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Abstract

Two areas of affine Toda field theory are explored in this thesis. First the intro-
duction of a boundary into the real coupling affine Toda field theory. It has been
shown by other authors that affine Toda field theory stays an integrable theory for
certain boundaries. One such theory is the one corresponding to agZ). Its integrable
boundary condition is described by two continuous parameters. Also, it is continu-
ously connected to the natural Neumann condition, i.e. vanishing space derivative
of the fields at the boundary. Classical reflection factors of incoming plane waves in
the background of a static soliton solution are calculated for this theory. They fulfil

a classical reflection bootstrap equation which 1s the classical limit of the reflection

bootstrap equation for reflection matrices.

The second part is concerned with the the a,(,l) affine Toda field theory with imaginary
coupling. The behaviour of oscillatory solitonic solutions, breathers is investigated.
Explicit construction for breather solution are given. They originate from two soliton
solutions. [t is found that there are two different types of breathers depending on
their constituent solitons. The constituent solitons are either of the same species or
are anti-species of each other. Also, the topological charges of breather solutions are
calculated and they are either zero or equal to a certain one soliton solution. These
topological charges lie in the tensor product representation of the fundamental rep-
resentations associated with the topological charges of the constituent solitons. The

breather masses are, as expected, less than the sum of the masses of the constituent

solitons.
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Chapter I

Introduction into Affine Toda Field Theory

1.1 Introduction

Toda field theories are Lagrangian field theories characterised by Lie algebras. Their
origin lies in early numerical work by Fermi, Pasta and Ulam. They investigated
the behaviour of the energy of a one-dimensional dynamical system. In this system
identical particles interacted with their nearest neighbours via a non-linear potential
(spring)*. Later Toda suggested that these systems might well be integrable if the

potential is of an exponential nature [2]. This was subsequently proven to be true

by Flaschka [3].

Toda field theory is a generalisation of the lattice theory. It comes essentially in three

different flavours
(1) (conformal) Toda field theory
(2) affine Toda field theory

(3) conformal affine Toda field theory.

In the following a short introduction into each of these theories will be given.
Affine Toda field theory will get special attention as it is the main concern of this
thesis. One should also mention that Toda field theory is connected to many other
areas of mathematical physics. There is for example the Wess-Zumino-Novikov-
Witten model. In [4] it is shown the the SL(2,IR) WZNW model can be reduced
to the Liouville theory. To show this one makes use of the Gauss decomposition
of elements of SL(2, IR) and the Polyakov-Wiegmann identity which allows one to
express the WZNW action of a product of three group elements as the sum of their
actions respectively modulo some local terms. As will be shown in the next section

the Liouville theory is the “simplest” conformal Toda field theory and, as one would

* A modern review of the work can be found in[1]

3




expect, the reduction of the WZNW model can be conducted for other Lie algebras,

and other conformal Toda field theories are recovered in this way.

The Ising model at criticality can be described by a conformal field theory with
central charge ¢ = % Zamolodchikov [5] showed that the Ising model with an
external magnetic field corresponds a perturbed conformal field theory which is an
integrable model related to the Lie algebra eg. Mansfield and Hollowood [6] showed
that this integrable theory corresponds to the conformal Toda field theory associated
with the Lie algebra eg for a specific coupling constant. The affine Toda field theory
associated with eg can be seen as an integrable deformation away from the critical

point.

More recently there has been some effort to investigate (2+1) dimensional models

[7]. This thesis will deal only with two-dimensional theories.

1.2 Conformal Toda field theory

Conformal Toda field theory involves r scalar fields ®*(z,t) written as
d(z,t) = (®(z,1),..., 9" (z,1)).

The signature of the spacetime described by the variables z, t € IR is Minkowskian
(+,—). Also, the following notation will be used throughout the thesis 9, =

3%“ 2% = ¢, 2! = z. The Lagrangian density of the theory is given by

1
£ = 50,0%(z,1)0"0%(z,1) - V(®(z,1)). (1.1)
The potential V distinguishes between the different theories by its relation to different

Lie-algebras g*. Each algebra g is characterised by its rank r and its simple roots

ai,...,0p € IR". The potential is

2 r
V(@) = F5 et (12)

where m is the mass parameter and § the coupling constant. Classically the coupling

constant is not important because it can be scaled away by defining ® = #®. The

* For short introduction see appendix.



Lagrangian density is then

L= ﬁl [ 20,0%(z, )04 9% (z, 1) —m?Zeo" ”)]
1=1

For the quantum theory the important quantity is £/h because in the path-integral
formulation the integral is taken over exp(i [ £L/h) to determine vacuum expectation

values. So, the classical limit of the quantum theory as A — 0 corresponds to 8 — 0,

the weak coupling limit*.

The equations of motion for (1.1) are

9

(92 - 32)® = 0,0"%(x, 1) ——%Za,eﬁa' (=8), (1.3)

As explained later this theory is conformal and integrable. A simple example for this
theory is the Liouville equation which corresponds to the g = su(2) = a; theory. In
this case the data given by the Lie-algebra is a3 = V2. The choice of m? = f=1

yields the equation in the form
0,040 (z, 1) = —/2eV22@D),

If “2” is fixed in the equations of motion (1.3) they are identical with the lattice
models studied by Toda initially. Then ®; = a; - ® determines the displacement of
the i-th mass on the lattice described by the Lie-algebra.

1.2.1 Conformal Invariance

To see the conformal invariance of the theory it is useful to introduce light cone
coordinates

T4 = (t £ ).

&IH

The equations of motions then are

2 r
0,0-0(v4,2-) = —% S iefei@(meas), (1.4)
1=1

* For more on this topic for the sine-Gordon theory, see chapter 6.4 of [8]
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The differential operator is denoted by dy = 3—;2;. Now a conformal transformation

T4+ — ii(mi)

will transform the lefthand side of equation (1.4) into

< = Jzy Oz

010-0(zy,2-) = 040-9(24,2-) = 0%, 81_8+a (x4, z-).

So, conformal invariance requires the field to transform in a particular way such that

the right hand side will cancel the extra factor

! ! Ozy Ox_
B @(z4,z- ) Yot Bai®(z4,z-)
Zale 0’64. EEl ; ae . (1.5)
If the field transforms as
= _ p. (0zy 0z
O(zy,2-) = ®(T4,2-) = ¥(z4,2-) + Eln (5%—;%—) (1.6)

and can therefore be expressed in terms of fundamental weights A;
r
2 =b;=>p=
| J|2 Z Ia]|2

A more detailed and in depth discussion of this issue can be found in [9-11]. The
quantisation of the conformal Toda field theory gives a coupling dependent represen-

tation for the Virasoro algebra for the ade series [9-11]

2
c(f)=r+ 487r’p|2 (4_'8; + %) ) (1.7)

This formula reveals a symmetry of the quantum theory under the transformation

8 — %’ which is not present in the classical theory.
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1.2.2 Integrability

For a finite dimensional Hamiltonian system integrability means that there are N
conserved charges K for a system with a 2/V dimensional phase space. These charges
have to be in involution, i.e. {Kj;, K;} = 0 ({-,-} denotes the Poisson bracket).
Also, they are functionally independent. Liouville showed that the evolution of these
systems can be completely determined in principle. However in practice there may
be problems to do this explicitly. A field theory with Hamiltonian description is
covered by this theorem when it is generalised to an infinite dimensional system.
Integrability in this case requires the existence of infinitely many conserved charges
which are again in involution and functionally independent. A good example in
which the charges can be constructed explicitly is the KdV equation. Most text

books, e.g.[12], on solitons give a derivation of the charges.

For affine Toda field theory one can show the existence of infinitely many independent
conserved charges, which are in involution, once the Lax-pair is known. Also, one
can work out solutions of the conformal Toda field theories. This was first done by
Leznov and Saveliev[13]. A good review article about how to find solutions is given
by Olive [14]. For the affine Toda field theory the integrability shall be examined in

a little more detail in the next section.

1.3 Affine Toda field theory

Affine Toda field theory [15-19] is a generalisation of the Toda field theory which
has been described in the previous section. Though it will be shown that the con-
formal invariance of the theory is not preserved, the integrability survives. It can
be classified as a perturbed conformal field theory [6,20]. The study of affine Toda
field theory is usually divided into two different regimes of the coupling constant,
the real and the imaginary one. More precisely this corresponds to either real fields
or complex fields as solutions. For real values of the coupling constant there exists
a particle spectrum which has been studied extensively [21-34] The classical mass
spectrum and the S-matrices of the quantum theory will be reviewed later. For
the imaginary coupling constant (complex affine Toda field theory){35] the theory

possesses a spectrum of solitons. Again these soliton solutions have been examined

9



by many authors [35-40]. Efforts to determine S-matrices for complex affine Toda
field theory have been made [41-44]. This will be reviewed later. In the case of the
ade series the masses of solitons and particles corresponding to the same node of the

Dynkin diagram are linearly related for theories associated with the same Lie-algebra

[35,45).

1.3.1 The Origin of affine Toda Field Theory

A problem of the conformal Toda field theory is that the potential has its only
minimum for ®; — —oo i.e. €% = 0, where ®; = o; - ®. This behaviour can be
seen as a hint for the conformal invariance of the system. To get a stable point for a

finite field and to preserve the integrability of the theory one perturbs the potential

(1.2) by
2
em
§(V(®)) = —5 expl[fao?]
where ap is an additional (“affine”) root such that yI_gn;e; = 0. The Dynkin

indices n; € IN depend on the algebra g [46]. This yields the potential of affine Toda
field theory

2 r 2
Ve S explf] + T explfao - @)
p* i—1 B
This potential has the minimum ®(%)
> e exp[Bo;®?] = —cap exp|[Bao®)] (1.8)
1=1

multiplying (1.8) by «; and using the matrix Cij = za?Cjj, which is a conveniently

rescaled Cartan matrix, (1.8) relationship implies
exp[Ba;0%] = —eézglajao exp|Bag®®].

So a shift in the field by @@, & = ¢ + ®(® yields the potential

mée s
B —ﬁexmﬁao@")J[eXpwaoqs] = 3 exp[Baid)(C)ijai0)-
ij=1

V(¢)
The potential can now be written as

V(@(z,1) = 5 3 i@ ) (1.9)



where the mass m? has been redefined as %QTC exp[Bag®©®)]. Subtracting —1 ensures
that the potential vanishes for & = 0. The Lagrangian density of affine Toda field

theory is

The equations of motion are

2 r
001D (x,t) = _% S niaePoi ®(@) (1.11)
1=0

1.3.2 Conformal Invariance

By comparison with section (1.2.1) where the conformal invariance of the conformal
Toda field theory has been shown it becomes obvious that affine Toda field theory
is not conformally invariant. Because Y i_;n;c; = 0 implies that for the vector p in
(1.6) y

Zni#l

pag =
no i=1

which makes it impossible to fulfil (1.5) after the transformation (1.6) of the field.

This problem can be overcome by a redefinition of p. It leads to the conformal
affine Toda field theory which, as its name suggests, possesses conformal invariance.
Instead of taking values in the Lie algebra ¢ the field in the conformal affine Toda
field theory takes its values in the Cartan sub-algebra of the associated affine Lie

algebra ¢ [46). In terms of the Cartan sub-algebra the field can be written as
®=¢-H+Ek+nd
where H, k and d' are explained in the appendix. The equations of motions are

4/12 r
020 + — Y nH%Pu® = ¢
=
where [Ed*’, E%i] = 6;;H% in the Chevalley basis. This theory has been investigated
by Bonora [47,48] and Aratyn et al. [49-52]. It has been useful in the algebraic
solution of affine Toda field theory [45]. Its disadvantage is that its scalar fields are
no longer in Euclidean space and therefore the energy is not positive definite. Its

restriction to Euclidean space breaks the conformal invariance and introduces a mass

scale. The result is again the affine Toda field theory.
11




1.3.3 Integrability of affine Toda ﬁelgt_heory

To establish the integrability of affine Toda field theory it is useful to examine the

Lax pairs or the zero curvature condition [15-17,53] which can be stated as:
For = A1 — 1 Ao + [Ao, A1] = 0.

If the two components of the two-dimensional vector potential A, are written as

follows one can retrieve the Toda equations

1 r .
Ao =-H 0194+ Y mi(MEy; — ~E_q, ) ®/?

1
2 1=0 A
1

1 r
Ar =S H - 9@ + 3 mi(AEa, + XE_ai)ear‘I’/Q.
1=0

The operators H;, Eq,, E_q are the usual notation for the Cartan sub algebra cor-
responding the to simple and affine roots of the Lie algebra ¢ (for their definition see
appendix). The spectral parameter is A and the m;’s satisfies
2
2 Qy
m; = n,'g'.
The classically unimportant parameters m and 3 have been scaled away. Define a

path ordered integral by
b
T(a,b;\) = Pexp/ dz'A,.
a

It satisfies formally

d
T = TAo(b) = Ao(a)T

and therefore the quantity Q(X)
Q(A) = trT((~o00, 003 A)
is time-independent when 9;® — 0 as |z!| = oo and also
®(00) = ®(—o00) + 2k, (k-a;) € Z.

The Lax pair allows a gauge transformation after which the potentials A, lie in the

Cartan sub algebra:

Al = a1 = AE1 + Y A~k 1) (1.12)
s>1

12
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where B4 = Yi_gm;E4q, and s are the exponents of the Lie algebra modulo h,

hs = hstn. Now the zero-curvature condition simplifies to
80a1 = 61a0.

Which implies that the integral of a; is conserved over the whole line. Also, as the

choice of A was arbitrary there are infinitely many conserved quantities Q

Q. = /_Z dz' 1§,

It can be shown from (1.12) that A scales under a Lorentz transformation A — [\ such
that the light cone components of the potentials transform correctly. The conserved
quantities scale with a factor /°. One also needs to show that the conserved quantities

are in involution. This is done by showing the existence of a classical m-matrix for

which
[T(MST (1)) = [r(A/1), T(A) & T(1)]

where T'(A) = T(—c0, 00; A). Further details can be found in [19].

1.3.4 Examples of affine Toda field theories

For the affine Toda field theory the simplest example is that related to the extended
su(2) algebra, a(ll). Here ng =1, n; = 1, ag = —a; = —v/2, the resulting equation

is the Sinh-Gordon equation

0,0"®(z,t) = _% ﬁ(eﬁﬂé(z,t) _ e—ﬂﬁ@(z,t))

, (1.13)
- —% 2v/2 sinh v28%(z, t).
Anothelj example is ag')) for whichng = 2, n; = 1, a1 = \/5, ap = _\/Li' The
equation of motion for this system is
2 1
9,01 d(z,t) = —@ﬂi(eﬂm(m ~ Pty (1.14)

This equation is generally known as the Bullough-Dodd [54] or Jiber-Shabat [55]
equation even though it has been known long before these publications. In 1910

Tzitzéica [56] mentions the equation in connection with the geometry of surfaces as
Habibullin [57] has pointed out.
13




1.3.5 Duality

The Dynkin diagrams of affine Lie algebras fall into two categories under the trans-

formation of the roots

o
—2—.
“ |a;|?

First there is the set of theories which have roots of equal length, a( ) d&l), es,l) and

(2)

the only one with roots of three different lengths aj;,. They are mapped onto them-
selves by the transformation and called self-dual. Secondly the remaining theories are

()())

mapped into each other by the transformation and come in dual pairs (bn’, a5, _;

(D 4@

enydpiy), (ggl),d(3 ) and (f,gl),egg)). In quantum affine Toda field theories there

1s a transformation mapping the coupling constant 8 — %”. The quantum theories
of self-dual theories are unchanged under the transformation. The situation for the
quantum theories corresponding to those algebras which come as dual pairs appears
to be more complicated. There is one quantum theory for each dual pair. A the-
ory corresponding to, for instance (gf(,l),d(s)), will have its approximation as § — 0
provided by the theory associated with g( ) whereas the approximation as  — oo is
given by the dg ) theory [32]. The transformation of the coupling constant effectively

implements the mapping of the roots.

1.3.6 Folding

Due to the symmetry of some Dynkin diagrams there is a connection between the
simply laced and non-simply laced theories. The procedure connecting them is known
as folding and was introduced by Olive and Turok [18]. One can for instance fold
d‘(ll) into ag ). For this one has to identify the roots a;,7 =0,...,3, of dgl) with those

of ag 2) aj, 7 = 0,1, in the following way

1
ap = Z(ao + a1+ as+oaq) and o} = .

If the 7-functions (a concept that will be explained later) of ap, a1, a3, a4 are the

same, which they are for a special case, then of has the same 7-function as ap and

o} the same as axs.

14
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o
Fig. 1.1: Folding of dgl) to agz)

o, — [ ==—¢)
/ /
o Oy

— [ ==e)
o o |
OLI\/ OL2

Fig. 1.2: The folding of (Lgl) into agQ)

(1)

Alternatively one can fold «; ' into agz) which is shown in figure (1.2). In this case

ay is identified with ag and a} with %(al + a3). In this case o is the longer root.

1.4 Affine Toda field theory with real coupling

1.4.1 The classical Mass Spectrum

Knowledge of the classical mass spectrum will prove useful in the discussion of the

quantum theory later. *

One way to find out about the classical mass spectrum is to expand the potential

(1.9) for small g

3

m?
V(®(z,1)) = 7 Z; ni (ﬂ(a,'-d)(x, t))+%(a,--q>(g;,t))2+%(a,--q>(x, t))3> +0(B8Y).

(3%

Due to the definition of the n;’s the linear term vanishes. The quadratic and the

cubic part can be rewritten defining the mass matrix and the three point coupling by

* For non-selfdual theories the assumption will be that the fusing angles and mass ratios stay the same

before and after quantisation.
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(Mz)“b = m? Z nia?a?
=0 (1.15)

r
,
Cobe — Bm” Znia?a?af.
1=0

In terms of these the potential is

abc

1
V(®(z,t)) = §<I>“(:v,t)(M2)“b<I>b(x,t) + ——8%(z,1)8%(z, 1)8%(z, ) + O(B?).
For higher powers of the expansion n-point couplings can be derived in a similar

fashion

n
2 a
CH9 = m g niayl .. ogm.
1=0

A nice compilation of known facts about mass matrices and coupling constants can be
found in [22]. Earlier results can be found in [16]. It is possible to determine masses
and co‘upling constants explicitly given a suitable representation of the underlying
algebra [22]. Because the couplings and masses will appear in the theory on a half
line (Chapter 2) a summary for the oy (22] and ag2) theories will be given, following

closely the presentation of the computation in [22].

1.4.1.1 a8V

An exception to this theory is a(ll) , the sinh-Gordon theory as all three point couplings
vanish for this model. This happens in no other theory. In the following n > 1 will

be assumed.*

A task easier than in most other theories is the diagonalisation of the mass matrix.

2ms

One has to find a particular representation for the simple roots. Define w = en+1,

such that w™*! = 1. This gives rise to a set of n complex n-dimensional vectors v;

with components

=, im0 a1 (19

Since SR_ow* =0,
| 7 = (n+1)éij ~ L.

* A change to an imaginary coupling constant gives the sine-Gordon theory which has soliton solutions

and a coupling dependent spectrum of breathers [58].
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(1)

A complex representation of the roots of arn’ is then given by

. ,
i = —(Yir1 — ). 1.17
« \/m('YJrl 7) ( )

One can check that the usual relations } - g a; = 0, and

0 i#jandi#j+1
ojra;=¢ -1 1=7541

2 1=y
are fulfilled. Choosing a complex basis for the scalar fields
((Da)* — (I)n+1—a
one has the property
1 0) =0af O, (1.18)

This follows from (1.16) and (1.17). One consequence is that the potential in the

Lagrangian is real as well

m

1 2 n .
— * ﬁO'IQ
C—~ 58(1) B(I)———ﬁz izgoe .

With the roots written as (1.16) the square of the mass matrix (1.18) is given by

2 n
2 m ' b
(M?)* = " Y (e =) (i — )
1=0
0 fora #b
| 4m?sin® n“% fora=6"

So the matrix is obviously diagonal and the masses are

Mg = 2msin an , a=1,...,n. (1.19)
n+1

The masses for n = 2 and n = 3 are for example

1
ag ). my =ms = V3m

1
ag ). my; =m3 = V2m and my = 2m.

