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Abstract

Three different aspects of the sinh-Gordon model are explored in this thesis. We
begin, in chapter one, with a summary of the model and the necessary background.
Chapter two studies the model with two boundary conditions. Two approaches are
presented to investigate the reflection factors off the boundaries and the energy of the
theory. In chapter three, perturbation theory is developed to study the theory with
one general boundary condition. A contribution to the quantum reflection factor is
obtained and compared with the result obtained for the special boundary condition.
Chapters four and five investigate the supersymmetric extension of the model in the
presence of a single boundary. Firstly, the classical limits of the supersymmetric re-
flection matrices are checked. The exact reflection factors are studied perturbatively
up to the second order of the coupling constant. Secondly, the perturbation theory
and the path integral formalism are employed in the supersymmetric model to study
the quantum reflection factors. We conclude with a brief sixth chapter describing

the outlook for further investigations.



Declaration

This thesis is the result of research carried out between March 1996 and June 1999,
under the supervision of Professor Ed Corrigan. The work presented in this thesis
has not been submitted in fulfilment of any other degree or professional qualifica-
tion. Chapter one, chapter three on the construction of the Green’s function and
the computation of the reflection factor for the special boundary condition and the
first half part of chapter four are devoted to reviewing the necessary background
material, and no claims are made to any originality. Chapters two, the remaining
part in chapter three, th.e second half part of the chapter four and five are based on

work with my supervisor, which has not yet been published.

The copyright of this thesis rests with author. No quotation from it should be

published without her prior consent and any information derived from it should be

acknowledged.




Acknowledgements

First of all I am deeply grateful to my supervisor Professor Ed Corrigan for his
guidance, encouragement and patience during the course of the work. I wish to
thank to my supervisor and the late Professor Euan Squires for providing such a good
environment to pursue my PhD study. My thanks to Dr. Peter Bowcock, Dr. Patrick
Dorey and Dr. Paul Mansfield for helpful discussions and suggestions. I would like
to thank the Department of Mathematical Sciences and the University of Durham
for studentships. Thanks are also due to my colleagues in the Department, the
Graduate Society and the University for their help on a number of occasions. I have
also appreciated the continued encouragement of my former supervisor Professor
Huang Weicheng in Urumgi.

[ greatly appreciate the kind help and generosity of Jane Corrigan, David and Lee
Fairlie, Olly and Margaret Edbury, David and Liz Gregory-Smith, Roger and Terry
Meredith, Steven and Julia Rhys, Jon and Julie Winch. It has been a great privilege
to meet such wonderful people during my stay in England. It is a pleasure to thank
other friends in Durham, particularly Undala Alam, Filipe Bonjour, Sharry Borgan,
Stephen Burby, Mustafa Cin, Suzanne Duxbury, Alexandra Galindo, M. Imran, Lars
Kjaergaard, Caroline da Silva, Geoffrey Welsh and Amanda Winn.

I am indebted to my family - my parents, my parents-in-law, my sister Melike
and my brother-in-law Ugkun, my niece Merufe for their constant support, encour-
agement and love.

To my husband Vidat and to little Vilmir, I owe more than I can ever express.



To my parents
with love and gratitude



Contents

Declaration
Acknowledgements

Introduction to Affine Toda Theory

1.1 Introduction . . . . . . . . . . . ..
1.2 The classical Affine Toda theory . . . . . . . . .. ... ... .. ...
1.3 The quantum Affine Toda theory . . .. ... ... ... ... ....
1.4 Affine Toda theory on the halfline . . ... ... ... ........
1.5 The agl) or sinh-Gordon model . . . . . . .. ...
1.6 Classical reflection factor . . . . . . . . .. P
1.7 S-matriX . . . . . e e e
1.8 Relation with the sine-Gordon model . . . . . . ... ... ... ...
1.9 Quantum reflection factor . . . . . .. .. ...

1.10 The layout of the thesis . . . . .. . .. ... ... ... .......

Sinh-Gordon Model on an Interval

2.1 Introduction . . . . . . . . . ..
2.2 The free scalar field theory . . . . . . . . .. ... ...
2.3 The sinh-Gordon field theory . . . . . . . . . ... ... .
2.4 A solution to the equations of motion . . . . . .. .. ... ... ...
2.5 The static background solution . . . . . . ... ... ... ... ...

2.6 The perturbation around the background solution . . . . . .. .. ..

11
11
13
14
19
23
24
26
26
27
29



Contents 7

2.7 Conclusion . . . . . . . . . . 48
3 Sinh-Gordon model on a half-line 50
3.1 Introduction . . . . . . . . . . ... 50
3.2 The configuration space propagator . . . . . .. ... ... ... ... 51
3.3 Generating functional . . . . . . ... oo oo 53
3.4 Two-point Function . . . . . . . .. .. ... ... .. .. 58
3.5 Quantum reflection factor in the oy = oy case . . . . ... ... ... 60
3.6 Quantum reflection factor in the o9 # 0y case . . . . ... ... ... 63

4 Supersymmetric Extension of the sinh-Gordon Model with one

Boundary 70
4.1 Introduction . . . . . . . . . . .. 70
4.2 S-matrix for the supersymmetric theory . . . . . . .. ... ... ... 72
4.3 The construction of the supersymmetric reflection factors . . . . . . . 74
4.4 The reflection factors for the supersymmetric sinh-Gordon model . . . 79
4.5 Supersymmetric reflection factors for BCT case . . . . . .. ... ... 80
4.6 Supersymmetric reflection factors for BC” case . . . . . . ... .. .. 84
4.7 Conclusion . . . . . . . . .. 86

5 The Quantum Correction to the Supersymmetric Reflection Factor 87

5.1 The construction of the Lagrangian . . . . . . . ... ... ...... 88
5.2 Boson Propagator . . . . . . .. . ... 91
5.3 Fermion Propagator. . . . . . . ... ... ... .. 92
5.4 Generating Functional . . . .. . ... ... ... .. ... . ... 94
5.5 The two-point functions . . . . .. . .. .. ... 97
5.6 The fermion reflection factor for BCT case . . ... .. ... .. ... 98
5.7 The fermion reflection factor for BC” case . . . ... ... ... ... 101
5.8 The boson reflection factor for BC* case . . . .. .. ... ... ... 101

5.9 The boson reflection factor for BC” case . . . . . . . . .. ... ... 106



Contents

5.10 Renormalisation . . . . . . . . . . . e

5.11 Conclusion . . . . . . . . . . e
6 Conclusion and Outlook

Bibliography

106
109

110

113



List of Figures

1.1 Two particle S-matrix element. . . . . . . . ... ... ... ..... 15
1.2 The unitarity condition. . . . . . . .. ... oo 16
1.3 The crossing symmetry. . . . . . . . ... 16
1.4 The Yang-Baxter equation. . . . . . . . ... ... ... ... ... . 17
1.5 The mass triangle. . . . . . . . ... ... 18
1.6 The bootstrap relation. . . . . . . . . ..o 18
1.7 Reflection matrix. . . . . . . . . . ... 21
1.8 The boundary unitarity. . . . . . ... ... o 21
1.9 The boundary Yang-Baxter relation. . . . . ... ... ... ..... 22
1.10 The boundary bootstrap relation. . . . . . . ... ... ... ... .. 22
3.1 Four Feynman diagrams. . . . . . . . ... ... ... .. ... ... . 59
5.1 Correction to the boson propagator. . . . . . . . . .. ... ... ... 97
5.2 Correction to the fermion propagator. . . . . . . . . . ... ... ... 98
5.3 Mass counter terms to the boson and fermion propagators. . . . . . . 107




List of Tables

1.1 The correspondence between Lie algebra and the Coxeter number . . 12

10



Chapter 1

Introduction to Affine Toda

Theory

1.1 Introduction

Affine Toda field theory is a theory of massive scalar fields characterised by Lie
algebras g of rank r (for a review see [1]). The classical fleld theory is described by

the Lagrangian density

L= 20,609 - V(9) (B

where ¢%(z,t), a = 1, ..., are real scalar fields in two-dimensional Minkowski space-
time. The potential V' distinguishes between the different theories by its relation to

different Lie algebras and takes the form
m2 T
V(g) = e Znieﬁai"f’. (1.2)
1=0

where m is the mass parameter, § is dimensionless real coupling constant. The
vector ay,...,o, are a set of simple roots for the Lie algebra g, meaning that they are
linearly independent and any other root may be expressed as linear combination of

them. In particular, the special root ayp is a linear combination of the simple roots

Qg — — Z 1,0 (13)
i=1

11
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corresponds to the extra spot on an extended Dynkin diagram for g. The integer
no is always chosen to be one. The sum of the integers h = >.i_gn; is called the
Coxeter number. This number is characteristic for each type of theory, for example

see the table below [2].

o |0 |V | d® e | A || g | afy | don e |

n n n n

r+11!2r | 2r | 2r—21] 30 | 12 6 | 2r+1|2r—1|r+1} 9 6

Table 1.1: The correspondence between Lie algebra and the Coxeter number

The field equation of motion for affine Toda field theory can be obtained from
the Lagrangian (1.1)
m2 T
PP =—— Zniaieﬁa”ﬁ. (1.4)
b=
Through the thesis we will refer the Lagrangian density as the Lagrangian. In
principle we know that the Lagrangian is the spatial integral of a Lagrangian density.
The affine Toda theories fall into two classes under the transformation of the

root
20li

o — (15)

|l

The first class is called the self dual, in which the theories are mapped onto them-
selves by this transformation. The self dual set are a{l), d{V, e{}), which have roots
of equal length and agi) which has roots of three different lengths. The other class
contains dual pairs in which the theories are mapped into each other. They are

(bg),agﬁ_l), (cg),dﬁl), (gél),df{q’)) and (fi”,e?). The Dynkin diagrams for the

self dual and dual pairs can be found in [3].

The mass matrix and couplings of the theory can be obtained by perturbative

expansion of the potential (1.2)
m? & m? < o boanm, MBS a b e ta gb e
V(p) = 7 Zni‘i’?Zni ol o) "+ 5 > omiaf o of 9 ¢° ¢+, (1.6)
i=0 i=0 i=0

where the linear term in ¢ vanishes due to (1.3). The second and third terms display
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the mass matrix and three-point coupling
2 ab 2 : a b
(M) =m an o o,
=0 (1.7)

T
b 2 b ¢
G = m?B Y m, of o of,
1=0

A complete calculation of the mass spectrum and the coupling constant for all affine

Toda theories was presented in [4].

1.2 The classical Affine Toda theory

Affine Toda theory is an integrable field theory, in the sense that there are infinitely
many conserved charges in involution. There are two ways to establish the classical
integrability of the theory. One is to consider the densities which integrate to yield
the conserved charges labelled by their spins. More specifically, consider the density

T in terms of light-cone coordinates and for spin s it satisfies
03T (s—1) = 0+O+(s-1) (1.8)

for some ©4(;_1). The conserved charges is then obtained by the integral of motion

Qs + Q—s = /_o:o dz <Ti(s—1) - @i(s——l)> - (19)

Another way is to examine the Lax pair or the zero curvature condition. The basic
idea of a Lax pair requires to introduce a two components gauge field , those zero
curvature vanishes if and only the affine Toda equation is satisfied.

The zero curvature condition is stated as
F()l = 80A1 - Ble + [AQ, Al] - 0 (110)

Here the two components of the two dimensional vector potential A, are given by

1 4 1
Ao = S H - o + > om; </\Eai - XE_,%.) e 9/,
0

1 (1.11)

i 1
A= SH 09+ > ms (Ao, + o) €0,
0
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where the notations are chosen as 9y = 0, and 9, = 9;, A is a parameter, H; are the
generators of the Cartan subalgebra and E,,, F_,, are step operators corresponding
to the simple roots. They satisfy

[H’ Eai] = a; B,

2, H (1.12)

[Eau E—ai] = 51——_—
7 foyl?
The zero curvature condition (1.10) leads to the affine Toda field equation (1.4),

once the coeflicients m; are chosen to satisfy

L a2, (1.13)

While showing the equivalence between the zero curvature condition and the equa-
tion of motion, the parameters m and £ in field equation have been scaled away for
convenience, since they are classically unimportant. The conserved quantities can
then be constructed by using the path-ordered exponential of the gauge potential
Ay [5-T7).

1.3 The quantum Affine Toda theory

In the quantum field theory, the matrix of the transition amplitudes
Sfi: out<f|i>in

is known as the S-matrix, which describes a physical scattering process, where | 7 >
and | f > denote the initial and final state respectively.

In general, the S-matrix of the two-dimensional theory is a very complicated
object. However for affine Toda field theories the matter can be simplified consid-
erably. Affine Toda field theory describes a set of distinguishable particles, each
particle being distinguished by conserved charges of non-zero spin. We choose to

write the two-momentum p, = (w,, k) of a particle a in terms of its rapidity 6,

w, = m, cosh §,, kg = mgsinh 8, (1.14)
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where w, and k, are the energy and momentum of the particle a. The single-particle
states | p, > are eigenstates of the conserved charges ()s. Lorentz invariance requires

the action of the charges on the eigenstates to be

Qs| pa >= q%*| po > . (1.15)
Zamolodchikov and Zamolodchikov [8] showed that a multiparticle S-matrix fac-
torises into the two-particle S-matrix, which means the multiparticle S-matrix ele-

ments can be regarded as products of a number of two-particle S-matrix elements.
This based on two selection rules:

1. The number of the particles remains unchanged after interaction, this implies
that there is no particle production.

2. The initial and final momenta are individually the same.

Lorentz invariance requires that the S-matrix elements depend only on the ra-
pidity difference of the particles. A two-particle state consisting of two incoming
particles eventually evolves into a state containing the two outgoing particles. The

S-matrix elements of the two particle states p,(6,) and py(6) are described by

’pa(ga) pb(eb) >in= Ogb (eab) lpa(ea) b(eb >out; (1-16)

where the element Sy (6yp) is interpreted as the two-particle scattering amplitude
for py(0.) Pe(6s) = Pa(6s) Po(6h), in which the rapidity difference of the two particles

is written as 0,, = 0, — 6,. The S-matrix element is shown pictorially in Figure 1.1.

b a

= Snb(e)

Figure 1.1: Two particle S-matrix element.

The S-matrix is required to satisfy the unitarity, crossing symmetry, Yang-Baxter

equation and bootstrap conditions.
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1. Unitarity condition: It can be understood as saying that for any two particle

process the probability to go to any final state is equal to one.

Sab(Oaw) Sap(—0a) = 1. (1.17)
This is shown in Figure 1.2.
a b
8
>
a 6 b

Figure 1.2: The unitarity condition.

2. Crossing symmetry:

For a two particle process there are two channels corresponding to the Mandelstam
variables s and t to describe the scattering. The s-channel describes the scattering
process p, Py — Pa Py, Whereas the t-channel describes p, p; — p, p5- The crossing
condition corresponds to saying that the S-matrix is invariant under a change from

the s to ¢t channel, and is shown in Figurel.3.

b a

Figure 1.3: The crossing symmetry.

Sab(gab) = Sag(iﬂ - 9,11,) (118)
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These two conditions imply that the S-matrix is a 277 periodic function in the
rapidity 4.

3. Yang-Baxter equation:

In general, the Yang-Baxter equation implies that the two possible orderings for

factorisation of the three-particle S-matrix are equivalent. It is shown pictorially in

Figure 1.4.
Figure 1.4: The Yang-Baxter equation.
cic bic / . Qeac 1 b1b
Serea(0) Sz (0 +0") Sz (0') = Saze(0) Saiey (6 + 0) Seie (0) (1.19)

However, in the case of the affine Toda field theory, it is equivalent to the trivial

identity
Sar05(0) Saras (0 +6') Sazas(0') = Sagas (0') Saras (0 + ') Saya, (6)- (1.20)

This is because of the fact that the S-matrices are diagonal.

4. Bootstrap equation:

The S-matrix may have bound state poles at purely imaginary values of 8, in the
range 0 < Im# < m, which has been given the name ‘the physical strip’. Two
particles a, b can fuse to a third particle ¢, when their S-matrix contains a pole at

6. . The pole occurs when the particle ¢ is on shell. Its momentum is given by
p? = (pa + ps)°. This implies

2 _
o=

m? = m?2 +mj + 2mgmy cos 65, (1.21)
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where 6,, = 16, is known as the fusing angle for the fusing process ab — c¢. Through
the equation (1.21), it can be seen that the fusing angle has a geometrical interpre-
tation as outside angle of a mass triangle of sides m,, m, and m,.. This has been

shown in Figure 1.5.

me

Figure 1.5: The mass triangle.

From the analysis it follows that
C + 600, + 08 = 2m. (1.22)
When a bound state exists, the S-matrix satisfies the bootstrap equation
Sac(8ae) = Saa(Oac + 102,) Sap(Oac — 10,). | (1.23)

where § = 7 — 0. This implies that there are two ways in which a fourth particle d

can scatter with these three particles. It is shown pictorially in Figure 1.6.

Cc

/

Figure 1.6: The bootstrap relation.
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1.4 Affine Toda theory on the half line

Studies of the particle scattering of affine Toda theories have been formulated for
those defined on the full line [9, 4, 10-14]. These theories are often called bulk
theories. Since many physical systems are finite in their spatial dimension, it is
interesting to study theories which are defined on a finite line or on a half line. Such
a theory should take boundary effects into account.

In the past few years, there has been considerable progress in understanding
affine Toda field theory on a half line. If the affine Toda field theory is restricted to
a half line, then there must be a boundary condition at the origin. In this case, the

Lagrangian (1.1) might be modified as

L= 0(—z) %auwawa _ V(¢)] _ §(2)B, (1.24)

where B is a boundary term and the step function 6 (—z) may be defined as

(1.25)

0(_I):{O z > 0,

1 z<0.
By analysing low spin conserved quantities, integrable boundary conditions for
all) d) series have been conjectured in [15,16]. It was concluded that the boundary
n n

potential has the generic form
B= %Zme?a“ﬁ, (1.26)

where it was assumed that the boundary term depends only on fields but not their
derivatives. Except for agl), the coefficients A; are constrained, namely either every
coefficient vanishes for Neumann condition or is equal to 2,/n;. For case agl), the
two coefficients Ay and A, are arbitrary.

The conjecture (1.26) was subsequently proved [17] by a Lax pair representation
of the boundary problem. It was also shown that a more general boundary condi-

tion that includes time derivatives leads to even stricter condition on the boundary

potential [18].
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The equation of motion (1.4) is now restricted to the region z < 0, and it is

supplemented by a boundary condition at x = 0

a9 9B

=——. 1.27
ox 0¢ (1.27)
Adding a boundary to the theory removes the translation invariance, and there-

fore the momentum is not longer conserved. However, the energy is given by
0 1 9 1 2
= [ dr|5 @)+ 5 0.0 +V ()| +B (1.28)
—00

and it is always conserved for any choice of B.

Let us now to understand how particles scatter off that boundary. In integrable
field theory one expects that the scattering is one to one. An initial state containing
a single particle moving towards the boundary will be evolve into a final state with
a single particle moving away from the boundary. In a two-particle state, each
of the particles will not only scatter from the boundary, but also inevitably from
each other. However the order of the individual scattering and reflection should
not matter because they depend on the initial condition setting up the two-particle
state [8].

For affine Toda field theory, as we have mentioned before, the particles are all
distinguishable, therefore there should be a set of reflection factors for one for each
particle, for each integrable boundary condition. The rapidity of the particle is

reversed on reflection. Thus for the single particle a we can write down
I pa(g) >in= Ra(9)| pa(_g) > out; (129)

where R,(6) represents the reflection factor of the particle on the boundary. This

can be seen in Figure 1.7.
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£(-9)

= R,(6)

£(8)

Figure 1.7: Reflection matrix.

