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Abstract

This thesis is concerned with the numerical approximation of problems of fluid
flow, in particular the stationary advection diffusion reaction equations and the time
dependent, coupled equations of incompressible miscible displacement in a porous
medium.

We begin by introducing the continuous discontinuous Galerkin method for the
singularly perturbed advection diffusion reaction problem. This is a method which
coincides with the continuous Galerkin method away from internal and boundary
layers and with a discontinuous Galerkin method in the vicinity of layers. We prove
that this consistent method is stable in the streamline diffusion norm if the convec-
tion field flows non-characteristically from the region of the continuous Galerkin to
the region of the discontinuous Galerkin method.

We then turn our attention to the equations of incompressible miscible displace-
ment for the concentration, pressure and velocity of one fluid in a porous medium
being displaced by another. We show a reliable a posteriori error estimator for the
time dependent, coupled equations in the case where the solution has sufficient reg-
ularity and the velocity is bounded. We remark that these conditions may not be at-
tained in physically realistic geometries. We therefore present an abstract approach
to the stationary problem of miscible displacement and investigate an a posteriori
error estimator using weighted spaces that relies on lower regularity requirements

for the true solution.
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We then return to the continuous discontinuous Galerkin method. We prove in
an abstract setting that standard (continuous) Galerkin finite element approxima-
tions are the limit of interior penalty discontinuous Galerkin approximations as the
penalty parameter tends to infinity. We then show that by varying the penalization
parameter on only a subset of the domain we reach the continuous discontinuous
method in the limit. We present numerical experiments illustrating this approach
both for equations of non-negative characteristic form (closely related to advection
diffusion reaction equations) and to the problem of incompressible miscible displace-
ment. We show that we may practically determine appropriate discontinuous and
continuous regions, resulting in a significant reduction of the number of degrees of
freedom required to approximate a solution, by using the properties of the discon-
tinuous Galerkin approximation to the advection diffusion reaction equation.

We finally present novel code for implementing the continuous discontinuous

Galerkin method in C++.
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Chapter 1

Introduction

In this chapter we introduce the problems we will consider throughout this thesis.
We also outline our research objectives and describe the structure of the thesis, and

then introduce some basic notation and results which we will use frequently.

1.1 The Problems of Interest

We will study two problems: The stationary linear advection diffusion reaction
equations; and the non-linear, time dependent, coupled equations of incompressible

miscible displacement.

Linear Advection Diffusion Reaction Equations

Consider one fluid flowing through another, such as one chemical being injected
into a smooth flowing stream of a second chemical in some industrial process. A
simple model of the concentration of the first chemical should describe the random
movement (spreading out) of the molecules within the two chemicals (diffusion),
the bodily movement of the first chemical caused by the flow (advection or convec-
tion) and any interaction between the chemicals removing or adding the species of
interest (reaction). We do not discuss the derivation of mathematical models for
each part but direct interested readers to, e.g., [2]. We consider specifically the
case of an incompressible fluid which diffuses isotropically and reaches some steady

state. Therefore consider the stationary advection diffusion reaction equation with

1
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homogeneous Dirichlet boundary conditions in d dimensions:

(1.1.1) —cAu+b(x) - Vu + c(x)u = f(x) for £ € Q C RY,

(1.1.2) u=>0 on 0N

with real valued diffusion coefficient ¢ > 0, advection term b(x) = {b;(x)}, i =
1,...,d with entries that are Lipschitz continuous real valued functions, real valued
reaction term c(x) € L>=(Q2) and real valued f € L*(€2). Throughout A denotes the
Laplacian Zfil 0?/0x? and V the divergence operator. This model is also applicable
to problems of, e.g., heat transfer and semiconductor physics.

For 0 < ¢ <« 1 the solution to (1.1.1) typically exhibits boundary or internal
layers [62, 106, 107, 117] and we refer to the problem as singularly perturbed with
perturbation parameter €. The solution of this type of problem using analytic meth-
ods, e.g., [91, 103], has been thoroughly studied but in some cases the techniques
employed fail or are inefficient. The study of numerical approaches to these problems

is therefore necessary.

Equations of Incompressible Miscible Displacement

We consider the problem of finding the numerical solution to the coupled equations
for the pressure p = p(t, x), Darcy velocity u = u(t, ) and concentration ¢ = ¢(t, x)
of one incompressible fluid in a porous medium being displaced by another. We
consider the miscible case where both fluids are in the same phase.

Consider the domain Qr := (0, 7] x 2. The equations for the miscible displace-
ment are given by (e.g., [22, 24])

(1.1.3) ¢%+U~V0—V~(]D(u)Vc)—l—ch:éqI,
(1.1.4) Vou=q" —q",
K
(1.1.5) u=———=(Vp—plc)g)

p(c)
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with the boundary conditions on Q7 := (0,T] x 99 given by

(1.1.6) u-n=>0,

(1.1.7) (D(w)Ve) n=0
and the initial conditions
(1.1.8) c(0,-) = ¢o.

We denote by: o(x) the porosity of the medium; ¢/ > 0 and ¢ > 0 the pressure at
injected (source) and production (sink) wells; K(x) the absolute permeability of the
medium; p(c) the viscosity of the fluid mixture; p(c) the density of the fluid mixture;
g the constant vector of gravity; D(u,x) the diffusion-dispersion coefficient; ¢ the
injected concentration; and ¢y the initial concentration. We define a™'(c) := K~ !p.
The coupling is non-linear through the coefficients D(u, x), u(c) and the advection
term u - Ve.

This model to describe incompressible miscible displacement has several eco-
nomically important industrial applications including enhanced oil recovery (EOR)
and groundwater flow [25, 94, 97]. In both of these examples an injected fluid (car-
bon dioxide resp. contaminated water) mixes with a fluid in a reservoir of porous
rock filled with a second fluid (oil resp. fresh water). The flow of the injected fluid
through the medium is often difficult to measure directly and therefore appropriate

numerical models form a major aspect of industrial research in these areas.

1.2 Research Objectives

This thesis has three main objectives:

(O1) To investigate to what extent the additional degrees of freedom in the (interior
penalty) discontinuous Galerkin method, compared to the standard continuous
Galerkin method, are required for the stability of the finite element approxi-

mation to (1.1.1) in the convection dominated regime;
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(O2) To present a posteriori error estimators for the finite element approximation
to (1.1.3)-(1.1.8) using discontinuous Galerkin methods and to consider in an
abstract setting general a posteriori error estimates for the stationary coupled

problems, including cases where the domain leads to unbounded solutions;

(O3) To demonstrate that we may practically reduce the number of degrees of free-
dom required to approximate (1.1.1) compared to the discontinuous Galerkin
method, without compromising stability, and to extend these ideas experimen-

tally to (1.1.3)-(1.1.8).

Each of these objectives is fully addressed in this thesis. We split the thesis into
four parts, the first three addressing (O1) to (O3) and the fourth detailing the novel
code written as part of the numerical experiments. Of course each objective is not
distinct and therefore there will be some overlap between parts. A review of relevant
previous work in the field will be presented in each part.

In Part I we define and discuss the continuous discontinuous Galerkin (cdG)
method and relate it to the continuous Galerkin and discontinuous Galerkin meth-
ods. We then proceed to show the stability of the cdG approximation to (1.1.1),
given some assumptions, by modifying the bilinear form.

We then in Part I turn our attention to the equations of incompressible miscible
displacement. We show an a posteriori error estimator for the coupled approxima-
tion on a convex domain where certain regularity requirements are assured. We
then present abstract analysis generating a posteriori error estimators for stationary
coupled equations. However industrial problems often arise with more complicated
domains. After applying the abstract theory to a simple problem with high regu-
larity and using continuous finite elements we discuss the potential of a posteriori
error estimators using Babuska Kondratiev spaces.

In Part III we discuss how the cdG method proposed in Part I is related to the dis-
continuous and continuous methods as the inter-element jumps in the discontinuous
method are more heavily penalized. We apply this approach both to the advection
diffusion reaction problem and that of incompressible miscible displacement. We

also present analysis showing that we can use a discontinuous approximation to
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determine an optimum (in a sense to be defined) space in which to find the ¢dG
approximation.

Finally in Part IV we discuss the implementation of the cdG method in C++
and provide annotated code to allow the reconstruction of the various results of this

thesis.

1.3 Notation and Useful Lemmas

Here we present our basic notation and recall some standard results. Results are
presented without proof, which can be found in most standard finite element texts,
e.g., [32, 34, 67]. Specialist notation and results will be introduced in each chapter,
and a glossary of selected notation can be found on page 199.

Throughout this thesis C' represents a bounded generic constant that may depend
on the domain 2 and dimension d, but is independent of other parameters (unless
noted). It may change from expression to expression and line to line. The inclusion
of an argument, e.g., C(y), shows a factor dependent on the argument, €2 or d, but

independent of the other parameters. By a < b we mean a < Cb and similarly for

>

~°

Sobolev Spaces

We define all integration in the Lebesgue sense and all partial derivatives in the
‘weak’ sense, i.e., as distributional derivatives. We say a multiindex o = (avy, . . ., oy, )
where each «; is a non-negative integer has order |a| = ay +. ..+ «,. We will denote

by 8; the j* partial derivative with respect to coordinate x;. Then define

0l f ()

— —al .
Ox" ... 0xon

D f() -

Given  a Lebesgue-measurable subset of R? with a non-empty interior and a real

valued function f on 2 that is Lebesgue measurable we define

sy = [ @) da
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for 1 < p < oo and

[f1|zoo() := esssup{|f ()| : @ € Q}
for p = co. Then the Lebesgue spaces are defined by
(1.3.1) LP() :=A{f < [[flleri) < oo}
The set of locally integrable functions is denoted by
LL () :={f:feLYE), ¥ compact E C interior Q}.

If f e LL.(Q) and additionally the weak derivatives D*f exist for all |a| < m € Z

loc

then we define

1 By == D ID Floiys | Bmay = X 1D f Iaqy

lo|<m la|=m

for 1 < p < oo and

| fllwm.eo@) = max | D fl Lo ()

for p = co. Then the Sobolev spaces are defined by
(1.3.2) W™P(Q) = {f € L, .(Q) : | fllwmp@) < 0o}

In the case p = 2 we use the equivalent notation H™(Q) = W™2(Q).

For vector valued functions 7 € [LP(£2)]? we define the norm by

7l izr@ye = I 171 HLp(Q)

where | - | is the usual vector 2 norm || = (7-7)"2. To simplify notation we interpret

|7 r ) as ||T||zr(ye for vector valued functions. Define

(1.3.3) H(div; Q) = {v € [L*(Q)]*: V-v € L*(Q)}
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and
(1.3.4)  Ho(div;Q) = {v € [L2(Q)]¢: Vv e L*(Q),v-n=0in H *(0Q)}.

The space LP((0,T]; H™(2)) consists of all functions w : (0,7] — H™(2) such
that ¢ — ||u(t)||gmq) is in LP((0,T7) with the norm

T
(1.3.5) Fall o o 10m 2 ::/0 ()17 )

for 1 < p < oo and
(1.3.6) ||| oo (0,175 () = ess sup||u(t)|| mm (o)
te(0,7]

for p = oco.

The dual of a Banach space V' is written V*.

Triangulations

We assume throughout, unless otherwise stated, that €2 is a bounded, open polygon
(polyhedron) in R? with a Lipschitz boundary denoted by 9. For time dependent
spaces define Qr := (0,7] x Q. Call the subdivision of a domain € into non-
overlapping shape regular d-simplices E a triangulation 7,, each with boundary
denoted OF. Denote by &, the union of edges e (or faces for d > 3) of the mesh (the
skeleton) and the union of internal edges by £7. Define I' as the union of elemental
boundary edges, i.e., those lying in 0€). The diameter of an element F € 7T, is

denoted hp and h = maxger, hp. Call the diameter of an edge h., defined by

min(hg+, hg-) fore=ETNE~ € &7,
hg for OENON el
for EY, E= € Ty.

We introduce the following notation describing the behaviour of functions that

may be discontinuous at interelement boundaries. Given a generic scalar field v :
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) — R, that may be discontinuous across an edge e = ET N E~ for E*, E~ € Ty,

+

we set % := v|g+, the interior trace on E* and similarly define 7* = 7|g+ for a

generic vector field 7 : 2 — R?. Define the average and jump for a generic scalar as
I, . _ T o4 - 0
{{1/}}:25(1/ +v7), [v] =vn™+vn, onee€cgy,
and for a generic vector field as
1, 4 _ o+ - 0
{{7}325(7 +77), [fl=7"-n"+71" -n", one €&,

where n* is the outward pointing normal from E* on e. For e € I" the definitions

become
{v} =, [v] := vn, {} =, [r] =7 -n, oneecl.

Note that for an element v from a continuous space we have [v] = 0 and {v}} = v
for every e € &7.

Given a vector b denote the inflow and outflow boundaries of 2 by

M.={xcoQ:b-n<0},
r.={xed:b-n>0}

and for an element

O"E :={x € OF : b-n < 0},
O"E :={x € OE : b-n > 0}.

We denote the trace of a function v on an edge by v (resp. v°*) on the side of the
edge where b-n < 0 (resp. b-n > 0). We construct the mesh so that the sign of b-n
is the same for every x € e.

All meshes are shape regular, i.e., there exists k > 0 such that every F € T,
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contains a ball of radius Tz with

This implies that there exists C' > 0 such that for e = JET NIE~ C &

he < (hE?L + hE*) < Che

DO | —

and that there exists a constant Cleg > 1 such that

(1.3.8) Cothp- < hgr < Croghp-.

reg

We will also require in some cases quasi uniform meshes. These are meshes

where there exists x > 0 such that

in{Yy} > rh.
min{Tg} > h

Meshes that are quasi uniform are also shape regular, but the converse does not
generally hold.
We denote by (-, -) the usual L? inner product on €, and by (-, - )g and (-, - ).

the L? inner product on elements and edges respectively.

Frequently Used Lemmas

We include the following inequalities for completeness. All are well known and we
state them without proof. We will use them frequently (both with and without

reference) throughout this thesis.

Lemma 1.3.9 (Trace inequality). Suppose that Q2 has a Lipschitz boundary and that
1 < p < oo. Then there is a constant C', depending on the shape of 2 and dimension
d, such that

1—1 1
(1.3.10) ollroe) < Cllol vl Yo € WH(Q).
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We may also apply this lemma elementwise, in which case C' will depend on the
mesh regularity, and for v € P¥(E), the space of piecewise polynomials on E of

degree at most k.

Lemma 1.3.11 (Inverse inequality). Let {7,} be a shape reqular family of meshes
in R? with 0 < h < 1. Let V be a finite dimensional subspace of WHP(E)NW™4(E),

where 1 < p,q <00 and 0 < m < 1. Then for allv € V there exists C > 0 such that

m—I+d(:—1)
(1.3.12) ol < Chy 5 o).

where C' 1s dependent on I, m,p, q, the space V, the dimension d and the element E.

Corollary 1.3.13 (Trace inequality for polynomials). With Lemma 1.5.9 applied
elementwise, take p = 2 = q and take k such that V = P*(E) C H'(E) N H™(E).

Then we may use Lemma 1.3.11 to show
(1.3.14) 112205 < Chig'lvliem Vo € PE(E)

where C' depends on the polynomial degree and the mesh reqularity.

Lemma 1.3.15 (Hoélder’s inequality). For 1 < p,q,r < oo such that 1 = 1/p +
g+ 1/r,if f€ LP(), g € LUN) and h € L™ (Q) then fgh € L*(Q) and

(1.3.16) [ fghllzry < [1flle@llgllza@lIPllzr -

The case p=q =2, r =00, h =1 is known as the Cauchy-Schwarz inequality and

can be written

(1.3.17) /Q|fg| de <[ fllz2@) 9]l 2()-

Lemma 1.3.18 (Minkowski’s inequality). For 1 < p < oo and f,g € LP(Q)) we

have

(1.3.19) 1S+ gllzr@) < 1 fllze@) + lgllze)-
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We will regularly apply the following version of Young’s inequality.

Lemma 1.3.20 (Young’s Inequality). For any § > 0 and a,b non-negative real
numbers
a?  ob?

1.3.21 < — 4+ —.
(1.3.21) ab_25+2

Lemma 1.3.22 (Poincaré Friedrichs inequality). Let 1 < p < oo and let Q be an
open bounded set. Then there exists C' > 0 such that for all v € WP(Q) satisfying
additionally v]sq = 0 in L*(0Q) (i.e., the trace of v is 0) we have

(1.3.23) ][ zr) < Cl|VV||Lr(e).

Finally we present the following relationship which can be found in, e.g., [9].

Lemma 1.3.24. For a generic scalar v € L*(Q) and vector T € [L*(Q)]? that may
be discontinuous only at interelement boundaries of a triangulation Ty, defined on
we may rewrite the sum of the integrals over the mesh skeleton in terms of the jumps

and averages as follows:

(1.3.25) Z /BE vt -npds = Z [v] - {r}ds+ Z {v}r] ds.

EcT;, ec&, V€ ecEP V€
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Chapter 2

Introduction to the Continuous

Discontinuous Galerkin Method

In this chapter we introduce the continuous discontinuous Galerkin (cdG) method for
(1.1.1). We first present the continuous Galerkin method and give a simple example
to motivate the study of other methods. We then proceed to introduce the interior
penalty family of discontinuous Galerkin (dG) methods and review their application
to singularly perturbed problems before proposing a method which combines ele-
ments of both the ¢cG and dG methods which we call the continuous discontinuous

Galerkin (cdG) method.

2.1 The Continuous Galerkin Method and a Mo-
tivating Example

The smoothness of the classical solution to (1.1.1)-(1.1.2) depends on the smoothness
of the given data see, e.g., [77, 117] for a full discussion. Here we focus on the weak
solution of (1.1.1) and its expected regularity for Q an open, bounded subset of R?
and the assumptions on the parameters as introduced in Chapter 1.

We multiply (1.1.1) by an element v € Hj(Q) = {v € H'(Q) : v = 0 on 90},
where H™ is the usual Sobolev space defined in (1.3.2), and integrate the diffusion

term by parts, using the boundary conditions. The bilinear form associated with

13
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(1.1.1) is then given by
(2.1.1) B(u,v) = /€VU-VU+ (b- Vu)v+ cuvde
Q
for u, v € H} (). We say that u € H}(Q) is a weak solution of (1.1.1)-(1.1.2) if

B(u,v) = /Q foda

for all v € H}(Q).

We introduce the concept of continuity and coercivity for bilinear forms.
Definition 2.1.2. A bilinear form B : H x H — R on a normed linear space H
with norm || - || g is continuous if there exists a constant Ay such that
(2.1.3) |B(v,0)] < Al|v]|m]|?]| g Vv, 0 € H
and coercive on V C H if there exists Ao > 0 such that

2.14 B(v,v) > Ag||v]|? YveV.
H

We may use the Lax-Milgram lemma [67, 98] to show a unique weak solution
to the problem provided the bilinear form is elliptic (coercive) and continuous with
respect to the norm induced with respect to the usual inner product on H}(2). To

ensure the coercivity we make the following standard assumption:

Assumption 2.1.5. We assume
1
(2.1.6) r(x) = c(x) — év “b(x)>p>0 Vo € )

for some p € R.

Higher regularity requires further assumptions on the coefficients and 2. For a
complete description of the regularity of the weak solution and the requirements for
additional regularity, see [69, Chapter 6]. Note that a problem with non-zero Dirich-

let boundary conditions can easily be transformed into a problem with homogeneous
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Dirichlet boundary conditions in the weak setting.

We define the continuous Galerkin (cG) finite element space as follows:

Definition 2.1.7. Define the continuous Galerkin space to be

(2.1.8) V.o :={ve H Q) :VE € Tp,v|p € P*,v|r = 0}

c

where P* is the space of polynomials of degree at most k.

Then the classical finite element approximation (or standard ¢G approximation)

to (1.1.1) is defined by:

Definition 2.1.9. Define the continuous Galerkin finite element approximation to

(1.1.1)-(1.1.2) as uy € V. satisfying

B (up,v) = Z / eVpup - Viv + (b Viyug)v + cupo de
E

E€Th

:Z/Efvd:c

EcTy

(2.1.10)

forallveV,.

Throughout V,, refers to the piecewise gradient operator.
The standard ¢G method is relatively easy to implement. Consider, however,

the following one dimensional example.

Example 2.1.1 Let Q = (0,1). We seek to solve

with boundary conditions u(0) = u(1) = 0. The solution is given by

e(mfl)/e _ efl/e

1 —el/e

u(z) =z —

For 0 < ¢ < 1 there is a boundary layer at + = 1 of width O(g). In Figure
2.1.1 we plot the standard c¢G approximation to Example 2.1.1 with ¢ = 1072 for
16 and 64 uniform intervals (Figures 2.1.1(a) and (b) respectively). In both plots
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the oscillations are clear. When we refine the mesh, i.e., use more intervals, the
oscillations are less severe (note the scales in each plot) and do not spread throughout
the entire region (although they do leave the region of the layer). By refining the
interval further we could achieve further reduction in the oscillations, but at the
cost of adding degrees of freedom and hence increasing the relative time to generate

the approximation.

2,04

0.4 0.0
T T T T T T T T T T T T T T T 1

(a) 16 intervals. (b) 64 intervals.

Figure 2.1.1: Example 2.1.1 with ¢ = 1072 on uniformly refined intervals. The oscilla-
tions in the second plot are less severe and do not spread throughout the region.

We investigate these oscillations further by considering a simple error estimate
for the standard ¢G method using Céa’s lemma [34, (2.8.1)]. First note that B, has
the same continuity and coercivity properties as B in (2.1.1) for functions in V. It

is straightforward to show

1
Act 2 .
2.111) s = nllmgy < ( ACC) i = el
where Acc and A are the coercivity and continuity with respect to the norm || - [| 1)

for B.. However the coercivity constant depends adversely on € and by using a
standard interpolation inequality, e.g., [34, Section 4.4] on the right hand side we
see that we may bound the error by O(h/e)|u|p2(q). As h — 0 the error also tends
to 0 (for a fixed problem). However as ¢ — 0 we do not have a useful bound. In

addition we expect |u|g2(q) to grow as e — 0.
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2.2 The Discontinuous Galerkin Method

The non-physical oscillations shown for a simple one dimensional example in Figure
2.1.1 are seen also in higher dimensions. Numerical procedures to address this
behaviour are too numerous to survey entirely here, and we concentrate on the finite
element methods. For alternative approaches, such as finite difference methods,
readers are directed to [106, 107, 117] and the references cited therein.

In the field of finite element analysis we crudely divide the attempts to improve
the standard ¢G method into three areas (including combinations of the three):
Addition of stabilising terms; adaptation of the mesh; and adaptation of the space.
We discuss the first idea only briefly, and the second in more detail in Part II
with reference to incompressible miscible displacement. The final idea is of more
interest here as it includes the discontinuous and continuous discontinuous Galerkin
methods.

In order to stabilize the ¢cG approximation to (1.1.1) we can add weighted residual
terms to the formulation, that is, terms originating from using a numerical approx-
imation in the original differential equation. In particular the streamline diffusion
finite element method, introduced by Hughes and Brooks [84], adds terms generated
by applying b- Vv, where v € V_q, is the test function, to —eAuy, +b-Vyuy, +cup — f.
The stability properties are a consequence of the choice of the weight applied, which
we will discuss in detail when we apply this approach to the discontinuous Galerkin
method in Chapter 8. In short, by adding additional terms to the norm the os-
cillations can be controlled [118]. See [86, 87] for a thorough study of the choice
of weight and further adaptation of the streamline diffusion method. When the
true solution u to (1.1.1) satisfies the residual terms exactly we call the resulting
numerical method consistent. The streamline diffusion method is non-consistent as
the additional terms mean that the true solution does not satisfy the approximate
problem. However when we consider streamline terms in Chapter 3 we only add
terms to the norm, not the approximate problem, and so consistency is maintained.

The benefit of adapting the mesh can be seen from the O(h/e) bound in (2.1.11).
As h — 0 the error, for a fixed problem, will tend to zero. However such refinement

performed globally will be inefficient, adding far more degrees of freedom than re-
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quired for stability. More efficient schemes exist for singularly perturbed problems,
such as layer adapted meshes, e.g., [106, 122, 129] and anisotropic meshes, e.g.,
[7, 73, 72, 108]. Schemes for refinement of both mesh size and polynomial degree
(so called hp refinement) have also been studied extensively in the literature, e.g.,
(23, 74, 82, 81, 104, 119, 120].

The third approach is of most interest to us in this part. By selecting an ap-
proximation from a larger space we hope to be able to eliminate the oscillations
associated with the c¢G approximation. We first focus on the space of piecewise
discontinuous polynomials applied on a triangulation 7,. These are polynomials
that may be discontinuous at interelement boundaries (including I', the exterior

boundary).

Definition 2.2.1. Define the discontinuous Galerkin space to be
(2.2.2) Ve ={ve L*Q):VE € Ty,v|p € P}

where P* is the space of polynomials of degree at most k.

Using discontinuous elements is a form of wvariational crime, so called as the
space Vi ¢ Hg (). However we do have V.o C Vg, ie., the dG space is larger
than the c¢G space defined in (2.1.8).

A discussion of discrete formulations for the diffusion term of (1.1.1) for discon-
tinuous spaces can be found in [9]. We consider the interior penalty (IP) family of

methods with parameter ¢ = {—1,1} which are given by, for w,w € V4,

By(w,w) :=
(2.2.3) E;—h/;vhw . vhﬁ} dx
+Y [ oh [wl - [@] - ({Vaw} - [@] — 9 Vai} - [w]) ds

where o € R is the penalty parameter chosen large enough to ensure coercivity of
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By. We discretize the advection term by

Ba(w, ) ==Y /E(b~Vhw)wdw

(2.2.4) BeTn
- Z /b- [w]we™ ds — Z (b-n)wwds
ecEp v © eelin ¥ ¢
and the reaction term by
(2.2.5) B, (w,w) = Z cww de.
EeT, 7P

The advection and reaction parts will frequently occur together and so for brevity
we also define By, (w, w) 1= By(w,w) + B.(w,w). With these definitions we define
the bilinear form B, : Vo x V4o — R by

(2.2.6) B.(w, W) = eBy(w,w) + By(w,w) + B, (w, w).

Note that we use the same notation B, for the bilinear form for the dG method as we
did in (2.1.10) as (2.2.6) reduces to the standard ¢G method if we restrict ourselves

to elements of V.

Definition 2.2.7. Define the interior penalty discontinuous Galerkin finite element

approximation to (1.1.1)-(1.1.2) as wy, € V. satisfying

(2.2.8) B.(wp,w) = Y / fode  Yw e V.
EeT, ' F
We introduce the mesh dependent norm ||| - ||| defined by

(2.2.9) llwll* = ellwllg + lwllz

ar?
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where
(2.2.10) foll = S e + 32 ohe w2
EETy, ecéy
1
(2.2.11) w2, = lIr' w320y + > 5 llo- n 2wl |72
e€e&y

The discontinuous Galerkin method was first introduced for the first order hyper-
bolic neutron transport problem by Reed and Hill [114]. For elliptic and parabolic
equations the first papers on the interior penalty method include [8; 14, 63, 127],
although their development was largely independent of methods for the hyperbolic
problem [9]. The idea behind interior penalty methods is that interelement continu-
ity may be weakly enforced by penalizing the jumps (as can be seen in the second
term of (2.2.3) with penalty parameter ). Previous methods had been proposed
which weakly enforced Dirichlet boundary conditions [12], and hence the use of the
term interior penalty. The third term in the interior penalty formulation B, arises
naturally from integration by parts. The additional term, multiplied by the param-
eter ¥ = {—1,1}, has a different role depending on the sign. In particular when
¥ = —1 we have the symmetric IP method with the advantage of a symmetric bilin-
ear form (when b = 0) but the coercivity constant (with respect to ||| - |||) depending
on the choice of 0. When ¢ = 1 we have the non-symmetric IP method which is
unconditionally coercive but lacks adjoint consistency. We do not consider ¢ = 0,
the so called incomplete interior penalty method [60].

Several alternative dG methods are common in the literature, such as the local
discontinuous Galerkin (LDG) method [55], the method of Bassi and Rebay [21] and
that of Baumann and Oden [23]. All of these methods (for the elliptic part) can be
brought into the same framework as shown by Arnold et. al. [9]. For a review of the
development of the dG methods see [54] and the references included therein. Until
recently there were no text books dedicated to discontinuous methods, but increased
interest in the topic has led to several publications including [80, 112, 115].

Discontinuous Galerkin methods offer several attractive properties. They admit
good stability properties, even for singularly perturbed problems [10, 41] if some

streamline terms are added to the norm (but need not be added to the bilinear
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form, as we shall see in Chapter 3). They also allow the use of irregular mesh design
as hanging nodes are more easily incorporated than for conforming methods. This,
along with ready parallelization, allows for relatively simple hp adaptivity [82] and
a posteriori error estimation [81, 83].

However dG methods also have drawbacks when compared to standard ¢G meth-
ods and their conforming extensions such as the streamline diffusion method. They
are (in general) more difficult to implement and require an increased number of de-
grees of freedom. For instance, when using an axi-parallel quadrilateral mesh in two
dimensions with piecewise bilinear elements, for which the standard cG finite ele-
ment method has approximately n degrees of freedom (depending on the boundary

conditions) the dG method on the same mesh has 4n degrees of freedom.

2.3 The Continuous Discontinuous

Galerkin Method

Given the increased number of degrees of freedom associated with the interior
penalty dG method as opposed to the standard ¢cG method we introduce the contin-
uous discontinuous Galerkin (cdG) method. It is our hypothesis that the additional
degrees of freedom are only required to achieve stability in regions where the so-
lutions of (1.1.1) have exponential layers. We therefore construct a space which
allows discontinuities in the approximation only in the region of layers and enforces
continuity elsewhere. To our knowledge this method was first proposed by Can-
giani, Georgoulis and Jensen [47] where a comparison was made between the interior
penalty dG method, the cdG method, the residual free bubble method [36, 38] and
the streamline upwind Petrov-Galerkin (SUPG) method [39, 41, 88].

Conceptually, somewhere between the standard ¢G and interior penalty dG
methods lies the continuous discontinuous Galerkin (cdG) finite element method,

whereby one seeks a Galerkin solution on a finite element space V- with

(2.3.1) Vi C Veag € Vag-
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Behind our work is a question of optimality: Which approximation spaces allow
us to formulate a consistent and stable finite element method with a minimal number
of degrees of freedom. The motivation of this work is twofold: Firstly we wish to
improve our understanding of the current classical dG methods in response to the
criticism in the increased number of degrees of freedom. Secondly we seek insight
into the design of more efficient finite element methods in the future.

We define by 2-decomposition the splitting of €2 into two regions (2. and Qg
such that for the closure Q = Q.q U Qqq, and we define by Tj,-decomposition the
splitting of 7, into two sub-meshes 7.¢ and Tqg such that T.q C Qg and T =
Tn \ Tec. By abuse of language, we denote here by 7T.g not just the sub-mesh but
also the region it occupies. When we refer to T.q as a region we mean the interior

of the closure, i.e.,

(2.3.2) Int< U E)

EeTea
Define I'.q (resp. I'qq) to be the intersection of I' with T.q (resp. Tqag). Define
J := Teg N Tag and by convention we say that the edges lying in J are only part
of the discontinuous Galerkin skeleton Eyq, the union of faces in T ¢, and not part
of the continuous Galerkin skeleton defined by E.q := &, \ Eac-

In Figure 2.3.1 we illustrate a splitting for a problem where Q2 = (0,1)? and
the solution exhibits layers at x = 1 and y = 1. The §2-decomposition is labelled,
with the demarcation between the (2. and 24¢ regions given by a dashed line. A
Tr-decomposition is shown with the 73¢ region shaded and the edges in J marked
with a heavy line. According to our hypothesis we place any layers inside the
discontinuous region. We discuss the location of Q. and 2q¢ in Chapter 3 and

strategies for determining 7.q and T3¢ in Chapters 3 and 8.

Definition 2.3.3. Define the cdG space to be

(2.3.4) Ve =1{v e L*(Q):VE € Ty,v|g € P v

Ci

Ieg — OvU‘TcG € C<7—c )}

Here C(7T.z) is understood in the sense of (2.3.2). Also v|r,, = 0 means that the
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m
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0

Figure 2.3.1: An example of a cdG decomposition with Q4q and Qg the regions to either
side of the dashed line, and T3¢ and T.¢ the shaded and unshaded regions respectively.

trace of v onto I'.c vanishes. Note that with this definition V ;o C V), and B.
defined in (2.2.6) reduces to the form of the standard ¢G method defined in (2.1.10)

on 7;(;.

Definition 2.3.5. Define the interior penalty continuous discontinuous Galerkin

finite element approzimation to (1.1.1)-(1.1.2) as vy, € V4 satisfying

(2.3.6) Bo(v,v) =Y _ [ fvde  Wwe V.

There is comparatively little published work using this approach. In a broader
sense Perugia and Schotzau [111] and Dawson and Proft [59] both consider coupling
the local discontinuous Galerkin (LDG) [55] and ¢G method, in the first case for the
Poisson equation, and in the second case for a time dependent transport equation
(which may exhibit layers). However in [111] conditions are imposed on the internal
boundary J which are then applied for the continuous elements. By imposing weights
on the jump at the interface and some further conditions [59] presents a stability
result and also error bounds on the ¢dG approximation. Further examples using
the ¢cdG method for the stationary problem can be found in [61], but no additional
analysis is presented.

Our approach does not require any transmission conditions between the regions,
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other than those which occur naturally through the definition of the jump and the
average terms present in B. defined in (2.2.6).

The paper of Burman and Zunino [43] contains the ¢dG method proposed here
as a special case. The authors propose a scheme with the aim of implementation of
the continuous Galerkin scheme for parallel solution using, e.g., multiple processors
on a single computer. We will see some aspects of their approach in Chapter 3 where

we will weight the averages in the bilinear form B, entirely towards the continuous

domain, i.e., we redefine { Vy,w}} := Vyw|r, for the edges lying in J. The weighting
of the averages is also used by Ern, Stephansen and Zunino [68] to consider the case
of anisotropic, discontinuous diffusivity by introducing the Symmetric Weighted
Interior Penalty (SWIP) method. The authors in both papers remark that by careful
selection of the weights the stability properties of the method can be improved, but
offer no stability analysis. For convergence analysis and a priori error estimates see
in particular [43].

Our construction of V_, is not the only space that can be chosen to make a cdG
type method satisfying V. C V44 C V,q. Becker et al. [26] propose a space in
which the standard continuous space (2.1.8) is enriched with the space of piecewise
constants, i.e., V. with & = 0. Therefore for an axi-parallel quadrilateral mesh
in 2 dimensions where the standard ¢G method has n degrees of freedom using
piecewise bilinear finite elements, and the corresponding dG method has 4n degrees
of freedom, the method of [26] will have 2n degrees of freedom. Stability and error
estimates are shown. However for problems with sharp layers we will see that we can
reduce the number of degrees of freedom to considerably fewer than 2n using our
proposed method. There may be other choices of V_; which are more appropriate

for other formulations, problems, or with more exotic finite elements.
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Additional Notation and Assumptions for cdG

Throughout we assume that we use the same polynomial degree for V. and V_,.

Let x be the characteristic function on 74q, i.e., that defined by

1 € 7?1@,
(2.3.7) X =

0 mEﬁg.

Then define
Viac(Tag) == {xv 1 v € V4a}

and

Veaa(Tea) == {(1 = x)v v € Vg }.

Definition 2.3.8. We define the local mesh Péclet number [117] to be

_ 0l myhe

P
2e

We stipulate that the diffusion coefficient satisfies 0 < € < .. We consider

meshes in the pre-asymptotic regime. More precisely:

Assumption 2.3.9. We assume that for en.x and every E € T, the local mesh

Péclet number is greater than 1. Moreover, we require ||hg/b|| L=, < 1.

