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Abstract

On Monopoles in Low Energy String Theory

and Non-abelian Particle Trajectories
Azizollah Azizi

This thesis is mainly concerned with monopoles. First, the existence of monopoles
and their behaviour in the Yang—Mills-Higgs theories, and in parallel, the instanton
solutions of the Yang-Mills fields are explained.

One part of this work is about monopoles and instantons in low-energy string
theory. A general instanton solution for the heterotic string theory is obtained by
using the ADHM construction for the classical subgroups of the string gauge group.
In this direction, the embedding of subgroups and a general formula for the dilaton
are explained. In the next topic of this part, the H-monopole and its generalisation
to different subgroups of the string gauge group are discussed.

In the second part, the motion of the Yang-Mills particles in the Yang-Mills—
Higgs fields are studied. Planar orbits are observed for a particle in a monopole field
when the Higgs field contribution is neglected. The planar orbits are studied further
with some numerical analysis of the equations of motion. By regarding the Higgs field
contribution, a complete set of equations are worked out for the particle and fields.
In this scenario, the planar motions as well as three-dimensional bounded motions
are studied. At the end, the force exerted by the non-abelian Yang-Mills-Higgs fields

on a particle with non-abelian charge is explored.
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Chapter 1

Introduction
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Know that the cosmos s but one vast marror,

and that each atom contains a hundred blazing suns;
Split open the heart of a single drop of water,

and see a hundred pure seas flow forth.

“Shabestart”



During the last two and a half decades, monopoles have been studied extensively.
Monopoles are solutions to the Yang—Mills-Higgs fields. The most significant topo-
logical property of monopoles is the quantisation of magnetic charge in the classical
limit. Monopoles are mostly studied in a time-invariant perspective, which gives a
three spatial dimensional soliton solutions to the theories. A BPS monopole is a
solution that minimises energy of the Yang-Mills-Higgs fields.

Instantons are solutions to the four-dimensional Euclidean Yang-Mills theories,
which satisfy some conservation laws, and allow classical quantised quantity referred
to as instanton number. Instantons are the fields solutions that minimise the Yang-
Mills action.

The BPS monopoles are solutions to the Bogomol'nyi equations, and the instan-
tons are solutions of the (anti)self-dual equations. It is relatively easy to write down
the Bogomol'nyi equations as (anti)self-dual relations. In this scenario the Higgs
field is considered to be the fourth spatial component of a five-dimensional pure
Yang-Mills field and the fourth spatial dimension has no contribution in the fields.
This simulation makes a motivation to modify the instanton rules and use them for
monopoles. For example the Nahm modification of ADHM construction is adapted to
find the general monopole solution of the four-dimensional Yang-Mills-Higgs fields,
so that ADHM construction gives the rules of finding the general instanton solution

to the four-dimensional Euclidean Yang—Mills fields. We have reviewed monopoles

and instantons in chapter 2.

It is more obvious to apply the above mentioned procedure for monopoles and instan-

tons in superstring theory which are originally built in a 10-dimensional space-time
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and then compactified down to 4-dimensional space-time. The idea is that five spatial
dimensions are compactified in a surface and the remaining 5-dimensional space-time
is prepared for the instanton and/or monopole solutions. This has been done, and
some authors have successfully used the instanton approach to form some monopole
solutions for the heterotic superstring theory.

In chapter 3 the equations of motion of the fields are explained, and solutions of
an SU(2) subgroup of the heterotic superstring gauge field (Eg x Eg or SO(32)) in
both instanton and monopole cases are discussed. Then a general instanton solution
is obtained by applying the ADHM construction which gives a general solution for
any classical subgroup of the main gauge group. We have explained the embedding
of subgroups by introducing the Dynkin index of embedding. So for any subgroup
we may construct the solution in the minimal embedding, and use the index of
embedding when we are asked to generalise solution to any embedding.

The H-monopoles are new objects that behave like a monopole, and appear when
the anti-symmetric tensor field is compactified down from higher dimensions to 4-
dimensions. The BPS solution of the string field equations is also a H-monopole
solution. We then explain the relation between the total mass of a H-monopole
with its charge, from which we may see another Bogomol’nyi bound analogous to the
relation between the mass and charge of a BPS monopole.

In the last part of chapter 3 monopoles in the SU(IN) subgroups of the heterotic
superstring gauge group are studied. We discuss the monopole behaviour of the
SU(3) subgroup in some details and show that the monopole’s magnetic charge and
the charge associated to the anti-symmetric tensor field are of opposite sign. The

chapter is ended by reviewing the different kinds of monopole and instanton solutions

in the low-energy superstring theory.

In chapter 4 we turn to a different usage of monopoles. In the Yang-Mills quantum
field theories, such as electroweak and QCD, particles are assigned with some charges
like hypercharge and colour. In QED (an abelian gauge theory) the charge is a

conserved quantity that is related to the gauge-invariant property of the Lagrangian
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and expressed by a unique real number. In the non-abelian theories the charge can
no longer be expressed by a unique real number and might be displayed as a vector
in the space of the gauge group (space of symmetry).

Wong extracted the classical equations of a particle with a non-abelian charge
in a classical Yang-Mills field. The equation of motion of a (non-abelian) particle in
a (non-abelian) field is the modification of the Lorentz force in the usual electrody-
namics. Now the charge is a vector (in the isospace) and therefore may evolves in
the time. Wong has given the equation of evolution of the charge isovector, while
the length of the charge vector remains constant.

As an application of the Wong equations of motion we consider the 't Hooft or
BPS monopoles and launch a Yang—Mills test particle in the field of the monopole.
The speed and the total angular momentum of the particle and the field are constants
of motion. We explain the equations of motion and enumerate some results. An
interesting consequence of this motion is planar orbits. When a test particle is
launched in the field of the monopole, while the direction of its charge isovector is
normal to its position and velocity vectors, it will move in the plane normal to the
charge isovector forever. We have explained the planar motions and the conditions
for bounded orbits and their stability, and performed some numerical analysis of the
equations of motion.

Next, we introduce the Higgs field to exert a force on the particle in addition to
the monopole force. We have introduced Wong’s equations in five dimensions, and
modified the equations of motion for a particie in the Yang-Mills-Higgs fields. We
have chosen the extra fifth-dimension to have no contribution in the fields, leaving it
as a dynamical variable. A close relation between the evolution of the fifth dimension
and the isospace vectors, the Higgs and non-abelian charge, are observed. Motion
of a test particle, now in presence of a force from the Higgs field, is studied. Three-
dimensional bounded orbits are observed, and stable planar orbits are allowed .

Finally we investigate motion of a particle in the Yang-Mills-Higgs field, and
introduce the generalised Lorentz force by interpreting the components of the fields

and particle interaction. We show the generalised force shrinks to the usual Lorentz
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force at large distances where we may interpret the non-abelian fields and particle

as the usual fields and particle. The thesis is concluded by summarising the results

in chapter 5.



Chapter 2

Monopoles In Gauge Theories

Everything seems to have an opposite,

one appears to be poison the other sweet,
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While you are stuck in the illusion of the sugar and the poison,

how would you be able to detect the fragrance of the rose-garden of unity?

I(Ruml‘)l



Magnetic monopoles were first introduced by Dirac as a part of modified classical
and quantum electrodynamics [1]. Magnetic property of a field can be considered as
dual of its electrical property, ie. they transform under a duality transformation, and
in the same sense magnetic monopoles can be supposed as electric monopoles com-
panion. However, lack of experimental observation of magnetic monopoles convinced
many people such as Dirac himself! to doubt the existence of monopoles. Although
with the assumption of presence of monopoles some nice properties® arise, if there
is no evidence, it is no problem to lay them aside and return to the original theory
which existed before Dirac’s modification.

In late 60’s to early 70’s some new non-abelian gauge field theories appeared
such as SU(2) x U(1) theory of electroweak interactions, SU(3) theory of strong
interactions, and many unified theories. For the first time 't Hooft [3] and Polyakov [4]
showed monopole solutions arise in some of these theories. However, these monopoles
are different from Dirac’s. Contrary to Dirac monopoles, these monopoles come from
theories without modification, and not believing in monopoles would cause the whole
theory to be turned upside down (ée. they are predictions and their absence requires
an explanation). On the other hand, the ’t Hooft-Polyakov solution has a natural
interpretation as an extended object, which at large distances provides an explicit
model of a Dirac monopole, but whose short-distance structure has been modified so
that it has finite energy [5].

We shall start from the ’t Hooft—Polyakov model of a monopole and then go

farther to explain the BPS monopole, and monopoles in other non-abelian gauge

'Dirac in a letter to Monopoles Meeting (1981) had mentioned “I am inclined now to believe

that monopoles do not exist.” [2, page iii].
2For example: Existence of magnetic monopoles causes quantisation of electric and magnetic

charges at the same time.
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theories. We will explain one of the monopole companions, instanton, to complete

this introduction for later needs.

Convention: In this thesis we use the “Natural Units”, that is "rationalised

Gaussian cgs” or “Heaviside-Lorentz” system, with c =h = 1.

2.1 The ’t Hooft—Polyakov Model of a Monopole

To show how magnetic monopoles arise in non-abelian gauge field theories, we explain
the simplest case in which SO(3), the three dimensional rotation group, is the gauge
group. Based on dependency of gauge fields on the gauge group, an “internal space”
can be attributed to this gauge group, which we may refer to as “isospace”. In SO(3)
case isospace is a three dimensional space, and we point to these dimensions with
indices a,b,c,.... We choose u,v,... for normal 4-dimensional space-time indices,
and 1, 7, k, . .. just for spatial coérdinate indices. The isospace is an Euclidean space

while space-time is a Minkowskian space with the metric
9,, = diag(-1,1,1,1). (2.1)

The Lagrangian of a SO(3) gauge field interacting with a Higgs field ® is

1

a apy 1 a a
L= _ZF‘“’F w— §(DM(I)) (D,®)* -V (2), (2.2)
where F};, are the gauge field strengths:
FS, = 0,A% — 0,A% + ec™ AL A (2.3)

In the above equation A}, is gauge potential and e is coupling constant. The tensors
F,, and @ are defined as Fj;, 'T* and $*T* 3 where T¢, with a = 1, 2, 3, are generators

of the gauge group SO(3) (or equivalently SU(2)). The covariant derivative (D, %)

3 Tt is convenient to make clear some notations here. We use normal vector § = (51, S2,53) that
is a (gauge independent) vector in real spatial space, and isovector & = (®!, ®?, ®3) that is a vector
in isospace (and each component is a scalar in real space). So in the case of gauge tensor, Fyj, with

a=1,2,3, F,, = (F},, F2,, F},) is an isovector. We can also have a “bi-vector” that means, it is a
vector in real space in some sense and an isovector in isospace in some sense. An example is gauge
vector potential A%, that A; = (AL, A%, A?) is an isovector and A® = (Af, A3, A3) is a vector. We

keep the bold characters like A; to be a matrix (unless we specify the case).
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is defined as:
(D, ®)* = 8,0 + ec** A’ 0°. (2.4)
The last term in the Lagrangian is gauge independent potential V (&),

V(®) = i—(qﬂqﬂ —a?)?, (2.5)

where )\ and a are arbitrary constants. By using the Euler-Lagrange equation and
the Lagrangian (2.2) the equations of motion are
(D,F*)% = —ee®d*(D )" (2.6)

(D, D*®)* = \o“(P'P® — a?) (2.7)

which are supplemented by the Bianchi identity

* a *7Q 1 [o} aQ
(D**Fu)*=0,  Fi = e Fp, (2.8)

where tensor "F¢, is known as “dual” of the gauge field tensor F}j,. By analogy with

the electric and magnetic fields, & and B;, one can define

E* = Ft=-F" (2.9)
1 .
Bf’ = Eéiija]k. (210)

The energy density corresponding to the Lagrangian of eq(2.2) is

[(B2)? + (B2 + (De®)")” + (D:®)*)?] + V(). (2.11)

DN | =

£ =
Notice that £ > 0, and vanishes if, and only if:
F., = (D,®)" = V(®)=0. (2.12)

A field configuration which these equations allow, is called a “vacuum” configuration.
An example is:
* =as®, A =0 (2.13)

Since £ = 0 is a gauge-invariant condition, any gauge transformation of eq(2.12) will

also provide a vacuum configuration.
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A field configuration with (D#®)* = V(®) = 0, but F*¥ not necessarily
vanishing is called “Higgs vacuum”. Actually the finite energy condition enforces
eqs(2.12) to be se'Ltisﬁed asymptotically at large distances. In particular, this re-
quires ®*®° = a? when we consider eq(2.5), which states the Higgs field sweeps the
surface of a two dimensional sphere of radius a in the isospace.

The finite-energy non-singular classic solution of eqs(2.6) and (2.7) can be of the

form [3] (see also [7]):

a

AD(F) = J(r);%, (2.14)
A% (7) = e“ijg—i[l—l{(T)], (2.15)
o) = “HE), (2.16)

er?
where H(r), J(r), and K (r) are certain functions of the radius r. For a finite energy

solution, energy density £ asymptotically vanishes, then the condition V(®) = 0 at

large distances implies
b

lim ®(7) = a=. (2.17)
T

=00
Replacing eqs(2.14)—(2.16) with J = 0 (for a pure magnetic field) in eqs(2.6) and
(2.7), after some algebraic calculations, by applying the appropriate boundary con-

ditions for a finite energy solution, one may find at large distances (see [5])*:
Fo o —— gk, 218
= 1€ 2 ( )

't Hooft introduced a gauge-invariant electromagnetic tensor which reduces to the

usual electromagnetic field tensor when the scalar field @ has only third component,

ie. B = ad®, (see also [15])

- 1 ~ ~
Fuw = F3,0% — Ee“””(f[)“(Du@)b(D,,@)C. (2.19)

It is more convenient to write F,, as

. . 1 . . . .
Fp = 0,(8°A%) — 8,($°A%) — Ze26%(3,8")(5,8°), (2.20)

€

4Equivalently one may use eqs(2.15) and (2.16) to find F} and (D;®)° directly from their
definitions (note that Ef = V(®) = 0 but (#%)? — a® as 7 — 00), and then apply the finite
energy condition on eq(2.11) to find the limiting behaviours of the unknowns H(r) and K(r) (and
their derivatives). Then using these asymptotic behaviours, the result (2.18) is straightforward [6,
section 23.3).
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where we have used egs(2.3) and (2.4), and

< o2
(I) = W. (221)

In a gauge field which d° is a fixed unit vector in three-dimensions, as it had been
promised, F,, is the ordinary electromagnetic field tensor, te. F,, = 0, A% — a,Af; .
Since (D, ®)® vanishes rapidly as r — oo, the magnetic part of the field tensor in
this gauge is given for r — oo by the first term in eq(2.19). So at large distances
from the centre of the monopole (ie. in the Higgs vacuum) from eq(2.18) and (2.19),
or equivalently replacing eqs(2.15) and (2.16) in eq(2.20), the magnetic monopole
property of the solution can be derived:

- (2.22)

B = 56”":.?:7‘]9 — _2_61,7’6}7"]{1/6@& ~

erd’

which looks like magnetic field around a point magnetic monopole with magnetic

charge g = —*£: .
) g t
B = ——. )
A 73 (223)

The Dirac’s quantisation condition is satisfied:

Qo9 1
where g = —%, and qg = %q = j:%e is the smallest possible charge which might

enter the theory (g is electric charge of the charged vector bosons). One of the out-
standing properties of monopoles comes in the simple relation of Dirac’s quantisation

condition:
N
H9 _ 2 (2.25)

dr 27
where N is an integer number. This relation says if there are monopoles in the nature
(even one) and they follow existing physical theories, then the quantisation of both
magnetic and electric charges is guaranteed.
Magnetic charges do not come out of theories similar to their electric compan-
ions. Two noted differences are: Electric currents are Noether’s currents that means

electrical property of fields can be concluded from the symmetry of theory, while

magnetic property does not come from such kind of symmetries. Actually such as
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solitons, monopoles are topological objects (next topic) such that their conservation
laws are automatically exploited from their constructions, and not affected by equa-
tions of motion. The existence and quantisation of magnetic charges depends on
topological characteristics of the space (or vacuum) that is appointed by boundary
conditions. The other point is: electrical distribution of particles (eg. charged vector
bosons) is singular and localised in a point, while in the 't Hooft—Polyakov monopole,

the magnetic distribution is distributed in a portion of space and not singular.

Dyons

The monopole solution of 't Hooft and Polyakov obtained here is electrically neu-
tral because of the condition J = 0 we entered in the equation (2.14). This is
not a necessary consequence of the spherical symmetry which was used to obtain
a solution possessing a monopole behaviour at large distances. Julia and Zee [11)
obtained spherically symmetric solutions with J # 0. The same as the ’t Hooft-
Polyakov monopole, the magnetic charge exists and quantised. The electrical charge
no more vanishes, and arbitrary (at least classically) which can be quantised by some
proper quantum-mechanical treatment. These solutions with both electric and mag-
netic charges are called “dyons” [12]. A generalised Dirac’s quantisation condition
is established when two dyons of charges (q1,¢1) and (ga, g2) are supposed to be in
interaction

— 1
92— @5 _ 2 nia 7Ty an integer. (2.26)

47 2
In this work we will treat monopoles in our arguments.
2.2 Topological Property of Magnetic

Monopoles

In the Higgs vacuum (D, ®)? = 0, therefore from eq(2.19) and eqs(2.6) and (2.8) one

may show in the Higgs vacuum the Maxwell equations are satisfied:

8,F* =0, and  9,"F" =0, (2.27)
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where *F# is the dual tensor of F#”. This is an important conclusion, that is in
the Higgs vacuum the only non-vanishing component of the gauge field tensor is the
component associated with the U(1) group of rotations about 61_5, Fw, which satisfies
the Maxwell’ s equations. In this sense, outside the region of monopole, the SO(3)
gauge theory is locally indistinguishable from conventional electromagnetic theory.
Now by considering the global attributes of the Higgs vacuum, we study the
magnetic flux, ¢, through the closed surface Séphy). By Maxwell’s equations g will be

non-zero only if S;th) surrounds a region which the conditions of the Higgs vacuum

fails. Then

—

g = ¢, B-dS
SZP‘}’

1 -~ A . A
= —— ¢k eabe (519 (9% d°) dS”, 2.28
2e Js{pry)

using eq(2.20) and the fact that the contribution of A, vanishes by Stokes’ theorem.
Notice that the derivatives 8'® occurring in eq(2.28) are those tangential to S,
so that the magnetic charge within Sép hy) depends only on the value of the Higgs

field on S$™). For a small increment on the Higgs field &:
¢ =F+08, B-50=0. (2.29)

Replacing @' in eq(2.28), keeping the first order terms the integrand of eq(2.28) will

have an extra term
5 [eted e @bakcif] = e {3 o557 B64 %) + & [ciaaéé"ak@] — o |$°6%%0’ @]} ,

which vanishes. Obtaining this result is straightforward. The integral of the last two
terms in this expression vanishes by Stokes’ theorem, and the first term vanishes by
using the fact that &’ & x 9*® is parallel to ®, and therefore perpendicular to §®
(by using the second relation in eq(2.29)). Consequently a small variation in the
Higgs field @, subject to asymptotic Higgs vacuum condition, produces no change
in the flux, 9. This extends to any change in & which can be built up by small
deformations. Such a deformation is called a “homotopy”. Examples of homotopies

in the physical context under discussion are: the time development of ¥, the change
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in ® under a continuous gauge transformation, and the change induced by altering
Séphy ) continuously in the Higgs vacuum. Consequently g is time-independent, gauge-
invariant and unchanged under any continuous deformation of the surface .S’ép hy)
containing the monopole or monopoles.

Let us define a current (say magnetic current or a topological current), based on

the conservative quantity we discussed

1 R “ “
Et = _2_6uupaeabcau(paapq)bao®c‘ (230)
e

Using eq(2.20), it is simple to see the magnetic current comes in the right-hand side
of a Maxwell equation that is null in the ordinary electromagnetism, ze. J,*F* =
k* (see eq(2.27). This comes in the analogy with the ordinary Maxwell equation
9, F* = j* where j* is the electric current. The magnetic charge density K0 =
— € keabedidedi b3+ e, and the magnetic charge 9 = [ k° d®z. We see the magnetic
current depends on the Higgs field only, and moreover, this current is identically
conserved:

o, k" = 0. (2.31)
It is clear that the conservation of the current does not follows from the dynamics
(or a symmetry of Lagrangian), and this is the fact we mentioned earlier: monopoles
are topological objects ie. these objects are coming from topological behaviour of the

fields where are appointed by the non-trivial boundary conditions.

To see ¢ is quantised, note that we may write § = —4nwN/e where:
1 i _ijk abcga b
N = gﬁépm dS? ik ee e, b9, B°. (2.32)

The number N has the geometrical interpretation of being the number of times 613(77 )
covers the sphere SS™) = (& : (B1)2 + (32)? + (®%)? = a?} as 7 covers S once
(ie. the number of times S is wrapped about Sy™ by the map & : SP) _y glinty,
Thus N must be an integer; it is called by mathematicians the Brouwer degree or
Poincaré~Hopf index of map (some authors refer to N as ‘winding’ number). To

show that every integer may realised for suitable $ consider

By (7) = afcos Npsinf, sin Npsin g, cosf), (2.33)
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where (7,6, ¢) are spherical polar coordinates. This covers Sgi“t) N times as ¥ covers
S once, and yields N in eq(2.32).

We have seen that magnetic charge is topologically conserved and quantised in
units of 47 /e for topological reasons. Further, since the smallest electric charge that
we expect on quantising the theory is gy = %e we have obtained Dirac’s quantisation

condition (2.25) by topological methods.

2.3 The Bogomol’nyi Bound and BPS monopole

An important feature of the 't Hooft—Polyakov monopole solution is that the mass is
calculable. The mass of these solutions has a lower bound in terms of its electric and
magnetic charges, first found by Bogomol'nyi [8]. In the Higgs vacuum ®°®* = o
and (D,®)? = 0, so from eq(2.19)

1 143 a
F,uu = aFlW(p . (234)
For any solution the magnetic charge is
7 a 1 aga Qi 1 a/mMid\e 43
g:}{B'dS:—fBiCI)dS:—/Bi(D<I>)dr, (2.35)
s als alv

where the surface integral is taken in a sphere at infinity. We have used definition
of B' from eq(2.22), eqs(2.10) and (2.34) to conclude second surface integral from
first one. To conclude the volume integral from the surface integral we have used
divergence theorem, and (D*B;)® = 0 which comes from the Bianchi identity (2.8).
Similarly using £ = F%, the definition of E? from (2.9) and equations of motion

(2.6), the electric charge is:
f £.45="1 / E(Di®)d? (2.36)
= -dS = - » 7. .
1= T alv "

To see how the covariant derivative has appeared in the volume integrals in eqs(2.35)
and (2.36), one may suppose a normalised basis T* for the gauge group such that

tr(TT?) = (6%, and consequently

tr(D,(PQ)) = 6u(tr(PQ)) = 0, (tr(P*T" QbTb)) = (0, (P*Q"). (2.37)
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Consider the centre of mass frame of the monopole. The mass of the monopole is

given by:
M = /£d37~_/d3{ (B2 + (B )+((DO<I>)“)2+((DZ~<I')“)2]+V(<I>)}
> o [ (B0 + (B + (DB)]
_ /d3 [ES — (D;®)" sin 0] /d3 [B® — (D;®)" cos 0]
+a(gsinf + g cos )

> a(gsing + gcosb), (2.38)

where we have used eqs(2.35) and (2.36) in the third line. The parameter ¢ is an
arbitrary real angle, and the inequality (2.38) is correct for any angle 6. Then we

can choose 6 such that optimise the above inequality:

M > ay/q? + g% (2.39)

To obtain the above inequality, simply we can find the maximum value of the function
f(6) = gsin + gcosb.

Inequality (2.39) which is known as the “Bogomol’nyi Bound” shows that there
is a lower bound for the mass of any monopole solution of non-abelian theories [8].

In the case of 't Hooft—Polyakov monopole, that is a pure magnetic charge (¢ = 0)
M > alg|. (2.40)

The above procedure has been brought from Goddard and Olive [5] (after Coleman et
al [9]). Using the value of the magnetic charge lg| = =& one can relate the monopole
mass M to the mass® of heavy gauge boson M, = ga = ae:

ir 4 4
M>a— = ge = M, = ~M,, (2.41)
e e q o

where o (=1/137 for electron) is the fine-structure constant and v =1 or 1 depend-

ing on whether the charge on the electron is ¢ or %q. It is seen the mass of monopole

5The masses of particles that would be expected in the theory specified by Lagrangian (2.2), are
calculated from the Lagrangian in the usual way by recognising that when we expand about the
vacuum the coefficient of the quadratic term in the boson fields is the square of mass divided by 2.
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is much larger than the mass of the heavy gauge boson, which itself would be very
large when its value is estimated in some unified theories. We mentioned in the intro-
duction of this chapter there is no evidence yet for existence of monopoles. The above
restriction in the mass of monopoles makes the observation of monopoles outside of
today’s experimental power (ie. the required energy for magnetic monopoles pair
production in laboratories is more than the power of present particle accelerators).
On the other hand still there is no evidence to say the hypothesis of monopoles is
wrong, and therefore monopoles are an important and rich concept, and an integral

part of non-abelian field theories.

The BPS Monopole

There is an exact solution which saturates the Bogomol’nyi bound (2.40), constructed
by Prasad and Sommerfield [10]. In the BPS® limit we are seeking a solution with
pure magnetic charge (¢ = 0) and the mass M = alg|. Therefore from inequalities

(2.38) these equations are required:

(De®)" = 0, E}=0, (2.42)
V(®) = 0, (2.43)
B! = +(D;®)", + for g >0, — for g <O0. (2.44)

The equation (2.43) is realised if the coupling constant A vanishes, although consis-
tently the boundary condition |®| — a as 7 — oo is retained as a remnant of V. This
condition guarantees charges are well-defined and quantised and the mass is finite as

we described them earlier in this chapter. In this scenario equations of motion (2.6)

and (2.7) become

(D, F¥) = —ecd’(D“®)" (2.45)

(D,D*®)* = 0. (2.46)

SBPS stands for Bogomol’nyi-Prasad—Sommerfield.
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The zero component of eqs(2.45) is satisfied with eqs(2.42), and eq(2.46) is equivalent
to the Bianchi identity (D'B;)? = 0 using eqs(2.44). Therefore remains only to show

(D,;FY)* = —ec™®"(D'®)°". (2.47)

To show this, we can follow this procedure. Put F = ¢*Bf = €7¥(D;®)* in the

right-hand side of eq(2.47):

; ; 1. .
(D;FY)" = e/*(D;Dy®)" = 2" ([D;, Di]®)
L ik a L i ¢
= ¢ ([Fe, @) = [56 ij,cb]
= [B;, ®]*=[D;®, ®]°

= —ec®d*(D;®)", : (2.48)

where we have used the identity [D;, D;]R = [F;;, R], which R is any isovector in
the same isospace as F;;.

