S.) v a r i a b l e s ( q i , p j ; 8a, TT:3 ) , as they are on 

a l o c a l c o - o r d i n a t e p a t c h of a normal m a n i f o l d (we w i l l say more 
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about t h i s l a t e r t h o u g h ) . Using o n l y t h i s l i m i t e d machinery i s i t 

now p o s s i b l e t o c o n s t r u c t a c o n v i n c i n g Z2graded g e n e r a l i s a t i o n t o 

the H.V.F.? Any g e n e r a l i s a t i o n t o the H.V.F. we produce must r e f l e c t 

the above p r o p e r t y ( 1 ) o f Hf i n some way. That i s , i f we denote the 

graded H a m i l t o n i a n v e c t o r f i e l d (G.H.V.F.) ass o c i a t e d w i t h some 

Z2graded f u n c t i o n f on S.P.S. by $ f , then we demand t h a t : 

( 3 ) $ f : g ---> { f , g }' 

Where now f , g are b o t h Z2graded f u n c t i o n s and { , }' re p r e s e n t s 

t h e g r a d e d Poisson b r a c k e t d e f i n e d i n § 2.0. Thus we r e q u i r e t h a t 

t h e G.H.V.F. a s s o c i a t e d w i t h the graded f u n c t i o n f must map any 

graded f u n c t i o n g on S.P.S. t o the graded Poisson bracket between 

f and g. Thi s seems t o be a reasonable request t o make of any 

ca n d i d a t e G.H.V.F. 

Looking a t t h e e x p r e s s i o n f o r the graded Poisson b r a c k e t i n 

jo 2.0.4 the n a t u r a l guess t o make f o r the G.H.V.F.is the f o l l o w i n g : 

( 4 ) $ f : = 2 ( l f . f i _ - i f . e i _ ) - 2 ( ^ ^ + M < 5 _ ) 
i dpiaqi dqidpi a dna d9a d9a dita 

Where the f i r s t term i n b r a c k e t s i s the normal H.V.F.(2) c o n t r i b ­

u t e d from the even c o - o r d i n a t e s ( q i , p j ) , and the second term i s the 

odd e x t e n s i o n a s s o c i a t e d w i t h the c o - o r d i n a t e s (9a,Tr0). I f t h i s i s 

used as a d e f i n i t i o n f o r the G.H.V.F. $ f , does i t then s a t i s f y the 

requ i r e m e n t ( 3 ) c o n s i s t e n t l y f o r a l l p o s s i b l e choices of c h a r a c t e r 

f o r the graded f u n c t i o n s f and g ? We now examine the separate 

cases which occur: 

A) Suppose we take f t o be an even g e n e r a t o r f u n c t i o n on S.P.S. 

and g t o be even a l s o . Then: 
5>f(g) : = ( i f M - M i i ) - ( e f ^ + i f M ) 

apidqi dqidpi dna ida dQa inza 
= ( i g d f - d f i g ) + ( d g d f - d f i g ) 

aqidpi aqidpi d 9 a i b T i a d9ad'n;a 

= + { g . f }' . since the f , g anticommute. 

B) Now take the case when f i s even, but g i s odd: 

$ f ( g ) : = ( i f d g - i l i i ) - ( d | d g + . ^ i M ) 
dp i dq i dq i dp i d8a dna d8a dita 

-- 78 --



= ( i i ^ - j f ^ ) - ( i i ^ + _tf te) 
d q i d p i d q i d p i dSadita d8a dna 

= + { g , f }' 

So when the g e n e r a t o r f u n c t i o n f i s even, the d e f i n i t i o n ( 4 ) f o r 

the G.H.V.F. $ f i s s a t i s f a c t o r y . U n f o r t u n a t e l y d i f f i c u l t i e s occur 

when we take the g e n e r a t o r f u n c t i o n f t o be odd. To see t h i s : 

C) When g e n e r a t o r f u n c t i o n f i s odd, but g i s even: 
( 5 ) ^ f ( g ) := ... ̂  ( dg df - i f M > - ̂'M + .^f ) 

dqid p i d q i d p i dSa dtra d8adTta 
and f i n a l l y , 
D) With b o t h g e n e r a t o r f u n c t i o n f and g odd: 

( 6 ) ^ f ( g ) ... = - ( i g i f + i l d g ) - ( d f dS + dS d f ) 
dq i d p i d q i d p i dSadTta d 8 a d T i a 

We can see now t h a t b o t h (C) and (D) are a d e p a r t u r e from equation 

( 3 ) , because the r e l a t i v e s i g n s between t he f i r s t and second terms 

of ( 5 ) and ( 6 ) have changed, when compared t o the corresponding 

d e f i n i t i o n s (.15) and (1 6 ) i n j> 2.0 f o r the {Even, Odd}'and {Odd,Odd}' 

b r a c k e t s r e s p e c t i v e l y . I t i s not s u r p r i s i n g t h a t we have encountered 

some d i f f i c u l t y when d e a l i n g w i t h a g e n e r a t o r f u n c t i o n whose 

c h a r a c t e r i s odd. Th i s i s because an anticommuting generator f u n c t i o r 

a c t u a l l y changes the c h a r a c t e r of the v a r i a b l e on which i t oper­

a t e s , s i n c e : 

( 7 ) {Even,Odd]' = Odd 

T h i s means t h a t I.Gr.C.T. generated by these f u n c t i o n s mix the odd 

and even s e c t o r s of the super phase space, i n a c t i o n s i m i l a r t o 

the odd g e n e r a t o r s o f a supersymmetry a l g e b r a [ 5 ] . A l l t h i s leads 

us t o conclude t h a t d e f i n i t i o n of the G.H.V.F. we have used i n ( 4 ) 

i s o n l y a s u i t a b l e c a n d i d a t e when the ge n e r a t o r f u n c t i o n i s even. 

When the g e n e r a t o r f u n c t i o n i s odd, the c h a r a c t e r of the f u n c t i o n 

b e i n g operated on i s e f f e c t i n g the outcome of the signs i n the 

f i n a l e x p r e s s i o n . Since i t i s neccessary t h a t a s u c c e s s f u l c a n d i ­

d a t e G.H.V.F. must be independent of the c h a r a c t e r of the o b j e c t 

f u n c t i o n which i t operates on, i t f o l l o w s t h a t d e f i n i t i o n given 

i n ( 4 ) w i l l n o t s u f f i c e . 

-- 79 --



B e f o r e making another guess a t the G.H.V.F. f o r the case of an odd 

g e n e r a t o r f u n c t i o n , f i r s t we l o o k a l i t t l e more c a r e f u l l y a t what 

i s meant by d i f f e r e n t i a t i o n o f , or by, graded o b j e c t s . T h i s i s 

covered i n Berezin's book [12] and which we f o l l o w here. I n t h i s , 

i t i s made c l e a r t h a t two e q u i v a l e n t d e f i n i t i o n s of d i f f e r e n t ­

i a t i o n by Grassmann l i k e o b j e c t s are p o s s i b l e . Since i n g e n e r a l 

a f u n c t i o n of Grassmann v a r i a b l e s may be thought of as being a 

f i n i t e power expansion i n those v a r i a b l e s , a l l we need c o n s i d e r 

th e d i f f e r e n t i a t i o n of i s a term l i k e : 

(8) AaB...u(6aeB...eu) , w i t h P terms, where a,0,u = 1,...,N>P 

AaB...u i s a r e a l v a l u e d f u n c t i o n of the even fundamental S.P.S. 

v a r i a b l e s ( . . , q i , - ; . , p j , . . ) , and which i s t o t a l l y a n t i s y m m e t r i c 

i n the i n d i c e s a,B,..,u . 

The d i f f e r e n t i a t i o n of an exp r e s s i o n l i k e (8) by a Grass­

mann v a r i a b l e , 65 say, may be approached i n two ways [12]. E i t h e r 

by d e f i n i n g ' d i f f e r e n t i a t i o n t o the r i g h t ' , thus: 
> 

( 9 ) d_(AaB..TuSaeB..ereu) := Aa...u(5a6 8B...8u - 5B6 Ba...8u + 
• dQd 

P-1 
.+ (-1) 6u5 8a. . .8T ) 

That i s , you permute each s u c c e s s i v e term t o the extreme l e f t hand 

s i d e of the p o l l y n o m i a l , and then r e p l a c e i t by a Kronecker d e l t a . 

Or a l t e r n a t i v e l y , you can d e f i n e ' d i f f e r e n t i a t i o n t o the l e f t ' by: 
< 

( 1 0 ) (AaB . . Tuea8{5. . 8 T e u ) ^ := Aa...a(5u5 Sa . . . ST - 6T6.ea...eu + 
d85 

P-1 
+ (-1) 5a6 80. . .8M) 

T h i s time successive terms have been permuted to the extreme r i g h t 

hand s i d e and then r e p l a c e d by a Kronecker d e l t a . We i l l u s t r a t e 

t hese two processes by a simp l e example. Suppose we only have two 
Grassmann elements 8 and 8, then: 

> < 

_ i ( 8, 82 ) = 82 , (8, 82 )d_ = - 8̂  
dB] d8i 

(11) 
> < 

_A(ei 82) = - 8, , (8^ 82 )i. = e, 
^82 ^82 
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That i s here l e f t and r i g h t d e r i v a t i v e s d i f f e r by a s i g n . 

I n f a c t we can w r i t e down the g e n e r a l r e l a t i o n s h i p between the 

l e f t and r i g h t d e r i v a t i v e . I t i s : 

( 1 2 ) i Z H (-1) ' ^ F l 

i.A ( -1 dA 

Where |F|, |A( are the c h a r a c t e r s of F and A r e s p e c t i v e l y . When 

a graded f u n c t i o n F i s even, then |F| = 0. When F i s odd then 

|F| = 1. 

Note t h a t t h e o n l y case which does i n c o r p o r a t e a s i g n change i s 

when F i s even and A i s odd. That i s |F| = 0, |A| = 1. 

Now t h a t we have a b e t t e r u n d e r s t a n d i n g of what i s meant by the 

d i f f e r e n t i a t i o n i n the c o n t e x t of Z2graded v a r i a b l e s , we r e t u r n 

t o t h e problem of d e f i n i n g a graded v e r s i o n of the H.V.F. What we 

d i s c o v e r i s t h a t i t i s p r e c i s e l y the s i g n changing p r o p e r t y of 

the l e f t - h a n d e d d e r i v a t i v e i n the case of two even f u n c t i o n s which 

i s r e q u i r e d t o d e f i n e the G.H.V.F. f o r the case when the g e n e r a t i n g 

f u n c t i o n i s odd. I n f a c t t h e d e f i n i t i o n of the G.H.V.F. a p p l i c a b l e 
t o t h i s s i t u a t i o n i s the f o l l o w i n g : 

< < < < < < < < 

( 1 3 ) f $ ( d _ f d _ - e_fd_ ) - (d _ f - L + ^ f ^ ) 
dqi d p i dpi '^qi Q̂a dria dna d 8a 

where we have i n t r o d u c e d some new n o t a t i o n . The g e n e r a t o r f u n c t i o n 

f now appears t o the l e f t of $ t o i n d i c a t e i t i s odd and t h a t 

we are now d e a l i n g w i t h v e c t o r f i e l d s which act t o the l e f t . To 

t h a t t h i s does s o l v e the problem, we c a l c u l a t e : 

A) When the g e n e r a t o r f u n c t i o n f i s odd, and g i s even: 
< < < < < < < < 

( g ) f $ — ( g i . fd_ - gd. fd_ ) - ( gd. a + gd fd ) 
dqi d p i dpi d q i d8a d ira dtta d8a 

(1 4 ) = ( ^ ^ - j j g ^ ) + ( ^ d L + M i f ) 
dqi dpi dpi dqi dSadita dTtadSa 

= { g , f }' as r e q u i r e d . 

B) When g e n e r a t o r f and g are both odd: 
< < < < < < < < 

( g ) f $ ••= ( g d _ f ^ - g d _ f d ) - ( g d . L ^ + g d f d ) 
d q i d p i d p i d q i dSa dna d^a dKa 
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( 1 5 ) =...-{ g , f } as r e q u i r e d . 

So, i n order t o i n c o r p o r a t e t h e c h a r a c t e r changing p r o p e r t i e s of 

an odd ge n e r a t o r embodied by e q u a t i o n ( 7 ) , we must i n t r o d u c e 

th e n o t i o n of d i f f e r e n t i a t i o n t o the l e f t and ' l e f t handed' v e c t o r 

f i e l d s . T h i s d e v i c e n a t u r a l l y t a kes care of the graded c h a r a c t e r 

of the f u n c t i o n b e i n g operated on, as a candidate G.H.V.F. should. 

Thus, i n a t t e m p t i n g t o .generalise the idea of the Hamiltonian 

v e c t o r f i e l d t o a Z2 graded environment, we have come across an 

i m p o r t a n t s t r u c t u r a l c l u e as t o the n a t u r e of d i f f e r e n t i a l geo­

metry on t h i s t y pe o f graded space. V e c t o r s , i t appears, come 

i n two d i s t i n c t t y p e s : ones b u i l t from d e r i v a t i v e s which a c t t o 

the r i g h t , and ones b u i l t from d e r i v a t i v e s which act t o the l e f t . 

C l e a r l y the i d e n t i t y ( 1 2 ) enables one to move between these two 

spaces when the v a r i a b l e s are homogeneous. I n order t o c o n s t r u c t 

graded H a m i l t o n i a n v e c t o r f i e l d s on these spaces, both l e f t and 

r i g h t a c t i n g v e c t o r s are r e q u i r e d . The r i g h t a c t i n g v e c t o r s are 

employed f o r G.H.V.F.s a s s o c i a t e d w i t h even, commuting, generator 

f u n c t i o n s and which we denote by $ f , and l e f t a c t i n g v e c t o r s are 

employed f o r G.H.V.F.s a s s o c i a t e d w i t h odd, anticommuting, gener­

a t o r f u n c t i o n s , which we denote by f $ . Although we came across 

these idea's i n d e p e n d e n t l y t h e y were not w h o l l y w i t h o u t precedent. 

B e r e z i n [ 1 3 ] i n t r o d u c e s two types of 1-form on h i s s u p e r m a n i f o l d , 

and t h e e x i s t a n c e of b o t h l e f t and r i g h t g e n e r a t o r s t o super L i e 

a l g e b r a ' s [ 5 ] again i n d i c a t e d t h a t t h i s was the r i g h t d i r e c t i o n t o 

t a k e . L a t e r d i s c o v e r y of De W i t t ' s work [ 2 2 ] confirmed t h i s . 

I n the next s e c t i o n we s t a r t t o e x p l o r e the p r o p e r t i e s of 

the G.H.V.F.s ( 4 ) and ( 1 3 ) , t o d i s c o v e r t o what e x t e n t f f and f $ 

p l a y a r o l e s i m i l a r t o t h e i r c l a s s i c a l c o u n t e r p a r t Hf i n §> 1.2.3. 

2.1.2 Propertie?^ o f the G.H.V.F.s f f and f $ . 

I n §> 1.2.3 we saw t h a t key p r o p e r t y of H.V.F. 's i s t h a t they 

f o r m a L i e a l g e b r a whose co m b i n a t i o n p r i n c i p l e i s a Poisson bracket 

T h i s i s one way t o t h i n k o f th e Poisson b r a c k e t between two 
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f u n c t i o n s : as r e s u l t i n g from the L i e commutator between the two 

c o r r e s p o n d i n g H.V.F.'s, s i n c e we have from ^ 1.2.3: 

( 1 6 ) [ Hf,Hg ] = - H { f , g } 

where f , g € F(M) and Hf,Hg are the H.V.F.'s associated w i t h f and g. 

How then does t h i s r e l a t i o n s h i p g e n e r a l i s e t o the case of the 

G.H.V.F.s $ f and f $ ? L e t us examine t h e case of the r i g h t a c t i n g 

f i e l d $ f f i r s t . 

2.1.3 The R i g h t - a c t i n g f i e l d $ f . 

We f i r s t must d e f i n e the graded commutator between two r i g h t -

a c t i n g graded v e c t o r f i e l d s V and W, say. Since a r i g h t - a c t i n g 

f i e l d by d e f i n i t i o n maps a graded f u n c t i o n onto another graded 

f u n c t i o n by a c t i o n on the r i g h t , we may appeal t o the e a r l i e r 

d e f i n i t i o n of the commutator b r a c k e t i n ̂  1.1.1 and d e f i n e : 
> > > > > > 

( 1 7 ) [ V,W ] ' ( f ) :r V(Wf) - W(Vf) 

Where V and W are graded v e c t o r • f i e I d s , f i s a graded f u n c t i o n 

and [ , ] ' r e p r e s e n t s the graded commutator b r a c k e t s . I n component 

fo r m t h i s i s : 
IViiWil 

( 1 8 ) [ V i ^ , W j ^ ] ' = 1 (Vi.^VLi e_ - (-1) WjdVid_) 
dai d8.j i . j ̂ laiaaj (-i)l3illaj| d a j d a i 

( |Wj( + t V i | + ( a i | + l a j I ) 
Where V = V i , W = Wj and e - (-1) . 
Note: e - 1 when V and W are bot h r i g h t - a c t i n g G.H.V.F.s. 

The f a c t o r i n f r o n t o f the second p a r t o f the expression a r i s e s 

by the re q u i r e m e n t t h a t the terms which are second order i n 

d e r i v a t i v e s must c a n c e l . For the s i t u a t i o n when V and W are two 

r i g h t - a c t i n g G.H.V.F.s $f and $g, say, we have: 

( 1 9 ) [ f f , $ g ] ' = 
> > > > > > > > > > > , • > > > , • > > 

d p i d q i J q i d p i dua i58a dSadiTa d q i d p i d p i d q i dQadna dT^ad&a 
> 

L e t us now look a t the c o e f f i c i e n t s of the o p e r a t o r d _ ; th e r e are 
a8a 

e i g h t c o n t r i b u t i o n s t o i t (and o m i t t i n g the a r r o w s ) : 
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( M AIZ. + i f d̂ g ) - ( i f -dig: + dg ^ ) +. . 
dPOfi'^Od'^a dq i dpi i3Tia d p i d q i ^ n a d q j dpj dTta 

..+ ( i f AIM. - Ji££. ) + ( d f _ i f g - ^ J>il ) 
de^dTCfidTta dTttJ aeBdita dTt0d80dTia d80dTt6dn:a 

C o l l e c t i n g t o g h e t h e r and r e a r r a n g i n g the f i r s t and second, t h i r d 

and f o u r t h , terms o f ( 2 0 ) we see t h a t t h i s does indeed come t o : 
> > 

( 2 1 ) + A_{ f . g 

W i t h o u t v e r i f y i n g the o t h e r terms here, one can c a r r y on and prove 

t h e f o l l o w i n g r e s u l t : 

( 2 2 ) [ $ f , $ g ] • = - $ { f , g } -

A v e r s i o n of t h i s r e s u l t o c curs i n Kostant's review [ 4 0 ] , though 

t h e r e t he u n d e r l y i n g space i s s u b s t a n t i a l l y d i f f e r e n t from the 

one we employ here. I t m i g h t seem somewhat of a m i r a c l e t h a t two 

such s i m i l a r l o o k i n g r e s u l t s occur i n such d i v e r s e t h e o r e t i c a l 

background. The reason f o r t h i s w i l l be discussed a t the end 

o f t h i s s e c t i o n . We now c o n t i n u e by examining the case of the 

graded commutator between two l e f t - a c t i n g f i e l d s f $ and g$. 

2.1.4 TJie_L5-LL-acting f i e l d f ^ 

c < 
I f V and W are now two l e f t - a e t i n g v e c t o r f i e l d s (denoted by 

th e a r r o w s ) , then we may d e f i n e the graded commutator b r a c k e t 

between them as b e i n g : 
< < < < < < 

( 2 3 ) ( f ) C V,W ] - := (fV)W - (fW)V 

where f i s some 22 graded f u n c t i o n on super phase space. By doing 

a s i m i l a r c a l c u l a t i o n t o ( 2 0 ) one may v e r i f y t h a t the f o l l o w i n g 

r e l a t i o n s h i p h o l d s : 

- ( 2 4 ) ( h ) [ f$,g$ ] ' = - $ { f . g } ' ( h ) 

Where; | f | = |g| = 1, |h| = 0 , 1 and f , g, h are Z2.graded 

f u n c t i o n s on S.P.S. N o t i c e t h a t because the graded Poisson b r a c k e t 

o f t he odd f u n c t i o n s f and g i s i t s e l f an even f u n c t i o n , i t appears 

on t h e r i g h t hand s i d e o f t h e $. What t h i s means i s t h a t the r e l -

s i o n s h i o p (24) has s e t up an isomorphism between the spaces of l e f t -
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a c t i n g and r i g h t - a c t i n g v e c t o r f i e l d s . Thus we may w r i t e : 

( 2 5 ) [ f$,g$ ] ' - $ { f ,g} ' 

Which i s the l e f t - a c t i n g e q u i v a l e n t of the r i g h t - a c t i n g e q u a l i t y 

g i v e n i n ( 2 2 ) . 

We now t u r n our a t t e n t i o n t o the f i n a l p o s s i b i l i t y , which i s 

th e graded commutator b r a c k e t between a l e f t - a c t i n g and a r i g h t -

a c t i n g G.H.V.F. 

2.1.5 L e f t - a c t i n g and R i g h t - a c t i n g f i e l d s . 

T h i s i s the most i n t e r e s t i n g case i n t h a t i t i m p l i e s an i n t e r ­

a c t i o n between the odd and even s e c t o r s , which i s needed i n a 

non t r i v i a l way f o r supersymmetry t o be p o s s i b l e . F i r s t of a l l 

we must d e f i n e the graded commutator b r a c k e t between a l e f t -

a c t i n g and a r i g h t - a c t i n g v e c t o r f i e l d . As i t t u r n s out t h i s 
> 

i s s i m p l e r than might a t f i r s t be expected. I f V i s some r i g h t -
< 

a c t i n g v e c t o r f i e l d , and W i s some f i e l d a c t i n g t o the l e f t , 

t h e n we may d e f i n e t h e graded commutator b r a c k e t s between these 

two f i e l d s as f o l l o w s : 
> < > < > < 

(••26) ( h ) [ V,W ] - : ̂  (Vh)W - V(hW) 
Where |h| = 0, 1, i s some Z2graded f u n c t i o n on S.P.S. I f we now set 

V = $ f f o r | f | - 0, and W = g$ f o r |gi = 1, then we may compute 

th e b r a c k e t : 

( h ) [ ^ f ,g$ ] - f o r I hi = 0,1 . 

A f t e r some c a l c u l a t i o n s i m i l a r t o ( 2 0 ) , but made more t r i c k y by 

the presence of b o t h l e f t and r i g h t a c t i n g d e r i v a t i v e s - f o r 
< > 

example the terms c o r r e s p o n d i n g t o the c o e f f i c i e n t s of d. 6 
de ae 

f o r t h e case |h| = 0 above are: 
:> < > . < > < > < > < > < > < > < 

+ df hd d^d_ - _d_f hd digd_ -dff d_ dh g^ + _df d_ i h gd_ 
dp de dqdTt dq de apa^^ dudq ae ap di^dp ae aq 

> < > < > < > < > < > < > < > < 
- a 2 _ f d _ i h g d + _dfhd^digd_ - d i f d _ l h g d + i f h d _ ^ d _ 

dTide ae dti dn de aedn: tKdn ae ae de ae d-ndK 
We f i n d t h a t t h e f o l l o w i n g r e l a t i o n s h i p holds t r u e : 
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(27) ( h ) [ $ f , g f ] - := ( $ f ( h ) ) g $ - $ f ( ( h ) g f ) 5 ( h ) { f , g } ' $ 

f o r any Z2graded f u n c t i o n h, where |h| =0,1 and where | f | = 0 

and |g| = 1. 
These t h r e e r e l a t i o n s h i p s (22),(25) and (27) r e p r e s e n t the 

the g e n e r a l i s a t i o n o f the H.V.F. r e l a t i o n s h i p (1) t o case o f the 

G.H.V.F. The f a c t t h a t one i s able t o do t h i s makes the need f o r 

the presence of l e f t and r i g h t a c t i n g v e c t o r f i e l d s on t h i s type of 

super phase space u n c o n t r i v e d . I t a l s o makes i t p o s s i b l e t o c a r r y 

out n o n - t r i v i a l supersymmetry t r a n s f o r m a t i o n s on the S.P.S., i n a 

way t h a t p r e s e r v e s t he graded Poisson b r a c k e t , but we w i l l d i s c u s s 

t h i s i n f 2.4.2. I n the n e x t s e c t i o n we explor e the p r o p e r t i e s of 

the graded Poisson b r a c k e t under a change of v a r i a b l e s , ' w i t h a 

view t o g e n e r a l i s i n g , t he ' f u n c t i o n o f a f u n c t i o n ' r u l e (32) i n 

" 1.0.5. As we w i l l see, once again we are lead t o the n a t u r a l 

employment of l e f t - a c t i n g and r i g h t - a c t i n g d e r i v a t i v e s i n d e r i v i n g 

the graded g e n e r a l i s a t i o n s t o t h i s c l a s s i c a l r e l a t i o n s h i p . 

