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The Topological Renormalisation

of the O(3) Sigma Model

by

Richard George Costambeys.

Abstract

Like other field theories of physical interest, the moduli-space integrals of the non-linear
two-dimensional O(3) sigma model diverge. We show that in the one-instanton sector the
imposition of a cut-off in the moduli-space leads to an unacceptable dependence of the
Green’s function on the way that the field is split into the quantum piece and the classical
background. This dependence may be isolated in a term which may be interpreted as an

anomaly to the Ward Identity of the theory.

The moduli-space divergence is associated with degeneration of the field configurations to
those of another topological sector. Hence it is possible that by modifying the Green’s
function in, say, the zero-instanton sector will be able to cancel the divergence in the one-
instanton sector. We show that the Ward Identity anomaly in the one-instanton sector
may be written in the zero-instanton sector at next to leading order in powers of %, and
hence we explicitly calculate the Green’s function modification. We have called the process

of applying this modification “Topological Renormalisation”.

A central piece of the modification term is the instanton contribution to the Green’s func-
tion of the model. This is obtained by using two new methods of calculating the determi-

nant of the fluctuation operator.

The application of Topological Renormalisation to other theories is also investigated.
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Chapter 1

Introduction
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Throughout their history field theories and other models of subatomic particle interactions
have had problems with unwanted infinities. It has often been the case that integrals
have diverged instead of remaining finite in the calculation of Feynman scattering ampli-
tudes, and clever procedures have had to be devised to somehow resolve these problems.
The process of cancelling these infinities, or making sure they don’t occur, is known as

renormalisation.

In certain field theories of physical interest perturbative expansion is often done as an
expansion about classical solutions to the equations of motion. These solutions have moduli
which must also be integrated out to get a final Green’s Function. However these integrals
over moduli space are often divergent and so some form of renormalisation needs to be
devised to return the relevant model to a finite form. More explicitly, the field is split
into a classical piece that solves the Euler-Lagrange equations, and a quantum piece. The
classical solutions are classified into topological sectors which are parametrised by moduli.
When the integral over the quantum piece is calculated in each topological sector, there
remains an integral over the moduli. Typically, these integrals will diverge, and it is the

purpose of this thesis to demonstrate a method of coping with this divergence.

For instance, let us consider the two dimensional non-linear O(3) sigma model. Here the
classical action is periodic and at the minima the solutions to the equations of motion are

known as instantons, which in their most general form are given by [1]

_ 1 (Z — (Lj) )

The z = z(z,y) are complex functions, a, b, and ¢ are also complex and are the instanton
moduli. ¢ is known as the topological charge and is equal to the number of poles of the
instanton. To introduce a quantum element into this model the fields are defined to be
w = v+ ¢ where ¢ is a quantum fluctuation about the the instanton solution continuously

deformable to zero. With the fields in this form the Green’s Function reduces to a functional
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integral over the ¢ and an integral in the moduli space. Integrating out the fields leaves

us with the instanton contribution to the Green’s Function [2]

Do
~——

K —hg(a b) (l c 2 2
](A):(A):Z/A(a,b,c)we ala, ch a; &b, (1.
q q-.

(1 + |c]?)?

where K7 is dependent on the coupling constant and
(a,b) Z In |a; — a;|* Z In|b; — b,|* + Z In [a; — b;]? (1.3)

i<y i<y

So we see that the problem in this case is that this is divergent as ¢; — b;. We could simply
apply a cut-off in the moduli space, for instance by setting |« — b] = r and then later taking
the limit » — 0. To apply the cut-off the Green’s Function needs to be written explicitly
as an integral over the moduli prior to the fields being integrated out. In performing
this separation the theory develops a dependence on how the field is split between the
quantum piece and the classical background, i.e. it depends on our choice of co-ordinates

in configuration space.

A straightforward and flexible method of separating the integral over the moduli from the
integral over the fields is to use the Faddeev-Popov trick. This approach is useful as it does
not make any assumptions about the size of the quantum fuctuations. However we will
have to introduce an arbitrary set of constraints on the fields, corresponding to a choice
of co-ordinates in configuration space. It is essential that the final version of the Green’s
Function for the model does not depend on our choice of these constraints. To isolate any
dependence we may take a variation of the Green’s Function with respect to the constraints.
This results in an identity which expresses the change in the moduli-space density of an
arbitrary Green’s Function under a change in the constraint as a total derivative with
respect to the moduli. If this identity is non-zero then the classical symmetry of the model

may possibly be broken and something must be done to restore it.

However note that if the cut-off is used in the instanton solution ( 1.1), for instance by



4

setting a; — b; = r, then in the limit » — 0 there is a degeneracy from the ¢-instanton
solution to the (¢ — 1)-instanton solution. This suggests the possibility of modifying the
action in the sector with lower instanton number in such a way that the symmetry is

restored and the dependence on an arbitrary choice of quantisation procedure is removed.

In this thesis, we shall show that such a procedure is possible. We shall propose that for
the O(3) sigma model the symmetry may be restored by the addition of terms into the
action. For instance we shall show that divergences in the one-instanton sector may be
regulated by the addition of a term to the zero-instanton sector action. These new terms

are a relic of the one-instanton moduli-space Jacobian.

This modification is analogous to perturbative renormalisation in that pathologies at a
certain order in the expansion are cancelled by a modification of the action at a lower
order. However, in perturbative renormalisation the modification is absorbed into the
coupling constants to leave the Green’s Functions finite. Here the modification may not be
connected with the coupling constant as they have very different forms. Nevertheless, due
to the nature of the regularisation procedure presented here, we shall call it “Topological

Renormalisation”.

This thesis is constructed as follows. In Chapter 2 we define the non-linear two dimensional
0(3) sigma model and look at its topology. The instanton solutions are derived and we
see how they are split into homotopy classes labelled by the topological charge. This
is entirely a review chapter. In Chapter 3 we present in detail the calculation of the
instanton contribution to the Green’s function for the model ( 1.2). This will largely
follow [2] although Section 3.4 is entirely original work. Chapter 4 contains a study of why
topological renormalisation is necessary for gauge field theories and the sigma model. We
also look at the moduli divergences in terms of anomalies in the Ward Identities for the

theories. In Chapter 5 the anomalous term for the O(3) sigma model in the one-instanton
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sector is calculated. It is shown explicitly that this term may be written in terms of the
zero-instanton sector fields. This chapter is entirely original work, the results of which
are presented in [3]. Chapter 6 contains a review of topological renormalisation applied to

other important theories [4]. Section 6.2 on the €P"! model is original work.



Chapter 2

The 0(3) Sigma Model
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2.1 General Formulation

Non-linear O(N) sigma models are an example of the class of field theories known as Chiral
Models. In such models the existence of interaction between the fields is due solely to the
geometry of the manifolds, unlike other field theories where the interaction is added into
the Lagrangian by hand. In the case of the O(3) sigma model the interactions are a result

of the curvature of the manifolds.

Reasons for studying Chiral Models are two-fold. Firstly they are analogous to Non-
Abelian gauge theories, with which they share such features as asymptotic freedom, non-
trivial topological structure, the existence of instantons [5], [6], conformal invariance [7]
and the presence of hidden symmetry giving, in the two dimensional case, an infinite
number of conservation laws. This is an important point which we shall return to later.
Secondly, in the cases where the manifolds are Kahler or hyper-Kahler, these models have
supersymmetric structures in the N =2 and N = 4 cases. This leads to the construction
of superstring theories.
The general structure of the Chiral Models [8], [9] involves a scalar field taking values in
an IN-dimensional Riemann manifold M from a (d + 1)-dimensional Minkowski spacetime.
The action is

S = i/gij(qﬁ) O, O diadt (2.1)
where ¢'(i = 1,..., N) are the co-ordinates on M and g;;(¢) is its metric. The Greek indices
label the spacetime co-ordinates. The field equations follow from the usual condition of

finding the extremes of the action: 65 =0
0,0"¢' + Iy 0,9" 09" =0 (2.2)

where ij are the Christoffel symbols associated with g¢;;. Note that these field equations

are generalisations of the geodesic equation.
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The O(N) sigma model is a specific case of this where the space is two-dimensional and
parametrised by the variables 2, and z, given on IR®. Fields ¢ are invariant under global
O(N) transformations

¢ ¢ = 0'ig (2.3)
This can be seen as a generalisation of the O(4) sigma model developed to describe pion
interactions by Gell-Mann and Levy [10]. The N = 3 case that we are interested in is
useful as a model for the isotropic ferromagnet [11] [1] [12]. Also it is equivalent to the

CP' model ([13] and many others), this equivalence will be investigated in further detail

later as it leads to an extension of the scope of Topological Renormalisation.

So in the O(3) sigma model we define the field ¢* on the two-dimensional Euclidean plane
IR?

ot = o (a1, 22) 21,22 € IR? a=1,2,3 (2.4)
This switch to Euclidean space is done for convenience in analysing the tunneling processes

that the instantons describe. Thus the action becomes
! 1 a L _a J2
S = ﬂ/aﬂa 9 ot de (2.5)

where 0, = a%’ w=1,2,a =1,2,3 and summation over both sets of indices is assumed.
I
This action can also be arrived at by considering the simplest O(3)-invariant functional

with action determined by the O(3)-invariant metric ds* = do - do.

If the o’s are defined as taking values on S?%, (M = S?), then they are subject to the
constraint

clc® =1 (2.6)

which can be imposed by means of a Lagrange multiplier A(z,y), so

S = [ d La o #o® + Ma,y) (0% — 1 (2.7)
2k * ‘
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The field equations are then

0% — (0°0%0") 0 =0 (2.8)

The most interesting field configurations are the finite energy solutions to the field equa-
tions, i.e. soliton solutions and instantons. These configurations must approach the same
limit in all directions in physical space. Thus the physical space may be compactified onto
a sphere which we shall call S'Zhys. Also we shall now call the space of fields the inter-
nal space S?%,. This natural compactification is the origin of the model’s non-linearity.

Mappings from sphere to sphere may be classified into homotopy classes. We shall now

investigate how this comes about.

2.2 Topology of the Sigma Model

The remainder of this chapter consists of a review of the topology of the O(3) sigma model
and how the solutions to the model may be classed into sectors labelled by a topological

index. Studies of these ideas may also be found in [14], [15], [16], [L7]. Also see [8].

First we consider the group structure of the physical and target manifolds. This leads to
a classification of the mappings and thus to homotopy classes. Suppose that the field ¢ is
constrained to take values on a homogeneous manifold M. The boundary conditions are
that as we approach spatial infinity in any direction then ¢ tends to some limit ¢_ € M.
Then by adding a point at infinity to d-dimensional physical space IR? it can be compactified

to a sphere S¢. The fields may now be thought of as the map
¢: 5> M (2.9)

Let us suppose that M is acted on transitively by a group of symmetries G. This means
that for any two points on M, say yo and yy, there exists ¢ € ¢ such that y; = ¢g(yo). Thus

by using yo as a fixed base point and considering ¢(yo) we may obtain the whole of M as
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g ranges over (7. In general we may obtain it many times, otherwise we could identity M
with G. However it may be shown that M may be identified with a coset space. Using
these ideas, two elements ¢1,¢92 € G will give the same pomnt in M if and only if their

action at yo is the same
91(yo) = 92(yo) (2.10)
this implies that
92" 91(y0) = wo (2.11)
Thus g, 1g; is an element of the subgroup of G that leaves yg unchanged, known as the
little group H of yo. So
H=1{heG:hy) =1y} (2.12)

Hence ¢; and gy will give the same point in M if and only if ¢; = g2h for some h € H.

A left coset of ¢ with respect to H, written gH, is the set of elements gh where ¢ is fixed
but h varies over H

gH ={gh:h e H} (2.13)
(Similarly right cosets Hg may be defined). Thus ¢; and g, will give the same point in M

if and only if they belong to the same left coset of G with respect to H.

We shall here simply state the elementary theorem that ¢ may be partitioned into disjoint
cosetls such that every element of G belongs to one and only one left coset of G with respect
to H. Also transitivity implies that any point of M may be obtained from the action of

some left coset of G on yo. Thus we can identify M with the space of left cosets G/H
M=G/H ={gH : g€ G} (2.14)

In general G/H is not a group unless H is a normal subgroup (when the left and right
cosets are identical). It is easy to show that G/H is independent of the choice of base

point yo [14].
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For the O(N) sigma model, ¢ is a real unit vector in N-dimensional space. As ¢ is subject to
the constraint ¢-¢ = 1 then M is a sphere S™V~!. Now G can be taken to be the connected
group of rotations in N-dimensional space, SO(N). The rotations that leave ¢ invariant
are about the direction of ¢, so the little group is the rotations in (N — 1)-dimensional

space, i.e. H = 50(n —1). Thus

- - — N~1
M = = SN- 1) S (2.15)
so for NV =3
SO(3) .
i 2 = 2.
3 SO(2) (2.16)

2.3 Homotopy

It is important that the mappings ¢ : S™ — M are topologically stable against continuous
deformations. In other words they cannot be deformed into a constant map. If this were not,
the case then fundamental symmetries of the physical system, such as gauge symmetries
and invariance under time evolution, could be lost. Thus the division of the maps into

equivalence classes is essential.

Let us formally define homotopy and continuous deformations. Let f and ¢ be two con-
tinuous maps between the spaces X and Y such that X — Y for both maps. Then f and
g are said to be homotopic if there exists a continuous map F(z,t), 0 <t < 1 such that

F: X x I — Y where [ is the unit interval [0, 1] and
F(z,0)= f(2) , F(z,1)=g() (2.17)

Homotopy 1s an equivalence relation, symmetry, reflexivity and transitivity are all obeyed.
Thus we can partition the set of maps X — Y into disjoint classes of mutually homotopic

maps - the homotopy classes.
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We are interested in the maps S™ — M, and shall denote the set of homotopy classes

for these maps by m,(M). If M is also a sphere S™ then two maps f,¢g : S — S™ are
homotopic if and only if f(z) and g(@) cover S™ the same number of times that 2 covers it
once. Then we can identify «,, (M) with Z and say that the homotopy classes are labelled
by integer winding numbers. m,(M) must have more than one number for topologically

stable structures.

It still remains for us to show that m,(M) has the form of a group. For any two maps

f,g: 5" — M a third continuous map may be defined

.f(?':’}l)m?a“'a:vn) 0 S 1 S %
/I,(Illl, Lo, - ,;L'n) = (2[8)
9(23”1_1;‘@27‘”7‘7”71) %S’ngl
which may be written

Fach of these maps are members of their own homotopy class : [h], [f] and [g], where
[h],1f], 9] € mu(M). However, if f is varied within [f] and g is varied within [g] then

[f + ¢] will remain unchanged, so
[f + 9] = [f]+1g] (2.20)

This binary operation means that m,(M) takes on a group structure. The identity element
of the group is the homotopy class of the constant map. For n > 2, m, (M) is always

Abelian.

The physical significance of 7,(M) having a group structure is that two solutions may
be combined, by performing the group operation on their homotopy classes, to a single

solution. In our case of S? — S? then

71'2(52) = Z (221)
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2.4 Topological Charge

In the previous section we saw how two homeomorphic mappings are members of the same
homotopy class. In this section we shall show that two mappings with the same topological
charge or winding number are homeomorphic and thus their homotopy class may be labelled

by the said topological charge. We follow ideas given in [9] and [8] references therein.

There are several different ways of approaching an analysis of topological charge. The
problem is to connect the separate strands together. We shall omit completely some of
the angles of approach, such as Chern class and Pontryagin index, as they are irrelevant in
the context of this work. The first approach that we shall choose is a fairly topologically

rigorous one. Initially we shall make some remarks about Kahler models.

If the target manifold M admits a Kahler metric then the model 1s Kahler. This is true
for M = 5% as the metric g(¢,#) = (1 + ¢6)~? may be written in the form g¢(4,d) =
%%g’(d), ¢) where ¢' = In(1 + ¢¢) is the Kihler metric density. Now suppose that M
is an n-dimensional complex manifold parametrised by co-ordinates u® and their complex

conjugates u®, with o = 1,.....,n. Then the sigma model action may he written

1 3
S = —/d“m Gapltt) Ou™ 9"’ (2.22)

where d is the dimension of spacetime. The model is said to be Kéhler if the two-form

W= gp du® x du’ (2.23)
is closed. i.e. dw = 0. This condition greatly simplifies the equation of motion. It also
provides a link with cohomology.

Let us now briefly define cohomology classes. If  is a p-form, and ¢ a (p — 1)-form,
on a manifold M then 7 is closed if dp = 0 and exact if 5 = d(. If n is exact then it

automatically follows that it is closed as d*> = 0. However closed forms are only exact if
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M is contractible. Actually the closed p-forms may be classified, two p-forms being in the
same class if and only if they differ by an exact form. These classes are called cohomology

classes.

If the set of all closed p-forms is denoted by ZP(M) and the set of all exact p-forms by

B?(M), then the set of cohomology classes is defined as
HP(M) = ZP(M)/ BP(M) (2.24)

The elements of H?(M) obey the rules of group operation, so H?(M) is called the pth

cohomology group of M.

The next step is given by the Hurewicz Theorem. In a simple form it may be stated thus

If M is an (n — 1)-connected space with n > 2 then there is a one-to-one
correspondence between the homotopy classes of the maps f : S* — M and

the elements of the singular homology group H,(M).

The proof of this theorem is outside the scope of this work, however it may be found in [18].
An equivalent statement of the Hurewicz Theorem may be made for cohomology groups,

which means that we may make the identification
(M) = HP (M) (2.25)
which provides the link between homotopy groups and cohomology groups.

Thus we have shown that as w is a closed two-form then it is a member of H?(M) and
thus my(M), and we can label the classes in each of these groups by an integer. Another

quick digression is now needed to introduce the notion of pullback mapping.

