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ABSTRACT

We discuss the process of quark fragmentation placing a‘particular em-
phasise on the change of the fragmentation spectrum due to kinematical effects
when light qua.rks. are replaced by heavy ones. After investigating different
methods of data extraction, we compile the data on heavy quark fragmentation
from various collaborations. These data are compared with various models of
heavy quark fragmentation for charm and bottom quark fragmentation. In our
comparison we first separate the fragmentation models into two categories in
accordance with their behaviour at large values of the fragmentation parame-
ter. Models that are in agreement with the dimensional counting rules have a
softer behaviour than some popular models which are not in agreement. This
point is crucial in the case of heavier quarks. However, due to the large errors
in experimental data, it is hard to make a firm judgement about the merits éf
these models.

We study the spin properties of heavy quark fragmentation and obtain
the fragmentation functions for different polarisation states. The fragmenta-
tion function for an unpolarised state is then taken to be a combination of the
longitudinal and the transverse fragmentation functions.

We also give a model in which the transverse momentum of the con-
stituent quarks is taken into account. The effect of the increase in the constituent
transverse momentum is to soften the fragmentation by a limited amount, since
there is a small probabability that the constituents of a bound state will have a
large relative momentum.

Finally we give a rather detailed Monte Carlo study of the effect of dif-
ferent fragmentation models on the momentum spectrum of heavy mesons, and
the final state leptons resulting from heavy quark production in hadron colliders
at CERN and FNAL. We find that the effect on the lepton spectrum is more

significant.
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Introduction

CHAPTER 1

INTRODUCTION

A naive explanation of the quark-gluon structure of hadrons, confine-
ment and hadronisation is given in this chapter. After introducing the process
of quark fragmentation in electron-positron collision we give the definition of
the fragmentation functions and a short explanation of their properties. It is
emphasised that the process of fragmentation is one of the major problems of
QCD, the best candidate for the theory of strong interactions. It is now clear
that the soft and statistical behaviour of light quark fragmentation changes into

a much harder process in the case of heavy quarks.

1.1 Quark-Gluon Structure of Hadrons

It was conjectured long ago that the observed ‘elementary’ particles are
not really elementary at all. Already in the late forties Fermi and Yang[1] sug-
gested that the the pion is a composite system of a nucleon and an antinucleon.
In the early fifties the discovery of the K-meson and the hyperons give rise to
models in which some particles were considered to be fundamental while oth-
ers were regarded as composite systems. The best known model of this kind
was that of Sakata[2] in which the proton, the neutron and the A-hyperon were
chosen as fundamental particles. The Sakata model, and the scheme of unitary
symmetry SU(3) which was built up on the basis of the fundamental p, n, A
fields, led to a proper classification of the pseudoscalar and vector mesons, but
faced difficulties with the description of baryons. The Eightfold Way which was
suggested by Gell-Mann{3] and Ne’eman(4] provided the possibility of describing

both the mesons and baryons. A splendid verification of this symmetry was the




Introduction

experimental discovery of the 2~ hyperon in 1964.

The idea of the quark structure of hadrons appeared first in the papers of
Gell-Mann[5] and Zweig[6]. It was shown that the SU(3) octet symmetry may
be realised on the basis of a fundamental triplet of some hypothetical particles,
called ‘quarks’ by Gell-Mann, carrying fractional electric charge. We now have

several compelling reasons to believe in this new layer of matter.

Firstly the large cross sections observed in deeply inelastic lepton-hadron
scattering indicate that there is important structure at distance scales of less
than 10716 cm, whereas the overall proton electromagnetic radius is of order of
10713 cm. It is found that, in processes involving large momentum transfer (e.g.
ete™ — hadrons, ep —eX, vp— vp, pp—X, pp =X, mp—X, where X denotes an
inclusive sum over final states), the hadrons appear to be made up of constituent
‘partons’ which are almost free. The angular dependence observed in these
experiments suggests that the underlying charged constituents carry half-integer
spin. These studies have raised the question of whether it is theoretically possible
to have pointlike objects in a strongly interacting theory. Asymptotically free
non-Abelian gauge interactions, of which QCD is an example, offer this hope

(Perkins,1977).

Secondly, as we mentioned above, it was the success of the Eightfold Way
which originally motivated the quark model. We now believe that the existence
of two ‘flavours’ of low mass quarks coincides with the isospin symmetry of
nuclear physics. Adding a somewhat heavier ‘strange’ quark to the theory gives

rise to the multiplet structure in terms of representations of the group SU(3).

Thirdly, there is further evidence for compositeness in the excitations of
the low-lying hadrons. Particles differing in angular momentum fall neatly into

place on the famous ‘Regge trajectories’ (Collins and Squires, 1968). In this

2
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way families of states group together as orbital excitations of some underlying
system. The sustained increase of these trajectories with increasing angular
momentum points toward strong long-range forces between the constituents.

Finally the idea of quarks became incontrovertible with the discovery of
charmonium, the ‘hydrogen atom’ of elementary particle physics. The spec-
troscopy of the charmonium and upsilon families is admirably explained by non-
relativistic potential models for their bound states of heavy quarks (Eichten etal.
1980).

Thus it seems that the quarks, originally introduced to construct the
representations which describe hadronic spectra, have a deeper role as the actual

constituents of hadrons. The established quarks are listed in Table (1.1).

Table(1.1) Quark flavours.

Flavour Effective Mass Charge
Up(u) 0.3 (GeV/c?) +2/3
Down(d) 0.3 (GeV/c?) -1/3
Strange(s) 0.5(GeV/c?) -1/3
Charm(c) 1.5 (GeV/c?) +2/3
Bottom(b) 5.0 (GeV/c?) -1/3
Top(t) ? ? +2/3

Despite these successes of the quark model, an isolated quark has never
been observed. Certainly these basic constituenfs of matter do not appear co-
piously as free particles emerging from present laboratory experiments. They
manifest themselves only through their bound states, the baryons and mesons.

The difficulty in producing individual quarks has led to the speculation that
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they are completely confined. But how can we ascribe any reality to an object
which cannot be produced? It is argued that gauge theories potentially possess
a simple mechanism for giving constituents infinite energy when in isolation.
In this picture a quark-antiquark pair will experience an attractive force which
remains non-vanishing even for asymptotically large separations. This linearly
rising long distance potential energy forms the basis of essentially all the models

of quark confinement.

The confinement phenomenon makes the theory of the strong interactions
qualitatively different from the theories/ of the electromagnetic and weak forces.
The fundamental fields of the Lagrangian do not manifest themselves in free
hadronic spectra. In the usual quark model baryons are bound states of three
quarks. Because we do not observe free quarks, we are led to the conjecture that
all the observable strongly interacting particles are colour singlet bound states of
these fundamental constituents. Thus the gauge group should permit singlets to

be formed from three objects in the fundamental representation. This motivates

the use of colour SU(3) as the underlying group of the strong interactions.

1.2 QCD Lagrangian

To make a theory from the quark model it is necessary to describe how
quarks interact and how they bind together. It is believed that quantum chro-
modynamics (QCD) is the unique theory able to explain these facts. QCD is a
non-Abelian Yang-Mills (1954) gauge field theory, for the strong interactions, in
which the gauge group is SU(3), acting on the colour quantum number of the
quarks. QCD implies that quarks interact through the 8 massless vector bosons
of SU(3).. These are called ‘gluons’ and their interaction with the quarks is

specified by the gauge principle. Each flavour of quark is taken to transform as
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the fundamental representation, a triplet under SU(3),. The QCD Lagrangian

is given by:

£ = P(iy* Dy = ) = ir(G ), (1.1)
where the spinor for the colour triplet quark of mass m is
Qred
Y= Qblue |- (1.2)
dgreen ‘

The covariant derivative is

where g is related to the coupling constant by a; = g?/4w and B, is a three-by-
three matrix in colour space formed from the eight colour gauge fields bﬁ‘ and

the generators A!/2 of the SU(3) guage group as

8
1 1
B, = IZ SA', = 5A-bu- (1.4)
=1~

The A matrices are familiar from the study of flavour-SU(3) symmetry. These

matrices satisfy

[M,0F] = 20 R, (1.5)

where fi¥ are structure constants of the SU(3) group. The field-strength tensor

is

1 1
Guy = Zz: §GLVA‘ = 3G\
= (ig)™! [y, Dy| = 8,Bu — 8,B, +ig[ By, By). (1.6)

5
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It may be written in component form as

GL, = 8,b,, — 8,8, + gfi*bi bk (1.7)

The quark-gluon interaction term in the QCD Lagrangian is

g J—
L= —EbL¢7“AI¢ (1.8)

which leads at once to the Feynman rules for the quark-antiquark-gluon vertex.

1.3 Asymptotic Freedom and Confinement

In the theory of strong interactions a fundamental difficulty exists in de-
scribing the behaviour of quarks and gluons at large distances (or low energies).
Here the confinement is strong and so perturbation theory is no longer applica-
ble and non-perturbative models must be introduced to describe the processes
of quark or gluon conversion into hadrons (called ‘hadronisation’). Thus in the
process et e~ — hadrons the cross-section for et e~ annihilation into quarks and
gluons is calculated using an appropriate order of perturbative QCD, but the
subsequent transformation into hadrons at large distances has to be described
by a phenomenological model. A commonly accepted mechanism for the lat-
ter process is that the coloured quarks and gluons which are created at small
distances fly apart stretching the colour lines of force between them. Through
the colour polarisation of the vacuum they then transform into jets of colourless
hadrons, which have only a restricted transverse momentum with respect to the
hadronisation direction, and with a flavour dependent distribution of longitudi-

nal momentum (see figure (1.1)).

The situation is well demonstrated by looking at the momentum (or,



Introduction

——
——tF s
D D =i =>4

(b)

Figure (1.1) . a) Conversion of ete™ into two jets of hadrons, and
b) lines of force between a quark and an antiqguark. When the quarks move away
from each other, the breaking of the string is accompanied by further quark-
antiquark pair production.
equivalently, position) dependence of the running coupling of the theory.
In the leading log approximation of perturbation theory the running cou-

pling is given by[7]

1

as(Q* o e
(@) (4)log |5, |

(1.9)
with

A? = p? exp(—4m/(asbo)),
where p? is the value of Q2 at which a(Q?) is measured, and b, = 13—1Nc — %‘Nf,

where N, is the number of colours and Ny is the number of flavours of the

quarks.
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Equation (1.9) has the important consequence that a,(Q?) — 0 as
Q? — oo which means that quarks and gluons appear like almost free parti-
cles when probed by high momentum transfer. This is known as ‘asymptotic
freedom’ (see figure (1.2)). The other important consequence of (1.9) is that
when Q2 — A2, it is seen that a,;(@%) — oo and so the perturbation series

breaks down at small Q2. Taking the Fourier transform of (1.9) it follows that

1
Selog[ 4]

As we can see from (1.10), the coupling becomes stronger as the separation

as(r) =~ (1.10)

between quarks increases and the perturbation series breaks down as r — A™L.
This is because of the gluon self-coupling which implies that the exchanged
gluons will attract each other and so the colour lines of force are constrained to

a tube-like region between the quarks (see figure (1.2)).

If this tube has a constant energy density per unit length, then the poten-
tial energy of the interaction will increase with the separation, V(r) ~ A r, and
so the quarks and gluons can never escape from the hadrons. This ‘infarared
slavery’is believed to be the origin of the confinement of quarks and gluons inside
colour-less hadrons and explains why we do not observe free quarks (Feynman
1972, Dokshitzer 1980). Now we can explain what happens to the quarks in a
hadron after they have been struck hard, by say an electron in a typical deep
inelastic scattering event. The struck quark attempts to leave the hadron, but
then the colour lines of force get stretched into a tube until the potential en-
ergy of the colour field is sufficient to create a ¢ pair which serve as the ends
of shorter flux tubes. The out-going quark continues on its way, stretching the

lines of force, and further ¢ pairs are produced, until eventually all of its kinetic
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D
: /
i agep(Q?) /
aqep(Q%) /
& /
2 /
'{5 /
3|« /
5 //
g /
“asymptotic
1137 b — freedom” '—<>>O
0 A*~1/r2 Q?

Figure (1.2) . Q2 dependence of the effective (running) coupling
shown for QED and QCD. Confinement occurs as Q% — A? = 1/r} where r), is

the hadronic radius.

energjf has been changed into clusters of quarks and gluons, each of whiph has
zero net colour and low internal momentum. These clusters can form hadrons
since now as(Q?) > 1, and so the energy given to the struck quark finally man-
ifests itself as a ‘jet’ of hadrons travelling more or less in the direction of the

original struck quark.

1.4 Colliding Beams: ete~ — Hadrons

In a colliding beam reaction one first of all presumes that the ete™ system
annihilates through a virtual photon into a quark-antiquark pair. Then just after
the collision, one has a free quark and antiquark which begin to recede from each
other. What happens next is less clear, but at much later times the quark and

antiquark have been replaced by a system of hadrons. At large Q2 one can write
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o(ete™ — hadrons) = Z olete™ — ¢iq;)

i=udsec...

=3) eto(ete” - ptu™) (1.11)
1
where e; is the charge of quark ¢ (in units of e) and 3 represents the number of

colours. Hence

R

r(ete = i) (12

o(ete™ — hadrons) —3% ek
3

As g(ete™ — ptp~) is well known, a measurement of the total ete™ annihila-

tion cross section into hadrons therefore directly counts the number of quarks,

their flavours, as well as colours.

Equation (1.11) is based on the process g(ete™ — ¢g) in leading order.
However, one should also include the contributions from diagrams where quarks
and antiquarks radiate gluons. To O(a;,) the result in (1.12) is then modified to

2
R=3% (1 +9”(TQ)) (1.13)
i

That is to say, the scaling result (1.12), according to which R is independent of

Q?, is violated logarithmically through the log Q% behaviour of a.

1.5 Fragmentation Functions

Consider the hadronisation of a quark into a particular hadron h in ete™
annihilation. In the parton model the corresponding differential cross-section

can be written as

Z_:(e e” = hX) =) o(ete” — qq) [Df,‘(z) + Dy(=)|,
q

10
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(4m )3 Z [Dh(z)+D (Z)] (1.14)

Figure (1.3) . A hadron h observed with a fraction z of the quark’s energy

momentum.

which describes figure (1.3) as two sequential events;

a) Production of a ¢g pair, followed by

b) Hadronisation of either the q or § to produce the detected hadron h.
The D functions therefore represent the probability that the hadron k is pro-
duced by ¢ (or §), and carries a fraction z of its energy-momentum. In general

z i1s defined as

_ (B4 P meson
= T (1.15)

where p) represents the longitudinal momentum along the jet axis.

quark

The fragmentation functions are subject to constraints imposed by mo-

mentum and probability conservation:

11
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;/01 zDi(z)dz =1 : (1.16)

[P+ D) az = m, (117

where 2z is a measure of the threshold energy for producing a hadron of mass
my, and ny, is the avarage multiplicity of hadrons of type h. Charge conservation

requires that

S e /0 1 [Dg(z) — Dl(z)|dz = ¢, (1.18)

3

Equation (1.16) simply states that the sum of the energy of all hadrons
is the energy of the parent quark. Clearly the same relation holds for Dg(z).
Equation (1.17) says that the number nj; of hadrons of type h is given by the
sum of probabilities of obtaining h from all possible parents, namely from ¢ or
g of any flavour.

Taking the ratio of (1.14) and (1.11) we find

147 hem L hx)= Ty ¢} |D4(2) + Dj(2)

odz P

(1.19)

So the inclusive cross section ‘;—Z—, divided by o the total annihilation cross sec-
tion into hadrons, is predicted to scale. Note that ¢ and % depend on the
annihilation energy.

The picture of a quark (g) fragmenting into a hadron (&) is illustrated
in figure(1.4) in terms of perturbation theory. Therefore in higher order QCD
the Df;(z) functions are scale dependent. In leading log approximation the
scale dependence of the fragmentation functions is obtained from the following

expression,

12



Introduction

Figure (1.4) . Quark fragmentation with the final hadron coming
either from the further fragmentation of the original quark after gluon emission

or from the fragmentation of the emstied gluon.

