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Abstract

Aspects of the Affine Superalgebra s/(2|1) at Fractional Level

Ph.D. Thesis by Gavin Balfour Johnstone, April 2001

In this thesis we study the affine superalgebra s/(2|1; C) at fractional levels of the
form k =1/u—1,u € N\ {1}. It is for these levels that admissible representations
exist, which transform into each other under modular transformations.

In the second chapter we review background material on conformal field the-
ory, particularly the Wess-Zumino-Witten model and the connection with modular
transformations. The superalgebra si(2|1; C) is introduced, as is its affine version.

The next chapter studies the modular transformation properties of si(2|1;C)
characters. We derive formulae for these transformations for all levels of the form
k=1/u—1,u e N\{1}. We also investigate some modular invariant combinations
of characters and find two series of modular invariants, analogous to the A- and
D-series of the classification of s/(2) modular invariants.

In chapter 4 we turn to the study of fusion rules. We concentrate on the case
k = —1/2. By considering the decoupling of singular vectors, we are able to find
consistent fusion rules for this particular level. These fusion rules correspond to a
modular invariant found in chapter 3.

This study suggests that one may consistently define a conformal field theory

based on sl(2|1;C) at fractional level.
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Chapter 1

Introduction

One of the most prevalent features of 20th century physics was the widespread
application made of the concept of symmetry. While this has long been a guiding
principle in many aspects of scientific endeavour, perhaps its most direct successes
have come in the field of theoretical particle physics. The Standard Model of ele-
mentary particles, governed by the SU(3) x SU(2) x U(1) symmetry group classifi-
cation, is a triumph of agreement between theoretical prediction and experimental
observation. Symmetry has also transformed our understanding of phase transi-
tions and critical phenomena. Recent times have seen a move towards ever more
theoretical concepts awaiting the next generation of experimental corroboration:
the introduction of supersymmetry has deep appeal and offers an elegant solution
to a number of unresolved problems within theoretical physics. However, the most
intractable issue within the subject remains the problem of unifying electromag-
netism and the nuclear forces of weak and strong interactions with gravity. The
most promising candidate for such a unified framework is provided by the theory
of superstrings. An essential tool in its description is that of two-dimensional con-
formal symmetry. The methods of conformal field theory underpin string theory,
as well as the aforementioned study of critical phenomena. These and other areas
of application maintain theoretical physicists’ interest in the subject of conformal

field theory. That much of the activity in this field is essentially of an abstract
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nature cannot be denied: (two-dimensional) conformal field theory is one of the
few arenas in modern physics where the complete solution of models is obtainable.
As such, intense study is devoted to the analysis of this paradigm. A wide variety
of sophisticated mathematical structures are encompassed in conformal field the-
ory, resulting in a rich and fruitful interplay on the boundary of mathematical and
physical research.

This thesis is particularly concerned with expanding the boundaries of confor-
mal field theory. While generally extremely well understood, there remain certain
challenges to the researcher in this field. One of these is the status of conformal
field theories with fractional level affine algebra symmetry. The simplest case to
consider is fractional level s/(2) and even for this situation the picture is not yet
completely clear. From an algebraic point of view, one may consistently define a
Wess-Zumino-Witten (WZW) model with a fractional level spectrum-generating
algebra. However, when formulated in terms of an action, such a model is not
well-defined. A longstanding problem is how to reconcile these two points of view.
It may be the case that one may not define a consistent conformal field theory
using a fractional level affine algebra, although the evidence would seem to indi-
cate otherwise. In any case, one may use such models as building blocks of a coset
theory which is consistent.

One way in which this study should be generalised is to consider algebras of
higher rank than simply sl (2); another to consider superalgebras, which is the path
adopted here. The extension to sl(2|1;C) is significant in that this superalgebra
involves many features of more complicated superalgebras, in contrast to the sim-
plest affine superalgebra 6sp(1|2). In particular, in §l(2|1; C) we see the appearance
of zero length roots, bringing additional complexity to the problem. This superal-
gebra is also important in the study of a particular string theory, that of the N = 2
non-critical superstring.

In this thesis we will attempt to unravel some aspects of a WZW model based

on fractional level s/(2]1;C). We concentrate on two fundamental areas: modular
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transformations of characters and fusion rules. Combining characters into combi-
nations invariant under modular transformations typically gives partition functions
corresponding to some physical conformal field theory. In the situation of fractional
level, it is not clear that this is necessarily the case. One should also examine fu-
sion rules, which are related to modular transformations by the Verlinde formula.
Again, in the situation of fractional level, it is not clear how this relation should be
interpreted; hence the necessity of considering this as a separate problem. Although
finding consistent fusion rules and modular invariants does not entirely answer the
question of whether a conformal field theory may be well defined in this context,
it does at least give a strong indication that this may be the case.

To begin with, we give a general overview of some features of conformal field
theory, particularly WZW models. We will also give an introduction to superalge-
bras and in particular to sl{(2[1). The question of establishing the general modular
transformations of §l(2|1; C) characters will then be addressed. We then consider
fusion rules for a specific value of the level, Kk = —1/2. Finally, conclusions about
the results of this work will be drawn and further possibilities for study arising

from this research will be discussed.



Chapter 2

Conformal Field Theory and
sl(2|1; C)

This chapter examines background material that will be used throughout the the-
sis. The main tools of this work are those of conformal field theory and an intro-
duction to this vast subject is provided. In particular, the Wess-Zumino-Witten
model is considered in its algebraic formulation as a conformal field theory with
affine algebra symmetry. We then introduce the main object of study—the affine

superalgebra sl(2|1; C).

2.1 Conformal Transformations in Two Dimen-
sions

Although conformal symmetry had been incorporated into quantum field theory in
the early 1970s, it was the seminal work of Belavin, Polyakov and Zamolodchikov
[3] in 1984 that ushered in a new era for the subject. One of the main attributes
of their work was to realise that conformal symmetry, while certainly a powerful

feature, took on another level of potency for the case of a two-dimensional euclidean
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quantum field theory!. Considering the general case of a d-dimensional spacetime,
with metric g,,, then a conformal transformation z — 2’ is one under which this

metric tensor is left invariant up to a change of scale

(=) = A(2) gy (). (2.1)

These transformations are such that the angle between two vectors is preserved,
where this angle is given by v - w/|v||w| = gapv®w? /(9,570 gpewPw) /2.

The infinitesimal coordinate transformation z# — z* + €* gives rise to a change
in the metric

Gy = Guw — (Op€s + 0ue,). (2.2)

In order for this to be a conformal transformation, the change in the metric is
required to satisfy

2
Ou€y + Ope, = 88,,6”77#,,, (2.3)

now in a flat spacetime of signature (p, ¢). This equation reveals the fact that the
case of d = 2 may indeed be markedly different from the general situation. For
the case d > 2, the finite transformations corresponding to solutions of the above
restriction on € are translations, Lorentz transformations, dilatations and special

conformal transformations (a combination of translation and inversion):

=2 =z+a,
z— 2 =Az (A€ SO(p,q)),

Tz =z = Az,

x + bz?
-7 = } 2.4
roe 1426 -2+ b2 (2:4)

For d > 2 spacetime dimensions, the conformal group is described by %(d +

2)(d+1) parameters. In the case of d = 2, in a spacetime with euclidean signature,

1 As well as [3] we draw heavily on the lectures by Ginsparg [4] and the comprehensive textbook
by di Francesco, Mathieu and Sénéchal [5] in this and following sections. The works by Fuchs [6]

have also been much consulted.
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the equation (2.3) takes the form of the Cauchy-Riemann equations
8161 = 6262, 6162 = —-8261. (25)

It is now clear why the case of two dimensions is somewhat distinct from higher
dimensions. We may use the language of complex analysis, the natural variables to
consider being the complex coordinates z = x! + 422 and z = z! —iz?. Within this
context, the (holomorphic) Cauchy-Riemann equations are 0; f(z, zZ) = 0, with so-
lution any analytic mapping z — f(2): the set of local conformal transformations
is thus coincident with the infinite-dimensional set of analytic coordinate trans-
formations. The number of parameters (six) obtained from the above formula is
indeed the correct number specifying the global conformal group. However, in two
dimensions this is distinct from the set of local symmetries, which are not well-
defined at all points on the Riemann sphere. It is this distinction which furnishes
two-dimensional conformal field theory with an infinite-dimensional symmetry al-
gebra, giving rise to a vast number of constraints that permits, at least in principle,

the complete solution of the theory.

2.2 The Virasoro Algebra

The analytic coordinate transformations z — f(z) and # — f(Z) may be repre-
sented, on an infinitesimal level, by the transformations z — 2/ = z + €(z) and
similarly for z, where it is assumed that the Laurent expansion €(z) = — 3 a,2"*!

holds. Acting on a function ¢(z, z) these mappings yield

#(2',2) = ¢(2,2) + €(2)09(z, 2) + &(2)0¢(z, 2)
= $(2,2) + Y_{anlnd(2,2) + anlnd (2, 2)} (2.6)

where the generators
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have been introduced (0 = 8,,0 = 9;). These generators satisfy (two copies of)

the Witt algebra

[l ln] = (M — )l gn,

[lm’ lﬂ] = (m - n)lm—i—na

[, 1] = 0. (2.8)

The appearance of these two isomorphic, independent Lie algebras invites us to
consider the coordinates z and Z as independent: we shall generally do so and
often will only consider the dependence on the holomorphic coordinate z, with
properties for zZ assumed to hold in similar fashion. Imposing the condition z = z*
recovers the original physical coordinates.

Consideration of the limiting behaviour of €(z) as z — 0 and z — oo tells us
that it is only those transformations involving the generators {_;, ; and [; which
are defined on the whole Riemann sphere. Similarly, only those anti-holomorphic
transformations involving [_,, [y and [, are globally well-defined. These six elements
are the generators of the global conformal group mentioned earlier, giving rise to

the finite transformations

Ql
[]
_+_
S

az+b
_)—7
cz+d

z —r

(2.9)

o
I
+
S

where ad — bc = ad — b¢ = 1. This forms (twice) the group of projective conformal
transformations SL(2,C)/Z,.

The discussion so far has been essentially classical. Consider now a two-
dimensional euclidean spacetime with space coordinate ¢ and time coordinate 7,
such that for any field X (o, 7) the identification X (o + 27, 7) = X (o, 7) is made.
This is a typical scenario in string theory, where such a spacetime may be taken to
be the worldsheet of a closed string. The cylinder thus defined may be conformally
mapped to the complex plane via z = ™ and z = €77, z and Z taken to be
independent. The infinite past 7 = —oo is mapped to the origin of the z-plane

and the infinite future 7 = oo is mapped to the point at infinity on the Riemann
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sphere. Curves of equal time are mapped to concentric circles (with centre z = 0)
on the complex plane. This is of course similar to the picture described previously,
but now we have in mind that we are dealing with a quantum field theory in terms
of continuous operator-valued fields obeying canonical commutation relations. The
above choice of space and time directions (somewhat arbitrary in the euclidean
situation) leads to what is known as the radial quantisation of two-dimensional
conformal field theories.

One object which plays a central role in a two-dimensional conformal field theory
is the energy-momentum tensor 7,,. This may be obtained by varying the action
of the theory with respect to the metric, T, « 6S/dg". In a two-dimensional
conformally invariant theory, the energy-momentum tensor may be taken to be
symmetric, conserved (0#T,, = 0) and traceless. In terms of the coordinates z
and Z, these features mean that the energy-momentum tensor has two independent
components, T;,(z) = T(z) and Ty;(Z) = T(Z). They may be expanded in Laurent

series

T(z) =Y Lnz™™ % T(E)=) L.z "> (2.10)

nez nez
Through the Noether prescription, it may be shown that the field T'(z) gener-

ates conformal transformations of local fields A(z,Zz). More precisely, under the
infinitesimal transformation z — z + €(z) the variation of the field A(z, z) is given
by

1

Az 2) = 5 fc dw e(w)T () A(2), (2.11)

with a similar relation holding for T'(z). In the above, the contour of integration
is understood as being around z in an anticlockwise direction. A little more than
this should be specified: in the scheme of radial quantisation, products of operators
A(w)B(z) are only defined for |w| > |z|. To this end, radial ordering is understood:

A(w)B(z if |w| > |z|,
R(A(w)B(z)) = (w)B(2) ol > |21 (2.12)

B(z) A(w) if  |w| < |z|
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with the further requirement that if the operators are fermionic, then a minus
sign must be introduced on the change of order. The contour integral should be
split into two pieces accordingly. This amounts to time ordering within correlation
functions and we will generally assume that when products of operators are written
down, they are implicitly radially ordered.

The operator product expansion tells us what singularities appear when two
local fields become coincident. In conformal field theories, it is assumed that the

set of local fields A;(z, ) is complete, i.e.
Ai(z,2)Aj(w,m) = Cije(z — w, 2 — 0) Ap(w, D), (2.13)
k N

where the Cj; are numerical coefficients. In the case of the product of the energy-

momentum tensor with itself, the operator product expansion is given by

c/2 2T (w)  OuT(w)

TTWw) = i Y e T a—w)

+ ..., (2.14)

where the unwritten terms are non-singular as z — w. Together with the inversion
of the Laurent expansion (2.10)

1
L,=— dzT n+l 2.15
i §), 4 7()2 (2.15)

this operator product expansion implies the Virasoro algebra
(L, Ln) = (m — n)Lopyn + 1£2m(m2 — 1)0mtn .0 [Ln,c] =0. (2.16)

There is also a corresponding algebra in terms of the modes L,,. It is this algebra
which characterises a two-dimensional conformal field theory (at least in part). It
is in fact possible to define the Virasoro algebra as the central extension of the Witt
algebra previously discussed, the central term being the conformal anomaly telling
us how the classical symmetry of the Witt algebra is modified at the quantum level.

The subalgebra {L_;, Ly, L,} of the Virasoro algebra is isomorphic to the sub-
algebra {l_1,lp, 1} of the Witt algebra, since for commutators of these elements
the central piece vanishes. Hence, this subalgebra generates the same SL(2,C)/Z

global conformal group as before, which remains an exact symmetry.
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The Hilbert space of states of a conformal field theory is characterised by the
local conformal algebra. This need not be simply the Virasoro algebra, but for the
moment we shall discuss states assuming that it is. The vacuum of the theory |0)
must be invariant under the global SL(2,C) transformations, which is to say that
it must be annihilated by the elements L_;, Ly and L; (and their anti-holomorphic
counterparts). In fact, given the mode expansion of the energy-momentum tensor
(2.10), this is a requirement of having T(z2)|0) well-defined as z — 0, which gives
rise to the condition

Loy=0, n>-1. (2.17)

A similar requirement holds for the corresponding anti-holomorphic quantities.
Further, the requirement that T'(z) be self-adjoint under z — 1/Z means that

LI = L_,. The relationship between states and fields of the theory is given by

14) = lim A(z, £)[0). (2.18)

z,z—0

In order to define the state (4|, a similar construction for z — oo is required. Using

the map 2z — 1/w, this suggests that we take

(A| = lim (0|A(w, ) (2.19)

w,w—0

where the relation between A and A is given by

A(w, @) = A(l, i)z—%z—?ﬁ. (2.20)
z Z
Hence
(A] = lim (0|A(z,z)22"2%". (2.21)

2,200
The conformal transformation relating A and A is a specific example of a general

result for the transformation of so-called primary fields, defined by

ni(z,2) = (Of)(OF) duilf(2), F(2)) (2.22)

under the analytic coordinate transformations z — f(z), 2 — f(2).
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The quantities h and h may be shown to be the eigenvalues of Ly and Lo:

Lniha B> = Zlgl_r)lo[Lna ¢h,f_l.(z7 Z)”0>

= lim {h(n + 12", 5(z, 2) + 08,5z DH0)  (2.23)
z,2—
with the result that
Lolh, ) = h|h, h), Lnlh,h) =0, n>0 (2.24)

for the highest weight state |h, h) created by a primary field by 12, Z). Generally,
we will only consider the holomorphic part |h), created by é,(z). Now the Virasoro
algebra tells us that

(Lo, L] = —m L. (2.25)

Together with the condition L,|h) = 0 for n > 0, this shows that the operators
L_,,, m > 0 act as raising operators on the state |h). The state L_,,|h) is an
eigenvector of Ly, with eigenvalue h + n. Applying these raising operators in all
possible combinations to |h) yields the descendant states corresponding to the
descendant fields of the primary field ¢,(z). The descendant fields (L_,¢)(z) are

those appearing in the operator product expansion of T'(z) with a primary field:

1 1

T(z)pn(w) = m(l«ﬂﬁ)(w) + E(L—@)(w)

+(L_2¢)(w) + (z — w)(L_3)(w) + ... . (2.26)

The set of primary field and its descendants comprise a conformal family [¢,]
(¢n, = ¢n,) and form a representation of the conformal (here Virasoro) algebra,
transforming amongst themselves under a conformal transformation. The set of
states |h) and descendants form a (reducible) Verma module. We will discuss this
further in a more general setting in the next two sections. The point of organising
the fields of a conformal field theory into conformal families is that properties of
descendant fields follow from those of primary fields. In particular, correlation

functions of descendants are determined by those of the primary fields: knowing
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these quantities one may justifiably claim to have completely specified the theory
in question.

We conclude this section by discussing how the Virasoro generators may be
used to calculate correlation functions of primary fields. It is a postulate of con-
formal field theory that these be invariant under global conformal transformations.

Together with the assumption of an SL(2,C) invariant vacuum state, we may write

(0l¢1(21,21) - - - dn(2n, 20)|0) = H(aw)hj(_’u_/)ﬁj (01 (w1, @1) - - Pn(wn, Wn)|0)

J

= {0|U 1 (21,20)U - - - U ' dp(zn, 2,)UJ0)  (2.27)

where w = f(z) is of the form (2.9) and U € SL(2,C). Since such transformations

are generated by L_;, Ly and L;, we may rewrite this in the infinitesimal version

(Ol[Lk, ¢1(21)] - - @n(20)|0) + - - + (Old1(21) - - - [Lk, $n(20)]]0) = O (2.28)

with one such equation for each of £ = 0,+1. Then using the expression for the

commutator of a primary field and Virasoro generator

(L, $m(2)] = hun(n + 1)2"m(2) + 2" 0 (2), (2.29)

these may be written as

Z@(Olasl(zl) - pu(20)]0) = 0,

Z(ziai + hi)(0]p1(21) - - - dn(24)]0) = 0,

> (220; + 22ih:) (011 (21) - - - B (20)0) = 0. (2.30)

i=1

The above expressions embody the invariance of correlation functions under trans-
lations, dilatations and special conformal transformations, respectively, and may
be solved for n-point functions. From these equations it is possible to determine
2- and 3-point functions exactly. For the 4-point function additional input is re-
quired, but knowledge of the 4-point functions of primary fields is enough to give

the coefficients C; of (2.13), enabling the complete solution of the theory.
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2.3 The Wess-Zumino-Witten Model

As already mentioned, conformally invariant field theories may have symmetries
associated to them beyond that specified by conformal invariance, encapsulated
in the Virasoro algebra. One particular class of such theories are Wess-Zumino-
Witten (WZW) models [7, 8], reviewed in (for example) [5, 6, 9]. The WZW model
arose from the search for a modification of the nonlinear sigma model that would
be a conformally invariant theory. Witten added the Wess-Zumino term to the

sigma model action, giving the action

k
SWZPV = m—ﬂ/dad’f Tr((@mg)(amg_l))

k
+ 30 dPye™ Tr((97'0mg) (9 0ng) (9" Big)). (2.31)

The field g takes its values in a representation of the Lie group G associated
with the sigma model. The Wess-Zumino term is defined on a three-dimensional
space which has as its boundary the two-dimensional worldsheet of the sigma model
action. In order for the WZW model to be well-defined (that is, for the path integral
to be single-valued) the parameter £ must be quantised and in fact should be an
integer.