When n is even every particle has a conjugate partner with the same mass. In the

case n odd the heaviest particle is self-conjugate but the remaining particles again

17




O /\ @.....M
_/
ml m?_ ﬂ13 m2 ﬂll
Fig. 1.3: The Dynkin diagram of a,(ll) with masses associated to nodes.
occur as mass degenerate conjugate partners. This is related to the ZZ; symmetry

of the a,(11) Dynkin diagram.

The relation (1.19) allows to associate the nodes of the Dynkin diagram unambigu-
ously associated with the particles (see fig. (1.3)), the mass degeneration reflects the

Zy-symmetry of the Dynkin diagram. The equation (1.19) also implies

m

Mag—1 + May1 = 2mg COS a=1,...,n

n +

with mg = mp41 = 0. Also, one should observe the following fact [22]. The n-

component mass vector

m = (my,...,my)
is an eigenvector of the Cartan matrix

a8&a - Op
Cap =2 o7 a,b=1,...,r
b

of a!V) with the eigenvalue 4sin? 2(717r—+1)

.9 ™
— S 9
Cm = 4sin St 1) m. (1.20)

Thus the mass vector is the Perron-Frobenius eigenvector of the Cartan matrix, which

guarantees that m; > 0. So, for example for agl) the Cartan matrix and the mass
vector are given by
2 -1 0

C=|-1 2 —1| and m=+2m(1,v2,1)
0 -1 2

and clearly fulfill mC = (2 — v/2)m.
18




The three point coupling can be determined as well [22] using the same complex

representation of the roots (1.17)

n
Y
cabe Bm* g afaafbafc
e

0 a+b+c#0modn+1
- \/:-ly—?l(wa_l)(wb_l)(wc_l) a+b+c=0modn+1"

Given that ¢ = k(n +1) — (a +b) for k =1 or 2 this simplifies for the non vanishing

constants to the area rule

Bm? 12Bmgmy, . w(a+b)

n 1 NS

So the coupling is actually proportional to the area of a triangle with sides mq,, my

%% = (W = 1)(w® = 1)(w® = 1) = (1.21)

and mg, where m, is given by

m2 = m2 +mi + 2mamy cos 05, 85, = m — 65, (1.22)
6.
My
M
me

Fig. 1.4: The mass triangle

The angle 6, is the angle enclosed by m, and myp. The angle S, is the fusing angle

for the reaction ab — ¢, a terminology that will become clear later. The allowed

values of 65, are

g—f{w fora+b+c=1+n
c '
ab (2——%&—)% fora+b+c=2(1+n)

Note that the only dependence on the Lie algebra data in (1.21) is the factor nl+1

(1)

%, i.e the Coxeter number of a,,’.

;
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Before the end of the account on af,l) some examples for the coupling constants and

fusing angles for n = 2 and n = 3 are given:

1 o .
o ag ). There are only two non vanishing couplings

27
ol = z7m1ﬁsm 3 = zmlﬁ\/__ -0, 0%1 = 23_7r

) agl): This theory has three non vanishing coupling constants

m
CM2 = Bmymg2i sm — =i4m?B, 0% = 5

23 5/.
O3 = B2imymg sin Vil =-Cch? 9:2‘3 = _—,

1.4.1.2 a5

As mentioned earlier in section (1.3.6) the algebra ag2) is related to dgl) and a(l)
by the folding procedure. Its mass matrix and coupling constant can be recovered
from those two theories. For example the coupling constant of the single particle of
agz) should be equal to C??? of dgl). But one can also straightforwardly expand the
potential and read off the mass and coupling. The theory has been introduced earlier
(1.14) and then the following values were chosen for the roots and Dynkin indices:
Qg = ——\}—,:;, ng=2and ag = V2, n; = 1. Using the definitions of the mass matrix

and coupling constant (1.15) they are

m? = 3m?
ot _ 3m?23 Qﬂmzsmz (1.23)
R
(1)

One sees that in this normalisation the only particle has the same mass as the aq
particles and also the same fusing angle (see p.17). The actual value of the coupling
222

constant in terms of the particle mass is the same as that for the C*** coupling of

dgl) (see {22]).
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1.4.1.3 Generalisations

A generalisation of equation (1.20) and an algebraic proof of it can be found in
(27,28]. The generalised relation is

CQ, = (2—2cos‘j—”)Q3

1

where s is the exponent of the underlying Lie-algebra and Qs is a vector whose

components are the conserved quantities Q5.

The area formula (1.21) can be generalised to apply for any Lie algebra [34]

403 .z
Cijk = Aijk —Wmamb sindg,.
The factor A% takes care of the normalisation for different Lie algebras. The Coxeter

number h has been replaced by h(*) to ensure that for the Lie-algebra gk
hF) = k- h

the fusing angles are an integer multiple of ;7. A general proof of the formula can

be found in [27,28].

More details of the concepts mentioned in this section can be found in [22-25].

1.4.2 S-matrices

A classically integrable theory has infinitely many conserved quantities ()5, where
s is the spin. It is convenient to write the momentum pg of a particle a of a two

dimensional theory in terms of its rapidity 8, (vs = tanh 6,)
pa = mqa(cosh b4,sinh d,).

In a quantum theory the conserved quantities of the classical theory correspond to
locally conserved operators ¢%. Single particle states are represented by simultaneous
eigenstates of these operators. The locality of these operators implies that they act
on multi-particle states additively. The evolution of multi particle states is described
by the S-matrix of the quantum theory. Because the quantum theory has infinitely

21
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many conserved operators the set of momenta and the number of particles for the
in-going and the out-going multi-particle state is the same. Thus, there is no particle
production. For the S-matrices this means a multi-particle S-matrix factorises into
two-particle S-matrices. There are several arguments for this to happen, there is the
wave argument by Zamolodchikov and Zamolodchikov [58], the wave packet argu-
ment by Witten and Shankar [59] and rigorous arguments were given by lagolnitzer
[60]. The S-matrix for an in-state of two particles A; and A; |A;(01)A;(02))in and
an out-state |Ag(01)Ai(2))ous of particles Ay and A; will be denoted as

|Ai(01) A5(02))in = SE (012)] Ak(61) Ai(62) out (1.24)

where the rapidity difference is written as §; — 02 = 612. Generally the S-matrix has

to fulfil a cubic equation, the Yang-Baxter equation [58]

i i, i Y 2l

Fig. 1.5: Yang-Baxter equation

Skak2 (9,0) 5K193(013)S7172(812) = SE2E1(812) S (013) ST322 (023) (1.25)

J273 J133 119 Jij2 1193 1213

where a summation over all possible states allowed by the selection rules has to take
place (fig. (1.5)). If the theory has no mass degenerate multiplets this equation is
trivially fulfilled because the S-matrices are mere phases.
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1.4.2.1 Affine Toda field theory with real coubling

Classically, for affine Toda field theory with real coupling there are no mass degener-
ate multiplets. Each particle is uniquely labelled by one of the higher spin charges.
The spins of these charges are the exponents of the underlying Lie algebra modulo
the Coxeter number h [61]. Now, it is tempting to assume that the quantum particle
spectrum is essentially the same as the classical one. Also, the fusing angles of the
classical and the quantum theory will be assumed to be the same. This assumption of
the existence of infinitely many conserved quantities is substantiated by calculations
by Niedermaier [62] of the first few of them in affine Toda field theory. However, for
the non-simply laced algebras the assumption of the mass spectra to be exactly the
same in the classical and the quantum case seems not to be correct[63], one has to
make certain modifications. In the remaining section the main concern will be a,(ll)

and one should bear in mind that for other theories modifications may have to be

made.

Lorentz invariance requires the action of the local operators on eigenstates to be
Qslpa) = 43¢’ Ipa) s =p+kh p,k € Z.

where the spin is given by the exponents of the underlying Lie-algebra. So, for

1)

example for a,(1 the spins are

s=1,2,3,...,n mod (n + 1).

As mentioned before it will be assumed that multi-particle states can be eigenstates

of the local operators as well. For a two-particle state this means that

Qplpa, po) = (gBeP% + qfeP®)|pa, py).

As mentioned in the beginning there are no mass degenerate multiplets therefore the
two-particle S-matrix is a mere phase for real 6, and and depends on the coupling
constant 8 and the rapidity difference 6, only. A two-particle scattering is described
by
[Pas Po)in = Sab(0ab)|Pas Pb)out -
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Fig. 1.6: Scattering of ab — cd in the s-channel and ad — bc in the t-channel

For a two-particle process there are two channels corresponding to the Mandelstam
variables s and ¢ to describe the scattering (see fig. (1.6)). The Mandelstam variable
s is

s = (pa+ pp)? = mE + mE + 2mamy cosh gy

The rapidity difference can therefore be expressed in terms of the Mandelstam vari-

able s [58]

2 2
1S—mi—m
0. = cosh R

2mamy,

Analytical continuation of s gives two square root branch cuts at (mq 4+ mp)%. In

this notation the s channel corresponds to Iméfy, = 0, Refy, > 0 and the t-channel

to Iméf,, = 7, Refy, < 0.

________________ T SN
]
physical strip \bound states
\/\, / r‘ s-channel
0 Re(0)

unphysical slri;\/\/.l
[

-
]

Fig. 1.7: The s and t channel and bound states in the complex 8 plane
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Poles of the S-matrix corresponding to bound states lie in the physical strip, 0 <
Imbsp < 7 (see fig. (1.7)). The S-matrix is a meromorphic function in 84, and has

to fulfil the following two requirements for all 6,

Unitarity: For any two particle process the probability resulting in a final state

is one

Sab(eab)sab(_aab) =1

Crossing: For non self-conjugate particles a,b the transformation 84, — 17 — 0y,

implies the condition

Sab(i7r - 601)) = Sb&(aab)-

This corresponds to saying the S-matrix is invariant under a change from the s
to the ¢ channel. A change from s to ¢ corresponds to a change from 6 to im — 6.

For self-conjugate particles the S-matrix is crossing symmetric.

These two conditions imply that the S-matrix is a 27t periodic function in the ra-

pidity f,,. This fact will be used to express it in terms of trigonometric functions

[22).

A two-particle state may be dominated by a one-particle state [pz) which is also part

of the conjectured particle spectrum

Qslpa, o) ~ Qslpe)-
Then the charges have to fulfil
GPePle 4 PPt = (LePbe (1.26)

This does not occur for any stable state ¢ if the rapidity difference between the
the two particles is real, 0, = 6, -- 8, € I[R. The conserved charges for s = +1

correspond to the energy-momentum which has the consequence that (1.26) implies
m2 = m2 4+ mf + 2mamy cosh Ogp = m2 4+ mf + 2mamy cos 165, (1.27)

This looks very similar to equation (1.22) encountered in the discussion of the clas-

sical mass spectrum which explains the expression fusing angle for 65, introduced
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there. Also, (1.27) implies that for imaginary 6, the mass of m. is smaller than that
of m4 + myp. Using the notation éf]b = 1 — ¢S, the rapidities §, and 8, can be written

as

Oa == 05 - iégb, 01, = 05 + Z.égc.

If the vacuum state dominates an anti-particle state and the rapidity difference is

Oua = 7 then it follows from (1.26) that

G = (-1)P*1gk.

Therefore particles and anti particles are only distinguished by even spin charges.

Also, theories with odd spins will only contain self-conjugate particles.

Since the Yang-Baxter equation (1.25) can not help to determine S-matrices one has
to rely on the bootstrap principle to find consistency relations for the S-matrices.
If the coupling constant of three particles a, b, ¢ does not vanish, C%¢ #£ 0, the
particles a and b can fuse to form the bound state ¢. There are two ways in which a

fourth particle d can scatter with these three particles.

[g]]

Fig. 1.8: Bootstrap principle

Due to the factorisation the S-matrix has to be the same in both cases (fig. (1.7))
Sae(©) = Sua(© — i65.)Sas(© + i65,) (1.28)

where © = 0; — 0y is the relative rapidity of ¢ and d [64]. For a two-particle state

a and @ and a relative rapidity 7 this agrees with the crossing relation. Using the
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crossing relation the bootstrap equ@tion can be written as
Saa(© + 0. + i05.) Sac(O + 165,)Sa(0) = 1
which is a product version of the charge bootstrap following from (1.27)
¢ eip(ef;cwgc) +qP eiPbhe o &4 =1

The relation (1.28) and knowledge of classical couplings and fusion angles is enough

to determine the S-matrix given a reasonable ansatz for all simply-laced theories.

1.4.2.2 Explicit formulae for the S-matrices

An element of the S-matrix ought to be unity for vanishing coupling § — 0. For
B3 # 0 fixed poles indicating the fusing should be the only poles and they should be
situated in the physical strip. This follows from the assumption that the classical
mass spectrum is complete and the quantum theory has no new masses. So, the
S-matrix has to contain some travelling zeros in the physical strip which cancel the
fixed ones for 8 = 0. Unitarity requires each of the zeros to have an accompanying
pole in the unphysical strip for non-vanishing coupling. Also, the S-matrix should
exhibit a symmetry under § — %’T because it has been seen before (1.7) that the
conformal Toda field theory has this symmetry after quantisation. It is useful to

introduce a so-called block notation which allows one to write the S-matrices as

factors
) 0 mxy . 6 mx
(z)g = (z) = sinh (5 + %)/smh (—2— — E) (1.29)
A crossing symmetric block is
(2] = (2)(h — o)
Some of the properties these blocks fulfil are
(0) =1, (h)=-1, (=2)=(2)7}, (z)=(z£2h)
| (1.30)
(®)g4i52(2)g_izy = (& +y)o(z — y)s.
A combination of fixed poles and travelling zeros may be written as
(z—1)(z+1) .
={z} = . 1.31
=) = o T BB (131)
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In this equation B is a coupling dependent function

g (1.32)

1
B=—
271 + 4

3

k=

Then {z} is unity for vanishing coupling and symmetric under 8 — %’ since B(fB) =
2 - B(%’). Though in principle other functions for B(f) satisfying the constraints
for (1.32) when 8 — 0,00 may be chosen, (1.32) is the usual choice which was first
suggested by Arinshtein, Fateev and Zamolodchikov [15] for ag,l) by comparison with
the sine/sinh-Gordon model [58] .

(1)

The bootstrap allows one to find the S-matrices for the a3’ theory as follows. The
Coxeter. number is 3 and the two particles in the theory are conjugate to each other
1 = 2. The fusing angles (p. 19) are 0}, = 0%, = '27” So, S11 needs a fixed pole at
%—", i.e. (2) describes the pole correctly. and a crossing symmetric S-matrix is given

by
S11 = S99 = {1}

Now the bootstrap (1.28) requires that

2 2;
Si2 =Sy = S1(0 - 1—371)511(@ n z%)

which implies

S12 = {2}

This expression has a zero at —% and a pole at .
p 3 ! 3

The S-matrices for all self-dual theories can be written down in closed form [22].

(1)

For example the S-matrices of the ap,’ theories can be written as

a+b—1

Saw= ][ {=z}.

z=la-b|+1,
step?2

Also, it is possible to express the S-matrices of the simply-laced series in terms of
the root system of the underlying Lie-algebra [26]. For this one has to divide the

indices of the roots of ay, into two sets of mutually orthogonal roots

e={1,...,k} and o={k+1,...,n}.
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The Weyl reflection w; associated with a certain simple root «;

Ty
wi(z) =2 -2 rzla,'
1

defines a Coxeter element w
W= WeWo = W] ... WEW11 -..Wn

which is of order h, the Coxeter number of the algebra. A basis for the orbits of the

Coxeter elements are the root vectors
@i = WpWn—) ... wit+1(;).

Then it is possible to write the S-matrix as

/\a'W_Pd)b

A (1.33)

Sab = 12[ {2P + 1+ 6ab}

p=1

where €. = €4¢ = 0 and €ge = —€oo = 1. The "+” index means that because all
blocks are accounted for by traversing the positive part of the orbit of ®; only, for an
extension of the product to the whole Coxeter orbit the numerator of the blocks are

reconstructed by the positive part of the orbit and the denominator by the negative

part.

To lower orders S-matrices have been checked by perturbation theory [25,29,30,65].
Also the quantum mechanical mass corrections of simply laced theories have been
calculated and it was found that there is a universal renormalisation factor [29-31].
For the non-simply laced theories analytical investigations were done by Delius et
al. [63]. Also, the mass ratios for one specific pair of non-self dual algebras has been
tested numerically supplying evidence that the masses for these theories depend on

the coupling constant as Delius suggested [66].

1.5 Affine Toda field theory with imaginary coupling

For affine Toda field theory with real coupling all solutions have been real and without

singularities so far. This allowed one to interpret them as particles of the theory.
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Also, the only real constant solution is & = 0 which is usually called the vacuum

state.

If one allows complex solutions for the equations of motion (1.11) the picture changes.

Instead of one constant solution there are infinitely many

o = %w with w € A*

where A* is the co-root lattice. These solutions all have zero energy and all of them
have the right to be called vacuum states. Usually the equations of motion of the
theory allowing complex solutions are written with an imaginary coupling constant,

i.e. #—ifin (1.10) and (1.11) [35]

- _a 8% (2, 1)04 D%z i Z iBari-®(z1) (1.34)

and
m

e o) 135
72 (1.35)

0,0 (z, 1) =

Then the constant solution are

2
o = —ﬂ% with w € A" (1.36)

Soliton solutions are non-constant solutions which interpolate between these constant
field configurations. It is instructive to study what happens to the sinh-Gordon
equation (1.13) under a change in the coupling constant. Changing 8 — 0 in (1.13)

one gets the sine-Gordon equation

0,0"Q(z,t) = —%2- 4 sinfP(z,t). (1.37)
It is well known that the sine-Gordon equation has multi-soliton solutions. However,
there is one significant difference between the solution of the sine-Gordon equation
(1.37) and the equations of motion of the general case (1.35). The solution of (1.37)
are real whereas the solutions to (1.35) are complex. But as Hollowood [35] has
pointed out for the at theories, though the energy density of solutions to (1.35)
is in general complex their energy-momentum is real. Using an algebraic method

Olive et al. [45,67] were able to show that this true in the general case. This
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algebraic approach is a generalisatioﬁ o; the Leznov-Saveliev solution [13] of the
conformal Toda theory which has been discussed by Mansfield [68]. Hollowood [35]
also mentioned that the masses of solitons and particles are proportional in the case
of al’). Later Olive et al. showed that this is true for other algebras as well [45].
Like masses of particles the masses of solitons can be associated to nodes of the
Dynkin diagram. One important difference between solitons and particles is that a
soliton with one specific mass may have several topological charges. This introduces
a mass degeneracy of the theory which makes the quantisation, i.e. the finding of
S-matrices, different from the approach taken for the real coupling theory because
the Yang-Baxter equation (1.25) is not trivially fulfilled. A problem of the quantum
theory is however that the complex solutions give rise to a classical Hamiltonian
which is not positive definite. Consequently the quantum theory of these theories is
non-unitary and the interpretation of the soliton solutions is unclear. Still, as pointed
out in the beginning, theories with imaginary coupling are related to conformal field

theories. So is, for instance, the theory associated with eg and 3% = —% corresponds

(eI

to a conformal field theory with central charge ¢ =

1.5.1 Hirota’s Method

Soliton solutions can be found with Hirota’s method [35-40,50,51]. Other approaches
are Backlund transformations [70] and the algebraic approach [45,67]. The main idea
of Hirota’s method [69] is to change the variables of the equations of motion to an
equation of “Hirota bi-linear type”. To get an idea for an ansatz to achieve a correct
change of variables one follows the lines of the calculations for Toda lattice equations
(where @ depends on “¢” only and not on “z”). The ansatz is

1
—— Z njo; log ; (1.38)

O(z,t) = 7
7=0

where n; = 2/01? [37). Then the equations of motion (1.35) turn into the following

expression

Where the P;’s are given as

.

