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Abstract 

Recently, it has become increasingly clear that boundaries play a significant role in 

the understanding of the non-perturbative phase of the dynamics of strings. In this 

thesis we propose to study the effects of boundaries in non-critical string theory. 

We thus analyse boundary conformal field theories on random surfaces using the 

conformal gauge approach of David, Distler and Kawai. The crucial point is the 

choice of boundary conditions on the Liouville field. We discuss the Weyl anomaly 

cancellation for Polyakov's non-critical open bosonic string with Neumann, Dirichlet 

and free boundary conditions. Dirichlet boundary conditions on the Liouville field 

imply that the metric is discontinuous as the boundary is approached. We consider 

the semi-classical limit and argue how it singles out the free boundary conditions 

for the Liouville field. We define the open string susceptibility, the anomalous grav­

itational scaling dimensions and a new Yang-Mills Feynman mass critical exponent. 

Finally, we consider an application to the theory of non-critical dual membranes. 

We show that the strength of the leading stringy non-perturbative effects is of the 

order e~°^^st\ a result that mimics those found in critical string theory and in 

matrix models. We show how this restricts the space of consistent theories. We 

also identify non-critical one dimensional D-instantons as dynamical objects which 

exchange closed string states and calculate the order of their size. The extension to 

the minimal c < 1 boundary conformal models is also briefly discussed. 
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Chapter 1 

Introduction 

In 1981 Polyakov [3] showed that when non-critical strings are quantised so as to 

maintain reparametrisation invariance, the scale of the metric becomes a dynamical 

degree of freedom even though it decouples classically or when the quantum theory 

is defined on the critical dimension. The associated action is that of a soluble Liou-

ville quantum field theory but we find an unusual conformally invariant functional 

measure. This is a deeply non-linear theory which has not yet been completely 

solved [4, 5, 6, 7]. 

That the effect of the measure could be accounted for by a simple renormalisation 

of the action was first realized by David, Distler and Kawai [7]. In this conformal 

gauge approach explicit reparametrisation invariance can be kept throughout and 

Weyl invariance is ensured at the quantum level. Furthermore the theory is valid 

for closed surfaces of arbitrary genus and the coupling of the minimal models [8] 

to 2D quantum gravity is to be described by two conformally extended Liouville 

theories [9] which are complementary [10]. Most importantly the results were shown 

to be in impressive agreement not only with the semi-classical l imit [11] and with 

the light-cone gauge formulation of Knizhnik, Polyakov and Zamolodchikov [6] but 

also with the theory of dynamical triangulated random surfaces [12, 13]. Finally, 

the theory can be immediately generalised to the supersymmetric case [14] and to 

W-gravity [10] and super W-gravity [15]. 

3 



1. Introduction 4 

In this thesis we study the effects of boundaries on the DDK approach, extending 

their results to the cases of open string theory and to the coupling of boundary 

conformal held theories to 2D quantum gravity [1]. We will aim to see if the close 

affinity between the matter and gravitational sectors still holds when the random 

surfaces have boundaries and the minimal model becomes a boundary conformal 

field theory. The main issue is the choice of boundary conditions on the gravita­

tional sector. Since the Liouville theory has a natural generalisation in the presence 

of boundaries, we expect the coupling of the minimal boundary conformal field the­

ories to 2D quantum gravity to be again described by two conformally extended 

Liouville theories which are complementary. Once this is settled we will consider 

an application to the theory of non-critical dual membranes where we discuss their 

existence and also the strength of the leading stringy non-perturbative effects to 

which they are associated [2]. 

In Chapter 2 we review the points which are important to keep in mind when we 

consider boundaries. We start with Polyakov's conformal gauge approach to the 

non-critical closed bosonic string. We discuss the string partition function introduc­

ing the DDK renormalisation ansatse. We use a linear Coulomb gas perturbative 

expansion [10, 16] to show how Weyl invariance at the quantum level determines 

the field and coupling renormalisations of the Liouville action. We consider the 

anomalous effects of the constant zero mode of the covariant Laplacian and show 

that quantum Weyl invariance is only possible with a charge selection rule. We 

also consider the scattering amplitudes and define the dressed closed string vertex 

operators. We then discuss some of the critical exponents associated with the closed 

string 2D random surfaces. First we analyse the saddle point expansion of the Liou­

ville functional integral and calculate the susceptibility exponent to one loop. Then 

we introduce the DDK scaling argument [7] to determine the string susceptibility 

and compare with the saddle point limit. Finally we apply the scaling argument to 

calculate the anomalous gravitational scaling dimensions of closed string tachyons. 

To conclude the chapter we extend the results to the coupling of minimal mod­

els to closed 2D quantum gravity noting the close affinity between the matter and 
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gravitational sectors of the theory [10]. 

In Chapter 3 we start by presenting our solution in the simple case of Polyakov's 

non-critical open bosonic string. Since the key point is the choice of boundary 

conditions on the Liouville field we discuss the Weyl anomaly cancellation for Neu­

mann, Dirichlet and free boundary conditions. We again use a linear Coulomb gas 

perturbative expansion to find the renormalised central charge of the conformally 

extended Liouville theory that describes the gravitational sector. As expected this 

wil l be shown to be the same central charge calculated for the coupling on closed 

surfaces. Since the metric is to be written as a reference metric multiplied by the 

exponential of the Liouville field, the theory must be independent of a shift in this 

field together with a compensating Weyl transformation on the reference metric. 

This leads to the dressing of primary operators that acquire conformal weight (1,1) 

on the bulk and conformal weight (1/2,1/2) on the boundary. Consequently, we 

show that the Liouville field renormalisation is equal to the one found for closed 

surfaces both on the bulk and on the boundary of the open surfaces. This only 

works for Neumann and free boundary conditions on the Liouville field. The Dirich­

let boundary conditions freeze the Liouville boundary quantum dynamics so that, 

i t is not possible to cancel all the boundary terms in the Weyl anomaly by a shift in 

the boundary values of the Liouville field, without leading to a discontinuity in the 

metric as the boundary is approached. Due to the presence of the boundary we find 

new renormalised couplings to 2D gravity. Under Weyl invariance at the quantum 

level we show that they are all determined by the bulk or closed surface couplings 

as would be expected. We also show how the Coulomb gas screening charge selec­

tion rule is a crucial condition for the cancellation of non-local and Weyl anomalous 

contributions to the correlation functions due to zero modes. 

In Chapter 4 we analyse the semi-classical limit which singles out the free bound­

ary conditions on the Liouville field as being the most natural. We define the open 

string susceptibility, the anomalous gravitational scaling dimensions and a new mass 

critical exponent. In the context of Yang-Mills theory this mass exponent has an 

interesting physical interpretation as the critical exponent associated with the Feyn-
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man propagator for a test particle which interacts with the gauge fields. Finally we 

present a connection with the results obtained with matrix models of dynamical 

triangulated random surfaces. 

In Chapter 5 we generalise the open string analysis to a natural Feigin-Fuchs repre­

sentation of c < 1 minimal conformal field theories on open random surfaces [17, 18], 

thus concluding that the close affinity between the matter and gravitational sectors 

of the theory still holds when boundaries are present. 

In chapter 6 we consider an application to the theory of dual membranes. First 

we review how T-duality leads to the definition of the D-brane, a new extended 

object which consistently interacts with critical strings [19]. Then we discuss the 

non-critical D-instanton and show that in the limiting case of a one dimensional 

target space the strength of its associated leading stringy non-perturbative effects 

is of the order e~°^^st\ where j3st is the string coupling constant. This naturally 

mimics the result obtained in the 26 dimensional critical theory [20] and in the 

matrix models [21] since the weight of holes in the world-sheet only depends on 

the topology. However we find that not all of the non-critical theories allowed by 

perturbative Weyl invariance are consistent. These theories are characterised by 

different positive values of the renormalised Liouville cosmological constants A 2 and 

/ i 2 , respectively associated with the renormalisation counterterms in the boundary 

length and in the area of the string world-sheet. We show that only those which 

satisfy A 2 > / i 2 with A 2 > 0, / i 2 > 0 or those where A 2 = 0, /x2 > 0 lead to acceptable 

non-perturbative effects. We also consider the D-instanton exchange of closed string 

states and show that the size of the D-instanton is of the order of \fa!'/ l n ( l / A 2 ) for 

small A 2 > 0, / / 2 > 0 or of the order of \fa'/'ln(l/'nl) for A 2 = 0 and small /x2 > 0. 

Above a' is related to the string tension T = l/(27ro;'). Finally we consider the 

one loop partition function for the non-critical string in one target space dimension 

compactified on a circle of radius R. We calculate for both Neumann and Dirichlet 

boundary conditions on the matter scalar field and compare with the results obtained 

on the torus and the corresponding matrix model [22, 23]. The possible but still 

unfinished extension of our results to the case of boundary conformal models is also 
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discussed. 

In Chapter 7 we present our conclusions. 



Chapter 2 

Conformal field theories on closed 

random surfaces 

2.1 Closed string 2D quantum gravity 

A fluctuating string propagating in a d dimensional target space may be first quan­

tised by a Feynman functional integral over 2D random surfaces [3, 24, 25, 26, 27]. 

For the scattering of n closed bosonic string states the following connected topolog­

ical expansion is postulated 

This is a perturbative multiloop expansion on the genus h of all possible closed 

Riemann surfaces. Each term in the series corresponds to a given surface topology 

and is weighted by the loop counting parameter Pst~Xc, where f3st

2 plays the role of 

Planck's constant /32 ~ h. Here, Xc is the Euler characteristic of the closed Riemann 

surface. I t is related to the world-sheet integral of the scalar curvature, R, and to 

the genus h by the classical Gauss-Bonnet theorem 

< w 1 

topologies 
ftrXc v~g{x,~g)w Wne~s™ 1 (2.1) 

1 / d2^gR X c = 2 - 2 h , 
4ir 

(2.2) 

8 
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where g = detgab. 

The amplitude must then be defined so as to maintain explicit reparametrisation 

invariance. This means invariance under the group Diff(D) of the differentiable 

general coordinate transformations or diffeomorphisms of the parameter domain 

D in TZ2, £ a —»• ?7a(£). Under these transformations the matter field X*1 remains 

unchanged but the world-sheet intrinsic metric transforms according to the law 

Apart from the loop counting parameter, each multiloop contribution to the n-point 

scattering amplitude is also going to be weighted by the exponential of an action 

S[X, g]. In Polyakov's model this action is given by the covariant world-sheet integral 

The matter action of the field X^ is just the standard bosonic string action of Brink, 

Di Vecchia and Howe. It has the same classical dynamics of the Nambu-Goto action. 

Here X*1 is a coordinate scalar field taking values in the d dimensional target space, 

giving the position of a point in the string world-sheet with reference to some frame 

in the target space. As a first approximation, we assume it to be the flat Euclidean d 

dimensional space with metric -q^ = diag(l, 1 , . . . , 1). As a consequence, the metric 

gab must also have Euclidean signature. Although at the classical level this metric is 

related to X*1 because of a null stress-energy tensor, at the quantum level we take i t 

as an independent dynamical variable. So we actually have a theory of d free bosons 

coupled to 2D quantum gravity. 

Alongside the action for the matter fields, we have introduced a bare cosmological 

constant in the area of the string world-sheet. I t is a covariant renormalisation coun-

terterm needed to cancel ultraviolet divergencies which are going to be generated 

as a result of the functional integration. This counterterm is naturally associated 

with the reparametrisation invariant functional integration measures and with the 

9ab ~> QabiO = 9rs{v) 
drf dr)s 

1 ab ~gga°daX»dbX"Vuv + »o 
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covariant regulator we always need to introduce to define the singular functional 

integrals. 

To define covariant functional integration measures we must consider £ 2 inner prod­

ucts which are reparametrisation invariant. Thus, VgX and Vgg are induced from 

the following norms 

\\5X\\] = J d 2 ^ 9 S X • 5X , H ^ l l ? = J d 2 ^ g (gac~gbd + u~gabgcd) S~gab5~gcd , 

where u is a non-negative numerical constant. Clearly, such functional integration 

measures are not unique. Ultralocality [24, 26, 27] restricts the ambiguity to be of 

the form of the renormalisation counterterm. We may then consider the measures 

as unique pointwise products over the world-sheet provided we normalise the inner 

products as follows 

Of course, the ambiguity is still implicit in the counterterm parameter / X Q . I t wil l be 

reflected by any residual constant that survives the renormalisation process. In the 

end, this should be fixed by a physical renormalisation condition. 

To describe the initial and final closed bosonic string configurations we have intro­

duced string states defined by reparametrisation invariant integral vertex operators 

Wt, i = 1, • • •, n. For example, the closed string tachyon vertex operator with mo­

mentum is J d2£y/geip X . 

I f we look at the above written norms and vertex operators, i t is easy to check that 

they violate the Weyl symmetry which produces local rescalings of the metric 

This is the characteristic feature of Polyakov's quantum geometry of strings. In 

direct contrast with the canonical quantisation formalism [27, 28], we give up explicit 

Weyl invariance in the construction of the theory to have explicit reparametrisation 

invariance. Consequently, the theory will develop a Weyl anomaly which we must 

cancel in order to ensure Weyl invariance at the quantum level. 

/ j V-g8ge v-jxe-w&xn = 1 m\ 
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2.1.1 The non-critical string partition function 

For a given topology the partition function is defined by the following functional 

integral 

Z(xc) = jv-g(xrg)e-s^. 

Any metric gab can be written as a reparametrisation of the conformal gauge e^t^,, 

where the reference metric gab depends on the modular parameters of the surface. 

This is possible because any arbitrary variation of the metric of a 2D Riemann sur­

face can be given as a sum of variations due to a Weyl transformation, a reparametri­

sation and a change in the modular parameters [24, 25, 26, 27] 

M 
Sgab = 8<pgab + Va56>6 + VbS6a + ^5yAil)A,ab • 

A=\ 

Here, Sep parametrises the infinitesimal Weyl scaling obtained from varying the Liou­

ville field <p, 86a defines the infinitesimal reparametrisation and 5yA is the infinites­

imal variation of the modular parameter yA. The ipA,ab a r e known as the Beltrami 

differentials. 

The variations of gab induced by the reparametrisations and by the Weyl scalings 

are not orthogonal because the set of conformal transformations 

Va59b + Vb60a = Vc66cgab 

are equivalent to a Weyl transformation. These transformations define the infinites­

imal conformal group spanned by the conformal Killing vectors, the solutions to the 

above conformal Killing equation. These are transformations which preserve the 

conformal gauge. 

If we absorb the conformal transformation we can represent the arbitrary change in 

the metric as follows 

M 

Sgab = S(pgat + Pab (SB) + J^fy^Aab • 
A=l 
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Here Pab (56) = VaS0b + ^b^0a — gabVcb~8c is a differential operator which acts on 

world-sheet vectors to make symmetric and traceless tensors. Now both variations 

due to Weyl and coordinate transformations are orthogonal with respect to the 

measure for metric variations 

||#||J = 2(l + 2u) Jd2^g(6ip)2 + Jd2^g~gab89a[P^P(5e)]b. 

Above p t is the operator which acts on symmetric, traceless tensors to make vectors. 

I t is defined using P following an integration by parts and it has the explicit form, 

P t ( / i ) a = -2Vbhab. 

I t is the operator P* which allows us to define the space of the moduli of the sur­

face. Because it is positive definite, the norm of Sgab will only vanish if 5gab = 0. 

So any traceless zero mode of P* will be orthogonal to the Weyl scalings and to the 

infinitesimal diffeomorphisms and, so, corresponds to a change of the moduli. These 

zero modes are the holomorphic quadratic differentials, Bj, and are not the same as 

the Beltrami differentials. They are Weyl invariant and the Beltrami differentials 

change according to the law, 8ipA,ab = 8cpipA,ab- I t is this fact which makes the mod­

ular parameters good coordinates in the space of metrics. They generate derivatives 

that commute with the derivatives constructed out of <p and 9a [27]. On the con­

trary, the holomorphic parameters would lead to a non-zero commutator with the 

Liouville mode derivative. 

The holomorphic quadratic differentials and the Beltrami differentials are neverthe­

less related by matrix transformations. They form different basis systems for the 

space of the traceless zero modes of P". This space has a finite dimension, M, which 

is related to that of the space of conformal Killing vectors, C, by the Riemann-Roch 

theorem, C - M = 3xc [24, 27]. 

Integrating the matter and reparametrisation ghost fields we find [3, 24, 25, 26, 27] 

, f r i j AT, det(B„Vu) VDet'Ptf f Etet'A y " 2 
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where the prime denotes the omission of the zero modes and the covariant Laplacian 

A is — {1/y/g)dagaby/gdfj. The area integral is a consequence of the constant zero 

mode of the Laplacian, leading to the factorisation of the infinite volume of the 

target space, which we have cancelled out by a normalisation constant. This volume 

reflects the invariance of the functional integral under target space Poincare trans­

formations —y h^X" + A**, where r /^A^A^ = r]ap. We have also divided by the 

volume of the space of conformal Killing vectors Vol(CKV). This reflects the invari­

ance under reparametrisations, which we have also cancelled out by a normalisation 

constant. Actually, this is a partial cancellation since we only have integrated over 

those diffeomorphisms which are continuously connected with the identity. The dis­

connected coordinate transformations have been taken into account by integrating 

over the moduli space instead of the Teichmuller space [24, 25]. 

Due to their dependence on the conformal field ip, these infinite determinants gener­

ate a Weyl anomaly [24, 25, 26, 27]. I f we use the covariant heat kernel to regularise 

them, i t is easy to see that the Weyl anomaly only depends on the values of the 

heat kernels for small proper time cutoff y/e. This means that the Weyl anomaly 

is a local phenomena which only reflects the structure of the world-sheet at short 

distances. For the infinitesimal change, p, in the Liouville field we find 

This infinitesimal change is valid for any metric gab. It can be integrated to give 

the well known Liouville action for the conformal field <p coupled to 2D quantum 

gravity as represented by the reference metric gab- Since the inner product of the 

holomorphic quadratic differentials and the Beltrami differentials is Weyl invariant, 

the moduli integration measure has been chosen to be independent of <p and that 

leads us to cast the partition function in the form 

Sp\n 
<Jdet(Bj, B f c)Vol(CKV) \S ^ V g ) 

VDet 'PtP / Det'A \ d - 26 
487T 

Z(Xc)= /nVdet(Bi,^ A ) 
v/Det'Ptp Det'A 

-d/2 

1 ) /det(Bj ,£ f c )Vol(CKV) \I d^Vg 
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x J Vsipe-SL[v'® , 

where the Liouville action is given by 

Sl [<p,g] = / d^yfg {IpLtp + Bp) +n\J #Zy[~ge* . 

Here we have already used the renormalisation counterterm to eliminate the diver­

gent contribution in 1/e. The area piece in n\ is the finite term left over from that 

process. 

If d = 26 and we choose the renormalisation constant n\ to be set to zero, we can 

easily see that the Weyl anomaly disappears. If we then divide off the corresponding 

infinite volume we get a Weyl invariant quantum partition function. This is precisely 

the value of the critical dimension of target space, deduced from the canonical no-

ghost theorem by imposing the Virasoro gauge conditions to eliminate negative norm 

states [27, 28]. 

For non-critical target space dimensions, the conformal mode becomes dynamical 

and we need to integrate the Liouville field theory for cp. This is also consistent 

with the no-ghost theorem [27, 28], being the conformal field the additional degree 

of freedom when the string moves in a non-critical target space. 

2.1.2 The DDK renormalisation ansatse 

First we note that the natural measure for the Liouville field theory is induced by 

the following inner product on variations of ip 

I I M J = / d ' ^ i p ) 2 = / rffy^M2. / z V v * r | I M S = 1 • 

Due to the presence of e ,̂ this measure is not the usual one we find in quantum field 

theory. According to David, Distler and Kawai [7] we may introduce a canonical 

measure in the background gab, provided we renormalise the Liouville field tp —> acp 

and its couplings to 2D quantum gravity 
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Since the functional integration is bound to be divergent, we must also include in the 

DDK ansatse the introduction of a renormalisation cosmological constant countert-

erm in the area of the world-sheet calculated with respect to the background metric 

gab. This is also natural when we take into account the need to absorb the ambiguity 

of the functional integration measure in such a renormalisation counterterm. 

From this i t follows that the partition function should be equivalent to 

Since the separation of gab into the scale and reference metric gab is arbitrary, 

the new theory is required to be invariant under simultaneous shifts in (j) and com­

pensating scalings of gab- Thus, a form of Weyl invariance must be preserved at the 

quantum level. 

2.1.3 Anomaly cancellation for coupling and field renorma­

lisation 

To integrate the Liouville mode, we may start by taking a perturbative approach 

and expand the exponential interaction in powers of the mass scale / i | [7, 10] 

This has the effect of replacing the exponential interaction by terms in the Liouville 

action which are linear in (j). Then we factor out the contribution from the zero 

mode of the covariant Laplacian. When integrated over, i t yields a delta function 

which imposes a constraint on the sum of the coefficients of the linear terms, a 

v/Det'Ptp d 2 M 

( 
Det'A 

Z ( X c ) = / n V d e t ^ , ^ ) 
Jde t (^Sfc )Vol (CKV) \ I d 2 ^ i 

/ Vg(j)e SL[<t>,g]-4I d 2£V9 x 

s ..2s ( - i V 00 

( / d^ge-A E 
s=0 
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"charge selection rule" [7, 10, 16]. Only terms with zero total charge contribute to 

the amplitude 

Jd2tJ~gjs = 0, (2.3) 

where the (s + l)^1 order Liouville gravity current is the coefficient of the term in 

the action that is linear in (/> 

JS = QR- 8tt« T 5^ZM , (2.4) 

This perturbative expansion in the Liouville mass scale should be handled with 

care. When we enforce the charge selection rule, in general s is not an integer. This 

can be made explicit by integrating over the zero mode of the Liouville field. In the 

case of the partition function this leads to the following result [29, 30, 31, 32] 

where </> is orthogonal to the zero mode, / dP^^fgcj) = 0, and as = Qxc/2- In 

this approach it is assumed that we can treat s as an integer to take the calculation 

forward. Actually, though up to a normalisation constant, for s a positive integer we 

simply recover the usual perturbative approach. In the end an analytic continuation 

in s is considered [30, 31, 32]. Consequently, the Liouville gravity current is still 

given by Eq. (2.4) and the charge selection rule is now automatic with an s which 

does not have to be an integer. 

We then only need to shift the linear pieces associated with the Liouville gravity 

current. To do so we introduce the covariant Laplacian Green's function satisfying 

AG(£, O = 6-^£l . (2.5) 

The last term is necessary for consistency when we integrate Eq. (2.5) with respect 

to £. However, Eq. (2.5) does not fix the Green's function uniquely since we can 
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add on an arbitrary constant to G and still satisfy i t . So, we will further specify that 

the Green's function is symmetric in its arguments and orthogonal to the constant 

zero mode 

We then find the non-local functional 

So, for the partition function we write 

VDet 'F tp 

(2.6) 

(Xc) = / I I V d e t ( 5 i , ^ ) ^ r ( - S ) ( / 
det(B J-,B f c)Vol(CKV) 

x D e t A _ \ e>[g]-Ml/d 2?V^ 

We now must ensure that the theory is Weyl invariant at the quantum level. Since 

we have integrated the Liouville mode that means the partition function must be 

independent of any scalings of the reference metric. Thus, we need to calculate the 

background Weyl anomaly and in the end cancel it . 