AS a consequence we ha\/e
0. a min .
max 2 A E L (Q)

This assumption, for a fixed b, restricts the refinement of the triangulation for a
given e. If we allowed h — 0 for fixed € > 0 any layers would be resolved by the
mesh and in the limit we would not see the non-physical oscillations associated with

the standard ¢G approximation.



Chapter 3

On the Stability of the Continuous

Discontinuous Galerkin Method

In this chapter we discuss the stability of the cdG method. In order to formulate
the € decomposition of the domain we introduce the reduced problem. To show
stability we first adapt the bilinear form for the diffusion term (2.2.3) by decoupling
and weighting the terms appearing on J, the interface between the continuous and
discontinuous regions. We then show the stability of the method on each of T.g
and Tyq, in the first case by assuming that we have some additional smoothness,
and in the second case by proving an inf-sup condition by adapting the approach
of [10, 41]. We then combine these results to give a stability result on the whole

domain. The material in this chapter is being prepared for publication [44].

3.1 Determining the () Decomposition

To characterize admissible (2-decompositions of the mesh we introduce the reduced

problem:

b-Vuyg+cug=f onf,
(3.1.1)

upg =0 on I

This is (1.1.1) with ¢ = 0 and the boundary conditions adjusted appropriately. We

define u. := u — wg, where u is the solution to the ADR equation (1.1.1) and uyg is
26
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the solution to the reduced problem.
The Q-decomposition is chosen such that u. and uy have additional regularity on
Q. In general we do not expect that ug € H?(2), even if we place higher regularity

requirements on f, see, e.g., [18] and the references therein.

Assumption 3.1.2. The set Q. C  is chosen such that uy € H*(Qeq) and for

every 0 < € < epax

(3.1.3) el 2 (0.0) S 1-

The expectation is that the 2 decomposition satisfying Assumption 3.1.2 will
consist of a relatively large Q.q. For the ADR problem with b = (1,0) Guzman [78§]
has shown that we can expect an improved convergence of the dG approximation in
L? and L, independent of ¢, on subdomains Qy C 2 provided that the boundary
of the subdomain is Chlog(1/h) away from the outflow boundary of Q. This result

points to the additional smoothness of u away from the layers.

3.2 Decoupled and Weighted Formulations

We discretize the advection term by (2.2.4) and the reaction term by (2.2.5). We
present two alternative discretizations for the diffusion term, cf., (2.2.3). We first

introduce the decoupled bilinear form. For w,w € V, this is

By(w, ) =
(3.2.1) E;L/EVthhwdw
+ > [ oh w] - [6] - ({Vaw} - [0] + {Vair} - [w]) ds
ecE\J V€
and

(3.2.2) B.(w,w) := eBy(w, W) + By (w, w) + B, (w, ).
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With this formulation there is no control on fluxes across J (hence the name decou-
pled). The utility of this approach will be apparent in Section 3.3. We now introduce
the weighted bilinear form. On the interface J we make two changes which reduce
but do not remove the coupling between the regions. Firstly the average of the
trace of the gradients is weighted entirely to the ¢G side of J (compare this to the
approach in [43] where the weighting varies from 0 to 1 on each side of J). With
this modification we will not need to consider the upstream gradient on J. Secondly
in the penalty term over J the dependence on h is removed. This will allow us at
a later point in the analysis to divide by h and still control the jump term. The

discretization for the diffusion term is therefore given by

Bd<w7 UA}) = [;)d<w7 ’UAJ)

+ 3 [otul 1] - (T

ecJ V€

(3.2.3)

T * [@] + Vi

Tea * [[w]]) ds.
We define the weighted bilinear form by
(3.2.4) B. (0, w) 1= eBy(, w) + By (0, w) + B,(, w).

When restricted to the cdG space the decoupled and weighted forms become the
bilinear form for the standard ¢G method on the continuous region.

We introduce the following mesh dependent norm for w € V,, cf., (2.2.9):

(3.2.5) llwll* = ellwl|g + llwllz,

where

Jw]|F = Z |7~U|%{1(E) + Z Uhe_1||[[w]]||%2(e) + ZU”[[IU]]H%%@
E€Ty, e€&p\J ecJ
and ||wl?, is defined in (2.2.11).
Recall that for the symmetric interior penalty method the parameter o is selected
independently of 7, such that By is positive definite with a coercivity constant which

is also independent of Tj.
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Assumption 3.2.6. We assume that o is such that for all w € V,, we have

1
HEViwd - [wllline) < 51Viwlizollvo/blwlllize,-
Then, by Young’s inequality,
1 2
Sl < Baw,w).

We adopt for Bd and B, the same o as for B,.
We introduce a projection operator following the presentation of [10] which al-
lows us to consider non-constant b. For polynomial degree & > 0 consider the

L*-orthogonal projection I : L*(2) — V4o (7Tac) defined by

(3.2.7) /HD(v)wdw = / vwde  Yw € V(Tag).
Q Q

In particular I1(v)|7, = 0. Furthermore, the projection has the following property:

With v € L*(2) and E € T, we have

where C' is independent of A but depends on the approximation properties of the

projection. As II5(v) € Vo (Tag) we have for all E' € T}, the inverse inequality
(3:2.9) (b Vao)mae S Az 1Mo (b Vo) lz2(r)

and using a trace inequality we have

(3.2.10) Y k- Vio)lzew S D ha' IMp(b - Vav)llzes)-

ec&y EeTy,

Define the streamline norm by

(3.2.11) ol == llell* + Y 7ol Tp(b - Vav)llFae
EeTy,
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where 7 is defined by

: hg h%}
3.2.12 Tg:=Tminq —, —
( ) : { 16l L) * €

and 7 is a positive number at our disposal.
Definition 3.2.13. A decoupled cdG approzimation to (1.1.1) is defined as 0, € V4
satisfying

(3.2.14) B.(ty,v) = / fodx Yo € Ve
Q

Definition 3.2.15. A weighted cdG approximation to (1.1.1) is defined as vy, € V44
satisfying

(3.2.16) B.(Uh,v) = / fvdx Yo eV,
0

We require that b points on J non-characteristically from 7.q to Tag-
Assumption 3.2.17. The T}, decomposition is such that for every e € J

1
(3.2.18) 7 (b(@) - n). > gmaxhl Yz € e

where n¢ represents the unit normal pointing from T.q to Taa.

Lemma 3.2.19. On V. the bilinear forms B. and B. are coercive with respect to

[lewllf-

1 ~ 1 —
(3.2.20) el < Bo(w,w),  lwll* < Be(w,w),  we Ve
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Proof. For the advection and reaction terms using integration by parts we have

1
B, (w,w) Z/—— (V- bw? d:c—i—/ §(b-n)w2d3
E

E€Th oF
—Z/b [w]w™ ds — Z/b n)w?ds
(3.2.21) e e
+ Z / cw? dx
EcTy
—Z/ c——Vh b)w? da:—l—Z/ (b-n)[w] - [w] ds.
EcTy ecly

For the diffusion term it follows from Assumption 3.2.6 and Young’s inequality

that

Baw.w)+ [ Lol [ulds > Sl Batww)+ [ Zul- fo]ds = 5wl

J J

Combining the last inequality with (3.2.21), the result now follows with Assumption
3.2.17. .

It follows that v;, and v), exist and are unique. The final assumption permits the
use of an inverse inequality on the continuous Galerkin region. It is convenient to

define hr., = [|hEl Lo 720)-
Assumption 3.2.22. The mesh T.q is quasi-uniform.
We define 0., 7y € V4 by the condition that for all v € V_;

(3.2.23) B.(%.,v) = B.(ue,v),
(3.2.24) B. (g, v) = B:(ug, v).

Observe that by linearity of the decoupled cdG method we have 0. + 09 = v,. We

now proceed to bound each of 9, and 7y on T.q.
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3.3 Bounds on the v. Component on 7.g

We introduce the projection operator of Scott and Zhang, e.g., [121] and [67, Section
1.6.2].

Lemma 3.3.1. The Scott-Zhang operator SZ;, : W'P(Q) — V., is a mapping with
the following properties: For | > % there exists a Cy, > 0 such that for all 0 < m <
min(1, 1)

(3.3.2) IS2a@)lamirey < Cullvliirgy Yo € H'(Tog)
and provided | < k+ 1 for all E € T.q and 0 < m <1 we have the approximation
(333) ”U — SZh<U>HHm(E) < Cszhgm‘U|Hl(AE) Yv € HI(AE)

where Ag is the node patch of E, i.e., the set of cells in T.q sharing at least one

verter with E .

Theorem 3.3.4. The decoupled cdG approximation v. is stable on the T.q region

in the sense that

(3.3.5) ||65||H1(7-CG) S L

Proof. We pick the auxiliary solution v4 to be the Scott-Zhang projection of wu.
on T.q and on the restriction to 73g to be the dG approximation with boundary

conditions given by SZj(u.) on T'yg U J, i.e.,

v =8Zn(u:) on T,

B.(va,v) = Bo(ue,v) Vv € Vya(Tac).

Set n:=u. —v4q and § := vyq — U, s0 N+ &§ = u. — V.. Notice that £ € V4. The
Galerkin orthogonality of (3.2.23) and Lemma 3.2.19 give

(336) e < B-(6.8) = ~B(n. &) = —B.ln. € —x&)
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where y is the characteristic function defined in (2.3.7). Note that & — x¢ is con-
tinuous except on J where [¢€ — x&] = €€ - nC and &€ — x€} = 1/2£¢, where the
superscript C indicates the trace taken from the continuous Galerkin side of J.

We examine each term of B. in turn. For the diffusion parts we use Young’s

inequality

N 1
—By(n,§ —x§) < 2|77|§{1(ch) + g‘fﬁfl(%c)'

For the advection term we use Assumption 3.2.17 which ensures that flux terms on

J are zero as the upwind value of £ — x¢ vanishes. With Young’s inequality we have

4 p
~Ba(n,€ = x€) < Jllb- Vil + {5 l1Ellem)

where p is defined in (2.1.6). Finally for the reaction term

4 P
—B,(n,§ —x¢§) < ;”C”%w(Q)HnH%Q(ﬂg) + E”f”%?(nc)-

Using the previous three results, (3.3.6), the definition of the norm (3.2.5), and

Lemma 3.3.1 we gather £ terms on the left hand side to show, recalling that hr, =

1]l oo (7ea),

1 4 4
§|||f|||2 < 25|”7|121{1(TC@) + ;Hb : Vhﬁ”%?(’rcg) + ;HCH%OO(Q)”TIH%Q(TC(;)

(3.3.7) < (b, + W + h%G)||u€||§,2(%) S hE,

where in the final step we have used (3.1.3). As p > 0 we may use (3.3.7) and an

inverse inequality to show

(3.3.8) ||§||§{1(7;G) < h7_;2G ||§|||2 S

€llz27e) S P

Assumption 3.1.2 and (3.3.2) give H%H?{l(’fcc) < 1. m

~
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3.4 Bounds on the vy Component on 7.g

We now pick the auxiliary solution v4 to be ug on 7.q and on T3 to be the dG

approximation to uy with boundary conditions given by ug on I'qq U J, i.e.,

(3.4.1) VA = Ug on Teq,

(3.4.2) B:(v4,v) = B:(ug, v) Vo € Vya(Tag)-

Lemma 3.4.3. We have for all v € V,y, that B.(v,v) = B.(7,v).

Proof. Fix v € V4. Then using (3.2.24)

B€<@07 U) = B€<u07 U) = B€<UO,U - XU> + B€<u07 XU)

where y is defined in (2.3.7). Observe that B.(ug, xv) = B.(va4, xv) by (3.4.2).
Notice that v — xv and ug are continuous on 7T.qg. Recall that integrands over J
do not appear in the definition of B,. For l;’a(f}o,v), the integral over J vanishes

) out

since the value of (v — xv is zero because of Assumption 3.2.17. Therefore

B€<@07,U_X,U) :Bs(uoaU_XU) :B€<U.A7U_XU)' O

Lemma 3.4.4. We have |0/ g1 (7.0 S 1.

Y

Proof. Define v, to be

SZp(up) on T,

Vg on Taa

and let n := vq — Ur, & := 0p — Up. With these definitions n+& = v4 — g, 1|73, =0

and ¢ and 7 are continuous on 7T.g. Then using Lemma 3.4.3 we have

1 X i
€N < Be(€,€) = =B-(n, €)

= — / eVin - Vi€ + (b Vin)é + enédx + / b [ylee ds.
TeG :

Due to Assumption 3.2.17 we have £°% = ¢P| the trace from the dG side of .J, and

[n] = n°nC, the trace and normal from the cG side of J. We split each of the terms
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using Young’s inequality, giving

1 € 4 p
e < 221V mlogr) + GIVAE ey + S0 Vanlliacry + J €l

4 p
+;HCH%OO(Q)HTI”%%nG)+1_6”§”%2(7;G)+/J(b'”c77€)fpd3-

For the final term we note that £ is a polynomial and so using Young’s inequality

and a trace and inverse inequality (with constant Cy;) gives

C _C\eD 4CtiHb”%°°(Q) cin2 P 2
(b-n"n")E" ds < h—||77 1220y + 1_||€||L2(7:1G)'
J ef 6

Using (3.3.3) and a trace inequality gives

PIElL 7y < MEN® S (ehT, + Py + W) ol () S W ol re)

and, by an inverse inequality, ||& H?{l(’fcc) < 1. Now the result follows from the

stability of the Scott-Zhang operator. O

3.5 An Inf-Sup Condition on 7T4¢

The following theorem is an adaptation of related stability bounds in [41] and [10]
to fit the above assumptions. Indeed while the proof of the below inf-sup condition
follows the overall structure in [41] closely, we state it here in detail: It extends the
scope to non-constant advection coefficients via the incorporation of Il as [10]; it
deals with the modification of the bilinear form and streamline norm on J and it
only has streamline control on the 74 side. It is helpful to recall that I v|r, =0

for any v.

Theorem 3.5.1. There exists a positive constant A which is independent of h,

and ¢ but may depend on the polynomial degree, o and the constants in (3.2.9) and

(3.2.10) such that:

B~ N
(3.5.2) inf  sup L’}}) > A
VeV eV, [vllsllolls
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Proof. Pick an arbitrary v € V4. Then define

(3.5.3) 0= v+ yug, Vg = Z Telly (b - Vi)

EET,,

where 7 is a positive parameter at our disposal and 7 is defined in (3.2.12). Note
that through the definition of 11, we have 0, vg € V_ . Theorem 3.5.1 is equivalent

to showing the following two results:

(3.5.4) 12l[s < [lvlls,

(3.5.5) B.(v,9) Z [[vll3-
Consider first (3.5.4). We examine each term of ||vg||% in turn. We have

Z elvs|Fim S Z ehig’||Tellp (b - Viv)||72m)

(3.5.6) BeT. B
< S el (b V) ey < ol
EcTy,
Also
(3.5.7) Ir " vs)12i) < Irllze@ Z Tl p(b - Vo) 22m S llvllE.

EcTy

For the terms on the edges we use (3.2.10). This gives

(358) D lb-nl[os]ll e S Y lle@7ihz IHpb - Vio)|7a < ol

ecéy E€Ty,

Similarly,

og
> oellvslliae + Y 7 [vs] 1)

ecJ ec&p\J €

e
S T ||H (b Vao)llZam) < 0I5

E€Th

(3.5.9)



3.5. An Inf-Sup Condition on 73¢g 37

The final term of the streamline norm gives

> melllp(b- Vivs)lfaw < D 7ellb- Vi (rellp(b- Viv) e

EeTy, EeTy,

S > Telbll e s 1T (b - Vav) Iy S Il0lf3-
E€Th

Combining the above results we have |[vg||% < ||v|%. Using a triangle inequality we
find

[2lls < lvlls +llvslls < C(r0,7)[vlls,

which concludes the proof of (3.5.4).
To prove (3.5.5) first consider the advection and reaction terms of the norm.
Using the linearity of By, we have B,,.(v,0) = By, (v,v) + vB,.(v,vs). The second

term equals

Bur(v,vs) = > / (telp(b- Viv)) + (b Vo) (7elly(b - Viv)) dz

E€T,
- Z/b [v](7elly (b - Vi)™ ds
ec&y €
- Z/ v(TEIlp(b - Viv)) ds.
ecl'n

Using the properties of I1, given in (3.2.7) the second term above becomes

Z/ (b- V) (rElly(b - Viv)) de

EeTy,

(3.5.10) =) / Tllp (b - V)l (b - Vi) dee

E€Ty,

= > 7elllp(b- Vav)lZae

EcTh

Using Young’s inequality we have

| [ eutralo- Vio)da] < 3 Flellimm ol + 57T Vi)
E€Ty,

EeT,
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and, where C' arises from a trace inequality and the number of edges per element,

—Z/b [v] (el (b - Vi) Outds—Z/b n)u(telly(b- Viv)) ds

6660 eclin

TET
< Z—H\b o]l + Z 1 Mp (b - Vo)l 7

ecéy EETy,

In conclusion, together with (3.2.21),

(3.5.11)
A ellz=@ 1 yCA
Buw0) 2 (= TUZD) S ol + (5 - 25 ) Sl o Lol
EET, e€ly
7—2 TET
+93 (7e - = ) M- Vo)l

EcTy

Recall that ||hg/b||Le(1,e) < 1 via Assumption 2.3.9. Therefore 7z < 1 for all
E €T, by (3.2.12). For general v, all terms on the right-hand side of (3.5.11) are
positive, provided A\ is large enough, 7 is small enough and v\ is small enough.

Assumption 3.2.6 ensures the continuity of B, with respect to || - [|4; thus
(3.5.12) Bi(v, ) < Cy[v]|all o4

for some C > 0. Note that the weaker penalisation of jumps on J does not cause
a problem as we consider the decoupled method. Recalling (3.5.6) and (3.5.9) it is

clear that ||vg|lq < Caljv||q for some Cy > 0. Hence

(3.5.13) Ba(v,0) = Ba(v,v) +7Ba(v, vs) = _”UHd 1Ch[olallvs]la

Thus if v < C1C,/8 then By(v,9) > £||v]|3. Combined with (3.5.11) we have (3.5.5).
U
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3.6 Stability of the Decoupled and Weighted Ap-
proximations

In summary, we learned that under the above assumptions the decoupled approxi-

mation satisfies the stability bound:

(3.6.1) |On (1) S 1, Onlls S I1fllz2@)-

The first bound is a consequence of Lemmas 3.3.4 and 3.4.4, and the second of
Theorem 3.5.1. So while we have streamline-diffusion stability on T3¢, an even
stronger bound is available on T.q. This finding is quite intuitive given that we

expect the solution to have higher regularity in this region also.

Theorem 3.6.2. Suppose that the operator norm of the trace H'(T.q) — L*(J) is
bounded independently of h. Then the weighted cdG approximation vy s stable in

the sense that

thchh@h”%%TeG) + [onlls S 1+ Hf”%%sz)-

Proof. Set ¢ := T, — Uy,. Using the coercivity of B., Galerkin orthogonality and the
norm of the trace H(Teq) — L?(J), we have

HIEI? < B, Q) = Bl ©) — Be(dir€) + Befin ) — Ba(d )
= Bz—:<7~}h7§) _Es(ﬁfnC)
= Zﬁfvh@h T[] + Vi

ecJ €

Te * [0n] — of0n] - [C] ds

- - 1/2 /2
S (NVhtn sy + 2olllEdliZaes ) (NVaClEairg) + 2ol ICTIa) )

and thus

(3.6.3) ICI* < el Vatnllizire) + el [BnlllZ2e)-
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Dividing through by h7,, and using an inverse inequality on p|[(||z2(x) gives

19
hr.

cG

E0

~ 112 ~ 2
IVhon 2207y + FH[[U/%]]HLQ(J)'

cG

(3.6.4)  hrg I <

|VhC||%2(7;G) < h?lG

With Assumptions 2.3.9 and 3.2.17 as well as (3.6.1) we bound each of the terms in

(3.6.4). Using a triangle inequality on ||V;,(||r2(7.) We conclude that

h%e”vh@hH%%ﬁG) S L

To show that |[Ty||s is bounded we establish an inf-sup condition for B.. Indeed,
(3.5.4) may be used without change. It remains to transfer (3.5.5) to B.. The in-
equality (3.5.11) is still available as the discretization is the same for both forms.
However we now use By(v,9) < Cy[l|v]]| - [|9]]] in place of (3.5.12), justified by As-
sumption 3.2.6. By using (3.5.6)-(3.5.9), we have |||vg||]| < Csl||v||| for some Cy > 0.

Hence

= — 1
(3.6.5) Ba(v,0) = Ba(v,v) + vBa(v, vs) = ZHUHZ = vCulllelillilsll]-

For vC1Cy small enough and A sufficiently large, vCil||v||||l|vs]|| is bounded by
£|v]|3 4+ $Bar (v, 0), using again the positivity of the terms in (3.5.11). O

Observe that due to Assumption 3.2.17 the effect of the weaker elliptic penalisa-
tion on J is compensated for by the jumps of the first-order terms in the considered

parameter regime.

3.7 Numerical Experiments

Example 3.7.1 Let Q = (0,1)%. We seek to solve

(3.7.1) —eAu+ (—z,—y)-Vu=—x—y
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with Dirichlet boundary conditions chosen such that the solution is given by

Erf (%) + Exf (%)

(3.7.2) u(z,y) =x+y—
T mi ()

where Ert is the error function defined by

Erf(z) = %/0 e ¥ dt.

For (0 < e < 1 this problem exhibits an exponential boundary layer along the outflow
boundaries © = 0 and y = 0 of width O(\/¢).

Away from the layers the boundary conditions on the inflow boundaries x = 1
and y = 1 are well approximated by y — 1 and x — 1 respectively. The hyperbolic

solution with these boundary conditions is given by ug(x,y) = x +y — 2. This gives

Frf (%) 4 Exf (%)
Erf (\/%?) '

We plot (3.7.2) and (3.7.3) for e = 1072 in Figure 3.7.1. It is clear that away

(3.7.3) us(z,y) =2 —

from the layers at the outflow boundaries the solution u. is close to zero.

(a) Solution u given by (3.7.2). (b) Solution w. given by (3.7.3)

Figure 3.7.1: Example 3.7.1 solution u and u, for ¢ = 1073. Away from the layers u, is
very close to zero.

We attempt to identify Q. by plotting [|u.| gz2(py on a region D = (1 —4,1)?,
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0 <6 < 1. If for a given D we have ||u.||g2py S 1 for all € < g0y for some epay,

this D is an approximation for €).q. As we can see from Figure 3.7.2 smaller £,

allow for larger continuous regions.

1000 ~
10+
01

0.001 - 1

105 ! |

! [
10 104 0.001 0.01 0.1 1

107

Figure 3.7.2: Example 3.7.1 plotting [uc|| g2 (p) for various domains.

For this example ¢ — 1/2V - b = 1, so Assumption 2.1.5 is satisfied. Consider
emax = 107% and a uniform mesh of quadrilaterals of edge length 27°. We will use
piecewise bilinear elements. Then the smallest value of ||b|p(g) for E € Tj, is 27°.

Therefore Assumption 2.3.9 is satisfied, the smallest local mesh Péclet number being

488.28.

We define Tog = [1 — n, 1]?, where 6, = n27°, n € {0,1,...,32}. Note that dj, is
discrete whereas ¢ is continuous (it is not possible to have half a cell in 7.¢). The
interface J is composed of the edges lying on the lines y = §,, for x > ¢, and x = 9y,
for y > 6. The smallest value of b-n is d, occurring on the edges containing the
point (dp, d,) and so Assumption 3.2.17 is satisfied for all possible 7, decompositions
for this choice of ., h and ¢ = 10. From Figure 3.7.2 we can see that with 7.q
as defined we have 7o C Qce for €pmax = 1076,

In Figure 3.7.3 we plot the L?*(7T;,) norm, /€ weighted H'(7,) semi-norm and
L? norm of the jumps on &, (represented by [-]) for both the difference between

the dG and ¢dG approximations and the error in the cdG approximation. In Figure

3.7.3(a) we see that the difference in the approximations increases only very slowly
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until the final data point (where T.q = 7). When the continuous region covers
the layer non-physical oscillations pollute the approximation. The behaviour is even
more marked when considering the error in Figure 3.7.3(b). Note that in this plot
the jump terms have been scaled by a factor of 1/10.

10 0.16
107" 0.1
107 012
< 107 0.1
S = e 2
I 10" | 0,081 —— \/ng
S 10° S 006
10° 004
107 002
1005 0.55 0.6 0.65 0.7, 0.75 08 0.85 09 0.95 1 05 0.55 06 0.65 0.7, 0.75 08 0.85 0.9 0.95
h h
(a) Difference between c¢dG and dG ap- (b) Error in the ¢dG approximation.
proximations.

Figure 3.7.3: Comparing approximations for Example 3.7.1 for ¢ = 107%. The change
as Teq covers the layer is apparent, with a large increase in the norms.

In Table 3.7.1 we show the number of degrees of freedom (dofs) as the continuous
region is increased. Reducing the degrees of freedom to approximately 30% of the
dG method results in only a very slight difference in the norm. For comparison with
Becker et. al. [26] where 2n degrees of freedom are required here we have 1.17n with

one row of elements in T3¢ (allowing for boundary conditions).

1 -0 | dofs | % of dG dofs | \/e||Vi(wn — vn)|| mie
dG 4096 100 0.0

8 x 275 | 3361 82.1 3.1157e-08

16 x 275 | 2417 59.0 6.8911e-08

24 x 275 | 2121 51.8 8.7544e-08

30 x 27° | 1457 35.6 1.7934e-07

31 x27° | 1276 31.2 2.7896e-07
cG 1089 26.6 1.2444e-02

Table 3.7.1: Degrees of freedom for Example 3.7.1 with ¢ = 107%. A considerable
saving in degrees of freedom can be made without significantly increasing the difference
in performance between the cdG and dG approximations.
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We finally remark for this example that the choice of 7. leaving one layer of
elements at the outflow boundary is in some sense optimum. If we add even one

additional element we see the oscillations again pollute the region. For example, for
Tee = [27°,17 U ([0.5,0.5+27°] x [0,27°)),
i.e., adding a single element to 7.q halfway along the z-axis, we find

Jwh, — vn| 2 () = 4.7966 x 1072,
\/EHVh(wh — 'Uh)HLQ(Q) = 4.5008 x 1073,

a significant increase on the norms for 7cq = [27°, 1]2. This choice of T.q also violates

Assumption 3.2.17.

Example 3.7.2 Let Q= (0,1)?. We seek to solve
(3.7.4) —eAu+ (1,1)-Vu+u=f

with homogeneous Dirichlet boundary conditions and f chosen such that the solution

s given by

(z—1)/e _ o—1/e (y—1)/e _ g=1/e
e e e €
(3.7.5) u(z,y) = (x T e ) (y 1 —ele ) '

For 0 < e < 1 this problem exhibits an exponential boundary layer along the outflow

boundaries v =1 and y = 1 of width O(e).

For this example f depends on . However f — = + y + xy as ¢ — 0 and the
solution to the hyperbolic problem with zero boundary conditions in the limit is
uo(x,y) = zy. This up is a good approximation to the hyperbolic solution for small
¢ away from the layers. We identify Q.¢ using u. given the limit solution uy and u
defined above. Define D = [0,6], 0 < 0 < 1. In Figure 3.7.4 we plot |luc||g2(q) for
various domains D. Note that compared to Example 3.7.1 the layer is sharper for a
given €. Therefore we see that for a given domain we may choose a larger €.y, Or

conversely for a given €., the region €).¢ is larger compared to Example 3.7.1.
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1000

01p

0.001

10 0.001 0.01 01 1

Figure 3.7.4: Example 3.7.2 plotting ||uc| g2(py for various domains.

For this example ¢ — %V -b = 1, so Assumption 2.1.5 is satisfied. Consider
emax = 1073 and a uniform mesh of quadrilaterals of edge length 276 and we again use
piecewise bilinear elements. The value of ||b||z(g) is fixed at 1 and so Assumption
2.3.9 is satisfied with the local mesh Péclet number being 7.8125 for every E € Tj,.

We define T = [0,6,]%, where 8§, = n27% n € {0,1,...,64}. The interface
J is composed of the edges lying along the lines y = 1 — §, for z < 1 — §, and
similarly with the x and y interchanged. As b is fixed we see that Assumption 3.2.17
is satisfied for all possible J with this choice of e,.« and h with ¢ = 1 provided
Tea C Qca-

In Figure 3.7.5 we plot the L?(7,) norm, /¢ weighted H'(7;) semi-norm and L?
norm of the jumps on &, for both the difference of the dG and c¢dG approximations
and the error in the cdG approximation. We see that there is little increase in the
norms for the difference in the approximations until the final two data points (Figure
3.7.5(a)). Looking at Figure 3.7.4 we see that e = 107 gives an approximation to
Qeq of (0,0.99)%. For the continuous region covering all but the final row of cells we
have Teq = [0,0.984]2, so the presence of some oscillations is as predicted. However
the increase is not large enough to register on a plot of the norms of the error (Figure
3.7.5(b)). Covering the layer with €.q entirely produces the expected large increase

in the difference and the error.
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(a) Difference between c¢dG and dG ap- (b) Error in the ¢dG approximation.
proximations.

Figure 3.7.5: Comparing approximations for Example 3.7.2 for ¢ = 1073. The change
as T.q covers the layer is apparent, with the final two data points showing an increase in
(a) and the final set showing an increase for (b).

In Figure 3.7.6 we investigate this difference further by plotting the error for
the fixed decomposition with Toq = [0,1 — 27%]% as we decrease . We now plot
the unscaled H'(7,) semi-norm with the L? and L? jump norms. For ¢ = 107! to
1073 this T.q partially covers the layer. When € = 107! the refinement of the mesh
is sufficient to resolve the layer, and we see an increase in the H'(7;) semi-norm
between ¢ = 107! and 1073 as we increasingly fail to resolve the layer but do not
contain the layer in 73g. As the layer sharpens as e decreases further the L*(7;)
and H'(7,) norms decrease. The layer is not resolved but is entirely contained in
Tac. For the jumps we see different behaviour. The largest jump is at the outflow
boundary which is always in T3q. For relatively large € this choice of T.q removes
some jumps away from the layer which would be present in the dG solution. However
this is at the expense of some stability as can be seen from the H!(7;) norm.

We look at the savings made in degrees of freedom in Table 3.7.2 for e = 1073,
A reduction to approximately 30% of the degrees of freedom required for the dG
method on this mesh does not cause a large increase in the difference between dG and
c¢dG approximations. We use 1.18n degrees of freedom for the cdG approximation
with two rows of elements at the outflow boundary in T3¢, compared to 4n for the

dG method (allowing for boundary conditions) and 2n for the space enriched with
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[ = wall

. . . . .
107 10° 10° é.o"‘ 10° 107 10

Figure 3.7.6: Reducing ¢ for a fixed Toq = [0,1 — 276]2 for Example 3.7.2. Once the
layer is entirely outside of T.q the approximation improves.

piecewise constants as used in [26].

J dofs | % of dG dofs | /e||Vh(wn — vp) || i1 (e

0x276 | 16384 100 0.0

16 x 276 | 13377 81.6 9.2781e-05
32 x 276 | 9569 58.4 1.7153e-04
61 x 276 | 5344 32.6 2.4733e-04
62 x 276 | 4977 30.5 2.8491e-04
63 x 276 | 4604 28.1 2.0398e-03
64 x 276 | 4225 25.8 5.4685e-01

Table 3.7.2: Degrees of freedom for Example 3.7.2 with ¢ = 1073, A considerable
saving in degrees of freedom can be made without significantly increasing the difference
in performance between the cdG and dG approximations.
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Chapter 4

Introduction to the Equations of
Incompressible Miscible

Displacement

In this chapter we turn our attention to the equations of incompressible miscible dis-
placement (1.1.3)-(1.1.8) and introduce preparatory material for further discussion

of a posteriori error estimators in Chapters 5 and 6.

4.1 Literature Review

The existence and uniqueness of solutions to (1.1.3)-(1.1.8) was shown by Chen and
Ewing in 1999 [52], but the numerical approximation of such equations has been
discussed in the literature for considerably longer. We will not discuss anything
prior to the work of Peaceman [110], but direct the reader to that text and the
references therein which concern primarily a finite difference approach. For the
finite element method the first appearance in the literature is [70], developing an a
priori estimator for the pressure and concentration components.

Equations (1.1.4)-(1.1.5) can be shown to have a solution (u,p) € H (div; ) x
L?(Q). We refer to numerical procedures to find approximations (uy,p) € U X P,
where U and P are finite dimensional subspaces of H (div; Q) and L?(Q) respectively,

as mized methods. See the book by Brezzi and Fortin [35] for a comprehensive

49
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review. For the coupled problem of incompressible miscible displacement we refer
to, e.g., mixed-continuous methods where a mixed method is used to approximate
pressure and velocity and a continuous Galerkin method is used to approximate
concentration.

An approach using a mixed-continuous Galerkin method to solve for pressure,
velocity and concentration was introduced in [64] and the pressure-velocity compo-
nents were further studied in [65]. For a more complete history see the references in
[123] in which the mixed-discontinuous Galerkin scheme was introduced and a priori
results generated through the use of a cut off functional. Further results have been
shown a priori for the compressible case [56, 57]. Extensions to the case of minimal
regularity have been addressed in [20] and a Crank-Nicolson solution scheme for the
mixed-dG case proposed in [85].

For an overview of residual a posteriori error estimation see the book by Ainsworth
and Oden, [5]. Reliable a posteriori indicators for the mixed-cG case were introduced
in [51] and a dG-dG method for the compressible problem in [128]. For the case
of uncoupled Darcy flow approximated using a dG method, [19] proposes a reliable
and efficient estimator. By reliable we refer to an estimator that gives an upper
bound on the error. Estimators which give a lower bound on the error are referred
to as efficient, but we will not consider estimators of this type in this thesis. There
are also results using the dual weighted residual method [27] in the case of one way
coupling [95] where the refinement is formulated to achieve a particular numerical
goal. To our knowledge no papers have been published concerning goal oriented
adaptivity with two way coupling.

There has also been considerable contribution to this field from Wheeler and her
collaborators. In [123] the authors present an optimal a priori error estimate (in
L*((0,T); HY(2)) for concentration and L>((0,T]; L*(Q2)) for velocity) for a mixed-
dG scheme. For a dG-dG scheme Sun and Wheeler [124] present a priori error
estimates for a system of coupled equations that also include reaction terms. Sun and
Wheeler [125, 126] also consider a posteriori error estimators for dG approximations
to the reactive transport problem, i.e., similar to (1.1.3) with an additional reaction

term. Estimators in both L?((0,7T]; H*(Q)) [125] and L*((0,T]; L*(2)) [126] are
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shown, and the authors remark that estimators of the second type are preferred for

the concentration.

4.2 The Coefficients of the Problem

We make the following assumptions on the coefficients of the problem (1.1.3)-(1.1.5)
(cf., [20, 52]):

(A1) We have K € L>®(Q; R™?) and there exists positive real numbers k,, k° such
that

ko|¢]? < €TK(x)€ < k¢

for all z € Q and ¢ € R%. Moreover, K(x) is symmetric;

(A2) There exist positive real numbers p,, p° such that the Lipschitz continuous

function p: R — R satisfies p, < p(c) < p° for all ¢ € R;

(A3) There exist positive real numbers d, < 1 < d° such that the function D :

R? x Q) — R¥*? gatisfies the Carathéodory condition

D(u,-) : x — D(u,z) is measurable on Q for all u € R,

D(-,z) : u+ D(u,z) is continuous on R for almost all z €
and the two sided, u-dependent growth condition
do(1+ [u])[€* < €' D(u, 2)§ < d°(1+ [ul)|¢f?

for all u,& € R? and x € Q. Furthermore, D(u, z) is symmetric for (u,x) €

R? x ©;

(A4) We have p € W2>(Q), and there are positive ¢,, p° € R such that

o < p(z) < %
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(A5) We have ¢, ¢ € L>((0,T]; L*(Q)) satisfy ¢', ¢ > 0 in Qr and

/ql(t,x)—qP(t,x)dw:O
Q

for t € (0,T7;

(A6) We have ¢ € L*((0,T] x Q) and ¢y € L*>®(Q) satisfy 0 < é(¢,x), co(x) < 1
in (0,7] x  and Q respectively; additionally we assume for simplicity that

(A7) There exist positive real numbers p,, p° such that the Lipschitz continuous
function p : R — R satisfies p, < p(c) < p° for all ¢ € R. Also g is a constant

vector in R%.