The point about this action is that, as well as exhibiting conformal invariance,

it 1s also invariant under
g(r,0) = Q1 + 0)g(r, o)Q 1 = o), (2.32)

where  and ) take their values in the Lie group G in the same way as g. As
previously discussed, we may take g(7,0 + 2m) = g(7,0): the WZW action then
describes a closed string moving on a Lie group manifold. Mapping this closed
string worldsheet (the infinite cylinder) to the complex plane as before, via z =

e”t and Z = 7%, this symmetry becomes
6(2,7) = A=)g(z, )07 (2). (2.33)

The theory is therefore seen to have a local G(z) x G(Z) invariance.
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In terms of the variables z and Zz, the equations of motion of the WZW model
are
0.(97'0:9) =0, 9:((8:9)97") = 0. (2.34)
Defining the currents J = —k(8,9)g~! and J = kg~—'0;g we see that
9;J =0, 0,J =0 (2.35)

and hence that J = J(z) and J = J(2). The currents J and J may be expanded

in the Lie algebra elements T, which form a basis for the algebra g associated to

the group G:
dimg dimg
J(z) =Y JU T,  J@) =) JEHT" (2.36)
a=1 a=1

These J¢ and J¢, being also functions of z and Z alone, respectively, can therefore
be expanded in the Laurent series

Jz)=>_ "', JE) =) (2.37)

neZ nez
The modes of these expansions may be shown to satisfy two commuting (untwisted)

affine Lie algebras

dim g
(T2, T =) if TS + kMo,
c=1
dimg
[jsn jz] = Z ifabcjrcn+n + kmaab6m+n,01
c=1
[T i) = 0, (2.38)

where the f_ are the structure constants of g, [T, T%] = Y, if®.T°.

At this point we make a short digression on the subject of affine Lie algebras.
This subject is covered, for example, in [10, 5, 6]. For every Lie algebra g, one
may consider the set of mappings g from the circle into g. The unit circle has a
description in terms of the coordinate z = >, which gives rise to a basis of g as
{Jta=1,2,...,dimg;n € Z}, where J* = J*® z". The J* are elements of g and

g has the multiplication rule
dimg

[Jo, T = if Je (2.39)

c=1
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This algebra may be supplemented by a central extension in a unique non-trivial

way to give

dimg
[To, I8 = > if® Ty + kmS™ 6 ng,
c=1
[J2, k] = 0. (2.40)

To completely specify the affine Lie algebra g, we must also add the derivation d,

such that

[d,Je}=mJe,  [d,k]=0. (2.41)

This additional generator is required since upon choosing the Cartan-Weyl basis
for g we see that the algebra without d has Cartan subalgebra {H¢,..., Hj, k} (r
the rank of g). Then choosing the remaining generators £ in the usual way to be

combinations of the J3 such that
(H:, E%] = o'E?, (2.42)

we see that the root vector (al,...,a”,0) (0 from the relation [k, E2] = 0) is the
same for each ES. The addition of d (in the Cartan subalgebra) removes this
infinite degeneracy in the roots as they are then given by (a!,...,a",0,n).

The vector space structure of g is thus
§=9g®Clz,z ' |®Ck ®Cd. (2.43)

The affine Lie algebra g is infinite-dimensional, being made up of the generators
{J% k,d|n € Z}. It contains as a subalgebra the finite Lie algebra g whose gener-
ators are the zero modes of g, {J§}.

With these generalities established, we move on to consider states of the WZW
model as defined by the affine algebra structure. In the same way as the Virasoro
algebra, we can consider a vacuum state |0) which we can act on with J%(z). Then

requiring regularity of this expression at z = 0 gives rise to the condition

JH0Y=0, n3>0. (2.44)



2.3 The Wess-Zumino-Witten Model 16

As Virasoro primary fields may be defined by their operator product expansion
with the energy-momentum tensor (2.26), so the affine algebra primary fields are

defined (following the conventions of [5]) by

_T,(IQS)\,H. ('UJ, U_))

J(2) P u(w, W) = P +...,
J(Z)px u(w, w) = %Z)i +.... (2.45)

In the above, T} denotes the matrix 7 in the representation which has A as its
highest weight. We remind the reader that the equation (2.42) describing root
vectors may be generalised from the adjoint representation to an arbitrary repre-

sentation with basis {|A)} such that
HyA) = MH)PY (=1,...,r), kA) = A(R)N), dX)=Ad)N),  (2.46)

the latter two relations being specific to the affine case. For a particular highest
weight representation, there will be a unique highest weight state |\) which is

annihilated by all the raising operators of the algebra,
ESINY = EX* N =H N =0, n>0 (2.47)
for a a so-called positive root. Then
HiN = X)A) (E=1,...,7), kX =kA), dA) = —hy|A). (2.48)

States in the representation space are generated by acting with lowering operators
on |\). As the generator k& commutes with all other generators, these states will all
have the same eigenvalue and we use the notation % for this also. The highest weight
vector is given by? A = (A!,..., A", k, —h,), with the eigenvalue of d suggestively
chosen.

Concentrating on the holomorphic sector, we associate the primary field ¢,(2)

to the highest weight state |A) via

lim ¢(2)[0) = $(0)0) = |A). (2.49)

2To make a clear distinction between affine weights and finite weights, one might label the

former A. As we will not make use of finite weights, we simply denote affine weights by A.
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Then the operator product expansion (2.45) gives the following conditions defining

a WZW primary field in terms of modes and states:

JolA) = =T\

JEA)Y =0, n>0, (2.50)

which is to say that |A) is annihilated by all the raising operators (now denoted J3
with n > 0) and provides a representation of the finite algebra.

We have mentioned that the WZW model has conformal symmetry, so expect to
see the Virasoro algebra making an appearance. It turns out that one may associate
a Virasoro algebra to every affine Lie algebra using the Sugawara construction. The

natural definition of the energy-momentum tensor T'(2) in this setting is

dimg dimg

=y Z JY2)J(2): = 731_{510 [Z J(z)J*(w) — delﬂ . (2.81)

z—w)?

The colons : : denote the normal-ordered product, the term of order (z —w)? in the

operator product expansion of J%(z)J*(w);
a b kéab a a
J(2) ] (w) = Z fabc -~ + J(2)J%2): +O(z —w). (2.52)

The antisymmetry of f,. ensures the disappearance of the (z —w)~! term in (2.51).
The value of the constant v may be fixed by, for example, requiring T'(z) to

have an operator product expansion with itself of the form (2.14). Then

1
I 2.53
YT % T vy (2:33)

where 1) is the highest root of g (typically, but not necessarily, normalised to 2)
and hY is its dual Coxeter number. The central charge of the Virasoro algebra is

given by )
_ kdimg
k+ hvy?/2

In terms of modes, the expression (2.51) becomes

(2.54)

dimg oo

2k+hvw2 S s, (2.55)

a=1 m=—0oc0
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the normal ordering now meaning that when n = 0 the term with larger subindex
must be placed to the right, i.e.
IR A SRR S AP KN N GO (2.56)
™m m<—1 m20
When n # 0, the modes simply commute. The link between the Virasoro (2.16)

and affine Lie algebras (2.38) is completed with the relation
[Lm7 Jrﬂ = —nJmin, (2-57)

from which we see that Lg is to be identified with the generator —d. Examining
the conditions for a WZW primary field (2.50), it is clear that a WZW highest

weight state is also a Virasoro highest weight state:

dimg oo

Lu|A) = 2k+h‘/w2 ———— 3" Y Il N =0, n>0, (2.58)

a=1 m=-o0

since each term involves J%|\) = 0 with m > 0. As the generators of the Virasoro
algebra are given in terms of the affine algebra generators, it suffices to consider
states of the theory as

Jony oy o I | A). (2.59)

With the n; positive integers, the J_,. then are raising® operators and the states
correspond to descendant fields.

Lastly, we define the level of the affine Lie algebra g. This is simply given
by k = 2k/4?: in the situation where 9% = 2 we have k = k. It is the same
parameter as appears in the WZW action (2.31). We mentioned that this should
be an integer for a well-defined theory and in this situation particular highest weight
representations, the intégrable highest weight representations, appear. However,
the WZW model may also be considered in a totally algebraic context, without

reference to an action, as has been essentially done above. In that case we may

3There is the usual confusion between the terms “raising” and “lowering” operators: while
J¢,, and L_,, raise the eigenvalue of Ly by +n, one can really only go down from a highest weight

state, hence the mathematical description of |A) annihilated by raising operators.
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consider non-integer values for the level £. Specific choices of values of the level
organise the representations of the affine Lie algebra, and hence the states of the

theory, in a remarkable way: we will discuss this in the next section.

2.4 Characters, Modular Transformations and

Fusion Rules

We have seen that a conformal field theory splits naturally into two chiral halves,
with the chiral algebra of one half commuting with that of the other. In statistical
mechanics, we imagine a physical system as having some continuous parameters
associated with it. At some specific values of these parameters, the system reaches
a critical point at which the system becomes conformally invariant: it is at this
point that the decoupling between chiral halves occurs. One might imagine that
the physical spectrum of the theory should deform continuously in moving away
from this point, leading to restrictions on how the two chiral sectors can be joined
together. It turns out that considering the theory still at the conformally invariant
point but defined on higher genus Riemann surfaces?, principally the torus, gives
these additional constraints. Other motivations are that the torus is equivalent to
the plane with opposite sides identified, relevant in many physical applications; and
the perturbative treatment of string theory relies on summing over higher genus
worldsheets in the calculation of scattering amplitudes.

The complex plane may be transformed to the torus by considering two linearly
independent vectors, w; and w, which define a lattice: on identifying points that
differ by integer combinations of these vectors, we obtain a torus. There will be
several choices of vectors that yield the same lattice and hence the same torus; our

conformal field theory should be independent of such choices. For two new vectors

4We have thus far defined a conformal field theory on the complex plane plus the point at

infinity, i.e. the Riemann sphere of genus zero.
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(periods) wj and w) describing the same lattice we must have

,_.\
@
o~
g

=

1 = (2.60)

o~
o]
QU
&

)

where a,b,c and d are all integers. Since the area of the basic cell of the lattice
should remain the same, and since w; and w, can also be written as an integer
combination of the primed periods, the determinant of the transformation matrix
must be equal to 1. In terms of the modular parameter 7, defined as the ratio of

the two periods 7 = wy/wy, this transformation becomes

ar +b

!
T =7 =
C)+d,

ad —be = 1. (2.61)

The transformation matrices form the group SL(2,Z): since changing the sign of
the parameters simultaneously does not affect the transformation of 7, the rele-
vant symmetry group here is SL(2,7)/Z,. The whole group is generated by two

transformations, the modular & and modular 7 transformations:

1
S:17— —-, T:1—>71+1 (2.62)
T
corresponding to the matrices
0 —1 11
S = , T= . (2.63)
1 0 01

Before making contact with conformal field theory, we must consider those quan-
tities of particular relevance in terms of modular transformations: the characters

of the affine Lie algebra g. These are defined as
X?\k — q_c/24TI',\,qu062iﬂ Z,‘Png)_ (264)

In this expression, we sum over elements Hj of the Cartan subalgebra of the finite
Lie algebra g. The parameter ¢ is defined as ¢ = %", where 7 will turn out to
be the modular parameter. If we are only dealing with Virasoro symmetry, the

expression remains valid with this sum set to zero. In either case, the parameter
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c is the central charge of the (associated) Virasoro algebra, given by (2.54) in the
WZW situation. The character associated with a particular representation space
generated by the action of J?_ on |X) is a generating functional for the number of
states at a given grade (the number of J%,_ that have acted on |A)). Specifically,
evaluating (2.64) at p; = 0 for all i gives the Virasoro specialised character
o
X5 (7, {0}) = ¢~/ Trapg™ = ¢~/ " d(n)q", (2.65)
n=0
where d(n) is the number of states at grade n. The other parameters in (2.64)
allow us to keep track of the other quantum numbers of the states.

It may happen that in a given module, one produces a state which is also a high-
est weight state through the action of the J¢ _, that is, the state J¢, J2, ---J%  |\)
is also annihilated by all the J2, n > 0. Such a state is called a singular vector and
has zero inner product with all other states of the module, as do its descendants.
It generates its own submodule which forms a representation of the algebra, so the
original module is said to be reducible. An irreducible module may be constructed
by factoring out all such submodules generated by singular vectors, which amounts
to identifying states that differ by states of zero norm. Information about which
states of a module are singular vectors is encoded in the Kac-Khazdan determinant
formula, knowledge of which then permits the construction of irreducible modules
and the characters corresponding to them. It is these irreducible representations
which are of interest here.

In the WZW model, the quantisation of the level k of the affine algebra g as
an integer arose out of the need for a well-defined action. In purely algebraic
terms, we have mentioned that this corresponds to the integrable highest weight
representations. These are irreducible representations which are also unitary, by
which we mean that the generators J® satisfy the condition (J2,)' = J2. Requir-
ing representations to be integrable results in k£ being an integer. It so happens
that there is a finite number of such highest weights for some specific value of £,

which correspondingly means that there is a finite number of primary fields in the
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model. What is particularly remarkable about this situation is that the characters
corresponding to these primary fields transform into each other under the modular
transformations S and 7.

It would seem from this discussion that the only representations of interest in
the study of WZW models are integrable ones, at integer level k. However, Kac
and Wakimoto [11] asked if it was possible to relax this condition yet retain a finite
set of highest weight representations whose characters closed under the action of
the modular group. They discovered the admissible representations, which retain
these important properties, but where now the level £ need not be an integer. These
representations are now generically non-unitary. The requirement for admissible
representations is that ¥ = ¢t/u, where t € Z, v € N and ged(¢, ) = 1. Additionally,
k+hY > hY/u, where h" is the dual Coxeter number of g;. Restricting to positive
values of ¢t and u = 1 recovers the integrable representations. Clearly there is now
a problem of interpretation of the WZW model: although the algebraic formula-
tion is sound, the WZW action is not well-defined. However, many systems are
described by fractional level conformal field theories. It is also possible to relate
fractional level models to integer level models via the coset construction. Addi-
tionally, probing the fractional level situation may allow for greater understanding
of the relation between the two formulations of WZW models.

Why should this area of modular transformations and their relation to charac-
ters be of any interest? The answer lies in the fact that the partition function of
a WZW model may be written as a modular invariant combination of characters.
Considering the complex plane, the Hamiltonian operator H of the theory will
generate translations in time, along the imaginary axis; the momentum operator
P will generate translations in space, along the real axis. The evolution operator
corresponding to a translation along the period ws (in distance and direction) is

e—H Imw2+iP Rews

. The partition function of the theory is given by the trace of this
operator

Z(wy,wy) = Tr g~ ImwetiPRews (2.66)
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the dependence on w; being through H and P. The Hamiltonian on a cylinder
is given by H = (2m/w)(Lo + Lo — ¢/12) and the momentum operator by P =
(2mifw) (Lo — Lg), where the cylinder has circumference w; (chosen to be real).
We have taken ¢ = ¢, the factor ¢/24 coming about from mapping the plane to the
cylinder: in physical terms, this means that the vacuum energy density vanishes in

the limit w; — oco. Inserting the expressions for H and P in (2.66) gives
Z(1) = Ty qhoe/gho=e/ (2.67)

where ¢ = e~ %77 with the identification 7 = 7*. We recognise this expression as
involving the Virasoro specialised characters (2.65). With more care [12] one may

derive the complete partition function as
Z(T, {pi}) — TI‘H qLo~c/2462i7r Z.‘PiHOqLO c/24 2in Yy, piH (2.68)

This trace over the full Hilbert space of states of the theory may be decomposed

into a trace over irreducible modules and so we find

7, {p}) = > X% (r, {p}) Nau X (7, {n:}), (2.69)

the sum being over all the weight labels of the set of characters closed under the
action of modular transformations.

Clearly, this partition function should be invariant under reparametrisations of
the torus, 7.e. modular transformations. We must therefore find matrices N such
that under the action of S and 7, the partition function is unchanged. Dropping

the p; dependence for clarity, with

1/T ZS/\MX 7

(T+1) = Tuxl(r) (2.70)

this means that

TINT = SINS =N (2.71)

or [N, S| = [N,T] = 0. For the partition function to describe some physical theory,

the entries of N must be positive-integer valued. Additionally, on combining the
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holomorphic and anti-holomorphic sectors of the theory, there should be a unique
vacuum state, requiring Ngg = 1 (xo denoting the vacuum character). With these
requirements, one may search for modular invariant combinations of characters of
some given affine Lie algebra, which then stand a chance of describing the space of
states of some physical conformal field theory.

In general, it is an extremely difficult problem to classify all modular invariants
of some particular algebra. The canonical example of a complete classification is
that for si(2) [13], implying the classification of the minimal models. It involves a
totally unexpected correspondence with the simply-laced simple Lie algebras, the
discovery of which has prompted many years of intensive research by both physicists
and mathematicians: the mystery of the A-D-E classification is as yet unsolved.
The case s(3) has also been completed [14], revealing a similar pattern. The N =1
[15] and N = 2 [16] superconformal minimal models have also been classified, with
the former again showing an A-D-E pattern. Beyond these examples, only special
cases are known, with a complete investigation of the simple affine Lie algebras a
distant goal. These classifications have all been carried out at integer level. The
case of fractional level sI(2) has also been investigated, with a full list of invariants
for admissible representations given by [17] and [18]. The work in [1] and this thesis
is the first attempt at discussing the problem for fractional level superalgebras.