7Dt = 22 [1 o DR, + PreamDB(E,0)], (120
where ¢t = In Q2?/A? and there is an implicit sum over quark flavours. The func-
tions P, and P;_.g describe how the momentum is shared amongst the quark
and the gluon. However, since we are interested in heavy meson production
through heavy quark fragmentation, the second step in figure (1.4) is auto-
matically disregarded. The effect of initial gluon radiation will be considered
separately in chapter 3. Unless otherwise stated, the fragmentation functions in
this work will only contribute to the production of the hadron which contains

the original heavy quark.

1.6 Reciprocity

In certain limits one can establish a relétion between the structure and

13
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the fragmentation functions. Consider the fragmentation of a hadron h from
a quark ¢, with the probability of Dg(z) (see for example figure (1.3)). This
process could be related to the diagram of figure (1.5) by crossing. Therefore
the probability of the transition ¢ — h with p, = zpq is equal to the probability

of hadron h containing q with p, = zpj, (z being the Feynman parameter). This

requires
0 e
p
{ ﬁ‘gb&)E
Figure (1.5) . Deep inelastic electron scattering.
DMz) ~ zfH1/z), (1.21)
with
r=1/z. (1.22)

As D’s and f’s are probabilities, this procedure ignores interference effects
but it is expected that the contribution of other diagrams will be small as z and

z approach unity.

14
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1.7 Dimensional Counting Rules

The dimensional counting rules describe the behaviour of a cross section
at large Q2. In the limit of £ — 1 (z is the usual Feynman parameter) one
Woﬂd have a single parton carrying all the momentum of the hadron, but this
is clearly impossible and so the structure function must vanish. As this limit is
approached all the other spectator quarks must have vanishing momentum and
hard gluon exchanges are needed to transfer their momentum to the fast quark.

In the case of a proton for example the structure function behaves like

f@) ~ @ [G(QY)] ~ (1 - 2)* = (1 -2, (1.23)

since Q% ~ 1/(1 — z). Here G(Q?) ~ Q~* is the form factor of the proton.
This result is the dimensional counting rule for the behaviour of the structure

functions and is expressed more generally as [§]

f(z) ~ (1 =2)1 (1.24)

in the limit of z — 1, where n, is the minimum possible number of spectator
partons. Thus for a quark ¢q fragmenting into a meson M we have n, =1 if M
contains ¢ and n; = 3 if it does not; see figure (1.6).

As z — 1 the hadron takes all of the parton’s momentum so any other
partons which are left behind in the hadronisation must have negligible momen-

tum. Hence

Di(z) ~ (1 = z)ne~ 1, (1.25)

in the limit z — 1.

Similarly as z — 0 the essentially massless hadron take none of the par-
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Figure (1.8) . The minimum number of spectators, ns, accompanying the

fragmentation of partons into a meson M.

ton’s momentum and so we expect D(z) ~ z~!, which gives a logarithmic in-
P g g

crease of ny, in (1.17). Thus we may expect that

Dl(z) ~ 271(1 = 2)Pme L, (1.26)

1.8 Quark Fragmentation Models

There are three main types of fragmentation models. We will describe
them in order of increasing sophistication starting with independent jet frag-
mentation. The more sophisticated models, the string and the parton shower
models, have more physical insight built into them, and consequently have fewer

arbitrary parameters.

a) Independent Jet Fragmentation

The model of Field and Feynman [9] is the prototype of the Independent
Jet Model. This model has been one of the most successful and frequently
used approaches to jets. It is assumed that each individual parton fragments
independently (Figure (1.7)). All the energy of the parton is used up so no

more hadronisation can occur. Although the model accomodates a wide range
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of data, it has some inherent problems.

i) The basic property of colour confinement is not even conceptually in-
cluded in the model. The single parton although coloured, has no relation to its
compensating partner.

ii) Energy and momentum are not conserved. The primary parton with
a typical mass of 300 MeV evolves into jets with masses of 4-5 GeV.

iii) The result is not Lorentz invariant since the fragmentation depends
on the energy of the quark.

Some of these flaws can be overcome by joining the individual jets and
reshuffling their energy, momentum and quantum numbers. There have been
attempts to extend this model to ete™ — ¢g g [10], to baryon production [11]

and to implement hard QCD corrections.

leff over

Figure (1.7). Independent jet fragmentation.

b) Colour String Model
This was first described by Artru and Mennessier in a (1+1) dimensional
model[12]. It has turned out to be a most successful and popular déscription of

jet properties. Through originally developed for e*e™ interactions it has been
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applied to jets in various types of processes like leptoproduction or hadron-
hadron collisions. The string concept has evolved into a large system of computer
programs mainly due to the work of the Lund group [13]. In contrast to the
Independent Jet Model it is not the individual partons that fragment but a
colour neutral system stretching between the partons. Hadronisation is viewed
as the break up of a string built up by thé colour fields as the two quarks fly
apart. As we have seen, the linearity of the Regge trajectories, the potentials of
quarkonia, and other measurments, suggest a linear rise of the colour potential

with increasing distance between sources.

Compared to the Independent Jet Model the string approach has some

attractive features.

i) Although not calculable from the fundamental theory its basic assump-

tions agree better with the general ideas of QCD and quark and gluon couplings.

ii) Energy, momentum and flavour are conserved at each step of the
fragmentation process. This conservation is more easily included in the string
scheme since at each step the whole massive system is considered whereas in the
Independent Jet Model only part of it is treated. Only the last step requires
a special procedure for conserving energy and momentum to ensure that the

particles acquire the correct mass.

iii) Related to this is the smooth joining of the two jets. Whereas in the
Independent Jet Model the energy, momentum, and flavour of each jet are not
required to. fulfill the conservation laws at the end of the fragmentation, they
are naturally conserved in the Lund Model. Thus no artificial procedure has to

be applied to join the final partons to form a hadron.

In spite of these conceptual differences of the two approaches they lead

to very similar results for events of the type e¥e™ — ¢ since their parameters
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can be suitably adjusted.

¢) QCD Cascade Models

If the parton which starts the jet formation has a large momentum, and is
also far off its mass shell (Q? large), then initially perturbative QCD is applica-
ble. The partons branch repeatedly via QCD vertices producing many partons
of lower momentum which are less far off mass shell; whose momentum and
distance from mass shell decrease with each successive branching. Eventually, a
point Q2 = Q2 related to A2, is reached where QCD running coupling constant
is no longer small -and one needs a non-perturbative model for hadronisation.

These two stages of jet evolution are shown in figure (1.8).

1.9 Light and Heavy Quark Fragmentation

Light and heavy quarks are distinguishsd by comparing their masses with
the scale of the strong interaction, A. The approximate masses of the quarks
are given in table (1.1). The fact that A lies within the range of 0.1 and 0.5
GeV, makes it clear that while u, d and presumably s quarks may be accounted

as light quarks, ¢, b and ¢ quarks must be treated as heavy.

The fragmentation of light and heavy quarks exhibit quite different fea-
tures. There are two reasons for this. First, a charmed meson, for example,
can only come from a leading ¢ quark and not from further down the fragmen-
tation chain because the production of a heavy QQ pair in the vaccum is very
improbable. Secondly, the fragmentation ¢ — Dd, for instance, puts a much
greater fraction of the quark’s energy into the meson that does the fragmen-
tation v — nd. The 7 and p mesons, for example, are made of light quarks

and their hadronisation exhibits a statistical behaviour. Figure (1.9) shows the
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Figure (1.8). The perturbative (Q* > Q2) and non-perturbative (Q* < Q%)

stages of jet evolution.

differential cross-section for the production of 7° and p° and of K° and K*°
mesons(14]. (The curves are due to the Lund group[15]). The softness of the
fragmentation process is striking. As we shall see the case of charm and bottom
quark fragmentation is quite different.

The first theoretical attempt to explain the enormous difference in
hadronic production by a heavy quark was made by Bjorken[16]. Bjorken used
the naive quark parton model to describe the production and decay dynamics
of a very heavy quark Q in ete™ — QQ two jet system. He deduced that the

inclusive distribution (dn/dz) of the produced hadron containing @ should be

20



Introduction

109 <
CET 1 1T T 3
g pow :
- $ ke _
104 = }\¢ § P -
= P, \f $ K*°(890) E
- F \ :
< NN -
o 104 _-:— #\ —
2OEN T 3
s £ X .
E _Kﬁo 7
I AN .
Q 10% —
~ — —
g F 3
102
i0' I

Figure (1.9) . Vector and pseudoscalar, #°,p°, K° and K*° fragmentation.
g

peaked near z = 1 (here z = p/pmaz)- |

Another early attempt to describe the situation where a heavy hadron
carries away most of the parton’s momentum leaving behind a spectrum of light
hadrons (such as #’s or K’s) was made by Suzuki [17]. The distribution function
dn/dz (here z is defined as the ratio of the energies of the produced hadron to
that of the beam) is calculated using statistical assumptions. Taking the center
of mass energy /s = 2E to be much larger than any of the quark or hadron

masses involved, the following result is obtained:
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D(z) =dn/dx = Cexp [-——qu(x + —= M —)] (1.27)

where C is a constant, « is related to temperature as x = (kT)~!, M, is the
invariant mass of the fireballs containing ¢ and § (M, = my+ Q) and mj, are the
quark and hadron masses respectively. D(z) is identified with the fragméntation
function. The distribution given by (1.27) has a peak at z = m;/M,, and falls
rapidly as z — 0 and 1. The temperature is taken to be of the order of m,
as is deduced from various lepton-hadron and hadron-hadron éollisions. The
behaviour of (1.27) for # and K meson production, and also for the production
of D and 7 from a charm quark, and 7 from » and d quarks, is shown in figure
(1.10). These diagrams, together with the figure (1.9), demonstrate the change
of the nature of the fragmentation as one increases the quark mass. It is generally

accepted that this change is mainly for kinematical reasons.

1.10 Conclusion

Although the quark model seems to be quite successful in explaining the
strong interaction phenomena, the mechanism of quark and gluoﬁ fragmentation
is far less well understood. It is only possible to describe the situation through
fragmentation functions, which are mainly calculated from phenomenological
models. The most sophisticated model, and the one which has the most physical
insight, is the QCD cascade model. However, as the early works of Suzuki and
Bjorken show, in the hadronisation process a heavy hadron tends to carry away
most of the quark’s momentum leaving the light hadron spectrum softer than
that which is obtained from light quarks. Naturally this changes the final hadron
production spectrum dramatically and opens a new door to the investigation of

heavy quark fragmentation.
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Figure (1.10) . The fragmentation function (1.27) for (a) # and K meson
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CHAPTER 2

EXPERIMENTAL STUDIES OF HEAVY
QUARK FRAGMENTATION

During the last few years a number of ete™ annihilation expeﬁments
have reported results on the fragmentation of heavy quarks using a variety of
methods. Although a wealth of information has been extracted from these exper-
iments, comparison of the results among themselves, and with the theoretical
predictions, is difficult because of the variety of experimental techniques em-
ployed and the different definitions of the fragmentation parameters which have
been used. Therefore it is necessary to explore the experimental procedures and
particularly to appreciate the experimental uncertainities and the influence of

QCD effects such as radiative corrections.

In this chapter we explain the use of different fragmentation parame-
ters and review the main experimental procedures employed to establish the
relationship between the fragmentation mechanism and the experimentally ob-
served quantities. Having explored these procedures, we evaluate their out-
come for charm and bottom fragmentation, both in terms of the mean value of
the fragmentation parameters and the fragmentation functions themselves. We
summarise these results and look at different sources of errors and discuss the

possible outlook for improving them.

2.1 Background and Definitions

Elementary particle reactions at high energies often involve the hard scat-
tering of quarks, leptons and gauge bosons. But whereas the electroweak bosons

appear as free particles in high energy experiments, thus allowing detailed stud-
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ies of the electroweak forces, quarks and gluons materialise as jets of hadrons

due to the strong ‘confinement’ of coloured objects.

As mentioned in chapter 1, so far only phenomenological models exist
to describe the fragmentation of quarks and gluons to the observed particles.
It is believed that the coloured quarks and gluons which are created at small
distances polarise the vaccum to produce jets of colourless hadrons which have
only a restricted transverse momentum with respect to the fragmentation di-
rection and have a flavour dependent distribution of longitudinal momentum.
Usually the transverse momentum distribution is parametrised by a Gaussian
distribution with a width of only a few hundred MeV. The longitudinal momen-
tum distribution is described by a scaling function D(z) where z is the fraction
of available momentum (or energy) carried by a given produced hadron. D(z)

represents the probability that a hadron is produced with a given value of =.

Originally it was assumed that D(z) for heavy quarks would be similar to
that for light quarks which fragment principally into pions and kaons with a 2
distribution which falls steeply as z increases. However, our discussion in section
1.8 suggests that in the case of a fragmenting heavy quark a large fraction of
the available energy is likely to be carried by the hadron which contains that
heavy quark[18]. This is different from the case of light quarks which fragment
principally into low momentum hadrons. In practice, a jet originating from a
charm quark at high energies looks much the same as any other jet when the
decay products of the charmed meson are included. The difference is that the
energy fraction transferred to the charmed meson is substantially higher than
for light quarks and mesons. However, after the charmed meson has branched
off there is again no difference between the remainder of the cascade and a light-
quark jet of the same energy. This kinematical difference between heavy and

light quark fragmentation leads to fragmentation functions peaked towards high
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values of z (said to be ‘hard fragmentation’). This is the observed behaviour of
charmed and bottom hadrons produced from leading ¢ and b quarks.

The determination of D(z) has been the subject of many recent theoreti-
cal and experimental studies. One of the experimentally favoured models is the
form proposed by the Lund group[19]. The fragmentation function in this model

is written as

_Bm%"), (2.1)

D(z) x -12-(1 —2)4 exp( .

where mr = m? + k% is the transverse mass of the produced hadron and the pa-
rameters A and B are to be determined experimentally. However, although the .
above parametrisation has been used by various experimentalists, the most pop-
ular functional form is that proposed by Peterson et al. [20]. This fragmentation

function has the following form

D(z) x (2.2)

1
Ai-1-gg)”

in which € is the only free parameter which is to be determined experimen-
tally for each heavy quark. It is inversely proportional to the square of the
fragmenting heavy quark mass forming the leading hadron.

Although the Peterson model has been adopted for most experimental
and theoretical purposes for ¢ and b quark fragmentation, interpretation of the
variable z, which we shall replace by ¢ from now on, is different in different
models. At least five different definitions for this quantity has been used in the

literature, namely

(E + P" )hadron

=z = 2.3

E (E + p)quark ( )
Ehadrbn

=P =S —m— =z 2.4

E Equark ( )
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: Ehad?on
= = — : 2.5

E B Ebeam ( )

_ — Phadron
6 =Tp = \/Ez —m? (26)

beam hadron
2E

¢ = Ty = hadron (2.7)

VI
where Ej.qm is the energy of the ete™ beam, \/3efr is the energy of the virtual
photon produced in et e~ collision after accounting for initial state radiation, and
Equark is the energy of the quark after further accounting for the emission of the
one or more gluons. (E + p")had,.,m is the energy and the momentum component
parallel to the fragmentation direction carried by the primary hadron. It is
quite clear that these quantities will differ from each other when the quark and
hadron masses and the effects of gluon emission and initial state radiation are
considered. These effects are depicted schematically in figure(2.1) and lead to

the following inequalities

1
EQ < é‘ Seff < Ebeam’ (2°8)

and therefore by definition

tp <zy < 2. (2.9)

The various definitions of ¢ originate from the methods employed in ex-
tracting information from the fragmentation of the heavy quark in an experi-
ment. Usually the energy of the produced hadron is accurately determined and
since the beam energy is an accurately known quantity, the fractions zr and z,
given by (2.5) and (2.6) are readily accessible. On the other hand the fractions
z and zg, cannot be measured directly since the heavy quark’s energy is not

known directly.
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Figure (2.1) The effect of initial state radiation and gluon emission

leading to Eg < -%-\/.W < Epeam-

2.2 Heavy Quark Fragmentation From Multiplicity Measurement

There is little reason to assume that there is much difference between
hadronic jets from up, down and strange quarks because their masses are not
large compared to the QCD scale Agcp = 200 MeV. But the relatively large rest
masses of the charm and bottom quarks suggests that the decay multiplicity of

heavy hadrons containing heavy quarks should be higher than light quark states.