Equation (2.44) is a first order differential equation version of the Yang-Mills
field equations (2.6). Replacing the ansatz of eqs(2.15) and (2.16) in eq(2.44) after

some algebraic calculation one can find

H(r) = aercoth(aer)—1 (2.49)
K(r) = sinsfger)’ (2:50)

first obtained by Prasad and Sommerfield [10]. The BPS monopole is not localised
in the same way of the 't Hooft—Polyakov monopole. For the ’t Hooft-Polyakov
monopole we can consider a finite radius Ry (determined by the Compton wave-
length, #/M, of the heavy particles of the theory) such that outside the radius Ry
the fields configuration become a Higgs vacuum. But in the BPS monopole the fields
configuration can not touch the Higgs vacuum, while the Higgs field is now massless
(because we chose A = 0) and long-range. In the BPS monopole, both the Yang-Mills
and Higgs fields contribute in mass density equally (see eq(2.44) and mass density
equation (2.11)), while in the ’t Hooft-Polyakov monopole (A > 0) the Higgs field

has no contribution in far distances, where we called Higgs vacuum. For the BPS
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monopole the mass density is:

£ =7 (B2 + (D)) = (D))} = L% (@) (2.51)

N —

To show the last step, the same as in eq(2.37) we use a normalised basis T for the

gauge group such that tr(T*T®) = (5,
(D)2 = (D,®)*(D,8) x(T°T") = ¢(D;)°)?,
and then

(D;®))? = %tr(Di@)Q _ %tr(Di(@Di@))

1 1 1

= Z@(tr(@Di@)) = zai <§thi(‘I))2>
1 1. 11

= zal <§8z(tr@2)> = 5582’61“(‘1’2)

- %az(q)“)?,

where we have used eq(2.46) in the second equality. Using eq(2.16) and the spherical

g-11d ( 2 4 (cpa)2> _11d <E> | (2.52)

coordinates
“or2gr \| dr C 2rdr? \e?r

From the above equation and eq(2.49) one can show mass density is finite in the
origin (= %a‘*eg), and exponentially decreasing at large distances. The solution we
have described here is charge one monopole’ that is clearly time-independent. For
the sectors with N # 1 presumably there are solutions that depend on time, similar
to a two-soliton solution that separate to become two separate solitons while energy
decreases in this process. The BPS solutions with N # 1 static monopoles are
constructed [17, 18].

An useful reformulation of the Bogomol’nyi equations is described in this para-
graph. Imagine an Euclidean 4-dimensional space that has three dimensions as nor-
mal spatial dimensions and the fourth is also as a spatial dimension but different
from normal spatial dimensions in nature. Indeed the theories in this space are time-

independent, therefore we may use some formal properties of this space if we are

"From eq(2.51) or eq(2.52) one can see mass = [ Ed°r = “Zq that shows |g| = 4% or N = 1.
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dealing with t.ime—independent solutions. If we make the identification ®* = Ag, and

F4% = (D,;®)* we may write

a 1 a
Fl = ieaﬂvézﬂyd, o, B,7,8=1,...,4 (2.53)

and recognise the Bogomol'nyi equations, (2.44), as self-dual® relations in four di-
mensions reduced to three, since no field depends on z*, the fourth spatial dimension
coordinate. In the next section we will discuss field solutions to four-dimensional
Euclidean Yang~Mills equations, the Yang-Mills instantons, which satisfy (anti)self-
dual relation (2.53).

2.4 The Yang—Mills Instantons

The term “instantons” refer to localised finite solutions of the classical Euclidean
field equations of a theory (instead of Minkowskian versions we discussed in previous
sections). Therefore instantons may have some similar concepts as monopoles have.
In this section we discard the Higgs field, ®, and just consider the SU(2) gauge fields,
A% with a =1,2,3 and @ = 1,2, 3,4. To make the notation simpler, it is helpful to

represent three vector-fields A%, with a matrix-valued vector-field A, defined by
Au(z) =ex®Ag(z), X' = (2.54)

where e is coupling constant such as given in eq(2.3), and ¢® are the Pauli spin
matrices. Here x stands for (1, z2, 23, Z4), as a four-dimensional spatial vector in an

Euclidean space with metric
Gop = 0ag, @, f=1,234 (2.55)

The three matrices x® in eq(2.54) form the generators of the two-dimensional repre-

sentation of the group SU(2), and satisfy the Lie algebra

[, X" = e**x". (2.56)

8This means the tensor F2, is equal to its dual tensor Fg, defined in eq(2.8). An “anti-self-
dual” relation is defined the same as self-dual relation (2.53), but with a minus sign in front of

right-hand side expression.
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Correspondingly, we define a matrix valued field tensor:
Fos = ex“Fas, (2.57)

where

Faﬂ = 6aAg —_ 8ﬂAa + [Aa, Alg]. (258)
Actually with this treatment the coefficient e has been removed from back of the
bracket in the above equation.

The Euclidean action is obtained from Minkowskian Lagrangian (2.2), after omit-

ting the scalar field ®*, and using the matrix notation for A,. The action is
S = ——1——/d4x tr [Fop F°) (2.59)
2e? ¢ ’
and the Euclidean Yang—Mills equations of motion are
D, F*? = 0,F* +[A,,F*P] =0, (2.60)

where both equations are invariant under gauge transformation.

The Yang-Mills instantons are finite-action (in analogous to finite-energy in
monopoles case) solutions of eq(2.60). To find them one may proceed just as what
was done in the case of static monopoles in the earlier sections. First of all a bound-
ary condition is needed to be satisfied by any finite-action field configurations. As
a first step towards this goal, we consider zero-action configuration (In analogous to
zero-energy configuration in monopole case eq(2.12)). From eq(2.59) we see S = 0 if
and only if F,s = 0. This allows an infinity of possibilities for the vector-field A,.
Actually F,s = 0 is a gauge-invariant equation, and therefore not only satisfied by
A, = 0, but also by any gauge-transformed field obtained from A, = 0. These fields

are called “pure gauges”, and given by
A, (z) = U(2)0,[U ()], (2.61)

where U(z), at each point z, is any element of the gauge group SU(2) in its 2 x 2
representation. Turning to finite-action configuration, it is clear from eq(2.59) that

F,s must vanish on the boundary of Euclidean space, te. on the three-dimensional
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sphere surface S3 at r = oo where r = (22 + 22 + 22 + 22)!/? is the radius of the
sphere in four dimensions. In fact F,s must vanish faster than 1/r% as 7 — oo, and

this can be obtained if we choose the following boundary condition on A,:
lim A, = lim U§,U7!, (2.62)
T T—00

for some U in gauge group SU(2). Comparing with the 't Hooft—Polyakov monopoles;
Far from the monopole centre, the fields configuration should become the Higgs
vacuum, while in instantons, far from the instanton location, fields configuration
become pure gauge fields.

A question is what is similar to the BPS monopoles in instantons scenario. This
is a good point to think about an exact instanton solution. We borrow Rajaraman
[14] to find a relation similar to eq(2.40) for instantons. We begin with the trivial
identity

- / 4 t1[(Fap + *Fag)?] > 0, (2.63)
where *F o5 = Leas?F.s is the dual tensor. Using tr(Fog F®?) = tr(*Fap "F), this
gives

2625 = — / 4z tr(Foap FP) > £ / d*z tr(F g “FOP) (2.64)

From these equations we see the absolute minima value of action S occur when
Fos = F'Fup. (2.65)

Thus, self-dual and anti-self-dual configurations extremise S, and solve the field
equations (2.60). Of course the absolute minima of S need not be its only extrema.
Therefore this derivation does not prove that all solutions of eq(2.60) are (anti)self-
dual, but conversely shows the (anti)self-dual configurations are solutions of the
equations of motion.

In the BPS monopole, the Bianchi identity was automatically satisfied by as-
sumption of the Bogomol’nyi equations and the equations of motion. Here the simi-
lar thing happens, ie. by choosing (anti)self-dual solutions, both equations of motion
and Bianchi identity become the same equations. Before going to find a solution

to (anti)self-dual equation, it is instructive to comment (anti)self-dual solutions in
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Minkowskian field theories. Looking at “dualising” (*) as an operator, one may

write the dual of dual tensor

*k 1 *
Faﬁ = 560[,376 F75

1
= Eealg’yéé,y(jNA F,c,\

= —Fu. (2.66)

Therefore in Minkowskian space the eigenvalue of operator (*)? is —1, while in
Euclidean space, *F,3 = F,s that shows, eigenvalue of (*)? is +1. Hence the
eigenvalues of dualising operator are %4 for Minkowskian field configurations, and
+1 for Euclidean case, that is summarised as: Real (anti)self-dual solutions can not
exist for Minkowskian field theories (of course in four dimensions).

Let us now look for some solutions of self-duality (or anti-self-duality) condition
(2.65). The first attempt was done by Belavin et al [13], and many people have
contributed in evolution of solutions to (anti)self-dual relation. Following Rajaraman

[14], the 't Hoof ansatz for the gauge field is:
A = i80p 5(In $(a)) 2.67)

where ¢(z) is a scalar function to be obtained, and Sap are the components of an

anti-self-dual matrix built from Pauli matrices

0 O3 —0y —01
Sp=2| @ 0 o (2.68)
D) g9 —01 0 —o3 '
aq (o] g3 0

which can be written compactly in the form

Sop =1P0%/2 a=1,2,3 (2.69)
where
acf e
0o _ _mafa _ | € for o,6=1,2,3
= ‘{-Ma for =4, (2:70)

Replacing the ansatz (2.67) in eq(2.58) to find Fg, and then dualising F,g, duality

equation (2.65) can be found as a compact single relation

0%¢
— =0, 2.71
5 (2.71)
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where 82 = 0,0%. When ¢ is non-singular, eq(2.71) reduces to 9%¢ = 0 which
permits only the trivial solution ¢ = constant, leading to A, = 0; But when singular
¢(z) are considered we get a non-singular solution for the gauge field®. A general

form of solution to eq(2.71) is

by =113

i=1

(2.72)

Ixa - a'ia|27
where a;, and \; are any real constants'®. These solutions when inserted in eq(2.67)
will yield (after some gauge transformations) N-instanton solutions. For the instan-

ton solution, N = 1, the gauge field is found

- (zp — ap)
A, = -0 g ——————, }
(iE) ¢ ﬁ'iﬂ — alQ T A2 (2 73)

that is of course a suitable gauge transformation of original A, found in eq(2.67).

In the equation (2.73) £,p is an element of self-dual matrix

wp f =1,2,3
__ maaf __a : el _ __pafe _ € or «, :6 ) 4
Sap = N"%0o?/2 with 7 = -7 { se0 for f—d. (2.74)

The solution (2.73) is non-singular at any point z for any given A # 0. One
may interpret a (= (a1, as,as,a4)) as ‘location’ of the instanton, and can be chosen
arbitrarily because of the translational invariance of the Yang-Mills equation. Simi-
larly constant A represents the ‘size’ of the instanton. This freedom is related to the
scale-invariance of the Yang—Mills system under the scale transformation z, — Azq
and A, — MA, for any A # 0. The one-instanton solution (2.73) is essentially
spherically symmetric about the point @, in analogous to the BPS monopole solution
in previous section.

When A,(z) from eq(2.73) substituted into eq(2.58) it leads to field tensor

)2
[lz — al? + N2

Since X, is self-dual, so is Fug, and clearly localised and finite. Obtaining anti-self-

(2.75)

Fop = 4i%.s

dual solution is straightforward by interchanging $,4 with S, in ansatz (2.67), and
therefore in eqs(2.73) and (2.75). This solution may be called the anti-instanton.

90ne can examine, as an example, ¢(z) = TEI—IQ’ and shows at z # 0 and = = 0 (singular point of

2
¢), the function 8—4)92 vanishes.
10 A more general solution can be written in the form SN WT—/\:TQ_F’ which reduces to eq(2.72)

where an41 — 00, Any1 = 00 with (Any1/an41)? = 1.



2.4 The Yang—Mills Instantons 25

Instanton Number

In topological aspect of monopoles in previous sections we addressed the quantisation
of monopole charge to the context of winding number or “homotopy index”. The

same concept arises in instanton case. Let us define the quantity k:

k=—

4 * af
167r2/d Tir ["Fag F) (2.76)

where *F 4 is the dual tensor. The integral in eq(2.76) does indeed give the homotopy
index or winding number of S into S{™. To show this, the first step is to write
the integral as a surface integral over S P)  From the defining equation (2.58) one

may simply find the identity
D,F = 0,°F* + [A,, "F¥| = 0. (2.77)
Now defining a density correspondence to &

~1672k(z) = tr ["Fop F]
= tr[(OuBp — 0pAn) T + (AnAy — ApA,)'F|
{

= tr{(GaAp — BsAu)F? + A, [Ag, F},
[
|

where the cyclic property of trace as well as eq(2.77) have been used. Next mixing

= tr

(0aAp — OpAn)F — A0 F*]
s A F — 05 (AL'F)] (2.78)

= tr

the definition of dual tensor *F,z and eq(2.58), and replacing in eq(2.78)
~1672k(z) = tr {7 [(0aAp)(0yA5 + AyAs) — Fp(AadyAs + AnA,Ag)]}
- b {eaﬂvé [2 8, (Aﬁa,yAJ + §AﬂA,,A,5>] } , (2.79)
where we have used
tr [e97 (0, A 5) Ay Ag] = %tr [90,(AsA,As)|

which agairi can be obtained by using the cyclicity of trace and the antisymmetry of

€*P7  Thus
k(z) = 0o J° (2.80)
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where

1 2
e [Aﬁ07A5 +2ApALA|. (2.81)

S,
Il

Hence

k= / k(z)d's = jé (o I 5 (2.82)
Further, on the surface at infinity 5™, the finite-action configurations have Fog = 0
and hence e*$7°9,A; = —ePA_Aj. thus

1
k =
24 72

afByé
f{ggphy) g tr[AﬁA’YAﬁ] dSq. (283)

Finally, inserting the asymptotic behaviour (2.61) of the fields A, we have

1

k= —
24 72

f dS, ¢ 11 [(0,U) U (0, U)U (G U) U], (2.84)

Thus, we have written the volume integral in (2.76) as a surface integral, with the

integrand directly in terms of the group-element-valued function U on Sép by ), corre-

sponding to any given finite-action configuration.
By definition of SU(2), the matrices U are the set of all 2 x 2 unitary unimodular

matrices. Such matrices can be written uniquely in the form:
4
U= Z (o Sa (2.85)
a=1
where s, = I, the unit 2 x 2 matrix, and
S; :7;0']', ] = 1,2,3, (286)
and a, are any four real numbers satisfying
> agaq =1. (2.87)
«

The group is thus parametrised by these four real variables a,, subject to the con-

straint (2.87). The group space is therefore the three dimensional surface of a unit

sphere in four dimensions, which we call it Séint). The function U is therefore a

mapping of S into S{™.
Notice again the similarity to the discussion of the monopole system in previous

sections. There, the boundary conditions involved mapping of S, into S,. Here,
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we have the corresponding situation for three dimensional spherical surfaces. Still a
little bit work is needed to show when integration is done over 53 once the group
space 5’3 may be spanned an integral number of times (the proof can be found
in literature such as [14]). One may explain the subject according to the homotopy
groups: '

m(Sy) = Z, (2.88)

where m,(S,) refers to the homotopy group for the mapping of S, into S, and Z
refers to the group of integers. That is, mappings of S,, — S, come in a discrete
infinity of homotopy classes, each characterised by an integer. This is true for all
positive integers. For the monopole case n = 2 and for instanton case n = 3. Finally,
the constant —1/(1672) in eq(2.76) has been so arranged that k will be in fact equal
to this integer. This can be checked by the prototype example

U, (z) = (—x% Zza 4. (2.89)

On comparing with the general representation (2.85), we see that this gauge function
corresponds to a, = £,. That is, every point on S§P by) i mapped on the correspond-
ing point (at the same polar angles) on Séint). Thus the homotopy index k£ must be

equal to unity. On inserting eq(2.89) into eq(2.84), a little algebra yields

1 —122“
k = __—/ — | dS°®
24 72 sgp"”( |z|4 > %
1 z
— — [ dQz® | |? 2=
27r2/ el o
1
= — [d)=1 2.90
272 / ’ (2.90)
where we have used: dS® = |z|?z*dS, which dQ is the solid angle element in

Buclidean four-space, and the total solid angle [ df2 in four-space is 2 72.
The integer number k that is often called the “Pontryagin index” by mathe-
maticians, is normally known as “instanton number” by physicists. The instanton

number for self-dual solution we found in eq(2.73) is

__ 4 * af
k= 16”2/dmtrF F]
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4
= - 161772 J &' (=10 = a/|\2 o (Fas)”
M ytdydQ 1202
) [+ N4 4
= 1 (2.91)

This answer is obviously equivalent to the result of eq(2.90), since the gauge field

(2.73) behaves as a pure gauge as z — 09,
Ao = Uy (2)0, [Ur(2)] ", (2.92)

where U is the prototype example of eq(2.89). For anti-self-dual solution which is

known as “anti-instanton” the instanton number is —1.

2.5 Monopoles in Arbitrary Gauge Groups

In previous sections we found a clear picture of a magnetic monopole associated with
some SO(3) (and equivalently SU(2)) gauge theories, with a definite internal struc-
ture and calculable mass. The 't Hooft—Polyakov and the BPS monopoles were charge
one spherically symmetric solutions. Still the problem is established for more general
solutions other than spherical ones; solutions with more than one monopole,ie. sep-
arated monopoles, monopole solutions with charge greater than one Dirac’s unit,
47”, or monopoles in the other gauge groups. Much attempts have been done to
find and discuss magnetic monopoles in different kinds of gauge groups. Actually
much has been learned about exact (superimposed and separated) multi-monopoles
in arbitrary gauge theories. The first attack to the problem was to construct some
exact static finite energy solutions of the equations of motion, in terms of elementary
functions. The BPS monopole that is a charge one spherically symmetric SU(2)
monopole, has been generalised to obtain spherically symmetric solutions for larger
gauge groups, SU(N) [15, 16]. Finding solutions with charge two or more are not
as simple as charge one sectors, but has been done in principle using the twister
approach [17, 18].

Atiyah, Drinfeld, Hitchin and Manin [19] constructed a method (ADHM) that
gives “instanton” solution of any self-dual Euclidean Yang-Mills fields. The ADHM
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construction was originally obtained using algebraic geometry, but can be derived
and explained in terms of matrix algebra [20, 21]. Four years later Nahm [22]
adapted the ADHM formalism to self-dual (ze. the BPS monopoles, see eq(2.53))
multi-monopoles for arbitrary charge and arbitrary gauge group, which has been
referred as “ADHMN?” construction. In the ADHMN construction the regularity of
the solution is automatic, and is genéralised to gauge groups beyond SU(2). Using -
the ADHMN approach, some solutions have been constructed (or re-constructed).
Some examples are: Charge two SU(2) monopole solutions with axial symmetry
[23], SU(N) axially symmetric solutions [24], SU(N) spherically symmetric solutions
[25] and general solutions of SU(2) for 2-monopoles [26].

In large gauge groups like the Eg x Eg of “heterotic superstring theory” finding
analytic solutions is impractical. One can think about ménopoles in smaller sub-
groups of these large groups (eg. SU(2) subgroups of Eg x Eg). We will discuss
magnetic monopoles in string theory in next chapter.

In this section we describe SU(N) gauge field monopoles in some details. We use
a natural generalisation of the SU(2) BPS monopoles. Therefore we seek some time-

independent spherically symmetric solution that saturate the Bogomol'nyi bound,

and satisfy the BPS equations, (2.42)—(2.44).

2.5.1 Monopoles in SU(N) Gauge fields

For some convenience we use SU(N+1), for N > 1. The model we consider here is an
SU(N +1) gauge field coupled to a massless scalar field in the adjoint representation.
The Lagrangian for this theory is

1

£:4

Fowpe %(Dﬂ@)a(nﬂcp)a, (2.93)

where the field strength F}7, and the covariant derivative D, have similar definitions

as in section (2.1):

F, = 0,AL —0,A% +ef* AL A; (2.94)
(D, @) = 8,9*+ef* A D" (2.95)
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where f% are structure constants of the gauge group SU(N + 1) with respect to a
basis T® and a,b,¢ = 1,2,..., N, N + 1. Wilkinson and Goldhaber [27] have given a

generalised ansatz for the gauge and Higgs fields:

A = eiﬂ,xﬂ‘ﬁlmw, (b=1,2,3), (2.96)
_ ()
* = —, , (2.97)

where A;, M® and ® are (three, three and one) (N + 1) x (N + 1) matrices. Here
Mt (r) and ®(r) are unknown matrix functions, and T® are three (N +1) x (V + 1)
matrices which generate the maximal embedding of SU(2) in SU(N + 1). Nothing
depends on time, and Ay = 0. The solution is prepared to be spherical symmetric
and therefore one can look at eqs(2.96) and (2.97) along any axis, say z axis [16].

The Bogomol’'nyi eqs(2.44) then become
By = (D;®)", (2.98)
B = (D.®) (2.99)

Using the ansatz (2.96) and (2.97) the above equations become
,dP

— = -1 :

r dr [M+a M ] ’ (2 100)
M -

dd,,.:t = q:[1\/'[:t7 (P]a (2101)

where T (a = 1,2 and 3) the generators of the maximal embedding of SU(2) in

SU(N + 1) are chosen such that

1 1 1 1

It has been shown [27] that the matrix functions, M (r) and ®(r), can be taken as'!

¢1
b2 — ¢1
(2.103)

KM
1
| —

d)N - ¢N—1
—¢N

UThere are some motivation for this selection. In eq(2.100), T? is diagonal, and taking an idea
from ladder operators in quantum mechanics ([J4, J_] = hJ, with J, diagonal), but remind we are
in a completely classical framework, M and consequently M_ can chosen in the same way to have
a diagonal result from the bracket in right-hand side of eq(2.100). Immediately one can choose ®

as a diagonal matrix.
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0 ai
1 0 (5]
M, = — , 2.104
+ \/5 ( )
0 an
0
where ¢,, and a,, are real functions of the radius r, and M_ = (M, )%. Substituting

eqs(2.103) and (2.104) into the first order eqs(2.100) and (2.101) the field equations
become [27, 16]

d¢
20Pm  _ 2 105
r— (am)* — mm, (2.105)
dam, 1 1
dr - <_§¢m—1 + ¢m - §¢m+1> ) (2106)

where 1 <m < N, m=N+1—m and ¢y = ¢ny41 = 0. The equation (2.106) can
be solved [28, 16] by introducing N new functions @1, Qs. ...,y with relations

,
Gy = Q—(mem_lQmH)W, (2.107)
dIn@,, mm

where Qg = Qn4+1 = 1, and @, never vanishes except at the origin. The remaining

equation (2.105) now becomes a homogeneous differential equation in the Q,:

Q;nQ;n - QmQ;;L - mem—HQm—la (2109)

for m =1,2,...,N. For a useful interpretation of the the solution, one can observe

the radial magnetic field Bj is to be written in the form!?
1
B3 = é’gdia’g(BlaBZ_Bla---aBN_BN—la'_BN); (2110)

then B, are given in terms of the J,,, by the relation

LnQ, mi
_dnGn _ mm (2.111)

B, =
dr? r2

Let us look for solutions of eq(2.109). Before going forward, it is convenient to

clear the situation of the previously solved problem (ie. SU(2)) when N = 1. In

121n fact we are looking along z-direction, therefore we have to know about B3 as the radial
magnetic field. From eq(2.96) one can see As is diagonal and therefore [A3, @] = 0. Now B; =
D3® = 9;® = (d/dr)®, which shows magnetic field is diagonal and eq(2.111) is concluded.
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this case the equation (2.109) becomes @ — QQ" = 1 which clearly has a solution
Q(r) = Lsinh(ar), where o is an arbitrary. If this value is substituted in eq(2.108)
and then eq(2.103), the solution of eq(2.16) with eq(2.49) can be concluded in the z-
direction with ov = ae. In the rest of this section we suggest N > 1. In eq(2.109) with
Qo = Qny1 =1, for m = 1,2,..., N there are N mixed second order differential
equations with 2N parameters. From the exponential behaviour of “sinh” in the
N =1 case, the ansatz for general case can be of the form [16]
N+1
Q1= N!)_ Aie™, (2.112)
i=1
where the 2N + 2 parameters «; and A; are arbitrary. Actually we included @y
here in the ansatz, and from its unit value two extra constraints will appear which
reduces the arbitrary constants to 2N for the moment. Once Qg = 1 and @); are
given, the remaining @, (including Q1) may be determined uniquely by repeated

use of eq(2.109). One finds the explicit form of @), as:

Qm = (_1)m(m—1)/2 ,Bm Z H (Aie"‘”) H (az — aj)2 ; (2 113)
Dy, |i€Dm 1,7€Dm
71>

where the constants [, are given by

= (ﬁm) /<k,H1 k! 1;[ l') (2.114)

and the sum in eq(2.113) is over the (N:;l) distinct ways that the integers 1,2, ..., N+
1 may be defined into two groups D,,, and D, with m elements in D, and /. elements

in Dy. The constraints are
N+1

> =0, (2.115)
i=1

I (e - aj)Q} = 1. (2.116)

J>e

T (11 4)

We are only interested in those solutions which are regular at the origin, ie. those

for which Q,, ~ 7™ as 7 — 0. If we impose this condition for m = 1, it then follows

for all m by virtue of the differential equation (2.109). In order that @, ~ rV at the
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origin, from eqs(2.112) we have

N+1

> A} = 0, n=0,1,2,...,N—1 (2.117)
=1

N+1

Y Aol = L (2.118)
=1

Regarding the «; as given, these linear equations have unique solution
A = [[(ai — )7 (2.119)
JFi
Note that this choice automatically satisfies the constraint (2.116), and in addition to
eqs(2.117) and (2.118), =N+ A, = N+ o, = 0. So we have an N-parameter
solution depending on «, . .., ay41 with 3 a; = 0. Inserting eq(2.119) into eq(2.113)

the solution becomes

Qm =Bm D, ( II e“”) I (e — )7 (2.120)

Dy \2€Dn 1€Dm
JEDm

Since B, = Bm and Y. o; = 0, these solutions have the property
Qm(=1) = (=1)""Qum(r). (2.121)

The physically interesting solutions are those for real ;. To see the behaviour at
infinity let us first consider distinct o; with oy > a9 > --- > ayy1. Then the
asymptotic behaviour of the @, is given by
InQu ~ Y air + O(1). (2.122)
i=1
Using eqs(2.108) and (2.111) one can find the asymptotic form of the Higgs and

magnetic fields

1

® ~ —2—ediag(a1,...,aN+1), (2.123)
1

B; ~ ——T?, (2.124)
er

where T? is defined in eq(2.102).
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2.5.2 Monopoles in SU(3) Gauge fields

In this short section we discuss the BPS monopoles in SU(3) gauge fields. Using the

system of equations (2.109) there are just two coupled equations:

Qi — Q] = 2Qq, (2.125)

Q0 — Q2Q; = 2Q. (2.126)
The solution is

Ql = 2(/416&” -+ A26a2T + Age"‘”),

Qs = 2(A1e7 4+ Are™®" 4 Aze” ™), (2.127)
with
A =T = )77, | (2.128)
g
o]+ oy +oaz = 0. (2129)

We see @Q1(=7) = Qo(r) and @; ~ r? at the origin. Here there are only two free
parameters, say o; and ay. To see the behaviour at infinity we choose values of ¢y

such that a; > oy > a3, then

anl = C¥1T+O(1), (2130)

anQ = —()[3T+O(1), (2131)

and the asymptotic behaviours of the Higgs and magnetic fields are

1
® ~ ~%diag(a1, Qz, i3), (2.132)
1
B; ~ ——T° 2.133
3 er? ) ( )

where T? = diag(1,0, —1). For real a;, the @); can never vanish except at the origin,
and we have a meaningful solution with distinct values of ¢; (or equivalently distinct
eigenvalues of the Higgs field @ at infinity). A familiar example is the embedding of

Prasad-Sommerfield solution in SU(3) with the values

a1:2, C¥2:0, 0133—2
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which gives @Q; = Q, = sinh®r.

