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Abstract

Recently, it has become increasingly clear that boundaries play a significant role in
the understanding of the non-perturbative phase of the dynamics of strings. In this

thesis we propose to study the effects of boundaries in non-critical string theory.

We thus analyse boundary conformal field theories on random surfaces using the
conformal gauge approach of David, Distler and Kawai. The crucial point is the
choice of boundary conditions on the Liouville field. We discuss the Weyl anomaly
cancellation for Polyakov’s non-critical open bosonic string with Neumann, Dirichlet
and free boundary conditions. Dirichlet boundary conditions on the Liouville field
imply that the metric is discontinuous as the boundary is approached. We consider
the semi-classical limit and argue how it singles out the free boundary conditions
for the Liouville field. We define the open string susceptibility, the anomalous grav-

itational scaling dimensions and a new Yang-Mills Feynman mass critical exponent.

Finally, we consider an application to the theory of non-critical dual membranes.
We show that the strength of the leading stringy non-perturbative effects is of the
order e @(1/Bst) 3 result that mimics those found in critical string theory and in
matrix models. We show how this restricts the space of consistent theories. We
also identify non-critical one dimensional D-instantons as dynamical objects which
exchange closed string states and calculate the order of their size. The extension to

the minimal ¢ < 1 boundary conformal models is also briefly discussed.
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Chapter 1

Introduction

In 1981 Polyakov [3] showed that when non-critical strings are quantised so as to
maintain reparametrisation invariance, the scale of the metric becomes a dynamical
degree of freedom even though it decouples classically or when the quantum theory
is defined on the critical dimension. The associated action is that of a soluble Liou-
ville quantum field theory but we find an unusual conformally invariant functional
measure. This is a deeply non-linear theory which has not yet been completely

solved [4, 5, 6, 7].

That the effect of the measure could be accounted for by a simple renormalisation
of the action was first realized by David, Distler and Kawai [7]. In this conformal
gauge approach explicit reparametrisation invariance can be kept throughout and
Weyl invariance is ensured at the quantum level. Furthermore the theory is valid
for closed surfaces of arbitrary genus and the coupling of the minimal models [8]
to 2D quantum gravity is to be described by two conformally extended Liouville
theories [9] which are complementary [10]. Most importantly the results were shown
to be in impressive agreement not only with the semi-classical limit [11] and with
the light-cone gauge formulation of Knizhnik, Polyakov and Zamolodchikov [6] but
also with the theory of dynamical triangulated random surfaces [12, 13]. Finally,
the theory can be immediately generalised to the supersymmetric case [14] and to

Wh-gravity [10] and super W-gravity [15].
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In this thesis we study the effects of boundaries on the DDK approach, extending
their results to the cases of open string theory and to the coupling of boundary
conformal field theories to 2D quantum gravity [1]. We will aim to see if the close
affinity between the matter and gravitational sectors still holds when the random
surfaces have boundaries and the minimal model becomes a boundary conformal
field theory. The main issue is the choice of boundary conditions on the gravita-
tional sector. Since the Liouville theory has a natural generalisation in the presence
of boundaries, we expect the coupling of the minimal boundary conformal field the-
ories to 2D quantum gravity to be again described by two conformally extended
Liouville theories which are complementary. Once this is settled we will consider
an application to the theory of non-critical dual membranes where we discuss their
existence and also the strength of the leading stringy non-perturbative effects to

which they are associated [2].

In Chapter 2 we review the points which are important to keep in mind when we
consider boundaries. We start with Polyakov’s conformal gauge approach to the
non-critical closed bosonic string. We discuss the string partition function introduc-
ing the DDK renormalisation ansidtse. We use a linear Coulomb gas perturbative
expansion [10, 16] to show how Weyl invariance at the quantum level determines
the field and coupling renormalisations of the Liouville action. We consider the
anomalous effects of the constant zero mode of the covariant Laplacian and show
that quantum Weyl invariance is only possible with a charge selection rule. We
also consider the scattering amplitudes and define the dressed closed string vertex
operators. We then discuss some of the critical exponents associated with the closed
string 2D random surfaces. First we analyse the saddle point expansion of the Liou-
ville functional integral and calculate the susceptibility exponent to one loop. Then
we introduce the DDK scaling argument [7] to determine the string susceptibility
and compare with the saddle point limit. Finally we apply the scaling argument to
calculate the anomalous gravitational scaling dimensions of closed string tachyons.
To conclude the chapter we extend the results to the coupling of minimal mod-

els to closed 2D quantum gravity noting the close affinity between the matter and
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gravitational sectors of the theory [10].

In Chapter 3 we start by presenting our solution in the simple case of Polyakov’s
non-critical open bosonic string. Since the key point is the choice of boundary
conditions on the Liouville field we discuss the Weyl anomaly cancellation for Neu-
mann, Dirichlet and free boundary conditions. We again use a linear Coulomb gas
perturbative expansion to find the renormalised central charge of the conformally
extended Liouville theory that describes the gravitational sector. As expected this
will be shown to be the same central charge calculated for the coupling on closed
surfaces. Since the metric is to be written as a reference metric multiplied by the
exponential of the Liouville field, the theory must be independent of a shift in this
field together with a compensating Weyl transformation on the reference metric.
This leads to the dressing of primary operators that acquire conformal weight (1,1)
on the bulk and conformal weight (1/2,1/2) on the boundary. Consequently, we
show that the Liouville field renormalisation is equal to the one found for closed
surfaces both on the bulk and on the boundary of the open surfaces. This only
works for Neumann and free boundary conditions on the Liouville field. The Dirich-
let boundary conditions freeze the Liouville boundary quantum dynamics so that,
it is not possible to cancel all the boundary terms in the Weyl anomaly by a shift in
the boundary values of the Liouville field, without leading to a discontinuity in the
metric as the boundary is approached. Due to the presence of the boundary we find
new renormalised couplings to 2D gravity. Under Weyl invariance at the quantum
level we show that they are all determined by the bulk or closed surface couplings
as would be expected. We also show how the Coulomb gas screening charge selec-
tion rule is a crucial condition for the cancellation of non-local and Weyl anomalous

contributions to the correlation functions due to zero modes.

In Chapter 4 we analyse the semi-classical limit which singles out the free bound-
ary conditions on the Liouville field as being the most natural. We define the open
string susceptibility, the anomalous gravitational scaling dimensions and a new mass
critical exponent. In the context of Yang-Mills theory this mass exponent has an

interesting physical interpretation as the critical exponent associated with the Feyn-
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man propagator for a test particle which interacts with the gauge fields. Finally we
present a connection with the results obtained with matrix models of dynamical

triangulated random surfaces.

In Chapter 5 we generalise the open string analysis to a natural Feigin-Fuchs repre-
sentation of ¢ < 1 minimal conformal field theories on open random surfaces [17, 18],
thus concluding that the close affinity between the matter and gravitational sectors

of the theory still holds when boundaries are present.

In chapter 6 we consider an application to the theory of dual membranes. First
we review how T-duality leads to the definition of the D-brane, a new extended
object which consistently interacts with critical strings [19]. Then we discuss the
non-critical D-instanton and show that in the limiting case of a one dimensional
target space the strength of its associated leading stringy non-perturbative effects
is of the order e=%(/Bst) where f,, is the string coupling constant. This naturally
mimics the result obtained in the 26 dimensional critical theory [20] and in the
matrix models [21] since the weight of holes in the world-sheet only depends on
the topology. However we find that not all of the non-critical theories allowed by
perturbative Weyl invariance are consistent. These theories are characterised by
different positive values of the renormalised Liouville cosmological constants A\, and
o, respectively associated with the renormalisation counterterms in the boundary
length and in the area of the string world-sheet. We show that only those which
satisfy Ay > po with Ay > 0, uo > 0 or those where Ay = 0, s > 0 lead to acceptable
non-perturbative effects. We also consider the D-instanton exchange of closed string
states and show that the size of the D-instanton is of the order of v/a'/In(1/X;) for
small Ay > 0, py > 0 or of the order of vo//In(1/u2) for Ay = 0 and small uy > 0.
Above o is related to the string tension T = 1/(27a’). Finally we consider the
one loop partition function for the non-critical string in one target space dimension
compactified on a circle of radius E. We calculate for both Neumann and Dirichlet
boundary conditions on the matter scalar field and compare with the results obtained
on the torus and the corresponding matrix model [22, 23]. The possible but still

unfinished extension of our results to the case of boundary conformal models is also
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discussed.

In Chapter 7 we present our conclusions.




Chapter 2

Conformal field theories on closed

random surfaces

2.1 Closed string 2D quantum gravity

A fluctuating string propagating in a d dimensional target space may be first quan-
tised by a Feynman functional integral over 2D random surfaces [3, 24, 25, 26, 27].
For the scattering of n closed bosonic string states the following connected topolog-

ical expansion is postulated

<Wi. W= 3 X / Dy(X, Wi .. Wee SIXA . (2.1)
topologies

This is a perturbative multiloop expansion on the genus A of all possible closed
Riemann surfaces. Each term in the series corresponds to a given surface topology
and is weighted by the loop counting parameter B, X, where ;% plays the role of
Planck’s constant 3% ~ k. Here, x. is the Euler characteristic of the closed Riemann
surface. It is related to the world-sheet integral of the scalar curvature, R, and to

the genus h by the classical Gauss-Bonnet theorem

1

-4—7;/6126\/51?:)(‘:22_2}“ (2.2)

8
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where g = detgq.

The amplitude must then be defined so as to maintain explicit reparametrisation
invariance. This means invariance under the group Diff(D) of the differentiable
general coordinate transformations or diffeomorphisms of the parameter domain
D in R?, &€* — n%(€). Under these transformations the matter field X* remains
unchanged but the world-sheet intrinsic metric transforms according to the law

3 _ on" on®
Gab = 9ab(€) = Grs(n) 3Za 32:» ’

Apart from the loop counting parameter, each multiloop contribution to the n-point
scattering amplitude is also going to be weighted by the exponential of an action

S[X, g]. In Polyakov’s model this action is given by the covariant world-sheet integral

S1X,9) = o= [ e\ /i 0x 0 X . + 3 [ 5.

The matter action of the field X* is just the standard bosonic string action of Brink,
Di Vecchia and Howe. It has the same classical dynamics of the Nambu-Goto action.
Here X* is a coordinate scalar field taking values in the d dimensional target space,
giving the position of a point in the string world-sheet with reference to some frame
in the target space. As a first approximation, we assume it to be the flat Euclidean d
dimensional space with metric 7, = diag(1,1,...,1). As a consequence, the metric
Jap must also have Euclidean signature. Although at the classical level this metric is
related to X* because of a null stress-energy tensor, at the quantum level we take it
as an independent dynamical variable. So we actually have a theory of d free bosons

coupled to 2D quantum gravity.

Alongside the action for the matter fields, we have introduced a bare cosmological
constant in the area of the string world-sheet. It is a covariant renormalisation coun-
terterm needed to cancel ultraviolet divergencies which are going to be generated
as a result of the functional integration. This counterterm is naturally associated

with the reparametrisation invariant functional integration measures and with the
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covariant regulator we always need to introduce to define the singular functional

integrals.

To define covariant functional integration measures we must consider £2 inner prod-
ucts which are reparametrisation invariant. Thus, D3 X and D;3g§ are induced from

the following norms

6 X115 = / d*%\[36X - 6X, ||6g]2 = / d2€,/3 (3%5" + ug®5*) 8gardiea

where u is a non-negative numerical constant. Clearly, such functional integration
measures are not unique. Ultralocality [24, 26, 27] restricts the ambiguity to be of
the form of the renormalisation counterterm. We may then consider the measures
as unique pointwise products over the world-sheet provided we normalise the inner

products as follows

/ Do XeI6X15 = 1, / D;8Ge 10915 = 1.

Of course, the ambiguity is still implicit in the counterterm parameter p2. It will be
reflected by any residual constant that survives the renormalisation process. In the

end, this should be fixed by a physical renormalisation condition.

To describe the initial and final closed bosonic string configurations we have intro-
duced string states defined by reparametrisation invariant integral vertex operators
W;, i = 1,---,n. For example, the closed string tachyon vertex operator with mo-
mentum p* is [ d?£/ge’PX.

If we look at the above written norms and vertex operators, it is easy to check that

they violate the Weyl symmetry which produces local rescalings of the metric

Gan(§) — etp(é)gab(f) .

This is the characteristic feature of Polyakov’s quantum geometry of strings. In
direct contrast with the canonical quantisation formalism [27, 28], we give up explicit
Weyl invariance in the construction of the theory to have explicit reparametrisation
invariance. Consequently, the theory will develop a Weyl anomaly which we must

cancel in order to ensure Weyl invariance at the quantum level.
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2.1.1 The non-critical string partition function

For a given topology the partition function is defined by the following functional

integral

Z(x) = [ Dy(X, ge ",

Any metric g, can be written as a reparametrisation of the conformal gauge €% §,,
where the reference metric G, depends on the modular parameters of the surface.
This is possible because any arbitrary variation of the metric of a 2D Riemann sur-
face can be given as a sum of variations due to a Weyl transformation, a reparametri-

sation and a change in the modular parameters [24, 25, 26, 27|

M
5gab = 6(p§a.b + Va.(sgb + Vb(sea + ZayAwA,ab .
A=1

Here, d parametrises the infinitesimal Weyl scaling obtained from varying the Liou-
ville field ¢, 66, defines the infinitesimal reparametrisation and §y is the infinites-
imal variation of the modular parameter y4. The 14 4 are known as the Beltrami

differentials.

The variations of g, induced by the reparametrisations and by the Weyl scalings

are not orthogonal because the set of conformal transformations

V80y + V00, = V :80%Gas

are equivalent to a Weyl transformation. These transformations define the infinites-
imal conformal group spanned by the conformal Killing vectors, the solutions to the
above conformal Killing equation. These are transformations which preserve the

conformal gauge.

If we absorb the conformal transformation we can represent the arbitrary change in

the metric as follows

M
6Gab = 60Gab + Pap (80) + > 0y pa .
A=1
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Here P, (66) = Vb0, + V406, — G V06° is a differential operator which acts on
world-sheet vectors to make symmetric and traceless tensors. Now both variations
due to Weyl and coordinate transformations are orthogonal with respect to the

measure for metric variations

10317 = 201+ 2u) [ @6 /3(69)* + [ de\[Gaubo? [P1P(56)]'.

Above Pt is the operator which acts on symmetric, traceless tensors to make vectors.
It is defined using P following an integration by parts and it has the explicit form,
Pi(h)" = —2V,heb.

It is the operator P! which allows us to define the space of the moduli of the sur-
face. Because it is positive definite, the norm of §g,, will only vanish if §g,, = 0.
So any traceless zero mode of Pt will be orthogonal to the Weyl scalings and to the
infinitesimal diffeomorphisms and, so, corresponds to a change of the moduli. These
zero modes are the holomorphic quadratic differentials, B;, and are not the same as
the Beltrami differentials. They are Weyl invariant and the Beltrami differentials
change according to the law, §94 4p = 00104 gp. It is this fact which makes the mod-
ular parameters good coordinates in the space of metrics. They generate derivatives
that commute with the derivatives constructed out of ¢ and 6* [27]. On the con-
trary, the holomorphic parameters would lead to a non-zero commutator with the

Liouville mode derivative.

The holomorphic quadratic differentials and the Beltrami differentials are neverthe-
less related by matrix transformations. They form different basis systems for the
space of the traceless zero modes of P!. This space has a finite dimension, M, which
is related to that of the space of conformal Killing vectors, C, by the Riemann-Roch

theorem, C — M = 3x. [24, 27].

Integrating the matter and reparametrisation ghost fields we find [3, 24, 25, 26, 27]

M det(B;, ¥ 4) VDet'PTP( Det'A )_d/z
Z(x.) = dy*D; ‘
(Xe) / I;[ v D= t(B;, By) YOCKV) \J d%/3
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where the prime denotes the omission of the zero modes and the covariant Laplacian
A is —(1/4/3)8.,§°°/§0,. The area integral is a consequence of the constant zero
mode of the Laplacian, leading to the factorisation of the infinite volume of the
target space, which we have cancelled out by a normalisation constant. This volume
reflects the invariance of the functional integral under target space Poincaré trans-
formations X* — AL XY + A*, where 7, ALAj = n,5. We have also divided by the
volume of the space of conformal Killing vectors Vol(CKV). This reflects the invari-
ance under reparametrisations, which we have also cancelled out by a normalisation
constant. Actually, this is a partial cancellation since we only have integrated over
those diffeomorphisms which are continuously connected with the identity. The dis-
connected coordinate transformations have been taken into account by integrating

over the moduli space instead of the Teichmiiller space [24, 25].

Due to their dependence on the conformal field ¢, these infinite determinants gener-
ate a Weyl anomaly [24, 25, 26, 27]. If we use the covariant heat kernel to regularise
them, it is easy to see that the Weyl anomaly only depends on the values of the
heat kernels for small proper time cutoff \/¢. This means that the Weyl anomaly
is a local phenomena which only reflects the structure of the world-sheet at short

distances. For the infinitesimal change, p, in the Liouville field we find

VDet' PiP Det'A \™*] _d- -
ln Det' P < e ) d 26/d2€\/§RP

\/det(B;, By Vol(CKV) \J #*¢V/G T dgr
+%/d2§\/§p+ O(e).

This infinitesimal change is valid for any metric g,. It can be integrated to give

the well known Liouville action for the conformal field ¢ coupled to 2D quantum

gravity as represented by the reference metric g,5- Since the inner product of the

holomorphic quadratic differentials and the Beltrami differentials is Weyl invariant,

the moduli integration measure has been chosen to be independent of ¢ and that

leads us to cast the partition function in the form

i y/Det'PtP Det’A \ ™/
2(x) = [ Ty det(B, o) —= (1)
1

det(B;, By)Vol(CKV) \J ¢*¢V§
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b4 /Dg(ﬂe_sL[w’g],

where the Liouville action is given by

St e, 9l = —(-14_8—:6/6126\/5 (%soAso+f?«90> +ﬂ?/d2§\/§e“"-

Here we have already used the renormalisation counterterm to eliminate the diver-
gent contribution in 1/e. The area piece in u? is the finite term left over from that

process.

If d = 26 and we choose the renormalisation constant u? to be set to zero, we can
easily see that the Weyl anomaly disappears. If we then divide off the corresponding
infinite volume we get a Weyl invariant quantum partition function. This is precisely
the value of the critical dimension of target space, deduced from the canonical no-
ghost theorem by imposing the Virasoro gauge conditions to eliminate negative norm

states [27, 28].

For non-critical target space dimensions, the conformal mode becomes dynamical
and we need to integrate the Liouville field theory for ¢. This is also consistent
with the no-ghost theorem [27, 28], being the conformal field the additional degree

of freedom when the string moves in a non-critical target space.

2.1.2 The DDK renormalisation ansatse

First we note that the natural measure for the Liouville field theory is induced by

the following inner product on variations of ¢

60l = [ @6\/5(60) = [ Pefaer (60, [ Dyboe 0¥t =1.

Due to the presence of €%, this measure is not the usual one we find in quantum field
theory. According to David, Distler and Kawai [7] we may introduce a canonical
measure in the background §,s, provided we renormalise the Liouville field ¢ — a¢

and its couplings to 2D quantum gravity
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Sui0,0) = 5 [ /5 (5680 + QRo) + 4 [ e faet.

Since the functional integration is bound to be divergent, we must also include in the
DDK ansatse the introduction of a renormalisation cosmological constant countert-
erm in the area of the world-sheet calculated with respect to the background metric
Jep- This is also natural when we take into account the need to absorb the ambiguity

of the functional integration measure in such a renormalisation counterterm.
From this it follows that the partition function should be equivalent to

\/ Det' PtP ( Det’A )_d/z

det(B;, B)Vol(CKV) \J #*¢V§

20 = [ 11y det(Bi va)

x /'ng)e—sj;[@ﬁ]—#%fdz&\/@_'

Since the separation of g, into the scale e? and reference metric §, is arbitrary,
the new theory is required to be invariant under simultaneous shifts in ¢ and com-
pensating scalings of g,5. Thus, a form of Weyl invariance must be preserved at the

quantum level.

2.1.3 Anomaly cancellation for coupling and field renorma-
lisation

To integrate the Liouville mode, we may start by taking a perturbative approach

and expand the exponential interaction in powers of the mass scale p2 [7, 10]

0o s 23 s
oot ECUE [ )
s=0 :

This has the effect of replacing the exponential interaction by terms in the Liouville
action which are linear in ¢. Then we factor out the contribution from the zero
mode of the covariant Laplacian. When integrated over, it yields a delta function

which imposes a constraint on the sum of the coefficients of the linear terms, a
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”charge selection rule” [7, 10, 16]. Only terms with zero total charge contribute to

the amplitude

/ &¢\/gJ =0, (2.3)

where the (s + 1)th order Liouville gravity current is the coefficient of the term in

the action that is linear in ¢

2(E - fP)
QR 8
MPZ 1 y/9(6)

This perturbative expansion in the Liouville mass scale u2 should be handled with

(2.4)

care. When we enforce the charge selection rule, in general s is not an integer. This
can be made explicit by integrating over the zero mode of the Liouville field. In the

case of the partition function this leads to the following result [29, 30, 31, 32]

i)

where ¢ is orthogonal to the zero mode, [d?¢\/Gé = 0, and as = Qx./2. In
this approach it is assumed that we can treat s as an integer to take the calculation
forward. Actually, though up to a normalisation constant, for s a positive integer we
simply recover the usual perturbative approach. In the end an analytic continuation
in s is considered [30, 31, 32]. Consequently, the Liouville gravity current is still
given by Eq. (2.4) and the charge selection rule is now automatic with an s which

does not have to be an integer.

We then only need to shift the linear pieces associated with the Liouville gravity

current. To do so we introduce the covariant Laplacian Green’s function satisfying

e-¢) 1
g(f) j‘d2§n f](f")

The last term is necessary for consistency when we integrate Eq. (2.5) with respect

AG(E,¢) =

(2.5)

to £&. However, Eq. (2.5) does not fix the Green’s function uniquely since we can
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add on an arbitrary constant to G and still satisfy it. So, we will further specify that
the Green’s function is symmetric in its arguments and orthogonal to the constant

zero mode

| #6/a&)Ge€) =o. (2.6)

We then find the non-local functional

Fla) = 1 [ @EEEN @G, €)aEN €.

So, for the partition function we write

( / i€ \[) v Det' PtP
\/det(B;, By) Vol (CKV)
L x N —(dH1)/2
% ( Det AA) 6_7?5[@]_”§fd25\/§.
Jd*\/§

We now must ensure that the theory is Weyl invariant at the quantum level. Since

z'(x) = [ de"‘det (Bown) (-

we have integrated the Liouville mode that means the partition function must be
independent of any scalings of the reference metric. Thus, we need to calculate the

background Weyl anomaly and in the end cancel it.