Experimental results on the mean charmed multiplicity of multi-hadronic
events containing heavy quark jets, (n)g, can be used to provide information on
heavy quark fragmentation. One should distinguish between the contribution
to (n)g from the decay of the two primary hadrons, i.e. the leading multiplic-
ity (ni)g, and the reminder of the fragmentation process, i.e. the non-leading
multiplicity (n,)qg. The latter can be related to a corresponding average non-

leading energy, (E,)g. By using the measured variation of the mean charged
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multiplicity as a function of the center of mass energy, Ecm, in ete™ — qqg
events, the mean value of the fragmentation variable, g given in (2.5), can be

obtained from the relation

(Enl)
Ecm

(zE)g=1- - (2.10)

A typical measurement of the charged particle multiplicities in hadronic
events deriving from bottom or charmed quarks has been performed by Rowson
et al. [21], in the Mark-1II detector at PEP in ete™ annihilation at 29 GeV. The
results are listed in Table (2.1).

Table(2.1)Charged multiplicities of bb and cz.

bb ¢t
One S and one H* 15.2 & 0.5+ 0.7 13.04+ 0.5 £ 0.8

Nonleading mixture 16.1+£ 0.5+ 1.0 13.2+ 0.5+0.9

Nonleading 5.2+ 0.5 £ 0.9 8.1+0.5+0.9

*(S = Semi — leptonic, H = Hadronic)

This report reveals various facts about ¢ and b quark fragmentation. In the first
place, the lower nonleading multiplicity for bb relative to ¢¢ provides independent
evidence that b fragmentation is harder than ¢ fragmentation. Secondly, using
this information (and also (2.10)) it is found from the nonleading multiplicities

that bottom and charmed hadrons fragment with mean energy fractions 0.791-12

and 0.601'8:8?1 respectively.
Another report[22] of multiplicity measurements in heavy quark jets
tagged by a D* yields (zrec.)c = 0.581‘8:831’8:32, where z,... stands for the re-

constructed value of the parameter z.
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2.3-Heavy Quafk Fragmentation From Hadronic Decays
Measurements of the differential cross section in inclusive charged and
neutral meson production and multi-hadronic decays can reveal precise infor-
mation about heavy quark fragmentation.
In the case of charm quark fragmentation, charged D* production is stud-

ied through the decay mode

D*t — D°xt, (2.11)

in this procedure. Due to the special decay kinematics and the good mass
resolution of the HRS (High Resolution Spectrometer ) detector at PEP, a D*

signal shows up clearly in the distribution of the mass difference

AM = M(D°r) — M(D°). (2.12)

D°® is reconstructed in the decay modes

D° — K~ n%, (2.13)
— K~ntr~nt, ‘ (2.14)
— K~ 7% n°, (2.15)

together with the charge conjugate states. Although in this technique the sig-
nals appear quite clearly, further reduction of the background is achieved by
application of the D° mass constraint, and also by requiring that | cos 63| < 0.8,
where cos 8% is the decay angle of the K~ system in its helicity frame.

The JADE collaboration[23] has measured the differential cross section
for D** production, in e*e~ annihilation at \/3=34.4 GeV from combination of

decay channels (2.13) and (2.14). This is shown in figure (2.2). They have also
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Figure (2.2) The scaled differential cross section s%% for inclusive

D** meson production together with Peterson’s fragmentation function.

evaluated the average value of the fragmentation parameter for zg > 0.4 which

comes out to be (zg) = 0.64 £ 0.05.

2.4 Heavy Quark Fragmentation From Inclusive Lepton Production
While the hadronisation of charmed quarks into charmed mesons and baryons
has been successfully measured by multiplicity measurements and hadronic de-
cay studies, the fragmentation of b quark in to b flavoured hadrons is much less
well explored by these techniques due to the small cross section and the very

inefficient reconstruction of the b flavoured hadrons.

Significant progress towards an understanding of both b and ¢ fragmen-
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tation has been made by studies of inclusive lepton production. Such processes
are described by the fragmentation of a heavy quark into a heavy hadron which
subsequently undergoes a semi-leptonic decay. This is shown in Figure (2.3)
where a b quark is produced with energy Ej by the reaction ete™ — bbg. Then
the b quark fragments into a B meson of energy Ep = zE;, with probability

D(€). The B meson subsequently decays semi-leptonically, B — 1 X.

Figure (2.3) The fragmentation and semi-leptonic decay of a bottom

quark.

The lepton momentum, p;, being dependent upon the momentum of the

parent hadron, contains information about the fragmentation of the heavy quark.

2.4a Flavour Separation
To distinguish between the contributions from different quark flavours,

a variable sensitive to the quark mass is used. A universal choice is the lepton
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momentum transverse to the thrust axis (pr). Its mean value is quite different for
c and b quarks although this difference depends not only on the quark mass, but
also on the extent of the jet broadening due to gluon radiation. The definition

of the thrust axis and lepton momentum components are illustrated in Figure

(2.4).

Trust

Figure (2.4) The definition of the event azis and lepton parallel py

and transverse py momenta in ete™ — £ +hadrons.

To achieve further separation between the quark flavours, a variable which
indicates the topology of the event, such as thrust or sphericity, is sometimes
used. In this respect the transverse jet mass variable, M[24], is particularly

useful. M is defined as

Ecm %
= 5 183, (2.16)

vis n

M=

where p3*! is the magnitude of the momentum components of the particle out
of the event plane, and the sum runs over all charged and neutral tracks. E,;,
is the total visible energy of the event. In addition to providing information on
the heavy quark fragmentation functions, the production rate of prompt lep-

tons yields valuable knowledge of the weak semi-leptonic branching ratios of
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heavy quarks. Usually the production of the prompt leptons is described by
the spectator parton model. (This model will be discussed in greater detail in
chapter 6). This model predicts equal semi-leptonic branching ratios for charged
and neutral charmed mesons, and likewise for bottom mesons. Although there
are indications of different measured lifetimes and branching ratios, the above
mentioned model is widely used by experimentalists. Recently the contribu-
tion of nonspectator diagrams was investigated in a report by the Crystal Ball

Collaboration [25] on B meson decay.

While it would be possible to obtain an efficient flavour separation by
using simple cuts in pr and/or thrust, it turns out that an increase in the
statistical significance of the results can be obtained by a multi-dimensional
analysis. For that purpose the MARK-J group subdivide this sample into various

bins in the variables pr, p), and T and thereby measure ﬁ;fvf. The TASSO

d%s
dedp" °

group bins the distribution in pr and p||, and thus measures

2.4b Analyses of inclusive lepton production

Typical analyses proceed by deducing the prompt lepton momentum and
transverse momentum (and sometimes thrust) distributions of the quark flavours
as a function of ¢ using a sample of simulated data. Then, by fitting to the
corresponding distributions of the experimental data, experiments are able to
obtain information on the ¢ distribution of the fragmenting heavy quark. Here
the choice of the definition of ¢ is not restricted as all the variables in the Monte
Carlo model are known a priori. This freedom in defining € (within the limits
imposed by the use of a Monte Carlo model) is a major factor contributing to
the use of so many different £’s. Although (2.3) is theoretically preferred, (2.4),
(2.5), and (2.7) have also been used in analyses of inclusive leptons. These

various definitions of { manifest themselves in different results for parameter

34



Experimental Studies

¢ of the Peterson function, which in turn give different values for (). This is
a crucial factor which has to be accounted for before drawing conclusions and
comparing results between experiments.

The most recent data on lepton production is reported by the JADE
collaboration[26]. They have used muon detection in ete™ annihilation at 34.6
GeV and binned the data in p(u), pr(u) and M space. The fit to the muon
inclusive data sample is performed by using the Peterson fragmentation function
and weighting the spectra of the above mentioned parameters for the ¢ and b
quarks. Two definitions of {, namely z and z g of (2.4) and (2.5), are investigated
in this experiment. The results for (z) and (zg) are summarised in Table (2.2).
The fact that (zg) is lower than (z) by the order of 10-15% is attributed to the

expected softening due to gluon emission.

Table(2.2) Avarage of ¢ with different definitions for ¢ and b quarks.

£ €c €b (fc) <§b)
z 0.01570:005 | 0.003530:002 | 0.77+0.03 0.86+0.04

zg | 0.08870:0% 0.02070:0%7 | 0.64%0.03 | 0.76+ 0.03

TE 0.25 0.01533:3%% 0.54 0.77+ 0.03

zp | 01097503 | 0.01970:9% 0.6240.02 | 0.76+ 0.03

The quantities (z.;) are also determined by dividing the z regions into
several intervals and weighting these intervals without assuming any functional
form. The results of this treatment provide data on the fragmentation functions.
These data together with others, have been compiled into a table which appears

later in this chapter.
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2.5 Comparison of Data and Discussion

The experimental procedures which we have explained so far have re-
vealed a wealth of information about the production, fragmentation and decay

of heavy quarks and the related heavy hadrons.

Because of the problems of reconstructing the bottom hadrons, the data
from charged multiplicity measurements and hadronic decays are limited and
mainly concern charm quark fragmentation. We gave typical examples of the
average values of £, the fragmentation parameter which are obtained by the pro-
cedures introduced in sections (2.2) and (2.3). However, there have been plenty
of reports on fragmentation of both charmed and bottom quarks using inclusive
lepton production. As we explained earlier in this chapter, the characteristic
parameters used in this procedure, namely p, pr and T of the prompt lepton,
are distinctively different for charm and bottom quarks and therefore provide a

more sophisticated way to extract the data.

We have listed the measured values of the average fragmentation param-
eters from the different collaborations in table (2.3). The main fragmentation
function that has been used to extract data is the Peterson fragmentation func-
tion. It is necessary to emphasise that the derivation of Peterson fragmentation
function is relatively naive and it would indeed be surprising if it were to pro-
vide the ultimate description of the data. However, within the limited statistics
available, the cross section is in accordance with the Peterson form when fitted
as a function of z rather than zg[27]. The fact that () must be lower than (z),

because of radiative corrections, is confirmed by Table (2.3).

Finally we have compiled data on the fragmentation functions for charm
and bottom fragmentation in Figures (2.5) and (2.7). Due to large error bars in
figure (2.5), it is hard to make a firm judgment about the fragmentation models
using such compilation. Therefore we choose the sets of data with smallest

error bars and use for this purpose [28] which we give in figure (2.6).
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The source of error in the extraction of the data is the low statistics.
Since a consistent data set is only obtained by proper adjustment of the pa-
rameter(s) of the model used in the fitting procedure, a good knowledge of the
parametrisation of the quark fragmentation functions [29] may reduce the sys-
tematic errors in many analyses. Further contributions to the systematic error
arise from the uncertainties in the final state lepton detection, the background
from 777~ and two photon events, and from uncertainities in the shape of the
p(u) and pr(p) and M distributions of the different quark flavours. The errors
in the reconstruction of the thrust axis and the event plane, and from a lack

of understanding of the QCD radiation and confinement effects, should also be

considered.
Table(2.3) (&) and (£.) from semi — leptonic decay.
Ref. | 1 ¢ (€)% (€)%
TASSO (30] | u z 7T, 85110+2
TASSO B1] | e | = 57H0E8 g5+13+1s
MARK-J | [32] | u z 46+ 343 744245
JADE 33] | w z T7T+3+5 | 86+4+5
MAC (34] | u z 17-67 80410
MARK-II | [35] | e z 0.59+0.06 | 0.79+0.06
CLEO (36] e z 507+ goti+e
HRS 37) | » | zg 471548 —
DELCO [38] | e | zg 59 + 4 7245
TPC 39] | w | zg | 60+£6+4 80+5+5
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B(Z)

Figure (2.5) Compilation of data on the charm fragmentation func-

tion obtained using D* production. See [28] and [40].
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Figure (2.6) Compilatz'on— of data on D* fragmentation function re-

ported in reference [23).
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Figure (2.7) The same as Figure (2.5) using B meson production.(28)
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CHAPTER 3

HEAVY QUARK FRAGMENTATION MODELS

We learned in the previous chapters that in the hadronisation of the heavy
quarks, the heavy quark tends to carry away most of the parton’s momentum
and, unlike the statistical nature of light quark fragmentation, the fragmentation
is a hard process. The quark content and the masses of the heavy mesons

produced in charm and bottom quark fragmentations are listed in Table(3.1).

Table(3.1) Charmed and bottom mesons.

State | Mass (GeV/c?) Quark Content
D+ 1.869 . cd
De° 1.865 ca
D** 2.010 cd
D* 2.007 i
Bt 5.271 bz
Be 5.274 bd
B* 5.323 (% or d)

In this chapter we review briefly five heavy quark fragmentation models,
due to Scott[42], Peterson et al.[43], Collins-Spiller[44], Suzuki[45] and Amiri-
Ji[46] respectively. As we have mentioned in the previous chapters, the only
important radiative correction to heavy quark fragmentation is the initial gluon
radiation by the heavy quark. We shall evaluate the effect of such a correc-
tion on the Peterson model later in this chapter. Eventually, we compare the
results of these models with one another and also with the experimental data

for the production of D, D*, B and B* mesons. The predictions for top quark
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fragmentation are also given.

3.1 The Scott Model
A model of heavy quark fragmentation in e*e™ annihilation was intro-
duced by Scott [47]. It is based on the study of deep inelastic lepton scattering.

The dominant parton model diagram for this process is shown in figure (3.1).

Figure (3.1) Parton model diagram for deep inelastic lepton scatter-

imng.

The parton k is off-shell, and after it has been struck by the current, it fragments
into a system of hadrons whose invariant mass is v/o. The invariant mass of the
hadronic system into which the parent hadron fragments after the parton with
momentum k has been removed is v/s'. Both o and s' refer to the properties
of the hadronic system before any quark confining forces have had time to act.
It is assumed that these forces are such that they do not eliminate the normal
requirement that both ¢ and s’ be positive. Using the covariant parton model
Landshoff and Scott{48] were led to the following structure functions of the

hadron.
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1 1—z17
Fy(z) = —C:c[ - (x)] , (3.1)
with
() = ——7AG), (32)
where
Az) = 3o + (1 = z)m? — z(1 — z)m¥, (3.3)

and where m, and mpy are the masses of the light quark and the produced
hadron respectively. v is a constant and its value is fixed by the behaviour of
the structure function as 2 — 1. According to dimensional counting rules[49],
v =1 for mesons. The value of (k%) in (3.2) has to be recalculated if v = 1.
In (3.3) s, is a constant and corresponds to the invariant mass-squared of light
hadrons left behind by the heavy hadron and is of the order of a few GeVZ2.
Scott’s model is based mainly on the above ideas. Figure (3.2) shows the
production of a heavy hadron H from parton k. This is indeed a reciprocal dia-
gram to that of figure (3.1). Now using (3.1) along with (3.2) and the reciprocity

relation it is found that

(1 - z)2?
. 3.
DG > o, — o~ oym2 (3-4)
This function has the behavior
D(z) ~ (1 -2), | (3.5)

as z — 1. The behavior of (3.4) is given for the production of D, D* and B
mesons with s,=1 or 4 GeV? in figure (3.3). As s, increases, the fragmentation
function becomes softer. We have chosen s, = 1 Gev? when we compare the

results of this model against data and other models. This choice is made because
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Hadron

Figure (3.2) Fragmentation of a heavy hadron H in ete™ annihila-
tion. The hadron leaves other light hadrons which are indicated by the constant

So0.

we do not expect high mass hadronic matter to be produced along with the heavy

hadron.

3.2 The Peterson Model

A simple and popular model based mainly on the kinematics of heavy
quark fragmentation is given by Peterson et al. It is assumed that when a light
antiquark § attaches to a fast moving heavy quark, the heavy quark Q decelerates
only slightly. Thus @ and (Qg) should carry almost the same energy. Figure
(3.4) shows the principle of this model.