A sensible physical theory is not guaranteed to arise solely from a modular
invariant combination of characters. Conversely, not all conformal field theories
exhibit modular invariance, although we will not be concerned with such here. One
question one might ask is whether the theory admits a consistent fusion algebra.
The operator product algebra (2.13) is generally quite a complicated structure.
However, it is in principle possible to derive it from knowledge of the fusion rules
and the symmetry algebra of the theory. Fusion rules tell us which primary fields

appear in the operator product of two primary fields,

¢ X ;= ZNijk¢k~ (2.72)
%
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The fusion rule coefficients Nij’“ are non-negative integers: it may be that the family
[¢x] can couple in several distinct ways to ¢; and ¢;, resulting in coefficients that
are greater than 1. If N;;* = 0, then [¢;] does not appear in the operator product
¢i(z)¢;(w). Alternatively, this determines whether or not the 3-point function
(¢r¢;¢:) vanishes, where ¢} is the field conjugate to ¢x. This will be discussed
more fully in chapter 4.

Remarkably, there exists a formula for the fusion rule coefficients in terms of
the modular transformation matrix S of (2.70), the Verlinde formula [19] (modified

to include fermionic theories in [20]). This states that

SimS'm(S_l)m
N =Y JSOm Jmk (2.73)

m
the entries .S;; being the same as in (2.70), 0 again labelling the vacuum. This for-
mula means that, in general, once the modular transformations of characters are
known, fusion rules may be determined; consistency of the operator algebra fol-
lows. We are thus no further along the road to a consistent conformal field theory.
However, in the case of fractional level, the Verlinde formula does not always yield
meaningful results: the coefficients may be negative. Some modification of the Ver-
linde formula would seem to be required, although when fractional level algebras
are used as building blocks in the coset construction, these problems disappear.
This perhaps indicates that it is not possible to define a consistent non-unitary
conformal field theory based on a fractional level affine algebra. Other results do
not support this conclusion and the issue remains unresolved. One may calculate
fusion rules from the decoupling of singular vectors, which will be discussed later,
allowing a comparison between these results and the Verlinde formula. As yet,
results on both these approaches are only available for s/(2) as discussed in [21]
and partially sl(3) [22]. The modular transformation matrices for the affine su-
peralgebra 6sp(1|2) were calculated in [23], where the authors made a preliminary
attempt at calculating fusion rules from the Verlinde formula. Fusion rules for

0sp(1|2) have been calculated through singular vector decoupling in [24], but no
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comparison was made there with the results of [23] and indeed the fusion rules
given in these two works do not agree. The work in this thesis is a first step in
presenting both the modular transformation results and the fusion rules for the

affine superalgebra si(2]1; C) at fractional level.

2.5 Overview of sl(2|1;C)

This section introduces the principal object of study in this thesis: the affine su-
peralgebra sl(2|1; C)x. The finite superalgebra sl(2|1;C) is not quite the simplest
superalgebra one may consider, that being osp(1|2; C), but it differs in important
ways from this case which means it exhibits many features more common to su-
peralgebras as a whole.

First, we review some general material on Lie superalgebras. These were first
investigated by mathematicians in the early 1960s, before being rediscovered by
physicists in the context of supersymmetry. A full classification by Kac appeared
in 1977 [25] and a comprehensive modern review may be found in [26] as well as
the book by Cornwell [27].

In the theory of Lie algebras, one considers a vector space together with a
multiplication which is antisymmetric and satisfies the Jacobi identity. For Lie
superalgebras, the vector space concerned may be split into an even part gy and an
odd part g;. Elements of the even part are assigned a degree of zero, while elements
of the odd part have degree one. The vector space is then Zo,-graded, g = go & g:1.

The multiplication is such that
[8:,8) C 9itj mod2- (2.74)
The bracket [-, -] satisfies the properties of graded antisymmetry
[a,b] = —(—1)dee@deeblp q] (2.75)
and the generalised Jacobi identity

(—1)eedeecla, [b, c]] + (—1)4E* €D, [c, a] + (1)1 N E e, [a, b]] = 0. (2.76)
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The elements a, b and ¢ are chosen from a homogeneous basis for g, that is, one
in which they are wholly even or wholly odd. The property (2.75) defines an anti-
commutator when a and b are both odd and the usual commutator otherwise: we
retain the notation [, -] for the ”superbracket”, bearing in mind its dependence on
the elements within it and will often use {-,-} when it is clear that the anticom-
mutator is required. The even part of g, go, forms a Lie algebra structure on its
own. While g, does not share this property, it does carry a representation of the
even subalgebra.

The most immediately useful example of objects which obey the properties
necessary to be a superalgebra are a set of matrices, divided into those which are

block diagonal and those which are block anti-diagonal. That is, matrices of the

form
AlO
_— (2.77)
0|D
should be taken as the even elements comprising go and
0B
S (2.78)
cCl|0

behave as the odd elements of g;, with the partitioning being of the same form

throughout. The supertrace of such a matrix is defined as

A(B
STr =TrA-TrD, (2.79)

C|D

from which we see that the supertrace of an odd matrix is always zero.

While definitions of quantities from the theory of Lie algebras generally carry
over to superalgebras, there is a significant area which requires serious modification.
It may happen that the metric on the root space of a superalgebra is not euclidean,
as is the case for Lie algebras. The superalgebra of interest here, sl(2|1;C), is one
such, whereas the simplest Lie superalgebra osp(1]2; C) actually has a euclidean

metric on its space of roots. This is why we mentioned earlier that s{(2|1;C) is
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more typical of superalgebras as a whole, having this additional complexity over
0sp(1]2;C). The reason that a non-euclidean metric is of concern is that roots
may then have zero length, so any definitions involving division by the length of
roots (such as coroots and the dual Coxeter number) must be modified to allow for
this situation. Additionally, it is not entirely straightforward to imagine a Weyl
reflection about a root of zero length. With these provisos in mind, we proceed by
looking at the relevant example: si(2|1; C).

The Lie superalgebra si(2|1;C)® (also denoted A(1,0)) has a representation as
the set of 3 x 3 matrices with supertrace zero, that is, my; + mgy — ms3 = 0 with
the following partition:

my Mz | M3

Moy Moo | M3 : (2-80)

M3y Mgz | Ma33
Matrices with my;3 = mo3 = mas; = mszy = 0 are even, while those with m;; =

Mia = Mgy = My = maz = 0 are odd. The basis chosen in [28] is

10 0) 00 0
hy=10 00|, h=([010],
\0 0 1) 00 1
(0 1 0) 000
€atar = [0 0 0f, e (mian=|1 0 0,
\0 0 0 000
(0 0 o) (0 0 o)
e =100 0|, ea=[00 1],
\0 1 0) \0 0 0
(0 0 1) 00 0)
€= [0 0 0|, eaw=]000]- (2.81)

5Most of the information in the remainder may be found in the references [28}, [29] and [30].



2.5 Overview of sl(2|1;C) 29

Writing hy = hy & hy, one may calculate the (anti)commutation relations of the
four bosonic generators H*, E*®1+e2) and four fermionic generators E*er E+oe

(with the obvious correspondence) of si(2]1;C) as

[Ea1+a27E—(a1+az)] — H_, [H—, Eﬂ:(01+a2)] — :t2Ei<al+a2),
[Ei(aﬁa?),Equ] = L Ftoe, [Ei(awraz), EFe2) = FE*™
[H™, E*] = £E*, [H™, E**] = £+ E**,
[H+,Eim] — :i:E:tal, [H+, E:i:ag] _ :FE:l:aQ’
(B Y= (H - HO)j2 (BB} = (H"+ H)J2
{E**, Eree} = pleates), (2.82)

The even subalgebra of s/(2|1; C) is a direct sum of a u(1) algebra generated by
H™ and an sl(2) algebra generated by H~ and E*(®1+22) The Cartan subalgebra
is made up of H~ and H*. The non-zero roots are made up of the even roots
Ay = {£(a1 + a2)} and odd roots A; = {+ai,+a,}, where oy = (1,1) and
a3 = (1,—1) (with order (H~, H*)). The root diagram is shown in figure 2.1.

Here we meet a new superalgebra feature: the Killing form must be generalised

to incorporate the Z, grading. The definition is
K (X, X?) = g = fo_f% (<1)%0) — STt (ad(X*)ad(X"), (2.83)

where d(p) = 0 for p a bosonic index and 1 for p a fermionic index and the f
are the structure constants of the superalgebra. These as usual define the adjoint
representation, hence the second expression above. The supertrace is defined as in
(2.79). Considering only the Cartan subalgebra elements H+ and H~, the Cartan-

Killing metric is Minkowski, with

1 0
Jroot = . (284)
0 -1

As in the case of ungraded Lie algebras, the Killing form relates the Cartan

subalgebra and weight space of a superalgebra. For every element 7 of the weight
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Figure 2.1: The root diagram of sl(2|1; C).
space there corresponds a unique element of the Cartan subalgebra H” through
K(H,H") = y(H). | (2.85)

Then for a root « this element is given by H* = 5" ' H', with the scalar product
of roots defined by
(cn, a5) = K (H, H). (2.86)

From this we see that the fermionic roots have zero length, af = a3 = 0, while the
bosonic roots have (+(a; + a3))? = 4 (in this normalisation). The root diagram
is in a two-dimensional Minkowski space, with the fermionic roots along lightlike
directions indicating their zero length.

As previously mentioned, it is not obvious how to consider Weyl reflections
about a zero length root. Although the definition of Weyl group has been extended
to deal with this fact, we consider only the standard situation. The Weyl group
then is W = Z, generated by the reflection in the plane perpendicular to a; + as.
This leads to different inequivalent choices for the set of positive roots. One may
choose A* = {ay,a, a1 + az} which yields the simple roots as {a;,as}. The

Cartan matrix is

A= (2.87)
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where the entries are calculated using A;; = (o4, @;)/(qs, ap), © # ' to avoid
dividing by zero {27].

Another choice of positive roots might have been {a; + a9, ), —ap} with simple
roots {a1 + ag, —as}. This variety of simple root systems available leads to the
non-uniqueness of the Dynkin diagram [25, 26] although one may always choose a
distinguished basis of simple roots, containing the smallest possible number of odd
roots (the second alternative given here). The definition of highest weight state
also depends on which simple roots we choose: we will use the (not distinguished)
set {1, a2} and define highest weight states shortly in the context of the affine
version of sl(2|1;C). A quantity also of importance is the dual Coxeter number
hY: however, it is independent of the choice of simple roots and is equal to 1 for
sl(2]1;C).

A superalgebra may be extended to an affine superalgebra in exactly the same
way as for an ungraded Lie algebra, as previously described. Although we may
extend the relations (2.82) to the affine case, as we do wish to make contact with
conformal field theory, we first introduce the currents of s/(2|1;C) (the J%(z) of
(2.37)):

](ei(01+a2) Z Ji o l

z) =2 Z J3zm J(hi)(2) =2 Uz,

n

J (€10, )( Z.?Ii -, J(e1a,)(2) = erﬂz:zMn_l- (2.88)

n
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The modes introduced here satisfy the (anti)commutation relations

(T, I ) =203 + 2kmbmin.0, [Um, Un] = —km5m+n,0,

[T T2 ] = £ s [T J3) = kmbpnyno,

[T ] = £ mtns [ G ] = q:j;nim
(275, 30) = £y (273, 521 = Ehmn,
2Unm, 5] = +jmins 2Um; 53] = Fimns

{jm ajn } - ( m+4n J3n+n) 2];:Tném—i-n,O;

{]m’]n } - ( m-+n + ng—}—n) + 2iq}m6m+n,0a {]m 7.7:} Ji—&—n (289)

Together with the relation [Ly, X,] = —nX,, for all generators X, and k commuting
with all generators, this defines the affine Lie superalgebra .§l(2|1; C) at arbitrary
level k. Taking the zero modes only gives the finite algebra si(2|1;C) (2.82), though
now with a different normalisation of the Cartan subalgebra generators. The form
of Ly is given through the Sugawara construction. Rewriting (2.55) for a generic
basis (i.e. one for which the generators are not necessarily orthonormal with respect
to the Killing form) we have

dim sl(2|1;C) 00

1 axb .
Ln - m Z Z gabX n—m-> (290)

a,b=1 m=—00

where g, = (¢°°) 7! and the X2 are the superalgebra generators. Then

Lo = S 2R - Ui + I — T,

2(k+ 1) &

g i o = T G~ G imd T, (2.91)

bearing in mind that when two fermionic generators are interchanged upon normal
ordering a minus sign appears. In the present normalisation, ¥? = (a; + ap)? = 1

and so k = 2k. The central charge formula (2.54) is modified to

. ksihm sl(2|1;C) (2.92)
k+ hVep? /2
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with sdim denoting the superdimension, equal to the number of bosonic minus the
number of fermionic generators. For s/(2|1;C), this is zero and hence ¢ = 0.

With affine superalgebras, the fermionic generators have mode indices which
may be integers or half-integers. This gives rise to two different versions (sectors)
of the same algebra. In the Ramond sector, the odd generators have n € Z whereas
in the Neveu-Schwarz sector, they have n € Z+ % The even generators always have
mode index n € Z. This structure naturally incorporates the periodic (Ramond)
and anti-periodic (Neveu-Schwarz) boundary conditions for fermions on the torus.
Indeed, it was in the construction of fermionic string theories (in the guise of
dual models) by Ramond [31] and Neveu and Schwarz [32] that superalgebras
(supersymmetric extensions of the Virasoro algebra) came to prominence amongst
physicists.

The weights of sl (2|1; C) are specified by their eigenvalues with respect to the
Cartan subalgebra {J3, Uy, k, Lo}, as discussed earlier ((2.48)). The set of simple
roots is augmented from the finite situation by ap = (—(a3 + @»),0, 1), where the
other simple roots are «; = (;,0,0), ¢ = 1,2 (using the same notation for the
affine roots as the finite roots). Highest weights are parametrised by the quantum

numbers h_ and h, as

A = (3h_(01 + @) + 3hi(on — 02), k, —h) (2.93)

which, with the present choice of a; = (1/2,1/2) and ¢y = (1/2, —1/2) means that
A= (3h_,thy k,—h).
Highest weight states |A) = |%h_, shy, h) have isospin, charge and conformal

weight, respectively, defined by

1 1
TIAY = ShoIN), UolA) = Shild),  LolA) = hlA). (2.94)
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The highest weight states are annihilated by all the raising operators of the algebra:

JHIA) =0, JolA) =0,
JnilA) =0, Unii]A) =0,
in|A) =0, JatlA) =0,
J|A) =0 JnialA) =0, (2.95)

where n € Z,. Additionally, L,41|A) = 0. Note that the mode indices are all
integers, so this properly defines a Ramond highest weight state. The conditions

(2.95) may all be obtained from
JTIA) =5 1A) = jg*|A) = 0. (2.96)

To conclude this section, we relate the Ramond and Neveu-Schwarz sectors of
sl (2|1; C). There are several possible “spectral flows” which achieve this, but one in
particular which means that a Ramond highest weight state is mapped to a Neveu-
Schwarz highest weight state [29, 30]. This is of some importance in computing
sl(2|1;C) character formulae, since then the transformation of a Ramond character
built on a highest weight yields a Neveu-Schwarz highest weight character (as used
in [29]). The relevant spectral flow corresponds to an order 2 automorphism 7

(with 4% = 1) of the finite sI(2|1;C) algebra, yielding

Y(JZ) = —J5 + kbno, Y(Un) = Un,
YIn) = T, Y0n) =J%
W) = i, 9k =k (2.97

There is also the relation y(L,) = L, — J> + %/;5,1,0. Then v maps between the Ra-
mond and Neveu-Schwarz sectors, with highest weights mapping to highest weights.
The fact that v is order 2 means that the fermionic Neveu-Schwarz generators are

1/2 integer indexed. On flowing between the two sectors, the quantum numbers of
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states are related in the following way:

1,NS _ _13R | 1
shl” = —shZ + Sk,
1;NS _ 1R
shy” = 3hy,

RVS = pR —ipf 4 L (2.98)

This tool of spectral flow will be used in later calculations: for now, it ends our

overview of sl(2|1; C).



Chapter 3

Modular Transformations and

Invariants of si(2|1;C) Characters

This chapter examines the particular problem of calculating modular transforma-
tions of sI(2|1; C) characters, for fractional levels k = 1/u — 1, u € N\ {1}. With
the solution of this problem, we are able to examine some modular invariant combi-
nations of characters, which may be taken as a first step in attempting to determine

partition functions for conformal field theories. The work is entirely contained in

].

3.1 Introduction

The properties of the affine Lie superalgebra sAl(2|1;(C),C at fractional level were
much investigated in a series of papers, variously by Bowcock, Hayes and Taormina
[28, 29, 33]. The motivation for this work was not solely abstract, although this is
certainly not an insignificant one, given the limited study of affine superalgebras
generally. In fact, the representation theory of §l(2|1; C)x seems to play a role in the
study of non-critical string theory, specifically the N = 2 non-critical superstring
[34]. It has long been held that a non-critical (super)string may be described in

terms of a topological G/G Wess-Zumino-Witten model, with G a Lie (super)group
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[23, 35, 36]. The physical states of the G/G model are believed to be in a one-
to-one correspondence with those of the relevant string theory. Establishing this
correspondence between the states of the SL(2|1)/SL(2|1) model and those of the
N = 2 non-critical superstring was one of the primary motivations of the works
(28, 29, 33]. Then with the relationship in place, one might hope to say something
about the string theory from purely algebraic investigations. Non-critical string
theory may be described in terms of a matter sector, a Liouville sector describing
the gravitational degrees of freedom and a ghost system. When related to the
relevant G/G WZW model, in the case of the N = 2 string it is found that the

level of the sl(2]1; C)y algebra describing the matter sector is given by
_b —
k==— 17 p,ue N) ng (p7 U’) = 1. (31)
u

In the introduction we stated that Kac and Wakimoto [11] showed that for levels
of the form k = t/u, ged (¢, u) = 1, admissible representations of an affine algebra
exist. We see that this is precisely the case here, motivating the study of s/(2|1; C)
at fractional level. Additionally, fractional level s/(2|1;C) has also arisen in the
study of Gaussian disordered systems [37], though not at levels of the form which
we will consider.

While the promise of this particular approach to the N = 2 non-critical string
has yet to run its course, the work of this chapter continues a more general study
based on the understanding developed in [28, 29, 33]. In particular, in [33] the
branching functions of some sl(2|1; C),, characters were derived (for k = 1/u—1), re-
expressing these complicated objects in terms of simpler ones with known modular
transformation properties. This was done with a view to calculating the behaviour
of sI(2|1;C), characters under modular transformations. While the behaviour un-
der 7 : 7 — 7+1 was found to be standard, under S : 7 — —1/7 only a few specific
examples were worked out, namely for k = —1/2 [29] and the Neveu-Schwarz sector
for k = —2/3 [30], being the first two cases of © = 2 and u = 3 respectively (the

case u = 1 corresponds to integrable representations). The importance of finding
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modular transformations lies in the fact that one may then address the question
of finding modular invariants, extending the understanding of the physical space
of states of the SL(2|1)/SL(2|1) model. More generally, one may also attempt to
define a conformal field theory based on fractional level sl(2|1;C);. Attempts to
develop fractional level conformal field theories have thus far mainly concentrated
on s/(2) and 65p(1]2), more of which later.

