A
W Durham

University

Durham E-Theses

Coupling constants and unification

Astorga-Saenz, Francisco Antonio

How to cite:

Astorga-Saenz, Francisco Antonio (1994). Coupling constants and unification, Durham e-Theses.
http://etheses.dur.ac.uk /5668 /

Use policy

The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-profit purposes provided that:

e a full bibliographic reference is made to the original source
e a link is made to the metadata record in Durham E-Theses
e the full-text is not changed in any way

The full-text must not be sold in any format or medium without the formal permission of the copyright holders.

Please consult the full Durham E-Theses policy for further details.

Academic Support Office, The Palatine Centre, Durham University, Stockton Road, Durham, DH1 3LE
e-mail: e-theses.admin@durham.ac.uk Tel: +44 0191 334 6107
http://etheses.dur.ac.uk


https://www.durham.ac.uk
http://etheses.dur.ac.uk/5668/
 http://etheses.dur.ac.uk/5668/ 
http://etheses.dur.ac.uk/policies/
http://etheses.dur.ac.uk

COUPLING CONSTANTS
AND
UNIFICATION

A thesis presented for the degree of
Doctor of Philosophy
by

Francisco Antonio Astorga-Saenz

The copyright of this thesis rests with the author.
No quotation from it should be published without
his prior written consent and information derived

from it should be acknowledged.

University of Durham
Department of Physics
March 1994




ABSTRACT

The first part of this work gives a general background for the ideas in-
volved in the research presented iﬁ this thesis. Coupling constants, Renor-
malisation Group Equation, Grand Unified Theories (GUTs) and Supersym-
metry (SUSY) are briefly introduced.

Following this, we analyse the unification parameters Mgyr and 1/agyr
as functions of the number of fermion families ( /') and Higgs boson multiplets
(S). Analytical and numerical solutions to the leading and next-to-leading
order evolution equation for the couplings «; are obtained. This is done in
the context of the Standard Model embedded in SU(5), SUSY SU(5) and
L-R SO(10). In all these GUTs, the first order analytical approach proves
itself a useful probe to examine the structure of Mgyr and 1/agyr in t.e.rms
of the variables F and S. General trends remain the same after including

second order corrections to the evolution equations.

Recent precision data for the coupling constants allow more definitive
conclusions to be reached. We find that restrictions on the unification param-
eters constrain F' and S in such a way that SU(5) is ruled out by constraints
on S (in agreement with previous results), F' is severely limited in SUSY
SU(5) and, unlike SUSY SU(5), an acceptable unification scenario can still
be obtained when Higgs bosons are ignored in L-R SO(10). The structures
of the latter two GUTs are found to be very different although some features

are common to both.
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Chapter 1

Introduction

Our understanding of how particles interact and of what the fundamen-
tal structure of matter is, has progressed, in the course of few years,
to the point where a model describes very accurately, it is believed,
their behaviour at low (< M,) energies. This Standard Model (SM)
has indeed stood successfully whenever its predictions have been tested
and, furthermore, all the available experimental data can be satisfac-
torily accommodated within it. No complaints against its efficacy can

be made at this stage.

In this theory building process, two elements seem to have played
decisive roles: unexplained experimental evidence (evidence, that is,
not explained by the current theory), and our own ideas and expecta-
tions about the necessary shape and structure of the world of elemen-
tary particles. From the former arises a natural mechanism for building
physical theories: theoretical descriptions have to be outlined according

to the available evidence. Once it is assumed that theories are about



2

objects with independent existence, a criterion is introduced for mea-
suring how close the theory is to the behaviour it tries to describe. This

is one of the landmarks of science as we know it now, and it has become

an essential part of it.

The latter element has sometimes been expressed in aesthetic terms
such as the quest for beauty or simplicity, mathematical symmetries
being the realization of some of these intended features of the theory.
In this ‘pilgrimage’ towards the core of the elementary particle world,
the searching for the laws of nature has been wrapped about with as-
sumptions about their expected structure. These have proved to be a
very important guide in getting theories closer to reality. Without this
element, the construction of particle theories might have not progressed
to the same level. Theories are many times ahead of experimental de-
velopment, guided only by adventuring hypotheses on the structure
of physical systems to be expected on the grounds of such desirable
features as symmetry, derivation from first principles, paucity of free
variables, a minimal number of independent principles and some oth-
ers. Linked to this there seems to be a shift in the question with which

nature is approached, from ‘how’ to ‘why’.

However independent these two elements seem to appear at first
‘glance, they are related to each other by their contributory role in this
theory building process; and it is the combination of both which allows
room for new ideas that change our perception of the particle world,

and of the desirable features to aim at in new theories.

Within this stream are contained some of the theories which embed

the work we present here. It is now believed that there are ‘too many’



free parameters in the SM, that is, parameters not fixed within the
model but by external (mainly experimental) sources; although for a
theory with the predictive power of the SM this may not be a very high
number of parameters. New theories have been built in an attempt to
reduce this number, among which the couplings for the electromagnetic,
weak and strong interactions are included. Grand Unification intends
to merge these couplings into one. This would happen at higher ener-
gies than those reached in current accelerators, and it would have to
reduce to the SM in the corresponding limit. In this process we go
from higher to lower symmetry, that is, there is at least one stage in
which some syrnmetry must be broken to leave only the symmetries
of the SM. In spite of the beauty of unification, the realization of this
idea has to face a major problem. There is a huge gap between the
energy scale at which unification occurs and the one at which we ob-
tain the SM. Both of these scales signal the places where symmetry
breaking is occurring. If this breaking is accomplished using a Higgs
mechanism, radiative corrections to the Higgs boson propagator tend
to spoil the SM scale; increasing the mass of this boson at each order in
the perturbative approximation. Although this can be fixed order by
order, this has always been considered an ‘unnatural’ way of fixing the
theory and, therefore, an undesirable feature within it. This hierarchy
problem could be solved by including terms that counterbalance those
that make the Higgs boson mass diverge. These terms would arise as
contributions from particles of singular characteristics not found in the
particle content of the SM. A systematic and very natural way of in-

troducing these particles is to assume a complete symmetry between




fermions and bosons in the theory, in such a way that to each fermion
(boson) in the SM is ascribed a bosonic (fermionic)-type particle with
the same mass. This produces the required sign in the corresponding
contributions. The symmetry thus introduced has been called Super-

symmetry (SUSY).
One of the striking features of the SM is its ‘chirality’, that is, the

fact that weak interactions distinguish left-helical particle states from
right-helical ones. This is a big surprise for our ‘symmetry-is-beauty’
conceptions, but the experimental evidence forces chirality to be built
into the model. Intending to restore the equality of states of both
helicities and, in this way, to have a more symmetric theory, various
models have been proposed. Left-Right (L-R) symmetric models can
be accommodated within some Grand Unified Theories (GUTs) as an

intermediate stage on the way to yet higher symmetries.

As this theoretical progress has been achieved, improvements in the
experimental data have taken place. In particular, the accuracy of the
coupling constant values has increased, allowing for a precise test of the

unification hypothesis.

It is the aim of this work to introduce a tool of analysis to explore
the relevant parameters of unification as functions of the number of
fermion families (F) and Higgs boson multi}')lets‘(S' ) in such a way that,
from constraints on those parameters, information about the allowed
values for F' and S is obtained. As the structure of the unification
parameters in terms of these variables is, in general, GUT dependent,
the restrictions on F and S will vary from GUT to GUT in spite of

having the same set of constraints for all the GUTs. This difference is
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just a reflection, at the deeper level of the internal (F,S) structure, of
the different ways in which unification is occurring in each GUT. This
approach is intended to shed some light on the details of this internal
structure.

In the rest of this chapter, a minimal background for some of the

ideas used in this thesis is given.

1.1 Couplings within the SM

When an attempt is being made to describe the behaviour of a physical
system, all the significant information about it has to be put within its
Lagrangian function (L). Classically, from here, the evolution equation
of the system is obtained, via a Hamilton’s Principle which states that
the evolution of the system between two points P; and P, follows the
trajectory in its variable space that extremises the integral of L from P,
to P,. The solutions to this evolution equa.tioh provide the desired pre-
cise behaviour of the system. This principle is generalized in Quantum
Field Theory [1] to include non-classically-behaved systems. The ‘sum
over histories’ Feynman-Dirac principle, in which one has to integrate
over all possible ‘paths’, is introduced to give account of the quantum

behaviour.

There are some principles which shape the structure of a Lagrangian.
In the case of Particle Theory, gauge invariance is a must. The invari-

ance of the Lagrangian under infinitesimal transformations of the fields

is related to the conservation of probability in the transition amplitude
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between an initial and a final state of the system. Gauge invariance
prevents this amplitude from diverging. This invariance severely re-
stricts the terms allowed within the Lagrangian and gives place, through
Néether’s theorem, to some conservation laws. Thus, the physics of the
system is outlined and constrained by this required invariance. The
symmetry thus obtained finds a faithful and useful representation in
Group Theory, which is the suitable Janguage for the symmetries we

will be considering here [2].

Gauge bosons are supposed to carry the interactions among the
different particles [3]. Once fields have been assigned to particles, the

interaction terms in the Lagrangian have the general form:

9fuB”
where f, is the current associated with a fermion and B* the field
related to the boson. The coefficient g couples the interacting particles
and gives a measure of the strength of this coupling. There being three
different interactions in the SM (electromagnetic, weak and strong),

there are three couplings associated with them in the corresponding

Lagrangian. In this sense it is said that the SM is not a unified theory.
Being the ones that contain the information about the strength of

the different interactions, these couplings are the ad hoc elements in

terms of which the idea of unification is expressed and defined. They
are deep in the hearts of all GUTs.
The fermion-gauge boson electroweak interaction terms of the SM

Lagrangian can be written as follows

. 1
~gJtW; — ¢/ 5 Jf B,
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where
— 1
Ji = YLyt s iYL

J =0y

The g and ¢’ couplings can be expressed in terms of the ‘fine struc-
g g

ture constant’ a = €?/4r and the weak mixing angle 6,

!

- — = gsinf, = ¢’ cos b,

e =
Vi

These are the parameters that are extracted from comparing theoretical

expressions with experimental results.

When embedding the SM within a unified model, some normalisa-
tion requirements have to be satisfied. The effect of these is to change
the U(1) coupling by a factor 5/3. In this sense, it can be said that
the SM ‘knows’ beforehand that it is being unified. There is memory

of this event. After embedding, the electroweak couplings are given as

follows
o= G Sa
V7 4r T 3cos?é,
27 4xr  sin? 0.

1.2 The evolution equation

For unification to occur, the strengths of the couplings must be ‘com-
parable’. However, measurements obtained with present accelerators
show that this is not the case, but that there is a clear hierarchy among
them. How is it then possible to imagine unification within this con-

text? The answer to this lies in one of the most striking features of the
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couplings: they ‘run’, that is, they all are functions of the same variable
i. But, what is even more striking is the fact that they become closer
as u increases. It is this behaviour of the couplings what supports the
idea of unification. This evolution links the SM to the GUTs’ world

and provides the connection needed to make the transition.

The equation describing the evolution of the couplings comes from
a process that does not seem at first glance to be related at all to them:
the renormalisation procedure. Intending to ‘cure’ the theory from
divergences which arise when we consider higher orders in the pertur-
bative expression that approximates the full (all-order) behaviour, a
procedure to render all physical quantities (PQ) finite is introduced,
and with it a renormalisation scale variable y. This is only a mathe-
matical tool and it has no physical content. Different procedures could
be used to a,ccomplish the same end. Therefore, it is required that any
expression corresponding to a physical quantity should be independent
of the way we renormalise; that is, there should not be any trace of u

left in 1t:
I(PQ)
Op

From this general requirement, the Renormalisation Group Equa-

=0

tion (RGE) is obtained [4], one part of which is an evolution equation
' for the couplings a(= g2/4r):
da

This is the equation that needs to be solved in order to know the precise

_5a2

behaviour of the couplings as functions of the renormalisation scale

i. Here, B is a function of the couplings, but at lowest order in the



1.2. THE EVOLUTION EQUATION ' 9

perturbation expansion it is a constant.

As a consequence of this u dependence, the couplings are seen to be
non-physical quantities. This is, however, what enables them to fulfil
their role as the defining elements for unification. We have here the
case of a physical theory whose occurrence is being defined in terms of
the convergence of non-physical parameters. Unification is based on an

unphysical event.

A complete knowledge of how the actual a evolution is taking place
requires an expression for the fB-coefficients in the previous equation.
These are not fully known. They have to be calculated order by order
in an expansion in powers of the coupling. The coeflicients for each
term in this series form the 3-functions of the coupling at each order of
‘ approxirhation. In order to calculate them, all possible loop corrections
to the unphysical ‘bare’ propagators and vertices have to be considered.
Through this, the informa,tio;n about the particle content of the model
is transferred to the B-functions. This means that the particle content
of the model is determining the way the couplings evolve; therefore,

any change in this content will affect the coupling evolution.

Since only complete (all-order inclusive) expansions correspond to
physical quantities, any truncated expression will carry with it (in gen-
-eral) a renormaliéaﬁon scheme depehdence. That-is, tHe actual values
of the coefficients in the expanéion will depend on the way we choose
to renormalise, althoﬂgh. this dependence is cancelled out when the
whole series is considered; in fact, these values can be used to label the
renormalisation scheme [5]. It is possible to show, however, that the

B-functions up to second order in the a expansion are the same for any
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renormalisation scheme. Even though this is a great advantage in the
analysis we will be carrying out in this work, it does not make it free
of scheme-dependence. There are other sources which introduce this

dependence, namely, the « initial conditions.

After integrating out, initial conditions for the couplings are needed
to start the evolution. The quality of these initial values will determine
the precision that can be reached in any analysis of unification. Testing
GUTs has now been made possible, at an accuracy never seen before,
by recent experimental data coming from LEP [6]. This data allows

more conclusive results to be achieved.

The values for the couplings are not measured, they are extracted
from measurements compared to predictions corresponding to some
other parameters. However,- these expressions are truncated expansions
and, therefore, they depend on the renormalisation scheme. Hence, the
initial o values thus obtained are scheme dependent. This opens the

door to let the scheme dependence enter the analysis.

1.3 Grand Unified Theories

The idea that at very high energies thefe is only one interaétion (and,

hence, just one coupling), from which the ones we know are obtained A
through successive stages of symmetry breaking, gave birth to a fertile
field within Particle Theory [7]. Soon afterwards, efforts were increased
in the search for ‘the group of the world’ and experiments were built

in order to test the predictions of these unification theories. An annual
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meeting was even held to discuss the current status of these theories.

Historically, sin®#, has always played an important role within
GUTs. Its value can be predicted at the unification scale (g, = g¢5)
using previous relationships among the couplings:

3

sin?8, =

The corresponding sin? 4, low energy value is obtained evolving this
value backwards to the energies at which the couplings have been mea-
sured. A criterion to determine the degree of approximation of the
GUT considered is provided by comparing this with the sin®6,, value
coming from experimental data. This was the approach taken in most

of the early unication analyses (see [7] and references therein).

We will be dealing here with two of the main (and first proposed)
GUTs: SU(5) and SO(10). Within these, we will be considering at
most one intermediate scale at which some symmetries are introduced,
namely, SUSY for SU(5) and L-R for SO(10), although plain SU(5) is
also explored. These symmetries involve new particles which will be re-
sponsible for changing the evolution of the couplings. In all these cases,
no more fermion families are required by the extra fermions coming
with the introduced symmetries; these pdrticles can be accommodated
within existing families by just a,dding the needed representations. This
only enhances the content of each family and keeps the replication fam-
ily feature of the SM. Gauge and Higgs bosons find their place in the

other group representations. We will now mention some relevant points

about these two GUTs.
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1.3.1 SU(5)

Grand Unification was first introduced via SU(5). This was presented as
‘the group of the world’ and it became the paradigm for unified theories.
During most of the ten yeérs of the Workshops on Grand Unification
(1980-1989), SU(5) was thought to be the GUT. However, towards the
end of this epoch, few people kept their hopes on it, due, mainly, to the
lack of evidence for the instability of the proton predicted by this theory.
The experimental lower bound for this event was soon leaving behind
the SU(5) prediction and the current values for the evolved couplings
did not give a unique meeting point. Other predictions stemming from
unification, although initially claimed to be true at first, were never

confirmed either.