For a manifold M there is a tangent space at a point p denoted T),M. Linear functions

w given by w : T,M — IR form a cotangent space of M at p, denoted Ty M. Elements of
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T;M are known as one-forms. the simplest example being the differential df where f is a

smooth function on M.
The action of a vector v on f is
af
v[f] = 0“5;; € IR (2.26)

Then the action of df € TyM on v € T, M, df : T,M — IR is defined as the inner product
(df,v) = v[f]R (2.27)

The map f naturally induces a map between tangent spaces called the differential map f,
Fo : ToM — Ty N (2.28)

the action of which is defined as -

(fev)lg] = vlgf] ' (2.29)

where g is a smooth function on N. Similarly f induces the reverse mapping known as the

pullback
[ TiyN - TyM (2.30)

If h € T}, N then the pullback of A by f* is defined by

(f*h,v) = (h, fTv) (2.31)
If k€ Q7 (N) where Q7(N) is the space of smooth r-forms on N then
d(f*k) = f*(dk) (2.32)

Thus f* maps closed forms to closed forms and exact forms to exact forms. So we may

define a pullback between cohomology groups

f* H'(N) — H'(M) (2.33)
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flwl = [fw] (2.34)
where [w] € H'(N).

The relevance of pullback becomes clear when we note that if two maps fi and f, are
homotopic then their pullback maps of the cohomology groups are identical. Thus each
homotopy class may be assigned a pullback mapping and the topological charge may be
defined as
Q:c”/fWﬂ (2.35)
N
where ¢ is some normalisation factor which makes ) an integer. It makes sense to identity

() with the integer that labels the homotopy group associated with the pullback in . In

our case of course we can take w in () to be the Kahler two-form given above.

We have got to the stage where we can label homotopy classes by integers known as the
topological charge. However it would be convenient to be able to write ) in terms of the
fields of the model. To do this consider @) as the integral of the zero component of the

topological current J, = (Jo, J,,).
Q:ﬂ/%fm (2.36)
In the case of the O(3) model
Jo = utapy ¢ 0,8" 0,07 (2.37)

where €, and e, are the totally antisymmetric tensors in 2 and 3 dimensions respectively.

Let us now approach topological charge from a different angle and look at it in terms of

winding number. Consider the integration over the surface of the space of the fields ¢, S2,,.

The winding number is the number of times a map from this space covers the target space

So the the surface area of S2, may be identified with the product of the winding

S

2
phys*
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number and the surface area of S2,,,. So
aSy = [, 5. J(z, 2.
‘/Siznt ¢ S?:hys (:B ¢) ( 38)
where J(z, ) is the Jacobian of the transformation between S7, and 52, .. To calculate

2

2 The area

this Jacobian consider a small area element swept out by the vector ¢ on S

of this element is the vector product 6;¢ A é;¢p where the differential §; = §/6z;. Hence
J(z,¢) is
J(z,0) =P 61dNb2gp (2.39)

The area of a unit sphere in the physical space is 47. Thus the winding number is given
by
1
Q=1 / Pr ¢ 61 A by (2.40)

The products may be written using the anti-symmetric tensor e. This creates some double

counting in the space-time co-ordinates which is compensated for. Thus

1 a
Q= —8—;/(1231: €uv€apy 3% 0,0° 0,8 (2.41)
as above. Also we have found the value of the normalising constant c.

Topological charge is a topological invariant, i.e. it does not change under homeomor-
“phisms. In this way it is a conserved quantity. Sirilarly with the topological current.
The topological charge labels the static solutions of the model and provides a lower bound

to the action. We shall now show this for the O(3) sigma model. Using the fields o from

2.5) the topological charge for the sigma model may be written as
(2.5) polog g g y
1 2
Q=g / &z ¢,, 0],0,0,0] (2.42)

Now consider the inequality

(8,0 £ €,[0,0,0])* >0 (2.43)
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It follows from this and ( 2.5) that
S > 4r|Q| (2.44)

so the magnitude of @) is the lower bound of the action. The equality holds when
0,0 = teu[0,0,0] (2.45)

these are called the duality conditions. It can be shown that any solution of these conditions
is also a solution of the equations of motion. The solutions to the duality equations are
the instanton solutions and were first derived in the form which we shall use by Belavin

and Polyakov [1]. The field o takes values on S2
o = (cos 8, sin 8 cos p, sin 8 sin ) (2.46)

If we stereographically project from the sphere onto a plane the number of components of

the field can be reduced to two. If w is the field on this plane then

: 0
w(z) = wy + fwy = gll—i% = cot ie"'o (2.47)
6
w; = cot 5 0O (2.48)
0 .
wy, = cot 5 sine (2.49)

where z = x; + iz, are the physical co-ordinates. The antisymmetry of the duality condi-

tions means that tliey Teduce to
alwl = 82’1.02 ) 61w2 = —8211)1 (250)

which are just the Cauchy-Riemann conditions. The general solution of these may be
expressed as any analytical function of z. This solution must be a continuous function
within each homotopy class. Poles occur at the boundaries of topological sectors. The

topological charge labels each topological sector. Thus the solutions have the form

w = cﬁ (z = a;) (2.51)
i=1 (z - bj)
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which are the instanton solutions ( 1.1). The parameters a;, b; and ¢ define the size of the

mstanton.

Under the stereographic projection the action takes the form

4 d.w050 + Oswd,w
§o 4 f g QD D, 252
k ¢ (1 + |w|?)? (2.52)
and the topological charge
1 0,051 — Oz,
V= = | % 22 £ 72 2.53
@ 7 /{ . (1 + |w]?)? ( )
Thus we can write the action in terms of the static solutions
Ar@Q) 8 O>wd,w .
= — - 12.' z £ 2"4‘
=7 +k/”(1+|w|2)2 (2.54)

This form of the action is minimised if d,w = 0, which are just the Cauchy-Riemann

equations again.
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ﬁnstanten Contribution to the
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3.1 Fluctuation Operator

A vital component of the renormalisation calculation which is our main aim in this thesis,
is the instanton contribution to the Green’s Function for the O(3) o-model given in ( 1.2)
and ( 1.3). This was first discovered by Fateev, Frolov and Schwarz [2], [19] and is re-
examined in depth in [13]. Here we shall follow their calculation in detail, but we shall also

demonstrate two new methods of calculating the determinant of the fluctuation operator.

As already noted, the O(3) o-model action may be written in terms of the topological

charge ¢, fields w(z, z) and coupling constant & as

O;w0,w :
2
./d (1+ wl?)? (3.1)

so the action is at its minimal values S = 4—? when 0;w = 0. This is satisfied by

(3.2)

where Py(z) and Py(z) are polynomials. This is an instanton solution where the topological
charge of the instanton is equal to the maximal degree of the polynomial. Thus it is possible

to write the g-instanton solution as

cHi-’:l.(_Z —a;) o

" (z— b) (3:3)

) () =

To calculate the instanton contribution to the Green’s Function we shall use the steepest
descent method. Suppose that w differs from v by some quantum correction ¢(z, z), then
w = v + . As ¢ is small we shall approximate the action so that we only have the terms
that are of the lowest order in . So we expand out the denominator of the second term

of the action, and as d;v = 0 then to this approximation

_4rg 8 1, Op0:p :
§== +k/dm & (3.4)
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where p = 1 + |v|*. However if we consider d,(@p~%05¢) then it is easy to see that

/(123; agc,;‘;)ztp = /d2$82(¢p—235<p) - /(12339—962[)_265(,0 (3.5)

but the first term will disappear at the boundary when it is integrated. If we define the

inner product of two complex functions ¥ and y in this space as
(box) = [ e /G b x (3.6)

where ¢ is the determinant of the metric on the sphere, then the action may be written in

a similar form

2
@%Awy:_/ﬂ%¢@pﬂaww:/d%vgp”@<—€6@pﬂ@>¢ (3.7)

2
/) b5 —2 «
A=——20p"0; 3.8

is the fluctuation operator. This is different to the fluctuation operator used in [2], but
this is just because the variables in the second term of the action are defined differently in

each case. It is easy to show that the fluctuation operators are equivalent. So

4 8 .
So = ==+ (¢, A¢) (3.9)

The subscript indicates that this is just the leading order approximation of the action. The

metric on the sphere of radius R is

, 2?2 +y2\]7? .
gl“'(may) = 6;w [l + ( AR? )} (3]0)

to return to the Fuclidean metric we take B — 0. The variables may be redefined as

x = 2Rz’ y = 2Ry’ so that the radius R can be factored out of the metric. If the instanton
parameters are also rescaled then the Green’s function is unchanged and the primes can

be ignored. Thus

ym,(Z,E) = 6;11/(]- + |Z|2)_2 (31[)
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the determinant of which is

detg,, = (1 + 12]*)~* (3.12)

3.2 Instanton Manifold Measure

Let the instanton contribution to the Green’s function he

' _ Zqu(U) ..
I(n) = s, (3.13)
where
Jo(n) = /77(@) ™% dpo de (3.14)

djo is the measure on the manifold of instantons induced by the metric on this manifold.
It is the purpose of the rest of this chapter to calculate I(7). Let us denote the instanton
parameters a, b and ¢ by {t*} = (a,b,¢) and {t¥} = (@,b,¢). Thus the metric on the

manifold of instantons can be written as

g ot 200V
Z(/d“’\/g_p atﬂata)

a)ﬁ

where m5 can be interpreted as the metric tensor on the manifold of instantons. We note

5161 = > (%, gt%) 51619 = 27710_5&“5155 (3.15)
o,f3 o,

here that this can be written in the form

o0
Mg = %WI((Z,Z) , K(z,z)= /(l z\/g Inp (3.16)

thus m,z has the form of a Kahler metric tensor.

The measure on the manifold of instantons dug is therefore

dio = (¢!)™% detm dt™ dt? (3.17)

The factor (¢!)~% is to avoid double counting. To calculate det m note that —a@f’; (2 = by)?

can be represented by qu:anka- Thus if we define

Ni; = /dQl'\/g_/ p2 H|z — b Fh (3.18)
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then m = UT.NU, the matrix U is just dependent on the moduli ¢, b and ¢. Now detm =

det N|det U]?, and det U can be found to be

det U = CQQH((Lk — a;)(br — b;) H(“l —by) (3.19)
k>3 Im
S0
detm = [e[* ] |ax — a;]|bx — b;] [Tlar = bn]? det N (3.20)
k>j Im

3.3 Regularisation

The expression J,(n) needs to be regularised as

L) = k7 o) e FHOA) 4ug dy (3.21)
= /f’zqe“%q/n(v) det"%(A) duo (3.22)

so that

Jq(n) k_gqe_é%qf(llto n(v) det,_%(A)

Llo(n) = m [ d2%c det_}?(Ao)

and the determinants are divergent as they have an infinite number of dimensions. The
regularisation is done by means of a proper time cut-off. Let us define the determinant to
be

. codt _ .
Indet A =TrinA; = —gg(l); [/c - e~ Mt 4+ 1n 6] (3.24)

where the A; are the non-zero eigenvalues of A. Now let us define

Indete A = —Z [/me"'\‘t (lTL +1In 6j| (3.25)
. )

i
A has p zero modes, where p = 4¢ + 2. The second term in ( 3.25) is cancelled by a similar

term from the denominator of I,(n). However although A has p zero modes, A has 2,

hence there will be an over-cancellation of (p — 2)Ine. Also

Ze"\‘t =Tre ™ —p (3.26)

i
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SO

o0

IndeteA —IndeteAg = —(p—2)Ine— /

€

dt oo
— (Tr e —p)+ /6 % (Tr e~ —~2) (3.27)

For ¢ — 0 the asymptotic expansion of Tr e~4* can be calculated to be for R = 1

1
Tre ™ = - +20+0() (3.28)
Thus in the limit € — 0

© /1 dt '
IndeteA = —/6 (?+2q> n (3.29)

1 o0
= [— — 2¢In t] (3.30)

t €

We may separate the divergent part from the rest. So if % > € but i is still small then

1 oo

M 1
IndeteA = [% —2¢ln t] + [? —2q lnt] (3.31)
€ 1
1 1 *°
= [/L— Z+2qlneu} + [;—2{11nt]1 (3.32)

Thus the divergent terms of the determinant as ¢ — 0 are the ¢ dependent pieces. Now

from ( 3.23)

sxq [ dpto 1(v) exp -1 (n— L +2qInep)]
e xa -5 (o 1)

so the linearly divergent pieces cancel and the logarithmic divergence can be absorbed into

(3.33)

Iq(n) = k%"

a renormalised coupling constant

I(n) = f;—rij /dug n(v) exp [—47rq (% + ﬁln qu)] (3.34)
= Z;’ / dpo n(v) exp l—%} (3.35)

where V = 47 R? is the area of the sphere. The renormalised coupling constant k(u) given
by ﬁ = > + & Inep can be used to find the f-function of the model. The B-function is
defined by

Bk) = p——= (3.36)
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Thus
d 0
u@(;ﬂ%ﬂ—) o glo(en) (3.37)
1 Ok(p) 1
1 k(u)2 _aﬂ = a (338)
Bk) =— ki’:r) (3.39)

and we have obtained the negative f-function of an asymptotically free theory. We shall

use this later.

The renormalised determinant is thus given by subtracting the linearly and logarithmically
divergent parts from the unrenormalised determinant. i.e. if the renormalised determinant
is det'A then

In det’A = lim (ln dete — % —2gln e> (3.40)

3.4 Calculation of det’'A

The determinant may be calculated by means of methods developed in [1}, [2] and [20]
and also used in [19]. First the variation of the determinant with respect to the instanton
paré,a—e-ﬁéré is found. This has the effect of removing the last two terms from ( 3.40),
—% —2qlne, as they are independent of those parameters. If the expression found this way
is then integrated, the character of the dependence of the determinant on the instanton

parameters may be found.

As we are using Tr A it is irrelevant how the terms in A are ordered as long as correct

permutations are used. It is convenient to use the form of A given in [2]

1 » .
Af = 7" 9 [0 (pf)] (3.41)
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From ( 3.27) and ( 3.40) it follows that
§ln det'A = / “(Tr 6Ae8)dt (3.42)
0

where

6A =2p716pA — 2p*0,p™°6p0; (3.43)

Using the properties of the trace, we may reorder A and §A. So (neglecting g for the

moment)

Tr 6Ae™* = 2Tr (p7'6pLe ) — 2Tt (p*8,p~26p Bze™2) (3.44)

= 2Tr (p~'6pLe ) — 2Tr (p~'6p p_lafpz(?zp"le"m) (3.45)

Now if we write A in the form A = TTT where

1
T = ——pd.p, T=p"0 3.46
75 P % p~ 0Ozp (3.46)
we may define the conjugate operator by A= TTT, hence
- 1
Af =—p7'0; [ =9, (p™" ] 3.47
f=-r v (o7 f) (3.47)
SO
Tr 6Ae™® = 2Tr (p~'6pAe™2) — 2Tr (p~16p Ae™t2) - (3.48)

but Ap?8,p~! = p28,p~1 A so TrA = TrA thus we may replace A by A above and
Tr 6Ae™® = 2Tr (p16pAe™® — p~lép Ae_tA) (3.49)
S0

§ln det’'A = 2/000T1‘ (p7'6pAe™ — p 6p Ae—m)dt (3.50)

. ) -1 —tA —tA '
= —2/0 atTl p bp (e72 —e7")dt (3.51)
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Therefore we have to study the behaviour of the integrand for large ¢ and for small ¢. The
asymptotics for ¢ — oo are governed by the zero modes of the operator A (the operator A

does not have any zero modes). Let
A, =0 a=0,..,4¢+1 (3.52)

Due to the way that ( 3.51) has been constructed, all that needs to be calculated for the
case t — 0 is (z]e""2|z) and (z|]e~*2|z). Various methods may be used to calculate these,
however we shall concentrate on two very different angles of approach to this problem. The
first involves the use of A as an operator in the Heat Equation ([21], [22], [13])

AG(a,y;1) = B8 (3.53)

where the kernel G satisfies G(z,y;0) = §(z —y) and G ~ e~*2 thus (z]e™*2|z) ~ G(z, 2;1).
Here z and y are complex numbers This method may be used to calculate the zeta function

for the operator A

1 e s—1
() = 1 | g (3.54)
which raises the question of whether det A could be found directly from
dals) = —Indet A (3.55)
ds |,

However this is not possible even in the small s limit as A is too complex a function.

The heat kernel may be represented by its asymptotic expansion for small ¢

G(z,y;t) = LeXP (_(x_—yf_) i an(z, y)t" (3.56)

47t t =
where ag(z,2) = 1, so for small ¢t we need only calculate the first two or three terms of this

expansion.

The other method we may employ to calculate the expectation values is to use a semi-
classical expansion. Here the fluctuation operator A may be interpreted as the Hamilto-

nian of a quantum mechanical system corresponding to a classical Hamiltonian H, so the
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expectation value is written as a quantum mechanical functional integral

(sle™8)z) = [ Dle,y,p)exp (— [t £z, p)) (3.57)
where £ = &p, +yp, — H

It is necessary in both of these methods for A and A to be written in terms of real variables.
We shall set \/g = 1 for the moment as it turns out that for the calculation involving A,
the value of the metric has no effect on the final result. However this is not true for the
calculation using A and so we must be ready to replace the metric when it is needed. Also
it turns out that there are no important differences between the calculations for the two
operators in either method, therefore we shall only describe the calculation for A in detail.