It remains to think about repeated eigenvalues of the Higgs field, ;. If three «;
are equal, they must be zero and that is not interesting (no monopoles if the Higgs
field vanishes in vacuum). If two of three «; are equal then the coefficients 4; diverge
from eq(2.128). But a tricky way [16] shows in fact the solutions have a finite limit.
For example for (ay, ag, a3) = (1,1, —2), we can use (aq, @z, a3) = (1 +4,1 -6, —-2),
for small auxiliary parameter ¢ that finally goes to zefo. Inserting these in eqs(2.127),

and after the limit § — 0
2 T —-2r
Q=3 [(3r = 1) + 7], (2.134)

and @Qz(r) = Q1(—r). This is a rescaled version of the SU(3) solution of reference

[28]. Here the asymptotic behaviour of ¢; and (), are different
In@, =7+ 1In(r) + O(1), In@, = 2r + O(1), (2.135)
so that asymptotic behaviour of the Higgs and magnetic fields are
1 1 1 1 1 1
~ —diag(-=, —=,1 ~ —diag(—=,—=,1). :
P edlag( 5 "5 ), Bs eerlag( 5 T 1) (2.136)

A similar solution arises with ay = a3.

This chapter was an introduction to instantons and monopoles (BPS monopole in
particular) on some classical gauge groups. In next chapter we will discuss the
instantons and monopoles in “heterotic string theory”. The gauge group of this
theory is the semi-simple exceptional group Eg x Eg (or SO(32)). These groups are
too large and complicated to obtain a general solution to the whole gauge group.
Therefore people make solutions for this theory by picking up subgroups of the main
gauge group. Once a subgroup of the main gauge group is chosen, one can use the

results of the solved materials in this subgroup. By the way this is called embedding

of a subgroup inside the main gauge group.



Chapter 3

Monopoles In String Theory

Oneness becomes manifest in multiplicity,
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just as the number one, when counted up, becomes many,

Although every number has its beginning in the number one,

there is never an end to the succession of numbers.

“Shabestar”



String theory is known as a candidate for unifying the fundamental interactions,
and a promising approach to gather general relativity with quantum field theories in
a unique formalism. This theory with these ideal goals is a non-abelian theory and
might have some soliton solutions. Some sort of instanton and monopole solutions
have been constructed to the coupled N = 4 super Yang—Mills supergravity equations
of motion which arise in the low energy approximation to the heterotic superstring
compactified down to four dimensions. In this chapter we explain these solutions

and will find some generalisations of them.

3.1 Solitons in String Theory

A “five-brane” is an extended soliton solution to ten-dimensional string theory with
(5 + 1)-dimensional translational symmetry. Explicit five-brane solutions have been
constructed from a generalisation of the Yang-Mills instantons in which the four-
dimensional instanton sits in the directions transverse to the five-brane. When such
objects are compactified to four dimensions, they can be classified by the embedding
of the core instanton in spacetime and internal space [29]. First we explain the

supersymmetric solution to the low-energy string theory, from which five-brane is

constructed.

3.1.1 Supersymmetric Solution to Low-Energy String
Theory

Our starting point is “low-energy effective action” of heterotic string theory com-

pactified on a six-dimensional torus.' The soliton solutions (five-brane and magnetic

1For importance and derivation of low-energy effective action a good reference is chapters 13-16
of reference [37]. A newer review can be found in [38].

37
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monopoles) arise from the low-energy effective action for the massless fields of the
heterotic string. At lowest order in o/, the effective action is given by N = 1 super

2

Yang-Mills coupled to supergravity theory in ten dimensions®. In “sigma model”

variables, the bosonic part is

1

d"z/9e R + 4(0¢)* — 1H2 — —1—a’ TrF?), 3.1
2k2

S0 = 37 730
where k is ten-dimensional gravitational coupling constant. The metric g,y with
M, N =0,1,...,9 is related to standard Einstein metric, the metric of space-time
which is considered as a ten-dimensional manifold M, by Gy = e %/?gpn, and
9 = |det(9pn)|.- The other quantities are: Scalar dilaton, ¢; scalar curvature,
R; antisymmetric tensor field, Hynvp; and the Yang-Mills field, Fj;5. The Yang-
Mills gauge fields are in the adjoint representation of Fg x Fg, or SO(32), with
the trace conventionally normalised such that the Cartan invariant inner product
< T, T >= £Tr(T*T? = §*. The Bianchi identity that supplements eq(3.1) is
written as

dH = o/ (tR AR — %TrF AT). (3.2)
The above equation has been written in differential form language. The operator d
which is called “exterior derivative”, is a generally covariant operator that is inde-

pendent of the choice of metric. The three-form field H is

1 7
H=dB +d(wy — %wg My (3.3)

where B is two-form antisymmetric tensor field, and wi » and wf are the Yang—Mills

and the Lorentz Chern-Simons three-forms respectively
2
wiM = Tr(AAdA)+ —geTr(A/‘\A/\A), (3.4)
' 2
wf = trwAdw) + -3—tr(w AwAw), (3.5)

where A and w are matrix-valued gauge field and spin connection one-forms, respec-

tively, and A is ‘wedge’ product. The Bianchi equation (3.2) is concluded from eq(3.3)

2This theory can be dimensionally reduced to give the N = 4 theory in 3 + 1 dimensions [43].
Equivalently, this corresponds to the massless sector after compactifying six internal dimensions of

the string on a torus.
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and relations dwi™ = Tr(F A F) and dwl} = tr(R A R) where are obtained from
eqs(3.4) and (3.5). Some care must be taken of getting trace from gauge field tensor
and curvature tensor. By definition Tr(F AF) = F@A F® Tr(T*T?) where a and b are
indices in adjoint representation of Fg x Eg or SO(32), and tr(RAR) = RM' Y ARy
where M’ and N’ are “tangent space” indices and running from 0 to 9. By definition

Fo=1tpe deM A deV and RMN = 1Ry M N dz™ A dzV . where
2 MN 2 ’

Fo = OyA% — OnA% +ef* Al AS, (3.6)
RMN M'N’ _ aMwN ' N . anAA;IA” + [wM, wN]MIN/
= RMNPQGPMIBQN/. (37)

Using matrix-valued forms, eqs(3.6) and (3.7) can be abbreviated as

F=dA+eAANA, R=dwt+wAw. (3.8)

. . i ! - .
In eq(3.7) Rynvpo is the Riemann curvature tensor and w V' are spin connections
Q M p

M'N'"  _ 1 NM'
—e (

1
wM — eNN’(

8M6N' - 6]\/611\\;) — —2- 6M6N’ — 8N€MI)

1 1 ’ !
__eNM €P‘N (8N6PP/ - apeNP:)GII\J,I. (39)

At each point z the set of vielbein e}, (z), M’ =0,...,9, is an orthonormal basis for

the tangent space at that point. Orthonormality means that

!
eMM N _gMN

erp = or equivalently eM,ep i = Tarn, (3.10)

7

with 7y being the flat space metric. The indices M, N, ... are raised and lowered
with 9asn, the metric tensor of manifold M, while the indices M', N, ... are raised
and lowered with 7,5, the flat space metric tensor.

The supersymmetry transformations for the fermion fields, to the lowest order,

are given by
§x = Fun7"Ve, (3.11)
1
oA = (7 u¢ - EHMNP YMNEYe, (3.12)

1 [ 7
wMz(%+f%fmwm (3.13)
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where x, A and 1, are the gaugino, dilatino and gravitino respectively, € is a

. . 1 AT/ 1 AT! 1 N . . .
Majorana-Weyl spinor, and QYN = wM'N' £ HM'N' are generalised spin connections.

In the above equations YMiM2Mu = LolMiyMe .. yMul “when [My, Ms, ..., My] rep-
resents complete permutations of My, M,, ..., and M, with ‘+’ sign for even
permutations and ‘~’ sign for odd permutations, HN T = HynypeMV¥'eP? | and
YM'N' = M N yMN

A supersymmetric solution is one for which there is at least one positive chirality

spinor ¢ satisfying
Ox = 00X =0y = 0. (3.14)

3.1.2 Five-Brane Solution

The five-brane ansatz preserves a chiral half of the supersymmetries and is given by

[29, 31]
1 _
o = i§(\/§) Yeap”’ Els, (3.15)
Hogy = F(v/9) "eapy’ 950, (3.16)
Gop = €%0ap, oy =g, (3.17)
where @, 8,... = 1,2,3, 4 denote transverse space and o/, 8',... =0,5,6,7,8,9 show

orthogonal indices and €'23* = +1. The other components of the gauge field, Fay,
and the antisymmetric field, Hyyp, are set to be zero. The (anti)self-dual equa-

tion (3.15) (remember eq(2.53)) is the core of the soliton solutions — five-branes

(instantons) and monopoles.

Let us return to the five-brane ansatz and check how this ansatz satisfy the

equations (3.14). In addition to the ansatz (3.15)~(3.17) we define chiral spinors €4
obeying

€afyé ’)’aﬂwc‘fi = 4! /ges (3.18)

g VO ey = 6le, (3.19)

or equivalently 7'?*e, = £(,/g) 'ex and 7%, = +e;. Here and hereafter g is

measured in the four-dimensional space denoted by 1,2,3 and 4. Using eq(3.18), the
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definition of Y%7 and the anti-commutator relation {7%,7*} = 2¢*® one can derive

Eaﬂ76 f)/aﬂ’YE:t = F3 \/._g"')"sgi (320)
e'aﬁ'yJ ’)’a'gé':}:‘ = :]:2!\/‘577551- (321)

The equations (3.18), (3.19) and (3.20) with the ansatz (3.16) are enough for dilatino

equation (3.12) to vanish. The gravitino equation (3.13) can be expanded as

1 o pn 1
Yy = Ope + Zw% N YrmiNE — ZHMNP’YNPE =0. (3.22)

Considering M = o we get Oyex =0, and M = «, using eq(3.21) and eq(3.16)

1 1
Ontx + 0o Vmnex + 5050 Vo ex =0, (3.23)
where m,n,... represents 1,2,3,4 from the vielbein indices. Choosing eZ*(z) =

e~ #@¢m with &7 are constants such that satisfy éJ'és, = Jop and €pés™ = nm,

conditions (3.10) are satisfied by regarding eq(3.17). Now using these new basis the

spin connections w can be found simply

W™ = Qg €Pmen — Dpg emel™, (3.24)

a @
and 7o? = Ymné™éP". Replacing these equations in eq(3.23), the result becomes very
simple
Optx = 0. (3.25)
Therefore by choosing constant 4, the gravitino equation (3.13) vanish. the next
step is the gaugino equation (3.11). This equation can be solved by choosing a
(anti)self-dual gauge field configurations. Replacing eq(3.15) in eq(3.11) and using
eq(3.21) one can find 6x = —dx for €4, and therefore 6x = 0 identically. In the above
derivations, we should know the self-dual fields come with the positive chiral spinor,
and the anti-self-dual fields come with the negative chiral spinor, ze. the equations
are consistent only with these choices. In the ansatz (3.16) the ‘=’ sign come with
the self-dual (and positive chiral spinor) case, and ‘4’ sign come with the other one.
Using the metric of eq(3.17), tr(RAR) vanishes, and the Bianchi identity shrinks

to
dH = —?—OTr(F AF). (3.26)
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Using definition of the exterior derivative ‘d’ and the ansatz (3.15)—(3.17)
1
dH = ﬁagﬂaﬁvd:cé A dz® A dz? A da?

1
= 685Haﬂ766aﬁ7d.’131 Adz? A dx® A dxt

1
= +-9%(e®)da' A dz® A da? A da? { + for ey (3.27)
2 — for e_,
1 « yéj [
FAF = ﬁFaﬂFwyd:v Adx” A dz" A dx
1
= ZFaﬂFweaﬁ""sdxl A dz? A dz? A dat
1
= :tg\/ﬁFagF“ﬂdxl Adz® A d2® A dzt
1 1 9 3 4 + for self-dual
= iiFaﬁ_Faﬂdz Adz® ANdz® A dx ~ for antiself.dual (3.28)

In eqs(3.27) and (3.28) we have used sum over indices in §* = ‘%;9% and FopF.g,

that are now calculated in Euclidean flat space. The Bianchi identity becomes
a/
0% e? = ~3 [Tr(FosFap)]. (3.29)

Now we have to find solutions of the (anti)self-dual gauge field and the dilaton
from eqs(3.15) and (3.29). Equation (3.29) shows the dilaton ¢ directly depends
to the choice of the Yang-Mills fields, and the Yang-Mills fields must satisfy the
(anti)self-duality relations. As we know the (anti)self-dual solutions depend on the
choice of the gauge group. Therefore from now on our construction depends on the
choice of a subgroup of the main gauge group, as we know working with the large
groups like Fg x Eg and SO(32) is not.provided. From the instanton subject in
section (2.4) we know the solution of (anti)self-dual gauge field for an SU(2) gauge
group. Therefore, to use this solution we place the gauge field Fop in an SU(2)
subgroup of the gauge group. Now using the self-dual solution of section (2.4) one

may find
B
T

Pz + 22
)\2
(2l + A%)?

A, = 2% (3.30)

Fog = —45.5 (3.31)
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where
0 T3 —T2 T1
_ —1T3 0 n T2
Ces)=| . . o 1 (3.32)

- —1m —13 0
which 7, with @ = 1,2 and 3 are generators of an SU(2) subgroup of the gauge
group. For the anti-self-dual solution X,z is replaced by Saﬂ. Different choices of
the SU(2) subgroups embedded in Eg x Es (or SO(32)), affect the calculation. For
the minimal embedding of SU(2) subgroup [44]® in Eg x Fg (ée. the SU(2) part in
SU(2) x E; C Es),

Tr(ZopTas) = 12 - 30 = 360 = Tr(SapSap)-

Hence the Bianchi identity becomes
4
(I + A2)*

8 The minimal embedding of SU(2) in any other simple Lie group G has been studied by
Bernard et al [44]. They have introduced the SU(2) minimal embedding, is to be the embedding
that minimise the topological charge

9% e* = —1924 (3.33)

1
T 3272

/ *Fg. Fg d'z, @

where Fg are the components of the field Fg, = Fg T The T*’s form a basis in adjoint
representation of the Lie algebra associated to the group G with the normalisation condition

< T, TP >= E,Tléjtr(T“T") = 0%, where C(G) is the quadratic Casimir operator. The SU(2)

solution they have considered is the ’t Hooft solution

k .
o _ _pa A
Af = =T1j,0, [1 +2 m] : an

which 7%, are defined in eq(2.70) (see egs(2.67) and (2.72)). Given three matrices {J*},a=1,2,3
in the adjoint representation of G which obey

(32,3 = ie*eJe, (I11)

or equivalently [J%,J%] = +J*, [J+,J7] = J° with J* = (J! +iJ?)/v2, we can easily offer
a solution in G, Fg, = Fg 3%, where Fg. , a = 1,2,3 are the SU(2) components of the single
instanton solution obtained by setting & = 1 in equation (II). The topological charge k' of this
solution is obtained by the length of any one of the matrices J*

K =<J*J>= C(lé)tr(.]“.]“) (no sum on a).  (IV)

The minimal SU(2) embedding is the SU(2) subalgebra whose generators J* of G have minimum
length. They have shown the minimum valve of k' is 1, for the SU(2) subgroup generated by Eq,
E_, and [E4, E_,], where a is a root of maximum length.
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Finally the dilaton can be found as

z|? 4+ 2)?
e = 290 4 8¢/ i

m, (334)

where ¢q is a constant and equal to the value of the dilaton ¢ at infinity.

3.1.3 Five-Brane’s Charges

1733

There are two charges associated with the five-brane solution. These are the “in-

stanton winding number”
1

k =
480 72

where the integral is over a four-dimensional cross section, and the “axion charge”

Q=--1 / H, (3.36)

/ TrF A F, (3.35)

where the integral is over an asymptotic S® surrounding the five-brane. These charges
are both quantised [36] with the minimal allowed values given by k = 1 and @ = o'.

For the solution we discussed here these take the values
=1, Q=8d, (3.37)

where k = 1 is in agreement with the choice of the minimal SU(2) embedding. These
five-brane solutions are referred to as “gauge five-branes”. The solutions which are
obtained from the upper/lower sign in ansatz (3.15) and (3.16) are known as five-
brane and anti-five-brane solutions respectively. The form of the dilaton is the same

in both cases, while they have opposite H-charges.

3.2 General Instanton Solution

A general solution can be inserted here, ie. soliton solutions for the other subgroups
of the gauge group are considered, associated to the (anti)self-dual relation (3.15).
‘When we provide a general (anti)self-dual solution, the only equation remains to be
solved is the Bianchi identity (3.29). We briefly, without going further to describe
ADHM construction in details, explain how we can find out a general formula for

instantons (five-branes) in heterotic string theory. To do this, instead of the simplest
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case of SU(2) C Fg x FEg we can choose any classical compact subgroups of the large

gauge group Fg x Fg (or SO(32)).

3.2.1 ADHM Construction, Briefly

Suppose G is a simple compact gauge group. Then we can suggest a gauge vector
potential A, and the field strength F,4 associated to it, the action S, the Yang-Mills
field equations, and the (anti)self-dual field configurations that minimise the action
(and satisfy the Yang-Mills equations) as we had in section (2.4). As we said these
solutions are known as instantons.

The ADHM?*, construction leads to an expression for the gauge potential of the
form

A, =vid,v, (3.38)

where v ia a matrix function of the spatial coordinates z (with real, complex or
quaternionic entries depending on the group considered). The conditions that v has
to satisfy are normalisation condition, viv = 1, and certain linear conditions of the
form vIA(z) = 0, where A(z) is a linear function of z = z®e® where e* = 1 and
e/ =107 (07, with § = 1,2,3 are 2 x 2 Pauli matrices). The choice of matrices v and
A depends on the gauge group G and the instanton number k. For Sp(N), v is a
(N + k) x N matrix with quaternion entries depending upon z and A(z) = a+ bz
where a and b are matrices of dimension (N+k) x k, with constant quaternion entries
(not depending upon z), which carry all the information about the instantons. Then
A, is an N x N matrix of quaternions or 2/N x 2N matrix with complex entries
(with a special condition for the definition of Sp(IN) groups, see eg. 46, page 392]).
For SU(N), v is a (N +2k) x N complex matrix and A(z) = (A1(z), Aq(z)) where
Ai(z) = a; + bjz;; (for 4,7 = 1 and 2) and a; and b; are complex matrices of
dimension (N + 2k) x k. In this case A, is a complex N x N matrix. For the
orthogonal groups a similar formalism may be found in literature. The constructions

is done in the fundamental representation of the gauge group G.

4We have expressed the problem very briefly, just to introduce the quantities. For a review of
ADHM construction in matrix algebra see [47, 20]
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The two conditions we mentioned in the previous paragraph, are sufficient to
ensure that Fop = 0aAg — 0pAq + [A,, Ag| satisfies the self-duality equation, and
convince A(z)TA(z), that is a 2k x 2k matrix, is viewed as the tensor product of a
k x k hermitian matrix and the unit matrix 1,. Now in ADHM solution a fundamental

réle is played by the £ x k matrix f, which is defined as
ATA = 1,71 (3.39)

and a not quite obvious fact states a direct relation between this function f and the

density tr(FosFqs) [48]
tr(FosFas) = —0°0% In(det f). (3.40)
Using eqs(3.40) and (3.39) it is simple to see tr(FasFag) = 29%0% In(det ATA), then

/ tr(FogFap) d'z = / %82821n(detATA)d4x

-

We have used divergence theorem and the area element of three-sphere, dS¢ =

%dQ 12200, In(det A1A). (3.41)

3
=]

d€)|z|?z, in the last equality. As |z| — oo, in the right-hand side of the above

equation ATA — bfb|z|? and so
In(det ATA) — Indet(b'b) + 4k In |z,

as bib is really a 2k x 2k matrix. Using this result in eq(3.41) we obtain —16 72k for

the integral of the right-hand side. Then the instanton number & can be written as

1

k=—
16 72

/tr(*FaﬁFag)d4:1:, (3.42)

when the self-dual field *Fos = F,pz is considered (see eq(2.76)). Replacing z by z'
everywhere in the above rules leads to anti-self-dual solution.

A simple set of equations for SU(2) (= Sp(1)), solutions of type of section (2.4)
(with 5k degrees of freedom), is obtained by taking

[A(SC)]” = (5ij(a;—ai), 'L,]:l,,k

A@)s = A i=1,...,k (3.43)
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where \’s are all real, and a’s are quaternions, ie. a; = ¢;%¢*. For k =1 (a = a; and

A=), ATA = (|z® — a®]? + A?)1,, therefore the one-dimensional f is
£=(j2*—a®P + X)), (3.44)

where A is the size and a® are the location of the instanton. Replacing eq(3.44) in

eq(3.40) we obtain
/\4

(Jz — af? + 22)"

that is of course gives k = 1 when the integral of eq(3.42) is done.® Comparing this

(3.45)

tr(FopFap) = —96

result with the result from eq(2.75), we may choose the basis 7¢ = 0%/21, a = 1,2, 3,

with the commutation relation [7%, 7°] = €*°7¢, therefore convention on trace will be

tr(ro7t) = —36%.
3.2.2 Embedding of Subgroups

Embedding of a group G inside group G means, finding the subgroups of group G
which are isomorphic to the group G. When embedding of the group G inside the
gauge group Fg X Ejg is considered, we need to know how the greup G is embedded
inside the group Fg x Fg. The gauge group Eg X Eg is too large and can contain
many non-conjugate smaller groups as its subgroups. The choice of an embedding
may affect the calculations, from which it is necessary to know the subgroups’ “indices
of embedding”. .

Let us see how the choice of a subgroup can alter the result of calculations.
Suppose the SU(2) subgroups of a larger gauge group G. Now we may pick up
three elements of the gauge group G such that satisfy the relation [r2, %] = e®°7e,
a = 1,2 and 3 as the definition of SU(2) algebra. For different conjugacy classes we
can choose three elements of the gauge group G such that they satisfy this certain
definition for the SU(2) algebra. Now the point is: When we take the trace from

these different sets of basis (which any set of them satisfy the same commutation

5Tn this construction v is a 2 x 1 matrix of quaternions, v = | ;’ ], p = p™e®, ¢ = g%e” such that
p® and ¢* are functions of z8. Applying the two conditions on v imply five equations with eight
unknowns. Actually these ambiguities in v correspond to gauge transformations on A, therefore
this is nothing to be worried about it. Setting p* = p? = p* = 0 leads to the solutions (2.73) and
(2.75) of section (2.4).
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relation), we may get different results. For example, the SU(3) group contains two
different classes of conjugate SU(2) subgroups. When we use a certain definition for
the SU(2) subalgebras, the trace of one of the classes is four times of trace of the
other one. We may label these two different classes by 1 and 4. These numbers are
indices of embedding.

Let us explain the concept of index of embedding in some details. The concept
of “index of embedding” invented first by Dynkin [50]. Dynkin works are purely in
abstract algebra. We try here to explain the index of embedding in the language
of matrix representations. Consider an orthonormal basis {T%}, a = 1,...,dim(G),

which dim(G) is the dimension of group G, such that satisfy the commutation relation
[Ta, Tb] — fabcTc’ (346)

where f°¢ are structure constants. Suppose the sets of orthonormal basis {T¢},
a=1,...,dim(G), 1 = 1,...,n where n is number of distinct conjugate classes of

embedding of G in G. Now we consider the trace of each basis
tr(T¢T?) = ¢;6”  no sum over 1, (3.47)

and introduce the set S = {¢;}. Let us call the minimum value of this set ¢,, = ¢. The
Dynkin index of embedding for embedding 7 is the ratio c;/c, which is an integer by
considering the Dynkin theorems in the subject of index of embedding [50, pages 130-
131].