2 20 12 2y 2 2. 2 o . i

217 Py = (n;(D{ — D)} —2m ”J'TJ‘<HT '7"“‘”]—#1) =0, 7=0,...,
k=0
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where 1 is an arbitrary parameter. The operators D, and D, are Hirota’s bilinear

operators and are defined as

t=¢t'

m 7] a\"[ 0 o\"
D2y oot ) = (3= 55) (51~ 25) 100600

In general the coefficient P; = pjn; for some constant uz. In order for the Hirota

equation to hold for the lowest order of ¢ one needs p1 — p2 = 0 which implies P; = 0

(¥ — i} =i+ ) - 2m'3nmz( [T romeses ~ 1) =0, j=0,...,m (1.39)
k=0

This formula holds for any affine Toda field theory. To find a solution one expands

7; in powers of an arbitrary parameter €
=1+ 55—1) exp(@) - € + 5;2) exp(2¢) - €2+ ... + Jgpj) exp(p;@) - i

where ¢ = o(z — vt) + £ and 5;“, 1 <k <p;and o, v and € are constant defining
the shape, velocity and topological charge of the soliton. Introducing the eigenvalues
A of the matrix product NC with N = diag(Ng,n1,...,n,) and (Cij) = a; - aj 0, v
and m are related as

o?(1 —v?) = m?,
Thus, there are different 7 functions for each A. Furthermore p;, n; and n; are
related by

71077]'[)]‘ = nj?]()p().

This constitutes a generalisation of the work by Hollowood [35] and more details can

be found in [36,38].

1.5.2 Examples
1.5.2.1 a8

As before the Lie algebra data isng =2, n1 =1, ag = —71—;, ai = V2. In addition
one needs 9 =4, m1 = 1 and pg = 1, p; = 2 and finally A = 3. The equations (1.39)

yield the following two equations

- : " 2 2
(T()T()—TOZ—TOT()-{—TO )-—7712(T1 TO) =0
.. . : 2 2
T17T1 — 712 — 7'1”7'1 + T{Z - 2171.‘(761 — 7'{) = 0.
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These are solved by the 7 functions
70 =14 ¢? and T :1:{:46¢+62¢
where ¢ = \/?_)\/%-(a: — vt). So, the solution can be written as

1L
o, = ——Zma,' In 7;
fiz

\/i T \/5 12{24e¢+62¢’

==Yl

[ Jé) (1 +e?)?

(1.40)

This solution to (1.14) will be used in the next chapter for the static background

(2)

solution of the a;”" theory.

1.5.2.2 o)

Assuming that (1.39) decouples one can rewrite it for the ol case as

g -2 "_. 2 _ 2 . . 2 -
T = T =TT+ T = mA(Tm T — T 7=0,1,...,n,

The index 7 is modulo the Coxeter number h = n + 1. The one soliton solution can

be written as

T](a) =1+ exp[Qq + pa + 1504, (1.41)
where,
. 27a
Qq = g4z — uat), Pa = Na + 1€a, O, = 5 (1.42)
Oa,Ua,a,Ea € IR. The parameter o4 and the velocity u, are related by
o2(1 — u?) = 4m? sin’ %. (1.43)

There are n species of single soliton solutions with a certain number of topological
charges each for an affine Toda field theory corresponding to ale). The superscript
of 7% indicates to which species it corresponds. Sometimes it is useful to write

j
7-functions in terms of “light-cone”-coordinates, z4 = \/Li(t + ), the quantity

can be written as

Oy =68z, —6Ha_,

a
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with,
1
6gi) = —0a4(1 + ug).

V2
As well as one soliton solutions multi-soliton solutions can be achieved with Hirota’s

a)

method. An N soliton solution is obtained by setting tg- = 0 in the expansion of 7;

for N <a

N
— a,(a)
= Z € t]-
a=0
The two-soliton solution may be written as

() — 14 explQa -+ pa+i70a] +exp[Qy+pp+ii0b) + Ay expls +p4 +ij04] (1.44)
where Q4 = Qu+Qy, p+ = pa+pp and 04 = 0,405, which can be compactly written
as,

ab a b b
e R S DI TN (L D oS )

J
A(ap) is the interaction coefficient of the two solitons T](»a)

o)

and 7 This phrase
suggests that the two-soliton solution TJ(-ab) can be thought of being constructed from

the two single-soliton solutions [35]. The interaction coefficient is given by

(0a — 0b)% — (Catta — opup)? — 4m? sin?(

( R
Agpy = — . 1.45
(ab) (0 + 0p)? — (0auq + opup)? — 4m? sinZ(%(a + b)) (1.45a)
n(a—b ( a m{a=b)
in ($ + 78 i (5 - ) e
sin ( + lath) ;Zb ) sin (21 a+b )

In (1.45b) the rapidity difference © = ©4 — O, with us = tanh O, was introduced.
For details of the construction of soliton solutions of more than two solitons see
[35]. It is worth noticing that the general N-soliton solution depends on two-soliton

interaction coefficients only. For example the T-function of the three-soliton solution

is given by
: (a) (6) o) ol ) () g®) (a) el
=1+ ¢e% +e% te O 4 Age® % +Acbe®1 %+ Aaceq)f e®i
J ab
ol 5® 5©

+ AabAbcAace J e J e,

where Agp is the interaction coefficient in (1.45 )and @gk) = O + pi. +170k. This
is somewhat reminiscent of the situation for the S-matrix of affine Toda field theory

with real coupling which factories into two-particle S-matrices.
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1.5.3 Energy

As mentioned before, the energy-momentum tensor of soliton solutions is complex,
but the energy is still real. An elegant method to see this for single and multi soliton
solutions was described in [45]. Following this paper the energy-momentum tensor

can be written as

Tpu = (77;11/62 - 8;161/)0- (146)

Alternatively (1.46) can be expressed in light-cone components as

T+_ = 8+8_C, (147(&)
Tiy = —02C. (1.47b)

T4 is the trace of the energy-momentum tensor (1.46) and (1.47 )can be written as

Iy 2 N

9*C = — ;; Z (e'ﬂaf";S - 1) )
=

=0
The function C can be determined up to a constant using the one-soliton solution
9 n
A .
C = e > lny.
7=0
Because the mass £ and the momentum P densities are given by components of the

energy-momentum tensor, £ = Too and P = Tip, the mass of the soliton can be

calculated as follows. Consider the light-cone energy-momentum density

pr_EXP

b

=

which tells one with the help of (1.46) that
P* = (-04C)3% oo P~ = (0_C)2_,.

To evaluate the limits one has to look at the single soliton solution for which

(a)

9 M oF(r -1

0:C =F— ——"< ! )
ﬁ~ 7=0 ‘r](a)
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a

{a)
T, =1
The ratios ij-(—y—) vanish in the limit @ — —oo and tend to 1 for  — oo. Using
T

J
(1.43) and writing the rapidity of the soliton as ©q = 3 In (%—":’%ﬁ) allows to write the

energy-momentum tensor of a single soliton as

I a
pt = %;;sin (%) e¥Oa,

L

Therefore its mass is

2
M2 =2pPtpP = (‘“ﬁ” sin (9—>) .
A2 2

Apparently the mass of a species a soliton is proportional to the mass of the funda-

mental Toda particle of a,(ll) affine Toda field theory, mg = 2m sin(%"), as mentioned

before.

A similar calculation for multi-soliton solutions can be done and in the special case

of two solitons of species a and b the result for the energy-momentum tensor is
V2PE = M,eTOs + Mye™os. (1.48)

In [35,37] it was shown that solitons of the species a carry topological charges which
lie in the highest weight representation of the at? fundamental weight of the an
algebra. Therefore it is natural to associate the species of the soliton with the nodes

of the Dynkin diagram of the associated Lie algebra ay.

1.5.4 Topological Charges

In the soliton solutions of the complex affine Toda field equations, the topological

(1)

charge is a conserved quantity of zero spin. For the an’ series, topological charges

of the single and multi-soliton solutions have been calculated [37] .

The topological charge ¢ of a solution ¢ is defined by
q= ﬁ/w Oopdz = 2 lim (6(2,1) - ¢~z 1)). (1.49)
2m J-oo 2 x—¥00 ’ ’

Writing the solution ¢ in terms of the breather 7-functions, defining f; = —% for

j =1...n and making use of the definition of the logarithm of a complex number,
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(1.49) can be recast as

n

¢=-5->a; lim [In]£5(e, ) = In | f;(~2,1)]
=1 (1.50)
+ targ(f(a,t)) + 2rk’ — arg(fi(—=,1)) — 2i7rlc"],
where k', k" € . A simplification of (1.50) results from the fact that
lim |fj(z,t)] =1,
|z}—o0
thus
1 & )
¢=-5- N-T Jim [arg(f]'(:c,t)) —arg(f;(—z,t)) + 27r/c] (1.51)
i=1

with & = k' — k. The number k determines the curve f; in the complex plane,
and in particular, how often and in what direction it winds around the origin. The
topological charge is therefore determined by the change in the argument of f; as |z|

goes to infinity.

For the a,(ll) theory the following facts are known concerning topological charges

[37]. For the at* single soliton , i.e. the one corresponding to the a-th node of the

Dynkin diagram, there are

_h
ged(a, h)

different topological charges. The “highest topological charge” is

ha =

“a(h— j)modh
tgl) = Z 3 aj.

=0

The general formula for all &4 topological charges is

2, a(h — j)mod h Aol
j= =1J=

Furthermore it can be shown that the topological charges of the a-th single soliton lie
in the a-th fundamental representation. One problem is that the topological charges
fill the fundamental representations for the end nodes only. The construction of
topological charges of multi solitons is relatively straightforward and it turns out that

their topological charges is the sum of the topological charges of their constituent

solitons.
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Chapter 11

Boundaries in Affine Toda Field Theory

2.1 Field Theories on a half Line

Studies of two dimensional field theories have been focussed on those defined on the
full line, 27 = = € IR, zg = t € IR. These theories are often called bulk theories.
Since many physical systems are finite in their spatial dimensions it is interesting to
study theories which are defined for a finite line or at least for a half line, e.g. = < 0.
Such a theory should take boundary effects into account. In the past few years there
has been progress in the understanding of integrable systems defined on the half-line.
The foundations of this work were laid by Cherednik [71] more than a decade ago.
He formulated an algebraic approach to scattering on a half line, 2 < 0. In terms of
field theory this can be stated as follows. Let D be a dynamical system integrable
on the full-line which implies the factorisability of the S-matrix then the assumption

are

a) When D is restricted to the half-line the particle content (mass spectrum) does

not change;
b) The S-matrices describing the mutual interactions of particles are not changed,

¢) The boundary reflects particles elastically (up to rearrangements of mass degen-

erate particles).

2.1.1 Classical and Quantum Integrability

One of the first theories to receive some attention was the sine-Gordon theory. As
with all other theories there were two main steps. Firstly one had to find out under
which condition the classical theory would be integrable on a half line. Secondly one

had to determine the reflection matrices which describe the influence of the boundary.
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For the Sine-Gordon model both problems were solved by Ghoshal and Zamolod-
chikov [72,73]. They conjectured that the most general boundary potential leaving

the classical theory integrable was

@—@0)

B(®) = ]V[cosﬁ( (2.1)

where M and &g are arbitrary constants and [ is the coupling constant for the

Lagrangian
m2

Lo= %(0,,@)2 - T cos(60)

The entire Lagrangian for the theory on the half line can then be written as
L =0(—z)Lo — §(z)B. (2.2)

This formula for ®¢ = 0 or ®¢ = F has appeared in classical considerations earlier
[74-76]. Later Mclntyre, and Saleur et al. gave a proof of this conjecture indepen-
dently [77,78]. Ghoshal and Zamolodchikov found their conjecture by investigating
under which conditions the first non-trivial integral of motion stays conserved for a
theory with boundary. Generally, one would expect the boundary to harm some of
the infinitely many conserved quantities. The introduction of a boundary destroys,
for example, the translational invariance which means the momentum is no longer
conserved. Also, the topological charge of the soliton solutions is conserved only for

the case M — oo [72,73].

For the second problem, the scattering theory, new relations which generalise
the Yan'g—Baxter equation, crossing unitarity and the bootstrap principle have to
be found. Following Cherednik’s rules outlined above the presence of a boundary
is described by the introduction of reflection matrices 4(6q) for a particle ¢ with

rapidity 04 (ve = tanh g)

la,ga >out= I(a(ea)|a, —0q >in - (2'3)

In general, K,(f) should mix two particles states a and b, but for affine Toda field
theory there will only be one reflection matrix for each particle. For real 8, K has to

fulfil a unitarity condition just like the S-matrix

[\"a(0a)[\’a(—:0a) =1. (24)
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la, 6>

la,—8>
Fig. 2.1: Reflection of a particle on a boundary

Cherednik [71] found the generalisation of the Yang-Baxter equation, the reflection

Yang-Baxter equation

]\2(02)5(91 + 92)[\"1(01)5(01 - 92) = 5(01 - 92)[\/1(91)5(91 + 92)[\"2(02). (2.

oo
(&3}
~—

Fig. 2.2: The boundary Yang-Baxter equation

The Yang-Baxter equation can be understood and analysed with the help of quantum
groups. Sasaki mentions that the reflection Yang-Baxter equation can be treated in
terms of the reflection equation algebra which is related and inherits a lot properties
from quantum groups (references in [79]). Equation (2.5) has no consequences for
affine Toda field theory because the K and S-matrices of this theory are diagonal.
More important is the crossing unitarity condition found by Ghoshal and Zamolod-
chikov [72,73]

Ko(0)Ka(0 — im) = Saa(20) = Sea(20) (2.6)
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and the reflection bootstrap equation found by Fring and Koberle [80,81]

Ko(0) = Kqa(0 + i0%.) K (0 + 168.) S0 (20 + 305, — 05.), (2.7)

Fig. 2.3: The reflection bootstrap

where the angles 8, are the fusing angles discussed in the context of S-matrices
earlier. If the reflection boundary equation applies (an exception is for instance agl))
the crossing condition (2.6) is a consequence of (2.7) when all fusings are taken into
account as pointed out by Sasaki [79]. But solutions of (2.6) do not necessarily
solve (2.7). Also, Sasaki points out that is is easy to generate more solutions to
the bootstrap equations once a single solution is known. Compare for instance the

bootstrap equation for the S-matrix and the one for the reflection matrix

Sea = Sad(0 + i05c)Sba (0 — i65,)
Ko(0) = Ka(0 +165,) Ky (8 — 16%) Sap(20 + 105, — i05,).

Assuming K.(8) is a solution it follows that
K(0) = Ko(0)(Sca(0)™ (2.8)

is a solution as well for arbitrary d. Assuming the CPT invariance of the S-matrix

survives in the half-line theory there is another possible solution

K4(0) = Ka(0).
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Similarly
K,

a

(0) = Kq(0 — im) = Saa(20)/ Ka(0). (2.9)

follows from the crossing condition (2.6). Finlly Sasaki mentions the reflection matrix

I(a(a) =V Saa(za)

formally satisfies the the reflection boostrap equation. But Sasaki does not make fur-

chosen as

ther use of the equations ((2.8) and following) and considers meromorphic solutions

only.

2.2 Reflection matrices for affine Toda field theory

Assuming the integrability of the quantum theory and the known exact S-matrices,
Fring and Koberle [80,81] and Sasaki have worked out reflection matrices for the
ade series of affine Toda field theory with real coupling. Sasaki gives examples
for some algebras whereas Fring and Kéberle give general formulae and in the later
publication they give examples for some non-simply laced algebras. Sasaki introduces
a new block notation for the reflection matrices similar to the one for S-matrices.

Using (z) defined in (1.29) define [z] as

~—

+ |+

B [0 ]
|

|

8|8

The S-matrix block at 20 can be expressed as

T T
[h—2/2]s [h—2a/2]

Now it is worthwhile to look briefly at two of the examples given by Sasaki.

a(ll) . As mentioned earlier the three point coupling for the only, neutral, particle
of this theory vanishes which means that the reflection bootstrap equation (2.7) is
void. But the crossing unitarity equation (2.6) gives rise to the following reflection

matrices assuming a minimality of the number of poles

K1(0) = [1/2] or [3/2]7! for S11 = [1/2)[3/2].
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agl) : This theory is the first in the afll) series where the reflection bootstrap will

be used. The theory has two particles 1,2 with 1 = 2 and h = 3. The reflection

bootstrap equation (2.7) are

Ka(6) = K0(0 + i) K2 (0= i5)Su(20)
K1(8) = Ky (0 + iz

3)K2(0 — i5)Sn(20)

The S-matrix of this theory is S11(26) = [1/2}/[5/2]. One obvious solution with two

poles and zeros is
Ky =1, Ko(0) = S511(20) or 1(0) = S11(20), Ky = 1.
Another solution with six poles and zeros is
Ky = Ky =[1/2)[3/2) or [3/2)[5/2]}

which are related by (2.9).

Sasaki gives far more examples but instead of listing all of them one might rather

compare the agl) result with that of Fring and Koberle [80,81). They generate their

solutions from the reflection bootstrap equation (2.7) as well. In their notation they

are looking for a wall matrix W; which is K in the above notation. Amongst others
they give a formula for reflection matrices of the a,(ll) series
()

Wi(0) = [T Wasov(t)-2u(i) (0)- (2.10)
=1

Here some new notation has to be introduced

i i</ (i iodd
“(’)_{h—z‘ i > [h/2) ’V(Z)_{Hh i even

o w—g(Q)w_15(0) . :
Wa(6) = w1-z—B(0)w_1_g+B(0) [=e/2£h/2]

and finally

wx(ﬂ):—( .
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For the case (Lgl) one has the following data x(1) = g(2) = 1 and the resulting

matrices due to the + sign are
Wy =W,y =[-5/2] or [1/2].

These two factors do not obey the reflection bootstrap (2.7). Only their coupling
independent factors satisfy this equation. Fring and Koéberle call this the minimal
theory. For agl) the reflection coefficients coincide with those of Sasaki. So, the
formula can be expected to work for ag%n cases only and has not been proven in
the general case. Recently, Kim [82] has conjectured a general formula for the the
reflection matrices he calculated perturbatively in terms of the root system similar
to the notation which can be used to write the S-matrix (1.33). He derives a matrix

Ja(6) which is essentially the reflection matrix

Ja(8) = K4(8)/1/S4a(20).

With the definition of ¢, = 1 and ¢, = 0 the matrix J,(8) is given by

h—1
1 -
Jo(0) = T2 + = + )2 Rav™"00), (2.11)
p=0 2
The factor % is probably given because the sum is over all orbits not just the positive

ones as in (1.33). Since both (2.10) and (2.11) are products it might be interesting

to investigate whether (2.11) is in some way the “correct” version of (2.10).

2.2.1 Missing Link

So far only the solutions to the reflecton bootstrap equation correspond in the clas-
sical limit to only one type of boundary condition, the natural Neumann condition
[83,84]. But affine Toda field theories allow classically non-trivial boundary condi-
tions (see next section). It is unclear how their reflection coefficients for non-trivial
boundary conditions of the classical theories correspond to reflection matrices in the
quantum .theory. Also, there is no way to say why one should prefer one solution to

the reflection bootstrap equation to the other.

In the weak coupling limit, the classical regime, 8 — 0, the S-matrix becomes the

unit matrix and (2.7) transforms to the classical reflection bootstrap equation

1‘/(00) = [\/(0_0)[\/(01,) (2-12)
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where 0, = 0. —i0%., ), = 0, + 0% (0 = m—0). The rapidities correspond to particle
fusions ab — ¢, i.e O, has to be a pole of the S-matrix. In the context of integrable
boundary conditions for the classical affine Toda field theory [85-88] it was discovered
that solutions to (2.12) can be found from reflection factors. This will be discussed
in the following section. From the solutions of (2.12) one can construct solution of

(2.7) which have a dependence on the boundary potential.

For the affine Toda field theory with natural Neumann boundary conditions reflection
matrices have been worked out perturbatively by Kim [83,84]). Again some of these
coincide with the ones found by Sasaki. As already mentioned, recently it turned
out that these solutions can be written in terms of the root system (2.11) similar to

S-matrices (1.33) [82).

2.3 Boundary conditions for affine Toda field theory

Integrable boundary conditions for the a,(ll) series affine Toda field theory have been
conjectured first in [85]. In a later publication [86] this conjecture was generalised
to all simply laced theories. The Lagrangian £ of affine Toda theory on the half line
differs from affine Toda theory (1.10) on the full line. The Lagrangian for the half
line theory is given by (2.2)

L =0(—z)C - §()B.