2.i;6 A graded i d e n t i t v . 

I n t r o d u c t i o n 

I n f 1.0.5 a well-known Poisson b r a c k e t i d e n t i t y was 

s t a t e d , namely: 
(28) { F,G ) E d£ { ra,rb )dR , where Fa = r a ( q : p ) . 

dPa dPb 

T h i s i s an i m p o r t a n t i d e n t i t y and which i s used, f o r example, i n 

the p r o o f of t h e f u n c t i o n group theorems [27]. I n t h i s s e c t i o n 

we i n v e s t i g a t e t he graded g e n e r a l i s a t i o n of t h i s i d e n t i t y and show 

t h a t i t has an e l e g a n t d e s c r i p t i o n i n terms of l e f t and r i g h t 

a c t i n g d e r i v a t i v e s . And t h a t one i s ' n a t u r a l l y l e d t o i n t r o d u c e a 

" l e f t - r i g h t t e n s o r " s i m i l a r t o those t h a t appear i n [22]. This 

leads t o the concept of the a graded g e n e r a l i s e d Poisson b r a c k e t . 
The graded T a y l o r ' s theorem 

To prove a graded v e r s i o n o f (28) we must con s i d e r what i t 

i s we mean by a graded f u n c t i o n o f a graded f u n c t i o n s and, i n 

-- 86 --



p a r t i c u l a r , whether i t p o s s i b l e t o use a graded v e r s i o n o f T a y l o r ' s 

theorem. These q u e s t i o n s are covered more f u l l y i n [ 2 2 ] , or f o r 

a r i g o r o u s t r e a t m e n t see A.Roger's paper [49]. Here we c o n f i n e 

o u r s e l v e s t o some elementary c o n s i d e r a t i o n s . 

Suppose we have some c o l l e c t i o n o f n Z2graded f u n c t i o n s f a , where 

a = l , . . . , n , f a = f a ( q i ; p j ; e a ; ) , w i t h a,B - l,...,n'> n and 

where (Qa,nB>) t o g e t h e r form a Gn ' . n ' Grassmann a l g e b r a . L e t us now 

c o n s i d e r f u n c t i o n s F ( f a ) o f these f u n c t i o n s ( f a ) . How may we 

d i f f e r e n t i a t e F ( f a ) w i t h r e s p e c t t o the v a r i a b l e s (ea,Tta)? I t can 

be shown [ 4 9 ] t h a t the ' f u n c t i o n of a f u n c t i o n ' r u l e f o r d i f f e r ­

e n t i a t i o n works i n the graded case, p r o v i d e d we can s p l i t up the 

f u n c t i o n s f a i n t o odd and even s e c t o r s . That i s , we r e o r d e r the ( f a ) 

i n t o t h e d i s j o i n t s e t s ( f s ; 0 s ' ) where s - 1,...,N ; s' = 1,...,N' 

w i t h n = N + N', and where | f s | = 0, |0s'.| = 1, f o r a l l s, s'. 

Thus we have: 

( 2 9 ) F ( f a ) B F ' ( f s ; 0 s ' ) 

and where f s = f s( q i ; p j ; 8a ; TT:0 ) , 0s' = 0s ' (q i ; p j ; Sa; ) . 

Graded f u n c t i o n o f a f u n c t i o n d i f f e r e n t i a t i o n then becomes: 

( 3 0 ) i£(fs;0s') = M.sA^ + M s ' M 

d8a aeadfs d8a d0s' 

Where i t i s i m p o r t a n t t h a t t h i s same o r d e r i n g i s used throughout 

t h e c a l c u l a t i o n o f these e x p r e s s i o n s . I t i s now p o s s i b l e t o 

c a l c u l a t e the graded v e r s i o n o f T a y l o r ' s theorem. Because the 

f u n c t i o n s ( 0 s ' ) are odd, t h e y form a GN ' subalgebra of the Grass­

mann a l g e b r a Gn',n ' , so t y p i c a l l y a f u n c t i o n F ( f s ; 0 s ' ) w i l l have 

t h e form: 

( 3 1 ) F ( f s ; 0 s ' ) = Fs '0s • + F s ' t ' ( 0 s ' . 0 t ' ) +.. .+ Fs ' ...u'(0s'. . .0u') 

Where t h e f u n c t i o n s : Fs'; F s ' t ' ; Fs ' . . . t ' , are a l l Z2graded 

even f u n c t i o n s of f s( q i ; p j ; 8a ; TTB ) t o t a l l y a n t i s y m m e t r i c i n the 

i n d i c e s s ' , t ' , . . . , u ' , up t o a h i g h e s t order n' i n f s ' . A normal 

T a y l o r expansion may now be c a r r i e d out on each successive even 

terra - because each f s i s an even f u n c t i o n of ( q i ; p j ; 0a, TI0 ) , i t 

may p o t e n t i a l l y i n v o l v e a c o m p l e t e l y 'Grassmann f r e e ' l e a d i n g 
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term: the p u r e l y bosonic s e c t o r c o n t r i b u t i o n . 

We now have enough machinery t o c a l c u l a t e a graded v e r s i o n 

of the i d e n t i t y ( 2 8 ) . 

C a l c u l a t i n g the graded i d e n t i t y 

We are now i n a p o s i t i o n t o c a l c u l a t e the graded v e r s i o n of 

t h e i d e n t i t y ( 2 8 ) . Consider a c o l l e c t i o n of Z2graded f u n c t i o n s : 

( 3 2 ) E i = E i ( f s : 0 s ' ) , Tj - r j ( f s ; 0 s ' ) , where i . j = 1,2 

Al s o ( E i | , ( f s ( = 0 and | r i ( , | 0 s ' | = 1, w i t h the f u n c t i o n s 

f s , 0s' being those d e f i n e d above. A f t e r much t e d i o u s c a l c u l a t i o n , 

w i t h g r e a t a t t e n t i o n h a v i n g t o be pai d t o the s i g n s of the v a r i o u s 

terms, we o b t a i n the f o l l o w i n g i d e n t i t i e s : 
{ E-^ ,Ey }' - i E i ^ 2 ^ f s , f t }' + dEi dEyj f s , 0 t ' } ' 

d f s d f l d0s^fs 
( 3 3 ) 

( 3 4 ) 

(35) 

~ ffsBV " 0 s - , 0 t - } ' 

i E,r 5' = ^ ^ f f s , f t }' . ,E ^ ( f s , 0 t - } ' 
^ s i f s d f s d 0 f 

~ ^ f s , 0 t ' } ' ~ 6E dT { 0 s - . 0 t ' } 
^ f ^ t d f s e0se0t-

{ }• . f 3 . f t ] • . a r , i r 2 { f s , 0 t ' } -
^ ^ s d f t dfse0t-

^S^tdfs d0s^0t-

Which as i t stands i t does not have a g r e a t d e a l i n common i n a 

s t r u c t u r a l sense w i t h t he i d e n t i t y ( 2 8 ) . However, w r i t i n g (33,34,35) 

thus : 

( 3 6 ) 

( 3 7 ) 

( 3 8 ) 

{ E i , E 2 } ' = _aE, { f s , f t }'6E2- _dE 1 { 0 s - . f t }'dE2 
dfs 6 f t a0s' e f t 

+ j E i { f s . 0 t ' } ' ^ 2 - ^ 1 { 0 s ' , 0 t ' } ' ^ 2 
) f S a0t ' <)0S ' d0t ' 

{ E,r ) - = aE { f s , f t }'_dr + ^E { f s , 0 t ' } ' ^ 
d f s d f t dfs ?)0t' 

- { 0 s ' , f t }'_ar - aT { 0 s ' , 0 t ' } ' a r 
i 3 0 s ' d f t d0s' a0t' 

f ri } ' = . ^ 1 { f s , f t } 'dT^ + dLi { f s , 0 t ' ) ' d T 2 

3fs d f t afs a 0 t ' 

+ a n { 0 s ' , f t } 'dr2+ J T I { 0 s ' , 0 t ' } '_dr2 
d0s' d f s d0s' d0t' 
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I t now becomes c l e a r t h a t i n order t o b r i n g the troublesome minus 

s i g n s i n t o l i n e , we must use l e f t - a c t i n g d e r i v a t i v e s f o r the l e f t 

hand s i d e term on each of the above b r a c k e t s . This works because 

th e o n l y s i g n changes occur when an odd d e r i v a t i v e acts on an even 

f u n c t i o n . Using t h i s d e v i c e we o b t a i n the expressions: 

< > < > 
{ } ' - Eld. { f s , f t } '112 + Eld { 0s • , f t } •d_E2 

afs a f t d0s' dfs 

( 3 9 ) < > < > 
+ E]d { f s . 0 f } ' d E 2 + I d { 0 s ' , 0 t ' } ' d E 2 

afs a0t' d0s' d0t' 
... and so on. 

Now a l l t he si g n s are homogeneous and p o s i t i v e , which enables us 

t o w r i t e ( 39) i n a s i m i l a r manner t o ( 2 8 ) . We do t h i s by d e f i n i n g 

the v a r i a b l e ( h a ) := ( f s , 0 s ' ) , where a = 1,...,N+N' = n. Now we 

may w r i t e : 
< > 

( 4 0 ) { F,G }' H Fd { ha,hb }'jG 
dha dhb 

which i s the graded v e r s i o n o f ( 2 8 ) . The beauty of t h i s expression 

i s t h a t the graded c h a r a c t e r s of the v a r i o u s f u n c t i o n s which appear 

i n t h e ex p r e s s i o n do not have t o be i n c l u d e d i n an e x p l i c i t manner. 

A l l the s i g n s p r e s e n t i n the expansions (33,34,35) are now taken 

care of by the l e f t - a c t i n g d e r i v a t i v e . Thus we see once again t h a t 

b o t h l e f t - a c t i n g and r i g h t - a c t i n g d e r i v a t i v e s occur n a t u r a l l y when 

one makes statements i n a Z2graded environment. We explo r e some of 

the i m p l i c a t i o n s of t h i s i n the next s h o r t s e c t i o n . 

2.1.7 atmcJbiine^-on Z? graded ph8^g-_space , 

The l a s t t h r e e s e c t i o n s r e p r e s e n t an attempt t o i n t e r p r e t 

t h e graded Poisson b r a c k e t "defined by Casalbuoni [ 1 7 ] i n a more 

' g e o m e t r i c a l ' way - g e o m e t r i c a l i n the sense t h a t the c o n s t r u c t i o n 

seeks t o mimic the st a n d a r d d i f f e r e n t i a l geometry of s y m p l e c t i c 

spaces. These c o n s i d e r a t i o n s were made i n a background as f r e e as 

p o s s i b l e from t e c h n i c a l j a r g o n , i n the hope t h a t the u n d e r l y i n g 
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s t r u c t u r e of the space under i n v e s t i g a t i o n would become c l e a r e r 

as the work c o n t i n u e d . Progress towards t h i s end d i d seem t o be 

b e i n g made. What s t a r t e d out as e s s e n t i a l l y a guess as t o the 

form of the graded H a m i l t o n i a n v e c t o r f i e l d , became f a i r l y p l a u s i b l e 

t h r o u g h the next two s e c t i o n s . The time seemed t o be r i g h t 

t o t r y f o r a more g e n e r a l t h e o r y as to the n a t u r e of t h i s type of 

space. Below we c o n f i n e o u r s e l v e s to j u s t some p r e l i m i n a r y 

d i s c u s s i o n as t o where we b e l i e v e d our i n v e s t i g a t i o n s t o be 

l e a d i n g - the work i n [ 2 2 ] s u p p o r t s t h a t t h i s s p e c u l a t i o n was along 

t h e r i g h t l i n e s . 

I n ^ 1.1.1 we saw how a u s e f u l way of l o o k i n g a t v e c t o r s 

on a m a n i f o l d i s as l i n e a r combinations of p a r t i a l d e r i v a t i v e s , 

t a k e n w i t h r e s p e c t t o the l o c a l c o - o r d i n a t e s on t h a t p a r t i c u l a r 

p a t c h of the m a n i f o l d . That i s , i f { f i } f o r i = 1,..N i s some l o c a l 

c o - o r d i n a t e system on a m a n i f o l d M, then a g e n e r a l v e c t o r f i e l d V 

d e f i n e d on t h a t p atch may be expressed as the l i n e a r c ombination: 

( 4 1 ) V = V i ( f ) a _ 

df i 

Where the r e a l f u n c t i o n V i ( f ) are known as the components of the 

c o n t r a v a r l e n t v e c t o r V. However, what the work of the l a s t t h r e e 

s e c t i o n s i n d i c a t e s i s t h a t f o r a graded g e n e r a l i s a t i o n of these 

i d e a s t o be v i a b l e , b o t h t y p e s of graded d i f f e r e n t i a t i o n are 

r e q u i r e d - t h i s leads t o the n o t i o n of r i g h t - a c t i n g and l e f t - a c t i n g 

v e c t o r s which we denote r e s p e c t i v l y as f o l l o w s : 

> >. < < 

( 4 2 ) V = Va(h)a__ , V - _jd. aV(h) , where a = l , . . . , n 
dha aha 

and where the f u n c t i o n s {ha} are a set s i m i l a r t o the one employed 

i n the l a s t p a r t of ^ 2.1.6 above. The Z2graded f u n c t i o n s Va(h) 

and aV(h) are the components of the r i g h t - a c t i n g and l e f t - a c t i n g 
> < 

v e c t o r s )L and V. r e s p e c t i v e l y , w i t h I aV | , |Va| e q u a l l i n g e i t h e r 0 

or 1. Under a change of b a s i s { h a } > { h ' a } , the c o - o r d i n a t e s 
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o f t h e v e c t o r s Y. and )L would t r a n s f o r m as expected: 
< > 

( 4 3 ) aV(h) ---> a'V(h') = h'aJLbV , Va(h) ---> V'a(h') = VbAtl'a 
dhh • dhh 

f o r a,b = l , . . . , n . Examples of these l e f t - a c t i n g and r i g h t - a c t i n g 

v e c t o r f i e l d s are p r o v i d e d by the p r e v i o u s l y i n t r o d u c e d G.H.V.F.s 

f ^ and $ f . For more r i g o r o u s development of t h i s type of v e c t o r 

space see [22]. 

Another d i r e c t i o n i n which the work of the p r e v i o u s s e c t i o n s 

i n d i c a t e s a n o t a t i o n a l development might be made, i s the i n t r o ­

d u c t i o n of what we c a l l t he l e f t - r i g h t t e n s o r . T h i s i s an o b j e c t H, 

say, the components o f which have i n d i c e s which correspond to both 

l e f t and r i g h t a c t i o n . For example the components of H w i t h r e s p e c t 

t o t h e b a s i s {ha} might be: 

( 4 4 ) aHb(h) , w i t h a, b = l , . . . , n 

The e x i s t e n c e of an o b j e c t of t h i s n a t u r e i s not i n c o n c e i v a b l e , i n 

f a c t , we a l r e a d y have an example of j u s t such a l e f t - r i g h t tensor 

i n t he graded Poisson b r a c k e t . We can see t h i s q u i c k l y by 

employing the i d e n t i t y ( 4 0 ) . I f we d e f i n e the components aHP as 

f o1lows: 

( 4 5 ) ' aHb := { ha,hb }• 

where the f u n c t i o n s (..,ha,..):= (., q i p j B a T T B ,. ) are 

t h e fundamental c o - o r d i n a t e v a r i a b l e s , then the fundamental graded 

Poisson b r a c k e t s and the s t r u c t u r e of the i d e n t i t y (40) ensure 

t h a t ( 4 5 ) d e f i n e s a bona f i d e l e f t - r i g h t tensor of the type we 

suggest. I n t h i s i n s t a n c e the l e f t - r i g h t tensor (45) i s none ot h e r 

than the o r t h o s y m p l e c t i c form ( 3 0 ) i n ^ 2.0.5 [ 1 8 ] . That i s we have: 

A i j 0 

0 Ba(3j 

where the m a t r i c e s A and B are those d e f i n e d i n y 2.0.5. Using 

t h i s l e f t - r i g h t t e n s o r the p o s s i b i l i t y of d e f i n i n g a 

' g e n e r a l i s e d graded Poisson b r a c k e t ' a r i s e s . T h i s i s envisaged 

t o be the graded c o u n t e r - p a r t t o the g e n e r a l i s e d Poisson br a c k e t 

•- 9 1 -• 
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of " 1.3.4, and would take the g e n e r a l form: 

< > 
( 4 6 ) { A,B }'':= Ad aHbaB 

aha dha 

where the ha, a = 1,...,n, are now some g e n e r a l ( o r d e r e d : even 

f i r s t , odd second) graded s e t of v a r i a b l e s , and aHb i s some 

graded m a t r i x w i t h t h e same b l o c k symmetries as those d e s c r i b e d 

i n f 2.3.6. We then would demand t h a t t he b r a c k e t { , }'' s a t i s ­

f i e s the graded J a c o b i i d e n t i t i e s (see Apendix A), and determine 

what c o n d i t i o n s t h a t p l a c e s on the elements of aHb. Although we have 

no t proved t h i s , we f e e l sure t h a t the graded D i r a c b r a c k e t i n t r o ­

duced by Casalbuoni i n [ 1 7 ] i s an example of j u s t such a graded 

g e n e r a l i s e d b r a c k e t . What would be i n t e r e s t i n g t o f i n d out i s 

whether i t i s p o s s i b l e t o reduce the graded Dirac b r a c k e t of [ 1 7 ] 

t o the form of a graded Poisson b r a c k e t i n a reduced number of 

graded v a r i a b l e s . T h i s would r e q u i r e a graded g e n e r a l i s a t i o n of 

th e f u n c t i o n group theorems of § 1.3.6, and r e p r e s e n t s an obvious 

t a r g e t f o r f u r t h e r r e s e a r c h . 

T h i s concludes t h i s b r i e f look a t p o s s i b l e f u r t h e r Z2graded 

s t r u c t u r e s on graded phase space - a t o p i c which f o r the most p a r t 

i s w e l l covered i n [ 2 2 ] . However, De W i t t spends l i t t l e time on 

the development of the graded phase space aspects of h i s work, 

so the q u e s t i o n s c o n c e r n i n g graded f u n c t i o n groups, to the best 

of the a u t h o r ' s knowledge, s t i l l remain unanswered. We do some 

work on these o b j e c t s i n 2.3. 
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2.2.0 A Class of Ca n o n i c a l T r a n s f o r m a t i o n s . 

I n P a r t I the idea of t h e c a n o n i c a l t r a n s f o r m a t i o n was expl o r e d 

i n some d e t a i l . We r e c a l l t h a t t h e c a n o n i c a l t r a n s f o r m a t i o n may be 

regarded e i t h e r from an ' a c t i v e ' p o i n t of view as being a s s o c i a t e d 

w i t h a movement along a p a t h i n phase space parameterised by ti m e . 

Or, i t may be thought of i n a 'passive' way as the t r a n s f o r m a t i o n 

between d i f f e r e n t s e t s o f c a n o n i c a l c o - o r d i n a t e s i n some pat c h of 

the phase space. 

I n t h i s s e c t i o n we view t h e graded c a n o n i c a l t r a n s f o r m a t i o n s 

from a pas s i v e v i e w p o i n t , as b e i n g a t r a n s f o r a a t i o n between two 

c a n o n i c a l c o - o r d i n a t e s e t s which p r e s e r v e s the graded Poisson 

b r a c k e t . I n a d d i t i o n t o the m a t r i x t r a n s f o r m a t i o n s b r i e f l y 

d e s c r i b e d a t the s t a r t of P a r t I I , we demonstrate t h a t t h e r e 

e x i s t s an i n f i n i t e c l a s s of such t r a n s f o r m a t i o n s , c h a r a c t e r i s e d by 

an a r b i t r a r y f u n c t i o n . Furthermore we demonstrate f o r the s i m p l e s t 

case, t he G l , l a l g e b r a , t h a t these t r a n s f o r m a t i o n s may be made t o 

form a group p r o v i d e d t h a t v a r i o u s c o n d i t i o n s are imposed on 

the bosonic g e n e r a t o r f u n c t i o n s . Another way of p u t t i n g t h i s i s t o 

say t h a t t h e c o l l e c t i o n o f graded H a m i l t o n i a n v e c t o r f i e l d s assoc­

i a t e d w i t h the g e n e r a t o r f u n c t i o n s of the t r a n s f o r m a t i o n s , can be 

made t o s a t i s f y the graded J a c o b i i d e n t i t i e s under c e r t a i n 

c o n d i t i o n s . These c o n d i t i o n s a r e s t u d i e d . 

2.2.1 The s i m p l e s t case: G l . 1 • 

We s t a r t t h i s i n v e s t i g a t i o n by c o n s i d e r i n g o n l y the most simple 

of super phase spaces, namely the space i n which t h e r e are two 

bosonic c o n j u g a t e v a r i a b l e s ( q ; p ) and two f e r m i o n i c Grassmann co­

o r d i n a t e s ( e ; T i : ) which are a l s o c o n j u g a t e . These v a r i a b l e s s a t i s f y 

t h e f o l l o w i n g fundamental graded Poisson br a c k e t r e l a t i o n s : 

( 1 ) { q,q } ' = 0 = { p,p } ' , { q,p }' = 1 

( 2 ) { p , 8 } ' = 0 = { q . e } ' . { p , T r } ' = 0 3 { q , T t ) ' 

( 3 ) { e,TC }' = -1 
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Where the minus s i g n i n ( 3 ) i s by e a r l i e r c o n v e n t i o n , and { , }' 

r e p r e s e n t s the graded Poisson b r a c k e t . The q u e s t i o n we now ask i s 

what freedom e x i s t s t o r e d e f i n e the v a r i a b l e s (q;p,e;n;)? That i s , 

i s i t p o s s i b l e t o f i n d a new s e t of f o u r v a r i a b l e s , two even, two 

odd, such t h a t the r e l a t i o n s (1,2,3) are s t i l l s a t i s f i e d ? Since we 

are d e a l i n g w i t h a G l , l system, these new f u n c t i o n s must have the 

f o l l o w i n g form: 

( 4 ) P - A(q,p) + B(q,p)e.Tt 

( 5 ) Q. = a(q,p) + b ( q , p ) e . T l 

(6) r = X(q,p)e + Y ( q , p ) T T 

( 7 ) $ = x ( q , p ) 8 + y ( q , p ) T t 

Where P,Q are even, and r,$ are odd, and are o b t a i n e d by power 

expansion i n the Grassmann v a r i a b l e s , f o l l o w e d by s e p a r a t i o n of 

odd and even s e c t o r s . We now demand t h a t the s e t (Q;P;$;r) s a t i s f y 

the f o l l o w i n g c o n d i t i o n s : 

( 3 ) { Q,p }• = 1 ,..., { f , r }• = -1 

t h a t i s j u s t t h e c o n d i t i o n s ( q ; p , e ; T r ) s a t i s f i e d i n (1,2,3). I f we 

now c a l c u l a t e out these b r a c k e t s and set the c o e f f i c i e n t s of the 

terms of the v a r i o u s Grassmann c o n t r i b u t i o n s to zero, we o b t a i n the 

f o l l o w i n g • c o n d i t i o n s on t h e s e t of f u n c t i o n s (A,a,...,Y,y): 

{ P,Q }' -.-I i m p l i e s { A,a } = -1 

and { B.a } + { A,b } = 0 

{ P.r }' - 0 i m p l i e s { A,X } - BX = 0 

and { A,Y } + BY = 0 

{ Q,$ }' = 0 i m p l i e s { a,x } - bx = 0 

and { a , y } + b y = 0 

{ r . ^ }' = -1 i m p l i e s { X,y } + { x,Y } = 0 

and Yx + Xy = -1 

( 9 ) 

(10) 

(11) 

(12) 

{ r , r }' = 0 i m p l i e s 
(13) XY 0 

{ $,f }' =0 i m p l i e s 
(14) xy = 0 
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Where the antisymmetry o f the graded b r a c k e t f o r even o b j e c t s 

ensures t h a t the o t h e r r e l a t i o n s are s a t i s f i e d i d e n t i c a l l y . 

