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Abstract

This thesis studies the quantum reflection factor of the sinh-Gordon model under
boundary conditions consistent with integrability. First, we review the affine Toda
field theory in Chapter One. In particular, the classical and quantum integrability
of the theory are reviewed on the whole line and on the half-line as well, that is, in
the presence of a boundary.

We next consider the sinh-Gordon model which is restricted to a half-line by
boundary conditions maintaining integrability in Chapter Two. A perturbative cal-
culation of the reflection factor is given to one loop order in the bulk coupling and
to first order in the difference of the two parameters introduced at the boundary.
The result provides a further verification of Ghoshal’s formula. The calculation is
consistent with a conjecture for the general dependence of the reflection factor on
the boundary parameters and the bulk coupling.

In Chapter Three, quantum corrections to the classical reflection factor of the
sinh-Gordon model are studied up to second order in the difference of boundary
data and to one loop order in the bulk coupling.

Chapter Four deals with the quantum reflection factor for the sinh-Gordon model
with general boundary conditions. The model is studied under boundary conditions
which are compatible with integrability and in the framework of the conventional
perturbation theory generalised to the affine Toda field theory. It is found that
the general form of a subset of the related quantum corrections are hypergeometric
functions.

Finally, we sum up this thesis in Chapter Five along with some conclusions and

suggestions for further future studies.
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Chapter 1

Introduction

1.1 Affine Toda field theory

Affine Toda field theory [1,2] is an integrable quantum field theory in two-dimensional
Minkowski space-time. In this theory r scalar fields take values in an r-dimensional
Euclidean space which is spanned by the simple roots of a compact semi-simple Lie

algebra g with rank r. The candidates for the Lie algebra of the theory are:
Qn, bn, Cn, dn, E67 E7) ES; F4) GZ

the above algebras are the classical Lie algebras that were, historically for the first
time, classified by Cartan [3].
The Lagrangian density for the classical field theory is defined as

L= %amaaﬂgba ~V(9), a=1,..,r (1.1)

in which

m?2
V(g) = = > il (1.2)
'B 1=0
In the potential function m and 3 are a mass scale and a coupling constant of the

theory, respectively. The vectors q;, i=1,...,r are the simple roots of the Lie algebra

g and oy is a linear combination of the simple roots, i.e.:

Qg = — Zn,a, (13)
i=1
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Here ny = 1 conventionally, however, the other integers are not arbitrary, in fact,
they depend on the algebraic structure of the Lie algebra g [4]. From the point of
view of integrability, there are infinitely many independent conserved quantities in
involution which are called charges.

In terms of the Dynkin diagrams for untwisted and twisted affine Kac-Moody
algebra [5], ay is the extra spot on Dynkin-Kac diagrams. Moreover for the untwisted
algebra, the special root oy, which is called the affine root, is equal to the minus of
highest root, that is,

ap = —1. (1.4)

In fact, in the adjoint representation oy corresponds to the lowest weight because
the weights of the adjoint representation are the roots. Meanwhile it is evident that
in r dimensional Euclidean space aq is not a simple root of the affine Kac-Moody
algebra g. However in (r+1,1) Minkowski space-time, the simple roots of § are d;,

i=0,...,r, which are defined by

&; = (y,0,0), 1<i<r,

Go = (—v,0,1). (1.5)
Then ay and ¢; are independent and span the root lattice of §. It is necessary to

mention that in the (r+1,1) space for two vectors A = (o, 1, v), B = (o/, ¢/, V') the

scalar product is defined by :
A-B=a-o +w/' + vy (1.6)

If the first term (the affine term) is excluded from the bulk potential (1.2), then
the theory (in both classical and quantum versions) is conformally invariant and
is called conformal Toda field theory or, briefly, Toda field theory. On the other
hand, if the first term is kept, then the theory breaks conformal symmetry but its

integrability is preserved.

1.2 Conformal invariance of Toda field theory

In this section it is shown that Toda field theory is invariant under a conformal trans-
formation [6-8]. A conformal transformation is a general coordinate transformation

followed by a Weyl transformation so that the metric tensor is unchanged.
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Let us now illustrate the above definition in detail [9]. A general coordinate
transformation

t — z# (") (1.7)

changes the metric tensor of the curved space-time as follows (as a result of invariance

of the geometrical quantity ds® which is equal to g,,dz*dz") :

oz 9z°
ozk 0xv '

guu(z) — guu(f) - gaﬂ(x) (18)

On the other hand, under a Weyl transformation the space-time is changed through

a local rescaling of the metric tensor, that is:

guwlz) — e"’(z)gﬂ,,(x). (1.9)

In certain space-times it may be possible to find a coordinate transformation
whose effect on the metric is equivalent to a Weyl transformation i.e.

o . Oz% 0z
g#'/(x) - g,w(a:) = gaﬁ(x(x))aiﬂ 97

= e*@g, (7).

If this can be done then define a conformal transformation to be the above coordinate
transformation followed by a compensating Weyl transformation, so that the metric

is unchanged
I (T) — G = e¢gur/($) — e—(pguu = guu(j)'
If we study the effect of the conformal transformation on the scalar product of two

vectors, for example U and V, then

U-V = gu(z)U*)V(z) = §u (@) U*@)V(E)=U-V o e_d’gu,,(_]“‘_/” =e UV

(1.10)
Therefore, the lengths of the vectors are scaled as
Ul =VU-U = Ve?U -U = e *?|U]|. (1.11)
However, the angle between the two vectors is unchanged i.e.
u-v e ?U -V
cos TV — Y e cos (1.12)

Now consider an infinitesimal conformal transformation

¥ =zt + €' (z¥) (1.13)
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then the vector ¢* is called a conformal Killing vector if it satisfies the conformal

Killing equation for the metric i.e.

o€’ Oe® Oe?

0 02 s 0 1.14
Bze I = Ine gy T 98 g (1.14)

In terms of light-cone coordinates, that is,
s = (2 £ 2%)/2

and by means of expanding components of the conformal Killing equation we obtain

e~ det

= - d hASEN

Bz, 0 an rey 0
or equivalently

0T 07 _

81-—_ =0 and ‘ax—+ =0.

Therefore, a conformal transformation in two-dimensional Minkowski space-time in

terms of light-cone coordinates is
e = (2% £2)/2 — Z1(zy). (1.15)

Moreover, the metric is equal to:
ds? = g, dz*ds” = dz®* — do'’ = ddz dz_. (1.16)

Now we can get the transformation of the derivatives which are given by

A a$+ a

~ Jx_ 0
Therefore, the second derivative of the scalar field transforms as
2?¢ 0?¢ 0z, 0x_ 8%
= ) 1.
52,07  0%.0%_ D%, 0%_ 05,0z (1.19)
Supposing that the field changes according to
T o 0z, 0T _
S, 7_) — $(Ts,3) = d(z4,2-) + gln (a_a-fa:?_ , (1.20)

then the bulk potential will transform as:

T 0z, 0r_ <&
o ePt s sttt . pBai® 1.21
;:1 n;oy € 9z, 97 ,-E=1 nio; e , ( )
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provided the vector p has the following property
pra; =1, i=1,..,7 (1.22)

Given that the fundamental weights p; satisfy

20 - i/ |oy|* = 8y, (1.23)
p takes the form
L
p=3 (1.24)
= el

Finally, the equation of motion for the Toda field theory which is equal to

2 r
0,0_¢+ % S nieePi? =0, (1.25)
i=1

would be invariant under conformal transformation.

1.3 Integrability of affine Toda field theory

Behind the integrability of affine Toda field theory there is a zero curvature condition
or Lax pair [10-12]. In fact, the Lax pair can be expressed in terms of a two-

dimensional zero curvature gauge potential A, where

i 1

Ap=H -01¢/2+ > mi(MEo, — XE_ai)e“""”/z, (1.26)
1=0

AL = H - 80d/2+ Y mi(ABa, + %E-ai)e“i"i’”. (1.27)
=0

Here, H is the Cartan subalgebra of g, E,, and E_,, are the the step operators
associated with the root o; and A is a spectral parameter. The coefficients m; are

not arbitrary and actually they are
m2~2 = nia,-2/8. (128)
Meanwhile the conjugation properties of the potentials are chosen so that
i 1
Al (it,/\) :Al(a;,X)) (129)

Al (z, \) = Ag(z, -%). (1.30)
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Now applying the Lie algebra relations

[H, E.] = a;E,,, (1.31)
2, - H )
[Ea‘., Eaj] = a—2 lf Q; = —aj
i
= Noya;Eoita; if a;+0o; isaroot
=0 otherwise (1.32)
so that
Na,',aj = _N—ag,—aj and Na;,a]- = —Naj,ag

and after using the equation of motion for the affine Toda field theory which is given
by
0% + Z nioe®® =0, (1.33)

1=0
we can obtain
OoA; — O Ag + [Ap, A = H - 6§¢/2 - H- 3%‘15/2

- 1
+ Zmi()‘Ea,- + XE—(!i)ai . 80¢/2eai~¢/2
1=0

: 1
- Zmi(/\Ea,- — XE..a,-)ai . al¢/2€ai~¢/2
1=0

+[H - 019/2, Z:o mi(AEq, + %E-ai)e‘“""/ ’]
+[g:o m;(AEq, — %E—ai)eai'qs/?)H - O/ 2)
+[§ ms(AEq, — %E_a,, Jear /2 ]; my (A, + %E_aj)eaf'qh/?]. (1.34)
After simplifying
B Ay — D1 Ag + [Ao, Ay] = —% ;0 niH - a;e® 92
+2 Z Z Mim;[Eo;, E_q,; e #/%e% 9/2 (1.35)

1=0 j=0
and provided in the right-hand side of (1.35) the roots are the «q or the simple roots

then the Lax pair can be derived

60A1 - 31A0 -+ [Ao, Al] == 0 (136)
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Note the m and @ have been removed from the equation of motion (1.33) via a
rescaling of the fields and space-time coordinates. Furthermore, it is important to
mention that the affine Toda equations (1.33) can be obtained from the Lax pair
(1.36) provided the two components of the two-dimensional vector potential A, are
given by (1.26) and (1.27).

Speaking more precisely the Lax pair plays a substantial role in the generation
of conserved quantities. To see this in detail, it is a good idea to begin with the

path ordered integral. Consider the path ordered integral of A, i.e.
b
T(a,b,\) = Pexp / dzA;. (1.37)

In fact, the right hand side of the above relation means

=N
Lim H (1+ h;Ai (24, 1)),
=1

where

hh=z3—1x1, ho =23 — 22, ..., hv = TNyl — TN

and

In order to find the time derivative of T'(a, b, A), we calculate the following quantity

N N
I (@ + hidi(zi, ¢+ 6t)) — [T (1 + hiAs (i, t))
=1 =1

N
(1 + hi(Al(l'i, t) + 5t80A1(1L‘i, t))) — H (1 + thl (Illz,t)) + O(5t2)

=1

Il
—=

-,
I
—

(1 + hi(Ay(z;, t) + 0t(O1 Aoz, t) — [Ao, 41]))) — ﬁ (1 + hiAi(zi, 1)) + O(612)

i=1

Il
—=

.a
Il
—

=6t {(hlale(lL‘], t) — hl[Ao(Zl, t), Al(iﬂl,t)]) ﬁ (]. + hiAl (.’IZ,,t))
+ (1 + hlAl(xl, t)) (hgale(Ig, t) - hz[Ao(IIJQ, t), AI(ZQ, t)]) II—V[ (1 -+ hiAl(Z'i, t))
+...+ Iﬁl (1 -+ hiAl(iL'i, t)) (hNale(xN,t) - hN[Ao(.’I?N, t), Al(.'l?N, t)])}

+0(68%) + ... (1.39)
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ﬁ (14 h;Ap(z;,t +6t)) — ﬁ (14 hiAy(zi,1))
= 4t {(Ao(itfz,t) — Ao(z1,t) — hi[Ao(z1,1), Ar(21,1)]) ﬁ (1 + hiA;(z:,t))
+ (1 + hi1Ai(z1, 1)) (Ao(zs, t) — Ao(z2,t) — ho[Ao(22,1), A1(22,1)])
N
I1 0+ hidi(zi, 1)
N-1
ot I+ hidi (@, 0) (Ao(@wn, 1) = Ao, 1) = hav[Ao(aw, 1), Al(zN,t)n}
+0(6t)* + ... (1.40)

Therefore, regarding the relation (1.40), the path ordered integral of A, has the time

derivative

dr
— = TA(b) ~ Ao(a)T. (141)

Now introduce an additional quantity Q)()) defined as
Q(A) = trT(—o00, 00, A). (1.42)

Q() is time independent if Ag(oo,t) = Ag(—00,t). This will be true if d,¢ — 0

and if the exponential terms are also equal. Note
@(00) = P(—00) + 2k, where k-o; €miZ (1.43)

can be interpreted as a periodic boundary condition.

One of the magnificent aspects of the Lax pair is the existence of a gauge trans-
formation such that the potentials lie in a fixed Cartan subalgebra of g(h;). After
doing this gauge transformation, the potential A; will be

Al — ay = AE + 3 A" h ), (1.44)
s>1
where two members of the Cartan subalgebra are
Ey = Xr:miEiai. (1.45)
i=0
Note the sum in (1.44) extends over the exponents of the algebra g which are the
integers n; in (1.3). Meanwhile I;(®) is a functional of the fields. For the new gauge

potential, the zero curvature condition reduces to

aoal = 810,0, (146)
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from which it is concluded that the integral of a; over the whole line is conserved.

Since ) is arbitrary, it is understood that there are infinitely conserved quantities

given by
+00
Qs = / da o). (1.47)
In order to show that
{Q(N),Q(w} =0, (1.48)

it is shown that there is a classical r-matrix so that(for further details see [10,12,13])

{T(AN), T ()} = [r(A/ 1), T(A) & T (1)), (1.49)
where

T(A) =T (—o0,00,A). (1.50)

This is a consequence of the canonical equal-time Poisson bracket between the fields

and their conjugate momenta. In fact, Olive and Turok [10] provide the form of r:

h h r
w4 A
T(M 1) = h_ \h ZHi@Hi
H i=1
P |o® (@@ B, @ B, + v l@ul@p @ E,) (151)
ph— Ay *eTe T

where the sum runs over all positive roots of g and {(«) is the length of the root «,
which is the sum of the integers in its expansion in terms of the simple roots and h
is the Coxeter number corresponding to the Lie algebra g, equal to >37_, n,.

In fact the classically conserved charges are two dimensional Lorentz tensors
which are characterized by their spin in light-cone coordinates. This means the con-
served charges may be described as ;4 S0 that the possible of spins are exponents
of the algebra and % is an integer. The quantities (J+; correspond to the light-cone
components of the energy-momentum tensor. After quantizing the classical field
theory, the quantum operators associated with conserved quantities still commute
mutually provided the integrability property is conserved. Meanwhile multi-particle
states of particles of definite rapidities are eigenstates of the conserved quantities.

In other words, for single-particle states
Qpla >= q;,"e”g"la >, p=s-+kh, (1.52)

where 6, is the rapidity of the particle a (for further discussions see [14]).
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1.4 Quantum Toda field theory

In this section the two-dimensional exact S-matrix theory [15,16] is studied. By in-
troducing particle creation operators A,(p) which create particle a with momentum

p, the asymptotic n-particle states can be written as

|Aa, (P1) Aa; (P2)- Aa, (Pr) >= Aq, (P1)Aay (P2)--Aa, (pn)[0 > . (1.53)

As usual, it is appropriate to express the momentum of a particle in two-dimensional
Minkowski space-time in terms of a useful quantity, namely the rapidity of the
particle:

Pa = mgy(cosh §,,sinh 8,). (1.54)

So in what follows it is convenient to deal with n-particle states described by the

rapidities of the particles i.e.
[Ag, (01)Aa,(62)...4,, (8,) >= Ag, (61) Aay (02)...44,(8,2)]0 > . (1.55)

The above state can be interpreted as an in or out state if the rapidities are arranged

as By > 6y > ... >0, or 0, < by < ... <8, respectively. The S-matrix is defined as:

| Aa, (61) Ay (02).- A, (B) >in= SL52-bn (61,05, .., 8)] A, (81) Aby (B2).. A, (Bn) >ou -

(1.56)
In fact the n-particle scattering amplitude is determined by the matrix element of
the S-matrix i.e.S51%2-b= (9, 6,, ...0,) for the following process where time runs from

ajaz...an

left to right:
a, by
as \\\ // bq
an / \ bn

Figure 1.1: N-particle S-matrix.
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One of the outstanding and interesting features of an integrable quantum field
theory is the fact that the corresponding S-matrix is factorizable and this has been
discussed by many people. For example, Zamolodchikov and Zamolodchikov [15]
studied the factorisation via a wave function approach whereas Shankar and Witten
[17] used a wave packet method.

In fact the ’existence of a couple of higher-spin conserved charges {Q;, Q_;} s > 1
for scattering process of two-dimensional integrable quantum field theory gives rise

to three properties:

[) particle production does not occur
IT) the set of initial momenta is the same as the final one

III) in the scattering of n-particles, the S-matrix factorizes.

More precisely factorization means the S-matrix corresponding to n-particle scat-
tering factorizes into a product of two particles S-matrices. If the scattering of three
particles is examined then the factorization will have a sensible pictorial meaning.
So, consider 3-particle process. Regarding the relative position of the incident par-
ticles, there are three completely separate scattering processes [, II and III where

time runs from bottom to top:

Ap, (6,) Ay, (62)
Aba (93) ~ - "’xbl (9‘)
Ay, (61) Ap, (63)
Ag,(03) 4 (6)
Agy\V1
A Aay (83)
4(11(01) d Aag(62) An2 (92) I~ ( 3
[ II I1I

Figure 1.2: The Yang-Baxter equation.

But the middle scattering can be converted into either of the other ones by taking

a suitable limit. In several papers [16-18] the action of the conserved charges on lo-
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calized wave packets is studied, the emerging result is the equality of the amplitudes

of processes I and III. In other words, in the S-matrix language

51 (9)5)S013(8,5) 528 (fy5) = S8102(,,) 5182 (6,3) 52 (By3) (1.57)

. a1a2 cias cac3 c1¢2 aycg aag

The cubic equation (1.57) is called the Yang-Baxter or factorization equation where
0, =0, - 6; because of Lorentz invariance. The equation (1.57) does not determine
the S-matrix completely. Moreover if the particles are completely distinguishable
by charges of non-zero spin as for real affine Toda theory, then the above equation
is an identity. The general solution of the Yang-Baxter equation is not known,
nevertheless general classes of solution have been found [19].

Regarding the factorization equation, studying the two-particle scattering be-

comes substantial and crucial. Therefore in what follows we mention some high-

lights of the properties of the two particle S-matrix which is defined according to:

Au, (01)Ag, (02) >im= 5022 (81 — 02)| Ap, (61) Ab,y (62) > ou (1.58)
or pictorially
b;) bl
S(612)
912
ai az

Figure 1.3: Two-particle S-matrix.

where 8, > 6, to distinguish the in and out states and time runs from bottom to
top. Assuming invariance of S-matrix under charge conjugation lead to the following
relation:

S (612) = SHE2 (6ra)- (1.59)
Note also that under the charge conjugation operator, 4,, corresponding to particle
a; transforms to A;, which is associated to the antiparticle a,.

In order to study some analytic properties of the S-matrix it is convenient to

deal with the Mandelstam variables s and t which are equal to
s = (p1 +p2)° =m2, +ml + 2my, m,, cosh by, (1.60)

t=(p—p2)’ =2ml +2ml, —s. (1.61)
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For the S-matrix to describe a physical process # must be real and positive. This
corresponds to taking the S-matrix on the upper edge of the branch cut in the
s-plane. Moreover 6, will be equal to

2 2
_ s§—m, —m
912 = cosh 1( = ag)

2mg,, My,

= In 5 a.1 _ ma2 + \/ mal + maz) )(8 - (max - ma2)2) (1 62)
2mg, Mg,
So, the rapidity difference maps the s-plane into the strip 0 < Im 65 < 7 which is
called the physical strip.
Analytic continuation of the S-matrix into the complex s-plane results in a func-

tion S that is meromorphic with two branch cuts on the parts of the real axis where
§> (Mg, +mg,)? and s < (Mg, — my,)”.

Moreover, the S-matrix has poles and physical processes associate with those poles
which are inside the physical strip.
Here we note some properties of the S-matrix [16,20]:

I) Hermitian analyticity: that is
St (02) = | Stz (=03)] (1.63)
IT) R-matrix unitarity: i.e. running the whole thing backward

512 (9,,)S022(—0,,) = b 52 (1.64)

a1a2 c1c2 ay "az

IIT) Crossing symmetry: as a result of invariance of the S-matrix under the
transformation which interchange s-channel to t-channel i.e. s — ¢ that corresponds
to @ — im — 6 so,

Satt2 (61a) = S22 (im — 6yy) (1.65)

a} a2

Bootstrap equation

Now assume the scattering of two-particles is purely elastic. For real affine Toda
field theory the S-matrix is diagonal and it has just two indices i.e. the S-matrix
element may be written as S, 4,(012) . In this case the Yang-Baxter equation is
satisfied identically. Now, in this special case the unitarity and crossing relations

will be simple, that is,
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I) Unitarity
Saxaz (012)Sa1a2(_912) =1, (166)

IT) Crossing
Salﬁz (912) = Salag (7;71' - 912)- (167)

By coinbining these two relations, one obtains
Sa1a2(012) = Sa1a2(912 + 27!'2) (168)

Therefore, the S-matrix elements are periodic in terms of ¢ and this is the origin
of the fact that S-matrix can be written down as a product of hyperbolic building

blocks which are defined as:

sinh (£ + 2
zy = Snb(g + o) (1.69)
sinh (5 — 57)

Assuming S,,4,(012) has a simple pole at 8}, = 1ZUffu2 which is caused by forma-

tion of a bound state (time runs from left to right):

A~a1 (91) ‘453 (93) ‘402 (92)

“102(62) Aal(el)

Figure 1.4: Bound state.

At the point where particles a1, a; and a3 are all on shell, the three point coupling
C*%2% does not vanish, meanwhile the energy of the incident particles is equal to

the mass of the third particle, so

2 _ 2 2 as
M, = Mg, + Mg, + 2m, mg, cos U2 (1.70)

Mg,

M,

1

Figure 1.5: The mass triangle.
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The real number U is called the fusing angle. By operation of @, on |4, (1) A4, (02) >
and |Az,(63) > then one can get a conserved charge after the fusing of ay, a, into
as i.e.

Qs}Aa, (61) A, (2) >= (g€ +¢{)e*%)| Ag, (1) Ao, (62 >, (1.71)

QSI 4113(93) >= qaa

as(03) > . (1.72)

Note s = p+ kh ,k € Z i.e. the spin is given by the exponents of the Lie algebra.
Now

Ve + qVe” = gfYe?, (1.73)

or using the fusing angle and after some manipulation

gl + gls)etsUalus 4 glS)ers(Valar +Uites) = g, (1.74)

a

To get the relation (1.74) note that I/ = 7 — U and qéi’ = (=1)**1¢{®), the last

a3 ;
relation shows particles and antiparticles are distinguished when spin charges are
evern.

Now consider another particle a; which presumed to interact with particles a,
and ap. There are two cases because particle a; may scatter either before or af-
ter the two-particle a; and a, constitute a bound state to form antiparticle a;. In
general quantum field theory the above two cases may be different but in an inte-

grable quantum field theory, they are not so much different and in fact because of

factorization property of S-matrix [21]

Saqu(g) = Sasa, (0 — WU )Sasar (0 + Zngla3) (1.75)

a1a3

in which § = 0, — 05, i.e. the relative rapidity of a; and as. The equation (1.75) is

called the bootstrap equation and can be shown diagramatically

as a3

Qa4

ay

ay as a) az

Figure 1.6: The bootstrap equation.
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By means of unitarity and crossing properties of S-matrix, the bootstrap equation

can be converted to:
Sasar (0 + 1UgTey + 12Uz, )Sasas (0 + 1UG 0. ) Sase, (0) = 1, (1.76)

which is a product counterpart of the relation (1.74). The bootstrap equation is
very important but it does not determine the S-matrix element uniquely. All it may
do is to provide a set of consistency equations which must be supplemented by other
data.