The boundary potential B depends on the fields ¢(x,t) but not their derivatives.

Therefore the equations of motion are (1.11)

m2 r
08 9(a,t) = == 3_ miceP A=

1=0
with the restriction z < 0 and
oB 4 _
Fela = g =~ e 213
The generic form for B is
Z Ajezoi (2.14)
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with A; € IR, which generalises (2.1). Except for agl) the coefficients A; are con-

strained for all non-simply laced algebras by
2yn; fori=1...n

Al = {0\/—1 for ¢ = 1...n (natural Neumann condition). (2.15)
“The sinh-Gordon theory is an exception which allows an continuous deformation of
any boundary condition to those of the natural Neumann conditions. This theory will
be discussed in some detail later. The conjecture (2.15) was subsequently proved
[87] by finding a Lax-pair representation of the boundary problem. Also, it was
shown that a more general boundary condition that includes time derivatives leads
to even stricter conditions on the boundary potential [88]. One should note here
that the a,(ll) theory is special in the sense that it allows the solution ¢ = 0 for non-
trivial symmetric boundary conditions. Other theories only allow this for the natural

Neumann condition.

2.3.1 Evidence and Proof of classical Integrability

(1

Initially the above result for the boundary potential was found for a ) by looking at
spin +2 charges of the half-line theory [85]. Similar calculations had been done for
the full line before {62,63]. A general formula for the spin 3 densities on the whole

line using light-cone coordinates (z* = (2° £ 21)/v/2) is
1 . .
Ty3 = §Aabcai¢a0i¢b0i¢c + Bay03 a0z P

where the coefficients Agpe are completely symmetric and the coefficients By com-
pletely anti-symmetric. The spin +3 density corresponds to a spin +2 charge. To

construct conserved quantities the densities have to satisfy
0+T43 = 0:041

where ©41 can be calculated to be

1 1%
O41 = ~5 aba:tf,pa%
with the constraint
av 9%V 9%V

0.

Aa C T~ 7 + Ba P '{" Bac =
“0ga L Obade Dbadeby
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Further examination shows that in the case of (szl) that the charge

0
P, = / de'(Tp3 — 041 + T3~ O_1) — £y

—00

is conserved on the half line if the boundary potential is chosen as
B = _7% z": Aic?!%a"'d>
S
with either all A; =0 or A? = 4. The boundary contribution in this case
2y = ~V2BudodaBy.

The next higher charge does not reveal any new restrictions but exactly the same
[86]. For the V) theory one finds conditions leading to (2.15) by investigating spin
+3 charges and for eél) one has to look at spin £4 charges. For a full list of boundary

conditions see [89].

However, this approach does not prove that the theory is integrable at all as one needs
the conservation of infinitely many quantities which are involution. This problem was
solved in [87]. A Lax-pair representation is given and it is shown that (2.15) is the
most general boundary condition guaranteeing the integrability of affine Toda field
theory with real coupling for the ade series with the exception of the sinh-Gordon

theory.

2.3.2 Solutions for the (classical) reflection Bootstrap Equation

In this section reflection factors satisfying the classical bootstrap equation (2.12)
will be presented. Also, they will be shown to be classical limits of solutions to the

reflection bootstrap equation(2.7). The calculations can be found in [86,87].

2.8.2.1 Symmetric Boundary Conditions

With the restrictions (2.15) the equations of motion for affine Toda field theory on

the half line are
m? .
9%¢ = —-ﬂ— Zniageﬂa"d’ 7t <0,
- =0 , (2.16)
o =—— Z Aja; 7% 2l = 0.
2'8 1=0
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The total energy of a solution to the half-line affine Toda field theory is given by
0
B=[ o+

where
m

(¢ +¢7)+ o5 Z faid
If zero energy solutions exist, bound states are allowed for B < 0 as the total energy
would be negative and could be trapped as a small oscillation. The solution ¢ can

be written as an expansion in the coupling constant 3

o0
o= B (2.17)
1=-—1
It is necessary to start the expansion at ¢+ = —1 because the right hand side of the
boundary condition in (2.16) might not be zero for the $~! contribution. Now it is
possible to expand the equations of motions (2.16) and for the first two terms they
are

(-1)
92V = —m? Zn aiei? 2t <0,
1=0 (

n
81¢(—1) — _% Z Aiaie%a,'.(ﬁ(-l) IIZl — 07
1=0

[
p—
o)
~—

90 = —m’ Zn ;e i'¢(0) 2! <0,
31¢(0) = —%;Aiaieéa"d)(—l a; -d)(o-) ! = 0.

As remarked before the af,l) case (2.18) has the solution ¢(-1) = 0 for symmetric
boundary conditions, i.e. A; = A for all i = 0,...,n where A € {2,-2,0}. This
represents a static “ground-state” solution of lowest energy and a quantum theory
could be constructed in terms of perturbations around this basic solution. If -1 =
0 is not a possibility one might still be able to find a static solution of least energy
which woﬁld serve as an effective potential for the solution of (2.19). This will be

(1)

the case for asymmetric boundary conditions of the a;’ theory.

The solution of (2.19) is, in terms of the eigenvectors pq of the mass matrix M>

n
8O = 3" po(Rae™Pe" 4 [eiPo? )emivar’

a=1
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where

2 2 . . a2 2 2 _ .2
M<p, =m Za, Q@ aipa = MyPa, Wy — Py = M.

The reflection factor is given by the ratio

. 2
Ky = Ha _ ot Amg/dm (2.20)

Ia  ipa — Am2/4m

For the boundary condition A = 0 the reflection factor is 1. For the cases A® = 4

the reflection factor has poles at

Am?
Pa = —1

dm

The masses of the aﬁ,” affine Toda field theory are m, = 2m sin(n“fl). For the

boundary condition A; = —2 the potential (2.14) is negative and allows bound states

with the masses given by

2am )

2 2 .
w; = m”sin (
n+1

for the a-th channel. The corresponding solution to the linear problem decays expo-
nentially away from the boundary as 2! — —oo. For n even the masses are doubly

degenerate, whereas for n odd there is a four-fold degeneracy and w,41y/2 = 0.

2.3.2.2 A connection between solutions of the classical and quantum reflection boot-

strap equation

To keep things simple consider the agl) theory whose two conjugate particles have

the masses

my = mg = V3m.

In the block notation introduced earlier (1.29) the reflection factor for the negative
boundary condition can be written as
_ip— 3m

K, = - 2
o+

o
QW)
st
~—

= —(1)(2), with p=+/3msinhé. (2.
One of the S-matrices of this theory is $11(0) = ﬁ%—LB) Now, one should observe

that the boundary conditions do not distinguish between the two particles. So the

reflection matrices should be the same for both particles. Also, it has just been shown
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that the classical reflection factor has a simple pole at § = ¢7/3. In the full line theory
the quantum particle spectrum of the simply laced theories is essentially the same as
the classical one. Assuming the same happens for the half-line a “minimal” solution

for a reflection matrix solving (2.7) and (2.6) is

ol

KO(0) = K(0) = -(i)(—(QJ;—). (2.22)

The classical limit for this matrix is the reflection factor (2.21). So in contrast to

ol

the solution of Fring and Kéberle [80,81]and Sasaki [79]this reflection matrix is not
the unit matrix in the classical limit. Also, note that the expression (2.22) is not

invariant under the weak strong coupling transformation 8 — 4‘7" like the S-matrix.

(1)

A further discussion of this case and generalisation of (2.22) for an ' can be found in

[85,86]. Also, it is worth mentioning that the reflection factor for A; = 2 is

Ka(0) = %w) = —(-1)(-2).

The reflection matrix is expected to have no bound states since there are no classical
bound states because B > 0 and a quick check shows that a solution fulfilling the

reflection bootstrap (2.7) and the classical limit is

ol
tQI | ~—

i900) = i30) = s

2.3.2.8 Asymmetric Boundary Conditions for agl)

For all affine Toda field theories, except aS,l) with symmetrical boundary conditions,

#(=1 = 0 is only a solution for natural Neumann boundary conditions. So, looking at

agl) with asymmetrical boundary conditions might be a place learn some techniques
(2)

which are useful for other theories, especially the a;”’ theory later on (The following

calculation can be found in [86].).

The solution to (2.18) will provide a non-trivial static background potential for the
solution. of the linear scattering problem (2.19). These solutions are related to static
single soliton solutions in the imaginary coupling theory (1.5). Their singularities

will be chosen to lie in the positive real x-axis.
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A choice for asymmetrical boundary conditions is Ay = 2, A» = Ag = —2. With the
ansatz

"V (2,1) = ap(z) = a1p
which is compatible with the boundary condition equation (2.18) turns into the time

independent Bullough-Dodd equation (1.14)

pl=e?—e? 2<0

Integrating this equation once yields the following differential equation
(p')? = € + 27" +3,
which can be used at the boundary = = 0 to give with the second equation in (2.23)
(ef — e_g)2 = e 4277 4 3.

This equation has three solutions for e?/?
-1
ePl? — %
p — oo ,le. asingularity at z = 0.
Only the second solution is without any problems. The relevant solution*® of the
y Y I

Bullough-Dodd equation (p — 0 for z — —o0) is (1.40)

_, _ 1+4E+E* 3/2 Vi(z—z
= =l — N 2.24
(1 — F)* sinh” \/3(1 —xzp)/2 ¢ ( )

The parameter g is determined by the boundary condition and must satisfy 2o > 0

€

because the singularity of (2.24) is otherwise not in the positive half of the z-axis.
The positive solution of

coth® v/3z9/2 = 3
satisfies this condition. Now, one should turn to the equations for #© (2.19). They

are with the choice made for A

2% — =P 0
2.,(0) _ _ 0 .1
7= ( 0 3e—”)¢S 7 (2.25)
1 262p _ e—p/2 0 3/4 0 2.2
© - _Z 0 _ © ,1_g.
e 2 ( 0 —36—0/2) ¢ ( 0 3) o7 v =0

* This solution is similar to the soliton solutions first mentioned by Aratyn et al. [90].
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First the second component of ¢(® will be solved. As in the case with symmetric

boundary conditions the expected form of ¢(¥ is
¢(0) = G_M(I)(a:).

Changing to the variable z = v/3z/2, ®(z) has to satisfy

6

sinh?(z — zp)

®"(z) = (- M+ )(z).

Also, 1t is convenient to set
A% = (4/3)(w® — 3) = (4/3)p> = 4sinh’ 0 (2.26)

A solution to this equation can be written as [91]

)
)
=3

o

O,(z) = (Ll — 2coth(z — zo)) (di — coth(z — zo)>ei’\z (2.

dz | z
and the general solution is then
B() = ady(z) + a' ¥} (2).
The reflection factor can be read off the following expression for ¢ as z - —o0
O 2 a(id + 2)(iA + 1)e™ + a*(=1h + 2)(—ih + 1) = [ 4 Re™,

Which yields (2.20)
K=

R _a' (-2 +2)(=ir+ 1)
[ a (IA+2)ErA+1)

The ratio % is determined by the boundary condition. One needs to work out the

values of ®1(0) and ¢’ (0)

This has to fulfil (2.25) and therefore

a((iM)® + V33N — 4(5A) — 4V3) + c.c. = a(id + V3)((1))? —4) + c.c. = 0
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implying that the ratio is
@ iIA+V3

a A —3

Remembering (2.26) the reflection coefficient can be written with A = 2s

is+V3/2 is—1 is —1/2
is—V3/2 is+1 is+1/2

K=

In the usual block notation (1.29) this is

. (1/2)(3/2)%(5/2) .
K= DEE (2.28)

Since (3) = —1 the denominator is the same as in the symmetric boundary case.
Also, K satisfies the classical bootstrap equation (2.12) which implies that the
other channel has to have the same reflection factor. Using the observation that the
denominator is the same in the symmetric case it easy to write an extrapolation of a

coupling dependent refection matrix which satisfies the bootstrap equation and has

(2.28) as its classical limit

3-%)

(1= Ky = 2)? 2l
K1 = Ky = (1/2)(3/2) (5/2)(1_ @)

|t

But this is not the only possibility. For any function C(8) which vanishes for § = 0

there is another reflection matrix

Ky =Ky = (1/2+C)(3/2 - C)(3/2+ C)(5/2—C)

which solves all necessary equations.

One way to check the above calculation is to work out the reflection for the other
channel directly from the equations of motions. As already said, the result should

be the same due to the classical reflection bootstrap equation.

The only difference is the linear approximation in the linear background potential

which has the following form for the second channel

4r

®"(z) = (- A’ + qz)q>,
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where

r=—6E(1—6F+3E®+4E% +3E* - 6E° + E°)
(1+4E + E)(1 - B)?, E =),

)
Il

This time the solution ® takes the form

where X satisfies (2.26) and the general solution of @ is given by (2.27), the function

p depends on A and is up to an overall factor
p= (241 +id) =202 +4)(E + E®) +6(2+ M)E* + (2 —id)(1 — M) E".

For z = 0 the following boundary condition is given by (2.25)

3'(0) = ‘/7‘0—’@(0).

One can calculate the ratio 9&‘— again and finds

ot _A+V3
a  ix—3

Altogether one gets the same result for the reflection factor as in (2.28). It is sur-
prising that the classical reflection factors obtained here obey the classical reflection
(1)

bootstrap (2.12). This is true for other theories, as for example ds”’, as shown in

86).

2.3.2.4 The sinh-Gordon Model

Since this model has boundary conditions with a continuous parameter, as will be
seen has the Bullough-Dodd model, it will be instructive to repeat the analysis in
the context of the method just applied to other Toda models. This discussion can
also be found in [86]. In the disguise of the sine-Gordon model there is already a lot

of information in the literature.
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The static background solution will again be called p = d>(_i):nd it has to satisfy

the equations

p! = —\/‘E(eﬁp - e_‘/ip) z <0

p= —\/?j(ele”/\/§ - 606_'0/\/5) z=0.
Integrating the first equation the boundary equation implies

p = \/§<61e”/‘/§ - ege“’/ﬁ) z<0

1
eﬁ”: o z=0.
1+ €

So, assﬁming €0 > €1 (otherwise shift zop in the solution by i7/2) with cothzg =

}%% the ground state is
V2 — 14 ¢2emz0)
T 1 — e2(z—w0)”

Then the linearised wave equation in this background is

(0)
e —— >¢> z<0
sinh® 2(z — o) (2.30)

81¢(0) = —(¢ep tanh g + € coth :L'o)gb(o) z = 0.

0% = —4(1 +

It is possible to compute the reflection coefficient in terms of the parameters of the
boundary potential. Again write (0} = e*!®(z) which allows one to express the

solution as
®(z) = a(ih — coth(z — 29))e + c.c., A =sinhd,
the ratio a*/a is again determined by the boundary condition. Using the parametri-

sation
€ = cosa;m, |ai| <1, 1=0,1 (2.31)

the reflection factor can be written as
K=—-1Y1+a+a)l—-a+a)l+a-a)l-ea-a) (232

An extension beyond the limits of a; in (2.31) is achieved by a; = a; + 2. The
reflection factor is similar to the reflection matrix given by Ghoshal [72] of the lightest
sine-Gordon breather if one takes a suitable limit for the classical case after analytic

continuation of .
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In this case one can give an example of how to check the stability of the background
potential by examining the energy of the solution o= = [92]. The energy is given
by

= / + (e V2o _ —ﬂp+2)) + AyeP!VE L pge=rol V2,

Using the Bogomolny argument this can be rewritten by replacing the integrand with

(,0' _ \/ﬁ(eﬂ” _ e—ﬁp))z + ﬁp'(eﬁp _ e“ﬁ”),

DN | =

yielding
E> —4+4 (Ao +2)e=/V2 4 (A) +2)er/ V2,
So, provided Ap and A; are at least —2, the energy is bounded below which indicates

a stability of the solution.

2.4 Reflection factors of «!” theory

In this section reflection factors for the a( ) theor y will calculated [93] along the lines
of the previous section [86]. This theory is the simplest example for the self-dual
non-simply laced theories. Though the calculation will be similar to the one for agl)
there will be a difference in the boundary condition which allows in this case a con-
tinuous parameter. Therefore it is continuously connected to the Neumann boundary

condition. Both Fring and Kéberle [80] and Kim [83] give reflection matrices for this

model and they will compared with the results presented here.

The bulk theory has been met before (1.14) in the first chapter and for m? = 2 and
§ = /2 the Lagrangian is

= -a 0P — (e2Hh) 4 2ememt) — 3), (2.33)

The equation of motion is given by
5%4(,1) = —2exp(24(s, 1)) + Zexp(—d(x, 1)) (2.34)

In [87] the boundary condition is given as

B = Ajexp(¢(z,t)) + Ao eXp(— ¢($2’ t)) (2.35)
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With (2.35) the boundary condition is therefore

ald)(l’ t)lz’—‘o =—A GXp((ﬁ(O, t)) + —/? eXD(_ ¢((‘1’ t))’

R N N (2.36)
where Ag(A] —2) = 0.

In [87] this condition is derived from the spin +6 charge, insisting that the combina-
tion Tg — T—_g + O4 — O_4 is a total time derivative in the presence of the boundary

term. Explicit expressions for the densities are
Ti6 = (0:6)° — 5(0:4)°046 + 5(05¢)" + 3(0%)°
and
Ox4 = 'é[‘l(ai(ﬁ)zaiﬁb(—lﬂ/l +6V") +12(056)2V" + (9xg)*(10V" — 6V")]

such that they satisfy
0+T46 = 04044

with
V(g) = % +2e7°.

The approach via the Lax-pair gives the same result. There is, however, a different
approach to the problem of finding integrable boundary conditions [57]. This ap-
proach tries to identify conditions under which symmetries of the equation are still
conserved. However this approach hasn’t been applied to affine Toda field theory in
general. But, in the case of the Bullough-Dodd equation, Habibullin finds the same

condition for the boundary.

2.4.1 Solutions to the classical Reflection Bootstrap Equation

As in the cases discussed before, one way to find potential solutions to the classical
reflection bootstrap is to expand the solution ¢ in powers of the coupling constant
(2.17) and work out reflection factors of the linear approximation in the static back-
ground. For the agQ) the equations of motion (2.18) and (2.19) for the first two terms
are (¢(—1) = ®g and ¢(0) =)

9*®p(z,t) = —2exp(2®o(z,t)) + 2exp(—Po(z, 1)) (2.37a)
A ®o(0,1
am@o(l‘,t)h;zo = —A1 eXp(‘I)o(O,t)) + Toexp(—%)-), (2.37b)

r4 4
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and
0y (z,t) = — [4exp(2<1>0(z,t)) + 2exp(—®o(z,t) ]@1 (2.38a)

T ”)l (o), (2350

0o ®1(2, )|, = — [Arexp(Po(0,1)) +
where, in both cases, Ag(A% —2) = 0. Due to these conditions the discussion will
have to be split into several cases later on. First some common features of the

background potential and the linear approximation will be shown.

2.4.1.1 General features of the background potential

Unless one chooses the natural Neumann boundary conditions ®g = 0 is not a
valid solution for (2.37) because of the boundary condition. As in the a(gl) case the
background solution ®¢ should be constant in time and of least energy. Therefore

assume Pg(z,t) = Po(z) and (2.37a) reduces to

02do(z) = 2exp(2®o(z)) — 2exp(—Po(z)) for < 0. (2.39)

This is again the time independent Bullough-Dodd equation (2.23). Its solutions

have been calculated in the introduction of the thesis and are for the static case

3 T i
1+ - ,_,\/g = 1“&"_[355 sinh solution
e..fbo(l;) _ sinh —23-(1'—1:0) (240)
5 _ 1-4E+E?

1 - cosh solution

cosh? @(r—zo) T (1+E)?

with £ = exp(v6(z — 0)). The solutions will be called sinh or cosh solution
respectively in this chapter. Note that the transformation E — —E connects both
solutions. Unlike the cases discussed before the cosh solution will actually be used for

this model. For later reference it is useful to list the properties of the two solutions.