Using the quantum mechanical parton model, it is postulated that the
dominant part of the amplitude is determined by the value of the energy transfer

(the energy denominator),
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e {a)

o (b)

()

0 0,2 0, 0,6 0,8 i
Z

Figure (3.3) Fragmentation functions of the Scott model a) DP’(z),
b) DP°(2) and DE’(z) for so = 1,4 Gel2.
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Figure (3.4) The quantum mechanical basis of heavy quark fragmen-
tation. The dashed lines represent the time slices which are used to drive the

fragmentation function.

AE = Ey + E, — Eq. (3.6)

Defining the fragmentation parameter as in (2.3), one can write (3.6) in

the following form

AE = (m} + 2p")/? + (m] + (1~ 2)’p")'/? — (m + p*)'/?

ab—l—eq], (3.7)

z 1-2
where the energies have been expanded about the (transverse) particle masses

and g = (%)2 is the ratio of the effective light and heavy quark masses. Taking
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a factor of z~! for the longitudinal phase space, the proposed fragmentation

functions take the following form:

N

-t

D(z) = (3.8)

The normalisation constant N is fixed by summing over all hadrons containing

the quark Q, i.e.

) / dzD(z) = 1. (3.9)

It is expected that when the quark mass increases, the quantity (z) should

get very close to unity. However equation (3.8) has the property that

D(z) ~ (1= 2)?, (3.10)

in the limit z — 1. This is in conflict with the dimensional counting rules
discussed in section (1.6) which demand a behaviour ~ (1 — z) in this limit.
However this simple parametrisation has been widely used by experimentalists

to determine the properties of the fragmentation process.

3.3 The Collins-Spiller Model

The next model of interest was introduced by Collins and Spiller. This
model is consistent with reciprocity which demands that the fragmentation func-
tions should be related to the hadronic structure functions. It also agrees with
the dimensional counting rules, i.e. has D(z) ~ (1—2z). Since we will look at the
spin properties of fragmentation motivated by this model in the next chapter,

we give more details of this model here.
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3.3a The model

The model is based on the diagrams of the figure (3.5). Part (a) shows
the principle of independent jet fragmentation. The heavy meson takes a frac-
tion z of the initial quark’s momentum. In part (b) the forward amplitude for
ete"M — ete~M is shown. This gives the cross-section for ete~ — MX.
A heavy quark is produced in ete™ annihilation and fragments into a heavy
meson through the vertex indicated by I'. The four momenta are labelled. The

function I is chosen to have the following form by Collins and Spiller.

T = Cg(z,24)G* (b}, )G/ (kY Yuq(Cokm ) vg(—Cakm) (3.11)
with
PQ = CQkMa kq = —quM, (3.12)

where (g and (; are the fractions of the meson’s four momentum carried by
the heavy and light quarks respectively. Momentum conservation requires that
- (g + ¢g = 1. In (3.11) Tg and vy are the quark and antiquark spinors and C is
a normalisation constant. The G functions describe the transverse momentum
distributions of the meson M and the quark ¢q. These functions are chosen to
have a Gaussian form but the final answer is independent of this choice. Finally
9(zMm, zg) is intended to represent the longitudinal momentum distribution of
the meson and the light spectator quark along the direction of Q. Again the
conservation of momentum requires that zp + zg = 1. zpr and 2, are the meson

and quark light-cone momentum fractions defined respectively by

(3.13)
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14 zp
"0
a ]

(a)

"~

Figure (3.5) . Heavy Quark fragmentation in ete™ annihilation.

where k?l-l = k%, + k3; and so on. To obtain the g function for this case Collins
and Spiller consider a single gluon exchange approximation for the meson bound

state. The gluon propagator in figure (3.6) has the following behaviour:

p k
q o2 4 q
i i
-p1 ‘k¢i

Figure (3.6) . Single gluon ezchange approzimation in meson bound state.
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1 1
= - ~ :El'

— 2 21 k2 Vot

(kr =P pa g2 [zlkf&?f + (kljsz_g)m ] 210
M
Similarly in terms of the other momenta

1 1 i
ko — po)2 _ k21 k2. )pT ~ L2,
(k2 — p2) k‘% +p% - [:L‘zk&pz + (—-2?2-%5—2 z3—0

Since the propagator appears twice in |T'|2, it is realised that

lg(z1,22)|% = z122.

To satisfy reciprocity they choose

l9(za, 20)|* = —23124.

(3.14)

(3.15)

(3.16)

(3.17)

Although, since we have a hadron and a quark, there is no reason for (3.17) to

be symmetric, the fragmentation and the corresponding (reciprocal) structure

function should be smooth continuation of each other. The sign change in (3.17)

is due to the analytic continuation of z3 and zps. Using light cone momentum

conservation, zyr + z; = 1, we can write (3.17) as

|g(ZM,Zq)|2 = "Z?u(l - ZM)’

and therefore we can write the following behaviour for |g|?

— 0
zpy—1

|g/?

o) 2
3zM Igl 'ZM—ol h— 1'

If we rewrite (3.16) using z; + ©2 = 1, it becomes

lg1* = za(1 — z2).
+
Using z9 = -Z-’;‘_?-, and also (3.13), we can write
M
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1
T2 = a (3.21)
Therefore (3.21) and (3.20) produce:

lgl* —0

zp—1

(3.22)
il 2

Ozpm |gl — — 1,

which proves that with the choice of (3.17)the structure and fragmentation func-

tions will indeed join smoothly at zpr = 51—2- = 1.

3.3b. Fragmentation Functions

In this section the derivation of a useful form of the fragmentation func-
tions in terms of the discontinuity of the amplitude in the diagram of figure

(3.11) is given. We write the defining relation of (1.14) in the following form

1 do + - B 1 ol M y
Ttot dzM(e e — MX) = >, eg Zq: €q [Dq (z2m) + Dy (ZM)] . (3.23)

If an experiment sets out to measure a fragmentation function of a quark

q into a meson M, then what will be measured is

DY(2m) =3 Dy (zu), (3.24)

where D;w i(zp) is defined as the fragmentation function for q going to M and
J — 1 other partons, (j > 2). The summation is not only over j, but all possible
sets of partons for each j value as well.

For light quark fragmentation many terms contribute to this summation.
However, for a heavy quark fragmenting into a meson which contains that heavy

quark, the single term with j = 2 will dominate. This is because most of the
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quark’s momentum is retained by the hadron, due to the large quark and hadron
masses.
To obtain the fragmentation functions, Mueller’s ‘Optical Theorem’ is

used in the following form

167r3EM

s, (e e” — MX)= —Dlsc(Ae,,e W ——ete-TT)1 (3.25)

where h is the flux factor and Disc(A) is the discontinuity of the amplitude

shown in fig(1.b). The derivation of this theorem is explained in figure (3.7b)

+
Using zy = %}g, it follows that

d3 3
16w Exyy

d3]\, (e e —PMX)—IG‘IT?‘IC&W(C e —bMX)
= 16732y dlo (ete™ — MX). (3.26)
dzpd?kr,,

We use (3.26) to integrate (3.25) over dkp. Then using the parton model

relation,

otor = a(ete” — X) =3o(ete™ — pTp™)> ezq, (3.27)
Q

in which the factor 3 is due to the summation over the colours of the quarks,

the final result is

271,
4"k1y 2 Dise(A). (3.28)

2 nMq + - +,~) =
3egDg “(2m)o(eTe” — pTp™) = 65207 b

Finally using (3.28) and the discontinuity of the forward amplitude given

in figure (3.5), the Collins and Spiller fragmentation functions are obtained,
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(a) (b)

N = 0===r==1"
hL |& e
(c)
M M
S%-Dist e 4
e e
{(d)

Figure (3.7) . Derivation of Mueller’s theorem. (a) is the definition of the
cross-section f, and h is the fluz factor. To get (b) the completeness relation is
used. (c) is obtained by crossing M and M, and (d) i3 the unitarity relation

for the Mete™ — M ete™ amplitude.

W+ () + = (m] + (k) + 2(KE) — 2mpgm,

> + zmq + ZmMMQ]

mi + (k%) my+ <k%>]—2

2
X |my — —
[Q z 1—=z

(3.29)

where N is a normalisation constant, mp and mg are the heavy meson and the

heavy quark masses respectively, and m, is the light quark mass which is taken
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to be negligible. It is clear from (3.29) that the fragmentation function has the
behaviour ~ (1 — z) in the limit of z — 1 in agreement with the dimensional
counting rules.

Since the observed meson may not be produced directly from the heavy
quark but through a secondary hadronic decay like D* — D, the experimental
test of (3.29) becomes complicated. To incorprate this fact, Collins and Spiller
use an inclusive decay distribution which represents the probability of an excited
meson M{) emitting a pseudoscalar meson Mg, which carries away a fraction
of its momentum through decay of the type M5 — Mgqw. The distribution
function given by Collins and Spiller has the following form:

NI
fife(2) =

(3.30)

2 2

2
(1 - 2) [% _ i) m%+<kT>]

1—-z

Thus the real fragmentation function, which allows for secondary fragmentation,

should have the form

DY) =nDGP:) + -0 [ LDPWAHLG), ()

where kK is a parameter which lies between zero and one and determines the
fraction of secondary fragmentation. The first term in (3.31) represents the
direct fragmentation into the meson M, while the second term is fragmentation
through an intermediate M* meson which carries away a fraction y of the quark’s

momentum. We have shown this in figure (3.8).

3.4 Spin Properties of Heavy Quark Fragmentation

As we shall see, the models which we have reviewed so far agree with the
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Figure (3.8) . Ezplanation of secondary fragmentation used in (3.31).

experimental data .on the fragmentation functions satisfactorily. But if
we want to know further details such as the spin properties of the fragmentation,
the z dependence of the vector/pseudoscalar ratio, and so on, we need more elab-
orate models based on a more detailed understanding of the strong interaction
dynamics. Suzuki and Amiri-Ji have introduced new models which are a first
step in this direction. The transverse momentum of the bearmn appears as a free
parameter in the Suzuki model, but it gives a complete spin picture of the basic
fragmentation phenomenon. In the Amiri’s model there is no free parameter in
the final results and they are a complete second order perturbative calculation,
but they are lengthy and complicated, and only in the limit of —"1;1- << 1do
they reduce to simple forms. Another point about the latter model is that the
fragmentation functions are given for pseudoscalar and vector meson production
and not in the form of spin components as in the case of Suzuki model. So the
evaluation of the z dependence of the decay angular distribution (in the process

D* — D= for example) in this model is not possible.
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3.5 The Suzuki Model

The basic process of heavy meson fragmentation is illustrated in figure

(3.9). A vector gluon interacts with quarks through the non-Abelian guage

interaction.

A
X

Figure (3.9) Fragmentation of a heavy meson Q. A heavy quark Q
forms an S-wave bound state with a light antiquark G created by a single vector

gluon g.

It is assumed that Q and § in figure (3.9) are emitted collinearly with
each other. In other words, the relative motion of @ and § is neglected and no
mesons with a nonvanishing relative orbital angular momentum are produced.

Consequently, whether @ and § form a vector meson or a pseudoscalar meson is
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determined by the total spin of the Q7 system at the time when the G is created
by the gluon. Since the original heavy quark is off its mass shell the method
of old fashioned perturbation theory is emplbyed. This theory or, equivalently
the so-called light-cone perturbation theory, offers a way of treating an off-shell
external fermion line.

While the 1S, fragmentation function has a single term, the 35 fragmen-
tation functions are expressed in the form of a diagonal spin density matrix of

the Q7 vector meson polarisation

D11(Z) 0 0 )
. (3.32)

DI(Z) = ( 0 Doo(Z) 0
0 0 D—l—-l(z)

Since D_;_y(z) = Dyy(z), the diagonal elements of the Dy matrix are denoted as

Dr(z) = [Du(2) + D_1-1(2)] /2
Dp(z) = Doo(2). (3.33)

where T and L stand for transverse and longitudinal polarisation, respectively.

The final results of the calculation of the fragmentation functions in Suzuki’s

model are
Do(z) = N [ZmQ +mg mg+mgl mg(mg+2mg) 1
2F(z) {Lmg + mq mg z mg(mg+my)l—z
mg(mg +mg)1 —z] mg?(1—2)2 )’ |
__N my 1 ]2 (k) [P
Dr(z) = zF(z){ [1 mgl—z + mé 1+ (1—-2z2)21)’ (3.35)
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Di(z) = N {[mQ+mql_QOq+(k%) z ]2

zF(2) mg z mg(mg+my)l—2z
2 (L2 2
mQ — mq] (k) =2
+[MQ +mgl mé (1-2)2)° (3.36)

where N is a normalisation constant, mg and m, are the heavy and the light
quark masses and (k%) is the average value of the squared transverse momentum.

F(z) is given by

4

m_czir_tn_q]zl _mp+ (k) 1

3.37
mgQ z mé 1—-=2 ( ‘)

Flz) = [1 - [

Equation (3.34) is used to represent the production of pseudoscalar

mesons. For unpolarised vector mesons one uses

D(z) = 2D7(z) + Dr(2). (3.38)

Evaluation of the fragmentation functions for different states and also of the
vector/pseudoscalar ratio is straightforward. The decay angular distribution of

D?* — Dx in the rest frame of D* is

dT/df =1 + a(z)cos?9, (3.39)

and a(z) is determined as

a(z) = [Dy(z) = Dr(2)]/ D1(2)- (3.40)

where 6 is the emission angle of w(or D).
Like the Peterson model, these fragmentation functions have the be-
haviour ~ (1 — z)? in the limit of z — 1. In fact if the z dependence of the

vertices in the figure (3.9) is ignored, the two models become identical.
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3.6 The Amiri-Ji Model

Recently a phenomenological model for the prediction of heavy flavoured
meson production was presented by Amiri and Ji. In this work second order
perturbation theory is used to calculate the fragmentation functions to predict
heavy meson production in ete™ annihilation. The essentials of the quark frag-

mentation in second order perturbation theory is shown in figure (3.10).

Figure (3.10) Inclusive production of mesons in ete~ annihilation.
Two more diagrams can be obtained by ezchanging the primary and the secondary

quark pair.
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The invariant amplitude M for the diagrams of fig.(3.10) is obtained from

M(ki, gi) = /[dm]TH(ki, gi> zi)bu(zir 7°), (3.41)

where [dz] = dz1dz26(1— 21 —z2) with z; and z2 being the momentum fractions
carried by the constituent quarks of the bound state, Ty is the hard scattering
amplitude which can be calculated perturbatively from the quark-gluon sub-
processes and ¢y is the probability amplitude for finding the quarks inside the
bound state (which are collinear up to the scale ¢ in a meson bound state).

This amplitude is approximated to the following form

#(zi,q*) = Cé(z1 — ), (3.42)

where r = %g— and C is a constant. This approximation is discussed in greater

detail in chapter 5. Using (3.42) in (3.41) it follows that

M(ki, i) = CTy(ki, gi, 7). (3.43)

The fragmentation functions are obtained from the defining relation

Ldo
odz’

D(z) = (3.44)

by using the general form of (3.43) for pseudoscalar and vector meson production
2
and integrating over the final state phase space. In the limit of 21 << 1, the

final results of this model have the following approximate form:

e’ 1-7)z]2 €2 1+ rz)?
Do(z) = Noz(1 — 2)’ [(1 o it J(rl(_ rz)i 2 = ( s ZW], (3.45)

and

e2 —1)z]? + 222
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2 2 2
& (1 +r2)" + 22 ], (3.46)
r?2 [1—-(1-r)z]t

for fragmentation of a singlet and triplet meson respectively, where N, and Ny
are normalisation constants and eg and ey are the quark charges. According

to the authors the predictions of (3.45) and (3.46) may differ by as much as

20%-50% for D and B mesons depending on the beam energy.

3.7 Radiative Corrections

All the above fragmentation models are parametrised directly in terms of
z defined in (2.3). Although this procedure is commonly used it is not correct
when the initial QED and QCD radiation of the heavy quark are taken into
account. Since the effect of initial photon radiation is smaller than the simi-
lar gluon bremsstrahlung by a factor of a/a,, the major enhancement of the
fragmentation spectrum is incorporated by taking just the gluon radiation into
account. In the following we will discuss the situation in which a single gluon is

emitted by the heavy quark before hadronisation, as displayed in Figure (3.11).

q Q Hy

0 Fq Fq

Figure (3.11) The two step scheme of heavy hadron production from

the wnitial heavy quark Q.

