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Abstract

Quantum Field Theories with Fermions

in the Schrédinger Representation

David John Nolland

This thesis is concerned with the Schrodinger representation of quantum field theory.
We describe techniques for solving the Schrodinger equation which supplement the
standard techniques of field theory. Our aim is to develop these to the point where
they can readily be used to address problems of current interest. To this end, we
study realistic models such as gauge theories coupled to dynamical fermions. For
maximal generality we consider particles of all physical spins, in various dimensions,
and eventually, curved spacetimes.

We begin by considering Gaussian fields, and proceed to a detailed study of
the Schwinger model, which is, amongst other things, a useful model for (3+1)
dimensional gauge theory.

One of the most important developments of recent years is a conjecture by Mal-
dacena which relates supergravity and string/M-theory on anti-de-Sitter spacetimes
to conformal field theories on their boundaries. This correspondence has a natu-
ral interpretation in the Schrodinger representation, so we solve the Schrédinger
equation for fields of arbitrary spin in anti-de-Sitter spacetimes, and use this to in-
vestigate the conjectured correspondence. Our main result is to calculate the Weyl
anomalies arising from supergravity fields, which, summed over the supermultiplets
of type IIB supergravity compactified on AdSs x S° correctly matches the anomaly
calculated in the conjecturally dual N' =4 SU(N) super-Yang-Mills theory. This is
one of the few existing pieces of evidence for Maldacena’s conjecture beyond leading
order in N.
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Chapter 1

Introduction

Since its inception, quantum theory has been fraught with difficulties of interpre-
tation. Unlike relativity, which is built up from fundamental physical concepts,
quantum mechanics is difficult to motivate at a physical level except by reference to
its phenomenal experimental success.

In quantum field theory (QFT) the situation is aggravated by the technical de-
mands of the subject. In addition, perturbation theory, which underlies the standard
approach to QFT, is unable to provide reliable information in the infra-red sector,
which governs many important phenomena such as confinement and chiral symmetry
breaking, as well as probably being crucial to the interpretation of realistic theories
as the low-energy limit of some more complete theory such as string theory. Re-
cently, many techniques have been developed to probe non-perturbative behaviour,
but the underlying physics is not always transparent. It is all too easy to get lost in
a conceptual maze. It is important to retain as much conceptual unity as possible
between diverse approaches.

The Schrodinger representation (SR) is a familiar concept in quantum mechanics,
where it underlies many standard techniques, and forms the basis for our conceptual
understanding of quantum physics. In this approach, physical states are thought

of as wave-functions which satisfy the Schrodinger equation. These wave-functions




are ordinary functions of space-time whose modulus squared gives the probability
density of finding a particle at some space-time point. Their physical status is on
a par with the classical particle concept, giving rise to the celebrated wave/particle
duality.

Quantum field theory generalizes quantum mechanics to an infinite number of
degrees of freedom. Particles become fields, and these fields are similarly subject
to a probability distribution. Hence physical states may be thought of as wave-
functionals, whose arguments are physical field configurations, and whose modulus
squared gives the probability density of finding the fields in those configurations. By
analogy with quantum mechanics, one might expect the wave-functionals, as physical
concepts, to be of as much interest as the fields themselves. But this expectation is
not supported by the historical development of field theory, where the existence of
the Schrodinger equation was demonstrated less than 20 years ago by Symanzik [3].

The reasons for this relative lack of intérest are not difficult to perceive. Sym-
metries such as Lorentz invariance were of paramount importance in the early days
of QFT, and it is doubtful if renormalization theory, for example, could have been
developed without Lorentz invariance—which is not manifest in the Schrédinger
representation—as a guide. Experiments also played a more significant leading role
at that time, and thus the standard approach to QFT was based on calculating
cross-sections within a perturbation expansion, a framework ideally suited to com-
parison with experiment. Finally, in the absence of a developed formalism for the
Schrodinger representation in QFT, many of the standard techniques of quantum
mechanics were no longer available, and new ones were invented.

These factors no longer have the same relevance. Breaking the manifest symme-
tries of the theory is less of a disadvantage than it at first appears. Symmetries such
as Lorentz invariance and gauge invariance are encoded in the wave-functionals in a
perfectly satisfactory way. For example, in what follows we will invariably integrate

out all gauge degrees of freedom, but gauge invariance will remain an important



guide. Indeed, provided we identify suitable gauge invariant variables right from the
start, thereafter everything is guaranteed to be gauge invariant.

Many recent developments in QFT have forsaken experiment completely for a
more theoretical frame of reference. Whether one looks to theoretical or experi-
mental technology for paving the way to new experimental success, it is clear that
there is an enormous gap between theory and experiment. But the SR has some
important advantages in this situation.

Because its wave-functional solutions have a well-defined physical interpretation,
the functional Schrodinger equation has long been known for generating some useful
physical insights. But to perceive the extent of its utility, one must appreciate the

following:

1. The standard techniques of quantum mechanics have analogues which

provide a whole new set of calculational tools for QFT.

2. Many existing results in QFT can be derived in novel and extremely

elegant ways in the SR.

3. The formalism is flexible enough to describe both perturbative and
non-perturbative results in the same framework, and crucially, allows

both numerical and analytical tools to be implemented.

For these reasons, we believe that the further development of the SR for QFT
holds great promise of narrowing the gap between theory and experiment, and of
furthering the cause of conceptual unity in physics.

This thesis will be an attempt to develop the SR to the point where it can be
used to address problems of particular current interest, such as testing the Maldacena
conjecture. This will involve incorporating various new ideas; fields of arbitrary spin,
gauge symmetries, supersymmetry and curved spacetime. The claims made above

will be well-illustrated by our results; we will describe new techniques for QFT which



solve problems which have proved intractable using conventional methods, we will
rederive some well-known results, and go on to indicate how our methods may be
used to provide new information about QFT.

To begin with, in Chapter 2 we set up the SR for fields of arbitrary spin. As
will eventually become clear, the representations of scalar and spin 1/2 fields form
a basis for representing all others, even superfields. Thus the most crucial step is a
better understanding of the representations of fermionic fields.

In Chapter 3 we describe how perturbation theory and renormalization may be
performed in the Schrodinger representation, and discuss a large-distance derivative
expansion which provides a general non-perturbative approach to the solution of the
Schrodinger equation. Here is a brief description of this expansion:

In quantum mechanics wavefunctions are often studied by expanding them in
a basis of functions. A similar expansion exists for QFT. Consider the vacuum
functional. Provided the masses of all particles are bounded away from zero, and
we restrict our attention to the infra-red, its logarithm has an expansion in local
derivatives. By this we mean that it may be expressed as an integral over an
infinite sum of terms, each of which is a finite product of fields and their derivatives,
evaluated at the same space-time point.

If the spectrum includes massless particles, we can re-express the vacuum as the
large time limit of the Schrodinger functional, which describes the propagation of
fields over a finite time interval. This interval acts as a natural infra-red regulator,
and at distances which are large on this scale, the Schrodinger functional again
admits a derivative expansion. Since excited states can be constructed either by
applying creation operators to the vacuum wave-functional, or by studying the large
time asymptotics of the Schrodinger functional, these two wave-functionals are the
central objects of study in a Schrodinger representation approach to QFT.

This approach has been shown to be useful in studying the analytical properties

of QFT at large distances; for example in [4] it was shown that the leading order
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term in a strong coupling expansion of the Yang-Mills vacuum functional leads to
confinement, via a kind of dimensional reduction. This has been generalized to the
study of the Wheeler-de-Witt equation in quantum gravity [15].

But the use of the local expansion as an analytical tool is not limited to the study
of large distance phenomena. By exploiting analyticity in a complex scale parameter
[5], small distance behaviour can be reconstructed from the large distance expansion.
Thus a knowledge of this expansion is sufficient to understand physics at all scales.