In an analogous way as for the bulk theories, one now has the conditions for the

boundary S-matrix.

1. Boundary unitarity: This condition follows that the probability of the reflection

is equal to one.
R.(8) R.,(-6) =1. (1.30)

It is pictorially shown by the following diagram

a

Figure 1.8: The boundary unitarity.

2. The boundary Yang-Baxter equation: Cherednik [19] found the generalisation
of the Yang-Baxter equation. This says that the particles scatter factorisably, in-

dependent of the order of factorisations on the boundary. For the affine Toda field
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theory, it can be expressed

Sab(eb - Ha) Rb(eb) Sab(gb + ea) Ra(ga)
(1.31)

= Ra(ea) Sab(eb + ea) Rb(eb) Sab(gb - 0a)~

Figure 1.9: The boundary Yang-Baxter relation.

3. Boundary bootstrap equation: the reflection bootstrap equation is found by Fring
and Koberle [20,21]
R.(6.) = Ry(0,)Sas(6a + 65) Ro(6s) (1.32)

where 6, = 0, +16°, and 0, = 0, — 40, in which § = m — . The boundary bootstrap

c
c /

%
_ [/
b /

eC
#
b a

Figure 1.10: The boundary bootstrap relation.

implies the relations between the various reflection factors.
4. Boundary crossing unitarity: This condition is found by Ghoshal and Zamolod-

chikov [22]. It can be built as the consistency condition of the reflection bootstrap
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equation [23]|. Consider the particle a and its antiparticle @ moving toward to each
other with the rapidity difference 7. In this case, the quantum state of the two par-
ticles is same as the quantum state of the vacuum. Correspondingly the boundary
bootstrap equation (1.32) can be written as

1=R,(0 - %T) S.a(20) Ra(6 + %T). (1.33)

Using the crossing symmetry and the unitarity conditions for the S-matrix, the
consequence of the boundary bootstrap equation gives the boundary crossing equa-
tion

Sua(20) = Ra(6) Ra(6 + ). (1.34)

1.5 The agl) or sinh-Gordon model

The sinh-Gordon model is the simplest model of the affine Toda field theory, based
on the root data of the Lie algebra a;. By setting ¢ = 1 and scaling the mass
parameter in the potential (1.2) by m/2 , we can write down the Lagrangian for the
sinh-Gordon theory

L= lauqﬁa“qﬁ _ 7 osh V2069, (1.35)

) 232
where m 1s the mass of the sinh-Gordon particle and 3 is a real coupling constant.
In expressing the potential, we notice that there is only one simple root oy = V2
corresponding to the sinh-Gordon model and its Coxeter number is A = 2 as we can
see from the Table 1.1.
As we have mentioned in the previous section, the boundary term in affine Toda

field theory takes the form (1.26). For the sinh-Gordon model it can be expressed

as
m

B= 7 (aleﬂ¢/‘/§ + er—ﬂ¢/‘/§) : (1.36)

Here we redefine the boundary parameters as oy = Ag/2 and o3 = A;/2. If we

choose the boundary to be fixed at z = 0, then the theory on a half line is described
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by the Lagrangian

L=0(- )[aqsaqs 2cosh\/_ﬁ¢}—6() (1.37)

20
where B is given by (1.36).
From the Lagrangian (1.37), one can easily obtain the equation motion of the

field

2
Fo= 5 () <, (139

and the boundary condition

O = \/T?ﬁ (0’ P41V _ e ﬂ‘p/‘/—) z = 0. (1.39)

The static equation of motion is described by

\;%Qﬂ sinh v/28¢y, (1.40)

and the the boundary condition is given by (1.39) in terms of ¢o.

0ogo =

Integrating the static equation of motion once, and comparing it with the bound-

ary equation, one obtains

Oy = \fﬂ ( Peo/V2 _ —ﬂm/ﬁ) ,
(1.41)
eﬁﬂ(ﬁo — 1+ 0-0.
1+ 01

Furthermore, the ground state solution is found to be

(z—2z0)
eBo/V2 — =t (1.42)

where the integration constant zg can be determined by the boundary condition

m 140y
oth —z¢ = . 1.43
IRV (1.43)

1.6 Classical reflection factor

The classical reflection factor for the sinh-Gordon theory can be obtained by lin-

earising the field ¢ around the static background field ¢o. This means we replace ¢
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by ¢¢ + ¢1, where ¢o has the least energy (vacuum). The perturbation ¢, has both
kinetic and potential energy. By linearising the equation of motion and the bound-
ary condition for the first order correction to the background field and using (1.43),

one deduces that

¢y +m? <1+ 75 >¢1:O z <0, (1.44)
inh* 2(z — zo)

1+UO 1404 -

=0 = 0. 1.45

Oz + = (01 1o 1+o >¢1 z (1.45)

We now redefine ¢, = ¢ for convenience. The exact solution for these equations
has been found in [15]. The eigenfunctions of the second order differential operator

in (1.44) corresponding to the eigenvalue w? — k% — m? can be written as [24]
$(x,t) = ie™'r (k) [F(k, 2)e™* + F(~k,z)e~™*7], (1.46)

where r(k) is a real, even function of k, which will be chosen when we consider

the Green’s function. We will discuss this in detail in chapter three. The function

F(k,z) is given by

F(k,z) = P(k)(ik — mcoth 2(z — z)) (1.47)

together with P(k)=(ik)? — 2ik\/1 + ao\/1 + o1 + 2(0g + 01).

We now can determine the classical reflection factor. It can be calculated in the
following way. We send a particle from minus infinity. It reflects off the boundary
=0, and is then caught in the same place from which it was sent. The ratio of the
phase difference between the outgoing and ingoing particle is the reflection factor

F(—k, —o0)

K#) = —"—- 1.48
0= T (149

The classical reflection factor can be computed by using (1.47)
(—ik +m) ((—ik)? + 2iky/TF 00v/I T 01 + 2(00 + 01)) (L4

(ik +m) ((—ilc)2 — 2tk/T+ 0ov/1+ 01 + 2(00 + 01)) .

By setting k=msinh § and using the parametrisation

0; = COS a;T, i=0,1, (1.50)
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in which a; are the two constants, we deduce that K is

_ [:sinh (g + %r)

sinh (g - 1{—)

