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Abstract 

This thesis concerns the properties of two particles, the top quark and the tau lepton, the 
heaviest of the quarks and leptons, respectively, in the standard model of elementary particle 
physics. 

After a chapter introducing the standard model, the second concerns the tau lepton. 
Amongst all the quarks and leptons, the tau has the unique property that its polarisation 
can readily be measured at high energy colliders. We propose and develop new methods of 
using this unique property to search for new physics, such as Higgs bosons, and also for 
making an accurate measurement of the polarisation of taus produced via Z decay leading 
to a precision determination of the electroweak coupling. 

The third chapter of this thesis concerns the top quark. We perform the complete one-
loop radiative corrections to the helicity amplitudes within the standard model. Even though 
the radiative corrections to top quark production and decay have already been calculated 
separately, our work makes i t possible to combine the sequence of events by keeping full 
information on the correlations among final state particles. 
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Chapter 1 

Introduction 

In this introduction I give a brief summary of current knowledge in elementary particle physics 
and how the material of this thesis relates to it . 

Elementary particle physics is the branch of physics concerned with the interactions of the 
fundamental particles of which we believe all material objects are composed. The progress 
of fundamental physics can in part be regarded as the discovery of smaller and smaller 
levels of structure. At one time the atom was believed to be a fundamental particle of 
which all other materials were formed. Later the nucleus and electrons were believed to 
be fundamental. With the discovery of the photoelectric effect and Planck's explanation of 
black body radiation, the "electromagnetic field" came to be seen as composed of particles, 
photons. As more careful and ingenious experiments were performed, yet more particles were 
discovered, such as the neutrino observed in the beta decay of the nucleus, and the neutrons 
and protons from which the nucleus is composed. At even smaller scales, or equivalently, at 
higher energies, the W and Z bosons which mediate beta decay, and the quarks and gluons 
which comprise the proton and neutron, were observed. Also, particles which mysteriously 
duplicated the known particles, the muon,-the tau lepton, the muon neutrino, and the tau 
neutrino, and the strange, charm and bottom quarks appeared. 

In the standard model these particles are grouped into generations, with the first gen
eration comprising the electron, electron neutrino, and up and down quarks, the second 
generation comprising the muon, the muon neutrino, and the charm and strange quarks, and 
the third generation, from which this thesis takes its title, comprising the tau lepton, the tau 
neutrino, and the top and bottom quarks. 



generation 1 2 3 
charge -t-| quark u c t 
charge — | quark d s b 

lepton e fj- T 

neutrino 

We now have a theory which encompasses all the interactions of these particles except 
the gravitational ones. However, the theory is not complete. For its consistency it requires 
two particles which are as yet unobserved, the top quark and the Higgs boson. Also, the 
model contains various input parameters, such as masses of the particles and strengths of 
couplings which cannot be predicted but can only be determined from experiment. It can be 
speculated, based on past experience, where simple structures revealed themselves as the scale 
of investigation became smaller, that these apparently arbitrary numbers may be predicted 
by some deeper theory. 

The standard model of particle physics models electromagnetism, weak interactions and 
strong interactions. Electromagnetic interactions are responsible for most of the everyday 
phenomena that surround us. Therefore i t is not surprising that we have a complete theory, 
called quantum electrodynamics, of the electromagnetic interaction. This is one of the most 
accurately tested of all physics models. The weak interaction was first observed less than one 
hundred years ago, in the beta decay of nuclear matter. The strong force was first observed 
as the force that holds neutrons and protons together in the nucleus. There exists both a 
theory of weak interactions, which combines them with electromagnetic interactions, known 
as the electroweak standard model, and a theory of strong interactions, known as Quantum 
Chromodynamics, or QCD, which binds together hadrons. Unfortunately the nature of the 
strong interaction makes comparison of QCD with experiment difficult, since no-one has 
solved the theory from first principles for even the simplest cases of bound states of quarks, 
the only state in which the strong interaction has been observed. The best hope at present 
seems to be the attempt to solve numerically the QCD problem using the lattice method, 
where the interior of a hadron is modeled as a lattice of points in four dimensional space. 
Comparison of the weak interaction with experiment is also difficult for the opposite reason. 
Because of their weakness, weak interactions can be calculated using perturbation theory, 
but are hard to test in experiment since at low energies the force is so weak in comparison 
to the electromagnetic and strong forces that its interactions are difficult to discern. 

In a framework of relativistic quantum field theory, the notion of gauge fields has been 

imposed to model the electromagnetic and weak fields. Originally an observation regarding 

the theory of the classical electromagnetic force, that an absolute electromagnetic potential 
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could not be measured, and that the only meaningful notion was of a difference in potential, 
the notion of gauge symmetry was found to have deep consequences for the quantum theory of 
electromagnetism. The freedom to choose an arbitrary "gauge" or basic potential, was found 
to correspond to the invariance of the quantum electrodynamic Lagrangian under a shift of 
the vector potential by the derivative of an arbitrary function d'^x without changing the 
physical consequences. This in turn is related to the local conservation of charge, that is, 
charge cannot disappear from one location and appear at another location without making 
a continuous journey from one location to the other. 

This gauge property was found to be related to the renormalisability properties of the 
theory, which is the property that the theory contains dimensionless couplings and can be 
dealt with in a way that is consistent in perturbation theory. 

We now believe that the weak and strong interactions can also be modeled by a gauge 
theory. In the case of the strong interactions the field is described by a symmetry group 
called SU(3), the group of 3 x 3 unitary matrices with determinant one. The gauge bosons 
which carry the QCD force are spin one bosons denoted gluons. . 

The weak interaction is unified with electromagnetism in an SU(2) x U(l) gauge group, 
the direct product of the group of 2 x 2 unitary matrices with determinant one, SU(2), and the 
group of complex numbers with modulus 1, U( l ) , which is broken by the "Higgs mechanism". 
The standard model Higgs field consists of an SU(2) doublet of fields which gains a vacuum 
expectation value. 

^ [ H + ix^ J ^ ^ [ v + H + ix^ J- ^ • ^ 

where v is the vacuum expectation value that the field H acquires. The component of the 
field that has this expectation value interacts with the electroweak bosons. This breaks the 
SU(2) X U ( l ) symmetry into a residual U( l ) gauge symmetry. The residual U( l ) symmetry 
is not the same as the one we started but with. This residual symmetry is the gauge group 
of the massless photon. The other three degrees of freedom in SU(2) x U( l ) become the 
massive gauge bosons, the charged W and the neutral Z boson. From this mechanism, the 
gauge bosons acquire a mass, thus making the force weak at energies far below their mass, 
where the weak gauge bosons can only be produced in virtual states. 

The SU(2) component of the weak boson field interacts only with the negative helicity 
states of the fermions. In order for consistency we must assume that initially the fermions 
are all massless, since only for massless fermions is helicity conserved. Therefore the fermion 
mass is also generated by the Higgs mechanism. 

This model can be criticised for a number of reasons. It does not tell us anything about 
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why the masses of the fermions have the value they do, and in effect we are just reparametris-
ing the masses of the fermions as couplings to the Higgs field. The model itself is inconsistent 
within quantum field theory, since the contribution of self-energy graphs to the vacuum ex
pectation value of the Higgs field is not renormalisable - the corrections caused by tadpole 
graphs create quadratic divergences which cannot be consistently reabsorbed into measured 
values in perturbation theory. 

The other major question that faces fundamental physics is that of the unification of all 
the forces. Since so many different phenomena have gradually been reduced to such a small 
set of fundamental laws, i t is widely believed that further unification of the forces of nature 
must come about somehow. This is because of the similarity between the electromagnetic, 
weak and strong forces, which all interact via spin-one gauge bosons. No-one yet has any 
evidence for any such unification, but many speculative theories exist. Since the scale of 
any unification is so far beyond what can possibly be achieved at current experiments, each 
piece of experimental information that we have, in particular highly accurate measurements 
of coupling constants, must be exhaustively scrutinised for clues. 

The only remaining part of fundamental physics that has not been mentioned here is 
gravity. This has been successfully described to the limits of experimental measurement 
by Einstein's theory of General Relativity. However it is theoretically inconsistent with the 
other theories of the forces of nature, since it predicts absolute motion with no quantum 
uncertainty, and i t is speculated that it cannot be possible to have this kind of unquantised 
force which could in principle be used to deduce the absolute position and momentum of 
a particle, contradicting quantum theory. Therefore efforts have been made to formulate a 
quantum theory of gravity, and to unify the gravitational force with the other three forces of 
nature. Wi th little possibility of experimental inputs due to the extremely weak nature of the 
gravitational field, and intractable mathematics even within unquantised General Relativity, 
the problems of quantised models are formidable and so far no success whatsoever has been 
achieved in testing any models of quantum gravity against experiments. 

We concentrate here on what can be achieved experimentally to test the standard model. 
In particular, this thesis concentrates on two members of the third generation of fermions, 
the tau lepton and the top quark, and how their behaviour can be used to probe beyond the 
standard model for new physics. 

In the first part of the thesis, we examine how the tau can be used to probe both the Higgs 
sector of the theory, and the unification of electroweak and strong forces through accurate 
measurements of the electroweak coupling. The tau is the heaviest of the leptons, and because 
its mass is sufficient for it to decay into hadrons, its decay can serve as a polarimeter. Also 
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its couplings to Higgs bosons will be much greater than the electron or muon, and thus it 
may be possible to use the tau for detecting Higgs bosons. 

In the second part of the thesis we give complete analytic formulae for the electroweak 
radiative corrections to tt production at an e'^e~ linear collider and top quark and anti-top 
quark decay within the standard model. This will serve as a background for future studies 
on the effect of new physics on these radiative corrections. 
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Chapter 2 

Decay of polarised tain leptons 

2 o l In t rodi ic t ion 

The electron, muon and tau are beheved to have identical properties, apart from their mciss. 

Indeed why nature chooses to have two "identical" copies of itself is one of the great unsolved 

problems. We speak of e, p, and r universality, and experiment has confirmed the equality 

of their couplings to the gauge bosons to a considerable degree of accuracy. However for 

practical purposes the r , as a consequence of its much greater mass; behaves differently from 

the e and p. First the r has hadronic decay modes (e.g. r —> T T I ^ , pi/, aiu...) which allow 

an efficient measurement of its polarization, and second its coupling to the Higgs boson is 

expected to dominate those of the e and p. We shall see that, these two distinctive features 

allow the r to be a rather special experimental probe of new physics. 

The first property is being exploited at LEP to make a precision measurement of sin^^iv 

by studying the tau polarization Pr, in the process e'e"^ —> T~T'^. For example if we retain 

only the e~e+ —> Z —> r " T + contribution we have 

where o-{Tji^i,) are the cross sections for producing r~ with right- and left-handed hehcities 

respectively. A measurement of P^- therefore determines sin^^iy with an accuracy 6{sin^6w) — 
\6Pr. The electron distribution from the purely leptonic decay mode, T~ e'UgUr, is not 

very sensitive to whether the parent is TR or TL because of the two missing neutrinos in this 

decay. However the distributions of the final state hadrons in the hadronic decay modes allow 

a much better determination of Pr- For T"^ -> TT^U, for example, the pion energy distributions 

are of the form [1 

J ! ; ^ = 5 , [ 1 T P . ( 2 Z - 1 ) ] 
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where B^, = B{T —> irv) is the decay branching fraction and z = E^/Efceam is the energy 
fraction carried by the pion in the laboratory frame of the e~e^ collider. Moreover, as we 
shall discuss in detail, the distributions of the outgoing pions in the decays [2, 3, 4] 

T —> /9j/ —* (2'K)U 

T —> aiu —> (37r)i/ 

allow comparably sensitive measurements of [5, 6, 7 . 

We shall see that it is the possibility of measuring its polarisation which best allows the r 
to probe new physics beyond the standard model. Recall that the most unsatisfactory feature 
of the standard model, which is so successful in other respects, is our lack of knowledge of the 
actual mechanism that breaks the electroweak gauge symmetry and generates the particle 
masses. In the minimal model the breaking is accomplished by a complex Higgs doublet, 
three components of which become the longitudinal polarisation states of the massive vector 
gauge bosons, while the remaining component manifests itself as a neutral massive scalar 
Higgs particle, On the other hand the minimal supersymmetric model contains two 

Higgs doublets; again three of the fields are taken by the vector bosons and the remaining 
five components become physical particles: a pair of charged bosons H^, two scalars H°2 
and one pseudoscalar A. More complicated models of mass generation have been proposed 
(including composite Higgs scalar particles), but a common feature of all models is that the 
couplings of the "Higgs" particles to fermions increase with the mass of the fermion. Thus 
the T couples preferentially in comparison with either the p or the e. There are two different 
ways in which measurements of the polarisation of the r can help to probe the Higgs sector; 
first they offer a distinctive signal for charged Higgs bosons via H"^ T^V [7, 8, 9] and 
second they provide a way to identify the decay —> r^r"*" [10]. We discuss the two cases 
in turn. 

Although the charged Higgs bosons, , exist in most extensions of the minimal model, 
there are surprisingly few viable ways in which they may be detected [11, 12]. However, 
due to the massiveness of the top quark, it is quite possible that m{H'^) < rrit. In this 
circumstance (or H~) can be produced via t —> H'^b (or i H~b) and, as we shall 
see, it may then be detected via the subsequent decays H"^ T^V. The event rate [11, 13] 
depends on the branching fractions of these decays, which in turn depend on the magnitude of 
the Yukawa couplings. The main background is W"^ —> r * i / , where, in addition to t —> W'^b 
(and t W~b)^ the W boson can also be produced by the Drell-Yan mechanism. To identify 
H ^ TV simply from an excess of TV events over the known W —> TU event rate would 
require high statistics and a good control of the experimental systematic errors. However 
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a measurement of the r polarisation can give a much cleaner separation of the H TI/ 
signal from the W ^ TI/ background. To be specific we discuss the r~ channel. The 
crucial observation [7] is that the T~ leptons arising from H~ T~P decays are almost 
all purely right-handed in contrast with the left-handed T'S which arise from W~ decays, 
W~ —> T ^ i / R . This is a consequence of the helicity flip nature of the Yukawa couplings of 
the Higgs fields, and, indeed, the distinctive H~ TR^R character of the decay is true in 
all models containing only left-handed neutrinos (and right-handed antineutrinos). Since the 
pion distributions resulting from the T~ —> 7r~f, (27r)~i/, (STT)"!/ differ significantly depending 
on whether the r is left- or right-handed, we should be able to identify H~ —^T^P decays 
amongst the W~ T^V events. It has been shown [9] that r polarisation can be used to 
improve the charged Higgs boson signal by a factor of ~ 3 in hadron collider experiments. 

The polarisation of the r can also be exploited to identify a neutral Higgs boson via 
the decay —> r~T+. Any experimental observation which breaks e,//,T universality, by 
favouring r^r"*" events, could be an indication of the presence of a neutral Higgs scalar. 
Here the background is Z (or 7 ) —> r~T+ events. Whenever such a departure from lepton 
universality is observed, there exists a simple helicity correlation test which, in principle, will 
clearly indicate the presence of T pairs of Higgs origin among the background Z T~T^ 
events. The crucial observation [10] is that vector bosons, Z or 7, decay into either T£T^ or 
T ^ r ^ , whereas the scalar Higgs boson decays into either T£ ' r^ or T ^ T ^ . Thus a polarization 
correlation test can be performed, using the distributions of the final decay products, which 
is sensitive to the admixture of the H° and (Z, 7) parentage of the r pairs. 

In addition, r polarisation measurements are essential in identifying the quantum numbers 
of a new heavy W boson or a Z' boson [14, 15]. The use of the 2-K and STT decay modes of 
T'S wil l significantly improve experimental sensitivity, especially at hadron colliders. 

In this chapter, we present details of our studies [7, 10] of the use of T —* pv^ and r ^ 0^1/̂  
decay modes at collider energies. In Section 2.2 we present the distributions of the final state 
particles from polarized r decays. We are particularly concerned with fast taus which arise 
from a "heavy" parent (a gauge boson or Higgs scalar), and so accurate final state angular 
distributions are not accessible experimentally. It is more useful, therefore, to present the 
decay distributions in the collinear approximation. We have carefully treated the effects of 
the large widths of the p and ai. Section 2.3 is devoted to a detailed study of the p and 
ai decay modes of polarised T leptons. In particular we examine the model dependence of 
the description of the T —> {Z'K)V decay. In section 2.4 we discuss how r polarisation can be 
used for detecting a charged Higgs boson. In section 2.5 we present the r pair polarization 
correlations for the various decay combinations. In section 2.6 we compare quantitatively 
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errors in measuring tau polarisation using the lepton, TT, p and ai modes of r decay, and 
the subsequent decay to pions of the Ci and the p. In particular, we demonstrate that 
the r polarisation measurement can be improved significantly, even if a single 7r° cannot be 
distinguished from multiple 7r°'s (for instance p^ —> 7r'''7r° from af -K^-K^-K^). The effect 
of using the r ~ r + polarisation correlation in the measurements at LEP is also studied 
quantitatively. Section 2.7 contains our conclusions. 

2.2 Polarised tau decay distributions 

In this section we present the distributions of the charged particles which arise from the 
various (primary) decay modes of polarised r leptons. First we give the decay distributions 
in the r rest frame, although the frame is not accessible experimentally on account of the 
missing neutrinos. Since we are primarily concerned with the decay of fast moving taus (with 
energy m^) it is sufficient to obtain the distributions in the limit in which the tau and 
its decay products are moving coUinearly: 

where z is the fraction of the tau's energy which is carried by the observable decay particle 
A, that is ^ = EA/ET. To be precise we present distributions for A = e,ir,p,ai arising 
respectively from the T~ e't/gV^i T^'^T, P'I'TI c-i'^r decay modes. For r"*" decays, due 
to CP invariance, we need simply replace Pr by —Pr-

The simplest mode is the decay T~ iT~Ur- In the r rest frame we have 

T ^ 3 ^ = ^ 4 [ l + ^^ (2.1) i T a cos 0 ^ ^ 

where 5 „ is the branching fraction of r —> TT/^^, -fV is the polarisation of the r and 6 is the 
angle between the direction of motion of the outgoing pion and the tau spin quantisation 
axis, which is chosen so as to coincide with the r momentum direction when we boost to the 
laboratory frame. In terms of the variable z = E^^/Er we have 

where a = m^/irir and /? is the velocity of the r . Hence we obtain 

I dV^ ^ 1 
dz - a') 
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which can also be applied to other spin zero decay modes such as r~ —>• •K'~V with a = m^'/m^. 
The coUinear limit is found by taking the /? = 1 limit. The polarisation P^ = +1 and —1 
for a T~ lepton with right- and left-handed helicity respectively. For the pion decay mode it 
is reasonable to make the further approximation that a = 0, and so we obtain the familiar 
result 

|!-J(r=*^^"^^0 = 5 . [ l T P r ( 2 z - l ) ] . (2.4) 

For the purely leptonic decay process T~ e~PeUr the polarisation of the outgoing 
electron (or muon) is essentially unmeasurable at high energies and so we sum over the two 
polarisation states. In the r rest frame the energy-angle distribution of the outgoing lepton 
is 

-J(T- i'ViVr) ^ p E Z E ^ , - 2E-'^ + P, cos I E ^ , , -2E + ' ^ 
E E \ ; 

(2.5) 
dE d cos 6 

where E = (p^ - f rrig)^ is the energy of the decay lepton and E^ax is its maximum value 

_ ml + mj 
•C'max - • (^-Dj 

Zrrir 
As before, 6 is the angle between the lepton momentum and the tau spin quantisation axis. 
The energy fraction EtjEr in the frame where the r velocity is ^ is expressed as 

_ ^ + ^pcos^ 
E^~ • ^^-^^ 

This enables us to obtain the z distribution from (2.5). In the Hmits ^ — I and m; = 0 we 
find 

| ^ ^ ( T - ^ r P , ^ . 0 = 5 , ^ ( l - 2 ) [ ( 5 + 5 z - 4 z 2 ) + P,(l + ^ - 8 z 2 ) ] , (2.8) 

where Bi is the branching fraction of r —> luiVr-, which yields a relatively weak dependence 
of the electron distribution on Pr-

We now turn to the vector meson decay modes, r " —» vv^ where v = p ox a^. Since 
the subsequent /9 —> 27r and Oi STT decay distributions differ according to whether the 
vector mesons are transversely (T) or longitudinally (L) polarised we study the r —> v{T) 
and r —*• v{L) decay distributions separately. In the r rest frame, the ampHtudes, A ^ A r A „ ( ^ ) , 

describing the T£ Wr decay are of the form 

M - = ^/2cos]•e, yW_o = — s i n i ^ , (2.9) 
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and for vu^ are 

M++ = -y/2 sm\e, 7Vf+o = —cos^^ (2.10) 

where A„ is the vector meson helicity and where the r subscripts R,L refer respectively to 
helicity A,- = + | and — | in the laboratory frame. We note that T[ cannot decay into a 

= 4-1 state (and cannot decay into A„ = —1) due to angular momentum conservation. 
It follows directly that the angular distributions of transversely (T) and longitudinally (L) 
polarised vector mesons are 

2 
= 2^To A^ + Prcose) (2.12) 

where v = p or ai and By is the branching fraction of the r Wr decay mode. 
As expected, the form of the Pr dependence shown in (2.12) for the A„ = 0 longitudinal 

state is the same as that of (2.1) for the r~ —> •K~VT decay, whereas P^^ enters with the 
opposite sign for the | A„ | = 1 vector meson decay modes. Thus, from (2.11) and (2.12), we 
see that the r —> vVr decay events should be equally good at determining the r polarisation 
as the T —> TXVT events, provided that we can distinguish longitudinally from transversely 
polarised vector mesons. I f no attempt is made to measure the polarisation of the vector 
mesons then we must average (2.11) and (2.12) and the sensitivity to Pr is suppressed by a 
factor (m^ — 2ml)/{ml + 2ml) which is about 0.46 for v = p, and almost vanishes for v = Ui. 

