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On the topological charges of the affine Toda solitons
by
William Alexander McGhee.

Abstract

This thesis investigates the two dimensional, integrable field theories known as the affine
Toda field theories, which are based on the Kac-Moody algebras with zero central extension.
In particular, the construction of static solitons in these theories and their topological

charges are considered.

Following a general overview of the affine Toda theories and the Kac-Moody structure
which underlies them, the construction of solitons in the a{!) theory using Hirota’s method,
originally used by Hollowood, is generalized and extended to the remaining theories. The

soliton masses are calculated and general expressions presented for the twisted as well as

the untwisted theories.

The major results of this work concern the calculation of topological charge, one of the
infinite number of conserved quantities that each theory possesses. Firstly, the aszl) model
is considered. An expréssion for the number of charges associated with each soliton, as
well as a general expression for the charges themselves, is constructed. The previously
alluded to connection between the charges and the associated fundamental representations
is proven showing that the charges are, in general, a subset of the weights lying in these
representations. For the a{l) theory, the charges associated with each soliton can be derived
from just one by making use of the cyclic symmetry of the model’s extended Dynkin
diagram. Further, the action of this symmetry on the set of charges is synonymous with
the action of a Coxeter element. It is found that the ordering of the Weyl reflections which
make up this element is important (except when the end-point solitons are considered)
_ the familiar “black-white” ordering doesn’t work. The multisolitons of the theory are
considered and it is shown that when the individual solitons are sufficiently well separated
their topological charges simply add together. Multi-solitons can be constructed having

topological charge equal to each of the simple roots, and can therefore be used to construct



further solitons filling the entire weight lattice.

Next, the topological charges of the remaining affine Toda theories are investigated. For the
infinite series of algebras the number of topological charges and expressions for the charges

themselves are derived. For the remaining cases, the charges are calculated explicitly.

This thesis concludes with some comments on more recent work into the theory of quantum

solitons and considers further lines of enquiry.
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Chapter 1

Introduction



This dissertation is based on the study of a particular class of massive, integrable, two-
dimensional field theories, known as affine Toda field theories. Their study was begun over
a decade ago [4, 21, 52]. However, after a suggestion by Zamolodchikov that conformal field
theories may remain integrable and continue to possess an infinite number of conserved
quantities following certain deformations, it was natural that attention should be turned
to the integrable conformal Toda models. Subsequently, it was shown [22, 35] that affine
Toda field theories could be obtained as particular integrability-preserving deformations of

these Toda field theories.

Active research into the affine Toda models has provided expressions for the masses of the
fundamental quantum particles, firstly explicitly [4, 10, 11} and subsequently algebraically
[25, 26], and their associated three-point couplings [10, 11, 12, 26]. One of the tools
used by Zamolodchikov, the S-matrix bootstrap, was used subsequently together with the
crossing and unitarity conditions to conjecture exact S-matrices for ATFT’s based on any

Lie algebra. This extended the previous work [4] on the a(l) theory.

The affine Toda Lagrangian density is given by

£=50u) (°9) - 7 L (e - ). (12

DO | =

When the coupling constant is imaginary, it is seen that the potential term has many
minima as opposed to the real coupling case where the only (real) minimum occurs for
¢ = 0. Tt is expected, therefore, that for imaginary coupling the theory possesses solitons.
In [32] the complex coupling a{!) theory, a generalization of the sine-Gordon model, was
considered. The solitons solutions which were found possessed many surprising properties.
The number of solitons was equal to the rank of the underlying Lie algebra, with the
soliton mass ratios being the same as the unrenormalized mass ratios of the fundamental
quantum particles in the real coupling theory. This allowed for an association of each
soliton with a point on the unextended A, Dynkin diagram in a similar manner to that
done for the quantum particles in [11]. Also, one of the conserved charges of the solitons -
that of topological charge - was found for those solutions associated with the end points of
the A, diagram. Here the charges filled the fundamental representations at those points,

although for other solitons they seemed only to partially fill the associated fundamental
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representations. Solitons for the simplest of the d(!) theories, that of df}) , were obtained

but the generalization to all other theories was unclear.
The dissertation is laid out as follows.

Chapter two : The aim of this chapter is to provide a comprehensive survey of the research
carried out on the Toda models, as well as their underlying algebraic structures, that will
be of use in this thesis. Firstly the simple Lie algebras and their generalizations, the
Kac-Moody algebras are considered. Following a discussion of the conformal Toda model
and its algebraic solution, the affine Toda model is obtained as a integrability preserving
perturbation of this model. The second approach is from the conformal affine Toda model
which has been used to obtain the algebraic solution to the affine Toda model. The masses,
couplings and S-matrices of the fundamental particles are looked at, as they are found to
be closely related to those of the solitons. The work of other authors in constructing the

affine Toda solitons is considered, in particular the use of the Leznov Saveliev construction

and Backlund transformations.

Chapter three : The work of Hollowood is extended to all of the remaining theories and
explicit formulae for all of the single solitons are presented. The number of solitons is
again equal to the rank of the algebra. A case-by-case deduction of a formula for the

soliton masses is given, in agreement with that first proposed in [53], for the untwisted

theories:

4mh
M. = B2a2 \/’C (1b)

Also, a formula is given for the masses of the solitons in the twisted theories. This chapter,
although based on work carried out by the author in collaboration with Niall J. MacKay
[46], gives the expressions for all of the single solitons in all of the theories and so contains
many results not previously reported in the literature. This chapter also includes a short
discussion of static multisoliton configurations which, although not appearing in the sine-

Gordon theory, are found to exist in the more general al!) and other affine Toda theories.

Chapter four : Returning again to the simplest of the affine Toda theories, that of all,

the topological charges of the solitons are investigated. The number of charges of the a**



soliton 1s found to be

~ h
ho = ———
ged(a, h)’

where h is the Coxeter number. As h, is a divisor of the Coxeter number, it may be

(1c)

thought that the Coxeter element (a product of Wey! reflections in the simple roots) may
provide the link between the charges. This is found to be the case and so allows all of the
topological charges for each soliton to be deduced from just one (and so provides a general
formula for the chargesj, as well as proving that the topological charges for each soliton
lie in the same representation. This is found for the a'* soliton to be the a** fundamental

representation, confirming the original conjecture by Hollowood.

Chapter five : Here the work carried out on the all) theory, as regards the number of
charges and their expressions, is extended to the other theories. It is possible to calculate
the number of topological charges of each single soliton in all the theories by counting
the number of poles of the solution, in a similar, though rather more complicated, way to
that of Chapter four. It is found that these numbers do not divide the Coxeter number,
implying that the charges do not form an orbit under the action of any power of the Coxeter
element. It seems that the presence of the Coxeter element in the analysis of the al) theory
is therefore a peculiarity of that theory. Formal and explicit expressions are given for each
soliton’s topological charges in the infinite and exceptional algebras, respectively. The
representations in which the charges lie are discussed — for the exceptional algebras these
representations can be identified by explicit calculation, however, for the infinite theories
the expressions for the charges are not sufficiently simple to allow for such a calculation
to take place. The chapter contains a number of examples illustrating the formulae which

have been derived.

Chapter siz : In the final chapter, the work of the thesis is critically assessed and further
unanswered questions are discussed. As well as this, the directions of other authors in the

quantum theory are looked at.
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The Toda models
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2.1 Introduction

This chapter will provide an overview of the area in which the present work lies. Before
considering the three types of Toda model — conformal Toda, affine Toda and conformal
affine Toda — it is necessary to have a firm grasp of the algebraic structure underlying each
of them. For only then can it be hoped that a fundamental understanding of the work in

this thesis, and indeed the parallel work of other authors, be achieved.

As a result, the next section of this chapter will look at the the simple Lie algebras which
underlie the conformal Toda model, before moving onto their generalizations, the Kac-
Moody algebras, which underpin both the affine and conformal affine models (the algebraic
distinction being that the first corresponds to zero central extension of the algebra whilst
the latter corresponds to non-zero central extension). The second half of this chapter
will consider the Toda models themselves and, as well as discussing the work now well
established in the literature such as quantum masses and couplings, consider the soliton

constructions of other authors.

2.2 Lie algebras

In this section the simple Lie algebras, studied and classified towards the end of the last
century by E. Cartan and W. Killing, will be considered. Much of the material and
concepts will be of use throughout this dissertation, as well as being of particular use in

the generalization from Lie to Kac-Moody algebras. For further details see [36, 7).

Definition: A Lie algebra g is a vector space upon which is defined a bilinear operation
called the bracket,
[.]1:9®9—4g.

The bracket is endowed with the following properties:

[X,Y] = _[va]

[X,Y],Z)+[IY, 2}, X]+[[Z,X],Y] =0, VXY, Z¢€g,
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the latter property is called the Jacobi identity. Choosing a basis {T,} (a = 1,...,n), then
[T, T3] = cabcTe

where the ¢, are the structure constants of the algebra satisfying

Cabe = Chac and CbeaCdeb T ChbdaCech t CheaCedh = 0.

A representation of the Lie algebra g acting on a vector space Vj of dimension £ is a linear

map d : g — M (all k x k matrices) preserving the bracket i.e.
d([X,Y]) = [d(X),d(Y)] VX, Y eg.

One particular representation of g which is useful in deriving many of the algebra’s prop-

erties is that of the adjoint representation, defined by

(adX)Y =[X,Y].
An explicit matrix form for ad can be found and is givenA in terms of the basis elements by
(adT*)i, = Caim — this is of use when the Cartan Killing form is defined on the algebra.

A representation is called reducible if the vector space V upon which it acts has an invariant
subspace W € V (W # {0}, V) i.e d(g)W C W. If there is no such subspace then d is said

to be irreducible.

The Killing form: It is possible to define an associative inner product on g, known as the

(Cartan) Killing form
K(X,Y)="Tr(adXadY).

From the previous matrix formulation of the adjoint action, a symmetric matrix is obtained .
Ko = K(T,T,) = Tr(adT,adl}) = CadeChea-
K is associative in the sense that
K(X,|Y,Z]) = K([X,Y),Z).

If detI # 0 then the metric is called nondegenerate. Further, if in some basis Ko = —bab

then g is said to be of compact type and the structure constants are totally antisymmetric.
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A Lie algebra of compact type can be shown to have, up to conjugation by its associated
Lie group, a unique Cartan subalgebra (maximal abelian subalgebra) whose dimension is
called the rank of g. The algebra g can be decomposed into simple Lie algebras of compact
type |

9=9199:D...0 9,
g being called semisimple if p > 1. If the only ideals of g are {0} and g itself, then the

algebra is called simple.

It was the simple Lie algebras which attracted the attention of Cartan, who showed that
they fell into four infinite classes and five exceptional cases denoted by A, By, Cn, Dx

and Gy, Fy, Fe, [ and Eg respectively.

When g is a simple Lie algebra, a basis is obtained by starting with the Cartan subalgebra
{H'} (1 =1,...,r) where ’
(H', H]=0 (2.2a)
and extending to the whole of g by finding elements E* such that
[H', E*] = o' E*. (2.2b)

The real non-zero r-dimensional vector « is called a root, and E¢ is called the step op-
erator corresponding to «. Indeed, for each root « the corresponding root space is one-
dimensional, and ko is not a root for any k unless k = £1, the root —c corresponding to

the step operator E~% = E°T. The set of roots is denoted by ®.

The commutator of two step operators is root dependent, and is given by

[E®, EP) = ¢(a, B)E*T? if o + B is a root,

20 H .
= a2 1f Q= —ﬂ, (2.2C)
=0 otherwise.

The above basis, with the commutators (2.2a), (2.2b), and (2.2c), is a modified version of
the Cartan-Weyl basis.

To each root « it is possible to associate a su(2) algebra defined by the generators E€,

E~* and 2c - H/o? which are isomorphic, in the usual notation, to I, I_ and 2/3 which
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satisfy

([, I-] =215, [I5,1] = £14,
with the hermicity conditions I_JL = J_ and Ig = I3. From the well known representation
theory of su(2), the eigenvalues of 2a - H/a? are integral in any unitary representation.
The adjoint representation of g is one such representation where 2a - H/a? has eigenvalues

2 B/a? (B € @) and zero r times. Therefore
200+ 3
62

Also in the adjoint representation, the step operators E#*™* (m €Z) must form a su(2) mul-

€z, Va,p € ©.

tiplet and so there must be a member of the multiplet with opposite 2a - H/a*-eigenvalue,

l.e.
20 - 20 -
0 f g 208
« o

for some 3 + ma a root. Then

B+ma=p- 2(2.2ﬁa = a.(f),

0o being a linear operator which corresponds to reflection in the plane perpendicular to

the root . Thus o, (o € ®) permutes the set of roots and also generates a finite group

W(g), known as the Weyl group of g.

In general, the set of roots is linearly dependent and so does not form a basis for the root

space. The basis elements commonly chosen are ay, ag,. .., o, such that for any root o,

T
o = Z n;Qo;
=1
where each n; €Z, and either n; > 0 V4, in which case the root is called positive, or n; <0
Vi, in which case the root is called negative. Under the action of members of the Weyl

group, all other such simple root bases are obtained. The Weyl group W(g) can be shown

to be generated by o4,, where «; is a simple root.

There are two equivalent ways of representing the simple root systems — either by the

algebra’s Cartan matrix, or by its Dynkin diagram.

The Cartan matrix of g is the r x r array with entries

20 -
Cz']' = 7
&
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which from the above discussion, are all integers. The diagonal entries of C' are equal
to 2 whilst the off—diagbnal entries are zero or negative. From C, the simple roots can
be reconstructed (up to scalar multiplication or orthogonal transformation of the Cartan

subalgebra) and hence all the roots and structure constants, and finally g itself.

Further, the information in C' can be expressed in the form of a Dynkin diagram which
has points representing the simple roots, joined by Cj;Cj; lines with an arrow pointing
to the shorter of any two adjacent points. If g is simple, there can be at most only two
root lengths. If all the roots are of the same length, the algebra is called simply-laced.
The ability to obtain C from its Dynkin diagram means that the latter is also sufficient to
describe the algebra. The Dynkin diagrams of the simple Lie algebras are given in Table

B1 of Appendix B.
Given a finite dimensional representation of g, a basis {|¢>} can be chosen so that each
H' is diagonal:
H|p>= ppf|u> .
The r-dimensional vector g = (u!, p%, ..., u") is called a weight vector, and again by su(2)

representation theory 2c - H/a? is integral when acting on |u>, Vo € @, and so

Indeed, all such u satisfying the above equation constitute the weight lattice Aw(g), which
contains the root lattice Ar(g). A basis of the weight lattice is given by those A; satisfying
20[1' . /\j

2
@

=65, 1<uj<,
with any weight A € Aw(g) of the form
/\ = Zn,-/\,- (’ni € Z).
1=1

If n; > 0 Vi, X is called'a dominant weight. For each finite dimensional representation of

g, there exists a highest weight state |uo>, satisfying

E%|po>= 0, a > 0.
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The term ‘highest’ originates in the ability to express po — p, where p is any other weight
of the representation, as a sum of positive roots. The weights of the adjoint representation

are in fact the roots ®, with highest root denoted by 1.

Returning to the modified Cartan-Weyl basis constructed previously, it is advantageous

for algebraic purposes to replace this by the Chevalley basis with generators

[2 . 2a0- H
€q = &—2E, haz a2 .

Then, concentrating on the simple roots which will be of use in the subsequent discussions,

denote

€o; = €iy €—o; = fi, and ho; = hy.
The commutation relations are therefore
[hi, Rl = 0, [hiye5] = Ciiej, [hi, fi] = =Ciifsy e, f] = bish;,
where, in the last equation, the fact that for simple roots a; — a; cannot be a root is used.
As any root « can be written in the form
o = ijaj,
i=1
for all p; integers, the height of the root is defined as

hta = Z n;.
7=1

Further, defining the operator T° by

1 200+ H
T3 ==
2 (+vez'r:oots a2 ) ’

it is found that T grades g, in the sense that

(T3, E*] = (hta) E°. (2.2d)

It is possible to re-express (2.2d) in terms of a multiplicative action through the use of

S =exp (@) (where k, known as the Coxeter number, is the height of the highest root
). Then

. o
SE*S~! = exp (%adzﬂ) E® = exp (%(hta)) E* = WM Ee
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with w being the hth root of unity. As a result the algebra g exhibits a Z; grading:

g:ga@g1®"‘@gh—l,

with subscripts denoting the height of the root associated with each operator. In particular

g, is the Cartan subalgebra, and g; = {Ea,,..., Ea,, By}

2.3 The affinization of the simple Lie algebras.

In this subsection the untwisted affine algebras (obtained via the affinization of the simple
Lie algebras) are considered. The untwisted affine algebras are associated to the generalized
Cartan matrices, or the extended Cartan matrices, of the simple finite dimensional Lie
algebras discussed in the previous section. Effectively they are formed from the algebra’s
usual Cartan matrix by adding a row and column, or equivalently by adding a point to the

algebra’s Dynkin diagram.

These algebras will now be constructed as central extensions of the loop algebras, in a

similar manner to that of [38].

Denote by £=C[), A\7!] the algebra of Laurent polynomials in A. Upon £ is defined the

bilinear C-valued function ¢ given by
dP
SO(P,Q):RGS‘EQ, VP)Q€£>
which satisfies the following two properties

o(PQ,R)+ »(QR,P) +¢(RP,Q) = 0, (P,Q,ReL).

The loop algebra £(g) = L@ g is an infinite dimensional complex Lie algebra with bracket

[P®g1,Q®9:)=PQ®g1,92] (P,QEL; g1,92 €9)

A bilinear £-form is defined on £(g) through the extension of the form defined on g:

(P ® 0:1Q ® g2) = PQ(g1192)-
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Also a derivation D defined on £ can be extended to a derivation on £ by

D(P®¢1) =D(P)® ¢.
Defining a ‘C-valued 2-cocycle’ on L(g), ¥ by

da
$(a,8) = Res (5 b) (g 0)e(P,Q)  wherea= P& g, b= Q@ € L(g),

i.e. a bilinear C-valued function satisfying
¢(a, b) = _w(ba a)a
¥([a, 8], ¢) + ¢([b, ], @) + ¥([c, a],b) = 0,

then £(g) is defined as the one-dimensional central extension of £(g) associated to 1. That

is, £(g) = L(g) ® CK with bracket
la+ nK, b+ K] = [a,8] + ¥(a,0) K (a,b€ L(g), .7 € T).

Finally, the affine algebra g is obtained by adding to L(g) the derivation d = A d/d) which
when acting on K gives zero and which commuted with A™ ® g1 (91 € g) gives

[d,\™ ® ¢1] = mA™ @ o1

thereby providing the so-called homogeneous grading. The affine algebra g is therefore

given by
§=1L(g)®Cd=L(g) ®CK & Cd.

Its bracket is defined by

(A" ® 1) DK & md, (A" ® g2) ® p2 K @ n2d]
=(A™" ® [g1,92) + MnA" ® go — e AT @ g1) © Mbpm,—n(9192) K.

The Cartan subalgebra of g is (r +2)-dimensional (where r is the rank of g), and given by

h=hoCK @ Cd.

To this algebra it is once again possible to form a Chevalley basis by defining

h= N @HY, ¢, =N QE%, fi=)\QE ™™ (i #£0),
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ho= N QH Y+ K, eg=ANQE™, fo=A1Q®FE

where the elements of g are the Chevalley generators discussed at the end of the last section.

As a result the Chevalley generators of g satisfy the following commutation relations:
[hiy hil = 0, [hiye5] = Kjiej, [hi, fil = Kjifi, leis fi] = bsih;.
These, together with the Serre relations

(ade;) ~Hoie; = 0, (adfy)™5f; =0, (i#7),

characterize the algebra. The matrix K is the extended Cartan matrix defined analogously
to C' but with zeroth row and column corresponding to the extended root ap = —%, where
1 is the highest root of g. The extended Dynkin diagrams arising from these Cartan
matrices are given in table B2. Those corresponding to the twisted algebras, in table B3,

will be discussed later in the context of folding.

There exists a grading structure on the basis when expressed in terms of Chevalley gener-

ators. The element d’ is defined to have the property that
[d k] =0, [d,e]=e;, [d,fi]=—1i

It is related to d by d' = hd+ Ag Q@T3. Together with the h;, d’ spans the Cartan subalgebra.
Defining the integers to be the lowest for which

Z Kﬁ-m,— =0 and Znij{ij = 0,

then the m;’s and n;’s are related via

The Coxeter and dual Coxeter numbers are defined as h = }_; n; and h = ¥, m;, respec-
tively. It is also straightforward to show that the quantity z = 2k /1? is central, in that it

commutes with the rest of the algebra.

In a similar manner to the simple Lie algebras, the affine Kac-Moody algebras have highest
weight representations, provided the central extension is non-zero. As before, the repre-

sentations are formed from a highest weight state |A >, acted on by an arbitrary number
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of negative step operators. The highest weight state is characterized by the action of A;,

i.e.