We begin by reviewing previous work leading to the branching formulae for
sl (2|1; C)x characters. These must be manipulated somewhat in order to facilitate
the calculation of their modular transformations. Having achieved this, we describe
how the behaviour of sl(2|1;C); characters under the S transformation may be
found and give the form of this transformation for all levels k = 1/u—1, u € N\ {1}.
In the final section we identify some modular invariant combinations of characters,
which are analogous to the A- and D-series in the famous classification of s/(2)

modular invariants [13].

3.2 Branching si(2|1;C) Characters

In [33], branching formulae for the Neveu-Schwarz class IV and class V characters
of the affine superalgebra sl(2|1;C), (k = 1/u — 1) were conjectured, based on
patterns appearing for low values of u. These branching formulae have now been
firmly established in [38]. The characters were branched into products of si(2; C)y
characters, generalised theta functions and string functions, the modular transfor-
mation properties of which are known. This decomposition was found where the
level is of the form & = 1/u — 1, rather than the more general ¥ = p/u — 1 and it is
for this reason that we are restricted to p = 1. Class IV and class V refer to specific
sets of representations identified in [28, 29], satisfying certain restrictions on their
quantum numbers. The reason for considering these classes only is that class
characters are modular forms rather than functions, transforming with additional

factors under modular transformations, so it is not clear that they may be used to



3.2 Branching s((2|1;C) Characters 39

construct modular invariants. Classes /I and /11 are believed to contain subsingu-
lar vectors, making the computation of their characters extremely difficult. Class
IV and class V' characters are thought not to be afflicted with these difficulties,
being modular functions and not containing subsingular vectors, so stand a chance
of forming a modular invariant set. The work of [38] further reinforces the fact that
the relevant representations are class IV and class V, since in considering certain
decompositions of sl(2|1;C) characters at level k = 1/u — 1 it is only these which
appear.

has now shown that for levels of the form considered here (k = 1/u — 1),
the si(2|1; C)x characters which appear are all equivalent to class IV and class V
characters.

From the definition (2.64), s/(2|1;C), characters are given by

Xfffz,lllf)" (o,v,7) = Trexp{2mi(aJi + vUs + TLg)}, (3.2)

where J3 and Uj are the zero mode Cartan generators of sl(2|1;C),. Note that
there is no factor ¢~%/?* in this definition, since for sl(2]1;C), ¢ = 0. We label
the characters by the isospin and charge quantum numbers which characterise the
s1(2|1; C) highest weight states |A) (defined in (2.95)) of the associated represen-
tations:

1 1
JHA) = ShoIA), ThlA) = ShelA). (3.3)

We now examine some properties of sl (2; C);, characters, generalised theta func-
tions and string functions which are combined together in the expressions which
we will use for sl(2|1;C) characters. From [39] we have the following expression for

sl(2; C)x characters:

19U+,w (%’ 7-) - 19v_,w (%77)
Yho(o, 1) =91 2(0,7)

1(2;C
X% (0, 7) =

(3.4)
where the level is parametrised as

t
k=—, ged(t,u) =1, weN, teZ, (3.5)
(7
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with0<n<2u+t—2and0<n'  <u—-1and
vy =u(x(n+1)—n'(k+2), w=u(k+2). (3.6)

In the above, the generalised theta functions 9,, ,» [40] are defined as
B (0,7) = 3 g T gt ) (3.7)
nez

The variables ¢ and z are defined by

g =exp(2mit), 7€C, Im(r)>0=|q| <1,

z = exp(2mio). (3.8)

The cases of interest here are those for which k = 1/u — 1, that is, where t = 1 — u:
the sl(2|1; C), characters at level k involve sl(2; C) characters at the same level.
Under the modular S transformation § : (o,v,7) — (%, z, —%), the sAl(Q;(C);c

characters (3.4) transform via [39]

2utt—2 u—1
51(2;C) g 1 —inka? [T 51(2;C)
an’m/ k (;’ _—> - 1 / Z Z Smm nn! X:L n' * (0, T)7 (3-9)

T
n=0 n'=

where

2 , Vo . [(T(m+1)(n+1)
- =  (_ (n+1)+(m+1) m(k+2)m’n
Smm’,nn’ - U,2(l€ + 2)( 1)m " mrme™ ™ sin ( k+2 :

(3.10)

For the generalised theta functions (3.7) we have [40]

T

o 1 “ir !
ﬁm,m’ (_’__) —17rm ‘a2 /T Z —1.1rrm/m rm (0, 7_) (311)

and for the string functions [41]

e ! = s(a,b,a’, b (If —U .
ab (T) \/(-z'f)( Yu + 1) Z Z b.ab) ey (), (312)

a'=0 b=—u+2
a'=b mod2

where

s(a,b,a’,b) = ™/ Vgip (W(a Dl + 1)) : (3.13)
u+1
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The string functions have the following useful symmetry properties [42]:

-1 -1 -1 -1
Ct(:b )(T) = Cf:—b)(T) = CE:b—f—Q)(u—l)Z(T) = CELu—l—)a,u—l—-b(T)7

() =0 for a—b#0 mod 2. (3.14)

As already mentioned, in [33] branching formulae for s{(2|1;C) Neveu-Schwarz
characters were derived which expressed them in terms of the quantities discussed
above. The result for class IV characters reads

u—1

NS,IV,sl(2|1;C s1(2:0) g
Xawipgs (0,0 T) =D X1 (0,7)
a=0
u—2 v
X Z ﬁ(u—1)(m—2m')—bu(u—l)(a+1)+2au(%—[%])—Zub,u(u—l) (aa T)
b=0

(u-1)
X ca,a(u—1)+2a( %—[%])—Qb(T) (315)

and for those in class V it is

u—1
NS,V,sl(2[1;C)y _ sl(2;,0),
Xhz_vs,hﬁs (o,v,7) = E :Xa,M+M'+1(0’ T)
a=0
u—2 v
X § '19(11—1)(1\/[’—M)—i—u(‘u—l)a+2au(%—[%])—Qub,u(ﬁ—l) (E,T)
b=0

(u-1) .
X Ca,a(u—1)+2a(%_[%])_26(7_), (316)

where [35] denotes the integer part of %.
For the Neveu-Schwarz sector, the isospin (34"%) and charge (34%°) quantum

numbers of highest weight states are given by

1 1
NS = ——(u—m—-1), AS==2m' -m), 0<m <m<u-1 3.17
u + u

in class IV and by

1 1
WS = ——(M+M'+14u), hY*=—(M-M), 0<M+M <u-2 (3.18)

u
in class V. We use the quantum numbers of the highest weight state upon which

a character is built to label that character.
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Under the modular transformations § and 7, characters of the Neveu-Schwarz
and Ramond sectors mix according to table 3.1. This has been discussed in [43] in
the context of superconformal field theory. In string theory, these transformations
relate boundary conditions for fermions living on the string worldsheet, as discussed
by Seiberg and Witten [44] (amongst others). Here we see the appearance of the
supercharacters Sx® and Sx™¥. Though these do not have the physical relevance
of xf and X%, they are useful here as can be seen in table 3.1, in that they are
necessary for writing down a set of characters closed under modular transforma-
tions. In fact, the Ramond supercharacters form a closed set on their own; we
discuss them here for completeness. The difference between a supercharacter and
a character is an insertion of the factor (—1)¥ in the definition (3.2). This fermion
number operator highlights states that are fermionic, giving rise to a minus sign in

their presence.

S T
VS VS | Sy NS
XR SXNS XR (319)
SYNS || xR NS
SxB || Sx® | Sx®

Table 3.1: Effect of modular transformations on characters.

Given then that we will come to consider the characters and supercharacters
of the Ramond sector and the supercharacters of the Neveu-Schwarz sector, we
mention that the Neveu-Schwarz supercharacters have the same quantum numbers

as the characters while the Ramond characters and supercharacters have

RE=——, hi=hi® 0<m'<m<u-1 (3.20)

in class IV and

1
hfj:;(M+M’+2), E=nl 0K M+M <u-2 (3.21)
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in class V. The conformal weight in both classes for the Ramond sector is given by

u
RE = 1 ((r%)? = (K5)?) (3.22)
and in the Neveu-Schwarz sector by
1 1—u
RS = pft — —pR : 23
2 4y (3:23)

At this point, we have given only the branching formulae for Neveu-Schwarz
characters. We can obtain those for Ramond characters from (3.15) and (3.16) by

the spectral flow (2.97). Neveu-Schwarz characters are defined as in (3.2):

Xnvaps " (0,0,7) = Trexp{2mi(oJg™ + vUYS +7L3%)}, (3:24)

to which the application of (2.97) gives

Xf;lﬂllf)"’]vs(a, v,7) = Trexp{2mi(o(—J>% + k) + vUR +7(LE - J2% 4 1k))}

= gtk 3k Ty exp{27i(—(o + 7)o" + vUE + 7LE)}

= qk/4zk/2xfg”’fgl?©’° (—o —1,1,7), (3.25)

with ¢ and z defined in (3.8). Then we may write

R,s1(2|1;0) _—kj4_g—k/2_ NSsl(2]1;C)
th,hﬁ (07 v, T) =4q / z XhIllS’hf’\_IS (_—U -7V, T)

i SO ) (329

where 2/ = 271¢7! and recalling that we are considering only k = 1/u — 1.

This means that we must shift the variable ¢ to —o — 7 in the §l(2; C)x char-
acters, the only place where o appears. The effect of this may be calculated by
using the definition of the generalised theta functions (3.7) and the definition of
the sl(2; C), characters in terms of these given by (3.4).

The theta functions which appear in (3.4) are of the form ¥, (2, 7) with r = 1

or u, m = %1 or vy and m' = 2 or w. From the definition (3.7) we find that

r

(S (_0 — T,T) =10, ) (%, T) q_m'/4r2z“m'/2’2. (3.27)

r ™ _m,m
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In the case of ¥, (0, 7) appearing in the denominator of (3.4), the index m'/r —m
is simply equal to 1 for 9; » and 3 for ¥_; »—but from (3.7) we see that 935 = 9_; 2.

So spectral flow on the denominator of (3.4) introduces an overall factor ¢'/2z in

sI(2;0)

o (—o —1,7).

For the case of ¥, (=%, 7) = ﬁ%_vi,w(%,T)q“w/4“2z_“’/2“2, it can easily be
verified from the definitions (3.6) and (3.7) that du_,, ,,(Z,7) = Uy, (%, 7) where
vy = u(x(u—-1-n)+1) — (u—1-n)(u+ 1), again recalling that we take
k =1/u— 1. Hence

:zl,(nQ';C)k (o —1,7)= q_(1—u)/4uz_(1_“)/2“le£21;(_:)11°’u_l_n,(0, T) (3.28)
and thus
R u—1
R,IV,5l(2]1;,C 1(2;C
Xh’_z,hfg IO (U’ v, T) = Z Xiﬁl—)ak,m(aa T)
a=0
u—2 ,
X Z ﬁ(u—l)(m—le)+u(u—1)(a+1)+2au(%—[%])—2ub,u(u_1) (a, T)
b=0
(u-1)
Xca,a(u—1)+2a(%—[%])_2[,(7—) (329)
and in class V
. u—1
R,V,sl(2]|1;C 1(2;C
Xh’j,hsf_( 1O (o0, 7) = in—(—l—)ak,u—M—M’—Q(a, T)
a=0
u—2 y
X D ()M M) bl Dt 20u(3 - [3)-2ub 1) (;;,T)
b=0

(u—1)

X Ca,a(u—1)+2a(%—[%])—%(T)’ (330)

with definitions as given previously.
To obtain the Neveu-Schwarz supercharacters, we must shift the variable o —
o+ 1in (3.15) and (3.16), then divide the results by ™" (this procedure corre-

sponding to an insertion of the operator (—1) in the definition of the character
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[29]). For class IV we find

. u—1 .
] Va l ;C .71' ~{u— — S i A
S IilV]_VSSI’th@ll )k (o,v,7) = gim(a—(u—m 1))Xal,5¢2_«1:,)f_1(0, 7)
a=0
u—2 y
X Z ﬁ(y,-l)(m—?m/)-}-u(u—l)(a+1)+2au(%—[%])—QHb,u(u_l) (a, 7')
b=0
(u—1)
X Cq a(u-1)+2a(3-(2)-26(T)  (3:31)
and for class V' we obtain
NS,V,sl(2|1;C irla— ! 1(2;C
SXh’_VS,hZ’(SI )k Ze (a=(M+A10) Zgw+)1(°4'+1(07 T)
u—2 y
X Z 19(1;—1)(1\/[’_M)+u(u—l)a,+2a,u(%—[%])—QUb,u(u—l) (a, T)
b=0

(u—1
X aa(u) 1)+2a(%— %])_25(7-)- (332)

The Ramond sector supercharacters are obtained in similar fashion from (3.29)

and (3.30), shifting 0 — o + 1 and dividing by €™~

R,zv,s‘t(zu;C)k Z ir(u—1—a— m) sl(2;C)
Sth,hf U v, T e Xu—1- am(07T)

u—2

14
x E Y (u—1)(m~2m')+u(u—1)(a+1)+20u(% —[%])—2ub,u(u—1) (5, T)
=0

u—1)
X Cg’a(u_1)+2a(%_[%])_2,,(7') (3.33)

and

R u—1
R,V,sl(2]1,C
S (211;C)

i _ in(M+M'—a) sl(2;0)x
Xh‘_z,hf (0’ v, T) - Z Xu—1-au-M-M'— (0’ T)

a=0
u—2 v
X Z 19(u—1)(M'_M)+u(u_1)a+2au(%—[g])—zub,u(u—n (—z;’ T)
b=0
x vl

sa(u-1)+2a(5—(2)-2(7)-  (3.34)

On applying the modular S transformation to a particular character, a linear

combination of class IV and class V characters is obtained. The calculation of

the effect of S in the general case is thus simplified by combining the branched
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sl(2|1; ©)x formulae. Examining the Neveu-Schwarz branching formulae (3.15) and
(3.16), it is clear that the substitution M = m' —m -1, M =u—1—m' in
the class V formula (3.16) gives us precisely the class IV formula (3.15). Since
0 < M+M <u—2, these new valuesofm=u—2-M—-M andm' =u—-1-M'
are those for which 0 < m < m/ < u — 1, whereas for class IV we have 0 < m' <
m < u— 1. We can use the same branching formula (3.15) for both class IV and
class V', with 0 < m < u — 1 and now the range of m’ extended to 0 < m’' < u—1,
but the relevant M and M’ and expressions for the class V quantum numbers must
be used to obtain the correct values of A5 and h¥S.

The story for the Ramond characters (3.29) and (3.30) is exactly the same;
for the Neveu-Schwarz and Ramond supercharacters we must modify (3.31) and
(3.33) slightly. The final versions of the branching formulae read (now labelling
the s/(2]1;C), characters by m and m/):

u—1

NS,sl(2|1;C sl(2;C
X PO (0,0, 7) = 3 xS (0, 7)
a=0
u—2 y
X Z ?9(u—1)(m—2m')+u(u—1)(a+1)+2au(%—[;])—2ub,u(u—1) (ﬂ’ T)
b=0
(u—-1) .
XCal,ta(u—l)%—?a(%—[%])—Qb(T)J (335)
- u_l S
R,sl(2|1;C 1(2;C
Xm,sm(?l )k (Oa v, T) = Xiil—)ak,m(o" 7)
a=0
u—2 y
X Y (1) (m—2m - uu-1) a1+ 2o -3 -2ubutu—1) (577)
b=0
(u—1) .
X €y a(u-1)+2a(3~(2))-2(T);  (3:36)
. u—1 A
NS,sl(2|1;,C —(u—m-— 1(2;C
Sxmam A0 (g, 7) = Y~ (—1)GHe-lumm=0 SOk (0, 7)
a=0
u—2 y
X Z ﬂ(u—1)(m—2m’)+u(u—1)(a+1)+2au(%—[—;])_Qub,u(u_l) (a, 7')
b=0

w-1) .
X Ca,a(u—1)+2a( %_[%1)_217(7), (3.37)
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and
. u—1 )
S oy, m) = D (=1 TGO (0,7)
a=0
u—2 y
X Zﬁ(u D(m—2m')+u(u—1)(e+1)+2au( 5 —[5])—-2ubu(u—1) (E)T)
b=0
(u—1)
X Coatu-1)+2a(s—3)-2(T), (3-38)
where
0 if m>m,
G =
1 if m<m

and 0 < m,m’ < u—1 in both sectors.

3.3 Modular S Transformation of si(2|1;C), Char-
acters

With the branched form of the s{(2|1;C) characters now established, the action
of S: (a,1,7) = (Z,%,~1) on the branched s!(2|1;C); characters (3.35), (3.36),

(3.37) and (3.38) may be obtained by use of (3.9), (3.11) and (3.12). For example,

in the case of the Neveu-Schwarz characters (3.35) we find

i in(u— 1)(0 -V )/’”
NSs@L0), (O V1 €
Xm’msl(|1 )k( ___): Z SumlnnX:ll(nC)k( )

T u—1)y/2u(u+1) el
u—2 2u(u— 1

% Z Z =i (u=1)(m=-2m")+u(u—1)(a+1)+20u(} - (% ])—2ub)/(u(u-1)),l9r,u(u_1) (%’T)
rT=

X Z Z s(a,l,d,b) a?,,,l)(T), (3.39)
@'=0 b=—u+2
a'=b mod 2
where [ = a(u — 1) + 2a (¥ — [%]) — 2b.
At first sight the problem of extracting from this expression a linear combi-

nation of Neveu-Schwarz characters (3.35) would appear a fairly challenging task.

However, having calculated the transformation matrices for the cases u = 2,3 (the
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results of which are listed in the appendices) an alternative way of proceeding
presents itself. Looking at (3.35), we see that taking only the a = b = 0 term (say)
provides us with a unique linear “signature” term for each Neveu-Schwarz charac-
ter, which appears only in that particular character. Hence the coefficient of this
term is necessarily the coefficient of that particular character. It should be stated
that this procedure makes the assumption that on the right hand side of (3.39)
it is terms which may be rearranged exactly into class IV and class V' characters
which appear, ¢.e. that these characters are closed under modular transformations.
This was certainly found to be the case for © = 2 and v = 3 which were consid-
ered fully by “brute force” (as described in the appendices) and this conclusion is
also supported by [38], which shows that for certain decompositions of §l(2|1;C)
characters only class IV and class V characters appear at levels k = 1/u — 1.