So if f(z,y) is an arbitrary function
Af = 0.0:f — 2p72(8:p0zp)f + p~ ' (8.0:p)f + p~'0:p0.f — p~" 0.p0: f (3.58)
Now
1 . 1 : 1,,, S
a, = 5(& —10y) , Oz = ‘—2—(83c +10,) , 0,0; = Z(ax +0,) = ZV (3.59)

where V is the Laplacian operator. Thus

Af= (1974 (@ 1np) 3 — (@1np)3y) 5 ((0Inp) + @y Inp)?) + 757 9p) f
(3.60)
or
A=I 4 L (@mpo - @p)d) +REY) @6
where
R(z,y) = ip‘lvzp — % ((8e1n.p)* + (8, In p)*) (3.62)

It is convenient now to see that as

V2Inp = p 'V — ((9:1np)’ + (8, In p)*) (3.63)
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then
R(z,y) = -v2 Inp — = ((a Inp)® + (8,1np)*) (3.64)

3.4.1 Heat Equation Method

We are only interested in the first couple of terms in the expansion of G(z,z;t) (i.e. when
n =0 and n = 1). As already stated, by definition a¢(z,z) = 1 so all we really need to find
is a1 (z,z). Using ( 3.53), ( 3.56) and ( 3.61) simultaneous equations may be constructed

by equating powers of ¢ and thus a4(z,z) found.

As z and y are complex numbers, then (z —y) will be treated as a vector with components

along the space-time axes. Thus if the space-time co-ordinates are p and ¢ then

(z—y) - 0= (z—y)pdp + (z — Y)q0q (3.65)

So we need to calculate the components of

1 ' 0
29" 4 (@102, ~ (010p)2,) + Rlz,)] 6= 5 (3.66)
These are
lvzg = Lexp _(:I:_—yf_ ——ia "t —(z—y)- iaa ¢l
4 4t t =" "

+(z —y) Zant" 24 - Za2antn] (3.67)

(0210 p)0y — (011n p)0,
- Lexp ( (L_—y—)—z) [—2 ((O21np)(z —y)1 — (O1log p)(z — y)2 Zant" !

t

+(0; In p)Z@l a,t" — (01 1n p)Z(%a,J"] (3.68)

n=0 n=0

and

99 _ 1 o (_( ) [ Zant" L4 (z - Zant” 2 4 S nant™ 1] (3.69)

ot 4t o =
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where the subscripts 1 and 2 are used to indicate direction in space-time. ( 3.66) now

becomes
donant"! = —(z—y)- Y Ba.t" + 2262%#
n=0 n=0 n=0
—i((lnp)(z — y)1 — (81 Inp)(z — y)2) Y _ant™"
n=0
+ % ((52 In p)zalant" — (01 1n p)zagant”> + R(w,y)ZantTBYO)
n=0 n=0 n=0

As each summation is independent we are free to reclassify them as we wish. Thus in all
terms where the first term in the summation is a t° term, we make a shift n — n — 1. Now
all the terms have ¢~! as their first term and so this may be factored out of the equation

and the summations removed leaving
nan = —(z~1y)-dan+ i-azan_l —i(Balnp)(z — y)1 — (8110 p)(z — y)s) an
+% ((021n p)dran—1 — (01 1n p)Oran_1) + Ran—1 (3.71)
a_, is zero by definition, and so for the case n = 0
— (¢ —y)-0ao —1((B2lnp)(z — y)1 — (BiInp)(z — y)2) a0 =0 (3.72)
or
e = ((z = y)1Orao + (z — y)202a0) =1 ((Belnp)(z.— y)1 — (O lnp)(z —y)2)ae  (3.73)
equating coeflicients gives

—(z —y)hbiao = i(0:2Inp)(z —y)iao (3.74)

(z —y)20:00 = i(O11np)(z — y)aao (3.75)
which we must differentiate again, with respect to the space-time co-ordinates, for use later

—(912&0 = i(alaglnp)ao-{-(aglnp)zao (376)

8220,0

?:(6261 11’1 p)ao - (81 In p)zao (377)
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Here the (z — y); and (z — y); have been cancelled but only after the differentiation. Next

we look at the case of n =1 in ( 3.71). This gives the equations

—(z-y) da + %3260 — i ((Gelnp)(z —y)1 — (A lnp)(z - y)s) &

i

+=((03In p)0iap — (01 1n p)Brao) + R(z,y)ao = a1 (3.78)

No|

Terms containing differentials of ag may be substituted using ( 3.74), ( 3.75), ( 3.76) and

( 3.77). A lot of the terms disappear when the trace is taken leaving us with

1
ai(z,z) = 182 Inp (3.79)
Thus
G(x ~t)—L+L621 + 3.80)
BB T gt T l6n” 3.

An equivalent calculation may be done for A. If the heat kernel for A is G then

. 1 1 .
G(z,z;t) = m—m—ﬂ_azlnp—iﬂw (3.81)

which is in agreement with the results found in [2].

3.4.2 Quantum Mechanical Method

We stated above that it is possible for the expectation value we are trying to calculate
to be written as a functional integral with a lagrangian expressed in terms of quantum
mechanical operators. Also we have said that the fluctuation operator A may be identified
as a quantum version of a classical hamiltonian H, hence the lagrangian may be found in
the usual way

L=2ap,+ypy, —H : (3.82)

where the p;’s are the momenta. The standard quantum mechanical expressions of the

momentum operators p, = —10, and p, = —i0, (where h = 1) may be used to write A in
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terms of these momenta

A= 2 +17) ~ 5 (0 Inp)pe — (Benp)py) + R(a,) (3.83)

where V% = —(p,? + p,?). Thus

L= 4+ (645000 pet (3450000 )5y~ Rlzy) (380

Let us represent the expectation value we need to find as a partition function

7 = /D(m,y,p) exp (—/dt B(m,y,p)) (3.85)

The momenta may be integrated out by using a standard quadratic integral, e.g. for the

integration of p,
1, .1
[ Do exp [~ [t (0.2 4 (84 50, 100)) 2 = Raw))| (3.86)

we use
/00 dz exp (—a:v2 + bz + c) = (1) : exp b—2 +c (3.87)
-0 a 4a '

However care is needed as the functional measure actually represents an infinite number
of measures, one for each degree of freedom of the particle

n - .

Dp, = lim [[ dp. (3.88)
i=1

the cumulative effect of the integrals gives a coefficient of (47)%, which is infinite as n — oo.
So some form of regularisation must be used. A common method of regulating infinite
dimensional spaces is the zeta function method [21],[22]. Briefly this states that for a
matrix operator M with eigenvalues A, and eigenfunctions ¢, then the (-function is given
by

(pm(s) = Xn: A (3.89)
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and the regularized determinant of the matrix is given by
det M = ¢ ‘MY (3.90)

where ('(s) = d{-( (s). Also we can find the regularized dimension of the space ¢ in which
M is acting by

dim ¢ = (4(0) (3.91)
This means that we need to construct the zeta function for the fluctuation operator oc-
curing in the semi-classical expansion ( 3.85). Looking at ( 3.94) below we can see that

this operator is essentially g:—. The zeta function calculation for ;722 is relatively straight-
forward (see the Appendix at the end of the chapter) and so we may this result in the
regularisation of ( 3.88). Denoting the regularised dimension of momentum space by D,
the total coefficient, including the contribution from the p, integral, is (47)?P. As D = -1

then, having done the p, integral,

Z = ﬁ/D(w,y) exp [/ dt (— (sv + %(% log p))2 - (y + %((% log_p))

2

+ R(, y))l
(3.92)

So we are left with the integral over the position variables which we shall solve by means
of the saddle-point method. This involves defining the classical path of the particle. As
we are only looking at the case of ¢ — 0, then the time integral may cut off at a certain
time T'. Thus our boundary conditions are that the patticle travels from (z1,y1) at ¢ =0

to (z2,y2) at t = T. Using R(z,y) from above the functional integral may be written

L[ D,y exp(-5) (3.93)
= — z,y)exp(— .
4 J(z1,0) yIexp
where now the action is
T 1
s=[ d (@2 + 52+ 8(8, log p) + §(0s log p) — 9" log p) (3.94)
0

For simplicity we define

f(z,y) = Oylogp, h(z,y) = d:logp , k(z,y) = %32 log p (3.95)
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Considering only small ¢ enables us to make a change of variables which will leave a clearly

dominant term in the action. If we set ¢t = 7T where 7 goes from 0 to 1, then £ = 14

and the limits of the integration change as 7 = 0 when ¢t =0 and 7 = 1 when t = T'.So

S = /01 dr (%(;,;'2 +y"?) + 2 f(x,y) + y'h(z,y) — Tk(z, y)) (3.96)

where 2’ = %. The action is now dominated by the first term for small T'. As the first term
is quadratic in the “velocity” of the particle then the classical paths may be approximated

by

r = x1+ T(Z’z - 371) + Iz\/T (397)
y = yi+7@m—y)+avT (3.98)
where z and y are constructed to obey the above boundary conditions. The variables Z

and 7, which become the integration variables, are perturbations about the classical path

and are continuously deformable to zero. For simplicity we will use

¢ = x(r)+zVT (3.99)

y = ¢(r)+3vVT (3.100)
and

d = -:cc-l-i"\/T | " (3.101)

y = y+§VT (3.102)

where . = z, — 21 and y. = y2 — y;. The Jacobian of the change of variables x —  is
found by looking at the change in the functional measure D(z,y). By defining z to be
z™ = Y ;alu; where the u; are the eigenfunctions of the action, and so dz™ = }";dalu;, the

measure becomes

D(z) = [[dz" = [] da}\/det(ui, u;) (3.103)
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where the inner product is defined by
T
(i, ;) = f u?dt (3.104)
0

under the change of variables u; — #;v/T and t = 7T then (u;,u;) = T2 fj 4%dr and thus

Hda Vdet (T2(a;, ;) = TPD(z) (3.105)

where D is defined as above. Repeating the process for y we get the new functional measure
to be

T*°D(z,5) = T7'D(z,7) (3.106)

In order to write the action as an expansion in powers of T' each term may be expanded

in a Taylor Series, e.g.:

7 (x(r) + VT, () + GVT) (wc + a'VT)
= [elpmyyes + VT (2:30:f + 250, f +7'f)

T=x,y=¢

+T( (T202f + FPORf + 50,0, ) + 5T 0uf + 7 yf) +--(3.107)

T=x,y=9
All terms of order higher than T will be neglected. Also we can neglect z,  and zj terms

in the action as these are meaningless when we come to calculate the expectation values.

Writing
Pl = 2@ lgs + U@y = FO0#) (3108)
gives

s= “dr (%(wf Fyd) + (@) + @)D + Flo 8) + VTL: + T£2> (3.109)
where

Ly = (80 F+yo,F+7'f+7yh) (3.110)

T=X,y=¢

L, = (%(:zzagF + §2O2F) + 3T 0o f + G5 Oyh — k) (3.111)

T=x,y=¢
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Thus the functional integral is now

7 = l—}%ﬂ—/@(i,g) exp [- '/: dr (—1—(51,‘c2 +y2) + @)V + () + Fx, ¢) — VTS, — TSz))]

T .
(3.112)
The parts of the functional integral independent of Z and § we will call
1, 2 !

2 9) = exp |~ (e + %) = [ drF(x,9) (3.113)

The terms of order v/T and T in the action may be expanded as an exponential

1

exp [~(VTS1 + TS,)| =1 - VTS +T (5512 - 52) (3.114)

where again we have only gone up to order T. As L, is only linear in Z and § then the T

term may be neglected. Also we have defined S;? as

1
$2 = Si(m)Si(m) = /0 drydroL(r1)La(72)
1
= /0 dTldT2 (iil.’ianFlamFg -+ (El.’fl?azFlfg + ylg;‘ayFlhz + yly_ZByFl(?ng

+E1Z20: Fafy + Z135f2f1 + §1520, F2ha + §175R2h1)(3.115)

where, for convenience, we have written Z; = Z(m1) and have only included terms which

will be non-zero on contraction. Also we make the change

dz\* d (_dz\ _d* - -

where the first term disappears as a boundary term on integration. Therefore the dominant

terms in the functional integral are

Z =

Ze /D(a': y) ex (/1dr(a‘v£”+"”)) [1+T(352—S)]:Z +Z;  (3.117)
AT y)exp{ | gy 591 2 1+ 22 :

The first term is simply solved by using the standard integral

/dm exp (—%(w,Am)) = /2 (det A)_% (3.118)
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but again there is the problem of an infinite coeflicient lim, ., 2" as there are an infinite

number of integrals and two variables. However, using the same regularisation method as
before we find X
0\

7= Z%[det (4%)] (3.119)

Note that now the operator is ;% as stated earlier. The value of the regularized determinant

may also be found using the {-function method. The detailed zeta function calculation is

given in the Appendix at the end of this chapter. We find that

dot [—2- L) = L (3.120)
€ d7-2 —\/§ .

Remember that we need to find only the diagonal elements of the expectation value. This
is equivalent to requiring that z. = y. = 0 making Z, = 1. Thus

1

7y = —— 121
VT 4T (3.121)

This is the same as in the Heat Equation method.

Now to calculate Z, we hayve
ZC — = 1 == —~ =1
Zy, = —/D(:c,y)exp (/ dr (23" + gy )) X
4T 0
1 n . o
{5'/(; dTldTg (I-I_,‘]ﬂ—fzazFlang + 5:150'2(9$F1f2 + glgzayFth + y1y28yF16yF2
+212:0: o fr + B35 /21 + 91920, F2h1 + §153haln)
1 1, B ., T -
_ /0 dr (i(mzaﬁﬁ’ + §202F) + 550, f + 5 Oyh — k)] (3.122)
This can be solved term by term. Note that the first term in ( 3.122) may be written as

(neglecting constants for the moment)
1 1
/ dridry 0, F10,F; / D(z,y) exp ( / dr (zz" + gg”)) T1T (3.123)
0 0

and that the Green’s Function G(71,7;) of di:g is

I D@, 5) exp (Jg dr (32" + §§")) 22
I D(z,5)exp (f; dr (23" + §5")

G(Tl,Tg) =< T1Zy > =
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= [D@5)exp ( /01 dr (22" + 3737")) i ldet (”2%)]

(3.124)
To calculate G(71,72) we solve
a2
FG(TM T2) = 6(7’2 — Tl) (3125)
It is easy to see that the solution must have the general form
G(r,m) =|n—mn|+Ann+ B(n+n)+C (3.126)

where A, B and C are constants. The boundary conditions on G(7y,7;) are the same as
those for & and g, so G(71,72) =0 when i, =0, 5 =1 and 7, = 1. C can be chosen to be

zero and we find

1
G(r,72) = §[|7'1 — 7|+ 2m72 — (12 + 7)) (3.127)
Comparing ( 3.123) and ( 3.124) gives the first term in Z; to be
1 2\
/ dTldTg axFlang [det (—25.‘2‘)] G(T],Tz) (3128)
0

We can perform similar calculations for all the other terms in ( 3.122). However if we again
look at only diagonal elements then F' = 0 and f, h and k¥ become independent of 7. This

leaves us with

1 AN N 8 9
Zy = o [det (—ZE_;)] [5/0 dTld’fz(f2f1+h2h1)a—ﬁ6—ﬁG(7’1,7’2)

_/01 ir (0. +0,0) aa_TG(T,T)+k (3.129)

The first and second terms turn out to be zero. Using results given above we are left with

(using ( 3.95))
g = — = —1—7r82 log p (3.130)

Thus we can see that, for the first couple of terms in the expansion, Z agrees with the

result obtained by solving the heat equation directly.
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3.5 Assembling the Instanton Contribution

Now we are at a stage were we can return to ( 3.51) and find a solution for the determinant
of the fluctuation operator. Using this and ( 3.20) and ( 3.17) we can find the instanton

contribution by means of ( 3.23).

In the previous sections we found that the logdet of the fluctuation operator, given by
( 3.51), depends upon the evaluation of the expectation values (z|e™*4|z) and (z]e~t8|2)

for large and small t. For ¢t — 0 it is found, by two methods, that

- g 1
(zle™82) = ;%—}—w—wazlogp-}-... (3.131)

Using the same methods, the contribution from the other expectation value in this case is

found to be

—id),y = VI _1.2( ~ L )+
(z|e lz)_41rt+87r8 log p 47rlogg + (3.132)

Omitted terms tend to zero as t — 0 in both cases. Now, with these results, and the

representation of the zero modes of the fluctuation operator givenin ( 3.52), ( 3.51) becomes
A 2 9 a2 _ L _ 2
6ln detA—. 2/0 d:z:c?lnp[wﬂﬁ log p 32#28 logg] 2/0 d°z 6lnp P(z) (3.133)

where P(z) = Y ;%:(z)w;i(z) is the zero mode projection operator assuming (i;%;) = &;;.

The first term may be put into a form in which it may be calculated. To do this note that

0, (Inp 0,(6lnp)) = 0ulnp 8,.(6lnp)+1np 8,0,(8ln p) (3.134)
0, (8lnp Oulnp) = 0,(6lnp)d.np+ élnp 0,0,lnp (3.135)
6(Inp 8,0,lnp) = élnpd,0,Inp+1np 8,0,(8lnp) (3.136)

so that

§n p 6,8,ln p = % (6 (in p 8,8,n p) + 8, (810 p B,ln p) — 3, (Inp Bu(6ln p))]  (3.137)
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By using Stokes’ Theorem the second and third terms of ( 3.137) may be turned into

surface integrals. Therefore ( 3.133) may be split into four integrals

511’1 det'A = Al + A2 + A3 + A4 (3138)
where
_ 3 s [Cr
A = 1(5—%5/(; d’zInp d,0,lnp (3.139)
Ay = 16% § do, (610 p B,in p — np 0,(51n ) (3.140)
R B 2
As = 1671'2/0 d*z 61n pd°logg (3.141)
A = -2 / &z §1n p P(z) (3.142)
0 A

Now, for the remainder of these calculations we shall redefine p to be p = (1+|v|?)[1i|z — bk
as used in [2]. This makes no difference to the final contributions to 6 Indet’A. Note that

now po = (1 + |v|?). Consequently, using these redefinitions, we are able to split A,

A = 16”5/ & 1n po D,u0,In p + - 62/ &z In |z - bf? 8,8,In p

|0zv/?