To go closer to the original definition of index of embedding, we may consider a

normalisation condition on the basis of the main group G,
tr(MAMP?) = 648, (3.48)

where M4 are the basis of group G, and A, B = 1,...,dim(G). Now we renormalise
the minimum value ¢ to become ¢/, tr(TT?2) = ¢'§*. Because of this convention

on the basis of the minimal embedding, we have to change the structure constants

[T's, T'h] = f T, (3.49)
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Now we rearrange the older basis {T¢} of each embedding i, to {T;*}, such that the
new basis of each embedding satisfy the new commutation relation (3.49). The index

of embedding, j;, of the embedding 7 is defined as®

=

(3.50)

D

Ji =

3

where ¢; = tr(T}*T}*) (no sum over a and 7).
How can we relate the concept of minimal embedding to the our physical sub-
jects? We may define a minimal embedding of a subgroup G in a larger group G is

the embedding which gives the norm of quantity
/ t1(*FagFap)d's, (3.51)

minimum, when we use a definite commutation relation for the Lie algebra associated
to the subgroup G. We may normalise this quantity for the minimal embedding to
gain the instanton number & (see eq(3.42)). So for the embedding 4, the instanton
number will be j;k, where j; is the index of embedding.

As we saw, the minimal embedding of each subgroup has the minimum trace
when we use a unique definition for the algebra associated to the subgroup. In
principle the minimal embedding of every subgroup G of G are regular subgroups of
G, and therefore we may choose the basis of minimal embedding of a subgroup from
the basis of the main group. Therefore the trace of the basis of other embeddings

will be a multiple of the trace of the main group G.

3.2.3 A General Solution for Dilaton

The ADHM construction we discussed in this section gives us the gauge fields in
the fundamental representation of the gauge group G. In the previous section the
theory of low energy superstring was done in the adjoint representation (which is the
same as the fundamental representation) of the gauge group, Fg x Eg. Now when
we consider embedding of G inside the heterotic superstring gauge group, we may

have more than one choice of conjugate classes. Each of these conjugate classes are

The index of embedding in defined as the ratio of the bilinear form on G obtained by lifting
the value of Killing form on G to the Killing form on G itself {51, pages 140-141].
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labeled with an index of embedding which are usually different integers. (But two
distinct conjugate classes may have the same index of embedding.)

We normalised the basis of Eg x Eg such that Tr(T%T?) = 306%. From the
previous discussion on the Dynkin’s index of embedding, for any subgroup G of
FEs x Es always we find a class of conjugacy with the minimum index of embedding,
1. Each of these minimal embeddings as an independent group, also has a minimal
SU(2) embedding with the index of embedding 1. The index of embedding of the
minimal SU(2) of any minimal subgroup of Eg x Eg has the index 1 in Eg X Fg, ie. a
minimal embedding of a minimal embedding is a minimal embedding. Now when we
clear the situation of a minimal SU(2) subgroup with the unit instanton number, it
will be straightforward to accept the generalisation to any embedding.

For a unit instanton number solution the answer of ADHM construction will be
the same as the 't Hooft solution we explained in section (2.4) (see footnote 3 on
page 43). To pass from the solution in an individual SU(2) to a minimal SU(2)
subgroup, we might lean on components of the fields. Choosing the conventions
we have explained after eq(3.45), we may define the instanton number as eq(I) in

footnote 3. Now we consider the minimal embedding of SU(2), and write down the

instanton number as

1 * 1 a g4
ko= g | FisFid's

1
smafpafy 4
3272 C(G) /Tr( FEF)d

1 "
= —— F .
167T20(G)/Tr AF, (3.52)

where C(G) is the quadratic Casimir operator, which is used to normalise the basis
in the adjoint representation. The equation (3.35) is obtained from eq(3.52) when
we consider Fg x Eg with C(G) = 30.

With these treatments we have to bring a factor —1/60 in front of eq(3.42), to
obtain eq(3.35) and with the same reason a factor —60 in front of the right-hand side

of eq(3.40). Replacing on the Bianchi identity (3.29) we get

8%e* = —20a/ 0°9” Indet f, (3.53)
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which gives

e = e2 — 20/ 3 Indet f, (3.54)

that is a compact result for dilaton ¢, when f is known by ADHM constructions.

3.3 Monopoles in String Theory

In previous section we described instantons in string theory. In this section we discuss
monopoles in the low-energy superstring theory. Our starting point for constructing
monopoles is the N = 1 super Yang-Mills coupled to supergravity in 10 dimensions.
This theory can be dimensionally reduced to give the N = 4 theory in 3 + 1 di-
mensions. The action is the ten-dimensional action (3.1). There are several kinds
of monopoles that arise from this theory, which have come in the literature”. In
this chapter we will work on the BPS monopoles. In this section we will discuss a
charge one BPS monopole in an SU(2) subgroup of the main gauge group Fg X Eg
or SO(32), but we try to explain the theory and find the formulas as far as possible

without regarding a special subgroup.

3.3.1 BPS Monopoles in String Theory

As we know a BPS monopole is a static spherical solution of the Yang—Mills-Higgs
fields. To build the BPS monopoles in string theory, some treatment beyond the
method we explained in the previous chapter is applied. As we pointed out in
section (2.3), we can reconstruct the field equations in a five-dimensional space-time
configuration, such that the Higgs field plays the rdle of the fifth component of the
Yang-Mills field, and the spatial fifth dimension has no contribution in the evolution
of the fields. In eq(2.53) we saw the BPS monopole satisfies the self-dual relation,
and this motivates us to find a possible way for finding such solutions in the string
theory. In this construction we suppose five dimensions of the total ten dimensions
are compactified in a five-torus, and the remaining 1+ 4 dimensions play the role for

constructing the BPS monopoles in the string theory.

"We have brought a short review of these monopoles with some references at the end of this
chapter.
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As in the previous section, but with a different insight, we have a four-dimensional
spatial space in addition to one time dimension to write down the similar equations.
Here we adapt the fourth component of the Yang-Mills field to be the Higgs field,
je. A? = ®°, and the fourth dimension z* does not contribute in the evolution of the
fields—ie. non of the field variables is a function of z%. This extra dimension that is
sometimes called “internal dimension”, is compactified in a circle ie. S, and z* is
the coordinate along S*. The radius of this circle can be small but non-zero, and 1/R
is interpreted as the vacuum expectation value of the Higgs field @, ie. 1/R = a [45].
In this set-up, calculations are the same as in the previous section, but instead of
the assumption of the (anti)self-dual instanton configuration in eq(3.31), we assume
a BPS monopole configuration to solve the self-dual ansatz (3.15), and then replace
in the Bianchi identity (3.29).

The BPS monopoles are static monopoles, ie. fields are not tirrie—varying, and

expressed by the Bogomol’nyi equations (2.42)—-(2.44),
A'=0, F,;==2"Dy®, V(®)=0. (3.55)

Looking at the equations (2.10), (2.44) and (2.53) it is easy to see the minus sign
relates anti-self-dual fields to the negative magnetic charge, while the plus sign relates
the self-dual fields to the positive magnetic charge. Therefore in ansatz (3.15)-
(3.17), a positive chiral spinor €, comes with a positive charge magnetic monopole,
and negative chiral spinor e_ comes with a negative charge magnetic monopole.

Replacing from eqs(3.55) into the Bianchi identity (3.29) we obtain

!
922 — —?—OTr (FijFij +2 Fi4Fi4>

_ _% [4Tr (Dy®)?]

—%az (Tre?), (3.56)

where we have used (D;®)? = 1(D2®2— &D?®), which D*® = 0 (equation (2.46)),

)
and the identity Tr(DyA) = 9¢(TrA) for any valid A by using the definition of

covariant derivative Dy.
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Now we may write the general solution of dilaton for the BPS monopoles in any
arbitrary subgroup embedded in the main gauge group. The solution relates the

dilaton, ¢, to the Higgs field, ®, via the relation
al
e = g2 ETr(<1>2 — ®2), (3.57)

where the constants is set such that ¢q is the value of the dilaton ¢ at infinity where
&, is the value of the scalar Higgs field (remember ® — a as 7 — oo for the SU(2)
case). For asymptotically flat space ¢ is set to be zero. For the minimal embedding

(of any subgroup G C Eg x Eg) we may write the above relation in a simpler form
e = % — 20/ (9? — B2), (3.58)
where ®? = ®*®?. So for the embedding 7 we may write
e? = e — 20/ 5; (9 — ®2). (3.59)
where 7; indicates the index of embedding.

3.3.2 H-Monopoles

The only non vanishing components of antisymmetric field tensor are H;;4 which is

sometimes called Hy field. For the minimal embedding

Hy; = Hayij
1 ..
= F(v/9) e e = iéﬁmk Ope’? (3.60)
= F2d/ 7% 95,0 (3.61)

For a minimal SU(2) subgroup of Eg x Eg the BPS solutions for the gauge and
the Higgs fields are (see eqs(2.14)—(2.16) and (2.49)—(2.50)):

i i'xj z’
AP =0, A% = eb’—ﬁ[K(r) —1], A¥ =) = ;EH(T), (3.62)
where
H(r) = arcoth(ar) =1,  K(r) = —— (3.63)



3.3 Monopoles in String Theory 54

which 72 = (2')? + (2)? + (z3)?, indices 4,5,k = 1,2,3 and b = 1,2, 3. In the above
equations the Yang—Mills coupling constant, e, is set to the unit. In this case the

dilaton is
e?? = ¥ _ 20/ (~- - a?), (3.64)

and the antisymmetric field tensor is

k
T
H4ij = H(4)1J = :|:20/6U]C ’[‘_4 H(]. - K2) (365)
Asymptotic behaviour of this only non-vanishing component of antisymmetric field

tensor is
k

Hyj ~ F2d' a* %, as T — 00, (3.66)
Where in comparison with the Yang-Mills field in eq(2.18) exhibits a monopole
field, and therefore it is called “H-monopole” (and sometimes H4-monopole). Since
Hy;; is a gauge invariant field strength of the U(1) field coming from By; in the
compactification, we see that the BPS gauge monopole is also an H4)-monopole
with magnetic charge F8ma'a. Therefore from eqs(3.65) and (3.66) the negative
H4)-charge is relevant to the positive magnetic charge for the self-dual field, and the

positive Hs)-charge is relevant to the negative magnetic charge for the anti-self-dual

field.

3.3.3 Mass of H-Monopoles

Mass of the monopoles have been discussed in this section, are calculated by taking
into account the total energy of the fields, ie. Yang-Mills-Higgs, Antisymmetric
tensor field, dilaton and gravitation fields. This given by the ‘00’ component of the
stress-energy tensor in an orthogonal basis, Tyo(r), which might be calculated directly
by computing the fields [39, 32]. We calculate the total energy-momentum tensor
by using the metric (3.17) directly, when the metric is assumed to be asymptotically
Minkowskian, ie. €2* — 1 as 7 — oo. We do the calculations in the sigma model

variables. The four-dimensional metric can be written as

9w = Ty + My (3.67)
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so that h,, vanishes at infinity (however, h,, is not assumed to be small everywhere).

Then the exact Einstein equation can be written as
1
R,y = Sl R = =kiT,, (3.68)

where £, is four-dimensional gravitational coupling constant, and R v 1s the part

of the Ricci tensor linear in hy, [49)]

1 9%hr B O, B 0?h*, N 0%hy,
2 \OzrOxr Oz 0zv OOz  Ox0zy )

RW,, = (3.69)

The tensor T, in eq(3.68) is the total energy-momentum tensor of matter and grav-
itation (for a comprehensive explanation see Weinberg [49]). The indices are raised

and lowered with 7’s.

For the monopoles we discussed in this section

hoo = 0, h'ij == (—1 + 82¢)6i]’, (370)
and, then
1/ 0% 5%e?? '
n.,., — = g
By = 2 <8xi8x7 * Oxk oz 6”) ’ (3.71)
R(1),\A = nAuR(l)uA
8262¢
= 2 opor (3.72)

where the repeated indices are consumed for summation, and the rest of the compo-
nents vanish. So the 00 component of the energy-momentum tensor, ie. the energy

(or mass) density, is

1
Too = —— 0%€*. (3.73)
Ky

As we saw a direct relation between the dilaton ¢ and the Higgs field @ in eq(3.56),
one can explain the energy density completely based in the Higgs field.

The mass as a function of 7, the distance from the origin, is M(r) = [y Too(r) d°r.

Therefore

M(r) = — i8262"’d3r
Ki

1 ..
== ——26”'“/31-H4jk d37', (374)
Ky
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where the integral is done over the volume of the sphere of radius r, and in derivation

we have used the self-dual solution from eq(3.60) to find
GZJkH4jk = EZJIC <§63klal€2¢> = 31;62(‘25.

The equation (3.74) can be written as

2
M(’I‘ = -——/dH(4 = - 2 H(4), (3.75)

where S? is a two-dimensional sphere of radius r, and H(y) is the two form antisym-
metric field. The total mass of the monopole is calculated when the integration in
eq(3.74) is done over whole space. In the other hand the H-charge, g(4), is defined

as

9w = |, Hy, (3.76)

where S% denotes the two-dimensional sphere at infinity. Therefore the total mass

is

. 2
For the BPS monopole of eq(3.65)
1 e
M = _/{,_EEJ /]R3 BiH4jkd3r

1 .. .
= ——2€”k/ H4jk T‘:CZdQ,
K 5%

167a’a
= R (3.78)
Ky

where the last result is concluded from the previous line by providing eq(3.66). And

1 1
9() /s? W7 971 R Jszus 27 R JR3xS!1

o 1
_ TrFAF
3027 R JRoxst ’

= —8ndq, (3.79)
where in the last line we have used [ TrF A F = 48072 for the self-dual solution?,
and replaced R by a = 1/R. For the anti-self-dual case , the equation (3.77) comes

with positive sign, where the charge is positive.

80ne point is needed to be made clear between the instantons in prev1ous section and here in
monopole solutions. For the instanton case the integral is taken over R*, and therefore a calculation
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The H4)-monopole we have discussed, saturate the lower bound of a Bogomol’nyi
bound [39]. The equation (3.77) is analogous to the lower bound in eq(2.40) in

previous chapter.

3.4 Monopoles in SU(N) Subgroups

In section (2.5) we described the BPS monopole in SU(N +1) (N > 1) gauge fields.
In the construction there, we chose T%(a=1,2,3) to be the generators of the maximal
SU(2) subgroup embedded in the gauge group SU(N +1), such that T? be a diagonal
(N +1) x (N +1) matrix in the fundamental representation of SU(N +1) (eq(2.102)).
In this basis the Higgs field ® is a diagonal matrix with null trace. In this section
we want to describe the situation of H-monopoles in an SU(N + 1) subgroup of the
heterotic superstring gauge group. We explain the simple case, SU(3) C Fg x Eg in
some details to show the overall specifications. The other SU(N) subgroups follow
the rules we will explain for SU(3).

When the Gell-Mann basis® is assumed in the fundamental representation of
SU(3), the matrices A, A5 and A; make the maximal SU(2) subgroup of SU(3). To

see what is happening, we diagonalise A7 such that

1 0 0
M—X=[00 0 |, (3.80)

00 —1

then
1 ¢1
® = 5 P2 — 1
—¢2
3

= g(¢2—¢1)/\é+i(¢z+¢1))\'7+—\é—_(qbg—(bl))\g, (381)

for minimal embedding of SU(2) subgroup shows [TrF A F = 4807> when we use eq(3.34). In
monopole case the situation is slightly different, ie. the fourth spatial dimension is compactified in
a circle of radius R, and the fields do not depend on the coordinate z*. Therefore in integration
we should know this “internal” dimension is bounded while the other three spatial dimensions are
unbounded. Then the integration over a four dimensional space is broken down to an integral
over three dimensions. Using minimal embedding of SU(2) and eq(3.65), the result has the same
magnitude as in instanton case.

9Gell-Mann introduced eight traceless Hermitian matrices A1, Az,... As which normally can be
found in literature. As an example see: [46, page 502].
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where ] (I = 1,...,8) are the basis of SU(3) in fundamental representation such
that A, is diagonal as in eq(3.80). We should mention although we use an SU(2)
subgroup of SU(3), but this does not mean that we work only in this subgroup. In
eq(3.81) we see the Higgs field is in the entire SU(3) group (not only in the maximal
SU(2) subgroup where we have assumed), and this is the same for the magnetic field
B as it came in eq(2.110). Here the procedure has been done in the fundamental
representation, but finally the quantities can be written in any representation.

Let us go back to the heterotic string gauge group Fg x Fg. In principle, any
of the distinct SU(3) subgroups of the gauge group can be chosen, but for practical
calculation we choose the minimal embedding, ie. the SU(3) part in SU(3)x Eg C F.
Here SU(3) is in the adjoint representation of Fg x Eg which the matrices have the
dimensions of 496. The thing we need is the trace of ®? to calculate the H —mbnopole.

By choosing the SU(3) minimal embedding
Trd? = 302 = 30 ((¢1)? — dada + (62)°) (3.82)

where the coefficient 30 comes from the normalisation condition of the main gauge
group. The quantities ¢; and ¢, were found in section (2.5)

a1 A€M 4 o Ase®?” + g Age®™” 2
b = A 9 A2 3A3 42 (3.83)
Ajear + Age®m 4 A36a3r T

1 A1e7N 4+ Age™ T ;- g Age T 2
by = 144 _ 2 2_ 3_3 +2 (3.84)
A1€ or AQ@ Qar A36 3’ T

where A; are functions of «;, and ¢; are free parameters with a constraint:

1 1
A = , A, = ,
' (a1 — az)(on — as) ’ (a2 — ) (02 — 03)
A3 = L Q]+ Qg+ a3 = 0. (385)

Now from eq(3.58)
e = % =20/ [((91)" — 192 + (82)°) — ”] (3.86)

where a? is the valve of (¢1)? — ¢12 + (¢2)? at infinity. For oy > > as,

a? = (a)? + ajop + (ap)?. With a; = 2a and ap = 0 we have embedding of
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the Prasad—Sommerfield solution in SU(3) (ie. solution is entirely in the maximal
SU(2) subgroup of SU(3)'%), which is in agreement with our result in eq(3.64)".

The antisymmetric field strength H;jq4 is

1 ..
Hy; = :l:ie”'“akew
k

= Fa I (2041 — 41’0 — 4192 + 2001, (3.87)

where 8y = 8/0z*, prime indicates d/dr and

d¢1 o Ale_ﬂflr +A2€—Q2T+A3€—ag’r 2 (3 88)
dr B (Alealr +A26a2r +A36a37‘)2 r2’ .
i@ B A1e®T 4+ Age®" 4 Age®sT 9 (3 89)
d’l‘ a (Ale—alr +A2€—a2T +A36_a37.)2 7'2 . .

Let us sece the behaviour of the Hy) field when r — co. To show this we need
a convention in order of a’s. First assume distinct values for o’s (ze. no repeated
eigenvalues for the Higgs field when treated in the fundamental representation).

Suppose the order a3 > «y > a3, then

dpy =2

¢1 ~ —an, d—rl ~ T (3.90)
dby -2

$2 ~ as, d_: N~ (3.91)

In derivation of the above equations the terms (—fﬁf’)—Q exp(ag —ay)r and (7‘11)3 exp(az —
)7 appears in the two right equations respectively, that vanish faster than —2 /r?

when 7 — co. Therefore

k
! ijk
H4ij ~ F 2c¢ (0[1 - Oﬁ3) € Ik T—3 (392)

Now remains to think about repeated values for o’s. The case in which three o’s

are have the same value, ie ‘0’, is not interesting. Then suppose two of three a’s are

10With this choice as = —2a, and ¢ = ¢ = —2(ar coth(ar) — 1)/r and in the equation (3.81)

@ has only A} component.
U The charge of this SU(2) embedding is four times of the minimal solution eq(3.64). This agrees

with the maximal SU(2) embedding of a minimal SU(3) embedded in Eg x Es, which makes an
index of embedding 4.
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identical, eg. a; = s = « and a3 = —2a. If we follow the tricky way we mentioned
in section (2.5)'? we find ¢; and ¢, in less symmetrical form

a(3ar +2)e’ — 2ae?* 2

¢1 (3&7‘ _ l)ear + g—207 + ; ? (393)
_ a(Bar —2)e™* + 20e” 2
92 = (Bar + 1)e—or — e2or + r (3.94)

Following the previous case it is not difficult to show as r — oo,

k
H4ij ~ 426 o |O!| CZ]k if— (395)

7
Both possible cases eq(3.92) and (3.95) show, the magnetic charge of the monopole

and the Hy-charge are in opposite signs, and this result is independent of the eigen-

values of Higgs field ® at infinity, where we expected the fields behave as monopole.

Monopoles in the Other Subgroups

In addition to the SU(2) and SU(3) subgroups, the group Eg contains other SU(V)
subgroups of rank eight and less, and the larger group Fg x Eg might have some
bigger special unitary groups. Similar to the SU(3) subgroup, we can use the results
of section (2.5) to explain monopoles in the other SU(N) subgroups.

For the other subgroups, one may use the Nahm construction, which is a mod-
ification of the ADHM construction for the monopole case, to explain the situation

for a more general solution, as we did with the instantons in section (3.2).

3.5 epilogue

At the end of this chapter we enumerate some other kinds of soliton solutions to the
low-energy string theory that have been come in the literature.
Several kinds of the five-branes (instantons solutions) arise from the low-energy

effective action. The neutral five-brane solutions [30, 31] can be obtained from the

12We select (ay,as,a3) = (@ + 6,0 — 6, —2a), as ¢ is a small arbitrary variable that finally is
impelled to zero. Inserting these quantities in eq(2.127), using eq(2.128), and after the limit § — 0
one can see

Q.= 92 [(3ar —1)e* + 6_2‘"] ,

o

and @a(r) = Q1{—r).
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gauge five-branes by taking the limit of the size of the instanton goes to zero [32].
For A = 0 eq(3.30) is gauge equivalent to A, = 0, and the Bianchi identity (3.26) is
solved as e*? = €%% + no//z?, which gives k = 0 and Q = ne’. There is also an exact
solution to the string theory without higher order corrections in o' known as the
symmetric five-brane solutions [30]. This solution can be obtained by equating the
connection €, embedded in an SU(2) subgroup of the gauge group, with the SU(2)
gauge connection A, so that dH = 0. This solution allows k = 1 with Q) = no/.

Such as the instantons, in the monopole case also several kinds of solutions have
been assessed: The ’t Hooft-Polyakov or BPS monopoles, the Kaluza-Klein or metric
monopoles {33, 34, 35], and the H-monopoles [36, 35, 32]. A BPS monopole could
be derived for string theory compactified to four dimensions on a six torus [39] as we
explained in this chapter. Based on symmetric five-brane solutions it is possible to
find monopole solutions which are exact solutions of string theory [40, 41]. To see
how monopoles arise from instantons, it is considered that one of the four transverse
coordinates (eg. z*) has been singled out, and all the field dependence on z* projected
out. By considering this fourth coordinate to be periodic with some period and
looking for solutions to the self-dual equation on the space R® x S, monopoles can
arise from periodic instantons [42], and are known as periodic monopoles. In this
scenario the BPS gauge monopoles, neutral H-monopoles and symmetric monopoles
are constructed [32].

Monopoles in general and monopoles in string theory in particular have been
studied from different points of view. Today, one of the most popular subjects
is the duality in field theories, and in particular in the string theories. (As an
example, the above mentioned monopoles are predicted by S-duality [38, 53, 52].)
We did not deal with duality in this thesis. For a new review in monopoles and
electromagnetic duality in supersymmetric gauge theories see [54]. In instanton case
also some new progress have been provided. A supersymmetric linear sigma model of
ADHM construction has been prescribed in two dimensions [55, 56]. This is a stringy
way of constructing the Yang-Mills instantons. In this chapter we dealt only with

the 10-dimensional low-energy superstring theory, so there was no chance to test the
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mentioned stringy way for the sigma-model of string theory in two-dimensions.
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Colouréd Particle in Monopole

Field

Each world is as the pupil of an eye,

every pupil is itself a whole world;
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You, O cross-eyed one, may see two where there is one,

but I see one where there appears to be two.
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Coloured particles which may be called non-abelian or Yang-Mills particles, are
particles V\;hiCh carry scalar non-abelian charge (isospin, colour, and such) instead
of gauge-invariant scalar charge. In this chapter we discuss equations of motion of
a classical Yang-Mills particle in the Yang—Mills fields. First, we review Wong’s
equations of motion for a system of non-abelian particles and fields. Then, we dis-
cuss Wong’s equations for a particle in a monopole field and will describe planar
orbits which arise from the equations. Next we generalise Wong’s equations in five
dimensions and explain a particle’s motion in a monopole field when the Higgs field
is counted in the equations. In this reinvestigation of the earlier work, planar orbits
and non-planar bounded orbits are allowed for a test particle in a BPS monopole

field. At the end of chapter we explore a generalisation of the Lorentz force that is

valid for the Yang—Mills particles and fields.