We now impose the f o l l o w i n g ansatz on the equations (9,..,14) which 

e f f e c t i v e l y reduces the " m i x i n g " of the c a n o n i c a l c o - o r d i n a t e s 

t o come from the f e r m i o n i c s e c t o r : 

( 1 5 ) A ( q , p ) = p , a ( q , p ) - q 

T h i s now reduces the c o n d i t i o n s ( 9 ) and (10) to the f o l l o w i n g : 

( 1 6 ) .i£ + isll = 0 
dp 

( 1 7 ) JX + BX = 0 
dq 

( 1 8 ) - BY = 0 
dq 

I f we now set the f u n c t i o n Y = 0, (18) i s s a t i s f i e d i d e n t i c a l l y , and 

we may s o l v e the e q u a t i o n s ( 1 6 ) and (17) t o o b t a i n the . f o l l o w i n g 

new c a n o n i c a l s e t (Q;P;$;r): 

( 1 9 ) P = P - laX 8.Tt 
Xdq 

( 2 0 ) Q = q + idX 8.TT 

XdP 

(2 1 ) r = xe 

( 2 2 ) ^ - K 

X 

Where X = X(q,p) i s an a r b i t r a r y f u n c t i o n of ( q ; p ) . We see t h a t the 

f u n c t i o n X i s a c t i n g as a type of conformal f a c t o r s c a l i n g on the 

Grassmann s e c t o r , where as i n the even s e c t o r a n o n - t r i v i a l m i x i n g 

o f the even and odd c o - o r d i n a t e s has occurred. By p l a c i n g X = 1 we 

may r e t u r n the s e t (Q;P;f;r) back t o the o r i g i n a l s et (q.:p;e;TC). 

I f we now expand t h i s t r a n s f o r m a t d o n i n f i n i t e s i m a l l y about the 

i d e n t i t y we g e t : 

(23 ) X = 1 + uh(q.p) , where i i < < 1 

P = P - ( 1 - uh + 0 ( u ) ) 1 L 1 + uh)8.Tt 
( 2 4 ) = P - ulhi 8.71 + 0 ( u ) 
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(25) Q = q + e.Tt 

(26) r = (1 + nh)e 

(27) $ = (1 - uh)Tr 

That i s : 

(2S) = ^ , i f l = 
dU dq dp 

( 2 9 ) ^ = h , M = - h 

E q u a t i o n s (28) and (29) g i v e the g e n e r a t o r s . Under the c o n d i t i o n s 

of t h e ansatz (15) e q u a t i o n s (19,...,22) are the o n l y p o s s i b i l i t i e s 

f o r t he Gl,1 system. 

There are two o b s e r v a t i o n s t h a t can be made s t r a i g h t away about 

the new c a n o n i c a l s e t (19,...,22): 

a) There i s a ' r e f l e c t i o n ' symmetry to the equations i n the sense 

t h a t the d i s c r e t e t r a n s f o r m a t i o n : 

(30) q.< > P . e < > -8 , n < > -K . X < > -X 

leaves the s e t unchanged. A l s o , 
b ) i t i s p o s s i b l e t o extend the bosonic s e c t o r a r b i t r a r i l y , by 

the a d d i t i o n of an index t o a l l the bosonic c o - o r d i n a t e s 

i n v o l v e d . That i s : 

P > P i = p i - l i X . 8. TT and so on, where now 
Xdqi 

{ Pi.Qj } ' - 6 i j . 

Because of the h e a v i l y c o n s t r a i n e d n a t u r e o f the G l , l system i t i s 

a c t u a l l y p o s s i b l e t o " i n v e r t " t he r e l a t i o n s (19,...,22) i n the 

f o l l o w i n g manner. I f we c a l l : 

(31) P = p - F(q,p)8.Tt 

(32) Q = q + G(q,p)8.TC 

We have: 
(33) 8.71 = r.$ 

( 3 4 ) P = P - F ( q , p ) r . $ 

( 3 5 ) Q = q + G(q,p)r.$ 

Thus : 
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( 3 6 ) p = p + F(Q - G(q,p)r.$, p + F(q,p ) r . $ ) r.$ 

( 3 7 ) q = Q - G(Q - G(q.p)r.$, p + F(q,p ) r . $ ) r.$ 

Because of the anti-commuting n a t u r e of r,$, a n o r m a l l y i n f i n i t e 

p rocess of s u b s t i t u t i o n i s c u t o f f s t r a i g h t away, t o g i v e by 

T a y l o r expansion the f o l l o w i n g expressions f o r the set (q;p;6;TT): 

( 3 8 ) p = P + F(Q,P)r.$ 

( 3 9 ) q = Q - G(Q,P)r.$ 

( 4 0 ) 8 = E 
X(Q,P) 

( 4 1 ) Tt r X(Q,P)$ 

Where the 6 term i s f i x e d by the TT: term. This means t h a t we may 

use the (Q;P;r;$) t o d e f i n e a graded c a n o n i c a l Lagrange b r a c k e t of 

th e type i n t r o d u c e d i n P a r t I , f o r which the set (q;p;6;TT;) g i v e the 

fundamental b r a c k e t r e l a t i o n s when the f u n c t i o n s F and G are 

d e f i n e d as i n (19) and ( 2 0 ) . 

As mentioned a t t h e b e g i n n i n g of t h i s s e c t i o n , so f a r a l l we have 

i s an i n f i n i t e s e t of c a n o n i c a l t r a n s f o r m a t i o n s , we don't y e t have 

a group s t r u c t u r e . I n o r d e r t o r a i s e these t r a n s f o r m a t i o n s t o form 

a group we must impose c e r t a i n c o n d i t i o n s on the bosonic f u n c t i o n s 

t a k i n g p a r t . To see how t h i s comes about we perform the f o l l o w i n g 

c a l c u l a t i o n s . We combine t r a n f o r m a t i o n s i n v o l v i n g d i f f e r e n t g e nerator 

f u n c t i o n s w i t h each o t h e r : 
( 4 2 ) { Px,Py }' = ^ ( idY - 1 ^ ) 8 . Ti 

e.q Ydq Xdq 

( 4 3 ) { Qx,Qy } ' = M i^Y - 1 dX )e.Tr 
tP YdP Xdp 

( 4 4 ) { Px,Qy }- = -1 + (M i d X ) - e( idY ) ) e.n 
dp Xdq dq Y dP 

( 4 5 ) { rx,Qy } • = - i X G + XdJ Ti 
dp Ydq 

( 4 6 ) { rx.Py } - = iiX 8 - XdY Ti 
dq Ydq 

( 4 7 ) { $x,Qy } ' = - i _ e Y 8 + idX TC 
XYdP Xdp 
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( 4 8 ) { <^x.Py } • = i_dY 8 - idX n 
XYdq Xdq 

( 4 9 ) {.$y,rx }- = - X - 1{X,Y}8.K 
Y Y 

(5 0 ) { r x , r y }' = 0 

(5 1 ) { $x,$y }' = 0 

What these r e l a t i o n s h i p s are i s the components of the a c t i o n of 

the v a r i o u s G.H.V.F.s on each o t h e r . For example i f we take the 

case of the g e n e r a t o r f u n c t i o n Px, then the G.H.V.F. associated 

w i t h t h i s f u n c t i o n i s r i g h t - a c t i n g and of the form: 

HPx = ( 1 - d(ldX)8.71)6. - ( 1 - d(idX)8.TC)d_ -
( 5 2 ) . dPXdq dq dqXdP dp 

-IdX 9d_+ idX Jid_ 
Xdq 68 Xdq dn 

And i f we now look a t the graded commutator b r a c k e t we o b t a i n 

e q u a t i o n s ( 4 2 ) , ( 4 3 ) , and ( 4 4 ) : 

[ HPx,HPy ] • = jLildJ, - I d X ) 8 . T t ^ - I C l d l - idJL)8.Ti:d 
( 5 3 ) dPdqYdq Xdq dq dqYjJq Xeq dp 

.+ ^(IdY - i d X ) 8 d _ - i < l d Y - l d X _ ) ^ l _ 
eqYdq Xdq dG dqYdq Xdq dTt 

and so on. I n order t o r a i s e these t r a n s f o r m a t i o n s t o the l e v e l of 

a group we must t e s t t h a t the graded H a m i l t o n i a n v e c t o r f i e l d s assoc­

i a t e d w i t h the bosonic g e n e r a t o r f u n c t i o n .X, namely the set 

(HPx,HQx,Hfx,HFx ), must, s a t i s f y the graded Jacobi i d e n t i t i e s when 

combined w i t h the s i m i l a r s e t s c o r r e s p o n d i n g t o d i f f e r e n t g e n e r a t o r s 

Y and Z, say. That i s , we must check: 

( 5 4 ) [HPx,[HPy,HFz]'] • + [HPz,[HPx,HPy ] ] ' + [HPy,[HPz,HPx]'] ' = G 

and so on, f o r a l l p o s s i b l e combinations of f u n c t i o n s i n X, Y and Z. 

On c a l c u l a t i n g the v a r i o u s b r a c k e t s we f i n d t h a t they a l l vanish 

i d e n t i c a l l y except two. They are the b r a c k e t s a s s o c i a t e d w i t h the 

G.P.B. combination of the f o l l o w i n g f u n c t i o n s : 

( 5 5 ) { Qx,{ Qy,$2 } ' } ' + C y c l i c Perms. = Z(lij_ - 1 ^ 8 
Ydp2 Xdp2 

( 5 6 ) { Px,{ Py,r2 } ' } ' + C y c l i c Perms. = l(ld?Y - JdjX)!!: 
Z Ydq2 Xdq2 

Thus, i n ord e r f o r the graded J a c o b i i d e n t i t i e s t o be s a t i s f i e d . 
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we demand t h a t X, Y and Z meet the f o l l o w i n g requirements: 

( 5 7 ) ' Z / 0 

(58 ) 1 & - 1 ^ = 0 
Ydp? Xep? 

( 5 9 ) lil. - Itlx = 0 
Yd q2 Xdq? 

To s o l v e these c o n d i t i o n s , f i r s t we separate the v a r i a b l e s and look 

f o r s o l u t i o n s of the form: 

( 6 0 ) X(q,p) = A( q ) B ( p ) 

( 6 1 ) • Y(q.p) = V(q)W(p) 

S u b s t i t u t i n g ( 6 0 ) and ( 6 1 ) i n t o ( 5 8 ) and (59) g i v e s the f o l l o w i n g 

d i f f e r e n t i a l c o n d i t i o n s on the f u n c t i o n s A,V,B and W: 

(6 2 ) 1 d i j . - 1 d i a = 0 
W dp2 B dp 2 

( 6 3 ) 1 d l l - 1 d l A ̂  G 
V dq2 A dq2 

Let us now look f o r s o l u t i o n s o f (62) and (63) of the f o l l o w i n g 

form: 

( 6 4 ) W(p) = F ( B ( p ) ) 

( 6 5 ) • ' V(q) = G(A(q)) 

f o r some w e l l behaved f u n c t i o n s F and G. T u r n i n g now to (62) 

( s o l v i n g ( 6 2 ) and ( 6 3 ) b e i n g e s s e n t i a l l y the same problem) we show 

how t o generate s o l u t i o n s t o t h i s e q u a t i o n . S u b s t i t u t i n g (64) i n t o 

( 6 2 ) and c o l l e c t i n g terms y e i l d s the f o l l o w i n g e q u a t i o n : 

( 6 6 ) F' ' = -B£i£ 
F' - E. (Bp)Z 

B 

where the dashes on the l e f t r e p r e s e n t d i f f e r e n t i a t i o n w . r . t . B, 

and where the s u b s c r i p t p on the r i g h t r e p r e s e n t s d i f f e r e n t i a t i o n 

w . r . t . p. For the moment l e t us w r i t e t h i s equation as f o l l o w s : 
( 6 7 ) F' • = H(B) = -BP£L 

F- - E (Bp)2. 
B 

where H i s some f u n c t i o n o f B. T h i s then leads t o the two equations: 
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( 6 8 ) F' • - H(B)(F' - E) 
B 

0 

.2 ( 6 9 ) Bpp = -H(B)(Bp)' 

T a k i n g ( 6 8 ) f i r s t , we n o t i c e t h a t a p a r t i c u l a r s o l u t i o n i s F = B. 

T h i s p a r t i c u l a r i n t e r g r a l has been obvious from the o u t s e t i n (58) 

and ( 5 9 ) . Using the methods from the t h e o r y of l i n e a r d i f f e r e n t i a l 

e q u a t i o n s , we know t h a t another p a r t i c u l a r i n t e r g r a l w i l l be: 

( 7 0 ) • F = B. 1. Exp( 
B2 

H(B)dB)dB 

so t he g e n e r a l s o l u t i o n w i l l have the form: 

( 7 1 ) F = cB + eB X Exp( 
B2 

H(B)dB)dB 

f o r some c o n s t a n t s c and e. For the case of equation (69) we have: 

(72) EEP. = -Bp H(B) . 
Bp 

I n t e r g r a t i n g both sides we o b t a i n : 

( 7 3 ) Bp = Exp(- H(B)dB) . , 

By s u b s t i t u t i n g (73) back i n t o ( 7 1 ) we may now e l i m i n a t e H(B) from 

the e x p r e s s i o n f o r F, g i v i n g a g e n e r a l s o l u t i o n of the f o l l o w i n g : 

( 7 4 ) F(B) cB + eB. -L dp 
B2 

where B i s some u n s p e c i f i e d f u n c t i o n of p. Doing a s i m i l a r a n a l y s i s 

f o r e q u a t i o n ( 62) and the q dependence, g i v e s us the f o l l o w i n g 

g e n e r a l s o l u t i o n i n seperable v a r i a b l e form f o r the f u n c t i o n s (60) 

and ( 6 1 ) : 

( 7 5 ) X(q,p) = A ( q ) B ( p ) 

( 7 6 ) Y(q,p) (aA + bA 1, dq )(cB + eB 
A2 

1 dp) 
B2 

where a, b, c and e are c o n s t a n t s . Thus we see t h a t the f u n c t i o n 

X(q,p) i s s t i l l a r b i t r a r y b u t , i n order f o r the graded Jacobi 

i d e n t i t i e s t o be s a t i s f i e d , i t w i l l d i c t a t e the form of the 
n m 

f u n c t i o n Y ( q , p ) . Suppose, f o r example X(q,p) = kq p . Then (76) would 
g i v e us the form of eq u a t i o n Y(q,p) as being: 

n m 
Y(q,p) = (aq + ̂  ) ( c p + d_ ) 

•- 100 



2.2.2 The G2 . 2 SYStem. 

As one i n c r e a s e s the number of Grassmann v a r i a b l e s which make 

up the odd s e c t o r of the space, the number of c o n s t r a i n t e q u ations 

i n c r e a s e s i n an a l a r m i n g f a s h i o n ! So much so, i n f a c t , t h a t t o 

t h i n k of a c t u a l l y s o l v i n g the c o n s t r a i n t s f o r a Gn,n system f o r 

n > 2 by hand i s u n r e a l i s t i c . Below we examine the G2,2 system, 

f o l l o w i n g a s i m i l a r path t o t h a t taken i n the e a r l i e r example. 

As b e f o r e we s e t out by w r i t i n g down the g e n e r a l form of the new 

s e t of c a n o n i c a l v a r i a b l e s . I n the case of the G2,2 algebra the 

f e r m i o n i c v a r i a b l e s are (8^ ,e2;Ti.| , ) , where (ea;TT:i3) s a t i f y : 

( 7 7 ) { ea,Tr|3 }' = -6a!3 

( 7 8 ) { 8a,8l3 } ' = G = { Tia.TtB } • f o r a,B = 1,2 

For the moment we assume f o r s i m p l i c i t y t h a t the bosonic s e c t o r 

c o n s i s t s merely of the s i n g l e c a n o n i c a l conjugate p a i r ( q ; p ) . 

We denote the n e w , ' t w i s t e d ' , c a n o n i c a l s e t by (Q;P ; ra;fB) w i t h 

a,0 = 1,2, and as b e f o r e we demand t h a t these new v a r i a b l e s 

s a t i s f y the f o l l o w i n g c o n d i t i o n s : 

( 7 9 ) { P,Q }' = -1 

( 8 0 ) { P , r a ] ' = 0 = { Q,ra }• , { P,fa }' = G = { Q,$a }' 

( 8 1 ) { ra , r i3 } ' = 0 = { 4>a,$i3 } ' . { ra,'50 }' - -6aB 

The r e q u i r e m e n t t h a t P,Q are even and Fa,$13 are odd v a r i a b l e s 

i m p l i e s t h a t the g e n e r a l form these Z2graded f u n c t i o n s take i s 

as f o l l o w s : 

( 82 ) P = A + B . 8̂  . 82 + Cap . Sa . TX13 + D . TI^ . TI^ + E . 8̂  . 8̂  . ir^ . 71̂  

( 8 3 ) Q = a + b . e^.e2 + caP.8a.Tt[3 + d . rt^ . 1:2 + e . 8, . 82 . it^ .-0:2 

( 8 4 ) Fa = UaB.8I3 + Va(3 . itp + Wa0. 81. 82-^6 + XaB . . 1X2 . 8|3 

( 8 5 ) $a = uaB.8|3 + vaB.TtB. + wa0 . 8̂  . 82 - Ttp + xaB . TX̂  .TI2.8B 

Computing the b r a c k e t s ( 7 9 ) , ( 8 0 ) , ( 8 1 ) y i e l d s the f o l l o w i n g c o n d i ­

t i o n s the s e t of f u n c t i o n s (A,a ,X,x) of (q,p) must s a t i s f y : 

From b r a c k e t s ( 7 9 ) we o b t a i n : 
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(86) { k,a } = -1 

(87) { A,b } + { B.a } + B( c^l + ĉ ^ ) _ t,( + C2̂  ) = 0 

(88) { A,d } + { D,a } + D( ĉ'' + ) - d( C,̂  + C2^ ) = 0 

(89) { A.c^l } + { Ĉ^ , a } + c'a. cai - c^a.Ca + Bd - bD = 0 

(90) { A,C2^} + { Ĉ ' ,a } + C^a.ca2 - 020.Ca^ + Bd - bD = 0 

(91) { A,C2M + { C2̂  ,a } + C2a.ca^ - C2a.Ca'' = 0 

(92) { A,c.? } + { Ĉ ^ ,a } + C^a.ca^ - c^a.Ca^ - 0 

(93) ' { A,e } + { B,d } + { D,b } + { E,a } +.. 

. .+ E( - 2 + c^l - c,1 - ĉ Z ) - e( + Ĉ^ - C,̂- C2̂  ) = 0 

From the (78) b r a c k e t we g et { P,Fa }' = 0, which i m p l i e s : 

(94) { A,Ua0 }•- C6B.Ua5 - B.Vau = 0 
where [i,S> - 1,2 ; 2,1 

(95) { A,Va0 } - Cee.VaS - D.Uau - 0 

(96) { A,WaB } + { B,Va|3 } + { Cl3^,Ua3 } - {Ca'^ .Ua^ } -.. 

..- B.Xau + C05.Wa6 + Cp^.WaB + C,̂  . Wa0 - E. Uau = 0 

(97) { A,Xal3 } + { D,Ual3 } '+ { C, 0,Va2 } - { C2{3,Vai ) -.. 

..- D.Wau - C5B.Xa5 + Cj^ . XaB + C,̂  .XaB - E. Vau - 0 

F i n a l l y t h e (81) b r a c k e t { ra,F0 }' = 0 g i v e s us: 

(98) Uau.VBu + Ul3u.Vau = G 

(99) - { Uâ  ,Uli^ ) + { Uii^Ua- } - Uau-WBu - UPu-Wau = 0 

(100) { Vai ,V32 } + { VBl ,Va2 } - Vau-XBu - VPu-Xau = 0 

(101) { Ua^ ,VBi } + { Ue' ,Vai } - Ua^.Xe^ - UB^.Xa^ +.. 

. .+ Va2 . W01 + V|32.Wai - 0 

(.102) { Ua^,VB2 } + { U|3-,Va2 } + Ua'.XB^ + UB̂  . Xa" -. . 

. . - Vai . W02 - V|31 . Wa2 = 0 

(103) { Ua^ ,V|32 } + { Up̂  , Va2 } + Ua^ . XB̂  + UB̂  .Xa^ + .. 

. .+ Va2 .W02 + V132 .Wa2 = 0 

(104) { Ua^,V0i } + { U|3^,Vai } - Ua^.XB^ - UB^.Xa^ -.. 

. . - Vai .W01 - Vt3i .Wai = 0 

(105) { Ua^ ,XB^ } + { X0^ ,Ua^ } + { Vai , VB2 } + { WBl , Va2 } +. 

. . .+ { Wai ,V02 } + { UB^Xa' } + { Xa^ ,US? } + WBu-Xau = 0 

One can read the o t h e r c o n d i t i o n s s t r a i g h t o f f by changing case 

a p p r o p r i a t e l y , t h e o n l y o t h e r change b e i n g i n c o n d i t i o n ( 9 8 ) , 
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which f o r the b r a c k e t { Fa.fB }' reads: 

( 1 0 6 ) • Uau.vpu + uBu.Vau - -6a& 

We now a t t e m p t t o s o l v e t h e above set of c o n s t r a i n t s . Proceeding 

as b e f o r e we impose an ansatz t o s i m p l i f y the c o n d i t i o n s . However, 

u n l i k e the G l , l case, t h e r e are now s e v e r a l p o s s i b i l i t i e s . As i t 

t u r n s out the ansatz which g e n e r a l i s e s the Gl,1 r e s u l t i s the 

f o l l o w i n g : 

( 1 0 7 ) p = p + Cak̂  . ea. Tie + ^ E(ea.Tca) 

( 1 0 8 ) Q = q + ca[3.ea.TtB + ^ eiQa.ua) 

( 1 0 9 ) Fa = Uaa.ea 
no sum over a 

( 1 1 0 ) f a = vaa . Tra 

W i t h o u t s t a t i n g the c a l c u a t i o n here, t h i s leads t o the f o l l o w i n g 

g e n e r a l i s a t i o n of the G l , l r e s u l t : 

( 1 1 1 ) 

( 1 1 2 ) 

( 1 1 3 ) 

( 1 1 4 ) 

P = P - IdXOa.Tta) dX,X }(8a.Tta) 
Xdq 2X dq 

Q = q + l d X ( ea.ua) dX, X }(8a.-n:a) 
XdP 2X dp 

Fa X8a 

Ka 
X 

As b e f o r e X i s an a r b i t r a r y f u n c t i o n of (q,p),; a c t i n g as a con-

f o r m a l s c a l i n g f a c t o r i n t h e f e r m i o n i c s e c t o r . We now e x p l i c i t l y 

d emonstrate how the v a r i o u s terms combine i n the case of the 

{ Q,P } ' b r a c k e t : 

{ Q,P }' 
( 1 1 5 ) 1 + ( {,.idX(ea.Tia).p } - { q.idX(ea.Tia) } ) +.. 

XdP Xdq 

(116) ..+ ( { 1 { dX.X } ( e a . T i a ) , p } - { q , i { iX.X )(8a.Tra) } ) 
X dP • X dq 

( 1 1 7 ) ..- { ldX(ea.7ra),lM(ei3.Tt{3) } -.. 
X dp X dq 

( 1 1 8 ) ..- { i d X ( 8 a . T t a ) , i { iX.X }(8a.7ia) } -.. 
Xdp X dq 

( 1 1 9 ) ..- { 1 { .dX.X )(ea.Tca),iaX(8a.7ra) } -.. 
X Xdq 
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(120) ..- ( { i { i i , X }(8a.TCa),i { M,X )(ea.Tra) } ) 
X 6p X dq 

The c a n c e l l a t i o n s between b r a c k e t s (115) t o (120) work as f o l l o w s : 

B r a c k e t (115) i s ( a l m o s t t r i v i a l l y ) zero. The f i r s t term i n bracket 

(116) g i v e s the f o l l o w i n g c o n t r i b u t i o n s : 
( -idX { dX.X } X , J ^ ) - i _ { M.j^X } )(8a.Tra) 

Xdq dp 2X 6qdP 2X dq dP 
C l e a r l y the second of these terms cancels w i t h those produced by 

t h e second term i n b r a c k e t ( 1 1 6 ) , w h i l e the r e m a i n i n g two terms 

c a n c e l w i t h the term: 

- { l ^ . i d X }(8a.Tta) 
Xdp Xdq 

of b r a c k e t ( 1 1 7 ) . We now have no f u r t h e r t r o u b l e , as the Grassmann 

terms ensure t h a t a d d i t i o n a l terms i n (118,119,120) and the second 

term i n (117) are a l l i d e n t i c a l l y zero. Thus the n o n - t r i v i a l c a n c e l ­

l a t i o n i s t h a t o c c u r r i n g between the terms i n b r a c k e t (116) and 

( 1 1 7 ) . One can c a r r y on and v e r i f y the o t h e r graded c a n o n i c a l comm­

u t a t i o n r e l a t i o n s i n a s i m i l a r manner. As b e f o r e we have the freedom 

of adding a bosonic index t o p and q t o g i v e , i n g e n e r a l f o r a G2,2 

system: 

P i = p i - idX (8a.Tia) - 1 _ { , X }(8a.Tta) 
X dq i 2X dq i 

Qi = q i + l i X (8a.TCa) + 1 _ { iX ,X )(8a.Tra) 
XdPi 2X dpi 

Fa = X ( q i , p j ) e a 

^a = Ka 
X ( q i , p j ) 

We now go on t o g e n e r a l i s e t h i s r e s u l t t o the Gn,n system f o r 

a r b i t a r y n > 2. 