The signature term for a Neveu-Schwarz character takes the following form:

sU(2]1;C v -
X’IIX;S;'SI(QII )k (07 1/7 T) XSISLQ ?kl(a T)19(U~1)(n—2n’+u),u(u_1) (;, T) cglfo 1)(7—). (340)

The problem of computing the coefficients of sI(2|1; C); Neveu-Schwarz characters
in (3.39) is reduced to a simple matter of extracting the correct coefficients for the
signatures (3.40). We therefore have

u—1 u—1

I (2,73 ) = e 52 5 i X
e (3.41)
where
s 1 u—1 u—2
Smm’,nn’:u(u_l \/ u+1 ;ob Sau m—1),0(u—n—1)
—im(n—2n' +u)((u—1)(m—2m' }+u(u—1)(a+1)+2au( & —[£])—2ub)/u

X e

x {s(a,,0,0) + s(a,l,u —1,u—1)}, (3.42)

making use of the fact that, by (3.14), cu:lfl)t_l(’r) = cffo_l)(T). Expanding the

Uu
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various factors gives

e
—
[

—-1 u—

1
SNS, = _ ) (@-m—D+(a+1)(u-n—1)
e a(u — 1) (u + 1) 0( )

o e im(ut D) (u—m=1)(u-n-1)/u g (w(a + l)u)

Il
o
o
Il

a

u+1

—tw(n—2n'+u)((u~1)(m—2m’ )+u(u—1)(a+1)+2au( 5 —[§])—2ub) /u

X {sin (%1—)) + €™ sin (”g‘j%)“)} (3.43)

with as before | = a(u — 1) + 2a (¥ — [%]) — 2b.

X e

However, this expression simplifies considerably. The sum over b can trivially

be performed to give a factor u — 1. As for the sum over a, we have

p—

u—

(_l)a(u—n—1)e—iﬂ(n—?ﬂ.’—i—u)(au(u—l)+2au(%—[%])—2ub)/u sin (7(((1, + 1)’LL>

— u-+1
X (sin (LG + 1)) + em(au=D+2a(5-13))) gip (_w(a + 1)u)) . (3.44)
u+1 u+1

For the case of u odd, this is equal to

(—1)emeinmrulen iy (W(_H_)ﬂ)

—

Uu—

u+1

)
Il
o

and for u even it is

u—1
Z(_l)a(n+l)e—i7ran(u—l) sin <7T(a + 1)U)

a=0
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In both cases the summation is equal to

:(—1)asin (”_(Z——:)“> <sin (%‘f%) 4+ (~1)°sin (%))

= S 2 sin? (M)

u+1

(252
()

Re e22‘7m/(u+1) +1

Hence the final expression for the matrix entries S¥5,  in (3.41) is

mm’ ,nn

Srlr\:i’,nn’ — l(_1)m+ne—i7r(u+1)(u—m—1)(u—n—1)/ue—iﬂ(u—l)(m—2m’+u)(n—2n’+u)/u’ (347)

a perhaps unexpectedly elegant result.

For the Ramond characters and Neveu-Schwarz and Ramond supercharacters
we proceed in an essentially similar way: the signature for the Ramond characters
is

:A ) y ;C v —
Xf,;fu'l O (U’ v, T) ~ leﬁi,n)k (07 T)ﬂ(u—l)(n—Qn/—i-u),u(u—l) (—'LZ’ T) C(()?O 2 (T), (348)

for the Neveu-Schwarz supercharacters it is

S TIXi;sl(le;C)k (0’ v, T) ~ (_1)6—(u—n_1)xé{1(‘21«731)ﬁ1(o’ 7)

v _
X 19(u—1)(n—2n'+u),u(u—1) (E’T) C&Lo 1)(7); (3.49)

and for the Ramond supercharacters it is

Xf,’,if@ll;c)k (0,v,7) ~ (_1)G+u—1—nxil£21;g)k (o,7)

v e
X 19(u—1)(n—2n’—}-u),u(u—l) ( T) C((),O v (T)a (350)

)
u
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with G defined as before. As S transforms Ramond characters into Neveu-Schwarz
supercharacters and vice versa we must extract the coeflicient of (3.48) in the
S-transformed Neveu-Schwarz supercharacter (3.37). Similarly, we extract the
coefficient of (3.49) in the S-transformed Ramond character (3.36). Again, the

expressions simplify along similar lines to the Neveu-Schwarz case. We find

u—1 u—1
R,sl(2|1;C ov 1 i (u~—1){(g? -2 NS,s1(2]1;0)%
Xm,jn(’ RO (;7 o _;) — eim(u—1) )/ ur Z Z R nn'SXn,n/S( 11;0) (o,v,7)
n=0 n'=0
(3.51)
where
SR _ _1_(_1)G’+m+n+u(u—n—1)e—i7r(u+1)m(u—n—1)/ue—i7r(u—1)(m—2m’+u)(n—2n’+u)/u.
mm/ nn' ’
(3.52)
u—1 u-1
2911 cv 1
SX:Z&:}(?!LC):: <;,; _;> — pimu=1)(o? ~v?)/ur nglzxﬂsnn, Rsl(2[1 (C)k(o,, v, 7)
n=0n'=0
(3.53)
where
SSNS — l (_1)G+m+n+u(u—m—1)6—i7r(u+1)(u——m—l)n/ue—iﬂ'(u—l)(m—?m’+u)(n—2n'+u)/u.
mm! nn’ )
(3.54)
and

1

-1 u—
S12N: ov 1 ; Zu s1(2]1;
SXR, l(2|1,(C)k (_ - __) — el?r(u—l)(g'z—uz)/u'r SSR /Sxﬁ’zf(zllyc)k (0, l/, 7—)
n=0n'

m,m’ T’ ,,_’ T mm’ . nn
=0
(3.55)
where
nggl' o = l(_1)G+G’+(u—1)(m+n)e—iw(u+1)mn/ue—i7r(u—1)(m—2m'+u)(n—2n'+u)/u, (356)
with
0 if m>m,
G =
1 if m<m
and
0 if n>n,
G =

1 if n<n'.
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This completes the derivation of the S transformation of si(2|1;C); characters.
Some expected properties of these matrices are that S¥° and S5% are symmetric;
that S® = (SSM)T; that all of these matrices are unitary; and that the matrices
as calculated by brute force for u = 2 (as found in [29]) and u = 3 (also calculated
in [30] for the Neveu-Schwarz characters) given in the appendices agree with the
above results.

In order to consider modular invariant combinations of §l(2|1; C)x characters,
we must also know how they transform under the modular 7 transformation 7 :

(o,v,7) = (0,v,7 + 1). It can be shown that the action of 7 is as follows [29, 30]:

Xﬁ’,f;ll(?“;@" (0, T+ 1) _ eZﬂ'ihR T]fl,::}l(?“;(:)k (0, v, T))
7Nn:51:;;9;l(2]1;(3)k (o,v,7 +1) = o2mihS o TIZ:S;;il(Qll;C)k (o,v,7),
g ﬁ,sm,%l(gll;Ok (U7 v, T+ 1) _ 627rihN5 T]yli;ls:l(le;C)k (U, v, 7-)’
SXTIZ,’%HI;C)& (0,0,7+1) = e27rihRSXT}:,:‘ZL(’2|1;C)k (o,v,7), (3.57)

recalling that for class V' characters (m < m’) we must use the appropriate M and

M’ and the class V' formulae to calculate the conformal weights.

3.4 Modular Invariants

With the behaviour of sl(2]1;C)x characters under the modular S and 7 trans-
formations now established, we can now proceed by looking for modular invariant
combinations of characters. Recalling the discussion of section 2.4, one can usu-
ally say that modular invariant combinations of characters correspond to partition
functions of conformal field theories, which is why such objects are of considerable
interest. For Wess-Zumino-Witten models based on affine algebras, this is gener-
ally (though not always) true when the level of the algebra is an integer. Work has
been done to define a rigorous model based on the affine superalgebra dsp(1/|2) at
integer level in [45] (though not through looking for modular invariants). However,

even for integer levels, full classifications of modular invariants (and indeed the
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matrices of the S transformation) are very rare. The proof of the classification of
s1(2) invariants [13] has not been found to adapt easily even to other si(n) algebras
(but was extended successfully to classify N = 1 superconformal minimal models
[15]), though Gannon [14] achieved the classification for the si(3) case and also
classified the N = 2 superconformal minimal models {16]. The mysterious emer-
gence of an A-D-E pattern (relating each modular invariant to a simply-laced Lie
algebra), which these classifications appear to fall into (to greater or lesser degrees
of definiteness) continues to defy explanation.

When the symmetry algebra is fractional, it is still unclear whether sound con-
formal field theories can be defined, though there has been much work on the
subject for the case of s/(2) which we will mention in the next chapter. As far as
modular transformations are concerned, admissible §l(2) representations were dealt
with by Koh and Sorba [18] and Lu [17], who obtained a complete classification
of modular invariants. These also fell into an A-D-E pattern, though now with a
whole series of invariants associated to each Lie algebra.

In general, the problem of classifying all modular invariants given the matrices
of the § and 7T transformations is not at all straightforward and one which we have
not attempted to solve. However, we have found all invariants for the cases u = 2
and u = 3, special cases of which are analogous to the A- and D-series obtained in
the sl(2) case. We will also show that such modular invariants exist for all u > 2.

Modular invariant combinations of characters take the form

u—1
_ § : R R R NS NS NS
Z = Nmm’,nn’Xm,m’X n,n’ + Nmm,nn’Xm,m’X n,n’
m,m’,n,n'=0
u—1
SNS NS NS 2 : SR R R
-+ Nmm’,’nn’SXm,m’SX nn + Naal’beSXa)al SX bb > (358)
a,a’ by’ =0

written in this way to emphasise the fact that the Ramond supercharacters form
a closed set under modular transformations, whereas the remaining sectors mix
as detailed previously. For “physical” modular invariants, the N,/ must be

non-negative integers. In addition, the identity should be unique so N(%,oo must be
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equal to 1 (the identity character in this context is Xf)z,o)-

As discussed in section 2.4, on applying the S transformation, we see that to
find these combinations we must solve the matrix equation STNS = N, using the
appropriate matrix S for each sector. We can make life easier for ourselves by noting
that for the character combinations to be invariant under 7, non-zero entries in

N may only occur where the factors e?™*

arising in this transformation conspire
to give non-negative integers. The cases u = 2 and u = 3 have been investigated
exhaustively (see appendices) for which this amounts to the requirement that the
characters have the same weight h associated with them, as is clear from the tables
of values of h; in addition, as 7 interpolates between Neveu-Schwarz characters

and supercharacters, NV = NSNS,

For the case of u = 2, we find two possibilities:

/1 0 0 O ( a 00 a—l\

(5) NF= oo et ? , NV = oore et (3.59)
0 a—1 a 0 0 01 0
\0 0 0 1/ \a—l 0 0 a)

or

(1 0 0 0\ ( a 0 0 a—l\

(i) NR— 0 a-1 a O NS 0 01 O (3.60)
0 a a—1 0 0 10 0

\00 0 1) \e=100 a |

Clearly for non-negative integer entries, ¢ € N. For v = 3 we find a similar
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situation, with an additional parameter:

(1 0 0 0

0 0 0 0
0 7} b b 0 a—1 0 0 0
0 b a a-1 0 b 0 00
0 b a—1 a 0 b 0 0 0
i) Nf=lo o 0 0 a+b 0 a+b-10 0],
0 a-1 b b 0 a 0 0 0
0 0 0 a+b—1 0 a+b 0 0
0 0 0 0 0 0 0 10
0 0 0 0 0 0 0 0 1}
(3.61)
a+b 0 0 000 a+b—-1 0 0
0 a 000 0 a—1 b
0 b a 0 0O 0 b a—1
0 0 0 100 0 0 0
NN = 0 0 0 010 0 0 0 | (362
0 0 0 001 0 0 0
a+b—1 0 0 000 a+b 0 0
0 a—1 b 000 0 a b
0 b a-1000 0 b a )
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or
(1 o 0 0 0 0 0 0 0)
0 b a a—1 0 b 0 00
0 a b b 0 a—1 0 0 0
0 a—1 b b 0 a 0 0 0
(i) N =10 o 0 0 a+b 0 a+b-10 0],
0 b a—1 a 0 b 0 00
0 0 0 0 a+b—1 0 a+b 0 0
0 0 0 0 0 0 0 01
\0 0 0 0 0 0 0 10
(3.63)
[ a+b 0 0 000 a+b—1 0 0 )
0 a 000 0 b a-—1
0 Q b 0 0O 0 a—1 b
0 0 0 00 1 0 0 0
NS = 0 0 0 010 0 0 0
0 0 0 100 0 0 0
a+b-1 0 0 000 a+b 0 0
0 b a—1 0 0 0 0 b a
\ 0 a—1 b 000 0 a b )

(3.64)
For non-negative integer entries we require a € N, b € Z,. The ordering of terms
in these matrices is as given in the tables 3.2, 3.3, 3.4 and 3.5. We recall that the
supercharacters in each sector have the same quantum numbers as the correspond-
ing characters. The relation between M and M’ values in class V and the m and
m’ values which allowed us to combine classes IV and V in the branching formulae
(3.35), (3.36), (3.37) and (3.38)ism=u—-2-M-M m'=u—-1- M.
In the cases (3.59) and (3.61), when a = 1 and b = 0, we find that N® = NV5 =

I. This diagonal invariant we find at all levels (analogous to the si(2) A-series),
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m | m' || hE | | RE | RNS | RS | pNS
Xoo|O]O) 0] 00| ~-2]0|—3
ol {0 | =b=so ] 0 {5y
x|l L -3] 3|0 01} 35 | 3
Table 3.2: Class IV sl(2|1;C)_, characters

M(m) | M'(m') | h® | h® | hE || RNS | BNS | pNS

0 _

xo01 || 0(0) 0(1) 10|21 -

oW
el

Table 3.3: Class V si(2|1;C)_1 characters

L
2

since the matrices S and T are unitary. With a = 1 and b = 0 in (3.60) and (3.63),

the resulting expressions are permutation invariants of the form

Z Xm,m’YH(m,m'), (365)

where

I(m,m') = (m, (m —m') mod u). (3.66)

Alternatively, labelling the characters by (h_,h,) this is equivalent (see the defi-
nitions (3.17), (3.18), (3.20) and (3.21)) to II(h_,h,) = (h_,—h,). This pattern
is also apparent in the Ramond supercharacters (analysis of which we leave to the
appendices). Does this permutation give rise to a series of modular invariants? The
easiest way to investigate this is by calculating NS and SN and seeing if these are
equal, for then STNS = N. We take as an ansatz

1 if n=m,n'=(m-m') modu
(N)mM’,nn’ = (3.67)

0 otherwise.
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m m/ hR hf hR hgs hNS hNS
Xoof O[Ol OO |O|-2]0 -1
1 1 1 1
Xiof L0l =5 =5 | 0 =5 =5 0
1 1
Xl LI =313 10 -35135 |0
2 2 2
Xao | 210 =5f=5] 0} 0 -5} ¢
Xz | 2| 1 —% 0 % 0 0 %
2| 2 2 1
X22 |l 2] 2 —3| 3 0 0 3 6
Table 3.4: Class IV sl(2|1; (C)_z5 characters
M(m) | M'(m') hE | BB | BB | pNS hfs VS
xi2 || 0(1) | 0(2) 21013 |l-310|-%
Xooff 00) | 1) |1 l—5]3|-3|-35]0
1 2 5 1
Xoz2 || 1(0) | 0(2) Ly s (51 —-3| 35 |0
Table 3.5: Class V sAl(2|1;(C)_z§ characters
Then in the Neveu-Schwarz case we have
(NSNS)mm nn' — ZNmm aa’Sg;Snn/
NS
S ({m—-m') mod u),nn’
— (_ﬂ1)m+ne—i7r(u+1)(u—m—1)(u—n—1)/u
x 6—i1r(u—1)(m—2((m—m’) mod u)+u)(n—2n"+u)/u (368)
and
NS NS
(S N)mm an’ — Smm ;n{(n—n') mod u)
— (_1)m+ne—i7r(u+1)(u—m—1)(u—n—1)/u
% e—iﬂ'(u—1)(m-—2m’+u)(n—2((n—n’) mod u)+u)/u.' (369)

Considering each possible combination of m > m' orm < m' and n >
g

norn <n

it is a simple matter to verify that the phases in (3.68) and (3.69) are equal; similar
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analysis applies to NS® and NS5V for the same matrix N (3.67). We can also
check that N commutes with 7. Hence we have found another series of modular
invariants, analogous to the D-series of the sl(2) case.

We might expect the D-type invariants to be related to an automorphism of
the fusion rules, in the manner of Schellekens and Yankielowicz [46]. However,
establishing fusion rules for fractional level algebras is a difficult problem and is
the subject of the next chapter. These invariants might additionally have some de-
scription in terms of automorphisms of the si(2|1; C) Dynkin diagram [5]: however,
as previously discussed, there is a choice of simple roots available for a superal-
gebra and so the Dynkin diagram is not unique, making such an interpretation
not entirely straightforward. Other means of discovering modular invariants in-
clude looking for conformal embeddings of the algebra into larger algebras of the
same central charge. For sl(2|1;C), with central charge zero, there are no obvious
candidate algebras since the only possible embeddings are in algebras which are
essentially similar, in fact sl(m 4 1|m) [47]. The problem of finding all modular

invariants, while interesting, remains uninvestigated at present.

3.5 Conclusion

In this chapter, we have found expressions for the modular S transformation of
sl(2[1;C); characters at fractional level & = 1/u — 1. This has allowed us to
calculate all modular invariants for the cases u = 2 and u = 3, leading to the
discovery of an A-series and D-series of modular invariants. The derivation of the
general S transformation of si(2|1;C) characters solves the problem left open in
[33] and has enabled us to begin looking at modular invariants in this framework
of affine superalgebras at fractional level, a subject not previously studied. It
remains to fully investigate possible modular invariant combinations of characters
and indeed establish beyond doubt that the set of class IV and class V characters

at level £ = 1/u — 1 is closed under the action of modular transformations, for
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example by solving expressions of the type (3.39). However, the recent work of [38]
also corroborates the results found here. As to whether these modular invariants
may be regarded as partition functions—this is a question which we will begin to

address in considering fusion rules, investigated in the next chapter.



Chapter 4

Fusion Rules at £k = —1/2

In this chapter, we investigate the structure of fusion rules for si(2|1;C); at level
k = —1/2. The method discussed here is particularly practicable for this case and
results are obtained in the Ramond sector, though as this is isomorphic to the
Neveu-Schwarz sector we are able to remark on the form of fusion rules there as
well. In the course of this work use is made of the N = 2 superconformal 3-point
function, allowing us to relate work on this subject contained in [48], [49], [50] and

[61]. The results of this chapter are contained in {2].