From the point of view of the Schrodinger equation, obtaining wave functionals
in the form of a local expansion is equivalent to solving an infinite set of coupled
algebraic equations. If we truncate the local expansion at some large but finite
order, the resulting equations are well-suited to numerical treatment. Thus this
approach provides a useful source of numerical information, even when exact results
are unavailable [5, 6, 7). Most of this thesis is concerned with analytical results, but
we will indicate along the way how numerical techniques can be used to solve more
general problems.

Chapter 4 is a detailed study of the Schwinger model, which is the simplest exam-
ple of a theory involving fermions coupled to gauge fields. This model can be solved
exactly, but it illustrates many issues which are relevant to the study of more compli-
cated gauge theories. In particular, although the physical spectrum exhibits a (dy-
namically generated) mass gap, the local expansion property of the wave-functionals
breaks down as a result of gauge invariance. However, it is still possible to recon-
struct the wave-functionals from a local expansion of the Schrédinger functional,
which we obtain explicitly. This illustrates a technique which may be applied in a
similar fashion to QCD in (3+1) dimensions. Also, the Schrédinger functional may
be interpreted as the density matrix of the finite temperature model.

Many well-known features of the Schwinger model (vacuum angle, bosonization,
confinement, etc.) are exhibited by the wave-functional solutions. Most of this

applies to other (14+1) dimensional gauge theories as well. We discuss a straight-
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forward method for extracting VEV’s. Using similar methods, we show how the
massive Schwinger model can be solved up to n-point interactions by expanding the
kernels of the wave-functional in a suitable basis of functions.

One of the most important recent developments in theoretical high energy physics
is a conjecture by Maldacena that string theory propagating in an anti-de-Sitter
spacetime (AdS) is equivalent to supersymmetric Yang-Mills propagating in the
Minkowski spacetime at the anti-de-Sitter boundary. This conjecture is extremely
useful since it allows the strong coupling behaviour of either theory to be calculated
from the weak coupling limit of the other. But it is extremely difficult to test, espe-
cially beyond tree level in AdS—indeed there are virtually no existing calculations
of quantum corrections in this context. Yet testing the conjecture at this level is
essential to its application to the real world.

In Chapters 5 and 6 we develop the technology for understanding quantum fields
in AdS. The boundary partition functions which are the main objects of study in
the AdS/CFT correspondence have a natural interpretation in terms of the wave-
functionals of the AdS theory. We show how these wave-functionals may be obtained
from the Schrédinger equation, and use them to calculate the two-point functions
and scaling dimensions of the corresponding boundary fields. We also discuss the
numerical evaluation of higher n-point functions in this formalism.

Now because the conjectured correpondence relates strong and weak coupling,
the perturbation expansions in the two theories are valid in different domains. So in
order to test the conjecture we must find quantities whose exact coupling constant
dependence can be calculated. In practise this restricts us to quantities such as
global anomalies. We will consider the Weyl anomaly, which measures the effect of
a rescaling of the boundary metric. This involves generalizing the correpondence to
incorporate a curved boundary.

We calculate the Weyl anomalies arising from particles of arbitrary spin in AdS

space-time, finding that the result is discontinuous in the particle mass, and non-

12




zero for precisely the mass values appearing in the Kaluza-Klein compactifications
of supergravity.

Maldacena’s conjecture relates type IIB string theory compactified on S° to
N = 4 SU(N) super-Yang-Mills theory. From the point of view of the string
theory, the Weyl anomaly should arise from the sum of the contributions from the
supergravity fields. On the other hand, the anomaly can be calculated for free
fields in super-Yang-Mills, and the result is protected by supersymmetry from loop
corrections. We find that the contribution to the anomaly from tree level gravity
coincides with the SYM result for large NV, whereas (for a Ricci-flat boundary metric)
the one-loop anomalies cancel in each supergravity multiplet to give a vanishing
result. This is also in accordance with the result obtained from SYM. In the same
way, the contributions to the renormalization of the cosmological and Newton’s
constants cancel within multiplets, as is required for the finiteness of the boundary
theory. We outline how these results can be extended to a general Einstein metric
on the boundary.

In conclusion, our results provide substantial new evidence for Maldacena’s con-
jecture at finite N. In the future we hope to apply our methods to other instances
of the AdS/CFT correspondence, for instance M-theory on AdS; x S* and the many

compactifications of string theory on AdSs.
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Chapter 2

The Schrodinger representation

for fields of arbitrary spin

2.1 Scalar fields

For scalar fields, the Lagrangian density is
L = 5(0,90,¢ — m*¢? = V(9)). (2.1)

In the usual way, we define a field canonically conjugate to ¢

oL

=55 (2.2)

T

and impose equal-time commutation relations

[b(x, 1), #(x',1)] = hé%(x — X

[b(x, 1), 7(x',1)] = [d(x,8),7(x,8)] = 0.

Now in analogy with quantum mechanics, we define a Hilbert space on which the

operators ¢(x,t) and 7(x,t) act. In order to satisfy the commutation relations, we
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choose to diagonalize ¢

(l(x, 1) = p(x){el, (2:3)

and 7 is represented by functional differentiation

5
dip(x)

(ol (x,t) = —ih (l. (2.4)

The eigenstates (| form a complete orthonormal set:

(plg) = dlp—al
/Dw@WI=1,

and by virtue of the commutation relations we can extract their explicit ¢ depen-

dence

(¢l = (Dlexp(i [ dxfo), (25)

where (D] is annihilated by 9.

Wave-functionals (WF’s) are inner-products of these states with the physical

states of the theory
Plp] = (¥p), (2.6)

and themselves have an inner-product defined by
(W1]%2) = [ Dwilp]Wsli]. (27)
They satisfy the Schrodinger equation

¥y = in ), (28)
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where the Hamiltonian is given by
H= [dia(nd = £) = L[ d%o(r® + (Vo + @ + V(). (29)

WEF’s also have a path-integral representation. For example, according to the
standard correspondence between expectation values and path-integrals, the Schro-

dinger functional (p|e=#t|@) may be written as
(ple™|p) = [ Dge 514, (2.10)

where Sg is the Euclidean action on a space-time volume bounded by surfaces
time ¢ apart, and the functional integration is subject to the boundary conditions
$(x,0) = 4(x), ¢(x,t) = o(x).

We can enforce the boundary conditions by adding boundary terms to Sg in
(2.10). On a space-time with boundaries, it is necessary to choose a definite direc-
tion of propagation for all physical fields. Changing this direction is equivalent to
performing an integration by parts in the bulk action and leads to boundary terms.
Appropriate boundary conditions are ones which do not allow currents to leak across
the boundary. To begin with we will propagate everything forward in time, which
correponds to selecting the advanced Green’s function for the propagator. Then we

can express Sg as

Sp=i / 4z {(AT_9)(02 + m2)g} (2.11)

where 7_, implements a small negative time shift. We can get back to the form (2.1)

which is appropriate for passing to the Hamiltonian formulation by integrating by

parts:

Sp=i / A {(LT8)(82 + m2)¢ — (3o — t) — 6(a0)) (T=ed)d) . (2.12)
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Now on the initial boundary there is nowhere for fluctuations to propagate from,
so we have a Neumann boundary condition ¢|s,—o = 0. On the final boundary
fluctuations can propagate from the bulk, but they cannot cross the boundary, so
we have a Dirichlet boundary condition @|,,—; = 0. Of course there is nothing to stop
us from making other choices of boundary condition. From a physical point of view
we might like to take a Feynman prescription for the propagator, so that negative
energy states are propagated backwards in time in accordance with our usual notions
of causality. This complicates the quantization procedure considerably when things
like gauge invariance are taken into account. But it doesn’t really matter what
choice we make, because we can always change it later by integrating over the
boundary values of the fields (which is analogous to changing from the position
to the momentum representation in quantum mechanics). So we will do whatever
seems simplest. In (2.10) we chose Dirichlet conditions on both boundaries, which
is perfectly consistent.