First note that the heat kernel leads us to the following local contributions

IS Aoy —(d+1)/2

\ Det' PTP Det'A d—25 ~ <

(Spln = ( 72 ,‘) = T/dzf\/;Rp
JJdet(B;, By)Vol(CKV) \J ¢V m

L1 /d2§\fp+0 (2.7)

8re

On the other hand we have a local contribution coming from the background renor-

malisation counterterm

oot [ 6:fa = 13 [ d*\fap. (2.8)

Moreover, each one of the factors [ d2£1/§ introduces another local piece in the Weyl

anomaly by its dependence on the background metric. This is just
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o [ derfo = [ d6\fap. (2.9)

The rest of the anomaly comes from the non-local functional F$. Performing the
infinitesimal Weyl transformations we find 6,v/§J* = Q+/§Ap. Then integrating by
parts and using Eq. (2.5) we generate

S, F° = % / &¢\[gRp - anjp(gp) - é% / d?€,/§J*5,1n / &¢\/g
P=1

! t2e". [a(en.J* A = .
" 16r / d*E'd*e"\[§(€")J°(€)8,G (€', €M)/ g(€m) J°(€") .
To calculate the anomaly contribution associated with the change in the background

Green’s function we note that Eq. (2.5) leads to

pe) e filEole)
~ 2 -
[ d2en,/a(em [f dzem f](f"')
When we multiply Eq. (2.10) by the Green’s function, integrate and make use of

As,Gl¢, &) = - (2.10)

the Weyl transformation of Eq. (2.6),

[ 26/3©05,Ge,¢) = - [ e /5©n©)G (e, €),

we find the following non-local Weyl anomaly
8,G6,€) = ———— [ e\ [alEnn(e") [G(e" ) + 6", e)]
f d? sm g( §m)

The zero mode is entirely responsible for the non-vanishing of 6,,@ when the argu-
ments of the Green’s function are distinct. Since the zero mode is a constant, it
contributes regardless of the distance between the two points £, £’. When the points
are coincident it still contributes, but there is a further contribution because the
Green’s function requires regularisation. This may be done in a reparametrisation

invariant way using the heat kernel, so we set

1

. NI ,
Ge(f,ﬁ)—/g dt g(t,f,f)—m
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where G satisfies the heat equation

(g — &)
ae)

For coincident arguments the regularisation of the Green’s function is controlled

a ~ ' ~ oA " 57 P
_ﬁ_fg(t’faf) :Ag(t1§)€)’ Q(O,f,f)z

by the small ¢ behaviour of the heat kernel which is computable in a standard

perturbation series, so that we obtain [33]

p(§)

A 2 ™ AVAlS
e e N (] [ € a&)pE)Ge 6.

Consequently, we find

5,,.7:'5 = %/d%ﬁﬁp—a(@—a)ip (ép) — /d2 \/—JS(S ln/d%[

s e ([ Pe/al) [eeee Ji@ne)ce. o) i) @
The non-local contributions to the Weyl anomaly are cancelled by the charge con-
servation selection rule given in Eq. (2.3). A look to Egs. (2.7), (2.8), (2.9) and
(2.11) shows us that to eliminate the local terms we need

25 —d d-1
1- =0, pi= :
a@) + « , U3 Y

This leads to the following two branches

o)

Choosing @ to be positive we write

\/25—dﬂ:\/1—d).

ar=—
T 2v6
These results for the non-critical closed string show that the gravitational sector can

be interpreted as a conformally extended Liouville field theory [9]. In this picture
@ defines the central charge of the theory ¢y = 1 + 6Q?, which has its value fixed
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by demanding that it cancels the central charges of the matter and ghost systems

CM+Cgh=d—26.

We have interpreted the Liouville field as an arbitrary Weyl scaling over the closed
Riemann surfaces. Then we found that because 1 — aQ + a? = 0, the value of a
is exactly right to define a Liouville vertex operator [ d?£1/§e®® of zero conformal
weight. On the extended field theory it corresponds to a primary field : e*? : of
weight (1,1).

In the DDK approach we have to restrict the range of validity of the theory to target
space dimensions d < 1. In this way both @ and o are real parameters and e** may
be interpreted as a real Weyl scaling for a real scalar field ¢. The results are in
agreement with the KPZ light-cone analysis on the sphere which found the same
range of allowed target space dimensions [6]. If d > 1 then « is a complex number.
For a real scalar field ¢ this leads to a complex Weyl scaling and the DDK approach
seems to break down. In the case d > 25 we could try to consider the transformation
¢ — i¢ to avoid this problem since « is pure imaginary. However we would then
find that the Liouville action has a kinetic term of the wrong sign. The conformal
mode becomes a "ghost field” and once more the DDK approach seems to break

down.

2.1.4 Tachyon gravitational dressings

We have seen that the calculation of the partition function under the principle of
quantum Weyl invariance has given us the definition of the renormalised parameters
@ and « in terms of the original parameter of the theory, the target space dimension
d. We now use the same principle to analyse the conformal weights of the vertex

operators in the non-critical theory.

For simplicity we consider the following closed string tachyon vertex operator

Wy = [ d/gem .
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The amplitude for the scattering of n such tachyon states is given by Eq. (2.1)
where we introduce n of the above closed string tachyon vertex operators. For each
topology we have to start by shifting the zero mode of the coordinate field X*#. This
will lead to the tachyon charge conservation selection rule, that is to the conservation

of momentum

pr:O.
J

Next, we use the covariant Laplacian’s Green’s function in the metric g4, to shift

the tachyon current

- ) ”52 £E—¢&;
Ji = —87rzzj:pj %

We then find

L 1 — —

Flal = o [ e\ [a(€) ;)G €\ (€

= —dmy_p; - ppG(&;, Ex) .-
37’

This is a reparametrisation invariant functional. Its dependence on the Liouville
mode ¢ can be calculated by looking at the Weyl anomaly it generates. This is
simply determined by the correspondent anomaly of the Green’s function. Using

the conservation of momentum we find

This result leads to a new contribution to the Liouville action which is simply linear
in . The rest of the contributions to this action are exactly as in the case of the

partition function

. 26—d (1 . "
Siilp, 9l = —g— /d2€\/§ <5<PA<P + R@) +3 (P2 -1) 0(&) + Mf/dzﬁ\/ge“’-
J
On the other hand we should also note that the background functional now includes
the reference tachyon functional .71'][51] in addition to the usual partition function

contributions.
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To integrate the Liouville mode we again proceed with the change to a canonical ¢

integration measure and introduce the renormalised Liouville action

S 108 = - [ 63 (S900+ @A) — Tsa(es) + 4 [ a6zt
J

Above the renormalised parameters 7; define dressed tachyon vertex operators

WJ.D = / d2§j\/§e’ﬁ¢+"”f'x )

This Liouville action is then integrated just as in the case of the partition function.
The only difference now is that we have introduced additional gravitational charges
which must obey the conservation law coming from the integration of the zero mode
of ¢ to ensure that Weyl invariance at the quantum level is not spoiled by non-local
contributions to the background Weyl anomaly. We then conclude that to guarantee
Weyl invariance at the quantum level @, @ and p2 must be given as before and each

tachyon dressing parameter must satisfy the following equation

A -y -Q) =1, A)=pl.

Here the contribution associated with the free conformal weight Ag comes from the

reference functional ;).

The above equation shows that the dressed tachyon vertex operator corresponds to a
dressed conformal field : e’ X% ¢ : whose conformal weight is (1,1) as a consequence
of the quantum Weyl invariance of the theory. This is to be compared with the Weyl
invariance of the critical theory. There we just put d = 26 to cancel the anomaly and
eliminate the dynamical Liouville mode. When we calculate the tachyon scattering
amplitude the contributions from the vertex operators generate new terms to the
Weyl anomaly. These are cancelled provided we restrict the mass spectrum of the
theory. In the case of the closed string tachyons we find the squared mass, mjz- =
—p? = —1. The mass spectrum condition says that the tachyons are associated with
conformal operators e of weight (1,1). This coincides with what is found from

the canonical Virasoro physical state conditions.
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If we solve for ; in terms of @ and p? we get

=5 @ V@ 46T 1))

Just as o should be real so should be y;. This implies that d < 1 and p? > (d—1)/24.

This result can be generalised to any string vertex operator and its correspondent
conformal field. The dressing parameter satisfies a similar equation with Ag standing
for its free conformal dimension. The non-critical conformal weight is just equal to

the symmetric of the critical invariant squared mass of the state.

2.2 Closed string critical exponents

To be able to sum over 2D random surfaces is important for as many reasons as
there are physically relevant problems where such a sum plays a significant role [34].
For instance we can find the theory of random surfaces in the study of interfaces
and domain walls in condensed matter physics, in the study of crystal growth, in
the theory of 2D statistical systems, in the study of gauge theories and of course in

the theory of relativistic strings and 2D quantum gravity.

It is clear that Polyakov’s functional integral approach to string theory works as
a technique to sum over the random Riemann surfaces in the continuous theory.
Actually, it is the simplest model we can consider. The closed string partition
function path integral is to be interpreted as the definition of the statistical sum

over all 2D closed random surfaces embedded into a d — dimensional target space

Z= % e
surfaces

where A is the area of the surface and the bare mass scale u2 may be interpreted as

an inverse of the temperature.

An exact meaning can also be given to this sum if we consider the lattice discreti-

sation of the continuous surfaces. It is then seen that the sum
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Z =Y T(A)e 4,
A=0

never converges because the number of different surfaces with given area A, I'(A),
just grows too fast as A — +o00. Introducing the entropy of the random surfaces

with area A, o(A), it is found that [35]
o(A)=InT(A) ~ AlnA.

The sum over the random surfaces may be further decomposed by summing over

their topology

Z =33 T(xe, AJeo.

A=0 Xc

Here I'(x., A) is the number of surfaces of given area A and topology x.. This
function has a smoother asymptotic behavior since when A — +o0 it looks like [35]
F(Xc, A) ~ AI‘(XC)_EIGNA )

where k is a cutoff dependent coefficient and I'(x.) the closed string susceptibility

at the second order phase transition critical point, u2 — k — 0.

In Polyakov’s continuum limit we have [11]

20t) = [ T(xe, A)e*4da.

After integrating the matter and ghost fields we find

T4 VDet' PtP Det/A \ ¥
r (Xc’ A) = /de det(Bi, wA) = Pz =
1 \/det(B;, B)Vol(CKV) \J ¢%/§

X /Dggoe‘sg[%@]é (/ d2£\/§e‘p — A) .

Above we have factored out the renormalisation counterterm. Note that in the

renormalisation process the infinite constant u2 has given way to the finite constant
p?. When p? — 0 we approach the critical point. Thus the Liouville action has lost

its cosmological constant piece

o 26—d (1 .
Slodl = o [ @63 (5080 + Bp) .
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2.2.1 The saddle point expansion

We may calculate the closed string susceptibility exponent outside the DDK renor-
malisation ansitse using the saddle point approximation to the Liouville functional
integral {11]. This can be done for an arbitrary topology, showing that the critical
exponent only depends on the Euler characteristic. We may ignore the background

and modular contributions in the above formulas and just consider

T(x., A /’D goe_sb[“”g]é (/ d2§\/7€"° ) )

Representing the delta function by an integral over an imaginary Lagrange multiplier

p leads to the Euclidean action

Sl 8,9, Al = il d/d2§\[( <PA<,0-I-R<p> (/dzf\/gjye“’—A) :

In the saddle point approximation we expand around the solution of the following

classical problem

R=n, [defi=a4,

where n = p.y, v = 487/(26 — d). In the conformal gauge G, = €¥§q, the classical

Liouville field ¢, must satisfy the Liouville equation

R+ Ag, = ne* / &\ [ger = A
where 7 is constrained by the Gauss-Bonnet theorem and by the condition on the

area, 11 = 4nx./A.

Let us first follow Zamolodchikov [11] and consider the case of the sphere. The
solution to the Liouville equation is then easy to calculate explicitly. Using the

whole plane with complex coordinates z = z + iy, Z = z — iy we find

Y = —lng(l + 23)?,
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which is just the conformal factor of the metric of a sphere of area A, stereographi-
cally projected onto the whole flat Euclidean space, where infinity corresponds to a

single point on the sphere.

Then consider the fluctuations ¥ and q around the classical values, ¢ = ¢, + ¥,
p = p. + ¢. If we expand to one loop the action S[y, g,p, A} using the Liouville

equation we get

D(xe, A) = e8] [ D, pexp (——21—7 / d?f\/'g:wocw) 5 ([ evaas) |

where O, = A. — 1, Geap = €¥°Gap and the classical Liouville action in the whole

plane is

n
Sz[(Pc’gc] = "2; / dzze%(;oc-
To tree level we only need to calculate the classical action

. 2 — d
S¢ e, 9] = g Xe InA.

This gives the tree level contribution to the string susceptibility

d— 26
FO(XC) = XC—1—2— + 3.

To get the one loop correction we need to integrate the field ¢. First we note that
the conformal gauge has not been fixed uniquely. On the sphere, the Euclidean

action S|y, g, p, A] is invariant under the group of SL(2,C) Mobius transformations

712

dz

dz

, _az+b
T ez+d’

z2— 2 0(2,2) = (2, Z) + In

3

where a, b, ¢ and d are complex numbers satisfying the unit determinant condition
ad —bc = 1. These are the conformal transformations generated by the infinitesimal
conformal Killing vectors £(z) = ap + @12 + ap2z?. The corresponding conformal

infinitesimal variations in ¢, dps¢, are the zero modes of O,. For the sphere we have
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three zero modes corresponding to six conformal Killing vectors. Factoring out the

Mobius invariance we find

(2, 4) = A4/A2 [ Doy, exp [‘% [ o, (22 -2) m] 6( %}%) ,

where 1 is the component of 1 which is orthogonal to the conformal zero modes.
Above we have also introduced the element of solid angle d? = dcosfd¢ and the

spherical Laplacian

~ [96? " \sing 2) 00  sin’00¢%)
written in the spherical coordinates z = €' tan(0/2), Z = e"** tan(0/2). The oper-
ator L? is the squared angular momentum. Its eigenvalues are (I + 1), [ > 0 and

integer, and its eigenfunctions are the spherical harmonics Y,,(6,¢), -1 < m <[

and also integer. The zero modes of L2 — 2 are in fact three and correspond to [ = 1.

To proceed with the integration we expand v in the spherical harmonics. Because
of their orthogonality the delta function is simply the delta function of the constant

zero mode of the covariant Laplacian L?. Thus we obtain

2-2\1""
(2. A :A(d—26)/6+1 Det”
( ? ) et A )

where in the determinant we only use the eigenvalues corresponding to [ > 2. The

determinant can be calculated using the heat kernel, so leading to [11]

This is the one loop result of the saddle point approximation controlled by the v

parameter. It is only exact asymptotically in the semi-classical limit d - —oo.

For a general topology we follow similar steps [11]. For the torus the Euler char-
acteristic is just zero. Then the only zero mode coincides with the constant zero
mode of the covariant Laplacian. For higher loop orders there are no conformal

Killing vectors and so no zero modes in the integrals over . That can be seen
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noting that the constant we subtract from the covariant Laplacian in the operator
O, becomes negative. For all topologies we have to cancel the zero mode of the
covariant Laplacian using the delta function and the orthogonality relations of the
relevant eigenfunctions. If that is properly done then the local nature of the anomaly
associated with the determinant shows that the only difference between the sphere
and the other topologies in what concerns the leading area dependence is just the

Euler characteristic [11]

d—-19
12

I (xe) = X +2. (2.12)

2.2.2 The DDK scaling argument

To calculate the string susceptibility using the DDK conformal gauge approach we

consider the function I'(x., A) after the renormalisation procedure

D(xe 4) = [ DygpeSHodlg ( [ &\ fae - A) . (2.13)
Here we have already factorised the renormalisation counterterm. Note that now p?

has been renormalised to p3. So, the renormalised Liouville action is
04 ~ ! o, (1 2 3
S210,01 = 5 [ 4%/3 (5680 + QRg)

Next we shift the renormalised Liouville field by a constant ¢ — ¢ + p/a. Since
we keep §g fixed our functional integral should scale. Recall that the theory is
invariant under arbitrary scalings of the reference metric once we have integrated
¢. So, it is only invariant under a shift of the integration variable provided this is
compensated by a Weyl transformation of the reference metric. Because we consider
a translational invariant quantum measure in Eq. (2.13), the scaling behaviour is
determined by the change in the action S?[@, §] and in the delta function which is
used to fix the area A of the surface. Thus the shifts in the action and in the delta

function are



2. Conformal field theories on closed random surfaces 29

QX
5 P

5 ( / a2 [ge™ — A) N ( / a2 e — e"’A) .

Then it is easy to see that I'(x., 4) is going to scale as follows

Splg, 9l — Sple, 3] +

[(xe, A) = e~ (E+)ep (xc, e"’A) :
Thus for A — +o0o we have
T(xe, A) ~ A™(5+)

which means that the closed string susceptibility is

QX
Fxe) = - 50 + 2.

Introducing the values of () and o we write

F(Xc)zﬁ [d—25i\/(25—d)(1—d) +2.

If we take the limit d - —o0, it is easy to see that we recover the semi-classical one
loop result given in Eq. (2.12). On the other hand, if we consider the case of the

sphere and choose the branch

1
a_=2—\/6(\/25—d—\/1—d),

then we find the KPZ result [6]

r@ - d—1- \/(2152— d)(1 - d) |

In KPZ’s light-cone formulation [6], I'(2) is related to the central charge of the
SL(2,R) Kat-Moody symmetry used to solve the theory, ¢, = I'(2) — 3. This leads
to a relation between ¢, and @, ¢, + 2 = —2/a®. So, just like o, c; has a branch

point at d = 1 and becomes a complex number for d > 1.
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2.2.3 The tachyon gravitational scaling dimensions

Although formal the DDK scaling argument is remarkably successful in the calcula-
tion of the closed string susceptibility. This encourages us to go further and find out
what happens to other critical exponents using the same simple reasoning. As a last

example let us calculate the tachyon anomalous gravitational scaling dimensions.

We consider the expectation value of a tachyon vertex operator [ d2£4/gei X for a
given topology x. and area A. Having integrated the matter and ghost fields we
renormalise the Liouville action to introduce the canonical measure in the back-
ground metric §,;. Next we factor out the renormalised cosmological constant using
the integral over the area and the corresponding delta function. Here it is important
to note that we have not imposed the conservation of momentum. So, we would need
to consider the scaling of the non-local terms associated with the Weyl transforma-
tion of the Green’s function. However, because the Green’s function is orthogonal to
the constant zero mode, those terms do not scale if the scaling is a constant. Thus

we only need to consider

1 00 almrs = .
<W > (xc,A) = F—(X—A) /Dg¢e—sL[¢,g]+7;¢5 (/ d2§\/§e ¢ _ A) ]

The gravitational scaling dimension A of the vertex operator is defined by the asymp-

totic behavior of this function as A — +o00
<W > (xe, A) ~ A2,
Using the DDK scaling argument we shift ¢ by the constant p/a to find that

Aizl—ﬁ,
(64

This then leads to the KPZ equation for the anomalous gravitational scaling dimen-

sion [6]

A—A%=—a?A(A-1).

7
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2.3 Minimal models on closed random surfaces

'I'he DDK approach to the non-critical closed bosonic string has a serious drawback.
It seems that it is only valid for unrealistic target space dimensions d < 1. To be
on the safe side, we can just describe a weakly coupled phase where the free field
perturbative approach can be justified. However we have noted that the relativistic
string is but one possible field where the theory of random surfaces is relevant. We
can also consider the case of 2D critical statistical systems, in particular the case of

minimal ¢ < 1 conformal field theories coupled to 2D quantum gravity.

The Coulomb gas representation of conformal field theories due to Dotsenko and

Fateev [10, 16] has a natural Lagrangian interpretation. We introduce the action

Sul®, 5 = Siw [#e s Egﬂ"aa@ab@ +i(8—1/8) ch]

i / d%6,[7 (7% + &7 17%) | (2.14)
to define the minimal unitary series of conformal field theories on closed surfaces.
This is a conformally extended Liouville theory [9] with imaginary coupling, i3, on
a surface with metric g, and curvature R. The central charge of the matter theory
is ¢y = 1 — 6(8 — 1/8)* which means the minimal models [8] are at the rational

points 32 = (2 + k')/(2 + k). The primary fields are vertex operators given by

. - . J'
U(ii" = /dzﬁ\/;exp [—z (Jﬁ - 5) <I>] :
where 7,7’ > 0 are half-integer spins labelling pairs of representations of the Lie
algebra A;. To couple this theory to gravity we treat g,, as a dynamical variable
and add a cosmological constant term 2 [ d?£,/7 to the action. This is the only
non-trivial part of the pure gravity action in two dimensions and is necessary as a

counterterm. For a given topology a general correlation function is defined by the

standard functional integral

<IMUG") >= [ Dy(@, )TV G) exp { ~Sul®, ] - 12 [ d¢/5} .

114 o
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To compute this Green’s function we expand the matter exponential interactions in

powers of the mass scale y?

: _ | . , n
2 [ ¢ [z(.i8% | —i/po\]| _ 2 [ 24 [=(iB® , ,—i/B®
exp[u /dé\ﬁ(e‘ +eY )}—Z:OH{“ /df\/;(ez + e P )] i
n=
This is a natural way to implement the Coulomb gas insertion of screening operators.
As for the string, the kinetic term has a constant zero mode which leads to a similar
charge selection rule. For each correlator the charges of the vertex operators have

to be combined with the screening charges to balance the topological background

gravity charge.

In the conformal gauge, we decompose §,, as a reparametrisation of e¥g,,. In-
tegrating over the matter field and reparametrisations generates a Weyl anomaly
which yields a kinetic term for ¢ if the matter central charge is not balanced by the
reparametrisation ghost charge. For this non-critical theory there results a Liouville

field theory for ¢

2
St ) = 2 6(4%; 1/6) /d2€\/§ (%wi\w Rw) + ] /d2£\/§e“’-

The functional integral volume element for this theory is induced by the inner prod-

uct on variations of the Liouville field

10l = [ d*/aee(69)

We then apply the DDK ansitse and replace this by a conventional field theory

measure, renormalising the Liouville mode and its couplings to 2D quantum gravity

. 1 ~ 11,4 . 1)\ 4 "
Selodl = o [ d€\/a [§¢A¢ +i ('r - ;) R¢l + 13 [ defge.
Note that these are free field renormalisations. They can be understood in the con-
text of an expansion in powers of the renormalised cosmological constant mass scale
p2. Under this expansion the gravitational sector should be interpreted as another

Coulomb gas conformally extended Liouville theory where free field renormalisa-

tions can be used. This means the coupling of the minimal model to 2D gravity is
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described by two Coulomb gas conformally extended Liouville theories in the fixed
background defined by the reference metric of the conformal gauge §,,. The matter
theory gets dressed by the gravitational sector in such a way that an independent

charge selection rule is imposed on each theory.