L\

Fig. 2.4: The sinh solution®q(2)
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Fig. 2.5: The sinh solution plotted as e~ %o()

o The sinh-solution has ®o(z) < 0. Also z¢ has to be positive in order to have the
singularity outside the negative half-line. From the graph one easily reads off

that 0 < e®0(*) < 1 and e~®(#) > 1 for the sinh solution.

e The cosh solution e~®0(*) has no real singularities except at x4, given by x4 =
zg %arcosh\/g, e~20(zx) = (. Therefore the solution ®o(z) has singularities
at those points. In order to avoid a singularity in the negative half-line z_ has to
be chosen appropriately. This will be discussed in detail later. In contrast to the
sinh solution, for the cosh solution e®(#) > 1 and 0 < e~®0(®) < 1. Also for the

cosh solution, ®o(z) is always positive, or complex between the singularities.

/

Fig. 2.6: The cosh solution ®o(z)

The values of zgo are determined by the boundary condition and will be cal(_:ulated

in the detailed discussion of both cases later on.
Again it is possible to integrate (2.39) once with the assumption that ®o(z) vanishes

for + — —oo the result is

((9x<1>($))2 = 2exp(2®o(z)) + 4 exp(—Po(z)) — 6 for z < 0. (2.41)
59



| N\ | /
1\/

Fig. 2.7: The cosh solution, plotted as e

=®o(z)

Squaring equation (2.37b) and using the above result gives the following relation for

z = 0, where e®o = e%(o),

A3 — 16
(A% — 2)e?®0 — AgA e®/? ¢ —0—4—e-‘1’° +6=0. (2.42)

This equation will simplify later on.

2.4.1.2 General features of the solution in the background potential

The solution to the linear background equation (2.38a) is the same for all boundary
conditions. The actual computation will be very similar to the one for agl) with
asymmetric boundary conditions. The reflection coefficient will be determined from
its solution and the specific boundary condition. In the following calculation the sinh

solution will be used when €29 has to be expressed in terms of E.

Assume that the solution in the background potential factorises into an = dependent

and a t dependent term ®,(z,t) = ¥(z)e™". Then (2.38a) simplifies to
U(z)" = [—w2 + 4e2%0 4 26_%]@(:0). (2.43)
Again one introduces the variable A depending on the rapidity
w? — 6 = 6sinh? 0 = 6A? (2.44)
and rewrites the equation as

U(z)" = [-67% = 6 + 4¢7%0 + 267 | U(2).
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Now it is useful to change variables z = xv/6 such that E changes to £ = e*~%.

The potential for this linear scattering problem is given by

]. 9 —_ g
V() = —1+ 502600 4 7)) =

where

r=—6E(1 —4E — 6E% — 43 4 E*)
g=1+3E - 3E* - E3

The equations (2.38¢,b) are, in these new variables,

U(2)" = [—/\2 + —7‘;]\11(2) (2.45a)

U(z)']zm0 = ——=[4A1e®0 + Age™ /2] U(z) (2.45b)
\/_
The differential equation (2.45a) is solved by

\IJ(Z): p l/\2+( * —i/\z
q

where a is a complex number determined by the boundary condition and
p=(1+220)(1 +:1A) = 3E(1 —2X)(1 + 1)
+3E(1+120)(1 —iX) — B3(1 —42))(1 —iA).
By looking at W(z) as z = —oo the reflection coefficient is found to be (2.20)

(1 —32X)(1 — 1)
(14 22X0)(1 + )

. CL
K =—
a

as p = (14 i2X)(1 + ¢A) and ¢ — 1. Using the block notation (1.29) this can be

written as

K = —(1)(3)%(5) (2.46)

where one should keep in mind that even though the Coxeter number for agz) ish=3

it is be‘@t_er to use h(?) = 2.3 = 6 because it is a non-simply laced algebra, to get
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integer values for the poles of the S-matrix [25,94]*. Using the explicit formula of

the solution ¥(z) in terms of p and g equation (2.45b) can now be written as

oy = (ag? o P _ apd
U'(z) = (z/\aq + 0 - 2 ) =0 + c.c.
1 P (2.47)
= ——— {4, o0 —p/2 r
4\/6_5(4 A1e7% + Age ) ((Lq .m0 + c.c.).
This equation determines the ratio %

a iApg +p'q—pd + ﬁ(‘lfhe% + Age~20/2)pq
PR . 9.48
a —Z/\p*q + Pl*q - P*Q' + ﬁ(%‘lleq’o + Aoe—q)()/?)p*q ( )

The expression for the cosh solution can be gained by replacing £ by —LE in

p, p's q, ¢' and e®o.

2.4.1.8 Two Cases

Now it is time to look at the condition which the coefficients Ag and A; of the

boundary potential (2.35) have to fulfil
Ag(A%-1)=0.
The solutions to this equation can be split into two cases
e Ap=0,A4€ IR

[} A%:2,14OEIR

The first case contains the natural Neumann condition. Kim [83] has calculated
reflection factors fulfilling the bootstrap for this boundary condition. However, his
solution tends to unity in the classical limit and it will not be possible to say whether

it corresponds to any of the solutions presented here.
Case A: Ag =0

For Ag = 0 equation (2.42) simplifies to

(A7 —2)e?0 —4e7%0 +6 = 0. (2.49)

* A comprehensive list of Coxeter numbers for all affine Toda field theories can be found in [34].
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With ¢ = e®° this can be written as a cubic equation in p
flg) = (AT =2)¢* + 69 -4 =0. (2.50)

It was mentioned before in (2.40) that the sinh solution requires 0 < e®0 < 1 for all

z < 0 and the cosh solution e®° > 1 for all z < 0. Because g = 2009 a discussion

of the polynomial f(g) is going to help to decide which solution matches a particular
2

boundary condition. The polynomial has turning points for g°> = AT - There are
-

two different situations

o If A? > 2 there are no real turning points. This means there is a unique solution
to (2.50) with g > 0 because f(0) is negative and the factor of ¢® positive. Also
f(1) = A? > 0 therefore the root p of (2.50) has to satisfy 0 < g = exp(Po) < 1

which indicates that the sinh solution is relevant

Fig. 2.8: A plot of f(g) for A1 = 3(eq.(2.50))

((2.8) illustrates this with a plot of f(g) for Ay =3.)

o If 0 < A? < 2 there are two real turning points at p+ = %,/ ZAQ. The values
T

of the polynomial at these points are f(g+) = 4(=% ﬁ:{ —1). So, the value
at the positive turning point g4 is always positive, gy > 0. Again f(0) = —4
and because f(p) tends to —oo for g — co there must be two positive roots
gl,gg: Furthermore f(1) = A? > 0 so one root is smaller than one, p1 < 1
corresponding to the sinh solution, and the other one is bigger than one, g2 > 1

corresponding to the sinh solution
((2.9) illustrates this with a plot of f(g) for A1 = 1).

The reflection coefficient
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Fig. 2.9: Figure 2: A plot of f(g) for A1 = 1(eq.(2.50))
To determine the reflection factor equation (2.48) has to be solved. For Ag = 0 it

simplifies to

a* iApg + p'q — pd' + J=A1e®0pq L5t
a  —iAprq+prg—pd + %Aleq’op*q. (251)

In the equations above p,q,p', ¢, ®o have been evaluated at z = 0.

If one parametrises the coefficient A; in a similar fashion to the one used for the

sinh-Gordon model earlier [86]
Al = :l:\/écoshalﬂ, a1 € IR (2.52)

the equation (2.49) is solved by

_ dy _ 1 1271'(L1 !
g=e¢""= 5+cos1 3 .

I

Comparing this with the sinh solution (2.40) one can express Eyp = e™* in terms of

the boundary
_ 3/2 1 2may
Po =1 = - h —.
¢ + sinh? 22  cos 3

(2.53)

The relevant solution for A; = v/2cosh a7 is

—z0 _ ~V3+utu?
\/§+u+u_1

F=e

with u = €917/3, Now all variables in (2.48) depend on aj. The relation (2.53) can

also be used to test whether zg can always be chosen to be positive. The equation

implies

3 2ra; 1
g(cosh 5 T3

64

_ 2 20
)-i—l—coth 5



The positive root indeed allows one to choose a positive zg for any a;.

The ratio 7~ (2.48) can now be rewritten as

@’ 142V u 4 — 4N +2v3M8 + o

a 1 — 123 u + u? — 42202 — 12/3 B + uf
=Xy i‘/ng\(u—l +u)+ s +uT?+ 1)
ST ilé—g/\(u_l +u)+ Hut+u2 4 1)'

This expression can be factorised with z =2 +¢a; and y =2

f: B (i/\ + sin "6—’) (i/\ + sin %)

a (i/\ —sin "G—I) (i/\ — sin %y)

Using the block notation (1.29) and observing the fact that

1/2(i) & sin %‘f) = :Fsinh(g ¥ %) sinh(g - Z;r—{z"”(fs + x))

.
one can rewrite “—a— as

—~
~—

@ (~y) (-6
a (z) (6-y
Therefore the entire reflection factor (2.46) is given by

~—

(2ta; — 2) (2ta; —4)
(2ta; + 2) (20a; +4)

For the case A; = —v/2 cosh a7 the relevant solution to (2.53) is

om0 = \/§+u+u_1
~V3+utul

This yields the reflection factor

(2iay +2) (2ia) + 4)

2 = (WO O) g0 —2) i =)'

For the boundary condition A; = +1/2 the reflection factors are




So far only the regime A? > 2 has been investigated. For the remaining range of A,

a suitable parametrisation is
A1 = +V2cosarm a; € [0,1/2) or a; € [~1/2,0].

Notice that this is same parametrisation as before, only with the change 1a; = a;.
The change of u as defined above from a real to a complex expression does not

change the outcome. So, the reflection coefficients are

(201 — 2) (2a1 — 4) }ﬂ‘

K; = (1)(3)2(5){ (2a; + 2) (2a, + 4)

They coincide with the expressions of K7 for A; = +v/2 and, for the natural Neu-
mann condition Ay} = 0,a, = :i:%, they are unity.

One should still check whether zyp can be chosen to be positive. With the new

parametrisation (2.50) is solved by

e®o.

9= (% + cos 27;“1)"1 =

Due to the symmetry of (2.50) under a; — a1 + 1 and a1 — @1 + 2 there are two
more solutions differing from the above in the shift of a1. They will be neglected in
11

the following. For all a1 € [—3, 5], g is greater than one thus indicating the relevant

solution is the sinh solution. So, to match the boundary conditions, zq has to satisfy

1 27!'(11 —®g 3/2
—_ = = 1 — 5 ..
T T T Smh?
Implying ; ) .
§(cos J;al — 5) 1 = coth? ;—0.

So that the positive root always allows one to pick a positive zg for any a1 € [—%, %]

It possible to write all this in one formula

1 .
Al = +v/2 cos a1m, with either ¢ = +b;, b1 € [0, 5] or aj € 1IR
(2.55)

. (2a1 ~ 2) (2a1 — 4) =
Kz = (1)(3)%( ){(gal +2) (201 +4)} '
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Case B: A} = 2
In case B the equation (2.42) simplifies to

16 — A}

_AIAOB(I)O/B — —4 e—(I)O + 6=0
which can be written as a cubic polynomial in g = e®o/2
3 g 16— Ag )
f(g) = AIAOQ - 69 + —4* = 0. (2,.36)

Again a discussion of this polynomial f(g) is going to tell which solution is to be used
with what boundary condition. The polynomial f(g) has two turning points ¢g; = 0

and g2 = 44—, where ¢ is a local maximum and g3 is a local minimum. The values
< AgAy?

2 A2
of the polynomial at these points are f(g;) = #Q and f(g1) = —%@— <0.
0

The last interesting point of the polynomial for the discussion is is ¢ = 1, f(1) =

—L40-241) <0.
Depending on the sign of the coefficient of p3 in (2.56) there are two cases.

o AjAp < 0: In this case ¢2 is negative, so there can be only one zero to the
right of g1 = 0 because f(g) tends to —oco for ¢ = co. The zero only exist if

2
f(0) = #‘1 > 0 i.e. A} < 16. Because f(1) is negative the zero has to occur

between 0 < p = €®0/2 < 1. This indicates that the sinh solution is relevant.

Fig. 2.10: f(p) for Ag =2 and A; = —/2

There is no zero with a positive p for A3 > 16. Figure illustrates this with Ag =

2, AL = —V2.

o A1Ap > 0: Here g3, the position of the local minimum, is positive. If A3 < 16 the
polynomial is positive for g = 0, f(0) > 0. Also, f(g) tends to 400 as g = +o0.
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Thus the there two positive zeros. One is always between 0 and 1 and the other
one always greater than 0 because f(1) is negative. Therefore both the sinh and

the cosh solution are relevant.

AN,

Fig. 2.11: f(p) with Ay =2, A; = V2

This is illustrated in figure (2.11) with Ag = 2, A1 = /2. If A3 > 16 the polynomial
is negative at p = 0 and p = 1, therefore there is only one zero for which p is greater

than 1.

/\/

Fig. 2.12: f(p) for Ag =5, A; = V2

Thus only the cosh solution is relevant. This situation is sketched in figure (2.12)

with Ag = 5, A] = \/‘Z

First the cases with A2 < 16 shall be investigated. A natural parametrisation of Ag

seems to be

Ag =4 cosagr ag € IR. (2.57)

With 4, = £v2, s = €%™/3 and ¢ = gv2 = /2e2/2 the equation (2.56) is
transformed to
+(P+ 5P =32 - (s> =573 =0 (2.58)
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where the coefficient of p3 in (2.58) depends on the sign of A;. Due to its symmetry

under s — Qs — Q%5 the three solutions to the cubic equation (2.58) are

+ 33—3‘

4G = iQfsz —Qig?

3
(2.59)

where Q2 = ¢27/3 j ¢ {0,1,2}. Introducing the variable S; = 0I/2s = '3(a0+3) the

solution can be written as

F = H(-1p Gy = (-1 ST
7 S?-S; sin F(ao + j)

Also, note that the boundary condition (2.57) can be written as

Ag =4(—1) cos(ap +7)m ao € IR, j€ Z.

All boundary conditions can be matched by the sinh or cosh solutions, i.e. a positive

2o can be chosen. For instance for the case A; = /2 the sinh solution has to satisfy

3 2 sin? 7%
e~ %0 =1+ Z(coth? o 1) = 5 =2——. (2.60)
2 2 g° - sin” wag

This means the positive square root of

2 9
(5:7 ~1):41= coth‘ZQ—O

will always allow one to choose a positive zp such that (2.60) is fulfilled because

325 > 1 due to the choice of ag.

As in case A the calculation will differ a little depending on whether A is positive
or negative. First set Ay = +v/2 and write q;-L = gj. To express £ = e~ in terms

of ag for the sinh solution the equation

| ey
G _ 0f2 _ i N (2.61)
V2 V1+4E] + (E))?

has to be solved for Eg where the index j indicates to what solution the £ belongs.

One of the solutions is

(58]

cos F-(ap + j) — V3

2 =2 _
S+ 5, ﬂ_(\/g_2) ' |
cos T"(ao+])+\/§

2 =
)S§+S;2+\/§
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If one wants to work with the cosh solution instead one has to change the sign of Eg
in (2.62). Because the sign also has to be changed in (2.48) these changes cancel and
further calculation reveals the same results for both solutions. Using (2.62) to write
all variables in terms of S, i.e. the boundary condition (2.48) simplifies to

a*

1 S§3 4 §73\2 (53 + 5.—3)(52 _ 5#‘2)
bt /\ ! _ ! Vi 7 7 7 7 7
p (z gp+pq—pqg + 2\/§[(SJZ+SJ-_2) + 33 }pq)/c.c.

This expression factorises in similar fashion to case A as follows

ot (4 R[N+ NPT+ 577 + 35 + 1+ 57)

© e D) (@F - RS+ 5T 1)
1 (4dao + 45 —2) (dag + 45 — 4)

(2)(4) (4ao + 47 +2) (4ao + 47 +4)

In the last line the block notation (1.29) was used. For each j the equations (2.59)
and (2.61) impose limits on ag. For the cosh solution one needs q}/? > 1 and for the
sinh solution 0 < ¢7/2 < 1.Also, because of (2.61), 0 < E'g < 1. Because the sinh
and the cosh solution give the same reflection factor there is no need to distinguish
between them and the allowed values are ag € {—1,1] for j =0, ap € [1,3] for j =1

and ag € [3,5] for 5 = 2.

The entire reflection factor is, for A; = 2 and Ag = (—1)7 cos(ap + j)m with
ag =bo +7bo € [_l’l]a

1 (4ao + 45 —2) (dao + 45 — 4)
(2)(4) (4ag + 47 + 2) (dao + 47 +4)°

K*(ao,7) = —(1)(3)*(5)

It is quite instructive to evaluate the expression for some special values. For instance

7 =0 and

o Ag=0ie. ap= 1/2 gives the factor

K™ (a0,0) = ()" (5) sy

This coincides with the expression for the case A and shows that both cases are

continuously connected.

70



o Ap =2v21i.e ag = 1/4 gives the factor

1
(2)(4)

In this case an simple calculation allows one to check this result because the

K*(ag,0) = —

solution ®g(z,t) = 0 is permitted with these special boundary conditions.

o Ay =4 ie. ap = 0 gives the factor

K*(a0,0) = ~(1)(3)*(5)

So this looks extremely similar to the first special case and it seems that the

second parameter of the boundary conditions amplifies the other one.

For A7 = —V/2 one has to make use of the second solution to (2.61) which is simply

the inverse to the one used previously

1 S2+577+ V3
V3-2) 824572 -3

E} =
(
Also, one has to use the ¢; solutions. With these changes the result for the ratio

(2.48) is

K (an,g) = (PG AR

The allowed values for ag are ag = bo + 7 where by € [}, 1%] U [1%, 2%] :
e For Ag = —-2V2i.e ag = 1% one gets the factor
K~ = —(2)(4)
which can again be verified by a simple calculation.

e Also, Ag = —4 i.e. ag = 1 give the same as before

K~ = (1)(3)*(5).

e And Ag=01.e. ap= % gives

K™ = (1)(3)2(5)(2)2(4)
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which is again the result found in case A.

The reflection factors are periodic under ag — ao + 3. They seem to inherit their
periodicity from the solution of (2.56). A change from j to 7 + 1 effectively inverts

the ag dependent part of the reflection factor. The factor

()

could be interpreted as caused by the Ay = /2 parameter. All factors are sym-

metric under ap — —ag.
Reflection factors for A2 > 16 and AgA; > 0
The obvious parametrisation of this case is

Ag = £ coshagm ag € IR.

The real solution to (2.58) is then

sinh agm
9= —— a7 -
sinh 5-ag

From the discussion of the polynomial one knows that only the cosh solution is

relevant. There are two cases to look at:

a) Ap >4 and A} = —+/2. Here the cosh solution is allowed for all ag because
1  sinhagnw
o 2 S Ve elR
‘ V2 sinh2/3agm 0

and also Eg which is

2 cosh 2T"ao -3
2 cosh 2T”ao +3

Ey=—(V3-2)

is positive and smaller than 2 — V3 for all ag. Therefore the reflection factor is

1 (4iag — 2) (4iag — 4)
(2)(4) (42a0 + 2) (4iap +4)

K (a0) = —(1)(3)%(5)

b) Ao < —4 and Ay = V2. In this the same solution for (2.58) can be used as in
case b). And

9 2 cosh 27"(10 - \/g]—l

Eo=—[(V3- .
0 I 2 cosh “3—"a0 +V3
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is greater than 2 4 /3 for all ag € IR. And therefore the reflection factor is

(4diag — 2) (4rag — 4) -
(4eao + 2) (deap + 4) '

K (a0) = —(1)(3)?(5)(2)(4){

2.4.2 The energy of the static background solutions in dependence on the

boundary

For the static background solution (2.40) one can work out the energy in the following
way. The energy density for the Toda theory on the half line splits into two parts,

the kinetic and potential energy density on the negative axis
£= %[(@0)2 +(®5)%] + [€*2E) 4 2672 _3),
The second part is the contribution of the boundary potential
B = A1e®) 4 Age=P0@)/2

As ®g(z) does not depend on time, the expression for the total energy W simplifies

to

0 l 2 X —— .
W= [ dn @)+ ole) 4 26-0000) 3]

<

+ Are® 4 Age %0/

0 !

— \/5(1)6(1)(6@0(1') _ 1) 26—4)0(1') + 1] 4 Ale‘bo + Aoe—q)g/?.