Here we define
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(B +ppg
= — 3.47
“e (E + p“)beam ( )
and
(E+ppy
= = 3.48
i ? (E + p”)beam ( )

Following the two steps of the diagram in figure(3.11), we write the corrected

fragmentation functions as

Dh(z) =N / —qu(xQ)DQ(—) (3.49)

where N is a normalisation constant and

1+:v%2
qu_CF{l—xQ}’ (3.50)

is the Altarelli-Parisi splitting function [50]. The function Dé‘g(z = z/zq) is the

usual fragmentation function which satisfies the normalisation condition

/01 dzD(z) = 1. (3.51)

In recent studies of heavy flavour physics prompt leptons are used as the
signature for heavy quarks. It has been shown by Monte Carlo studies that
the mean value of the lepton momentum depends not only on the quark mass
but also on jet broadening due to gluon radiation[51]. This effect is particularly

significant for the transverse momentum spectrum of leptons from ¢ quark decay.

3.8 Conclusions and Comparison with Data

We have reviewed five different heavy quark fragmentation models in
historical order. One important point which puts these models into two different
categories, is the behaviour of the fragmentation functions in the limit z — 1, a

property that becomes more important for very heavy quarks. As we have seen
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the Scott and the Collins-Spiller models behave like (1 — z) in the above limit
and therefore show a softer spectrum than the other models which all behave
like (1 — z)? instead and exhibit harder behaviour.

The results of these models for the fragmentation of D, D* and B mesons
from charm and bottom quarks respectively, are shown in figures (3.12_), (3.13)
and (3.14). If we choose the set of data compiled in figure (2.5), then all models
are acceptable. However choice of figure (2.6) makes the judgement more clear.
Figure (3.13) shows such a comparison. Apart from the Amiri’s model it seems
the other models are consistent with the data and one can be hopeful that if we
take the effects of the secondary fragmentation, radiative corrections and bound
state effects into account the agreement becomes more close. There is a large
difference between the Amiri-Ji and the other models in the prediction of D*
meson production. The results of the Amiri-Ji model employved the approxima-
tion discussed in section (3.6), which is supposed to affect the results by up to
50 % (according to the authors), so it is hard to understand this inconsistency.

We have applied our results of radiative correction (3.49) to the Peterson
model to demonstrate its effect on fragmentation function. A similar behaviour
is found with the other models. The effect of such a correction on the production
spectrum of D meson is illustrated in figure (3.15).

Another quantity of experimental interest is (z). We have calculated this
quantity for different models and compared them against experimental data
from different collaborations in table (3.2).

The Suzuki and the Amiri-Ji models distinguish between pseudoscalar
and vector meson production. This allows one to evaluate the V/(V+P) (vec-
tor/pseudoscalar) ratio and study the z dependence of this quantity. Here we
compare the results of these two models for the z dependence of the V/(V+P)
ratio. The results in the case of charm and bottom fragmentation appear in
figure (3.16).

For top quark fragmentation we have chosen to illustrate the cases m, =
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40 and 100 GeV. The results of the models for the fragmentation of such a heavy
quark are shown in figure (3.17) and (3.18). The fact that the models with the
(1-z) behaviour in the limit z — 1 predict softer fragmentation, becomes much
more obvious here. When the mass of the fragmenting quark is large, spin
considerations become irrelevant as far as the 3S; and 1S, states are concerned.
We have checke'd this for the Suzuki and the Amiri-Ji models. In the case of m; =
100 GeV the difference between vector and pseudoscalar meson fragmentation

functions does not exceed a few percent.

Table(3.2) Predictions of (z) compared with the data.

(z)pe (2) pe () o
Scott 0.651 0.649 0.719
Peterson etal 0.627 0.627 0.793
Collins-Spiller 0.680 0.600 0.720
Suzuki 0.631 0.655 0.800
Amiri-Ji 0.783 0.734 0.853

MARK-II 0.59+40.06

HRS 0.5640.02

DELCO 0.6040.10

TASSO 0.57+0.08

CLEO 0.68+0.10

MARK-J 0.46-+0.07

CDHS 0.68+0.08
MARK-J 0.75+0.03
MARK-II 0.79+0.06
TASSO 0.84+0.15
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0(2Z)

Figure (3.12) Comparison of the different fragmentation functions for
¢ charm quark fragmenting into a D meson. The models are S: Scott, P: Peter-

son et al, C: Collins-Spiller, Su: Suzuki and Am for the Amiri-Ji model.
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O ARGUS

Figure (3.13) The same as (3.11) for D* fragmentation compared

with the experimental date compiled in chapter 2 IRAS
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Figure (3.14) The same as (9.11) for the case of B fragmentation

compared with ezperimental datal 23] .
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Figure (3.18) The effect of a single gluon emission before the frag-
mentation of the charm quark in the Peterson model. the dashed and solid lines

represent the model with and without correction respectively.
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Figure (3.18) Comparison of the V/(V + P) ratio for Suzuki (solid)
and Amiri (dashed) models.
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L0O
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Figure (3.17) The same as (3.11) for the case of a. hypothetical top

quark of mass 40 GeV.
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Figure (3.18) The same as (3.11) in the case of a hypothetical top
quark of mass 100 GeV.
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CHAPTER 4

SPIN PROPERTIES OF HEAVY QUARK
FRAGMENTATION

The models due to Suzuki and Amiri which we introduced in last chapter,
deal with the spin properties of heavy quark fragmentation process and both
have the behavior (1 — z)? in the limit 2 — 1. In this chapter we look at the spin
properties of the Collins-Spiller model because this model is consistent with the
dimensional counting rules which demand the behavior ~ (1 — z) in the same
limit.

We repeat their calculation of fragmentation functions for different po-
larisation states of the produced meson by considering the helicities of the
constituents of the bound state when these are probed by a polarised photon.
The fragmentation functions for the longitudinal and the transverse polarisation
states are obtained by using an appropriate behaviour for these functions consis-
tent with the dimensional counting rules. Like the relevant structure functions,
the fragmentation functions for different spin states show different behavior at
large z in agreement with the reciprocity relation [52, 53].

As the original Collins-Spiller model, the present model is sensitive to
the variation of transverse momentum, and one can expect that the process of
secondary fragmentation will soften the fragmentation function. However with
(k%)=0.3 GeV?, which seems quite reasonable, the predictions of this model are
satisfactory for both charm and bottom fragmentation. The z dependence of
the V/(V+P) ratio in this model is comparable to that of the Suzuki and Amiri

models which are given in chapter 3.

4.1 The Model

The basis of this model is the same as the Collins-Spiller model which we
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reviewed in section (3.3). We use the same vertex function|54| but distinguish

the different spin components. We rewrite the function as

T = Cy(zu,2)G2 (kY ) G2 (kE, Yaq(pq)valks) (4.1)
To determine the function g, which controls the longitudinal momentum be-
haviour, we adopt the single gluon approximation to the meson bound state.
This approximation has been employed to determine the behaviour of the pion
structure function in the limit z — 1 by Gunion, Berger and Brodsky[55]. They

obtained
A

in the limits Q> — co and = — 1 respectively. The two terms in (4.2) are the

vWa(v, Q?) ~ Fo(z) ~ (1 - z)? (4.2)
contributions to the transverse (scaling) and the longitudinal (nonscaling) parts

of the structure functions respectively. Correspondingly, following our discussion

in section 3.3a we choose

lgr|? ~ —2%(1 - 2)?, (4.3)
and
2 (k2
lgzl? ~ —5—(&)22, (4.4)

which are smooth continuations of the two partsin (4.2) as z — 1. We shall eval-
uate the spinor part of the vertex function when we calculate the fragmentation

functions.

4.2 Calculation of the Fragmentation Functions
First we use the vertex function T, given in (4.1), along with the general
2],

form of |g*|, to obtain the forward amplitude for the fragmentation of a vector

meson. Using the diagram of figure (3.5b), we write this amplitude as
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_ietedC)? / dpqdtky2l 2,G(kE, G(kE, )6(pg — kyr — ky)
YT Tt T (ph — mg +ie)(ph — mq — ie)(g? + ie)(q® — i)

§(pg — ku — kq)
P4 — ¢ — mq + ie)(k2 — ml +ie)

X(Ey +me)Bo + mQ)1u(Bg + ¢ +mQ)1w(bg + m@)

X

a@(p)v*u(pr + q) ; QA (PQ)vg(kg)

X ;ﬁq,AuQ,A(PQ)ﬂ(pz + )7 u(m), (4.5)

where we have used the previous notation for the momenta and quark masses.
Here ) indicates the helicities of @@ and 7 and 35 Tg A(pQ)vg,a(kq) specifies that
the Zv bound state is a vector.

According to the Cutkosky rules[56] the discontinuity of the amplitude

Ay can be written as

Disc(4;) = ?:62822[0'2 / d4PQd4kq|9|2G(k%M)G(k%q )6(pq — by — kq)
' (2m)t J (p§ —mq +ie)(ph — mq — ie)(q? + ie)(g? — ie)
x6(kg)b(kg — m)6l(pq — 0)°18[(pq — 9)* — mq]
1 1
x 7L (o1, 21+ 0) 7 Tau (ka5 Q5 PQ — 0,PQ) T3 (—kr, kq) (4.6)

where the #’s are usual step functions. The § functions put the respective par-
ticles on their mass shells. The mass of the electron is neglected for simplicity

and the leptonic tensor is defined by

L¥ (p1,p') = tr[Br* hiv”], (4.7)

in which p/ = p; + ¢, while the hadronic tensors are

Tap = tr[(E, + mo)(Bg + m@) (g + ¢ + mQ)1(Bg +m@)l,  (48)
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Ty (=kuskq) = %tr[(léq = m)f(—Fy +mu)(—fuy +mm)f(E, —mg)]. (4.9)

In (4.9) € is the polarisation vector for the vector meson and |g|? in (4.6) is
either (4.3) or (4.4) for the transverse or longitudinal cases respectively . Next

we change (4.6) into light-cone notation using

d*k = %dk*‘dszdk‘ = %da:dzk;rd(kz) (4.10)

and

d*knd* [kps — f: ki] = dzas8[1 - T zi| k7 6? [Xn_j ki)

=1 1=1 i=1

wd(k2)§ [:v,, [m3y - i M}] (4.11)

1=1 Zi
and put the resulting expression back into the equation for the fragmentation

function calculated for this model by Collins and Spiller (i.e. eq. (3.28)), so

d? kr, 2

M
32D Q + .- +,,- —
eqDo " (zpm)o(ee” — pTu7) T

Disc(A), (4.12)

and on cancelling the common factors from both sides, we find

6286|Cl2 dzqdszM d2kTq 192

M,
D9 (z) =
1 () o(etem — putu—)h / (p2Q — md) —ie)(ph — mp) — ie)

5%(kty, +kr,)
(g2 + ie)(q? — ie)

Xd(pQ)ts(pg? - mi,[ - kg — 2kp.ky)

G(kt,, )G(kE, )d(k7)6(k] — m])

1 1
X ZL#U(PI,PI + Q)ZTtiluy(kM’vapQ - Q7PQ)T2(—kM7 kq) (413)
Next we write o(ete™ — ptu™) in the same notation, i.e.
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- _ 2ret  fdptdipr
(7(e+e ——>”+'u )= 641r3h/ q4p+

x8[(q — p)°|6[(q — p)* ~ m?]| L Ty (p,p — 9),

where LAY is the same as (4.7) and Ty, is given by

Tow = tr{(B+ myvu(d + g+ m)7}.

On cancelling the common factors we obtain

M CColCJ? [ dzed2kr, d2hr

z

xG(k%, YG(kT,)8% (kT + k,)6(k2 — my)

xd(pg)d(kq)8(ph — mp — kg — 2kpr k)

—2kp.kg 4 2mpyrmy
(pg — m})?

[2kM.pQ + 2mpymg — zM(sz - mzq)] .

(4.14)

(4.15)

(4.16)

Now we use the kinematics of the process to obtain the final result for

the fragmentation functions. The original heavy quark is off its mass shell and

p2Q is determined by demanding overall momentum conservation in the relevant

vertex, 1.e.
ng = (kym + kq)2
= m2, + m? M k2 4 k2 ZTq k2 12 L2 .
=my mq+z (kg + Tq)+z_M(M+ Fur) + 2kF, (4.17)
q
where we have used the fact that kryy = —kry. Next we employ the defining

relations of z)r and zg, (3.13), to write
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ph = (mhy + k%) + (m2 + k%)

+ 2L (mly + k2 + 2 (m? 4 E)
M 24

_ (my+kp) | (mg +Hp)

= 4.18
- - (4.18)

Other dot products are treated in a similar way. We can perform the transverse
momentum integration[57] and do the delta function integration by imposing
the condition that z = z)r = 1 — z;. Finally to obtain the transverse and the
longitudinal fragmentation functions we use the appropriate form of |g2|, (4.3)
or (4.4), and find

Dr(z) = N'2X(1 - 2)F(2), (4.19)

Di(z) = N"zF(z)/(1 - 2), (4.20)

where

F(z) = [P 20mde + (BB) + T (m? + (B) + 2088) + magm,

y [(m‘f’u + (k%))

> + zsz + 2mMmQ]

(my + (k3) _ (m2+ <k%*>>]‘2, (4.21)

z 1—=z

x [m? -
Since F(z) ~ (1 — z), it is clear that (4.19) and (4.20) have different limits as
z — 1. These limits are the same as the respective structure functions in (4.2)

in agreement with reciprocity.

4.3 Charm and Bottom Quark Fragmentation

Fragmentation into a pseudoscalar or an unpolarised vector meson are

represented by D(z) = Dy(z) + 2D7(z) in this model, where D; and D are
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the longitudinal and the transverse fragmentation functions given by equations
(4.19) and (4.20). We have also examined the fragmentation functions for a
polarised vector meson state namely Dy and Dy, for different values of (k).
They are as sensitive to the transverse momentum as the original model but for
(k%) = 0.3 GeV? they look quite satisfactory. We have sketched D7, Dy and
(2D + Dy) for charm and bottom fragmentation in figure (4.1) and (4.2). The
longitudinal fragmentation function is an increasing function with its maximum
at z = 1. This is reflected in the predicted fragmentation functions for pseu-
doscalar and vector meson production. The curves are drawn with the transverse
fragmentation function normalised to one. The prediction of this model for the
V/(V+P) ratio is shown in figure (4.3). This is comparable to figure (3.16) in
which the same results for the Suzuki and the Amiri fragmentation models are
shown. Finally we compare the prediction of this model with data on.charm

and bottom fragmentation in figure (4.4).

4.4 Conclusions

In the original model the spin averaged fragmentation function D(z) ~
(1 - 2) in accordance with the dimensional counting rules. However if the struc-
ture functions have the behaviour (4.2) then the transverse and the longitudinal
fragmentation functions ~ (1 — 2)? and ~ constant respectively, as is clear from
(4.19) and (4.20).

The prediction of the V/(V+P) ratio in this model is somewhat lower
than other models. Although one can employ the process of secondary frag-
mentation to give more softening of the fragmentation functions, the results of
this model for charm and bottom fragmentation are in good agreement with the

data.
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Figure (4.1) . Figure shows the behavior of DT and Dy and (2Dr + Dy)

fragmentation functions in terms (k3)=0.9. The D* fragmentation function is

normalized to one.
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Figure (4.2) . The same as figure (4.2) but for the case of bottom fragmen-

tation.
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Figure (4.3) . Prediction of the present model for the ratio of V/(V+P) for

charm and bottom fragmenation.
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0,6 0,8 1

Figure (4.4) .Comparison of charm and bottom quark fragmentation with

data. The dashed and the solid lines shows the spectrum of a wvector and «

pseudoscalar fragmentation functions respectively L23].
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CHAPTER 5

WAVEFUNCTION APPROACH TO HEAVY
QUARK FRAGMENTATION

In this chapter we study the spin properties of heavy quark fragmentation
in et e~ annihilation using a non-relativistic approach to the wavefunction of the
final state hadron. We have chosen the method of the light-cone perturbation
theory[58] (a brief review of this theory and Feynman rules are given in an
appendix at the end of the thesis) and used the well established idea that the
total amplitude for a process involving a bound state is a convolution of the
hard scattering. amplitude, which is calculated from the quark-gluon sub-process,
together with the hadron’s bound state wavefunction. We show that in this kind
of calculation the final result is ultimately equivalent to multiplying the square
of the transition amplitude by the bound-state wavefunction_ and integrating
over the final state phase space.