Once more we should be aware that the DDK formulation is only expected to be true
when the minimal model and gravity interact in a weak coupling phase in which it is
legitimate to expand the exponential interactions perturbatively. A strong affinity
between the minimal model and the gravitational sector [10] is already clear in this
picture. To actually prove it we have to determine the renormalised parameters of
the gravitational Liouville theory. As for the string, the principle is quantum Weyl
invariance. Recall that the theory is invariant under simultaneous shifts in ¢ and
compensating scalings of g,,. When we integrate ¢ we generate a background Weyl
anomaly which we add to the background anomaly coming from the integration of
the matter field and the reparametrisation ghosts. The theory is Weyl invariant at
the quantum level if this anomaly is absent and the amplitude is independent of the

conformal factor of the reference metric.

2.3.1 Weyl anomaly cancellation

The anomaly cancellation sets the total central charge of the system to zero. This
gives v = %if. Also the Liouville field renormalisation parameter o must satisfy
1—a(B+1/8) + o? =0 if we choose 7y = —i3. Then we have two branches ay =
and a_ = 1/, the last one turning out to be of pure quantum mechanical nature.
When the cosmological constant is non-zero this means we have two sets of Coulomb

gas screening charges which leads to the conformally extended Liouville theory

S119,8) = - [ @63 [5046+ (6 +1/8) Ry

i [ e 3 (4 )

The dressed vertex operators of vanishing conformal weight are
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Un(i) = [ d%€faexp [(w - %) ¢] exp [~1: (6 - %) cb] ,

L\ \ /
where | = —j, ' = j'+1orl = j+ 1, I' = —j'. Translated to field the-
ory language this means that the matter primary field : exp[—i(j8 — j'/08)9®] :
of conformal weight Ag(jj") = [(j +1/2)8 — (5 + 1/2)/8) — 1/4(8 — 1/8)* gets
dressed by the gravitational primary field : exp[({# — I'/5)#] : of conformal weight
Aoy = —[(1 =1/2)B+ (I' = 1/2)/B8) + 1/4(8 +1/B)* to define the dressed pri-
mary field of the full theory : exp[—i(j8 — j'/3)®] exp[(I8 — I'/B)¢] : of total con-
formal weight (1,1). For j = j' = 0 we recover the screening vertex operators of the

gravitational sector.

As in the case of the string, it is important to note that Weyl invariance at the
quantum level is only possible because we have imposed an independent charge
conservation selection rule on the matter and the gravitational sectors. For each
sector the Gaussian integrals over ® and ¢ yield contributions of the form of the

exponential of
1 1 L] ! ! 1 8 "
Flo) = o= [ €8 o(€) I (€)GE €N ol T €,
where g, stands for either g, or gg and J° is the coefficient of the term in the

action that is linear in the field.

The presence of the Laplacian’s zero mode then leads to a non-local Weyl anomaly

§,F° = —8977 [ &/55,In / d%€\/g

1 s 13260 ' ! It PR
57 | POV [ PPN HEMEIGE ENIEN €,
where @ is either ¢(§ —1/0) or i(y — 1/7). When we integrate the zero mode of the

fields in each sector the charge selection rule gives [ dzﬁ\/ﬁJ“ = 0 for all non-zero

contributions to the amplitude, leading to the cancellation of the non-local anomaly.

It is now clear that in the conformal gauge approach of David, Distler and Kawai the

coupling of the minimal model to 2D gravity is to be seen as an interacting Coulomb
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gas of two conformally extended Liouville field theories in the background §,,. Each
theory satisfies an independent charge conservation selection rule. However, the two
theories are not independent but rather they are complementary in that v = +if8
and Weyl invariance at the quantum level requires the dressing of vertex operators
yielding U(j3)V(—j,7' +1) or U(j5')V(j + 1, —5'). We also note that the Liouville
field of the gravitational sector is here seen as an arbitrary real Weyl scaling. This
sets a bound for the matter theory since for ¢ > 1 we would find complex Weyl
scalings and the DDK approach seems to break down. For ¢ > 1 we might expect to
find a strongly coupled non-linear phase which we might not be able to reach using

just this perturbative approach.

2.3.2 Ciritical exponents

The random surfaces susceptibility exponent ['(x,) is defined using the expectation

value (7, 11]

Z(x A) = [ Dy(@, ) exp {~Sul@,5] — i [ d€\/a} 6 ( [ /3 - 4).

In the asymptotic limit A — 400 we have Z(x,, A) ~ ATx<)=3, The DDK scaling
argument yields I'(x.) = 2 — x.Q/(2a+), where we have written Q@ = 8 + 1/8.
Here the semi-classical limit corresponds to § — +oc and as expected it selects the
solution oy = B. So in fact the operator : /% : has no classical analog, being
of pure quantum mechanical nature. Within the local DDK approach this branch
should also be eliminated from the quantum theory because it leads to a non-local
operator with respect to the metric g, [36]. However we should note that we may
keep it provided we only demand locality with respect to the reference metric ggp.
In this point of view o = 1/ is a reflection of non-perturbative phenomena in the

coupling of the minimal models to 2D quantum gravity [37].

The gravitational scaling dimensions of the matter primary fields A(j5') are defined

by [7]
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< UG > (Xer A) = Z—(;C’—A)/’Dg(@,g)U(jj')exp {—SM[é,g] - ﬂg/d%ﬁ}

xé(/d%\/g—A) .

In the asymptotic limit A — +oo we define < U(j5") > (xc, A) ~ A*=2U7). Then
the same scaling argument leads to A(jj') =1 — B(jj')+/as. Here B(jj')+ defines
the coefficient of the two possible dressings of the primary field U(jj"). When this
is combined with the bare conformal weight using the equation which defines « it

gives the KPZ equation [6]

A~ Ag = —a?A(A - 1).

These results for the critical exponents of a ¢ < 1 minimal conformal field theory
on closed random surfaces agree with the KPZ light-cone analysis on the sphere [6].
Distler, Hlousek and Kawai [12] also used this conformal gauge approach to calculate
the Hausdorff dimension of the random surfaces, dy. According to their calculations
dg o« 1/|T'(2)|, which confirms the branch point at ¢ = 1 where dgy — +o00. Forc > 1
dy is a complex number, once more signaling a new strongly coupled phase where the
local DDK assumption seems to break down. All the results are in striking agreement

with those of the theory of dynamical triangulated random surfaces [12, 13].



Chapter 3

Open String 2D Quantum Gravity

3.1 Introduction

Polyakov’s functional integral approach to the quantisation of the closed bosonic
string is easily extended to the open string. We introduce the same covariant topo-
logical expansion for the connected amplitude of n string states where now we sum

over all open Riemann surfaces

<Wi . Was= S By / Dy(X,5)Wi .. . Wee™SBX1 . (3.1)
topologies
Clearly the matter action of Polyakov’s model remains the same and so do the

functional integration measures for X* and §g. A similar ultralocal ambiguity is
present and we deal with it as in the case of the closed string. In the open string the
non-uniqueness of the measures involves two arbitrary constants associated with two
renormalisation cosmological constant counterterms, one in the area of the string
world-sheet p2 [ d?¢+/g and the other in its boundary length A § d5. As before the
area and length counterterms are also necessary due to short distance singularities
and are non-trivial pure gravity contributions to the action in two dimensions. A
curious feature of the open string is that they are not alone. Although not associated
with ultraviolet divergencies or with an ambiguity in the functional measures, the

integral of the geodesic curvature vy § dsk; should be introduced as another pure

37
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gravity contribution to the action. Above the geodesic curvature is defined by k; =
—798V,1,, where 712, £ are respectively the outward normal and the tangent vectors
to the boundary [33, 38, 39]. We will see in what follows that the integral of the
geodesic curvature is absolutely necessary for our solution of the non-critical open
string. Here we just note that this term can be written as (1y/2) [ d*¢6\/gR if we use

the Gauss-Bonnet theorem

[ #e\fak+2 § dky = 4rx,. (3.2)
where ¥, is the Euler characteristic of the open Riemann surface. It is given by x, =
2—2h—b—c where h is the genus of the surface, b is the number of smooth boundaries
and c is the number of crosscaps. In the open string the Gauss-Bonnet theorem
cannot fix both the integrals of the scalar curvature R and of the geodesic curvature
ks so that we should in fact allow one of these as a pure gravity contribution to the
action. In the closed string that does not happen because we only have R and so
Eq. (2.2) means its world-sheet integral is trivial, leading only to the string coupling

constant factor.

Thus the action is now given by

S|X,g] = %7; [ df55"0uX 0 Xm0, + 1 [ €[5+ 2o § d5+ o § ks,

and the functional measures are induced by the £? norms

16XIE = [ 636X -5, [Dysxe ¥ =1,

~ ~ [ ~ac~ ~ab~ ~ e~ ~ _|16§lI2
183115 = / d2€\/7 (33" + u§**5) Gab03ca, / Dgbge 1%9ls = 1.
The theory of closed strings was defined to be explicitly invariant under general
reparametrisations of the parameter domain in R2. So naturally in the open string
we still aim to have explicit covariance. However due to the presence of boundary
effects associated with the internal metric’s £? norm, we can only consider an invari-

ance under the diffeomorphisms which preserve the R? parameter domain but allow
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for general reparametrisations along the boundary [38]. This means that the compo-
nent of the reparametrisation ghosts 6* along the outward normal to the boundary
must be zero, 72 - § = 0, but its component along the tangent - # may take an

arbitrary value.

For the open string we also introduce the string states using covariant vertex oper-
ators. The open string states correspond to boundary vertex operators such as the
tachyon with momentum p*, § d3e??X. Closed string states can also be attached
to the bulk of the open Riemann surface, so that in general we have a mixed type

amplitude with boundary and bulk vertex operators.

Just as in the closed string, the price we pay for explicit covariance is the explicit
violation of the Weyl symmetry. Thus a Weyl anomaly will be generated which
must be cancelled out at the quantum level. This should again replace the Virasoro
physical state conditions and lead to the critical dimension of the target space,
d = 26, as well as to the spectrum of the open string. For non-critical target space
dimensions the Liouville scale of the intrinsic metric g, becomes once more the

non-trivial dynamical degree of freedom we need to take into account.

3.2 Free boundary conditions

For simplicity we consider Polyakov’s open bosonic string partition function Z for
the topology of a disc [38, 39, 33]. We can do so and still get results which are valid
for any topology because the analysis will be based on the local nature of the Weyl
anomaly and because the functional measure for the integration over the moduli
space of the open Riemann surfaces can be defined to be independent of the scalings

of the metric.

Let us start by taking free boundary conditions on the string field X#, on the Li-
ouville conformal gauge factor ¢ and on the reparametrisation ghosts 6%. More
precisely, we initially require that X*, ¢ and ¢ take prescribed values Y#, ¢ and n

on the boundary and then we integrate over these boundary values [33]. The func-
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tional Z[Y, 1, n], obtained as an intermediate step, has the physical interpretation of
being the tree level (in the sense of string loops) contribution to the wave functional

of the vacuum for closed string theory in the Schrédinger representation.

The quantum partition function is thus given by

Z = / Dy(Y, %, m) Z[Y, ¥, 7]

where the wave functional is

21, 9,1 = [ Dy(X, 5)e X, (3.3)

To calculate Z let us first determine the wave functional Z[Y,v,n]. We start by
separating X* into two parts X# = X# + X#. We define X* and X* in such a
way that the string action gets split into two independent pieces, one for X# which
contains all the dependence on the boundary value Y* and another for X#. This is

easily done if we fix X# using Y,

AXF =0, X!|p=Y", (3.4)

c

and impose on X* an homogeneous Dirichlet boundary condition X*|g = 0. Here
we have used the notation B to say that the fields are evaluated at a point € of the
boundary B. As required by the wave equation, on X* we must further impose the

following consistency condition

]{ 50, X" =0, (3.5)

where 8; is the outward normal derivative on the boundary. Eq. (3.4) is solved in
terms of Y* using the Green’s function for the Laplacian with homogeneous Dirichlet
boundary conditions defined for the metric g,;- We will separate the boundary value
Y* into a constant piece, and a piece that is orthogonal with respect to the natural
metric on the boundary, i.e. we write Y* = Y + Y* where § d5Y* = 0. Then the

solution is
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XA(E) = Y§ = § ds(©):Gn (€, €)7"(€) (3.6)

if the point &' is not in the boundary and X¥jp = Y* if it is. Of course here we have

considered

82(¢ - &)
9(6)

where Gp(€,€') = 0 if either argument lies on the boundary. In this case we can

AGp(§,€) = (3.7)

integrate Eq. (3.7) leading to an integral condition on its outward normal derivative

§ ds(€)0:G(6, €) = -1, (3:8)
which allows the decomposition of X* given in Eq. (3.6).

We can prove that Eq. (3.6) is the solution of Eq. (3.4) using Green’s theorem

- j[ d30: X Gp(€,€) + }4 d50:Gp(€,8) X" = / &%\ [GAX G p €, )

- [@e\faAcnie )Xz,
Then Eqgs. (3.4) and (3.7) plus the fact that the Dirichlet Green’s function is zero on

the boundary lead us to Eq. (3.6). Applying Eq. (3.8) it is clear that this solution

satisfies the consistency condition given in Eq. (3.5).

The string action can now be cast in the form

S[X7§] = Sc[Xcag] +S[X1§]

The action for X* is just the free bosonic string action where the kinetic kernel
is the covariant Laplacian. To find S.[X,, §] as a boundary action we take a total
derivative and use Eq. (3.4). We may write the result introducing the boundary

kinetic kernel

Rp(£,€) = —-Sl?aﬁaﬁléu(s,f'),
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leading to
S.[Xe, ] = 5 § d(ESENY () - Kole, €)Y ().

When we integrate X* keeping Y# fixed D; X is actually D;X. For the integration
over the metric Dzg we proceed like in the closed string, and use the conformal
gauge where we decompose the integration over g, into an integration over ¢ and

an integration over #*. On the disc an arbitrary infinitesimal variation of g,y is

5§ab = &Pgab + 6afseb + <7b69a .

As in the closed string the variations of g, induced by the reparametrisation ghosts
and by Weyl transformations are not orthogonal. They intersect in the conformal

Killing vectors

P(66) = 0.

This set of reparametrisations belongs to the group SL(2,R) of Mébius transforma-

tions and map the disc onto itself. So, redefining ¢ we write

18313 = 201+ 2u) [ d®/3(69)° + [ d%€\/355" Pun (56) Pus(56) .

After a total derivative we can see that this hides a boundary contribution

18313 = 2(1 + 20) [ d€\/3(80) + [ d*€\/agudee [P P(60)]
+2 7{ d571,68, P (56).

Because of this boundary term we cannot have covariance under general diffeomor-
phisms on the open string. At first sight, it even seems that the boundary condition
7 - 66 = 0 is not enough to solve the problem. Fortunately, it is possible to use the
covariant heat kernel to show that the remaining boundary term can only lead to
contributions which are absorbed by the renormalisation counterterm in the length

of the boundary [38].
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We now split 6¢ into a field #* vanishing at the boundary and another field 9° such
that at the boundary 9® = 7¢®. Assuming that 9 is fixed by its boundary value in

some way we obtain

16311% = 2(1 + 2u) / 26\[3(50) + / d2¢:/360 - PP(50).
Omiting the renormalisation counterterms we integrate X* and 6 to find

ZY, 4, = exp{—Sc[Xc,él}/Dgw(Det'A)_m%

where as usual the prime denotes the omission of the zero modes and we have divided
by the volume of the space of conformal Killing vectors Vol(CKV). As is well known
these infinite determinants generate a Weyl anomaly [3, 24, 25, 26, 27, 33, 38, 39].
If we use the covariant heat kernel to regularise them it is easy to see that the
Weyl anomaly only depends on the values of the heat kernels for small proper time
cutoff \/e. This means that the Weyl anomaly is a local phenomenon which only
reflects the structure of the world-sheet at short distances. Since /¢ can be made
infinitesimally small, the bulk and boundary contributions to the anomaly must be

independent. Using locality, reparametrisation invariance and dimensional analysis

we are led to the following expansion in powers of the proper time cutoff \/e

5,In | (Det'A) ™ - 3?&123; - d4_87f6 / &¢\[iRp+C f dsk;p
+C ?{dgaﬁp + % / d2¢\[ip + % }4 dip + O(VE), (3.9)

where C and the Cj, i = 1,2, 3, are dimensionless constants. The C; can be de-
termined exactly [38, 33] but we will not worry about them because they all are
absorbed in the renormalisation counterterms. We calculate C' using the commuta-
tivity of Weyl transformations [33]. Consider the gravity currents /gR and dsk;.

Their transformation laws under an infinitesimal Weyl scaling are

5p\[3R = \[3hp, 8,dsky = %dgaﬁp.
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Then taking a second Weyl transformation p’ on Eq. (3.9) and antisymmetrising in
p and p' gives
— 26
48 /d2£\[ (pAp' — o' Ap) + fds (p0rp’ — p'Brp) = 0.
Thus we find

d— 26
24w

Integrating the infinitesimal variation leads to the usual Liouville action plus back-

ground contributions depending on the reference metric of the conformal gauge g

—d/2\/Det' PtP

WV—)GXP{—SL[‘P,@]},

215, 1] = exp {~5.[X., 3]} [ Dysp(Det'A)

where the Liouville action is given by

Sled) = -2 [ 6/ (300wt + o) — 20 sk

+u%/d2§\/§e“’ + A }{dée‘p/? + 1 ]{déamp.
Here p2, A\, and v, are arbitrary finite constants left over from the renormalisation

process.

Once more we find the critical target space dimension d = 26 where the Liouville
mode decouples from the theory. As in the closed string this is the same result
deduced from the canonical no-ghost theorem by imposing the Virasoro gauge con-

ditions.

For the non-critical target space dimensions the conformal scale of the metric is
that extra degree of freedom already expected in the canonical formulation. It is
to the Liouville mode we turn our attention next. We consider its integration and
determine the renormalisation of the couplings to 2D quantum gravity in the context

of the DDK approach.
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3.2.1 Anomaly cancellation for coupling renormalisation

To integrate the Liouville mode we start by taking the Coulomb gas perturbative
approach expanding the area cosmological constant counterterm. In each order of
perturbation theory we split ¢ in two fields ¢., @ in exactly the same way we split
X* previously. As before the Liouville action becomes the sum of two independent
pieces, Sr[¢c, ], which contains all the dependence on the boundary value v, and
Si[@, §]. We further split 1) = 1), + 1 into a constant 1y and an orthogonal piece Y.

The field ¢, is now expressed in terms of 1 and ¥y

Pol€) = o — § ds(E)3Cn(,)H(E) (3.10)

Let us take the lowest order in the area cosmological constant perturbative expan-
sion. When we integrate ¢ we consider a fixed value of 1. Then Dzp = D@ and

the lowest order contribution to the wave functional is given by

ZOO[Y w ,',’] =e —Sel[Xe,g]— S [‘Pc,g] (D et A) —d/2 VV [iféfgvi _O[Y w n]

where
21,4, ] = / D;ge 50l

Above we have introduced the lowest order Liouville actions for ¢

5%, 4] = - 4~ 26/d2§f( soAso+Rs0)+V1]{d88n<p

and for ¢,

) d 26 e ,
52 (9, §] = / dzf\f ( *0,0:0b 0 +R<pc)

d 26
o2 j{ dkyp. + M ]{dse“’c/z (3.11)

The functional integration measure for the integral over ¢ is conformally invariant

but non-linear in the Liouville field
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1601 = [ d¢\/ger (55)*
To proceed we follow the closed string analysis and use the DDK renormalisation

ansatse. We may consider a canonical measure in the background g,

Jod], = [ ¢ /atea)"
provided we renormalise the Liouville field and its couplings to 2D gravity. Ob-
serve that this renormalisation involves the whole Liouville field. As pointed out by
Symanzik, in the presence of the boundary we should expect to take independent
bulk and boundary renormalisations [40]. Since the boundary pieces of the Liouville
mode are fixed at the moment we do not need to worry about them for the time
being. We also note that the canonical measure can only be introduced if a set of

background counterterms is included

Sr(§) = 12 / 26\[3+ Xs fdg + g }( dsk;.

When we renormalise the field ¢ — a¢ and its couplings to gravity we get the

following renormalised lowest order Liouville action
U 1 —/1-4 - .\ -
.91 = 5 [ d€\/5 (5086 + QR) + s § dsdud.

The renormalised parameters of the theory are determined by requiring invariance
under a shift in ¢ and a compensating Weyl transformation of the reference metric.
Once ¢ has been integrated out the result is required to be invariant under Weyl
transformations of the metric alone. For the moment we integrate ¢. To do so we
need to follow Alvarez [39] and set v, to zero because the standard way to deal with
a term that is linear in the field is to shift the integration variable, in this case by a
constant, but this would spoil the homogeneous Dirichlet condition on ¢. Next we

change variables as follows v87m¢ — ¢ + OQQ Here we have set

09(6) = [ d6\/a(€)I5(€)G(€.€), Ohln =0
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and introduced the current jg = QR. As a result we get the free field integrand

Srlo.d) = 5 [ Pefavhd

plus the non-local functional

Fplg) = %; | e \Ja O ROl €1 /ae)RE). (312)
Because there is no zero mode Gp(¢,¢') is Weyl invariant for distinct values of its
arguments (coincident values require regularisation which introduces dependence on
the scale of the metric). Thus, the Weyl anomaly associated with Eq. (3.12) is

determined by the scaling of the current

53R = \JaAp. (3.13)

Integrating by parts we find

= L [ e faro+ T §as(e) [ e n©)anCole € FEORE). (.14

The product of functional determinants resulting from the integration over the mat-

ter field, the reparametrisations and ¢ also varies under a Weyl transformation

Skgp

5,In (D tA) (@+1)/2y/Det’ PtP|  d— 25/d2§\/7R

Vol(CKV) |~ 48x

~ 0’2 2 ~ C’B -
' fdsaﬁp + = / ¢\ [ap + 7 fdsp +O(VE), (3.15)
where the C’;, i = 1,2, 3, are dimensionless constants which as before can be deter-

mined exactly.

Ignoring the counterterms for the moment we cancel the bulk local piece of the Weyl

anomaly between Eqs. (3.14) and (3.15) if we set
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Since p is an arbitrary infinitesimal Weyl scaling in the bulk and on the boundary of
the surface we also need to deal with the non-local term and with the local boundary
contribution in the geodesic curvature found respectively in Eqgs. (3.14) and (3.15).

To do so we have to consider the integration over the boundary values of the Liouville

field.

First we integrate Y# and 1. The boundary measures for these fields are induced by
the natural reparametrisation invariant inner products on variations of the boundary

values

16V |2 = § dssv -aY, |onll2 = § ds(6n)’

As the formalism is explicitly reparametrisation invariant the integration over 7 is

trivial leading to an overall factor. For the boundary matter field we find

[ ooy exp (-3 = (25 KD) gy vy (3.16)

Above we took into account the zero mode of the boundary kernel Kp. Tts existence

can be seen by considering the eigenvalue problem

$ ds(©)Kp (€, €)on(€) = Anin(€).

These eigenfunctions form a complete

> i (€)ow () = dp(6 - £) (3.17)
N

and orthonormal set
§ ds(€)on ()ur(€) = Swu (3.18)

of functions on the boundary. Here the boundary delta function is defined by

# ds(©)ds(e - €)1() = £(€).
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Then the eigenvalues may be expressed as

Ay = § ds(€)ds()om () K& €)ow (€) (3.19)
=~ § d(€)d3(€on (€)040u G (€, €)iw (€)

Now define Vy to be the solution of Laplace’s equation with boundary value vy

AVy =0, Vylg = in.