)

Using the Bogomolny argument one can now estimate that the energy is

0 ,
W > V[ de@l(e)(e®®) — 1)y/2e-T00e) + 1] 4 A1e% + dge™ /2

. a9
. oy . . _ 2 .19 ;
Using the substitution rule twice, the second time for e7% = w, and sinh” ug = 2

sinh? u1 = 2e20 this can be written as

®(0)
W > —\/5[/(; dz (62 — 1)\/26—2 + 1] + AIGQO + Aoe—q)o/?

u 2 — cosh® A
= 2\/5[/ l du cosh®u -—CE§—I—L] Alz’:‘q)0 + Aoe—q)"/2
ug sinh” u (2.64)

cosh? u] u

= Qﬁ[cosh u + Are®o 4 Age=%0/2

sinh? uduo

= -3v6 + \/56%(1 + 26—%)3/2 + Ae®o 4 Aoe—%/g.
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Stability of the background solutions

For the case A A} < 2 the energy of the sinh solution is

22
W2—3\/6+9 V2

may
m(s COS3 —3— * cos 7ra1).
3 .

Which is bounded below and indicates that the solution is stable [92]. For A% < 2

one has to replace cos with cosh.

For case B the result for the sinh solution is

. 9
sin” Tag

N 3/2
W > —3V6+ { (sin2 Tag + 4 sin’ Jmo) sin 2mag

. 2mag . o . o 2Wag .
+4 cos mag sin 3 sin“mag o/ V2 sin? 3 SIN TaQ

which has no singularity and is bounded below. Again this indicates that the solution

is stable [92].

2.5 Conclusions

In both cases A and B classical reflection factors were found. They can be written
in the block notation (1.29) of the the S-matrix. All factors fulfilled the classical
reflection bootstrap equation (2.12) with § = 7 /3 coresponding to a pole of the

S-matrix. One can write the reflection factors of both cases in one formula. For

Jj =1 thisis
R for A3 > 16
Ap =4cosagm ag € § [~1,1] for A; > 0
o € [%’ 1%] U [1%,2%] for Ay <0

Ay = +V2cosaym a; €1IR or a3 = +by by € (0,1/2]

. (dap — 2) (4dap — 4) (2a1 — 2) (2a1 — 4) !
K= _(1)(3)2(5){( N (aa0 72) (400 £ 4) (201 72) (21 ¥ 4)} '

To prove that the classical reflection bootstrap (2.7) is fulfilled one has to show that

K(0) = K(0+in/3)K(0 —in/3).
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The palts of the reflection factor not depending on ag and a; have to fulfil the

bootstrap separately. Due to (1.30) and the Coxeter number being h = 6

(@ )9+m/3( T)g— inf3 = (x +2)g(z — 2)s.

Which implies for the constant factors

K(0 +in/3)K(0 - in/3) = +(~1)3)1G) BN ((0)@)2)6) "
, 41 (2.66)
= —(EG)((2)40)" = K(9)
Similarly the part depending on ap gives
K@+ in/3)K(0 —in/3) =
{(4(50 - 4)(4 ) (4(10 - 6)(4&0 — 2) (2a1 — 4)(2a1)
(4ao + 4)(4ao) (4ao + 2)(4ap + 6) (2a1)(2¢1 + 4)
(2a1 — 6)(2a; —2) | = (2.67)
(2a1 + 2)(2a1 + 6)}

:{(4&0—9) (4dap —4) (2a )(2&1—4)} = K(0)
(4ap + 2) (dap +4) (2a + 2) (2a; + 4) '

Together (2.66) and (2.67) show that the bootstrap is fulfilled. One should note
that the two parts of the ap and a; independent part of (2.65) namely (1)(3)*(5)
and —(2)(4) obey the reflection bootstrap (2.12) by themselves. Because the factors
obey the classical reflection bootstrap (2.12) any multiple of them with a reflection
matrix obeying the reflection bootstrap equation (2.12) solves this equation (2.7)
again . Both cases A and B are continuously connected. Case A can also correspond
to the natural Neumann condition. However, in that case, the reflection factor is
one. It is worth mentioning that the expression (2.65) looks similar to the one for
the sinh-Gordon model (2.32) with the difference that one has two parameters in
the Bullough-Dodd model. Also, one should not overlook that the Bullough-Dodd

model inherits the reflection factor of the a.(zl) model (2.28) which is the the same as

the constant factor (2.66).

(2)

Kim [83] gives an “exact” solution to (2.7) for the aj "’ theory

1

K(0) = 1/203/2)| 5
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where h = 3. This clearly fulfils the bootstrap but has the serious drawback of

introducing square root branch cuts in § which are hard to explain.
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Chaptef 111

Breathers in Affine Toda Field Theory

3.1 Introduction

The sine-Gordon model is the simplest example of the a,(ll) affine Toda field theories, it
corrésponds to a(ll) . An interesting feature of the sine-Gordon model is the existence,
not only of soliton and anti-soliton solutions, but of oscillating, solitonic solutions,
breathers. A breather is the bound state of a soliton and an anti-soliton in the sine-
Gordon model. Because a,(,l) affine Toda field theory is the generalisation of the
sine-Gordon theory it is legitimate to ask whether breather solutions exist there as
well. There have been many speculations [35,45,67,96] about their existence. Also
calculations of scattering processes [41] in a,(zl) affine Toda solitons give hints of the
existence of breathers. The soliton S-matrices have poles which should correspond
to bound states of soliton pairs. In [95] an explicit construction of breather solutions

was given. This construction and the discussion of their topological charges will be

described in the following sections.

For the a!”) Toda field theory, which is the sine-Gordon theory, the single soliton

1

5 _ o(z—ut)+p

qS:Z\/:ln Loe , (3.1)
Jé] 1+ea(r—vt)+p

with the constraint o2(1 — v?) = 4m2. The parameter p = 1 + i€ is complex, and
, P p=1

solution is given by,

its imaginary part determines the topological charge of the soliton. For { = 3
the expression (3.1) becomes real and is either a soliton or anti-soliton. They have
the same mass, equal to %’?—. According to {97] the first time breathers have been
mentioned is in the work of Kochendérfer and Seeger [98]. They were investigating the
Frenkel-Kontorova model which describes a one dimensional line of atoms which are

coupled to their nearest neighbours and interact with sine-like background potential.

This chapter is a slightly modified version of the publication [95). Section 3.3 to 3.5 have been taken

from [95] with only minute changes.
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In the continuum limit the displacement of the atoms is given by solutions of the sine-
Gordon equation, this is discussed in [98]. In part three of their work they describe
static “dislocations” and their interactions with breathers, which they call oscillatory
displacements. They derive their solutions from Backlund transformations. In their
interpretation, breathers correspond to solutions which travel faster than the speed of
sound in the line of atoms. They also mention the double-sine-Gordon equation [99)
and that earlier work has shown that it allows soliton solutions for certain parameters
[100]. Unfortunately they give no information to show what this equation is good for

in the context of solid state physics. They also mention a two-dimensional formulation

of the sine-Gordon equation.

The sine-Gordon breather is constructed from two approaching soliton solutions by

changing the velocity v into v,

Z\/E 1 — ea(a;——ivt)+p1 _ ea(_1:+ivt)+p3 _ ,U’Ze‘?.aa;+(p1+pg)
¢by»eather = ﬂ In 1+ eg(x—iut)+p1 + ea('x+ivt)+pg _ U262ar+(ﬂl+p3)> .
Taking & = —€ = —% and g1 = 72 = 7, yields a soliton solution oscillating

2
about the point M%”ﬂ As it is constructed from a soliton-anti-soliton pair, this

sine-Gordon breather has zero topological charge; its mass is equal to Wlsl’%—ﬁ

and
hence smaller than for a two-soliton solutions. Following the prescription of taking
imaginary velocity, the breathers of the a,(zl) affine Toda theories can be constructed
from two soliton solutions. It turns out that, in order for the energy of the breathers
built from two solitons to be real, the constituent solitons must be of the same mass
and approaching each other with the same imaginary velocity, resulting in a stationary
breather. To obtain a moving breather, one can apply the usual Lorentz boost to the
breather solution. The condition of real energy also produces an expression for the
masses of these breathers which is less than the sum of the constituent solitons. One
type of breathers can carry topological charge which coincides with the topological
charge of a certain single soliton, while the other type has zero topological charge.
The work presented here has been extended for other algebras in [101], one can find

(1)

results for breathers in Toda theories other than those corresponding to an”’.

3.2 Breather Solutions for «{") Toda theory

Following the prescription used to obtain breather solutions in the Sine-Gordon model
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one can change the velocity u into an imaginary iv in the 7-functions of the two-soliton

(1)

solution of ay, ' affine Toda soliton solutions.

However one has to be careful with this analytic continuation w — zv as one wants to

keep the the energy and the momentum real although the densities become in general

complex.

Changing u into v also means changing a real rapidity into an imaginary rapidity,
with a relation between velocity v and rapidity ©, v = tan(—:Q). From the light-
cone energy-momentum (1.48) of the two soliton solution, it is clear that a real
energy and momentum can be achieved provided that the two solitons forming a
breather are of the same mass and moving towards each other with the same velocity
giving a stationary breather. One can make an oscillating solution from solitons of
two different masses, but the energy and momentum of this solution will not be real.
Generally, one can add a real rapidity Og as a phase in the energy-momentum tensor,
which acts as a Lorentz boost to the breather solution. Thus,

Pb:feather = %cos(@a)e:m“, (3.2)
mg above is the mass of the classical Toda particle of the ag) theory. For simplicity,

in what follows only stationary breathers are considered. Hence (3.2) becomes,

4h m
+ _ a o
Pbreatlzer - \/282 ma (33)
and the mass of a breather is,
M,  4hmg (3.4)

Mbreather: m—ﬁzm.

Obviously the mass of a breather is less than the sum of its constituent solitons. This
result generalises the sine-Gordon case, i.e. taking A = 2 in (3.4) gives the mass of

the sine-Gordon breather.

(1)

The masses mq of the fundamental particles of the an ' series are degenerate with
respect to the Z; symmetry of the A,, Dynkin diagram, i.e. mg = Mmp_q. Hence,
there are two possibilities of forming a breather. Either the two constituent solitons
are of the same species, these breathers will be called type A breathers, or the two

constituent solitons are of opposite species, type B breathers. Exceptions to this
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classification are the breathers constructed from solitons of species (1 + 1) of the
agjﬂ theories. These breathers are sine-Gordon embedded breathers which belong

to both type A and B as will be explained in the following sections.

Looking back at the 7-function of a two soliton solution (1.44) of the same constituent
mass, choosing uqs = —uyp, = v yields the breather 7-function,

T](ab) = 1 + exp[oa(z — 1vt) + pa + 170a) + explop(x + 1vt) + py + 176

g (3.5)
+explotz + A+ py +1504],

the interaction coefficient (1.45) is written as A = e with A = ¢ 4 48, where (,§ €
IR and
or =0k 0y, pr=patps,  bx=0a%0,
Nt =7Natm  €x =8 t&

The positive interaction coefficient has § = 0 and the negative one § = 7. Note
that for solitons of the same mass, 0, = o0p. The ansatz (1.38) requires each «;
component of the solution ¢ to be well defined in order to have a well defined solution.
Thus, for each j, the ratio :—g must not become zero or infinite. Evaluation of the
behaviour of the 7-function can be done easily by writing the real and imaginary
part of (3.5) explicitly. It turns out that to avoid the real and imaginary part of
(3.5) becoming zero simultaneously at the same point, the parameters 4 and 7_ are
restricted to a certain range of definition. For later use one should write down the
breather 7 function for positive and negative interaction coefficient. For both cases
define R(z) = 1(202 + ( + ny) and TF = (€x + j0x). In the case of the positive

interaction coefficient the = function is then

<

) - _
7—]‘?" = 2exp (R(:l,) + Tj+ + za){ cosh R(z) cos T]-+ + 6_2g cosh Q)— cos(ovt — Tj—)

+ i(sinh R(z)sin Tj+ — 7 sinh 777_ sin(ovt — Tj-)) }
(3.6)

For the negative interaction coefficient the result is

4

5 - _ —
7% = 2exp (R(x) + T} +i 5){ - cosh R(a)sinT;} — ¢ sinh - sin(ovt ~ T;)

+ i(sinh R(x) cos T]»+ _ ¢ cosh 7%— cos(ovt — T;)) }
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3.2.1 Properties of the Interaction Coefficient

The interaction coefficient A has properties similar to the properties of the S-matrix

of the fundamental Toda particles. For type A and B breathers, the interaction

coefficient (1.45 )is given by

A (04 — 03)% = (Gaiva — opivy)? — dm? sinz(%(a — b))
(ab) = (0a + op)? — (0414 + opivy)? — 4m? sin (%(a + b))

. (® b b (3.8)
B sm(—2—+ gh ))s ( - f;h ))
) n(a+b 9 n(a+b)

sin (7 + ) sin <‘ T )

where © = —10. For the type A breathers the interaction coefficient is,
2 U(A):’
V- 1 —%z— )

Aga = =— o , (3.9)

: 278 8
(I +v*)cos?(F) =1 cos® 3 w?”
where the critical velocity ng), when the interaction coefficient changes sign, is

v{4) = tan(%). (3.10)

The term 04 is given by formula (1.42). In terms of rapidity difference © the coeffi-

cient can be written as,

b S . . J

/

$oy T o

S S

Fig. 3.1: The interaction A’ is given by A’ = A cos?(0/2), the velocity as z = v?[vl.
g g
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[t can have either positive or negative value. For breathers with constituent solitons

of species a = %, the interaction coefficient never changes sign.

And for type B breathers,

4 0 0 v2
Aaa = (1 +v%)cos®(57) —v* = cosz_“(l - ——) (3.11)
2 2 o(B)’

where vgB) is the critical velocity; in terms of rapidity difference O,

A — cos(% + 9,7“) cos(-(;2 -~ %‘l)
ad — 2,0
cos*(3)

The critical velocity at which the interaction coefficient changes sign is, for a type B
breather,
1
B a1
i) = 5. (3.12)
Uc
As the case of S-matrices of fundamental Toda particles, these interaction coefficients

admit a pole. For type A breathers,

~ 2
v = ng) or, 6="2
h
and, for type B breathers,
v — 00 or, O=nm.

It is readily seen that the pole of Agq is exactly the fusing angle related to the process
@+ a — (h — 2a) of the fundamental particles [22] . Hollowood noted that the same
fusing rule also applies to soliton fusings in (Lf,l) theories [35] . In fact, the fusing rule
of fundamental particles applies also to all simply laced affine Toda solitons [45,102].
The fusing of two solitons of species a into (h — 2a) hinted that the topological charge

of type A breathers has to be found in the same representation as the topological

charges of (h — 2a) single solitons.

It is not surprising that, at the pole of the interaction coefficient, the breathers fail to
exist. Using the breather 7-function (3.5) with the interaction coefficient approaching
its pole, the interaction term dominates. Hence, the solution falls into one of the

vacuum solutions of the complex affine Toda potential,
1 n
=52 jail
=1
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On the other hand, if the positions of the constituent solitons are simultaneously
shifted by —%, i.e. changing n - n — g, the breather turns into a static solution as
the interaction coeflicient approaches its pole.

Furthermore, the interaction coefficient A has the following general properties some

of which are similar but not the same as the properties of the S-matrix,

e Crossing symmetry

o Fvenness
o Symmetry
o Periodicity

When the interaction coefficient is zero the 7-functions do not give a well defined
solution, as the 7-functions will vanish at a particular point in space-time. For the
type A breather a vanishing interaction coefficient can only occur for a vanishing
rapidity difference. Thus the solution will be static and not “breath” at all. For the
type B breather the situation less simple. It is best to look at the 7 function written
in terms of the rapidity. The interaction coefficient vanishes for © = 7 £ 0,. In that

case the 7 function is

; 0o 6 . 0, . O . .

7% =1+ exp <2mm sin ~9ﬁ cos o — Zumt sin 30— sin — + 17 + (& + ]00)>
fa S 0z . O : .

+ exp (Qma: sin Ea cos — + 2imt sin Ea sin o Tat 1(&a + ]Qa)) .

[\]

To check whether this 7 function vanishes for any (zg,%o) given any parameter one
has to write it separated into real and imaginary part again. For this introduce
[(2) = —2masin’® %1 + /2, Aj(t) = —2mt singcosg - %—({- + 760-) and finally
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T; = %(§+ + 704). Then the 7 can be written as

TJ‘.‘ﬁ =1+ 2 (cos T’; cosh ZZ)L cos Aj(t) + sin Ty sinh 177_ sin Aj(t)

e

+ i(sin T} cosh %—— cos Aj(t) — cos Ty sinh 777_ sin Aj(t)>> .
For cos T; # 0 and sin T # 0 the imaginary part vanishes at

tan Aj(tg) = tan T} coth 777_

&

So, the real part will vanish simultaneously at

1 - - _1-1
ellwo) = _ [cos T; cot T)j cosh % coth % + sin T sinh %] .

sin Aj(to) 2 2

Because the time #g is given via a tan the sign of the left hand side of the equation
defining zo can always be chosen to be positive. If cos T; = 0 or sinT; = 0 one can
find a point for which the 7 function vanishes similarly. The case n_ = 0 is different

. . LT . .
in that one has to examine the ratio —z instead. Again one finds a point where the
0

7 function vanishes.

3.2.1 Type A Breathers

The breathers with constituent solitons of the same species will have a negative
interaction coefficient, A < 0, when v? < vé"m (see (3.1)). As mentioned before
to have a well-defined 7 function for all (z,t) there are certain restrictions on the

parameters {4 and n_. These can be deduced from the 7 functions (3.6) and (3.7).

First the negative interaction coefficient will be discussed. Because one is actually
interested in the ratio ;T;ﬁ the factor in front of the curly bracket in (3.7) is a constant
0
phase. If the 7 function vanishes for a certain point (zo,%p) in space time, real and
imaginary part have to vanish simultaneously. This implies that
,sinh %= sin(ovtg — 1))

h R(z) = —e~¢/ = —¢ sin A 3.13
cosh R(zg) e sinT]-+ c1sin Ag (3.13)

and
cosh &= cos(ovtg — T7)

J
cos TJ~+

sinh R(zg) = e~ ¢/? = ¢y cos A (3.14)
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. n_ n_
—¢/2sinh — . —(/2cosh = An — o _- e
ST c=ce o and Ag = sin(ovtg TJ ). Ifsin 1] = 0 the

singularity can be avoided by choosing n_ = 0. Squaring and subtracting conditions

(3.13) and (3.14) implies

withe; =€

¢ >1 and & > -1.

This means the singularity can be avoided if
<1 = sinh? % < |A]sin? T]~+. (3.15)
This can only be achieved if
£y # (27r —Jj04+) mod 27, 7 =0,...,n. (3.16)

This divides the range of {4 into several regions which will determine the topological
charge of the breather. IFurthermore, the maximum “distance” of separation 7_
between the two constituent solitons is restricted by (3.15). For a non-singular

solution one has to choose the minimum value of all n_’s allowed
— min(n?) < 7_ < min(n}), (3.17)
J J

where,
ng = cosh_l[2|A| sin’ T]~+ + 1}, (3.18)
with 7 =0,...,n.

For breathers of type A with positive interaction coefficient it can be derived in a

similar way to that the parameters £ must not have the following values,
£+ = (m — jO4+) mod 2nm, 7=0,...,n. (3.19)
The separation “distance” - is restricted as above with,
12 = arcosh [QA cos’ Tj+ - 1] = Acos® TJ~+ > 1.

As n) are defined through an arcosh-function, these 2 in turn will restrict the
allowed velocity of the constituent solitons because A depends on the velocity (3.9).

Generally, not all v? > ng)z are allowed. In fact all velocities with absolute value
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greater than the absolute value of the critical velocity are allowed if, for all 7, the

following is true,
cos® T]~+

[1 - 2004
cos*(=)

}<0.

