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Abstract

A mathematical and numerical analysis has been carried out for two cross diffusion
systems arising in applied mathematics. The first system appears in modelling the
movement of two interacting cell populations whose kinetics are of competition type.
The second system models axial segregation of a mixture of two different granular
materials in a long rotating drum. A fully practical piecewise linear finite element
approximation for each system is proposed and studied. With the aid of a fixed
point theorem, existence of the fully discrete solutions is shown. By using entropy-
type inequalities and compactness arguments, the convergence of the approximation
of each system is proved and hence existence of a global weak solution is obtained.
Providing further regularity of the solution of the axial segregation model, some
uniqueness results and error estimates are established. The long time behaviour
of both systems is investigated and estimates between the weak solutions and the
mean integrals of the corresponding initial data are derived. Finally, a practical
algorithm for computing the numerical solutions of each system is described and
some numerical experiments are performed to illustrate and verify the theoretical

results.
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Chapter 1

Introduction

In recent years much attention has been paid to the study of cross diffusion systems
in the field of strongly coupled parabolic equations. Cross diffusion, which is only of
relevance in multi-species models, was defined in Okubo, [54] page 170, as the diffu-
sion of one type of species due to the presence of another species. Mathematically,
cross diffusion occurs when the diffusion matrix of a system of partial differential
equations is not strictly diagonal (see Murray [52] page 11 ). We see some examples
later in this introduction. In mathematical biology applications, cross diffusion sys-
tems arise to model segregation phenomena between two competing species and are
often expected to be relevant to the classical model of Lotka [49] and Volterra [65]

for the interaction between a predator, u, and its prey, v,:

du

i auv — Pu,
d
d_: = ov — yuv,

where the non-negative parameters «, 3, 0 and = represent the interaction of the
two species.

To illustrate and understand the meaning of cross diffusion we give an example of
a Lotka-Volterra type cross diffusion model. Let Si(x,t), Sa(x,t) be the population

densities of predator and prey, then the usual Lotka-Volterra predator-prey model
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with diffusion can be written as

S 0*S

8_251 =D, (99521 — a151 + 01515,
2

05 = Dy 0% + a5 — 02515,

ot Ox?
where D and D, are the diffusivities of the two populations, a; and as are the rates
of death and birth of the individual species and finally the parameters b; and by are
the growth and decay factors due to binary interactions.

The above model can be modified to include cross diffusion terms that express

the population flux of each species due to the presence of the another species (see

Okubo [54] ) :

oS 928 %S,
8—; = Dl 8721 + D12 8722 — alsl + b151327
oS 928 9%S
Bt = D2 ge T Pn g @ b

where the cross diffusion constants D5 and Dy can be positive, negative or zero.
Positive cross diffusion means that one type of species tends to move in the direction
of the lower density of the other type and vice versa. For instance, if a predator
tends to diffuse in the direction of higher concentrations of prey and the prey tends
to diffuse in the direction of lower concentrations of its predator, as expected, we
assume D1y < 0 and Ds; > 0. Of course, Dy or Dy; may vanish for a non-
responsive predator or non-motile prey. For further details about this model, see [54]
Section (10.3.3 ). See [52] Section (1.2), for a description of another example of cross
diffusion.

For the concepts of diffusion and cross diffusion, and their backgrounds and
applications we refer to, e.g., [54], [52], [25], [50] and [64] and the references cited
therein. For some earlier work on modelling cross diffusion systems see [60] and [54].
For more recent work on modelling cross diffusion systems see [3], [28], [55], [44]
and [39]. We also refer to [33], [21], [9], [51] and [67] for some mathematical studies
of a number of cross diffusion models of Lotka-Volterra type. Other mathematical

studies of cross diffusion systems can be found in the literature, see for example [34],

[20], [40], [45] and [15].
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In this thesis, we use the finite element method as a technique to study two
classes of strongly coupled cross diffusion systems arising in certain biological and
physical applications. The first is a population model of competition type arising in
biological study of the movement of two interacting cell populations. The second is

an axial segregation model arising in physical study of granular materials.

1.1 Introduction to the population model

The scenarios of the movement of two interacting cell populations vary dependent
on the details of the cells behaviour and other environmental factors. When indi-
vidual cells in each population are widely separated, the movement of interacting
cell populations is often represented simply via independent linear diffusion of each
population (Painter and Sherratt [55] page 327). However, when cells are close
enough for regular contacts, those of one type will influence the movement of the
other cell population. Thus, as the cell density increases, cell-cell interactions will
effect movement. One biological question is: how does the total cell density effect
the movement properties of the cells? In fact, there are some mechanisms that may
lead to dispersal of the population. One of these mechanisms is when cells detect
and respond to a local gradient in the cell density. In such a movement, in one
dimension space, the appropriate model for the dynamics of two cell populations is

(see Painter and Sherratt [55]):

ou 0 ou 0
E—g(D%”“a—x(“W)’ (1.1.12)
v 0 ov 0
a:a—x@a—x”“a—x(“”))’ (1.1.16)

where u and v are the densities of the two cell populations. x is assumed to be a
positive constant to ensure that cells move down gradients in the total density, i.e.
to ensure that v and v move in the direction of lower concentrations of the total cell
density (u + v). This constant can be eliminated by rescaling the variables u and

v, but for simplicity we choose xy = 1. The diffusion coefficient D is non-negative
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where D > 0 implies that cells move down gradients of their own density, and D = 0
if the cells respond only to the total density gradient (see [55] for more details).

In the above model, the terms a% (D g—;) and a% (D %) are diffusion terms.

The terms a% (u %) and a% (v %) are called self-diffusion terms. Finally, the terms

a% (u %) and 8% (v %) are cross diffusion terms. It is indicated in the literature that
cross diffusion seems to create pattern formation whereas diffusion and self-diffusion
tend to prevent pattern formation (see Lou and Ni [50]).

In the case of interacting two cell populations whose kinetics are of competition
type, the model (1.1.1a)-(1.1.1b) will include predator-prey reaction terms repre-

senting the competitive situation. Assuming that the v cells have a competitive

advantage over the u cells, the appropriate model can be written as (see Painter and

Sherratt [55]):

du 0 ou 0
5% = B2 (D_8x+u_8x(u+v)) +u(l—u—v),
ov 0 v 0
a:%(lﬁ*“%w”)) toly-u-v)

where the constant v > 1 reflects the competitive advantage of the v cells. A specific
instance to which this model could be applied is early tumour growth. For more
details on the biological background, we refer the reader to [55] and the references
therein.

In the first part of this thesis, we will consider mathematical aspects of the
multi-dimensional version of the above model with homogeneous Neumann boundary
conditions and appropriate initial data.

Let Q be an open bounded domain in R?(d < 3) with a Lipschitz boundary 92. We
consider a nonlinear system of cross diffusion partial differential equations modelling

the movement of two interacting cell populations whose kinetics are of competition

type:

(P) Find {u(z,t),v(z,t)} € R=° x R=? such that
g—;‘ = V- (DVu+uV(u+v))+ f(u,v) in Or, (1.1.2a)
o _ V- (DVv+ovV(u+v))+ g(u,v) in Qr, (1.1.2b)

ot
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with boundary conditions

[DVu+uV(u+v)]-v=0

on 02 x (0,7, (1.1.2¢)
[DVv+oV(u+0v)]-v=0
and initial conditions
u(z,0) = u’(z), wv(z,0)=1"2) Ve, (1.1.2d)

where Qr = Q x (0,7), T > 0 and v denotes the outward unit normal to 0.
As hinted above, the functions v and v are the densities of the two cell types. D
is non-negative diffusion coefficient, and for the analysis of the problem we assume

D > 0. The nonlinear predator-prey reaction terms are given as:

flu,0) =u(l—u—wv),

9w, v) =v(y —u—v),

where the competition coefficient v > 1 represents a growth advantage of v over w.
The parabolic system (1.1.2a)-(1.1.2b) is strongly coupled with full and non-

symmetric diffusion matrix

D+u U
A:

) D+

We also not that there are values of D > 0 and u,v > 0 for which A is not positive
definite. For this kind of strongly coupled system, it is well known that there is
no general abstract theory that can be applied directly to obtain existence results

(see [20]). Therefore, one must find an alternative bespoke approach to deal with

the problem (P).

1.2 Introduction to the axial segregation model

In the second part of the thesis we consider the following cross diffusion parabolic

System:
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(Q) Find {w(x,t),z(x,t)} € [-1,1] x R such that

ow

5=V (pVw—(1-w*)Vz) in Qr, (1.2.1a)
%: V- (Vz+AVw)+pw—z in Qr, (1.2.1b)

where 2 = (0, L) C R for some L > 0, and Qr := Q2 x (0,7 for positive time 7" > 0.

Together with Neumann-type boundary conditions

[pVw = (1= w?) Vz] (0,-) = [Vz+AVu] (0,) =0, in (0,7), (1.2.1c)

[pVw—(1—-w*)Vz](L,) =[Vz+AVuw](L,-) =0,

and initial conditions
w(r,0) = w'(x), z(z,0)=2"(z) Ve, (1.2.1d)

where, for consistency of notation with the previous model, we write V instead

The above system models axial separation of a mixture of two sorts of particles,
A; and Ay, in a long rotating drum with length L > 0. Here w = wy, — wa, €
[—1,1] is the relative concentration of the mixture, where wy,, w4, € [0, 1] are the
concentrations of the two particles A; and A,. The variable z represents the so-called
dynamic angle of repose which is defined as the angle of the slope of the free surface
of grains in the drum as they flow continuously. The constant p > 0 is related to
the Fick diffusion constants arising in the surface fluxes of the two materials, while
the positive constant A > 0 is proportional to the difference of the Fick diffusivities.
Finally, the non-negative constant p > 0 is related to the static angle of repose of
the particles.

Although cross diffusion equations are often considered in biological modelling,
the cross diffusion model (Q) was proposed by Aranson et al. [3] in their study of
the evolution of the relative concentration and the dynamic repose of a mixture of
two different granular materials in a long rotating drum. From the physical point
of view, mixtures of grains with different sizes in a long rotating drum exhibit both

radial and axial size segregation. During the first few revolutions of the drum,
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radial segregation occurs and is often followed by slow axial segregation which leads
to either a stable array of concentration bands or, after a very long time, to complete
segregation (see [4]). For a fuller discussion on the background and derivation of the
model we refer to [3], [4], [5], [34] and [43].

We note that the cross diffusion in the system (1.2.1a)-(1.2.1b) is represented by
the terms V - ((1 —w?) Vz) and A V2w. Furthermore, as for the problem (P), the
system (1.2.1a)-(1.2.1b) is strongly coupled with full and non-symmetric diffusion

matrix

which is generally not positive definite.

1.3 Research objectives and methodology

The work in this thesis will consist of three main parts:

(1) Analysis of the problem (P).
(2) Analysis of the problem (Q).

(3) Numerical experiments for (P) and (Q).

In the first part, Chapters 2, 3 and 4, we provide an extended study of the prob-
lem (P). As a main objective, we study the existence of a global weak solution of
the system (1.1.2a)-(1.1.2d). An efficient method to do that is by introducing and
analyzing a fully discrete finite element approximation of (P). The main features
of the system will be reflected explicitly in the analysis of the fully approximation
problem. For this reason, the need to derive an entropy inequality “energy esti-
mate” of the problem (P) is the key in the analysis of the approximation problem.
The entropy inequality of the problem (P) can be made by testing the equations
(1.1.2a) and (1.1.2b) with Inu and Inwv respectively. However, this will require us
to go through a regularization procedure in order that we treat the singular nature

of the derived inequality in the region R<". Hence, a well defined entropy inequality
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of the regularization problem of (P) can be established and uniform bounds on the
regularized functions, independent of the regularization parameter, can be obtained.
The entropy inequality and the uniform bounds of the regularized problem provide
the foundation of a discrete analogue entropy inequality and uniform estimates of
the corresponding approximation problem. Such estimates are needed to prove the
convergence of the regularized fully approximated problem as the regularization pa-
rameter and the discretization parameters simultaneously tend to zero, and therefore
we obtain existence of a weak solution to the system (1.1.2a)-(1.1.2d).

To sum up, the finite element approach used to show the existence of a non-
negative global weak solution of (P) consists of four main steps. Firstly, we introduce
a regularized problem of (P) and establish its entropy inequality. Secondly, we
consider a fully discrete finite element approximation of the regularized problem and
prove the existence of the approximate solutions at each time step using appropriate
initial data. Thirdly, we derive a discrete analogue entropy inequality and obtain
some bounds of the approximate solutions. Finally, we study the convergence of the
fully approximation problem.

Unfortunately, the lack of H'-norm bounds in the problem (P) will prevent the
proof of convergence in the final step. Indeed, this will be treated successfully using
a crucial idea, where we consider an alternative “equivalent” problem to (P), that
gives us the necessary bounds to prove the convergence.

The second part of the thesis, Chapter 6, will be devoted to the analysis of the
system (1.2.1a)-(1.2.1d). As both systems (1.1.2a)-(1.1.2d) and (1.2.1a)-(1.2.1d)
belong to a similar class of equations, the analysis of problem (P) will significantly
contribute to our study of the problem (Q). In particular, similar arguments used
for (P) will be employed to prove the existence of a global weak solution of the
system (1.2.1a)-(1.2.1d). Due to the structure of (Q), the second part of this thesis
will also involve a discussion of the uniqueness of the weak solution of (Q) as well

as a derivation of some fully discrete error estimates.
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In the third part of the thesis, Chapters 5 and 7, we perform some programming
in Fortran and Matlab to verify the established theoretical results in the first two
parts.

The idea of defining and exploiting an entropy inequality has been used in the
study of different types of partial differential equations, see [10] and [12], where a thin
film equation is studied, and [33], [34], [21], [9] and [22] where cross diffusion systems
are considered. The approach adopted in this thesis uses the standard piecewise
linear finite element method. For references that use this approach, or employ
similar arguments and tools to our own, see for example [7], [9], [10], [11], [12], [35]
and [63]. For the theoretical tools, techniques and results used in this thesis see
e.g. [1], [46], [23], [57], [58] and [32]. Below we give a brief description of the content
of each chapter of the thesis.

In Chapter 2, the population model (1.1.2a)-(1.1.2d) is considered. A truncated
alternative “equivalent” solvable problem to (P) is introduced. A regularized prob-
lem of the truncated system is studied and some a prior: estimates of the regularized
functions are obtained. A practical fully discrete approximation of the regularized
problem is presented using a finite element method, with piecewise linear basis func-
tions, to discretise in space and using backward Euler method to discretise in time.
Then, some technical lemmata necessary for the analysis of the approximate prob-
lem are discussed. Finally, existence of the approximate solution at each time level
is proven using the Schauder’s fixed point theorem.

In Chapter 3, the analysis of the population model (1.1.2a)-(1.1.2d) is continued.
Some stability bounds on the fully discrete approximations, defined in Chapter 2, are
derived. Using classical compactness arguments, the convergence of the approximate
problem to (P) is studied. Existence of a global weak solution of the system (1.1.2a)-
(1.1.2d) is shown.

In Chapter 4, improved results for the system (1.1.2a)-(1.1.2d) are achieved by
considering a “fully” truncated alternative problem to (P). In the absence of the

reaction terms, further features of the system (1.1.2a)-(1.1.2d) are explored.
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In Chapter 5, Some practical algorithms for computing the numerical solutions
of problem (P) are described. Some numerical simulations in one space dimension
are performed and discussed.

In Chapter 6, the axial segregation model (1.2.1a)-(1.2.1d) is considered. A
regularized fully discrete finite element approximation of the problem (Q) is studied.
Existence and uniqueness of the approximations are established. By studying the
convergence of the fully discrete approximate problem, existence of a global weak
solution of the system (1.2.1a)-(1.2.1d) is shown. The uniqueness of the derived
weak solution is discussed. Furthermore, an error bound between the fully discrete
and weak solutions is studied. Finally, the long time behaviour of the solutions of
the system (1.2.1a)-(1.2.1d) is discussed and an estimate between each variable and
its mean integral is derived.

In Chapter 7, a practical algorithm for solving the finite element problem of (Q)
at each time step is introduced. Some numerical results are presented to illustrate
the segregation behaviour.

Finally, in Chapter 8, some conclusion remarks are given and some possible

future work are addressed.



Chapter 2

The population model: A fully
discrete approximation of a

regularized truncated problem

In Section 2.1 we briefly review some basic notation, definitions and tools that will
be used throughout the thesis. In Section 2.2 we introduce a truncated alternative
problem to (P). In Section 2.3 we introduce a regularized problem of the trun-
cated system. Then we obtain some a priori estimates of the regularized functions,
independent of the regularization parameter, via deriving a well defined entropy in-
equality of the regularized problem. In Section 2.4 we present some finite element
notation which will be used in the current and the following chapters. We propose a
practical fully discrete finite element approximation of the regularized problem and
present some necessary lemmata. Finally, we use a fixed point theorem to show the

existence of the approximate solutions.

2.1 Notation

Let G be a bounded domain in R%, d = 1,2, 3, with boundary 0G. For d = 2,3 we

assume that 0G is a Lipschitz boundary. Throughout this thesis we use the usual

11
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Sobolev spaces W™P(G), m € Ny := NU {0} and p € [1, 00|, which are defined by
WmP(G) :={u € LP(G) : Du € LP(G) for 0 < |a| < m},

with the associated norms and semi-norms given, respectively, by

( 1
P
oDl | i 1<p<os,
[2lmpc = 0<|a|<m
max || D%||o,c0,c if p=o0;
L 0<[al<m
and
( 1
P
Yo IDulf,e | i 1<p <o,
|u|m,p,G = |a|=m
max|Dulowe i p= oo
CE

where D® is the standard multi-index notation for the partial derivative of order |«|

(/]n\pdx)p if 1<p< oo,
G

esssup|np(z)| if p= oo,
zeG

and

7llo.pc =

(e.g., see Adams [1] or Robinson [58]). For m = 0, the space W%?(G) will be denoted
by LP(G). In the case p = 2, the Hilbert space W™?(G) will be denoted by H™(G)
with the associated norm and semi-norm written as || - ||,,.¢ and |- |, respectively.
For ease of notation, when G = €2 the subscript “€2” will be dropped on the above
norms and semi-norms.

In our work, the usual L?*(2) inner product over Q with the norm | - |2 = || - [lo
is denoted by (-, ). The dual space of a Banach space X is denoted by X', and we
write (-, )y x for the duality pairing between X" and X.

We also use function spaces depending on space and time. Let 1 < p < oo and
X be a Banach space. We denote LP(0,T; X) to be the Banach space that consists

of all those functions u(t) : (0,7) — X a.e. such that ¢t — ||u(t)||x in LP(0,T), with
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norm

' :
([ o) it rsp<s,
— 0

||UHLP(O,T;X) =
esssup||lu(t)|| x if p=o0.
t€(0,T)
For ease of notation, we write the commonly used time-dependent space L?(0,T'; L*(2))
as LP(Sp).
Furthermore, we define C'([0, T]; X), the space of continuous functions from [0, 7]
into X, which consists of those u(t) : [0,7] — X such that u(t) — u(tp) in X as
t — to. We recall that C([0,7]; X) is a Banach space with the associated norm
(see [62] page 43):
[ulleqorix) = sup [lu(t)lx -
t€[0,T]
For later purposes, we recall the Sobolev interpolation theorem (see Adams [2]):
Let uw € W™P(Q), for 1 < p < oo and m > 1, then there are constants C' and

m \ P

o=4 (l — %) such that the following inequality holds

[p, <] if m—4>0,
p
[ullor < Cllullo, el for 7€ 3 [p, 0o) if m—2=0, (2.1.1)
d : d
\[p’_m——d/p] 1fm—5<0

We also need the following version of the Sobolev interpolation results (e.g.

see [19]): Let w € H'(2) then there are constants C' and 6 = % such that the
following inequality holds
%Lm] ifd=1,
lullos < Cllulloz’llulli,  forre {1,00) ifd=2, (2.1.2)
[1.6]  ifd=3.

It will be useful in the work that follows to note the following well-known Sobolev

embedding results (which can be seen immediately from the above interpolation
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inequalities) :

/

[1,00] ifd=1,

HY(Q) < L™(), holds for r € [1,00) ifd=2, (2.1.3)

\[1,6] if d = 3;

where “—” denotes the continuous embedding. Further, we have from the Rellich-
Kondrachov theorem, e.g. see [23] page 114 and [19] page 8, that the embedding in
(2.1.3) is compact with r € [1,6] replaced by 7 € [1,6) in the case d = 3 . The
compact embedding will be denoted by the symbol “<”.

For later use, we recall the following embedding compactness result (see [48],
page 58): Let X, Y and Z be three Banach spaces with X and Z being reflexive
and X <Y < Z. Also let

W = {u: uwe L"(0,T; X), % € LS(O,T;Z)},

where T" < oo and 1 < r, s < oo. Then
W < L7(0,T;Y). (2.1.4)

We also require the Gronwall lemma both in its integral and differential form.
For completeness we state the lemma and we refer to [31] for the proof of more
general results. We start with the integral form:

Let 3 be a non-negative constant and let u(t) € L>=(0,T) and v(t) € L*(0,T) be

non-negative functions such that for a.e. t € (0,7)
t
u(t) < ﬁ+/ u(s)v(s) ds.
0
Then for a.e. t € (0,T)

u(t) < B exp (/Otv(s) ds) . (2.1.5)

ITo deduce the compact embedding results for d = 1, we note the fact H (Q) <> L*®(Q) —
L™ (Q), r € [1,00], (see [19], page 9).
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We now state the differential form:
Let f(t) € WHY(0,T) and ¢(t), h(t), w(t) € L*(0,T) be non-negative functions such
that for a.e. t € (0,7)

F'(@©) +g(t) < h(t) + f(t) w(t),

Then for a.e. t € (0,7T)

)+ /Otg(s) ds < AV £(0) 4 AV /Ot h(s) ds, (2.1.6)

where A(t) := fotw(s) ds.
For later purposes, we recall the generalized version of the Holder’s inequality:
Let uy € LPY(QY), ug € LP*(2) and ug € LP3(Q2) such that 1 < py, ps, p3 < oo with

4L —i—p—13 =1, then u; up uz € L'(Q) and

p1 p2

/]ul ug ug|dr < (/ \ullpldx> " (/ |uQ|p2da:) " (/ |U3\p3da:) v (2.1.7)
Q 0 Q Q

Another well-known inequality we need is the Poincaré inequality (e.g. see Wloka

[66], page 117)
Inllg < Cy (Inf; +1(n, 1)?)  Vn e H'Y(Q), (2.1.8)

where (), is a positive constant that depends on the domain €2.
For completeness we also mention some elementary results which will be used

later on. We make frequent use of the Young’s inequality

Pl b2 1 1
abggpla——i—g_pz—, — 4+ — =1,
b1 P2 Pt P2
valid for any a, b > 0, € > 0 and py, ps > 1.
We shall also need the following simple inequality
a2
(a —b)? > 5~ b Va,bER, (2.1.9)

which follows from a direct application of the Young’s inequality.

Another useful consequence of the Young’s inequality is the following

abZ———z— Va, b€ R Ve > 0. (2.1.10)
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Finally, we note the following elementary inequalities, valid for any a € R:

l-a)=[1-a +[1-a_<[l-a], <1-]a]_, (2.1.11)
(a—=1)=la—1] +[a-1_>[a—1]_>[a]_—1, (2.1.12)
where [a]; = max{a,0} and [a]- = min{a, 0}.

Throughout C' represents a generic positive constant, independent of any regu-
larization and discretization parameter, which may change from one expression to

another. In addition, C(c1, ¢a, - - - ,¢,) denotes a constant depending on {¢;}!_;.

2.2 A truncated alternative problem

In this short, but important, section we make a significant step towards showing
the existence of a global in-time weak solution of the problem (P). Our approach to
prove existence is based on the idea of defining an entropy inequality that leads us to
obtain energy estimates. One of the main difficulties of (P) is how to deal with the
diffusion terms to derive H!'-norm bounds of the solutions u and v. To overcome
this difficulty, we need to note that from a biological point of view one does not
expect both densities, v and v, to be unbounded. Noting this and the advantage of
the v cells over the u cells, it is convenient for the mathematical analysis of (P) to
replace the term u V(u+v) in (1.1.2a) by ¢(u) V(u +v) and to replace the reaction

terms f(u,v) and g(u,v) by far(u,v) and gas(u,v), respectively, where

d(u) :=[u—M]_+ M, (2.2.1)
fu(u,v) i =u—¢(u) (u+v), (2.2.2)
gu(u,v) :=yv—v(p(u)+v). (2.2.3)

Here M is fixed positive number, and for later computational purposes we choose
M > e. Without loss of generality, such a replacement can be considered even if v

does not have advantage over wu.
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Thus the modified problem is:
(Pys) For fixed M > e, find {u(z,t),v(z,t)} € R2% x R=Y such that

% = V- (DVu+¢(u)V(u+v))+ fa(u,v) in Qrp, (2.2.4a)
% V. (DVut o V() + gurv) in Q. (2.2.4D)

with homogeneous Neumann boundary conditions

[DVu+ ¢(u)V(iu+v)]-v=0

on 02 x (0,7, (2.2.4¢)
[DVv+oV(u+0)]-v=0
and initial conditions
u(z,0) = u’(z), wv(z,0)=1") Ve, (2.2.4d)

where ¢(u), fu(u,v) and gp(u,v) are defined by (2.2.1)-(2.2.3) above.

We mention that the functions w, v and ¢(u) in the problem (P,;) should
be written with a subscript “M”, i.e. up;, vy and ¢p(ups) respectively, but the
subscript is dropped for ease of notation.

It is clear that the problem (Pj/) is equivalent to the problem (P) if the number
M is chosen large enough such that u < M where u is solution to (P,;). This has
meaning since we expect at least one of the densities to be bounded. Actually, it is
well known in the biological literature that all densities are assumed to be bounded.
This is not wasted, as improved results can be derived by considering an alternative
problem to (Pj/) (see the discussion in Chapter 4). The replacement employed above
will play a crucial role in the study of problem (P) as it is the key to obtaining the
needed bounds, on u and v, in the analysis. We indicate that the idea of considering
an alternative solvable problem to (P) is inspired from an argument employed in [10]

on the study of a thin film equation.
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2.3 A regularized problem

The key step of our analysis in proving existence of a global weak solution of the
system (2.2.4a)-(2.2.4d) is to derive a priori estimates. To achieve this, we use
a mathematical approach that deals with an entropy inequality of a regularized
problem of (Pjs). Such an approach has been employed in studying different kinds of
partial differential equations, e.g. see [9], [10], [11] and [12]. By using an appropriate
entropy functional, we first obtain some a prior: estimates on any positive solution
of the model (Pjy).

We define a function F' € C?(R>?) such that ¢(u) F”(u) = 1 and F(1) = 0; that
is [/ : R”? — R=2° given by

(Ins—1)s+1 it0<s<M,
F(s):= (2.3.1)
522_]\]}42—#(111]\/_/—1)8—1—1 if s> M:;
and hence,
Ins if0<s< M,
F'(s) =

a tInM—1 if s> M,

®» =

if0<s< M,
and F"(s):=
ﬁ ifs>M.
We also define the function G € C*®(R>Y) satisfying vG”(v) = 1; that is

G : R>% — R=2% given by
G(s) :=(Ins—1)s+1; (2.3.2)
and hence,
G'(s)=Ins and  G"(s)=1.

Assuming positive values of the population densities, © and v, one can define the

non-negative entropy functional
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with the corresponding entropy inequality

B+ [ (BIIuli+19u+ Vo) at
gEmy+Aié(ﬁAMMP%m+ngmﬂﬂm>dm&, (2.3.3)

for 0 < ¢ < T. This can be derived by multiplying (2.2.4a) and (2.2.4b) by F’(u) and
G'(v) respectively, integrating by parts over € and summing the resulting equations,
after recalling (2.3.1), (2.3.2) and (2.2.4c). However, as the functions F'(u) and G(v)
are defined on R>?, the inequality (2.3.3) can be made rigorous only if both u(x,t)
and v(z,t) are positive. To deal with the singularity on the non-positive part, we
need to go through an appropriate regularization procedure.

For computational purposes, we replace the function F' € C?*(R>°%) for any

e € (0,e71) by the regularized function F, : R — R2° given by

( £ 4 (lne—1)s+1 ifs<e,
F.(s):=4 (Ins—1)s+1 ife<s<M, (2.3.4a)
| M (M 1) s+ 1 if s> M.
Therefore,
)
S4Ine—1 if s <e,
F(s):==1 Ins ife<s<M, (2.3.4b)
| T M -1 if s> M;
'g if s <e,
Fl(s)=4q 1 ife<s<M, (2.3.4c)
\ % ifs>M.

We also replace the function ¢(s) by the regularized function ¢. : R — [g, M]



2.3. A regularized problem 20

defined by
( € if s <e,
¢e(s) = [F/(s)] =1 s ife<s<M, (2.3.5)
\ M ifs>M.

For later purposes, we recall the following properties concerning the functions

F.(s) and o.(s) :

e For all e € (0,e7!) and for all s < 0 we note that

82 — 82 2
F.(s):= 5 +(ne—-1)s+1> 5. (2.3.6)
€
e For all € € (0,e7!) and for all s > 0 we have that
Fo(s) > £ — 31 (2.3.7)

To show this, we note firstly for any s € [0, 1] that F/(s) < 0 and hence

F.(s) > F.(1) = 0> = — 3M

= 1 2
Secondly, for s € [1, M| we have that

s t
>0 — / r(u) dudt > 0,
1 J1

1
M
that is

(Ins—1)s+1— 20+ 5 — 55 >0,
and hence for all s € [1, M|

2 s 1 2 3M
Fs)2 oy — 3t a2 1im 2 -

Finally, for s > M we have from the Young’s inequality that

Fi(s) 2 537 — ¥ =5 2 7 = 4
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e Furthermore, it is a simple matter to show that for all € € (0,e™!) and for all

seR

sF!(s) <2F.(s)+1, (2.3.8)

)

s F/(s) > ¢.(s) Fl(s) > s — 1. (2.3.9)

3 3

To see (2.3.8), define
J(s)=2F.(s)—sF.s)+1 = J.(s)=F.(s)—sF!(s).
For s <e, Ji(s) =Ine —1 <0 and so
Jo(s) > J(e) =e(lne—2)+3>0.
Fore <s< M, J(s)=Ins—1. Hence, J.(s) =0at s=e € [¢,M] and
J(s) > J.(e) =3—e>0.

For s > M, we have as M > e that J/(s) =InM —1 >0 and

Jo(s) > J.(M)=M(InM—2)+3>0.

Thus we conclude (2.3.8) for all s € R.

The first inequality in (2.3.9) follows directly on noting that

d-(s)>s and  Fl(s) <0 Vs <e,

¢e(s)<s and  F/(s) >0 Vs> M.

On setting
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we have from the non-negativity of F.(s) that Q.(s) > 0. So, the second inequality
in (2.3.9) holds.

We also replace the function G € C*(R>?) for any ¢ € (0,e!) by the regularized

function G, : R — R2Y where

( 32_62 .
St (lne—-1)s+1 ifs<e,
Ge(s):==q (Ins—1)s+1 ife<s<el, (2.3.10a)
\ e L (Ine ' —1)s+1 if s >e™ty
and therefore,
(
f4+Ine—1 if s <e,
G.(s):==1¢ Ins ife <s<el, (2.3.10b)
| es+Ine™! —1 if s >e™t,
( % if s <eg,
Gl(s)=1q 1 ife<s<el, (2.3.10¢)
L € if s >¢e 1.
For all € € (0,e™!) we define the function 1, : R — [g,e7!] such that
( € if s <e,
be(s) = [GL(s) =1 s ife<s<el, (2.3.11)
\ % if s >t

Similarly to the regularized functions F.(s) and ¢.(s), on noting (2.3.10a)-

(2.3.10c) and (2.3.11), it is easy to show that the following properties concerning
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the functions G.(s) and v.(s) hold for all € € (0,e7!) :

()zg- for all s <0, (2.3.12)

Ge(s) > 5~ for all s > 0, (2.3.13)
mmWJ)sG(ﬂS Ge(s) +1 for all s € R, (2.3.14)
V=(s) GL(s) = s for all s € R. (2.3.15)

We now consider the corresponding regularized version of the problem (P,,) for
any ¢ € (0,e1):
(Par) For fixed M > e, find {u.(x,t),v.(x,t)} € R x R such that

Ou, .
ai = V- (D Ve + ¢(u) V(ue + ) + fare(ue, v.) inQp,  (2.3.16a)
v, .
6:5 = V- (DVu: +v¢.(ve) V(ue +ve)) + gare(ue, ve) in Qrp, (2.3.16b)

with boundary conditions

[DVu. + ¢-(us) V(ue +v:)] - v =0

on 02 x (0,7, (2.3.16¢)
[ D V. + Y. (v:) V(ue +v.)] - v =0
and initial conditions
u(r,0) =u’(x), wv.(x,0) =) Ve (2.3.16d)

where

fM,é(u€>v€> = Ueg — ¢6(u6) (ué + ¢6(U8) )7
9M,e<ue; Ve) =YV — Ve (ve) (@e(ue) + Ye(ve) ).

Here, the functions fy, . and gy are considered to be appropriate to control the non-
linearity and obtain the intended results. Later, we discuss other possible choices of
fume and g (see Remark 3.3.1 and Remark 3.3.2).

In the following lemma we derive an analogue to the entropy inequality (2.3.3)
for the regularized problem (P .) which will provide us with some uniform bounds

on the regularized solutions u. and v, under our assumption that D > 0.
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Lemma 2.3.1 Let v°(z) and v°(x) be non-negative bounded functions. There ex-
ists a positive C'(u®,v°, M,~) independent of ¢ such that any solution of (Pj.)

satisfies

sup / (Fs(us) + Gg(v€)> de+L [ |Vu | dzdt
0

0<t<T O
+/ |Vu, + Vo> dzdt < C. (2.3.17)
Qr
In addition,
sup / (Hus]_l2 + |[vs]_|2) dz < Ce. (2.3.18)
o<t<T JOQ

Proof: Multiplying (2.3.16a) and (2.3.16b) by F!(u.) and G.(v.) respectively, in-
tegrating by parts over the domain €2, summing the resulting equations and noting

(2.3.5) and (2.3.11) yields, after recalling the boundary conditions (2.3.16¢), that

d |VUa|2 |VU€|2 2
T i <F€(u5) + Ge(UE)) dx + D/Q <¢6(u6) + wa(w) dx + /Q |\Vue + Vo |* dx

-/ (fM,€<ua, 02) F1(u2) + gare (e, v2) G;@E)) dr,  (2319)

where we have noticed that

Ge(ue)V [F(ue)] = Ve, (2.3.20)

Ve (ve)V [GL(v:)] = Vo . (2.3.21)

It follows from (2.3.5), (2.3.11), (2.3.8), (2.3.9), (2.1.11), (2.3.14), the Young’s in-
equality and (2.3.6) that

Fare (e, ve) Fl(ue) = ue Fl(ue) — de(ue) (ue FL(ue)) — Pe(ve) (fe(ue) FL(ue))
< (2F(ue) +1) + (1 — ue) (9e(ue) + ¢e(ve))
< (2F(ue) +1) 4+ (1= [ue]-) (fe(us) + e (v:))
< 2F(ue) +2Ge(ve) + ¢ [ue]? + § (92(ue) + 92 (ve)) + C(M)
<4 Fo(ue) +2Ge(ve) + 5 9(ve) + C(M)

<4 F.(u.) +3G.(v.) + C(M) . (2.3.22)
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Similarly to (2.3.22), on noting (2.3.5), (2.3.11), (2.3.14), (2.3.15), (2.1.11), the

Young’s inequality and (2.3.12), we have that

gare(ue, v2) GL(v:) = v 0= GL(v:) — Yo (v:) GL(v:) (D=(ue) + ¥e(ve))
<7 (2Ge(ve) + 1) 4+ (L —ve) (e(ue) + 1he(ve))
< (2Ge(ve) + 1) 4 (1 = [ve]-) (e (ue) + ¢e(ve))
< (27 42) Ge(ve) + 2 [o]2 + 5 (92(ue) + ¥2(ve)) + C(M, )
< (27+4) Ge(ve) + 2o (ve) + C(M, )

< (27 +5) Go(v.) + O(M, 7). (2.3.23)

Combining (2.3.19), (2.3.22) and (2.3.23) yields, on noting (2.3.5) and (2.3.11), that

d

— <F€(ug)—|—GE(va)> dx+%/ |Vu5\2dx+/ IVu, + Vo |? do
dt Jg Q Q

<cr) (14 [ (R +ea)ar ). es

Applying the Gronwall inequality (2.1.6), on recalling the initial conditions (2.3.16d)
and the assumption on u” and v°, leads to the desired result (2.3.17). The result

(2.3.18) follows immediately from (2.3.17), (2.3.6) and (2.3.12). O

On noting (2.3.17), the triangle inequality and the Poincaré inequality, one can
obtain a uniform L*(0,T; H'(Q2)) bound on the solutions u. and v. independently
of the regularization parameter e. Furthermore, a uniform L°°(0,7T; L?(Q2)) bound
on u. can be easily obtained from (2.3.17), (2.3.6) and (2.3.7).