2A-a,~
2

hllA >= A(h,)lA >= |A >

In a similar manner to that corresponding the the simple Lie algebras, su(2) representation
theory can be used to show that the above eigenvalue is a non-negative integer. As a result,

the eigenvalue of the quantity x = 2k/t? acting on the highest weight state [A >,

A(2k/4?) Zml

is also an integer. It is called the integer level. The weight lattice Aw is the set of points

such that 2A - a;/a? is an integer. It is generated by the fundamental weights A; which
) g g J

satisfy
2A]' *a,
2

a;

= 5z'j-

The root space can be viewed as that of the corresponding simple Lie algebras, but with

two extra dimensions dual to k£ and d. The simple roots are given by
a; = (;,0,0) (1 #0), and ao = (—1%,0,1).
The inner product between any two roots is defined as
(Br,c1,d1) - (B2, e2,d) = P+ B + c1da + Cady.

The fundamental weights are chosen (in the sense that the final component is arbitrary)

to take the form
Ai = (A, mab?/2,0) (1 #0), Ao = (0,%°/2,0).

2.4 The conformal Toda model

The (conformal) Toda field theory Lagrangian density corresponding to the simple Lie
algebra g is given by

L= %(8,@) (8°®) — —Zeﬁa'
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where r is the rank of the algebra g, ® is an r component real scalar field and the o;’s are
the simple roots of the algebra. As well as being a conformally invariant theory, the Toda
model is integrable in that there exists a Lax pair, infinitely many conserved quantities

and it is exactly soluble.

The equations of motion corresponding to the above density are
82(1)]‘ + A8 Z ijieﬂ@ =0 (2.4&)
1=1
where ®; = «;-® and C is the ‘Cartan’ matrix with (,7)™" component a;-a;. In the original
equations considered by Toda [57] the ®; were only time dependent and corresponded to

the relative displacement of the points of an infinite linear lattice. In that case C was the

Cartan matrix of SU(r + 1) with r going to infinity.

The simplest case to consider is when r = 1, and the Cartan matrix is simply the number 2,

corresponding to the SU(2) algebra. The theory then corresponds to the Liouville equation
2\
9*P = —=eP2,
B

The Toda model can therefore be looked upon as a generalization of the Liouville equation.

2.4.1 The solution of the conformal Toda model

The starting point for the solution of the Toda theories is the work of Leznov and Saveliev
[41] who considered the zero curvature condition for the Toda model, and subsequently
derived the general solution of this model via path ordered exponentials. The Toda theories

are two dimensional integrable field theories with zero curvature condition
[0, +W,,0, +W,] =0, (2.4.1a)

which is equivalent to the field equations. The gauge potentials W), are functions of the

field ®. The above condition is in fact a consequence of the linearized equation
(0 + Wu)T =0,

for some group element 7. T' can therefore be written as a path ordered exponential thus:

P
T = Pexp {— /Q W#dm“] ,
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the condition (2.4.1a) guaranteeing that the above is independent of the path of integration.
As a result, equating the expressions for moving along the light cone at constant z* followed
by =~ with the expression for moving firstly along z~ then z* gives the solution to the

conformal Toda theory as
e PN = =BAi %0 /\jIU(:IJ+)V(:17_)|/\j >,

where ®, is a free field, A; are the fundamental weights of the simple Lie algebra g with

associated highest weight states [A; >, and U(z™), V(z7) are chiral group elements satis-
fying
0 U=—pu (emgﬂ ZE“‘e_M’g'H) U (2.4.1b)

=1

OV ==Vu (e‘ﬁq)o_'HZ E“"emo_'H> ) (2.4.1¢)

=1
2.4.2 From conformal Toda to affine Toda

As a starting point, consider again the Toda field theory Lagrangian density corresponding

to a simple Lie algebra g:
1
L= 7(0.2)( (0*®) — — an faj-@ (2.4.2a)

The potential term in the Lagrangian density (2.4.2&) does not have a classical minimum,
and is zero for a; - ® — —oo. Also the theory is conformal, a property that has been

studied by a number of authors [45, 27, 8].

It is possible to add a perturbation to the above Lagrangian density, so introducing a finite
minimum. If the integrability of the theory is to be preserved, then it is necessary to take

the perturbation of the form:
EA g
§V(®) = 7 P
where ag is the ‘extended root’, converting the usual Dynkin diagrams into the affine
diagrams. For the untwisted theories, ayg is simply the negative of the highest root 1. The

potential term now has a minimum at & satisfying

T
Zaieﬂ“i'é(o) = —eaoeﬁa"'@(o). (2.4.2h)



2.5. The conformal affine Toda model 18

On shifting the field ® by replacing it with ® = ®©) 4+ ¢, then

V(¢) = [;\2 Zeﬂa,qs pai®® 4 B0 @® food
1=1
From (2.4.2b),
' T
ZCjieﬁ“"@(o) = —ea; - aoeﬁa"@m),

i=1
where C’ij, defined above, is an invertible and symmetric matrix, so that
T
P2 ¥® =00 — _ NN a; - ap.
J=1
Therefore the potential term can be re-expressed as
A Bagd® | fagd _ N Baid
V(qﬁ):?e 0 e’ —Ze "ol - ag
1,j=1

e r m? 7

_ & Bag-®® | Bao-¢ Z oBaid| — Z Boid

_ﬂQe 0 [e 0 +. n;e = ﬂ2 ' n;e
=1 1=0

by making use of ag = — 3_i_; nicy, no = 1 and the definition m? = erefeo®®

The Lagrangian density giving rise to the affine Toda field equations can then be written

in the form

= (u¢ )(0"¢) — an ek . (2.4.2¢)

the final part of the summation being added to ensure that V(¢ = 0) = 0.

2.5 The conformal affine Toda model

Historically, the conformal affine Toda model was the last of the three Toda models to be
constructed [3, 6]. It came about as a generalization of the affine Toda model which, whilst

retaining integrability, regained conformal invariance via the addition of two new fields.

In the derivation of the algebraic solution to the affine Toda model [53], and indeed in
the construction of solitons by Hirota’s method along the lines of Aratyn, Constantinidis,
Ferreira, Gomes and Zimmerman in [15, 1, 2], this model plays a prominent réle. As a

result, it shall be discussed here for completeness.
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2.5.1 The equations of motion

The conformal affine Toda equations can be viewed as the analogous equations of motion
to those of the conformal Toda model, but this time corresponding to the affine algebra g

as opposed to the simple Lie algebra g. They can be written

2 % - ai ,Bai(P) —
0‘d + 5 ZH e =0
i=0

where ® = ¢ - H + £k + nd' lies in the Cartan subalgebra of g, and the a;’s are its simple

roots. The above equations can be obtained as the vanishing of a zero curvature condition.

The potentials W¥, also lying in g, are defined as

b
2
= j:gc?i@ + }Leiga’dQEil,

WE = £00,0 + petf®E,, 750

where

Eil = Z \/miEia". (251&)
1=0

The vanishing of the curvature, i.e.

[04- + W+,(9_ + W_] = 0,

gives the equations for the conformal affine Toda model. The above curvature can be

written as

_80,0_0 — p*[e? P E,y, e B ] = 0. (2.5.1b)

Using the expression for the adjoint action of £ on By,
e, 5] = 2 S i + 4+ a7,
1=0
then, in terms of the components of @, equation (2.5.1b) reduces to the system:

, ) .
0-0-¢+ %6&7 ; <niaieﬁ¢'a‘ - ¢e‘ﬂ¢'¢) =0,

4 g s
0_0+€ + We Te =0, (2.5.1c)
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5+(9_77 = 0,
where n; = m;¥?/o? has been used. If 2¥ — f(z*) then

B(a*) = $(f(z*)), &*) = E(f(5*)), and 7(z*) = n(f(z*)) - In (f—iji)

showing that the equations are conformally invariant. In particular if n = 0, (2.5.1c)

reduces to the equations under study in this dissertation, those of affine Toda field theory:

2 r
¢ + i S njaef? = 0. (2.5.1d)
B im
The discussion of an algebraic solution of the conformal affine Toda field equations will be

returned to later when the work of Olive, Turok and Underwood is reviewed.

2.5.2 The solution of the (conformal) affine Toda models

It is possible to apply the methods of Leznov and Saveliev to the conformal affine Toda
model and obtain the general algebraic solution. Indeed, this has been done and is pre-
sented in [53]. However, due to the similarities between this model and that of the con-
formal Toda model, in respect of the highest weight representations of both g and g, it is

possible to deduce the Leznov-Saveliev solutions as [53]
6'_ﬁAi(<I)) = C_ﬁAi(q)o) < A,lU($+)V($_)IA, >,

where ® = ¢ - Hy + £k + nd', @ is a free field and U(zt), V(z7) are the g-analogues of
(2.4.1b) and (2.4.1c), respectively.

In the last subsection, it was shown that the equations of motion of the conformal affine
Toda model reduce to those of the affine Toda model if n = 0. Putting this condition into

the above solution [53],
e POERHER) - o=BARotER) o\ (2 H )V (27) N >,
for ¢ # 0, and dividing by the ¢ = 0 solution

e P2 — < No|U(a+)V (27) o >,
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raised to the appropriate power to remove the dependence on ¢, the afline Toda solution

is obtained:
Bt _ g-treto_< MIUEDV (@) >
< /\OIU($+)V($—)|,\O >mi’

with the U(zt), V(z7) satisfying 0, U = —iU, 0_V = =V where

(2.5.2a)

) B3 -Ho o o—Pé3-Ho

fi(z™) = pe

I7(:E—) — Iue—ﬁ%_'Ho E‘_leﬁ%_'Ho
with Ey; being given by (2.5.1a). It should be noted that this formula was first obtained
by Mansfield in the case of the sine-Gordon model [44]. As will be seen in the section

after next, this solution has been exploited to prove algebraically many of the interesting

properties possessed by the affine Toda solitons.

2.6 Affine Toda field theory

2.6.1 Masses and couplings in affine Toda theory

Through a case-by-case study of the affine Toda theories, the masses of the quantum
fluctuations about the vacuum solution in each of the models were calculated [49, 11).
Further, for the untwisted theories, these masses were found to be proportional to the
entries of the Perron-Frobenius eigenvector of the Cartan matrix of g — that is, the right
eigenvector corresponding to the lowest eigenvalue. In the quantum theory a generalization
of this was found, in that the values of the conserved charges are proportional to the

components of the remaining eigenvectors.

The case-by-case analysis proceeds as follows. Expanding the potential term in the La-

grangian density,

m2 ro m2 T m2ﬂ 7
V(¢) = a2 ni(c; - ¢) + _Zni(ai : ¢)2 + —Zni(ai . ¢)3 +...,
ﬂ 1=0 2 =0 6 i=0
the first term at order =2 vanishes by virtue of ag = — ¥_i_; nia;, whereas at order zero

in B a (mass)? matrix is obtained:

J

.
(M*)* =m?Y niafal  a,b=1,...,7.
=0
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At order (3 the three point couplings appear, and are given by

.
abe __ 2 a b _c .
C* = pm? > niafaiof a,bje=1,...,r
—

For each of the simply-laced algebras the above masses were computed, along with the
three point couplings in [11]. The following rather remarkable results were found. Firstly,
the classical masses form an eigenvector of the associated Lie algebra’s Cartan matrix
corresponding to the lowest eigenvalue, Ay, = 2—2cos T (where h is the Coxeter number).
By the Perron-Frobenius theorem, all the components of this eigenvector can be taken as
positive, in keeping with their interpretation as particle masses. As a result the masses can
be assigned to particular points on the algebra’s Dynkin diagram. As will be seen later,

these mass ratios are identical to those of the single soliton solitons of the simply-laced

theories allowing also for an identification between each soliton and a point on the Dynkin

diagram.

The three point couplings when expressed in a basis of mass eigenstates were found to be
related to the area of a triangle with sides of length equal to the masses of the respective

particles. Explicitly, the relationship found was
4B 2p

b b . 178
|C% = —=A%°" = —=m mysin U,

Vh Vh

where A% is the area of the aforementioned triangle and Ug, are the ‘fusing angles’. These
results are also analogous to those for the soliton solutions where a double soliton can, at
a certain rapidity difference of the contributing solitons, reduce to that of a single soliton.

These rapidity differences are the same as those in the real coupling theory related to the

above fusing angles [53, 30].

In the quantum theory it is found that to first order in B the masses of the simply-laced
particles renormalize in the same way, and so leave the mass ratios unchanged. However

this seems not to be the case in the non-simply-laced theories.

There was an attempt to obtain the above results by purely algebraic methods originally

by Freeman [25], and later extended by Fring, Liao and Olive [26]. In the work of Freeman
[25], the affine Toda equations (with § = 1),

82¢ + m2 Zniaieo‘f"b = 0,

=0
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are expressed in the more algebraic form

82(]5 + m2 l:6¢ (ZT: CiEa,-) €_¢, (ZT: EiE—ai)} =0.
1=0 1=0

This expression is valid provided the numbers ¢;, and ¢ satisfy ¢;é; = n,;. Further, the
solution ¢ = 0 exists only if

XT:CZEW and iEiE_ai

i=0 i=0
commute. This happens provided all of the ¢; and ¢; are non-zero. In the terminology of
Kostant [23] the element 3 ¢; E,, is called regular, and commutes with a number of other
elements of the algebra to form a second Cartan subalgebra, denoted h’. This alternative
description of the algebra with associated step operators has been seen to play a major
role, not only in the calculation of masses and couplings by algebraic means, but also in

the algebraic construction of the soliton solutions.

Considering this Cartan subalgebra further, if the action of S = exp(2miT°/h) is applied
to both 3" ¢; E,, and Y ¢ E_,, they are found to have eigenvalues w and w1, respectively,
where w is the A" root of unity. In fact the basis of A’ can be chosen to be the eigenvectors
of the above action [23], with eigenvalues w* where the k; are the exponents of g (these
are listed for the simply-laced theories in Table 1 below [60]. The restriction of the action

of S to A’ is found to be a Coxeter transformation.

Algebra | Exponents
An 1,2,3,...,n mod (n+1).
D, 1,3,5,...,2n — 3,2n — 1 mod 2(n — 1).
Es 1,4,5,7,8,11 mod 12.
E; 1,5,7,9,11,13,17 mod 18.
F, 1,5,7,11 mod 12.
G2 1,5 mod 6.

Table 1: The exponents of the simply-laced theories.

This reformulation of the algebra is useful as it makes use of the connection between the
eigenvalues and eigenvectors of the Coxeter transformation and those of the Cartan matrix.

Tn particular, if X is an eigenvalue of the Coxeter transformation then 2 — A% — A=/? is an
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eigenvalue of the Cartan matrix. Also, if « is an eigenvector of the Coxeter transformation

then its components are, up to phases, those of an eigenvector of the Cartan matrix.

From the equations of motion, the mass-squared matrix is given by the action of
m2a,d (Z EaE—a) ad (Z CaEa) 3
a€A a€A
where ¢ lies in k. It is convenient to choose the basis {¢; = Ray ... R, oi} [23], where

Ra;_ is a Weyl reflection in the simple root o}, as opposed to the simple roots themselves.

For each of the roots ¢ the step operators
! ! !
E(ZS:’E’Y(fi’:)’ e ’E’Yh_l(qb:-)’

form an orbit under the action of S, with the simple roots a of the form v*(¢;) for some

k and i [23]. Therefore, a basis for h can be chosen as

h-1

, )
ZEvk(¢;) 1=1,...,7
k=0

since these are the elements fixed under the action of S. As a result, it can be shown that

h—1 V h-1
ad (Z aaE_a) ad (Z caEQ) > Elgy =4 (Z caEa) ¢ (Z EaE_a) Elksy
k=0 0

a€A a€A a€lA a€d k=

where

(ad Z caEa) ;52 = ¢! (Z caEa) i E';.
k=0

a€ld a€A
The Y j—o L}, are therefore a basis of mass eigenstates with (mass)? given by the above
eigenvectors. However, as 3 c,Fq is an eigenvector of the Coxeter transformation with
eigenvalue w (and so the lowest eigenvalue of the Cartan matrix), its components are, up

to phases, those of the Perron-Frobenius vector.
In the case of the three point couplings, it was shown in [25] that for three particles of
masses m;,m;, and mg, corresponding to the roots ¢;,4’,and ¢}, there is a non-zero coupling
only if
a b c
7 (¢1) +7°(¢5) +7(8) = 0

for some numbers a, b and c. This result was also noted independently by Dorey [20].
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The work of Freeman, summarized above, has been extended by Fring, Liao and Olive
[26] who showed that the masses are given by m; = fuz;afsin(r/h) where z; is the gt
component of the left-eigenvector of the Cartan matrix and the three point coupling is

given by o

Cijk = Lhe(%q—)&jk
with A;;x being the area of the triangle with sides m;, m; and myg. If ¢ is the highest
root then (1/2/%?)e(3,7,q) = £1, unless ¢, 7, k all correspond to short roots in which case

€(i,7,q) = £1/+/2 for the algebras B, C, and Fy, and +2/+/3 for the algebra Ga.

2.6.2 S-matrix theory

Another aspect of the quantum theory of the affine Toda model that has been considered
in detail is that of the quantum S-matrix [56, 61]. In fact, S-matrices has been calculated
for all of the algebras of affine Toda field theory (4, 11, 16, 9]. More recently there has been
an attempt to extend the work of the Zamolodchikovs [61] and construct the S-matrices
for quantum solitons. Therefore S-matrix theory will, for completeness, be briefly reviewed

here with a review of the soliton S-matrix left to the conclusion of this thesis.

The momentum of a particle in two dimensiens can be written in terms of the particle’s
rapidity, 0,, as
p, = mg(cosh 8,,sinh §,)

where the velocity is given by v = tanh8,. In an integrable theory such as affine Toda
field theory there are an infinite number of locally conserved operators of which a single
particle state must be a simultaneous eigenvector. If a locally conserved operator Qs is

acted upon adjointly by the Lorentz transformation L then

(adL)Qs = sQs.

In this case the operator is said to have spin s. For each spin there exists a conservation

law leading to the following rule [61]:
e the number of particles of mass m, is the same in both an in- and out-state,

e the set of in-going momenta is the same as the out-going momenta.
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As a result, there is no particle production and the S-matrix is assumed to be factorizable.
It is therefore only necessary to consider two-particle S-matrices at any one time. The
factorizability of the S-matrix leads to a constraint in that the two pictures below have

identical total S-matrix.

ks ko ky ks ko ky

1 12 13 i1 2 13

Figure 1: Factorization of the S-matrix.

The above leads to the Yang-Baxter equation

SEek2 (0,3)5519(0,3) 5752 (012) = SEF (012) S22 (013) SEL2 (623)

J2J3 J113 1112

where the indices denote the particle labels and 8, = 6, — 05. There are further conditions

that can be placed on the S-matrix:
Unitarity

- The probability that a two-particle scattering results in a final state is unity, therefore

Sa(0)SE (=0) = &:8;.

Crossing symmetry

In the scattering process a + b — ¢+ d there can be either s or ¢ channel scattering. For

the S-matrix to be symmetrical under s < ¢, or equivalently 6 « (¢7 — @), then

Ses(0) = S5 (im — 0)

where b and d are the anti-particles of b and d, respectively.
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Returning briefly to the masses and couplings of the fundamental particles, if two particles

a and b can fuse to a third ¢ then the two particle S-matrix for @ and b will have a pole at
6%, where 65, is obtained from the equation

2 2 2 g
mi = m: + mj + 2mgmy cosh 07,

Similarly b and ¢ can fuse to @, and ¢ and a can fuse to b. This is can be expressed in the

form of a 'mass triangle’ triangle mentioned earlier and visualized as

Figure 2: The mass triangle.

where § = 7 — 0 and so

2 + 0o + 05, = 27

The final constraint that can be imposed on the S-matrices comes from the bootstrap
principle. If two particles a and b scatter purely elastically, and their S-matrix has a pole
at 6, then the bound state particle ¢ can appear for some time during the scattering

process. This can be visualized, for the three particle scattering process, as

)|

a b d a b
Figure 3: The bootstrap principle.

and leads to the following final constraint on the S-matrix:

SdE(Q) = Sda(0 — iéZC)Sdb(G + Zgzc)
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Following the calculation of the S-matrix for the a{l) theory [4], the S-matrices for the

remaining untwisted theories were constructed [11]. The extension to the the twisted

theories is given in {16, 9].

2.7 Affine Toda solitons

It has long been known that the familiar sine-Gordon equation possesses localized mass
configurations known as solitons. There are two fundamental solitons, the soliton and
antisoliton, each distinguished by their topological charge. As the sine-Gordon model is
the simplest of the a{!) affine Toda models it is reasonable to speculate that solitons exist

in these more general theories.

As such, Hollowood used Hirota’s method to investigate the complex coupling al!) theo-
ries [32]. There it was found that there were r=rank g solitons which, although having
complex energy density, possessed real mass. In fact these mass ratios where the same
as those obtained for the fundamental Toda particles. This led to an association between
the solitons and points on the unextended Dynkin diagram A,. Further, the topological
charges of the solitons associated with the end-points of the diagram were calculated and
found to be the complete set of weights of the associated fundamental representation. It
was daimed that for the remaining solitons, the topological charges lay within the corre-

sponding fundamental representations but did not fill them.

