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ABSTRACT

On the Galois Group of the Modular Equation
by

Catherine Jane Barry

This thesis looks at a method of generating infinitely many extensions of the rationals
with Galois group PGLy(Z,). Firstly, the Galois group of the modular equation
over Q(j) is shown to be PGL;(Z,), by considering the n-th division points on
an elliptic curve. Then, using Hilbert’s Irreducibility Theorem and work discussed
by Lang, we show that there are infinitely many rational values of j such that this
Galois group does not reduce in size. Finally, an equation whose roots generate the
same extension as the modular equation but which has much smaller coefficients is

found, based on work by Cohn.
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INTRODUCTION

This thesis is concerned with the ‘inverse Galois problem’, that is, finding field
extensions with a certain given Galois group. In this thesis that group is PGLy(Z,),
the projective general linear group of 2 X 2 matrices with entries in Z,,. This thesis

is divided into four chapters.

Chapter 1 comprises of relevant background material on elliptic and modular
functions. Most of the results are standard, and so the proofs are only sketched.
Further details can be found in [1], [13], [15] and [17].

Chapter 2 is concerned with the work of Macbeath in [11], in which he proves that
the Galois group of the modular polynomial ®,(j,7(7/n)) over Q (j) is PGLo(Z,).
In this chapter a parallel approach is adopted, using the n-th division points on an
elliptic curve, as studied by Lang in [9], and the connection with Macbeath’s work

is shown.

Chapter 3 is devoted to two different methods of obtaining infinitely many ex-
tensions of the rationals with the same Galois group, PG Ly(Z,). The first relies on
Hilbert’s Irreducibility Theorem, (see [10]), and shows that for-a fixed n there are
infinitely many rational values of ; where the modular polynomial generates such an
extension. The second method relies on work discussed by Lang, [9], to show that
there is only a finite set of primes p for which the Galois group of ®,(j,(7/p)) over
Q does reduce in size. Using this method, two examples of curves which generate

the required extension are given.

In looking at all the relevant research carried out subsequent to Macbeath’s pa-
per, it was found that a paper by Cohn, [3], which is itself based on work by Fricke,
[4], would lend itself to further study. Thus, in the final chapter, a method of deriv-
ing an alternative modular polynomial, f,, with smaller coefficients is investigated,

since the usual modular polynomial &, is known to have extremely large coefficients,



making any computations for large n cumbersome. ®,, is defined to be the product
of differences between j(7) and the conjugates of j(7/n), where j(7/n) is invari-
ant under the subgroup I'’(n) of I, and the quotient space H/I'’(n) is a Riemann
surface over H/T' of genus g. By considering the Atkin-Lehner involution, another
quotient space, G*, is found, of genus g*, over which H/T'%(n) is a double covering.
For the cases where g* = 0, a pair of rational functions F,(t,+s) are found, where ¢
is a single-valued function on G* which becomes double-valued on H/T'%(n). These

two functions then generate the ‘two-valued’ modular equation.

Two cases are looked at; n = 13, where ¢ = 0, and n = 11, where g = 1. For the

first case it was actually found that the function s could be dispensed with, in that

Q(j,t,s) = Q(j,t). In order to examine the second case it was necessary to consult

Fricke, to find how the functions t are s were chosen.

Finally, in Chapter 4, the discriminants of the two modular equations were in-
vestigated. The discriminant, d, of &, is divisible by many squares of primes, which
are found not to ramify, whereas the discriminant, d*, of f, is found to divide d,
and thus f, has smaller coefficients. The values of 7 for which j(7) may appear in

the discriminant are found in both cases.
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CHAPTER 1

1.1 Elliptic Functions

We start by denoting by
Z the ring of integers,
Q the ring of rational numbers,
R the ring of real numbers,
C the ring of complex numbers,
€ = € U {ioco}, the extended complex plane,
H = {z € C, Imz > 0}, the upper half plane,
and H*=H U{ico}UQ.

We also denote by .
a b
M:(R) the set {( . d )

GLy(R) the set {A € Ma(R) | det A = £1} ,

a, b c de R},

SLy(R) the set {A € Ma(R) |detA=1} .
for a field R.

We start by defining a lattice in C: let wy,w; € €, with Im(22) > 0. Then the
free abelian group, or lattice, A, is defined by

A = A(wwa) = {mw+nw | mneZ}.
Two pairs, (w1,ws), (w),w)) with wy,ws,w],w) € C, Im () > 0, Im(g-;t) > 0,

define the same lattice if and only if there exists A = ( (Cl Z ) € GLy(Z) such that

/
w w .
Al P )= L, e,

w; = aw; + bwy

1



wg = cw; + dwz .
A function f of a complex variable is called periodic with period w, if
f(z+w) = f(2)

whenever 2,z + w are in the domain of f.

A function f is doubly periodic if it has two periods w;, ws, such that u ¢ R.
Thus, a doubly periodic function with periods w;,w, takes the same value on all
points of the lattice A (w;,ws). Let f have periods wy, ws, “u ¢ R. Then (w;,w;) is
called a fundamental pair of periods if every period of f is of the form mw,; + nw,,
with m,n € Z. Every fundamental pair of periods forms a lattice of parallelograms,

which are called period parallelograms .

A function f is called elliptic if
(i) f is doubly periodic,
(i) f is meromorphic ( i.e. its only singularities in the finite plane are poles).
Constant functions are examples of elliptic functions. In order to find examples of

non-constant elliptic functions we need:

Theorem 1.1.1: If an elliptic function f has no poles in a period parallelogram,

then f is constant.

Proof: Clear from Liouville’s theorem, since if the function has no poles, it

must be analytic, and bounded.

Theorem 1.1.2: The sum of the residues of an elliptic function at its poles in

any period parallelogram is zero.

Proof: Since a meromorphic function has only a finite number of poles or ze-
roes, the period parallelogram may be translated to a congruent parallelogram with
no poles or zeroes on the boundary. The contour integral around any such parallel-

ogram will be zero, by periodicity. Now apply Cauchy’s residue theorem.

Theorem 1.1.3: The number of zeroes of an elliptic function in a period par-

2



allelogram is equal to the number of poles, each counted with multiplicities.

Proof: Apply the principle of the argument to the period parallelogram.

The number of zeroes (or poles) in any period parallelogram is called the order
of the function. Thus every non-constant elliptic function has at least two zeroes
(or poles ) in each period parallelogram. Weierstrass decided to construct an elliptic

function with a double pole at z = 0, and thus considered the function

wEA (z - UJ)2 .

However, we have

Lemma 1.1.4: If a is real, the infinite series

Y =
weh,w#o W
converges absolutely if and only if o > 2.
Thus, the series
Z 1
weN,w#0 (z — w)?

does not converge absolutely. So instead we consider

- Z,(3)

wEA,w#0

Since
1 1 z(w-2) 1

(z—w)2_ﬁ=w2(z—w)2 T

we know that m(z) converges absolutely and uniformly, by the Weierstrass M-test.

as |w| — oo,
1
However, m(z) is not periodic, but = + m(z2) is, as will be shown. Thus we define
1 1 1
o=t ® (A1)
B=at LGy @

3



This function is known as the Weierstrass p function.

Theorem 1.1.5: The function p(2) defined above is an even function of z with

periods w; and ws. It is analytic except for a double pole at each period w in A.

Proof: The only point at issue is the periodicity of p (2). Since p (z) is uniformly

convergent, we can differentiate term by term to get

1
P'(z) = —
B)="2 5 —ap
Then, for all A € A,

1
(z+ X)) = =2 —_—
P(Z ) “%(z+>\—w)3

= =2
E\(z—a

= p(2)
for 0 = w— A € A. Thus p'(2) is A-periodic. Putting A = w and integrating, we get
plz+w)=p(z)+c
for a constant c¢. Now, for z = —w/2 we get
p(w/2)=p(-w/2)+c=p(w/2) +c,

since p (2) is even. Thus ¢ = 0, and this establishes the periodicity of p (2).

Theorem 1.1.6: Let r= min { |w|: w # 0} Then-for 0 < |z]| < r we have
1 o0
p(z) = ; + Z(2k + 1) G2k+122k
n=l

where

Gy = E i for k > 3.

k
wEA,w#0 w
G} is called an Eisenstein series of order k.

1
Proof: Consider m(z) = p(z) - = This is holomorphic in a neighbourhood
of 0, has a simple zero at 0, and is even. Hence

00 m(2k) (0) z2k

m(z) =3

= (2k)!



Since m(z) is absolutely convergent, we can differentiate term by term 2k times.

Thus
m (2% (z) — Z (216 + 1) !

wEA,w#0 (2 — w)k+2’
So
(2k) (0) 1
m
T@pr - @D Y G

- (2k + 1) sz+2 .

where Gy, is defined as in the theorem. Hence the result.

Theorem 1.1.7: The function p(z) satisfies the non linear differential equation
[¢'(2)]* = 4p%(2) — 60 G4 p (2) — 140 Gg.
Proof: By the previous theorem, the Laurent expansion at z = 0 is
p'(2) = ;—32 +6G4z+20Ge 2% + F(2),
where F(z) is some power series in z which vanishes at z = 0. Therefore

4 24 G
[¢'(2)] = & 4 —80Gs + F(2).

Also

4 336G
4p°(2) = i :

22 +60G6+F(Z),

and hence
[0'(2)]* — 4p%(2) + 60 Gy p(2) = —140 G + F(z2).

Since the left hand side has no pole at z = 0, it can have no poles anywhere in a
period parallelogram, and so must be constant. Therefore this constant must be

—140 Gg, and so

[0'(2)]? = 4p°(2) — 60 G4 p (2) — 140 Gs .

We now let g = 60G4 and g3 = 140 Gg. We call g5, g3 the Eisenstein invari-
ants . Then p(2) satisfies

[0'(2)]* = 4p°(2) — g2 (2) — g5.

5



Let

wq wo w1 + wa
€1 =p EVA € = 2 ) €3 = p ) .

Then these are the distinct roots of the cubic equation for p'(2) :

3
Theorem 1.1.8: 4p%2) —gap(2)—g3 =4 [[ (p(2) — &),
1=1

where the e; are distinct. Hence go° — 27 g32 # 0.

Proof: ¢'(z) = E L and thus p(2) has a pole of order 3 at each
wGA
w € A. Also, since p(z) is even, p'(z) is odd. Let w3 = wy + wa. Therefore, for

i=1,2,3, p'(Fwi) = p'(wi—jw;) = p'(—3wi) , by periodicity. But, since p'(2) is odd,
p'(—3wi) = —p'(3w;) . Therefore, p'(3w;) =0 fori=1,2,3, and so iw;, 3ws, fws
are zeroes of p’(z). Since p'(z) has order 3, these must be simple zeroes of ', and
so p' has no other zeroes in a period parallelogram with vertices 0, w;, ws, ws.

Now consider the elliptic function p(z) — e; for ¢ = 1,2,3, which has a double
pole at each w € A. Thus, by Theorem 1.1.3, p (2) — €; must have two zerbes in the
period parallelogram. Since p (z) — e; = 0 for z = }w;, and p'(3w;) = 0, then Jw; is
a double zero of @ (z) — €;, and so p (2) — e; can have no other zeroes in the period
parallelogram. Thus the e; are all distinct, and [I>_; (p (2) — €;) has the same zeroes
and poles as [p'(2)]%.

The discriminant of the cubic polynomial
- 423 — gy — g3
is go® — 27 g3%. The discriminant of a polynomial with distinct roots does not vanish,
so with z = p(z), we have A = g3 - 27g3%2 # 0.
In the next section we will show that g;, g3 and the modular invariant, j, defined
12%g,3

0 - 2747
are all examples of modular functions, and derive some properties of them.



1.2 The Modular Group, Modular Functions and Modular
Forms

The homogeneous modular group , I', is defined to be SLy(Z). Thus I' acts
on the set of pairs (w2, w;) wWith wi,wz € €,Im (£2) > 0 by

wi _[a b w1 _[a b
(F)-(22)(2) wa-(Cd)er
This is well defined, since
w) aw; + bw; (a(22)+0)(c(2) +d)
Im|— ] =Im|————] = Im = ot ,
w) cwy + dws (c(22) +d)(c(2) +d)
Im (ad (“‘—::) - bc(%:))

e(Z) +d>
m(z) L,

e(2)+d

since ad — bc = 1. Corresponding to each homogeneous transformation there is an

inhomogeneous, or MGbius transformation,

zr—>z‘i(z)=:j__:db forA=(g Z)EF.

The Mobius transformation is defined for all 2z € € except for z = —d/c and z = ic.

We extend the definition to all of € by defining

A(ioco) = =
I if c#0,
A(—-c-) = 100

and

A(ioo) =100  ifc=0.

These Mobius transformations form a group under composition of mappings, and

we call this group the inhomogeneous modular group, I'.

Clearly A and —A determine the same Mdbius transformation, for A € T, so we

define the homomorphism ¢ : ' — T by

zn————»/i(z)=::_-:2 for A=(Z Z)EF,

7



which has kernel {£ I}. Thus
- r

]_"Q.‘..__

¥ o

Theorem 1.2.1: The homogeneous modular group I' is generated by the elements

() (1)

of infinite order and order 4, respectively. Thus I is generated by transformations

T:2z2—z+1land S:z— - of infinite order and order 2 respectively.

Proof: By the reduction theory of integral matrices we can diagonalize any

matrix in I' by premultiplying and postmultiplying by the matrices

(12 m(3 ) o= (1 )3 8)

But the only diagonal matrices in I" are / and —] = V,and V = §2%, U = TST,

hence our result.

Since T, S generate T, so do S and ST of order 2 and 3 respectively. In fact T’

is isomorphic to the free product

I 2<8>x<8T> .

IR

Let 7,7 € H*. Then 7,7’ are said to be equivalent under T if 7/ = A(7) for
some A € I'. This is an equivalence relation, since T is a group, which divides H*
into disjoint equivalence classes, known as orbits. The orbit I'7 is the set of all

points of the form Ar where A € T

Definitions: A fundamental set of I' for H* is a set containing exactly one
point from each orbit of H*.
A fundamental region of I' for H* is an open subset Fy of H* such that

(1) no two distinct points of F} are equivalent under T,

(ii) if 7 € H, there is a point 7’ in the closure of Fy such that 7' is equivalent

to 7 under T.