This has the solution

V() =~ § ds(§)0nCo (&, €N (E),

enabling us to write the eigenvalues as

1 2 [~rabn ¥ ?
N Py }{ds 8 VN( )= 8_7r/d \/;g BaVNBbVN.

Thus ;\N > 0 and it is only zero when VN is constant. Denoting this solution by
N = 0 and using the normalisation condition we conclude that Kp has the zero

mode

~1/2
o = (f d§) .

The determinant in Eq. (3.16) will generate a new boundary term for the Liouville
action. This is the gluing anomaly found in [33]. The kernel K has a boundary
heat kernel which can only be sensitive to short distance effects, and since the
boundary has no intrinsic geometry it can only be sensitive to the invariant length
of the boundary. As a consequence covariance and dimensional analysis lead to a
contribution to the Weyl anomaly which can be absorbed into the cosmological
constant counterterm in the invariant world-sheet length of the boundary ( see

Appendix ).

To cancel the remaining terms in the Weyl anomaly we have to integrate . Just as

in the case of » we have a non-linear inner product on variations of ¥
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181 = § dsev’2(6y)"

We will assume, following David, Distler and Kawai, that we can use the inner

product that is more usual for a quantum field in the background g,

1893 = § ds(s%)?

provided we renormalise 1 — aoWo, and 1) — apW¥ as well as their couplings to
2D quantum gravity. Note that this means we need to introduce an independent
field renormalisation for ¢., the component of ¢, orthogonal to the zero mode 1.
According to Eq. (3.10), its explicit expression in terms of 1) involves a coupling
to 2D gravity. Thus we must also consider @, — apd.. This is to be done in each
order of the perturbative expansion in the length cosmological constant. Note that
we have allowed for a different renormalisation of 4y and . This is because we take
independent bulk and boundary renormalisations and )y is related to the zero mode
of the Laplacian on closed surfaces that would be generated if we glued together two
disc shaped topologies to obtain a sphere, corresponding to the inner product of the
closed string vacuum with itself. Thus 1) is really associated with the Liouville field

in the bulk and should be renormalised accordingly.

Now when we decompose 1 into 1y and 1 Eq. (3.11) can be rewritten as

d— 26

5kgtp

20,0, 8) = = L2  ds(€)as(€)DE) Knle, €)0(E) -

_ d — 26 . . -
A }4 dzeP o 4 Tj / a2\ [3(6) R(€) ]4 d5(6)0x G p (€, €)D(E)
d— 26
ET)

Xzﬂ,bo-

Introducing the coupling renormalisation parameters @, @p and Qp we write the

renormalised lowest order boundary action

ST, W0, ) = 5 § ds(©)dsE)TOK (e, €VU(E) + § dshY
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+Q°2X°\1'0, (3.20)
where we have the current
f[oo(g)__@/dzgl S (ENR(ENS. O / QBk
Be) = - 22 [ e\ [EVREICEE) + hye).  (3:21)

To integrate this we shift out the linear piece in ¥. We introduce the Green’s

function of Kp defined by

dp(¢—¢&) - ﬂ_sl(_f"ﬁ (3.22)

The last term on the right-hand side of Eq. (3.22) is necessary to ensure consistency
3

§ s Knle,€Gr(e",€)
when the equation is integrated with respect to 5(&), since

§ ds(©)Kn(&,€) =o0. (3.23)

Its value is fixed by the zero mode of K we have calculated before. Also Gk (¢,¢)

is symmetric in its arguments and is orthogonal to the constant zero mode

§ ds©)Gr(e, &) =0, (3.24)

Then we can consider the shift ¥ — ¥ + F% where

FR(E) = § ds©HP©Gr (&)

is also orthogonal to the zero mode. Thus the integration leads to

. X —d/2
[ Da(T, Wo) exp{—SL(E, ¥o, g} = ¥ (D‘;t dffD) [ dwgeeoxovor
S

where

FY = 5 § ds(©)ds() AP )Gk (€, ) HY(E). (3.25)
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The determinant only changes the background renormalisation counterterm in the
world-sheet length. The important contribution to the Weyl anomaly comes from
Eq. (3.25). To calculate it we first need the Weyl transformation associated with
Eq. (3.21). Using Eq. (3.13) and the corresponding transformation of the geodesic

curvature
. | .
5pdskg = §d86ﬁp,

we take a total derivative and introduce the boundary kernel Kp to find

,[d3(V HP(€)] = Qp § ds(€)p(E)d5(€)Rn (€, €)

1

+15- (@5 — 2Q5)d3(€)0u p(€))- (3.26)

Then Egs. (3.21) and (3.22) lead us to

R 2 . R 2
6,79 =~ L faste) [ #0©)Cole, VIORE) + L faskop.  (3:27)

Above we have taken Qp = 2Qp which is a condition needed to eliminate the

contribution associated with the outward normal derivative of p

Bz s 1_6:% ]{ d3(€)d3(¢)05p(€) Gk (€, €V HY (€),

Also we note that the zero mode integration defines a net charge selection rule for
the gravitational sector just like in the closed string. This allow us to ignore the
non-local contributions to Eq. (3.27) coming from the zero mode of the kernel Kp.
They will be generated by Eq. (3.22) and by the non-local Weyl anomaly associated
with Gk (&,€"). We find ( see Appendix )

5Ck(6.6) = e § BEME) [Cr(e .0 + Gl €)]. (328)

This will also contribute when the two points approach each other. In this case
we must also include the contribution coming from the regularisation of G at

coincident points. We use the reparametrisation invariant heat kernel



3. Open string 2D quantum gravity 53

Gre(£,€) =/F dt [gl((t £,&) 3

where G satisfies the generalised heat equation

2 0x(1,6,6) = § A€V K(E, )Gk (,6".€), Gx(0,6,€) = 3ule - €).

For coincident arguments the regularisation of the Green’s function is controlled
by the small-¢ behaviour of the heat kernel which is computable in a standard

perturbation series [33]. This thus leads to ( see Appendix )

35Ce€,) = 40(€) = gz  d5(EDAEICR(E ). (3.20)

All these non-local contributions always decouple one of the variables, so they will
generate terms in Eq. (3.27) which will all be proportional to the net charge on the

whole surface.

To eliminate remaining terms between Egs. (3.14), (3.15) and (3.27) we need @Qp =
Q. If we finally tune the background cosmological counterterm contributions to zero
we get a Weyl invariant lowest order partition function. This shows that we need
to include the counterterm in the geodesic curvature because otherwise the finite
contribution coming from the reparametrisation ghosts cannot be eliminated. Of
course in this particular lowest order case we have a null contribution to the partition
function because the net charge, § d3(¢ )fI?,O (&), is the topological background gravity
charge which for the disc is never zero due to the Gauss-Bonnet theorem. However
all the terms we have discussed will persist in the more complicated expressions that

satisfy the charge selection rule.

This analysis still leaves the parameter ()9 undetermined. To find it we make the
connection with the closed string partition function. As explained earlier this is
obtained by identifying the arguments of two copies of Z[Y, 1, 7] and integrating
over these boundary values. This corresponds to gluing together two discs along

their boundaries to produce a sphere. The closed string partition function is
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Zelosed = /Dﬁ(Yﬂpﬂ?)ch)pen[Yaw;W]ngen[Y»Wm-

When we integrate the string field X* and the reparametrisation ghosts in each open

string wave functional we find

chosed = /D§(¢> ©1, (Pz) eXP{—SL[Sthlﬂ - SL[Q02,§I2]}

y (Det'A )—d/Q\/Det’Plfl-:’l (Det’A )—4/2\/Det’l5§]52
') Vol;(CKV) *) Voly(CKV)
Here the boundary fields Y*, n have already been integrated and absorbed in the

length renormalisation counterterm. The next step is to perturb in each area renor-
malisation counterterm and in the common length cosmological constant. Just like
before we split each field ¢;, i = 1,2 in two independent fields ¢;, @;. In the present
case we only need to consider the lowest order in the perturbative expansion. Then

we have the following decomposition

00 71 >
Zelosed = 2B Zopenzgpen

N (Det’A )—d/2 \/ Det’ﬁfﬁ’l (Det‘,’A )—d/2 \/ Det’pgpg
YY" Vol (CKV) ?/ " Voly(CKV)

where the boundary partition function is

7% = / Dy, o) exp{—SP[v, %o, ]}

Above we have used the simple property that the outward normal derivative of one
of the open surfaces is just the inward normal derivative of the other at the common
boundary, plus the Gauss-Bonnet theorems given in Egs. (2.2) and (3.2) to find the

boundary action

d— 26

5 fdé(g)dg(gw(g)f(p(& Vi€ - d— 26

12

S%O(,J)’wo,g) = - Xc'l/)()'

Next we renormalise the fields and their couplings to 2D gravity to consider canonical

measures in the background §,. When we integrate ¢; we get the same Weyl
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anomaly for each field and again using the property of the normal derivative at the
common boundary we can easily see that the boundary contributions cancel up to
the usual length renormalisation counterterm, leading to Q; = @, i = 1,2, where
the @; define the renormalisation of the coupling of the ¢; to the scalar curvature
R;. The boundary integration is just equal to the zero mode charge selection rule.

If Qo = @ that is exactly the selection rule we get for the closed string.

3.2.2 Anomaly cancellation for Liouville field renormalisa-

tion

So far we have only been able to determine parameters associated with the renor-
malisation of the couplings to 2D quantum gravity. To go further and calculate the
Liouville field renormalisation we need to consider higher orders in the Coulomb gas
perturbative expansion. In the case of the couplings we have seen that the renor-
malised central charge of the conformally extended Liouville field theory is exactly
the same as the corresponding central charge of the same theory on a closed surface.
We have also proved that the boundary couplings are fixed by this value of the
central charge. We have seen that this is all a consequence of the quantum Weyl
invariance of the theory. Now we want to find out if the bulk field renormalisation is
equal to the corresponding closed string parameter and if the boundary field renor-
malisation is actually the same as its bulk counterpart as it should happen when we
interpret the Liouville field as an arbitrary Weyl scaling defined everywhere on the
surface including its boundary. As Symanzik’s work makes it clear, this is not some-
thing we should take for granted. We will now show that this is also a consequence

of the quantum Weyl invariance assumed for the theory.

We start with the case where we have a single Liouville vertex operator on the bulk

/dZé-\/geao‘Ilo+a$+dB$c- (330)

In this case we find the following action for ¢
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- 1 1. -
1 Py I 2 ~
St[6.9] = o= [ 4¢3 (5689 + 749)
where we need the current
- . 0
Jo(6) = QR(£) — 8ra—7==".
By shifting ¢ we generate the functional

Fhla) = L] - aQ [ 6\ [a(ORE)Gn (e, €) + Ama®Gp(€,€).  (3.31)

On the other hand we also find the following renormalised boundary action

SIO1F, Wy, §] = ?{ds T(6)Kp(e, €)T(E) + fd HY

+ (Q(;Xo

- 040) Wy

where we have introduced the current

HYO ) = HY(€) + apdGp(&, ).

In this case we get

FI 0 g, y{ d8(6)ds(€"V B (€)Gre (€, €0 C(&", &)

41 Sa% }{ d3(€)d3(E") 0 Cp (€, €N (€, € Cp(€", €. (3.32)

To analyse the anomaly cancellation in this order of the perturbative expansion we
first recall that although G p(&, &) is Weyl invariant for distinct values of its argu-
ments, at coincident points it requires regularisation which introduces dependence
on the scale of the metric. To calculate the correspondent Weyl transformation we

represent G p(&,€') in terms of the Green’s function G (&,€") considered on the whole

plane

Gp(&,¢) =G(¢,¢&) - Hp(&,¢),
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where Hp(¢,£') satisfies the boundary-value problem

AHD(Eafl) =0, ﬂD(gigl)Iﬁ’EB = é(§)§’)|§'63‘

When ¢ = ¢ is on the bulk Hp(&,€) is Weyl invariant. Also on the whole plane
there is no zero mode. Thus the Weyl transformation of Gp(¢, ) is just given by

the corresponding well known local change of G(¢,€) [3, 24, 25, 26, 27, 33]

50n(60) =22 ¢ B (3.33)

Then applying Egs. (3.13), (3.33) we conclude that the Weyl anomaly of Eq. (3.31)

is given by

5,Fb = 6,73 - aQ § d5(€)p(€)Gn (6, €) + (o - aQ)p(€).

On the other hand, ignoring the non-local zero mode contributions which are all
proportional to the net charge on the whole surface given in this order by § défﬁ)o,

we use Eq. (3.26) and Qp = 2Qp to find the Weyl anomaly of Eq. (3.32)

5f1°=5f°0+aBQde8 (£)9:Gn(&,€).

Thus we can easily see that to ensure Weyl invariance at the quantum level we must

further set Qg = @, a@p = a and

1-a@Q+a?=0.

Here we took into account the contribution to the Weyl anomaly of the /g present

in Eq. (3.30). Introducing the value of Q) we find

2\[(\/25 d+v1-4d).

As we noted previously, these renormalised parameters only cancel the local con-

tributions to the Weyl anomaly. As in the lowest order case we have to assume
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the charge selection rule associated with the zero mode integration to eliminate the
non-local pieces. To find the renormalised parameters of the charge selection rule
we need to glue the two discs to form a sphere enabling us to use the closed string
result. We already know the value of @)y but now we also want the value of «y.
The calculation goes exactly as before, all boundary contributions cancel out up
to the length renormalisation counterterm and we find a zero mode integral which
corresponds to a closed string selection rule with two bulk vertex operator charges

ap and a background gravity charge Qo = Q. This implies that cp = a as expected.

With this calculation we are able to guarantee Weyl invariance at the quantum level
for insertions of arbitrary numbers of gravitational Liouville vertex operators in the
bulk. To see what happens when operators are inserted on the boundary let us

consider the simplest case of just one such operator,

f dsecato/2+an¥/2, (3.34)

In this case only the boundary integration over ¢ gets changed. The renormalised

boundary Liouville action is

SUNE, W0, 5] = 5 § dS(EOdSENHOR(E,)U(E) + § dsHYT

QoXo ao)
+( 2 5 )Y

where we have introduced the current

Ay () = AF(©) - 510p(E - ©)
The relevant functional is now
~ ~ 2 A
FY = 7Y - 22 § ds(©) HY(€)Grc(6,€) + “2Gx(€,€).

To find out our last renormalised parameter agp we need the local Weyl transforma-
tion of Gk at coincident points given in Eq. (3.29). Thus the local anomaly vanish

if all the other parameters keep their previous values and 1/2 — apQ/2+a%/2 =0,




3. Open string 2D quantum gravity 59

where the 1/2 term comes from the Weyl transformation of d3 in Eq. (3.34). Thus
ap = Q.

Since as before the non-local contributions cancel due to the charge selection rule this
result shows that the full perturbative expansion is Weyl invariant at the quantum
level for the values of the renormalised parameters found. Whenever we couple
distinct Liouville vertex operators in higher orders there are no additional Weyl

anomalous contributions.

3.2.3 Comments

Our results for the non-critical open string show that the gravitational sector can
be interpreted as a conformally extended boundary Liouville field theory. In this
picture @ defines the central charge of the Liouville theory ¢; = 1 + 6Q?, which
has its value fixed by demanding that it cancels the central charges of the matter
and ghost systems cjs + ¢gn = d — 26. Thus the central charge of the theory with
boundary is equal to the central charge of the theory without boundary. This is to

be expected since anomalies are local effects.

We have interpreted the Liouville field as an arbitrary Weyl scaling all over the open
surfaces. Then we found that the value of « is exactly right to define a Liouville
vertex operator [ d%£1/ge®® of zero conformal weight. On the extended field theory
it corresponds to a primary field : e®® : of weight (1,1). As expected « has the
same value it takes when the surfaces are closed. We also found the right value for
ag in the sense that the boundary vertex operator § d3e*5#/2 has zero conformal
weight corresponding to the boundary primary field : e*84/2 : of conformal weight
(1/2,1/2). This means that the renormalisation of the Liouville field is the same
all over the surface and is equal to the renormalisation on the closed surface as it

should be.

As for the closed string we also find the need to restrict the validity of the approach
to target space dimensions d < 1. Only in this way we have real renormalised

parameters such that e*® and e®B%/2 can be interpreted as real Weyl scalings for
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a real scalar renormalised Liouville field ¢. From this we can see that our results
extend very naturally those found for the closed string by David, Distler and Kawai.
Since the analysis is fully local and we can choose the moduli integration measure
to be independent of the conformal factor of the metric our results also generalise
immediately to higher genus Riemann surfaces with just one boundary. Clearly
more general boundary structures can also be considered. Here for simplicity we
have just analysed the random surfaces one loop functional defined in Euclidean
space [34, 41, 42]. Our results hold for an arbitrary number of loops. We also may

consider non-smooth boundaries [33].

For the non-critical open string we also have the problem of extending to non-integer
s the perturbative Coulomb gas selection rule. Just as in the closed string we may
also integrate the zero mode explicitly. For the partition function the renormalised

zero mode integral will now be given by

+oo 2 g2 /aeYotad+apd s %0/24apg¥/2
IO — / _06—5\110_”2fd 5\/56 0 °‘¢+°B¢C—)\zfdse o/2+tapg¥/
-0 Qg

b

where s is determined by the equation

QOXO
2

= pS.

The integration can also be performed exactly if we use the Mellin transform [43].

We then find

9s+1 /\%(‘f dgeas\i'/2)2

Iy = —
’ 8413 J d6+/Geat+ante

- (ug/d2§\/§ea‘z’+5‘3‘7’°) ['(—2s) exp
) § dsecs¥/?
gy I
V2pa(f d26/Geodrand)

where Dy,(z) are the parabolic cylinder functions [43]. For integer 2s we find

XDQS

A § dseos¥/2
2415 (J d26/Geod+anic)'/?

b

2 ~ ad+apd °
a_o(#g/dZ(;:\/;e &+ B¢c> F(—QS)Hgs
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where Hy.(2) is the Hermite polynomial of degree 2s. If s is also taken as an
integer we can apply our approach and find the same values for the renormalised
parameters of the theory. Now the charge selection rule is automatic and so all non-
local contributions to the Weyl anomaly are cancelled out. The partition function is
then Weyl invariant at the quantum level and to proceed an analytic continuation

on s may now eventually be considered.

3.2.4 Tachyon gravitational dressings

Since this formalism is only valid for d < 1 the open string serves as a toy model
for the more realistic ¢ < 1 minimal series of boundary conformal field theories [17].
With this in mind let us see how bulk and boundary vertex operators get dressed

by the gravitational sector.

We start by taking an n-point function of bulk tachyons with momentum p;. This
is given by Eq. (3.1) where the vertex operators are [ d’£;/gePiX. Now the matter

action is

- 1 =0 :
S1X,5) = 10— [ /558X - X — i p; - X(&)
J
Shifting the field as we did for the partition function gives
SJ[X’ g] = SCj[XC) g] + gJ[Xa g] :

The action for X* has the usual kinetic term with the covariant Laplacian plus the

linear vertex operator current

o [ @6 /idi- X,

where

PE-¢&)
Ef = -8
! mz’” G
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The boundary action S,;[ X, G] is now an action for the orthogonal piece Y'* because

of the momentum conservation law associated with the integral over the zero mode

Yo

2p;=0.
J

We find
SeilXer] = 5 § AS(E)SENY - Ko(E €)Y (€) +i%p; - § d3(€)0nGn(E, &)V ().

When we integrate X* and the reparametrisation ghosts we get the usual Liouville

action supplemented by the exponential of the following vertex operator functional

~ - 1 ~ F A ~ T !
Foigld) = 5= [ REPEHETOGIEENTEN (€
= —4my_p; - pyGo(€,€y) -
js
For j # j' this is independent of the scale of the metric because of the conservation
of momentum. For j = j' the same condition plus the local Weyl anomaly of the

Dirichlet Green’s function allow us to write

Foj = —2_p0(&)-
J

On the other hand the integration over Y* is to be absorbed in the length renor-
malisation counterterm because the corresponding current leads to a Weyl invariant

contribution provided the conservation of momentum is operational.

So the bulk tachyon vertex operator gets dressed to

/d2§j /gjevoj\l’o+’7j$c+’7j4_>eipj'x’

where quantum Weyl invariance demands that yy; = %; = ; and

A= (y~-Q)=1, Aj=p].
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This equation shows that the dressed bulk tachyon vertex operator has zero confor-
mal weight. The primary Liouville field :e?%: dresses the tachyon field :e'?'X: in
such a way that :e7%¢%'X: has conformal weight (1,1). Just as in the closed string,

the solution for v; in terms of () and p? is

_%[Q:!:\/Q2+4(p§—l)] .

Just as a should be real for an arbitrary Weyl scaling so should be «y;. This implies

that d < 1 and p? > (d — 1)/24.

Let us now consider the boundary tachyon vertex operator ¢ d§jei”f'X/ 2. Because the
points ; are all in the boundary only the boundary action is going to be changed.

Separating X* and X* , and taking into account the momentum conservation we

find
~ 1 ~ ~( ¢\ 7 N ~ 717 ¥
SilXe 3] = 5 § d(E)d5(€)Y - Ro(€,€)V () + f dstlp, - ¥,
where we have the current
HY(E,8) = ——Zp”53 £—¢&).

This current is to be shifted and then leads to the exponential of the following

functional

3 1 3
Fgjyplg] = -gzpj PG (&5, &) .

a5
Due to the conservation of momentum this only contributes to the Liouville action

when the points coincide

- 1
Fpy=—52_9,9(&)-
7
So we have the dressed operator

a 70 ¥o/2+vB; ¥ /2 ip;i-X/2
fds]e j J /e J / ,
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where quantum Weyl invariance gives yp; = 7;. It means that the dressed field

1€ #/2¢?i-X/2; considered in the boundary has conformal weight (1/2,1/2).

As expected these results parallel those of the closed string. If we extend the tachyon
discussion to other vertex operators we also find that the conformal weight is equal
to the symmetric of the critical invariant square mass of the open string states. For
d = 26 the Liouville mode decouples and we find the critical string mass spectrum
as given by the symmetric of the bare conformal weight. The result is the same as

that contained in the no-ghost theorem.

3.3 Dirichlet boundary conditions

The analysis we have presented for the case of free boundary conditions puts us in a
position where we can discuss Dirichlet boundary conditions on the Liouville field.
We will find that if we do so the metric develops a discontinuity as the boundary is

approached.

When we impose Dirichlet boundary conditions on the Liouville field the calculation
follows the case of the free boundary conditions and stops at the renormalised lowest
order boundary action S given in Eq. (3.20) because we do not integrate over the
boundary values of the Liouville field but leave them fixed. The Weyl anomaly of
Egs. (3.14) and (3.15) must now be cancelled by the Weyl transformation of S%,

together with a shift in the boundary value of the Liouville field, V.