The kinematics of the calculation are such that the fragmentation func-
tions depend upon the transverse momentum of the process and that of the
constituents inside the bound state. We demonstrate the effect of these trans-
verse momenta explicitly.

We have compafed our results with those of Suzuki, who has performed
a similar calculation but used a delta function wavefunction to represent the
distribution of the bound state constituents , and with the available experi-
mental data on charm and bottom quark fragmentation. Our results give good
agreement with the data for reasonable values for the transverse momenta. The

fragmentation functions have the z dependence ~ (1 — z)? in the limit 2 — 1
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which is consistent with the behaviour expected in the phenomenological model

due to Peterson, et al.

5.1 The Model

A typical diagram of the quark fragmentation in e*e~-annihilation, to
second order of perturbation theory, is shown in figure (5.1). There are three
other topological possibilities of the same order but we assume that for the heavy
quarks the dominant contribution to the probability amplitude comes from this
diagram. To be more precise we assume that the probability of the light quark
being produced by the heavy anti-quark catching up with the heavy quark to
form the bound state, or the probability of heavy quarks being pair produced

by the gluon, are considerably smaller.

Figure (5.1) Diagram for quark fragmentation in second order of pertur-
bation theory. There are three other possible diagrams in the same order. The

relevant four momenta are labelled.

It is also assumed that whatever happens to the left of the gluon emission in

- figure (5.1), will not affect the energy-momentum partition between the final
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state particles. This assumption was originally adopted by Peterson et al., to
derive their popular model.

Although these assumptions may not be valid for the production of light
quarks, for the case of heavy quarks they seem quite reasonable. These approxi-
mations reduce the complexity of the final results considerably, particularly since
we are interested in the a.nalyti'cal forms of the fragmentation functions.

We calculate the perturbative part of the diagram using light-cone per-
turbation theory. This choice of gauge is suitable for the case where the original
heavy quark is off its mass shell. For the non-perturbative part we assume that
the constituents of the bound state are effectively non-relativistic in the sense
that gluon emission, higher order Fock states, and the retardation of the effec-
tive potential can be neglected [59]. The quark distribution is then controlled

by the non-relativistic wavefunction for which we assume the following simple

form(60]
C
vy (zi,qri) = ) 5.1
( ) 222l 2 (myt+atg) (mZ+ad) 2 (5.1)
1 2 M Ty 2

where myr, mg and my are the masses of the meson, the heavy quark, and
the light quark, respectively. The g7’s are the transverse momenta of the con-
stituents with 2,2:.1- ar; = 0, the z;’s are the light-cone momentum fractions
satisfying °2_; z; = 1 and C is a normalisation factor. It can be shown that the
above wavefunction is the solution of the Schrodinéer equation with a Coulomb
potential, which is the non-relativistic limit of the Bethe-Salpeter equation with
a QCD kernel (for equal or unequal constituent masses[61]).

It is important to note that the wavefunction given in (5.1) is boost-
invariant along the direction of motion of the bound state. We have sketched

¥y against gr in figure (5.2). The longitudinal momentum of the meson is
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assumed to be partitioned between the consituents of the bound state according

to their masses so that they stay together.

'S

¢S¢s, qr)

qar

Figure (5.2) Behaviour of (5.1) with respect to the transverse momenta

for charmed meson. Note that g3 = q%Q = q%a.

5.2 The Kinematics

In light-cone perturbation thedry all quanta are forward moving. So we

write the relevant four-momenta as follows
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pu = [(m} +0%)%,qr, P3|

ky = [(m2 + k)12, —ar, ks |

. . (5.2)
(m2 + K2)1/2, ke, ki

o
li

I

[ 2
| 2= [y + o+ k+ 80 gy + (21 + 20) P2,
where P; refers to the longitudinal momentum of the meson. The three momen-

tum configuration is shown in figure (5.3).

Figure (5.3) Illustration of the kinematics in (5.2).

We use the definition of the fragmentation parameter z as in (2.3), i.e.

2 = (E +p")hadr¢m
(E + p” )beam

(5.3)

Here E and p)| refer to the energy and the longitudinal component of the relevant
four momenta. To parametrise the four momenta of the quarks in terms of the
fragmentation parameter, and the energy and momentum of the initial heavy

quark, we write

pt = o, P+
(5.4)
kt =z Pt,
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where pt = p° + p* and so on, and P refers to the momentum of the meson as

before. This gives:

bt = Z2p+, (5.5)
Ty

We can also write (5.3) in the following form

pt+kt=pta (5.6)
Using (5.5) and (5.6) and energy momentum conservation we are led to the

following parametrisation:
(pt = zi2p™*
Et = zq2p™

. (5.7)
Bt =(1-2z)p™

I+ _ o+
\p ' =P .
In the light-cone notation the dot product of two four vectors p and k is

given by

2p.k = (ptk™ + p~kt) — 2pr k7, (5.8)

where p~ = p° — p3, etc. It is easily shown that
+ L+
p
2pk = (K + k) + 53(0” + k) — 2pr oK (5.9)

We use (5.9) to replace the dot products in the calculation of the frag-

mentation functions.
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5.3 Calculation of Fragmentation Functions

First we calculate the relative probability for a heavy quark @ and a
light anti-quark § to form a spin singlet or triplet as in figure (5.1). In the
light-cone gauge, using QCD factorisation, we write the probability amplitude

for the production of a 1S, state meson as

momog? [1 o d? )
T, = TI720 [lda) [ Soms(eiari)

[uy(p) ,.u(P)u(k') ”J,(k) ul(p) uﬂ(p)u(k') vr(k‘)]

T
G2 + -tk —p-)’

where g is the strong coupling which represents the vertices in figure (5.2), and

(5.10)

[dz] = 6(z1 + 22 — 1)dz1dze. In (5.10) (T,]) refer to the helicities of the @ and
7 respectively and the u’s and v’s are Dirac spinors. The factor (k + k')~2

due to the gluon propagator and d = (p~ + k~ + k'~ — p'~)~! arises because
the initial heavy quark is off mass shell. This second factor is often called the
energy denominator. And finally T represents everything else that occurs in the
left of the gluon-emission vertex in figure (5.1). Using longitudinal momentum
conservation it is easily shown that the energy denominator in the light-cone

gauge is the same as in the usual notation, i.e.

d=(p° +k°+K° —p°)~L. (5.11)

Using (5.11) we can rewrite (5.10) as

_ memqg® l[dx /°° d*qrip(zi, qr)
16w3/2 0 [p+p’+k+k'+]1/2
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6 P o B 9) + 1 By )]0

T
X : -.
(k + kl)2 [po + ko + klo _,plo]

Employing the projection operators for fermions and antifermions, namely

(5.12)

o) = T (; {5+ mQu(0), (5.13)
and
k) = - (; ——( — mau(0), (5.14)
we can express (5.12) in the following form:
d*qrip(=i, ar)
To= 3211'3\/_ / [dz /0 - .

(ko +mg)(p° + mQ)p*‘p’+k+k’+]l/2

X [ﬂ(k')w(lé - mg)Y? (P + mQ)'r“u(P')]

X T -
(k + kl)2 [po + ko + ko — plo]

(5.15)

The denominator of the wavefunction in equation (5.1) vanishes at
mq
= — 9.16
L1 mq + mQ, ( )
so for simplicity we replace the wavefunction by the following delta function
=~ 0’5[ -~ —ﬂ—] 5.17
¢M 1 mq + mq ’ ( )
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where C' is a constant which will be absorbed into the overall normalisation

factor. Using (5.17), (5.15) simplifies to

T — ,/mmec’g2 /-oo Per xT |
°T 3273/2 o (k+ k')2 [po + kO 4 klo — plo]

[a(k'mue T mQ)v“u(p')]

X 75

(5.18)
(ke + mg)(p° + mQ)ptp Hk+h'+]

By a similar procedure we obtain the corresponding amplitude for triplet

state (351) production as

7o /mmec"g2 /oo dqr x T |
327!'3\/5 0 (k + k')2 [po + ko 4 klo _plo]

[a(k'maé — ma)d(h+ mQ)‘r"U(p’)]

x T (5.19)
o + !
[(k° + mg)(p° + mo)ptpFE+k+]
where € is the polarisation vector for the vector meson which satisfies
e(T)".P,, = e(L)".P,, =0
and
e(T)“.eZ = E(L)“.eff) = —-1. (5.20)

Here P, is the momentum of the meson, and L and T refer to the longitudinal
and transverse polarisations of the Qg bound state.
The fragmentation functions are obtained by integrating the square of

the transition amplitudes (5.18) and (5.19) over the final state phase space

/ (k] [dk+] 6@ (kr)s(k ), (5.21)
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where [dkT] = d*qrd’kpdi¢y and [dk‘*"] = dptdktdk'. The fragmentation

functions obtained from (5.18) and (5.19) in this way are

d?qrd*gpdkr
Do(2) = Z / (k + k')2(k;1 + k')2p°2(p° + k° + k'° — p/°)2

spm

X [(15'+mcz)‘r“(151 +m)V’ (1 —m)vu(F +mn(F—mg )’ (B+mo)v”|, (5.22)

and

Z/ ‘Iszq d2kr
(1__., (k+kl 2(k1+k’) 02(p +k°+k’°—p’°)2

spin

Dr(z) =

X |(# +m@)v* (b1 +mQ)v" k1 —mg)vu (B +my)ve (B—my)f(B+ma )" |. (5.23)

where we have applied the parametrisation given in (5.7) to obtain the factor of
Zl_l——zj' Next we perform the spin summation in (5.22) and (5.23) and replace
the dot product by (5.9) using the parametrisation (5.7). We then perform
the transverse momentum integrations by replacing the square of the transverse
momenta by their average values for simplicity. We also replace the polarisation

vectors for the meson bound state by

er = F(0,1,+i,0)/v2 (5.24)
ez = (0,0,0,1). (5.25)

Therefore the final forms of the fragmentation functions are
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N"g* ( My [ mTq mry 2(q%) mg ]
= 5 145—
Do(z) zF(z){mme 10+ [ + m ]+ [ + ]

+2(mq+mq)[[1+mrq [ gk _gkr _, {a}) _mIg

2 2 2 2 3
mq mme mme mme m

my 7

3qkty71 2 21
—[1+q—]]—+(m"+mQ) [1+mT2q] = 2[6+5[1+m”
m z mme mq z q

mTQ]

mq

+—2[(kE) + 5(ah) + 4akr] +

memqQ

[1+

2
2gkr 1, mg | {a7) _ 34kt ]]

<R ) k] Mg e mame

1 + 2(mg + mg) [3 + mry [4 + mTy _ 2qkr _ 2qkTt

— 2
1-=z mQ my q q g

2{q% k
+ (g7) + qkr

memQ

[1+

mTy ] 1 n My,
z2(1-2)  (mg+mg)mq

gkt

mg  mg(mg +mq)

mTq 2(gt) _2qkr] z
q

2qk
mg memg 1—2z mgmg

x[3+

mrq 2(q%) mTy ] 1 2mTy,
+|1+ + 5+2 -
[ ] [ mg (1-2)2 my(mg +mq)
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, 0 2
X[6+2mTq+ 4(q7) | gkt ] z [ dmar My ] z } (5.26)

m2  mgmg mgmql(l—z)? Llmgmg(mg+mg)tl(1l —z)?
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2 m 1
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LT [1+ lar) it [1+ Ty (1) H i
megmq mgmg 2mZ  mgmq'l(1 - 2)
2mrrqk m 2(q? z
__ 2mrigbr [3+mTk 2, <q€>] :
mgmp(mg + mq) m} m2 |(1-z)

my, Mry [1 _mrg _ 2(af) ] 22 } (5.27)
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Dy(2) =
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where N" is a normalisation constant and

2(mq + mQ)(m';’ - ‘1’?1‘) zmTy mrg(mg + mQ)2(1 - z) 4
mem? M2(1 - 2) zmimd)

F(z) = ,

(5.28)

and

( mrr = mg + (k%)

My = sz + (k%)
. (5.29)
mry = mg + (¢})

( M, = md + (¢})

We have taken Do(z) and 2D7(2) + Dy(z) to represent the pseudoscalar
and the vector meson fragmentations respectively. If we set the transverse mo-
mentum to zero in (5.25), (5.26) and (5.27) then we are led directly to the

fragmentation functions given by Suzuki.

5.4 Charm Quark Fragmentation

We have used numerical methods to evaluate the functions (5.26), (5.27)
and (5.28) for the prediction of the fragmentation of a charm quark into a
charmed meson. Figure (5.4) shows the behaviour of Do(z) and 2D7(z)+ D(z)
in terms of (¢}) = 0 and (k%) = 1 GeV? for the charm quark. These curves are
identical to those from the Suzuki model. We have normalised all the fragmenta-
tion functions to one. The behavior of the singlet and the triplet fragmentation
functions for different values of the transverse momenta (k%) at (g%} = 0 are
shown in figures (5.5) and (5.6).

It is seen that as (k%) increases, we get softer fragmentations as expected.
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To see the effect of the constituent transverse momentum, we have drawn the
same curves with (k%) = 1 GeV? and different values of (¢%) in figures.(5.7)
and (5.8). We find that this effect is almost the same as the effect of the beam
transverse momentum but, as is clear from figure (5.6), the peak of the spectrum
moves towards higher values of z as (g4) increases. High values of (¢%) are not
expected because a bound state with constituents flying apart with high momen-
tum is improbable. We show the comparison of our results for (k%) = 1 GeV?
and (¢) = 0.3GeV? with a compilation of data (figure (2.5)) for D* fragmenta-
tion. Although the agreement with data looks poor, neverthless comparison of
figures (5.9) and (5.4) showss the effect of the constituent transverse momentum

on the present model for (g%) = 0.3GeV?2.

5.5 Bottom and Heavier Quark Fragmentation

For heavier quarks we notice that in (5.26), (5.27), and (5.28) k7, ¢r
and mg are of the same order of magnitude and we can simply ignore the terms
which contain higher orders of the ratio of these quantities with the heavy quark
mass. Being careful at the limit = — 1 where terms involving powers (1 — z)~!

become large, we obtain

NII 4 2 9 2
Do(z) = 2 9 {%[m Tyfs T (qT)]_ mg
q

2F(z) m2 2 m2 m,
m m 2(q? kt 3m 1
[+ 2o (2R B ]y 2
m2ilm2  mgmqg  mgmq m2 1]z
1 1 mr,
Q[1+mT"] = —2[6+5[1+ 2] + 2|3+ BT
22 m2 11—z m2
My q q
mry ‘)qkt 2qkt} 1 [ mT, qut] z
- - 3
X[4+ m2 ] z(1 - z) +m2 m?2ll-z
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2 1

2
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We have examined these functions for different values of (k%) and (¢3)
in a similar way to the charm quark case. We checked the validity of the ap-
proximation from which we obtained these functions. We found that the effect
of constituent transverse momentum is much smaller than in the case of charm
fragmentation. Finally we compared the prediction of (5.30), (5.31) and (5.32)
for production of the B and B* mesons with the experimental data in figure
(5.9) in terms of (k%) = 1 GeV? and {¢&) = 0.3 GeVZ.

As the quark mass increases even further, in the absence of constituent
transverse momentum which becomes negligible, all the fragmentation functions

approach a common limiting form of

Dlz) = zj_vz«%i){[l“ ::;1:2]2““ (fn%; (1—12)2}‘ (5:33)

5.6 Remarks and Conclusions

The model introduced in this chapter is obtained in certain approxima-
tions which are still quite removed from the real world. We have considered
the process of fragmentation through the emission of a vector gluon, which is
a perturbative feature and have treated the bound state non-relativistically to
obtain the non-perturbative momentum smearing. The transverse momentum
of the constituent quarks is introduced in a way which is only applicable for
L = 0 bound states.