4.1 Equations of Motion of Yang—Mills
Particles in Yang—Mills Fields

In analogy with an abelian system (a classical point charged particle interacting
with the electromagnetic field), one can see a rich range of phenomena that oc-
curs in non-abelian systems. Wong proposed a system of equations to describe the
classical dynamics of such systems (consisting of coloured particles in non-abelian
fields) by generalising the Lorentz force and Maxwell equations of electrodynam-
ics. The non-abelian particle is characterised by an isovector I (in analogy with
the gauge invariant scalar charge ¢ of an electrically charged point particle) which
transforms under the adjoint representation of the internal symmetry group of the

field—ie. the gauge group. Consider the interaction between the Yang-Mills field

64



4.1 Equations of Motion of Yang—Mills Particles in ... 65

A, (z) (z = (zo, 21, T2, x3) With zy standing for time component and the rest for spa-
tial components) and a spin-% field ¥(z) which transforms under the fundamental
representation of SU(2) with generators x* = ¢%/2i (0* with a = 1,2, 3 are Pauli
matrices) satisfying eq(2.56). The Lagrangian density is

1 o Tauy = a.a I
L= —ZF/WF M= UG, + eAux )Y = mUT, (4.1)

where e is coupling constant, m is the mass of particle and Y-matrices are Hermitian

and satisfy {7#,7"} = 26"". The field strengths F7, are defined in eq(2.3). The field
equations are

(DF,.)* = —el7, x*¥, (4.2)

V(0 + ex"A5)Y +m¥ = 0. (4.3)

This is the usual Dirac-like treatment to find classical equations of motion from

quantum recipe, by regarding the equation (4.3) as a one-particle Dirac equation for

a coloured particle in a given external field A,. This has been done by Wong [57],

and the following equations have been formulated!:
mi, = ek, 11", (4.4)
I+ ec AN It = 0, (4.5)

where z(7) is the world line of the particle in space-time, 7 is proper time and

“dot” denotes differentiation with respect to the proper time. The right-hand side

LThe original Wong’s discussion has taken place within a Hamiltonian formalism by considering
the spin-% fermion field. Instead of spin—%, one may consider a boson field in the presence of an
external gauge field and the Hamiltonian formalism to find the Wong equations. Or a classical
Lagrangian formalism may be used to extract out the Wong equations directly. (For the early
works see [58] and [59]; For a short review and references see [60]). A recent work in the Lagrangian
is done by authors of reference [60] using both the spin—% and spinless particles. For the spinless
particles the Lagrangian is

1 .
L= 5 (m T, " + AN — e e“”CAZ,\l’AC:i:“> ;

where z(7) is the particle’s path, m is mass of the particle, A} is the Yang-Mills gauge vector, eobe
are structure constants of the gauge group and A® are dynamical variables from which the colour
charge I are constructed

J = _% fa.bc )\b )\c,

and satisfy {A%, A\*} = 0. The Wong’s equations (4.4) and (4.5) are directly found from the above
Lagrangian by using the Euler-Lagrange equations for z# and A®.
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of eq(4.4) obviously represents a generalisation of the Lorentz force. In the limit we
are considering a particle is thus described by an internal isovector I as well as its
space-time coordinates.

A Yang-Mills (coloured or non-abelian) current is carried by a point particle,

analogous to the electric current in Maxwell electrodynamics, is
Joy) = e / 1%(7)g,(r)8 (y — z(r)) dr. (4.6)

where y is an arbitrary point in the space-time, z(7) is the particle’s path and 6 is
four-dimensional Dirac’s Delta function. Hence the field equation (4.2) in classical
limit is _

(D"F)" = J,. (4.7)
The conclusion of this section is: In the classical limit, eqs(4.4) and (4.5) together
with Equation (4.7) completely describe the interaction among a system of non-
abelian particles and non-abelian electromagnetic (ie. Yang-Mills) fields. Taking
the covariant derivative of eq(4.7) produces® (D,J#)* = 0 that is consistent with the

definition (4.6) and eq(4.5). In matrix-valued notation

D,J*
= e/ dr dzt(7) D, (I(T) §*(y — x(r))) ,

= o [ar Oy st ato)) + el 1% ~a(r)}.

Oy

= o [ar {-i st - atr) e AL 0 - 2t .

= o far { S5t atr) + G, Dot - ),

— e/dT {Z—i +e dx;(” A, 1]} 54y — x(T)); (4.8)

where in the derivation we have used the definition of covariant derivative, symme-

try property of Dirac-delta function with respect to its both variables and a total

2In quantum field theory the right-hand side of eq(4.2) is interpreted as current.
3From Left-hand side of eq(4.7) we have D*D'F,,, = {[D#, D"]F,, = 1[F#*",F,,] = 0, where
we have used the identity we used in page (18).
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derivative integration. The equation (4.8) vanishes identically everywhere except on
the path of the particle z(7), so the quantity between curly brackets vanishes to
maintain the validity of the equation everywhere, yielding eq(4.5). Therefore the
consistency between the current definition and the equations of motion is valid.
The last point is
d

Elg =0, where 1% = I°]°, (4.9)

which is an immediate consequence of eq(4.5). The equation(4.9) shows the isovector
I® performs a precessional motion in isospace, ie. the vector I* sweeps the surface
of a sphere in isospace such that the radius of this sphere could be understood as
norm (absolute value) of charge isovector. Equivalently one can interpret eq(4.9) as

a conservation law of scalar charge for a non-abelian point particle.

4.2 Yang—Mills Particles in a Monopole Field

As an interesting problem, one can consider the interaction between a coloured par-
ticle and a monopole. Soon after discovery of the first monopole in the Yang-Mills—
Higgs theories [3, 4], Schechter [61] investigated the classical motion of a coloured
test particle in an external field given by the BPS monopole. First we describe the
Schechter formalism and explain the results, then we study the planar motions which

are solutions of the problem with some numerical results describing orbits at the end.

4.2.1 Equations of Motion of a Yang—Mills Particle in a
Monopole Field

The formalism of Wong can be applied here by adding the Yang—Mills test particle

to the theory by including the additional term

— (70, + eV Alx* + m) ¥, (4.10)

to the Lagrangian (2.2). Applying the same treatment indicated in the previous
subsection, the equations of motion of particle are the same as eqs(4.4) and (4.5)

with the field equations being those of equations (2.6) and (2.7). Here, a colour test
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particle with mass m is subjected to an external magnetic monopole field, and the
contribution of the particle to the evolution of the field is ignored.
For the ’t Hooft-Polyakov monopoles, replacing the ansatz (2.14)—-(2.16) with
J(r) = 0 in eqs(2.3) and (2.4), a direct calculation shows
Fg =0, (4.11)

kxa:

(1-K)?

a 1 at,
Fy = ﬁ{—z I(1- K) +

1
(" T gk 4 €T gy k)rz (rK'+2(1- K))} , (4.12)

a i

1 [z

(D:i®)* = _{

er?

= (rH' — H - HK) + HK 5} , (4.13)
where prime indicates d/dr. Using the identity

z]l l.’L‘ +€zlk lZI?] +El]k lmz _T2 ez]k (414)

eq(4.12) is simplified to

- 1 a .k
F}?zeljk—:z{xm (Kz—rK’—l)—{-rK'(S“k}. (4.15)

er2:| r?

For the BPS monopole of section (2.3)

AaO - 0, 80Am = 80<I>“ = 0,
' aer
A" = 1-K K=—"~
er2( ) sinh(aer) ’
P = 57«_2}[’ H = aer coth(aer) — 1, (4.16)

which satisfy the Bogomol’nyi equation (2.44).

At large distances, K and K' vanish exponentially; from ’t Hooft tensor (2.19),
the field has the form of a pure magnetic monopole: B = €% F;, = —;’f—;. Thus an
electrically charged particle coupled to an abelian vector potential corresponding to
F,, would move exactly as a charged particle in a pure magnetic field.

In a non-relativistic frame, 7 = zo = ¢, using eqs(4.15), eqs(4.4) and (4.5) can

be written in vector notation
KI

. K2-rK'—-1,, . = I A
mi = —T—( xr)(r 1)+T(ux1) (4.17)

" - K >

P = 2t exayxr (4.18)
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Define at each point along the trajectory of the particle an orthogonal set of
vectors, ‘
dr

P, W=TXU, Z=7X, where 17:%. (4.19)

Then without loss of generality, non-abelian charge /* may be written as

=

I =or 4+ po+ 7z, (4.20)

where 7, w and Z are unit vectors along the three directions. The coefficients «,

and 7 satisfy
o? + B% 4+ ¥* = constant, (4.21)

that is a direct consequence of eq(4.9). Substituting eq(4.20) into eq(4.18) gives three

equations for o, f and 7: -

& = —V|b|K/r?, (4.22)

g = I%lgz’v.(fxa), (4.23)
8 - . . alwlK

Y = _|w|2v (FxT)+ o (4.24)

Next, using the moving frame (4.19) in eq(4.17) we obtain the ordinary equation of

motion:
/6 — ~ ﬂ hond — ~
my = r_QlwIKIT+r—2(T T)K'%
1
— [ (K2 = 1) +7r (7 7)K'| b, (4.25)
where we have used
W x Z = || Zx F=r4p, ¥-7=—|0)?
PxI = =vrw+prz,
Gx 1 = 7@|F— o] 2,
Zx I = —B|o|F+ ard,
— 1 N N - s ~ - - ~
Tx I = ;{ﬁ|w|r—[a|w]+7(r-v)]w—l—ﬂ(r-v)z}. (4.26)
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In addition to |I'|, the length of the charge isovector, two other constants of
motion are obtained from the equations of motion (4.17) and (4.18). Multiplying
both sides of eq(4.17) by ¥, one finds the kinetic energy is constant, so the speed |7,

length of the velocity v, is a constant of motion. The other constant is the vector

R . (-K)(F-T)
J=m(Fx7)+KI+ > 7 (4.27)

This quantity has been verified to be the total angular momentum of the particle and
the fields. The second and third terms of J correspond to the angular momentums
associated with the fields of the monopole and the test charge in analogy with the
E x B contribution in the usual monopole case [62]. To show J is constant, one may

show d.J, /dt vanishes by using the equations of motion:

+ -2 r+ 2 r— .3 T
7P I)(1-K D) (-1~ K
rDe-0, -0, o

where we have used (dK/dt) = (dr/dt)K’, and (dr/dt) = (7-¥')/r. Replacing m¥ and
I from eqs(4.17) and (4.18) and using the identity @ x (bx ) =b(G@-¢)—&@-b), all
terms in the right-hand side of eq(4.28) cancel each other, so the result is concluded.

For small distances near the centre of the BPS monopole, K = aer/ sinh(aer)
~ 1 and K’ ~ 0. So from eqs(4.17) and (4.18), m@ = 0 and I= 0, which show a free
motion around the center of the BPS monopole.

Now, we consider the equations for large r. At large distances K and K’ fall off
exponentially (see eqs(4.16)), so K(r) and K'(r) are effectively zero for large r. This

simplifies eq(4.22) to give o = ap = constant, and eq(4.25) to give
mo = ——70 X T. (4.29)

Equation (4.29) is identical to the equation of a charged particle moving in the field
of a pure magnetic monopole (ie. Dirac point monopole). It is clear that the motion

cannot be given by an equation like (4.29) everywhere.
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Some results may be derived from the equations of motion [61]:

e In order to have no terms which are not in the direction of w in the right-
hand side of equation of motion (4.25), we require § = 0. From eq(4.23) and
then from eq(4.24) it is required 7 = o = 0. Therefore I = 0 and this is a

contradiction.

e At large distances, from eq(4.29) one can verify that in addition to the speed
v, the magnitude of angular momentum | = |I | = |m(7 x ¥)|, the vector

f: [+ o 7 and the scalar j 7 = oy are constants of motion.

e The above item leads to the well-known result [63] that the particle moves on
the surface of a cone whose axis (through the origin) is parallel to 7 and whose
half-angle is cos™*(ayp/j). the particle moves towards the origin on the surface
of the cone until it reaches the minimum distance r,;, = [/mw, and then winds
its way back out. Actually for distances close to the origin the particle may

leave the surface of the cone, and does not follow the predicted trajectory. The

r motion is 7 = (r2;, + v*t?)1/2,

e While «, the component of the isospin vector in the particle’s radius vector,
is constant, eq(4.21) presents a precession of the isospin vector (in isospace)
around the direction of the particle’s radius vector. As ¢ — 400, § and 7 drive
to constant values ie. By and 7Y (can be seen easily from equations of motion).
From the standpoint of giving a physical interpretation, it is encouraging that
asymptotically the particle’s charge isospin vector has a fixed orientation as
the “identity” of the particle. If at a time ¢y, 8 = 7 = 0, eqs(4.23) and (4.24)
(remember K = 0 at large distances) show they will stay zero at all times (when
the condition K = 0 is confirmed). Similar to the Higgs field that is radial in
large distances, and by a gauge transformation can be deformed to a constant
field say in z-direction [5], here also the same gauge transformation sets the
isospin vector in z-direction [61]. Therefore eq(4.29) indicates a particle with
electrical charge g = eay, in the field of'a point monopole with charge —4n/e.

As we told already, at distances far from origin the motion is identical to a
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motion of an electrical particle in a pure magnetic monopole (ie. non-abelian

property disappears).

Now we describe some solutions of the equations of motion (4.17) and (4.18).
Considering a general solution for equations of motion (4.17) and (4.18) is not easy.
So we explain some specific solutions in some detail.

If the particle is launched in a radial direction, while the charge isovector is
also initially radial, the particle will move uniformly in the radi‘al direction. This
is the only choice for radial motion. This can be simply seen from the equations of
motion (4.17) and (4.18), when 7 x ¥ vanishes as the condition for radial motion. So
mv = %’ (77 X f) and fz 0. For a radial motion, the acceleration ¥ must be in the
radial direction, while we see @ x I is normal to the radial direction (as we know 7
is radial). So the only possible case is a constant charge isovector I along the radial
axis, and therefore a uniform radial motion occurs because m¥ = 0. If the initial
velocity points to the origin, the particle passes through the origin.

If the particle is launched in the field (in any direction) while the charge isovector
is normal to the both initial particle’s radial direction and velocity vector, then
the particle will move on a plane normal to the charge isovector and the charge
isovector remains constant (next topic). Under these circumstances radial motion is
not allowed. We will show bounded orbits are allowed in the planar motion sector,
while we have not observed bounded motions in the general three-dimensional theory.

In any case other than the two cases mentioned, the particle will move on a
spatial curve. At the end of this section a numerical analysis of the general three-

dimensional equations is described. In the next topic we explain the planar motion

of a particle in the BPS monopole.

4.2.2 Planar Orbits

A planar motion is identified by a conserved vector normal to the plane of motion.
For non-zero values of position and velocity of a non-uniform motion, the plane of
motion is normal to 7 x ¥ at each time. Therefore, if in eq(4.25) the component of

the force in the direction 7 x ¥ vanishes, a planar motion takes place, provided that
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the equation of evolution for the charge isovector is valid.

A quick look at equations (4.22) to (4.25) shows if we put @ =7 = 0 we get

& = 0, (4.30)
p =0, (4.31)
: o

T o= '—-lw_,—IQ’U'(TX’U), (432)
mv = gMK’f—kg(F-ﬁ)K’é, (4.33)

where in the last equation there is no component along 7 x 7 (ie. ¥ - (¥ x 7) = 0)
in the right-hand side, and therefore the condition for a planar motion is obtained.

Using eq(4.33) the third equation becomes
7 =0. (4.34)

The equations (4.30) and (4.34) are consistent with the assumption o =¥ = 0, and

eq(4.31) becomes
B = constant # 0, (4.35)

which is required for the non-vanishing charge isovector. So the equations of motion
(4.22)—(4.25) transformed to a new set of consistent equations which has only one
equation, eq(4.33), to be solved. This equation as we said has no component in the
direction normal to the position and velocity vectors, and this was the condition
for the planar motion we mentioned at the beginning of this subsection. So a =
v = 0 implies planar motion. We will show also that the planar motion condition

necessitates o« =7 = 0.

To have no term in the direction normal to the plane of motion (as the condition
for planar motion), we need to equate the coefficient of w in eq(4.25) to zero. So

eq(4.25) breaks into two separate equations
mi = DK 7+ :%(F- NG (4.36)
alw|(K* = 1) +7r(F-7)K' =0, (4.37)

where the first equation is the same as eq(4.33). With this treatment we are imposing

an extra constraint on the original equations of motion, and this is not necessarily




4.2 Yang—Mills Particles in a Monopole Field 74

consistent with the other equations. To show the consistency, we may solve six
equations out of seven (six original equations of motion plus one constraint because
of the planar motion condition), and examine the validity of the last one with the
resulting solution. From eq(4.36), 7 has no term in the direction 7 x U, so from
equation (4.23), § = 0, which gives § = 8, = constant. Therefore the equation of
motion (4.36) does not depend on « and 3. But @ and § through their relations

depend on 7 and v

5K
I (4.38)

r2

. BK
y o oK (4.39)

,,-2
where || = |7 x ¥]. So with a solution for 7 (and ¥) we have to show the consistency

of eqs(4.37), (4.38) and (4.39) all together. Replacing « from eq(4.37) into eq(4.39)

we obtain
KK’ |
~ T (4.40)
where we have used 7+ ¥ = 7 7. Equation (4.40) is solvable and the solution is
7 = ¢ /BEDL (4.41)
where ¢; is a constant. Using eqs(4.37) and (4.41)
2 .
o= —c BT ) (4.42)

H R
From eqs(4.38) and (4.39) (or equivalently from eq(4.21) and the fact that g is a

constant) one may simply find
o + 7 = o, (4.43)

where c;>2 = I? — (32 is another constant. So, finally we have to show the solutions
(4.41) and (4.42) for v and « satisfy eq(4.43). As we see, a solution for 7 and 7 (in
fact 7 is enough) is needed to replace for appropriate quantities in (4.42).

The equation (4.36) stands alone and may be solved independently from the other

equations. Taking the normal direction to the plane of motion as the z-direction in
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a cylindrical coordinate, one can write down the equations of motion in the polar

plane. We can simply replace {#,, 2} by {#, &, —0}. In the polar plane
T = 77+760, (4.44)

J = (7 —r*) 7+ (270 +r6) 6, (4.45)
so eq(4.36) in the cylindrical coordinates is
= rd?) 7+ (20 + 1) 8] = BOK' 7 — B K'6. .
m[(r r )7‘+(T +7‘> ] 36 ,BT (4.46)

A set of two nonlinear differential equations appears
m(7 — r6%) = BOK’,
] (4.47)
m(2r0 +rf) = - - K',
r
which governs the motion of the particle in the polar plane. From the last equation
one finds
mr2 + fK = j = constant, (4.48)
Obtaining K’ from the former equation of eq(4.47) and replacing in the later one,
we find
i+ r70% + 1206 = 0,
which produce another constant of motion

% + 7262 = v? = constant. (4.49)

Both of the constants are in agreement with the overall discussion we had earlier

about constants of motion.

Now we can replace 7 and |&J] = |r26| from eqs(4.48) and (4.49)

W vaa i = BK o o [i-BK\
I'LUI=ITHI—‘ — { r—v—( — ) (4.50)

into eq(4.43)

(R [o2 - (222 ]

mr

oy /-1 ) g
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to check validity of the extra constraint that was imposed from the planar motion
condition. In eq(4.51) K = aer/sinh(aer), and ¢, co, m, B, v, j, a and e are
constants. This means the coefficient of the constant ¢; that is an explicit function
of r, should be a constant. This can not happen in general. At least numerically, we
may show the above function of 7 is not a constant for the solutions we will discuss in
the next subsection. The only clear possibility is for r = constant, ie. for a circular
motion. For r = constant, 7 = 0, so from eq(4.42) & = 0 and from eq(4.43) (or
eq(4.41)) 7 = constant, where from eq(4.38) this constant must be zero. Therefore
¢ = ¢ = 0. For the other cases (ie. not necessarily circular motions), eq(4.51)
necessitates ¢; = ¢ = 0. So a planar orbit is possible if and only if the charge
isovector has no component in the plane of motion, that means in the planar motion

the charge isovector identifies the plane and remains constant.

4.2.3 Analytic Description of Planar Orbits

A Lagrangian for the two-dimensional motion discussed above is offered as
1 . .
L=T-U=zm (7% +r%0%) + BO K (7). (4.52)

The form of the “potential” U = —B6K(r) (with the presence of ) apparently
shows the force due to it, is not a central force. For a two-dimensional central force,
the angular momentum [ = mr20 is a constant of motion, while here this quantity
alone is not a constant. As we mentioned before, the total angular momentum of
the particle and the fields is constant, and expressed in eq(4.48). Another difference
is: In the central force problem the total energy of the system including the kinetic
energy of the particle and the potential, T+ U, is a constant of motion, while here
(in contrast to the angular momentum case) only the kinetic part alone is a constant
of motion (eq(4.49)). Likewise, it is shown in the central force that only the “inverse
square law” and “Hooke’s law” can make closed stable orbits (known as Bertrand’s
Theorem) [65, section 3-6], while in the present case which is different to these, closed
orbits are allowed, however, their stability will need to be investigated. Using the

Euler-Lagrange equations, the equations of motion (4.47) are simply derived from

the Lagrangian (4.52).
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To describe the orbits in the plane of motion we may study the one-dimensional
equivalent of eqs(4.47). As we see from eq(4.49), the kinetic energy (mwv?/2) is
a constant of motion. In the usual central forces in fact the mechanical energy
(mw?/2+V (r), V(r) is potential energy) is a constant of motion. We may reorganise
the equations of motion (4.47) to obtain a one-dimensional equation in a standard
central form. To do this, we may use the original set (4.47) (as is done in classical
mechanics) or use the first order equations (4.48) and (4.49). Replacing § from

eq(4.48) into the first equation of eq(4.47)

. . 2
mr = ﬂ(j_ﬁK>K'+mr (j_ﬂK>

mr? mr?
. 2
= —%% (7 :an> , (4.53)
which gives
mi = —d‘;ff), (4.54)
where . \
V(r) = -’22 (J :an) . (4.55)

The equation (4.54) is a one-dimensional equation of motion with a force related to

the potential V(r) on the right-hand side. The first integration of eq(4.54) gives

1
E= imr'Q +V(r), (4.56)

which is indeed equivalent to eq(4.49), ie. E = muv?/2 and V (r) = mr?6%/2.

The potential V(r) is a function of r, and through j depends on the initial
conditions of the motion. To see the shape of the potential V(r) we may simply
analyse its derivative with respect to r

_ -1
T 2mr3

V'(r) (j — BK)(j - BK + BrK"). (4.57)

The derivative V'(r) vanishes if one of its two factors vanishes, te. K(r) = j/B or
K(r)—rK'(r) = j/B. To find the solutions of these equations we may find the points
at which the constant function j/8 coincides with the functions K(r) = r/sinh(r)

(@ = e =1) or K(r) — rK'(r) = r?cosh(r)/sinh?(r). Looking at Fig(4.1), for
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Figure 4.1: Solutions of V'(r) = 0.

0 < j < je (say B =1) there are two solutions for V'(r) = 0, therefore V(r) has two
extrema at 7, and 7. The potential V(r) is a non-negative function and V(r) — 0
as 7 — 00. So the two extrema must be a minimum and a maximum respectively,
je. 71 is the minimum and 75 is the maximum. For 0 < j < 1, V/(r) is tangent to
the r-axis at the minimum point r; (because V(r) is also vanishes for j = fK), and
this is the only point that V(r) touches the r-axis. For 1 < j < j., V(r) does not
coincide with the r-axis. For 7 # 1, V(r) — oo as r — 0, but for 7 = 1 this limit is
finite and V(r) — 0 as 7 — 0 (so r; = 0). For j = j. (r = r¢) there is only a saddle
point, and for § < 0 and j > j. there is no extremum and V(r) is monotonically
decreasing. Figure (4.2) shows the possible shapes of V/(r).

For a given j we may discuss the orbit of the particle, subject to the initial
conditions. The limit value j. may depend on the other constants of theory such
as a, e and B. To see how j. depends on a and e (instead of setting a = e = 1 in
last steps), we may consider a and e in K as it came in (4.16). Therefore, we have
K = aer/sinh(aer) and K — rK' = a?e?*r? cosh(aer)/sinh?(aer). If we plot K and
K — rK' in Fig(4.1) versus aer, we see 7 is rescaled, but j, remains unaltered (up

to the constant factor 3). It is not difficult to find 7. and j. (witha =e = =1)
r. = 1.606115299, 7. = 1.169230089. (4.58)

Let see the situation of a motion when 7 and E (or v) are given. If 0 < 5 < 7.

but j # 1, we have the top-left plot in Fig(4.2). The altitude and latitude of the
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Figure 4.2: One dimensional potential V (r) (vertical axis) versus radius r (horizontal
axis). In the top left plot, the height h is zero for 1 < j < 7.

extrema from the horizontal and vertical axes are related to the constant 5. Figure

(4.3) shows the different possibilities of motion subject to energy E.

V(r)
|
E,
Ey
3 T Ty E3
\ E,
Es
o — -

Figure 4.3: Different possibilities of motion for 0 < j < j. (j # 1).

If the particle starts its motion with the energy Fy, it will be scattered to infinity
and can never come closer to the origin than r¢ (see Fig(4.7) in the next subsection).
A motion with the energy E, will move on a circle of radius ry even it starts its
motion from inside or outside of the radius r. This motion is unstable ze. a small

perturbation banishes the particle from the radius 7. A small perturbation to the
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left may make a bounded orbit if the perturbed energy is less than E,, while a small
perturbation to the right sends the particle to infinity even if the energy is less than
E5 (see Fig(4.8) in the next subsection). A particle with the energy Fj3 is bounded
and moves between two radii r3 and 74 if it starts the motion in between the two
radii (see Fig(4.7) in the next subsection), but it will be scattered to infinity if starts
the motion from r > r5. A particle with the energy E; moves on a circle of radius
7. This is a stable motion (see Fig(4.7) in the next subsection). The situation of a
particle with the energy Fs is similar to the particle with the energy E,. In Fig(4.3)
r1 and 7 are given by r; and ro in Fig(4.1) when j is specified.

For 0 < j < 1, V(r) is tangent to the r-axis at r;, therefore the case with energy
E5 is inappropriate and E; lies on the r-axis (so F; = 0). A stationary particle
(a particle with E = 0 de. 7y = 0o = 0) settles in this category and remains at 7,
without moving. So a stable circular motion is possible only for 1 < j < 7.

For 0 < j < j., a bounded motion is possible if F; < F < F,. Using Fig(4.1),
j = K(rs) — 12K'(ry) = K(ry) + 7262, which gives 6, = —K'(ry)/ra. So Ep =
(F247202)/2 = r263/2 = (K'(r2))?/2, where index 2 shows the value of cach quantity
at ro. For the minimum value we can do the same. For 1 < j < j. we have
(K'(r1))?/2 < E < (K'(r2))?/2, and for 0 < j <1, 0 < E < (K'(rg))?/2. For
each case radii r; and 7 are determined by j, so with 7 we can describe the overall
properties of the motion. As a problem we may determine the maximum value that F
can take for a bounded motion. By equating the derivative of function (K'(r))?/2 to
zero, we find 7 = 1.606115299 that is equal to 7. (see eq(4.58)) and so the maximum
value of (K'(r))?/2 is E, = .04799323563. This is not an accident, because in fact
the energy E is equal to the potential V(r) at the turning points, so at the turning
points E = V(r) = (j — K)?/2r%. Clearly, the maximum value of E for a bounded
motion occurs when 7 = j. (see Fig(4.1)). Soif E > E, we can immediately conclude
that the motion is not bounded.