At that point there were two immediate questions. Firstly, could the use of Hirota’s
method be extended to the remaining affine Toda theories, twisted as well as untwisted,
and secondly is there a general description and explanation of the location of the topological
| charges both within the a{l) representations and correspondingly for other theories. The
next chapter, based on [46], addresses the first question with the following two chapters

considering topological éharges for the a{l) [47) and other theories.

2.7.1 The algebraic soliton solution

This section briefly touches upon the work of Kneipp, Olive, Turok and Underwood [53,
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54, 39, 58]. They have considered in detail the general algebraic solution to affine Toda
field theory, (2.5.2a), obtained from the conformal affine Toda model, as discussed in §2.5.2

Recalling that,
B _ =it _< MUV (@) >

< Xo|U(zt)V (z7)| Ao >™
then if ¢F are constant and lie in %G’QAW(Q”) then the Chiral equations for U(zt) and

V(z™) can be trivially integrated to give
U(zt)V(a™) = ePE1* g(0)ePE-2="
where ¢(0) is a Kac-Moody group element. The above solution therefore reduces to the

form . .
< Aile_ﬁElx+g(0)e—ﬁE‘lx+|A,‘ >

< Aole=PErs* g(0)e=PE-12*|Ag >mi”
Making use of the alternative Cartan subalgebra and associated step operators as discussed

e~ Prid —

in §2.6.1, the element ¢g(0) can be parameterized, in the case of N solitons, by coordinates
and momenta and expressed in the form

g(0) = eQ1F(01,01) @2F (02,02)  (QnFlanpn),

The Kac-Moody generators F'(ay, p;) have the property that
(B, Fau, pi)] = q([M]) - cip™ F(cu, pi)-
Each (i, p;) can therefore be viewed as creating a soliton with momentum p* |g(1)-c;p*!|

at position In |Q;|. The imaginary part of @ is interesting for the purposes of this thesis as

it determines the soliton’s topological charges.

For the untwisted theories, the soliton energy-momentum was calculated in [53] giving the

soliton masses as

4hM (particle,a)?
B2a? :

This work has been extended in a number of directions. Firstly, in [54] examples of the

M(soliton, a) =

more generalized single solitons of the non simply-laced theories are presented, as well as a
Vertex Operator construction of the Fi(z) = F(v;,2). This has the important consequence

of providing a classical version of Dorey’s fusing rule for the untwisted theories.

As well as this, the algebraic construction of solitons has been discussed in the context of

general integrable systems [55].
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2.7.2 The Backlund transformations of the A, affine Toda field
theory.

In this section the investigation into affine Toda solitons, in particular the reality of their

energy, by Backlund transformations [43] is reviewed.

In theories possessing topological solitons it is often found that the classical energy density
is equal to a topological surface.term, provided certain first order differential equations
are satisfied. These differential equations are called the ‘Bogomolny’ equations. For the
sine-Gordon theory, the relevant first order equations, the Backlund transformations, have
been known since the 1800’s. These have been generalized to the case of the A, affine

Toda theories by Fordy and Gibbons [24].

With the affine Toda Lagrangian density written in the usual form, but with g — 8,
1 k761e 4
= 7(0u0) - (0"¢) + Zn,( it _ 1),

it is convenient, for the purposes of this discussion, to write the extended simple roots as
o; = e; — ;41 where {e1,€a,...,€r, 6,41 = €} is a set of orthonormal basis vectors. The
field ¢, which lies in the r dimensional subspace spanned by the simple roots, is written as
$ =3 eid; so that ¢; = e;- ¢ and 3_; ¢; = 0. The equations of motion are then expressible

in the form

*nn 2
m
Fi(¢) = 0%¢; — 7( eBG=bim) _ (iP(E1=0)) = (2.7.2a).

The vector fields ¢ and ¢ are defined to be orthogonal to 3°; e; and to satisfy
0 (bi — Gi) = —=—A (eB@i=0i41) _ (iB(#i-1=4;)) 2.7.9b
(85— 6) = m (e ) (2.7.2b)

8—(453"— i) = TIBA_ ( p(4i=3) _ eiﬁ(‘ﬁf‘l"";j“)) ) (2.7.2¢)

where z* = (t + 2)/+/2 are the light-cone variables, and A is known as the parameter of
the Bicklund transformation. Differentiating (2.7.1a) wrt z~ and (2.7.1b) wrt 2% then
using both (2.7.1a) and (2.7.1b) to remove the derivatives of the fields in front of the

exponentials, gives

Fi($) = Fi(¢) and Fj(¢) = F;_1($).
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These equations are satisfied for all j and so all the functions F; are equal. Therefore,
~ 17
F(6) = B9 = 1Y Fi=0,
1=0

the last equation being true by virtue of the expression for Fj in (2.7.1a). As a result, inte-
grability of equations (2.7.1b) and (2.7.1c) imply the equations of motion hold. Therefore

the above coupled equations map one solution é into another ¢.

The trivial solution ¢ = 0 reduces the Backlund transformations to the form

0y ¢; = \[ﬂ (e7tdit1 _ 7h5) (2.7.2d)

0-4:= 75

Defining B; = A% the above equations become

—1(6iﬁ¢j _ eiﬁ¢j—1) (2.7.26)

O+ ;= \/_ﬂ(B;H B) (2.7.2f)
(B, - By_1) (2.7.28)

0-6:= 75

In order to find static single solitons it is assumed that 0,¢ = 0, so that (0; + d_)¢ = 0,

l.e.
T

> ei(Biy — Bi') + Y _¢i(B; — Bj-1) Z% i — Ba)=0.

3=0 J=0
Since the extended sum of simple roots vanishes Bth + B; = ¢, Vj, where c is some
constant. Therefore once one B; is determined, the rest are then known. The recurrence
relation for the B; can be used to give ¢ = 2cos(6/2) where 6 = 2ra/h, a=1,...,r. The

resulting Backlund transformations simplify to

dB . : —3
d_:l:J = —zm(Bj — € 9/2)(BJ‘ — € 0/2).

Upon integrating, and imposing the condition B]‘_4}1 + Bj = c, the static soliton solution is

obtained: o .
ez(]—l)OQeZma:sm@ﬂ -1

eij9Q62m1:sin6/2 -1 ?

B]' — ei9/2

Q being a complex constant, the magnitude of which is the exponential of the centre of mass

and the phase of which determines the soliton topological charge. Defining o = 2msin /2,
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E=InQ —ir, ® = oz + ¢ and w, = € then

1/21+w1 1e®

Pt = Aw ,
1+ wle®

and so the field ¢(,) can be written in the form
Z | 1+ wie” wle®
=——> qa;ln
! 1€ +e® )’

in agreement with the expression first obtained by Hollowood [32] and calculated using
Hirota’s method in the next chapter. Having obtained the single static soliton it is possible
to put this into the Backlund transformation and so obtain the two soliton. By repeating
this process the general N-soliton solution can be built up. However it is possible to use

properties of the transformation which simplify the calculation. This is explored in further

detail in [43] and shall not be discussed here.

It is also possible at this point to obtain expressions for the soliton masses. The energy

and momentum densities are given by

respectively. From the definition of B; and the Backlund transformations

0,8, = (Bl B, ~ 1) = 0_B3},

V2
and so defining B = }_; B; and B = v, B! then 0, B = d_B. The potential term can

therefore be written,
2 7 27

V(8) = =g S = 1) = 5 LB, -

and the kinetic term is expressed via the equations

L 1
SO = el and 30 = -

7=0

1) = \/_52 —=—(0+B+0-B )

The energy and momentum densities are therefore

m d = m d
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The light-cone components of the momentum are therefore

. _E+P V2m .

pr= V2 i (Jim — lim )B
E-P )

P = - \/_m(lim — lim )B.

\/5 o Zﬁ2 Z—00  T——00

From the expression for B; above, B; — ¢¥%/? as # — Fo00, and as a result, the mass
squared of the soliton can be written as

- dmh (’I’L+ - n_)7r 2
2PTP™ = ( 7 sm( . ))

for some integers ny. This is in agreement with the result first obtained by Hollowood in

32].



Chapter 3

Classical Affine Toda Solitons

34



3.1. Introduction 35

3.1 Introduction

The study of solitons in affine Toda field theory was initiated in the work of Hollowood [32].
In that original work, Hirota’s method was used to show that the a(l) theory possessed n

static single solitons each of mass

2mh
Ma = ‘1—3—2'—.\/}-(1,

where 1 < a < n associates each soliton with a spot on the Dynkin diagram, & is the
Coxeter number, and A, is the a'* eigenvalue of the matrix NC (see later for details).
The first remarkable property of the solitons is that their mass ratios are equal to those
of the fundamental particles found in the ‘real-coupling’ quantum theory. Secondly, the
topological charges of the single soliton corresponding to a = 1 (or equivalently a = n)
were calculated and found to fill up the corresponding fundamental representations. For the
other solitons it appeared that the topological charges, although lying in their associated
fundamental representafions, did not fill them. The study of the topological charges of this

and the remaining theories will be taken up in Chapters 4 and 5, respectively.

A variety of methods have been applied by a number of authors to construct affine Toda
solitons. The methods of Hollowood have been generalized {46], Hirota’s method has been
applied to the conformal affine Toda model [15, 1, 2] and from it the solitons of the affine
Toda model deduced, Bicklund transformation have been used to generate the A, solitons
[43], and finally the methods of Leznov and Saveliev {41] who constructed a general solution
to the conformal Toda model, have been used to construct a general algebraic solution to

the affine Toda model [53, 54, 39, 58].

It is the generalization of Hollowood’s methods, the majority of which has been published
in [46], that will be considered here. Further, static soliton configurations will be dis-
cussed. That is, in the sine-Gordon equation the only static soliton (in the sense that time
dependence can be removed by moving into the rest frame of the soliton) is that of either
the soliton (which has topological charge +1) or the antisoliton (which has topological
charge —1). In the more general A, theory, the increased number of different types of
soliton (each with a number of different topological charges) allows for static multisoliton

configurations to occur as a specialization of the general multisoliton solution. In these
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cases, each soliton making up the static solution must be of a different type (otherwise the
interaction constant between two solitons of the same type vanishes, thereby resulting in
a single soliton solution of that type). This topic shall be touched upon in its own right as
well as providing a means of constructing solitons which are preserved under the folding

process and so exist as solutions of the folded theory.

3.2 The equations of motion

With regard to the Lagrangian density of affine Toda field theory (2.4.2c), if the coupling

constant B is replaced by i3, the potential term becomes
Zn zﬁaJ _ )

In the real coupling case, upon considering real fields, this is zero only for ¢ = 0, whereas
in the complex coupling regime the potential has zeros for ¢ € % W (A}, being the
co-weight lattice). The appearance of many minima of the potential is an indication that
soliton solutions, interpolating from one minimum at z = —oo to another at z = 400, may
exist. The change in the field between z = +oo is therefore proportional to an element of

the co-weight lattice.

Setting the coupling constant f§ to be purely complex, the equations of motion are rewritten

., 1mtd iBoid
0°¢ — v > nja;e? = 0. (3.2a)
7=0

The ansatz used in [32] to generate the a(!) solitons is found to be problematic when applied
to the non-simply-laced theories, implying the need to modify it. The modification required

appears to be to rescale each of the roots by a numerical constant. The new ansatz for the

field ¢(z,t) which will be considered is
- > meslnT (3.2b)
1B iz
which, when substituted into (3.2a), gives

Y Q=0
7=0
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where

o = (- ([
(ﬂL(DtZ — D)7 - 7y —mPn ( T TR m)) :

2
27; k=0
and p; is, without loss of generality, completely arbitrary. In the second expression, the

Hirota derivatives D, and D, defined by
0 oN" (o o\"
DmDn —_ _ - _ t t =zt
fg= (3x 8$'> (815 81") f(z g(s", )lt; ’
have been used as they make the subsequent calculations much easier. A brief review of
Hirota derivatives and their properties is given in appendix A.1l. In general, @; = puon; (for
some constant ,) and for the Hirota equations to hold at lowest order in ¢, it is required
that pq — po = 0. Therefore Q) = 0 where
Q= (2 2(D2 D) - 75— mny (H Lnkaka1—1>)'
k=0
(Note that the existence of n 4 1 7-functions (compared to the n-component field ¢) can
be traced back to the ¢ field in the CAT model [15]). The equations of motion can now be
reduced to the form,
n;(D? — D)1 - 7; — 2m’n; ( T RO 1) 2 =0, (3.2¢)
k=0
In the spirit of Hirota’s method for finding soliton solutions [31], it is assumed that

=1+ 6](1)6®6 + 6§2)eme2 +o 4+ 6J(pj)e7’f¢e”f

where & = o(z — vt) + ¢ and 6](k)(1 < k < p,),0,v and ¢ are arbitrary complex constants.
The constant p; is a positive integer and € a dummy parameter. The method employed is
to solve (3.2c) at successive orders in €. In general the series terminates leaving a relatively
simple solution. The smallest value of p; for which the series terminates gives the single

solitons, whereas the multisoliton solutions correspond to greater p;.

At first order in € the equation (3.2¢) is expressible in the form

ZE 50 = 20— 50

’L] 7 m2
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so that the vector formed from the 5,(1)’s ie 60 = (651), 6§1), ., 6ONT 'is an eigenvector of
the matrix £ which has components
E.o=Mp o o (3.2d)
1y — 1 kg j- .
U
In the simply-laced theories the corresponding eigenvalues are, up to a factor, the unrenor-

malized masses of the fundamental particles in the real coupling theory. This can be seen

as follows: define the matrices

o n = diag(no, M1, .-y 7r)

o N = diag(ng,n1,.-.,nr),

Then rewriting (3.2d) in matrix form
nEn~' = NC,
showing the £ and NC are similar and so share the same eigenvalues A which satisfy
o?(1 = v?*) = m2), (3.2¢)

Indeed for the simply-laced theories it has been shown [11] that the squared masses of the
fundamental Toda particles are eigenvalues of NC so proving the correspondence stated
above. This result is used later to show that for the simply-laced theories the mass ratios
are the same as those in the real coupling theory. For the non-simply-laced theories, the
eigenvalues of NC are up to a constant equal to a subset of eigenvalues of the mass matrix
of the simply-laced theory from which it is obtained by folding (see later), as in the real
coupling theory. However, the mass ratios in the untwisted theories are not the same as
the unrenormalized mass ratios of the real coupling theory. This is due to the solitons of
these theories in some cases* being multisolitons of the corresponding simply-laced theory.

This will be discussed at the end of the chapter.

It is important that the solitons are bounded at 2 = £oco in order that the energy and

momentum be finite. With this restriction a relationship is found relating p;, 7;, n;j,

*i.e. when a mass degeneracy occurs between the solitons associated with the points of the Dynkin
diagram giving rise to the folding.



3.83. Affine Toda solitons for simply-laced algebras 39

namely

NoN;Pj = Mj7MoPo-
Further, in order that each 7; in the Hirota equations be raised to a non-negative power,
and so allowing the perturbative expansion to be performed, the 5;’s must be related to

the simple roots via
2

;-

Ny =
i.e. Hollowood’s ansatz is generalized by expanding ¢(z,t) in terms of co-roots as opposed

to roots. Note that for the simply-laced cases n; = 1 and the 7-function perturbative series

for the single solitons terminate at p; = n;.

Finally, the matrix NC has an eigenvalue A = 0, but it 1s unnecessary to consider the

corresponding solution as it is always ¢ = 0.

3.3 Affine Toda solitons for simply-laced algebras

In this section the single soliton solutions will be explicitly constructed for all of the simply-
laced theories. It turns out that for each of the theories the number of solitons is equal to
the rank of the algebra and in a similar manner to [12, 11] each soliton can be associated

to a spot on the algebra’s Dynkin diagram via the eigenvalues of the matrix NC.

3.3.1 The a{) theory

The simplest of all the affine Toda theories is that associated to the algebra a{') . The
soliton solutions to this theory were first discussed in [32]. In the special case of agl),

ap = —ay and so ¢ = ¢y, the equations of motion reducing to

%y + 21‘%2 sin(28¢1) =0

i.e. those of the well known sine-Gordon model. These equations have solution

1 1 — ea(z—vt)-f—é
zﬂ 1+ eo(z—vt)+¢€

2
h(2,1) = 5 tan” (%)



3.8. Affine Toda solitons for simply-laced algebras 40

with 62(1 — v?) = 4m?. The solution has been expressed in terms of a logarithm, as this

is the form of the solution which generalizes under the Hirota method.

Turning now to the a{!) theory in general, the equations of motion, with n; = 1, take the

Hirota form

(DF — D)5 - 75 = 2m*(7jo1 750 — 7).
The matrix NC has non-zero eigenvalues given by

/\a=4sin2< T1> a=1,...,n.
n

For the single solitons p; = 1 giving the solution in terms of 7-functions as
=1+ wie®

where w is an (n + 1) root of unity. There are n non-trivial solutions [32] (equal to
the number of fundamental particles) with w, = exp 27ia/(n+1) (1 < a < n). These n

solutions to a{)) can be written in the form
Z | 1+ wie®
(a) G n .
! 14e®
It was shown in [32] that ¢(,) (1 < @ < n) can be associated with the a** fundamental
representation of a(!) | and that different values of Im¢ give rise to different topological
charges. The topological charges are found to be weights of the particular representation.
Therefore, strictly speaking the results presented here correspond to representatives from
each class of solution, as the value of ¢ and so the topological charge, is not specified.

The general N-soliton solution can be built up from the single soliton solutions, having

r-functions given by [32],

1 1 N
mi(z,t)= Y > _exp (Z ppwl®, + D pppgln A(”Q)) (3.3.1a)

p1=0 BN p=1 1<p<g<N

where ,
A9) — _ (0p = 94)* = (0pvp — 0g0,)* — 4m?sin” £(ap — a,) (3.3.1b)
(Gb + Uq)z - (Upvp + quq')2 — 4m?sin’® %(ap + a,)

is the ‘interaction constant’.
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In the classical theory of sine-Gordon solitons there are considered to be two static con-
figurations, corresponding to the soliton and its anti-soliton, each distinguished by their
opposite topological charges. In the context of this discussion this pair will be viewed as the
sine-Gordon soliton which possesses two topological charges. The distinction is important
for, as will be seen, the a(!) theory can have static multisoliton configurations composed

of different solitons i.e. with different a, not just different topological charges. Therefore

there are ( Z

) static k-soliton solutions and

£(5)-r-

k=1

static configurations in total. Before considering double solitons solutions composed of
solitons of different types, consider a ‘static’ (v; = vz) double soliton composed to two
type ‘a’ single solitons. It is necessary to fix o1 = 03, and not oy = —o3 which the
identification of velocities would allow. The reason for this is that the latter choice of
01 = —o, results in solitons having topological charges corresponding to a type ‘a’ and
type ‘h-a’ being considered. Therefore, considering gy = o, the interaction parameter is

zero, leaving the j** tau function as

=14+ eo1(z-ut)+6 n eo2(z—w2t)+ée
=14 eal(m—vlt)(efl + 6{2) =14+ 601($—U1t)+£3’
for some complex constant {3, i.e. that corresponding to a static single soliton. When

occurring in a more general multisoliton solution, solitons of identical type and velocity

similarly collapse to a single soliton.

As an example, which will be useful later when the c{!) solitons are discussed, now consider

the static double soliton which takes the form
$, 492 .

i(z,t) =1+ wil e® + (.ugze<I>2 + A(n)wilwgze

In the solitons’ rest frame, from (3.2e), o1/ A2 = 021/A1, and so

(I>2 = \/g(q)l - fl) + 52. (331C)



3.8. Affine Toda solitons for simply-laced algebras 42

When the coefficient of ®; in (3.3.1c) is a positive integer then these solutions arise directly

from the Hirota method — that is when

sin? (%) = k?sin? (%) .

These special cases were first considered in [1] where it was found that the above equation
is satisfied for h = 2p and h = 6p. The resulting ‘mass degenerate’ solitons were viewed as
different from those constructed by Hollowood. In fact, as has been seen, they are nothing
more than the static multisoliton solutions derivable via Hirota’s method but nonetheless

lying within the general N-soliton solution (3.3.1a).

If ag = h —ay, then

and after the shift ®; — ®; + ¢,

: 1
ri(z,t) =1+ ylwflleq)l + o’ g e+ yiyy (1 - Z/\c”) et

where y; = ¢f1, and y, = €. Notice that when y;=0 (or y, = 0), that is when the first
(or second) soliton is sent off to infinity, the above solution reduces to a that of a single

soliton. It is this solution which is important in the study of the c{!) theory.

3.3.2 The d) theory

The df,l) theory, whose Dynkin diagram is shown below, is slightly different to that of the
general d(}) theory in that it has a rather larger degree of symmetry. As a result, its Hirota

equations are different to those of the general theory and so will be considered first.