This simultaneous Weyl transformation on g, and shift in ¥ is to be understood as

follows
SO 4 60, § + 6,3] — SP[V, §] = 64 S + 6,52
Now taking into account Eq. (3.26) we find
505 = § d5(6)ds(€)W(E) Kp(€,€)U(E) + § 5ROV,

8,52 = Qs § d3(€)ds(¢)p()Kn (€, €)E(E).
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So, with Qg = 2Qp and Qp = Q the anomaly is cancelled if we fix the shift in ¥
to be ¥ = —Qp.

Now the full metric is a reparametrisation of e*¥ §,;,, which should be invariant under
this simultaneous Weyl transformation on §,; and shift in ¥, since the separation into
reference metric and Liouville field is arbitrary. However, it is not because Q # 1/a,
as the correct relation, 1 —a@Q+a? = 0, has an extra quantum piece. One way out of
this would be to assume that the Liouville field is renormalised differently in the bulk
and on the boundary, a phenomenon that occurs in ¢* theory in four dimensions
[40]. However, this implies that the metric is discontinuous as the boundary is
approached, and also that the functionals obtained by imposing Dirichlet boundary

conditions cannot be sewn together to make closed surface functionals.

3.4 Neumann boundary conditions

The choice of boundary conditions always depends on the specific physical appli-
cations we have in mind. So far we have argued that in a proper coupling to 2D
quantum gravity, the boundary conditions on the Liouville field have to be such that
it can be interpreted as an arbitrary Weyl scaling on the whole surface and not just
on its interior. As we said this rules out Dirichlet boundary conditions but we are
free to choose Neumann boundary conditions for the conformal factor. To see what
happens in this case let us for simplicity take also Neumann boundary conditions on
the matter field 0; X* = 0 and on the reparametrisation ghosts n - 60 = 0. Consider
first the partition function. We can then follow the same reasoning as in the case
of free boundary conditions with much more ease because the Neumann boundary
condition simply eliminates the most part of the boundary contributions we had to
worry about before. Then the standard calculation of the conformal anomaly on the

disc based on the Neumann heat kernel leads to the Liouville action [38, 39, 33]

R d— 26 -/1 . - d— 26 R
SY e, 9] = BT /dQE\/!; (?PASO + RSO) = odn ]{dSkW
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12} [ d€fger + \i § dserr?.

To integrate the Liouville mode we again apply the DDK renormalisation ansétse
and introduce the canonical measure in the background §,. The correspondent

renormalised Liouville action is
g “1 N Qo
N = 2 = )
Sulegl= o /d &/a (2¢A¢+QR¢) + o fdskgqs

2 / d26\[5e° + o f 452592
Here @, Qp refer to coupling renormalisation and «, ap are its field renormalisation

counterparts.

Next we perturb on the exponentials of the renormalised cosmological constant area
and length counterterms. First we factor out the contribution from the zero mode of

the covariant Laplacian. This leads to our usual charge conservation selection rule

[ /o =o
for the non-zero contributions to the amplitude. Here the (M + M’ + 1) order

Liouville gravity current is given by

~ '] A — ~ M M, N
INM = QR + Qpkyoh — 8may | %(& - £p)/\/§(€) — 4map ) op(€ — Ep),
P=1 P=1

where [ d2¢\/Gk;0% = § dsk;. Once more this can be considered as an automatic
charge selection rule when the zero mode is explicitly integrated without expanding

the Liouville exponentials interactions.

Then in any order of the perturbative expansion we only need to shift the linear
pieces associated with the Liouville gravity current. We introduce the Neumann

Green’s function in the reference metric to do the job

(¢~ &) 1

36 raenfaery

AGy(&,¢) = 8.Gn(£,€) =0.
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Here the Green’s function is symmetric in its arguments and is orthogonal to the

zero mode

[ 6 /a©)Gnie,€) = 0.
Thus we find the non-local functional
A , 1 A ; ~ o '
F}I\\{/IM — ﬁ/d%.ld?f” 9(§I)J11\\//IM (fI)GN(fl,f”)mJ%M (f”)-

Considering the example of just one bulk Liouville vertex operator we get the in-

finitesimal Weyl transformation
6 = 2 [ e 3o+ atole) o [ @efaiRs,m [ @6 fs

1 ~ 7 A 7\ A Y Aoy T "
—————— [de\[ai [ e [3(€)n(€)Gn (g, €aEN N €.
8m [ d?64/4(¢)
Here we have already chosen Qp = 2@Q. As in the case of free boundary conditions
this eliminates the terms in d;p. The o? term comes from the Weyl change of the

Neumann Green’s function at equal points on the bulk. We calculate it from the

Green’s function on the whole plane

Gn(6,8) =G(,€) + Hn(£,€)
where Hy/(€,¢') is defined by

1
f d2f” /g({:n) ’

In the bulk the variation of Hy(¢ ,€) is due to the constant zero-mode. Then the

AHy(£,€) = - 0:Hn(,€) = -0.G(£,€).

local anomaly of the Neumann Green’s function is §,G'y.(€,€) = p(€)/(47) (plus
a piece due to the zero-mode which ultimately decouples using the ‘selection rule’)
thus leading to the above result. Hence the local contributions to the conformal

anomaly are cancelled if we tune the local reference counterterms to zero and set

Q:idﬁgﬁ,1—aQ+M=0
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Now let us consider just one boundary Liouville vertex operator. In this case we
only need to put ap = « to ensure local Weyl invariance. This is a consequence of
the local conformal change of the Neumann Green’s function at equal points on the
boundary. When & = ¢ is on the boundary, Hy(¢,€) is divergent because G(¢,¢)
is singular. This short distance effect needs to be regularised and so introduces a
local dependence on the scale of the reference metric. The result is an additional
contribution to the Weyl anomaly of G ~n(&, &) to which we must sum that coming
from G(&,€). To find it we only need an explicit formula for Hpy (€, €) that is valid in
a neighbourhood of order /¢ around €. In this region the shape of the boundary is
flat and we can take the problem in the upper-half plane. Then Gy (€, €) is defined
by the method of images meaning that H ~(, &) = G (&,€). We then sum both closed
string contributions to get §,Gn. (€, &) = p(€)/(2) which leads to ap = a.

Like before the non-local contributions to the Weyl anomaly which are present due
to the Laplacian’s zero mode are not eliminated by these assignments to the renor-
malised parameters. As in the case of the closed string they are all proportional
to the net charge on the Riemann surface. Then Weyl invariance is ensured by the
charge conservation condition which sets to zero any term which does not balance
the charges on the surface. Also other orders in perturbation theory do not bring

any new Weyl anomalous contributions.

Starting from a general open string bulk tachyon amplitude it is clear that we
may follow the steps of the partition function calculation to find the equation for
the gravitational dressing of the bulk tachyon vertex operator. A tachyon vertex

operator with momentum p; gets dressed by the coupling to 2D quantum gravity

/ d2£j \/ge'rjtbeipj'x ,

where A9 —v;(v; — Q) = 1, AY = p?. For the boundary tachyon vertex operator the

coupling to gravity leads to the dressed operator

}{ d3 e o2+ X/2
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of zero weight, where due to the effect of the Neumann Green’s function on the

boundary +; satisfies the same equation as its bulk counterpart.

Thus so far we conclude that our results are exactly the same for Neumann and
for free boundary conditions. This agrees with Jaskélski analysis of the Neumann
case [44] and, apparently, supports the conjectured equivalence of free and Neumann

boundary conditions put forward by Jaskdlski and Meissner [45)].

Appendix. The Weyl anomaly of Gx and Det'Kp

Let us first calculate the non-local Weyl anomaly associated with the constant
zero mode of Kp(£,€). We start by multiplying Eq. (3.22) by d§(¢). Since
d3(€)ds(&") K p(€,€") and d3(€)dp(€ — €') are Weyl invariant we then use 0,d5(€) =

(1/2)p(€)d3(§) to get

p(£)d3(£) 4 d3(£) $ d3(¢)p(¢)
2 §d3(n) 2 ds(n))*

Next we multiply Eq. (3.35) by Gx(€,€") and integrate on £. Using Egs. (3.22)
and (3.24) we find

f d3(" Kp(€,€"6,Cx (€", &) = — (3.35)

d5(€")Gr(€",Op(E") | §d5(€")8,Gr(€",€)
9 f dg(gm) § d§(f"’)

Finally the Weyl transformation of Eq. (3.24)

5péK (5, fl) =

fd i (5 G éll é— ___fd II II ({Il 6)
leads to Eq. (3.28).

At coincident points there is an extra local contribution coming from the regularisa-
tion of Gg. To find it we use the reparametrisation invariant heat kernel associated
with Kp(&,€'). To construct it we follow Mansfield (27, 33]. In the process we also

calculate the determinant of K p and confirm that its anomaly is to be absorbed
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into the cosmological constant counterterm in the invariant world-sheet length of

the boundary. First note that

~

,InDet'Kp =Y %2
NZ0 AN

Then from Eq. (3.19) and using orthogonality of the eigenfunctions we find

A = § ds(€)on(€) § 6, [d5(€) KD (€,€)] ow (€.

Now

5o 486 R (6,€)] = ~5p()d5(E) K n(E,€).

If we then introduce the regularised integral representation of the eigenvalues

. +00 R
)\N :/ dte_)""t
&
we get

Sy mDetKp = —3 [t §as©)om(@)(e) § dse) knle, &)

N#0
T
If we integrate in ¢ and then use the definition of the Green’s function Gg(¢,¢")

given in Eq. (3.22) we can find a formula which after using Eqgs. (3.18), (3.23) and

taking into account the zero mode of Kp(£,£’) can be written as follows

Det’RD 1 N N nf _ERD(g EI)" 7
A ( v ) =35 $ (@) ©)p(6) § ds(e)e (&),
If the heat kernel is defined by

G (t,€,€) = etRo(E)

we can use Eq. (3.17) to find
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Det'K
5, 1n< ;2@”) - ?fds )0k (e, €, €). (3.36)

The heat kernel Gx satisfies the generalised heat equation

d ; . «
= 0x(t,6,€) = § d8(€)Rp(,€Gk(t,€",€), Gx(0,6,€) = dn(€ - &)

and it admits the following expansion in terms of the eigenfunctions

k(t, €, ¢) Z’UN e o (€). (3.37)

To calculate the Weyl anomaly in Eq. (3.36) we note that &, now with the dimensions
of length, can be made infinitesimally small. So the boundary heat kernel can only be
sensitive to the invariant length of the boundary. Then reparametrisation invariance
and dimensional analysis lead to the following expansion in powers of the proper

time cutoff

Det'K o
soin (Z52) = < faserote) + o)

where C' is a dimensionless constant. To find C' we just need the heat kernel for the
upper half-plane y > 0. In this world-sheet the solutions of the wave equation with
boundary values cos(kz) or sin(kz) which decay at infinity are cos(kz) exp(—ky) or

sin(kz) exp(—ky) for £ > 0. Since 0; = —0, we have

cos(kx)e* cos(kx)
Ol . L =kl .
sin(kz)e=ky [ ly=0 sin(kzx)
Thus cos(kz) and sin(kz) are eigenfunctions of Kp with eigenvalue k/(87). They

form a complete and orthonormal set of functions in the z-axis. So the boundary

heat kernel in the upper half-plane is given by

+o00
G (t,z, o) = 8/0 dk [cos(8mkz) cos(8mkz’) + sin(8mkz) sin(8wkz')] e+

1 t

8w2 [(t/(8m)) + (z — o)%
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Here we took into account the normalisation imposed on the heat kernel by the delta

function condition as t — 0. So we conclude that C’' = —4.

To calculate the local Weyl anomaly of Gx we start by noting that the regularised

Green’s function can be written as
—eAN

Ore(6,8) = S on(6)* (€,

N#0 N

Using the heat kernel as given by Eq. (3.37) we write

Grl6.6) = [t |0t 6.6) - 5|

Since we work on the boundary consider the boundary parametrisation 7 such that
¢ = £(7). We can now extend the analysis done for the covariant Laplacian Green’s

function [33]. Let |7 > be the eigenket of the boundary coordinate operator T;

’IHT >= Tj|T> .

The boundary delta function is then given by
<7l >=46(r-1).

Since d§(§) = dry/ §9,€,, where &, = d€,/(dr), we define the metric operator i
satisfying

jlr >= \/gabéaé,, |7 > .

We may now consider the eigenkets IN > of Kpji and the eigenbras < N| of aKp
correspondent to the eigenvalue \y. Using the identity partition for the coordinate

base

P, = /d7'|'r >< T

and the wave function 6y =< 7|N > it is clear that
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< TlRpilN >= § ds(€)Kp (€, &)in(€).
So we get
KpiN >= An|N > .
The eigenket |N > is expressed in the coordinate basis as follows
IN >= /dT@N(T)h >

It also satisfies the orthogonality condition

< N ' ﬂlM >=0npm
and the projector for the eigenket basis is
P=3|N>< N|i
N
From this we can write the heat kernel as follows
Gc(t,7,7') =< rleKoR P 1! >
and so the regularised Green’s function is

A ’ oo —tKpi -1 1
Gie(r,7') :/ dt{ < 7|e " PEPLT T > Tk
£

Because under an infinitesimal Weyl transformation the metric operator changes as

Ot = (1/2)pjr then we find

. 1 .
0,(Kpp) = _ngD/-L,

where p|7 >= p(7)|7 >. If we use the interaction picture then it follows that to first

order we may write
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6, (e tR0i) = % /0 dse=t-Koh p R | re=sKi.
Differentiating the integration limit and the integrand we find
=z (/ dse—(t= S)Kuupe SKDﬂﬂ—l) _ _pe—tf(nﬂﬁ—l
+/tdsf(p/le_(t‘s)RD’]pe_SRDﬁﬂ_1.
0
Integrating by parts in s and using the Weyl change of & we get

o b 1d t v > oo
6p (e—tKDuﬂ—l) — _Q__C_i_i </0 dse—(t—s)KDﬂpe—sKDuﬂ—l) )

Since the projector Pis Weyl invariant we can introduce it in the above formula
without any problem. Introducing this on the Weyl change of Gk and then inte-

grating in ¢ lead us to the following local contribution
6,Gk(r,7) = % < T|/OEdse_(g's)RDﬁpe_SRDﬁpﬂ_l|T' > .
So inserting Pp! i just before p and P, after it we finally get
,Gic(6,€) = 5 [[ds § ds(EPE NG (e — 5,6,E)Gc(s, ", 8)

For £ = ¢' this anomaly is going to be given by an expansion in €. That must be a
dimensionless and covariant local function of &, C"p(£) + O(e). To find C" we just

need to use the flat heat kernel in the upper half-plane. Expanding around ¢ we get

Ok(e —5,6¢) =Gx(0,£,€)+0(e), Gx(s,6¢E) =Gk(e,£,€) +O(e).

Thus

8,G (€, €) = 4p(€).



Chapter 4

Open string critical exponents and

the saddle point limit

4.1 Introduction

In the theory of random surfaces we must be able to consider surfaces with bound-
aries [34, 41, 42]. It is by doing so that we may introduce fundamental loop function-
als and thus analyse physical systems where the boundaries play an important role.
Well known applications can be found in string theory and 2D quantum gravity, in
the study of boundary effects in condensed matter and statistical physics and in the
analysis of gauge field theories with particular emphasis on the attempts to describe

the strongly coupled phase of QCD.

Polyakov’s functional integral approach to string theory gives us the simplest op-
erational definition of the loop functionals for continuous surfaces. For n-loops the
amplitude is
Gy, ... 1 :/ Dy(X, §)e~ SVl
( 1 n) ML) g( g)
The closed string represents the partition function of the theory of random surfaces

where no boundary loops are considered. When we have just one boundary the

open string functional integral defines the one loop Green’s functional also known

75
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as the Hartle-Hawking wave functional in the context of quantum gravity. For gauge
theories this models the Wilson loop. In the case of two boundaries we have the
string or universe propagator and for three boundaries the interaction vertex and so
on for increasing number of boundaries. For each and all these functionals there is a
topological expansion where higher perturbative orders correspond to an increasing

number of closed string loops.

The loop functionals can also be precisely defined when we discretise the 2D Rie-
mann surfaces by random triangulations and use matrix models to describe them. A
continuum limit can then be properly defined and the correspondent critical proper-
ties calculated. In the end the results must be consistent with those obtained using

theories of continuous fluctuating surfaces.

Let us start by considering Polyakov’s sum over random surfaces with the topology
of a disc. For definiteness we will take free boundary conditions. Generalising
the closed string case the quantum partition function may now be written as an
integral of the partition function for surfaces constrained to have fixed area, A, and

perimeter, L, I'(A, L)

+00
Z = / (A, L)e AL AdL,
0

After integrating out the matter and reparametrisation ghost fields in the conformal

gauge we find the following integral for I'(A, L)

D(A,L) = [ Dy, p)e vl (/ N A) 5 (7{ dseel? L) (4.1)

where the Liouville action is given by

%—d [, (1., SN 26-d [
T /d 5\/g—j<§g Ba(,oab<p+ch)+ Y ]{dskggo. (4.2)

In the DDK approach we renormalise the Liouville field and its couplings to 2D

Sile, g =

gravity to be able to work with a canonical measure and so write the partition

function as



4. Open string critical exponents and the saddle point limit 77

F(A, L) — /Dg(‘i’,&)d‘l’o (% d§) 1/26—530@"1’0’@]_50[&’@]6 (/ d2€\/§60¢ —_ A)

x8 ( f d5e2/26 _ L) . (4.3)

Here we have factored out the cosmological constant counterterms left over from the
renormalisation process. Note that in this process the initially infinite constants u3
and Aq are changed into the finite constants p# and A; before the DDK renormal-
isation and to the finite constants p3 and ), after it. As discussed before we have

set v, = 0.

4.2 The open string susceptibility and Yang-Mills

Feynman mass exponents

Consider Eq. (4.3) and shift the integration variable ¢ by a constant ¢ — ¢ + p/a.
Since we keep g, fixed our functional integral must scale. Recall that the theory
is invariant under arbitrary scalings of the reference metric once we have integrated
¢. So, it is only invariant under a shift of the integration variable provided this is
compensated by a Weyl transformation of the reference metric. Because we consider
a translational invariant quantum measure in Eq. (4.3), the scaling behavior is
determined by the change in the action S = S®[\¥, ¥y, §] + 5[4, 4], and in the delta,
functions which are used to fix the area A and the perimeter L of the surface. Being
the shift constant only the zero mode ¥y is actually changed. Thus the shift in the

action is

S-S+

@Xo
[84

2 p?

and the shifts in the delta functions are

5 ([ efaen - ) » 705 [ defgent - e a)

5 ( f d5e®9/? _ L) — erl2§ ( }{ d3e®4/? _ e”’/2L) .



4. Open string critical exponents and the saddle point limit 78

Substituting back in the partition function we get the following scaling law

P(4,L) = e 805D (¢r 4, e 2L) (4.4)

To be able to introduce critical exponents we have to define the partition function
for fixed area A, ¥(A), and the partition function for fixed perimeter L, Q(L).

Factoring out the appropriate counterterms we write

(A, A) = /F(A,L)e_’\zLdL, QL, 1d) = /F(A,L)e—"gAdA,

Then introducing Eq. (4.4) leads us to two additional scaling laws

(A, Ap) = e UEH)E (774, Me?l?) (4.5)
Q(L, p2) = e (55 1)Q (e70/2L, der) (4.6)

The open string susceptibility exponent is defined just like in the closed string. In

the case A, = 0 we can continue to use the scaling argument. As A — 400

S(A) ~ A7xe)=3,
and

o(xe) =2 — X;f.

The last result is just the expected open string version of the closed string critical
exponent. If we take the positive root for () and the corresponding negative one for
a we find that in the semi-classical limit d & —oo

d—-19

a(xe) = —1—2—x0 + 2.

For the open string we can also consider the asymptotic limit L. — +o00 and introduce

a mass critical exponent in close analogy with the the asymptotic limit A — +o0.
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Here we take y2 = 0. This case was considered by Durhuus, Olesen and Petersen
(46] in connection with the calculation of the Wilson loop quark-antiquark potential.

We define w(x,) by

QL) ~ L¥xe)3,
Thus we find

o Xo®
w(XO) - 2 Q )

to which we associate the semi-classical limit

d—19
w(xo) = g Xot 2.

We can interpret of w(x,) in the context of Yang-Mills gluon dynamics. To see
this first note that the wave functional given in Eq. (3.3) models the Wilson loop
,W, for Yang-Mills theory [39, 46]. Consider the first quantised functional integral
representing the propagator of a particle of mass A; moving under the influence of

a Yang-Mills field. At coincident points its trace is a gauge invariant expression

Tt Gaz,2) = / DY Tr Pe N féi-fdv4
If this is averaged over the Yang-Mills field we get
< TrGalz, ) >a= /DgY eafdiyy — /dLe—ML/DgY(s(L - fdg) W

but this last functional integral is just what we mean by 2. Substituting the form

that holds for p2 = 0 we get
< Tr G_A(CC, x) >_AO( AQXOQ/Q = A22_w(Xo)’

valid for small ), corresponding to large L. Thus w(y,) is the critical exponent
associated with the Feynman propagator of a test particle which interacts with the

Yang-Mills gauge fields.

So far we have expanded the cosmological terms so as to linearise the contribution
of the exponential terms to the action. We will now discuss a different approach

based on the semi-classical expansion.



4. Open string critical exponents and the saddle point limit 80
4.3 'The saddle point expansion

Consider the partition function for surfaces of area A and perimeter L as given by
Egs. (4.1) and (4.2) before DDK renormalisation. Representing the delta functions

by integrals over (imaginary) Lagrange multipliers p, ¢, gives the Euclidean action

. 26 d
Suledpd) = o [ @63 (59 0u00m0 + Rp) + 2

—p (/ N A) —q (jl dsee!® — L) . (4.7)

Skgp

4.3.1 Mobius invariance

This action is invariant under Mobius transformations on the upper half-plane, i.e.
SL(2,R) invariant. These transformations preserve the conformal gauge, mapping
the upper half-plane onto itself. Introducing the complex coordinates w = x + 7y,

@ = x — 1y we write the transformations as follows

,_aw+b _ . s dw’
worw = o(w, @) = p(w',@") +21n =

b

where a,b,c,d € R and ad — bc = 1. The inverse mapping is then given by

dw
d’

dw' — b
wl-‘)w::-cw—’ﬁ’ (p((.d U.)’)_)(P(U) (.4))‘*"2111

To see the Mébius invariance consider the Euclidean action written in the upper-
half plane. Taking into account the background charge placed at A — oo in the

boundary we use the Gauss-Bonnet theorem to write

<,0(A (/ d*we? — )
—q [/%(dw+d@)e“’/2—L] ,

where d?w = (1/2)dwdw and on the boundary w = @. First note that the area and

26 — d 26
Sile,p, gl = i / d?wd, 00, +

boundary length integrals are clearly invariant under the SL(2, R) transformation.

In what concerns the kinetic term we start by writing
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/ d*wd, 005 p = / d*w' 8,000 + / d*w' 8, (6a10) 05

+ / d2'0, 005 (Grr0) + / ' By (5310)0 (61 0), (4.8)

where d)s¢ is the variation of the Liouville field under the SL(2,R) transformation.