Otherwise the velocity is bounded from above by

| A2
véA)2<v2 < c —
CcOs~“ .
max[l -
J cos:’(%'-)]

3.2.2 Type B Breathers

The constituent solitons of type B breathers are of opposite species. The negative
interaction coefficient regime is accomplished with v? > véB)Q. In this case, the real

and imaginary part of the r-functions will be trivially zero for
£+ = 0 mod 27, (3.20)

i.e. the parameter £, must not be an integer multiple of 27. For each 7; to avoid

zero, the separation parameter - is limited to take values between
— min(n!) < 7_ < min(nl),
7 j

where,
y .2
n) = arcosh [2|A| sin” T]-+] ,

with j = 0,...,n. As for type A breathers, each 7; has its own ng, and the smallest

of these is taken as the limit.

For negative interaction coefficient the condition on {4 is

€4+ # 7 mod 27.

But the restriction (3.18) implies with (3.11) that




This can never be satisfied because cos? g—z'tcos2 TJ-+ > 0. Contrary to the type
A breathers, it is not possible to have type B breathers with positive interaction
(B)

. . ) 2 . . .
coefficient, or to have velocity v* < v "". Since the r-functions would necessarily

pass the origin, this would lead to a solution which is not well-defined.

3.3 The Topological Charges

Unfortunately, the calculation of topological charges of multi-soliton solutions used in
[37] is not applicable for breathers because the two solitons constituting the breather

only separate a finite “distance” from each other.

Still, for the type A breather it is not too difficult to deduce the number of distinct
topological charges in the fashion of [37] . The number of the topological charges is
determined by the number of sectors of allowed values of £4. Irom the expression
for forbidden £4’s, (3.16) or (3.19) , it follows that one looks for the smallest number

p for which

9
#I—) = kwithp,k € IN. (3.21)
h

Here a is the species of the constituent solitons and & is the Coxeter number.

With 2a = gcdg;a,h)’ h = gcd(ga,h) then (3.21) can be rewritten as

2ip = hk.

Because 2¢ and h are coprime it follows that p = h and k = 2&. Thus the range of the
allowed values for &4 is divided into h sectors. This leads to the following formula
for the maximum number of topological charges of type A breather with constituent

solitons of species a

- h
h= —————.
ged(2a, h)
“This argument holds independently of the sign of the interaction coefficient. The
argument of fj(z,t) can only change when fj(z,t) is undefined or zero, hence the
topological charge within each sector is constant. It turns out that in each of these
sectors, the topological charges take a different unique value. These topological

charges are related by permutation of the roots a; for j =0,...,n. The topological

The remaining sections of this chapter are identical with the publication [95].
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charge of a specific sector will be determined first, and is called the highest charge
[37] . Then it will be shown that in all other sectors, the topological charges will be
different. This means that A is indeed the number of topological charges associated

with a breather.

In the following, calculation of the highest charge will be performed for a type A
breather with negative interaction coefficient. The calculation for positive interaction
coeflicient is the same and will not be presented here. To calculate the highest
topological charge, one has to employ a little trick first to simplify the breather
r-function. The type A breather 7-function is given by

r](-““) =1+ exploa(z + vt) + p + 1704] + expoa(z — 1vt) + p' + 1504

—exp[( + 2042 + p+ + 21504).

First choose t = 0 because the topological charge does not depend on the time.
Second choose p = —(/2+ p and p' = —(/2+ ', this corresponds to a simultaneous
shift of the constituent solitons to the left. By this shifting, the last term in the
breather 7-function will not depend on the interaction coefficient A,

T](-aa) =1+ exp(0az + 1504 — C/2)(e? + e’sl) —exp(20q42 + py + 2i36,).

With pq(25) = 4%1 mod 27, the limits |z| = oo of f; will give

lim f: = e#al(27)
Z—00 f] ’

lim f;=1.

T—r—00

(3.23)

Moreover one can take the limit ¢ approaching +o00, this corresponds to choosing the

(A (A)
C

velocity v very near to ve ). As long as v is not equal to v¢"’ the breather solution

is well-defined by construction. Write y = €22, then provided one does not take
the limit  — oo, the y'/? term can be dropped,

{4 =1 4y 2 exp(ijha — (/2)(e? + ) — yexp(py + 2ijba)

=1 —yexp(p+ + tpa(27)).

By splitting the ratio f; into its real and imaginary part one can now easily show

that f; traces out a clockwise curve in the complex plane, i.e. the winding number &
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is zero. To see this take p = p' = i(7 — £) where ¢ is a real, positive and infinitesimal
parameter,

75 =1 —yexp(i(ua(2y) — €)).
Then the ratio f; can be written as

1 9 .
fi= m[l — y(cos(pa(27) — €) + cos(e)) + y~ cos(pa(27))

+i{—y(sin(ua(25) — €) + sin(e)) + y* sin(ua(25))}].

The only zeros for the imaginary part occur when y = 0 and

_sin{pa(27) —€) + sin(e)

- 3

sin(pa(27))

with 14 (27) # 0 or 7. For small ¢ this is

L os(ua(2)) | .
y=1+ Sin(ta(2))) + O(e7). (3.25)

Now inserting (3.25) into the real part of f; results in,

1 = cos(sta(24)

snGua(z)) O

Re(fj]1 — yeP+|?) = —2

One should also observe that in the small ¢ regime the imaginary part behaves for
small y like
Sm(f;]1 — yeP+|?) = —ysin(ua(25)) + . . ..

So, for 0 < pa(27) < m, the curve starts at (1,0) with a negative imaginary part and
crosses the negative part of the real line. For m < pq(27) < 27, it starts at (1,0) with
a positive imaginary part and crosses the positive part of the real line. In any case,
it winds around the origin in the clockwise sense. Thus, the change of argument of
fj is given by pa(27) — 2m. The explicit formula for the highest topological charge is
therefore determined by (1.51)

" 2a(h — 7)modh
qc(ll) = Z ( 2) aj. (3.26)

=0

In the summation above the extended root o is included for convenience in the
permutation of the simple roots and ap. As mentioned previously, this result does

not depend on the sign of the interaction coefficient.
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From this highest charge, one can obtain all the other charges é:s_f:)llows. Suppose
initially the value of ¢4 is chosen. Then, making a shift of ",Ll“ on this £4 amounts to
sending the breather solution to a different sector of (4. Successive applications of
this shift will bring the breather solution to every allowed sector of £,.. With the A"
application it will return to the original sector. Recall that with (3.24) the breather

solution is given by,

: n
o= % > ajln(l - wyePt).
7=0

Making the shift {4 — &4 — ‘—1-;;3 in the above solution gives,
n

> ajpiin(l - wyel+).
7=0

i n . A dina 1
== Z a;In(1 - ngyep’“—T) = -
B p
3

Thus this shifting is the same as cyclically permuting the roots aj for all 7 =0, ..., n.
And hence, each shifting results in a different topological charge. Since the maximum
number one can shift {4 is h times, then h is exactly the number of topological charges

of the breather solution. The expression for all the topological charges is

. " 2a(h — 7)modh ~ N o
((]k) = Z A A 4k-1)> k= 1,2,... h, (32()

=0

where the roots «; are labelled modulo A.

This is analogous to the one soliton case [37] . Furthermore, as explained in the same
paper, all these topological charges lie in the same representation because they are

related by a Weyl transformation as will be shown in the next subsection.

For the type B breather it has been determined in a preceding calculation that there
is only one sector of allowed values for £4. The only possible way for the topological
charge to change is when the ratio f; is not well-defined, i.e {; changes from one
sector to another. So, in this case there cannot be a change in the topological charge.
The only open question now is what value the topological charge takes. To determine
this one simply follows the previous prescription {37] . The 7-functions for the type

B breather are given by

T](aa) =1 4 exp[oa(z + i) + p + 1504) + exploa(z — ivt) + p’ — 1504]
— exp[{ + 2022 + p4],
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where @ = h — a. Because the topological charge is time independent one can set
t = 0. Also, one can substitute exp(cqz) = z, p = p' = i(7 + §) with ¢ € IR and

infinitesimal. The 7-function is then given in the compact form
(ad) _ 4 _ o 0 1eis _ 2.0
7, ' =1-2zcos(jla)e’? — 27",

Let f; be defined as before. The start and end point of the curve traced out by f;
as x goes from —oo to oo are, in this case the same, f;(2 = £oo) = 1. Solving an
equation for the imaginary part of f; one finds that these are also the only points for
which the imaginary part vanishes. Therefore the winding number £ is zero, because
the curve cannot wrap around the origin. Moreover, since the change of arguments
of f; as « goes from —oo to oo is zero, the topological charge of any type B breather
is deduced to be zero. In a sense, type B breathers are sine-Gordon like breathers.
The constituent solitons are of opposite topological charges such that the resulting
breather has zero topological charge. In fact, as will be discussed in the next section,

type B breathers do not come from a sine-Gordon embedding in the theory.

3.3.1 Topological Charge and Representation Space

It is natural to expect that the topological charges which have been derived in the
previous calculation lie in the tensor product representation of the fundamental repre-
sentation associated with the topological charges of the constituent solitons. In fact,
for the type A breather, with the exception for breathers built from species (n+1) in
the a.(z}l) .1 cases, the topological charges lie in the fundamental representation which
is a component of the Clebsch-Gordan decomposition of the tensor product represen-
tation. For type B breathers and the exceptional cases above, the topological charge
(which is zero) lies in the singlet representation component of the Clebsch-Gordan

decomposition of the tensor product representation.

For the non-zero highest topological charge, the first step is to show that it lies in
the Ry,, .4, fundamental representation. This will be shown using a combination
of Wey! transformations [37] . Then the second step is to show the other topological
charges are related to the highest charge by a special Coxeter element of the Weyl
group. It is convenient to write the highest charge (3.26) as

n

b7 mod h
g = 3 etk

VA
=0 h

91



where b = h — (2¢ mod h). Because of the Z> symmetry of the simple roots, it is

necessary only to consider the case b < [};] The notation [z] means the largest

integer less than or equal to z, hence for h even, {g] = %’, and for A odd, [4_,’-] = b1

&

Furthermore, (3.28) can be rewritten in terms of the fundamental weights A; defined

by 2—’\%% jk as follows,

g

1 1
gV :,—{‘Z[b mod h] — [2b mod h]}A; + E{‘Z[bn mod k) — [b(n — 1) mod A},
1

n—1
+3 %{Z[b] mod k] — [b(j — 1) mod h] — [b(j 4+ 1) mod h|}A;.
7=1
(3.29)
Then the following can be demonstrated easily,
1 J =n,
q((ll)_aj: Oor =1 3=n-1,
Qor —lorl 1<3<n~1.

The part qc(,l) -aj = —1 for 7 < n —1 will be demonstrated in the following. Let,

bj = ch + d where d < b and ¢ > 0, thus j = 1 is excluded. Then with (3.29) one
finds that,

M- :%{Q[bj mod h] — [b(j — 1) mod h] — [b(5 + 1) mod h]}

= {2d = (d— b+ ) = (d+B)} = 1.

There are (b— 1) terms of q((ll) ~aj = —1 for j < n —1 since this happens only when

d < b. Furthermore, it is straightforward to see that for 1 < j <n —1

a

((11) cay = -] = q(l)-aj_l = 1.

Thus, if the scalar products of qc(,l) with the simple roots {c;} are written as a row
vector, it has the entry 1 at the nt* position and there are (b— 1) pairs of (1,—1) to

the left of it,

M - {a;}=(0,...,0,1,-1,0,...,1,-1,1,~1,...,0,1),
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(1)

the 7% entry of the row vector on the right-hand side is ¢a * - o;.

[t is also elementary to see the following. Suppose a weight y; has a scalar product
with the simple roots v1 - {a;} = (0,...,0,1,-1,0,...,0). Consider the Weyl reflec-
tion r with respect to the simple root oy where v; - ap = —1. The action of » on 7

will shift the pair (1,—1) in 1 - {e;} one step to the right, i.e. r: v, — ¥] with
i {aj} = (0,...,0,0,1,~1,...,0).

For a weight 2 which has v - {a;} = (0,...,0,1,-1,1,...,0), consider the Weyl
reflection 7’ with respect to the simple root oy, where 2 - aj = —1. The action of +/

on vz will give v} where,

vy - {a;} =(0,...,0,0,1,0,...,0).
(1)

So, using a combination of these Weyl transformations, ga * can be transformed into

(1

a fundamental weight, ga~° — A, where
A A{a;} =(0,...,0,1,0,...,0).

Since there are (b — 1) pairs of (1, —1) in the row vectorqc(,l) -{aj}, then after these
combinations of Weyl transformations the entry 1 will appear at the position n —
(1

(b—1) = 2a mod h. Hence the highest topological charge ¢a ) lies in the fundamental

representation Ry, ...

Recall that the rest of the topological charges are obtained by cyclically permuting

the simple roots and ag, (3.27) . This cyclic permutation is the same as the action

of the following Coxeter element of the Weyl group on qgl),

Wie = T172 ... Tn, (3.30)

where r; is a Weyl reflection with respect to the simple root a;. Then, the topological

charges are related to the highest charge by,
o) = wi M af). (3.31)
Note that the ordering of Weyl reflections above is special, other orderings do not

necessarily relate one topological charge to another. The relation (3.31) is straight-

forward to see using the fact that,

wie(@j) = aj1 fory =0,1,...,n (3.32)
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where the simple roots and ag are labelled modulo h. Further examination of (3.27)
shows that the set of topological charges {qf(‘k)} coincides with the topological charges

of the species 2a mod h single solitons.

The next task is to show that Ry, ., is a component of the Clebsch-Gordan de-
composition of Ry, ® Ry,. This will be shown using a conjecture attributed to
Parthasarathy, Ranga Rao and Varadarajan [103] . The PRV conjecture may be
stated as follows: let ¥ be a unique dominant weight of the Weyl orbit of v = A+ wp
for any w in the Weyl group and A, 4 are highest weights, then Ry appears with mul-
tiplicity of at least. one in the decomposition of Ry ® R, where Ry and R, are finite
dimensional irreducible representations with highest weights A and p respectively.
This conjecture has been proved recently [104] ; it was first used in the context of

affine Toda theories by Braden [105] .

For convenience of calculation, one can write the fundamental weights of the Lie

algebra A, as follows,

2 (h—a) 2 oalh—
Ao =), Lh—)aj + > —(——}—L——)aj. (3.33)
7=0 j=a+1

By the Z; symmetry of the simple roots of A, one has to consider only the case
a< [%] Choose w to be the Coxeter element defined in (3.30) . Then, remembering
the action of this Coxeter element on the simple roots, c.f. (3.32) , it is easy to show
that

Aa + Wi Aa = Aag.

It is obvious that Ay is a unique dominant weight of the Weyl orbit. Thus by the

PRV conjecture Ry,, .. C Ry, @ Ra,-

This completes the claim that all the topological charges lie in the same fundamental

representation Ry, ., which is an irreducible component of R), ® Ra,,
M) e R Ry, ®R
{qa } € A2amodh C Aa ® Aa-

However, as noted in the previous calculation, the number of topological charges is

h = Mg—a,l_z) which is generally less than the dimension of Ry, ... So, the topolog-

ical charges of type A breathers, normally do not fill the fundamental representation

Only particular combinations of the topological charge of the constituent

"\Qamodh .
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solitons can make up a breather. A special case of the type A breather is when the
constituent solitons come from the fundamental representation Ry, which is self-
conjugate, this happens for Ry, ., In the representation of A2,41. This breather

belongs to both type A and B.

For the type B breathers and the exceptional case above, the fundamental representa-
tions of its constituent solitons are conjugates of each other (or self-conjugate). Thus,
the topological charge of these breathers will lie in the tensor product Ry, @ Ry, _ .

Using the PRV conjecture as before, it can be shown that
Aa + w?c’\h—a =0.

Hence, the trivial singlet representation appears in the Clebsch-Gordan decomposi-
tion of this tensor product. It is in this singlet representation that the topological

charge lies.

3.4 Sine-Gordon Embedding

Automorphisms of the Dynkin diagram can be used to reduce an affine Toda theory to
another affine Toda theory with fewer scalar fields [17] . Using this reduction method,
(1)

Sasaki noted that in the ay, ’ afline Toda theories with a real coupling parameter, there

(

are ways to reduce some members of the (szl) family to the all) theory, i.e. the sinh-
Gordon - theory [106] . The same procedure can be applied in the case of complex

Toda theories. Define the solution to the equation of motion (1.11) as
¢ = pib, (3.34)
where i is some vector to be determined. Then (1.11) becomes

/,taz(ﬂ’(/)) = i'/nz Z o (eiﬁa'j'l‘l/’ _ eiﬁO‘O'Hl/J) ) (335)
j=1

The aim is to reduce (3.35) above into the sine-Gordon equation of motion by choos-

ing a suitable y

p(B) = im?u (¥ — =99} = _omyusin(By). (3.36)
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There are two kinds of reductions. A direct reduction results when several nodes
of the affine Dynkin diagram which do not have a direct link are identified. When

linked nodes are transposed, this results in a non-direct reduction.

(1 (1)

One can reduce the a3, theories to the a;’ theory using a direct reduction by

choosing u as follows [106] ,
=ar+az+...+ a1 + azntr.

The vector p1 is an invariant vector under the Z, 1 symmetry which identifies o; —
. . 1 : .
ajt2. Projecting the simple roots of ag_,n)H to p1 subspace gives the simple roots of

a(ll) with multiplicity (n + 1),

aj-py =2o0r =2,

for 7 odd or even respectively. There are two choices of y for the non-direct reduction

[106],
pr =01 +azx+as+ag+ ...+ Qqn-3 + Qqn-2,

3 =artoazt+ast+ar+...+ aqqn-2 + Qqp-1,
in the above, u3 is obtained from uo by cyclically permuting the simple roots of a‘(,},)_l
once. Together with the vector p), these three vectors are invariant under the Z,

symmetry which identifies o; = «j14. The simple roots of (‘4(1}1)—1 can be projected

(1)

to pg or u3 giving the simple roots of a; ’ with multiplicity 2n.

In terms of the single soliton 7-functions (1.41) , direct reduction forces some 7-

functions to be equal leaving only two different 7-functions,

Téa) = Tz(a) =...= 7'.2(2) and Tl(a) = nga) =...= 72(::)—1’ (3.37)

with
(a) (Qat
T, =1+ w{,e( 28
Since w] = exp(zi,:mj), it is clear that for the ag}l')ﬂ theories, only solitons of species

a = (n + 1) are the true sine-Gordon solitons embedded in the theory. For the non-

direct reductions, one has to have the following condition for the r-functions. Using
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wo yields,

) _ la) 1) ) )
Ttga =73 = T:E( == TL§Z—4 = Tj:lz—l’
e e R

and for the choice of us,

T(ga') = Tl(a) = nga) == ngg)—‘x = Tx)_a,
Al el =,

These conditions on the 7-functions of ag,])_l will never be satisfied. This is because

for h = 4n, the factor w) cannot be equal to wl*l since j and (j + 1) are coprime.

Thus, the solitons associated with the middle spot of the Az, Dynkin diagram are
the only sine-Gordon solitons embedded in the a.(z}])“ affine Toda theories. Hence,
these solitons can bind together resulting in sine-Gordon breathers, i.e. type A
breathers with zero topological charge. Note also that type B breathers by the above

definitions are not formed from any sine-Gordon embedded solitons.
3.5 Examples

) and o'V breathers will be given as examples.

In this section the case of agl i

3.5.1 a{V

The number above each spot on the Dynkin diagram are the number of topological

charges of the type A breathers constructed from solitons

2 1 2

0—0—0

Fig. 3.2: Dynkin diagram of a3 with the number of breathers for each node
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associated with each spot (see fig. (3.2)). The topological charges of the type A
breather, q((,k), are listed below. The subscript denotes the species of the constituent
(1)

solitons and the superscript labels the topological charges, ga ’ is the highest topo-

logical charge.

1 1
qgl) - 56!1 + 50'3,
(2 _ _1 1
= ——a; — -a
4 9 1 9 3,
and,
qgl) = 0.

The topological charges {¢3} are the same as {¢;} and are not listed above. All type

B breathers have zero topological charge.

The topological charges {q}, and hence also {g3}, lie in the second fundamental
representation, Ry, C Ry, ® Ry, or Ry, ® Ry;. The dimension of Ry, is 6, and
there are only 2 topological charges for ¢1; or ¢33 breathers. Thus, these topological
charges do not fill up Ry,. For g2, as explained in the previous section, this is an

embedded sine-Gordon breather, hence g2 = 0.