2 . g i
sinh [— T

<]
=
=
L |
N
+
g
~~~ | —
p—t
+
)
(]
+
]
=
@,
=
=
NI [
%I§
p—n
|
2
(=]
[
2
=
—

(1.51)

In term of the block notation introduced in [4]

sinh(g ’—2’%) )
(z) = m, (1.52)

the classical reflection factor can be written

_ (1)? )
K= (1 + ag + al)(l —ag — al)(l +ag — al)(l ~a + al). (1.33)

1.7 S-matrix

The S-matrix describing the elastic scattering of a pair of sinh-Gordon particles is
known [9]. In terms of the block notation, it can be written as

1

R (1.54)

S(6) = -

Here the parameter B depends on the sinh-Gordon coupling constant, it has been

conjectured to have the form

1 p .
= o TS P (1.55)

for which B (4n/8) = 2 — B(f). This implies that S-matrix is invariant when

B — 4w /B and this is referred to as the weak-strong duality [4].

1.8 Relation with the sine-Gordon model

The a( ) theory for imaginary coupling is known as the sine-Gordon model.
The sine-Gordon model in the presence of a reflecting boundary has been studied

by Ghoshal and Zamolodchikov [22]. Based on an explicit computation of the first
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nontrivial integral of motion, they conjectured that the integrable boundary term

has the form

ﬁsG(¢2‘ ¢0)’ (156)

where M and ¢ are free parameters, and fs¢ is the coupling constant for the sine-

B = M cos

Gordon model. A proof of this conjecture has been given in [25, 26].

The coupling constant in the sine-Gordon theory is related to the sinh-Gordon
coupling constant by B, = iv/28. We now want to find the relations between
the free parameters oy and o; in the sinh-Gordon theory with M and ¢g in the
sine-Gordon model. By comparing (1.56) with the boundary action (1.36), one can

obtain the following relationships for these two sets of parameters

2
op = ﬂ2‘Mreﬂ¢o/\/§,

2”]\7’4 (1.57)
oy = DM b0 2

2m

1.9 Quantum reflection factor

Based on the work [22], Ghoshal [27] suggested a formula for the reflection matrix
for the breather states of the sine-Gordon model. For the jth breather it can be

expressed as

Rl5(0In,9) = R§(0)R}(0), (1.58)
where
; j+1COSh (g + %’) cosh (g -z j%) sinh (g + %)
Ry(0) = (-1) P N ——
COSh (5 —_— '4—> COSh (E —+ v +]a> Slnh (—2- — —4—)
i=lsinh (6 +1Z) cosh® (¢ — & — jir
< II - ( ?A) 2(2 : ‘?*). (1.59)
; sinh (0 — l%) cosh (5 + T+ li—’;)
The parameter A in here is related to the coupling constant, and given by
8w
A= -1 (1.60)
sG

The other part Rj(0) in the reflection factor contains the parameters 7 and ¥ and

can be written as

RI(6) = S7(n, ) S7(i0, ), (1.61)
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where the factor S7(n,0) depends upon whether j is odd or even. For j = 2k,

k=1,2,..< %, we have

[N———

t-1
=

For j=2k—1,k=1,2,..< 2, we have

N f—

k sinh @ — 7 cos [
(1.62)

S*(z,0) =

—

] sinh 8 — 7 cos [f— (l—
] sinh # + 7 cos [%+ (l—

>4|i~2 >4|H
>3 >0
= | 8=
N S
bERPYE]
—_—

= 1smh9—i—zcos[

[\

SQk‘l(x, ) =

icos® —sinh@ %=!sinh@ — ¢cos [(§ - l}) sinh § — 7 cos (} —1
T+ 1

icos§{ +sinh@ ;- sinh@—i—icos(—j——l}) sinh9+icos(

)
&

Once the reflection factor to the sine-Gordon theory is known, we can deduce

P—‘ >3 | >3

3)

the quantum reflection factor for the sinh-Gordon model from the lightest breather
reflection factor in the sine-Gordon theory by analytic continuation in the coupling
constant. The first thing is to write down Ghoshal’s reflection factor for the lightest
breather j = 1. In this case, the equation (1.59) becomes

_ sinh [g + = (2 + %)] sinh [Q Lo (1 - %)] sinh (

(1)( )_' . i 1 i 1
sinh [g -9 (2 + X)] sinh [— -9 (1 — X)] smh(

Using the block notation (1.52), this can further be written as

RI(6) = <2+§) (1- %) (1). (1.65)

»x:r
S

(1.64)

NI | N
-
">|a

;

Similarly, the equation (1.61) for j = 1 can also be written in terms of block

notation as

ro=[(+2) (-2) (+2) (2] e

We hence obtain the reflection factor for the lightest breather of the sine-Gordon

model

_ 2+3) () @
Ry (0n,9) = EEEE) (+%3) (=5 (1.67)

Here for the simplicity we write Rl (0]n,9) as Rse (f|n,9). Once we write this

factor in terms of B, we will obtain the reflection factor for the sinh-Gordon model.
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The two functions A and B are related to each other via the relation

_L1_5 (1.68)

which implies the analytic continuation of the coupling. Placing this into (1.67) we
finally deduce the quantum reflection factor for sinh-Gordon model

(2-B/2)(1) (1 + B/2)
(1-E)Q+E)(1-F)(1+F)

R (0) = (1.69)

where F and F' are also the functions of the coupling constant and related to the

parameters 77 and ¢ in Ghoshal’s reflection factor by

0
=13 r=28B (1.70)
m

™

In the limit 8 — 0, the quantum reflection factor (1.69) reduces to the classical

one (1.53), where F(0) = ag + a; and F(0) = ag — a1.

1.10 The layout of the thesis

In this thesis, we are particularly interested in studying the sinh-Gordon theory.
The sinh-Gordon model is studied from three different aspects. The first is to study
the model within two boundaries. The second studies the theory with a general one
boundary condition. The last studies the supersymmetric extension of the model.

The remaining chapters of the thesis are organised as follows:

In the second chapter, we discuss the sinh-Gordon model on an interval. The field
equation of the model is not linear and can therefore not be solved exactly. Thus we
must firstly consider a simpler theory. As we know, the free scalar field theory obeys
a linear equation. It is therefore exactly solvable. Once we obtain this solution, it
will enable us to study the reflection factors and the energy levels. We will then
investigate the sinh-Gordon model on an interval. Two different approaches shall

be presented to calculate the classical reflection factors and the spectrum of particle

energies.
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In chapter three we will study the one boundary problem of the sinh-Gordon
model. The boundary condition of the model has a more general form. We will de-
velop the perturbation theory and the path integral method to deduce the Feynman
diagrams at the one loop order. From the loop calculations the quantum reflec-
tion factor can be extracted. However a correction that comes from the boundary
contribution of the bubble diagram has been calculated.

Chapters fOﬁr and five deal with the supersymmetric extension of the sinh-
Gordon model with a one boundary condition.

In chapter four, we will perturbatively check the classical limits of the exact
reflection factors proposed by Moriconi and Schoutens for the lightest breather mul-
tiplets of the sine-Gordon theory. We find that their supersymmetric reflection
factors do not have the correct classical limits. A correction has been made to their
result. By doing that, we obtain the supersymmetric reflection factors which have
the correct classical limits.

In chapter five, we firstly construct the supersymmetric Lagrangian for the sinh-
Gordon model and the fermionic propagator in the presence of the boundary. Using
the perturbation theory and the path integral formalism, we derive the one-loop
Feynman diagrams for the supersymmetric model. We then carry on the calculation
of the loop diagrams. From the results we extract the boson and fermion reflection
factors of the sinh-Gordon model. The results obtained in this chapter will be
compared with the results obtained in the previous chapter. We also discuss the
renormalisation of the theory.

The final chapter draws several conclusions from the work and speculates on

further possible investigations.




Chapter 2

Sinh-Gordon Model on an Interval

2.1 Introduction

Recently there has been an attempt to investigate the affine Toda field theory within
two boundary conditions [3,28]. In this chapter, we will study the two boundary
problem for the simplest model described by a single field in affine Toda theory.

The action of a single field in the presence of the two boundaries at x = &L can

be described by

Sz/_o:odt/_LdeEO—/o:odt(B++B_). 2.1)

Here Lg is the Lagrangian in the bulk theory

[N}
[N
~—

Lo= 50,606~ V(9), e

and By correspond respectively to the boundaries at each end, z = £L.

The corresponding classical equation of motion and boundary conditions can be

written

¢ = —a—V, |z| < L,
0¢
g (2.3)

To begin with we will consider a free scalar field on an interval. As we have

mentioned in the last section of the previous chapter, the solution of the free scalar

31
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theory can be obtained exactly. From this we will be able to find out which reflection
factor corresponds to each boundary and how the energy of the theory is formulated
on an interval. We then turn our attention to the sinh-Gordon model. The reflection

factors and its energy will be investigated.

2.2 The free scalar field theory

In this section we shall study the free scalar field theory confined on the interval
[—L, L]. As we know the free scalar theory is the theory of a single field and described

by the potential

V(g) = smig (2.4)

Let us consider the general quadratic boundary conditions

_/\2 Y _
B+—2</>, B——2¢- (2.5)

where A and p are two boundary parameters.

For the free scalar field theory, one obtains the equation of motion
(*+m?) =0, |z <L, (2.6)

and the boundary equations

O = — A9, z=1L,
(2.7)

The ground state or the vacuum solution of the theory is zero with these boundaries.

The equation of motion has the plane-wave solution
b(z,t) = e ™" (Ae“” + Be'““) + c.c. (2.8)
where A and B are coefficients, c.c. implies the complex conjugation of the first
term. When this solution is substituted into the boundary equations, we obtain
(ik + Ne @R A — (i — Ne ™ *IB + c.c. = 0,

(2.9)
(ik — p)e ™LA — (i + p)e ™ B + cc. = 0,
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The set of the boundary equations has a solution, if and only if the determinant of

the coefficients is equal to zero. In other word, the relation
Ky (k) K, (k)™ =1 (2.10)

is satisfied. Here, K, (k) and K, (k) are the two independent reflection factors at

each boundary, and defined by

1k + A 1k —p
Kiy(k) = , K, (k) = . 2.11
The coefficients A and B relate to each other by the reflection factors
B = Ky(k)e? A = K, (—k)e L A, (2.12)

which follow from the boundary equations.

The equation of motion for the free scalar field is a linear equation, so the general

solution is a superposition of plane wave solutions

o0

¢(z,t) = dula, ), (2.13)

n=1
where ¢,(z,t) is the generalisation of the solution (2.8), namely

bn(z,t) = g7 (Aneik"z + Bne_ik"z) + c.c. (2.14)

Correspondingly, the coefficients A, and B,, the reflection factors K,(k,) and
K, (k) are the modifications of A and B, K,(k) and K, (k).

The solution (2.14) can be written as
bn(z,t) = e A, [eik””” + K,\(lcn)eik"(zL—x)] + c.c. (2.15)
Furthermore, we can express it as

bu(z, ) = e—iwntAneiknén [eikn(z—d) + e—ikn(z—é)] + e (2.16)

by defining
K)(k,) = ekn(0n=L) o K, (k) = g~ 2kn(OntL) (2.17)
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In order to write down the solution (2.16) in a simple form we need to scale
2A,e%7% = A then the general solution becomes
00
p(z,1) = Y (Ane ™" + Are™) 40, (2.18)
n=1
where we have redefined ¢,, = cos ky(z — dr).
The possible momenta for a particle confined to the interval [—L, L] are expected

to be given by the solutions to (2.10). We take the logarithm of the equation first,

by expanding the logarithmic function, we have

: . 20 —p) 2V =pf)  2(N°—pd)
ik, L — 2imn = - 220 20 — = N 2.19
! v ikn 3 (ikn)? 5 (iky)® (219

Suppose the momentum is quantised in the following way k, = 5T + €, where ¢, is

a small correction to the momentum. Equation (2.19) then reduces to

A—u 402X — u®)  16L4(N5 — 1P)

= ceen 2.20
nm +2Le,  3(nm —2Le,)?  5(nm + 2Le,)? (2.20)

€n

By expanding the right hand of the expression up to the order of ¢,, we obtain the

correction of the momentum

CA—p 2D 20N — ) ,
“= T (nm)3 [ 3 O =p)
2.21
Lo (1 A S e P
(nm)® | 5 . 3 # # #
We thus have the approximation to the momentum
nt  A—p 2L [2L(X - ud) 2
k, = % _ _
2L nm (nm)3 [ 3 O =p)
2.22
R (VN 2 s PR
(nm)5 | 5 # 3 H H #

If the two boundary parameters are equal, there is no correction. In this case, the

momentum does not depend on the boundary parameters.
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Including the boundary contributions, the energy is given by
L :
E:/de (% - Lo) + By + B_. (2.23)
We shall now compute the energy for the free particle in the interval [-L, L},
L 1 L 5.9 Lo Lo
B= [ da(# - 50,00+ 5mi6) + Al + 5ud| o (2.24)

The energy is independent of time, so we can calculate it at ¢ = 0. Using the

solution (2.18), the energy can be expressed

E = 52{/_id$[—wmwn(Am_A:n)(An_A:;)¢m¢n

m,n

+ (A 45) (A + 45) (88, + m0mdn) | (225)

L

We need to analyse the equal modes (m = n) and non equal modes (m # n)

+ (A + A7) (Aa+ A7) Mt

+ UPmbn
L

separately in the above equation. In fact the contribution of non equal modes

cancels each other. Furthermore it leads to

E =) wnanay, (2.26)
n=1
where
an = AT | L+ S (=2~ # ) = 4o (2.27)
with

Q":JL+%<k3j—A2_k3iu2> >:28)
As expected, the energy has a standard form as a free field theory in the bulk theory.
When the two boundary parameters A and p are equal, the energy does not depend
on the boundary parameters, but the size of the interval

E=) 2LwlA,A% (2.29)

n=1

The energy w, and momentum £k, satisfy the mass-shell condition

2 _ 2 _ 2
w;, — k, =m".
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When we quantise the field, the coefficients a, and a) become operators. They
correspond to the annihilation and creation operators respectively and their com-

mutation relations are given by

[Gn, @8] = Oum, |, am] = [ar, ar,] =0. (2.30)

m

The field ¢(z,t) in (2.18) can now be written in terms of these operators as

_zwn +0,* zwnt> ¢m (231)

0=% g (e

where we have redefined ¢, = ¢,/v2,.
Using (2.30) the commutator of ¢(z,t) and its time derivative ¢(z,t) can be

computed. The calculations lead to

[6(2,1), d(z,0)] =i Y bl 1) da(y, 1): (2:32)

Here {¢,} are the complete set of the functions for fields satisfying the boundary

conditions. Therefore we have
[¢(m,t), qS(x,t)] =1id(z —y), -L<z,y<lL. (2.33)

We can see that the quantised field on an interval satisfies the equal time commu-

tation relation as the bulk theory.

Let us now consider the zero mode. This corresponds £ =0 and w =m. In

this case, the equation of motion (2.6) becomes
(02 +m?) ¢ =0. (2.34)
The solution to the equation is
¢=(Az+ B)e ™ +cec. (2.35)

The boundary equations become

Ae™® 4+ cc=—\(AL+ B)e ™ +c.c, z =1L,
(2.36)

Ae™® tcc=p(—AL+ B)e ™ +cc z=-L.
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The set of these equations provides the relation
2L=————, (2.37)

otherwise the coefficients A and B are zero, there is no zero mode. We make the

parametrisation
1 1

L—-a’ F="Txw
such that two coefficients A and B related by B = —aA, where a is a constant. The

A=— (2.38)

solution (2.35) can then be written
¢ = o (Ag e + A7 ") (2.39)

where we have redefined ¢9 =z — a, A = Ag and w = wy.

Let us denote the ground state energy by Ey

L 1. 1 1 A /J,

E:/d(~2—'2—22) A9 oo 9 40
0= [ de\gt Fg g ) e T3 (2.40)

From this we can calculate that
E = magay, (2.41)

where
1
ap = 2\/-3:mL(L2 + 3a?)A. (2.42)
In general, the energy level of the free particle can be expressed as
E =) wyana;, (2.43)
n=0

where wy = m and w; = k? +m? for 1 = 1,2.....; ap and q; are given by (2.42)

and (2.27) respectively. We conclude that the energy of the free particle restricted
within two boundary conditions depends on the boundary parameters as well as the

size of the interval.
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Let us now consider the boundaries different from (2.5). We may choose

A
By = §¢2 + A1g + Ag,
(2.44)

1

B_ = §¢2 + p1d + p2,
where A, A, A2 and u, p; uo are the boundary parameters corresponding to each
boundary, respectively. This set of the boundaries generally breaks the reflection

symmetry ¢ — —¢, and the boundary equations can be written

Op=—-2p— X, z=1L,
(2.45)

Oz = g + i1, z=—L.

In this case the vacuum solution is not zero. We do the perturbation around the
static background ¢g or in other words around the vacuum solution. This means
we replace ¢ by ¢¢ + ¢1, where ¢; is the perturbation of the background field. By
perturbing the field, we found that ¢; satisfies the same equation of motion and
boundary conditions as ¢ does in (2.6) and (2.7). For the static background field ¢
we have

(62 - mz) $o =0,

Oy = —Apg — A1, x=-L, (2.46)

Oupo = ppo + 1z =—L.
The solution of ¢ can be directly obtained by solving the first equation in (2.46).
It is

do(z) = 1™ + ae™™". (2.47)

The coefficients ; and a» are fixed by the boundary equations and we find
M(m+ p)e™ + p(m — A)e~™E

(m +A)(m + p)ermt — (m = A)(m — p)e~?mL’
pi(m + A)e™ + A (m — p)e ™k

(2 \)(m + @)™ = (m — A)(m — e 7

The general solution that corresponds to the boundaries in (2.44) is the combination

= —

(2.48)

Qg = —

of the solutions ¢q and ¢;. This can be expressed as

$(2,1) = 1™ + ce ™™ + Y (Ane™™ + Are™) d (2.49)

n=1
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We now calculate the energy. It can be written as

Lo/, 1., 1 A
= dx(§¢% + 300+ 3] + 26

I
+ §¢%
L ¢ I

1L 1
- /_ i dm<5 24 2gl 8+ mPdE + 2m2¢0¢>1>

+ [%(@53 + 2¢0¢1) + Ai(do + 1) + /\2}

L

+ [%(ﬁbg + 2¢0¢1) + p1(do + ¢1) + MzJ
-L

We note that we already have the energy contribution corresponding to the first line
in the expression. This is given by (2.26). The rest of the equation can then be
calculated. The energy can therefore be written as
> 1
E =) wpasal + §(af + aj) (esz + e‘QmL) + Ao + o

n=1

mL —mL —
(ale — aze ) (™ — aje™™L)

+ ) mk, (A, + A}, +
:L:’l ( ) V2 4+ N2 V2 + p?

+ % [)\ <alemL + a26_mL) + 2)‘1] _a1emL + age™™ 4 22 ——k"(A" + An)

k% 4+ )2 ]
1 0 kn(An + A%)]
+ 3 [M (azemL + a1e_mL) + 2#1] _aQemL + e ™ + 2; ——(,___k% g )

(2.51)

2.3 The sinh-Gordon field theory

In the previous section, we have studied the classical reflection factors and the energy
of the free particle on an interval. In this and the following sections we consider the
same matters for the sinh-Gordon model.

The sinh-Gordon model with one boundary has been introduced in the first
chapter, where the boundary term is given by (1.36). We now generalise the one-
boundary to the two-boundary case. We choose the boundaries to be at z = L

and z = —L. For simplicity, we take the boundary parameters in (1.36) to be
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o9 = 01 = 0. While ¢ = P, is the parameter corresponding to the one end, o = P_

is the one at the other end. As such, we have the two boundary terms

mPi -

In addition to the equation of motion (1.38) which is now defined on the interval

—L < z < L, we have the two boundary equations

P.
By = $n\;§; (eﬁqs/ﬂ _ e—ﬂ¢/ﬂ) , z ==L, (2.53)

Two different approaches shall be used to calculate the classical reflection factors
and the spectrum of particle energies for the sinh-Gordon theory. The first one is
to solve directly the equation of motion using an ansatz. Another one is to consider
the linear perturbation around the static background solution to the equation of
motion and boundary conditions. Once the static background is known, the classical
reflection factors are sought by linearising the field equation and boundary condition,
and calculating the reflection of a plane wave in the effective potential due to the

static background. In the rest of the chapter, we will consider these approaches.

2.4 A solution to the equations of motion

In this section, we will use the first method as mentioned at the end of the previous
section to study the reflection factor and the energy of the sinh-Gordon model with
two boundaries. We first need to find the solution to the equation of motion.

Let us suppose the sinh-Gordon equation
9*¢ = —m?sinh ¢, lz| < L. (2.54)

has the solution of the special form

X-T

o2 X =T
¢ X+T

where X is the function of z and 7" depends only on ¢. Since the coupling is classically

unimportant, we have taken g = 1/\/5 Substituting the special solution into the
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equation of motion, we have

b+ %) or-r) e (eox) =i (47, e