So introducing the source terms arising from (2.5) and suppressing the € depen-

dence, we have
Sp = z'/dd+1x {%QS((?? +m?)p — 5(zo — t)(¢ — ©)d + 6(z0) (¢ — @)‘/)} , (213

and the boundary conditions in (2.10) are now automatically satisfied.
From the Schrodinger functional we can construct eigenstates of the Hamiltonian.

Inserting a complete set of such eigenstates we find

(ple™™|9) = 3 (| Bue™ """ (Euld). (2.14)

n

Normalizing the vacuum energy to zero, we have, as t — co

(ple” @) ~ To[@] W[, (2.15)
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where ¥, is the vacuum WF. Excited states can be extracted in a similar way.
To illustrate the solution of the Schrodinger equation consider free scalar fields,

ie. V(¢) = 0in 2.1. The Schrodinger functional satisfies

1

o) = 3 (- oz + o) U3l 219

with the initial condition ¥[p, @]|;1=o = é[¢— @], and w? = ~V2+m?. It also satisfies
a similar equation with ¢ and ¢ interchanged. On general grounds we expect ¥ to

be Gaussian, so we make the ansatz
Wi, ¢] = f()exp [ ' (oT + pZp +$T4), (2.17)
which leads to the following differential equations

of = —til'f = —trYf
o = W -T?=-2
= = -I'E=-1E

2T = —E2=u?- 172 (2.18)

These have the unique solution (with the overall sign chosen so that the WF is

normalizable)

[ = 3trwcosech(iwt)

' = —wecoth(jwt)

E = —wcosech(iwi)

T = —wecoth(wt). (2.19)

Ast — 0, ¥ ~ %e‘fddz(‘/’“‘-’)z/% — 6l — @] so the initial condition is satisfied. As

18



t — oo we have
U ~ e‘% [ d*z(pwep + @w‘ﬁ)’ (2.20)

1

from which we identify the vacuum functional as ¥y = e~ [ g0,
We can construct excited states by the action of creation operators on the vacuum
WE; for free fields the annihilation and creation operators are respectively (¢(p) is

the Fourier transform of ¢(x), etc.)

(w'*(p)é(p) +iw™2(p)7(p))

(@'"2(p)$(p) — iw™/* ()7 (p)). (2:21)

S-S

Using (2.3) and (2.4) we can easily verify that a(p)¥y = 0, while an n-particle
excited state is given (up to normalization) by ¢(p1) ... ©(pn)¥olp], and has energy
Eo+ X w(pi)-

For interacting fields, it is sometimes easier to construct the n-particle states by

solving the time-independent Schrédinger equation HY,=E, 0, using the ansatz

Ui} = @[] Wo[e], (2.22)

and taking ®[p] to be of order n in .

Now for fields which vary slowly on the scale of the mass m, we can expand w as

2 4
w:\/—V2+m2:m—v——v—+ - (2.23)

om  8m3 |

This allows us to express the logarithm of a physical WF as an integral over a
sum of local terms, each involving ¢ and its derivatives evaluated at a single point.
Similarly, for small ¢, we can expand (2.19) in powers of ¢, which leads to a local
expansion for the logarithm of the Schrodinger functional, even when m = 0. The

terms of this expansion can be obtained from the Schrédinger equation.
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In later chapters we will see that similar expansions exist for all theories, includ-

ing interacting ones.

2.2 Yang-Mills fields

The Lagrangian density for SU(N) Yang-Mills theory is

1 v
L= 2—g2trF“ FI“”

(2.24)

where F,, = 0,A,—0,A,+{A,, A)J and A, = gAlT,, with T, the N?—1 generators

of SU(N). In the Weyl gauge Ag = 0 we can write
He-t [g tr(E? + B?)
= ztr ,

E=-A, B=VAA+AAA.
The fields conjugate to A are —g?E, and are represented as

E = ig2h5—5X.

(2.25)

(2.26)

(2.27)

The Euler-Lagrange equations of motion are obtained by varying A, in (2.24)

8,F* +[A,, F*] =0,

(2.28)

and the v = 0 component of this equation is a constraint (Gauss’ law). Substituting

(2.27) into it gives an operator which annihilates physical WF’s

GU[A]=0, G=(6"0,+ fACBAg“)%E—,.
(¢4

20
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This is simply the statement that WE’s are invariant under the time-independent
gauge transformations generated by G.

On the other hand, gauge transformations in other homotopy classes do not leave
WF’s invariant in general, but produce a phase; for a transformation G, in the nth

homotopy class

G, U[A] = e W[A]. (2.30)
This is the origin of the so-called §-angle. We can implement this property by writing
TU[A] = e vlAIp[A], (2.31)
where ® is invariant under all gauge transformations and in four dimensions® w is a

Chern-Simons term

1

Al=—
w[A] 1672

} 2
/ dzetr(Fy Ay — SAA;AL), (2.32)

which takes integer values for monopole-like configurations of the fields. So “instan-
ton number” can effectively be interpreted as monopole number in this context. The

Chern-Simons term may be cancelled by adding a total derivative to the Lagrangian

dw
0— 2.
L— L+ e (2.33)
and it is easily verified that
d’l,U 1 * v * v vo
?‘Z—t— = —1671_2131' F# F;wa P = %6” ngp. (234)

For the Abelian theory we can easily solve the Schrodinger equation for the vac-

lthe corresponding expression in two dimensions is given in Chapter 4.
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uum functional. It takes the following form

% / d*z (~ 5 A(S(X) 3 Aé(x) + B(x) - B(x)> VU[A] = EyT[A]. (2.35)

Since the Hamiltonian is quadratic, we expect a Gaussian ground state, so we write
Wo[A] = e VIAL W = é—/dgxdsyAi(x)F,-j(x, y) A (y). (2.36)
Substituting into the Schrédinger equation (2.35) we find
/d3yf‘ij(x, Y)Li(y, 2) = (= V26 + 6:0,)8° (x — 2), (2.37)
which in momentum space has the solution
[i; = —|pldi; + pipj/|pl- (2.38)

Transforming back to position space, we have

To[A] = exp (-# / d%d%%) . (2.39)

For non-Abelian fields, which are self-interacting, the Schrodinger equation is
of course much harder to solve. Nevertheless, Feynman conjectured [39] that the

vacuum WF in (2+41) dimensions has the following form
Wo[A] = exp {~tr [ Fy(x)S(x, ) Fy(x)S(3, ) f(x, y)dxdy ), (2.40)

S(x,y) =Pexp {z/yx A(X')- dx’} (2.41)

and this has been conjectured to hold in (3+1) dimensions as well [40, 60]. It is

difficult to verify this directly because of the intractability of calculations involving
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functional derivatives of the Wilson line S(x,y). Nevertheless, at short distances
(2.40) reduces to (2.39) in accordance with asymptotic freedom.
At large distances one might hope to expand the bilocal integrand in (2.40) about

a single point
To[A] = exp (—/\0 [ axtn(Fy)? =, [ ax(DiFg)? + . ) L (242)

The leading order term in this expansion dominates in the large distance limit,
as suggested by Greensite [41], and leads to confinement via a kind of dimensional
reduction [4]. However, Schrodinger representation calculations [42] in (2+1) dimen-
sional Yang-Mills suggest that (2.42) is not quite right; there are non-local terms
arising from the non-local nature of the weight function f(x,y). This is very simi-
lar to the situation in (1+1) dimensional QED, which we will study in detail later.
There the non-local terms are associated with the existence of massless non-physical
modes which are necessary to preserve gauge-invariance. Thus in spite of the exis-
tence of a dynamically generated mass gap, the anticipated existence of a derivative
expansion of the WE’s fails to materialize. This appears to be a general feature of
gauge theories.