Since topological charges are conserved quantities, it follows that for both type A
breathers and type B breathers q, is equal to the sum of the topological charges of

the constituent solitons. Thus only a special combination of constituent solitons can

make up a breather.

3.5.2 alV

The solitons of this theory are associated with the nodes of the Dynkin diagram for

As.

Fig. 3.3: Dynkin diagram of a4 with the number of breathers for each node
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The number of breathers for each node can be found in figure (3.3). The topological

charges of type A breathers in agl) are listed as follows. Breathers from species ¢ = 1

solitons:
Y = 201+ Fan + ras + Zou,
S 9 5 3

(2) 2 1 1 2

Q=T + 502 03 + 54
(3) 2 4 1 3

9 = —gal - 5052 - 50'3 - 50'4,
@@y 3 1 1 2

q = g0+ pa— a3+ -y,

5 5 5 5
(5) _ 2 1 1 3

U =Ty + 502~ pa3 - 5 -

Breathers from species ¢ = 2 solitons:

[',3 5 1 5 2 5 '3 5 4,
2) 4 3 2 1
T= ——a)] — -ay — a3 — -y
43 5N T 2T E T g,
3) 1 3 2 1
43 " = 5011 - 50'2 - 5013 - 5014,
() 1 n 2a 2 1(1
= - -y — -3 — -4,
qa 5 1 5T x 3 5 4
(5) 1 n 2 n 3 1
= —a1 + -y + a3 — —oy.
o EEMTEm TR
Breathers from species ¢ = 3 solitons:
D) = 201+ 20y + 2az +
=-o1+ -0+ a3+ -o
43 ST pA2 T SO3 T A,
(2) 10 n 3a + 2 + la
= — - — — — ,
a3 LT 2T S8 T o0y
1 2 2
q§3) =——a)— a2+ -a3 + -0y,

5 5 5 5
(@ 1 2 3

e + 5 045
(5) 1 2 3 4
q3 = —=Q] — -Q9 — -3 — —-Q4.

3 ) D d

99



Breathers from species « = 4 solitons:

(1) 2 1

U =g + 522 + 543 + 545
(2) 3 1 1 2

e + 593 = F A4,
(3) 2 1 1 3

4 = g1~ gz + 543 + 5
4) 3 1 4 2

gy = —701 ~ £z~ -3 — [0y,

S d 3 5

(5) 2 la+1 2
g = —Qp — = -3 — —Qy.
q4 51 52 53 54

These topological charges lie in the following fundamental representation,

k

{q% )} € Ry, CRy Q Ry,
(k)

{3’} € Ry, CRy, ®Ry,,
(k)

{q3 } € R,\l - R/\3 ®R/\3)

(¢} € Ry, C Ry, @Ry,

There is no sine-Gordon embedding in this case and the topological charges of all

type B breathers are zero.

3.6 Conclusions

Following the example of the sine-Gordon theory, classical oscillating soliton solutions
of the a,(11) affine Toda theories have been constructed as bound states of soliton pairs.
These breathers are classified by the species of the constituent solitons. These can
either be two solitons of the same species (type A breathers) or solitons of anti species

(type B breathers).

The topological charges of these breather solutions have been calculated. Type
A breathers carry topological charges which lie in the fundamental representation
Rgamoas © Rire ® Ra,, where a is the species of the constituent solitons. To be

precise, these topological charges coincide with the topological charges of the single
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soliton of sl)e'éies 2a mod h. Therefore the fundamental representation Ry, . is
normally not filled up [37] . [t is a mystery that only certain combinations of the
tobological charges of the constituent solitons are allowed to bind together to yield a
breather. An understanding of these phenomena is far from complete. It is conjec-
tured that in the quantum theory there are more states than classical solutions [41] .
In other words, the topological charges in the quantum theory have been conjectured
to fill up the associated fundamental representation. As part of the spectrum of the
quantum theory corresponds to classical soliton and breather solutions, one might
have thought that the classical breather solutions give at least some of the missing
topological charges. This appears not to be the case, at least for breathers with two

constituent solitons.

Exceptional cases of type A breathers are those constructed from solitons of species
(n 4+ 1) in the ag}l) 41 theories. These are embedded sine-Gordon breathers which
belong to type A and type B since both carry zero topological charge. They differ
from the type B breathers as type B are sine-Gordon like breathers. It has been shown
" that in both of these cases, the topological charge lies in the singlet component of the
Clebsch-Gordan decomposition of the tensor product of a fundamental representation

with its conjugate representation.

Of no less important interest are breathers in other affine Toda theories. It would
be interesting to know how many breathers can be constructed from their solitons.

For the dgl) theory this has been done in [101].




Chapter IV

Discussion and Qutlook

4.1 Affine Toda Field Theories with Boundaries

The conditions for classical integrability of affine Toda field theories with a boundary
are well established now [85-88]. For the quantum theory integrability has only been
assumed following the ideas of Cherednik [71]. This has led to the discovery of
reflection matrices for the quantum theory [79-84]. Unfortunately there seems to be
a multitude of possible reflection matrices and their correspondence to particular
boundary conditions is far from being well understood. It might be interesting to
try to show explicitly, perhaps for a special case of affine Toda field theory first,
that Cherednik’s assumptions are indeed valid. It might be that this investigation
would show that there are certain selection rules for the boundary conditions and the

reflection matrices.

If that should prove too difficult one could try to adopt the perturbation scheme used
by Kim [83,84] for the natural Neumann condition to work out reflection matrices for
non-vanishing boundary conditions. This could be done in the agz) case where there
is a continuous connection between the natural Neumann condition and non-zero

boundary conditions for the classical integrability.

Another option for future research would be to perform numerical checks on the
theory as Watts and Weston [66] have done for the mass ratios of a particular affine
Toda field theory. The difficulty of this approach would be that it is not easy to
reduce the ‘error of numerical calculation easily to find evidence for two values to
be the same. Still, it might give a surprising clue if the mass ratios for states in

the boundary theory should turn out to be very different from the ones of the bulk

theory.



4.2 Breathers in affine Toda Field Theories

(1)

After the successful calculation of breathers in the a, ’ theory [95] one should nat-
urally look for breathers in other theories. One would expect them to exist and it
would be interesting to see whether their topological charges behave in a similar

(1)

manner to the ones in al). In part this has been done for the case of dj’ in [101].

Because the search for breathers was motivated by the desire to find some of the
“missing” topological charges in a,(ql) and failed to provide them, one is tempted to
review the situation and check whether there are actually missing solutions which
have been overlooked. Recently Beggs and Johnson [107] published a preprint in
which they claimed to have new solutions for agl). The example they discuss, agl),
gives a valid 7 function but they are not well behaved because their energy momentum
is not real. Also, their topological charges are not well defined. It is possible to show
in a similar manner as in chapter 3 that the 7 functions pass through zero and are
therefore not well behaved for any choice of parameters [108]. However to show this
for the general case seems very difficult. But the fact that the example has faults

casts doubts on the conjecture that this is a way to find new solutions.

One assumption has always been that the quantum theory would provide some ex-
planation for the “missing” topological charges but so far this has not been the
case. Breathers in affine Toda field theories however play an important part in the

calculation of soliton S-matrices [42-44].

After the disappointment of not finding the charges one could perhaps try to find

some arguments why they do not exist since the evidence of their non-existence seems

strong.
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Appendix A

Lie Algebras

For the description of Toda theories a certain understanding of Lie-algebraic concepts
is necessary. For affine Toda field theory infinite dimensional Lie algebras will be
used. Still, it is easier to with finite dimensional Lie algebras and generalise to

certain infinite dimensional Lie algebras, Ka¢ Moody algebras.

A.1 Finite Dimensional Lie algebras

A complete and rather exhaustive description of finite dimensional Lie algebras can
be found in {109]. A finite dimensional Lie algebra L is a vector space over IR or (-
with a bilinear mapping [-,-] : L x L — L called the commutator or bracket which

satisfies the following conditions:

VaeL:[|a,a]=0 (A.la)
Va,b,c € L: [a,[b,c]] + [c, [a, b]] + [b, [c,a}] = 0. (A.1b)

The relation (A.1a) together with the bilinearity implies that [z,y] = —[y, 2] for all
z,y € L. The condition (A.1b) is known as the Jacobi identity. The bracket [-,-] can
usually be thought of as being the usual commutator for k& x k matrices, M, N €
My : [M,K]=MN —NM. But there are cases where it is, for instance, the Poisson
bracket {-,-}, e.g. in classical mechanics for generalised momenta, coordinates and
the Hamiltonian. By introducing a basis {T,} for the Lie algebra L much of its
behaviour is encoded in the structure constants fS,. They are given as the coefficients

of the brackets expressed in terms of the basis elements
VTG,Tb € {Ti} : [Ta,Tb] = ngc.

The axioms (A.1) can be expressed in terms of structure constants.

A sub-algebra U of a Lie algebra L is a sub-vector space of L which is closed under
the bracket. If for a sub-algebra I, I C L, for all @ € L and y € I the bracket

of these two elements is in I, [z,y] € I, I is called an ideal of L. The derived
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algebra L’ of a Lie algebra L is given by all linear combinations of brackets of L,
L' = {z[3y,z € L : = [y,z]}. L’ is an ideal. A simple Lie algebra is a Lie
algebra L which has {0} and L as its only ideals and the derived algebra L’ is not
zero, L # 0. For most applications and calculations involving Lie algebra one needs
a representation of the Lie algebra. A representation ® of a Lie algebra L is a
homomorphism from L to the endomorphism of a vector space V, i.e. the set of
linear functions f : V — V.
¢ : L — End(V).

So for each element x € L ® finds a linear mapping in V. This linear mapping can
then be expressed in a basis of V. If V is finite dimensional there is a matrix Mg
for each ®. The dimension of V' does not have to coincide with that of L. If ¢ is a
monomorphism the representation is called faithful. More generally representations
are classified as reducible and irreducible, depending on whether or not there is a
subspace W C V which is invariant under the action of the Lie algebra, W ¢
{{0},V}. An important role plays the adjoint representation. As L itself is a vector

space one can look at the representation
ad : L - End(L).

The mapping is specified in terms of elements 2 € L: adz = [z,] € End(L). The
image of the adjoint representation is the derived algebra, its kernel is the centre of
L. These linear functions can then be expressed as matrices with respect to a basis
of L. Often the set {z|2 € end(L),Jy € L: 2z = [y,-]} C End(L) is called the adjoint

representation of L, though it is actually only Im(ad).

Also there is the Killing form K which is a symmetric bilinear form on L
K:LxL->(@, (z,y) = K(z,y) = Tr(adz ady).

The Killing form of a Lie algebra is non-degenerate, if and only if the Lie algebra is
semi-simple. One way to check whether a given bilinear form is degenerate or not
is to compute the determinant of the matrix in a particular basis. If and only if the
form is degenerate the determinant will be zero. In the case of the Killing form the

matrix is given in terms of the structure constants as

Kab = CadeChed-
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A Lie algebra is called compact if the matrix for the Killing form is the negative of

the unit matrix

M(K) = —(di5).
This is only the case if the structure constants are totally antisymmetric.

The maximal Abelian sub-algebra of a Lie algebra is called the Cartan sub-algebra, its
dimension is called the rank of the Lie algebra. A compact Lie algebra has a unique
Cartan sub-algebra. Any Lie algebra can be decomposed into simple, compact Lie

algebras

P
L=y L

A.1.1 Cartan decomposition

Assume L is simple and find the Cartan sub-algebra H denoting a basis of it by {H;}

1 =0,...,r. By definition all elements of the basis commute
(Hi,H;} =0Ve,7 € {0,1,...,r}. (A.2)

With these elements H; find basis elements E4 for the remaining algebra which obey

[H', E°l = 'E* o € H*. (A.3)

The element @ € H* is called a root. The set of all roots is denoted by ¢. If o is
a root so is —a. The step operator £~ corresponding to the negative root of « is
give by hermitian conjugation £~% = (E®)t. The commutation relation for the step

operators are as follows:

(o, )EtP iffa+f € @

[E®, EF] = { 2H iffa=—p (A.4)
0 otherwise.

A basis satisfying all relations (A.2) to (A.4) is known as a modified Cartan-Weyl
basis. For each root a € ® there is an su(2) sub-algebra of L, generated by
E*, E~%and 2%{-[- This fact is used to show that Z%gli is an integer for any roots
a, €
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An important tool when dealing with roots is the Weyl-reflection. The Weyl-
reflection r acts on roots as a permutation

20a

g

The group generated by this transformation is called the Weyl-group. To classify

rg: @ =0, aw rgla)=a-

all possible simple Lie algebras one has to take a linearly independent subset of all
roots ®. This subset A = {«;} is chosen in such a way that any root can be written

as linear combination of the basis elements with integer coefficients

,
a = Zn,'a,' n, € Z,Va € ®.

1=1
Actually all roots can be written with either the coeflicient all being positive or
negative. Hence they are called positive or negative roots, and the set of all roots
can be written as sum of negative roots ®_ and positive roots ¢, & = ¢_ U ..

The heith of a root is the sum of its coefficients
r
ht(a) = ) n4.
1=1

Simple groups turn out to be completely determined by all scalar-products of their

simple roots. Written as a matrix, known as Cartan matrix, this is

The diagonal of this matrix is obviously 2 for all Cartan matrices. The common
feature which all Cartan matrices share is that the off-diagonal entries are either
zero or negative integers. An alternative way to describe a simple group is the
Dynkin diagram. Each simple root is represented as a dot. Neighbouring roots are
connected by C;;C;; lines. They correspond to the angle between the roots. An

arrow points to the longer of two roots if they are of different length.

A.1.2 Weight representations and the Chevalley basis

For any finite dimensional representation of a simple Lie algebra the action of the
elements of the basis of the Cartan sub-algebra on the basis elements of the repre-
sentation can be diagonalized
Hlp) = plp).
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, i) 1s called the weight vector. It can be shown that

The vector u = (,qu,...
the eigenvalue of :‘%{i acting on |u) is an integer. The set of all |u) is called the
weight lattice Aw(L). The root lattice A,(L) is a subset of the weight lattice. All
Aj € Aw (L) satisfying 2—(—;15—\1 = d;; form a basis of the weight lattice. Any weight
A € Aw (L) can be written las linear combination of this basis with integer coefficients
A= Yr o Any, ng € Z. If all coefficients n; are positive the weight is called
dominant. If pig is a weight corresponding to the state |uo), the differences po — e for
any other root p can be expressed as sum of roots. If further for all positive roots c,
E®|uo) = 0, then this difference can be expressed using positive roots only. In this
case g is called a highest weight. The weights of the adjoint representation are the

roots. The highest weight is denoted as ¥ and its height is the Coxeter number h.

The Chevalley basis can be derived from the Cartan Weyl basis as follows. Set

/ 2 - H
€a = and h, = a =
. ol

For simplicity the quantities will be numbered by the index of the simple root

le )

€a; = €iy €—a; = fi, and hq; = h;.
The commutators for this basis turn out to be
[hi,h]’] =0, [hi, ej] = Cjiej, [hi, fi] = -Cyifs, [e,‘,f]‘] = di;h;.

Now a few words on gradings of algebras. One can define the following operator T3

which grades the Lie algebra L

Grading means that [T'3, E%] = ht(a)E?, or written in a multiplicative form with
2miT3
§ = exp(2L)

278 ani

SEeS™! = e—h—adeEa — e—-h—ht(a)Ea — wht(a)Ea
with w the A" root of unity. So, the algebra exhibits a Z, grading

L=Ly®.. dL,_;.
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The subscripts denote the height of the root associated with each operator. In par-

ticular Lo is the Cartan sub algebra.

A.2 Infinite dimensional Lie algebras

Untwisted affine Lie algebras are a particular sort of infinite dimensional Lie algebras.
They are closely related to the simple Lie algebras discussed in the previous section.
As for the simple Lie algebras they can be classified by Dynkin diagrams and Cartan
matrices. These generalised Cartan matrices are those of the simple algebras with

one column and row added. Similarly the Dynkin diagram has simply one dot added.

The algebras are described by introducing the concept of a loop algebra. For this
take the algebra of all Laurent polynomials £ = @' [A, A~!] with complex coefficients

over (. Define the following bilinear function

b:LxL—C

(P,Q) = ¢(P,Q) = Res(22 ).

dA
With the Laurent polynomial written as
+oo
P = Z cn A", Res(P)=c_;.
n=—oo

The function ¢ fulfils the two following equations:
H(PQ, R) + $(QR, P)+ ¢(RP,Q) =0 VQ,P,R€ L.

This is used to define the loop algebra L(L) = £ ®¢ bfL with the bracket
[ ] £(L) x L(L) —» £(L)
(P@®L,Q®L)— [PRL,Q®L]=PQ®[h,l)]

A bilinear £ on L(L) is defined by
(-1): L(L) x L(L) = L
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A derivation D on L can be extended to one on E(L) by
DP®lL)=D(P)®L.

A (' -valued cocycle ¥ on on L(L) is defined as

(‘a,b) — U(ab) = Res(%w) =(l1,0)¢(P,.Q) a=P®l, b=0Q ® .

This functions has the following properties
U(a,b) = —-V(b,a)

lIl([a’ b]7 C) + lIJ([b’ C], 0’) + \IJ([C, (L], b) = 0.
The one dimensional extension of £(L) is £(L) = L(L)+G K with [a+uh, b+n kK] =
[a,b] + ¥(a,b) K.

Now, the affine Lie algebra L associated with the simple Lie algebra L is given by

adding a derivation d = ’\EdX which provides a homogeneous grading of L with
dK =0
[d, A" QU] =mA™ @1, for {; € L(L)

L=L(L)®Cd=L(L)®CKa&Cd

where the last line is the decomposition of the Lie algebra. The bracket of L is given

by
(A" QL1) @ 1 K ®mid, (A" @ L) ® po K @ mad) =

(A" @ [Ly, Lo) + mA™ @ Ly — 5omA™ @ Ly @ mém, —n(LILg)[(.
The Cartan sub algebra h of L is r + 2 dimensional if r = rank L and
h=h@CKadd

Its Chevalley basis is
hi =M@ HY, ;=X @E%, fi =)@ E™ {+£0,
ho=XQH™Y, eg=MNQE™Y, fo=2"QE"
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in terms of thé Chevalley generators of L. So, the new Chevalley generators satisfy
[his k] = 0, [hisej] = Kjiej, [hi, fi] = —Kjif5, [ei, fi] = Sizhy
and determine the algebra together with the Serre relation
(ad &) ~Fiie; =0, (ad f;) "N f; =0, i # 5.

K is defined as the extended Cartan matrix of the algebra L defined like the one for
L but with an additional column and row for ¥ = —ap. A complete list of Dynkin

diagrams can be found in Kaé’s hook [46].

A.2.1 Grading, Coxeter Numbers and Weight Representations

When expressed in the Chevalley generators the algebra L exhibits a grading struc-

ture with the element &’ = dh + Ao @ T3
[d',/L,j] =, [(l;,ei] = e, [d’,fi] =—f;

where h; and d; span the Cartan sub algebra. Define the smallest set of natural

numbers m;, n; for which

Z = Kij;m; =0 and Z = Kin; =0
t J

2 .. )
then n; = ?a—g”t The Coxeter number and the dual Coxeter number are defined as

h =3 ﬁi and h = Y ; m; respectively. The element z = % = ﬁ is central. If

the central extension of L is non zero there is a highest weight representation. These
representations are formed by a highest weight state |A) acted on by an arbitrary

number of negative step operators. The highest weight state is characterised by the

action of h;
' 2Aa;
2
1

hilA) = A(R)IA) = ZoL|A).

a

The fundamental weights A; generate the weight lattice Ay




The root space is similar to that of the corresponding non-affine Lie algebra with

extra dimensions for £ and d
a; = (a;,0,0) 1 #0 ap = (—V¥,0,0).
The definition of the inner product is
(B, c1,d1) - (B2, c2,d) = P12 + erdy + cadr.
With an arbitrary final component the fundamental weights take the form

As = (M, mi®%/2,0) 1 £0, Ao = (0,¥2/2,0).
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