4.1 Introduction

In the previous chapter, we were able to establish general expressions for the
modular transformations of s/(2|1;C), characters for fractional levels of the form
k=1/u—1, u € N\ {1}. The obvious course of action, given matrices for the
S transformation of characters, is to apply the Verlinde formula and derive fusion
rules, which encode information on which fields may appear in the operator product

expansion of two primary fields (2.13), through
¢i X ¢ = ZNijk¢k- (4.1)
k

As was discussed in section 2.4, the Verlinde formula (2.73), when applied in the sit-

uation of fractional level, does not seem to yield meaningful results. In particular,
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the entries N;;* in (4.1), which should be non-negative integers, may turn out to be
negative. It is therefore important to study fusion rules by other means, which, in
cases thus far investigated, yield non-negative integer fusion coefficients. This fur-
thers the attempt to define conformal field theories at fractional level, specifically,
those permitting admissible representations for which the set of characters closes
under the action of modular transformations. It is as yet still unclear whether frac-
tional level affine algebras may define conformal field theories in their own right,
though the consensus seems to be that this is possible. That this issue remains
unresolved and that other models may be derived through the coset construction
from fractional level theories means that interest in this subject is maintained.

The case of sl (2) is the one where most effort has been concentrated. In partic-
ular, fusion rules for fractional level have been investigated in [52, 53, 54, 55], with
more abstract analysis carried out in [56] and [57]. Recently, this question has also
been addressed in the case of sl(3) in [22], where an overview of the s/(2) situation
is also given. Conformal blocks for fractional level si(2) have also been studied ex-
tensively, for example in [55, 58, 59]. As for superalgebras, the case of 6sp(1|2) has
been considered in [23] and [24]. This chapter sees the techniques of [24] extended
to discuss the superalgebra s/(2[1;C). The situation for sl(2|1;C) is far more com-
plex, essentially arising from the fact that §l(2|1; C) is the simplest superalgebra
where zero length roots appear, in contrast to 6sp(1|2). As mentioned earlier, it
is not only worthwhile studying this from an abstract point of view, but is also of
importance given the intimate link between non-unitary sl(2]1;C) and the N = 2
non-critical superstring [34]. An understanding of fusion rules on the §l(2|1;C)k
side and the string theory side would deepen the supposed correspondence between
the SL(2|1)/SL(2]1) WZW model and the N = 2 non-critical string.

Common to most of the works mentioned above is the understanding that for
fractional level representations, one must work with fields which are not only a
function of the usual coordinate z, but also of an isotopic coordinate x, represent-

ing an internal s/(2) symmetry. This technique was first applied to the unitary s(2)
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case in [60] and was also developed in [61]. For fractional level, this overcomes the
problem of needing to consider general infinite-dimensional representations, which
are neither highest nor lowest weight. In [24], the authors extended this approach
by including not only the coordinate z but also dependence on a Grassmann co-
ordinate 6 to represent the supersymmetry present in osp(1|2) (being the N = 1
extension of s/(2)): for the case of s/(2]1;C) we must additionally augment this
by another Grassmann coordinate #, now with two supersymmetries present. Our
basic approach will be to determine 3-point correlation functions involving fields
with this dependence (amounting to a determination of the 3-point function for
N = 2 superconformal field theory) and then determine this correlator involving
a singular vector. We may then rewrite this as an expression involving differential
operators acting on the 3-point function, which must equal zero since it involves
a singular vector (which is, by definition, orthogonal to all other states). This
will provide relations between the quantum numbers of the three fields present,
determining which fusion rules are permitted.

We begin by recalling some essential features of sl(2|1;C) from section 2.5. We
then discuss the relation between highest weight states and primary fields, before
going on to determine a realisation of s/(2|1;C) in terms of differential operators.
This will allow us to determine the s/(2|1;C) invariant 3-point function, an issue
discussed in the context of N = 2 superconformal field theory; in examining this
issue we will relate the work of [48], [49], [50] and [51] on this subject. A brief
summary of singular vectors required (as determined in [28]) will then be given,
before putting these pieces together in the calculation of fusion rules. The results
of this calculation will be compared with those of the Verlinde formula, as applied

to the results of the previous chapter.
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4.2 Review of si(2|1;C)

We begin with a brief reminder of some of the important features of s{(2|1;C),
already introduced in section 2.5.

The affine superalgebra s/(2[1; C) is made up of the even generators {J*, J3 U,}
and odd generators {jZ, ]n +1. supplemented by the usual affine generators k, the
central generator, and d, the derivative operator. This is identified with the gen-

erator —Lg of the Virasoro algebra associated to sl(2[1; C), via the Sugawara con-

struction. The non-zero (anti)commutation relations of sl(2|1;C); are

(5, T ] = 205 0 + 2kmbmino, [Unm, U] = —kmbmin.o,
[T T2 =t s (T2, T3] = kmbmin,,
[T dnt) = £ s (T35, 67 = Tl
205, 5.5 = Ehmins 207,95 = dmns
QU j%] = 455, 2Um, 53] = Fiimsns
(s G} = (Uman — I3 1) = 2kmbmyno,
(o in} = Umin + I3 ) + 2kmbmine, {0532} = Jogn- (4.2)

In addition, we have that

and the central generator k& commutes with all other generators.

The even generators have mode index n € Z, whereas the odd generators have
n € Z in the Ramond sector and n € Z + % in the Neveu-Schwarz sector. Setting
this index to zero recovers the finite s/(2|1; C) algebra. For the work in this chapter,
we consider only the Ramond sector unless stated otherwise.

One natural way of splitting up an affine Lie (super)algebra is through a trian-
gular decomposition. Utilising the generators d and J3, we may define the principal

gradation d = ad(J?) + 2ad(d) which has the following action on sl(2{1;C) gener-
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ators:
QU5 =m+1, dJ%)=2n, dijt)=2n+ % (4.4)
d(5%) =2n+ -;- d(U,) = 2n, d(k) =d(d) = 0. (4.5)

Denoting the algebra by g, we obtain the decomposition
g=§ o o, (4.6)

§~ consisting of those elements having d < 0, §° of elements with d = 0 and §* of
elements with d > 0.
Highest weight states of .§l(2|1; C) are characterised by their isospin %h_, charge

=hy and conformal weight h:
where
1 1
RN = ShI8) G = ShA) Lol = AL (49

|A) is annihilated by all the raising operators, which we can see to be simply the

elements of g*. This condition is equivalent to the following three:
JFIA) = Go"1A) = Jr|A) =0 (4.9)

and corresponds to a particular choice of simple roots of sl(2]1;C) (see section 2.5).

The relationship between quantum numbers h, h_ and h, is given by

1
4(k +1)

(R — h%) (4.10)

where k is the level of the representation concerned (taken to be —1/2 for the bulk
of this chapter). The Kac-Khazdan determinant formula dictates that the Verma
module built on a highest weight state with certain specific h_ and h values will
contain singular vectors, a full analysis of which was carried out in [28] and [29].
We shall make extensive use of the results of these references for the k = —1/2

case.
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4.3 Fields and States

In section 2.3 we saw that, in conformal field theory, the link between highest
weight states and primary fields is given by the state-field correspondence (2.49),

namely
lim, 6(2,2)0) = 14), (@11

where |0) denotes the vacuum state of the theory. It has been noted by several
authors—in, for example, [53, 54, 55, 56, 57, 58, 59]—that for the case of admis-
sible si(2) (and sl(3) [22]) representations dependence on a second sl(2) coordi-
nate should be added. This overcomes the difficulty in describing these infinite-
dimensional representations, which are in general neither highest nor lowest weight.
Various ways of seeing how this difficulty arises exist. When considering a free field
approach, it is related to the fact that screening currents are required to involve
rational powers of fields [55]. Most straightforwardly, as stated in [59], in the sl(2)
case the conformal weight of a state |j) (created by the primary field ¢;(z)) is given
by h; = j(5+1)/(k+2). This is equal to h_;_; and so operator product expansions
are defined up to an identification of j and —j — 1, which can be overcome by the
introduction of an additional parameter. For the case of integrable representations,
the operator algebra closes with 0 < j < k/2 where the level £ € N and this is not
an issue.

The case of 6sp(1]|2) was studied in [24] where additionally a Grassmann co-
ordinate ¢ was introduced to represent the supersymmetry present. For the case
of sl(2|1;C), with two supersymmetries, it is necessary to consider not only the
coordinate z, but also an additional s/(2) coordinate z as well as two Grassmann
coordinates § and #. This approach has been formalised for superalgebras in [62],
which we essentially follow (the definitions of Ennes and Ramallo [24] for fields and
states are the same, arrived at in a different framework). Anti-holomorphic coun-
terparts of all these coordinates should also be included, although here we suppress

any dependence on these coordinates for clarity. Thus in our case, the state-field
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correspondence is given by

lim  @a(z,7,6,0)|0) = |A,). (4.12)

z,z,0,0—-0
We will see shortly that it is possible to represent the action of the si(2|1;C)

modes on primary fields through the action of certain differential operators, using

the commutation relations

[Jrc:’(ba(z}x’e?g)] - Zan¢(l(zJ$)0) 9—)7
[-j‘;:?qsa(z’ x? 0) é)] = ang(ba(z')x) 07 0_)’
[5:%, ¢a(2, 7,8,0)] = 2*d¢q(z, z,0,0),

[Un, ¢a(2,7,0,0)] = 2" DY ¢y (2, 2, 0, 6). (4.13)

It should be noted that for the case of the fermionic modes 52, 7,* the commutator
should be replaced by an anticommutator as appropriate: we always take high-
est weight states to be bosonic. In addition, we have the standard relation with

Virasoro modes (2.29) given by
(L, $a(2,2,6,8)] = {2"110, + (n + 1)he2"}da(2, 7,6, 0). (4.14)
We will also find the definition of the action of ¢, on the vacuum:

a2, 2,0,0) [0) = e2L-1+8Ta +055 +0357 | A Y. (4.15)

4.4 Differential Operators for s{(2|1)

In [62], Rasmussen applied longstanding techniques (see for example [63] and ref-
erences therein) to discuss free field representations of affine superalgebras in the
context of general (¢.e. not just integrable) representations. The key to this ap-
proach, as mentioned in the previous section, is in extending the dependence of
primary fields to additional coordinates. These arise in the context of the Waki-
moto free field representation of affine algebras where the finite algebra is realised as

differential operators on a polynomial ring C[z*¢] (as detailed, for example, in [64]),
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with a coordinate z® for each positive root «; of the finite algebra. In the case of
superalgebras, which involve fermionic roots, one must introduce fermionic (Grass-
mann) coordinates. The finite superalgebra is then realised on the ring C[z®i, §%],
with a; denoting the positive fermionic roots. The full affine currents are defined
by expressions involving free fields and these differential operators representing the
finite (super)algebra.

Above we mentioned the triangular decomposition of affine superalgebras: this

arises from the corresponding decomposition of finite superalgebras, where
6= ®g°®g" = (g ®07) D" ® (07 DY) (4.16)

Here, the subspaces of lowering and raising operators are split into even and odd
parts (recall g = go @ g, for superalgebras, where even elements have degree 0 and
odd elements have degree 1). Elements in the superalgebra may be parametrised
by coordinates z% and 6% in the following way [62]:
g et 901_, Z TN E% 4 g% eaJ g_(fliai, gdj) _ Zxai Fo 4 g% fdj (4'17)
1,J
where
E*egf, evegl, F¥eg, fY9eg. (4.18)
Now states of the Verma module are defined as

eg_(zai»‘)&j)lA) = eXij 2 Foi46%5 f%5 [A), (4.19)

with the dual states given correspondingly in terms of g*. The highest weight
states should as usual be created by the action of a primary field on the vacuum:
we should additionally have a dependence on the original variable z, which may be
included by incorporating the translation (in z) operator L_; into the exponential

[61], giving rise to the relation
Balz, 2%, 0%) [0) = e2bmitTuy s PRI |y, (4.20)

In the case of sl(2]1;C), the lowering operators (elements of g~) corresponding

to the negative roots —(a; + a2), —; and —a, (as described in section 2.5) are
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Jy , jo and j('f, where we have included the zero mode index to make contact with

the affine generators. Hence we arrive at the advertised relation (4.15):
da(2,,0,0) |0) = e?L-1+2J0 +0i0 +0i” | A ). (4.21)

On the states e®o +%% +%i0" |A,) the sl(2|1; C) generators act as differential op-
erators:

X,e*o +855 +07” |Ag) = DX e +0io +0ig |Ag)- (4.22)
We may write
o205 035 ~0i” X, #5035 000 Ay = =75 ~0i5 ~0g” DX ¢nI +035 +BigT | A ) (4.23)

where DX is the differential operator corresponding to the sl(2]|1;C) generator
Xp. Differentiation of the left hand side with respect to z and application of the

relations (4.2) gives rise to the following conjugation formulae:

e~ ~035 ~034” J3gmI5 +03 +030T |\ Y = (J3 — zJy — %Hjo“ - %673'6‘)|Aa>,

e—zJo——ajo"—éj;- JgezJ(;+0j5+€j;‘ A, = (22J3 — 2% J; — 2855 — a:B—j(/)" + 60U,)|Ay),

¢35 035 030" = @Iy H03g 0T |y = T |A,),

R i endo +0ig 0 (A = (—zjr + z0Jy — 0(J3 + Up) + %95j8")|/\a>,

eI 00 =035 Iy 03I |A LY = (G — 67| Aa),

eI ~035 ~030” i+ gBIg I+ ALY = (g — 2BT5 + B(JE — Up) + %959'0_”/\«1),

e==1o =03 0 = ge Iy 035+ A ) = (G — 05 Aa),

o275 =035 —03g” erzJ;+0j5+éj;‘|Aa> = (Up + %6]'0— — %éjé‘ ~ %HO_JO“)MQ), (4.24)
where we have eliminated those terms which annihilate |A,). For example, in the
case of J3, differentiating once with respect to z yields

e—zJJ—"iS—gjé_ 2, JJ]eIJO—JrgjO—Jrgj(’)—'Aa) — e-ng—ojg—éj(',“ (_Jo—)e:ch+0j5+9'jé_|Aa)

(4.25)
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which differentiated again gives 0. The overall expression is therefore linear in z.
Setting £ = 0 in e~/ ~%0 ~03” Jge’”JJJF(’j()—“ngtl)_ and expanding gives
o095 ~0in” J3chi5 +0iy”
s ~_a_ 1 - N P S
(1—8jq — 0o — 00555y + 599‘]0 ) (L+ 07 + 030" — 007575 + 59&]0 )
1, 1o
=J5— 5990 - 50.70 , (4.26)
which is therefore the constant term. Setting z = 0 in (4.25) yields
e =000 (_ )b s — _ g~ (4.27)

since J, commutes with j; and jo~, 50 this is the z term and we arrive at the
stated result.

Comparing the conjugation formulae (4.24) with the result of calculating

e~395 =035 03" (4, + bOD, + cBO, + dBy + €08y + f00p
+ 905 + h00; + 1005 + mBAd, + nbh;)e o T +0i” |Ae) =
(ady +b0Jy +cBJy +djg — %dé]o‘ +efjy — %eaéjo—
+ f055 + gjy” — %gOJO_ + h85,” + 105, + %zeéJ[,— + mbjy + nhfjy )AL
(4.28)

we obtain the following differential operator realisation of sl(2|1; C):

1 1. 1
5000 — 5005+ Sh-,

_ 1 -
J& — Dt = —2°0, — 200y — 1005 + th_ + 599h+,

Jg = D= —z0, —

Jo =+ D™ =0y,
+ 4 1 1 1 -
Jo = dt = —zd5+ §z98m — 5o(h_ +hy)+ 5998(;,
1.
J()_ —d = 89 - 59&5,
o iy 1 = 1. 1 -
Jor > dT =x0y — §m98z + §B(h_ —hy)+ 59989,
, ) 1

1 1 1
Uy — DY = 5989 - 5905 + §h+. (4.29)
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.\ /'.al [ ] ® ® [ ]

Figure 4.1: The action of z, # and @ in root space.

The operator product expansion between §l(2|1; C) currents and primary fields

is given by the expression (compare (2.45))

_ DX )
X(2)po(w,x,0,0) = aw¢a(w’ z,0,0)+.... (4.30)

2 —

With the expansion of the currents X (z) = Y X,z7""! (as in (2.88), bearing in

mind that we are restricting to the Ramond sector) we find that

n X
Xo, dulw,,6,6)] = —— f :2P4 (. 2,,6)

2me Z—w

= w"DX ¢o(w, z,6,0), (4.31)

which is the result already described in (4.13).

4.5 sl(2|1) Invariant 3-point Function
In order to discover sl(2|1;C), fusion rules, we wish to consider quantities such as
(ATl¢2(2, 2,0, 0)|wAs), (4.32)

where wAj is a singular vector. Then (4.32) will be equal to zero and we may

rewrite this expression as

(differential operators)(A}|@a(z,z,0,0)|A3) = 0 (4.33)
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using the relations (4.13). Evaluating (4.33) we then obtain conditions on possible
quantum numbers of ¢, and ¢} given those of ¢3, amounting to a specification of
allowed fusings (the appearance of the conjugate field ¢3 will be addressed shortly).
This procedure relies on knowledge of sl(2|1;C), singular vectors, which we have
from [28], and knowledge of the s/(2|1;C) invariant 3-point function, which we now
move on to discuss.

The differential operator realisation (4.29) allows us to determine the si(2|1; C)
invariant 3-point function (for the variables z, § and §——the z dependence is stan-
dard), which is in fact the 3-point function for N = 2 superconformal field theory,
since sl(2|1; C) is isomorphic to the set of generators of the N = 2 super-Md&bius
group. This has been considered by several authors [48, 49, 50, 51|, the interrelation
of whose work will be clarified here. We note that our discussion of the Ramond
sector directly parallels the discussion of the Neveu-Schwarz sector in these (and
other) works on superconformal field theory: the algebra (4.2) has vanishing cen-
tral piece for the Ramond sector zero mode subalgebra, whereas the equivalent
subalgebra in the usual superconformal discussion is in the Neveu-Schwarz sector.
Indeed, there it is Neveu-Schwarz generators which give rise to the super-Mobius
group, as discussed in [49]. Although our terminology derives from the fact that we
are considering the situation where the fermionic modes have integer labels, when
we discuss Ramond fields they are in fact more akin to Neveu-Schwarz fields, in
the sense that they do not introduce branch cuts in the operator product expan-
sion with fermionic currents: our fermionic currents are expanded as, for example,
J(esa,)(2) = ., 5, 527""! whereas a typical fermionic current in superconformal
field theory is G(2) = 3. G,z7""%/2. This relative difference between the mode
numbers and powers of z in the mode expansions means that the behaviour of
operator products in the Ramond (Neveu-Schwarz) sector of superconformal field
theory is like that of the Neveu-Schwarz (Ramond) sector in the present situation.
As we will find that the fusion of two Ramond fields gives rise to another Ramond

field, this interpretation means that our results are not in conflict with those of
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(for example) [65] for the N = 1 superconformal case and [48] for N = 2, where it
is discussed how the fusion of two Ramond fields produces a Neveu-Schwarz field,
whereas the fusion of two Neveu-Schwarz fields gives another Neveu-Schwarz field.