In the real affine Toda theories whose corresponding untwisted affine Kac-Moody
algebras are a,, cin or é,, the S-matrices have poles of both even and odd order. What
distinguishes the odd poles is that these correspond to bound states in the direct or
crossed channel [22,23]. At the same time, the couplings obey Dorey’s rule [24, 25]
which is closely related to the properties of root systems and the Coxeter element of
the Weyl group. For the other Toda field theories corresponding to the non simply-
laced algebras an appropriate generalization of Dorey’s rule is known now [26-28§].
Exact S — matrices

Toda field theory is one of the most successful examples of two-dimensional
quantum field theory since it can be solved exactly. On the other hand, quantum
field theory in four dimensional Minkowski space-time is not exactly solvable due to
several kind of difficulties such as infinite degrees of freedom.

All the Toda field theories whose associated Lie algebras are simply laced or
non-simply laced algebras have known exact quantum S-matrices [1,22,29-35]. S-
matrices corresponding to simply laced algebra have a much higher singularity struc-
ture than the other ones.

In previous arguments it is mentioned that the Yang-Baxter equation is the
necessary condition for the factorization property of the S-matrix. However in purely
elastic scattering of two-particle followed by forming a bound state, the S-matrix is
diagonal and in this case the Yang-Baxter equation becomes trivial. But it has been
shown in the previous discussions that there is another powerful equation called
the bootstrap equation. In according to the statements of this section, the building

blocks of the S-matrix are of the form:

smh(g + %)
¥ Ginh(? — im2)
2 h
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In order to include the coupling constant dependence it is better to define the

generalized building blocks as

(z+1)(z—1)

=i Be-1+8) (177)
where ,
B= 1—%%2% (1.78)
and f is the coupling constant of the theory.
Now the S-matrix of a, Toda field theory is:
atb-1
in:Sw={a+b—1Ha+b-3}..{la—b|+1} = ][] {p} (1.79)
la—b+1

in which a,b = 1, ...,r are the labels of two incoming particles. For the S-matrices

of é,, d,, and non-simply laced theories see [1,22,29-35].

1.5 Affine Toda field theory on a half-line

In the recent decade much work has been done in relation to integrable field theory
with a boundary [36-50]. In particular, boundary conditions which are compati-
ble with classical or quantum integrability have been studied for affine Toda field
theories corresponding to simply-laced Lie algebra, as well as non-simply laced Lie
algebras.

In this section affine Toda field theory on a half-line is studied. In fact the theory

on a half-line is determined by the Lagrangian density

L =0(-z)C —(z)B, (1.80)

in which £ is the Lagrangian density of the theory on the whole line and B, which
is called the boundary term, is a functional of the fields but not their derivatives.

Meanwhile at the boundary z =0

¢ 9B

5 = 59" (1.81)

Actually the above relation is the boundary condition. Moreover due to some evi-

dence (36, 37|, the generic form of the boundary term is given by

=0
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where the set of coefficients A; :1=1,...,r are real numbers and there is a constraint

on the A; for all simply-laced affine Toda theories i.e.
|A;| = 2¢/n; or A; =0. (1.83)

To sum up, for the half-line theory the equation of motion along with the boundary

equation is given by

0P = — Z a;ne®® when 1z <0, (1.84)
=0

0¢ 1 ‘

= Z A, oi-p/2 t -0 .

Az ; Saudie at =0 (1.85)

Note the mass scale and the coupling constant have been eliminated from the equa-
tions (1.84) and (1.85) via a rescaling of the fields and the space-time coordinates.
In third section of this chapter, it was shown that the foundation of the integrability
property of the affine Toda field theory on the whole line is based on the existence of
the Lax pair. In connection with the half-line theory Bowcock et.al [40] developed
a generalization of the Lax pair idea and we review their work. In what follows the
boundary of the affine Toda field theory is chosen at z = a in order to follow their
studying. Meanwhile for the purpose of construction of a modified Lax pair con-
taining the boundary condition, it is convenient to introduce an another particular

point z = b which is greater than a and two overlapping regions
R :z<(a+b+¢)/2 and Ri:z>(a+b—¢)/2 (1.86)

The second region may be considered as a reflection of the first one, having the

meaning that if z € R, then
d(z) = dla+b—1x). (1.87)

The two regions overlap each other in a small interval around the midpoint of [a,b].
Now in the two regions, the modified two dimensional zero curvature gauge potential

for the theory on a half-line may be defined as:

R_:Ay= Ay — %B(x —a) (8$¢+ —gg) - H, A, = f(a — x)A;, (1.88)

Ry :Ag= A - %9(5) — 1) (amqb - %) - H, A =0(z—b)A,.  (1.89)
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It is evident that in the region = < a the generalized Lax pair is the same as the
primary one but clearly at £ = a the derivative of the step function # in the zero

curvature condition impose the boundary condition

g—i: ——aa—g, T = a. (1.90)
For the region x > b, the same situation holds apart from this distinction that the
boundary condition at x = b has an opposite sign in order to be consistent with the
reflection condition (1.87).

On the other hand, if z € R_ and z > a then, A; will be zero and in this
case the zero curvature condition just means Ag has no dependence on z. In other
words, this fact implies that ¢ is independent of z. The same statements can be
obtained in the region z € R, and = < b. Therefore by considering the reflection
relation, ¢ is independent of z in every part of the interval [a,b], and equal to its
value at a or b. By regarding the modified gauge potentials (1.88) and (1.89), it
is clear that the gauge potential Ay is different in the two regions R. for general
boundary conditions. Nevertheless to preserve the zero curvature condition over the
whole line a gauge transformation must relate the values of Ay on the overlapping
region. Due to the fact that Ag is independent of z € [a, b] on both parts, although it
has different value on each part, the zero curvature condition requires the existence
of a gauge transformation. Moreover, such a gauge transformation which may be

denoted by X has to satisfy the following relation

%—’f = KAy(t,b) — Ao(t, a)K, (1.91)

in which K is a group element of the group G whose corresponding Lie algebra is
associated to the affine Toda field theory.
It is understood that the next step is to determine the analogue of Q()) in the

presence of the boundary which may be defined by the expression
Q(\) = tr (T(—oc0, 8, )KTH(=00,a,1/})). (1.92)

Indeed, Q(/\) provides a generating function for the conserved quantities of the half-
line theory.

For the purpose of understanding the structure of K, it is useful to make a

couple of additional assumptions. Now assuming the gauge transformation X to be




1.5. Affine Toda field theory on a half-line 28

independent of time and the fields or their derivatives as well, then (1.91) simplifies

to
KCAg(t,b) — Ag(t,a)K = 0 (1.93)
or considering the exact expressions for Ag
1 ! 1
= [K(A), o8 CH| == [KA),Y_mi(AE,, — ~E_, )ex??| (1.94)
2 0¢ N = A .

in which the quantities which depend on the field, are evaluated at the boundary
ie. z=a.

Note the boundary term B does not depend on the spectral parameter A\. The
equation (1.94) is strong enough because it can not only determine boundary term
B, but can also determine the gauge transformation K. The several solutions of the
equation (1.94) along with a list of constraints on boundary term can be found in
detail in [40]. For example, two examples of K from those given in [40] are

i KO = (02 = =)+ ( 0 M= A/ ) , (1.95)
Ao — A1/ 0

dn KN =T+23 J[CH® (1.96)

a>0 12

(_/\)l(a)Ea (_i)l(a)E—a
1+ CA* 1+ C/Ah

Note in the relation (1.96), C; = A;/2, C = [], C; and each positive root can be
written down as a sum of simple roots and /;(«) represent the number of times that
a; appears in the sum and [(a) = Y, Li(«).

As far as the boundary potential is concerned, the mentioned conjecture seems to
be correct for the ade series of models and in turn, this implies the strongly restricted
boundary parameters. For all the others, the form of the boundary potential is the
same but the restrictions on the parameters are less strict.

All that remains is to show consistency of () with the classical r matrix which
specifies the Poisson brackets between the generating functions for the conserved

charges associated to the whole line theory [10,12]. In fact [10,12,13]

{TNRT (W)} = [r(M ), T(A) @ T(w)], (1.97)
where T'()) represents the path-ordered exponential defined in (1.37). Meanwhile

the classical r-matrix has the general form

r(s) = ri(s)g: ® gl. (1.98)

)
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The quantities g; represent the generators of the Lie algebra whose root system
correspond to a particular Toda model. If the Poisson bracket between two charges
of the form given by (1.92) is calculated then it will require a compatibility condition
to be satisfied containing r and .

The consistency condition involving X and r has been verified [40] and in fact,

it satisfies the following relation
(1), KD NED ()] = KDONFOmKD (1) - KO ()i M) KD (), (1.99)

where

KON =K\ @1, K@ (p) =10 K(u) (1.100)

and

7(s) = D> 1i(s)9: ® 9. (1.101)

i

At a first glance K is a fundamental quantity and due to the relationship between
K and r (1.99), it may be expected that the classical r matrix should be chosen to
be consistent with K. However, it is a remarkable fact that even though K and r
have been determined independently, (1.99) is satisfied especially since apparently
powerful assumptions were made to derive the expressions for I in the various cases.
Even in the quantum case, as will be discussed later, there is a set of reflection
bootstrap equations whose solutions provide a calculation of the complete set of

S-matrix factors.

1.6 Quantum Toda field theory on a half-line

In sections (1.3) and (1.4) classical and quantum integrability of the Affine Toda
field theory defined over the whole-line, were studied respectively. It is mentioned
that due to the classical integrability of the theory, in fact for every integrable field
theory, there is an infinite set of conserved charges. In connection with quantum
integrability an important and remarkable characteristic of an integrable field theory
including affine Toda field theory, is a fundamental property of the S-matrix: the so
called factorization equation.

On the other hand, in section (1.5) classical integrability for affine Toda field

theory on a half-line is studied. In fact, in the presence of a boundary, the existence of
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the conserved charges depend on choosing a particular boundary condition. In other
words, in that section boundary conditions consistent with classical integrability
were reviewed.

Now in this section quantum integrability of the half-line theory is studied. For
the first time Cherednik [51] generalized the factorization property of S-matrix to
the case where a reflecting boundary is present. In fact the basic ideas of factorizable
scattering were set out by Cherednik and supplemented by Ghoshal and Zamolod-
chikov [39] in relation to the sine-Gordon theory, and by Fring and Koberle {52, 53]
as well, and by Sasaki [54] in connection with the affine Toda theories.

When a particle is moving towards the boundary located for example at z = 0,
then it is expected that the particle reverses its direction however, in general, the
particle may lose its identity as well. So in terms of one-particle state it might be

expected that the final state or out state is proportional to the initial state or in

state 1.e.:
|A44(0) >in= Rﬁ(ﬁ)‘Ab(—H) > out (1.102)
or pictorially
b
/
e
e ()
L
e
a

Figure 1.7: Reflection matrix.

where R?(#) can be interpreted as the amplitude of one particle reflection from the
boundary and time runs from bottom to top.
It is possible to extend the above process to the n-particle scattering in presence

of a boundary and define the related S-matrix as:

|Aq, (1) As,(8)... A, (8r) >in= Rgll‘;fz-;;,b;"(el, ooy O Ap, (—61) Ay, (—83) ... Ap, (—0,) >ou
(1.103)



1.6. Quantum Toda field theory on a half-line 31

First of all, the rapidities of the particles are arranged as 8; > 6y > ... > 6, or
6, < 8y < ... < 8, for n particle in or out states respectively. Secondly, the n-particle
S-matrix can be expressed in terms of the fundamental amplitudes S§!% (#) and
R, that is, two-particle scattering amplitude and one-particle reflection amplitude
respectively. Moreover, both amplitudes have to satisfy several general conditions

analogous to the conditions of the whole-line theory [39] as:

1. Boundary Yang-Baxter equation

R (62)S5ic2 (6:1+62) R, (01) S, (61 —02) = Seiéa (61 —02) R (61) Szt (61+62) REE (62).
(1.104)

The equation (1.104) can be represented diagramatically as

a

6

8y
by

ay

N N

by

Figure 1.8: The boundary Yang-Baxter equation.

As it may be seen in the figure, it is clear that the two particles not only scatter
from the boundary but also from each other. However, the order of the individ-
ual scatterings and reflections have no importance since they depend on the initial
condition establishing the two-particle state. Finally, the factorization property of
the scattering process in the presence of the boundary leads to the boundary Yang-
Baxter equation. For affine Toda field theory which has distinguishable particles, R
and S matrices are both diagonal and the boundary Yang-Baxter equation is sat-

isfied identically. So, it is necessary to have an alternative equation i.e. boundary
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bootstrap equation. The boundary Yang-Baxter equation has been introduced first
by Cherednik [51].

2. Boundary group-theoretic unitarity condition

RE(O)RE(—6) = &° (1.105)
or pictorially
a
0
—0
L
b

Figure 1.9: The boundary unitarity.

3. Boundary crossing-symmetry condition
K(6) = 5%, (20)K¥* (-6), (1.106)

where

K®(0) = Rg(%” ). (1.107)

Now assuming :

I) The scattering process of the two particles to be purely elastic, in the sense that
there is no particle production i.e. there is no process other than elastic two particle
scattering of the form ab — ab. Then, the S-matrix corresponding to two-particle

scattering is diagonal and it has just two indices

|0,, b >in= ab(oab)la, b >out - (1.108)
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IT)The reflection of a particle from the boundary is purely elastic. This means
when a particle moves toward z = 0 then, the effect of the boundary is an inversion
of the momentum. So in this case, the particle maintains its identity but just reverses

its direction. Moreover, the out state is proportional to the in state
|Aa(0) >in= Ko(0)|Ae(—0) >out, (1.109)

where K,(0) is called the reflection factor. In fact, in an integrable theory with
distinguishable scalar particles the relation (1.109) may be used. It is necessary to
mention that multiplets of particles are distinguishable only by spin-zero charges.
For real affine Toda field theory the particles are distinguishable and hence, both
assumptions I and II are valid. Moreover, there must be a set of reflection factors,
one for each particle, corresponding to every boundary condition consistent with
integrability.

For the affine Toda field theory on the whole-line there is a consistent bootstrap
principle which in turn, has the meaning that there is a consistent set of couplings
between the particles due to the appearance of poles in the S-matrix at fixed imagi-
nary relative rapidities corresponding to a bound state. Now by supposing this fact
that the whole line couplings still remain relevant in the presence of a boundary, the
bootstrap provides relations between the various reflection factors. Algebraically,

the reflection bootstrap equation is
K (8.) = Ku(0a)Sas(0s + 0.) K (05), (1.110)

in which

0, = 6. —iU°

v, Oy = 6, + UL (1.111)
Moreover, U = m — U and the coupling angles are the angles of the triangle whose
side-lengths are equal to the masses of particles a, b and ¢. The reflection bootstrap

equation may be shown pictorially as
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o>
NN N N\

S8
N

|
NN N N

Figure 1.10: The boundary bootstrap equation.

Looking at the above figure one may think of either the two particles a, b indi-

vidually reflecting from the boundary before (after) the bound state forms, or the

particle ¢ reflects from the boundary. There is also the possibility of bound states
involving a particle and the boundary, with their own coupling angles and bootstrap
property (see [36,39,55]).

Moreover, there are the crossing relations

Sap(im — 0) = S5(0) = San(6), (1.112)
in which 8 =6, — 0, and
K, (0 —in/2)Kz(0 + im/2)S;54(26) = 1. (1.113)
The unitarity relations are
Saw(0) = S;' (—8) (1.114)
and
K.(6) = K]} (-9). (1.115)

Although for the reflection bootstrap equation (1.110), there are many known
solutions for some theories such as affine Toda field theory [54] however, their relation

with the different choices of boundary condition has not been found clearly. For this
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reason applying a semi-classical approximation or perturbation theory would be a
substantial option. For example Kim has done some work on this basis [56-58] only
for the Neumann boundary condition. Meanwhile quantum versions of the conserved
quantities have been studied by Penati and Zanon [43,49] whose calculations lead

to the renormalization of the boundary parameters.



Chapter 2

First order quantum corrections to
the classical reflection factor of the

sinh-Gordon model

2.1 Introduction

Over the last few years after a series of papers written by Ghoshal and Zamolod-
chikov [39,41], and others [52-54], much work has been done to study integrable
quantum field theory with a boundary. In particular, the affine Toda field theo-
ries have offered a rich algebraic structure and remarkable properties. The classical
affine Toda field theories remain integrable in the presence of certain boundary con-
ditions restricting them to a half-line, or to an interval [36, 37, 40,42, 43,45-48,59).
Indeed, Corrigan et.al [36,37,40] have investigated thoroughly the boundary condi-
tions arising from boundary potentials of a particular form which preserves classical
integrability. Then, Delius [60] found new boundary conditions. However, the corre-
sponding quantum field theories on the half-line have not been studied completely.
In fact, there still remains much to be studied in relation to quantum integrability on
the half-line. For the models based on a{!) much is now known [36,61-63]. The sim-
plest affine Toda field theory, the sinh-Gordon model has been studied much more
than other models in the context of integrable boundaries. This model is the only
theory in the ade series of affine Toda field theories for which continuous boundary

parameters are possible. In contrast, for most of the Toda theories corresponding

36
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to the affine simply-laced algebras, the boundary conditions are strictly limited to a
finite number in order to preserve integrability. Integrable boundary conditions in
the sinh-Gordon model depend on a pair of parameters which are called boundary
parameters. But, even in this case, it remains to be seen precisely how the two
boundary parameters influence quantities of interest such as the reflection factors.

Firstly, Ghoshal and Zamolodchikov [39] obtained the soliton reflection factors
in the sine-Gordon model with a boundary consistent with integrability. Then,
Ghoshal [41] using these results calculated the reflection factors of the soliton-anti-
soliton bound states (the breathers) of the model. However, apart from two special
cases (Neumann and Dirichlet boundary conditions) Ghoshal and Zamolodchikov’s
formulae fail to provide a relationship between the reflection factors and the bound-
ary parameters themselves. One of the interesting and difficult problems in the
boundary sine(sinh)-Gordon model is to find the relation between the free param-
eters appearing in Ghoshal’s formula and the boundary data appearing in the La-
grangian formulation of the model. Corrigan [64] was the first to notice that the
lightest breather reflection factor of the sine-Gordon model is identical to the reflec-
tion factor of the sinh-Gordon model after an analytic continuation in the coupling
constant.

In a recent paper Corrigan and Delius [65] studied the boundary breather states
of the sinh-Gordon model on a half-line. They noticed that for certain ranges of
the boundary parameters in the sinh-Gordon model there are real periodic classical
finite-energy solutions called boundary breathers. The sinh-Gordon model has no
such constant solutions on the whole line. They calculated the energy spectrum of
the boundary states in two ways, by using the bootstrap equations then by using a
WKB approximation. By comparing the results obtained by the two methods, they
provided strong evidence for a conjectured relationship between the boundary pa-
rameters, the bulk coupling constant and the parameters appearing in the quantum
reflection factor calculated by Ghoshal. They carried out the calculations in the
special case when the boundary parameters are equal and the boundary condition
preserve the ¢ — —¢ symmetry of the bulk theory.

In [64] the quantum corrections up to O(4?) to the classical reflection factor of

the sinh-Gordon model were found when the boundary parameters are equal. In this
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case, the static background configuration is ¢ = 0. If the boundary data is different
and the ¢ — —¢@ symmetry is broken then, the lowest energy solution will not be
a trivial background. The corresponding perturbation theory involves complicated
coupling constants and two-point Green function as well. Nevertheless, as will be
shown in this chapter, provided calculations are restricted to first order in the differ-
ence of the two boundary parameters, some of the complications disappear and we
are able to calculate the correction to the reflection factor at one loop order. The re-
sult provide a further verification of Ghoshal’s formula. In this chapter sinh-Gordon
model is studied under boundary conditions which are compatible with integrability

and in the framework of the conventional perturbation theory generalised to the

affine Toda field theory.

2.2 sinh-Gordon model

The sinh-Gordon theory corresponds to the affine Toda field theory whose associated
untwisted affine Kac-Moody algebra is agl). The physical difference between sinh-
Gordon theory and sine-Gordon theory is the fact that in the former the coupling
constant is real but in the latter the coupling constant is imaginary. In what follows

we deal with sinh-Gordon model whose bulk Lagrangian density is defined as:

L= 10,60~ V(9), (2.1)
where
M2 (o | pod
V(g) = 7 (e7%¢ + &) . (2.2)

The real constants m and (3 provide a mass scale and a coupling constant respec-
tively. For this model the affine root «y is equal to —a where « is the simple root of
SU(2) Lie algebra. Meanwhile by considering the normalization condition o? = 2,
which is customary in the affine Toda field theory, we find £ takes the form
1 m?2 B
L= 50900 — (V2% + e7V2?) . (2.3)

Hence, the equation of motion of the theory becomes

2
8,06 + \/5% (V29 — V39 — ¢, (2.4)
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The sinh-Gordon model is integrable classically which means there are infinitely
many independent conserved quantities. On the other hand, the model is integrable
after quantizing which implies the S-matrix describing the n-particles scattering
factorises into a product of two-particles scattering amplitudes. The S-matrix de-
scribing the elastic scattering of two sinh-Gordon particles of relative rapidity 6 is

conjectured to have the form [1,15,66]

1
SO) = ———v, 2.5
(6) B)2—5) (2.5)
where the hyperbolic building blocks have been used
inh(9/2 + 2=
($)_81n(/ + 7F) (2.6)

~ sinh(f/2 — £2)’
and the quantity B is related to the coupling constant 3 by B = %. It is evident

that the S-matrix is invariant under the following transformation

B —4n/B (2.7)

and this property is known as the weak-strong coupling duality.
On the other hand, the sinh-Gordon theory on the half-line [36,37] is described
by the following Lagrangian density

L=0(-2z)L - §(x)B. (2.8)

Here, B is a functional of the field but it does not depend on its derivative and the

generic form of B or the boundary term is given by
_B8 B
B= % (ooe i 4 aleﬁ¢> . (2.9)

In the above relation, the two real coefficients oy and ¢, are arbitrary and are
called [37,47] the boundary parameters. In fact, Bowcock et.al [40] obtained some
results about the form of the boundary term via a generalised Lax pair when there
is a boundary.

Now we show that the boundary potential satisfies the boundary condition

99 _ 0B
or  0¢

To show this, the starting point is the action of the model which may be written

S:/_:odt (/_Ooodxﬁ—B) (2.11)

(2.10)

down as
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and under an arbitrary change in the field, d¢, the variation of S becomes

+00 0 ac 3[: 83

or by using the equation of motion

+o0 0 oB
55 = / at / dz,(9*96¢) — 2264 | . (2.13)

-0 —00 a¢
Finally, if Stoke’s theorem is applied then the relation (2.10) will be obtained. There-
fore, for the boundary sinh-Gordon model the equation of motion and the boundary

condition after rescaling the mass become, respectively :

2
9%¢ = —\/7_ (ev29 — e=V28%) when 1z <0, (2.14)
¢ V2 B/ V2 —Bp/V3
i (e — ae ) at z=0. (2.15)

The constraints on the boundary parameters i.e. oy and o; have been discussed
by Corrigan et.al [37] and by Fujii and Sasaki [47]. Meanwhile as a result of pre-
serving integrability on the half-line, the boundary condition is desired to have the
provided form.

For the boundary sinh-Gordon model, besides the two-particle S-matrix it is
necessary to know the boundary S-matrix or reflection factor describing one particle

reflection off the boundary.

2.3 Reflection Factor

In this section the reflection factors for the sinh-Gordon model on the half-line
associated with boundary conditions which are consistent with the integrability, are
discussed.

For the first time Cherednik [51] studied from an algebraic point of view the
exact boundary reflection matrices corresponding to the b,, c,, d, root systems
by introducing the boundary Yang-Baxter equation. In fact, he generalised the
factorisation property of the S-matrix to the case where a reflecting boundary is
present. Then, Ghoshal and Zamolodchikov [39] did more studies on the subject in
relation to the sine-Gordon theory via establishing the boundary crossing symmetry

and boundary unitarity conditions. Afterwards, Fring and Koberle [52,53] and
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Sasaki [54] carried out further research on the topic in connection with the affine
Toda field theory by considering the boundary bootstrap equation.