QO O
ao\o / s

O/ 2\0

Figure 4: Affine Dynkin diagram for dgl).
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In this case, the eigenvalues of the matrix NC are A = 2,2,2 and 6. With n; =1 V7, the

single soliton has p; = n; Vj and satisfies

(D} = D2)(r - 1) =2m*(ra = 7})  (J #2),
(Dt2 - DZ;)(TZ ) 7'2) =4m2(707'17'3r4 - 7—22)
If A=2, three solutions are obtained [32]:
7_0:7_3:1+ec[>, T2=1+62®, a,nd7'1:7'4:1_6¢’,

as well as cycles of the indices (1,3,4). If A=6, one solution is obtained:

7-0:7'1:7'3—_—7'4:1—{-6@, and72:1—4eq’-|—e2q’

In the more general case of d(}) the eigenvalues of the matrix NC' are

aTm
_ I 1<a<n-2
Mmoo (sesn2)

and A\,_1 = A, =2.

A, = 8sin’?d, where 9, =

Again, as in all of the simply-laced theories, 7; = 1 Vj, so that for the single solitons

p; = n;, Vj. The solutions to the equations of motion in this case are not as straightforward

as those for the a(!) theory. However, recursive relations are found relating the 5](-1)78

Explicitly, the equations of motion take the form

70 * 7'0:277'1,2(7'2 - 7'02),

— 2 2
1y - o =4m* (o173 — T5),

2

(D} - D7)
(D} - DX)my -7 =2m*(ry — 7),
(D - D3)
(D} = D2)rj - my=4m* (117500 —7}) (3<j<n-3),

(D2 DZ)Tn_l Tn— 1—2777.2
(D? — D)7, - T =2m> (T2 — 77),

(

(D2 DQ)Tn 2 Tn— 2—4m2(TnTn 1Tn— 3_7-2 Z)a
(Tn-2 —7' 1)
(

with solution corresponding to A = 2 being

s =—6M =1, M =0, 6P = (-1 2<j<n-2),
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59 = =6\ = +1 (n even), s, = —6() = 44 (n odd),

n

and for A = A, (1 < a < n —2), whether n is even or odd,

S 1)1 — 5(1) — (_l)a,

n— n

1,

J cosJ, >

The only multisoliton of interest here, as far as folding to the non-simply-laced theories is

concerned, is that double soliton formed from the solutions related to the points on the

forks at the end of the unextended diagram. This will be discussed later when the b(")

theory is considered.

3.3.3 The egl) theory

There are three exceptional simply-laced algebras, the first of which is the eél) theory. Here

the eigenvalues of the matrix NC' are given by
A=A =3-v3, A =2(3-V3),
Aa=Xs =34+ V3, A =2(3+V3).
As in the other simply-laced cases, 7; = 1 and p; = n; Vj giving the equations of motion
(D = D)7a - 70 =2m*(m; — 7;),
(D? — DY)7y - 1y = dmP*(1am4 — 1),
(D? — D)1y - 74 = 6m*(mamats — 77),

where (a,b)=(0,2),(1,3) and (6,5). A summary of the §-values for the six single soliton
solutions is given in Table B3 of Appendix B. The various symmetries of these solutions

will be discussed later in both the context of folding and of topological charges.

3.3.4 The egl) theory

In this case and the next, the expressions for the eigenvalues although known, are rather

complicated. The non-zero eigenvalues of the matrix NC are given by

vis 2w (ks 4T 5w s
_ AN _ (T (AT (5T (_)
A1 8\/§sm<18>s1n(9), Ay 8\/3-sm<18)sm(9>, 6 8\/551n(18)31n 9
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2w . T . 4T ) T
et (). nmsat (). = (). s ()

In general, when solving the equations of motion, the é’s are found to be polynomials in

the eigenvalues of quite high degree. However, the eg,l) calculation can be simplified by

using the characteristic polynomial of NC, which for A = Az, A5, A7, is
A — 1207 +36)1 —24 =0,

and for A = Ay, A4, g, IS
A%~ 180% 4 72X = 72 = 0.

Therefore, the §’s can be written as polynomials in A of degree less than or equal to 2. The

results are given in table B4 of appendix B.

3.3.5 The egl) theory

The last of the simply-laced theories is that of egl). The eigenvalues of NC, calculated in

[12] are
i (E) cos? (X
M =323 sin <30> sin <5) cos (5> ,
Ay =128v/3sin (3—()) sin (%) cos? <%> cos? (;—g) ,
™\ . (27
A3 = 8/3sin <30> sin <?> ,
s 2r A (T

As =512v/3sin <30) sin ( > cos <15> cos (g) ,

As =8v/3sin <13ﬂ-) sin < )
Ag =8v/3sin (11%) sin (—)
T
5

)
/\7—32\/_sm( >s1n %) cos< )
/\3—8\/§s1n(30>sm(>

As in the previous case, the characteristic polynomial of NC' can be used to simplify the

expressions for the §-values. For A = Ay, A;, A4, A7 it is

At — 3023 4 24007 — 720\ + 720 = 0,
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and for A = A3, A5, Ag, Ag it is
A1 —30)° + 30042 — 1080\ + 720 = 0.

This factorization of the characteristic polynomial was also noted in [12]. As such the

expressions for the §’s can be simplified to order of at most three. The results are given in

Table B5.

3.4 Folding and the non-simply-laced algebras

It would be possible to proceed in the same manner as in the previous sections and construct
the solitons for the non-simply-laced theories. However, all the necessary information has
essentially been gathered. This follows from the idea that the Dynkin diagrams for the
non-simply-laced theories may be obtained from those of the simply-laced theories by the

‘folding’ procedure of Olive and Turok [52] which exploits the symmetries of the simply-

laced diagram.

The affine Toda equations have a symmetry if a permutation p of the simple roots, acting
on the field 4, leaves the equations invariant in the sense that if ¢ is a solution, then so

too is p(4). This is guaranteed if the Cartan matrix also possesses this symmetry .e.
Kij = Kp(ip(s):

which is true if and only if the structure of the Dynkin diagram corresponding to K 1is
preserved by the permutation. There are two types of non-simply-laced diagram — those
that are untwisted and those that are twisted. The untwisted diagrams are obtained
be exploiting symmetries of both the extended and the unextended diagram whereas the
twisted diagrams are obtained by exploiting a symmetry of the extended diagram only. The

relationships between the simply-laced and non-simply-laced diagrams can be summarized

as follows:
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Untwisted Twisted
dly — b dy) - df),
a‘gln)'—l - Cgbl) dfflz - dfﬁl
I -
NONNIRO D g®

dihe — abn
& o g

In the following subsections, the simple roots of the non-simply-laced diagrams {a}} will
be expressed in terms of those of the corresponding simply-laced theory {c;}. So that if
;= 3 Ao
J€U;

then a solution of the simply-laced theory is also a solution of the non-simply-laced the-
ory provided the 7-functions 7; are identical for all y € U;, with the 7-functions in the
non-simply-laced theory being 7/ = 7;. It will be found that the single solitons already
constructed do not, in general, provide a complete set of solutions for the non-simply-laced
theories due to them not, in general, possessing the required symmetry from which the
‘non-simply-laced diagraﬁ is obtained. As will be shown, following the suggestion in [53],
in these cases it is the static multisoliton configurations of the simply-laced theories which
are the single solitons of some of the non-simply-laced theories. It is found that the multi-
soliton configurations need to be considered when the solitons associated with the simple

roots which take part in the folding process are mass degenerate.

In the following subsections the single solitons of all the non-simply-laced theories will be

derived.

3.4.1 Solitons in the untwisted theories.

The ¢! theory.

Consider first obtaining the c{!) theory from that of agln)_l. It is easily seen that the agln)_l

Dynkin diagram is invariant under the unextended diagram symmetry o; — @gq-i, where

it is understood that the labeling on the simple roots is modulo h.
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Figure 5: The folding of al) | to ),

The simple roots of the ¢!) theory, {c!}, are therefore given in terms of those of a&)_l by

ay = ao , agzﬁ(ai—{-agn_i) (1<i<n-1), o = ay,

and so as discussed above, the solitons of the c{!) theory are those of the a&i)_l theory with

7-(') =17, 7'1’1 = Tn, and T]{ =T; = Ton—j (1 S] <n-— 1) (3.4&.)

The problem that is run into here is that there is only one single soliton of the agh)_l theory
with the property 7; = Ta,—; — that corresponding to a = n. The other solutions, which
will now be constructed, are those static double solitons composed of an (z,2n — 2)-soliton

pair, (i =1,...,n —1).

Recall now the static double soliton derived at the end of §3.3.1 which corresponded to

as = h — a;. In this case with & = &3,

9rqn i
7i(z,t) =1+ 2cos <7T—hall> e®" + cos’ (%) e?®1,

The solitons with @ = a; = 1,...,n—1 possessing these 7-functions are left invariant under
the symmetry (3.4a) and so constitute the remaining solutions of the (1) theory. Indeed
the above solution with a; = n and an appropriate shift in £; reduces to the a = n single
soliton. Therefore, the single solitons of the c{!) theory are given by

1 & 2k

a ,t = -0 1 1 ! ,t :1,..., )
bole) = =g Lot (o ")

where

orai
7i(z,t) =1+ 2cos ( Wha]) e® + cos® (71'_ha> e?®.
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The 5() theory.
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Figure 6: The folding of d{; to b)) .

The unextended diagram symmetry under which the d,(llll diagram is left invariant is that
corresponding to the interchange of the prongs at the fork, as show in Figure 6 above. The

corresponding relationship between the simple roots of the 5! and df}ll theories is:
/ N ! 1
ad=c; (0<i<n~-1), a, = i(an—{—anﬂ),

and so the solitons of dil_l)_l which survive the folding procedure to become solitons of the
b(") theory are those having 7, = Tp4i. From the results of §3.3.2 it is found that there
are n — 1 such single solitons which give the 7-functions in the (1) theory corresponding

to those solitons witha=1,...,n—1 as

=1 =14¢°, 7l =14 (=1)%",

2cos((25 — 1)d,) .

20 - _
oy +e i=1,...,n—1)

andTJ'-=1+

where ¥, = an/2n.

In the same manner as in the previous subsection, the remaining soliton of b(!) correspond-
ing to the short root is the static double soliton of the d£l1+)1 theory made up of the (n,n+1)
soliton pair. When expressed in terms of the b(!) theory, the soliton corresponding to the

short root is characterized by
To=1+ ZﬁeQ +e%, 7 =1-2/ne + e, 7L =14 (=1)"°,

and 7/ = 1 +2(=1Y (1 +2(n - j)e” + €, (j=2,...,n—1).
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The ggl) theory.

" Figure 7: The folding of dgl) to ggl) :

The unextended D4 Dynkin diagram possesses a three fold symmetry corresponding to a
rotation of the diagram, or in other words, the rotation of the simple roots corresponding

to the three equal mass solitons. The relationship between the simple roots of the df,l) and

92 ) theories are as follows:
I o . d o 1 .
Qy = ap, @ = a3, and ay = §(a1 + a3 + aa);

and so the required solitons of the ggl) theory are those of dgl) with 73 = 73 = 74. There 1s
only on such single soliton — that corresponding the central spot of the Dynkin diagram.
(1)

The remaining g(l) soliton is the triple static soliton solution of the d,

3 theory composed

of the solitons having a = 1, a = 3 and a = 4. The resulting solitons of the ggl) theory
have 7-functions given in table B7 of Appendix B.

The fil) theory.

0O—0—0—0—0 — O—O0—0==0—@
Qy

as oy ap o) oy o oy
Figure 8: The folding of eél) to fil)

The symmetry of the unextended Eg diagram which gives rise to the fil) diagram is that

which interchanges the two long legs of the diagram. The corresponding relationship
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between the simple roots of the theories is
/ / ! / 1 ! 1
ap = g, O = (g, Qg = Qg Oy = §(a3 + as), and o = i(al + ag).

There are two single soliton solutions with 73 = 75 and 7 = 76. These are the solitons
associated with ay and 4. The remaining solitons of the fil) theory are the (3,5) and

(1,6) double solitons of the eél) theory. The 7-functions are summarized in table B6 of

Appendix B.

3.4.2 Solitons in the twisted theories.

The twisted theories require a slightly more delicate handling than their untwisted counter-
parts — the reason being that the folding procedure resulting in the twisted theories involves
the extended root ag, which is rescaled. As a result, the eigenvalues of NC in the twisted
theories are a rescaled subset of those found in the corresponding simply-laced theory. The
Hirota equations of the twisted theory are therefore not simply those of the corresponding
non-simply-laced theory with certain 7-functions identified, but rather a slightly modified
version of them. As will be seen, however, this problem is easily overcome — the result be-
ing that the 7-functions of the twisted theories do correspond to 7-functions of solitons in

the corresponding simply-laced theory but with the appropriate rescaled NC-eigenvalues
satisfying (3.2e).

It is important to note that for those theories obtained by folding the eél) and 6(71) Dynkin
diagrams, namely df') and 622), where the soliton 7-functions are written in terms of the

eigenvalues of NC, these solutions survive the folding process and so do not change. As

a result these formulae have to be re-expressed in terms of the eigenvalues of the twisted

theory.

The folding procedure will be illustrated in detail for the aﬁ’_] theory.

The ay) theory.

n—1

Figure 9 below shows the symmetry that is exploited to form the agi)_l Dynkin diagram

from that of dgl).
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Figure 9: The folding of d%) to agi)_l.

The roots of agi)_l are obtainable from those of d&) via

and

1
ol = §(a¢ + agui) (2<e<n—1).

52

If the Hirota equations of the agi)_l theory are explicitly derived, they are found to be of

the form:
(DX = Dy)rg - 7 = m?(m; = 75°),
(D2 = DAy o} = m(rh — )
(D = D2y = (el = o4,
(D? — D?)TJ{ 7 = 2m*(1]_y7i — 7)) (7=3,...,n=1),
(D = DP)rt -, = 2 (r] P = o)

These equations are the Hirota equations of the dgl) theory with m? — Zm?, and the

expected 7-functions identified i.e.

I / ! ! -
To=To=Ton1, | =T1L =Ton, Ty =Tp and 7, =T;=Tony (2<1<n—1).

As a result, the soliton solutions of the agi)_l

r-functions given by (3.4.2a) and eigenvalue \*) satisfying

1
02(1 — 1)2) = §m2/\(51).

(3.4.2a)

theory are those of the dgl) theory with

As was mentioned in the preamble to this subsection, the eigenvalues of NC in the non-

simply-laced theory are rescaled upon folding to the associated twisted diagram, and with
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the current root convention of the longest root being of length /2, it turns out that A(Y) =
tw)

22(). A(%) being an eigenvalue of NC for a2n , theory. Therefore, 02(1 — v?) = m?Al

The agi)_l theory has n solutions corresponding to

/\(tw)___4.2< arm
M sin 5

n—1

) (1<a<n—1)and A\ =

Explicitly, the 7-functions of the theory, corresponding to the eigenvalues A = 1 and
A=A (1 < a < n— 1) respectively, are

n=1+¢e® 7 =1-¢? T]'-zl-i—(-—l)jerI> (j=2,...,n),
!

2j — 1)d,
=1 =1+, Tj:1+2C°S[(CgSﬂ)]®+ (G=2...,n)

where 9, = ar/(2n — 1).

This procedure generalizes to the other twisted algebras.

The d(-|)-1 theory.
Qo Antl

O

O
oo - _/I_, O —
| N S i e

051 g2

Figure 10: The folding of ) nio tO d,(fll.

The simplest symmetry of the extended d,; _21 diagram is that which flips over the two forks
and leaves everything else unchanged. The resulting relationship between the simple roots
of the simply-laced and corresponding twisted diagram is
1 . 1
ay = §(a0 +ay), di=ajpn (G=1,...,n=1), o, = §(an+1 + ont2)-
The solitons of the dn+1 theory are the n solitons of dn+2 with 70 = 7 and Ty = Tnyo

corresponding to modified eigenvalues. Explicitly, M) = 45in?d, (a = 1,...,n) where

¥, = aw/2(n — 1), with corresponding 7-functions given by

COS[(QJ + 1)79 ] <I> _*_624) (] _1 ,n— 1) =1 + (—l)aeq).

cos v,

70 =14+¢%, Ti=1+2



3.4. Folding and the non-simply-laced algebras 54

The eg) theory.
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Figure 11: The folding of egl) to eéz)

The eg) theory is obtained from that of 6(71) by making use of the only symmetry which
the 6(71) theory possesses — that which flips over the two long legs. The simple roots are
related via

1
ap =, oy = g, @ = (az+as), a3 = Slan + ), @y = (a0 + ),

2 2
and so the solutions of the eg) theory are those of the el theory with 7o = 77, 7 = 76
and 73 = 75. As there are no mass degeneracies, there are four such solitons, as expected.

They correspond to eigenvalues

2
/\gtw) = 4/3sin (%) sin <—g—) , /\gtw) = 4sin? (%) ,

M) — 44 /sin C—g) sin <4§) %Y = 4V3sin G%) sin (39[)

and their §-paramenters are summarized in table B9 of Appendix B.

The dff’) theory.
Qg O

/TN

O
0~—0—0—0—0 — O==0—8@
Qo 0 Q4 as a ap ay a

G S

Figure 12: The folding of eél) to df’)
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The symmetry of the eél) theory, not present in its non-affine counterpart, is that which

rotates the diagram as a whole as shown in figure 12. The roots of d§3) can then be written

as

1
ay =g, &) = g(a2 + a3 + as), and o) = §(a° + a1 + o),

and the solutions of df') are the two solutions of e((sl) associated with the second and fourth

spots of the Dynkin diagram, except now they are associated with the eigenvalues

w) _ 2 w _ 2
/\gt ): 5(3—\/5), and /\4(: )= §(3+\/?_))

The é§-parameters are given in table B8 of Appendix B.

The agi) theory.

(875) 1
-0 > () Q2n4i
Qs Qon—1
0 OO —O——Cam  —= O==0— - —0==@
N S o d o d
9 > () Qon42
1 )

Figure 13: The folding of dgl,)+2 to agi).

Now consider the extended Dynkin diagram d&)“ and the symmetry shown in figure 13.

The relationship between the roots of this theory and that of agi) are:
o1 .1 ,
a,, = Z<a0 + a1 + 0gp41 + Qange), and o = —2—(an_j +anyi) (7=0,...,m—1).

The resulting 7-functions are

2(n —7)— 1), _
7'}:1-}—2008[('(” )= 1) ]eq)-I-ez(I> (j=0,...,n—1), and 7, =1 + ¢€®
cos U,

where A\('¥) = sin? 9, with 9, = ar/(2n + 1) (a = 1,...,n). An alternative way in which

to arrive at the d&f} theory is by exploiting the residual symmetry of the aﬁ)ﬂ Dynkin

diagram, shown in Figure 14 below, by the usual methods.
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Figure 14: The folding of dS} to agi)_l.

The a§2) theory. o
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Figure 15: The folding of dfll) to ag2).

The final theory to consider is that of ag) obtained from the symmetry possessed by only
dfil) in the d(!) series — the symmetry corresponding to a 90° rotation of the d,(il) diagram.

The resulting twisted theory with simple roots
1
ag = Z(ao + a1+ as+ayq), and o] = az

has 7-functions

7—0:1+e¢, and 73 = 1 — 4e® + €%

corresponding to A =1,

3.5 The soliton masses

In [32] it was shown that the masses of the a{!) solitons are given by

2mh
M, = 7\@, (3.5a)
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M, being the mass of the soliton corresponding to eigenvalue A,, or equivalently, associated
to the a** spot on the algebra’s Dynkin diagram, and A is the Coxeter number. Since the
masses of the fundamental Toda particles equal v/}, the ratios of the soliton masses are

equal to the ratios of the fundamental particles.

By considering the soliton momentum,
M~y(v)v = —/ dzd - ¢’

where y(v) = (1 — v2)™7 it is straightforward to confirm (case-by-case) that (3.5a) holds

for the solitons of the remaining simply-laced algebras.

Consider now the solitons belonging to the other non-simply-laced algebras. The twisted

and untwisted theories are slightly different and as a result need to be handled separately.

Firstly, the untwisted theories. The single solitons here are in general multisolitons of the
corresponding simply-laced theory. As seen from the previous case-by-case analysis the
number of contributing solitons making up the multiple configuration is equal to 2/c/?.
The masses of the solitons in the non-simply-laced theories, and as it turns out for the

simply-laced solitons as well, are therefore

4mbh
M, = 2=\, (3.5b)

" P

This is the formula ﬁrstl presented in [53] for the soliton masses in the untwisted theories.
As noted in [53], the division by the square of a root converts the masses from right Perron-
Frobenius vector to left Perron-Frobenius vector, so highlighting the ‘duality’ symmetry of
affine Toda field theory — that is the left Perron-Frobenius vector of g is the right Perron-
Frobenius vector of g¥ which has as roots the co-roots of g. All of the simply-laced algebras
are self-dual, in the sense that they are left invariant under o; — 2a;/ a?. The remaining

theories are transformed as follows: b(!) agi)_l, M o df}ll, fil) — eg) and ggl) o df,a).

In the twisted theories, both the Coxeter number and the NC eigenvalues are rescaled by

the same amount i.e.

2 2
Bew) Q0 pGal) 4oy y(tw) — Q0 (D)
2 2
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Therefore, the masses of the twisted solitons in terms of their Coxeter number and eigen-

values are given by

(sl) (tw) 3/2
M = 4mh™) ey . 2mh (%) V@)
8%

’ p? p?