It is still possible to obtain the vacuum functional in an expansion of the form
(2.42) by expressing it as a large-time limit of the Schrodinger functional, as we did
for scalar fields. Alternatively, the form of the non-local terms may be investigated
in more detail to generalize the large-distance expansion (2.42) in an appropriate
way. In either case, using the techniques described in Chapter 3 the small distance
behaviour of (2.40) can be reconstructed from the large-distance expansion, whose

coeflicients may be determined from the Schrédinger equation.
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2.3 Fermions

The functional representation of fermions is complicated by the self-conjugate nature

of fermion fields; for a free Majorana fermion with Lagrangian density
L = Ligy - oy, (2.43)
we can reproduce the canonical anti-commutation relation
{1ha (%), s (x")} = dap0%(x — X') (2.44)

by using the Floreanini-Jackiw representation [15]

(uldh = % (u + %) (ul. (2.45)

The difficulty is that (2.45) is reducible. But this reducibility may be removed by
interpreting the representation in a different way. Consider the arbitrary projection
operators Q¢ = (1 £ Q). Suppose we diagonalize @1 and represent @_% by

functional differentiation:

. 1 N 1 0
(u|Q+y(x) = ﬁQw(X)WI, (ul@-¥(x) = EQ“MWI' (2.46)

As before, we can solve for the u-dependence explicitly?
(ul = (Q|exp(V2uQ_v), (2.47)

where (Q| is defined by the property <Q|Q+1/A) = 0. This shows that WF’s depend

only on _u and we can take @,u = 0. The expression corresponding to (2.47) for

2We adopt the convention that when bilinears such as uQu or mﬁ are written down
without arguments, the spatial argument is integrated over: uQu = [ dxuq(x)Qapus(x),
etc.
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the representation (2.45) is
(u| = (any| exp(v2u), (2.48)

and if we choose (any| = (Q| then this coincides with (2.47) up to a trivial factor
e“9* which vanishes when the constraint Q,u = 0 is imposed.

As pointed out in [15], the choice of @ is a choice of Dirac sea. But as in the
bosonic case, it is neither necessary nor desirable to make it a physical Dirac sea,
which would make the reference state (u| an excitation of the physical vacuum.
We wish to make a choice which is independent of the dynamics or the specific
theory under consideration. It is convenient to take ) to be a local operator. One
particularly useful choice is @) = -, which is the unique choice preserving gauge
invariance in odd dimensional spacetimes, and corresponds to a vanishing vacuum
angle in even dimensional ones.

To define an inner-product we construct dual states |v) defined by

- 1 )
i) = 5 (v 55 ) o (2.49)
or equivalently
001ty = =0 Qb = Q-2 (2.50
+¢IU>— \/i +U!U>7 —'l/J ’l))_ \/5 ~ v 'l)), : )
with (2.47) becoming
[v) = exp(V2vQ44)|Q), (2.51)

where Q_v|Q) = 0. We have (u|v) = (Q|@) = 1 and the completeness relation is

1= / DuDul[v){u|. (2.52)
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As before, WF’s are overlaps ¥[u] = (u|¥) and have the inner-product
(U1 [ W,) = / DuDv ¥ [u]¥,[u]. (2.53)

It is easy to see that with repect to this inner-product the Hermitian conjugate of

u is %, so that z[; is Hermitian, as it should be.

Now charged fermions can be represented in a similar way?

(walld = Zslu+ 5w

(i = s+ )l (2.54)

The notation of (2.54) indicates that u and u! are treated as unconstrained
fields, eg. for the purpose of taking functional derivatives. However, as before, the
reducibility of (2.54) may be removed by imposing the constraints @_u = u'Q, = 0.

In the presence of these constraints (2.54) corresponds to diagonalizing @+ and

PiQ-:

<U,U,T,Q+l/; = \/§Q+u(u,uf|
(w,u'PlQ- = V2ulQ_(u, v, (2.55)

and representing the other projections by functional differentiation

R &
wallQi = —Z5Q s (u ]
N )
(u, o 1Qs = 715@@+<u,u*|. (2.56)

3The notation is a little misleading, since % (and not u') is the Hermitian conjugate

of u.
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Again, physical WF’s will always depend only on the constrained fields. The
two representations are exactly equivalent, but {(u, u!| and (u, u!| differ by a relative
factor of e=*'®* which guarantees that the functional derivatives acting in (2.54)
do not take the state out of the subspace defined by Q.

The explicit dependence on u, u' is given by

(w,ul] = (Q|exp[V2(uld) — Piu)]
= (Qlexp[V2(u'Q_v) — %'Qu)), (2.57)

where (Q| satisfies
(QIQ+¥ = (QI'Q- =0. (2.58)

Similarly, defining |u, uf) = exp[v2(uld) — $1u)]|Q) with Q_P|Q) = 4'Q4|Q) =

0, we have

. )

Pual) = (- )

- )

B, uly = Jﬁw—@nu,uw (2.59)

The inner-product is a little more difficult to define in this case. The above

definitions give rise to the following equations:

0 = (' - v2uQy(u,ullv,0")
= Qi@+ V2u)(u, ullv, 1)
= @'+ V20 Q_(u, ul|v,v")
= Q-(¢ - V2u)((u,ullv, o), (2.60)

where we have used the canonical commutation relations. The field operators in

(2.60) may be represented by either pair of fields, and the equations solved to give
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(u, ul)v, v") = exp(u!Qu — u'2Q_v + v12Q u + v!Qu). (2.61)

Hence

(u, ul|v, ') = exp(2vTu — 2ufv), (2.62)

which differs slightly from the version given by other authors [37].

To calculate inner-products of WE’s we use the partition of unity

1= /DuDuTDvaTe@"f“_?”f“)|v,vT)(u,uT|. (2.63)

2.4 Fermions coupled to gauge fields

We can combine the representations described in the previous two sections to give

a representation of QED or QCD. We start with the Lagrangian
L=3ip(y-D—m)y+ %%trF'“’FW, (2.64)

with D the covariant derivative D, = 0, — eA,. This is invariant under the gauge

transformations

¥ — g P, A, =g A9+ 970,90 (2.65)

For many purposes it is convenient to require physical WF’s to be gauge invariant
also. We wish to choose () so that this is possible. In general, we could consider @
to have some gauge field dependence. However, any field dependence or non-locality
of @ will cause the representation to transform non-trivially under (2.65) (this can
be seen from (2.57) and (2.58)). The only gauge invariant representations are when
we take @ to be a local, field independent operator. In particular, if we take Q4
to be the (non-local) projections Py onto +ve/-ve energy eigenstates, the resulting

WE’s are invariant under time-independent gauge transformations of the fields, but
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in general they do not satisfy Gauss’ law [15, 16]. However, provided we take Q to
satisfy the conditions above, Gauss’ law is automatically satisfied, and the WF is a
genuinely gauge invariant object.

Since |u,uf,.A) is not a physical state we need to check that its overlap with
physical states is well-defined and non-vanishing . Consider the vacuum of the

theory defined by (2.64). With Py defined as above, it satisfies
Pt P,|0) = P_4|0) = 0. (2.66)

The conditions (2.58) and (2.66) and the representation (2.54) lead to the following

equations:

P_ (u + ~—(z—)((u, ul, A0) =0

duf
§
(uf + E)1P+<<u, uf, AJ0) =0
5
1 —
Q4 (u = 57) (wul, Al0) = 0
§
) 1} —
(uf - E)Q_«u,u , A|0) = 0. (2.67)
These have the solution
(u,u', AJ0) = (Q|Be" M exp (iA - E) 0), (2.68)

where M = A7'C = C7!A, and we define A = {P_,Q.}, C = [P_,Q,]. The
constant of integration B corresponds to the determinant of the Dirac operator, and
solving (2.67) is equivalent to performing the fermion integration, since (2.68) no
longer involves fermion field operators. For the moment we assume that A~ exists;
the non-invertibility of A would signal the presence of zero modes of the Dirac
operator, which would have to be treated separately. But we can always choose @)+

so that A is invertible.
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We can reproduce the result in a path integral representation. The vacuum is
represented as lim;_,oo e 7| S), where S is any physical state not orthogonal to the
vacuum. This leads, via the usual correspondence of matrix elements with path

integrals, to the expression

Ulu,ul, A= [ DADY DY exp{ _Sp - Sk

+[V2('Qp — #1Quu) + uiQurid - A]}.  (269)