I has infinitely many fundamental regions, of which the following is the standard:
1
Fr = {TEH | |7| > 1,|Rer| < 5} :

This is shown by the shaded area below:

T=u+1v

Definition: A function f is called a modular function (of level one) if
(i) f is meromorphic in H (i.e. holomorphic except for poles),
(i) f(A(7))= f(r) forall AeT,r € H",
(iii) f has a Fourier expansion of the form

o0

fr) = ¥ a(me™  meZ,

= ) a(n)¢",

n=-m

where we define ¢ = €™, and ¢* = e*™" for all a € C.

Thus f is analytic in H, except possibly for poles, and is invariant under all
transformations of I'. A function satisfying the third condition is said to be mero-
morphic at ico. If m > 0 with a(—m) # 0, we say that f has a pole of order m
at 700, and that f(ico) = oo. If m < 0 we say that f is analytic at zo0, and that

9



f(ioo) =0if m < 0, f(ioco) = a(0)if m =0.

Definitions: A complex valued function f of two complex variables w;,w,, de-
fined for w,/ws € H, is called a homogeneous modular form of weight 2k,
kelif

(i) fOwr, dwg) = A% f(wy, wo) VO#£XMeC,

(ii) f(awy + bwg, cwy + dwz) = f(wr,wa) V ( Z g) €T,

(iii) f(r,1) is holomorphic in H,

(iv) f(r,1) has Fourier expansion

1) = Y b(n)a.

n=0

Thus, by (ii), f is a function of the lattice A (wy,ws).

A function g of one complex variable 7 = w; /w; is called an inhomogeneous

modular form if w;* g (%) = f(wy,ws) for f(w;,w;) a homogeneous modular
2

form. Thus, f(7,1) is an inhomogeneous modular form.

If g is an inhomogeneous modular form, then (i) and (ii) imply that g satisfies

0o (22 = er+aa) v(2 5 )er

cr+d

‘Conversely, (v) implies (ii), and (i) is trivial.

The Eisenstein invariants:

Since
1 1
Gu= ). —x= ). (cr + d)2*

wi0,weA ¥ (e,d) # (0,0)
is absolutely convergent for £ > 2, we see that Gy is an inhomogeneous modular

form of weight 2k. Thus
92 = 60Gy,
gy = 140G6 )

10



are modular forms of weight 4 and 6 respectively, i.e.,

g2(dwi, dwz) = ATga(wy,wa),
93w, Awz) = A %3(wy,ws).

They can also be thought of as functions of one variable by putting g (1) = g(7,1)

for 7 = wy /ws.

The Fourier expansions for g,, g3 are given by

g(r) = %’r‘l {1 + 24o§j o3(k) qk}

k=1
8

g(r) = ?7—{1—504205(@(1’“}

where

oalk) =Y d.

dlk
(see [1], p.20, Theorem 1.18)

The discriminant:

The discriminant was defined in 1.1 to be
A (1) = g2°(7) — 27g4%(7) .

Since A (1) # 0, and g3, g3 are modular forms of level 4 and 6 respectively, A () is

a modular form of weight 12.

A (1) has Fourier expansion
A(r)=(2m)? 3 T (n)q"
n=1

where 7 (n) € Z, with 7 (1) = 1,7 (2) = —24.
(see [1], p-20, Theorem 1.19.)

11



The modular invariant:

The modular invariant, j, is defined to be

123923 (w1, ws)
A(r)

j(wl,W2) =

Since A (w1, w2) # 0,and g2 (w1, ws), A (w1, w,) are homogeneous modular forms of

the same weight, we have that j (w;,ws) is a modular function of level one, i.e.,

j(/\wl,/\wg) = ] (wl,W2) Vo # AE C,

faT+ b ) a b

In particular, for 7 € H, we have

and

7 (4, 71) =7 (wy,ws).

Thus, j is effectively a function of one complex variable, 7 = w; fw,.

Using the Fourier expansions for g, (7) and A(r), we can derive the Fourier
expansion for j (1) : Let ¢ = €2™". Then

64

g'(r) = Fm(l+240g4 )
= 57 (147209 +---)
and
A(r)=2%7"(g—-24¢* +-- ).
So

) 1
j(r) = = (1+720¢g+---)(1+24g+---)
(1+7T44q +---)

= = +T744+ ) c(n)q"

n=1

Q==

where ¢(n) € Z. Thus j(7) has a simple pole at iooc.

12



The c¢(n) have been calculated for n < 100, and various congruence conditions

have been found, for example
c(5n) = 0(mod 25) .

The values of ¢(n) for 0 < n < 6 are given here, as they are used in later calcula-
tions.

c(0) = 744,

c(1) = 196, 884,

c(2) = 21,493, 760,

c(3) = 864, 299, 970,

c(4) = 20,245, 856, 256,

c(5) = 333,202, 640, 600,

c(6) = 4,252,023, 300, 096.

Definition: Let f be a modular form of weight 2k, not identically zero, and

let 7 € H\ {¢oo}. The smallest integer n such that e _f,,.)n

non-zero at 7 is called the order of f at 7, and is denoted by v, (f).

is holomorphic and

If f is a modular form of weight 2k, then f(7) = f(7 + 1), so we can express f
as a function of ¢ = 2™, and we denote this function by f. Thus f(¢) = Y a.¢".

Using this we can define v;oo(f) as the order for ¢ = 0 of the function f(g).
Theorem 1.2.2: For a non-zero modular function f, the number of zeroes of
f is equal to the number of poles of f, in the closure of Fy, taking into account their

orders.

Proof: Since f has only finitely many poles and zeros, we integrate around the

contour R:

13



2 4iM (3) 1iiMm

(1) (4)

1

@ @

o+1

where we take M large enough that all the zeros and poles of f are inside R. The
edges (1),(4) and (2),(3) are equivalent in that if f has a zero of pole on any of these
edges, then it also has a zero or pole on the equivalent edge. Only one of the zeros of
poles is counted as belonging to Fr. Also, the order of the zero or pole at p = e2™/3
is to be divided by 3 since the angle at g is m/3 and g is equivalent to g+ 1, and the
order of the zero or pole at i is to be divided by 2 since the angle at i is 7. Suppose
that foohas a zero or pole of order m at i00. Then f has Fourier expansion of the

form Z Q. ™. Substituting for this we see that
m

' —l4iM £
f—dz = / : Ldz = —2mim.
©) f i+ivm  f

Then we apply the principal of the argument.

We now prove

Theorem 1.2.3: Let f be a non-zero modular form of weight 2k. Then

1 k

vl f) + 3ulf) + ) + T w) = 7.
TEFp
T#1,0,000

where p = ¢2™/3,

14



Proof: Since f has weight 2k and A is a modular form of weight 12, then
g = f12/A% is a modular function. Thus we can apply Theorem 1.2.2 to g. But A

only has a simple pole at 00, and 80 vj00(A%¥) = 2k. Thus we must have that

1 1 2k k
iwo(f) + 5ulf) + vlf) + () =5 ==
veolf) + 500 + 3l ;:%v() ==

7#1,0,000

We use this to prove

Theorem 1.2.4: The function j takes every value exactly once in the closure

of Fr. At the vertices,
jlico) =00,  j(@)=0,  j(3)=1728,

and j(7) has a first order pole at 7 = ioo, a triple zero at 7 = p, and j(7) — 1728

has a double zero at 7 = 1.

Proof: Let f(7) = j(r)— c for ¢ € C. Then f(r) is a modular function, which
has a simple pole at i00. Applying Theorem 1.2.3,

sul) + %) + T w() =1
g

Since f(7) is holomorphic on H, all the terms on the LHS are > 0. Thus there is

only one term on the LHS, and so

(vi(f), vo(f), v-(f)) = (2,0,0), (0,3,0) or (0,0,1). (*)

Thus f is zero exactly once in Fy \ {ioco}, and adding j(ico) = oo gives a unique

7 € Fr such that j(r) = ¢. The multiplicities follow from ().

Theorem 1.2.5: Every modular function can be expressed as a rational func-

tion of j, and conversely.

Proof: Suppose f is a modular function, with zeroes z; of order ry, (k =

15



1,...,m) and poles p; of order s;, ({ =1,...,n). Let

(G(r) —d(z) )™

11
g(r) =% ,
I:I(

i(r) = i(px) )™

where a factor 1 is inserted whenever z; or p; equals t0o. Then g is a modular
function with the same zeroes and poles as f on the finite plane, with the same
multiplicities. By Theorem 1.2.2, if f has a zero or pole at t00 then g also has a
zero or pole there, with the same multiplicity. Thus f/g has no zeroes or poles, and

so must be constant. Hence f is a rational function of j.

This result shows that the field of modular functions of level one is C (j).
Macbeath’s paper actually requires a more specific result, for which we need some

more theory:

Definition: An inhomogeneous modular form is called a cusp form if it is zero
at 700. By this, we mean that in the Fourier expansion
f(r) = 3 b(n) g™,
n=0

we have that b(0) = 0.

Let My denote the € -vector space of modular forms of weight 2k,and M} denote

the C -vector space of cusp forms of weight 2k. Then we have:

Theorem 1.2.6: (i) The only modular forms of weight 0 are the constant functions.
(ii) f £ < 0 or k£ = 1, the only modular form of weight 2k is the zero function, i.e.,
My =0for k<0,k=1.

(iii) The only cusp form of weight 2k, k < 5, is the zero function, i.e., M = 0 for
k < 5.

Proof: (i) A modular form of weight 0 is a modular function, and since it is

analytic everywhere, including ioo, it must be constant.

16




(ii) Let f be a non-zero element of M. Applying Theorem 1.2.3,

o &

volf) + 3ulf) + 3ull) + T wlf) =
TEFf

T5#1,0,600
all the terms on the LHS are > 0. Thus, £ > 0, and & # 1, since 1/6 cannot be
written in the form [ + m/2 + n/3, with [,m,n > 0.

’

(iil) If ¥ < 5, then v;,(f) = 0, by Theorem 1.2.3, and so f is not a cusp form unless
f=0.

We can now state the result used by Macbeath:

Theorem 1.2.7: Any modular function f(7) which is holomorphic on H can
be written as a polynomial in j(7), with coefficients in the field generated by the

Fourier coeflicients of f(7).

Proof: Suppose f(7) has Fourier expansion
f(r) = ng:ma" & g= e
Also, j(7) is holomorphic on H with Fourier expansion
]'(T)=%+gcnq“, with ¢, € Z.
Then, the new function
R

is also holomorphic on H.

Continuing in this way, we find a function

1

9(1) = f—aemi™ = b1 §™ 7 = —hj—z2

which is a modular function of weight 0, which is holomorphic at i00, and vanishes
there. Thus g (7) is a cusp form of weight 0. By Theorem 1.2.6 (iii), M} = 0 and so
g(t) =0, and so f is a polynomial in j(7), with coefficients in the field generated
by the a,’s.

17



Macbeath also uses a corollary to this theorem,

Corollary 1.2.8: Any modular function having Fourier series with rational co-
efficients belongs to the field Q (j(7)).

Proof: Suppose f(7) has poles p; € H, of orders 2;. Let
g(r) = fF(OIG() - i)™,
Pi

with the product being taken over all the poles of f(7). Then g(7) is a modular
function having no poles on H, and is thus a polynomial in j(7), by the above

theorem, with coefficients in €. Thus f Zc,- ji = Zd" j* for a finite sum over i,
where ¢;,d; € C, j* € Q((g)). Thus the c,-,’d,- genera,t:e a vector space over Q, which
we denote by < 7y,...,7, >, and so ¢; = E'y.-k Tk, di = Z&,-k ri for vk, 6 € Q.
Thus ¢ *

; (Z'Yikjif - Z&'ki‘) e = 0
Since the 7 are linearly independent over Q, they must be linearly independent

over Q((g)), and so E’)’,k] f- Z b j* = 0 for all k. But for some k = k; we must
have that Z Yir j* # 0 and so

Z bito J°
Z Yiko ji

f= € Q).

18



1.3 Transformations of order n, and the Modular Polyno-
mial

Before we can define the modular polynomial, we must first introduce transfor-

mations of order n. Let

a1

We call M a matrix of order n, and the corresponding linear transformation a

a,be,d €Z,|M|=n>1, (a,b,c,d):l}

transformation of order n. Clearly, multiplication on the left or right by elements

of I' maps A, into itself. Thus we study the right cosets ' M for M € A,.

Two transformations M, M' € A,, are congruent modulo T,
M~M or M' = M modT,
if and only if there is an S € I' such that M’ = SM, i.e., they lie in the same orbit

of A, under I'. This defines an equivalence relation.

Theorem 1.3.1: The set

{(g 3) ‘0<a,0§b<d,ad=n,(a,b,d):l}

is a complete system of representatives of the equivalence classes of A, modT.

a b

Proof: Firstly, forany M = ( c d

A, such that M ~ M":
We need S = ( : g ) € I such that SM = M/, i.e,

(22)(25)=(54).

Choose 7,6 such that ya + éc = 0, (v, §) = 1, and then choose a, such that
ad—pBy=1.

Secondly, any two transformations in A,

_[a b A
=5 a) =5 2)

19
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are congruent if and only if
a=+d, d=+d, b= +b'(modd), (%)

with the same sign taken in each case:

If M' ~ M then there exists T = (

o ™

: ) € I' such that

ad ¥\ [a pB a b\ (aa ab+pd
0 &) \0 ¢ 0 d/ \7va vb+é6d |

Thus v = 0, and &b — v6 = 1 gives a = § = %1, so o’ = +a,d' = +d. Hence,

b = +b+pd
= =b(modd)
Conversely, if (%) holds, then

. ad —-db+al
1 {d b d —-b — T

Tar=-1 _ = = n n

MM _"(Od,)(o a) 0 ad'

n

Thus M' =TM for some T € I.
The theorem follows directly from these two results.
The number of equivalent transformations is given by:

Theorem 1.3.2: The number ¥ (n) of equivalence classes of A, mod I is given by

1/)(n)=nH(l+%).

pln

Proof: Firstly, we consider the case for n = p, a prime. Then by Theorem

1.3.1, the representatives of the equivalence classes are given by

p 0 1t
(0 1) and (Op) for 0<t<p.

Thus ¥ (p) =p+ 1.
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For n a positive integer, we must count the number of matrices of the type in

Theorem 1.3.1. For fixed d,a = n/d is determined, so we must find the number of

possibilities for b. Let e = (a,d). Then there are g

prime to e. Hence

¥(n) =

Since ¢ is a multiplicative function, then so is 9 i.e., if (ny,n2) = 1 then ¥ (ny,np) =

¥ (nq1) ¥ (ng) . For,
¥ (na) ¥ (n2)

Thus it suffices to study the case

¥ (p*)

Hence the result.