We make the common specific choice for the diffusion dispersion tensor, e.g.,

52, 71, 123]
(4.2.1) D(u, x) = ¢ (dp] + |u|dE(u) + |u|ld(I — E(u)))

where E(u) = uu'/|ul? and T is the identity matrix. We specify that the molecu-
lar, longitudinal and transverse diffusion coefficients d,,, d; and d; are positive real

numbers.

4.3 Regularity

We will make frequent use of the regularity bounds for solutions of elliptic and
parabolic equations in convex domains. We therefore present a general discussion
of the regularity of such equations which can be found in, e.g., [69].

Consider a second order elliptic partial differential operator £ given by
d
L == (a7(x)ihs,)a +Zbl )y, + (@)t

1,j=1

where ¥, b' and ¢ are given coefficient functions. Then we define the following
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boundary value problem on €2

Ly =f on {2
(4.3.1)

=0 on 0}

where f : Q — R is a known function. Then we have the following theorem ([69,

Section 6.3]).

Theorem 4.3.2. Assume a” € CY(Q), b',c € L=(Q) and f € L*(Q). Suppose 1)
is the unique solution of (4.3.1). Then if O is C? or the region is convex we have

that ¢» € H*(QY) and the regularity bound

(4.3.3) |Vl a2y < Cll S|l 2@

where C' depends on €2, a7, b* and c.

If we have higher regularity in the coefficients and right hand side and domain
it is possible to show that the solution 1) also has higher regularity.

Suppose now we look at the parabolic problem

0
a—§+EC:f on Qr

(434) C = O on GQT
¢(0,z)=¢g  on Q.

Then we have the following regularity theorem, e.g., [69, Section 7.1.3]:

Theorem 4.3.5. Assume a” € L*((0,T];CY(Q)), b',c € L*((0,T]; L=(2)) and
[ € L*((0,T); L*(Q)). Also assume g € Hi(Q), i.e., those functions in H' with
zero trace on the boundary 0. Then for ¢ € L*((0,T]; H3(2)) the weak solution of
(4.3.4) we have the estimate

(4.3.6) eSS(OSIﬁHC(t)lngm) + 1<l 20,1120 < C (HfHL?((o,T];LQ(Q)) + HgHHgm))
te(0,

where C' depends on 2, a¥, b', c and T.
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With the Sobolev embedding Theorems [3] (see also Chapter 6) this means that
in two or three dimensions we have p,c € L*(Q2). For convex domains we have
additionally that u € L>(f2) (see, e.g., [102, Chapter 7] for a full discussion), which
does not hold for non convex domains see, e.g., [77]. We will seek an alternative
approach in regions where u ¢ L*°(€2) in Chapter 6 through the application of

weighted spaces.

4.4 The Continuous Time Raviart-Thomas
dG Finite Element Method

Define

(4.4.1) L3 () = {w c L*(Q): /dew = 0} :

The solution to the flow problem for pressure is unique only up to an addative
constant, which we determine by specifying p € L3(2). We assume the solution
is smooth enough so the weak form of (1.1.3)-(1.1.5) is given by: Find (u,p,c) €
Lo%((0, T); Ho(div; ©)) x L=((0, T]; L3(2)) x L((0, T]; H*(2)) and

dc/ot € L*((0,T]; H*1(Q)) such that

<w%,d) + Z (D(u)Ve, Vd)
(4.4.2) E€Th,
+ 3 [(u-Ved)s + (q'e.d)s] = (éq'.d)

BET,

for all d € HY(Q) and a.e. t € (0, 7], and

(4.4.3) (V-u,w) = (¢" = ¢",w)
(4.4.4) (@' ()u,v) = (,V - v) = (p(c)g,v)
for all (v, w) € H(div; Q) x L3(Q2) and a.e. t € (0,T]. The regularity of the solution

is given by n > 2. Compare this to the discussion of the guaranteed regularity in

the previous section, Assumption 5.1.11 and the discussion in Chapter 6.
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We solve for the pressure and velocity using a Raviart-Thomas (RT) procedure
[66, 113] and for the concentration using a dG method. We refer to the whole scheme
as a RT-dG method. For polynomial degree £ > 0 and restricting ourselves to two

dimensions we define the global Raviart-Thomas finite element space by

(4.4.5) RT &(Th) := {v € H(div; Q) : v|g € [P*(F)]> + zP*(E) VE € T,,}.
Recall the definition of Hy(div;2) from (1.3.4). Then w is approximated in the space
U :=RT 1(Tn) N Ho(div; Q).

For the pressure we define the approximation space
P =V, N LA(Q)

where V) is defined in (2.2.2). Then the velocity and pressure are approximated in
U x P. Note that U x P C Hy(div; Q) x L3(Q2). To simplify the presentation we use
the same mesh 7, to solve for u, p and ¢ numerically at a given time and stipulate
there is no refinement of the polynomial degree.

For the diffusion part of the concentration equation define the bilinear form

Bd(ch, dh; uh) = Z /E]D)(uh)thh : Vhdh dx + Z O'[[Ch]] . [[dh]] ds

(4.4.6) et O
> [ leal - {D(un) Vadi} + [dn] - {D(wn)Vien} ds
ec&y ¢

for all dj, € V. The penalty parameter ¢ is defined by [20]

max{ngh]])(u;{, x)ng, ngh]D)(u,;, x)ng, }
h

o:& =R, x— Chen

and Cpep is chosen such that it is larger than

will3s 1D72Vul3e
a3 " [[DYV2V i3

(4.4.7) sup {hmax{ | } v, €P D€ []P’S]dXd} .
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The bilinear form for convection, production and injection is given by (cf.,

(7.3.2))

B?ét(ch, dh; uh) = Z / (uh . thh)dh + (qlch)dh dax
E

EcTh

-3 [t [ ds

ec&y

(4.4.8)

where dj is defined by

d, if up-nt >0,
(4.4.9) dy =

di if u,-nt <O0.

Definition 4.4.10. Define the continuous time RT-dG approximation (up, pp,cn) €
L>((0,T];U) x L>((0,T]; P) x L*((0,T); V,g) to (1.1.3)-(1.1.8) as that which sat-

isfies

Jc .
(4.4.11) <g08—th, dh) + Bd<Ch, dh; uh) + Biét(ch, dh; uh) = (qu, dh)

for all dy, € Vi, and t € (0,7,

(4.4.12) (V- un,wn) = (¢" = ¢, wp),

(4.4.13) (a™(cn)un, va) — (P, V - vi) = (p(cn) g, vn)
for all (vy,wy) € U x P and t € (0,T], and
(4.4.14) (cn» dn) = (co, dn)

foralldy, € Vi, andt = 0.

Note that the equations (1.1.6)-(1.1.7) are satisfied for the approximation through
the definition of the RT space, i.e., by construction U C Hy(div; 2) so (1.1.6) is satis-
fied and the choice of the diffusion dispersion tensor (4.2.1) ensures (1.1.7) is likewise

satisfied.



Chapter 5

A Posteriori Error Estimators for
the Raviart-Thomas dG Finite
Element Method

In this chapter we introduce an a posteriori error estimator for the Raviart Thomas
dG finite element method as presented in Definition 4.4.10. To our knowledge no
estimator for this scheme exists in the literature. We however remark that Chen
and Liu have shown an estimator for the RT-cG scheme (using a different approach
to coupling the estimates), and Yang [128] has presented an estimate for a dG-dG
scheme for the compressible problem. Our analysis finds inspiration in these papers
but is significantly different. We also acknowledge that a posteriori estimators exist
for the uncoupled equations: For the velocity pressure components [48, 66]; and
for the concentration components [126]. Our analysis presents these estimates with

coupling and formulates a combined error estimator.

5.1 Notation and Preliminary Results

Define the error terms by E, := u — uy, E; :=p — p;, and E¢ := ¢ — ¢
We present the following construction of the Raviart-Thomas projection from

[66]. For an element E € R? the local Raviart-Thomas space of order k > 0 is
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defined by
RT 1(E) = [P*(E)]? + zP*(E).

Then define the local interpolation operator g : [HY(E)]? — RT(E) via the

following lemma [66, Lemma 3.2].

Lemma 5.1.1. Given v € [HY(E)]? there exists a unique llgv € RT x(E) such that

for each edge e of E we have

/HEv~npd5:/v~npds Vp € P*(e)

€ €

and if k > 1
/HEv-pdw:/v-pdw Vp € [PF(E)]“.
E E

Then we denote the global Raviart-Thomas projection

I H(div;Q)n [ [H(E)* = RTw(Ts)

EET,,

defined by
HZLU—’U|E:HE’U \V/EGE

This projection satisfies (see [66, Lemma 3.5])

(5.1.2) (V- (v =T (0),wp) =0  Vuwy, € Vi,
and
(5.1.3) o = I () || p2@ye < CA™|[v]lpm@ye 1< m < k+1

where C' depends on the regularity of the mesh and k. Note that the local Raviart-
Thomas projection satisfies a similar inequality, cf., [66, Theorem 3.1] which can be
used to show (5.1.3).

We introduce the Clément interpolation operator Cly,( - ) [53]. See also [67, Section
1.6.1]. This is an operator L'(Q) 3 v — Clj,(v) € V.g, where V, is the degree

r piecewise continuous polynomial approximation space defined in (2.1.8). The
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Clément operator has the following interpolation properties [67]:

Lemma 5.1.4 (Clément Interpolation). There is a C' such that for all0 < m <1
(5.1.5) 1Cln () rm () < Cllollm@y Vv € H™(Q).
IfO<m<I1<r+1 then for all h and all E € T, we have the approrimation
(5.1.6) v = Clp(v) || rm () < Chgm|v|Hz(AE) Vv € H(Ag)

where A is the set of elements in Ty, sharing at least one vertexr with E. If m+1/2 <

Il <r—+1 then for all h and all e € &, we have the approximation
(517) ”U - Clh<U>HHm(e) S Chleimil/Q‘Uh{l(Ae) Yv € Hl(Ae)

where A, is the set of elements in T, sharing at least one vertex with e.
We present the following lemma from, e.g., [124, Lemma 5.2].
Lemma 5.1.8. With the assumption (A3) and d;, d,,,d; > 0, d;, d; bounded and the

definition of D(u, x) from (4.2.1) we have

(5.1.9) D D) = D)2y < C Y llu—vll 2

EeTy, EcT,

for all u,v € [L®(Q)]? where C is a fived constant depending only on the bounds of

d; and d;, and the dimension.

We have the following approximation properties see, e.g., [11, 116]. For E € T,
and U € H*T,) we can find ¥; € P"(E) such that there exists a constant C
independent of hgy and ¥ (but dependent on r and A) for 0 <i < X so that

(5.1.10) 1V — U iy < Chy |9 gy A>0.

We make the following assumptions on the regularity of the solution to the IMD
equations (1.1.3)-(1.1.8), cf., Section 4.3.
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Assumption 5.1.11. Assume that (u,p,c), the solution to (1.1.3)-(1.1.8), satis-
fies the following regularity requirements: For s, > 2 and s, > 2 we have p €
L2((0,T]; H*(Th)), w € [L2((0,T); H**~'(Ty))]* and ¢ € L*((0,T); H>(Ty)). Ad-
ditionally assume that Oc/Ot € L*((0,T]; H* ' (Ty,)) and that the initial condition
co € Vyg. Also assume that p, Vp, ¢ and Ve are essentially bounded (and hence u

is also essentially bounded).

5.2 An A Posteriori Estimator for the Pressure
and Velocity

We first present an estimator for the pressure and velocity in terms of E. and known
quantities. This is based on the presentation for the RT-cG method in [51] with
extensions for the discontinuous concentrations and gravity terms.

To begin the analysis we consider the problem: Find (@, p) € Ho(div; Q) x L3(Q)
such that for a.e. ¢t € (0,7

(5.2.1) (V-a,w) = (¢' — ¢, w) Vw € L3(52),

(5.2.2) (a Y (cn)t,v) — (V-v,p) = (pcn)g, v) Vv € Hy(div; ).

This is similar to the weak form for the pressure and velocity equations (4.4.3)-(4.4.4)
but with the numerical approximation to concentration.

We now introduce the following dual problem with continuous coefficients:

(5.2.3) V-&E=p—ops on Qr,
(5.2.4) &= —a(Cly(cn)) Vo on Qr,
(5.2.5) E-n=20 on 0Qr.

As 1) is defined only up to an additive constant we specify 1 € L3(2). Then (5.2.3)-

(5.2.5) admits the following estimate on convex domains, e.g., [77, Chapter 3]:

(5.2.6) [Vl 52@) < ClIP = pallL2@)-
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Recall a7!(c) := K~'u, and so by (Al) and (A2) we have a, < a™! < a°. From
(5.2.6) we can show [|{|| g10) < (1/ao)[|VY| mr) < Cllp—paull2(@) where C depends
on the bound of a=!(cy,).

We make the following assumption concerning the size of the difference between
the approximation ¢, and its Clément projection. As we expect the term to scale
with A if this assumption is not met it would be necessary to refine the mesh globally.
This should be taken into account during potential de-refinement in an adaptive

method.

Assumption 5.2.7. With the Clément projection defined in Section 5.1 and c;, the
finite element approximation to concentration defined in Definition 4.4.10 we assume
that the lower bound of a™' satisfies o > Clla™ (cn) — a™ (Cly(cp))|| Lo () where C

is the regularity coefficient of ||§||r2(g) < C||D — pullr2() derived from (5.2.6).

Theorem 5.2.8. Let the conditions of Assumptions 5.1.11 and 5.2.7 hold and let
(un, pn, cn) be the approximation defined in Definition 4.4.10. Then there exist con-
stants Cy and Cy depending perhaps on the constants of the Clément approximation
in Lemma 5.1.4, a trace inequality, the reqularity bound (4.3.3) (restated in (5.2.6)),
the polynomial degree of the approximation space and the bounds in (A1), (A2) and
(A7), but each independent of h, such that

IEullZ2(0.77:22(0) + 1Bl Z2(0.77:22())
(5.2.9)

G o 2
< Eup + o) (P°Nlgll ooy + llull L) HECH%Q((O,T};L?(Q))

where

b= Co Y (14 a™ () = plen)gBgorrane
(5.2.10) BET,

+ U+ + Bl — ¢ = V- wlBagom e )
Proof. By subtracting (5.2.2) from (4.4.4) we have

(a™ (en)(u — @), v) = (V- v,p = p)
= ((p(c) = p(en))g,v) = ((a™'(c) — a™ (en))u,v) Vv € Ho(div; Q).
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By taking v = u — @ € Hy(div;2) and using (4.4.3) and (5.2.1) we find

s ||u — @[ 72y < (0 (cn)(u — @), u — @)
= (V- (u—1),p—p)+ ((a " (cn) —a ' (c))u,u — @)
+ ((p(c) = p(cn))g, u — 1)

< (0°Nlgll ooy + Ml Loe(ey) [[Eell2 (@ lu — @l 2.

Using the boundedness of a~!(c) and a Poincaré inequality we have

|u — @2 > C[V(p — D)l 22
> CHP—ﬁHHI(Q)

> C (lp = pllrz@) + lu = dllr2(@)
and by combining these two results we have

( ) ”P—ﬁ”%%ﬂ)+ ”U—QH%Q(Q) < CHu—fLH%Q(Q)

5.2.11 C
¢} o 2

= o2 (P9l o) + @®llu]l L)) ||Ec||%2(ﬂ).

By subtracting (4.4.12) and (4.4.13) from (5.2.1) and (5.2.2) we obtain the or-
thogonality relationships

(5.2.12) (V- (@ — up),wp) =0 Yy, € P,

(5.2.13) (™ (en)(@—un),on) = (V- o, p = pn) =0 Vo, € U.
The variational problem for (5.2.3)-(5.2.4) is

(V-&w)=(p—pp,w) VYw € LYQ), ae. t € (0,T],
(a Y (Ch(cp))€,v) — (v, V -0) =0 Vv € Hy(div; ), a.e. t € (0,T]

and then by setting v = u — u, and w = p — p, and subtracting the two equations
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from each other we find

15 = pull 7o) = (B — pn, D — pn)
= —(a™H(Chlcn))é, @ — up) + (¥, V - (@ — up)) + (V- €, — pn)
= —(a™ (Clu(cn))€ — a™ (cn)vn, (@ — un))
+ (V- (§=vn),p—pn) + (V- (@ —un), ¥ —wp)

where we have used (5.2.12) and (5.2.13). We now choose wj, = 1) satisfying (5.1.10)
on each element and vy, = II/Y (¢) € U by construction of the projection. Then using

(5.2.2) with v = £ — IF7 (¢) and (5.1.2) gives

15 = il Z2(0)

= (V- (€ =T57(): o) — (plen)g, &€ =TT (€)) + (V- (@ — up), 9 — i)
+ (™ (en)un, € =TT (€)) + ((a™"(en) — a7 (Ch(en)))€, @ — up)

= (a™ (en)un — plen)g, € =TT (€)) + (@™ (en) — a™" (Ch(cn)))€, @ — un)
+ (V- (@ —un), ¢ = i)

where we have also used (1.3.25). For the first term we use (5.1.3) and the regularity
of 1 to show

Z (a_l(ch)uh — p(ch)g,ﬁ - H?T(g))E

E€Th

< e ew)un — plen) gl 1§ = T ()l r2(m)
=

1/2 1/2
<C (Z hlla™ (cn)un — P(Ch)9||%2(E)> (Z Ip - ph||i2(E)> :

E€Ty, E€Ty,
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For the last term we use (5.1.10) and (5.2.1) to give

(V- (@ —un), ¢ — 1)
<C Z "ol mlla’ — a© =V - unll 12

E€Th

1/2
<C (Z hi Hq - q -V UhH%%E)) (Z 1P —Ph”%%E)

EeTy, E€Ty,

For the remaining term we have

(@™ (en) — a™(Cln(en)))€, @ — up)
<Y lla ™ (en) = a7 Chlen)) = 1l 2 — unl z2 )

EET,,

1/2
< Clla™ (en) = a™H(Cn(en)) =) (ZHU un |2 ) (Zﬂﬁ—ph%w

E€Ty, EeTy,

By combining terms and cancelling by ||p — py|| we we reach

(5.2.14) > B = pullFemy < Bp +Ba Y i — w72

EeTy, EeTy,

where

Ry 1= C( > hilla (en)un — plen)gllzee

(5.2.15) B
- gl =" -V uhu;w))
EcTy,
and

(5.2.16) Ra := Clla (cn) — a’l(Clh(ch))H%oo(Q)

) 1/2

1/2
)
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We now seek to bound ||% — up||2(5). We use (5.2.2) to show

(@™ (en)(@ — un),v) = (V0,5 — pr)
= —(a™ (en)un,v) + (Vv pr) + (a”(en)i,v) = (V- v, )

= —(a " (en)un,v) + (V- v, pn) + (plen)g, v).

We employ again the Raviart-Thomas projection. By choosing w = p — p, and

v=1—u, — I (@ — uy) we find

(5.2.17)
(@™ (en) (@ — un), (@ —un) = IR (@ — up,))
(V- (@ = un) = T (@ = un)), p = pn) = —(a" (cn)un, (@ — un) = T (@ — up))
+ (V- (@ —up) = 157 (@ — un)), pn)

+ (plen)g, (@ —up) — I (@ — up))

and using (5.2.1)

(5.2.18) (V-(@—wp),p—pn) = (V-@p—pp) = (V- unD—pn)

=(¢"—¢" =V - un,p—pn).

With the boundedness of ¢! and using in turn (5.2.17), (5.2.18), (5.2.13) and (5.1.2)
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gives

o || — up|72
< (a_l(ch)(ﬂ —up), U — up)

= (a™ " (en) (@ — up), (& —up) = I (@ — un)) + (0™ (cn) (@ — up), T (@ — up))

—(a™ (en)un, (@ — up) = T (G = up)) + (V- (@ = un) = TG (@ — un)), pn)

+ (p(en)gs (@ —un) = IGT (@ — un)) + (V- (@ = up) = 1T (@ — un)), b — pn)
+ (@™ (en) (@ = un), I (@ — un))
—(a™ (en)un, (@ —up) = TG (@ —un)) + (¢" = ¢" =V - un, b — pa)

+(a™ (en) (@ —un), T (@ = up)) — (V- (7 (@ — un)), b — pr)

+ (V- (@ —up) = 57 (@ — un)), pa) + (plen)g, (@ —up) — T (@ — up))

=(q"—¢ =V unp—pp)

— (a™"(en)un = p(en)g, (@ — up) = T (@ — up)).
We bound the first of the terms using Young’s inequality and (5.2.14) to give

(¢" =" =V -un,p—pn)

1 -
<53 (' =" = V- unlifagey + 15 = paliae))

E€Th

1 1
5> (la' = a" = V- unlage) + Ralld = unllfage ) + 3R

2
EcTy

IA

Using Young’s inequality and (5.1.3) we have

— (a™ (en)un — plen)g, (@ — up) — T (@ — up))

1 _ - ~
< Z 4—€Ha en)up — /)(Ch)g”%%E) +ell(@ — un) = T (@ — “h)|’%2(E)
EeTy,

<> —Ha Hen)un — plen)gllia e + Cehplli — unllin gy
EeTh

<> —||a Henyun — plen)gllzzge) + Cehplla’ —a" = V- unlfap)

EeTh

+ CEhQEH’gL — uhH%z(E)
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where we have used | — uhﬁ{l(E) =||V-(a— Uh)||%2(E) =ll¢' —¢" -V~ Uh||%2(E)-
By Assumption 5.2.7 we may choose ¢ such that a, > Ceh?% + %Ra. Then by

combining the previous equations we find

Lo 1

(5.2.19) > (o = Cehy — SRl = unlFaqe) < Fu+ 5y

EcTy,
where

1
= Ceh:+ =) ld" — ¢ = V - up)?

Ry EEZT( e E+2) lg" = ¢" =V - unll72 ()

(5.2.20) h

Lo
+ ) 2 lla (en)un = plen)gllZz e,
E€Th

We now use (5.2.19) to find a bound on ||p — pal[z2(g) in (5.2.14), i.e,

R 1
~ 2 a
Z 7z —ph||L2(E) < Qo — Ceh? — lRa(Ru + §R'p) + Rp.
EcTh

2

We now combine (5.2.11), (5.2.14) and (5.2.19) to give

[EullZ2() + IEpll72(0y
< flu— ﬁ”%?(ﬂ) + [l — Uh”%?(ﬂ) + lp —]5”%2(9) + P _th%Q(Q)

C (¢} (¢} 2
< = (P°llgllz=@) + °llufl @) [EcllZ2(a) + Cuk + Cole

where C, and C), are the coefficients from (5.2.14) and (5.2.19). We show (5.2.9) by
integrating over time and using the definition (1.3.5). O

5.3 An A Posteriori Estimator for the Concentra-
tion

We now present an a posteriori error estimator for the concentration. To do so we
use the approach of, e.g., [126] and employ a “backward” parabolic equation. The
coefficients of such an equation must be sufficiently regular to guarantee a bound

of the type (5.3.5). We therefore employ the Clément interpolant, although other
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interpolants or projections with appropriate approximation properties could be used.
Consider the following dual equation with bounded, continuous coefficients via

the Clément interpolant:

(5.3.1) go% + V- (Cly(up)C) + V - (D(Cly (up))VC) — ¢'¢ = E on Qrp,
(5.3.2) (D(Cl(up))VE) -n =10 on 0y,
(5.3.3) C(T,z)=0 for x € Q.

We have the following theorem which extends that presented in Theorem 4.3.5
and can be found in [126, Theorem 4.1].

Theorem 5.3.4. Given Assumption (A4) and the boundedness of q*, the definition
of D in (4.2.1), Q a convex domain and E. € L*((0,T]; L*(QY)) there exists a unique
solution ¢ satisfying (5.3.1)-(5.3.3) with the regularity bounds

(5.3.5) eSS(S%p||C(t)||H1(Q> + ¢z, m200)) < CllEcl12((0,1:220))
te(0,

where C' is a constant independent of E..

Theorem 5.3.6. Let the conditions of Assumption 5.1.11 hold and let (up, py,cp)
be the approrimation defined in Definition 4.4.10. Then there exists constants Cy,
Cs and Cg depending perhaps on the constants of the Clément approximation in
Lemma 5.1.4, a trace inequality, the reqularity bound (4.3.6) (restated in (5.3.5)),

the polynomial degree of the approximation space and (5.1.9), but each independent
of h, such that

(5.3.7) Bl 20732200 < e+ Ca Z IV el 2017100 () Bl E2 (0 17:22 (29
EET,
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where

boi=Cs Y (hblRellEomszaey

E€Ty,
+ [|(D(Cl(un)) — D<uh>>vchH%Q((O,T];LQ(E))
+ [[(Ch (un) — un) - VChH%?((O,T};L?(E))
+ ||vc||%2((0,T];L°°(E))||]D)(Clh(uh)) - D(uh)H%Q((O,T};LQ(E))
(5.3.8) o+ IVl rnoe o IO () = wnl3ao 2 )

+Cs > (BIIP(u) Vel 22 oirpzacen

e€Ey

+ hell[en] - {{D(uh)}}H%?((O,T];LQ(e))
+ [ [en] - gD (un) — D(Clh(un)) } 17201226

o+ BEllun - Ll ooy + Mlen] - (Cn(un) = wn) 3aqrpz2cen))

and

(5.3.9) Re +up - Ve, — V- (D(up)Ver) + qlen — éq'.

“Oat

Proof. Using (5.3.1) we see

HECH%Q(Q) = (Ecv EC)

= (54 - (@) + 7 - PGV - o)

d

= (50) = 1 (e )+ (e V- (O — ('€ )

- { (Ch(un))VEe, V() /8 E(D(Clh(uh))VCEc)-nds]

BET,

where we have integrated two terms. By chosing d = Cl,(¢) in (4.4.2) and d}, = CI,(¢)
n (4.4.11), and subtracting the two equations we find

dc ey, ) — Bole u
(5.3.10) - (Qp (8t 8t) Clh@)”gd(cﬂh@)v ) = Ba(cn, Ch(C); un)

+ B2 (¢, Ch(C); u) — B (cn, Cl(€); up)
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where we have used the fact that the bilinear form for the approximate problem
reduces to the weak form (4.4.2) when using continuous arguments. We add this to

the above result giving

(5.3.11)
[Eel72 (0
:_< e - czh(g)> LGB O) — (4B~ Ch(0))

+ ) (D(u)Ve, VC(C))E — (D(up)Ven, VCL(C)) g — (D(Ch(un)) VEe, V)

EeTy,
+ (Be, V- (C(un)0)) + D (- Ve —un - Veu, Ch(Q))
EeTy,
3 [lod - D)V} ds + 3 / wn - [en]Cin(C
ecEP V€ ecEp
+Z/ D(Cly (up,))VCEe) - nds
EeTy,

where we have used the regularity of ¢ and Cl,(¢) to simplify terms. We examine

each of these terms in turn. Using (1.3.25) we have

Z/ D(Cl,(up))VCE:) - nds
OF

E€T,

5312) =2 [IEd- {DCu)VChds+ Y [(EHIDCh(u)VClds

ecéy, ecEp v °

=3 il D@ V)

e€ly

where the negative sign comes from the definition of [-]. Combining this with the

similar term in (5.3.11) gives

3 / len] - D) VCh ()} — [en] - {D(Ch(un)) V(Y ds

ec&y

=Y [ en] - §(D(un) — D(Clh (1)) VER — [en] - {D(un) V(¢ — Ch(C)) } ds.

ec&y €
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For the next term in (5.3.11) we integrate and use (1.3.25) to find

(5.3.13) (Ee, V- (Ch(un)C)) = = > (Ch(un) - VE, O — > /Clh(uh) “[en]¢ ds.

E€T, ecEp v €

Combining the first part with another of the terms from (5.3.11) gives

> (u- Ve =y Ve, Ch(¢)) e — (Clh(un) - VEe, ()

EcT,

= [(—u Ve, ¢ = C(O)e + (w— Ch(up)) - Ve, O g

EcTy

+ (un + Ven, € = Cn())s + (Ch(wn) — un) - Ve, )

and as uy - n is continuous through the definition of the RT space we combine the

second part of (5.3.13) with the similar term in (5.3.11) giving

Z /uh [[Ch]]Clh Clh(uh) : [[Ch]]CdS

ec&y

== [Ienl - (¢ = Cu(Q))un + (Cln(un) — un)C) ds,

ey ¢

We rewrite the following term:

Z (]D(u)Vc, VClh<C))E — (]D(uh)Vch, VClh(C))E — (]D)(Clh(uh))VEc, VC)E

EET,

=) ((D(w) = D(Ch(un))) Ve, VE) y + (D(un) Ve, — D(u)Ve, V(¢ = Ch(()))
EeTy,

+ (D(Ch(un)) = D(un))Ven, V) g

Now integrating the second inner product and using (1.3.25) we find

> (D(up)Ver — D(w)Ve, V(¢ = Ch(C) g

EeTy,
=) (V- (D(w)Ve—D(up)Ven), ¢ = Ch(Q) g + Y [ [D(un) Ve (¢ — Ch(¢)) ds.
EeTy eegp v @

Using the definition (5.3.9) and the original transport equation (1.1.3) we have



5.3. An A Posteriori Estimator for the Concentration 72

shown that (5.3.11) can be written as

(5.3.14)

||Ec||%2(9)

= (R €= R0 — 5 (0B Q)+ 0 [ (D) — (@ () Ve, 90),

dt E€Th

+ ((D(Ch () = D)) Ven, V) + (= Ci(un)) - V¢, )
+ (O () = un) - Ven, O] + 3 [ [D(un)Ver) (¢ = Ch(0)) ds

ey €

) /[[Ch]] D (un) = D(Ch(un)))VCY = [en] - {D(un) V(€ = Cn(C)) } ds

e€&y €

=3 [lenl - (€€ = Cu(€)yun + (Clulun) — un)C) ds.

e€ly €

We examine each of these terms using the Cauchy-Schwarz inequality, interpolation

approximations (5.1.5) and (5.1.6) and regularity bound (5.3.5). This gives

(Re: ¢ = C(Q)) < C D IRellz2mIC = Ch(O)l z2rr

EeTy,
<C Y hylRellr2m) 1<l r2an)
EeTy,
1/2 1/2
co(Simiin) (Sitie)
E€T,, E€Tn

> (D(Ch(un)) = D(un)) Ve, VE) g

EcTy

1/2 1/2
(ZH () <uh>>VchH%z<E>> (ZHEclfiw)

E€Ty, E€Ty,
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and

> (Ch(un) —un) - Ven, Q)

EeT,
1/2 1/2
< <Z [1(Cl (un) — un) - VChH%z(E)) <Z ||EC||%2(E)> -
E€Ty E€Ty,

The following cell terms are trickier. We add and remove terms then use the ap-

proximation properties of the Clément interpolant and Lemma 5.1.8 to show

> (D(w) = D(Ch(un)) Ve, VE)

EETy,

= > (D) — D(up) + D(un) — D(Ch(un))) Ve, VE)
EETy,

<> ID(w) = D(un) |z 1Vell i) | V| 2y

EET),

+ > 1D (un) = D(Ch(wn) |2 | Vel o) IV 22y

EET,
1/2 1/2
<C (Z IVl ooy 1D (un) — D(Clh(uh))H%?(E)) (Z ||Ec||%2(E)>
EecT,, EeTy,

1/2 1/2 1/2
e (z uwuiw)) (z uEuuig(E)) (z chuig(E))
EeT, EeTy,

EcT
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and

S ((u — Ch(un)) - Ve. Q)

E€Th

= Z ((w—up +up — Cli(up)) - Ve, (e

E€Ty,

< = unll 2 | Vell e €] 2 s)

E€Ty,

+ > lun = Ch(un)ll 2 Vell oo ) 1€ | 22y

E€Ty,

1/2
<C (Z ||VC||%°°(E)||uh - Clh(uh)H%?(E)) <Z ||EC||%2(E)

E€T, E€Th

E€Th

1/2 1/2
o (z nwnaw)) (z nx-:unzzw)) (z s

E€Ty, E€Ty,

) 1/2

Now we examine the terms on the edges. Firstly using (5.1.7) and the shape

regularity of the mesh we have

> [ ID(un)Ven] (¢ — Cu(¢)) ds

ec&y ¢

<> D) Venlll 20 1€ = Ch(Oll 2

ey

<Y NP Verlllae Y b [Cl A

ec&y E€Ty,
1/2

<C Z B (un) Ven] 172 <Z Bl ()

GES}OL E€T

= > el - (D) V(¢ = Cu(¢))} ds

ecy, e

12
<C (Z hell[en] - {{D(uh)}H%Q(e)) (Z [EellZ2m)

ecép, EeTy,

) 1/2
) 1/2
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and

=Y [ fed¢ - o) as

eeéy €
1/2 1/2
<C (Z helup - [[Ch]]”%%e)) (Z HEc|’%2(E)> :
ecép E€Ty

For the remaining terms we use a trace inequality on each element to show

> [ lenl - (Ch(un) = up)¢ ds

ec&, V€
<Y llen] - (Ch(un) = un)llz2@ll¢ 2
e€ly
< C Y Wenl - @ulun) = un)llzaey Y ICHE g I )
ec&y E€T,
1/2 1/2
<C (ZH[[%]] - (Chn (un) — uh)Hiz(e)> (Z HEcHiz(E)>
ec&y EET,
and similarly
> [ Lea] - {(D(un) — D(Ch(un))) VY ds
ec&, V€
1/2 1/2
<C (ZH[[ch]] D (un) — D(Clh(uh))}}lli2(e>> (Z HEcHiz(E)> :
ec&y EET,

We now integrate over time. The remaining term is zero via Assumption (A6),

ie., cg € Vg so

(B ©) = (e — ). CL0) — G(C(0))) = 01

We find (5.3.7) by combining each of the terms. O
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5.4 An A Posteriori Estimator for the Coupled
Problem

We now combine the results of Theorems 5.2.8 and 5.3.6. We first make an assump-

tion about the size of the terms in those theorems.

Assumption 5.4.1. We assume that we can find constants A, and A. such that

e 2 A
G o _ ° . < up
2 (P lgllzeoce) + a®[ull =)™ < 1+ A,
A
Cy Z HVC|’%2((0,T};LOO(E)) S 1+ A
E€T w

where C7 and Cy are defined in Theorems 5.2.8 and 5.5.6 respectively.

We will consider conditions to achieve assumptions of this type more carefully in
Chapter 6, Lemma 6.1.6. For now we remark that we have control over the choice

of € in (5.2.19) which may help us satisfy the assumption.

Theorem 5.4.2. Let the conditions of Assumptions 5.1.11 and 5.4.1 hold, and let
(un, pn,cn) be the approzimation defined in Definition 4.4.10. In the notation of
Theorems 5.2.8 and 5.3.6 we have

||EC||%2((O,T};L2(Q)) + ||EU||%2((O,T];L2(Q)) +(1+ AC)HEPH%Q((O,T];L?(Q))
<14+ A&+ (1+A)Eyp.