The fact that the group structure of the SM fermion content could
be fitted so well within SU(5) was one of the attractive features of this

GUT. The fundamental 5-dimensional representation can be decom-

posed as

5=(3,1)+(1,2)
where the numbers in the brackets correspond to dimensions under
SU(3) and SU(2) respectively. The first term in this decomposition is
a triplet of colour and a weak singlet, the second is a colour singlet
and a weak doublet. The remaining SM group structure can be accom-
modated in the next higher SU(5) representation, the antisymmetric

10-dimensional, which is decomposed in the following way
10 =(3,2) +(3,1) + (1,1)

This provides exactly the needed group structure to complete the fermion
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content of the SM, which is one of the main restrictions on the groups

and representations intending to go beyond this model.

Proton decay was the inevitable consequence of this embedding.
Some of the gauge bosons in this GUT (24 = 5% — 1, twelve of which
correspond to the SM gauge bosons) would mediate quark-lepton tran-
sitions among fermions within the same representation, giving rise to

the decay process p — e*n°.

This larger symmetry group has to be broken down to the SM at
some energy scale. The Higgs mechanism, used in the SM to give mass
to the weak gauge bosons, provides a very natural candidate to accom-
plish this transition. Like the other particles, Higgs bosons have to
find accommodation within the available representations of the group.
Some criteria have to be considered when looking for a place for them.
First, the surviving subgroups after breaking the symmetry have to lead
in the end to the SM. Second, the fermion content of the SM should not
be given mass until the last stage of breaking (this forbids some repre-
sentations to be used in the first stages and compels some of these to
take place in the last one) and, finally, the SU(3) singlet SU(2) doublet
Higgs boson of the SM has to be reproduced. All this is satisfied if a
24-dimensional representation is used to break SU(5) down to the SM
and a 5 + 45 representation breaks the SM down to the electrostrong
group.

Explanations from first principles of physical features such as charge

quantisation, and the relationship between lepton and quark charges,

together with desirable characteristics such as the lack of anomalies,

all contributed to giving SU(5) the status that it enjoyed for nearly a
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decade of Workshops on Grand Unification.

1.3.2 SO(10)

Around the same time as SU(5) (some even say half an hour earlier)
some other GUTs appeared in the unification arena. SO(10)’s own
features made it a very attractive GUT as well. Because of its higher
symmetry, even if SU(5) proved to be right, SO(10) could be thought

of as the next step in an increasing-symmetry trend context.

The 16-dimensional representation of SO(10) can be decomposed in

SU(5) representations as
16 =10+5+1

This gives enough room for the fifteen fermicns of each family to be
located within it, still leaving one place free. A right-handed neutrino
can be ascribed to this singlet. The rank of SO(10) allows intermediate
less-symmetric stages which could populate the huge SU(5) desert. One

of this is a left-right syrhmetric extension of the SM, where an extra

SU(2) is introduced:
SU(3).x SU2)L, x SU2)r x U(1)p-1

restoring the pariﬁy violated by the SM. At this level of synﬁmetry, weak
interactions are not ‘chiral’ anymore, that is, they do not distinguish left
from right-handed particle states, and new gauge bosons are required
which mediate the interactions with the right helicity states. This extra

set of particles modifies the evolution of the couplings on their way to

unification.
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The way fermions are accommodated within SO(10) again allows

proton decay, with the same dominant mode as in SU(5).

Besides parity restoration, L-R models offer an explanation for the
smallness of the neutrino mass which, using a ‘see-saw’ mechanism,
is related to the huge Majorana mass of the right handed neutrino.
Another novelty found in SO(10) is that anomaly cancellation is derived
from first principles from group theory arguments, also making sense

of why it happens like that in SU(5) and the SM.

Finally, the Higgs structure needed to spontaneously break this sym-
metry is much more complex than the one required in SU(5), although
the principles used to determine the possible candidates are the same:
namely, that the surviving subgroup after the symmetry is broken must
give rise to the SM syiﬁmetry group, and that SM fermion masses

should not appear before the last breaking stage is completed.

1.4 Supersymmetry

The traditional lack of experimental support for supersymmetry [§]
within particle theory was strongly shaken three years ago. Using recent
data on'the initial values of the coupling constants, it was shown that
the inclusion of this symmetry within the SM, although not a new idea
at all, offered a way out of the proton decay problem posed by the
low prediction of this event in SU(5). According to this, some of the
new particles predicted by supersymmetry could be ‘around the corner’.

This would take SUSY from being a beautiful idea on its own and a
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cure for one of the main problems of any Grand Unification program, to
the status of a true symmetry of nature, bringing its eagerly-hoped-for

recognition as a physical law.

The huge energy at which unification occurs, although necessary to
overcome the lack of evidence for the proton decay prediction, becomes
a major troublesome feature of Grand Unification. The energy scales at
which the GUT and the SM symmetries break down correspond, if using
a Higgs mechanism, to the respective masses of the scalars breaking
these symmetries. In order to produce this enormous difference between
the two scales, an extremely fine adjustment in the parameters of the
Higgs potential is required. The problem here is that, even if this
tuning is done by hand (which is considered very unnatural), radiative
corrections tend to spoil it and, thus, it becomes necessary to adjust at
each order in the perturbative expansion (which is even more unnatural)

in order to preserve this gauge hierarchy.

Supersymmetry fits nicely at this point. The fact that, within
SUSY, the couplings and masses require no renormalisation other than
the one done on the fields, allows this difference to be kept through
all orders in perturbation theory, once the initial fine tuning is done at
tree level. In this way, even though this symmetry does not solve the
problem of the initial adjustment, it avoids all the successive ones. Su-
persymmetry, that is, remarkably reduces the degree of unnaturalness.
This is enough to make GUTs embrace SUSY.

Through this symmetry, fermions and bosons are put on the same
footing. To each fermion is assigned a boson with the same mass,

and vice versa. This mass degeneracy is maintained as long as the
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symmetry holds, and, as it has not been detected at low energies, it has
to be broken to reproduce the SM particle content. The SUSY partners
modify the evolution of the couplings in such a way that the decay of
the proton takes place at higher energies, overcoming the experimental
limit; and, what is more striking, the required SUSY average scale to

achieve this is just around 10® GeV.



Chapter 2

SU(5)

2.1 Introduction

The idea of unification came first into being through SU(5) [9]. In this
GUT, a huge ‘desert’ is predicted between the low energy region ac-
curately described by the SM and the region within which unification
would occur. This makes the couplings evolve steadily towards their
meeting point, since there are no ‘new’ particles that affect this evolu-

tion. In its simplest form, this evolution finds a good representation in
the following geometrical scenario.
Let us take two unbroken (i.e. strdight) lines that meet at (z,,yy)

and such that their initial values
51 (370) = Yo1

y2($0) = Yo2

and slopes m; and m, are known (See Figure 2.1). If we add a third

18
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line with the requirement that it meets the other two at the crossing
point, one of the two free and independent parameters of it (either yo3
or m3) will be constrained by this. Thus, for each value of ms there

. will be one value of yo3 (and vice versa) that satisfies ‘unification’, i.e.,
Yo3(ma) and ms(yos)

But the problem could be made more interesting if the slopes had a
sort of common ‘internal structure’, that is, if they depended upon the

same set of variables

my(vy,...,Un)
ma(v1, .-y 0n)
ms(vy, ..., n)
If so, a change in any v; (¢ = 1,... ,n) ‘component’ would modify the

three m; and therefore z, and y, would also change. In other words,
the effect of taking into account such an internal structure is to make

the meeting point a function of the components.

In this way we would have

yog(vl, . .,’Un)
ZTy(V1y ...y Un) »
Yu(V1y .- Un)

and as a result of this relationship

any restriction on yo3,z, and y, would impose constraints

on the internal structure, that is, onv; (i=1,...,n).
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Yo1

Yo2

Yos3

o Ty

Figure 2.1: A geometrical description of unification in the simplest case
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This is the main idea in the work we are presenting here. We intend
to analyse the structure of the unification parameters, namely: the
value of the coupling at the meeting point (¢ = ag) and the energy
(1 = Mg) at which it takes place, as functions of the corresponding set

of internal variables, within the context of the SM embedded in SU(5).
The main equation here comes from the Renormalisation Group
Equation (RGE) [15]:

Oai
e

This gives the evolution of the couplings (o, ¢ = 1,2, 3) as functions of

2 2 S
= ——fio’ - Y Buaile;  (1=1,2,3) (2.1)
4m (4m)2 i7"

the dimensional variable 4 that is introduced with the renormalisation
scheme. We will be working in the M.S scheme [16]. Although y is an
‘arbitrary’ variable, we will think of it as a typical energy scale of the

process involved.

At 1st order in the approximation (i.e., including only the leading
o? term on the right hand side) the system of equations (one for each
coupling) decouples anAd can be solved analytically. Further approxima-
tions require numerical treatment. A Runge-Kutta-Merson [17] method

is used here.

The coefficients in this o expansion have been calculated before
(18, 32]. They contain the information about the particle content of
the model. Each coefficient is formed by three contributions (see Ap-
pendix): one coming from gauge boson loops, another from fermion
loops (which can be written in terms of the number of fermion families
F) and a third one from Higgs boson loops (in which the number of
Higgs boson doublets H appears). These will be playing the role of the
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internal variables in our analysis and their values will be ‘fitted’ to the
ones allowed by ‘general character’ restrictions. This is done up to 2nd
order in the approximation, i.e., retaining both the J(a?) and 9(a?)
terms in Eqn. 2.1.

In order to do this, we keep F' and H as variables all the way through
the analysis, working out (where possible) expressions for ag(F, H)
and Mg(F, H), on which constraints coming from proton decay and
1/ag > 0 are imposed. It turns out that these constraints restri¢t the
values of the number of fermion families (F') and Higgs boson doublets
(H).

Proton decay is one of the striking predictions of the GUTs we
are considering here and it has become one of the most stringent tests
for these theories. The dominant mode p — e*#? predicts a proton
lifetime given by 7, & Mg*/m5 ag®. Recent experimental data 7, >
5.5 x 10%%years [14] imply Mg ~ ¥(10'*GeV). This is the constraint we

will be using to decide whether unification is occurring at the ‘right’

place.

2.2 1st order

At leading order, analytic integfation of the evolution equations is pos-
sible due to the decoupled character of the system of equations at this
order of approximation. The initial conditions are provided by the
values of the couplings at the Z° mass. They have been obtained with

increasing precision in the last few years, in particular from experiments
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at LEP, and (as they are extracted from experimental data compared
to truncated theoretical expressions) carry with them a renormaliza-
tion scheme dependence. We will be using ag; = 0.016887 £ 0.000040,
agz = 0.0332240.00025 [6] and ags = 0.107+0.005. The reason for the
aps value given here has to do with the range allowed for this coupling
at 1st order in the SUSY case, as we will see below. An overview of
ap, determinations in different processes is given in Ref. [19], where
e~ et annihilation, deep inelastic scattering (DIS) and pp collisions are
considered. Working in the MS scheme, the following average values
for ay(M,) are reported: 0.120+0.006 (e"e*), 0.11240.005 (DIS) and
similar values with higher uncertainties for hadl*on collisions. It is not
clear whether this discrepancy is significant. A world average value
as(M,) = 0.118 £ 0.007 is presented. For a critical approach to the
treatment of the renormalisation scale x in this reference see [5]. We
will study the effect of choosing a larger o, starting value in a later

section.

‘The value for the strong coupling aos can be determined from ete”
annihilations. One way to do this is allowed by a precise measurement

of the ratio R, of the hadronic and leptonic partial widths of the Z°,

Iﬂhad) (Fhad )
R, = - 146
’ (Flept exp ' Plept 0 ( 'QCD)

where Socp is a known function of ags calculated up to third order

in powers of this coupling and a expected value for this ratio without
QCD corrections has been also calculated. A value for ey, is obtained

from this expression using experimental data provided by the four ex-

periments at LEP.
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The electroweak mixing angle can be obtained from the relation

M?
M.?

sin?8,=1—

using measurements either of the mass ratio or the masses themselves.

Some other ways of determining sin?6,, from Z° decays are described

in [20].

2.2.1 Analysis

In the context of one-loop corrections the RGE for ¢; is

6&,’ 1 2
ﬂm = _fz—;ﬂtai (2-2)
from which we obtain
1 | 1 . u '
—_ = — 4 — ,-ln _— 23
() Qo; 2’ Ho (23)

where ag; = a;(p0) and which

allows us to know the value of the coupling at any energy p

if we know it at py and if B; is given.
After assuming that unification occurs, that is,

a) = gy = a3 = ag
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we are left with an overconstrained system: three equations and only

two unknowns (namely, Mg and ag),

1 1 1 Mg

az = gl- + 2—ﬂ_ﬂ1 In . (2.4)
1 1 1 Mg

— = — 4+ —fIn— .
ag Qg2 + 27rﬂ2 . M, (2:5)
1 1 1 Meq

. = 4 _gIn2c

il IR Ve (26)

Extra freedom can be obtained by thinking of one of the initial con-
ditions as a variable. Since ags(= a03) has the largest experimental
uncertainty, it seems to be the best choice for this role. Now, expres-
sions for ag,(F, H), Mg(F, H) and ag(F, H) are obtained followed by

a brief analysis in each case.

I/QQS(F,H)

Combining Eqns. 2.4,2.5 and 2.6 by pairs we obtain

Mg ao; ™! — a7 !
In = 2r— 2.7
M, Ry (2.7)
-1 -1
Qps ~ — Qo2
= 27
B2 — B3
- 9 aps~! — ag 7!

B — Bs
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and from here

I ao1 ™ (B2 — Bs) — aex” (b1 — Bs)

Qos ,32 - ﬂl

There is an important feature noteworthy in this expression: f; only
appears in differences. As a consequence, the F' dependence is cancelled

out. This would not happen if F' contributions were different for each

Bi.
Then, substituting 5; in the previous equation we obtain for the

initial value of this coupling

1 H(—5001_1 + 30/02—1) — 110(&01—1 - 30’02_1) (28)

Qs - 2(110 - H)

Four remarks follow:

(i) 1/aqgs does not depend on F. This would not happen if the F

contributions were different for each S-function.

(i) 1/aos > 0 constrains the number of allowed Higgs doublets in
this unified scenario. As 1/ap, decreases when H increases, there

is a forbidden region for H. It can not go beyond H, (where
1/aos(Hyp) = 0):

110(001_1 - 3002-1)
—5ag; 7! + 3!

H, (2.9)




2.2. 1ST ORDER Y

1 < H < Hy is the first of the restrictions on our ‘components’.
For ap; and ag, given as before, we have Hy = 16.62 (see Ta-
ble 2.1), which means that we need less than 17 Higgs doublets

in order to keep 1/ags positive.

(iii) The number of Higgs doublets that we need in order to get uni-

fication with aq, given is:
1 _ 3005~ + 209,
Hay, = 11020 200 - (2.10)

—5ap1 ™! + 3002~ + 2ag,7!

This adds one more restriction on H: H = Hg,,. So, for the ap;

values we are working with, we get Hq,, = 7.29; that is, we need
7 Higgs doublets in order to get unification with the experimental

values of ap, oz and ag;.

(iv) If we ignore Higgs loops we are led to the expression

1 1 1
— —3— 42— = 0 (2.11)

Qo1 Qo2 Qos

which can be regarded as a condition on aps . This gives us
ops = 0.06433, which is far away from the experimental value for
aps . Thus, if we assume unification and ignore Higgs loops we

are led to an ‘unreasonable’ value for ags . Therefore, Higgses can

not be neglected.

Mg(F, H)

The ‘structure’ of Mg can be seen from Eqn. 2.7. Substituting f; in

this expression we get:

Mg T
= gy oo (2.12)
M, % - 11—5H

5
I
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which, as in the case of g, , does not depend upon F.

From this expression we see that:

(1) Mg increases when H increases, but this is not fast enough. For
the given ag; and ag,, the values for Mg until H = 7 (see Ta-
ble 2.1) are all forbidden by proton decay. What if we go beyond
H=1

(ii) Solving for H and taking Mg = 10°GeV we get H = 18.61 That
is, we need 19 or more Higgs doublets in order to agree with
constraints coming from proton decay.

But this interval for H does not overlap the one we found previ-
ously. This is a fatal impasse for SU(5) at 1st order of approxi-

mation.