For a 3-point function to be s/(2|1; C) invariant, we require that

(0][Xo, d1]d203]0) + (0]¢1[Xo, d2)#3|0) + (0]d162[ X0, ¢3]|0) =0 (4.34)

for each of the sl(2|1;C) generators Xy. Using the relations (4.13) yields

3
Z Dix<0|¢1(zl,$1,91, 91)‘152(22,372, 6, 9_2)9253(23,1173,93, 53)|0> =0, (4-35)

i=1

where DX is the differential operator corresponding to Xy, taking its parameters h.,
and h_ from the primary field ¢,. This assumes that the vacuum |0) is annihilated
by elements of sl(2]|1;C). As previously related in section 1.2, in conformal field
theory solving the resulting differential equations determines the 3-point function
exactly. In the V = 2 superconformal case, the 3-point function can depend on the
nine variables z;, §; and §;. Finding a 3-point function which satisfies the differential
equations arising from the generators J;", j; and j(')_ will result in the automatic
solution of the remaining equations, from the commutation relations (4.2). With
nine parameters but only three independent equations available (although we make
use of five equations for simplicity), there will naturally be some ambiguity in the
final answer. With this in mind, we proceed with our analysis, closely following
the above references and particularly [49]. We concentrate on the variables z,
and 0, the z dependence being straightforward to consider.

From the equations for J;, j, and j(lf, it is clear that the 3-point function
depends on the following variables:

1 - 1
Sij = Tj — Ty — 591'0]' - —0i0

2 7 91']' - 91 - Hj, éi]' - 6_1' —9_]‘, ’L,] = 1,2,3. (436)

Then from the Uy equation (suppressing the z dependence of the fields for ease of

notation)

3
1 1 1 - _ _
2(59100,» - 591‘39,- + §h+,i)<0|¢1($1, 61, 61)d2(x2, 02, 05)p3(x3,03,05)|0) = 0 (4.37)

=1
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we find that there are several distinct cases to be examined, that is, for which

3
Hy =Y hy;=0%1,£2. (4.38)

i=1
To give an indication of how this comes about, note that we may only have terms
involving up to 612053612023, since 615 = 015 + 053 and similarly for 6;5. When the
differential piece > 6,0y, — 9_18,;1. in the Uy equation acts on (s;;)", it gives zero so it
is only the 6;; and 6y; pieces which are of concern. Terms involving an odd number
of 0;;s and ;s require H, = %1, while terms such as 6;;0x;, 0;;6110:m,0,, and the
constant term require H, = 0. The only remaining options are ;5053 and the
barred counterpart, which require H, = 2 and H, = —2, respectively. However,
consideration of the Ji' condition eliminates the cases where H, = 42, so there
are in fact three distinct 3-point functions to be obtained. It remains to solve the
Ji equation subject to the conditions H, = 0, +1.

Through the use of an ansatz based on the results of [48] and [51], for the case

H, =0, we find (again suppressing the z dependence)

hy 10,50
(01616265]0) = Cuassisiists |1+ =5 ==
+ (hyq+ h+,2)923§23 + hyi(hyy+ h+,2)912§12923§23
2823 _ B 4312323 B
612012523 (912923 + 923912) 23023512
« — + «
512513 ~ _313 523513
h 10120120236 h )
T a +,1V12012U230923 -l—a( +,1+ +,2) 12012023023
2593513 2512813

. (4.39)

where « is an undetermined parameter and a, = %(h_,2+h_,3—h_’1), as = é(h_,l +
h_3—h_3)and a3 = £(h_; +h_s — h_3). This is essentially the answer of [48]
and [51], though the authors in both cases have additional (different) restrictions
on « involving the parameters h_. It is straightforward to see that this is not the
case. Writing the J;' equation for the above answer schematically as

SD = he i — %h+,i9i§,—)(sss)[. =0 (4.40)

i
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we require
D(sss)l...] + (s5)D[...] = 3 (h_zs + %h+,i9iéi)(sss)[. B (4.41)
i
Now D(s45)* = a(z; + x;)(si;)* and so the term D(s73s93s13)[. . .] is precisely equal
to the term ) h_ ;z;(sss)[...] on the right hand side, from the definition of a;. We
may cancel (sss) in the remaining terms and see that there is no more involve-
ment of the parameters h_, which therefore cannot enter into the undetermined
parameter a.
The system of equations given by (4.35) is invariant under permutations of 1,2
and 3: this is not reflected in the solution (4.39) and indeed any permutation of
these labels will also give a solution. If we interchange 1 and 3 (keeping the same

value of @) and add the resulting answer to the one above, we obtain a solution

h+,1912912 " (hyy+ h+,2)923523

(0|¢1¢2¢3|0> = 2C\23513853575 |1 +

2812 2323
" hyi(hiq + hy 2)012012023623 . (442)
4512893

where we have used the fact that H, = 0 and taken Cy93 = Cj3g;. Strictly speaking,
this is not the exact answer obtained by this procedure, since s;; = —s;; means
that the permuted answer differs from (4.39) by a factor (—1)7*1~%~%_ However,
when the full dependence on anti-holomorphic variables is included, the overall
multiplicative factor in (4.39) is modified to Cloz|s12|72%2|s93] 2% 513|722 (with
h_; = h_;) and this discrepancy disappears. The expression (4.42) is in fact
a particular case of the general solution obtained by Kiritsis [50]. Understanding
(4.39) as written for the labelling {123} we find that the solution obtained by adding
(4.39) written with {213} to that with {312} is also a particular Kiritsis solution,
as is the expression resulting from the addition of {132} to {231}. When all six
versions of (4.39) are added together, the solution obtained is precisely that given
by Howe and West [49], which is again a specific instance of the solution described

by Kiritsis, distinguished by the fact that it is a permutation invariant solution
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of the equations (4.35). Before going on to clarify this situation, we consider the
other 3-point functions for the cases H, = +1.

When H, = —1, we find that

0 )
as a, az—1/2 12 23
(0]p1d2310) = Cip523553512 " [ 12 -1z~ _—1/2.1/2
S12 52§ S12° So3
hy 10556,20 1—hyy — hy9)B06530
. ( +,1V23V12V12 +( s ?1 +,2) 12923 23) ; (4.43)
2s / s /2
12 So3

when H, =1 we have

_ az—1/2 b1z b2
(0]g102¢3|0) = C1p3513553513 [ /2 —1j2  _—1/2.1)2
S12 So3 S12° So3

B (hy 1023012010 + (=1 — hy ) — h+=2)5120239_23)], (4.44)

172 1/2
2575 893

These are identical to the expressions given in [51] and corrected from [48]. Again,

they are not invariant under permutations of the field labels. However, we find
that (with the proviso discussed above that anti-holomorphic coordinates should
be included) the form of these expressions for {123} is the same as that for {321},
etc. Indeed, if we sum the resulting three variants in each case, we obtain the
solutions found by Howe and West [49].

To proceed with the calculation of fusion rules, we note that the expression
(4.33) is in terms of highest weight states rather than fields acting on the vacuum.
We have the definition (4.12) to give us the highest weight in-state. The global
superconformal transformations may be found by exponentiating the generators to
be [50]

, _az+b  e0((1 - ja8&)az + (14 568)8)

Yo awd (cz + d)?
e 19((1+ L8 )erz + (1 — 3€182)€2)
(cz + d)?

N 00((2der€, — c(e1&2 + €2€1))T + d(€1& + €261) — 2ceqE7)
(cx +d)? ’

., azr+e  e0(1+ %(6251 —€16) — i615162€2) 60(de, — ce)

— + 3

cx+d cx+d (cz + d)?

7 — 61T + €& + e 0(1 + L(eE) — 6182) — Ler€16267) 3 00(de, — c&,)
C$+d C:E+d (C$+d)2 ’

(4.45)
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here corrected from [50] by checking that these transformations are superanalytic.
In these expressions, a, b, ¢ and d are the SL(2) parameters |[ad — bc| = 1, € and €
are anticommuting parameters associated with the supersymmetry transformations
and ¢ with the transformation arising from Uy.

For a suitable definition of out-state (A|, we wish to take z — oo via the
transformation

== (4.46)

For the global transformation to be of this form, we require that ¢;, = ¢ = & =

& = 0. Consequently, the transformations for § and f are given by

g - &
=
_ —-q
g="° (4.47)
n

The point (0,0,0) is mapped to (0o, 0,0) as its natural inverse, which is then the

limit for the out-state

(Al = lim - (0]¢ (l,g,g). (4.48)
SR

The factor z"- arises from the transformation law for superprimary fields [50]
- - _ 1~ 1 5
#(x,0,0) = ¢(z',8',60)[(0p + 590,,)9’](_"'_”*)/2[(85 + EOOx)H’]("h‘”*)/z (4.49)

the factor in which reduces to z*- for the transformation given, evaluated at § =
6 = 0 and with the choice ¢ = 0.

Alternatively, we may consider the expansion of a superprimary field as given
by

#(5,0,8) = p(x) + 0 (x) + B(x) + 009(z). (4.50)
We see that with our previous definition of in-state (4.12) we have
¢(0)[0) = 14), (4.51)
so then

(A| = lim (0|p(z)z "~ (4.52)

T—00
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with again § =0 = 0.
With the definition of out-state established, we arrive at the form of 3-point
function which we will use for our calculations of fusion rules. For the even case

(4.39) for which hy 1 + hy o+ hy 3 =0, the result is

) - hys—2 ~
(A1|¢(22, $2,92,02)|A3> = C123231—h2_h31‘gh_’2+h_’3 h_’l)/2 1 —_ '(—‘i";—c-YZQQGZ
T2
(4.53)
For the odd case (4.43) for which hy; + hy o+ hy 3 = —1 we find
(1|6 (22, T2, 03, 05) | As) = Cipgh ~hehogfimathioahon b2y, (4.54)
and the other odd case (4.44), where hy ; + hy o + hy 3 =1, becomes
(Al l¢(227 T, 927 92)|A3> - 611123231 _h2_h3mgh‘—’2+h_'3~h_’l_1)/29_2. (455)

In the above, the z dependence is determined, as usual, by taking the commutator

with Loi

(0][Lo, ¢1)$2603|0) + (0|@1[Lo, d2]¢3|0) + (0|1 |d2[Lo]¢s3|0) = 0 (4.56)

which means that (from (4.14))

3

Z(ziazi + h:)(0|$1¢2¢3]0) = 0. (4.57)

i=1
As the z dependence will not influence our discussion of fusion rules, we shall
generally omit it in what follows.

We should mention at this point that in the limit discussed above, where z; —
00, 23 = 0 and §; = ; = 63 = 63 = 0, the odd 3-point functions as given by
Howe and West [49] reduce to the expressions (4.54) and (4.55). However, the
expression obtained by this procedure from their even 3-point function differs from
(4.53). We will show that (4.53) leads to sensible fusion rules, whereas use of the
corresponding Howe and West expression only gives these in part. Beyond this,
we can give no formal justification of why one might start from a non-permutation

invariant expression for the 3-point function (which is thus intrinsically non-local).
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We might also note that each of the possible ways of writing (4.39) leads to the
same expression (4.53), that is
Hm 2P (0\gil i, w4, 05, 6) 65 (25, 35, 05, 05) bk (2, T, O, B)|0) =

zp=z,=0
0; r=0; x=0

A “h_, hap—2 ~
Ci~kzhl_h2_h31'(»h_’]+h_’k h_.i)/2 |:1 __( +.k a)ejgj , (458)

J J 23:]'

where 1,7,k =1,2,3,1# j # k.

4.6 Singular Vectors for k = —1/2

In the Ramond sector of s/(2|1; C) at level k = —1/2, there are four primary fields
Gmm, 0 < m,m' < 1in the class IV and class V representations, corresponding to
the s/(2|1;C)_1 characters described in the tables 3.2 and 3.3. As discussed in the

1
2

previous chapter, these are the characters which close under modular transforma-
tions, motivating their relevance. In [28], the authors calculated general expressions
for singular vectors using a Malikov-Feigin-Fuks type construction; we will make
use of these expressions here. The embedding diagram describing singular vectors

of these representations takes the form [29] of figure 4.2.

Figure 4.2: The embedding diagram for classes IV and V.

For each of the four highest weight representations specified by |A,, ) there

are three singular vectors at the first level of the embedding diagram, from which
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conditions obtained through the calculation of (4.33) must be simultaneously sat-
isfied. We shall list the appropriate form of singular vectors as given in [28] and go
on to make use of them to calculate fusion rules in the next section.

For |Agp), with quantum numbers h_ = hy = h = 0, the three singular vectors

are
(Z) j0_|A0,0>)
(i) do oo,
@8) (SR do = 50735)(IH) 1 Ao)- (4.59)
For |Ai), h- = hy = —3, h = 0 the singular vectors are

(¢) jé)_|A1,0>>
(1) J A Le),
(1) (Jo)"*Uodo — 20s Jo )T hdo JH(I) V3 (= s do )| Are).  (4.60)

The state |A;;) has h. = —L h, =

5 , h = 0 and singular vectors

N —

(%) Jo A1),
(i)  JHIALY,

(@) (Jo)Bigdo” — Jo )T do TH(Je) A (=g de” + J3) M) (4.61)

and for |Ag,) with h_ =1, hy =0, h = 3 the singular vectors are

0 Gt + i T)IAon),
(i) oo™ = do o)),
i) (=335 + g ) o) (462)
These expressions for singular vectors may be used in (4.32) to give expressions
of the form (4.33), utilising the equations (4.13). The singular vectors generally
involve fractional powers of generators, which may be rearranged using

o0

AB*=)" (‘j) B*'[---[[A,B),B],-- -, B] (4.63)

1=0
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to give expressions with integer powers. For the purposes of calculation, it is more
convenient to keep the expressions as they stand, using the techniques of fractional
calculus [66] which allow the manipulation of these quantities involving fractional

powers. We should modify (4.13) accordingly, using

0
(00,0006 = Y- (2) (X)) (2.0.0) = (Xo - D)*8,(c,0,0),

= (4.64)

with an overall minus sign as required for the case of fermionic generators and a

fermionic field ¢;. This results in the differential operators in (4.33) also involving

fractional powers, in our case, of the differential operators corresponding to the

generators J, and J;". To deal with this situation, we will make use of the following

expressions in our calculations:

(DY z" = (9,)°070 z*
T(b+1)

— g7 b )
Th—agDl 0% (4.65)

__ _ 1 - —
(D)0 = (—220, — 200y — 2005 + th_ + 599h+)“mmx”
P(he —b—y—=7+1) 5,
= 67 bte
Th —b—a—7—5+1) 0"
ah T(h_ —b)
N(h_ —b—a+1)

grHigTHightart (4.66)

These expressions may be verified as holding for integer values of a, with the validity

for fractional values of a following by analytic continuation.

4.7 Calculation of Fusions

The information presented in the above sections allows us now to calculate fusion

rules. As we wish to calculate expressions of the form (4.33)
(Aflga(z,7,6,0)|wAs) =0, (4.67)

we note that since these are equal to zero, the procedure for deriving (4.33) from

(4.32) essentially amounts to replacing the generators by their corresponding dif-
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ferential operators, with any quantum numbers involved in those expressions being
the ones associated to the field ¢y, through which we are commuting. We may
ignore factors of z arising from those generators with mode numbers not equal
to zero and the possibility of having to use anticommutators between fields and
fermionic generators, since this only gives rise to an overall minus sign. Consider

the singular vector (ii¢) of (4.59). Using (4.64) we have

(A1¢2(2, ,0,0) (JH)* 2 (Gy do~ — do Jo ) () V2| As) =
(MJ|(TH = 27 D3P (jg — d3) Gy — dy) -

(.7(')_ - dJQ_)(]O_ - d2_)(‘]j1 - Z_lD;)l/Q(ﬁ?(z’x’ 91 g)lAii) = 0. (468)

This expression may be rearranged using (4.63), with the generators arising from
this procedure all such that they annihilate the out-state, as can be seen from
the mode numbers involved. The only remaining part is the piece made up of
the derivative terms, with an overall factor involving powers of (—1) and z, which
can be eliminated. The derivative terms may then be “unrearranged” to give the

expression with fractional powers and we have

(Aflo2(2,8,0) (T2 (g do~ — do do )(JT)3|As) = 0 —

(D3 *(dydy — dy dy)(DF)/*(A}|p2(z, 6, 0)|As) = 0. (4.69)

The only instance where some care needs to be taken is for the case of |Ag;), where
there are singular vectors made up of a term involving one generator and a term
involving two generators, which will lead to a minus sign difference on commuting
with ¢,. It remains to apply each of the three singular vectors for each field to the
three 3-point functions (4.53), (4.54) and (4.55).

The results obtained tell us which 3-point functions are permitted, which in
turn gives the fusion rules. One slight subtlety is the appearance of a conjugate

field in this calculation. The fusion rules will take the form

$ix ¢ =) Ny = Nindy (4.70)
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corresponding to the non-vanishing of the 3-point function (¢;¢;¢;). To obtain
the correct fusion rules from the calculations ahead, we need to bear in mind that
the conjugate quantum numbers for ¢] will appear. The representation conjugate
to that labelled by the highest weight vector A is given by —wgA, where wy is
the longest element of the affine Weyl group. In the present situation, the Weyl
group is just generated by the reflection in the plane perpendicular to the (affine)
root a; + a9, as described in section 2.5. As an example, consider the case of
A= (—3(on + a2) — 1(o1 — @), —%,0) (recalling the parametrisation of highest
weight vectors (2.93)). For Weyl reflections with respect to roots associated to the

zero mode subalgebra, only the non-affine part of A is affected. Then

—(S(artan)Ai0) = <_A170 + 2(0[(1/\_:0&20?1;:::2612) (a1 + a9), —%, O)
(3o o gt e 5)
= <%a1 - %(al + ay), —%,0) = (—%Ozz, —%,O)
- (——}I(al + as) + %(al — ), —%70)
~ Ao (4.71)

This result may easily be deduced from the root diagram as shown in figure 4.3.
Clearly A’{’l = Ay, while Agp and Ag; are self-conjugate.