We can also show that I' acts transitively on the left and right cosets of A,, :

Theorem 1.3.3: For every M € A, there exist 7,7 € I" such that

YMy' = (

¢ (e) integers which are relatively

E ¢(e)-

d]n

= Z ¢(61) Z ¢(62)
d1|‘n1 d2|ﬂ2
d,d
= lzl —o (e d(e)
di|ny,dz|nz
did
= z|: e;:‘b(elez)
didz|ning
= 'l/)(nl,nZ)

when n = p*,p prime, k € IV.

k v

> Gy V(@)
;:%w(p")

1+p* +k21p 1——)
1+p* +;;11_1
p"(1+%)

n 0
01

).

i.e., I' acts transitively on the left and right cosets of A,,.
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Proof: Since, in the proof of Theorem 1.3.1, we showed that every M € A, is

equivalent to a matrix of the form ( g ’? ) € A, we can take M to be ( 3 '? )

without loss of generality.

We must show that for every M = ( g ) € A, thereisa v = ( a b ) er

B
) c d
(0 )er

such that

For the r.h.s. to be in I, we must have
b6 — dB = 0(mod n),
da =0(modn), ie., d=0(mod¥).

We can choose d = §, and then b—F = 0 (mod a). Choosing b = S+ta fort € Z gives

det (v') = 1, and hence 7' € T'. Thus M‘ly( ; ‘1’ ) = o 504" MA = ( " (1) ) ,

le.,
n 0
A"_F(O I)F'

Hence T’ acts transitively on A,,.

Let

be a complete set of coset representatives for A, under the action of I. Define j,a
to be j(a (7)) for a € A,. Then the functions j.cy, (i =1,...,% (n)) are distinct,
by Theorem 1.2.4, and are permuted transitively by the action of I', by Theorem
1.3.3.
)
Definition: Let @, (X)= J[(X - joo).
i=1
This polynomial is called the modular polynomial of order n. The equation
®,(X) = 0 is called the modular equation of order n.
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Theorem 1.3.4: The coefficients of ®,(X) in terms of X are in Z [j], i.e., are

polynomials in j with integer coefficients.

Proof:
¥ (n) ¥ (n)
O,(X) = [T(X —joai) = Y sm X¥™™, 59 =1.
1=1 m=1

The coefficients s,, are the elementary symmetric functions of the j,a;, and are
therefore holomorphic on H, and are invariant under I'. Thus they are modular
functions, and so are polynomials in j, by Theorem 1.2.7, i.e., s, = 5 (J)-
Let
w .
i)=Y emq™, ¢=€", cn€Z, c=1.

m=-—1
Then
) ) .far+b a b
Joai—J(ai(T))—J( y ) foroz.---(0 d)eAm
where
a,bd€Z, 0<a, 0<b<d, ad=n, (a,b,d)=1.
So

x© .
Z Cm e2m (aT+b/d)m

.far +b
g d m=-—1

= Z Cm q%n'fdb"‘, where &3 = e (%)

m=-1

2xi

Thus, by Theorem 1.2.7, the s,,(j) are in Z[¢,], where &, = e™, and are hence in
Q).

Let o be an automorphism on Q (£,),
o: & — &

for some r € Z with (r,n) = 1. By (%) we see that o permutes the j,a;. Therefore,
the s,,,(j) are invariant under such an automorphism, so have Fourier coefficients in
Z, so by Theorem 1.2.7, 8,,(j) € Z. Thus we may regard ®,(X) as a polynomial
in the two independant variables X and j over Z, i.e.,
¥ (n)
@, (X) = @ (X,j) = H (X —joa;) € Z[X,j].

=1
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Since I' permutes the j,a transitively, and acts as a group on automorphisms on

the field € (j,joa1,...,jo0p(n)), then &, (X, j) has degree 9 (n).

Theorem 1.3.5: (i) ®,(X,j) = ®,(j,X),
(ii) If n is not a square, then ®, (j,7) is a polynomial in j of degree > 1, and with
leading coefficient +1.

Proof: (i) Let o, = ( (1) 2 ) , 1<r <y(n). Then j.c, is aroot of ®, (X, 7),
ie.,
@, (j(7/n),i(r)) = 0.
Hence

@, (j(r),j(nT))=0.
So jea, is a root of ®,(j, X), where a, = g (1) y 1<s<¢P(n), s#mr
but it is also a root of ®, (X, ). Since ®,(X,j) is irreducible, we must have that

®,(X,7)|®n(4,X), ie.,
@, (4, X) = 9(X,5) ®a(X,J)
for some g (t,j) € Z[t,j]. Then

Qn(j,X) =g(X’j)g(j’X)q)ﬂ(j1X))

So
9(X,j)==£1.

Ifg(X,j) = -1, then ®,(j,j) = —®.(4,7), i-e., ®n(4,7) = 0, so j must be a root
of ®,(X,7), but &,(X,j) is irreducible over C (j), so this is not possible. Hence
g(X,7)=1and so

®,(X,j)=®.(4,X).

.. a b
(i1) Let a = 0 d

As in the proof of Theorem 1.3.4, we have that

. 1 =, am
ot = == + (Z cquﬁa""‘) ,

4,b
qd£d m=0

3 aeAn
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and so

Since n is not a square, a # d, and so there is no cancellation in the polar term, and
so the leading term in this expansion is either ¢7! if a < d, or &P¢7, if a > d.

Thus the leading coefficient in either case is a root of unity. But,

¥ (n)
q)n (.7).7) = II (] —joai),
=1

and so the expansion of @, (7, ) starts with
Cm
q_’n. + e

Since ®,,(j,j) € Z[j], cn must be both a root of unity and an integer. Hence

¢m = %1, as required.
Theorem 1.3.6: If 7 € H is imaginary quadratic, then j (7) is an algebraic integer.

Proof: Let 1 € K, R=int(K), and 2z be an algebraic integer such that
K =Q(z), R=Z[z]'

It is always possible to find an element = € R such that the norm of z is a squarefree
integer: If K = Q(7), then take x = 1+¢, if K = Q(+/—d), where d > 1 is squarefree,
then take 2 = /—d. Then we can find a,b,¢,d € Z, with (a,b,¢,d) = 1, such that

zz = az+b

r = cz+d.
Puta=(2 ") Then N = det(a) = ad — be. Put ad - bc = n, and
uta= |, .| Then k/Q (%) = det (@) = ad — be. Put ad — bc = n, and so
n is not a square. Then o € A,, and a(2) = 2. Let a3, ..., ay () be a complete set

of inequivalent representatives of A,. Then there exists a y € I" such that a = pa;
for some 1 < i < ¢ (n). Then

i (2) = j(a(2)) = j(pei(2)) = j(r(ai(2)) = j(ai(2)),

and so j (2) is a zero of the polynomial ®, (j,7) which lies in Z [j], and has leading
coefficient 1, by Theorem 1.3.5 (ii), and hence j (2) is an algebraic integer. To

show that j () is also an algebraic integer, we have that 7 € Q(z), and so there
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exist 7,5 € Q such that 7 = rz + s, ie., 7 = B(z) for some primitive 8 € GLy (Z).
Then j,3 is integral over Z [j], since we can assume det (8) = n, and then j,3 is
a root of ®,(X,j), which has leading coeflicient +1, and lies in Z [X,j]. Hence
7 (1) = j(B(2)) is integral over Z [j (z)], and so j (2) is also an algebraic integer, as

required.
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1.4 Modular Functions of level n

We define

pn={(3g)er

for n a positive integer. This subgroup of I is called the homogeneous principal

a=d=1(modn), c=d= O(modn)}

congruence subgroup of level n. Clearly, I, is normal in I', and it is also, by

definition, the kernel of the natural homomorphism
r — s Lz(zn)

where Z,, denotes the ring of all residue classes modulo n. We have

Theorem 1.4.1: The natural homomorphism
I' — SLy(Z,)

is surjective.

a b

Proof: Let a = (
c d

) € SLy(Z,), ie., ad — bc = 1(modn). We need to

show that there is a matrix o = ( ‘Z,’ 3’, ) € SLy(Z), i.e., with a’'d' - ¥'¢ = 1, such
that a = o/ (mod n).

Firstly, from matrix theory, we can diagonalise a, i.e., there exist 7,7 € SLy(Z)
such that yavy' is diagonal, and so if we can find 8 € SLy(Z) such that g =

1—-1

vay' (modn), then o’ = y7184'~". Thus we may assume that a is diagonal, so

a 0

a=\, 4 ), and ad = 1(modn). Let

y _ [ atzn yn
()

We need to find integers ,y such that det (/) = 1. Putting ad = 1 + ¢n, we have
that

so &’ = a(modn).

det (') = 1+ gn + zdn — yn®.

Thus, for det (o') = 1, we need to solve
g+zd—yn=0.
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Since (d,n) = 1, this has a solution for z,y € Z . This proves the theorem.

Thus, we have that
r
— & SL,(Z,).
T SLy(Z,)

Definition: A function f, meromorphic on H, is called a modular function of
level n if

(i) f(y7) = f(r) forall y €Ty, 7 € H,

(il) (foy)* = X2 ang+ forall y € SLy(Z),

n=—m
where q% = ¢?™7/* and f* is the meromorphic function induced by f on the punc-

tured disc defined by 7 — ¢+ for 7 € H with Im7 > B.

Theorem 1.4.2: GLy(Z,) = G,.SLy(Z,) where

o {(13) e

Proof: Let A € GLy(Z,). Then we can find a matrix G € G, such that
|GA| = 1, i.e., GA = B for some B € SLy(Z,). Then A= G™'B, and G™! € G,.

The product decomposition is clearly unique, hence the result.
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CHAPTER 2

The Galois group of the modular equation over Q (j)

We now turn to the result proved by A.M.Macbeath in his paper, [11], namely
that
The Galois group of the modular equation ®, (j(7),j(7/n)) = 0, over Q(j(7)) is
PGLy(Z,).
Then we have a result from algebraic geometry, Hilbert’s irreducibility theorem,

which shows that there are infinitely many specialisations of j(7) into the rationals
ifr)—reqQ

such that @, (r,j(7/n)) = 0 also has Galois group PGLy(Z,) over Q.

Macbeath achieves his result by studying sublattices of index n. However, we
shall adopt a parallel approach, using the n™ division points of elliptic curves, (cf
Lang, [9]). We let F,, ¢ denote the field of modular functions of level n, as defined in
chapter 1.4. Then I' acts as a group of automorphisms of F,, c: Let f € F,c, v €
I', a € T',. Then, since I',, is normal in ', we have that ya = o'y for some o' € T,,.
Then

f(yar) = f(a'yr) = f(y7).
Thus f,7 is invariant under I',,. Also, f,7 is meromorphic on H, and satisfies the
condition about expansions in powers of q%, g = e, Thus f,y is a modular

function of level n, and so I' acts by composition as a group of automorphisms of

F.c.

F, ¢ is by definition the field of modular functions of level 1, and so by Theorem
1.2.5 we have that

Fl,C - C (]) .

29



SLo(Z,

We shall show that the Galois group of F,, ¢ over C (j) is T

We define the function

) _ g2(w1, w2) g3(w1, wz) .
f(szlaw2) - A(wl,w2) p(z,Wh(.Ug)

for z € C, wy,ws € H, and call this function the Weber function. Then
f(z;wy,w2) is homogeneous of degree 0, since g2,93, A and p are homogeneous of
degrees 4,6,12 and 2 respectively. We then let f(2;7) = f(z;1,7) for T = wy/wy,
and define f./n s/n(7) by

frmom(r) = £ (F=257)

for 1 <n € N, r,s € Z not both divisible by n. The function f,/, ,/n(7) is called
primitive if (r,s,n) = 1. Since p is A-periodic, then f,/n,/» only depends on the
residue class of r, s mod n. Thus we let

a= (2

a1 az

lz 2
€ -2’ ¢ Z°,

and
ai + aT )

fa(r) = f(a;7) = f(

The functions f, are called the Fricke functions. They are holomorphic on H, since

A (7) has no zeros, and depend only on the residue class of a (mod Z?). Clearly

+ fay(T) = fal7) foryerl.

We will require a result about the Fourier expansions of the Fricke functions:

Theorem 2.1.1: The Fourier coefficients of the Fricke functions in powers of
g+ = e*% belong to the field (&n), where &, = est.

Proof: We need to derive the Fourier expansion for p (2;7). We use the fact

that

27w

= 7ri2oonez"""“’ = (2mi)2————
P i) ) =

2miT 2wz

and let ¢ = e*™", ¢, =€
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From the definition of the Weierstrass p-function, we have that

1 1 1
p(Z,T) - ?+(mn§(00) [(z—m7'+n)2 - (m,,.+n)2 s
=—+ZZ[ +X 20 1,
m=0n#0 m#0 neZ
2 q: 27!'2
= T E
1 1
+m¥1,§z [(z+m7‘+'n)2 t (—z+m7'+n)2 - 2(mr+n)2] )
= Gl R 22 +(2rif 3 T n (e + " - 2™),
= (27ri)2 [(1 _zqz) +f§17§nqnm(qz+q1 _2)]

We also have from 1.2 the expansions for g5, g3 and A;

glr) = ‘%’4 {1+24o g:l aa(n)q“}
go(r) = %”76 {1 — 504 gfl o5(n) q"}

A(r) = (2m)® if:lf(m "

where 0,(k) = L4 d* and 7(n) € Z, with 7 (1) = 1.
Substituting these into the expression for f(z;7) gives us the following Fourier ex-

pansion;

12q
f(z;T) = g(q) [1 ( )2 + 12 Z 3‘1”(‘1; +q,7° — 2)}
where ¢ = €2™7, ¢, = ¥ and g(q) = £, ¢,q¢", with ¢, €Z, ¢; =1,

a + a1 + a7

Thus, letting a = ————, §, = e s ,

12€:Iq£"z e 78 8ay 22 —S8az —_Bﬂz
fa(r)=g(q) [1+ +12 ) sg (&g + &g —2)| .

(1 - f:l qf'?.)2 r,8=1

Since g (q) is a power series in g, with integer coefficients, then f,(7) has a power

series in ¢, with coefficients in @ (£,).




The Fricke functions f,, for a € %Zz, ¢ Z? are modular functions of level n,

since if, for v € T, 7 = 1(mod n), then ay = a (mod Z?), and so

fa(')"r) = fa‘y(T) = fa(T),

8o f4(7) is invariant under I';. Also, since fu,(7) = fo(77), we see that I per-
mutes the f,. Particularly, if a € n~'Z2, ¢ Z?, is primitive of level n, i.e., if
a = (a1/n, az/n) with (ay,a,n) = 1, then av is primitive of level n, and so I' per-
mutes the primitive Fricke functions of level n amongst themselves. Thus we see
that

C(j, fula €n™'Z? ¢ Z%) C F.c.