Nevertheless this model gives a clear picture of the spin components of
the heavy quark fragmentation function. It shows the effect of the transverse
momenta in the different spin components of the fragmentation functions and
serves to demonstrate their behaviour for different values of the transverse mo-

mentum of both the process and the constituents of the bound state.

99



Wavefunction Approach to...

D(z) <4>=0

(b)

0 0,2 0, 0,6 0,8 i

Figure (5.4) . a) the singlet and b) the triplet fragmentation functions using
(5.26), (5.27) and (5.28) in the absence of the constituent transverse momen-

tum.
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<4 =0

{a)

D(z)

Figure (5.5) . The effect of the transverse momentum in the case of the
singlet fragmentation function (5.26) for charm fragmentation with a) (k%) =0.2

GeV2, b) (k%) = 0.6 GeV? and ¢) (k§) =1 Gel2.
101




Wavefunction Approach to...

D(z)

Figure (5.6) . The same as figure (5.5) for triplet fragmentation using (5.27)
and (5.28).
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D(z)

0 0,2 0,6 0,6 0,8 i

Figure (5.7) . The effect of the constituent transverse momentum in the
bound state on the singlet fragmentation function (5.26) for charm quark frag-
mentation. (k%) is fized at 1 GeV with a) (g%) =0 GeV?, (¢}) = 0.1 GeV? and

(¢) = 0.3 GeV2
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3 R
D(z) 3
2 =
‘“ S
0 0,2 0,4 0,6 0,8 i

Figure (5.8)

and (5.28) .

. The same as figure (5.7) for triplet fragmentation from (5.27)
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Figure (5.9) . a) singlet and b) triplet fragmentation functions with (g¢3) =1

GeV? and (g%) = 0.3 Ge V2 compared with data on D* fragmentation] 23] -
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O MARK J

Figure (5.10) . The same as 5.9 for b quark fragmentation.
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CHAPTER 6

HEAVY MESON PRODUCTION AND THEIR
SEMILEPTONIC DECAYS

We have studied different models for the process of heavy flavour fragmen-
tation in some detail. However, this is only a part of the complicated sequence
of events which happens in the real world of particle collisions. Once a heavy
quark is produced in a collision, it will fragment into a heavy hadron and then
rqveal itself by the final state leptons which are produced when it decays. Figure

(6.1) shows these stages in a pp collision.

In this chapter we are interested in the effect of the various fragmen-
tation models on the momentum distributions of the heavy mesons that are
produced in such collisions and of the final state leptons which result from their
semileptonic decays. We are not particularly concerned with the study of heavy
flavour production, so we have adopted the so called perturbative QCD fusion
mechanism, namely q7 — QQ and gg — QQ, in order to calculate the pro-
duction cross-section of heavy quarks in our Monte Carlo study. (It is thought
that the diffractive mechanism may also be significant for the production of
very heavy quarks in multi-TeV range.) We include processes of order a? and
@’ in our calculations. Although there is some evidence of cancellation in the
sum O(a?) + O(a3), we simply add the contributions of these orders together
to obtain the required results. We then add in the later processes, like the frag-
mentation of the heavy quark and the decay of heavy mesons, using appropriate

calculations.
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Figure (6.1) The production, fragmentation and decay of a heavy
quark @ in o pp collision. The heavy quark Q is produced with energy Eqg. Then
Q fragments into a heavy hadron H of energy Ey = zEqg with probability of
Dg(z). The hadron H subsequently decays into leptonic products and the lepton

momentum reflects the z of the primary hadron H.

6.1 Heavy Quark Production

Reliable specification of the dynamics of heavy flavour production in
hadron collisions is an important challenge for several reasons. From a theo-
retical perspective, heavy flavour production offers an opportunity to develop
and test perturbative quantum chromodynamics (QCD). There has also been a
good deal of interest over the past few years in the cross-section for top quark
production at pp colliders. The main points of interest are:

1) what is the most effective signature for heavy flavour production-
specially top? and

2) what sort of event rates should one expect?

The best way to look for heavy flavour events is to look for large pr electrons
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and muons resulting from their semileptonic decay.

The lowest order Born diagrams for heavy flavour production in per-
turbative quantum chromodynamics are sketched in Figure (6.2). These are
two-parton to two-parton subprocesses (i.e. 2 to 2) in which either two gluons
fuse (gg) or a light quark (¢) annihilates with a light antiquark (g) to produce
a heavy quark (Q) and heavy antiquark (Q) in the final state.

q a 9%%
>m<a_ ﬁ

9

Q

-]

Figure (6.2) Feynman diagrams for the lowest order perturbative

QCD processes for heavy flavour production.

The cross section o(pp — @X) can be obtained by convoluting the sub-
process cross section o(ab — QQ) given by the above Born diagrams with ap-

propriate proton and anti-proton structure functions

o(3) = /d:vld:vz Z[Fa/p(ml, Qz)Fb/i,-(a:z, QN +a e b] o(r1,z9,8), (6.1)
ab

where F, ) are the structure functions, z, and z; are momentum fractions of
partons which participate in the reaction and finally o(z;,z3,3) is the same as
o(ab — QQ) calculated in terms of 1 and z3 and the center of mass energy s.
So the cross section o(3) depends on the structure functions, the center of mass
energy, the quark masses and the value of a,(Q?).

Equation (6.1) emphasises the important assumption of parton model

factorisation. The integrand is a product of three separate factors: a subprocess
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cross section, o(ab — QQ) and two probability densities which are assumed to
be universal, process independent, properties of the incident hadrons.

Using (6.1), the following values, which are calculated at A=0.2 [62], give
an idea of heavy flavour production cross section at the CERN pp collider energy

(v/s = 630 GeV and m; = 40 GeV).
( o(pp — cX) = 58ub,

q o(pp — bX) = 13ub, (6.2)

L o(pp — tX) = 1.4nb.

Of course, due to the various heavy flavour triggers which involve transverse
momentum cuts, and the limited geometrical acceptance of the detectors, only
a small fraction of the cross sections (6.2) are actually measurable.

It has been established that the O(a3) corrections to heavy flavour pro-
duction are significant. The order of a2(Q?) 2 — 2 subprocesses yield QQ pairs
in which the quark Q is back to back with the antiquark @ in the parton-
parton center of mass frame. The next-to-leading order «3(Q?) contributions
to o(pp — QX) provide a new phase space configuration. The 2 — 3 Born

diagrams are shown in figure(6.3).

Since the virtual corrections to the 2 — 2 diagrams of figure (6.2) are not
yet available, the O(a3) contribution of the 2 — 2 processes are not considered.

The dominant contribution to O(a?) is due to the process [63]

9+9—9+9 —-QQ (6.3)

which is really an O(a;) correction to the gluon-gluon fusion process ¢ + g —
g + g and leads to 3-jet production.

The 2 — 3 processes shown in figure (6.3) belong to the three general
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)
q a
Q
9 o
9
9 a a
g a
g Q
9
g 9
g a

Figure (6.3) Nezt-to-leading order perturbative QCD processes at the
Born level for heavy flavour production in hadron-hadron collisions.

classes given below:
(4+7—9+Q+Q,

19+9—-9+Q+Q, (6.4)

l¢+9—a+Q+Q,
where only the contribution of the light quarks in the initial state are included.

We have not considered the so called flavour excitation contributions [64]

g+ Q—-yg+ Q, (6.5)

which may be important in diffractive production.
In our calculation of heavy quark production we have used the 2 — 2
and 2 — 3 matrix elements with mg # 0 derived by Ellis and Sexton(65].

Although the cross-section to O(a?) is integrable down to pp = 0, their O(a?)
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counterparts gg — g QQ, i.e. the processes (6.4), require an infra-red cut-
off (to avoid E4, E; — 0 singularities) as well as a collinearity cut-off (to
avoid singularities from the initial state). To control these singularities we have
imposed a cut-off on the recoil momentum of the additional gluon or light quark
against the heavy quark. We use p§¥'= 5 GeV as a reasonable value for this
cut-off because experimentally it turns out to be very difficult to reconstruct
jets with energies less than about 5 GeV. Theoretically, the 2 — 3 cross-section
should be integrated for p{"Y < p#* and added to the cross-section for 2 — 2
processes to define the effective 2 — 2 heavy quark pair production cross-section
in O(ad).

The QCD calculations presented in this work are based on the choice of
the Eichten et al. [66] parametrisation for the structure functions with A = 0.3
GeV for valence and sea quarks. The argument of as(Q?) is fixed at Q2 = md.

We have done a Monte Carlo calculation with the above requirements
to obtain the transverse momentum distribution of the heavy quarks which are
produced up to the order of a?(Q?). We use the following definition of the

rapidity

_ 1 E + P
1= nf 2221 o

where E' is the energy and p represents the longitudinal momentum of the
produced particle. The rapidities of the produced heavy quarks are restricted
by the cut |n%| < 2.5 which is consistent with recent experiments at CERN and
FNAL. In figure (6.4) and (6.5) we show the differential cross-sections for do/ dp%
for p+7 — Q4+ X, where @ = ¢,band t. The cross-section p+p — t+X increases
by approximately one order of magnitude between /s = 0.63 and /s = 1.8
TeV. They are consistent with similar calculations using the EUROJET Monte
Carlo[67].
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d&/dgl [nb/GoV]

&,

nb/GeY )

do/dp? [

10’

10 . - A :
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2

Figure (6.4) The inclusive heavy quark transverse momentum dis-
tribution da/dpg for charm, bottom and top quarks represented by a, b, and
¢ respectively for /s = 0.63 and /3 = 1.8 TeV. The rapidity is restricted to
InQI < 2.5. The heavy quark masses are taken to be mc = 1.65, my = 5.0 and

m; = 40 GB‘V.
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0 20 0 o 60 80 100

Figure (6.5) Production of a top quark of mass 100 GeV at e) /s =0.63
and b) \/s =1.8 TeV.

6.2 Heavy Meson Production

We now employ the various fragmentation functions of interest to us in
the Monte Carlo program to obtain the inclusive heavy hadron pr distribution
do(pp — HX)/dp# where H is a heavy meson. The pr and the rapidity cuts
are the same as in the case of quark production.

Among the phenomenological fragmentation models which we discussed
in previous chapters, we choose the Collins-Spiller, Scott and Suzuki models

along with Peterson’s to demonstrate the effect on pr distributions of D, B and
g
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T meson production. This choice was made because in typicgl Monte Carlo
studies there are various other theoretical uncertainties which mean that spin
effects in the fragmentation process and the internal motion of the constituent
quarks in the bound state (which we discussed in the chapters 4 and 5) axe less

important.

We have shown our results for D, B and T meson production at CERN
and FNAL energies in figures (6.6), (6.7), (6.8) and (6.9). These results are
obtained using ¢, = 0.1, ¢ = 0.011 and ¢; = 0.0001 in the Peterson model,
(k%) = 0.2 GeV? and « = 0.5 in the Collins-Spiller model and (k%) = 1 GeV? for
the Suzuki fragmentation functions. As would be expected from our comparison
of the fragmentation functions in chapter 3, for charmed mesons the results of
the different models are very close to each other. However differing results are
obtained in the case of B and T meson production. The Scott model shown in
figures (6.8) and (6.9) is very different. For top meson production the prediction
of the Suzuki model is very close to the result obtained using the Peterson

fragmentation function and is not shown in the figures.
6.3-The weak Decay of Heavy Hadrons

The time scale of the strong interaction is typically .* 2 = 10722 seconds
or so. The particles that survive longer than this generally decay electromag-
netically or weakly. In the case of ¢ and b quark production, the produced heavy
flavour states typically decay via the weak interaction after about 10~13 — 1012

seconds.

The weak and electromagnetic interactions are well described by the
SU(2)xU(1) gauge theory of Weinberg, Salam and Glashow. In this model
the chiral left-handed components of the fundamental fermions are grouped into

iso-doublets, as shown below:
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Figure (6.6) The inclusive D meson transverse momentum distribu-
tion do/dpR at \/5 = 0.63 and /35 = 1.8 TeV with the rapidity cut off [n9] < 2.5
as predicted by a) the Suzuki, b) the Collins-Spiller and c) the Peterson frag-

mentation functions.
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Figure (6.7) The same as (6.6) for B meson production with my = 5
GeV.
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Vs=630 GeV

dd/dp [nb/GeV]

Ys=1800 GeV

0 20 L0 60 80 100

Figure (6.8) T meson production with my = 40 GeV at /s = 0.63
and /s = 1.8 TeV using a) the Collins-Spiller and b) the Scott fragmentation

functions compared with c) the Peterson model.
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Figure (6.9) The same as (6.8) with my = 100 GeV.,
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(%) () (%)
e 7 T

(%) (5) (5): )
where the hypothetical top quark is required to complete the bottom quark
doublet. The standard model does not constrain the number of generations but
only requires the given arrangment of paired doublets. The right handed compo-
nents of each massive fermion are weak iso-singlets. Since the weak interaction
does not conserve flavour, the quarks that appear in the weak doublets are not
eigenstates of the strong interactions. The mixing matrix that describes these
weak transitions is by convention defined so that the weak iso-doublet d', s’ and

b’ quarks are each a linear combination of the down, strange and bottom mass

d,’ v d
(.Z’)— (z) (6.7a)

This KM matrix was parametrised by Kobayashi and Maskawa in terms of

eigenstates,

angles analogous to the well known Cabbibo angles[68], and it has been relatively
well determined by experiment[69]. The accepted range of the experimental

values of its elements are as follows

Vud Vus Vub
V=V Vs Vg

Vi Vis Vi

0.183 — 0.231 0.81 - 1.0 0.035 — 0.049
0.000 — 0.022 0.032 —0.050 0.998 — 0.999

It is clear from the above matrix that the dominant weak decay chain is

(0.974 —0.976 0.218 —0.222 0.000 — 0.012)
= (6.8)

t—=b—c—s—u.
A simple model of the mechanism of heavy hadron weak decays is based

on muon decay (Figure (6.00)). Unlike the decay of a bottom or charm meson,
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muon decay is a purely leptonic process. However the spectator quark model
[70], shown in figure (6.10b), has been found to provide useful as a first guess
for lifetime calculations. In the free quark spectator model the light quark in
the heavy meson is regarded as a mere spectator and the heavy meson decay is
approximated as the decay of a free heavy quark into its semileptonic products

just like muon decay.

The semileptonic decays of heavy hadrons are the main source of prompt
leptons in hadronic events. A consequence of the large mass difference between
bottom and charm quarks is that the leptons from their decays populate very
different regions of transverse momentum(pr), measured with respect to the

quark jet axis.

6.4 Leptons From Heavy Mesons

Observation of the leptons from the semileptonic decays of heavy hadrons
is the main way of detecting such hadrons. For example the B meson decays are
thought to proceed by decay of the b quark into either a ¢ or a u quark and a
virtual W boson which then disintegrates into an electron and an antineutrino as
in figure (6.10b). The detection of these electrons, and muons and also di-muons

has received special attention in last few years.

To demonstrate the effect of quark fragmentation, we choose the case
of D and B meson decays into electrons. (Since electrons and nuons are both
treated as massless particles in this kind of calculationé, our results will apply
for both cases). These processes have been investigated experimentally by dif-
ferent collaborations and the branching ratios for the different decay modes are
now available[71]. We list some of these results, which we have used in our cal-

culation, in table (6.1). We now consider these processes in greater analytical
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Figure (6.10) Weak decays: muon decay and the spectator diagrams

for D and B meson decay.
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Tabﬂe(ﬁ.]].)Sem.ileptohic branching ratios of heavy quarks.

Ref. | BR(c — eveX)% BR(b — e X)%

TASSO [72] 9.24+2.2+4.0 11.1 £ 3.4 +4.0
CELLO [73] - 14.1+58+3.0
MARK-TI | [74] 6.6 +1.4+28 13.5 + 2.6 + 2.0
TPC [75] 9.1+0.9+1.3 11.0+1.8+1.0
CLEO [76] - 12.040.7 £ 0.5

MARK-II | [77] | 1L7+1.0£0.5 -
CUSB [78] - 13.2+0.8+1.4

v

Figure (6.11) Feynman diagram for the semileptonic decay a — b1 ¥

by a contact interaction.