2.2.3 Gej3_exaJJl^aJti_&Q_J:j3_J:J3^ J l ^ 

Having seen how the above c l a s s of c a n o n i c a l t r a n s f o r m a t i o n s 

g e n e r a l i s e d up from t h e G l . l system t o the G2,2, i t i s now 

s t r a i g h t f o r w a r d t o d e t e r m i n e how these t r a n s f o r m a t i o n s work f o r 
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h i g h e r o r d e r s of Grassmannian v a r i a b l e s . Taking note of the can­

c e l l a t i o n between the terms (114) and (115) of the p r e v i o u s s e c t i o n , 

we f i n d t h a t the G2,2 g e n e r a l i s a t i o n of the above r e s u l t i s as 

f o l l o w s : 

( 121) 
P i = p i - 1. dX.( 9a , Tia ) - ! _ { ,dJC,X } ( Sa . TTO ) -_1 { { dX,X },X } ( Sa . ua ) 

Xdqi 2X d q i 2. 3X d q i 

( 122) 
Qi = q i + idXOa.Tta) + 1_{ ^_,X }(ea.Tta) + _ I { { dX.X },X ) (8a. Tia) 

XdPi 2X d p i 2.3X d p i 

and where as b e f o r e t h e f u n c t i o n X a c t s as a conformal f a c t o r on 

the f e r m i o n i c s e c t o r : 

(123) Fa = X ( q i , p j ) e a 
where a,3 = 1 ,2 ,3 

(124) $13 = 
X ( q i . p j ) 

I t i s n ot hard now t o see how the Gn,n r e s u l t works. Indeed we 

o b t a i n : 

(125) 
P i = p i - IdXOa.Tta) - ... - _L_{ . . . ( iX,X },X },..,X }(8a.Tra) 

Xdqi N!X dqi 

(126) 
Qi = q i + idX(8a.TT.a) + . . . + _J_{ . . . { M,X },X },..,X } ( ea.Tia) 

XdPi N;X d p i 

w i t h 
( 1 2 7 ) Fa = X ( q i , p d )ea 

where a , 13 - 1, . . . , n 
(128) • $a - Kfi 

X ( q i , p j ) 
The v a r i o u s c a n c e l a t i o n s between terms work i n a s i m i l a r manner to 

the G2,2 example. I t i s i n t e r e s t i n g t o wonder how one might i n t r o ­

duce f u r t h e r f u n c t i o n s i n t o t h i s c a n o n i c a l symmetry i n order t o 

make the f e r m i o n i c s e c t o r t r a n s f o r m a t i o n s more i n t e r e s t i n g . The 

auth o r f e e l s t h i s might be p o s s i b l e t o do i f one demands t h a t the 

a r b i t r a r y f u n c t i o n s themselves s a t i s f i e s v a r i o u s c o n d i t i o n s . For 

example, a f e r m i o n i c s e c t o r w i t h i n d i v i d u a l conformal f a c t o r s on 

t h e Grassmann terms, t h u s : 

-- 105 --



(129) Fa = Xa(q,p)ea 
no sum over a, f o r a = l , . . , n 

(130) f a = Tta 
Xa(q,p) 

might form p a r t o f a c a n o n i c a l s e t which s a t i s f i e d (79,80,81), i f 

one imposed t h a t t he a r b i t a r y f u n c t i o n s Xa(q,p), a = 1,...,n them­

s e l v e s formed a commutative f u n c t i o n group and s a t i s f i e d : 

( 131) { Xa,X0 } = 0 , f o r a,P = 1,...,n . 

T h i s c o n d i t i o n ensures t h a t (129) and (130) s a t i f y the c o n d i t i o n s 

(81) f o r a,0 = l , . . . , n , however, f i n d i n g the even members of the 

s e t t o s a t i f y the r e m a i n i n g c o n d i t i o n s (79) and (80) i s not easy. 

Never the l e s s t h i s does seem a f a i r l y p r o m i s i n g avenue f o r f u t u r e 

e n q u i r y . Take, f o r i n s t a n c e the example of the G2,2 a l g e b r a . There 

e x i s t s a ' s p e c i a l case' s o l u t i o n of the algebra suggested above as 

f o l l o w s : 

(132) Q = q + ldF(8i .TL) + ldG (e . . T i J . 
Fdp Gap ^ 

( 133) P = P 
(134) Ti = F8i 

(135) 2̂ = G8;, 

( 136) ^1 = Ki F ^1 = Ki F 

(135) = IL2 
G 

Where the f u n c t i o n s F and G are 

Because F and G are bot h f u n c t i o n s of p the c o n d i t i o n (131) i s 

s a t i s f i e d i d e n t i c a l l y . C l e a r l y , a s i m i l a r graded c a n o n i c a l set i s 

p o s s i b l e i f F and G are bot h made f u n c t i o n s of q i n s t e a d , and 

e q u a t i o n s (132) and (133) are a d j u s t e d t o become: 

(138) • Q = q 

(139) P = P - idF ( e , .TL) - iaG(82.K) 

Fdq Gdq 

The above graded c a n o n i c a l t r a n s f o r m a t i o n i s s i m i l a r t o a p a i r i n g 

up o f two G l , l t r a n s f o r m a t i o n s d e s c r i b e d e a r l i e r i n ̂  2.2.1. This 

i s r e a l l y as f a r as t h i s s u b c l a s s of the f u n c t i o n s s a t i s f y i n g (131) 
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w i l l take us. The case o f F = F ( q ) and G = G(p), say, i s q u i t e 

h e a v i l y c o n s t r a i n e d by the c o n d i t i o n ( 8 1 ) , and making the jump t o 

th e g e n e r a l case d e s c r i b e d by ( 7 9 ) , ( 8 0 ) and (81) i s not easy t o do. 

I t may be t h a t t h i s s i m p l e conformal s t r u c t u r e i n the f e r m i o n i c 

s e c t o r d e s c r i b e d by (127) and (128) can not be made t o work w i t h o u t 

t h e presence of a d d i t i o n a l h i g h e r order odd terms, but p r o v i n g 

t h i s i s d i f f i c u l t . 

We now c o n t i n u e our i n v e s t i g a t i o n s i n t o Z2graded s t r u c t u r e s 

a s s o c i a t e d w i t h the graded Poisson b r a c k e t , by s t u d y i n g a Z2graded 

g e n e r a l i s a t i o n o f the f u n c t i o n group i n t r o d u c e d i n ̂  1.3.6. 

2.3.0 Graded Function Groups. 

In-troduction 
I n § 1.3.6 of the i n t r o d u c t i o n , two theorems on s t r u c t u r e s 

known as f u n c t i o n groups were quoted. The importance of these 

theorems l i e s i n t h e i r t e l l i n g us t h a t f o r a c l a s s i c a l system which 

i n c o r p o r a t e s c o n s t r a i n t s , l o c a l l y a t l e a s t , we may always f i n d a r e ­

duced set of v a r i a b l e s which s a t i s f y the c a n o n i c a l b r a c k e t s [ 2 7 ] . 

A consequence of t h i s i s t h a t l o c a l l y we can always choose a co­

o r d i n a t e system which makes the D i r a c b r a c k e t look l i k e a Poisson 

b r a c k e t i n a reduced number of v a r i b l e s [ 4 4 ] (we assume the 

c o n s t r a i n t s of the system are 'second c l a s s ' ) . U n f o r t u n a t e l y t h i s 

t r a n s f o r m a t i o n i s i n g e n e r a l n o t c a n o n i c a l , so i n many s i t u a t i o n s 

i t i s not p r a c t i c a l t o employ t h i s c o - o r d i n a t e system [ 4 4 ] . . 

P o t e n t i a l l y , a t l e a s t , f u n c t i o n groups might be of considerable 

i n t e r e s t , i n t h a t the sub c l a s s of the l i n e a r i s e d groups covers the 

Poisson b r a c k e t r e a l i s a t i o n s of the L i e algebras. By t h i s we mean 

t h a t a g e n e r a l f u n c t i o n group i s of the form: 

( 1 ) { f a , f b } = F a b ( f ) 

o f which a Poisson b r a c k e t r e a l i s a t i o n o f a L i e a l g e b r a : 

( 2 ) { f a , f b } = Cabc f c 

i s a l i n e a r example. There might a l s o be g l o b a l f e a t u r e s t o these 

-- 107 --



o b j e c t s which are of i n t e r e s t , w i t h seemingly l i t t l e work having 

been done r e c e n t l y on the s u b j e c t . However, as f a r as the author 

knows, l i t t l e or no work a t a l l has been done on the the graded 

g e n e r a l i s a t i o n of these ideas. Casalbuoni [ 1 8 ] d e f i n e s a graded 

v e r s i o n of the D i r a c b r a c k e t , but does not develop the u n d e r l y i n g 

n o t i o n of t h e e x i s t a n c e of a graded f u n c t i o n group, or i t being 

p o s s i b l e t o produce a g e n e r a l i s a t i o n of the c l a s s i c a l theorems 

quoted i n ^ 1.3.6 t o i n c l u d e anticommuting v a r i a b l e s . Although 

i t seems u n l i k e l y t h a t t h i s area has gone u n s t u d i e d , i t should be 

remembered t h a t the d i s c o v e r y of supersymmetry [46,62] and i t s 

subsequent development d i d not f o l l o w a graded g e n e r a l i s a t i o n 

o f the c a n o n i c a l q u a n t i s a t i o n p a t h . With t h e Poisson bracket assoc­

i a t e d w i t h a c l a s s i c a l t h e o r y b eing mapped over t o the commu­

t a t o r b r a c k e t of the quantum t h e o r y under c o n s t r u c t i o n . For t h i s 

reason a s y s t e m a t i c study of graded f u n c t i o n groups may have been 

o v e r l o o k e d . 

We s t a r t t h i s study by t a k i n g a l o o k at the s i m p l e s t 

example of the graded f u n c t i o n group, t h a t being the case when 

t h e r e i s o n l y one c o n j u g a t e p a i r of f e r m i o n i c v a r i a b l e s : the G l , l 

system. 

2.3.1 The G l . l system f u n c t i o n group. 

We s t a r t w i t h a system of f o u r c a n o n i c a l v a r i a b l e s (q;p;8;a), 

two even and two odd, and we ask what p o s s i b i l i t i e s e x i s t f o r 

graded f u n c t i o n groups of rank two. That i s t o say we are i n t e r e s t e d 

i n a s e t of f u n c t i o n s •$a w i t h a = 1,2 such t h a t : 

( 3 ) ( $a,$|3 } • = Fa0($) 

Where the f u n c t i o n Fa!3 i s graded ( a n t i )syminetric i n the i n d i c e s 

a,S> - 1,2. I n the n e x t s e c t i o n we look a t the choice of one even 

and one odd f u n c t i o n f o r the f u n c t i o n s $a. 
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2.3.2 The 'even-odd' G l . l f u n c t i o n group. 

For t h i s example we have one even and one odd f u n c t i o n making 

up the f u n c t i o n s $a, which are denoted E and F r e s p e c t i v e l y . That 

i s we have: 

E = E(q,p;e,Ti) , |E| = 0 , and F = F(q,pj8,TC) , |F| = 1 

and where the f u n c t i o n s E, F s a t i f y : 

(4) { E,F }• = F(E,F) . IF(E,F)I = 1 

(5) { F,F }' = G(E,F) , |G(E,F)| = 0 

where c l e a r l y antisymmetry of the 'even-even' b r a c k e t i m p l i e s : 

(6) { E,E } ' = 0 • 
What p o s s i b i l i t i e s are e x i s t then f o r equations (4) and (5) ? 

Since by assumption we have o n l y one odd f u n c t i o n F, power s e r i e s 

expansion i m m e d i a t e l y i m p l i e s t h a t they take the f o l l o w i n g form: 

( 7 ) { E,F ) - = F(E) F 

( 8 ) { F,F }' = G(E) 

However, the f u n c t i o n s F and G are not independent as we must 

ensure t h a t the graded J a c o b i i d e n t i t i e s are s a t i s f i e d . That i s : 

( 9 ) { E , { F , F } - } - + { r , { F , E I ' } • - { r , { E , F } ' 1' 0 
S u b s t i t u t i n g ( 7 ) and ( 8 ) i n t o ( 9 ) g i v e s : 

(10) { E,G(E) }' - { F,F(E)F }' - { F,F(E)F }' = 0 

By employing (40) o f f 2.1.6 t h i s i m p l i e s : 
(11) { F,F(E)F }- = F(E) { F,F }' - { F(E),F} F ^ 0 

But s i n c e { F(E),F }' ~ F the second term must v a n i s h , l e a v i n g 

us w i t h the f o l l o w i n g c o n d i t i o n : 
(12) F(E)G(E) = 0 
Thus we see t h e r e are two possi-bi 1 i t i e s f o r the form of eq u a t i o n s 

( 7 ) and ( 8 ) . E i t h e r : 

(A) 
(13) { E,F }' = F(E) F 

(14) { r , r }- = 0 

or 

( B ) 
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( 1 5 ) { E.F }' = 0 

( 1 6 ) { F,F } ' = G(E) 

So r e q u i r i n g t h a t the b r a c k e t s ( 7 ) and ( 8 ) s a t i s f y the graded 

J a c o b i i d e n t i t i e s imposes g r e a t r e s t r i c t i o n s on the form t h a t 

t h e y may t a k e . Having determined t h i s form, we now examine the 

e x p l i c i t s t r u c t u r e of the f u n c t i o n s E and F. 

Power expanding E and F i n terms of t h e i r Grassmann s e c t o r 

g i v e s the f o l l o w i n g : 

( 1 7 ) . E = a(q,p) + b(q , p ) 8 . i t 

( 1 8 ) F = a ( q , p ) 8 + {3(q,p)Ti 

where the f u n c t i o n s a,b,a,0 are a l l graded even and r e a l valued. 

D e a l i n g f i r s t w i t h p o s s i b i l i t y ( A ) , s u b s t i t u t i o n of (18) i n t o (14) 

y i e l d s the f o l l o w i n g : 

{ a8 + |3TC,a8 + BTI } ' = 2{ a8,BTT }' = 2 ( { a,0 }8.TI - aB) - 0 

which i s o n l y s a t i s f i e d when' a|3 = 0. 

L e t us choose B = 0, t h a t i s we g i v e the f u n c t i o n F the f o l l o w i n g 

f orm: 

( 1 9 ) F = a(q.p)e 

S u b s t i t u t i n g ( 17) and ( 1 9 ) i n t o ( 13) now g i v s s us: 

{ a + be.Ti,ae }' = { a,a }8 + ba{ 8. Tt, 8 } = 

- ( { a,a } - ba)8 = F( a + b8.Ti)8 = F(a)a8 

where we have T a y l o r expanded the second l a s t term. Thus we now 

have the f o l l o w i n g r e l a t i o n s h i p between the even component 

f u n c t i o n s : 

( 2 0 ) a F ( a ) { a,a } ba 

That i s : 

b ( q . p ) =•{ a,Ina } - F(a) 

Thus f o r equations ( 1 7 ) and ( 1 8 ) t o s a t i s f y (13) and ( 1 4 ) , we 

r e q u i r e the f u n c t i o n s E(q,p;8 , T i ; ) and r ( q , p ; 8 , T r ) t o be of the 

f o l l o w i n g form: 

( 2 1 ) E = a + ( { a,Ina } - F(a))8.Ti 

( 2 2 ) r = ae 
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B e f o r e d e a l i n g w i t h t h e second p o s s i b i l i t y ( B ) , l e t us b r i e f l y 

r e v i e w the s t e p s t h a t l e d t o equations ( 2 1 ) and ( 2 2 ) . R e c a l l 

t h a t we made two i n i t i a l c h o i c e s . F i r s t l y t h a t we were d e a l i n g 

w i t h a graded phase space c o n s i s t i n g of two even and two odd 

v a r i a b l e s . And. second l y t h a t the f u n c t i o n group under con s i d ­

e r a t i o n c o n s i s t e d o f one even and one odd f u n c t i o n . Having 

made those c h o i c e s , the requirement t h a t the f u n c t i o n s which 

make up the group must s a t i s f y the graded Jacobi i d e n t i t i e s 

d i c t a t e s t h a t the group may take on two p o s s i b l e forms (A) or 

( B ) . Looking a t form (A) i n more d e t a i l , employing expansions 

i n powers of the graded v a r i a b l e s , we were able t o 'solve' the 

graded f u n c t i o n group up t o the presence of two a r b i t a r y even, 

r e a l f u n c t i o n s o f ( q , p ) . T h i s was done a t the expense of making 

one f u r t h e r c h o i c e , which amounted t o f i x i n g the form of the odd 

s e c t o r o f the f u n c t i o n group, r e s u l t i n g i n e q u a t i o n ( 1 9 ) . Choosing 

th e o n ly o t h e r p o s s i b i l i t y i n h e r e n t i n the c o n d i t i o n r e s u l t s 

i n an e q u i v a l e n t p a i r o f equations t o (21 ) and ( 2 2 ) , and i s not 

of g r e a t s i g n i f i c a n c e . We now continue our a n a l y s i s and d e a l w i t h 

the o t her p o s s i b l e form (B) of the 'even-odd' G l , l f u n c t i o n group. 

We approach case (B) i n a s i m i l a r manner t o case ( A ) . S u b s t i t u t i n g 

( 1 8 ) i n t o (16) we g e t : 

( 2 3 ) . { aG + eTt,ae + (3TI } ' = 2 ( { a,0 } 8. TI - a. 13) = G(E) 

F i r s t l e t us lo o k a t the form of G(E). Let us assume G(x) may be 

expressed as some power s e r i e s i n x, thus: 
2 n 

(24 ) G(x) = Ho+ Ui X + 1^2^ + • • • + ^^n^n+ • • • 

Where we do not s p e c i f y f i n i t e n e s s at t h i s stage. S u b s t i t u t i n g 

e x p r e s s i o n ( 1 7 ) f o r x now g i v e s us: 
n 

( 2 5 ) G(E) = + u^(a + be.Tt) + ... + n^ia + bG.Ti) +... 
Looking a t the n t h term i n t h i s expansion we have the f o l l o w i n g : 

n n n-1 
( 2 6 ) ( a + bG.TT ) = a + na b 8. u 

So the f u n c t i o n G(E) has the form: 
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n 
G(E) - ( Uo+ u,a+ . . .+ Mna+...) + 

(2 7 ) n-1 
+ b( 2u,a+...nu^a+..)e.n: 

I f the f u n c t i o n G(x) i s e x p r e s s i b l e as a f i n i t e p o l y n o m i a l j then 

we may w r i t e ( 2 7 ) above as: 

(28) G(E) = G(a) + bGHa)e.Tr 

I f G(x) i s not a f i n i t e p o l y n o m i a l , then, t h e r e e x i s t p a t h o l o g i c a l 

f u n c t i o n s t h a t would make the step between (27) and (28) erroneous, 

however, f o r most w e l l behaved i n f i n i t e p o l y n o m i a l s (28) w i l l 

s t i l l h o l d . 

We may now employ (28) i n ( 2 3 ) t o g i v e : 

( 2 9 ) - a.(3 + { a,13 } 8 . T r = ^2(G(a) + bG'(a)8.TC) 

C l e a r l y t h i s i m p l i e s : 

( 3 0 ) a.B = -^G(a) 

( 3 1 ) . { a,B } = 3sbG'(a) 

T u r n i n g now t o ( 1 5 ) we have: 

( 3 2 ) { a + b8 .Ti.ae + BTI: } • - 0 

which g i v e s us: 

(3 3 ) { a,a }" = a.b 

(3 4 ) { a,0 } • = -i3.b 

Thus we have f o u r equations ( 3 0 ) . ( 3 1 ) , ( 3 3 ) and ( 3 4 ) , l i n k i n g the 

f u n c t i o n s a,0,a and b. Using e q u a t i o n s ( 3 0 ) and (31) we may 

determine Q> and b: 

(3 5 ) 13 = - GI.ajL 
2a 

( 3 6 ) b = i { a,a }' 

a 

Equations ( 3 3 ) and (34) are now s a t i s f i e d i d e n t i c a l l y by 3 and b. 

S u b s t i t u t i o n o f the above e x p r e s s i o n s f o r p and b i n t o the 

expansions ( 1 7 ) and (18) f o r the f u n c t i o n s E and T g i v e us the 

f o l l o w i n g g e n e r a l forms of these v a r i a b l e s : 

( 3 7 ) E = a + { a, Ina } ' 8 . n: 

( 3 8 ) r = aS - G ( a ) T i 
2a 
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We remark t h a t once a g a i n , a f t e r a n a l y s i s s i m i l a r i n c o n t e n t t o 

t h a t which we d i d f o r group ( A ) , we have been l e d t o a g e n e r a l 

e x p r e s s i o n f o r the f u n c t i o n s which comprise the f u n c t i o n group ( B ) . 

Again, a f t e r the group has been chosen, t h e r e e x i s t s two a r b i t r a r y 

r e a l v alued f u n c t i o n s a and a o f the even phase space v a r i a b l e s 

( q . p ) which c h a r a c t e r i s e the group f u n c t i o n s E and P. The above 

a n a l y s i s completes the second of the o n l y two p o s s i b i l i t i e s (A) 

and (B) f o r a graded f u n c t i o n group c o n s i s t i n g of one even and 

one odd f u n c t i o n , c o n s t r u c t e d from two even and two odd conjugate 

phase space v a r i a b l e s (q,p;e,TT:). 

Before l e a v i n g t h i s example i t i s i n t e r e s t i n g t o compare the 

form of the above f u n c t i o n groups and t h e i r a s s o c i a t e d f u n c t i o n s 

w i t h t he work we d i d e a r l i e r i n 2.2 on graded c a n o n i c a l t r a n s f o r ­

m ations. T h i s i s best done i n a column, w i t h the b r a c k e t r e l a t i o n s 

on the L.H.S. and the f u n c t i o n s which s a t i s f y those b r a c k e t s on the 

R.H.S. Observe, from §> 2.2.1 we have: 

( 1 ) 
{ Q.P } ' = 1 , { Q.Q } • - 0 = { P,P } ' .;. Q = q + { q, InX }8.n: 

{ r , $ } ' = -1 , { Q . r } ' = 0 = { p , r } • ; p = p + { p , i n x }e.TT 

{ r . $ > ' = o , { r . r } - = o = { $ , $ } - ; r ^ x e , $ = K 
X 

And from the above work on the (A) and (B) type f u n c t i o n groups we 

have : 

( 2 ) 

( E , r }' = F ( E ) r ; E = a 4 ( { a.lna } - F(a) )8.n 

{ r , r } ' = 0 ; r = ae 

( 3 ) 
{ E , r } ' = 0 • ; E = a + { a, Ina } 'e.Tt 
{ r , r } ' = G(E) ; r = ae - G l a l u 

2a 

We can see t h a t i n a sense groups ( 2 ) and ( 3 ) r e p r e s e n t p o s s i b l e 

'compressions' of t h e fundamental b r a c k e t r e l a t i o n s ( 1 ) . N o t i c e 

how the f u n c t i o n a ( q , p ) i n ( 2 ) and ( 3 ) now p l a y s the r o l e t h a t 

t h e v a r i a b l e s ( q , p ) p l a y e d i n ( 1 ) - t h i s i s showing the m i x i n g i n 
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t h e p u r e l y bosonic p a r t of the f u n c t i o n group. The other a r b i t r a r y 

f u n c t i o n a ( q , p ) i n ( 2 ) and ( 3 ) , i s p l a y i n g a r o l e s i m i l a r t o the 

X(q,p) i n ( 1 ) , which r e p r e s e n t s a conformal r e s c a l i n g of the 

f e r m i o n i c sector-. N o t i c e i n ( 3 ) t h a t the f u n c t i o n G has caused a 

m i x i n g of the f e r m i o n i c v a r i a b l e s 8 and TT . Because t h i s i s o n l y a 

f i r s t example, i t i s hard t o understand c l e a r l y what i s g o i n g on 

here. A necessary f i r s t s t e p i s t o analyse f u l l y a l l the p o s s i b l e 

graded c a n o n i c a l t r a n s f o r m a t i o n s o f the type found i n ^ 2.2, as 

t h e freedom i n t r o d u c e d by the a r b i t r a r y f u n c t i o n s a s s o c i a t e d w i t h 

these symmetries seem t o be p r e s e n t throughout f u n c t i o n group type 

r e d u c t i o n s i n the number of graded v a r i a b l e s . 