here X'=dX/dz, T=dT/dt, X"=d?X/dz?® and T=d*T/dt?. In order to fully separate
the variables, we choose
X"=AX]+uX?+vX,
T = XT® + gT? + oT.
These equations together with (2.56) provide the relationship between the param-
eters in (2.57), namely A = A\, i = 4 = 0 and ¥ — v = m?. By integrating these
equations once, we obtain
A
X"? = 5X‘* +vX? + 20,
(2.58)

12 = %T4 + (v = mA)T? + 20,

where A, v, o are constant parameters. Solving these equations by setting o = 0 we

deduce that
-1

X = —/g (sinh Vv(z — 330))
T= /Y _/\mz (sinh Vv —m2(t — 750))_1 ;

where zy and t; are the integration constants. The solution to the equation of

(2.59)

motion can therefore be written

op/2 _ Yvsinh Vv — m?(t — to) — Vv — m?sinh Vv (z — %) (2.60)
Vsinh Vo = m(t — to) + /v — m2sinh /5 — 7o)

When ¢ = tg, we then have e?/? = —1. It is obvious to see that the solution is

complex. This solution is neither a real solution of the sinh-Gordon model nor of

the sine-Gordon theory.

The parameter zo can be fixed by the boundary conditions
X' = FmPs X, z ==L, (2.61)

which follows (2.53). They can be expressed explicitly as

ili—ao) _ MP = VY =T (2.62)
mP+ + \/;, 7
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e2VV(L+mo) _ EP_—_—ﬁ z=—1L (2.63)
mP_ + /v’ ' h

Combining these equations, we can write down the spectrum
eV K (v) K_p(v) =1, (2.64)

where the reflection factors at each end are defined by

’ITLP.{.."‘\/; mP—+\/; =
_m, K_p(v) = _m_ (2.65)

In order to simplify our study, we set P. = cosasm and /v = imsinh§, the

KL(I/) =

reflection factors then turn out to be

1
K=~ 1+ 2a3) (1 — 2ay)’ (2.66)

1
K=y 0=y (2.67)

where a. are the positive parameters and we have used the block notation (1.52) to

write down these factors.

The reflection coefficient of the sinh-Gordon model on a half line was obtained
in [15] and it is given in the expression (1.53). We now compare it with the reflection
factors in the two boundaries case.

If we take a limit ag = a; = a; in (1.53), it is obvious that it will be reduced
to the boundary reflection factor on the end z = L. Similarly, it corresponds to the
other reflection factor in the limit ag = a1 = a_. We can see that the boundary
reflection matrices obtained in (2.66) and (2.67) have the form of as one boundary

reflection factor, and they are independent of each other.

We will now check whether there is any pole in (2.60). For convenience we take
to = 0 and /v = mcos @ in this expression. If the numerator is less than zero, then

there is no singularity in the solution. In other words, no singularity can occur when

tan @ sinh (m(a: — Zp) COS 0) \ > 1. (2.68)
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We deduce that at the boundaries (2.62) and (2.63) this expression is equivalent to
the restrictions

cos?aym < 1,

where the parameters P, again are chosen to be cosaim. We can thus claim that
there is no pole in the solution (2.60).
As we have seen the solution is not singular, it is interesting to investigate its

energy. Including the boundary contributions, it is given by
L 1 12 1 2 2
E:/ dz <5¢ +§¢> +m coshgb) + By +B_. (2.69)
-L
The calculations show that
E =2Lm? +4m(P, + P_). (2.70)

The energy depends on the boundary parameters P, and the size of the interval, as
does the free field theory.

We also find that the ground state (¢ = 0) energy is same as (2.70).

It is interesting to obtain that the energy of this particular solution of the sinh-
Gordon theory is equal to its vacuum energy. If fact, we can choose the vacuum
energy is zero by adding a suitable constant term into the bulk and boundary po-
tentials. Correspondingly, the energy of the theory is zero. This indicates that the
solution we have obtained in (2.60) is not a real solution. In order to have non-zero
energy, we must look for a real solution to the sinh-Gordon equation. One might
obtain it using Hirota’ method [29].

The following assumption
e* K (0) K_1(0) =1 (2.71)

was made in [3] regarding the relation of the momenta and the reflection factors
for the theory confined on an interval. In this section we have verified that the
assumption is true for the sinh-Gordon model, where the classical reflection factors

are obtained by a particular solution. This is described by (2.64). The next question
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is to ask whether this assumption holds in the quantum case. In the following
sections, we will attempt to check it by doing the perturbation around the static

background.

2.5 The static background solution

In the previous section, we have solved directly the sinh-Gordon equation with a
particular ansatz. However the solution was not real. In this section, we will look

for the static background solution.

In the static background ¢y, the sinh-Gordon equation (2.54) becomes
82y = m? sinh ¢;. (2.72)

Integrating the equation once, we have

dpdo = V2my/cosh ¢y + a, (2.73)

where « is an integration constant. Furthermore, this can be written

2
Oppo = Tm 1+ k2 sinh? % (2.74)

where £ = /2/(1 + ).

The solution to (2.74) is the elliptic function
$o = 2tanh™! [sn <T’7'($T_W, 1-— k2>] , (2.75)

where z, is another integration constant and the number & is called the modulus of
the elliptic function. Using the relationships

2 2

o . 0
20 _ginn2 20 — 1
5 —sinh” 3 ,
cn? (____m(a:k xo)’ k') + sn? (————(zk xo)’ k') =1,

cosh
(2.76)

the solution (2.75) can be written in the different forms, where k¥’ = /1 — k2. For
examples

sinh? @ =

2 out (T )’ (2.77)
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bo 1
h? = = : 2.
cos 2 cn? (m(zk—zol’ k/) ( 78)

Below, we show that the solution (2.75) satisfies the equation (2.74). Differenti-

ating ¢p in (2.75) with respect to z, we obtain

0o m m(z — zo) , m(z — o)
N S —= k) dn | ———= k'), 2.79
Scosh®(go/2) K ( ko ! k) (2.79)
Using the relation (2.78), we can simplify the above expression to
oo = _22 dn (mgzk—xo), kl)

(2.80)

On the other hand, let us look at the equation (2.74) itself. Using another
relation (2.77), we can reduce it to (2.80). We thus claim that (2.75) is the solution
to the static sinh-Gordon equation.

The boundary equations
Do = FmPy (72 — e %), z=+I, (2.81)

can be written in terms of the solution (2.75) as

0 (M5 ) i (PEL220 )

The parameters zy and k£ should be fixed by these equations.

2.6 The perturbation around the background so-

lution

Once the static background solution @q is known, we can perturb the field ¢ around
that background, this means we can replace ¢ by ¢o+¢;. The sinh-Gordon equation

of motion and the boundary conditions then become
82(151 = —¢1 cosh ¢0, (283)

Oz¢1 = FmP1¢, cosh %—O, z ==L, (2.84)
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where ¢; is the perturbation of the background field. We now need to find the

solution to ¢,. Suppose the solution has the form
¢ = “*N(z). (2.85)
The equations (2.83) and (2.84) can be written in terms of the solution as
N'" = (—w2 + m? cosh ¢>0> N, (2.86)

N' = FmP, cosh% N, z==L. (2.87)

where N' = dN/dz and N"” = d*N/dz?. Furthermore, we substitute the background
solution (2.75) into the above equations, they then become

2m?

N'"= |-w? -m?+ 2.88
cn2 (m!xk—xo), k)l) ( )
mbs N o ap (2.89)

N =
If the last term in (2.88) can be written in terms of the Weierstrass’ function,
then the equation can be reduced to the Lamé equation.
In order to see this point, let us recall the relation of the elliptic function and
the Weierstrass’ P(z) -function. It is given in [30}

€1 — €3

RO (2.90)

P(Z) =e3+

where e; = A(2 — k%) and e3 = —A(1 + k?) are the bases, the variables z and u
are related to each other by u = \/e; — e3 z. The parameter ) is the ratio of these
bases, namely A = (k2 — 2)/(k? + 1).

On the other hand, we have

sn(u— K, k) = —%, (2.91)

where K is the period of the elliptic function. By using this relation, we can
rewrite (2.90) as

3(1 - £?)
en2(V3 2z + K, k)|

Pz) =\ |—1+2K*+ (2.92)
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From (2.92), we express the elliptic function in terms of the Weierstrass’ function
1 1 1 — 2k?

= P(z) + o705+

en?(V3X z + K k) 3A(1 ~k?) (2) 3(1—k?%)

Let us now come back to (2.88). In this equation £ and k' can be interchanged

(2.93)

when the relation £ = 1 — k? is satisfied. By changing variable v3\z + K =

m(z — zo)/k" in the equation, we obtain the Lamé equation
N" ==+ 2P(2)| N, (2.94)

where N” = d®?N/dz* and Q* = 3Ak"?w?/m? — A\(k* + 1).

In general, the solution the solution to the Lamé equation

N = [73 (y) + 2P (2) ]N (2.95)
is given by [30] iy
(Y ,.
o) o) (299

where o(z) and ((y) are called Weierstrass’ sigma and zeta functions. The function
P(y) corresponds to —Q? in (2.94).

The combined solution

olz+y) _ o(z—y) ,
N=A——Te W 4 g2 2/ xW) 2.97
7(2) o) 25 o) 290
is the general solution to the Lamé equation, where A and B are constants.

We now consider the boundary equation (2.89). It can be written with z variable
as
k'P.
N ¥cn(\/3_)\z + K, k)
If we replace the general solution into the boundary we have

+ B [M - (C(ia) - C(y)> M} etod()

!/

7= (m(£L — zo) /K — K)/V3A. (2.98)

o(+a) o(y) o(+a) o(y)
_ k' Py o(a+y) SFoC) o(+a — y) —
Ten (fa, k) [ o(+a) o(y) i Ba(ia)a(y) ] ;

(2.99)
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where +a = (m(xL — zo)/k' — K)/V3\.

The boundary equations are homogenous. They have a solution if and only if the
determinant of the coefficients A and B is equal to zero. This provides an equation
that allows us to solve the o(y). Once we have o(y), we expect that we could
deduce P(y) using the relations between the Weierstrass’ sigma and P-functions.
Furthermore the energy can be obtained from P(y). The work on this calculation
is still in progress. We might solve them numerically.

One may obtain the approximation to the energy by directly using the assump-
tion (2.71) for the quantum reflection factors. For each end we suppose the quantum
reflection factors are given in (1.69). We need to specify the boundary parameters
corresponding to the each boundary in this case. We then can compare the energy
obtained here with the one obtained from the solution of the Lamé equation. If they

agree, we can conclude that the assumption (2.71) is true for the quantum case.

2.7 Conclusion

In this chapter, two different approaches have been used to calculate the classical
reflection factors and the energy of the sinh-Gordon theory.

The first one was to solve directly the equation of motion using the ansatz (2.55).
We have found that the solution of the equation has a complex form. It is neither a
real solution of the sinh-Gordon model nor of the sine-Gordon equation. Combining
this particular solution to the boundary conditions, we deduced the reflection fac-
tors (2.66) and (2.67) for the theory. When we chose a special limit for the boundary
parameters, the reflection factor was the same as on a half-line as expected. How-
ever, we have obtained the energy from this complex solution and found that it
depends on the boundary parameters and the size of the interval. We also found
the ground state energy is the same as the energy of the theory corresponding to
the particular solution. We have checked that the assumption (2.71) holds for the

classical reflection factors obtained from a particular solution (2.60).
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The other method was to consider the linear perturbation around the static
background solution to the equation of motion and the boundary conditions. The
purpose of taking this approach is to check whether the assumption (2.71) is true
in the quantum case. However the results have not yet come out. This approach
might be done by the numerical method. We have only found that the background
solution is described by the elliptic function. The energy levels are expected to be

obtained by solving the Lamé’s equation in this background.



Chapter 3

Sinh-Gordon model on a half-line

3.1 Introduction

In recent years, perturbation theory has been developed to study the reflection
matrix in the affine Toda field theory defined on the half line. It can be extracted
from the calculation of the two-point function. For the ade theories, the reflection
factors have been obtained at one loop order for the Neumann condition [31-33].

For the sine-Gordon model the boundary S-matrix of the first breather was stud-
ied in [34], where the result agreed with the exact expression given by Ghoshal [27].

Corrigan [24] studied the problem for the sinh-Gordon model with the bound-
ary condition (1.39), in which the boundary parameters oy = 07 = 0. He calcu-
lated reflection factor to O(f?). The result was agreed with the result obtained by
Ghoshal [27] for the sine-Gordon breather reflection factors, analytically continued
in the coupling constant. He also suggested an interesting dual relationship between
models with different boundary conditions. The similar study has been considered
for agl) theory [35], in which the perturbative result is in agreement with the exact
reflection factor found in [36).

In this chapter, we will study the quantum reflection factor of the sinh-Gordon
model for the general boundary condition (1.39) by developing the perturbation

theory and the path integral method. The motivation for the work presented in

30
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this chapter follows the idea in [24]. To begin with we recall the construction of
the Green’s function on the half line and the calculation of the reflection factor
for the case 0p = o, = 0. The propagator is determined by making use of the
classical lowest energy static background, and the reflection factor can be defined as
the coefficient of the reflection term of the exact two point Green’s function in the
asymptotic region far away from the boundary. We then study the reflection factors
for the case oy # o7 using Corrigan’s method. The computations are more intricate
in the latter case, since three-point couplings appear at one-loop order in addition
to the four-point coupling. To this order, there are three types of Feynman diagram

contributing to the two-point correlation function.

3.2 The configuration space propagator

The configuration space propagator or Green’s function in the presence of the bound-
ary was constructed in [24]. It was obtained by firstly linearising the field equation
and the boundary condition around the static background, then determining the
eigenfunction of the second order differential operator in the linearised field equa-
tion. The boundary equation should be satisfied by the eigenfunction. Below we
summarise how one gets the propagator which is constructed from the eigenfunc-
tion. The Green’s function or the propagator can be constructed from the non-zero
eigenvalues. For the whole line, we know that the Green’s function is a symmetric
function of z and z’. It is customary to denote this by G(z — z'). In the half line,
we have to be more careful. Taking into account the reflection off the boundary, we

denote it by G(z,t;2',t') and it can be defined as

dk  ¢(z,t) o* (2, ')
t; t — A
Gla,t; e / 2m w? — k% —m? + i€’ (3-1)
where ¢(:1:, t) is given in (1.46). Substituting it into the Green’s function, we have
—k? —m? + e (3.2)

[f (k, 2)f (=k,a")e™ ™) 1 Kof (~k, 2) f(=k,a)e”*E+].
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where the function f(k,z) and the classical reflection factor Ky are defined by

ik — mcoth 2(z — zp)

flk,z) = - (3.3)
and
_ P(=k)ik—m
Ko = P(k) ik+m’ (3.4)

If we replace k& by msinh@ into the last expression, it is reduced to the equa-

tion (1.53). If we set oq = oy = 1, then the classical reflection factor becomes

ik +m  isinhf+1

h—m ismhf—1 (3:5)

K(k) =

The factor r(k) appeared in ¢(z,t) can be fixed using the normalisation of the

Green’s function in the limit z,z" — oco. At this limit, we have

Gz, b2, 1) / m(t—c')i2r2(k)P(—k)P(k)(ik +m)(ik —m) gik(a—z)
— k% —m? +ie

(3.6)
It is also known that in this limit the Green’s function has a standard form
/ 27T w? — k2 i m? + i€ e, (3.7)
This allows us to find
r?(k) = ! (3.8)

2 P(k) P(—k) (ik +m) (ik — m)
We can therefore write down the Green’s function on the half line for the general
boundary condition (1.39) as

:v i; z' t / ' g t=t)

[f(k’x) f(=k,z)e th{o—a) + Kof(—k )f(_k;’x/)e—ik(z-i-z')].

For the special case 0y = 01 = 0, it becomes
» iw(t—t')

e zlc(:c z') —ik(z+z')
t;x',t) Ky (k , (3.10
Gz, ;27 / 27rw2—k2—m2+ze[ + Ko (k)e ] (3.10)

where the classical reflection factor is

1k + 20

. 3.11
ik — 20 ( )

Ky (k) =
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The Green’s function (3.9) reduces to
eik(z—z’) + e—ik(:z;+z’)

w? — k?2 —m? + e (3.12)

G(x,t;:lﬁl,tl) — ’L/ d_w % eiw(t—t/)
2w J 2m

for the Neumann boundary condition. i.e. vanishing space derivative of field at the

boundary.

3.3 Generating functional

In this section, we study the generating functional for the sinh-Gordon theory defined
on the half line.

In quantum field theory [37-39] path integral quantisation is based on the con-
struction of a generating functional for the Green’s function. The generating func-
tional is the vacuum to vacuum transition amplitude in the presence of the source
J and is traditionally denoted as Z [J]. In two dimensions the generating functional
is defined as

Z[7)=N [ Dpexp {z [ sl + ¢(z)J(x)]} , (3.13)
where J(z) is an external source associated to the field ¢(z), N is the J(z)-independ-
ent normalisation factor. It can be fixed by imposing the normalisation condition
Z[0]=1.

Before writing down the generating functional for the sinh-Gordon model on the
half line, let us study the perturbation expansion of the Lagrangian (1.37) around the
static background ¢y. For convenience, we take the mass m = 2. The perturbation

of the Lagrangian is
L=L+L,+ L3+ Ly (3.14)

where

L, = 0(~2) [ﬁqﬁo sinh v/26¢, — %COSh \/iﬁcﬁo]

g
+ 55_(;"_) [Uleﬂ%/ﬁ (9& _ g) _ er—ﬁ(ﬁo/ﬁ (ﬁ + g)] ,

(3.15)

v2 B V2 B
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c,= —%qﬁ [0(_x) (aQ + 4cosh \/5,3%) + 6(z) (8 + aleﬂ%/ﬁ + aoe—ﬁcbo/\/i)] @,
(3.16)

Ly = —Q [ (—2)2sinh v28¢ + 5@)3 (oreforv2 — aoe—f’%/ﬁ)} ¢, (317)
Lo = =2 [o-a)2 005 VB30 — 8(5) o (orePI + e ) . (35)

They correspond respectively to the constant term, the propagating term, the three
coupling term and the four coupling term in the Lagrangian. Here we have integrated

out the total derivative terms, using the property of the step function as well as

The generating functional can be written as
= N/D¢ exp {—z’ﬂ/dzx [9(—1;)%5 sinh v/26¢o + 5(17)——\/20_} ¢3}
exp {—iﬁZ/d% [ ) cosh V2B¢q + 6( )—U+} ¢4}

exp {z / d*z
where we define

1 1
= g,efP/V? _ g /2 = o1 ! izo — 004/ : _—::ZO, (3.20)
1 1
1+ 1+
0y = 0,P0VE | oo BhIVE = ZO + oo o ZO, (3.21)
1 1

M(z) = 0(—x) (52 + 4 cosh \/§ﬂ¢0> +6(x) (8 + crleﬁ“so/‘/i + aoe_ﬂ¢°/‘/§) . (3.22)

—%¢M¢ + J¢]} , (3.19)

We should notice that £, has been absorbed into N.
Assuming § is small, we expand the first two exponents in (3.19) in power series

in 3, namely

= i )n /d2$1...d2$n A($1)¢3($1)A($n)¢3(xn)/

n=0
0
-3

m=0

exp{ zﬁ/dzxA )¢?

1 i ) )
(3.23)

exp { i3 /dQ:v B(z
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For simplicity, we have taken

Alz) = —\g—i [29(—3:) sinh v/28¢, + %6(3:)0_}
1 1 (3.24)
B(z) = ; [0(—:10) cosh V26ey + —6(x)0] .

Inserting (3.23) in (3.19), we can replace each power of ¢ in the exponential factors
by a functional derivative with respect to J acting on the third exponential factor,

namely

)

sa)esp i [ ds () o) = - T o i[dyiwew].  G2)

Thus the generating functional (3.19) can be written in the following form

Z[J] = N/Dqsné ﬂ/dle...d%m‘l(m) (ﬁg)s - A(zn) (ﬁ)g

miO (——iﬁ):n-/dQ:cl...d%mB(azl) <ﬁ;1_)> ..B(zn) (ﬁ)
exp {z / iz [—%QSMd) + J¢J | (3.26)

In fact, the functional derivatives with respect to J can be taken outside the path

integral and can then be written in the exponential forms. The remaining integration

over ¢ is
/ D exp [z / Pz (—%¢M¢ + Jqs)] . (3.27)

In order to evaluate this functional integral, we shift ¢
¢(z) = ¢(z) + ¢(z). (3.28)
Under the transformation, the integral in the exponents becomes

/dgx

If ¢ is now chosen to satisty

1 1
—§¢]V[¢—¢MQO—§(,DM<,D+J¢+J(,O . (3.29)

Mop(z) = J(z), (3.30)
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then (3.29) becomes