We have already seen that I' acts as a group of automorphisms of F, ¢, and that
[, acts trivially. Thus I'/T', acts as a group of permutations on F, ¢, with kernel
containing +1. The fixed field is the field of elements invariant under I'/T,, i.e.,
the field of modular functions of level 1, which is equal to C (). Thus we have that
I'/ £ T, maps onto Gal (F,, ¢ /C(j)).

We can now prove

Theorem 2.1.2: Fo.c = C(j, fula € n"'Z? ¢ Z*) and the Galois group
of F,c over C(j) is
I'  SLAZ,)
I, {1}

Proof: Let E = C(j, f.Ja € n~'Z?, ¢ Z?) so that E C F,c. Since I’
permutes the f,, then I'/T,, acts as a group of automorphisms of E. Since p is even,
p(—w) = p(w), so f_a = f4, 1.e. %1 act trivially on E. We need to show that if
v €T, and f,,7 = f, for all a € n~'Z2, ¢ Z?, then vy € T',.{£1}.

Since p (u;A) = p (v;A) if and only if u = +v (modA), then

fa=Ffs & a = +b(modZ?).

We also have that f,,7 = foy forally €T, a € Q?, ¢ Z2. Thus if 7 leaves f, fixed,
then
fo= fao¥ = fa~y & aY = :i:a(modZZ).
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Taking a = (1/n, 0) and (0,1/n), we see that

( -~ ) (modn).

Since 4 € T, then v = £I(modn), and hence vy € £I',,. Thus the map

r
+I,

v

— Gal(E/C(j))

is injective, with fixed field C (j),, since j is invariant under I', but the f, are per-
muted by I'. However, we already have that |I'/ £ I',| > |Gal(F,c /C (5))|, and
since E C F, ¢, we must have that E = F, ¢, and Gal(F,,c /C(j)) =T/ £, and

so the theorem is proved.

We now define the extension F,, of @ to be the field of modular functions of level
n with coefficients in their expansions in terms of g# in the field @ (£,), and call F,
the modular function field of level n over Q. Thus F,, C F, c. We also know
that j € F,, since j has rational coefficients in its expansion in powers of ¢, and

that f, € F,,, from Theorem 2.1.1.

Theorem 2.1.3: (i) F, = Q(j, f.|a € n~1Z?, ¢ Z?),

(@) Gal (R/QU) = 202,

(iii) The Galois group of F, over Q (j,¢,) is SLy(Z,)

{£1} ~
Proof: (i) The proof of this part is very similar to the proof of Corollary 1.2.8.
We know Q(j, fa) C F, C €(j, fa). Let f € F,,, and so
¢1 (Ja fa)

f—___.__

B ¢2 (.71 fa) ’
where ¢1,¢2 € C (4, f2). Thus f Z Cr My = Z di n;. where the my, n; are monomials
k k

in j and the f,, i.e., in Q[ﬁn]((q%)). Let the vector space generated by ci,dy over

Q|¢,] be denoted by < rq,...,7, >. Thus ¢ = Z’mr;, dy = Z&k,rl, with
k k

Yrt» 6x1 € Q[€n]. Then we have that

Z(Z'Yklmkf—ztsklnk) =0,
1 k k

33



where the content of the bracket is in Q [¢,]((¢7)). But the r; are linearly indepen-
dent over Q[£,], and so are linearly independent over Q[¢,]((g%)), so we must have
that Y, yumef — g Sk = 0 for all I. But 34 vy my # 0 for some | = Iy, and
then

X bk :
f= S QU, fo)-

SLy(Z.,)
{£1}

by SL'. We will show that G contains a copy of G,, where

ao={(10) ker}.

We consider the automorphism oy, of Q (¢,) given by

(ii) Let G = Gal (F,,/Q(j)). So G contains a copy of , which we denote

Ok & — &', for k € (Z,)*, where kl = 1(modn).

and extend this automorphism to f € F,, by defining o, as acting on the coeflicients

2mir

of f. This automorphism leaves j fixed, since j(7) € Q{[¢]], ¢ = ¢*™". However,

from the expansion of f, in the proof of Theorem 2.1.1,

Okt folT) = f(ontear)(T) — frattar)(7),

so oy is an permutation of the Fricke functions, leaving Q (j) fixed. Thus oy is an

element of G, and since

(oo)(a)—()=(%):

0 &
which we denote by G,,. We have to show how G}.SL’ acts on G.

since k is a unit, o, is represented by ) Thus G contains a copy of Gy,

GLo(Z,) SLy(Z,)
We let GL and SL denote Ewy) and ESy!

a normal subgroup of GL, and SL N G, = {1}, then every element ¢ € GL is

respectively. Since SL is

represented in a unique way as g = ds, where d € G,;, s € SL.

We construct a map, o, from GL to Gal(F,,/Q(j)) by

oc:x=ds — d's'
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where d’' € G.,, s’ € SL'. Because of the unique representation of g = ds, the map

o is well defined. It remains to show that o is a homomorphism, i.e., that
(d131d282)' = dy's)'dy' sy’

for all dy, dy € G,, s1, s € SL. Since SL is a normal subgroup of GL, so that
dy"1s1dy € SL, we have that

(di51d282)" = (dida(dz2 ™ s1d2)s2) = dy'dy’(d2 ™ s1d2)"so’
so we are required to show that
dy'dy’ (dy ™ s1d) sy’ = dy'sy'dy'so’
ie.,
d'(d"'sd)! = s'd’
(d7'sd)! = d'"ls'd’ (%)

foralld € G,, s € SL.

We let f(1) = Y a,¢™ bein F,, ie., a, € Q(&,), and ¢ = ¢*™". Then SL acts
on F, by
s (2rtb )L a b
’)’(f(T))=Ea,.e2 (Grd)w fora.ll(c d)=’yEF.
Also, we know that G, acts on F, by permuting the coeflicients of f(7) using

v € — £° where bc = 1(mod n), for ( (1) 2 ) =7 €G,.

We know that SL is generated by T = ( (1) i ) and S = ( _01 (1) ), by The-
orem 1.2.1. Since () asserts the equality on two homomorphisms, we only have to
prove (*) holds for the generators T, S of SL and a general matrix in G,. We first

consider the case

), be(Z,), s = ( (1) i ) . Then we have that d~lsd =

o>~ O

(1) d =

10

0 1)
Thus, for g (1) = ¥ a, g% € F, we have that

s'(g(1)) = Yaqn&’
d'(g(r)) = Y al.q~,
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where a! =d’(a,), and d’: &, — &,°, where be = 1(modn).
So,

(d—lsd)'(g('r)) — Zare21rz’(r+b)-';-;
= Za,,,q'%é‘nbr

Also, since d'"(a) = a,, and d'~! : &, — &,°,

d's'd'(g(r)) = dN(T a, 2 DE)
= d' (Y agv &)
= Yaqv&r
and so (%) holds.
(2) Let d be as above, so d’,d'~! acts as before, and let s = ( _01 (1) ) Then

d-1lsd = ( —i)/b (I; ) Thus we have that

s'(g(m))=) a, e2mi(-1/n%
(d7tsd)'(g (7)) = Zar 621“.(:%3)%

= Z a, eZm' (-1/n+ )
Thus,

d'ls'd = dl-—l(za: e21n'(—1/-r)%)
= Zar eZm‘(—l/r)% ,

so again () holds.

Thus we have a homomorphism from {i(l}") nto Gal (F,,/Q(j)). Thus

GLy(Z,,)
D ——z
2
g%(—lz}—ﬁ) Also, the elements of F, which are fixed under
are the modular functions with rational coeflicients, thus inside Q(j), by
GLy(Z,)
{1}

G = Gal (Fa/Q(j)) &

Clearly Q(j) C le(

GL2(zn)
{1}

Corollary 1.2.8. Thus Fix ( ) = Q(j), and so

GL?(Zn)
{1}
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Hence (ii) is proved.

(iii) We let K = CN F,. Since j € Qlg]], fa € Q(&)[lg*]], then F, C
Q (&) [[g7]]. Thus K C Q(&,). Since Q(j) € = € (j), then F, ¢ is the compositum
of F,, and C, and so

SLy(Z,)

Gal (Fu/ K(7)) % Gal (Fac/€ (7)) = =25 (+#)

Thus

K5 Q1= [KG): Q) = Sz = | @) 1= [0(6): €,

so [K:Q]=[Q(&): Q, and so K = Q(&,), and by (*x),

SLyZ,) .

Gal(F/QU &) = —r

This proves (iii).

We now need to show how this is connected to Macbeath’s work. Macbeath

considers the sublattices, Ay, of index n of the lattice A (w;,ws), defined by
AO = AO (aw1 + bwg,cwl + sz)

where a,b,c,d € Z, ad —bc = n > 1, (a,b,c,d) = 1. Then A/Ag 2 Z,, and so we
put E, = {A¢ CA | A/A¢ 2 Z,}. Then Macbeath defines his extension L of Q (j)
by

L=Q(j,j(Ao), all Ao € E,),

aw; + bws

cwy +dws )
of coset representations for A, under the action of I', as in Theorems 1.3.1, 1.3.2.

where j(Ag) is defined to be j Let ay,.....,ay () be a complete set

Then we have

Theorem 2.1.4: j(Ag) = joo; for Ag € E, and some a;, 1 <i < ¢ (n).

Proof: Let Ay € E,,, and let d > 0 be the smallest integer such that dw, € A,.

Then we can find a basis of Ag in the form (aw; + bw,, dw;), where ad = n and
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(a,b,d) = 1. Then a > 0 is uniquely determined, but b is only determined modulo

d. Thus we choose 0 < b < d. Then we have that
ar +b

J'(Ao)=j( 7 )—"—joa.-(r),

wheread=n, a >0, 0<b<d, (a,b,d)=1,and 1 < i< ¢ (n).

Thus we have that

L=Q(j,i(Ao), allAg € E,) = Q(j, joou, 1 <i < 9 (n)).

Lemma 2.1.5: The functions j,a; are modular functions of level n.

Proof: Let v € I',,, and write y = [ + NG, for some § € I'. Then
Y = a;ye; ™t = I + Noyfaj?
has components in Z, and det (') = 1, so v € SLy(Z,). Thus
JoiY = JoY @i = o,
so that the j,a; are invariant under I',. Also, the j,o; are meromorphic on H, and

satisfy the condition about expansions in powers of q%. Thus, the j,a; are modular

functions of level n.

Lemma 2.1.6: The coeflicients of the expansions of j,a; in powers of q‘li lie in the

field Q (é.).

o0
Proof: We know that j(7) has the expansion j(7) = Y cm¢™, for ¢ = €27,
m=-1

¢m € Z. Then, since ad = n,

. aT+b — wem (ar
]( ) = Z Cm€2 ( +b)/d,

d

m=-1
m - .
Z Cm e21nma1'/d e2mmb/d,

m=~1

)
. g .
_ Z Cm e2mma T/n e2mmab/n’

m=-1

— 2 mab
= Z cm g™ /"fn .

m=-1
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ar + b

Thus j ( ) € Qa1

Theorem 2.1.7: Gal (L/Q(j)) & PGL:(Z,).

Proof: From the above two lemmas we have that j,a; € F,,, and hence that

L C F,. We fix F, by a subgroup of %%n—)’ namely H = {%Il—}, where A € Z,,°.

We already know that +1 act trivially on F,,. Then, for h = ( 8 2 ) , T €L,

we have that

. . ., arT + br ar+b .
h(joo;) = jo (hoy) = j( = ) =i( y ) = Jotui,

and so joa; is invariant under H, i.e., L C Fix H. This gives us that H C Gal(F,/L),

and thus that Gal (L/Q (j)) C GLz(Z;}/ )~ paryz,).

We must now show that PGLy(Z,) acts faithfully on L. Thus we must show
that for all @ € A, for all v € PGLy(Z,), v # id, and for all 7 € H,

7 ((a(r))) # i(a (7)),

1e.,
j(ya (7)) # j(a(r)),
i.e., by Theorem 1.2.4,
ayla”t ¢ SLy(Z).
So, suppose that ay la™! € SLy(Z) for all v € PGLy(Z,), v # id, and for all

a € A,. Letting a = ( b ) where ad = n, a > 0, and 7! = : Z where

a
0 d
|v| = £1 and (u,v,z,y) = 1, then

e = 2(5a)(23)(8 ) ©

1 ( adu+bdz —abu+ a®v — b%z + aby
d*z —bdz + ady

n
We need to find the neccesary conditions on u,v,z,y for ay™la™! € SLy(Z).

Choosing o = b ) gives us ¢ = 0(modn) for all a|n and all b. Choosing

n
01
a=(10 ives us v = 0(modn) and a = L1 ivesu= (mod n)

0n)t - 0n)t =y '
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From (*), these three congruences are sufficient for ay~1a™! to be in SLy(Z).

Thus we have that y~1 = ( g 2) mod n. But y7! € PGLy(Z,), and so

41 = 1(; 2 ), which means that y~! and hence v is the identity element in

PGLy(Z,). This contradiction shows that PG Ly(Z,) acts faithfully on L, and thus
the Galois group of L over Q(j) is PGLy(Z,).

We have therefore proved Macbeath’s result using an alternative method. The

situation we have is shown in the following diagram:

= Q(4, fa)

L= Qo) Qj,én)_ GLy(Z.)

{1}
PGLy(Z.) \ / (Z.)"
_

Q@)




CHAPTER 3

Rational values of j where the modular equation has Galois
group PGLy(Z,)

3.1 Specialisations for fixed n and infinitely many j - an
application of Hilbert’s Irreducibility Theorem

In his paper, [11], Macbeath uses Hilbert’s Irreducibility Theorem, which in its

simplest form can be stated as:

Theorem 3.1.1: Let f(t, X) be an irreducible polynomial in @ [t, X]. Then there

exist infinitely many rational numbers, ty, such that f(o, X) is irreducible over Q.

This result assures us that there are infinitely many rational values of j(7) =
r € Q, such that ®,(r,j(7/n)) = 0 also has Galois group PGLy(Z,).

To study Hilbert’s Irreducibility Theorem, we first of all require some elementary
definitions from Algebraic Geometry. We let K be a field, and define affine n-space
over K, denoted by A%, or just A", to be the set of all n-tuples of elements of K.