1/ac(F,H)

Using Eqns. 2.4 and 2.7 the following expression for ag is obtained:

1 1 an ! — ap!
_— = —} f—
ag Qo1 ﬁl ,32 - ﬁl

from where we see that unlike ag, and ]\Jg, ag does depend upon F.

It is only in this case that there is a B; appearing alone.

Substituting for §; we have

1 4 1 1 — agy”
Lo L (FopH) R @)

G o1 . 3 10 T 1—5-H
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which shows an F' dependence.

Some remarks follow from here:

(i)

1/ag depends linearly on F for each value of H. This dependence
is such that, for each H, 1/ag decreases when F increases and so

it can go negative. As a consequence

' 1
3 Fy such that —(Fp) =0
ag
and therefore 1/ag > 0 imposes a constraint on the number of

fermion families: F' < Fg.

The value of F, depends linearly on H. From Eqn. 2.13, using
the values for o and ags, we obtain Fy = 11.19 — 0.1767H.
This expression tell us that Fy changes very slowly with H, and,

therefore this constraint on the number of fermion families is not

too severe.

2.2;2 Conclusions

From looking at the analytical solution in this 1st order SU(5) case,

interesting features coming from the constraints on ag, , g and Mg,

already mentioned, have arisen:

(i)

Non-overlapping restrictions on the number of Higgs doublets are

obtained. With the usual values for ag; and agy we have

>0 = H<16.62

Qos

Mg > 10%GeV = H > 18.61
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This contradiction seems to rule out this SU(5) 1st order case.

(i1)) The number of fermion families is constrained. The fact that
1/ag changes fast enough with F' (the slope is around 5) prevents
the number of fermion families becoming too large before 1/ag

becomes negative, even though the restriction is not too severe in

this case (F < 11).

(i) We cannot ignore Higgs loops, otherwise we are led to a value for

o, totally inconsistent with experiment.

In this way, keeping G, F and H as variables all the way through
‘has proved to be a useful method to gain some information about these

‘components’ within the model we are working with.

2.3 2nd order

At fhis order of apprdximation numerical integration is needed. It
is carried out here using a Runge-Kutta-Merson method. We follow
the same line of the analysis done at 1lst order. The novel feature
here is that the system of equations is now a coupled one because of
the o® term inclﬁded up to this order in the expansion, which rnixés
the couplings and therefore the equations. We take the same initials
conditions as before and analyse the F' and H ‘structure’ of the same
parameters. New coefficients are required [18, 32] and a x? criterion is
used to determine when unification is occurring. If we remember that

the integration method is providing us with three sets of numbers (one
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H | 1/aps | Mg(GeV)
1| 14.74 | 7.816 x 102
2 | 13.93|9.867 x 1012
3 | 13.10 | 1.251 x 103
4| 12.25|1.594 x 1013
5 | 11.39 | 2.039 x 103
6 | 10.51 | 2.622 x 102
7 | 9.609 | 3.387 x 103
8 8.694 | 4.398 x 10*3
9 | 7.762|5.740 x 103
10| 6.810 | 7.533 x 1013
11| 5.840 | 9.938 x 102
12| 4.850 | 1.319 x 10
13| 3.839 | 1.760 x 10
14 | 2.807 | 2.363 x 10
15| 1.754 | 3.193 x 10
16 | 0.6778 | 4.341 x 10
17 | -0.4212 | 5.942 x 10™

Table 2.1: 1/ao,(H) and Mg(H) at Ist order

SU(5).

31

of approximation in
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for each a; at each value of p), and think of unification as occurring at
the point (value of u) where the three ;’s have the ‘closest approach’
to each other, we will realize that a y2-test is a good ‘measure’ to
determine if unification is occurring. Even though we are not comparing
experimental points on the same curve, the fact that x? takes error into

account makes it good enough for our purposes.

The x? for a set y; of n experimental data, each one with error oy,

1s given by
" (yilz) = 7(2)\”
2 1
x(z) = ( >
; Tyi(z)
where

B(c) = iyj(ac)

n 4
2

Given p € [pta, o], we will say that unification occurs at pmin = Mg in

this interval, if
X*(Mg) < x* (1) Y € [Ha, o]
and
dx? _
@ =Mo"
this for each set (F, H).

In terms of a diagram, the process we are following is illustrated in

Figure 2.2. Numerical results are shown in Tables 2.2 to 2.4.
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CHOOSE 0

CHOOSE F

GET ayg, such that x? is min

L WRITE THE CORRESPONDING a¢ and Mg

END

Figure 2.2: Working process

33
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2.3.1 Analysis
1/aos(F, H)
From Table 2.2 we see that:

(1) 1/cos is quasi-independent of F'. 1/ags &~ constant as F increases.
This agrees with the 1st order case. The largest deviations from

this are obtained for high values of F' and H.

(i1) 1/cps decreases as H increases. 1/ags(H) is quasi-linear and just

below the 1st order values.

(ii1) ags = 0.107 is obtained for 6 < H < 7 . Which is slightly smaller

than the 1st order value (H = 7.29) for the same ag; and ag;.

(iv) Being much more sensitive to H than to F', 1/aps > 0 constrains
the number of allowed Higgs doublets. For instance!, for 3 < F <
5, 1/, > 0 implies H < 14. This is just below the corresponding

~ 1st order value ( H < 16).

Mg(F, H)

From Table 2.3 we see that:

(i) Mg increases with H (as before), and F' (unlike the 1st order
case). That is, even though 1/aq, almost keeps its F-independence
at 2nd order, this is not the case for Mg, which does depend upon

F' at this order of approximation.

1We are extrapolating data in Table 2.2
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(ii) Again, Mg > 10**GeV constrains the number of Higgs doublets.

Before H around 12 we do not get Mg values greater than 10'°,
and for 3 < F < 5, Mg > 10% implies H > 15. As in the
Ist order case, this lack of overlapping in the intervals for A that.

comes from the two previous constraints, continues to be the main

problem for SU(5).

1/ag(F,H)

From Table 2.4 we have that:

(i)

1/ag has the same behaviour as before, namely: 1/ag decreases
as both F' and H increase, and is evidently much more sensitive

to F than to H. Besides this, it is the most sensitive parameter

A-_toF.

(i)

Therefore, 1/ag > 0 imposes a constraint on the number of fam-
ilies: F < Fp, where 1/ag(Fy) = 0. As at 1st order, the value
of Fy depends up-on H: Fy decreéses when H increases. It goes
from around 10 for H =1, to around 7 for H = 14, showing that
this 2nd order case is a little bit more restrictive than the Ist

order one, but not too much (at 1st order we go from Fy =~ 11

. for H =1, to Fy ~ 8 for H = 18). Again, Fy changes very slowly

with H.
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2.3.2 Conclusions

In summary, all these numerical results (coming from the integration of
the set of coupled equations provided by the RGE) give the following
features for the 2nd order SU(5) case when the constraints on ays, ag

and Mg are taken into account:

(i) The behaviour of Mg, ag and «g as functions of F' and H fol-
lows a very similar pattern to the one we found in the 1st order
analytical case. There are slight differences concerning the F-
dependence of the parameters and a small shift in their values,

but the shape of these functions is basically retained at this higher

order.

(ii) We have the same main problem as in the 1st order case. With

o and agy as before, we get, for 3 < F < 5, that:

>0 = H<L14

Qos
Mg > 10" = H>15
So, at least for F' € [3,5], it is not possible to satisfy both con-

straints simultaneously.

(iii) There is a limit on the allowed number of fermion families. This
2nd order case is a little more restrictive than the 1st order one
(F < 10 vs F < 11). Again, the constraint comes from 1/ag,

which is very sensitive to the change in F'.

From these remarks we see that SU(5) 2nd order case is not far from

its predecessor in general features, values and troubles (see Fig. 2.3).
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It does not seem to be more fortunate than it. This is not surprising
because, at the level of the evolution equation (Eqn. 2.1), corrections
coming from 2nd order terms are of the order of 3% of the 1st order
ones (for a,) and less for the other two ¢;. Therefore, no qualitative
difference is introduced by taking into account higher order terms in

the expansion.
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F
3 4 3 6 7 8

1 | 14.29 | 14.29 | 14.29 | 14.29 | 14.29 | 14.49

2 | 13.33 | 13.33 | 13.33 | 13.51 | 13.51 | 13.51

3 12.5 12.5 | 12.5 | 12.5 | 12.66 | 12.66

4 | 11.63 | 11.63 [11.63 | 11.63 | 11.63 | 11.76

5 | 10.64. | 10.64 | 10.64 | 10.75 | 10.75 | 10.87

6 | 9.709 | 9.709 | 9.709 | 9.804 | 9.804 | 10
H| 7| 869 | 8.696 |8.772 | 8.772 | 8.849 | 9.091

8 | 7.692 | 7.752 7.752 | 7.812 | 7.936

9 | 6.667 | 6.711 | 6.711 | 6.803 | 6.944

10 | 5.618 | 5.650 | 5.682 {5.780 | 5.988

11| 4.504 | 4.545 | 4.587 | 4.739 | 5.050

12 | 3.333 | 3.390 | 3.496 | 3.690 | 4.202

13| 2.066 | 2.174 | 2.342 | 2.681

14 | 0.4854 | 0.7518 | 1.136 | 1.818

Table 2.2: Values of 1/aos(H, F') at 2nd order SU(5).

38
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F
3 4 5 6 7 8

1 | 0.008077 | 0.009244 | 0.01107 | 0.01365 | 0.01843 | 0.02682

2 { 0.01058 | 0.01229 | 0.01472 | 0.01762 | 0.02378 | 0.03843

3 | 0.01325 | 0.01563 | 0.01871 | 0.02378 | 0.03210 | 0.05509

4 | 0.01710 | 0.02017 | 0.02451 | 0.03163 | 0.04533 | 0.08016

5 | 0.02240 | 0.02682 | 0.03259 | 0.04143 | 0.06211 | 0.1220

6 | 0.02934 | 0.03513 | 0.04334 | 0.05677 | 0.08640 | 0.1913
H | 7 | 0.03902 | 0.04671 | 0.05763 | 0.07896 | 0.1238 | 0.3486

8 | 0.05162 | 0.06180 | 0.07857 | 0.1077 | 0.1793

9 | 0.06865 | 0.08343 | 0.1077 | 0.1520 | 0.2729

10 | 0.09128 | 0.1126 | 0.1475 | 0.2179 | 0.4279

11} 0.1232 | 0.1543 | 0.2083 | 0.3170 | 0.7343

12 | 0.1688 0.2146 | 0.2941 | 0.4825 1.464

13 | 0.2349 0.3031 0.4344 | 0.7681

14| 0.3316 0.4476 | 0.6813 1.358

Table 2.3: Values of Mg(F, H) x 10"*GeV at 2nd order SU(5).
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3

4

5

6

42.61

37.07

31.42

25.63

19.58

13.19

42.02

36.41

30.68

24.86

18.73

12.07

41.44

35.76

29.98

24.01

17.80

10.93

40.83

35.10

29.23

23.17

16.78

9.721

40.21

34.40

28.45

22.34

15.80

8.40

39.58

33.69

27.67

21.44

14.76

6.960

38.92

32.97

26.87

20.50

13.65

5.142

38.26

32.23

26.02

19.55

12.50

|l | N> ]| to]

37.58

31.47

25.16

18.54

11.22

—
o

36.89

30.69

24.27

17.49

9.824

[
[u—

36.17

29.87

23.32

16.37

8.184

p—
N

t

35.43

29.02

22.34

15.13

6.086

—_
w

34.64

28.11

21.25

13.72

14

33.76

27.05

19.92

11.92

Table 2.4: Values of 1/ag(F, H) at 2nd order SU(5).
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Figure 2.3: -Evolution of the inverse of the couplings as functions of
in the SM embedded in SU(5) at second order of approximation. The
solid lines show the evolution in the minimal case (F = 3 and H = 1)
for ag; = 0.016887, ape = 0.03322 and aps = 0.107. Dotted lines cor-
respond to evolving with H = 6.4 from the same initial conditions,
and the dashed line displays the reQuired value of ap; to satisfy unifi-
cation in the minimal case if we keep ap; and ap; as before. The two
dot-dash lines show the constraints on Mg imposed by proton decay

experimental limits and the Planck mass.



Chapter 3

SUSY SU(5)

3.1 Introduction

Even though the idea of including supersymmetry (SUSY) in a GUT
was first suggested some years ago [10], it was only recently, when new

data were obtained [11] and a ‘precision test’ for GUTs was made avail-
able, that the importance of SUSY in yielding unification has become
clearer [12].

SUSY opens the door to populate the ‘desert’ once predicted by
SU(5), that is, this fermion-boson symmetry allows the possibility of
‘new’ physics between the dominion of the SM and the unification re-
gion. Assuming only one intermediate scale, the picture of the evolution
of the coupling constants can be portrayed by the following geometrical

set.

Let us consider two uni-broken (at z;) lines y; and y,, that meet at

42
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(2, yu), and such that their initial values

Yor = y1($0)

Yoo = Y2 (iEo)

and slopes my, m, —the slo‘pes between zo and z,— my, and my, —the
slopes between z, and z,— are known (See Fig. 3.1).

If we add a third uni-broken (at z;) line y3, and require it to meet the
other two at the crossing point, then, of the three free and independent
parameters —gs, M3, Mas— Of y3, one of them will be constrained,
leaving two ‘degrees of freedom’, that is, one more than in the no-
broken line case (éee previous chapter). This is the first indication of

the complexity of the system we are addressing now.

So, given the meeting point of the first two lines, the third one is
partially restricted by ‘unification’ requirements. We are allowed to

choose arbitrarily two of its parameters, but the remaining one is fixed

by this choice:

Choosing Fixes

Yo3 m3 m3s
m3 Mg3; Yo3
m3s Yo3 ms

Therefore, ‘unification’ gives place to the following dependence rela-
tionship:

yOS(mSa m3s)
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y
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Yo1

Yo2

Yo3

Zo Ts Ty

Figure 3.1: A geometrical approach to SUSY SU(5) unification in its

simplest form

and the other two that result from inverting this.

Until ndw, the meeting point has been fixed by y; and y,. This
means —if we keep ybl and yo constant— that (z,,y,) is a function
of (mq,mq;mys,mys). Thus, any change on y; does not modify the
intersection of the other two lines. But, this scenario changes radically
if we think of m; and m;, (: = 1,2,3) as objects with a sort of ‘internal

structure’, in such way that the m;’s depend on the same set of variables
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(viy...,Un), and the m;,’s depend on a different —but common among
the m;,’s— set of variables (wy,...,w,):
mi(v1, ..., 0n)
mis(wy, ..., W)

If so, (2, y.) becomes a function of these n + n ‘basic components’:
(T Yo ) (V1 - - Uy Wiy ey W)

and then, a change in any v; (j = 1,...,n) will modify all the m; —the
same is true for w; and m;;— and this in turn will affect the meeting
point (z,, yu).

Doing this we have not only transferred the dependence to a new set
of —in principle— independent variables (v;;w;), but we have linked
the previously indepéndent slope parameters; from now, their values are
interconnected. If we want to change any m; (m;;), we have to modify
some v; (w;), but this will affect the remaining m; (m;;). They have
been tied together by this ‘“internal structure’. This is the consequence

of introducing such basic components.

In this way, the six slopes are given once we choose a set of values for
the components (v;;w;) (j = 1,...,n). With these we know the value
of the meeting point of the first two lines, and, from here, unification

fixes the needed value of yo3 (See Fig. 3.2).

Therefore,

from having introduced an ‘internal structure’ and assumed

that ‘unification’ occurs, we have ended with:

Yo3(v;; w;)
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(vjswj) — (mi; mys) ————
internal structure geometry
(Tu; Yu) Yo3
unification

Figure 3.2: Causal chain

(2w, ¥u) (055 w5)
Thus,

constraints on the parameters yoz3 and (zy,y,) will restrict

the allowed values for the basic components (vj; w;) (See Fig. 3.3).

The final region (v;;w;)s of allowed values will be given by the

intersection of the regions coming from each one of the parameters(See

Fig. 3.4):

(v35w;) 5 = (V55 Wi)yes N (V53 Wi)ew N (V53 Wj)ys
This provides a criterion to determine whether a GUT 1is, under the
assumptions taken, a ‘good’ one or not:

GUT = ‘not good’ if (v;;w;)s =0

‘good’ otherwise

If the former occurs, original model assumptions must be questioned.