_ z 5 / 2, (5 2
327r6/dzdzlnpo (1+|v|2)2+167r zk:o dz 8 In |z bk|)lnp

+ E&Zy{dau (((9,,ln p)lnjz — b —Inp d,In|z — bklz) (3.143)
k
The first term in A; vanishes as it is just the variation of the topological number as

_ 0,v|* In(l+ v
/dz dz In (1 + |v]?) (1|+l || /d2 1+|v||2 ) (3.144)

The factor of ¢ arises because in general the z plane has ¢ inverse images in the v plane due
to the nature of the instanton solution we are using. By putting v into polar co-ordinates

it 1s easily seen that the integral on the right-hand side of this equation is a constant.

The second integral in ( 3.143) is found by taking into account the fact that 8%1n (z — a)? =

4ré(z — a). Hence

2 2 _ _ § ® — 2
16”52/ &z (8In)z - b*) lnp = 45%)/0 &5 6(z = b)) In(1 + ol?)
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3
= 63 I]] (lel?|bx — aif?) (3.145)
k i

The third integral in ( 3.143) may be calculated over an infinitely large circle. However,
when the contribution from Aj is calculated it 1s found to be exactly that of the third
integral in A; up to a minus sign. Hence these cancel against each other so that the only
remaining contribution to § In det’A from A; is ( 3.145) and there is no overall cbntribution

from A,.

As gy = 6 (1 + (2% + y2)/4R?)™? then A may be calculated for the limit R — 0. This
gives a flat space and so

1 2

Consequently

At Ay +As = 46I]] (leflox — al’) +4 6In(1 + |c]*)
kl

4 61T (Jbx — al?) + 4 61n (| (1 + |cf?)) (3.147)
ki

Now to calculate A4. Let us choose the standard basis of the zero modes of A to be of the

k=1

form: xj = p’lzg if k is even, and y, = p~'272 if k is odd. This system of zero modes
is not orthonormal, therefore A; needs to contain some form of normalisation. With the

inner product defined as («, 8) = [ d*z \/g p~*af then

A= —2(Mi;)™ / & /G o260 p xx6 = ~2(My;)™" / &z /G 97280 Xixe  (3.148)

where
My; = /dzm N (3.149)
but
SMy; = —2/d2m VI 07260 Xixk (3.150)
Thus

Ay =Tr M7'6M = 6Trln M = §lndet M (3.151)
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However, if we refer back to ( 3.18) then it is easy to see that det M = (det N)? and so we

finally obtain

§ln det’A = 4 61n]] (Jbx — al?) +4 61n (|e**(1 + |c]*)) + 26 In det N
ki

= 26In (|c|4q(1 + 1ef*)*TT (1be — ail*) det N) (3.152)
ki
So
(det'A)? = Je[*9(1 + [el*)*T] (Ibx — aul®) det N (3.153)
ki
and, from ( 3.22), ( 3.17) and ( 3.20), the instanton contribution to the Green’s Function
becomes
d?

Ja(n) = k() 1755 (g [ n(v) TLlex - asllbr — by Hlaz bm I‘zﬁ—znd% d’b;

k>j
(3.154)

(In [23] it was noted that an identical result is obtained for the anisotropic version of the
model). This may be re-expressed as an exponential. The function n(v) now only depends
on the instanton moduli a, b and ¢, hence we make the change (v) = A(a, b, c). The factors
dependent on the coupling constant may be contained in a single factor K7 [24] which will
represent the coupling. Now J,(A) is the same as I(A) up to some normalisation condition,

so the instanton contribution to the Green’s function for the O(3) sigma model is

K1 d%c
=Y [ Afa,byc) o e halat) € Hd% b, (3.155)
3 R e G
where
hy(a,b) = Z:ln|a,—a]|2 Zln|b —b; |2+Zln la; — b;]* (3.156)

i< 1<J

which are ( 1.2) and ( 1.3). In the one instanton sector (¢ = 1) this becomes simply

1 d*c 2
d*b
e b w1+ 17

- /A(a, b,c) (1(a, b, c) d?c d®a d%b (3.157)

(A), = / A(a,b,c) K
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where K! = 28¢7=2-47/ku) 4 = 0.5772 is the Euler number. The integrand (;(a,b,c) is
divergent as a — b, i.e. as we approach the zero instanton sector from the one instanton

sector.

Also when ¢ =0

/d"’ 1 + |c| (3.158)
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3.6 Appendix: Zeta-Function Regularisation

The role of the zeta function in the evaluation of the properties of operators is described in
detail in [21],[22]. Here we shall just give a basic outline of the ideas that we use, and the
zeta-function calculation for the operator 9%/d7%. More information about the properties

of the zeta function may be found in [25], [26] and other works.

Thus, given a matrix operator M of arbitrary size with eigenvalues A,, and eigenfunctions

¥, then the (-function is given by

Cpms) =D 2" (3.159)
which we shall write in the form
_ ]‘ o s—1
(M) = 1 | e K ) du (3.160)

where K(p) is a kernel which is to be determined, and the Gamma Function takes its
standard form
I(s) = / £ et dt (3.161)
0
To differentiate ( 3.159), each term in the summation must be differentiated separately

and then the differentials summed. Thus if z, = A, ™ so that {44(s) = X, z» then

dz, _
_(E » =—In )‘n (3162)
hence
dmls)l - _ S In A, (3.163)
ds |, "
However, as
Indet M = lnH/\n = Zln An (3.164)

Then the value of the determinant of M is given by

det M = exp (—¢)4(0)) | (3.165)
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where ('(s) = f;( (s). Also we can find the regularized dimension of the space ¢/ in which
M is acting by .
dim 2 = (14 (0) | (3.166)

In the calculation outlined above we have

62
M= =22 (3.167)
SO
— 207 (7) = Anha() (3.168)

where 02 = %. The boundary conditions on ¥, are the same as those on G(r,7), i.e. that
Po(r) =0 at 7 =1 and 0. We are thus free to choose 1, as long as it is consistent with
these conditions, so we shall simply choose 9,(7) = Asin(2rnr), where A is just some
arbitrary constant. So as 8%1h,(7) = —(27n)*,(7) then A, = 2(27n)* = 8x2n?. So from
( 3.159)

pm(s) = Y (8nn?)™ (3.169)

n

= (8" ") n7? (3.170)

where p = 2s, so our problem is now to find the new (-function

{(p) =) n? (3.171)
which is actually the original form of the {-function defined by Riemann. Comparing this
with the integral form of the {-function ( 3.160)

SnP = -1;(15 /Ow WS Ko () dp (3.172)

T

The kernel has been written as a summation simply to facilitate the calculation. This

condition is satisfied if K, (u) = exp(—np). To see this, for a particular n make a change
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of variables ¢ = ny where ¢ is the integration variable of I'(p). Now simply by summing it

as a geometric series we find

e 1
o
;)e . (3.173)
SO
. 1 o0 MP—I
) = 15 [ dnt— (3.174)

We can integrate this without going into the complex plane if we let

B(p) = e””_ : (3.175)
()= 57 #7B0 (3.176)

The behaviour of B(u) at the integration limits is that 8(x) —a constant as ¢ — 0 and
B(r) — 0 as p — oo, also f'(g) — 0 as g — o0, so we may integrate by parts. Note
however that the integration ( 3.176) is only valid for p > 2, we shall analytically continue

to the region where ((p) is valid for p > 0. Integrating by parts twice gives

) = T f w8 (3.177)

where the primes indicate differentiation with respect to p. The dominant terms in ( 3.177)

are those where p is small. In this case we may make the standard approximation G(p) — 11—),

SO

{(p) = ! /md# 18" (1) (3.178)

(p—1)Jo
Thus

() = [ du 8"(w) = ~1F (W)l (3.179)

and as f'(u) — —3 as p — 0, and F'(p) — 0 as p — oo, then

¢(0) = dim U = —-;- (3.180)
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However, to calculate ('(0) we must integrate ( 3.174) in the complex plane. In section
2.4 of [25] it is shown that a zeta-function of the form of ( 3.174) may be written in a

functional form

((p) = 2°xPsin <Zi275) I'(1—p) ¢(1—p) (3.181)
and thus that
(P _ o I
@), = log 2 (3.182)

For details of this calculation the reader is refered to [25]. Now, from above we know that

Cm(s) = (877" ((p) (3.183)

and as p = 2s then a‘% = 2% and differentiating gives
Cpq(s) = —(87%) 7" log(872)((p) + 2(87%)7('(p) (3.184)

so if we divide by (z4(s) we get

g,ﬁg; = log(:87r2) +2 CCI((—;’)) .
— log (%) (3.185)
thus
(aq(0) = —% log (%) (3.186)
and

(3.187)
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4.1 Introduction

In the previous section we saw that the instanton contribution to the Green’s function
for the O(3) sigma model is divergent at the boundaries of the instantons. Whether the
divergence occurs or not is due purely to the nature of the instanton moduli. Hence,
any mechanism we may devise to regulate these divergences will involve applying some
sort of cut-off in the space of the instanton moduli. To do this we need to write the
Greens Function as an integral over the instanton moduli to all orders in the semi;classica,l
expansion of the functional integral. In this chapter a mechanism for doing this shall be
proposed. However the act of cutting off the integral over the moduli space brings its own

problems.

Separating the moduli space integral from the rest of the field variables may be done by
imposing some form of constraint on the fields and the moduli. A convenient method
of imposing this constraint and of generating the integral over the moduli is to use the

Faddeev-Popov trick [27].

There are distinct advantages in using the Faddeev-Popov trick to introduce the integral
over the moduli into the Green’s Function. Firstly, in theories where we have to worry about
gauge groups, such as Yang-Mills Theory, the Faddeev-Popov procedure is the accepted
method of dealing with the problem of the extra multiplicative infinity arising from the
integration over the gauge group measure. It does this by constraining the fields on to
a gauge orbit using a delta function, the gauge group integration comes in as we have to
integrate over all gauge orbits. To compensate for this, extra terms are added to the action
written in terms of Grassmanian variables known as “ghost” fields and the constraints.
There is nothing stopping us including the integral over the moduli in this procedure and

then adding to the number of ghost fields to compensate. New fields introduced in this way
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will, however, not really be ghost fields, we shall thus call them “quasi~ghdsts”. In theories
where gauge groups are not a concern, such as the O(3) sigma model, the Faddeev-Popov
trick as such is not needed to factor out a divergence, however the pattern of the procedure
may still be used to factor out the integral over the instanton moduli, resulting in the
inclusion of quasi-ghosts and constraints in the action corresponding to the separation of

the field into a quantum fluctuation and a moduli dependent background.

Another advantage of the Faddeev-Popov approach is that it makes the dependence on the
instanton moduli explicit without making any assumptions about the size of the fluctua-
tions about the instanton solutions, and so it is efficient to all orders of the loop expansion.
However a disadvantage of this procedure is that the constraints used remain in the action.

It is important that the final theory must not have any dependence on these constraints.

First let us look in general terms at how the cut-off in moduli space my be imposed by

using Stokes’ Theorem [4].

Suppose that we have an (ill-defined) divergent integral over a domain M’ parametrised

by n variables ¢

drt (1) (4.1)

M!

the simplest way to regulate this is to introduce a cut-off which restricts the range of the
variables. Say that only one of the variables, ¢;, is restricted. Then the integration is now
being taken over a domain M with boundary dM on which ¢, takes its cut-off values. So

fard™t f(t) is now well defined but it depends strongly on the cut-off.

However, if we were to make a reparametrisation of the variables t# — {4 = ¢4+ ¢4 (t) then
the cut-off changes and thus so does the value of the integral. The change in the integral
1s

ny aeA(lf n
Md 8tA +/ d't e t)

Do [ e (Fofm) @)
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may be expressed using Stokes’ Theorem

/M dnt a% (A0f®) = [ ds A 1)f(2) (4.3)

oM

So that now the integral is taken over the boundary of M. Now, if [d*t f(t) is an
amplitude, it is unacceptable for it to depend on the choice of parametrisation. Thus we

wish ( 4.3) to be zero, if it is not then some way of cancelling it must be found.

4.2 Formalism for Gauge Field Theories

We shall now show how these ideas may be set out in terms of a field theory with instantons
[4]. Such a theory may be expressed as a sum of partition functions, each partition function
being integrated over a separate homotopy class C, of the field configurations ¢. The

partition function Z may then be written

Z2=Sk2, , Zy= / D e 519] (4.4)
7 Cq

where &7 is some function of the topological coupling constant. The Greens Functions are

thus also sums over the topological sectors

G, = [, Do A(p) (4.5)
1
G = Ezfsng (4.6)
q
We will assume that the action has a gauge invariance, i.e. under the transformation
é — ¢° we assume that S[¢] — S[¢7] = S[¢]. These symmetries will form a closed algebra.

If g is close to the identity such that ¢ = 1 + w, where w has components w?, then the

variation of ¢ with respect to g is 8¢ = w*6,¢ which forms an algebra [8,, 8] = f5,6.9.

In each topological sector C, there is a general family of solutions ¢, to the classical

equations of motion given by 6¢S = 0. Let these solutions be parametrised by moduli
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{t4} so that
6S

— =0 forallth | 4.7
59 14=4, o
Differentiating with respect to t* shows that %?,% is a zero mode of the fluctuation operator
628
4.8
56861 4-4, o

which is simply the second non-vanishing term from an expansion of the action in powers of

¢. Similarly the gauge variations of ¢, 6@, will be zero-modes of the fluctuation operator.

We need to consider what form of constraint may be imposed on the fields to separate
out the moduli space integrals and to gauge fix the gauge symmetry. In general terms we
could consider the condition that an infinite number of arbitrary functions Fj;(¢,t) could
be chosen such that

Fi(¢°,1)=0 (4.9)
The g are group elements parametrising the gauge transformations of the fields which leave

the action unchanged.

More specifically, let ¢ = ¢y(t) + £ where £ is some quantum fluctuation about ¢, which is
continuously deformable to zero. As a constraint we could then impose the condition that
£ is orthogonal to the zero modes. For instance in Yang-Mills Theory we would consider
Eym = A, — A,(t) where A, is the instanton solution to the classical equations of motion
and A, denotes the gauge potential. Thus the condition that {yar be orthogonal to the

zero modes may be expressed, on IR*, as

/d“m tr (?‘g:—ft) {yM) =0 (4.10)

for the zero-modes which came from differentiating ( 4.7) with respect to the moduli, and

for those which came from taking the variation of ¢

[0 + Au(t), éym] = 0 (4.11)
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The second constraint is just the background gauge condition. These constraints could be
imposed by using the Faddeev-Popov construction [27], an integral over the moduli space
is then naturally introduced. Using the general form of the constraints, F;(¢?,t) = 0, we

define a functional A[¢,t] such that
[ Dy dt Alg, 4 TI61F (4, 0)) = 1 (4.12)
2

where Dg is the Haar measure on the group of gauge transformations. Suppose that for
¢ = gAb the constraints have a solution ¢ = §, ¢ = ¢, then Fj(&Sg,tA) = 0. Expanding about

this solution, where g = (1 + w)§ and t = { + £, gives

@) = BED+H PR vhes A0
Y IR )] R
) a =g,i=1
~ (6w+t"w) Fj(¢,t)l¢=$g,t=£ (4.13)

The Haar measure is invariant under multiplication by a group element g, thus A[¢?,¢] =

A[¢,t] which allows A to be factored out of the integral and

_ . . .0
= /Dg dt ];[5 [F3(4%,t)] = /Dw di I;Ié {(&u + t*‘%—) Fj(qﬁ,t)‘d):&g,tzj (4.14)
To calculate the first integral [ Dw [1;6 (6w Fj(¢,t)) remember that
bwFi(¢,t) = w*é.Fj(4,1) (4.15)

Now let fi(,t) be the eigenfunctions of §,F; and A* be the eigenvalues, so (8,F;)f* = X' f’.
If we expand w® in terms of the eigenfunctions, so w® = w'fi, then w6, F; = w'fe)', so
now we have [ Dw [];6 (wi fi“/\i). To make the integration easier we can write that delta

function and the measure in terms of a single variable. Thus let u® = ' f**)! and so

o'

Pw =
w Ou®

Du, (4.16)
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To calculate the Jacobian note that gz“), = X' f% thus

= IDV/* = (et 8ul) 17 (4.17)

Bw'

and so
/ D 16 (6w Fy(#,1)) = / Du (det (6,F;)) ™" 6(u) = (det (6,F})) " (4.18)

The second integral in ( 4.14) may be calculated in a similar manner so that

[ diTIe (ng%Fjw,t)) ~ (det (9F))" (4.19)

Consequently

A = det (8, F;(¢,t),04F;(¢,1))| (4.20)

=9’ =i

It is more convenient for this determinant to be written as part of the action. This may be
done by using Grassmann variables in the form of ghost fields. We shall use the following
notation. There is a ghost ¢* for each transformation parameter w®, an anti-ghost & for
each constraint F; and a quasi-ghost 74 for each modulus #4. Now with ( 4.12) included

in the partition function for the ¢th sector
Z, = / Dy dt /c D =5 Alg, 4] T[6 [F;(4°, 1)] (4.21)
a J

However we know that under the transformation ¢ — ¢?, S[#] and A are invariant. If we
also assume that D¢ = D¢? then the Haar measure may be factored out and the partition

function may be redefined to be

Z, = / dt =(t) (4.22)

() = [, Do e A, 1) TI6[F5(¢*,0) (4.23)
a J
In terms of the ghost fields

A= /’D(b, c) dr exp [— (c“&a + 'rAaA) (b’FJ)] (4.24)
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and as an integral the delta function is

§[F;] = / TTax N F; (4.25)

Thus
z(t) = /C ’D(qb,c“,bj,)\j) dr e St (4.26)
St = S[@]+ (c*6u+ 7404) (VF,) — iNF; (4.27)

This can be written more economically by using a BRST transformation [28]. The trans-
formation is parametrised by a Grassmann number n such that é,,¢ = 7¢¢ and ¢ operates

on the fields
1 ‘ . .
=6, , cc” = icbccf,;’c L, =M, MN=0, ¢7t=0 (4.28)

n does not act on the moduli ¢ and ¢ is nilpotent, ¢ = 0, by construction. Using these we

can write

Sior = S[#] + (s +740a) (V' F) (4.29)

Now {s,7404} = 0 and (7484)* = 0 as the 7# anti-commute but the d4 commute. So

(§ + TAaA)Z = 0, and as S[4)] is gauge invariant and independent of the moduli then
2 .
(s +7%04) ot = (s + 704) S[g] + (s + 740a) (VF;) =0 (4.30)
Which means that Sy, the gauge fixed action, is not BRST invariant but ¢Sy, = —7494 S0

It can be seen from ( 4.22) and ( 4.23) that we have succeeded in our task of separating
the integral over the moduli from the rest of the functional integrals. At the same time the
necessary gauge fixing has been performed at the expense of introducing the constraints.
The moduli space integral may now be cut bff using the process described in the introduc-
tion to this chapter: restricting the integration over M to its boundary M by means of

Stokes’ Theorem. However we need to know whether this procedure is dependent on the
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choice of constraint. If it is then this is unacceptable as the arbitrariness of the choice of

constraint is destroyed, and some method must be found to restore it.