Now if we apply the inverse Mobius transformation we find

dw 1 dw 1

do' (—cw’-i—a)z’ do' (—cu?’-l—a)2 .
Then the variation of the Liouville mode is

Sup(w,w') =2In(—cw' + a)(—cw' + a).
This leads to the following derivative of the variation

2c 2c
B (Omp) = T T a O (Smrp) = T ta

Now since 8,05 (darp) = 050w (Sarp) = 2md%(w'—a/c) we can take a total derivative

and note that on the boundary w' = w' to get

/d W8, (brmp)dz0 + /d%'aw,(paw,(aw) = dnp(a/c)

1 _
- / 5 (A" +du) [(0r = 85) (Sme)] ¢ = 4mp(a/c).
With the same calculation we also eliminate the boundary contribution from the
last term in Eq. (4.8). From it we get 4wdpp(a/c). On the other hand
p(A) = plafc) + duep(a/c).

So if at infinity in the boundary we have

o(w,w) = —4In(ww) + const, |w| = +o0

then up to constants the Euclidean action in the upper half plane is in fact SL(2, R)
invariant. Note by the way that this does not happen for the SL(2,C) group because

the boundary terms do not cancel when complex group elements are involved.
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In what follows it will be more convenient to work on the unit disc obtained from

Eii
dw|’

Note that this mapping does not preserve the conformal gauge. It changes from one

the upper half-plane by the complex Mo6bius transformation

71— w
i+w’

w—z= o(w, @) > p(z,2) +2In

gauge slice to another as allowed by the reparametrisation and Weyl invariances of
the theory. For the inverse mapping we find
dw

Z ) +21ln|—
o(27) = plw,) +21n |7

1-=2
142’

Z—w=1

To map the Euclidean action onto the unit disc first note that the area and boundary

length integrals transform to

/dee“’ = /d2ze"’,

1 i (dzZ dz
- =) e®/2 — _ _ @/2
/Q(dw—i—dw)e /2<5 z)e ,

where on the boundary we now have z = 1/z. For the kinetic term the boundary

contribution is now non-zero and so we find

%-d [, _26 d [, —d i (dz dz
Gy /d‘”a“"pa""p /dzaz‘pa"‘“” Gy /2(2 z)‘p

+¢ independent terms.

Thus the Euclidean action on the unit disc is

26 d 26 —d dz dz
Sile,p,q) = /d2zaz(p62cp + /2 (T _ _) 0

24m z z

 (dzZ  d
—p(/d%e“’—A) —q[/i (d—_z——z)e“’/z—L}.
2\ z z
We can here note explicitly that the mapping does not preserve the conformal gauge

leading to the extra piece in the geodesic curvature of the unit disc k; = 1.

To get the Mdbius invariance on the unit disc we simply map the SL(2, R) trans-

formation. In complex coordinates we find
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S az+ f
- —fz—a’
where a = c—b+i(a+d) and 3 = —b— c+i(d - a). Calling ¢y = 5/ we may

write

I i002+co 4
“Ttaz (4.9)
where 6y € R is
d
6y =7+ 2tan <a+ ) (4.10)
c—-b
and
a®+b2+c+d? -2
= <1 4.11
&l \/a2+b2+c2+d2+2 (411)

This transformation is the conformal mapping of the unit disc onto itself. The

inverse transformation is

With the usual transformation of the Liouville field,

dz'

dz

the definition of the M6bius symmetry on the unit disc is completed.

o(z,2) = o(2',2') +21n , (4.12)

4.3.2 The classical Liouville field

In the saddle point approximation we expand around the solution of the following

classical problem

85,

S
X = op ™ -

m [———
c oq

n = 0.
C

oSt
/dsz(C)
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Here |, means evaluated at the classical point ¢, p. and g.. x, m and n are the
quantum fluctuations around the classical solution. Differentiating Si[p,p, q] as

given by Eq. (4.7) we find

Sy,
d(C)

1 - . 2 .
=~ [ #6/3 (37056~ dho + R~ O] + = f ds(ky*(E ~0)
—p [ /5e8*(E - O) - 3 § ds(©)e?5 (€~ ©), (4.13)
where v = 487 /(26 — d). After a total derivative we get
0S
#5006
= f a3(E)kox — e [ P fGerex — % § ase)erlx.

On the other hand we find

XQ) == [ #ea (Bpo+ B)x+ = § ds©xduv

5SL

([ o)

and

6SL

-~ (fuen-1)s

All this must be zero for all x, m and n. So ¢, p. and g, must satisfy the Liouville

equation

B+ A =new, [ d¢\fger =
subjected to the boundary condition [5)
2k + Onipe = ke 2, §dser? < L,

where = p.y and 2k = q.7.

We have written the classical problem in the conformal gauge go = €%9q. Using

this and
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~ ~

R=e?(R+Ap), k;=e"? (kg + %aﬁ(p)

we can write it in the following gauge invariant form

R=n, 2k;=k, /d2g\/§:A, fdgzL.

Now 7 and k are not independent. To see it start by integrating the Liouville
equation over the world-sheet. This is just nA if we use the area condition. If we
then apply the boundary conditions followed by the Gauss-Bonnet theorem on the

disc we get

nA+ kL = 47.

On the upper half-plane the classical problem is

d? 0?
(g ) pe= e [ antver =

with the boundary condition at y = 0

—% = ke¥e/? /d:z:e“’”/2 = L.
Oy ’

We can write this with the complex coordinates w, @

—40,05p. = ne’e, /d2we“’c =A,

1
-1 (0, — 0z) pc = kev/?, ) / (dw + do) e¥/? =L,

where at the boundary w = @. To get the problem on the unit disc we perform the

conformal mapping of the upper half-plane to the unit disc. Then we get
40,000 = ne, [ dre’ = A,

(20, + 20;) e + 2 = ke?/?, 3/ (fi-_’f — %) e?/? =L,
2 Z z
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where now the boundary is at z = 1/z. We will work with the polar coordinates
if if

z=pe’, Z=pe 7,

where p € [0,1] and @ € [0, 2r]. Then we find

82(;00 10y, 1 32(»00 ) @
~(GE i ) = [ = 4

02c _ pevel2 _ g, / dfe?</? = I,

op
where the boundary is at p = 1.

To solve the Liouville equation we will assume that ¢, only depends on p. Then the

equation becomes

_li i — 6‘/’«:
Take p=¢€", ¥ = ¢, + 2r and call Y the derivative of 1 with respect to r, v,[; Then

it is easy to find the following equation for Y taken as a function of

221;}/ = nev.

This can be integrated to yield Y2 = —2ne¥+2C, where C is an integration constant.

Choosing the + sign in front of the square root we now need to integrate the following

equation

dip \/‘
— =/ —2ne¥ + 2C.
dr nev +
This can be immediately done by separating the variables, thus leading to
L. " -1/2 "
r:/ dv,/)(—2ne +2C’) +C",

where C" is another integration constant. Let us change the variable on the integral

to ¢? = —2776”3 + 2C'. Integrating this we obtain
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r=C"+C" ~ \/gtanh*,/l - —g—e‘/’,

where C" is still another integration constant. Calling C' = C" + C" we can invert

P(r) =1In % !cosh \/g(C' - r)] :

This solution has to verify the boundafy conditions. Introducing 1/ on them we find

C k c 2rn |C
i ! _— = — ! —_— = — —
sthﬂ 2= T coshC‘/ 5 7 ‘/ .

Using cosh®z — sinh?z = 1 we can determine an expression for C,

this function to find

_nL?* kL7
T 4n? O 872

C

Finally we still have the area condition to satisfy. Using lim,_, ., tanhz = 1 we get

—% (\/ZCtanhC'\/g— \/2()) = i

Now

C kL
tanh C'{/ — = ——.
N2 T anvee
Then 27v2C = kL + nA which means that C' = 2 because kL + nA = 4.

We are now left with the following equations

77_1_19_2_87r2

These can be solved for n and &k as functions of L and A. We get two solutions,

n=0,k=4nr/L and

8 L? 2L 2 A
77:_<1__>, kz——'(l—?). (4.14)
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Since €¥ > 0 we must have > 0. Then L? < 47 A.

Now we can use the property cosh(z — y) = coshz coshy — sinhzsinhy and the

value of k in Eq. (4.14) to write

L rry . 17"
P(r) =2In % lcoshr + (1 — m) sinh r] .

Using the expressions for cosh 7 and sinh r in terms of " and substituting " = p we

finally get

24 4T A -1
%(f”:?l“ﬂ”(ﬁ—l)f’z} :

This is regular all over the disc. At the center p = 0 and at the boundary p =1 we
find

©.(0) = 21In I we(1) = 2In —.

The case 7 = 0 is obtained when L? = 47 A. Then ¢, = 2In L/(2).

Due to the # independence this is the metric of a spherical cap of length L and area

A. When 1 = 0 we have a flat disc with perimeter L and area L?/(4r).

4.3.3 The tree level partition function

The saddle point tree level approximation is given by the classical functional

F(A, L) = e_SL[(pC,g,pcﬂc].

To calculate the classical Euclidean action let us start by writing it on the unit disc

_2 [ 2 11 (dzZ dz o )
SL[so,p,Q]—,y/dzaz<p3#+7/2( )90 p(/dze A

zZ z

A[f3(E-2)en-s]

After a total derivative we get
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20, dz dz _
Scle,pyq) = 7/d 20,0 + —/ (— - -) (20, + 205¢)

2L4(E ) e[ A) a5 (£ %) en o]

Applying the classical equations of motion we then can write the classical Euclidean

action on the unit disc as follows

k [ifdz _d 1 (i (dz d
Stlperpe ¢l = l/d22(p‘3e%+_/3 L PR ) AN
2y 2vJ 2\ Z z

In polar coordinates this is

k 1
SL[(pcapc,QC] = %/deﬂdp%e‘pc + %/d&pce%/z + ;/dﬂ(pc

Let us introduce the new coordinate g such that p is given by

= —471',4——;[,2 — tan(o/2).

For p € [0,1] we find g € [0,2arctan {/4rA/L? — 1]. Then at the boundary p = 1
we find cos?(g/2) = L?/(4wA) and so cos p € [—-1 + L?/(27A), 1].

Now if we integrate introducing the values of ¢., n and k we find

2L% /47 A 2A 22 L2 212 r4mA
(54,24 (=4 )],

5 [ doedogeet = = 1= ( In T2

L A 41A A

212 2rA L
0 c (PC/Q ( _ __) I
./d el A'y 1 L? In o’

/d0<pc:—ln—

Summing this up leads to

26—d. 24 26—d 2L?

n———_—_—_—_—.

6 "L "6 Ay

SL[(:Ompm QC] =

Thus
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(d—26)/6
a0 = (A)

In the semi-classical limit d - —oco we get

[(A, L) = e'T (e A,e~*2L).
If we take the branch a_, x, = 1 and the limit d - —oo we reproduce this scaling
law from Eq. (4.4) so that in the case of the disc topology both methods match in
the asymptotic limit A — +o00, L — +00 such that A/L? — const.

4.3.4 The one loop partition function

If we go to one loop we must consider

528
Scle,p, 4] = Silwe, pe, g + / dQCd2 6;(0) x(€)x(<')
52 SL 1 525,
+ 2/ P Al Om+ 3 [ ¢ Sl

Here we have already taken into account that

525, 825, 828,

82p  8%q  bpdg =0.

Now using Eq. (4.13) it is easy to see that

1 8628
- d2 d2 1 L
[ sl

1
XOX(O) = 5 [ eyt = 5on [ de e

—ik f dée%/ZXQ.
4y

We also find

— _%7’_/6125\/56%)(

5 [ dx TR

and
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1 2 (5251, . n o [~ 0e)2
3 | G eyslxCn = =7  dsifaer

This last two contributions can be used to recover the delta functions. So we get

['(A, L) = e~Selecdpe] / D,.(,%)d ( / dzgﬁx) P ( ?{ dsch) e~ Silbobel

where we have written x|p = ¢. The metric g% is given by e¥:3% and the one loop

action is

1 1 1
SI[X> ¢7 gc] = 2_7/d2§\/§ cabaaxabx - 5;7]6/0?5\/.6;)(2 - Ekcfdscqﬁz-

To integrate this we need to factor out the Mdbius invariance. Consider x = x + X4,
where ¥ is an homogeneous Dirichlet field, x|p = 0, and x, is a background field
fixed by the boundary value of x, xs|p = ¢. Since the Mobius symmetry refers to
the whole Liouville field, ¥ is fixed at the boundary and ¢ can take any value we
will use the boundary integration measure to deal with the Mdbius invariance. In

the one loop semi-classical approximation we write

18911* = § dse?/2(56)? ~ § ds.(59)".

On the unit disc we consider the Mdbius invariance as given by Eqs. (4.9)-(4.12).

Then we separate it out from ¢ as follows

¢p=¢,+2In

dz'

dz |
Here ¢, is defined to be the component of ¢ that is orthogonal to the Mo6bius zero
mode piece. Note that it includes a constant contribution corresponding to the

constant zero mode of the covariant Laplacian A.. For the infinitesimal case we

consider z' = z + £(z), where £(2) = co + 166pz — 6é2°. Then it is clear that

dz'

6¢M =26In dz

~ —-250_02 — 26602.

Since by definition d¢,, is orthogonal to é¢, we can now write
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109117 = § dso(681)" + § dse(5nr)?

Now in polar coordinates at the boundary p = 1 we have

(6¢M)2 = 8560(56_{) + 8((5,00)2 COS 2(9 - d(p()),
where we have introduced dcy = 8pei®?®, 5py = \/(8a)? + (6b)° if co = a + ib.
Then the integration leads to
1861 = (166 11| + 8Lbcodco,

where

L
166,17 ~ 5= [ do(66.)”

So we write for the integration measure in the one loop saddle point approximation

the following formula

Dgc (¢’ X) =~ LdCOdC—OD!}c (¢J_) X)

The above result means that the operator O, = A, — n has two zero modes dprp
which also must satisfy the boundary condition OZ4,¢ = 0, where OF = 8, —k/2.
This can be seen as follows. Since the Euclidean action Sy [¢)] is invariant under the

Mo6bius transformations ¢ — ¢ + dp0, 03 Sy = 0, we must have

) [ / dz@w(()%} =0.

/ d2< 5000y 0w = / a2’

Then we get,

2~ 32+ Y _ﬂ 52SL -
] #ede {&o(c') SO 5505+ omelO) 590(4’)&0(()} °

Taking this at the classical point ¢, p. and ¢, we find
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625t

R GL

[4

JER GO
Integrating in ¢ and ¢’ after the appropriate total derivatives lead us to

| #6308 + § ds.OFsup = 0.

So we conclude
OC5M<,0 = 0, OféMgo =0.

Let us now separate the constant zero mode of the covariant Laplacian A.. To do so
we write ¢, = ¢g+ ¢, where § ds.f, = 0. Note that this means that x, = o+ Xb,

where x,|p = ¢ .. Then the functional integration measure is

[ Do.(d.) = 132 [ dindeodcoD, (61, %).

Since § ds.¢, = 0 we can use the delta function for the integral along the boundary

of ¢, to eliminate the zero mode ¢,

5 ( dsets) = 35(s0).

Now integrating the zero mode and defining x; as the solution of the boundary-value

problem O.x; = 0, X3z = ¢ lead us to
N - 1
D(A, L) = eSbeedwoad [ [12dc0dyDy, 61 exp (—5 fdscxbofxb)

x [ Dyx0 [ | Ve G+ xb)] exp (—51,; / d%\/s‘zbz@cx) :

However unlike the closed string case we still have another delta function which
involves the other orthogonal modes of x. Unfortunately this means we are left with

a functional integral too difficult to be solved here.
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All these calculations can be attempted taking homogeneous Neumann boundary
conditions on the Liouville field 8;¢ = 0. The results for the critical exponents using
the scaling argument are the same. However we run into difficulties in performing
the semi-classical expansion because the classical solution ¢, does not satisfy ho-
mogeneous Neumann boundary conditions so if the full Liouville field does, then
the classical field and the quantum fluctuation are not independent, but rather are
related with each other on the boundary d;¢. + d:x = 0. So we conclude that the

free boundary conditions are much better suited for the semi-classical expansion.

4.4 The tachyon gravitational scaling dimensions

Let us now calculate the gravitational scaling dimensions of the tachyon vertex
operators for free boundary conditions. For the anomalous gravitational scaling
dimension of the bulk tachyon vertex operator we consider the expectation value of

the 1-point function at fixed area A
1 RN 1/2 00 [+, A1 &0[T =
<Wi>(4) =55 / Dy (4, \Il)d\Iio( j{ dg) o~ SO, %0,5)- (3,3

x8 ( / 0%, e — A) / a2 [gem*.
By definition the bulk gravitational scaling dimension is as in the closed string
< W; > (A) ~ A'"%. Applying the scaling argument we find A; = 1 — v;/ and
this leads to the KPZ equation for the anomalous gravitational dimension in the
open string

Similarly we define the anomalous gravitational scaling dimension of the boundary
tachyon vertex operator by < WjB > (A) ~ AY2=27  Then the scaling argument
gives AP = A;/2.

We can also define critical exponents associated with the expectation values at

fixed length L. These should also be interpreted as anomalous gravitational scaling



4. Open string critical exponents and the saddle point limit 95

dimensions. In this case the asymptotic limits are < W; > (L) ~ L'=% and

<WP > (L)~ LY?7%7  where Aj and AP are given as in the case of fixed area A.

4.5 A connection with matrix models

These results generalise to other models and physical systems. As we observed
before the open string is a toy model for the ¢ < 1 boundary conformal field theories
[17] coupled to 2D quantum gravity. In the next chapter we show that similar
results can be written down for this more realistic class of models. Here we finish
by considering a comparison with exact results of matrix models at genus zero [47].
According to ref. [47] we may deduce from matrix models calculations the following

exact expression for I'(A, L) when the surface has the topology of a disc

I'(A,L) = A°L¥e V14,

where £ = —@Q/a and y = —3 + Q/a. This formula is consistent with our scaling
laws given in Eqs. (4.4)-(4.6). Introducing it in the definitions of £(A) and Q(L)
we find

o(l)=z+y/2+7/2, w(l)=2z+y+5.

When we substitute back the values of z and y we get the same results for o(1) and

w(1) as we did using the David, Distler and Kawai’s scaling argument.

This is an indication that our results should be in agreement with those obtained
in models of dynamically triangulated open random surfaces. However it should be

emphasised that a full comparison is beyond the scope of the present work.



Chapter 5

Minimal models on open random

surfaces

The open string analysis can now be easily extended to ¢ < 1 minimal conformal field
theories on open random surfaces if we represent the matter sector by a conformally
extended Liouville theory. The curious affinity between the matter and gravitational
sector Liouville theories that emerges for closed surfaces generalises to the case
with boundaries. We simply take the matter action of Eq. (2.14) with additional

boundary terms

Su[®, 5] = % [#ea Eg“"@acbabd) +i(8—1/8) R@}

+ﬁ (8- 1/8) ?{d§kg@ + / d%6:[g (€% + e71/%)
o § ds 63 4 -] 5.1

This is the conformally extended Toda field theory defined on an open surface for
the Lie algebra A;. It has recently been considered as a Coulomb gas description of
the ¢ < 1 minimal conformal matter in the case of Neumann boundary conditions

imposed on the matter field [18].

96
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5.1 Boundary minimal models and the Coulomb

gas

That ¢ < 1 minimal boundary conformal field theories may have a Coulomb gas
description in terms of the extended Liouville action given in Eq. (5.1) can be seen
as follows. Consider on the upper half-plane the basic bulk conformal operator

U(jf') = e=H00~119)2(0

*)

where the normal order regularisation for the product of fields at the same point
has been used [16]. Let us start with Neumann boundary conditions on ® [18]. The

action we need to consider is that of a free field

1
S[e] = - / 2EDAD,

where as usual A is the covariant Laplacian. To describe the ¢ < 1 theories we still
have to introduce the background charge corresponding to the terms in the action
with the scalar and geodesic curvatures. According to the Gauss-Bonnet theorem

this will involve a boundary operator placed at some point A — 400

Expanding the matter exponential interactions in powers of u? and A we naturally
implement the Coulomb gas insertion of screening operators. In the presence of
boundaries we should consider both bulk and boundary screening operators. Then
the 1-point function of U is defined by

. M
<U>= lim A < e 40-URRW) -ili6=1/920) T f ds(E,) e 32 Em)
m=1

A—=+co

MI
x [ ?{ds(fm:)e—liﬁq’(gm’) >

m'=1

Here we consider the notation < > for the functional integral over ® weighted by

e~5l#1, We also consider the correlator divided by the partition function [ D®e=S®l,
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Moreover we have omitted the normal ordering sign which should be considered on
all of the operators. To satisfy the zero mode charge conservation selection rule we
must put M = 2j+2 and M’ = 25’ + 2. Also note that no bulk screening operators

are needed.

Using the Neumann Green’s function Gy to shift out the linear terms in the action

leads us to

2j+2 2; +2

<U>= lim A H 74 ds(€ f ds(Em)e”,

where

1 ! ! !
- & /d2£d2§ J(€)Gn(£,€)J(€),

with the current J given by

2j+2

J(€) = 4mi (B —1/8) 8*(§ — A) +8mi (j5 — §'/B) 6*(€ — C) — 4mif Z (€ — &m)

25" +2

@ Z 62 gm’

The Neumann Green’s function on the upper half-plane is given by the method of

images in terms of the Green’s function on the whole plane

Gn(§,€) = G(,€) + G,

where £ = (x, —y) is the image point of £ = (z,y) and

_ 2 LY
G({,f’)z—ﬁln(aj z') ;(y y)

Above R — 400 is the size of the upper half-plane. Because of the charge selection

rule this infinite constant term does not contribute to the amplitude.

Now with f(8) = 2(6 —1/6)% ¢ = (z,y) we get

2j+2 25'+2 2J+2 2J+2 25 +2

<U>= /Hda:m/Hda:m:m m — Tk) H H(azm—xml

#k m=1 m'=
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2542 g 2542 \ —28(j8-3'/8)
X H m — .’L’kl / H [(.’E - a:m) =+ y2]
m’;ék’ m=1

25 +2 (38-3'/8)/8 ) ) .
% H [(a: _ xm/)2 + y2] (4y2)(1ﬂ—1 8"
m/=1

Since < W >= F(y) we may scale y — py, Ty, — pTm and T,y — pT, to get
F(py) = pPF(y), where p = —2A° s with A9, the bare conformal weight of U given

by Ka¢ formula

A%y =[G +1/2)8~ (' +1/2)/8)" — (6 - 1/5)*/4.
Thus in agreement with the Mobius invariance we find

- 1]
< U >ocy 2855,

Up to a constant factor defined by the integral over the screening variables this is
Cardy’s result for the 1-point function of a bulk primary field {17, 18]. In principle
the explicit calculation of the integral would select those operators U(jj') which
can be identified as conformal primary fields when the check with Cardy’s 1-point

functions is made.

If we consider the boundary operator
Ug(jj') =: e~ 20B=3"1£)2(C) .

it is easy to see that < Up >= 0 for all boundary fields Ug. This is also what is
found by Cardy for boundary primary fields [17]. So all boundary operators Up
might be primary fields.