They would have to be re-thought in order to see whether they are in-
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p(vj;w;)

p constrained

FrHHH (v5;w;)

Figure 3.3: Region allowed by constraints on p
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trinsic or not to the model, that is, if changing them keeps the previous
results or produces very different ones.

Let’s talk about z,, the value of z at which the breaking occurs.
Until now, z, has been kept fixed (This procedure is illustrated in
Fig. 3.5). We can release it and take z,-slices for different values. If we

do this, we will be adding a new variable: z;, and then it will turn out:

(Im yu)(vj; Wi T )

yos(vi wy; Ts)
which puts z, on the same level as our basic variables (vj; w;).

There is another thing we can do: to use zs as a parameter and not
ds a variable.

Tn order to do this, we can exchange its role with the one of ygs.
Thus, yo3 becomes a variable and z; a function (See diagram in Fig. 3.6).
Behind this is the expectation that, given yo;, m; and my,, 3 =, such
that the three lines meet at one point (z,,y,). In this alternative way,
we have:

(2w, ) (055 w53 Yo3)
z5(v5; w;; Yos)
or
(@, yu) (055 w;)
z5(vj; wj)
if we fixed ygs.
Even though these two ways are different as procedures, they are

just alternative approaches to the same set of equations corresponding to
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wy
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U Yo3
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Figure 3.4: Final region allowed by constraints on p
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CHOOSE «, T, > 29

CHOOSE (vj; w;)

CALCULATE (zy,yu) as given by y; and y;

SELECT yg3 such that UNIFICATION occurs

SELECT those (vj; w;) that fulfil constraints

END

Figure 3.5: z, as a variable
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CHOOSE Yo3

CHOOSE (v;; w;)

Y3 >0

SELECT =z, such that UNIFICATION occurs

SELECT those (v;;w;) that satisfy constraints

END

Figure 3.6: yo3 as a variable

o1
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the uni-broken lines y1, y2 and ys3. But, looking at the same object from

different perspectives, sometimes rewards us in terms of the information
that can be obtained.

This geometrical description can be linked to the evolution of the

electromagnetic, weak and strong couplings (y;) in SUSY SU(5) 1st

order case if all the SUSY particles have masses around the same value

(zs).
As before, the evolution of the couplings (¢;, ¢ = 1,2,3) is described
by the equation [15]:

Ja; 2 2 2 S 2 3
b2 L 2pars DS ate, (=123 ()
ou 4m (4”)2; T

where u is a dimensional variable introduced with the renormalisation
scheme (we are working in the M'S scheme [16]) that we will be thinking
-of as a typical energy scale of the process involved. Again, analytical:
solution is admitted at 1st order in the approximation but higher orders
require a numerical approach. The fact that we are dealing with another
GUT is reflected in the actual coefficients of this a expansion {18, 32].
In them, the new SUSY information about the particle content of the
model is contained. Once more, there are three contributions to each
coefficient (see Appendix): one from gauge boson loops, a second one

from fermion loops and a last one from Higgs boson loops.

These coefficients would be the corresponding objects to the slopes.

We have now two sets of them: one before z,, and the other one after.
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They will be denoted as follows:

B if zp<Lzr<zs
B if >z,

B-coefficients = {

B and B'are structured by contributions coming from Gauge Boson,
Fermion and Higgs boson loops on each side of z,. The different particle
content —uwith x, as the borderline— is reflected in the fact that § # ('.
This will make the difference.

In this chapter, we analyse the structure of the unification parame-

| ters, namely: the value of the coupling at the meeting point (o = ag)
and the energy (u = Mg) at which it takes place, as functions of

~ the number of fermion families (F') and Higgs boson doublets (H and
H' = Hsysy), within the context of the SM embedded in SUSY SU(5).

The idea is the same as before: to keep F', H and H' as variables all
the way through the analysis, working out (where possible) expressions
for ag(F, H, H') and Mg(F, H,H'), on which the following constraints

are imposed:

M, > M,
1 . )
- within the experimental value
Qos
1
— > 0
ag

Mg > 10" Gev

From this, limits arise on the region of allowed values for some of
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our ‘basic’ variables (F, H, H'), mainly on those which exert a major

influence on the parameters.

The decay of the proton is predicted in SUSY SU(‘5) as well and al-
though other decay modes (highly model dependent) are possible with
the inclusion of SUSY [13] (some of them characteristic of this symme-
try), we will only consider gauge boson mediated proton decays, where
the dominant mode continues being p — e*#° implying the same con-

straint as before: Mg =~ 9(10°GeV).

3.2 1st order

The inclusion of SUSY in the analysis modifies the way the couplings
evolve through changing the values of the coefficients in the expan-
sion [32], which, as we have said before, depend upon the particle con-
tent of the model. If we assume that all the SUSY particle content of
this model occurs at one point: the ‘SUSY scale’ M, only one extra
variable is introduced. This leaves us, after integration and having as-

sumed unification, a decoupled system of three equations with three
unknowns: Mg, ag and M,.

The same initial values for the coupliﬁgs and restrictions on Mg
and ag apply here, and in addition M; is required to satisfy M, <
M, < Mg. We will also be considering a more recent set of ag;* values
(cor* = 0.017045 = 0.000036, cxp* = 0.03365 £ 0.00022 [21] and g, =
0.110 & 0.007) in order to get an idea of the sensitivity of the results

*

to the initial conditions ag;. The reason for the ap, and aps* values
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given here has to do with the range allowed for this coupling at 1st
order in this SUSY case, as we will see below. At least one extra
Higgs boson doublet is required by SUSY. This increases the number
of ‘internal variables’ to three: F', H and H' (with H' the number of
Higgs boson doublets in the supersymmetric regime), one more than in

the non-SUSY case, making the analysis slightly more complicated.

Defining

ﬂ if Ko S #< Ms
Be(p) = . '
B if p> M,
we can writé
60,‘ 1
— = —— 2
"o Zﬂﬂt(u)m (3.2)

which includes both sides of M,. From this we have

1 11 7
— = —+§;ﬂt(;¢)ln o (3.3)

(8 51 Qo;

wich, as before, will play a remarkable role in pointing out general

features of the way the system behaves.
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3.2.1 Analysis

The basis for our analysis comes from Eqn. 3.3 after imposing the uni-

fication condition

a1 = g = 3 = @G

at u = Mg.

From here we have

1 1 1 M, 1, Mg

;-G__ = -a—(;: + 5;,31 ln Mz + "2';;,61 ln Ms (34)
1 1 1 M, 1 Mg

— = — + =01 —f1 .
ag Qo2 + 27rﬂ2 o M, + 27rﬁ2 " M, (3.5)
1 1 1 M, 1 ,. Mg

% = 903 + .2_7Tﬂ3 In E +~2—7r,33 In Ms (36)

which is, if aoi,.B; and §'; are known, a system of three equations
with three unknowns: M, and (Mg, ag). This means that there is a
solution for each set (ag;; Bi; 8';), or, in terms of the ‘internal’ structﬁre,

for each (a3 F, H; F', H'). This dependence is the one we are interested

in exploring.

MS(F) H’ HI)

Combining equations, we get from 3.4 and 3.6
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111 M, 1, . Mg
s = o1 + o (Br — B3)In M, + Z;(:Bl - ﬂs)ln M, (3-7)
and from 3.5 and 3.6
1 11 M, 1 .. . Mg
— = BB (G- (39)

Solving for Mg in 3.8, and substituting in 3.7

1 Ms / ’ 1] ! _
g In M, [(,52 "ﬂa)(ﬂl - ﬂs) - (51 - /33)(:82 - ﬂS)] -
(133 - 152) + (:61 — ﬂs) + (ﬂz — ﬁl) (3.9)

Qo1 Qg2 Qs

which gives us M,(ao:; 5i; 5';)-
Solving for M, we get:
M, T
M,  —6H +22H'
[30{—1——3i+2 LR T

Qo1 a2 Qops o Qo2 ags

}] (3.10)

This equation tells us the value of M, that is required in order to
produce unification with the given initial ap; and for the chosen set of

internal variable values. M, is fixed by these two choices.

Some remarks follow from here:
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(i) In M, depends linearly on ag;~! and does not depend upon F. The
F dependence is cancelled out because of the expansion coefficient
subtractions. Since all the fermion contributions are the same,
nothing is left in the differences. As a consequence, the fermion
contributions are not essential for producing a unification point.

So, at 1st order, fermion loops do not contribute to M,.

(i1) For the minimal SU(5) (H=1, H’=2), this equation becomes

M, 47 1 1 1
N PRSI .
gt = 3 [5a01 —+ 7%] (3.11)

From this we see that the SUSY scale is fixed once the initial
values ¢; are given. However, given the large uncertainty on ap,
we can take it as a variable. By doing so, we see that In M,(1/aq;)
is an increasing linear function (see Table 3.1). As a consequence,
- there is an maximum allowed value for ag,: the one given by the

requirement that M, does not go below M,:
‘ 1 1 1 1 ]

=2 |-5—+12—

Q0smaz 7 Qo1 Qo2
Substituting ap; and oo, it turns out that @gsme, = 0.1074%.

Therefore, at this order of approximation, unification in the min-

imal SUSY SU(5) case does not occur for o> 0gsmqz-

(i1) Ignoring Higgs bosons (H = 0 = H') leads us to the same previous

relétionship among the ay; :

1 1 1
— —3— 42
Qo1 Qg2 Qgs

=0

Yogs*mazr = 0.1106, showing that this value is sensitive to the initial conditions

ao1* and ago*, since in this case larger ag,* values are allowed, to produce unifica-

tion with M, close to M,.
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Thus, once again, we see that unification makes Higgs boson dou-
blets impossible to ignore. This happens for any three SU(k),
SU(n) and SU(m) (k # n # m). Ignoring Higgs bosons we have:

1
ﬂ1=%~—F B =3k— F'
11 , ,
53=1—31-m—F By =3m—F'

from where

(8 — B5)(81 — Bs) — (B — BL)(Bo — ) =
3(n — m) g (k = m) = 3(k = m) - (n —m) =

11(n —m)(k—m)—11(k —m)(n—m) = 0 Vk,n,m

Therefore, cancellation from ignoring Higgs bosons occurs not
only for the Standard Model, but for any three SU(i) groups.
This cancellation strongly depends upon the form of the 1st order
RGE, equal contributions from fermion loops, and the fact that
we have the same Casimir factor for the adjoint representation in

SUSY and non-SUSY (k, n and m).

(iv) Let us next consider In M;(H, H'). Taking aq, ap; and ag, as

before, and different values for H and H’, we get the data in
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Table 3.2, from which it follows that although M,(H, H') is an
increasing function of both variables, it is much more sensitive to

H' than to H for the values considered here.

The step in M, when we go from H' = 2 to H' = 3 is extremely
large, taking us from ‘light’ to ‘heavy’ SUSY particles. However,

the size of the step seems to decrease for higher H'.

Mg(F,H, H')

Using equations 3.7 and 3.8 we get the following expression:

1 In Mg
27 M,

[(ﬂl - 53)(55 - ﬁ:’a) — (B2 — Bs)(p] — ﬂé)] =
(B2 — Pa) + (Bs — B1) + (Br — B2)

Qo1 Qo2 Qp;

(3.12)

If we use In(Mg/M;) = In(Mg/M.) — In(M,/M,) together with the
expression for M; we got in previous section,- this equation can be

written in terms of M,:

1 Mg
—1In

o 1037 1By = Bs)(B5 = B5) = (B2 = B) (B - B3} =

| ai (B2 — Bs) — (B — B)

+aioz [(8s — B1) — (85— BY)]
(Br— ) — (B — 8] (3.13)

+

1
Qs
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Mg as a function of F, H and H' is given by

Mg T 1 1 1
n M, —18H + 66 H' [(90 0){0101 30102 + 20105

}

1 1
+OH — H){5—— 31 2!

Qo1 Qo2 Qs

H o (3.14)

This equation gives us the energy scale Mg at which unification occurs

for our choices of initial values agp; and set of internal variable values.

From here, the remarks listed below follow:

(i) The behaviour of Mg as a function of the internal variables has
many common features with the behaviour of M;, namely: In Mg

depends linearly on 1/aq; and only subtractions among the coef-

ficients of the expansion appear:
In Mg(1/aoi; Bi — Bj; B's — B)

Therefore, Mg does not depend upon the number of fermion fam-
“ilies, i.e., at 1st order, fermion loops do not influence the value of
Mg, and they are therefore irrelevant for determining the energy

scale at which unification occurs.

(i1) This equation becomes:

11
mMe _ Il g1 g0l

— 1
M, 114 Lo Qg2 Qs (3.15)

for the minimal model (H = 1, H' = 2). From here, once we
know ag;, the scale Mg at which unification occurs is fixed. But,
. if we allow ay, to change, then Mg is a decreasing linear function

of 1/ap,. This is the reverse of the M,(1/ag,) behaviour, that is,
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increasing ag, increases Mg (see Table 3.1). Therefore, there is
a minimum value of ag, for which Mg = 1013GeV. This is given
by ®gsmin = 0.08911, which means that any aps > 0.08911 will
produce unification with Mg > 10'®*GeV. This gives us a large
allowed range 2 for this coupling. This contrasts with the non-
SUSY case, in which 1/agsmin is so low that it forbids not only

the experimental values but also any positive one.

(iii) Ignoring Higgs boson loops takes us to the same contradictory
relationship (among the ag;) we had in the corresponding M,

_ case.

(iv) If we go beyond the minimal Higgs boson content and look at
Mg(H, H'), we see (Table 3.2) that the lowest values for H and
H' are favoured by the constraint Mg > 10¥3GeV, since Mg is a

decreasing function of both variables.

1/oag(F,H,H')

Taking either Eqn. 3.4, 3.5 or 3.6, and using 3.10 and 3.13, the following

expression for ag is obtained:

1 ’ 1 1
e = a0 T 2(C18H + 66H)
1 1 1
{(90ﬂ,~ ~1108') [— 342

Qo1 (6 h)) Qo5

1 1 1
+(38;H' — p';H [5——3————2 ]} Ve=1,2,3(3.16
( 5 ﬁ ) Qo1 (853)) Qags ( )

2Mg < Mpianer = 101°GeV gives g, < 0.2204
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which tells us that the value of the coupling at the unification point is

completely determined if we have the initial values ap; and know what

values the internal variables take.

From here, we note the following:

(i)

(i)

(ii1)

Although the 3-dependence in this case gets more complicated
than in the previous ones, 1/ ag depends linearly on 1/ag;, just

as happened with In M; and In M.

If in this equation we choose H = 0 = H’, the same former rela-
tion among the ay; is obtained (the coeflicient of this relation is
#0 VF # 0), stressing the statement that Higgs boson doublets
cannot be ignored at this order in SUSY SU(5).

For the minimal model (H = 1, H' = 2 and F = 3 = F'),
Eqn. 3.16 becomes:

1 1 1
L = =5 165——339—-*—2501

ag Qo1 Qo2 Qs

(3.17)

from which we see that, even though a¢ is fixed once ag; are
given, as a function of ag; it is increasing like Mg. 1/ag changes

slowly enough to avoid restrictions on g, (see Table 3.1).

Contrary to Ms and Mg, 'aG does depend on the number of
fermion families. At 1st order, this a unique feature of ag. The
reason for this is that now we have subtractions mixing §; and

B';. So even though F' = F’, their coefficients are not the same.

~ To work out what this F' dependence is, we extract from each

the part corresponding to the fermion loops, and call the rest jr.
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Doing this in Eqn. 3.16, we obtain:

1 1 1
o~ ow | 2(—I8H + 66H")
11 1 ]

{(90@-,;- — 1108,7) [— _3 42

(044} Qo2 Qps

+(=120F + 220F") [—1——3L+2 ! ]

Qo1 Qo2 Qos

HBH Bar — HBYe) [ — 39—~ 2]

Qo1 a2 Qs
1 1
+(—4FH'+2F'H) [5— PRI ] }
0101_ Qo2 Qo

which, grouping terms, can be written as:

L 1
(676 - Qp; 2(—18H+66H’)

{3847 [A] - Bz [B] — 4F [A] + 2F'[B]} (3.18)

where
1 . 1 , 1 ,
A=—(30+5H") —3—(30+ H') +2—(30 — H')
Qo1 Qg2 Qo5
1 1 1
B=—(110 + 5H) — 3—(110 + H) + 2—(110 — H)
ap1 Qo2 Qs

Taking' H =1, H =2, F = F' and the values of aq, ag2 and ags

as before, Eqn. 3.18 becomes:

L 5612-1036F Vi
ag

 From this we learn that 1/ag depends linearly on the number

of fermion families, and decreases when F increases. Therefore,
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there is a constraint upon the values of F: F' < Fy, where
1
a—G(Fo) =0
We are therefore not allowed to go beyond Fy, and for H = 1,
H' = 2 and the usual ag;, agz and ags, we find Fy = 5.416, which
means that no more than 5 fermion families are allowed for this
set of values in this 1st order SUSY case. This is a much stronger

constraint than the corresponding constraint in the non-SUSY

model.