Since we do not sum over the polarisation states of the vector meson the boost to the 
collinear frame is not as straightforward as it was for the single pion or purely leptonic decay 
mode. We must first perform a Wigner rotation [16] of the vector meson spin quantisation 
axis, 

^'xrK = EdKX»Mx.x., (2.13) 
A„ 

which relates the r —> helicity amplitudes M' in the colhnear frame to the amplitudes 
M of (2.9) and (2.10). The angle of rotation is given by 

l-a' + {l+a')/3cose 
cos u! = , (2-14) 

sJ{cos^e + j-^ sin' ^)(1 -a2)2 + 2(l - a'')^ cos9 + I3^{\ + a^)^ 

which in the collinear hmit (^ = 1) becomes 
1 - a' -I- (1 + a^)cos e 

cos LO 1 +a2 + ( l -a2)cos 9 
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where a = m^/m^ and 7 = (1 — /? )̂~ /̂2 = Er/rUr is the boost factor. Using the rotated 
amplitudes ^A' we find the coUinear decay distributions 

sin^ u> 2 
- f 1 -|- cos U! 

a' {l-a^){l + 2a^) 
- / sin^ w sin 2a; - ^ , ^ 

-f Pr cos 6 — tan ^ - 1 - cos UJ (2.16) 

(l-a2)(l-^2a2) 
COS^CJ 

+ sin UJ 

- / coŝ  u) sin 2u> „ . 2 
+ Pr COS 9 1 tan 0 — sm u) (2.17) 

where z = Ey/Er and where cos 6 is given by (2.2) with a = m„/m^. These distributions 
are shown in Fig. 2.1 normalised such that in the zero-width limit of the p and mesons, 
the z distributions of VT and VL are given by 

^ ^ ^ { T ^ , ^ r V . ) = ByH:{z,ml) (2.18) 

where By is the branching fraction B{T ^ Wr) and where a — T (tranverse) or L (longitu
dinal). It can be clearly seen that the leading vector bosons arising from T[ ( T ^ ) decays are 
predominantly transversely (longitudinally) polarised. 

To obtain realistic distributions we must include the widths of the vector meson states. 
To do this we average the above distributions over the vector resonance shapes Fy{m?) for 
the unpolarised r vUr decays, where 

(2.19) 

Here m is the invariant mass of the off-shell u (2n for u = /9, STT for t> = ai), and 

1 
(2.20) 

(2.21) 

m'^ — ml + imr„(m2) 

is the vector boson propagator with the running width 

myfy{ml) 

In this way we obtain the collinear decay distributions for the 2~ ('/9') and STT ('ai') states 

IdTir-^^r+y^ = By-^ Fy{m^)H;{z,m^)dm^ (2.22) 
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Figure 2.1: The fractional energy distributions of polarised p and vector mesons arising 
from (a) T£" or decays, (b) or decays. The energy fraction z = E^jEr-, where 
is the vector meson laboratory energy in the collinear limit [Er ^ ^^^)• The masses of the 
/o, ai mesons are taken to be 0.77 GeV, 1.22 GeV respectively and the widths are set to zero. 
In each plot the sum of the vx and distributions are normalised to the T —> vu branching 
fractions. The L and T subscripts refer to longitudinally and transversely polarized vector 
mesons respectively. 



where a = T or L, and the normalisation factor 

2 

Ny = / n(m2 )c /m^ (2.23) 

The p meson line shape factor in (2.21) is 
4m' ^ 

f^i"^ ) = I ̂  - ' (2.24) 

which takes account of the P-wave threshold behaviour of the p —> TTTT decay. For the Oi 

meson we use the parameterisation of Kiihn and Santamaria [17 

^ ( m 2 - 9m^)3[l - 3.3(m2 - 9ml) + 5.8{m^ - 9ml)^] 

if m ' < (mp -I- m^) ' , 

(2.25) 
10.38 9.32 0.65 

1.623 - h ^ ^ - + 
m^ 

if m ' > (mp -I- m ^ f , 

where the masses are in GeV units. 

The colHnear distributions, (2.22), which include the effects of the vector meson widths, 

are shown in Fig. 2.2. It is interesting to contrast these distributions with the zero-width 

approximation of Fig. 2;1. For completeness, we also include the r TTI/, luu decay distribu

tions in Fig. 2.2. Fig. 2.3 shows the decay distributions for r to unpolarised p and ai mesons. 

The insensitivity of r —> OiJ/ to the polarisation of the r is apparent; it is crucial to measure 

the polarisation of the to obtain information on from this decay mode. 

We see that the energy distributions from the events are significantly different from 

those of the events. In particular, the most energetic particles from T£" decays are trans

versely polarized p and ax mesons, whereas the energetic particles arising from decays 

are TT" and longitudinally polarized p and ai mesons. Therefore the polarisation measure

ment can be considerably enhanced if we can use the subsequent p 2-K and ai —̂  37r 

decay distributions to distinguish between transversely and longitudinally polarized p and Ci 

mesons. 

2.3 The r p ^ 27V and r ai —> Svr polarimeters. 

In this section we discuss how the pion spectra arising from the two-stage decays 

T ^ pu ^ {2-K)V 
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Figure 2.2: As Fig. 2.1, but with the p and Cj widths taken to be 0.15 GeV and 0.42 GeV 
respectively. We also show the fractional energy distributions for r decays to muons (or 
electrons) and pions normalised to the respective branching fractions. We have assumed that 
the electron and muon are massless, and so the electron distribution is identical to that of 
the muon. 
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Figure 2.3: The TL^R vu distributions assuming no information on the vector meson 
polarisation. That is the sum VT + VL of the distributions of Fig. 2.2 for v = p and ai. 
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T —> aiv —> (37r)i/ 

can be used to determine the polarisation of the vector mesons, which in turn act as polari
sation analyzers of the parent r . 

2.3.1 The p decay mode 

The mode of decay r —> pUr accounts for approximately 22% of all r decays. The p decays via 
p"^ TT^ir'^. Treatment of p 2ir is straightforward. By the conserved vector current (CVC) 
hypothesis, the p mode of decay can be completely described by the four-vector current 

r^p _ ;r±7r°) = / ,(m^)(p.± - p.o)^ (2.26) 

The most general current [18] should include an additional term proportional to (p^± -f p^o)" 
when the p meson is off-shell, but it gives a negligible effect. Previous studies [5] of the p 
mode concluded that there would be a dramatic improvement in the measurement of P^ if 
measurements were made, not just of the p energy, but also that of the produced pions. 

The matrix elements 

M = el^'^{p)r{p ^ 7r±7r°), (2.27) 

where and are the polarisation vectors of px and pi^ respectively, then lead to the decay 
angular distributions 

dr(pT 27r) 1 . 2 • 
d cos 6 2 

dTjp, ^ 2.) ^ 

-sm'e, (2.28) 

(2.29) 
dcos 6 

in the p rest frame about the p polarisation axis. In the laboratory frame, we obtain [5 

where x is the energy fraction E^/Ep, in the collinear Hmit. 

2.3.2 The ai decay mode 
Approximately 14% of all r decays are believed to go through an intermediate resonant 
state, which itself subsequently decays dominantly via an intermediate p which then decays 
to 27r; 

fli —> 7r/9 —> 37r. 
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The decay of the charged Ci meson must always produce one distinguishable and two identical 
pions, since either af ir^p^ •K'^2-K^ or TT^p^ —> ^^2^°. The branching fractions 
for these two final states are equal. We denote the two identical pions as TT^, and the 
distinguishable pion as TTS. 

If the widths of the a\ (and p) mesons could be neglected in the decay chain 

T a^v —)• pTTv ZTTV^ 

then the parameterisation of the decay would be relatively straightforward. Problems arise, 
however, from the ambiguities of taking the vector mesons off their mass-shells. The most 
exhaustive discussion of this decay process is given by Isgur et al. [18]. From the results 
given in the appendices to their paper we find that the current describing the ai STT decay 
has the approximate form 

+ 1 ^ 2 , (2.32) 

where 1̂3 — ( p i + ps)^, 523 = {P2 +^3)^, -5 = (Pi + P2 + ft)^ = and the vertex form factors 
/pTTTT, fap-K, dapn are fisted in Appendix B of [18]. Dy is the vector meson propagator 

A simpler parameterisation of oi —>• 37r decay current can be found in Kiihn and Santamaria 

17]. Making use of the chiral limit (conserved axial vector current) approximation, they find 

r ~ D,,{S) [D,(513)(P3 - Pi)" + D,{S23){P3 - P2)1 , (2.34) 

where pi — p, — Qi{pi • Q)/Q^- Kiihn and Santamaria parameterise the energy dependence 
of the widths Ty{s) occurring in the Breit-Wigner forms, Dy, as described in Section 2.2 (see 
(2.21) onwards), while Isgur et al. use more involved expressions, see [18 . 

We compare the predictions of these two models in Fig. 2.4. These scatter plots show 
the 5i3 — 523 invariant mass squared distributions of pion pairs which result from on-shell ai 
decays; "13" and "23" are the two possible p meson channels. The two orthogonal p bands 
are clearly visible in each of these plots. The agreement between Fig. 2.4(a) and 2.4(b) is 
good. There are slight differences, which originate from the additional ^f^^^ terms in the Isgur 
et al. model, (2.32), which give small contributions near the edges of the plot of Fig. 2.4(b). 

We are now ready to discuss the experimental determination of the polarisation of the aj 
(and hence of the T ) . The polarisation of the ai is measured by observing the ai —> 37r decay 
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Figure 2.4: The Dalitz plots for ai —> 37r using the (a) Kuhn and Santamaria [17] and (b) 
Isgur et al. [18] models for the decay. The variables are 513 — (pi -Fpa)' and 593 = (P2 + ^ 3 ) ^ 
where p,- is the four-momentum of pion i. These are the two channels that contain the p 

meson. 
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angular distribution. A natural polarisation observable is the angle between the direction 
of the normal to the plane defined by the 3-momenta of the three pions in the Zir rest frame 
and the laboratory direction of the 37r system [19]. Rouge [6] has given an expression for 
cos ijj in terms of the laboratory 3-momenta p,- of the three pions; 

cos V = 8 . p x - ( p . x p 3 ) / | p , - f p , + p3| ^2.35) 
V - A (A (s, Si2,ml), A (s, s i 3 , m l ) , A (s, S23,m^)) 

where s and s,j are the invariant mass squared of the 37r and 27r systems, and A(a, 6, c) = 

6̂  -|- — 2ab — 2bc — 2ac. A polarised spin one boson decaying to three pions hcis cos ij; 
angular distributions in the laboratory frame of the form [19] 

1 ^ r . , , _ 3^,^^2^^1)^ (2.36) 
Ta^^dcostl} 8 

1 JFaii 3 . 2 
- s i n ^ ^ . (2.37) 

Ta^i^dcos'tp 4 

The costp distribution is therefore an excellent ai polarimeter if we are able to measure the 

three-momenta of each of the three outgoing pions accurately. However, measurement of 

such an angular distribution is difficult when the ai meson energy {zEr) greatly exceeds its 

mass. In such configurations, all three pion momenta are essentially collinear and only the 

collinear energy fractions x,- = Ei/{Ei + E2 + E3) may be measured accurately. We should 

therefore look for an Oj polarimeter in the collinear limit. 

First we consider the decays of polarised on-shell ai mesons. Our method is to perform 

numerical simulations of polarised ai decay to 3 pions. The ' 37r amplitudes 

M = el'^{a,)r{a, ^ 37r) (2.38) 

are squared and integrated over phase space with the usual symmetry and flux factors using 

Monte Carlo techniques. Unlike the cos -tjj distributions, these collinear decay distributions 

depend on specific dynamical assumptions about the a^ —> Sir decay. We examined the above 

two models, (2.32) and (2.34), for the ai Sir current J". The results for the scatter plot 

1 dr{aiT,L 7ri7r27r3) 

for the collinear energy fractions x,- of the pions are shown in Fig. 2.5. The x variable is X3 and 

y = m i n ( x i , X 2 ) , the minimum of the two fractions of ai energy carried by the two identical 

pions. The results shown in Fig. 2.5 are for the Kiihn and Santamaria parameterisation 

(2.34). However the model of Isgur et al., [18], gives essentially identical distributions. 
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Figure 2.5: The scatter plots for (a) transversely and (b) longitudinally polarized Sir 
decays, where x,- are the energy fractions carried by three pions (with pions 1 and 2 having 
identical charges) in the laboratory frame. The x-variable is X3, the energy fraction of the 
distinguishable pion (see section 2.3) and the y variable is min(a;i,.T2) the minimum of the 
two energy fractions of the two identical pions. It is assumed that m^^ = m^^ = 1.22 GeV. 
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The difference between the scatter plots for the QIL and decays is striking. For air 
decays, Fig. 2.5(a), all three pions have a tendency to share equally the energy. On the 
contrary for a j j r , decays, Fig. 2.5(b), the favoured configurations are those in which one or 
two of the three pions are soft; the upper densely populated corner of the plot corresponds 
to TTa being soft and 7ri,7r2 sharing all the energy, whereas the right-hand populated corner 
corresponds to both 7ri,7r2 being soft and TTS energetic. 

Our numerical results are consistent with the cos tp result proposed by Rouge. For a 
transverse ai , the distribution (2.36) has a maximum when the decay plane is perpendicular 
to the Oi polarisation axis and so the pion momenta will tend to be transverse to this axis. 
Thus, after a boost into the laboratory frame, an equal distribution of energy of the three 
pions will be most favoured. On the other hand for a longitudinal a i , the distribution (2.37) 
has a maximum when the polarisation axis is coincident with the decay plane. This suggests 
that a longitudinal a i will prefer to decay to pions whose direction in the Oi rest frame has a 
large component along the polarisation axis. On boosting along this axis, larger differences 
between the pion energies are therefore to be expected. However, the energy distributions of 
Fig. 2.5(a) and (b) cannot be determined simply by (2.36) and (2.37) respectively, since the 
cosi/j distribution says nothing about the distribution of the three pions of C i Sir in the 
decay plane. 

I t is remarkable, and fortunate, that the energetic nn systems from TL and TR decays are 
predicted to be so very different. For the decays the leading particle is either px or c u 
(see Fig. 2.5(a)), both of which prefer their energy to be equally shared between the outgoing 
pions; whereas the leading particle resulting from TR decays is either TT, pi or an, where the 
subsequent pi decay gives rise to one energetic pion and the an decay contains either a single 
energetic pion or two energetic identical pions. We notice in passing that these characteristic 
differences in the multiparticle distributions of polarized r decays will affect the efficiency 
of detectors to isolate the r decay signal from the low multiplicity hadronic background in 
hadronic collisions. 

We cannot, of course, distinguish px from pi (or a i r from ai^,) on an event-by-event 
basis. Rather, in. a quantitative study we can measure the probability Pi of a 27r (or STT) 
event arising from the decay of a longitudinally polarized meson as a function of the kinematic 
variables of the decay. For example, the "polarimeter", Pi, of a 7r~7r° system of momentum 
fraction z (= E2-KIEr) may be readily determined by comparing the observed x (= E^,-/Er) 
distribution with the form 

( . - P . W 1 ^ . P . W ^ . (2.40, 
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Similarly the polarization of a 3 7 r system may be extracted by comparing the observed scatter 
plot distribution with 

In fact, it is a good approximation to simply take dT/dx in (2.40) to be (2.30), (2.31) 
evaluated at m2,r = "2^, and dT/dx dy in (2.41) to be those of Fig. 2.5 (which were obtained 
using = m^j = 1.22 GeV), for all values of z, except those at low z {z < ml/ml) where 
the nr system is forced off the vector-meson mass shell. 

2.4 Detecting the charged Higgs 

As noted in the introduction, the charged Higgs boson may be produced at hadron coUiders 
at a significant rate if its mass is lower than the mass of the top quark. Its decay branching 
ratio to T^^'i'r is then expected to be appreciable, providing an opportunity for its detection 
8, 11, 13, 9]. In this case, the major background comes from the decays of produced in 

the decay t bW, or directly with associated jet activities. 
In e+e~ coUisions, would be produced in pairs, which may possibly be identified from 

their r^'^'i^'^ decays. The major background is again from —y T'^^I^^, which is produced 
copiously in e"'"e~ W'^W~, or via cascade decays from e'^e~ —> ti. 

The successful detection of —> T^^U\ decays [20] at pp colliders [22] encourages us 
to seriously pursue this search strategy. Al l the r's that have been observed at pp colliders 
are left-handed due to the left-handedness of the charged current, whereas the T'S from H~ 
decays should be right-handed as long as the decay is associated with the standard right-
handed antineutrino [7]. This is a consequence of the helicity-flip (-conserving) nature of the 
standard model Higgs (vector boson) couplings and holds quite generally. 

We should therefore expect that r signals resulting from decays will be different 
to those arising from the standard W decay, as will those from the decay of a new heavy 
charged weak boson WR that couples to a right handed current [14]. There is a striking 
contrast between the T£ signal (from W~ or WL) and the TR signal (from H~ or WR) when 
the topology of the final state 2ir and 3 7 r systems is considered [7]. Previous studies [14, 15 
did not find these striking differences because they studied only the simplest decay mode into 
a single TT. 

At hadron colliders, a clean r signal is obtained only when the r decay products carry 
away a large fraction z of the parent r's energy, that is for z in the interval z^^n < z < I 
where typically z^^^ > 0.5. The signature is therefore a large missing transverse momentum 
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w i t h an energetic, very narrow jet of small (1 to 3) charged mult ipl ici ty. Figs. 2.2(a) and (b) 

show that the leading particles of the collinear r decay distributions are 

TL —> a i r , PT f rom W , W[ , 
TR O I L , PL, TT f rom H ~ , W ^ . 