(5.4.3)

Proof. Multiply (5.3.7) by (1 + A,p) and (5.2.9) by (1 + A.). Adding the resulting
terms and rearranging yields (5.4.3). O



Chapter 6

A Posteriori Error Estimators for
the Incompressible Miscible

Displacement Problem in

Weighted Spaces

The regularity guaranteed (or assumed) in Chapter 5 may not hold in less regular
domains (such as those with re-entrant corners) or where the coefficients are discon-
tinuous or singular. In order to discuss such cases we consider stationary coupled
problems in this chapter, firstly in an abstract setting and then for a simple exam-
ple. This example motivates the use of weighted spaces, which are introduced and
described. We discuss aspects of weighted spaces which may be useful in the study
of a posteriori error estimators.

The work in this Chapter has been published in part in [49].

6.1 An Abstract Discussion

Consider the real vector spaces C' C C and Ct as well as P C P and P". Also

consider the operators ® : Px C — P" and ¥ : O x P — C*. Then the continuous

7
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problem is to find a solution (¢, p) € C' x P of the system of equations

(6.1.1) d(p;e)=f,  V(gp) =g

for some f € PT, g € CT. We assume that such a solution exists.
Suppose that Cj, C C and P, C P are finite dimensional spaces indexed by h.
Consider the operators ®, : P, x Cj, — P™ and ¥, : C}, x P, — C*. The discrete

problem is to find a solution (cp,, py) € C), X Py, solving

(6.1.2) @5, (prscn) = fas Uy (cn;pn) = gn-

It is assumed that discrete solutions exist.
The auziliary problem is to find the solution (¢,p) € C' x P of the system of

equations
(6.1.3) d(pien) =f,  W(Gpn) =g

If (6.1.2) does not define ¢, and pj, uniquely, then p = p(¢,) and é = &(py) may
depend on the choice of ¢;, and py. It is, however, assumed that for given ¢, and py,
there exist unique ¢ and p. The discrete spaces have mesh-dependent norms || - ||¢,

and || - || p, which have extensions to C' + Cj, and P + Pj,.

Assumption 6.1.4 (Coupling Assumption). Let (¢,p) € C' x P be a solution of
(6.1.1). We assume that there exists ve, 7y, € R such that vy, < 1 and

S(w;dy) = f = |lp— 0|3, < plle—dull?,, Vi € P, Vdy, € C + C),

U(diwy) =g = e—d|, <vellp—wnl},,  VdeC, Yw, € P+ P,

With the coupling assumption there is only one exact solution: Suppose there

are two solutions (¢, p) and (¢°, p°) of (6.1.1). Then with Assumption 6.1.4 we have

lp = P°ll5, < wlle = lle, < wrellp —p°lE,.
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As 7,7, < 1 this can only be satisfied if (¢, p) and (¢°, p°) coincide.

Assumption 6.1.5. Let (¢p, pp) be a solution of (6.1.2) and (¢,p) be a solution of
(6.1.3). Then we assume that there exist a posteriori error estimators &,(cp, p) and

&x(cn, pr) such that

lpn = BlI, < &plcn, pa),
llen = €lle,, < Eelen, pa)-
Lemma 6.1.6. There are positive constants A, and A, such that

Ap
1+ A,

A
and Ve <

1. <

if and only if vy, < 1.

Proof. The bounds (6.1.7) are satisfied as equalities if

1 c 1+
Ap:<1f%>7, AC:(IJ:V)%_
Vo Ye VeV

If 7,7 < 1 then these A, and A, are positive. On the other hand, if (6.1.7) holds

then
A, Ao ALA, _
T+AT+A, 1+A+A+AA,

Vpe < L.

Note the similarity of this result to Assumption 5.4.1.
We show that Assumptions 6.1.4 and 6.1.5 lead to an a posteriori error indicator
for the approximation of the solution of coupled system (6.1.1) using the discrete

problem.

Theorem 6.1.8. Let (¢,p), (cn,pn) and (¢,p) be as defined in (6.1.1)-(6.1.3) and
let Assumptions 6.1.4 and 6.1.5 hold. Then we have the following a posteriori error

bound:

(6.1.9) lp = pullE, + lle = culle, < (1 + A& (en pr) + (1 + Ap)Eelen, pa)
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where A, and A, are defined by (6.1.7).

Proof. We have with the triangle inequality and the assumptions that

(6.1.10)  lp—pullE, < llp = 2l5, + Ipn — 2l5, < llc — anllé, + & (cn, pr)

and similarly

(6.1.11) le = cnllg, < vellp = pullp, + Ea(cn. pr)-

Then with these results and (6.1.7) we have

(L+ AP = pullf, + (1 + Ap)lle — enllg,

< Aplle —enllg, + (1 + A&y (cnspr) + Acllp — pullp, + (1 + Ap)&elcn, pr)

and by rearrangement we have (6.1.9). O

6.2 The Stationary Incompressible Miscible Dis-
placement Problem

In later sections we will discuss weighted spaces. In order to motivate that discussion
we introduce the stationary incompressible miscible displacement problem in two
dimensions and discuss a posteriori error estimators for the cG-cG problem (that
is where pressure and concentration are both approximated in V,4) in the abstract
framework of the previous section.

Define the following operators on a bounded C?-regular or convex polygonal

domain € € R?:

(62.1)  ®(pic):==—V - (a(c)Vp)=¢' —q",
(6.2.2)  W(¢p):=-V-(D(u)Ve)+ %u -Ve+ %V - (ue) + %(ql +¢")e = éeq’,

(6.2.3) u= —a(c)Vp
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subject to boundary conditions on 02

(6.2.4) u-n=>0,

(6.2.5) (D(u)Ve) -n =0.

We make the same assumptions on the coefficients as in Chapter 4. Note that the
analysis that follows may be extended quite simply to three dimensions. We focus
on the two dimensional case to accommodate the weighted spaces in subsequent
sections.

In the notation of Section 6.1 for the miscible displacement problem we iden-
tify p as the pressure and ¢ as the concentration. Therefore ® describes Darcy’s
law and incompressibility and W describes the concentration equation. In such a
context (), and P, are finite element approximation spaces, C' and P are spaces
leading to a natural notion of regularity for ¥ and ® respectively, and C and P are
spaces containing all Cj, and P,. Finally C* and P* are the co-domain of ¥ and ®

respectively. More specifically we have
C=Wh=(Q), C=H(Q), CT=L*Q) and C,=Vg4
for concentration and
P=WyQ), P=H(Q), P"=L*Q) and P, = V.o NW;()

where

Wo(Q) = {w c Whe(Q) : /

wdazzo}.
Q

We norm the approximation spaces with || - || 1 (q)-

For all w € Wy(Q2) and d € WH>(Q) the weak forms of (6.2.1) and (6.2.2) are
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given by
(6.2.6) O(p; O)fw] = (w = (ale)Vp, Vw)),

U(e;p)[d] = (d— (D(u)Ve,Vd) + %(u -Ve,d)
(6.2.7) — %(uc, Vd) + %((ql +q¢")e, d)).

We assume that the exact solution (c,p) to (6.2.1)-(6.2.2) belongs to WH>(Q) x
Wh(Q) (the well posedness of the model in H?(2) x H?(Q) is established [105]).
With the given boundary regularity (or convexity) this is not an unreasonable as-
sumption. Following the analysis in, e.g., [102, Chapter 7] we have that the solution
to each of (6.2.1) and (6.2.2) when uncoupled (with appropriate boundary condi-
tions) has bounded derivatives. As previously remarked this does not hold for elliptic
equations on non-convex domains and is a major motivator for development of an
alternative approach.

We then define the following problems for stationary IMD.
Definition 6.2.8. Define the continuous problem as: Find (c,p) € Wh*(Q) x W,
such that
®(p;c) =q' —q",

U(c;p) = éq'

(6.2.9)

Given the regularity of the discrete solution the weak operator can be used to

define the discrete problem.

Definition 6.2.10. Define the discrete problem: Find (cp,ppn) € V.oXx (V.aNW5(2))
such that

O (pp:cn)wn] = ¢ — qb Ywyp, € V,o(2) N WH(Q),
(62.11) (pns en)lwn] = g, — q n € Vo(Q2) N Wo(Q)

U (cn; pr)ldn] = engs Vd, € V,q(52).

where g}, ql and ¢, are the L* projections of ¢',q" and ¢ onto the approzimation

space.

Note that we now find the approximation for velocity via u, = —a(cp,)Vpy.
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Definition 6.2.12. Define the auziliary problem as: Find (¢,p) € WH>(Q) x W,

such that

(P en) =q" — 4",
(6.2.13)

V(& pn) =éq"

where (cp, pr) is the solution to the discrete problem.

For simplicity we specify that ¢/ = ¢}, ¢ = ¢}’ and ¢ = ¢.

We now follow the steps of the abstract analysis for this problem. The methods
we use for the a posteriori estimators (Assumption 6.1.5) can be found in, e.g.,
[5], although many alternatives exist in the literature. The coupling assumption
(Assumption 6.1.4) follows using standard techniques which can be found in most
finite element analysis texts, e.g., [34, 67]. The primary purpose of presenting this
analysis therefore is not to prove that the stationary problem (6.2.1)-(6.2.3) fits into
the abstract framework as this is relatively straightforward. The main purpose is
to show the process in order to understand the restrictions we face in non-convex
domains and the properties we will have to duplicate (to follow this approach) in
weighted spaces.

We first show coercivity of ® and ¥ when the coefficients of the problem satisfy
the assumptions of Section 4.2. Recall a = K/u so using Assumption (Al) and

Assumption (A2) we have a, < a < a° for positive a,,a®° € R. For p € W, we have
®(p; )[p] = (a(c)Vp, Vp)

(6.2.14) > ao||Vp||72(0)

2 EPHPH%{l(Q)

where in the final line we have used a Poincaré inequality and so =, depends on the

constant there and a,. Using Assumptions (A3) and (A5) in a similar manner for
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c € H'(Q) we find

U(c;p)le] = (D(u)Ve,Ve) + =(u- Ve, c) — %(uc, Ve) + %((ql +¢")e, c)

1
2

= (DW)Ve, Vo) + (5d" +4")e, )
(6.2.15)

I .
> doch”%Q(Q) T3 min(q" + QP)HCH%%Q)

> ECHCH%H(Q)'

Note that if min(q’ + ¢©) = 0 (as is usual) we require a Poincaré inequality as for

pressure.

Lemma 6.2.16. Let (c,p) € Wh>(Q) x Wy be the solution to the continuous problem
defined in Definition 6.2.8, and (¢,p) € W (Q) x Wy be the solution to the auziliary
problem defined in Definition 6.2.12. Then we have

(6.2.17) ||p—l5||§11(9) < 7p||0—0h||121{1(9)
where

0| Vpl=@
(6.2.18) = ~ :

—=p
and
(6.2.19) le = el < vellp — prllie)
where
2

(6.2.20) Yo = (ao ((&° + DIVl o) + %”C”LW(Q)))

Proof. By subtracting the ® terms in (6.2.9) from those in (6.2.13) we find ®(p; ¢p,) [w]—
®(p; c)[w] = 0 for w € Wy(2). Using this result with the coercivity from (6.2.14)
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gives

Epllp — bll7nie) < ®(p — B;cn)lp — B
= ®(p;cn)lp — p] — @(p; c)[p — ] — ©(B; cn)p — p| + P(p; c)[p — P
= ((a(cn) — a(c))Vp,V(p — b))

< a®llc = enllm@ll Vollee@llp — bl @)

and by rearrangement we have shown (6.2.17).
Similarly by subtracting the ¥ terms in (6.2.9) from those in (6.2.13) we have
U(c;p)[d] — (¢ pr)ld] =0 for d € WH>°(€Q). Then using the coercivity from (6.2.15)

we have

Eelle = elli o
< W(c—¢pp)lc—d
= U(c;pn)le — & = W(e;p)le — ¢ — V(& pu)le — & + ¥(e;p)le — ]
= (D(w) Ve ~B(u)Ve, V(e ~ ) + 5 (un- Ve —u- Ve,c— &)
- %(uhc — ue, V(e — &)
< [D(w) = D(un)l| 2@ Vel L= @lle = llm @

1 .
+ 5 llu = unlllle = lme) (IVelle@ + llefl )
o o 1 1 ~
<a (d IVellzm@) + SlIVel @) + §HCHL°°(Q)) lp = palla@lle = éll o
where we have used (6.2.3) and u, = —a(c,)Vp,. By rearrangement we have

(6.2.20). 0

The 7, and 7, found here may not be optimum. It may be necessary to formulate
sharper constants to satisfy 7.y, < 1 (cf., Assumption 6.1.4). For the purposes of

this exposition we simply assume this is the case for the constants calculated above.

Assumption 6.2.21. We assume that 7. and vy, defined in Lemma 6.2.16 satisfy

Yerp < 1.

We now present simple a posteriori error estimators in the manner of Assumption
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6.1.5. We remark that the literature in this area is very well developed and the
estimators presented here are by no means original or unique. We present them for
completeness and to motivate later sections. For alternative estimators see, e.g.,

[4, 17, 31] (this is not intended to be a comprehensive list).

Lemma 6.2.22. Let (¢,p) € Wh(Q) x Wy(Q) be the solution of (6.2.13), and
let (ch,pn) € Voo X (V.o N Wo(Q)) be the approximation defined in (6.2.11). With

¢ =ql, ¢" =q and ¢ = ¢, we have the following a posteriori error estimators:

16— pallfro) < Gy (Z hlla" = ¢" + V- (alen) Von) 1 72s)

EeTy,
(6.2.23)
+ ) helllalen) Vpulll3a
e€&y
and
1& = enll g
(6.2.24) , , 1 ,
<C. Z hE||Rc||L2(E) + Z he | [D(un)Ver] + 5[[Uhch]]||L2(e)
EeTy, e€sy
where

1 1 1
(6225) R. = éql -V (]D)(uh)Vch) — éuh . Vch + §V . (uhch) — é(ql + qP)ch.

Here C,, depends on the coercivity coefficient in (6.2.14) and Cy, in (3.3.3), and C.

depends on the coercivity coefficient in (6.2.15) and Cs,.

Proof. Subtracting the ® terms in (6.2.13) from those in (6.2.11) we have the

Galerkin orthogonality

(6.2.26) QP —pricn)wp] =0 Ywy, € Vo NWH(Q).



6.2. Stationary IMD 87

Integration by parts on the weak form gives

D(p — pn; cn) [w]
= (a(ch)V(ﬁ - ph)v Vw)
= (¢" — ¢",w) — (a(cn) Vi, V)

= (¢" —q",w) + Z (V- (alen)Vpr),w)g — Z wla(en)Vpp] ds

E€Ty, ec&y €

where we have applied (1.3.25). By adding (6.2.26) with w, = SZj(w), the Scott-
Zhang projection introduced in Chapter 3, we find

D(p — pu; cn)[w] = (P — pn; cn)[w — SZp(w)]
= (¢ ="+ V- (a(en)Vpr), w — SZ(w))p

EeTy,
> [ lalen)Vpul(w — 82 (w))
ecép €
< lld" ="+ V- (alen) Vo) 2y lw — SZn(w) | 22(s)
EeTy,
+ > lalen) Vonlllzze lw — SZn(w)]| 22e)-
6652

By setting w = p — p,, and using the coercivity of ® from (6.2.14) and the properties
of the Scott-Zhang projection (3.3.3) we show (6.2.23).
For the ¥ terms of (6.2.13) and (6.2.11) by subtraction we have the Galerkin

orthogonality

(6227) \I’(é — ch;ph)[dh] =0 th € ‘/CG'
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Using (6.2.7) and integrating we find

(¢ — cu;pn)d]

. 1 1 1
= (¢q', d) — (D(up)Ven, Vd) — é(uh -Vep, d) + é(uhch, Vd) — =((¢" + ¢")en, d)

2
R 1 1 1
= (qu, d) + Z (V . (]D(uh)Vch) — éuh . Vch + §V . (uhch) — §(ql + qP)ch, d)E
EcT,

- Z([[D(uh)vch]] + %[[Uhch]], d)e.

e€sy

Combining this with the Galerkin orthogonality and dj, = SZ,(d) we find

\I’(é — ch;ph)[d] = \I’(é — ch;ph)[d - SZh(d)]
=" (Re,d — SZ,(d))

E€Th

= 3 (D) Ven] + %[[uhch]], d— SZ,(d).

ec&y

<Y IRz ld — SZ4(d) | r2(m)
EET

1
+ ) IID(un) Ven] + sluncr]llrzlld — SZa(d)] r2e)
ec&y
By choosing d = ¢ — ¢, using the coercivity of ¥ in (6.2.15) and the properties of
the Scott-Zhang projection we recover (6.2.24). O

Theorem 6.2.28. Let v, and 7. defined in (6.2.18) and (6.2.20) resp. satisfy
Assumption 6.2.21. Then the solution (c,p) € Wh>(Q) x Wy(Q) to (6.2.9) and
(chypn) € Vg x (Voo N Wo(Q)) defined by (6.2.11) satisfy the a posteriori error

estimate

Ip = prllE () + lle = enllEnq)

< 2 I_ P . 22 22
(6.2.29) <C (Z h (”q ¢ + V- (alen)Vpn)llg ® t IRl (E))

EcTy

Y0 <H[[a ) Vpnl e + ID(un)Ven] + - [[uhch]]HLQ(e)

ec&y
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where C' depends on the constants defined in Lemmas 6.2.16 and 6.2.22.

Proof. Following the steps of the proof of Theorem 6.1.8 we combine the results of
Lemmas 6.2.16 and 6.2.22. O

6.3 The Case for an Alternative Approach

If O C R?is a smooth, bounded domain then the solution to a strongly elliptic
differential equation will be smooth on Q provided the given data and coefficients
are smooth. This is a well known result which was referenced in Section 4.3 and is
used to show the a posteriori estimators in Chapter 5. In non smooth/non convex
domains there can be the loss of regularity and the smoothness of the data no longer
implies the smoothness of the solution.

Consider for example the case of an L-shaped domain in R? as studied in [20,
Numerical Example 2] and shown in Figure 6.3.1. For injection and production wells
located at (1,1) and (0, 0) respectively, and with discontinuous permeability, we see

a singular velocity field at (0.5,0.5), the location of the re-entrant corner.

j

3!

i
A
1
i
.
1
i

|
i
!

Figure 6.3.1: A numerical simulation showing an approximation to the unbounded ve-
locity field on an L-shaped domain with a re-entrant corner at (0.5,0.5) and singular
injection/extraction points at (0,0) and (1, 1) respectively.

We will outline an approach we believe can be used to address some of the

difficulties associated in generating a posteriori error estimators for such problems
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using the so called weighted (Babuska-Kondratiev) spaces as described in Section
6.4. Our analysis is incomplete and our intention is to highlight the difficulties still
faced while presenting some useful results which may be applied when dealing with
weighted spaces.

We face several problems in trying to extend the analysis of the previous section

to problems in non convex domains.

e Existence and uniqueness. Existence and uniqueness in the weighted
spaces has been shown for a class of elliptic equations [100, 101]. However
no results exist for the coupled problem (6.2.1)-(6.2.2) in non convex domains
using weighted spaces. Extension to parabolic problems has been considered
by, e.g., [28, 29, 72, 92]. No results in weighted spaces exist for the coupled
problem (1.1.3)-(1.1.5).

e Coercivity. It is not clear that coercivity results of the type (6.2.14) and
(6.2.15) exist in the weighted spaces. The coercivity was used to show both
the coupling assumption and the a posteriori error estimators (Lemmas 6.2.16

and 6.2.22) in Section 6.2, and as such it is a central tool in the analysis.

e Boundedness of derivatives. We do not have ¢,p € WhH(Q) (see for
example Figure 6.3.1). Therefore we cannot employ the methods leading to,
e.g., (6.2.18) and (6.2.20). Alternative bounds must be formulated in the

weighted spaces.

In the following sections we concentrate on the final item and show that if we
assume existence of a solution to (6.2.1)-(6.2.2) in some weighted space we may
generate an a posteriori error estimator for the stationary miscible displacement

problem when (2 is not convex.

6.4 Some Results from the Theory of Weighted
Spaces

We consider only problems where 0 € R? is a straight sided polygonal domain.

We do not allow cracks and assume that the domain is Lipschitz. In particular we
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consider problems with non smooth points on the boundary arising from corners
and from coefficients which are singular on the boundary. Both may give rise to
point type singularities, i.e., points where the solution or its derivative are singular.
We call these the collection of singular points.

For a general introduction to weighted spaces see the books by Kufner [93] or
Dauge [58]. Work on weighted spaces covers a variety of areas and an exhaustive
survey is not practical here. In the elliptic case we suggest that readers study
[6, 13] and the references contained therein. Less work has been undertaken for the
parabolic case. We refer readers to [28, 29, 72, 92] in particular. Our analysis in the
elliptic case will follow the notation of [6, 100, 101]. The work of [100, 101] shows
that we have only weighted control on the H? semi-norm on regions such as the L
shaped domain above. However we have greater control on the lower order norms.

We introduce some results from the theory of weighted spaces following the
notation of Ammann and Nistor [6]. The collection of singular points @ is denoted
by V, also called the vertices. If rg(x) is the distance from @ to @) € V (using paths
in Q) then define the weight function by

I(@) = [ ro(@).
Qev
Let @ = (ag) be a vector with real components indexed by @ € V. For t € R denote
d+t = (ag +t) and note 9%+ (x) = ¥%(x)9!(x). If we write, e.g., 7= s, s € R we
mean a@ = (s), a vector with length corresponding to the number of vertices with
each entry being s. Similarly by writing, e.g., @ + 1 we denote the addition of 1

elementwise to a@. We assume that 0 < @ < 1 unless specifically stated otherwise.

Definition 6.4.1. We define the weighted Sobolev (Babuska-Kondratiev) space to
be

(6.4.2) Ki(Q) .= {f : 979D f € L*(Q), V]a| <m € Z}

a

where 7" is the set of non-negative integers.

Note that L?(Q) = KJ(Q2) but that, e.g., H'(Q) # K}(Q) as the power of ¥



6.4. Some Results from the Theory of Weighted Spaces 92

depends on the order of the derivative. The relationship between the weighted and
unweighted Sobolev spaces is key to our analysis.

Define the norm on the Babuska-Kondratiev space to be
(6.4.3) lolfg@ = Y 197" D0|[F2q
la|<m
and the inner product
(6.4.4) (o)) = Y /Q 92(el=8)( Do) (DY) dar.
laj<m

The spaces KZ'(02) on the boundary are defined similarly, i.e., where P is a

differential operator of positive integer order k on 9€) we have
K2(09Q) == {f : 00 — R, 0" P (flaq) € L*(0Q), Vm € Z"}

and

||U||21cgl(am = Z||19k_6730||%2(am-

k<m

We present the following lemma from [6, Theorem 3.8].

Lemma 6.4.5. On a polygonal domain €2 we have that the restriction to the bound-

ary extends to a continuous, surjective map

(6.4.6) K2() 3 u — ulon € KI5 2(09)

a afl/g

form > 1.

A consequence of this result is that there exists a positive constant C', depending

on m and @, such that

(6.4.7) o S Cllvlkpe) Vo e KF(Q).

v m—
H ”de1722(8
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Consider the second order differential operator

2 2
(6.4.8) L== 0,490, +Y Vo, +c
=1

ij=1

where A% = A", We assume that we have strong ellipticity, namely,

2
(6.4.9) Z A (2)&i&; > C”f”%?(ﬂ)

ij=1
for some constant C' > 0 independent of z €  and ¢ € R%. We also assume as
previously that c— %V-b > (. We shall assume that the coefficients have singularities
only on the boundary but are otherwise smooth. Consider now the boundary value

problem

Lp=f in €,
(6.4.10) pP=gp on df)p,

Vp-n=gn on 0f)y,

where the boundary 02 is decomposed into Dirichlet and Neumann components
denoted by 0Qp and 9Qy respectively, 9Qp NIy = 0 and 9Qp # (. We say this
problem has singular points only on the boundary and that @ is known. By [101,
Theorem 3.2] there exists a positive constant ng such that for all |ag| < 7¢ there
exists a unique weak solution p € K%, (Q) with p = 0 on 9Qp. Then we have the
following theorem concerning the regularity of the solution p of (6.4.10) which is a

simplification of that in [101].

Theorem 6.4.11. Let m > 1. Assume that gy € /Ca_:}f(ﬁQN), gp € K;f;;f(ﬁQD)
and f € /Cgl__ll(Q) for some straight sided polygonal domain Q € R? with finitely
many singular points Q only on the boundary, each with associated paramater 0 <
ag < 1. Then for |ag| < ng a positive constant we have that the solution p €
K&, (Q) to (6.4.10) satisfies p € KZH(Q) and we have the estimate

(0412)  Tplezser < Con (I ez Moty + 1900z,
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where Cgg 15 a constant independent of f, gy and gp but perhaps depends on a.

In particular when m = 1 we have p € K2, ,(Q). If we also have @ = 1 the
highest derivative in the weighted Sobolev space is unweighted, i.e., from (6.4.2) we
have |a| — (@4 1) = 0 for |a|] = 2. Less regular domains have smaller ag and when
d < 1 the power of ¥ on the highest derivative is positive, i.e., |a| — (@ + 1) > 0 for
la| = 2. However for |a| = 0,1 the power of 9 is negative, e.g., ¥’p € L*(Q) for
b < 0, and similarly for the derivative. It is this property which we will exploit in

the next section.

6.5 Sobolev Imbeddings in Weighted Spaces

We wish to extend some results of Sobolev imbeddings to weighted spaces. Our
approach here is restricted to our particular problem and readers should refer to,
e.g., [40, 76] and the references therein for more general results on the imbedding of
weighted Sobolev spaces. Note that we assume that we have a sufficiently regular
boundary to apply these imbeddings, i.e., a Lipschitz boundary.

We first present a lemma (modifying the notation) from [13].

Lemma 6.5.1. Let @ be as defined previously, b € R and let L be a differential
operator of order k with smooth coefficients. Then for m € Z we have that multipli-
cation by 9° defines an isomorphism KI'(Q) — K2, (). Thus 9*K2(Q) = K2, ()
where Y KT(Q) = {9%, Yo € K2(Q)}. In addition the map L : K2(Q) — K2 F(Q)

1s well defined and continuous.

The proof of this lemma can be found in [6]. Useful in the proof is the additional

result from [100].
Lemma 6.5.2. For positive i, j € Z the function 97*'~%91910% is bounded on Q.

A consequence of Lemma 6.5.1 is that any first order derivatives of functions in a
given weighted Sobolev space will be in a weighted Sobolev space of one order lower

in each index, e.g., functions in KZ'(Q2) have derivatives in K27 (Q2). We will also
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frequently use the fact that for m > m/ and @ > @ we have in bounded domains
Km(Q) c K%' ().

In particular this means that 2(Q) C L*(Q2) for @ > 0 and K}, ,(2) € H'(Q) for
a4+ 1> 1. We will use these results without justification throughout the text.

Recall the following Sobolev embedding theorem from, e.g., [3, Theorem 4.12].

Theorem 6.5.3. Let Q be a domain in R? satisfying the cone condition [3, Def-
inition 4.6]. Let j > 0 and m > 1 be integers and let 1 < p < oo. If mp > 2
then

WIEmP(Q) — WH(Q)  forp < g < o0,

and in particular
(6.5.4) H*(Q) — LYQ)  for2<qg< oo
when m =2, p=2. If mp =2 then

WItme(Q) — W(Q)  forp < ¢ < oo,
and in particular
(6.5.5) HY(Q) = LYQ)  for2<q< oo

whenm =1, p=2.

We want to relate these Sobolev imbeddings to weighted spaces. We begin by
asking: Given w € K2,,(€) how should we choose the real valued vector b so that

Pw € H?(Q)?
Lemma 6.5.6. If w € K2,,(Q) then 9'"%w € H?*(1).

Proof. As w € K2,,(€2) we have immediately that ¥'~%w € L?(2). From Lemma
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6.5.1 we have ¥1~%w € K2(Q). Using the definition of the weighted spaces
19" wllRgqy = 197 wllFa0) + 97 DO~ W) |20y + 1D (0" w)l[72 ).

Thus we see D?(9'~%w) € L*(Q) and D(9'~%w) € L*(Q). Each derivative of ¥'~%w
is in L2(Q) and so 9'~%w € H?(Q). O
Lemma 6.5.7. For Q C R? satisfying the conditions of Theorem 6.5.3 if

w € K2, ,(Q) then 9w € L=(Q).

Proof. By Lemma 6.5.6 we have 9'~%w € H?()). Then by using (6.5.4) we have
V1w € L2(Q). O

Of course we should not expect that the gradient of w € KZ_; () will be bounded.
However we can show by a similar method that the weighted gradient is in a Lebesgue

space.

Lemma 6.5.8. For Q C R? satisfying the conditions of Theorem 6.5.3 if
w € K2,,(Q) then 9'~Vw € L1(Q) for 2 < ¢ < .

Proof. By Lemma 6.5.6 we have V(9'"%w) € H(Q). Using Lemma 6.5.2 gives
=iV w € HY(Q). Then using (6.5.5) we find 9'=Vw € LI(Q) for 2< g < oco. O

Note that this result is not the weighted analogue of Vw € L>(2) for solutions
of elliptic equations in convex domains, i.e., for w € H?(Q2) the Sobolev embedding
gives Vw € L1(Q) for 2 < ¢ < oo but the approach of, e.g., [102] is used to show
Vw € L>(Q). We have not been able to prove a result of the type ¥*Vw € L>®(Q)
for w e KZ.,(Q) for some b. If such a result could be shown it would be a very

useful contribution to the field.

6.6 A Posteriori Error Estimators

in the Weighted Spaces

In order to formulate a posteriori error estimators in the weighted spaces following
the abstract approach of Section 6.1 we must make some assumptions on the solution

to (6.2.1)-(6.2.2).
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Assumption 6.6.1. Let Q € R? be a bounded straight edged polygonal domain
without cracks in which the Sobolev embeddings of Section 6.5 may be applied. Then
we assume that the problem (6.2.1)-(6.2.5) has singular points only on the boundary
and a unique solution (c,p) € K2(2) x K2°(Q), where K2°(Q) := {w € K(Q) :
Jowdx = 0}. Furthermore we assume we have the bound (6.4.12) with m =1 for

each of ¢ and p with the boundary conditions as given.

As we have remarked to our knowledge there are no results concerning the solu-
tion to the coupled stationary IMD problem in the weighted spaces. The assumption
we make is therefore based on the regularity for the elliptic problem presented in
Section 6.4, with a condition on the pressure to ensure unique solutions.

The weak forms of (6.2.1) and (6.2.2) are given by, for all w € Ky}, (€) and
d€ KL\ (©)

(6.6.2) O(p; ¢)[w] = (w = (a(c)Vp, Vw)),
U(e;p)[d] = (d— (D(u)Ve, Vd) + %(u -Ve,d)

(6.6.3) — %(uc, Vd) + %((ql +¢")e, d)).

We must also make an assumption about the coercivity of the operators.

Assumption 6.6.4. The operators ® and VU defined above are coercive in IC(%H(Q),

1.€.,
(6.6.5) e (p;o)lpl = Slipliky, (@
and
(6.6.6) ¥(e;p)le > Zellellis, (o)

We define the continuous, discrete and auxiliary problem (cf., (6.1.1), (6.1.2) and
(6.1.3)):

Definition 6.6.7. Define the continuous problem as: Find (c,p) € KL () x
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L9 (Q) such that

a+1

P(p;c) =q" —q",

U(c;p) = éq'.

(6.6.8)

Definition 6.6.9. Define the discrete problem as: Find (cp,pn) € V,gx V,.gNL3(2)
such that
O(pn;cn)lwn] = ay — @y Ywn € V() N L5(Q),

(6.6.10)
U (cn; pu)[dn] = éng Vdy, € V,q(52).

Definition 6.6.11. Define the auwxiliary problem as: Find (¢,p) € KL, () x
éﬂfl(Q) such that

(6.6.12)

where (cp, pr) is the solution to the discrete problem.

We first consider Assumption 6.1.5 in the weighted spaces. We have K}, ,(Q2) C
HY(Q) for @ > 0. Therefore we may apply the Scott-Zhang interpolation operator

as we did in Lemma 6.2.22, using now Assumption 6.6.4.

Lemma 6.6.13. Let (¢,p) € KL ,(€) x Kéﬁl(Q) be the solution of (6.6.12), and let
(chypn) € Vg x (V.o N LE(Q)) be the approximation defined in (6.6.10) and assume
Assumptions 6.6.1 and 6.6.4 hold. With ¢' = ¢}, ¢" = qF and é = ¢, we have the

following a posteriori error estimators:

17 = pullks, @ < Co (Z Wgllg' =" + 'V - (alen) Von) Iz )
E€Th

(6.6.14)
+ ) helllalen) Vorlll32

ec&y
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and

~ 2
¢ — ChHIC}Hl(Q)

(6.6.15) 1
<C. Z g lRell72(m) + Z he | [D(un)Ver] + 5[[“/1011]]“%2(@)

EeTy, ec&y

where R is as defined in (6.2.25). Here C, depends on the coercivity coefficient in
(6.6.5) and Cy, in (3.3.3), and C. depends on the coercivity coefficient in (6.6.6) and
Cs,.

Proof. Follow the steps of Lemma 6.2.22, using instead the coercivity given in As-
sumption 6.6.4 and the orthogonality generated from the terms of Definitions 6.6.9
and 6.6.11. O

To show the coupling assumption in the weighted spaces is more difficult. As we
have already remarked we do not have a result concerning weighted boundedness
of Vp. We cannot treat the term ((D(up,) — D(u))Ve, V(e — ¢)) while keeping all
terms normed in K}, (Q) (note that the term contains derivatives on all three parts
through the definition of u). We therefore have to reduce the norm imposed on c.

This leads to the unexpected appearance of KV () control on c.

Lemma 6.6.16. Let (c,p) and (¢,p) € Kb ,(Q) x K5}

#01(82) be the solution to the

continuous problem defined in Definition 6.6.7 and the auxiliary problem defined in
Definition 6.6.11 respectively. Assume Assumptions 6.6.1 and 6.6.4 hold. Then for

1/3<ad<1 and real 2 < g < oo we have

(6.6.17) Hp—ﬁ”?q”l(ﬂ) < ”Yp”c_ch”?c(l’fa(ﬂ)

where

o —a 2
a9t Vp||Lq(Q))

—_—
—
—p

(6.6.18) yp:<

and

~112 2
(6.6.19) lle = éllkg ) < el = prllks, )
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where

L | 1, on- 2
(6.6.20) ~, = <CBKa° (dOHﬁ?avcHLq(m + 5!\192 Ve o) + 5!\192 cHLoo(m))

where Cgk s as defined in Theorem 6.4.11.

Proof. The proof for @ closely follows that from Lemma 6.2.16. By subtracting the
® terms in (6.6.8) from those in (6.6.12) we find ®(p; cp) — P(p; ¢) = 0. Then using

the coercivity of ® from Assumption 6.6.4 we have

Sollp = bl @) < 20— Be)lp — i)
= ®(p; cn)lp — ] — ®(p; o) [p — p] — (P en)p — P + @(p; ¢)[p — P
= (0*" Y(alcn) — ()9~ Vp, 9~V (p — p))
< [9*(alen) = ale) | zrs@ 19" Vpll Lo 19V (p = )| 2 (@)

< a’lle = enllko_ o) 19"V pl| Loy lp — 25||/c}i+1(9)

where we have used the Sobolev embedding theorems in the weighted spaces of
Section 6.4, chosen 2 < ¢ < oo such that 1/2 4+ 1/(2+6) + 1/¢ = 1 and used
V231 c —¢p) <9 (e — ¢,). With rearrangement we have shown (6.6.17).

For concentration our approach is similar to that in Chapter 5. First introduce

the dual equation on the domain €2.