The existence of a non-negative solution of (P,;) can be shown by passing to the
limit € — 0 on noting (2.3.17) and (2.3.18) where the estimate (2.3.18) is the key
to prove the non-negativity of the solution. However, this can only be performed in
the case that we have existence of a solution to the regularized problem (P .). To
deal with this issue, in our study of problem (P,,), we use the power of the finite
element method.

We now formulate a fully discrete finite element approximation of (P/.) and

prove existence of fully discrete approximation solutions.
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2.4 A fully discrete finite element approximation

In this section we introduce a practical fully discrete finite element approximation
of the system (Pjs.). To do that we discretise the system in space using the finite
element method and discretise in time using the finite differences. In Subsection 2.4.1
we recall definitions of different types of partitioning in space. We state the required
assumptions on the partitioning of Q and (0,7"). We also define the standard finite
element space and discuss some associated results. In Subsection 2.4.2 we formulate
a practical fully discrete finite element approximation of the system (P/.) and
prove some technical lemmata. Then, in Subsection 2.4.3, we prove existence of the
finite element approximations under appropriate assumption on the discretization

parameters.

2.4.1 Notation and associated results

Let 7" be a partitioning of @ C R%, d = 1,2, 3. A simplex 7 € 7" is defined
as an interval if d = 1, a triangle if d = 2 and a tetrahedron if d = 3. We define
h; := diam 7 to be the length of 7 if d = 1, the longest side of 7 if d = 2 and
the longest edge of 7 if d = 3. The parameter h indicates the maximal diameter
of the simplices of the partitioning. We recall that a partitioning 7" is said to be

“quasi-uniform” if there exists a positive constant (3 such that

%zﬁ V7 eT,

where o, denotes the diameter of the sphere inscribed in 7. For instance, in the case
d = 2, the quasi-uniform condition means that the angles of the triangles 7 € 7"
are not allowed to be arbitrarily small; see Johnson [42] page 85. We also recall that
a partitioning 7" is said to be “acute” for d = 2 if all the angles of the triangles
are less than or equal to 7/2, and for d = 3 if the angles made by any two faces of
the same tetrahedron are less than or equal to m/2. Another type of partitioning is
the “right-angled” that is, in the case d = 2, if all triangles are right-angled; and in

the case d = 3, if all tetrahedra have a vertex at which all the edges meet at right
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angles. From the definitions, we note that the right-angled partitioning is acute.
In the work that follows we consider the finite element approximation of (Py.)

under the following assumptions on the spacies and temporal meshes:

(A) Let Q C R? d =1, 2,3, be a polygonal domain in d = 2 and a polyhedral

domain in d = 3. Let 7" be a quasi-uniform and right-angled partitioning of

Q) into disjoint open simplices {7} with h, := diam 7 and h := max hr, so
TeT
that Q= |J 7. Let 0 =1ty <t < ... <ty_1 <ty =T be a partitioning of
TeTh
(0,7T) into time steps Aty :=t, —t,—1,n=1,--- , N, with At := max At,,.

Let S" € H'(Q2) be the standard finite element space of continuous piecewise linear

function:
Shi={xeC@Q): x|, islinear V7€ 7"}

Denote by N := {p; }/_, the set of nodes of the partitioning 7" and let { p; }7_,
be the canonical basis functions associated with S”, satisfying ¢;(p;) = d;; for
1, 7=0,---,J.

We also introduce
SZo={x € S"  x(p) 20, j=0,--- . J}
C HLy(Q):={ne H(Q) :n>0a.e. inQ}.
Let 7 : C'(Q) — S" be the interpolation operator such that for all € C/(€)

wn(p;) =n(p;)  forj=0,---J,

and define a discrete semi-inner product on C(f2), and inner product on S”, as

follows

—~

Mj; u(p;) v(py), (2.4.1)

M-

(u,v)" == /Qﬂh(u(x)v(x))dx =

7=0
where ]\//Tjj = (¢j,9;)" = (1,¢;) > 0. The induced discrete semi-norm on C(12),
and norm on S”, is |. |, :=[(., .)"]"/2. We note that | .|, is equivalent to the norm

- 1o:=1(-, .)]1/2. Namely,

XI5 < Ixlh < (d+2) [IxII3 vx € 8", (2.4.2)
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(see, e.g., Raviart [56]).

On noting (2.4.1) it is easy to show that
(m,m2)" = (wny, )" = (", 7)™ Vi, € C(Q). (24.3)

J J
Let M := (]\4Z ) and K := (Kl> to be the lumped mass matrix and the

i,j=0 1,j=0

stiffness matrix, respectively, where

— h

M;; == (i, #;5) and Ky = (Vi Vig;) -

As the partitioning 7" is acute, we have that (see [53] page 49 )

J
Using the fact ) ¢; = 1, we also have
7=0

J J
K= (Vgoi,v Zgoj) =0. (2.4.5)

=0 =0

Providing that the partitioning 7" is acute, we prove the following lemma about
the regularized functions ¢.(s) and v.(s) which will be needed later on to derive
some useful estimates. See Section 2.4.2 in [53] and Section 4.2 in [35] for similar

results.
Lemma 2.4.1 Let the assumptions (A) hold. Then for all y € S”

Va6 006 < (Vx, Va*[e-(x)]) (2.4.6)

IVa" [-00llle < (Vx, VA" [=(x)]) - (2.4.7)

Proof: We prove (2.4.6) and the proof of (2.4.7) will follow similarly. On noting
(2.3.5) we find that

(ng(Cl) - ¢€(b))2 < (¢a(a) - Qbe(b)) (a - b) VCL, be R? (248)

where we have noticed that ¢, is 1-Lipschitz continuous and non-decreasing function.

Also, as K;; = Kj;, we note for any a;, b;, ¢; € R that
J o J J o J
Z Zaz’ (b] - Ci) Kij = Zaj (bz - Cj) Kij- (249)
i=0 j=0 i=0 j=0
J# J#i
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A function y € S" can be expressed as y := ZXJ @; where x; = x(p;),
j=0,---,J. Noting this and (2.4.5) we have that

J

v xi %VZ@ Xi) ¢ )
J J

= Z ZXi o= (x;) Kij

(Vx, Va"[o-(x

| \
VR
I\
o

=0 j=0
J J
:ZZX +ZX2¢E (xi) K
i=0 j=0 1=0
Ve
J I J J
=D D it Ky =) Y xid-(xi) K
=0 j=0 i=0 ;=0
7 j#i
JoJ
=D D i (@) = de(xa) K- (2.4.10)
=0 5=0
J#i

It follows from (2.4.10) and the notation (2.4.9) that

(VX,VW gba Z ZX@‘ ¢5(Xj) - ¢5(Xz)) Kij

=0

<.

Jj=
J

[xz- (6:0x5) — 6 00)) g + x5 (6:060) — 02 0xs)) Ko

[e=]

I
N | =
M- .
HO
< t‘\éM“

1=

| —

=

J
> Z Z(—Kij) (i — x5) (@) — =(x5)) - (2.4.11)
0=
Similarly to (2.4.11), we obtain that

(V{600 T [6:000) = 5 D0 D7 (<) (0:00) — 6000 . (2412

Combining (2.4.11), (2.4.12), (2.4.4) and (2.4.8) yields the desired inequality (2.4.6).
The result (2.4.7) can be shown by following the same argument used for (2.4.6) on
noting that 1. is also 1-Lipschitz continuous and non-decreasing. O

We now recall some well-known results about the space S under our assumption

that 7" is quasi-uniform partitioning:
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Forany 7 € Th, y € S" 1 <p,¢g<ooand m, [ € {0, 1} with | < m, we have

(I—m)+d min(0, 1 -1)
||X||m,p,“7” < Chep v ||X||l,q,“r”, (2.4.13)

[Pl

where the abbreviation “7”7 means “with” or “without” 7, i.e. with 7 or with €.
The above inequality is known as “the inverse inequality”, see [32] page 75-77, and
it also holds with ||. || replaced by | .|, see [23] page 140-142.

In particular, in our work, we will make frequent use of the following cases of the

inverse inequality

’X‘l,p,“‘r” < Ch;—l” ‘X’O,p,“‘r” 1< p < 00, (2.4.14)

1

—d(i-1
e < Ot [l e 1<g<p<oo, me{0 1}. (24.15)

We also require the following interpolation results for all n € Wh#(Q) ; s € [2, o0]
ifd=1and s € (d,oo] if d =2 or 3:

(= 7")lm,s < O™ [l m € {0, 1}, (2.4.16)
lm (7 = ). = 0. (2.4.17)

(see Theorem 1.103 and Corollary 1.110 in [32] respectively).
Due to the quasi-uniform partitioning of 7%, we have for all n € W21(Q) that
(see Theorem 5 in [24]):

(I = 7")nllox < Ch?|nl2,1. (2.4.18)

It is easily established, see for instance the proof of Lemma 2.4.2, from (2.4.1),

(2.4.18), the Holder’s inequality and (2.4.14), for all x;, x2 € S”, that

| (xnxe) = (s x2)"| < [ =7 (xaxe)

< Chler |X1|m,”1 |X2|1,n2 ) (2419)

for m € {0, 1} and 1 < ny, TLQSOOWithnil—f'nLQ:l.
For later purposes, we prove the following generalized version of the estimate

(2.4.19).
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Lemma 2.4.2 For all x1, x2, x3 € S"

||1,n2 ||X2||1,n3 s (2420)

| (1 x2s x3) — (1 xes x3)" | < C R [|xa
Wherenilqtn%%—n%’:l, 1 <nq, ng, ng < 0.

Proof: On noting the generalized Holder’s inequality we have for ki, ko, k3 = 1,2, 3,

for i,j = ,d and for any 7 € 7" that
OXrk, OXk
H o S x| < Il b Il (2420

Wherenil+n%+n—13:1, 1 < nq, ng, n3 < 00.
We now have from the definition (2.4.1), (2.4.18), (2.4.21) and the generalized dis-

crete Holder’s inequality that

‘(Xl X2, X3) — (X1 X27X3)h’ = ‘/([ —7")(x1x2 x3) da
Q

<CR Y Y ID0axe xs) o+

TETh \cx|*2
Xl X2 X3
<Ch?
d 3 8)( aX
< ChQ ]{?1 ]{?2
< zz > et |
TeThij=1 ki, k2 k3=1 1,7
k1#£ka £ksAky
d
<cr 33 ol Il
TeThij=1
<Cn Z X110 X2l 1m0 [[X3] 1057
TeTh
1
< Ch? (Z Hxluizl,f) (Z Ixal[12,.+ ) (Z sl )
TETh TeTh reTh

< OR|Ix1] |1 |2l 1 11x2] 10 -

(I
We are now in a position to formulate a practical fully discrete finite element

approximation of the system (Pj.).
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2.4.2 A practical fully discrete approximation

In order to introduce a fully discrete approximation that is consistent with the regu-
larized problem (Pj;.), we adapt a technique developed in [36] for studying a degen-
erate nonlinear fourth order parabolic equation modelling the height of thin films
of viscous fluids driven by surface tension. This technique has been also adapted
and employed in a number of numerical studies, see for example [9], [10], [11], [12]
and [13].

We define, for any € € (0,e7!), a function A, : S"* — [L>®(Q)]9*? such that for

all y € S" and a.e. in

A.(x) is symmetric and positive definite, (2.4.22a)

Ac(x) VA" FL(x)] = Vix; (2.4.22b)

that is, the discrete analogue to (2.3.20). In the next few lines, we follow Griin et
al. [36] to give the construction of A, on each simplex 7 € 7" for any given x € S".

In one space dimension, we set

X(Pk)—x(p;) _ 1
FLx(pe))—FL(x(ps)) — FZ(x(Q))
Ac(X) = for some ¢ € 7 if x(px) # x(p)), (2.4.23)
\ FE”(Xl(pk.)) if x(pk) = x(pj),

where p; and py are the vertices of the interval 7. Since F'(s) > 0 and EJ: Ve, =0,
it can be easily seen that the piecewise constant function A, satisfies thje: (z:onditions
(2.4.22a,b).

We now consider the case when d = 2 or 3. Let {e;}%, be the orthonormal vectors
in R such that e; denotes the i-th unit vector. Given non-zero constants o,
i=1,---,d, we define 7({a;}%,) to be a reference open simplex in R? with vertices
{pi}L,, where Dy is the origin and p; := «;e;, i = 1,--- ,d. Note that the simplex
7 is right angled in the vertex py. Using this notation, we now define the function

A, on each element of 7". On recalling assumption (A) that the partitioning 7"

is right-angled, let 7 € 7" with vertices {pj;,}%_,, such that p;, is a right angled
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vertex. We can find non-zero constants {a;}%, and an orthogonal matrix R, in
such a way that the mapping R, : 7 € R? — p;, + R,7 € R? maps the vertex p; to
pjiy i = 0,--+ ,d, and hence 7 = 7({o;}¢_;) to 7. For any 7 € 7" and x € S", we
then set

MO L= R AR |s B (2.4.24)

where X(Z) = x(R,2) for all Z € T and /AXE()?) |z is the d x d diagonal matrix with
diagonal entries, k =1,--- ,d,

x(pj;, ) —x(Pjg)
FL(X(Px))—FL(X(Po)) FL(x(pj, ))—FL(x(pjg))

~ = —~— for some ( between p; and p,
A(R) ik == ) | T (2.4.95)
if x(ps,) # x(Pjo),
1 — 1 : — .
| GRG0 = Flx(i) if x(pj) = x(Pjo)-

As RT = R-' we have that

Vx|.= R, VX5, (2.4.26)

where V is the gradient on 7. On noting (2.4.24), (2.4.25), (2.4.26), the positivity of
J
F!(s) and the fact ) V¢; = 0, one can easily show that A, satisfies the conditions
=0
(2.4.22a,b).

In a similar fashion, for any ¢ € (0,e7!), we introduce a function Z, : S —

[L>°(9)]%? such that for all x € S" and a.e. in

Z:(x) is symmetric and positive definite, (2.4.27a)

Z.(x) VA"[GL(0)] = Vx; (2.4.27D)

that is, the discrete analogue to (2.3.21). The construction (2.4.23)-(2.4.25) for A,
can be extended to =.. In the case d = 1, we set for any y € S"* and 7 € 7" having
the vertices p; and py,

x(Pe)—x(p;) _ 1
GL(x(pr))—Gi(x(ps)) — GZ(x(Q)

() |-= for some ¢ € 7 if x(px) # x(pj). (2.4.28)

L m if X(pk:) = X(Pj)-
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When d = 2 or 3, we set
=)= R Z(®) | RY, (2.4.29)

where éa(i) > is the d x d diagonal matrix with diagonal entries, k =1,--- ,d,

[ SG0-xG0) . x(pr)—x(i)

k
GL(X(Pr))=Ge(X(Po)) — Gelx(pj,)—GL(x(Pso))

~ = —~—— for some ¢ between p; and p,
Ee(X) [5)e = Ge0de) T (2.4.30)

if x(pj.) # x(Pjo),

N

®0) — CZ0xws)) it X(pj,) = x(Pjo)-

) [

Gz(

o

Under the assumptions (A), for any given € € (0,e™!) we consider the following
fully discrete finite element approximation of (Py.):

(P2 For n > 1 find {U”, V"} € 8" x " such that for all x € S"

n_grn—1 h
(L35 ) + (D VUL + AU V (U2 + V), V)
= (U2 = UL ¢=(UZ™") = ¢ (UD) 0= (V21), 0" (2.4.31a)
n__ n—1 h —
(B2 3) "+ (D YV E(V) V(U7 + V), VX)
= (VI = (V) [0-(UZ) + (V2] )", (2.4.31D)
where U2 € S" and V0 € S" are given approximations of u® and v° respectively.
Before we prove existence of the approximate solutions, in the following sub-
section, we provide some lemmata which will be important in the analysis of the

approximation problem (P ]’\}Ast) The proofs of these lemmata will be based on

arguments considered in [11] and [12].

Lemma 2.4.3 Let the assumptions (A) hold. Then for any given € € (0,e™') the
functions A, : S — [L°°(Q)]9*? and =, : S" — [L°°(Q)]9*? satisfy, respectively, for
a.e. in €

ele <ETA()E < METE VEeRY Vye St (2.4.32)

e€Te <ETE ()€ <e1eT¢ VEeRY Ve St (2.4.33)
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Proof: Let y € S" and 7 € T". It follows, on noting the symmetry of A.(x) |,
and _/A\E(SE) |z, RI = R-! and (2.4.24), that A ()|, and /A\a()?) |> possess the same

eigenvalues. In particular, we have
A0 - I = 11A(X) |7 |l VreT",

where | .|| denotes the spectral norm on R%9. Noting this, (2.4.25) and (2.3.5)
yields the result (2.4.32), (see Theorem 9.12 in [18]). Similarly to (2.4.32), the
result (2.4.33) follows from (2.4.29), (2.4.30) and (2.3.11). O

Lemma 2.4.4 Let the assumptions (A) hold. Then for any given € € (0,e™!) the
functions A, : S" — [L®(Q)]%*? and 2, : S" — [L>®(Q)]4*? are continuous in the

following sense. For all x1, x2 € S" and 7 € T"

H(As(Xl) - Ae(XZ)) |T H

< max [FY()] max [6.(5)] max [1a(pi) = xapi)] + (i) = Xa(s)l]

S % HXl - X2H0,oo7 (2434)
[(Ee(x1) = Z(x2)) [+ |l

< max [G¢(s)] max [ve(s)] max [P (pi) = xa(pa)l + [xa(pio) = x2(Pio)l]

< 3 IIx1 — xallo,eo - (2.4.35)

Proof: We provide the proof of (2.4.34) which can be easily modified to show

(2.4.35). On noting the construction of A, we have for any x;, x2 € S" and 7 € T"

that
1A Ca) = A | Il = R (R) = (@) = |
= kgﬁ{d\[/\g(xl) — A(X2) ke |7 | = Joax I, (2.4.36)
where we generally set for any £k =1,--- ,d

Ik = |¢s(£1) - ¢E<£2)|

for some & between (or equal to) x1(p;,) and x1(p;,) and for some & between (or

equal to) x2(p;,) and x2(pj, )-
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We have two cases:

(1) xa(pjo) = xa(ps,)  or  xa(pj) = X2(pji) -
(2) x1(pjo) # xa(pj,) and  x2(pj,) # x2(pj,) with
either (2a) x1(pjo) = x2(pj) and  xa(pjo) = x1(pjy)

or (20) x1(pjo) # Xa2(ps,) or  x2(Pjp) # X1(pjy) -

The cases (1) and (2a) can be easily treated on noting the Lipschitz continuity of

¢. since in both cases we have

I, = |¢6(£1) - ¢6(§2)| < |§1 - §2|
< maX{|X1(ij) - X2<pjo)‘7 |X1<pj0) - XQ(pjk)|7
IX1(Ps) — x2(Pjio) s X1 (pji) — Xa(psi) [}

= max {|x1(pjo) — X2(Pjo)|, [X1(Pji) — x2(pj )|} - (2.4.37)

We now consider the case (2b) which requires some technical calculations. Without

loss of generality, we assume that xi(pj,) # Xx2(pj,) and we set

Pe(&1,2) = x1(Pjo) — Xx2(pj,.)

- ; 2 between x1(pj;,) and x2(pj, ) -
F'(x1(ps)) — Flx2(p;.)) §1,2 X1 (o) x2(pj,)

We have

Ik: = |¢6(§1) - ¢€(§2)| < |¢€(§1> - ¢€(§1,2)| + |¢6(§1,2) - ¢€(§2>|

o x1(pjo)—x1(pj;,) _ x1(pjo)—x2(pj;,) ‘
T Flxa(pi))-FLxa(ps,))  Filxa(piy))—FL(x2(pj;))

x1(pjo)—x2(pj;,) x2(pjo)—X2(pj;,) ‘

Flx1(pjo))—Fllx2(ps,))  Fllx2(pjg))—FL(x2(pj;))

_I_

= Ik71 + Ik72 . (2438)

We deal with the terms Ij; and I separately. If x1(p;,) = x2(p;,) then I; = 0.

Otherwise, we set

Cbs(fo) = Xl(pj’“) _ Xz(pjk)

Fé(Xl(pjk)) - Fé(XQ(pjk>) %o between Xl(pjk) and XQ(pjk) .
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For any x1(pjo), x1(Pi.), Xx2(pj.) € R, there are three possibilities

either |x1(pj,) — x2(Pi)l = [xa(ps.) — x1 (i)l + Ixa(pjo) — xa(ps)|  (2.4.39a)
or |x1(pj) — x2(pi)l = xa(pi) — xa(io)l — Ix1 (@) — Xx2(ps.)|  (2.4.39b)

or |X1(pjk) - X2(pjk)| = |X2(pjk) - Xl(pjo)| - |X1(pj0) - Xl(pjk)l : (24396)

If (2.4.39a) holds then we obtain from the Lipschitz continuity of ¢. that

L1 = 0:(&1) — ¢e(&2)| < & — &2
<& = xajo)l + Ixa(pjs) — &1.2]
< Ixa(je) — x1(io)| + [X1(Pjo) — x2(pj, )|

= [x1(pj.) — x2(pj)l - (2.4.40)
Suppose that (2.4.39b) holds. We note that
€12 = &ol < (&2 — xa(ps)] + x2(ps) — &

< [x1(Pjo) — x2(Pii )] + Ix2(psi) — xa(psi)|

= x1(pjn) — x1(Pjo)| - (2.4.41)

Hence, after some calculations, it follows from the Lipschitz continuity of ¢. and

(2.4.41) that

L. — x1(pjg)—x1(pjy,) x1(pjo)—x2(pjy,) )
kL = AR Galpio)-FLa () FLOa i) —FL(x2(piy))
FL(x1(pj,)—Flx2(0j,)) % x1(Pjg)—x1(pjy,) x1(pj;, ) —x2(pj;,)
- x1(®j, ) —x2(pjy,) Fl(xa(pjp))—FL(x1(pjy,)) X1(Pj)—x1(Pjo)
% x1(Pj, ) —x2(pjy,) . x1(Pjg)—x2(Pj,)
Fl(x1(pjp))—Fl(x2(ps,))  Fllxa(pjo))—Fi(x2(pjy))
P (£1,2)— P (&
= F/(6) 6:(61) Pa(ps) — xalpy,)| | EEaie)
< F/ (&) ¢<(&1) Ixa(pin) — xa(pj)l - (2.4.42)

Finally, if (2.4.39¢) holds we obtain, similarly to (2.4.42), that

¢6(§1)*¢6(50)
x2 (P, ) —x1(Pjg)

Ly = F' (&) 6<(612) 1x1(Ps.) — x2(P5)]

< F (&) 0:(612) [xa(ps) — xa(pi)] - (2.4.43)
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Combining (2.4.40), (2.4.42) and (2.4.43) yields

Liy < max [F7(s)] max [6(s)] [xa (i) = x2(ps)] - (2.4.44)

Similarly to Iy, we can show that

Tio < max [F2(s)] maax [9-(s)] Ia(pin) — xa()]. (2.4.45)

Thus, the result (2.4.34) follows by combining (2.4.36), (2.4.37), (2.4.38), (2.4.44),
(2.4.45) and (2.3.5). 0

Lemma 2.4.5 Let the assumptions (A) hold. Then for any given ¢ € (0,e™!) and
for any y € S" and 7 € T" the functions A, : S" — [L°(Q)]¥*¢ and =, : S" —
[L2°(Q)]9? satisfy

max [|A-(x(2)) = ¢=(x(#)) ZI| < hr [Vx|7 |, (2.4.46)
max [|Z:(x(x)) = v(x(2)) ZI| < hr [Vx|- |, (2.4.47)

where 7 is the d x d identity matrix.

Proof: From (2.4.24), (2.4.25) and 1-Lipschitz continuity of ¢. we obtain that

max [|A:(x(2)) = ¢=(x(2)) Z|| = max  max I[/A\ (X) 7k — 0= (x()) |

reET k=

=max max |ge(x(G)) = ¢=(x(=))| G ET

zeT k=1,

< max max [x(G) = x(2)| €T

< max max |G~ o] | Vx(@) G

< h: Vx| |,

which proves (2.4.46). Similarly to (2.4.46), the proof of (2.4.47) can be easily estab-
lished on noting (2.4.29), (2.4.30) and the 1-Lipschitz continuity of the regularized
function .. O

In the following subsection we adapt the approach in Barrett and Niirnberg [12]

and Barrett and Blowey [9] to prove the existence of the fully discrete approximations

{Ur, V*} forn=1,--- N.
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2.4.3 Existence of the approximations

In order to prove the existence of solution {U", V"}, n > 1, of the system (2.4.31a)-
(2.4.31b) for given {U"™', VI ~1} it is convenient to define the functions A, :
Shx §* — Sh and A, : S* x S — S" such that for all y € S*

(AU V), )" = (U =U"X)" + At, (DVU + A(U)V (U + V), Vy)
S AL (U= U (U2 = (U (V2 ) 0" (24480)
(A (U, V), )" = (V =V )" + A, (DVV +Z.(V)V (U +V),Vx)

— Aty (Y V = (V) [0(U2Y) + (V2] )", (2.4.48D)

respectively. We first note that the continuous piecewise linear functions A, (U, V)
and A,(U,V) can be defined uniquely in terms of their values at the nodal points
N™. This can be seen by setting x = ¢;, for j =0,---,J, in (2.4.48a,b) and then

obtaining the following solvable square matrix systems

—

M A, (U V) =5,

M AU, V) =S,
where M is the lumped mass matrix introduced in Subsection 4.2.1, and S; and S5
are given vectors in terms of the nodal values of U, V', U"! and V*~!. Thus, the
functions A, and A, are well defined.
From (2.4.48a,b) we note that the problem (P}52") can be restated as:

, €

For given {U?, VO} € S" x S find {U", V*} € S" x S* n > 1, such that
AU V") =0 and A, (U", V") =0. (2.4.49)

Lemma 2.4.6 For any given R > 0, the functions A, : [S"% — S and A, :

[S")% — S" are continuous, where

[S"R = {{xix2} € 8" x S" i + beli < B}
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Proof: Let {U;,Vi}, {Us, Va} € [S"]% . Tt follows from (2.4.48a) that for all x € S"

(Au (U1, V1) = Au(Us, V2), )" = (Uy — Uy, x)"
+ At, (DV(U; —Us) + A(U) V(U + V1) — A(Us) V (Uy + Va) , V)

— Aty (U = Us) (1= ¢o(U™Y) = (6(U1) — 6o(Ua)) e (V1) x) "
(2.4.50)

Choosing x = A.(U1, Vi) — Au(Usz, V2) in (2.4.50) yields on noting the Cauchy-
Schwarz inequality, (2.4.14) and (2.4.2) that

|Au(Ur, Vi) — Ay(Ua, Vo), < C(h7H AL, |A(UL) V (Ur + Vi) — Ac(Ua) V (Uz + Va) |l
+ Aty [(9-(U1) = ¢=(Ua)) 0o (VY| + C(h" Aty , M) Uy — Usl,, -
(2.4.51)

It follows from (2.3.11), (2.4.1) and the Lipschitz continuity of ¢. that

(¢<(U1) = 0(Un)) (V2] < 2 10(Uh) — 6c(Un)], < 2 Uy = Ual,, . (24.52)
We also have from (2.4.14), (2.4.2), (2.4.34), (2.4.32) and (2.4.15) that

[A(U1) V (Ur + Vi) = A(U2) V (U2 + Va) |
< [[Ac(Ur) = Ac(U2)[lg oo U]y + [[Ae(U2) g o0 [U1 — Ul
+ [[A(U1) = Ac(U2) [lg oo Vi) + [[A(U2)][g o0 V2 = V2l
< C(h™Y) IA(U) = Ac(U2) g oo (1T, + [VA,)
+C(h™Y) [A(Ua)llg oo (1U1 = Ua], + Vi = Val,)
<O 7, M R) ||Uy = Usll o
+C(h™, M) (|UL = Ual, + Vi = Val,)
<C(h e, M, R) (U — Us|y, + |Vi = Val,).- (2.4.53)
Combining (2.4.51), (2.4.52) and (2.4.53) yields that A, is continuous. The conti-

nuity of A, follows similarly to A, on recalling (2.4.48b), (2.3.5), (2.3.11), (2.4.1),
(2.4.35) and (2.4.33). 0
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We now show the main result of this chapter where we establish the existence of

a solution {U", V"IN | to (le\l/}f)-

Theorem 2.4.7 Let the assumptions (A) hold, D > 0 and v > 1. Let {U* !, V""1} €
Sh x S" be a given solution to the (n — 1)-th step of (P]}\L/l’f) for somen =1,---, N.
Then for all € € (0,e™"), for all A > 0 and for all At, > 0 such that At, < 5215,

there exists a solution {U", V*} € S" x S" to the n-th step of (Pﬁ,’ét).

Proof: At first, we recall that the proof is equivalent to the proof of existence
of {UM V") € Sh x S satisfies (2.4.49). An efficient approach to do that is by
contradiction. Let R be a fixed positive number and assume that there does not
exist {U,V} € [S")% with A,(U,V) = A,(U,V) = 0. This assumption enables us to

define a function B : [S"]% — [S"]% such that
B(U,V) = (Bu(U,V), B,(U,V)),

where B, (U, V) and B,(U, V) are given by

- —RA,(U,V)

B,(U,V) = (AL (U V), Ay(U, V) g (2.4.54)

B,(U,V) = e, ”
ST (AU V), AU V) [ gngn

where | (-, )| g, gn is the standard norm on S" x S” defined by

=

2 2
(X1, x2) | gnwsn = (xaly + 1x2ly)

We note from the continuity of A, and A, , see Lemma 2.4.6, that the function
B is continuous. Hence, on recalling that [S"]% is a convex and compact subset of
Sh x S it follows from the Schauder’s theorem (see Appendix A.1.1) that there

exists {U,V'} € [S"% which is fixed point of B; that is
BU,V) = (Bu(U,V), B,(U,V)) = (U, V).
We also note from (2.4.54) that the fixed point {U, V'} satisfies

U5 + V[ = |Bu(U V), + [By(U, V)], = R (2.4.55)
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We now prove a contradiction for R sufficiently large. Choosing y = 7"[F/(U)] in

(2.4.48a) and y = 7"[G.(V)] in (2.4.48Db) yields on noting (2.4.3), (2.4.22b), (2.4.32),

(2.4.27b) and (2.4.33) that

(AU, V), FL(U))" = (U = U2~ FLU))"
+ At, (D [A(U)'VU + V(U +V),VU)
— Al, (U = U ¢-(UF) = 6-(U) ¢ (V21), FL(U))"
> (U —UMY F(U) + (2 4+ 1) Aty [U + At, (VU,VV)
— At, (U = U ¢(Ur) = 6o(U) ¢ (V27), FL(U))"  (2.4.56a)
and
(AU, V), GLV )" = (V = V2t Gy
+ AL, (D E.(V)'VV + V(U +V),VV)
= Aty (vV = (V) [6-(UF7Y) + 0 (VD] GLV))"
> (V =V GLV) + (De+1) At, V2 + At, (VU, VV)

— Aty (Y V = (V) [¢o(UF") + (VY] GLV)™.
(2.4.56b)

On noting Taylor’s theorem for any f € C?(R)

(s1—s2) f'(s1) = f(s1) — f(s2) + @ f7(€) for some £ between s; and sq,

(2.4.57)
we obtain from (2.3.5), (2.3.11) and (2.1.9) that
(U =0 FAU)" = (F(U) = Fo(UY), )" 4 53 [U = UZ7R
> (FU) - FUZ), ) + 1 U - 4 U2, (24.58)

(V= VI GV 2 (Go(V) = G (V) 1) + 5[V = VR

> (G(V) = Gu(VI), 1) + £ [V — £ [V 12 (2.4.58D)
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It follows from (2.3.8), (2.3.9), (2.1.12), (2.1.10) and (2.3.6) that

— Aty (U= U (U2 = ¢o(U) e (V2Y), FLU))"
— —At, (U, F(U)" + A, (¢.(U2Y), U F(U))"
+ At (ve(VY), 6.(U) F(U))"
> —At, 2F.(U) + 1, 1)" + At, (¢-(UZY) + 0 (V2), [U}f)"
= Aty (60U + (V) 1)
> =2 Aty (F(U), 1) = 2 |[U)-[; — 4% (lo.(U2Y)]; + (V2 ) )
— Aty (¢ (U + (V) +1,1)"
)

> —4 At, (F.(U), )" —Cc(Uur= vrh. (2.4.59a)

Similarly to (2.4.59a), we have from (2.3.14), (2.3.15), (2.1.12), (2.1.10) and (2.3.12)

that

= Aty (YV = (V) [0(U27) + (V)] GLUV))"
—(27 +2) At, (G(V), ) —c(Uur—t, vrh), (2.4.59D)

Adding (2.4.56a,b) and noting (2.4.58a,b), (2.4.59a,b), the stated assumption on
At,, and (2.4.55) yields for sufficiently large R that

(Au(U, V), FAU)" + (A, (U, V), GL(V))"
> (1—4At,) (F(U), )"+ (1= (27 +2) At,) (Go(V),1)"
+ At (|UR +2(VUVV) + V) + 43 UG + §IVIE — C@2 v
> Aty [U+VE+ (U +[V];) min{§, 77} — C(Uz=1, vt

> R*min{¢, =} —CU, V1) > 0. (2.4.60)

Noting that {U, V'} is fixed point of the function B, (2.4.54) and (2.4.60) yields for

R sufficiently large that

(U, FAU))" + (V.GL(V))" = (Bu(U,V), FA(U))" + (B, (U, V), GL(V))"

—R [(Au(U, V), FL(U)" + (A, (U, V), GL(V))"]

|(AU(U’ V),AU(U, V))lghxsh <0. (2461)
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Once again, it follows from (2.4.57), (2.3.5), and (2.3.11) that

(U, FL(U)" > (F.(U) — F.(0), )" + 3% U3, (2.4.62a)

(V.GL(V))" = (G(V) = G=(0), )" + 5 [V ;. (2.4.62b)

Thus, combining (2.4.62a,b) and (2.4.55) yields on noting the non-negativity of
F.(s) and G.(s) for R sufficiently large that

(U, FLOU)"+ (V,GL(V))" > R*min{s, -2} — (2—¢) Q] > 0, (2.4.63)

which contradicts (2.4.61). This contradiction ensures that there exists {UZ, V'} €

Sh x Sh satisfying A, (U, V) = A, (U™, V") = 0. Equivalently, we have existence

of a solution, which is {U, V*}, to the n-th step of (P]'\l/[’ﬁt). O



Chapter 3

The population model:
Convergence and existence of a

weak solution

In this chapter we prove the existence of a global weak solution to the system
(2.2.4a)-(2.2.4d) by analysing the convergence of the fully discrete approximation
problem (Pﬁf’f). In addition to the tools presented in the last chapter, in Section
3.1 we introduce some notation which is required for the analysis of this chapter.
In Section 3.2 we derive some stability bounds on the solutions of (Pﬁjf). Finally,
in Section 3.3 we discuss the convergence of the approximate problem (P ]}Qf) and

hence, we obtain the existence of a global weak solution to the system (2.2.4a)-

(2.2.4d).

3.1 Auxiliary results

For later use in this chapter, we define P to be the discrete L?-projection operator

onto the finite dimensional space S* where P" : L?(Q2) — S™ is given by

(P'n, )" = (n,x) ¥ xes" (3.1.1)

45
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It follows from the Lax-Milgram theorem that P"n is a unique solution of (3.1.1).