(2.42) 

Furthermore, the p ^ 2ir decay distributions (2.30) and (2.31) and the c i —> Sir decay 

distributions of Fig. 2.5 show that the leading particles f rom T£ decay are 

symmetric (7r~7r°), 
symmetric ( T T - T T ^ T T " ) , (2.43) 
symmetric ( T T + T T ' T T " ) . 

where the decay pions share equally the energy of the tau. In contrast the leading particles 

f r o m are 

7r~ hard, and 7r° or 7r°7r° soft, 
'R \ or hard, and 7r~ soft, (2.44) 

TT"*" hard and 7r~7r~ soft, 
Tr~n~ hard and w'^ soft, 

where there is a strong tendency for either a single TT or two identical T T ' S ( T T ^ T T ^ or 7r~7r~) to 

dominate the jet energy. These qualitative differences between the W (or M^£) signals f rom 

T£ and the H"^ (or W^) signals f rom should be taken into account in the search for new 

physics. 

In order to show the quantitative differences in the leading particle spectra of T[ and 

decays, we list in Table 2.1 the fraction, 

fA{Tai -Ŝ min) ..S 

A JAVai -^minj 

of r decays w i t h leading particle w i th z > which go through each particular decay mode 

Ta —> A. Here we assume that the A = £ , T T , p, o i modes account for all the T decays. 

The fract ion / y i ( r a , Z m i n ) i n (2.45) is given by 

fA{r.,Zrr,n)= C (2.46) 

where a = L or R. Clearly for very large z, the dominance of the leading particles as given in 

(2.42) is overwhelming. Choosing Zmin = 0.9, the sum of the leading modes of (2.42) account 

for about 88% of T[ and 96% of decays. 

The last column i n Table 2.1 gives the total fraction, 

f{Tc,Znun) = ^fA{Tc,,Zn^n), (2.47) 
A 

32 



parent £ TT aiL PL PT 
0.9 0.13 0.02 0.01 0.49 0.02 0.33 0.05 

0.01 0.23 0.29 0.03 0.43 0.01 0.09 
0.8 0.21 0.04 0.01 0.42 0.03 0.29 0.12 

0.03 0.22 0.26 0.06 0.41 0.02 0.18 
0.7 0.26 0.05 0.02 0.36 0.03 0.28 0.20 

^R 0.06 0.21 0.23 0.08 0.38 0.04 0.26 

Table 2.1: Fraction of the leading 'particles' in the decays of T£ and for different values 
of m i n i m u m detectable particle energy fraction as defined by (2.45). The final column is 
the tota l fract ion of r decay events in which the observed particles (£, T T , p, C i ) have energy 
fract ion z > z^xn as defined by (2.47). 

of Ta decays to particles (A = T T , p, Oj) w i th energy fraction z > z^in- Thus the fraction 

/ ^ ( ^ a , ^ m i n ) of any particular Ta ^ A decays w i t h z > Zmin is found simply by multiplying 

the appropriate —> A entry in Table 2.1 by the number in the end column. 

We note in passing that these quantitative predictions can be used to measure the mean 

polarisation of r i n the decay of a new neutral vector boson Z'. This w i l l give us essential 

information on the Z'H couplings [14, 15]. By fitting the observed T T , 27r and 37r distributions 

in the large z region to formulae like (2.40) and (2.41), the tau polarisation can be efficiently 

determined. Attempts to measure /V in standard model ZorW decays at the Tevatron could 

provide valuable experience for the use of the r polarimeter as a means of identifying new 

physics i n fu ture experiments. For these analyses i t is important to note that, in principle, 

we can measure the energy fraction z even in hadron collider experiments [15]. 

2.5 Detecting the neutral Higgs using decay correla
tions 

I n this section, we examine the use of the tau spin correlations in the decays 

H T-T+ and Z, Z', 7* —> r r (2.48) 

as a signal to distinguish the neutral Higgs boson f rom a new neutral vector boson Z' or 

other vector bosons (including the standard Z and vi r tual 7 ) . In particular we study the 

polarisation correlation in various tau decay modes 

X T-T+ A-B+ + i/'s 

where X denotes either V{Z,Z',j*) or H and where a, P are either L or R. We use A 

and B to each denote one of e, pi, T T , p, a-i arising f rom r —> ii'ei'r-: T^^T, ^TTI/T, STTUT, where 
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the 27r and STT states are well approximated by the p and ai mesons respectively [17, 18]. 

I t is appropriate to work in the collinear l im i t since rriT/mx <C 1, and so the appropriate 

kinematic variables are the energy fractions 

z = 2EA/mx , z = 2EB/mx, (2.49) 

in the X rest frame. We note in passing that the X rest frame can usually be reconstructed 

in e'^e~ production processes (e+e~ —» ZH, e+e" Z'), and also in hadron coUisions i f m;^ 

is known a priori, as should be the case for Z' —>• T~T'^ [15]. 

The r pair jo in t decay distr ibution is of the fo rm 

dFjX + ^'s) ^ dTjr- A ' ) drjr^ B+) 

dzdz ^ dz dz 

where the only non-zero correlation coefficients C^/j for the parity conserving H r + r ~ 

decay are 
1 

2 ' 
and for vector boson V r + r ~ decay are 

C f L = C^R = TT, (2.51) 

C l R = \ { l - P r ) , Cl^ = \{l+Pr). (2.52) 

Here non-zero tau polarisation, P^, arises for V = Z since the Z decay is not parity-

conserving. On the Z boson pole (V = Z) we have = —2va/{a^ -\- v^) where v = 

— I - f 2sin^ Ow and a = — | are the vector and axial-vector couplings of the Z to the r pair. 

We now study the H — > T " r + and Z — > T ~ r + decay correlations for all the r decay 

modes listed above. Figures 2.6-2.11 compare the correlations, d?T/dz dz, arising f rom the 

Higgs w i t h those for the Z boson for all possible combinations of the 6 major r decay modes, 

i.e. for the (6 x 6) /2 different T ~ T + — > A~B'^p''s decays. Apart f r o m the PT dependence 

(Pr — —0.135 for y = Z w i t h sin^ ^vt' = 0.233), the correlation patterns are similar for any 

vector boson V . We present the correlation figures for all combinations, since they are needed 

to obtain an overall understanding of the expected correlation patterns. 

The distributions of the 7r~7r"*' system, Fig. 2.6(a), are readily anticipated f rom the in

dividual pion distributions of Fig. 2.2. The energy distribution of the pion arising f rom r£" 

(or r ^ ) has the f o r m / ~ 1 — z, while f rom (or r ^ ) i t is / ~ z. Hence in Z '^L'^R 

r ^ r ^ decays an energetic (a soft) -K"^ is most likely to be associated wi th an energetic (a soft) 

•K"^, whereas precisely the opposite is favoured for H —> T^T^ or r ^ r ^ decays. Therefore, 

i f a possible excess of r + r " events over e+e" or /U"*"^" events arises f rom Higgs decay, the 
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Figure 2.6: Plots of the correlation d~TIdz dz in energy fractions in X • - r + A-B+ u s, 
where X is either a spin-one or spin-zero boson and z = E ^ l a n d z — EBIET- H A ^ B 
then the graphs w i t h A f-^ B can be obtained by reflection in the line z = z. The first column 
shows the correlation when X is a Z boson and the second shows the correlation when X is 
a Higgs boson. In descending order the three pairs of plots are for the ( r~ , T+) pair decaying 
into (TT-, 7r+), (£" , £+) and finally (£ - , 7r+) wi th £ = e or / i . 
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Figure 2.8: As Fig. 2.6 except where now, in descending order, the ( r " , r + ) pair decays into 
> PT)^ ( T T , PI), ( T T - , a+^), ( T T - , a+^) respectively. 
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Figure 2.9: As Fig. 2.6 except where now, in descending order, the ( r , T"*") pair decays into 
(PT, PT)APT, PL), (PZ> PL) respectively. 
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Figure 2.10: As Fig. 2.6 except where now, in descending order, the ( r , r"*") pair decays into 
(air, (^IT), {(^TT, ate), i^^iL, atb) respectively. 
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Figure 2.11: As Fig. 2.6 except where now, in descending order, the ( T , T + ) pair decays into 
( P T : « I T ) > {PT, O-IL), (PL, (^tr), (PL, ^tb) respectively. 
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excess can be recognised in the 7r+7r~ mode as an energetic rr^ w i t h a soft T T ' ' ' . The effect of a 

small pari ty violation i n Z decay (P^. = —0.135) leads to a sHghtly higher density when both 

Tr's are soft. I f \Pr\ is large, as expected for some proposed Z"s, [21], then the asymmetry 

between soft and hard pions grows, but the positive energy-energy correlation between T T " 

and TT"*" s t i l l holds, in contrast to the negative correlation in the H —> T~T'^ —> 7r~7r"'" channel. 

However although this is a clean signature for H — > T + T ~ decays i t accounts for only 

(7?^)^ ~ 1% of the tota l r -pair events. We therefore systematically studied all possible pairs 

of the decay modes shown in Fig. 2.2, which cover some 85% of r decays. Since \Pr \ in (2.52) 

is small (P^ = —0.135 for V = Z) the double decay distributions of H and Z origin w i l l be 

similar i f either of the individual r decay distributions are insensitive to the helicity of the r . 

This is the case i f A = e (see Fig. 2.2), and indeed also for A = p, ai i f we do not distinguish 

between the polarisation states of the vector meson. I n fact we saw f rom Fig. 2.3 that the 

T[ —> O i and ai distributions turn out to be essentially identical. A measurement of 

the vector meson polarization ( f rom the distribution of its decay pions) is therefore crucial if 

we are to determine the spin of the r-pair. 

For example the 7r~pi^ mode (see Fig. 2.8) arising f r o m Z —>• T~T'^ decays favours events 

where bo th 7r~ and p^^ are energetic (2: ~ z ~ 1) whereas H —> T~T'^ leads preferentially to 

asymmetric events w i t h an energetic and a soft 7 r ~ . An energetic pi tends to distribute 

its energy asymmetrically [5] and so the Higgs signal would be an asymmetric sharing of the 

energy between the T T " and the p j , and again between the •K'^ and 7r° arising f rom the decay 

of the p. Similarly the PLPL jo in t decay distribution (see Fig. 2.9) is strikingly different for 

the Z and H events, since for the former both /9's are energetic, whereas for the latter, one 

is energetic and the other soft ( that is z or z ~ 0.5). The an acts very like the pi and so 

the -Ka-i^L (see Fig. 2.8) and aiiaiL (see Fig. 2.10) modes can also distinguish H- f rom Z- r 

pair decays. 

Fig. 2.6 also shows the correlations between the p, (or e) and TF modes. As expected, the 

distr ibut ion of the lepton modes is very similar for both the Higgs and the vector modes 

because of the similari ty of dV{Ta —> ̂  - f i'''s)/dz for TL and T R that we found in Fig. 2.2. 

This similari ty w i l l hide nearly all the sensitivity of the distribution arising f rom the other r 

decay, as can be seen in Fig. 2.7 and Fig. 2.6(c). 

In Fig. 2.8 we show the combinations of the TT channel w i th both longitudinal and trans

verse p and tti mesons. The effect of the opposite correlation on a pion mode (ignoring 

corrections of order \PT\) is to reflect around the line z = 0.5 and thus the modes that show 

the greatest sensitivity to the spin of the parent are those where the difference between dV/dz 

for low and high z is greatest for opposite parent r helicities. Thus f rom Fig. 2.2 we see that 
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the longitudinal spin one meson modes should have good sensitivity, and this is demonstrated 

in Fig. 2.8 which displays the np and ira-i correlations. 

The strong sensitivity of longitudinal modes is repeated in Figs. 2 .9, 2.10 and 2.11 which 

show respectively the distributions resulting f rom the various pp, a^ai and pai modes. I t is 

clear that the greatest sensitivity to distinguishing between a Higgs and a vector parent arises 

f r o m the v^v^ modes, where v = p ov ai, which is a consequence of the greater difference 

between the TL —> VL and —̂  VL distributions of Fig. 2 .2 , than between the TI —> VT and 

TR —^ 'VT distributions. 

2.6 Comparison of measurement errors for various de
cay modes 

I n this section, we present a comparison of the errors in measuring the r polarisation using 

the various methods tha t we have studied. We first derive the formula used to calculate these 

errors. 

Suppose that for a particular r decay mode we have measurements of the distribution 

\TZ = ^^'^ + ^^-^^^ 

i n rj-b bins of a region IZ of z, where Pr is the r polarisation. We nornialise the distribution 

so that over the observed z range 

dT 

T Jzen 

We then define 

I f dT , 

Ni = N I f ( z ) d z , M, = N [ g{z) dz (2 .55) 

where A'̂  is the total number of r events which make up the distribution (2 .53) in region TZ. 

We use a fit to find the likeliest value of the parameter Piuput, given the r polarisation Pr. 

is given by 

Then t r iv ia l ly Pr = Pnput minimises x^- The la error of the Pr measurement is determined 

by the condition 

xWPT - Pinpntl) = I. (2 .57) 
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I f we write Pr = Pmput ± <5F then this condition becomes x^i^p) = 1- We then solve (2.56) 
to find 

^ W^N^TKm.) • (2.58) 

We wish to present ' ideal ' experimental errors independent of choice of bins, and thus we 
take Tib —> oo i n (2.58) giving 

m-^Pr9{z)'n • (2.59) 

This derivation can be extended to cases where more than one variable is involved by replacing 

the integral over dz by integration over all the variables. 

We define 6p to be the value of 8p in (2.59) when N = I. We show tables of the value 

of Sp and 8PI\/B for several modes, where B is the branching fraction of the mode. The 

statistical error of a 'perfect' experiment is then obtained by dividing Spfs/B by 
event) 

where A^event is the number of T events. For the simple case of the single pion, the integral 

can be performed analytically. For the other cases, the answers are obtained by numerical 

integration. When the p and ai pion decays are used as polarimeters, the sample data for 

the integration were taken f rom Monte Carlo simulations of r —>/?—> 27r and T ai ZTT 

decays. We used the subroutine package HELAS [23] to evaluate the helicity amplitudes for 

these decays. We have checked that the model dependence i n the a i STT'S decay amphtude, 

as discussed i n Section 2.3.2, gives numerically negligible differences for the predictions of 

our Monte Carlo simulation. 

2.6.1 IVEeasuring PT from decays 

Table 2.2 compares the errors for the various r decay modes (unweighted and weighted by 

the appropriate branching fractions). These are calculated f rom (2.59), where we assume for 

simplicity that P^. = 0. I f only the primary decay is observed we note f rom the upper portion 

of the Table that the TT channel gives the best determination of P^., even after correcting 

for the branching factor. The T p mode has the next best sensitivity, even though the p 

polarisation is not measured. The sum of the leptonic modes is comparable despite its large 

branching fract ion. As anticipated f rom Fig. 2.3, the r —> ai decay mode has virtually no 

resolving power. 

The middle section of Table 2.2 shows the improvement of the errors i f the pion decays 

of the vector mesons are included. We present the results of the two dimensional analysis, 

in terms of the total energy fraction z - 'EE^/Er, and the fraction x - jGx±/(E£^jr) of the 
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decay mode 8p branching fraction, B Sp/y/B 
One dimensional results (z) 

1.73 0.11 5.22 
p. + e 4.49 0.355 (sum) 7.55 

P 3.75 0.227 7.86 
ai 14.1 0.146 36.9 

Two dimensional results (z, a;^±) 
p ( T T - T T " ) 2.15 0.227 4.51 

a i (7r-27r°) 3.87 0.075 14.1 
T f - -1- 7r°'s 2.49 0.302 4.64 

Three dimensional result (z, min(a;i,a;2 
a i (7r+27r-) 3.76 0.071 14.1 

Table 2.2: The ideal errors associated w i t h each of the major r decay modes wi th and without 
the p and a i decay to pions as polarimeters. The branching fractions are taken f rom [24]. 
The error Sp is per one event of each mode, whereas the error 6p/\/B is per one tau. 

to ta l pion energy carried by the charged pion in the one-prong decays of the r . We first give 

the results of the p TT^TV^ and ai —> 7r'^27r° modes separately. We see that the polarimeter 

power of the p mode improves drastically, and that i t now overwhelms that of the TT mode, 

after allowing for the branching fraction. Even though we only use half of the ai decay modes 

and we do not measure the individual energies of the two outgoing 7r° mesons, the sensitivity 

of the ai mode improves by nearly a factor of three over the one dimensional analysis. I f we 

were able to clearly distinguish a one 7r° event f rom a two 7r° event, then the two dimensional 

analysis should lead to a total resolving power of Sp/y/B ~ (4.51~^ -|- 14.1~^)~^/^ = 4.30. 

However, such a distinction may not be possible in realistic detectors. Thus the th i rd entry 

assumes that one cannot distinguish between 7r'''7r° and Tr^27r° events. Surprisingly, this does 

not strongly suppress the polarimeter power of the p mode, and we find a resolving power 

Sp/y/B ~ 4.64 which is almost as good as that of the pure p mode. 

This fortunate situation can be easily understood i f we examine the scatter plots shown in 

Fig. 2.5 for the a i decay. We first note that x^± = X 3 = a; in the TT^TT^TT^ decay mode. 

I t is clearly seen f r o m the plots that an decays favour x ~ 1 or a; ~ 0 (asymmetric in the 

charged and neutral energies), whereas air decays favour x ~ 0.5 (symmetric). These trends 

are identical to those of p^ and pr decays. Because of this similarity between the charged-

to-neutral energy spl i t t ing of the p and a j modes, our inabil i ty to experimentally distinguish 

between the two modes does not significantly deplete the sensitivity to Pr. Although our 

sample does not cover all —> ( T T * - f mr°)i'r events, the p"^ —> 7r'''7r° and a f —> n^Tr°ir° 

modes account for about 90% of the decays wi th a charged pion accompanied by neutral 
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pions. We therefore believe that our approach wi l l be useful for very high r energies when i t 

w i l l be diff icul t to distinguish between 7r°'s. 

The last entry in Table 2.2 is for the decay af —> Tr^TT^Tr ' ' ' , where the integration is over 

z, X = X3 and y = min(a:i, a;2), where = E^^jEa^ and where Tra is the distinguishable pion. 

Amusingly, this three-dimensional analysis does not significantly improve the polarimeter 

power of the two-dimensional analysis, where we used only the sum of the two 7r° energies 

in the a f 7r^27r° mode. In other words, even i f we do not measure the energies of the 

two identical pions separately, we essentially obtain the optimal measurement of P^ in this 

mode. I t is relevant to inspect Fig. 2.12 in which the continuous curves show the polarized 

Oi decay distributions as a funct ion of the energy fraction x = X 3 of the distinguishable pion. 

These curves are the projections of the scatter plots of Fig. 2.5 onto the x = X3 axis. For 

comparison, the dashed lines show the corresponding single TT energy fraction distributions 

arising f r o m the decays of the polarised p mesons; see (2.30) and (2.31). 

Using the values of Spjy/lB listed i n Table 2.2, we give in Table 2.3 some examples of 

how our methods can increase the accuracy of the measurement of r polarisation. Because of 

their large branching fractions, the use of the leptonic modes is found to significantly improve 

the sensitivity of the single TP analysis alone. As can be seen f rom the lepton distributions 

in Fig. 2.2, i t is essential to be able to detect the leptonic modes over a wide range of the 

energy fract ion z. Even i f we were incapable of distinguishing a 7r° f rom two or more T T ^ ' S , 

the use of the charged to neutral energy fraction data alone can reduce the error f rom 4.29 

to 3.15. This reflects the approximate similarity evident in Fig. 2.12 between the single TT 

distributions which arise f r o m polarised p and ai decays. Af te r combining all the modes 

considered so far, the Pr polarimeter could be improved by approximately a factor of 1.7 as 

compared to just using single pion decays (that is the TT error of 5.22 shown in Table 2.2 is 

reduced to 3.15). 

modes 
TT, p, e 4.29 

TT, p, e, 7r'''27r''' 4.1 
TT, / i , e, 7r*7r°'s 3.15 

TT, / i , e, T T ^ T T ^ ' s , 7r^27r* 3.08 

Table 2.3: Examples of the improvement in total accuracy in measuring r polarisation when 
the p and a i decays to pions are used as polarimeters. These results are simply the errors of 

the rightmost column of Table 2.2 combined using 8^, = (13(1/̂ )̂) ^ . 