Another point that is worth mentioning is: If the particle is launched into the
field from r > r,,, (for some 7,,) we remain in the category 0 < j < 1 for bounded

motions. From Fig(4.1) one can simply see the maximum distance from the origin
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for a maximum turning point for the category 1 < 3 < j. occurs in j = 1. Then 7y,
is the non-zero root of K(r) — rK'(r) = 1, which gives r,, = 2.676073965. Clearly if
a particle is launched in the field from r > 7, it will not be bounded if 7 > 1. So the
only possibility for a bounded orbit for this particle is 0 < j < 1 (not any motion is
necessarily bounded).

Motions with j # 1 do not pass the origin at all. For the bounded orbits, a
particle moves in its path between two circles of radii 73 and 74. In the turning
points V(r) = E, so 7 = 0. For 0 < j < 1, in the radius r; (the point which locates
between the turning points and minimises V (r)) V(r) = 0 (see the top-left plot in
Fig(4.2) with h = 0), so in this radius # = 0 and the orbit must be tangent to a
radius at this point (see Fig(4.4)). In the radius 71 (= OP, = OP, in Fig(4.4)),

y

73

Figure 4.4: Internal loops are possible for 0 < 7 < 1.

9 = 0, but 7 # 0 (because E # 0), so df/dr = 0. This means at this point the
direction of variations of r remains unchanged, while the direction of variations of
is changed. Therefore, each time that the particle completes a motion between two
radii (for example starting from the upper turning point and returning back to the
point after traveling to the lower turning point), it passes two times from the desired
point (r1). So the particle makes an internal loop outside the origin (ie. the loop
does not surround the origin) in each travel. So in a 27 rotation the particle may

construct several inner loops which are lying on the main orbit around the origin.
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This case does not happen for 1 < j < J. because always V(r) > 0.

This is an important result. For 1 < 7 < J, the particle rotates around the origin
once in every 27 rotation (but not necessarily in a closed orbit). This is similar to
the Kepler problem in gravitation. This motion definitely can happen only inside the
region r < 7, as we explained earlier. But for 0 < j < 1 the situation is different.
In a 27 rotation, a particle trajectory may form several loops outside the origin (see
Fig(4.5)). This case may happen anywhere in the plane subject to suitable initial
values.

For 7 = 1 (the top-right plot in Fig(4.2)), the situation is the same as 0 < j < 1,
but here the lower turning point is fixed, r3 = r; = 0 (in contrast to the case of
j # 1 where the lower turning point depends on E). In this case, the upper turning
point, 74 < rp,, = 2.676073965. So in a bounded motion the particle passes the origin
periodically. In fact this case is settled between the two parts of the previously
studied case. For 1 < j < j. a bounded orbit turns around the origin once in each 27
period, and the particle’s orbit comes closer to the origin on a point of its trajectory
when j takes a value closer to one (ze. perihelion becomes shorter). In the limit, for
j = 1 the trajectory crosses the origin, and in each 27 rotation, the particle passes
the origin once. When j takes a (positive) value less than 1, the orbit leaves the

origin and makes a loop in the opposite side (see Fig(4.5)).

05
05

-0.5
-t

Figure 4.5: In the left plot j > 1, In the middle one j = 1 and in the right plot 7 < 1.
In the three cases particle has started the motion from (0, 1) with the same energy,
E = 0.025. The total angular momentum 5 are 1.03, 1 and 0.97 respectively. The
starting point and the origin are marked by black dots.

For j = 1, 7 = 0 is an extremum point of the potential V' (r), and V(r) is tangent
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to the r-axis in r = 0. So it is important to study any probable ambiguity at the
origin. The origin is a turning point, and also the orbit is tangent to a radius at the
origin. So it is a question to know about the velocity components at the origin. It is

not difficult to show neither # nor @ vanishes at 7 = 0. One may show

limf§ = lim{———l —K(T)} -1
r—0 r—0 72 6
1- K@)\’
lim7? = lim {v2 — (——(L> } = v?. (4.59)
r—0 r—0 r

The above limits may look strange, but still v2 = 72 + r26? is valid.

For 7 = j. (bottom-left plot in Fig(4.2)) a particle with the exact energy F, has
a non-stable circular motion in the saddle point, otherwise the particle is scattered
to infinity. For j < 0 and j > j. the particle is scattered to infinity and there is no
chance for bounded orbits.

Finally, if a particle starts its motion from the point (rg, ) with the velocity
(fo,éo), we may calculate the two important constants j and E (or equivalently
v) and very soon recognise the motion to be bounded or not, and to which of the
preceding cases it belongs.

In principle, we have discussed the overall characters and properties of the orbits,
but the actual equation of the orbit must be obtained by integrating the differential
equations of motion (4.48) and (4.49). Replacing 6 from eq(4.48) in eq(4.49) we get

dr

T

(4.60)

5
mr
where the motion is supposed to be started from the initial value rq at time ¢t = 0.
As it stands eq(4.60) gives ¢ as a function of 7 and the constants of integration E (or
v), 7 and 9. However it may be inverted, at least formally, to give 7 as a function
of t and the constants. Once the solution for r is found, the solution for 8 follows
immediately from eq(4.48). At large distances from the centre, K and K’ vanish and
the particle moves in a straight line. Clearly in the areas too close to the center of the
monopole, K’ vanishes as well (but not K), and a free motion is valid. However, in

the other areas K and K’ are important and cannot be ignored. Again using 6 from
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eq(4.48) and 7 form eq(4.49) (after some replacement of ), after some rearrangement
of variables an integral equation for the orbit of the particle is found as:

dr

9—90:i/r —
”’T\/(‘mvr ) _1

j—BK

With the presence of the hyperbolic function in the integral, it seems difficult to solve

(4.61)

it by changing the variables. Instead of the above integral equation for the orbit,
we may replace dt from eq(4.48) into eq(4.54) and find a second order differential
equation for the orbit. But non of these help us to find analytic solutions for the
orbits. So in the next section we present some numerical solutions of eqs(4.47) and

observe the results we found in the previous pages.

4.2.4 Numerical Observations

In this subsection we present some numerical solutions for the set of equations (4.47)
for planar motions and eqs(4.17) and (4.18) for non-planar motions. We have used the
Runge-Kutta method (of fourth order) for solving first order differential equations.
The required programmes are written in the “MATLAB” programming package and
are explained in the appendix at the end of this thesis. In a planar motion let us
suppose a particle of unit mass, m = 1, and unit charge, I= Bk, B = +1, has been
launched in the field of a BPS monopole with ¢ = e = 1, from a point (rg, 6p),
with an initial velocity (7o, 90). The following results are concluded for the different
initial values for which we have tested the equations.

The monopole forces the particle to move on a curve in the plane such that if
the thumb of right hand stands in the direction of the charge isovector, then the
sense of closing the rest of fingers shows the direction of rotation of particle. In
Fig(4.6) particle is launched in four different directions (with the same energy), and
the particle moves counter-clockwise in each case (the charge isovector is normal to
the paper plain and outward). This observation is in a great difference with the usual
scattering of an electric particle in a Maxwell field. If the behaviour of this system
was like a usual electrodynamics system, the two bottom plots of Fig(4.6) would

be the mirror images with respect to the z-axis, while here we see one motion is
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Figure 4.6: Particle is launched from point (1,0) (the dark point in the x-axis) with
the same speed (0.1842556) in each case. (The number of significant digits in the
velocity is not crucial; it has been chosen for a better illustration of the plots.)

bounded while the other one is scattered to the infinity. (Note in the last two plots,
in spite of the fact that the energy is the same in both cases, 7 is different so they
follow the two different models of j—F graphs we explained in subsection (4.2.3).)

This point can be explained analytically when the condition for the planar motion
is used in the original equation (4.17). In eq(4:17) 7- I=0 (for the planar motion),
so the equations of motion in a compact form is

mi = KTI(@’xf). (4.62)

The term in the right-hand side of eq(4.62) is the force that is exerted from the fields
onto the particle. The I = ,6'/% is a vector normal to the plane of motion and in
the upward direction. So the cross-product of ¢ and I is a vector in the plane of
motion and always normal to the velocity vector and in counter-clockwise direction.
Therefore the particle is forced to move counter-clockwise.

Bounded and unbounded orbits are allowed depending on the choice of initial
values. Closed bounded orbits may exist for each point in the plane, depending
on the initial velocity. There are lots of various orbits, circles, Limagon-shapes,

curves with many loops (loops may surround the centre or not), the simple scattered
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Figure 4.7: For each case motion is started from point (1,0) (the dark point), but the
initial energy is different for each case. For the circle, initial velocity is 0.2663673990,
and for the Limagon-shape, the initial velocity is (7o, 8y) = (0.1842556, 0).

curves and many other complicated curves. A variety of possible orbits are shown
in Figs(4.7). For closed orbits the initial conditions are specified. For example,
in the two top plots of Fig(4.7) that the initial position of the particle is known
(ie. (r,8) = (1,0)), the velocities are specified up to some significant digits.

Although the circular motions are closed orbits, in general we can not find a
prescription for closed orbits. By numerical methods and trial and error we may find
some closed orbits. The top-left plot in Fig(4.7) is an example.

The figure (4.8) shows an unstable motion around the maximum point for 0 <
j < jo. In the top-left plot, the particle is launched from point (1, 0) with (7, 90) =
(0.18427354763893, 0), so it will rotate in a radial direction at ro = 3.16299356716209.
This case is calculated only to be compared with the closed top-left plot in Fig(4.7).
So for any 0 < j < j. (ie. 7o and 6y are specified), we can find a value 7y and send
the particle to rotate on the critical radius r,. For smaller or bigger energies, the
motion will be bounded between two circles, or scattered to infinity, as was explained
earlier. The bottom-left and top-right plots show these this point. The bottom-right

plot is another example of a unstable motion. Particle starts the motion from the
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Figure 4.8: For each case motion is started from point (1,0) (the dark point). The
plots show stability of the orbits around 75.

same point as the other three, but j and energy are different. We can compare this

case with the circular motion in Fig(4.7).

Numerical Observations For Non-Planar Motions

Now we explain non-planar motions which are indeed follow the general equations of
motion (4.17) and (4.18). The computation programmes have been explained in the
appendix. Suppose the particle is launched in the field from the point (0,0, 10) with
an initial velocity (0,0, —0.1) while the charge isovector is initially (0,0,1). As we
explained before the particle moves on the z-direction and passes through the origin
on an enough time. Now suppose instead of launching the particle in the z-direction,
launch it from the point (0, 1,10). So the initial conditions are as before unless an
impact parameter is taken into consideration. Of course with these initial conditions
the particle moves on a curve which is no longer planar. The top two plots in Fig(4.9)
show the orbits for the above mentioned two cases.

Instead of considering an impact parameter in the above case, that leads to a
non-planar motion, any small deviation in the initial velocity in the normal direction

to the plane or in the charge isovector in the plane causes non-planar orbits as
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Figure 4.9: Spatial orbits.

well. Examples for these two cases are the bottom plots in Fig(4.9). In the right
plot particle is launched from (0,0, 10) with the velocity (0,0.01,—0.1) and charge
isovector (0,0, 1); and in the left plot from (0, 0, 10) with the velocity (0,0, —0.1) and
the charge isovector (0,0.1,1).

By changing the initial values we may collect a wide range of spatial orbits.
Organising these plots to get some useful results are not straightforward, and in
addition needs a long time for each computation. As an example, the following
observation may lead us to the idea of standard one-dimensional potential we ex-
plained in the section on planar motion. In-the continuation of the top two plots
in Fig(4.9) we can increase the impact parameter. Note that the particle reflects
back in the z-direction, when we put (0,2,10) for the location of particle and the
other initial values are unchanged. Now we can decrease the impact parameter and
then play with it by adding and subtracting the earlier values to find a plot such
that the particle stays around the zy-plane (at least for a while). We may continue

this procedure to get a better and better result. In Fig(4.10), the left plot is the
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Figure 4.10: Non-stable motion.

three-dimensional orbit and the right one shows the time variation of z component.
This plot is resulting from the same initial values as the two top plots in Fig(4.9),
but with impact parameter 1.95265 (ze. (0,1.95265, 10) for the initial location). The
particle has a small oscillatory motion along the z-axis close to the zy-plane for a
while. We may increase duration of the delay around the zy-plane for a longer time
by changing the value of impact parameter to a better value.

Based on the observation we explained in the last paragraph, one may compare
this situation with the unstable extremum points in the one-dimensional potential
model we explained for the planar motions (see Fig(4.8)), but in a three-dimensional
context. So if this is like an unstable extremum, there might exist a stable analogue
of the one-dimensional potential in the three-dimensional context. If a minimum
exists for the general potential model, a stable planar motion would be allowed.
This means, stability of planar motion might be possible ze: if some small normal
perturbations disturb the planar motion, the orbit should stay bounded around the
plane. In the next topic we analyse this problem in some detail.

It is proper here to say a word about the scattering problem. With the above
results from the numerical works, we see the scattering depends on many parameters
is not as simple as in the two-dimensional central force problems. We may keep the
initial conditions of the problem unchanged but alter the irﬁpact parameter. As the
impact parameter changes, the plane spanned by the initial and final velocity vectors

changes. So it is needed to introduce three scattering angles instead of one which
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is used in the usual two-dimensional scattering problems. Even in two-dimensional
planar motions the scattering of the particle is not symmetric with respect to the
positive and negative values of the impact parameter (see the two bottom plots
in Fig(4.6)). The problem of scattering in three-dimensional motions is a separate

problem, so we skip it here.

4.2.5 Stability of Planar Motions

The conditions for planar motion look too strong and therefore the stability of planar
motions may be very weak. This means, if a little deviation in the quantities perturbs
the planar motion in the normal direction to the plane, the particle will leave the
plane and be scattered to infinity. Because the perturbations are generally in three
dimensions, we should use the general equations of motion (4.17) and (4.18). So, let
us first find the required equations for perturbations in three dimensions.

Suppose small perturbations in 7" and I in the form

F—7+é& T—1T+36, (4.63)
where € and & are small quantities. For the other quantities we will have

G—TG+€ UT—U+e [—T4+6 r—r+—, (4.64)

where in the last one we have kept only the first order approximation. Replacing the
unperturbed quantities in equation of motion (4.17) and (4.18) with the perturbed
quantities from the right-hand side of the above relations, we find

KB = UG e)e Ty + @x ) )

,,-4
+ (Tx 7))+ (@x ) 1)}
4K? - 2rKK'+r?K" - 3rK'—4 ,_ _ . .
- = (€-7)(@ x A1)
! o 5 KII I{I 5
+£{(ﬁx5)+(€x])} (@7 ExD), (4.65)
T T
§ = 1_21({(€><17)xf+(Fx€)xf+(Fxﬁ)x5}
T
20— K)+rK',, . 1o . =
_X 7«2 (€-7) [(Fx ) x I], | (4.66)



4.2 Yang—Mills Particles in a Monopole Field 91

where in derivation we have ignored the second order perturbations and used the

unperturbed equations (4.17) and (4.18).

Now for the planar motion case, where we have suggested to make a small per-

turbation in the space, we have

me = - {@x7)(F-8)+ (@x 7))}
Ko, o o =y rtK'-K _ .
=A@ )+ @x D+ ——@xD)E7),  (467)
5 Lo K op oy o R (T 2\ r (T =
b= {Fx o) x 8+ ([-&)7-(I-8)7}, (4.68)

and we have used 7-1 = 7-1 = 0. Only the terms in the second row of eq(4.67) can be
derived from the planar equation of motion (4.62), and the remaining terms in both

equations have appeared by considering the general three-dimensional equations of

motion.

Cylindrical coordinates are suitable to write down the equations for each com-

ponent separately. We may write

€ = e,f+eoé+622,
§ = 6,7+680+6,5. (4.69)
So
€ = (é —0ep)7 + (ég + be,)0 + é.k,
5 = (6, —065)F + (g +66,)0 + 6.k, (4.70)
and
€= (& — Oeg — 20¢g — 0%€,)7 + (ég + Oe, + 20¢, — 0%¢g)0 + &, k. (4.71)

Replacing from eqs(4.69)-(4.71) in eqs(4.67) and (4.68), and using I = Bk (8 =
constant), 7 and ¥ in the polar plane (plane of motion) one may find a complete set

of six linear differential equations for six unknown perturbation components

3} K’ . .
mé = { o+ PK"fer + K't%z} 7
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K K" - K' K'. ’ .
+ {—ﬂ—ér — B e, + by — *r'a,,} f
T T T T

K?—rK' —1. 1- K2, ! .
+ {—ﬁ TQ fe, + 0o, + —fég} k, (4.72)
T T T
g = {1 ;2K( —Bré, + Bre, — r206, )} 7
- K . ) .
{lr—( Ble. + reér)} 9, (4.73)

where in the left-hand side we may replace € and § from eqs(4.71) and (4.70), and
write down equations of motion for each component. In the first instance we find
52 =90, so

d, = constant. (4.74)
Therefore for small perturbations the total component of the charge isovector in the
normal direction to the plane of motion, § + J,, remains constant. For example, if
initially the perturbation of the charge isovector takes place in the plane of motion,
this perturbation remains in the plane when the perturbation is small.

Let us choose an auxiliary variable & = €

0 = o.7+ 0gf + 0,k,

~

G = (6, —00g)7 + (65 + 00,)0 + 6,k (4.75)

Now we can write nine first-order differential equations for the perturbations (let us

set m=1)
€& = 969 + Oy,
éo - -—é € 1+ 0g
€, = O,

"n_pr o, K! . .
G, = ﬂfK—T—keeT+<ﬂT+9>Ue+K'05z,

K" — k' K’ . K'
Gy = —ﬂr——E——i‘er—<ﬁ—+9>a,+—r’63,
T T T
P_gK'—1. 1-K?, '
by = s g 06, + —7 &
T T T
. - K 1-K .
b= e - p o, + K06,
T
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. 1-K
dg = pB "

5, = 0. (4.76)

éez —Ké&,,

Equivalently we may write the above set of equations in matrix form

S=MS (4.77)
where
- T
S = [ € € € Op 0Oy O, (51' 60 62 ] ; (478)
(T stands for the transpose), and
M(7,7) =
[ 0 0 0 1 0 0 0o 0 0
—0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
BrRI-EN0 g 0 K44 o 0 0 K'§
—BEEKN g 0 LK _9 0 0 o o0 Kt
0 0 fU=KLaE) 0 o (=)0 ki
o o AL=F) 0 0 B g gk§ g
0 0 LUK 0 0 0 -K6 0 0
0 0 0 0 0 0 0 0 0 |
(4.79)

The matrix M which is a function of the variables 7 and 7 is implicitly a function
of time ¢. If M was a constant matrix with eigenvalues ); and eigenvectors ﬁ,i, the
solution of the linear differential equation (4.77) would be 0, C; exp(\;t)R;, where
C; are constants. But now the solution cannot be as simple as this, because the
eigenvalues of the matrix M are functions of time. The only chance for solving
the equations in this way is for circular motions when 7 and g are constants and 7
vanishes. For example for the circular motion of Fig(4.7), r = 1, 6y = 0, 7 = 0,

0 = 0.2663673990 and § = 1 the eigenvalues of M are
0.4420586021, —0.4420586021, 0.5092646668, —0.5092646667,

0.2351894807z, —0.2351894807+, 0, 0, 0.
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We have used the “MAPLE” programming package to calculate the above values.
Using the MAPLE package we can find the eigenvectors as well. Now We need initial
values of the perturbation quantities to determine the constants C;. Suppose in the
circular motion, instead of starting the motion at ¢ = 0 exactly from the point (1, 0, 0)
in the plane of motion, start the motion from (1,0, 0.001) and the other initial values
of the circular motion do not alter. So we have set an small perturbation only in the
z-direction (normal to the plane of motion) ée. S(¢ = 0) = [0, 0,0.001,0,0,0,0, 0, 0]T.
Equating S(t = 0) = 5-%_, CiR;, the constants C; are found. Let us study the result

for one of the perturbation’s components, eg. €,

e, = 0.0005111498065 e”°9920469%8% 1 0.0005111498062 ¢ ~0-5092646667¢

—0.0000222996127 023518948073 ¢

Clearly the first exponential term in the right-hand side of the above equation in
spite of its small coefficient, diverges as t — 0o. Therefore we can judge the circular
motion under study is not stable.

An analytic solution of the set of equation (4.76) (or equivalently (4.77)) are not
available, so we may examine the equations of perturbation by numerical methods.
We can study any solution in the plane, with some small values for perturbation
quantities. Suppose a list of data of position and velocity of a planar motion is
available. So we may use the data and the set of equations (4.76) and a numerical
method such as the Runge-Kutta method (or even simpler methods) for computing
the differential equations. It is more convenient to calculate the data of planar motion
in a procedure and at the same time compute the perturbation quantities for each
set of (r,6,7,0). The required programme is given in the appendix (see parts PO
and P5). We have studied the problem with different choices of the perturbation
quantities for different planar solutions, and the results are the same as above. Indeed
if the initial perturbation in the charge isovector being in the z-direction, or the initial
perturbation in 7 and ¥ being in the plane of motion, the motion will stay planar. The

stable and unstable planar motions (for perturbations in the plane) were discussed

earlier.



4.3 General Equations of Motion in Five Dimensions 95

4.3 General Equations of Motion in Five
Dimensions

In the previous section we described the motion of a coloured test particle in which
the colour was coupled only to the Yang—Mills field, and the non-relativistic real space
motion at large distances was stated to be the same as for an electric point particle
in a Dirac point monopole field. Fehér has given a reinvestigation for a classical
motion of a coloured test particle in the Prasad-Sommerfield monopole field. He has
considered coupling the particle to both the Yang-Mills and the Higgs fields, and
proved the existence of bounded orbits at non-relativistic limit at large distances.
He has used the Wong equations and regarded the Higgs field as the fifth component
of a Yang—Mills vector field in five dimensions [64, page 46] (see also the conventions
before eq(2.53)), interpreting the motion in the fifth direction as providing an effective
mass of the particle. In Fehér’s article [66] the limit of non-relativistic motion is
unclear, so the claim to have found bounded orbits at far distances is questionable.

Fehér has supposed an affine parameter on the path of the particle in the five-
dimensional manifold to write down the Wong’s equations. Then he has reformulated
the equations by using the proper time parameter as the projection of the affine
parameter in the four-dimensional space-time path of the particle, and interpreted
the mass as the derivative of the proper time by this affine parameter. The formalism
of Fehér is not too clear and not a natural generalisation of the four-dimensional
Wong’s equations. We have searched the literature but we have not found any other
work in this direction. Therefore we have reformulated the problem again.

In this section we want to rebuild the equations of motion of a coloured particle
in a non-abelian Yang-Mills—Higgs field in a five dimensional space-time in a natural
way. The Lagrangian regarding to the Kinetic part of the fields (with the usual

definition) is:

1
~ ZFWF

a
4 v

_ %(D"@)“(D,ﬁi’)“. (4.80)

This field system can be regarded as a pure Yang-Mills system over a five dimensional

flat space-time M3, for which the corresponding connection is invariant with respect
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to translations of the fifth coordinate. We suggest the fifth coordinate, say z° here,
as an internal but dynamical coordinate so that no field variables depend on this
internal coordinate. So the Lagrangian (4.80) can formally be written in pure Yang-

Mills fields in five-dimensions in a compact form:

1
L= —ZF“ABF;}B, (4.81)
where A, B,... = 0,1,2,3 and 5 denote indices in the five dimensional space-time,
and
Fip = 0aA% — OpA% + e [ A% A% (4.82)

is the gauge field strength which f¢ are the structure constants, and e is the coupling
constant of the particle with the Yang-Mills-Higgs field. We have defined the Higgs
field as the fifth component of the Yang—Mills field:

= A% (4.83)

Fo = 0,A% - 0sA% +e f* AL AS = (D, )", (4.84)

where 1 = 0, 1, 2, 3 shows the usual four-dimensional space-time indices, and a shows
the isospace indices — that is = 1, 2,3 for SU(2) as the gauge group. Now we enter

the particle into the field equations by adding the term
L,=—-T(104 +e1A%x* + m)¥, (4.85)

to the Lagrangian (4.81):

1

4F“ABF;;B —U(7404 + e 7 A%x* + m) V. (4.86)

L

In the above equations Y4 are Dirac gamma matrices, with ¥> = Y%y'v2y3. The
equation (4.85) is the five-dimensional analogue of the equation (4.10). Comparing

these two equations with each other, the extra term
—U(7Y°05 + eV )T = —e TV D4,

appears in our generalisation, which indicates the interaction between the particle

and the Higgs field [67, 68, 69]. The Lagrangian (4.86) in five-dimensions is analogous
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to the Lagrangian (4.1) in four-dimensions. The equations of motion are essentially
similar to Wong’s equations in four-dimensions. The five dimensional motion of a

particle in this pure Yang—Mills field is governed by the following Wong equations:

. .
5 =e—— Pl (4.87)

dIe da*

e f —%A’;IC =0, (4.88)

where 1% is the charge isovector.

The fifth dimension is a dynamical variable, so the evolution of this internal

coordinate (z°) is governed by

d?z’ dz® -
-t bl ! Iu.
de2 e o F
d
- —edi(D $)°J°, (4.89)

For the components of the real four dimensional space-time the equations of motion
are

d?z# dz®
= eyl
arr T a0

da®
= € E’,]——Fausla
5

dz” dz
= e—F"%,I*+e—(D"®)*I" .
e I" +e - (D*®) (4.90)

In Fehér’s work an extra term appears in the right-hand side of eq(4.90) which
comes from the difference between the affine parameter in the five dimensions and
four dimensions. The Wong equation for non-abelian charge I in five dimensions,
(4.88), can be expanded as

are
dr

fabc Ab Ic fabc (I)bfc — 0 (491)

which in comparison with eq(4.5) in four-dimensions, contains an extra term regard-
ing to the Higgs field. Multiplying both sides of eq(4.91) by I¢, we obtain the same

result as in eq(4.9):
d(1¢1%)
dr

=0, so I°I” = constant, (4.92)
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which indicates conservation of the length of charge isovector. It is in this sense that

non-abelian charge is conserved.