First note that the heat kernel leads us to the following local contributions 

-(d+l)/2" 

Spin 
vWptp 

y / dltCB~Bl)Vol(CKV) Kl^VgJ 

Pet'A V d- 25 
48?r / d2^gRP 

+ 
d-1 

87T€ 
j d 2 ^ g p + 0{e). (2.7) 

On the other hand we have a local contribution coming from the background renor-

malisation counterterm 

6Pl4 J d2^g = n2J d2^gp. (2.8) 

Moreover, each one of the factors / d2£\/g introduces another local piece in the Weyl 

anomaly by its dependence on the background metric. This is just 
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6P J d2^g = J d2^gp. (2.9) 

The rest of the anomaly comes from the non-local functional T s . Performing the 

infinitesimal Weyl transformations we find 5p\/gJs = Q^/gKp. Then integrating by 

parts and using Eq. (2.5) we generate 

6 p P = d ^ R p ~ <*Qpp(tp) - £ / d2^grSp In J d^fg 

^ / rf2rrf2rv^^(eo^G(r)f)v^(a^(r)-16tt 

To calculate the anomaly contribution associated with the change in the background 

Green's function we note that Eq. (2.5) leads to 

i * M , o = e® + ^ ' W « ' ; > . ( 2 , 0 ) 

When we multiply Eq. (2.10) by the Green's function, integrate and make use of 

the Weyl transformation of Eq. (2.6), 

/ <Pty/msAt>e) = - / d2zy/mpm(te), 

we find the following non-local Weyl anomaly 

The zero mode is entirely responsible for the non-vanishing of 5PG when the argu­

ments of the Green's function are distinct. Since the zero mode is a constant, it 

contributes regardless of the distance between the two points £, When the points 

are coincident i t still contributes, but there is a further contribution because the 

Green's function requires regularisation. This may be done in a reparametrisation 

invariant way using the heat kernel, so we set 

r+oo 
G = } dt 
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where Q satisfies the heat equation 

For coincident arguments the regularisation of the Green's function is controlled 

by the small t behaviour of the heat kernel which is computable in a standard 

perturbation series, so that we obtain [33] 

, A ( f , f ) = ^ " J ^ W ) ^ ^ " ^ ^ • 
Consequently, we find 

SPP = ^ / d2tfgRp - a(Q - a) - £ J d ^ g J s S p In J d ^ f g 

~ ^ n h f / i ( / d 2 ^ j s ) I ^ ^ ' \ f ^ p ( O G ( ^ e ) y / m j ' ( n • (2.11) 

The non-local contributions to the Weyl anomaly are cancelled by the charge con­

servation selection rule given in Eq. (2.3). A look to Eqs. (2.7), (2.8), (2.9) and 

(2.11) shows us that to eliminate the local terms we need 

, 25-d , _ o n o d-1 
Q = ±]J—^—, l - a Q + a 2 = 0, t4 = -£^r-

This leads to the following two branches 

Choosing Q to be positive we write 

These results for the non-critical closed string show that the gravitational sector can 

be interpreted as a conformally extended Liouville field theory [9]. In this picture 

Q defines the central charge of the theory = 1 + 6Q 2, which has its value fixed 
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by demanding that it cancels the central charges of the matter and ghost systems 

CM + Cgh = d - 26. 

We have interpreted the Liouville field as an arbitrary Weyl scaling over the closed 

Riemann surfaces. Then we found that because 1 — aQ + a2 = 0, the value of a 

is exactly right to define a Liouville vertex operator / dP^^/ge01^ of zero conformal 

weight. On the extended field theory i t corresponds to a primary field : ea<^ : of 

weight (1,1). 

In the DDK approach we have to restrict the range of validity of the theory to target 

space dimensions d < 1. In this way both Q and a are real parameters and ea<t> may 

be interpreted as a real Weyl scaling for a real scalar field 4>. The results are in 

agreement with the KPZ light-cone analysis on the sphere which found the same 

range of allowed target space dimensions [6]. If d > 1 then a is a complex number. 

For a real scalar field <p this leads to a complex Weyl scaling and the DDK approach 

seems to break down. In the case d > 25 we could try to consider the transformation 

4> —> to avoid this problem since a is pure imaginary. However we would then 

find that the Liouville action has a kinetic term of the wrong sign. The conformal 

mode becomes a "ghost field" and once more the DDK approach seems to break 

down. 

2.1.4 Tachyon gravitational dressings 

We have seen that the calculation of the partition function under the principle of 

quantum Weyl invariance has given us the definition of the renormalised parameters 

Q and a in terms of the original parameter of the theory, the target space dimension 

d. We now use the same principle to analyse the conformal weights of the vertex 

operators in the non-critical theory. 

For simplicity we consider the following closed string tachyon vertex operator 

= / d % ^ r 
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The amplitude for the scattering of n such tachyon states is given by Eq. (2.1) 

where we introduce n of the above closed string tachyon vertex operators. For each 

topology we have to start by shifting the zero mode of the coordinate field X M . This 

will lead to the tachyon charge conservation selection rule, that is to the conservation 

of momentum 

3 

Next, we use the covariant Laplacian's Green's function in the metric gab to shift 

the tachyon current 

We then find 

33' 
This is a reparametrisation invariant functional. Its dependence on the Liouville 

mode (p can be calculated by looking at the Weyl anomaly i t generates. This is 

simply determined by the correspondent anomaly of the Green's function. Using 

the conservation of momentum we find 

3 

This result leads to a new contribution to the Liouville action which is simply linear 

in (p. The rest of the contributions to this action are exactly as in the case of the 

partition function 

S L i [ < A ° ] = / ^ + k l p ) + ? W " 0 + & J • 

On the other hand we should also note that the background functional now includes 

the reference tachyon functional Tj[g] in addition to the usual partition function 

contributions. 
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To integrate the Liouville mode we again proceed with the change to a canonical <j> 

integration measure and introduce the renormalised Liouville action 

SL, [</>, g] = ^ / d2iyfg (^A0 + QR<f>) - E-TMJ) + t 4 j d2^gea*. 

Above the renormalised parameters j j define dressed tachyon vertex operators 

Wf = J Stj^ge^+^ x . 

This Liouville action is then integrated just as in the case of the partition function. 

The only difference now is that we have introduced additional gravitational charges 

which must obey the conservation law coming from the integration of the zero mode 

of (j) to ensure that Weyl invariance at the quantum level is not spoiled by non-local 

contributions to the background Weyl anomaly. We then conclude that to guarantee 

Weyl invariance at the quantum level Q, a and p\ must be given as before and each 

tachyon dressing parameter must satisfy the following equation 

A ; - 7 i ( 7 i - Q ) = i , a ; = p

2 . 

Here the contribution associated with the free conformal weight A^ comes from the 

reference functional Fj[g\. 

The above equation shows that the dressed tachyon vertex operator corresponds to a 

dressed conformal field : e%VyXe1^ : whose conformal weight is (1,1) as a consequence 

of the quantum Weyl invariance of the theory. This is to be compared with the Weyl 

invariance of the critical theory. There we just put d = 26 to cancel the anomaly and 

eliminate the dynamical Liouville mode. When we calculate the tachyon scattering 

amplitude the contributions from the vertex operators generate new terms to the 

Weyl anomaly. These are cancelled provided we restrict the mass spectrum of the 

theory. In the case of the closed string tachyons we find the squared mass, m 2 = 

—p2 = — 1. The mass spectrum condition says that the tachyons are associated with 

conformal operators etpj'x of weight (1,1). This coincides with what is found from 

the canonical Virasoro physical state conditions. 
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If we solve for j j in terms of Q and p2 we get 

7; = ^ [ Q ± v t e 2 + 4 ( p ? - i y • 

Just as a should be real so should be 7j . This implies that d < 1 and p2 > (d — 1)/24. 

This result can be generalised to any string vertex operator and its correspondent 

conformal field. The dressing parameter satisfies a similar equation with A° standing 

for its free conformal dimension. The non-critical conformal weight is just equal to 

the symmetric of the critical invariant squared mass of the state. 

2.2 Closed string critical exponents 

To be able to sum over 2D random surfaces is important for as many reasons as 

there are physically relevant problems where such a sum plays a significant role [34]. 

For instance we can find the theory of random surfaces in the study of interfaces 

and domain walls in condensed matter physics, in the study of crystal growth, in 

the theory of 2D statistical systems, in the study of gauge theories and of course in 

the theory of relativistic strings and 2D quantum gravity. 

I t is clear that Polyakov's functional integral approach to string theory works as 

a technique to sum over the random Riemann surfaces in the continuous theory. 

Actually, i t is the simplest model we can consider. The closed string partition 

function path integral is to be interpreted as the definition of the statistical sum 

over all 2D closed random surfaces embedded into ad — dimensional target space 

Z= £ e~tiA 

surfaces 

where A is the area of the surface and the bare mass scale /Xq may be interpreted as 

an inverse of the temperature. 

An exact meaning can also be given to this sum if we consider the lattice discreti­

sation of the continuous surfaces. I t is then seen that the sum 
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Z = YY{A)e~^A, 
A~0 

never converges because the number of different surfaces with given area A, T(A), 

just grows too fast as A —> +00. Introducing the entropy of the random surfaces 

with area A, a (A), it is found that [35] 

a(A) = lnF(A) ^ AlnA. 

The sum over the random surfaces may be further decomposed by summing over 

their topology 

00 

A=0 Xc 

Here T(xc,A) is the number of surfaces of given area A and topology Xc- This 

function has a smoother asymptotic behavior since when A —> +00 i t looks like [35] 

r ( X c , A ) ^ A r ^ - 3 e K A , 

where K is a cutoff dependent coefficient and T(xc) the closed string susceptibility 

at the second order phase transition critical point, / i 2 , — k —> 0. 

In Polyakov's continuum limit we have [11] 

Z(Xc)= rr(Xc,A)e-^AdA. 
Jo 

After integrating the matter and ghost fields we find 

M w AS /fVj As w o , \ ^De t 'P tp / Det'A \ 1 

J 1 ^det(Bj } J B f c )Vol(CKV) V / ^ V P / 

x J Vg<pe-S>>®8 Q dttfge* - A) . 

Above we have factored out the renormalisation counterterm. Note that in the 

renormalisation process the infinite constant $ has given way to the finite constant 

n\. When p\ -» 0 we approach the critical point. Thus the Liouville action has lost 

its cosmological constant piece 

S\W9\ = ^ / d ^ f g {±<pL<p + Rip) . 
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2.2.1 The saddle point expansion 

We may calculate the closed string susceptibility exponent outside the DDK renor-

malisation ansatse using the saddle point approximation to the Liouville functional 

integral [11]. This can be done for an arbitrary topology, showing that the critical 

exponent only depends on the Euler characteristic. We may ignore the background 

and modular contributions in the above formulas and just consider 

Representing the delta function by an integral over an imaginary Lagrange multiplier 

p leads to the Euclidean action 

S[<p, g,P, A] = J f t y f l (jpLtp + Rp}-p (/ d2^ge* - A) . 

In the saddle point approximation we expand around the solution of the following 

classical problem 

R = V,, j d 2 ^ g = A, 

where rj = p c7, 7 = 487r/(26 — d). In the conformal gauge gat, = evgab, the classical 

Liouville field <pc must satisfy the Liouville equation 

£ + A ^ = 7 7 e * \ j d\\[g~e^=A, 

where r\ is constrained by the Gauss-Bonnet theorem and by the condition on the 

area, 77 = Ai^Xc/A. 

Let us first follow Zamolodchikov [11] and consider the case of the sphere. The 

solution to the Liouville equation is then easy to calculate explicitly. Using the 

whole plane with complex coordinates z — x + iy, z = x — iy we find 

ipc = - In 5(1 + zz)2 , 
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which is just the conformal factor of the metric of a sphere of area A, stereographi-

cally projected onto the whole flat Euclidean space, where infinity corresponds to a 

single point on the sphere. 

Then consider the fluctuations ip and q around the classical values, (p = ipc + tp, 

p = pc + q. I f we expand to one loop the action S[cp, g,p, A] using the Liouville 

equation we get 

r ( x „ A) = e r s i ^ j VgJ exp j ^y/g^oj^ 5 ( | d 2 ^ ^ , 

where Oc = A c — r), gCab — eVcgab and the classical Liouville action in the whole 

plane is 

Sl[iPc, 9c) = ~ J (Pze^ipc . 
27 

To tree level we only need to calculate the classical action 

Sl[<Pc,9c] = 2 6

1 2

 dxAnA. 

This gives the tree level contribution to the string susceptibility 

. d-26 n 

r ° ( X c ) = X c - ^ - + 3. 

To get the one loop correction we need to integrate the field ip. First we note that 

the conformal gauge has not been fixed uniquely. On the sphere, the Euclidean 

action S[(p,g,p,A] is invariant under the group of SL(2,C) Mobius transformations 

z —>• z' — a Z + ^ , (p(z, z) —> ip(z', z') + In 
cz + d K ' K ' 

dz' 
dz 

2 

where a, b, c and d are complex numbers satisfying the unit determinant condition 

ad — bc= 1. These are the conformal transformations generated by the infinitesimal 

conformal Killing vectors e(z) = a0 + ctiz + a2z2. The corresponding conformal 

infinitesimal variations in 93, 5M<P, are the zero modes of Oc. For the sphere we have 
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three zero modes corresponding to six conformal Killing vectors. Factoring out the 

Mobius invariance we find 

T(2, A) = ^ - 2 6 ) 7 6 ^ 1 / 2 J e x p 

where ip±_ is the component of tp which is orthogonal to the conformal zero modes. 

Above we have also introduced the element of solid angle dQ = d cos 9d(j> and the 

spherical Laplacian 

~ [d92 + [sin 9 t a n 2 ) 39 + sin20 d(j>\ ' 

written in the spherical coordinates z = e^tan(#/2), z = e _ t f l i tan(0/2). The oper­

ator L2 is the squared angular momentum. Its eigenvalues are /(/ + 1), / > 0 and 

integer, and its eigenfunctions are the spherical harmonics Yim(9,(f)), —l<m<l 

and also integer. The zero modes of L2 — 2 are in fact three and correspond to / = 1. 

To proceed with the integration we expand 5ip in the spherical harmonics. Because 

of their orthogonality the delta function is simply the delta function of the constant 

zero mode of the covariant Laplacian L2. Thus we obtain 

-1/2 

where in the determinant we only use the eigenvalues corresponding to / > 2. The 

determinant can be calculated using the heat kernel, so leading to [11] 

r'(2) = ^ + 2. 

This is the one loop result of the saddle point approximation controlled by the 7 

parameter. I t is only exact asymptotically in the semi-classical limit d —> — 00. 

For a general topology we follow similar steps [11]. For the torus the Euler char­

acteristic is just zero. Then the only zero mode coincides with the constant zero 

mode of the covariant Laplacian. For higher loop orders there are no conformal 

Killing vectors and so no zero modes in the integrals over tp. That can be seen 

r ( 2 , A ) - ^ d - 2 6 ) / 6 + 1 Det" 
' L 2 - 2 N 
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noting that the constant we subtract from the covariant Laplacian in the operator 

Oc becomes negative. For all topologies we have to cancel the zero mode of the 

covariant Laplacian using the delta function and the orthogonality relations of the 

relevant eigenfunctions. If that is properly done then the local nature of the anomaly 

associated with the determinant shows that the only difference between the sphere 

and the other topologies in what concerns the leading area dependence is just the 

Euler characteristic [11] 

r x (Xc) = X c ^ + 2. (2.12) 

2.2.2 The DDK scaling argument 

To calculate the string susceptibility using the DDK conformal gauge approach we 

consider the function T(xc,A) after the renormalisation procedure 

r ( X « A) = J V^e-S>^5 (J d2(,fgea* - A) . (2.13) 

Here we have already factorised the renormalisation counterterm. Note that now /xf 

has been renormalised to fi2. So, the renormalised Liouville action is 

S°L [hg] = ^ / d2tj~g + Qki) • 

Next we shift the renormalised Liouville field by a constant (f> 4> + p/ot. Since 

we keep gab fixed our functional integral should scale. Recall that the theory is 

invariant under arbitrary scalings of the reference metric once we have integrated 

<f>. So, it is only invariant under a shift of the integration variable provided this is 

compensated by a Weyl transformation of the reference metric. Because we consider 

a translational invariant quantum measure in Eq. (2.13), the scaling behaviour is 

determined by the change in the action S^[(f>, g] and in the delta function which is 

used to fix the area A of the surface. Thus the shifts in the action and in the delta 

function are 
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: 0 u v oOti - i , QXc 

& ( / d2^gea* - A^j e-><$ ( J d2^ea<t> - e " M 

Then it is easy to see that T(xc, A) is going to scale as follows 

r ( x c , ^ ) = e - ( ^ + 1 > r ( X c , e - M ) . 

Thus for A —>• +00 we have 

which means that the closed string susceptibility is 

r(xc) = - ^ + 2. 

Introducing the values of Q and a we write 

r( X c ) = g f d - 2 5 ± > / ( 2 5 - d ) ( l - d ) + 2. 

If we take the limit <i —>• — oo, it is easy to see that we recover the semi-classical one 

loop result given in Eq. (2.12). On the other hand, i f we consider the case of the 

sphere and choose the branch 

2V6 

then we find the KPZ result [6] 

a ; _ = - ^ = ( ^ / 2 5 ^ - y ^ ^ ) , 

U 12 

In KPZ's light-cone formulation [6], T(2) is related to the central charge of the 

SL(2,71) Kac-Moody symmetry used to solve the theory, = T(2) — 3. This leads 

to a relation between cfc and a, + 2 = —2/ct2. So, just like a, ck has a branch 

point at d = 1 and becomes a complex number for d > 1. 
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2.2.3 The tachyon gravitational scaling dimensions 

Although formal the DDK scaling argument is remarkably successful in the calcula­

tion of the closed string susceptibility. This encourages us to go further and find out 

what happens to other critical exponents using the same simple reasoning. As a last 

example let us calculate the tachyon anomalous gravitational scaling dimensions. 

We consider the expectation value of a tachyon vertex operator / d2^y/geip' x for a 

given topology Xc a n d area A. Having integrated the matter and ghost fields we 

renormalise the Liouville action to introduce the canonical measure in the back­

ground metric gab- Next we factor out the renormalised cosmological constant using 

the integral over the area and the corresponding delta function. Here i t is important 

to note that we have not imposed the conservation of momentum. So, we would need 

to consider the scaling of the non-local terms associated with the Weyl transforma­

tion of the Green's function. However, because the Green's function is orthogonal to 

the constant zero mode, those terms do not scale if the scaling is a constant. Thus 

we only need to consider 

< W > (Xc,A) = j ^ - ^ y J V^e-s°M+^6 ( J d2^ge^ - A) . 

The gravitational scaling dimension A of the vertex operator is defined by the asymp­

totic behavior of this function as A —> +oo 

<W>(X»A)~A1-*. 

Using the DDK scaling argument we shift <j> by the constant p/a to find that 

a 

This then leads to the KPZ equation for the anomalous gravitational scaling dimen­

sion [6] 

A - A j = - « 2 A ( A - 1) 
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2.3 Minimal models on closed random surfaces 

The DDK approach to the non-critical closed bosonic string has a serious drawback. 

I t seems that it is only valid for unrealistic target space dimensions d < 1. To be 

on the safe side, we can just describe a weakly coupled phase where the free field 

perturbative approach can be justified. However we have noted that the relativistic 

string is but one possible field where the theory of random surfaces is relevant. We 

can also consider the case of 2D critical statistical systems, in particular the case of 

minimal c < 1 conformal field theories coupled to 2D quantum gravity. 

The Coulomb gas representation of conformal field theories due to Dotsenko and 

Fateev [10, 16] has a natural Lagrangian interpretation. We introduce the action 

to define the minimal unitary series of conformal field theories on closed surfaces. 

This is a conformally extended Liouville theory [9] with imaginary coupling, on 

a surface with metric gab and curvature R. The central charge of the matter theory 

points ft2 = (2 + k')/(2 + k). The primary fields are vertex operators given by 

where j, j' > 0 are half-integer spins labelling pairs of representations of the Lie 

algebra Ax. To couple this theory to gravity we treat gab as a dynamical variable 

and add a cosmological constant term /J% f d2£yfg to the action. This is the only 

non-trivial part of the pure gravity action in two dimensions and is necessary as a 

counterterm. For a given topology a general correlation function is defined by the 

standard functional integral 

SM[*, ~9} = ^ J d 2 t f g ^~gabda$db$ + t (/J - 1/0) R* 

2 d2^g{e iB<t> + e (2.14) 

is CM = 1 — 6(/S — l/ /?) 2 which means the minimal models [8] are at the rational 

U ( j f ) = f d2^g exp -i j f i 
0 

< Y[U(ii') >= J V^,g)Y[U(n')exPl~SM[^,g} - £ J d2^g 
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To compute this Green's function we expand the matter exponential interactions in 

powers of the mass scale /u2 

n=0 

This is a natural way to implement the Coulomb gas insertion of screening operators. 

As for the string, the kinetic term has a constant zero mode which leads to a similar 

charge selection rule. For each correlator the charges of the vertex operators have 

to be combined with the screening charges to balance the topological background 

gravity charge. 

In the conformal gauge, we decompose gab as a reparametrisation of evgab. In­

tegrating over the matter field and reparametrisations generates a Weyl anomaly 

which yields a kinetic term for <p i f the matter central charge is not balanced by the 

reparametrisation ghost charge. For this non-critical theory there results a Liouville 

field theory for ip 

SL [<p, 9} = 2 5 + 6 ( f 8 ; 1 / / ? ) 2 / d \ s f 9 + V ) + I f^ge* . 

The functional integral volume element for this theory is induced by the inner prod­

uct on variations of the Liouville field 

I I M g = J d2tfge*(Sv)2. 

We then apply the DDK ansatse and replace this by a conventional field theory 

measure, renormalising the Liouville mode and its couplings to 2D quantum gravity 

SL [<f>,9\ = ^ j d2isfg ^A</> + i(i-^jR4> + A I d2tjg~ea*. 

Note that these are free field renormalisations. They can be understood in the con­

text of an expansion in powers of the renormalised cosmological constant mass scale 

n \ . Under this expansion the gravitational sector should be interpreted as another 

Coulomb gas conformally extended Liouville theory where free field renormalisa­

tions can be used. This means the coupling of the minimal model to 2D gravity is 
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described by two Coulomb gas conformally extended Liouville theories in the fixed 

background defined by the reference metric of the conformal gauge gab. The matter 

theory gets dressed by the gravitational sector in such a way that an independent 

charge selection rule is imposed on each theory. 