The value of Fy depends on H and H'. From Eqn. 3.18, taking
F = F’ and setting ¢ = 1, we get the following expression for
l/ac;(H, Hl):

no (H,H') dependence

.

1 1 171 1 1
IR _[__3_+2 ]
8 7¢ Qo1 4 Lag Qo2 Qos
F 1 1 1
- 50 [—-—3—- 2 ]
6(—3H + ].].H’) { o1 g2 + Qs
+2(H' - H) [5i—3-1——2 ! ]}
Qo1 Qg2 Qs

which tell us that, unexpectedly, there are no terms of the form
HH' and only the coefficient of F depends on (H, H'). Fo(H, H')
is an increasing, but not linear (in contrast to the 1st order non-
SUSY case), function of both variables;. Howevér, it is much more
sensitive to H' than to H (see Table 3.2). The lower the values
of H and H !, the stronger the restriction on F. This contrasts

with the 1st order non-SUSY case, where the constraint on F' was

. more severe for higher values of H. In both cases the variation

with H is slow.
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1/cos(H, H')

We saw before that M, > M, constrains, in the minimal model, the
values of ags: aos < Qosmaer- Our intention in this section is to find
out what happens with this constraint when we allow the model to go
beyond the minimal case. In order to do this, we will take M, as a

variable at the level of the internal structure. Thus, from Eqn. 3.10, we

obtain:

1 30[- -3 ]+ H 5a - 35, - A

— Qo) Qo2 Qo2

= Y (3.19)

where

A = ;(—6H+22H'),

6 = In

It is important to note that all the non-SUSY internal variables are

contained in A. Two cases will be considered:

(i) 6§ =0 case (= M, =M.,)

In this case, the value of 1/ap, that satisfies unification only de-
“pends upon the SUSY internal variables. For the current values
of ag; and aoz, the coefficients of the two terms in the numerator
have opposite sign. Therefore, 3 H{ such that 1/ae,(Hp) = 0, i.e.,
for M, = M,, we cannot go beyond this number of Higgs boson

doublets:
0 5
0= T L 3L
Qo1 Qo2
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Substituting ap; and gz, we get H = 4.532 (see Table 3.3), which
means that the value of 1/ag, that we need to produce unification
in this § = 0 case is very sensitive to H'. We do not have to go
too far in H' before 1/aos(H}) = 0. However, the fastest growth
of oy takes place for 4 < H' < H| (see Table 3.3), which means
that ogs,,,, does not increase so much (from 0.107 to 0.474), but
at least gives room for larger values. Thus, going beyond the

minimal Higgs boson content in the SUSY sector, gives room for

higher aosmqz-

6 # 0 case.

Restrictions on H' coming from aps appear in this case as well.

Here,
1 1 §
L —30 gk — 35 —62H
07 gl _31l _99¢&
Qo Qo2 ﬂ

is the value of H' for which 1/ag, = 0, at In(M,/M,) = 6 and with

" H Higgs boson doublets in the non-SUSY sector. From this we

see that H} depends on the value of M,. Taking the usual ap; and
0y, and different values of §, the data in Table 3.4 are obtained.
From here, it follows that H{ grows as ¢ is increased. In fact, it
goes to infinity when & dpproaches 8o = 29.38 (which corresponds
to M, = 5.268 x 101%GeV). This means that higher SUSY scales
allow more Higgs boson doublets in the SUSY sector. For each 4,

H/ decreases slowly with H. Thus, the constraint on H' moves

~ quickly when larger values of M, are considered. Beyond é, there

is no longer any constraint.
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3.2.2 Conclusions

Summarizing, although we have got more ‘internal variables’ in this
case, the additional complications are not too severe. Some features we

obtained in the non-SUSY case are still valid, and some new ones are

obtained:

(i) The impasse we reached in non-SUSY SU(5) concerﬁing the lack
of overlapping in H intervals coming from different constraints has
been overcome with the inclusion of SUSY. This has its source in
how Mg depends on the number of Higgs boson doublets. If this
had been the case in non-SUSY SU(5), we would have obtained

an overlap for low values of H.

(ii) As before, unification makes Higgs bosons impossible to ignore.
The same inconsistent relationship among the ag; that was ob-

tained in non-SUSY SU(5), is obtained here. Therefore, SUSY

does not make any difference in this respect.

(iii) Again, there is a constraint on the number of fermion families. It
comes from 1/ag which, once more, is the only parameter that,
at 1st order, depends upon F. The difference is that now the
constraint on F is much more severe (F < 5 for the minimal
Higgs boson content and the usual ag; values) than the one we

had in the non-SUSY case.

So, the idea of analysing unification through the ‘internal structure’,

seems to prove itself fruitful in this SUSY case as well.
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At this point, it is important to recall that we have made an as-
sumption about there being a single SUSY breaking scale M,. A more
realistic approach should consider a non-degenerate supersymmetric
spectrum. However, if the masses of the SUSY particles were rela-
tively ‘narrow spread’, a superposition principle-type (that is, the sum
of the individual effects=the effect of the sum of the individuals) could
hold. In this case, an ‘effective’ single SUSY scale would make predic-
tions very close to the ‘exact’ ones (those obtained considering a SUSY
spectrum). This ‘effective’ scale could be defined as the intersection
~ of straight lines corresponding to the steady evolution of the couplings
outside the SUSY spectrum region, that is, far from the SUSY scale.
Introducing a realistic spectrum does not affect the slope of these lines
although it does change its ‘height’ and, therefore, the unification point
(Mg, ag)-. In order to predict masses for the supersymmetric particles,
supergravity models have to be considered. These are obtained when
promoting SUSY from a global to a local symmetry, that is, local SUSY
requires us to include gravity. One of the remarkable features of super-
gravity grand unification is that the breaking of the SM symmetry can
be explained in terms of basic principles of the theory. Within super-
gravity, the masses of SUSY particles can be written in terms of five
parameters, a specific model corresponding to a choice of their values.
For a detailed treatment of this point see Ref. [22], where it is shown
that “the effect of incorporating the non-degenerate spectrum (is) to
increase somewhat the allowed mass of the supersymmetric states for a
given value of a,(M,)”. In this reference, the SUSY threshold is found

to be restricted to low energies by fine tuning constraints, in agree-
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Qos

In M,

Mg

l/ag

0.100

3.355

5.390

27.19

0.101

3.156

6.178

26.86

0.102

2.961

7.062

26.54

0.103

2.769

8.052

26.23

0.104

2.582

9.157

25.92

0.105

2.398

10.39

25.62

0.106

2.217

11.76

25.32

0.107

2.040

13.28

25.03
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Table 3.1: log M (cps), Mg(aos) X 10"°GeV and 1/ag(aq,) at 1st order
SUSY SU(5) in the minimal case.

ment with the results obtained using an ‘effective’ single SUSY scale

approach.
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Table 3.2: M,(H, H'), Mg(H, H') and Fo(H, H') at 1st order in SUSY

SU(5).

H=1 H=2
H M,(GeV)
2 | 1.096x102 || 1.134x10?
3 [1.840x10°8 | 5.535x10°
4 |1.670x108 || 5.213x108
5 | 2.250%x10° || 6.380x10°

Mg(GeV) x 10
2 13.28 13.17
3 1.528 1.196
4 | 05612 0.4357
5 | 0.3148 0.2497
Fo

2 5.416 5.419
3 6.494 6.644
4 7.155 7.343
5 7.600 7.795
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H' | ags
2 10.1075
3 (0.1712
4 |10.4745
4.1 |0.5820
4.2 1 0.7541
4.3 [ 1.074
4.53 | 98.09

Table 3.3: dOS(H’) at 1st order SUSY SU(5) with M, = M,.

3.3 2nd order

As before, including the 2nd order terms in the expansion of the evolu-
tion equations prevents the system of equations from decoupling. The
corresponding SUSY coefficients have been calculated in reference [32].
The numerical approach used here to analyse the structure at this order
of approximation is very similar to the one we employed in the non-
SUSY case. The main difference lies in the insertion of the scale M,,
which means a change in the 3-coefficients, with the consequent mod-
ifications in the program. The process followed is shown in Fig. 3.7.
We use the same criterion as before to determine when unification is
taking place.

Using this numerical procedure, we will obtain the values of the

unification parameters (Mg, M, and ag) for H € [1,3], H' € [2,5] and
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§=1|6=2]6=3
H H
1 | 4.683 || 4.844 | 5.017
2 |l 4.673 | 4.824 | 4.986
3 || 4.663 | 4.804 | 4.955
4 | 4.654 || 4.784 || 4.924
5 || 4.644 | 4.764 | 4.893
6 | 4.635 || 4.744 | 4.862

Table 3.4: Hy(H,§ = 1In M,/M,) at 1st order SUSY SU(35).

73

F > 3. The initial ag; values we are working with are the same as be-

fore, in order to compare with the 1st order case. Results are presented

in Table 3.5. Finally, Mg, M, and ag are analysed as functions of o, in

the minimal case (F = 3 = F', H =1 and H' = 2) for the two sets (ao;

and ag;*) of initial conditions we are working with (see Table 3.8). All
the numbers in the Tables were actually obtained using this numerical

method; it is indicated where extrapolations on this basis are made.

3.3.1 Analysis

MG(Fa H7 H,)

At this 2nd order case, Mg as a function of F, H and H’ shows the

 following behaviour:
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CHOOSE H

CHOOSE H’

CHOOSE F

GET M, such that x2 is min

— WRITE THE CORRESPONDING o¢ and Mg

END

Figure 3.7: Working process
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(i) In agreement with 1st order results, Mg decreases with H, for
each H' and F, and decreases dramatically with H’, for each H
and F. But unlike at 1st order, Mg does depend on the number

of fermion families: it increases with F', for each H and H'.

(i1) Being more sensitive to H' than to the other two variables, Mg >
1013GeV constrains the allowed number of SUSY Higgs doublets:
H' > 3 is forbidden by proton decay. For H' = 3, low F' values
are forbidden as well. This order of approximation turns out to

be more restrictive for Mg than at 1st order; lower Mg values are

obtained here.

Therefore, for the initial ag; values and assumptions taken, minimal

Higgs models are favoured by the results of this numerical analysis.

M,(F,H,H')

Considering the SUSY scale as a function of the internal variables, we

see that:

(i) Again, an F dependence is introduced at this 2nd order level: M;
increases with F, for each H and H’'. But in a similar way to
what happens at 1st order, M, increases with H', for each F and

H, and increases with H, for each F' and H'.

(i) M, is much more sensitive to H' than to H and F, and is less
sensitive to F' than to H: we are taken from light to heavy SUSY
~ particles when we go from H' = 2 to H' = 3. The same happened

at 1st order.
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(iii) 2nd order corrections move the SUSY scale further away: log M,,,4 >
log M;,,,. This changes from around 2 to 3.6 for the minimal case.

In this sense, the 2nd order is significant.

1/ac(F,H,H')

As before, interesting features are obtained from considering 1/cg:

(i) 1/ag increases with H’, for each F' and H; increases with H

(slower than with H'), for each F' and H', and decreases with F,
for each H' and H.

(i1) 1/ag is much more sensitive to F' than to H and H'. Therefore,
1/ag > 0 constrains the number of fermion families. For the
minimal Higgs model with the ag; values considered, we are not
allowed to go beyond F' = 5. This is the same restriction we

found at 1st order. So we can say that the 2nd order corrections

do not significantly alter the Fyq5; value.

(i) 1/ag(F) shows a quasilinear behaviour.

Mg(aos), Ms(aos) and l/aG(QOS)

For the minimal case (F =3 = F', H =1 and H' = 2), the following
behaviour is obtained (see Table 3.8) for the unification parameters as

functions of the coupling g, (the x denotes the values that come from

using ap;* and ap2*) :
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(i)

For both sets of initial conditions: Mg incréases with aq; and
M, and 1/ag decrease with ag,. Of the three parameters, 1/ag
is the least sensitive to the éhange in ag,, and, therefore, the
severity of the constraint on the number of fermion families is
not softened when higher values of g, are considered. On the
contrary, because 1/ag decreases with aq,, it could be strength-
ened if high enough values for oy, are taken. The values of M,
are very sensitive to changes in the initial condition ag, and, as
they decrease with this coupling, M, > M, imposes a limit on the
maximum value allowed for ag, as happened at 1st order. The

difference here is that larger values for this coupling are allowed:

(Ct0s2nd)maz > (0515t Jmaz, as discussed below.

Comparing the values obtained for each set: (1/ag)* is slightly
larger than 1/ag for each ag,; smaller Mg values are obtained
for ap;* and (log M;)* is significantly above log M, at each ;.
There is a shift (Alog M, =~ 0.5) towards higher values of M.
The same pattern is found at 1st order. As a consequence, larger

oy, values producing unification are allowed for ag*: Qos*mes =

0.122 > qgemaq ~ 0.118%.

-3.3.2 Conclusibns

In conclusion, from all these remarks we can see that at 2nd order

and with the assumptions and initial values considered, the effects of

including these corrections are:

3extrapolations based on Table 3.8 are used to obtain these maxima
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(i)

(i)

(1ii)

The shapes and géneral features of the 1st order case are kept.
Shifts and F dependence are the new features introduced with the
2nd order contributions. Some constraints are more severe, but
are in any case present in both cases. Perhaps the most important
difference lies in the fact that M, is moved towards higher energy

scales when we introduce 2nd order terms in the expansion of the

coupling evolution.

Minimal Higgs models are favoured by proton decay restrictions.
The results of this numerical analysis show that this is one of the
features kept at the 2nd order level. It has its origin in the Mg

internal structure.

As before, the number of fermion families is constrained. For the
case considered, F' < 5. This comes from the strong F' depen-
dence of 1/ag. Not allowing it to become negative leads us to -

this restriction on F, which was present at 1st order as well (see

Fig. 3.8).

The unification parameters Mg, M, and 1/ag, are sensitive to the
initial conditions ag; and agz. For the minimal case (F = 3 = F,
H = 1 and H' = 2), there are significant differences when we
change to ao* and agy*; namély, there is a shift in M, at each
aps (Alog M, =~ 0.5) and, therefore, larger ag, values producing
unification are allowed ( =~ 0.118 — =~ 0.122, for the maximum

allowed). The net effect under this change in the initial conditions

. seems to be a shift of the behaviour observed using the original

ag; and ags.
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Therefore, at this approximation, the beneficial effects of including

SUSY still work; we get unification and, even more, we get it at the

‘right’ place.

3.4 3rd order

As we said before, the coefficients of the expansion for the evolution
equation reflect the particle content of the model currently considered
and can be considered as arising from three contributions (see Ap-
pendix): one coming from gauge boson loops, another from fermion
loops (which is proportional to the number of families F') and a final
piece from Higgs loops (proportional to the number of Higgs doublets
H and H'). Therefore, we can measure the size of each of these contri-
butions by turning off different pieces of this - coefficient at the 2nd
order level. This will give us an idea of which terms are dominant at.
this order of approximation. It turns out that the gauge boson contri-

bution is the one that gets closest to the values for M obtained using

the full 2nd order (-coefficient.