Furthermore, we note from (3.1.1) and (2.4.1) for any n € L*(Q) that

(P = L =0,

Therefore, we have
1P nlloce < Inlloce - ¥ 1€ LX(Q). (3.1.2)

Recalling that we have a quasi-uniform family of partitioning 7", it holds for

m € {0, 1} that (see, e.g., [12]):
(I — P"Ynlpms S CRY™nlis V€ WH(Q)  for any s € [2, 00]. (3.1.3)

For later purposes, we introduce for any ¢ € (1, 2] the “inverse Laplacian” oper-

ator G, : (Wl’q/(Q))/ — Wh4(Q) such that
(VGv, V) + (Ggv,m) = (v, m) ¢ Ve Wl’q/<Q)7 (3.1.4)

where 54— & = 1 and (-, )y denotes the duality pairing between (leq'(Q))/ and
W4'(Q) that satisfies (see Appendix A.1.4):

(,my = (v,n)  YoveL*Q), neWwh(Q). (3.1.5)

The well-posedness of the operator G, follows from the generalized Lax-Milgram
theorem, see Appendix A.1.3, which additionally asserts the existence of a positive

constant C such that
1Glhg < Cllolwra@y ¥ ve W (Q). (3.1.6)

For consistency of notation, when ¢ = 2 the indices “¢” and “¢”” will be dropped on

the above operator and duality pairing; that is G : (H'(Q)) — H'(Q) defined by
(VGv, V) + (Guv,n) = (v,m) Ve H(Q), (3.1.7)
where (-,-) denotes the duality pairing between (H'(Q2))" and H*(Q) such that

(v,m) = (v,7n) VoueL*Q), ne H(Q). (3.1.8)
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Also, we note from (3.1.6) that
||gUHH1(Q) S C ||U||(H1(Q))/ Voe (HI(Q», (319)

We finally recall the following lemma, about the operator G, for ¢ € (1, 2], which

is a consequence of the quasi-uniform partitioning of 7"
Lemma 3.1.1 For any ¢ € (1,2], it holds that
IxXllog < CHMIGoxlhg ¥ x € 5™ (3.1.10)

Proof: It follows from (3.1.5), (3.1.4), the Holder’s inequality, the Young’s inequal-

ity and (2.4.13) for any x € S” and for any o > 0 that

XI5 = (x. X)e = (VGax; VX) + (Gyx. X)
<2 ”quHLqHXHI,q’

_ d 1_
< allGexl}, + ERT2OHETI 2. (3.1.11)

S
7

Choosing a = 20 20+G=) (3.1.11) yields, on again noting (2.4.13), that

1_1 1_1y_ 1_1 B
Ixllog < CRG2xl < CRIGTDTIHETIN G A1 < C A7 1Gox g -

3.2 Stability estimates

In this section we obtain a discrete analogue of the a priori estimates in Lemma
2.3.1. We also prove some uniform bounds on the solution {U, V"}, independent
of the parameters ¢, h and At,, which are necessary to prove the convergence of
the approximate problem.

The following estimate is discrete analogue of (2.3.24), and plays a key role to

obtain important stability bounds of various norms of the approximate solutions.

Lemma 3.2.1 Let the assumptions (A) hold, D > 0andy > 1. Let {U"!, V"1} €
Sh x S be given for somen = 1,--- , N. Then for all € € (0,e7!), for all h > 0 and
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for all At, > 0 such that At, < T1+2’ there exists a solution {U", V"} € S" x S"

to the n-th step of (P ﬁ}f) such that
(1= (27 +2) Aty) (F(U) + Ge(VI), )" + 7 Aty (U + A, U2 + V2

< (T+6AL) (F (UMY + GV, D+ CAt,.  (3.2.1)

Proof: The existence was demonstrated in Theorem 2.4.7. We now show that the
solution {U", V*} satisfies (3.2.1). Choosing x = At,, 7"[F/(U")] as a test function
in (2.4.31a) and x = At, 7"[GL(V)] as a test function in (2.4.31b) yields, on noting
(2.4.22b), (2.4.27b) and (2.4.3), the discrete analogue of (2.3.19)

(U2 = U, F(UM)" + At, (D [A(UM] VU + V(U + V), VU

= At, (U = U ¢(U7Y) = ¢ (U2) o(VITH), FL(UD))", (3.2.22)
(Vo = Vet GV + At, (D BV YV + V(U2 + V), YV

= Aty (YVI = 0e(VE) [@(U2TH) + 9 (V2] GLVE)™ (3.2.2D)

Similarly to (2.3.22), it follows from (2.3.5), (2.3.11), (2.3.8), (2.3.9), (2.1.11),
(2.3.14), the Young’s inequality and (2.3.6) that

At, (U = UL ¢ (ULY) = ¢ (U2) e (VITY), FL(UL))
< Aty QE(U) + 1, 1) + Aty (6o(U") + (V) 1)"
— Aty (6o(U27Y) + (VY. [U2]2)"
< 2 A, (F(U2), 1) + 2 At, (Go(VI ), 1) + 28 |[U7] |,
+ 28 (Jou (U5 + (V2D ) + CO 1) At

<4 AL, (F(U™), )" + 3 At, (G(VH, 1)+ C(M, Q) At,, . (3.2.3a)

We also obtain, similarly to (2.3.23), from (2.3.5), (2.3.11), (2.3.14), (2.3.15), (2.1.11),
the Young’s inequality and (2.3.12) that

Aty (Y VI = 4he(VE) [@(UET) + (VY] GLVE))"
< (27 +2) Aty (G(V), 1) + 3 At, (Go(VI), )" + C(M, |, 7) At .
(3.2.3b)



3.2. Stability estimates 49

Combining (3.2.2a), (3.2.3a) and the first inequality in (2.4.58a) leads to
(1 —4At,) (F(UF), )" + Aty (D [A(UD)] VU + V(U + V), VUL
< (F (UMY, D)+ 3 AL, (G(VH, D)+ C AL, (3.2.4a)
Combining (3.2.2b), (3.2.3b) and the first inequality in (2.4.58b) gives

(1= (27 +2) Aty) (Go(V2), )" + Aty (D [E(V)] VYV + V(UE + V), VL)

< (T+3A8) (G.(VA Y, D"+ CAt, . (3.2.4b)

Hence, the estimate (3.2.1) follows by summing (3.2.4a) and (3.2.4b) on noting
(2.4.32), (2.4.33), F.(s) > 0, G(s) > 0 and that v > 1. O

Lemma 3.2.2 Let the assumptions of Lemma 3.2.1 hold and let u®, v € L>(Q)
with u%(x), v°(z) > 0 for a.e. z € Q. Let either U’ = P and V° = P™°% or
U2 = 7Mu® and V2 = 70 if u® | 00 € C’(ﬁ) 1. Then for all € € (0,e '), for all h > 0

and for all At > 0 such that At < 5 for some § € (0,1), the problem (P]}Qﬁt)

+2’

possesses a solution {U", V' }V_, satlsfymg

max {(FE(US) +Ge(V), )" + e |7 U215 + eI V2L IS + U215 + 11V lloa

n=1,--,N
N N N

Y AL U+ VDAL U+ AL VI < C
n=1 n=1 n=1

(3.2.5)
Proof: It follows immediately from (3.2.1) and our assumptions on At, for

n=1,---, N, that
(F(U2) + G(V2), 1) < (14 205080 ) (R (021 4 GV ), ) + § At
3 £ 3 £ Y 3 £ 3 £ Y 5 n
2 (v+4) Atn

<e 1 (F(UMH+G(VIH D"+ SAL. (3.26)

On noting the assumptions on the initial data {u®, v}, (2.3.4a), (2.3.10a), the

definition of 7" and (3.1.2), we have that

(F.(UD), )"+ (G.(v2), )" < C. (3.2.7)

1On recalling the definitions of P* and 7" we have, for non-negative initial data u° and v°, that

ul, vP>o.
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Combining (3.2.6), (3.2.7) yields that

2(v+4) T

e B+ 6 < 0T (1 (B2 + 6,11
<C. (3.2.8)
It follows from (2.4.2), (2.3.6), (2.3.7) and (3.2.8) for n =1, ---, N that
|23 < U2 = ((U9)21)" <AM (F(U2), )"+ 6M%Q| < C. (3.2.9)

Choosing x = 1 in (2.4.31b) and noting the positivity of ¢.(s) and v.(s) yields,

under the considered assumptions on the parameter At, that forn=1, --- | N
n h 1 n—1 h v Aty n—1 h 14t n—1 h
(VA" < g (VL) < (L 252) (Ve ) et (VL)
(3.2.10)

Hence, if follows from (3.2.10), the definition of the interpolation 7", (3.1.2) and the

assumptions on v° that

h L0 \h KA
max (V' 1)" <es (V2,1)" <1Qled [[0°]o0 < C. (3.2.11)

Observing that |s| = s — 2[s]_, (3.2.11) and the Young’s inequality yields for
n=1,---, N that

V2o = (IV2],1) < (7"[V2", 1)

IN

(Ve —2a" V1] 1)
= (Vsn’ l)h -2 (Trh [‘/;n]— ’ 1)
<C (L4 VEIR) - (32.12)
From (2.4.2), (2.4.3), (2.3.6), (2.3.12) and (3.2.8) we obtain, after recalling that
s =[s]y + [s]- and F.(s), G.(s) >0, that forn=1,--- | N

I U213 < | Un)_f2 = (U2, 1)"
<2e(F(UM, )" < C¢, (3.2.13a)
T VP2 < v = (V2 1)”

<26 (G(VM, D)< Ce. (3.2.13b)
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We now note that the bounds 1 — 5 in (3.2.5) follow by combining (3.2.8), (3.2.9),
(3.2.12) and (3.2.13a,b). The sixth and the seventh bounds in (3.2.5) follow by
summing (3.2.1) over n, with the aid of (3.2.7), (3.2.8), the Poincaré¢ inequality and
the bounds (4 —5) in (3.2.5). Finally, the last bound in (3.2.5) follows immediately
from the triangle inequality on noting the sixth and the seventh bounds in (3.2.5).

|

Remark 3.2.1 We mention that the first, the sixth and the seventh bounds in
(3.2.5) are discrete analogues of the estimates in (2.3.17). The second and the third

bounds in (3.2.5) are discrete analogues of the estimates in (2.3.18).

Theorem 3.2.3 Let the assumptions of Lemma 3.2.2 hold. In addition, let {A¢t,, }_,

be such that
At, < CAt,_; Vn=2---,N.

Then a solution {U", V"}_ to (P At) satisfies
N
> A, {IIUSH&Q V2o 5+ I (Vo g + lm "9 (V2o 5 + ||E€(V€n)||l(6)ﬁ:|
n=1

Un n n
+ZAt [n e e T

+ZAt {HQ [P + NG S 1 ]_ , o (32.14)
n=1

76_ d+1) y 4 = 2(211 andq _2(d+1)

where o« =

Proof: It follows from the Sobolev interpolation theorem (2.1.1) and the fourth
bound in (3.2.5) forn =1, --- , N that

102150 < CNUZIGZNUZIE < CNUEI, (3.2.15)

where ad (3 — 1) =2; that is a = Z(djm :

We also have from (2.1.2) and the fifth bound in (3.2.5), forn =1, --- | N, that

IV2ll6,s < CIVZUIo*IV2IE < C V2R, (3.2.16)
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where 3 (QBd(((iﬁJ:;))) =2: that is 8 = 2(dd+1) .

On noting that ¥.(s) < |s| + ¢, it follows from (3.2.16) for n =1, --- , N that
le=(V)los < C+ 1V2llos < C (L+IVZIR) - (3.2.17)

After recalling that ¢.(s) < [s]+ +& = s — [s]- + &, we obtain from the Young’s
inequality and the third and the fifth bounds in (3.2.5) that forn =1, --- | N

7 (V2 os < [ (V2 =22+ o) do
Q

<C 1+ V2 loa + 17" [VI1-15) < € (3.2.18)
and
7" (VG < € (L4 VIS + 17" [V2T-115) < ¢ (L+IIV2IG) - (3:2.19)
From (2.1.2), (3.2.18), (3.2.19) and (2.4.7) we have for n =1, --- , N that

7"V < C eV v (VIR £ C (14 IVEIR) . (3:220)

Now, on noting (3.2.15) — (3.2.20), the bounds 1 — 4 in (3.2.14) follow from (3.2.5).
The fifth bound in (3.2.14) follows from the fourth bound in (3.2.14) since we have
from (2.4.29), (2.4.30), (2.3.11) and (2.4.15), forn =1, --- , N, that

(AT :I/QHEE(V;”(SU))Hde: o IE(VE @) de

reTh VT

<C Y WV oo < C Y 17 0e(VE)lg 5.7

TeTh TeTh

< Cllr" e (V)llgs -

Before we start discussing the last four bounds in (3.2.14), it is useful to note

from the definition of 7", (3.1.2) and the assumptions on u° and +° that
17200 + 1V2llo < € ([u’llo.co + 1v"lloec) < C. (3.2.21)

We now consider the sixth bound in (3.2.14). It follows from (3.1.8), (3.1.1),
(2.4.31a), (2.4.2), (2.3.5), (3.1.3), (2.4.24), (2.4.25) and (3.2.19) for any n € H'(Q)
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and forn =1, ---, N that

n_gmn—1 n__ym—1 n n—1 h
<U6 Ai]; 1) = (Ue Alt]; 777> = <U Aft] Ph??)
(U2 = UL 6(UITY) = ¢:(UL) (VI TH), Pip)"

— (DVUZ + AUV (UL + V), VP")

C (U0 + I7"0-(V2"Ylo) IP"nllo
+C (|Uy + U2 + V1) [Pl

C (U2l + V2N 1VEH o) Nl (3.2.22)

and therefore,

vr-uvr! n n n—
=5y < C NU2IF +IV2IE+ VRIS - (3.2.23)

Hence, we have from (3.2.23), (3.2.5), our assumption on the time steps and (3.2.21)
that

ZN |5 2y < C ZN (T2 + V21T + Ive=rE) < €

n=1
To derive the seventh bound in (3.2.14), we first note from the generalized
Holder’s inequality (2.1.7) and (3.1.3) for any n € W4 (Q) and forn =1, --- , N
that

[E(V)VUE + V), VP )| < [IZ(VI) loslUZ + VTP nl1q
< ClE(VlosllUZ +VElnlle,  (3.2.24)
where %+%—|—$:1;tha‘c isq¢=2(d+1).

On noting (2.4.3), (2.4.2), (3.2.19), (3.1.2) and the embedding L’(Q) — L?(Q), we
have for any n € W (Q) and for n =1, --- , N that

[V V21, P)"| < C (Vo I (V) o | PPl
< C IV o (1+ 1Vl Inllose

< Cllw" (V) o (14 IV lo) lInllrgs  (3:2.25)
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where we have also employed, from (2.1.1), the following continuous embedding
Wh'(Q) — L=(Q).

Similarly to (3.2.22), it follows from (3.1.5), (3.1.1), (2.4.31b), (3.1.3), (3.2.24) and
(3.2.25) for any n € W(Q) and for n = 1, --- , N that

(g = (P52 ) = (E5E ) < C Al (3220
where
An =102+ V2l A+ 1V o+ 1,
By = 7" e (V)0 + 12 (V) o + 1.
Thus, (3.2.26) implies

n_y/n—1
15— | @y < C An By (3.2.27)

Hence we have from (3.2.27), the Cauchy-Schwarz inequality, (3.2.5), the bounds

(4 —5) in (3.2.14), the assumption on the temporal discretization and (3.2.21) that

N
VAL VAl
Z At |55 qum, @y <C > At ALBY

n=1
{ZAt Aﬂ [ZAt Bﬂ} <C,
Where%—l—%—% thatls——l—— 1l and g = ;jﬁ).

To complete the proof of the theorem, we note that the last two bounds in (3.2.14)
follow from the sixth and the seventh bounds in (3.2.14), respectively, on recalling

(3.1.9) and (3.1.6) . O

As the condition v, v° € H'(Q) will be essential in the analysis of the next

section, we close this section by giving the following short lemma:

Lemma 3.2.4 Let the assumptions (A) hold and let u°, v* € HL(€). On choosing
either U? = PMu® and V2 = P or U2 = 7hu® and VP = 700 if either d = 1 or

u®, 0" e WhH(Q) with r > d, it follows that U2, V? € S, and

IO + IV < C. (3.2.28)
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0

Proof: We first mention that 7"u° and 7"° are well defined as the Sobolev em-

bedding result (see Ciarlet [23], page 114):
W™ (Q) < C(Q)  holds for r € [1,00] if m > <.

It can be seen clearly from the definitions of the projection operator P"* and the in-
terpolation operator 7" that U?, V2 € S%;. The bound (3.2.28) follows immediately

on noting (2.4.16), (3.1.3) and the assumptions on u®, v°. O

3.3 Existence of a weak solution

In this section we prove the global existence of a non-negative weak solution of the
continuous problem (2.2.4a)-(2.2.4d). This is achieved by taking the limit of the

regularization and discretization parameters of the problem (P]}\}f).

We begin by introducing the following definitions:

Let

t_tn_ tn_t —
U.(t) ;:< N 1) U§+(At )UE” Ut eftynta] n>1, (3.3.1a)

Vbt €ty ta] n>1,  (3.3.1b)

Ur(t) =0, U-(t):=U""  te(ty1,t)) n>1, (3.3.2a)
VAR =V, Vo) =Vt te (b te] n>1. (3.3.2b)

On noting (3.3.1a,b) and (3.3.2a,b) we have that

ou. Uf-U- Ur-U. U.-UZ

ot At, th—t  t—t,
ov. Vr-vo VFr-V. V.-V_

ot At,, t,—t  t—t,

t€ (tar ty) n>1, (3.3.3a)

te(torty) n>1.  (3.3.3b)
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Using the above notation, the problem (P}5%") can be restated as follows:

Find {U., V.} € C([0,T); S*) x C([0,T7]; S") such that for all x € L?(0,T; S")

L/Tkmbx)—+D(vvjwuﬂ+<A4@ﬂ¥%@f+V?xvm]dt

= [ W = o) - U V)"t (33)

T
[ 130"+ DOV 9 + (27 Vs + 1, V)
0

h

= [ (V=) (v + 0.0)) )" e (3.40)

The argument in this section will consist of three main steps. We first uti-
lize the stability estimates derived in Section 3.2 on the approximate solutions.
Then we prove the existence of non-negative functions {u,v} bounded in various
time-dependent spaces using a classical sequential compactness arguments ( see the
results collected in A.1.5 — A.1.10). Finally, we prove that the functions {u,v}
represent a global weak solution of the system (2.2.4a)-(2.2.4d) via passage to the

limit e, h, At — 0 of the approximate system (3.3.4a)-(3.3.4b).

Theorem 3.3.1 Let the assumptions (A) hold, D > 0, v > 1 and u°, % €
Hiy(Q) N L>(Q). In addition, let { &, h, {At,}2_,, U, VP } be such that
(i) either U2 = P and V2 = P"; or U? = 7’ and V2 = 700 if either
d=1or uo, 0 e WhT(Q) with r > d.
(i) At < 55 +2 ,
(iii) At, < C’Atn_l Vn=2 ... N.
(iv) At, e -0 ash —0.

for some 6 € (0,1).

Then there exists a subsequence of {U., V. }5~0, solving (3.3.4a)-(3.3.4b), and func-
tions
u € L*(0,T; H' () N L*(Qr) N L=(0,T; L*(Q)) N H*(0,T; (HY(Q))), (3.3.5a)

ve L20,T; H(Q)) N LA (Qr) n WH(0, T; (WH(Q))), (3.3.5b)
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with u(x,t), v(z,t) > 0 almost everywhere and

u(-,0) =u’(-) in L*(Q) and wv(-,0) =2°() in (WH7(Q)), (3.3.5¢)
where
azudfjm, ﬁ:ﬂdTH), q:22(311) and ¢' =45 =2(d+1).
Moreover, it holds as h — 0 that
U, Uf ~u in L*(0,7; H' () N L*(Qr), (3.3.6a)
U, U¥ ~*u in L>(0,T; L*(2)), (3.3.6b)
aaz = g—? in L*(0,T;(H'(Q))), (3.3.6¢)
U, U¥ —u in L*(0,T; L*(Q)), (3.3.6d)
¢-(UF) — ¢(u) in L*(0,7T; L*(Q)), (3.3.6¢)
"¢ (UF) — p(u) in L*(0,7T; L*(Q)), (3.3.6f)
A(UF) — d(u) T in L*(0,T; L*(Q)), (3.3.6g)
and
Vo, VE = in L*0,T; H'(Q)) N LP(Qr), (3.3.7a)
88‘;5 - % in LU0, T; (WH'(Q))), (3.3.7b)
V., VE—w in L*(0,T;L5(Q)), (3.3.7¢)
Ve (VE) = v in L*(0,T;L*(Q)), (3.3.7d)
i (VE) — v in L*(0,T; L*(Q)), (3.3.7¢)
= (VE) —vT in L*(0,7T; L*(Q)), (3.3.7f)
for any
[2, o0] ifd=1,
s€4 [2,00) ifd=2,
2,6) if d=3;
where the symbols “—7" “—" and “—*" represent strong, weak and weak-star

convergence respectively (see A.1.5 — A.1.7).
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Proof: By using the assumptions (i)—(iii), (3.2.5), (3.2.14), (2.3.5), (2.4.24), (2.4.25),
(3.3.1a,b), (3.3.2a,b), (3.3.3a,b) and (3.2.28) we obtain the following uniform bounds

independently of the parameters €, h and At

U 20 @) + 10 | oor) + 10 || 202200

_1
+ e 2| mM US| oo, z20)) + 1132 220,750y

+ HgaUs | 220,701 (0)) + “¢a( )HLOO(QT)

+ |17 Go(UEN | Loogar) + A (U || ooy < C, (3.3.8a)
and

Hvs(i)“L?(o,T;Hl(Q)) + HVs(i)HLB(QT) + ||V:-:(i)HL°°(O,T;L1(Q))
_1
+e 2 H7Th[va(i)]fHLOO(O,T;L2 ) + 152 =\ oo, @
+ ||gq It ||Lq 0,7;W1a(Q)) + ||¢ ( )”Lﬁ (Qr)

+ 17" (VI o) + 12(VEN I san < C, (3.3.8b)

where (£) is an adopted abbreviation for “with” and “without” the superscripts
H+77 and “_» .
Also, we note from (3.3.3a) and the fifth bound in (3.3.8a) that

U2 = Ullmonionn = [ 102 = Vel = Z/ U = Ul
ey A
tn—1

tn
<3 (an / AT,
n=1 tn—
T
< (80P [ 1% oy
0

= (At)? ||8U5||L2 0.T3(HY(Q))") < C(At)?. (3.3.9a)

Similarly to (3.3.9a), we have from (3.3.3b) and the fifth bound in (3.3.8b) that

|VE - V.|| < (A7 ]| %= < C(At)L. (3.3.9b)

La(0,T3(Whd' (Q))) HLq(OT WL (Q))) =
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We now recall that L?(0,T; H'(2)) and L*(Q7) are reflexive Banach spaces,
while L'(0,T; L*(£2)), which is the pre-dual® of L>(0, T; L*(2)), is separable Banach
space but not reflexive (see A.1.12 and A.1.14). Noting that and the first three
bounds in (3.3.8a), we deduce from classical compactness arguments the existence of
a subsequence {U.};, and a function u € L*(0,T; H*(Q)) N L*(Q7) N L>(0, T; L*(2))
satisfying the convergence results (3.3.6a)-(3.3.6b). Where we have noticed from
(3.3.9a) that the subsequences {US, U, U.}), have the same limit, after recalling
that weak and weak-star limits are unique (see A.1.8).

As L*(0,T; (H'(Q))) is reflexive Banach space, it follows from the fifth bound
in (3.3.8a), on employing weak compactness arguments, that there exists

n € L*(0,T;(H'())’) such that

oU. N .
5~ i LAOT(HN(Q))
A well known argument can be easily adapted to show that 1 = %, (see Robin-

son [58], page 204). Thus, the result (3.3.6¢) holds. The result (3.3.5a) follows
immediately on noting the embedding L*(0,T; H'(Q)) < L?(0,T; (H())’) since

u € L*(0,T; H(Q) N L*(Qr) N L>(0,T; L*(Q)) and 2% e L*(0,T;(H'(Q))).

From application of the Lions-Aubin theorem, see (2.1.4), on noting the following

embedding results
H'(Q) < L*(Q) — (H'(Q))',

which hold from the Rellich-Kondrachov theorem under the stated choice of s, we

find that

W, ={n: nelL*0,T;H(Q)) M e [2(0,T; (HY()))} < L*(0,T; L°(2)) .

7ot

As U. € W,, we can extract a subsequence, still denoted U,, such that the conver-

gence result (3.3.6d) holds.

2Let X, Y are Banach spaces. We say that X is pre-dual of YV if X' =Y .
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Using the strong convergence of U, to u in L*(0,T; L*(Q)) and the fourth bound in
(3.3.8a), we can extract a subsequence, still denoted U., such that as h — 0 (see

Appendix A.1.11)
U.—u and 7"[U]-—0 a.e. in Q. (3.3.10)
But we have from the definition of 7" that
U. = 7"[U]y + 7"[U]-. (3.3.11)
Therefore, we deduce from (3.3.10) and (3.3.11) that u > 0 almost everywhere.

In order to show (3.3.6e) and (3.3.6f), we first note that

H¢E(Uei) - gb(u)HLQ(O,T;LS(Q)) < ||¢€(U5:t) - ¢€(U)HL2(O,T;LS(Q)) + |’¢E(u) - ¢(U)HL2(O,T;LS(Q)) :
(3.3.12)

Noting (2.2.1), (2.3.5), the non-negativity of the function v and the assumption (iv)

yields that
[¢=(u) — ¢(U)HL2(0,T;L5(Q)) <Ce—0as h—0. (3.3.13)
From the Lipschitz continuity of the function ¢. and (3.3.6d), it follows that

H¢€(U5i) - (bs(u)HLQ(O,T;LS(Q)) S HU;‘: - uHLQ(O,T;LS(Q)) —0 as h—0. (3314)

We also have from (2.4.16), (2.3.5), (2.4.15) and the first bound in (3.3.8a) that

I =76 U 2o 000y < O NIV o rsn0

< ChIG) 1UE 202,10

<CRh4"9) 50 as h—0. (3.3.15)

Thus, the results (3.3.6e) and (3.3.6f) follow by combining (3.3.12)—(3.3.15).
We obtain from (2.4.46), (2.4.15), the first bound in (3.3.8a) and (3.3.6¢) that

”Aa(Uei) - gb(u)IHLQ(O,T;LS(Q))
< ||AE<U3:> - ¢E<Ugt>IHLQ(O’T;Ls(Q)) + H(bE(UEi) - (b(u)“L?(O,T;LS(Q))
2 ||U5iHL2(O,T;H1(Q)) + H@(Uai) - ¢<“>HL2(0,T;LS(Q))

D [|6-(UF) = 6| 2 ooy — 0 a8 h—0.  (3.3.16)

1
s

S C hl—d(%—
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Hence the result (3.3.6g) holds from (3.3.16).
Similarly to {Ug(i)}, the convergence results for {Vg(i)} in (3.3.7a)-(3.3.7c) follow
from classical compactness arguments on noting the bounds (1, 2 and 5) in (3.3.8b),

(3.3.9b) and the following application of (2.1.4):

W, ={n: neL*0,T;H(Q)) M e 190, T (WL (Q)))} <5 L*0,T; L*(Q)),

' ot
after recalling that L2(0,T; H'(Q)), L’(Qr) and L(0,T; (W9 (Q))) are reflexive
Banach spaces. As a result, we have

ve L0, T; H(Q) N L (Qr) and 22 e LI(0,T; (WH(Q))).

Noting this and the embedding L?(0,T; H'(Q)) — L(0,T; (W9 (Q))’) gives (3.3.5b).
The fourth bound in (3.3.8b) and (3.3.7c) implies that v > 0 almost everywhere.
We now show the results (3.3.7d)-(3.3.7f) by adapting the arguments used for de-
riving (3.3.6e)-(3.3.6g). First we note that

“77Z)6(‘/55i) - UHLZ(O,T;LS(Q)) < H%(Vsi) - ¢5(U>HL2(O,T;LS(Q)) + ||¢€<U) - UHL?(O,T;LS(Q)) :
(3.3.17)

After recalling that v € L*(0,T; H'(Q2)) < L?(0,T; L*(2)), we obtain from (2.3.11),
the non-negativity of the function v and the assumption (iv), on using the dominated

convergence theorem, that
Also, we have from the Lipschitz continuity of the function 1. and (3.3.7¢) that
+ +
l=(Ve) = wE(U)HLQ(O,T;LS(Q)) <[V - v”LQ(O,T;LS(Q)) —0as h—0. (33.19)

Similarly to (3.3.15) and (3.3.16), it follows from (2.4.16), (2.3.11), (2.4.15), (2.4.47),
the first bound in (3.3.8b) that

H([ - ﬂ-h)ws(vj)HL%O,T;LS(Q)) + HEE(Vf) - UIHL?(O,T;LS(Q))

<CRGD 4 6(VE) = 0l| ooy - (3:320)
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Thereby, the convergence results (3.3.7d)-(3.3.7f) follow by combining (3.3.17), (3.3.18),
(3.3.19) and (3.3.20).

To complete the proof of the theorem, we still have to deal with the initial
approximations and show that the solution {u,v} satisfies (3.3.5¢). We first note
from the error estimates (3.1.3) and (2.4.16) and the stated assumptions on the

initial data, «° and v°, that

Ju® — Phatll, < O ful], < €,

[0 = PHtl, < O b0, < O,

and

a0 — ], < [ Ch, <Ch ford=1,
u —mTu
) <

Ch \u0|1’T§Ch ford=2or 3,

Ch|°,<Ch ford=1,

o = "% <

| Ch W], <Ch ford=2or3,

which provide the following strong convergence results as h — 0

U —u® in L*(Q), (3.3.21a)

VO —° in L*(Q). (3.3.21b)

€

It follows from (3.3.6d), (3.3.7c) that for a.e. (see Theorem A.1.11)

U.(t) — u(t) in L*Q) ase — 0, (3.3.22a)

Vi(t) —w(t)  in L*(Q)  ase—0, (3.3.22b)

We comment that (3.3.21a,b) and (3.3.22a,b) are not sufficient to prove the equal-
ities in (3.3.5¢c) since if ¢ = 0 belongs to the null-set of the almost everywhere
statement for (3.3.22a,b) then possibly u(0) # u®, v(0) # v° (see Robinson [58],
Section 7.4.4, for further discussion). In addition to (3.3.21a,b) and (3.3.22a,b), we
actually exploit other properties of the solutions {U., V.} and the functions {u,v}

in order to conclude that (3.3.5¢) holds.
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We note that since

U., we L*0,T; H' () and %=, 9 e L2(0,T; (H'(Q))),

and
Vo, v e Wh(0,T; (W (Q))),
it follows that

U., ueC(0,T); L3(R)), (3.3.23a)

V., ve C(0,T); (WH (Q)); (3.3.23b)

see Theorem 7.2 and Proposition 7.1 in Robinson [58], respectively.

Therefore, the desired result (3.3.5¢) follows easily by combining (3.3.21a,b), (3.3.22a,b)

and (3.3.23a,b). This ends the proof of the theorem. O
In the following lemma we prove further convergence results which are required

for studying the convergence of the system (3.3.4a)-(3.3.4b) in Theorem 3.3.3.

Lemma 3.3.2 Let the assumptions of Theorem 3.3.1 hold. Then the following

convergence results are valid as h — 0:

Ur o (U7) — ug(u) in LY(Qr), (3.3.24a)

mhap (VE) 7 (UF) — v ¢(u) in LYQr), (3.3.24b)

7l (VD) 7hap (V) — 0 in LY(Qr), (3.3.24c)
where g = 22(311) .

Proof: On noting (2.2.1), (3.3.8a) and the embedding L%(Q7) — L’(Qr) we have

from the Holder’s inequality that

HUEJr Wh(b(g(Ug) - ugb(”)HLq(ghQ
< ||r"¢-(U7) - ¢(“)HL2(QT) HU;HLﬂ(QT) + |02 - uHLq(QT) o) Lo 21

<C (H?Th¢a(Ug_) — 0| pa(q,y + U = uHLQ(QT)> . (3.3.25)
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Similarly to (3.3.25), it follows from the Holder’s inequality, (2.3.5) and (3.3.5b), on
noting the Sobolev embedding L?(Qr) — L4(Qr), that

7"V 7 0:(UZ) = 0 (0|
. ||7Th¢€(v€i) B UHLQ(QT) H7Th¢a(Ugi)HL°°(QT) + Hﬂ'hﬁbe(Ugi) - ¢(U)HL2(QT) HUHLB(QT)

< C (IF"lVE) = vl 2y, + 17" 0-(U2) = 6] 2 ) (3.3.26)

With the aid of the Holder’s inequality, we also obtain from (3.3.8b) and (3.3.5b)

that

7" e (V1) 7 (V) = 0% ucay
< |7 e(VE) = vl ooy 17" eV oy + 17" 0 (V) = 0| oy 10 20y

S C (H?Thd)s(‘/s_) - UHL2(QT) + H']Thws(‘/:r) — UHLQ(QT)> . (3327)

The desired results (3.3.24a)-(3.3.24c¢) follow from (3.3.25), (3.3.26), (3.3.27), (3.3.6d),
(3.3.6e) and (3.3.7e) on noting the embedding L?(0,T; L*()) — L*(Q7). O

We are now in the position to prove that the functions {u, v}, generated from
Theorem 3.3.1, represent a global weak solution of problem (Pj;). We do this by
analysing the convergence of the approximate system (3.3.4a)-(3.3.4b). We remark
that our proof of the convergence of (3.3.4a) will require us to define 75 for a test
function n € L?(0,T; H'(Q)). Obviously, 75 is well defined in the case d = 1, as
HY(Q) — C(Q), but not necessarily for d = 2 and 3. However, with the exception
of defining 7"n and using (2.4.16) and (2.4.17) the proof only requires that n €
L?(0,T; H'(Q)) . Fortunately, we can overcome this obstacle by proving convergence
for all n € L2(0,T; W14t(Q)) and using the denseness of L2(0,T; W4+1(Q)) in
L?(0,T; H()) to conclude the convergence for any n € L*(0,T; H'(Q2)). In other
words, it will be sufficient to prove convergence for all n € L?(0,T; H'(Q)) while
assuming the validity of the definition 77 and the estimates (2.4.16) and (2.4.17).
With this in mind, and for ease of exposition, we write the proof starting with

n € L2(0,T; H'(Q)).
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Theorem 3.3.3 Let the assumptions of Theorem 3.3.1 hold. Then there exists
a subsequence of {U., V.}nso, where {U., V.} solves (3.3.4a)-(3.3.4b), and non-
negative functions {u,v} satisfying (3.3.5a)-(3.3.5¢). In addition, as h — 0 the
convergence results (3.3.6a)-(3.3.6g), (3.3.7a)-(3.3.7f) and (3.3.24a)-(3.3.24c) hold.
Furthermore, the functions {u, v} represent a global weak solution of the problem

(Par) in sense that

/0 (%, 1) + D (Vu, V) + (¢(u) V(u+0), V)| dt
= [ w-sw wsolmar wePO.TE@) (33250

and

/OT[ %,77>q,+D(VU,V77)+(UV(U+U)’V”)] At
:/0 (vv—v [¢(w)+v],n) dt  Vne L7(0,T;W"(Q)), (3.3.28b)

where ¢ =2(d+1).

Proof: The first and second parts of the theorem follow from Theorem 3.3.1 and
Lemma 3.3.2. To show that {u(z,t),v(z,t)} is a weak solution of (Pj;) in sense
that (3.3.28a)-(3.3.28b) are satisfied, we set xy = 7' as a test function in (3.3.4a)-
(3.3.4b) and then pass to the limit ¢, h, At — 0. We first show (3.3.28a) and then
we prove (3.3.28b) by following a similar argument.

For any n € L%*(0,T; H*(Q)), we set Y = 7 as a test function in (3.3.4a)

yielding

T
[ [t + D (VU VR0 + (A5 VWS + V), )] at
0

= /OT (U = UF 6.(UZ) = ¢-(US) (V) mn)" dt. (3.3.29)

We shall now study the convergence of each term in (3.3.29) separately.
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For all n € L*(0,T; H'(Q)) and for all 7 € H*(0,T; H'(Q)) we have that
4 h
[ @) = [t )" - (e ntln )]

T
—l—/o L= i) —(%,ﬁ n)} dt

T
+/0 (%= (xh — I)n) dt

+/ (%= ) dt
0

= [171 +Il72+[173+[1,4. (3330)

Using (2.4.19), (3.1.10), (2.4.16), the Holder’s inequality and (3.3.8a) gives that
11| = ‘/ (% — )" = (%, — ) | dt‘

< [ | )"~ (5wt ) at

T
gCh/ 12|, |#"n — ],
0
/\WWEIW—MMM
<C ||g83Ut€ L2(0,T;H(Q)) ||77 - 77]||L2(()7T;H1(Q))

<C ||77 - 7~7||L2(0,T;H1(Q)) . (3.3.31)
It also follows from (2.4.19), (2.4.16), the Holder’s inequality and (3.3.8a) that

‘[1 2’ =

[ (222 o) <%U;,m>]dt\

h - (v, a%’;“)] dt'

H T), (- T)" = (Ue(-, T), 7" (-, T))]
+ ’ , T 77( 0))h - (Us('70)77rhﬁ('70))’

s0h/|wmvwmhm+ohmu Tl [0 7,

+Ch U 0)ll [7"3(- 0)],

< ChUell oo o020y 11l 0,701 )

< Ch 9| g om0 () » (3.3.32)
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where the third inequality was obtained from (2.4.16) and exploiting the continuous

embedding (see Robinson [58] page 190):
WHP(0,T; X) — C([0,T]; X) 1<p<oo;
namely,
Sup IKOIx < MCllwrnorxy — for ¢€WH(0,T;X). (3.3.33)

To treat the term [, 3, we observe using (3.1.8), the Holder’s inequality and the fifth
bound in (3.3.8a) that

ol =| [ (=05
s/o\%%,< D] e

| U,
— ot

(7h — 1

L2(0,T;(HL(Q))") ) 77HL2(0,T;H1(Q))

<C||(=" = 1) (3.3.34)

77HL2(0,T;H1(Q)) :

From (3.1.8) and the weak convergence result (3.3.6¢) we have, for alln € L*(0,T; H'(Q2)),

that

T
11,45/ (%= n) dt:/ (% ) dt —>/ Qup)dt ash—0. (3.3.35)
0 0

Combining (3.3.30)-(3.3.32), (3.3.34), (3.3.35), the denseness of H'(0,T; H'(Q)) in

L2(0,T; HY()) and (2.4.17) yields for all n € L?(0,T; H'(2)) that

/(%Ufmn dt —>/ (2 ) dt ash—0. (3.3.36)
0

With the aid of the Hélder’s inequality, (3.3.8a) and (2.4.17) we obtain for all
n € L*(0,T; H'(2)) that

/OTWUJ,v(wh —1) U)dt‘ < /OT (US|, (=" = I)n], dt

< 7],

(0.T;H()) H(” — 1) 77HL2(0,T;H1(Q))

<C (=" —0 ash—0.