Once more we should be aware that the DDK formulation is only expected to be true 

when the minimal model and gravity interact in a weak coupling phase in which it is 

legitimate to expand the exponential interactions perturbatively. A strong affinity 

between the minimal model and the gravitational sector [10] is already clear in this 

picture. To actually prove it we have to determine the renormalised parameters of 

the gravitational Liouville theory. As for the string, the principle is quantum Weyl 

invariance. Recall that the theory is invariant under simultaneous shifts in <f) and 

compensating scalings of gab- When we integrate 4> we generate a background Weyl 

anomaly which we add to the background anomaly coming from the integration of 

the matter field and the reparametrisation ghosts. The theory is Weyl invariant at 

the quantum level if this anomaly is absent and the amplitude is independent of the 

conformal factor of the reference metric. 

2.3.1 Weyl anomaly cancellation 

The anomaly cancellation sets the total central charge of the system to zero. This 

gives 7 = ±i/3. Also the Liouville field renormalisation parameter a must satisfy 

1 — + 1//3) + a2 = 0 if we choose 7 = —i/3. Then we have two branches a+ — (3 

and ct_ = the last one turning out to be of pure quantum mechanical nature. 

When the cosmological constant is non-zero this means we have two sets of Coulomb 

gas screening charges which leads to the conformally extended Liouville theory 

SL [4>, g] = ± J d2i4l [\4>*<l> + 1/0) U 

The dressed vertex operators of vanishing conformal weight are 
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U D ( j j ' ) = / d'tjg'exp (l/3 -l^j<j> exp -i ( j 0 - J - ) <D 

where / = - j , I' = j' + 1 or I = j + 1, /' = Translated to field the­

ory language this means that the matter primary field : e x p [ — — : 

of conformal weight A 0 ( j f ) = [(j + 1/2)/? - (f + l / 2 ) / 0 ] 2 - 1/4(0 - 1 / 0 ) 2 gets 

dressed by the gravitational primary field : exp[(l(3 — I'/P)4>] • of conformal weight 

A 0 ( / / ' ) = -[(I - l/2)(3+(l' - l / 2 ) / 0 ] 2 + 1/4(0 + 1//3)2 to define the dressed pri­

mary field of the full theory : exp[—i(jf3 — j f ' / 0 ) $ ] exp[ ( i0 — / ' / 0 ) 0 ] : of total con­

formal weight (1,1). For j = j' = 0 we recover the screening vertex operators of the 

gravitational sector. 

As in the case of the string, it is important to note that Weyl invariance at the 

quantum level is only possible because we have imposed an independent charge 

conservation selection rule on the matter and the gravitational sectors. For each 

sector the Gaussian integrals over <E> and <j> yield contributions of the form of the 

exponential of 

r [ g ] = T ( b / ^ ^ y / ^ J ' ^ G ^ ) y / ^ J ' ^ ) > 

where gab stands for either gab or gab and Js is the coefficient of the term in the 

action that is linear in the field. 

The presence of the Laplacian's zero mode then leads to a non-local Weyl anomaly 

Q 5nF = J d 2 ^ J s S p \ n J d 2 ^ 
8tt 

- 8 7 r / ^ / rfw/ wey/^)PiaG^,e)y/g^)j'{e), 

where Q is either i(@ — 1 / 0 ) or i(-y — 1 / 7 ) . When we integrate the zero mode of the 

fields in each sector the charge selection rule gives / d2£y/g~Js = 0 for all non-zero 

contributions to the amplitude, leading to the cancellation of the non-local anomaly. 

I t is now clear that in the conformal gauge approach of David, Distler and Kawai the 

coupling of the minimal model to 2D gravity is to be seen as an interacting Coulomb 
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gas of two conformally extended Liouville field theories in the background gab. Each 

theory satisfies an independent charge conservation selection rule. However, the two 

theories are not independent but rather they are complementary in that 7 = ±i(3 

and Weyl invariance at the quantum level requires the dressing of vertex operators 

yielding U(jj')V(-j,f + 1) or U(jj')V(j + 1, - / ) . We also note that the Liouville 

field of the gravitational sector is here seen as an arbitrary real Weyl scaling. This 

sets a bound for the matter theory since for c > 1 we would find complex Weyl 

scalings and the DDK approach seems to break down. For c > 1 we might expect to 

find a strongly coupled non-linear phase which we might not be able to reach using 

just this perturbative approach. 

2.3.2 Critical exponents 

The random surfaces susceptibility exponent T(xc) is defined using the expectation 

value [7, 11] 

Z(xc A) = J 2 > s ( * , ~g) exp { - 5 M [ $ , ~g] - n l J d 2 ^ 8 ( | d 2 ^ g - A) . 

In the asymptotic limit A —>• +00 we have Z(xc,A) ~ y l r ( x c ) - 3 J^DK scaling 

argument yields T(xc) = 2 — Xc<3/(2ce±), where we have written Q = (3 + 1/(3. 

Here the semi-classical limit corresponds to (3 —>• +00 and as expected i t selects the 

solution a+ = (3. So in fact the operator : e1^^ : has no classical analog, being 

of pure quantum mechanical nature. Within the local DDK approach this branch 

should also be eliminated from the quantum theory because i t leads to a non-local 

operator with respect to the metric gab [36]. However we should note that we may 

keep i t provided we only demand locality with respect to the reference metric gab. 

In this point of view a_ = 1//? is a reflection of non-perturbative phenomena in the 

coupling of the minimal models to 2D quantum gravity [37]. 

The gravitational scaling dimensions of the matter primary fields A ( j j ' ) are defined 

by [7] 
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<UW)>(X«A) = 
1 / V§($rgmjf)eW{-SMl<l>,~9}- J d2^g} 

( / d2^g - A) . 

Z(Xc,A) 

xS 

In the asymptotic limit A ->• +00 we define < U ( j j ' ) > (Xc,A) ~ Al~^j')m Then 

the same scaling argument leads to A ( j j ' ) = 1 — /3(jj')±/a±. Here P(jj')± defines 

the coefficient of the two possible dressings of the primary field U ( j j ' ) . When this 

is combined with the bare conformal weight using the equation which defines a it 

gives the KPZ equation [6] 

These results for the critical exponents of a c < 1 minimal conformal field theory 

on closed random surfaces agree with the KPZ light-cone analysis on the sphere [6]. 

Distler, Hlousek and Kawai [12] also used this conformal gauge approach to calculate 

the Hausdorff dimension of the random surfaces, djj. According to their calculations 

d f j oc l / | r ( 2 ) | , which confirms the branch point at c = 1 where du —>• +00. For c > 1 

dff is a complex number, once more signaling a new strongly coupled phase where the 

local DDK assumption seems to break down. A l l the results are in striking agreement 

with those of the theory of dynamical triangulated random surfaces [12, 13]. 

A - A 0 = - a 2 A ( A - l ) . 



Chapter 3 

Open String 2D Quantum Gravity 

3.1 Introduction 

Polyakov's functional integral approach to the quantisation of the closed bosonic 

string is easily extended to the open string. We introduce the same covariant topo­

logical expansion for the connected amplitude of n string states where now we sum 

over all open Riemann surfaces 

<W1...Wn>= £ P«~Xo j v - g ( X , ~ g ) W 1 . . . W n e - s ^ . (3.1) 
topologies 

Clearly the matter action of Polyakov's model remains the same and so do the 

functional integration measures for and A similar ultralocal ambiguity is 

present and we deal with it as in the case of the closed string. In the open string the 

non-uniqueness of the measures involves two arbitrary constants associated with two 

renormalisation cosmological constant counterterms, one in the area of the string 

world-sheet fxl J d2^s/g and the other in its boundary length XQ§ds. As before the 

area and length counterterms are also necessary due to short distance singularities 

and are non-trivial pure gravity contributions to the action in two dimensions. A 

curious feature of the open string is that they are not alone. Although not associated 

with ultraviolet divergencies or with an ambiguity in the functional measures, the 

integral of the geodesic curvature yQ § dskg should be introduced as another pure 

37 
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gravity contribution to the action. Above the geodesic curvature is defined by kg = 

-haibV'bta, where ha, are respectively the outward normal and the tangent vectors 

to the boundary [33, 38, 39]. We will see in what follows that the integral of the 

geodesic curvature is absolutely necessary for our solution of the non-critical open 

string. Here we just note that this term can be written as (z^o/2) / d2£y/gR i f we use 

the Gauss-Bonnet theorem 

J d2^gR + 2 j> dsk-g = ATTXO , (3.2) 

where Xo is the Euler characteristic of the open Riemann surface. I t is given by Xo = 

2—2h—b—c where h is the genus of the surface, b is the number of smooth boundaries 

and c is the number of crosscaps. In the open string the Gauss-Bonnet theorem 

cannot fix both the integrals of the scalar curvature R and of the geodesic curvature 

kg so that we should in fact allow one of these as a pure gravity contribution to the 

action. In the closed string that does not happen because we only have R and so 

Eq. (2.2) means its world-sheet integral is trivial, leading only to the string coupling 

constant factor. 

Thus the action is now given by 

S[X, 9~} = ^ f d ^ g - g ^ d a X ^ X ^ + ^ J d 2 ^ g + A0 j ds + u0 j dsk9 , 

and the functional measures are induced by the C2 norms 

11**16 = / d2^gSX -6X, J VgSXe-^l = 1 , 

l l ^ l l j = / d2^g (gac9bd + u~gabgcd) 6~gab8gcd, J Vs6ge-W = 1. 

The theory of closed strings was defined to be explicitly invariant under general 

reparametrisations of the parameter domain in V?. So naturally in the open string 

we still aim to have explicit covariance. However due to the presence of boundary 

effects associated with the internal metric's C2 norm, we can only consider an invari-

ance under the diffeomorphisms which preserve the 1Z2 parameter domain but allow 
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for general reparametrisations along the boundary [38]. This means that the compo­

nent of the reparametrisation ghosts 9a along the outward normal to the boundary 

must be zero, n • 9 = 0, but its component along the tangent t • 9 may take an 

arbitrary value. 

For the open string we also introduce the string states using covariant vertex oper­

ators. The open string states correspond to boundary vertex operators such as the 

tachyon with momentum § dseip X . Closed string states can also be attached 

to the bulk of the open Riemann surface, so that in general we have a mixed type 

amplitude with boundary and bulk vertex operators. 

Just as in the closed string, the price we pay for explicit covariance is the explicit 

violation of the Weyl symmetry. Thus a Weyl anomaly will be generated which 

must be cancelled out at the quantum level. This should again replace the Virasoro 

physical state conditions and lead to the critical dimension of the target space, 

d = 26, as well as to the spectrum of the open string. For non-critical target space 

dimensions the Liouville scale of the intrinsic metric gab becomes once more the 

non-trivial dynamical degree of freedom we need to take into account. 

3.2 Free boundary conditions 

For simplicity we consider Polyakov's open bosonic string partition function Z for 

the topology of a disc [38, 39, 33]. We can do so and still get results which are valid 

for any topology because the analysis will be based on the local nature of the Weyl 

anomaly and because the functional measure for the integration over the moduli 

space of the open Riemann surfaces can be defined to be independent of the scalings 

of the metric. 

Let us start by taking free boundary conditions on the string field on the L i ­

ouville conformal gauge factor ip and on the reparametrisation ghosts 9a. More 

precisely, we initially require that X*1, <p and t-9 take prescribed values Y^, if) and 77 

on the boundary and then we integrate over these boundary values [33]. The func-
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tional Z[Y, ip, 77], obtained as an intermediate step, has the physical interpretation of 

being the tree level (in the sense of string loops) contribution to the wave functional 

of the vacuum for closed string theory in the Schrodinger representation. 

The quantum partition function is thus given by 

Z = j v - G { Y , i > , r j ) Z [ Y ^ , r j \ 

where the wave functional is 

Z[Y^,r1} = J v - G ( X , g ) e - s ^ . (3.3) 

To calculate Z let us first determine the wave functional Z[Y,tp,rj]. We start by 

separating into two parts X*1 = X£ + X*. We define X£ and in such a 

way that the string action gets split into two independent pieces, one for X£ which 

contains all the dependence on the boundary value y and another for X^. This is 

easily done if we fix X£ using y , 

AX? = 0, X£\B = Y'1, (3.4) 

and impose on X^ an homogeneous Dirichlet boundary condition X^B = 0. Here 

we have used the notation B to say that the fields are evaluated at a point f of the 

boundary B. As required by the wave equation, on X% we must further impose the 

following consistency condition 

fdsdnX? = 0, (3.5) 

where d„ is the outward normal derivative on the boundary. Eq. (3.4) is solved in 

terms of y using the Green's function for the Laplacian with homogeneous Dirichlet 

boundary conditions defined for the metric gab- We will separate the boundary value 

V 1 into a constant piece, and a piece that is orthogonal with respect to the natural 

metric on the boundary, i.e. we write y = YQ + y where § dsY^ = 0. Then the 

solution is 
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X£(?) = Yo ~ f d S i O d n G o ^ Y ^ ) (3.6) 

if the point £' is not in the boundary and X£\B = i f it is. Of course here we have 

considered 

where (TD (£,£') = 0 if either argument lies on the boundary. In this case we can 

integrate Eq. (3.7) leading to an integral condition on its outward normal derivative 

<fds(OdnGD(Z,?) = - l t (3.8) 

which allows the decomposition of given in Eq. (3.6). 

We can prove that Eq. (3.6) is the solution of Eq. (3.4) using Green's theorem 

- f d~sdnX?GD((, O + f d~sdhGD{t, 0 * c " = / <PZy/H&X£GD(Z, O 

-Jd^gAGD&OX?. 

Then Eqs. (3.4) and (3.7) plus the fact that the Dirichlet Green's function is zero on 

the boundary lead us to Eq. (3.6). Applying Eq. (3.8) i t is clear that this solution 

satisfies the consistency condition given in Eq. (3.5). 

The string action can now be cast in the form 

S[Xrg] = Sc[Xc,~g} + S[X,g}. 

The action for X M is just the free bosonic string action where the kinetic kernel 

is the covariant Laplacian. To find Sc[Xc,g] as a boundary action we take a total 

derivative and use Eq. (3.4). We may write the result introducing the boundary 

kinetic kernel 

KD&?) = ~dh8ii.GD(£ie), 
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leading to 

Sc[Xc,g] = ±<fds(Ods(e)Y(Z) • KD(£, ?)¥(?) 

When we integrate keeping fixed V-gX is actually VgX. For the integration 

over the metric Vgg we proceed like in the closed string, and use the conformal 

gauge where we decompose the integration over gab into an integration over </? and 

an integration over 9a. On the disc an arbitrary infinitesimal variation of gab is 

As in the closed string the variations of gab induced by the reparametrisation ghosts 

and by Weyl transformations are not orthogonal. They intersect in the conformal 

Killing vectors 

This set of reparametrisations belongs to the group SL(2, TV) of Mobius transforma­

tions and map the disc onto itself. So, redefining ip we write 

After a total derivative we can see that this hides a boundary contribution 

Because of this boundary term we cannot have covariance under general diffeomor-

phisms on the open string. At first sight, it even seems that the boundary condition 

n • 89 = 0 is not enough to solve the problem. Fortunately, i t is possible to use the 

covariant heat kernel to show that the remaining boundary term can only lead to 

contributions which are absorbed by the renormalisation counterterm in the length 

of the boundary [38]. 

Sgab = 8<pgab + Va59b + VbS9a . 

Pab(59) = 0. 

\\Sg\\2

g = 2(1 + 2u) j d2Zyfg{8<p? + j d2Zy/Zg~gacgbdPab(59)Pcd(69). 

U ^ H 2 = 2(1 + 2u) j ( ? z f i ( 6 < p ) 2 + J d2^g~gab59a[^P(59)]b 

+ 2 i ab dsna89bPa0{69) 
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We now split 6a into a field 9a vanishing at the boundary and another field da such 

that at the boundary da = rjta. Assuming that "da is fixed by its boundary value in 

some way we obtain 

\\Sg\\2 = 2(1 + 2«) J d2^g{Sipf + J d^yfgSe • i*P(60). 

Omiting the renormalisation counterterms we integrate X^ and 9 to find 

Z[Y^,r,}=exp{-Sc[Xcrg}} / P ^ ( D e t ' A ) - d / 2 ^ | ^ 

where as usual the prime denotes the omission of the zero modes and we have divided 

by the volume of the space of conformal Killing vectors Vol(CKV). As is well known 

these infinite determinants generate a Weyl anomaly [3, 24, 25, 26, 27, 33, 38, 39]. 

I f we use the covariant heat kernel to regularise them it is easy to see that the 

Weyl anomaly only depends on the values of the heat kernels for small proper time 

cutoff yfe. This means that the Weyl anomaly is a local phenomenon which only 

reflects the structure of the world-sheet at short distances. Since yfe can be made 

infinitesimally small, the bulk and boundary contributions to the anomaly must be 

independent. Using locality, reparametrisation invariance and dimensional analysis 

we are led to the following expansion in powers of the proper time cutoff yfe 

Sp\n 
d- 26 

487T 
J d2^\f^Rp + C j dskgp 

( D e t A ) VoTfCKV) 

+ d j dsdnP + *f J d2^gp + ^ f dsp + 0(y/i) , (3.9) 

where C and the Cj, i = 1,2,3, are dimensionless constants. The C{ can be de­

termined exactly [38, 33] but we will not worry about them because they all are 

absorbed in the renormalisation counterterms. We calculate C using the commuta-

tivity of Weyl transformations [33]. Consider the gravity currents y/gR and dskg. 

Their transformation laws under an infinitesimal Weyl scaling are 

5P^R = x/fiAp, Spdskg = \dsdhp. 
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Then taking a second Weyl transformation p' on Eq. (3.9) and antisymmetrising in 

p and p' gives 

d - 26 r , o . r / T , , r \ C 
487T 

Thus we find 

/ d 2 ^ g (pAp1 - p'Ap) + ^jd~s {pdnp' - p'dnp) = 0. 

d - 2 6 
247T ' 

Integrating the infinitesimal variation leads to the usual Liouville action plus back­

ground contributions depending on the reference metric of the conformal gauge gab 

Z [ Y , ^ V ) = exp{-Sc[Xcrg}} j V-^(Det'A)~d/2 exp { - 5 L [ y , g}} , 

where the Liouville action is given by 

/ + A i / d § e i p / 2 + ^ / d ^ • 

Here / i 2 , Ax and i/i are arbitrary finite constants left over from the renormalisation 

process. 

Once more we find the critical target space dimension d = 26 where the Liouville 

mode decouples from the theory. As in the closed string this is the same result 

deduced from the canonical no-ghost theorem by imposing the Virasoro gauge con­

ditions. 

For the non-critical target space dimensions the conformal scale of the metric is 

that extra degree of freedom already expected in the canonical formulation. I t is 

to the Liouville mode we turn our attention next. We consider its integration and 

determine the renormalisation of the couplings to 2D quantum gravity in the context 

of the DDK approach. 
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3.2.1 Anomaly cancellation for coupling renormalisation 

To integrate the Liouville mode we start by taking the Coulomb gas perturbative 

approach expanding the area cosmological constant counterterm. I n each order of 

perturbation theory we split ip in two fields (pc, <p in exactly the same way we split 

X*1 previously. As before the Liouville action becomes the sum of two independent 

pieces, <SL[<£>c, which contains al l the dependence on the boundary value ip, and 

Si\fp, We further split ip = ip0 + ip into a constant ipo and an orthogonal piece ip. 

The field (pc is now expressed in terms of ip and ip0 

MO = -fds(Z)dAGD(U')ij>(Z) • (3-10) 

Let us take the lowest order in the area cosmological constant perturbative expan­

sion. When we integrate ip we consider a fixed value of ip. Then Vgip = T>g(p and 

the lowest order contribution to the wave functional is given by 

Z00[Y,ip,rj\ = e - * c M - s c V c . a ( D e t ' A ) - r f / 2 ^ ^ V ) 2 ^ ^ V] 

where 

Z°[Y,i,,ri] = j v - g y e - § ° ^ . 

Above we have introduced the lowest order Liouville actions for (p 

s°[<p, g] = / + &<p) +»if dsd&$ 

and for cpc 

S°c [<p„g] = J d 2 t f g (\gabda<Pcdb<pc + Rvc) 

~ ^ 2 4 ? / d S k s < P c + A l / • ( 3 , 1 1 ) 

The functional integration measure for the integral over (p is conformally invariant 

but non-linear in the Liouville field 
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To proceed we follow the closed string analysis and use the D D K renormalisation 

ansatse. We may consider a canonical measure in the background gab, 

provided we renormalise the Liouville field and its couplings to 2D gravity. Ob­

serve that this renormalisation involves the whole Liouville field. As pointed out by 

Symanzik, in the presence of the boundary we should expect to take independent 

bulk and boundary renormalisations [40]. Since the boundary pieces of the Liouvil le 

mode are fixed at the moment we do not need to worry about them for the t ime 

being. We also note that the canonical measure can only be introduced i f a set of 

background counterterms is included 

When we renormalise the field ip —>• acf) and its couplings to gravity we get the 

following renormalised lowest order Liouville action 

The renormalised parameters of the theory are determined by requiring invariance 

under a shift in 0 and a compensating Weyl transformation of the reference metric. 

Once <j> has been integrated out the result is required to be invariant under Weyl 

transformations of the metric alone. For the moment we integrate <t>. To do so we 

need to follow Alvarez [39] and set u2 to zero because the standard way to deal w i t h 

a term that is linear in the field is to shift the integration variable, in this case by a 

constant, but this would spoil the homogeneous Dirichlet condition on 4>. Next we 

change variables as follows \/%TT<j) —> 4> + 0%. Here we have set 

8*1* = / * z y f m ) 2 , 

ask R 9 

1 1 
0 , g] = — J d2^sfg (-$A4> + Q R f j +v2<f dsd^. o 

O0

Q(O - / *Zy/mj°Q{t)GD(M), 0°Q\B = 0 
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and introduced the current JQ = QR. As a result we get the free field integrand 

SF[4>rg) = \ j d2^K4> 

plus the non-local functional 

= ^ J d2^'^)R(OGD^ay/mR(a- (3.12) 

Because there is no zero mode (?£>(£,£') is Weyl invariant for distinct values of its 

arguments (coincident values require regularisation which introduces dependence on 

the scale of the metric). Thus, the Weyl anomaly associated w i t h Eq. (3.12) is 

determined by the scaling of the current 

Integrating by parts we f ind 

6 p p D = % l d 2 ^ R p + f d m / d2?p(OdhGD((;, OyfmRiO- (3-14) 
Q 

The product of functional determinants resulting f rom the integration over the mat­

ter field, the reparametrisations and 4> also varies under a Weyl transformation 

5pin 
V U e t V o l ( C K V ) 

d - 25 
48TT 

J d2^sfgRp + d

2 ^ j> dskgp 

where the C'i, i = 1,2,3, are dimensionless constants which as before can be deter­

mined exactly. 

Ignoring the counterterms for the moment we cancel the bulk local piece of the Weyl 

anomaly between Eqs. (3.14) and (3.15) i f we set 

Q = ±\ 
125-d 
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Since p is an arbitrary infinitesimal Weyl scaling in the bulk and on the boundary of 

the surface we also need to deal w i th the non-local term and w i t h the local boundary 

contribution in the geodesic curvature found respectively in Eqs. (3.14) and (3.15). 

To do so we have to consider the integration over the boundary values of the Liouville 

field. 

First we integrate F M and rj. The boundary measures for these fields are induced by 

the natural reparametrisation invariant inner products on variations of the boundary 

values 

||*y||J = fdS5Y • SY, \\8V\\2- =jd~s{5ri)2. 