Finally we emphasize that the values given in Tables 2.2 and 2.3 (and also for Table 4 
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below) are for the idealised situation i n which the relevant decay pions can be detected over 

all phase space. In practice, particularly at hadronic colliders, this cannot be achieved and 

i t w i l l be necessary to impose cuts (e.g. z > ^min) to enable the r events to be tagged. I t 

should be noted here that even at hadron colliders, the energy fraction z can be rrieasured 

for W or Z' [25] provided that the missing pr can be well measured. Moreover the accuracy 

of the PT measurements given in the tables assumes that we can estimate reliably the total 

number of r 's produced. A t e'^e~ colliders where the r pair events are detected wi th a 

high efficiency independent of their polarization, this requirement can be fulf i l led wi th high 

statistics even for r ' s originating f rom H° or H"^. As noted in section 2.4, the requirement 

may also be fu l f i l led at hadron colliders for r 's f rom W or Z', where the absolute r event 

rate can be estimated f r o m the associated e and p events by assuming lepton universality. 

Uncertainty i n the experimental normalisation (both statistical, f rom the number of observed 

events, and systematic, f r o m detector efficiencies) w i l l lead to an additional uncertainty in 

the measurement of i - ^ . 

2.6.2 Measuring Pr from X —> T~T'^ events 
For the decays of the type 

X -^T-T+ ^ A-B+ + i^'s 

where the spin of the parent boson X is known, i t is important to use the correlations between 

the decay modes of the r~ and r"^ to improve the accuracy in the measurement of /V over 

that which can be achieved using only one of the decays r~ A~ or r"*" B^. In this 

subsection we quant ify the improvement i n accuracy taking into account the polarimeter 

power of the subsequent p 2-K and a j —> 3 7 r decays. This is a considerable extension 

of previous studies [26] which have examined the use of correlations of the energies of the 

pr imary decay products, EA and EB- For the purposes of il lustration we take the parent 

boson to have spin one. 

We begin by using (2.53) to rewrite the joint decay distribution (2.50) for X —> r^r"*" 

- f i/ 's i n the f o r m 

^ = fA{z)fB{-z) + 9A{z)gB{z) + P. UA{Z)9B{Z) + gA{z)fB{-z)), (2.60) 

where as before z = 2EA/mx and z = 2EB/mx. We then define 

f{z,z) = Uz)fB{z)+gA{z)gBiz) (2.61) 

and 

g{z,z) = fA{z)gB{z) + gA{z)fB{z) (2.62) 
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and apply (2.59) to find the error in measuring P^. We again set = 0 in the formula 

for simplicity. 

A- 5 + 6p combined branching 
fraction, Be 

TT 7r+ 1.37 0.0121 12.5 
1.66 0.0779 5.97 
3.23 0.125 9.13 

7r~ + 7rO's 7r+ 1.54 0.0664 5.99 
7r~ + 7r°'s 2.29 0.214 4.95 
7r~ + 7r°'s 7r+ + TfO's 1.91 0.0912 6.34 
7r+ + 27r- 7r+ 1.64 0.0156 13.1 
7r+ + 2ir~ ^+ 2.96 0.0503 13.2 
7r+ + 27r- 7r+ + 7r°'s 2.21 0.043 10.7 
7r+ + 27r- TT" + 27r+ 2.9 0.0050 41 

Table 2.4: The errors associated w i t h measuring the T~ polarisation f rom a massive spin one 
boson X decaying as X ^ r ~ r + A ~ 5 + i / ' s (or X —> A'^B~i/''s). These errors should be 
compared w i t h the 'best' value for Aor B f r o m Table 2.2, i.e. the lowest error of measurement 
using only one of the modes. We set Pr = 0 in (2.59). The product Be of the branching 
fractions is simply B\ i f B = A and is 2BABB when A^ B^ since the last two columns refer 
to A - B ^ ^ A ^ B - . 

I n Table 2.4, we show the values of 8p for each of the ten possible combinations of ^, T T , 

7r^ + 7r°'s and a f —> 7r^27r* pairs. These values of for correlated decays should be compared 

w i t h the lower error of the two separate decays given in Table 2.2. We see that, as expected, 

there is an improvement in every case. By "adding up" all the entries in the end column of 

Table 2.4, and by accounting for those decays which have only a single useful mode, we find 

an ul t imate ' theoretical ' l i m i t of the r polarimeter, 6p = 2.37. For comparison we note that 

when only the r — > T T I / decay mode is used, the polarimeter power is 8p/^2BTJ — B^ = 3.79. 

2.6.3 Measuring P^. at hadron colliders 

Finally we quantify the errors i n the measurement of Pr at hadron colliders. As mentioned 

in Section 2.4, only r decays to high z particles can be detected in a hadronic environment; 

the fraction / A I T O O -^min) of r ^ 4̂ decay events wi th energy fraction z > Zmin can be deduced 

f r o m Table 2.1. Since the measurement of z at hadron coUiders is expected to have poor 

resolution we treat the region ^min < .2 < 1 as a single bin. (Thus the integration over z is of 

the fo rm (2.58), w i t h a single bin, nb = 1, rather than (2.59)). 
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The Pr dependence of that fraction of r —> A decays that we can observe is given by 

fA{Pr. ^min) = ^ ( l - P r ) / ^ ( r L , ^min) + ^ ( l + Pr)fA{TR, Z^^) (2.63) 

where the fractions / A ( T £ , , Zmin) and / ^ ( r / j , ^min) are defined in (2.46). The polarimeter power 

of the T —> A mode is then obtained f r o m the general formula (2.58). The error per one 

observed event ( in the region z^y^^ < 2 < 1) is found to be 

{SP)A = iT.fA{Pr.z^S]'\ . . . (2.64) 
\ A J UAKTL, ^min) " JA{TR, Z^^)\ 

The resulting values are listed in Table 5 for the choice z^,^ — 0.8. 

We first comment on the results shown i n the upper part of Table 5. Even though the 

fract ion of single TT events is t iny i f P,- = — 1 (corresponding e.g. to 'W~ r~ — > T T " decays) 

we see f r o m Table 2.1 that i t has a strong P^ dependence and can provide a sensitive measure 

of Pj i f sufficiently large statistics can be achieved. Indeed = + 1 is expected for H~ or 

WR decays (and certain Z' models), and so the sensitivity of the rate of single TT decays to 

Pi- offers a powerful signature for new physics. Despite the larger observed fractions of p and 

a\ events these decays have poorer sensitivity to Pr, unless the subsequent decays to pions 

are studied (see Table 2.1). The large errors shown for the mode in Table 5 simply reflect 

the insensitivity of r —> ai decays to the value of P^, recall Fig. 2.3. 

Just as for the previous studies, we find the subsequent p and Oi decay distributions 

dramatically improve the accuracy in the measurement of P^. The middle section of Table 5 

shows the improvement i f just the distribution of the energy fraction of the T T " is studied and 

the accompanying T T ' ^ ' S are not measured. We first give the accuracy arising f rom the p and a j 

modes separately and then the combined result in which the number of 7r°'s is not detected. 

In this sample study we see that the contamination due to the a j mode can even lead to 

a small improvement i n the measurement of P̂ - f rom T~ p~ ^ T T " for values of P,- ~ 0 

(arising f r o m the increase in the number of events). This reflects the approximate similarity 

of the p and a i decay distributions shown in Fig. 2.12. Although there wi l l be an additional 

small contamination arising f r o m T T " + 37r° decays, which may decrease the accuracy in the 

determination of P,-, i t is encouraging that the major mode does not significantly reduce 

our abil i ty to measure P^ f rom T p decays. 

The three prong decay of the ai is a clean experimental signal. We therefore also give the 

accuracy corresponding to a one-dimensional analysis of these decays in Table 2.5, based on 

the X distributions of Fig. 2.12. The use of the two-dimensional decay distributions of Fig 5 

does not significantly improve the sensitivity to Pr. 
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decay mode Sp 
Pr=0 Pr = + 1 

Zero dimensional results 
TT 1.29 3.23 4.75 
e 5.48 4.77 3.06 

p 3.48 4.79 6.07 
ai 25.0 28.9 32.6 

One dimensional results (x) 
p ( T T - + 7r") 

a i ( T T - + 2n°) 
1.15 2.67 2.88 p ( T T - + 7r") 

a i ( T T - + 2n°) 3.90 6.42 7.44 
Tf- + 7r°'s 1.23 2.65 3.33 

ai(7r+ + 27r-) 4.01 6.60 7.65 
Sum of errors over T T , £ , T T - + T T O ' S , 7r+ + 2n-

sum 0.86 1.81 1.97 

Table 2.5: The errors Sp, as given by (2.64) per one observed event wi th z > Zmin, associated 
w i t h measuring the r ~ polarisation at a hadron collider. We take Zmin = 0.8. We give results 
for Pr = - 1 , 0 and + 1 . 

I n the final row of Table 2.5 we give the expected theoretical error in the measurement 

of Pr, per one observed event, obtained by combining all the decay modes: £ ~ , TT~, 7r"7r°'s 

and 7r~7r~7r'^. I n this ideal situation we expect a measurement of Pr to 10% accuracy wi th 

70 (400) observed events for values of Pr ~ - 1 (+1) . 

Again we must add similar words of caution to those given at the end of section 6.1. We 

have presented the idealized situation of complete detection of the specified r decay products 

for z > Zmin, w i t h a precisely known r production rate and wi th neglect of possible background 

contaminations. For new heavy gauge bosons this assumes that the couplings respect the 

lepton universality. I n practice there w i l l be uncertainties in normalisation (both statistical, 

f r o m the number of observed events, and systematic, f rom the detection efficiencies) and in 

the determination of the value of z ( f rom the energy and angular resolution of the detector, 

the resolution in the missing px measurements, as well as f rom the width of the parent boson). 

A realistic measurement of Pr w i l l need to include these errors, which wi l l depend on the 

specific details of the detector used in the analysis. 

2.7 Conclusions 

The tau polarisation measurement is a valuable probe of new physics. We examined in 

detail the specific cases of the r decays of the charged and neutral Higgs bosons, and showed 
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how tau polarisation measurement can provide a signal of these particles. We showed that 

measurement of the tau polarisation can be greatly improved by using the decays of the 

intermediate vector mesons p and a^. We outlined the procedure for measuring the tau 

polarisation f r o m these decays for highly energetic r 's . We found that the use of these modes 

improves the power of the polarimeter, over using just the pion mode, by a factor of 60% for 

LEP, assuming perfect detection of final state charged particles. 

We studied only the p and modes, since for these modes, we know the hadronic matrix 

elements w i t h l i t t l e ambiguity. I t is relatively straightforward to include the rarer decay 

modes involving /'T, K* and mesons. The matr ix elements are not well known for the 

modes w i t h more than three T T ' S or ICs. These modes are st i l l non-negligible. Although fur

ther theoretical study on these modes may be necessary, i t is also an important experimental 

question to measure the TJ^ and TR decay functions phenomenologically at e+e~ colliders. 

The tables show the accuracy wi th which P^ can be measured in an idealized situation of 

perfect detection, w i t h precisely known r production rates and wi th neglect of background 

contaminations. The results are indicative of what could be ultimately achieved using the 

decay products of the r to measure its polarisation, but clearly the actual accuracy wi l l 

depend on the particular experimental circumstances. 
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Chapter 3 

Radiative corrections to top quark 
production and decay 

The top quark is one of the two last missing pieces comprising the standard model (the other 

is the Higgs boson). I t is v i ta l for the theoretical consistency of the standard model that the 

top quark should exist. I f i t does not then anomalies occur which make the standard model 

unrenormalisable (see [27, 28] for details). However, the top quark has not, at the time of 

wr i t i ng , been detected, because of its apparently huge mass. I t is expected that i t wi l l either 

be discovered at the Fermilab experiments DO or CDF, or i f i t is too massive to be produced 

at these experiments, at the upcoming LHC collider at CERN. 

I f the top quark does exist then its mass is a,lmost certainly greater than the masses of 

any particles yet discovered. This makes i t a particularly interesting probe for one of the 

most fundamental questions facing physicists today: how is mass generated? Because the 

top quark w i l l interact strongly wi th a mass generating field, we may find in the behaviour 

of the top quark clues to the nature of mass generation. 

Even i f the top quark is discovered at Fermilab or the LHC collider, i t is not anticipated 

that its properties w i l l be accurately measured [29, 30]. Measurement of its mass to wi thin 

± 5 GeV, w i t h no hope of accurately determining the relatively small top quark width, is 

considered the best that can be hoped for f rom the LHC collider. Therefore for using the top 

quark to detect new physics, e+e" collider experiments above the threshold for production 

of ti pairs, where the top's properties can be accurately measured, are more interesting. The 

projected e+e" accelerator to achieve these goals is known as the "Next Linear Collider". 

This collider w i l l have a centre-of-mass energy greater than 500 GeV, sufficient to produce 

tt pairs. 

I n this chapter, as a background to studies of the effects of new physics on the production 

and decay of the top quark, we give complete analytic expressions for the one-loop elec-
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troweak radiative corrections to top quark production and decay. Expressions for the one 

loop electroweak radiative corrections to production of ti pairs in e+e~ collisions [31] and 

to the decay of the top quark [32, 33] have already been published. However, the radiative 

corrections presented in [31] to ti pair production were summed over the helicities of the t and 

i quarks, and thus the decay of the top quark could not be incorporated. In our expressions 

for the radiative corrections to production of ti pairs in e+e" collisions, and the subsequent 

decay of the top quarks into b quarks and W bosons, we keep f u l l polarisation information. 

We also introduce a new method for the evaluation of one loop radiative corrections to a 

vertex of two fermions and a gauge boson, which considerably simplifies the calculation. 

A t present, the lower l im i t on mass of the top quark, mtop, f r o m experiments at Fermilab 

29] is 

mtop > 13lGeV. (3.1) 

Restrictions on the mass of the top quark f rom consideration of standard model radiative 

corrections, using the accurate measurements of Z parameters at the LEP experiments and 

measurement of the W mass at hadron colliders [34] give 

mtop < 200GeV (3.2) 

as an approximate upper l i m i t . I t has been shown [35] that i f the mass of the top quark is 

greater than 100 GeV then a ti pair does not hadronise before i t decays. The large mass 

and consequent large wid th of the top and antitop quarks act together as an infrared cutoff 

on soft gluon exchange between the quark pair, and so the top quark decays before any 

hadronisation can occur. This implies that the polarisation of the produced top quark is 

not dissipated in the hadronisation process, and provides another reason for keeping fu l l 

polarisation information in our expressions for the radiative corrections. 

The structure of the rest of the chapter is as follows. In the first section, we outline 

our approach to the problem. In the following two sections we establish our conventions 

for kinematics and spinors, and in the four th we give the analytic expressions for the tree 

level amplitude. In the subsequent three sections, we give the radiative corrections to this 

amplitude. The radiative corrections are divided into three classes depending on the structure 

of their Feynman diagrams, which comprise these three sections. The first class, which 

we denote box diagrams, are diagrams in which two gauge bosons are exchanged between 

the e"*'e~ and the ti pair. The second class, which we denote vertex diagrams, contains 

radiative corrections to diagrams where the loop has three external legs. The third class, 

which we denote self-energy diagrams, consists of radiative corrections which only affect 

the propagators of particles. In the following section, we discuss the removal of ultraviolet 
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divergences and the renormalisation of the amplitude in the modified minimal subtraction 

(MS) scheme. I n the final section, we give complete expressions for the total cross section. 

3.1 Approach to the problem. 

I n our approach we consider production and decay processes together. This can be done in a 

simple way by calculating the radiative corrections as helicity amplitudes rather than using 

the t radi t ional matr ix element squared method. We also present a compact and convenient 

method for calculating the radiative corrections to the vertex of two fermions and a gauge 

boson, which can be readily extended to incorporate new physics efi'ects. 

Un i t a r i ty considerations on the structure of the Kobayashi-Maskawa ( K M ) matrix suggest 

that Vtb — I. Therefore in considering the decay of the top quark we may assume to a good 

approximation that only the processes 

t^bW+, i ^ b W - , (3.3) 

are significant. 

We also make the approximation of factorising the radiative corrections into production 

and decay parts. This means that the top quark is treated as an on-shell particle. By making 

this approximation we avoid the technical diff iculty of calculating loop level Feynman dia

grams w i t h more than four loop propagators, so-called pentagon and hexagon loop diagrams. 

We expect these diagrams to have an insignificant contribution to the amplitude, and by 

approximating that the top quark is on-shell we can avoid calculating them. However, since 

our corrections are expressed as helicity amplitudes rather than in matrix element squared 

fo rm, we can combine the production and the decay amplitudes of the t and i together. In 

our final expressions for the cross section, we insert a propagator factor for the top quark 

and integrate over the phase space volume, ignoring the v i r tua l i ty of the top quark. 

We choose to work entirely in the t 'Hooft-Feynman gauge (corresponding to the gauge 

of Appendix C w i t h ^A,W,Z = 1)) because in this gauge the gauge boson propagators have a 

very simple f o r m proportional to the metric tensor g'^". 

We use the scheme of [36, 37] to carry out the loop integrals. Self-contained formulas for 

the loop integrals are presented here, and a discussion of the method is given in appendix D. 

Our treatment of ultraviolet divergences is as follows. I t can be seen f rom power counting 

arguments that the box diagrams do not contain divergences. The divergences of the vertex 

diagrams al l cancel, due to the Ward-Takahashi identity, except for the diagrams containing 

a non-Abelian gauge boson coupling vertex. However, the divergence of the non-Abelian 
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graphs cancels against a term arising f rom gauge boson self-coupling in the propagator of the 

gauge boson. This term is known as the pinch term [38, 39]. Therefore the only divergence 

that needs to be renormalised in our expressions is the self energy of the gauge bosons, and 

thus we discuss renormalisation in the same section as the discussion of self energy graphs. 

3.2 Kinematics 

Figure 3.1: Momenta of e~, e'^,t and i in the centre of mass frame of the e"''e~ pair, momenta 
of b, W"^ in the centre of mass frame of the decaying t quark and momenta of b, W~ in the 
centre of mass frame of the decaying i quark. 

We approximate that the electron and b quark are massless. We denote the four momenta 

of 6+ and e~ by k'^ and k'^ respectively, and the four momenta of t and i by p'^ and p'^ 

respectively. We define the momentum of the b and b quarks produced in the t and i decays 

to be r and f respectively, and the momenta of the W'^ and W~ bosons to be w and w 

respectively. Thus 

P = P = 0, (3.4) 

= = m ^ (3.5) 

= = 0, (3.6) 

w^ = w^^ M l , (3.7) 

where m denotes the mass of the top quark and Mw denotes the mass of the W boson. 
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We define Mandelstam variables [40 

s = (k + ky = {p + pf = 2kk = 2pp + 2m\ (3.8) 

t = { k - p f = { k - p ) \ (3.9) 

u = { k - p f = ( k - p Y , (3.10) 

for use i n the e+e" ti amplitudes. The relation 

s - l - i + it = 2m^ (3.11) 

follows f r o m conservation of four-momentum. 

I n the centre of mass frame of the e+e~ pair, that is the laboratory frame of a prospective 

e+e~ linear collider, we choose the four momenta of the electron and positron to be 

F = ( £ ; , 0 , 0 , - £ ) , (3.12) 

F = { E M E ) . (3.13) 

where E = \/s/2, and we choose the four momenta of the t and t quark to be 

= {E,p), (3.14) 

r = {E,-P), (3.15) 

where 
p = {VE'^ — m'^){sm9cos4>,sm6s\n(f>,cos9), (3.16) 

and 6 is shown i n Fig. 3.1. 4> is an arbitrary azimuthal angle included for completeness. 