Assuming there is a boundary at x = 0 then, when the sinh-Gordon particle
approaches to the boundary it may elastically reflect from that so, in according to

the arguments of section six in chapter 1, we may write down the following relation
|Ag(0) >in= K,(0)|Aa(—0) >ou - (2.16)

In other words, the equation (2.16) might be regarded as a definition relation for the
reflection factor i.e. K,(#). In fact, Ghoshal and Zamolodchikov [39] calculated the
soliton reflection factors for the sine-Gordon model by solving the boundary Yang-
Baxter equation, and using general constraints implementing unitarity and a form
of crossing symmetry. Then, Ghoshal [41] calculated the reflection factors of the
soliton-anti-soliton bound states (the breathers). He used the boundary bootstrap
equations along with the result of reference [39]. At the same time, the reflection
factors of the sinh-Gordon model can be checked by means of perturbation theory
and therefore, Ghoshal’s formula may be checked perturbatively. Ghoshal’s formula
[41] for the bound state boundary scattering amplitude Rg”(@) can be written as

(with u = —i, A = 87/3% — 1)

R () = RVRM (u), (2.17)
where
R(") _ n+1 COS(% + Z_;\r) COS(% - % _ 4/\ Sln(% + {ll)
0 (u) ( ) u nmw u L u T
COS('Q‘ - 4—) COS(§ + Y + 4)\) Sln(§ Z)
y ’11:[1 sin(u + &) cos?(2 — I — ix)
j=1 sin(u — :‘2—’;) cos?(3 + § + fl—’f\
n=12..<A\ (2.18)

Ghoshal found that Rﬁ")(u), which contains the boundary parameters n and 9, is

different depending on whether n is even or odd:

R (u) = @ (, u) S (39, u), (2.19)
where
SO (z,u) = sin(u) — COS(§ U %):’xr) Sﬁn(U) - COS(§ + (1 - %);K:)’
=1 8in(u) +cos(% — (I = 3)%) sin(u) + cos(5 + (! - 3)5)
n=12..< A (2.20)

2
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and

Rg2n—1) (U) — S(Zn—l)(n’ ’u,)S(Qn_l)(’L"ﬁ, 'LL) (221)

with

j=1 sin(u) + cos(§ — ) sin(u) + cos( 17),
A+1
n=12, .. < % (222)

Now looking at the Ghoshal’s formula, considering the lightest breather and doing

the required analytic continuation 8 — /24 § to obtain

RG(9) = RO (O)RP(9), (2.23)
where . . ‘
R (g) = — S+ §)cos(y + %) cos(y + § + ) (2.04)
sin(—4 — §) cos(§ — 22) cos(§ — § — 5F) |
and
(1) cos(22) — sin(—¥) cos(=28) — sin(— %)
Ry7(0) = 922 —— —55 — (2.25)
cos(L2) +sin(—%) cos(=5=) + sin(—%)

In Ghoshal’s notation E = £2 and F = B9 " The lightest breather R)(6), which
from now on is called the quantum reflection factor K,(f), is given in terms of the

hyperbolic building blocks (2.6) by:

(1)(2 - B/2)(1 + B/2)

K, (0) = .
') = T Blow, o1, ) + E(oo,1, )1~ Flow, o1, D) + F(o0,1, )
(2.26)
For the Neumann boundary condition which is defined as
o
e 0 when z =0, (2.27)
Ghoshal’s formula reduces to
(1+ B/2)
Ky(0) = 2.28
O =B 2:29)

because the Neumann condition (2.27) demands the following restrictions on the
functions E and F

F=0, E=1-B/2. (2.29)
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In fact, Kim [56,57,67,68] in an attempt to generalize the idea of conventional
perturbation theory [70-72] for affine Toda field theory compatible with the Neu-
mann boundary condition, confirmed (2.29) perturbatively and verified this up to
O(B?). Kim [56,57,67,68] has obtained one loop amplitudes of the boundary re-
flection matrix corresponding to the Neumann boundary condition by means of a
perturbative study of the exact boundary reflection matrices for simply-laced and
some non simply-laced affine Toda field theories under the assumption of weak-
strong coupling duality. He used two-point propagators in coordinate space instead
of momentum space.

However, the exact form of the E and F' functions in the general case other
than Neumann boundary condition is a hard problem. Corrigan and Delius [65]
investigated the boundary breather states of the sinh-Gordon model in the presence
of a boundary. They calculated the energy spectrum of the states in two ways.
First, by using the bootstrap equations, and then by finding a set of periodic finite-
energy solutions which could be quantized by means of a WKB approximation. The
marriage of the two methods yields strong evidence for a relationship between the
quantum reflection factor and the boundary data. For technical reasons they found
expressions for F' and F' in the special case where 0y = 01 = cosan and a is restricted

to the range 1/2 < a < 1 as
E=2a(1-B/2), F=0. (2.30)

Note in the limit ¢ — 1/2, the above relation reduces to (2.29).

Regarding the important role of the propagator in this chapter and the calcula-
tions in the next chapters, it is necessary to derive the two-point Green function for
the sinh-Gordon model. Corrigan found [64] this propagator. We shall review his
derivation below where the classical reflection factor of the model will be one of the
emerging results. Studying the perturbation expansion near the static background
solution to the equation of the model is the starting point.

First of all, it is necessary to find the lowest energy static solution for the sinh-
Gordon model with a given boundary condition. Using the equation of motion (2.14)

and the boundary condition (2.15), the static background solution has to satisfy

Pooy _ V2 [ a8s0 _ 380
Pl (e —e 0) when 1z <0, (2.31)
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%fi_o _ % (0r6340/V2 — gyemptor ) at =0, (2.32)
Integrating the first equation then comparing the result with the boundary equation
yields:
% _ \/75 (eP1VE . ¢l when z <0, (2.33)
V2o _ L+ 00 at z=0. (2.34)
1+ oy

Therefore, the static solution has the form

2(z—x¢)

Meanwhile the boundary condition imposes a relation on the parameter z,

1
cothzy = ,/ ] 100. (2.36)
01

Note that if o9 > o7 then g > 0 . Otherwise, it is necessary to adjust the solution

(2.35) by shifting zo through 7 /2 in order to guarantee that zo > 0. The singularity
in the equation (2.35 ) is unimportant as long as x, is positive. So from now on we
assume gg > 0.

For the other models of a,, Bowcock [48] found classical solutions which satisfy
integrable boundary conditions using solitons which are analytically continued from
imaginary coupling theories.

After determining the static background solution, the next step is to linearize
the field equation and the boundary condition in this background. So, linear per-

turbation near the static background

¢ = ¢0 + ¢1>
yields:
O*¢1 + 261 (eV20% + eV =0 when z <0, (2.37)
]
% + 61 (0167%/V2 4 goePR/VE) = 0 at z=0. (2.38)

Now by means of substituting the relation (2.35) in the above equations and after

some manipulation, one obtains the following equations :

1 +4 (1 + when 1z <0, (2.39)

2
=0
sinh® 2(z — xo)) P

% + (0’1 coth Zo + 09 tanh .’170) ¢1 =0 at Ir = O, (240)
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in which ¢; denotes the first order correction to ¢.

In fact, the equations (2.39) and (2.40) have been solved [37] precisely. If the
eigenfunctions of the second order differential operator in (2.39) are denoted by ¢y,
which corresponds to the eigenvalue of w? — k? — 4, then the eigenfunction is given
by

Brw = i€ (k) (F(k, 2)e™*® — F(—k,z)e™™**), (2.41)

in which r(k) is an even, real function and F'(k, z) is equal to
F(k,z) = P(k) (ik — 2 coth 2(z — zy)), (2.42)

where

P(k) = (ik)? — 2ikv/1 + 0oV/1 + 01 + 2(00 + 01). (2.43)
It is necessary to mention that (k) can be specified via normalization of the prop-
agator. Meanwhile after some calculation, the two-point Green function associated
with the eigenfunction (2.41) can be derived

400 p+oo du dk e—w(t—t) _ ,
ot Y = i htadhetdd k _ N ik(z—z')
Glz t;2'.t) Z/_oo /—oo 27r27rw2—k:2—4+ip<f( )=k, @)e

VK f(—k,7) f(—k,a:’)e‘ik(”x')), (2.44)

in which
ik — 2 coth 2(z — z¢)
k = ) 2.4

The classical reflection factor of the model is given by

(k)% + 2ik\/1 + 09\/1 + 01 + 2(00 + 01) ik — 2

K. =+ . .
(ik)? — 2ik\/T+ 0ov/1+ 01 + 2(00 + 01) 1k + 2

(2.46)

or, if the momentum of the particle is expressed in terms of its rapidity i.e. k =

2sinh @, then

= - (n?
K= (1—ao—a1)(1+ao+ai)(l —ao+ai)(l+ao— a) (2.47)

where () denotes the hyperbolic building blocks and
Op = COS QgT, 01 = COS ay7.
The above classical reflection factor, which has been calculated by Corrigan
et.al [37] through solving the linearized wave equations (2.39) and (2.40) around the

static background solution, is similar to the quantum reflection factor suggested by
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Ghoshal [41]. In other words, the classical reflection factor (2.47) can be derived
from the quantum reflection factor (2.26) by considering the classical limit i.e. when
f — 0. In this limit [37] E = ap + a; and F = ag — a;. Meanwhile Classical
reflection matrices of the other models of Affine Toda field theory corresponding
to different choices of boundary conditions compatible with integrability have been
found [36, 37,45, 48].

So, from the above arguments the classical reflection factor, in general, may be
defined as the coefficient of the reflected term of the free field two-point propagator
calculated within the classical static background solution.

On the other hand, after calculating perturbatively the exact two-point Green
function, the quantum reflection factor can be defined as the coeflicient of the re-

—ik(z+z

flected term of the two-point correlation function i.e. e ") in the residue of the

on-shell pole in the asymptotic region far away from the boundary, i.e. z,z’ — —o0.

2.4 First order quantum corrections of the reflec-
tion factor

Corrigan calculated [64] the O((?%) correction to the classical reflection factor of the
sinh-Gordon model. At the same time, he checked Ghoshal’s formula for the lightest
breather perturbatively in the special case when the boundary parameters o, and
o1 are equal.

Now in this chapter, we calculate the O(/3?) quantum corrections to the reflection
factor of the model corresponding to those boundary conditions which are compati-
ble with integrability. However, in this case the boundary parameters are not equal
and we shall assume that their difference ¢ = gy — 07 is small. Therefore, the prob-
lem is solved in the first order of ¢. In order to find the quantum corrections of
the reflection factor for the sinh-Gordon model from the boundary and the bulk
potential, the model is considered in low order perturbation theory. In general for a
model of affine Toda field theory the perturbative calculations are performed around
the static background field configuration. So, the problem reduces to the standard

Feynman diagrams.
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Perturbation theory
First of all we need to expand the bulk potential and the boundary term and by
this way three point and four point couplings may be provided and so, various
types of Feynman diagrams will be clearly determined. The free parameters oy
and o, appearing in the boundary potential and the bulk coupling constant § can
be considered as expansion parameters. Looking at the Lagrangian density of the
sinh-Gordon model on the half-line, it is evident that the bulk potential is given by
V(g) = Ecosh(\/_ B). (2.48)
Now by the expansion of the bulk potential around the background solution to
the equation of motion, we can derive the three point and four point couplings

corresponding to the bulk potential as :

Ol = V" (0) = 222 sinh(V2n) (2.49)
and
@~ 4!V(IV)(¢0) _ %ﬁQ cosh(v/ZBéo). (2.50)

On the other hand, the static background solution satisfies the relation (2.35).

So, for example, the four point coupling constant of the bulk theory converts to
(z—z0) 2 . p2(z—x0) 2
@ _ 1, 1+ ¢€? 1—e
Cou = 6P ((1 "m0 ) T\ T e (2.51)
or after some simplification
1
c = §ﬁ2 (2 coth® 2(z — z0) — 1) . (2.52)

Similarly the three point coupling constant of the bulk theory is simplified as

4
c®, = %‘ cosh 2(z — z) ((:oth2 2(x — mp) — 1) . (2.53)
In a similar way we can derive the three point and four point couplings associated

with the boundary term which are given by

III

V2 _
C’boundary (¢0) 1218 ( leﬂ(ﬁol\/i — Ogp€ ﬂd’o/ﬂ) ’ (254)

1 2
cW _ ZB(IV)(%) - 4ﬁ_8 (aleﬂqso/\/i + er—ﬁzﬁo/ﬁ) . (2.55)

boundary
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From now on we assume that the boundary parameters have only a small differ-
ence i.e. o9 — 0; = €. S0, it is necessary to expand all the formulas and to keep all
terms of them up to first order in €. Let us first start with the static background

solution which has an expansion at the boundary

€

Boa/V2Z _ _
e =cothzp=1+ ——
0 2(1 + o)

+ O(€) when z=0. (2.56)

We then find the boundary three point and four point couplings as

(3) V28 (_ € ) 5
C1bou'ndary = 12 1+ o + O(6 ), (257)
4 2
Choundary = 35 (201 +€) + O(). (2.58)

The bulk three point and four point couplings may be derived as

(3) _ 2v2 € 2z 2
Coutk = ~5 B e O(é), (2.59)
1
c = 5/32 +0(e?). (2.60)

In connection with the expansion of the related functions up to first order in
¢, all that remains is to find the expansion of the function f(k,z) i.e. the relation
(2.45) and the classical reflection factor K (2.46) as well, both of which are involved

in the two-point Green function (2.44) . In fact,
flk,z) =14 O() (2.61)
as a result of the following expansion
coth2(x — x) = —1 + O(€?). (2.62)

Moreover, the classical reflection factor (2.46) converts to

ik + 201 + ¢ 9
K=——-— 2.
zk—201—e+0(6) (2.63)
or
- .
K,=%t2 2k | o (2.64)

ik —20  (ik - 20)2

It is convenient for future objectives to denote K as

K, = Ky + €K, (2.65)
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here, K is the classical reflection factor when the boundary parameters o¢ and o,
are equal so that the calculation of reference [64] is based on this special case. We
may call K the first order correction to classical reflection factor when oy # 0;.
To calculate quantum corrections to the classical reflection factor at one loop
order (i.e. O(?%)) we use perturbative methods generalised to the affine Toda field
theory on a half-line [56,57,64,69]. (For earlier references on boundary perturbation
theory in general see [70-72], for affine Toda perturbation theory see [22] or the
review [14].) The O(f3?) correction to K has been calculated before and the purpose
of this chapter is to calculate the corrections to K; to the same order. In general,
at one loop order there are three basic types of Feynman diagrams contributing to

the two-point Green function [57,58]. These diagrams can be shown as

O

)
_/

Figure 2.1: Three basic Feynman diagrams in one loop order.

However, due to doing the calculations up to first order in € throughout this
chapter, only the type I Feynman diagram is involved in the following computations.
The reason for the above claim may be realised by looking at the three point and
four point couplings. There are two contributions for the reflection factor. The first
one is related to the boundary, when the interaction vertex lies on the boundary,

and it can be written down as

—%(201 v [ "G, 1:0,0G(0,1%,0,£)G(0, ', 1), (2.66)
—00

in which the combinatorial factor of the related Feynman diagram are included.
The second contribution corresponds to the bulk potential which means the

interaction vertex lying in the bulk region z < 0 and is given by
+00 0
—4z',62/ dt"/ dz"G(z, t; 2", t")G(z",t"; ", t")YG (2", t"; 2, '), (2.67)
—00 —00

where, once more the combinatorial factor has been inserted in this formula.
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On the other hand, in according to the previous discussions, in our problem the

two-point Green function is equal to

dw dk e~ w(t=t) , ) : ,
G 3 ¢ I,t // ik(z—z') Kc —ik(z+z') ’ 2.68
(w,t; om2mw? — k2 —4+ip (e e ) (2:68)
where
ok + 2 21k
K.= Ko+ K, = 2520 the (2.69)

k—20, " (k—20,)2
Let us first calculate the boundary contribution i.e. the expression (2.66) and it

is convenient to start with deriving the middle propagator which may be written as

dw" dk" 1 ik" + 20, 9ik"e
G(0,1";0,t") = / / 1 .
(0,£%;0, o 2 P — kP —dtip \ | ik —201 | (k" —20,)

(2.70)

Note the above integral is clearly divergent but the divergence is removed by the
infinite renormalization of the boundary term. In other words, considering the
following relation

k" + 20, 40

14— =94 - 2.71
i k" — 20, + k" — 204 (271)

it is seen that a minimal subtraction of the divergent portion can be made by adding
an appropriate counter term to the boundary, converting the integral to a finite one.
Meanwhile that part of the integral which corresponds to the zeroth order of the

classical reflection factor has been solved in reference [64] and therefore

G(0,1";0,¢") =

cosa17r //dw” dk" 1 2ik"e (@272)

"sin a17r 21 21 W' — k" — 4+ ip (ik" — 204)?

Looking at the above integral, focusing on the energy variable and choosing the
integration contour in the upper half-plane, we encounter a simple pole at v/k"2 + 4
and therefore, we are led to solve the following integral
1 rdk” 1 2ik"e
2 2n VR 1 4k — 201)°

Clearly, the k" integration can be performed by closing the contour into the upper

(2.73)

half-plane however, because of the branch cut which runs from +2¢ to infinity along
the imaginary axis, actually the contour has to encircle the +2¢ point. Note, if
o1 > 0 there is no pole inside the contour. If o, < 0 then the effect of taking o
negative will be to pick up a term corresponding to the discrete boundary bound

state that exists for o; negative [66]. In what follows we assume that o, > 0 and



2.4. First order quantum corrections of the reflection factor 51

integrals along the branch cut are remained to be evaluated. Hence, the integral

(2.73) converts to

toody 1 2ye
i 2.74
/z 21 Vy? — 4 (y + 201)? (2.74)
or after a change of variables
€ [ cosh u
- dy———s 2.75
27r/0 u(coshu+01)2 (2.75)

and finally doing another change of variables i.e. €* = v and some manipulation we
obtain (if 0; > 0)

2 2 W2 — k" —4d+ip(ik” — 201)2  2sin’ainm 21 sinaym
(2.76)

So until now, the boundary contribution takes the following form (Note in the

// dw” dk" 1 21k" e € a N ecosam 1
)

beginning term of the first propagator, the transformation ¥ — —k is needed)

2

reoa (-
—1—(2
' 4 (201 + ) 2sin3 aym 2r  sin’aw

" dw dk e‘“"(t t) ke 2ik 2ike
i far [ 2 _owe (2R
2m 2mw? — k% — 4+ ip ik — 20, (ik — 207)?
dw' dk’ e""‘"(t"“t') oo [ 20k 2ik'e
| == ~ik's (2.7
8 Z// om I W — K2 — A+ ip 30, | (ik = 201)2> (2.77)

a; €CoOSam 1
+

The integration over t” ensures energy conservation at the interaction vertex and
creates a Dirac delta function which immediately removes one of the energy variables,
for example w'. All that remains is to integrate over the momenta k and k' which
can be performed by completing the contours in the upper half-plane and taking
into account the poles at k=k=Fk = Vw? — 4. However, if o7 > 0 it is evident
that the expressions for Ky and K; have no pole inside the contour. If oy < 0 there
is an additional pole but its contribution turns out to be exponentially decreasing
in the asymptotic region z,z’ — —oo.

Finally, we obtain the boundary contribution (2.66) in the form (if o; > 0)

52 e—zw(t —t") —zk(m+x) 20y COS2,a17T _ 1
"1/ o sinam (jk — 20;)2

a1 COSam™ @y CcoSa ™ cosiagm €
(ik — 20,)?
4a; cos® aym €

sinaim (ik — 20,)3

sin a7 sina;r wsin®ayw

} , (2.78)
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where k = 2sinh 6.
Let us bring our attention to the bulk potential contribution (2.67), which by

means of the preceding discussions, can be written in the expanded form:

0 dw dk 1 P
A2 " " hetatheidd —w(t—t")
4P /dt /—o'odm //27r27rw2—k?—4+ipe

ik — 20, (ik — 20,)?

dU)” k” 7 'l:k" + 20'1 —9ik" ! 2ik”€ ikt g
21 21 W' — k" — 4 +ip k" — 204 (tk" — 201)?

dwldkl 1 i (4 _
//__ e w'(t-t')
2 21 w2 — k"2 —4 +ip

-y .t
ik (2" —x') 1k + 20'1 —ik! (z"+2') 21k'e —ik! (2" +3') 9.79
(e T =20, T —20)2° (2.79)

The integral over t” yields a Dirac delta function which allows us to substitute
w' by w . Furthermore, to calculate the integration over z”, it is convenient to use

the following device

/ d:E” ikx' 1’ — k ‘_"L’l.’r, (280)

where the small positive quantity 7 will be taken to zero at the final stage of the
calculations.

The loop integral which corresponds to the middle propagator of (2.79), is ob-
viously logarithmically divergent. Nevertheless, this divergence can be removed by
the infinite renormalization of the mass parameter in the bulk potential. So, after
making the minimal subtraction and integrating over " and w" we obtain (Note as
we mentioned earlier, our job is to solve those parts of the contribution which are

proportional to ¢)

/// dw dk A’ i) -ifhz+i'a') : K
om 27 21 © wr—k2—4+ipw?—k?—-4+1ip
dk" 1 2ike k" + 204 1
21 VE? + 4 { (ik — 201)% k" — 20, (—k + k' —2k" — 4T
1 k' + 20,
k4K 4 2K + 4T ik — 201)
N 2ik'e k" + 20, ( 1 _ 1 ik + 201)
(ik' — 201)2 tk" — 200 \ =K'+ k —2k" —i1 K + k+2k" +iT ik - 20,

N 2k € 1 N 1 k' + 20,
(k" — 200 )2 \k+ K — 2k" — it | k— K — 2k" — 47 ik' — 20,
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B 1 ik + 20, 3 1 1k + 20, ik’ + 20, (2.81)
k—k +2k" +41 ik — 200  k+k' +2k" + i1 ik — 20y ik — 20, ) [

In order to evaluate the integral over k”, we encounter the following two types of

integrals
/ 1 k" + 201 1 (2 82)
Vk" 4+ 4 \tk" — 20, ) (k+ K — 2K" —iT) '
and
dk” 1 2ik" 1
e (2.83)

21 B + 4 (k" — 201)? (k + k' — 2k" —iT)’
Both of them may be performed by an appropriate contour in the upper half-plane
and ensuring that it runs around the branch cut located from £” = 2i to infinity
along the imaginary axis. Note if o; > 0 then there is no pole inside the contour
however, if o; > 0 there is an extra pole but its residue integrated over k£ and k' will

give vanishing contribution in the limit z, 2’ — —o00. So, the integral (2.82 ) has the

solution:
dk"” 1 k" + 20, 1
2 VK" +4 \Uk" —20,) (k+K —2k" —iT)
B dio dk" 1 1
(k4 ik —doy) ) 2m VK™ + 4 (1K — 201)
ik + ik’ + 40y dk" 1 1
ik +ik' —doy ) J 21 VE? ¥4 (k+ K — 2k —iT)
. 2ia101
- sinaym(ik + ik’ — 4oy)
L L (ik+ik + 4o, 1 . 14 HEHE) 5 JOHED 4y .80
2r \ik + ik’ — 40y U%k'ﬁ_“l 1+gk1-_k')_;_- gka)j+4 ‘

The integral (2.83 ) can be shown to be equal to

oo zd_y 1 2ye 1
2 271 A —9y% (y+201)? (k + k' - 21y — i7)

and after changing the variable y = 2 cosh u then, again another change like e* = v,

(2.85)

we obtain the following result

dk" 1 21k" € 1 € k+ K o
2 VK" + 4 (k" — 200)2 (k + k' — 2k" —i7)  w (ik + ik’ — 40,)%sinay 7
€ io 1 L€ io? am
7 (4o — ik — k') sinaym 7 (4doy — ik — ik') sin® g7
e 2(k+k) 1 1+ M) £ JEHER 4 g (2.56)
- n (2.
7 (tk + ik’ — 401)? gkL;c'ﬁ +4 1+ g(% —i gk+4k')2 Iy
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Let us divide the bulk contribution (2.81 ) in two parts, that is, one part involving
the integrals (2.82) and the other part containing the integrals (2.83), we call the
former By and the latter B, . For both parts it is necessary, after performing the
integration over w”, to do the k and k' integrals via closing the contours in the upper
half-plane to pick up poles k = k = k' = Vw? — 4. All other pole contributions lead
to exponentially damped terms in the limit z,z' — —o0 .

After some manipulation, B; is found to be equal to

B, = —28 dw piw(t—t') —ik(z+a') { ‘AQike
(2h)? (5% — 2al>2

i i ik 1
{_Z+sinallvr¢fc—2ol ?,/ 3—9)} (287
Notice that the last term inside the braces of B; depends on 6 and therefore, is
very inconvenient for Ghoshal’s formula. Fortunately, this term will be cancelled by
a counterpart term in B;. Note throughout the calculation process we used the fact
that k& = 2sinh 6 in which 6 is the rapidity of the particle.