As the formalism is explicitly reparametrisation invariant the integration over rj is 

t r i v i a l leading to an overall factor. For the boundary matter field we f ind 

/ V-9Yexp{-Sc[Xcrg}} = (50^ / 1 1 ^ - (3-16) 

Above we took into account the zero mode of the boundary kernel KQ. Its existence 

can be seen by considering the eigenvalue problem 

<fds(Z)kD(Z,e)vN(£) = XNMO-

These eigenfunctions form a complete 

EMWstf) = $B{Z - ? ) (3-17) 
N 

and orthonormal set 

f ds(Z)vN(Z)vM(Z) = 6 N M (3.18) 

of functions on the boundary. Here the boundary delta funct ion is defined by 

/ d * ( 0 M e - O / ( 0 = /(O-
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Then the eigenvalues may be expressed as 

AJV = f ds(0dHOM0KD(^OyN(e) ( 3 . 1 9 ) 

Now define Vjy to be the solution of Laplace's equation w i t h boundary value 

AVN = 0, V N \ B = v N . 

This has the solution 

enabling us to write the eigenvalues as 

Thus A# > 0 and i t is only zero when VN is constant. Denoting this solution by 

N = 0 and using the normalisation condition we conclude that Kp has the zero 

mode 

( f \ ~ 1 / 2 = ( H 
The determinant in Eq. (3.16) w i l l generate a new boundary term for the Liouvil le 

action. This is the gluing anomaly found in [33]. The kernel KD has a boundary 

heat kernel which can only be sensitive to short distance effects, and since the 

boundary has no intrinsic geometry i t can only be sensitive to the invariant length 

of the boundary. As a consequence covariance and dimensional analysis lead to a 

contribution to the Weyl anomaly which can be absorbed into the cosmological 

constant counterterm in the invariant world-sheet length of the boundary ( see 

Appendix ) . 

To cancel the remaining terms in the Weyl anomaly we have to integrate tp. Just as 

in the case of <p we have a non-linear inner product on variations of tp 
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\\54>\\] = f d s e ^ m 2 . 

We w i l l assume, following David, Distler and Kawai, that we can use the inner 

product that is more usual for a quantum field in the background gab, 

\\5n2

§ = fd§m2, 

provided we renormalise tp0 —> ao^o, and ip —>• as well as their couplings to 

2D quantum gravity. Note that this means we need to introduce an independent 

field renormalisation for <pc, the component of cpc orthogonal to the zero mode tpo. 

According to Eq. (3.10), its explicit expression in terms of V> involves a coupling 

to 2D gravity. Thus we must also consider <pc —y 6LB$C- This is to be done in each 

order of the perturbative expansion in the length cosmological constant. Note that 

we have allowed for a different renormalisation of ip0 and This is because we take 

independent bulk and boundary renormalisations and tpo is related to the zero mode 

of the Laplacian on closed surfaces that would be generated i f we glued together two 

disc shaped topologies to obtain a sphere, corresponding to the inner product of the 

closed string vacuum w i t h itself. Thus tpo is really associated w i t h the Liouvil le field 

in the bulk and should be renormalised accordingly. 

Now when we decompose tp into tp0 and tp Eq. (3.11) can be rewritten as 

s c ° h M o , £ ] = f m)ds(o$(QKD(M)$(e) - ^ T / ^ M 

d - 26 , 
^— Xotpo-

Introducing the coupling renormalisation parameters Qo, QB a n<3 QB we wri te the 

renormalised lowest order boundary action 
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+ ^ * o , (3.20) 

where we have the current 

££(0 = ~ I d2ey/gW)R(OdnGD(t,0 + | £ M 0 . (3.21) 

To integrate this we shift out the linear piece in ^ . We introduce the Green's 

funct ion of KD defined by 

f d s ( e ) K D ^ n G K ( e , a = sB(t - o - j ^ r y (3.22) 

The last term on the right-hand side of Eq. (3.22) is necessary to ensure consistency 

when the equation is integrated wi th respect to s (£) , since 

f d m K D ( W ) = 0- (3-23) 

Its value is fixed by the zero mode of KD we have calculated before. Also 

is symmetric in its arguments and is orthogonal to the constant zero mode 

<fds(Z)GK(Z,?) = 0. (3.24) 

Then we can consider the shift ^ —> ^ + where 

is also orthogonal to the zero mode. Thus the integration leads to 

I V t { 9 , * 0 ) e x p { - 5 c

0 0 [ ^ , * 0 , 9 ] } = ( 50 £) / d * o c - g o x ' * o / 2 

where 

= \fm)M(?)^(t)GK(M)H$(0- (3-25) 
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The determinant only changes the background renormalisation counterterm in the 

world-sheet length. The important contribution to the Weyl anomaly comes f rom 

Eq. (3.25). To calculate i t we first need the Weyl transformation associated w i t h 

Eq. (3.21). Using Eq. (3.13) and the corresponding transformation of the geodesic 

curvature 

5pdskg = ^dsdap, 

we take a total derivative and introduce the boundary kernel Kp to find 

+ ^T(QB - 2QB)ds((')dn>p(ti')- (3-26) 

Then Eqs. (3.21) and (3.22) lead us to 

6p?f = - % f d § & Jd2eP(mGn(t,0^)R(0 + & f d s k t p . (3.27) 

Above we have taken QB = 2QB which is a condition needed to eliminate the 

contribution associated w i t h the outward normal derivative of p 

QB - 2QB 
167T 

Also we note that the zero mode integration defines a net charge selection rule for 

the gravitational sector just like in the closed string. This allow us to ignore the 

non-local contributions to Eq. (3.27) coming f rom the zero mode of the kernel K D . 

They w i l l be generated by Eq. (3.22) and by the non-local Weyl anomaly associated 

w i t h GK(£,£')• W e f ind ( see Appendix ) 

6PGK(z,?) = - 2 § d \ { e > ) f dHCxn [GK(e,o+cK(e,a]. (3.28) 

This w i l l also contribute when the two points approach each other. I n this case 

we must also include the contribution coming f rom the regularisation of GK at 

coincident points. We use the reparametrisation invariant heat kernel 
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1 

where QK satisfies the generalised heat equation 

For coincident arguments the regularisation of the Green's funct ion is controlled 

by the small-t behaviour of the heat kernel which is computable in a standard 

perturbation series [33]. This thus leads to ( see Appendix ) 

A l l these non-local contributions always decouple one of the variables, so they w i l l 

generate terms in Eq. (3.27) which w i l l al l be proportional to the net charge on the 

whole surface. 

To eliminate remaining terms between Eqs. (3.14), (3.15) and (3.27) we need QB = 

Q. I f we finally tune the background cosmological counterterm contributions to zero 

we get a Weyl invariant lowest order par t i t ion funct ion. This shows that we need 

to include the counterterm in the geodesic curvature because otherwise the finite 

contribution coming f rom the reparametrisation ghosts cannot be eliminated. Of 

course in this particular lowest order case we have a nul l contribution to the par t i t ion 

funct ion because the net charge, § ds(^)H^(^), is the topological background gravity 

charge which for the disc is never zero due to the Gauss-Bonnet theorem. However 

all the terms we have discussed w i l l persist in the more complicated expressions that 

satisfy the charge selection rule. 

This analysis s t i l l leaves the parameter Q0 undetermined. To find i t we make the 

connection w i t h the closed string par t i t ion funct ion. As explained earlier this is 

obtained by identifying the arguments of two copies of Z[Y, tp, rj] a n d integrating 

over these boundary values. This corresponds to gluing together two discs along 

their boundaries to produce a sphere. The closed string par t i t ion funct ion is 

1 
fds(?)P(?)GK(e,z) (3.29) § ds(e«) 
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•^closed — 

When we integrate the string field X*1 and the reparametrisation ghosts in each open 

string wave functional we find 

^closed = / V g ( t / > , (pi, <p2) exp{-SL[<pu fr] - 5 x [ p 2 , & ] } 

X ( D e t A l ) V o M C K V ) ( ° e t ' V o l 2 ( C K V ) ' 

Here the boundary fields V* 1, 77 have already been integrated and absorbed in the 

length renormalisation counterterm. The next step is to perturb in each area renor­

malisation counterterm and in the common length cosmological constant. Just like 

before we split each field </?j, % = 1,2 in two independent fields <pCi, (pi. I n the present 

case we only need to consider the lowest order in the perturbative expansion. Then 

we have the following decomposition 

7 _ 700 71 72 
-^closed — B ^open^open 

X ( D e t A l ) V o l l ( C K V ) ( D e t A 2 ) V o l 2 ( C K V ) 

where the boundary par t i t ion function is 

ZB= J V-g(^^)exp{-SB°[rP,^g}}. 

Above we have used the simple property that the outward normal derivative of one 

of the open surfaces is just the inward normal derivative of the other at the common 

boundary, plus the Gauss-Bonnet theorems given in Eqs. (2.2) and (3.2) to find the 

boundary action 

Next we renormalise the fields and their couplings to 2D gravity to consider canonical 

measures in the background gab. When we integrate ^ we get the same Weyl 



3. O p e n str ing 2 D quantum gravity 55 

anomaly for each field and again using the property of the normal derivative at the 

common boundary we can easily see that the boundary contributions cancel up to 

the usual length renormalisation counterterm, leading to Qi — Q, i = 1, 2, where 

the Qi define the renormalisation of the coupling of the ipi to the scalar curvature 

Ri. The boundary integration is just equal to the zero mode charge selection rule. 

I f Qo = Q that is exactly the selection rule we get for the closed string. 

3.2.2 Anomaly cancellation for Liouville field renormalisa­

tion 

So far we have only been able to determine parameters associated w i t h the renor­

malisation of the couplings to 2D quantum gravity. To go further and calculate the 

Liouvil le field renormalisation we need to consider higher orders in the Coulomb gas 

perturbative expansion. In the case of the couplings we have seen that the renor-

malised central charge of the conformally extended Liouville field theory is exactly 

the same as the corresponding central charge of the same theory on a closed surface. 

We have also proved that the boundary couplings are fixed by this value of the 

central charge. We have seen that this is all a consequence of the quantum Weyl 

invariance of the theory. Now we want to find out i f the bulk field renormalisation is 

equal to the corresponding closed string parameter and i f the boundary field renor­

malisation is actually the same as its bulk counterpart as i t should happen when we 

interpret the Liouville field as an arbitrary Weyl scaling defined everywhere on the 

surface including its boundary. As Symanzik's work makes i t clear, this is not some­

th ing we should take for granted. We w i l l now show that this is also a consequence 

of the quantum Weyl invariance assumed for the theory. 

We start w i t h the case where we have a single Liouville vertex operator on the bulk 

J d 2 z J ~ g e a o * 0 + a * + & B * c . (3.30) 

I n this case we find the following action for (j) 
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where we need the current 

By shif t ing <p we generate the functional 

?D\9\ = - o t Q j r f ^ ^ ^ f c O + ^ t C f ) . (3.31) 

On the other hand we also f ind the following renormalised boundary action 

+ ( — g « o 1 * o 

where we have introduced the current 

^ D ( 0 = ^ ° ( 0 + a B ^ G p ( ^ O . 

I n this case we get 

Pb°=pB°+aB<f dmd§(OHO

D°(OGK&adn»GD(e, a 

+\o?B f dmdHadnGD(t, e)GK(t, o - (3-32) 

To analyse the anomaly cancellation in this order of the perturbative expansion we 

first recall that although (?£>(£,£') is Weyl invariant for distinct values of its argu­

ments, at coincident points i t requires regularisation which introduces dependence 

on the scale of the metric. To calculate the correspondent Weyl transformation we 

represent GD(£, £') in terms of the Green's funct ion G(£ , £') considered on the whole 

plane 

GD(te')=G&?)-HD(Z,e), 
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where H[>(£,,£,') satisfies the boundary-value problem 

When £ = £' is on the bulk HD(^,^) is Weyl invariant. Also on the whole plane 

there is no zero mode. Thus the Weyl transformation of GD{£,Q is just given by 

the corresponding well known local change of G(£ , £) [3, 24, 25, 26, 27, 33] 

tpGD.it, 8 = ^ , Z?B. (3.33) 

Then applying Eqs. (3.13), (3.33) we conclude that the Weyl anomaly of Eq. (3.31) 

is given by 

8p?D = SPPD - <xQ<fds(S)p(£)dAGD{U') + (<*2 - <*QW)-

On the other hand, ignoring the non-local zero mode contributions which are al l 

proportional to the net charge on the whole surface given in this order by §dsH}y, 

we use Eq. (3.26) and QB = 2QB to find the Weyl anomaly of Eq. (3.32) 

6p?b° = 5PPD° + aBQB f ds{Z)p(Z)dfiGD(Z, £')• 

Thus we can easily see that to ensure Weyl invariance at the quantum level we must 

fur ther set QB = Q, aB = a and 

1 - aQ + a2 = 0. 

Here we took into account the contribution to the Weyl anomaly of the y/g present 

in Eq. (3.30). Introducing the value of Q we find 

a± = ^= ( V 2 5 - d ± V T r d ) 

As we noted previously, these renormalised parameters only cancel the local con­

tr ibut ions to the Weyl anomaly. As in the lowest order case we have to assume 

http://tpGD.it
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the charge selection rule associated w i t h the zero mode integration to eliminate the 

non-local pieces. To find the renormalised parameters of the charge selection rule 

we need to glue the two discs to form a sphere enabling us to use the closed string 

result. We already know the value of Qo but now we also want the value of ao-

The calculation goes exactly as before, all boundary contributions cancel out up 

to the length renormalisation counterterm and we find a zero mode integral which 

corresponds to a closed string selection rule w i t h two bulk vertex operator charges 

a0 and a background gravity charge Qo = Q- This implies that a 0 = a a s expected. 

W i t h this calculation we are able to guarantee Weyl invariance at the quantum level 

for insertions of arbitrary numbers of gravitational Liouville vertex operators i n the 

bulk. To see what happens when operators are inserted on the boundary let us 

consider the simplest case of just one such operator, 

^ d S e a 0 * o / 2 + a f l * / 2 _ (334) 

I n this case only the boundary integration over ip gets changed. The renormalised 

boundary Liouville action is 

5C

01[*, %,g] = \j> dS(0d5(O*(0^(e,O*(O + / d$H$* 

+ ( ^ - f ) * o 

where we have introduced the current 

The relevant functional is now 

To find out our last renormalised parameter ft^we need the local Weyl transforma­

t ion of GK at coincident points given in Eq. (3.29). Thus the local anomaly vanish 

i f all the other parameters keep their previous values and 1/2 — aBQ/2 + a%/2 = 0, 
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where the 1/2 term comes f rom the Weyl transformation of ds in Eq. (3.34). Thus 

O g = Of. 

Since as before the non-local contributions cancel due to the charge selection rule this 

result shows that the f u l l perturbative expansion is Weyl invariant at the quantum 

level for the values of the renormalised parameters found. Whenever we couple 

distinct Liouvil le vertex operators in higher orders there are no additional Weyl 

anomalous contributions. 

3.2.3 Comments 

Our results for the non-critical open string show that the gravitational sector can 

be interpreted as a conformally extended boundary Liouville field theory. In this 

picture Q defines the central charge of the Liouville theory = 1 + 6Q 2 , which 

has its value fixed by demanding that i t cancels the central charges of the matter 

and ghost systems CM + cgh = d — 26. Thus the central charge of the theory w i t h 

boundary is equal to the central charge of the theory wi thout boundary. This is to 

be expected since anomalies are local effects. 

We have interpreted the Liouville field as an arbitrary Weyl scaling al l over the open 

surfaces. Then we found that the value of a is exactly right to define a Liouville 

vertex operator / d2^\/gea^ of zero conformal weight. On the extended field theory 

i t corresponds to a primary field : e°"^ : of weight (1,1). As expected a has the 

same value i t takes when the surfaces are closed. We also found the right value for 

aB in the sense that the boundary vertex operator § c /se a B ^ 2 has zero conformal 

weight corresponding to the boundary primary field : e a f i */ 2 : of conformal weight 

(1 /2 ,1 /2 ) . This means that the renormalisation of the Liouvil le field is the same 

all over the surface and is equal to the renormalisation on the closed surface as i t 

should be. 

As for the closed string we also find the need to restrict the validity of the approach 

to target space dimensions d < 1. Only in this way we have real renormalised 

parameters such that e0"^ and eaB^2 can be interpreted as real Weyl scalings for 
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a real scalar renormalised Liouville field <f>. From this we can see that our results 

extend very naturally those found for the closed string by David, Distler and Kawai. 

Since the analysis is fu l ly local and we can choose the moduli integration measure 

to be independent of the conformal factor of the metric our results also generalise 

immediately to higher genus Riemann surfaces w i t h just one boundary. Clearly 

more general boundary structures can also be considered. Here for simplicity we 

have just analysed the random surfaces one loop functional defined in Euclidean 

space [34, 41, 42]. Our results hold for an arbitrary number of loops. We also may 

consider non-smooth boundaries [33]. 

For the non-critical open string we also have the problem of extending to non-integer 

s the perturbative Coulomb gas selection rule. Just as in the closed string we may 

also integrate the zero mode explicitly. For the par t i t ion funct ion the renormalised 

zero mode integral w i l l now be given by 

J-oo Ctn -oo ao 

where s is determined by the equation 

QoXo 
a0s 

The integration can also be performed exactly i f we use the Mel l in transform [43]. 

We then find 

2 S + 1 

= (l4 / rf2eV5^+6B^)V(-2S)exp 
\l(§dsea**l2)2 

xD 
\2§dseaB*l2 

M2 

V2n2(l d2Zyfgea$+&B^) 

where D2s(z) are the parabolic cylinder functions [43]. For integer 2s we find 

f-(tf! / d2(fgea*+&^yr(-2s)H2s 

\ 2 f d s e a B * / 2 

2^ 2 (/rf 2 ^v^e^+ f i B^) 
1/2 
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where #2s(z) is the Hermite polynomial of degree 2s. I f s is also taken as an 

integer we can apply our approach and find the same values for the renormalised 

parameters of the theory. Now the charge selection rule is automatic and so all non­

local contributions to the Weyl anomaly are cancelled out. The partition function is 

then Weyl invariant at the quantum level and to proceed an analytic continuation 

on s may now eventually be considered. 

3.2.4 Tachyon gravitational dressings 

Since this formalism is only valid for d < 1 the open string serves as a toy model 

for the more realistic c < 1 minimal series of boundary conformal field theories [17]. 

With this in mind let us see how bulk and boundary vertex operators get dressed 

by the gravitational sector. 

We start by taking an n-point function of bulk tachyons with momentum pj. This 

is given by Eq. (3.1) where the vertex operators are / d2£jy/geipi'x. Now the matter 

action is 

The action for X M has the usual kinetic term with the covariant Laplacian plus the 

linear vertex operator current 

S3[X, Si = ^ / d2dJg~9abdaX • dbX - • X(Q 

Shifting the field as we did for the partition function gives 

Sj[X,g] = Scj[Xc,g] + Sj[X,g]. 

X, 

where 

3 
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The boundary action SCj[Xc, G] is now an action for the orthogonal piece Y11 because 

of the momentum conservation law associated with the integral over the zero mode 

3 

We find 

When we integrate X*1 and the reparametrisation ghosts we get the usual Liouville 

action supplemented by the exponential of the following vertex operator functional 

33' 

For j ^ / this is independent of the scale of the metric because of the conservation 

of momentum. For j = j' the same condition plus the local Weyl anomaly of the 

Dirichlet Green's function allow us to write 

3 

On the other hand the integration over Y1* is to be absorbed in the length renor-

malisation counterterm because the corresponding current leads to a Weyl invariant 

contribution provided the conservation of momentum is operational. 

So the bulk tachyon vertex operator gets dressed to 

/ d2Zj y/Fje70**0+^'^c+7j * e i P j X > 

where quantum Weyl invariance demands that 7oj = j j = j j and 

A ; - 7 j - ( 7 i - Q ) = i , A ; = ^ . 
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This equation shows that the dressed bulk tachyon vertex operator has zero confor-

mal weight. The primary Liouville field :e 7^: dresses the tachyon field :eipj'x: in 

such a way that :ey^eip^'x: has conformal weight (1,1). Just as in the closed string, 

the solution for j j in terms of Q and is 

7; = \ [Q ± \/Q2 + 4(p3 - 1 ) ; . 

Just as a should be real for an arbitrary Weyl scaling so should be j j . This implies 

that d < 1 and p) > {d - l ) /24. 

Let us now consider the boundary tachyon vertex operator § dsjeipyXl2. Because the 

points £j are all in the boundary only the boundary action is going to be changed. 

Separating X*1 and X£ , and taking into account the momentum conservation we 

find 

Sj{Xc, ~g\ = \ j d~s(0ds(Oy • KD(H, + / diHDj • Y, 

where we have the current 

This current is to be shifted and then leads to the exponential of the following 

functional 

1 

b 33' 

Due to the conservation of momentum this only contributes to the Liouville action 

when the points coincide 

z 3 

So we have the dressed operator 
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where quantum Weyl invariance gives jBj = - f j . I t means that the dressed field 

• e7j0/2 eipj X/2. considered in the boundary has conformal weight (1/2,1/2). 

As expected these results parallel those of the closed string. If we extend the tachyon 

discussion to other vertex operators we also find that the conformal weight is equal 

to the symmetric of the critical invariant square mass of the open string states. For 

d = 26 the Liouville mode decouples and we find the critical string mass spectrum 

as given by the symmetric of the bare conformal weight. The result is the same as 

that contained in the no-ghost theorem. 

3.3 Dirichlet boundary conditions 

The analysis we have presented for the case of free boundary conditions puts us in a 

position where we can discuss Dirichlet boundary conditions on the Liouville field. 

We will find that i f we do so the metric develops a discontinuity as the boundary is 

approached. 

When we impose Dirichlet boundary conditions on the Liouville field the calculation 

follows the case of the free boundary conditions and stops at the renormalised lowest 

order boundary action S®° given in Eq. (3.20) because we do not integrate over the 

boundary values of the Liouville field but leave them fixed. The Weyl anomaly of 

Eqs. (3.14) and (3.15) must now be cancelled by the Weyl transformation of S®°, 

together with a shift in the boundary value of the Liouville field, \&. 

This simultaneous Weyl transformation on gab and shift in \I> is to be understood as 

follows 

S c

0 0[tf + 69,g + 5pg] - S?[% g\ = 5*S™ + 6PS°C°. 

Now taking into account Eq. (3.26) we find 

5*S°C

0 = ^ d S ( 0 < t f ( O * * ( 0 > M £ , O * ( O + fdsH™6V, 
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So, with QB = 2QB and QB = Q the anomaly is cancelled if we fix the shift in \& 

to be 5* = -Qp. 

Now the ful l metric is a reparametrisation of ea^gab, which should be invariant under 

this simultaneous Weyl transformation on gab and shift in ty, since the separation into 

reference metric and Liouville field is arbitrary. However, i t is not because Q ^ 1/a, 

as the correct relation, 1 — aQ+a2 = 0, has an extra quantum piece. One way out of 

this would be to assume that the Liouville field is renormalised differently in the bulk 

and on the boundary, a phenomenon that occurs in 0 4 theory in four dimensions 

[40]. However, this implies that the metric is discontinuous as the boundary is 

approached, and also that the functionals obtained by imposing Dirichlet boundary 

conditions cannot be sewn together to make closed surface functionals. 