Thus to discern whether the Partition Function is dependent on the constraints, we make

an arbitrary variation of the constraints such that F; — F; + §F; then

6Si0t = (s +7"04) (' 6F;) (4.31)

and so
et = — (g + 740,) (¥ 6F;) e = — (¢ + 748, (b 6Fe™5) (4.32)

giving
§2(1) = — /Cqu (c +7404) (¥ 6Fje=S) (4.33)

where U denotes the variables ¢, ¢, ¥, N’ and 7.

The expression ( 4.33) may be simplified. Consider
/ DV b §Fje St (4.34)

This is zero as it is Grassmann odd. If there is a variation of the integration variables with
respect to the BRST parameter, ¥ — W + 6, = ¥ 4 5¢¥ then the change in the integral
(4.34) is

/ DY ng (b 6F,e5) (4.35)

which is also zero as the value of the integral does not change under a change of the

integration variables. This is true for all 5, thus the first term in ( 4.33) is zero and
§2(t) = —a /c DU 1AY §F;e= St (4.36)
q

This is the change in the moduli space density which has been generated by the constraints

we have introduced. If this is non-zero then the Partition Function has gained a dependence
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on the constraints, which is unacceptable and some method must be found to deal with the
problem. One solution is to simply cancel this anomaly with a “counter-term”. A separate
“counter-term” would have to be used for each topological sector and for each order in the

coupling constant.

Now we are in a position to use our cut-off procedure. So applying ( 4.3) to ( 4.36) gives

5 /Mdt 2(t) = — /é dz, / DU rA(EI§F))e St (4.37)

4.3 Formalism for Sigma Models

The difference between the Yang-Mills formulation of the problem and that of the sigma
model is simply that for the sigma model we do not have to take the gauge transformations
into consideration. This means that the Haar measure and any variations with respect to
the gauge group never appear in the sigma model case. However, despite the fact that
there is no need of gauge fixing, the Faddeev-Popov trick, or at least a simpler version of
it, is still the most convenient way of separating the integrals over the moduli from the

integrals over the fields.

So in this case let us consider fields w such that in the Green’s Functions

G, = /pr =St A (w) (4.38)

G = %Zn"gq (4.39)
q

S[w] is the sigma model action. In Section 2 it was found that in each topological sector
there is in general a family of solutions, v, to the classical equations of motion which are
parametrized by moduli {t*}. Thus the fields may be split into classical and quantum
pieces such that w = v + ¢, where ¢ is a quantum fluctuation continuously deformable

to zero. Our set of arbitrary constraints may thus be defined as Fj(w,t) = 0 which are
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introduced by multiplying the Green’s Function by

/dt Alw, t] H 8 (Fj(w,t)) (4.40)

Suppose that the constraints have a solution w =  and t = {, then expanding the

constraint about ¢ = + ¢
where d4 = 8%,. So

/ di Alw, 1] H (404 Fy(w, D)y t) = 1 (4.42)

and we may factor out the operator A. Integrating out the delta function leaves the

Jacobian, thus

A = det (9a Fy(w,1)],_g i) (4.43)

Representing this determinant using Grassmann numbers we have a quasi-anti-ghost £’ for

each constraint Fj, and a quasi-ghost 74 for each parameter t4. Then

A= /'D({) exp [—TAOA ({ij(w,t))] (4.44)

Also, if we write

IT 6 (Fi(w, 1) = / d\ e~V Fs (4.45)

then we get

= / dt DW e~ A(w) (4.46)

where

Siot = S[w] + 7404 (€2 Fi(w,t)) +iN F; (4.47)

and W denotes w,{, A\. The equation equivalent to this one in the Gauge Field Formalism

was simplified by means of a BRST transformation. Here we can go through a similar
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procedure as we are free to define a transformation operator as we wish. Hence we shall
define a BRST-type transformation which is parametrised by a Grassmann number 7,
and acts on w,{, A but not the moduli, then it may be written as é,w = ncw. The

transformation operator ¢ is thus defined by
B =idB A =0,¢7=0,cw=0,¢*=0 (4.48)
So we have
Siot = S[w] + (s + 7494)(E Fi(w, 1)) | (4.49)

. 2
Now {5, 7484} = 0 because da acts only on the moduli whereas ¢ does not. Also (TABA) =
0 as derivatives with respect to the moduli commute with each other. Thus ¢ + 740, is

also nilpotent. Giventhat S[w]| is independent of the moduli we thus have
(c+7%804)Sit = 0 (4.50)
So the action is not invariant under the action of the operator ¢ but ¢S = —7294S0:.

Again we have now achieved our purpose of being able to explicitly write the Green’s

Function as an integral over the moduli

G, = / dt g(t) , g(t) = / DW ¢St A(w) (4.51)

If these integrals diverge then they may be regulated by a cut-off procedure. However we
need to find out if the choice of constraint has any effect on this. If it does then this is
obviously unsatisfactory and we must do something to compensate. Making an arbitrary

variation of the moduli density with respect to the constraint gives

sg(t) = — / DW ¢St (s + r49,)(66F;) A(w)

- / DW (¢ + 748,) =5 (¢16F;) A(w) (4.52)
because of ( 4.50). We shall now show that the first term vanishes. Note that

/ DW ¢St (£1§F,) A(w) (4.53)
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is Grassmann odd, and under a perturbation about the field w — w + 5w the integration

measure DW doesn’t change but
/ DW &St (E96F;) A / DW (e=5 (¢16F,) + nee S ($16F;)) A(w)  (4.54)

However the value of the integral does not change under a change of the integration vari-

ables, hence

/ DW nee=5 (E6F;) A(w) = 0 (4.55)

Thus
5g(t) = —Oa / DW e~SotrA(¢i6F,) A(w) (4.56)

If the integration region of the parameters ¢ is M which has boundary 0M then we may

calculate the variation in the Partition Function by using Stokes’ Theorem in the form

/Md"t 5% (FA) = /6 _dBa (£4(0) (4.57)

So
5G, =6 /Mdt g(t) = — /8 _dz, / DW rA(E6F))eS A(w) (4.58)

If this is non-zero then the Green’s Function has acqired a dependence on the arbitrary
choice F'. This is unacceptable and we must find some way to cure this problem. Typically
the divergences are associated with a classical configuration degenerating to one of lower
topology. This is true in this case as can be seen by the nature of the divergence of the
instanton contribution to the Green’s Function ( 1.2). So configurations on the boundary
JM may be approximated by configurations in a different topological sector. Thus ( 4.58)
may possibly be cancelled by a counterterm from another topological sector. We shall see
that this kind of ‘topological renormalisation’ can be done in the case of the O(3) o-model,

at least for the simplest kind of divergences.
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4.4 Ward Identities

The existence of the anomalous term found in the previous sections means that we must
reconsider the construction of the Ward Identities of the models that are being considered.
This argument is also given in [4] for the case of gauge field theories. However it is directly

analogous to the symmetry considerations for the O(3) sigma model in [3].

For a Grassmann operator A(W), where W represents all the fields in Sy, the Ward Iden-

tities are given by

(cA(T)) = 0 (4.59)

This condition is crucial to the perturbative renormalisation of Yang-Mills Theory [29] and
to the decoupling of spurious states in String Theory. One approach to the analysis of
( 4.59) is to look at the effect of the BRST operator ¢ on the expectation value of the
operator A(¥). Consider the contribution to the expectation value of the operator A(W)

from a particular topological sector C,

/ dt /CqD\II A(W) ¢St (4.60)

Under the transformation ¥ — W + §,¥ = ¥ + n¢¥, the invariance of the measure DV is

dependent on the Jacobian of the transformation being unitary. So under ¥ — W + n¢W
/ di /c DU A(D) =5 / dt /c DU A(T) =5t 4 / dt /c DY s (A(¥) e=5) (4.61)
q q q
but the value of the integral does not change under a change of integration variable, so
—Stot —
/dt/qu\Il ne (A(E) %) = 0 (4.62)

The action of the operator ¢ on et is the same as its action on S;., i.e. ce™Stot =

—7494e" 5t Thus

—Stot A —Stor __
/dthqD‘I! (CA(TL)) e +/dt/CqD\Il A(W) 749,65 = 0 (4.63)
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Hence the contribution of C, to the expectation value of cA(W) is

(A, = [ d /Cqm: (CAW)) eSe
= —0a [ di [, DU A(T) remSin

= = T4, DY 4 A(Y) e .
[ 454, DU A AD) e (4.64)

As ¢ is the BRST operator in gauge theories, then this may be thought of as a BRST
anomaly and must be cancelled by a counter-term if we are to retain the properties of

BRST invariance.

For the O(3) sigma model we could construct an analogous argument to the one just given
using the BRST-like operator used in the previous section. However it is easier in this
model to consider an infinitesimal transformation w — w + é,w which leaves the classical
action S{w| and the integration element Dw unchanged. Using this transformation to

define a change of integration variables in ( 4.51)
/ DW e Slwt Al () = / DW e Solotbewt Al (4 §,20) (4.65)
expanding to first order in é,w
0=— / DW (s + 740,4) e7Stt (E96,F;) A(w) + / DW ¢Sttt Al 5, A () (4.66)
Integrating over the moduli space and applying the cut-off gives

(6,A(w)) = /Mdt / DW e~ SalwtM] § A (a) = /a %, / DW r4(¢76,Fy)eSet A(w)
(4.67)
If the right-hand side of the expression were zero, then this would represent a Ward Identity
for the model expressing the effect of the symmetry of the classical action on the Green’s
Function. If it is non-zero then the symmetry has been broken by the cut-off, which would

imply an unacceptéble loss of classical symmetry.
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4.5 Ghost Free Derivation

This section is a short review of Appendix C of [3]. Note that it is possible to find our
basic result for the O(3) sigma model ( 4.58) without using ghosts. Multiplying the basic
Green’s function ( 4.38) by the Faddeev-Popov-type factor ( 4.40), and then taking the
variation with respect to the constraint gives

§G, = 6 /Mdt / Dw =5 det(m) [ 6 (Fj(w, 1)) A (4.68)

Here ma; = 04F;. Now if the ghosts are integrated out of ( 4.58) then we find
6G, = / d¥ 4 / Dw e~ det(m) ma; 6F; [ 6 (F;(w,1)) A (4.69)
oM k

Of course ( 4.68) and ( 4.69) must be identical for our result to be valid. To prove this

identity we need to show that

5 (det(m) 1;[ 5 (Fk(w,t))) =, (det(m) ma; 6 F; 1}:[ § (Fk(w,t))) (4.70)

There is a well known formula for the variation of a determinant in terms of the variation

of each element multiplied by its co-factor, which gives
5 (destm) TT 65,0
k

= det(m) mAj_l 6mAj IkI ) (Fk(w, t)) + det(m) ) (]_;[ ) (Fk(w, t))) (471)

As émy; = 046 F; then the first term on the right-hand side may be written as a divergence
in moduli-space (which is the right-hand side of ( 4.70)) with a correction term. This
correction term and the second term on the right-hand side of ( 4.71) may be shown to

cancel and hence ( 4.70) is proved.

This version of the calculation is actually longer than the version using ghosts as the

proof that the unwanted terms cancel is not trivial. Also, when we come to calculate the
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modification term (Section 5) the ghosts supply a straightforward method of calculation

where we don’t have to use determinants. Hence the ghost version is used.



Chapter 5

The Anomalous Ward Identity

66
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5.1 Calculation of the Modification Term

We shall now calculate the ‘anomaly’ given in ( 4.58) for the case of the O(3) o-model. As
the region of the moduli space that we are interested in is where a — b then the instanton
solution may be written in a more convenient form. If we set a — b = r the one instanton

solution becomes

v=c(l-;5) 51

then as |r| approaches zero, v tends to the zero instanton sector v = ¢, so we will introduce
a moduli-space cut-off by taking |r| > e. We take r, b and ¢ as the complex instanton
parameters, defining them collectively as {t*} = (r,b,¢c) and {t*} = (+,b,¢). Note that w
is independent of {t*}. Now suppose that w differs from v by some quantum correction
¢(z,2), then w = v + ¢. The quantum correction is constrained to be orthogonal to a set

of arbitrarily chosen functions {y}
Fa = () = 0 = (§s,%) = F 52)
The inner product is defined as
(%wp):/dzw VIir i ap=p"gop , p=1+f (5-3)-

where g,,, is the metric on S2, . given by ( 3.11). Also g = detg,,. The functionals F4

are the constraints which enter into the action in the manner outlined in the Section 4.

Therefore the total action ( 4.49) is
Siot = Solie] + (s + 70a) (€7 F) (54)
where Sp[¢] is given above in ( 3.9), and the ‘anomaly’ ( 4.58)

§G1 = — /3 dZ, / DO =St AEISFL) A(v) (5.5)
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where ® denotes all the fields. Looking to integrate out the ghosts we expand out the

action using the properties of the operator ¢ given in { 4.48)

St = Solp] + MF4 ~1%Pmy5 — 1% mag
7805 (p%p) 0 @ + TP Dalp Mhg) 0 ¢

+75€70a(p"*bg) 0 @ + 796" Ba(p " hg) 0 (5.6)
The ghost field propagators are the inverses of the matrices

Myg = ("p,@vaav) ) mﬁﬂ = (8av,¢ﬂ) (57)

The last four terms of ( 5.6) are the interaction terms between the ghost fields and ¢. Now
let S = So+ MFy4 — T“fﬁmag — Tafﬂ'ﬁl&ﬁ and expand the rest of the action in a power

series in ¢. So if Sy = S + S then

¢S = 1 [t 0u(p™",) 0 B + T 0u(p™ ) 0 P
0, (07 0) 0 0 + TREOG(p ) 0 ] (5.8)
The unwritten terms, of higher order in ¢ will be neglected. The first term in the expansion

disappears under contraction with the rest of G, as it is linear in ¢. Thus we need to find

which are the non-zero terms in
6G1 = —[ d%a [ Do S rAesEy
x [T4€0u(p™ ) 0 @ + T Ba(p ) 0 B
+r4E78,(p ™ bs) 0 ¢ + THEV (9 Ps) 0 ] Av)
= —[ 5. [ Do e (r768(p ) 0 @ + 7°678(p ) 0 )
x 1€ 0,(57%%,) 0 @ + TR Ba(p ™) 0 B
+r4€78, (5™ h5) 0 ¢ + TR Ba(p95) 0 ] A(v)

~ [ dZa [ DO e (76 8(0 ) 0 0 + 7768(p 7 p) 0 )
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x [T4€0u(p™ %) 0 @ + TR Ba(p ™) 0 @
+74€78,(p ™ hs) 0 @ + TR B(p™ i) 0 0| A(v)
(5.9)

Simply by studying the action we see that to this order the non-zero terms are

66 = —[ d%a [DO e [(r¢%6(o70) 0 @) ("€ Dalp™bs) 0 ) Av)]
- /6  d%s / DB &= [(r76%8(p~*5) 0 @) (TH€70,(p™75) 0 ) A(v)|(5.10)
In order to do the integration over the fields, the ghosts in the first term must be re-
ordered. The ghosts are Grassmannian so they anti-commute, and due to the fact that

three commutation operations need to be performed, an extra minus sign is produced in

the first term. Hence

661 = [ dSa (GOmZ6(bs) 0 @Imz(Galp™ ) 0 ) A))
B /aMdEf' (Cl(t)méé(fs(/”z%bﬂ) 0 @)mzH(8u(pPs) 0 p) A(v))

= [ d8.0e AW) - /aMdza\p& A(v) (5.11)

Thus
U= G(mEA(6(o~e) 0 @ImLL(Balp ) 0 ) (5.12)
V= GOmaA6(e bs) 0 @)mk(B.(0™ ) o ) (5.13)

Where (;(t) is the one-loop partition function given above ( 3.157) and the boldface type
indicates that the field ¢ is contracted with its conjugate field in the same term. This
expression ( 5.11) is the lowest order contribution to 6G; from the semi-classical expansion
in powers of Planck’s constant. The one-loop contribution is zero as §¢;(¢) = 0. Our

expression is one order beyond the one-loop result.

We will now show that ¥* and U* can themselves be expressed as variations. This enables

us to both simplify their evaluations and find counterterms which will cancel §[,,dt g(t).
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To do this we see that the fields ¢ contract to introduce a two-point Green’s function. The

Green’s function of the two-point fluctuation operator is found in Appendix A to be

I(z,y) = <w(z)ely) >=p(z)ply) (5.14)

= —;lz-/dzz (1 -—PTO) L p*(2) L —(1 - oP) (5.15)

-z zZ—

here we have used a notation equivalent to the inner product, i.e.