The decay of a quark a into a quark b and lepton ! and its neutrino 7 is
shown in figure (6.11). In this process the emission of the highly virtual inter-
mediate W boson is treated as a contact interaction. The Feynman amplitude

M for the decay process is
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M = TE a1 - wu( el - 15)(e)}, (69)

where a, b, | and U represent the four momenta of the relevant particles.
Since this is a general calculation, we have not included the relevant KM matrix
elements. Taking the square over spins, and replacing the spinor products by

projection operators, we find:
1
S IMPP = SGhtr{y*(1 = 15)(d + ma)r* (1~ 75)(B + m) }

xtr{va(1 = 18)F78(L = 35)(J + m) .

= 128G%(a.7)(b.0), (6.10)

for (V+A)-(V+A) interaction.
For a (V+A) coupling at a — b vertex and a (V-A) coupling at [ T vertex

we find a similar expression

ST IM? = 128G (al)(b.7). (6.11)

Now given the fact that the quark-quark and lepton-neutrino interaction vertices
are (V4A)-(V+A) for ¢ and t quarks and (V+A)-(V-A) in the case of the b

quark, we may write

c—set v, STIMPE ~ (cet)(s0e), (6.12)

b—ce” 7, STIM? ~ (b7 )(c.e7), (6.13)

124



Heavy Meson Production and...

t—betw, D |M|?~ (teT)(be). (6.14)

For the charm and bottom quarks the decay products will be almost
collinear with the decaying ¢ or b quark at sufficiently high energies. For the
case of a top quark with m; < mw, we will use the expression given by (6.14).
If my > mw then the decay mode changes and one has to consider separately
the decay of a top quark into a bottom quark and a real W boson and the

subsequent decay of the W particle into a lepton and its neutrino .

6.5 The Collinear Approximation

To obtain the momentum distribution of the final state electrons one
should incorporate the contributions of the Feynman diagrams for the sequence
of the processes pp— heavy quark— heavy hadron — electrons. However at
sufficiently high energies we can consider the electrons from the decay of charm
and bottom quarks to be moving collinearly with the original heavy quark(79].
For the range of energies available at CERN and FNAL this approximation
is only useful in the case of ¢ and b quarks but not for heavier ones. (For a
hypothetical top quark of mass 40 GeV for example, the transverse momentum
is not by any means negligible).

In the collinear approximation one calculates the probability function for
a heavy quark to decay into an electron which is collinear with the original heavy

1 _dT

quark. This function is §—

7> Where I' is the partial decay width, I'yo is the

total decay width and y represents the fraction of the momentum of the original
quark taken by the lepton. The calculation of the so-called Decay Functions is
similar to the kind of calculations presented in chapters 4 and 5. The results for

D and B meson decay in the spectator model are as follows:
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Dy /p(y) = 2(1 - 3y* + 2¢%), (6.15)
Di-;p(y) = (5 — 9% + 4°)/3, (6.16)
where y is defined as
(E+ph
= ——>217 6.17
TE +p)u (6.17)

Now if we consider the fragmentation function Dp/g(2) and define

.- Etph
(E+pp’

then we can write the total probability of obtaining the lepton ! from a heavy

(6.18)

meson M as:

1 1
Dyg(z) = [ dz [ dyDussq(z)Dym(w)s(z — y2). (6.19)

Performing the delta function integration in favour of z, we obtain

Dyjg(z) = /: i—yDM/Q(-’C/y)Dz/M(y)- (6.20)

We have used (6.20) to obtain the lepton spectrum from D and B mesons

in the spectator model. The rapidity condition which we have use here is |171t] <

1.5. The results are shown in figures (6.12) and (6.13) for two collider energies.

The effect of the different fragmentation functions is more or less the same as
for meson production but the range of transverse momenta is different.

' Muon and di-muon data from UA1 collaboration at CERN ([80] are the
only large pr lepton spectra from pp collisions available at present. This data
is for pp — p + X and includes the contributions from all possible QCD pro-
cesses. We have shown this in figure (6.14). Our results in (6.12) and (6.13) are

consistent with this data.
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Figure (6.12) The positron spectrum from D meson in pp collisions at
V8 = 0.63 and \/s = 1.8 TeV using a) the Suzuki, b) Collins-Spiller and c) the
Peterson fragmentation function in the collinear approzimation. The rapidity of
the positrons is restricted to |nl+| < 1.5. The dashed line is the same spectrum
from the corresponding heavy quark.
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Figure (6.13) The same as (6.12) for electrons from B mesons.

128



Heavy Meson Production and...

10 Y T 1 1
UA1

PP —on » X, ¥s=630 GeV

0 — In¥ <15 -
o Data

-—==bb, ¢& W, Z, 0V, JJu ¥

—_—— Weopv, Z <pup
1 L _

PF— u*2 Vet (E7 >12 GeV)

o Data
bb, ¢t, W, Z DY, J/y, ¥

~

de/ do‘; [nb/ (GeV/c)]
|

/' <Us .
10-2 | / —?"‘\Q:_ -
{ h 7Y .\\.‘
/ N i\. ﬁ»
/ | A
! 3 .\\ 4%_—
10-3 | ' *— —
l
107" I L
0 20 L0 60 80 100

p: (GeV/c)

Figure (6.14) The inclusive muon spectrum for all events and for
events with at least one jet with Er > 12 GeV. The curves show the sum of

the ISAJET predictions.
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6.6 Top Quark Decay with m; > mwy
A top quark with mass m; > mw + m; will decay into a real W boson

and a lighter quark as illustrated in figure (6.15)

bl

(a) (b)

Figure (6.15) a) Top quark decay into a real W boson and a bottom
quark and b) the subsequent decay of W into a lepton and its neutrino. The four

momenta are labelled.

The matrix element for this decay is

M = S TVa{a(p)r™ (1 = 75)u(p )ea(ps)}- (6.21)

where g is the coupling constant and Vjp is the KM matrix element for top quark
to decay into a bottom quark and a W. Using the amplitude (6.21), the total

decay width for the diagram (a) in figure (6.15) is found to be [81]

Grm3 m¥, ) 2m?
T; = Livel2(1—- =) (1 Wi, 6.22
=S v (1 - 2 ) (14 2 (6:22)

t my
where

130



Heavy Meson Production and...

(6.23)

Similarly the total decay width for the diagram (b) in the same figure is found
to be [82]

_ Gpm%,v
T oemV/2

While the decay of such a top quark into a W boson and a lighter quark

(6.24)

is almost certain, for the subsequent W decay into /77 we attribute a branching
ratio of 10% [83]. Using (6.22) and (6.24) we have obtained the differential
cross-section for electron production from T meson decays in pp collisions. The
results of our calculations are displayed in figures (6.16) and (6.17) for the two
different modes of top decay. We have considered the CERN and the FNAL
energies and m; = 40, 100 and 150 GeV . The results of applying the different
fragmentation models are shown. As the mass of the top quark increases, the
Peterson and the Suzuki fragmentation functions approach the form of a delta
function at z = 1. In these circumstances the only significantly different result
comes from the Collins-Spiller model. The result of the Scott model is very
different and we do not include it in figure (6.17). We have applied the final
result of our calculation in chapter 4 (i.e. D = 2Dr+ Dy, using (4.19) and (4.20).
The effect of such a fragmentation model is to reduce the production rate even
further. This is shown in figures (6.16) and (6.17).
6.7 Conclusions

We have applied a perturbative approach to the production of heavy
quarks in order to investigate the effect of quark fragmentation on the momen-
tum distribution of heavy mesons and the electrons which are their semileptonic
decay products. We chose the so called ‘spectator model’ to represent the decay

of the heavy meson.
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da/dp [pb/GeY]

Figure (6.16) The transverse momentum distribution of electrons
from top decay in pp collisions (my = 40 GeV). a) The spectrum from the top
quark, b) the same spectrum from top mesons which fragment according to the
Peterson model before decay and ¢) and d) show the same distributions using

the Collins-Spiller and the Scott models respectively.

For heavy meson production the effect of the different fragmentation mod-
els is more or less similar to that of the fragmentation functions given in chapter
3. The Scott and the Collins-Spiller model predict softer spectrums of mesons
compared to the Peterson model. A larger population of higher momentum

mesons is predicted by the Suzuki and Amiri models. This effect is most pro-
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Figure (6.17) The same as figure (6.15) but for m; = 100 and my =
150 GeV at /s = 1800 GeV. a) and b) show the effect of the Peterson and the

Collins-Spiller models and ¢ is due to the model devaloped in chapter 4.
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nounced in the case of top meson production.

Investigations of the effect of quark fragmentation on the electron, and
equivalently the muon, momentum distributions through the application of the
so called ‘collinear approximation’ (which proves to be a good approximation
at CERN and FNAL energies) show that the regions of momenta for electrons
are distinctly different to that of the mesons. This is also clear for the spectrum
obtained from D and B mesons. The fragmentation models have the same effect
as described above. For the top meson the effect of the Suzuki and the Peterson
models approch to a delta function at z = 1 and the only significant effect is
in the Collins-Spiller model which makes the spectrum softer for large momen-
tum electron production. Although there are no strong theoretical grounds for
prefering any of these models, figures (6.16) and (6.17) demonstrate that heavy
quark fragmentation may make quite a significant difference to the predicted
rate of very high pr leptons resulting from ¢ decay at hadron colliders. This
difference becomes more important in the case of the model which we developed

in Chapter 4.
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CHAPTER 7

SUMMARY

Our aim in this work has been (a) to study the process of heavy quark
fragmentation, to compare some of the present models and present new mod-
els to try and improve our understanding of the dynamical details, and (b) to
investigate the effect of these models on the momentum spectrum of the final

state heavy mesons and the leptons produced by their decays in pp collisions in

the CERN and FNAL colliders.

1) After summarising our knowledge of confinement, jets and fragmenta-
tion, we have put the known fragmentation models into three main categories,
the independent jet models, the QCD shower models and the colour string mod-
els. We have classified quarks into light and heavy by comparing their mass with
the mass scale of strong interactions. Following the early work of Suzuki and
Bjorken we have explained how the statistical behaviour of light quark fragmen-
tation changes into a hard process for heavy quarks. The dimensional counting
rules are discussed and their importance for heawfy quark fragmentation is em-
phasised.

2) We have considered five models, due to Scott, Peterson, Collins-Spiller,
Suzuki and Amiri respectively, in our comparison of heavy quark fragmentation
models. We put these models in two classes according to tlieir behaviour with
respect to large values of the fragmentation parameter. The models which agree
with the dimensional counting rules, ~ (1 — z) i.e. the Scott and Collins-Spiller
models, exhibit softer fragmentation than the others which have a harder be-
haviour ~ (1 — 2z)%. This difference is quite dramatic for the hypothetical top

quark. Although the Peterson model is popular both among theorists and ex-
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perimentalists, the Collins-Spiller, Suzuki and the Amiri models try to include

more of the dynamical details.

3) To study the spin properties of fragmentation, we repeated the calcula-
tions of the Collins-Spiller model for different spin states and so obtain fragmen-
tation functions for the different polarisation states which are consistent with
the behaviour of the pion structure function calculated by Gunion et al. The
agreement with experimental data for charm and bottom fragmentation looks
satisfactory without needing to introduce the idea of secondary fragmentation
as in the original model. As required by reciprocity, the transverse fragmenta-
tion function behaves like ~ (1 — z)? as z — 1 while the longitudinal one — a
constant. In fact the latter is an increasing function which takes its maximum

value at z = 1.

4) For reasonable values of the transverse momentum and the other pa-
rameters, the prediction of the phenomenological heavy quark fragmentation
models are harder than we expect to observe for charm and bottom fragmen-
tations. There are several reasons for this. One is that not all the D mesons,
for example, arise directly from the fragmentation of a charm quark: some of
them will be the result of hadronic decays like D* — D=. This is included in

the Collins-Spiller model.

The second reason is the possible radiation of gluons by the quark before
the hadronisation process. There is experimental evidence of single and double
gluon radiation by heavy quarks. By explicit calculation we have evaluated
single gluon radiation and obtained its effect on the D meson fragmentation

function in the Peterson model.

The third possiblity which may make the fragmentation softer is bound

state effects. We have studied them by using a non-relativistic wavefunction,
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but disregarding the orbital angular momentum of the constituents. The frag-
mentation functions for different polarisation states are calculated using the
wavefunction.

5) We have adopted a perturbative QCD approach to evaluate the con-
sequences of the quark fragmentation on the heavy meson and lepton spectra
in pp collision experiments. Our calculations are up to order o3 and the total
result is evaluated by adding O(a2) and O(a?) contributions. The results of
our programs are consistent with the similar results obtained with the ISAJET
Monte Carlo.

We have obtained the momentum distribution of the final state mesons
by incorporating the required fragmentation functions in the production calcu-
lation. It is found that the production rate of a heavy quark and the production
rate for a heavy meson may be significantly different at large transverse mo-
menta. In particular the Collins-Spiller and the Scott models give rise to lower
production rates. For the top quark the Amiri, Suzuki are similar while the
Collins-Spiller and the Scott models still predict a lower rate.

To obtain the spectrum of leptons from semi-leptonic charmed and bot-
tom hadron decays, we adopted the so-called collinear approximation in the
quark spectator model. The results are similar to those for mesons but, obvi-
ously, the leptons occupy lower momenta regions compared to the mesons. In
the case of top quark decay we have distinguished between the cases where the
top quark mass is less than or greater than the W boson mass since the mode
of the decay changes. Again, soft models like the Collins-Spiller model predict
a significant reduction in the large pr lepton production rate because of the

fragmentation.
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APPENDIX
Light-Cone Perturbation Theory

One of the most convenient formalisms for processes with large transverse
momentum is light-cone quantisation, or its equivalent, time-ordered perturba-
tion theory in the infinite-momentum frame [84]. Defining P* = p° 4 p?, we can

parametrise a particle’s momentum as

m? + p?
it _p+_2’ PT)

=0, pr)=(p

where p? = ptp~ —p2 = m?. (note that in general we may write the dot product
of pand k as 2p.k = (p*k~+p~k* —pr.k7.) These variables naturally distinguish
between a particle’s longitudinal and transverse degrees of freedom and when
used in an appropriate frame lead to much simplification. This is particularly
true in any analysis of collinear singularities which appear as divergences only
in integrations over the transverse momentum, kr.

For each time ordered graph, the rules of light-cone perturbation theory
are the following

(R1) Assign a momentum k, to each line such that (a) k*, kr are con-
served at each vertex, and (b) k* = m?; i.e. k- = (k% + m?)/k* and k, is on
mass shell.

(R2) All quanta are forward moving (k3 > 0) in the infinite-momentum

frame.

(R3) The gluon-fermion vertices are

ak) . uw(l) a(k) , u()
R TS AT Y
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_o) L, u®) o), u)
e COTE COTELN CoTE

The factors 1/(k*)1/2, 1/(1*)!/? are omited for external fermions in a scattering
amplitude.

(R4) For each intermediate state there is a factor

1
Zinc k- - Einter k= + ie,

where the sums in the ‘energy denominator’ are over the light-cone ‘energies,’

k=, of the incident (inc) and intermediate (inter) particles.

(R5) Integrate f§° dk* [ d®kr /16w over each independent k and sum over
internal spins and polarisations.

(R6) In amplitudes with an external line off-shell (which have momentum
q*, ¢* # m?), the energy denominator for intermediate states which follow the
vertex with the virtual external line are notified by the replacement Y ;,. kK~ —
Yinck~ + g~ where the light-cone energy ¢~ = (¢? + ¢%)/q" is specified by
momentum conservation (and not by on-shell kinematics as is usual). This is
equivalent to treating the external virtual particles as on-shell particles but with
mass ¢® rather than m?Z.

(R7) A scattering amplitude involving a bound state wave function ¥ is

given by

1 oo d2kp
T_./O [d:c]/0 To.3 MY (i ks p),

where M is the amplitude with the bound state replaced by its constituents.
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