After somewhat lengthier calculations, Bs is given by

B, = —24? _(.i.(i).e—iw(t—t')e—ilé(m+z') { { A*2i€ .aj
2w (2k)2 | (ik — 20,)2 wsin® ay

ie a,0% ek 1

+— . + —
(ik — 200)2sin’ i (ik — 201)2 11 [j2 4 4

ik + 204 ( 1€ 1€a101 )
3 - = . 2.88
* ik — 20, 27 sin? ay + 2sin® a7 ( )

First of all, as we mentioned before, in By the term which depends explicitly on the

6

rapidity of the particle is eliminated by the corresponding term in B;. Secondly, we
may still do further simplification to obtain the following result (after the removal

of the 0 term)

B, = —28° / D —iafo-t) -ika+a') _ e ( 1,_,, - .‘T" ) (2.89)
2m 8(ik — 201)? \msin“ayw  sin® ey 7

Now if we add the boundary (2.78) and the bulk ((2.87) and (2.88)) contributions

together, we obtain

_Zﬂ_Qf @e—w(t—t')e—ikmx'){ 1 ; <i+_a_1°'l )

2 27 2r  2sinam

1 1 2 1 )
+————(-2aqy8iney7)+ —/———= | —— + ——— 2.90
(ik—201)3( 1sinam) (ik—201)2k< 4 2,/,;2+4)} (2:90)
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from which we can deduce the correction to the quantity K, in (2.65). Explicitly,

we have,
- 1
0K, = —z'ﬁ%k{ﬂ— (i + ?101 ) + — ! (—2a, sinay )
(ik — 201)2 \2m  2sinay7 (ik — 20¢)3
] 9/ i :
+—,A——T(—3+—Z-)}. (2.91)
(tk —20y)?2k\ 4 o k244
The correction to K, which was calculated before in [64] is,
52 1 1
= 2 Ky(k)sinh g ( = )
0K 8 o(k) sin { coshf+1 coshf

+20, ! ! )} L 292

coshf —sina;m  cosh@ +sina;w

This completes the collection of ingredients we need.

2.5 Comparison with Ghoshal’s formula

In this section, the corrections to the classical reflection factor calculated above will
be compared with the formula of Ghoshal quoted in (2.26).
Using (2.65), the relative correction to the classical reflection factor K, is given

in terms of the corrections d Ky and 6 K, by

0K,
K.

= K3'0Ko + ¢ (K5 0K, — K1 K3 %K) . (2.93)

Hence, using (2.91) and (2.92) we have,

0K, _ —ﬁsinhﬁ < ! I )
K. 8 coshf+1 coshf

1 1
2 —_
e (COSh @ —sina;m cosh@ +sin alw)}

+iﬁ26 sinh @ (1 ( 1 1 ‘)
8sinam |7 \coshf —sina;r cosh@ +sina;7
1 1
. (2.94
tacosar ((cosh@ — sina;7)? + (cosh @ + sin a17r)2)} (2.54)

On the other hand, Ghoshal’s formula (2.26) for the reflection factor up to one

loop order is given by:

K,(8) ~ K.(6) (1 - iéfsinhe }'(0)) , (2.95)
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where
1 1
F6) = cosh@+1 coshf
4 €1 _ €1
cosh @ +sin(egm/2)  cosh 6 — sin(eym/2)
fi fi

T cosh 0+ sin(for/2) _ coshf — sin(for/2) (2.96)

In calculating (2.96) we have made use of the expansions of F and F to O(3?):

’32 2
EN60+€147T FNf0+f147r, (297)
with
€y = Qp + a and fo =ag — ax. (298)

Since K, = K. + 0K, we deduce that

: 32
5;{{6 = —% sinh 8 F(6). (2.99)

Hence, expanding to O(e), we find,

FO) = {

1 1 n €1 €1
coshf+1 coshf coshf +sina;mr coshf —sina;n

e1€cosa 1 + 1
2sina;m \ (cosh @ + sina;7)? ~ (cosh @ — sina;7)?

) } (2.100)

sina,m cosh?
Comparing (2.94) with (2.100) we see a pleasing similarity. In fact the two
formulae are identical, to O(e), provided we choose e; and f; suitably. In other
words, we may deduce that

€
= -2 - =- O(é? 2.101
1 a, + e (ap + a1) + O(e€%) ( )

and that f; is proportional to ¢. Unfortunately, the calculation does not allow
anything more detailed to be learned about f;. To do better needs a correction to

the reflection factor to O(e?).

2.6 Discussion

In this chapter we tested a little more deeply the expression for the sinh-Gordon
particle reflection factor, that is, Ghoshal’s formula and we learned additional in-

formation in connection with its dependence on the boundary parameters o, and
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o1. The result of our calculations is satisfying because it agrees with alternative
derivations of the reflection factor and it also agrees with the following conjecture.
Everything we have learned so far is consistent with quite simple expressions for F
and F

E = (ap+a1)(1 — B/2) F =(ap — a1)(1 — B/2), (2.102)

where the coupling constant dependence comes into the formulae by means of the
expression for B. We will discuss the conjecture (2.102) much more in the final
chapter.

In order to learn more about the quantum reflection factor’s parameters, for
example e; and especially f, via perturbation calculations, second order quantum
corrections to the classical reflection factor of the sinh-Gordon model should be

carried out. In fact, we deal with this problem in the next chapter.



Chapter 3

Second order quantum corrections
to the classical reflection factor of

the sinh-Gordon model

3.1 Introduction

In chapter 2 we found the quantum corrections to the classical reflection factor of
the sinh-Gordon model at one loop order i.e. O(3?) and up to the first order in the
difference of the boundary parameters. The calculations provided a further verifica-
tion of Ghoshal’s formula. Meanwhile we derived the relation between parameters
of the quantum reflection factor and the boundary parameters up to the first order
difference in oy and o;. In order to know the relation up to the higher order, it is
necessary to carry out the second order quantum corrections to the classical reflec-
tion factor of the model. So, in this chapter it is intended to follow the calculations
up to the second order in € in which € = g —0,. Hence, it is necessary to expand the
bulk and the boundary couplings. Let us first of all expand the static background
solution (2.35) at the boundary up to the second order in e:

2
Beo/ V2 _ _ € 1 €
e =cothzg =1+ —— + ... 3.1
0 2(1+01) 8(1+0’1)2 ( )

Therefore, by looking at the boundary three point (2.54) and four point (2.55)

couplings, we derive the following formulae

3 \/25 €
Clgm)mdary = 12 <_1 +O’1) + .. (32)

98
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and

> +2
c® By - AT )4 3.3
boundary 48 o, +¢€ 4(1 + 0,1)26 + ( )

The reason for expanding the boundary three point coupling up to the first order
in € rather than up to the second order is the fact that in type II and III Feynman
diagrams corresponding to one loop order, there are two interaction vertices. By
regarding the bulk three point (2.53) and four point (2.52) couplings, the expansions

of them can be obtained as

3 2\/5 € -
Chole = _ﬁ—l t o e* + (3.4)
and
1 1 €
Cl =g (14— et ], .
bulk 35 + 2(1+01)2€ + (3.5)

Now let us find the expansions of the function f(k,z) and the classical reflection
factor K. up to the second order, both of them appear in the two-point Green
function (2.44) associated with the sinh-Gordon model. In order to do the first job,

it is sufficient to use the following expansion
coth2(z — z¢) = —1 - = ——e* + .., (3.6)

SO
1 ¢ 1
k) =1+ -
f(k,z) T iUt okt

In addition, after some manipulation the classical reflection factor (2.46) expands

S (3.7)

as
. ik 2
B ik + 201+ € - 5o )Y (3.8)
ik — 20, — €4 e ‘
1 4(1401)(ik—2)
or

_ itk + 20, + 21k
ik — 207 (ik — 207)?
11k(ik® — 4k? — 6k®0y — 4ikoy + 802 — 16 — 160,) ,
2 A+ o)k — 2k + 2k -0 © (3:9)

€

or in a compact form

K:K0+K1€+K262+.... (310)

Here, K, is the classical reflection factor when the boundary parameters oy and
o are equal, K; and K, are the first and second order correction to the classical

reflection factor when og # o, respectively.
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As mentioned in the previous chapter there are three basic types of Feynman
diagrams [52,53] which contribute to the two-point Green function at one loop order
(see figure 1 in chapter 2). However, only the type I diagram is involved in the
calculations up to the first order in € . On the other hand, all types of the Feynman
diagrams must be considered up to the second order in €. In fact, each interaction
vertex can either be located in the bulk region or at the boundary so, there are ten
contributions to the classical reflection factor of the theory. It is better to begin

with the type III diagram.

3.2 Type III Feynman diagram

Type III (boundary-boundary)

It is clear that the type III Feynman diagram includes four distinct cases depending
on the fact that the vertices to be settled in the bulk region or at the boundary. This
section deals with the calculations corresponding to the contribution of these four
diagram to the reflection factor. The simplest one is type III (boundary-boundary),
that is, when both the vertices are located at the boundary. The associated contri-
bution may be given by

ﬂQ

1 W//dtdt(} z1,t1;0,8)G(0,¢0,¢)G(0.1;0,t)G(0,t; T, t2)  (3.11)
here, the related three point couplings and the combinatorial factor have been con-

sidered. It is evident that in this case the two-point Green function has the simplest

form as

dw d —iw(t—t") ) , ) ,
Gz, t;2',t') = z// k_e ( @)  Ko(k)e Hlote )), (3.12)

o 2mw? — k2 — 4
where
ik + 20’1

Ko(k) = ————. 3.13
olk) = 3= 20, (3.13)

In this case as we saw in chapter 2
G(0,1;0,t) = —a, 2NT (3.14)

sin @y

We need to find an expression for the integral:

/ dt'G(0, 40, t) (3.15)
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which is equal to

dw" dk" e—iw”(t—t’) ik" + 20.1
[ ar / / 145 T 3.16
Z/ 2 2w w2 — k" — 4 + k" — 20, ( )

or after doing integration over ¢, the above relation reduces to
dk" 1 21k
| = . 3.17
Z/ 2 (—k”? - 4) (z‘k” - 201) (3.17)

1
2(1 + 0'1)‘

Therefore, up to now the contribution (3.11) has the form

13 acosa, / dwdk e wti-t) . i
- dt// o1y Ko (ke
8 sinagym (14 cosam)? om 2mw? — k2 — 4 ( + Ko(k)e )

dw' dk' e~ W' (t=t2) ——i’ e
X’//:zvr om w? — k% — 4 ( o g Ko(K)e ™) . (3.19)

Hence,

/ dt'G(0,10,1) = — (3.18)

First of all, it is understood to do the change £k — —k in the first term of the

first propagator. Secondly, after integration over t, the result will be a Dirac delta

function which immediately gives rise to the substitution w = w'. Finally, the

momenta of the two propagator can be integrated out by taking the contours to be
closed in the upper half-plane and regarding the pole at k=k=k=+vw?—4and
ignoring the other pole i.e. —2io; (when o7 < 0) due to the fact that its residue
will vanish in the limit z;,22 — —oo. Thus the type III (boundary-boundary)

contribution becomes

2

8% aj cos a7 € dw 1

—zw(tl —t2) —ik(x1+zz) _ ] 3.20
8 singym (1 +cosaym)? ¢ ¢ (ik — 207)? (3.20)

Type III (boundary-bulk)

Now let us focus our attention on the type III (boundary-bulk) when the vertex
corresponding to the loop is placed inside the bulk region and the other vertex at
the boundary. The contribution is

23

(1 + cosaym)?

0
2 / dz’ / / dtdt'G(z1, 11;0,8)G(0, 8 ', ¢')
G(z',t'; 2’ t)G(0, t; x4, t2)e®® . (3.21)

As before,

d_we—iw(tl—tz)e-ik(m“’?)A—l—. (3.22)

/ dtG(@1,11;0,1)G(0, 22, t2) = — [ o (ik — 20,)?
- 1
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Meanwhile, it is convenient to compute one of the middle propagator as

do' dk' [ e W' (=t) 21k’ .
' "t':'/dt’//——— —ik'z ]
/ dt'G(0,t;2', 1) =1 or 2 \w?Z — k2 —4) \ik' =20,/ € (3.23)

or after some calculations (3.23) reduces to
dk' ( e** 21k’
| — . 24
’/ o (—k’2 —4) (z’k’—?ol) (3:24)

dt’ codd Y — 4 21" )
/ GO, 53,¢) = ~5 o (3.25)

Now let us calculate the loop propagator which has the form

So, we obtain

! ! . dw” dk" 1 —9ik!" 2!
G, t;a,t) =i [ | o g (1 + Ke(ke ™). (3.26)

Clearly, the above divergent integral after a minimal subtraction, changes to a finite

one and if we integrate over w” then, we will find

dk” 1 ik” -+ 201 —-2ik”l"-

2 o7 VEZ 5 dik" — 20,

Hence, the remaining part of the relation (3.21) is simplified as (apart from the

G(z',t'; ', 1) = (3.27)

coefficients)
//dt'dm'G(O, 2’ )Gzt 2, t)e?

dk” 1 Zk" + 20'1 Sy N
— (4-2ik" )z 3.2
41+ 01) / / VK2 1Ak — 20, (3.28)

or after performing the required integrations

//dt’da:’G(O,t;a:’,t')G(:v',t’;a:',t’)eh'
B 1 2ma; cosaym 1+ cosaym
"~ 167(1 + cosaym) \ (

) . (3.29)

1—cosaym)sinay;r 1 —cosaym

Therefore, the contribution of the type III (boundary-bulk) diagram to the reflection

factor is
i3%e? 2may cos a, T 1+ cosa;m
87(1 + cosaym)® \ (1 — cosaym)sinaym 1 —cosagm
d_we—iw(tl—tz)e—ik(:tl-l-rz)) _ 1 ) (330)

2T (’Lk — 201)2
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Type III (bulk-boundary)

Let us consider the type III (bulk-boundary) diagram when the loop vertex is at the
boundary and the other vertex is inside the bulk region. So, the contribution this
time is

23*

(1 + cosam)?

0
62/ d:z://dtdt'G(xl,tl;x,t)G(m,t; 0,t)
x G(0,t;0,t)G(x,t; 12, t2)e**. (3.31)

In fact, we have obtained the two middle propagators in the previous diagram.

Hence,
G(0,1;0,¢) = —a, =T (3.32)
sin a7
and
Gz, 4:0,) = —— 2. 3.33
[ A6 50,¢) = 5 (3.33)

So, the contribution (3.31) can be shown in detail as (after doing the integration

over t)

1% acosa;m

14 cosaym)® sinayw
(

dw dk e~ (t1t2) " .
—ik(z1—z) —ik(z1+z)
/ da:// S s sl C + Ko(k)e )

dk' i

k! (z—x _ik'(pix 4z
T S S

The integration over z is simply performed and therefore, the above expression

becomes
i6%e? @) COS T
(1 4+ cosaym)® sinayw
/// dw dk dk’' —1w(t1—t2)e—i(lczl+k’z2) ¢ ’
o 27 21 w?—k?-4w?2—k?—
_ l _ Ko(K')  iKo(k)  iKo(k)Ko(K') (3.35)
k+k —4i k—k -4 —k+k -4 —k—-KkK—4i|

Clearly, the final job is to integrate over the momenta k, &’. This can be performed by
completing the contours in the upper half-plane and picking up the pole at k=k=
k' = v/w? — 4 and regarding the fact that all the other poles have no contributions
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because their residues yield exponentially damped terms in the asymptotic region
i.e. 21,29 — —oo. Hence, the contribution of the type III (bulk-boundary) Feynman

diagram to the reflection factor is

B2e? a COSfll’"/__ —iw(t) ~t3) —zk(z1+22)_{_
(1 4+ cosaym)® sinaym 2 (2k)?
1 1 ~ 1 -
X { — + —Ko(k) — — K%}. 3.36
(kb - =) o)

Type III (bulk-bulk)

The last part of this section is devoted to the calculation in connection with the
type III (bulk-bulk) Feynman diagram whose computations are much more lengthy

than the previous ones. In fact, in this case the contribution is

L / d:c/ da://dtdtGa:l,tl,a:t)G(a:tx )

(1 + cosapm)?
G(z', t'; 7', ¥)G(z, t; 72, ta)e* e (3.37)

As was shown in the type III (boundary-bulk) case, the loop propagator can be
simplified to obtain

1 dkl 1 Zkl + 201) ikt
G, thoth==] — ( e %ik1z’, 3.38
( ) 2 2w /k%+4 'Lkl“‘20'1 ( )

Moreover, for the other middle propagator, it is appropriate to deal with

dU.)" k" e_iw”(t_tl) ik (p—x' ik '
[atc ey =i [ [ [ar ST e (W) 4 Kok o))
(3.39)

or after doing integration over ¢/

dk,, 3 st ! A R
/dth(ﬂ:, t: .'Bl,t,) - / g (_k”—;_Z) e—zk T (etk T4 Ko(kll)e—lk a:) ) (340)

Let us rewrite the contribution (3.37) in the expanded form to see how we can

find the order of the integrations in order to solve this contribution

dw dk ie"™ti—t) .
—tk(z1—x)
16(1+COS(117I' / da:/ dz’ /dt//27r27rw2 —4(6

+K0(k)e""(‘“+“”))
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dk” 4 —ik"z! [ ik'z m —ik"z\ 2z 27
X 2—'7’2——46 (6 + Ko(k )6 ) ee
7r — p—

1
x§ g /k? 4ik1—201

dow' dk' e w(t—t2) " .
tk' (z—12) 1y, —ik' (z42)
// or o gr =g (O KoK ). (3.41)

Looking at the above relation after multiplying two (the first and the fourth) prop-
agators then, one gets four pole pieces. If the calculations corresponding to one
of them, for example the one which involves e**%)% term, can be done then the
remaining three pole pieces may be performed in the same manner, except that
k + k' is replaced by one of k — k', =k + k', —k — k’. So, it is sufficient to follow the
discussion just for one pole piece. Now as far as the integration over z' is concerned,

we encounter the following integral which is solved to obtain

d ! (2 —i(k" +2k1))z 4 ) 49
/ ve T K+ 2k + 20 (3-42)

On the other hand, the same story for the variable z gives rise to

/ dr'e (2+i(k+K' )z ( ik''z + Ko(k//)e—ik”z)

1 1
— — . K II. .
Frr o kv -z (343)

Up to now, the expression which must be solved has the following form

16 G2€ dw dk dk' it —t2) g—ilka1 +k'z) v i
(1 4+ cosa;m)? omom on w2 — k%2 —4w? — k2 —

//dk”dk1 1 1k + 20, ( 7 )( 1 )
2 27 27 ik, — 20, k" + 4 —k" — 2k — 20

1
k”).
(k+k’+k”—2@ k+k’—k"—2iK0( )

(3.44)

It is better, first of all, to integrate over k" and then k, and the former job is actually
the following integral
dk" 1 1 1 1
& Ko(K" ) .
o k" 4 —k" — 2k, — 2 (k+k’+k”—2z’ Trrw o=zt
(3.45)

The above integral may be solved after doing partial fractions and afterwards closing
the contours in the upper or lower half-plane in order to get rid of all extra poles
other than +2¢. Therefore, after some manipulation

k" 1 1 1
K k”)
2r k"2+4—k"—2k1—'2i (k+k’+k”—2i+k—}-k'-—'k"—Qi O( )
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_1{1—01 1 1 N 1 1
S 4 140y 2k +4i k+ K —4i 0 2k + 45 k+ Kk — 2k — 44
1 1

- . A4
k+k’—4z’k+k’—2k1—4i} (3.46)

Now it is the time to do the integration over k,. In order to perform this task,

we have different kinds of integrals and we prefer to find only the one which is more

lengthy than the others i.e.

dk, 1
k2 ak+ K —2k — 4

(3.47)

Let us close the contour in the upper half-plane and due to the branch cut which
extends from 2: to infinity along the imaginary axis, the contour has to turn around

the cut line so that the above integral reduces to

© dy 1
2 [ 3.48
2 VY —A4k+k —2iy— 4 (3.48)
or after doing change of variable y = 2 coshx
o0 dz
2/0 k+ k' —4icoshz — 44 (349)
and another change; e* = u
00 du
] . . 3.50
z/1 u? + ik + kK —4i)u+1 (3.50)
So, the following formula may be derived
dk; 1

k%+4k+k’—2k‘1—4i

1 L 2k b — 4+ AT
= — In ; ; — - (351)
VEFE g | 1 E (k4 b — 4i) — & /BTy

Now we can write down the solution of the k; integration as

_1_ % 1 ik1+20'1 {1—01 1 1

8 J 2m /—_—k%+4 ik — 20, ) \14+0y 2k +4ik+ k' — 44
N 1 1 1 1 }
2k +4ik+ k' -2k, —4i k+K —4dik+k' —2k —4i

_ k+k —2i—2icosam
~ 167(1 —cosam)(k + k') (k + k' — 45)

a; cosa;m 2k 4+ 2k' + 4icosaym — 127
16sin® a7 (k + k' — 41)(k + k' + 4icosa,m — 41)
1 k+k —4icosam — 41 1

CAn(k+ k) (k+ K — %) k+ K + dicosarm — 4i  [(RAE &) 4
V1

. 1+ E(k 4 k' — 40) + &/ BHE47 4y (3.5
n - . .
14 3(k + & — 4i) — 3,/ 4y
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Finally, regarding the type III (bulk-bulk) contribution, all that remains is to inte-
grate over the momenta k, k’. These can be done by means of the contours in the
upper half-plane and considering the pole at k=k=k =+vw?—-4and ignoring all
the other extra poles because their residues will vanish when z,,z5 — —o00. Hence,

the relation (3.37) has the solution

p? (2 / @e—m(tl—t?)e—ik(wﬂz)#
(1 4 cosaym)? 27 (2k)?
I;—i—icosaﬂr a; cosa,m lAc+icosa17r—3i
{ <_7r(1 —cosaym)k(2k — 4i)  sin’ e (k- 20)(k + 2icosa;m — 21)
1 k — 2 cosaym — 2i 1

k(k —2i) k+ 2icosaym — 2 /(% — 24)2 4 4
. ln{1+§(k—21)+% (If—?i)2+4})
%

1+ £(k —2i) — $y/(k — 2i)2 + 4
FKo(h) (_ i B ial-cos aym(cos a;m — 3) (1 + cos aym) )
2rn(l —cosaym)?  2sin®a;m(1 —cosayw)  127(1 — cosay)
K2R ( l%+i+ic?sa}w B al.cgsaﬂr ] lAc—Az'cosa17r+32'
(1 — cosaym)k(2k +43)  sin"arm  (k + 2¢)(k — 2icosa,m + 2i)
1 lAc+2icosa17r+2i 1

mk(k 4+ 2) k — 2icosaym + 2 (k +2i)2 + 4
1— ik 4 20) + 5/ (k +2i)2 + 4
xln{ ?(A+ i)+ 5V k+2) })} (3.53)
1—5(k+2i) — 3/ (E+20)2+4
One of the interesting results which we find in this chapter is the fact that

the In terms in the above relation will be cancelled with the counter terms in the
type I (bulk) Feynman diagram in the next section. So, the type III (bulk-bulk)

contribution takes the simple form

i 4’82___).562/d_we—iw(tl—tz)e—ilz:(z1+a:2) 1

(1 +cosarm 27 (2k)?
{( k—i—icosaym @y Ccosa;m k+icosa;m — 3 )

m(1 — cosaym)k(2k — 41)  sin’aym (K — 20)(k + 2icosaym — 2i)

- i iay cos a;m(cos ay ™ — 3) i(1 + cos am)
+Kﬂ(k) - - - 3
2n(l —cosarm)?  2sinayw(l —cosaym)  127m(1 — cosaym)

9,7 l;:+i+icosa17r aj cos aim IAc—z'cosaﬂr+3i

+K2(H) ik LB L A L )
(1 — cosaym)k(2k + 47)  sin" a7 (k + 22)(k — 2i cosay 7 + 29)

(3.54)
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3.3 Type I Feynman diagram

Type I (boundary)

In fact the type I diagram constitutes two cases depending on whether the inter-
action vertex is located at the boundary or inside the bulk region. From now on
we call the former type I (boundary) and the latter, type I (bulk). Considering the
boundary four point coupling (3.3) and the associated combinatorial factor as well,

the contribution corresponding to the type I (boundary) diagram is described by

2 2 o0
i (201 +e 4—(5;1_;L—)262) / dt"G(z, 1,0, ¢")G(0,1"; 0, )G (0, ¢"; &', 1').
(5] —00

(3.55)

Let us find the appropriate form of the two-point Green function which will be
used many times throughout this section. Now by looking at the general form of the
propagator (2.44) and considering the expansions of the classical reflection factor
(3.9) and the function f(k,z) i.e. (3.7) as well, the required form of the two-point

Green function will be

G(z, t;2',t) //dwdk ew(tt) 1+ < ! e*®
2 2 w? — k2 —4 41+ 01)? (tk+2)

2
¢ ‘ 1 RERPUTCED)
4(1 4+ 01)? (tk — 2)
€2 1 €2 1 ,
Ko — 4zK _ 4z K
+( T Ao k—-2)° 0T 41 +o)? Gk—2)° O

+eK + eng) e'ik(””')}. (3.56)

So, in our problem the middle propagator has the following form

dw" dk" i €2 1
£:0,") = / / 14 Ko+ eK
o, 27r Py U T s T 2)

1 _ €2 1
4(1 + 0'1)2 (’ik” — 2) 2(1 + 0'1)2 (ik" - 2)

Ko + 62K2> . (3.57)

First of all it is necessary to do a minimal subtraction in order to remove the
divergence of the above integral. Secondly, we have solved the integral in chapter
2 up to first order in € . Hence, what we need to do is to solve that part which is

proportional to €2 which includes four terms. Actually three of them can be simply
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manipulated and because of this reason we solve in detail the last one i.e.