1

'~z

1

r—z

V3 (@) (5.16)

Phy,)o — = [ &' Py, o)

where the operators P are projection operators which “project out” the zero modes of A
P(z,y) = (p™bal=)) M2 Z5(y) (5.17)

Pi(y,2) = Z5(y)mz2 (0" a(2)) (5.18)
and Z(z) is a zero mode of A. Above we showed that the zero modes of the fluctuation

operator are d4v, therefore from ( 5.7) we see that
Mo = (Za,%5) > Map = (Zarp) | (5.19)
We also find in Appendix A that
I(z,y) = (1 — Pto) To(z,y) (1 — oP) x (1 + O(e)) (5.20)

where To(z,y) is the zero instanton sector Green’s Function. Thus to leading order we can
use this relationship and the projection operators to evaluate ¥* and ¥ on the boundary
OM. To do this, in ¥* and U* we may replace ¢ with (1 — ijo)goo and @ by @,(1 —oP).
Hence the one instanton sector Green’s Function ( 5.14) may now be approximately written
as

e(2)@(y) = (1 — Plo)p, o1 — oP) (5.21)

and the inner products contained in ¥* and ¥ becomes

(o,609) = [ &2 /5 07 615 = @ 0 (576%5) = Bo(1 — oP) 0 (07%605)  (5.22)
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Now let us consider both ¥ and ¥® as the product of two terms, each containing an inner
product with a ghost field propagator as a coefficient. The fields in these terms may be
replaced in the manner described above, for the moment we shall consider each of these

acting on an arbitrary function f which is independent of 1. Hence for m;&(&(p-%ﬁ) oP)

g [(f(1—oP)) o6 (p7p)] = mzs fob (p72s) — iz fo(p7,) Mzt Zx06 (p~2p)
(5.23)
where we have used ( 5.17). Now Zz06 (p~%)5) = dmnzg which can easily be seen by taking

the variation with respect to ¥ of the second equation in ( 5.19). So

mag [(f(1=oP)) o6 (p7g)] = g fo6(p7s) —rhzs £ o (p7"4r) i msg
= mgs fob(p7s) +f o (p7r) bz

= 8(f o (07s) M7) (5.24)
For the second term in ¥* we may make an approximation similar to ( 5.22)
Oa(p™"bs) 0 @ = Ba(p™bs) o (1 = Plo)py (5.25)
and thus

mat 0o e o (1 = Po)f| = it |8 ((p728s) 0 (1= Plo)y)
~ (™) 0 (31 - P1o)) 1] (5.26)

However, one of the properties of Pt is that

Py = (p7Ms) 0 PI (5.27)
therefore the first term on the right hand side of ( 5.26) is zero leaving us with

mat |B(p™0) 0 (1 = Po)f| = mzd(o760) 0 0:P1 o f (5.28)
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Now as the zero modes are meromorphic in the moduli we have 0;Z4 = 0 and so using

( 5.18) we have

Moz (P2 s) © Zo0a(maz p™*Px(2)) 0 f = Oa(mzzp™*Pa(z)) o f (5.29)

where we have used ( 5.19). We have also assumed that m;lmg; = 4. This is certainly
true for the choice of constraint which we will be presenting later in this chapter, but
it is not necessarily true for all choices and care must be taken in each case. A similar
procedure may be used on the second term in ¥, however this time there is an important

modification. The derivatives of the zero modes with respect to the moduli contribute as

8,20 #0
mit [0 e o (1= Plo)f] = mil(s720s) 0 O Zomat s e(a)) o f
= ( pnp_2¢ﬂ( )) f
+md (57 0 (8,20)(ma ™ (2) 0 F(5.30)

Now re-arranging ¥ and ¥® using ( 5.24), ( 5.29) and ( 5.30) gives

= G1(1)6 [mz3(p™"s © @o)| Ba(mzap b 0 o) (5.31)

and as 6¢1(t) = 0 and 9z(m;1p~%¥z 0 p,) are independent of 1 then the variation may be
put outside the whole expression. (Note that we are treating ¢ and 1 as being independent

of one another.
= 8 [C1(t)mz3(p™* s © @o)Ba(mitp s 0 o] (5.32)
Similarly
T = G()8 [Rzh(p s 0 @o)] (Bu(mite s(w))
s (0™ %s) 0 (8, Z0)(ma p7"$x(2))) 0 o
= 6 [G(t) M~ 0 @0) (au<m;,-:p-2«zg<x)>

+mt(p™5) 0 (8, Z6)(man p~*x(x))) © o] (5.33)
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Thus we have succeeded in writing U* and ¥® on OM as variations, given in terms of the

zero instanton sector Green’s Function. Consequently the variation of the Green’s Function

18

561 = [ R [k s 0 0)a(mzin 0 o) Ale)
- /8 a8 [61(t) ma (6725 0 o) (Bulmizdp~*Pa(2))

M (p75) 0 (8uZ0) (7t p~Px())) © @] Alc) (5.34)

These integrals have been restricted to a surface M in the moduli space M. The one
instanton moduli are b, c and r = a — b and we are free to define the surface in terms
of these in any manner we choose. However as the one instanton Green’s Function is
divergent in the region r — 0 it is prudent to put the cut-off on r. Hence let us say that
the magnitude of r is held fixed on M such that |r| = ¢ and so r = ee*’. Thus the

integration measures on M are
(d%4) = (d%,,dEs) = (ee™9d0 d*b d’c , ce**dO d*b d*c) (5.35)

and as
K?
T|r[2(1 + [c]?)?

then we can use ( 5.35) and ( 5.36) in ( 5.34) to give

G(t) = (5.36)

. KY -
861 = 5}4619 d*b de ™ s (¢~ © Po)Oa(mz ™Mb 0 00) A(e)

__I_{l__
me(l + [c]?)?
x (Bu(mii p~a(2)) + myh (™) 0 (8,Z6)(miat p~2Px())) 0 @ A(c]5.37)

— 8 $.do & dic o (s 0 Bo)

3

In the zero instanton sector the instanton solution is just a single complex number ¢, thus
the two-point function in this sector is

~Suor = [ d*c
[P &5 go(z)entw) = [ Pol@)eol) i (5.38)
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hence _
G, = 6 L Do ¢St )[ df &b e K e Vs (p~ Mg 0 @0)Oa(mizt s 0 o) A(c)
_5 /0 DO ¢St j{do b P K e i (p~Mps 0 Bo)
X (@(mﬁéﬂ_z%(w)) +mg; (p%s) 0 (3u30)(m5,-3p’2113a($))) o ¢g A(c)(5.39)
=5 / DO ¢St T Alc) (5.40)
0
where

T = [ & §db K [ imgh(p 0 0 90)a(mi 5~ s 0 o) — €%t (67 4g o 7o)
x (Bl o™ ba(x)) + mi (070) 0 (8uZ0) (i p™ () © o) (5.41)
Therefore we have succeeded in writing the variation of the one instanton sector contribu-
tion as the variation of a term in the zero instanton sector. If ( 5.41) is not zero then the
Green’s Functions have gained a dependence on the arbitrary function 1. It is important
that this dependence does not occur, otherwise the Green’s Functions would depend on
the choice of configuration space co-ordinates, and the symmetries that enable us to renor-
malise may be affected. Hence we shall propose a modification of the Green’s Functions

designed to subtract any ¢ dependent terms from the Green’s Function in each instanton

sector. We will thus modify ( 4.39) by defining

. 1 o
G==)> kG, (5.42)
Z q
where
Go = / Dw e=S1-7 A(w) (5.43)
Zy = / Duw e=Stl=n7 (5.44)
G = G, ZH=12 (5.45)

so that to the order that we are working

6,6 =0 (5.46)
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The modification in each sector is performed by a term from a sector of order lower by one.
The leading order term is unaffected as the modification is proportional to the coupling «.

Clearly to higher orders there are further modifications.

Although this modification may be termed renormalisation, it differs from standard renor-
malisation in some important aspects. This is not a simple renormalisation of the action as
the fields and associated constants may not be redefined to take account of the divergences.
This is because the modification is not local, however, by the introduction of new fields,
the modification may be localised. Note that the Faddeev-Popov procedure which enables
us to extract the integration over the instanton moduli gives a non-local interaction when
the ghosts are integrated out, and our modification is a new aspect of this, made necessary
by the need to maintain independence of configuration space co-ordinates and internal
symmetries.

The calculation of 7 may be narrowed down to the evaluation of four separate components;
the inner product (p~%15 0 @,) and its conjugate, and the matrix mz! and its conjugate.
However, before that we need to decide what constraint we are going to impose on the
fields, i.e. we need to choose 1. A natural choice is to say that the quantum fluctuations
¢ are orthogonal to the zero modes of the fluctuation operator. Thus ¢ = %. In this case

the propagators of the ghost fields ( 5.7) become the Kahler metric which is the metric

tensor on the manifold of the instantons, parametrized by the {¢*}.

My = (35,77,351')) :/ d*z \/g(z) p~? Bav Opv (5.47)
mag = (0Oav,0gv) = / d*z \/g(x) p? 050 Bpv (5.48)

Mgy 1s Kéhler as it can'be written in the form [13],{15],

a 9
Mop = 5555 K ;c:/ &z \[g(z) In(1 + Jo]?) (5.49)
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where K is the Kahler Potential. The inverse of the metric is found in Appendix B to be

e (6T S b
(map) ™ = TIn P =1/¢  In|r?/¢*  eb/(A() (5.50)
=b/(e))  be/(A)  In|r[*/A?
in the limit # — 0, where ¢ = 1 + |c|? and A = 1 + [b|? when space-time is S2hys and A =1

when space-time is the plane.

Now for the instanton solution v = ¢ (1 — zib) we find

dv — <
Br z=—b
Ov Y or
v v
B¢ -5

and we can consider calculating the inner product
(borbs) = (P95 0 20) = [ d2/G 5™ 5 Po(2,7) (5.52)

Earlier we defined

1 |z — bl
-2 _ .
S ) (P R E P O (559

(for r — 0 note that p — 1 4 |¢[*) and the square root of the metric on 2, is

1

However, as the expression for {; from [2] that we have used is defined on the plane, this
metric will presently be replaced by the flat space metric. In the units that we are using

here, the flat space metric is simply 1.

Thus
=
B |z —b|* _er - -
(800377/)[?) - /d z (1 + |z|2)2(|z _ b|2 + |c|2|z — b= 7‘|2)2 (z—b)? ‘190(272) (5-55)
[
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For r # 0 all these integrals exist despite the singularities in 13 at z ~ b. This is due to
the heavy damping factor |z — 8|*. Now for small r we shall look at each term individually.

Sofor f=0b

Ry — o
(o) = = | 2 o o e oG o)
cr 1

w1 T e

The logarithmic divergence from the integral is regulated by the factor of r so that effec-

(5.56)

tively as r — 0 this component becomes zero, i.e. (g, ¥s) ~ 0.

The f = ¢ component has two terms. The second of these terms is heavily damped by
the factor of r and so tends to zero as » — 0. The first term, in flat space and for r — 0,

becomes

/d2 ‘P"(Z %) _ (1]gy) = 0 (5.57)

as @, is orthogonal to the constant zero mode of A.

Finally for 8 =r

I c|lz — b|* s
(900)"»[)1') - /d (1+|Z|2)2(|Z—b|2+|C|2|Z—b—’r|2)2(z—b)('00( ’ )
¢ 2 1 . _
—(1 + |c|2)2 /d z (1 + |z|2)2(z _ b)goo(z,z) (558)

which is finite and is thus the dominant term in (g, 1¥4) as it is the only non-zero component

in the limit » — 0. Similarly for (o, %5) the non-zero component is (g, 1r)
We may now compute the first two terms in J ( 5.41). The first term is

M5 (P> 0 $o)0a(mz; P77z 0 o) (5.59)
As seen above, the only non-zero components in the inner products to leading ordef come

from § = 7 and B = r. As this is the case, the leading order term will be when g = 7 and

the derivative acts on the inverse matrix only. So as

Or (In|r[*)™" = =(A) " (In|r|*)~ (5.60)
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then the dominant contribution from ( 5.59) is

_ 222\ ? 1 B}
M (P72 0 §o)0r(mz ) (p ™ hr 0 pg) ~ — <7r|c|2) 7(In |r]2)3 (p™%%r 0 @) (p™4br 0 )
(5.61)

The second term in J is
Map(p™ "5 © @a)Ou(mrs p™*x © o) (5.62)

Again the dominant terms from the inner products are when & = 7 and 8 = r, leaving 0,

j]

to act on mz,

232\ 2
. . —1y( =27 L [EA 1 -2 — N(=2.
i 07 o 80 me N o) ~ = (E20) s 0o 0
(5.63)
Now ( 5.61) and ( 5.63) are identical, thus the first two terms in J cancel against each

other and we are left with
T = [ §d0 Km0~ 0 Gohmz(0790) 0 (0u20))mat (s~ e 0 00) (564

Our first task is to remove the zero mode Z, from the second inner product. Remember
that as m, = (p™2¢, o vp) = (p~2Z, 0 ) then P25 0 029 = p~ %5 o .. The

dominant terms of this inner product may now be calculated

27 _ |z — b|* -
P21y 0 Dty = /d2z PET P le)zngaﬂwe (5.65)
O,tg is a symmetric matrix
1 0 —c¢/(z — b) -1
(0utg) = p— (—c/(z —b) —2cr/(z—b)? —r/(z— b)) (5.66)
£ -1 —r/(z—b) 0

The term in 95 of highest order in (z — b)~" is 15 = —&r/(Z — b)2. Thus for r # 0 all terms
in 10,1y which have singularities as z ~ b have their divergences cancelled by the |z — b|*

from p~%. However for r — 0, p~2 becomes a constant and the singularities take over.
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Taking into account the explicit factors of r in ¢ we conclude that p=24); 0 8,404 is of order
1/|r| for v, u, 6 equal to r or b and is otherwise of lower order. Hence the dominant
contribution from m}p=24; 0 9,1 will also be of order 1/|r| (as this has a higher rate of
divergence than 1/|r|In|r|). Since we have already restricted p and v to be either r or b
then in this case the dominant contribution from the matrix ( 5.50) is the a = b, S = b

term, and the leading order contribution from ( 5.65) is
_ % _
Z mb_zlp_z'(,bg 0 Opthg = Z ;—p_2’(/]5 0 Opihg (567)
8=rb f=r,b
The dominant contributions from the first and third inner products in ( 5.64) may be
found by using the same considerations with which we found ( 5.61) and ( 5.63). Thus
these contributions occur when = x = r. Collating all three inner products gives

> mnt (p7 2 0 @o)myt (p7 245 0 Bytbe)myy (p hr(2) 0 )
0=r,b

2 2)‘2 2 5 2 _
nrs) (raoafn T ) 0 257tz 0 0
(5.68)

The inner product (p‘%@g 0 9y [1r — |c|?/¢ 1/)5]) is infra-red finite and so may be computed
on the plane. Using ( 5.51)

B ) |z — b|* cr _c re |
/dz(v—bP+MPV—b—wPV(2—62&[ P

o [ 12 |z — b|* 7 [ 1 2r|c|? ]
= |ec d“z _ —
R e e e e (PR P

— g2 [ 2 r 2r|c|?
- /d “ Uz = OF + [cPlz — b—rP)? [1 - (7:7,)2] (5.69)

This integral may be simplified by making a translation of z through b and then scaling

by r, i.e. we define 2’ = (z — b)/r, substitute this into ( 5.69) and then drop the primes,
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leaving

[l

lel® [ 42, 1 RG]
r /d (22 + |cf?|z — 1[2)2 (1 CZ) " (5.70)

The integral I(c) is just a function of c¢. Consider the limiting behaviour of I(c) for small
¢, in this case 2|¢|?/(z will be dominated by the 1, leaving I(c) as a finite integral. I(c)

may also be evaluated for fixed values of c.

The leading order term in J is now, using ( 5.64), ( 5.68) and ( 5.70), and remember that

r = ee'

6 2 2 '
7 = @ fawcel () Do oa) i o)

73 \|e|?In|r|? T

Y G— T (@) [ 462%™ 0 )7 (x) 0 ) (5.71)

72|c|4r?(In

This diverges as r — 0. So this is our proposed modification to the Green’s function in the
zero-instanton sector which will cancel the divergence in the one-instanton sector. In this

form ( 5.71) is non-local, but it can be generated By a local action if we include additional

fields [3)].

( 5.71) will be completely defined on the plane if we take A = 1. However if we wish to
work on the sphere then the high index of A could cause a problem. First, though, we
must compactify the rest of the terms in 7 onto the sphere as (; was derived on the plane
and we specifically removed the S? metric from the inner products. The compactification
may be done by means of a conformal transformation, we shall show that this leads to a

damping factor which suppresses the infra-red divergence from A°.