Let A = K[z1,...,z,). We define f(P) = f(a1,-..,a,) where f € A, P € A™,
i.e., we view the elements of A as functions from A" to A. If f € A is a polynomial,

we define the set of zeroes of f by
Z(f)={Pe A" f(P)=0}.
Also, if T' C A, then we define the zero set of T to be

Z(T)={P € A™|f(P)=0 foral f€T}.

Definition: A subset S of A" is called an algebraic set if there exists a subset
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T C A such that S = Z(T).
Definition: A Zariski open subset is the complement of an algebraic set.

Thus we have that a set of the form A®\{Py,..., P,} is a Zariski open subset of
A", where {Py,..., P} is a finite set of points in A™. This defines a topology, i.e.,
the intersection of two open sets is open, and the union of any number of open sets

is open.

Let f(t1,...,tn, X) € K(t1,...,t,)[X]. We define a basic Hilbert set, Uy g,
by

Us = {(t, .. ta’), 81y .st’ € K| f(t1', ...y t0', X) is irreducible in K[X] over K}.

A Hilbert subset of A" is defined to be the intersection of a finite number of basic
Hilbert sets with a finite number of non-empty Zariski open subsets of A™. A field
K is called Hilbertian if the Hilbert subsets of A™ are non-empty.

Lemma 3.1.2: If K is Hilbertian then every Hilbert subset of A™ is infinite.

Proof: Let K be Hilbertian, X be a non-empty Hilbert subset of A", and
suppose that X is finite, ie., X = {P,...,P.}. Let Z be the non-empty Zariski
open subset of A" given by A®\{P,,...,P.}. Then X N Z is the intersection of a
Hilbert subset with a non-empty Zariski open subset, so is another Hilbert subset
of A*. But XNZ = {Ph,...,P} n A*\{P,...,P,} = 0, contradicting the fact
that K is Hilbertian. Thus X is infinite.

We want to show that Uy is infinite in the case where K = Q and n = 1, i.e.,
A" = K = Q. This is equivalent to showing that Q is Hilbertian, since if the Hilbert
subsets of Q are infinite, then the Uy g are infinite. Thus we must show that the

Hilbert subsets are non-empty.

Suppose that f(t, X) € Q(t)[X], i.e., its coefficients are in Q (), and that f(¢, X)
is irreducible over @(t). Then we can multiply f by a suitable polynomial to make
the coefficients lie in @ [t] without changing this irreducibility. Dividing the resulting

polynomial by the greatest common divisor of its coeflicients gives us a polynomial
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in Q[t, X] which is irreducible over Q. Conversely, if f(t, X) € Q [t, X] is irreducible
over @, then it is irreducible in Q (¢)[X]. Let f(¢,X) € Q(t,X) be an irreducible
polynomial. If ¢ is transcendental over @, then we call the curve defined by the
equation f(t,X) = 0 an affine plane curve, C. For R C Q, we define U, z(C) by

U,r(C) = {to € R|there is no P € C(Q) such that t(P) = t5}

Then we have

Lemma 3.1.3: Every Hilbert subset of Q contains a finite intersection of U; g(C)

for a finite number of affine plane curves C over Q.

Proof: We let f(¢,X) € Q|t, X] be irreducible over Q(t), and write
f(6, X) =an(t)X" + -+ ag(?),

so a;(t) € Q|[t]. Suppose f has factorisation
f(X) = aa(t) l:{(X - a;)

in the algebraic closure of Q(t). Then choosing t = t; where t; € Q gives a
homomorphism Q[t] — Qto) = Q. We choose the values t; € Q such that
an(to) # 0. Then the homomorphism can be extended to the ring generated by
the roots ay,...,a, of f, because these roots are integral over Q[t,a,(t)~!]. Let

ajy's...,a,' be the images of these roots. If f(tg, X) factorizes as

f(to, X) = go(X)ho(X)

in Q[X], then the coefficients of gg and hq are polynomial functions of the o;'. This

gives rise to a factorisation of f(t, X),
f(t, X) = g(X)h(X)

in the algebraic closure of Q(t), where g, h are polynomials corresponding to gy, k.
Since f is irreducible over @ (t) then at least one of the coefficients of g or h cannot lie
in Q(t). Suppose u ¢ Q(t), where u is a coefficient of g or h. Then the ring Q [t, u]
is the affine ring of a curve C over Q. The factorisation f(to, X) = go(X)ho(X) thus
gives us a point (Zp,y) on C, with 25,y € Q.
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Writing f(¢t,X) = g(X)h(X) in all possible ways in the algebraic closure of
Q(t), with degreeg, degree h > 1 will give rise each time to a coefficient of g or h
which does not lie in Q (t). Thus we will obtain a finite number of curves C;, with
affine rings Q [t, u;], where u; ¢ Q(t). Thus, any ¢ty € Q such that there is no point
(to,yo) on any C;, with yo € @, will be such that f(¢o, X) is irreducible in @ [X].
Since a Hilbert subset contains a finite intersection of basic Hilbert sets, it must

contain a finite intersection of U; r(C), as required.

We let (t,y) be a point of an affine plane curve C over Q, with y ¢ Q(t). We
may assume that y is integral over Z [t], since if it is not, we may multiply y by a
suitable polynomial in Z [t] so that it is. Since y is integral over Z [t], then y can be

expressed as an algebraic function of ¢t over R, and so has an expansion at infinity:
o 1
y =y(t) = ate +...+b+ctT+...

with a,b,¢c,... € C. We choose t* to be real. Then, if there are infinitely many val-
ues of ¢t tending to infinity in R such that y(t) is real, then the coefficients a, b,c, ...
are in fact real. For, if any one of the coefficients were not real, then it would dom-
inate the series to the right of it as ¢ tends to infinity, so there could not be any

cancellations, and so y(t) would not be real.
We require the following lemma:
Lemma 3.1.4: Let the function y(¢) be m times continuously differentiable in the

interval t; < t < t;4yn. Suppose t; < ti41 < ... < tipm, Where ¢, ,t;41,...,tizm € R
. Then there exists a 7 with t; < 7 < t;;,, such that

y™(r) _ Unm
m! Ven
where
1t ot e ™t y(t)
Un = )
1 ti+m ti+m2 ti+mm_1 y(ti+m)

and V,, is the Vandermonde determinant,



Proof: We let

A R T y(t:)
Ft)=|: 5

1 ti+m ti+m2 e ti+mm_1 y(t'i+m)

1t 2 ... gml y(t)

Then F(t) =0 when t =t,,...,t;4m—1. Then the function
G(t) = F(t) — c(t — ;) (t — tig1) - .. (t — tigm—1)

will also vanish at ¢t = t;4,,, for some constant ¢c. Thus G(t) = 0 for m + 1 values of
t between t; and t;4,,. By Rolle’s theorem, there is at least one value of ¢, t = 7 say,
between ¢; and t;4,, such that G(™(7) = 0. But Gt™)(t) = F(™(t) — mlc. Thus

F™(7) = mlc.

Also, F™(1) = y™(7)V,p_;, since F™(7) has a zero everywhere in the bottom

row except for the last term, which is y™ (7). Thus
mlc = y™(r)Vuoy

But
— F(ti+m)
c=
(ti+m - ti) oo (ti+m - ti+m—1)

and (tipm — ) ... (titm — titm—1)Vm—1 = Vim. Since F(t;tm) = U, we have our

result.
We use this to prove

Theorem 3.1.5: Let y(t) be a function of a real variable, with expansion
n 1
y(t):at? +...+b+ctT+...

where a,b,c,...,t* € R, and converging for all sufficiently large values of . Assume
y(t) ¢ R[t]. Suppose there are infinitely many t; € Z*, with ¢y < t; < ..., such
that y (¢;) € Z. Then there exists an ig € Z, 0 < m € Z and 0 < s € R such that
for all 7 > 19,

tivm — i > 7.

Proof: Let 0 < m € Z be such that y™(t) has no positive powers of ¢ ¢, hence

y(’")(t) = dtl. 4 ...
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with d € R. Since y(t) ¢ R[t], y"™)(t) # 0, so we can assume d # 0, and s > 0.
(m)

Thus, y(™)(7) is small, and -y—ET) is of order 77%. But
m!

Y1) _Unm
m! Vin
_ m(m+1) ..
and V,, is the product of ————= differences of the t,,...,t;4mm. Thus, for a

constant A,

mgm:tl!
(ti+m - ti) 2 > H (tjz - tjx) = |Vm| ~ IAUmTal'
1<j1<j2<i+m

But, U,, € Z, since the t; are positive integers, and we know that t; < 7 < t;4 .

Thus
tivm — 1 > =g 1\/ |Um|t,"’
and so
tigm — i > t;
2
where s’ = 8 > 0.
m(m + 1)

We require two corollaries:

Corollary 3.1.6: Let y(t) = ate +---+ b+ cti'l' + -+ . Then there exists & € R
with 0 < a < 1 such that the number of t; < B for which y (¢;) € Z is less than B*
for all B sufficiently large.

Proof: Let 0 < 8 < 1. Let
N = the number of integers ¢; such that t; < B,
N; = the number of integers t; such that t; < B? 41,
N, = the number of integers t; such that B® < t; < B.
Write Ny = um+myg, where u > 0, and 0 < my < m. By the theorem, t;4,, > t;+t;*.
Thus
tigum > ti + ut;®.

Choosing B large enough, and 8 small enough that B > t;i.., and t; > BP we
have that B > B? + uB?® thus u < B'7P¢, Thus,

N<N +N,<B°+1+mB P +m,,
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and so N < B“ for some 0 < a < 1.

Corollary 3.1.7: Let U be a Hilbert subset of Q. Then there exists an a € R,
with 0 < a < 1 such that the number of positive integers < B in U is at least

B - B

for all B sufficiently large.

Proof: By Lemma 3.1.3, Hilbert subsets of @ contain a finite intersection of

sets

U, z(C) = {t; € Z | there is no P € C(Q) such that t(P) = ¢;}

for a finite number of affine plane curves over Q. By the above corollary, there exists
as a € R, 0 < a < 1, such that the number of ¢; < B such that y (¢;) ¢ Z is at least
B — B*. Since y(t;) is integral over Z [t], then if (¢;,y(t;)) € C, with t;,y(¢;) € Q,
then y(t;) € Z if t; € Z. Thus y (t;) ¢ Z for t; € Z means that (t;,y(¢;)) is not on
C. Thus U, z(C), and so U, contains at least B — B* positive integers.

Since 0 < a < 1, then B — B* > 1 for B sufficiently large, and so the Hilbert
subsets are non-empty, and so we have that @ is Hilbertian. Thus we have proved
Theorem 3.1.1. Then we have

Theorem 3.1.8: Gal(®,(j(m),X)/Q) = PGLy(Z,) for infinitely many j(7) € Q.

Proof: We have our extension of Q(j(7)), L = Q(j(7),joci(7), 1 < i <

¥(n)), which is clearly a finite separable extension of @ (j(7)), since the minimum

polynomial of the joa;(7) is

¥(n)
@,(i(), X) = [T (X = joeu(r))

i=1
which has no multiple roots since the joa;(7) are all distinct. By Galois theory, we
know that every finite separable extension is a simple extension, thus we can find
an element f(7) such that L = Q(j(7), f(7)). We denote the minimum polynomial
of f(r) over Q(j(7)) by ¢(j(7),X), and thus ¢(j(), X) will have degree equal to
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|PGL2(Zy)).

We now specialize j(7) into the rationals, i.e., choose a 79 € H such that j(7) €
Q. This will give us an extension L = Q (f(7)) over Q with Galois group a subgroup
of PGLy(Z,). Then f(7y) will have a minimum polynomial over @, denoted by
¢(X). But f(rp) is also a root of ¢(j(7g), X ), and so by Galois theory again,

$(X) | 4(i(m0), X) (%)

Since ¢(j(7), X) is irreducible over Q(j(7)), we can apply Hilbert’s Irreducibility
Theorem to give us that there are infinitely many j(79) € Q such that ¢(j(7), X)
is irreducible over @. In these cases, by (*), we must have that ¢(X) = ¢(j(70), X),
so |¢(X)| = |[PGLy(Z.)|, and so the Galois group of L over Q is also PGLy(Z,,).

L= Q(i(r), joeui(r)) = Qi(r), f(7))

PGLy(Z,) \

L = Q(f(m))
Q (7))

T

Q

Thus we have shown that there are infinitely many rational values of j(7) which

still give us extensions with Galois group PGLy(Z,).
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3.2 Infinitely many primes n for a fixed value of j - an
application of the reduction of elliptic curves.

In the previous section we proved that for a fixed n there are infinitely many
rational values of ; where the Galois group does not collapse. There is an alternative
result, namely that for a fixed j = r € Q, the set of primes p for which the Galois
group of ®,(r,j(7/p)) does collapse is finite. We now study this result, and describe
the proof, the details of which can be found in Lang, [9]. This result is also proved
by Serre in [18].

Let E be an elliptic curve, i.e., a non-singular curve of genus 1, with a rational
point taken as an origin. We say that E is defined over a field K if the coefficients
of the defining equation lie in K. Any elliptic curve defined over K where char
K # 2,3 can be defined by a Weierstrass equation

v =42’ — goz — g3,
where g, g3 € K. If K = C, then the map
20 (p(2),6'(2))

parametrises points on E. Let A(w;,ws) be the lattice defined by the periods w;,w;
of the Weierstrass p-function, and let Ex be the set of points (z,y) on E, where
2,y € K. Then the map

a:C/A — Ec

is a bijection.
Suppose E is an elliptic curve over K, as above. For each n € Z*, we denote by

E,, the kernel of the map

ZHnz,

for z € E. Thus E, is the subgroup of points of order n. If F is defined over C,
then since Ec = C/A, we have that

E.=2Z,0Z,
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If F is defined over a field of characteristic zero, then we can embed the field of

definition of the curve in € and obtain the same result.

Now let E be defined over a field K, and let L be a field extension of K. Suppose
o is any automorphism of L. Then, applying o to the coefficients of the defining
equation for F, we obtain a new curve, which we denote by E?. Thus, if E is defined
by y? = 423 — goz — g3, then E” is defined by y*® = 42% — g5z — g3. Also, if P = (z,y)

is a point on E, then P° = (z°,y°) is a point on E°.