, dw" dk" 1 "
z// 2K, (") (3.58)

2 2 W' — k"2 —4

or

1 rdk” 1 9 i i
2 or k21 ad <4(a§ 2o + Dk +20) A1+ o0)P (k" — 2)

i (0? — 201 — 1) 1 B o2 —2 1
1+ o1)(0f =02 —01+1) (K" +2i0y) (1 +01)(oy — 1) (k" + 2i01)2
4’1:0'1
—_— . 3.59
o 2@@3) (3.59)

Fortunately, we have already found these kinds of integrals in chapter 2 except

the last one which apart from the coefficients is

dk” 1
k7 44 (k" — 207)°

The above integral can be converted to a complex one and regarding the branch cut,

(3.60)

it reduces to

o  dy 1
9 / 3.61
2 Vi —4(y+201)° (361)
or after the substitution y = 2 cosh z
1 oo dz
—— —_— 3.62
4Jo (coshz + o1)3 (362)
and another change e* = u
o0 u2
_9 / d _ 63
1 u(u2 +20yu + 1)3 (3.63)

The roots of the denominator are —e*1™ and so, after using partial fraction and

some manipulation

dk" 1 _ 3cosaim  1+42cos’aym
k"2 + 4 (ik" — 207)3  8sin*ai7 8sin’® a7

a”. (3.64)

Now using the above formula and the required formulas in chapter 2, we may

obtain the following result

i / / dodk” 1 g gem

o 2m W' — k"2 — 4

€2 (1 + cosa;m + cosa;m  cosaym(2 + cosa;m)

47

alw) . (3.65)

sin? a7 sin® a7
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Finally after doing the necessary simplifications in connection with (3.57), we derive

the middle propagator as

cosam Ccos a;m a
G(0,t0,t") = —ay 4 ( : . )

sin a7 o2rsin g 2sindaym
2+cos?a;m 3cosaym
2
+e€ T

— 3.66
tam 47 sin® ay ( )

41 sin

Let us rewrite the boundary contribution (3.55) and first of all the ¢” integration
means w’ = w i.e. the energy variables of the first and the third propagators are
equal. Secondly, the integration over the momenta of the two Green function can

be done as before, just by substituting &,k with k = vw?—4. So, the type 1

(boundary) contribution is

—— |20, +€— €
4 ( ! 4(1 + 0,)2
cosa,m cosay a
—a) — +€( ) - . 3 )
smayw 27 sin” aq 7 2s8in” a7

o [2+cos’a;m 3cosaim
+e€ I - = am
47 sin® ag 47 sin® aym

1

dwe—iw(t—t’)e—ifc(z—{—x’) 1

o (2/;)2
{ 2ik 2ik
= + — €
’l:k'-QUl (’I;k—201)2
ik(—ik?® + 2k? — 4ikoy + 6k201 + 16 + 160,) 2} (3.67)
= = = € . ReX|
2(1 + 0y)(tk — 2)(2k + 2)(—ik + 207)3

Type I (bulk)

Now let us examine the type I (bulk) Feynman diagram in which the interaction
vertex is placed inside the bulk region. This time we have to take into account the
bulk four point coupling (3.5), however, the related combinatorial factor is the same

as the boundary case. The corresponding contribution may be formulated as

[ee] 0
—4’iﬁ2/ dt"/ dmIIG(l_, t;.’E",t”)G(:L‘”, t”; :L,/I, t")
—00 —00

2
G " tlf, / t, 1 6— 4z i )
(=", " 2, )( LT (3.68)

By means of looking at the formula (3.56), the loop propagator for the two-point

Green function is
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d(JJ” dk” 1 62 1 ”
" II II II — 1 4
Gla",t z// om 21 W' — k"2 — 4 { TR D)
841:11
41+ 01) (zk” -2)

+( K ¢ !
® 214 01)2 (k" — 2)

e Ky + K, + €2K2> e-%k”f”} . (3.69)

As before, after performing a minimal subtraction, the divergence of the loop

integral will be removed. Moreover doing integration over w”, we then obtain

2
€ "
n t”' " t” — 4z
Gla®, %27, 1) 87 (1 +01)26
dk" 1 62 1 "
| m——F——| Ko — R ’¢
5] on i +4( 0T A+ on)? (i —2)¢ O

ek, + 62K2>e_2ik”m”. (3.70)

Therefore, until now, the bulk contribution (3.68) takes the form ( after doing
the ¢” integration and setting k — —k in the first term of the first propagator )

_42/32 /0 I///dw dk Ze_“"(t ') 1+ 62 ‘ 1 641:
- 2 2mw? — k2 — 4 4(1 + 01)? (ik + 2)

2
_ € : 1 64:11” e—ik(z—x“)
A1 + 01)? (ik — 2)
62 1 62 1 "
Ko - T Ko(k) — K
+< 41+ 0y)? (z'lc—2)e o(k) 4(1 + 0,)? (ik—?)e 0

+eK; + 62K2) g~ th(z+a’) }

62 64211 4 1 dk” 1 ( 62 1 4z
P E—— - —— | Ky — [ K
8m(l + 01)? 2/ 21 kP 14\ 2(1+01)2 (ik" — 2) 0

+€K1 + 62K2) 6—2ik"m"}

dk' i €2 1 4z
—_—— [ 1+ - e
21 w? — k"% - 4 4(1 + 09)? (iK' + 2)

_ 62 1 6421 eik’(z"—r’)
4(1 + 01)2 (ik' — 2)
62 1 " 62 ]. ’
Ko — " Ko(K') — K
+( 0T 41+ o2k —2)° o(k) A1+o )2k —2° 0

FeKy + €K ) m"+z')}

(3.71)
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or after integration over z”

_op? / // dw dk dk’ —iw(t—t') y—i(ka-+k'a') i 7
27r27r27r w2 —k? —4w?2-k? -4

dk" € ) 1 1 1
o VE2 4| 41+ 00)2tk+ 2k + k' — 2k" — 4i
Lo 1 1
41 +01)% ik + 2k + k' — 2k" — 4i
1 1 Ko(K') L1 1 Ko (k)
41+ 01)2ik+2k — k' —2k" —4i  4(1+00)2k' +2k' — k — 2k" — 41
1 1 Ko(k') 1 1 Ko (k)
A1 +0,)2ik' —2k — k' —2k" —4i  4(1+01)%ik — 2k — k — 2k" — 4
+ 1 1 Ko(k)Ko(K') " 1 1 Ko(k)Ko(K')
A1+ 01)%ik' —2k+ Kk +2k" + 4 41+ 01)2ik — 2K + k + 2k" + 43
1 1
o o e+ e )
1 | 1
—— Ky(k)Ks(k) — ————
k+ k' + 2k" o(k) K (k) K+ k + 2k”
1
kK 2k
1 1
— K (F))- ————K !
Fo o ) g (R G R)
1 1
Kk - —— KK )
+k'—k—2k" 1( ) k+/€’+2k”KO(k )Kl(k)
1 Ko(k") 1 1 ,
21+ 0y)%ik" — 2 \k+ K — 2k" — 4 t o o g oK)

+

Ko(K') K, (k)
Ki(B)K(K))

K (K) (

1 1
Ko(k) — /
ko o) T a5 oKk ))

+ K (k") ( - + ! Ko(K')

k+k'—2k"  k—-Fk —2k"
1 1 ,
YT Ko(k) — mKo(k)Ko(k ))

1 " 1 ,
+2(1 + al)ZK"(k ) (k TR ok — 4 k—k — 2k = 4¢K°(k )

1 1 ,
+ aTo®) ~ g o Kol ))} (3.72)

k' —k — 2k" —
Meanwhile, there is another term which should be considered

B ﬁ? 2 /// dw dk dk’ 1w(t—t')e‘i(kz+klml) 'L ’L
1+01 o 27 21 © w2 — k2 — 42— k2 —
1 '
(k+k'—41; e ae®)
1 1 ,
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After this stage the calculations, especially integration over k", are too lengthy

to perform. Note all the terms involving the following kind of integral

dk" 1
VE? + 4k +k - 2k"

which is proportional to 8 (after integrations over k and k'), will be cancelled and

this is one of the interesting facts that may be found. On the other hand, there are

some other terms which contain this type of integral

dk" 1
VE? +dk+k —2k" —4

and apart from one of them, all the others cancel with the counterpart terms in

the type III (bulk-bulk) Feynman diagram as we mentioned in the previous section.
Meanwhile further simplification can be made by using the values of k and &’ given
by their poles and simplifying the integrand. So the type I (bulk) Feynman diagram

has the following contribution

_ZﬂQGQ d_we—iw(t—t')e—ik(ﬂw’);

T o2 (2]})2
cos a a1 1 1 1 1 -
{_ - 2 : S 7 + = 2 > Ko(k)
(14cosaym)?sinaym ik + 24k — 2cosa;m+2  Sin“aym g2 44
_2cosaim agm 1 Ko(h) COS aym aT 1 Kg(fc)
sin®a;7 sina;7 k2 + 4 0 (1 + cosaym)?sinaym ik — 2ik + 2cosaym — 2
1 aym 2ik T N
+ |-+ = = + Ky(k
( 4  sinamik — 2cosaym ,/;}'2_{_4) 2(%)
1 a;m CoS am 2ik A a,m ik -
(o — AT KB+ 2 (k)
2sin“aym 2sin" ey / 4k — 2cosaym sina)m ik + 2cos aym
a;mcosaym(2cosa;m ~ 3) 1 ) 1
2(1 +cosaym)sin® aym  k — 2cosaym +2  4sinaymk
a;mcosarm(2cosa;m — 3) 7 cosa,m -
+ + — Ky(k
( 2sin® a; 12sin?am  2sint a7 (k)
a7 cos ay (3 — 2cosaym) 1 90/t ) 1 5,¢
- K;(k)+ ———=K;(k
2(1 + cosaym) sin® a7 ik + 2cosaym — 2 o (k) 4sin? a7k o(k)
+i ( T 1) (1 + cos? aym)k — dicosaym 1
4 \sina;m sin® a 7 k2 +4
1 am cosa T -
- -1 Kok
4 (sinaﬁr ) sin* ay 7 o(k)
i ( o 1) (1 + cos? a%7r4)fc + 4dicosay ] 1 K2(k)
4 \sina;7 sin*aqm k2 + 4

5o (Kah) + Ka(k)Ka(0) + K§(B)Ka(—F))
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cos?aym —2 1 a7 COS @y T
+1 - 2 ( ) - . 3 )
sin” aim 2sin” aym 2sin” a7
1 1 - 1 R
< ——— - Ko(k) = ——— Kg(’“))
2(k + 2icosayw) 2cosapm 2(k — 2icosa,)
dcosa ( 1 amcosaﬂr)
_ - _
"\ 25in? ay 2sin® a; 7
1 1 - 1 .
(s - oKl + k30
2(k + 2icosayw)? 4cosParm 2(k — 2icosa,m)?
_ 3cosa;m  ajm(l + 2cos? aymr)
—4icosaym — - —
8sin™ a1 8sin® a7
1 i . 1 .
(e - Ko®) - K3
2(k + 2icosaym) 2cosaym 2(k — 2icosaym)
+/2Ko(k) K, (0)
B 1 z'lAc+2cosa17r+2 1
2(1+cosarm)? \ ik — 2cosarm +2 \/(k — 2i)2 + 4

i (1+§(1f—2i)+§ (k—2i)2+4)
1+ 5(k —2i) -

—ik + 2cosaym + 2 1

—ik — 2cosaym + 2 (];+21')2+4

Xln(l—%(/:s+2i)+§ (lic+2¢)2+4))}' (3.74)
1—2(k+2i) — 3/ (k+2i)2 + 4

+K3 (k)

3.4 Type Il Feynman diagram

Type II (boundary-boundary)

This section deals with the type II diagrams and in this case we encounter three
distinguishable contributions as a result of the fact that the interaction vertices can
be placed at the boundary or inside the bulk region. It is instructive to start with
the simplest one i.e. the type II (boundary-boundary) contribution which may be

expressed in terms of the following integral

ﬁ262 ) ’ ,
e / / dtdt'G(z1, t; 0,1)G(0, 1,0, )G (0, £: 0, )G (0, ' 24, t3),  (3.75)

where, as for the type III diagram, the propagator is given by

[ [ dwydky etim) B
1
(3.76)
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Therefore, (3.75) will be equal to

dw1 dkl ’i€~iw](tl—t) _ik
wat [ | (14 Kot
1+01 // d or 27 w? — k2—4e + Kolky)
dw dk e~ w(t=t)
Kok
//2w2ww2 —4(1+ of )>
dw' dk' ie” “"(‘ t')
K k')
// o 27 W'? — k'2—4< + Ko(K)

dwo dks 1€ —iwz (t' ~t2) )
// 27: 27r2w k;2 - 4e—lk2x2 (1 +Ko(k2)). (3.77)
2

Let us rewrite the ¢ and t' integrations along with their results i.e.

dt

27r e ttwtw' —w) (5((.4) + o - wl) (378)
and

dt’ —it/ (wtw' —w

ge t(w+ 2) :5(w+u),—WQ) (379)

In other words, the above Dirac delta functions implies wy = w; and, at the same

time, w' = w; — w. So considering these two substitutions in (3.77), we obtain
(32e? // dwy dky 1e~wilti—t2) itaa ( )
- — —— ¢ 1+ Ko(k
4(1 4+ 01)? 21 2m wi—k?-—4 ¢ + Kolky)

[ | 5+ san)

dk' z'

— 1+ Ko(k'

.27r(w1—w)2—k'2—4( * O(k))

dke ——i ka2 (1 + Ko(k )) (3.80)
21 w? — k2 -4 0Nl ) '

Integrations over k; and k; can be simply done in the final stage just by substituting

ki =ky=Fk =k, = \Jw? — 4. So the crucial part of the calculations is

///d_w(_i_k_fii’ i i 2ik 2k’ (3.81)
2727 2w w? — k? — 4wy — w)? — k% — 41k — 20, 1K' - 20y '

First of all it is better to perform the w integration. Otherwise, we will encounter

more difficult integrals. Meanwhile, integration over w may be achieved by closing
the contour in the upper half-plane and collecting two poles at v/k? + 4 and w; +
Vk"? + 4. Hence, (3.81) reduces to

// dk dk’' —4kk’' 1 3
om 27 (ik — 201)(ik' — 201) \2V&Z + 4 (wy — VEk2+4)2 — k72 —
1 1
+ 3.82
2\/1<ﬂ2——k—1(w1+vk’2+4)2—k2—4> (3:82)
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Now this time in order to integrate over k', as before, the required contour would
be in the upper or lower half-plane depending on whether o; is greater or less than

zero respectively and considering the pole at k' = \/(w1 — Vk? +4)2 — 4. So, (3.82)

becomes
dk -k 1

2m VK2 + 4 (ik — 20,)(ik' — 207)

Therefore, up to now the type II (boundary-boundary) contribution takes the form

’8262 dwl e—lw1(t1—i2) —iky (z1+72) 1 (2ik1)2
4(1 + 0,)2 (2k1)? (iky — 201)2
dk —k 1
21 /K2 + 4 (ik — 201)(ik' — 207)

+w = —w,. (3.83)

+w = —w (3.84)

Type II (boundary-bulk)

Now let us consider the type II (boundary-bulk) Feynman diagram and it is clear
that this diagram has the same contribution as the type II (bulk-boundary) one,
due to the symmetry which is involved in the diagrams. This time the contribution

may be formulated as

23%€?

0
o7 //dtdt'/ drG(z1,t1;7,t)G(x, £ 0,t)G(x, 0, )G(0,t'; 29, t5)e™®
01 —0o0

(3.85)
or using (3.76) for the propagators

2ﬁ2 ? duw, dky je—wi(t —t) i A .
dt / // i > 1k1:v1< thiz g —zkl:z:)
1 +01)? .//dt 21 27 w? — k2 4" € + Ky(ky)e

dw dk e~ wt-t) ~ika 22
//27r27rw2 —46 (1+K0 )

do' dk' e~ (t=t) J—
// o 2T W2 — k2 — 4 (1 + Kok )
)

dwy dky 1e~ 2t tz) _
[ [5 g 1’“2“<1+Ko(k2) (3.86)

As it was shown in the previous diagram, integrations over ¢ and ¢’ means wy, = wy,

w' = wy — w. Moreover the integration over = can be done to obtain

22:32 2 // dw1 dkl ie—iwl(tl_tz) —ikyz1
1 + 0'1

or 21 w? — k2 — 4°

dw dk i 1
//27r27rw2 —4(1+K0(k))(k1—k—k’-2z’
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Ko (k1)
A — —2¢>
dk’ i
bkl Ko(k'
21 (wy — w)? — k"2 — 4(1 + Kolk ))
dk? : —ikoxo ( )
27!‘ wl k)2 46 1+ Ko(kg) . (387)

After this stage it is sufficient to use the same procedure that we followed in
the previous diagram and after some manipulation the type II (boundary-bulk)

contribution will be

2i3%€ dwle_wl(tl ~t2) gtk (a1 +w2) L (2ik,)?

(1402 2n (2k1)2 (iky — 207)2
dk  —k 1 1
21 k2 + 4 (ik — 207) (k' — 204) (;;1 k' — 2
Ko (k1) )
by —k—k —2i
+wy; = —w;. (3.88)

Type II (bulk-bulk)

In the last part of this section, the type II (bulk-bulk) Feynman diagram is studied
whose calculation is much more lengthy than the previous ones. In order to find the
contribution of this diagram to the reflection factor we have to find this integral

168%

/ RN )
1+0'1 //dtdt/ / dﬁdeiEl,tl,Z‘ t)G(-T,t,IE,t)G({L‘,t,Q;’t)

G(z',t'; 25, t5)e2%e™ (3.89)

or in its expanded form

164%€* 0 0 dw; dk; ie” —w(ti-t)

dtdt’/ / dxd '// tk1(x1—x)
1+01)2// N B o1 21 w? — k2—4(e
+K0(k1)e—ik1($1+x))

dw dk je~wlt=t) " .
ik(z—z') —ik{z+z')\ 2
//27r27rw2 —4( + Ko(k)e™™ )e

dwl dk, e~ w (t ¢ ) ik! ' ) '
k' (z—2') N —ik'(z+2')\ 2
// om 21 w2 — k2 — 4 ( + Ko(K')e )e

duwy dky de=n 1) o
// 271,2 2735)2 kz 1 (ezkz(a: —xz)+K0(k2)e—zkz(z +z2)). (3.90)
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Now, as before, the integrations over t and t' generate two Dirac delta function
which allows these substitutions; w; = wy and w' = w; — w. Besides, integrations
over x and 2’ can be done easily but they will give rise to lots of terms and it is
convenient to adopt a shorthand notation via defining a function which will be clear

later. Hence, (3.90) reduces to

16/32 . /// dwy dk] dk2 e~ wilti—t2) o —i(k1z1+k222) L :
(14 0y)2 or 21 27 wi — kf —dwi - kf —

dw dk dk' 7 i
9 O I ko, k, k'
///2%2%27rw2—k2—4(w1_w)z_k,2_4{f(k1> 2k, k')

+Ko (k1) f(—ki, ko, k, k') + Ko(ko) f (K1, —ka, k, k')

Kol Ko(ko)f(—1, ko, b, ) |, (391)
where
1 1
k, k'

fki ko K, K') = kit k+ Kk — 2k —k— K — 2

1 ZKo(k)
k1 k+k' —2ikys —k— K — 2t

1 ZK()(]{I)
k1+k k' — 2tk —k— K — 2

K !

ki —k—k —2tky—k—k'— 20
Integration over w may be performed as before, i.e. exactly what we have done in
the type II (boundary-boundary) case. However, if we then integrate over k', this
time, in addition to a pole at k' = k' = \/(wl — VE2 4+ 4)? — 4 in the upper half-

plane, we will have extra poles due to the functions f(+k;,tks, k, k). So, we have

to make sure that the residues of these poles are considered as well. Hence, after

some calculations, (3.91) is converted to

16ﬂ2 2 /// d(L)l dkl de _lwl(tl—t2)e—i(k1$1+k2132) 'l 7:
(1 + cosaym)? or 2m 21 w?— k¥ —4w?— k2 -
dk 1 1

—_—— k,k‘,k,];;'+K k _k,k,k,]’%’
27r4\/k2+4]g/{f( 1, b2 ) + Ko(k1) f(—k1, ke )
+K0(k2)f(k1’ _kQ, k,k’) “+ Ko(kl)KO(k2)f(—kl, _k2’ k, ];I)
+g(kl’k2’k’w1) + Ko(kl)g(—klik%k,wl)

+Ko(k2)g(k1, =k, k,wi) + Kol(k1)Ko(k2)g(—k1, —ka, k,w1)
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+h(ky, ko, k,wi) + Ko(k1)h(—k1, ko, k, w)
+Ko(ka)h(ky, —ka, kywi) + Ko(ky) Ko(ka)h(—k1, —ks, k,wl)}(3.93)

where

2 1
(wl—\/k2+4)2—(2i—k1—k)2—4k1+kz—4i

9(k1, ko, k,wi) = (3.94)

and

2 1
(w1 — VK2 +4)2 — (2 — k1 + k)2 — 4 ki + ko — 2k — 4i°

Note if we substitute the functions f, g and A inside the bracket in (3.93), doing

h(k)l, k‘2, k, wl) =

(3.95)

the k; and ky integrations and after some simplification, the type II (bulk-bulk)

contribution will have the form

46°¢* dwy 6—iw1(t1—t2)e—il;:1(1‘1+z2)_A___
(1+cosaym)?J 2n (2k1)2
dk 11 1 Ko (k)
VR + 4k {(1%1 — 2) (k' + k — ky + %) " (ky — k — 20) (k' + k — ky + 21)
Ko(E') Ko(k)Ko(K')

(k' —k— bk +2) (k" +k— ki +2) (K +k— ki + 20k +k — ky + 2i)
iKo(ky) (K + 2i)
(k' — k + ky + 20) (k' + k — ky + 2i)
2Ko (k1) Ko(k)(k + k' + 2)
(k' + k+ k) + 20) (k' + k — ky + 20)(k + 24)

~ 2Ko (k1) Ko (k) - 2Ky (k) Ko (k) Ko (k)
(k' —k+k +2)(k+k—k+2)  (K+k—k +20) (K +k+ ki + 2)
Ko (k1) Ko(k») 3 Ko (k1) Ko(ks) Ko(k)
(ki +20) (K +k+ ki +2]) (ki+k+20)(K +k+k +20)
3 Ko (k1) Ko(ka) Ko (k) _ Ko(k)Ko(ka) Ko (k) Ko (k') }
(" —k+ ki +2) (A +E+k +2) (B +k+k +200F +k+k +2)
W = —wy. (3.96)

3.5 Discussion

In this chapter we tried to find second order quantum corrections to the classical

reflection factor of the sinh-Gordon model at one loop order. In fact, we evaluated
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ten contributions including two for the type I, four for the type II and four for
the type III diagram. We completely did the calculations relating to the types
[ and IIl Feynman diagrams. However, in connection with type II diagram the
calculations still are in progress. In this case the two middle Green functions are
exactly identical. Then the middle momenta are not related to each other in a
simple way and the computations become more intricate. Note the contribution of
the type II (boundary-bulk) is the same as the type II (bulk-boundary) because of
the symmetry involved in these diagrams.