The field equations which arise from the Lagrangian (4.86) are:
DpF*? = J4, (4.93)
where J# are current due to the coloured particle(s). In the matrix representation
Ap = A5Te, ® =0T, Fap=FigT", Dp=10p+c¢|Ap, | (4.94)

where T ’s are generators of the gauge group and 1 is the unit matrix of the same
dimension as the 7 ’s. For Fp (or equivalently ® and Apg) one may simply show?

the identities
D,DpFA8 =0, (4.95)

D,Fpc + DcFap + DpFoy = 0. (4.96)

From eq(4.95) and eq(4.93) the conservation of the coloured (non-abelian) current

J4 is given
D4J* = 0. (4.97)

Expanding eq(4.93) the fifth® and the space-time components of the current are:

J® = DpF®® =D, F* = -D,D*®, (4.98)

J* = DgF"? = D,F* + D;F*. (4.99)

The last term-in the right-hand side of eq(4.99) is simplified by our initial principles:
DsF* = [As ,F*), (OsF* = 0)

then
J* =D,F* + (@ ,D*®]|, (4.100)

4See footnote 3 on page 66, but for indices run in five-dimensions to prove eq(4.95). The Bianchi
identity (4.96) is a direct consequence of the definitions (4.82), Fup = 04Ap—0pAs+e[A4,Ap],
and covariant derivative (4.94).

5When the potential V(A®) = V($232) = 2(®*®* —a?)? is considered in the Lagrangian (4.86),
the fifth component of current will be:

J® = —-D,D*® + \B(3°3* - a?).
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that shows the usual current in the four-dimensional space-time has a contribution

from the Higgs field.

For a non-abelian point particle with charge I, the current can be defined in five

dimensions in the normal way as in Wong’s work in four dimensions (see eq(4.6))

dz (1)

J4(y) = e/dv' I(7) y §°(y — z(7)), (4.101)

where z(7) is the location (world-line) of the charged particle in the five-dimensional
space-time, y is an arbitrary point in the space-time, and ¢ is the Dirac delta-function.
The consistency between the above definition and the equations of motion is valid.
This was explained in eq(4.8) for four dimensions, but the same argument could
apply in five dimensions.

The equations (4.89), (4.90), (4.91) and eqs(4.98) and (4.100) completely describe
the motion of a coloured particle in the non-abelian Yang-Mills-Higgs field. It is

possible to find a first integral of eq(4.89). The right-hand side of eq(4.89) can be

expanded as
dz* do°
T o

_e.—

dr dz*

dZE‘u
2 abe Ab Fc 70
e f ” s

and then eq(4.89) can be written

21 4o dzt
m d:; ~—e - % e A g, (4.102)

Multiplying both sides of eq(4.91) by ®¢, one can show

e dgt
@a‘jh - e%- feere AL DS, (4.103)

which if substituted in eq(4.102), we have

d2z® doe dl® d
= — I° — ed” = —e —(D*]%). 4.104
m dr? ¢ dr © dr ¢ dT( ) ( )

From this equation we obtain a first order differential equation for the internal coor-

dinate
dax®

m—— = —e®*[* +h, (4.105)
dr
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where h is the constant of integration, which is indeed a constant of motion®. This
equation presents a relation for the internal component of the particle’s momentum.

The constant, h, in eq(4.105) depends on the initial orientation of the two isovec-
tors and the initial value of dz®/dr. For example, in the field of the 't Hooft—Polyakov
monopole if the particle starts the motion from the rest, dz“/dr = 0, in the Higgs
vacuum (5 = af ), and if the particle’s charge isovector lies in the radial direction,
the constant will be eal, where I is the norm of the charge isovector which is al-
ways constant. If the particle starts the motion while the charge isovector lies in
a tangential direction, then the constant will be zero. Regardless of the constant,
the equation (4.105) shows the internal component of momentum is proportional to
the projection of the Higgs field on the direction of the particle’s charge isovector,
and the proportionality factor is —el, ze. the particle’s charge. One can replace
dz®/d7 from eq(4.105) in eqs(4.90) and (4.91) to obtain a complete set of equations
independent of the internal coordinate.

The equations of motion become simpler with some interesting consequences if
we use a BPS magnetic monopole as the source of the Yang-Mills-Higgs field. In

the next section we will turn to that.

4.4 Particle in the Field of a BPS Monopole

In this section we use the procedure described in the previous section and apply the
conditions of the BPS monopole for a test particle. With a test particle we mean:
relative to the monopole, the particle is so small in mass and charge such that the
_resulting perturbation due to the particle can be ignored. Therefore the particle has
no contribution in the evolution of the fields, and we ignore the current J in the left-
hand side of field equations (4.98) and (4.100). Thus the BPS monopole conditions
(2.42)—-(2.44) satisfy the field equations, and we can use solution (4.16) for the fields.

6As the fields are independent of the fifth dimension z°, in a Lagrangian approach, as we
explained in footnote 1 page 65, in five dimensions &L/dz° vanishes. Therefore 0L/8i° = mi® +
e®e]® is a constant, in agreement with eq(4.105). So the momentum conjugate to z°, h, is a
constant of motion.
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4.4.1 Motion of a Test Particle in the BPS monopole
Field

The equations (4.16) satisfy the field equations, and in a non-relativistic framework
the equations of motion (4.90) and (4.105) become:

d?z da? '
= e—F2]° D,®)*1* .
m— e — 1 +ep (D; @)1, (4.106)

mp = —e®*I®+h, (4.107)

where we have substituted 7 by ¢t = 2°, dropped the equation for z° and defined

dz®
P= (4.108)
The constant & depends on the initial conditions as we explained after its introduction
in eq(4.105). A force due to the Higgs field has appeared in the equation of motion,
eq(4.106), beyond the usual Lorentz force. The equation of evolution of the charge

isovector (4.91) becomes:

dIe e A2
abc AbIc abc (I)b[c =0. .
o tee A" +epe 0 (4.109)

By replacing F, (D;®)%, Aj and ®° from eqs(4.15) and (4.16) into eqs(4.106)-

(4.109), the equations in a convenient form are’

X
B %f<K2_TK,‘1)[wxm_pF]JrKT,[(ﬂxf)—pf], (4.110)
mpe= _g (7 1) +h, (4.111)
I = I;K (FxT)xT - i—fj (FxT), (4.112)

where the magnetic field is

1 .. 1 anrt .
B = SeiFy = —(D@)" = — {“Tf (K?—rK'—1) + 7K’ 5} (4.113)

As before, the energy and the total angular momentum are constants of mo-

tion. Using the general equation in five dimensions (4.87), multiplying both sides by

7For conventions on notation see footnote 3 page 8.

0>

£
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dz” /dr, one can simply find
d 1 dz4\? _0
dr 2m dr N

1
mu? + 5mp2 = constant. (4.114)

which implies
E

[N R

Here, ¥ is velocity of the particle (v = |¥]), and p is defined in eq(4.108). The validity
of relation (4.114) can be checked directly by using the equations of motion (4.107),
(4.110) and (4.112) to show

mv-T+mpp=0.
Another constant, is f, the total angular momentum of particle and fields defined in

eq(4.27)
- L -K){T -7
J =m(F x 6)+KI+L—72(—”F. (4.115)

The same as before replacing from eqs(4.110) and (4.112) in eq(4.28), after some

algebra, all terms cancel each other to imply J =0 and so
J = constant. (4.116)

As we are working in the classical framework, one may think about some hidden
conserved quantity such as the Lenz vector in the Kepler problem (inverse square
law of force). However none has been found.

In the first view, we find the equations (4.110) and (4.112) are too complicated to
be solved. Therefore we consider the asymptétic behaviour of the equations at large
distances. Because of the different behaviour of K and K’ with H at large distances
we may consider two cases. At large distances K(r) and K'(r) vanish exponentially,
and B® = —(z¢/er")7. If r is not too much bigger than 1, H(r) — aer — 1, and if
r >> 1, then 1 might be ignored and so H = aer. So at large distances (but not too

far) eqs(4.110) and (4.111) become
b o, S -
myv = ;—g[rxv-i—pr], (4.117)

p = (—eaa+lz+%)/m. (4.118)
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where as before we have defined the charge isovector as
I = af + B+ 73, (4.119)

in an orthogonal moving frame along the particle trajectory:

dr

7 w:f’xﬁ'(ﬁza), 7=7x, (4.120)

where hatted letters denote the unit vectors along each axis. Evidently the coeffi-

cients «, f, and 7 satisfy
I = (I°I°)'? = (o® + 82 + 7*)/? = constant. (4.121)

From eq(4.112) after a little algebra we find

K ||
-=" (4.122)
. TR H 1 H
b= {0 pHL p:_(_a_+h>, (4.123)
[aP " m\ ot
) .—». — H I( -
y o= [ d pH) g Kl (4.124)
[ r?

These equations, by using the asymptotic behaviours of K and H at large distances,

and using the asymptotic equation (4.117), become

@ = 0, (4.125)
. o aer — 1
g = [ s +p i ] , (4.126)
mr r
. aer — 1
Y o= —{ X ]ﬁ, (4.127)
mr T

where p has the asymptotic value in eq(4.118). From eq(4.125), obviously o = ay is
a constant.

For this asymptotic case, using eqs(4.117) and (4.125), the length of the angular
momentum [ = |m(7 x )|, the total angular momentum vector 7 =1+ af in
addition to j - # = g are constants of motion (in agreement with eq(4.115)). From
eqs(4.117) and (4.118) one may simply find m(v? +p*)/2 is also a constant of motion

(see eq(4.114)). If j = |7| = 0 so I = ap = 0, then particle moves uniformly in a
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radial direction (or stays at rest). For j # 0, the motion will take place on a cone
with the axis j and the half-angle cos™!(ayp/7).

We may compare the forces on the right-hand side of the asymptotic equation
(4.117) with forces due to certain point objects sitting at the origin. From the
components of the isovector charge f, only « (that is a constant) has appeared in
the equation of motion, eq(4.117). Therefore we may assume only ea portion of the

particle’s charge, el, participates in the motion at large distances

- a,, . ah-eaa)_, o
mv:—ﬁ(vxr)+ Tt T (4.128)

The first term in the right-hand side of eq(4.128) is a force due to a point magnetic
monopole. Comparing to eq(4.29) the second and the third terms are forces exerted
from the scalar Higgs field on the coloured test particle. The second term corresponds
to the force due to an electric point charge on the test particle and the third term
has the characteristic of a spherical charge distribution of total charge zero. At
close distances the force from the fields on the particle are so complicated, and at
far distances the dominant terms are those in the right-hand side of eq(4.128). For
r >> 1 the dominant forces are the first and second terms in the right-hand side of

eq(4.128).

For too large distances, ie. r >> 1, where the Higgs field asymptotically becomes
® = ar, (4.129)

we may neglect 1 in the term aer — 1, and rewrite the equations of motion (4.117),

(4.118) and (4.125)—(4.127)

mi = %[Fxﬁ-l—p?"], (4.130)
— h
p = (ﬂ?ﬁ___)’ (4.131)
m
a = 0, (4.132)
B = eap, (4.133)

Y = —eapf. (4.134)
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which now p is a constant and ﬂ and 7 have a simpler forms. In this approximation
(too large distances) [, a and j (so 7 - #) are constants of motion (the same as in
the large distances approximation). Now p is a constant, so from eq(4.130) mv?/2 +
ap/r = constant (that can be obtained by expanding E = m(v? + p?)/2 = constant
at large distances using eq(4.118) and then dropping the order of 1/7? and redefining
p as in eq(4.131)).

The equations (4.133) and (4.134) provide a precession motion for the charge

isovector f, around the radial direction of the particle in the isospace
B(t) = VI? — o sin(aept + §y), Y(t) = VI?> — o? cos(aept + Qp),  (4.135)

where € is a constant. The charge isovector moves around a circle of radius (I? —
o?)}/? with a constant angular frequency w = aep. Therefore p measures how fast
the charge isovector moves around in the isospace, when the particle travels its path
in the real space. So p which was defined as the velocity in the fifth-spatial direction
(eq(4.108)) appears as the velocity of the charge isovector in its precession around

the particle’s radial direction (note, ae has the dimension of (length)™").

4.4.2 Solutions of the Equations of Motion

In section (4.2) we observed planar motions and bounded and we presented numerical
works in two and three dimensions. There, the only force on the particle was the
force from the monopole and a force from the Higgs field on the particle was not
considered. In the first subsection of this section we explained the equations of
motion containing the Higgs and the particle interaction as well as the monopole

force, and in this subsection we search for the solutions.

Planar Motions

It is interesting to know if the planar motions occur here exactly in the same context
as before. As we said before, in a planar motion 7 x ¥ is always normal to the plane of
motion, so in the equations of motion the coefficient of W = 7 x ¥ was set to zero and

we found some consistent solutions. Using the moving frame (4.120) the component
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of eq(4.110) in w-direction is

K K
— |&] — T—(a]w]—F’Y(F-U)) - Tpﬁ. (4.136)
For a planar motion this coefficient must identically be equal to zero, so
(K*-1)|d|la+r*K'pB+rK'(F-7)7 =0. (4.137)

Under these considerations the equations of motions (4.110) and (4.122)-(4.124)

become
-, K*—rK' -1 K .
my = ——ﬂ—pa+7a—2(|w|ﬁ—rpa) 7
K _ . .
+;2—[(r-v)ﬁ—rp7]z, (4.138)
) Kuw ‘
o = —'T—QV, (4139)
- H
g = =1, (4.140)
: K H
- ;”a_B_ﬁ, (4.141)
r T
and p is unchanged
H
mp =+ h. (4.142)

Let us first examine the above equations at large distances. At large distances
where K and K’ vanish, eq(4.137) necessitate @ = 0. Replacing this result in
eq(4.138) shows the particle move on a straight line at large distances (see also
eq(4.117)). Also at large distances p is a constant and 8 and ¥ have a precessional
motion (if p # 0), which are compatible with the asymptotic behaviour of equations
we studied before.

In fact eq(4.137) is an extra equation and might not be consistent with the
equations of motion (4.138)—(4.141) in general. But it might be consistent with
equations of motion under some circumstances. Finding the conditions where this
extra equation might be consistent with the others does not seem to be easy. Looking
at eq(4.137), one may choose a = § = ¥ = 0 which is of course a contradiction (while

I is a non-zero vector). One acceptable possibility is & = 7 = p = 0 which causes
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eq(4.137) to vanish identically. From the equation (4.142) the condition p = 0 is

equivalent to A = 0. So

a=7=h=0, (4.143)

are conditions for planar motion subject to the validity of equations of motion. Re-
placing from eq(4.143) in eqs(4.138)—(4.141) we obtain exactly the planar equations
of section (4.2). So the planar motion and indeed the bounded orbits are allowed in
this regime as well. Because the equations of planar motion are the same as before
we skip their solutions in this section. The stability of planar motion must be studied
independently. In the previous case we stated the planar motions are not stable, but
in this case the Higgs field might play a role to keep the particle close to the plane
and does not let it scatter to infinity. I have not checked this problem.

A proper question is, under what circumstances the force from the Higgs field
on tl}e particle fails, ¢e. the generalised equations of motion we found in this section
shrink to the equations of motion we found for the particle in section (4.2) (which
were feeling only a force from the monopole and not from the Higgs field). In fact it
is not possible to ignore the Higgs and the particle interaction in general. It is clear
that equations (4.17) and (4.18) are obtained from the equations of motion (4.110)
and (4.112) if p set to zero which exerts an additional constraint. Setting p = 0
occasions « = hr/H, then from eq(4.22) we find 7 and from eq(4.24) S. So we may
replace a, § and 7 in eqs(4.23) and (4.25) to find two parallel equations which are
too complicated (and I think they are not consistent in general). A possible case
(may be the only one) is the mentioned planar motion, which means in the specified

planar motions the Higgs interaction has no contribution.

Radial Motions

A radial motion is possible if initially the charge isovector and the particle velocity
are radial. In this case from eq(4.112) the charge isovector remains constant, o =

and § =7 =0 and from eq(4.110)

mi = L (K2-1)p, (4.144)
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where p = —IH/r + h. In the previous case (the monopole interaction only), the
right-hand side of eq(4.144) was vanishing (p = 0) and the particle had a uniform
radial motion, and could pass through the origin. The equation (4.144) shows a
different situation.

Assume the particle is moving along a radial direction say z-axis. From eq(4.114)

we may write
1

E= Emi“z + V(r), (4.145)
where
1 1 [(-IH 2
V(r)=gmp*=gm ( . ), h) : (4.146)

is the one-dimensional potential, and r (is the variable along the z-axis and) takes
both negative and positive values. The time-derivative of eq(4.145) leads to eq(4.144).
Regardless of mass, a, e and I, the potential V(r) depends on the constant h. The
figure (4.11) shows the different shapes of V(r) with respect to the different values

of h. (To see these results one may equate V'(r) to zero and find the roots, that are

h>1

0<h<l1 h=0

Figure 4.11: One dimensional potential V' (r) (vertical axis) versus r (horizontal axis).
For a given h, the mirror image of V/(r) with respect to the vertical axis gives V()

for —h.

indeed the roots of p = 0, and follow the instructions after eq(4.57).) For a negative
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value of h, V(r) is the mirror image of the the potential for —h, with respect to the
vertical axis.

From Fig(4.11), if |h| > 1, the particle may be repelled back (before reaching
the origin, just at the origin or after passing the origin), or just passes through the
origin depending on the energy E. For 0 < |h| < 1, in addition to the mentioned
possibilities for |h| < 1, bounded motions are also possible (in the A = 0 case, the

particle just passes or is bound).

By

By

Figure 4.12: Different possibilities of motion for 0 < A < 1.

Referring to Fig(4.12), For E > F; the particle passes through the origin and
travels to infinity. For By < E < Ej, such as Ej, the particle is repelled back
(even before reaching the origin or after passing through the origin) in its trajectory
and travels to infinity. For 0 < E < FEj the orbit is bounded and the particle
oscillates along the z-axis. For h = 0 the oscillation is symmetric with respect to
the origin (the origin is the equilibrium point). But in the other cases the origin is
not the equilibrium point (center of the oscillatory motion) and the amplitude of the
motion on the two sides of the origin are not equal (even not equal either side of
the equilibrium point). And, on top of all, for the energies less than F4, the particle
oscillates only on one side of the origin. At the equilibrium point p = 0, the position

of equilibrium (with respect to the origin) depends on the constant h. For larger |h/,
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the location of the equilibrium point is more distant.

The réle of h in the radial motion is similar to the role of j in the planar motion.
As the orientation of the charge isovector and the Higgs field are fixed in the radial
.motion, the constant h depends only on the initial starting point, 79, and the initial
value of p, pg. The initial value of p, pgy, is a free parameter in the radial motion
and it must be determined by the overall theory of motion. From eq(4.145) one may

write an integral equation for ¢ and r, similar to eq(4.60).

dr

t=+ [ 4.147
/ro V2E/m — [-TH(r)/r + h]2 (4.147)

Three-Dimensional Bounded Orbits

We studied the planar and radial motions in the last pages. In both cases, bounded
orbits were allowed. Suppose a particle is moving in a bounded orbit in a plane,
say zy-plane, so that the charge isovector is normal to the plane of motion along
the z-axis. Regardless of the motion in the plane, suppose the particle has also a
motion in the z-direction such that the particle can oscillate in the z-direction. This
is a motivation to believe, if we mix the initial condition of the both motions, we
may get a bounded motion in three dimensions. Of course, we do not say that the
result motion is superposition of the two mentioned motions. It is clear that the
equations governing the motion (ie. eqs(4.110) and (4.112)) are not linear, therefore
the superposition of the solutions is not necessarily a solution. The above motivation
is correct only for the starting point, and for the other instants we must follow the
equations of motion. Let us examine an example by numerical solution. Under
these circumstances, the planar motion condition requires A = 0. For example, with
h = 0, if the particle is launched into the fields with the initial values [, ¥, f&] =
[[1,0,0],[0.1,0,0],]0,0,1]], the result is a bounded planar motion in the zy-plane
(see plot bottom-left in Fig(4.7)). If the particle is launched in the field with the
initial values [[0, 0, 0], [0, 0, 0.1], [0, 0, 1]], the result is a symmetric bounded oscillation
along the z-axis around the origin. So we expect, if the particle is launched with the

initial values [[1,0,0],[0.1,0,0.1],[0, 0, 1]], the result being a bounded orbit in three
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dimensions. By chance it is right. Using the three dimensional equations of motion
(4.110) and (4.112), a numerical analysis as we have explained in the appendix (see

parts PO and P3) confirm the claim as it is plotted in Fig(4.13). We have tested

0.2 \\/ 4
Co /0\‘\7’\ C
oz /\"\V \.‘

Figure 4.13: Bounded orbit in three dimensions.

the motion for a remarkable amount of time (10000 units of time), and numerically
result is obtained.

One result which we may get quickly from the above discussion is the stability
of the planar motions. In fact it is sensible to understand the stability of the planar
motions in the new scenario (compare with the results of section (4.2)). When
small perturbations normal to the plane of motion disturb the motion, there is a
vertical force to keep the motion oscillating close to the plane so that the pattern
of planar orbit stays unchanged. So involving the Higgs field interaction makes a
significant difference. In section (4.2) the Higgs field interaction was ignored, so
the planar motions were not stable (in the sense of vertical perturbations). (Note in
Fig(4.13) the changes in the planar motion is not small, but still the projection of the
three-dimensional orbit in the zy-plane follows the same pattern as the pure planar
motion has (see plot bottom-left in Fig(4.7)).) We have checked the stability of the

planar motions by considering small perturbations in any of the motion’s parameters,
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numerically by using the general equations of motion (see the appendix, part PO and
P3 for programmes.)

In general the closed orbits are unknown in the non-planar motions. For example
if we start the motion from the initial values [[1,0,0], [0,0.2663673990, 0], [0, 0, 1]]
and h = 0, we obtain a closed circular motion, and if we start the motion from
[[0,0,0],[0,0,0.1],[0, 0, 1]] we obtain a symmetric radial oscillation. The motion with
initial values [[1, 0, 0], [0, 0.2663673990, 0.1], [0, 0, 1]] forms a bounded orbit such that
the intersection of the orbits with xy-axis is bounded between two circles, and the z-
direction has an oscillatory motion along the z-axis with the domain changes between

a minimum and a maximum periodically (see Fig(4.14). If the equations of motions
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Figure 4.14: The left plot shows the variation of z-direction versus time, the middle
one shows the intersection of the motion in the zy-plane, and the right plot shows
the three-dimensional orbit.

were linear we might say, the superposition of two closed orbits are closed if the ratio
of periods of two motions being a rational number. But in our case the equations of
motion are not linear, so we are not able to use this theorem. We might play with
the parameters to gain a closed orbit in three dimensions. Studying the bounded
and closed orbits needs an analytic description of the equations of motion, which is
not available here.

With A = 0 we may choose any combination of the initial values (not only
a combination of the planar and radial motions initial values) and test the equa-
tions of motion by numerical computations (see the appendix for programmes). The

bounded orbits are observed for different kinds of combinations of the initial val-
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ues. Of course for many initial values we cannot expect a bounded orbit. For
non-zero h’s the combination of initial values is too sensitive and for most of them
the orbit is unbounded. But still for some initial values bounded orbits are ob-
served. An example is [[1,0,0],[0.1,0,0], (1,0, 1]] with h = 0.5. Now the initial values
[[1,0,0],[0.1,0,0],[0,0,1]] with ~ = 0.5 is neither a planar motion nor a non-planar
bounded motion, but when it mixed with an oscillatory motion in the z-direction,

the resulting three-dimensional motion will be bounded.

9.9999
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Figure 4.15: Three-dimensional motion at large distance.

‘At far distances particle moves on a surface of a cone (see page 104). The figure
(4.15) shows the orbit for an initial values [[10, 10, 0], [0, —0.1, 0], [0, 0, 1]] with A =1
in 200 units of time. The variations on z and z are small and of the order 10~* (the
unusual ticks in the vertical axis is badly managed by ‘MATLAB’, and means the
variations in this axis is of order 107*). The particle which has started the motion
with an initial velocity in the negative y-direction, moves along the y-direction almost

uniformly.

4.4.3 The Force Law

In this subsection we consider further the force on a non-abelian particle in a BPS
monopole field configuration (B, = £D;®, Ay = 0, V(®) = 0) which we studied

in the previous subsection. We shall show the force has the form of a ‘generalised’
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Lorentz force. In the next section we explore a generalised force law for the complete
Yang—Mills-Higgs fields.

Looking at the first equality in eq(4.110), if we suppose el® as electric charge
of the particle (in non-abelian sense), then el® ¥ x B is a magnetic force due to
a magnetic field B® on the particle, and el® pé“ may be interpreted as an electric
force due to an electric field p B* on the particle (regardless of the notation B that
is used for magnetic field).

We may explain the above concept of generalisation and make it clearer. In the
usual electrodynamics, the Coulomb law states that the force of an electric field E
on an electric charged particle with the charge ¢ is qﬁ, and the Lorentz law states
that the force of a magnetic field B on an electric charged particle with the charge ¢
is qU' x E, where ¥ is the velocity of particle. Now we change the mode to the non-
abelian fields and particles. Assume a field B¢ in the space and a non-abelian test
particle with charge isovector Y in this field. The particle feels only the component
of the magnetic field that is projected along its charge isovector. Let us choose a

unit vector 7 along the charge isovector (remember in the isospace)
Y = gn, (4.148)

where ¢ = D—)I = constant is the charge of the particle. Now the effective magnetic

field the particle feels is

—

H;=B; -, (4.149)

or equivalently H = B*A%. Now we can write down the equation of motion of the

particle, eq(4.110), in a familiar form (for positive magnetic charge):
mi=q0xH+pqgH, (4.150)

where here ¢ = el.