Here Sp and Sp are the bosonic and fermionic parts of the Euclidean action, and

the integral is evaluated with the following boundary conditions implied by (2.58):

Ailt:O = Q+1/}|t=0 = 1/}TQ—'t:O =0. (2-70)

These boundary conditions may be implemented by boundary terms as before.
For fermions we choose ¥'Q, and Q_1) to be propagated forward in time, and ¥'Q_,

(1Y backwards; this is effected by adding the boundary term

(T Q4 (2.71)

to the action, while the gauge field boundary condition is implemented by the bound-

ary term

i(TCA) - A. (2.72)

The fermion integration is now easily done by standard methods; we obtain the

path integral version of (2.68)
Ulu,ul, Al = /DAi det D exp{—SB + Tr[uTA_IC'u +1(A—A)- A] } (2.73)

D is the Dirac operator. Similarly, the vacuum functional for free fermions or
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fermions in a classical background field is given by
Wlu, ul] = exp Tr[qu—IC’u]. (2.74)

Now consider the possible choices of (). The solution we found above depended
on the existence of the operator A~'C, which is equivalent to the invertibility of
@ + P for all momenta. @ satisfying this condition are given in Appendix E of [15];

in even spacetime dimensions they take the form

Q =ay’ +i’y® + ¢y (2.75)

where a2 + b% 4+ ¢ = 1, with the additional conditions
(1 —c*) Y (—a+ibc) ¢ [1,00), (2.76)

for m > 0, and ¢ # 1 for m = 0. In odd spacetime dimensions 7> = 7°, so the only
possibility is ¢) = 7.

So what happens if we choose a () which does not satisfy these conditions? The
invertibility of ) 4+ P implies the absence of zero modes of the Dirac operator. This
completely pins down the topological properties of the wave-functional, which will
be useful when we consider subtleties like the vacuum angle. But other choices lead
to equally well-defined wave-functionals provided we take account of zero modes.
And it is always possible to alter () by means of a functional Fourier transform.

So assume for the moment that we impose (2.75), which we can rewrite as
1
Q1 = (7’ +i7°7°)5 (1 + 0y’ +4b'"7"°), (2.77)

1 ! -7/ .
Q- = (1=’ —t'y"v")(er" +ibr"y?), (2.78)

where a' = é‘%’;‘; and V' = Z;i’,’ﬁ; from (2.55) and (2.56) we see that this is equivalent
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to choosing Q4 = 3(1 + a'y° £ 4'v°y®). Since a” + b = 1, this means that we can
set ¢ = 0 in (2.75) without loss of generality. Thus the possible choices for @ are
parametrized by the single, arbitrary complex number z = a — b (which could in
principle be taken to have local variations in space).

Since the Dirac operator has no zero modes when these boundary conditions are
imposed, what happens to topological objects like instantons?

We will see that the phase of 2 corresponds to the vacuum angle. In two dimen-
sions our choice of boundary conditions mean the instanton number is not quantized,
but corresponds to the non-integrable phase. In four dimensions we observed a sim-
ilar phenomenon, and argued that the corresponding phase was related to monopole
number. Our representation seems to furnish a useful new perspective on these

non-perturbative structures.

2.5 Superfields

In order to work with supersymmetric theories it is useful to set up the Schrodinger rep-
resentation in the superfield formalism. The representation we give here extends to
all superfields. It would be extremely interesting to study Super-Yang-Mills in this
way, both because issues of regularization are much easier to deal with than in
ordinary QCD, and because, as we saw in the last section non-perturbative and
topological properties have very nice interpretations in the Schrodinger formalism.
In particular, z must parametrize the SL(2, Z) duality of N =4 SYM.

Just to illustrate the use of the superfield formalism in the Schrodinger represen-
tation, we will describe the vacuum solution of the Wess-Zumino model. The action

is written in terms of anti-commuting coordinates 6 as

S = / d2d?0d%6 L3(z, 0,0)p(z, 0,0), (2.79)
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where ¢(z,0,0) and ¢(z,8,0) are chiral superfields

é(z,0,0) = e"igaego(x, 6)

3(2,0,0) = P(z,d). (2.80)
We can expand ¢(z,6) and @(z,8) in powers of 0

o(z,8) = A+20¢—0°F

@(z,0) = B+200 - 60°G (2.81)

and choosing projection operators )+ as in the fermionic case, we can take as a

complete set of conjugate variables ¢(z, Q,0), ¢(z,Q_0), and their conjugates

) - = o _
"@Qu) = g = B 09 Hp(5,00)
7z, Q_0) = 5—(’5(—117(5—5@—_—9:5 = 1[d*9i09 e‘Ziéa"cp(:r, Q49). (2.82)

Defining ¢, = e‘i‘;wcp(:c,QJrQ), b = eiéwtﬁ(x, Q_0), and similarly for ., ., we
find that the Hamiltonian is given by
H = / Prd0np + / Prd07s - L

[ dowdte (Sreme + L0 (2.83)

As before we represent 7 and 7 by functional differentiation:

. ) _ N )
n(z,Q+0) = —zm, 7(z,Q-0) = -i————— (2.84)

and the Schrédinger equation HY = EyV is easily solved for the vacuum WEF:

Uolp, @] = exp (/ d*zd' @9_Q_—%Q+0 %cp) : (2.85)
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Note that the vacuum energy vanishes

_ 1 45 210¥6 p ZW _
By = tr / 440 970 gy T8 =0, (2.86)

and therefore H is a regular operator, unlike previous cases where the divergent

vacuum energy had to be subtracted.

2.6 Gravity

Quantum gravity is of course non-renormalizable, but it can be studied in the semi-

classical expansion using Schrodinger representation methods. The Lagrangian is

/ &z, /3(R(g) + A), (2.87)

where A is the cosmological constant.

It is useful to expand the metric about a classical solution of the Einstein equa-

tions

9ij = g5 + hyj. (2.88)

To quadratic order in the perturbation h;;, the Lagrangian becomes

L=~ (=hup b + BYVHE, — 2hE WY + 2k, B ). (2.89)

1
4

The theory is invariant under the gauge transformations h,, — hu, +&,, +&,,, and

a convenient choice of gauge is given by

hij,j = 0, h“ = 0, hoﬂ = 0, (290)
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so that (2.89) reduces to
1 3
L= -4_1 / d’z (hij,Ohij,O - h'ij,kh'ij,k) . (291)

The conjugate momenta are

i
N (Shij,o

7Tij

= thijo, (2.92)

and the Hamiltonian is

/d?’.’li (’/Tijﬂ'ij + ihij,khij,k)- (293)

This has precisely the same form as the Hamiltonian of free electrodynamics (2.35),

allowing us to obtain the ground state of linearized gravity by direct analogy:

- 1 s hge(X)hije(y)
Uolhi;) = exp (87r2 /d zd’y =y : (2.94)

The analogy between particles whose spin differs by one is extremely useful; even
in the case of loop effects and interacting theories it allows us to generalize many
results to arbitrary spin without repeating the calculations explicitly. We will make

extensive use of this in Chapter 6.
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Chapter 3

Perturbative and non-perturbative

approaches to the Schrodinger

equation

3.1 Loop expansion and renormalization

Our main incentive for studying the Schrodinger representation is as a non-perturbative
approach to field theory, but there are some issues, such as renormalization, which
are best dealt with in perturbation theory. Also, it is useful to be able to make
contact with standard perturbative results.