Let us now consider the 2-point functions of these bulk and boundary operators.

We start with

<UD >= lim A2B-1B87 o o= 5(B-1/8)3(A) ,—i(iB~5'/B)%(C) ,—iliB—1/B)B(C")

A—>+o0

xH }{ds 6124)(5'") H j[ds Emr)e 82 Em) S

m'=1
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Again no bulk screening operators are needed. Note that although we could use them
to cancel the charges of the operators U and U’, the same cannot be done with the
background gravity charge placed at infinity. Of course with the boundary screening
operators the selection rule is satisfied provided M = 45+ 2 and M’ = 45’ +2. Then
integrating and using ¢ = (z,y) and ¢’ = (', y') we find

(4y2)(jﬁ—j'/ﬁ)2

<UU >= /dem/ I dowf 11 (@ = 2m)? + 4]

4542 45’ +2 {4g+2 }—2ﬁ(1‘ﬂj’/ﬂ)

m=1

4542 ~2(iB-3'1B)B (4542 ~26(i8~7'/8)
(et} ™ )

m/=1 m=1
4542 , P12 Myjt0 4542 “Lryjge , 2/p*
x| I (zm — z&) II H (T — Ty )® I @mw — zx)
mtk m=1 mi= m' £k
2iB-3'/8) 2(jB-5'/8)*
x[(z - o)+ (- v (@ -2+ (y+v)]

~2(36-7'/8)/8 .
} (4y/2)(]ﬂ_]l/,3)

x{ ]H [(:r’ ~ Ty ) + y’z]

m'=1
When we scale < UU' >= F((, (") we get F(p(, p¢") = p?F((, ('), with ¢ = —4AY,,.
Now F' looks like a 4-point function on the whole plane. It depends on three distances

I¢ =], |¢ = ¢'| and |[¢ — {'|. Global conformal invariance then implies

-2-7) "
G=AE-NE-NE-A]

where we have used the complex coordinates z = z + 4y, 2=z — iy and r = (2 —

<UU >= F(r)[ z_

2)(2—2")/(z—Z)(2' = 2'). Once more this is Cardy’s result up to the hypergeometric
function F(r) defined by the integral over the screening variables we wrote above

17, 18].

For the case of the 2-point function of boundary operators we follow the same

procedure to conclude that

0

< UgU'p > (x — o)~
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As in the previous cases this would still match Cardy’s result if the right value for
the constant factor is found after the calculation of the integral over the 25+ 25" +4

screening variables [17, 18].

In a similar fashion we may attempt the calculation of higher point functions. The
explicit calculation of the screening integrals could in principle define the set of
bulk and boundary primary fields leading to a Coulomb gas formulation of the
minimal boundary conformal field theories [18]. Here we will not attempt this
explicit calculation. Nevertheless, we would like to point out that the analysis we
have considered here should at least be generalisable to the case of free boundary
conditions on the matter field. This is to be hoped for because we must be able to sew
boundary conformal field theories and obtain conformal field theories on the whole
plane. This can only be done using the free boundary conditions. In what follows we
will assume that the coupling of the minimal boundary conformal field theories to 2D
quantum gravity can be described by the conformally extended Liouville theory. We
will allow for free, Neumann and Dirichlet boundary conditions on the matter and
gravitational sectors. In all cases we will find a full Weyl invariant non-critical theory
at the quantum level to all orders in the hypothetical Coulomb gas perturbation
theory. However the Dirichlet boundary condition on the gravitational Liouville

mode will lead to a discontinuity on the metric as it approaches the boundary.

5.2 Anomaly cancellation and critical exponents

For definiteness we take here the free boundary conditions on all fields. The central
charge of the matter theory is cpy = 1 — 6(3—1 /ﬂ)z. Requiring that the sum
of this and the central charges of the gravitational sector Liouville field and the
reparametrisation ghosts vanish gives v = +i(, where v relates to our previous
string @, @@ = i(y — 1/v). The Liouville field renormalisation parameter must
satisfy the equation 1 — a(8+1/8) + o? = 0 which, as before, gives us two branches

ay = f and a_ = 1/4. All the boundary renormalisation parameters relate to o

AT

LR
PE SR
i M N
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and 7y as happened for the string case. We find dressed vertex operators of vanishing

conformal weight on the bulk

. " v [ ./, i
un- sl (o3} (-]
where [ = —j, ' =5+ 1orl= ;41,1 = —5. On the boundary we also define

dressed primary vertex operators of vanishing conformal weight consistent with the

need to consider the Liouville field as an arbitrary Weyl scaling on the whole surface

AE ]{dé exp l(lﬂ + %) g] exp [—i (jﬂ — %) %] :

As occurred for the string, Dirichlet boundary conditions on the Liouville field imply
that we have no dynamical quantum degrees of freedom on the boundary, and hence
no boundary vertex operators. Although they still allow the cancellation of the Weyl

anomaly provided the metric has a discontinuity as the boundary is approached.

The open string formulas for the critical exponents generalise to these models. Thus
the susceptibility exponent is o(x,) = 2 — x0,Q/(2c), the Feynman mass exponent
is w(xo) = 2 — xo@/. The semi-classical limit is obtained for § — +oo and, just
like for closed surfaces, selects the classical branch o, = . As in the open string
the saddle point expansion singles out the free boundary conditions on the Liouville
field. Similarly we find the same expressions for the anomalous gravitational scaling
dimensions of the primary vertex operators. In the end the gravitational scaling
dimension of a boundary operator is half that of a bulk operator, the latter being

related to its bare conformal dimension by the KPZ equation.



Chapter 6

Nomn-critical dual membranes

6.1 'T-duality and D-branes

Over the years string theory has been establishing itself as the leading candidate to
a unified description of particle physics and gravity. The latest and exciting devel-
opment has been the rediscovery of string duality [19, 20, 48, 49]. As a symmetry of
the exact theory it has shed new light into its strongly coupled phase. Particularly
fascinating is the idea that different string theories at weak and strong coupling are
in fact equivalent among each other and to new and mysterious higher dimensional
M and F theories. New extended objects such as the D-branes have been revealed
by string duality and interesting new links with particles, solitons and black holes

have now emerged.

In this chapter we are specially interested in investigating the possible role that
non-critical dual membranes may play in the understanding of the strongly coupled
phase of the non-critical string theory. Since this will involve showing that they
actually exist let us start with a review of the connection between T-duality and

D-branes in the critical bosonic string [19].

Consider the closed oriented bosonic string theory. Take this to be compactified on
a torus X! = X* 4 27m; R;, where R; is the compactification radius and m; € Z the

correspondent winding number. Here 7, 7, . .. range from 26 —k+1 to 26 representing

103
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the k£ compactified dimensions. For the non-compact dimensions we will use the
notation m,n,... and for all we use the Greek letters u, v,.... Respectively these

range [rom 1 to 26 — k and from [ to 26.

That this theory is self-dual when R; — 0 can be seen as follows. The solution of
the wave equation satisfying the boundary condition X#(1,0) = X#(r,0 + 27) is

well known to be

o o —2z"
Xﬁ(z)zXé‘-i—i?p’,‘zlnz-l-i EZTaﬁ
n#0

5—n
"
n v

Xz) = X¥ +i%p‘glnz+z‘1/%z

n#0

where z = €% and as usual 7, o are respectively the world-sheet time and space

coordinates. Since

Prinz+pfInz = (pg +pL)7 +i(pk — pL)o

we conclude that for non-compact dimensions p = p7* and for compact dimensions

, mgn; € 2.

The mass squared is given by
M? =phph+ N =pipt + N,

where N and N are the sums of the right and left moving oscillator levels. So we
see that the state (n;,m;) at R; has the same mass squared as the state (m;,n;)
at R'; = o//R;. As R; — 0 all states with non-zero momentum in the compact
dimension become infinitely heavy, while the states with n; = 0 which wind around
the compact dimension become light going over to a continuum. On top of this the

interactions are equal if R; — 0 and the dual string coordinates are defined by

Yi(z) = Xi(2), Y£(2) = (-1 X}(2)
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where S* = 0 for a non-compact and 1 for a compact dimension.

In the case of the open oriented bosonic string we know that it cannot be self-dual
because there is no winding number and so there are no states that become light
as R; — 0. In this case the open strings propagate in 26 — k& dimensions although
their oscillations still span the full 26 dimensions. To see the nature of the dual
theory first note that the standard Neumann boundary condition is translated into

a Dirichlet boundary condition in the dual compact coordinates

&X' =0—-0.Y' =0.
Now Y= X% — X! where

1 o o 27"
= §X6‘+i§p“lnz+i —) —at

Xlt
R(z) = n n

B 1 a o=z
Xg(Z) = EX{)I‘ + Z?pu Inz +1 ERZ#)Taﬁ
So Yi(oc =27) — Y'(o = 0) = —27a'p' = —2na'n;/R; = —27n;R';. Thus we get an

open string with its end points confined to a 26 — k hyperplane Y* = 0, the D-brane.

Because open strings contain closed strings at the loop level we expect a dynamical
D-brane. In fact the dual closed strings still propagate and vibrate in 26 dimensions
and of course they contain gravity. At low energy only the massless states survive
to generate the background fields representing the quantum fluctuations of the ge-
ometry of the target spacetime. In the case of the open string with its ends attached
to the D-brane the only massless state is that of the dual of the perpendicular U(1)
gauge boson, ¢ d5A'(Y™)9;Y*. To the polarisation A® we associate the background
U(1) gauge field A* which should then reflect the collective motions of the D-brane.

To verify this consider the low energy effective action for the membrane embedded

in a target space with metric G, (Y)

SD — T//d26—k0\/§ga/bfaalYuab,Yule(Y)’
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where T’ is the membrane tension. Then expand around flat spacetime and flat

membrane using the membrane coordinates

o =Y GuY)=mnu+2ch,(Y), Yi(o)= ¢ (o).

3~

The first order h¢ term is given by

Sp % 26T [ A F00° ¢y
Changing to momentum space
p;(0) = /d%"“quj(q)ei""’, hei(o) = /d%_kq,hai(ql)eiql'a-

leads us to |

Sp &~ 2mﬁ5ﬁ/d%_'“qq“qﬁj(q)hai(q).
Thus we find the ¢7h® vertex,

—2kVT qe6t.

This corresponds to a graviton hitting the D-brane which then vibrates

/ DYDgeS = [ DY Dge*b[1 - 25T

x / P *0\/Gg"" 0 Y Oy Y  hy (YV) + -],

where the flat spacetime membrane action is
S?) — TI / d%_ka\/gg“'b'aa,Y"@brY"n,w-

To calculate T’ we consider the open string disc amplitude with two vertex operators,

one for the dual photon

W, =g, j[ die(q) - 0z Y'Y
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and the other for the graviton

VVG — gb/dZC\/tgaba Yuab}futuu(, ) g Y

The amplitude is then given by the following functional integral

A=p3t / D; (Y, §)W, Wge=5,

where f;; is the dimensionless string coupling and the string action includes the

usual set of renormalisation counterterms and Polyakov’s matter action

T ~~q v ~ = =
- / 6\ [5500.Y M OyY Vs, + 112 / P€\JG+ do ?{ d5 + vy f dsk;.

The string tension is as usual T = 1/(27¢a/). This amplitude can be written as

follows

g o 0

N -
6q)\c aql—m 8 a9 vb Dﬁ(Y’ g)e

A= 839,90 § diriiie (o) [ Pea/migte™ (@)

g;=0’

where j = 1,2,3 and omitting the counterterms

§'=8—iqg-Y(&) = iq - V(&) — ¢7%0aYa(é1) — ¢5°0.Y3(62) — 0570, Y(&0)-

To calculate this amplitude we of course work in the conformal gauge §*° = e¥§®
and impose the T-duality mixed boundary conditions on Y#. On the non-compact
dimensions we have Neumann boundary conditions ;Y™ =0, m = 1,...,26 — k,
and on the compact dimensions we have homogeneous Dirichlet boundary conditions

Yig=0,i=26—k+1,...,26.

After a total derivative we find

:%/dzf\/g(Y-Athj-Y),

where

o 200%(6-&) o 20°(E~&) o . @ a5° + q5°
J ——‘T‘Tq R q +2 i/_adéz(f §1)+2" VG 0.6°(£ - &)
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Olﬁ~ aﬁ+ C!'_l~
—2TREE (¢ - &) - 2RI - ),

Now we can separate the compact and non-compact coordinates and shift the corre-

sponding currents using respectively the Dirichlet and Neumann Green’s functions.

We then find

S':%/d%ﬁY-AY—f-N—fD,

where

N T . N
Fao = & [ €\ [FE) I € )G ol€' € FEN Tl

The zero mode associated with the Neumann Green’s function demands the mo-

mentum conservation on the non-compact dimensions ¢'™ = —¢™ because

/dzngm—- (q +q ):0.

For the compact dimensions we do not need this because the Dirichlet boundary

condition sets the zero mode to zero. Thus we can write the amplitude as follows

- 3 = v g o o0
A:/Bstlg’ngfdslnl /dzfg ggg E”( )ancaq# aq”befN'f-}_D

Z,

q;=0

where the partition function is
Z = [ Dy(v,geH] Fevivar,

Let us now expand Fy and Fp. After some straightforward calculations involving

taking total derivatives we find

~ 1 ~ I A s m ~ 4
Fy = 55| = ("amGn(€,6) = 2070 nGr (60, &) + 2ig™ 410G (61,6, _,

+2iq™ (g5 + G5n) BeGn (61, ) fets ¢"¢ mGn (62, &)

+2i" 1 0aG (€2,€)|,_, + 210" (@5 + Bim) G (62,€))

+07 5 0u00 G (6,6, + 207 05mBuBCN (€, €

§=¢

§=81,8'=¢2
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+207¢4, 040, G (&, €))| + 07 q5n0e00 G (£, €)|

§=£1,8'=¢62 E=6'=4s

+2¢7° gm0y G (6,€)| _,,_, + 4 almdr0pGn(E,€)

o 53 S

o=c)

§=t'=62

and a similar formula for Fp obtained changing N — D and m — 1.

Taking into account the boundary conditions we know that for the Weyl anomaly
cancellation we need ¢™g¢, = 0,¢6-¢ =0,¢ -¢ =0, ¢,e" = ¢, " = 0 and
efi = 0. If we then use the boundary conditions, the conservation of momentum in
the non-compact dimensions, eliminate the quadratic terms in the ¢;, j = 1,2,3 and
select only those terms which contribute to the £(q)emi(—¢)g™ vertex we may take

the derivatives on the g; to find

A= 2igWgG€i(l1)€mi(—Q)qu{d§1 /d252 ?I(fz)@ab(f?)aﬁxabéD(‘f"gl)\

T B, T? E=t1,6'=6

X [BGGN(§1>5’) ety aﬂéf’(&’g’)lé’:&] o

where G‘ﬁ is the regular part of the Neumann Green’s function. It is important to
note that this result is divergent. That can easily be seen by doing a total derivative
in the above formula. It is a consequence of the SL(2,R) invariance of the theory
and so we need to factor out the infinite volume of the group. To do so let us write
the amplitude on the upper half-plane with the complex coordinates z = z + 1y,
Z = z — iy. The Neumann and Dirichlet Green’s functions are given by the method

of images in terms of the Green’s function on the whole plane

Gnp(2,72)=G(2,2) £ G(3,7), Gr(z7)=G(z7),
where up to the now irrelevant constant zero mode
G(z,7') = —Llnlz —2'?
’ 4w '

Then after the simple calculation of the derivatives of the Green’s functions we find

19,96 m _ N 1 1
=——" mi(— d d /d d (
47T2,63tT2E (9)emi(—a)q f{( 21 +dz1) [ dzadzy [(21 — 22)2 P
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1 1 1 1
) ()
22 — 2 (21—22) Z1 — k9 Zo — Zy

Now on the upper half-plane we have three conformal Killing vectors U? = A, +

Az + Ayz*, where A; € R, j = 1,2,3. We can use them to fix three points in the
integrals [27]
zZ1=u; + 'iUz(Zl), Zo = Uy + iUZ(Zz), 2o = Uy — ’iUE(Zg).

Then

dzledeg = ('17,2 — Ug)(ul — ’LL2)(’LL1 - ﬂQ)ZHdAJ
J

Substituting back in the amplitude we get

09 -
2 g€ @em(~0)i" 2 / ITa4;

As it is the volume of the M&bius group is not properly normalised [50]. To do it let
us work on the unit disc. As we have seen the conformal transformations are given

by

z— 2 =¢ T—:_Tzoz
where |co| < 1 and 6y € R, for an oriented disc or 3 € R for an unoriented disc.
In the case of infinitesimal transformations we find 6z = ¢y + iyz — &y22. Putting
co = ¢ + icy we may write 0z = ¢;(1 — 22) + ic(1 + 22) + i6pz. To normalise the
conformal Killing vectors we set (U,U) = [ d?6v/§§sUU® = 1 and use the metric

on the unit sphere d?5 = 4(1 + p2)_2pd9dp. Then we find the normalised vectors

[50]
il—z2 . 3 1422 _3_ z
Vier\1 —22)° "Vier\-1-22)" "Var\-z)

which lead us to the normalised group volume

Vol(CKV) = (16”>3/2 [ eudsy = (16”)3/2 / HA..
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On the other hand

1A\ —(26—k)/2
R 7 L T

Since the theory is Weyl invariant and all the divergencies have been renormalised
this is just a finite constant which can be defined using the Selberg trace formulas

for the determinants {50, 51]. We find

DetpADety’A = Detg'A, Dety'A = v2r\/Dets’A, Det' PP = /Dets'PtP,

where S indicates that the determinants refer to the Riemann sphere. Calculating

the area integral using the metric of the unit sphere we then get

ZVol(CKV) = 2132 =(13-k)/2, [ 926

where
%6 = (DetglA)_13 V Dets'PTP.

We may introduce the open string coupling in the effective 26 — k dimensional theory
on the world-sheet go6_x using dimensional analysis on the photon vertex operator
e = T32¢'/gss_1. In this way g, is a dimensionless constant. Similarly gg is

dimensionless if €,,; = Tkh,,;. This leads to

g7an\/T —(18=k)/2. /26 4i m
A=——2——n V@59 () hmi(—q)g™.
72 Bst 926k 59 (@)hmi(~4)
So if we normalise the coupling constant factor [50] as
996 _ 7r(15_1;)/26;):;6—1/2

ﬂst

we get

= VT b (g™
A_ \/7—T926—k¢(q)hrm( q)q ’
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which when compared with the low energy vertex leads to the membrane tension

[19]

T = T
7f9§6~k

Thus we conclude that the T-dual to a theory of open and closed oriented bosonic
strings is a theory of closed oriented bosonic strings plus a 26 — k dimensional D-
brane. The D-brane is defined as the membrane where the dual open strings have
their end points attached. It is a dynamical object interacting with the closed strings
and its collective motions are represented by dual open string perpendicular U(1)

gauge bosons.

6.2 Non-critical D-instantons

When we consider the case of a string propagating in a non-critical target space
we have to take into the picture the deeply non-linear dynamics of the conformally
invariant path integral Liouville theory. In a weakly coupled phase the effect of the
functional measure can be taken into account by the DDK renormalisation ansatse.
In this theory the boundary conditions we may impose on the Liouville mode are
constrained by quantum Weyl invariance. So while the Dirichlet boundary con-
ditions lead to a discontinuity in the metric as the boundary is approached, the
Neumann and free boundary conditions both allow a fully smooth and Weyl invari-
ant theory. For simplicity let us consider the case of Neumann boundary conditions

on the Liouville mode.

Since the DDK approach is only certainly valid for d < 1 we will start with the disc
non-critical partition function with the case of the D-instanton in mind [20]. We
are thus looking for stringy non-perturbative effects of the order e~0(1/8:¢) [20, 21].
Consider the dual of an open bosonic string theory with & dimensions compactified
on a torus. The dual string field satisfies homogeneous Dirichlet boundary conditions

on the compact dimensions Y*|p =0,i=d—k +1,...,d and Neumann boundary
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conditions on the non-compact dimensions ;Y™ =0, m = 1,...,d — k. Omitting

the counterterms the partition function is given by

2= g7 [ Dy, p)en (=5 [ @efav - Av),

where for the disc x, = 1. Integrating the matter fields and the reparametrisation

ghosts we find after the DDK renormalisation

P ﬁ—Xo ( T )(d—k)/Z ( DetN'A ) _(d—k)/z(Det A)‘kﬂ /Det’PTp
— Mst Y D YR

2T [ d26/§ Vol(CKV)
X /D§¢G—SL[¢’§],
where the renormalised Liouville action is
a1l ]- 2 ~ 1 ~ ~ Q R
Su16,91= 5 [ @63 (50890 + QRo) + = § dsky

22 / 2e\/5e° + X f 592
Here u2 and )\, are arbitrary finite constants left over from the renormalisation

process. For Weyl invariance we have Q = £1/(25 — d)/6 and for the Liouville field
renormalisation ay = (1/2)(Q £ V/Q? — 4).

To integrate the Liouville mode let us separate out its zero mode. To do so we take
the semi-classical branch of a, a._, which in what follows will be denoted as oo. We

then write ¢ = ¢¢ + @, where [ d?¢61/Gé = 0. So we get

Sil¢, 4] = Stlé, 3] + 9—;‘—"% + 2e2% i} / &€, [ge? + e2to/2), f dse?/?,
where
07 a1 L [ AG-A- ) Q[ 2
Stle. 9] = 87r/d 6\/5 5P+ QRS + 47Tj£dskg¢.

The measure is Dy = 1/ (47r)( [ d?*¢ \/E)I/ngbngqg so we need to integrate

1 +oo - -
Iy = E/ dog exp (—sq{)o — 2e¢°u§ / dzf\/ge“‘ﬁ —e%/2), }{ d§e°‘¢/2) ,


file:///JdPWl
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where as = Qx,/2. Changing the integration variable from

. [z a3\
do— o' — 02 (245 [ 6\ /ge)

the integral becomes

2 oo N\ S B A fdée"q_‘/?
=2 d (2 2 [ 2 Aeaq&) —2s—1 A2 2 )
o=/ Po .Uz/ f\/; bo exp | —¢5 — do (23 fd2£\/_6"4’)1/2

Using the Mellin transform [43] we get
20N 2
95+l A3(§ dsecd/?)
243 [ o2 a¢) —25) _
o (22 [ e VP | T T e e
/\2 f d§€a$/2 ]

2p5(f 6 /Geo?) "

where Ds,(2) are the parabolic cylinder functions [43]. For integer s this is
Ap § dieod/2 ]

2u3 [ d 2 ) T'(~2s)Ha,
(“2/ €y/e ) o 2v/2ps (f 26 /Geod) !

where Hys(z) is the Hermite polynomial of degree 2s.

XD23

Thus our partition function is now written as

7= ﬂ—xo( T )(d W/2 [ Dety'A _(d_k)/Q(D 1ph) 2 v/ Det' PtP
st \2r [ 265 b Vol(CKV)

o ad/2\2
2 ) "2 (i) mnon |

Az § dsec?/? ;s
2§ seA - o~ 52184
2412 (J 2 /Geo?)