V- (D(u)VC) + lu -V( + 1v (u¢) — l(ql +¢") ¢ =0"(c—¢ onQ,
(6.6.21) 2 2 2

(D(w)V¢) -n=0 on 09,

where b is a real valued vector at our disposal. Using Assumption 6.6.1 we have that
¢ e ICCZ{JSI(Q) for the same @ as in Definition 6.6.7 and we have the regularity result

(6.6.22) ||C||/c§+1(ﬂ) < Cp[9*(c - 6)||IC271(Q) = Cpkllc - 5||/<gflfb(sz)

where Cgg > 0 is a constant independent of ¢ and ¢. Using (6.6.21), the regularity
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of u and ¢ and integrating we find

|c — 6”'%%/2(9) = (0"2(c — €),0"*(c — &)

= (V- (D(u)V¢ )c—é)+%(u-VC,c—6)
+§< ) e~ &) = (¢ + ") e )
—(D(u)V(, V(ie—¢) + %(u -V(,c—2¢)

1 1, , N
§(uC V(c—2)) - 2((q +q")( c—@).

Subtracting ¥ terms in Definition 6.6.7 and 6.6.11 and using the test function ¢ in
the weak form gives U(c;p)[¢] — (¢ pn)[¢] = 0. By adding this to the previous

equation we find

e — CHICO 0 2(D)

= (D(u)Ve —D(up)Ve, VE) — (D(u)VE, Ve —¢é))

+ %(u -Ve—up,- Ve () — %(UC,V(C— c))
1 _ 1 -
— é(uc— uné, V() + §(u -V(,c—¢)
= (D) ~ D)) V&, V) + 3 ((u — w) Ve, &) — 3 ((u — w)e, V).

For the first term we find

(D(u) = D(un))VE, VE) < da® (0¥ (p — p)9* Ve, 77V ()
< &0 077V (p — pu) | 2+ 19V Loy |9V | 20y

< d°a’[lp - ph”lcl_H(Q H"‘?QGVCHLQ Q)”CHICQ

a+1

where ¢ and 0 are chosen as above. Now we may apply Lemma 6.5.8 to the third

term provided 2d > 1 — @ which holds as @ > 1/3. We repeat this process for the
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other terms, then using (6.6.22) we find

~112
e — C”;cgb/Q(Q)

o 1) i
6.6.23 < Cpra® ( &||0**Vel| o) + 5 [0°7 Ve paoy
2
Lo ~
+§||19 Al ) lIp = pallcr, @lle = éllxe_, @)

The optimum choice for b is when —b/2 = @ —1—b = b = 2d — 2 which gives
(6.6.19). O

Assumption 6.6.24. We assume that 7. and vy, defined in Lemma 6.6.16 satisfy

Yerp < 1.

We may now combine the results (6.6.14), (6.6.15), (6.6.17) and (6.6.19) in the

manner of Section 6.1.

Theorem 6.6.25. Assume that Assumptions 6.6.1, 6.6.4 and 6.6.24 hold, and
that the conditions of Lemma 6.6.13 and 6.6.16 hold. Then the solution (c,p) €
K2, () x K272,(Q) to (6.6.8) and (pn,cn) € V,g x (VoM LE(Q)) defined by (6.6.10)

satisfy the a posteriori error estimate

Ip— ph”?c}ﬂl(ﬂ) + [le = ChH?C&La(Q)

<C hy (llg" =" + V- (alen) Vou) 72 + IRell72
(6.6.26) <Z " ( HE) - (E)>

EET,

Yk (nua ) Vpn] e, + D (un) Ven] + 2 ﬂuhchﬂnme)

ec&y
where C' depends on the constants defined in Assumption 6.6.4, 6.6.13 and 6.6.16.

Proof. Following the steps of the abstract proof of Theorem 6.1.8 we combine the
results of Lemmas 6.6.16 and 6.6.13. Note that the estimator (6.6.15) automatically

provides control on KY _(Q). O

Remark 6.6.27. This bound only offers control on ¢ — ¢y, in the KY_.(Q) norm for

the reasons discussed. If we make the additional assumption that we can bound the
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derivatives, e.g., 917Vp € L>®(Q) we can achieve the same control on both terms

in the manner of Section 6.2.

6.7 A Review of Our Error Estimators

We conclude this part with a brief review of the error estimators we have presented.

In Chapter 5 we formulated an a posteriori error estimator for the coupled,
time dependent problem of incompressible miscible displacement. In order to do
so we assumed that the derivatives of pressure and concentration were bounded,
the domain €2 was convex and that the coefficients which were derived during the
analysis satisfied a particular relationship (Assumption 5.4.1).

In the current chapter we considered first the fundamental aspects of the anal-
ysis. We identified several properties which, when possessed by a coupled system
of equations and their approximation, lead to an a posteriori error estimator for
the coupled problem. This abstract approach is applicable to stationary and time
dependent problems. Note however that the analysis of Chapter 5 does not follow
the scheme exactly. The estimator for the concentration in Theorem 5.3.6 is con-
structed using the dual equation (5.3.1)-(5.3.3), not with an auxiliary equation in
the manner of Section 6.1, and the control on E. is in L? not H'.

We derive an a posteriori error estimator for the stationary problem of incom-
pressible miscible displacement in Section 6.2, making the same assumptions on the
boundedness of the derivatives as in Chapter 5. We note however that the assump-
tion of boundedness is not attained for some domains or for some conditions on the
assumptions. This motivates the study of weighted spaces. The estimator that we
derive for the weighted case must be constructed without relying on the boundedness
of the derivatives and with only modified (i.e., weighted) control on the boundedness
of the solution. If it were possible to show that the derivatives were bounded after
application of some weight we could generate the same control on both p — p, and
¢ —cp. As it is we have to formulate the analysis to give control only in K¢ () on
c—cp.

To compare the estimators (with reservation) we note that, e.g., Hp—th,@H(Q) >
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P — prllar (o) (provided of course that p has sufficient regularity). Therefore, de-
pending on the values of the constants 7, and ~. for the weighted and unweighted
problem, we see that the weighted bound may be more reliable (in the sense that
the right hand side of (6.2.29) is a more distant predictor of error than the right
hand side of (6.6.26)). This suggests that there is some scope to introduce “artifi-
cial vertices”, i.e., vertices with no associated singularity, to achieve more reliable a

posteriori bounds.
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Constraining the Jumps in the
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Chapter 7

Continuous-Discontinuous
Galerkin Methods by

Local Super Penalization

The material included in this chapter has been published in part in [46].

We now return to discussion of the continuous discontinuous Galerkin method.
The control of discontinuities across element interfaces in the dG framework can be
exercised by introducing and /or tuning the, so-called, jump penalization parameters
(that is o in (2.2.3) and (4.4.6)). Using excessive penalization within a dG approxi-
mation will be referred to as the super penalty method. 1t is natural to expect that as
the penalty parameter is increased the interelement jumps in the numerical approx-
imation decrease. It has been shown by Larson and Niklasson [96] for stationary
linear elliptic problems (using the interior penalty method) and by Burman, Quar-
teroni and Stamm [42] for stationary hyperbolic problems (penalizing the jumps of
the approximation for discontinuous elements and the jumps in the gradient of the
approximation for continuous elements) that the dG approximation converges to the
c¢G approximation as the jump penalization parameter tends to infinity.

Firstly, we present an alternative proof of the convergence of dG methods to
¢G methods, using a far more general framework covering the cases considered by
[42, 96] and also non-linear and time dependent problems. Moreover, we show that

super penalization procedures can be localized to designated element faces, thereby

106
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arriving at the ¢dG method as described in Chapter 2. As particular examples we
consider the limits of the interior penalty dG method for PDEs with non-negative
characteristic form [82] and the mixed Raviart-Thomas-dG method for the miscible

displacement system presented in Chapter 4.

7.1 An Abstract Discussion

Consider a (possibly non-linear) operator B : W x W — R where W is a finite
dimensional vector space with norm || - ||y. Suppose there exists a decomposition of
W such that V@ X =W for V, X C W. In particular this means we can write any
w € W uniquely as w = v + x for some v € V and z € X.

Assume that B is coercive, i.e., there exists Ay > 0 (typically independent of

the dimension of W), such that
(7.1.1) B(w,w) > Awl||lw|Z,  YVweW.

Consider another operator § : W x W — R, whose support is restricted to X x X

in the sense that

(7.1.2) Sv,0)=0 Vuv0eV
and
(7.1.3) S,z) =8(xz,v) =0 VYveV, zelX.

We require coercivity on X, i.e., there exists Ax > 0 such that for all z € X
(7.1.4) S(z,x) > Ax|[l%,

where ||z x is a norm on X. In view of (7.1.2) this gives S(w,w) > Ax|jw|} =

Ax||z|%. We construct a further operator

(7.1.5) B, :=B+o0S
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where 0 < o € R, and call this the super penalized bilinear form.
Let ¢ be an element of the dual space W* of W, independent of o. Then choose
w, € W such that

(7.1.6) B, (w,, w) = {(w) VweW.
Also choose v, € V such that

(7.1.7) B(vp,v) = £(v) VoelV.
Observe that for all o € R

(7.1.8) By (vp,v) = B(ug,v) = £(v) VoeV
using (7.1.2). Now with (7.1.1), (7.1.4) and (7.1.6) we have

Awlws [[fy + oAx o[k < Blwe, we) + 08 (we, ws)

= Ba<wo7wa>
= (w,)
< [[llw=lwellw-
Using Young’s inequality we see
Ay 2 2 Lo
(7.1.9) —Mwellw + 28w Ax[lws[lx < i€l

Each of Ay, Ax and ||¢||w+- are independent of 0. We write w, = v, + x,, the

unique decomposition with v, € V and z, € X. From (7.1.9) we see
(7.1.10) lim [|v, + 2, ||x = lim ||z,||x = 0.
T—00 T—00

Therefore x, — 0 as 0 — 0.

Now assume that B is continuous in the first argument in the following sense: If
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lim; oo w; = w € W then

(7.1.11) lim B(w;,v) = B(w,v) VovelV.
1— 00
Suppose w, - v, as 0 — co. Then there exists € > 0 such that there is some

sequence {wq(; }; with o(i) — 0o as i — oo satisfying
(7.1.12) ng(i) - Uh”W > € Vi € N.

Owing to (7.1.9) the sequence {w,(;}; is a bounded subset of W. Then by the
Heine-Borel Theorem there exists a convergent subsequence, also denoted {wa(i)}i,

such that

(7.1.13) w = lim wo(i).

1—00

Considering (7.1.10) we know that @ € V. We have that for all v € V

B(w,v) =B <lim We (i), v)

1—00

= lim B(we(), v) by (7.1.11)

1—00
= lim B, (ws(;),v) by (7.1.3)

1—00

= lim {(v) by (7.1.6)

1—00

= ((v).
Hence @ satisfies (7.1.7) and by (7.1.13) we have
lim sy — vl = 0.
1— 00

This contradicts (7.1.12) and we conclude that all subsequences {wq(;}:; converge

to vy,. Therefore

(7.1.14) lim (w, — vp) =

og—00
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We finally remark on the potential loss of stability due to super penalization.
It can be seen from (7.1.9) that as z, — 0 when ¢ — oo the coercivity of B, is
increasingly compromised, which can lead to loss of stability and reduction on the

rate of convergence in various settings.

7.2 Equations of Non-Negative Characteristic
Form

In this chapter we examine a more general linear equation than that discussed in

Chapter 2, namely [82]

(7.2.1) ~V - (A@@)Vu) + () - Vu+c(@)u = f(x)
u=20 on 09

with b a R? valued function whose entries are Lipschitz continuous on €, ¢ € L>=()
and f € L*(Q) real valued functions. The diffusion coefficient A is a d X d symmet-
ric matrix with entries being bounded, piecewise continuous real-valued functions

defined on Q, with
CTAC>0  VCeRY ae x e

With these conditions (7.2.1) is named a partial differential equation with non-
negative characteristic form. We consider this more general equation so that we
include the hyperbolic case (i.e., A = 0) and cases which may not be singularly
perturbed.

In the notation of Section 7.1 we identify W =V, V = V_, and define V,, :=
Ve @V, so X = V|, the space of piecewise polynomials strictly discontinuous on
T.c and matching V., on 7q¢. Note that the standard continuous space is obtained

by setting 7, = T.q. When there is no diffusion term we adjust the cdG space so

that the boundary conditions are only imposed on the inflow boundary, i.e.,

Vg i ={{v € LZ(Q) :VE € Th,v|p € Pk,U|FCGmFin =0,v|7, € C(Te)}-

C
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Define B : Vi X Vi — R, the bilinear form for the interior penalty family of
methods with ¢ € {—1,1} for (7.2.1), by

(7.2.2) B(w, ) := By(w, ) + Bay(w, W)
with

Bu(w, i) = Y /EAVhw~Vhwdw+Z mfw] - [] ds

(7.2.3) e ecen e
=3 [ (§aViw) - [a] - oAV} - [u]) ds

ec&, V€

and
B (w,w) = Z /E(b~Vhw)w+cwwda:

(7.2.4) BeTn

- Z/b~ [w]™* ds — > [ (b-n)widds.

ecEp v ® eclin ¥ €

This is reduces to (2.2.6) when A = ¢l and also adjusting notation on the penalty
term. We define m := C,{Ar*}/h., A = |||V/A|s| (5, With |-|» denoting the

matrix-2-norm, and C, () > 0 fixed for a given 9. The linear form is given by
(7.2.5) lw) = Z fwde.

For e € £, we have the additional term & : V, x Vo — R penalizing the jumps

where

(7.2.6) S(w,w) == / M[w] - [@] ds

e€€eq v €

and

M = (Car + (Jd{{XZQ}})

with C,. and C, fixed constants independent of ¢. Then we define B,(w,w) :=
B(w,w) + oS(w,w). Notice that we have two penalty type terms, m and M. In
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this way we can fix C), large enough to ensure coercivity independently of o — oo.

Remark 7.2.7. Choosing A = cll, where 1 is the d x d identity matriz, returns the
singularly perturbed advection diffusion reaction equation (1.1.1). Observe that if we
take Cyr = Cq = 0 (or 0 = 0) we recover the usual interior penalty method. If we
take C, = Cq = Cqp = 0 and A = 0 we have the standard (unpenalized) bilinear form
for the purely hyperbolic equation (assuming of course that we adjust the boundary
conditions appropriately). Taking Cy =0 and Cy,. # 0 when A = 0 gives the method
proposed in [37], i.e., a method penalizing only the jumps in the solution, but not

the jumps in the gradient, cf., [42].

All functions in V_4, are continuous on edges in £ (recall that by definition
edges in J are not included in &.). Therefore conditions (7.1.2) and (7.1.3) are

satisfied for this §. That is, for any v,0 € V4o and z € V|
(7.2.8) S(v,0) =S(v,x) = S(z,v) =0.
We define the following norm for all w € V.

llwll®:= > VAV w]|Z2(p) + I wllZeo)

(7.2.9) e
1/2
+ E §|||bn| / [[w]]H%Q(e) + § ||Vm[[w]]||%2(e)
ecly e€&y

where r := ¢ — 1/2V}, - b. We also define for w € V,

(7.2.10) wlz =Y IVMw]lia.

ec.q

Notice that |- |s is a semi-norm on V,, but a norm on V. To make this distinction

clear we will write ||z||s for z € V.

Lemma 7.2.11. If C,, is sufficiently large when 9 = —1 then B is coercive on V.,

i.e., for allw € V.

(7.2.12) B(w,w) > Accmwm2
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with Ay = 1 when ¥ =1 and Aw = /2 when ¥ = —1.

Proof. We will consider the coercivity in more detail in Chapter 8 for the interior
penalty method for (1.1.1). Given the definition of the norm (7.2.9) compared to
(2.2.9) we see that the proof for equations of non-negative characteristic form will

proceed in the same way. O

From the definition it is clear that S is coercive with constant one on V|, i.e.,

forallz € V|

(7.2.13) S(x,x) = ||=[|5.

Definition 7.2.14. Define a dG approzimation to (7.2.1) as w, € Vy satisfying
(7.2.15) B, (wy, w) = {(w) Yw € Vyq.

Definition 7.2.16. Define a cdG approzimation to (7.2.1) as v, € V,, satisfying
(7.2.17) By (vp,v) = £(v) Yo eV a

Using (7.2.8) we see that vy, also satisfies B(vy,v) = £(v) for all v € V.
Theorem 7.2.18. The dG finite element approximation w, converges to the cdG
finite element approximation v, as o — 00, i.e.,

lim (w, —vp) = 0.
T— 00

Proof. Following the argument of Section 7.1 we use Lemma 7.2.11 and (7.2.13) and
note that (7.1.11) is satisfied as linear operators in finite-dimensional vector spaces

are continuous. O
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7.3 Equations of Incompressible Miscible
Displacement

Recall that in Chapter 4 we introduced the continuous time RT-dG finite element
method where we solved for the pressure and velocity using a Raviart-Thomas (RT)
procedure and for the concentration using a dG method. We now consider the
discrete time RT-cdG finite element method, solving for pressure and velocity as
before but modifying the approximation scheme for concentration. As we now use
discrete time we use the notation that, e.g., C‘;L now refers to the approximation of
concentration at timestep j.

As previously the velocity and pressure are approximated in U x P defined in
Chapter 4. To simplify the presentation we use the same mesh 7, to solve for u,
p and ¢ numerically at each time step and there is no refinement of the mesh or
polynomial degree. However T.q and 7yg are not fixed so the cdG space used to

approximate ¢ will vary with time. We define the time dependent cdG space by

Vi = {v € L*(Q) :VE € Ty, vlp € P vl = 0,0]5 € C(Tg)}

where 77, and T, are the Toq region and external boundary of 77, at time t;. As
we assert that no change to the shape of the mesh occurs in time we define the time
dependent dG space as in (2.2.2). Then we may define Vj via Vde = Vg&G D Vj.
Note that the degree [ is the same for U and P but need not be equal to k, the
degree of the polynomials used to approximate concentration.

Let 0 =ty < t; < ... <ty =T be a partition of the time interval [0,7T]. For
simplicity we assume that each time step is of equal length and define At :=¢; —t;_4
and the backward Euler operator d,c), := (At)~'(c} — ¢, ") for j =1,2,...,N. To

keep our notation consistent with the abstract analysis in Section 7.1 we define (cf.,



7.3. Incompressible Miscible Displacement 115

(4.4.6) where we used o for the penalty parameter)

Ba(ch, djiup) = ) / (u})Vich, - Vad) dz + > [ m[c}] - [d}] ds
Ee€T;, 6650 €

(7.3.1) | |
> 1] - AD)Vadi } + [d]] - D(u})Vich } ds

e€sy e

for all d € VJ,,. The penalty parameter m is defined by [20]

(ul™ x)neg, , ngh]D)(qu’_, x)ng, }

h

max{ng D

m: & - R, x— Chen

and Cpe, is chosen as in (4.4.7). The bilinear form for convection, production and

injection is given by the non-standard form

cq(c;i,d?;;ui)

= — Z / ul - Vel dh — il - Vod), + (¢F + ¢F)eld), dxe

EeTh

+ = Z/ [)dZ* ds

6650

(7.3.2)

where d* is defined by

: ) ; & if ul -nt >0,
7.3.3 dh’* =
dff if u% -nt <0.

This formulation ensures that B, is semi-definite regardless of the properties of uil
We do not need to restrict sums over edges to cells in T.q as in this region elements
of V4. are continuous and therefore the jump terms on that region are 0. Also
note that the dG method is a special case of the cdG method where 7.q = (). The
formulation Bg}; in Chapter 4 does not have the advantage of being semi-definite as in
(7.3.2) but matches the original equation (1.1.3) more closely. We can move between
the formulations using integration and the properties of V - u as demonstrated in

20, Section 4].
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As previously define B(c), d};ul) := Ba(ch, dl;ul) + Bey(c), db;u)) and

(7.3.4) Schd)i= 3 [ MId) - [4] ds
eESgG €

k2
- (k).

Then for any ¢}, d. € VI, and 27 € V]

where

We define the following norm for u} € U and ¢, € Viy:

. : . 1 .
ll® = D 1y D) Ve 2 + 5lla0ci 22

-
(7.3.5) e
+> Sl -l Plellzae + D_IVmIdllzee
ec&y ec&y

where ¢qo := /¢! + ¢. For cil € Vd]G define

(7.3.6) a1z = D VMl

eESCjG
Notice that (7.3.6) is a semi-norm on Vi, but a norm on V7.

Lemma 7.3.7. If Cpen is chosen large enough then B is coercive for all ¢] € VG{G
and u{l elU, e,
(7.3.8) B(ci,, chiup) = Awllch .

Proof. For B; we have using Holder’s inequality

Ba(ch,, ch; up) = Z &Y D(ui)vhcii”%%m + Z”\/EHCMH%%@)

EE€T, ec&y

2 Y (11 (D) iy ds

ec&y €
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and then using the Cauchy-Schwarz inequality and an inverse inequality

1 , ,
== ) al) | —={D(u) Vi } | ds
X ey (o )
> IVmIalllze - 1y D)) Vil 2

Ee{Et,E-}

DO | =

/ [cl] - {D(u]) Vel }

<

DO | —

for all £ 5 e = ET N E~ provided Cle, is large enough. Using Young’s inequality
we combine each term in |||c][[|*.

For B., we have

Bey(c}, Z/ ¢+ ¢") () dx + Z - n|[d] - [¢] ds

EGT 665" €

where we have used uff nt = “7{_ -n* from the definition of U. Holder’s inequality

completes the proof. O

We have by construction that S is coercive with constant one on Vj, i.e., for all

xﬁl € Vj
(7.3.9) S(x),, @) = ||l 1%

We discretize the time derivative with the backward Euler operator. Summing

over each discrete time step gives

>3 [ et da

j=1 E€Ty

N
ZZ/EA%(%—czlcz) a
=1 E€T,

v
=

1 A A
el — 5xz (167 ey + Ie* el 3ae))
1

= 55 (Il 1220 = I hliZ2qe))

<
Il

l\D
—_

where we have used Young’s inequality.

Definition 7.3.10. Define the RT-dG approximation (up, pp, ¢s) € HN 1U><H 1 Px
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Hlevgc to (1.1.3)-(1.1.8) as that generated by the algorithm: For 1 < j < N and
A=t e Vi, find (ul,pl,cl) € U x P x Vi, such that
(7.3.11) (V- up,w)) = (¢" = q",w)),

(7.3.12) (a=(h)uh, v) = (7, Vi - 0h) = (p(ch)g. vf)

for all (vl,w)) € U x P and

(7.3.13) D </ w(DtCZ;)d?;de) + B(c, dj; u) + 0S(c, ) = Z/éqfd?;dw
E E

E€Th E€Th
for all &, € V..
Definition 7.3.14. Define the RT-cdG approximation (up, pp, c) € H;V:lUxH;V:lPx
Hlevgég to (1.1.3)-(1.1.8) as that generated by the algorithm: For 1 < j < N and
a eVl find (u),pl,cl) € U x Px Vi, such that
(7.3.15) (Vi -, wh) = (¢" = ¢", w)),

(7.3.16) (a™H(c)ups vh) = (4 Vi - 03) = (p(c})9, v3)

for all (vl,wl) € U x P and

waan) 3 ([ et ia) + Bl oSty = 3 [ ardae

EcTy EeT, ' F
for all & € V..
Theorem 7.3.18. The solution c, € Hj-VZIVde defined in Definition 7.3.10 converges

to cp, € H;yZIVéZG defined in Definition 7.3.14 as 0 — oo, i.e.,

(7.3.19) lim (¢, — ¢p) = 0.

og—00

Proof. Following the argument of Section 7.1 we use Lemma 7.3.7 and (7.3.9). In or-

der to complete the proof using this argument we must show that for every sequence
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{CZ }; with elements in Vde and lim;_, CZ =d e Vd]G we have

(7.3.20) lim B(c], dj; v/ (c])) = B(, dj;wi () V), € Vi,

1—00

as in (7.1.11), where u/(-) is the element in U solving (7.3.11)-(7.3.12) for a given
element of Vde. Note that u’ : Vd]G — U is a continuous map and so lim;_,. v’ (CZ ) =
w (lim;_,o0 ¢}) = u/(¢). This also holds for derivatives as they are taken piecewise.
Therefore (7.3.20) holds at each timestep and for the whole discrete solution in
time. 0

7.4 Numerical Experiments with
Super Penalization

We present numerical experiments to illustrate the results of this chapter. We focus
on the behaviour of the approximations as ¢ — oo on the whole domain, i.e., with
Tn = Teq for equations of non-negative characteristic form. For the equations of
incompressible miscible displacement we introduce an algorithm to refine the 7y,

decomposition in time.

Equations of Non-Negative Characteristic Form

Example 7.4.1 Let Q = (0,1)%. We seek to solve
—eAu+ (1,1) - Vu = f.

Given homogeneous Dirichlet boundary conditions f is chosen such that the solution

15 given by

- e(mfl)/e _ efl/e e(yfl)/z-: _ 671/5
u(z,y) =z — Tp=TE Y — o1 )

For 0 < ¢ < 1 this problem exhibits exponential boundary layers along the

outflow boundaries x = 1 and y = 1 of width O(e). We consider a uniformly refined
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mesh of squares of edge length 27* and set k = 1 (piecewise bilinear polynomials).
We first look at an example without a layer by setting ¢ = 10. We set T.q = T,
i.e., the cG method. Figure 7.4.1 shows the behaviour of the difference between the
dG and ¢G approximations in the L*(7;,) norm, H'(7;) semi-norm and the L? norm
of the jumps across edges (represented by [-]). As o grows the difference in each
norm decreases linearly. The jumps in either approximation are already very small,
i.e., the dG approximation is very close to an element in the c¢G space. We do not

see oscillations polluting the continuous approximation.

[wo — vnll

10"
10 10 10 10 10

Figure 7.4.1: Example 7.4.1 with ¢ = 10 and T.¢ = T,. As the penalty parameter is
increased the difference between the ¢cG and dG approximations decreases linearly in the
given norms.

We now motivate the cdG method by choosing ¢ = 107* and again setting
Tea = Tn. The example now has a sharp layer at the outflow boundaries. We see
in Figure 7.4.2(a) that increasing o gives a linear response to the error as in Figure
7.4.1. When we look at the error in the dG approximation in Figure 7.4.2(b) we see
that the approximation becomes worse as the penalty is increased. The layer causes
non-physical oscillations to pollute the approximation. Although we see convergence

of the dG approximation to the ¢G approximation this property is not desirable.
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[wo — vnl

10° 10* 10° 10° 10’ 10° 10* 10° 10° 10"

(a) The difference between the ¢G and dG (b) The error in the dG approximation.
approximations.

Figure 7.4.2: Example 7.4.1 with ¢ = 107 and T.q = 7;,. Now the problem has a
layer the error in the dG approximation grows as o is increased. Non-physical oscillations
pollute the approximation.

Example 7.4.2 Let Q= (0,1)?. We seek to solve
2-y*2—2) Vu+ (1+ 1 +2z)(1+y)?) = [

The inflow Dirichlet boundary conditions and f are chosen such that the solution is
given by
. (T
u(x,y) :=1+sin (g(l +x)(1+ y)2> :

This example is taken from [30, 82]. The solution does not exhibit layers. We
consider a uniformly refined mesh of squares of edge length 2=* and set T, = T and
k = 1. Following Remark 7.2.7 we set C; = 0 and C,,. = 1. We plot the difference
between the ¢G and dG approximations as ¢ is increased in Figure 7.4.3(a). For
small values of o the difference between approximations is not overly affected by
increasing the penalty parameter. This is due to the penalization of the jump terms
coming from ||[b - n|"*[w]| z2(2) in (7.2.9), the same term which enabled the analysis
in Chapter 3. The additional penalization due to ¢ does not significantly increase the
size of the penalty. As o becomes larger the contribution to the penalization becomes
significant relative to the advection term and we see again the linear decrease with

increasing o.
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In Figure 7.4.3(b) we plot the error in the dG approximation with increasing o.
We do not see the same behaviour as in Figure 7.4.2(b) as the ¢G approximation does
not suffer from the same non-physical oscillations as it does for singularly perturbed
problems. There is however a slight dip in the error around o = 1 corresponding to
the optimum amount of penalization, i.e., the dG approximation benefits from some

restriction on the size of the jumps.

10°

—=— 2
—— gl
——o— o %
— o' ]
S ®
h 3
N |
3 =
e — 102}
107k - . . . . 107 =
10 10 10 O. 10 10 10 10 10 10 10 O. 10 10 10 10
(a) The difference between the ¢G and dG (b) The error in the dG approximation.

approximations.

Figure 7.4.3: Example 7.4.2 with T.q = 7;. The increase in error associated with the
non physical oscillations of the ¢G approximation is not present as the problem exhibits
no layers.

We finally note that these results do not suggest that the ¢G method should
be chosen over the dG method for hyperbolic problems like Example 7.4.2. Other
factors must also be considered. For example with refinement of the mesh it can be
shown [99] that the standard ¢G method has an order of convergence of O(h¥) in
L? compared to O(h**+"2) for the dG method, e.g., [37].

Equations of Incompressible Miscible Displacement

As well as verifying Theorem 7.3.18 we wish to show that if the region where con-
tinuous elements are used is chosen appropriately there is little difference in the
approximations via the RT-cdG or RT-dG method (where the concentration is ap-
proximated in the dG space).
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We study a standard example [20, 50, 123] to illustrate the performance of the
cdG method for the incompressible miscible displacement problem (1.1.3)-(1.1.8).

Example 7.4.3 Let Q = (0,1)% The injection (resp. extraction) well is located
at (1,1) (resp. (0,0)). We represent the injection (resp. extraction) term by a
function which is constant on the element including the injection (resp. extraction)
point, and zero elsewhere, such that fQ ¢l da = fQ ¢ dx = 0.018. In (4.2.1) we set
d =18x107%, d,, = 1.8 x 107% and d;, = 1.8 x 1075. The porosity is set to 0.1.
The concentration dependent viscosity is given by u(c) = pu(0)(1 + (MY* —1)c)~*
where M = 41.0 is the mobility ratio (the ratio of the viscosity of the fluids), and
1(0) = 1. This commonly used relation is called the quarter-power mizing rule, e.g.,
[123, 124]. For the initial concentration we set cog = 0 corresponding to 0 uniformly
filled with one fluid. Set K = 0.0288]I.

We consider a uniform refinement of Q into squares of side h = 27* with timestep
4x 1073 and time interval (0.0, 2.0). We use the lowest order RT elements, piecewise
constant approximation space for pressure and bilinear polynomials to approximate
concentration. With these values a sharp front in the concentration component
spreads from the injection to extraction point. As can be seen in Figure 7.4.6(d)
this causes oscillations in the continuous approximation.

First we present the difference between the dG approximation and the cG ap-
proximation (i.e., with T.q = T5) as 0 — oo. In Figure 7.4.4 we show ||¢, — ¢ in
both the L? norm against time and the L?((0,7T); L*(€2)) norm against increasing o.
In Figure 7.4.4(a) we see a sharp increase in the error over the first few iterations.
The initial conditions are in the continuous approximation space so the ¢G and dG
approximations are close. As the layer spreads through the domain the difference
between the ¢G and dG approximations for a given o in the L? norm increases slowly.
This is because the number of edges in the vicinity of the layer increases. Figure
7.4.4(b) shows the same behaviour as the stationary Examples 7.4.1 and 7.4.2.

Picking 7.¢ in the examples in Chapter 3 was done via knowledge of the true
solution and hence knowledge of any layers. We do not have this luxury for the
problem considered in this section. We therefore undertake the following procedure

for determining 7.q:
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107°

10° b
]
oL R

s o
107 |

e = ctll2

B

!
lleo = enllL2¢o,7):22(0))

107 b
10°

107 |

1070

0 0‘2 0‘4 D‘G 0‘5 t i 1‘2 1‘4 l‘ﬁ 1‘8 2 10?
(a) Evolution of the difference between the (b) Plot of the difference between the ¢G and
cG and dG approximations for ¢ = 10% to dG approximations in the L?(L?) norm as o

10! in L2 norm. is increased.

Figure 7.4.4: The effect of increasing o for Example 7.4.3 with Tcqg = Tx.

1) Determine the initial pressure and velocity given ¢? and the injection profile.
p Yy 8 h ] p

(2) Solve for the first time step using a RT-dG method to find a discontinuous c},

(and also p;, and u;}).
(3) For all edges determine ||[cs]||r2(e)-
(4) Flag every cell where each edge satisfies ||[cx]||12() < tol.

(5) If every edge of a cell is flagged set that cell to be part of 7.q in the next

iteration. Otherwise the element will be in 73¢.
(6) For n iterations use the cdG mesh defined in the previous step.

(7) For the (n+ 1)* iteration reset the mesh to be entirely dG, i.e., Tia™ = 0 for

the concentration component, then return to step (3).

The number of iterations between each c¢dG refinement and the tolerance should
consider the expected motion of the fluid and the time step. We do not consider
increasing o for the cdG method, but rather study the performance of the method
as the tolerance is increased by comparing the ¢dG approximation with a dG ap-
proximation where Cpen = 10 and o = 0. With these parameters we set the number

of iterations between redefining the ¢cdG space to be 5.
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In Figure 7.4.5 we see that as the tolerance is decreased the difference between the
dG and c¢dG approximations in the L? norm gets smaller. With a smaller tolerance
fewer cells are marked as being continuous. The difference introduced by using some
continuous elements does not seem to propagate in time.

In Table 7.4.1 we see that the number of degrees of freedom saved over the
simulation (500 steps with 7' = 2.0, At = 4 x 1073) is considerable. The effect on
the approximation is however small measured in the L?(L?) norm. The number of
degrees of freedom for the ¢G method is not 128,000 as would be expected (one
degree of freedom per vertex on a 16 x 16 square mesh for 500 timesteps) due to
every fifth iteration being discontinuous.

In Figure 7.4.6 we show the dG, ¢G and cdG approximations after 380 timesteps.
There is no visible difference between the plots for dG and ¢dG at each tolerance
(Figures 7.4.6 (a), (b) and (c)). However for the fully continuous approximation the

oscillations induced by the layer are clearly visible and distort the plot.
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Figure 7.4.5: The behaviour of the cdG approximation for Example 7.4.3. Using some
continuous elements does not dramatically increase the error of the ¢cdG approximation

compared to the dG approximation.

tol dofs lco = enll20,1);2(02))
cG | 219,470 3.9970 x 10°
1073 | 323,488 1.2073 x 1072
10~% | 355,328 7.0904 x 1074
107° | 382,384 1.0455 x 1074
dG | 512,000 0.0000 x 10°

Table 7.4.1: The number of degrees of freedom used for 500 timesteps in Example 7.4.3.
When tol = 10~ only 74.6% of the degrees of freedom are used compared to 43% for the

continuous approximation.
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(a) The fully discontinuous approximation. (b) The c¢dG approximation with tol =
1074,

b
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¢) The ¢dG approximation with tol = 1073. d) The fully continuous approximation.
(c) pp y pp

Figure 7.4.6: A plot of the ¢cG method, cdG method and dG method at time 1.52 (380
time steps) for Example 7.4.3. The discontinuous region is marked in dark grey for the cdG
method. There is no appreciable difference between the first three plots. The oscillations
are clearly visible in the fully continuous plot.



Chapter 8

On Determining the 7,
Decomposition using the
Discontinuous Galerkin

Approximation

The application of the analysis in Chapter 3 is limited by the assumptions made in
that chapter and the ability to identify the 2 decomposition. The work in Chapter
7 provides insight into the role of the degrees of freedom in the ¢cG and dG methods.
However the super penalty method does not reduce the number of degrees of freedom
used. We therefore seek a practical approach to determining the 7, decomposition.

Recall that the dG approximation to the advection diffusion reaction problem has
better stability properties than the ¢G approximation (although streamline terms
can be added to the dG method to show an inf-sup stability result as in, e.g., [41]).
It is of note that in general dG approximations have small interelement jumps away
from the presence of layers in the solution. In this chapter we show that where the
interior penalty dG approximation to a given ADR problem has small jumps we
can replace the discontinuous elements with continuous elements at a cost related
to the size of the jumps removed. We can use this approach to determine the best
T, decomposition for the problem (in the sense of reduction in degrees of freedom).
This offers a practical improvement over the approach of Chapter 3 although we

128
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have not been able to show a stability result using this approach.