For a generic quantum field theory, the vacuum WF can be written as ¥y =
exp(W/h) where W generates connected Feynman diagrams. So, for example, the

Schrédinger equation for the scalar field vacuum becomes

17 s oo W \? . W
== - =] “h— V. .
We can expand W in powers of A
W=wO 4+ aw® ¢ B2w® 4 (3.2)
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and W in powers of ¢
wo =% /ddxl A O (xe, LX) o(X1) - 0(%n). (3.3)
n=2

For the vacuum WF we can assume that the functions f{) are translation invariant;
this ensures that the vacuum is a zero eigenstate of the momentum operator. We
can also assume without loss of generality that they are symmetric. Substituting the
expansions into (3.1) gives us simple equations which we can solve order by order in
f and . The order i° or tree-level contribution gives the Hamilton-Jacobi equation

for Wy, which corresponds to the classical action. At O(goZ) this is
[ a3 (5,2) = (m* = v)s(x - 2), (3.4)

so that fQ(O) (x,y) = —3vV/m? — V2§(x —y), ie. the tree-level contribution to the two-
point function reproduces the result we found earlier for free fields. Now suppose

we include a ¢* interaction term

Vip] = ;i—/ddw ) = / : 5(p1 +...+pa)o(p1) ... o(ps). (3.5)

Then according to (3.1) the tree-level four-point function (in momentum space)

satisfies

I5(p1,- .., pa), (3.6)

Z (0) (0) p1,---,p4)=4

with the solution

O(p1,...,pa) = _%ZW(p)a(pl,...,m). (3.7)

Similarly the tree-level six-point function is obtained as

1 d?
(0) P (0 (0)_
fo (P1,--,Ps) = 22w(p0/(27r)df4 (P,P1,P2,P3)fs (=P, P4, P5,Ps).  (3.8)
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The one-loop or O(%) n-point functions are obtained in a similar fashion from (3.1).

At O(p?) we have

69 / ddp diq 1 dq (1)
—9 / 29 .
27]' d 2 (p) + w(q)) (27r)dw(Q)f2 (Q): (3 9)
so that
1) _ 3¢ / 1

. 3.10

e (310

If we regulate the p-integral by introducing a momentum cutoff p> < A%, then for
d = 3 we find

AA?
(@) ~ S5+ Bo(@ A+ CA+ freg(), (3.11)

where fie is regular as A — oo. The first two divergences can be absorbed by
performing the usual mass and wavefunction renormalizations, and the third may
be removed by subtracting a counterterm CA [ d%z¢(x)? from the Lagrangian. In [3]
it was shown that this is a general feature of QFT in the Schrodinger representation;
wave-functionals are finite as the cutoff is removed, provided that in addition to
the usual renormalization we subtract suitable local counterterms from the action.
These additional counterterms are necessitated by the boundary terms which define
the quantization surface. Their form is constrained on dimensional grounds and
must respect all the symmetries of the theory; for this reason it is easy to show that

they are finite in number.

3.1.1 Renormalization of Yang-Mills

In gauge theory, gauge invariance is thought to preclude such additional countert-
erms [48, 50], so that physical WF’s should be finite provided we renormalize masses,
coupling constants, etc. in the usual way. For example, in Yang-Mills theory, we can
make the coupling constant g an appropriate function of a momentum cutoff, and

subtract the vacuum energy from the Hamiltonian. Thus the Schrodinger equation
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for the vacuum becomes

. h?g%(s) 1
— A _ = .
il\r‘% ( 5 s+ 2g2(s)8 E(s)|¥e=0 (3.12)
where
) )
Ay = /d3z d*y Ax,y) , B= [ d*ztrB% (3.13)
6AR(y) 5A}f(x) /

A is a kernel regularizing the coincident functional derivatives in the functional
Laplacian A (which represents E? in the Hamiltonian). The regularization must be

done in a gauge invariant fashion, so we choose

d3p ip.(x—
Alx,y) = S(x,y) /pz<1/s We P-(x) (3.14)

where as before S is a Wilson line. Again, we can expand everything in powers of &

WIA] = % 2h"Wn[A], g = io:oh"gfl, E(s) = ilh"En(s). (3.15)

Substituting into the Schrodinger equation, we have at tree-level the Hamilton-

Jacobi equation

d3p (5W0 (5W0

57 SAR(p) SAR(—p) _ © (3.16)
and at one-loop
hm{(goA Wo+290/d3 A; 5A;) 1B+2E1( )} ~0 (3.17)

Now A W, diverges as s \, 0, but we can choose ¢? in such a way as to cancel
this divergence. Consider the O(A?) part of A,W,. Because of gauge invariance,

this contains a term of the form
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clns / (Z;Z;3Aﬁ(p)flf(—p)(p“p”—pQV“”) (3.18)

for some constant c. We can compute ¢ = 11N/(247?) by evaluating W, up to

O(AY) from the Hamilton-Jacobi equation [9]. Similarly, to O(A?) B has the form

/ (%)Eflf (p) A7 (—p) (p"p" — P*V*) (3.19)

and we conclude that to cancel the divergent term (3.18) we must take 2¢?/gs =

cln(sp?) for some mass scale p. So to one loop, the coupling is

11g3N log(su?
g =g¢+hg?=g2 +h—22 2( ), (3.20)
487
allowing us to calculate the one-loop beta-function
dg? 11g:N
= p—> = —h—2—. :

In perturbation theory we can use similar methods to determine higher loop cor-
rections to g(s) and E(s). In principle these could be computed non-perturbatively
as well, but in four dimensions an analytical treatment is probably beyond current
technology. When fermions are included there are of course additional renormaliza-

tions of the wavefunction and the fermion mass to be dealt with.

3.2 Large-distance expansion

If, at least with current knowledge, renormalization is most easily dealt with in
perturbation theory, there are nevertheless many results which may be obtained
non-perturbatively in the Schrodinger representation. Also, the formalism is flexible
enough to allow the simultaneous use of perturbative and non-perturbative strategies

in any concrete calculation. The non-perturbative techniques which we are about
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to describe will be of considerable use even within perturbation theory.

In the last chapter we saw various examples of WF’s which can be expanded in lo-
cal terms for slowly varying fields. For example, we expect that the Schrodinger func-
tional of any QFT can be expanded in this way for fields which vary slowly on the
scale of the time parameter. For theories with a mass gap, we expect the vacuum
WF to have such an expansion for fields which vary slowly on the scale of the lightest
mass. Of course, as we discussed earlier and will see explicitly in the next chapter,
gauge invariance can spoil the local nature of this expansion by introducing massless
modes which connect gauge equivalent configurations.

Although expansions of this type are valid only for slowly varying fields, we can
use the analyticity properties of the WF’s under complex rescalings to reconstruct
their behaviour for large momentum. Thus from a local expansion of the WF’s, we
can in principle calculate all physically interesting information, including that which
is sensitive to UV modes, such as the computation of the particle spectrum, or the
beta function.

From the point of view of the Schrodinger equation, solving for the local expan-
sion of a WF is equivalent to solving an infinite set of coupled algebraic equations
for the coefficients of the local terms. However, in solving the Schrodinger equation,
care must be taken with the regularization procedure, since it will not in general
commute with the expansion in local terms.

If a WF admits a local expansion, it can also be expanded locally order by order
in the loop expansion. Thus this approach to the Schrédinger equation may be
implemented within a perturbation theory approach as well.

To illustrate the general strategy we are outlining, we will first show that the
analyticity properties of WF’s allow them to be reconstructed from their local ex-
pansions, and then show how the coefficients of these expansions may be obtained

from the Schrodinger equation.
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3.2.1 Analyticity of Wave-Functionals

To begin with we will show how the small distance cutoff dependence of the free
scalar vacuum energy can be reconstructed from its large distance behaviour. Con-
sider the Hamiltonian (2.9). The vacuum energy is given by the action of #2, which
is represented by a functional Laplacian A, on the vacuum functional ¥y = e—%(pwgo‘
This clearly diverges, so as before we introduce a momentum cutoff which regulates

the Laplacian

d 52
A= , 3.22
p*<1/s (2m)? ¢ (p)dyp(—p) (8.2
and leads to the well-defined vacuum energy density
Aw 1 d’p 5 const.
£ = =3 Jocrys VP~ S w80 (3.23)

Now suppose we insert the local expansion (2.23) of w into (3.23). This does not
give the correct behaviour as s — 0, because the expansion is only valid for p? < m?2.
But we can remedy this by resumming the series expansion to obtain the correct

small distance behaviour. If we rewrite (3.23) as

d

_ 1 ’p 3 2
E(s) = 52 /,,2<1 o) p?/s +m?, (3.24)

then it is easy to see that it extends to an analytic function of s on the complex
plane with the negative real axis removed. We can expand the square root provided

that |s|m? > 1. Consider the integral

1 ds
IV = — / Bere 2
where C is a keyhole contour which runs under the negative real axis up to s = — R,
where R > 1/m?, around the circle of radius R about the origin, and back to s = —c0
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above the negative real axis. We can evaluate this integral using the local expansion
() A n+d/2
, 3.2
nz% (n + d/ 2)! ( ) (3.26)

Vdmd'Hé-!
where an = spagrERRlITI=R)

with V; the volume of the unit sphere in d dimen-
sions. Alternatively, we can evaluate (3.25) by collapsing the contour until it just
surrounds the negative real axis. As A — oo the contribution from the negative real
axis is exponentially suppressed, and we are left with £(0).