1) 77HL2(0,T;H1(Q))
(3.3.37)
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Noting (3.3.37) and (3.3.6a) yields for all n € L?(0,T; H*(2)) that
/T(VU;,W%) dt = /T(VU:,V(H —Dn)dt + /T(VU;,W) dt
0 0 . 0
. /O (Vu, Vn)dt ash—0.  (3.3.39)
We have for all n € L*(0,T; H*(Q)) and for all 7 € L>(0,T; W>°(Q)) that
/OT (A(UF) V(U + V), Vatn) dt

= /0 (AU V(W V), Y — 1)) e
b [ (0 - 60 7] V0 + V2,5~ )
+ /OT ([A(UF) = ¢(w) Z) V(UF + V), Vi) dt
+ /OT (¢(u) V(UL + V), Vn) dt

=Ty 4 g+ Ios + I (3.3.39)

On noting the generalized Holder’s inequality and (3.3.8a)-(3.3.8b) we have

T
L] = / (A(UH)V(UF + V), V(" — I)n) dt
0

S AU ey 105+ Ve llpzgo mm oy 10" = Dl 20 211110

<C (=" (3.3.40)

—1) 77HL2(0,T;H1(Q)) :
Similarly to the treatment of the term I5;, we have from the generalized Holder’s

inequality, (3.3.8a)-(3.3.8b) and (2.2.1) that

ool =| [ (100 - 600 7] V(02 4V, V- ) at

< HA5<U5+> - @b(u)IHLoo(QT) HUEJF + VerHLz(QT;Hl(Q)) H77 - ﬁHL?(O,T;Hl(Q))
< Cln=1ll2orme) - (3.3.41)
We also have that

o] = / ([A-(US) = o) I} V(UF + V), Vi) dt ‘

< HAs(Uj) o ¢(u)IHL2(QT) ”UEJr + VEJFHL2(U,T;H1(Q)) HV7~7HL°°(QT)

< C ||A(UF) - ¢(U)IHL2(QT) 171 e (0 7510 (2)) - (3.3.42)
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As the function ¢(s) is bounded, we obtain from (3.3.6a) and (3.3.7a) for all
n € L*(0,T; H'(Q)) that
T T
ho= [ (6l VU 4V, Vi) dt = [ (0w Vw+0). V) de ash 0.
0 0
(3.3.43)
Combining (3.3.39)-(3.3.43), (2.4.17), the denseness of the space L>(0,T; W1 (Q))
in L2(0,T; H'(R2)) and (3.3.6g) yields for all n € L?(0,T; H'(Q2)) that
T T
/ (A(UH) V(U + V), Valy) dt — / (p(u) V(u+v),Vn)dt ash—0.
0 0
(3.3.44)

It remains to show the convergence of the reaction term in (3.3.29). We have
from (2.4.19), the Holder’s inequality, (2.4.16) and (3.3.8a) for alln € L?(0,T; H'(Q2))
that

/T [(U;,ﬂhn)h— (U;,Whn)} dt'+ /T (UF, (7" = 1)n) dt

T T
<on [Nl lealy ats [0 = Dl o

T
<cn [ ol a

< Ch||UL| gy 1Ml 220,50 2

Combining (3.3.45) and (3.3.6a) yields for all n € L*(0,T; H'(Q)) that
T h T h

/ (UF,7n)" dt = / (U2 am)" — (U 7)) a
0 0

T T T
+/ (UF, (7" = 1)n) dt +/ (U n) dt —>/ (u,m) dt as h— 0.

0 0 0
(3.3.46)

With the aid of Lemma 3.3.2, we now consider the convergence of the non-linear

reaction terms in (3.3.29). First, note from (2.4.3) for all n € L?(0,T; H'(Q2)) and
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for all 7j € L7 (0, T; W7 (Q)) that

| w2 a= [ o) o))" a
= [ [0 7, w0 = (o) 7V, )|
+ o (UF) 7" (V.7) — ¢p(u) v, 7"[n — 7)) dt

o(u)v, (" —I)n) dt

T
| o)
0
T
+ [ (U o.0) = sl )
T
+/ ( v, (
0
T
+ [ @@ at
=1+ Lo+ sz + [0+ I35 (3.3.47)
It follows from (2.4.20), (2.4.14), (2.4.6), the Holder’s inequality, (2.4.16), (3.3.8a)-
(3.3.8b) and the embedding L?(Qr) — L%*(Qr) that
T
Tl = | [ (@002 20V, 0)" — (#oU2) wov) )] at
0
30h2/ 170U, oo "=V, Nl
< Ch/ 17" 6 (U o o [l eV + [7" (VO] [Iw"n]], dt

< Cn w0V gy + 1V oz 170l s s

Using the Hoélder’s inequality, (2.4.16), (2.2.1), (3.3.8a)-(3.3.8b) and (3.3.5b) gives

that

ol =| [ (56,00 7 0.0) = ot 0Ty ) |

< [ 6. (U) 7" (V) = o) vl o 17" 0 = | 2 g
< C (I Lisgapy + 102y ) 10 =l 2ormny

<Cn— ﬁHLQ(O,T;Hl(Q)) . (3.3.49)
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We also use the Holder’s inequality and (2.4.16) to obtain that

T
Iyal = / (TG (UF) (V) — () v, 77) d

< 7" (US) "0 (VE) — ¢(u)v||Lq(QT) H”hﬁHLq’(QT)

< C [|7*0-(U5) 7" 0e (Vi) = () 0| o 1w 0wy - (3:3:50)
Again, on noting (2.2.1) and (3.3.5b), we use (2.4.16) to deduce that

/0 (qﬁ(u) v, (7" = 1) 77) dt

‘1374’ =

<M / lolly || (e = 1) ], dt

<Ch HU||L2(QT) H77”L2(0,T;H1(Q))

From (3.3.47)-(3.3.51), the denseness of L (0, T; W (Q)) in L?(0,T; H*(Q2)) and
(3.3.24b) we have for all n € L?(0,T; H'(2)) that

/O (6-(UF) e (V) atn)" dt — 13,55/0 (p(w)v,n) dt ash — 0. (3.3.52)

By considering the convergence result (3.3.24a), one can adapt the same argu-

ment used for deriving (3.3.52) in order to show, for all n € L*(0,T; H'(Q2)), that

/0 (Ujd)s(U;),whn)hdt — /0 (wp(u),n) dt ash —0. (3.3.53)

Therefore, the desired result (3.3.28a) follows by combining (3.3.29), (3.3.36), (3.3.38),
(3.3.44), (3.3.46), (3.3.52) and (3.3.53).

Similarly to the proof of (3.3.28a), we now show briefly that the solution {u, v}
satisfies (3.3.28b). For any € L7 (0, T; W7 (Q)), we set xy = 7" as a test function
in (3.3.4a) yielding

T
| [ )" + D9V VR + (2020 VU + V), Vet | dt
0

= /0 (Vi = (V) [6e(U) + 0o (VO)] o) " dt. (3.3.54)
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For all n € L¢(0,T; W9 (Q)) and for all 7 € W' (0, T; W>°(2)) we have that

[ @ a= [ [ -0 - (G- )]

T

+

h
(%, 7" — (%%, whip) | at

Al
+/T
+/0 (%=, ) dt

= 1471 + ]4,2 + ]4,3 + 14’4 . (3355)

aa‘f, h —1) )d

It follows from (2.4.19),(3.1.10), (2.4.16), the Holder’s inequality and the sixth bound
n (3.3.8b) that

m—\/ (%%, 7t [ —7])" — <8§;wh[n—ﬁ1>]dt\

<on [ 1l =l

< C/ 16,5,

< C|G,%¢

o=l d

La(0,T;Wha(Q)) H77 - ﬁ”qu(QT;Wlaq/(Q))

<Cln- ﬁHLq’(o,T;Wl,q’(Q)) . (3.3.56)

From (2.4.19), (2.4.16), (3.3.33), the continuous embedding of L9 (0, T; WH>(1Q))
into L' (0, T; W>°(Q)) and (3.3.8b) we obtain that

h
|I42|_’/ (8=, 7hi)" — (=, =" n)]dt‘

xh7 -
<Ch / IVellon 1252, dt 4 Ch V(s Tl |70 T
0

}1700

+ChVe(,0)llo,, [0, 0)

|1,oo
<Ch HVsHLoo(o,T;Ll(Q)) ”ﬁHWLQ’(O,T;WL“(Q))
< Ch Hﬁ||W1,q’(O7T;W1,oo(Q)) — 0 ash—0. (3357)

On noting (3.1.5), the Holder’s inequality and the fifth bound in (3.3.8b) we have
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that

|]473| =

T
< [ | - D), | @
0

— 1) HHLQ'(O,T;WUI’(Q))

/0 (%‘f,(wh —I)n) dt

S
— Il ot

h

Lorswre @y (T

<C (=" -1 (3.3.58)

77”Lq’(o,T;VVLq’(Q)) )
Noting (3.3.55)-(3.3.58), the denseness of W' (0, T; WH°(Q)) in L7 (0, T; W9 (Q)),
(2.4.17) and the convergence in (3.3.7b) yields for all n € L% (0, T; W7 (Q)) that
T
/O (%=, mh — / S, dt ash—0. (3.3.59)
It follows from the Holder’s inequality, the continuous embedding L?(0,T; H'(Q2)) —

L9(0, T; W'4(Q)), (3.3.8b) and (2.4.17) for all n € L7 (0, T; W7 (Q2)) that

T
/va;,wwh—f)n)dt‘s/ VAL = Dl e

S HV:FHL(I(O,T;WM(Q)) (e = 1) UHLQ/(O’T?WLQI(Q))

SCH(?T}L—I) —0 ash—0.

U ‘ ‘ L4 (0,T;W1d ()
(3.3.60)

Thereby, we obtain from (3.3.60) and (3.3.7a) for all n € L7 (0, T; W9 (Q)) that
T T T
| e g = [ (v vt - naar+ [ ovn v
0 0 . 0
—>/ (Vo,Vn)dt ash —0. (3.3.61)
0

Similarly to (3.3.39), we have for all n € L (0,T; W7 (Q)) and for all j €
L>(0,T; WhH7'(Q)) that

/OT (E(V) V(UL + V), Va'n) dt
- /OT (E(VH) V(UZ + V), V(a" = I)n) at
n /OT (B(VH) —vT] VUF + V1), V(g — 7)) dt
i /oT (B0 —vI] VUL + V), Vi) di
+ /OT (vV(UF + V), Vi) dt

= 1571 + [572 + [573 + 1574. (3362)
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It follows from the generalized Holder’s inequality, (3.3.8a)-(3.3.8b), (3.3.5b) and
(2.4.17) for = 2@ that

T
mma/Ew®WW+wmwtnma
0

< ||E€(‘/;+)“L5(QT) HU; + Va+||L2(0,T;H1(Q)) H<7Th —1) 77”L«z’(o,:r;WLq’(Q))

<C (=" - —0 ash—0, (3.3.63)

I) WHLq’ 0,7;W1d'(Q))

and

el =| [ ([EV) = 07) 902 + V), V(g =)

< HEe(V:) o UIHLB(QT) HU; + V€+HL2(O,T;H1(Q)) In — ﬁHLq/(O,T;leq’(ﬁ))
<Cln—- ﬁl‘Lq’(o,T;Wl,q’(Q)) . (3.3.64)
Once again, using the generalized Holder’s inequality and (3.3.8a)-(3.3.8b), we have

that

T
mﬂz/(@MﬂﬂﬂVMWKWWﬁM
0

< HEE(V;) - UIHL?(U,T;M(Q) HUEJF + V;HL?(O,T;Hl(Q)) HﬁHLw(QT;Wl’q’(Q))

< O |[Z(VE) =0T oo sy Nl e ooy - (3.3.65)
Combining (3.3.62)-(3.3.65), the denseness of L>(0, T; W (Q)) in L (0, T; W4 (Q)),
(3.3.7f) and (3.3.7a) yields, after noting that v € L?(Qy), for ally € L7 (0, T; W9 (Q))
that

T T
/ (E.(V) VU + V2, Valy) dt — / (vV(u+v),Vn)dt ash—0.
0 0

(3.3.66)

It remains to show the convergence of the reaction term in (3.3.54). Similarly to

(3.3.45)-(3.3.46), we obtain from (2.4.19), the Holder’s inequality, (2.4.16), (3.3.8b)
and (3.3.7a) for all n € LY(0,T; W' (Q)) that

r h r h
| = [ [t - (vt a
0 0

T T T
+/ (VH (x" = 1)) dt +/ (V. n) dt —>/ (v,) dt ash—0.
0 0 0

(3.3.67)
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It follows from (2.4.20), (2.4.14), (2.4.16), (2.4.6), the generalized Holder’s in-
equality and (3.3.8b) for all n € L9 (0, T; W9 (Q)) that

LWWW&ﬁm%uwmﬂmﬂwﬂwMﬂﬂ%wnm%ﬂw'

T
+ / (" (V) whap (V) (2" —1I)n) dt‘
0
gcm/HW%v+mN7% ), I, dt
/ H7rh1/15 (V:H) Hoﬁ Hﬂ' (V. || H I)nHo,q/ dt

<O [ 100 o IR0+ [V, Tl
+0h/\hw%v+mghw% o Il dt

<O [ I Lol + 1V g

< O [[we V) agany | IE"eV gy + IV Ny Il oz o

< Ch Al o o, rawra ) - (3.3.68)

Noting (2.4.3), (3.3.68) and (3.3.24c) yields for all n € L (0, T; W7 (Q)) that

/O(n o (V) i (V) ) dt

:/OT [(the(‘/;Jr) hws( ), 77) _(”h%(‘ﬁ)ﬂhwe(‘/{)ﬂrhn)] dt

+A(H%MﬂH%M%W“JMMﬁ+/(HMMﬂH%M%mdt

0

T
—>/ (v*,m) dt  as h— 0. (3.3.69)
0

Similarly to (3.3.68) and (3.3.69), we can easily show using (3.3.24b) for all
n € LY(0,T; WhH7 () that

/O (7" (V) no (U ), wn)" dt —>/ (vo(u),n) dt as h—0. (3.3.70)
)

Hence, combining (3.3.54), (3.3.59), (3.3.61), (3.3.66), (3.3.67), (3.3.69) and (3.3.70)
leads to the desired result (3.3.28Db).

This completes the proof of the main theorem in this chapter. O
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Remark 3.3.1 We note from (2.3.10b), (2.3.11) and (2.3.15) that for all ¢ €
(0,e71):

sGL(s) > 1(s)GL(s) >s—1 forallseR.

Taking this into account, the results in Theorem 3.3.3 can be achieved with the reac-
tion term gar (. v.) n (Par), and the term 3 V2= (V2) [62(U21) + (V271

in (P ]}\l/[’f), replaced by
YV — Ve [@e(ue) +Ve(ve)] and V' =V [QSE(Ug_l) + @Z)a(ven_l)} )

respectively.

Remark 3.3.2 We have from (2.3.4b), (2.3.5), (2.3.11) and (2.3.9), for sufficiently

small ¢, that

Vo(s) Fl(s) > ¢o(s) Fl(s) >s—1  forall s € R.

£

Noting this, the results in Theorem 3.3.3 can be also achieved with the reaction
term fare(ue,ve), in (Pyre), and the term U — U ¢ (UP™1) — ¢.(UM) (V1) | in

(P ]}\}ﬁ_t), replaced by

Ue — (be(ue) [¢e(us> + Q/}s(Us)] and Usn - ¢5(Ug> Qbe(Ugnil) - (bE(UgL) we(v;nil) )

respectively. Where in this case we need to note, in addition to the convergence

results stated in Theorem 3.3.3, that
i (UE) —u in L*0,T;L°(Q)).

Remark 3.3.3 In the problem (P,;) we assumed that M > e, however we can
consider it for M € [1,e). For such choice of M, the property (2.3.8) does not hold

and needs to be replaced by

sF/(s)<2F.(s)+1 VseR  holdsforall M >1. (3.3.71)

&
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The proof of (3.3.71) for s < M is exactly the same as the proof of (2.3.8). To
conclude (3.3.71) for all s > M, define

J(s) = JF.(s) s Fl(s) + 1
with

J(s)=3F(s)—sF'(s) and J(s)=0<« s=3M(1-InM).

€ 2

2

For M € [1,e3], we have 3M (1 —In M) > M and for all s > M

Jo(s) > J.(BM(1-InM))=-22(1—InM)? -2 4

IR

>0.
For M € [e3,¢), we have 3M (1 —In M) < M and for all s > M

J(s) > J(M)=3M(InM~-1)—M+I>0.

As a result of the replacement of (2.3.8) by (3.3.71), the existence condition on
the time discretization, for the n-th step of (P]}\}”Agt), in Theorem 2.4.7 for the case

M € [1,e) will be

1
At” < max{9/2,2vy+2} °

Therefore, the restriction considered for deriving the stability bounds on the ap-

proximations, in Lemma 3.2.2, will be replaced by

Atﬁm, fOI‘SOHlG(SE(O,l),

which is more severe than the restriction that required when M > e. In the exper-
iments, in Chapter 5, we spend some time discussing the influence of the choices of

the number M.



Chapter 4

The population model: Improved

results

In this chapter we attempt to obtain more regular solutions of the problem (P)
than the solutions derived by analysing the truncated problem (P,;) in Theorem
3.3.3. Based on the analysis in the previous chapters, the idea is to introduce and
analyse an alternative problem to (Pj,;) which will be equivalent to the problem
(P) in some sense. We do that briefly in three short sections with an emphasis
only on the details that leads to further improvements on the solutions. In Section
4.1 a “fully” truncated alternative problem to (P) is presented. A corresponding
regularized problem and entropy inequality is discussed. In Section 4.2 a practical
fully discrete finite element approximation is proposed. The existence theorem of the
approximate solutions is stated and a discrete analogue entropy inequality is derived.
In Section 4.3 existence of a global weak solution to the “fully” truncated problem
is established via studying the convergence of the approximate problem. Finally,
in Section 4.4, in the absence of the reaction terms further features of the “fully”
truncated problem are investigated. In particular, an L?*(Qr) estimate between the

weak solution and the mean integral of the initial data has been obtained.

78
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4.1 A “fully” truncated alternative problem

On noting the analysis of the problem (P,/), one expects to obtain more regularity
by considering the following alternative problem to (P):

(Pyy) For fixed M > e, find {a(z,t),5(z,t)} € RZ® x RZ0 such that

% = V- (DVi+ (@) V(a+)) + fuli0) in Qr, (4.1.1a)
% = V- (DVo+(0) V(a+7) + gu(a, ) in Qr, (4.1.1b)

with boundary conditions

[DVa+ é(d) V(a+7)] v =0

on 09 x (0,7), (4.1.1c)
[DVD+¢(0)V(i+0)]-v=0
and initial conditions
i(z,0) = u’(z), o(z,0) =) Ve, (4.1.1d)
where ¢(s) := ¢pr(s) is defined by (2.2.1) and
Ful@,9) =3 — @ (6(3) + 6(3)), (4.1.10)
gr (0, 0) =70 —0(p(a) + ¢(v)). (4.1.1f)

Before we go through the analysis of the problem (ﬁ M), we first demonstrate the
point of considering such a problem as an alternative to the model (P). In particular,
we clarify the relation between a solution of (1S a) and a solution of (P). On noting
the system (4.1.1a)-(4.1.1b) and the system (2.2.4a)-(2.2.4b), it can be seen clearly
that the problem (Py) is equivalent to (Py;), with v ¢(u) replaced by vu in (2.2.2),
if the number M is chosen large enough such that v < M. Noting this and the
relation between the system (2.2.4a)-(2.2.4b) and the system (1.1.2a)-(1.1.2b), one
can deduce the equivalence between the problem (ﬁ w) and the problem (P) for M
sufficiently large such that @, v < M. This equivalence has meaning since the values

of u and v, in (P), represent densities of two types of cell populations, which are
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expected in the biological literature to be bounded (see Painter and Sherratt [55]).
We finally mention that our analysis of the problem (ﬁ a) will be also restricted to
the assumption D > 0 as in the analysis of the problem (Py).

It is convenient to rewrite the system (4.1.1a)-(4.1.1f) in the following multi-

component form:

(Py) For fixed M > e, find {u;(z,t), us(z, 1)} € RZ0 x R0 such that, for i = 1

and 2,
ou; )
i V - (D Vu; + ¢(u;) V(uy + uz2)) + fari(ur, ug) in Qrp, (4.1.2a)
[DVu; + ¢(u;) V(ug +ug)] - v =0 on 9Q x (0,7), (4.1.2b)
ui(r,0) = u) (z) Vaoeq, (4.1.2¢)

where we set v, := 1 and 7, := v > 1 to define

Fai(ur, ug) = v u; — i (d(ur) + d(ug) ). (4.1.2d)

The entropy inequality of the problem (ﬁ M) can be derived easily by testing the
i-th equation in (4.1.2a) with F’(u;), noting the condition (4.1.2b) and summing
over 7 yielding for ¢ € (0,7T') that

¢ 2 ¢ 2
E(t) + %/0 2; V|2 dt < E(0) +/0 /Qz;fM,i(ul,UQ) F'(u;) dz dt, (4.1.3)

where

E(t) = /QZF(UZ) dz.

As in (2.3.3), the inequality (4.1.3) is only valid for positive functions w;, i =
1, 2. This issue can be efficiently treated by introducing the following regularized

problem to (IBM):
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(Puc) For M > e and for e € (0,e™) find {ucy(z,t), uco(z,t)} € R xR such

that, for © = 1 and 2,

a £,1 .
gt’ =V (D vua,i + ¢5(u5,i) v(ua,l + u5,2)) + fM,i(ua,b ua,?) m QT7 (414&)
[DVue; + ¢c(te;) V(ues +ue2)]-v=0 on 90 x (0,7), (4.1.4b)
ue (2, 0) = uj(x) VzeQ, (41.4c)
where

Srei(ten, e 2) = Yitics — e (Gc(uer) + d=(uc2) ). (4.1.4d)

Lemma 4.1.1 Let u{(z) and u3(x) be non-negative bounded functions. There ex-
ists a positive C'(u}, uy, M,~) independent of € such that any solution {u. 1, uc2} of

(Pare) satisfies

2 2
sup F.(u.;) dz + 2/ Vu,|> dzdt < C'. 4.1.5
/Z (ves) dr 55 | 3 IV (1.15)
Furthermore,
2
sup / Z (Jueil® + &7 [uei]-]?) dz < C. (4.1.6)
o<t<T JQ =1

Proof: Testing the i-th equation in (4.1.4a) with F/ (u.;) and summing over i

yields on noting (4.1.4b) and (2.3.20) that

q 2 2 IV 2
& /Q;Fe(ue,i)dx—l—D/Q;—dx+/Q|Vu5,1+Vu€’2| dx

e(ue,i)
2
= / Z fM,s,i(us,la UE’Q) Fgl(uz-:,z) dz . (417)
Q=

From (2.3.5), (2.3.8), (2.3.9), (2.1.11), the Young’s inequality and (2.3.6) we obtain,

for i = 1 and 2, that

fM,e,i(us,l’ U5,2) Fgl(us,z) S Vi (2 Fe(ua,i) + 1) + (1 - [Us,i]—) <¢6(u6,1> + ¢e(u5,2>)
S 2/71 Fs(“s,i) + % [us,i}% + % <¢€<U’€,1) + ¢s(us,2>>2 + C(M; 71)

< (27 +1) Fo(ue;) + C(M, ) . (4.1.8)
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Dropping the third term in (4.1.7) and noting (4.1.8) and (2.3.5) gives that

2 2
d D 2
T /Q;Fa(um) dx—l—M/Q;|Vum| dx
2
< C(M,~)+ / 2(2 vi + 1) Fo(ue;) dx . (4.1.9)
@ i=1

Hence, the desired result (4.1.5) follows immediately from (4.1.9) after application
of the Gronwall lemma and recalling the initial condition (4.1.4c). The result (4.1.6)

follows from (4.1.9), (2.3.6) and (2.3.7). O

4.2 A fully discrete finite element approximation

Let the assumptions (A) hold. For any ¢ € (0,e™!), we consider the following fully
discrete finite element approximation of (Py;.):
(ISIJQA;) For n > 1 find {U?, U,} € S" x S" such that for i = 1 and 2, and for all

x € 5"
un,—ynt g
(T X) + (DVUP,+ A(UZ) Y (U, + UZ,) , Vy)
n n n— n— h
= (72 Us,i - Ue,i [¢E(U5,1 1) + ¢5<U€,2 1):| 7X) ) (421)
where U2, € S for i = 1 and 2, is an approximation of .

Theorem 4.2.1 Let the assumptions (A) hold, D > 0, 73 = 1 and 75 > 1. Let

{ur! Ug;l} € S" x S" be a given solution to the (n — 1)-th step of (IS}JL[A;) for

el »

somen =1,---,N. Then for all € € (0,e™!), for all h > 0 and for all At, > 0 such

that At, < TIH’ there exists a solution {U,UZ,} € S" x S" to the n-th step of

(?ﬁf;) satisfying

2

(1= @27+ 1) At) S (F(UZ), )+ 23" At U2

i=1 i=1
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Proof: The existence proof is a simple modification of the proof of Theorem 2.4.7.
We now sketch the proof of (4.2.2). Choosing x = At,, 7" [F/(UZ;)] as a test function
in the i-th equation in (4.2.1) and noting (2.4.22b) and (2.4.3) yields, for i = 1
and 2, that

(U2, = Uz FLUZ)) " + Aty (D [A(UZ)] 7 VU2, + V(U2 + UZy), VUL

g4 )

= Aty (3 UL = U [0-(U2TY) + 0-(UZ5 )] FLUZ))", (4.2.3)

which is a discrete analogue of (4.1.7).
It follows from (2.3.5), (2.3.8), (2.3.9), (2.1.11), the Young’s inequality and (2.3.6),
for i =1 and 2, that

Aty (% U = U2 [6:(UFTY) + 6. (U2 Y)]  FLU2)"
< Aty 2 FL(UZ) +1,1)" + Aty (6:(U2TY) + 6:(U25 1), 1)"
— Aty (G:(UZTY) + 6: (U2, [U2))"
< 29t (FL(UZ), D)+ Bl |[Uz]_[2 + C(M, 7, |9]) At,,

< (29 + 1) Aty (E(UT), 1) + C(M, ., [9]) A, (12.4)
Combining (4.2.3), (4.2.4) and (2.4.58a) yields, for i = 1 and 2, that

(1= (25 +1) Aty) (F(U2), )" + Aty (D [A(UZ)] 7 VU2 + V(U2 + UZy), VU, )

< (F(UZYH), )"+ C At . (4.25)

Thus, the result (4.2.2) follows by summing (4.2.5) over ¢ and noting (2.4.32),
F.(s) > 0 and that v > 1. 0

In the following theorem we derive discrete analogues of the estimates obtained

in Lemma 4.1.1.

Theorem 4.2.2 Let the assumptions of Theorem 4.2.1 hold and let uY € L>(Q)
0

with uf(z) > 0 for a.e. € Q, 4 = 1,2. Let either U?; = P"uf; or U2; = n"u§

79

if u) € C(Q). Then for all ¢ € (0,e7!), for all A > 0 and for all At > 0 such
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that At < 217__431’ for some 6 € (0,1), the problem (IS’JQA;) possesses a solution

{Uz,,Ur,}), such that

2 N 2
n h -1 h n 2 n |12 n |2 < ]
s, D (U200 4 I I + U8 + 32 a3l < ©

(4.2.6)
Furthermore,
= = yrn. —ynt yn. —yn—t
D At [IIU&H&a + 1P E Wy + 191572 m%} <C, (127)
n=1 =1
where a = Q(djm _
Proof: It follows from (4.2.2) and the assumption on At, for n =1, -+, N, that
2 2
D (FU2) )" < (1 + %) STEEY D+ S AL,
=1 i=1
(27+1) Atn, 2
<e 0 Y (EUNH) )"+ S AL, (4.2.8)
i=1

The first bound in (4.2.6) follows from (4.2.8) and the assumptions on the initial
data. The second and the third bounds in (4.2.6) follow directly from the first bound
in (4.2.6) on recalling (2.4.2), (2.3.6) and (2.3.7). The last bound in (4.2.6) follows
by summing (4.2.2) over n and noting the first and the third bounds in (4.2.6).
Similarly to (3.2.15), it follows from (2.1.1) and the third bound in (4.2.6) for

1=1,2,forn=1, - ---, N and for the stated choice of o that
U266 < CHUZIS UL < CIIUZIE - (4.2.9)

We obtain from (3.1.8), (3.1.1), (4.2.1), (2.4.2), (2.3.5), (2.4.24), (2.4.25), (3.1.3)
and (4.2.6) for any n € H'(Q), fori =1,2 and forn =1, --- , N that

h
Uz, vzt ur,—ur? ur, -zt
(=5 = (’A—tnﬂ?) = (A—tn,Phﬁ>
= (i Ugi - ng‘ [%(UQII) + ¢6<U22_1)} 7Ph77)h
— (D VUgi + AE(UEH’Z-) V(Ugl + USQ), VPhn)

< CIUZllo 1P nllo + € (1UZ1 |1 + [UZs]1) [P0

2
< Cllnlly Y NUZ
i=1
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which implies

n n—1
Us,ian,i

Aty

2
[ty <O IV (4.2.10)
=1

Combining (4.2.9), (4.2.10), (3.1.9) and the last bound in (4.2.6) provides the desired
result (4.2.7). O

Remark 4.2.1 We note that the proof of Theorem 4.2.2 does not require non-
increasing time-step discretizations, while such a condition is essential in the proof
of Theorem 3.2.3. This is due to the nature of the discretization of the reaction term

in the approximation problem (4.2.1).

4.3 Convergence and existence results

To prove existence of a global weak solution of the system (4.1.2a)-(4.1.2d), we pass
to the limit €, h, At — 0 of the approximation system (4.2.1). For that purpose,
we first need to adapt the notation (3.3.1a)-(3.3.3a) to U.;, i = 1 and 2, and restate
the problem (ﬁ};ﬁt) as follows:

Find {U., U.o} € C([0,T]; S") x C([0,T]; S") such that for i = 1 and 2, and for
all x € L?(0,T;S")

T _ h
/ [(‘”é;w) + D (VUL V) + (AUZ) V(U + U2, V) | e
0
T
_ / (% U, = U, [6-(UZ) + 6-(U)] x)" dt. (4.3.1)
0

Theorem 4.3.1 Let the assumptions (A) hold, D > 0, 73 = 1, 75 > 1 and
u) € H,(Q)NL®(Q),i=1and 2. In addition, let { e, h, {At,})_,, U2}, U2, } be

such that

(i) either U2, = P"uf; or UY; = n"uf if either d = 1 or u) € W' (Q) with
r>d,i=1,2.

(ii) At < 217—151, for some 0 € (0,1).

(i) At, e -0 ash —0.
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Then there exists a subsequence of {U 1, Uc 2}n>0, where {U. 1, U2} solves (4.3.1),

and functions

w; € LX0,T; HY(Q)) N L(Qr) N L(0, T; LA(Q)) 0 HY(0, T; (H(Q))),  (4.3.2a)

where a = Q(dsz) , with

ui(r,t) >0 ae. in Qr and  u(-,0) =u)(-) in L*(Q) i=1,2. (4.3.2b)

)

Moreover, it holds as h — 0 that

Usir Uz — in L*(0,T; H' () N L*(Qr), (4.3.3a)
Ui, Uy =" in L>(0,T; L*()), (4.3.3b)
88[];’1‘ — aa? in L*(0,T; (H'(Q))), (4.3.3¢)
Usi, Uz — in L*(0,T; L*(Q)), (4.3.3d)
0-(UZ) — d(wy) in L*(0,T;L*(Q)), (4.3.3¢)
m'o.(UZ) — (uy) in L*(0,T; L*(Q)), (4.3.3f)
A(US) = ¢(u) T in L*(0,T; L5(Q)), (4.3.3)
for any

2, 00] ifd=1,

5€4 [2,00) ifd=2,

[2,6) if d=3.

Proof: Similarly to (3.3.8a), it follows from (4.2.6), (4.2.7), (2.3.5), (2.4.24), (2.4.25)
and our assumptions on the initial data for : = 1 and 2 that
105 20z + U zor + U o2
&2 [T U] w0y + 1 %552 o @)
+ ||Q%HL2(O,T;H1(Q)) + H¢E<U€(j:))HL°O(QT)
7" 6= (U)o @n) + 14U [z=(p) < C (43.4)
On noting the uniform bounds in (4.3.4), the proof of the theorem can be easily

established by following exactly the same arguments used to show the results con-

cerning Us(i) and « in Theorem 3.3.1. O
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Theorem 4.3.2 Let the assumptions of Theorem 4.3.1 hold. Then there exists a
subsequence of {U, 1, U:2}ns0, where {U. 1, U. 2} solves (ﬁ;ﬁt), and non-negative
functions {uy, us} satisfying (4.3.2a)-(4.3.2b). In addition, as h — 0 the convergence
results (4.3.3a)-(4.3.3g) hold. Furthermore, the functions {u,us} represent a global

weak solution of the problem (P,;) in sense that for i =1, 2
T
/ [(G,m) + D (Vui, Vi) + ( () V(w1 +uz), Vi) ] dt
0
T
:/ (i i — wi (@(ur) + (ug) ),m) At ¥y e L*(0,T; H(Q)). (4.3.5)
0

Proof: The first and the second parts of the theorem follow from Theorem 4.3.1.
To show that the functions {u, us} satisfy (4.3.5), we set xy = 7" as a test function
in (4.3.1) and then we pass to the limit ¢, h, At — 0. The procedure is similar to
the proof of (3.3.28a) in Theorem 3.3.3. O

Remark 4.3.1 On recalling Remark 3.3.3, one can consider the problem (P;) for
M € [1,e) and use (3.3.71), instead of (2.3.8), to obtain the same results achieved
for M > e. In this case, the restrictions on the time-discretization parameter in

Theorem 4.2.1 and Theorem 4.2.2 are replaced by the conditions

At, < M% and At < %, for some § € (0,1),

respectively. Clearly, for v < 2, these restrictions are weaker than the corresponding

restrictions mentioned in Remark 3.3.3 for the problem (P).

The following observation is related to the reaction terms in the problem (P):

Remark 4.3.2 It is worth mentioning that one can consider more general reaction
terms in the problem (P) similar to those considered in the model studied in [21]
and [9]. Namely, we can easily adapt the analysis presented in our previous work
for studying the problem (GP) where (GP) is the same as (P) but with f(u,v)
in (1.1.2a) replaced by w (v — 11w — p2v) and g(u,v) in (1.1.2b) replaced by
V(Y2 — plo1 — flo2v), pij, v > 0 fori,57 =1 and 2. The following section is

devoted to the discussion of some additional properties of the solutions of the model
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(P) in the absence of competition between the two types of cell population. This is
when p; ; and v;, 4,5 = 1 and 2, in the problem (GP) are all equal to zero; see the
model (1.1.1a)-(1.1.1b).