8.1 Continuity and Coercivity

The continuity and coercivity coefficients (see Section 2.1 for a definition) may de-
pend on the parameters of the problem, in particular on € and h. If this were not
the case we could formulate an ¢ independent stability result using the Lax-Milgram
theorem and an error bound using Céa’s lemma, which we know is not possible for
the continuous bilinear form (cf., (2.1.11)). To circumvent this problem for the dG
method it is possible to show an inf-sup stability result [10, 41].

We present a detailed analysis of the continuity and coercivity constants for the
interior penalty dG bilinear form. If we know the behaviour of the continuity and
coercivity coefficients with respect to €, h and the other parameters we can devise
a computational method for selecting 7.

We assume the mesh 7, is shape regular with regularity constant C.; as in
(1.3.8). We also recall the following result found by combining trace and inverse

inequalities (cf., Corollary 1.3.13):
IVhwl|F2) < Cuhg' IViwl|7z(g)-

Lemmas 8.1.1, 8.1.4 and 8.1.8 are taken from [75]. We include the proofs here
to fully present the origin of the coefficients. Throughout this chapter ||| - ||| refers
to the norm defined in (2.2.9).

Lemma 8.1.1. There exists @ such that for every o > & we have
(8.1.2) B.(w,w) > Ae|||w]||? Yw € V.

Specifically @ = 0 for ¥ = 1 with Aee = 1 and @ = 4C4;/Creg for ¥ = —1 with
Aee = 1/2.
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Proof. Using the definitions of the L? norm and B. we have

oe
B.(w,w) =Y el Vawlfam + Z ||[[w]]||L2(e + 7w fa)

EETy, eégh

£ 3 5l [l + 0~ DY [ AViwd-fulds

ecéy e€&

where the advection reaction terms follow from integration by parts as in (3.2.21).
Thus when 9 = 1 coercivity holds with A.. = 1. For E*, E~ as two cells sharing

and edge e, when 1 = —1 we use the definition of the average to show

) / AV} - [w] ds
= Z /6Vhw [w] ds

Ee{E+E~}
1 -1
(8.1.3) < > Cleh I Viwl e ITwl e
Be{E+ E-}
]_ 1/2 0-6 1/2
<3 X (V) (i)
Ee{E+ E-} e
€ € 105
< IVl + SIVn0lageny + 5 oo

where in the third step we have used the condition on the size of . We combine each
of these terms with |||w|||?, the final term being the determining factor. Therefore

coercivity holds with A.. = 1/2 when ¢ = —1. O

We would like to be able to show continuity independently of €. For the advection
diffusion reaction problem this is not generally the case. However in our setting we
do not allow A — 0 unless ¢ — 0 (as the Péclet number must be greater than 1
via Assumption 2.3.9) and therefore we formulate the continuity independently of &

(but depending on h) provided p > 0.

Lemma 8.1.4. Provided Assumption 2.1.5 holds and we have the conditions on the

size of o from Lemma 8.1.1 then

(8.1.5) |Be(w, )] < Aaillfwllll[@l]  Vw,w € Vi
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L“(E)}

with C independent of the coefficients of B. and mesh parameters but depending on

where

b

the shape reqularity via the trace and inverse inequalities.

Proof. We rewrite the bilinear form by integrating the advection term on the cell

by parts and making use of the identity (1.3.25)

1
B.(w, ) = > /Eevhw~vhw—|—(c—§vh~b)wwdw

EeTy,
+ % Z /(b . Vhw)w — (b . Vhw)wdm
EeT, Y E
1 o€
+ —[b-n|+— | [w] - [w] ds
(8.1.7) 2/(2 he)
+ > [ 0 Vii} - [w] — e{Viw} - [0] ds
ec&, V€
+ > [[d] - fbw} — [w] - {oiv} ds
ec&y €

=1+ + I+ IV 4+ V.

For term IV we have, following the steps of (8.1.3) from Theorem 8.1.1, that

/e AVl [l < Y (cIVaulb) (%fnuwun;(e))lh

Ec{E+,E-}

and similarly with w, w interchanged. For term II we have, using an inverse in-

equality,

/ (b- Vyw)d de
E

< |IBll oo () | Vaw || 2y | 0]] 2 ()

SCHL

ohg 72wl 2y llr 70 || 2y

Leo(E)
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and similarly with the terms interchanged. For each part of V we have

< |1b] oo () [Tw] I B 1| 226
<C
B Z H/)hE

Ee{Et,E-}

[l grapas

H'f’l/QWHLQ(m 2| 2

Loo

For terms I and III we simply apply the Cauchy-Schwarz inequality. The proof is
concluded by summing up each of the terms and bounding by || - |||- O

If » = 0 then we may not proceed in this manner and the continuity is formulated

with an adverse dependence on .

Lemma 8.1.8. Ifr(x) =0 on Q and we have the conditions on the size of o from

Theorem 8.1.1 then

(8.1.9) |Bo(w, )| < Act|wlll[[[ @] Vw,w € Vg
where
g E€Ty,

where C' is independent of € and h but depends on the mesh regularity.

Proof. Using the formulation (8.1.7) we may bound terms I, III and IV in the same
way as in Theorem 8.1.4 noting that the second part of I is zero. For term V we

have

?b/? |h> L} ds

1 oe , \” .\
< Y el (M) (ol

Ee{Et,E-}

(i1 foud| < [ |5kl
fist- o] < [foien

with a similar result for the other part of the term. For II we have

9 1/2 19 1/2
il (lTawlia) - (lola)

/(b-Vhw)’dezc <
B
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Summing over each element of the mesh we then use the Poincaré Friedrichs in-

equality as in [33, (1.8)] to show

(8.1.11) [wllz2e) <

1/2
C co
cl/z (Z EthwH%Q(E) + Z h_||[[w]]||%2(e)> .

EeTy, ec&, ¢

Summing up each of the terms and using the Cauchy-Schwarz inequality gives

R C 1/2 R R 1/2
B(w, ) < = max {1, [bllimcin } (Il + lwlaey) - (Nl + o220y
and combining this with (8.1.11) concludes the proof. O

Remark 8.1.12. Lemma 8.1.8 may give a smaller coercivity constant that Lemma
8.1.4. For our problems of interest, however, we consider ¢ < h and sharpening
layers as € — 0 for a fixed h, and p > 0, so we make the assumption that the bound

of Lemma 8.1.4 1s smaller.

8.2 Determining the 7, Decomposition

Define by w;, and v;, the discontinuous and continuous discontinuous Galerkin ap-
proximations to the advection diffusion reaction equation as defined by (2.2.8) and

(2.3.6) (for a given 7.). By subtraction we have the following orthogonality result:
(8.2.1) B.(wp, —wvp,0) =0 Yo € V.

Now suppose we decompose the ¢cdG approximation by v, = v, + v where v,,,
v € Vo With the orthogonality result (8.2.1) and the coercivity and continuity

of the previous section we may show

ACC|||wh - Uh|||2 < BE(wh — Up, Wp — Uh)
= B€<wh — Up, W — Um) - Be(wh — Up, Uk)

< Actlllwn = onll[[[lwn = vm ]l

The decomposition of v, is not unique. For a fixed 7.c we may rearrange the above
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result to give

Aft

(8.2.2) llwn = wnll] <

min |||lwy, — Ul
“ min |, = v,

This is of course just a modified form of Céa’s lemma.

We seek to answer, therefore, two questions. Firstly for a given 7.q how small
can we expect ||w, — vp,|[| to be? With an answer to this question we can then
proceed to ask if it is possible (or practicable) to choose 7. when wy, is known such
that we have both |||wy, — vy,]|| small and g relatively large compared to 7.

We introduce the Oswald interpolation operator [109].

Definition 8.2.3. Denote by V), the set of vertices of a mesh Ty,. For any w € V.
the Oswald interpolation operator Os(w) : V, — V.4 is defined as follows: For all

vey,

1
(8.2.4) Os(w(v)) = - > wls(v)
EeAy
if v & 02 and equal to the boundary conditions if v € ). Here A, denotes the set
of cells containing v (the patch of v) and n, the cardinality of the set A,, i.e., the

number of cells in the patch.

The Oswald interpolant is therefore an averaging type operator. We have the

following theorem [89, 90] concerning the error of the interpolation.

Theorem 8.2.5. Let T, be a conforming mesh with boundary I'. Let g be the
restriction to I' of some function in V,,. Then for any w € V,, and multi index o
with |a| = 0,1 the following approximation result holds: There exists Os(w) € V. 4

satisfying Os(w)|r = g and

D 1ID% (w = Os(w) |72 x)

EcTy

< o [ ST R[]y + 3 12w — gl

ec&y ecl

where C,, is independent of w and h.
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Proof. See [89, Theorem 2.2] and the extensions in [90, Section 2]. O

Theorem 8.2.5 shows that when approximating discontinuous piecewise polyno-
mials with continuous piecewise polynomials (of the same degree) the error is de-
pendent on the jumps of the discontinuous function. It is also possible to formulate
the theorem for non-conforming meshes. The following corollary applies Theorem

8.2.5 to c¢dG spaces.

Corollary 8.2.6. Let T.q be the continuous region of T, with I . the boundary of
T.q and I' the boundary of Tn. Let g be the restriction to I'.q of some function in
V.a(Tee) which is zero on ' N Tq. For all w € V,,(T.q) and multi index o with
la| = 0,1 the following approximation result holds: There exists Os(w) € V_,6(Tec)

which is zero on I' N T'.q satisfying

Y 1D (w — Os(w)l|zep

EeT.q

(8.2.7)
< C(m ( Z hi—2\04| H [[w]]”%ﬁ(e) + Z hi_Qla‘ ch B g”%%e))

ecl.q ecJ

where Cy, is independent of w and h and wC is the trace of w on the continuous side

of J.

Proof. Recall that by definition £.¢ does not include J but does include the exterior
boundary. We therefore apply Theorem 8.2.5 and use the fact that ¢ = 0 on the

exterior boundary and the definition of the jump for e € T'. O

We now wish to specify g on J. To apply Corollary 8.2.6 we see that on any
points where J meets the exterior boundary we must have g = 0. Where V), is the
set of vertices of T.q on the interior of J, denoted v, (i.e., excluding vertices on the

exterior boundary) we specify

g(w(ve)) = — Z wle(ve)

n
Ve eeA,,

where A, denotes the set of edges of 7.q¢ containing v, and n,, the cardinality of

A,,., and w® denotes the trace of w from the continuous side of the edge. In this
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manner ¢ is the average of the values of w® at each vertex on the interior of J. We

can therefore modify Theorem 8.2.5 in one dimension to show for this g

(8.2.8) DN’ = gllzeey < Con Y he[wP,

ecJ vertices
on

where [wC] = |w®* — w®~| on the interior of J (i.e., the one dimensional jump at
each vertex), [w€] = |w®| at the exterior boundary and h. is the average of the
diameter of the edges meeting at the vertex. We see that smaller jumps along J in
w control the term in (8.2.7). For d = 3 we have that g is the restriction to a 2
dimensional object and we will use the Oswald interpolant as defined previously.
Suppose now we seek to approximate wy, the dG approximation to (1.1.1) defined
in Definition 2.2.7, by an element of V_,, for some 7, decomposition. Consider

Uy, € V4 defined by

Os(wy,), on T.q,
(8.2.9) Uy =

Wh, on 7::1(}
where Os(wy,) is that described in Corollary 8.2.6 with homogeneous Dirichlet bound-
ary conditions on I' N I'.¢ and on J boundary conditions described by g above.

Lemma 8.2.10. For a given T, decomposition and dG approximation wy, and with

U, defined in (8.2.9) (with g chosen as described above) we have
(8.2.11) llwn — vimll]? < A

where

Am = Z Ae”[[wh]]”%Q(e) + ZAe”wg - g”%Q(e)

€. ecJ
with
) |
Ae 1= Cun(ehy! + hel[r 3 7. ) + b + S bl 1ego

and Cp, as defined in (8.2.7).

Proof. We examine each term in |||wy, — v,,]|| in turn using the properties of the
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Oswald interpolant given in (8.2.7). This gives on cells

Z elwy, — vmﬁ{l(E) = Z elwy, — Os(wh)ﬁIl(E)

E€eT;, EcTca

< Cp < > eh M lwnlllZege + Y ehellwf, — 9||ia<e>>

ecl.q ecJ

and

D11 (wn — o) 172y

E€Ty,
<P iy D o — Os(wnlzo) 172
E€Ta
<Cp < D hellr Pl gy Nwnll7a ) + D Bellr 17 el — gHiz(e)> -
ec.a eeJ

Now Os(wy,) is continuous on edges in E.q, i.e., [u,] = 0 for e € Eq, and [w,—v,,] =
0 for e € E¢ \ J. On the discontinuous side of J we have w? — v = 0 via the
construction of v,,. Therefore for e € J we find [wy, — v,] = (W§ —5) - n€ =

m

(w§ — g) - n€. So for the first edge terms we have

> coh Twn = vmlllzey = D coh ITwnllifae + D eohy lwf — gllze)

ec&y e€€.q eeJ

and for the second

1
I (LIRS (ORI [

ecly,

1 1
< 3 Sl e + 3 5 Iblleolof = gl

ecé.a eeJ
Combining each of these results yields (8.2.11). O

Thus we have answered our first question: Given 7. we have formulated an
upper bound on min |||w, — v,,||| for a fixed problem. Now suppose we have an
approximation wy, and wish to generate a ¢cdG approximation using a 7, decompo-

sition with the fewest degrees of freedom such that |||wy, — vsl|| < (Aet/Acc)dpm for
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some 0, using (8.2.2). We call §,, the tolerance. Clearly if we pick d,, too small
then it may be that the only choice of T, decomposition is 7, = Tqg. The best way
to illustrate the second question (in short, can we implement this method) is via

numerical experiments.

8.3 Numerical Experiments

We briefly recap our notation: A,, is the difference between a dG approximation
for a fixed problem and the Oswald interpolant for a given 7, decomposition; 9,, is
the user chosen tolerance for a fixed problem which must be obtained through the
choice of T,. We wish to show that we can determine (at least a close approximation

to) the optimum decomposition automatically. We employ the following algorithm:
(1) Calculate the dG approximation wy,.

(2) Post process wy, calculating A,, on each edge and for each cell, summing over

the edges which belong to that cell.
(3) Set the value tol, the required bound on |||w;, — vy ||-
(4) Order cells by A /A multiplied by the value found in (2).

(5) Add cells to the continuous region from smallest first as determined by step

(4) until the value of Ay/Aec D

ectoc A,, reaches tol.

This algorithm will be conservative, i.e., it may return a 7;, decomposition which is
not optimum due to the final step. As we know the value of A.;/Ac. (up to a constant)
via Lemmas 8.1.1, 8.1.4 (or 8.1.8) we reasonably account for the sharpening of the
layer in the choice of tol. We use tol and not ¢,, to highlight the difference between
the set and achieved value, i.e., by setting tol we will achieve ¢,, < tol.

We present two examples with the aim of: Showing that the cdG method applies
when the assumptions on the location of the boundary J made in Chapter 3 do not
hold; demonstrating that the above algorithm and theory of the previous sections
provides a practicable way of determining the 7; decomposition; and showing that

the reduction in the degrees of freedom seen in Chapter 3 can be achieved when
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the location of the layers is not know a priori. To these ends we present more

complicated examples than previously.

Example 8.3.1 Let Q= (0,1)%. We seek to solve
(8.3.1) —eAu(z,y) + (1,5sin(107z)) - Vu(z,y) +u(z,y) =1

with homogeneous Dirichlet boundary conditions. This problem exhibits an exponen-
tial boundary layer at the outflow boundary x =1 of width O(¢).

The streamlines defined by b = (1,5sin(107rz)) induce wave like behaviour in
the approximation along the lines y = 0 and y = 1 as can be seen clearly in, e.g.,
Figure 8.3.4(b). The streamlines enter and leave the domain along the edges. It is
not possible to determine a priori the hyperbolic approximation ug (in the notation
of Chapter 3) or u. and therefore we cannot determine the 7;, decomposition a priori
using that approach. Even if we could determine these functions the construction
of the continuous region would not be straightforward especially given Assumption
3.2.17 and the sinusoidal nature of b for this problem.

We set € = 1073, o = 1 and refine the domain uniformly into cells of edge length
275 and use piecewise bilinear elements. We have that ||b| () is bounded below by
1 and above by 5 and p = 1. It is straightforward to calculate A,, for each possible
TeG-

In Figure 8.3.1 we plot the difference between the dG approximation wy and
cdG approximation vy, for decreasing tolerance/increasing degrees of freedom. The
number of degrees of freedom for the fully discontinuous method is 4096 and for
the continuous method 1089. For a relatively large tolerance (tol = 1) we have
substantially fewer degrees of freedom but allow relatively large [|wy, — vy|| in the
given norms. For a relatively small tolerance (tol = 107°) we have very close
agreement between the approximations but do not save very many degrees of freedom
over the continuous method. We do not see a uniform linear relationship between
tolerance and ||wy, — vp|| as the algorithm is conservative, i.e., it always returns a
T, decomposition with a smaller error than tol and does not attempt to refine its

estimate. Also note that some constants are unknown and so we do not recover
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lwn — vi|l| < tol but rather |||w, — vi|| < Ctol, where C depends on C), and
the constant from the inverse inequality. This effect is more significant for smaller

values of the tolerance.

10
—8— L2
-1
10 ¢ o VEH!
& [-1
— 107}
=
>
|
g
— 10°}
107
107° I I I I I
1000 1500 2000 2500 3000 3500 4000

Degrees of Freedom

Figure 8.3.1: Example 8.3.1 with ¢ = 1073, The fully discontinuous method has 4096
degrees of freedom. From left to right tol = 10°,...,1075.

In Figures 8.3.2-8.3.4 we plot the cdG mesh and the c¢dG approximation for
tol = 10711072 and 107°. We see in Figure 8.3.2(a) that the T.q region is large,
but in Figure 8.3.2(b) we see slight non-physical oscillations entering the approxi-
mation. Figure 8.3.4(a) and (b) shows the opposite result in that we do not have
any non-physical oscillations but we do not save a significant number of degrees of
freedom. Figure 8.3.3 represents a compromise between the two extremes. FEven
with streamlines penetrating deeply into €2 from the boundary we can remove more

than 20% of the degrees of freedom compared to the discontinuous method.

Example 8.3.2 Let Q= {(x,y): 1 <2 +y*}. We seck to solve

1
(8.3.2) —elu(z,y) + us(z,y) + gpulz,y) =0
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(a) Tp decomposition, Tig region (b) ¢dG approximation, Tig region
darker. darker.

Figure 8.3.2: Example 8.3.1 with tol = 10~! (1784 degrees of freedom).
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Figure 8.3.3: Example 8.3.1 with tol = 1072 (3350 degrees of freedom).

with boundary conditions given by uw = 1 for 2> +y* = 1, i.e., the inner boundary,
and u — 0 for 2% + y? — oo.

This is the example proposed as a model problem by Hemker [79] with some
modifications. Firstly we have added a reaction term so p # 0. Secondly we
approximate the problem as z? + y? — oo by considering instead of the infinite
plane the region Q = {(z,y) : 1 < 2* + 42 |z| < 10,]y|] < 10}. The motiva-
tion of [79] was to find a problem more closely matching problems of industrial
interest. The equation is simple but the more complex domain gives rise to an

exponential layer at {z* + y> = 1,z < 0} and characteristic layers extending
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(a) Tp decomposition, Tig region (b) ¢dG approximation, Tig region
darker. darker.

Figure 8.3.4: Example 8.3.1 with tol = 107° (3833 degrees of freedom).

from the edge of the interior boundary. We will use the deal.ii standard mesh
hyper_cube_with_cylindrical_hole to produce a 10 x 10 square domain with
a radius 1 octagon removed from the centre (for further discussion of dealii  see
Chapter 9). Note that for the problem with ¢ = 0 the analytic solution can be
expressed in terms of modified Bessel functions.

We set ¢ = 1072 and o = 0.01 and again use piecewise bilinear approximating
polynomials. The mesh consists of 8192 quadrilaterals extending from the inner
boundary. The cell size therefore varies with distance from the centre (hence we pick
a smaller o). Clearly ||b|z() = 1 but the norm for each edge must be calculated
on an edge by edge basis depending on its orientation.

In Figure 8.3.5(a) we plot a higher resolution dG approximation to the solution,
i.e., on a more refined mesh using in excess of 2 million degrees of freedom compared
to 32768 for the dG approximation on our standard mesh. The sharp layers at the
front (i.e., z < 0) of the inner boundary and in the wake are apparent. In Figure
8.3.5(b) we plot the ¢G approximation on the standard mesh. The oscillations are
clearly visible both in the wake and propagating against the flow forward of the
inner boundary. Note that the scale is different in this plot and the oscillations
extend far above and below the boundary.

As can be seen in Figure 8.3.5(a) there is a large region of the domain where

the solution is almost identically zero and so we expect an approximation to have
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(a) High resolution dG approximation. (b) ¢G appoximation.

Figure 8.3.5: Example 8.3.2 with ¢ = 1073. The oscillations in (b) are visible (note the
scale).

small jumps there. We therefore expect to be able to make a substantial saving
in degrees of freedom. We plot in Figure 8.3.6 the difference between the dG and
c¢dG approximations in the given norms against the degrees of freedom returned
for tolerances from 10! to 107%. As with Example 8.3.1 we see a decrease in the
difference as the tolerance is decreased/degrees of freedom increased. Note now
however the saving is much greater. Even for a conservative tolerance of tol = 1076
we only require 13852 degrees of freedom which is 42% of the number for a fully
discontinuous approximation (or conversely 164% of the degrees of freedom required
for the continuous method, compared to 388% for the discontinuous method).

In Figures 8.3.7-8.3.9 we plot the T, decomposition and the approximations on
Toe and Tqg for tol = 10711072 and 10~°. We shade the Tyq region darker on
the plots of the 7, decomposition®*. We can see for tol = 107! (Figure 8.3.7)
the algorithm not only selects the regions far from the layer but also a portion
between the characteristic layers. The region selected violates Assumption 3.2.17
from Chapter 3 as the streamlines are both inflow (to 7T3¢) and outflow (from Ti¢)
on J, the interface between T.q and Tyc. As the tolerance is decreased the 7.q region

between the layers diminishes but the part of 7.¢ away from the layers remains large.

*It is not practical to plot the mesh as the thickness of the grid obscures the plot.
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Figure 8.3.6: Example 8.3.2 with e = 1073. The fully discontinuous method has 32768
degrees of freedom. From left to right tol = 10',...,1076.

Finally in Figure 8.3.10 we show a closer plot of the region round the inner
boundary from Figure 8.3.9(c), the approximation on the T3g region when tol =
10~°. We can see that the discontinuous approximation still over or under shoots
around the characteristic layers and boundary but these oscillations to not propagate

outside of the discontinuous region.

B
(a) Ty, decomposition, Tg re- (b) Approximation on ¢G re- (¢) Approximation on dG re-
gion darker. gion. gion.

Figure 8.3.7: Example 8.3.2 with tol = 107! (10208 degrees of freedom).
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Figure 8.3.8: Example 8.3.2 with tol = 1073 (12038 degrees of freedom).
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Figure 8.3.9: Example 8.3.2 with tol = 1075 (13359 degrees of freedom).
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Figure 8.3.10: Detail from Example 8.3.2 with tol = 107°. It can be seen that the
discontinuous approximation does extend above 1 and below 0.
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Chapter 9

Continuous Discontinuous Finite

Element Code

In this chapter we present the code used to solve for the cdG method for the linear
advection diffusion reaction problem. We first discuss the novel elements of the
code before presenting an annotated code listing allowing a reader to implement

this method.

9.1 A Note on Implementation in deal .ii

The work in this section has been previously published in part in [45]. We will

discuss the implementation of the cdG method in dealii , a C++ finite element
library. For more information about deal.i  see [1, 15, 16]. To make the code easier
to read C++ keywords are typeset in Mar oon and deal.ii classes are typeset in
Navy Bl ue.

The ¢cdG method poses several difficulties in implementation. In Chapter 7 (see
also [46]) we prove that the dG approximation defined in Definition 2.2.7 tends to
the cdG approximation defined in Definition 2.3.5 when the penalty parameter o is
increased on the T.q part of the domain. This approach can be used to investigate
the behaviour of the ¢dG method by modifying code which solves for the dG ap-
proximation. There are however clear drawbacks. The number of degrees of freedom

(and hence the size of any matrices) will be equal in the cdG and dG methods using

147
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this approach. Those entries in the system matrix corresponding to the super pe-
nalised jump terms may be very large as o is large. This could lead to inefficiencies

in numerical routines to invert the matrices. Thus when using the super penalty

method we employ the direct solver provided by the deal.ii interface with the
UMFPACKibrary.
The primary difficulty in the implementation of a cdG method in deal.ii (and

other finite element libraries) is the lack of a native cdG element type. Without
this element deal.ii cannot initialise a Tri angul at i on with the correct number
of degrees of freedom. Determining the number of degrees of freedom for the cdG
method is a difficult task as the number of degrees of freedom per cell (or per
edge for discontinuous elements) is determined by the type of shape function on
the neighbouring element/edge. One option is to code a c¢dG element type and
integrate it with deal.ii . However a more flexible approach is to use the existing
capabilities of deal.ii to distribute the degrees of freedom by making use of the
hp:: FECol | ect i on capabilities of the library as described below. An advantage of
this approach is that other capabilities of the library implemented for hp methods
are automatically available.

We require in particular three properties of the deal.ii library. The first is
the facility to group multiple finite elements into one data structure called a hp::
FECol | ecti on. As the syntax suggests the usual use is for hp refinement to create
a set of finite elements of the same type, e.g., scalar Lagrange elements FE_Q, but
with different polynomial degrees, e.g., linear, quadratic. The second is the class
FESyst em The purpose of this class is to create a vector valued finite element type.
Finally we will use the special finite element type FE_Not hi ng. This is a finite
element type with zero degrees of freedom. In Listing 9.1 we define FESyst emand

hp:: FECol | ecti on objects and in Listing 9.2 we initialise those objects.

enun{CG_NOTHING = 0, NOTHING_DG = 1};
FESyst enxdim> c_fe;

FESyst enxdim> d_fe;

hp:: FECol | ecti on<dim> fe_collection;

Listing 9.1: Declaration of hp:: FECol | ecti on, FESyst em

In Listing 9.2 c_fe is constructed as a two dimensional system of finite elements

with linear Lagrange elements in the first vector location and a FE_Not hi ng element
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in the second. The system d_fe is set up in opposition with FE_Not hi ng in the first
space and linear discontinuous shape functions in the second. This construction is to
avoid human coding error at a later stage as selecting the incorrect entry will produce

an obvious effect. These two systems are then inserted into fe_collection

c_fe ( FE_Qxdim>(1), 1, FE_Not hi ng<dim>(), 1);
d_fe ( FE_Not hi ng<dim>(), 1, FE DGQxdim>(1), 1);
fe_collection.push_back (c_fe);

fe_collection.push_back (d_fe);

Listing 9.2: Initialisation of hp:: FECol | ecti on, FESyst em

On a Triangul ati on each cell is flagged as being either in the continuous or
discontinuous region (we have assumed that the regions align with the mesh as with
the 75, decomposition) using material_id . The active_fe_index is then set on
each cell as shown in Listing 9.3. As FE_Not hi ng has zero degrees of freedom the
total number of degrees of freedom for the method will be correct. Only one finite

element with degrees of freedom is active on each cell.

for (typenane hp:: DoFHandl er <dim>::active_cell_iterator
cell = dof _handler.begin_active();
cell = dof_handler.end(); ++cell)
{
i f (cell_is_c(cell))
cell->set_active fe_index (CG_NOTHING);
el se i f (cell_is_d(cell))
cell->set_active fe_index (NOTHING_DG);
el se
/I ..throw exception...

Listing 9.3: Setting the correct active_fe_index
Now when we call dof _handler.distribute dofs(fe_collection) the de-

grees of freedom will be correctly distributed to the triangulation. We could now
simply initialise a Spar si t yPat t er n with this dof_handler  but we can save some
memory by assigning the coupling permitted between finite element types. Then
calling make_flux_sparsity_pattern does not assume coupling between every
element in the sparsity pattern.

Once we have initialised the relevant matrices we may now proceed to assembly.
It is important that on each cell the correct entry from fe_collection is used,
and in turn the correct element of FESyst emon that element. In particular edges

in J, the boundary between 7.q and Tyg, have to be carefully considered. When
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assembling the jump between a dG and cG element on J it is not possible to initialise
an FEFaceVal ues object on the ¢G element. This is of course perfectly natural as
continuous Lagrange finite elements do not have support (in the deal.ii sense) on
the edges of cells. To work around this difficulty we must extract the locations of
the support points on the face and then calculate their values on the neighbouring
cG cell.

An interesting consequence of this approach is that we create two solutions: one
for the c_fe component and another for the d_fe component. We present a simple
example to demonstrate this but remark that the effect can also be seen in Figures

8.3.2-8.3.4.

Example 9.1.1 Let Q = (0,1)?. We seek to solve

—eAu(z,y) + (1,1) - Vu(z,y) =1

with boundary conditions given by

e—1/e _ g—(1—a)(1-y)/e

w(z,y) =z +y(l—z)+ ==

This problem exhibits an exponential boundary layer at the outflow boundaries x = 1
and y =1 of width O(e).

Note that this example does not conform to the usual requirement that p > 0.
We set ¢ = 1072 and calculate the cdG and dG approximations on a uniform 32 x 32
grid of squares. We select Toq = [0,0.75]2. This is not optimum but our aim is to
illustrate the unusual appearance of approximations using FE_Not hi ng. In Figure
9.1.1 we plot the cdG approximation and the dG-FE_Not hi ng and FE_Not hi ng-cG
components of the cdG approximation. The approximation on 7y¢ is shaded in each

case. The presence of the FE_Not hi ng component is apparent.
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Figure 9.1.1: Example 9.1.1 with e = 1072, The presence of the FE_Not hi ng compo-
nent is clear. The approximation on 73q in each case is shaded.

9.2 Commented Code

The code for cdG and incompressible miscible displacement runs to over 4000 lines
(excluding comments) and so inclusion of the complete code is not practical. In
Section 9.1 we have already explained the novel parts of the cdG code. Here we
introduce enough material to allow the reader to understand the important features
of deal.ii and in particular to understand and recreate the implementation of the

c¢dG method. The code presented generates an approximation to

—eAu+b-Vu+cu=f in €,

u=g on 0f2
using the following interior penalty bilinear and linear forms:
(9.2.2) B (u,v) = By(u,v) + Ba-(u,v) = £(f, g;v)

where

By(u,v) = Z /5Vu~Vvdzc
E

EcTy

+ /Uhie[[U]] [v] = (e Vu} - [v] + 9=V} - [u]) ds,

ec&y, €
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B (u,v) Z / (b-Vv)u— (V- buv + cuvde

E€Th
+Z/b [v]us ds + Z /b n)uv ds
ec&y ecout
and
(f, g;v) Z/fvda:+2/(a—v—z9ev v)gds—Z/b n)vgds.
EET ecl’ ecl'in

The super penalty approach of Chapter 7, the decoupled and weighted forms of
Chapter 3, or using a file to generate the 7T, decomposition a priori can be imple-
mented with some minor modifications. For incompressible miscible displacement
our implementation is close to that of the deal.ii ~ tutorial Step-21 [1] and we direct
readers there for a thorough discussion of the use of Raviart-Thomas elements, time
dependent problems and solution using the Schur Complement.

We do not include all detail from class declarations and function protoypes as
our purpose is not to describe how to write a program in C++ but how to write
one in deal.ii . It suffices to say that each described function and class must have
somewhere a prototype. The code is written favouring readability over efficiency.
This differs from professionally written code (in general) where efficiency takes a
prominent role. The code here is templated by dimension as it was written to make
expansion to higher dimensions possible. However many of the routines presented
here assume two dimensions as the dimension independent generalizations add com-

plexity without adding any insight for the reader.

Header files

The library is organized in multiple sections and is is necessary to include the fol-
lowing header files, along with some headers from the Standard Template Library

(STL) allowing us access to some common C++ routines.

#i ncl ude <deal.ll/lbase/quadrature_lib.h>
#i ncl ude <deal.ll/base/logstream.h>

#i ncl ude <deal.ll/base/function.h>

#i ncl ude <deal.ll/base/utilities.h>
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#i
#i
#i
#i

#i
#i
#i
#i
#i
#i

#i
#i
#i
#i
#i
#i
#i

#i
#i

#i
#i
#i
#i
#i
#i
#i

#i
#i
#i

#i
#i
#i
#i
#i

#i
#i
#i
#i
#i

ncl ude
ncl ude
ncl ude
ncl ude

ncl ude
ncl ude
ncl ude
ncl ude
ncl ude
ncl ude

ncl ude
ncl ude
ncl ude
ncl ude
ncl ude
ncl ude
ncl ude

ncl ude
ncl ude

ncl ude
ncl ude
ncl ude
ncl ude
ncl ude
ncl ude
ncl ude

ncl ude
ncl ude
ncl ude

ncl ude
ncl ude
ncl ude
ncl ude
ncl ude

ncl ude
ncl ude
ncl ude
ncl ude
ncl ude

<deal.ll/lbase/parameter_handler.h>
<deal.ll/base/parsed_function.h>
<deal.ll/base/table _handler.h>
<deal.ll/base/timer.h>

<deal.ll/lac/vector.h>
<deal.ll/lac/full_matrix.h>
<deal.ll/lac/sparse_matrix.h>
<deal.ll/lac/sparse_direct.nh>
<deal.ll/lac/constraint_matrix.h>
<deal.ll/lac/precondition_block.h>

<deal.ll/grid/tria.h>
<deal.ll/grid/grid_generator.h>
<deal.ll/grid/tria_accessor.h>
<deal.ll/grid/tria_iterator.h>
<deal.ll/grid/grid_refinement.h>
<deal.ll/grid/grid_tools.h>
<deal.ll/grid/grid_out.h>

<deal.ll/dofs/dof_tools.h>
<deal.ll/dofs/dof_accessor.h>

<deal.ll/fe/fe_q.h>
<deal.ll/fe/fe_dgqg.h>
<deal.ll/fe/mapping_ql.h>
<deal.ll/fe/fe_nothing.h>
<deal.ll/felfe_system.h>
<deal.ll/fe/fe_values.h>
<deal.ll/fe/fe_tools.h>

<deal.ll/hp/dof_handler.h>
<deal.ll/hp/fe_collection.h>
<deal.ll/hp/fe_values.h>

<deal.ll/numerics/vectors.h>
<deal.ll/numerics/data_out.h>
<deal.ll/numerics/error_estimator.h>
<deal.ll/numerics/matrices.h>
<deal.ll/numerics/fe_field_function.h>

<fstream>

<sstream>

<iostream>

<map>
<boost/lexical_cast.hpp>

To simplify the code we use the deal.ii namespace

usi ng nanespace dealii;
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and so we need not prepend each function from the library with “dealii. 7.

Class: ParameterReader

We do not want to recompile the code to make simple changes to the parameters.
Fortunately the deal.ii library includes a class to interface with a parameter file,
and provides an interface via ParsedFunction to the (non-dealii ) fparser
class. An example of a parameter file can be found in Section 9.3.
The inheritance of the Subscri pt or class prevents the destruction of the

Par anmet er Handl er object passed if the ParameterReader object still exists. Here
this is a sensible safety precaution as the Par anet er Handl er is passed by reference
and so its destruction before the ParameterReader object would break the reference

and most likely cause a segmentation fault.

cl ass ParameterReader : public Subscri ptor
{
publi c:
ParameterReader( Par anet er Handl er &);
“"ParameterReader () {};

voi d read_parameters( const std::string);
private:

voi d declare_parameters();
Par anet er Handl er &prm;

The constructor simply takes the given Par anet er Handl er and copies its at-

tributes (by reference) into an internal handler prm.