Therefore for the twisted theories the mass ratios are again the same as the unrenormalized

mass ratios of their fundamental particle counterparts in the corresponding simply-laced

theory.



Chapter 4

The Topological Charges of the af,(»Ll)
theory. |

59
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4.1 Introduction.

Ever since solitons were first discovered by Hollowood in the a(!) affine Toda field theory,
there has been great interest in their topological charges. The topological charge is ef-
fectively the change in the soliton field between its spatial limits, £ = oo. In [32] the
topological charges were found to be dependent upon the imaginary part of the parame-
ter £, and for those solitons corresponding to the end-points of the A, Dynkin diagram,
the charges were the weights of the associated fundamental representations. It was also
pointed out that for the other solitons the topological charges also seemed to be weights

of the associated representation but there appeared to be an insufficient number to fill it.

As will be shown, the major problems faced with the topological charges are the difficulties
in calculating them, and in understanding what is the relationship between the charges
if it is not that they fill the fundamental representations. As a starting point, the all)
theory deserves much closer attention, if only to confirm the results hinted at in [32]. The
a!) theory is rather different from the other theories in the sense that it has an immense
amount of symmetry, and it is this symmetry that allows many results relating to the alt)
topological charges to be deduced. For this reason the a(!) theory fills the whole of this

chapter, with an investigation of the extension of its properties to the other theories taken

up in the next.

It is possible to put an upper bound on the number of topological charges associated with

each soliton, which is later shown to be the actual number of charges. For the a* soliton

it 1s found to be
~ h

" geda,)
where h is the Coxeter number. The origin of this formula lies in the dependence of the
analytic expression for the soliton on the a* power of an A* root of unity. From studying
the soliton solutions, the relationship between the topological charges is deduced to be the

map
T Qj = O(j—1)modh (0<j<h—-1), (4.1a)

which is also an automorphism of the extended Dynkin diagram, A(al)). Therefore, for

each soliton, once one topological charge is calculated the rest immediately follow by ap-
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plication of (4.1a). The map T has the same effect as the action of the Coxeter element

[18] with the following ordering:
Wte = TpTh—-1Tpn—2...73727.

The Coxeter element has been shown to play an important role in quantum affine Toda
field theory, however as far as topological charges are concerned its appearance in the all)
theory does not generalize to the other theories. A reason for this may be the high degree
of symmetry which the a{!) theory possesses, though a complete algebraic understanding of
its occurrence is missing. It is a welcome coincidence in that it immediately shows that the
topological charges lie in the same representation, which for the a' soliton turns out to be
the a** fundamental representation. The expression for the topological charges themselves

is also derived, and found to be given by

"a(h—j)modh &
1 =3 ( ]l)z & — 3 Y Ba(h-i)modh, h-lgcd(ah) @ (4.1b)

7=1 =1 j=1

where k = 1, ..., hq. This allows calculation of charges to be carried out much more easily

than through the use of 7.

When there are Widelylseparadted solitons it is intuitive to expect the total topological
charge to be the sum of the topological charges of the individual solitons. This statement 1s
proved to be true. Using this result, a double soliton composed of solitons whose topological
charges fill up the first and n-th fundamental representations can be constructed, which has
charges filling up the adjoint representation, and in particular has {fa, tas,...,ta,}
as topological charges. Making use of this double soliton, further combinations of solitons

can therefore be constructed which fill up the fundamental representations and the entire

weight lattice itself.

4.2 Topological .Charge.

The topological charge of the solitons is defined by

t= %/_O; dz0,¢ = ﬂ(lim — lim )¢(z,1),

Qr ‘x=00  T——00
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which, using the ansatz (3.2b), can be written in the following form:

1 T
t = —— ) (lim — lim )In7(z, )" o
211 o T—00  I——00
1 & (z, )%
= —— ) (lim — lim )Iln <—MZ—> o;
2w j=1 T—00 £——00 TO(SC,t)"O ]
1 T

il

~ g 2 = fim ) In fi(e, 1) o

lim )(In|f;(2,t)| + 2 arg f(2,1)) o

) £ T—00 L——00
271 = -

Il

|
N
=

|

where f;(z,t) = 7;(z,t)% [70(z,t)™"™. Therefore as ©+ — +oo, |f;(z,t)| — 1, this being a
property of the solutions constructed in the previous chapter. Therefore the topological

charge can be written in the final form

T—r—00

1 7
t=——> (lim — lim )arg fi(z,t) a;.
27 oo

4.2.1 The o’ theory

Turning to the specific case of the a(! theory, n; = n; =1, and so f;(z,t) is simply given

by .
7i(z,t)  1+wle®
. t) = JA\ — a”
S To(z,1) 1+4+e?

In order to calculate the topological charges it is essential to understand the behavior of the

complex functions f;(z,t). At t = 0 (assuming throughout that o > 0), with { = & + 1&s,
it is convenient to write

0T HEitils yeiﬁz ,
where y — 0 as 2 — —00, y — 00 as ¢ — o0, and &; is chosen such that —7 < & < 7. It
is also convenient to write

: . 2may
wl = e where p; = Y mod (27) € [0,27).

h
The idea behind the calculation of the topological charges is as follows. The function

filz,t) = T1qget
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has zeros whenever pu; + 2 = 7 and y = 1, and is undefined when {; =7 and y = 1. In
either case, ¢(z,t) is undefined. The range of { can then be divided into sectors whose
boundaries are the values of ¢; for which f;(z,t) is either zero or undefined. The topological
‘charge is obtained by evaluating the change in the argument of f;(z,t) as = goes from —oo
to +o0o. Therefore the topological charge can change only when the curve traced out by
fi(z,t) in the complex plane, is either (¢) undefined, or (42) passes through the origin. The
implication, therefore, is that the topological charge of the soliton is constant on each of the
sectors in the range of ¢, mentioned above. Indeed, it will be shown that the topological
charge takes on a unique value in each sector. An expression for topological charge in one
particular sector, that of the highest charge, is calculated and from it (in the following

subsection) an expression for the remaining charges is deduced.

The number of sectors, denoted k., which the range of £, is divided into is equal to the
number of different values that e'* (0 < j < h — 1) can take, i.e. the smallest value of ¢

for which

0 ;
W;qa = 2mik where ¢,k € IN.
Rewriting this as
. a . h
a = 4§ = ———— d a = —— <
qa kh, where a god(a 1) and A zod(a, B)

are coprime, then ¢ = h, and k = a. So an upper bound on the number of topological

charges of the a” soliton is

- h
ha = ged(a, h)’

The angular width of each région is 27r/7za and so (—m,7) is subdivided by the regions

21p 27r(p+1))
L=|-1+55 -1+ —5—~
i ( R ke

given by

with 0 < p < iza — 1. Consider now the transformation
2
& - (52 + %) mod (27) € [—7, 7). (4.2.1a)

If &, originally resides in the region I then repeated application of (4.2.1a) will send &3

to each of the other regions in turn, before returning to I on the hit application. As will
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now be shown, the above transformation is equivalent to a cyclic permutation of the simple

roots {a;} plus the extended root cg. The a®* soliton solution takes the form
b(a)( =——Za]ln 14 wlye?)
which, under the above transformation, becomes
1 & .
Bioy(,t) = Z 0y In(1 + witye®) = 5" 0y In(1 +wiye®),
= < Rourd
the labeling of the roots being modulo h. Therefore, to calculate the full set of topological
charges of a single soliton, all that is required is to calculate the topological charge for one
value of £ and then cyclically permute the labeling on the o; (0 < j < h — 1) to generate
the others. The cyclic permutation of {, ;} is an automorphism of the extended Dynkin

diagram A(a(")) and, as will be shown later in this chapter as well as the next, there is a

correspondence between this map and the sets of topological charges (see Table 2).

Consider now the function f;(z,t). Splitting it up into its real and imaginary parts,

_ 1+y[cos(u +&) +cos&y] +y cosp +Zy[sm(#+§z)—sm€z]+y sinp

(z,t) = -
fJ(:IZ: ) |1+y6252|2 |1+y8152|2
The imaginary part is zero for y = 0 (i.e. at # = —o0) and at one other point given by
y=— sin(p + 6,2) —sin(é) (provided y > 0),
sin g

where p £ 0, 7. If & S— + ¢, where ¢ > 0 is an infinitesimal. Then,

(1 —-COS#) €+ 0(62) ’
sin p

m(fj(:l?,t)) =0 for y = 1—

and Re(f;(z, 1)) |1+ ye?)* = 2¢ 1 —cosp) + O(e) .
el

sin y

Therefore the complex function f;(z,t) crosses the real axis positively for 0 < p < 7 and

negatively for 7 < p < 27. Also, for small positive y,
m(f;(z,t))|1 + ye*?|* = —ysin p + (higher order terms)

i.e. the function starts off with negative imaginary part for 0 < g < 7 and positive

imaginary part for 7 < pg < 27. Finally, if p = 0 then f; = 1 and contributes zero to
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the topological charge, whereas if p = 7, the change in the function’s argument is +m.
Therefore the change in the argument of each f;(z,t) is simply p,;, and so the topological

charge in this sector is given by

10—

1 - (27Tiaj
“© 2ri i\ h
" a(h—j)modh
= Z 5 aj.

=0

mod 27ri> o

This topological charge will be called the ‘highest charge’ since the difference between it
and all subsequent topological charges, is proportional to a sum of positive roots. The
remaining charges are therefore generated under T : & — (j_1)mods- The order of =

acting on the highest charge is the smallest value of ¢ such that
a(h — (j +¢)) mod h = a(h — j) mod h,

i.e. the smallest value of ¢ such that ag mod A = 0. This is given by ¢ = h., confirming
that hg is in fact equal to the number of charges for the a'® soliton. The topological charges

associated with each soliton in the theories agl) to aél) are given, as an example, in Figure

16 below.

3 3 4 2 4
Ay Oo—0 As O—0O—
1821 Qg 85] Q2 Qg
) 5 ) )
Ay O O O O
(s3] %) a3 Oy
6 3 2 3 6
As O O O O O
(o %1 (%3 a3 Oy s
7 7 7 7 7 7
As O O O O O O
oy (%) a3 Qy Qs Qg

Figure 16: The number of topological charges: theories A; — As
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4.2.2 An explicit formula for the charges.

Consider the highest charge, which is written for convenience in the following form:
t,(Ll) = doao + Aoy + -+ + Anain.

Each A; is equal to one of O,I/ila,2/7la,...,(7la — 1)/7La. The other h, — 1 charges are
obtained by cyclically permuting the labeling of the simple roots so that

Xo =1/ha, Ao =2/hay..., o= (ha —1)/ha.

Consider now, the permutation that results in Ap = k/iza where (1 < k < e — 1). This is

in effect equivalent to adding, modulo &,

A

Z—(ao—{-al—}—...—l—an)

to the highest charge. Therefore,
A + k/ha, if \; +k/h, < 1;
/\]' —
Nj+k/hg—1, ifAj+k/hyg>1.
Using (2.4b) to set Ag equal to zero, the overall effect of the permutation is the subtraction

of 1 from \; where A; + k/ h, > 1. The expression for the topological charges is therefore

deduced to be
" a(h —j) mod h kol o

=3 . & — D ba(h—i)modh, h-Iged(ah) ]
j=1 =1 j=1
where k =1,..., h. Examples of the use of this formula to calculate the charges in the agl)

and afil) theories are given below.

The agl) theory.

4 2 4
As O——0O0—0
m Q2 as
_ 1. 3 1 1 —_9. 1 1 — . 1 1 3
a=1: Zal+§ag+zag a=2: §a1+5a3 a=3: Za1+§ag+za3
1 1 1 1 1 1 1 1
—301 + 500 + 303 —301 — 503 301+ a2 — 53
1 1 1 1 1 1
—300 — ;0 + a3 10 — ;2 — 303

1 1 3 By =14, =1L
4M T 02 T 403 S0 — 50 — 403
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The afll) theory.

67

5 5 5 5
Aq O—0O—0—7—20
831 (847 Q3 (6 7]
a=1: §a1+§a2+§a3+§a4 a=4: %a1+§a2+%a3+ga4
—ton 4+ 2ay + 2as + Loy Loy + 2ap + 203 — Loy
—5on — '?;OQ + o3 + %a4 H §a2 - %as — 504
oy — e = Jon + Jou Lo — S oo — Lo
—50n — gop — Ja3 — 30y —fa1 —2op - 2as — Loy
a=2: ga1+%a2+§03+'§‘a4 a=3: §a1+§a2+%a3+%a4
%ai + %012 - %as + §Oé4 sop — %a2 + %03 + %a,;
—2ay+ tay — o3+ 2y 20p — Loy + Lag ~ Zay
—201 + jar — a3 — 3oy —doy —son+ o3 — foy
S SHS S SO 9

4.2.3 The highest charge and its fundamental representation.

In this section it will be shown that the topological charge of the a® soliton lies in the

at® fundamental representation. This will be used in the next section when the remaining

solitons will be shown to lie in the same representation as the highest charge and so imply

that all the topological charges lie in the same fundamental representation.

It will be convenient to write a = h — b, b = bgcd(b, h), and h = hged(b, h).

Due to the symmetry of the a{!) theory under a; — ap—; for 1 <7 < n, it is necessary only

to consider

1(h—1), ifhis odd;

b<
%h, if h is even.
The highest charge is then given by
0=y @%dhaj_

i=1
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The inner products of ¢} with each of the simple roots will be considered and shown
to be transformable via Weyl reflections to the highest weight of the a** fundamental
representation. Consider firstly the case when gcd(b,h) = 1 i.e. b and h are coprime. The
restriction on the value of b implies that b/h < 1/2. This rather trivial statement allows

the following to be deduced:
bymodh b

.t((ll)-a]-:—|-1 lfT+Ezl,

.. bymodh b
Ot‘(ll).aj:—l lfT—E<0,
o tM.a;= 0 otherwise.

Since both the first and second conditions cannot hold at the same time, then defining

-3

where [...] denotes the integer part, the following is obtained:
1 for 7 = Q(k), where k=1,...,b—1,
NP b for j = Q(k) + 1, where k =1,...,0—1,
o 1 forj=h-1,

0 otherwise.
Also, Q(k)+1 < Q(k+1)for k=1,...,b—2, and Q(b—1) < h—1. Therefore, in general,

t() has inner products with the simple roots of the form
tM . {a;} = (0,0,...,0,1,-1,0,...,0,1,-1,0,...,0,0,1), (4.2.3a)

the notation indicating that the j** component of the row vector is given by t{!) - o;. There
are two things that can be immediately shown to be true. Notice that if a weight, w has

inner products with the simple roots given by
w-{e;j}=(...,0,1,-1,0,0,...)

then under a Weyl reflection in the root which has inner product —1 with w, w — w,

where

@-{a;} =(...,0,0,1,-1,0,...).

Applying this to the case of (1), then a series of Weyl reflections will result in t) — i)

where
fgl) : {aj} = (07 . '70a1>_1’1’-17' . "1’_1’1)'
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If a weight w has inner product with the simple roots now given by
w-{a;}=(..,1,-1,1,...)

then again performing a Weyl reflection in the simple root which has inner product —1

with w, w — W where

w-{a;}=(...,0,1,0,...).
This last procedure combined with the previous one, can be applied to {1 to finally give

t() which is expressed via
. {e;} =(0,...,0,1,0,...,0)
with the 1 appearing in the d** position, d being given by,
d=n—-[b-1=h—-b=a.
Therefore, t{!) lies in the same representation as t( ie. the a'* fundamental representa-

tion.

The generalization to the case of gcd(b,h) # 1 is straightforward. If t1) is the highest
charge, in the theory with Coxeter number iz, of thea=h—b soliton, then the highest

charge of the soliton in the theory with Coxeter number k is given by
J0 = (G0 0,70 0, {0,

the zeros occurring for j = h,2h, ..., (ged(b, h) — 1)iL Then by the results of the above
discussion, the inner products of t(!) with the simple roots is also of the form (4.2.3a), with

the highest charge lying in the d* fundamental representation where
d=n—[bged(b,h)—1]=h—-b=a
i.e. the highest charge lies in the o fundamental representation.

4.2.4 The Topological charges, the Coxeter element and the
fundamental representations.

In the last two subsections, the topological charges of the a** soliton were calculated, with

the highest charge shown to lie in the a** fundamental representation. In this subsection
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it will be shown that the cyclical permutation of the roots used to connect the topological

charges is in fact equivalent to the application of the Coxeter element
Wie = TpTp—1Tp—2...737T27T1,

where r; is a Weyl reflection in the 7** simple root ;. The subscript “¢¢” indicates that this
ordering is special for the case of topological charge, as the ordering of the Weyl reflections
is not arbitrary — other orderings do not necessarily connect the charges (except in the 1°
and n** fundamental representations where any ordering of the factors composing Coxeter
element generates all the weights in the Weyl orbit of the highest weight). Indeed for the
other theories when the number of charges is calculated, they are found not to divide the
Coxeter number and so the charges cannot be generated via the Coxeter element (recall
wh = 1). However the establishment of the above result has an important corollary for the

association of the topological charges to fundamental representations.

Firstly, consider the effect of w;. on the set of simple roots {c;} and the extended root ay.

It can be shown

g — ogtartayt...tan1+ 20,
Q1 — —] — Qg — 03— ... Qp,

and o, — o1 for2<i1<n.
Therefore an arbitrary linear combination of the simple roots plus the extended root
U= Aag+ Aoy + A+ ...+ Ara,
is transformed thus:

u — dao+ Qo= M+ A)ar+ ...+ (o= A+ A) a1 +(2h — Ar) oy
= /\1a0 + /\2a1 + /\3C¥2 +...+ /\nan_l + /\oan

by equation (2.4b). Using the notation
/\an + )\1011 + /\2a2 +...+ /\nan = (/\0, /\1, /\2, ey /\n);

then
wtc()\O, A1, )\2, oo )‘n—la /\n) = (/\la /\2) )‘3) e /\na /\0)1
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i.e. the action of the Coxeter element cyclically permutes the A;’s. This invariance of the set
of topological charges under the action of the Coxeter element means that the topological
charges lie in the same representation as the highest charge i.e. the a** fundamental

representation.

It is perhaps worth considering for a moment the role of the Coxeter element in this
discussion. As it was said above, as far as the representations corresponding to the 1°
and n'" representations are concerned, the ordering of the factors comprising Coxeter
element is irrelevant — there is one orbit containing the complete representation. For the
other fundamental representations, this is not the case. This can be seen most easily by

considering an example in the context of topological charges.

Consider the case of the agl) theory under the action of the Coxeter element
W = Tyrarsrary

on the Weyl orbit of the second fundamental weight A of the agl) theory (this ordering
is the familiar ‘black-white’ ordering of [18] i.e. the sets of simple roots {e, a3, s} and
{ag, a4} corresponding to {ri,rs,rs} and {rg,r4} are composed of elements which are
orthogonal to each other). The Weyl orbit is partitioned into three Coxeter orbits, say Cy,
C_, and Cj.

Figure 17 : Partition of Weyl orbit of A(y).

This is visualized in Figure 17 where

e each spot corresponds to a weight in the Weyl orbit of A(y),
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e if two spots are joined by a line, they are Weyl reflections of each other in the simple

root «; where j is the number on the line,

e spots with the same labeling (either 4+, —, or 0) lie in the same Coxeter orbit.

Therefore, whereas t() and ¢ lie in the same Coxeter orbit, t(? lies in a different one.

4.2.5 The other a{!) automorphisms

In subsection 4.2.1 it was shown that the set of topological charges corresponding to each
soliton was invariant under the automorphisms of the extended Dynkin diagram which
cyclically permute the elements of the extended root system. There are other automor-
phisms of the extended diagram for a{!) . In this subsection, the effect of these mappings
will be considered. It is found that the symmetries possessed by the unextended diagram
map the topological charges of one soliton into that of another, whereas for basic sym-
metries of the extended diagram (this will become clear in what follows) the topological
charges of individual solitons are permuted. The combination of both of these types of

mapping exhaust all possible automorphisms of the extended diagram.

The automorphism of the unextended diagram in which
Q; — Qp—j (j:1,...,n)
when applied to a soliton solution, keeping all parameters fixed, results in

P(a) = P(h—a) (a=1,...,n).

Combining this with the map of cyclic permutations of the extended root system, =, it is

found that the set of topological charges of each soliton is invariant under
Ok @ 0 — O(k—j)modh (0<j,k<h-1).

These mappings are related to the automorphisms of the extended Dynkin diagrams which

reflect the diagram in a line splitting it in two as shown in figure 18, below.
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/ / N
Eo\ ..... — _O\ ..... /O—
« o
all) when n is even. a® when 7 is odd.

Figure 18: Reflection symmetry of the a{!) Dynkin diagram.

The reader may question why a distinction has been made between evidently the same
automorphism of the extended and unextended. The reason is that this way of looking at
the automorphisms and associating those relating to the extended diagram to a change in

&, generalizes to the remaining simply-laced cases.