3.4 Neumann boundary conditions 

The choice of boundary conditions always depends on the specific physical appli­

cations we have in mind. So far we have argued that in a proper coupling to 2D 

quantum gravity, the boundary conditions on the Liouville field have to be such that 

i t can be interpreted as an arbitrary Weyl scaling on the whole surface and not just 

on its interior. As we said this rules out Dirichlet boundary conditions but we are 

free to choose Neumann boundary conditions for the conformal factor. To see what 

happens in this case let us for simplicity take also Neumann boundary conditions on 

the matter field dnX^ = 0 and on the reparametrisation ghosts h • 59 = 0. Consider 

first the partition function. We can then follow the same reasoning as in the case 

of free boundary conditions with much more ease because the Neumann boundary 

condition simply eliminates the most part of the boundary contributions we had to 

worry about before. Then the standard calculation of the conformal anomaly on the 

disc based on the Neumann heat kernel leads to the Liouville action [38, 39, 33] 

SL fa, 9] = - ^ 4 ^ / d 2 ^ 9 Q < ^ + V ) - ^24 lT / d S k i < P 
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+lA J d2ts[ge* + Xr j dse^2 . 

To integrate the Liouville mode we again apply the DDK renormalisation ansatse 

and introduce the canonical measure in the background gab. The correspondent 

renormalised Liouville action is 

S» [</>, 9\ = ^ j d2dfg ( ^ A 0 + Q V ) + ^ j dskrf 

+ti J d2^gea<t> + X 2 f d s e a ^ 2 . 

Here Q, QB refer to coupling renormalisation and a, aB are its field renormalisation 

counterparts. 

Next we perturb on the exponentials of the renormalised cosmological constant area 

and length counterterms. First we factor out the contribution from the zero mode of 

the covariant Laplacian. This leads to our usual charge conservation selection rule 

/ d 2 ^ g J ^ ' = 0 

for the non-zero contributions to the amplitude. Here the ( M + M' + l ) t h order 

Liouville gravity current is given by 

M M' 

J™M' =QR + QBks62

B - S n a ^ t f - fr)/^ " *™B £ M £ - £ P ) , 
P = I P = I 

where / d2^\fgk^82

B = § dskg. Once more this can be considered as an automatic 

charge selection rule when the zero mode is explicitly integrated without expanding 

the Liouville exponentials interactions. 

Then in any order of the perturbative expansion we only need to shift the linear 

pieces associated with the Liouville gravity current. We introduce the Neumann 

Green's function in the reference metric to do the job 
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Here the Green's function is symmetric in its arguments and is orthogonal to the 

zero mode 

Thus we find the non-local functional 

•rMM' 
' = i ( b / D ^ D 2 ^ ^ J N M \ O G N { i \ n S J W ) J T \ O • 

Considering the example of just one bulk Liouville vertex operator we get the in­

finitesimal Weyl transformation 

Here we have already chosen QB — ^Q- As in the case of free boundary conditions 

this eliminates the terms in da p. The a2 term comes from the Weyl change of the 

Neumann Green's function at equal points on the bulk. We calculate it from the 

Green's function on the whole plane 

where HN(^,^') is defined by 

fd^'^JgW) 

In the bulk the variation of HN(£,£) is due to the constant zero-mode. Then the 

local anomaly of the Neumann Green's function is SpGNe{£,,0 = p(0/(^n) (plus 

a piece due to the zero-mode which ultimately decouples using the 'selection rule') 

thus leading to the above result. Hence the local contributions to the conformal 

anomaly are cancelled if we tune the local reference counterterms to zero and set 

Q = ±J?L*i l - a Q + a* = 0. 
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Now let us consider just one boundary Liouville vertex operator. In this case we 

only need to put 0.3 = a to ensure local Weyl invariance. This is a consequence of 

the local conformal change of the Neumann Green's function at equal points on the 

boundary. When £ = f is on the boundary, HN(^,0 is divergent because (?(£,£) 

is singular. This short distance effect needs to be regularised and so introduces a 

local dependence on the scale of the reference metric. The result is an additional 

contribution to the Weyl anomaly of to which we must sum that coming 

from £). To find i t we only need an explicit formula for HN(£, £) that is valid in 

a neighbourhood of order y/e around £. In this region the shape of the boundary is 

flat and we can take the problem in the upper-half plane. Then GN(£,(;) is defined 

by the method of images meaning that HN{£, 0 = G(£, £)• We then sum both closed 

string contributions to get 5 p GV e (£,£) = p(£)/(2n) which leads to CXB = a. 

Like before the non-local contributions to the Weyl anomaly which are present due 

to the Laplacian's zero mode are not eliminated by these assignments to the renor-

malised parameters. As in the case of the closed string they are all proportional 

to the net charge on the Riemann surface. Then Weyl invariance is ensured by the 

charge conservation condition which sets to zero any term which does not balance 

the charges on the surface. Also other orders in perturbation theory do not bring 

any new Weyl anomalous contributions. 

Starting from a general open string bulk tachyon amplitude it is clear that we 

may follow the steps of the partition function calculation to find the equation for 

the gravitational dressing of the bulk tachyon vertex operator. A tachyon vertex 

operator with momentum pj gets dressed by the coupling to 2D quantum gravity 

/ d%s[ge^jp>x , 

where A!- — 7j(7j — Q) = 1, A° = p2. For the boundary tachyon vertex operator the 

coupling to gravity leads to the dressed operator 

d s j e y i < l ' / 2 + i p j m X / 2 



3. Open string 2D quantum gravity 69 

of zero weight, where due to the effect of the Neumann Green's function on the 

boundary j j satisfies the same equation as its bulk counterpart. 

Thus so far we conclude that our results are exactly the same for Neumann and 

for free boundary conditions. This agrees with Jaskolski analysis of the Neumann 

case [44] and, apparently, supports the conjectured equivalence of free and Neumann 

boundary conditions put forward by Jaskolski and Meissner [45]. 

Appendix. The Weyl anomaly of GK and Det KJJ 

Let us first calculate the non-local Weyl anomaly associated with the constant 

zero mode of i f £>(£,£'). We start by multiplying Eq. (3.22) by ds{£). Since 

ds((,)ds(£")KD(£, £") and ds(£,)5B(t; — £') are Weyl invariant we then use 5pds(£) = 

( l /2)p(f)dS(0 to get 

ds(t)fds(t )KD(M )5PGK(Z ,0 = - 2 j 5 i 5 5 - + 2 [ § d K r ] ) f • (3-35) 

Next we multiply Eq. (3.35) by GK(Z,C) a n d integrate on f . Using Eqs. (3.22) 

and (3.24) we find 

Finally the Weyl transformation of Eq. (3.24) 

fds(C)sPGK(e',a = - \ f d s ( n p ( e ) G K ( e , o 

leads to Eq. (3.28). 

At coincident points there is an extra local contribution coming from the regularisa-

tion of GK- To find i t we use the reparametrisation invariant heat kernel associated 

with KD(£,£')• To construct i t we follow Mansfield [27, 33]. In the process we also 

calculate the determinant of KJJ and confirm that its anomaly is to be absorbed 
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into the cosmological constant counterterm in the invariant world-sheet length of 

the boundary. First note that 

SplnDet'KD = ^2 

Then from Eq. (3.19) and using orthogonality of the eigenfunctions we find 

5PXN = f ds{S)vN(0 f 5P [ds(e)KD(^a] M f ) -

Now 

sP [ds(?)kD(z,o] = -±p(z)d§(?)kD(z,?). 

I f we then introduce the regularised integral representation of the eigenvalues 

f+OO 

AAT = J dte~XNt 

we get 

Sp\nDet'KD = - \ r ° d t Y , f dSWMZMt) f d S ^ ) k D ( ^ ) 

x jds(e)e-TKD{E'C)VN(n-

If we integrate in t and then use the definition of the Green's function GK(€,€') 

given in Eq. (3.22) we can find a formula which after using Eqs. (3.18), (3.23) and 

taking into account the zero mode of K c a n be written as follows 

5 p l n i ^ J d r ) = f WQMZMO/ds(Oe-e*°<^W(0. 

If the heat kernel is defined by 

we can use Eq. (3.17) to find 
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5 p l n ( t ^ H ^ M O ^ e , £, 0 - (3-36) 

The heat kernel QK satisfies the generalised heat equation 

and i t admits the following expansion in terms of the eigenfunctions 

= E M t f e - ^ M O - (3-37) 
N 

To calculate the Weyl anomaly in Eq. (3.36) we note that e, now with the dimensions 

of length, can be made infinitesimally small. So the boundary heat kernel can only be 

sensitive to the invariant length of the boundary. Then reparametrisation invariance 

and dimensional analysis lead to the following expansion in powers of the proper 

time cutoff e 

where C is a dimensionless constant. To find C we just need the heat kernel for the 

upper half-plane y > 0. In this world-sheet the solutions of the wave equation with 

boundary values cos(kx) or sin(/crr) which decay at infinity are cos(fca;) exp(—ky) or 

sin(/i;x) exp(—ky) for k > 0. Since 8% = — dy we have 

fcos(kx)e~ky\ _ ^fcos(kx)\ 
n \sin(kx)e~ky J y=o ysin(A;a;) J' 

Thus cos(fca;) and sin(/ca;) are eigenfunctions of KD with eigenvalue k/(8n). They 

form a complete and orthonormal set of functions in the rr-axis. So the boundary 

heat kernel in the upper half-plane is given by 

Q%(t, x, x') = 8 dk [cos(87rA;x) cos{8nkx') + sin(87rA;a;) sin(87r/ca;')] e ' k t 

Jo 

8TT2 [(V(8TT)] 2 + (X- X')' 
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Here we took into account the normalisation imposed on the heat kernel by the delta 

function condition as t —>• 0. So we conclude that C = —4. 

To calculate the local Weyl anomaly of GK we start by noting that the regularised 

Green's function can be written as 

Using the heat kernel as given by Eq. (3.37) we write 

1 
GKe(£,?) = J dt 

§ds(t,") 

Since we work on the boundary consider the boundary parametrisation r such that 

£ = £ ( T ) . We can now extend the analysis done for the covariant Laplacian Green's 

function [33]. Let |r > be the eigenket of the boundary coordinate operator Tj 

Tj\r >= Tj\r > . 

The boundary delta function is then given by 

< T | T ' > = 5(T - r ' ) . 

Since ds(£) = dT\/gab£a£bi where £ a — d^a/(dr), we define the metric operator fi 

satisfying 

fi\r >= JgabLi b\r>. 

We may now consider the eigenkets \N > of KDP and the eigenbras < N\ of [IKD 

correspondent to the eigenvalue X^. Using the identity partition for the coordinate 

base 

Pt - J dr\r >< r | 

and the wave function =< T\N > it is clear that 
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< T\KD(L\N >= <fds(?)KD{£,t')vN(?). 

So we get 

KDp\N >= XN\N > . 

The eigenket \N > is expressed in the coordinate basis as follows 

\N > = J dTVN(r)\T > . 

I t also satisfies the orthogonality condition 

< N\fi\M >= 

and the projector for the eigenket basis is 

P = Yl\N >< N\fi. 
N 

From this we can write the heat kernel as follows 

gK(t,r,r') =< r l e - ^ P / T V > 

and so the regularised Green's function is 

GKs(r,r') = £°°dt (< r l e - ^ P / T V > - j ^ j • 

Because under an infinitesimal Weyl transformation the metric operator changes as 

8pfi = (l/2)p/t then we find 

Sp(KDfi) = -^pKDfi, 

where p\r >= p ( r ) | r > . I f we use the interaction picture then i t follows that to first 

order we may write 
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Differentiating the integration limit and the integrand we find 

~Jt ([dse~[t~s)kD*Pe~skD*»~l) = - p e - t k D i i j r l 

Jo 

Integrating by parts in s and using the Weyl change of fi we get 

5P {e~tk^p~l) = - ~ ^ d s e - ^ - ' ^ p e - ^ i T 1 ) • 

Since the projector P is Weyl invariant we can introduce i t in the above formula 

without any problem. Introducing this on the Weyl change of GK and then inte­

grating in t lead us to the following local contribution 

SPGK{T,T') = i < T-| fedse-{e-a)kDiipe-8kDliPfrly > . 
2 Jo 

So inserting Pfr1^ just before p and PT» after i t we finally get 

For £ = £' this anomaly is going to be given by an expansion in e. That must be a 

dimensionless and covariant local function of £, C"p(0 + 0(e). To find C" we just 

need to use the flat heat kernel in the upper half-plane. Expanding around e we get 

Q°K{e ~ = & (<U,0 + 0(e), G°K(s,Z,e) = 0°K{e,£,e) + 0(e). 

Thus 

5pGK(t,0 = M0-



Chapter 4 

Open string critical exponents and 

the saddle point limit 

4.1 Introduction 

In the theory of random surfaces we must be able to consider surfaces with bound­

aries [34, 41, 42]. I t is by doing so that we may introduce fundamental loop function­

a l and thus analyse physical systems where the boundaries play an important role. 

Well known applications can be found in string theory and 2D quantum gravity, in 

the study of boundary effects in condensed matter and statistical physics and in the 

analysis of gauge field theories with particular emphasis on the attempts to describe 

the strongly coupled phase of QCD. 

Polyakov's functional integral approach to string theory gives us the simplest op­

erational definition of the loop functionals for continuous surfaces. For n-loops the 

amplitude is 

The closed string represents the partition function of the theory of random surfaces 

where no boundary loops are considered. When we have just one boundary the 

open string functional integral defines the one loop Green's functional also known 

G(h,...,ln)= / V-g(X,g) S\X,g} 

75 
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as the Hartle-Hawking wave functional in the context of quantum gravity. For gauge 

theories this models the Wilson loop. In the case of two boundaries we have the 

string or universe propagator and for three boundaries the interaction vertex and so 

on for increasing number of boundaries. For each and all these functionals there is a 

topological expansion where higher perturbative orders correspond to an increasing 

number of closed string loops. 

The loop functionals can also be precisely defined when we discretise the 2D Rie-

mann surfaces by random triangulations and use matrix models to describe them. A 

continuum limit can then be properly defined and the correspondent critical proper­

ties calculated. In the end the results must be consistent with those obtained using 

theories of continuous fluctuating surfaces. 

Let us start by considering Polyakov's sum over random surfaces with the topology 

of a disc. For definiteness we will take free boundary conditions. Generalising 

the closed string case the quantum partition function may now be written as an 

integral of the partition function for surfaces constrained to have fixed area, A, and 

perimeter, L, T(A, L) 

Z = [+C°F(A, L)e-rtA-XoLdAdL. 
Jo 

After integrating out the matter and reparametrisation ghost fields in the conformal 

gauge we find the following integral for T(A, L) 

T{A, L) = J Vg{if>, cp)e-s^'®5 d 2 ^ e v - A^j 5 (J dse^2 - L) (4.1) 

where the Liouville action is given by 

S°L[<P, g] = / d 2 i f g (^-gabda<pdby + V) + f dakfip. (4.2) 

In the DDK approach we renormalise the Liouville field and its couplings to 2D 

gravity to be able to work with a canonical measure and so write the partition 

function as 
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T(A, L) = f 4)d*0 ( j ds) e - s ° ° ^ ^ - ^ 5 ( / d^yfge^ - A) 

xS (J> d~seal2(t> - . (4.3) 

Here we have factored out the cosmological constant counterterms left over from the 

renormalisation process. Note that in this process the initially infinite constants $ 

and A 0 are changed into the finite constants n\ and Ai before the DDK renormal­

isation and to the finite constants n\ and A 2 after i t . As discussed before we have 

set i>2 = 0. 

4.2 The open string susceptibility and Yang-Mills 

Feynman mass exponents 

Consider Eq. (4.3) and shift the integration variable <f> by a constant <j> ~> <f> + p/ot. 

Since we keep ga\, fixed our functional integral must scale. Recall that the theory 

is invariant under arbitrary scalings of the reference metric once we have integrated 

4>. So, it is only invariant under a shift of the integration variable provided this is 

compensated by a Weyl transformation of the reference metric. Because we consider 

a translational invariant quantum measure in Eq. (4.3), the scaling behavior is 

determined by the change in the action S = S°°[^, \I>o, g] + S°[(f), g], and in the delta 

functions which are used to fix the area A and the perimeter L of the surface. Being 

the shift constant only the zero mode ^ 0 is actually changed. Thus the shift in the 

action is 

and the shifts in the delta functions are 

5 (/ d2{yjle°* - A) e~"6 (/ tftyfge'* - <TM) , 

8 (jdse"*'2 - L ) ^ e-o'H (J dse"*'2 - e ^ L ) . 
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Substituting back in the partition function we get the following scaling law 

T(A, L) = e~> ( ^ + 3 ) r ( e " M , e'^L) . (4.4) 

To be able to introduce critical exponents we have to define the partition function 

for fixed area A, T,(A), and the partition function for fixed perimeter L, Q(L). 

Factoring out the appropriate counterterms we write 

E(A,A 2 ) = j r(A,L)e~X2LdL, Sl{L,i4) = J T(A, L)e~^AdA. 

Then introducing Eq. (4.4) leads us to two additional scaling laws 

S(A, A 2) = e " ' ( e - M , A 2 e ' / 2 ) , (4.5) 

Q(L, ,4) = e - i ( ^ + 1 ) f i ( e - ^ L , &ef>) . (4.6) 

The open string susceptibility exponent is defined just like in the closed string. In 

the case A 2 = 0 we can continue to use the scaling argument. As A —> +oo 

E(A) ~ Aa^~3. 

and 

/ \ n XoQ 

The last result is just the expected open string version of the closed string critical 

exponent. I f we take the positive root for Q and the corresponding negative one for 

a we find that in the semi-classical limit d —> — oo 

<T(XO) = 1 2 Xo + 2. 

For the open string we can also consider the asymptotic limit L —>• +oo and introduce 

a mass critical exponent in close analogy with the the asymptotic limit A —> +oo. 
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Here we take $ = 0. This case was considered by Durhuus, Olesen and Petersen 

[46] in connection with the calculation of the Wilson loop quark-antiquark potential. 

We define UJ(XO) by 

Thus we find 

w(Xo) = 2 -
XoQ 

a 

to which we associate the semi-classical limit 

w(Xo) = —g—Xc + 2. 

We can interpret of co(x0) in the context of Yang-Mills gluon dynamics. To see 

this first note that the wave functional given in Eq. (3.3) models the Wilson loop 

,W, for Yang-Mills theory [39, 46]. Consider the first quantised functional integral 

representing the propagator of a particle of mass A2 moving under the influence of 

a Yang-Mills field. At coincident points its trace is a gauge invariant expression 

Tr GA(x,x) = J V§Y Tr P e~X2 § d's~§ i v A . 

I f this is averaged over the Yang-Mills field we get 

< Tr GA(x, x) >A= J V-gY e ' x ^ d ' s W = J dL e~x*L J VgY 5{L - j> d~s)W 

but this last functional integral is just what we mean by fi. Substituting the form 

that holds for n\ = 0 we get 

< TvGA(x,x) >Ao: \2*°Q/a = \2

2-^*°\ 

valid for small A 2, corresponding to large L. Thus u>(x0) is the critical exponent 

associated with the Feynman propagator of a test particle which interacts with the 

Yang-Mills gauge fields. 

So far we have expanded the cosmological terms so as to linearise the contribution 

of the exponential terms to the action. We will now discuss a different approach 

based on the semi-classical expansion. 
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4.3 The saddle point expansion 

Consider the partition function for surfaces of area A and perimeter L as given by 

Eqs. (4.1) and (4.2) before DDK renormalisation. Representing the delta functions 

by integrals over (imaginary) Lagrange multipliers p, q, gives the Euclidean action 

SLVP, 9,P, Q] = 2 \ 8 n

d J d2Z\l$ (^9abda^dbip + Rip^j + j> dskgip 

~P (/ d2tjge* ~A)-q(j dse^2 - L ) . (4.7) 

4.3.1 Mobius invariance 

This action is invariant under Mobius transformations on the upper half-plane, i.e. 

SL(2,1Z) invariant. These transformations preserve the conformal gauge, mapping 

the upper half-plane onto itself. Introducing the complex coordinates u> = x + iy, 

ui = x — iy we write the transformations as follows 

, au> + b . , # _ A ni 
u —» UJ = -, (p(u),u>) —>• <p(u ,u ) + 21n 

ao + d K ' v ' 

where a,b,c,d €E It and ad — be = 1. The inverse mapping is then given by 

. du' — b . , -. , _. n . 

To see the Mobius invariance consider the Euclidean action written in the upper-

half plane. Taking into account the background charge placed at A —> oo in the 

boundary we use the Gauss-Bonnet theorem to write 

SL[<P, P, q\ = / fudvipdev + ^ = - ^ ( A ) - P (/ d2coe« - A ) 

-q [y l- {du + dui) ev'2 - L , 

where d2u> — (l/2)dudCo and on the boundary u> = Co. First note that the area and 

boundary length integrals are clearly invariant under the 5X(2, TV) transformation. 

In what concerns the kinetic term we start by writing 

du/_ 
duj 

dco 
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J cPuduifdaip = J d2w'du><pd(s(p + J d2uj'dw>{5Mip)d^ip 

+ J d2uj'dul>(pd^{dM(p) + J d2Lo!d^(8M(p)d-,(6MV)), (4-8) 

where 6M<P is the variation of the Liouville field under the SL(2,'R) transformation. 

Now if we apply the inverse Mobius transformation we find 

du> _ 1 du 1 
du1 ~ (-co)1 + a)2' dui' ~ {-ao' + a)2 ' 

Then the variation of the Liouville mode is 

6MIP(W', W') = 2 ln(—ao' - f a)(—ao' + a). 

This leads to the following derivative of the variation 

2c 2c 
#w' (<W) = T,—' d"' (SM<p) = -cur + a —cur + a 

Now since d^'d^iSM^) = d^>d^(5M^>) = 2irS2(u'—a/c) we can take a total derivative 

and note that on the boundary u/ = UJ' to get 

J d2u}'du,i(8M<p)dLjl<p + j d2uj'du>ipdu,{8MV) =4TT(p(a/c) 

~ I \ ^ + ^ ^ D U > ~ D ^ ( 5 m < / ^ ^ = 4 N ( P ( A / C ) • 

With the same calculation we also eliminate the boundary contribution from the 

last term in Eq. (4.8). From it we get A'nSM^ifl/c). On the other hand 

<p(A) ->• (p(a/c) + 5M<p(a/c). 