5.2 Conformal Invariance

We have the problem that there is initially an infra-red divergence in the modification term

( 5.71) when it is applied to a sphere. This divergence is due to the high index on the
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modulus |b|. However the remainder of the terms in J are defined on the plane and need to
be compactified onto the sphere. As in the analogous problem in Yang-Mills Theory [4], the
compactification will be done by performing a Weyl transformation on the metric. Thus
the metric on the plane ds® = dzdz and on the sphere, ds* = Q2dzdz with Q = 1 + 22/h?,
where h is the radius of the sphere, are related by a Weyl transformation, g,, — €?(®g,,
with p = InQ%. This can be built out of infinitesimal transformations é,g,, = pg,,. The
field w and quasi-ghost ¢ are independent of the metric, and the classical action S[w] is

Weyl invariant. Thus the Green’s Function moduli density ( 4.51)
g(t) = /DW o~ (Slul+(S+748,4) (€7 Fy)) A(w) (5.72)
changes under the transformation 6, such that
bog(t) = [ DW &5 [( [pM = (s + 7400 5,,}@)) Aw) + 5,,A(w)] (5.73)

where the first term is from the action of 6, on the volume element and M is the Weyl
anomaly density. The last term can be removed provided §,A(w) = 0 and as (¢ +

7494)A(w) = 0 (¢ doesn’t act on w and w is independent of the ¢) then
6pg(t) = /DW e”s“”A(w)/pM - /DW (s + 7404)e™5 (&7 6, F;)A(w) (5.74)

However, the second term does not contribute at the one loop level. To see this, first note

that as [ DW e Stet (£16,F;) A(w) is Grassmann odd, then
/ DW ¢ =5t (E6F;) A(w) = 0 (5.75)

Also, to first order in the expansion of =5t the remaining piece in the second term is
linear in ¢, giving an expectation value of zero. Hence terms in ( 5.73) from the constraint

piece in the action do not contribute at the one loop level and we can write §,9(t) as

5, / DW e = [Dw &5 [ pm (5.76)
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Thus the behaviour of the Green’s Function on the sphere is governed, to one loop, by the

Weyl anomaly.

The calculation of the partition function involves the calculation of det A. However A has
dimensions of mass so it is necessary to introduce an arbitrary parameter y which also has
dimensions of mass. To compensate for introducing g the coupling constant becomes a
function of u, & — k(x). This means that the classical scale invariance of the coupling has
been broken. Now an inﬁnitesﬁnal global scaling of the metric g,, — gu, + Agu, can be
compensated by a shift in the mass-scale é\pu = —%/\y and 6y = o u 53‘7 = —1Au 8—3;2' Thus
the action S(w) is no longer scale invariant either, since it contains the coupling. Using

S(w) from ( 2.52) so that now S(w) = & [ d®zS(w) then

k(u)
6 S(w) = =2 ,ua ( /dZ:cS w))

1 6/c ,a) .
2A p d’z 5.77
e el K (517

Here we have neglected moduli independent curvature terms which would be a relic of
moving the fluctuation operator determinant from the plane to the sphere. The renormal-
isation group [B-function for the O(3) Sigma Model is given by g = ,u%, and has been
found ( 3.39) to be g = —%. Considering a variation of the Green’s Function with respect

to this scaling

A / DW ¢=Slel = _ / DW =51 §,S[w] = / DW =Sl / AM (5.78)
yields
A A
/ AM = 28 / P25 (w) (5.79)
Hence
M =28 5) = L §(w) 5.80
k2 2T v (5.80)

up to total derivatives. As we now know M, the Green’s Function can be evaluated on

the sphere using the position dependent scaling p.
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If gn(t) is the Green’s Function moduli density and DpW the functional integral volume
element when the sigma model has as its space-time a sphere of radius A, then the Green’s

Function on that sphere in a particular topological sector is
Gl = / dt gu(t) = / dt DyW =St A(w) (5.81)

as p=InQ? then &p = 6h & 1nN? and to one loop (from ( 5.76))

b [dtan(t) = [ di DA e ( / 5pM) Aw)
/dt DpW ¢St </ §h (%In 92) M) Aw) (5.82)

I

SO

dih/dt gn(t) = /dt DyW et (/ (%mm) M) A(w) (5.83)

Integrating with respect to A from h to infinity we obtain

[ataw = [a /h " dh DAW % lexp (—Sm + [dzin (%2) M)l A(w)

- / dt Do W [exp (-5101 + / &z In (%2) M)] Aw) (5.84)

The extra term involving the Weyl anomaly suppresses the divergence due to the integral
over b in ( 5.71). Evaluating M at the classical solution w = v gives §(w) = ¢’ (see ( 3.1))
where ¢’ is the topological charge density. For small a — b the charge becomes concentrated
at z = b so that ¢’ is approximately a delta-function. To see this remember that from

( 2.53) the classical form for (j’ on the sphere is

o 82'0825 — 62"0821_)

TRy (5:5)
The second part of this expression for ¢’ can be expressed as a delta function as
z—a
O0zv = cO; (z——_b> ~ 0;01n(z — b) x 6(z — b) (5.86)
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However this is insufficient as there is still a term in ¢’ left over. Instead we introduce a

delta function regulator 5 such that

i z—b 1
o0 lz—b2+92 2z—b

(5.87)

Now with

¢’ may be calculated

lim ¢’ = el lel (5.89)
n—0 (Iz = b2 + 2|z — b — €]?)? '

where a — b = ¢ and € is very small, but, to start with, finite. For the case of z # b we find

c|?|€f?
(1+]ef?)?|=~b]

which tends to infinity as € — 0. Thus ¢’ < §(z — b). Hence the additional contribution to

that ¢’ — - tends to zero as we take e to zero. But if z = b then ¢ —kw

the action due to the Weyl anomaly is
/d2:c In(0?) ¢ = /d% m( 2 2>26(z—b)
9 \?

which, for large b, will supply a strong damping factor for the b-integration of Green’s

Functions and solves the problem of the infra-red b-integration in ( 5.71).
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5.3 Appendix A: Fluctuation operator and Green’s
Function

A vital component in the calculation of the topological counter-term is the nature of the
Green’s Function of the fluctuation operator ( 3.8). In this Appendix we shall show how

this Green’s Function and the projection operators are constructed.

It will be useful to write the fluctuation operator

1 L |
Af === 00 073 of)] (5.91)

in the form A = TtT, where TT is the adjoint of T with respect to our inner product

( 3.6). T and Tt are fairly arbitrary, but a convenient construction is 7' = 48, and
g4

Tt = —71_5p282g% p~%. The Green’s Function of A is the two-point Green’s Function for ¢,

and satisfies
2

AZ(z,y) = ”7 8(z — y) — p*P(z,y) (5.92)

Q

where P(z,y) is a projection operator. The form of P(z,y) may be deduced by looking
at the action of specific operators on ( 5.92). If Z(z) is a zero mode of T' (and again we
use a dot notation to indicate an inner product as in ( 5.16)), then (Z,AZ) = (p~2Z)(z) o
AL(z,y) = (TZ,TI(z,y)) = 0 so Z(z) o P(z,y) = Z(y). Also, ¢ is constrained by our
choice of F ( 5.2) to be orthogonal to ¥. So the two point function of ¢ and ¢.%) must
vanish, hence Z(z,y) o (p%4)(y) = 0 which leads us to P(z,y) o (07*%)(y) = (p~%4)(z).

Consequently, as fna = ?:5 o (p~%1h4)(z), we can deduce that

P(z,y) = (p"*%a)(z)m5 Z5(y) (5.93)

We shall show that the one instanton sector Green’s Function is

I(z,y) = ——7}2—/(122 (1 - Pto) ! p*(2) ! (1 —oP) (5.94)

T —z z2—9
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with P(z,y) as above, and Pt(a:,y) = Zp(z)mz5(p*%a)(y). The dot notation, as above

indicates an inner product. So writing this out explicitly gives

1 1 1
o) =~ [ & | AP0
1
— /de’ PT(:B,ZE')\/? .
_ W 1 '
/d y = (2)5_3;,\/571’(?/,?/)

!/ ! 1 1
—/dzx d*y’ PT(m,m )N/ = p2(z);_-_——y——,\/§ P(y',y)

—Z

The derivatives in A act only on the z variable, and as

g 1

0Tz — 2

=7 6z — 2) (5.95)

and

;; Pl(z,y) = 0 (5.96)

then

(5.97)

(5.98)

(5.99)
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Hence ( 5.94) is true.

In the zero instanton sector the nature of the projection operators changes completely. The

Green’s Function becomes

To(z,y) = ——;lg/cpz (1- Hto)m i ng(z)g i g(l — oll) (5.100)

where II is the zero mode projector in the zero instanton sector

1 = s f“jgf L po=1 P (5.101)

II and P both project constant functions onto themselves since these are zero-modes in
both sectors. Hence Il o P = II. As the divergent effects we are concerned with occur at
the boundary between the one instanton sector and the zero instanton sector, we need to

find the relationship between Zo(z,y) and Z(z,y). First notice that

1 1

2
$__ZP0(Z)2_17

(1 — PYo) To(z,y) (1 — oP) = —%/d% (1 - PTo) (1—0oP) (5.102)

Then for € small

p = po+ O(e) (5.103)

S0

I(z,y) = (1 — PTo) To(z,y) (1 — oP) x (1 + O(e)) (5.104)
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5.4 Appendix B: Kahler Metric

Here we give a review of the calculation to find the matrix m,; = (8527,6317) and its
inverse, as given in the calculation to find the modification term at ( 5.49) and ( 5.50). It
is shown that the matrix may be written in the form of a Kahler metric ([13],[15]), and

then the Kahler potential is calculated for the case where v is the one instanton solution

—c (1 P b> (5.105)

and r is small.

Given our definition of the inner product, the matrix may be written as

1 Jv dv
d’z\/g — 106
0= [ Iy (57 (5:106)
where we define {t*} = {r,b,c} and {t*} = {#,b,&}. To show that this may be written in

the form of a Kahler metric

a 0

myg = 915 518 (5.107)

where K is the Kahler potential, we exploit the fact that v is meromorphic in the moduli.

Thus d5v = 0 except when a = b in which case G5v = crwé(z —b). Therefore, for o, 8 = r, ¢

0 1 v
d2 = 1 d2 _ y—
ata / v Vg In(l+ ol atﬂ/ = V9 ((1 n |v|2)v8t°‘>
0v Jv 1
= [ & ) ,
/ /3 (aﬂ, at“) T (61
as above. Now as the metric g,, for the sphere S2, . i
-2

G = b (1 +2?) (5.109)

so that

V= (412" (5.110)
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thus

K = /d? L4 2) " In(L+ ol?) (5.111)

which for the one instanton solution

v:c(i:Z) (5.112)

becomes
K= /dm dy (1+121")7" [in(lz = o + |e*|z — af*) — In(|z — b")] (5.113)

If this form of the potential is used in ( 5.107) then the second logarithm will generate a

delta function. This is because v is not annihilated by d and thus

0 0

99 1tz — b?) = L62(» —
abfﬁ)ln(lz b|*) = 71_6 (z — b) (5.114)

However, this problem can be solved by noticing that as

1 Qv _ le*|z — a|? d 0
(L o 9636~ (Jz =3 + [clFle —al 368

(in(lz = b + 1|z — o)) (5.115)

then the second logarithm is not needed for the calculation of ( 5.106) and it can simply

be discarded leaving us with.
K = /d:c dy (1+ 121" [in()z — b° + |c*|z — of*)] (5.116)

The act of discarding the second logarithm has the effect of making the potential analytic

in the moduli space.

In order to solve ( 5.116) we start by using two tricks to put the integrand into an expo-
nential form

/Ooo doc v exp (a1 + |2})) = (1L + 1) (5.117)

and

In(m) = /Owﬁ (et =) (5.118)

t
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giving

K = /da dt dz dy% [exp (—(1:2 + %) (e + At) + 22t B + 2ytC — Dt — a)

— exp (—a(:c2 +y?) —a— t)15.119)
where the complex numbers have been split into their real and imaginary parts such that
|z = b +|c|*|z — a|* = A(z* + 4*) + 2Bz + 2Cy + D (5.120)

S0

A=(1+ |c|2), B=0b+ a1|c|2, C =by+aylc|*, D= |b|2 + |a|2|c|2 (5.121)

The integrals over z and y can be done as simple Gaussians as

/d( e~mCHnitp _ e%“’ (;’r_)i (5.122)
m
giving
K= /da at 2|~ exp (B+CHE (Dt+a)) — Iexp(-—a — 1) (5.123)
t |a+ At a+ At o

To progress a change of variables is needed. Let a = At so dae =t dA, this change will have

no effect on the limits of the integration. However the integral over ¢ becomes very simple

k= /d’\dt”[/\iACXP(t[(—B:;_I_—ZZ))*(D-FA)D—exp(—t(/\+1))]
- /d”[AZJr(AJrD)A +AAD—(B2+C2)_Ai1] (5.124)

The first term is just a standard integral of the form

0 T 1 2
./0 Ty ot dr = 201n((+7)7+07)

T+ 07?2
N n i [ 1F 207 — (1 — 4¢0)
20(y2 — 4¢0)7  \ + 207 + (n? — 4¢0)

) (5.125)

=] =
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SO

K = 7r[%ln(z\2+(A+D))\+AD——(BZ+C2)) —In(A+1)

—(A+D)(1 —-4F?)\]"
_ 1 I A+D+2x—(A+ D)( 4F)1 (5.126)
2(1 —4F?)2 A+D+2) +(A+D)(1-4F%)2 ]|,
-where we have set
Rz _ 2
FZ:AD B -C (5.127)

(A+ D)?
The behaviour of K for the A — oo solution is not immediately clear. In order to study
this behaviour the logarithms must be expanded for large A\. A simple piece of algebraic
manipulation gives
K = [%ln <1+ (A+D)/\+A)‘12)_(B2+CQ)) —In (1-!-%)
. (A+ D) (1 ~( —4F2)%)

- {Inf1+4
2(1 — 4F?)? 2\

[eo]

(A+ D) (1 . 4F2)%)

—In|1+ X

Q

So for A — oo we may use the logarithm series expansion. To first order this is just

In(1 4+ 2) ~ « for |z|] < 1, so the result is that to this order

’CN”[ N2 T

AD — (B2+C? 1 (A+D+1)]°°_,O (5.128)

Hence we are left with the A = 0 term in ( 5.126) which may be written as

o] o

1 1—(1—4F?

x==1 - In ( ) In(AD — B* — C?) (5.129)
2| (1-4F?)2 14+ (1—-4F7?)

Now let us consider what happens to this Kahler Potential as the zero instanton sector is

approached from the one instanton sector. Again the change of variables a — b = r is made

(see ( 5.1)), where we are interested in the limit r — 0. As AD — B2 — C? = |c|?|la — b|? =
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lc|?|r|?, thus F? = |c|*|r|?/(A + D)? is small and the approximation in{l — F?) ~ F? is
valid. Terms of order |r|* can be dropped and

K = 32“- (ln F? + 2F2 n |r|? — In|c*[r[?] - (5.130)

We shall try to isolate terms of order r® and r!. The second term in ( 5.130) has been kept

as it converges more weakly than the other terms in |r|%. Combining the first and third

terms in ( 5.130) gives
K = 3‘2— [~21n(A + D) + 2F2In|r/’] (5.131)

But A+ D = (X + |¢|?(b7F + br + |r|?) where A = (1 4 [8]?), ¢ = (1 + |c|?). So

2(1= 7 2
K=n [— ln¢A—In (1 4l +5’,” + 1l )) + F2ln W] (5.132)

Now the second term is expanded and the |r|? term dropped, leaving an expression for K

with the two terms of lowest order in 7.

|c|?(b7 + br)

IC:'/T[—lnC)\— 5

+ F?In |r|2} (5.133)

This can now be differentiated to find m,;. Remember that we are now working with
coordinates {t*} = {r,b,c} and {t#} = {7,b,&}. As we are working to leading order, only

terms divergent or constant in the limit » — 0 will be kept. It is thus found that

. (|c|2ln|7‘[2 Clef? /\Eb)

m

(M p) ~ (5.134)

5 (el ¢ 0
¢2A \be 0 A

The inverse of this is found simply by using the cofactor method

Lo [l S b
(mas) ™ = sipE | Z1/C IR /00) (5135)
TR -b@) be/00) ey
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Chapter 6

Extending Topological
Renormalisation
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6.1 Introduction

In this chapter we shall consider how the ideas of topological renormalisation may be
applied to other models and theories. Naturally, first consideration is given to those theories
which share their properties with the O(3) sigma model, such as Yang-Mills Theory and
Bosonic String Theory. For these theories the gauge-field version of the basic topological
renormalisation theory applies (see Section 4.2). These calculations are done in [4] and we

shall present a review of the results later in this chapter.

As the O(3) sigma model is also the C P* model then another natural extension of topolog-
ical renormalisation is to apply it to the CP"~! models. For these models the formulation
of the derivation of the anomalous symmetry breaking term is identical to that for the
0O(3) sigma model as it is independent of the nature of the action. It is also required that
the instanton contribution to the Green’s Function for the CP™™! models diverge at the
instanton boundaries. We would expect this to be true as the instanton contribution given
in ( 1.2) and ( 1.3) would have to be a special case of the CP™" contribution, and the
divergence displayed in the € P! case would have to be a feature of the more general case.
However, if the exact form of the anomaly is to be calculated, then an explicit version of
the CP™! contribution which diverges at the instanton boundaries must be found. The
instanton contribution to the Green’s Function for the € P"~! models is calculated in [20],
[30] and [31]. The version of this calculation we shall concentrate on is the one given in
[20] as it follows a similar pattern to the calculation of the instanton contribution for the
sigma model by the same authors [2], which was reviewed in Section 3. Also the solution

given in [20] is the most complete.

First, we need to show that the instanton contribution does diverge when the instanton

solutions degenerate. In the CP™™' models the most general solutions which minimise the
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action are

9
uc=cy[[(z—a}) , k=1,..,n (6.1)

a=1

where ¢ is the topological charge. The CP™! space is defined as the space of non-zero
complex vectors u = (uy,......, u,) where Y ;|ug|* # 0. Vectors that differ by a complex
factor are identified with each other. i.e. if v’ = Au where A is an arbitrary non-zero
complex number, then v and u’ may be identified. To see how these solutions degenerate,

let us look at the two-instanton (¢ = 2)
up = cp(z — a3)(z — a}) (6.2)
For the O(3) sigma model we saw that the instanton degenerated when two of the moduli

became equal. Here we consider what happens when the parameters a}, are identified with

a single complex number b, so a; = b. In this case
up = (2 — b)cp(z — a?) (6.3)

but we have already stated that solutions that differ by a complex factor may be identified,

hence the (z — b) factor may be dropped and u; has become the one-instanton solution.