Sending ¢, — —&; in the soliton solution is equivalent to evaluating the topological charge

in region Iha_l_p rather than [, where 0 < p < 7La — 1. The form of the a** soliton solution

1s

1 & 1 4+ wiye 12 ] 4 whiyTleit
oz, t)=—=) ojln| ——— | =—=> qa;ln|w] & . .
P (@:?) zﬂg ! ( 1+ ye~ié2 ) zﬁ; ! ( 1 +y-lee
The last expression can be recast into the form
1 & i1t wiyled
a ,t = -7 —q 1 h=j —a__._
¢( )(:U ) ZIB ; ah J n (wa 1 + y‘le'&’
The topological charge in region [; _,_, is therefore obtained from the topological charge
in region [, (1 <p < h, — 1) via the mapping

O, Q@ = —OQp—j.

The symmetry £, — —&; is possessed by all of the solitons in all of the theories.

Automorphism of Automorphism of Change in &, Change in ¢(q)
extended diagram set of charges
aj > an (J#0) | o > an; (7#0) - $(a) = P(h-a)

0 = @(-tymodn (¥7) | @ = a(jtymoan (V5) | &2 = (&2 + 2,%) mod 2 -

- aj — —ap—; (V7) b2 — =& -

Table 2: Symmetries of the a{!) topological charges.
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From these basic automorphisms the effect of all the others on the sets of topological

charges can be deduced.

4.2.6 Multisoliton solutions.

In this section, a multisoliton configuration composed of N widely separated solitons 1s
considered. In this large separation approximation the topological charge of the configura-
tion as a whole is found to be the sum of the topological charges of the individual solitons.
This will be done via an inductive argument. In [32] the 7-functions of the multisolitons
were found to be

1 1 N
)= 3 Do (Zﬂp%’;@ﬁ 5 ﬂpuqlnAW)

w1 =0 BN p=1 1<p<g<N
where 2 2 22
(0p — 04)% — (0pvp — 0qvy)? — 4m?sin m(ap —a,)

AlP)) — _ :
(0p + 09)% = (opvp + 0guy)? — 4m? sin” n”?(ap + aq)

is the ‘interaction constant’. Relabeling the solitons, if necessary, then
0101 < 09Uy < ... < ON_1UN_1 < ONUN. (4.2.6a)

It will be convenient to write e (z=vt+e) — e where (1) = out — @ 15
Yy ’ K 1

t = T is fixed for sufficiently large T, then write pu;(T) = p; so that
<K pg K ... <K pN-1 K UN. (4.2.6Db)

It is worthwhile to find the range of y for which the soliton field ¢(z,t) has its most rapid

variation (and so where the soliton is located). This is done via the parameter k >> 1, and

the imposition that

1 1)
7 < Wi yie He| < k,

since below the lower limit 7;/7 ~ 1, and above the upper limit 7;/70 ~ wi.. The corre-
sponding limits in the range of y are:

1 1/0; ) "
Y~ <E6M> for  |wlyieTMe |~ -,

and Y~ (ke“‘)l/”‘ for |w£iy”‘e_“‘ei5(£)| ~ k.
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The point in time considered T', can be chosen large enough so that each of the above

regions are far apart, that is

1 1/‘71 : 1 1/0’2
(Ee“l> < (kem )1 « (Ee‘”) < (ke*)or « ..
1 1/on—1 1 1/on
(Ee”N”) < (ke*v-1)lon-1 (Ee”N) < (ke*¥)ew,

The scene is now set for a straightforward calculation of the multisoliton topological charge.

Consider the two soliton solution

. ) . (@) . )
T 14w ye meite 4wl yT2e et (14 Ajpwl] y7le ™ e ")

To | 4 yore—meils” | yore—meeits (14 Apgyore—meits)

1/o
Here the first soliton is located in the range (%e“‘) [ <y < (kem)V°1 and the second in

1/o
the range (%e“l> fo <y < (ke*)Yo1. Outside these regions 7;/7o is effectively constant
and equal to (in order of increasing y), 1, wgl,and wglwgz, respectively. In the range
1/o0
(k)" <y < (ke )i,
L gy - ig(l)
;14w yTreTHe?

To 14 y7e ™ eits)

(i.e. it is effectively the j* component of the first soliton) which contributes to the topo-

logical charge by t;. Finally, for (%6“2)1/02 <y < (ke#2)loz,

. o 2)
T; 14 Ajpw] y72emh2 el

a ..(2)
! 1 + Alzya'ze—ﬂ-Q 6152

which contributes t, to the topological charge. Therefore the topological charge of the

double soliton is given by

t =1+,

Suppose now that the (N - 1)-soliton solution has topological charge given by
tiv-y =t +la+ ... FHv-)-

If 'r](p) is the j®* 7-function of the p-soliton solution, then for 0 <y < (kern-1)l/on-1

7_J(N) 7_](N—-'l)
7_(gN) 7_éN—l)’

contributing t(y_1) to the topological charge.
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1/on
In the regions (ketv-1)Y/ov-1 <y < (%e“”) / ¥ and for y > (ke#~)Y/°n the functions

(N) , _(N) ) N . o , .
;' [1g | are effectively c/onstant and equal to w] w? ...w) —and w] Wl ...wi Wl
. l/jon
respectively. For (%e“N) <y< (keuw)l/aw’
L o 14 Avey o Auyay Wl yTNeEN e
Ny ~ WarWay - Way ()
o 14 Asja, - - - Aayay_ yoNe #N e

which contributes ty to the topological charge. Therefore the topological charge of the

N-soliton solution is

t=t1+t+...+invg +HiN.

This result still holds if the strict inequalities of (4.2.6a) are relaxed to allow for solitons

to have o;v; equal, provided 5{") is large enough so that (4.2.6b) holds.

4.2.7 Multisolitons and representation theory.

Having established in the previous subsection that the topological charges of a multisoli-
ton configuration are the sums of the topological charges of its constituent solitons, the

representations in which these topological charges lie will be discussed.

Denote the set of topological charges of the N-soliton solution, which is composed of the

{a1,as,...,ay}-solitons, and the o™ fundamental representation by

7 and R

al ,...,aN)

respectively. As the topological charges of two widely separated solitons are equal to the
pairwise sums of the topological charges of the individual solitons, then these charges are
weights of the tensor product of the corresponding fundamental representations. For the
special case of a double soliton composed of the single solitons associated to the first and n-
th fundamental representations (recall these are filled), the resulting topological charges are
the weights of the tensor product representation Ry ® R,. However, this tensor product of
representations contains the adjoint representation, and so contains {+ay, *ao,.. ., ta,}.
As a result, further multisoliton configurations can be constructed that employ these soli-
tons having charges equal to the simple roots, and so fill up all the fundamental represen-

tations as well as the entire weight lattice.



Chapter 5

The Topological Charges of the
remaining theories.
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5.1 Introduction

The a{!) theory differs from the other theories in a number of important ways. The critical
values of £, for each soliton are equally spread within the range of zero to 27, there being one
critical value for each 7-function. Also, the al) theory possesses a great deal of symmetry,
so allowing for all of the topological charges to be deduced from just one. In the theories
that will now be discussed the critical values of {; are not as conveniently spread as in
the previous case and so make for more difficult calculations. However, the theories do
have differing degrees of symmetry, and the sets of topological charges associated with
each soliton in these theories do respect them. The degree of symmetry is alas too small

to allow for a complete description of the charges — currently an outstanding problem.

Each of the theories, both twisted and untwisted, will be discussed in turn starting with
the d(V) theory. In this and the other infinite theories it is possible to evaluate the number
of topological charges associated with each soliton, and indeed deduce a general formula
for them. There are numerous examples throughout the chapter making use of the final

results. It still remains, however, to link the charges to their fundamental representations.

In the case of the exceptional algebras the lack of a general soliton formula from which
the topological charges can be extracted means that for these algebras it is necessary to
calculate the topological charges of each soliton individually. The method of calculation
(although for clarity the details will be omitted) is to identify the values of £; for which the
7-functions are zero at some point in space. This, as in the previous case splits the range
of £, into regions with the topological charge constant on each region. All that remains to
be done is to choose a value of & in each region and evaluate the topological charge there

— this has been carried out by the author using the mathematical package Matlab™.

In a similar manner to the previous section, much information is deduced for the non-
simply-laced theories from their simply-laced counterparts. In particular, once the topo-
logical charges of the static solitons in the simply-laced theories are calculated, the charges
of the solitons surviving the folding are immediately given, whereas the remaining solitons
of the non-simply-laced theory will have their topological charges explicitly constructed.

As in the a{!) theory, these results have not yet be deduced from the more general algebraic
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methods available, and so provides a set of results which are not yet explainable at the

fundamental level.

5.2 The remaining simply-laced theories.

5.2.1 The dfll) theory

As in Chapter 3, it is necessary to consider separately the case of the df}) theory. The
topological charges can be calculated explicitly, the most direct method being to ascertain
the critical values of ¢, and calculate the charge for {5 away from these points. The number

of charges associated with each soliton is given in the following diagram:

4 OQas
4 9 4
O—0O—O0O
[84] (87} Q4

Figure 19: Dynkin diagram for D,

For the soliton corresponding to a = 2, the topological charges are a; which lie in the

associated fundamental representation. For a = 1 the charges are

1 1
+ <a2 +.§(a3 + a4)> ; and =+ 5(&3 + a4),

with those corresponding to the remaining solitons being generated by cycles of the indices

(1,3,4). In each case the charges lie in the relevant fundamental representation.

There are two basic symmetries possessed by the above diagram. The first is the inter-
change of the simple roots oy and a4 which leaves the fields ¢(2) and ¢3) unchanged, and
interchanges ¢(1) with ¢(4). The second symmetry is that which cyclically permutes the
simple roots (e, a4, @3) which corresponds to a cyclic permutation of (¢), #(4), $(3))- The
remaining symmetries of the unextended diagram can be constructed from these two. The
effect of the symmetries of the extended diagram (for ¢(;) only) are summarized along with

the above results in Table 3, as different symmetries effect different solitons.
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Automorphism of
extended diagram

Automorphism of
set of charges

Change in &

80

Change in ¢y

0 — g — 3 — 1
Qq & Oy

(cro, 1) & (a3, 04)

ap — &y — Q3 — Qg
a1<—)a4

(a0, 1) > (a3, )

& — (62 + 7) mod 27

by = by — d3) — )
b1y & da)

£ — =& -

- aj — —a]-

Table 3: Symmetries of the dil) topological charges.

5.2.2 The d{!) theory

The first aim in this section is to calculate the number of topological charges corresponding
to each of the d(1) solitons. The results obtained along the way will allow for a general

formula to be derived for these charges.

Consider firstly those solitons with 1 < a <n—2. From §3.3.2 they have 7-functions given

by
1)da) o

cos((25 = 1)94) o, 10

T, =142

J

21 <n-2
cos, Z<yj<n )

rn=ri=1+€% mi=7=1+(-)%"

Forj=1,7jo1 =1 +2e? +€*® = (1+¢€®)% and for j =n —1

cos((2(n — 1) — 1)d,)
cosd,
= 142(=)%e" 46 = (L+(-)%e")

Tizp—1 = 1+2 e® + 2

and so all the critical values of &, for which ¢(z,t) is undefined are obtained by studying

the zeros of

cos((25 — 1)Y,)

cos,

=142 e?+e?®  (1<ji<n-1). (5.2.2a)

As in the case of the a{!) theory, it is convenient to change variables from (z,&;) to (y, &2),

and to consider

T cos({27 — 1)d, el
[ Y e () L e
78 cos ¥, 1 + 2yeie 4 y2etit

The function f; is real for e7%2 + y2ei real i.e. sinf, = 0, and y = 1, as well as y = 0 and

cos((2j — 1)9,) = cos ¥, (this latter case only occurring for j = 1).
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Again, as in the a{!) theory, the transformation & — —¢; leaves the set of topological
charges invariant — corresponding to a; — —a;, V7 - and so it is sufficient to consider
& € (0,7). There are other symmetries of the sets of topological charges, and these will

be discussed later.

When sin &, # 0, f; is real only for y = 0 and y = 1. When y =1,

1 + 2cos“2j—l[19a!ei§2 1 62i€2 cos 62 + cos((25—1)3a)

f' — cos Va — cosd,
! 1 4 2e%2 4 g2t cos €y +1

Denoting the number of distinct values of cos ¢, lying in (—1,1) such that
cos((27 — 1)d,)
cos,
by p., then provided ¢ is undefined for {; = 0, the number of critical values of {; and so the

number of topological charges is given by &’ = 2(p, +1). The reason for this is that if gﬁift

cos &g + =0

is a critical value for 7;(z,t), then f;(z,t) crosses the real axis positively for £; < §£ift and
negatively for & > ﬁéiZz Each 7;(z,t) has only one such critical value and so coupled to
the fact that for &, arbitrarily close to zero the topological charge is non-zero, the number

of charges is 2(p, + 1).
Before proceeding, it is necessary to investigate the above proviso. Suppose £ = 0. Then
rescaling y,
7, =14 2cos((25 — 1)d,)y + cos® 9,3° (2<3<n-2).

Now 7; = 0 <= cos((2j — 1)9) < 0 and cos*((2j — 1)d,) > cos® 9, since y is both real
and positive. Restrictions are therefore placed on the possible values of j as follows:

cos(2 —1)02) <0 = (2p+ )7 +0a < 240, < (2p+ S)m 49,

cos*((25 — 1)d,) > cosld, <= pr <259, < pr+29,.

Combining these two equations

-1 .
(n )(2p+1) +1  pé€N (since y > 0).

a

(—";—1)(2p+1)§j§

Choosing p = 0,

-1 —1
0<(n—)-§j§(n——)-l-1<n—2
a a

and so 7; certainly has a zero for some j.
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The calculation of A/, will be broken into two parts:

(1) the evaluation of the number of distinct values of cos((@i—1)a)

cosdq

(ii) the evaluation of the number of these values either < —1 or > 1.
Then p, = ( the result of (i) ) — ( the result of (ii) ).

Part (i): The number of distinct values of cos((27 — 1)d,)/ cos ¥, is the same as that of
cos((25 — 1)d,). When j = 0 or 1, cos((2j — 1)J.) = cosd,. The next smallest value
of j for which this happens is when sin(yd,) = 0 i.e. when ja = 2k(n — 1) where & =
a/ged(a,n —1) and n — 1 = (n — 1)/ ged(a,n — 1).

If a is even, then j = n — 1 and is odd; if @ is odd, then j = 2(n’:-/1) and is even. The
number of distinct values of cos((25 — 1)9,) when é is even is (n — 1 4 1)/2 and when @ is

odd, n — 1.

These results can be summarized via the formula

—_ 1 1
(TL — 1)(1 - 560,&m0d2) + 560,&mod2-

Part (i4): Now consider the number of times cos((2j — 1)9,) > cos ¥, or cos((25 — 1)d,) <
—cos¥,. It is straightforward to show that

cos((27 — 1)9,) > cos ¥, = pr < g, < pr + 9,
: 1 : 1
cos((2j — 1)9,) > cos ¥, <> (p+ 5)71' <jd. < (p+ -2—)7l' + 4.,

for some p €7, and so kr < 259, < kr + 29, (k € Z) giving
1 T

U PR L PSS (5.2.2b)
a a

When & is even, the different values of cos((2j — 1)9,) occur for j = 1,...,(n — 1 +1)/2.
When k = 0 equation (5.2.2b) gives 0 < j <1 and when k = @/2 it gives (n—1)/2<35 <
(n — 1 4 2)/2. The number of values of j that need to be removed is therefore (a + 2)/2.

When & is odd, the different values of cos((2j—1)d,) now occur for j = 1,... ,n — 1. Again,
when k£ = 0 equation (5.2.2b) gives0 < j < 1and when k = @ it gives n-1<j<n-—1+1.

Therefore, the number of values that need to be removed in this case is @ + 1.
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Rewriting this into one formula, the total number of values to be removed is

. 1 1
(@+1)(1 - §5o,amod2) + 560,6.m0d2-

Therefore the number of singularities of ¢(z,t) occurring in the region 0 < £ < 7 is

— . 1
(’I‘L —1l-a- 1)(1 - 560,6,mod2)a

giving the number of distinct topological charges for the a'* soliton of the d{!) theory as
— . 1
20n—1—-a-1)(1 — 550,&m0d2) + 2.

It is shown later that for the remaining solitons lying on the prongs at the fork, then
number of topological charges in each case is four. This, coupled with the above formula

is used to generate Figure 20 overleaf which gives the number of charges in each of the

theories Ds to Dg.

Turning now to an expression for the topological charges themselves, enough information
has been gathered to deduce the final result via simple calculations. Unlike the alM) theory
where the ‘highest charge’ was calculated (i.e. the topological charge corresl;onding to
£, = —7 + ¢) and all others deduced, use of the fact that if ¢ is a topological charge, then
so too is —t allows consideration to be restricted only to 0 < & < 7. It will be of use to
consider firstly the topological charge corresponding to {3 = €. The first task is to find
out the sign of each corﬁponent of the charges. Recalling from the previous discussion that
for £, # 0 each f; has vanishing imaginary part for only one point other than y = 0, co, the
coefficients of the simple roots in the topological charge expressions are either 0,+1,£1/2
(the latter being the components of o, ; and ay). It is found that the coefficients are
negative (or zero) when 0 < & < m and positive (or zero) when —7 < £, < 0. This is
then used, when the nonzero components of the charges corresponding to {; = Ze¢ are

determined, to give an expression for the topological charges at these values of £,.

The components of the topological charges occurring as coefficients of ¢, and oy are
straightforward to calculate, and so attention will now be restricted to those ;’s lying in

the range 0 < j < n—2. Itis found that each f; possesses the symmetry thaty — 1/y
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Figure 20: The number of topological charges: theories Ds-Dg

results in Imf; — —Imf;. The function f; therefore crosses the real axis at the point with

y = 1. Here the expression for f; reads

coséy +

cos((27—1)Ja)

cosPq

e coséy +1

(5.2.2¢)

For those components contributing to the topological charge, the numerator of (5.2.2c) will
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be less than or equal to zero. In these cases, for y small, it is found that

cos((2j — l)ﬂa)) siny.

cosd,

Imf; ~y (—1 +

The bracketed term is strictly less than the numerator of (5.2.2b) and is therefore strictly
negative. The result is thus deduced: the nonzero coeflicients of the topological charge are
negative for 0 < {2 < 7 and positive for —7 < §; < 0. If y =1 and £ = 0 then

fi= % (1 + COS((S({S;:W“)) . (5.2.2d)

In order, therefore, to calculate the topological charge at ¢; = € an infinitesimal, the values
of j for which f; < 0in (5.2.2c) are important. In fact for y = 1 and {, = ¢ expression
(5.2.2b) gives

1 + cos((25-1)%a) 52_2'+ 0(64)

f’ _ cos g
=

<0 << f;<0for& =0, y=1.
— % +0(e) hsflor&e=ty

The values of j satisfying this are those for which

1
(k' + —;-)71— < g, < (K + 5) + 4, (k' an integer),

i.e. k

—1
<5< kl~— +1, (k an odd integer).
a

Their actual values are

Pr = [kn_l] +1, k=1,3,...,a—1 (k odd), (5.2.2€)

and when @ # a is odd

p. = k(n —1), k=1,...,gcd(a,n—1) (kodd). (5.2.2f)

The topological charges corresponding to £; = +e are therefore

a—1 ged(a,n—1) 1

:ttO =4 Z Gy + Z ap261,&mod2(1 - 6&,0.) + 561,&mod2(an—l + an) . (522g)
k=1 k=1
k odd k odd

The next task is to append to the above expression the information given in parts (¢) and

(43) of the previous discussion, and so generate the remaining charges.



5.2. The remaining simply-laced theories. 86

The procedure is straightforward: identify those values of cos((2j — 1)d,) for which ¢(z, )
is undefined, arrange them in order of increasing value, then successively add on to to the
simple roots corresponding to each value. All the topological charges are then generated.
As ever, the details are slightly different for @ even and @ odd. In order to ease notation it
will be necessary to remove j = 1 from the following discussion — this is done without loss

of generality as j = 1 contributes to both parts () and (z¢).

First consider part (i). It was shown that the values of cos((2j — 1)J,) are distinct for
j=2,...,(n—1+1)/2,if ais even, and j = 2,...,n—1is @ is odd, thereafter being
repeated for all other j. These collections of values of cos((25 —1)d,) will be denoted

(n=1+1)/2 n—1
]l(e“e") = U {cos((2k — 1)3,)} and Il(Odd) = U {cos((2k — 1)d,)}.
k=2 k=2

Now consider part (22). It was shown that the values within the sets Il(we") and II(Odd) not

contributing to the topological charge were those with j satisfying

nol et

a

k +1, (k any integer),

their being @/2 and a such values of j for @ even and odd, respectively. Defining

g = [k" — 1} +1, (5.2.2h)

a

- the relevant collections of values of cos((275 — 1)J,) to be discarded are given by

/2
1™ = {cos((2g; — 1)%)}

k=1

mdﬁm)z(D&mw%—MMQU&M@MfL4WM.

k=1

The objects of interest in calculating the topological charges are (") = Il(eve") - I;uen)
and J(°4) = Il(Odd) — Q(Odd). Before giving an expression for the charges it is necessary to

enumerate the members of these sets by defining pﬁe”e") = min](even) p§°‘“) = min/ (49,

k-1

k-1
g = min (I (even) — | {at mn)}) ) and ¢\ = min (I edd) — {QI(Odd)}>

=1 =1
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where k =2,...,(1 — %60,5m0d2)(ntl — a — 1). Finally, the charges can be expressed by

the formula

I n-2
Tt = (tO + Z Z a] 60 amod26COS((2] ~1)940),¢¢ (even) + 61 amod26005((2j_1)19u)’qiodd)))

k=1 j5=2
where [ =1,...,(1— %5o,amod2)(n’:1 —a—1), giving the expected total number of charges.