In practise we will want to truncate the series to a finite number of terms. Since

(3.26) is an alternating series, truncating it at n = N, say, gives an error less than

N+d/2+1 N+d/2+1
1
N1 A L[ . (3.27)
(N +d/2+1)! \m?

N \Nm?
If we take A = Npu? with u? < m? then the truncation error goes to zero for large N.

We can choose i so that the error due to approximating £(0) by (3.25) is comparable
in magnitude to (3.27).

Now we will describe how a similar technique allows WEF’s to be reconstructed
from their large distance expansions. If we write WE’s as functionals of a scaled
field ¢*(x) = p(x/+/s) we wish to show that they form analytic functions of s in the
cut plane. This will allow us to express their behaviour for small s in terms of their
behaviour for large s, via Cauchy’s theorem, just as we did for the vacuum energy.

Consider the path integral representation (2.10) for the Schrédinger functional,

written in terms of the scaled fields

[ Do exp—i [ @t {9(@ + m?)p - 26(z0 — 7)(9 — )+ 20(z0) (6 — )} .
(3.28)
Suppose we have only one spatial dimension. Since we have chosen the space-time

to be Euclidean, we can interchange the réle of the time coordinate with that of
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the spatial coordinate to obtain an integral over the space-time —co < ¢t < oo,
0 < z < 7. The time derivatives in (3.28) become space derivatives, and we can
reinterpret the path integral as a time-ordered vacuum expectation value in the

rotated space-time
Tolo*, 3] = Tl exp [ dt (20° ey = 26°0lem)0). (3.29)
Here |0,) is the vacuum of the theory with Euclidean action
Sp=i / d?z {$(6° + m2)¢ +2(8(z0) — 8(z — 7))} (3.30)

defined on the rotated space-time. We can expand the exponential in (3.29) and
use the time-evolution operator e~Hrt of the rotated theory to generate the time-

dependence. We obtain

90 (:0] Z/ diy, / dtn-1. / dtl—'/dpl .dp, e it
x@*(p1) - (pm)sb st - - - @ (pa) (0§ (0)e~Er=tn=DE" Gr(0) . .

e~ 2= g (0)]0,), (3.31)

where the first m occurrences of ¢'(0) are evaluated at = 7, and the remaining
ones at z = 0. The time integrals may be performed to give

U, [0, "] = > /dp1 o dpab (1) (p1) - - 0 (Pm) P (Pmsr) - - - B°(Pn)
1

Sn/? 2 _ / 2 __A___A/
XSO O) e e (0) 0 F01632)

Inserting a complete set of energy eigenstates between occurrences of the Hamilto-
nian in (3.32) allows us to write this as a sum of terms in which the s-dependence

is contained in fractions of the form 1/(F — i Y%, p;); since the eigenvalues of the
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Hamiltonian are real, this shows that ¥, is analytic in s apart from singularities
occuring on the negative real axis.

To extend this result to fields in more than one spatial dimension, we can con-
sider scaling each dimension seperately, and applying the same argument as above.
Similarly, this result extends straightforwardly to fields of higher spin, including
fermions and gauge fields.

Now consider W, the logarithm of ¥,. To any finite order in the sources ¢ and
@ this may be written as a sum of terms which are products of the terms appearing
in (3.32), and it is thus also analytic in the complex s-plane with the negative real
axis removed. Because particles are restricted to the range 0 < z < 7 the theory
has a mass-gap of value 1/7, even if m = 0. Thus all the fractions 1/(E —i¥% p;)
have either E = 0 or E > 1/7. In the latter case, provided the sources have compact
support in momentum space, and we take s to be sufficiently large, we can expand
the fractions in positive powers of the momenta, leading to a local expansion of
the wave-functional. The fractions with F = 0 cannot be expanded, but these
denominators must cancel against powers of momentum in the numerator to avoid
violating the cluster decomposition property of W,. This cancellation is highly
non-trivial, but it can be verified explicitly at each order by laborious calculations.

So in conclusion, for sufficiently large s, W, [¢®, ¢°] can be expanded in terms
which are local functionals of the sources. Using the fact that W, [¢®, $°] is analytic
in s allows us to reconstruct the behaviour for small s from from this expansion,

writing

=1 _ 1 _ 1 ds A(s-1) s ~s
W-le, @] —Alggl(k)—}ggo%/cs_le VWi le®, &), (3.33)

with C the same contour as before. We can improve the convergence of the series
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by applying an additional resummation:

1 [rdr
lim I(\) = lim — [ ¢

A—o0 oo 2t Jo T

11/ V7). (3.34)

3.2.2 The Schrodinger equation for the local expansion

In principle, by substituting the local expansion of a WF into the Schrodinger equation,
we can reduce it to a set of algebraic equations for the coefficients of the local terms.
But as mentioned earlier, the need for regularization complicates this procedure.
Consider the simple case of ¢* theory in (1+1) dimensions. This theory is super-
renormalizable, and the Hamiltonian can be regularized by normal-ordering with
respect to an arbitrary mass scale. Alternatively, the regularization may be per-
formed by subtracting mass and vacuum energy counterterms. It is a relatively
straightforward procedure to obtain the mass and energy counterterms as explicit
functions of a momentum cutoff; we require functions m(s) and £(s) with the prop-
erty that

CH o= i H = 1 -2 2 2, 9.4
:H = ll\r‘%Hs = £1\I‘r(1)/da: (7Ts + m*(s)¢; + 4¢s 5(5)) (3.35)

for the cut-off fields

dp ip(z— ~ dp ip(z—y) ~
b= [ay ], Gre Vo), do= [y [ SR iG). (330

2

These are given by

6g dp 1
28y =m? —h2 N .37
mi(s) =m* —hg [ o o (3.37)

and

B dp m2(s) —m?\ = gh? dp 1 2
&) =5 [, So(Vreme e+ [, ]
(5) 2 Jp2<i/s 27r< prme 2vVp2+m * 32 \Upz<iys 27 \/p2 + m2
‘ (3.38)
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We chose to normal order with respect to the classical mass m, but we could have
normal-ordered with respect to any other mass, reflecting the freedom in our choice
of subtraction point which lends the usual arbitrariness to the counterterms.

Now the Schrédinger equation may be written as

iy (1) + Al 7)) =0 (339

Using the argument already described, we can show that the LHS of this equation
extends to an analytic function on the s plane with the negative real axis removed.
This allows us to express (3.39) as

.1 ds s 0 s
Alg{.lo%/C? (a‘l’[ﬂp &) + H V. [¢’, w]) 0. (3.40)

where in this expression we can assume that ¥, = e, where W, is a sum of local

functionals

d d n 1 1 1 m
W,=3 / G p2 0(p1) - .- @(Pon)S(pr+- - +pan)ailrmpit | pizng™ (3.41)

nmz

Substituting this into (3.40) gives an infinite set of algebraic equations for the co-
efficients af ;. In the following chapters we will encounter many more examples
of equations like this; in many of the cases we will consider they can be solved
analytically, but in general they are well suited to numerical treatment.