So if at infinity in the boundary we have 

<p(u,u}) —>• — 41n(u>u>) + const, |u;| —> +oo 

then up to constants the Euclidean action in the upper half plane is in fact SL(2,1Z) 

invariant. Note by the way that this does not happen for the SL(2,C) group because 

the boundary terms do not cancel when complex group elements are involved. 
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In what follows it will be more convenient to work on the unit disc obtained from 

the upper half-plane by the complex Mobius transformation 

00 —>• z = 
% — uo 
i + uo' 

ip(u), oo) —> (p(z, z) + 2 In 
dz 
du) 

Note that this mapping does not preserve the conformal gauge. I t changes from one 

gauge slice to another as allowed by the reparametrisation and Weyl invariances of 

the theory. For the inverse mapping we find 

I — z 
oo — i- , (p(z, z) —> ip{io,oo) + 2 In 

1 ~f" Z 
duo 
dz 

To map the Euclidean action onto the unit disc first note that the area and boundary 

length integrals transform to 

d2zev 

J \ ( d u + duo) e^ 2 = J 
2 V z z ) 

where on the boundary we now have z = 1/z. For the kinetic term the boundary 

contribution is now non-zero and so we find 

26 -d 
24TT 

fa** o 2 6 - d / - j 2 „ _ 2b-d f 
J d udu(pda(p = 2 4 ? r J d zdz(pd2<p + ^ J 

26 — d r i (dz dz* 
2 4 7 T J <r *T > 

+ip independent terms. 

Thus the Euclidean action on the unit disc is 

SL[V,P,Q] 
26 -d 

24TT 
J d2zdzipd-z 

26 — d r i (dz dz' 
I 24?r J 2 \ z 

i fdz dzs 

We can here note explicitly that the mapping does not preserve the conformal gauge 

leading to the extra piece in the geodesic curvature of the unit disc kg = 1. 

To get the Mobius invariance on the unit disc we simply map the SL(2, TV) trans­

formation. In complex coordinates we find 
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z = 

where a = c — b + i(a + d) and (3 = 

write 

az + p 
— Bz — a 

-b — c + i(d — a). Calling CQ = fifa we may 

where 60 6 H is 

and 

,, = e»o±±«Lt 

1 + c0z 

0̂ = ^ + 2 tan 
a + d 
~^b, 

(4.9) 

(4.10) 

. , a2 + b2 + c2 + d2 - 2 
|c0| = W „ . .» s < 1. (4.11) 

a 2 + 62 + c2 + d 2 + 2 

This transformation is the conformal mapping of the unit disc onto itself. The 

inverse transformation is 

1 - c0z' 

With the usual transformation of the Liouville field, 

<p(z,z) ->• (p(z',z') + 2 In 
dz' 
dz 

(4.12) 

the definition of the Mobius symmetry on the unit disc is completed. 

4.3.2 The classical Liouville field 

In the saddle point approximation we expand around the solution of the following 

classical problem 

/ 5<p Sp 
5Sr 

m 5q 
n = 0. 
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Here | c means evaluated at the classical point ipc, pc and qc. Xi m a n d n are the 

quantum fluctuations around the classical solution. Differentiating SL[<p,p,q] as 

given by Eq. (4.7) we find 

= d 2 z f a [gahdas2{i - Qto + RS2(£ - ()] + 2- f ds(t)kg8\{; - c) 

-P J d2{yfge«52(Z - ( ) - \ j > d s { ^ 1 2 ^ ~ C), (4-13) 

where 7 = 487r/(26 — 0?). After a total derivative we get 

+-<f ds(0k9X - P c J d 2 i ^ X - I / ds(0eVe/2X. 

5Sr 

5p 

and 

- ( / d2^ge^ m = -[ I d'tJqe^ - A) m 

S S r 
8q 

n = - ( j dse^/2 - Lj n. 

Al l this must be zero for all x, m and n. So <pc, pc and qc must satisfy the Liouville 

equation 

R + A<pc = Vev°, j d 2 ^ g e ^ = A 

subjected to the boundary condition [5] 

2kg + dn<pc = keVc/2, j dse^2 = L, 

where r\ = pc7 and 2k = qc-y. 

We have written the classical problem in the conformal gauge gab = ^{jab- Using 

this and 
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R = e-v (R + Aif) , kg = e~^2 (k§ + ~dn<pj 

we can write i t in the following gauge invariant form 

R = r}, 2k-g = k, J d2ij~g = A, j ds = L. 

Now T) and k are not independent. To see i t start by integrating the Liouville 

equation over the world-sheet. This is just r)A i f we use the area condition. I f we 

then apply the boundary conditions followed by the Gauss-Bonnet theorem on the 

disc we get 

rjA + kL = 47r. 

On the upper half-plane the classical problem is 

( d2 d 2 \ r 
- { w + W r ^ ' jdxdye^ = A, 

with the boundary condition at y — 0 

-?p. = ke^2, [ dxe^2 = L. 
dy J 

We can write this with the complex coordinates u, LO 

-4dudQ(pe = rje^, J d2ue*< = A, 

-i (du - dQ) <pc = ke^2, \ f (du + du) e^'2 = L, 

where at the boundary to = u>. To get the problem on the unit disc we perform the 

conformal mapping of the upper half-plane to the unit disc. Then we get 

(zd, + id,) V c + 2 = ke*-l\ = L, 



4. Open string critical exponents and the saddle point limit 86 

where now the boundary is at z = 1/z. We will work with the polar coordinates 

z = peie, z = pe i e , 

where p € [0,1] and 9 G [0, 2?r]. Then we find 

- ( 8 s * 
dJpL = k e ^ / 2 _ 2 f d 9 e V c / 2 = L 

op J 

where the boundary is at p = 1. 

To solve the Liouville equation we will assume that ipc only depends on p. Then the 

equation becomes 

Pdp V dp ) 

Take p = er, ip = <pc + 2r and call Y the derivative of ip with respect to r, ip. Then 

it is easy to find the following equation for Y taken as a function of tp 

This can be integrated to yield Y 2 = —2rjexl'+2C, where C is an integration constant. 

Choosing the + sign in front of the square root we now need to integrate the following 

equation 

di\) 
dr 

This can be immediately done by separating the variables, thus leading to 

= y % ( - 2 ^ + 2C) 1 / 2 + C", 

where C" is another integration constant. Let us change the variable on the integral 

to (f>2 = —2rje^ + 2C. Integrating this we obtain 
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r = C" + C"'- t / ^ t a n h - l 
C ' 

where C " is still another integration constant. Calling C — C" + C" we can invert 

this function to find 

ip(r) = In 
C 

cosh J y ( C ' - r ) 
-2 

This solution has to verify the boundary conditions. Introducing tp on them we find 

coshC'A/^- — ^T-\— • 
277' V 2 L V V 

sinhC" 

Using cosh2x — sinh2a; = 1 we can determine an expression for C, 

4TT 2 8TT2 " 

Finally we still have the area condition to satisfy. Using lirn^+oo tanh i = l w e get 

i V S c t ^ f - v - S ? =.1. 

Now 

tanhC'J— = 7 = . 
V 2 

Then 27r\/2C = kL + rjA which means that C = 2 because kL + T]A = Air. 

We are now left with the following equations 

rl + ~ 2 = W 7 l A + k L = *7r-

These can be solved for rj and k as functions of L and A. We get two solutions, 

77 = 0, k = 47 r /L and 

87T / L 2 ^ 
T , = ~A\ 4^4 

(4.14) 
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Since > 0 we must have 77 > 0. Then L2 < An A. 

Now we can use the property cosh(x — y) = cosh x cosh y — sinhxsinhj/ and the 

value of k in Eq. (4.14) to write 

v ' 2TT[ \ 2TTA) 

Using the expressions for cosh r and sinh r in terms of e r and substituting er = p we 

finally get 

This is regular all over the disc. At the center p = 0 and at the boundary p = 1 we 

The case 77 = 0 is obtained when L2 = Air A. Then <pc = 21nL / ( 27r ) . 

Due to the 9 independence this is the metric of a spherical cap of length L and area 

A. When 77 = 0 we have a flat disc with perimeter L and area L2/(4-K). 

4.3.3 The tree level partition function 

The saddle point tree level approximation is given by the classical functional 

To calculate the classical Euclidean action let us start by writing it on the unit disc 

L2 

ipvr) = 2 In — cosh r + 1 sinhr 
2TTA 2TT 

1 2A 4TTA 
ipjp) = 2 In 1 + 1 P L2 L 

find 

2A 
<pc 0 = 2 In ¥> c(l) = 21n 

2?r 

T(A, L) = e -SL[Vc,g,Pc,qc] 

2 r 
[<P,P,Q] = - d2zdz(pdz 7 J 

i I dz dz 
V / 2 _ r 

After a total derivative we get 
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S L [ < P , P , q ] = ~ ~ f d2z(pdzdz(p+ / ̂  ( y ~~ "j) f ( z d ^ f + z d ^ ) 

2 f i (dz dz 
7 / 2 \ T 

Applying the classical equations of motion we then can write the classical Euclidean 

action on the unit disc as follows 

S ^ M - ± / * ^ + £ / \ ( f - f ) ^ + i / \ ( f - f ) 

In polar coordinates this is 

SL&CPCQC] = 7^J d9pd(xpceVc + ^ / ddip^2 + d6cpc. 

Let us introduce the new coordinate g such that p is given by 

tan(g/2). 
^4ITA/L2 - 1 

For p e [0,1] we find g G [0, 2arctan ^4TTA/L2 — 1]. Then at the boundary p = 1 

we find cos 2 (£/2) = L2/(4nA) and so cos g £ [ -1 + L2/(2TTA), 1]. 

Now if we integrate introducing the values of (pc, r\ and k we find 

77 t , n , v l\2L2(4nA \ 2A 2L2 , L 2 2L 2 {4irA \ 
/ d9pdpipceVc = - —— —— - 1 I n - — In - — — ——- - 1 

2 7 7 ^ 7 [ A V L 2 / L A Air A A \ L2 J 

k f in u, to 2 L 2 ( , ^ A \ , L 

— / d#</?c = — In — . 7 J 7 2?r 
Summing this up leads to 

, 26 - d, 2A 26 - d 2L 2 

^ b e , p c , ?c] = - I n — - h — . 

Thus 
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/ A \ (<»-26)/6 

T{A,L) = ( j \ e - 2 L 2 / ^ ) . 

In the semi-classical limit d —»• — oo we get 

T{A, L) = e d / 1 2 T ( e " M , e - p / 2 L ) . 

I f we take the branch a_, Xo = 1 and the limit d —)• — oo we reproduce this scaling 

law from Eq. (4.4) so that in the case of the disc topology both methods match in 

the asymptotic limit A —> +oo, L —> +oo such that A/L2 —>• const. 

4.3.4 The one loop partition function 

I f we go to one loop we must consider 

Here we have already taken into account that 

82SL = 52SL = S2SL = Q 

S2p S2q 6p5q 

Now using Eq. (4.13) it is easy to see that 

We also find 

and 
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This last two contributions can be used to recover the delta functions. So we get 

T(A,L) = e ~ s ^ M J Vgc(<f>,x)8 ( / ^ v ^ x ) 8 ( J da^j e ~ s ^ ^ \ 

where we have written X\B — <f>- The metric gc

ab is given by eipcgab and the one loop 

action is 

Si[x,<f>,9c] = Y J d2Z^c9cabdaxdbX - ^~Vc J d2^^g~cx2 - ^-kc j dsc(j)2. 

To integrate this we need to factor out the Mobius invariance. Consider x — X + Xb, 

where x is a n homogeneous Dirichlet field, X\B — 0, and Xb is a background field 

fixed by the boundary value of x, Xt|s = 0- Since the Mobius symmetry refers to 

the whole Liouville field, x is fixed at the boundary and (f) can take any value we 

will use the boundary integration measure to deal with the Mobius invariance. In 

the one loop semi-classical approximation we write 

| | ^ | | 2 = j > dse*l2(5<j))2 « j > d s c { 5 ( j ) f 

On the unit disc we consider the Mobius invariance as given by Eqs. (4.9)-(4.12). 

Then we separate it out from <f> as follows 

(f) = ( f ) ± + 2 In 
dz' 
dz 

Here is defined to be the component of </> that is orthogonal to the Mobius zero 

mode piece. Note that it includes a constant contribution corresponding to the 

constant zero mode of the covariant Laplacian A c . For the infinitesimal case we 

consider z' = z + e(z), where e(z) = 6c0 + i860z — 8c0z2. Then it is clear that 

5<j)M = 25 In 
dz!_ 
dz 

—25CQZ — 25CQZ. 

Since by definition 8(f)M is orthogonal to 8cj)±_ we can now write 



4. Open string critical exponents and the saddle point limit 92 

!|^||2 = fdse(6<j>±)2 + jdsc{84>M)2. 

Now in polar coordinates at the boundary p = 1 we have 

( % ) 2 = 88co5co + 8(5p o) 2cos2(0 - <Vo)> 

where we have introduced Sc0 = <5p0el<5(A), $Po = \]{^°)2 + (<^)2 i f Co = a + i&. 

Then the integration leads to 

\\H\\2~ \\5cf>±\\2 + 8L8c0Sc0, 

where 

ll^xll2« ^ / d e ( ^ ± ) 2 . 

So we write for the integration measure in the one loop saddle point approximation 

the following formula 

Vgdfax) ~ LdcodcoVg^^x). 

The above result means that the operator Oc = A c — 77 has two zero modes <5MV? 

which also must satisfy the boundary condition Of8M<P = 0, where Of = d„ c — k/2. 

This can be seen as follows. Since the Euclidean action Si[ip] is invariant under the 

Mobius transformations + SMW, &MSL = 0, we must have 

Then we get 

/ [ W K ) 1 m + w ( c ) M i k o } = 0 

Taking this at the classical point <pc, pc and g c we find 

5SL 

MO = 0. 
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J d2(d2('6M<p(0 
62SL 

M C O M C ) 
= o. 

Integrating in ( and £' after the appropriate total derivatives lead us to 

J d2^cOc5M<p + j dscO*6M<p = 0. 

So we conclude 

0 C W = 0, Of5Mip = 0. 

Let us now separate the constant zero mode of the covariant Laplacian A c . To do so 

we write = </>0 + </>j_, where § dsc(f)± = 0. Note that this means that Xb — </>o + X6> 

where Xb\B = <f>±- Then the functional integration measure is 

/ V g M x ) ~ ^ 3 / 2 / d < l ) o d c o d c 0 V g c ( ( f x , x ) . 

Since § dsc(j>± = 0 we can use the delta function for the integral along the boundary 

of (j>±_ to eliminate the zero mode 4>0 

5 ^ dsc(j)^j = ~5((()Q). 

Now integrating the zero mode and defining Xb as the solution of the boundary-value 

problem OcXb = 0, Xb\s = <AJ_ us to 

T(A, L) = e-s^*°>^ J l}'2dc,dcQVgJL exp j> dscxbO*x^j 

x J V9cxS J ^ f c ( x + Xb) exp J d2^y/g-cxOcx^j . 

However unlike the closed string case we still have another delta function which 

involves the other orthogonal modes of x- Unfortunately this means we are left with 

a functional integral too difficult to be solved here. 
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Al l these calculations can be attempted taking homogeneous Neumann boundary 

conditions on the Liouville field <9„<̂  = 0. The results for the critical exponents using 

the scaling argument are the same. However we run into difficulties in performing 

the semi-classical expansion because the classical solution tpc does not satisfy ho­

mogeneous Neumann boundary conditions so if the ful l Liouville field does, then 

the classical field and the quantum fluctuation are not independent, but rather are 

related with each other on the boundary dn<pc + dnX — 0. So we conclude that the 

free boundary conditions are much better suited for the semi-classical expansion. 

4.4 The tachyon gravitational scaling dimensions 

Let us now calculate the gravitational scaling dimensions of the tachyon vertex 

operators for free boundary conditions. For the anomalous gravitational scaling 

dimension of the bulk tachyon vertex operator we consider the expectation value of 

the 1-point function at fixed area A 

( / d2ifgea* - A) f d%Jge^. 

By definition the bulk gravitational scaling dimension is as in the closed string 

< Wj > (A) ~ Al~Ai. Applying the scaling argument we find Aj — 1 — ' f j / a and 

this leads to the KPZ equation for the anomalous gravitational dimension in the 

open string 

Similarly we define the anomalous gravitational scaling dimension of the boundary 

tachyon vertex operator by < Wf > (A) ~ All2~Af. Then the scaling argument 

gives Af = Aj/2. 

We can also define critical exponents associated with the expectation values at 

fixed length L. These should also be interpreted as anomalous gravitational scaling 
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dimensions. In this case the asymptotic limits are < Wj > (L) ~ L1 A-» and 

< Wf > (L) ~ L 1 , / 2 ~ A ? , where Aj and are given as in the case of fixed area A. 

4.5 A connection with matrix models 

These results generalise to other models and physical systems. As we observed 

before the open string is a toy model for the c < 1 boundary conformal field theories 

[17] coupled to 2D quantum gravity. In the next chapter we show that similar 

results can be written down for this more realistic class of models. Here we finish 

by considering a comparison with exact results of matrix models at genus zero [47]. 

According to ref. [47] we may deduce from matrix models calculations the following 

exact expression for T(A,L) when the surface has the topology of a disc 

T(A,L) = AxLye-L2/A, 

where x = —Q/a and y = —3 + Q/a. This formula is consistent with our scaling 

laws given in Eqs. (4.4)-(4.6). Introducing it in the definitions of T*(A) and Q(L) 

we find 

CT(1) = x + y/2 + 7/2, w(l) = 2x + y + 5. 

When we substitute back the values of x and y we get the same results for cr(l) and 

a;(l) as we did using the David, Distler and Kawai's scaling argument. 

This is an indication that our results should be in agreement with those obtained 

in models of dynamically triangulated open random surfaces. However i t should be 

emphasised that a ful l comparison is beyond the scope of the present work. 



Chapter 5 

Minimal models on open random 

surfaces 

The open string analysis can now be easily extended to c < 1 minimal conformal field 

theories on open random surfaces if we represent the matter sector by a conformally 

extended Liouville theory. The curious affinity between the matter and gravitational 

sector Liouville theories that emerges for closed surfaces generalises to the case 

with boundaries. We simply take the matter action of Eq. (2.14) with additional 

boundary terms 

This is the conformally extended Toda field theory defined on an open surface for 

the Lie algebra A\. I t has recently been considered as a Coulomb gas description of 

the c < 1 minimal conformal matter in the case of Neumann boundary conditions 

imposed on the matter field [18]. 

SM[*,g] 

47T 
1/(3) j> d~sk~g<$> + f j f i y / i { f + e-^*) 

d 5 e t f * / 2 + f , - i / ( 2 / ? ) * (5.1) 

96 
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5.1 Boundary minimal models and the Coulomb 

gas 

That c < 1 minimal boundary conformal field theories may have a Coulomb gas 

description in terms of the extended Liouville action given in Eq. (5.1) can be seen 

as follows. Consider on the upper half-plane the basic bulk conformal operator 

U ( j f ) =: e-<(tf-;7/»)*(0 :, 

where the normal order regularisation for the product of fields at the same point 

has been used [16]. Let us start with Neumann boundary conditions on $ [18]. The 

action we need to consider is that of a free field 

where as usual A is the covariant Laplacian. To describe the c < 1 theories we still 

have to introduce the background charge corresponding to the terms in the action 

with the scalar and geodesic curvatures. According to the Gauss-Bonnet theorem 

this will involve a boundary operator placed at some point A —>• +00 

UB(A) = : e - i ( / ? - V / W ) . . 

Expanding the matter exponential interactions in powers of /x2 and A we naturally 

implement the Coulomb gas insertion of screening operators. In the presence of 

boundaries we should consider both bulk and boundary screening operators. Then 

the 1-point function of U is defined by 

M -

<U>= A l j m AW> < e-£(/>-i/fl*(A) e-iy/J-; ' / /J)*(C) f[ I ds (£ m yf*«™> 
- * + 0 ° m=l 

W 
m'=l 

Here we consider the notation < > for the functional integral over $ weighted by 

e~sW. We also consider the correlator divided by the partition function / T)<be~s^\ 
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Moreover we have omitted the normal ordering sign which should be considered on 

all of the operators. To satisfy the zero mode charge conservation selection rule we 

must put M — 2j + 2 and M' = 2j! + 2. Also note that no bulk screening operators 

are needed. 

Using the Neumann Green's function GN to shift out the linear terms in the action 

leads us to 

2j+2 2j'+2 

<U>= A l i m o A ^ « I] fds(U) II f M U ^ , 
m=l m'=l 

where 

with the current J given by 

2J+2 

J ( 0 = 4TTZ (0 - 1/0) 82(£ - A) + 8ni ( j f l - j'/P) 82(t - C) - 4 T U / ? £ <52(£ - £ m ) 
m=l 

^ m' = l 

The Neumann Green's function on the upper half-plane is given by the method of 

images in terms of the Green's function on the whole plane 

GN(£,e) = G(z,e)+G(t,e), 

where £ = (x, —y) is the image point of £ = (x, y) and 

Above R —» +00 is the size of the upper half-plane. Because of the charge selection 

rule this infinite constant term does not contribute to the amplitude. 

Now with /(/?) = 2(0 - \/P)\ C = (x, y) we get 

2j+2 -2j'+2 2j+2 2 2j+2 2/+2 

< [ / > = / H dxm J H dxm> H (arm - x k f Y[ Y [ ( x m - xm,)~ 
m=l m'=l m^fc m=l m'=l 
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2j'+2 r 2j+2 

(m' = l ) 

Since < W >= F(y) we may scale y —>• py, £ m —>• p:rm and a;m/ —>• paw to get 

F(py) — pPF(y)> where p = - 2 A ^ , with A^-, the bare conformal weight of U given 

by Kac formula 

A°,, = [(j + 1/2)/? - ( / + l /2) / /3] 2 - (0 - l / /?) 2 /4. 

Thus in agreement with the Mobius invariance we find 

< U >oc y D' . 

Up to a constant factor defined by the integral over the screening variables this is 

Cardy's result for the 1-point function of a bulk primary field [17, 18]. In principle 

the explicit calculation of the integral would select those operators U ( j f ) which 

can be identified as conformal primary fields when the check with Cardy's 1-point 

functions is made. 

I f we consider the boundary operator 

U B ( j f ) =: c-iW-*7/»)*<0 : 

i t is easy to see that < UB >— 0 for all boundary fields UB- This is also what is 

found by Cardy for boundary primary fields [17]. So all boundary operators UB 

might be primary fields. 

Let us now consider the 2-point functions of these bulk and boundary operators. 