It is understood that if the second order calculations are finished then, the
Ghoshal’s formula will be checked much more deeply than the first 6rder calcula-
tions. Meanwhile the conjecture (2.102) in chapter 2 could be verified perturbatively

at higher order.



Chapter 4

On the quantum reflection factor
for the sinh-Gordon model with

general boundary conditions

4.1 Introduction

In recent years there has been considerable interest {22,56,57,63,64,69] in perturba-
tive affine Toda field theory. The motivation behind this fact is that the boundary
S-matrices of the models are largely unknown. The most progress has been made
for a(ll) affine Toda field theory for which the general form of the boundary S-matrix
has been found by Ghoshal [41]. In fact, the boundary bootstrap equations yield the
boundary S-matrices up to some unknown parameters. The perturbation method
not only provides an additional check of the results which come from the bootstrap
technique, but also it could make a connection between the unknown parameters of
the boundary S-matrices and the boundary parameters which are involved in the
Lagrangian formulation of the theories.

In chapter 2 we obtained the quantum correction to the classical reflection factor
of the sinh-Gordon model at one loop order when the boundary parameters are not
equal. However, the calculations were restricted to first order in the difference of
the two-boundary parameters. Then, by comparison of our result with Ghoshal’s
formula we conjectured a relation between the parameters of Ghoshal’s formula and

the boundary data up to the first order. This chapter extends the results of chapter

81
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2, by calculating the quantum reflection factor for any value of the boundary param-
eters. It is found that most parts of the one loop quantum corrections to the classical
reflection factor of the sinh-Gordon model which are calculated partially, may be
expressed in terms of the hypergeometric functions. This result and how it could
relate to Ghoshal’s formula is discussed in the conclusions. The model is considered

at low order perturbation theory and under integrable boundary conditions.

4.2 Low order perturbation theory

As we mentioned in chapter 2 in general, for a model of affine Toda field theory, the
perturbation theory is studied around the static background solution to the equation
of motion of the model. Therefore, the standard Feynman Rules may be used. In
connection with the sinh-Gordon model, it was shown in chapter 2 that the classical

static solution is given by

eﬁtbo/\/i _ 1+ e2(z—ro).
1— e?(z—xo)

Meanwhile, it was seen that after linear perturbation of the field equation and the
boundary condition in this background, the two-point Green function corresponding

to the model has the following form

dw dk i i e
Gz, t;2,1) // M omw? — K — At ip. WO (f(k, @) (K, a') =)

+ K (k) f(—k,z) f(—k, ') * @) | (41)

where
ik — 2coth 2(z — o)
k = )
and the classical reflection factor is
K — (ik)? + 2tk/1 + oo/T+ 01 + 2(00 +01)\ [ik -2 (4.3)
~ \ (6k)2 — 2ik\/T+ oo/ T+ 01 + 2(00 + 1) ) \ik+2)° '

In the expression (4.1) for the propagator, the classical reflection factor appears as
the coefficient of the reflection part of the free field two-point function calculated
within the classical static background. Now following the idea introduced by Kim
[56] and developed by Corrigan [64] to calculate perturbative corrections to the two-
point function and then to identify corrections to the classical reflection factor by

—ik(z+z'

picking out the coefficient of e ) as-z,z’ — —oo0.
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In order to calculate the one loop quantum correction to the classical reflection
factor, we use the standard perturbation theory which is generalised [56,57,64,69)
to the affine Toda field theory on the half-line. In general, at (O((?)) there are three
basic kinds of Feynman diagrams which contribute to the two point propagator of
affine Toda field theory. These are shown in figure 1 in chapter 2. These will be
computed in configuration space noting that each vertex may either be situated
at the boundary or within the bulk. In effect, there are ten contributions to be
calculated.

It is evident that four point couplings are involved in type I diagram and they
may be formulated by means of expanding the bulk and the boundary potential (see

chapter 2). So,

1
Chate = 38 cosh(v/2860) (4.4)
and
2
Cégindary = '2_8— (Uleﬂ¢0/\/§ + er_ﬁd)o/\/i) . (45)

Clearly, the three point couplings corresponding to the bulk potential and the bound-

ary are included in types Il and III diagrams and actually they are

22 .
Chole = = Bsinh(vV254,) (4.6)
and
V20 _
O dary = T5 (Uleﬁcﬁo/ﬁ — oge ﬂ¢o/\/§) _ (4.7)

By inspection of the forms of the three point and four point couplings which we
have found in chapter 2, it is clear that all types of these diagrams are involved in
our problem.

In fact, when the boundary parameters are not equal then, the calculations
corresponding to the one loop order in the sinh-Gordon model are lengthy and
intricate. In the following sections we try to compute the contributions of types I
and III diagrams to the reflection factor. The remaining diagrams will be treated

elsewhere. Meanwhile, it is instructive to start with type IIL
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4.3 Type III diagram (boundary-boundary)

In this section we shall calculate the contribution of the type III diagram to the
reflection factor when both vertices are located at the boundary z = 0. So, we are

led to the following integral

2
— T(al coth zy — o tanh z,)?

X //dtdt'G(azl,tl;O,t)G(O,t;O,t’)G(O,t';O,t')G(O,t;a:Q,tg) (4.8)

in which the combinatorial factor has been taken into account.

Let us start by looking at the loop propagator G(0,¢;0,¢'), which is equal to

dw' dk' 1
r. ' — . btk I _kl

HK(K)f(-K, 0)f(-K,0)),  (49)

where
1k’ + 2 coth 2z
f(K',0) = ) (4.10)

and K'(k') is the classical reflection factor (4.3). After some manipulation, we obtain

dw' dk' 1
Go,t50,¢) = i [ [S255
( ) ‘ 21 2 W2 — k"% —4+ip

y 2ik' (ik' — 2 coth 2zy)
(’ik}')2 - 2'Lk'\/1 + 0'0\/]. + o1+ 2(0’0 + 0’1) ’

The above integral is clearly divergent however, the divergence can be removed

(4.11)

by the infinite renormalization of the boundary term. In other words, considering
the following relation
2ik" (ik' — 2 coth 2z)
(tk")2 — 2ik'/1 + oov/1 + 01 + 2(00 + 01)
ik (\/1 + 09y/1 + 01 — coth 21’0) — (00 + 01)
(¢k")2 — 21k’ /T + 09gv/1 + 01 + 2(09 + 01)

it is seen that a minimal subtraction of the divergent part can be made by adding

(4.12)

an appropriate counter term to the boundary, replace the logarithmically divergent

integral by the finite part. Hence,
dw' dk’' 1
0,t) = 4‘//——
G(0,250,7) z 2 2m W2 —k? —4+1ip
k' (\/1 + 0gy/1 + 01 — coth 2:50) — (09 + 01)
(ik’)z - 22](?,\/1 + 0'0\/1 + o0+ 2(0’0 + 01)

(4.13)
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The integration over w’ may be performed by closing the contour into the upper

half-plane and collecting a pole at w’ = vk + 4 so that

| T/ )04

2 (ik')Q—Q’ik'\/1+Ug\/l+01+2(0’0+0'1)
(4.14)

dk’
G(0,1;0,t) _2/ o]

In order to integrate over k', as before, one chooses a contour in the upper half-plane,
however due to the branch cut the contour has to turn around the cut line. Moreover
we assume that the roots of the denominator of the integrand i.e. 2cos gﬂoi%)ﬂ are
positive, otherwise we may close the contour in the lower half-plane. Therefore

(4.14) is converted to

% dy 1 y(\/1+00\/1+01 —cothQIO) + (0g + 01)

ht:4 4.15
2 21 VyP—4 2+ 2y/1+oov1+ 01 + 2(0g + 01) (4.15)
or after changing of variable
o du 2coshu(\/1+00\/1+01 —coth2z0) + (00 + 01) 116
o 2m 2005h2u+2coshu\/1+00\/1+01+(Uo+01) (4.16)
or
ap4-ar)m _: 2 (ap+ar)m
i4cos(°2‘) 51n(°2‘) 00 du
27 cos? @"2—‘“& — cos? M 0 2coshu + 2cos M
N 1 4cos (“0_2‘“)” sin? (“" ) du (4.17)
27 cos? K—L“"*’;‘ T — cos? i—)—“‘) 2T 2 cosh u + 2 cos g—)—-a" ol .
Finally the above integrals can be solved to get the following result
G(0,t;0,t') = _a2_0 cot agm — %cot aim. (4.18)

Now it is convenient to calculate the time integral of the other middle propagator

in (4.8) which is equal to

dw dk ) 1
f . ' —uu(t—t)
/dtG(O’t’O’t) ///dt om 21 w?—k?—-4+1ip

g 21k (ik — 2 coth 2z¢) (4.19)
(1k)? — 2ik/1 + 0o/1 + 01 + 2(00 + 01) '

Clearly, in the boundary-boundary contribution (4.8), it is seen that the #' depen-

dence is involved only in the above propagator i.e. G(0,t;0,t'), so the integration
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over t' produces a Dirac delta function which give rise to substitute zero for w and

hence

, , dk 1 2ik (ik — 2 coth 2z)
dt ; = [ — .
/ G(0,40.¢) /27r <—k2—4) ((z'k)2—Zik\/1+ag\/1+al+2(ao+01)>
(4.20)

As we mentioned before, throughout this chapter we assume that the roots of P(k) =

(k)% — 2ik\/T + 0o\/1 + 01 +2(0¢ + 01) which are equal to 2 cos g“”—j;“—)l are positive,
so the P(k) has no pole in the upper half-plane. Obviously if the roots are negative
then we can choose the contour in the lower half-plane in which no pole is inserted.

Therefore, (4.20) after integrating over k yields
(1 + coth 2x,)
d'G(0,t:0,') = i 4.21
/ ( ) 2+ 2v/1+ 091 + 01 + (00 + 01) (421)

and by substituting oy = cosagm and o, = cos a;w, we obtain

dt'G(0,1;0,¢') = — i . 199
/ (0.40.1) 4 cos %7 cos 4T (4.22)
Up to now, the boundary-boundary contribution has the form
8% (01 coth zy — o9 tanh zq)%(ao cot agm + a1 cot aym)
32 cos 4% cos 4*
dw; dk)l je~wi(ti—t) ‘
dt// —_— - ( , —k ,0 k12
8 / 2r 2m wi—k?—4+1p f(kv,z1) f(—Fk1,0)e
K (k) f(=ky, z1) f (k1 O)e_iklml)
dwy dky je—w(t—t2) ( .
or k —koy, 0)e 272
X// 97 om Wi - k2 — 4+ ip f(k2,2) f(=ka,0)e
k) f(— ko, z) (ka0 7). (423)

First of all, it is necessary to perform the transformation k; — —k; in the first term
of the first propagator. Secondly, integration over ¢t ensures energy conservation at
the interaction vertex and generates a Dirac delta function because of which we can

set w; = wy. Moreover, it is better to define a new function as
Alk,z) = f(—k,z)f(k,0) + K (k) f(—k,z)f(-k,0) (4.24)

or, in an expanded form,
ik + 2 coth 2z ik + 2 coth 2(z — xp)
1k + 2 ik —2
N (tk + 2 cos gﬂ’%ﬂl)(zk + 2cos M)
(tk — 2 cos M)(zk — 2cos g“";;lﬁ)
9 itk — 2coth 2z ik + 2coth 2(z — zp)
1k —2 1k +2 ’

Ak, z) =

(4.25)
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then the expression (4.23) reduces to

i3% (01 coth 2y — 0¢ tanh )2 (ag cot apm + a; cot a; )

32 cos ﬁgﬂ cos “4*
X /// @ d_kl d_k?€-iw1(t1—t2) L l e—iklm e—ikzzz
2 2m 27 wWi—k2—d+ipw?—ki-4+ip
x A(ky,x1)A(ks, x9). (4.26)

Obviously, what we need to do next is to integrate over the momenta k; and ko
and this task may be achieved by closing the contours in the upper half-plane and
considering the poles at 1}1 = k) = ky = y/w? — 4. Note, the additional poles due to
functions A(ky,x,) and A(ks, z2) are not important because their contributions will
be exponentially damped as z,, 2 go to —oo. Therefore, the boundary-boundary
contribution is

_@ (o) coth zg — ag tanh x4)?(ag cot agm + a, cot a; )

32 cos 5%1 cos "—2’—”

dwl —10 ,1(t1 _t2) —‘k1($1+1132) 1 7 7
2 (2[{;1)2 ( 1, l) ( 25 2) ( )

Now recall the definition of the quantum reflection factor as the coefficient of
e~ *(@+2') in the two-point Green function in the residue of the on-shell pole in the
asymptotic region z,z’ — —oo. Thus, the correction to the reflection factor from

the type III (boundary-boundary) piece is

12 (o1 coth 2o — 0o tanh 4)?(ag cot apm + a; cot aym)

32 cos 87 cos #T
.7 2 . .7 .7 _
« LA ((zkl +.A2 coth 2zp) + 2K () (tky + 2coth 2.3:0)(2191 2 coth 2,)
2k1 (Zkl + 2)2 (’Lk‘l + 2)2
~ (iky — 2
R (k) (ik, .A2 coth 2z¢) ) . (4.28)
(’Lkl + 2)2

4.4 Type III (boundary-bulk)

This section deals with the determination of the contribution of the type III Feyn-
man diagram to the classical reflection factor when one of the vertices corresponding

to the loop is situated at the boundary and the other vertex is inside the bulk re-

gion. It is evident that in this case we have to take into account the bulk three
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point coupling C,Ezzk in the corresponding vertex as well as the boundary three point

coupling c®

boundary 11 the other vertex. Meanwhile, the combinatorial factor associ-

ated with the related Feynman diagram must be considered as a coefficient factor.
Therefore, the contribution of the type III (boundary-bulk) to the reflection factor

may be written as

—283%*(o, cothzy — 0y tanh;ro)///dtdt'de(wl,tl;w,t)G(:v,t;O,t')
x G(0,t;0,t)G(z,t; T, t2) sinh(vV28¢p). (4.29)

The propagator G(0,t'; 0, t') corresponding to the loop has been found in the previous

section and is given by
G(0,t;0,t") = —% cot agm — % cot ay7. (4.30)

The calculation of the other middle propagator i.e. G(z,t;0,t') is the next step
and clearly, the ¢’ dependence in (4.29) is included only in this propagator. Hence

it is convenient to compute the following relation

dw dk _. , 1 .
! . ! ! —tw(t—t') ikz
/dt G(z,t;0,t") = /dt //—2 o e P — ip(f(k,a:)f(—k,O)e

+K(k)f(—k,x)f(—lc,O)e‘““). (4.31)

Integrating over t' gives us a Dirac delta function which simplifies the integral (4.31)
to

dk i .
a_ 19 a1 k _ tkx
27 “k2—4+z'p(f( ,2)f(—k,0)e

K (k) f(—k, 2)f (=, O)e_““’”). (4.32)

/ dt'G(z, 0, ')

Now if we split the above integral in two parts, the first part after setting k — —k

is equal to

. [ dk ik + 2coth 2(z — o) ik + 2 coth 2z ( 1 )
-k

—ikz
4.33
"] on ik —2 ik + 2 2_4)° (4.33)
and the residue theorem gives

d [ (ik + 2coth2(z — zo))(ik — 2coth2z0) _;, e
dk (ik — 2)2 ¢ k=2i

or after simplification, the first part has such a form

(4.34)

i621

{-1 + coth 2z coth 2(z — z¢) — 2z + 2z coth 2z + 2z coth 2(x — x¢)

8

—2z coth 2z coth 2(z — zy)} . (4.35)
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In (4.32) the second part is given by

dk (ik + 2cos M)(zk 4 9 cos (@0 a1)7r)
2r (tk — 2 cos M)(zk — 2¢0s SMM)

. (tk + 2coth2(z — 2o)) (ék — 2 coth 2zo) < e ) (4.36)

(ik + 2)(ik — 2) —k? —

Assuming cos L@%l)—” is greater than zero, then the above integral can be evaluated

to obtain first

d [ (ik + 2cos g———)—“"*'z‘“ =) (ik + 2 cos L_Lao—2a1 )
(tk — 2 cos L“‘”‘?ﬂ)(zk — 2cos M)

dk
tk + 2coth 2(x — xp))(ik — 2 coth 2z ikz
( ( (i 0)2))( 0) ) |k=2i (4.37)

or after simplifying

tan? M tan2 KMM
8 2 cos? M 2 cos? LMM

o (a0 + al) tan? (ap — ai)m (

) (1 + coth 2z4)(—1 + coth 2(z — z))

+ tan

—2 + coth 2(z — z) — coth 2z)

4 4
+ ag —
+ 2z tan® (ao 4a1)7T tan? (a0 4a1)7f(1 + coth 2z¢)(—1 + coth 2(z — x,))
+ | —tan? (a0 + ar)m tan? (@ — aq)m B tan? ("—Oi;‘—‘)— tan? M
4 4 2 cos? ——L""’ aL)m
tanQ (00+01)7|' tan2 (ao—a1)1r
T ey ) (1 coth2e0) (=14 coth2(z — 20)) ¢ - (4.38)

Now adding the first part (4.35) and the second part (4.38), then rearranging the

terms we find the following result

i 52T

/dt'G(a:, t;0,t) = (co + €1 coth 2(z — zg) + doz + d1z coth 2(z — z¢)), (4.39)

where
tan2 ﬁao+01}7r tan2 (ao—ar)m
C=-¢ = -— 4 (1 + coth 2z)
2 cos? 5—)—“" T 9 cos? L—)—“Oz‘“ u
o (a0 +a))m o (ag— a1)7r(_

+ tan

1 tan )

(ag +a1)m, ,(ap—a;)m tan tan
tan? t
* ( ! 4 an 4 + 9 cos? ﬁ“o_—:lh

2 (ag+ar)m
4

2 — coth 2z)

2 (agt+ai)w 2 (ag—ay)mw
4 4

2 (ag—a1)m

t
m ) (1 + coth2zy) (4.40)

tan

2 (aot+ar)w
2 cos 2
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and

(ap+ar)m | o (ag—ay)m

dy = —d; = —2tan?
0 dq an 2 i

(1+coth 2z) —2+42 coth 2z4. (4.41)
However, the above coefficients may be simplified much more to obtain first

do=d; =0 (4.42)
and

4
In order to check the result (4.39), if we set x = 0 in this equation then it

Cpg=—C = — (1 + tan? (GLZ—(L—I)—E> (1 + tan? M) . (4.43)

becomes

/dt'G(O, t:0,t') = %(Co — ¢1 coth 2zy) (4.44)
or using (4.43), we obtain
)

4 cos Qgﬂ cos QQL”

/ dt'G(0,1,0,1) = — (4.45)

which is equal to (4.22) in the previous section.
Up to now the type III (boundary-bulk) contribution has the following form, of

course, after integrating over t:

B2co(o) coth zg — ag tanh x4)(ag cot agm + a; cot a, )

d(l.)l dk] — 1(t1—t2) 'l ( " _
w k —k ik1(z1—x)
/ // 27 27Te w¥_k%_4+zp f( 1"T1)f( 1,113)6

+ K1 (k1) f(—ky, 1) f(—k1, x)e—ikl(l“}'fl?l))

« {“382 (1 = coth 2(z — o)) sinh(\/§ﬁ¢o)}

dko )
21 Wi —k3—4+ip

(f(kg, z) f(—ka, xz)eih(z—xz)
+K2(k2)f(_k2’ x)f(—k% 1‘2)6—“92(1'“:2)) ? (446)

where

sinh(v'26¢) = 2 cosh 2(z — 7o) (coth’ 2(z — 7o) — 1) . (4.47)

By multiplying the two propagator in (4.46) by each other, it is clear that one
obtains four pole pieces and, as far as the integration over z is concerned, if we can

do the integration over z on one of them then obviously the other three pole pieces
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could be done in the same manner. Hence in what follows it is sufficient to treat
only one of them and, meanwhile, keeping those terms which are functions of z, we

are led to the following complicated integral

0
[ dzf (=, 3)f ko, ) (1 = coth2(w — 20) ) sinh(vV25o) exp {2 + ik = kr)a}.
(4.48)
After some substitutions and collecting together powers of coth 2(z — zy) we obtain

1
(Zk] - 2) Zkg + 2

+(22k2 — 22]61 + klkg) coth 2(1 — .’L'(])(22k1 — 22](72 — 4) COth2 2(113 — .’170)

/ dz exp {2 + i(ky — k)2 } sinh(v/28¢) (—k1k2

4 coth®2(z — 330)). (4.49)

It is clear that to solve the above integral, it is necessary to manipulate the following

integrals
0
/ dz exp {2 + i(ky — ky)z} sinh(v28¢) coth™ 2(z — zo), (4.50)

where, n =0, 1,2, 3.
In fact in Appendix A, we have found the integrals (4.50) and the solutions of
them are expressed in terms of hypergeometric functions. So using the formulae in

Appendix A and simplifying, we find that [ in (4.49) can be rewritten

f(k L ) N _3/91](32 + 4’Lk2 — 42/{31 + 8 1 _ 3k‘1k‘2 -+ 6?,]62 — 62]61 + 13 cosh 2:120
bR 3 sinh 2z, 6 sinh? 2z,
B iks — ik; + 2 cosh? 2z + 1 B lcosh3 2z + 5 cosh 2z
3 sinh? 2z, 6 sinh? 2z,
_ 12ik kg — 16k2 + 16k1 + 400 — (k2 — k1)(9k1 ko + 16iks — 161k, + 34)
3(ky — ki — 49)
6_210 F (1, i(kg - kl) + 1, %(kz — k]) + 2,6_4I0)
3 121k1ko — 48ks + 48ky + 1360 — (k2 — ky)(6k1k2 + 28iky — 281k; + 84)
3(kay — lc1 — 8i)
x ¢80 (2, (ks — k) +2, (k2 k)43 e-‘*zo)
+ 32ky — 32k — 192¢ + (ko — kl)(lﬁlkg — 16ik; + 104)
3(k2 —ky — 124)
x e~10%0 7 (3 4(k2 — k) +3, (k2 k1) + 4, e—‘*zo)
16ky — 16k; — 32i
+

(ks — k1 — 161)




4.4. Type III (boundary-bulk) 92

X 6—14:1:0 F (4, %(k‘Z - kl) + 4) %(k& - kl) -+ 5, 6_420) . (451)

Now regarding (4.46), after doing the transformation k& — —k; in the first term of
the first propagator, all that remains is to integrate over the momenta &; and &, and
this can be achieved by closing the contours in the upper half-plane and considering
poles at lAcl = k; = ky = y/w? — 4. The extra poles in the four functions F(tk;, +k5)
are not important because their contributions will be discounted when x; and x5 go
to —oo.