4.4 The population model with no reaction terms

In this section we consider the following cross diffusion model representing the dy-

namics of two cell populations:

(Po) Find {u(x,t),us(z,t)} € RZ% x R2% such that, for i = 1 and 2,

062: = V- (DVu; +u; V(uy + ug)) in Qr, (4.4.1a)
[DVu; +u; V(ug +ug)]-v =0 on 992 x (0,7, (4.4.1b)
ui(,0) = ud(z) Vel (4.4.1¢c)

Clearly, in one dimension space the above model represents the model (1.1.1a)-
(1.1.1b). Here, the constant D is also assumed to be strictly positive. As discussed
in Section 4.1, the key of the analysis of the system (4.4.1a)-(4.4.1c) is to consider
an alternative system:

(Po.as) For fixed M > 1, find {uy(z, ), up(z,t)} € R0 x R20 such that, for i = 1

and 2,
85: = V- (DVu; + ¢(u;) V(ug + uz)) in Qr, (4.4.2a)
[DVu; + ¢(u;) V(up + ug)] - v =10 on 99 x (0,T), (4.4.2b)
ui(,0) = u(x) Ve, (4.4.2¢)

where ¢(u;) := ¢pr(u;) is defined by (2.2.1).

Theorem 4.4.1 Let the assumptions (A) hold, D > 0 and u) € HL () N L>(Q),
t = 1 and 2. Then for any 7" > 0 there exists a global in-time weak solution
{uy,us} of the system (4.4.2a)-(4.4.2¢c) satisfying (4.3.2a)-(4.3.2b) and  u; =+ u!
for a.e. t € (0,T), 4= 1 and 2, such that for all n € L*(0,T; H'(Q2))

/0 [(G.n) + D (Vui, Vi) + (¢(wi) V(uy + up), Vi) | dt =0, (4.4.3)
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where the mean integral used above is defined for any integrable function w by
1
wi=—(w,1).
][ €
Furthermore, if
0<i<u(z)<M in Q i=1and?2, (4.4.4)

then there exist constants Co(M , ud, u3) > 0 and C,(D, C,) > 0 such that

T 2
/0 Z u; — f wfl)3 dt < g_i) (1—eeT). (4.4.5)
i=1

Proof: The existence proof can be easily established similarly to Theorem 4.3.2
where we consider, under the assumptions (A), for any € € (0,e™!) the following
fully discrete finite element approximation of (Pg ):

(f’gﬁta) For n > 1 find {U?,, U} € S" x S" such that for i = 1 and 2, and for all

x € S"
(A "
(T x) + (DVUZ; + AUV (UL + UL,) V) =0, (4.4.6)

where Ugi € S" is an appropriate approximation of u? .

Obviously, choosing n = 1 in (4.4.3) and noting (4.4.2c) yields for a.e. t € (0,7)

][ui(t) = ][ u;(0) = ][ u)  i=1and?2. (4.4.7)

Now, we consider the result (4.4.5) which explains, in some sense, the long time

that

behaviour of the derived solution of (P ). Assume that (4.4.4) is satisfied. It is
convenient for our purpose to define, for = 1 and 2 and for any € € (0,1), the

function E,i : RZ% — R such that
(%—i—(lns—ln(fu?)—l)s—i-fu? if s <e,

Foi(s):=9 (Ins—In(f ) —1) s+ uf ife<s<M, (44.8a)

32_M2+(lnM—ln(7fu?)—1)8~|—7fu? if s> M.

\ 2M
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Hence F.;(s) € C2(R2Y) i =1 and 2, with the first two derivatives of F.;(s) given,

respectively, by

&€ 7

Fl,(s) = Fl(s) — In ( u?) (4.4.8b)

and ﬁ;’z(s) = F/(s). (4.4.8¢)

We obtain from a Taylor expansion around + u, on noting (4.4.8a)-(4.4.8¢) and

1)

(4.4.4) that for i = 1 and 2

Fei(s) = Foalf u®) + (s — f w?) FLF ud) + 3 (s — F ud)® FI(&)

> (s— o u?)Q. (4.4.9)

Testing the i-th equation in (4.4.3) with n = }Z’l(uz) € L*(0,T; H'(Q)), as u; €

L?(0,T; HY(Q)), and summing the resulting equations yields on noting (2.3.5) that

Z( La(ui(T / { (F”(u;) Vg, V) + (i((ﬁ)) V(u1+uQ),Vui)] dt

= Z (ﬁe,z‘(ug), 1) : (4.4.10)

It follows from (4.4.10), (4.4.9) and (2.3.4c) that
iﬁ Jus(T) — F w3 + / Z; ;] dt+/ﬂT (2; (%)VU)Q dz dt
G - (Ge)

The assumption (4.4.4) allows us to set

|Vuy| [Vug| dedt.

(4.4.11)

Co _2MZ< )_QMZ (Inud —In (f u?) , u?) . (4.4.12)

=1
Neglecting the third term in the left hand side of (4.4.11) and letting € — 0 yields,
on noting (4.4.12), that

2 T 2
D lu(T) = f ud|lf + 2D/ > Jult dt < Cy. (4.4.13)
i=1 0 =1
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As u; € H'(Q), i = 1 and 2, we obtain from the Poincaré inequality (2.1.8) and
(4.4.7) that

Ju; — f Wl < Cplwi]]  i=1and?2. (4.4.14)
Substituting (4.4.14) into (4.4.13) leads to
2 T 2
S lud?) —F i +206;0 [ Y- Fulliar <ci. @y
i=1 1=1

On setting C, := 2D C,", the desired result (4.4.5) follows from (4.4.15) after

simple calculations. O



Chapter 5

The population model: Numerical

experiments

This chapter is devoted to the discussion of some numerical solutions for the model
(P) in one space dimension. We introduce an iterative approach to solve our fully
discrete finite element approximation to problem (Pj;). We then establish and
discuss some numerical solutions for different choices of the parameters v, D and
M. We also introduce a modified iterative scheme to obtain the numerical solutions
of problem (13 ). Hence, we make an experimental comparison between the solutions
of (Py) and (Pyy). In addition, we obtain and discuss some other numerical results.
We use programs written in Fortran, see Appendix B.1, to generate the numerical

results and Matlab to plot the graphs.

5.1 Numerical results

We first introduce the following practical algorithm to solve the nonlinear algebraic
system arising from the approximate problem (P?V’[A;) at each time level:

Given {U™0, V01 € Sh x S for k > 1 find {UMF, V¥k} € S x S such that for

92
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all y € Sh

n, n—1 h
(S5 X) + (D VU + AU V(U2 + Vi), Ty)

= (UM = U2 ¢ (U271 = ¢ (U2 e (V271),X)" . (5.1.1a)

n, n—1 h
(L2 3) + (D YV 4 274 TV + U), W)

= (Y VIR = (V) [0 (U2 ) + (VD] 0", (511D

where we start with U? = 7hu® and V2 = 700, and we set, for n > 1, U0 = Ur-!
and V%0 = V=1 As the system (5.1.1a)-(5.1.1b) is linear, existence of {U™* V™F}
follows from uniqueness. The latter can be easily investigated on noting (2.4.32)
and (2.4.33). The standard method to solve the system (5.1.1a)-(5.1.1b) at each
iteration is by testing the equations (5.1.1a) and (5.1.1b) with ¢;, j =0,---,J, to
obtain a (2.J +2) x (2 J +2) linear system, in terms of the nodal values of U™* and
V™ which can be solved using linear programming. For our numerical results, we

set TOL =1 x 1077 and adopt the stopping criteria
Uk —urt < TOL and |V =V < TOL, (5.1.2)

i.e. for k satisfying (5.1.2) we set U™ = U™F and V* = V**. We have been unable to
prove convergence of {U™F V™k}ee to {U" V"} for n fixed. However, in practice
we found that the iterative method always converged well (only a few steps were
required to fulfill the stopping criteria at each time level).

We now present some numerical results in one space dimension. Unless otherwise
specified, in all experiments we consider a uniform partitioning of 2 = (0,5) into

256 subintervals, (i.e. J = 256 and h = %

), and choose At, = At = 1073 n > 1,
and £ = 1077,

In the first part of our experiments, we considered the dynamics of two interacting
cell populations which were initially distributed symmetrically in the domain via the

initial conditions u®(z) = 3 + 3 cos(*= x) and v*(z) =

5 — % cos(*F z). We took the

parameters D = 1 and M = 1. To illustrate how the parameter + could reflect a

competitive advantage of the v cells over the u cells, we performed the experiment
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firstly for 7 = 1 and secondly for 7 = 2. The numerical solutions of (P ]}\}’f) are

plotted in Figure 5.1(a)-(b) at several times. These times are chosen carefully to
demonstrate the evolution of the interacting cells as ¢ increases. We observed that
for sufficiently large time the solution reaches a steady state. In the case v = 1,
the cells evolve to form a homogeneous distribution; see Figure 5.1(a). The same
behaviour is observed when v = 2, but with a distinguished advantage of the v cells;
see Figure 5.1(b).

We repeated the above experiment for D = 100. The general behaviour was
the same, but the stationary solutions were achieved earlier for v = 1 and later for
v = 2; see Figure 5.2(a)-(b).

In the previous experiments the total cell density was initially constant, namely
u’(x) + v°(z) = 1, and hence each population moves down its own gradient as
claimed in [55]. Furthermore, we note that due to the large diffusivity in the case
D = 100, the movement to the direction of lower concentrations is faster than the
case when D = 1.

To show the effect of the terms V - [uV(u + v)] and V - [vV(u + v)] which are
imposed in (P) to ensure that cells move down gradients in the total density, we
chose u’(z) = —0.2x + 1 and v°(z) = 1. Here the u cells are initially seeded with
a gradient in the cell density while the v cells are seeded at a uniform density. We
took D = 1 and M = 1. The numerical solutions are plotted in Figure 5.3(a)-(b)
for v = 1 and v = 1.5, respectively. The cells move to the direction of lower total
density, before both cell types become homogeneously distributed. This agrees with

the biological point of view explained in the introduction of problem (P).
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Figure 5.1: Numerical solutions of (P ]}\’4’%;) plotted at several times. The initial data

are u’(r) = 1 —i—% Cos(%’r r) and v°(z) = % —

5 cos(“Z ). The parameter values are:

D=1 M =1, withy =11in (a) an

o
)
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The solid and dashed lines

represent u and v, respectively.
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Figure 5.2: Numerical solutions of (P ]}\’4’%;) plotted at several times. The initial data

are u’(z) = 5+ 3 cos(*Z z) and v°(x) = 5 — 5 cos

| (47r

% x). The parameter values are:

5
D =100, M =1, with v = 1 in (a) and 7 = 2 in (b). The solid and dashed lines

represent u and v, respectively.
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= —0.22 + 1 and v°(z) = 1. The parameter values are: D =1, M = 1,

with v = 1 in (a) and v = 1.5 in (b). The solid, dashed and dotted lines represent

u, v and u + v, respectively.
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In all our previous experiments, the computed solution for v did not exceed the
value M. Therefore, based on the discussion in Section 2.2, the established solutions
of (P ]}\}f) can be considered as numerical approximations of problem (P). We also
report that repeating these experiments for different values of M > 1, leads us to
obtain the same results.

We note that the steady-state solution of (P) in space and time, denoted by

{ue, v.}, is determined by the following equations

Ue (1 —ue —v,) =0,

ve (7 — ue — ve) = 0.

For v > 1, the u cells will vanish in (P) due to the advantage of the v cells; and
hence we should expect to have u, = 0 and v. = 7. For v = 1, we clearly have either
u. = v. = 0 or u. + v, = 1. This is satisfied by all numerical steady-state solutions
in our experiments.

In the following experiments, we see how different choices of the parameter M
might lead us to obtain different solutions. For this purpose, we considered a “non-
realistic” situation where we choose the initial data u’(z) = z and °(z) = 1,
with the parameters D = 1 and v = 4. The solutions corresponding to the values
M =1, 2 and 10 are plotted in Figure 5.4 at several times labeled with M values.
Since v = 4 > 1, the same steady states are approached for the values M = 1, 2
and 10. However, this is not the case in the absence of the competitive advantage,
i.e. when v = 1; see Figure 5.5. If we are seeking a solution to problem (P), we
should consider the one obtained using the parameter value M = 10 as in this case
the model (Pjy) is equivalent to (P). Numerically, repeating the experiment with
any choice M > 5 would give the same results for M = 10. Again, this is because

the computed solution for u does not exceed the value 5 at any stage of evolution.
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Figure 5.4: Numerical solutions of (P}Q’f), for different values of M, plotted at

several times. The initial data are u°(z) = x and v°(z) = 1. The parameters are:
D=1 vy=4and M =1, 2 and 10. The lines are labelled with M values where the

solid lines represent v and the dashed lines represent v.
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Figure 5.5: Numerical steady-state solutions of (Pﬁ,’ﬁt} plotted for M = 1, 2 and
10. The initial data are u°(z) = z and v°(z) = 1. The parameters are: D = 1 with
(a) v = 4, (b) v = 1. The lines are labelled with M values where the solid lines

represent u and the dashed lines represent v.

A natural question is: How to choose an appropriate value of M that leads to
a numerical solution to (P)? The practical answer is a simple matter as one can
initially start with a value M which satisfies ||U?||o < M and adopt the following
criterion in the solver: For fixed n and k, if ||[U™*||p. > M then set M = ||U™*||y
and recompute {U™F, VF}

It has been observed through the theoretical analysis of problem (P) that the
assumption D > 0 is essential to obtain the stability bounds which are required
to conclude the convergence results. However, in the next experiment, we have
repeated the experiments shown in Figure 5.1 and Figure 5.3 for D = 0. This is
the case when cells respond only to the total density gradient. The solutions are
presented in Figure 5.6 and Figure 5.7 respectively. Since the total density in Figure
5.6 is constant, no movement occurs in the case v = 1 and the cells remain in the
initial state; see Figure 5.6(a). In fact, in the absence of the diffusion and cross

diffusion terms, one easily can show that the system: Find {u(x,t),v(z,t)} such
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that
%:u(l—u—v),
%:v(l—u—v),

u(z) =1+ 1 cos(4 ),

47

V(z) =4 — 1 cos(A= ),

has the solution {u®(z),v°(x)} which is independent of ¢. Expectedly, the presence
of the competitive advantage in Figure 5.6(b) caused movement since the initial
distribution of u develops into a sharp cell aggregation before it eventually vanishes
due to the domination of the v cells. In Figure 5.7, mixing occurs until the total
cell density becomes homogeneous. However, the individual densities may remain
inhomogeneously mixed; cf. Figure 5.7(a). This is agreed with the observations
in [55].

The rapid changes of the solutions in Figure 5.6(b) is a point of interest. As
an attempt to investigate whether such behaviour is due to the existence of a
singularity when D = 0, we have repeated the experiment in Figure 5.6(b) for
D = 0.1, 0.01, 0.001, 0.0001 and 0 with a finer mesh (we took h = lg’m). The
solutions U.(+,2) and V.(-,2) are plotted in Figure 5.8(a)-(b) respectively. As D
decreases to zero, the solutions change rapidly at x = 0, 2.5 and 5. The solutions
appear to be continuous but we expect there will be limited regularity when D = 0,
ie. u,v ¢ C%'. We also note that the solutions behave smoothly outside the small
neighborhoods of z = 0, 2.5 and 5. It may be possible in future work to inves-

tigate the behaviour of the solution around points of rapid change by performing

small-parameter expansions (see the techniques used in [16]).



5.1. Numerical results 102

Figure 5.6: Numerical solutions of (P ]}\ljf) plotted at several times. The initial data

are u’(z) = 3+ 1 cos(4Z z) and v°(z) = 1 — 1 cos(*Z x). The parameter values are:

2 5
2 in (b). The solid and dashed lines

D =0, M =10, with vy = 1 in (a) and ~

represent u and v, respectively.



5.1. Numerical results

2
1.5
1 ____________
0.5
o)
o] 1 3 4 5
t=0
1.5
S e
1 _ - P 1 R _ -
0.5 0.5
o] o]
o) 1 2 3 4 5 o] 1 2 3 4 5
15— ==
1 e 1
0.5 =T 0.5
o] o)
o) 1 2 3 4 5 o] 1 2 3 4 5
2
] O U s
R RRREE B
- 1
0.5F="" 0.5
o]
o] -0.5
o) 1 2 3 a 5 o) 2 4
2
1B — e e
Lbrrro .
_ - 1
05f=""" 0.5
o]
o] -0.5
0 1 2 3 4 o) 2 4
t=4 t=12
(a) (b)
h,At

Figure 5.7: Numerical solutions of (P,;7") plotted at several times. The initial data
are u’(x) = —0.2x + 1 and v°(z) = 1. The parameter values are: D = 0, M = 1,
with v = 1 in (a) and v = 1.5 in (b). The solid, dashed and dotted lines represent

u, v and u + v, respectively.
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Figure 5.8: Numerical solutions of (P;}f‘;) plotted at time ¢ = 2. The initial data
4

are u’(z) = § + 3 cos(*Z x) and v°(z) = 1 — § cos(

4w

= x). The solutions are plotted

for different parameter values of D, with M = 10 and v = 2.
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Problem (Py):

Naturally, the iterative algorithm (5.1.1a)-(5.1.1b) can be modified to obtain nu-
merical solutions of the finite element approximation (ﬁﬁf;) Namely, we propose
the following iterative scheme to solve the system (4.2.1) at each time level:

Given {U2,,U%} € S" x S", for k > 1 find {U, Uy} € S" x S" such that for
i =1 and 2, and for all y € S"

n, n— h
(—UNU g x) + (DVULE + AU v (U 4 Uz ) V)
n,k n,k n—1 n—1 h
= (U = U o) + 0] ) - (5:13)

On noting the relationship between (P) and (P,y), it is obvious that the resulting
solutions from solving the iterative system (5.1.3) can be considered as approximate
solutions of problem (P) if the number M is chosen sufficiently large such that
HU:;kHo,oo < M, i =1 and 2, can be guaranteed for all n and k. This has been
experimentally verified by repeating the experiments in Figure 5.1. For v = 1, the
solution was graphically identical to Figure 5.1(a). This is expected as both U, ; and

U: 2 do not exceed M = 1. In contrast, for v = 2, one has to increase the number

M in order to obtain the same solution as in Figure 5.1(b).

Problem (Py):

In the last part of this chapter we discuss some numerical results concerning the
theoretical aspects in Theorem 4.4.1. For the numerical solutions of problem (Py),
which is (P) with no reaction terms, we use a modified version of the iterative system
(5.1.3); (we set the right hand side in (5.1.3) to be zero). In Figure 5.9(a), numerical
solutions of (Py), with D = 1, are obtained for the initial data u{(z) = —0.22 + 1
and uy(z) = 1. Each variable converges to the mean integral of its own initial state
as t increases. This agrees with what we expect from Theorem 4.4.1. The same
behaviour was observed for the initial data ud(z) = —0.2z + 1 and u3(z) = 0.2 z;
see Figure 5.9(b). When we repeated the experiment in Figure 5.9 for D = 0, we
found that the solutions behaved differently; see Figure 5.10. Finally, we note that

the results in Figure 5.10 agree with the experimental findings in [55].
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Figure 5.9: Numerical solutions of (ﬁO,M,s) for D =1 and M = 10. The initial data

are: (a) ul(z) = —02z+1 and u3(z) = 1; (b) ud(z) = —0.22+1 and ud(x) = 0.2 z.

The solid, dashed and dotted lines represent u;, us and u; + usq, respectively.
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Chapter 6

The axial segregation model:

Analysis and results

6.1 Motivation

In this chapter we present a mathematical study of the problem (Q) introduced
in Section 1.2. At first, we mention that the system (1.2.1a)-(1.2.1d) has been
considered mathematically in a recent work by Galiano et al. [34]. Mainly, existence
of a global in-time weak solution of the system has been proved using entropy-type
inequalities and approximation arguments. The main difficulty of the analysis is due
to the cross diffusion nonlinear term V - ( (1 — w?®) Vz). This is treated by defining

a non-negative function ® : (1, —1) — R=Y satisfying

V[®'(w)] = 1)\_v:j with  ®(0) =0;
that is for all s € (1,—1)
(s):=3[(1+s)In(l+s)+(1—s)In(l—s)]. (6.1.1)

On noting (6.1.1) and that A > 0, it is convenient for later purposes to define the
2-Lipschitz continuous function V : [1,—1] — [0, A™!] given by

V(s) = [0"(s)] ) = 2 = (6.1.2)

108
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Testing (1.2.1a) with ®'(w) and (1.2.1b) with z and using the boundary condition

(1.2.1c) and (6.1.2) leads us to obtaining the following entropy functional

BE(t) = /Q ((I)(w)—l—%ZQ) de >0,

with the corresponding entropy inequality

t t
E(t) —1—/ (p)\||Vw||(2)—|— ||Z||?) dt < E(0) —I—,u/ /wz dz dt. (6.1.3)
0 0o Ja

Since the values w = =+1 are possible, we note that the inequality above is not
generally valid.

In [34], as it will be in our analysis, the estimate (6.1.3) played a central role
to show the existence of a global weak solution to the system (1.2.1a)-(1.2.1d).
That was achieved using an exponential transformation with a change of variables
to overcome the singular nature at w = +1, and utilizing a time semi-discrete
approximation and standard compactness arguments to show the existence.

Instead of (1.2.1c), the authors in [34] solved the system (1.2.1a)-(1.2.1b) using

the following periodic boundary conditions:

w(0,) =w(L,-), Vw(0,-) = Vw(L,")
in (0,7). (6.1.4)
2(0,-) = 2(L,-) , Vz(0,-) = Vz(L, )
However, for consistency with the analysis of problem (P), we impose the Neumann-
type boundary conditions (1.2.1¢). The subsequent work in this chapter is also valid
for periodic boundary conditions of the type (6.1.4); see Remark 6.6.3.

Our aim in this chapter is to study the system (1.2.1a)-(1.2.1d) using a finite
element method. Namely, we use the framework presented above, for the problem
(P), to prove existence of a weak solution of (Q). Furthermore, we discuss some
uniqueness results and obtain some error estimates.

As in Section 2.3, we deal with the singularity at w = 41 by using a regu-
larization procedure. Then we propose and analyse a fully discrete finite element
approximation of (Q). It will be clear that the tools and arguments provided in the

previous chapters are significantly contributed to the analysis of the current chapter.
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The layout of the rest of the chapter is as follows. In Section 6.2 a regular-
ized problem of (Q) is considered and hence a well defined entropy inequality is
established. In Section 6.3 a fully discrete finite element approximation to (Q) is
proposed. Additional notation to that presented previously is also included. Exis-
tence of fully discrete solutions is shown under an appropriate assumption on the
time discretization parameter. A discrete analogue entropy inequality is derived and
some stability bounds of the approximations are shown. Finally, the uniqueness of
the fully discrete approximations is discussed. In Section 6.4, the convergence of
our approximation is established and hence existence of a global weak solution to
the system (1.2.1a)-(1.2.1d) is shown. In the last part of Section 6.4, the unique-
ness of solutions in a slightly smaller class of functions is rediscovered for sufficiently
small cross diffusion parameter A. Section 6.5 is devoted to the discussion of an
error bound between the approximations and the weak solutions of (Q). Finally, in

Section 6.6 the long time behaviour of the solutions of (Q) is discussed.

6.2 A regularized problem

In order to make the key inequality (6.1.3) well defined, we introduce an alternative
approach to the one considered in [34] that relies on a change of variables. Namely,
we adapt the regularization procedure that was employed by Elliott and Luckhaus,
in [29], to study a Cahn-Hilliard equation.

We replace the function ®(s) by the twice continuously differentiable function
P, : R — R2% where ¢ € (0,1) and

;

2[A+s)In(l+s)+ L= (1—95)*+(1—s)Ine—5] if s>1-¢,

Do(s) =4 B(s):=2 [(1+s) In(1+s)+ (1 —s) In(l—s)] if |s)<1—¢,

L2 [1—s)In(l—s)+ =1+ +(1+s)lme—5] if s<e—1;

(6.2.1a)
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with an increasing first derivative

(

214+ m(l+s)—1(1—s)—Ine] if s>1—¢,

OL(s) =4 D'(s) =2 [In(1+s) —In(1 —5)] ifls|]<1—¢e, (6.2.1b)

L5 [-1-In(1—s)+1(1+5)+Ine] if s<e—-1,;

and with a positive second derivative

2 +1L] i s>1-k,
U(s) =1 @"(s) =25  if[s|<1-e¢, (6.2.1c)
\%[%_S—l—ﬂ if s<e—-1.

We also define the %—Lipschitz continuous function V. : R — R>? given by

(

% [H} if s>1—¢,
V.(s) = [@Ls)] =9 V(s) =58 if|s| <1—¢, (6.2.2)
%[—f{_)} if s<e—1.

For later use, we note that the regularized functions ®.(s) and V.(s) have the

following easily established properties:
e For all € € (0,1)

O.(s) < An2 Vs <1, (6.2.3a)

D.(s)>3s2—3 VseR. (6.2.3b)

e Foralle € (0,%] and for all v, s € R

> & (r) — ®(s)+ 272 — 582, (6.2.4)

e Foralle € (0,1] and for all s € R

<2229 <y (5) <

(6.2.5)

>|m
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e For all ¢ € (0,1) and for all |s] <1
0<V.(s) = V(s) < 2. (6.2.6)
In addition, the function ®.(s) has the following key property which we will require
to show that the derived solution w belongs to [1, —1].

e For all e € (0,1) and for all s € R
D(s) >~ ([s—12+[-1-352) 3. (6.2.7)
To see (6.2.7), we firstly note for |s| <1 that
B(s) > D(0)=0>—2.
Secondly, for the case s > 1 we have that
Pe(s) 23 (: (=9 =5) 2 (-1 +[-1—-s)1) - 3.

Finally, similarly to the case s > 1, the inequality (6.2.7) holds for all s < —1.
We now introduce for € € (0,%] the corresponding regularized version of the
problem (Q):
(Q.) Find {w.(x,t), z(x,t)} € R x R such that
ow,

5 = V- (pVw. — AV (w:)Vz.) in Qrp, (6.2.8a)
0z .
;t =V (Ve + AVw.) + pw. — 2 in Qr, (6.2.8D)

with boundary conditions

[pVw: — AV.(w:) Vz](0,) = [Vze + AVw,] (0,-) =0,
in (0,7), (6.2.8¢c)
[pVw. — AV.(w:) Vz| (L") = [Vz. + AVw,| (L,-) =0,

and initial conditions

w(z,0) = w'(x) , z(z,0) = %) VareQ. (6.2.8d)

In the following lemma we establish a well defined entropy inequality to the
system (6.2.8a)-(6.2.8d) which will play a central role in the numerical analysis that

follows.
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Lemma 6.2.1 Let p, A > 0 and g > 0 and let w°, 2° € L%*(Q) with [w°()] < 1
a.e. in Q. Then there exists a positive C(w®, 2%, p, X\, p, C,) independent of ¢

such that any solution {w;, z.} of (Q.) satisfies

T
sup / (@E(w€)+%z§> de +/ <|waEH§+\|zE\|§> it <C.  (6.2.9)
o<t<T JQ 0

In addition,

sup /Q ([ws — 12 +[-1- wg]i) de < Ce. (6.2.10)

0<t<T
Proof: Testing (6.2.8a) with ®(w,.) and (6.2.8b) with z. and summing the resulting

equations yields, after using (6.2.8¢), that

d

G | @y 52) dr vp [ @)Vl a
Q Q

+ /Q (IVzf + [2*) do = u/ﬂws z.dw, (6.2.11)
where we have noticed from (6.2.1¢) and (6.2.2) that
Ve(w.)V [P (w.)] = Vw, . (6.2.12)
It follows immediately from (6.2.8a) and (6.2.8d) for a.e. t € (0,T") that
(1020, 1), 1) = (12(,0), 1) = (*(),1). (6.2.13)

We now obtain from the Young’s inequality, the Poincaré inequality and (6.2.13),

for positive constant p, that

" / wozde € L2 w4 Oll=l} < Qi+ C (14 ]3] . (6.2.14)

Combining (6.2.11), (6.2.14), (6.2.5) and noting that ®.(s) > 0 leads to

d

X ((Ps(wa)Jr%Z?) dx +%|w6|g+”Z€H%
Q

<C (1 - /Q (Pe(we) + 1 22) dx> : (6.2.15)

Hence, on noting the assumptions on the initial data and (6.2.3a), the result (6.2.9)

follows from (6.2.15) after a simple application of the Gronwall lemma. Finally, the
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result (6.2.10) follows immediately from the first bound in (6.2.9) and (6.2.7). O

Obviously, the regularized entropy inequality (6.2.9) and the estimate (6.2.10)
can be used to pass to the limit ¢ — 0 in (Q.) in order to obtain existence of a
solution to (Q). In the following section we formulate and analyse a fully discrete

finite element approximation of the regularized system (6.2.8a)-(6.2.8d).

6.3 A fully discrete approximation

6.3.1 An approximation problem

Let 0 =xg <z <...<zy_1 <xy;=L be a partitioning of the domain  := (0, L)

into the open simplices k; = (v;_1,2;), j = 1, ---, J, with h; := x; — 2,1 and
h = ~n11aXJ h;. In addition, let 0 =ty <t < ... <ty_1 <ty = T be a partitioning
J=1L
of (0,T) into time steps At,, :=1t, —t,_ 1, n=1,---, N, with At := max At,, .
n=>L,--,

For any € € (0, 1] we define the piecewise constant function II. : S" — L*() such

that for j=1,---, J

x(@j)—x(z;j-1) _ 1
QL (x(z5))—PL(x(zj-1)) oL (x(¢))

I (X) |y = for some ¢ € k; if x(z;) # x(zj-1), (6.3.1)

m if x(z;) = x(x-1).

Clearly, the function Il satisfies for all y € S" and for a.e. in Q the discrete analogue

of (6.2.12)
I (x) Va"[®L(x)] = Vx . (6.3.2)

Lemma 6.3.1 For any ¢ € (0, 5], the function II. : " — L>(2) satisfies a.e. in O

that

<IL(y) < YV y € St (6.3.3)

1
A

>|m
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In addition, it holds for all y;, x2 € S" and for j =1, --- , J that

(I 0ar) = L (x2) ||

2 max [82(s)] max [V ()] [ (2) = xa(7)| + Da(y 1) = xa(arg )]

IN

VAN

% [ () = xa(wp)l + (1) = xa(a0)]]

< 5L — xallos - (6.3.4)

Proof: The bound (6.3.3) follows immediately from (6.3.1), (6.2.2) and (6.2.5). The
proof of (6.3.4) is a simple modification of the proof of Lemma 2.4.4 where we recall

that V.(s) is 2-Lipschitz continuous function. O

Lemma 6.3.2 For any given ¢ € (0, ] the function II. : S" — L*(Q) is such that

foryj=1,---,J

max |11 (x(z)) — Ve(x(2))] < 3 hj [Vx|s, | vV x € S (6.3.5)

TEK;

Proof: It follows easily from (6.3.1), (6.2.2) and the Lipschitz continuity of V.. O

Now, we propose the following fully discrete finite element approximation of (Q.)
for any € € (0,3 ]:

(QMAY) For n > 1 find {W, Z*} € S* x S" such that for all y € S”

wr—wh1 h n n n
(Tx) +p (VW2 Vx) = A (IL(W) VZE, V) =0, (6.3.6a)

zr—zr! 4 n \h n n
(ZE=x) + (200" + (V22,9 + A (VW2 V)

= (OWr+ (1 —0)W )", (6.3.6b)

S

where 0 € [0,1], and W? € S" and Z° € S" are given approximations of w® and 2°
respectively.
In addition to the operator G introduced in Section 3.1, our analysis of the

system (6.3.6a)-(6.3.6b) will require us to use the operator G : F — K given by

(VGu, V) = (v,n) Ve H(Q), (6.3.7)
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where

F={veH'Q) : (v,1)=0},

K={neH Q) : (n1)=0}.

The existence and the uniqueness of QNU, for a given v € F, follows from the Lax-
Milgram theorem, see Appendix A.1.2, and the Poincaré inequality. We now define

the following norm on the set F
~ S 1
|lv]|-1 := |Gv]1 = (v, Gv)2 VveF. (6.3.8)

Using the definition of the dual norm, the Cauchy-Schwarz inequality and the

Poincaré inequality, one can easily obtain from (6.3.7) and (6.3.8) that
ol @y < [vll-r < Cllollm @)y (6.3.9)

For all v € L*(Q) N F and for all § > 0 we have from (6.3.7) and the Young’s

inequality that
(v,n) = (VGv, V) <|Guli [nly < $IGofi + & f  Yne HY(Q).  (63.10)
From (6.3.10) and (2.4.14) we have, for appropriate choice of d, that
Ixllo <ChHGx) ¥V xeF, (6.3.11)
where

Fh={xes" : (x,1)=0}.

6.3.2 Existence of approximations

Theorem 6.3.3 Let p, A >0, p>0and 6 € [0,1]. Let {Wr~t Zn1} € Sh x Sh

is given for some n = 1,--- ,N. Then for all ¢ € (0,3], for all ~ > 0 and for

all At, > 0 such that At, < % if 4 # 0 and # # 0, there exists a solution

{wnr, Zn} € Sh x Sh to the n-th step of (QMA1).
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Proof: We adapt the argument employed in Theorem 2.4.7. First we define A, :
St x S — Shand A, : S" x S — S" such that for all y € S”

(Aw(W, 2), )" = (W =W )" + p At, (YW, VX) — AAt, (IL(W) VZ, V),
(6.3.12a)
(AW, 2),x)" = (Z = 227 x)" + At (Z,X)" + At, (VZ,VY)

FAAL, (VW, V) = p At (OW +(1—0) W' x)", (6.3.12b)

respectively. It is simple matter to show that the functions A, and A, are well
defined. Furthermore, for any R > 0 it can be easily shown using (6.3.12a)-(6.3.12b),
(6.3.3) and (6.3.4) that the functions A,, and A, are both continuous on the convex
compact subset [S"]%; see the proof of Lemma 2.4.6.

It is clear that solving the system (6.3.6a)-(6.3.6b) is equivalent to finding {W, Z} €

Sh x S such that
A,W,Z)=0 and A,(W,Z)=0.

By contradiction, let R > 0 and assume that there does not exist {W,Z} € [Sh%
with A, (W, Z) = A,(W,Z) = 0. Hence, on noting the continuity of the functions

A, and A, on [S"%, we define the continuous function B : [S"]% — [S"]% given by

B(W, Z) := (Bu(W, Z), B.(W, Z))

where
Buw(W, Z) = ,
W-2) = (2. 2), A0, 2) o
R AW 2) (6.3.13)
B.(W,Z) = —

[(Aw(W, Z), Ae(W, Z))|gnrcsn
We deduce from the Schauder’s theorem, see Appendix A.1.1, that there exists
{W,Z} € [S"]% fixed point of B such that

(W + 121 = [Bu(W, 2)|, + | B(W, Z)|; = R*. (6.3.14)
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To prove a contradiction for R sufficiently large, we choose x = 7"[®.(WW)] in

m
(6.3.12a) and x = Z in (6.3.12b) yielding on noting (2.4.3) and (6.3.2) that
(Au(W, 2), ®LW)" = (W = W2 @LW))" = AAt, (VZ, VW)
+pAt, (W) VW, VW), (6.3.15a)
(AW, 2), Z)" = (Z — 227", 2)" + At, (2, 2)" + At, (VZ,VZ)
+AAL, (VW,VZ) = pAt, (OW +(1—0) W, 2)" . (6.3.15b)
We have from (6.2.4) that

(W - Warhlv (I);(W))h > ((I)E(W) - @E<W:—1)’ 1)h + % |W - Wan_lﬁz

v

(@-(W) = (W), )" + 3 [W[ = 3 [W2'E. (6.3.16)
Using the simple identity
25(s—r)=s"—r*+(s—r)> Vr,seR,
we obtain that
ne1 ok -

(Z2—22712)" =2 5121 — 5122713 (6.3.17)

It follows from the Young’s inequality that
pAt, (OW + (1 —-0)Wwr Z)h < WAl (0 W12+ (1-6) |Wg”|i) + At | Z)3.

(6.3.18)
Combining (6.3.15a,b), (6.3.16)—(6.3.18), (6.2.3b), (6.3.3) and (6.3.14) and noting

the stated assumption on At,, yields for R sufficiently large that

(Au(W, 2), ®L(W)" + (A.(W, 2), 2)"

Vv
N

2
(A= 20 ) W+ 123 - vt 2o
> LR?min{\ — 288 1} _ oWt 20l > 0. (6.3.19)
Further, for R sufficiently large, we have from (6.3.13) and (6.3.19), since {W, Z} is

fixed point of B, that

(W, QLW))" + (2, 2)" = (Bu(W, Z), L(W))" + (B.(W, 2), 2)"

=R [(Au(W, 2), &LW))" + (Au(W, ), Z)"]

((Au(W, Z), AL (W, Z)) | gn 1 <0. (63.20)
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On the other hand, we have from (6.2.4) and the non-negativity of ®. that
(W, ®LW))" +(Z,2)" = (2(W) = ©=(0), 1) + 3 [W[§ + |Z[}; > 0,

which contradicts (6.3.20). As a result, we conclude that there exists {W, Z"'} €
Sh x Sh satisfies A, (W, Z") = A, (Wn", Z") = 0. Thus, we have existence of a

solution to the n-th step of (Q4?). O

6.3.3 Discrete entropy inequality and stability bounds

In the following lemma we obtain a discrete analogue of the estimate (6.2.15):

Lemma 6.3.4 Let the assumptions of Theorem 6.3.3 hold and let {W"~!1 Zr=1} ¢
S" x S n > 1. Then a solution {W?r, Z"} € S" x S" to the n-th step of (Q?)

satisfies

2

(@(W2), 1) + (1= (8 = DAk ) 225+ pA (1= ) At W2} + At | 221}
< (@ (W) 1)+ 3 1Z0 [ 5 (1—0) Aty W2+ C Ak (W2, 1),
(6.3.21)

pPA

where r = E,

C, is the positive constant generated from applying the Poincaré

inequality (2.1.8).