I n the rest frame of the decaying t quark, we choose 

r = ( ( m 2 - M ^ ) / 2 m , p i ) (3.17) 

w = ( ( m ^ - f M ^ ) / 2 m , - p O (3.18) 

where 
pi = ^ ( s i n ^ i cos(^1,sin^1 sin(/>i,cos^i), (3.19) 

2m 

and 6i is shown in Fig. 3.1. is the azimuthal angle between the e'^e~-tt plane and the 

tbW'^ plane, w i t h = 0 for the situation shown in Fig. 3.1 and increasing clockwise when 

looked at f r o m the point of impact of the 6+ and e~. In other words, ( f ) increases in a right 

handed sense relative to the laboratory direction of motion of the t quark. 
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Similarly in the rest frame of the decaying t quark we choose 

f = ( ( m 2 - M ^ ) / 2 m , p 2 ) (3-20) 

w = {{m' + Ml)/2m,-p^) (3.21) 

w i t h 
,2 _ M2 — (sin 62 cos (j)2, sin 62 sin (j)2, cos ^2), (3.22) 

2m 

where 62 is shown i n Fig . 3.1. 2̂ is defined as a right handed rotation wi th respect to the 

mot ion of the i quark i n the same way as 1̂ is defined wi th respect to the motion of the t 

quark. 

3.3 Spinors 

I n this section we give the necessary expressions for the products of Dirac spinors of the 

electron and positron, top and anti-top quarks and h and b quarks. We use the momentum 

choices of the previous section and the spinor conventions of [41]. A summary of these 

conventions is given in Appendix A. A spinor representing a particle is denoted u, and a 

spinor representing an antiparticle is denoted v. Their conjugates are denoted u and v. 

We first consider the various types of products of two spinors that we w i l l use in the rest 

of the chapter. There are exactly sixteen linearly independent products that can be formed 

f r o m a pair of Dirac spinors, known as bilinear covariants [42]. Any product of gamma 

matrices sandwiched between two spinors can be reduced to a linear combination of these 

bilinear covariants together w i t h some combination of metric or Levi-Civita tensors by the 

method of Fierz projection [43]. The bilinear covariants of two Dirac spinors ip and tj; are 

usually grouped as follows: 

product name 

scalar. 
current or vector. 
tensor. 
axial current or axial vector. 

•07^ t/) pseudoscalar. 

have definite chiralities. Defining the chirality projection operators 

V^ = '^{l±l') (3-23) 
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where 7^ is the tota l ly anticommuting gamma matrix, we denote the combinations of current 

and axial current tjjj'^'P-t/^ and •ip'y^V+il) left- and right-handed currents, and the combinations 

of scalar and pseudoscalar xj^V-ij) and tpV^xp we denote left- and right-handed scalars. 

Non-zero scalar, pseudoscalar and tensor products cannot be formed f rom spinors that 

represent massless particles. These types of product involve a flip of helicity between the 

two spinors, but helicity is exactly conserved for interactions of massless fermions. Since the 

electron is approximately massless, the only non-zero spinor product which the 6+ and e~ 

spinors can f o r m is a left- or right-handed current. This current is 

= v{e+)rV.u{e-) = 2E{0, - 1 , ia, 0) (3.24) 

where a = ± 1 is the chirality, which for the massless electron is identical to its helicity. 

Since the top and anti-top are massive, they can fo rm non-zero scalar products. The 

non-zero scalar products of the t and i spinors are 

Sa = u(t)Vc.v{T) = \ 

where cr and a denote the helicity of t and t respectively. 

The currents formed f r o m the t and i spinors are 

a (T 

+ + ( E - | p | ) e - ' ^ 
+ — — {E + |p|)e'^ 
— + + - ( £ ; + | p | ) e - ' ^ 
— — — - ( £ ; - | p | ) e ' * 

a cr 
+ + + me-'^(l,p). 
+ + — (£ -Mp | ) ( 0 , v -h iw) , 

+ — + ( E - | p | ) ( 0 , v - i w ) , 

+ — — me '^( l , -p) , 
— + + - m e - ' ^ ( l , - p ) . 
— + — ( E - | p | ) ( 0 , v + m ) , 
— — + ( E - ^ | p | ) ( 0 , v - ^ w ) , 
— — — -me '*( l ,p) . 

where a and a are as defined after (3.25), and we have defined vectors 

p = (sin 9 cos (/), sin ^ sin <?!i, cos 9), 

V = (cos ^ cos cos ^ sin — sin^) , 

w = (sin <?i, — cos ^, 0). 

I t is easy to see that 

p-p = v v = w w = = l , 

p v = p- w = v w = 0. 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 
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that is, p , V and w f o r m an orthonormal tr iad of vectors. 

I n addition to the current and scalar product of the t and i spinors, the tensor product 

S'̂ " = u(f)(T'"'u(f) (3.32) 

also occurs i n our calculation. I t is possible to rewrite this tensor product in terms of currents, 

scalars and momenta by using equations of motion, as is shown in [43], but we find that i t 

is simpler not to. The explicit forms of the tensor products are relatively straightforward, 

as can be seen f r o m (3.35), whereas their expansion into currents and scalars is in general 

lengthy. I n our calculation, i t turns out that cr'̂ " always occurs in combination wi th the 

Levi-Civi ta tensor ^aPixi^f^^"• Therefore i t is easiest to use the relation 

(3.33) 

to eliminate the need for contracting the Levi-Civita tensor. We therefore define a new 

product 

E r = m^'^l'vi^- (3-34) 

The six independent values of this tensor are 
(01,02,03) (23,31,12) 

+ + 2me-'*p 0 
+ — 2E{v -1- m ) 2 | p | ( ^ v - w ) 
— + 2e\V - iw) 2 | p | ( i v - | - w ) 
— — -2me '*p 0 

(3.35) 

where a and a are as defined after (3.25), and (01,02,03) and (23,31,12) represent triplets of 

values of p,p. These six cover all the linearly independent components of the a tensor. 

I t is interesting to note that the tensor products occur only in the expansion of the e'^e~ 

ti box diagram. A tensor product of two spinors transforms under Lorentz transformations 

as a spin 2 representation of the Lorentz group. The tensor product terms arise in the 

calculation of e+e~ ti box diagrams because two spin one bosons pass between the impair 

and the e+e~ pair. Such products cannot occur, for instance, when a single spin one boson 

is exchanged between e+e" and ti. 

The final set of currents and spinors that we require are those for the processes t bW"^ 

and i —> bW~. For the decay t —* bW'^ we define 

f a cr{b) a(t) 
+ - + 
+ - -
- + + 
- + -

Cl 

•Sl 

- C l 

(3.36) 
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a a{b) ait) 
+ + + — i c j , —si), 
+ + — ( - c i , - ^^11 
— — + -isi, - C i ) , 

— — — ( 5 l , C i ici, - s i ) , 

(3.37) 

where we have defined Cj = cos(0i/2), = sin(^i/2)e'*> and = s in (^ i /2 )e - '* \ wi th 

those scalars and currents which are zero due to the approximate masslessness of the 6 quark 

omit ted , and where a(t) and a{b) represent the helicity of the top quark and the b quark 

respectively. 

For the equivalent i decay, 

52a v{t)Vav{i) = yjm? - M , 2 
W 

a a{b) ait) 
+ + — C2 
+ — — •52 
— + 
— — + -C2 

(3.38) 

= vib)^''Vcvit) = ^ w 

X { 

a aib) ait) 
+ + — ( - C 2 , - -S2,iS2, - C2) 

+ — — ( - ^ 2 , - -C2, - iC2, 
— + + ( - ^ ; , - -C2,iC2,S I) 
— — + (C2,52, -iS2,C2) 

(3.39) 

where C2 = cos(^2/2), ^2 = sin(^2/2)e'*^ and s*^ = sin(^2/2)e-'*^ are the relevant scalar and 

current products of the t and b spinors. 

3.4 Tree level amplitudes 

Since we have made the approximation that the top quark is on shell, the tree level amplitude 

is simply the product of the helicity amplitudes for top quark production and decay. The 

amplitude for production of tt f r o m e'^e~ collisions via Z boson exchange is 

A ^ L = gm -'w)ihw - • J--'wihl -'^)u • J-. 
+ l^'wCl - ^w)j- • - hwU • J+]/{s -Ml + ze) (3.40) 

where Sw = sin 9w is the sine of the Weinberg weak mixing angle, and the amplitude for 

production by photon exchange is 

M 1 
tree 

^[;_ • J _ -1- j+ • J- + i - • + i+ • + 
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Figure 3.2: The Feynman diagram for e+e —> —> bW'^ bW at tree level 

where e is the charge of the proton. We do not need to consider scalar exchange diagrams 

since scalars cannot couple to the massless electron pair. 

The tree level amplitudes for top quark and anti-top quark decay are 

M tbW = Jr-e*{W+). (3.42) 

(3.43) 

where e{W^) is the wavefunction of the emitted boson. We neglect diagrams where the 

W is replaced by a scalar boson by approximating that the W is produced on its mass shell. 

We insert the t and i propagator factors 

Dt 
1 

p2 - -f- imtTt 
1 

(3.44) 

(3.45) 
p^ -rut + imtTt 

The to ta l tree level amplitude, summed over the helicities of unobserved particles, is then 

A < t r e e = E { M I , . + Ml,^)DtMit ^ bW+)D^MiibW-). (3.46) 
a(t,t,b,b)=± 

We sum over the helicity of the b quark, because the polarisation of the b quark is virtually 

unobservable due to hadronisation effects, and because the decay amplitude is dominated by 

the left handed 6 quark. 
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3.5 Box diagrams 

In this section we consider the evaluation of the three Feynman graphs shown in Fig. 3.3 

which f o r m part of the radiative corrections to e+e~ —>• ti. In the first subsection we present 

the amplitudes, and carry out algebraic simplification and integration over the unfixed mo

mentum of the loop expressing the results i n terms of the one loop form factors of [36]. In 

the second subsection we give the reduction of these fo rm factors to scalar one loop integrals. 

e A 

t X Z Kt 

( a ) ^b^ox 

e A i t 

w -

i b 

(b) MLI 

Figure 3.3: The three box diagrams. 

(c) MZ. 

3.5.1 Amplitudes 

The three diagrams of Fig, 3.3 can be divided into two categories, depending on the direction 

of the arrow on the internal quark fine relative to the direction of the arrow on the internal 

lepton line. We call these the uncrossed and crossed box diagrams. The conventions we use 

to describe these two categories are shown in Fig. 3.4. 

We label the unfixed momentum in the loop by q as shown in Fig. 3.4. 

The amplitudes for diagrams (a), (b) and (c) of Fig. 3.3 are 

ML. 

M w 

= ( ^ [ 7 . ^ 7 . ((I - sl:YV_ + styV^)l 

X [(Fw - + {IslyfYQYV^ + - \)mYY]u (3.47) 

= 9 z j ( ^ [ 7 . ^ 7 . ((I - slfV. + slV^)l 
X [{hw - Ifl'^QYV. + {lsl,fY(liYV^ + {hlMsl - \)mYr]u (3.48) 

= 3" j -^d^M^^^-UYQYVAu (3.49) 
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P4 

1 q 

0 P2 

^ P3 

m p2 

P3 

(a) (b) 

Figure 3.4: The uncrossed (a) and crossed (b) box diagrams w i t h their assignments of mo
menta. 

w here 

d = q%q + P x f - M'){{q + p^ + p^)^ " m'')i{q - P.f - M% (3.50) 

w i t h m' — m, M = Mz, the mass of the Z boson, for M^x -^box ^^'^ m' = 0, M = Mw 

for M^oxi '^^ abbreviate 

u ( e - ) . . . t ; ( e + ) = [.. (3.51) 

and define 

v{t)...u{i) = [...]t, 

Q = q + Pi+P2 

(3.52) 

(3.53) 

for compactness. 

We first consider how to carry out the gamma matr ix algebra necessary to simplify the 

expressions for the ampHtudes (3.47-3.49). We wish to simplify terms of the form 

f r o m the uncrossed box diagram, and 

(3.54) 

(3.55) 

(3.56) 

(3.57) 
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from the crossed box diagrams. 
Using the identities [44] 

Yl'Y = 5 ^ V - ^ " V + 5''V-^e'^'"' '7A7^ . (3.58) 
e'^'^.^.x = S%-8$8^,, (3.59) 

(3.54) and (3.56) can be simplified to 

[i4i.VcUYQYVo]t = iq-Qja-Ja, (3.60) 

747.V^]j7''(^YV_^]t = ^ja-QJ-.-q. (3.61) 

l4^uVo\^[YQl^Vo], = ^ja-QJa-q, (3.62) 

b;.lpluV^UYlrYV-.\ = Aq-Qj,-J_,. (3.63) 

Relations of this type were first derived in [45 . 
In order to deal with (3.55) and (3.57) we need further relations. Using the gamma matrix 

identities [42 

TMTI/ = - (3.64) 

= 2̂ (7'̂ '̂ 7̂  (3.65) 

l'V„ = aV^, (3.66) 

and (3.58), it is straightforward to derive 

[l4^.VaUrY]t = -2 i„-g(5+ + 5_) + 2 m j , , E f g „ (3.67) 

[747.^a]e[7V]t = -2j^-q{S+ + S^)-2iaj^,^fq,. (3.68) 

We now consider the integration over the unfixed momentum q. The concepts of this 
method are explained in Appendix D and here we merely give the formulas without deriva
tion or detailed explanation. We first consider the case of a general box diagram with the 
momentum assignments of Fig. 3.4. We introduce the notation 

d'^q{^,q^,q,^qu) (3.69) 

D'^ and D'^" are expanded into Lorentz invariant functions £>i,-, i = 1,2,3, 

D'^ - p^Dn + p'iD,-, + P3̂ i5i3 (3.70) 

and D2i-, i = 1 , . . . , 7, 

+ pIV,^D,, + p\Y,^D2s + ply^D,, + '̂"-^27 (3.71) 
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where a^^b"'^ = af^b" + a^b", respectively. 
The various factors of the formulas (3.60-3.63) and (3.67-3.68) become 

J4 

/ 
/ 

^q-Qj.-Jp = '^{C^'''^ + C^'''^ + {h + f2)Do)j.-Jp, (3.72) 

-J-ja • QJp -q = ja- P2Jp • {V\{Di2 + ^24) + P2^22 + ftAs) 

+ ic • PsJp • {P1D25 + P2{Dl3 + D22 + £'26) + P3^23) 

+ ja • J0D27, (3.73) 

J • qSfs = ja • {P2Dr2 + P3Dr3)S0, (3.74) 

J ^ j a x ^ ' q ^ . = jaX^\pi^D^r+p2^D,2+P3^D,s), (3.75) 

where / i and are defined in (3.102) and (3.103) respectively, and Cj'^''^ is defined in (3.91). 
Inserting these expressions into the amplitudes M^'^^^'^ gives 

ML = iu-j^sU{h+f2)Do+cr'+cr') 
+ ij^-J-sUlsl.-l?D2, 

+ 4j+-pJ_-hty[lsl,-lf{-D,2-D2, + D2s) 

+ 4mi+ • pS+sUhl: - l]{lsl{D,2 - D,,) + [Isly - i](Z)23 - £'26)) 

+ 4mj+ • pS.sUh'w - M^wiDu - As ) - [ f ^ ^ - f K A a + £"26)) 

+ fj--J4l-sUs'wD27 

+ 2j. • - s^^nFw - mu^+h)Do+cr'+cr^) 

+ f i _ • p j + • l[\ - s]yYs'^{-D,2 - D2, + £'25) 

+ | m i _ -p^+fi - sl,fs]y[-lsUD,3 + D2e) + Ws^w - 11(̂ 2 - A s ) ) 

+ | m i _ • pS_[\ - sl,Ys]v{\sl,{D23 - D26) + [yir - | ] ( A 2 - As)) 

+ ^iY.^^xjXms%;{\s\; - i ] [ F A i - P'^A2 -

- f S 5 ^ A i V [ | - sl,\\l,\lsl, - i ] [F i?„ - rD^2 - V^D,^\ (3.76) 

for the uncrossed box with Z boson exchange, 

27 
+ 2;+ • j-s\,{is\, - i ] ^ ( ( / , + / , ) A + c r ' + c r ^ ' ) 

+ f j + - p J + - ^ / H ^ ( - A 2 - A 4 + A s ) 

+ | i + • p5+m5^,^(|5^,^(-As + A e ) + {\s\, - A 2 - A s ) ) 
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+ 4i_ • p j _ • Ml - - |] '(-£>12 - i)24 + i)25) 

+ 4i_ • pS'+m[l - s'^nisl^ - 11(14(^2 - A s ) + [ f ^ ^ - | ] ( A s + D,e)) 

+ 4i_ • p5_m[i - s'^nis'^ - i ]( |5^(£'a2 - D,s) + [|s^ - |](P26 - ^^23)) 

- |S5^Ai>5^[|^'vK - IWDn - P^'Dn - P^Drs) 

+ |£5MAi^m[| - slyfsl^ilsl, - i ] ( P A i - K A 2 - P^i^is) (3.77) 

for the crossed box with Z boson exchange, and 

MZ. = £-,[j--J-D,r + 3--p[j--HD2s-Du-D,,) 

+m{S4D,s + Die) + ^ - ( ^ 6 - A s ) ) ] ) (3.78) 

for the crossed box with W boson exchange. The relation 

j± • P3 = -j± • P2 (3.79) 

was used to reduce the number of terms in these expressions. 

3.5.2 Reduction of the Din and D2n form factors 

In this subsection we present a complete reduction of the form factor A i , i = 1,...7 of 
(3.71), and the factors Di,-, i = 1,.. .3 of (3.70) into the three types of scalar integrals DQ, 
Co, and Bo defined below. For explanation of the concepts of this reduction please refer to 
Appendix D. 

In this section we present the reduction for the case of the uncrossed box diagram, so 
that we have identified 

Pi = fc, (3.80) 

P2 = -P, (3.81) 

P3 = -P, (3.82) 

p^ = k. (3.83) 

The corresponding expressions for the crossed box are identical to those presented here except 
for the interchange of u with t. This is because for the crossed box, 

P2 = -P, (3.84) 

P3 = -P, (3.85) 
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and so the association of p2 and with the four momentum of top and anti-top quarks is 
exchanged. 

Defining the propagator factors 

Pi 

P2 

Ps 

PA 

q\ 

{ q ^ p , f - M \ 

{q + Pi -\-P2f - m 

{ q - p , f - M \ 

12 

(3.86) 

(3.87) 

(3.88) 

(3.89) 

where m' and M are defined immediately after (3.50), we define the scalar integral functions 

Do 

J P . P , ' 

/ d'q 
J P.PiPk 

r _ d \ 

J Pi P2P3P4 

(3.90) 

(3.91) 

(3.92) 

The analytic solutions to these integrals have been published in [37, 46] and are also available 
as numerical computer programs [47] thus we do not present their lengthy analytic forms here. 
The BQ integral is carried out using dimensional regularisation, over D = 4 — 2e dimensions, 
because it is ultraviolet divergent. The ultraviolet divergence appears as a pole in 1/e as the 
limit of £) = 4 dimensions is taken. However, the BQ functions always appear in pairs such 
that the poles cancel each other out, because the D2i and Du functions are ultraviolet finite, 
as can be seen from counting the number of factors of q in numerator and denominator. 