[ [—%qﬁMd) + %QDJ] . (3.31)
The solution to (3.30) is
o(w) =i [ &y Gla, 1)), (3:32)
where G(z,y) is the propagator, obeying
MG(z,y) = —i6*(z,y) (3.33)
Substituting (3.32) into (3.31), we have
-% [z oms+ % [ &5 [ &y 106 1)0) (3.34)
Therefore (3.27) takes the form
exp [—% [ [y J(x)G(z,y)J(y)] | D6 exp [—% [ ¢M¢J . (3.35)

This expression has been separated into two parts, one depending on ¢ only, and
the other on J only. The result of the Gaussian path integral is a constant number,

which we will denote by N'. The first exponent
1
Zol) =exp {5 | [ #5 [ & 1) G(a,9) )|} (3.36)

is called the free field generating functional.

We can thus write down generating functional Z [J] as
5 \3
ZJ]=N — / ? ——
[J] exp{ if | d°zx A(z) (iéJ(:v)) }

exp {—W/d%; B(z) (Mj(z)>4} Zo[J]

(3.37)

where NV includes NV'.
In order to calculate Z [J, 7, 7] up to O(?), we need to expand the first exponent

up to the second order in B and the second exponent up to the first order in 2,
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namely

Z[J]:N[l—kﬂ/d?x/l(z)(wd() ~if? [ &z B(z) (5;;3;))4

— 56 [ & [y ) <6J(Z ))3 (Miy))a

By performing the functional derivatives of Z,[J] with respect to J as required

(3.38)
Zo[J].

orders, we obtain

Z[J]:N{1+ﬁ/d2xA(x [3Gxx/d2yj (/d2yJ )}
~if? [ dsB(x) {3G(x,x)2 — 6G(z, ) ( / iy J(y)G(:v,y))2
+ (/ d*y J(y)G(z;y)ﬂ
456 [ [ iy A@)AW)| - 96(5,2)6 (1)) - 6G(z,v)’
+9G(x, )G (z, y) ( [ )60 y)>2
+9G(z,2)G(y,y) [ &2 J(2)G(z,y) [ dw J(w)Glw,y)
_3G(z, 2) / &2 J(2)G(z,y) ( / Pw J(w)G(w,y))3
+9G (2, )Gy, y) (/ &2z J(2)G(z, y)>2 (3.39)
+18G(z, 1) /szJ (2,2 /deJ )

)
—9G(x, v) (/szJ ) </d2waGw. ))2
—3ny(/d22J f )/d%J
(feerrta (e o i

Using the normalisation condition Z [0] = 1, we can now fix the constant N up

to the order of 4%. We find this to be

N=1+ 3zﬂ2/d2$ B(z)G(z,z)? (3.40)

b5 [ [ dy A@)AG) 96 2)6 (1), 1) + 669
The role of the normalisation factor N is simply to cancel the disconnected

diagrams in each order of the perturbation theory. After placing the normalisation
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factor into the expression obtained in (3.39), we obtain the generating functional up

to the order 5°
Z[J]:{1+ﬂ/d2xf1($ [36”96% [ &y TG (/deJ )”
—w?/d%B(x [ 6G$$(/d2yJ ) (/deJ ))J
+ %g? / d’z / d*y A(z)A(y) [ +9G(z,7)G(z,y) ( / d*z J(z)G(z,y)>2
+9G(2,2)G(y,y) [ &2 J(G(zy) [ dPw Jw)Glw,y)

—3G(a:,:1:)/d22 J(2)G(z,y) (/ d*w J(w)G(w,y))3

+9G(z,y)G(y,v) (/dzz J(2)G(z, y))2 (3.41)
+18G(z,y) /dzz J(2)G(z,x) /d2w J(w ,Y)
~9G(x, ) ( JE2LE ) ( [ J(w)G(w,y))2

-3G(y,vy) (/sz J(2)G(z,z ) /dzw J(w)G(z,)

(1) ([ 0 torcten) i

The result of the perturbative derivation on the generating functional is ultimately

expressed in terms of the integrals over the products of the propagator.

3.4 Two-point Function

In the quantum field theory, the vacuum expectation values of the time-ordered
products of field operators are called n-point functions. They can be obtained by
taking the functional derivative of the generating functional with respect to the
source at J = 0, and are defined by
G2, . Ta) =< 0T ((21), ..., $(0))[0 >
1z
" 6J (1) .0 (Zn) |y

Having obtained the generating functional Z up to the order in #%, we can

(3.42)

proceed to evaluate the two-point functions up to the same order. For two-point
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functions, the expression (3.42) can be simplified as
1 627
i20J(z1)0J (x9)

By differentiating the generating functional (3.41) successively with respect to

g($1,$2) = (3.43)

J=0

sources J(z3) and J(zy), we obtain
G(z1,32) =G(z1,22) — 12i52/d2$ B(z) G(z,2) G(z, 1) G(z, 72)
—12v24° / o / dy A(z) Aly)
[G(z,9)? G(z,51) Gy, ) + G(z,5) G(,y) G(21,9) Glea,y)] -
(3.44)
Here we have written G(z,¢;2',t') as G(z, z') for simplicity. If we represent the

two-point function as a straight line connecting z; to z,, then equation (3.44) may

be drawn diagrammatically as in figure 3.1.
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\ / / \
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|
—_— e e = e —_— — — .

Figure 3.1: Four Feynman diagrams.

There are three types of the one-loop diagram contributing to correction of the
two-point Green function. In the rest of this chapter, we shall continue with the

computation of these loop diagrams.
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3.5 Quantum reflection factor in the gy = o0; case

The quantum reflection factor can be obtained by calculating the two-point function.
It is defined as the coefficient of the reflected term e~*(+%") in the asymptotic region
far away from the boundary.

In this section we study the quantum reflection factor that corresponds to special
cases of the boundary parameters. If the boundary parameters ¢ and o; are equal
to each other, lets us call them o, then the classical background solution is ¢o = 0.
In this case A(z) = 0 and B(z) = 30(—z) + 5;6(z)o in (3.44). Therefore only a
single loop diagram appears in the perturbation theory, as in diagram (b) in Figure
3.1. The calculation of this diagram has been performed in [24] where the quantum
correction of the reflection factor up to the order of 3? is obtained. Below we review
the calculation.

Two contributions come from this diagram. One is the vertex situated in the
on the boundary and other in the bulk region. The boundary contribution can be
described by

U2 [T . " . " "m0yl g
el /_ dt" G (z,6 0,¢") G(0,"; 0,£") G (0,¢"; ', ), (3.45)

o0
where the Green’s functions are given by (3.10).

The integration over ¢’ generates a delta function and using this delta function
we can integrate out w’ for the last propagator.

Let us first consider the middle propagator. It can be written as

" I ; 4
/ dw" 1 dk 1 (2 o ) . (3.46)

o ] m o k7 4t \“ ik — 2%

The first term in the expression is divergent and a minimal subtraction can be made
by adding a suitable counter term. The integrations over w” and £” on the finite

parts yield the result
cos aT

(3.47)

—0 — ,
Sin a7

where ¢ has been replaced by cosam.
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For the first propagator, we set k& — —k in the first term, then the boundary

contribution (3.45) can be written as

/ / dk’ —emw(t=t) g-ilkatk'z’) 2k 23k’
w2 — k2 —4+1€) (W2 —k?—4+1e) \ik—20) \ik'—20)
(3.48)

The momentum integrations £ and &' can be done by closing the contours in the

upper half plane. By performing the integrals, we obtain

iaﬂQ dw —iw(t—t) —/;}( +a') ~ < 1 1 )

o —iw ik(z+z Ka k _ : )
16tantar J 21 € (k) coshf —sinar  cosh@ + sinam

(3.49)

where we have set k = vVw? —4 = 2sinh 8. The reflection factor can be extracted

and it is defined as the coeflicients of the reflected term in the contribution. It is

found to be

0 nn ok, (k) ( ! = ) (3.50)
— . sin i : - : . .
4tan? am cosh@ —sinar  cosh @ + sinarw

We now study the contribution coming from the bulk, it is given by
—42,82/ t"/ dz" G (z,t; 0,¢") G («",t"; z",¢") G(z",¢"; 2',¢'). (3.51)

The integration on ¢” again provides a delta function allowing us to integrate out the
w' integral in the last propagator. After performing the integral w” for the middle

propagator, we left are with
1 e—iw(t—t’) e—i(kz+lc'$')

dk/ k;ll
4532
h / / / 21 2k + 4 (w? — k2 — 4+ i) (w? — k™ — 4+ ie)

/ deI”Kg(kJ”) [eiz”(k+k’—2k”) + Kg(kl)eix”(k_k,_%“)

+ K (k)e™" TR 4 J (k) K, (K )e ™ TRk 2]

To compute the z” integral, we can use

0 ; 1 —’L
/_Oo dx//e(zk-kp)a: — — ip, (353)
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where p is a small positive constant and will be taken to zero at the end of the

calculation. By integrating out z”, the remaining part in (3.52) will be
dew dk dk' e——iw(t—t') e—i(kx—f—k’z')

st [ [ 52 [ 5 _ .

2m J 2w J 21 (w? — k% — 4 +ie) (w? — k"2 — 4 + ie)

dk" K, (k") —i N —iK, (k') (3.54)
27 92 //ﬂ"2+4 k+k’—2k"—ip k—k’—?k”—ip ’
+ _iKU(k) —1 K, (k)Ka(kl)

—k+k —2k"—1p —k—Kk —2k'—ip|’

The next task is to perform the k" integrals. These can be achieved by closing
contours in the upper half plane and letting the branch cuts to run from 2: to the
infinity along the imaginary axis. If o > 0, then there is no pole contribution coming
from K,(k"). If 0 < 0, there will be a pole. However its residue integrating over
the integral k£ and k' gives the exponentially decay to zero when we take the limits
x,z’ — —oo. All other poles can be avoided due to the effect of ip. Let us begin by

considering the first £” integral in the above expression

/OOdk” K, (k") 1 i /°§ 1 y— 20
2 R TR 2 kT () ()

(3.55)
where we have made the change ik” = y. By decomposing into partial fractions and

using the result that
oo 1 1 1 T 1+ o
d = — —tan™’ 3.56
/2 y\/y7—4y+2a \/1—042(2 an Vl—a)’ (3.36)
the following result can be achieved for (3.55)
G e (M) [ o |4k 4R
2m \/4+(/€—|—/€’)2/4 2 4 —i(k+ k)
1— K, (& e
+# E — tanh_l H—O
V1=o2 2 -0

We now perform the £ and &’ integrals. The contours can be closed in the upper
p g

half plane and taking k= +w?—4=2sinh 6, we deduce
3 -7 7 A ) - Kg /;;
¢ zk(a:—{—z)__l___ l:KU(k) (E _ ﬁ) + a7r(1 ( ))} . (358)

2 4i2 {coshf \4 2 2sinam
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The other three terms in (3.54) can be integrated in the same way, except that
k+k'is replaced by k—k', —k+k' and —k — k&’ respectively in each term. Combining
the results obtained from four terms, we finally obtain the reflection factor coming
from the bulk contribution

i3 -

—TKG-(]C) sinh 8

3 (i~ o)
2 \cosh@+1 cosh@ (3.59)

a 1 1
sin? a7 (cosh 0 —sinar  coshf + sin aw)] '

If we combine the contributions from the boundary and the bulk, we have the

quantum reflection factor up to the order 52

) A i3 1 1
by = K, () {1 = ™ sinh o < _ )
Bo(k) ( ){ g o [ coshf +1 coshd

1 1
2 - )
+ a(cosh@—sinaﬂ coshH—i—sinaw)]}
(3.60)

3.6 Quantum reflection factor in the oy # o, case

In this section we calculate the reflection factor for the more general case oy # 0.
The computations are more intricate in this case since the three-point coupling
appears at one-loop order in addition to the four -point coupling. As we have seen
in Figure 3.1, there are three types of Feynman diagram contributing to the two-
point function.

Let us begin by considering diagram (). There are two contributions which need
to be calculated in this diagram. One comes from the boundary and another one
from the bulk potential. More precisely, in one case the vertex is situated on the
boundary at = 0, whilst in the other the vertex is in the bulk region.

The boundary contribution may be described by

. oo
—%amz/_ dt" G (z,t; 0,¢") G(0,¢"; 0,t") G (0,t"; 2',¢), (3.61)

o0
where G (z,t; 0,t"), G (0,t"; z',t') are the two propagators respectively correspond-

ing to the two external lines, and G (0, t"; 0,t") is the middle propagator representing
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the internal loop-line in (b). The integral over t” generates a delta function which
allows us to perform the frequency integral, let us say for the last propagator. The

middle propagator is

/dw" dk” k”,O)f( k” )+K f( k” )f(—k}",O) (3 69)
w2 -k _4 + € ’ E

G (0,¢; 0,1")

After substituting f(££”,0) and K, from (3.3) and (3.4) into this expression it

becomes
/ dw" [ dk" 1 21k" (1k" — 2 coth 2z) (3.63)
o W — k" = m2 + e P(k") '
Using
2+ 09 + 01
th 2zy = 3.64
O 0 = S A T og /I o1’ (3.64)
which follows from (1.43), the middle propagator can be written as
/dw” gk_// 219 e ik oo + 01 + 2040, — 2, — 204
2T W — k" — m? + e P(k") VI+og/1+ 0,
(3.65)

It is clear that the first term is the logarithmic divergent, which can be subtracted
by mass renormalisation. The second term is a finite term. After integrating over

w"”, the finite part of the middle propagator becomes
+01-2 +o01+2000
a1 sacjen + s

2J 21 VB2 +4lik" — /T + oov/1 + 01 + V1ooV/1 — o (3.66)

oo+o1—2090) __ og-+0o1+2090]
Vi—ogv1-0; V1+opv/ 1401

ik —TItoo/I+o1—VI=oo/I—01)

Let us first evaluate the first term in the above expression, namely,

dk" 1 1 (3.67)
7 VE? +4 k" — \/T+og/1+ 01+ V1 =091 - 04 '

The integration can be done by closing the contour in the upper-half plane, and along

the branch cut running from &£” = 2i to infinity. However, we should be careful with
the pole at k" = —i (\/1 + oogV1+ 01— 1 =091 — 01). If o; > 0, this pole

does have a contribution. If o; < 0 there is an extra pole, but its contribution can

be eliminated in the limit z, 2’ — —oo, since the exponential decays to zero. By
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changing £" = iy, the integral is equal to

o dy 1 1

A . 3.68
0 21yt —4 y++V1+op/1+01—1—-0pv/1—0y (3.68)

This can be evaluated using (3.56). As the result of the calculation, we obtain

for (3.67)
1 V2

7r\/1—00014—\/1—03\/1—af

L 12+ V1+ 001+ 01 — V1 —00V/1 -0y
. (3.69)
2 -1+ 09y/1+ 01 ++/1—-0pV1 -0

><7r tan™
— — tan
2

Similarly, we can evaluate the second term in (3.66). Using the parametrisation (1.50),

the result for the middle propagator simplifies as

(3.70)

2 @

1 < COS agm cos am)
Qo + - .
Sin g sina),m
Now lets look at the propagator G(z,t;0,¢") in (3.61),

Crdw rdk _y, (k) f(=k,0)eT + Ko(k)f(—k,0)f(~k, 0)e = |
’L/g %6 t WZ—k2—4+i€ (3.71)

Using (3.3) and (3.4), setting £ — —k in the first term of the propagator, we have

(3.72)

[ dw [ dk et 2tk (ik + 2 coth 2(z — 20)) ks

Z/% 2 w? — k2 — 4 + e P(k) ©
The momenta may be integrated out by closing the contour in the upper half plane
and picking up the pole at k = k2 — 4 = k. The poles coming from P(k) do not
contribute if o; > 0. However, there is a pole contribution when o; < 0. We can
avoid it since its residue integrated over k yields the exponentially decreasing term

as £ — —oo. As a result we have
dw _,, 1 2k (z'l% + 2coth2(z — 330))

e : i e~ ike 3.73
2m 2k P(k) (3.73)

The integral over k' for the propagator G(0,t";z’,¢') in (3.61) can be evaluated in

a similar way to the k integral. If we combine the three propogators, then the
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boundary contribution can be written as

—ia+ﬁ?~ (ao Cf)s dom a C.OS a17T> gu_)e—iw(t—t’) (zk +2 cothA2(:1: - xo))
8 sin apm sin a7 o P(k) -
74
L ik + 2coth2(z' — z
e~ th(z+a') ( § ( 0))
P (k)

Here coth 2(x — x¢) and coth 2(z' — z4) tend to minus one in the limits z, 2" — —oo.

~

If we insert Ko (k)Ko(—k) into the above expression, then the integrand simplifies

to
; ’ 1. ! ~ k i - 2
d_we—zw(t—t )e—1k(:1:+z )Ko(k) ('Lk} +A2) (’Lk) - ) . (375)
2m P(k)P(—k)
By making the substitution k = 2sinh @ into the expression, we have
1 d_we—ik(z+x')e—iw(t—t') Ko(0)
8/ 27 sin?(egm/2) — sin®(for/2)
[ sin(eom/2) B sin(egm/2) (3.76)
cosh 6 — sin(egm/2)  cosh @ + sin(fom/2) '
sin( for/2) N sin( for/2)
cosh @ +sin(fyr/2)  cosh 8 — sin(fom/2)
where
€y = ag + ai, fo =0y — a;. (3.77)

Substituting the integral into the equation (3.74), the boundary contribution be-

comes
o )
Z_ﬁ_a+ d_we—ik(a:—i-z’)e—iw(t—t’) . Ky (‘9)_ i
64 27 sin®(eqm/2) — sin®(for/2)
(ao Cf)S G o c'os a1w> [ sin(eqw/Q) B sin(eqw/Z) (3.78)
sin agm sinaym/ Lcosh @ — sin(egm/2)  cosh@ + sin(fom/2)
sin( fom/2) 3 sin(fo/2)

cosh  + sin(fow/2)  cosh @ — sin(fom/2)]

From this, we can extract the correction to the reflection factor

i3 0. Ky(0)sinh ¢ COS agm Cos aym
s .9 ) (a'O . +ay— )
16 sin“(eqm/2) — sin®(fom/2) sin agm sin a;m
sin(egm/2) B sin(eo7/2) (3.79)
cosh @ — sin(egn/2)  cosh @ + sin(fom/2)
sin(for/2) sin(fom/2)

cosh @ + sin(for/2)  cosh@ — sin(fom/2)]
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We can compare this result with the contribution to the reflection factor obtained
in [24]. If we take 0y = 01 = 0, in other words ag = a; = a, then the equation (3.79)

reduces to (3.59).

Now let us consider the case where the vertex is located in the bulk region for

diagram (b). The contribution has the integral form

— 4452 /+OO dt” /0 dz" cosh vV2B¢o G (z,t; z",¢')G (z",t"; =", ") G (z",t"; o', 1),

o (3.80)
where cosh v/28¢y = 2 coth?(z" — 1) — 1. The integration over ¢ is straightforward
again and provides the delta function §(w — w’) allowing the integral w or w' to be

performed. The middle propagator is

/ dw" rdk" i [(z’k”)2 — 4coth 2(z" — zg)
2 J 27 W' — k" —m? + e k" + 2
k" + 2 coth 2(z” — 50) \* o
+ Ko (") (’ Tl (; z")) 7. (3.81)

Rewriting the first term inside the bracket as

4 — 4 coth®(z" — )

T (3.82)

we can separate the finite and divergent parts. The divergency again can be removed

by infinite mass renormalisation. The propagator G(z,t;z",t') can be expressed as

/ dw [ dk je~ ik — 2 coth2(z" — xo)eikz,,
2 J 2mw? — k? — m? + e ik" + 2
ik + 2 coth 2(z" — x)

+Ko(k) e~ | gmhe (3.83)

1k — 2

Here in order to write the exponential dependence on z outside the bracket, we have
replaced k£ by —k in the first term. We have also made the substitution coth 2(z" —
%g) = —1 in the limit 2” — —oo. The third propagator can also be written in the
limit ' — —oo. Combining the three propagators, the bulk contribution can be

expressed as
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'e—iw(t-—t’) ie—i(k:z:—*—k’a;’)

_4152/51_“_)/% dk’ r dk” 1 L
or ) 27 2 ) 2m 9VE"M +4 w?— k2 — 4414 w?—k'? —4 -+
0
/ dz” (2 cosh? 2(z" — z4) — 1)

4 — 4coth? 2(z" — z0)
ik +2) ik — 2)

ik,/ -+ 2 coth 2(CE" - 1:()) ) 2 e—?ik".’t"}

+ I(O(k”) ( ik! — 9

[ik' — 2coth2(z" — z¢) jom ik’ + 2coth2(z" — zg) _jprpn
k' K, kl —ik'z
_ ik +2 e+ Kolk) ik — 2 ¢
—Zk -2 COth 2(.’E” - 3']0) k! ' ik + 2 coth 2(3’,‘” — 330) —ikz"
R'T K k KT .
ik + 2 em" + Ko(k) ik — 2 ¢

(3.84)

However the computation is intricate on the bulk contribution. The work on this
calculation is still in progress.

We can see that the three point couplings appear in the diagrams c and d.

For the diagram c, there are three contributions need to be calculated. One is to
calculate the case where the both vertices sit on the boundary. The second contri-
bution comes from the calculation in which one vertex is situated on the boundary
and other vertex is in the bulk region. The third one is to calculate the both vertices
in the bulk region. In this diagram the two vertices are symmetrical.

For the diagram d, the two vertices are not symmetrical. In this case we need
to calculate four contributions. The first two are to calculate the cases where the
both vertices are situated at the boundary or on the bulk region. The third one is to
calculate the case where the first vertex is located on the boundary and the second
one is in the bulk region. The fourth contribution comes from the calculation where
the first vertex is in the bulk region and second one on the boundary.

The computation of these two diagrams may be found elsewhere [40].

The perturbation expansion of the exact quantum reflection factor (1.69) up to
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O(3?) is obtained in [24]

i? 1 1
R,,c(6) ~ Ky(0) |1 — —sinh 6 -
nc(0) of )[ 5 sin (coshf)—i—l cosh 6

€1 €1
* cosh § + sin(egm/2)  cosh @ — sin(egm/2)

R ()
cosh @ +sin(for/2)  cosh @ —sin(fon/2) /|’

where ey and f are given by (3.77).
If the loop calculations are completed, we will be able to obtain the quantum
reflection factors up to the order of the 5% and it can be compared with (3.85). The

coefficients e; and f; will be then known, once the loop calculations are done.




Chapter 4

Supersymmetric Extension of the
sinh-Gordon Model with one

Boundary

4.1 Introduction

Over the past few years, there has been an interest in supersymmetric aspects of
the integrable two-dimensional quantum field theory. The bosonic Toda field the-
ories have been studied as important examples of integrable models. The problem
of incorporating fermions into the bosonic model has been considered by many au-
thors [41-47] with much attention focused on finding a supersymmetric model. It
turns out that the bosonic Toda models based on simple Lie algebra cannot be su-
persymmetrised, except in the simplest case of the Liouville theory [48,49] and the
sine-Gordon model. More precisely, it is believed that the supersymmetry is broken,
where the bosonic part of the model is based on a simple Lie algebra of rank bigger
than one.

The supersymmetric version of the sine-Gordon equation was first introduced
by Hruby [50] and di Vecchia and Ferrara [51] independently. Shankar and Witten

constructed the exact S-matrix for the supersymmetric sine-Gordon equation in

70