It is worth noting that the renormalization counterterms can also be obtained
non-perturbatively from these equations, provided suitable renormalization condi-

tions are imposed.
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Chapter 4

The Schwinger model

We now wish to illustrate the non-perturbative solution of the Schrodinger equation
by studying a simple interacting theory, QED in (1+1) dimensions with massless
fermions, known as the Schwinger model since it was shown by Schwinger to be
exactly solvable [36]. This model exhibits many of the features of QCD in higher
dimensions, such as the vacuum angle, chiral symmetry breaking, and confinement,
but since it can be solved exactly, it is a useful model for studying these phenomena
analytically.

Another motivation for studying this model is to shed some light on the appar-
ent breakdown of the local expansion property which seems to result from gauge
invariance. In the Schwinger model we will see that this is related to charge screen-
ing. This supports the idea that gauge invariant WF’s do not in general admit local
expansions, even in the presence of a mass gap. However the Schrodinger functional
does always have an expansion, as we will verify for the Schwinger model by con-
structing the Schrédinger functional explicitly.

Many of the phenomena which we describe for the Schwinger model, such as the
vacuum angle, bosonization, and much of the detailed structure of the Schrodinger
equation, carries over directly to more general gauge theories in (141) dimensions.

Though exact WF solutions have not yet been found for non-abelian gauge groups,

48



our approach may be applied to this problem without further development. We will
also investigate what happens when we give the fermions a non-zero mass; we will
show how to solve the Schrodinger equation for the exact n-point functions.

In two dimensions, the general form of a physical WF is

¥ = (u, ANg) = 32 T dondinad )P ulin)é 5 o ),

= (4.1)
where the Wilson lines eief:nnA guarantee gauge invariance and f° are arbitrary
functions. It is useful to note that in the presence of the constraints on u and uf,
two dimensional gamma matrices have only one effective degree of freedom; ie. in
(4.1) we could have written 7° or 7! in place of ¥°.

Using this and (2.63) we can calculate (dropping a divergent constant)

o0
(Wg| sy =g°f0+ Y %/dafﬂdayﬁil...iaga(xl,yiu e Tay Yio) FH T, Y1 Tas Ya)-
~ (4.2)

A specific representation of the two dimensional Euclidean gamma matrices is

given v° = o, 41 = 02, v* = 0%. We will use the fermion representation described

in chapter 2, with the gauge invariant representations having

1 1 +2z
Qi == ( ) . (4.3)
+271 1

4.1 The Schwinger model vacuum

4.1.1 Path integral solution

To begin with, we will solve the path integral expression (2.73) for the vacuum WF.
Since the effective theory is gaussian, the calculation is particularly simple. Later

we will show how the same result may be obtained from the Schrédinger equation.
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The Schwinger model has the Euclidean action
/ Pr(y - (0 +ieA)yp + %F‘“’Fu,,). (4.4)

For massless fermions we can obtain the fermion determinant by integrating the
anomaly [32]; with a U(1) gauge group the result is

2

det D = exp{ - ;7(3”¢)2}’ (4.5)

where A, = 0,7+ €,,0,¢. Py are obtained as equal time limits of the Dirac propa-

gator
P, = 5}1{51:1: D7 (4.6)
and
D = ¢iemt7°9) )0,y ge=ie(ntr®9) (4.7)

At t = 0 we want A; = A, which implies that n = [*(A+ q&) For ¢ we can without

loss of generality choose the boundary condition ¢|;—¢ = 0. Thus we have

_1 7
Pi—2<5(:c y) £ pr—y

) exp{ie /y A+ ). (4.8)

Here P denotes the principal part. The operator A7'C is easily found; (2.73) be-

comes

Dy, ul, A] = /ngexp{—%qﬁ(a‘l + M?6%)¢

+§ /da:dy [uT(a:)fySu(y)’PI 1 . exp{ie /Z(A + ¢)}]} (4.9)

Y

where M? = % We can integrate this to give
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21 22 e [*
i — il “ 1 5 1efy A
Ulu, ul, A l;) . nl;[o[7r /d:cndynu (zn)7°u(yn)P —
X eXP{ Oz —yi) — D [‘I’(zi —z;) + ®(y: — yj)] }](,4-10)
ij=1 j>i=1

where

o(z) = / @<i — M) (1 — cospz). (4.11)

27\ |p| p?
It may be explicitly verified that (4.10) satisfies both Gauss’ law and the Schrodinger
equation. Note that this expression is both UV and IR convergent.
Since the Dirac operator is flavour neutral, all of this is perfectly valid for the
Schwinger model with Ny flavours, provided we put a flavour index on the fermions

and set M? = N; <.

4.1.2 VEV’s, chiral condensate and vacuum angle

Define
= _[dp(1 VP + M? iz
C(x) = / %(lﬂ - —“—pz )6 , (412)

so that ®(z) = C(0) — C(z).

From the analysis of [43] it is clear that the two-point function (¥(z)r/r%(Y)L/r)

is given by
} & o)
()b = e
) =i
(V(@)rd(y)R) = gecu—y)’ (4.13)
where C(z —y) = [ £( — —=L—)e'* is the propagator of ¢(z) (whereas ®(z —y)

|p| - \/p2+M?

is the propagator of [ ¢).
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In particular, since lim,_,o C(z) = In % + 7, we have for the chiral condensate

- Me7

($h)e = —— cost, (4.14)

which corresponds with the well-known result [38].

Since the effective theory has only two-point interactions, the other n-point func-
tions are obtained from C(z) by a trivial extension of this analysis. When we con-
sider the massive model, we will have to include n-point interactions in this analysis.

We have identified the theta angle as a parameter in our choice of boundary
conditions. We now demonstrate that this is the same parameter appearing in the
instanton physics of the pure gauge theory. From this point of view the vacuum
angle is obtained by inserting a term

1ed

— [ dze™ F,, 4.15
Ir / 1 ( )
into the path-integral expression (2.69). This term is proportional to the “instanton
number”, which is not quantized, as a result of the boundary conditions. We have

€ F,, = —20%$, but on the other hand A = — [°_ dt?4, so that
* / dze” F,, =2 / dzA. (4.16)

Hence

Wolu, ul, A] = Ufu, ul, Ale's [ d=4 (4.17)

so that under a large gauge transformation [dzA — [dzA + 2”7”, we have Uy —
Tye?m? This phase is twice what we might expect; because of the relation (4.16)
large gauge transformations change the instanton number by multiples of two. To
change the instanton number by one unit, we must perform a large gauge trans-
formation of winding-number one half [dzA — [dzA + 7. These “half-integer”

transformations were first discussed in [33], but should not be thought of as con-
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tributing to the vacuum degeneracy [34]. The periodicity of 8 is explained by the fact
that it is energetically favourable to create an electron-positron pair when 6 > 27
[35].

Because of the chiral anomaly, by performing a chiral rotation
= 02yt ylem 2 (4.18)

in (2.69) the term (4.15) is cancelled. This returns us to the original expression, but
with @ replaced by @' = Qe and u, u' chirally rotated so that they satisfy the
constraints with ' instead of Q). In other words, the term (4.15) just modifies the

boundary conditions in the expected way. Incidentally, this implies that
(TH10(d, PHW5) = (L5072, §le7"12)|wp), (4.19)

which is useful for calculating expectation values.

This discussion is unaffected if the fermions have a non-zero mass, except that the
mass term is also altered by the chiral rotation (4.18); m — me®’ . This indicates
that the vacuum angle has a true physical significance in this case, whereas for

massless fermions it can be altered by a suitable redefinition of the fields.

4.1.3 Bosonization

The confining nature of the theory is easily seen from (4.10); since the potential
(4.36) goes like |z| at large distances, configurations in which a field source goes off to
infinity without an accompanying anti-source, are exponentially damped. Infrared
slavery and asymptotic freedom are similarly seen by scaling the momentum in
(4.36); the effect of such scaling is to make the coupling constant large for small
momenta and vice-versa.

Bosonization may be understood by transferring the sources to currents instead

53























































































































































































































