We start with 

< JJU> > = l i m A 2(/3-l /y3) 2

 < e-i(/3-l/^(A)e-i(j/3-j'/0)^(Oe-i(jl3-j'/0MC') 
A-»+oo 

M M' 

X II f d8(Zm)jt*{M n f Mtm')*-***^ > • 
m=lJ m' = l J 
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Again no bulk screening operators are needed. Note that although we could use them 

to cancel the charges of the operators U and U', the same cannot be done with the 

background gravity charge placed at infinity. Of course with the boundary screening 

operators the selection rule is satisfied provided M = 4j + 2 and M' = 4j' + 2. Then 

integrating and using £ = (x, y) and (' = (x', y') we find 

4j+2 . 4 / + 2 Uj+2 

<uu'>= / Y[dxm Y[dxml\ n [(• 
J m=l J m' = l \m=l 

-WtiP-j'/P) 

x - xm)2 + y' 

'4j'+2 Y 2 U P ~ j ' l 0 ) l l ) {^+2 \-WW-3'IP) 
X \ II [{X ~ Xm')2 + y 2 } \ | n [iX> ~ Xrnf + / ] 

m' = l 

4j+2 4j+2 4/+2 

n n (x™ - x™'f 
m=l m'=l 

-1 '4j'+2 

Yl (xm> - xk,y 
m'jik' 

-|2//3 2 

2 l 2 ( j / ? - / / / 3 ) 2 r 
x [ ( i - x ' ) 2 + (y - y ' f ] 

( 4/+2 

x II {(x'- xm,f + y'2] 

(x - x'f + (y + y ' f ] 

-2(jP-j'/P)/P 
( A ,2,(30-? IP? 
(4y ) 

2 l 2 ( ^ - j ' / ^ ) 2 

m'=l 

When we scale < UU' > = F ( C , C ) we get F(pC, PC') = P9-F(C, C')> W I T H 1 = ~AAjj--

Now F looks like a 4-point function on the whole plane. I t depends on three distances 

K — C|J |C — C'l a n d IC — C'l- Global conformal invariance then implies 

< UU' >= F(r) 
{z-z){z' - z ' ) - |2A 0 . , 

( z - z ' ) ( z - z ' ) ( z - z ' ) ( z - Z ' ) \ 

where we have used the complex coordinates z = x + iy, z = x — iy and r = (z — 

z')(z — z')/(z — z)(z' — z'). Once more this is Cardy's result up to the hypergeometric 

function F(r) defined by the integral over the screening variables we wrote above 

[17, 18]. 

For the case of the 2-point function of boundary operators we follow the same 

procedure to conclude that 

< UBU'B > O C {x - x'y2A°»'. 
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As in the previous cases this would still match Cardy's result if the right value for 

the constant factor is found after the calculation of the integral over the 2j + 2f + 4 

screening variables [17, 18]. 

In a similar fashion we may attempt the calculation of higher point functions. The 

explicit calculation of the screening integrals could in principle define the set of 

bulk and boundary primary fields leading to a Coulomb gas formulation of the 

minimal boundary conformal field theories [18]. Here we will not attempt this 

explicit calculation. Nevertheless, we would like to point out that the analysis we 

have considered here should at least be generalisable to the case of free boundary 

conditions on the matter field. This is to be hoped for because we must be able to sew 

boundary conformal field theories and obtain conformal field theories on the whole 

plane. This can only be done using the free boundary conditions. In what follows we 

will assume that the coupling of the minimal boundary conformal field theories to 2D 

quantum gravity can be described by the conformally extended Liouville theory. We 

wil l allow for free, Neumann and Dirichlet boundary conditions on the matter and 

gravitational sectors. In all cases we will find a ful l Weyl invariant non-critical theory 

at the quantum level to all orders in the hypothetical Coulomb gas perturbation 

theory. However the Dirichlet boundary condition on the gravitational Liouville 

mode will lead to a discontinuity on the metric as i t approaches the boundary. 

5.2 Anomaly cancellation and critical exponents 

For definiteness we take here the free boundary conditions on all fields. The central 

charge of the matter theory is CM = 1 — 6(/3 — l/(3)2. Requiring that the sum 

of this and the central charges of the gravitational sector Liouville field and the 

reparametrisation ghosts vanish gives 7 = ±i/3, where 7 relates to our previous 

string Q, Q = 2(7 — I / 7 ) . The Liouville field renormalisation parameter must 

satisfy the equation 1 — a((3 + 1/(3)+a2 = 0 which, as before, gives us two branches 

a+ = (3 and a_ = 1/(3. A l l the boundary renormalisation parameters relate to a 
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and 7 as happened for the string case. We find dressed vertex operators of vanishing 

conformal weight on the bulk 

U D ( j j ' ) = J f t f g e x p 

where I = —j, I' = f + 1 or / = j + 1, V = —j'. On the boundary we also define 

dressed primary vertex operators of vanishing conformal weight consistent with the 

need to consider the Liouville field as an arbitrary Weyl scaling on the whole surface 

U°(jj') = fdsexp 

As occurred for the string, Dirichlet boundary conditions on the Liouville field imply 

that we have no dynamical quantum degrees of freedom on the boundary, and hence 

no boundary vertex operators. Although they still allow the cancellation of the Weyl 

anomaly provided the metric has a discontinuity as the boundary is approached. 

The open string formulas for the critical exponents generalise to these models. Thus 

the susceptibility exponent is o(Xo) = 2 — XoQ/(2(x), the Feynman mass exponent 

is LJ(XO) = 2 — XOQ/Q- The semi-classical limit is obtained for (3 —> +oo and, just 

like for closed surfaces, selects the classical branch a+ = (3. As in the open string 

the saddle point expansion singles out the free boundary conditions on the Liouville 

field. Similarly we find the same expressions for the anomalous gravitational scaling 

dimensions of the primary vertex operators. In the end the gravitational scaling 

dimension of a boundary operator is half that of a bulk operator, the latter being 

related to its bare conformal dimension by the KPZ equation. 

exp -* 30 
P. 

1(3 + exp 



Chapter 6 

Non-critical dual membranes 

6.1 T-duality and D-branes 

Over the years string theory has been establishing itself as the leading candidate to 

a unified description of particle physics and gravity. The latest and exciting devel­

opment has been the rediscovery of string duality [19, 20, 48, 49]. As a symmetry of 

the exact theory it has shed new light into its strongly coupled phase. Particularly 

fascinating is the idea that different string theories at weak and strong coupling are 

in fact equivalent among each other and to new and mysterious higher dimensional 

M and F theories. New extended objects such as the D-branes have been revealed 

by string duality and interesting new links with particles, solitons and black holes 

have now emerged. 

In this chapter we are specially interested in investigating the possible role that 

non-critical dual membranes may play in the understanding of the strongly coupled 

phase of the non-critical string theory. Since this will involve showing that they 

actually exist let us start with a review of the connection between T-duality and 

D-branes in the critical bosonic string [19]. 

Consider the closed oriented bosonic string theory. Take this to be compactified on 

a torus X1 = X1 + 2-KtniRi, where R4 is the compactification radius and m, € Z the 

correspondent winding number. Here i, j,... range from 26 — k 4-1 to 26 representing 

103 



6. Non-critical dual membranes 104 

the k compactified dimensions. For the non-compact dimensions we will use the 

notation m,n,... and for all we use the Greek letters / i , v, Respectively these 

range from 1 to 26 — k and from 1 to 26. 

That this theory is self-dual when Ri —> 0 can be seen as follows. The solution of 

the wave equation satisfying the boundary condition X M ( r , a) — X^{r,a + 2n) is 

well known to be 

Z V z „^o 7 1 

Xt{z) = X£ + 4i?L]nz + i M £ ^ < , 

where z = eT+1<J and as usual r , a are respectively the world-sheet time and space 

coordinates. Since 

PR ^ z + f L In z = {pR + p£)r + i(p£ - p£)a 

we conclude that for non-compact dimensions pR = p™ and for compact dimensions 

i Hi rriiRi 
PR,L = ^ ± " i e 2 . 

The mass squared is given by 

M2=pyR+N=pipi+N, 

where N and N are the sums of the right and left moving oscillator levels. So we 

see that the state (n^m,) at Ri has the same mass squared as the state (mj ,7 i j ) 

at R'i = a'/Ri. As Ri —> 0 all states with non-zero momentum in the compact 

dimension become infinitely heavy, while the states with rii = 0 which wind around 

the compact dimension become light going over to a continuum. On top of this the 

interactions are equal i f Ri —> 0 and the dual string coordinates are defined by 

Y£(z) = X&z), Y£(z) = (-irxZ(z) 
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where = 0 for a non-compact and 1 for a compact dimension. 

In the case of the open oriented bosonic string we know that i t cannot be self-dual 

because there is no winding number and so there are no states that become light 

as Ri —> 0. In this case the open strings propagate in 26 — k dimensions although 

their oscillations still span the ful l 26 dimensions. To see the nature of the dual 

theory first note that the standard Neumann boundary condition is translated into 

a Dirichlet boundary condition in the dual compact coordinates 

So Y{(a = 2TT) - Y{(a = 0) = -lucltf = -2irQ,ni/Ri = -2-nmKi. Thus we get an 

open string with its end points confined to a 26 — A; hyperplane Y l = 0, the D-brane. 

Because open strings contain closed strings at the loop level we expect a dynamical 

D-brane. In fact the dual closed strings still propagate and vibrate in 26 dimensions 

and of course they contain gravity. At low energy only the massless states survive 

to generate the background fields representing the quantum fluctuations of the ge­

ometry of the target spacetime. In the case of the open string with its ends attached 

to the D-brane the only massless state is that of the dual of the perpendicular U(l) 

gauge boson, § dsAl{Ym)dflY'1. To the polarisation A1 we associate the background 

U(l) gauge field A1 which should then reflect the collective motions of the D-brane. 

To verify this consider the low energy effective action for the membrane embedded 

in a target space with metric Gfll,(Y) 

d a X l = 0 -)• dTYl = 0. 

Now Y l = Xl

R - X{ where 

fa' 

V ? 

n a t1 

a n n 

[a! 
V 2 ' 71̂ 0 

n 

a n n 

' d26-ka^gga'b'da,Y»db,Y»G^(Y) D 
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where T ' is the membrane tension. Then expand around flat spacetime and flat 
membrane using the membrane coordinates 

aa = Y a , Glu,(Y) = 7ilw + 2Kh^(Y), Y\a) = ^pW-

The first order h(f) term is given by 

SD « 2KVT J d2e'kada(j)ihai. 

Changing to momentum space 

</>» = J d26-kq(t>J(qyq ^ hai{o) = J d26-kq'hai(q')eiq' 'T. 

leads us to 

SD « 2mVrPlj d^qqy^KM)-

Thus we find the (jPhai vertex, 

-2KVTqa8ji. 

This corresponds to a graviton hitting the D-brane which then vibrates 

J VYVge~s = j VYVge'^ [l - 2KT 

x J d™-kojgga'b'da>Y»d»Yl'htlv(Y) + •••], 

where the flat spacetime membrane action is 

S°D = T j d2G-kaJg-ga'b'da,Y»dblYl'Vtll,. 

To calculate T' we consider the open string disc amplitude with two vertex operators, 

one for the dual photon 

W1 = gijd~se(q)-dnYeiqY 
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and the other for the graviton 

WG = gG J ^^gabdaY'idbYvelu/{q')^-Y. 

The amplitude is then given by the following functional integral 

A = p-' jv-g(Y,~g)W1WGe-s, 

where pst is the dimensionless string coupling and the string action includes the 

usual set of renormalisation counterterms and Polyakov's matter action 

S = 1 / ^ ^ ^ d a Y ^ d ^ r j ^ + d 2 ^ + \0<fds + v0<f d~sk-g. 

The string tension is as usual T = l/(2ira'). This amplitude can be written as 

follows 

A = ^ g 1 g a j d h n c

l e \ q ) j ^ y / h S t ^ ^ - ^ ^ J Vg(Y,~g)e-s'\Qj^ 

where j = 1,2,3 and omitting the counterterms 

S' = S-iq- y(&) - iq' • F(6) - q f d d Y a ( ^ ) - g f d e ^ ( 6 ) - qS

3

fdfYs(&. 

To calculate this amplitude we of course work in the conformal gauge gab = e^gab 

and impose the T-duality mixed boundary conditions on Y^. On the non-compact 

dimensions we have Neumann boundary conditions daYm = 0, m = 1, . . . , 26 — k, 

and on the compact dimensions we have homogeneous Dirichlet boundary conditions 

F ' | B = 0, £ = 26 - A; + 1, . . . , 26. 

After a total derivative we find 

S' = ^Jd2(Jg(Y-AY + J - Y ) , 

where 

~ja_ 2 i ^ - 6 ) 2 ^ 2 ( g - ^ 2 ) g f d

 2 n + 9 ^ i i f l ^ f \ 
J - ~ T Jq _ T yfq K ^ l ) + 2 l \ r ^ 
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Now we can separate the compact and non-compact coordinates and shift the corre­

sponding currents using respectively the Dirichlet and Neumann Green's functions. 

We then find 

where 

N. 

S1 = \ j d2t,JgY • kY - t N - TD, 

The zero mode associated with the Neumann Green's function demands the mo­

mentum conservation on the non-compact dimensions qim = — qm because 

For the compact dimensions we do not need this because the Dirichlet boundary 

condition sets the zero mode to zero. Thus we can write the amplitude as follows 

A = ^1g7gGfdS1r^ex(q) j d%^2g?e^(q1)—, 

where the partition function is 

d d d 
X c dq%a dqf 

0?N +FD 
QJ=0 z, 

Z = jvg(Y,~g)e-^d2^YAY. 

Let us now expand !FN and TD. After some straightforward calculations involving 

taking total derivatives we find 

- qmqmGN(tuZi) ~ 2qmq'mGN(^,^) + 2iqmqd

mddGN{^0 
f ' = f i 

+2iqm (qe

2m + qtJdeGN(^a q'q'mGN(&,t2) 

+2iq'mqd

mddGN(&, O „ f + 2iq'm (qe

2m + q i j deGNfa, O 

+q?dqd

md<idd,GN(ii,0 + 2 ? r W e G w ( a ' ) 
4=4 =4i 

f'=*2 

£=4~1,£'=42 
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+2q?dqLdddfGN(Z,0 

+2qrqLdedfGN(tO 

f = f ' = { 2 

+ q ? f q L d f d f , G N ( L e ) \ ^ 2 

and a similar formula for Tr> obtained changing N —> D and m —M. 

Taking into account the boundary conditions we know that for the Weyl anomaly 

cancellation we need qmqm — 0, e • q = 0, q' • q' = 0, q\e^v = q'ue^v = 0 and 

£^ = 0. I f we then use the boundary conditions, the conservation of momentum in 

the non-compact dimensions, eliminate the quadratic terms in the qj, j = 1, 2, 3 and 

select only those terms which contribute to the el{q)emi(—q)qm vertex we may take 

the derivatives on the qj to find 

A=2^re\q)emi{-q)qm j dsx j d%^2)gab(^)dn1dbG D(^a 

x daGN(^,a 
€ ' = « 2 f '=C2. 

z, 

where G^ is the regular part of the Neumann Green's function. I t is important to 

note that this result is divergent. That can easily be seen by doing a total derivative 

in the above formula. I t is a consequence of the SL(2,H) invariance of the theory 

and so we need to factor out the infinite volume of the group. To do so let us write 

the amplitude on the upper half-plane with the complex coordinates z = x + iy, 

z = x — iy. The Neumann and Dirichlet Green's functions are given by the method 

of images in terms of the Green's function on the whole plane 

GN,D(z, Z') = G(z, z') ± G(z, z'), G*(z, = G(z, z1), 

where up to the now irrelevant constant zero mode 

G(z,z') = -— \n\z-z'\. 

Then after the simple calculation of the derivatives of the Green's functions we find 

A= — ig~,9G 
4?r2# 

7^2el(q)£mi(~q)qm f (dzx +dzi) / dz2dz2 (zi - z2) \Zi - z2 
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1 \ 1 / 1 1 
+ z 2 - z 2 ) (zi - z2) \zi-z2 z 2 - z 2 , 

Now on the upper half-plane we have three conformal Killing vectors Uz = A0 + 

Aiz + A2z2, where Aj e TZ, j = 1, 2,3. We can use them to fix three points in the 

integrals [27] 

z1 = ui + iUz(zi), z2 = u2 + iUz(z2), z2 = u2 - iUz(z2). 

Then 

dzidz2dz2 = {u2 - u2)(ui - u2)(ui - u2)iY[dAj. 
j 

Substituting back in the amplitude we get 

A = -^fh£l(<l)£mi(-q)qmZ f l[dAr 

K Pst± J j 

As i t is the volume of the Mobius group is not properly normalised [50]. To do i t let 

us work on the unit disc. As we have seen the conformal transformations are given 

by 

z z• = e m —, 
1 + CqZ 

where |co| < 1 and 60 € 11+ for an oriented disc or 80 G 7Z for an unoriented disc. 

In the case of infinitesimal transformations we find 5z = c0 + i90z — c0z2. Putting 

Co = Ci + ic2 we may write Sz = Ci(l — z2) + ic2(l + z2) + iQ0z. To normalise the 

conformal Killing vectors we set (U, U) = / d2£y/ggabUaUb = 1 and use the metric 

on the unit sphere d2s = 4(1 + p2)~2pdOdp. Then we find the normalised vectors 

[50] 

' l - z z \ . 3 / 1 + z M . 3 z 

\|16^v\l — z2J, V 167T \—1 — z2) ' V 47T 

which lead us to the normalised group volume 

V o K C K V ) ^ ^ ) 3 ' 2 / ^ . ^ ^ ) 3 ' 2 / ^ , 



6. Non-critical dual membranes 111 

On the other hand 

ZVol(CKV) = (2nr^-W ( D e t D A ) - f c / V D e t ' P t P . 

Since the theory is Weyl invariant and all the divergencies have been renormalised 

this is just a finite constant which can be defined using the Selberg trace formulas 

for the determinants [50, 51]. We find 

D e t D A D e V A = Det 5 'A , DetN'A = v ^ ^ D e t ^ ' A , Det 'P f P = ^Dets 'PtP, 

where S indicates that the determinants refer to the Riemann sphere. Calculating 

the area integral using the metric of the unit sphere we then get 

ZVol(CKV) = 2 u ^ 1 3 - ^ 2 y / Q f , 

where 

Qf = ( D e t s ' A r ' V D e t s ' P t P . 

We may introduce the open string coupling in the effective 26 — k dimensional theory 

on the world-sheet 926-k using dimensional analysis on the photon vertex operator 

£i _ T 3 , / 20 l/(726-fc- In this way g1 is a dimensionless constant. Similarly go is 

dimensionless i f em; = TKhmi. This leads to 

t926-k 

So i f we normalise the coupling constant factor [50] as 

7T Pst926-k 

we get 

9l9G _ 7 r (16- fc ) /2g26-V2 

A = <f>i(q)hmi(-q)qr 

V'K926-k 
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which when compared with the low energy vertex leads to the membrane tension 

[19] 

T 
T' = — - — 

Thus we conclude that the T-dual to a theory of open and closed oriented bosonic 

strings is a theory of closed oriented bosonic strings plus a 26 — k dimensional D-

brane. The D-brane is defined as the membrane where the dual open strings have 

their end points attached. It is a dynamical object interacting with the closed strings 

and its collective motions are represented by dual open string perpendicular U(l) 

gauge bosons. 

6.2 Non-critical D-instantons 

When we consider the case of a string propagating in a non-critical target space 

we have to take into the picture the deeply non-linear dynamics of the conformally 

invariant path integral Liouville theory. In a weakly coupled phase the effect of the 

functional measure can be taken into account by the DDK renormalisation ansatse. 

In this theory the boundary conditions we may impose on the Liouville mode are 

constrained by quantum Weyl invariance. So while the Dirichlet boundary con­

ditions lead to a discontinuity in the metric as the boundary is approached, the 

Neumann and free boundary conditions both allow a fully smooth and Weyl invari­

ant theory. For simplicity let us consider the case of Neumann boundary conditions 

on the Liouville mode. 

Since the DDK approach is only certainly valid for d < 1 we will start with the disc 

non-critical partition function with the case of the D-instanton in mind [20]. We 

are thus looking for stringy non-perturbative effects of the order e-°(lIP<>t) [20, 21]. 

Consider the dual of an open bosonic string theory with k dimensions compactified 

on a torus. The dual string field satisfies homogeneous Dirichlet boundary conditions 

on the compact dimensions Y*\B = 0, i — d — k + 1,... ,d and Neumann boundary 
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conditions on the non-compact dimensions 9 „ F m = 0, m = 1 , . . . , d — k. Omitting 

the counterterms the partition function is given by 

Z = ftp J Vg(Y,g) exp ( - 1 J d2^gY • A r ) , 

where for the disc \o = 1- Integrating the matter fields and the reparametrisation 

ghosts we find after the DDK renormalisation 

Z ~ P s t l ^ J \JdPWl) ( D e t ° A ) Vol(CKV) 

X / n-rhe -SL\.<t>'9\ 

where the renormalised Liouville action is 

SL [<t>, g] = ^ / d 2 ^ g (±<l>A<t> + QR^j + £ j dskrf 

+2f4 J d 2 ^ g e a 4 , + A 2 j dsea+'2 . 

Here fj,2, a n d ^2 a r e arbitrary finite constants left over from the renormalisation 

process. For Weyl invariance we have Q = ±yj(25 — d)/6 and for the Liouville field 

renormalisation a± = (1/2) (Q ± \JQ2 — 4). 

To integrate the Liouville mode let us separate out its zero mode. To do so we take 

the semi-classical branch of a, a_, which in what follows will be denoted as a. We 

then write (j> = (f>0 + 4>, where / dP^\/g4> = 0. So we get 

SL[4>, 9} = S°L[4>, 9} + ^<t>o + 2ea*°»l J d2^ge«* + e ^ ' 2 X 2 f die**'*, 

where 

S°L[l 9] = ^ J d 2 ^ g ( ± 0 A 0 + QR^j + ^ j > dakrf. 

The measure is Vg4> = l/(47r)^J d2^y/g^ d<f>oVg<j> so we need to integrate 

J 0 = i y + O °d^ 0 exp ( - s f o - 2e*°& j d 2 ^ e Q ^ - e^>2\2 j> d s e a ^ , 

file:///JdPWl
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where as — QXo/2. Changing the integration variable from 

1/2 

the integral becomes 

I o = al ° ° ^ ° ( 2 ^ / d 2 ^ g e a ^ S ^ 2 s - l e x p 

Using the Mellin transform [43] we get 

A 2 § dsea*l2 

{ 2 l i 2 S d 2 ^ g e ^ f 2 

h = ^ " ( 2 ^ / d2i^~gea^T{-2s)eW 

\2{§dsea*'2)2 

xD 2s 
\2§dse^l2 

, V 2 

where D2s{z) are the parabolic cylinder functions [43]. For integer s this is 

I0 = 1 ( 2 $ J d2^gea^Sr(-2S)H2s 

\2§dsea*l2 

2V2^2(J d2CV9ea^) 

where H2s(z) is the Hermite polynomial of degree 2s. 

Thus our partition function is now written as 

1/2 

\T.) [ j a w 

-{d-k)/2 

(De t D A) 
-fc/2 

J VrffJ d 2 ^ / 2 ^ ( 2 f i 2 J d2tjg~ea*yr(-2s) exp x 

VDet 'P tp 
Vol(CKV) 

\2{§ dse^l2)2 

xD 2s 
\2fdsea&2 

1/2 e £ 
2 ^ 2 ( j d 2 ^ e ^ ) 

Taking into account eventual analytical continuations in s [30, 31, 32] this is a 

formula which in principle can be used for any d and Xo- Let us consider the case 

where k = d. Following Polchinski [20] the partition function on the disc is to be 

interpreted as minus the D-instanton action, which appears in the one D-instanton 
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amplitude Ai ~ ez. This only gives the right weight e~°^l^ if the partition 

function is negative. In the critical dimension this is true because of the negative 

value of the renormalised Mobius volume [52]. Here we have the additional problem 

associated with the multiple scattering of the Liouville vertex operators. Let us try 

to calculate the partition function in the limiting case d = 1. In this case Q — 2, 

a = 1 lead to s = 1. Then we find H2{z) = Az2 — 2 which leads to 

r ( - 2 ) ( D e t D A ) 
1/2 vW'ptp 

Vol(CKV) 

- 4 / i 2 J d2^g& 

Integrating over 0 on the upper half-plane we find 

j v ^ j d 2 i ^ , 2 \ x 2 ^ d s e ^ 2 ) 

sum 

z = 

/
2 A*2 /" - y)~ - — \ dxdyy~ 

-oo Z J—oo 

Here e —> 0 is a short distance cutoff which comes from the Green's functions 

calculated at equal points. We have also introduced the background gravity charge 

in the boundary at A —̂  oo. These terms and T(—2) > 0 are to be absorbed in the 

coupling constants (3, A 2 and / i 2 . As is clear the integrals over the whole plane are 

divergent. Once more this is a consequence of the Mobius invariance of the theory. 