Taking into account eventual analytical continuations in s [30, 31, 32] this is a

XDQS

formula which in principle can be used for any d and x,. Let us consider the case
where k = d. Following Polchinski [20] the partition function on the disc is to be

interpreted as minus the D-instanton action, which appears in the one D-instanton
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amplitude A; ~ e?. This only gives the right weight e~©(/st) if the partition
function is negative. In the critical dimension this is true because of the negative
value of the renormalised Mobius volume [52]. Here we have the additional problem
associated with the multiple scattering of the Liouville vertex operators. Let us try
to calculate the partition function in the limiting case d = 1. In this case Q = 2,

a =1 lead to s = 1. Then we find H,(z) = 422 — 2 which leads to

2By Vol CKYV)

—4ug/d2§\/§e$] e~ Si[6.9]

Integrating over ¢ on the upper half-plane we find

7= I'(= )(D tDA) 1/2y Det P1P Det' PtP /Dg¢(/ d%[) [Ag (j{d§e¢-’/2)2

A\ =172 PP
- S\ \/ Det' Pt

27 Bt [d?%6./§ Vol(CKV)

[z\%/_:oda:dy(a: —y)7? - %% _zoda:dyy_Q} :
Here ¢ — 0 is a short distance cutoff which comes from the Green’s functions
calculated at equal points. We have also introduced the background gravity charge
in the boundary at A — co. These terms and I'(—2) > 0 are to be absorbed in the
coupling constants 3, Ay and ps. As is clear the integrals over the whole plane are
divergent. Once more this is a consequence of the Mobius invariance of the theory.
To factor out the divergence we fix the bulk vertex operator on the center of the

unit disc and the two boundary operators on 0 and 7/2. Then the integrals are
+oo
dzxdy(x — / dzdy(y) “ =4 / dcy.
The renormalisation of the Mdbius volume leads to [52]
Vol(CKV 16m)*/*x*
oK) =~()
for the oriented theory. For the unoriented case we just have to multiply by 2. Since

[ d%cy = 7 gives the area of the unit disc we get
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3\ 4
4= _(lﬁvr) /7 Bt (% - 1) V3,

where

2 = (Dets’'A) " y/Dets' PtP

and now ), and 2 are taken as dimensionless constants.

Since we may absorb A2 into ( this result depends only on By and on the ratio
of the two Liouville couplings po/Xs. Note that this is a general result. If we
consider an arbitrary positive integer s given by 2s = Qx,/a it is easy to see
by looking at the Hermite polynomials that we may always absorb )\QQ/ * into By
and so obtain amplitudes which only depend on (s and on the ratio pp/A;. By
analytical continuation this is valid for any s, that is for any d and y,. Within
the DDK approach the one dimensional non-critical string theory can be viewed
as a two dimensional critical theory defined in a consistent background given by
the matter and Liouville systems [32, 53]. So the ratio of the Liouville couplings
defines different possible backgrounds for the critical string theory and so different
non-critical theories. From perturbative quantum Weyl invariance alone all positive
values of the couplings are allowed. They are simply the finite left-overs of the
renormalisation process which are positive so that the right damping positive sign
in the Liouville action is obtained. What we are going to see next is that not all of
these values and so not all perturbatively consistent backgrounds lead to a consistent
theory. Absorbing A2 in (;; and setting wy = uy/\; the partition function can be

written as

3/2
Z:—(lgﬂ) w\/;ﬁst (1-wd) Q2 (6.1)

Now, the problem we face here is that we have a relative sign between the bulk
and boundary contributions which means that the ratio ws controls the sign of

the partition function. In fact the zeta function regularisation of the determinants
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always leads to positive values. On the other hand w; can be any positive number.

This means that only for wy < 1 we can find

1
Z X ——

ﬂst '

So we conclude that the strength of the stringy non-perturbative effects off the
critical dimension is of the order e~?(/#s¢) in agreement with the result found in
matrix models [21] and in the critical string theory [20]. This is to be expected
since the weight of boundaries only depends on the topology of the string world-
sheet. However we have found that the correct sign can only be obtained if the
boundary Liouville coupling constant is actually bigger than its bulk counterpart
A2 > po. If they are equal we find no non-perturbative effects. If py > Ay the theory

1S inconsistent.

Note that Eq. (6.1) is only valid if Ay > 0, up > 0. If we take Ay = 0, po > 0 we just
have to go back to the integral of the Liouville zero mode ¢q to see that in this case
it does not bring an extra minus sign to Z. So, for Ay = 0, us > 0 we also find the

right weight e~©(1/8s¢) due to the negative value of the renormalised M6bius volume.

We may also analyse the range d < 1 within the DDK approach. This corresponds
to the coupling to 2D quantum gravity of the ¢ < 1 minimal boundary conformal
field theories. In this case d = ¢ = 1 — 6(8 — 1/8)*. Since the background gravity
charge only depends on the world-sheet topology we still find as = Qx,/2, where
Q =p0+1/0 and a = ay = . Then on the disc we find s = (1 + 8?)/(26%) which
is a rational number because 3% = (2+ k') /(2 + k), where k, k' are positive integers.
To see if the analysis of the limiting case d = 1 still holds for general k, k¥’ or indeed
for d > 1 we would have to get involved with the intricate dynamics of the multiple
Liouville scattering where s does not have to be an integer [32]. However if as in the
case d = 1 the boundary dominates the bulk, Ay > us, the stringy non-perturbative
effects should still be of the order e~©(1/fst)  If just one of the Liouville couplings
is zero the same result is to be expected. These remarks are based on a possible

Coulomb gas representation of the minimal boundary conformal field theories. They
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suggest that the strength of the non-perturbative effects is of the order e=C(1/8:) A
precise definition of the effects needs a careful analysis of the partition function on

this type of models.

6.3 The size of non-critical D-instantons

To look for D-branes we may also consider the case where there is an exchange of
closed string states while they are separated by a distance Y'Y; [49]. This corre-
sponds to a dual open string with Chan-Paton charges on its end points which lie on
the D-branes. It also corresponds to the case where the string does not wind around
the compact dimensions so that all fields are single valued. The diagram for such an
exchange is an open string annulus. Let us consider p+1 uncompactified dimensions
m=20,...,pand d — p — 1 compact ones. According to T-duality we use Neumann
boundary conditions for the p + 1 D-brane coordinates and Dirichlet boundary con-
ditions on the other compact coordinates. We consider that Y|, = —)*/2 and

Yip, = V'/2 where V' > 0, foralli=p+1,...,d.

As usual the partition function is Z = Z,.Z., where Z,., Z, are respectively the par-
tition function on the non-compact and compact space. To integrate on the compact
coordinates we have to factorise the classical solution Y* = Y?+Y where Y* satisfies
homogeneous Dirichlet conditions on both boundaries and AY} = 0, Y?|p, = —)'/2,
Y}, = V?/2. Then integrating the matter fields and the reparametrisation ghosts

in the standard way we find

7oV ( )”“)/2/ det(1, B) \/Det'PtP [ Dety'A /2
P /—det B B) VOl(CKV) \ [ d?6/5

x (Detpd) ™7 exp (~§ / d2§\/§gabaaygabn,-> [ Dyoeseted,

where V), is the D-brane world volume and 7 is the modulus of the annulus. In the
case of the annulus x, = 0. So we can choose R = k; = 0 without the introduction

of a background gravity charge. So we will not have to deal with the Liouville
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amplitudes because s = 0. After the DDK renormalisation we can integrate ¢ with

Neumann boundary conditions to obtain

z = Vel Q) (= )“’“W [ 4y Sette. B ) VDet'P1P (Dety'A ) ™7
2T /det B B VO] CKV fdzf\/_

x (Detpd) """ exp (—g / d2g\/§gabaayjami).

In this formula it is clear that the only effect of the Liouville mode within the
DDK approach is to introduce just another dimension into the problem and so the
calculation can be immediately carried out by following the steps already taken in the
critical dimension [49]. To describe the annulus we will choose the parameter domain
to be a square {0 < £* < 1} of area 7. In the complex coordinates z = £! + i7€2,

z = £ — 47€? the area element is d%s = dzdZ = d€'d€! + 72dE2dE?. So the reference

o fro] ., 10
Gab = 3 g = .
0 72 0 1/72

The Beltrami differential is then given by

d . 0 0
Yap = d_gab = .
T 0 27

Since 7 can reach infinity the conformal Killing vectors must be regular there. If

they are periodic in &*, U#(0) = U?(1) and U*(i7) = U*(1+1i7). Then if they satisfy

metric is

Neumann boundary conditions we get U? = U? = Ay € R. In the £ coordinates
we then have U? = U! + iU?, where U' = A, and U? = 0. Because y, = 0 the
Riemann-Roch theorem tells us that we also have just one holomorphic quadratic
differential B,,. It is a traceless and symmetric tensor which satisfies P"(B) = 0.
Then under regularity at infinity, Neumann boundary conditions and periodicity
like in the case of U we conclude that B,; = B;, =0, B,, = B;; = By € R, which

in the £® coordinates is
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Then we find (U,U) = 7A32. For the case of the holomorphic quadratic differential
we use the same inner product we have used for the world-sheet metric. Since B is
traceless we get (B, B) = 87 B2 and (¢, B) = —4B,. With the normalisation [49, 54|
By < 0 and |Ap| = 1 we may finally write

det(p,B) V2

det(B, B)Vol(CKV) T

We also have to deal with the infinite determinants associated with the covariant

Laplacian. In our metric this operator is written as

A= -% (r*8 +33).

The eigenfunctions of the Laplacian with Neumann and Dirichlet boundary condi-

tions are

1 ¢2 ] 2 >
N(¢h, &%) _ 2ming? 09swm§ , m>0 nez
D(£1,£2) sin mmé&?2 m >0
The eigenvalues have a common expression

2
Amn = 7r—2|2z"rn —m|’.
T

Using the generalised Riemann zeta function [27, 26, 43|

{(s) = Y |2irn — m| >,
mn

where the prime means the omission of the single zero mode m = n = 0, the

determinant of the Laplacian is given by

InDet’'A = %m
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Then after the Sommerfeld-Watson trick [26, 27] we apply the residue theorem at

s = 0 and manipulate the resulting formula to find

Dety'A = DetpA = 27‘[17(22'7)|2,

where the Dedekind 7 function is

77(2,”.) — e—WT/G-ﬁO (1 . e—47mT) )

n=1
Since the tensor operator (PTP)Z is just the vector Laplacian 20%A we also get,

VDet' PP = /2r|n(2i7) .

To be able to write out the partition function we still need to define the classical
action. First note that Y = Y¢2 — Vi/2. So [d?£/§§*8,Yi0,Y} = YV?/7. If we
put all this together and change the variable from 7 to 1/(27) taking into account

that |n(i/7)| = \/7|n(iT)|, we get the following result

- dr [ T \@+2/2 N
Z =V, 1[(0)(27a?T) "2 / ?(E) exp (—=TY*r) In(ir)|' ™.

Note that here the modular group acts like an ordinary change of variables and so
it does not lead to a cutoff in the integration range. Although the integrand is not
modular invariant the integral is and so there is no anomaly. The transformation 7
to 1/(27) corresponds to the exchange of £! and £2 and so it takes us to Polchinski’s
cylinder [49]. If we then rescale it by 1/7 as we are allowed by Weyl invariance we

get our cylinder with fixed circunference but now with length 1/7 instead of 7.

Introducing the n function we now need to consider the asymptotics 7 — +o00, g — 0

where ¢ = ™™ [49]. To lowest order

+00 1-d
ln(i7)|1—d — q(l—d)/12 [H (1 _ q2n)] ~ q(l—d)/12 + (d _ 1)q(25—d)/12 RN

n=1
Using again the modular transformation |n(i/7)| = /7|n(i7)| we get the asymptotics

for 7 — 0. Like in the critical theory [49] this corresponds to the ultra-violet limit
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for the one loop open string channel as can be seen by shrinking the circunference of
Polchinski’s cylinder to zero. By duality, this is an infrared limit in the closed string
channel. This is clear in the rescaled Polchinski’s cylinder which has an infinitely

long length. It is thus dominated by the lightest closed string states. We obtain

dT( T )(p+2)/2

Z =V, 1T(0)(2maT) / exp (—TY?r) 74072 [ga-Dr/12)

T \471T

+(d — 1)el@=-2m/012r) | . ]

So we find a tower of massive poles for d < 1 and one massless tachyon pole for
d = 1. This massless tachyon pole corresponds to the massless tachyon in the two
dimensional critical theory where the Liouville mode is interpreted as Euclidean time
[32] (with only Neumann or free boundary conditions since the Dirichlet boundary
conditions lead to a discontinuity as the boundary is approached). In fact from the
dressing condition p? — v;(v; — @) = 1 we may define the tachyon momentum as
(Ej, p;) where Ej = v; +@Q/2. Then the tachyon mass is m? = E} —p? = (1 —d)/24
which is zero for d = 1. If we consider a Coulomb gas representation of the ¢ < 1
minimal boundary conformal field theories it is clear that we get exactly the same
result as for the string because s = 0 and the topological background charge can be
set to zero. However this only confirms the suggestion that the order of magnitude
of the non-perturbative effects should be the same as that of the string. For p = —1

the massless pole contribution is

_ o)
Zp = 212

This can be integrated using the Gamma function giving

/dTT_3/2 exp (—TJJQT) .

I'(0)
Z, = ——=T"%y.
P V2r Y
Let us now regularise the divergence associated with the above Gamma function
[32]. If A2 > 0, p2 > 0 we use the KPZ scaling on the disc for fixed boundary length

L
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+o0
ABT(—2s) = / dLL %1l
0

For s = 0 we may cutoff the integral from [0, +00] to [e,1/\2], where € — 0 and
A2 — 0. So we get —In(e)2) which is a positive number for sufficiently small £ and
A2. Now the Liouville zero mode is ¢g =In L. So Ine < ¢9 < In(1/A;) and In(1/X2)
defines the Liouville wall [32]. We then write

T\ /2
Z, = - ln(l/)\2)<%) Y.
which diverges like In(1/);) as the now dimensionless Ay — 0. If Ay = 0 we use the
KPZ scaling with fixed area A to get a similar divergence with a dimensionless 12.
These are the divergences which correspond to that already known to appear in the

matrix models [22, 23].

Now recall that according to Polchinski’s string picture [20] the one D-instanton
amplitude is given by A; ~ e, where Z is minus the D-instanton action. From the
field theory of instantons in one dimension [55] the one instanton amplitude in the

semi-classical approximation to one loop is

w \ 2 So/h—wT/2
A :A(E) e=So/M=T/2[1 4 O(R)],

where Sy = ffadm(ZV)l/ ? is the instanton action, w = V"(+a) and A is a normali-
sation constant. Here V is a symmetric double well potential with two minima at
z = *a, where V' (&a) = 0. In this theory A; is the one instanton contribution to

~HT/R| — g >, for a first quantised particle of unit

the transition amplitude, < ale
mass to go from £ = —a to z = a as the Euclidean time ¢ goes from ¢t = —T7/2 to
t = T/2 for large T. We consider the instanton with its center fixed at ¢t = 0. In
this picture the instanton is a well localised extended object with a size of the order
1/w. To connect with the string description we have to interpret our dual string

coordinate field Y as the Euclidean time ¢. Then the string has its end points fixed

in the center of the instanton. To the disc level the string can only see a point-like
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object being sensitive just to the instanton action. So to tree level both descriptions

agree if Z = —Sy/h.

In the case of two D-instantons we have seen that at low energy corresponding to
a large distance ), they interact by exchanging the massless Klein-Gordon fields.

Following Polchinski [20] the two D-instanton amplitude for point-like events is then
A2 ~ e2Z+Zp.

Once more from the theory of instantons [55] the two instanton amplitude in the
semi-classical approximation to one loop is

w

1/2
L) et L4 OR)).

AQ:A2<

In the above formula A, is the two instanton contribution to the transition ampli-

tude, < —ale~HT/4|

— a >, for the particle to go from ¢ = —a to z = a and back
to x = —a as time goes from ¢t = —=T/2 to t = T/2, T — +o0o. In this case the
two instantons are in fact an instanton and an anti-instanton with widely separated
centers respectively fixed close to t = —T/2 and to t = T//2. In the string picture
the instantons are seen as point-like objects located at ¢t = —Y/2 and at ¢t = Y/2.

They interact with a force Z, = —wY/2. So to one loop both descriptions agree

provided
In(1
o
or

_ In(1/43)
W = —71'\/67 ,

From the field theory semi-classical calculation of A; to one loop 1/w is interpreted

/\2:0,[L2>0.

as the average size of the instanton. Thus we conclude that the size of the D-
instantons is of the order of vo/ /In(1/Xg) for Ay > 0, po > 0 or of the order of
Vo! [ In(1/p2) for Ay =0, pg > 0.
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Let us now consider the case d = 1, p = 0 where the scalar field is compactified on
a circle of radius R. Here we have to take into account that the field is not single

valued when the string is winding around the compact dimension [56]

Y(ELE) =Y (L) + 2R, n=12,....
Thus the periodicity in £! can be written as
V(e +1,6%) =Y(¢,¢") + 2mnR,
which leads us to

Y(¢',€%) = 2mnReE + Y (£,67),

where Y is now a single valued field which in this case satisfies Neumann boundary

conditions. In the case Ay > 0, ys > 0 we thus find the partition function

Z =

+oo dr 400 7TTL2R2
m/.ln(l//\g/ 2§:e ( QO/T)'

Integrating this using the zeta function and the Bernoulli numbers [43]

2

+00 T
E n_Q:C(Z):ﬂ2B2:—6
we get

\/—1
12R

Z =1n(1/X,)

This result is to be compared with the partition function on closed surfaces which
agrees with the corresponding matrix model [22, 23]. Note that we also have used
the standard normalisation of the sum over continuum surfaces. The extra factor of
2 comes from the open string Liouville zero mode integral. Also we have naturally
lost the self-dual nature of the closed string. As for the closed surfaces we expect
an agreement with the boundary matrix model. A proof of this however needs the

explicit calculation which is beyond the scope of this work.
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To finish let us consider the partition functions with fixed area A and fixed boundary
length L. It is then easy to see that the only change we need to make is in the
integration of the Liouville zero mode. For the case Z(A) we set A\, = 0 which is
the case where we can continue to use the DDK scaling argument. Then for s = 0
we get Iy(A, Ay = 0) = 1/(aA). In the case Z(L) we set u, = 0 and for s = 0 we
find Iy(L, us = 0) = 2/(aL). So the partition functions are

1 1

ZA)=——, Z(L)= )
6aAR 3alLR

If as in the case of closed surfaces [23, 57] it could be proved that the partition
functions of the boundary conformal models can be written as a linear combination
of the partition functions of a scalar field compactified on some particular radii, it
would be an easy matter to extend these results to those models. Although this is

something we would like to expect the required proof is still not available.

If we consider a string which winds around the compact dimension but still has its
end points located on two D-branes a distance Y apart we might be able to discuss
non-perturbative phenomena in the boundary conformal models. We then have to

take

Y (£, €% = 2rnRe + V&2 — Y /2 + Y (€1, €2).

Thus in the case Ay > 0, pug > 0 the partition function is

T
Z= n(1/%) [ drr? (-T2 = ZanR?).
7r\/_ /A2 T Zexp yer —Tn

Integrating using the Mellin transform [43] we find

where we have introduced the modified Bessel function [43]

nI_,(z) — 1,(2) S C70) i
2 sinvwr L(z) _mZ::Om!F(V%—m—l-l)'

K,(2) =
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Since K_1/5(2) = K1/2(2) = \/7/(2z)e™* we may write

To sum the series let us first note that we may write it as an integral of a geometric

series with argument z = e~

400 ,—nz oo “+0o0
Ze :/+ dt(Ze'”t—l).
z n=0

n=1 n

Since the geometric series is 1/(1 — e~*) we simply substitute above, change the

variable to y = ™! and integrate to find

!
Z = —ln(l//\g)gln (1 — e_Ry/"l) .

For large distances Y — +0o we may expand the logarithm to first order and get

!
Z =1n(1 /Ag)%e_m)/“'.

For small distances J — 0 we expand the exponential to find

o RY
Z = —11’1(1//\2)-2—7!_\/%1117,

which means that for ) = 0 we have an extra ultraviolet divergence due to the
winding of the string around the compact dimension. This may be expressed using

the Riemann zeta function

20 = 0) = (13 X% ).

If we consider the partition functions for fixed area A and fixed boundary length
L we just have to put o/ = 4 for the different normalisation associated with the

conformal models and change the Liouville zero mode integral to be able to write

1
TaAR

2
walR

Z(A) = - In(1-e ™), Z(L)=- In (1— e /).



Chapter 7

Conclusions

In this thesis we have shown how to extend the approach of David, Distler and Kawai
to the coupling of boundary conformal field theories to 2D quantum gravity. The
organising principle behind their approach is Weyl invariance at the quantum level
applied to a perturbative expansion analogous to the Coulomb gas. We used this to
determine the renormalised parameters, gravitational dressings and surface critical
exponents such as the susceptibility of random surfaces, the anomalous gravitational
scaling dimensions of primary vertex operators and the Feynman mass exponent.
The crucial problem is the choice of boundary conditions on the Liouville field. We
have discussed free, Neumann and Dirichlet boundary conditions on the Liouville
field. The first two lead to similar results within this perturbative approach, but
Dirichlet conditions imply that the metric is discontinuous as the boundary is ap-
proached. We have also considered the semi-classical expansion and advocated the
free boundary conditions for the Liouville field, since homogeneous Neumann bound-
ary conditions do not allow a clean split between the classical and quantum pieces
of the field, but rather couple them together. As would be expected the bulk prop-
erties are equal for open and closed surfaces. This approach may also be naturally
extended to higher genus and more complex boundary structures. Unfortunately as
for closed surfaces the results only apply to the weak coupling of ¢ < 1 boundary

conformal field theories to gravity.

At the end an application to the theory of dual membranes was considered. We

128
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have identified a non-critical D-instanton as a dynamical object which consistently
interacts with closed strings defined in a one dimensional target space. Its action
gives the leading stringy non-perturbative effects which are associated with the
presence of boundaries. We have shown that these are of the order of e=C(/8s) g
result which not surprisingly is in agreement with those found in the 26 dimensional
critical theory and in the analysis of matrix models. We have seen that this does
not hold for all the non-critical theories allowed by perturbative Weyl invariance.
Only those which satisfy Ay > po with Ay > 0, po > 0 or those where Ay = 0, oy > 0
lead to consistent non-perturbative effects. Using the one loop open string partition
function, we have calculated the force between two D-instantons due to the exchange
of massless Klein-Gordon fields and shown that the size of the D-instanton is of the
order of v/&'/In(1/)z) for small Ay > 0, py > 0 or of the order of v/o!/ In(1/12) for
A2 = 0 and small gy > 0. We also discussed the partition functions when the string
winds around the compact dimension. The possible but still unfinished extension to

the minimal ¢ < 1 boundary conformal models was also considered.
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