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1978, while they were studying the supersymmetric nonlinear sigma model [52]. It
was further investigated in [53,54]. All these works considered the N = 1 model.
The existence of an infinite set of conservation laws had been proved at the classical
level [55,56] as well as at the quantum level [57-60]. For N=2 supersymmetry, the
S-matrix was studied in [61], where the theory was approached as a deformation of
a superconformal model.

Recently, the supersymmetric aspect of the boundary integrable field theory
has been investigated. Warner [62,63] studied the quantum integrable model that
possesses N = 2 supersymmetry and argued that one can retain only half the super-
symmetry in the presence of the boundary. It has been pointed out by Inami, Odake
and Zhang [64] that only a few boundary conditions are compatible with both super-
symmetry and integrability for the sine-Gordon model. Their observation is based
on the study of conserved charges at the classical level. Subsequently, Moriconi
and Schoutens conjectured the exact reflection matrices for the breather multiplets
of the N = 1 supersymmetric sine-Gordon theory [65]. They also pointed out the
connection between their reflection matrices and the classical boundary action as
constructed in [64]. Following the idea in [64], similar considerations have been ap-
plied to the super-Liouville theory [66]. More recently, Mussardo has calculated the
exact form factor for the supersymmetric sinh-Gordon model [67].

In this chapter and the following one, we will study supersymmetric aspect of
the sinh-Gordon theory with one boundary condition.

The motivation for studying the boundary sinh-Gordon model in the framework
of N = 1 supersymmetry arises out of the work in papers [64,65]. Once the exact
reflection factors are known, once could check it by developing the perturbation
theory at certain order.

In this chapter, we check the exact reflection matrices proposed by Moriconi
and Schoutens perturbatively up to the second order of the coupling constant. We
found that the classical limit of their reflection matrices is incorrect. Therefore, a

correction has been made to their formula. By doing that, the reflection matrices
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obtained perturbatively have the correct classical limit. To begin with, let us review

the work on the supersymmetric S-matrix and reflection factors.

4.2 S-matrix for the supersymmetric theory

The N = 1 supersymmetric theory contains a conserved Majorana supercharge. In
terms of the chiral components @) of the supercharge, we can write the supersym-

metry algebra as
Qi: :(.UII:]C, {Q+>Q—} = Oa {QL:Q:E} =0. (41)

where the operator ¢); has eigenvalue +1 on bosonic states and —1 on fermionic
states. The one-particle state of a massive supersymmetric theory has one bosonic
and one fermionic particle of equal mass m and denoted by |b(f) > and |f(6) >.

It follows from algebra (4.1) that, the action of the supercharges Q)+ on the one

particle states can be represented by

Qu1b(0) > = Vme2|£(6) >, Q41F(8) >= vme"2|b(6) >,
Q_Ib(0) > = iWme *P|f(6) >, Q-If(6) >= —iv/me b(6) > . (4.2)

These relations correspond to the following realization of the algebra

01 0 — 1 0
Qi = Ve Q= Ve Q=
10 1 0 0 -1

Now let us study the S-matrix in the supersymmetric theory. Scattering theo-
ries have been discussed in detail in Schoutens’s paper [53]. The requirement that
supersymmetry commutes with the scattering leads to the conditions on the matrix

S. Schoutens looked for a solution of the factorised form
S = Sp Spr, (4.4)

where Sp is the bosonic S-matrix and Sgr is the Bose-Fermi S-matrix, which is the

supersymmetric piece, responsible for mixing bosons and fermions.
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By assuming Sp is a diagonal matrix, he solved the conditions and found Sgp
for breather multiplets (labelled by 7 and j indices) of the supersymmetric theory.

On the two-particle basis |b;b; >, |bif; >, |fib; >, |fif; >, it is given in the form

1—r7 0 0 —i(r +7)
i » 0 —r—+7 1477 0
SW(0) = f9)(0) ) _
0 1+r7 r—r1 0
—i(r +7) 0 0 1—r7
100 0O
- 010 0
+ gt)(6) , (4.5)

001 0
0 00 -1

where r = (tanh([0 + log(m;/myj)]/) 4 and 7 = tanh([6 — log(m;/mj)]/)4. The two
functions f(¥1(4) and gl1(g) are related to each other and are fixed by the Yang-

Baxter equation up to one constant c,

gy — & — 2 cosh(8/2) + (p? + p~%
FNO) = /M cosh(8/2) sinh(8/2)

¥, (4.6)

where p = (m;/m;)/4.

Using analyticity, crossing symmetry and unitarity conditions of the scattering

matrix, Shoutens fixed the function g4(9),

[il(g) = 9a.(0) ga,(0) 47
g = .
(0) (O (4.7)
where
sinh ¢ % dt sinh At sinh (1 — A)t ot
_ 2 o |4 = in — 4.8
9a sinh g +isin A7 P {Z/ t cosh® % st T (48)

with Ay = 2(i + 7)8, Ay = 2(1 — (1 — j)B) and, Az = 1. We should notice that the
parameter G in here is different from the coupling constant we have been using in

the sinh-Gordon theory. We shall point out their relation later.




4.3. The construction of the supersymmetric reflection factors 74

Schoutens also fixed the parameter o by looking at the bootstrap relations. It

was showed that for the particles b; and b; in a bound state b, the following is true

1/2
Yo (2m12m]2» + 2mgmi + 2mimg — my — m§ — mi) / (19)
N 2m; mj my ' '

The masses m; of the particle b; put in

_sin(jpm)

4.3 The construction of the supersymmetric re-
flection factors

In this section, we review how to obtain the boundary reflection matrix for the N=1
supersymmetric theory. It was assumed in [65] that the reflection matrix can be

factorised in a similar way to the bulk S-matrix,
R(0) = Rp(0) Rpr(0), (4.11)

where Rp(0) is the reflection matrix for the bosonic part of the theory, and Rpr is
the supersymmetric part of the reflection matrix. In a basis |b >,|f >, it can be

represented as

Ry Ry
Rpp(f) = . (4.12)
Ry Ryy

In order to preserve the supersymmetry, the reflection matrix must commute with
a linear combination Q(f) of the supercharges. That means, we should be able to

act with a supersymmetry before and after reflection, and obtain the same result,
Q(0) R(0) = R(0) Q(-0), (4.13)

where the linear combination is Q(6) = a@+(0) + bQ-(F), and a and b are real

constants. In trying to find the solutions to (4.13), we find that the parameters a
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and b are related to each other by b = +a. We can choose the parameter a as equal

to one, and rewrite the linear combinations as
QW) = Q+(9) £ Q-(9). (4.14)
By solving the commutation relation (4.13), we obtain the reflection matrices

cosh(4 + &) ¥/t y(9)

. ' (4.15)
eX™/* Y (0) cosh(4 F I)

Rirp(0) = Z5(0)

These are the most general reflection matrices compactible with the realization (4.3).
If one imposes that the boundary has no structure, which means the boundary
can not change the fermion number of incoming particles (Y () = 0), then the

reflection matrices can be simplified to the following

(4.16)

cosh(¢ & i) 0
Rgp(0) = Z*(9) Z !

cosh(f ¥ &)
Moriconi and Schoutens [65] have found that Y (§) = 0 by solving the boundary

Yang-Baxter equation.

However the following combination of supercharges
QH(6) = Q+(6) F Q_(6). (4.17)

has been used in order to obtain the result (4.16) in [65]. We should mention that,
one could not derive (4.16) using (4.17) as Moriconi and Schoutens suggested, but

from (4.14). The ratio of the boson and fermion reflection factor can be read as

Ry(f) _cosh(§+ %)
RF(0) cosh(fF 1) (4.18)
1+ 4sinhéd
~ coshd

The ratio does not depend on the coupling constants and boundary parameters.
The amplitudes for a particle and its superpartner scattering off the boundary are

related by a universal function, independent of the masses.




4.3. The construction of the supersymmetric reflection factors 76

The factor Z*(6) in the reflection factors is determined by imposing the boundary
unitarity condition R*(§)R*(—0) = 1 as well as the boundary crossing unitarity
condition R, (% - ) = S%(20)R, (% + 0). These conditions lead to

Z;(0)ZF (—0) = 2/ cosh 6,
+ (in 4.19
2T s i son -
where f*(6) = cothi‘Q2 and f~(0) = tanh £, depending on which sign we choose
in RSEF)(H). The index j in the factor Z](-i)(ﬁ) expresses the dependence of these
functions on the mass m; of the reflecting particle.

Moriconi and Schoutens solved (4.19) for Zji(ﬁ). For convenience, they first

wrote Z5(0) as

+ _ )
z(0) = — D) (4.20)

Hence the first condition in (4.19) becomes
ZH0)ZF(-0) = 1. (4.21)

Next, they considered the two possibilities (+) and (—) separately for the second

condition in (4.20). In the (+) case, the boundary crossing-unitarity condition

becomes,
ZF (= -0 " 0 b,
M = Sy (20) — icoth =S¢ 7 (20), (4.22)
ZJ+ <1_275 + 0) 595 2l
where the scattering elements S,l,’;,fj (26) and Sjij;; (20) can be found explicitly from (4.5).
Furthermore, one can substitute them into (4.22) and write it explicitly as
Zj (= - 0) _ sinh 6 — dsin jt
ZJ+ (% +9) sinh @ + 4 sin 55t
o dt sinh jft sinh (1 — j06)t 20t
X exp [z/ dt sinh 75t sinh (1 — j6) sin —} . (4.23)

t cosh? % cosht T

They also solved Z;’ for this equation together with the unitarity condition (4.21)

that corresponds to the (+) case, using the following integral representation

sinh @ — isin anr

o dt cosh ¢t cosh 122t 6t
= exp [4¢ / dh cosh 5% SO 7 in —] , (4.24)
0

sinh @ + ¢sin an t cosh % T
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and placing the solution back into (4.20) they finally obtained for Z;" (6),

1 o0 hcoshl(1-58)t
Zi () = ——F—— exp [—22’/ di cosh % cos ;E ih) sin _O_tJ
cosh (g + %) o t cosh® £ 7
1 dt sinh 7 inh (1 —f87)t 20t
exp —2/ dtsinh j3t SI? ( . 51) sin — | (4.25)
2Jo0 t cosh 5cosh t T

For the second case (—), the boundary crossing-unitarity condition is relatively

simple and can be written as

Z: ("—’T - 9) 0
i o\2 bib; : bib;
i \2
After placing the scattering elements into this expression, it becomes
Z; (2 -9) _foo disinh 8¢ sinh (1 — jB)t . 26t
T = P / — 71 hi sinp ——| . (427)
Z; (7 + 9)) o 1 cosh” 2 cos s

They solved the equation for Z](—)(G) and obtained

[ dtsinh jBt sinh (1 j 2
1 _1/ dtsinh j B¢ Sl?h(l2 J'B)tsinﬁ (428)
) 2Jo t cosh® £ cosh® ¢ T

77 () = —F  —ex
(6) cosh(g—%r

They claimed that the results obtained in (4.25) and (4.28) are unique solutions
to (4.20). By placing them back into (4.20), we have seen that they are indeed
solutions to (4.20). However these solutions are not unique. We shall see in section
4.5 that the supersymmetric reflection factors obtained from these solutions do not
have the correct classical limits. In order to obtain correct results, we must look for
another solution.

Let us look at the integral representation (4.24). It is easy to verify that this
expression is equivalent to the following one,

sinh 6 — isinom _ exp [_41_ /00 dt sinh §¢ sinh 15%¢ Ht} . (4.29)

— sin —
t cosh £ s

sinh 8 + ¢ sin am
In fact, one can also find this relation in Mussardo’s paper [67]. The equa-

tion (4.23) can now be written in terms of this integral representation as
Zf (5-9) oo dt sinh 22 sinh 158t 9t
il = EXP —42/ — sin —|,

t cosh? £ 7

X exp ['L /Oo di sinh jft sinh (1=jh)t sin 2—91 . (4.30)

t cosh? L cosht T
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The solution to this equation can be constructed, and furthermore one can obtain

the solution for Z; (6) as follows,

5 sin —
t cosh 5 T

1 o dt sinh 2% sinh 178+
Z*(H): —exp 22‘/ @sm = sinh = gt
cosh (g+%) 0
i/oo dtsinh jBt sinh (1 — f7)t . 20t
0

exp |—= sin —| (4.31
P { 2 t cosh® £ cosh® t T } (4.31)

We have found that this solution obtained using (4.29) together with one (4.28)
are also solutions to (4.20). Therefore the statement made by Moriconi and Schoutens
to the solutions of (4.20) was incorrect. Once we fix the factor Z (6), the super-
symmetric reflection matrices can be obtained.

In reference [64], Inami, Odake and Zhang found that there are two special
choices for boundary conditions in the supersymmetric sine-Gordon theory, such
that the theory is both supersymmetric and integrable. These conditions at z = 0
are given by

2m IBSG¢—__

sin

IBSG 2
The parameter in the bosonic part of the conditions is related to the notation intro-

O, & 0. YFy=0. (4.32)

duced by Ghoshal and Zamolodchikov. Their relations are M = My = :t‘;—’;‘, ¢o = 0.
Moriconi and Schoutens referred to these boundary conditions as BCE. They
conjectured that at two special points M., the reflection factor for the bound state
supermultiplets will be the form of Rg(f) Rpr(f).
In the supersymmetric theory, we consider the boundary conditions in which ¢
is zero. This implies that ¥ = 0 in the reflection matrix [22]. The relationship of
the boundary parameter ¢y and the reflection parameter 9 is given in [22]. In this

case, the sine Gordon reflection factor for the lightest breather (1.67) becomes

2+1) (-1 s
+5) (-B0 |
i im(1=))

The reflection factor is zero when § takes one of the following values F, =55

B¢ (9|77; 0) =

and ﬂ%\/\_—_ll However, we can check that one of these zeros is cancelled when

n = Am,Z,Z(X + 1) respectively. Ghoshal and Zamolodchikov have identified the




4.4. The reflection factors for the supersymmetric sinh-Gordon model79

point Z(A+1) that corresponds to the free boundary condition which means M = 0.
It therefore is irrelevant to the discussion on the supersymmetric sine-Gordon theory.

Moriconi and Schoutens specified two things. Firstly, they conjectured that the
two special points that corresponds to the integrable and supersymmetric boundary
potential are the remaining two points 7 = 7 and n = Ar. Secondly, they pointed
out the correspondence between the two values of 77 with the reflection factors. They
also matched the choice of sign in the reflection matrices Rg}) with the choice of
sign in the boundary conditions BC*. The exact reflection matrices they proposed
for the supersymmetric sine-Gordon theory are

Ryc(0|7/2,0) RER(6) for BCt,
(4.34)

R, (0)A7,0) Rpp(6) for  BC~,
where Rsq(0|7/2,0) and Rsg(6|Aw,0) are the reflection factors of the ordinary sine-

Gordon model [27] at two special points respectively.

4.4 The reflection factors for the supersymmetric
sinh-Gordon model

According Moriconi and Schoutens’ conjecture, we can write the supersymmetric

reflection factors for the sinh-Gordon model as follows

Renc(0]7/2,0) REp(0)  for  BCY,
(4.35)

Rshg (0)Am,0) Rgp(6) for BC™,
where Rg,c(0) is the reflection factor for sinh-Gordon model and given by (1.69).
The supersymmetric part of the reflection matrices RE;EF)(Q) can be obtained from the
lightest breather in (4.16) by analytic continuation in the coupling constant which
is contained in the factor Z*.
The parameter 3 in Z7 is related to A in Ghoshal’s formula by g = 1/2A. We

can therefore easily find the relation between the parameter § with the sine-Gordon
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coupling constant Gs¢ up to order O(f%;)

1
b=1e- - (4.36)

In the first chapter, we have given the relation of the sine-Gordon and sinh-Gordon
coupling constants, that is f2; = —2(3% However we notice that the notation used
by Moriconi and Schoutens for the coupling 3 is the same as we have been using
for the sinh-Gordon model. One should bear in mind that they are two different
couplings, one is the coupling of the sine-Gordon theory and another one is the
coupling of the sinh-Gordon theory.

By analytic continuation in the coupling constant we mean

g — e (4.37)

4.5 Supersymmetric reflection factors for BC* case

In both this and the following section, we study the supersymmetric reflection factors

of the sinh-Gordon theory.

According to (4.35), the supersymmetric reflection factors of the sinh-Gordon

model corresponding to the boundary condition BC" can be written as

Ry (0) = R(8]r/2,0) RyY(9)
(4.38)

Rf(6) = R(8]7/2,0) B} (0),
where R (6) and R} (6) are the supersymmetric bosonic and fermionic reflection
factors respectively. The bosonic part of the reflection factor R(6|7/2,0) can be
obtained using (1.69), and is
| - B/2)

RO|7/2,0) = — 1 —F—. (4.39)
/20 = 0B ()
We can write it down more explicitly as
: . : AN .
(smh # + sinh g) -1 (cosh f + cosh T) sinh g — scosh g (4.40)

(sinh @ — sinh %) +1 (cosh @ -~ cosh %) sinh g + 7 cosh g ’




4.5. Supersymmetric reflection factors for BC" case 81

here we have replaced B in terms of its expansion up to the order of 4%. Furthermore,
we can obtain the perturbation expansion of this expansion up to O(f?), and find

that is

isinh@+1[  i8? ! 1
R(O|7/2,0) ~ ———— |1 — ho = . 4.41
(0]m/2,0) isinhf — 1 [ 8 g Sim (cosh6’+1 coshH)} (4.41)

In (4.38), R,()+)(0) and R}H(H) are given by

R{M(6) = Z*¥(8) cosh (g + %) , (4.42)
R (9) = Z*(6) cosh (g - %) | (4.43)

Firstly we perform the calculation using the Z*(6) obtained by Moriconi and
Schoutens in (4.25) for the lightest breather (7 = 1). We replace 8 by —3%/8x, then

the expression becomes

oo (¢ cosh L cosh % (1 87r> t gt
—exp | —2z / — 5 i
) t cosh

dtsmhﬁ— smh( +g)t 26t 4
&xp —5/0 t cosh? ¢ cosh2 sm? {4.44)

Substituting this into (4.42), we have

oo (¢ cosh £
Rl(,+)(9) = exp (—21'/ — 10
0

ﬁ—cosh%( %i)t ot
5 sin
t cosh

exp
cosh? ¢ cosh2 T

oodtsmh[” sinh (1—;—5—;)15 _ 20t}
2/ sin — | .

Let us look at the first exponential first. It can be written as

00 : hité‘ 2 : h hzte
S RYNCEL U ENL
0

t cosh i 87 cosh? ;

After performing integrals [68] and then expanding the exponential up to the order

i3 0 o (20 am ,
<1 e COSh0> cot (5 + z) . (447)

of 32, we obtain
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Now let us look at the second exponential in (4.45). When we also expand it to

order O(3?), it becomes

. 2 00 . h 2
1+ w / dt sinh ¢ sinh —tq (4.48)
0

167 cosh? L cosh? ¢ T

The integral can be evaluated, the expression then is

5% [ 26 1 1
— inh - . 4.4
T 16r Losh g T f (cosh@ +1 cosh 9)} (4.49)

Combining the results obtained in two exponentials in (4.45), R,(,+)(9) up to order

(3? can be written as

78inh 8 — 1 i3 . 1 1 8% 0
2 — 11— 2 _sinh - - = . 45
7sinh @ + 1 [ 167 sinh § <cosh #+1 cosh 9) 8w cosh @ (450)

Finally, substituting this result together with (4.41) into the first expression
in (4.38), we can obtain the supersymmetric reflection factor of the boson corre-
sponding to the boundary condition BC*

. 22 <12
ty— | ( 11 )_ﬁ 0 451
Ry (6) [1 16 sinh ¢ cosh@+1 coshé 8t cosh@ |’ (451)

In the classical limit 8 — 0, the bosonic reflection factor becomes
Rf (0) ~-1=K; (9). (4.52)

However this limit is not correct. From (3.5), we already know that the classical
reflection factor in terms of the rapidity is
1sinh 6 + 1
isinhf — 1"
With similar calculations to those performed for the boson reflection factor, we

can obtain the fermionic reflection factor. We found that it is

R} (0) = Lh@{l_@smha( ! ! > i }

4sinhf +1 16 coshf +1 ~ coshf/ 8 cosh@
(4.53)
The classical limit of the fermion reflection factor is
cosh 8
Rt~ ———— =K (9). 4.54
7 (0) isinh @ + 1 7 (0) (4:54)
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We will see in the next chapter that this limit is not correct. The ratio of the

supersymmetric reflection factors of boson and fermion can be read as

RS () isinhf+1
Rf(8)  coshd

It is obvious that the ratio of the reflection factors appears correctly, which agrees

(4.55)

with (4.18). However the classical limits of the individual boson and fermion reflec-

tion factors are not correct.

In order to find the correct supersymmetric reflection factors, we use the expres-

sion (4.31) for Z* (6). For the sinh-Gordon theory, this expression becomes

1 smh smh 1+ % t 0
_22/ dt ( 8 ) .
0

—_— ——exp sin
cosh ( 1—}) 2 cosh2 ‘ T

Z(0) =

exp

dtsmh ’t sinh 1—!—5—; t 2t0
2/ : (&) sin 22| . (4.56)

cosh2 5 cosh? T

After some calculations similar to those performed before, we obtain the supersym-

metric reflection of boson up to order 3?

7sinh @ + 1 z'ﬂ2 1 1 i3 0 _
=—— 11— héd - - — . (4.57
Ry (6) 18inh @ — 1 [ 16 T Sim (cosh&—l— 1 coshG) 87 cosh f (4.57)

In the limit § — 0, this reflection factor becomes

1sinh 8 + 1

T KF 5
isinh@ — 1 Ky (), (4:58)

Ry (0) ~

which has a correct classical limit.

We also found that the supersymmetric reflection factor for fermion is

cosh [1—Zﬁ251nh9< 1 . )_Eéi 0 J (4.59)

RT =