We now c a r r y on w i t h our a n a l y s i s of the G l , l graded f u n c t i o n 

groups by next l o o k i n g a t the p o s s i b i l i t y of r e d u c i n g the two even 

and two odd graded c a n o n i c a l v a r i a b l e s down to two odd f u n c t i o n s . 

2.3.3 • the—lad-djziKld" G l U - X u n c t i o n group, 

The next p o s s i b i l i t y we examine i s t h a t of the two p a i r s of 

graded c a n o n i c a l v a r i a b l e s ( q , p ; e , T r ) being used t o c o n s t r u c t a 

graded f u n c t i o n group c o n s i s t i n g of two odd f u n c t i o n s , which we 

denote by $^(q,p;6 , T c ) and $2 - ^'2(<3.'P:8'"^). where |$^| = 1 and 

|$2l - 1- I " t h i s s i t u a t i o n e q uation ( 3 ) g i v e s us the f o l l o w i n g : 

( 3 9 ) { $1 ,$1 } • r A($i ,$2 ) 

(40 ) { $1 ,$2 > ' = ) 

(41 ) { ^2 ) • = C($1 ,$2 ) 

where the f u n c t i o n B ( $ i , $ 2 ) i s r e q u i r e d t o be symmetric under the 

i n t e r c h a n g e of $1 and $2 . 

As b e f o r e we must f i r s t check t o see what r e s t r i c t i o n s the graded 

J a c o b i i d e n t i t i e s p l a c e on us. With o n l y two odd f u n c t i o n s we have: 

( 4 2 ) { $1 , { $2 '^2 > • ) ' + 2{ $2 • ̂  ^1 -̂ 2 ^ ' > ' = 0 

( 4 3 ) { $2'f ^1 ..̂ 1 >'>' + 2{ $2-^1 >'>' = 0 

L o o k i n g a t ( 3 9 ) , ( 4 0 ) ,(41) a g a i n , i t i s c l e a r t h a t s i n c e we o n l y 

have two odd f u n c t i o n s i n t h e system, the o n l y p o s s i b i l i t i e s f o r 

t h e f u n c t i o n s A($i ,^2 ^ > B($i ,$2) ^nd C($i,$2> are t o be of the 
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f o l l o w i n g form: 
(44) A($i ,$2 ) = a $1 .$2 

(4.5) B($i ,$2 ) = ^ b ( $ i .$2 - *2 '^1 ̂  

(46) C($i ,$2 ̂  = ^ ^1 -̂ 2 
Where a,b,c are r e a l c o n s t a n t s . 

S u b s t i t u t i n g ( 4 4 ) . ( 4 5 ) and (46) i n t o ( 4 2 ) g i v e s us the f o l l o w i n g 

c o n d i t i o n s on the c o n s t a n t s a,b,c: 

(47 ) b . c - 0 , a . c + 2 b = 0 

U n f o r t u n a t e l y , d o i n g the same s u b s t i t u t i o n w i t h ( 4 3 ) y i e l d s the 

f u r t h e r c o n d i t i o n : 
( 4 8 ) a.b = 0 

Thus the o n l y p o s s i b i l i t y f o r the form of the b r a c k e t s (39,40,41) 

i s t h e t r i v i a l g roup: 
( 4 9 ) { f , ,$1 } ' = 0 

(5 0 ) • { $1 ,$2 ^ ' = 0 
(51) { $2 ' ̂ 2 ) ' = 0 
As b e f o r e we make the f o l l o w i n g Grassmann expansions: 

( 5 2 ) = a, 9 + B, Ti 

( 5 3 ) . . $2 = ^ + 2̂ ̂  

With a.| ,02,13^ ,13 2 b e i n g f u n c t i o n s of ( q , p ) . We now s u b s t i t u t e these 

e x p r e s s i o n s i n t o e q u a t i o n s ( 4 9 ) , ( 5 0 ) and ( 5 1 ) . 

T h i s g i v e s us t h e f o l l o w i n g c o n d i t i o n s on the f u n c t i o n s a ,a and 

0 ,[3 : 
(54) • â  .B̂  = 0 

(55) a2 .132 = 0 

(5 6 ) â  .132+ ̂ 2 •'̂ 1 ' ° 
(5 ? ) f ,02 > + f ,0^ > = 0 

C l e a r l y , v a r i o u s c h o i c e s are p o s s i b l e here. For example take the 

case o f : 

( 5 8 ) 02= 0 

( 5 9 ) 01 = 0 

Then ( 5 6 ) would i m p l y : 
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( 6 0 ) . 0 2 = 0 

Which amounts t o e i t h e r : 

( 6 1 ) $1 0 , $2 = 2̂ ^ 
or 

( 6 2 ) $̂  = a, 8 , $2 =• 0 

One can q u i c k l y see t h a t another p o s s i b i l i t y i s : 

( 6 3 ) $1 = a, 8 . $2 - «2® 

and so on. Thus we conclude t h a t the requirements of s a t i f y i n g the 

graded J a c o b i i d e n t i t i e s p l a c e severe r e s t r i c t i o n s on the form and 

s o l u t i o n s of the odd-odd' graded f u n c t i o n group. A l l t h a t remains 

t o complete the a n a l y s i s of t h i s c l a s s of graded f u n c t i o n groups, 

i s t o examine the case o f the r e d u c t i o n t o two even f u n c t i o n s . 

2 . 3 . 4 The "even-even' G l . l .^adgd f u n c t i o n groUP. 

We now c o n s i d e r the f i n a l case of the graded c a n o n i c a l set 

( q , p ; e , T T ; ) being reduced down t o two even f u n c t i o n s , which are 

denoted Ei (q , p ; 8 , TT) and E , (q , P ; 8 , TT) , w i t h | Ei | = 0 = I E 2 I - The 

f u n c t i o n group e q u a t i o n ( 3 ) i n t h i s case becomes: 

( 6 4 ) { ET ,E2 } ' = F (E i .E2 ) 

Where the f u n c t i o n F i s a n t i - s y m m e t r i c under interchange o f Ei,E2. 

The -Jacobi i d e n t i t i e s are s a t i s f i e d i d e n t i c a l l y f o r only two even 

f u n c t i o n s , so we have no c o n d i t i o n s on the f u n c t i o n F t h a t way. 

Some prog r e s s can be made by assuming the f u n c t i o n F(Ei,E2) has 

th e f o l l o w i n g form: 

( 6 5 ) F ( E i,E2) = A ( E i ) B ( E 2 ) - A(E2 )B(E , ) 

Then i f we p l a c e : 

( 6 6 ) Ei = ai + b^ 8 . IT 

( 6 7 ) E2= a2+ b2 8.K 

we have from b e f o r e : 

( 6 8 ) A(Ei ) - A(ai ) + bi A'(ai )8.Tr 

( 8 9 ) A(E2) = A(a2) + b2 A ' ( a2 )e . ti: 

(70) B(Ei ) = B(ai ) + bi B'(ai )e.Ti 

(71) B(E2) = B(a2) + 62 B ' ( 33 )e . TC 
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where we assume the f u n c t i o n s A and B are s u i t a b l y w e l l behaved, 

and upon s u b s t i t u t i o n i n ( 6 4 ) g i v e s us: 

( 7 2 ) { a^.a, } = A(a,)B(a2) - A(a2)B(a, ) 

( 73) { â  ,b2 } + { b., .aj } = b2 (A( ai )B ' ( a 2) - A ( a 2 ) B - ( a i ) ) + 

+ bi ( A ' ( a i ) B ( a 2 ) - A - ( a 2 ) B ( a p ) 

The f i r s t c o n d i t i o n ( 7 2 ) t e l l s us t h a t the f u n c t i o n s a^, a 2, must 

themselves form a bosonic f u n c t i o n group w i t h the f u n c t i o n F. 

The second e q u a t i o n ( 7 3 ) i s a c o n d i t i o n t h a t the f u n c t i o n s b̂  ,b2 

must s a t i s f y f o r Ê  ,¥.2 to a l s o s a t i s f y ( 6 4 ) . By employing a power 

expansion argument s i m i l a r t o the one we used above, i t i s c l e a r 

t h a t any w e l l behaved f u n c t i o n F w i l l produce a c o n d i t i o n s i m i l a r 

t o ( 7 2 ) . That i s , the z e r o t h o r d e r term i n Grassmann v a r i a b l e s of 

the f u n c t i o n s E^ and E2 w i l l always s a t i s f y ( 7 2 ) . The a d d i t i o n a l 

f u n c t i o n s b^ , b2 w i l l then have t o be chosen to s a t i s f y the f u r t h e r 

c o n s t r a i n t s which occur. Thus we see t h a t the 'even-even' graded 

f u n c t i o n group f o r the G l . l system i s by f a r the l e a s t c o n s t r a i n e d 

o f the t h r e e p o s s i b i l i t i e s , and nearest i n form t o the standard 

f u n c t i o n group d e f i n e d i n P a r t I . An example of an 'even-even' 

graded f u n c t i o n group which p h y s i c a l l y might be of i n t e r e s t i s 

the case when the two even f u n c t i o n s E i , £ 2 form a conjugate p a i r . 

That i s : 

( 7 4 ) . _{ Ê  ,£2} • = 1 

Under these c i r c u m s t a n c e s , u s i n g the expansions (6 6 ) and (67) f o r 

Ê  and E2, we o b t a i n the f o l l o w i n g c o n d i t i o n s on the f u n c t i o n s â  , 

82 , b̂  , b2 : 

( 7 5 ) { a, , a 2 } = 1 

( 7 6 ) { â  , b 2 } + { b̂  ,a2 } = 0 

I f we suppose t h a t b̂  = b^(.a-\ , 3 2 ) and b j = t^(ai , a2 ) , then c l e a r l y 

t h e f o l l o w i n g f u n c t i o n s s a t i s f y ( 7 4 ) : 

( 7 7 ) El = â  + ( kai + f (a2) )8.K 

( 7 8 ) £2= a2 - ( ka2+ g ( a i ) ) e . T t 

Where f and g are a r b i t r a r y f u n c t i o n s of a and a r e s p e c t i v e l y , and 
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k i s some r e a l c o n s t a n t . A p a r t i c u l a r l y obvious choice f o r the 

f u n c t i o n s a.̂  and a^ which s a t i s f i e s (75) i s the f o l l o w i n g : 

( 7 9 ) E = q + ( kq + f(p ) ) 8 . T r 

( 8 0 ) E = p - ( kp + g(q ) ) e.Tt 

T h i s concludes t h i s b r i e f look a t the s i m p l e s t examples of the 

idea of the graded f u n c t i o n group, which we b e l i e v e serves t o show 

t h a t the idea does make sense and should be i n v e s t i g a t e d system­

a t i c a l l y . At t h i s stage we do not have enough examples t o be able 

t o r e a l i s t i c a l l y hope t o p r o j e c t what the ge n e r a l p r i n c i p l e i s 

l y i n g behind these o b j e c t s , we f e e l c e r t a i n t h a t the graded perm­

u t a t i o n group w i l l p l a y a r o l e i n t h i s t h e o r y somewhere, though 

t h i s i s j u s t s p e c u l a t i o n . Again, i t i s not c l e a r i f a n y t h i n g fund­

a m e n t a l l y new w i l l come out of such a, study. However so long as 

o b j e c t s such as the graded D i r a c b r a c k e t are i n use by the physics 

community, then the s t r u c t u r e of graded f u n c t i o n groups should be 

understood. 

We now leave t h i s s u b j e c t and go on t o i n v e s t i g a t e the problem 

of r e a l i s i n g a g e n e r a l super L i e algebra usi.ng graded f u n c t i o n s 

d e f i n e d on a super phase space of the type we have been d e a l i n g 

w i t h , where the graded Poisson b r a c k e t i s used t o d e f i n e the L i e 

combinat i o n o p e r a t i o n . 
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2.4.0 Graded Poisson Bracket R e a l i s a t i o n s . 

I n t r o d u c t i o n 

I n P a r t I i t was made c l e a r t h a t a necessary element t h a t i s 

r e q u i r e d b e f o r e b e i n g able t o c a r r y out the group t h e o r e t i c a l quan­

t i s a t i o n program i n [ 3 7 ] , i s u n d e r s t a n d i n g how t o r e a l i s e a gen­

e r a l L i e a l g e b r a u s i n g phase space observables and the Poisson 

b r a c k e t as the L i e combination r u l e . What t h i s amounts t o l o c a l l y 

i s t h a t , g i v e n some L i e a l g e b r a [ T i . T j ] = C i j k Tk, we may f i n d w e l l 

d e f i n e d f u n c t i o n s on phase space F i such t h a t { F i . F j } = C i j k Fk. 

T e c h n i c a l l y such a correspondance i s known as a 'Souriau momentum 

map' and has many i n t e r e s t i n g p r o p e r t i e s [ 5 5 ] . I n t h i s s e c t i o n we 

examine a graded g e n e r a l i s a t i o n of t h i s idea, w i t h p a r t i c u l a r 

a t t e n t i o n b e i n g p a i d t o the graded e q u i v a l e n t of the cocycles of 

P a r t I . What f i n d i n g the graded g e n e r a l i s a t i o n of the momentum map 

d e s c r i b e d above comes down t o i s , given some super L i e algebra L 

which has bo t h commuting and anticommuting g e n e r a t o r s , we must 

f i n d a correspondance between these g e n e r a t o r s and the space of 

odd and even f u n c t i o n s on the graded phase space, which r e a l i s e s 

the a l g e b r a under graded Poisson b r a c k e t combination. That i s , i f 

the super a l g e b r a has the f o l l o w i n g form: 
k • 

( 1 ) [ E i , E j 3' = C i j Ek 

0 
( 2 ) [ Ei,0a ] ' = Dia 00 

k 
( 3 ) [ .Oa,.O0 ] ' = Fa0 Ek 

w i t h i , j , k - 1,..,n 

and a,0 - 1, . . , N 

Where E i r e p r e s e n t s the even (commuting) g e n e r a t o r s , and Oa the 
k 0 k 

odd ( a n t i - c o m m u t i n g ) g e n e r a t o r s . And where C i j . Dia , Fa0 are the 

s t r u c t u r e c o n s t a n t s o f the super a l g e b r a , w i t h [ , ] ' r e p r e s e n t i n g 

t h e graded commutator b r a c k e t which i s d e f i n e d as f o l l o w s : 

( 4 ) [ A.B ] ' := A.B - (-1) B.A 

where | E i | = 0, |0a| = 1. 
Also we r e q u i r e t h a t the b r a c k e t s (1,2,3) s a t i s f y the graded Jacobi 
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i d e n t i t i e s (see appendix A ) , which means t h a t the s t r u c t u r e c o n s t a n t s 

o f the al g e b r a C, D and F i n (1,2,3) s a t i s f y : 

m n m n m n 
( 5 ) Ci.j Ckm + Cki Cjm + Cj k Cim = 0 

1 6 1 6 1 6 
( 6 ) F0H Dal + FaB Dul + Fua DBl - 0 

1 k u 1 u 1 
( 7 a ) C i k Fa0 + Dai F M0 + D0i Fua = 0 

k 5 |i • 5 U 6 
( 7 b ) Ci.j Dak + Dja Diu + Dai Dj\i = 0. 

We wish t o f i n d a correspondence: 

( 8 ) E i ---> f i ( q .p;8 ,T i : ) , Oa ---> fa(q,p;8,n:) 

where | f i ( = 0, f o r i = l , . . , n , and |fa( = 1 , f o r a = 1,...,N, 

and such t h a t the f u n c t i o n s f i , f a s a t i s f y the f o l l o w i n g : 

k 
( 9 ) { f i , f . j } ' = C i j f k 

w i t h i , j , k = l , . . , n 
13 

( 1 0 ) { f i, f a } ' = Dia f g 
and a , 3 = 1, . . . , N 

k 
( 1 1 ) { f a , f B }' = FaB f k 

I f t h i s i s p o s s i b l e t o do one says t h a t the superalgebra has been 

t r u l y r e a l i s e d . U n f o r t u n a t e l y i n g e n e r a l t h i s i s not p o s s i b l e t o do. 

I n c a r r y i n g out t h i s process i n P a r t I on a s t r a i g h t f o r w a r d L i e 

a l g e b r a , we saw how c e n t r a l terms, c a l l e d cocycles, appear and 

which have to be removed i f a t r u e r e a l i s a t i o n i s t o be made. A 

s i m i l a r occurence a r i s e s i n the graded case, which we d e s c r i b e i n 

th e next s e c t i o n . 

2.4.1 C e n t r a l terms i n graded Poisson bracket r e a l i s a t i o n s . 

The l o c a l c e n t r a l e x t e n s i o n which can occur i n graded Poisson 

b r a c k e t r e a l i s a t i o n s , appear on the r i g h t hand sid e of equations 

( 9 ) , ( 1 0) and ( 1 1 ) i n the f o l l o w i n g manner: 

k 
( 1 2 ) { f i, f j } ' = C i j f k + 2 i j 

( 1 3 ) { f i , f a }' = Dia fB + z i a 

k 
( 1 4 ) { f a , f B }' = FaB f k + zaB 
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Where I z i j I = 0 = ( 2 a 0 I , | z i a | = 1. Also the c e n t r a l terms have 

the f o l l o w i n g symmetry p r o p e r t i e s : 

( 1 5 ) z i j = - 2 j i 

( 1 6 ) z i a = - z a i 

( 1 7 ) za0 - z0a 

i n accord w i t h the symmetries of the graded Poisson b r a c k e t . The 

f i r s t p r o p e r t y we prove about these c e n t r a l terms i s the f o l l o w i n g : 

E_rQPQsition 1 

The c e n t r a l term z i a i n e q u a t i o n ( 1 3 ) i s i d e n t i c a l l y zero. 

P r o o f 

The c e n t r a l term z i a a r i s e s from a graded (skew)symmetric o b j e c t 

Z(A,B), which we c a l l a graded 2-cocycle [ 5 9 ] , and where A,B are 

g e n e r a t o r s o f the s u p e r a l g e b r a d e f i n e d by equations ( 1 ) , ( 2 ) and 

( 3 ) . We have: 
( 1 8 ) zia' = 2 ( E i , 0 a ) - - Z(Oa,Ei) = - z a i 

However, s i n c e the graded poisson b r a c k e t i s b i l i n e a r i n Grassmann 

numbers, f o r c o n s i s t a n c y we a l s o have: 

( 1 9 ) Z( €Oa,Ei) = Z(Oa,€Ei) = <E2(0a,Ei) , where = 1 

T h i s i m p l i e s : 

eZ(Ei,Oa) = Z ( E i , 6 0 a ) = Z(€Oa,Ei) = eZ(Oa.Ei) = - eZ(Ei,Oa) 

-> z i a = - z i a => z i a = Q as claimed. 

Where we have used the f a c t t h a t Z(A,B) i s graded (skew)symmetric. 

Thus, r e q u i r i n g z i a t o be a n t i s y m m e t r i c i n ( i , a ) i s i n c o n s i s t e n t 

w i t h t he b i l i n e a r i t y of the graded Poisson b r a c k e t . This i s a w e l l 

known r e s u l t , see f o r example [ 5 ] on c e n t r a l e x t e n s i o n s t o super-

a l g e b r a s . 

What o t h e r c o n d i t i o n s do the these o b j e c t s s a t i s f y ? By a p p l y i n g 

t h e super J a c o b i i d e n t i t i e s t o the b r a c k e t s ( 1 2 ) , ( 1 3 ) and (14) we 

o b t a i n t he f o l l o w i n g i d e n t i t i e s : 

1 1 1 ( 2 0 ) C i j 2 k l + Cki z j l + Cjk z i l - 0 

j U U 
( 2 1 ) Fa0 z i j + Dai z0|i + D0i zan = 0 
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Equation (20) i s j u s t t he standard r e s u l t s i m i l a r t o the one 

we encountered i n f 1.4.2, which i s j u s t the c o n d i t i o n t h a t the 

2-cocycle i s c l o s e d . However (21) i s a s s o c i a t e d w i t h the graded 

e x t e n s i o n . We n o t i c e t h a t (20) and (21) are s a t i s f i e d i d e n t i c a l l y 

by the a p p l i c a t i o n of the super Jacobi i d e n t i t i e s ( 5 , 6 , 7 ) , i f 

zij and zaB are of the f o l l o w i n g form: 

k 
( 2 2 ) z i j = C i j zk 

k 
( 2 3 ) zaB = FaB zk 

Where j z k j = 0, f o r i , j , k = l , . . . , n . 

T h i s i s e q u i v a l e n t t o the s i t u a t i o n i n y 1.4.2 where the 2-cocycle 

i s the e x t e r i o r d e r i v a t i v e of a 1-coboundary. I n P a r t I i t was shown 

t h a t i t i s p o s s i b l e under the c o n d i t i o n s of the L i e group having a 

non-degenerate K i l l i n g f orm, t o i n v e r t equation (22) ( t h a t i s the 

group . i s s e m i s i m p l e ) . Under these cicumstances i t i s p o s s i b l e t o 

'remove' the c e n t r a l terms from (12) and ( 1 4 ) . by the a d d i t i o n of 

- zk t o the f u n c t i o n s f k . The q u e s t i o n a r i s e s as t o whether i t 

p o s s i b l e t o d i s c o v e r a s i m i l a r remedy i n the graded case. That i s , 

i s i t i n g e n e r a l p o s s i b l e t o i n v e r t e q u a t i o n (22)? I f we can, then 

the graded c o c y c l e i s removeable. I n s t u d y i n g t h i s problem, l e t us 

f i r s t assume t h a t the bosonic p a r t of the super a l g e b r a i s semi-

simple and compact. That i s : 

n m 

( 2 4 ) Cim Cjn = 6 i j : the Kronecker d e l t a 

The super C a r t a n - K i 1 1 i n g forms are [ 4 5 ] : 
B a 

( 2 5 ) g i j = 5 i j - Dia DjB = - g j i 
U i . U i 

( 2 6 ) gaB - Dai FBu - DBi Fan = - gBa 

( 2 7 ) g a i = g i a = 0 

We are r e q u i r e d t o i n v e r t the e q u a t i o n : 
k 

( 2 8 ) z i j = C i j 2k 
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The f i r s t o b s e r v a t i o n we make i s t h a t t o r a i s e and lower i n d i c e s we 

should use the f u l l , supersymmetric, C a r t a n - K i 1 1 i n g forms. For t h i s 

reason we make the f u r t h e r assumption t h a t the supersymmetric 

C a r t a n - K i 1 1 i n g forms g i j , ga0 have w e l l behaved i n v e r s e s . That i s : 

j k k 
( 2 9 ) g i j g = 5 i = 5 i k 

0T T 
( 3 0 ) ga0 g = 6a 

Because we are u s i n g the f u l l K i l l i n g forms (25) and (26) we note 
k 

t h a t now i t w i l l not f o l l o w a u t o m a t i c a l l y t h a t C i j k H C i j as i n 

the s t a n d a r d t h e o r y . I n f a c t , i f we d e f i n e : 
m 

(3 1 ) C ' i j k := gkm C i j 

then we may s t a t e the f o l l o w i n g p r o p o s i t i o n : 
Pro P-P.5,i.t- l 0 - r i _ I l 

The t e n s o r C ' i j k i s t o t a l l y a n t i - s y m m e t r i c i n i n d i c e s . 