Let us write down the type III (boundary-bulk) contribution to the reflection

factor

2 (ao+ea1)w (ap—ai)w
B° tan 0 tan S

(ag cot apm + a; cot a;m)

2 cos %% cos LT
it i (a-ta) piba(eran) L k1 + 200th 2(z) — To) iky + 2 coth 2(z; — 2)
2m (2k,)? iky — 2 iky — 2
1 P 1 . A s
X F(—ky, k) — — . K, (k) F(ky, &
{(¢k1+2)2 Chob) = G o, — gy R e k)

? ~ - ~ 7 N - -

—— - Ki(k\)F(=k1,—k) + ———K2(k) F(ky, —k }.4.52

g I F k) ¢ KR F G R} (152)
Now looking at the function F(ky, ko) given by (4.51), let us show the detailed

forms of the F(—ki, k1), F(ky1, k), F(~ki, —ky) and F(ky, —k;). In fact,

- 3k2+8 1 3k? + 13 cosh 2z
Flky,ky) = —— !
(k1) 3 sinh2xg 6 sinh? 2z,
2 cosh? 2z + 1 1 cosh® 229 + 5 cosh 2z,
3 sinh® 2z, 6 sinh? 2z,
k2+1
+3—13“ﬂ e~ F(1,1,2,e7%%)
Y
Riads ; 3 gmm F(2,2,3,e7%%)

+13—6 e~ 1020 F(3,3,4, 6_4”‘0)

+2e 170 F(4, 4,5, 1), (4.53)

Note the above expression can be simplified using Mathematica:

3k2+16 1 3k2 + 15 cosh 2z
6  sinh2z 6  sinh? 27

1 2cosh?2zy — 5 1 cosh®2zy + 5cosh 2z,
3 sinh® 21 6 sinh? 2z, )

-7:(];:17];1) =

(4.54)
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It can be easily verified that

F(—kl, —kl) = .7:(/;31, 11271) (455)
and
- 3k2 - 8ik; —8 1 3k? — 12ik; — 13 cosh 2z,
F(—ki, k) = 1 1
(=hi k) 3 sinh 2z, 6 sinh? 2z,
22'/}1 + 2 cosh? 2z, B lcosh3 2y + 5 cosh 2z
3 sinh®2z, 6 sinh? 2z,
—9k3 k2 + 50k, — 201 ;- »
L +387: ! +§0 ! L g2 F(l,zkl +1,£k1+2,e_4w°)
3(k1 - 21) 2 2
_6k3 + 6242 k) — 68i - D
Ok + 620k + 132k = 681 a0 (g Lhy 42, Ly + 3, e=170)
3(ky — 44) 2 2
2."2 T _ . ;o ;o
32tk +A136k14 961 e=10%0 f(3, Ekl 3, Ekl + 4, e~ 00)
3(k1 - 67,) 2 2
16k, — 161 _q, i i 4
————— e OF(4, =k + 4, =k, +5,e7"0). 4.56
T (4, 5+ 4, S ) (4:56)
As before, the above formula can be simplified using Mathematica:
L 3k2 - 8ik; —8 1 6ik; + 11 cosh 2z,
Fl—ky, k) = — -~
(=k1 ) 3 sinh 2z, 6  sinh®2z,
_3/%%((:osh2 220 — 1) — ik1 (5 cosh? 229 — 6) — (2 cosh? 2zy — 3)
3sinh?® 2z,
_1 cosh? 2:?0 —l; 5 cosh 2:1:0' (4.57)
6 sinh® 2z,

Finally f(fcl, —l%l) can be obtained from .7-"(—1%1, 151) after setting Ey — —k,.

4.5 Type I1I(bulk-boundary)

In this section we study the quantum correction to the classical reflection factor due
to the contribution of the type III Feynman diagram, when the vertex associated
with the loop is located in the bulk region and the other vertex coincides with the

boundary. The associated contribution is given by
C = —2f*(0y coth zy — o¢ tanh zo)///dtdt'dm’G(xl,tl; 0,t)G(0,t;2',t)
xG(z',t'; ', t)G(0, t; 2, t2) sinh(v/28p) (4.58)

in which, as before, sinh(v/28¢) is, apart from the related coefficient, the three

point coupling.
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The following relation which is some part of the contribution (4.58), can be

derived independently from the remaining part

/dtG(xl,tl;O,t)G(o,t;x2,t2) (4.59)
or
d(_dl dkl —iwl(tl—t) ’L ( k12
/dt// 2m 27{'6 wi?_k%_zl‘f'lp f(klyml)f( kl)O)e
+ K1 (k) f(=ky, z1) f(=Fi, O)e—“‘m)
dw2 dk? —in(t—tz) 'Z ( —ikgxg
% // 27 27re w%—k§—4+z’p f(k2,0) f(~kz, z2)e

+ K (kp) f(—kz, 0) f(—ka, xg)e_ik”"’>. (4.60)

First of all, it is necessary to set k; — —k; in the first term of the first propagator.
Secondly, integration over ¢ leads to the substitution of wy = w; and finally integra-
tion over the momenta k; and k5 , as before, may be done immediately by closing the
contour in the upper half-plane and looking at the poles at ki =k =k, = Jwi—4
and ignoring all the other poles as their contributions vanish rapidly as z,, zo = —oc0.

So we obtain (after taking the limit x;,z, — —00)

Cl = /dtG(iEl,tl;O,t)G(O,t;iL‘Q,tg)

de ) _ _ L 1 - ~
= [ Zlerwntizta) gmthilmtan) __— A(k 1) Ak, 2), 4.61
o 2h)? (k1,z1) A(k1, 72) (4.61)
where
Alky,z1) = f(—ky, 1) f(k1,0) + K (k1) f(—kq, 1) f(—k1, 0). (4.62)

So, our next job is to calculate the integral which is the remaining part of the

contribution

/ / dt'dz'G(0, t; ', ) G(z', t'; 2't") sinh(v2B¢ho). (4.63)

Obviously, this part will be appeared as a constant and it must be multiplied
by (4.61). Clearly, the time variable ¢’ appears only in one of the propagator i.e. in
G(0,t;2',t'). On the other hand, this propagator along with integration over ¢’ has

been obtained in previous section. Hence,

/ G0, ', 1) = %eh’ co (1 — coth 2(z — o)), (4.64)
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where
co = — (1 + tan? (a‘)#)ﬁ) (1 + tan? M) . (4.65)
Therefore, (4.63) reduces to
s /d:c' 22" sinh(v/2B¢0)(1 — coth 2(z' — 20)G(z', t'; 2’ t'), (4.66)
where
G, t5at) // C;(;)r C;_frl W' — k’;— 4+ip (f(kl’w')f(_k”x,)

+K(k')(f(—k',m')(f(-k',x')e—%k’w’) (4.67)

or after integration over w’ which can be performed by completing the contour into

the upper half-plane and picking up the pole w’ = Vk'2 + 4 and therefore

! / 14l ]' dk, 1 ! / !/
Gl that) = 5 %W(f(k,x)f(—k,x')

FEE) (=K, 2) (f (=K, x')e-m’w’) . (4.68)

In fact, the above integrand has two parts, the first part can be easily manipulated
but the other part which includes the exponential term is hard to calculate and we
prefer to leave the computation of that part for later. Let us rewrite the first part
of the loop propagator

1 rdk 1 ik' — 2 coth 2(z' — xo) ik’ + 2 coth 2(z’ —a:o)
2J 2m k'? + 4 k" + 2 k' — 2

(4.69)

The above integral is logarithmically divergent. Nevertheless, this divergence can be
removed by an infinite renormalisation of the mass parameter in the bulk potential.

Then, doing the integration over &' we obtain

k' 1 1—coth?2(z — 2
2 (1 — coth? 2(z —- $0)) dk’ 1 . . _ _( ( 0))'
2m VEZ + 4 (ik' + 2)(ik’ — 2) o
(4.70)

To sum up, (4.63) reduces to

iCo

o / di' 2% ( — coth?2(z — :co)) (1 — coth 2(z — xo)) sinh(v/28¢0)

lCo / / dk’ k’; (1 — coth2(z — 330)) sinh(v'28¢o) €

(ik')? + 2219’\/1 T ooy + 01 +2(0p + 01) (ik' + 2 coth 2(z — z))°
(¢k")2 — 2k’ /1 + oov/1 + 01 + 2(00 + 01) (k' + 2)(ik' — 2)

e 2k }(4.71)
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The above relation has two parts and the first part which is a single integral can
be performed by means of the formulae in Appendix A and we write down only the
solution of this part which is expressed in terms of hypergeometric functions, that

is,

C, = 1220 / dz' € (1 - coth?2(a’ — 2)) (1 — coth 2(z’ — o)) sinh(v26¢0)
T
? (ao +ay)m 5 (a0 — ar)w
= Al Lt YA I | =0 T
T6n (1+ta 1 ) ( + tan 1
11 1 cosh2zo  lcosh®2z+1 1 cosh®2zg + 5cosh 2z,
3sinh2z, 24sinh?2z, 6 sinh®2z, Y sinh* 2z,
—é e 20 F(1,1,2, e~ %)
11 ~bxg —4zp
+126 F(2,2,3,e7%)
+§ e 10% F(3, 3,4, e™4%0)
1
+5 e 17 F(4,4,5, e—‘*ZO)} : (4.72)
By means of Mathematica the above expression can be simplified to
) ((1,0 + a1)7r 2 (a() — a1)7r
C, = 1+tan®* —— ] |1+ tan®* ———
2 167r ( + tan® 1 + tan 1
11 N 1 cosh2zy 1 4cosh®2zp — 1
3sinh2zy 24 sinh®2z, 12 sinh® 2z

1 cosh®2zq + 5 cosh 2z, C(@m3)
Y sinh? 210

So, in connection with the type III (bulk-boundary) contribution, the remaining

integral is

_ia / / dk’ k": (1 — coth2(z — xo)) sinh(v/28¢o) €

2
(z’k’ + 2cos K_Lao+2@1 ") (ik’ + 2 cos u";‘“ ") (ik' + 2coth2(z’ — 550))
x
(ik’ — 2cos M) (z’k’ — 2cos g“"—;‘“)i) (tk' + 2)(ik' — 2)

e~ 2K (4.74)

As we mentioned before it is more convenient to integrate over z’ then afterwards
over k' since to integrate over k' first is a difficult problem. Let us do partial
fraction decomposition for the rational function in (4.74). Obviously we will have

four elementary partial fraction including

1 1 1 1
(ik'—?cos@%M)’ (ik’—2cosﬁ@ﬁ)’ ik' +2° k' -2
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Now in what follows we perform the calculations in detail for one of them, for

1
k! —2cos (agtey)m +2a )")

example, ( due to the fact that for all the others the computations are

similar except that cos @M is replaced by one of cos g““—;‘l’—ﬁ, -1, 1, respectively.

What we need to do is to calculate the following:

(tan2 {ao+al)7l' — cot? (ao+a1)7r> ag ay
— cot cot

cos? (“°+‘“) cos? (&= ‘“)” 2 2

dk’ 1 ERAY
— I 1 (2—2ik" )z
" 64 / / VEZ+4 (1 coth 2(z IEO)) sinh(vV28¢,) e
2 (G0 + a1)m
2

a)m

X (4 coth? 2(z' — z4) + 8 cos (0+ coth 2(z’ — zo) + 4 cos

1
X ) 4.75
(ik" — 2cos —L("‘O“";l ”) ( )

The integration over ' may be done by using the formulae in Appendix A and gives

0 St '
/ dz' 2= %k)e (1 — coth 2(z' — 3:0)) sinh(v/28¢q) (4 coth? 2(z' — z)

+8 cos (ﬂ]__%ﬂ)_ﬁ coth 2(z' — z) + 4 cos? M)
_ c(@+a)r 16 (ap+a)m 8 1
= (4 cos? 5 3 cos 5 + 3) sonzen
sinh” 2z,
4 (ag+a)m 2\ cosh®2zy+1
" ( o 2 * 3) sinh® 2z,
1 cosh® 224 + 5 cosh 2z
6 sinh? 224
(Alk‘/ + Bl) —210 1 , 7 , »
T 90y F(1,—=k 1. —=k 2 zo
(kl + 21) € ( ’ 9 + 1, 2 + 2,e )
(A2kl + B2) —6z0 2 , 1 , 4
Nem o TTes To [ Y 9 _ 1 o
(k.l + 47') € (27 2k + 2, 9 + 3,6 )
(A3k}l + B3) 10z 1 , 7 , 4
AL —. zo [ Lk 3 4 %o
(k' + 61) € (3, 9 + 93, 5 +4,¢ )
(A4k’ + B4) —14zg 7 , 7 , 4
N T3 0 2k 4 -2 . .
& T8 © (4, =5k +4, =K +5,e7'), (4.76)

where the coefficients A,,, B,, n = 1,2, 3,4 are constants which in fact only depend
on cos £ao+_2“1M Now the final calculation is to integrate over k' and it is evident
that in order to do that, we have to convert the hypergeometric functions to infinite

series. Note that it was not possible to find a simplification of (4.76) as in previous
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cases. Considering the equation (A.10) in Appendix A, we conclude that

F(1, 3K +1,— 3k +2,e7*%0) _ i g0
k' + 2i k' +14(24 2n)

(4.77)

If we differentiate both sides of the above relation with respect to zy, then the

following identity may be derived

—4(n 1)zo

F(2,— 3K +2, - Lk +3,¢%0)

—_— 4.7
K+ 4 z:: +z2+2n) (4.78)
In the same way, one obtains
F(3,—3k'+3,—fk'+4,e7%) 1 i n(n — 1)e =2 (4.79)
k' + 61 20 = kK +i(2+2n) '
and
F(4, -2k +4,— 2K +5,e7%™) 1 i n(n — 1)(n — 2)e~4n=3)0 (4.80)
k' + 8 I e k'+i(2+2n) '

Now if we substitute (4.77), (4.78), (4.79) and (4.80) in (4.76), all that remains
in connection with the contribution (4.75) is the integration over k'. Obviously we

encounter these kind of integrals

/°° dk' 1 AK'+ B (4.81)
—oo VK +4 — 2 cos (2etaln |\ k' +4(2 + 2n) '

and the k&' integration may be performed by closing the contour into the upper
g

half-plane and onto the branch cut which stretches from k' = 2¢ to infinity along
the imaginary axis (y-axis). In fact, integrals along the branch cut remain to be
evaluated and after changing of variable y = 2 cosh u, then another change as e* = v

and doing some manipulation, we obtain the required formula

/°° ( 1 ) ( Ak'+ B )
~oo VEZ +4 \ik' — 2cos @etal™ | \ k' +1(2 + 2n)
(2Acos§%M +¢B) %}1
B (2 + 2n — 2cos (“OJ;“I)") sin (“0’;‘“)”
@324 +iB) ! 1n{"+ - ‘/m} (4.82)
(2+2n—2cos%ﬁ) 2vn2+2n |n+1+vn2+2n

Note (4.82) is valid when n # 0, on the other hand if n = 0 then one may find

/°° 1 AkK'+ B
—oo VK2 +4 \ ik — 2cos g———)—ao"'zal u K +2
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(ZA cos Letal)t | z’B) (aotas)r
(2 — 2cos i—)—““';‘ ’r) sin L——L“OJ;“‘ u

B 2A+:B
(2 — 2cos g—L“OJ;“‘ ’r) .

(4.83)

Now we are in a position to write down (4.75) or, in fact, the integral (4.74)

. 2 (ag+ar)r 2 (ao+a1)w
i (tan? Cofnln —cop? Bafnln)  gp  gp
cot cot

1287 cos? (aoJrzialM cos2 (a0—4¢ll)77 9 9
+a)r 16 (ap+a)r 8 1
4 cos? (@0 +a)m 16 8
g {(< 8 2 3 ¢ 2 *3) Sk 210

(ap + ap)m (ap +ay)m 13\ cosh 2z
+ (20082 LTV gepg it UT o) 220
( T 2 6 ) sinh? 2z,

C; =

N (_é cos (ag + ar)m N _) cosh? 2z + 1
3 2 3] sinh® 2z,
1 cosh® 2z + 5 cosh 2z, M
6 sinh? 2x0 ) sin ﬁ%ﬁ

L oz 2Ay +1B, 2 cos M/‘h +iB; (a0+2a1)7r
12 2 —2cos ga—om B 2 — 2co8 (a0+2a1 ) sin jao+2a1 T

12
o) fao-f-al ) (2+4n)
- Z [(2 cos M/h + iBl)
151nM(2+2n—2c03M) 2

-1
+% <2 cos (@0 + an)m +2a1) Ay + z'B2> 4 n—(nz' ) (2 cos (a0 + an)m ;al)ﬂfh 4 z‘B3>

+n(n - 13)'(72 =2 (2 cos (a0 + ay)m +2a1)7rA4 + iB4>}

N i e~ (2+4n)zo 1 {n +1—+vVn2+ Zn}
v 1(2+2n—2cos “°+‘“") WrZ+2n \n+l1+vVn2+2n
(((2 +2n)A, +iBy) + % (2 + 2n) A, + iBy)

—”("2!_ D n(n — 13)!(" ~2 (24 2m)4s + iB4))}

+ other pole pieces. (4.84)

((2 + 2n)A3 + ZBg) +

Note, in the above expression all the series are convergent. As we mentioned before,
(4.84) must be considered (after adding to (4.73))as a coefficient factor of (4.61) in
order to constitute the type III (bulk-boundary) contribution i.e.:

C=0C(C+Cs). (4.85)
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4.6 Type I diagram

In this section we calculate the contribution of the type I Feynman diagram to the
classical reflection factor when the vertex is placed inside the bulk region. In fact,
when the vertex is located at the boundary then, the corresponding contribution
has been found {73] and is given by

7 2
- ?(01 coth zp + 0¢ tanh zg)(ap cot apm + ay cot ay7)

/ @e—iw(tl—tz)e—ik(x1+z2) ik + 2 COth ?(‘Tl - ‘TO) ik + QCOth ?(xQ — IO)(4.86)
2m P(k) P(k)

Clearly, in this case the bulk four point coupling should be considered in the
interaction vertex. Moreover, as before, the combinatorial factor associated with

this diagram will appear as a coefficient. Hence the contribution has the form

[s's) ]
_4ip? / di / dzG(z1, tr; 2, 1)G(x, t; 2, 8)G (@, t; 22, t2) cosh (V20d0),  (4.87)

where

cosh(v/28¢o) = (2 coth? 2(z — z¢) — 1) . (4.88)
In the previous section, we simplified the middle propagator to obtain

(1 — coth®2(z — a:o))

27
1 rdk" 1

Y9 o Jimaa

Also the integral part of the loop Green function is hard to evaluate and we found

Gz, t;z,t) = —

K(k”)f(—k”,il))f(—k”,d)) e——2ik”z‘ (489)

out that it is better to do this integration during the final stage. Now let us rewrite

the contribution (4.87) in the expanded form

0 dw dk _, i
A2 dt/ d // BN —iw(t—t)
41[3/ ot om 21 © w?—k?2—-4+1p

(f(k, 21)f(=k, 2)e™ 72 + K (k) f(—k, 21) f (=&, z)@‘“‘“‘*“) cosh(vV20¢)

(1 — coth?2(z — mo)) 1 rdk" 1 .
_ et K kli —k” —k” —~2ik"z
{ - +3 ] G T KWK ) (K a) e
dw' dk' _, ) o,
2R i (i-te) / W ik'(x—x2)
[ 5 5 ™™ s —ia, (F KD (K z) e

FK(R) F (=K', 2) (K, 22) e ) (4.90)
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where, as before

tk — 2 coth 2(z — xo)
k =
f(k,) ik + 2

(4.91)

and

K (k) = (z:k+2cos£“°—“;'“)i)(ik+QCosL}'“M) zik—Q‘ (4.99)

(ik — 2 cos L) (3 — 9 cos (20201IT) 4k + 2

Looking at (4.90), one can predict that the calculations will be lengthy and in-
tricate. The starting point is to do the ¢ integration which allows the substitution
w = w'. Secondly, it is necessary to perform a transformation & — —k in the first
term of the first propagator. Moreover, if we multiply the first and the third propa-
gator with each other, then definitely we will have four pole pieces and fortunately
if we do the calculation for one of them (for example the first one), then the calcula-

tions corresponding to the other three pole pieces may be treated similarly obtaining

the same contributions, except that k + k' is replaced by one of k — k', —k + k' and

—k — k'. Because of this in what follows we follow the problem only for one pole

piece. Hence our job is, in fact, the following integral

0 dw dk _, 2
— _4 2/ //__ - —zw(tl—tQ)
b 1f —oodm o o C w?2—kZ—4+1ip

cosh(V2B¢o) f(—k, z1) f(k, z) e *@1-2)

o Y3
dk’ 1
2 w? —k”? —4+1p

— h22(x — ‘ "
(_ (1 cot (-T 51:0)) 1 dk 1 K(k'”)f(—k”, I)f(—kll, l') e—Zik".’L‘)

FK, z)f(—K' o) e (=22, (4.93)

In fact, the above contribution has two parts. The first part, in which the integral
of the middle momentum (k") is not involved, can be calculated by means of the
formulae in Appendix B and we call this part D;. Let us write down the solution of

this part. This contribution is expressed in terms of hypergeometric functions as:

_ if? [ dw —iw(t; —tp) _—ik(z1+T2) 3 i 1
D, = ?/%e 1T ! f(“kywl)f(_k’@)ﬁ

4_4}::— 'i{jQ .A .
x {’A—’e-“o F (2, i1, lhy z,e—‘m)
% — 2 5 5

48; — 40k — 8ik?
+ = :

et (3, %fc + 2, %fc + 3, 6_4“)

k- 41




4.6. Type I diagram 102

1 _9 ]’&_ ) . ;o
N 761 i 6k — 8ik e—moF(4,3k+3,3k+4,e““°)
k — 61 2 2

92567 — 64k r P
+L e~ 1620 [ (5’ Ek + 4, .Z_k + 5, e—4x0>
k— 8 2 2
1284 ¥ g
420t —20m0 (6, Yk+5,2k+6, e‘”") } (4.94)
k- 10i 2 2

Note that it was not possible to find a further simplification of (4.94).

Now it is better for the second part, which we call D,, to integrate first over z
then over k”. Meanwhile, before starting the integration, it is useful to note that
if we do the partial fraction decomposition for K" (k") f(—k", z)f(—k", z), then we

will have four elementary partial fractions as

1 1 1 1
(ik” — 2cos M) ’ (ik” —9co0s iotz—l)") k"2 k" — 2

2

As before in the remaining section we continue the computations in detail for one

1
ik" —2 cos m*;—al)—”

of them (for example, ) because the calculations corresponding to

the other three elementary partial fractions can be done in the same manner just

by the substitution of cos g“—"%“—‘)f by one of cos ﬁ“"gﬂ, -1, 1, respectively. So, our

problem reduces to this integral
3% cot — cot —— — cot?