f( ) 78inh @ — 1 16 cosh@+1 coshd &7 coshf

The classical limit of the reflection factor is

cosh @

+ ~
By 0~ a1

— K} (9). (4.60)

The ratio of the supersymmetric reflection factors for boson and fermion is

ﬁi_z’sinh9+1
Rj{- coshf ’



4.6. Supersymmetric reflection factors for BC™ case 84

which agrees with (4.18).

The quantum reflection factors of boson (4.57) and fermion (4.59) are the same
except for the classical reflection factors K" () and K7 (6) sitting in the formulas.

This is what we expect from sypersymmetric theory.

4.6 Supersymmetric reflection factors for BC™ case

In this section, we will calculate the supersymmetric reflection factors up to order
O(B?%) for the boundary conditions corresponding to the case BC~, applying an
analysis similar to that presented in the previous section. From (4.35), one can write
down the supersymmetric bosonic and fermionic reflection factors corresponding to

the boundary condition BC™ respectively as

Ry (8) = R(9]xm,0) Ry (8),

(4.62)
R; (8) = R(8]Ar,0)R(9).
Here the factors R,(,_)(Q) and R(f—)(ﬁ) are given by
(=) _ 6 m
R, (8) = Z7(6) cosh 570 (4.63)
(=) _ g s
R;(0) = Z™(8) cosh R (4.64)
We can obtain R,(,_)(H) and R;_)(H) using
;[ dtsinh §t sinh (1 — §)¢ 20t
Vs 9 — __—: — exp l:—%/ _SlIl IB il? ( 5 ﬁ) sin ——J . (465)
cosh (5 - I) o 1 cosh” 5 cosh”¢ 7r

We first need to replace 8 by —(3?/8m in this expression, and then expand the
expression up to the order of 32. We thus obtain
1 32 oo inh¢ 2t0
Z=(0) = [1 L0 / dt—o sinh 7] . (4.66)
0

o 0 im 2¢ 2
cosh (5 — T) 167 cosh 5 cosh”t

The integral can be evaluated. After obtaining the solution for Z~ (6) up to the
order O(/?), we can respectively write (4.63) and (4.64) in terms of the perturbation
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solution of Z~ (@) as

_ 32 1 1 iB2 0
RS (0) =1 Zf-'h&( - ) WO 46
o (0) T coshf +1 coshf T 87 cosh 0’ (4.67)
_ ;sinh@ +1[. 14% | 1 1 i 6
RE7(0) = 14+ B sinh ( - )+ .
7 (0) cosh 6 * 16 S coshf+1 coshé * 8m cosh (4.68)

The bosonic sector of the reflection factor R(f)Aw,0) in (4.62) can also be ob-
tained from (1.69), that is

R(8)M,0) = (1) (2 — B/2) (1 + B/2). (4.69)

Here we first write B in term of its perturbation expansion up to the order O(8?),

that means replacing by $%/2, it becomes

(1) (2 - g) (1 + g) . (4.70)

More precisely, it can be written down as

1 —4sinh @ sinh@ + sinh 3%2 +1 (cosh 0 + cosh Lf;_z)

, —, 4.71
cosh®  sinh @ — sinh % - (cosh @ + cosh %) ( )

After the perturbation expansion up to the order of 32, we obtain

isinh @ — 1 6% 1 1
i iy [P — : 4.72
isinh§ + 1 [ 8 sinh 6 <cosh9+1 cosh0>} (4.72)

By combining this result with (4.67) and (4.68), we deduce the supersymmetric

reflection factors corresponding to the boundary condition BC™

R;(Q)_—ismhe—l{1—@sinh0< L L )+w2 f } (4.73)

" gsinhf +1 16 coshf+1 coshf 87 cosh 6
_ isinh6 — 1 ip? 1 1 g 6
Re(6) =07 2 M Gnn ( _ ) e (474
7 ©) cosh 6 l 16 " f coshf +1 coshé * 8w cosh (4.74)

It is easy to find the ratio of the supersymmetric reflection factors

Ry(0)  coshf  1—1sinhf
R;(§) 1+isinh®  coshf ’
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which also agrees with (4.18). The classical limit of the boson reflection factor is

7sinh @ — 1
- = 4.
Ky (6) isinhf +1° (4.76)
and the fermion reflection factor is
78inh@ — 1
K:(0) = ————. 4.77
f ©) cosh 8 ( )

We will compare the results obtained here with the supersymmetric reflection

factors which will be extracted from the loop calculations in the following chapter.

4.7 Conclusion

In this chapter, we have studied the exact reflection factors proposed by Moriconi
and Schoutens for the breather multiplets of the supersymmetric sine-Gordon theory.
By looking at the lightest breather solution, we checked the classical limits of the
supersymmetric reflection factors for the sinh-Gordon theory up to O(4?). We found
that the boson and the fermion reflection factors corresponding to the boundary
condition BCt do not have the correct classical limits. We therefore have made a
correction to their exact reflection factors. As a result of this correction, we obtained
the supersymmetric reflection factors which have the correct classical limits. For
the boundary condition BC™, we checked that the supersymmetric reflection factors
obtained up to O(#?) do have the corrected classical limits. In the next chapter,
we will obtain the supersymmetric reflection factors by another approach. We will
extract the reflection factors from the calculation of one-loop Feynman diagrams.

We shall compare the boson and the fermion reflection factors obtained from the

two different approaches.



Chapter 5

The Quantum Correction to the

Supersymmetric Reflection Factor

In the previous chapter, we have checked the classical limits of the exact reflection
factors for the supersymmetric sinh-Gordon model up to O(4?). In this chapter, we
will develop the perturbation theory in the supersymmetric sinh-Gordon model and
will consider the reflection factors from the calculations of the one-loop Feynman
diagrams. First of all, we construct the Lagrangian for the supersymmetric sinh-
Gordon theory with one boundary condition and discuss the fermion propagator in
the presence of the boundary. Using the perturbation theory and path integral for-
malism, we derive the one-loop Feynman diagrams which will be evaluated. We then
perform the calculations for these diagrams in order to obtain the supersymmetric
boson and fermion reflection factors. The results obtained here will be compared
with the supersymmetric reflection factors obtained in the previous chapter. Finally,

a discussion on the renormalisation will be presented.

87
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5.1 The construction of the Lagrangian

Let us first construct the Lagrangian for the supersymmetric (SUSY) sinh-Gordon
model on the bulk. It can be described by

2
T cosh V2B — i Sap + U ()9, (5.1)

m
232

where ¢ is a real scalar field and v is a Majorana fermion, its adjoint 1 is obtained

1
L= 0,90"¢ -

from ¢ by hermitian conjugation, 9y=1!v°. We choose the representation for 2-

dimensional «y-matrices to be

In this representation, the charge conjugation is simply a complex conjugation, i.e.
$® = 1*, so that a Majorana spinor satisfies ¥; = 97, for i = 1, 2, where t; and 9,
are its two components.

By requiring the Lagrangian to be invariant under the SUSY transformation, we
can fix the functions U(¢) in (5.1) as well as W (¢) in the following susy transfor-
mation

0 = & + v,
09 = (i7"8.9 + W(9)) €, (5.3)
0 = E(—in"0up + W(9)),
where € is a constant anti-commuting Majorana spinor.
Under the infinitesimal variations, 6¢, 64 and d¢, the Lagrangian (5.1) gives
0L = 0, (600" + ped”9) + 0, (77 10u$ + iW ey y)
+i0, W (7,/—)’)/‘“6 - 67“1&) —iU (@Z'y“e — 67“7,/1) 0,9
2v/2
—5¢ (T\/_mQ sinh V/28¢ — UW> . (5.4)

By setting 6L = 0, we have two conditions

UW = 2—‘——me sinh V264,

(0, W — Ud,g) (e — ev"0) = 0.
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The total derivative terms in (5.4) vanish on the whole line. Solving the condi-
tions (5.5), we obtain

W= :I:\—g—im sinh gﬂqﬁ, U = +mcosh \gﬁqﬁ. (5.6)

We choose the plus sign for W and U, then the supersymmetric Lagrangian for

the sinh-Gordon model in the bulk is

Be

L= %@Ld)@“qﬁ — cosh V2B¢ — Yiy" 9, + 2mabep cosh —\7_5 (5.7)

20
It is obvious that this Lagrangian is supersymmetric under the SUSY transforma-

tion.

The field equations of motion can be found from (5.7)

\/2§;n2 sinh V2086 — %@@d) sinh _\/§2ﬂ¢7

1y*0, = map cosh ﬂﬂ¢, (5.8)

8%p = —

\/_ﬁcb

10 7,/)7“ = —ma) cosh

In the presence of the boundary, the theory can be defined by adding the bound-
ary term to the bulk part. Inami, Odake and Zhang [64] constructed the supersym-
metric and integrable action for the sine-Gordon model on a half-line by checking
the first non-trivial conserved charge. As we know, under analytic continuation, the
sine-Gordon model goes into the sinh-Gordon model. We can therefore write down

the action for the sinh-Gordon model on a half-line as

fﬂ¢

S = / dt/ dz {—8 PO+ — 2ﬂ2 cosh V2B¢ — hiy*0,4 + mabep cosh

-/ dt[ 2[32 h@ —w (5.9)

Let us check whether the action is invariant under the susy transformation. The
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variation in the action gives

5S = / dt / dz [0, (56 6°¢) — 0, (" 60))

\/_ﬂ m” sinh v/28¢ — gmﬁ@/—nﬁ sinh \/TE,Bqﬁ)

— & <z‘fy“8uz/) — map cosh —2\/-§—ﬂ¢>) + (i&‘ﬂz/_)’y“ + map cosh gﬂqﬁ) 5@4
_/_ dt[:téqﬁ\/[;m V2 s+ Lsiw s L J

h— -0 —oy| .
sinh =5 F 00 F 596y
Integrating out the first and second terms, the remaining part will be

—6¢ <32

(5.10)

(552/—00 dt/—o dr [(Sgb <_32¢ f 281 h\/_ﬂ¢+£mﬂ¢¢31nh£ﬂ¢>

L6 (-mﬂaﬂw + mup cosh \/7%) + (z‘am“ + maf cosh g%) éwJ

+ / dt [5¢ ( 0,6 T ‘/;m sinh \gﬁgb) + (—m/‘ryl + %zp) 5ib + %61/31/)] |
(5.11)

We now apply the SUSY transformation in the above expression. After some

calculations, we deduce that

0S = Z/ dt{0:p[(—€1 F e2) o + (—€2 F €1) U] + 09 [(e1 L €2) Yo + (—€2 F €1) Y1)

+ \/Zm sinh %2—,6¢ [(—61 F 62) ’l,/)l -+ (62 + 61) ’l,bz]} . (512)

At this stage, we can see that the action is supersymmetric if and only if the SUSY

parameters satisfy the constraints
€1 = Fes. (5.13)

This implies that only half of the supersymmetry on the bulk theory is preserved in

the presence of the boundary.

In addition to the bulk equations of motion (5.8), we now have the boundary
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conditions for the boson field as

V2m \/iﬂ ¢ (5.14)

&Cqﬁ:q: 3

and for the fermion field as

1 = L1y (5.15)

at the boundary z = 0.

When we compare the bosonic boundary conditions with (1.39), we see 0p =
o1 = £1 in the supersymmetric theory. These two points correspond to the SUSY
two points My = +%3 mentioned in [65).

In terms of component fields, the the equations of motion can be expressed as

56 =~ cinh V3B6 + iv/Imapyy sinh L2
V2p VY
(0y — Oz) o = maby cosh %, (5.16)

(8t + 8z) Qf)l = —77'1,1,/;2 cosh %

From the component forms, it is easy to see that the vacuum solution is zero. In
other words, ¢g = ¥o1 = ¥po = 0 are the solutions to the background fields. Here ¢y
is the static background solution corresponding to the boson field and g; and g2

corresponding to the two components of the fermion field.

5.2 Boson Propagator

The construction of the boson propagator in the presence of the boundary has
been discussed in detail in chapter three. In the supersymmetric case, we have two
kinds of boundary which preserve both supersymmetry and integrability. The boson
propagator corresponding to the first boundary condition in(5.14) is given by

- —iw(t—t')

ie
xtx t / ;
ur w2 k2 —m? +1e

(467 4+ K () 7]
(517)
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and for the second boundary condition is
Ze—iw(t—t')

xt:z:t / -
27r w? — k2 —m?2 + e

[eik(z—z’) + Kb_(k) e—ik(z+z’)]'

(5.18)
We have séen that the coeflicient of the reflected term corresponds to the classical
reflection factor in chapter three. In the SUSY case, we have two reflection factors
and they are given by

tk+m ik —m
K (k) = K- (k) =
S = S =2

5.1
pr— (5.19)

for each boundary. When we set £ = msinh 6, it is straightforward to see that these

classical reflection factors are same as (4.58) and (4.76).

5.3 Fermion Propagator

We are familiar with the fermion propagator on the whole line. In two dimensions,

it is usually written as

2 .
Sp(z —1') = / @’p ! el (5.20)
(2m)% yip, —m + i€ ’

where p stands for two-momentum. Here we shall use the notation

p=p"=w, p=-p' =-k

The propagator Sp(z — ') satisfies the differential equation

(7]

[N

=
SN’

(1749, — m) Sp(z — 2') = 162(z — 2'). (5.
In the representation (5.2), the above condition can be written explicitly as

e~ w(t=t") m —i(lw+k . .
dwdk e SR ) (5.22)

Splz—1') =
rlz—2) = o 21 w? — k% — m2 + ie i(w + k) m

In the presence of the boundary, we need to modify the fermion propagator, such

that it not only satisfies the equation (5.21), but also the boundary conditions (5.15).
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By requiring this we have found that the fermion propagator corresponding to the

boundary condition ¢, = 1, is

dw dk e~ iw(t=t) m  —iw+k . ,
SF (CE, t; 33’, t,) = _(.U_ e : ( ) ezk(z—a: )
27 21 w? — k2 —m?2 + e i(w — k) m
w—k —im . ,
it e~k | (5 93)
ik —m m wtk
and to the boundary condition ¥; = —1 is
dw dk e~ w(t=t) m —(w+k . ,
SF($,t;LL",t’) = —w— 5 162 5 : ( ) etlc(z—:r,)
27 2 w? — k* — m? + e i(w — k) m
w w — k —’L"ITL —ik ,
—- e k) (5.24)
ik +m m wtk

Here the classical fermion reflection factors are

w W
Kf = K; =- : 5.25
F 7k —m’ f ik +m (5.25)

When we place w = mcoshé and £ = msinh @ into these expressions, the results
agree with the classical limits of the fermion reflection factors obtained in (4.60)
and (4.77).

One can check that (5.23) and (5.24) satisfy the boundary conditions (5.15)
respectively. This can be achieved in the following way. At the boundary z = 0, the
condition 1), = 1), requires that the two elements in the same colum of Sg(0, ¢; 2/, t')
should be equal to each other. This reduces to the mass shell condition. In other
words, we can say that if the mass shell condition is satisfied by the requirement, we
then conclude that the propagator satisfies the boundary condition. For 2’ = 0, the
two elements in the same row of Sp(z,t;0,t') should be equal to each other subject

to the mass shell condition. A similar analysis can be applied to the boundary

201 = —1/)2-
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5.4 Generating Functional

In chapter three, we discussed the generating functional for the boson field theory.
That approach has a natural extension which leads to a generating functional for
the Green’s function of the boson and fermion fields in a supersymmetric theory.
The generating functional is defined in the usual way by introducing anticommuting
external sources 7(z) and 7(z) in addition to the source J(z), and defining Z [J, n, 7]

as
Z 0,7 = N/qu D Dip exp {i/d% £+ 76+ +;Zn]}, (5.26)

where £ can be written from (5.9)

L=06(-z) [ 0u0"¢ — 5 52 cosh V2B¢ — Piy*0,1 + mabep cosh \/iﬁ d’}
—5(x) [t%ﬁf n Y209 —ww} (5.27)

When we expand the second, fourth and fifth terms up to the order of 42, then the

Lagrangian becomes,
L=Ly+ L.+ Ly, (5.28)

where £, corresponds to the constant term, £4 corresponds to the four point coupling
term in the Lagrangian and £, is the term that generates the propagators. They

are respectively

L.=7F ﬁé()—ﬁgﬁ( z),

L1 = Lo(-ampiug = Tom)ptet - T o(-a)"

L, = —§¢ [6(-2)0" + m29(—x) +6(2)0; £md(z)] 4,
~ 3 [0(-2)ir3, ~ mb(~2) 7 36)] .

We rewrite the last expression in the form

L, = —%qﬁ Mo — 1 Np. (5.30)
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Here we have defined the differential operators as

M =0(-2) (0* +m?) +6 (z) (8 £ m),
1 (5.31)
N =0(~2) (i P~ m) F 55(s).

The generating functional can now be written as
Z[Jn,q] = N/D¢ Dyp D exp {i/d% [Lp+£c+£4 + J¢+m/;+¢3n]}
- N / D¢ D D
exp{i [ x| Zo(-2)5"bud 5 LR6(@)s" - To(-2)6¢")}
exp (i [ d [—§¢M¢— INY + J¢+ﬁ7,b+1,577D. (5.32)

If we replace each power of ¢, 1 and 1) in the first exponential factor by the functional

derivatives with respect to the sources, then the functional integrals can only act on

the second exponent

sumn-weofs o[ s G ()

exp {i/de%e(—x)ﬂQ (iéj($)> 577(2”3) ﬁ((sx)}

/D¢D¢D¢exp{ /d2 ——¢M¢+J¢ DN b+ + Py }

(5.33)
By performing the functional integrals, we have
m? m 5 \*
Z[J,n,m) = N exp {i/d% [—EH(—z)ﬂQ w Eﬂ%(w)mJ (W) }
5.34)

[y v (8 5 4 _
exp{z/dx49( )6 (iw(x)) 5n($)ﬁ(x)}Zo[J,n;n],

where Zy [J, 7, 7] is the free generating functional of the theory

Zo(m,7) = exp { [ oy |~20(@)G(2,0)I () - 1(2)Se(mu)n(w)] }(5:35)
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In order to calculate Z [J,7n,7] up to order %, we need to expand the exponents

up to the second terms and then perform the functional derivatives of Zy [J, 7, 7))

Z= N{1——ﬂ2/d2 [ £)m? + 5()
[3G(x,x)2 — 6G(z, 1) </ d*y G(:c,y)J(y)>2

+(f #ve i)

G(z,z)Sr(z,z) (5.36)
~ Glz,0) [ dy Se(@,yin) [ E2i(2) Se(z )

—Sr(z, 7)) (/dgy G(:c,y)J(y))2

# ([ @y660I0) [ daSele. o) | d%ﬁ(z)sp(w,x)]}zo.

We now fix the normalisation constant N by imposing the normalisation condi-

+ %mﬂQ/dQ:w(—x)

tion Z[0] = 1. This gives us

N = 1+£ﬂ2/d2x [9(—:5)7712 + ié(w)m} G(x,x)Q—ZmﬁQ/d2x9(—$)G(x,x)S(x,x).
(5.37)

Substituting this back into (5.36) yields the final expression for the generating func-

tion Z up to the desired order

Z_{1+ ﬂr"/d2 z)ym? £ - 5( )m [60(56,%) (/d?yG(ac,y)J(y))2

- ([ #veeni) |

+ %mf/d%@(—x) [—G(ﬂ%z)/dzy SF(x’y)n(y)/dQZ 1(2) Sr(z, )

— Sp(z, ) (/ d*y G(ar:,y)J(y))2

+ ([ ey0nIw) [@see ) | deﬁ(Z)SF(wﬁ)} }Zo-

(5.38)
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5.5 The two-point functions

Having obtained the generating functional Z up to O(f3?), we can proceed to evaluate

the boson and fermion two-point functions up to the same order. These functions

are defined by

1 627 -
g(l‘lj x?) - ;,55](5[21)&]((@) =iz 3 (339)

1 §2Z -
Slar,2) = 12 617(21)07(22) J=n=7=0 (5.40)

Using the result obtained in (5.38), it can be easily calculated that the boson two-

point function is

G(wr,2) = Glar, 22) = if? [o(-a)mi* & }swm] G(z,7) G(z,3,) G(z,2)
im3?
2

+ / &Pz 0(=2)S(x,3) Gz, 51) Gz, 7). (5.41)

The result in (5.41) can be represented by means of the following Feynman diagrams.

—_ — — =S e — —_—— —= — _ - =

Figure 5.1: Correction to the boson propagator.

Diagram (a) is the tree level boson propagator. The second and third diagrams

represent the boson and fermion one loop correction to the boson two point function

respectively.

We find that the fermion two-point function is
S(z1,32) = Sp(21,2) — %mﬁZ / &z §(—2)G(z, ) Sp(z1,2) Sp(z,72).  (5.42)

Similarly, we can represent the result in (5.42) by means of the following Feynman

diagrams.
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(a) (b)

Figure 5.2: Correction to the fermion propagator.

Diagram (a) is the tree level fermion propagator and (b) is the boson one loop
correction to the fermion propagator.

For convenience we have denoted the propagators G(zy, t1; T, t2) and Sp(z1, t1; T2, to)
as G(z1,z9) and Sp(z1, Z2).

In the following sections we will carry out the calculation of Feynman diagrams,

from which we extract the boson and fermion reflection factors.

5.6 The fermion reflection factor for BC' case

In this section we calculate the fermion reflection factor that corresponds to the case
when the boundary condition is ¥; = s.

Since there is no four Fermi coupling in the correction to the fermion propagator,
we need only to calculate the diagram which comes from the bulk potential. That

corresponds to the diagram (b) in Figure 5.2. It can be interpreted as
3 400 0
—%mﬂQ/ dt"/d:c” Sp(z,t; ', t) G(z",t"; «",¢") Sp(2",t"; 2',t'), (5.43)
—00 —00

where the fermion propagator is given by (5.23). The loop propagator is
dw"  dk" 1

27 o2 w"? — k" —m? + je

[1+ K, (k)" (5.44)

A counter term is needed to remove the divergence in the first term. We will discuss
how to eliminate it in the end of this chapter. The energy integral can be integrated

for the second term, and then the finite part of the loop integral will be

dk" 1 + 1y —2ik" ! AR
%NTT—WKI) (k) )6 . (0.40)
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Putting it back in expression together with the fermion propagators in expres-
sion (5.43), we have

/82/ / d_/i}, Ze—iw(t—t’) ,L'e—ik:c——ik:’:z:’
27 wQ—kQ—m2+2’e w? — k" —m? +ie

2 QJW
m?+ (w—k)(w—k) —2imw+im(k — k') i ek —2k7)
e
2imw +im(k — k') m?+ (w+k)(w + £)

B Y TR /

N 2mw — m(k — k') m*i — i(w — k)(w + &) K}*-(k/)eiz”(k—k’—%")
m2i +i(w + k) (w — k') 2mw + 2(k + k')

n me — m(k + k,) _imQ - 1((“) - k) (w + kl) K}f—(k)eiz”(—k-i-k'—Qk”)

im? +i(w+ k) (w— k) 2mw + m(k + k')
+ K}{—(k)K}F (k_l)eizu(—k—k'—Qk”) %

m?+ (w—k)(w—Fk) —2imw+im(k—k)
2imw +im(k — k') m?+ (w+k)(w+ k)

(5.46)
The next step is to perform the z” integrals by using (3.53). This gives
ﬂQ / / d_kl je—iw(t=t) je—tkz—ik's! %// Kj(k“)
2 w? — k2 —m?+ie w2 — k2 —m2+ie J 27 2k +m?
m?+ (w—k)(w—k) —2imw+im(k— k') —i
2imw +im(k — k') m?+ (w+k)(w+ k) k+ k' =2k —1p
N 2mw — m(k — k') -m?i — i(w — k) (w + k) —iKF (k')
m%i + i(w + k) (w — &) 2mw + 2(k + k') k—k =2k -
N m2w — m(k + k') —im? —i(w — k)(w + k) —iK} (k) .