In [20] it is found that the instanton contribution to the Green’s function, in the one-

instanton sector, for the C P! model is

I = A/‘I’(C,a) é (ZICHZ - 1) (Zl%‘lzl%lzl% - ak|2) Ileil*d*cjd*a;  (6.4)
J i<k J

so if all the a; = b then the |a; — ag|® term gives a strong divergence.

Now we shall look at how this fits into the basic formalism of the CP"~! Models.

6.2 CP" ! Models

Originally devised by Eichenherr [32] and Golo and Perelomov [33], these models are special

class of sigma models as they have an SU(n) symmetry. D’Adda et al [34] showed that
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they gave a particle model which has many similarities with Yang-Mills theory.

Summaries of the connection between € P™~! models and O(3) sigma models on the plane
and on the sphere are given in [13] and [20]. The €P""' models are a class of two-

dimensional field theories where the target space is given by the Grassmann manifold

U(n)

G = Tayx U =)

(6.5)

which is equivalent to complex projective space € P"~'. This space consists of n-component
complex column vectors { = ((y,...... , C») which are orthonormal: ¢J¢; = 6, and ¢ = ((z)

where z = (z1,23) € IR%. The action is given by
S = [ & Te(D.0)'DuC (6.6)
Dl =08, —CA,  A,=(10.C (6.7)
We shall use the formalism given in [20] where the action is expressed as
S = % / Pr H;0,05;0,un (6.8)

where f is the coupling and u is an n-component complex vector u = (uy,...... ,Upn). The

Hj = (Z;IUJZ) ) (f%‘k - (Zijlum) ) djuk) (6.9)

The action in this form is at its minima when

metric is

Up = ckﬁ (z —ay) (6.10)

a=1
for a topological charge q. Hence we may define the inhomogeneous co-ordinates
u
wp=—  k=1,...,n—1 (6.11)

then ( 6.8) and ( 6.9) may be rewritten in terms of w

2 - _
S = ?/dzm ijauwjau’wk (6.12)

Hyy = (1 + zi:lwdz) ) (5jk - (1 + Xi:|wi|2) B U_)jwk) (6.13)
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Despite the obvious similarities between ( 6.13) and ( 2.5), there is only a direct equivalence
between a € P"! model and an O(n + 1) sigma model when n = 2. In this case there is

only a single field
ui _ alla—i(z — af)

=—= 6.14
uz  cflf=1(2 — ag) ( )

from which ( 1.1) follows, and the action ( 6.13) reduces to ( 2.52). For the original € P"~!

action ( 6.6), this equivalence can be seen simply by setting
0® = z18% (6.15)

where (3¢ are the Pauli matrices.

Now the moduli-space integral ( 6.4) needs to be regulated, and initially the procedure is
identical to that of the O(3) sigma model, i.e. introduce a cut-off which creates a boundary
JM in the moduli-space M. The divergent term resulting from taking the variation of the

Green’s function is (cf ( 4.58))
§G, = — /8 d%, / DU rAESF)) e~ Au), (6.16)

where U = u, A\, €, and 7 and € are the quasi-ghost and quasi-anti-ghost respectively. The
action is (cf ( 4.49))
Stot = S[u] + (s + 7404) (€' F(u, 1)) (6.17)

04 = 0/t where the t* in the one-instanton sector are the moduli ¢; and ax, and the &
are their conjugates. A quantum fluctuation about the classical solution may be defined

such that the field is now wy = uy + ¢, and the action is

4rqg 8
=22 26 A ,
The inner product is defined as
(x,¥) = Z/dzﬂ? \/5 Hixjbe = Hjex; o ¥ (6.19)
ik ik
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with the fluctuation operator
1
Akl = -——-’l’]zaszlaz (620)
V9
and n? = ¥;|ui[>. We must now choose our constraint F;. In [20] it states that the quantum

fluctuations may be fixed by imposing the condition

D gy, =0 (6.21)
k

This is a gauge condition designed to gauge fix the freedom we have to multiply all the
fields u; by the same function. In addition we require that the ¢, are orthogonal to the
zero modes of the fluctuation operator. The zero modes of Ay are du;/3t* for the same
reasons as outlined with ( 4.7) and ( 4.8). We shall impose this orthogonality condition in
the form

F, = <%,¢) =0= <¢, %) = Fy (6.22)
The calculation of the modification term ( 6.16) to find the leading order term follows the
same pattern as the O(3) sigma model calculation. After expanding the exponential in
powers of Planck’s constant and integrating out the ghosts and the quantum fluctuation

we get
66 = [ da (G(t)mzh(8(Hiiau) 0 ,)mz3(Oa( Hudti) o ) A(v))
~ LMdEa (G RaA(6(HijOpus) o @;)mt (Bu(Hudsiix) 0 ;) A(v))
(6.23)
Again the boldface type indicates contraction between those fields. (;(¢) is the one-loop

partition function and is the integrand of ( 6.4) without the arbitrary function ®(c,a). The

matrices m,5 are given by
My = (aaul,aguk) = Hkla[;l_l,k 0 OaUy (6.24)

We need to find out if the correction in the one-instanton sector will again come from the

zero-instanton sector. To do this we may consider a similar procedure to that outlined
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in Appendix A of Chapter 5. Thus we define a Green’s function Zyi(z,y) = ¢, ¢, of the

operator Ay, such that

AuZi(z,y) = %vf 6(z — y) — 1*P(z, ) (6.25)

The form of P(z,y) needs to be found. Splitting Ay into the form Ay = (TTT)H may be
done by

Tw = g_‘I‘_ (5k1 = ﬂ_zﬂkuz) 0; , Tt = —g—%ﬂzazﬂ_Zg% (6.26)
Hence, if Z;(z) is a zero mode of T, then (£, AZ) = 0 implies that Z;(z)o P(z,y) = Z;(y).
Also ¢, is orthogonal to dau; so the two-point function of ¢, and ¢, - dau; must vanish.

Thus Z;i(z,y) 0 HuOau;(y) = 0 which means that P(z,y) o Hulau;(y) = Hulauj(z) so
P(m, y) = (Hkl(?ﬁuk) (’C) m;g?,k(—, (6.27)

Due to the similarities between this case and that of the O(3) sigma model an obvious

choice for Zy(z,y) is

1 _ 1
Hy '(2)——
T—z Z—7

Tu(z,y) = —%/cpz (1- Plo) (1—oP) (6.28)

It can be shown that this satisfies ( 6.25). Now we need to find the relationship between

Twu(z,y) and the Green’s function in the zero-instanton sector Z%(z,y). In this sector

W = Ci SO
-1/ - -1
Hy = (Z|Ci|2> (5k1 - (ZlCiP) Ck?:k)
= 75" (5k1 - ﬂ&zckék) (6.29)
thus
1 1 - 1 '
Tu(e,y) =~ [ @2 (1= Tlo)—— (H}) " ()= (1-o)  (630)

where II is the zero mode projector in the zero instanton sector

If = H,?,LT—[% (6.31)
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and IT o P = II as before. The one instanton ( 6.10) degenerates when ax = b + ¢ so for
small ¢
Hy ~ HY x (1 + €) (6.32)
which means that
Tu(e,y) = (1 = PTo) Ti(z,y) (1 — oP) x (1 + O(e)) (6.33)
and so ( 6.23) may be expressed in the zero instanton sector.

There is a lot more work to be done in this calculation and it is probable that an answer
as concise as that for the O(3) sigma model may be found. The transfer of ( 6.23) to the
zero-instanton sector may be studied and the matrices ( 6.24) should be calculable. There

is a lot of scope for further work here.

6.3 Bosonic String Theory

We shall use a formulation of String Theory where the fields g, and z* are functions
of the world-sheet co-ordinates £*, and are the co-ordinates of a surface embedded in D-
dimensional space-time with metric ,,. The Partition Function for closed strings is given
by a sum of functional integrals over closed Riemann surfaces of genus h weighted by a

power of the coupling & [35]

7 = an‘zh/’;’l)gab Dt ¢~ Sloaba”] (6.34)
h=0
where the action is
1
Slgass €41 = 5 [ %€ /G 908" hE” s (6.35)

where 0, = 3/0¢*. After integrating out the fields the one string loop partition function

becomes an integral over the complex modulus 7

—48

(6.36)

ﬁ (1 B 6znm)

n=1

—12
7, = 4/Fd27' (Im T)_2(%Im T) 64”1_“”




6.4. Yang-Mills Theory 101

the domain F is taken to be: —2 <Rer < 2, Im7 > 0, 7| > 1. This integral diverges as
Im7 — oo, and this divergence is interpreted as being infra-red. In string theory it is these
divergences which we are trying to regulate. However in this case it is more convenient to

look at the divergences in terms of the Ward Identities. If we define the operator A to be
A= / &2 b7°0,240,z” 1, %07 (n]:f / d2¢ A,-) casc?c’ An (6.37)
i=1
then after a lot of calculation we get the result that to one-string-loop order
((A)) = k™ O (A(1 — k®A))o + &™(A); (6.38)

where A is interpreted as a counter-term and can be seen as a modification of the action
as Syt — Siot — KA. With ((A)) now constructed to be ({4)) = 0. The topological
renormalisation of String Theory is thus analogous to the sigma model in the way that the

expectation values are corrected by counter-terms at each order in the expansion.

6.4 Yang-Mills Theory

Let us now look at the problem of moduli space divergences in Yang-Mills Theory. The

partition function in Euclidean space-time with metric g, is

=Y e [ DAes (6.39)

n=—0o

Stw = =305 [ 40 V3 9 0uct5(F o F ) (6.40)

where n is the topological charge, the field strength is F',, = [0, + A,,0, + A,]. We shall
take the gauge potential to be an element of the Lie algebra su(N), such that A = A°T,,
TJ = Ty, [To,Ts] = f5T: and te(T,T,) = —64- The theta angle plays the role of a
coupling [6]. Introducing a mass scale into the quantisation of the theory breaks the
conformal invariance of the classical equations of motion and produces a Weyl anomaly.

This means that the measure DA is not conformally invariant.

mw

@“i‘?
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The one instanton solution is [5]

a a 2(z -y g _
A, = UWW = Ai(z;y,0p) (6.41)

(z—y)* = (z" —y*)(z* —y*) and the 9%, @ = 1,2,3 form a basis for anti-self-dual tensors.
In a flat space-time, and with the constraints ( 4.10) and ( 4.11), to one-loop the partition

function becomes [36]
8 d*y dpp%

A :e‘m/ p

which diverges for large y* and p. This divergence due to the instanton modulus implies

(6.42)

that the Ward Identity anomaly ( 4.67) applies in this case and thus the BRST invariance
is broken. However, instead of calculating the anomaly, let us see what happens when the

space-time is compactified to S*.

For a spherical space-time of radius a the metric is given by

Guv = %&w (6.43)

(1+%)
However for short distances R* and S* look the same, thus for small y* and p the integrand
of the partition function on the sphere is approximately the same as that on the plane. Now
on the sphere there is an invariance of the metric corresponding to inversion through the

centre of the sphere followed by a parity transformation to reinstate the original orientation.

As a co-ordinate transformation this may be represented as

. a’mbaz”
ot — IH = - (6.44)
where m = diag(1,—1,—1,—1) and
1 1
e d§? = ———da? (6.45)
(1+%) (1+2)

Now this is a conformal transformation, and as the classical equations of motion of this

theory are conformally covariant, thus all the classical solutions are linked by conformal




6.4. Yang-Mills Theory 103

transformations. Hence this transformation applied to the instanton solution will have the

effect of changing the moduli

A (z;y, p)dE" = Au(z; 9, p)de” | p=—5— (6.46)

The partition function is invariant under a simple change of co-ordinates. Thus, as argued

above, for small §# and p we may use

82 rd4 dp
Zy=c¢e 9’(u)/—i)%ﬁll?a (6.47)

Furthermore the measure d*y dp/p® of conformal transformations on the moduli. Thus

d*y dp/p® = d*§ dp/p® and so

11N

d d 2 3
—e 92(u)/ y P 11N —e 2(#)/ y P( ZCL p 2) (648)

y=+p

which, being true for small §# and p, is true for large y* and p. Consequently, when we are
working on the sphere, the moduli space integration converges in the one instanton sector

and there is no BRST anomaly.

So there is no moduli-space divergence in Yang-Mills theory in the one-instanton sector.
However we do not know whether this is a special case or whether it is true to all orders
of the expansion. Let us look at the two-instanton contribution to the partition function.

In this sector the instanton solutions are

8
_1en® [ 47 dr [ dAy d)g .
Zy=¢ W [ —— | e 2eMZ [ 2222 g0 g4y diy, W f 6.49
2 (ﬂu)) 30 a0 xR T (049
W o= 2\, e b
RS TP VLR ¥

Ny = 22 ()\22(?;0 —y1)* + X (y1 — v2)® + M (y2 — ?/0)2)
Ng = W2(yo - y1)2(91 - y2)2(y2 - yo)2
r=1rT ((yo —31)% (41 — v2)*, (92 — yO)z)

I'(a,b,c) = 2(ab+ bc+ ca)—a®>—b*—c
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There is a degeneracy to configurations of lower instanton number when (y; — y;)> — 0
and the integrand does diverge in this limit. For instance as y; — y; it behaves as
((y1 — y2)2)—%. Also in this case the integrals are now taken over yo — y; and yo + y1/2,
and the integration over the latter gives an infinite volume factor. However we still need

to see what effect compactifying the theory onto S* has.

We may compactify the theory onto a sphere by means of a Weyl transformation, as we
did for the sigma model in Section 5.2. The classical action S[¢#] is Weyl invariant but the
regulated volume element DA is not. Hence when making the Weyl transformation of the
partition function there is a Weyl anomaly from the measure as well as the term due to
the symmetry breaking given in ( 4.37). So under the transformation é,g,, = épg,., the

partition function becomes

5, /Mdt 2(t) = /Mdt [ pu ( [t pW(m)) ¢St _ /a % [ D AEE RS (6.50)

To one loop the second term does not contribute as our choice of F; (given in ( 4.10) and
( 4.11)) is linear in éyp = A, — A,(t), which means that this term contributes at higher
order in the expansion in powers of Planck’s constant. Let z,(¢) and D,¥ denote the
partition function moduli density and the volume element on a sphere of radius a. Now

taking ép = 6a & In Q?, where @ = 2/(1 + z%/a?), gives to one loop

5, /Mdt zalt) = /Mdt / D, U ( / dz E‘%lnm W) e~ Stot = % /Mdt Wl (6.51)

Integrating with respect to a from oo to a gives
dt 2(t) = [ dt [ Dol = Srortf &' (@2 /)W (6.52)
M M 0

The anomaly density W should contain a contribution from the Euler density for the
sphere. We shall ignore this as it is independent of the moduli. At this stage we need to

evaluate W. To this order it turns out to be analogous to the sigma model case ( 5.80),
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i.e. it is a product of the beta-function and the Lagrangian density of the theory

2

/ d*z In (%) W = %"j) / d'z In (%) tr(Fl Flo) (6.53)

where the one-loop beta-function is

0 4, g*11N
For the two-instanton solution
tr(F,, F,) =20°9%Ino (6.55)
o= (M(e — 1)@ — 12Xz — 12)*( = v0)*X(z — 30) (2 — 1n)?) (6.56)

where 0? is the flat four-dimensional Laplacian. The case that we are interested in is when
the two-instanton sector solution degenerates, i.e. when y; = y;. In this case the function
o develops an overall factor of (z — y;)?, but §20%In (z — y1)? = —16726(z — y1) so

2

02 11N 0
4 — 4 —
/dmln(4)w = 3/da:ln(4>6(m Y1)

11N 2\ ?
= ——In (1 + %) (6.57)

The presence of this factor in the partition function density z,(t) makes the integral over
(yo + y1)/2 converge. Thus in Yang-Mills theory we can say that the moduli-space diver-
gences are removed by compactifying the theory onto S*. In this way Yang-Mills theory is

very different from the sigma model and Bosonic String Theory.
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In order to perform the semi-classical expansion in certain important field theories, the
field is split into a quantum piece and a classical piece. The classical piece is a solution
of the Euler-Lagrange equations and is parametrised by moduli. The functional integral
over the quantum fluctuation reduces to an integral over the moduli which, typically, will
diverge. To regulate this divergence we could introduce a cut-off in moduli-space. However
this has the effect of breaking the rotational symmefry of the action and making the model
dependent on the configuration space co-ordinates. In order to apply the cut-off, the
integral over the moduli needs to be separated out from the rest of the functional integral.
We do this by means of the Faddeev-Popov trick, which also involves the introduction into
the action of an arbitrary constraint on the quantum fluctuation. We use this constraint
to set the configuration space co-ordinates. However it is essential that the final Green’s

Function is independent of this choice.

For the case of the O(3) sigma model we see that the problem is that the instanton
contribution to the Green’s function is divergent at the instanton boundaries, but applying

a cut-off introduces an unacceptable constraint on the fields.

To solve this problem we make two observations. Firstly that the divergence and the
constraint may be isolated in an anomaly to the Ward Identities of the model. Secondly
that the divergence is associated with a degeneracy from a particular instanton sector to
one of lower order. This suggests the possibility that the anomaly in the one-instanton
sector may be cancelled by adding a term, written in terms of the zero-instanton sector

fields, into the action.

We show that the Ward Identity anomaly for the O(3) sigma model in the one-instanton
sector, may be written in terms of the zero-instanton sector fields. We also show how
this term may be used to cancel the moduli-space integral divergences. This term is then

calculated explicitly for a natural choice of the constraint.
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A start has been made in looking at how Topological Renormalisation affects other im-
portant models. However, there is scope for much more work, even within sigma models
themselves. The C P~ calculation looks like it will yield a positive result, but it would be
interesting to study the effect Topological Renormalisation has on theories with fermions,

with WZW terms or supersymmetric theories.
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