The only non-vanishing pieces in this gauge boson contribution are
the diagonal terms corresponding to SU(2) and SU(3) (the one associ-
ated with U(1) vanishes due to the absence of photon self-interactions),
and so if we assume that at 3rd order of approximation the same pat-
tern is followed, these two terms will give us a good approximation to
the real behaviour (the one that comes from using the full 3rd order

B-coeflicient, that is including the pieces corresponding to fermion and

Higgs loops as well).
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These three-loop coefficients for SU(N) and SUSY SU(N) can be
found in [23] and [24]. If we use them to calculate, for instance, M,
(for different aps values) at 3rd order of approximation in the minimal
case and with the other two couplings fixed, it is found that the 3rd
order correction to the 2nd order value of this parameter is really small
compared to the 2nd order correction itself (it goes from 2 — 3.6 — 3.7
in log M,). Therefore, under our assumption, 3rd order corrections do
not seem to bring a significant modification to the 2nd order results,

compared to effects due to uncertainties on the initial conditions.
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3

3.5

4

3.5

6.5

HI

26.70

21.67

16.51

31.36

27.00

22.75

8.947

33.53

29.54

25.70

13.13

8.672

Otk | W]

34.81

31.03

27.19

15.33

11.24

6.724

Hl

27.10

22.13

17.06

32.13

27.90

23.79

10.57

5.872

34.32

30.45

26.52

14.35

10.11

5.704

(S50 B B SCRN N S

35.45

31.78

28.04

16.55

12.62

8.380

H/

27.61

22.74

17.97

33.17

29.12

24.98

12.37

7.744

35.04

31.32

27.74

16.09

12.10

7.748

s |

36.04

32.69

29.08

18.02

13.94

9.914

Table 3.5: 1/ag(F, H, H') at 2nd order SUSY SU(5).
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H=1

F

3

3.5

4

4.5

5

3.5

6.5

Hl

6.535

7.219

8.344

9.775

13.00

0.9196

1.037

1.134

1.345

1.586

2.036

0.3702

0.4153

0.4476

0.5501

0.6226

0.7380

0.9524

(S0 B A I )

0.2179

0.2432

0.2742

0.3001

0.3539

0.4322

0.5306

0.7307

H=2

Hl

5.536

6.087

6.967

8.095

10.19

0.6678

0.7492

0.8156

0.9620

1.112

1.372

1.843

0.2688

0.3016

0.3417

0.3950

0.4432

0.5495

0.6847

0.9289

(<52 0 I UL B\

0.1857

0.2104

0.2291

0.2688

0.3250

0.3931

0.5178

0.1672

H=3

HI

4.442

4.861

- 5.213

5.907

7.037

0.4344

0.4873

0.5578

0.6134

0.7417

0.8880

1.181

0.1962

0.2179

0.2337

0.2688

0.3170

0.3665

0.4454

0.5952

2
3
4
3

0.1282

0.1355

0.1528

0.1749

0.2042

0.2325

0.2926

0.3739

Table 3.6: Mg(F, H, H') x 10'*GeV at 2nd order SUSY SU(5).
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F
3 (35) 4 |45| 5 [55| 6 |65
H =
2136 |37 |38 4 |43
H[{3]72|72|73]|73]|74]75
489189 9 | 9] 9 |91]92
5099 (9999|1010 |10 |101]102
_ —-
2/39 | 4 41|43 |46 |
H 3|78 |78 |79|79| 8 |81]83
419595 |95|95|96]|96]|97]|99
5]10.4 | 10.4 [ 10.4 | 105 | 10.5 | 10.5 | 10.6 | 10.7
H=
2| 43|44 | 46|48 |51
H'|3|86 |86 |86]|87]|87]88]389
4101101 |10.2 | 10.2 [ 10.2 | 10.3 | 10.4 | 10.5
50109 | 11 | 11| 11 | 11 [111[11.1}11.2

Table 3.7: log M,(F, H, H') at 2nd order SUSY SU(5).
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ag1 and ag; o and agp*

ags || Mg x 108 |log M, | 1/ag | Mg x 10* |log M, | 1/ag
0.100 2.684 48 |28.82 1.450 5.4 129.50
0.101 3.109 46 |28.47 1.801 5.1 |[28.98
0.102 3.601 4.4 28.12 2.086 4.9 28.63
0.103 4.171 4.2 27.77 2.237 4.8 28.46
0.104 4.505 4.1 27.59 2.591 4.6 28.11
0.105 5.219 3.9 27.24 3.002 4.4 27.76
0.106 || 6.045 3.7 26.89 3.477 4.2 27.41
0.107 6.529 3.6 26.71 3.755 4.1 27.23°
0.108 7.563 3.4 26.35 4.350 3.9 26.88
0.109 8.760 3.2 26.00 4.698 3.8 126.70
0.110 9.461 3.1 25.82 5.442 3.6 26.34
0.111 10.22 3 25.63 6.304 3.4 25.99
0.112 12.78 2.7 25.10 6.809 3.3 25.81
0.113 13.81 2.6 24.91 7.877 3.1 25.45
0.114 14.91 2.5 24.73 8.518 3 25.27
0.115 | 1611 | 2.4 |24.54| 9.200 2.9 |25.09
0.116 18.60 2.2 24.19 9.937 2.8 24.91
0.117 21.48 2.1 23.99 12.43 2.5 24.37
0.118 13.43 2.4 24.18
0.119 14.50 2.3 24.00
0.120 : 15.66 2.2 23.81
0.121 ' 17.00 2.1 23.61

Table 3.8: aos dependence of the unification parameters at 2nd order
SUSY SU(5) in the minimal case for ap;=0.016887 and «g2=0.03322,
and for ap;*=0.017045 and ag;*=0.03365 (Mg is given in GeV).
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Figufe 3.8: Evolution of the inverse of the couplings as functions of g
in the SM embedded in SUSY SU(5) at second order of approximation.
The solid lines show the evolution in the minimal case (F = 3, H = 1
and Hsysy = 2) for ag = 0.016887, apz = 0.03322 and ap, = 0.107.
Dotted and dashed lines correspond to evolving with F =4 and F = 5,
respectively, from the same initial conditions. The two dot-dash lines
show the constraints on Mg imposed by proton decay experimental

limits and the Planck mass.



Chapter 4

L-R SO(10)

4.1 Introduction

In the context of Grand Unification of the strong, electromagnetic and
weak interactions of the Standard Model, much attention has been
focussed on the SU(5) symmetry group, the simplest model which con-
tains all the known particles and interactions. However, although more
complicated, the alternative group SO(10) [25] also has attractive fea-
tures. In particular, it allows parity (i.e. left-right symmetry) to be

restored in a natural way, and provides an explanation of the smallness

of the neutrino mass. SO(10)-based Left-Right (L-R) symmetric mod-

els (in particular SU(3), x SU(2)L x SU(2)r x U(1)p-L) have been

constructed and compared with data [26].

In this chapter, we extend the work of [27] to explore the ‘internal
structure’ of the unification parameters, in particular the energy (Mg)

at which unification occurs and the value of the coupling (a¢) at that

86
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point, as functions of the number of fermion families (F') and scalar
multiplets (S). This is done in the context of the Standard Model
(SM) embedded in SO(10) and allowing only one intermediate scale
Mpg, between M, and Mg, given by the energy at which the subgroup
SU(3).x SU(2), x SU(2)r x U(1)B-L, breaks down to the SM. We pro-
ceed as usual keeping F' and S as variables throughout the analysis and
working out (where possible) expressions for Mg(F, S) and ag(F,S),
on which constraints coming from proton decay and 1/ag > 0 are then
imposed. We will show that these constraints restrict the number of

fermion families and scalars, although not as severely as in SUSY SU(5).

The case we are considering here is only one of the several possible
ways of breaking SO(10) down to the SM. Other subgroups give place
to more intermediate scales between M, and Mg. Even the breaking of
parity symmetry can be decoupled from the SU(2)r breaking. Studies
on the different chains through which SO(10) can be broken down are
found in [27, 28].

As in the previous GUTs, the decay of the proton is predicted also
in SO(10) and provides one of the most stringent tests of the model.
The dominant decay mode is again p — e*x°® [30] implying as before
Mg ~ 9(10%GeV). We will use this constraint to decide whether
unification is ‘acceptable’. ' '

Our basic analysis tool is once more the Renormalization Group
Equation (RGE) for the couplings of the theory [15]:

ooy 2 2

2
bPm— = —5=pi0 —

3
op 4r (4m)? o

Following standard practice, we will work throughout in the M'S scheme

,Hijai2aj (i=la2a3) (4-1)
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[16] and although 4 is an ‘arbitrary’ variable, we can regard it as a
typical energy scale of the process involved. The analytical appfoach,
possible at first order, gives insight into the way the unification param-
eters depend on the number of fermion families and scalar multiplets.
Including higher-order terms in the evolution equations requires a nu-
merical treatment (a Runge-Kutta-Merson [17] method is used here)

and, as we will see, gives only relatively small corrections to the lowest
order results.

The coeflicients B; on the right-hand side of Eqn. 4.1 reflect the
particle content of the model and keep the same three basic types of
contribution as before (see Appendix): one from gauge boson loops,
another from fermion loops (which is written in terms of the number
of fermion families F) and a third from scalar loops (for each multi-
plet S of scalars). We can restrict the values of F' and S, within the
SO(10) model here considered, using the constraints from unification
and proton decay mentioned earlier. This is done ﬁp to 2nd order in

the evolution equations, i.e. retaining both the ¥(a?) and J(a?) terms

in Eqn. 4.1.

4.2 1st order

Imposition of left-right symmetry adds new particles to the SM. If we
assume all of them appear around the same mass scale ¢ = Mg, then
this scale My splits the range [M,,Mg] into two parts, each one with
different A-functions and, therefore, different coupling evolutions. The

final points in the first stage of this evolution then form the initial



4.2. 15T ORDER -89

conditions for the second part of the evolution. For the GUT we are
considering here, o, and a3 continue their evolution through the scale
g = Mp unchanged, but this is not the case for a;. There is a dis-
continuity at Mr coming from normalization requirements [31]. This
discontinuity (Ac;) depends upon the value of Mg at which it takes
place, and is a function of the a; and oy values just below the discon-
tinuity (Mg):
Aoy = f(a1(My), a2(Mg))

However, the slopes (i.e. the rate of evolution) only depend on the

particle content of the model and are independent on the value of Mg.

If we evolve the coupling a; from M, to My, and then from M7 to

Mg, we obtain the following equations:

1 1 2 Mg
= —BIn=E
ai(Mg)  ai(M,) + 47rﬂ "M,
1 1 2 Mg
= T2 )
oMo~ ward) T aPnar
with the ‘matching’ conditions at Mpg:
1 3 1 3 1
O[l(ME) - 2 al(M}}) 502(A4§)
1 _ 1
az(M}{) az(Mp)
1 1

Taking these conditions into account, we find that
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M, Mg Mg

Figure 4.1: a~! evolution-in L-R SO(10) -
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oy (Mg)~*
as&wa) - @J’iﬂs Afﬁ s ﬁ; (4.2)
Ozz(ch;) - ( ) I ﬂz ].:l/I/.IR 1]\\44; (4.3)
al(zlwg) = { = ﬁl Aff—% 02(342)+%ﬁ21n]\1\f”
+ ﬁl J\Aﬁ

and from here we can see that the evolution of the couplings from M,
to Mg is (formally) described by the same equations if we define an

‘effective’ coupling (a.(M,)) and B-function (B,) for o as follows:

w7y -5
CY*(MZ) - 2 Cl](Mz) 502(Mz)
b= 3

With this, the evolution of «; is given by:

.
a:(Mg)
1 2 Mz ' .
won) Y, o (=23 49

with 8,' = B} and 1/a.(Mg) = 1/ay(mg). Hence, the discontinuous

evolution of a; at Mg can be changed into a continuous evolution if
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we shift the initial condition (from &;(M.) to a.(M.)) and the slope
between M, and Mg (from 5, to A.). The rest of the evolution (after

Mp) is unaffected.

before now
Ms — MR

) — O

f — B.

An advantage of this change is that it gives a set of evolution equations

formally the same as in the lowest order SUSY SU(5) case, and some

of the expressions found [29] in that model are also valid here. For

example, A. has the same contribution from fermion loops as $; and

Ba:
P

=

5

3
§ﬂ1 - 552
5 3 5 3
‘2‘/61]F - §ﬂ2|F + §F1 —572
with Byr = 8; — F;
/B*|F + E Z = 172
if 1 =F,,
Fx =F;

This already reproduceé in SO(10) the characteristic feature of F' inde-
pendence obtained in SUSY SU(5) at lowest order.

Within the continuous evolution scheme, we start at a higher point

and evolve with a steeper slope (8. # f1). Comparing 1/a. with 1/ag;
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a2 fao ™}
182/ Bl
1/312/3 |1
2 {151
o, ag ™!
18/ Bull

Table 4.1: Values for a.~! and B,

and A, with 8;, we have that
1 1 1 1

—_c— =5 — > —
8431 Qo2 a, Qo1

Pr<B: = B.<p

That is, continuous evolution is not just obtained by a simple trans-
lation of the ordinary evolution. Rather, it is more of a qualitative

change, as is illustrated by the expression for f3,:
4
B = —11- gF—OH ' (4.5)

where F' is the number of fermion families and H the number of Higgs
doublets. This means that the continuous «; evolution, obtained by
shifting the initiai condition and slope for this coupling, corresponds
" to a self-interacting (# 0 Gauge Boson contribution) abelian (since
B < 0 = no asympotic freedom) massless (zero Higgs contribution)
gauge theory, which is quite different to the original discontinuous o,
evolution (non-self-interacting abelian massive gauge theory). Thus, if

we want the a; evolution equation to have the same form as the other
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two between M, and Mg, a different gauge theory for the interac-tion
corresponding to a; must be considered.

The Higgs sector of L-R symmetric models is enhanced, since there
are new gauge bosons which acquire mass. For the model we are work-
ing with here, there is a pair of Higgs doublets (labeled by H') and a
pair of Higgs triplets (D) in the region above Mg. For the SM, we will
vary the number of Higgs doublets (H) starting from one. -

In the foliowing sections we obtain expressions for Mgr(F, H, H', D),
Mg(F,H,H',D) and ag(F, H, H’,-D), obtained after unification is im-
posed. We use ag; = 0.017045 % 0.000036, cp2 = 0.03365 £ 0.00022 and
ags within [0.110,0.130]£0.007 [21].

4.2.1 Analysis

Mg(H,H',D)

The same expression obtained in SUSY SU(5) is valid here:

o TER((64 - B (5. - ) — (8 = B)(Ba = Ba)] =
B, G B8

O Qo2 Qos

This equation displays the internal structure of Mg, i.e. it gives us the
value of Mg that is required in order to produce unification for each

set of initial conditions and internal variable values. Substituting for
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the B-subtractions, we obtain

: 2 : MR ’
7 [121 _ 7H +22H' +11D — —HD]
| ]
[11— 33 49t ]
(oMM Qp2 Qo5
]
-
O, Qos
11 1
+D [2— 90— 47 ] (4.7)
Oy Qg2 Qs

Some remarks follow from this result:

(i) As was the case for M,, In Mp depends linearly on 1/aq;, and
because of the S-subtractions, Mg does not depend on F or F".
The value of the L-R scale is insensitive to the number of fermion

families at this order of approximation.

(ii)A However, unlike SUSY SU(5), if Higgs bosons are ignored (H =
0 = H' = D) the previous inconsistency between the initial con-
ditions does not occur, i.e. the left-hand side of Eqn. 4.6 does not
vanish when we ignore Higgs bosons and therefore unification in
this case can take place within the acceptable range for ag;. The

values of Mg for which this occurs are given by:

Mg or [ 1 1 1
— —3—+2
= T e et e

O Qg2 Qs
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From which we see that Higgs bosons do not seem to be required

by unification within a L-R SO(10) GUT.

(iii) For the minimal particle content (H=1=H’=D), the equation be-

comes

(4.9)

which tells us that, once the initial values aq; are given, the L-R

scale is fixed. As a function of 1/ags, Mg is given by

1
MR _ 7744 +1.197
aOs

In

which reproduces the main features of the corresponding SUSY
SU(5) behaviour, namely, In Mr(1/aq,) is an increasing linear
function. However, the differences (lower slope: 1.2 vs 4.6 and
positive value ! at 1/aos=0: 7.7 vs —41.8) make L-R SO(10)
behave in a very different way, since in this case, Mgp > M, does
not constrain the allowed values of 1/ag,, and there is no limit
coming from this restriction for cp,. On the other hand, keeping
this cbupling within the allowed experimental range restricts in a

fairly severe way the values that Mg (in GeV) can take:

ags € [0.110,0.130] = log,o Mg € [10.05,9.322]

" 1This comes from the difference between 1/ag; and 1/ag2, where in this case the

‘effective’ o, replaces ap;.
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This shows that Mg is very far from M,. Thus there are no
‘light’ L-R particles .(loglo Mp = 9), and the breaking of the L-R
symmetry happens at very high energies.