im? + i(w + k) (w — &) 2mw + m(k + k') —k+ K —2k" —ip

2imw +im(k - k') m?+ (w+k)(w+ k) —k— k' —2k" —ip|
(5.47)

N ( m? + (w— k) (w — k) —2muw + im(k — k) ) —iKF (k)KF (K) }
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We can integrate out every k" integral by closing the contour in the upper half
plane and let the branch cuts run from #m to ico, so that we can avoid the pole
contribution from K'(k”). The other pole can also be avoided due to ip. Let us begin
with the first term for the £” integral. It can be decomposed into partial fractions
dk" K (k") —1
2 2k + m2k + k' — 2k" —ip

1- K; (%) K; (%)

47r/ \/m{ v+ m +y+z’(k+k’)/2J’

where we make the change £” = 1y. The integrals can be evaluated by using

(5.48)

/+°° d 1 1 2 tan-1 /™ + 2a (5.49)
= — I . .

m y\/yﬁ—m§y+2a vVm?2 —4a? \ 2 m — 2a

By changing the variable y = m cosh 8, we obtain the result for the first £”, which is

1 |[1-Kf (HTM) 2K, (’“5’“') 7r 1 | 2m 4k + K
— — — tan , :
An m \/mQ (k + k")2/4 2m —i(k + k')

(5.50)

Having obtained the first £” integral in (5.47), we now perform the integrals over
k and k'. The contours should be closed in the upper half plane due do z,z' < 0.

These produce

- I —q ) +/1 .
47 k2 im wk m cosh @ 2

where k = Vw? — mZ.
The remaining three terms in (5.47) can be completed in the same way, except

that k + &' is replaced by one of k — k', —k + k' and —k — k’. Combining the results

of the calculations we have

v ﬂQ —zw(t—t’)e—ik(x-—z’)_l_ ( w—k -2 ) K;_(k)

2 2]; % w+ ]AC 2msinh 6
1 1 40 sinh 6
27 sinh? 6 < - ) . (552
[ e coshf+1 cosh@ cosh 6 ] (5:52)




5.7. The fermion reflection factor for BC™ case 101

From this we can extract the fermion reflection factor. It is defined as the coefficient
of the reflected term of the exact two-point correlation function in the asymptotic
region far away from the boundary. We therefore obtain the correction to the fermion

reflection factor up to order #? and it is given by

) A 52 1 1 i 6
Ri(k) = K (k 1—£'h ( - )—__—" 5.53
7 (k) 7 ( )[ T6r d coshd +1 coshd 8m cosh @ (5:53)

The result obtained here exactly agrees with the one in (4.59).

5.7 The fermion reflection factor for BC™ case

The other fermion reflection factor corresponding to the boundary condition 9, = -
19 can be obtained in the same way as presented in the previous section. In this case,
we need to use (5.18) and (5.24) as the boson and fermion propagators respectively.

Our calculations show that the fermion reflection factor is

. . i3 1 1 g2 0 .
_ _ - v . (554
Ry (k) Kf (k) [1 167 sinh ¢ (cosh9 +1 cosh 9) * 8m cosh GJ (5:54)

This result also agrees with the fermionic reflection factor corresponding to the

boundary BC™ obtained in (4.74)

5.8 The boson reflection factor for BC' case

In order to obtain the correction to the boson reflection factor, we need to calculate
the diagrams (b) and (c) in Figure 5.1.

We begin by calculating diagram (b). There are two contributions coming from
this graph, one from the boundary and the other one from the bulk potential. The

first contribution is described by
. oo
—2Bm [t G (a,t; 0,¢) G(0,¢50,¢) G (0,2 o). (5.55)

We first use the propagators which correspond to the first set of the boundary

conditions in (5.14) and (5.15). The integral over w” generates a delta function

ety
LN ‘:L{)}

RERY P A

Sy
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which allows us to integrate over w’. The middle propagator is

o [dw” [ dk i .
G (0,"; 0,") / A L EE ()], (556)

which is the divergent integral. The issue of such divergences will be discussed in
some detail in the end of this chapter. For the time being we assume that this

divergence has somehow been regularised. It can be replaced by the finite integral

dw’ [ dk" j om 3
/ ﬁw'a — k"2 —m244e k" —m’ (D.D?)

The w"” integral can be easily evaluated to obtain
ak" 1 m
2 k"2 +m2 k" —m’

We can avoid the pole contribution by closing the contour in the upper-half plane

(5.58)

for the £” integral. Therefore we only need to consider the branch cut contribution.

By replacing £” = iy, we obtain

Ut
ot
O
g

1 1
I m g m - T (5
By placing this in (5.55), the remaining integral will be
imB% rdw (dk [dk' gmw(t=t) ¢~ tha—ik'a! 2ik 2k’

ar J 2w J 2w ) 21 (WP — k% —m? + i) (w? — k% —m? +i€) (tk—m) (k' —m)
(5.60)

After performing the k£ and &’ integrations by closing the contours in the upper half
plane, we obtain

_imB? [ dw _ Ky (%) e w(t=t) o ~ik(z+z') (5.61)
dm ) 27 (sk 4+ m)(ik — m) ’

where k = vw? — m2. We can set k& = msinh in (5.61) and extract a contribution

to the boundary reflection factor which is
32 ~, sinh _
— K (k) ———. 5.62
o 0 (k) cosh? 6 (5.62)

We now consider the contribution which comes from the bulk potential. From the

boson two-point function (5.41), we can write it down as

+ 0
—z‘mQﬂ?/ ?fi”/dm”G (z,t; «',t) G(a",¢"; 2",¢") G(z",¢"; 2',¢).  (5.63)
— 00 —o0
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The integral over t" again provides a delta function which allows us to perform the

w' integral. The middle propagator is

d " dkll 7; —- i Ilz/I
G( "ol // / w . T e [1 F,;.(k//) e 2ik ] '
(5.64)

Again the first term is divergent. We suppose a minimal subtraction can be made to
yield a finite part. We leave the discussion for the end of this chapter. Integrating

over w” in the second term produces

27r 2 /k”2 +m2 )

We substitute it with the other two propagators into (5.64) to get

5.65)

—zmQﬁQ/ /// / (_iﬁl ? : e :
2m w? — k2 —m? +iew? — k? — m? + 1€

dk:l, 1 ! H H ; / " H
K+ (k}”) [ i(k+k'—2k" )z + K—;—(kl)ez(k—k —2k")z (5.66)

2 2K e
+K;(k)ei(—k+k/_2kll)zll n K;-(/C)K;_(k’)ei(_k_kl—Qk”)x”] i

e——iw(t—t') . —ikz—ik'z'

The integration over z” can again be obtained by using (3.53). The " integrations
can be achieved in the same way presented in (5.47).
The result of our calculation for (5.66) is

iﬁz dw —iw(t—t') k( +2') < 1 )2 ~
_ T aww k(T+T _ K+ k
- 27r6 € ok b (k)

28inh29+7rs_ h20< 1 1 )
— Sin — .
cosh?f 2 coshf+1 coshd

(5.67)

We can extract the reflection factor from this integral as

252 - 1 T 1 1
k)sinhf | ——— + — — . 5.68
2 Ky (k) sinh 9 [cosh2 0 * 4 <cosh9 +1 cosh 9>J (5.68)

Combining this factor with (5.62), we obtain the contribution of the boson reflection

factor coming from diagram (b) in Figure 5.1

zﬁQ PN 1 1 >
— ) .69
K’ (k) sinh 0 (coshﬁ +1 coshé@ (5.69)
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The next task is to calculate the fermion loop correction to the boson propagator.
The only contribution comes from the bulk potential for diagram (c) in Figure 5.1.

We may write down the contribution in the following form
,l: 2 +2<_>tll +20 n" G . ) T S "o, n " G 1 ", [T g 7
imﬂ 2" G (z,t; ', t")TrSr (2", t"; 2", ¢") G(z",t"; «',¢'). (5.70)
—00 —0o

The trace of the fermion propagator is

" " : "2
// // // // dw dk ? 2w —2ik" z"

TrSF ( z o 2 172 2 1 2m + - 1t €

21 w'"? — k" — m? + i€ k" —m

;

(5.71)
where the first term is logarithmically divergent. It may be eliminated by mass
renormalisation. The second term also contains a divergence that looks as if it has
to do with wave function renormalisation since an exponential term is attached. For
the moment, we will not discuss the renormalisation. By rewriting w”? in the second

term, we might choose the finite part as

dwll kll 21m N
+ —2ik"x oo
/ 21 W' — k"2 —m? + e Ky () e ’ (5.72)

which can be integrated out to obtain

dk” + m — 2kl g .

Placing this back into expression (5.70) together with two boson propagators,

we have
—m2ﬂ2/ __/_ d_k’ je—w(t=t") je—ikz—ik'z’
2 2 J 2m ) 2m w? — k% — m? +iew? — k? —m? + i€

dk" K (k") A" z(k+k’ 2" o RCH (KK -2 (574
\/m/ g (K)e (574)

I (R)EE I G () () 20

The remaining integrations are similar to the one that we performed for diagram

(b) in Figure 5.1. The calculation gives the following contribution to the reflection

factor

32 sinhgd  i3?

R . 1 1
1g° Wt (1) o - : 5.75
or 0 (k)cosh2 0 + g ~° (k) sinh.0 <cosh0 +1 cosh 9> (5.75)
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Combining the results (5.69) and (5.75), we finally obtain the quantum correction
of the boson reflection factor up to order $%. This is given by

« . 32 sinh 6

R (B) = K (k) |1 4 £° sinhé ) 5.76

) = K |1+ I S (576)

This reflection factor does not agree with the result obtained in (4.57).

There are two other ways to choose the finite part. One way is to choose the

finite part as

n " 7 -
d‘” dk AMm_____ vk (5.77)
2 W2 — k"2 — m2 + e

With the similar integral procedure, we can extract a contribution to the reflec-

tion factor

i5? + () sinh20—1+ 0 sinh 6 +1
~ 92sinh @ 4cosh3 6 wcosh®d 4

This enables us to determine the following reflection factor

(5.78)

) A . ) . 1 1
Fh) = Ko |1 - L SmhY W ( _ )
Ry (k) b ( )[ 21 cosh? 6 4 sinh 0 cosh@+1 cosh@ J (579)

The finite part chosen by another method is

dw"  dk" i 2m?  nn 5
/ T W — k"2 —m? + 4e ik" — me ’ (5-:80)

which correspondingly gives the reflection factor

. . 2 inh § T 1 0
RI(k) = K (k 1_£ _Sm (1— ) .
5 (k) » (k) [ 9t 2 cosh?6 + 4sinh 8 cosh® @ * 2 cosh® 6
(5.81)

However none of these results give the right correction to the boson reflection factor.
At the present, we are unable to find a unique way in which to choose the finite
part in (5.71). The boson reflection factors obtained here do not agree with the
perturbative result which we have obtained in the previous chapter. Principally,
the supersymmetry suggests that the boson reflection factor should be same as the
fermion one except for the classical factors. This provides enough information to
establish the boson reflection factor. It should be the one given in (4.57). However,

this leaves the question, how can one get this result from the loop calculation?
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5.9 The boson reflection factor for BC™ case

With the same analysis presented in the previous section, we obtain the bosonic
reflection factor that corresponds to the boundary BC~. We have shown that there
are three ways to choose the finite part in the boson loop propagator. The first

method produces the result to be

(5.82)

s e 3% sinh @
B =K [1- 2

This factor as well as the results obtained in the other two methods discussed in
the previous section do not give us the correct answer. As far as supersymmetry is
concerned , we can guess the correct result should be (4.73).

On the other hand, the renormalisation may enable us to choose the finite part

in the theory.

5.10 Renormalisation

We have seen in previous sections that integrations over one-loop integrals in Feyn-
man diagrams contain divergent terms. In order to eliminate this divergence, we
need to consider the renormalisation of the theory.

Since the theory has ultraviolet divergences, one should add renormalisation
counter terms to ensure ultraviolet finiteness.

We consider the mass renormalisation at the one-loop level
m? = mj + dm?, (5.83)

where my is a bare mass and dm? contains the divergences.

By substituting (5.83) into the supersymmetric Lagrangian (5.27), we can deduce
the two point functions for the boson and fermion with the same analogy to sections
5.4 and 5.5. In this case, we have the following two diagrams in addition to the

diagrams given in Figures 5.1 and 5.2.
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AN
AN

(a) (b)

Figure 5.3: Mass counter terms to the boson and fermion propagators.

The diagram (a) in Figure 5.3 represents the mass counter term to the fermion

two point function. It is algebraically given by
/ &z 0(—~2)Sr(1, z) Sr(z, z2). (5.84)

Correspondingly, the diagram (b) in Figure 5.3 represents the mass counter term

to the boson two point function. It is found to be

i6m? /al2 [ 6(35)} G(zy,z) G(z, z2), (5.85)
2mg
where the first term corresponds to the bulk contribution and the second term to
the boundary contribution.
We need to fix the counter mass dm? next. Let us begin with the first diagram.
The mass counter term given by this diagram is

sy (5.86)
2m0

We now come back to study the divergent term in (5.44)

dw" r dk" i
2 T Q!
—_mOﬂ / 2m W — k" —m? 4 ie (5.87)

After integrating over the energy integral and then the momentum integral for large

A, we obtain

: 2A
— L meftln 2 (5.88)
87 mo

where A is the ultraviolet cut off. As A — +o0, it is obvious that this is logarithmi-
cally divergent. The divergence should be eliminated by (5.86). This fixes the mass

counter term as
2
52 = 00 ), 28 (5.89)
47 myo
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For the diagram (b) in Figure 5.3, we need to consider the boundary and bulk
contributions separately. For the boundary case, we have seen in (5.56), there is the
divergent term including the factor —im,3?/4

dw" 1 dk" 2

i 2 / .
—— — ) 5.90
4m0,3 21 21 w"? — k"2 — m? + g¢ ( )
Correspondingly it gives the mass counter term
212 2A
ém? = o0 In —. (5.91)
27 My

However we notice that the mass counter term is fixed differently in the bulk contri-
bution of the boson loop correction to the fermion propagator and in the boundary
contribution of the boson loop correction to the boson propagator. In principle, if
the mass renormalisation works, the mass counter term should be fixed uniquely. In
other words (5.89) and (5.91) should be same.

Let us now to study the bulk contribution. For this case we have the two di-
vergences one comes from the boson loop (b) and the other one from the fermion
loop (c) in Figure 5.1. The divergent part of the boson loop can be read from (5.64)
including the factor —im25? as

dw"  dk" 9

) ]
—tmolS / or ) 9w W — k" = m2 + i¢’ (5.92)

and the fermion loop divergence from (5.71) including the factor imy8%/2 as

i / d" [ dk” i2me ]
- —_— . 5.93
2m05 or 271 w'"? — k" — m?2 + je ( )

We find that (5.92) and (5.93) are the same upto a minus sign. Therefore the
divergences coming from the boson loop and the fermion loop exactly cancel. This
implies that
om? = 0, (5.94)
and we do not need to perform mass renormalisation.
As we have seen in the section 5.8, there is another divergence in the second
term of (5.71) and it is multiplied by the factor e~2%*"=". This divergence might be

eliminated by the coupling or wave function renormalisations.
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Let us consider the SUSY transformation (5.3)

If we substitute the bare quantities

¢ =210, o= 2"y,

my = me; /80 - Zﬂﬁ:

(5.96)

into the SUSY transformation, we obtain the following relations between the renor-

malisation constants
_ ~1/2 _
Zy = 2y, L =1, Zg=2,"". (5.97)

Here the mass renormalisation factor Z,, = 1 again implies that we do not need to
do the mass renormalisation. If this is the case, then it is not clear how we will

eliminate the divergent terms (5.87) and (5.90).

5.11 Conclusion

In this chapter, we have computed the supersymmetric fermion and boson reflection
factors by calculating the one loop diagrams. Having neglected the divergence in the
boson loop correction to the fermion propagator, the result obtained by calculat-
ing the one-loop diagrams agrees with the result obtained in the previous chapter.
However, the boson reflection factors do not. This motivated us to study the renor-

malisation. The question is how can we renormalise the theory consistently?



Chapter 6

Conclusion and Outlook

This thesis studies the sinh-Gordon theory known as the simplest model in the affine
Toda theory.

We have attempted to investigate the theory with two boundaries. By looking
at a particular solution to the equation of motion, we have obtained the reflection
factors and the energy. However this solution is not a real solution. When we
linearised the field we found that the static background solution was described by
an elliptic function and the equation of motion was formulated to the Lamé equation.

We then studied the theory with one boundary condition. By developing pertur-
bation theory, we deduced the three types of one-loop Feynman diagrams in order
to calculate the quantum correction of the reflection factor. A correction of the
boundary contribution from the bubble diagram has been obtained. In the limit
0g = 01 = 0, this correction agrees with the one obtained in [24].

We also studied the supersymmetric extension of the model with one boundary
condition. We have found that the classical limits of the SUSY reflection factors [65]
corresponding to the boundary condition BCT appear to be incorrect. On the other
hand, by calculating the Feynman diagrams at the one loop order, we obtained the
fermion reflection factors. These agree with the results obtained in chapter four.
Although we were unable to renormalise the theory properly, the SUSY however

provides us with an extra ingredient to enable us to determine the boson reflection

110
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factors, once we know the fermion reflection factors.

There are several interesting problems which have been suggested for investiga-
tion in the literature regarding affine Toda theories.

Firstly, an investigation into the renormalisability of the theory for the sinh-
Gordon model with one boundary condition, but with different boundary parame-
ters op and o;. In particular how one could renormalise the wave function, mass,
boundary parameters and coupling consistently. This is an important question to
study in detail. For the a, (n > 2) theory, the classical integrability fixes the bound-
ary parameters up to signs. The relation between different boundary parameters for
the other affine Toda field theories may not be compatible with the classical inte-
grability and renormalisability [16]. How does the renormalisation work in these
cases?

Secondly, the need to study the duality of the affine Toda models. There are two
types of duality. One is the weak-strong coupling duality, in which the S-matrix is
invariant under the transformation f — 47/f. The S-matrix of the affine Toda
models based on ade series is self-dual. This type of duality has been observed for
the sinh-Gordon model [24] and the a” theory [35]. Another is the particle-soliton
duality: the Thirring model [69] exhibits this kind of duality with the sine-Gordon
model. One can investigate what kind of duality property is possessed by reflection
factors. What happens to these dualities in the presence of boundary conditions [70]?

Thirdly, in the supersymmetric case, it would be interesting to understand the
effect of the fermions on the duality transformation, since one would guess the two
allowed points are either self-dual or dual partners [24].

Besides these, there remain some problems which need further investigation.

1) In the second chapter, we have attempted to find the solution to the sinh-
Gordon equation by two different methods. One method assumed that the solution
has the form(2.55). However, the solution obtained with this ansatz is not a real
solution. An appropriate assumption can be made as the solution to the sinh-Gordon

equation or the equation may be solved using the Hirota’s method. The new solution
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should allow us to investigate the energy spectrum. The second method was to solve
the sinh-Gordon equation around the static background field. We found that the
background solution is described by an elliptic function. Lamé’s equation needs to
be solved in order to obtain an approximate energy spectrum in the two-boundary
sinh-Gordon theory.

2) The calculation on the bulk contribution in diagram (b) in Figure 3.1 could
be finished. Once the second order quantum correction of the reflection factor for
the sinh-Gordon model with the general one-boundary condition is completed, one
might try to calculate the correction to a higher order. Calculating the quantum
reflection factor is one way of approaching the quantum integrability of the theory.

3) How does the renormalizability of the supersymmetric sinh-Gordon theory
work? By looking at the supersymmetric transformations themselves, we deduce
that the mass renormalisation need not be performed in order to maintain the su-
persymmetry. If this is the case, then how can one eliminate the divergences of the

loop integral in order to obtain the quantum boson and fermion reflection matrices?
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