2 2 4 4

0 dw dk _, 1
d // U —iw(t —~t2)
X/_oo o or 27 © w?—k?2—4+1p

X cosh(\/554150)f(—k;7 1) f(k, z) e*(@172)

apm T (t 5 (ap +a1)m

1 rdk” 1 e 2ik"z (ap + ay)m 2
“2) 2n VBT 4 ik — 2cos Eak (2 coth2Az = ) Beos T
dk’ : A
x : FE, ) (=K', z5) €' @22), (4.95)

2 w2 - k% —4+1p
Now as far as integration over z is concerned, we are led to

(ap + a1)m 2
2
(4.96)

/0 dz e =22 cosh (V28¢0) f (k, z) F (K, z) (2 coth 2(x — x¢) + 2 cos

or




4.6. Type I diagram 103

/0 i kR 2Kz 1k — 2coth2(x — zg) ik’ — 2coth2(z — )
Te
—o00 itk +2 k! + 2

2
(2 coth? 2(z — zo) — 1) (2 coth 2(z — zg) + 2cos WTGI)F) (4.97)

and the above integral can be evaluated by means of the formulae given in Appendix

B as

/0 i iR 2K ik — 2coth 2(z — x¢) k' — 2coth 2(z — zp)
—oo 1k + 2 k' +2

2
(2 coth? 2(z — Tg) — 1) (2 coth 2(x — z¢) + 2 cos M)

_ 1 (Apkk' + By(k + k') + CF)
ik + 2) (5K +2) { (k + k' — 2k")
(ALkk' + Bi(k + k') + CY)
(k+ Kk — 2k")

x F(1, i(k + K — 2k"), %(k K — 2k") + 1, e%o0)

(Abkk' + Bi(k + k') + C})
(k + k' — 2k" — 41)

x €7 (2, 2(k+ K = 2K") + 1, 2 (k + K = 28") + 2, ¢7%)

(ASkk' + By(k + k') + CY)
(k + k' — 2k" — 8i)

x e~8% (3, %(k + K —2K") 42, %(k + k' —2k") +3,e7%%)

(ALkk' + By(k + k') + Cy)
(k+ k' — 2k" — 121)

x e 1% F(4, i(k + k' —2k") + 3, %(k + K — 2k") + 4,e7%™)

(By(k + k') + CY)
(k + k' — 2k" — 161)

x e~16%0 pr(5, %(k K —2k") + 4, %(k + K — 2k") + 5, e~490)
Cs
k+ k' — 2" — 204)

+
(
x €220 F(6, 2 (k + K = 2K") + 5, (k + K = 2K") +6, e“‘”")}, (4.98)

where the coefficients A,, B,,,C;;n = 0,1,..,6 are constants and depend only on
cos M Now the subsequent calculation is to integrate over £ and it is clear

that to do this, it is necessary to convert the hypergeometric function to an infinite
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series. Looking at (B.10) in Appendix B, we may write down
F(Lik+K —2k"), 2 (k+ K —2k") +1,e7%0) & gm0

= 4.99
k+ k' —2k" nZ:Ok+k’—2k”—4m' (4.99)
and by differentiating both sides of the above relation with respect to zg, then we
obtain
F(27 %(k + k' — 2k/,) + 1, i(k +k - 2ku) + 2; 6—410 i —4(n—1)zo
k+ k' —2k" — 43 = +k'—2k” 4ni
(4.100)
Similarly one can derive the infinite series forms of the other hypergeometric func-
tions as
F(3,5(k+k —2K")+2,4(k+ k' — 2k") +3,e7*0) 1 i n(n — 1)e~4n=20
k+ k' —2k" — 8i o k4K —2k" — 4Ang’
(4.101)
F(4,5(k+k —2k") + 3, %(k + k' — 2k") + 4, e~4%0)
k + k' — 2Kk" — 124
n(n — 1)(n — 2)e~4n=3)z
4.
3' Z k+k —2k" —4ni ' (4.102)
F(5,5(k+ K —2k") + 4,k + kK — 2k") + 5,e7*)
k+ Kk —2k" — 162
2 n(n—1)(n - 2)(n — 3)e~ "4z
=— 4.1
4! 7; k+ K —2k" —4nq (4.103)
and
F(6,5(k+k —2k") +5,2(k+k — 2k") + 6,e71™)
k+ k' —2k" — 200
1 & nn—1)(n—2)(n—3)(n—4)e "
> k+ k' — 2k" — dni - (4.104)

Let us substitute (4.99), (4.100), (4.101), (4.102), (4.103) and (4.104) in (4.98)
and obviously what remains in connection with the contribution (4.95) are the inte-
grations over k”, k' and k. As before in the previous sections, in order to integrate
over the momenta k and k', it is sufficient to close the contours in the upper half-
plane and pick up poles at k =k =k = Vw? — 4 as all the other poles’ contributions
will be exponentially damped when z,z’ — —o0o. Meanwhile the integration over k”

is of the form:

dk" 1 1
/ (4.105)

VE? +4 (ik” — 2cos W) (k + k' — 2" — 4ni)
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which is immediately split into two integrals

1 dk" 1
(k + &' + 4i cos (22T — 4n;) { VE? +4 (ik" — 2 cos (2ot

dk" 1
2 / VE? +4 (k+k —2k" - 4m')} (4.106)
or
1 (00"-20'1 )
(k + k' + 41 cos M — 4m’) —sin gﬂ%"—‘m

dk" 1
/k//2 + 4 (k: + k' — 2k" — 4m) } ’ (4107)

Now to manipulate the remaining integral, let us choose the contour in the upper

half-plane, taking care of the branch cut which runs from £"” = 2i to infinity along

the imaginary axis. Clearly this integral reduces to the integral along the branch

cut i.e.
dk” 1 _y ©  gdy 1 (4.108)
k2 + 4 (k+k —2k" —4dni) )2 JA—y? (k+ k' — 2y — 4ni) '
or after changing the variable y = 2 cosh z , the above integral becomes
dx
2 [ 4.109
o (k+k —4icoshz — 4ni) ( )
and another change e = u yields
o0 du
i i 4.110
/1 u2+(2n+’—&gﬁ)u+1 ( )

and finally after finding the solution of the above integral, we obtain

dk"” 1 1
1 !ao-}—al )T
_ _ 2
(k + k' + 4icos W - 4m’) sin @L;”M
21

\/@E +4 — 4n? — 2ni(k + k')
. 1+i(kjk’)+n+%’\/&:'ﬁ+4—4n2—2ni(k+k’) (4.111)
n —— . ; R
1+ 2K 4y i JEHER 4 g 4n2 — omi(k + k)

When n = 0, (4.111) is simplified much more, especially after doing the integration

over k and k' and using the fact that k = k = k' = 2sinh# . So the following
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formula can be obtained

dk" 1 1
VE™? +4 (ik" - 2 cos LtaT) (2k — 2k)
1 S N B )
= — - + S —if)]. (4112
(2k + 4i cos gao—zﬂ)ﬂ) sin (eotal B2 4 2 (

Now, let us write down the solution of (4.95) or more generally the contribution Ds:

i3? Qo™ a;m o (ag + ay)m o (ag +ap)m
D, = —— cot— cot — SO TRUR otz T
27 T6r U2 2 ( My ? 1
A o 1\ 2 R -
/—2—7;6_“"(“42)6_"“(““2) (;) f(=k,z1) f(—Fk, z2)
- — ——3
chLQZ(:os("%L sin Gotar - fro 402

00 e——4n:1:0 (got+al)w
Z 2
(zk+2 1 k+4zcosM dni sin(""%M
2i | 1+;4/%+n+§‘\/l%2+4—4n2—4m/%
n
iz d—am? —dnik |14+ Sk +n— 1R+ 4— an2 — anik
((A18? + Bik + C}) + n(Ayk? + Byk + Cy)
-1 - A -1)(n-2 - .
+—”(”2! )i + By + ) + 3)!(” )(A4k2 + Bl + C))

n(n — 1)(n4!— 2)(n — 3) (Bl + C') + n(n—1)(n — 25)!(71 - 3)(n — 4)Cé>}

+ other pole pieces. (4.113)

+

Firstly, in order to check the above solution, if we set ay = a, and consider the other
pole pieces then, we can derive the formula (3.10) in reference [64]. As we mentioned
before, the calculation of this reference is based on the case when the boundary
parameters are equal. Secondly, in this solution, we verified that the term which
depends explicitly on the rapidity of the particle (#) is cancelled by counterpart
terms in the other pole pieces. It is evident that if we add the expressions (4.94)

and (4.113) then, the contribution (4.93) will be obtained i.e. D = D, + D,.

4.7 Discussion

Affine Toda field theory on the whole line is an exactly solvable theory for which

the S-matrices have been formulated. However, when a boundary is present then
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the boundary S-matrices of the theory i.e. the reflection factors, have not been
clearly found. The bootstrap technique does not uniquely determine the reflection
factors. Fortunately perturbation theory provides the link between the expressions
for the reflection factors which come from the bootstrap equations and the boundary
parameters. Nevertheless, this method normally involves complicated calculations.

In this chapter the quantum reflection factor for the a(ll) affine Toda field theory
or sinh-Gordon model with integrable boundary conditions has been studied in low
order perturbation theory when oy # o,. It is found that at one loop order the
quantum corrections to the classical reflection factor of the model can be expressed
in terms of hypergeometric functions for most of the related Feynman diagrams.
Although there is still some work to do to calculate the contributions of the re-
maining diagrams, it is however understood that the provided procedure and some
formalisms may be followed for them.

The calculations corresponding to the type Il Feynman diagram which are not
carried out in this chapter, are more difficult than the others. In this case the two
middle propagators are exactly the same and this fact influences the difficulty of
the computations. However some formulae that have been presented here, could be
helpful for the remaining diagram. For example, consider the contribution of the

type II (boundary-bulk) diagram:

—23%(0, coth zg — oy tanhxo)///dtdt'de(a:l,tl;:r,t)G(a:,t;O,t')
xG(x,t;0,t)G(0,t'; x4, to) sinh(vV2B¢). (4.114)
Now as far as the integration over z is concerned we should obtain the following

integrals

Y : '
/ dzel® ¥ k) ginh (v/2 B coth™ 2(z — ), (4.115)
where n=0,1,2,3. It is better to solve:
0
/ dz exp {7 + i(k + k' — ky)z} sinh(v/26¢;) coth™ 2(z — ), (4.116)

in which 7 is a small positive quantity and will be taken to zero later. In fact, the
relation (4.116) is very similar to the formula (A.1) in Appendix A. So, following the

same procedure that have been followed in Appendix A, one can find the solution
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of (4.115) when n = 0 as:

0 ; '
/ dz e F+H k)2 ginh(vV26)

—o0
1
sinh 2z

2k + K — k)
k+k —k —2i

, ' 3
x e 0 F(1, i(k + k' — k) + -12', %(k + k' — k) + 5,6_4%)-(4-117)

Then, the solutions of (4.115) for n = 1,2,3 can be derived exactly in according to
the Appendix A terms. But, this is not the whole of the story. As we mentioned
before, in type II diagram double Green functions cause the middle momenta to
be linked to each other in a complicated way and the calculations become more
intricate. Actually this diagram must be studied in three cases depending on the
interaction vertices being located in the bulk region or at the boundary. Moreover
because of the symmetry, the contribution of the type II (boundary-bulk) diagram
is the same as the type II (bulk-boundary) one.

When the boundary parameters are equal only the type I diagram is involved in
the theory. As we mentioned before, in this special case [64] the quantum corrections
to the classical reflection of the model have been found and Ghoshal’s formula for the
lightest breather is checked perturbatively to O(3?). In our case, we realised that the
contribution of the type I (bulk) reduces to the special case. Taking the expressions
(4.94) and (4.113), if we put g = 0, then, we obtain the same result as reference [64]
and this is a check on our calculations. Moreover, when oy # o7 the following
expressions for £ and F in Ghoshal’s formula (2.26) have been conjectured [74] to
be:

E = (ay+a,)(1 — B/2) F = (ap — a1)(1 — B/2). (4.118)

So, it will be interesting to check the above conjecture after finding the contributions
of the remaining diagrams and adding the results all together. This will lead to a
deeper understanding of the quantum integrability of the theory. However, it is nec-
essary to find simplifications of the contributions when they add among themselves

in order to get Ghoshal’s formula.




Chapter 5

Conclusions and future work

In this thesis we studied the boundary sinh-Gordon model with integrable bound-
ary conditions. First we calculated first order quantum corrections to the classical
reflection factor of the sinh-Gordon model in chapter Two. In fact, Ghoshal found
the general form of the quantum reflection factor of the sinh-Gordon model. How-
ever, apart from two special cases (Neumann and Dirichlet boundary conditions)
Ghoshal’s formula fails to provide a complete relationship between the reflection
factor and the boundary data. Up to first order in the difference of the boundary
parameters oy and oy, we perturbatively verified Ghoshal’s formula. Meanwhile, we
conjectured expressions for the unknown functions £ and F' in Ghoshal’s formula

(2.26):

E = (ap+ay)(1 — B/2) F =(ap — a1)(1 — B/2), (5.1)

where the coupling constant dependence comes into the formulae by means of the
expression for B. Similar expressions for these parameters have been arrived at via
other arguments by Zamolodchikov [75].

If (5.1) is correct then the reflection factor is invariant under the interchange
ag +*> a;. So, this invariance reconstructs the Z, bulk symmetry which apparently
was broken by the boundary condition and replaced by a symmetry under the si-
multaneous interchange of ¢ with —¢ and ay with a;. The reflection factor is also
invariant if ag and/or a; is replaced by its negative which provide the definitions
of og and o;. It is consistent with what is known at the special value of the cou-

pling constant, known as the ‘free-fermion’ point in the sine-Gordon model, where

109
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B = —2 and the S-matrix is unity. There, the restrictions on the parameters in the
reflection factor can be solved exactly and are in agreement with (5.1) [64].

Note that with the expressions (5.1) the quantum reflection factor (2.26) has a
weak-strong coupling symmetry which matches the symmetry of the S-matrix under
B — 4 /3. In other words, considering

* * * 47T
(a’Oaalaﬂ ) = ‘3(007(11,5) (52)
defines a new triple of coupling constants with the property that

Kq(g,a())alaﬁ) = Kq(07a87a){7:8*)' (53)

If (5.1) is correct, which implies the duality symmetry (5.2), then we are faced
with other puzzles. For example, it is known that the supersymmetric version of the
sinh-Gordon model is only integrable when restricted to a half-line with some very
special boundary conditions (either ag = a; = 0,7) (see [76]), and this restriction
would appear to be incompatible with a weak-strong coupling symmetry without
modifying (5.1).

It is also known [36,40] that the other affine Toda field theories constructed from
data in the ade series, when restricted to a half-line, allow only a finite number of

possible boundary conditions. In fact, the agl)

or sinh-Gordon model is apparently
the only example within this series which allows continuous boundary parameters.
Expressions for the associated reflection factors for the other models are largely
unknown but it will be interesting to discover if they too can permit a duality
symmetry in the presence of a boundary to match the symmetry of their bulk S-
matrices.

In order to find the unknown parameters in Ghoshal’s formula up to higher order
(second order), we tried to calculate the second order quantum corrections to the
classical reflection factor of the sinh-Gordon model in chapter 3. Actually in this
case there are ten contributions. We calculated six of them precisely. However,
in connection with the type II contributions the calculations are still in progress.
If the remaining contributions are found then, the conjecture (5.1) will be verified
perturbatively at higher order.

In chapter 4 we studied the quantum reflection factor for the sinh-Gordon model

with general boundary conditions. For general boundary conditions the lowest en--
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ergy solution to the equation of the field no longer will be a trivial background ¢ = 0.
The calculations become more lengthy and intricate since the perturbation theory
involves complicated coupling constants and a complicated propagator as well. We
found that at one loop order the quantum correction for the reflection factor of the
theory can be expressed in terms of hypergeometric functions for most of the related
Feynman diagrams.

The boundary conditions which preserve classical integrability have been clas-
sified before by Corrigan et.al [36,37,40] for affine Toda field theories. However,
quantum integrability is hardly explored although there has been some progress in
the all) class of models. So, there still remains much to be studied in this area.
Meanwhile, it will be interesting to investigate the weak-strong coupling duality in
the quantum reflection factors of the models of affine Toda field theories.

It is better to discuss the a{l) models in more details as much is now known
about them. By looking at (1.85) it is evident that for the agl) affine Toda field
theory there are only nine possible boundary conditions which lead to a classi-
cally integrable theory. However, for the corresponding quantum field theory of the
a$" model, Gandenberger found [61] three different quantum reflection factors with
Neumann or (+++) boundary conditions. This fact shows that not all boundary
conditions, which were found to be classically integrable, are also quantum inte-
grable. Gandenberger also noticed that the three quantum reflection factors of the
ag) theory are not self-dual under the weak-strong coupling duality.

Delius and Gandenberger [62], by generalising the results in [61], determined
the exact quantum reflection factors for a{?) affine Toda field theory on the half-
line with integrable boundary conditions. They also noticed that the Neumann
boundary condition is dual to the (++...++) boundary condition. This duality had
been observed earlier in the sinh-Gordon model [64] and the a$” theory [61].

An interesting problem is to carry out the next order calculations in the bulk
coupling (O(B*)) for the sinh-Gordon theory. It is predicted that the two loop cal-
culations will be more difficult than the one-loop one. It is understood that at two
loop order, one can make use of the following expansions of the F and F' functions

in the quantum reflection factor (2.26) as,
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2 2\ 2

E=¢+ %el + (%) ez + O(8%), (5.4)
2 2\ 2

F=fo+ Efl + (E) f2+0(8°%. (5.5)

This problem has been solved in the Neumann boundary condition [77] in which
ag = a; = 7/2 however, even in this special case the obtained result does not match
with the physical properties expected. In other words, the obtained result for the
reflection factor fails to satisfy unitarity and periodic properties. As the author
in [77] mentions, it is necessary to overview the renormalisations of the theory and
in fact, their influence on the duality of the model. Meanwhile solving the problem
to higher order for general boundary conditions will be interesting. This will lead

to a deeper understanding of the quantum integrability of the theory.




Appendix A

In this Appendix we obtain such integrals
0 )
Sn = / dz ®*% sinh(v/28¢0) coth™ 2(z — ), (A.1)

in which n =0, 1,2, 3, ¢, is the background solution to the equation of field so that
sinh(v/2f¢,) is proportional to the bulk three point coupling which is given by

sinh(v/20¢q) = 2 cosh 2(z — z) (coth2 2(x — o) — 1) : (A.2)
Let us start with the simplest case when n = 0:
So = /_Ooo dz e®*%)% sinh (v/28¢). (A.3)
Using (A.2), we have

So=— /O el2rik)e g 1 (A4)
—o0 sinh 2(z — zp)

or after integration by parts

1
62(32—2:0) _ 6—2(:1:—:1:0) :

0 .
+2(2 + k) / dz 2+ (A.5)

0= =
sinh 2z,

Now, according to the arguments in section three of chapter 2, z; is greater or equal

to zero and, in contrast, z is less than zero so 0 < e**=%0) < 1 and hence

1 _ 2(x—x0) = dn(z—x0)
e2(z—=z0) _ g—2(z—x0) = € ° T;)e ° ’ (A6)
substituting (A.6) in (A.5), we obtain
0 00
— —92(2 ik —2:1:0/ d (4+ik)z 4n(1:—:1:0). A.
0= Ginh 220 (2 + ik)e _dwe "2;;6 (A.7)
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Clearly, the series Y.°° , e#™®~%0) i uniformly convergent so the above relation may

be written down as

B 1
~ sinh 2z,

o 0 )
— 2(2 4 ik)e 2 Y gm0 /_Oo dx el4Hintik)z, (A.8)

n=0
After integration over z, we obtain

o) —4n1:0

+27,2+Zk ZIOZTAM)

~ sinh 27 (A.9)

On the other hand, the above infinite series is a hypergeometric function. That is

i —4nzo F(1, %k + 1, k + 2, e
e _ FLgk+1,5k+2,e7) (A.10)
=k —i(4+4n) k — 4i
Therefore, we get the following relation
1.
S0 = sinh 2z
—2k 2 e~ 2% P(1, —k +1, k + 2, e74%0) (A.11)
k—4i° "4 ’ ' '
Note, the hypergeometric function is defined as [78]
(a,b,c,2) Z )n( nz" c#0,—1,-2,.., (A.12)
n=0 C
where
r
(a), = Ha+n) =afa+1)..(a+n-1) n=1,2,3 .., (A.13)
I'(a)
in which I'(a) is the gamma function defined by
= / dte ¢! Re a > 0. (A.14)
0

The above series defines a function which is analytic when |z| < 1 and meanwhile

the derivative of the hypergeometric function is given by

d
2 Flabe2) = %bF(a+1,b+1,c+ 1,2) (A.15)
or in general
d (@)n(b)n
_ = F . .
e F(a,b,c,2) ©. (a+n,b+n,c+n,z2) (A.16)

Let us calculate (A.1) when n =1 i.e.

0 .
S, = /— da eHk2 =k 5inh (v/2B0) coth 2(z — xo) (A.17)
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or using (A.2) for the bulk three point coupling

S =2 /0 dz e2i*2=k1)T ¢oh 9(1 — 1) coth 2(z — o) (coth2 2(x — xo) — 1) :
- (A.18)
On the other hand, if we differentiate the left hand side of (A.11) with respect to
Ty, which is given by

9o 0 (@+ik)z [ 4 o 2
Bog = /_oo dze {4smh 2(z — z0) (coth 2(x — xp) — 1)
+8 cosh 2(z — z) coth 2(z — zg) (1 — coth? 2(z — ro))} (A.19)

and by comparing the above formula with (A.18) then, the following equation may

be derived

1 BSO (2+ik)z 1
S1= 4 8z + / dre sinh 2(z — )’

The second term in the-above relation can be manipulated as before. Moreover, it

(A.20)

is evident that we need to differentiate the right hand side of (A.11) which is equal

to
% _ _2cosh2a:o
dro sinh? 2z,
k—2i ) )
4—— e PO F(1,-k+1,- 4z0
+k—4ie (,4 + ,4k+2,e )
k=2 g i i »
—— e O F(2,-k+ 2, - oy, .
+8k—8ie (,4 + ,4k+3,e ) (A.21)

Finally by substituting the above relation in (A.20), doing the computation of second

term in (A.20) and after simplifying we obtain

g lcostho
b 2 sinh? 2z,
+—Fem g, L1, Lk 42, et
k— 41 "4 "4 ’
k—21 ) 1
2—— e F(2,-k+2,— —4zo), .
+2 e (,4 + ,4k+3,e ) (A.22)

In the same way, we may derive (A.1) when n is equal to 2 or 3 however, gradually

the calculations become lengthy and we only write down the results, that is,

S, — g 1 lcosh2 29+ 1
2 7 3sinh2zp 6 sinhd 2:1:0
1 5k — 8¢ o230 7 4z
3% m F(1, k+1,4k+2,e )
4 2k — 32 JEE 1 —dzo
Y F(2, k+24k+3e )
k— 2
8 L g10m0 F(3, k + 3, k + 4,e74%) (A.23)
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and

13 cosh 2z 1 cosh® 2z + 5 cosh 2z
24 sinh?2z, 24 sinh* 2z,

é 7::44: =20 f(1, %k +1, %k + 2,e74%0)
_l_% LZC_:T%L% e 8% (2, %k +2, ék + 3, e~ 40)
+4:—_‘% e~1470 F(4, %k +4, %k +5,e710). (A.29)




Appendix B

In this Appendix we find the following integrals

Cn = /0 dz e** cosh(vV/2Bg) coth™ 2(z — ). (B.1)

Here, cosh(v/20¢q) is proportional to the bulk four point coupling and is given by

cosh(v/2B¢g) = (2 coth?2(z — z¢) — 1) : (B.2)
So, we are led to calculate such integrals
0 X
I, = / dz e*® coth™ 2(x — ), (B.3)

where n = 1,2,...,6. It is better to find the solution of the above integrals when

n = 1. Considering the following inequality (see Appendix A)
0<efle) <1
and therefore, in what follows we will use the expanded form of coth 2(z — z,) as

coth2(z — zp) =1 -2 etmlem0), (B.4)

n=0

It turns out to be simple if we consider this integral
0 .
/ dz e"t k)% coth 2(z — o), (B.5)

where 7 is a positive constant quantity which will be taken to zero at the end of the

calculation. Moreover by using (B.4) then, (B.5) becomes

/O dz e(T+ik):1: -9 /0 dr io: e4n(z—zo) e(T-Hk)z. (B6)
—o0 - n=0
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Regarding the uniform convergence of the series 3.°°,e!™®~%0)  we may write the
above relation as

/ dre (t+ik)z __ 2 Z e—4n:1:0/ dr e(r+4n+zk)a: (B?)

n=0

or after integrating over x

+ Z —T+Tn) e~ 4o, (B.8)
Now we are in a position to write down the desired result, that is,
—4nzo
I = _E +2zz R (B.9)
On the other hand, the above series is equal to a hypergeometric function
f: e e 1F(l, ik, ik + 1, e 4%0) (B.10)
o k—4m & 4 4

and finally we find this formula
2 T, 1 _ gy
I = . + P F(1, 4k, 4k+ 1,e%%). (B.11)

Now let us compute (B.1) when n = 2
0 .
I = / dz €** coth? 2(z — ). (B.12)

In order to solve the above integral, it is sufficient to differentiate both sides of
(B.11) with respect to o to obtain
1 42

IL,=—-— ‘4I°F2£k 13k 2 e 4T0) B.1:
2 ,C k—426 (,4+,4+,6 ) ( '5)

We can follow a similar method to get higher order forms of (B.1) which we need

in chapter 4, so it is appropriate to write down all of them i.e.

T 21 1.1
- __ F iy g —4zo
I3 k+k (,4k, k+1e )
4 g )
: To (2, — 1
rerri VLA
81
k— 8

i
1
=820 F(3, jlk +2, ik + 3, e~4a0), (B.14)

-k +2, e‘“o)

) 81 i 1
—_ —— = F 2 — _ —4zo
I, T4 (,4k+1,4k+2,e )
160 g, ) 1 4
- F(3, - 2,— o
Pl (3,4k+ ,4k+3,e )
163

k—12:

e~ 120 (4, %k +3, %k +4, e~ o0), (B.15)




Appendix B.

119

and

[5—"‘:

I = -

Y
L B bk L g1, et
L F gk gk 1)
& g e ; »
20 (9, Lkt 1, Lk 4 2, e %0
k4 ° (2, 7k + 1 gk +2,e7%)
39 g o
zF _
ARG
A8
k12
32i
k16

k+z%k+&e4m)

e*%uu¢ik+&%k+¢e4%)

e 1650 F (5, 7k +4, 2k +5,e7'%)

? 122

ko k—4i

481 _gq, i i iz
i —k+2,-k+3,e”"%
k_82,e F(3,4k+ ,4k+ e )

112 1oy oy 8 ; .
2w g L3, Lk 4,600
E_12i° (4, 76+3,7 )

1980 _tome ope | ; -
T gt6s k44 lk+5 e
16 F(5,4k+ » + 5, e %)
64i  noay e i .
_ O 20w pg L5 Lk 46,670,
k—20i° 6.2 y )

e4“fﬂzik+L%k+2m4“)

(B.16)

(B.17)
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