The values of Mg for unification without Higgs bosons (H =

H' = D = 0) are nearly the same as those in the minimal particle

content case. Defining the difference between the two cases

i = e
Aln Mz - [ln Mz mincont_ In Mz no H
4 2 1 1 1
= *lor =17 o % 2
[MR],.;
ln min cont
[MR]noH

and using ag; and g, as before, we can express this difference as

a function of 1/aygs:

AR _ 3590 +0.0544 L
MZ Qos

Different ag; and ag, values shift the results slightly; however,

- this does not make any qualitative difference in the Mg ‘inter-

nal structure’, which is not particularly sensitive to the changes
in the values of these couplings. This contrasts with the SUSY

SU(5) case, where changes in these couplings produced significant

changes in M,.

For H fixed, Mg is the same whenever H' = D. From Eqn. 4.7,
setting £ = H' = D gives

H
2y Mr [11(11 +3E) — (11 +3E)] -
4T . 2
1 1 1 1 1
11[-1-—3—+2 ]+3E——3 +2
(09 Qo2 Qg; (o 49 Qs Qps
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“which in turn gives

2 . Mg H 1 1 1
=1 [11——] = ——3—+2 :
4 . Mz 2 (s 9 3002 + Qos (4 10)

independent of E.

From this equation we see that H > 22 is forbidden by 1/ag, > 0:

1 ] 1
0 > ——-3—+2 =
Qe Qo2 Qps
1 1 1 1
< 5 [—— + 3—] <0
Qs 21 o 02

Expressing H in terms of the initial conditions and Mg,
b . S 1
_‘[_{_=11_ O 3aoz+20’05

M
2 %r' ln Mf’
we find that, for H > 0 and 1/ag, > 0, MRris restricted in this
unified H' = D case to Mg > 1.479 x 10°GeV which means that

even for the softest constraints on H and 1/ags, MR is far above -
present energy scales. If we now rgquire H > 1 and ap, = 0.120,
then under the same conditions we obtain Mg > [MR]min cont
which is a signiﬁcaﬁt change from the previous restriction on M.
Thus, unification with H > 1 and ap, within the experimental

" range, constrains the L-R syrrimetric particles to be very heavy.

We saw before that MR-——> oo as H — 22, i.e. the number
of allowed Higgs doublets in the SM sector cannot go beyond
22. But the actual upper limit is somewhat smaller. Requiring
Mg <1 x 10" implies H < 12.52, for ap, = 0.120. Therefore,
- Mg < Mpjgncr puts an upper limit of about 12 on the number of

Higgs doublets in the SM regime in this unified H' = D case. This
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restriction on H has no counterpart in SU(5) (where restrictions
on H come mainly from proton decay). The number of Higgs
bosons allowed in the SM regime at each Mg, with the usual
values for ag; and agz, grows slowly with ag, and Mg, and it is not
positive until around log,, Mg = 10 (see Table 4.2). Therefore,
higher L-R scales lead to more Higgs doublets in the SM, but not

more than 12 for the ag, values considered here.

(vii) As afunction of H, H' and D, Mg decreases with D and increases
(more rapidly) with H and H’, see Table 4.3. However, the change
of Mg with the non-SM Higgs bosons is not as large as it was for
M, in the SUSY SU(5) case, where SUSY particles are taken from

‘light’ to ‘heavy’ scales when Hgysy goes from 2 to 3.

Mg(H,H',D)

As in SUSY SU(5), the unification scale is given by

1
—lnM

G
2r M,

(85 — 85)(B. — Bs) — (B — B5)(Ba = Bs)) =
(8- B - (B - )
—{(Bs = B)— (B B}
= [(8. — o) — (B — )] (4.11)

Qs

This equation gives the value of Mg that comes from requiring unifica-

tion for each set of initial conditions and internal variable values. From



4.2. 1ST ORDER 100

this, we find
2 Mg 11 , 3
e [121 ~ 5 H+2H 411D - §HD] =
3(11) [i _ ]
Qg2 Qos
H 1 1
2 [——- + ]
2 o, Qg
4]
Qe Qs
1 1
+D [2——9—-{-7 ] (4.12)
Q, Qg2 Qo5

and therefore:

(i) As for Mg in SUSY SU(5) and Mg, In Mg depends linearly on
1/aq; and, because of the f-subtractions, is independent of F.
The unification scale is not sensitive to the number of fermion

families at this order of approximation.

(ii) Unlike SUSY SU(5), there is no inconsistent relationship among
the initial conditions if Higgs bosons are ignored (H =0=H' =
D), i.e. in this case unification occurs within the allowed range

for ags. The values of Mg for which this happens are given by

(4.13)
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Thus Mg(1/aos) is a decreasing linear function. For the usual

oo and oy, values, we find the following expression:

1

Qs

Mg
| = 50.92 — 1.
an 0-9 713

from which (Mg in GeV),
aps € [0.110,0.130] = logye Mg € [17.31,18.35]

which is well inside the safe region allowed for the unification scale
M. Therefore, Higgs bosons do not seem to be required at all
by unification within L-R SO(10). The range allowed for aq, by

the constraints from proton decay and the Planck mass is
101 GeV < Mg < 10"°GeV = 0.082 < ap, < 0.1466

which more than covers the range of measured values. In con-

clusion, the expression obtained (neglecting Higgs bosons) in this

- unified L-R SO(10) 1st order scheme is consistent with both pro-

ton decay (Mg > 10'°GeV obtains naturally) and experimental

bounds on «g,. Thus, ign'oring Higgs bosons is allowed by the Mg

© internal structure, as it was for Mp.

(iii)

For the minimal particle content (H=1=H’=D), Eqn. 4.12 be-

comes
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which fixes the unification scale once the initial values ap; are

specified. The 1/ap, dependence of Mg is given by

Ms _ 4139 _1.133-2

In
Qs

which, as in SUSY SU(5), is a decreasing linear function. The
parameters of this function are very close to those of the SUSY
SU(5) case (44.93 and —1.378), the main difference being the
lower value at 1/aos=0, which takes Mg closer, but still above,

the proton decay limit (Mg in GeV):
ags € [0.110,0.130] = logyo Mg € [15.46,16.15]

Note that this is below (by about two orders of magnitude) the
corresponding no-Higgs case values. The limits allowed for ap, by

proton decay and the Planck mass:
10%GeV < Mg < 10'°GeV = 0.09970 < ag, < 0.5260

are higher than those obtained in the no-Higgs case, but closer to.

the lower limit for this coupling.

The values of Mg for unification without Higgs bosons (H =
H' = D = 0) are very close to those of unification in the minimal

particle content case. Defining the difference between the two

cases as follows

Mg Mg MG]
- = -1
Aln Mz [ln Mz]noH [n Mz min cont

T 1 1 1

= 55— +354— —

11(147) [ . 95 Qo2 299005]

1M

= In [ G]noH_
[MG]min cont



4.2. 1ST ORDER ’ 103

and using ag; and ag; as before, we obtain:

MG 1 -
- = 9.529 — 0. -
Aln 7a 9.529 -0 5809003

From this, we see that the deviation decreases with 1/aq,, con-

trary to what happens with Mg. For ag,=0.120 we obtain a devi-
ation of 2.036 (in log,, Mg), which appears to be large enough to

be detectable. This could provide a criterion to discover whether

Higgs bosons are there or not.

As a function of H, H' and D (see Table 4.5), M is a decreasing

function of the three variables, and most sensitive to D). Hence

>MG > 1013GeV favours the lowest values for these variables. Sim-

ilar behaviour was obtained in SUSY SU(5).

Mg(H, H', D) increases with ap,. That is, higher values for this
coupling allow more Higgs bosons, while still staying within the

‘right’ unification range (see Table 4.5).

ag(F,H, H',D)

Eqn. 4.4 can be written as:

1 ' 1 2 : Mg 2 Mg
L L fB B\ In =R 2 1nC
ag Qi + 47 (B = B) In M, + 47rﬁ'|F n M,
4 2 Mg 3
———1 F = x,2 4.15
34r M, (=x23) (4.15)

where all the F' dependence in this expression is shown expiicitly, since

no F contribution remains in the difference 8; — B! (the F terms are
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the same on both sides of the L-R scale, unlike what happens in SUSY

SU(5) which has got a non-vanishing F-dependent contribution com-

ing from this difference). Here we have introduced . as the F-

independent part of §;.

From this we see that:

(i)

(i)

As in SUSY SU(5), 1/ag is the only parameter that, at this order

of approximation, depends on the number of fermion families. It

depends linearly on F.

This expression attains its simplest form for ¢ = 3, since in this
case 3 = [, leaving only the initial condition term and the
Mg term. This means that as-evolution is ‘Mp-blind’, which is
natural because of the identity of the ﬂ-qunctions. Setting ¢ = 3

and substituting for f; and Mg we obtain:

4
1 1 11— 4F

‘e * oo, V101 - ZH+ 2H + 11D - 2HD)]

1 1 H 1 1 1 1
{3(11)[——— ]+—[—'—+ ]+H’[—— ]
Qo2 Qos 2 Q. Qs Oy Qg5
1
+D [zi _9t 47 ]} (4.16)
O Qo2 Qos : ,

This equation exhibits the internal structure of ag, i.e. 1t gives
the value of the coupling at the unification point for each set of

initial conditions and internal variable values.

For the minimal Higgs content(H = 1 = H' = D), the above



4.2.

1ST ORDER - 105

equation becomes:

1 1 11-4Fp 1 1 1
— + 3 [5—+48——53 ]

oG Qs 294 a, Qo2 Qs

‘which for ag;=0.017045, cy=0.03365 and a(,=0.120, is:

1 =64.28 - 6.781 F

aG
showing that 1/aq(F) is a decreasing function which becomes
negative for F' > 9. Therefofe, again as in SU(5), the number of
fermion families is restricted by requiring 1/ag(F) > 0. However,
i this case the constraint on F is not as severe as it is in SUSY
SU(5) (where F < §), since now 1/ag starts at a higher value

and has an evolution slope which is smaller than in the SUSY

SU(5) case.
For the no-Higgs case (H=0=H’=D) we obtain, from Eqn. 4.16,

1 1

+(3—ip)[i— 1]

ag  Oos 11 ooz Qs

which, for the usual initial coupling values, is:

L =7249 -7.776 F
ag

This gives exactly the same constraint on the number of fermion

families as the minimal Higss content case, i.e. F' < 9.

Defining the difference between the minimal Higgs content and

the no-Higgs cases as

1 1 1
kel -
ag QGlno H QGJ min cont
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we obtain:

' —A—l— =8.21-0.995 F
ag

which means that the two cases converge and eventually coincide
when F' = 8.25. Ignoring Higgs bosons, therefore, does not have
the same effect as in SUSY SU(5).

(vi) Considering the way the coupling at the unification point changes

with the internal variables and ags we find that:

(a) For each ags: 1/ag is a decreasing function of all the internal
variables, being more sensitive to F' than to the others. This

resembles the behaviour obtained at SUSY SU(5).

(b) 1/ag increases slowly with ags. This contrasts with the de-

creasing behaviour obtained in SUSY SU(5).

" (c) The maximum number of fermion families (Fp) allowed by
the constraint 1/ac > 0 decreases slowly with oo, and in-
creases with the rest of the internal variables. This also

happens in 1st order SUSY SU(5).

4.2.2 Conclusions

From this first order case analysis the following points emerge:

(i) Even though it is possible to go from a ‘jumping’ a;-evolution to-

a continuous one if we change to the ‘effective’ coupling a. and

B- function A., and in doing this we keep the form of the set of

_ solutions we have before in SU(5) for the 1st order RGE, a quite
different behaviour is to be obtained in L-R SO(10).
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(i1) Mg seems to have a very different structure compared to M;(although
| some features like linear dependence on ay; and F' independence
are shared) since there is no restriction on the maximum allowable
ags value and ag, within its experimental range requires L-R sym-
metry to be at very high energies (around 1 x 10°GeV). Even if
we soften the constraint on ag, and only require it to be positive,
Mg, is beyond M,. So there seems to be a structural elusiveness
in this L-R symmetry. Being so high, a constraint arises from

requiring Mg < Mpianek in the H' = D case: H <12.

(iii) Mg does not reveal itself to be very different to its behaviour in
SUSY SU(5): linear dependence on 1/aq;, F' independence and
‘natural fitness’ within the right region allowed by proton decay.
Besides this, as it happens in SUSY SU(5) as well, unification
within proton decay limit favours low number of Higgses. Luckily,
there are no surprises here, except, perhaps, the fact that Mg falls
‘naturally’ beyond 1 x 10'*GeV, which is most welcomed. This
places L-R SO(10) on the same ground as SUSY SU(5), even

though further from close reach.

(iv) ag seems to be in the middle between Mg and Mg. It keeps
previous general features (lineaf 1/ a; dependehce, it is the only
unification pafarneter that depends upon F, and linear F' depen-
dence) but the actual values diffuse the severity of the restriction
that the constraint 1/ag > 0 imposes on the number of fermion

. families in the SUSY SU(5) case. Therefore, even though the re-

striction seems to be present in ‘all’ models, its value is model
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One of the main differences of this GUT compared to SUSY SU(5)
lies in the role of Higgses. While in the latter they seem to be
required by unification, in the former they do not seem to be
indispensable at all. Ignoring Higgses in L-R SO(10) does not
give rise to any inconsistent relationship among the initial con-

ditions and, furthermore, unification is still ‘naturally’ achieved

-within the limits allowed by proton decay and the Planck mass.

Although unification with no Higgses (H = 0 = H' = D) be-

haves very much like unification in the minimal Higgs content

case (H = 1 = H' = D), they may still be distinguished. This

could provide a criterion for Higgs existence.
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Qos
0.110 | 0.115 0.120

log,o Mg H
d —33.87 | —32.45 | -31.15
7 —11.70 | —10.84 | —10.06
9 —-213 | -1.51 | -0.95
11 3.21 3.69 4.13
13 6.61 7.01 7.36
15 8.97 9.30 9.61
17 10.71 1099 | 11.26
19 12.03 12.28 12.52

Table 4.2: H(MRg, ags) at 1st order in the H' = D case.
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H|{H |D| Mgx101°
0010 0.202
1 0.451

1|2 0.126

3 0.041

1 1.468

1(2 ]2 0.451
3 0.156

1 3.638

3|2 1.219

3 0.451

1 1.094

1|2 0.325

3 0.109

1 3.321

212 |2 1.094
3 0.398

1 7.728

312 2.792

3 1.094

1 2.913

1|2 0.936

3 0.333

1 8.088
31212 2.913
3 1.135

1 17.43

3|2 6.902

3 2.913

Table 4.3: Mg(H, H', D) (in GeV) at 1st order for ap,=0.120.
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Qps [MR]mi'nH [MR]noH - Ms

0.110 |- 1.17 0.48 | 116.1
0.120 0.45 0.20 | 3.48
0.130 0.21 0.10} 0.18

Table 4.4: Mg(ap,) x 10'° (for the minimal and no Higgs content cases)
and M,(ao,) in minimal SUSY SU(5) (both at 1st order and given in

GeV).
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log,o Mg

H | H | D || ags=0.110 || cps=0.120 || cos=0.130
0|0 7]o0 17.3 17.9 18.3
1 15.5 15.8 16.1

1|2 14.6 14.9 15.1

3 13.9 14.1 14.2

1 15.2 15.5 15.8

112 |2 14.5 14.7 14.9
3 13.9 14.0 14.1

1 15.0 15.3 15.6

312 14.4 14.6 14.8
39 138 14.0 14.1

1 15.2 15.6 15.9
1|2 14.5 14.8 15.0
3 13.9 14.0 14.2

1 15.0 15.3 15.6
2122 14.4 . 14.6 14.8
3 13.8 14.0 14.1

1 14.8 15.1 15.4

312 14.3 14.5 14.7
3 13.8 13.9 14.1

1 15.0 15.4 15.7

1|2 14.4 14.6 14.9

3 13.8 14.0 14.1

1 14.8 15.1 15.4
3122 14.3 14.5 14.7
3 13.8 13.9 14.1

1 14.6 14.9 15.2

312 14.2 14.4 14.6
3 13.7 13.9 14.0

Table 4.5: Mg(H, H', D) for different aq, in the 1st order case.
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4.3 2nd order

The effects of introducing the second order terms in the evolution equa-
tion (RGE) for the couplings in this GUT are investigated by solving
numerically the set of coupled differential equations using a Runge-
Kutta-Merson integration method [17]. The values thus found are pre-
sented in Tables 4.9 to 4.11 (where the starting values ag;=0.017045,
092=0.03365 and 0g,=0.120 are used) and the process followed is il-

lustrated in Fig. 4.2. Extrapolations made on this basis are indicated

explicitly.