The equation (4.150) ia a generalisation of the Lorentz force. Comparing with
the usual electrodynamics two major differences show themselves in eq(4.150). The
first difference is: In eq(4.150), rather than a term analogous to the usual Lorentz

force (first term in the right-hand side), there is another term that is similar to the
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Coulomb force in the usual electrodynamics. We should remember that this new
term is originally different from the Coulomb force. The Coulomb force is regarded
as the zeroth component of the Yang-Mills fields, which in our discussions has been
ignored (remember we are Working in stationary fields with Ay = 0), but here the
origin of the Coulomb-like force is the Higgs field. The coefficient p in the front
of the Coulomb-like force contains some information about the interaction of the
Higgs field and the charge isovector. We will show how this generalised equation
reduces to the normal Lorentz force when the field and particle can be regarded as
non-abelian field and particle. The second difference is: In the usual Lorentz force,
the force vanishes if and only if the non-vanishing magnetic field and the particle’s
velocity become parallel. But in the non-abelian case it might happen that neithe’r
of the particle’s velocity or the non-abelian magnetic field vanish, nor the particle’s
velocity and the magnetic field (in any sense, either in the non-abelian form B¢ or
in the Higgs gauge-invariant form B; (see eqs(2.19) and (2.20))) are parallel, but the
force vanishes. This happens when the projection of the magnetic field along the
charge isovector vanishes ie. H = 0.

We can define a usual (say abelian) particle in general as a non-abelian particle

whose charge isovector is fixed in the isospace ie.
Y = q6®. (4.151)

Now when the charge isovector Y takes a radial direction in the isospace, we can
transform its direction to the 3-direction by a proper gauge transformation®. This
happens for both the charge isovector and the Higgs field simultaneously when both
the isovectors take radial direction in a part of the space. A good example is the

regions too far from the core of the fields, where we found the equations of motion

asymptotically.

8 At each point (7,6, @) in the real space, the direction 7 in the isospace rotates to the 3-direction
with the gauge transformation

0 0 PR

—1 o o . i
U™ =cos=+147-8sin - 2=
2 2’ sind ’

where ¢ are Pauli sigma matrices.
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Suppose Y = g7 (¢ = el) and & = af in the asymptotic case. So charge isovector
has no components in the directions normal to the radial direction, and therefore
B =7 = 0. In this case our definitions of B and H overlap, and the equation of
motion (4.150) transforms to eq(4.130) (for self-dual case):

R [T -
miv = r—3[(v X T) +pF], p=(—eal +h)/m. (4.152)

Both of the isovectors can be rotated by a gauge transformation to lie in the 3-
direction by a gauge transformation, where we expect to have the usual abelian
electrodynamics laws. By the rotation, the particle will be the usual particle that
defined in eq(4.151), and the electromagnetic field becomes the usual one (see expla-
nations after formula (2.21) in page 11). In addition, in the usual space that we are
talking about, there should be no trace of the free parameter p which is related to

the extra dimension. So we may have p = 0, and set the constant A
h = eal. (4.153)

Now eq(4.152) is reverted to the proper usual Lorentz force. The differences between
the generalised force and the usual Lorentz force we enumerated before automatically
disappear, because the factor p vanishes and the extra term in the generalised force
is gone. Also the Higgs field and the charge isovector have become parallel, therefore
the second difference we mentioned can no more happen.

In general we need 13 initial values (z(ty), ©%(to) and I°(t;)) to determine
solutions of the equations of motion. In the non-relativistic framework these are 11
values which 9 of them are normal ones (position, velocity and charge isovector initial
values in the three-spatial dimension) that is indeed needed to solve the equations
(4.106) and (4.109). The other two initial values are connected to the internal fifth
dimension z®. Because neither the fields nor the equations of motions depend on
the internal direction, therefore the initial starting point in the z°-direction is not
important. But dz®/dt (the time-variation of internal direction) which was called p
is very important. The constant h appeared as a constant of integration and includes

the information about the initial orientation of charge isovector and the Higgs field,
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and the initial value of 2° ie. py. To obtain the usual electrodynamics law from the

generalised ones, we need the condition (4.153) to be valid.

4.5 General Force Law for a Coloured Particle
in the Yang—Mills—Higgs Fields

Now we can consider a general force law by considering the general Yang—Mills—
Higgs fields in four dimensions. In fact the general equation in a Lorentz invariant
form is eq(4.90) when we replace dz°/dr = p from eq(4.105). This general equation
has a companion that describes the evolution of (say) the generalised charge (charge
isovector). The generalised force of a Yang-Mills—Higgs field on a coloured particle

(in a non-relativistic framework) is offered as:

mv = qFE + q7 X §+pqé, (4.154)
where
g = |v], (4.155)
p = (-®.YV+ h)/m, (4.156)
. 1 o o
g = Llpaoiye_lp Y, (4.157)
q q
i 1 5k rajk ya 1 2R Y
B = €V FURY =B Y, (4.158)
2q q
A 1 . 1 = =
g = a (D*'®)*Y* = aGZ Y, (4.159)

which Y is the particle’s charge isovector, ¥’ is the particle’s velocity, F}; are the
Yang—Mills field tensors, ®¢ is the Higgs scalar field and h is a free parameter. We

have defined
G, =D;® (4.160)

where D; is the covariant derivative. The indices 4,7 = 1,2,3and a = 1,..., N,
where IV is the dimension of the gauge group. Therefore the vectors like <f>, Y and
E are vectors in N-dimensional isospace, while vectors like & are vectors in three-

dimensional real space. The fields £ and B are the effective electric and magnetic
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fields that particle feels from the Yang-Mills fields, and G is another effective field
that particle feels from the scalar Higgs field. In the ’t Hooft—-Polyakov monopole
field configuration, G vanishes in the Higgs vacuum (outside of the monopole radius),
while in the BPS monopole G does not vanish in the finite distances.

To find out a similarity between £ and G we suppose a time-invariant Yang-

Mills—Higgs field. With this condition we may write

E, = Fy =0A; — 0;Ap+[Ao, A}
= —0A— [As, Ay

= —D;A,. (4.161)
In the non-relativistic framework, we may decide to call Ay as a scalar field ¥,
E, =-D,¥, (4.162)

in analogy with E = —V¢ in the usual electrostatics. The equations (4.160) and
(4.162) show the similar definitions for two components of the Yang-Mills-Higgs
field. But the réle of these two fields are not the same in the motion of a particle
when exposed to the fields. This is because the role of two fields in spite of similarity
in the equations, are not the same in origin. The Yang—-Mills field is assumed to
be generated by matter while the Higgs field that is a scalar field is attributed to
the vacuum. The connection between the particle and the scalar Yang-Mills field is
the particle’s charge g. But in the case of the Higgs field, this connection is pg. In
absence of Ay, and for the case of ¥ = 0, there still might be a force from the Higgs
field on the particle ze. pqé. For the 't Hooft-Polyakov monopole at large distances
this force is negligible. But, for the BPS monopole at large distances, this force is

zero only if the Higgs field and the charge isovectors are parallel.



Chapter 5

Summary
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The centre of every circle itself becomes a circle -
see as it changes, now centre, now circle;

Were you to remove a single atom from its'place,
the whole cosmos would collapse and fall into ruin.

“Shabestari”



In chapter 2 we explained two topological objects of the Yang-Mills fields,
monopoles and instantons. Each of these solutions carries a conserved current which
is not obtainable from symmetries of the fields Lagrangian. The charge associated
to these solutions are classically quantised. Monopoles are solutions of the four-
dimensional Minkowskian Yang-Mills fields. The importance of the Higgs field in
monopole solutions is essential. Instantons are solutions of the four-dimensional Eu-
clidean Yang—Mills fields. In monopole solutions, the finiteness of the fields’ energy
and in the instantons, finiteness of the action are desired. Both solutions are con-
sequences of the boundary conditions and satisfy a lower bound. The lower bound
for the monopole case gives the Bogomol’'nyi equations from which we get the BPS
monopole, and in the instanton case gives the (anti)self-dual equations. Monopoles
and instantons have been studied by many authors and generalised to arbitrary Lie

groups.

String theory is a well-known non-abelian theory. The heterotic superstring theory
has a very large symmetry group (Fg % Eg or SO(32)) and is originally formulated in a
ten-dimensional space-time. We studied the low-energy heterotic superstring theory
in ten-dimensions that is compactified in a six-torus, and become a four-dimensional
theory.

A supersymmetric solution to the ten-dimensional theory is known. The five-
brane solution is a supersymmetric solution of the fields. In this solution an (anti)self-
dual equation plays a central réle, from which the five-brane solution is known as
instanton solution. We used the known SU(2) instanton solution in the five-brane

ansatz and solved the equations for the dilaton, and introduced two charges associ-
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ated to the five-branes, the iﬁstanton number and the axion charge — that former is
associated to the Yang—Mills fields and later to the anti-symmetric tensor field, H.

The heterotic superstring gauge group, Fg x Fg, is a semi-simple exceptional
group. A general instanton solution for this large group is not provided. The well-
known ADHM construction gives a rule to find the general instanton solution for
classical groups. Although we are not able to provide a general instanton solution
to Eg x Fg, we are able to study the instanton solution in the classical subgroups
of Eg x Eg. The solution we mentioned in the last paragraph was in fact an SU(2)
instanton solution. There we supposed the instanton to lie in one of the SU(2)
subgroups of Eg x Ej, e. in the minimal one.

Any larger group may contain some non-conjugate versions of a subgroup. The
instanton solution of a group when is embedded in Eg X Fg, may give different
results. This means if we calculate the instanton number for different embedding of
an instanton solution of a subgroup, we may receive different answers. For this reason
we studied the embedding of subgroups, using the Dynkin index of embedding. We
are able (at least theoretically) to use ADHM construction to formulate a general
solution for the minimal embedding of each classical subgroup of Fg x Eg and then,
using the index of embedding, generalise the solution for any arbitrary embedding
of the subgroup.

Any subgroup of Fg x Eg has an embedding of index 1, which we call it minimal
embedding. Based on our discussions in chapter 3, for any minimal subgroup G of
Eg x Eg we may choose a collection of elements of the basis of Eg x Fg and form a
basis for G. So the normalisation condition for the basis of Eg X Fg and a minimal
embedding are the same — which gives the index 1. For any subgroup we may
define commutation relations of these chosen bases. Based on these commutation
relations we may pick up some arbitrary collections of the elements of Fg x Eg to
make an orthonormal basis for any arbitrary embedding of subgroup G. The ratio of
the normalisation constants of any arbitrary embedding and the minimal embedding

is the desired index of that embedding. A general solution for the dilaton were

presented.
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Monopoles are solutions to the ten-dimensional low-energy string theory com-
pactified on a six-dimensional torus. The same as instantons we presented a general
solution of the dilaton for a BPS monopole for any embedding of any arbitrary
subgroup of Eg x Ej.

The H-monopole that is a consequence of compactification of the ten-dimensional
theory to the four dimensions, is a solution with the monopole behaviour at infinity.
Using a method from the general relativity, instead of calculating any individual
component of the the stress-energy tensor, we calculated the total energy (mass)
of the H-monopole, and found a relation between the mass and the charge of H-
monopole (in analogy to the BPS monopole).

We did not go further to use ADHMN construction to explain the generalised
monopole solution of any arbitrary subgroup of Eg x Fs. We explained the spherical
symmetric BPS monopole in any SU(N) subgroup of Eg x Es. We examined an
SU(3) solution and calculated the H-monopole and observed the BPS-charge and

H-charge are always in opposite signs.

The next topic dealt with was that of a coloured particle in a monopole field. After
explaining the Wong equations of motion, we explained motion of a test particle in
a monopole field. We proposed the force due to a monopole on a charged particle,
and enumerated the behaviour of the motion at large distances. The speéd, v, and
the total angular momentum of the field and particle, J, were global constants of
motion. At large distances particle moves on a cone and if it moves toward the origin,
it will turn backward on the cone surface at a minimum distance, if particle does
not come too close to the origin to violate the asymptotic behaviour. Clearly, the
particle leaves the surface of the cone if it enters the areas close to the centre of the
monopole. '

In contrast to the point monopoles which support only the conical orbits, the
planar orbits are allowed for the BPS monopole. Simply, when the particle starts its
motion in a plane normal to the charge isovector, it will stay in the plane forever.

We obtained the equations of motion of the particle in the plane and studied the
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orbits in some details. We described the orbits of a particle in the planar motion
by regarding the standard one-dimensional potential model. So we may explain the
orbit of a particle if we know the particle’s energy and the total angular momentum
4. The bounded orbits as well as unbounded orbits are allowed. We have shown
for energies larger than a specified energy, the particle does not bind. Also the
bounded orbits are allowed only if 0 < 7 < j.. Because of presence of a hyperbolic
term in the equations, an analytic solution for the equations is not provided, instead
some numerical solutions of the equations presented. Various orbits (two and three
dimensional) are illustrated in the figures of section (4.2).

As an interesting result, the particle follows a direction like the right-hand laws
in the usual electrodynamics. When the particle is launched in the field, in a plane
normal' to the particle’s charge isovector (say plane of the paper), it moves on a
curve counterclockwise if the charge isovector is normal to the plane of paper and
upward. This is the force law in the planar motions. A result of this force law is
the loops which do not circulate the origin. A circular motion is a good example
of an attractive force such as gravity. When particle moves away from the origin
the attractive forces appear, and the orbits show this point clearly. But when the
particle moves toward the origin, a repulsive (anti-gravity) force appears and the
particle moves away from the origin and perhaps create a loop outside the origin.
The speed stays constant during the motion.

The stability of the planar motion in three-dimensional context was another
subject we studied. Although a bounded planar motion might be stable in the plane
when a small perturbation disturb the motion in the plane, but if such a perturbation
disturb the motion normal to the plane, is the planar motion stays planar or quasi-
planar? We showed in fact the planar orbits can not be stable in this manner. So if
even a small perturbation occur normal to the planar motion, the perturbation will
grow and finally the particle scatters to infinity.

When a particle is launched in a monopole field, the Higgs field is already has
taken into account. But we did not consider a force from the Higgs field on the

particle individually. Actually, existence of a monopole is due to both the Yang-
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Mills and the Higgs fields. So in fact the Higgs field has had its contribution in
the force on the particle via the monopole. The main problem is, if the Higgs field
itself can interact directly with the particle. But how we can enter the force due to
the Higgs field on the particle. We mentioned a work done by another author. His
procedure was not a natural generalisation of the Yang-Mills forces in a particle, and
contains a term associated to the mass of particle which is not constant even in a non-
relativistic classical limit. The mass depends on the other dynamical components of
motion. It is quite complicated to have a clear interpretation of the motion at large
distances.

To solve this problem, we started by generalising the Wong equations in a five-
dimensional space-time. Our motivation was the frequently repeated point: simula-
tion of the Higgs field as the fifth component of the Yang-Mills field, to make a pure
five-dimensional Yang—Mills theory. We did not use the four-dimensional classical
Wong equations to write the five-dimensional ones, but we instead used the gen-
eralised five-dimensional quantum model, based on the generalised five-dimensional
Dirac equation (to be studied in direction of the Klein-Gordon theories), to extract
out the classical equations of motion. The fifth dimension is suggested to be a dy-
namical variable, while ifs contribution to the fields are not considered. Therefore
some extra terms associated to the dz®°/dt were added to the equations of motion.
The equations and variables are independent of z° itself.

We observed, dz°/dt is in fact an internal variable, ie. this variable is only a
function of isovectors, the Higgs field and charge isovectors. We had called the extra
dimension, z°, an internal dimension, which is now sensible in the same way as
the space of symmetry (isospace) is called internal space. These definitions have
different meanings. But at this stage we see a close relations between these concepts.
The time-variation of the internal direction, z°, is related to the field and particle
internal (isospace) vectors. If we replace dz®°/dt in the equations of motion, it gives
a completely four-dimensional equations, which contain terms corresponding to the
Higgs interaction with the particle. The only remnant of the fifth-dimension in the

equations is the free parameter h, that depends on the initial value of dz°/dt.
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The asymptotic behaviour of the equations of motion of a test particle in the
BPS monopole field shows two extra terms corresponding to an electric point charge
and an electric charge distribution, due to the Higgs field interaction, in addition to
a point monopole interaction. At very large distances, speed of the particle in the
fifth direction (internal direction), is related to the precession frequency of the charge
isovector in the isospace. This result confirms the close connection of the internal
direction and the isospace (internal space) we stated before.

As before a particle was launched into the fields and the orbits were studied. Pla-
nar motions can happen the same as before. The radial motion is in a big difference
from the previous case. In the monopole force only, the particle may travel along a
radius uniformly, but in this case (monopole + Higgs interactions) the particle no
more travels uniformly and more interesting that it can oscillate along an axis even
in one side on the origin. We have explained. this problem with some details. Also
in contrast to the previous case the planar motions are stable in this regime, and
the bounded spatial orbits which are not observed in the previous case, have been
observed here. Some orbits are illustrated in section (4.4).

As before, if the particle is far enough from the origin of the fields, the fields and
the particle behave as the usual non-abelian fields and particle. At this stage we
should set A = 0 to resolve the trace of the extra (fifth) dimension in the theory (or
vice versa). So, asymptotically with A = 0 and radial charge isovector the charge and
the Higgs field transfer to the usual particle and electromagnetic field by a suitable
gauge transformation.

Exploring the force from the Yang-Mills-Higgs field on a coloured particle was
our last subject. When a coloured particle is launched in the Yang-Mills-Higgs field,
the particle feels the fields by its charge isovector as its sense of smell. So only the
projection of the fields in the direction of the charge isovector comes into account.
For example, if the direction of the charge isovector lies in the direction normal to
the force field due to the Higgs field, the particle feels no force from the Higgs field.
Therefore we may measure the components of the fields in direction of the charge

isovector and write down the equations of motion independent of the internal space
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(isospace).

The scalar Higgs field plays a réle like a scalar field due to an electric charge. A
difference is; the coupling constant of the particle and the electric scalar field is the
particle’s charge (that is a constant), while in the Higgs field the coupling constant
is a function of the Higgs field itself (this reminds us of the Brans-Dicke theory in
the general relativity [49, page 157]). This is a generalised form of the Lorentz force,

for a Yang—Mills-Higgs field in the classical limit.



Appendix

This appendix includes the programmes in the “MATLAB” programming package
(version 4.2). For solving the differential equations we have used the Runge-Kutta
Method (of fourth order), which is found in literature (eg. [70, page 1040]). For a set
of three second-order differential equations we may define six first-order differential
equations. So for three-dimensional motions such as equations of motion (4.17) and
(4.18) for the Yang—Mills case (monopole only), and (4.110) and (4.112) for the Yang—
Mills-Higgs case (monopole + Higgs field contribution), nine first-order differential
equations are considered. For the set of two equations (4.47) in the planar motion

we need only four first-order differential equations.

PO

The main programme “comput.m” contains the initial values and the loop procedure,

and must be run in the “MATLAB Command Window”

clear, echo off, hold off, format compact, format long

A

dim = 9; % number of equations. *
yi=1[011000-.2100]; % initial values. *k

ti = 0; % initial time value.

tf = 200; % final time value.

nsteps = 200000; % number of steps.

x = zeros(nsteps+1,dim); % x is an array with "nsteps+1" rows
x(1,:) = yi; % and "dim" columns for storing data.
h = (tf - ti)/nsteps; % steps’ size.

t = ti + h*[0:nsteps]’;

yA

for 1 = 1:nsteps
y = x(i,:); k1
y = x(i,:) + 0.5xhxkl; k2

diffeq(y);
diffeq(y);
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y = x(i,:) + 0.5%h*k2; k3 = diffeq(y);
y = x(i,:) + h*k3; k4 = diffeq(y);
x(i+1,:) = x(i,:) + hx(kl + 2x(k2 + k3) + k4)/6;
end
plot3(x(:,1),x(:,2),x(:,3)); % ok K

The above procedure is written for the general three-dimensional equations. In the
above programme yi is used for initial values [z, Y0, 20, Uz0, Uy0, V20, Iz0, Iyo, 120), and
dim shows the number of first-order equations. The function diffeq which is called

in the main programme, contains the differential equations of motion.

P1

For the Yang—Mills case we use eqs(4.17) and (4.18), so diffeq.m is:

function[vec] = diffeq(y)
S m=e=a=1

R = y(1:3);

VvV =y(4:6);

I =y(7:9);

yA

r = norm(R);

K = r/sinh(r);

KK = (sinh(r) - r*xcosh(r))/(sinh(r))"2; % = K’

%

VV = (K°2 - r*KK - 1)*cross(V,R)*dot(R,I)/r 4 + KK*cross(V,I)/r;
II = (1 - K)*cross(cross(R,V),I)/r 2;

vec = [V,VV,II];

P2

For the planar motion there are only few changes to the programme comput.m (see
PO). In the line *, the number of the first-order equations is dim = 4; . In the line
s*_ the initial values yi are four values for [rg, fg, 7o, 8. Instead of plotting in a three-
dimensional Cartesian frame, plot(x(:,1) .*cos(x(:,2)),x(:,1) .*sin(x(:,2)));
is replaced in the line **x*.

For the planar motion eq(4.47)) is used and the function diffeq.m is:
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functionlvec] = diffeq(y)
%m=e=a=1, beta =1

h

r = y(1);

KK = (sinh(r) - r*cosh(r))/(sinh(r))"2; % =K’, (K = r/sinh(r))
%

rr = y(4)*KK + y(1)*y(4)"2;

tt = ( -y (3)*KK/y(1) - 2xy()*y(4) )/y(1);
vec = [y(3),y(4),rr,tt];

P3

For the Yang-Mills-Higgs case eqs(4.110) and (4.112) are used and the function

diffeq.m is:

function[vec] = diffeq(y)

% m=e=a=1,

h = 0.5; % we should specify a number. h = I_r(t0)H(r0)/xr0 + pO.
% h =0 is used for planar motions.

A

R = y(1:3);

vV =y(4:6);

I =y(7:9);

yA

r = norm(R);

K = r/sinh(r);

KK = (sinh(r) - r*cosh(r))/(sinh(r))"2; % =K’
H = rxcoth(r) - 1;

p = -Hxdot(R,I)/r 2 + h;

(K™2 - r*KK - 1)*dot(R,I)*(cross(V,R) - pxR)/r"4 + ...
KK*(cross(V,I) - pxI)/r,

II = (1 - K)*cross(cross(R,V),I)/r"2 - p*H*cross(R,I)/r"2;
vec = [V,VV,II];

<
<
1]

P4

For a better understanding and checking of the equations of motion, these plots are
useful: plot(t,x(:,i)) for i from 1 to dim, plot(x(:,i),x(:,j)) and

plot3(x(:,i),x(:,j),x(:,k)) for i, j and k from any set of {1,2,3}, {4,5,6}
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and {7,8,9}. For the two-dimensional motion which is written in the polar plane,
appropriate substitution of coordinates might be used.

To check the correctness of constants of motion such as ||, [7], J, m(v? +p?%)/2,
and so on, for the appropriate set of equations, we may run a programme subsequent

to the main programme comput .m in the MATLAB Command Window. For |I], |7 |
it is quit simple to run a line in the command prompt:

plot(t,sqrt(x(:,7).72 + x(:,8).72 + x(:,9).72)) for the charge isovector and
plot(t,sqrt(x(:,4).72 + x(:,5).72 + x(:,6).72)) for the speed. For J we

may run this programme:

R =x(:,1:3)7;
V=1x(,4:6)7;
I==x(:,7:9);

r = sqrt(dot(R,R));

J = zeros(3,nsteps+1);

K = r./sinh(r);
L = cross(R,V);
alpha = dot(I,R)./r;
. .
for i=1:3
J@,:) = L{i,:) + K.xI(i,:) + alpha.*(1-K).*R(i,:)./r;
end
plot(t,sqrt(dot(J,J))) % must be a straight line

For m(v? + p?)/2 the below programme might be used (notem = 1;):

R =x(:,1:3)7;
V =x(:,4:6)7;
I =x(:,7:9);

h =0,5; % the value of h must be specified here.
r = sqrt(dot(R,R));

r.*xcoth(r) - 1;

p = -H.*dot(R,I)./r."2 + h;

yA

E = p.xp/2 + dot(V,V)/2; Jm=1

plot (t,E) % must be a straight line

ja ]
1]

For the constants at large distances such as |m(7 x ¥)|, ap and so on, some
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appropriate programmes like the above ones can help. For the planar motion we
need to substitute the Cartesian coordinates with the polar ones.

To show the accuracy of computations, in addition to plot the constants, we may
compare the maximum and the minimum of the computed values for each constant.
For example we may execute max(E) /min(E) after we run the above programme for

E. A better result (1 for this example) is gained when we increase the value of nsteps

in the main programme.

P5

To test the first-order perturbation in the planar motion, the main procedure is
the same as comput.m in part PO with only few changes. The equations of per-
turbation should come along the equations of the planar motion in the function
diffeq.m. In each step that a value for the planar motion variables are calcu-
lated, the corresponding perturbation quantities are calculated. So we may add
the differential equations of perturbation to the procedure of planar motion in part
P2. The required changes to comput.m are: dim = 13 in line *, and initial values

[7"0, 90) 7.'07 607 €r0,€005€20,07r0,000, 920, é‘1"07 (5907 520] in line **.

function[vec] = diffeq(y)

%m=e=a=1; beta = 1;

r = y(1);

K = r/sinh(r);

KK = (sinh(r) - r*cosh(r))/(sinh(r))"2; 9% K’

KKK = -2%cosh(r)/sinh(r)"2 + 2*r*cosh(r)"2/sinh(r)"3 - r/sinh(r); % K’
%
rr
tt
yA
er = y(4)*xy(6) + y(8);

et = -y(4)*xy(5) + y(9);

ez = y(10);

st = (r*KKK-KK) *y(4)*y(5)/r + (KK/r+y(4))*y(9) + KKxy(4)*y(13);

st = - (r*KKK-KK) *y (3) *y(5) /r"2 - (KK/r+y(4))*y(8) + KKxy(3)*y(13)/r;

sz = (K 2-r*KK-1)*y (L) *xy(7)/r~2 + (1-K"2)*xy(4)*y(11)/r + KK*y(3)*y(12)/r;
dr = (1-K)xy(3)*y(7)/r"2 - (1-K)*y(10)/r + Kxy(4)*y(12);

dt = (1-K)*y (&) *xy(7)/r - K*xy(4)*y(11);

dz = 0;

y(4)*KK + y(1)*y(4)~2;
( -y(3)*KK/y (1) - 2xy(3)*y(4) )/y(1);
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b

vec = [y(3),y(4),rr,tt,er,et,ez,sr,st,sz,dr,dt,dz];

Instead of the line *** in comput .m we plot any appropriate two or three-dimensional
plots. Note the values computed in this procedure are in the cylindrical coordinates.
After running the programme we may plot any of the perturbation components with
respect to the time to see the result. We may increase the time when the plots do

not show a divergence.
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