The factors D2i and Du are reduced to Bo, Co and A by 

1 v-\ 

( C[\''^ + C^'''^ + hDn + D27 \ 

(̂124) _ (̂134) + f^D^^ + D „ 

J 

\ 

(̂124) + / 3A2 

IS-(̂124) ^ ( . I J I J . r p. 
1̂2 ^12 + /2^1S 

- C { ^ ' ' ^ + / sA3 + A T J 
.(234) D2J = m ? A + i c r ' ^ - i ( / i A i + /2A2 + / sA3) 

(3.93) 

(3.94) 

(3.95) 

(3.96) 
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where 

and 

^ ( 1 2 3 ) 

^ ( 1 2 3 ) 

(124) 

(124) 

^ ( 1 3 4 ) 

/^(134) 
^ 1 2 

^ ( 2 3 4 ) 
^11 
^ ( 2 3 4 ) 
^ 1 2 

1 

X 

X 

X 

1 

^ ( 1 2 4 ) _ ^ ( 1 3 4 ) ^ ^ ^ ^ ^ 

^ ( 1 2 3 ) _ ^ ( 1 2 4 ) ^ ^^^^ j 

( 2w? B, 
(13) 

0 B'o 
(12) 

0 
(123) 

1 
(5 + 2m2)2 

/ - B 

' 2 s s + 2m? 
^ 5 + 2m2 0 
(24) _^ ^^^(124) 

- B j - ) + ( / 2 + / 3 ) C i - ^ ) j 

1 / 2m2 ^-m2 
2u 4 u m 2 - { t - m?y 

j(14) r,(34) / B^^'^ - Bt^ + (A + f2)Cr^ \ 

-2m^ s + 2m2 
5 + 2m2 -2m2 3(5 + 4 m 2 ) 

B i ^ ' ' ) - b T ^ 
(234) 

/ i = m m 15 

/ 2 = ml-m\-

/ -5^ -f 45772̂  S(̂  + m^) 
5(̂  + m 2 ) - ( f - m 2 ) 2 

s{u + m^) 
{u - m^){t - m^) 

(3.97) 

(3.98) 

(3.99) 

(3.100) 

(3.101) 

(3.102) 

(3.103) 

(3.104) 

s(tu — m 

As was claimed, the Bq integrals appear in pairs such that their ultraviolet poles cancel 

(3.105) 

3.6 Vertex diagrams 

In this section we consider the one loop Feynman diagrams with three external legs attached 
to the loop that arise in the process e+e~ tt ^ hW'^ hW~. We denote this type of diagram 
a vertex diagram because it is a radiative correction to a tree level vertex. Each vertex where 
these radiative corrections arise in top quark production and decay is shown in Fig. 3.5 as a 
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Figure 3.5: The locations of the vertex radiative corrections to e+e —^tt—^ 6W+ bW~ 
shown by shaded circles on the Feynman diagram 

shaded circle. The first subsection of this section deals with the general framework in which 
these radiative corrections have been calculated, and the following three subsections deal 
with each of the vertices shown in Fig. 3.5 by. shaded circles. The radiative corrections to 
t bW'^ and i bW~ vertices are dealt with as one case since they are CP conjugates, and 
so the expression for one is directly related to the other at the one loop level of the standard 
model where no CP violating amplitudes appear in the process. 

3.6.1 Vertices with external on-shell fermions 

For any given scattering process, in each order of perturbation theory, only a finite number 
of Feynman diagrams can connect the initial and final particles. In this section, we show 
that for one loop radiative corrections to vertices involving a pair of external fermions and 
a spin one boson there are only six types of Feynman graph that need to be considered in 
standard model calculations. This is because in the standard model, within any particular 
choice of gauge, the essential structure of Feynman rules for interactions are independent of 
all properties of the particles except their spin, up to multiplicative coupling factors. That 
is, almost all Feynman rules, even when they involve completely different particles with only 
their intrinsic angular momentum in common, have almost identical structures. 

For example, the term of the Standard model Lagrangian density representing interaction 
of a Higgs boson with two W bosons 

gMwW+''W;;H 
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and the term representing interaction of a positively charged Goldstone boson x"*" with a W 
and a Z boson 

2 

(see appendix C for notation) have identical relationships between the different fields of the 
same spin, up to a multiplicative factor, and thus lead to almost identical Feynman rules. 

We take advantage of this similarity between Feynman diagrams involving different par
ticles with the same spin, to give complete solutions for one loop diagrams involving two 
external fermions and one external boson. Six spin structures can occur with the particles of 
the standard model. These six cases are shown in Fig. 3.6. We call these diagrams generic 
Feynman diagrams, and the resulting expressions corresponding to each diagram, we call 
generic expressions. These generic expressions we denote by ^a,b,c,d,ejy where n is the four 
vector index that is contracted with the propagator of the vector boson, and a, 6, c, d, e and 
/ correspond to Fig. 3.6(a),(b),.. .,(f). 

In order to evaluate these generic expressions, we choose the following conventions. We 
calculate in the t'Hooft-Feynman gauge, in which the propagator of the gauge boson is 
proportional to the metric tensor. In this gauge Feynman graphs that do not occur in 
the unitary gauge, involving scalar Goldstone bosons, must be included in some calculations. 
However, the simple structure of the gauge boson propagator facilitates loop level calculations. 
At each vertex of two fermions and a boson we expand the Feynman rule into left and right 
handed chirality couplings. In order to use our formalism, in the standard model a vector 
boson coupling to fermions should be expressed in the form 

7''{hv+V+ + hv-V-), (3.106) 

and a scalar boson coupling to fermions should be expressed in the form 

hs+V+ + hs-V-, (3.107) 

where hsy± are coupling constants. For particles such as the photon or the Higgs boson, 
whose interactions do not distinguish between left and right chirality states, clearly = h_. 

Our generic expressions for the vertex radiative corrections also include the two external 
spinors, in the form of current or scalar spinor products, plus a free Lorentz index fj, which 
is contracted with the appropriate free index of the propagator of the external vector boson. 

The most general expression which can be constructed from Lorentz invariance for a two 
fermion and one gauge boson vertex contains six independent Lorentz invariant form factors. 
This can be seen from counting the number of possible helicity states of the three external 
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w w w ; 

(a) 

Figure 3.6: The six possible structures of one loop vertex occurring in the standard model 

particles. There are three allowed helicity states for a massive vector boson, and these are 
multiplied by a factor of two from the two possible fermion pair helicity states. Two of the 
four states of fermion pair helicity cannot occur, since interaction of a fermion pair with a 
spin one boson (or a conserved current) can never involve a helicity flip. We choose to expand 
in chiral spinor currents and scalar product states, that is 

= and = i>Vc,^l>, (3.108) 

where ij) is the spinor with the arrow pointing into the vertex, and •;/) is the spinor with the 
arrow pointing away from the vertex. (Note that these are different definitions for and Sa 
from those used in the rest of the chapter where they denote t and t spinor products.) The 
most general expansion of the vertex in terms of these chiral currents and scalars is 

Aĝ eneral = + /2«/- + hp'S^ + Up'^S. + hp'^S^ + kp^S., (3.109) 

71 



where we denote the momenta of ij) and i>hy p and p respectively. (Again these definitions of 
p and p are different from those of the rest of the chapter where they denote t and f momenta.) 
which as stated contains six multiplicative factors. We denote their particle numbers 77 = ±1 
and 77 = ± 1 , depending on whether the spinors ^ and xl> respectively represent particle or 
antiparticle, the helicities of V' and xj) hy a and a respectively, and masses by m and m 
respectively. Our choice of conventions is shown in Fig. 3.7. Using the Dirac equation, 

P- Ja = rnrjS-a, 

p-Ja - mfjSa-

(3.110) 

(3.111) 

Figure 3.7: Conventions for the vertex one loop diagrams 

We now consider integration over the unfixed momentum of the loop. We define integrals 

dn{i,k^,k^K} 

where the propagator factors 

(0 P1P2P3 

Pi = (k + pf-ml + te, 

P2 = [k + pY-ml + ie, 

P3 = k^ — ml + it. 

(3.112) 

(3.113) 

(3.114) 

(3.115) 
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The integrals and C^" are expanded using the formalism of [36 ] into Lorentz invariant 
form factors as follows 

= K C „ + p ' ' C i 2 . ( 3 . 1 1 6 ) 

C^'' = P V C 2 1 + P V C 2 2 + ( P V + P ' ' P ' ' ) C 2 3 + ^ ' " ' C 2 4 ( 3 . 1 1 7 ) 

We will consider the reduction of the terms C 2 „ , n = 1, . . . , 4 , Ci„, n = 1,2 after the final 
expressions for the A functions have been given. 

Writing down the Feynman rules for the six structures of Fig. 3.6 gives 

X (-2k>'- pi^ - p>^) ( 3 . 1 1 8 ) 

A f = ^ | - ^ ^ V i ( / ^ 3 _ P - + /^3+n)( -^ + m 3 ) 7 ' ' ( / ^ l - 7 ^ - + /^l+P+)^ ( 3 . 1 1 9 ) 

= J^4j^p^^^'(hs-V- + hs+V^)i-Ums){h,.V- + hr+V+)^ ( 3 . 1 2 0 ) 

X ( < 7 ^ ^ ( - 2 P - - p^) + ^'^''(r - p'̂  + 2 r ) + g^^ik" + 2f - p")) ( 3 . 1 2 1 ) 

1 f dPk -

K = ; p ^ m V ^ - + /i3+n)(^ + ^ + m 2 ) 7 ' ^ ( V ^ - + 

X (̂ • + / + mi)7„(;i i_:P_+/i i+P+)^/> ( 3 . 1 2 2 ) 

= ( 2 ^ / ' ^ K ' ^ ^ ^ ' - ' ^ - + ' ^ ^ + ^ + ) ( ^ + ^ + m2)7'^(/i2-P- + /i2+n) 

X {Jl: + ̂  + mi){hi^V_ + hi+V+)^ ( 3 . 1 2 3 ) 

where corresponds to the Feynman diagram of Fig. 3.6(a) and so on, and the couplings 
/ii,2,3 refer to vertices 1,2 and 3 respectively in Fig. 3 .7 . The couplings /ii,2,3± should be read 
directly from the Lagrangian (all other numerical factors have been taken into account). The 
arguments to Aa,6,c,<i are 

(77, ̂ ,p,p, 771, 772, + , hi_,h2, h3+, / i g . , 772i, 7722, " I g ) . ( 3 . 1 2 4 ) 

In the case of Ag,/ the only difference is that there are left- and right-chirality hi couplings 
/ i2_ and /i2+ instead of simply A2 ii^ these arguments, because for diagrams Fig. 3.6(e) and 
(f) there is a fermion-boson couphng at vertex 2 instead of a boson-boson-boson coupling. 

We first insert the integral expansions ( 3 . 1 1 6 ) and ( 3 . 1 1 7 ) . We then contract all the 
dummy indices, applying gamma matrix relations in D dimensions [48] and the Dirac equation 
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of motion for the on-shell spinors •0, V'- The generic expressions are 

= •^Y.^^±[^h.^o.C2AJ^+{h-aan'n^{C^2^-2C22)-Kam^ 

+ {h_aaVrh{Ci2 + 2C23) - haamsiCo + 2Cn)} SaP'' 

+ h.^^rjm {(C„ + 2C23)p'̂  + (Cn + 2C2i)p^} S.^) (3.125) 

^6 = ^a=± ( {̂ -««"̂ 3Co - h^aVrhCu} 

+ haaVmCrxJl^-2K^CiiSaP'') (3.126) 

= Y.a=± ( {^-ccaf]fhCl2 + KamsCo} 

- h.aarjmCnJ-a-^h^aaCnSap'') (3.127) 

= 16^ E„=± ( - 3/i-aaCom3 {f]ThJ^ + T/mJ^J - 3rifjmmh,,{Cu + Cu)J!la 

- haa {m%Cn + 2C21) + m\Ci2 + 2C22) + 4p • p(Cn + C12 + (̂ 23) + I2C24 + 2} 

+ 2K^7^m { ( ( 7 „ + Cx2 - 2C23)P^ - (C12 + 2C22)P''} Sa 

+ 2K^rim {(Cn + C12 - 2^3)^" - (Cu + 2C2i)p'̂ } 

- ^h_^am3{C^^p^ + C^2P']Sa) (3.128) 

E„=± (4/»«aa(Co + Cu + (7i2 + C23)(p • pJ^ - fjfhSaP^ - VmS-aP") 
167r2 

+ 2K^^ [m2 (C„ + C21) + m 2 ( C i 2 + A2) + 2C24 + ij - 2K_^„m^m2CoJ^ 

+ 2haaaVVmM'^0 + + Cu)J-a " 4/i„aa7?m((:7n + C2l)S-aP'' 

—a—aa^T^l {Co + C12) + h_aaam2Ci2 - KaaV^^'^iCu + C22)} SaP" 

+ 4{h_^_^^rmCii + h_aaam2{Co + Cii)}SaP'') (3.129) 

= E„=± ( {f^-o:aamim2Co + f j f f l [/l„aa"2i(Co + C12) - / l a - a o " ^ 2 C l 2 ] } 

- { m 2 ( C n + C21) + m 2 ( C i 2 + C22) + 2p • PC23 + 2C24 + | } 

-F 77m { / i a - a a m 2 ( ( 7 o -f Cn) - haaalTlxCn + /l-a-aa^m(Co H" -f- C 1 2 ) } J !̂„ 

+ 2/l_„_„„ {^m [((712 + C22)P" + C23PI Sa + [C23P'' + (C„ + Ai)p' '] ^ . ^ l 

+ 2{K^^mxCnP'' + K-aam2Cx2P'']Sa) (3.130) 
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where we abbreviate 

h^p = hiahzp, (3.131) 

Kf)^ = hiochiphz^, (3.132) 

with the chiralities or, yS, 7 = ±1 . 
Notice that the function C 2 4 , which is the only ultraviolet divergent Cin function, as can 

be seen from counting powers of momentum in (3.117), only occurs in conjunction with J^, 
the term proportional to the tree level vertex. 

We now turn to the reduction of the Cin and Ci„ functions into simpler integrals. We 
first define 

% . ) ( ^ ; ) - y - 7 - ^ - (3.133) 

where the P,-, i = 1, 2, 3, are defined in (3.113-3.115) Then 

B\l,2) = -p^Bo{h2) + ip^-p'')B,il,2), (3.134) 

5^(1,3) = -p'^(5o(l,3) + 5i( l ,3)) , (3.135) 

JB''(2,3) = p^Bi{2,3). (3.136) 

We can reduce all Ci„ and Cin functions to Co, Bo and Bi functions by using 

(Crr\ ^ , ,( Bo{2,3)-Bo{l,2) + f,Co\ 
V C 1 2 ; ' \ Bo{l,3) - Bo{l,2) + fiCo J ' 

fC2i\ _ 1 1 / Bo(l,2) + B,{l,2) + f,Crr-2C24 
\ C23 ) ' V B,{l,3) + Bo{\,3) + B,{\,2)+f2Crr 

fCis] _ , ,( B,i2,3)-B,{l,2) + f,C,2 \ 
[C22J ' [ - i ? i ( l , 2 ) + / 2C i2 -2C24 ; ' 

C24 = \ + mlCo + \[Bo{l,2)-f,Cir-f2Cr2] (3.137) 

where 

/ 2 - \ 
X=\^^_ j , / i = 772? - 772̂  - ?7̂ ^ /2 ^ 772̂  - 772̂  - 772̂  (3.138) 

The complete analytic solution for the Co scalar integral has been published in [37] and a 
complete set of i?o,i integrals can be found in [49]. 

With these generic expressions for the vertex diagrams, any standard model one loop 
vertex can be compactly expressed. We take advantage of this compactness to express all 
the vertex radiative corrections to e+e~ —> tt and t - 4 bW in a very simple way. 

75 



3.6.2 e^e vertex corrections 

In this subsection we give the expressions for the radiative corrections to the vertex of the 
e+e~ and the Z boson or photon, in the form of the A functions of the previous subsection. 

Omitting the arguments involving the e+e~ spinors in the A functions, (1, - 1 , k, k, 0,0), 
which are the same for all cases, the amplitude from the e+e~ vertex corrections is 

'q^-Mj + ie 

where a is the chirahty of the tt current. 

7 
Z boson 

[>" Ad(ei/I^; e; euW; mw, mw, 0) 
A^{ei/W; gz; ei/W; mw, m^, 0) 

w 0 
1 A'^{ei^W; PiyZ-ei^W;0,0,mw) 

A!^{eeZ;eer,eeZ;0,0,mz) 
A^{eeZ;eeZ; eeZ;0,0,mz) 

Table 3.1: Radiative corrections to e+e~ vertex 

The symbols which appear in the tables are 

eeZ 

= (e,e) 
vvZ = (- l^z,0) 

evW 

(3.139) 

where the first member of each pair refers to the left- and the second to the right-chirality 
couplings of the fermions. 

s\y = sin 6 w (3.140) 

is the Weinberg weak mixing angle, and further details of the notation for coupling constants 
are given in Appendix C. 
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3.6.3 tt vertex corrections 

In this subsection we give complete expressions for the non-infrared divergent radiative cor
rections to the tt vertex, again in the A function formalism. 

In Table 3.2 we show the A functions arising from each Feynman diagram shown. Sim
ilarly to Table 3.1 we omit the arguments involving the e+e" spinors in the A functions 
(—1, l,p,p,m,m), which are the same for all cases. The symbols presented as arguments to 
the A functions in Table 3.2, Table 3.3 and Table 3.4 have the following meanings 

tbW+ = (3.141) 

ttz = |'2<52 _ 1 2 2 \ \3^W 2'3'̂ W'; (3.142) 
bbZ = V2 3"̂Vr? 3^W) (3.143) 

, im 2772 
ttx = 

, im 2772 
(3.144) 

tbx^ = 
^V2m 

V 
(3.145) 

btx- = (0, ^•^"^) 
V 

(3.146) 
bbj = (3.147) 
t t j = (3.148) 

where the first and second members of each pair represent left- and right-chirality couplings 
of boson to fermion. The sums of the upper and lower sets of corrections are denoted At^ 
and A^ respectively. The total radiative correction is then 

Ml = - e ( j _ , + j + , ) - ^ + ( ( i - sl)j_, - slu,)-^-^—-. (3.149) 

3.6.4 tbW vertex corrections 

In this subsection we give complete expressions for the electroweak radiative corrections to 
the tbW vertex. In this section we include the full soft photon radiative corrections. The soft 
photon corrections to the tbW vertex do not form a gauge invariant subset of the total set of 
diagrams, because there is no neutral external current. Thus the soft photon diagrams must 
be included to maintain gauge invariance, unlike the e^e~ and tt vertices. 

In Table 3.3 we show the full set of radiative corrections to the vertex t —> bW'^. Sim
ilarly to Table 3.1 we omit the arguments involving the e'^e~ spinors in the A functions 
(1, l ,p, r, 772, 0), which are the same for all the A functiosn of the table. The sum of these 
corrections we denote Af^t. 
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In addition to these expressions, we also need to calculate the infrared divergent diagrams 
involving virtual photons. These are shown in Table 3.4. The dependence of the expressions 
for the radiative corrections of Table 3.3 on A, the fictitious photon mass, and mj, in the 
limit A —> 0 and —> 0, cancels against the dependence on A in (3.150), such that the 
S-matrix does not contain infrared divergences, by the Kinoshita-Lee-Nauenberg theorem. 
Dependence on the mass of the b quark, denoted m;,, has been retained since there is an 
infrared coUinear divergence associated with the massless limit m;, = 0. After summing the 
infrared divergent diagrams together in the S-matrix element, the massless limits m;, —> 0 
and A —> 0 can be taken. 

X 

\ 

Y 

Figure 3.8: Soft photon radiative corrections to t bW'^. 