Proof: Choosing x = At, 7"[®L(W)] in (6.3.6a) and xy = At,, Z" in (6.3.6b) yields
on noting (6.3.2), (6.3.3), (6.3.16) and (6.3.17) that

O (W), 1) + p A At, [WIT = XNAt, (VZ2, VW) < (0 (W 1), 1), (6.3.22a)

—~

31200+ At |Z2[ + At |22 + N AL, (VW VZT)

<20 b A, (WP + (1= W Z)" . (6.3.22b)
We also note that testing (6.3.6a) with x = 1 gives

wr1)y=w1) n=1,---,N. (6.3.23)
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It follows from the Young’s inequality, (2.4.2), the Poincaré inequality, (2.1.8), and

(6.3.23) that
pAt, (OWr+ (1 —0)wr z.)"
T n T n—1|2 2 n
< EUAL IR 45 (1—0) Aty W2 + AL 20
< 205 Aty (W2 + 5 (1= 0) Aty (W2 + AL | 227 + C A, (W2, 1)
(6.3.24)
Under the stated choice of 7, we obtain the desired result (6.3.21) by adding (6.3.22a,b)

and noting (6.3.24). O

Lemma 6.3.5 Let w°, 2° € L?*(Q) with [w°(-)] <1 a.e. in . Further, let either
W0 = Py’ 720 = P20 or WP = 7h® | 720 = 720 if wP®, 2° € C(Q). Then there

exists a positive C' independent of h, At and ¢ such that

W20 + 122110 + (W2, 1) + (2:(W7), 1)" <C. (6.3.25)

£

Moreover, it holds that
wol<1 in Q. (6.3.26)

Proof: The first three bounds in (6.3.25) and (6.3.26) follow immediately from
(3.1.1), the definition of the interpolation operator 7 and (3.1.2) on recalling our
assumptions on the initial data. The last bound in (6.3.25) follows from (2.4.1) and
(6.2.3a) on noting (6.3.26). 0

In the following theorem we derive a discrete entropy inequality of the system
(6.3.6a)-(6.3.6b) that is consistent with the entropy inequality obtained in Lemma
6.2.1.

Theorem 6.3.6 Let p, A >0, p >0 and 0 € [0,1] and let w°, 2* € L*(Q) with
[w()] < 1a.e. in Q. Let either W0 = P, 20 = P20 or W0 = 7, 20 = 7h20
if w®, 2 € C(Q). Further, let ¢ € (0,1], h > 0 and At > 0 be such that
(i)At<% if u£#0and 6 £0;
(ii) (5—1)At§%—5 for some § € (0,3) if r < & ® where 1 = 2
(iii) Aty < Atp, Yn=2---, N

>

w
2
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Then a solution {W?=, Z"}N | to (QM4) is such that

N
Cmax  [(@(WE), D" + W2+ 12215] + D0 At [IW2IF+ 122113 ] < ©
T n=1
(6.3.27)
In addition,
Cmax [ [ (W 1§+ 7" (-1 = WL < e (6.3.28)
Furthermore,
+ZAt [ng Wy ez ]||%] <C. (6320

Proof: We consider the case when r < £ and we comment later on the simple case

r >k ?. First of all, we note from (6.3.23) and (6.3.25) that
Wwr 1) =wl1)<Cc n=1,---,N. (6.3.30)

Using (2.4.2), (2.1.8), the stated choice r = 3%\1), the assumption (iii) and (6.3.30)

we obtain for n = 2,--- , N, that
E(L—0)At, W2 < 22 (1 — ) Aty [WPTH2+ C Aty . (6.3.31)

Since r < ”72 and ®.(s) > 0, we have from (6.3.21) and (6.3.30) forn = 1,--- | N

that

(3= (5 = 1)At) [2@(W2), 1)+ |Z2F ]+ pA (1= §) Ay W2 + Aty |22
< (54 (2 - )AL [2@077), 1)+ |22 ]

+2(1—60)At, WP 2+ CAL,.  (6.3.32)
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It follows from (6.3.32) and the assumption (ii), for n = 1,--- , N, that

pA(1-9) Aty
e S el
1 (£ -1)At,

< (143058 - DAk [2(@027), 10" + |27 ]

2(@(W2), )" + 1225, +

n|2
ell

%(179) Aty n—1|2 c
* 1 (42 1) Aty Wi+ 5 At

M

< ef D an {2 (@o(W2), D)+ 2271} + o2 2 | 4 S A,

h
(1AL, °

(6.3.33)
Observing (6.3.31) and the assumptions (ii) and (iii) yields for n = 2,--- | N that

P>\ (1_%) Atnfl

7(%71) Atp_1

= W < (Wr2 4+ S Aty (6.3.34)

D=

Substituting (6.3.34) into (6.3.33) and noting (2.4.2) and (6.3.25) leads to

max [(S(W2), )" + | Z213] < Ces DT [T 4 (@(W2), 1)" + 122115 + W25

<C. (6.3.35)

Therefore, the first and the third bounds in (6.3.27) follow from (6.3.35). The second
bound in (6.3.27) follows immediately from the first bound in (6.3.27) and (6.2.3b).
The last two bounds in (6.3.27) can be obtained easily by summing (6.3.21) over
n on noting (6.3.25), (6.3.30) and the third bound in (6.3.27). When r < %2, the
result (6.3.27) follows directly from (6.3.21), (6.2.3b), (6.3.25) and (6.3.31).

Now, the result (6.3.28) can be easily established from the first bound in (6.3.27)
and (6.2.7) on noting the equivalence (2.4.2).

To complete the proof it is still to show (6.3.29). From (3.1.1), (6.3.6a,b), (6.3.3),
(3.1.3) and (2.4.2) we obtain for any n € H*(Q) and for n =1, --- , N that

n_yn—1 n_yn—1 n_pyn—1 h
(S ) = (MR ) = (M, Ph)
=\ (W) V22,V P"y) —p (VWI,VP")
< C (W2 +1Z2h) [Pl

<O (WXL +11Z211) lImlla (6.3.36a)
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and

n—1 n—1 n n—1 h
< Ath :< AtZ: 777>:<% Ph”)
= p (W2 + (L= o)W Phy)" = (22, P')"
—(VZ2,VP") — X (VW,VP")

C (W2 + 12211 + W2 lo) NIl - (6.3.36b)

Hence, the desired result (6.3.29) follows from (6.3.36a,b), the assumption (iii),
(6.3.27), (6.3.25), (6.3.9), (2.1.8) and (3.1.9). 0

In the next subsection we exploit the uniform bounds derived in Theorem 6.3.6
on the approximations, independently of the parameters h, At and e, to prove

uniqueness of the approximations for sufficiently small time discretization parameter.

6.3.4 Uniqueness of the approximation

Theorem 6.3.7 Let the assumptions of Theorem 6.3.6 hold. Let {W", Z"}¥ | be

a solution of the problem (Q/?) such that

n
<
JJax (1270 < Cb,

where (' is a positive constant independent of the parameters h, At and . Then,

for sufficiently small At, the solution {W", Z"}_, is unique.

Proof: Assume there are two discrete solutions {W2, 2", })_, and {W/,, Z2,}",

to the problem (Q/2!) such that
Jmax {1Z2 o, 1220l } < Gy (6.3.37)

We perform the proof by induction. On noting that we have uniqueness at time
t = 0, we assume uniqueness of the approximations at the (n — 1)-time step of

(QA1) . Now, setting WP := Woy — W2y and Z7 := ZI'y — Z7,, and subtracting
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the fully discrete approximations yields for all Y € S” that
am V2" +p (VW2 V) = A (IL(W2) V22— TL(W2,) VZE5 VX))
(6.3.38a)
- (220" + (200" + (VZ2,VX) + A (YW, VX) = (W2, x)" . (6.3.38b)
Choosing x = W in (6.3.38a) and x = %ZE” in (6.3.38b) and adding the result-

ing equations yields, on using the Holder’s inequality, (6.3.3), (6.3.4), (2.4.14) and
(6.3.37), that

s VIR + 53 1220 + S 1200+ o VIR + 31201
= A (W) V22, = TL(Wi) V225 VWE) = (VW2 VER) + 58 (W, 21"
=\ ([IL(W2) = ] V2, VW) + A ([IL(W2) — IL(W) | V22, , YV
+5 2
< W22+ A2 W2 oo V2] + 50 V2L 1221
=L+ 1L+ 13, (6.3.39)
where
L= W |22
L= 22 W2 oo V2L
Iy := B2 V2 |22
and (1 is the positive constant, independent of the parameters h, At and ¢, that is

generated from applying (2.4.14).
It follows from the Young’s inequality, (2.4.14) and (2.4.15) that

I, < 290G ez, (6.3.40D)
Iy < 5 W + 5202 (6.3.40¢)

where Cs is the positive constant, independent of h, At and e, generated from

applying (2.4.15). Combining (6.3.39) and (6.3.40a)-(6.3.40c) yields on noting the
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equivalence (2.4.2) that

10205 C 2 g2 n .
(o = [2E%% + 2 2)) o + (s — 15 ) 1208 < 0. (6.3.41)

Alternatively to (6.3.40a)-(6.3.40c), we have from the Young’s inequality, (2.4.14)
and (2.4.15) that

mn n )‘C mn n
L<3 W+ %120 < S IR+ 41208, (6.3.42a)
I, < 2GR0 | Wrlo W2y < COGEEE W) + p W2, (6.3.42b)
Iy <t 292At" IWE T+ a2 12215 - (6.3.42¢)

Putting (6.3.42a)-(6.3.42c) in (6.3.39) and noting (2.4.2) gives that

AC2 2C,CxC 202 Aty n n
<A+5n_[4h21 (;)1622}7,3b) +u0 t}>|Wa|i_‘_§|Z€|%§(), (6.3.43)

Suppose that A < 4 p, we obtain from the Young’s inequality and (2.4.15) that

Lo< 3 VIR + 5 1201 (6.:3.44a)

I, < 9G0P Wzl < GG Rl + 42 A2, (03
2 n2

Iy < 080 W2 L | 202 (6.3.44c¢)

From (6.3.39) and (6.3.42a)-(6.3.42c) we have, when A < 4 p, that

C10xC 292 At,, n "
(o — [Bur 4 0o ) w2 + 222 <0 (6.3.45)

Now, we set

-1
. 4C2C Gy, ,u,202> 4ph?
71 .= mMin + =
1 {( -h3 4N PACE (0

. ~1
(3% + 2og0r) fh=0or0=0,
1
Ty 1= 2 AC? (201 Cy Cy)? 2 42 62 2 AC3 (2C1 C3 Cp)?
u? 62 mz T pem ) T T T e
if u#0andf #0
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and
(0 ifA>4dp,
% if \<4pand (u=0or6=0),
T3 = 1
2 @i\ | 20|’ ey
2o | |[\aomeaen) Tx | ~aneis
{ if \<4pand (u+#0and #0).

On noting (6.3.41), (6.3.43) and (6.3.45), we obtain for any At € (0, max{r, 72, 73})

that
WeE+ 1283 <0 n>1.

We thus conclude W = W7, and Z7') = Z, for all n > 1 as required. a

6.4 Existence and uniqueness of a weak solution

By extending the notation (3.3.1a)-(3.3.3a) to W, and Z. and noting (6.3.6a,b), we
can rewrite the problem (QM2!) as:

Find {W., Z.} € C([0,T7];S") x C([0,T); S*) such that for all y € L*(0,T;S")

T T
/ [(%ij)thp(VWJ,Vx)} d —A/ (I.(W)VZF, Vx) dt, (6.4.1a)
0 0

T
h h
/0 ()" + (220" + (VZ2.90) + M (VW V)| e
T
_ u/ (OWF+(1—0W )" dt.  (6.4.1b)
0
Theorem 6.4.1 Let all the assumptions in Theorem 6.3.6 hold and let w®, 2° €
HY(Q) with [w°(-)] < 1 a.e. in Q. Let W2 = Phu° 720 = P"2% or W9 = ',
79 = 7h2%. In addition to the assumptions (i)-(iii) in Theorem 6.3.6, let

(iv) At , e -0 ash —0.

Then there exists a subsequence of {W., Z.},0, where {W_, Z.} solves (Q»*?) | and

functions

w, z € L*(0,T; H'(Q)) N L>(0,T; L*(Q)) N H'(0,T; (H'(Q))") (6.4.2a)
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satisfy
w(-,0) =w’(-) and z(-,0) =2°() in L*Q). (6.4.2b)
In addition,
lw(z,t)| <1 a.e. in Q. (6.4.2¢)

Furthermore, it holds as h — 0 that

W, W& =~w and Z., ZF —~=z in L*(0,T; H'()), (6.4.3a)

W., W ~*w and Z., ZF ~*z in L>(0,T; L*(2)), (6.4.3b)
ow, ow 07z 0z

=~ — and = in L*(0,T; (H'(Q)) 4.
T T an B o m (0,75 (H (2)), (6.4.3¢c)
W., W -w and Z., Z* -z in L2(0,T; L>(Q)) (6.4.3d)
and
IL(W) = V(w) in L*(0,T; L>()). (6.4.3¢)

Proof: The proof is obtained using a sequential compactness argument, see Theo-
rem 3.3.1 where a similar argument is employed. First of all, we note from (3.1.3),

(2.4.16) and the stated assumptions on the initial data that
W2l + 11220 < C, (6.4.4)
and
W2 —wy and Z°— 2z  in L*(Q). (6.4.5)

It follows from (6.3.27)-(6.3.29), (6.4.4), (6.2.5) and (6.3.3) that

_1
WS | 2o mmoy) + W e o.mi220y) + € 2 |7 W — 1)1 || 1o 0122002

_1
+e72 |7 =1 = Wil e oirszzey) + 120 2o ()

9% 20 rm@) + V(W) @) + [T(WS)llzx@p) < C, (6.4.6a)
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and

1ZF N 2050 0) + 11259 Lo 0.7, 22 ()

+ Haaztg ||L2(07T;(H1(Q))’) + ||g%”L2(O,T;H1(Q)) <C. (6.4.6b)
Furthermore, we have from the fifth bound in (6.4.6a) and the third bound in
(6.4.6b) that
W — WEH%Q(O,T;(Hl(Q))’) + 1z - ZEH%Q(O,T;(Hl(Q))’)

< (At)? 1% B2 12221200 1 ayyy < C(AB? . (6.4.7)

||L2(0T ) T (A

From (6.4.6a,b), (6.4.7), (2.1.4) and the compact embedding H'(2) <% L>(Q),
one can obtain using sequential compactness arguments the existence of a subse-
quence of {W., Z.}p, still denoted {W,, Z.},, and functions {w, z} such that the
results (6.4.2a) and (6.4.3a)-(6.4.3d) hold, see the proof of Theorem 3.3.1 for in-

stance. As

W., Z.,w,z€{n: nel*0,T;H (), 2 € L*(0,T; (H(Q)))},

> Ot

we have from Theorem 7.2 in Robinson [58] that
We., Z.,w, z€ C([0,T]; L*(Q)) . (6.4.8)

Thus, (6.4.2b) follows from (6.4.3d), (6.4.5) and (6.4.8). The bound (6.4.2¢) fol-
lows immediately from the third and the fourth bounds in (6.4.6a) and the strong
convergence (6.4.3d).

It is still to show the convergence result (6.4.3e). To do so, we first note from

(6.3.5), (2.4.15) and the first bound in (6.4.6a) that
[TL(WH) = V(W < CRI\WH | 2oy < Ch? — 0 as h—0.

(6.4.9)

) HL?(O,T;LOO(Q))

From the Lipschitz continuity of the function V.(s) on R, (6.4.2c), (6.2.6), (6.4.3d)

and the assumption (iv) we have that

||V€(W5+) - VE(w)HL2(O7T;L°°(Q)) + ||Vé‘(w) - V(w)”LQ(O,T;LOO(Q))

<C (||W€+ - w”L?(o,T;Loo(Q)) + 5) —0 as h—0. (6.4.10)
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Thus, (6.4.3¢) follows by combining (6.4.9) and (6.4.10). O

We now show the main theorem in this chapter which deals with the existence

and the uniqueness of a global weak solution to the system (1.2.1a)-(1.2.1d).

Theorem 6.4.2 Let the assumptions of Theorem 6.4.1 hold. Then there exists a
subsequence of {W., Z.}ns0, where {W., Z.} solves (QMA), and functions {w, 2}
satisfying (6.4.2a)-(6.4.2c) and f w = o w° for a.e. t € (0,T). In addition, as
h — 0 the convergence results (6.4.3a)-(6.4.3¢) hold. Furthermore, the functions
{w, z} represent a global weak solution of the problem (Q) in sense that for all
n € L*(0,T; H'())
T T
/0 [(22n) + p(Vw, Vn)] dt :/ (1 —w?]Vz,Vn) dt, (6.4.11a)

0
T

/0 [(%.n)+ (z,n) + (Vz,Vn) + A (Vw, V)] dt :,u/o (w,n) dt. (6.4.11Db)

Moreover, if A < 4 p and the function z satisfies, additionally to (6.4.2a), that
2] oo (0,111 () < € (6.4.12)

then the solution {w, z} is unique.

Proof: We separate the proof into two parts. In the first part, Subsection 6.4.1,
we briefly adapt the convergence arguments used in Theorem 3.3.3 to show that the
functions {w, z} defined by Theorem 6.4.1 represent a weak solution of problem (Q).

In the second part, Subsection 6.4.2, we discuss the uniqueness of the weak solution.

6.4.1 Existence of a weak solution

For any n € L*(0,T; H'(2)), we set x = 75 in (6.4.1a,b) and then we analyse the
convergence of the resulting terms as h — 0. On setting Y, = W, and Z., respec-
tively, with Gy, = G and Gz. = G, we have from (2.4.19), the Hélder’s inequality,
the continuous embedding H'(0,T; H(Q)) — C([0,T]; H'(Q)), (6.3.11), (3.1.10),
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(2.4.16) and (6.4.6a,b) for all n € L?(0,T; H(R2)) and for all 7 € H*(0,T; H'(Q))

that
[ (@) - 3w
‘/ (%"l —])" ~ (%’?m[n—ﬁ])}dt'
\/{ 250)"~ (v 25)]
Yo T), 7, T))* — (Yol T), 7( 7))

+ ‘(1/;("0)77rhﬁ('70))h - (YE(HO)vﬂhﬁ(" O))‘

< Ch%2 N 2 7 0 = il 2 o5 (<))

+ C h||Yell oo 0.2 17" || 1 0,701 (2

< C|Gy. = r2 0,150 9)) 11 = ill 220,701 02)) + C 1 il a2 0,50 (92))

< Clin =l @) + Ch il arora @)- (6.4.13)

We also have from the Holder’s inequality and (6.4.6a,b) for all n € L?(0,T; H'(Q2))
that

‘/ (2% (x ))dt‘ /()Tlag/;,(ﬂh—l)nﬂdt

< |2

ot (7" — 1)

Y ‘ ‘ L2(0,T;H ()

(6.4.14)

L2(0,T5(H'(2))")

<C H(Wh - [)nHLQ(O,T;HI(Q)) :

Combining (6.4.13), (6.4.14), the denseness of H*(0,7; H'(Q2)) in L?*(0,T; H'()),
(2.4.17) and (6.4.3c) yields for any n € L*(0,T; H'(Q)) that

/ (881;577777 dt —>/ 8t’77> dt ash—0, (6.4.15)
0

where y = w and z respectively.
Similarly to the derivation of (3.3.38) and (3.3.46), we can show on noting the
bounds (6.4.6a,b) and the convergence result (6.4.3a), for any n € L*(0,T; H'(Q))

that

T T
/ (VYD Vrin) dt —>/ (Vy,Vn)dt ash—0 (6.4.16)
0 0
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and

T T
/ (Y2, 7n)" dt —>/ (y,m)dt ash—0, (6.4.17)
0 0

where Y = W and ZF, y = w and 2 respectively.
It follows from the Holder’s inequality and (6.4.6a,b) for all n € L*(0,T; H'(Q))
that

/T (L.(WH vzt V(=" —1)n) dt

< |V e oy 12212 (=" = 1)

n ‘ ‘ L2(0,T;H(Q))

(6.4.18)

(0,T;H ()
h

<C H(W —1I) 77HL2(0,T;H1(Q)) :

We also obtain from the Hélder’s inequality, (6.4.6a,b), (6.4.2c) and (6.1.2) for all

n € L*0,T; H'(Q)) and for all 7 € L>=(0,T; H'(Q)) that

/OT ([M(WF) = V(w)| VZF, Vn) dt‘

<| [ (v - vew)] 922,96 - i) a

+/0 ([IL(WF) = V(w)] VZF, Vi) dt‘

<L (W) = V(w) | ee@r) 125 | 20,001 00) |11 — 7l 200,051 0
+ |[TL(WZ) — V(W) | 207500 () |1 28 L2 0mm1.0)) 1V 2o 0,7502(02))
< Clln = ill2or:m ) + C (W) = V(w)|| 20,1525 ) 1711l Loe 0,717 () -

(6.4.19)

Noting (6.4.18), (6.4.19), (2.4.17), the denseness of L*>°(0,T; H'(Q)) in L*(0, T; H'(2))
and (6.4.3e) yields for all n € L?(0,T; H'(2)) that

T
/ (LW vz, Vay) dt —>/ w)Vz,Vn)dt ash—0. (6.4.20)
0

Now, we deduce from (6.4.1a)-(6.4.1b), (6.4.15)—(6.4.17), (6.4.20) and (6.1.2) that
the functions {w, z} satisfy (6.4.11a)-(6.4.11b), as well as the results of Theorem
6.4.1. Finally, we note from the weak formulation (6.4.11a) that  w(-,t) = w°(")

for a.e. t € (0,T). This completes the existence proof.
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6.4.2 Uniqueness of the weak solution

We now show, under the assumption (6.4.12), the uniqueness of the weak solution
if the cross diffusion coefficient A is not too large. Essentially, the proof is identical
to Galiano et al. [34] and is included for completeness.

Assume that there are two weak solutions {wy, 21} and {ws, 22} to the system
(1.2.1a)-(1.2.1d) that satisfy (6.4.2a)-(6.4.2c) and (6.4.11a)-(6.4.11b). Further, as-
sume that the functions z; and zy satisfy (6.4.12). As both solutions {ws, 21} and
{ws, 25} satisfy (6.4.2b), we have that

wi (-, 0) = wy(+,0) = w’(-) and z(-,0) = 25(-,0) = 2°(:) in L*Q). (6.4.21)

Setting w := w;—wy , 2 := 21—25 and testing (6.4.11a) withn = w € L*(0,T; H'(Q))
and (6.4.11b) with n = $ z € L*(0,T; H'(Q)) leads to after subtracting the weak

forms
T
3 lo(D)F + 2 IVwlZa g, Zéllw(0)||3+/0 (Vz, Vw) dt
T
+/ (w3 Vzg —wi Vz, Vw) dt, (6.4.22a)
" T
ax IZ(DE + 5 12172, + %IIVZIIiz(QTﬁ/O (Vw, Vz) dt
T
=5 12(0)]3 +§/ (w,z) dt.  (6.4.22b)
0

Adding (6.4.22a,b), noting (6.4.21) and employing the Holder’s inequality yields,
on using (6.4.2c), that

3 (w5 + 3 12(DE) + £ IVwZaq,) + 5 121220, + 5 V2220,

T T T
/ (w, z) dt —/ (wiVz, Vw) dt —/ (w1 +we) wVzy, Vw) dt
0 0 0

Il
>I=

T T T
s%/ kuouz|rodt+/ |z|1rw\1dt+2/ o |22l fuwls dt.
0 0 0

(6.4.23)
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We easily obtain from the Young’s inequality that

T
¢ [ ozl dt < 5 Ty, + §121ay (6.4.24)
0
T
| sl dt <3 1YWl + 319200, (6:425)
0
Using (6.4.12), we find that
T T
2/ w00 2] ], dt gc/ ][00 [w]; dt. (6.4.26)
0 0
Putting (6.4.24)-(6.4.26) in (6.4.23) leads to
L (o3 + LT 3) + (0 — 2) [ Vw2,
T
< B lwlaa,)+C [ lwlofuly dr. (6427

To deal with the integral in the right hand side of (6.4.27), we first note that the

Sobolev interpolation result (2.1.1), in one space dimension, gives

1 1
[wlloco < Cllwllg [lwll

Bl

1
< Cllwlls (lwlg+ [wly)

< 0 (Jlwlo + [l [l ) (6.4.28)
Therefore, we have from (6.4.28) and the Young’s inequality for any § > 0 that
T T 1 3
¢ [ lwllow hwls dt <€ [ (Juwlofols + ) ol ) o
0 0
T
< [ (€l + sl ar
0
= C(0) w720y + 0 [Vwiagq,) - (6.4.29)

As A < 4p, we choose § = p — % in (6.4.29) and then we combine the resulting

inequality with (6.4.27) to infer
lw(D)E + 5 12(D)1F < C llwlf2q,, (6.4.30)
Applying the integral version of the Gronwall lemma, (2.1.5), leads to
lw(D)I + 5 l(T)[IF < 0.

Thus, we conclude wy; = wy and 2z; = 25 as required. O
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6.5 An error estimate

In this section we study the error estimate between the weak solution of (Q) and
their fully discrete approximations defined by (6.3.6a)-(6.3.6b). Additionally to the
uniqueness requirements, the derivation of an error estimate requires extra regularity
on the time derivatives of the approximate solutions. The details are given in the

following theorem.

Theorem 6.5.1 Let all the assumptions of Theorem 6.4.2 hold. If A < 4 p and

195
ot

L2(Qr) T H%HH(QT) + | Zell Lo 0,151 0)) < C (6.5.1)

then the solution {W.,Z.} of (QM2%), h, At < 1, satisfies the following error

bound!:

Jw — W€||%°°(O,T;L2(Q)) +z - ZEH%M(O,T;LQ(Q))

<C (h+At+*+ |V = w2 + IVUI = 7")z| 12(00) - (6.5.2)
Furthermore, if w, z € L*(0,T; H*(2)) then
||’U) — WgH%oo(QT;LQ(Q)) + ||Z - ZE||%OO(O7T;L2(Q)) S C (h + At + 52) . (653)

Proof: We first mention that 7w and 7"z are well defined since w(-,t), z(-,t) €
HY(Q) for a.e. t € (0,T) and the Sobolev embedding result H'(Q2) — C(Q) holds

in one space dimension. Noting this, we set

e =y-—mty,
ey =y — Y, (6.5.4)

where y = w and z, Yg(i) = Wg(i) and Zg(jt)7 respectively.

Tf (6.5.1) holds then, using classical compactness arguments, we have that % , % € L*(Qr)
and z € L>(0,T; H'(2)). In addition, the solution {w,z} will be unique under the assumption

A < 4 p; see Theorem 6.4.2.
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On subtracting (6.4.1a,b) from (6.4.11a,b) respectively, it follows for a.e. t €
(0,T) and for all y € S* that

(%=, x) + 0 (Vel, VX) = A (V(w)V2,Vx) = A (LW VZE, Ty)
+ {(BE?,X) (8ng,x)} (6.5.52)
(%) + (o) + (Veie Vi) +4 (Ver Vi) = {(%0" - (%0 |
{2500 = (250} 00 (ehox) + 1 (1= 0) (e.0%)

0 {(WEx) = (WE0)" b+ =0) { () - (070"}
(6.5.5b)

Hence, choosing x = EJf_ € S" in (6.5.5a) and x = 1 Ef, € S" in (6.5.5b) and

summing the resulting equations yields that

i+ 5 led ]

3 i llewelld + 55 & llezclld + 5 ledclif + pledclf + |
Oeyw

Oe ¢
= [(P ) £ (% et
86w5 8625
(e - i)+ (%2 - 2

—i—[ (VeJr Ve ) X (V€+ Ve ) %(ej’e,ef)}

w,e? z,e7

p
v {0 - e m) ) 4 { B - (B2

w3 {2 B - 2 E)}
(Ve ., Vel) =X (V(w)Vel,, Vel)]

|: 267
[(AV(w) —1] Vel Vel )]

(A ([V(w) —TI.(WH] V2, VE] )]
[/w (et EX) + (1—6) (ez., EX. )}

s ) = ()" e (e ) - ()

1], (6.5.6)

B = ) — el = ey — e+ (K- VL),
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We now bound each term on the right hand side of (6.5.6) separately.

Using the Cauchy-Schwarz inequality gives that

1< C (1%l lello + 1 %52 o lello) = i (6.5.7)
B<C (1200 W5~ Wllo+ 12500125 - ZJo) = hor (659)
Iy < C (el ledl + Lol el + llet o le2 o) = . (6.5.9)

With the aid of (2.4.19), we have that
1< Ch (1% o 1B el + 1% o |BLI + 122 o |ELN) =T (65.10)

Noting the Cauchy-Schwarz inequality, (6.1.2) and (6.4.2¢) leads to
I; < lef |l + ledlileplr = I5. (6.5.11)
We also obtain from (6.4.2¢), (6.1.2) and the Young’s inequality that

Is < leyclilelolr < 3 led [F +

et |2 (6.5.12)

+ 3 lel.

It follows from the Holder’s inequality, the last bound in (6.5.1), (6.3.5), (2.4.15),
the Lipschitz continuity of V., (6.2.6) and (6.5.4) that
Ir < MZI (W) = V(w)loo [ By
< CI(WS) = V(w)lloco [Euch
< C (W) = Ve(W ) oo + V(W) = Ve()llooo + [Ve(w) = V() o) [E2 1
C (13 WAL+ et lloco + € ) 1B
C (WA Il + Dot oo + € ) (ledls + )
= 17’1 + 1772 + [773 s (6513)
where
Iy i=C (WS [WH e ) fedlr

Iro = Cleg oo len 2]t

Irgi= C (BH W+ llef o +€ ) ledlh
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But, the Young’s inequality gives, on noting the assumption A < 4 p, that
Li <C (R|WHF+€%) + 222 ed 2. (6.5.14)
Similarly to (6.4.28), we obtain from (2.1.1) and the Young’s inequality that
Iy = Clleg clloss len el
1 1
< C ||€”I,5||g ||6$,6||12 |6:u—,s|1
1 3
SC@%AW&MHMJHQJ)

< Cllef I + 52 led

< Cllewlls +C ||W€+ - Wa||3 + 252 ed (6.5.15)
Noting the Cauchy-Schwarz inequality and the Young’s inequality leads to

1-6 _
Is < &2 led o 1B Mo + 252 ey llo 1 X llo
||€w E||0 + C ||ew5||0 + C ”EZEH(Q)

< Cllewelld + Cllezelly +C (WS = Well§ + W2 = WEllg + 1122 = ZII + lle25) -

(6.5.16)
Finally, we use (2.4.19) and the Young’s inequality to obtain that
Iy < Ch (W + W2h) 1B o
< Ch (WAL + [IWZ 1) 1B o = I (6.5.17)
Now, combining (6.5.6)—(6.5.17) yields that
9 ~
& (lewelld + 3 le=cllf) < C (llewelld + 5 lle=clf) + D> L, (6.5.18)
i=1

where
j6 = O
Iy = Log +C (R|WF2 + €+ W = We|2)

Iy =C (WS = W3+ IWe = Wellg + 112 = Z:115 + Nle213) -
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Applying the Gronwall lemma to (6.5.18) leads to for a.e. t € (0,7)

~

9
w5 + 5 ez @5 < e (llews(0)I5 + 5 lle=(0)13) / Z
(6.5.19)

To bound the right hand side of (6.5.19), we first note from (6.4.2b), the assumption
w?, 2% € HY(Q) (see Theorem 6.4.1), (3.1.3) and (2.4.16) that

lew:(0)llg = [[w” = W25 < C R |u’f; < C'h?,

(6.5.20)
le=c ()5 = 112" — Z2|Ig < C'h?*|2°f < O
We also use the estimate (2.4.16) to find that
lewlls = I1(Z = 7"ywllf < C h*|wlf
(6.5.21)
le2lls = I1(Z = 7")2[5 < CR?[=[3.
Similarly to (6.4.7), we have from (6.5.1) that
Wz — WSH%Q(QT) +12F - Z€||%2(QT)
< (A 1% a0 + (A 1FE 20, < C (A (6.5.22)

On noting (6.5.4), (6.4.2a), (6.4.6a,b) and (2.4.16), we deduce that

HEI,aHLQ(O,T;Hl(Q)) + HEZEHLQ(Q,T;Hl(Q))
< ledellzzomme) + leldeormen + leullzomm @) + leflzorm o)

<C. (6.5.23)

Now, using the Holder’s inequality, (6.4.2a), (6.4.6a,b), (6.5.1), (6.5.21), (6.5.22)

and (6.5.23), we can obtain the following estimates:

T
/ Iiydt <Ch (HaewE ||L2(QT (Q))>
0

<Ch. (6.5.24a)

T
T 8511;5
| Bt <0 (125 an W2 = Wolan + 1% lianl 25 = Zulinon)
0

< CAL. (6.5.24D)
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T
/ Iy dt < C (|led Nrzomm@pIVenlzzom + e o m eyl Vel r2qqn)
0

+ Chllel N2 12l 20mm @)

< C (h+|Veplizam + IV 20r)) - (6.5.24c)

T
/0 I,dt <Ch H%HLQ(QT)HEJSHLQ(O,T;Hl(Q)) +Ch H%HLQ(QT)HEZEHLQ(OvT§H1(Q))

+ Ch | ZI 2 on 1B A 20, )

< Ch. (6.5.24d)

T
/ Is dt < leg ez IVel |z + lledllzomm @) Veull r2qn
0

<C (HvefHLQ(QT) + HV€£HL2(QT)) : (6.5.24e)

T
¥ 1
/ I;dt <C <h2HW5+||L2(O,T;H1(Q)) +llewellrzomz= @) +6> IVeullzz@q
0
+C (MW sz oy + € + W = Welliaay) )

<C (h+e+ (At + | Venllr2p)) - (6.5.24f)

T
|t <0 (102 = Wellagy + 102 = Wello,) 4127 = Zelcan)

+Ch? HZH%Q(O,T;Hl(Q))

< C ((At)*+h?) . (6.5.24g)

T
/ Iy dt < Ch (IWlle2omsmy) + WS 2o m@n) 1B 2 r)
0

<Ch. (6.5.24h)

Combining (6.5.19), (6.5.20) and (6.5.24a)-(6.5.24h) yields for h, At < 1 and for
a.e. t € (0,7T) that

lews(0I5 + llezc(DIIF < C (A* + (A1) + & + h + At + [[Vepll2ir + IVeL [ 1207)
<C

(h+ A+ + | Vegllzop + Vel @) -
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This gives the estimate (6.5.2).
If w, z € L*(0,T; H*(Q)), the result (6.5.3) follows immediately from (6.5.2) on

noting the following estimate (see Theorem 3.1.6 in Ciarlet [23]):
(I ="l <Chlnla Vne€ HXQ).

O

At the end of the proof, we comment that some terms of Z?:l I; can be treated
differently to obtain O(h?) bound instead of O(h) bound. However, this does not
give an improvement of the overall bound as the bound in (6.5.24f) will still have
the order O(h). For instance, we were unable to obtain a better bound for the term
ITT.(W) — Vo (W) |lo.o in (6.5.13) where we have applied (6.3.5) followed by an

inverse inequality.

Remark 6.5.1 If we replace the assumption A < 4 p in Theorem 6.5.1 by

A
1 — Ao

<4(p—(51),

where §; and d, are fixed positive constants such that 0; < p and 9, < %, then

we can repeat the argument presented in Theorem 6.5.1 to show the following error

bound:

= Wl orizscay + 12 = Zellimorizae)
+ l[w = Wl Ze oz @y + 12 = 25 2o )

< C(67",05") (Bt At+&* + V(I = 7wl er) + IV = 7"zl 2

which is of order O(h + At +€?) if w, z € L*(0,T; H*()).