ParameterReader.:ParameterReader( Par anmet er Handl er &paramhandler)

prm(paramhandler) {}

The parameters are grouped into subsections. On entering a subsection each
entry is declared by giving a name, default value, type (e.g., Patt er ns::Double
(0) declares a positive double) and short description. In the parameter file the
parameters must likewise be grouped into subsections but need not appear in the
same order. If a parameter is not declared it will take the default value and a warning

will be output to the console at run time. The variable names are self explanatory,



9.2. Commented Code 155

except for beta which is the advection coefficient b, chosen so to avoid single letter

variable names.

voi d ParameterReader::declare_parameters()

{
prm.enter_subsection ( "Equation Data" );
{
prm.declare_entry ( "epsilon® , "0.001" , Patt er ns::Double(0),
"Diffusion coefficient" );
prm.declare_entry( "theta" , "1",
Pat t er ns::Integer(),
"Switch between Interior Penalty types" );
prm.declare_entry ( "sigma" , "10.0" , Patt er ns::Double(0),
"Penalty parameter" );
prm.declare_entry ( "xmin" , "0.0" , Patt er ns::Double(),
"Domain minimum x" );
prm.declare_entry ( "xmax" , "1.0" , Patt er ns::Double(),
"Domain maximum x" );
prm.declare_entry ( "ymin" , "0.0" , Patt er ns::Double(),
"Domain minimum y" );
prm.declare_entry ( "ymax" , "1.0" , Patt er ns::Double(),
"Domain maximum y" );
}
prm.leave_subsection ();
prm.enter_subsection ( "Run Options" );
{
prm.declare_entry( "true present” , true"
Pat t er ns::Bool(),
"Is the true solution present?" );
prm.declare_entry( "print parameters" , true"
Pat t er ns::Bool(),
"print parameters at the start of the run?” );
prm.declare_entry( "L2 jump tolerance" , "0.0001" ,
Pat t er ns::Double(0),
"L2 jump tolerance of dG solution "
"when refining grid for cdG" );
prm.declare_entry( "initial refinement" , "3,
Pat t er ns::Integer(0),
"Number of refinements of basic grid" );
prm.declare_entry( "refinement steps"” , 1t
Pat t er ns::Integer(0),
"Number of refinement iterations" );
prm.declare_entry( "Fast" , "true"
Pat t er ns::Bool(),
“If true do not calculate the dG norms" );
prm.declare_entry( "skipcdGNorm" , "false"
Pat t er ns::Bool(),
"If true do not calculate the cdG norms" );
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prm.leave_subsection();

For functions the form is different. Each function is initialized as a Par sedFunct i on

object and at this point any constants and variables are read from the file. How-

ever the functions are only declared (with a default value, here x + y). They can-

not be used until initialized using parse_parameters . The second argument in

declare_parameters sets the number of components of the function (the default

being 1, a scalar function).

prm.enter_subsection ( "Beta Data" );

{
Functi ons:: ParsedFunct i on<dim>::declare_parameters(prm,2);
prm.set( "Function expression" L1t ),

}

prm.leave_subsection ();

prm.enter_subsection( "divBeta Data" );

{
Functi ons:: ParsedFuncti on<dim>:.declare_parameters(prm);
prm.set( "Function expression" , XY )

}

prm.leave_subsection();

prm.enter_subsection( "True solution" );

{
Functi ons:: ParsedFunct i on<dim>::declare_parameters(prm);
prm.set( "Function expression" , XY ),

}

prm.leave_subsection();

prm.enter_subsection ( "Right Hand Side Data" );

{
Functi ons:: ParsedFunct i on<dim>::declare_parameters(prm);
prm.set( "Function expression" , XY ),

}

prm.leave_subsection();

prm.enter_subsection ( "Boundary Data" );

{
Functi ons:: ParsedFuncti on<dim>:.declare_parameters(prm);
prm.set( "Function expression" , XY )

}

prm.leave_subsection();

prm.enter_subsection ( "Reaction Data" );

{
Functi ons:: ParsedFuncti on<dim>:.declare_parameters(prm);
prm.set ( "Function expression” , XY )

}

prm.leave_subsection();
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The parameters are read (and outputted, depending on the value of print

parameters ) in the final code of this subsection.

voi d ParameterReader::read_parameters(

const std::string parameter_file)

{
declare_parameters();
std::cout << ! Reading parameter file: "
<< parameter_file
<< std::endl;
prm.read_input (parameter_file);
prm.enter_subsection ( "Run Options" );
bool print = prm.get_bool( "print parameters" );
prm.leave_subsection();
i f(print)
{
prm.print_parameters (std::cout, Par amet er Handl er ::Text);
std::cout <<
"H O kkkkkkkkkkkkkkkk END OF PARAMETERS**x*xkx#kxxkxxk
<<std::endl;
}
}

Class: cdGMethod

The main body of the code consists of those routines for setting up the problem,

managing its execution and outputting any results.

In the class declaration we have shortened the function prototypes but leave the

variable declarations.

tenplate <int dim>
cl ass cdGMethod

{
publ i c:

cdGMethod ( Par anet er Handl er &, unsigned int);

“cdGMethod ();
voi d run ();

privat e:
const static unsigned char c¢_boundary id =
const static unsigned char c_domain_id =
const static unsigned char d_domain_id =
enum {CG_NOTHING = 0, NOTHING_DG = 1};
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/l...function prototypes omitted...

Par anet er Handl er &prm;

Triangul ati on<dim> triangulation;

const Mappi ngQl<dim> mapping;

hp:: Mappi ngCol | ect i on<dim> mapping_collection;

FESyst enxdim> c_fe, d_fe;

hp:: FECol | ect i on<dim> fe_collection;

hp:: DoFHandl er <dim> dG_dof _handler, cdG_dof handler;
hp:: QCol | ecti on<dim> q_collection;

const QGauss<dim-1>  face_quadrature;
ConstraintiMatri x constraints;

SparsityPattern sparsity_pattern;

Spar seMat ri x<doubl e> system_matrix;

const ADEgquation<dim> ad_equation;

Vect or <doubl e> dG_solution, cdG_solution, system_rhs;
Functions:: ParsedFuncti on<dim> true_solution;

Functi ons:: ParsedFuncti on<dim> boundary_values;

doubl e dG_time, cdG_time;
bool true_present;

bool cdG_run;

unsi gned i nt run_number;

unsi gned i nt refinement;

/l...output variables omitted...

The constructor first uses an initializer list to set up what variables it can.

tenplate <int dim>
cdGMethod<dim>::cdGMethod (  Par anet er Handl er &param,
unsi gned i nt refstep)

prm(param),

The triangulation details the mesh and nodes. The option maximum_smoothing
ensures that any hanging nodes present conform to deal.ii internal requirements.
The mapping is a default constructor of the Mappi ngQL class for straight line map-

pings between the unit and general cell.

triangulation ( Tri angul at i on<dim>::maximum_smoothing),
mapping(),

The construction of two mismatched FESyst emhas been described in Section 9.1.
Here we pick linear continuous (FE_Q) and discontinuous (FE_DGQ) elements. Two

handlers for the degrees of freedom are required in the case of a 7;, decomposition.

c_fe ( FE_Q<dim>(1),1,
FE_Not hi ng<dim>(),1),
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d _fe ( FE_Not hi ng<dim>(), 1,
FE_DGQXxdim>(1), 1),
dG_dof _handler (triangulation),
cdG_dof_handler (triangulation),
face_quadrature (2),

The object ad_equation  governs the parameters of the advection diffusion reaction
equation. In principle changing this object will result in ¢dG methods for other
equations. The true_solution and boundary_values  are initialized as length 2
vectors of scalar functions as declared in Par anet er Handl er. This is because we
have two approximations, two degree of freedom handlers, etc., corresponding to the
approximation on the continuous and discontinuous regions as described in Section

9.1.

ad_equation (param),
true_solution(2),
boundary_values(2)

{

Each of the continuous and discontinuous regions have their own quadrature for-
mula, fixed here to two points in each spatial dimension (exact for piecewise linear

functions).

const QGauss<dim> c_quadrature(2);
const QGauss<dim> d_quadrature(2);

The fe_collection , q_collection and mapping_collection behave like a vec-
tors taking taking the finite element systems, quadrature formula and mapping for

the continuous and discontinuous elements respectively.

fe_collection.push_back (c_fe);
g_collection.push_back (c_quadrature);
mapping_collection.push_back (mapping);

fe_collection.push_back (d_fe);
g_collection.push_back (d_quadrature);
mapping_collection.push_back (mapping);

Finally we look into the parameter file to see if any mesh or true solution has
been specified and store the data. If the true solution is present it must be parsed
by interfacing with the Par sedFuncti on class, which in turn interfaces with the
(non-dealii ) fparser library. See the parameter file for more details of how to

declare functions in this way, but note that as we have initialized true_solution
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as having two scalar components the parameter file must reflect this. Somewhat
confusingly this makes the declaration in the parameter file the same for a vector
valued function, e.g., the advection coefficient, and two scalar valued functions,
e.g., true_solution . The variable refinement  will be used to refine the initial

triangulation, i.e., determine the mesh size.

prm.enter_subsection( "Run Options" );
true_present = prm.get_bool( "true present” );
prm.leave_subsection();

i f(true_present)

{
prm.enter_subsection( "True solution” );
true_solution.parse_parameters(prm);
prm.leave_subsection();
}
prm.enter_subsection( "Boundary Data" );

boundary_values.parse_parameters(prm);
prm.leave_subsection();
prm.enter_subsection ( "Run Options" );
const int initrefinement
= prm.get_integer( "initial refinement" );
prm.leave_subsection ();
refinement = initrefinement + refstep;

We also need a destructor, which need not do anything as it will only be called
as the program completes. However to conform to good memory management we

release any memory allocated to the (potentially very large) degree of freedom han-

dlers.

tenplate <int dim>

cdGMethod<dim>::"cdGMethod ()

{
dG_dof_handler.clear ();
cdG_dof_handler.clear ();

}

Initializing triangulation in the constructor has only set up the internals. We
need to be able to associate a specific grid with this triangulation. We get the extent
of the grid from the parameter file (here fixed to two dimensions) and then use the
deal.ii G i dGener at or to make a rectangle which is uniformly refined a number

of times as determined by the value of refinement

tenplate <int dim>
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voi d cdGMethod<dim>::make grid ()

{
prm.enter_subsection ( "Equation Data" );
const doubl e xmin = prm.get_double( "xmin®" );
const doubl e ymin = prm.get_double( "ymin" );

const doubl e xmax = prm.get_double(  "xmax" );
const doubl e ymax = prm.get _double(  "ymax" );
prm.leave_subsection ();

const Poi nt <dim> min(xmin,ymin);
const Poi nt <dim> max(xmax,ymax);

G i dGener at or ::hyper_rectangle (triangulation,min,max);
triangulation.refine_global (refinement);

The code is written so that it always generates two approximations. Regardless
of any settings it produces a dG approximation. This is required in order to generate

the 7;, decomposition. The next function manages the 7;, decomposition of the mesh.

tenplate <int dim>
voi d cdGMethod<dim>::modify_grid ()
{
i f(cdG_run)
{
std::cout << "Trying to generate a mesh based on dG"
<< std::endl;

The Assert class is an effective way of tracking potential errors. If the assertion is
triggered the program terminates at the Assert in a controlled manner and outputs

to the console the nature of the exception.

Asser t (dG_solution.size() '= 0,
ExcMessage( "You have tried to start a cdG run but no
dG approximation exists" ));
Vect or <doubl e> dummy;

We calculate the size of the jumps at interelement boundaries in order to decompose

the mesh.

ad_equation.calculate_L2_jump_norms (dG_dof_handler,
g_collection,
mapping_collection,
face_quadrature,
dG_solution,
fal se,
L2_jump_norm,
dummy);

prm.enter_subsection( "Run Options" );
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const doubl e tol = prm.get_double( "L2 jump tolerance" );
prm.leave_subsection();

This is the first appearance of a loop over every cell. The Tri angul ati on class
enables iterators to every cell (or active cell, i.e., those at the lowest refinement
level). To access faces we prefer to loop over every cell and then visit the faces
of that cell in turn by accessing cell->face(number) , although iterators for the
faces do exist. Here if every jump at the faces of an element is small we mark that
element as in the continuous region and use the user_flag  attribute of the face to
store this. Cells are marked using the material_id flag, which is more flexible but

is not implemented for faces.

typenane Triangul at i on<dim>::active_cell_iterator
cell = triangulation.begin_active(),
endc = triangulation.end();
for (; celll=endc; ++cell)
{
unsi gned i nt face_count = O;
for (unsigned int face_no=0;
face_no< Geonet ryl nf o<dim>::faces_per_cell,
++face_no)
{
i f(L2_jump_norm(cell->face(face_no)->index()) < tol)
++face_count;
el se
cell->face(face_no)->set_user_flag();

}

i f (face_count == Ceonet ryl nf o<dim>::faces_per_cell)
{
cell->set_material_id(c_domain_id);
i f (cell->at_boundary())
for (unsigned int f=0;
f< Geonet r yl nf o<dim>::faces_per_cell,
++f)
i f (cell->face(f)->at_boundary())
cell->face(f)->set_all_boundary_indicators(
¢_boundary_id);
}
el se
{
cell->set_material_id(d_domain_id);
for (unsigned int face_no=0;
face_no< Geonet ryl nf o<dim>::faces_per_cell;
++face_no)
cell->face(face_no)->set_user_flag();
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}
}
}

Now we cover the initial dG approximation by setting the entire domain to be in

the discontinuous region.

el se i f (lcdG_run)

{
for (typenane Triangul ati on<dim>:active_cell_iterator
cell = triangulation.begin_active();
cell != triangulation.end(); ++cell)
cell->set_material_id(d_domain_id);
}

Finally in the case of a ¢dG approximation check that we do not have any isolated

continuous cells.

i f(cdG_run)
{
typenanme Tri angul at i on<dim>::active_cell_iterator
cell = triangulation.begin_active(),
endc = triangulation.end();
for (; cell=endc; ++cell)

{
i f(cell->material_id() == d_domain_id) conti nue;
el se
{
unsi gned int count = O;
for (unsigned int face no=0;
face_no< Geonetryl nf o<dim>::faces_per_cell;
++face_no)
{
i f (cell->face(face_no)->at_boundary()) ++count;
el se i f (cell->neighbor(face_no)->material_id()
== d_domain_id) ++count;
}
i f (count == Ceonet ryl nf o<dim>::faces_per_cell)
cell->set_material_id(d_domain_id);
}
}
}
}
The next two routines allow access to the material_id of a cell in safety, i.e.,

without the risk of changing the material_id

tenplate <int dim>
bool cdGMethod<dim>::cell is_c
(const typenane hp:: DoFHandl er <dim>::cell_iterator &cell)
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{
}

tenplate <int dim>
bool cdGMethod<dim>::cell is_d
(const typenane hp:: DoFHandl er <dim>::cell_iterator &cell)

return (cell->material_id() == c¢_domain_id);

{
}

return (cell->material_id() == d_domain_id);

Once we have marked each cell as either in the continuous or discontinuous
region we set the active_fe_index on the mesh so that the correct element of
fe_collection we be active on the cell (using the enumeration from the class

declaration).

tenplate <int dim>
voi d cdGMethod<dim>::set_active fe_indices (
hp:: DoFHandl er <dim> &dof_handler)

{
for (typenane hp:: DoFHandl er<dim>::active_cell_iterator
cell = dof_handler.begin_active();
cell '= dof _handler.end(); ++cell)
{
i f (cell_is_c(cell)
cell->set_active_fe_index (CG_NOTHING);
el se i f (cell_is_d(cell))
cell->set_active_fe_index (NOTHING_DG);
el se
Assert (fal se, ExcMessage( "Unexpected cell type" );
}
}
One of the major advantages to using a library such as deal.ii ~ to generate code

is the existence of routines to perform complicated tasks efficiently. Here we wish
to create a SparsityPattern for the problem representing the non-zero entries
in a sparse matrix and initialize our system_matrix  and system_rhs (that is,
the mass matrix A and right hand side vector f representing the discrete problem
Az = f, where z is the dG or ¢dG approximation we are calculating). We use
a CompressedSimpleSparsityPattern for the purposes of memory management
and as our problem has face (flux) coupling make_flux_sparsity_pattern . We
must also instruct the sparsity pattern that on the different regions (and on the

interface) we have different coupling, which we do using DoFTool s::Coupling

‘t enpl ate <int dim>
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voi d cdGMethod<dim>::setup_dofs (
hp:: DoFHandl| er <dim> &dof_handler,
Vect or <doubl e> &solution)

{

First inform the dof_handler  of our active indices and then calculate the number

of degrees of freedom (recall FENothing contributes no degrees of freedom).

set_active_fe_indices (dof _handler);
dof_handler.distribute_dofs (fe_collection);

We have no constraints here but the Constrai nt Matri x class is an efficient way
to handle the problem during assembly, so we make an empty constraints then

continue as described above.

constraints.clear ();
constraints.close ();
CompressedSimpleSparsityPattern csp (dof handler.n_do fs(),
dof_handler.n_dofs());
Table<2, DoFTool s::Coupling>
cell_coupling (fe_collection.n_components(),
fe_collection.n_components());
Table<2, DoFTool s::Coupling>
face_coupling (fe_collection.n_components(),
fe_collection.n_components());

cell_couplingINOTHING_DG][NOTHING_DG] = DoFTool s::none;
face_couplingINOTHING_DG][NOTHING_DG] = DoFTool s::always;
cell_coupling[CG_NOTHING][CG_NOTHING] = DoFTool s::always;
face_coupling[CG_NOTHING][CG_NOTHING] = DoFTool s::none;
cell_coupling[CG_NOTHING][NOTHING_DG] = DoFTool s::none;
face_coupling[CG_NOTHING][NOTHING_DG] = DoFTool s::always;
cell_couplingINOTHING_DG][CG_NOTHING] = DoFTool s::none;
face_couplingINOTHING_DG][CG_NOTHING] = DoFTool s::always;

DoFTool s::make_flux_sparsity pattern (dof _handler, csp,
cell_coupling,
face_coupling);

constraints.condense (csp);

sparsity_pattern.copy_from (csp);

Then we can resize the matrix and right hand side vector, as well as the dG or ¢cdG
approximation solution  depending on the type of approximation we are perform-

ing.

system_matrix.reinit (sparsity_pattern);
solution.reinit (dof_handler.n_dofs());
system_rhs.reinit (dof _handler.n_dofs());

}
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Now we come to the logical assembly of the mass matrix and right hand side.
This function interfaces with the ADEquation class where the actual calculation of
the weights for each entry in the matrix is performed. This construction allows for
a different equation or method to be interchanged with the interior penalty method

for the advection-diffusion-reaction equation.

tenplate <int dim>
voi d cdGMethod<dim>::assemble_system(
hp:: DoFHandl er <dim> &dof_handler)

{

The UpdateFlags manage which parts of the test functions need to be recalcu-
lated when moving to a new cell or face. For instance here we do not need to
know the Hessian of the test functions, so we simply do not calculate it. The flag
update_JxW_values refers to the Jacobian times the weight at each quadrature

point.

const UpdateFlags update flags = update values
| update_gradients
| update_quadrature_points
| update_JxW_values;
const UpdateFlags face update flags = update_values
| update_quadrature_points
| update_JxW_values
| update_normal_vectors
| update_gradients;
const UpdateFlags nbr_face update flags = update_values
| update_gradients;

The FEVal ues and FEFaceVal ues classes give an interface to the shape functions on
a cell or face. We need only one for the values on the cells which will take continuous
or discontinuous shape functions automatically depending on the active_fe_index

on the cell. The FEFaceVal ues are only required on discontinuous cells (and their
neighbours, denoted nbr ). Finally on the interface we will always assemble from a
discontinuous cell to a continuous one, so we have a special FEVal ues object for the

continuous neighbour of a discontinuous cell.

hp:: FEVal ues<dim> hp_fe_v (fe_collection,
g_collection,
update_flags);

FEFaceVal ues<dim> d_fe_face v(d_fe,
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face_quadrature,
face_update_flags);
FEFaceVal ues<dim> d_fe face_v_nbr(d_fe,
face_quadrature,
nbr_face_update_flags);
FEVal ues<dim> c_fe_v_nbr (c_fe,
g_collection[CG_NOTHING],
update_flags);

On each cell we construct local matrices which will be then fed into the global
system_matrix . In the most complicated case, that of two adjacent discontinuous
cells, we need four matrices representing the interior of the cell (i ) and the exterior

(i.e., the neighbour, e) and the coupling between them.

Ful | Mat ri x<doubl e> ui_vi_matrix;

Ful | Mat ri x<doubl e> ue_vi_matrix;

Ful | Mat ri x<doubl e> ui_ve_matrix;

Ful | Mat ri x<doubl e> ue_ve_matrix;

Vect or <doubl e> cell_vector;

std::vector< unsi gned i nt > cell_dof _indices;
std::vector< unsi gned i nt> nbr_dof indices;

In order to ensure we pick up the correct element of FESyst emon each cell, we use
an extractor. Note that as we constructed each of c_fe and d_fe in the opposite

order these match the enumeration of fe_collection

const FEValuesExtractors::Scalar continuous(CG_NOTHING);
const FEValuesExtractors::Scalar discontinuous(NOTHING_DG) ;

typenane hp:: DoFHandl er <dim>::active_cell_iterator
cell = dof_handler.begin_active(),
endc = dof_handler.end();

for (; cell=endc; ++cell)

{

We visit each cell in turn and assemble either a discontinuous or continuous element.

hp_fe_v.reinit(cell);
const FEVal ues<dim> &fe v = hp_fe v.get present fe values();

ui_vi_matrix.reinit (cell->get_fe().dofs_per_cell,
cell->get_fe().dofs_per_cell);

cell_vector.reinit(cell->get_fe().dofs_per_cell);

cell_dof_indices.resize (cell->get_fe().dofs_per_cel );

cell->get_dof_indices (cell_dof_indices);

i f(cell_is_c(cell))
ad_equation.assemble_cell term (fe_v,continuous,
ui_vi_matrix,
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cell_vector);
el se
ad_equation.assemble_cell term (fe_v,discontinuous,
ui_vi_matrix,
cell_vector);
Calling distribute_local_to_global is more efficient than adding each local

matrix and right hand side to the mass matrix and system right hand side, even

though constraints is empty.

constraints.distribute_local_to_global (ui_vi_matrix

cell_vector,
cell_dof _indices,
system_matrix,
system_rhs);

Although we visit each cell once, if we were to loop over each face we would end up

visiting each (except for the boundary) twice. At each face we therefore determine

if the face is at the boundary, and if not we assemble only if the neighbour has a

higher index. However if the neighbour is continuous we must assemble here as we

do not ever consider the neighbours of continuous cells. This is more efficient than

reformulating the interior penalty method (9.2.2) as a sum over cells and visiting

each edge twice.

i f (cell_is_c(cell) conti nue;
for (unsigned int face_no=0;

face_no< Geonet ryl nf o<dim>::faces_per_cell,

++face_no)

{

Case 1: Face at boundary.

i f (cell->face(face_no)->at_boundary())

{

d_fe_face v.reinit(cell, face_no);

ui_vi_matrix.reinit (cell->get_fe().dofs_per_cell,

cell->get_fe().dofs_per_cell);

cell_vector.reinit(cell->get_fe().dofs_per_cell);

ad_equation.assemble_boundary_term(d_fe face v,

ui_vi_matrix,
cell_vector);

constraints.distribute_local_to_global(ui_vi_matrix ,

cell_vector,
cell_dof _indices,
system_matrix,
system_rhs);
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el se

{

Case 2: Neighbour is discontinuous and has higher index.

typenane hp:: DoFHandl er <dim>::cell_iterator nbr
=cell->neighbor(face_no);
i f(cell_is_d(nbr) && (cell->index() < nbr->index()))
{
const unsigned int nbr_face_no
=cell->neighbor_of neighbor(face_no);
d_fe _face_v.reinit(cell, face_no);
d_fe_face_v_nbr.reinit(nbr, nbr_face no);
unsi gned int cell_dofs = cell->get_fe().dofs_per_cell,
unsi gned i nt nbr_dofs = nbr->get fe().dofs_per_cell;

We do not allow different polynomial degrees on neighbouring cells. This is not
possible with the current code but we add an Assert here to remind us if the code
is altered in future. The extension to variable polynomial degree is possible using

existing deal.ii capabilities.

Asser t (cell_dofs==nbr_dofs,
ExcMessage( "Cell dofs must match nbr dofs" ));

ui_vi_matrix.reinit (cell_dofs,cell_dofs);

ui_ve_matrix.reinit (cell_dofs,nbr_dofs);

ue_vi_matrix.reinit (nbr_dofs,cell_dofs);

ue_ve_matrix.reinit (nbr_dofs,nbr_dofs);

ad_equation.assemble_face term (d_fe face v,
d_fe face_v_nbr,
ui_vi_matrix,
ue_vi_matrix,
ui_ve_matrix,
ue_ve_matrix);

nbr_dof_indices.resize (nbr_dofs);

nbr->get_dof_indices (nbr_dof _indices);

constraints.distribute_local _to_global(ui_vi_matrix ,
cell_dof_indices,
system_matrix);

constraints.distribute_local_to_global(ui_ve_matrix :
nbr_dof_indices,
cell_dof _indices,
system_matrix);

constraints.distribute local to_global(ue_vi_matrix ,
cell_dof_indices,
nbr_dof_indices,
system_matrix);

constraints.distribute _local _to_global(ue_ve_matrix ,
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nbr_dof_indices,
system_matrix);
}
Case 3: Neighbour is continuous.
el se if (cell_is_c(nbr))
{
c_fe_v_nbr.reinit(nbr);
d_fe_face_v.reinit(cell, face_no);
unsi gned int cell_dofs = cell->get_fe().dofs_per_cell,
unsi gned i nt nbr_dofs = nbr->get fe().dofs_per_cell;
ui_vi_matrix.reinit (cell_dofs,cell_dofs);
ui_ve_ matrix.reinit (cell_dofs,nbr_dofs);
ue_vi_matrix.reinit (nbr_dofs,cell_dofs);
ue_ve_matrix.reinit (nbr_dofs,nbr_dofs);
ad_equation.assemble_interface_term(d_fe face v,
c_fe_v_nbr,
ui_vi_matrix,
ue_vi_matrix,
ui_ve_ matrix,
ue_ve_matrix);
nbr_dof_indices.resize (nbr_dofs);
nbr->get_dof_indices (nbr_dof _indices);
constraints.distribute_local_to_global(ui_vi_matrix :
cell_dof _indices,
system_matrix);
constraints.distribute_local to_global(ui_ve_matrix ,
nbr_dof_indices,
cell_dof _indices,
system_matrix);
constraints.distribute_local to_global(ue_vi_matrix ,
cell_dof_indices,
nbr_dof_indices,
system_matrix);
constraints.distribute_local_to_global(ue_ve_matrix :
nbr_dof_indices,
system_matrix);
}
}
}
}

Finally we apply the boundary values to only the continuous part of the domain. For-
tunately deal.ii has the capability to interpolate then apply boundary values

a Par sedFunct i on object, to the system_matrix  and solution.

‘ I f (cdG_run)
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{

std::map< unsi gned i nt, doubl e> bvs;

Vect or Tool s:interpolate_boundary_values (dof handler,
¢_boundary _id,
boundary_values,
bvs);

Mat ri xTool s::apply_boundary values ( bvs,

system_matrix,
cdG_solution,
system_rhs);
}
}
We use a direct solver to invert our matrix. deal.ii provides an interface

with the library UMFPACK for this purpose, as well as many alternative numerical

algorithms.

tenplate <int dim>

voi d cdGMethod<dim>::solve( Vect or <doubl e> &solution)

{
SparseDirectUMFPACK direct_solver;
direct_solver.initialize (system_matrix);
direct_solver.vmult (solution, system_rhs);
constraints.distribute (solution);

Given an approximation we now have we wish to calculate the norms. This is
not difficult using either Vect or Tool s or our own code (one of the few cases of
where this is advisable as the Vect or Tool s norm calculations are very slow as they
make no assumptions. We use skipdGnorm and skipcdGnorm in the parameter file
to avoid calculating the norms and accelerate the computation for, e.g., testing).
We therefore present a reduced example of the calculation showing the difference
between the true solution and approximation in the L? norm, and the approximation

jump norm.

tenplate <int dim>

voi d cdGMethod<dim>::calculate_norms(
hp:: DoFHandl er <dim> &dof handler,
Vect or <doubl e> &solution)

{

Vect or <doubl e> L2norms;

We pick a higher quadrature formula here in order to better resolve the layer in the

true solution.
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hp:: QCol | ect i on<dim> g_collection_int;
g_collection_int.push_back(QGauss<dim>(4));
g_collection_int.push_back(QGauss<dim>(4));

The MaskFunction is required to switch between dG and cG regions. It is described

in detail later.

MaskFunction<dim> mask_function(2,dof handler.get _tr ia();
Vect or Tool s:integrate_difference (dof_handler,

solution,

true_solution,

L2norms,

g_collection,

Vect or Tool s::L2_norm,
&mask_function);

The Vect or L2norms is a cellwise list of the L? norms. We now process it to a global
norm L?(€2). The calculation of the jump norms is described with the ADEquation

class.

L2_norm = std::sqrt(L2norms.12_norm());

ad_equation.calculate_L2_jump_norms(dof_handler,
g_collection_int,
mapping_collection,
face_quadrature,
solution,
fal se,
L2_jump_norm,
L2norms);

We now output the solution in .vtk format, as well as any norms we have calcu-
lated. As we have two FESyst emobjects in fe_collection we get two solutions

which gives the distinctive appearance as described in Section 9.1.

tenplate <int dim>

voi d cdGMethod<dim>::output_results(
hp:: DoFHandl er <dim> &dof_handler,
Vect or <doubl e> &solution)

std::string filename;
std::string extension;
I f (lcdG_run) extension = "dG" ;
el se extension = "cdG" ;
std::string reftext
= boost::lexical_cast<std::string>( refinement );

std::vector<std::string> solution_names;
solution_names.push_back ( "uc" );
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solution_names.push_back ( "ud" );
std::vector<
DataComponentinterpretation::DataComponentinterpret ation>

data_component_interpretation;
data_component_interpretation.push_back

(DataComponentinterpretation::component_is_scalar);
data_component_interpretation.push_back

(DataComponentinterpretation::component_is_scalar);

DataOut<dim,hp::  DoFHandl er <dim> > data_out_vtk;
data_out_vtk.attach_dof handler (dof_handler);
data_out_vtk.add_data_vector (solution, solution_name S,
DataOut<dim,hp:: DoFHandl er <dim> >::type_dof_data,
data_component_interpretation);
data_out_vtk.build_patches ();

flename =  "solution" +extension+ ‘"ref" +reftext+ “.vtk"
std::cout << ! Writing solution to <"
<< filename << ">..." << std::endl;

std::ofstream solution_output (filename.c_str());
data_out_vtk.write_vtk (solution_output);
solution_output.close();

We also output the grid for cdG approximations with continuous edges coloured.

i f(cdG_run)

{
flename =  "grid" +extension+ ‘ref’ +reftext+ “.eps" ;
std::cout << ; Writing grid to <" << filename

<< "> << std::endl;
std:.ofstream eps_grid_output (filename.c_str());

GridQut grid_out;
Gri dQut Fl ags::Eps<dim> eps_grid_flags;

eps_grid_flags.color_lines_on_user_flag = true;
eps_grid_flags.write_cell_numbers = fal se;
eps_grid_flags.write_cell_number_level = fal se;

grid_out.set_flags (eps_grid_flags);
grid_out.write_eps (triangulation, eps_grid_output);
eps_grid_output.close();

}

Finally output a table with any calculated norms, the number of degrees of freedom

used and the time taken to assemble and solve the problem.

TableHandler table;

table.add_value ( "Norm" , std::string( "$L728" ));
table.add_value ( "Value" , L2_norm);
table.add_value ( "Norm" , std::string( "$L"2$ jump" ));
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table.add_value ( "Value" , std:sqrt(L2_jump_norm.l1_norm()));
doubl e time;

i f (lcdG_run) time = dG_time;

el se time = cdG_time;

table.add_value ( "Norm" , std::string( "timer" ));
table.add_value ( "Value" , time);
table.add_value ( "Norm" , std::string( "dofs" ));
table.add_value ( "Value" , dof_handler.n_dofs());
table.set_precision( "Value" , 4);
table.set_scientific( "Value" , true);
filename = "table-"  +extension+ ‘'ref' +reftext+ .itxt"
std::cout << "Writing norms to <"

<< filename << ">.." << std::endl;

std:.ofstream table_output_text(filename.c_str());
table.write_text(table_output_text);
table_output_text.close();

After each dG run we reinitialize the system_matrix , sparsity_pattern ,
constraints and system_rhs to be used again. Note that we do not destroy the
dof_handler as we will require this to compare the dG and ¢cdG approximations

(for instance using an alternative implementation of integrate_difference ).

tenplate <int dim>

voi d cdGMethod<dim>::reset_system ()

{
constraints.clear();
sparsity pattern.reinit(0,0,0);
system_matrix.clear ();
system_rhs.reinit(0);

The following routine manages the construction and solution for the approxi-
mations. As previously mentioned we always calculate both a discontinuous and
continuous solution. This is inefficient but no suitable format exists to save and

load an approximation including the DoFHandl er .

tenplate <int dim>
voi d cdGMethod<dim>::run ()

{

The Ti mer class allows us to measure time elapsed and simply interfaces with the

system clock of most unix systems.

Ti mer timer;
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run_number=0;
cdG_run = fal se;

The grid need only be constructed once, but modified each time. The first time it

will automatically be set up for the dG approximation.

make_grid ();

modify_grid ();
setup_dofs (dG_dof _handler, dG_solution);

timer.start();

assemble_system (dG_dof_handler);

solve (dG_solution);

timer.stop();

std::cout << "Time for assemble and solve "
<< timer() << "s" << std::endl;

dG_time = timer();

std::cout << std::endl;

std::cout << "Calculating norms..." << std::endl;
prm.enter_subsection ( "Run Options" );

const bool skipdGnorm = prm.get_bool( "Fast" );

const bool skipcdGnorm = prm.get_bool( "skipcdGNorm" );
prm.leave_subsection ();
i f (IskipdGnorm) calculate_norms (dG_dof handler, dG_solu tion);
el se std::cout << ! skipping calculate as Fast==true..."