P.r_aQj_ 

S i n c e b y d e f i n i t i o n : 
. m s r 0 a m 

( 3 2 ) . C i j k := gkm C i j - ( Ckr Cms - Dka Dm0 ) C i j 

the f i r s t e x p r e s s s i o n i n the b r a c k e t g i v e s the standard a n t i ­

symmetric r e s u l t f o r the bosonic a l g e b r a . For the second term we 

have : 
0 a m • .0 U a U 0 

- Dka Dm0 C i j = Dka (D0i Dju + DjP Dip ) 
0 u a " 0 u a 

- Dka Dj0 Diu - Dka Di0 Dju 
Where we have used the super J a c o b i i d e n t i t y ( 7 b ) . M a n i f e s t l y t h i s 

i s a n t i - s y m m e t r i c i n i and j , i n t e r c h a n g i n g k and j we g e t : 

Dja Dk0 Diu - Dja Di0 Dku = - (Dku Dja Di0 - Dk0 Diu Dja ) 

which completes the p r o o f . 

We a l s o note t h a t : 
k l k 

( 3 3 ) g C ' i j l = C i j 
We are now able t o i n v e r t t h e e x p r e s s i o n (28) s i n c e : 

k k . k 
( 3 4 ) z i j = C i j 2k - C ' i j k z - C ' k i j z 

r a i s i n g j on b o t h s i d e s we g e t : 
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j j k 
( 3 5 ) • z i = C k i z 

i 
and now m u l t i p l y i n g t h r o u g h by Cmj g i v e s us: 

i j i j k k m 
( 3 6 ) Cmj 2 i = Cmj Cki z 5mk z = z 

That i s : 
I j i 

( 3 7 ) zm' = gmk g Ckj z i l 

So we see t h a t a l t h o u g h we move through an i n t e r m e d i a t e s t a t e and 

d e a l w i t h the non-standard C ' i j k t e n s o r , the p r o p e r t y of a n t i ­

symmetry i s s u f f i c i e n t t o ensure the i n v e r s i o n i s s t i l l p o s s i b l e , 

a l b e i t under c e r t a i n assumptions. We are now able t o prove the the 

f o l l o w i n g p r o p o s i t i o n , which goes p a r t way t o g e n e r a l i s i n g t h a t 

s t a t e d i n j> 1.4.2: 

P r,ojB.fl-ai,ti-an ILL 

Under c o n d i t i o n s ( 2 4 ) , ( 2 9 ) and ( 3 0 ) , and also the caveat below, the 

c e n t r a l e x t e n t i o n s z i j and zaB i n equation ( 1 2 ) and ( 1 4 ) may be 

removed by a r e d e f i n i t i o n o f f u n c t i o n s f i and f a . 

P_r_aQ,t 

Redefine f i by the a d d i t i o n of - zm from ( 3 7 ) . The super Jacobi 

i n d e n t i t i e s ( 5 ) t o ( 7 ) then ensure t h a t the f i ' s a t i s f y .(9) and ( 1 1 ) 

However t h e r e i s a caveat: 

Caveat 
There i s a f u r t h e r assumption u n d e r l y i n g t h i s . I t i s t h a t given 

k 
z i j - C i j zk, then the o n l y p o s s i b i l i t y f o r zaB such t h a t 
e q u a t i o n s ( 2 2 ) and ( 2 3 ) are s a t i s f i e d i d e n t i c a l l y , i s t h a t the 

k 

components zaB are of the form zaB = FaB zk. Subject t o t h i s 

caveat the p r o o f i s complete. What t h i s amounts t o i s showing t h a t 

the o n l y s o l u t i o n ' o f : 

B B K 
( 3 8 ) Dia AuB + D i u AaB - 0 , where AaB' = zaB - FaB 2k 
i s t h a t : 

( 3 9 ) AaB = 0 
B 

I t seems reasonable t o hope t h a t t h i s requirement on the Dia i s 
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a l r e a d y covered by demanding g i j has a w e l l d e f i n e d i n v e r s e , though 

the a u t hor does not know a p r o o f of t h i s . U n t i l t h i s p o i n t i s cl e a r e c 

up e q u a t i o n ( 3 8 ) r e p r e s e n t s a f u r t h e r c o n d i t i o n on the types of super 

a l g e b r a s which p e r m i t the removal of coc y c l e s . 

2.4.2 Graded Poisson b r a c k e t r e a l i s a t i o n s . 

Having looked a t the q u e s t i o n of c e n t r a l e xtensions we move on 

to t h e q u e s t i o n f i r s t posed i n the i n t r o d u c t i o n t o " 2.4, namely, 

i s i t p o s s i b l e t o f i n d a graded v e r s i o n of the momentum map ( 8 ) . 

That i s a correspondence such t h a t ( 9 ) , (10) and (11) are 

s a t i s f i e d . I n t h i s s e c t i o n we g e n e r a l i s e one c l a s s i c a l r e a l i s a t i o n 

of t h i s problem. T h i s r e s u l t appears i n a less g e n e r a l form i n [ 8 ] . 

I t i s w e l l known c l a s s i c a l r e s u l t t h a t , g i v en some L i e a l g e b r a 
k 

( 4 0 ) [ E i . E j ] = C i j Ek 

then the f o l l o w i n g map r e a l i s e s t h i s a l g e b r a by observables on 

phase space, under Poisson b r a c k e t combination: 

k j 
(4 1 ) E i > f i := C i j q pk 
I t i s easy t o v e r i f y by employing the Jacobi i d e n t i t y t h a t : 

k 
( 4 2 ) { f i . f j } = C i j f k 

What i s the graded g e n e r a l i s a t i o n of t h i s r e s u l t ? The f o l l o w i n g map 

i s found t o work: 
k j 0 a 

( 4 3 ) E i > f i := C i j q pk + Dia TC0 .8 

k 0 0 i 
( 4 4 ) Oa > f a := Fa0 pk 8 + Dai q TI;0 

We demonstrate t h i s e x p l i c i t l y f o r the {even, odd} case: 

k m u U m j 
{ f i , f a }' - ((Cim p k ) ( F a u 8 ) - (Dam T T u ) ( C i j q ) ) -

0 M j j u 0 
- ( ( D i u T i 0 ) ( D a j q ) + (Fau p j ) ( D i 0 8 ) 

U 1 0 0 j 
= Dia (F0U p i 8 + Dju q TT0) 

U 
Dia f u 

Where we have used the super J a c o b i i d e n t i t y ( 7 ) . We can see 
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c l e a r l y t h a t ( 4 3 ) and ( 4 4 ) are the n a t u r a l g e n e r a l i s a t i o n t o 

( 4 1 ) i f we s t a t e them i n a more u n i f i e d form u s i n g graded m a t r i c e s 

s i m i l a r t o those i n t r o d u c e d by Casalbuoni i n [ 1 8 ] . S e t t i n g : 

( 4 5 ) (Qa) = ( q i ; e a ) , (Pb) = (pj;TtB) 

w i t h i . j - l , . . . , n , a,B - 1,...,N, and a.b = 1 n+N. And 

d e f i n i n g the m a t r i x M t o be: 

C D 
( 4 6 ) (M)ab :-

D F . 

Where C,D,F are the s t r u c t u r e c o n s t a n t s of the super algebra ( 1 , 2 , 3 ) , 

then we may w r i t e the maps (43) and (44) as: 

( 4 7 ) (Ga) ---> ( f a ) - (Pa)Mab(Qb) 

Where (Ga) - (Ei;Oa) and ( f a ) = ( f i ; f a ) . This i s the n a t u r a l form 

i n which t o see the g e n e r a l i s a t i o n of the map ( 4 1 ) . 

Another way t h a t the map d e f i n e d by (43) and (44) may be 

understood i s by the use of the graded H a m i l t o n i a n v e c t o r f i e l d s of 

2.1. I f we form the G.H.V.F.s as s o c i a t e d w i t h the f u n c t i o n s f i 

and f a , t h u s : 
m j > j > B a> a > 

( 4 8 ) ' i f i := C i j q_b_ - Cira p j ^ - Dia e_L - Diu rta d 
dqm dpm i>Qli dnu 

< m B < B < B k < k 
( 4 9 ) a f $ := ^FaB 8 -^Dam TTB -J_Dak q -l_Fau pk 

aqm cipm 683 drru 

Then employing (27) from f 2.1 and u s i n g the p r o p e r t i e s of f i and 

f a , then the f o l l o w i n g h o l d s : 

k 
( 5 0 ) [ $ f i , $ f j ] ' = C i j $ f k 

( 5 1 ) [ $ f i , a f $ ] ' = Dia Bf$ 

k 

( 5 2 ) [ af$,Bf$ ] ' = FaB $ f k 

Thus we have r e a l i s e d the super a l g e b r a (1,2,3) by the use of graded 

H a m i l t o n i a n v e c t o r f i e l d s and the graded commutator b r a c k e t . 

Before we leave t h i s s u b j e c t t h e r e i s one f u r t h e r p o i n t t o 

make. I n the event t h a t the super a l g e b r a i n q u e s t i o n i s of a 
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type which has C = 0 and F = 0, then the f u n c t i o n s f i and f a may 

be a d j u s t e d t o the f o l l o w i n g : 
0 a 

(53) f ' i = p i + Dia K0 8 

0 i 

(54) f 'a = Tta + Dia q Tr0 

T h i s i s the r e a l i s a t i o n which appears i n [ 3 ] . 

2.5.0 Group T h e o r e t i c a l approach to Q u a n t i s a t i o n of Graded 

In <o 1.4.3 we e x p l a i n b r i e f l y some of the ideas behind the 

group t h e o r e t i c a l approach t o q u a n t i s a t i o n , a f u l l account of 

which i s given by C.Isham i n [36,37,38]. As we ex p l a i n e d p r e v i o u s l y , 

the m o t i v a t i o n f o r t h i s t h e s i s came from a d e s i r e t o extend 

t h i s approach t o q u a n t i s a t i o n t o i n c l u d e systems which i n c o r p o r a t e 

anticommuting v a r i a b l e s i n a n a t u r a l way. To be able t o c o n s t r u c t 

a r i g o r o u s g e n e r a l t h e o r y which achieves t h i s , r e q u i r e s c o n s i d e r a b l e 

f a m i l i a r i t y w i t h the d i f f e r e n t i a l geometry of graded phase spaces. 

However, i t i s p o s s i b l e t o examine the idea from a les s a m b i t i o u s 

a n g l e . Because a t t h i s stage we l a c k a f u l l y developed t h e o r y of 

graded man i f o l d s , i n s t e a d we decide t o employ a ' f l a t ' graded 

parameter space of the type f r e q u e n t l y used by p h y s i c i s t s (and 

c o n f u s i n g l y known as superspace) on which t o i l l u s t r a t e some of 

the ideas we have been de s c u s s i n g . The a c t u a l superspace we 

use i s j u s t a f l a t coset space o b t a i n e d from a comp l e t e l y 

a b e l i a n graded a l g e b r a , which i s designed t o p a r a l l e l the example 

i n <J 1.4.3 on the group t h e o r e t i c a l approach t o the q u a n t i s a t i o n 

o f Rn drawn from [ 3 7 ] . 

We b e g i n ' t h i s s e c t i o n by c a r r y i n g out what i s e s s e n t i a l l y a 

v e r b a l e x e r c i s e o f i n s e r t i n g words l i k e 'graded' and 'super-

symmetric' i n t o t h e programme d e s c r i b e d i n [ 3 7 ] and which we 

reviewed i n ̂  1.4.2. A f t e r some descussion as t o what t h i s might 

-- 127 --



mean, we i l l u s t r a t e how t h i s approach t o graded q u a n t i s a t i o n might 

look when a p p l i e d t o a ' f l a t ' c o n f i g u r a t i o n space of mixed r e a l and 

Grassmann v a r i a b l e s , which i s the d i r e c t product Rn (X) GN of an n-

d i m e n s i o n a l r e a l space Rn w i t h an N-dimensional Grassmann a l g e b r a GN 

2.5.1 The graded q u a n t i s a t i o n programme. 

The c e n t r a l idea of the 'group t h e o r e t i c a l ' approach t o quant­

i s a t i o n i s t h a t the quantum o p e r a t o r s of the th e o r y come about by 

a ' q u a n t i s a t i o n map' from a s p e c i a l set of observables appearing i n 

the c l a s s i c a l t h e o r y . The observables which comprise t h i s set are 

those which r e a l i s e the a l g e b r a of the c l a s s i c a l t r a n s f o r m a t i o n 

symmetry group ( o r a c e n t r a l ex'tension of t h i s group) associated 

w i t h t h e c l a s s i c a l phase space under q u a n t i s a t i o n . This approach t o 

q u a n t i s a t i o n g i v e s a n i c e i n t e r p r e t a t i o n of the ' i h ' i n the standard 

Heisenberg c a n o n i c a l commutation r e l a t i o n s , as be i n g a kind of 

anomaly: a f a i l u r e of r e a l i s a t i o n between the c l a s s i c a l symmetry 

of the phase space and the n a t u r a l observables of the system. I n an 

o u t l i n e form we might express the g e n e r a l i s a t i o n of t h i s q u a n t i s a ­

t i o n procedure as a correspondence between the columns of the 

f o l l o w i n g c h a r t : 

Standard Bosonic programme 

C l a s s i c a l mechanics w i t h phase 

space b e i n g some s y m p l e c t i c 

m a n i f o l d w i t h symmetry. 

Bosonic/Fermionic programme 

Pseudomechanics on a graded 

phase space being some o r t h o -

s y m p l e c t i c supermanifold w i t h 

supersymmetry 

Find some t r a n s i t i v e l y a c t i n g L i e 

group on the phase space, which 

l i n k s a l l the p o i n t s i n the 

phase space t o one another by the 

a c t i o n of the group. 

Find some t r a n s i t i v e a c t i n g 

L i e super group on S.P.S. 

which l i n k s a l l p o i n t s i n 

S.P.S. by the a c t i o n of the 

supergroup. 
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R e a l i s e the a l g e b r a of t h i s group 

by some subset o f the s e t of w e l l 

d e f i n e d o b s ervables on phase space, 

u s i n g the Poisson b r a c k e t as the 

L i e combination o p e r a t i o n . I f t h i s 

i s not p o s s i b l e t o do w i t h t h i s 

a l g e b r a , use the c e n t r a l e x t e n s i o n . 

Realise t he a l g e b r a of t h i s 

super group by some subset 

of the s e t of graded obser­

vables u s i n g the graded 

Poisson b r a c k e t as the L i e 

combination o p e r a t i o n . I f 

t h i s i s n o t p o s s i b l e t o do 

w i t h t h i s s u p e r a l g e b r a , use 

the graded c e n t r a l e x t e n s i o n 

C a r r y out a ' q u a n t i s a t i o n map' from 

t h i s s e t of c l a s s i c a l o b s e r v a b l e s 

t o a c o r r e s p o n d i n g s e t o f l i n e a r 

o p e r a t o r s i n some H i l b e r t space 

which r e a l i s e t h e quantum a l g e b r a . 

Complete the process by f i n d i n g 

i r r e d u c i b l e r e p r e s e n t a t i o n s of 

the quantum a l g e b r a on H i b e r t 

space. 

Carry out a ' q u a n t i s a t i o n 

map' from t h i s s e t of 

p s e u d o - c l a s s i c a l observables 

t o a c o r r e s p o n d i n g s e t of 

graded l i n e a r o p e r a t o r s on 

super H i l b e r t space which 

r e a l i s e t h e quantum algebra. 

Find i r r e d u c i b l e represen­

t a t i o n s o f super a l g e b r a 

on super H i b e t space. 

These then are t h e words. Below we discuss sorie of the problems one 

encounters when a c t u a l l y t r y i n g t o a s s o c i a t e meaning w i t h the 

graded programme suggested above. 
2.5.2 D i s c u s s i o n o f the graded q u a n t i s a t i o n programme. 

The f i r s t p o i n t t o c o n s i d e r i s t h a t a pseudomechanical 

phase space i s n o t as i n t u i t i v e an idea as a stand a r d c l a s s i c a l 

phase space whose l o c a l c o - o r d i n a t e f u n c t i o n s are a l l r e a l and 

commutative. Faced w i t h some c l a s s i c a l t h e o r y , i t i s l i k e l y t h a t 

one w i l l have a good i n t u i t i v e grasp of the form t h e c l a s s i c a l 

phase space w i l l t a k e ( t h o u g h we note t h a t t h i s i s not always the 
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case. For example the phase space of the c l a s s i c a l s t r i n g i s not 

s t r a i g h t f o r w a r d t o e n v i s a g e ) , or a n o t i o n a t l e a s t of some of 

the symmetries the space might possess. However, when the c o n f i g -

e r a t i o n space of the t h e o r y i n v o l v e s anticommuting v a r i a b l e s as 

i t does i n the case here, t h i s type of i n t u i t i o n i s f a r harder t o 

come by i n even the s i m p l e s t of examples. The l a c k of easy 

v i s u a l i s a t i o n of the v a r i a b l e s makes graded t h e o r i e s i n t r i n s i c a l l y 

harder t o grasp. For t h i s reason the l i n k between the way the graded 

phase space i s expressed and the group of symmetries of the space, 

i f indeed t h e r e i s one, might be hard t o f i n d . I n f a c t o f t e n i n the 

p h y s i c s l i t e r a t u r e superspace i s a c t u a l l y d e f i n e d by use of the 

symmetry group, by i d e n t i f y i n g i t as the coset space between some 

known supergroup and i t s even L i e subgroup [ 3 2 , 4 1 ] . A theory const­

r u c t e d i n t h i s manner e s s e n t i a l l y r e v e r s e s the f i r s t two of the 

correspondence steps above, making the l i n k between the two steps 

a d e f i n i t i o n . Two examples of popular superspaces which have been 

c o n s t r u c t e d i n t h i s way are r 4 1 ] : (A) Super Minkowski space and 

(• B) Super D e - s i t t e r space. Looking a t these two spaces i n t u r n , i n 

the case of Super Minkowski space we have: 

(A) The q u o t i e n t i s taken between the Super-Poincare group and 

the L o r e n t z group. The r e s u l t i n g space i s n e c e s s a r i l y f l a t and has 

f o u r bosonic c o - o r d i n a t e s Xu, u = 1,...,4, and f o u r f e r m i o n i c co­

o r d i n a t e s 8a, a - 1,...,4. Th i s type of superspace can be decomposed 

i n t o a d i r e c t p r o d u c t of the bosonic and f e r m i o n i c parameter spaces, 

thus : 

Superspace S = B (X) F , where B - Bosonic conf i g e r a t i o n space 

and . F = Fermionic parameter space. 
Where we have: 

( 1 ) S = (g/h)® (G/g) 

where g < h = {even subgroup of supergroup G}. I n the case of super 

Minkowski space t h i s decomposi'tion works as f o l l o w s : 
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( 2 ) Minkowski superspace M = (g/h) .̂ ) (G/g) 

where; G = Super P o i n c a r e group, g = Poincare group , h = L o r e n t z 

group. Thus: 

( 3 ) M = (Minkowski 4-space) (X) (Fermionic parameter space) 

where M has c o - o r d i n a t e s : 

( 4 ) (Xa) = (Xu;9a) , a = 1, ... ,8 

w i t h XM t R4, u = 1,...,4 , and Ba form a G4 Grassmann a l g e b r a . 

(B) For the case of Super de S i t t e r space we have: 

( 5 ) S = G/h = B ® F = Q S P ( M : 4 ) 

S L ( 2 , C ) ( ^ 0 ( N ) 

Where the bosonic and f e r m i o n i c parameter subspaces are: 

( 6 ) B = S D M : R^ ^ 0(3.2) 
SL(2,C) 0(3,1) 

which i s the s t a n d a r d de S i t t e r space,and: 

( 7 ) F = QSP(N:4) 
.Sp(4;R) 0(N) 

as the F e r m i o n i c s e c t o r . 

For a superspace d e f i n e d i n t h i s way one would, by d e f i n i t i o n , 

a u t o m a t i c a l l y have a t r a n s i t i v e l y a c t i n g L i e supergroup on the 

superspace. So f o r t h i s s ub-class of graded spaces, the l i n k between 

the symmetry of the space of the space i t s e l f i s by c o n s t r u c t i o n 

t r i v i a l . We note t h a t we would want our n o t i o n of a superman i f o l d 

t o be a f a r more g e n e r a l c o n s t r u c t i o n than the type of superspaces 

d e f i n e d above, and hence we would need t o understand what i s meant 

by the ' t r a n s i t i v e a c t i o n ' o f a supergroup on a s u p e r m a n i f o l d i n a 

wider c o n t e x t . For the spaces d e f i n e d as above the standard group 

d e f i n i t i o n s u f f i c e s . 

To have s u c c e s s f u l l y completed the f i r s t two p a r t s of the 

correspondance we suggest above, we must have f u r n i s h e d o u r s e l v e s 

w i t h some s o r t o f graded phase space, which has a l o c a l c o - o r d i n a t e 

expansion which l o o k s something l i k e ( q i , p j ; Sa,TCB ) , where the 

( q i . p j ) commute and the (ea,TT;0) anticommute. Also we must have some 

supergroup S which moves us ( t r a n s i t i v e l y ) round the space i n some 
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manner t o be d e f i n e d . Having o b t a i n e d t h i s group, we can s t a r t the 

process of r e a l i s i n g the a l g e b r a of t h i s group, or i f necessary a 

c e n t r a l e x t e n s i o n of i t , by f u n c t i o n s on the graded phases space. 

These f u n c t i o n s determine which observables t o map over t o become 

l i n e a r o p e r a t o r s on super H i l b e r t space, from which the quantum 

t h e o r y of the system i s determined t.^irough i r r e d u c i b l e r e p r e s e n t ­

a t i o n s . I f the correspondence suggested above does indeed work o u t , 

then we would expect t h a t the quantum algeb r a of these l i n e a r 

o p e r a t o r s t o be e i t h e r the graded L i e a l g r e b r a associated w i t h the 

supergroup S, or a c e n t r a l e x t e n s i o n of t h i s algegra i f t h e r e i s 

an o b s t r u c t i o n analagous t o the c o c y c l e s of § 1.4.2 p r e s e n t , and 

which we d i s c u s s e d e a r l i e r i n § 2.4.1. 

The programme we o u t l i n e above r e p r e s e n t s how we expect a 

graded g e n e r a l i s a t i o n of the group t h e o r e t i c a l approach t o quant­

i s a t i o n t o work i n a broad sense. To give' a more d e t a i l e d 

e x p o s i t i o n of such a programme would r e q u i r e f a r more machinery 

than we have developed here. I n s t e a d , we work through an example 

which a p p l i e s these ideas t o a superspace of a type commonly 

employed by p h y s i c i s t s , t h a t o f the coset space between a super 

group and i t s even L i e subgroup. The example we use i s designed 
p 

t o p a r a l l e l the example g i v e n i n f 1.4.3 of the group t h e o r e t i c a l 

approach t o the q u a n t i s a t i o n of Rn, which was taken from the work 

of C.Isham i n [ 3 7 ] . 

2.5.3 T_b-e.-^rj^iP_Lhsaj^.i±£aX-apprQ.agh to the q u a n t i s a t i o n 

af_Rn ® QK^ 

The n a t u r a l g e n e r a l i s a t i o n t o the example i n f 1.4.3, i s the 

q u a n t i s a t i o n of the c o n f i g u r a t i o n space Rn ® GN. That i s , a space 

c o n s i s t i n g of n commuting r e a l c o - o r d i n a t e f u n c t i o n s x i , and N 

anticom.muting Grassmann parameters 8a. By analogy t o the case of Rn, 

t r a n s l a t i o n s about the space may be a f f e c t e d by the a c t i o n of the 

graded a b e l i a n L i e t r a n s f o r m a t i o n group on some a r b i t a r y p o i n t i n 
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t h e space (because we have n ot d e f i n e d an a b s t r a c t superspace y e t , 

t h i s i s r e a l l y t h e d e f i n i t i o n o f Rn (X) GN: a coset space between the 

group of graded a b e l i a n t r a n s l a t i o n s and i t s even subgroup). The 

al g e b r a o f t h i s graded a b e l i a n group i s : 

( 8 ) r E i , E.i ] ' = 0 
(9) [ E i.Oa ] ' = 0 
( 1 0 ) [ Oa,O0 ] ' = G 

Where E i , i = l , . . . , n are the even g e n e r a t o r s , and Oa, a = 1,..,N 

are the odd g e n e r a t o r s . A l s o [ , ] ' re p r e s e n t s the graded comm­

u t a t o r b r a c k e t . To see what the group a c t i o n a s s o c i a t e d w i t h t h i s 

a l g e b r a i s on some p o i n t i n the coset space> we e x p o n e n t i a t e the 

g e n e r a t o r s . An element g of t h i s group may be expressed i n 

f o l l o w i n g way: 

(11) g ( x i , 8 a ) = e x p ( x i E i + SaOa) 

Because a l l the grade commutation r e l a t i o n s are ser o , use of the 

graded B-C-H formulae g i v e s us the group a c t i o n on a p o i n t i n the 

the space Rn ® GN : 

(12) g ( x i , ea) . ( y i , na) > ( y i + x i , Ba + rta ). 