Let 0 be an automorphism of L keeping K fixed, i.e., o € Gal(L/K), and so
E® = E. Suppose P is a point of finite order on F, so that nP = 0 for some positive
integer n. Then nP? = d, so that P? is also a point of order n, and so o permutes
the points of order n. Let P = (x,y), and K(P) = K(z,y), so that K(P) is the
extension of K obtained by ajoining the coordinates of P. We then define the field
of n-th division points of E over K, K(E,), to be the compositum of the fields
K(P) for all P € E,. Since the coordinates of P are taken to be in the algebraic
closure of K, denoted by K,, then we have that the elements of the Galois group

of K, over K are automorphisms of E,. Thus, for char K = 0, K(FE,,) is a Galois

a b

extension of K. Letting o be represented by M = ( c d with respect to the pair

of generators {P;, P,} for E,, over Z,,, then since

Pla _ a b Pl

Pza - c d P2 ’
M must be in GLy(Z,), and so we have an injection from Gal (K(E,)/K) into
GLy(Z,).

To consider the question of when the Galois group is the whole group GLy(Z,),
Lang considers a transformation of the Weierstrass equation y? = 423 — g,z — g3 by

the translations

This transformation gives the equation
Y2 - XY = X3~ hoX — hg,
which is known as a Tate equation. In the proof of Theorem 2.1.1 we had

1 qz — — nm n -n
P(Z’T)—E+(1_qz)2+zznq (g." + ¢ 2),

m=1n=1
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and so ( )
q"q.(1+q™q.
Wlar)= 2 T e
meZ, q°9q;

Rearranging, and putting ¢, = w, gives

_ 1 _q"w _, M
2w = Gt L Gogay (ETog
meZ, n
g"w(1 + ¢™w)
y(w) = ) —.
mel, (1 - 4q w)
Thus
Xw) = ¥ —1% _ _oy M _
W= L urr PhT-r
(qn,w)2 00 nq"
Y(w) = —_— —_—
nezz (1 — qnw)3 nz=:1 1- qn

The Tate equation defines an elliptic curve, known as a Tate curve, over any field K
which is complete under a non-archimedian absolute value, provided that ¢ € K is
such that 0 < |¢| < 1, and w € K* is such that |¢| < |w| < |g|~?. These conditions

ensure that the series for X(w) and Y (w) converge absolutely.

Suppose F is such a Tate curve over a suitable field K, as described above, with
invariant j(g) for a ¢ € K such that 0 < |g| < 1. Let K* be the multiplicative group
of invertible elements in K, and C, be the infinite cyclic group generated by ¢ in
K*. We then define the Tate mapping, ¥, by

Y(w) = (X(w),Y(w) if w¢Cy,
PY(w) 0 if wecdc,.

This map is a homomorphism from K* into Ek, with kernel C;. Let qun be the
subgroup of K* consisting of elements of K* whose n-th power is in C;. Then C'q'%
is generated by a n-th root of unity, &,, and an n-th root of g, q'% say. Lang then
proves, ([9], p.203, Theorem 3):

Theorem 3.2.1: For n prime to charK, the Tate mapping defines a Galois iso-

morphism from Cq%/ C, to E,, and
K(E.) = K(£n, q%) .
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We shall require one more result, namely for which primes p the subgroup E, is
irreducible as a module over the Galois group. Let E be an elliptic curve defined
over K, O the ring of integers of K, O, the local ring for some prime p of K, and m,
the maximal ideal of O,. We say that F has good reduction at p if E is isomor-
phic over K to a curve f such that reducing f modm, gives again a (non-singular)
elliptic curve. If the curve is defined by a Weierstrass equation 3% = 4z® — goz — g3,
with g2, g3 € O,, and if p does not divide 2 or 3, then E has good reduction if
the discriminant A is a unit in O,. Let E, F be elliptic curves over K. Then F
is isogenous to FE if there is a map from F to F with finite kernel. An important

result, proved by Serre and Tate, ([16] p.IV-5, Corollary), is;

Theorem 3.2.2: If E, F are elliptic curves defined over K, and F is isogenous to

E over K, then if E has good reduction at a prime p of K, so does F.

Theorem 3.2.3: Let S be a finite set of primes of K. The set of isomorphism
classes of elliptic curves over K having good reduction at all primes of K not in S

is finite.
Theorem 3.2.2 implies

Corollary 3.2.4: Let E be an elliptic curve over K. Then there are only a fi-

nite number of non-isomorphic curves which are isogenous to F over K.

Let E be an elliptic curve over K isomorphic to €/A. Then the endomorphisms
of E, End(E), are given by {a € € : aA C A}. E is said to have have complex
multiplication if the ring of endomorphisms is bigger than Z.

Lemma 3.2.5: Suppose F is an elliptic curve over K, with no complex multi-
plication, i.e., End(EF) & Z, and suppose F, G are elliptic curves isogenous to E
over K. Choose isogenies X : F — E, Y : G — E with cyclic kernels, If these

kernels are not isomorphic, then F and G are not isomorphic over K.
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Proof: Let the kernels of the isogenies X,Y have order f, g respectively, and
suppose that F' and G are isomorphic, so let Z : F — @G be an isomorphism. Then
there will be an isogeny X' : E — F, with cyclic kernel f, and so the composition
X'ZY gives an isogeny from F — E, with kernel ?Zi ® gEZ However, End(F) = Z,
so this isogeny must be multiplication by an integer e, and hence the kernel must
be of the form % ® Z Thus f and g divide e, and e = fg, givinge = f = g,

contradicting the fact that X,Y have non-isomorphic cyclic kernels.

Suppose E is an elliptic curve over K without complex multiplication, and E,
is the subgroup of points of order p. Let G =Gal(K,/K). Then W is said to be a
G-subspace of E, if g C W for all g € G. Then E, is G-irreducible if it has

no proper G-subspaces. Now we have
Theorem 3.2.6: E, is G-irreducible for almost all primes p.

Proof: Suppose E, is reducible, and so must have a one-dimensional G-subspace,
W,, which is cyclic of order p. Then E/W, is an elliptic curve, which is isogenous
to E over K. By the above lemma, curves E/W, are non-isomorphic for different
values of p. By Corollary 3.2.4, there are only a finite number of elliptic curves

E /W, therefore E, is reducible for only finitely many p.

Now we can get to our main result. Suppose E is an elliptic curve over a field
K, with invariant j = j(g) which is not integral at some prime p of K. Thus E has
no complex multiplication. We define the completion K, of K by

Kp=Qp®K)

where Q, is the field of p-adic numbers. Let F; denote the field Z /IZ.

Theorem 3.2.7: Let E be an elliptic curve with non integral j invariant over

a number field K, and g = 7°u, where u is a unit in K,,, and e is the order of ¢ at

(). Then the Galois group of K(E;) over K is GLy(F,) for all primes ! satisfying
(i) I does not divide e,

(ii) { is such that there is no curve isogenous to E where the degree of the isogeny

is equal to [,
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(iii) ! does not divide the absolute discriminant of the field K.

Proof: We look at the local extension, K,(E;) over K,, and show that this
contains SLy(F;) for almost all primes [, so that the global extension, K(E;) over

K, also contains S Ly(F;) for almost all /, since
Gal (K,(B)/K,) € Gal (K(E/K).

Let G =Gal (K(E;)/K), G' =Gal(K,(E;)/K,), and so G’ acts on E;. Now, ¢ = 7°u,
and we know that -

j= % + n%cnq“,
where ¢, € Z. Thus we have that ¢ € K with 0 < |¢g| < 1. Also, to find e, we
simply take the power of p which exactly divides the denominator of j. By Theorem
3.2.1 we have that Ej is Galois isomorphic to C’q%/Cq and that K,(E;) = K,(&, q1).
Now, for all ! not dividing e, there is an automorphism, o, of K,(§, q'lf) over K,

such that

ofl £l)
1 1
oqgl = &q7,

and this automorphism may be represented by the matrix

11
01/’
with respect to the basis {ﬁz,q'lf}. Thus G’, and hence G, contains the matrix
1

01
almost all {, by Theorem 3.2.6, and so for an | where E; is G-irreducible there must

with respect to {¢;,q7}. However, we know that E; is G-irreducible for

be an element, § say, of G such that 6§ ¢ {}, otherwise E; would have a proper
G-subspace. Thus 6¢; = ¢,7 ¢*/* where s # 0(mod!). Let 6¢ = v. Then

b0~y = 60§
= 64

= v.
Thus o' = 606! leaves v fixed. We choose the basis {§,v}, and so with re-

spect to this basis ¢ and o' are represented by the matrices B = ( (1) i) ) and
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C = c 1) with b, ¢ # 0 since ¢ and ¢’ are non-trivial automorphisms. Then
11 10 - .
Br=|, ;[ |adC'={ | |forbz=cy=1 (mod ). But these two matrices

generate SLy(Z), and hence generate SL,(F;), and so G contains a copy of S Ly(F;).

Also, K(E;) = K(&, q1), so that K(E;) contains the I-th roots of unity. For all
! such that [ JA (K) we have that |K (&) : K| =1 — 1, and so G contains a copy of
(F1)*. Since GLy(Fy) = SLy(Fi) . (Fy)*, where SLy(F;) N (F;)* = {1}, then we have

our result.

We now take K = @, and so condition (iii) is satisfied for all /. Let E(j) be an
elliptic curve defined over @, having invariant j, and described by Y2 = 4X%—aX —b.
Choose an [ which also satisfies conditions (i) and (ii). Then Gal(Q(E;)/Q) =
GLy(F;), by Theorem 3.2.7. Now let £ be an elliptic curve defined over Q(j),

which we choose to be described by
Y2 =4X°% - ad(§)X - bA(j).

We require that when we choose j = r € @, then £ = E(j). But

27b%j

VG-

gives A(j) =1 for j = r € Q, as required.

We recall from Chapter 2 that F;, = Q(j, fa) for the Fricke functions f,, and
now take n = [. Since the f, are functions of p multiplied by a rational function of
g2 and g3, where g, g3 are rational functions in j, then we have that F; = Q(j, f,) =
Q(j, X(E1)). Thus Q(j, E;) is an extension of F}, and we know that Gal (F;/Q(j)) =
GL,(F;)/{£1}. But Q(j) has char 0, and so Gal (Q(j, E1)/Q(j)) C GLy(F)), as
shown earlier in this section. Let H =Gal(Q(j, £)/Q(j)). Then we must have
that H = GLo(F)) or H = GLo(F)/{£1}. But GLy(F,;)/{£1} is not a subgroup of
GLy(F}), and so we have that Gal (Q (j, £1)/Q (j)) = GLa(F)).

We already have that L = Q (j,joas(7)). Welet H = Q(E(j)i), R = Q][j], S=
Q[j,joci(7)], A = QE(j))) and T = SA. We let r € Q\Z, and choose t € H
such that j(t) = r. We then let R,y = {z/y|z,y € R,(j — r)[y}, so Ry
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is a PID. Let S,) = SR, etc, and S|y = {f(t)|f € S} etc. We know that
Gal(H/Q(j)) = GL2(Fy) and Gal(L/Q(j)) = PGLy(F,;). Choose an [ such that
Al; has Galois group GLy(F)) over Q.

Lemma 3.2.8: T, is a free R(;)-module of rank | GLy(Fy)|, and S, is a free
R(;)-module of rank |[PGLy(Fy)|.

Proof: We prove the lemma first for T{,). We have that T(,) = R()[E(j)i, joai(T)].
Let 8 be any one of the E(j);, joci(7), and let

aoﬁ” +a1ﬂ"'1 +... = 0

be a primitive minimum polynomial of 8 over R(,). If this polynomial cannot be
made monic, then ag is not a unit in Ry,), i.e., ag is divisible by (j — 7)™ for some
0<n €Z,and (j —r) does not divide some a;, say a,. Then a,/ag — co as 7 — 1.
But a,/ay is a symmetric function of the conjugates of 5, and we know that none of
these conjugates go to oo at 7 = ¢, and so we must have that 3 is integral over Ry,).
Then T{,) is a finitely generated torsion-free R(,)-module. Since R(,) is a principal
ideal domain, then we have that T{,) is a free R,)-module (see [14}, p.22, Corollary
2), of finite rank s, say, i.e., there exist x;,...z, € T{,) such that for all v € T(,), v

can be uniquely expressed as v = 3, r; z; for r; € Ry,).

Now T;) = SAR(;), 50 AC T»nQ(j) € H. But Q(j) € T Q(j) C H, and
since any integral domain finite dimensional over a field is a field, then T(,) Q () is
a field. Since H is the field of quotients of A, we must have that T,y Q(j) = H.
Thus an element h of H can be uniquely written as h = ¥ ¢; z; where ¢ € Q(j),
and so the z; span H over Q(j). If ¢; € Q(j), then there exists 0 < n € Z such
that (j — r)"¢; € R(,), and so if 3 ¢; z; = 0 then ¥ (j — r)" ¢; z; = 0 also. But the
x; are linearly independent over R(,), and so (j — r)"¢; = 0, and hence the z; are
linearly independent over Q (7). Thus {z,,...,z,} is a basis for H over Q(j), and
so s = |H : Q(j)] = | GLy(Fy)|. This proves the lemma for T(,).

The proof for S, is achieved by replacing T{,) by S(;), i.e., by showing in the same

way that S(,) is a free R(;)-module, with rank equal to the dimension of S(,) Q(j) = L
over Q(j), ie., |PGLy(Fy)|.
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Corollary 3.2.9: (i) Tyl = T|. = A},

(i) [PGL;(Fy)| > dimgy(Sk),

(iii) The kernel of the evaluation map T{) = T(»)l¢ is (j — 7)r,,,,

(iv) For each g € PGLy(F;) there is an automorphism g, of S|, defined by f(t)9* =

o).

Proof: (i) Clearly T(,ys 2 T|; 2 A|;. But by the lemma we know that an
element v of T(, can be written as v = ¥_r; z; with ; € Ry,), thus w € T{,)|; can be

written as w = ¥ r;(t) z;(t) with r;(t) € R(,)l: = Q. Thus
|GLy(F1)| 2 dimg (Tir)le) 2 dimgy (T')e) > dimgy (Ale) = |GL2(Fi)]

and so all these dimensions are equal, giving us (i).

(ii) As for (i), with S(;)|¢ 2 S|¢, and so |[PGLy(F,)| > dimg (Stmle) 2 dimg (Se)-
(iii) The kernel I of this map certainly contains (j — r). Now, the dimension of
Tr)/(7 =) over Ry /(j —7) is equal to |GLy(Fy)|, by the lemma. But Ryy/(j —7) =
Q, and the dimension of T(,)|; over Q is also |GLy(F,)| by (i). Thus I cannot be
bigger, and so I = (j — 7)z,,,.

(iv) Let J = (j —r)1,,NS. Then J is the kernel of the evaluation map restricted to
S, and is stable under the action of g. So S|; = S/J has the given automorphism.