The expressions for the photonic corrections of Fig. 3.8 are treated in the eikonal ap
proximation, in which the soft photon momenta appearing in the numerators are neglected. 
Introducing the upper limit LV on the soft photon energy in the rest frame of the top quark, 
which may be regarded as the energy resolution of the experimental aparatus, the contri-
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bution of the soft photon radiation can be computed by the stategy outlined in [37]. The 
amplitude is [32] 

U 2 /1 _ 2a; , , mrrib 

\ A m2 - M^f, m 

+ 2 ( | ) ( - i ) log 

- 2 ( - i ) 21og 

- 2a; , 2 rnrrn, tt^ i , , „ ^ 

^ - l o g ^ - l o g ^ ^ = ^ + V ^ -

+ 3 - I EF^ 21og—— l o g — - l o g ' L12 T-^ 3.150 

where e*(M^+) is the wavefunction of the outgoing W+ boson and where Li2 is the dilogarithm 
function 

Li2{x) = - rdt^''^^\~^\ (3.151) Jo t 
This real photon correction, and the corresponding cancellation between real and virtual 
photon amplitudes, actually appears at amplitude squared level. The expression (3.150) is 
in reality a factor that multiplies the tree level amplitude squared for the decay of the top 
quark without a soft photon, M^^, which has already has been integrated over the phase 
space volume of the soft photon. It is here presented it as if it were a one loop correction to 
a tree level amplitude. This is because, as we will see in the final section, this term M f ^ 
is multiplied only by the tree level amplitude anyway when we form the final cross section, 
and thus its actual contribution to the cross section is not affected by presenting it in this 
form. The advantage of this is that in the form (3.150), it is simple to show the cancellation 
between the real and virtual photon infrared divergences. 

The overall helicity amplitude from the radiative correction diagrams is then 

MT = ^U:iW+) + i M f J , (3.152) 

where e*(W'^) is the wavefunction of the outgoing W'^ boson. This expression is free of 
infrared divergences in the limit A ^ 0 and nib 0. The factor of 1/2 before Ml''^ arises 
because both the total amplitude and its complex conjugate are added to the cross section as 
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interference terms with the tree level amplitude. Since A ŝofT ^'^^ really a loop amplitude 
(see the discussion above), we should not apply this double counting to i t . 

The ibW decay amplitudes are the CP conjugates of the tbW amplitudes. We can obtain 
them from the above results by a straightforward inversion of each Feynman diagram of 
Table 3.3, and by replacing the spinor products of (3 .36) and (3 .37) by those of (3.38) and 
(3 .39) in the relevant A functions. 

Thus we have complete radiative corrections to all vertex processes. 

3.7 Self energy diagrams 

By self energy diagrams we refer to radiative corrections to particle propagators. We first 
define the B functions in terms of which we express our results, and then give expressions 
for the gauge boson and fermion self energies to one loop order in the electroweak standard 
model. 

Following Passarino and Veltman, [36], we define 

^ ( - ) = (3-153) 

i B M . } i . , ^ . ^ . ) = / C ^ ( p _ ^ . ^ ^ ; g ^ ' ) L ^ . ^ . . ] ^ (3-154) 

B, = q,B,, (3.155) 

B^,u = qnquB2i + g^,uB22- (3.156) 

Explanation of the concepts underlying this form factor expansion appears in Appendix D. 

We use the Bjorken and Drell metric [50] and so our definitions of the B functions differ from 

those of [36] by signs. The functions BQ, -Bi and B21 are logarithmically divergent, and the 

functions A and B22 are quadratically divergent. In fact these two quadratically divergent 

functions always cancel in the way of the Bs function defined in (3 .160) . 

In order to make our expressions for self-energy corrections compact, we introduce the 

following four scalar B functions in addition to BQ and Bi above; 

-62(9^; m i , m2) = j52i(g^;mi,m2), (3.157) 

53(9^; "11,7712) = - S i ( 5 ^ ; m i , m 2 ) --B2(g^;mi,m2), (3.158) 

B4{q^;mi,m2) = -7711^1(5^; m j , mi) - m j ^ j (9^; mi , ms), (3.159) 

Bs{q^;mr,m2) = A(mi) + ^ (m2) - 4^22(9'; m2, mi) . (3.160) 

All the two-point functions of the standard model and its extensions can be expressed using 

the above six Bn functions (where n = 0, . . . , 5 ) , which are no more than logarithmically 
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divergent. Comprehensive analytic expressions for these functions, and their derivatives with 
respect to can be found in [49 . 

We now turn to the self energy corrections to the gauge boson propagators. We only need 
to consider the transverse components of the gauge boson propagators, that is, the corrections 
to the propagator which are proportional to the metric tensor part of the boson propagator 
(that is, the part proportional to g^"). This is because in all processes that we consider at 
least one end of the gauge boson propagators joins a light fermion line. A light fermion line 
cannot couple with the part of the gauge boson propagator proportional to the momentum 
of the gauge boson because of that would create a helicity flip interaction. Therefore only 
the transverse part of the propagator can contribute to the amplitude. 

We add the so-called pinch term [38, 39] of the gauge boson self energy to the gauge boson 
propagators. The gauge boson propagator of the electroweak bosons does not in itself take 
the gauge invariant form 

{ r - q'q'lq'mq') (3.161) 

where f is some Lorentz invariant function of 9̂ , the boson's four momentum, and other 

Lorentz invariant factors. The term which violates gauge invariance arises from the non-

Abelian part of the gauge boson self energy 

'VVVN^l^^^^^l^ww^ . (3.162) 

The non-gauge invariant part of the gauge boson propagator cancels against a term arising 
from the non-Abelian vertex 

(3.163) 

In fact, as is shown in (3.163), the term which cancels against the gauge non-invariant part is 
exactly the term arising from the cancellation of the fermion propagator factor \l{q^ — m j ) 
from the denominator of the integral over the loop momentum 

{q^ - m))[{q + p,f - ml){[q pi + p^)^ - m | ) ^^'^^^^ 

where TUB represents the mass of the gauge bosons, in the non-Abelian vertex diagram against 
factors of q which appear in the numerator. There can be no dependence of terms in (3.162) 
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on the nature of the internal fermion line of the left hand side of (3.163), and if there were 
no non-Abelian terms in the propagator, then there would also be no non-Abelian vertex. 
Because this diagrammatically implies a pinching together of the two fermion-fermion-gauge 
boson vertices, this term is referred to as the "pinch" term. 

There are four vector boson two-point functions that contribute to processes with external 
light quarks and leptons at one-loop order. We parameterise them, following [51], as 

U^iq') = e'n^'^{q% (3.165) 

np{q') = egz{ufiq')-sm^'^{q')}, (3.166) 

n f V ) = 9l{uf{q')-2s'U'r^{q') + s'U^'^iq')}, (3.167) 

n ^ ^ ( 9 ^ ) = g'U'r\q'), (3.168) 

with the coupling factors 

where we denote 

gz = T = 4-. (3.169) 
c sc 

= 1 - c^ = sm^6w, (3.170) 

where Ow is the Weinberg weak mixing angle, throughout this section. We renormalise 
these two-point functions and the coupling factors in the modified minimal subtraction (MS) 
scheme, and hence they depend on the t'Hooft unit of mass fi which appears explicitly in the 
B functions defined in (3.154-3.160). The coupling factors of (3.169) and (3.170) also depend 
on the unit of mass /j, implicitly. 

The bosonic contributions to the transverse part of the propagator, and their correspond
ing pinch terms, which are the BQ functions, are 

n ? ^ ( a = U^^{q')-^^q'B,{q';W,W) (3.171) 

n f ( g ^ ) = n ^ V ) - ^ ( ? ^ - | - ^ ) W ; H ^ , W ^ ) (3.172) 

T T T V ) = Uf{q')-^{q'-m'^)Bo{q';W,W) (3.173) 

Tlriq') = n'T\q')-^iq'-ml^)[c'Boiq'-,W,Z) + s'Bo{q';W,^)] (3.174) 

where we abbreviate 

B^iq^-A,B) = B^{q\ml,ml). (3.175) 

and where the overline denotes a self energy correction with the pinch term added. The 

XlT{q^) functions were calculated in the 'tHooft-Feynman gauge. The self energies, without 
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the pinch terms, are 

n?^(.^) = 

Tifiq-) = 

n?(9^) = 

TC^{q^) = 

16 

16 7r2 
1 

167r2 
1 

"l6 7r2 
1 

16 7r2 
1 

' l 6 7r2 
J ! ' 

"87r2 L 

55o -h 12^3 

10^3 

m |5o - \Bs 

{q'-W,W) + l^ 

{q\Z,H) 

'{fq'-2m'^^Bo + 9q'Bs (9^ W, W) -
24: TT^ 

ml^Bo - \B, {q, W, H) 

8c\' - (1 - is')ml-ml]Bo-n-2s']Bs 

(4?' - 2ml,)Bo - Bs 
247r2 

. (3.176) 

(3.177) 

(3.178) 

iq'; W, Z) 

(3.179) 

The two first terms of (3.178) and (3.179) are the only two terms in the transverse part of the 
vector boson propagators that depend on the Higgs boson mass mn at the level of one-loop 
corrections to the minimal standard model. 

The contributions to the transverse part of the gauge boson propagators from fermion 
loops are 

Yif{q^) 

Ylf{q^) 

n-(g^) 

2 7r2 

4 7r2 

1 
1 6 ^ 

E Q|53(9^;A,A) + 3 Y: Q}Bs{q'-JJ) 
f = i , j = U i , d i 

EQ^h(Bs{q'-Ji,ei) + 3 Y: QlhfBs{q'-JJ) 

E ihfr[M'Bs-2m}BoW;fJ) 

+ 3 E {h}?[^'B,-2m)Bo\{q'-JJ) 
f=u,4i 

16 TT̂  
E [2q'B^-B,]{q'-Vi,Q 

+ 3 E [2q'B^-B,\{q^-Ui,d,) 
S=Ui,di 

(3.180) 

(3.181) 

(3.182) 

(3.183) 
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The factors of 3 arise from colour summation. Here the three generations 

i = I 2 3 
i^i = Ĵe 
A- = e 
Ui = u 
di — d 

c 
s b, 

(3.184) 

Qf is the electric charge of / in units of the proton charge, is the weak isospin 

( + i for / = Ui or u,x, 
^3/ = -! - | for / = Ax or diL, 

0 for / = Uin or diR, 
(3.185) 

and Uuidj denotes the Kobayashi-Maskawa quark mixing matrix elements. 

We finally turn to self-energy corrections to fermion propagators. There are only two 
classes of this type of diagram, corrections involving emission and reabsorbtion of a virtual 
gauge boson and corrections involving a virtual scalar boson. The scalar boson corrections 
apply only to the top quark line since i t is the only fermion that is not massless in our 
approximation. 

Figure 3.9: Fermionic self energy Feynman diagram. The lines with arrows represent fermion 
propagators, the curved line represents either a spin one or a spin zero boson propagator. 
The numbers label the two vertices. 

The generic self energy for a spin one boson correction to a fermion propagator is 

.1 ^ _ fJZ 
J (27r) D (A;2 _ m2)((p - ky - M2) (3.186) 

j^[{h,+h2+pV+ + hr-h2-fV-){2B,{p\m,M) + 1) 

+ m{hr+h2-V- + /il_/l2+P+)(4fio(p^ m, M ) - 2)] (3.187) 

and the generic self energy for a spin zero boson correction to a fermion propagator is 

d^k {hi+V+ + h^-V-)1c + m{h2+V+ + h2-V-) 
J ( 2 ^ ( F - m 2 ) ( ( p - A : ) 2 - M 2 ) 
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^[{hx+h2-fV- + hi.h2+pV+)Biip\m,M) 
167r2 

+ m{hi+h2+V+ + hi.h2-V-)Bo{p\m,M)] (3.189) 

where the factors /ii_2± represent the couplings of the boson to the fermions, with 1 and 2 
the labels of Fig. 3.9, and the arguments to G°'^ are 

{hi_,hi+,h2-,h2+,m,M) (3.190) 

with m the mass of the internal fermion, and M the mass of the internal boson. The four-
momentum squared of the external particle does not need to be explicitly specified. Thus 
the electroweak one loop corrections to the electron propagator are 

= ^\g,0,9MMw) + ^'{{gz{\-s%-9zs\9zC^-s%-gzs'AMz) 

+ E^(e,e,e,e,0,A), (3.191) 

where a finite photon mass A has been retained to regulate infrared divergences, the elec
troweak one loop corrections to the b quark propagator are 

E" = E'{g,0,g,0,0,Mw) + ^\gzC2-y'),-gzls\gz{l-ls'),-gzls\0,Mz) 

+ S i ( i e , | e , | e , | e , 0 , A ) , (3.192) 

and the electroweak one loop corrections to the t quark propagator are 

= j:\g,0,g,0AMw) + ^\9z{ls' -'^),gzls\gz{ls' -'^),gzls\m,Mz) 

+ E ^ ( - | e , - | e , - | e , - | e , m , A ) -1- Y.'^{0,-iV2m/v,i\/2m/v,0,m,Mw) 

+ S°(im/7;, —im/v, im/v, —im/v, m, Mz) 

- f T,°{-m/v,-m/v,-m/v,-m/v,m,MH). (3.193) 

In and E^, because the internal masses are set to zero, all the E^ functions are proportional 
to if> and so there is no mass renormalisation. The ultraviolet divergence in the f term 
is absorbed into the renormalisation of the wavefunction. In S', in the MS scheme, the 
divergence in the mass term is reabsorbed into the mass renormalisation of the top quark 
mass. The ^ divergence is again absorbed into the wavefunction renormalisation. 

3.8 Renormalisation 

The renormalisation of the amplitudes is the process of absorbing the ultraviolet divergences 
that appear in the loop integrals of the one loop diagrams into experimentally measured 
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parameters. In the standard electroweak model, there are four parameters that require 
renormalisation. These are g and g', the couplings of the SU(2) and U( l ) component fields 
respectively, u, the vacuum expectation value of the Higgs field, and A, the self-coupling of 
the Higgs field (see appendix C for details). The self-coupHng of the Higgs field does not 
contribute to processes with light external fermions. The self coupling of the Higgs field only 
influences the Higgs fleld's self interactions, and since there are no Higgs boson propagators at 
tree level because the external fermions are light and thus do not have significant interactions 
with the Higgs field, and thus there are no one loop corrections to a Higgs boson propagator, 
which are the only place that Higgs self couplings could occur. 

Thus we only need to consider the renormalisation of three of the four electroweak param
eters. Divergences occuring in the Green's functions of the process e'^e~ —>• tt bW"^ bW~ 
must be reabsorbed into these three electroweak parameters. The remaining divergences 
must be reabsorbed either into mass or wavefunction renormalisations, where the ultraviolet 
divergence is reabsorbed into the measured mass or normalisation of the wavefunction to one 
particle per unit volume. Once this process has been carried out, the sum of the diagrams in 
the S-matrix must be ultraviolet finite. 

For the case of the box diagrams, in the t'Hooft-Feynman gauge, only two powers of 
the loop momentum, arising from the propagators of the two virtual fermions, appear in the 
numerator of the amplitudes. Eight powers of the loop momentum appear in the denominator 
which originate from the four virtual particle propagators occurring in the loop. Therefore by 
power counting the loop integrals are finite and consequently all the box diagram amplitudes 
must be finite. 

Because we approximate the mass of the electron and the b quark to be zero, there is 

no renormalisation of these masses, as can be seen explicitly by inserting the value m = 0 

into (3.189) and (3.187), and the only fermion which requires mass renormalisation is the top 

quark. The masses of the Z and W bosons also require renormalisation. 

After resumming the one-loop irreducible self energy diagrams, a particle's propagator 

takes the form 

where q^ is the particle's four-momentum squared, m is the bare mass of the particle, and S 
is the self energy. We then find the (complex) pole mass 

- imT (3.195) 
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where P is the on-shell width of the particle, and m is its renormalised mass, by the condition 

- m^-1-n(m^) = 0. (3.196) 

We then have 

which can be perturbatively expanded as 

= ^ ( l - m z J l ^ ] , (3,98) 

( l - U'{q')) , (3.199) 
q^-m] 

where we have defined 
n'{q^) = - ^ ^ 4 3.200 

The first term of the right side of (3.199) is just the tree level propagator after mass renormal
isation. The second part is still ultraviolet divergent. This ultraviolet divergence is absorbed 
into the wavefunction normalisation of the particle. The extension of this method to a fermion 
propagator with its extra spin factor in the numerator follows on almost identical lines. 

Once these ultraviolet divergences have been absorbed, the remaining divergences from 
the vertex diagrams are absorbed by coupHng constant renormalisation. The two couplings, 
the SU(2) coupling g and the U( l ) coupling g\ are redefined in the MS renormalisation scheme 
by replacing the bare coupling and a factor of the pole term, (which is ^ 4- \{'^E — log47r) in 
the MS scheme), with the experimentally measured coupling. We can check the correctness 
of the calculation (since the theory is renormahsable) by seeing whether by making only one 
redefinition of each coupling all divergences can be reabsorbed. 

This MS renormalisation leaves us with a logarithm of the unit of mass log in place of 
the pole term. This term can be adjusted at will . We leave consideration of the physics of 
this renormalisation scale dependence to future works. 

3.9 The total cross section 

In this section we consider the total cross section for the electroweak radiatively corrected 
production and decay of top quarks to order g'^ in the weak coupling constant. 

The sum of the one-loop radiative correction amplitudes to the e^e~ tt process is 
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+ (S'^ + S")(A^7ree + ^ L e ) . (3.201) 

The sum of one loop radiatively corrected amplitudes to the t -> bW+ and t bW~ processes 

IS 

^mv ^ Mt"^+ ^i^" + J:"' + U'^'^)MllZ (3.202) 

^mv ^ + i (E"-H S'" + H f ^ ) A ^ 2 ^ (3.203) 

In the case of the on-shell particles, e"*", t and b and their antiparticle partners, and W"^, S' 
and n ' denote the derivative with respect to the four momentum squared for the on-shell 
particle. The order g^ one-loop amplitude 

X M g ^ M f r ^ r + MtZMl^]) A A . (3.204) 

The differential cross section is 

the phase space volume 

(3.205) 

= i2Try6\k + k-r-,-'-w-w) 
dv dr dw dw 

^ (27r)32rO (27r)32fO (27r)32u;0 {2TV)^2W°' ^^'^^^^ 

dn^ dfP 
= d^2iO,<l>)-£^d^2ieu<l>,)^d^2{02,<l>2), (3.207) 

where 

(3.208) 

and r , . . . , w indicate the three-vector part of the equivalent four-vector. See [52] for details 
of this phase space integral decomposion. 

We leave the presentation of the numerical results for the cross section to later works. 

3.10 Conclusions 

The production and decay of the top quark may hold valuable clues to the nature of the 

symmetry breaking sector of the standard model. In this chapter, we gave complete analytic 



expressions for helicity amplitudes for radiative corrections to the production and decay of 
the top quark at an e'^e~ linear collider. We also gave a general formalism for these radiative 
corrections which can be extended to new physics. 

We approximated that the electron and h quarks were massless, and did not include the 
soft photon radiation to the e'^e~ —> tt production. 