So the graded commutation r e l a t i o n s (8) , (9) and (10) produce a 

group a c t i o n on a p o i n t i n Rn ',X) GN which i s the n a t u r a l g e n e r a l ­

i s a t i o n of the example i n § 1.4.3 'of the a c t i o n of the a b e l i a n group 

of t r a n s l a t i o n s on Rn. T h i s then deals w i t h the s t r u c t u r e of the 

c o n f i g u r a t i o n space. To o b t a i n the f u l l super phase space we 

take the d i r e c t p r o d u c t o f the c o n f i g u r a t i o n space w i t h the 

'momentum s e c t o r ' , t h u s : 

Super Phase Space = ( C o n f i g u r a t i o n space) (X) (Momentum Sect o r ) 

= (Rn (£! GN) (E) (Rn ® GN ) = R2n ® G2N 

The f u l l graded a b e l i a n t r a n s l a t i o n group i s ob t a i n e d by exponent­

i a t i n g t h e f o l l o w i n g a l g e b r a : 

(13) [ E i , E j ] ' = 0 , [ F i ' , F j ' ] ' = 0 , [ E i , F j ' ] ' = 0 

(1 4 ) [ Ei,Oa ] ' = 0 , C Fi',Ma']' = 0 , [ O a , F j ' ] ' = 0 

(15 ) [ Oa,OB ] ' = G . [ Ma',M0']- = 0 . [ Oa,Me']' = 0 

-- 133 --



where ( E i , O a ) . w i t h i = l , . . , n and a = 1,..,N are the c o n f i g u r a t i o n 

space g e n e r a t o r s from above. And ( F i ' , M a ' ) , w i t h i ' - l , . . , n and 

a' = 1,..,N are the g e n e r a t o r s a s s o c i a t e d w i t h t r a n s l a t i o n s i n the 

momentum s e c t o r o f ' t h e super phase space. W r i t i n g : 

( 1 6 ) (As) = ( E i , F i ' ) , w i t h s = 1, . ., ,2n 

( 1 ? ) (Hu) - (Oa.Oa') , w i t h u = 1, . .. , 2N 

then we may w r i t e the b r a c k e t s ( 1 3 ) , ( 1 4 ) and ( 1 5 ) as: 

( 1 8 ) [ As,At ] ' = 0 

(1 9 ) [ As,Hu ] ' = 0 

(2 0 ) [ Hn,H6 ] ' = 0 

T h i s then i s the algebra of the group of p s e u d o - c l a s s i c a l graded 

a b e l i a n t r a n s l a t i o n of the super phase space Rn (X> GN. F o l l o w i n g the 

comments e a r l i e r i n t h i s s e c t i o n , i t i s t h i s a l g e b r a t h a t we are 

r e q u i r e d t o f i n d a t r u e graded Poisson b r a c k e t r e a l i s t i o n of to 

be able t o c o n t i n u e w i t h t h e group t h e o r e t i c a l approach t o quan­

t i s a t i o n . 

S p e c i f i c a l l y we must f i n d a map from the space of ge n e r a t o r s 

of the a l g e b r a i n t o the space of graded observables on super 

phase space, which preserves the al g e b r a ( 1 8 ) , ( 1 9 ) and ( 2 0 ) , w i t h 

t he graded.commutator b r a c k e t b e i n g mapped over t o the graded 

Poisson b r a c k e t . However, as we know from the p r e v i o u s d i s c u s s i o n 

i n ^ 2.3, a r e a l i s a t i o n o f the a l g e b r a ( 1 8 ) , ( 1 9 ) , (20) w i l l i n v o l v e 

c e n t r a l terms. That i s , i n g e n e r a l a map from the space of gener­

a t o r s i n t o the space of graded o b s e r v a b l e s , thus: 

( 2 1 ) As > f s ( q i . p j ;8a,Til3) , where | f s | = 0 f o r s - 1, . . . , 2n 

(2 2 ) Hu ---> •gu(qi,p.j •,ea,TtB) , where I g u l = 1 f o r u = 1, . . . , 2N 

w i l l n e c e s s a r i l y produce c e n t r a l terms as f e l l o w s : 

( 2 3 ) { f s . f t } ' = z s t 

(2 4 ) { fs,gt.i } ' = 0 

( 2 5 ) { g[i,g0 }' = Z[i0 

These c e n t r a l terms are i n d i c a t i v e of a n o n - t r i v i a l graded'2-cocycle 

i n the graded a l g e b r a (18,19,20), which i s not p o s s i b l e t o remove by 
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the a d d i t i o n of' c o n s t a n t terms t o the f u n c t i o n s f s and gu, because 

the s t r u c t u r e c o n s t a n t s of the a l g e b r a are a l l zero. E x p l i c i t l y t h i s 

goes as f o l l o w s . L e t us t r y t o r e a l i s e the a l g e b r a (18,19,20) by a 

s e t of f u n c t i o n s on super phase space. The s i m p l e s t f u n c t i o n s we can 

use are the graded c a n o n i c a l v a r i a b l e s themselves ( q i , p j ; S a , K a ) , 

w i t h the n a t u r a l correspondance: 

( 2 6 ) E i p i , Oa > na 

( 2 7 ) F i ' - - - > q i , Ma'---> 8a 

(Note t h a t the prime i n (26,27) i s j u s t a t a g which i s used t o 

i n d i c a t e the momentum s e c t o r . ) 

C l e a r l y t h e mapping (2 6 ) and ( 2 7 ) does not produce a graded Poisson 

b r a c k e t r e a l i s a t i o n of the a l g e b r a (18,19,20), because of the cross 

terms which r e s u l t i n the numbers z s t and E U 0 being of the f o l l o w i n g 

form f o r t h i s c h o i c e of the f u n c t i o n s f s and g(i: 

( 2 8 ) z s t = S i s . o i ' t 

( 2 9 ) ZU0 = 5aii.6a'0 

A l t h o u g h the mapping (2 6 ) and ( 2 7 ) of the g e n e r a t o r s As and Hu t o 

the f u n c t i o n s f s and gu i s o n l y one p o s s i b l e c h o i c e , i n g e n e r a l any 

o t h e r choice w i l l a l s o r e s u l t i n the numbers z s t and zu0 being non­

zero. That i s , i t i s i m p o s s i b l e t o r e a l i s e the a l g e b r a (18,19,20) as 

i t stands by graded observables on super phase space. F o l l o w i n g the 

d i s c u s s i o n of the s u b j e c t e a r l i e r , t h i s i s a s i g n a l t o us t h a t we 

are d e a l i n g w i t h the wrong a l g e b r a - i n other words the group about 

which the quantum t h e o r y i s b u i l t i s d i f f e r e n t from the super group 

of L i e t r a n s f o r m a t i o n s of the u n d e r l y i n g p s u e d o - c l a s s i c a l phase 

space. T h i s i s s i m i l a r t o the idea of the 'anomaly'. B a s i c a l l y an 

anomaly o c c u r r e s when a c l a s s i c a l symmetry i s broken a t the 

quantum l e v e l [ 3 9 ] . Here we have a somewhat s i m i l a r s i t u a t i o n : i t 

i s not p o s s i b l e t o base a quantum th e o r y round a (psuedo) c l a s s i c a l 

symmetry and t h e r e f o r e t h a t symmetry i s not present a t the quantum 

l e v e l . I n f a c t , t h e graded a l g e b r a we should be d e a l i n g w i t h i s 

t h e c e n t r a l e x t e n s i o n of the (psuedo) c l a s s i c a l a l g e b r a , which i n 
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t h e case o f ( 1 3 ) , ( 1 4 ) and (15) i s the f o l l o w i n g : 

( 3 0 ) [ E i , E j ] ' = 0 , [ F i ' , F j ' ] = 0 , [ E i , F j ' ] ' = T i j ' 

( 3 1 ) [ Ei,Oa ] ' = 0 , [ Fi',Ma'] - 0 , [ O a , F j ' ] ' = 0 

(3 2 ) [ Oa,Oe ] ' = 0 , [ Ma',MB']'= 0 , [ O a , M e ' ] ' = Tag' 

( 3 3 ) [ T i j ' , any g e n e r a t o r ] " = 0 = [ Ta[i', any g e n e r a t o r ] ' 

where | T i j ' | = 0 and | Ta|3 ' | = 0, and i n t h i s n o t a t i o n may be 

expressed: 

( 3 4 ) T i j • = 6 i j , TafJ ' - Sep 

T h i s a l g e b r a i s now r e a l i s e d by the. mapping (26) and ( 2 7 ) , so i t 

does form a s u i t a b l e b a s i s round which t o form a quantum t h e o r y . 

The h e r m i t i c i t y of o p e r a t o r s i n quantum mechanics deems a f i n a l 

a l t e r a t i o n t o the a l g e b r a (30,31,32,33) a p p r o p r i a t e b e f o r e i t may 

used t o c o n s t r u c t a quantum t h e o r y around: 

( 3 5 ) T i j ' - i h 6 i j , Tag' = i h 6al3. 

Thus, b r a c k e t s ( 3 0 ) t o ( 3 3 ) t o g e t h e r w i t h the choise of c e n t r a l 

e x t e n s i o n s ( 35) c o n s t i t u t e the f a m i l i a r quantum algebr a of the 

Rn ® GN system ( f o r example see [ 1 7 ] ) . 

T h i s concludes t h i s s h o r t look at the group t h e o r e t i c a l approach 

t o q u a n t i s a t i o n i n a graded s e t t i n g , the purpose of which r e a l l y 

i s t o show t h a t such an idea can make sense. For a f u l l e r t r e a t m e n t 

of t h i s s u b j e c t , c o n s i d e r a b l y more graded machinery i s r e q u i r e d . 
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2.6.0 The Q(3) Supersvmmetric Sigma model: Quantum Mechanics 

on a Sphere_Hith Fermions. 

I n t h i s f i n a l s e c t i o n of the t h e s i s we d i s c u s s the n a t u r a l 

g e n e r a l i s a t i o n t o i n c l u d e f e rmions of the ' p a r t i c l e on a sphere' 

model looked a t i n y 1.3.8. We d e r i v e t h i s model i n a simple way 

from c o n s i d e r a t i o n s s i m i l a r t o those p r e s e n t i n papers by E. W i t t e n 

[ 6 3 , 6 4 ] , J.Barcelos-Neto e t a l [ 6 . 7 ] and M.Spiegelglas [ 5 6 ] . And 

w e c a l c u i a t e the D i r a c b r a c k e t s of t h i s t h e o r y . During t h i s 

work, r e f e r e n c e [ 6 ] came t o the a t t e n t i o n of the author, and which 

h i g h l i g h t s an i n t e r e s t i n g d i f f e r e n c e between the work we do here 

and t h a t done i n [ 6 ] and [ 5 6 ] . The model d e a l t w i t h i n these r e f ­

erences does not i n c l u d e v a r i o u s e x t r a c o n s t r a i n t s , which i n the 

approach we take here seem unavoidable. As we s h a l l see, one of 

the consequences these a d d i t i o n a l c o n s t r a i n t s have i s to put i n 

q u e s t i o n how, i f a t a l l , t h e model t h a t we present here i s super-

symmetric. From these c o n s i d e r a t i o n s i t would appear t h a t f u r t h e r 

work i s r e q u i r e d t o determine the r o l e of the secondary c o n s t r a i n t s 

i n the supersymmetry of t h i s model. 

2.6.1 0(3) supersymmetric quantum mechanics i n (0+1) dimensions. 

F o l l o w i n g [ 6 , 5 6 , 6 3 ] , we i n t r o d u c e the standard 0 ( 3 ) 

supersymmetric quantum mechanics model, making as few as p o s s i b l e 

assumptions as t o the n a t u r e of the v a r i a b l e s concerned, s t a t i n g 

the t r a n s f o r m a t i o n s under which the model i s supersymmetric [ 6 ] . 

We then i n t r o d u c e a p r i m a r y c o n s t r a i n t analogous t o the 'motion on 

a 2-sphere' c o n s t r a i n t used i n ^ 1.3.8 and, a f t e r d e t e r m i n i n g a l l 

the a s s o c i a t e d secondary c o n s t r a i n t s , c a l c u l a t e the Dirac b r a c k e t s . 

The HQd_el 

As i n [ 6 , 5 6 ] we s t a r t w i t h a g e n e r a l s u p e r f i e l d $ 1 ( 8 , 8 , t ) , where 

i = 1,2,3, and 6, 8 are two independent Grassmannian v a r i a b l e s 

such t h a t : 
2 - 2 - -( 1 ) 8 = 0 = 8 , 8.8 + 8.8 = 0 
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Furthermore, we have t h e f o l l o w i n g w e l l known super c o v a r i a n t 

d e r i v a t i v e s : 

( 2 ) D = i _ _ - i e j _ 
de dt 

( 3 ) D = - i e _ ^ 
de dt 

And a g e n e r a l superspace a c t i o n i n t e g r a l : 

( 4 ) dtdede L ( $ i , D $ i ,D$i) 
which i s i n v a r i e n t under two supersymmetry t r a n s f o r m a t i o n s : 
( 5 ) 5 $ i ( t , e , 8 ) := €(i_.+ i e_d_)-5i(t, 8.8) 

ae dt 
( 6 ) 5 f i ( t , e , e ) — i ( . i e j j _ ) $ i ( t , 8 , 8 ) 

dQ dt 

where 6 and € are two independant anti-commuting parameters. We now 

choose the Lagrangian t o be: 

( 7 ) L ( $ i , D $ i , D $ ) = - 2̂ 2 D$i.D$ 

i 

and we expand the s u p e r f i e l d $ i i n powers of 9, Q thus: 

( 8 ) $ i ( t , e , e ) = x i ( t ) + 0 i ( t ) 8 + 0 i ( t ) e + F i ( t ) e . e 

We make the f o l l o w i n . g remarks a t t h i s stage: 

(A) The X i ( t ) i s a r e a l , 3-component, time-oependent f i e l d which 

forms the bosonic c o - o r d i n a t e s of our ( s u p e r ) c o n f i g u r a t i o n space. 

I n components ( X i ( t ) ) - ( x ( t ) , y ( t ) , z ( t ) ) . 

(B) The 0 i ( t ) i s a complex v a l u e d , 3-component, anti-commuting 

time dependent f i e l d . I t t h e r e f o r e has 6 independent anti-commuting 

components w i t h 0 i ( t ) b e i n g the complex conjugate f i e l d . 

S u b s t i t u t i n g the s u p e r f i e l d expansion ( 8 ) i n t o the Langrangian 

( 7 ) , and c a r r y i n g out the i n t e g r a t i o n over the Grassmanian 

v a r i a b l e s we o b t a i n the f o l l o w i n g e xpression f o r the a c t i o n i n 

component form [ 6 ] : 
( 9 ) A = 
Also s u b s t i t u t i n g the expansion ( 8 ) f o r $ i i n t o the two super-

symmetry t r a n s f o r m a t i o n s ( 5 ) and ( 6 ) g i v e s us the SUSY t r a n s f o r m ­

a t i o n s i n component form [ 6 ] : 
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2 - . ^ 2 
dt(''2(Xi) + % i ( 0 i . 0 i - 0 i . 0 i ) + 's(Fi)) 



( 1 0 ) 6Xi = €01 , 5Xi - - i 0 i 

( 1 1 ) , 5 0 i - 0 , 5 0 i - € ( F i + i X i ) 

(1 2 ) 6 0 i = 6 ( F i - i X i ) , 6 0 i - 0 

(13 ) 6Fi = i e 0 i , 6Fi = i e 0 i 

T h i s i s s t r a i g h t supersymmetric quantum mechanics w i t h o u t any 

a d d i t i o n a l f e a t u r e s or assumptions, and w i t h the F i ( t ) , i = 1,2,3 , 

a c t i n g as r e a l valued a u x i l i a r y f i e l d s . 

Now, f o l l o w i n g [ 6 , 5 6 , 6 3 ] , we impose the supersymmetric 

e q u i v a l e n t of 'the motion on a sphere' c o n s t r a i n t of f 1.3.8, by 

demanding t h a t : 
( 1 4 ) ^ - i . ^ i = R̂  

where R € |R and we use the E i n s t e i n summation convension. 
2 

T h i s i s a n a t u r a l g e n e r a l i s a t i o n t o the X..X - R c o n d i t i o n t h a t we 

encountered i n <£ 1.3.8, and a q u i t e reasonable p r i m a r y c o n s t r a i n t . By 

l o o k i n g a t components of the v a r i o u s Grassmann v a r i a b l e s we o b t a i n 

f o u r c o n d i t i o n s t h a t the component f i e l d s must obey: 

(1 5 ) X i . X i = 

T h i s i s p u r e l y the reemergence of the 'motion on a sphere' const­

r a i n t from <p • 1 . 3.8 now r e l e v a n t t o the bosonic s e c t o r of t h i s theory. 

( 1 6 ) X i . 0 i = 0 : the 8 component. 

(17 ) X i . 0 i = 0 : the 8 component. 

( 1 8 ) F i . X i + 0 i . 0 i = 0 : the 68 component 

Let us look, a t the e f f e c t of the SUSY t r a n s f o r m a t i o n s (10) to (13) 

on t h e c o n s t r a i n t s ( 16) t o ( 1 8 ) . Under the 5 t r a n s f o r m a t i o n s t-he 

f o u r v a r i a t i o n s are: 

(19 ) 6 ( X i . X i ) = 2Xi.6Xi = 2 € 0 i . X i = 0 

( 2 0 ) 6 ( X i . 0 i ) = 5 X i . 0 i + X i . 6 0 i = fc0i.0i = 0 

(21 ) 5 ( X i . 0 i ) - 6 X i . 0 i + X i . 5 0 i = e d( X i . X i - R^) 
d t 

( 2 2 ) 6 ( F i . X i + 0 i . 0 i ) = 6 F i . X i + F i . 6 X i + 6 0 i . 0 i + 0 i . 6 ? i 
= i € d. ( 0 i . X i ) 

d t 

Where we have used ( 1 2 ) i n ( 2 2 ) , and employ the E i n s t e i n summation 
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c o n v e n t i o n . The 5 t r a n s f o r m a t i o n s work i n a s i m i l a r manner, except 

f o r ( 2 2 ) , which i n s t e a d becomes: 

(23) 5 ( F i . X i + ( 2 S i . 0 i ) = . . . = i i d ( 0 i . X i ) 

d t 

We w i l l r e t u r n t o these v a r i a t i o n s l a t e r ; a t t h i s stage we c o n f i n e 

o u r s e l v e s t o s a y i n g t h a t the requirement t h a t p rimary c o n s t r a i n t s 

( L 6 ) t o (18) are preserved under the SUSY t r a n s f o r m a t i o n s depends 

on the c o n s t r a i n t s ( 1 6 ) t o (17) being preserved i n time. 

F o l l o w i n g [ 6 3 ] the argument now goes t h a t because there are no 

d e r i v a t i v e s of F a p p e a r i n g i n the c o n s t r a i n t s ( 1 6 ) t o (18) or i n 

the Lagrangian i n ( 9 ) , i t i s p o s s i b l e t o e l i m i n a t e the a u x i l i a r y 

f i e l d F from i t , y e i l d i n g the Lagrangian encountered i n [ 5 6 ] : 

( 2 4 ) L = H M(Xi)^ + m(0i.0i - 0"i.0i) + M.(0i.0i)^ 

8R2 

T h i s Lagrangian t o g e t h e r w i t h the c o n s t r a i n t s (16) t o (17) g i v e the 

e s s e n t i a l ' elements of the t h e o r y we w i l l he c o n s i d e r i n g here. As 

can be seen, i t has been d e r i v e d i n a s t r a i g h t f o r w a r d manner by 

imposing a n a t u r a l s u p e r f i e l d c o n s t r a i n t (14) on a standard super-

symmetric quantum mechanics l a g r a n g i a n . We have made no assumptions 

as t o the n a t u r e of the f i e l d s 0 i and 0 i ( f o r i n s t a n c e i n the 1+1 

d i m e n s i o n a l sigma model of [ 6 , 6 3 ] these f i e l d s are majorana 

s p i n o r s ) , and our s u p e r f i e l d c o n s t r a i n t (14) i s compatible w i t h the 

t r a n s f o r m a t i o n s ( 1 0 ) t h r o u g h ( 1 3 ) p r o v i d i n g we ensure t h a t these 

c o n s t r a i n t s are preserved t h r o u g h o u t time. Since we are i n t e r e s t e d 

e s s e n t i a l l y i n 'Dirac q u a n t i s a t i o n ' , we must now move i n t o a 

H a m i l t o n i a n f o r m a l i s m , and use t h a t s e t t i n g to examine any f u r t h e r 

c o n s t r a i n t s of the t h e o r y . 

2.6.2 'Lb.e._H_ajiLllJLQriJL.aJi-J:Qxnml,isiri. 

We d e f i n e the bosonic and f e r m i o n i c conjugate momenta as f o l l o w s : 
( 2 5 ) P i := dL 

dXi 
( 2 6 ) Tti := iL. f o r i = 1,2,3 

d'0i 
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( 2 7 ) f r i := ^ 
d0i 

C l e a r l y ( 2 5 ) i s w e l l d e f i n e d , however because our Lagrangian (24) 

i s l i n e a r i n f e r m i o n i c k i n e t i c terms, we are led t o the f o l l o w i n g 

f e r m i o n i c c o n s t r a i n t s : 

( 2 8 ) TCi + ?5i0i = 0 , f o r i = 1,2,3 

(2 9 ) Ki + % ' i 0 i = 0 , f o r i - 1,2,3 

As a r e s u l t of these c o n s t r a i n t s , the H a m i l t o n i a n associated w i t h 

t he Lagrangian ( 2 4 ) c o n t a i n s no f e r m i o n i c momenta terms, but j u s t 

the bosonic momenta and the f e r m i o n i c p o t e n t i a l term, thus: 
2 

( 3 0 ) H - L ( P i . P i ) - M ( 0 i . 0 i ) 
2M 8R2 

At t h i s stage the degrees of freedom are 6 bosonic and 6 f e r m i o n i c 

(where we i n c l u d e c o n s t r a i n t s ( 2 8 ) and (29) i n the c o u n t i n g ) , which 

balance as expected. The key p o i n t about Lagrangians l i n e a r i n 

k i n e t i c terms i s t o r e a l i s e t h a t t h i s f e a t u r e must be i n c o r p o r a t e d 

from, the s t a r t , by s t r a i g h t away u s i n g the Dirac b r a c k e t s formed 

from the c o n s t r a i n t s ( 28) and ( 2 9 ) , and employing these b r a c k e t s as 

the n a t u r a l Poisson b r a c k e t s of the system. I f one does not do t h i s 

i t i s t e m p t i n g t o b e l i e v e t h a t e x t r a secondary c o n s t r a i n t s are 

r e q u i r e d t o ensure t h a t ( 23) and ( 2 9 ) remain v a l i d under the time 

development of the system. T h i s i s erroneous and may be avoided by 

i n c o r p o r a t i n g these l i n e a r f e r m i o n i c c o n s t r a i n t s from the s t a r t , 

and thus removing a l l mention o f t h e f e r m i o n i c momenta T i i and S i 

r i g h t from the o u t s e t . 
Doing t h i s t h e n , the fundamental Poisson b r a c k e t s we w i l l be 

u s i n g are the f o l l o w i n g : 

f X i , P j }' = 6 i j , { X i . X j }• = 0 , { P i , P j }' = 0 

{ 0 i , 0 j }' = i 6 i j . { 0 i , 0 j }' r 0 , { 0 i , 0 j }' = 0 

We now have e v e r y t h i n g t h a t i s r e q u i r e d t o be able t o determine any 

secondary c o n s t r a i n t s t h a t might be as s o c i a t e d w i t h the pr i m a r y 

o n s t r a i n t s ( 1 5 ) , ( 1 6 ) and ( 1 7 ) . We do t h i s by demanding t h a t the 

p r i m a r y c o n s t r a i n t s remain v a l i d over a l l values of the time 
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parameter t . Using ( 3 1 ) we o b t a i n the f o l l o w i n g : 

( 3 2 ) { Xi.Xi-R^,H }' = Z ( X i . P i ) 
M 

( 3 3 ) f 0 i . X i , H }' = i ( P i . 0 i ) - 54(Xi . 0 i ) ( 0 i . 0 i ) 
M 

(3 4 ) ( 0 i . X i , H ] ' = l ( P i . 0 i ) - 3̂  ( X i . 0 i ) ( 0 i . 0 i ) 

M 

The second two terms i n ( 3 3 ) and (34) are p r o p o r t i o n a l t o (16) and 

(1 7 ) r e s p e c t i v e l y and so may be d i s r e g a r d e d . However, we see t h a t 

the requirement t h a t ( 3 2 ) , ( 3 3 ) and (34) are preserved throughout 

t h e systems time development imposes t h r e e new secondary c o n s t r a i n t s 

on us : 

( 3 5 ) X i . P i = 0 

(3 6 ) P i . 0 i = 0 

(3 7 ) P i . 0 i r 0 

F u r t h e r a c t i o n of the H a m i l t o n i a n on ( 3 5 ) , (36) and (37) f a i l s t o 

produce any new c o n s t r a i n t s , so ( 3 5 ) through t o (37) r e p r e s e n t s the 

sum t o t a l . At t h i s p o i n t an i n t e r e s t i n g q u e s t i o n comes t o l i g h t , 

the answer t o which i s not obvious t o the author a t the present 

time and which deserves f u r t h e r i n v e s t i g a t i o n . The q u e s t i o n simply 

i s : can we expect the secondary c o n s t r a i n t s (35) t o (37) to be 

preserved by the supersymmetry t r a n s f o r m a t i o n s ( 10) t o (13)? The 

v a r i a t i o n s i n the secondary c o n s t r a i n t s produced by the super-

symmetry t r a n s f o r m a t i o n s 5 are g i v e n by the f o l l o w i n g : 

( 3 8 ) 6 ( X i . P i ) = SXi.P i + X i . 6 P i = 6 ( 0 i . P i + X i . 0 i ) 

( 3 9 ) • 5 ( P i . 0 i ) = 6 P i . 0 i + P i . 5 0 i = 6 0 i . 0 i 

( 4 0 ) 5 ( P i . 0 i ) = 5 P i . 0 i + P i . 6 0 i = € ( 0 1 . 0 i + P i . ( F i - i X i ) ) 

I t i s c l e a r t h a t u s i n g t he e q u a t i o n s of motion two out of the three 

v a r i a t i o n s a s s o c i a t e d w i t h t he t r a n s f o r m a t i o n s 6 may be made t o 

v a n i s h , but t o s a t i s f y the t h i r d does not seem p o s s i b l e . As can be 

seen above, v a r i a t i o n ( 4 0 ) f o r the t r a n s f o r m a t i o n s 5 does n o t seem 

t o want t o v a n i s h . I t may be t h a t i t i s asking too much f o r the 

secondary c o n s t r a i n t s t o be c o m p a t i b l e w i t h the supersymmetry 
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t r a n s f o r m a t i o n s , or i t c o u l d be t h a t the model as we have d e s c r i b e d 

i t i s not t r u l y supersymmetric. These q u e s t i o n s need to be answered 

and c e r t a i n l y deserve f u r t h e r i n v e s t i g a t i o n a t some l a t e r date. 