6.6 Long time behaviour

This section is devoted to an investigation of the long time behaviour of the solutions
of (Q). Aranson et al. [4] have shown from linear stability theory that the condition

i > p is necessary to have size segregation. Thereafter, Galiano et al. [34] have
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shown that the condition i > p need not to be sufficient. Namely, they showed that
for parameter values of i1, p and A chosen such that u > p and

:U’Q L4

A -
P >8(L2+1)’

(6.6.1)

the solutions, w and z , converge as time tends to infinity to the constant steady-state

solutions given, respectively, by

I O T

w:Z/O w’(z) dx and Z:z/o w'(z) dx .
We actually believe that the analysis presented by Galiano et al. [34], is not suf-
ficient to conclude that the solutions converges to constant steady-state solutions.
In particular, we believe that the application of the Gronwall lemma that has been
used by Galiano et al. in the last step of the proof of Theorem 1.3, in their work
in [34], is wrong. We see counterexamples later on in this section.

In what follows, we revisit the results of Galiano et al. [34] (Section 4). We
modify the proof of Theorem 1.3, in [34], to obtain an estimate that in some sense
explains the long time behaviour of the solutions of (Q). Alternatively to the ap-
proach in [34], our analysis relies on similar techniques to that shown previously in
Section 4.4 where we exploit the regularization introduced in Section 6.2. We also
see that the use of an optimal Poincaré inequality results in an improved condition
to (6.6.1). At the end of this section, we comment on the wrong use of the Gronwall

lemma in [34] by provision of a counterexample.

First, we note from the Poincaré inequality that for all n € H*(Q) such that o n =0

we have

Inll5 < CyInl; .

For the analysis that follows, it is important to be as precise as possible about the
constant “Cj,” in the above inequality. With this in mind we note the following

lemma:
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Lemma 6.6.1 Let Q := (0,L) C R. Then
lull2 < & Jul?, (6.6.2)

L
for all u € H*() satisfying / u(z) dz =0.
0

Proof: See the proof of Lemma 2.1 in Bebendorf [14]. O

Theorem 6.6.2 Let p, A > 0 and g > 0 and let w°, 2° € H*(Q) with [w°(-)] < 1
a.e.in 2. Then for any 7" > 0 there exists a weak solution {w, z} of (1.2.1a)-(1.2.1d)
satisfying (6.4.2a)-(6.4.2c), (6.4.11a,b) and that f w = + w° for a.e. t € (0,7T).
Furthermore, if |w°| <1 in Q for some [ < 1, uf w® =+ 2% and

M2 L4

A> ——————
P 472 (L2 +72)’

(6.6.3)

then there exist Co(w?,2") > 0 and d;, d» > 0, depend on the parameters p, X, u

and L, such that
T
02 _
/0 |lw -+ w’||5 dt S/\C—gl(l—e‘slT),
T (6.6.4)
/0 |z —F 2% dt < ?—20 (1—eT).

Proof: The existence follows from Theorem 6.4.2. As puo w® =+ 20, we easily

obtain from (6.4.11a,b) that for a.e. t € (0,7

“fw@_”fw”ﬂf”_f?@‘ (6.6.5)

To show the result (6.6.4), we need to introduce a simple modification on the regu-

larized function ®.(s). On noting the assumption on w", we define for € € (0,1 —1)

the twice continuously differentiable function @, : [—1,1] — R given by
30+ ) () + (1= 9)2 + (1 ) In(—) — 5} ifl-e<s<1,
55(8) =9 % _(1 + ) ln(Hl;{Swo) +(1—29) ln(kltf;sw) if |s| <1—¢,
|3 (1= 92 + (1 + 9P + (L4 8) (i) — 5| if —1<s<e—1;

(6.6.6a)
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with
BL(s) = ®(s) + 3 In(1H25) (6.6.6b)
and

" (s) = 9" (s). (6.6.6¢)

It is easily established from (6.6.6a)-(6.6.6¢), (6.2.2), (6.2.5) and the assumption on

w? that for any € € (0,1 — 1)

. (5) = Do (f ") + (s —f w’) DL w) + 5 (s —f w)2PL(E)
(s —f w”)?. (6.6.7)

vV
N[>

Now, choosing n = ®.(w) € L*(0,T; H'(Q)) in (6.4.11a) and n = z —F 2° €
L*(0,T; H'(2)) in (6.4.11b) yields after summing the resulting equations and noting
(6.1.2) that

. T
(@-(w(T).1) + 3 12(T) —f I3+ / [0 (B2(w)Vw, Vo) + |#[? ] dt
. T

= (80", 1) + 3120 LI+ A [ (V) Befw) - 1)V, V2) at

. 0
+/ (pw—2z,2—+2% dt. (6.6.8)

0

We use (6.2.5) and Lemma 6.6.1 and note (6.6.5) to obtain that

p (PL(w)Vw, Vw) + |2[f > pAfwli + |2[;

2
lw = w®I5 + F= Mz = "5 (6.6.9)

7rp>\

It also follows from (6.6.5), the Cauchy-Schwarz inequality and the Young’s inequal-

ity for any 6 > 0 that

(/W—Z’Z—fZ) po(w—Fw 2= 2%~z =f 25
pllw —f wllo |12 —jf o = Iz —F 2°II3
% —F W5+ (55 = D llz =+ 2°I15- (6.6.10)
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Combining (6.6.8)-(6.6.10) and noting (6.6.7) leads to
3 (™) =F wll + S 112(T) —F 23 < (e (”),1) + 5 112° —Ff 23
T T
ﬂ_2 2 2 71.2
+(%—7%)4\m—wahu+(%—L; ) [ —of U a

T
A/ V(W) & (w) — 1lose |w]s |2l dt. (6.6.11)
0

By letting € — 0, we infer from (6.6.11) that

Miw(T) = w5 + 12(T) = 2°[15

T
SCO—Aél/ Jw —F w||3 dt —52/ |z = 2°3 dt, (6.6.12)
0 0

where

Co = (140" () + (1= u®) In(55) . 1) + |12° = 2.

and
5 2mp 0 5 2L +w?) P
S D U 5
On choosing
212 22\
el e
2(L% + 7?) L?

we clearly have d;, 0 > 0. We note that the above choice of ¢ is possible due to

the condition (6.6.3). Now, we have from (6.6.12) that
T
o)~ R <G =i [ = o’} .
o
A7) ~F 21 <Co-b [ Nl f 23 .
0

Thus, the desired result (6.6.4) follows easily from (6.6.13). O

(6.6.13)

Remark 6.6.1 If one were to assume that the integral form of the Gronwall lemma

(2.1.5) was applicable on the inequalities in (6.6.13), one would conclude that

lw(T) —f wll§ < e ™7,
(6.6.14)
12(T) = 2°ll5 < Coe™T,
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which would give exponential decay of the solutions to steady-state constants as
T — oo. In fact, this is not accurate as the integral form of the Gronwall lemma
does not consider negative coefficient of the integral in the right hand side (see the
discussion in Emmrich [31]). Based on such a wrong use of the Gréonwall lemma,
similar results to (6.6.14) has been established incorrectly by Galiano et al. in
[34]. In contrast to [34], in the following example we show that (6.6.13) does not
necessarily imply (6.6.14). In other words, we shall show that the non-negativity of

the function v(s) in (2.1.5) is crucial.

Example 6.6.1 Consider the following L>°(0,7") function

r
e~ L1t if 0<t<r,
u(t) =q e 117 if r<t< B
—t : 13r
L e lf t > q1 0

For 0 <t <r, we note that f'(t) = v/(t) +u(t) = —0.1e " < 0, so f in monotone

decreasing. This implies u(t) < u(0) = 1. In fact,

t t
u(t) +/ u(s) ds = e 11t +/ e M5 ds
0 0

et % (1—e 11t

L (10 +e M) <1, (6.6.15)

13r
FOI'TStST,

t . ,
u(t) +/ u(s) ds =e 117 _|_/ e L1s g +/ R BEE
0 0 :

— efl.lr + % (1 . 6—1.17“) + 6—1.17‘<t _ 7,,)

we have that f/(t) = e 11" > 0 and f increases linearly. In fact,

—11r | 10 (1 _ —11ry , 27 —11r
<e +4 (1—e )+ Tre

= Li2ro-Lir 10 <) (6.6.16)
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For t > £ f'(¢t) =0 and

13r t

t r a1
u(t)—l—/ u(s) ds :6_t+/ e 15 ds +/ e T ds ~|—/ e ® ds
0 0 r 13

11

—13r

_ 10 (1—6_1'1T)+21—I6_1’1T+6 i

10 _ ,—lar 2r —1.1r —1.1r
< (l—e )+ ire +e

= Li2ro-lir 10 < (6.6.17)

Thus we conclude from (6.6.15), (6.6.16) and (6.6.17) that for a.e. t € (0,T")

t
u(t) +/ u(s) ds < u(0)
0
and yet u(t) £ u(0) e in the range ¢t € (2, 2).

11

Although the above example shows that (6.6.14) is not generally valid, the con-

vergence of u(t) to zero is satisfied since we have for ¢ > % that
ult)=e " —0 ast— o0o.

We also note that choosing r larger delays the exponential decay of u(t).
Further, the following example indicates that inequalities such as (6.6.13) do not

necessarily lead to the convergence of w and z to their mean integrals.
Example 6.6.2 Define u to be the L*>(0,7T") function given by

C for te2",2"+27", neN,
u(t) =
0 otherwise.

We have for any ¢ > 0 that
t o0 o0
U(t)—l-/u(s)ds §C+/ u(s)ds:C’jLCZQ—":QC’
0 0 n=1

which is identical to (6.6.13). But the function u(¢) does not converge to 0 as t — oo.

We close the discussion on Theorem 6.6.2 by giving the following remark:
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Remark 6.6.2 We note that the stability condition (6.6.3) requires the domain L
to be sufficiently small. On the other hand, the linear stability study of the linearized
problem of (Q), presented by Aranson et al. [4], reveals that for p > p long-wave
perturbations are unstable. In fact, it has been shown in [4] that perturbations of

ot+ikx

the form e , where 0 € R is the growth rate and k£ € R is the wavenumber of

the perturbation, are unstable only if ;1 > p and

f=1p
< =
A+p

Thus, as observed in [34], for k = 2T the condition becomes

Atp

L? > 472 .
w—=p

(6.6.18)

It can be easily checked that the condition (6.6.3) does not allow (6.6.18) to be
satisfied. This indicates that segregation is more likely if the length L of the domain
is large enough. In fact, it is pointed out in [3] that the segregation phenomena is
expected to occur in a long rotating drum.

For further discussion, we consider the linearized equations of (1.2.1a)-(1.2.1b)

about the origin with appropriate boundary conditions and initial data:

36_@;’ — V- (pVuw-V2), (6.6.19a)
%: V- (Vz+AVw)+pw—z. (6.6.19b)

Multiplying the equations (6.6.19a,b) by A (w — w°) and (2 —+f 2°) respectively,
integrating by parts over €2 and summing the resulting equations yields that

d
—(%Hw—fw%a+wz-ffm)+pxmﬁ+VE:<ww—az—ff»

(6.6.20)

Assuming that p  w® =+ 2% and noting the second inequality in (6.6.9) and (6.6.10)
gives, under the condition (6.6.3), that

d
(Ml = w4112 = f 218) < =Adillo —F 'l - ull: —F 213

< o (Mhw—f 13+ 1l ~F 1B) (6.6.21)
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where §; and J, are the same parameters defined in Theorem 6.6.2 and §, =
min {81, 5} > 0. Multiplying (6.6.21) by e>! and integrating over (0,7) leads

to
Mw(T) = w5 + [[2(T) = 2°lF < Coe™® 7, (6.6.22)

where C, = A ||w® —F w°[|g +|z° = 2°||5. Thus, under the assumption (6.6.3), we
conclude that the linearized solution {w, z} decays exponentially fast towards the
stationary solution {f w’,+ 2°} in L2-norm.

From the above linear stability discussion, one expects if the condition (6.6.3)
holds we will have non-growth solutions of (Q). Actually, in agreement with the
finite difference experiments in [34], our numerical simulations in the next chapter
show that under the conditions of Theorem 6.6.2 the finite element approximations
of w and z converge to the mean integrals of the initial data w® and 2° respectively.
However, this does not contradict Example 6.6.2 as there might be alternative math-
ematical techniques that can be used to treat the proof of Theorem 6.6.2 differently
in order to conclude an explicit convergence of the solutions w and z to steady-state

constants.

The following remark is related to the boundary conditions of problem (Q):

Remark 6.6.3 Our analysis of problem (Q) also works if we consider, instead of
(1.2.1c), the periodic boundary conditions in (6.1.4). In this case, the analysis will
be exactly the same except we only need to replace the finite element space S* by

the space SI}} which is generated by the basis functions {gpm}o‘] ~! defined by:

©po = o+ @y and @, =¢; for j=1,---, J—1,

where {gpj}g is the canonical basis associated with S". The lumped mass matrix
and the stiffness matrix corresponding to the spaces S and S;L can be found in

Appendix A.2.



Chapter 7

The axial segregation model:

Numerical experiments

In this chapter we shall perform some numerical experiments for problem (Q). We
first state a practical algorithm for solving the approximate problem (Q/»2%). Then
we establish and discuss some numerical solutions. As in Chapter 5, the programs

are written in Fortran, see Appendix B.2, and the graphs are generated in Matlab.

7.1 Numerical results

To solve the resulting system of nonlinear algebraic equations, for {WW?, Z”}, arising
at each time level from the approximation (6.3.6a)-(6.3.6b), we use the following

iterative approach:

Given W9 € Sh for k > 1 find {Wm™*F Z*} € Sh x S" such that for all x € S”

P h
(WS ke 1>X> +p (VW Vy) = XA (W2 vZzek vy) =0, (7.1.1a)

Aty

n, n—1 h
(222 0) + (200" + (T2, 9x) + X (VW2 9y)

— (WM (1= W )" (T.11D)

€

For the iterative algorithm (7.1.1a)-(7.1.1b), we start with W2 = 7hw® and Z° =

720 and we set, for n > 1, W0 = Wr~ 1 and Z*° = Z" 1. We also choose

149
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TOL =1 x 1077 and adopt the stopping criteria
Wk — Wkt < TOL and |z — ZMF1 < TOL. (7.1.2)

Hence, for k satisfying (7.1.2), we set W = W™ and Z" = Z™F.

Algebraically, the existence of the solutions of the system (7.1.1a)-(7.1.1b) can
be easily investigated on noting the fact that for a square linear system existence is
equivalent to uniqueness. Practically, to solve the above scheme at each iteration,
we use the basis functions of the space S" to construct a linear system that can
be solved efficiently through linear programming. Later on, in this chapter, we
perform some experiments for discrete periodic boundary conditions; that is when
we consider the space S]ﬁ”, instead of S", in the above iterative algorithm. Although
we have no convergence proof for the iteration (7.1.1a)-(7.1.1b), good convergence
properties have been observed in practice.

Unless otherwise stated, in all simulations we consider a uniform partitioning
of @ = (0,L), with mesh points z; = jh, j = 0,---,J, and uniform time steps
t, =nAt, n = 1,--- ,N. We take J = 512 (ie. h = &), N = 1000 ( i.e.

512
At = and ¢ = 1 x 107, We also consider, as in [4] and [34], the initial

o)
conditions w’(z) = ¢ cos(k x) and 2°(z) = 0 for real numbers ¢ and k.

For the first experiment we took the parameters A = 2, p =1, u = 2, 0 =
1, L =5 and T = 0.5 with initial preseparated state determined by ¢ = 0.85 and
k = SZ. The numerical solutions are plotted in Figure 7.1(a)-(b) at several times.
Since the parameters satisfy the condition (6.6.3), one expects non-growth solutions.
In agreement with what we expect, the solutions in Figure 7.1(a)-(b) decay to zero
as t increases. The overall description of the numerical solutions, W and Z"', n > 1,
can be seen in Figure 7.1(c)-(d). Obviously, the granular materials do not segregate.

To see segregation behaviour, we kept all parameters the same as the previous
experiment, except L = 35 and T' = 50. The solutions are plotted in Figure 7.2(a)-
(b) at several times, and fully described in Figure 7.2(c)-(d). In this experiment,

the length L of the drum was large enough to allow the grains to segregate leading

to a stable array of concentration bands; see Figure 7.2(c).
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(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t).

(¢) Numerical approximation of w(x,t). (d) Numerical approximation of z(z,t).

Figure 7.1: Numerical solution of problem (Q). The parameters are: A = 2, p =
1, p=2,60=1 L=5T=05 N=1000, ¢ =0.85 and k = 5. In (a) and
(b) the numerical solutions are given at several times. In (¢) and (d) the numerical

solutions are presented in the (x,t)-plane for 0 <z < Land 0 <t < T.
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(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t)
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(¢) Numerical approximation of w(x,t). (d) Numerical approximation of z(z,t).

Figure 7.2: Numerical solution of problem (Q). The parameters are: A = 2, p =

l, p=2 60=1, L=351T=50, N=1000, ( =0.85 and k = Z. In (a) and

(b) the numerical solutions are given at several times. In (¢) and (d) the numerical

solutions are presented in the (z,t)-plane.
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To see another interesting behaviour, we repeat the above experiment with the
same parameters, except k = 47“, L = 20 and T' = 500. The solutions are plotted
in Figure 7.3(a)-(b). It can be seen from Figure 7.3(a) that the initial perturbation
decays and after long time the separation starts to occur again obtaining well-

segregated bands.

[N

o

-1.5

(a) Numerical approximation of w(z, t). (b) Numerical approximation of z(z,t).

Figure 7.3: Numerical solution of problem (Q) in the (z,t)-plane. The parameters
are: A\=2, p=1, p=2, 6 =1, L =20, T =500, N = 1000, { = 0.85 and k = 4.

We also solved the iteration (7.1.1a)-(7.1.1b) for the following parameters: A =
100, p = 0.5, u = 40, 6 = 1, ¢ = 0.95 and k£ = 1.8. In Figure 7.4 (a) and
(b) respectively, the solutions W and Z are plotted for L = 2 and 0 < ¢ <
5. The resulting convergence behaviour of the solutions, in Figure 7.4(a)-(b), is
expected from the discussion on Theorem 6.6.2. In Figure 7.5(a)-(b), we did the
same experiment but for L = 60 and 0 < ¢ < 8. In this case, the initial perturbation
produces decaying standing waves which are replaced later by ten segregated bands,

see Figure 7.5(a).
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(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t).
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Figure 7.4: Numerical solution of problem (Q) in the (z,t)-plane. The parameters
are: A = 100, p =05, p =40, 6 =1, L =2, T =5, N = 1000, ¢ = 0.95 and
k=1.8.

o

-30

(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t).

Figure 7.5: Numerical solution of problem (Q) in the (z,t)-plane. The parameters
are: A = 100, p =05, p =40, 6 =1, L =60, T =8, N = 1000, ¢ = 0.95 and
k=18.
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In Figure 7.6(a)-(b) we repeated an experiment performed in [34]. We took
A=2p=2 p=30=1, (=08and k = 4T with L = 30, T = 4000 and
N = 10000. The same experiment, with L = 25 and T" = 1000, is performed in
Figure 7.7(a)-(b). Obviously, the solutions follow different behaviour than those in
Figure 7.6(a)-(b). In fact, both the length of the drum, L, and the wavenumber of
the initial state, k£, have an influence on the dynamics of the materials. For instance,
we note that increasing the length of the drum allows more bands to emerge; see
Figure 7.8(a)-(b). We also note that in the early stages of evolution the solutions
in Figure 7.9(a)-(b) have different families of standing waves than Figure 7.7(a)-(b);
but later the solutions become identical. In agreement with the linear stability anal-
ysis in [4], we found experimentally that the condition 1 > p needs to be satisfied in

order to have size segregation. In this respect, we ran many experiments for different

choices of p and p such that p < p and never observed segregation behaviour.

) — 2.
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(a) Numerical approximation of w(zx,t). (b) Numerical approximation of z(z, ).

Figure 7.6: Numerical solution of problem (Q) in the (z,t)-plane. The parameters
are: A =2, p=2, pn=3, 0=1 L =30, T = 4000, N = 10000, ¢ = 0.8 and

— 4r
k==
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(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t).

Figure 7.7: Numerical solution of problem (Q) in the (z,t)-plane. The parameters
are: A=2, p=2 u=3 6=1, L =25 T = 1000, N = 10000, ¢ = 0.8 and
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(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t).

Figure 7.8: Numerical solution of problem (Q) in the (z,t)-plane. The parameters
are: A=2, p=2 u=3 6=1, L =50, T = 1000, N = 10000, ¢ = 0.8 and
k=&

L
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N

(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t).

Figure 7.9: Numerical solution of problem (Q) in the (z,t)-plane. The parameters
are: A=2, p=2 u=3 6=1, L =25 T = 1000, N = 10000, ¢ = 0.8 and
k=28

L

As mentioned in Remark 6.6.3, the analysis presented in Chapter 6 also works
for periodic boundary conditions. In order to compare the influence of the boundary
conditions on the dynamics of the granular materials, we have repeated some of the
above experiments with the consideration of discrete periodic boundary conditions.
Figure 7.10 shows the numerical solutions corresponding to Figure 7.5. The effect
of the periodic boundary conditions is obvious. Repeating the experiment in Figure
7.10 with double size domain, i.e. L = 120, we obtain periodic solutions which are
identical to the solutions in Figure 7.5 for 60 < x < 120. The influence of the
periodic boundary conditions can be also seen in Figure 7.11 — Figure 7.13 where
the solutions corresponding to Figure 7.7 — Figure 7.9 are plotted respectively. As
indicated in previous experiment, the solutions in Figure 7.12 for 25 < z < 50
behave similarly to the solutions in Figure 7.7. We also repeated the experiments
in Figure 7.2 and Figure 7.6 with periodic boundary conditions, already noting that
the Neumann boundary condition solution appears to be periodic. We found the

results are graphically identical. We indicate that our numerical results for periodic
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boundary conditions are in qualitative agreement with the numerical experimental

observations in [34].
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(a) Numerical approximation of w(z, t). (b) Numerical approximation of z(z,t).

Figure 7.10: As in Figure 7.5 but for periodic boundary conditions.
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(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t).

Figure 7.11: As in Figure 7.7 but for periodic boundary conditions.
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(a) Numerical approximation of w(z,t). (b) Numerical approximation of z(z,t).

Figure 7.12: As in Figure 7.8 but for periodic boundary conditions.
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(a) Numerical approximation of w(z, t). (b) Numerical approximation of z(z,t).

Figure 7.13: As in Figure 7.9 but for periodic boundary conditions.
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Finally, as an attempt to illustrate how the parameter 6 effects the behaviour
of the numerical solutions obtained from (7.1.1a)-(7.1.1b), we have repeated the
experiment in Figure 7.12 for different values of #. We remark that the numerical
solutions behave differently in the early stages of evolution and in the first stages
of the appearance of the stationary bands; see Figure 7.14. As no exact solution to

(Q) is known, we can not decide which value of the parameter 6 is better.

T] [T 0.8 T T“ 0.8
0.6 0.6
0.4 0.4
0.2 0.2
) \ ) {

-0.2 -0.2
-0.4 -0.4
-0.6 -0.6

(a) Numerical approximation of w(z,t). (b) Numerical approximation of w(x,t).

(¢) Numerical approximation of w(z, t). (d) Numerical approximation of w(x,t).

Figure 7.14: The behaviour of w in the (z,t)-plane. The same experiment as in

Figure 7.12(a); except (a) 6 = 0, (b) 8 = 0.25, (¢) § = 0.50 and (d) 6 = 0.75.



Chapter 8

Conclusions

We studied two strongly coupled cross diffusion systems using a finite element
method. The first system, (P), is a population model which represents the move-
ment of two interacting cell populations in d < 3 space dimensions. The second
system, (Q), is proposed in one space dimension to model the axial segregation of
two kinds of granular materials. In the first chapter of the thesis we introduced the
models (P) and (Q) and defined the research objectives. Our study of the model
(P) was executed in four chapters, Chapter 2, 3, 4 and 5, and the rest of the thesis
was devoted to the study of the model (Q).

It was shown using finite element techniques that there exists a global weak so-
lution of the population system (P). A technical replacement was the key to our
study of the system where we considered a truncated alternative problem to (P).
The singular nature of (P) in R=Y has been treated by employing an appropriate
regularization procedure. A well defined entropy inequality of the regularized prob-
lem has been derived. A fully discrete finite element approximation to (P) has been
introduced. The existence of the fully discrete solutions has been shown for suffi-
ciently small time discretization parameter. An analogous discrete inequality has
been obtained and some stability bounds on the approximations have been estab-
lished. By using sequential compactness arguments, the convergence of the finite

element approximate problem has been studied and existence of a non-negative weak

161
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solution for (P) was concluded. Further regularity results have been shown for a
“fully” truncated alternative problem to (P). In the absence of the reaction terms,
some other mathematical results for the model (P) have been discussed. At the end
of our study of the population model (P), we successfully performed some numerical
experiments in one space dimension that support the established theoretical results.

The mathematical analysis used in proving the existence results for (P) has
been briefly adapted to show that there exists a global weak solution of the axial
segregation model (Q). Some uniqueness results have been discussed. An error
bound between the fully discrete and weak solutions of (Q) has been proved. The
long time behaviour of the solutions of (Q) has been investigated. In this respect,
a major hole in the work of others has been uncoverd and discussed. Finally, the
established theoretical results for the model (Q) have been illustrated by performing
some numerical experiments.

Although the axial segregation model (Q) is intrinsically one-dimensional in
space, our mathematical analysis of the model can be naturally extended for d = 2
and 3. However, as the continuous embedding H'(Q2) < L*>() holds only for d = 1,
our uniqueness and error bound analysis of (Q) is not valid for multi-dimensional
spaces; see (6.4.28) and (6.5.15).

Additional regularity, more than we have been able to prove, was required to
complete the uniqueness proof and error bound analysis for problem (Q). Unfortu-
nately, we have been unable to prove the regularity requirement which was essential
to establish these results. However, it might be possible and this is left open for
future investigation. With regard to the problem (P), a considerable idea for ob-
taining uniqueness results is by mimicking the uniqueness study presented for the
model (Q). In this direction, and due to the structure of the model (P), the analysis
will be faced in addition to the regularity requirement by other technical obstacles.
This is also left as an open problem for future work.

Numerically, there are remaining issues that can be investigated but because we

have limited time we leave them for future study. For example, one could try to
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perform numerical experiments for the population model in higher space dimensions.
We were unable to numerically verify the fully discrete error bound for (Q) because
no exact solution is known. However, experimental work that can be done in this
direction is comparing the computed solution on a coarse mesh with that on a fine
mesh. We also might be able to improve the error estimate by adapting the ideas
in Barrett and Blowey [8]. We leave this for future investigation.

In Section 6.6, a note on the use of the Gronwall lemma in [34] was reported. One
of the authors of [34] with others have published another paper for studying the long
time behaviour of solutions of the viscous quantum hydrodynamic equations, see [37].
The analysis in that paper was mainly based on using the Gronwall lemma, similarly
to the wrong application discussed in Section 6.6, to conclude the exponential decay
of the solutions. It would be of interest to investigate the consequences of this
analytical mistake.

The mathematical work in this thesis can be used to analyse other cross diffusion
systems. For example, following similar arguments of replacement to that for (P),
one can improve the analysis presented in [21] and [9]. One could also try to adapt
the techniques employed in this thesis to study the cross diffusion models in [45]
and [39].
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Appendix A

Basic and auxiliary results

A.1 Basic results

Theorem A.1.1 (Schauder’s theorem) Let B be a normed space and let K be
a non-empty convex compact set of B. If f: K — K is a continuous function then

f has at least one fixed point (see [6] page 215).

Theorem A.1.2 (Lax-Milgram) Let H be a Hilbert space and a(-,-) : HxH — R

be a continuous bilinear form which is coercive, i.e., there exists o > 0 such that
a(v,v) > alv||3 Vv € H.
Then for every F' € H' there exists a unique u € H such that
a(u,v) = F(v) Yv € H.

Furthermore, the a priori estimate

1

lullr < = [[F]]ar

!

holds (see, e.g., [59] page 20 and [32] page 83).

Theorem A.1.3 (generalized Lax-Milgram) Let V and W be reflexive Banach
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spaces. Further let a(-,-) : V' x W — R be a continuous bilinear form such that

sup a(v,w) >0 VO#weW,

veV

. a(v, w)
inf  sup ————— >aq,
0£veV owew ||0]|v]|w]|w

where « is a positive constant. Then for every F' € W’ there exists a unique u € V

such that
a(u,w) = F(w) Ywe W,
Furthermore, the following a priori estimate holds:
1
ullv < —[IF][w-
a
For a proof and applications of the theorem, see for example [59] and [32].

Theorem A.1.4 (Gilfand Triple) Let W be a Banach space continuously and

densely embedded in the Hilbert space H. Then

W e H=H — W', H'is dense in W’
and we can write

(frwpraw =(fiw)y VeH, weW.
( See [47], page 103-105).

Definition A.1.5 (Strong convergence) Let X be a normed vector space. Then
T, — x strongly in X if and only if
||z, —z||x = 0 asn— oo.

13

Note that we use “ — 7 to denote strong convergence.

Definition A.1.6 (Weak convergence) Let X be a Banach space. Then z,, — z

weakly in X if and only if
(f,xn) — (f,x) asm — oo forevery f e X',

where (-, ) is the duality pairing between X and X’. Note that we use “ — 7 to

denote weak convergence.
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Definition A.1.7 (Weak-star convergence) Let X be a Banach space. Then

fn —* [ weakly-star in X' if and only if
(fn,z) — (f,x) asn — oo forevery x € X,

where (-, -) is the duality pairing between X and X’. Note that we use “ —=* 7 to

denote weak-star convergence.

Theorem A.1.8 (Weak and weak-star convergence properties) Let X be a
Banach space. The following statements hold:

(i) If x, — z in X then x, — z in X.

(ii) Weak limits are unique, and weakly convergent sequences are bounded.

(iii) Weak-star limits are unique, and weakly-star convergent sequences are bounded.
(iv) If , = x in X then ||z||x < ligriiogf |zl x-

The proof of the above results can be found, for example, in [58] page 102-105.

Theorem A.1.9 (Weak compactness) Let X be a reflexive Banach space, {z,}
a bounded sequence in X. Then it is possible to extract from {z,} a subsequence

which converges weakly in X ( see [26], page 289).

Theorem A.1.10 (Weak-star compactness) Let X be a separable Banach space
and X’ its dual. Then from every bounded sequence in X', it is possible to extract

a subsequence which is weakly-star convergent in X’ ( see [26], page 291).

Theorem A.1.11 (Convergence) If a sequence u,, — u in LP(Q), (1 < p < 00),
then there is a subsequence that converges pointwise to u almost everywhere in (2,

(see, e.g., [58] page 27).

Theorem A.1.12 (Sobolev spaces results) Let m be a non-negative integer and
let 1 < p < 0o. The Sobolev spaces WP () equipped with the associated norms
satisfy the following:

(i) W™P(Q) is a Banach space ( see [57], page 206).

(il) W™P(Q) is separable if p < oo ( see [57], page 206).

(iii) W™P(Q) is reflexive if 1 < p < oo ( see [1], page 47).
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Theorem A.1.13 (Sobolev embedding results) Suppose that 2 is a bounded

domain. For non-negative integers m and k such that m > k, we have
Wma(Q) — WHP(Q)

whenever 1 < p < g < oo ( see, e.g., [17] page 32).

If the domain 2 has a Lipschitz boundary, there are more subtle relations among
the Sobolev spaces. For instance, there are cases when k& < m and p > ¢ and the
above embedding is satisfied. In this direction, we refer to the Sobolev embedding

theorems in [1], [23] and [6].

Theorem A.1.14 (Time-Dependent spaces results) Let X be a Banach space
and let 1 < p < oo. The Sobolev spaces LP(0,T; X) satisfy the following:

(i) L*(0,T;X) is a Banach space ( see [46], page 114-116).

(i) L*(0,7T;X), (p < 00), is separable < X is separable ( see [46], page 118).

(iii) LP(0,7T; X), (1 < p < o0), is reflexive < X is reflexive ( see [46], page 125).

Theorem A.1.15 (Time-Dependent spaces: embedding results) Let X, Y

be Banach spaces with X continuously embedded in Y. Then
LU0, T; X) — LP(0,T;Y), 1<p<g< .
( See, for example, [47] page 132).

Theorem A.1.16 (Density results)

(i) Let ©Q be an open bounded domain in R¢ with a Lipschitz boundary 9Q. Let m
be a non-negative integer and 1 < p < co. Then C*°(Q) is dense in W™P(2), (see,
e.g., [59] page 346).