It remains to calculate the topological charges corresponding to a = n — 1, n. They have

7-functions given by
70:1_*'6‘1), 7_1:1_6@’ “1—*—( )]2¢ (QSjSR—Z),

aswellas 7,1 =1+¢® and 7, =1F e? ifnis even,

or 7,1=1+%® and 7, =17F ie® if n is odd.

The number of topological charges in each case is four, and are given by

1

N|>—l

gl 1 1T 1
for n even : —a1 + Z org; + Z 012]+1 + Oén , £ 201 + Z C¥2]+1 + zan )
1,1 1,
1 2 2 3 1
for n odd : g + > o+ Z 5 %241 + 101 + 1%
j=1
Lo
1oL ’1 Lo
—a —a Ot ap,
P B A R
J—n
1 — 1 1 1
Ty Z; 5 ®2i+1 101 + 1 n
lna1 Ln—2
1 2 ? 1 1 3
—§CY1 - ; Qa5 — ; §CYZj+1 - Zan—l - Zan,

as well as the above with a,_1 < .. These expressions will be of use later when the

non-simply laced theories obtained from the d-theories via folding are discussed.

Finally, the effect of the unextended and extended diagram automorphisms are considered.
As usual those of the former permute the solitons whilst those of the latter permute the

charges. The result are summarized in Table 4 below.
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Automorphism of | Automorphism of Change in &, Change in ¢,
extended diagram set of charges 1<a<n-2 a=n-—1,n
Qn-1 < Qp - ' - B(n-1) = b(n)
Qg > Qip_1 Qg > Oy & — & (& even) -
Q1 & Qp Q1 & Qp -
Qaj Qg Ty e £ — &+ 7 (a odd)
Qo < Q1 Qo < Qn-1 - fa =& (neven)
Q) & oy Qp o - or {3 — &, + 7 (n even)
Q& Qpej Q& Qpj - €2 = &£ 7/2 (n odd)
- &5 — —as & — 6 -

Table 4: Symmetries of the d!) topological charges.

The expression for the topological charges in this theory is not of a sufficiently simple
form for results relating to which representation the charges lie in to be generally derived.
However, using the mathematical package Maple V™ the d(!) theories have been consid-
ered up to and including the n = 50 case. It has been found that as well as lying in the
representation associated with the soliton number, the charges lie in the Weyl orbit of the
highest weight, in keeping with the result corresponding to the a() theory. It is reasonable

to speculate that this result holds true for all n.

5.2.3 The egl) theory

As is now familiar, there is a relationship between the symmetries of the Dynkin diagrams
and the topological charges of the solitons. The topological charges of the ef(;l) theory are
listed in table B10 of Appendix B with the number corresponding to each soliton shown

in the diagram below.

4 Oa
9 6 2 6 9
O O O O O
o3 Q3 Qy (843 Qg

Figure 21: The Eeg Dynkin diagram.
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- The symmetry of the unextended diagram which interchanges the two long legsi.e. a1 & ag
and az «» a5, when imposed on the solitons, results in the interchange of the corresponding
solitons. As for the extended diagram, its rotational symmetry corresponds to a phase shift

of the constants &; for those solitons of degenerate mass. These results are summarized in

Table 5 below.

Automorphism of Automorphism of Change in £, Change in ¢(q)
extended diagram set of charges
o & e a1 < g - $(1) < 9e)
Qs > Qs a3 > a5 - b(3) © 9(s)
Qo — Q) — g — Qg | g — a1 — g — Qp §Q—>(§2+337—r)m0d27r
Qp — Q5 — Q3 — Qg | Qg — Q5 — Q3 — Q2 (a=1,2,5,6) -
oy — Q4 oy — 0y &2 unchanged (a=3,4)
0 < Qg, O3 < Q5 | 01 <> —Qg, O3 < —Qg
Qp — Qg, Qg — Qy | g — —ag, &z — —03 £ = =& -
Qg4 — Q4 Qg — —Qy

Table 5: Symmetries of the eél) topological charges.

5.2.4 The egl) theory

Next attention is turned to the egl) theory. The number of topological charges correspond-

ing to each soliton are shown in the table below:

8 O
10 2 9 4 6 14
O O O O O O
aq (o %) Qy s Qg Q7

Figure 22: Dynkin diagram for E;

with their actual values given in table B11 of Appendix B. As well as the symmetry corre-
sponding &; — —¢; the 6(71) theory has topological charges invariant under the interchange

of the simple plus extended roots that give rise to the eéz) theory. The unextended diagram,



5.2. The remaining simply-laced theories.

however, has no symmetries and so there is no relationship between the solutions and their

respective topological charges. The symmetries are summarized as follows:

Automorphism. of
extended diagram

Automorphism of
set of charges

Change in &

Qo « Q7, (1 < Qg
Q3 < Qs
Qg — gy, (g — Qy

Qg & a7, ( < Qg
Qa3 < O
Qg — g, (g — Q4

@ = —q;

& unchanged (a=1,3,4,6)
& — (&4 7) mod 27 (a=2,5,7)

£ — =&

Table 6: Symmetries of the egl) topological charges.

5.2.5 The egl) theory

The lack of a general formula for the egl) solitons means that the calculations of the
topological charges have to be done on a case-by-case basis. The diagram below summarizes
the number of charges associated with each soliton, shown once again that the number of
charges does not in general divide the Coxeter number, and so the Coxeter element cannot

be used to relate them.

6 O
18 8 2 6 10 14 26
O O O O O O O
841 Qs Qy 843 Qg (044 asg

Figure 23: Affine Dynkin diagram for egl)

The actual values of the topological charges for each soliton are listed in the appendix. It

is at this point that a curious property of the topological charges of the egl) reveals itself.
1)

es s theory which

In the a{}) | 6-(71) theories, as well as the first few members of the d(!)
have been checked, the topological charges are found not only to lie in the fundamental
representation associated with each soliton, but to lie in the Weyl orbit of the highest
weight of the particular representation. In the case of the egl) theory, although all of the

topological charges lie in the appropriate fundamental representation, they do not lie in the




5.8. The non-simply-laced untwisted theories 91

Weyl orbit of the representation’s highest weight. For example, in the fifth fundamental
representation, the highest weight is given by

8y + 12y + 16av3 + 24y + 205 + 15a¢ + 107 + Sas
and is of length 20. However, the second topological charge of the fifth soliton,
ay + 203 + g + 206 + 03

has length 16 and so lies in a different Weyl orbit. This charge does lie in the root string
of the first charge, |

ag + 203 + a3 + 206 + s,
in the direction a4 and so is still a member of the fundamental representation. Those
charges lying outside the Weyl orbit of the highest weight are indicated with a ‘*’ in Table
Bi2.

There are no automorphisms of either the extended or unextended diagram, leaving the
charges invariant only under the essentially trivial transformation ¢, — —¢; which results

in o; — —ajy, V.

5.3 The non-simply-laced untwisted theories

5.3.1 The () theory

It was shown in the previous chapter that the single solitons of the c{!) theory are expressible
via the 7-functions .

7, =1+ 2cos <%> e? + cos? (%) e??.
This expression is very similar to that of the d{*) r-functions given in (5.2.2a), and so the
calculation of the number of topological charges related to each of the c{!) single solitons

proceeds in the same way as that of d!) . There are however, some subtle differences

between the two calculations, as will now be explained.

Firstly, in part (i) of the calculation there are three possibilities for the number of distinct

values, in this case, of cos (-7%1), namely
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1(n+1) if ais even,
(n+1) ifas aisodd, and
7l if @ = a 1s odd.
These results are summarized as
. 1
(A +1)(1 - §5o,amod2) — 64,001 Gmod2-

In part (ii), there are again three possibilities for the number of distinct values of cos (”—Zl)

outside the range (—1,1). They are
$(@+2) ifais even,
(¢+1) ifd#aisodd, and
a if a = a is odd.
These can be summarized as

. 1 1
(CL + 1)(1 - _60,dmod2) + _50,&m0d2 - 6&,a61,&m0d2-
: 2 2

The resulting number of topological charges is therefore

U 1
2(7’L —da + 1)(1 —_ ‘2‘50,&mod2)-

The numbers of topological charges for the first few members of the C;, series are given in

Figure 24, overleaf.

The calculation of the topological charges is again similar in character to that of the dW
theory and proceeds as follows. Firstly, the components of the topological charge are
positive/negative depending on whether —m < §; < 0 or 0 < £, < 7. The topological
charge at & = € is determined by those 7 satisfying

%k - % <j< %k + %, ~ (k an odd integer).
The resulting topological charge is easily obtained, and is given by

a-1 2gcd(a,n)—1

1
tio =+ E Qpy, + 51,%mod2 ap + ian
k=1 k=1
k odd k odd

where
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G O==@ ¢ O—O0=x@
(o] Qo a Q Qa3
8 4 4 2
6 O—0—0=xe
(851 Qg Q3 (8 7]
10 4 6 2 2
¢s  O—O0—0—0==0
(071 (8% Qs Qy a5
12 6 4 2 4 2
Cs  O—O0O—0—0—0==0
(871 Qa9 O3 (077 (84 Qg

Figure 24: The number of topological charges: theories C; —

The distinct values of cos ( ) give rise, as in the d{1) theory, to the sets Il(even) and ](

as follows:

2(n 1)

Fleven) _ U {cos(”‘”)},

and [(odd) = U {COS <_7T7;2>} U (1 - 6a,&)61,&m0d2{]-}'

k=1

odd)

From these two sets have to be removed those elements corresponding to any 7 satisfying

<< —+ 5 (k an integer),

so leading to the following definitions for [ée”en) and Ig‘)dd):

-

5a
IQ(even) { cos (Faqk) },

kO

I = U {cos ( )} U (1 = 82,3)81amoaz {1},
where
[k 1
q; = a 2
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odd)

The subtraction of the latter sets from the previous ones give I(¢**®) and I{°%)) which are

. then ordered to give the numbers ¢z. The resulting general expression for the topological

charges is
I n—-1
:i:tl = tO + Z Z ag 50 am0d2 cos( maj ) (even) + 61 amod?‘scos( ) (Odd))
k=1 7=1
where [ = 1,...,(n —a)(1 — 550,5m0d2) — %60,&m0d2, giving the expected total number of

charges. There is one extended diagram symmetry of the (1) theory corresponding to a
reflection in the central spot (if n is odd) or mid-way between the two middle spots (if n

is odd). As ever & — —¢&; is also a symmetry. These results are summarized below.

Automorphism of | Automorphism of Change in &
extended diagram set of charges

Qaj — Qn_j aj — —0p_] & — & (if a is even)

& — &+ 7 (if a is odd)

- o = —a; b= —t

Table 7: Symmetries of the c{!) topological charges.

5.3.2 The b)) theory

The information already gathered for the d) solitons allows the number topological charges
for each of the b1 solitons to be read off from that of d{!) by replacing n with » + 1.
Therefore, the at* soliton (1 < a <n —1) has

A 1
2(7’1, —a— 1)(1 — 550,&mod2) + 2
such charges.

For the solitons that survive the folding from dsh -|)-1 to b(!), the topological charges are

immediately given by

I n-1
:I:tl = (tO + Z Z 61 am°d25cos((2] 1)da),¢¢ (even) T+ 61 am°d26cos((2j—1)'(94),q£°dd)))

k=1 j=2

where I = 1,...,(1 — +80,amod2)(? — @ — 1), and
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2 2 4 2 2
B, =<0 B @—@==0
aq Q o7 Qo Q3

6 2 2 2
B @—0—@==0
(641 (8] Q3 (a7
8 4 4 2 2
B 0—0—0—0=<=0
451 Q2 Qg Yy e 73
10 4 2 2 2 2
B 0—0—0—0 —@==0
aq Q2 a3 (e 7] Qs Qg

Figure 25: The number of topological charges: theories By — Bs

a—1 ged(a,n)—1
. ] ’ !
tto=+[> o, + > Oé,,;ﬁo,amodl(l — 8a,a) + 61,4mod2y, | -
k=1 k=1
k odd k odd

The constants pg, p, and ¢} are also modified, being given by (5.2.2d), (5.2.2¢) and (5.2.2g),

respectively, where n is replaced by n + 1.

Finally, the soliton corresponding to a = n with 7-functions given by (3.4.1a) is found to

have two topological charges which are written
+(a] +az+...0,) if n is odd, and
+o)+as+...a_y) if n is even.

As usual the number of charges for each soliton in the first few theories have been con-

structed and are given in Figure 25.

5.3.3 The ¢\" theory

In this theory the soliton with A = 2 has six charges, whereas the soliton corresponding to

A = 6 (the soliton of the dfll) theory corresponding to the central spot) has two charges.
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They are listed in table B13 of the Appendix. In this case it is straightforward to calculate
the representations in which the charges lie. The two charges corresponding to A = 6
are found in the first fundamental representation (1,0) (and also in the Weyl orbit of the
highest charge), whereas the six charges corresponding to A = 2 are found to lie in the
representation (0,3) (with four in the Weyl orbit of the highest charge) or when viewed
from the dﬁl) theory, the (1,0,1, 1) representation of Dy. The last result isn’t too surprising
upon recalling that the A = 2 soliton of ggl) is formed from a triple soliton configuration

in d{V.

The only symmetry of the theory is that which interchanges the overall sign of the topo-

logical charges, corresponding to a change of sign of ;.

5.3.4 The fil) theory

The results of the calculation of the topological charges in the fil) theory are given in Table
B14. In a similar manner to the g:(zl) theory, those single solitons which survive the folding
process have topological charges lying in the two fundamental representations (1,0,0,0)
and (0,1,0,0), and also in the Weyl orbit of the highest charge. For the remaining two
solitons, their charges are found in the higher dimensional representations (0,0,2,0) and
(0,0,0,2), and in general not inside the Weyl orbit of the highest charge. Again, the origin
of this lies in the eél) representations in which the charges of the double solitons giving rise

to the fil) single solitons are found.

This theory only possesses the symmetry of the change in sign of £, and correspondingly

the charges themselves.

5.4 The twisted theories

As in the discussion of folding from simply-laced theories to the twisted theories in Chapter
3, the results of this section can be deduced directly from those of the simply-laced theories
without any unnecessary extra work. The information for the twisted theories is obtained

by re-expressing all the formula pertaining to the simply-laced theory in terms of the rank
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and simple roots of the twisted theory. The following results are split into the cases of the

infinite algebras and the exceptional algebras.

5.4.1 The infinite classes

The cases considered in this subsection are those of agi)_l, dﬂl and agi) which are formed

2n

from the diY, d!) o and d(n) o theories, respectively.
n+t 2n+

The agi)_l theory

The aff) solitons with A = )\,(,tw) (b =1,...,n — 1) are those of d&}) corresponding to

n—1
a = 2b. As a result ged(a,2n — 1) =1 giving @ = a and (Znt 1) = 2n — 1. The number
of topological charges is therefore 2n — a = 2(n — b).
Defining

P = [k2”2;1] +1, k=1,2,...,26—1 (kodd),

then the topological charges at £; = te€ are simply

2b-1
tto=%| ) ap,

k ;dd
Proceeding as usual, [ = Iy — I where

b

— | J{cos((2k — 1)95)} and I = | {cos((24} — 1))},

k=2 k=1
where 9, = br/(2n — 1) and ¢ = [k(2n — 1)/2b] + 1. The set I is enumerated, giving g
(k=1,...,n—b— 1) and topological charges
I n-2
Tt =+ |{to+ Z Z a26cos((2j—1)19b),q1c )
: k=1 3=2
where [ = 1,...,n — b— 1. The charges of the remaining soliton, corresponding to b = n,

are:

i
2

S

-1 % - %n—l
! ! 7
Z Qi1 T 0 | T o+ Z Qoit1 | >

i=1

n even : = (a'l +2

1

J
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L(n-1) 1(n-3) 3(n=3) 1
nodd: E£]of+2 D> op+ D oy ton], £+ Y a'zj+1+§a; .
j=1

The symmetries of this theory, corresponding to the interchange of the roots on the prongs,

and the change in sign of &; are given below.

Automorphism of | Automorphism of Change in ¢
extended diagram | set of charges

ap — o ap > o &L— & (b=1,...,n-1)
oo btm (b=n)

- Q= —Q; {2 = =&

Table 8: Symmetries of the agl)_l topological charges.

The dg_l theory

The n solitons of the dﬁl theory are those of the d,(zl_22 theory corresponding toa =1,...,n.

There is no simplification in the expression for the number of topological charges, which 1s

—_— . 1
2(7’1, + l1—a-— 1)(1 — 560,&m0d2) + 2.

The topological charges are then those of the deQ theory re-expressed in terms of the roots

{al} i.e.

a—1 ged(a,n+1)
’ ’ '
tio ==+ E apk—l + E apk_161,6m0d2(1 - 6:1,&) + 61,émod2an )
k=1 k=1
k odd k odd

corresponding to 3 = *e, and

I n
/
+t =+ (to + kz—:l ]._ZZ aj_l(50’&m°d26cos((2j—1)19a),qi’we") + 61’&m0d26005((2j—1)19a),indd))) ’
where [ = 1,...,(1 — %60,&m0d2)(nﬁ-{jl —a—1), 9, = ar/(2(n + 1)), and the rest of the
parameters are those of §5.2.2 with n replaced by n 4 2. The symmetries of this theory are

given in Table 9, below.
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Automorphism of | Automorphism of Change in £,
extended diagram | set of charges

Qaj = Qnj Qaj — 0y é2 — & (a even)

2o &+ 7 (aodd)

- Q; = —q; f2 — —&2

Table 9: Symmetries of the dﬁl topological charges.

The agi) theory

Finally consider the agi) theory, viewed as the folding of the ag‘,?H theory. The solitons
of the former theory are those of the latter with 79 = 7;. There are n such solutions
corresponding to @ = 1,...,n. The number of topological charges associated with each
soliton is 2(n + 1 — b). The resulting topological charges are, for 6 =1,...,n,

2b-1

k=1

k odd

corresponding to {3 = +€ and

I n-2
+1, = + (to +35 aj_15cos((2j—1):9b),qk)

k=1 7=2
otherwise, where [ = 1,...,n — b, and the parameters are those of agi)ﬂ.

The only symmetry of this theory is that of {2 — —¢,, resulting in o; — —q;, V7.

5.4.2 The exceptional twisted cases

To conclude, the topological charges of the remaining exceptional twisted theories have
been calculated. It is not clear how to associate these charges with a representation of
the twisted theory itself, however when viewed from the parent theory used in the folding

process, the charges are seen to lie in fundamental representations of the parent theory.
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The e((f) theory

As with the all the other exceptional twisted algebras, the topological charges are obtained
directly from an untwisted theory. In this case the theory is that of egl). The charges
are given in Table B15 of Appendix B. The only symmetry of the theory is that under

& — —&a.

The ng) theory

This theory is obtained from folding e((il), and so the topological charges are obtained

directly from that theory. They are given in Table B16 of Appendix B. It possesses the
usual symmetry under {&; — —&;.
The ag2) theory

Finally, consider the agZ) theory. Its one soliton has two topological charges given by +a;

which are related by the £;-symmetry.



Chapter 6

Discussion and conclusions
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6.1 Introduction

This thesis covers only a small part of the research that has been carried out in recent
years into affine Toda solitons since the analysis by Hollowood of the a{!) theory. As well
as consideration being given to the classical theory some authors have looked at what
happens in the quantum regime. As well as first order mass corrections in the a{!) and
cl1) theories being carried out, quantum group methods have been used by Hollowood to
propose an S-matrix for the a{!) theory. Further, there has been recent developments in
construction the representations of quantum groups with an aim of explaining the occur-
rence of topological charges. These areas will be reviewed with varying degrees of detail
in the next section. This thesis concludes with critical discussion of the research material

presented and addresses outstanding questions.

6.1.1 Quantum mass corrections

In the real coupling affine Toda theories it is found that there are n particles with classical

masses given by

m°l:2msin( ma >
@ n+1

When the theory is quantized the spectrum is preserved, except for an overall mass renor-
malization independent of the particular particle concerned. From a one-loop Feynmann

diagram calculation it can be shown that

In the simplest of the complex coupling affine Toda theories, that of the sine-Gordon theory,

the classical mass and its quantum correction give the overall quantum mass as

8m V2m
MI= M+ AM = —— — )
’ vepr o

This can alternatively be written in the form M? = M (8"%) where

ﬂ?

p” = 1- B2/ar’
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This expression can be shown via other quantization schemes to be exact. The extension
of this work to the general a{!) theory was presented in the original work on solitons [32],
and discussed in more detail in a subsequent publication [33]. As well as proving that the

single solitons are classically stable, the first order mass correction is given by

1 1 1 T
M?=2nm, |— — — + — — 2
@ v B*  Ax + 4n cot (n) +0(# )}’

the first term being the classical mass. It is unclear as to whether the above is exact or

not. If it is then the soliton mass ratios survive quantization in this theory.