We now move on and c a l c u l a t e the graded D i r a c b r a c k e t s of our 

model. However, b e f o r e we do t h a t , i t i s worth making a few obser­

v a t i o n s about graded m a t r i c e s and t h e i r i n v e r s i o n . 

2.6.3 I h g graded m a t r i x 

The graded m a t r i x , which i s a m a t r i x i n c o r p o r a t i n g both odd and 

even v a r i a b l e s , has the f o l l o w i n g b l ock form: 

Even Odd 
t 
f _ _ 

Odd ' 
(4 1 ) 

i Even 

By way of i l l u s t r a t i o n we take the s i m p l e s t p o s s i b l e case of the 

graded 2 x 2 m a t r i x f o r an example. Let: 

a a" 

P b 

Where |a( = (b| = 0 , |a( = (0| = 1. One may then v e r i f y t h a t the 

f o l l o w i n g m a t r i x i s the i n v e r s e of G: 

( 4 2 ) G -

G -

1( 1 + a^B. ) 
a a . b 

K 1 
b 

a.b 

)| 
a.b a.b 

Thus the Grassmann elements somewhat obscure how the general case 

w i l l work..As i t t u r n s o u t , the c o n s t r a i n t s m a t r i x we are r e q u i r e d 

t o i n v e r t has a l a r g e number of zero e n t r i e s , which removes much of 

the d i f f i c u l t y . However, i t i s u s e f u l t o show how one might t a c k l e 

the g e n e r a l case. 

Assuming our graded m a t r i x has the b l o c k form: 

' A l a' 

13 B 
( 4 3 ) M 

Where a and 13 are m a t r i c e s w i t h p u r e l y odd components, and A and B 

m a t r i c e s of p u r e l y even, then t h e block i n v e r s e t o M has the 

f o l l o w i n g form: 
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C u 
( 4 4 ) M 

where: 

( 4 5 ) C = ( A - aB^i3 )"' 

( 4 6 ) D = ( B - BA^a )-1 

(4 7 ) U = - A"'a( B - £5Â  a )^ 

(4 8 ) 6 = - B"^0( A - aB'̂ e f 

Thus we see t h a t we are never faced w i t h the b e w i l d e r i n g task of 

i n v e r t i n g a m a t r i x made up of p u r e l y odd components, but o n l y even 

and even p r o d u c t s of odd m a t r i c e s . 

For our purposes i t i s u s e f u l t o see how m a t r i c e s M which have the 

f o l l o w i n g b l o c k form look upon i n v e r s i o n . I f we have: 

T T T 

(4 9 ) A = - A , a = - 6 , B = B 

Where the s u p e r s c r i p t 'T' r e p r e s e n t s 'transpose', then s u b s t i t u t i o n 

o f ( 4 4 ) i n t o M.M"̂  = I = M q u i c k l y y i e l d s the f o l l o w i n g ( n o t e 

t h a t by v i r t u e o f the d e f i n i t i o n these symmetries (49) are always 

p r e s e n t i n a graded c o n s t r a i n t s m a t r i x ) : 
T T T 

( 5 0 ) C = -C , 11-5 , D = D 

N o t i c e how the s i g n of the i n v e r t e d odd block u does not change 

upon t r a n s p o s i t i o n . 

C a l c u l a t i o n of any graded i n v e r s e may now be c a r r i e d out u s i n g 

the r e l a t i o n ( 4 5 ) to (48) - as a t e c h n i c a l p o i n t i t i s p o s s i b l e t o 

use a s o f t w a r e package which i n c o r p o r a t e s anticommuting v a r i a b l e s 

( f o r example REDUCE) by employing the Cayley-HamiIton theorem which 

we demonstrate i n appendix B. We now have a l l the machinery need t o 

c a l c u l a t e the graded D i r a c b r a c k e t s of our model. 

'2.6.4 Hie .graded D i r a c br.acket.5. 

One of the o r i g i n a l m o t i v a t i o n s of t h i s t h e s i s was to make a 

more d e t a i l e d i n v e s t i g a t i o n i n t o the n a t u r e of the graded f u n c t i o n 

group; a s u b j e c t which i n the c l a s s i c a l case has a s t r o n g b e a r i n g on 

t h e p o s s i b l e forms t he D i r a c b r a c k e t may take. To see how these 
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ideas t r a n s l a t e t o the s i t u a t i o n where the fundamental v a r i a b l e s 

of the t h e o r y are Z2graded, i s a worthy t o p i c of i n v e s t i g a t i o n 

because of i t s p o s s i b l e b e a r i n g on the q u e s t i o n of d e a l i n g w i t h 

c o n s t r a i n t s i n supersymmetric t h e o r i e s . Problems concerning graded 

c o n s t r a i n t s have dogged these models from the o u t s e t [ 5 , 2 9 , 3 2 ] , and 

so d i s c o v e r i n g e x a c t l y under what circumstances the r e d u c t i o n of 

graded phase spaces may be c a r r i e d out might prove t o be u s e f u l . 

A l t h o u g h a s t a r t has been made t o answering some of these q u e s t i o n s , 

i t has become c l e a r t h a t a f a r b e t t e r u n d e r s t a n d i n g of the n a t u r e of 

t h e superman i f o l d i s neccessary b e f o r e one can hope t o f u l l y s o l v e 

these problems. Some work has been done by Casalbuoni [ 1 8 ] on the 

graded D i r a c b r a c k e t , however the r e d u c t i o n p r o p e r t i e s the b r a c k e t 

shouId possess were not demonstrated t h e r e . There seems l i t t l e 

d oubt t h a t the graded D i r a c b r a c k e t i s an example of the 

• g e n e r a l i s e d graded Poisson b r a c k e t ' i n t r o d u c e d i n f 2.1.7, but 

f u r t h e r work i s r e q u i r e d t o f u l l y determine i t s t r u e n a t u r e . Below, 

we use the d e f i n i t i o n g i v e n by Casalbuoni i n [ 1 8 ] , to c a l c u l a t e the 

graded D i r a c b r a c k e t s of the fundamental v a r i a b l e s i n our model. 

We w i l l see t h a t the i n c l u s i o n of the c o n s t r a i n t (17) produces a 

s u b s t a n t i a l d e p a r t u r e i n the form of the b r a c k e t s from the c o r r e s ­

ponding e x p r e s s i o n s i n J.Barcelos-Neto e t a l ' s paper [ 6 ] . 

The f u n c t i o n a l form of the D i r a c b r a c k e t 

Rather than r e p e a t i n g the c o n s t r u c t i o n of [18] here, we s i m p l y 

s t a t e t h a t one can c o n s t r u c t a b r a c k e t , analogous i n form t o the 

s t a n d a r d D i r a c b r a c k e t , u s i n g r e a l and Grassmann v a r i a b l e s as 

the fundamental v a r i a b l e s of the t h e o r y . I t has the f o l l o w i n g form: 

( 5 1 ) { A,B :- { A,B }' - { A.$a }'(C V^ab { $b,B }' 

Where A and B are f u n c t i o n s d e f i n e d over some graded phase space, 

and the {$a} are a set of ordered graded c o n s t r a i n t s , even const ­

r a i n t s coming f i r s t and odd, w i t h the i n d i c e s a,b r u n n i n g over 

b o t h odd and even f u n c t i o n s i n the manner i n t r o d u c e d i n § 2.1.6. 

The m a t r i x (C'bab i s the i n v e r s e of the m a t r i x of c o n s t r a i n t s , and 
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i s d e f i n e d : 

( 5 2 ) (C'^ab := ( { $a,fb }') = (Cab)"' 

The o r d e r i n g of the odd and even s e c t o r s of the i n d i c e s a,b ensures 

t h a t the m a t r i x (Cab) and i t s i n v e r s e (C'^ab) have the form (50) anc-

t h e r e f o r e make sense as graded m a t r i c e s . To c a l c u l a t e the Di r a c 

b r a c k e t of' the fundamental v a r i a b l e s of the model, the m a t r i x of 

c o n s t r a i n t s and i t s i n v e r s e must be determined. We do t h i s below. 

2.6.5 Lhe m a t r i x of c o n s t r a i n t s . 

The c o n s t r a i n t s of our t h e o r y {$a} for-T- a 6 - t u p l e , which we 

or d e r as f o l l o w s : 

( 5 3 ) ( $ a ) - ( X i . X i , X i . P i . ; 0 i . X i , 0 i . P i , 0 i . X i , 0 i . P i ) 

w i t h even c o n s t r a i n t s l e a d i n g . Of the t h i r t y s i x c o n t i b u t i o n s t o 

the c o n s t r a i n t s m a t r i x , h a p p i l y f o u r t e e n are o u t r i g h t zero. These 

come from, f o r example, the graded b r a c k e t s between the f o l l o w i n g 

c o n s t r a i n t s : 

( 5 4 ) • { Xi .Xi,Xj .Xj } ' := 0 , { 0 i . X i , 0 i . P i } ' = 0 

and so on (where we have used the fundamental graded Poisson 

b r a c k e t r e l a t i o n s ( 3 1 ) ) . , A f u r t h e r twelve b r a c k e t s g i v e p u r e l y 

c o n s t r a i n t type terms on the R.H.S. These are f o r example: 

(55 ) { X i . X i , P i . 0 i }' - 2 X i . 0 i , { X i . X i , P i . 0 i }' - 2 X i . 0 i 

Which we may s e t t o zero by v i r t u e of the c o n s t r a i n t s themselves. 

F i n a l l y we have the r e m a i n i n g ten n o n - t r i v i a l c o n t r i b u t i o n s which 

a r e . t h e f o l l o w i n g : 

( 5 6 ) { X i . X i . X j . P j }' = 2 X i . X i , { 0 i . X i . 0 o . X j }• = i X i . X i 

( 5 7 ) { 0 i . P i , 0 . j . X j }' = 0 i . 0 i + i X i . F i = 0 i . 0 i 

( 5 8 ) { 0 i . P i , 0 j . P j } = i P j . P j 

B e a r i n g i n mind t h a t t h e graded Poisson bracket has the symmetries 

g i v e n e a r l i e r , we now have a l l the c o n t r i b u t i o n s r e q u i r e d t o form 

the m a t r i x . Thus we have: 

-- 146 



( 5 9 ) 

Cab ^ 

0 2 X i . X i 

•2Xi.Xi 0 

0 0 

0 

0 

0 

0 

0 

0 

0 0 0 0 

0 0 0 0 

0 0 i X i . X i - 0 " i . 0 i 

0 0 0 l . 0 i i P i . P i 

i X i . X i 0 i . 0 i 0 0 

•01.01 • i P j -Pj 0 0 

where the symmetries of the graded b r a c k e t ensure t h a t t h i s m a t r i x 

( 5 9 ) i s of the s o r t type d e s c r i b e d by (4.9). Because of the l a r g e 

number of zeros i t i s now a simple t a s k t o c a l c u l a t e the r e q u i r e d 

i n v e r s e . C a l l i n g : 

( 6 0 ) 2 = ( 0 i . 0 i ) - ( X i . X i ) ( P j . P j ) 

we have f o r the i n v e r s e C ab: 
0 ( 6 1 ) 

C ab 

0 

X i . X i 

0 

-1 
X i . X i 

0 

0 

0 

0 

0 

0 

0 

0 i£.j • P.1 

a 0 0 0 a i ^ i 

0 

0 

- 0 i • 0 1 

0 0 

iEi....JPJ sijL-fiLi 0 

0 

We see t h a t because of t h e l a c k of odd terms the c o n s t r a i n t s m a t r i x 

has s i m p l y decoupled i n t o a d i r e c t sum of the two even s e c t o r s . We 

can now employ (51) and c a l c u l a t e the graded Dirac b r a c k e t s f o r the 

fundamental v a r i a b l e s of our t h e o r y . For the purposes of the 

c a l c u l a t i o n i t i s most co n v e n i e n t t o form the f o l l o w i n g f o u r graded 

6 - t u p l e s o b t a i n e d b y ; t a k i n g the graded Poisson b r a c k e t s between the 

fundamental v a r i a b l e s of the t h e o r y and the v e c t o r (53) made up of 

the c o n s t r a i n t s ( $ a ) . They are: 

( 6 2 ) Qi := { Xi,$. }' = ( 0, X i , 0, 0 i , 0, 0 i ) 

( 6 3 ) Ui := { Pi,$. }' = ( - 2 X i , - P i , - 0 i , O,-0i, 0) 
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( 6 4 ) r i := { 0 i , ^ }' = ( 0, 0, 0. 0, X i , P i ) 

( 6 5 ) r i := { 0 i , i }- = ( 0, 0, X i . P i , 0, 0 ) 

Where i n t h i s n o t a t i o n we have suppressed the c o n s t r a i n t index 'a' 

i n (53) by making a v e c t o r . The ' i ' index i s of course j u s t 

the normal i = 1,2,3, l a b e l from b e f o r e . Also we may d e f i n e a 

'Grassmann t r a n s p o s e ' , denoted r , of these row v e c t o r s as the column 

v e c t o r s whose components are: 
T T 

( Q i )a = - ( Q i ) a , ( U i )a - - ( U i ) a 
( 6 6 ) 

T T 

( T i )a = ( r i ) a , ( T i )a = ( T D a 

I n t h i s n o t a t i o n we may now w r i t e the graded Dirac b r a c k e t of the 

fundamental v a r i a b l e s of the t h e o r y as f o l l o w s : 

( 6 7 ) { X i ,Xj }* = - Qi .C"^Qj 

( 6 8 ) { X i , P j }* = 5 i j - Q i . C " \ u j 
...and so on. S u b s t i t u t i n g (62) g i v e s us e x p l i c i t l y the ten graded 

D i r a c b r a c k e t s : 

( 6 9 ) { X i , X j }* = i(XJi-,.XJi)( 0 i . 0 j + 0 i . 0 j ) 
I 

( 7 0 ) { X i . P j ] * = 5 i j - X i ^ X i + (0^k...0Ji)( 0 i . 0 j - 0 i . 0 j ) 
( X k . X k ) 2 

(71) { X i . 0 j ] * = - i ( ( 0 k . 0 k ) 0 i . X j + i ( X k . X k ) 0 i . P j ) 
. 2 

( 7 2 ) { X i , 0 j - i ( (0k. 0 k ) 0 i .Xj - i (Xk . Xk )0"i . Pj ) 
2 

( 7 3 ) { P i , 0 j ) * - K i ( P k . P k ) 0 i . X j - ( 0 k . 0 k ) 0 i . P j ) 
. 2 

( 7 4 ) { P i , 0 j } * - ^ l ( i ( ( P k . P k ) 0 i . X j + (0k . 0k ) 0 i . Pj ) 
2 

( 7 5 ) { P i , P j ) * = _ I L P i . X j - X i . P j ) + i ( P k . P k ) ( 0 i . 0 j + 0 i . 0 j ) 
(Xk.Xk) 5 

(76) { 0 i , 0 j }* - 0 
( 7 7 ) { 0 i , 0 j }* = 0 

( 7 8 ) { 0 i . 0 j }* = i 6 i j - i ( (Pk.Pk)Xi.Xj + (Xk.Xk)Pi.Pj ) 
1 

+ ( 0 k . 0 k ) ( P i . X j - X i . P j ) 
1 

These are a l l the graded D i r a c b r a c k e t s of our model. 
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2.6.6 Concluding comments. 
I n c o n c l u s i o n t o t h i s s e c t i o n we make the f o l l o w i n g remarks. 

I t i s c l e a r t h a t t h i s model i s d i f f e r e n t form t h a t of [ 6 ] and [ 5 6 ] 

t h r o u g h t the i n c l u s i o n o f the ' e x t r a c o n s t r a i n t ' 0'k.Xk = 0, an 

a d d i t i o n which r e s u l t s i n the D i r a c b r a c k e t s of the t h e o r y having 

f u r t h e r terms not p r e s e n t i n these papers. The f u l l r a m i f i c a t i o n s 

o f adding t h i s c o n s t r a i n t are not y e t c l e a r , as i t appears t h a t by 

so d o i n g , the supersymmetry of the model i s being put i n t o q u e s t i o n . 

And y e t the i n c l u s i o n t h i s c o n s t r a i n t appears to be the n a t u r a l 

t h i n g t o do. This i s a q u e s t i o n which needs f u r t h e r i n v e s t i g a t i o n . 

There are o t h e r avenues a l o n g which a d d i t i o n a l s t u d i e s might 

proceed, however. T h i s model co u l d be an i d e a l candidate on which 

t o t r y out the group t h e o r e t i c a l approach t o q u a n t i s a t i o n i n non-

t r i v i a l background. An i n v e s t i g a t i o n along these l i n e s would 

f i r s t seek t o determine what super group i s r e l e v a n t t o the S.P.S. 

of t h i s model. The a l g e b r a of t h i s group would have 0 ( 3 ) as a 

bosonic sub-algebra - t h i s i s because of the form of the c o n s t r a i n t s 

m a t r i x , which i s 0 ( 3 ) i n v a r i e n t i n the bosonic s e c t o r . Also, f i n d i n g 

a new set of v a r i a b l e s which reduced the graded Dirac b r a c k e t s (69) 

t h r o u g h (78) t o graded Poisson b r a c k e t s s i m i l a r t o the c l a s s i c a l 

example g i v e n i n j> 1.3.8, and thus l o c a l l y reducing the graded 

phase space, i s another i n t e r e s t i n g p ath of i n q u i r y . One can imagine 

u s e i n g the n o n - t r i v i a l t o p o l o g y of the sphere to t r y and induce a 

' t w i s t ' i n t o the quantum t h e o r y , s i m i l a r t o the c l a s s i c a l t w i s t e d 

r e p r e s e n t a t i o n s s t u d i e d i n [ ] * . These are p o t e n t i a l l y h i g h l y 

r e w a r d i n g areas to i n v e s t i g a t e , from the p o i n t of view of under­

s t a n d i n g the u n d e r l y i n g s t r u c t u r e of a.U. graded t h e o r i e s , and we 

f e e l r e p r e s e n t worthy sub.jects f o r f u r t h e r research. 

* The author wishes t o thank P r o f e s s o r Isham and Dr E. C o r r i g a n 

f o r t h e i r help w i t h these i d e a s . 
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Appe_mii.;i_A 
F u r t h e r u s e f u l p r o p e r t i e s of the graded Poisson b r a c k e t 

i n c l u d e the f o l l o w i n g [ 1 8 ] : 

( a ) The super J a c o b i i d e n t i t i e s : 

( 1 ) f E l E2 E3 } } + ( E o r E3 .El } + f F ? [ E 1 , E2 } } = 0 

( 2 ) I 01 . f 02 03 ^ } + 0 o f 05 .01 } } + r 03, { 31 . 02 1 
J 0 

(3 ) i: El E2 01 ( } + { E o r 01 4- r 01 . { E 1 ,E2 t 
J ) = 0 

( 4 ) { F l , { 01 , 02 1 } + { 0 1 , { 02 ,E1 } - f 02 , [" E l ,01 ^ 
J 

1 — 
J 0 

( b ) The p r o d u c t r u l e s : 

( 5 ) r 
I E l E2 .E3 } - E2. r 

L E1,E3 J + r 
I E1,E2 J .E3 

( 6 ) { 01 02 ,E1 J 01 . i. 02,El } + r 01 , E1 } .02 

( 7 ) r 
1 01 E l ,E2 T 

.f 01. X 
\ E1,E2 ] [ 

L 
01 ,E2 } .El 

(S) r 1 E l E2 ,01 } El . r 
\ E2 ,01 " i + r 1. E1 . 0 1 .r .E2 

( 9 ) I ' E l 01 , 02 ] El , { 01,02 \ - 1 El,02 ' I 
J .01 

( 1 0 ) r 01 02 ,03 ) - 01 . r 02,03 T - r 01 ,03 1 
J .02 

w h1"p we hav e 1 E i 0, i 1 9 c al = 1 f o r a ~ 1 - , •-> 
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Appendix B 

The Cavlev-HamiIton theorem 

L e t A be some n X n square m a t r i x over some f i e l d k: 

a l l a l n 

a n l ann 

then the c h a r a c t e r i s t i c m a t r i x C of A i s d e f i n e d as: 

( 1) C = t I n - A 

where t e R i s a r e a l parameter and I n i s the n X n i d e n t i t y 

m a t r i x . The c h a r a c t e r i s t i c p o l y n o m i a l Cp of A-is d e f i n e d as: 

( 2 ) Cp = Det(C) 

The Cayley-HamiIton theorem s t a t e s t h a t every m a t r i x i s a zero 

of i t s c h a r a c t e r i s t i c p o l y n o m i a l . T h i s f i n d s elegant expression 

i n terms of the f o l l o w i n g d e t e r m i n a n t [ 2 8 ] . For some n X n 

m a t r i x A: 

A A . . . A 1 

Det 

T r ( A " ) Tr(A^"b T r ( A ) n ; 

Tr(A""b n-1 0 

Tr(A""^ n-2 0 0 

T r ( A ) 1 0 0 0 

T h i s i s a u s e f u l d e v i c e t o use i n con.junction w i t h an a l g e b r a i c 

package l i k e REDUCE, because i t g i v e s expression t o the i n v e r s e 

of A as a power s e r i e s . For example i n the case of n = 4 we 

have : 
-1 Det(A)A" = - A^+ Tr(A)A^ - _ i ( ( T r ( A) )^ - 1r{A^))h -

2 

- _ l ( 3 ( T r ( A 2 ) T r ( A ) _ 2Tr(A^) - ( T r ( A ) ) ^ ) l 
6 
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