4.3.1 Analysis

Mg(H, H', D), Ma(H, H', D) and 1/ac(H, H', D)

Fixing F = 3, the following behaviour is obtained for the unification

parameters as functions of the number of Higgs bosons (see Table 4.9):

(1) Mg values decrease with these vafiables, being more sensitive
to D. This is the same pattern as the one found at 1st order,
where the Mg values are slightly higher than here. Therefore,
only. low number of Higgses are allowed by the constraint Mg >

1 x 10'*GeV. The same happened with 2nd order SUSY SU(5).

(ii) Mg increases with H and H’ (this resembles the corresponding
Mg 1st order case and M, in the 2nd order SUSY SU(5) case)

. and decreases with D. The values here are higher than at 1st

order.
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aos || [Mglmintr | [MGlnon | [Mglsusy
0.110 2.9 204.4 10.8
0.120 6.9 748.5 30.8
0.130 14.2 2245 74.6

114

Table 4.6: Mg(cws) X 10°GeV at 1st order for the minimal Higgs con-

tent and no Higgs cases in L-R SO(10) and for the minimal case at 1st

order in SUSY SU(5

).

F || [1/aG)ming | [1/aGlnon | [L/ac)susy

3 43.93 49.16 22.22
| 4 37.15 41.38 11.23
13 30.37 33.60 0.24

6 23.39 25.83 -10.76

7 16.81 18.05

8 10.03 10.28

9 3.25 2.50

10 -3.53 —5.27

Table 4.7: 1/ag(F') at 1st order for the minimal Higgs content and no
Higgs cases in L-R SO(10) and for the minimal case at 1st order in
SUSY SU(5). We are using 0gs=0.120 here. |
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l/ac

H| B | D[l a0s=0.110 | aos=0.120 || as=0.130
ofofof 485 | 402 49.7
1 43.7 43.9 44.1

12 41.6 415 415

3 39.8 39.4 39.1

1 43.1 43.2 43.3

1|2 |2 41.3 41.1 41.0
3 39.7 39.3 39.0

1 42.6 434 | 426

3 |2 41.0 41.2 40.6
3 39.6 39.3 38.8

1 43.1 43.4 436

12 41.3 41.2 41.2
3 39.7 39.3 39.0

1 42.5 42.7 42.8

2| 2-]2 41.0 40.8 40.7
3 39.6 39.2 38.9

1 42.1 42.1 42.2

3 |2 40.7 40.5 40.4
3 39.5 39.1 387

1 42.5 42.7 43.0

1|2 40.9 40.9 40.8
3 39.5 39.2 38.9

1 41.9 42.1 42.2
3122 - 40.6 40.5 40.4
3 39.4 39.1 38.8

1 415 41.6 41.7

3 |2 40.4 40.2 40.1
3 39.3 39.0 38.6

Table 4.8: ag(H, H', D) at 1st order for F = 3 and different ay.



4.3. 2ND ORDER 116

CHOOSE H

CHOOSE H’,D

CHOOSE F

GET Mg such that x? is min

L WRITE THE CORRESPONDING ag and Mg

END

Figure 4.2: Working process
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(i) 1/ag decreases with all the three variables, being D the one that

gives the largest change. The same decreasing pattern was ob-
tained at 1st order. However, this contrasts with 2nd SUSY SU(5)

where 1/ag increases its values with the number of Higgs dou-

blets.

Mg(F), MR(F) and l/ag(F)

We consider two cases here: the minimal Higgs content (with H =1 =

H =

D) and the No Higgs (where H = 0 = H' = D). From Table 4.10

we see that:

(i)

(if)

(iii)

Unlike at 1st order, an F' dependence is introduced at 2nd order
in Mg: 1t increases with F. This same result was obtained in
2nd SUSY SU(5). The difference between minH and noH is kept

about the same size as it was at 1st order.

Mg nearly keeps its F-independence, as was the case with M,
in 2nd SUSY SU(5). Again, minH and noH are maintained as

different as they were at 1st order.

As at 1st order, 1/ag is a decreasing function of F, although with
values slightly lower and with non-linear dependence on F. The
same pattern was obtained in SUSY SU(5), even though 1/ag is
higher for L-R SO(10) and slightly less sensitive to F' than what

. it was in the case of SUSY SU(5). The constraint on F' coming

from requiring 1/ag > 0 is more severe than at 1st order, now F'
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is not allowed to go beyond 8 ?:F < 8. In this case as well, minH

and noH keep nearly the same difference as at 1st order.

Ma(aos)y Mr(aos) and 1/ac(aos)

- We work out the results for the minimal and the no Higgs cases with

F = 3. Looking at Table 4.11 we find that:

(i)

(iii)

Mg increases with og,(although its values are lower than at 1st
order), this means that larger ag, values could allow larger num-
ber of Higgses. The same behaviour was obtained in SUSY SU(5),
although highef values for ag; are required in L-R SO(10) to get
Mg > 1 x 10¥3GeV. The gap between minH and noH keeps its

1st order .va,lue.

Mp decreases with g, (as is the case with M, in 2nd SUSY SU(5))
with higher values than at 1st order. The 1st order difference

between the Mg values for minH and noH 1is retained at 2nd

order.

As was the case at 1st order, 1/cg is an increasing function of
05, although with slightly lower values. This means that larger
o, values restrict less (not too much) the number of fermion

families. This is opposite to the decreasing behaviour found in

SUSY SU(5).

Zextrapolations based on Table 4.10
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4.3.2 Conclusions

We summarize below the most important points which emerge from

our study of unification in the L-R SO(10) model:

(i)

(i)

(ii1)

With only small changes in the numerical values, the general pat-
tern shown at 1st order is confirmed at 2nd order. In other words,
these higher order terms do not modify significantly the internal
structure of 1st order L-R SO(10). This emphasizes, once more,

the role of the analytical 1st order study as representative of the

all-orders internal structure.

Ignoring Higgs bosons in L-R SO(10) leaves an acceptable GUT
(see Fig. 4.3). The difference between the minimal Higgs content
and the no-Higgs cases seems to be large enough to enable us to
distinguish between them. In fact, the no-Higgs case seems to
be in a more secure position as the experimental bounds on the
proton lifetime continue to rise. In contrast to this, the Higgs

contribution in SUSY SU(5) is not dispensable.

Although an F' dependence is introduced in the unification pa-
rameters that is absent at 1st order, 1/ag continues to be the
most sensitive of the variables to F' and, since it goes negative as
F grows, is the one whose values provide the strongest constraint
on the number of fermion families (see Fig. 4.4). This appears to

be a universal feature of GUT unjﬁcation.

Low values for the variables H, H' and D are favoured by the

constraint Mg > 10®GeV, since Mg is a decreasing function of




4.3. 2ND ORDER 120

these variables. This is a feature shared with SUSY SU(5).

(v) The 2nd order terms do not affect significantly the value of Mg
found at 1st order. This contrasts with SUSY SU(5), where a
non-negligible change takes place when going from 1st to 2nd
orders. Despite this, Mg and M, are many orders of magnitude

(around 6) apart.

As in SUSY, a more realistic approach to unification in this L-
R symmetric model would require to consider a mass spectrum for
the heavy particles introduced with this symmetry. Similar remarks
conéerning the L-R threshold apply here, although corrections in this
case are expected to be less significant than in SUSY SU(5) since Mg >
M,. '
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F=3
H=1
H | D | log,q Mg log,o Mr 1/ag
1 {{ 15.4 (15.8) | 10.0 (9.6) | 43.3 (43.9)
1 ]2 | 14.6 (14.9) 5 (9.1) | 41.1 (41.5)
3 || 13.8 (14.1) .1 (8.6) {'39.1 (39.4)
1 | 15.2 (15.5) | 10.5 (10.2) | 42.6 (43.2)
2 | 2 | 144 (14.7) 100( 6) | 40.7 (41.1)
3 | 13.8 (14.0) 6(9.2) | 38.0 (39.3)
1 4 15.0 (15.3) | 10.9 (10.6) | 42.1 (43.3)
3 |2 ][ 14.3 (14.6) | 10.4 (10.1) | 40.5 (41.2)
3 || 13.7 (14.0) | 10.0 (9.6) | 38.9 (39.3)
H=2
1|1 [ 15.2(15.6) | 10.5 (10.0) | 42.7 (43.3)

Table 4.9: 2nd order values of the unification parameters as functions
of the number of Higgs multiplets for F' = 3 (Mg and Mg are given in

GeV and ag; = 0.120). 1st order values are written within brackets.
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].Oglo MG

l/aG

loglo MG

1/C¥G

15.4 (15.8

43.3 (43.9

17.3 (17.9

48.2 (49.2

15.8

36.4

37.1

17.5

17.9

40.5

41.4

29.3

17.7

15.8

15.8

21.9

23.6

18.0

17.9

241

F

3 )
4 | 15.5 (15.8)
5 || 15.6 (15.8)
6 (15.8)
7 (15.8)

16.1

15.8

13.8

)
(37.1)
(30.3)
(23.6)
(16.8)

16.8

18.5

)
(17.9)
(17.9)
(17.9)
(17.9)

17.9

)

) (

) 132.5 (

) (25.8
) | 14.8 (

)
)
33.6)
)
)

18.0

Table 4.10: 2nd order values of the unification parameters as functions

of the number of fermion families F' (Mg and Mg given in GeV and

ags = 0.120). 1st order values are written within brackets.

H=1=H =D

H=0=H'=D

Qops

log,o Mc

l/aG

loglo MR

1/0.‘@

0.110

1151 (15.5)

10.4 (10.1)

43.1 (43.7)

16.8 (17.3)

10.0 (9.7)

47.6 (48.5)

0.130

15.7 (16.1)

9.7 (9.3)

43.4 (44.1)

17.8 (18.3)

9.4 (9.0)

48.7 (49.7)

Table 4.11: 2nd order values of the unification parameters (Mg and

Mp, are given in GeV) as functions of ag,. 1st order values are written

within brackets.
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Figure 4.3: Evolution of the inverse of the couplings as functions of y in
the SM embedded in L-R SO(10) at second order with ag; = 0.017045,
ag2 = 0.03365 and ag; = 0.120. The solid lines show the evolution in
the minimal case (F =3, H =1, H' =1 and D = 1). The dashed lines
correspond to evolving with no Higgs bosons (H = 0 = H' = D), and
the dotted lines show the evolution in the minimal SUSY SU(5) case.
The two dot-dash lines show the constraints on Mg imposed by proton

decay experimental limits and the Planck mass.
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Figure 4.4: Evolﬁtion of the inverse of the couplings as functions.of /_L in
the SM embedded in L-R SO(10) at second order with ag = 0.017045,
ao = 0.03365 and ap, = 0.120. The solid lines show the evolution
in the minimal case (F = 3, H = 1, H =1 and D = 1). The
dotted and dashed lines correspond to evolving with F' =35 and F' =T,
respectively, from the same initial conditions. The two dot-dash lines
show the constraints on Mg imposed by proton decay experimental

limits and the Planck mass.



Chapter 5

Conclusions

The existence of analytical solutions for the 1st order approximation
coupling constant evolution equation, provides a fine tool to analyse
any GUT scénario in terms of the ‘internal structure’ of its relevant
unification parameters. This allows for a dynamié situation in which
the number of fermion families and Higgs multiplets form the ‘basic
building blocks’ that will structure the parameters of unification. The
idea is to gain information about the ‘components’ from knowledge of
the ‘compound’ objects. This knowledge is a mixture of data (on proton
decay) and assumption (1/ag > 0). Analysing unification through
the ‘internal structure’ is made fruitful thanks to recent precision data
available mainly from LEP at CERN. This is an essential ingredient
within this dynamic analytical approach to unification which we have

worked out here.

The main points stemming from this analysis of unification are:

125
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. The 1st order analytical study has been proved to be a good rep-
resentative of the all-orders unification parameter internal struc-
ture. In general, the trends found at 1st order are confirmed at
2nd order and (in the case of SUSY) the approximated 3rd order
contribution seems to be even less significant. This points to the
desired convergent behaviour for this approximation and to the
‘ad hocness’ of this analytical approach as a fine probe to gain

insight into the structure of the unification parameters.

. Non-overlapping restrictions on the number of Higgs doublets ob-
tained in plain SU(5) makes this GUT an unsatisfactory one in
which to realize unification. This agrees with previous claims

dismissing SU(5) as a good GUT.

. The other two GUTs we are considering here, SUSY SU(5) and
L-R SO(10), provide systematic ways of modifying the particle
content of the SM and, therefore, the evolution of the couplings
- (normalisation effects in L-R SO(10) are also important ). As a
consequence, it turns out that unification in these GUTs is nat-
urally achieved within the right region although with significant

differences in the corresponding internal structures, as is pointed

. out below.

. Although in both cases minimal Higgs models are favc;ured by
proton decay restrictions, Higgs bosons are treated differently in
each GUT. While in SUSY SU(5) the Higgs boson contribution
_is indispensable, ignoring them in L-R SO(10) gives an accept-

able GUT and a better situation concerning the increasing proton
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decay bound. Therefore, as far as unification is concerned, the
status of the Higgs bosons seems to depend on the GUT we unify
with.

5. The constraint on the number of fermion families appears to be a
universal feature of GUT unification, although its value is model
dependent. For the cases we are considering here, SUSY SU(5)
is much more severe (F' < 5) than the other GUTs even though

this restriction has the same origin in all the cases.

6. In both GUTs there is an intermediate energy scale at which it
is assumed all the fermion particle contenf of the model appears.
However, although they share some features like linear depen-
dence on ay; and F independence (at 1st order), these scales, M,
and Mg, present very different internal structures, as is shown by
the fact that in L-R SO(10) there is no restriction (from requiring
Mpg > M.,) on the maximum value allowed for ag, and in order to

“keep this coupling within its experimental range Mg is restricted
to very high energies. Even considering softer constraints on aq,
there is a huge gap between M, and Mg. In this sense, SUSY may

face first the challenge of the forthcoming experimental results.

In conclusion, although the ‘natural’ extensions (SUSY and L-R
symmetry) of the SM result in very different features in their internal
structures, the fact that they both prove effective in achieving unifica-
tion within the bounds allowed by experimental limits on proton decay,
seems inevitably to lead to interesting new physics beyond the SM if

the unification hypothesis is accepted.



Appendix

f-coeflicients

The coefficients of the « expansion in the RGE at first and second
orders of approximation for the SM embedded in SU(5) and SO(10),
and for SUSY SU(5) and L-R SO(10) are given below. Up to second

order they are renormalization-scheme independent.

- 1st order

SM

The following expressions are obtained [18, 32] in one loop approxima-

tion:

B(F,H)=0 —3%F —iH

10
22 1
B(F.H) =5 —3F —cH

Bs(F,H)=11 —4F —0H
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SUSY SU(5)

At 1st order, f3; were calculated [32] some years ago with the following

result:

Bi(F H) =0 —2F —%H’
B(F H') =6 —2F —%H'

ﬂS(F/, HI) — 9 _2FI _OHI

L-R SO(10)

At 1st order, the §; were calculated [32, 33] before with the following

result:

/Bl(FlaHlaD)z O—%FI "‘OH,"'SD
Ba(F', H', D)= B —4F' —2H'— 2D
Bs(F',H',D)= 11-%F'" —0H'-0D



2nd order

SM

130

The two-loop f-coeflicients have been known for some time now [18, 32].

They have the form:

[0 0 0
S B=| 0% 0
0 0 102
SUSY SU(5)

SUSY 2-loop S-functions are given [32] as follows:

Bi; =

000
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L-R SO(10)

The L-R 2-loop S-functions are given [32, 33] as follows:

Bij

-

- F

I
6

[

|

3

[ N

- H

000
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