<<std::endl;

std::cout << "Output of results..." << std::endl;

output_results (dG_dof _handler, dG_solution);

This completes the calculation of the dG approximation. We reset the system

advance the counters for the cdG approximation.

and

++run_number;

cdG run = true;
std::cout << std::endl;
reset_system ();

As now cdG_run is true calling modify_grid  prepares for a ¢cdG approximation

based on the dG approximation.

modify_grid ();
setup_dofs (cdG_dof _handler, cdG_solution);

timer.restart();

assemble_system (cdG_dof handler);

solve (cdG_solution);

timer.stop ();

std::cout << "Time for assemble and solve
<< timer() << "s" << std:endl;

cdG_time = timer();
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std::cout << std::endl;

std::cout << "Calculating norms..." << std::endl;

i f (IskipcdGnorm) calculate_norms(cdG_dof handler,
cdG_solution);

el se
std::cout << "skipping calculate as skipcdGNorm==true..."
<< std::endl;
std::cout << "Output of results..." << std::endl;

output_results (cdG_dof_handler, cdG_solution);

The main routine simply reads the parameter file and passes the number of
refinement steps to attempt into run . The call to deallog.depth_console(0)

suppresses any internal deal.ii messages.

int main ()
{
try

{
deallog.depth_console (0);

Par anet er Handl er  prm;
ParameterReader  param(prm);

param.read_parameters( "data.in" );
prm.enter_subsection( "Run Options" );
const unsigned int ref steps
= prm.get_integer( “refinement steps” )

prm.leave_subsection();

for(unsi gned int i=0;i<ref_steps;++i)

{

std::cout << ) Hkkkok Kk kkFkkk " <<std::endl;
std::cout << std::endl;

cdGMethod<DEAL_IlI_DIMENSION> cdg_method(prm,i);
cdg_method.run ();

std::cout << std::endl;

}
}
cat ch (std::exception &exc)
{
std::cerr << std::endl << std::endl
S "
<< std::endl;
std:.cerr << "Exception on processing: " << std::endl
<< exc.what() << std::endl
<< "Aborting!" << std::endl
S — "
<< std::endl;
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return 1;
}
catch (..)
{
std::cerr << std::endl << std::endl
= "
<< std::endl;
std::cerr << "Unknown exception!” << std::endl
<< "Aborting!" << std::endl
= "
<< std::endl;
return 1;
}
return O;

}

Class: ADEquation

The class ADEquation describes the interior penalty method for the advection-
diffusion-reaction equation (previous versions had no reaction, hence only AD) in-
cluding any coefficients. It also includes the calculation of the jumps of an approx-
imation, although for a more complicated example any norms should appear in a
separate class. Here the assembly and norms are declared at publ i c scope so we

can access them from cdGMethod .

tenplate <int dim>
cl ass ADEquation
{
publ i c:
ADEquation ( Par anet er Handl er &param);
"ADEquation() {};

/l...Function prototypes for assembly omitted...
/l...Function prototypes for norms omitted...

The coefficients are at pri vat e scope as we can take them locally from the param-

eter file passed to the constructor.

privat e:
Par anet er Handl er &prm;
Functi ons:: ParsedFuncti on<dim> rhs_function;
Functions:: ParsedFuncti on<dim> boundary_function;
Functi ons:: ParsedFuncti on<dim> beta_function;
Functi ons:: ParsedFuncti on<dim> divbeta_function;
Functions:: ParsedFuncti on<dim> reaction_function;
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doubl e epsilon,sigma;
si gned int theta;

The main task of the constructor is to parse each function and make it available to
the class. Performing the task in this way is inefficient (as we could pass the already
parsed functions from the cdGMethod object) but it makes it easier to change to

other discretizations if the parameters are stored within the class using them.

tenplate <int dim>
ADEquation<dim>::ADEquation ( Par anmet er Handl er &param)

prm(param),
rhs_function(1),
boundary_function(dim),
beta_function(dim),
divbeta_function(1)

prm.enter_subsection( "Beta Data" );
beta_function.parse_parameters(prm);

prm.leave_subsection();

prm.enter_subsection( "divBeta Data" );
divbeta_function.parse_parameters(prm);

prm.leave_subsection();

prm.enter_subsection( "Boundary Data" );
boundary_function.parse_parameters(prm);

prm.leave_subsection();

prm.enter_subsection( "Right Hand Side Data" );
rhs_function.parse_parameters(prm);

prm.leave_subsection();

prm.enter_subsection( "Reaction Data" );
reaction_function.parse_parameters(prm);

prm.leave_subsection();

prm.enter_subsection( "Equation Data" );
epsilon = prm.get_double( "epsilon" );
theta = prm.get_integer( "theta" );
sigma = prm.get_double( "sigma" );

prm.leave_subsection();

The assemble terms are called from cdGMethod::assemble_ system and so
only assemble on one cell or face. For the cell terms the switch between continuous
and discontinuous assembly is controlled by the passed values of fe_v and the
extractor. If the two do not match an exception will be thrown when accessing, e.g.,
fe_v[extractor].gradient . The FEVal ues object is already initialized with the

quadrature points on the cell (and other values as determined by UpdateFlags in
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cdGMethod::assemble_system ).

tenplate <int dim>
voi d ADEquation<dim>::assemble_cell_term(
const FEVal ues<dim>& fe v,
const FEValuesExtractors::Scalar extractor,
Ful | Mat ri x<doubl e> &ui_vi_matrix,
Vect or<doubl e> &cell_vector) const

{

It makes for readable code (but is slightly less efficient) if we populate vectors with

the values of the coefficients and Jacobians at each quadrature point.

const std::vector< doubl e> &JIXW_vec = fe_v.get IJXW_values ();
std::vector< Vect or <doubl e> > beta_vec(

fe_v.n_quadrature_points, Vect or <doubl e>(dim));
std::vector< doubl e> divbeta_vec (fe_v.n_quadrature_points);
std::vector< doubl e> reaction_vec (fe_v.n_quadrature_points);
std::vector< doubl e> rhs_vec (fe_v.n_quadrature_points);

The ParsedFuncti on inherits vector_value_list from the Function class.

This is more efficient than calling vector_value  for each quadrature point.

beta_function.vector_value_list (fe_v.get_quadrature _points(),
beta vec);

divbeta_function.value_list(fe_v.get_quadrature_poi nts(),
divbeta_vec);

reaction_function.value_list(fe_v.get quadrature_po ints(),
reaction_vec);

rhs_function.value_list (fe_v.get quadrature_points( ),
rhs_vec);

We now loop over each quadrature point on the cell.

for (unsigned int point=0;
point<fe_v.n_quadrature_points;
++point)
{
const doubl e JXW = JXW_vec[point];

We copy beta from a std::vector to a Poi nt. This is because Par sedFuncti on
does not support Poi nt but it is easier to work with, in particular as * is overloaded

correctly.

Poi nt <dim> beta;

for(unsigned int i=0;i<dim;++i) beta(i) =beta_vec[point](i);
const doubl e divbeta = divbeta_vec[point];

const doubl e reaction = reaction_vec[point];

const doubl e rhs = rhs_vec[point];
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We now loop over each degree of freedom and assemble its contribution for this

quadrature point. ..

for (unsigned int i=0; i<fe_v.dofs_per_cell; ++i)

{

for (unsigned int j=0; j<fe_v.dofs_per_cell; ++j)

{

... first for the diffusion term fE eVyu-Vyvde. ..

ui_vi_matrix(i,j) +=
epsilon *fe_v[extractor].gradient(i,point) *
fe_v[extractor].gradient(j,point) * IXW,

... then the advection terms [, —(b- Vjyv)u — (Vy, - bjuv de. ..

ui_vi_matrix(i,j) -=

(beta =*fe_v[extractor].gradient(i,point)) *

fe_v[extractor].value(j,point) *  JXW;
ui_vi_matrix(i,j) -=

divbeta =*fe_v[extractor].value(j,point) *

fe_v[extractor].value(i,point) *  JXW;

...and finally the reaction term | g cuv dzx and right hand side / g fvde.

ui_vi_matrix(i,j) +=

reaction *fe_v[extractor].value(j,point) *
fe_v[extractor].value(i,point) *  JXW;

}

cell_vector(i) += rhs * fe_v[extractor].value(i,point) * IXW;

}
}
}

Now we assemble faces lying in I'yq \ J. Faces lying on the continuous boundary
are covered by the boundary conditions. Even though we are now on a face, the
construction is the same as on a cell. This is because FEFaceVal ues and FEVal ues

are both inherit from the general class FEValuesBase .

tenplate <int dim>
voi d ADEquation<dim>::assemble_boundary_term(
const FEFaceVal ues<dim>& fe v,
Ful | Mat ri x<doubl e> & ui_vi_matrix,
Vect or<doubl e> & cell_vector) const
{
const std::vector< doubl e> &JIXW_vec = fe_v.get IxW_values ();
const std::vector< Poi nt <dim> > &normals
= fe_v.get_normal_vectors ();
std::vector< Vect or <doubl e> > beta_vec (
fe_v.n_quadrature_points, Vect or <doubl e>(dim));
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std::vector< Vect or <doubl e> > g_vec(fe_v.n_quadrature_points,
Vect or <doubl e>(dim));
beta_function.vector_value_list (fe_v.get_quadrature _points(),
beta_vec);

boundary_function.vector_value_list
(fe_v.get_quadrature_points(), g_vec);

const double h
= std::sgrt(std::pow(fe_v.get_cell()->diameter(),2.) 12.);
doubl e esbyh = (epsilon  *sigma)/h;

The cell must be discontinuous as we do not assemble boundary terms for continuous

cells. As NOTHING_DGs not at this scope we have to use 1.

const FEValuesExtractors::Scalar discontinuous(1);
for (unsigned int point=0;
point<fe_v.n_quadrature_points;
++point)

const doubl e JXW = JIxW_vec[point];

const Poi nt<dim> n = normals[point];

const doubl e g = g_vec[point](0);

Poi nt <dim> beta;

for(unsigned int i=0;i<dim;++i) beta(i) =beta_vec[point](i);

First the diffusion terms [ —e{V,u} - [v] — 9e{Vyv} - [u] + eo/h[u] - [v] ds. ..

for (unsigned int i=0; i<fe_v.dofs_per_cell;, ++i)
{
for (unsigned int j=0; j<fe_v.dofs_per_cell; ++j)
{
ui_vi_matrix(i,j) -= epsilon *
fe_v[discontinuous].gradient(j,point) *
(fe_v[discontinuous].value(i,point) *N) *
IXW;
ui_vi_matrix(i,j) -= theta *epsilon =
(fe_v[discontinuous].value(j,point) *N) *
fe_v[discontinuous].gradient(i,point) *
IXW;
ui_vi_matrix(i,j) += esbyh *
fe_v[discontinuous].value(j,point) *
fe_v[discontinuous].value(i,point) *
IXW;

}

...and the right hand side terms fe VeVvg 4 eo/hvgds.

cell_vector(i) -= theta +x@epsilon =
fe_v[discontinuous].gradient(i,point) * N*
g* IXW,

cell_vector(i) += esbyh *
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fe_v[discontinuous].value(i,point) *(
* JXW;
}

The advection terms are a little trickier as we have a different assembly for inflow

and outflow boundaries.

const doubl e beta_n=beta * n;
i f (beta_n>0)
for (unsigned int i=0; i<fe_v.dofs_per_cell, ++i)
for (unsigned int j=0; j<fe_v.dofs_per_cell; ++j)

We assemble the outflow boundary fe b - nuvds.

ui_vi_matrix(i,j) += beta_n *
fe_v[discontinuous].value(j,point) *
fe_v[discontinuous].value(i,point) *
IXW;

el se
for (unsigned int i=0; i<fe_v.dofs_per_cell; ++i)

We assemble the inflow right hand side [ (b-n)vgds.

cell_vector(i) -= beta_n *
g *
fe_v[discontinuous].value(i,point) *
IXW;

For a dG face in &7\ J there are for each term four different assembly matrices
corresponding to the coupling of the degrees of freedom on each cell and the coupling
between the cells. If we were to visit each face twice, once from each side, we would

only require two of these per visit.

tenplate <int dim>
voi d
ADEquation<dim>::assemble_face term(
const FEFaceValuesBase<dim>& fe_v,
const FEFaceValuesBase<dim>& fe v_nbr,
Ful | Mat ri x<doubl e> &ui_vi_matrix,
Ful | Mat ri x<doubl e> &ue_vi_matrix,
Ful | Mat ri x<doubl e> &ui_ve_matrix,
Ful | Mat ri x<doubl e> &ue_ve_matrix) const
{
const std::vector< doubl e> &JIXW_vec = fe_v.get IJxXW_values ();
const std::vector< Poi nt <dim> > &normals
= fe_v.get_normal_vectors ();
std::vector< Vect or <doubl e> > beta_vec (
fe_v.n_quadrature_points, Vect or <doubl e>(dim));
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beta_function.vector_value_list (fe_v.get_quadrature
beta vec);
const double h
= std::sgrt(std::pow(fe_v.get_cell()->diameter(),2.)
doubl e esbyh = (epsilon  *sigma)/h;
const FEValuesExtractors::Scalar discontinuous(1);
for (unsigned int point=0;
point<fe_v.n_quadrature_points;
++point)

const doubl e JXW = JIxW_vec[point];
const Poi nt<dim> n = normals[point];
Poi nt <dim> beta;

for(unsigned int i=0;i<dim;++i) beta(i) =beta_vec[point](i);

for (unsigned int i=0; i<fe_v.dofs_per_cell, ++i)

{

for (unsigned int j=0; j<fe_v.dofs_per_cell, ++j)

{

_points(),

12.);

First assemble the diffusion terms on each cell. . .

ui_vi_matrix(i,j) -= 0.5 *epsilon  *
(fe_v[discontinuous].gradient(j,point)
fe_v[discontinuous].value(i,point)
IXW;

ui_vi_matrix(i,j) -= 0.5 xepsilon +theta =
(fe_v[discontinuous].gradient(i,point)
fe_v[discontinuous].value(j,point)
IXW;

ui_vi_matrix(i,j) += esbyh *
fe_v[discontinuous].value(j,point)
fe_v[discontinuous].value(i,point)
IXW;

*n)*

*n)*

...then between this cell and the neighbour. ..

ui_ve_ matrix(i,j) += 0.5 *epsilon  *
(fe_vl[discontinuous].gradient(j,point)
fe_v_nbr[discontinuous].value(i,point)
IXW;

ui_ve_ matrix(i,j) -= 0.5 *epsilon *theta =
(fe_v_nbr[discontinuous].gradient(i,point)
fe_v[discontinuous].value(j,point)
IXW;

ui_ve matrix(i,j) -= esbyh *
fe_v_nbr[discontinuous].value(i,point)
fe_v[discontinuous].value(j,point)
IXW;

*n)*

*n)*
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...then between the neighbour and this cell. ..
ue_vi_matrix(i,j) += 0.5 *epsilon *theta =
(fe_vl[discontinuous].gradient(i,point) *N) *
fe_v_nbr[discontinuous].value(j,point) *
IXW;
ue_vi_matrix(i,j) -= 0.5 *epsilon  *
(fe_v_nbr[discontinuous].gradient(j,point) *N) *
fe_v[discontinuous].value(i,point)
IXW;
ue_vi_matrix(i,j) -= esbyh *
fe_v[discontinuous].value(i,point)
fe_v_nbr[discontinuous].value(j,point) *
IXW;
...then on the neighbour cell.
ue_ve_matrix(i,j) += 0.5 *epsilon  *
(fe_v_nbr[discontinuous].gradient(j,point) *N) *
fe_v_nbr[discontinuous].value(i,point) *
IXW;
ue_ve_matrix(i,j) += 0.5 xepsilon +theta =
(fe_v_nbr[discontinuous].gradient(i,point) * ) *

fe_v_nbr[discontinuous].value(j,point)
IXW;
ue_ve_matrix(i,j)) += esbyh *
fe_v_nbr[discontinuous].value(i,point)
fe_v_nbr[discontinuous].value(j,point)
IXW;
}
}

Now we do the same for the advection terms with the added complication of the

direction of flow.

const doubl e beta_n = beta =*n;
i f (beta_n>0)

{
for (unsigned int i=0; i<fe_v.dofs_per_cell, ++i)
{
for (unsigned int j=0; j<fe_v.dofs_per_cell, ++j)
{

ui_vi_matrix(i,j) += beta_n *
fe_v[discontinuous].value(j,point)
fe_v[discontinuous].value(i,point)
IXW;

ui_ve_matrix(i,j) -= beta_n *

fe_v[discontinuous].value(j,point)
fe_v_nbr[discontinuous].value(i,point)
IXW;
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}
}

el se

{

Note that the signs do not change as we have b-n* not b-n~.

for (unsigned int i=0; i<fe_v.dofs_per_cell; ++i)
{
for (unsigned int j=0; j<fe_v_nbr.dofs_per_cell; ++j)
{
ue_vi_matrix(i,j)) += beta_n *
fe_v_nbr[discontinuous].value(j,point) *
fe_v[discontinuous].value(i,point) *
IXW;
ue_ve_matrix(i,j) -= beta n *
fe_v_nbr[discontinuous].value(j,point) *
fe_v_nbr[discontinuous].value(i,point) *
IXW;

To assemble terms on the interface J requires a separate routine as the continuous
FEVal ues object will return an exception if called on a face (or alternatively a
FEFaceVal ues object cannot be initialized for a continuous element). We must
therefore manually find the location of each quadrature point on the unit cell and

extract the shape function values/gradients directly.

tenplate <int dim>
voi d ADEquation<dim>::assemble_interface_term (
const FEFaceValuesBase<dim>& fe v,
const FEValuesBase<dim>& fe_v_nbr,
Ful | Mat ri x<doubl e> &ui_vi_matrix,
Ful | Mat ri x<doubl e> &ue_vi_matrix,
Ful | Mat ri x<doubl e> &ui_ve_matrix,
Ful | Mat ri x<doubl e> &ue_ve_ matrix) const
{
const std::vector< doubl e> &JIXW_vec = fe_v.get IxW_values ();
const std::vector< Poi nt <dim> > &normals
= fe_v.get_normal_vectors ();
std::vector< Vect or <doubl e> > beta_vec (
fe_v.n_quadrature_points, Vect or <doubl e>(dim));

Get the quadrature points in real space and transform them to the unit cell.

std::vector< Poi nt <dim> > q_points
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= fe_v.get_quadrature_points();
for(unsigned int i=0;i<g_points.size();++i)
g_points]i]
= fe_v_nbr.get_mapping().transform_real_to_unit_cell
(fe_v_nbr.get_cell(),q_points[i]);

beta_function.vector_value_list (fe_v.get_quadrature _points(),
beta_vec);
const doubl e h
= std::sqrt(std::pow(fe_v.get_cell()->diameter(),2.) 12));
const doubl e sigmabyh = sigma/h;
const FEValuesExtractors::Scalar discontinuous(1);

for (unsigned int point=0;
point<fe_v.n_quadrature_points;
++point)

const doubl e JXW = JIxW_vec[point];

const Poi nt<dim> n = normals[point];

const Poi nt <dim> pt = g_points[point];

Poi nt <dim> beta;

for(unsigned int i=0;icdim;++i) beta(i) =beta_vec[point](i);

We still have four different routines for the various couplings inside and between
cells. Note that on continuous elements fe_v[discontinuous].value is replaced

by fe_v.get_fe().shape_value

for (unsigned int i=0; i<fe_v.dofs_per_cell;, ++i)
{
for (unsigned int j=0; j<fe_v.dofs_per_cell; ++j)
{

ui_vi_matrix(i,j) -= 0.5 *epsilon  *
(fe_v[discontinuous].gradient(j,point) *N) *
fe_v[discontinuous].value(i,point) *
IXW;

ui_vi_matrix(i,j) -= 0.5 *epsilon *theta =
(fe_v[discontinuous].gradient(i,point) *N) *
fe_v[discontinuous].value(j,point) *
IXW;

ui_vi_matrix(i,j) += epsilon * sigmabyh *
fe_v[discontinuous].value(j,point) *
fe_v[discontinuous].value(i,point) *
IXW;

ui_ve_matrix(i,j) += 0.5 *epsilon  *
(fe_v[discontinuous].gradient(j,point) * ) *
fe_v_nbr.get_fe().shape_value(i,pt) *
IXW;

ui_ve_matrix(i,j) -= 0.5 xepsilon +theta =
(fe_v_nbr.get _fe().shape_grad(i,pt) * ) *
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fe_v[discontinuous].value(j,point)
IXW;

ui_ve matrix(i,j) -= epsilon * sigmabyh *
fe_v_nbr.get_fe().shape_value(i,pt)
fe_v[discontinuous].value(j,point)
IXW;

ue_vi_matrix(i,j) += 0.5 *epsilon *theta =
(fe_v[discontinuous].gradient(i,point)
fe_v_nbr.get fe().shape_value(j,pt)
IXW;

ue_vi_matrix(i,j) -= 0.5 *epsilon  *
(fe_v_nbr.get _fe().shape_grad(j,pt)
fe_v[discontinuous].value(i,point)
IXW;

ue_vi_matrix(i,j) -= epsilon * sigmabyh *
fe_v[discontinuous].value(i,point)
fe_v_nbr.get_fe().shape_value(j,pt)
IXW;

ue_ve_matrix(i,j) += 0.5 *epsilon  *
(fe_v_nbr.get_fe().shape_grad(j,pt)
fe_v_nbr.get_fe().shape_value(i,pt)
IXW;

ue_ve_matrix(i,j) += 0.5 *epsilon *theta =
(fe_v_nbr.get_fe().shape_grad(i,pt)
fe_v_nbr.get fe().shape_value(j,pt)
IXW;

ue_ve_matrix(i,j) += epsilon * sigmabyh *
fe_v_nbr.get_fe().shape_value(i,pt)
fe_v_nbr.get fe().shape_value(j,pt)
IXW;

}
}

*n)*

*n)*

*n)*

*n)*

For the advection terms we must again consider the direction of flow.

const doubl e beta_n = beta =*n;
i f (beta_n>0)

{
for (unsigned int i=0; i<fe_v.dofs_per_cell; ++i)
{
for (unsigned int j=0; j<fe_v.dofs_per_cell; ++j)
{
ui_vi_matrix(i,j) += beta_n *

fe_v[discontinuous].value(j,point)
fe_v[discontinuous].value(i,point)
IXW;

ui_ve_matrix(i,j) -= beta_n *
fe_v[discontinuous].value(j,point)
fe_v_nbr.get_fe().shape_value(i,pt)
IXW;
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}
}
}
el se
{
for (unsigned int i=0; i<fe_v.dofs_per_cell; ++i)
{
for (unsigned int j=0; j<fe_v_nbr.dofs_per_cell; ++j)
{
ue_vi_matrix(i,j) += beta_n *
fe_v_nbr.get_fe().shape_value(j,pt) *
fe_v[discontinuous].value(i,point) *
IXW;
ue_ve_matrix(i,j) -= beta n *
fe_v_nbr.get_fe().shape_value(j,pt) *
fe_v_nbr.get fe().shape_value(i,pt) *
IXW;
}
}
}
}
}
Deal.ii does not have a function to calculate the jumps of a discontinuous

function. The following function performs this task. Extensions to weighted L2

norms for, e.g., non constant b, are reasonably simple.

tenplate <int dim>
voi d ADEquation<dim>::calculate L2 jump_norms(
hp:: DoFHandl er <dim> &dof handler,
hp:: QCol | ecti on<dim> &q_collection,
hp:: Mappi ngCol | ect i on<dim> &mapping_collection,
const QGauss<dim-1> &face_ quadrature,
const Vect or<doubl e> &solution,
Vect or<doubl e> &norms) const
{
norms.reinit (dof _handler.get_tria().n_faces(),0.);
norms_with_sigma.reinit (dof_handler.get_tria().n_fa ces(),0.);

Each face has two values corresponding to the CG_NOTHINGwnd NOTHING_DGom-

ponents. We will have to make sure that we pick the correct one on each face.

std::vector< Vect or <doubl e> > face values;
std::vector< Vect or <doubl e> > nbr_face_values;
std::vector< doubl e> g;

std::vector< Poi nt <dim> > normals;

std::vector< doubl e> weighting;

std::vector< Vect or <doubl e> > beta_vec;

doubl e jumpterm = 0.
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The procedure is much like assembly (hence why it is included in this class). Now

however we do not need the function gradients.

const UpdateFlags cell_update_flags = update_values
| update_quadrature_points
| update_JxW_values;
const UpdateFlags face update flags = update_values
| update_quadrature_points
| update_JxW_values
| update_normal_vectors;
const UpdateFlags nbr_face update flags = update_values
| update_quadrature_points
| update_JxW_values
| update_normal_vectors;
hp:: FEVal ues<dim> hp_fe_v (dof_handler.get_fe(),
g_collection,
cell_update_flags);

FEFaceVal ues<dim> d_fe face_ v(dof handler.get fe()[1],
face_quadrature,
face_update_flags);

FEFaceVal ues<dim> d_fe _face_v_nbr(dof_handler.get fe()[1],
face_quadrature,
nbr_face_update_flags);

FEVal ues<dim> c_fe_v_nbr (dof_handler.get_fe()[0],

g_collection[0],
cell_update_flags);

typenanme hp:: DoFHandl er <dim>::active_cell_iterator
cell = dof _handler.begin_active(),
endc = dof_handler.end();
for (; celll=endc; ++cell)
{
hp_fe v.reinit (cell);
const unsigned int active_index = cell->active_fe_index();

If the cell is continuous we will either catch it from its dG neighbour or, if its

neighbour is continuous also, there will be no jump.

i f (active_index==0) conti nue;
for (unsigned int face no=0;
face_no< Geonetryl nf o<dim>::faces_per_cell; ++face_no)
{
const unsigned int face_index
= cell->face(face_no)->index();

At the boundary the jump is between the boundary conditions and the value of the

approximation.
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i f (cell->at_boundary(face_no))
{
d_fe face_v.reinit(cell,face_no);
const std::vector< doubl e> &JIxXW
= d_fe_face v.get JxXW_values ();
face values.resize (d_fe face v.n_quadrature points,
Vect or <doubl e>(2));
d_fe face v.get function_values (solution, face value S);
g.resize(d_fe _face_v.n_quadrature_points);
boundary_function.value_list (
d_fe face_v.get _quadrature_points(),q);

for (unsigned int p=0;
p<d_fe face_v.n_quadrature_points;
++p)

{

Here we know we have a discontinuous cell, so we can pick out the NOTHING_DG

part (i.e., that part in position 1).

jumpterm = std::;pow(face_values[p](1)-g[p].2.0);
norms(face_index) += JXW[p] * jumpterm;
}
}

el se

We are on a discontinuous cell and need to act differently if our neighbour is con-

tinuous or discontinuous.

{

t ypenane hp:: DoFHandl er <dim>::cell_iterator nbr
=cell->neighbor(face_no);
const unsigned int nbr_active _index
= nbr->active_fe_index();
const unsigned int nbr_face no
=cell->neighbor_of_neighbor(face_no);

i f (active_index==1 and nbr_active_index==1
and nbr->index() > cell->index())

{

The neighbour is also discontinuous.

d_fe face_v.reinit(cell,face_no);
d_fe_face_v_nbr.reinit(nbr,nbr_face_no);
const std::vector< doubl e> &JIxW

= d_fe face v.get IJxW_values ();
face_values.resize(d_fe_face v.n_quadrature_points,

Vect or <doubl e>(2));
Assert (d_fe_face_ v_nbr.n_quadrature_points
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==d_fe face_v.n_quadrature_points,
ExcNotimplemented());
nbr_face_values.resize
(d_fe_face_v_nbr.n_quadrature_points,
Vect or <doubl e>(2));
d_fe face_v.get function_values(solution,face_value S);
d_fe_face_v_nbr.get function_values(solution,
nbr_face_values);

for (unsigned int p=0;
p<d_fe_face_v.n_qguadrature_points;

++p)
{
jumpterm = std::pow(face_values[p](1),2.0)
+std::pow(nbr_face_values[p](1),2.0)
-2. =face_values[p](1) *nbr_face_values[p](1);
norms(face_index) += JXW[p] * jumpterm;
}
}
el se if (active_index==1 and nbr_active_index==0)
{

The neighbour cell is continuous. We need to pick out the values “by hand” as we

did in assemble_interface_term

d_fe face_v.reinit(cell,face_no);
c_fe_v_nbr.reinit(nbr);
const std::vector< doubl e> &JIxW

= d_fe face v.get IJxW_values ();
face_values.resize(d_fe_face v.n_quadrature_points,

Vect or <doubl e>(2));
d_fe face_v.get function_values(solution,face_value S);
std::vector< Poi nt <dim> > g_points

= d_fe_face_v.get_quadrature_points();
for (unsigned int p=0;
p<d_fe_face_v.n_qguadrature_points;

++p)
{

Vect or Tool s::point_value(mapping_collection,
dof _handler,
solution,
q_points[p],
ptval);

Unfortunately Vect or Tool s::point_value may not return the correct value on

the interface of continuous and discontinuous edges. We must therefore check which

entry is non-zero.

doubl e nbr_face_value;
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i f(ptval(0)==0) nbr_face_value = ptval(1);
el se nbr_face value = ptval(0);

jumpterm = std::pow(face_values[p](1),2.0)
+std::pow(nbr_face_value,2.0)
-2. *face_values[p](1) *nbr_face_value;
norms(face_index) += JxWI[p] * jumpterm;
}
}

The final logical combination is a discontinuous neighbour with a lower index, which

we will visit when we are on the neighbouring cell, and so we do nothing.

el se {\...empty... }
}
}
}
}

Finally we have to instruct the compiler to instantiate the class in two dimensions

as dim is used explicitly in the class.

tenpl ate cl ass ADEquation<2>;

Class: MaskFunction

This function acts as a component mask, hiding either component of an approxima-

tion from the integration, i.e., so comparison to the true solution is done with the

cG part on the continuous region and the dG part on the discontinuous region.
The class declaration shows the inheritance of Functi on. Therefore we only

need to overload the vector_value  call.

tenplate <int dim>
cl ass MaskFunction : publ i ¢ Functi on<dim>
{
publi c:
MaskFunction (  unsi gned i nt components,
const Triangul ati on<dim> &tria);
virtual void vector value ( const Poi nt <dim> &p,
Vect or <doubl e> &value) const;
privat e:
Tri angul at i on<dim> triangulation;
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We must copy the triangulation as vector_value  needs to know about it but

it cannot be passed directly (as it must match the prototype in Functi on).

tenplate <int dim>
MaskFunction<dim>::MaskFunction( unsi gned i nt components,
const Triangul ati on<dim> &tria)

Functi on<dim> (components)

{
}

triangulation.copy_triangulation(tria);

The vector_value function simply works out whether the passed point is on
a continuous or discontinuous cell and sets value to be 1 or 0 respectively. When a
MaskFunction object is passed into Vect or Tool s::integrate_difference the

value will be multiplied by the integration at each point.

tenplate <int dim>
voi d MaskFunction<dim>::vector_value( const Poi nt <dim> &p,
Vect or <doubl e> &value) const

{

First find the active cell to which this point belongs.

std::pair< typenanme Tri angul at i on<dim>::active_cell_iterator,
Poi nt <dim> > cell;
cell
= GridTools::find_active_cell_around_point( Mappi ngQl<dim>(),

triangulation,
p);

Assert (t hi s->n_components==2,ExcNotImplemented());

value.reinit( t hi s->n_components);

i f (cellfirst->material_id() == ¢ )

{

value(0)
value(1)

1;
0;

}

el se if (cellfirst->material_id() == d )

{

value(0)
value(1)

0;
1;

}

el se
{
std::cout << "Unknown material_id in MaskFunction"
<<std::endl;
Assert (fal se, ExcNotimplemented());
}
}
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As the dimension dim is used we also have to instruct the compiler to instantiate

the two dimensional case.

tenpl ate cl ass MaskFunction<2>;

9.3 Parameter File

Here we include an example of a parameter file for Example 9.1.1. As explained
previously Boundary Data and True Solution have to have two identical com-

ponents to interface with fe_collection

# Listing of Parameters

subsection Beta Data

set Function constants pi=3.141592

set Function expression 11

set Variable names = Xy # default: x,y,t
end

subsection Boundary Data

set Function constants e=le-4

set Function expression = 0;0

set Variable names = Xy # default: x,y,t
end

subsection Equation Data
# Diffusion coefficient
set epsilon = le-4 # default: 0.001
# Penalty parameter
set sigma = 10.0
# Switch between Interior Penalty types
set theta = -1 # default: 1
# Domain maximum X
set xmax = 1.0
# Domain minimum X
set xmin = 0.0
# Domain maximum y
set ymax = 1.0
# Domain minimum vy
set ymin = 0.0
end

subsection Reaction Data
set Function constants
set Function expression = 0.0
set Variable names = Xyt
end

subsection Right Hand Side Data
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set Function constants = e=le-4

set Function expression = x+y-(exp(-1/e)-exp((x-1)/e))/ (1-exp(-1/e))
- (exp(-1/e)-exp((y-1)/e))/(1-exp(-1/e)) # default: O

set Variable names = Xy # default: xy,t

end

subsection Run Options
# If true do not calculate the dG norms

set Fast = false

# L2 jump tolerance of dG solution

set L2 jump tolerance = 0.001 # default: 0.0001

# Number of refinements of basic grid

set initial refinement = 4 # default: 3

# print parameters at the start of the run?

set print parameters = false

# Number of refinement iterations

set refinement steps =1

# If true we do not calculate the cdG norms

set skipcdGNorm = false

# Is the true solution present?

set true present = true # default: true
end

subsection True solution

set Function constants = e=le-4
set Function expression = (x-((exp(-1/e)-exp((x-1)/e))/ (1-exp(-1/e)))
) *(y- ((exp(-1/e)-exp((y-1)/e))/(1-exp(-1/e)))) ; (x-((e xp(-1/e)-
exp((x-1)/e))/(1-exp(-1/e)))) *(y- ((exp(-1/e)-exp((y-1)/e))/(1-
exp(-1/e)))) # default: O
set Variable names = x,y # default: x,y,t
end
subsection divBeta Data
set Function constants =
set Function expression = 0
set Variable names = x,y # default: x,y,t

end

H kxdokkkkokkkkkkdokk END OF PARAMETERS*x*xxxkkxkkrx




Chapter 10

Summary

Here we summarise our analysis, paying particular attention to the objectives (O1)-
(03) as presented in Chapter 1, Section 1.2.

In Chapter 3 we presented a modified bilinear form which allowed us to show a
stability result for the cdG method for singularly perturbed finite element problems.
To do so we made several assumptions about the coefficients of the problem and
splitting of the triangulation into continuous and discontinuous regions, in particular
that the flow was of a minimum strength and strictly from 7T.q to 7Tqq. These
assumptions were sufficient to demonstrate that stability can be achieved using
considerably fewer degrees of freedom than required for approximations using the
interior penalty dG finite element method, cf., (O1).

In Chapters 5 and 6 we studied the equations of incompressible miscible dis-
placement, firstly in the time dependent case and then, for weighted spaces, in the
stationary case. Reliable a posteriori error estimators were shown for the contin-
uous time RT-dG finite element approximation (O2). As discussed, the regularity
required to generate such an estimator is higher than the regularity that can be
guaranteed in many industrial applications. We therefore continued our study of
Objective (O2) by presenting abstract analysis for a posteriori error estimators for
coupled problems. By simplifying the problem of interest to the stationary case,
and simplifying our finite element method by using continuous elements to approxi-
mate both the pressure and concentration we showed how an a posteriori estimator

could be constructed if both pressure and concentration belonged to W°(£2). This
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motivated the discussion of weighted spaces. We showed that by making some (rea-
sonable) assumptions on the solution of a stationary miscible displacement problem,
and by using properties of the weighted spaces, we could outline an a posteriori er-
ror estimator in cases where the gradient of the pressure and concentration are
not bounded. The extension of the application of weighted spaces to discontinuous
methods and time dependent methods (for the coupled problem) remains open.

In Part III we considered the practical application of the continuous discontinu-
ous Galerkin method, and in doing so extended the application to the equations of
incompressible miscible displacement (O3). By locally super penalizing the jumps in
the discontinuous method we showed convergence to the cdG method (or ¢G method
by penalizing all jumps). This approach generalizes analysis already present in the
literature and provided a convenient way to further investigate the cdG method.
However a super penalized method has the same number of degrees of freedom as a
dG method. We therefore in Chapter 8 demonstrated that without a priori knowl-
edge of the solution to the advection diffusion reaction equation we can still achieve
a reduction in the required number of degrees of freedom for a reasonable approxi-
mation. Extension of this approach to the IMD equations (as opposed to using the
super penalty method) would be possible with some development with the deal.ii
library.

The work in Chapter 8 suggests that the assumptions used in Chapter 3 are
sufficient but not necessary to show stability. Generalisations of the stability proof,
or an inf-sup result for the cdG method, have not been possible to achieve in avail-
able time, but the author believes that with more study more general results are

achievable.
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