The only other theory for which mass corrections have been calculated is that of the non-

simply-laced cgl) theory [59]. In this model there are two solitons having classical masses

8v/2m c 8m
—7— a,nd MIII = —7‘5.

It is found that the masses, at least to one loop quantum correction, are not rescaled by

cl _
Mp =

the same amount, but take the from

8v2m  3v2u 8m  3Ju  p
]\/[}Iz—Aﬂ2 e and M} = - —

B oty

Watts has pointed out that this may cause difficulties in the R-matrix approach to con-
structing soliton S-matrices as this method relies on the ratios of the quantum masses to
be that of the classical theory. It is clear that this example, as well as the other non-

simply-lace theories, requires further understanding.

6.2 The soliton S-matrix

Following the construction of the a{!) solitons and their first order quantum mass correc-
tions, Hollowood considered the construction of a soliton-soliton S-matrix [33]. This is
done as follows. As the classical solitons can, via their topological charges, be associated
with a fundamental representation it is expected that, in the quantum theory, the asymp-
totic state representing the soliton carries two quantum numbers — velocity and topological

charge. As a result, each of these external states can be viewed as a vector in one of the
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fundamental modules of the theory. If the module associated with the a** fundamental

representation is denoted V;, then the two-body S-matrix acts as the interwiner
5%V, @V, =V, @ V,.

As the theory is integrable, the general N-particle S-matrix is factorizable into %N(N -1)
two-body S-matrices. Upon imposing the usual constraints of S-matrix theory — unitarity,
crossing symmetry, analyticity and the bootstrap equations — the soliton-soliton S-matrix

is obtained with the quantum group U,(A,) and Hecke algebras playing an important role.

From this proposed S-matrix a number of results are deduced. Most importantly, it is
stated that at the quantﬁm S-matrix has simple poles in the physical strip which correspond
not only zero topological charge periodic ‘breathers’, which are familiar in the sine-Gordon
theory, but that ‘breathing’ solitons exist which although being periodic bound states carry
a non-zero topological charge. The solutions then have charges filling up the fundamental

representations. It is important to note that no such explicit solutions have been presented

to which these claims can be tested.

This work is supported by the recent paper by Delius and Zhang [17] in which finite dimen-
sional representations of quantum affine algebras are constructed providing the necessary

mathematical background for the extension of Hollowood’s S-matrix work.

6.2.1 Conclusions

The major results of this work are those concerning the topological charges of the affine
Toda models. Although significant progress has been made in that they can be calculated

for any theory using the expressions in this thesis, there still remains many outstanding

questions.

If the material appearing in chapter four is considered in isolation, then a number of
conclusions could be drawn. The topological charges, as well as lying in the fundamental
representations, lie in the Weyl orbit of the highest weight. They are connected by a
Coxeter element from which all charges corresponding to each soliton can be deduced from
just one. As a result the number of topological charges is a divisor of the Coxeter number

h, its precise expression for the a* soliton being h/ gcd(a, h).
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As consideration is given firstly to the simply-laced theories and then the others, the
situation becomes decidédly less clear. Consider first the simply-laced theories. The charges
are found for the exceptional algebras, and up to the dﬁ,},) member of the d(!) theories, to lie
in the fundamental representation associated to each soliton. It is reasonable to expect this
to be true for all the d{!) theories, though it is not clear how this can be proven from the
expression for the charges in that theory presented here. The use of a Coxeter element to
connect the charges immediately breaks down at this point as can be seen in the simplest
of the theories, dff), though the high degree of symmetry present in the a{!) theory may
explain the presence of the Coxeter element there. Perhaps the most surprising result is
that although for all the simply-laced theories considered, it is only in the eg) theory that
there exist charges lying outside the Weyl orbit of the highest charge. There seems to be

no immediate explanation of this phenomenon.

On moving to the untwisted non-simply-laced theories of ggl) and fil) it is no longer possible
to associate, in general, the topological charges with a fundamental representation. It is
only the topological charges of the solitons surviving the folding procedure which remain
in the fundamental representations. For the twisted theories, all single solitons are single
solitons of the parent theory surviving the folding. The representations to which the
corresponding charges should be associated seems to be the fundamental representations

of the parent theory in which they trivially lie.

How then should the topological charges be understood ? The method that has provided
the most algebraic approach is that of Olive et al. in their series of papers. Recalling the
form of the solution which they obtain

< Aile BB g(0)e~PE-1=* A, >

e Prid — _ _ ,
< Aole_ﬁE1E+g(0)6—ﬁE‘1Z+IAo >mi

it is important to note that calculations lead to an expression for the exponential of ¢ and
so the topological charge, for example, can be calculated modulo 27Agr/fB, where Ag is

the root lattice. There is no such problem in the calculations carried out in the previous

chapters.

An ideal may be to combine the known results for the a(l) theory with the results of Olive

et al. The phase shift in the complex parameter relating one charge to another is known
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and the effect of such a shift on the elements F%(z) (recalling that the Kac-Moody group
element creating a soliton of species 7 is expQF(z) [54]) could give some insight into an
algebraic interpretation of the charges. This would also perhaps explain the expression for

the number of charges associated with any particular soliton.

Whatever the future developments in the study of affine Toda solitons are, the questions
relating to the topological charges must be addressed. When progress is made in that

direction, this thesis will provide the necessary material against which any such results can

be tested.
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A.1 Hirota’s method

This is a direct means of obtaining soliton solutions. The basis of the method is a change

of dependent variable which transforms the soliton equation into its Hirota form.

Definition: Let f and ¢ be sufficiently differentiable functions of x and t. Define the
operators D, and D; by

T AN A -
DaDit 9= (ax - 8:1:’) (61& - at') fe,09(@ )=y

t=t/
These are Hirota derivatives.

Remark: F(D,, D;) may be defined provided F has a Taylor expansion, for example

2
F(Dz, Dy) = exp(eDs) = 1+ €D + %DZ +...

Properties: Assume f and ¢ are sufficiently differentiable, then

(1) DeDyf-g = (=)™"DrDig-f

(2) DfDiaf-g = DFDYf-ag=aDlDif-g

(3) DyDHfi+f)- g = DIDfi-g=D7Dif2-g

(4) exp(eD, +6D)f -9 = flz+et+6)g(z—et—0)

(5)  In(cosh(eD; +6Dy)f - f) = 2cosh (faa_z + 5(,—%) In f

(6 GInfle = (D2ff)/f* and (210 f)us = (DDi - 1)/
) PP =

(8) DZ’LD;ILe(alr‘Fﬁlt) celeamtht) = (g — a)™(By — ﬂ2)ne((°’1+a2)x+(ﬁl+ﬁ2)t)
Properties (1)-(3), (7) and (8) are proved from the definition of Hirota derivative, whereas
(4) and (5) are proved by Taylor expansions of the respective left hand sides — property
(6) being obtained at orders €* and € of (5) respectively.
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851 £9) Q3 Qp—2 Qp-1
o—0—0— - —0—0=
641 Qg a3 Qp_2 Op_q

0O—O0—0—=+—0—0

a a9 a3 Op-3 Qp_2

O

Qn

Table B1: Dynkin diagrams of the simple Lie algebras.
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Er

Eg

Fy

G

Oo==e

ay (85)

Table B1, continued.
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ag) = D(A,)

T T

0—0—0— ++—0—0—0
641 (85) (84} Qp—_32 Qp-1 ay
O
&%)
O0—O— -+ —0—0==0
85 a3 Up—2 Qnp- an
O
an

0>

(874}

Qo

(0%} (6%))
[67)] Q3

O
Qn_1
—0O—20
Qp-3 Qn—3
O
Qn

Table B2: Untwisted affine Dynkin diagrams.
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O
b
O—0 (’) O—20
o ey g a5 o
O 2

Cgl) = D(Eg)
M = D(E)
O
14%)]
el!) = D(FEs)
O
g
) = D(Fy)
gt = D(G,)

O—O==e

Table B2, continued.
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®
Qo
o) = DT (B,) o—0— - —0—0=0
Qo a3 Qp—2 Qp_ oy,
@
ay
i, = D7(C,) @==0—O— - —0—0==0
Qo o 25} Up—2 Op_1 (a9
e = DT(F)) O—O0==0—0—@
Qy 173 Qs aq Qo
4 = DT() O==e—e
Q2 831 Qo
o) =GD(H,) O==0—0——0—0==@
Qo 841 6%) Up—2  Qp_1 Oy
() = gD(BD) 0==0
o A

Table B3: Twisted affine Dynkin diagrams.
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A 3-3 3—v3  2B3++3) 2B3—3) 3+.3 3+/3
S 1 1 1 1 1 1

5§1) w w? 1 1 w w?
s -0 -2) (-2 —(A-2) -(A-2) -(A-2 -(A-2)
54 1 1 1 1 1 1

s —w(A—2) —w?(A=2) —-(A=2) —-(A—-2) -—w(A-2) —w?A-2)
6:()’2) w? w 1 1 w? w

s 0 0 3A=3) 3(\-3) 0 0

D% 0 0 3(A—3) 3(A-3) 0 0

5% 1 1 1 1 1 1

s | —w?A—2) —w(rA=2) —(A=2) (-2 —w(A-2) -w(A-2)
55()2) w w? 1 1 w w?
5é1) w? w 1 1 w? w

Table B3: é-values for e((sl) single solitons.

X | s A2, A5, A7 YRV
sV 11 1 1

s | —4 ~(A—2) ~(A=2)
s 1 1 1

s | -4 0 2\ — 2)
s 11 -1 1
V13 LN —61+6) LA\ —6)+6)
P13 LA2—6A+6) L(A2—6)+6)
s9 11 1 1

s | 4 0 —(A2 =6\ +78)
s 6 201 — 1) 2(2X2 — 9X 4 9)
s9 | 4 0 —(A2— 61 +8)
s 1 1 1

s 13 —L(A2—61+6) 1(A\2—6)X+6)
P03 LN —6A+6) 1(AN2—6)1+6)
s 1 -1 1

s | —4 (A —2) —(A—2)
s 1 1 1

s 1 -1 1

Table B4: §-values for eg,l) single solitons.



)‘17/\27A4)/\7

/\3)/\5)/\6,)‘8

1
—1(X% — 247 + 132X — 192)
1
(A% —18)% 4 84X — 108)
(A% —18)% + 84X — 108)
1
§(X3 — 612 +24)
2(5)% — 60A% 4+ 225X — 261)
T(A% —6A% +24)
1
—1(A =2)(A> - 61 +6)
6423 — 668A% + 2214) — 2325
—(303X% — 31862 4+ 10614\ — 11180)
6423 — 6682 4 2214) — 2325
—1(A = 2)(A* - 6X +6)
1
S(A% —12X% + 48X — 60)
(11X — 116A% + 384X — 400)
(11A% — 116A% + 384 — 400)
2(A% — 12X% 4 48X — 60)
1
—2(A® = 12X 4+ 36 — 24)
L(TA® — 78)% 4 288X — 324)
A% — 1207 4 36X — 24)

1
1(A2—6)1+6)
L(A2—6) +6)

1

~(A-2)
1

1
4
1
4

5
4
3
4

O | =
~—~

1
(A3 —21A% 4 114X — 84)
1
(A% —24X% + 144X — 108)
(A% — 24X% + 144X — 108)
1
—2(5A% — 102X + 540X — 384)
—2(X3 —24)% 41351 — 99)
—2(5A3 — 102A% + 540X — 384)
1
A2—-9X+6
3A% — 502 + 234X — 165
—2(3X% — 54A% + 267X — 190)
3% — 50A% 4 234X — 165
A2 —9X+6
1
(A% — 18X + 84X — 60
A —8)(3X% — 26\ + 20
A —8)(3A2 — 26X + 20
(A% — 18X + 84X — 60
1
LA —12X% 4+ 36X — 24)
3
1

1
4
1
4

|en

NS
—_

~—~

Jer

)
)
)
)

ju—y
[+

(TA% —108)% 4 468X — 324)
—1(A3 —12)% + 36X — 24)
1
1(A2—6)1+6)
L(A\?—61+6)
1
)
1

Table B5: §-values for eél)

single solitons.




X [2B3+3) 2B3—+3) 3-+/3 3+ /3
S 1 1 4(1-3 4(1+V3
5% - - 1 1

SV -(A=2) —(A-2) —4(1-vB3)* —4(1+V3)
5 1 1 2(27 — 14v/3)  2(27 + 14v/3)
s - - —4(1 —3)2  —4(1 +3)?
s - - 1 1

s 3(A=3) 3(A-3) 0 0

871 3(A=3) 3(A=3) $(1-v3)*' §1+V3)
5% 1 1 16(1 —v3)® 161 +/3)°
0 - R N s
§4%) - - 0 0

5 - - 1 1

sV —(A=2) —(A—2)  201-v3)?® 201+ 3)?
5 1 1 203-2v3)  2(3+2V3)
5% - - 21 —v3)?2  2(1++3)?
&Y - - 1 1

5 1 1 —2(1-v3) —2(14+3)
5 - - 1 1

Table B6: §-values for

il) single solitons.

X |6 6
sVl 1 9
s - 9
O - 1
s 1 -4 o0
s 1 ot
¥ - —16
sW - o7
s -0
sO1 - 1
sV 1 -3
s - -3
s - 1

Table BT7: §-values for gél) single solitons.
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A

23++3) 2(3-+3)

5(1)

0
5%
5B

0
8"

9r—1) 9(r-1)
9A—1) 9(A-1)

1 1
~(3A—2) —(3A-2)
1 1
1 1

Table B8: §-values for dff) single solitons.

X[ X A a e
s | -4 4r—1)

s 11 1

s 4 —4(x?—31+42)
s 6 2(8\2—18)+09)
O 4 —ax?—3)1+2)
s 1 1

sV 3 (2x2—6)+3)
P13 (202 -6)+3)
§¥ | 1 1

sV -4 —200-1)
P11 1

s 11 1

Table B9: §-values for e((f) single solitons.
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A=) (%01+Oé2+ faz + a4 + a5+ ae)
(a1 + o2 + 205 + a4 + 505 + Zoe)
(31 + 205+ as + a5 + gae)
(%al + %QS + %Cl’s — %(16)
(31 — o3 + a5 — %ae)
Qoo —las - Zas—lao
(—2ey — Loz — oy — o5 — tae)
(—2cq — ay — faz — g — 2o — og)
(=2 — 0y — 305 — a4 — 2a5 — Zag)
A=de | (o + a4 fas + au + fas + jas)
((ar + a2 + tos + as + 2os + Gae)
('32@1 + %Ot3 + a4 + %015 + %06)
(-3 + 33 + 2as + o)
(-3 + 3a3 — a5 + 0)
(-3 — 204 — a5 + 1ag)
(o - Ze-ai- o - o
(—2on — o — 205 — o — 305 — 2a)
(—%al - Q2 — %ag — G4 — §a5 — %as)
A=A t(aoa+ az+oas+ as)
+ a4
A=M +(as + o3 + as )

Table B10: The topological charges of the eg) single solitons
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A=Az (G + op + %aa + as + %as + %016)
(Gas + a2 — 2oz + as + Las + 2og)

(3ay + a2 — 303 + tas — 3a6)

(%cn - — 33 + %as - %056)

(—2oy — ap — 303 — o4 + 305 — 306)

(—%al - ay — %O!;; — Q4 — gas — %ae)

A= A5 (%Ch + az + %013 + a4 + %as + %016)
oy + a2 + 303 + a4 — Tas + %QG)

(—lon + a2 + Fo3 — o5 + 06)

(—%oq — a2 + 303 — to5 + 306)

(_éal — oy + %as — Qg4 — %Ols - %as)

(—ion —0p — o3 — oy — o5 — 0s)

Table B10, continued.
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A=A | H(en + a2 + a3+ 204+ a5+ a5 )
(g + a2 + as+ s+ a5+ as )
t( o + az+ as+ a5 )

+(as+ o+ a5 )

:i: Yy
A=A | £(an + %CYQ + a3z + 204 + %as + ag + %07)
+(oy + %az + as + 204 + %Cls + %07)
+(oy + %042 + a3 + %as + %CY7)
+( %az + as + %as + %07)
A=Az | £(lor + o + o6 )
A= /\4 :|:(C¥1 + 2014 + ag)
A=A | £ + %OQ + 2a4 + %015 + %a7)
+(y + %az + %Cis + %CY?)
A= X | £ + a3+ 204 + a5+ a )
(e + as + as+ as )
+( az + a5 )
A=A | £(on + Las + a3 + 204 + 25 + o + o7
+(on + 2o + a3+ s+ 2a5 + as + oo

H_

a3 + ag + gas + o +
o3 + oy + jas + o +
+ o+ %as + as +

+ os + %015 +

+ %Cls +

H.
&

+ + + +
Q
[

MH R R R R R b =
NN

R
5

Q
©

H
R

[N Y N T N T Y [ Y O Y [
) O

Q
)

/H_\A/H;/—\A

Table B11: The topological charges of the 6(71) single solitons
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A=A | H(en + o2 + a3 + 3ag + 205 + 206 + a7 + as)
+(ay + a2 + a3 + g+ 205 + 206 + o7 + as)
+(az + a3 + a1+ 205 + 206 + a7 + as)
+(a; + az + as+ 205 + as + a7 + as)
+(as + as + as+ 205+ as+a7)
+ap + o3 + oy + ag+ a7 )
+( a3 + + ag+ a7 )
+( o + as + a7 )
+( oy + a7 )
A=Ay +(a, + a3 + 20a+ a5+ s+ a7 + ag)
(a2 + o3 + 204 + a5+ ag + a7 )
(o + as + 2aa+ a5+ o6 )
A=A3 | £(an + o2 + 34 + 205 + 206 + as)
(g + a + a4+ 205 + 206 + as)*
Haoy + o + 205 + 206 + a3)
(g + + 205 + as)
A=A | Hon + o4 + 204 + as)
A= )\5 :I:( ay + 26!3 -+ 3C¥4 + 2&6 + as)
+(ay + 203 + oy + 206 + as)*
+(a; + 203 + 206 + a3)
A= /\6 :i:( 2@3 + 304 + 2&5 + 2a6 + ag)
:}:( 203 + 30[4 + 2&5 + C!s)
+( 2035 + a4+ 205 + ag)
+( a3 + a4+ 205 + ag)*
+( a3 + as+ as + ag)*

Table B12: The topological charges of the egl) single solitons
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A=A | £(an + a2 + 205 + 3as + a5 + 206 + a7 + a3)
+(a; + @ + 203 + a4+ a5 + 206 + a7 + as)
+(oy + 203 + a4+ a5 + 206 + a7 + as)
+(ay + 203 + a4+ as + a7 + az)
+( + a+ as + a7 + as)
+(oy + o+ as + a7 )
+(o + os + a7 )

A=Xs | t(an + o + 203 + 3oy + 205 + 206 + a7 + a5)
t(an + a2 + 203 + 204 + 205 + 205 + a7 + as)
+(a1 + a2 + 205 + 204 + 205 + o5 + o7 + 03)
+(ay + a2 + 2a3 + 204 + 205 + 05 + a7 )
(g + o + a3 + 204 + 205 + ag + a7 )
(o + a2 + a3 + 204+ a5+ g+ a7 )
(g + o2 + o3 + 204+ a5+ o6 )

+(ay + a3 + 204+ a5+ ag )
+(a; + a3 + s+ as+ ag )
+(a + o3 + aat+ o)
+( a3 + as+ o5 )
+ o+ as)
+ oy

Table B12, continued.



A=6 :I:a1

A=2| +(30; + 30y )
:t(al + 3&2 )
+ 3&2

Table B13: The topological charges of the gél) single solitons

A=234+v3)| (e + 203 )

/\:2(3—\/3) +(a; + a2 + 203 )

A=3-v3 | (2 + 205 + 4oz + 2q4)
:I:(2a1 + 2@2 + 203 + 2&4)
+( 202 + 2as + 2a4)
+( 203 + 2a4)

+ 2&3

A=3 + \/?_) :I:(20_’1 + 2052 + 2C¥3 + 204)
i(2a1 + 2&2 + 261’4)
+(20 + 204)

Table Bléi: The topological charges of the fil) single solitons
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A= /\1 :i:(2a1 + o + 4&3 + a4)
+lon + o +dos + o)
oy + ap + 203 + o)

:t(al' + 2&2 )

:tal
A=A | £(201 + 3az + aa)
)\ = /\4 :I:(Zozl + 20(3 )

A= | £(2a1 + 202 + 203 )
:i:( 20(2 + 2(13 )
+ 2&2

Table B15: The topological charges of the eg) single solitons

A=2(3+V3) | +3m

A:w—ﬁ)ﬂm+m)
:t(al - Clz)

Table B16: The topological charges of the df’) single solitons
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