To factor out the divergence we fix the bulk vertex operator on the center of the 

unit disc and the two boundary operators on 0 and ir/2. Then the integrals are 

f+°° - 2 1 f -1 f * 
/ dxdy(x - y ) = - dxdy(y) = 4 / dl 

J—oo ZJ—oo J 

The renormalisation of the Mobius volume leads to [52] 

c0. 

Vol(CKV) = - ( ^ j ^ , 

for the oriented theory. For the unoriented case we just have to multiply by 2. Since 

/ d2co = 7r gives the area of the unit disc we get 
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z =-(db) j ^ W - ^ 
where 

Q2

S = ( D e t s ' A ) " V D e t 5 ' P t p 

and now A 2 and are taken as dimensionless constants. 

Since we may absorb \ \ into (5st this result depends only on /3st and on the ratio 

of the two Liouville couplings 1^2/^2- Note that this is a general result. If we 

consider an arbitrary positive integer s given by 2s = Qxo/oi it is easy to see 

by looking at the Hermite polynomials that we may always absorb X^0 into (5at 

and so obtain amplitudes which only depend on 0st and on the ratio fi2/X2. By 

analytical continuation this is valid for any s, that is for any d and Xo- Within 

the DDK approach the one dimensional non-critical string theory can be viewed 

as a two dimensional critical theory defined in a consistent background given by 

the matter and Liouville systems [32, 53]. So the ratio of the Liouville couplings 

defines different possible backgrounds for the critical string theory and so different 

non-critical theories. From perturbative quantum Weyl invariance alone all positive 

values of the couplings are allowed. They are simply the finite left-overs of the 

renormalisation process which are positive so that the right damping positive sign 

in the Liouville action is obtained. What we are going to see next is that not all of 

these values and so not all perturbatively consistent backgrounds lead to a consistent 

theory. Absorbing X\ in /3st and setting OJ2 = H2/X2 the partition function can be 

written as 

Now, the problem we face here is that we have a relative sign between the bulk 

and boundary contributions which means that the ratio u>2 controls the sign of 

the partition function. In fact the zeta function regularisation of the determinants 
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always leads to positive values. On the other hand to2 can be any positive number. 

This means that only for w 2 < 1 we can find 

So we conclude that the strength of the stringy non-perturbative effects off the 

critical dimension is of the order e - 0^ 1/^ 3 ') in agreement with the result found in 

matrix models [21] and in the critical string theory [20]. This is to be expected 

since the weight of boundaries only depends on the topology of the string world-

sheet. However we have found that the correct sign can only be obtained if the 

boundary Liouville coupling constant is actually bigger than its bulk counterpart 

A 2 > H2- I f they are equal we find no non-perturbative effects. If /x2 > A 2 the theory 

is inconsistent. 

Note that Eq. (6.1) is only valid if A 2 > 0, /x2 > 0. I f we take A 2 = 0, / i 2 > 0 we just 

have to go back to the integral of the Liouville zero mode 4>0 to see that in this case 

it does not bring an extra minus sign to Z. So, for A 2 = 0, /j,2 > 0 we also find the 

right weight e~0^^st^ due to the negative value of the renormalised Mobius volume. 

We may also analyse the range d < 1 within the DDK approach. This corresponds 

to the coupling to 2D quantum gravity of the c < 1 minimal boundary conformal 

field theories. In this case d = c = 1 — 6(P — I IP)2. Since the background gravity 

charge only depends on the world-sheet topology we still find as = Qxo/2, where 

Q = 0 + 1/(3 and a = a+ = p. Then on the disc we find s = (1 + p2)/{2p2) which 

is a rational number because p2 = (2 + k')/(2 + k), where k, k' are positive integers. 

To see if the analysis of the limiting case d = 1 still holds for general k, k' or indeed 

for d > 1 we would have to get involved with the intricate dynamics of the multiple 

Liouville scattering where s does not have to be an integer [32]. However i f as in the 

case d = 1 the boundary dominates the bulk, A 2 > fi2, the stringy non-perturbative 

effects should still be of the order e~°^l^st\ I f just one of the Liouville couplings 

is zero the same result is to be expected. These remarks are based on a possible 

Coulomb gas representation of the minimal boundary conformal field theories. They 
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suggest that the strength of the non-perturbative effects is of the order e~°^^at\ A 

precise definition of the effects needs a careful analysis of the partition function on 

this type of models. 

6.3 The size of non-critical D-instantons 

To look for D-branes we may also consider the case where there is an exchange of 

closed string states while they are separated by a distance YxYi [49]. This corre­

sponds to a dual open string with Chan-Paton charges on its end points which lie on 

the D-branes. It also corresponds to the case where the string does not wind around 

the compact dimensions so that all fields are single valued. The diagram for such an 

exchange is an open string annulus. Let us consider p+1 uncompactified dimensions 

m = 0 , . . . ,p and d — p — 1 compact ones. According to T-duality we use Neumann 

boundary conditions for the p + 1 D-brane coordinates and Dirichlet boundary con­

ditions on the other compact coordinates. We consider that Y'1\B1 = ~yi/2 and 

Y%2 = y/2 where y > 0, for all i = p + 1 , . . . , d. 

As usual the partition function is Z = ZncZc, where Znc, Zc are respectively the par­

tit ion function on the non-compact and compact space. To integrate on the compact 

coordinates we have to factorise the classical solution Y l = Y*+Yl, where Y% satisfies 

homogeneous Dirichlet conditions on both boundaries and AF c

l = 0, Y*\Bl — ~yt/2, 

Y*\B2 = y%/2. Then integrating the matter fields and the reparametrisation ghosts 

in the standard way we find 

7-V ( T \ ( P + m f J det(^.-B) x/Vet'PtP(DetN'&yip+m 

x(DetDAy{d~P~1)/2exp ( - 1 J d2^ggabdaY:dbYc?) J V m ~ s ^ \ 

where Vp+\ is the D-brane world volume and r is the modulus of the annulus. In the 

case of the annulus Xo — 0. So we can choose R = kg — 0 without the introduction 

of a background gravity charge. So we will not have to deal with the Liouville 
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amplitudes because s = 0. After the DDK renormalisation we can integrate <f> with 

Neumann boundary conditions to obtain 

^ + 1 r ( 0 ) / T \^+i)/2 i det(^, B) VDet 'P tp / D e t N ' A \ ' ( P + m 

2ira J T ^ / d e t { B ^ B ) Vol(CKV) \f<PtVg) 

x ( D e t c A ) _ ( d _ P " 1 ) / 2 e x p ( - ^ J d2zJ~ggabdaY;dbYcl>) . 

In this formula i t is clear that the only effect of the Liouville mode within the 

DDK approach is to introduce just another dimension into the problem and so the 

calculation can be immediately carried out by following the steps already taken in the 

critical dimension [49]. To describe the annulus we will choose the parameter domain 

to be a square {0 < £ a < 1} of area r . In the complex coordinates z = + r r£ 2 , 

z — — ir£2 the area element is d2s = dzdz — d^d^1 + r2d^2d^2. So the reference 

metric is 

9ab = 

The Beltrami differential is then given by 

/
 d

 ~ 

Ipab = ~fa.9ab 

1 0 
, 9 a b = 

1 0 
, 9 a b = 

0 1/r 2 0 r 2 0 1/r 2 

0 0 

0 2r 

Since r can reach infinity the conformal Killing vectors must be regular there. I f 

they are periodic in f 1 , Uz(0) — Uz(l) and Uz(ir) = Uz(l + ir). Then if they satisfy 

Neumann boundary conditions we get Uz = Uz = A0 G 71. In the £ a coordinates 

we then have Uz = U1 + ill2, where U1 = A0 and U2 = 0. Because Xo = 0 the 

Riemann-Roch theorem tells us that we also have just one holomorphic quadratic 

differential Bab- I t is a traceless and symmetric tensor which satisfies P^(B) = 0. 

Then under regularity at infinity, Neumann boundary conditions and periodicity 

like in the case of U we conclude that Bz2 = BSz = 0, Bzz — Bzz = B0 6 TZ, which 

in the £ a coordinates is 
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o -2T2 

Then we find (U,U) = TA\. For the case of the holomorphic quadratic differential 

we use the same inner product we have used for the world-sheet metric. Since B is 

traceless we get (B, B) = 8TB% and (ip, B) = -4B0. Wi th the normalisation [49, 54] 

B0 < 0 and \A0\ — 1 we may finally write 

det(^>, B) _ \[2 

V /det(5^B)Vol(CKV) T 

We also have to deal with the infinite determinants associated with the covariant 

Laplacian. In our metric this operator is written as 

A = -1-(r2dl + d 2 ) . 

The eigenfunctions of the Laplacian with Neumann and Dirichlet boundary condi­

tions are 

The eigenvalues have a common expression 

A m „ = -z\2iTn - m\z. 

Using the generalised Riemann zeta function [27, 26, 43] 

C » = E ' l ^ r n - m r 2 s , 
mn 

where the prime means the omission of the single zero mode m = n = 0, the 

determinant of the Laplacian is given by 

l n D e t ' A = i i „ ^ - I c ' ( 0 ) . 

m > 0\ 
~ n ) , n e z . 
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Then after the Sommerfeld-Watson trick [26, 27] we apply the residue theorem at 

s = 0 and manipulate the resulting formula to find 

DetN'A = D e t D A = 2r\r](2iT)\2, 

where the Dedekind r\ function is 

+00 

ri(2ir) = e ^ T / 6 JJ ( l - e - 4 ™ T ) . 
n=l 

Since the tensor operator (P^P)" is just the vector Laplacian 25"A we also get 

^De t 'P tp = V2~T\ri(2iT)\2. 

To be able to write out the partition function we still need to define the classical 

action. First note that Y* = y ^ 2 - yi/2. So / d2£y/ggabdaYjdbY* = y2/r. I f we 

put all this together and change the variable from r to l / ( 2 r ) taking into account 

that \r)(i/r)\ = y/r\r](iT)\, we get the following result 

Z = y p + 1 r ( 0 ) ( 2 7 r a 2 T ) - 1 / 2 / ^ ( ^ ^ e x p ( - T ^ 2 T ) \V(ir)\l-d. 

Note that here the modular group acts like an ordinary change of variables and so 

it does not lead to a cutoff in the integration range. Although the integrand is not 

modular invariant the integral is and so there is no anomaly. The transformation r 

to 1/(2T) corresponds to the exchange of £ x and £ 2 and so i t takes us to Polchinski's 

cylinder [49]. I f we then rescale it by 1/r as we are allowed by Weyl invariance we 

get our cylinder with fixed circunference but now with length 1/r instead of r . 

Introducing the 77 function we now need to consider the asymptotics r —> + 0 0 , q —> 0 

where q = e _ 7 r T [49]. To lowest order 

l-d 
~ 9 M / 1 2 + ( d _ 1 ) 9 ( 2 5 - d ) / 1 2 + . . . 

Using again the modular transformation = V^lvi^l w e g e t the asymptotics 

for r —> 0. Like in the critical theory [49] this corresponds to the ultra-violet l imit 

IT) 7 ( l -d)/12 
+00 

n (1 - a2*1) 
.71 = 1 
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for the one loop open string channel as can be seen by shrinking the circunference of 

Polchinski's cylinder to zero. By duality, this is an infrared limit in the closed string 

channel. This is clear in the rescaled Polchinski's cylinder which has an infinitely 

long length. I t is thus dominated by the lightest closed string states. We obtain 

e ( d - l ) i r / ( 1 2 T ) 
1/9 r dr / T \ (P+ 2 ) / 2 

Z = Vp+1T(Q)(2ira2T)-1/2 J y (JLj exp ( - T ^ r ) T W 2 

+ ( d - l ) e ( , i - 2 5 ^ 1 2 r > + • • • ] . 

So we find a tower of massive poles for d < 1 and one massless tachyon pole for 

d — 1. This massless tachyon pole corresponds to the massless tachyon in the two 

dimensional critical theory where the Liouville mode is interpreted as Euclidean time 

[32] (with only Neumann or free boundary conditions since the Dirichlet boundary 

conditions lead to a discontinuity as the boundary is approached). In fact from the 

dressing condition pj — ̂ ( j j — Q) — 1 we may define the tachyon momentum as 

(Ej,pj) where Ej = ^j + Q/2. Then the tachyon mass is m 2 = E? —p? = (1 —d)/24 

which is zero for d — 1. I f we consider a Coulomb gas representation of the c < 1 

minimal boundary conformal field theories it is clear that we get exactly the same 

result as for the string because s = 0 and the topological background charge can be 

set to zero. However this only confirms the suggestion that the order of magnitude 

of the non-perturbative effects should be the same as that of the string. For p = — 1 

the massless pole contribution is 

Z ^ £ ^ / ^ " 3 / 2 E X P ( - T 3 , V ) -

This can be integrated using the Gamma function giving 

Z„ = _ £ M T i / 2 v 

Let us now regularise the divergence associated with the above Gamma function 

[32]. I f A 2 > 0, H2 > 0 we use the KPZ scaling on the disc for fixed boundary length 

L 
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A 2 T ( - 2 s ) = / 
Jo 

dLL~2s~1e~X2L. 

For s = 0 we may cutoff the integral from [0, +oo] to [e, I / A 2 ] , where e —> 0 and 

A2 —> 0. So we get — ln(eA2) which is a positive number for sufficiently small e and 

A 2 . Now the Liouville zero mode is (fi0 = InL . So lne < (fi0 < l n ( l / A 2 ) and l n ( l / A 2 ) 

defines the Liouville wall [32]. We then write 

which diverges like l n ( l / A 2 ) as the now dimensionless A 2 —> 0. I f A 2 = 0 we use the 

KPZ scaling with fixed area A to get a similar divergence with a dimensionless // 2 . 

These are the divergences which correspond to that already known to appear in the 

matrix models [22, 23]. 

Now recall that according to Polchinski's string picture [20] the one D-instanton 

amplitude is given by A\ ~ e z , where Z is minus the D-instanton action. From the 

field theory of instantons in one dimension [55] the one instanton amplitude in the 

semi-classical approximation to one loop is 

where So = J^adx(2V) ' is the instanton action, UJ = V"(±a) and A is a normali­

sation constant. Here V is a symmetric double well potential with two minima at 

x = ± a , where V(±a) = 0. In this theory Ax is the one instanton contribution to 

the transition amplitude, < a\e~HTlh\ — a >, for a first quantised particle of unit 

mass to go from x = — a to x = a as the Euclidean time t goes from t — —T'/2 to 

t = T/2 for large T. We consider the instanton with its center fixed at t = 0. In 

this picture the instanton is a well localised extended object with a size of the order 

1/UJ. To connect with the string description we have to interpret our dual string 

coordinate field Y as the Euclidean time t. Then the string has its end points fixed 

in the center of the instanton. To the disc level the string can only see a point-like 

X \ 1/2 

v 

1/2 
So/h-uT/2 [I + 0(h) , 1 
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object being sensitive just to the instanton action. So to tree level both descriptions 

agree if Z = — S0/h. 

In the case of two D-instantons we have seen that at low energy corresponding to 

a large distance y, they interact by exchanging the massless Klein-Gordon fields. 

Following Polchinski [20] the two D-instanton amplitude for point-like events is then 

A2~e2Z+z>. 

Once more from the theory of instantons [55] the two instanton amplitude in the 

semi-classical approximation to one loop is 

A2 = A2(l'\-^m-.Ti2 [ x + 0(h)]. 

In the above formula A2 is the two instanton contribution to the transition ampli­

tude, < —a\e~HTlh\ — a > , for the particle to go from x = —a to x = a and back 

to x — —a as time goes from t = —T/2 to t = T/2, T —>• +oo. In this case the 

two instantons are in fact an instanton and an anti-instanton with widely separated 

centers respectively fixed close to t = —T/2 and to t = T/2. In the string picture 

the instantons are seen as point-like objects located at t = —y/2 and at t = y/2. 

They interact with a force Zp = -ujy/2. So to one loop both descriptions agree 

provided 

7TV Ot' 

or 

\n(l/rf) , w = V X2 = 0, /x2 > 0. 

From the field theory semi-classical calculation of A\ to one loop 1/UJ is interpreted 

as the average size of the instanton. Thus we conclude that the size of the D-

instantons is of the order of \[a!/ l n ( l / A 2 ) for A 2 > 0, [i2 > 0 or of the order of 
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Let us now consider the case d = 1, p = 0 where the scalar field is compactified on 

a circle of radius R. Here we have to take into account that the field is not single 

valued when the string is winding around the compact dimension [56] 

Y(Z\?) = Y(e,?) + 2imR1 n = l , 2 , . . . . 

Thus the periodicity in f 1 can be written as 

Y(e+he)=Y(e,e)+^nR, 

which leads us to 

where Y is now a single valued field which in this case satisfies Neumann boundary 

conditions. In the case A 2 > 0, /z2 > 0 we thus find the partition function 

Integrating this using the zeta function and the Bernoulli numbers [43] 

+oo 2 

E ^ 2 = C(2) = T T 2 B 2 = \ 
n=l 6 

we get 

Z = h ( l / A , ) ^ . 

This result is to be compared with the partition function on closed surfaces which 

agrees with the corresponding matrix model [22, 23]. Note that we also have used 

the standard normalisation of the sum over continuum surfaces. The extra factor of 

2 comes from the open string Liouville zero mode integral. Also we have naturally 

lost the self-dual nature of the closed string. As for the closed surfaces we expect 

an agreement with the boundary matrix model. A proof of this however needs the 

explicit calculation which is beyond the scope of this work. 
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To finish let us consider the partition functions with fixed area A and fixed boundary 

length L. I t is then easy to see that the only change we need to make is in the 

integration of the Liouville zero mode. For the case Z(A) we set A2 = 0 which is 

the case where we can continue to use the DDK scaling argument. Then for s = 0 

we get Io(A, A 2 = 0) = l/(aA). In the case Z(L) we set fi2 = 0 and for s = 0 we 

find I0(L,ji2 = 0) = 2/(aL). So the partition functions are 

I f as in the case of closed surfaces [23, 57] it could be proved that the partition 

functions of the boundary conformal models can be written as a linear combination 

of the partition functions of a scalar field compactified on some particular radii, it 

would be an easy matter to extend these results to those models. Although this is 

something we would like to expect the required proof is still not available. 

I f we consider a string which winds around the compact dimension but still has its 

end points located on two D-branes a distance Y apart we might be able to discuss 

non-perturbative phenomena in the boundary conformal models. We then have to 

take 

Y(e,e) = ^nRe+ye - y/2+?(e,e)-

Thus in the case A 2 > 0, \xi > 0 the partition function is 

Integrating using the Mellin transform [43] we find 

where we have introduced the modified Bessel function [43] 
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Since K - l / 2 ( z ) = K1/2{z) = sjn/(2z)e~z we may write 

Z = l n ( l / A 2 ) ^ E -2TT ^ nR 

To sum the series let us first note that we may write it as an integral of a geometric 

series with argument z = e~x 

+00 -rax f+OO 1-T^J 

n=l H J x \n=0 

+00 / + ° ° 
-nt 1 . 

Since the geometric series is 1/(1 — e *) we simply substitute above, change the 

variable to y — e~l and integrate to find 

^ = - l n ( V A 2 ) ^ l n ( l - e - W ) . 

For large distances y —>• +00 we may expand the logarithm to first order and get 

For small distances y —» 0 we expand the exponential to find 

\fa' RV 
^ = - l n ( l / A 2 ) ^ . „ ^ , 

which means that for 3̂  = 0 we have an extra ultraviolet divergence due to the 

winding of the string around the compact dimension. This may be expressed using 

the Riemann zeta function 

Z(y = 0) = l n ( l / A 2 ) ^ C ( l ) . 

If we consider the partition functions for fixed area A and fixed boundary length 

L we just have to put a' = 4 for the different normalisation associated with the 

conformal models and change the Liouville zero mode integral to be able to write 

Z(A) = l— In (1 - e-Ry'a') , Z(L) = \ - In (1 -&>/• 

iraLR 



Chapter 7 

Conclusions 

In this thesis we have shown how to extend the approach of David, Distler and Kawai 

to the coupling of boundary conformal field theories to 2D quantum gravity. The 

organising principle behind their approach is Weyl invariance at the quantum level 

applied to a perturbative expansion analogous to the Coulomb gas. We used this to 

determine the renormalised parameters, gravitational dressings and surface critical 

exponents such as the susceptibility of random surfaces, the anomalous gravitational 

scaling dimensions of primary vertex operators and the Feynman mass exponent. 

The crucial problem is the choice of boundary conditions on the Liouville field. We 

have discussed free, Neumann and Dirichlet boundary conditions on the Liouville 

field. The first two lead to similar results within this perturbative approach, but 

Dirichlet conditions imply that the metric is discontinuous as the boundary is ap­

proached. We have also considered the semi-classical expansion and advocated the 

free boundary conditions for the Liouville field, since homogeneous Neumann bound­

ary conditions do not allow a clean split between the classical and quantum pieces 

of the field, but rather couple them together. As would be expected the bulk prop­

erties are equal for open and closed surfaces. This approach may also be naturally 

extended to higher genus and more complex boundary structures. Unfortunately as 

for closed surfaces the results only apply to the weak coupling of c < 1 boundary 

conformal field theories to gravity. 

At the end an application to the theory of dual membranes was considered. We 

128 
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have identified a non-critical D-instanton as a dynamical object which consistently 

interacts with closed strings defined in a one dimensional target space. Its action 

gives the leading stringy non-perturbative effects which are associated with the 

presence of boundaries. We have shown that these are of the order of e~°^l^st\ a 

result which not surprisingly is in agreement with those found in the 26 dimensional 

critical theory and in the analysis of matrix models. We have seen that this does 

not hold for all the non-critical theories allowed by perturbative Weyl invariance. 

Only those which satisfy A 2 > /x2 with A2 > 0, \ii > 0 or those where A 2 = 0, /x2 > 0 

lead to consistent non-perturbative effects. Using the one loop open string partition 

function, we have calculated the force between two D-instantons due to the exchange 

of massless Klein-Gordon fields and shown that the size of the D-instanton is of the 

order of \J~oi1 j l n ( l / A 2 ) for small A 2 > 0, /^2 > 0 or of the order of \fa'/ \TL(1 / f o r 

A 2 = 0 and small \ii > 0. We also discussed the partition functions when the string 

winds around the compact dimension. The possible but still unfinished extension to 

the minimal c < 1 boundary conformal models was also considered. 

file:///J~oi1
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