Theorem 3.2.10: If Gal (A[;/Q) = GLy(Fy), then Gal(S|:/Q) = PGL,y(F)).

Proof: By part (iv) of the corollary there is a homomorphism ¢ : PGLo(F;) —
Aut(S|;). The action of g, is determined by its action on the j,a;, and so the images
of ¢ permute the joa;. Now the j,a; remain distinct when evaluated at 7 = t:
Suppose joa;(t) = joa;(t) for some i # j. Thus, A(t) = A'(t) where A, A’ are of the
form in Theorem 1.3.1, and so t = A~'A'(t). Then t = Ztt-:—-s with a,b,¢,d € Z,
and so t € H is imaginary quadratic, and so, by Theorem 1.3.6, j(¢) is an algebraic

integer. But j(t) = r € Q\Z, so we must have that the j,o;(t) are all distinct. Thus

¢ is injective. Also, by part (ii) of the corollary
|PGLx(Fi)| 2 dimgy(Sle) 2 |Gal (S[e/Q)I,

and so ¢ is also surjective. This completes the proof.
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We now give some specific examples of elliptic curves £ with non-integral j-
invariants, and show for which primes [ the Galois group of @ (E;) over Q is GL,(F)),
and so Gal(j,0;(t)/Q) = PGLy(F;), where j(t) = r € Q\Z is the invariant of E.
We know this holds for primes [ satisfying all conditions of Theorem 3.2.7. We use

Table 1 given in [2] to find our examples.

Example 3.2.9: The curve

Y+y=2—-z.

212 3
From Table 1, [2], the conductor, N = 37, A =37, j = 37

we do not have to eliminate any primes ! by condition (i) of Theorem 3.2.7. Also,

. Thus e =1, and so

from Table 1, the curve is not isogenous to any other curves, so by (ii) we do not
have to eliminate any ! either. Thus Gal(Q(E:)/Q) = GLx(F;) for all primes I,

12 93
and so Gal (¥, (2 3,'73 , X)/Q) = PGLy(Fy) for alll.

Example 3.2.10: The curve

V4ry+ty=z+22-3z+1.

5.293
We have N = 50 = 225, A = —-22.5% j = — 5

eliminate [ = 5, by condition (i) of Theorem 3.2.7. Also, the curve is isogenous to

. Thus e = 5, so we must

the two curves

v+ey+y = 2 +22422c-9,
v+zy+y = ¥ +2%-13z - 219,

and the degrees of the isogenies are 3,5 respectively. Thus Gal (Q (E;)/Q) = GL(Fy)

5 903
for all primes | # 3,5, and so Gal (¥, (—%52—9, X)/Q) = PGLy(Fy) foralll # 3,5.
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CHAPTER 4

The two — valued Modular Equation

4.1 The two-valued Modular Equation

The modular polynomial, ®,(j(7), j(n7)) has extremely large coeflicients, with
®; already having a coefficient 22 digits long. In this chapter we study a paper by
Cohn, [3], which is based on work by Fricke, [4], and gives a two-valued modular
equation with much smaller coefficients. We are then able to give specific examples

of equations whose roots generate extensions over Q with Galois groups PG Ly(Z,3)
and PGLz(Zu)

We know that j(z) is invariant under the modular group, I'. The function j(z/n)

is invariant under a subgroup of I', I'’(n), where
M(n) = {( : ?) el I ﬁ’:‘O(modn)} .

Then G = H/T'%(n) is a Riemann surface, with genus g, say. We now consider the
Atkin-Lehner involution,

-n
VAl e d W(z) = 7,
and extend the group ['°(n) to ['%(n)*, where
I'(n)" =) + WI'(n),

an extension of degree 2. Now G* = H/I'’(n)" is a Riemann surface of genus g*,
say, where in fact g* < g, and G is a double covering over G*, i.e. one orbit of G*

gives two orbits of G.

The Riemann surfaces of genus 0 are essentially Riemann spheres, so there is a

bijection from the surface to € U {oc}. We only consider cases where g* = 0, i.e.,
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where there is a bijection ¢t from G* to € U {00}, so t is a function on the upper
half plane which is modular for I'°(n)*. Then the field K of meromorphic functions
of G is an extension of degree 2 over the field K* of meromorphic functions of G*,
and K* = C(t), since g* = 0. Thus K = C (t,s) where s € K, and we can take
s% to be a squarefree polynomial in ¢, i.e., s° = f(t). Then the degree of f(t) must
be 2¢g + 2, in order that G has genus g. Then, the two orbits of G corresponding to
one orbit of G* are given by (t,=%s). Now,

i(z/n) = j(a(z/n)) = j(-n/z) = j(W(2)),

where a = ( (1) -E)l ) € I'. Since j(2) is a function of t(z), s(z), then there exists a

function F,(t, s) such that

(4.1.1a) i(z) = Fu(ts),
(4.1.1b) i(z/n) = Fu(t,—s).

If we put

(4.1.2a) Ni(t) = j(2)i(z/n),
(4.1.2b) Da(t,s) = j(z) — j(z/n),
(4.1.2¢) Sn(t) = (Da’(t, s) + 4N,(t))¥?,

then we have an equation in ¢ with coeflicients in j, which we call the two valued

modular equation, given by
(4.1.3) 32 = Sa(t) 5 + Na(t) = 0.

Since ¢ is modular for ['°(n)*, then it is modular for I'(n), and so must have Fourier
. . 1 . . . .
expansion in powers of ¢n. Then, since two points in the fundamental domain are
inequivalent under I['°(n) for their imaginary parts sufficiently large, then ¢ must have
a Fourier expansion of the form ag q;nl +a;+ --- or by+ b q% + ---. We choose t
such that ¢ (ic0) = oo, and so take the first expansion, choosing ag = 1, a; = —C.

Then we have

(4.14a) i(z) = t"+nCtt+O(t%?),
(4.1.4b) t+C+0(1/t).

.
—
N
~
3
~—
i
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This choice for ¢ is not unique since there may be a translation in ¢.

Functions N,(t) and D,(t, s) for suitable choices of ¢, s are given in the appendix

to [3].

We first consider a case where ¢ = 0. We change variables from t, s to z, y so that

(t,s) > (t,—s) is given instead by = < y: Since g = 0, we can choose s* = t2 — 4 B?

t —
for some constant B. We then define w = s , so that w? = ﬂ Then we
t+2B (t+2B)
choose
_(1-w)
(4.1.5a) *= 7))’
(4.1.5b) zy=1.
Thus we have that
i(z) = Gu(z),

i(z/n) = Ga(y).

Since t & B/z as z — 00, we can choose z (i00) = 0, so that j(2), j(z/n) satisfy the
asymptotic conditions (4.1.4a,b). We require that « is a modular function for I'(n)
which preserves the symmetry of (t,s) « (t,—s). Since 5(z) satisfies n(—1/2) =

(—i2)7n(z), then for the cases where (n — 1) l24 we can take z to be

—o(s) = n(2)nt v
(4.1.6) z=z(z)= (n(z/n)) .

The fact that this is modular for I'’(n) will be proved in Corollary 4.1.8. It also

preserves the symmetry of (t,s) « (¢, —s) since
28

—o(—n/s) = n(-n/z)ni )"
y =z /)—(n(_l/z)> ,

((—iz/n)%n(z/n) n)*
izt (2)

b




and (t,s) « (t,—s) gives w < —w, and so ¢ « y. Then, from the g-expansions we

find that
24

(n-1)

B = nzns-ﬂ , C=

We require the following lemma:

is a modular function for

Lemma 4.1.7: z(2) = nrﬁ (Lz)

n(z/n)

IY(n) = {(a Z) EF‘bEcEO(modn)},
for all (n — 1) |24.

a bn

Proof: Let A = (
cn d
n(r):

) € I'J(n). We require the following property of

7 (:::?) = e(y7 + 6)in(r),

for ( : h ) € T and where €2* = 1. An explicit formula for € is given by Dedekind’s

0
functional equation, as found in [1], p.52, Theorem 3.4. Let v = an;41) Then we
have that
oz (ﬂf:_-fd)
z(A(z)) = nd Txm)
n(cﬂz+d)

- (”(ngf%’/:}id )
o (2) (mrss)
*(2) ()

where €2* = €3* = 1. We must now show that (¢;/e2)° = 1. We examine the cases

(22}
wje

.c-le

(m)

n = 2,3 and 4 separately. For n = 2 we have that v = 24, and so clearly (¢;/e)” = 1.
For n > 3 we look at the functional equation for € and find that

(_5_1)" — exp {m’v (a+d _a+td -y terms with cn2<?r (en?)? )}

€2 12ecn 12c¢n? in their denominators

_ exp{zm(ca+d) va} (%)
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Thus, for n = 3, we have
e\? 27i(a + d) ,
(62) —exp{ o0 vy b,
and so, for 2 not dividing ¢, we must have that (e;/e2)!? = 1. We must show that all
;c Zb where 2 does

), so B is of the required form, and let X = ( I: g )

matrices in I'J(3) can be generated by matrices of the form

10

not divide ¢. Let B = ( 3 1

P 0 _ p q ]
be a general matrix in I')(3). Then BX = ( r+3p s+ 3g ) Now, if 2 does not
divide 7, then X is already of the required form. So suppose that 2 divides ». Then
2 does not divide p, otherwise 2 would divide det X = 1. Thus 2 does not divide
r + 3p, and so BX =Y, say is of the required form. Thus X = B~!Y is generated

by matrices of the required form, and so z (z) is modular for I'}(3).

For n = 4 we have

and so for 3 not dividing ¢, then (¢;/¢3)® = 1. The matrices of the form :c ‘Zb ),

where 3 does not divide ¢, can be shown to generate I'J(4) by exactly the same

method as above.

For the cases where n > 5, by looking at (*) we see that (€;/€3)” = 1 when-
ever (cn,6) = 1, and so we must show that these matrices generate ['J(n): The
10

matrix C = a1 ) € I')(n) satisfies the requirement that (n,6) = 1, and C* =

hn 1 c d
Then a, c are not both divisible by 2 or by 3, since det X = 1. We have

‘~+h _ a b
¢ X—(cihna d:i:hnb)'

We need to show that one of C¥* X is of the required form, i.e., one of (cthna, 6) = 1.

( 10 ) Lt X={ % %) bea general matrix in ['}(n), i.e., b = ¢ = 0(mod n).

There are 4 cases:
(1) 2fc,3fc. Then X is already of the required form.
(i) 2|¢,3fc. Take h = 1. Then 2/a, and so 2fc £ na. Also, if 3|c + na, then

a=-c(mod3),and soc—na=c—a=2c=—c#0(mod3). Thus 3fc— na, and
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so B~1X is of the required form.

(iii) 2| ¢,3]c. Then 2)a,3fa, and so 2fc =+ na,3)c £ na.

(iv) 2fc,3|c. Then 3fa. Take h = 2. Then 2fc =+ 2na, and 3)c £ 2na.

Thus, in each case, X can be generated by matrices of the required form, and so

z (z) is modular for ['}(n). This proves the lemma.

Corollary 4.1.8: For all (n — 1)|24, z(2) is a modular function for I'(n).

a bn

Proof: Let ( c d

) € I'(n), and so (a,n) = 1, since det X = 1. Now the

matrix C = ( i (1) ) leaves z (z) fixed, since in (*) given in the proof of the lemma,

we replace cn? by n, so we can see that we always have (e;/e2)” = 1. Then

ev (10 a bn'\ _ a bn _
CX_(:L‘ 1)<c d)—(c+am d+bna:)_Y’sa’y'

Since (a,n) = 1, we can solve za = c(modn), and so Y € I'}(n). Thus X = C~°Y

leaves z (2) fixed, and so z (2) is modular for I'(n).

We thus consider the case n = 13, i.e., B = v/13 and s? = t2 — 52. We need to
show that the extension generated by t and s is the same extension as the extension
L as defined in chapter 2, and then we are able to give an equation whose roots
give an extension over @ with Galois group PGLy(Z;3). First we have, from the

appendix to [3], that

Niz = (t+5)%(t* + 254t° + 5077% + 34092t + 75492)*,
Diz = (t—3)(t+2)(t+4)(t+5)(t+6)(t+T)(t+9)(t* - 52)2
(t2 — 27)(t> — t - 38)(t% + 6t — 3),

and so, from (4.1.2a,b) we can evaluate j(2),7(2/13) and show that they lie in
Q(j,t,s). Thus we have that

L= Q(](Z)J(Z/IS)) c Q(j’t’ 8).

Now we are able to show that
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Theorem 4.1.9: Gal(Q(j,t,5)/Q(j)) = PGL(Z,3).

Proof: We need to show that ¢t,s € L, to get our result. We look at z, where

from (4.1.6) we have that
T = n*(2) V13
- \n*(2/13) '
From Lemma 4.1.7, z is a modular function for ['}(n), and is thus modular for I'(n).

Now, 7(z),n(2/13) have integer coefficients in their expansions in powers of ¢ and

g% respectively. We also have that v/13 € L, since fixing Fi3 by {iIl}

must give us the group LN Q ({;3).

gives us L.

A
Thus fixing the subgroup Q (¢13) of Fi3 by =1

We know that Gal (Q(£:13)/Q) = (Fm)*,,\ ?nd Gal (Q(é13)/L N Q(éw3)) = (Fi5)%
ey, is a square. Thus L N Q(&3) is a

quadratic extension of @ which is ramified only at 13, and so must be Q(v13),
since 13 = 1 (mod4). Thus v/13 € L, and hence V13 € F,, so we get that z € F,.

since the determinant of a matrix in

We show that z is fixed by the action of the scalar matrices, ( k0 ), where

0 &
ke (213)*. Now,
ko) (1 0\ (k o
(62)=(62) (5 &)

where ((1) 2) € GLgl(Zla),( ](; k91 ) € SLy(Z,3). We already know how

10
0k acts, from chapter 2:

oy : €13 — €13, where kl = 1(mod 13).

Since 7(z),7(2/13) € Z|q], Z[g™5] respectively, then z is fixed under o;. Thus

k 0
0 k!
km = 1(mod13?), ie., km — 13%a = 1 for some integer a. Thus the matrix

V= ( k 13:1 ) € SLy(Z) is mapped to ( g k(')'l ) under SLy(Z) — SLy(Z13).

it remains to show how acts on z. First we choose m such that

13
But V € I'}(13), and so by Lemma 4.1.7, it leaves z fixed. Thus z is fixed under

the scalar matrices, and so lies inside the extension L = Q(j(z),j(2/13)). Thus

Q=) € Q(5(2),1(2/13)) € Q(4, 1, 9).