(ii) Let X be a Banach space and 1 < p < oo. Then C*([0,T]; X) is dense in

LP(0,T; X), (see [46], page 118).
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A.2 Matrices

Consider a uniform partitioning of Q@ = (0, L) with mesh points z; = jh, j =
0,---,J. It can be easily seen that:
(i) The lumped mass matrix, M , and the stiffness matrix, K, corresponding to the

finite element space S are of order J + 1 and given by

$ 0 0 ...0 1 -1 0 ... 0
0 1 0 : -1 2 -1
M=h|o o K=%10 0
0 1 0 -1 2 -1
0 0o o0 2 0 0 -1 1
Therefore,
2 -2 0 0
-1 2 -1
M'K=2%| o 0
-1 2 -1
0 0 -2 2

(ii) The lumped mass matrix, M , and the stiffness matrix, K, corresponding to the

finite element space SI'} are of order J and given by

2 -1 0 0 -1
1 0 0 1 2 -1 0
_ 0 1 0
M=h , K=1
0 0
0 0 1 0 1 2 -1
~1 0 0 -1 2

Therefore, MK =

Sl



Appendix B

Fortran programs

B.1 Solver for the population model

C One dimensional solver for the iteration scheme of problem (P_M)

PROGRAM POPULATION
implicit none
integer nmax,l_d_a
parameter (1_d_a=10,nmax=257)
integer i,n,kb5,m,count,nloops,n_tot,p_loop,loop,
i_max,info,nL,nR,j,k,i1,i2,even_odd,index,lda,
ml,mu,nsub,msub, ipvt (2*nmax) , job,i_count,fix
double precision u(l:nmax,1:2),unm(1l:nmax,1:2),un(l:nmax,1:2),
a(1:2*nmax,1:2*nmax) ,B(1:2*nmax) ,abd(1_d_a,1:2*nmax),
mue(1:2,1:2) ,gamma(1:2) ,h,h2,time,len,t,tol,eps,epse,
mb,me,dd,tau,diff,c,dF,d2F,Cross,v_L,v_R,mult,pi
character*30 datafilel,datafile?2
character*1 numberil
character*2 number?2
character*3 lettertl,lettert2,number3
character*4 number4
C
C Declare the values of some characters (for printing results)
C
letterti="t1_’
lettert2="t2_’
C
C Input some important variables from population.dat
C
C len = length of $0mega$

176
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= number of space steps
final time

ct
]

n = number of time steps
tol = tolerance level for iterative loop
k5 = number of prints

Q Q Q Q@

open(1,status=’01d’,file=’population.dat’)
read(1,*) len
read(1,*) m
read(1,*) t
read(1,*) n
read(1l,*) tol
read(1,*) k5
close(1)

if (mod(n,k5) .ne.0) then
print *, ’Enter k5 - must be a factor of n’
read(5,*) k5

end if

Define some variables

tau = time step

h = space step

count = current time step

time = time level (time = 0, tau, 2tau, ... , t)

nloops = number of iterations for each time step

n_tot = total number of iterations for all time steps combined
eps = the regularization parameter

mb = the constant ’M’ in the truncated problem

QOO0 a0

tau=t/real(n)
print *,m,n,tol
h=len/real(m)
h2=hx**2
count=0
time = 0.0DO
nloops=0
n_tot=0
pi=3.1415926535897932385
eps=1.0D-9
epse=1.0D+00/eps
mb=1.0D+00

C me=epse

C Choose the parameters of the model
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dd=1.0D+00
mue(1,1)=1.0D+00
mue(1,2)=1.0D+00
mue (2,1)=1.0D+00
mue (2,2)=1.0D+00
gamma (1)=1.0D+00
gamma (2)=1.0D+00
C Define and print the initial functions
nlL=0
nR=m
open(10,status=’new’,file="t1_0.dat’)
open(20,status=’"new’ ,file="t2_0.dat’)
do 10 i=1,nR-nL+1
u(i,1)=-0.2D+00*(real(i-1)*h)+1
u(i,2)=1.0D+00
write(10,*) u(i,1)
write(20,%*) u(i,2)
10 continue

close(10)
close(20)
C
C For a band matrix, we define:
C ml = number of diagonals below the main diagonal
C mu = number of diagonals above the main diagonal
C
ml=3
mu=3
lda=2*ml+mu+1
C
C Set U"{1,0} = U~{0} , V~{1,0} = Vv~{0}
C un(.,1) = U™{n,k}, unm(.,1) = U {n,k-1}
C un(.,2) = V°{n,k}, unm(.,2) = V' {n,k-1}
C

do 80 i=1,nR-nL+1
unm(i,1)=u(i,1)
unm(i,2)=u(i,?2)
un(i,1)=u(i,1)
un(i,2)=u(i,?2)
80 continue

C
C We start the print loop to print the results every n/kb5 time steps
C
do 700 p_loop=1,k5
C
C We define the solve loop for each print
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do 800 loop=1,n/k5
C
C This is the beginning of the iterative loop
C Given U"{n-1}, V°{n-1}, U"{n,k-1} and V°{n,k-1} find U {n,k} and V"{n,k}
C
200 nloops=nloops+1
job=0
C We now construct the matrix of the linear system
do 103 i=1,2*(nR-nL+1)
B(i)=0.0
do 102 j=1,2*(nR-nL+1)
AGi,3)=0.0
102 continue
do 104 j=1,1_d_a
abd(j,i) = 0.0
104 continue
103 continue
do 100 i=1,2*(nR-nL+1)
if (i.le.(nR-nL+1)) then
j=2
k=1
me=mb
else
j=1
k=2
me=epse
end if
il=mod(i-1,nR-nL+1)+1

if (i.le.nR-nL+1) then
even_odd=1
else
even_odd=0
end if
if (i.gt.(nR-nL+1)) then
fix=-2
else
fix=0
end if
index=2*il-even_odd
C
C We define the first equation of the iterative algorithm in terms of the
C nodal values
C
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if (i.le.(nR-nL+1)) then
C The row corresponding to the first nodal value of U"{n,k}
if (il.eq.1) then
mult=2.0D+00
v_L=0.0D+00
v_R=mult*C(un(il,k),un(il+1,k),eps,me,dd)*(tau/h2)

A(index, index)=1.0D+00+(v_L+v_R) - (tau*gamma (k) )
+(tauwmue (k,k) *(1.0D+00/d2F (unm(il,k) ,eps,me)))
A(index,index+2)=A(index,index+2)-v_R

v_R=mult*(tau/h2)*Cross(un(il,k) ,un(il+1,k),eps,me)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k)-tau* (mue(k,j)
*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il,j) ,eps,epse))))
else
C The row corresponding to the last nodal value of U”{n,k}

if (il.eq.nR-nL+1) then
mult=2.0D+00
v_R=0.0D+00
v_L=mult*C(un(il-1,k),un(il,k),eps,me,dd)*(tau/h2)

A(index,index)=1.0D+00+(v_L+v_R)-(tau*gamma (k) )
+(tau*mue (k,k)*(1.0D+00/d2F (unm(il,k) ,eps,me)))
A(index,index-2)=A(index,index-2)-v_L

v_L=mult*(tau/h2)*Cross(un(il-1,k),un(il,k),eps,me)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)

A(index,index-1+fix)=A(index,index-1+fix)-v_L

B(index)=(unm(il,k)-taux (mue(k, j)
*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il,j) ,eps,epse))))
else
C The rows corresponding to the rest of the nodal values of U~{n,k}
v_L=C(un(il-1,k),un(il,k),eps,me,dd)*(tau/h2)
v_R=C(un(il1,k),un(il+1,k),eps,me,dd)*(tau/h2)
A(index,index)=1.0D+00+(v_L+v_R)-(tau*gamma (k) )
+(tauxmue (k,k) *(1.0D+00/d2F (unm(il,k) ,eps,me)))
A(index,index-2)=A(index,index-2)-v_L
A(index,index+2)=A(index,index+2)-v_R
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v_L=(tau/h2)*Cross(un(il-1,k),un(il,k) ,eps,me)
v_R=(tau/h2)*Cross(un(il,k) ,un(il+1,k) ,eps,me)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index-1+fix)=A(index,index-1+fix)-v_L
A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k)-tau* (mue(k,j)
*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il, j) ,eps,epse))))

end if
end if
C
C We define the second equation of the iterative algorithm in terms of the
C nodal values
C
else
C The row corresponding to the first nodal value of V™{n,k}
if (il.eq.1) then
mult=2.0D+00
v_L=0.0D+00
v_R=mult*C(un(il,k) ,un(il+1,k),eps,me,dd)*(tau/h2)
A(index,index)=1.0D+00+(v_L+v_R)-(tau*gamma (k) )
A(index,index+2)=A(index,index+2)-v_R

v_R=mult*(tau/h2)*Cross(un(il,k) ,un(il+1,k),eps,me)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k)-tau* (mue (k,k)
*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il,k) ,eps,me))
+mue (k, j)*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il,j) ,eps,mb))))

else
C The row corresponding to the last nodal value of V~{n,k}
if (il.eq.nR-nL+1) then
mult=2.0D+00
v_R=0.0D+00
v_L=mult*C(un(il-1,k),un(il,k),eps,me,dd)*(tau/h2)

A(index,index)=1.0D+00+(v_L+v_R)-(tau*gamma (k) )
A(index,index-2)=A(index,index-2)-v_L
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v_L=mult*(tau/h2)*Cross(un(il-1,k),un(il,k),eps,me)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index-1+fix)=A(index,index-1+fix)-v_L

B(index)=(unm(il,k)-tau* (mue (k,k)
*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il,k) ,eps,me))
+mue (k, j)*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il,j) ,eps,mb))))

else
C The rows corresponding to the rest of the nodal values of V~{n,k}
v_L=C(un(il-1,k),un(il,k),eps,me,dd)*(tau/h2)
v_R=C(un(il,k),un(il+1,k),eps,me,dd)*(tau/h2)
A(index,index)=1.0D+00+(v_L+v_R) - (tau*gamma (k) )
A(index,index-2)=A(index,index-2)-v_L
A(index,index+2)=A(index,index+2)-v_R

v_L=(tau/h2)*Cross(un(il-1,k),un(il,k) ,eps,me)
v_R=(tau/h2)*Cross(un(il,k) ,un(il+1,k) ,eps,me)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index-1+fix)=A(index,index-1+fix)-v_L
A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k)-tau* (mue (k,k)
*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il,k) ,eps,me))
+mue (k, j)*(1.0D+00/d2F (un(il,k) ,eps,me))
*(1.0D+00/d2F (unm(il, j) ,eps,mb))))
end if
end if
end if

100 continue
C

C We define the matrix abd which contains the matrix A in band storage

C
nsub=2* (nR-nL+1)
msub = ml + mu + 1
do 201 j = 1, nsub
i1 = max0(1, j-mu)
i2 = minO(nsub, j+ml)
do 101 1 = i1, i2
k=1-j + msub
abd(k,j) = A(i,j)
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Q Q Q Q Q@

Q Q Q Q

C

C
C
C

101 continue
201 continue

We now call the subroutine DGBFA to factor the band matrix A using Gaussian
elimination. Then we call the subroutine DGBSL to solve the band system
AxX=B using the factors computed by DGBFA. The subroutines DGBFA and DGBSL
can be found in reference [27].

CALL DGBFA(abd,lda,nsub,ml,mu,ipvt,info)
CALL DGBSL(abd,lda,nsub,ml,mu,ipvt,b,job)

Check if diff = max {\IU"{n,k}-U"{n,k-1}\|, \IV"{n,k}-V"{n,k-1}\|} < tol
Reset unm(.,1) = U™ {n,k} and unm(.,2) = V'{n,k} for the next time level
diff=0.0DO0
i_max=0
do 260 i=1,2*(nR-nL+1)
if (mod(i-1,2).eq.0) then
i_count=(i-1)/2+1
if (diff.lt.dabs(un(i_count,1)-B(i))) then
diff=dabs(un(i_count,1)-B(i))
i_max=i
end if
un(i_count,1)=B(i)
else
i_count=i/2
if (diff.lt.dabs(un(i_count,2)-B(i))) then
diff=dabs(un(i_count,2)-B(i))
i_max=i
end if
un(i_count,2)=B(i)
end if
B(i)=0.0
260 continue
and if diff > tol then repeat iterative loop

if (mod(nloops,10).eq.0) print *,nloops,diff,i_max
write(21,*) diff
if (diff.gt.tol) goto 200

This is the end of the iterative loop
if (mod(loop-1,10).eq.0) then

print *,p_loop, loop, nloops, diff
end if
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C Set U'{n-1}=U"{n,k} and V" {n-1}=V-"{n,k}

C
do 270 i=1,nR-nL+1
unm(i,1)=un(i, 1)
unm(i,2)=un(i,2)
270 continue
C
C Store total number of iterations in n_tot
C
n_tot=n_tot+nloops
nloops=0
if (mod(loop,1000).eq.0) print *,n_tot
time=time+tau
count=count+1
800 continue
C

C Printing the results:
C We first identify a location for the output according to the size of p_loop
C
if (p_loop.le.9) then
write (number1,910) p_loop
datafilel =lettertl//numberl//’.dat’
datafile2 =lettert2//numberl//’.dat’
else
if (p_loop.le.99) then
write(number2,920) p_loop
datafilel =lettertl//number2//’.dat’
datafile2 =lettert2//number2//’.dat’
else
if (p_loop.le.999) then
write (number3,930) p_loop
datafilel =lettertl//number3//’.dat’
datafile2 =lettert2//number3//’.dat’
else
write (number4,940) p_loop
datafilel =lettertl//number4//’.dat’
datafile2 =lettert2//number4//’.dat’
end if
end if
endif
C
C We store the solutions in the appropriate files (U~{p_loop} and V- {p_loop}
C will be stored in the data files t1_(p_loop) and t2_(p_loop) respectively)
C
open(l,status="new’,file=datafilel)
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640

700

910
920
930
940

open(2,status=’new’,file=datafile?2)
do 640 i=1,nR-nL+1
if (mod(i-1,1).eq.0) then
write(1l,*) un(i,1)
write(2,*) un(i,?2)
end if
continue
close(1)
close(2)

continue

print *, n_tot

format (il)
format (i2)
format (i3)
format (i4)
stop
end

C This function calculates the diffusion coefficient

C

C

DOUBLE PRECISION FUNCTION C(uL,uR,eps,me,dd)

implicit none

double precision uL,uR,eps,me,dd,dF,d2F

if (abs(uR-ul).1t.1D-12) then
c=dd+1.0D+00/d2F (uR, eps,me)

else
c=dd+(uR-ul) / (dF (uR, eps,me) -dF (uL,eps,me) )

endif

end

C This function calculates the cross diffusion coefficient

C

DOUBLE PRECISION FUNCTION Cross(ulL,ulR,eps,me)
implicit none
double precision ulL,ulR,eps,me,dF,d2F
if (abs(ulR-ull).1lt.1D-12) then
Cross=1.0D+00/ (d2F (ulR,eps,me))
else
Cross=(ulR-ull)/(dF (ulR,eps,me)-dF (ulL,eps,me))
endif
end
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C
C The first derivative of the function F ( or G )
C
DOUBLE PRECISION FUNCTION dF(s,eps,me)
implicit none
double precision s,eps,me
if (s.lt.eps) then
dF=dlog(eps)+(s-eps)/eps
else
if (s.ge.me) then
dF=dlog(me)+(s-me)/me
else
dF=dlog(s)
end if
end if
end

C The second derivative of the function F ( or G )

DOUBLE PRECISION FUNCTION d2F(s,eps,me)
implicit none
double precision s,eps,me
if (s.lt.eps) then
d2F=1.0D+00/eps
else
if (s.ge.me) then
d2F=1.0D+00/me
else
d2F=1.0D+00/s
end if
end if
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B.2 Solver for the axial segregation model

B.2.1 With Neumann boundary conditions

C Program to solve the iteration scheme of problem (Q)

C with Neumann boundary conditions

PROGRAM AXTAL

implicit none

integer nmax,l_d_a

parameter (1_d_a=10,nmax=513)

integer i,n,k5,m,count,nloops,n_tot,p_loop,loop,
i_max,info,nL,nR,j,k,i1,i2,even_odd,index,lda,
ml,mu,nsub,msub, ipvt (2*nmax) , job,i_count,fix

double precision u(l:nmax,1:2),unm(1:nmax,1:2),un(1:nmax,1:2),
a(1:2*nmax,1:2*nmax) ,B(1:2*nmax) ,abd(1_d_a,1:2*nmax),len,t,
tol,eps,lambda,mue,theta,tau,h,h2,time,pi,diff,dP,d2P,rho,
Cross,v_L,v_R,mult

character*30 datafilel,datafile?2

character*1 numberil

character*2 number?2

character*3 lettertl,lettert2,number3

character*x4 number4

Q

Declare the values of some characters (for printing results)

lettertl="t1_’
lettert2="t2_°

Input some important variables from population.dat

len = length of $0mega$
= number of space steps
t = final time
n = number of time steps
tol = tolerance level for iterative loop
k6 = number of prints

QOO aaQ

open(1,status=’0ld’,file=’axial.dat’)
read(1,*) len
read(1,%) m
read(1,*) t
read(1,*) n
read(1,*) tol
read(1,*) k5
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close(1)
C
if (mod(n,k5).ne.0) then
print *, ’Enter kb - must be a factor of n’
read(5,*) k5
end if
C
C Define some variables
C
C tau = time step
Ch = space step
C count = current time step
C time = time level (time = 0, tau, 2tau, ... , t)
C nloops = number of iterations for each time step
C n_tot = total number of iterations for all time steps combined
C eps = the regularization parameter
C

tau=t/real(n)
print *,m,n,tol
h=len/real (m)
h2=hx**2
count=0
time = 0.0DO
nloops=0
n_tot=0
pi=3.1415926535897932385
eps=1.0D-9
C Choose the parameters of the model
lambda=2.0D+00
rho=2.0D+00
mue=3.0D+00
theta=1.0D+00
C Define and print the initial functions
nlL=0
nR=m
open(10,status=’new’ ,file="t1_0.dat’)
open(20,status=’new’,file=’t2_0.dat’)
do 10 i=1,nR-nL+1
u(i,1)=0.80D+00*cos (4.0D+00*real(i-1)*h*pi/len)
u(i,2)=0.0D+00

write(10,*) u(i,1)
write(20,*) u(i,?2)

10 continue
close(10)
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close(20)

C
C For a band matrix, we define:
C ml = number of diagonals below the main diagonal
C mu = number of diagonals above the main diagonal
C

ml=3

mu=3

lda=2*ml+mu+1
C
C Set Ww™{1,0} = w~{0} , Z2°{1,0} = Z~{0}
C un(.,1) = W {n,k}, unm(.,1) = W{n,k-1}
C un(.,2) = Z°{n,k}, unm(.,2) = Z°{n,k-1}
C

do 80 i=1,nR-nlL+1

unm(i,1)=u(i,1)

unm(i,2)=u(i,?2)

un(i,1)=u(i,1)

un(i,2)=u(i,?2)
80 continue
C
C We start the print loop to print the results every n/kb5 time steps
C

do 700 p_loop=1,k5

C
C We define the solve loop for each print
C
do 800 loop=1,n/k5
C

C This is the beginning of the iterative loop
C Given W™ {n-1}, Z"{n-1} and W {n,k-1} find W {n,k} and Z"{n,k}
C
200 nloops=nloops+1
job=0
C We now construct the matrix of the linear system
do 103 i=1,2*(nR-nL+1)
B(i)=0.0
do 102 j=1,2%(nR-nL+1)
A(i,j)=0.0
102 continue
do 104 j=1,1_d_a
abd(j,i) = 0.0
104 continue
103 continue
do 100 i=1,2*(nR-nL+1)
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C

if (i.le.(nR-nL+1)) then
j=2
k=1
else
j=1
k=2
end if
il=mod(i-1,nR-nL+1)+1

if (i.le.nR-nL+1) then
even_odd=1

else
even_odd=0

end if

if (i.gt.(nR-nL+1)) then
fix=-2

else
fix=0

end if

index=2*il-even_odd

C We define the first equation of the iterative algorithm in terms of the

C nodal values

C

C The row corresponding to the last nodal value of W™ {n,k}

if (i.le.(nR-nL+1)) then
C The row corresponding to the first nodal value of W™ {n,k}

if (il.eq.1) then
mult=2.0D+00
v_L=0.0D+00
v_R=mult*rho*(tau/h2)

A(index,index)=1.0D+00+(v_L+v_R)
A(index,index+2)=A(index,index+2)-v_R

v_R=multx*(-lambda) *(tau/h2)

*Cross(un(il,k) ,un(il+1,k),eps,lambda)
A(index,index+1+fix)=A(index, index+1+fix)+(v_L+v_R)
A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k))
else

if (il.eq.nR-nL+1) then
mult=2.0D+00
v_R=0.0D+00
v_L=mult*rho*(tau/h2)



B.2. Solver for the axial segregation model 191

A(index,index)=1.0D+00+(v_L+v_R)
A(index,index-2)=A(index,index-2)-v_L

v_L=mult*(-lambda)*(tau/h2)

*Cross(un(il-1,k) ,un(il,k),eps,lambda)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index-1+fix)=A(index,index-1+fix)-v_L

B(index)=(unm(il,k))

else
C The rows corresponding to the rest of the nodal values of W {n,k}
v_L=rho*(tau/h2)
v_R=rho*(tau/h2)
A(index,index)=1.0D+00+(v_L+v_R)
A(index,index-2)=A(index,index-2)-v_L
A(index,index+2)=A(index, index+2)-v_R

v_L=(tau/h2) * (-lambda) *Cross (un(il-1,k) ,un(il,k) ,eps,lambda)
v_R=(tau/h2) * (-lambda) *Cross (un(il,k) ,un(il+1,k) ,eps,lambda)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index-1+fix)=A(index,index-1+fix)-v_L
A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k))
end if
end if
C
C We define the second equation of the iterative algorithm in terms of the
C nodal values
C
else
C The row corresponding to the first nodal value of Z~{n,k}
if (il.eq.1) then
mult=2.0D+00
v_L=0.0D+00
v_R=multx*(tau/h2)
A(index,index)=1.0D+00+tau+(v_L+v_R)
A(index,index+2)=A(index,index+2)-v_R

v_R=mult*(tau/h2)*lambda

A(index,index+1+fix)=A(index,index+1+fix)
+(v_L+v_R-tau*muextheta)

A(index,index+3+fix)=A(index,index+3+fix)-v_R
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B(index)=(unm(il,k)+tau*mue* (1.0D+00-theta)*unm(il, j))

else
C The row corresponding to the last nodal value of Z“{n,k}

if (il.eq.nR-nL+1) then
mult=2.0D+00
v_R=0.0D+00
v_L=mult*(tau/h2)
A(index,index)=1.0D+00+tau+(v_L+v_R)
A(index,index-2)=A(index,index-2)-v_L

v_L=mult*(tau/h2)*lambda

A(index,index+1+fix)=A(index,index+1+fix)
+(v_L+v_R-tau*muextheta)

A(index,index-1+fix)=A(index,index-1+fix)-v_L

B(index)=(unm(il,k)+tau*mue* (1.0D+00-theta)*unm(il, j))
else

C The rows corresponding to the rest of the nodal values of Z"{n,k}
v_L=tau/h2
v_R=tau/h2
A(index,index)=1.0D+00+tau+(v_L+v_R)
A(index,index-2)=A(index,index-2)-v_L
A(index,index+2)=A(index,index+2)-v_R

v_L=(tau/h2) *lambda

v_R=(tau/h2) *lambda

A(index,index+1+fix)=A(index,index+1+fix)
+(v_L+v_R-tauxmue*theta)

A(index,index-1+fix)=A(index,index-1+fix)-v_L

A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k)+tau*mue*(1.0D+00-theta)*unm(il, j))
end if
end if
end if

100 continue
C

C We define the matrix abd which contains the matrix A in band storage
C
nsub=2% (nR-nL+1)
msub = ml + mu + 1
do 201 j = 1, nsub
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il

i2 = minO(nsub, j+ml)

do 101 i = i1, i2
k=1-j + msub
abd(k,j) = A(i,j)

max0(1, j-mu)

101 continue

201 continue
C
C We now call the subroutine DGBFA to factor the band matrix A using Gaussian
C elimination. Then we call the subroutine DGBSL to solve the band system
C AxX=B using the factors computed by DGBFA. The subroutines DGBFA and DGBSL
C can be found in reference [27].
C

CALL DGBFA(abd,lda,nsub,ml,mu,ipvt,info)
CALL DGBSL(abd,lda,nsub,ml,mu,ipvt,b,job)

Check if diff = max {\IW {n,k}-W{n,k-1}\I|, \IZ°{n,k}-Z"{n,k-1}\|} < tol
Reset unm(.,1) = W {n,k} and unm(.,2) = Z"{n,k} for the next time level

Q Q Q Q

diff£=0.0DO
i_max=0
do 260 i=1,2*(nR-nL+1)
if (mod(i-1,2).eq.0) then
i_count=(i-1)/2+1
if (diff.lt.dabs(un(i_count,1)-B(i))) then
diff=dabs(un(i_count,1)-B(i))
i_max=i
end if
un(i_count,1)=B(i)
else
i_count=i/2
if (diff.lt.dabs(un(i_count,2)-B(i))) then
diff=dabs(un(i_count,2)-B(i))
i_max=i
end if
un(i_count,2)=B(i)
end if
B(i)=0.0
260 continue
C and if diff > tol then repeat iterative loop
if (mod(nloops,10).eq.0) print *,nloops,diff,i_max
write(21,*) diff
if (diff.gt.tol) goto 200
C
C This is the end of the iterative loop
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C
if (mod(loop-1,10).eq.0) then
print *,p_loop, loop, nloops, diff
end if
C
C Set W {n-1}=W"{n,k} and Z"{n-1}=Z"{n,k}
C
do 270 i=1,nR-nL+1
unm(i,1)=un(i,1)
unm(i,2)=un(i,2)
270 continue
C
C Store total number of iterations in n_tot
C
n_tot=n_tot+nloops
nloops=0
if (mod(loop,1000).eq.0) print *,n_tot
time=time+tau
count=count+1
800 continue
C

C Printing the results:
C We first identify a location for the output according to the size of p_loop
C
if (p_loop.le.9) then
write(number1,910) p_loop
datafilel =lettertl//numberil//’.dat’
datafile2 =lettert2//numberl//’.dat’
else
if (p_loop.le.99) then
write (number2,920) p_loop
datafilel =lettertl//number2//’.dat’
datafile2 =lettert2//number2//’.dat’
else
if (p_loop.le.999) then
write (number3,930) p_loop
datafilel =lettertl//number3//’.dat’
datafile2 =lettert2//number3//’.dat’
else
write (number4,940) p_loop
datafilel =lettertl//number4//’.dat’
datafile2 =lettert2//number4//’.dat’
end if
end if
endif
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C
C We store the solutions in the appropriate files (W™ {p_loop} and Z~{p_loop}
C will be stored in the data files t1_(p_loop) and t2_(p_loop) respectively)
C
open(1l,status="new’,file=datafilel)
open(2,status="new’ ,file=datafile?2)
do 640 i=1,nR-nL+1
if (mod(i-1,1).eq.0) then
write(1,*) un(i,1)
write(2,*) un(i,2)
end if
640 continue
close(1)
close(2)

700 continue
C print *, n_tot

910 format(il)
920 format(i2)
930 format(i3)
940 format(i4d)

stop

end
C
C ___________________________________________________
C

C This function calculates the cross diffusion coefficient
C
DOUBLE PRECISION FUNCTION Cross(ulL,ulR,eps,lambda)
implicit none
double precision ullL,ulR,eps,lambda,dP,d2P
if (abs(uiR-uil).1t.1D-12) then
Cross=1.0D+00/(d2P (ulR,eps,lambda))

else
Cross=(ulR-ull)/(dP(ulR,eps,lambda)-dP(ull,eps,lambda))
endif
end
C
C The first derivative of the function Phi
C

DOUBLE PRECISION FUNCTION dP(s,eps,lambda)
implicit none

double precision s,eps,lambda

if (s.ge.(1.0D+00-eps)) then
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dP=(lambda/2.0D+00)*(1.0D+00+dlog(1.0D+00+s)
-(1.0D+00/eps) *(1.0D+00-s)-dlog(eps))
else
if (s.1t.(eps-1.0D+00)) then
dP=(lambda/2.0D+00) * (dlog(eps)+(1.0D+00/eps) * (1.0D+00+s)
-dlog(1.0D+00-s)-1.0D+00)
else
dP=(1lambda/2.0D+00) * (d1og(1.0D+00+s)-dlog(1.0D+00-s))
end if
end if
end

C The second derivative of the function Phi

DOUBLE PRECISION FUNCTION d2P(s,eps,lambda)
implicit none
double precision s,eps,lambda
if (s.ge.(1.0D+00-eps)) then
d2P=(lambda/2.0D+00)*(1.0D+00/ (1.0D+00+s)+1.0D+00/eps)
else
if (s.1t.(eps-1.0D+00)) then
d2P=(lambda/2.0D+00) *(1.0D+00/ (1.0D+00-s)+1.0D+00/eps)
else
d2P=lambda/ (1.0D+00-(s**2))
end if
end if

B.2.2 With periodic boundary conditions

C Program to solve the iteration scheme of problem (Q)
C with periodic boundary conditions

PROGRAM AXTAL

implicit none

integer nmax

parameter (nmax=512)

integer i,n,k5,m,count,nloops,n_tot,p_loop,loop,
i_max,info,nL,nR,j,k,i1,i2,even_odd,index,lda,
ml,mu, ipvt (2*nmax) , job,i_count,fix

double precision u(l:nmax,1:2),unm(1:nmax,1:2),un(1:nmax,1:2),
a(2%nmax,1:2*nmax) ,B(1:2*nmax),len,t,tol,eps,lambda,mue,
theta,tau,h,h2,time,pi,diff,dP,d2P,rho,Cross,v_L,v_R
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character*30 datafilel,datafile?2
character*1 numberil

character*2 number?2

character*3 lettertl,lettert2,number3

characterx4 number4

Q

Declare the values of some characters (for printing results)

lettertl="t1_’
lettert2="t2_"

Input some important variables from population.dat

len = length of $0mega$

= number of space steps

final time

n = number of time steps

tol = tolerance level for iterative loop

k5 = number of prints

QO
ct
]

open(l,status=’0l1d’ ,file=’axial.dat’)
read(1,*) len
read(1,%) m
read(1,*) t
read(1,*) n
read(1,*) tol
read(1,*) k5
close(1)

if (mod(n,k5).ne.0) then
print *, ’Enter kb - must be a factor of n’
read(5,%*) k5

end if

Define some variables

C

C

C

C tau = time step

Ch = space step

C count = current time step

C time = time level (time = 0, tau, 2tau, ... , t)
C nloops = number of iterations for each time step
C n_tot = total number of iterations for all time steps combined
C eps = the regularization parameter

C
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tau=t/real(n)
print *,m,n,tol
h=len/real (m)
h2=hx**2
count=0
time = 0.0DO
nloops=0
n_tot=0
pi=3.1415926535897932385
eps=1.0D-9
C Choose the parameters of the model
lambda=2.0D+00
rho=2.0D+00
mue=3.0D+00
theta=1.0D+00
C Define and print the initial functions
nlL=0
nR=m-1
open(10,status=’new’,file="t1_0.dat’)
open(20,status=’new’,file="t2_0.dat’)
do 10 i=1,nR-nL+1
u(i,1)=0.80D+00*cos (4.0D+00*real(i-1)*h*pi/len)
u(i,2)=0.0D+00
write(10,*) u(i,1)
write(20,*) u(i,2)
10 continue
C the following two lines are added to pint w(L,.):=w(0,.) and z(L,.):=2(0,.)
write(10,*) u(1,1)
write(20,*) u(1,2)
close(10)
close(20)
C Define the dimension of the matrix of the linear system
1da=2* (nR-nL+1)
print *, nL,nR,nR-nlL+1,1da

C

C Set W*{1,0} = w*{0} , Z2°{1,0} = 2z~{0}

C un(.,1) = W {n,k}, unm(.,1) = W {n,k-1}
C un(.,2) = Z°{n,k}, unm(.,2) = Z°{n,k-1}
C

do 80 i=1,nR-nL+1
unm(i,1)=u(i,1)
unm(i,2)=u(i,?2)
un(i,1)=u(i,1)
un(i,2)=u(i,?2)
80 continue
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C
C We start the print loop to print the results every n/kb5 time steps
C

do 700 p_loop=1,k5
C
C We define the solve loop for each print
C

do 800 loop=1,n/k5

C
C This is the beginning of the iterative loop
C Given W™ {n-1}, Z"{n-1} and W {n,k-1} find W {n,k} and Z"{n,k}
C
200 nloops=nloops+1

job=0
C We now construct the matrix of the linear system
do 103 i=1,2*(nR-nL+1)

B(i)=0.0
do 102 j=1,2*(nR-nL+1)
A(i,3)=0.0
102 continue
103 continue

do 100 i=1,2*x(nR-nL+1)
if (i.le.(nR-nL+1)) then
j=2
k=1
else
j=1
k=2
end if
il=mod(i-1,nR-nL+1)+1

if (i.le.nR-nL+1) then
even_odd=1
else
even_odd=0
end if
if (i.gt.(nR-nL+1)) then
fix=-2
else
fix=0
end if
index=2%*il-even_odd
C
C We define the first equation of the iterative algorithm in terms of the
C nodal values
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if (i.le.(nR-nL+1)) then
C The row corresponding to the first nodal value of W {n,k}
if (il.eq.1) then

v_L=rho*(tau/h2)
v_R=rho*(tau/h2)
A(index,index)=1.0D+00+(v_L+v_R)
A(index,index+2)=A(index,index+2)-v_L
A(index,m+m-1)=A(index,m+m-1)-v_R
v_L=(-lambda)* (tau/h2)

*Cross(un(il,k) ,un(il+1,k),eps,lambda)
v_R=(-lambda) * (tau/h2)

*Cross(un(m,k) ,un(il,k),eps,lambda)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index+3+fix)=A(index, index+3+fix)-v_L

A(index,m+m)=A(index,m+m)-v_R

B(index)=(unm(il,k))
else
C The row corresponding to the "pre-last" nodal value of W™{n,k}

if (il.eq.nR-nL+1) then
v_R=rho*(tau/h2)
v_L=rho*(tau/h2)
A(index,index)=1.0D+00+(v_L+v_R)
A(index,index-2)=A(index,index-2)-v_L
A(index,1)=A(index,1)-v_R

v_L=(-lambda) * (tau/h2)

*Cross(un(il-1,k),un(il,k),eps,lambda)
v_R=(-lambda) * (tau/h2)

*Cross(un(il,k) ,un(1,k),eps,lambda)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index-1+fix)=A(index,index-1+fix)-v_L
A(index,2)=A(index,2)-v_R

B(index)=(unm(il,k))

else
C The rows corresponding to the rest of the nodal values of W™{n,k}
v_L=rho*(tau/h2)
v_R=rho*(tau/h2)
A(index,index)=1.0D+00+(v_L+v_R)
A(index,index-2)=A(index,index-2)-v_L
A(index,index+2)=A(index,index+2)-v_R
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v_L=(tau/h2) * (-lambda) *Cross (un(il-1,k) ,un(il,k) ,eps,lambda)
v_R=(tau/h2) * (-lambda) *Cross (un(il,k) ,un(il+1,k) ,eps,lambda)
A(index,index+1+fix)=A(index,index+1+fix)+(v_L+v_R)
A(index,index-1+fix)=A(index,index-1+fix)-v_L
A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k))
end if
end if
C
C We define the second equation of the iterative algorithm in terms of the
C nodal values
C
else
C The row corresponding to the first nodal value of Z~{n,k}
if (il.eq.1) then
v_L=tau/h2
v_R=tau/h2
A(index,index)=1.0D+00+tau+(v_L+v_R)
A(index,index+2)=A(index,index+2)-v_L
A(index,m+m)=A(index,m+m)-v_R
v_L=(tau/h2) *lambda
v_R=(tau/h2) *lambda
A(index,index+1+fix)=A(index,index+1+fix)
+(v_L+v_R-tau*muextheta)
A(index,index+3+fix)=A(index,index+3+fix)-v_L
A(index,m+m-1)=A(index,m+m-1)-v_R

B(index)=(unm(il,k)+tau*mue*(1.0D+00-theta)*unm(il,j))

else
C The row corresponding to the "pre-last" nodal value of Z"{n,k}
if (il.eq.nR-nL+1) then
v_R=(tau/h2)
v_L=(tau/h2)
A(index,index)=1.0D+00+tau+(v_L+v_R)
A(index,index-2)=A(index,index-2)-v_L
A(index,2)=A(index,2)-v_R
v_L=(tau/h2) *lambda
v_R=(tau/h2) *lambda
A(index,index+1+fix)=A(index,index+1+fix)
+(v_L+v_R-tau*muextheta)
A(index,index-1+fix)=A(index,index-1+fix)-v_L
A(index,1)=A(index,1)-v_R
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B(index)=(unm(il,k)+tau*mue*(1.0D+00-theta)*unm(il,j))

C The rows corresponding to the rest of the nodal values of Z"{n,k}
else

v_L=tau/h2

v_R=tau/h2

A(index,index)=1.0D+00+tau+(v_L+v_R)

A(index,index-2)=A(index,index-2)-v_L

A(index,index+2)=A(index,index+2)-v_R

v_L=(tau/h2) *lambda

v_R=(tau/h2) *lambda

A(index,index+1+fix)=A(index,index+1+fix)
+(v_L+v_R-tau*muextheta)

A(index,index-1+fix)=A(index,index-1+fix)-v_L

A(index,index+3+fix)=A(index,index+3+fix)-v_R

B(index)=(unm(il,k)+tau*mue*(1.0D+00-theta)*unm(il, j))

end if
end if
end if
100 continue
C
C We now call the subroutine DGEFA to factor the matrix A using Gaussian
C elimination. Then we call the subroutine DGESL to solve the system A*xX=B
C using the factors computed by DGEFA. The subroutines DGBFA and DGBSL can
C be found in reference [27].
C
CALL DGEFA(A,lda,lda,ipvt,info)
CALL DGESL(A,lda,lda,ipvt,b,job)
C
C Check if diff = max {\|W {n,k}-W {n,k-13\I, \1Z2"{n,k}-Z"{n,k-1}\I} < tol
C Reset unm(.,1) = W {n,k} and unm(.,2) = Z"{n,k} for the next time level
C
diff£=0.0DO0
i_max=0

do 260 i=1,2*(nR-nL+1)
if (mod(i-1,2).eq.0) then
i_count=(i-1)/2+1
if (diff.lt.dabs(un(i_count,1)-B(i))) then
diff=dabs(un(i_count,1)-B(i))
i_max=i
end if
un(i_count,1)=B(i)
else
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i_count=i/2
if (diff.lt.dabs(un(i_count,2)-B(i))) then
diff=dabs(un(i_count,2)-B(i))
i_max=i
end if
un(i_count,2)=B(i)
end if
B(i)=0.0
260 continue
C and if diff > tol then repeat iterative loop
if (mod(nloops,10).eq.0) print *,nloops,diff,i_max
write(21,*) diff
if (diff.gt.tol) goto 200

C
C This is the end of the iterative loop
C
if (mod(loop-1,10).eq.0) then
print *,p_loop, loop, nloops, diff
end if
C
C Set W {n-1}=W"{n,k} and Z"{n-1}=Z"{n,k}
C
do 270 i=1,nR-nL+1
unm(i,1)=un(i, 1)
unm(i,2)=un(i,2)
270 continue
C
C Store total number of iterations in n_tot
C
n_tot=n_tot+nloops
nloops=0
if (mod(loop,1000).eq.0) print *,n_tot
time=time+tau
count=count+1
800 continue
C

C Printing the results:
C We first identify a location for the output according to the size of p_loop
C
if (p_loop.le.9) then
write (number1,910) p_loop
datafilel =lettertl//numberl//’.dat’
datafile2 =lettert2//numberl//’.dat’
else
if (p_loop.le.99) then
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write (number2,920) p_loop
datafilel =lettertl//number2//’.dat’
datafile2 =lettert2//number2//’.dat’
else
if (p_loop.le.999) then
write (number3,930) p_loop
datafilel =lettertl//number3//’.dat’
datafile2 =lettert2//number3//’.dat’
else
write (number4,940) p_loop
datafilel =lettertl//number4//’.dat’
datafile2 =lettert2//number4//’.dat’
end if
end if
endif
C
C We store the solutions in the appropriate files (W {p_loop} and Z {p_loop}
C will be stored in the data files t1_(p_loop) and t2_(p_loop) respectively)
C
open(l,status=’new’,file=datafilel)
open(2,status="new’,file=datafile?2)
do 640 i=1,nR-nL+1
if (mod(i-1,1).eq.0) then
write(1l,*) un(i,1)
write(2,*) un(i,?2)
end if
640 continue
C the following two lines are added to pint w(L,.):=w(0,1) and z(L,.):=2(0,.)
write(1,*) un(1,1)
write(2,*) un(1,2)
close(1)
close(2)

700 continue

910 format(il)

920 format(i2)

930 format(i3)

940 format(i4)
stop