Even though the radiative corrections to top quark production and decay have already 
been calculated separately, our work makes it possible to combine the sequence of events by 
keeping fu l l information on the correlations among final state particles. 
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© 7 
Z boson 

0 
A^ittZ; ivgl/i- ttH; Mz, MH, m) 

y. X 
0 

A^{ttH] ivgl/A; ttZ; MH, Mz,m) 

^ iH A^jittH] ttj- ttH; m,m, MH) 
A'}{ttHZ; ttZ; ttH; m,m, MH) 

A^^ittZ; ttj; ttZ; m ,m, Mz) 
A'^{ttZ; ttZ; UZ; m, m, Mz) 

A'^^itbW; WWr, tbW; Mw, m, MH) 
A^(t6W; WWZ; tbW; Mw, m, MH) 

A^(i6M/^; bbr,tbW;Q,Q,Mw) 
A''^{tbW; bbZ;tbW;Q,Q,Mw) 

t X ; 
A'}{ttx^;ttT,ttx^;m,m,Mz) 
A^(«X^; ttZ; ttx^; m, m, Mz) 

X\ ' '1 
<: |b 
x"^J 

A^itbx-^; bbr, btx-; Mw, Mw, 0) 
A^(i6x+; ^vv , Mw,0) 

b X j 
A%tbx-^;bbr,btx-;0,0,Mw) 
A'}{tbx+;bbZ;btx-;0,0,Mw) 

Xl- ' l 
kt 0 

A ^ ( « i / ; igz/2; ttx"; MH, M Z , m) 

a 0 

A ^ ( f t x ^ ^ ^ z / 2 ; M ^ , M/^, m) 

Table 3.2: Radiative corrections to tt vertex 
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o 
A , ^ ( i i i f , ^ M , y , t6I^+; MH,MW, m) 

A'^ittZ, -gz, tbW+; Mz, Mw, m) 

y 
i--. K{ttx\ -^^ /2 , i6x+; M z , M H . , m) 

A : ; ( i 6 i y + , - ^ z , 6 & Z ; M M . , M z , 0 ) 

A ^ ( t t i / , -igl2, tbx+; MH, MW, m) 

t 
A ^ ( « Z , -tMwgzs\ tbx+; Mz, Mw, m) 

A ^ ( « Z , tbW+, bbZ- m , 0, Mz) 

A^(f6x+, - Z M H / ^ Z S ' , 66^; Mw, Mz, 0) 

Table 3.3: The radiative corrections to tbW vertex which do not involve virtual photon 
corrections 
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o 
i<l' A^(«7 , e, ^6iy+; A, Mw, m) 

A ^ ( i 6 W + , e, 667; Mw, A, ma) 

A ^ ( « 7 , -ieMvy, tix"*"; M^^, m) 

A^(«7,f6Vl/+,667;m,m6,A) 

(^^X^. -«eMv(/, 667; M M / , A, mj) 

Table 3.4: The radiative corrections to the ibW vertex that involve virtual photons. The 
fictitious mass of the photon is denoted A. 
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A p p e n d i c e s 

Appendix A. Gamma matrices 
In this section we give the conventions and notations used for the Dirac gamma matrices in 
this thesis. Most of the results about gamma matrices are proved in [42]. 

The specific choice of representation of gamma matrix used to construct spinors is that 
of [41 . 

The gamma matrices themselves are denoted 7*̂ . 
The sigma tensor 

^ " ' ' ^ ^ [ 7 ^ 7 1 (A. l ) 

The Levi-Civita tensor or totally anticommuting tensor in four dimensions is denoted by 
e'̂ ''̂ ^ with eoi23 = 1 =^ e° ' '^ = - 1 . 

The 7^ matrix is defined by 

7^ = i^Wl^l^ = (^/4!)e,..,7V7'^7''- (A.2) 

The chirality projection operator 

P„ = (1 + af')l2 (A.3) 

where a = ± 1 , frequently shortened to a =̂  dr. Also define Vj^ = VR = V+. 
In the chiral representation the linearly independent components of cr^" take the form 

{a ,a ,a ,a , a , a } = | ^ j , \^ ^ ) \ 0 ^ V j ' 

where cr' are 2 x 2 Pauli matrices. The a'^" tensor generates proper Lorentz transformations, 

and the diagonal form of these matrices in the chiral representation demonstrates the well 

known result that proper Lorentz transformations do not mix chirality eigenstates. 
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Appendix B . Rouge's formula 

Rouge's formula states that when one particle decays to three, the angle xf) that the normal 
of the plane made by the three decay products, in its rest frame, makes with the laboratory 
direction of motion of the decaying particle, has cosine 

SM^pi • (p2 X P3) 
cos0 = , (B.l) 

|Pi + P2 + P 3 | ^ - A ( A ( M 2 , m?2, m2), X{M\ mj,, m% KM\ml^, m^)) 

where M is the mass of the decaying particle, m is the mass of the product particle, m,j is 
the sum of the four-momenta of particle i and j squared, 

ml = {Pi+P,f, (B.2) 

p,- is the momentum of particle i as labelled in Fig. B . l , and A is the triangle function 

A(a, b, c) = + 6̂  + - 2{ab -|- ac -f 6c). (B.3) 

See [52] for details about this function. The meaning of i/) is shown in Fig. B . l . 

n 

direction 
of parent 

Figure B . l : The angle •0 between the normal, n, to the plane that the three decaying bodies 
make in their parent's rest frame and the direction of motion of the parent particle in the 
lab frame. 

P r o o f 

We label quantities in the rest frame of the decaying particle with an asterisk, *, and the 

same quantities in the laboratory frame without an asterisk. Thus, for instance the laboratory 

momentum of particle 1 is denoted p i and its momentum in the rest frame of the decaying 

particle is denoted pj". We denote the three momentum of the decaying particle as P and its 

rest mass as M . 
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Using the relations |pi -|- P2 + P3I = |P | and |P | = 7/?M, where /9 = |P|/-E and 7 = 
V T ^ = ^ . Thus 

IP1 + P2 + P3I = 7/^M- (B.4) 

Without loss of generality, we can take the direction of the decaying particle's motion in the 
laboratory frame to be in the z direction. The factor from the numerator of (B. l ) , 

Pi • (P2 X P3) = 
VXx V\y Plz 

P2x P2y P2z 

PZx P3y P3z 

plx p*iy 7{PL + ^E;) 

P2x Ply I{P*2,+/3E;) 

Plx Ply 7 ( P L + / ? ^ 3 ) 

(B.5) 

where \A\ denotes the determinant of a matrix A. Since the p*'s are coplanar. 

Plx Ply Plz 

PIX P2y Plz 

PIX Ply Plz 

= 0. (B.6) 

After eliminating pi and E\ from (B.5) using four momentum conservation, we obtain 

P i - ( p 2 X p 3 ) = 7 ^ ^ ^ - ( p ; x p ; ) (B.7) 

where z is the unit vector in the z direction, the laboratory direction of motion of the decaying, 
particle. 

Let 6 be the angle between -pi and P3, as shown in Fig. B . l . By momentum conservation, 
the momentum vectors of the decay products in the decaying particle's rest frame form a 
triangle. Using the cosine rule 

2 |p;||p;|cos(27r-0) = | p t l ^ - | p ; | 2 - | p ; .*|2 (B.8) 

In the decay of one particle to two bodies, in the rest frame of the decaying particle, the 

absolute value of the equal and opposite momenta of the two bodies, p and —p, is given by 

Pp = ^ \ / A ( M 2 , m 2 , m 2 ) (B.9) 

where M denotes the mass of the decaying particle, and ?7ii and 7712 denote the masses of 
the two product particles. Thus, treating particles 2 and 3 of the three body decay CLS a one 
body system with invariant mass rriij as defined in (B.2), the absolute value of pj is given by 

i p t r = 
1 

2 M \ / A ( M V 5 ^ (B.IO) 
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and similarly for {p^l and \pl\. Now 

P2XP3I = (pzllpajsin^ ( B . l l ) 

= \/\P2?\P3?~{\pl\'-\P2\'-\P3?)y4: . (B.12) 

= y-K\P*l\MP2\',\P3\') (B.13) 

and so, using (B.IO), 

^ - A ( A ( M 2 , m?2, m2), X{M\ mj^, m^), X{M\ ml,, m^)) = SM^Ip; x p ; | (B.14) 

Combining (B.14), (B.7) and (B.4), 

8 M ^ P i • (p2 X P3) 

|Pi + P2 + Pal V ' -A(A(M2, mf2, m^), \{M^,ml„ m^), X{M^, ml,, m^)) 

_ 8M2 X jl3Mz-{p; X p*) 
7/?M X 8M2|p* X p^l 

which proves B . l . 

= cosi/', (B.15) 

Appendix C . The Standard Model Lagrangian 

In this appendix, we give the complete Lagrangian of the standard electroweak model. We 

do not give explanation of its derivation. From this Lagrangian, the Feynman rules can 

be extracted by crossing out the fields. This Lagrangian was used to create the results of 

chapter 3. 

We choose the Hnear representation of the Higgs field, 

The coefficients 

m? 

Mw = \gv (C.3) 

where mn is the mass of the Higgs boson, v is the vacuum expectation of the Higgs field, 

and A is the self coupHng of the Higgs field. The symbol g denotes the coupHng of the SU(2) 

part of the electroweak theory, and g' represents the coupling of the U( l ) part. At tree level, 

these couplings are related by 

tan 6w = (C.4) 
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where 6w is the Weinberg weak mixing angle. We also use the symbols 

s 

c 

9z 

e 

sin^iv 

cos 6w 

g/c 

sg = eg' 

(C.5) 

(C.6) 

(C.7) 

(C.8) 

to represent various coupling factors. The component fields Z and A which result from the 
diagonalisation of the mass matrix of the weak bosons are defined in terms of the SU(2) field 
W3 and the U ( l ) field B by 

c s 
-s c 

(C.9) 

The symbols m^, mv/ denote the masses of the Z and W bosons respectively. We use three 
independent gauge-fixing terms for the photon, W boson and Z boson propagators. These 
introduce gauge parameters ^A-, iw and (f^, and the Z and W boson gauge-fixing terms 
eliminate mixing terms between the Goldstone boson fields x" and and the gauge boson 
fields of the Z and W boson which are here denoted by Z and respectively. 

For the annihilation operator, whose wavefunction contains a position dependence e"''''̂ , 
where •p*^ is the four momentum of the particle, and is its position, the derivative factors 
are replaced by a factor —i'p*^. If the particle is created rather than annihilated, then we 
replace the derivative by iji^. 

Once the Feynman rule has been read from the Lagrangian, it must be multiplied by a 
factor of i which arises from the perturbative expansion, and a symmetry factor 1/n! if it 
involves n identical particles. 

Boson propagators 

(P" + m ^ ) g-^ + f 7 ^ - 1) d"d^ [d' + ml) g-^ + - 1) 5^5^ 

1 

scalar-scalar interactions 

(C.IO) 
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-6A 

-2A 

^ 3 ^ 4 ( 3 )4 
V 1 1- ̂  ' 

3! ^ 4! ^ 4! 
2\vH 

Scalar-gauge Boson interactions 

+ ix^d^X'^ 

2 2 
- 4 A 

2 

(C . l l ) 

- ^ 5 ^ X -«X3<9MX" 

+ 

+ 

+ 

2 1 2 

l-T^+iy-/^ + ( - - + ( l - 2.^) gzeZ.A^ + e^A,.!^ 

2 ^ 2 2 (C.12) 

Gauge Boson-gauge Boson interactions 

+g' (g'-'g'' + g'^'g'' - 2g^-g'') 

Fadeev-Popov ghost interactions 

n 1. 

(C.13) 

+ig{d''c-)[Wy - W+C3] + ig{d''c+)[W;cs - W y ] + ig{d''cs)[W+c- - W;c+] 

-^^wmw[c~{H - zx3)c+ + c+{H + ix3)c~] + - s^)gz^wmw[c^X~cz - c'x'^cz. 

+ie^wmw[c'^X CA - c X'^CA] - Y^zmzczHcz + i^(zmz[czX^c - czX c+], (C.14) •g. 

where 

C3 = cosOwCz + sin^ivc^, C3 = cos^vyc^ + sin^i^c^. (C.15) 

Lepton-Boson interactions 

^=e,̂ ,r I V 2 ^ ^ 
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^/2 
+ ^ - X ^ ^ . M - V ^ ^ " ' + ^^x'KVn - P . ) ^ } , (C.16) 

where f and represent the field of the lepton and its neutrino, and represents the mass of 
the lepton (the neutrinos are assumed massless). VL^R are the chirality projection operators 

(C.17) 

(C.18) 

where 7^ is the totally anticommuting gamma matrix (see Appendix A). 

Quark-Boson interactions 

T{i$ — mT)T + B{i$ — )B - l e t AT + leBAB 

- -^UT^^^VLB - ^U*B]^~VLT 
\/2 \/2 

+ gzT$ 

H 

2s 2s' 
T + gzB^ 1 - s M ^ -s' 

B 

+ 

- [TUBBB + rriTfT) + [ m r f (7>L - VR)T - mBB{VL - VR)B 

^Ux-^f{mTVL - mBVR)B + f /*x"^(msPL - mrVR)! 

where 
u ' d ' 

T = c B = s 
t b 

(C.19) 

(C.20) 

The symbols u, c and t represent the fields of the charge +2/3 up, charm and top quarks, 
d, s and b represent the fields of the charge —1/3 down, strange and bottom quarks, and U 
represents the Kobayashi-Maskawa quark mixing matrix. The symbols mr and ms denote 
the mass matrices 

/ 
rriT -

rriB = 

0 0 
0 m , 0 

V 0 0 m« 

/ md 0 0 
0 0 

V 0 0 mfc 

(C.21) 

(C.22) 

of the quarks. 
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Appendix D. One loop integrals 

In this section we outline the techniques used in the evaluation of the integrals arising from 
'one loop' Feynman diagrams. In particular, we consider the Passarino-Veltman reduction 
scheme for the evaluation of loop integrals, and explain the concepts used in this scheme. 

A Feynman diagram containing a loop has a path along the lines representing propagators 
of virtual particles which self-intersects. We cannot know what momentum is flowing through 
this path, since the particles whose propagators form the loop are in virtual, unobserved, 
states. Therefore every value of internal momentum is possible. In effect, we must integrate 
over every possible internal momentum that could be flowing around the loop. 

In perturbation theory, the behaviour of a virtual particle, that is, a particle which is 
neither an initial or final state, is described by its propagator. In the momentum space 
representation every particle's propagator contains a factor 

1 
2 2 , P-1) 

where q'^ is the four momentum of the virtual particle and m is its mass. Further to this 
universal factor, the propagator may also contain a factor dependent on the particle's momen
tum arising from the sum over the possible spin states of the virtual particle. For instance, 
fermion propagators have the form 

7^9^ + m 
q^ — -f ie' (D.2) 

where 7^ are the Dirac gamma matrices. This contains a power of q in its numerator, arising 
from the sum over the possible spin states of the fermion. A gauge boson propagator in the 
unitary gauge has the form 

— I- (D.3) 
q^ — -f it ' 

which has two powers of q in its numerator. 

The usual way to write the amplitude from a Feynman graph containing a loop is to give 
the unfixed momentum a name and some arbitrarily chosen direction. The amplitude of the 
Feynman graph is then calculated by integrating the unfixed internal momentum over all 
possible values from zero to infinity in all directions. 

There are two important points to notice about these integrals in the general case. First, 
the denominator of the integral contains only multiple propagator factors of the form of (D.l) 
depending only on the internal unfixed momentum q, the external momentum p and the mass 
of the electron. Secondly, we can ignore all factors occurring in the numerator except for 
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those which contain the unfixed loop momentum, since only these factors are affected by 
the integration. This is a drastic simplification, because in every one loop integral, q only 
appears in the form q^, and never in functions of its value such as sin(g^). 

In the case of one-loop integrals, that is, integrals with only one unfixed morrientum, 
denoted q, the problem of one-loop integration is reduced to solving expressions of the form 

((9 + Pa? - ml){{q + l,Y -ml) ...[{q + p^f - m^) ^^'^^ 

where Pa-, - • • iPz are some combinations of the external momenta and . . . are masses. 

The method we used to solve these types of integrals is that of [36, 37]. The first step 
in this scheme is to classify one loop integrals by the number of virtual particle propagators 
that feature in the loop integration. A one loop integral involving one propagator, or equiv-
alently one external leg, is given the classifying letter 'A' . A one loop integral involving two 
propagators, or equivalently two external legs, is given the classifying letter ' f i ' , and so on 
for ' C and ' D ' as is shown in Fig. D . l . 

Figure D . l : The A, B, C, D classification scheme for one loop integrals. 

Let the momentum unfixed inside the loop be q. The A, B, C and D integrals are further 
subdivided depending on the number of powers of q appearing in the numerator. For the 
case that there are no powers of q in the numerator, we label the integrals with a 0 subscript, 
that is AQ, Bo, CQ and DQ. For the case that there is one power of q in the numerator, we 
label the integral with the index of q, so that if q^ appears in the numerator, we denote the 
integrals as B^, or D'^. There is no need for an A^, because 

q^d'q 
J-co q^ — m' 

= 0, (D.5) 

since the integrand is odd under spatial reflection. We can further define B^"", and 
which have q^q" in their numerator, and C""'' and Z)^"", etc. 

101 



Having defined these integrals, the next step is to perform the integration over q. The 

first thing to note about these integrals is that several of them have so-called ultraviolet 

divergences. When we integrate the integrand over all values of momenta, we find that 

the total is divergent. These integrals must be regularised, that is we must find some way 

to make them finite. The method we choose in this thesis is the method of dimensional 

regularisation. In this method we change the number of dimensions of the integral from 4 

to where = 4 — 2e, and take the limit e —> 0. The divergences of the integrals show 

up as poles in 1/e. The process of renormalisation consists of absorbing these poles into 

experimentally measured quantities. We do not discuss this topic any further here, since it 

is thoroughly covered in many textbooks (see for instance [48, 53, 54, 55]). 

The integrals which contain powers of q in their numerators, which we denote as tensor 

integrals, have certain fixed Lorentz transformation properties. For instance, the integral 

B^=[ (D6) 

is a four-vector under Lorentz transformations. Therefore the solution to the integral should 
also be a four-vector under Lorentz transformations. As we saw in (D.5), if the integral was 
totally symmetric in all space-time directions, then it would be equal to zero. The only part 
of the integral which is not symmetric is p. Therefore the solution to this integral must 
be proportional to p^, since it is the only possible object with the correct transformation 
properties. We define a scalar function Bi such that 

B^ = (D.7) 

Bi is a function of p'̂ , m i and Now for each type of tensor integral, we can apply the 

same argument, that it must be proportional to available four vectors. For 

C^=[ f D 8 l 
J {q^-m\){{q + p,y-ml)[{q + p,+v,y-ml) ^ • ^ 

there are two available four vectors, p\ and p2, and so we can express the integral as 

C"̂  = p^Cn+P^Ci2 (D.9) 

where again Cn and C12 are multiplicative scalar functions. 

This process continues to the integrals with two or more indices, with the addition also of 

factors involving the metric tensor g^". Examples of this type of decomposition can be seen 

in (3.70), (3.71), (3.116) and (3.117). 
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Out of interest we note that a decomposition which never involves the g^" tensor has been 
invented by [46]. This scheme instead uses the linearly independent four vectors that appear 
in the denominator of the integral plus a four vector which is orthogonal to them as a basis 
for the decomposition. We will not consider this decomposition further here. 

Having formed an expression in terms of the functions Bi and so on, we now need a way 
to evaluate these functions. In order to do this, we use the method of decomposition to scalar 
integrals. In this method, each function is expressed in terms of the functions AQ, BQ, CQ 
and DQ. The complete solutions to these scalar integrals is known from [37]. 

The simplest example on which we can convincingly demonstrate this method is the C 
integral of (D.8). For convenience we first define 

Pi = 

P2 = 

P3 = 

m. 

{q + Pi+ Pif -

We contract the free index of with both pi^ and p2/i, 

Piqd^q 

r P2_qd^q 
J Pi 

P2^C P1P2C11 + PICU 
\P2P3 

then use the identities 

Pig = 

P2q = 

m\ + ml l[P2-Pl-pl 

P3-P2- (pi + P2f +p1-ml + m 

(D.IO) 

( D . l l ) 

(D.12) 

(D.13) 

(D.14) 

(D.15) 

(D.16) 

to obtain 

Pi.C-
d^i d ^ 

P2P3' 

P2,C- = 

\{ml - m l - PI)CO + \Bo{{pi + P2)', , m,) - ^Boip^m^, m,), 

U-pl-2p,P2-ml + ml) f - ^ + l 
2^ /^li^2 2-r ^'J p^p^p^^ 2 J p^p^ P1P3' 
U-PI - 2PiP2 -ml + ml)Co + \Bo{pl,m^,m2) - \Bo{{pi ^ p ^ f , mi , r^P)^0) 

(D.17) 

(D.18) 

(D.19) 

where 

Bo{p^ ,mi,m2) = j 
d^c 

{{q + p)2-ml){q'^-miy 
Thus we have complete expressions for the reduction of the Cn and C12 functions. 

Further examples of this type of reduction are given in subsection 3.5.2 and (3.137). 

(D.21) 
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