But from (4.1.5a) we find that

_ B+ z?)
=—",

t
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and then

o= (B vam) (153).

thus s,t € Q(j,z), and so we have that

Q@) S Q(J,s1) € Q(2),4(2/13)) € Q5. 8) -

But Q(j(z),7(2/13)) is a normal extemnsion of Q(j), and so we have that
Q@5 (2),i(2/13)) = Q(j,t,s). Thus

Gal(Q(j,¢t,5)/Q(5)) = Gal(Q(i(2),4(2/13))/Q(i(2))),
= PGLy(Zy3).

We now show that we can dispense with s;

Theorem 4.1.10: Gal(Q(5,4,5)/Q(j)) =Gal (€(,5)/Q (7).

Proof: We have that Q(j,¢,s) is an extension of degree 2 over Q (j,t). Thus

the Galois group of Q(j,t,s) over Q(j,t) is an elementary abelian group, N say, of
P GL2(ZI3 ~

PSLy(Zy3)
PGL3(Z,3). Thus we have a composition series

order 2". Now, Ca, and PSLy(Z13) is a simple, normal subgroup of

{1} < PSL2(213) < PGLz(Zl:})

Now, since Q (j,t) is normal over Q(j), then N is a normal subgroup of PGL,(Z,3),

and so we get

{1} a N « PGLz(Zm),

and so by the Jordan-Holder Theorem, we must have that N = C, or N =
PSLy(Zy3). But |[N| = 2", andsor = 1 and N = C,. We conclude by show-
ing that PGLy(Z,3) has no normal subgroup of order 2, for any such subgroup
must be contained in the centre of PGLy(Z,3), which we will show is trivial: We
need to find which a € PGLy(Z,3) satisfy

g lag = da
. 01 11
for all ¢ € PGLy(Z,3), and where A € (Z;3)*. Taking g = ( 10 ) and ( 01
GL
respectively gives us that a is of the form ( (e) g ) But PGLy(Z,3) = —{ZA(IZ}L:’),
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and so a = I, as required. Thus PGLy(Z,3) has no normal subgroup of order 2,
and hence Gal(Q(7,t)/Q (7)) = PGLy(Z13).

We are now able to give our specific example. Using the equations for N3, D;3
to give Si3, by (4.1.2c), we find our 2-valued modular equation, (4.1.3). We choose
a rational value of j so that 13 satisfies conditions conditions (i) and (ii) of Theorem

3.2.7. Thus we choose the curve
P=z-2+z,

which has j = 2!!/3, giving us the equation

Example 4.1.11:

f13(21/3,t) = %(Qt“ + 804 '% + 178807212 + 236043288 t!!
+12246025350 10 + 352217211216 t° + 6451265464020
+80606750638440¢" + 711610221772905 t°
+4501773356745132¢° + 20346314325794652 t*
+64281217622417952 ¢ + 135086706336372336 t*
+169866024492553920 t 4+ 96801145628029504) ,

which has Galois group PGLy(Z;3) over Q.

We now consider the case b = 11, of genus 1, following the work of Fricke, [4].

Fricke uses two theta-functions to derive his equations. The first is described by

2
(4.1.12) y(wl’ w2) - _7|' Z q2(6p2+bp.ll+6u2) ,
W2 v

for ¢ = €™, (u,v) € Z?, and (a,b, c) = az? + by + cy® a positive quadratic form of
discriminant = -11. Then, as shown in [12],p VI-22, Theorem 20, y(w;,w;) satisfies

the following relation;

o
(4.1.13) y(aw; + Pwa, yw; + bwy) = (-1—1) y(wy,wz),

for ( : 'g) € Iy(11) = {( : g) €T 750(mod11)}, and where (%) is
the Legendre symbol. The other theta-function Fricke uses is
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2li Z ( -1 )x/qau2 +buv+cv? ,

(4.1.14) z(wi,we) = "

2 pw

taken over all odd integers u, and all integers v. According to Fricke, the product

z(wl,wg)\/A(wl, w2)

also satisfies the relation (4.1.13). By substituting the quadratic form (1,1,3), which
is of discriminant b — 4ac = —11, into (4.1.12), (4.1.14) we obtain

2me
ylwiwp) = —(1+ 2¢° + 4¢° + 2¢° + 4410 )
2
2mi
2(wy,wp) = w_g(q S T R

respectively. These are both homogeneous functions of weight 1, i.e.,

1
y(Adwr, Aws) = Xy(wl,wz),

and similarly for z(w;,ws). Fricke then considers the transformation W which sends

ri— 7 = ———1-
117
and chooses W such that

1 iwz ! ‘J_
W = —= wy = —t1V 11wy,
VT 2 '

e,

11
—i/11 0

Under this transformation the modular forms g3, g3 and A are transformed to g3, g}

W=( 0 7‘=),

and A’. Then (g} — g2)? is a modular form of weight 8 with respect to I';(11), which

Fricke asserts can be expressed as
The first few terms of the ¢g-expansions are sufficient to give that

(92 — 92)° = 100y%(y° — 20y* 2 + 56y*2* — 442°).

95 — 92
10

Thus we put g (w1,wz) = , which has g-expansion

i\ 4
g (w1, wz) = (2—;5) (1 —2¢® — 18¢* — 56¢° — 146¢° — 252¢™ .. ),
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a modular form of weight 4 for the subgroup I'g(11). Fricke then defines his s and ¢

by - .
(= (Beed) )< (gen)),

Z(w1)w2) Z(wl,W2)
As before, we must show that ¢ and s lie inside L. From the expansions for y, z and

g, we can see that t,s € Q((g)), and thus € F,. It remains to show that ¢,s are

fixed under the action of the scalar matrices.

k 0

WeletK=<0 i

). Then K € I'y(11), and so
k
K(oor,on) = (1) vlon ),

K (2w, wa)y/ Dy, wa)) = (1—’“1) 2{wr, wa) /A (wr,@3)
But \/A(wy,w2) = (21)29'%(wy, ws), and K(9'3(wy,ws)) = n'?(w1, w2), and so

Kelonwn) = () slon ),

Thus
K(t(r)) =t(r).
Also, since g is modular for I'g(11), we have that
K(g(w1,ws)) = g (w1,w2),
giving

K(s(r)) = (;)’f‘;’z:"zi e

and since the Legendre symbol is equal to +1,

K(s(r)) = s(7).

Thus t, s € L, and so, as before, we have that

Q@j,t,5) = Q(5(2),3(2/11)),

le.,

Ga'l(Q (jatv 8)/Q) = PGL2(ZII) .




We construct our two-valued modular equation f(j,t) for b = 11 using S11(t),

Ni1(t), as given in [3]. We note that we have

i(z) = Su(t) ; Du(t)’ i(z/11) = Su(t) —2 Dy (t) ,

where
Dyy(t) = (t* — 20¢° + 56¢% — 44t)% X monic polynomial in t of degree 9.

Writing

242 2662 31944
- T

(t* — 2063 + 56t% — 44t)7 = t2 — 10t — 22 —

we find that j(z), j(2/11) satisfy the asymptotic conditions (4.1.4a,b), with C = —6.

The same curve as before, y2 = 3 — 22 + z, with j = 2!1/3 has 11 satisfying the

conditions (i) and (ii) of Theorem 3.2.7, and gives the equation

Example 4.1.15:

fu(2'/3,t) = %(91:12 — 96t + 1755072t1° + 87793728¢° — 109114368¢°
—2241355776t" + 10223026176t° — 20789919744t°
+28214427648t* — 355891937283 + 41108373504¢>
—30828134400¢ + 10070523904),

having Galois group PGLy(Z,;) over Q.
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4.2 The size of the discriminant

From examples 4.1.11, 4.1.15 we are able to see how much smaller the coefficients
of the 2-valued modular equation f,(j,t) are than those of the standard modular
equation ®,(j,t). Indeed, ®3 has a coefficient 22 digits long, whereas the largest
coeflicients of fi; and fi3 have 11 and 18 digits respectively.

We now investigate the discriminant of the modular equation and find in the
cases we look at that it is divisible by many squares of primes. We find out whether
these primes ramify, or that we simply do not have the full ring of integers. We do

this work for the modular equation of level 2. From [4] we have that

®,(j,z) = 23 + (24.3.315 — 52 — 21.34.5%) 2% 4 (2.3.315% + 3%.5%.40275 + 28.37.5%) =
+ (53 —2%.3%.5%5% + 28.37.5%; — 212.3% 59),

which has discriminant
d = d(j) = 2%5%(j + 3%.5%)%(j% + 33.5%.2835 — 5°.97499)%(j — 1728).

We want to choose a rational value r of j such that Gal(®;(r,2)/Q) = PGLy(Z,).
Now, PGLy(Z,) 2 S3, and since ®o(r, ) is a cubic, it has Galois group a subgroup
of S3. Thus we only need to show that 2 and 3 divide the order of the Galois group.

Now

2| 1Gal(r,2)/Q) & d(r) # square,
3 | |Gal(r,z)/Q)|] < @ is irreducible over Q.

Choosing j = 2 gives d < 0, therefore d # square. Also,
®(2,2) =2+ 222 +2x+3  (mod5),

and since 0,+1,+2 are not roots of z° + 2z% + 2z + 3, (2, z) is irreducible, and
hence Gal (®3(2,2)/Q) = PGLy(Z,).

Now,
d = -2%112.29%.211%.307%.863.197592 .
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Let 6 be a root of ®;3(2,z) and put K = Q[6], R = int K. Then we have that
d=Ax(Z[6]) = |R: Z (8]’ A(R).

Clearly, if [R: Z [0]| > 1, then Z [6] is not the full ring of integers. We require the

following theorem:

Theorem 4.2.1: If p%||d, p > 3, and p does not divide |R: Z[f]|, and if b€ Z is
such that 3b = a (mod p), where a is the coefficient of 22 in ®,(r, z) for some r € Z,

then g (z) = ®(r, z — b) is such that g (z) = z(mod p) and p? does not divide g (0).

Proof: We have that (p)g = pi' - --p%*, where Y e;fi = n = 3, for the ram-
ification indices e; and the residue degrees f; where 0 < e;, f; € Z. Thus each
e; < 3. If p does not divide e; for any ¢, p is said to be tamely ramified, and
N(py)®~1-.  N(p,)*~||A(R). In this case, if p*||A(R), then t = T;(e; — 1). We
have p > 3, and thus p does not divide ¢; for any i. We also have that p?||A(R),
i.e., Y(e; — 1) = 2. Thus we must have that (p)g = P3. Since p does not divide
|R : Z [0] |, we may apply Dedekind’s Theorem. Then,

®y(r, z) = (x + b)® (mod p),

s0 g(z) = z%(modp). Let ¢ = 6 +b. Then g(¢) = g(8 + b) = ®2(0) = 0, and so
¢ is a root of g (mod p). Also, from Dedekind’s Theorem, P = (p,0 + b) = (p, ¢).
Suppose p%|g(0). Now, g(0) = —N(¢), and hence P?|(¢). Then we have that
P?|(p) + (¢) = P, giving a contradiction, hence our result.

We use Theorem 4.2.1 to show that we do not have the full ring of integers. We
have that d = —25.112.292.2112,3072.863.19759%, and the coefficient of 22 in ®3(2, z)
is a = —159028. We check for p = 11; b = —53013 is a solution to 3b = a (mod 11),

and thus we put
g(z) = ®2(2,z + 53013) = 2° + 11z + 399584481z + 12692331156599 .

Since 11 does not divide 12692331156599, we must have that 11 | |R:Z[0]|. Check-
ing the other primes in the same way we find that p | |R : Z (6] | for all primes p such
that p?||d. Thus we have many primes whose squares divide the discriminant which

do not ramify. It should thus be possible to generate the extension by adding the
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root of a polynomial whose discriminant is divisible by fewer squares of redundant

primes, and therefore has smaller coefficients.

We thus look at the discriminant of the 2-valued modular equation. From [3] we
have that
No=(t+272)%,  Dp=(t+47)(t* - 128%)7,

giving S; = t? + 49t — 6656. Substituting Sz, N; into (4.1.3) gives
f2(G,t) = £ + (816 — j)t* + (221952 — 495t + (j° + 66565 + 20123648),
with discriminant
d* = 22.52.(j + 32.5%)%.(j — 1728).

Thus d*|d, and so d* is is divisible by fewer squares of primes than d. We see that

d
== (52 + 33.5%.283; — 53.97499)?,

il—+2——_-}é. Now d and d*

are divisible by the differences of conjugates of j(7/n) and t respectively. For d we

and in fact this corresponds to a value of j(r) for 7 =

have that j(V (1)) = j(V'(7)), where V, V' are primitive matrices of determinant n,
only if n(V')"*AV(7) = 7 for some A € T, i.e., only if 7 is fixed under a transforma-
tion of determinant n?. For d*, since ¢ is modular for Iy(n)*, then ¢t (V (7)) = t (1)
for V € transversal of I'/T%(n) if and only if V(7) = U(7) for some U € I'°(n)*, i.e.,
U € IM(n) or U € WI'%(n). For U € T°%(n) we must have that 7 is fixed under a
transformation of determinant 1, i.e., 7 must be equivalent to ¢ or g, where g = 3.
If U € WI'(n), then 7 must be fixed under a transformation of determinant n.

Since these are stronger conditions, it explains why d*|d.

Suppose 7 is fixed under a transformation of determinant m, i.e.,

(: 3)(7)=Tforad—bc=m. Then

o —(d—a)z:i:\/(a+d)2—4m
= o :

For d, by the above, we have m = 4, so the possible complex square roots are
V=16 = 4i, /=15, v/—12 = 2iv/3, and /—7. But j(g) = Ofor o = ¢, j(i) = 1728
and j((—1+/=7)/2) = 33.5%, so we must have that j2 + 33.52.283; — 53.97499 = 0
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*1++v-15

corresponds to a value of j(7) for 7 € Q (v/—15), and in fact 7 = 5

For d* we have that m = 2, by the above, and so the only possible complex
square roots are v/—8 = 2y/—2, v/—7 and v—4 = 2i. We must in fact expect to
exclude the value /—n since this is a fixed point of W, and so the only values of
§(7) which may appear in the discriminant are for 7 =1, g and (-1 + +/=T7)/2.

Since, for ¢ = 0, we have that Q(j,j(7/n)) = Q(s,t) = Q(z), where z is
modular for T'°(n), then 7 is fixed under a transformation of determinant 1. Thus
the only values of j(7) which may appear in the discriminant are for 7 = ¢ and
o, giving an extension generated by the roots of an equation with even smaller

coeflicients.
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