Poo:h-=hy=0

We begin by examining ¢, the identity field in this context, where we hope
the behaviour to be fairly transparent. For the even 3-point function (4.53), where

now H, = hy; + hy 2 = 0 we calculate
(1) dy(Alla(z,6,0)|A00) =0
(@) d5 (Aflda(z,0,0)|Ag) = O
(@) (D)(dydy — dy dy)(DF)*(Allea(w, 6,8)|Aoo) = O, (4.72)
with

— 1 _ .
(Allg2(z,0,0)|Aop) = Clz™ + §(h+,1 + hyg 4 2a)00z 7). (4.73)
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Y

Figure 4.3: The finite parts of the si(2|1;C)_, Ramond weights.

1
2

From the first two equations, we find that a; = %(h_’g —h_1) =0and a = 0. Then

]

from the third equation we have two conditions:

h_a(h_p—1)—3h%,=0,

1
h+,2(h_’2 + 5) - 0 (474)
When hy =0 wehave h_y=0o0rh_p=1. When h_y = —1 we have hy o = —3
or hys= % This unambiguously identifies the following possibilities:
when ¢3 = ¢o0, then ¢z = ¢o0 and ¢} = dg
or ¢y = ¢1,0 and ¢I = ¢1,1
or ¢y = ¢, and ¢y = 1
or ¢2 = (}50,1 and (b: = ¢0,1- (475)

This is the sort of behaviour one would wish for, given that ¢g ¢ is the identity
field. However, when this calculation is performed with the even 3-point function
of Howe and West (with limits taken as described), we only find the first and last
of these results arising, with no coupling between the identity and ¢; ¢ or ¢; 1.

Repeating the exercise with the odd 3-point functions (4.54) and (4.55) requires
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that these are identically zero. For example, considering case (i) of (4.72) using
(4.54) gives

1= a A 1\ -
(Og, — 5923”)01233521 Y20, = Clas (332 V2 3 (al - 5) 60, 3/2) =0 (4.76)

which implies that C%,; = 0. Hence the even case exhausts all possibilities.

¢0,13h—=1,h+=0

The next case we examine is that of ¢p;. The even 3-point function (with

hi1+ hyo =0) yields:
when ¢3 = ¢o,1,  ¢2 = Poo and ¢] = ¢o,
or ¢ = ¢, and @] = Py . (4.77)
The odd 3-point function (4.54), for which A4 ; + hy o = —1 gives:
when ¢3 = ¢g1, @2 = P and @] = ¢10 (4.78)
while the other odd 3-point function (hy; + hy 2 = 1) reveals:
when ¢35 = ¢o1, ¢2 = ¢1,1 and @] = ¢1,1. (4.79)

. — 1 _ 1
$ro:h=—35hy=—3

Turning now to ¢, o we notice that for this particular case of quantum numbers,

the singular vector in case (iii) of (4.60) gives no additional information over case
(1). Once the fact that j,"|A10) = 0 has been imposed, case (iii) vanishes after the
first step and this singular vector need not be considered.

For the even 3-point function, where hy ; + hy o — % = 0, we find:

1 1
h—,2 = _h+,2 =a; = ‘2” (h—,z + (“5) - h_’1> . (480)

While the quantum numbers of ¢} and ¢, are not given explicitly, we can allow
¢2 to take the quantum numbers of all the ¢,, ,,v in turn and see what results this

gives for ¢]. In fact, since h_y = —h, 3 we are immediately restricted to taking

¢2 = oo OF P2 = ¢1,1. Then

when ¢35 = ¢, and @y = ¢g then ¢} = ¢

and when (bg = ¢171 then (}5:{ = (ﬁo’o (481)



4.7 Calculation of Fusions 86

which is in agreement with results from the ¢q o calculation (although with different
values of the parameter a).
In the case of the odd 3-point function (4.55) we find that this is identically

zero. However, the 3-point function (4.54) (for which hy; + hy o — 3 = —1) gives

1 1
h_72 =a; + 5 = 5 - h-,l. (482)

Again, letting ¢, take the quantum numbers of ¢, v yields

1 1
when ¢3 = @1, and ¢2 = dgo then h* ;| = 5 and b} |, = ~3

when ¢, = ¢, then ¢] = ¢

when ¢, = ¢y, then h* | =1 and b}, = -1

when ¢2 = ¢o1 then ¢] = ¢ . (4.83)

There are two cases here for which the quantum numbers do not correspond to
any of the fields available. However, these results do not appear when considering
fusions for ¢ above and ¢;; below: not being in the intersection of these rules,
they may be discarded. The last result is as already obtained in the consideration
of ¢o,1-

d11: h_= —%,h+ = %

The situation for ¢, ; is very similar to that for ¢, 9. The singular vector (ii7)

of (4.61) is of the form (...)(—jgjdo~ + J5)|A11) which may be rearranged as
(...)(Jo 4o )|A11). This will again give no additional information over the result of
using the singular vector (z) in (4.61), which is jg |A1 ).

The even 3-point function, with hy ; + hy o + % = 0 shows that

1 1
h,_’2 = h+’2 =qa; = 5 (h_’Q -+ <—§> — h,_,l) . (484)

We see that the only options for ¢, are ¢y and ¢, 9. Hence

when ¢3 = ¢1,1, and ¢, = ¢o o then ¢ = @1

and when ¢, = ¢, o then ¢] = ¢o, (4.85)
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again with different values of . As for the odd 3-point functions, it is now (4.54)

which is identically zero and (4.55) (where hy; + hy 2 = = 1) that gives

h_,g =a; + 5 = —2‘ - h_’l. (486)

Considering the remainihg options for ¢,, we find

when ¢3 = ¢11, and ¢ = @1 then ¢] = ¢g;

and when ¢; = ¢g; then ¢] = ¢ ;. (4.87)

The first of these results has already been seen in considering ¢; o while the second
echoes the result of the ¢ ; calculation.

To summarise the above results, replacing the fields ¢} by their relevant conju-
gates, we have found that the following fusion rules hold for the Ramond fields of

sl(2]1;C), with k = —1/2:

P00 X $o,0 = Po,0, Br,0 X $1,1 = Do,
Po,0 X P10 = P10, $1,0 X P01 = P11,
Po0 X P11 = P11, P11 X d1,1 = do,1,
$o,0 X Po,1 = Po,1, P11 X $o,1 = P10,
P10 X $10 = Po,1, Bo,1 X do,1 = Po,0- (4.88)

These fusion rules form an associative algebra, as they should. One immediately
obvious statement about these results is that on interchanging ¢;o and ¢, the
form of the fusion rules is unchanged. This precisely reflects what was discovered
in the investigation of modular invariants in the previous chapter. There we found
the permutation invariants (3.65), involving II(m,m') = (m,(m — m') mod u).
This permutation leaves ¢y and ¢o; unchanged, but interchanges ¢, and ¢,
and so the modular invariant (3.65) would seem to be a consequence of the fusion
rule automorphism (though we have not explicitly established the form of fusion

rules for the remaining sectors involved in the modular invariant).
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4.8 The Neveu-Schwarz Sector and the Verlinde
Formula

We close with a few remarks on the fusion rules for Neveu-Schwarz fields and the
results of the Verlinde formula applied to the S matrices derived in the previous
chapter. The Ramond sector and Neveu-Schwarz sector of si(2]1; C) are isomorphic
and as such we expect the fusion rules for Neveu-Schwarz fields to bear a strong re-
semblance to those derived above. However, as previously detailed, Neveu-Schwarz
fields have operator product expansions that introduce branch cuts with fermionic
currents. The moding of generators is changed on commuting with Neveu-Schwarz
fields, so one has to be very careful about defining commutation relations. Ap-
proaches to this problem (in the context of superconformal field theory) are de-
scribed in (for example) [48], [65] and [67]. In superconformal field theory, where it
is Ramond fields that introduce branch cuts (recall that our definitions of Ramond
and Neveu-Schwarz are interchanged on this point) one considers a (degenerate)
Ramond vacuum state, from which Ramond highest weight states are obtained by
the action of Neveu-Schwarz primary fields. The Ramond vacuum is created from
the true Neveu-Schwarz vacuum by the action of a so-called spin field ¢. Then

correlators are (loosely) given by
(O¥5logtSgy ™ - ¢ Sol0™) = (0R[¢] 9’ - - - g ¥ |0F). (4.89)

The correlators may also be seen as (0V5|¢pf¢lYS . .. $E|0VS) which in the appropri-
ate limit reduces to (Af|#YS - - - ¢S |AR). The outcome of work on superconformal
field theory, as discussed particularly in [67], is that the fusion rules respect the rel-
evant algebra automorphism. To obtain the appropriate fusion rules in the present

case involving Neveu-Schwarz fields, we note that these should be of the form

S x ¢f = " Njkers (4.90)

and we should simply replace the fields ¢, and @3 in (4.88) by their Neveu-Schwarz

counterparts.
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As to the Verlinde formula, [20] established the appropriate extension of (2.73)
to fermionic theories. There use was made of the fact that the form of fusion rules
in superconformal field theories is ¢V x ¢S = ¢S and ¢F x ¢V° = ¢%. This
was held in [20] to reflect the behaviour of characters under modular transforma-
tions, where Neveu-Schwarz characters are closed under the S transformation and
Ramond characters and Neveu-Schwarz supercharacters are transformed into each
other. The behaviour of characters remains the same in the present context, yet
the behaviour of fusion rules is different and so we are not sure what to make of

this point. However, naive application of the Verlinde formula introduced in [20]

SNSSNS(SNS)m
N =Y s b (4.91)

m

which is the expression used in [20] to describe the ¢S x ¢S = ¢M° fusion gives

(using (A.2))

Bo,0 X Po,0 = Po,0, P10 X $1,1 = — o1,

$o,0 X 1,0 = P10, $1,0 X Go,1 = P11,

¢0,0 X ¢1,1 = ¢1,1, ¢1,1 X @11 = —¢0,0,

$o,0 X P01 = do,1, P11 X do,1 = P10,

P10 X $10 = —Po,0, Po,1 X $o,1 = Po0- (4.92)

This is typical of results for fractional level, as seen in [18] and [53] for sl(2)
and [23] for 6sp(1|2). These last two references argued for a prescription to change
the negative signs into positive ones: in (4.92) we see that replacing —@oo by ¢o:
and —@o1 by ¢oo reproduces the fusion rules (4.88). When the formula in [20]
appropriate to the Ramond sector is used (with (A.2) and (A.4)),

R QR (QNS
Nyt =3 S""S”g(f ok (4.93)

m

describing the fusion ¢® x ¢p® = ¢™5, a very similar set of results is obtained, with
negative signs appearing in different relations. Again, the replacement of —¢o o by

¢o,1 and —@o1 by ¢g reproduces the fusion rules (4.88). While this indicates that
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a replacement prescription along the lines of [23] and [53] could be established, it
is in the first instance more important to justify an appropriate extension of the
Verlinde formula. In studying 6sp(1]2) the authors of [23] simply applied the Ver-
linde formula to the S transformation matrix for Ramond supercharacters, which
do close under modular transformations. If we do the same, we obtain fusion rules
which do not agree with (4.88), such as ¢19 X ¢10 = ¢op. It remains to suitably

adapt the expressions of [20].

4.9 Conclusion

In this chapter we have considered fusion rules for the Ramond sector of 5l(2|1; Cy,
at level k = —1/2. The approach used to examine this problem is that of studying
the decoupling of singular vectors, giving rise to conditions that determine non-
vanishing 3-point functions and hence fusion rules. The expressions for singular
vectors are vastly more complicated than for the case of 6sp(1|2), which was studied
in [24]. There the authors were able to determine fusion rules for all admissible
levels using this approach. We have been unable to discuss the general case of k =
1/u — 1, simply due to the difficulty in dealing with sl(2|1; C) singular vectors. It
is not impossible that the general solution may be obtained through these methods.
However, other approaches, notably the Coulomb gas formalism as used in [48] to
study N = 2 superconformal field theory, would seem to be much more promising.
Such an approach would allow a direct consideration of the Neveu-Schwarz sector
(not mentioned in [24]) and also the si(2|1) invariant 4-point function. We have
been able to determine consistent fusion rules for K = —1/2 and found these to be
related to a modular invariant found in the previous chapter. These results indicate
that one may consistently define a conformal field theory based on fractional level

s1(2]1; C).



Chapter 5

Conclusion

In this thesis we have considered the affine superalgebra sI(2|1; C) at fractional level
k = 1/u — 1, corresponding to admissible representations. These representations
are more general than integrable ones but keep the important property that at a
particular value of the level, the characters transform into each other under modular
transformations. As such, one may construct modular invariant combinations of
characters which one might hope could correspond to some physical conformal field
theory.

With this end in mind, we first began by establishing the general form of the
modular transformations of s/(2|1;C) characters. Although this was based on the
assumption that the characters would indeed transform into each other, we did
find this to be the case for explicit calculations at £ = —1/2 and k = —2/3.
Additionally, the work of [38], showing that all sI(2|1;C) characters at admissible
levels of the form k = 1/u — 1 are equivalent to class IV and class V characters
supports the assumption that it is these classes of characters which form a closed
set under modular transformations. The expressions for modular transformations
allowed the beginning of the study of modular invariant combinations of characters.
Finding all possible modular invariants remains an unsolved problem, which is still
a challenge in conformal field theory generally.

The Verlinde formula gives the relation between matrices of the modular &
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transformation and fusion rules. In fractional level theories (sl(2) studied in [18],
[21], [52] and [53], and 6sp(1|2) in [23]) it is observed that the Verlinde formula gives
fusion rules with negative coefficients. Although prescriptions have been given to
deal with these situations, the form of the Verlinde formula appropriate to fractional
level (there does still seem to be a relation between S-matrices and fusion rules)
has yet to be established. In the present work, we have found fusion rules which are
consistent at fractional level, as also discovered in [24] for 6sp(1|2). The relation
with the Verlinde formula is even more confused here due to the behaviour of the
Ramond and Neveu-Schwarz sectors, which seems to be different to superconformal
field theory.

The study of conformal field theories based on affine algebras at fractional level
is one that has been tackled somewhat sporadically over the last decade. As yet, no
absolute consensus has been reached even for sl(2) as to whether these can actually
define bona fide conformal field theories in their own right. However, the evidence
does seem to suggest that this is possible; in any case, other models may be obtained
through hamiltonian reduction or the coset construction. The work of [24] is a first
indication that fusion rules are well-defined for fractional level superalgebras, a
conclusion which is also borne out by this work. The authors of [24] were able to
determine consistent fusion rules for all levels at which admissible representations
of 0sp(1|2) exist (in the Ramond sector). Due to the far more complex nature
of singular vectors of sl (2|1; C)x, we have only examined a particular case, that of
k = —1/2. Even here we have restricted to Ramond fields, although fusion rules for
Neveu-Schwarz fields may be at least strongly conjectured from these. It should be
possible to calculate Neveu-Schwarz fusion rules explicitly through an adaptation
of the techniques used in the previous chapter. Additionally, one may use these
techniques to calculate fusion rules for higher values of u, although this would be
hugely laborious. It may be possible to consider the general case £k = 1/u — 1,
although we have had little success in this regard. More promising (as the authors

of [48] found for N = 2 superconformal field theory) would be to use an approach
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based on the Coulomb gas formalism. Then Neveu-Schwarz fusion rules could be
considered in a more straightforward manner and one could also consider the 4-
point function. As yet, the technology to implement this approach for fractional
level superalgebras (other than osp(1/2)) has not been developed [62].

Conformal field theory has been an area of study popular amongst mathematical
physicists for the last 20 years. Its successes have been many and varied, from
statistical mechanics to string theory. Yet there remains much that is not well
understood in this field, which will provide challenges for the researcher for some

time to come.



Appendix A

Here we list the explicit forms of the matrices S for each sector at u = 2. We then
list the possible modular invariants satisfying the condition that the matrices N
have non-negative integer entries. In what follows, we understand a sum over the

repeated index S.

NSsl2I0) 1 fo v 1 A NS,sl(2|1,0)
Xa : (T, ot T) = () SN X *(o,v,7),

o, 8=1,2,3,4, (A1)

where

| -
—
oo
o3,

)

|

oy

Rsl21,0) 1 o v 1 ) NS,sl(2]1;C)_ 1
Xa 2 (_7 — __> — emile?-v?) 2 SfﬁSxﬂ *(o,v,T),

o, f=1,2,34, (A.3)



where

1 -1 -1 —1/

NSsl2O_y (o v 1 : R,sl(21;,0)_ 1
SXa 3 <7_’ -, 7_) — em((ﬂ_y?)/z‘r Sgévng 7(0, v, 7_)’

o, 8=1,23,4, (A5)

where

RO 1 fo v 1 . Rsl(21;0)
SXa ? (T, o T) = mi(a7-1?) /2 Sgngﬁ o,v, 1),

a’B - 1’2’ 3?4’ (A'7)

where

(A.8)

\~11 1 1)

We use the definitions as laid out in the tables A.1 and A.2. The supercharacters
in each sector have the same quantum numbers as the corresponding characters.
The relation between M and M’ values in class V and the m and m' values which
allow us to combine classes IV and V in the branching formulae (3.35), (3.36),
(3.37) and (3.38) ism=u—-2-M-M' m =u—-1- M.

With the above information, we have calculated modular invariant matrices N



m |m' | hR | AR RE || NS | hYS | pNS
xiffojfojfojojof-2j0|-%
xa|1l0f-2{-ilof o |-1|!
| [ tf-sl g oo

Table A.1: Class IV sl(2]1;C)_1 characters

L
2

M(m) | M'(m/) | R | RE | RR | RNS | BNS | BNS

xa il 0(0) | 0(1) 1103 -3 0 |-%
Table A.2: Class V sl(2|1; (C)_l5 characters
in
u—1
Z = Z Nr}:m’ nn’Xr}fL m’?ﬁn n t N7]7\1,T?l nn'X%swvn’XNSn n'

m,m’ n,n'=0
u—1
+ Niﬁfnnfsxz%'SXNSn,n' + Z Nfa{%bb’SXaRia’SXRb,b'i (Ag)
a,a’ ,b,b' =0
that is to say, IV such that [S, N] = [T, N] = 0, using the appropriate matrices S
and T. We find that the general form of these N is

(a—b 0 0 0 \
NE 0 c+b a—c O
0 a—c c+b 0

\ 0 0 0 a—b)

(a 0 0 b\

0 c a—b—c O
NNS = NSNS = : (A.10)

0 a—-b-c c 0

\b 0 0 a)

With the requirements that all the Ny, . are non-negative integers and
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N oo = 1, we find two possible cases:

(1 0 0 0\ ( a 00 a- 1\
0 a a—1 0 0 10 0
(i) NF= , NVS = (A.11)
0 a—-1 a O 0O 01 0
0 0 0 1 \a=100 a
or
(1 0 0 0\ a 00 a- 1\
0 a—1 a 0 0 01 0
(1) NE = , NVS = . (A12)
0 a a-—-10 0 10 0
\0 0 0 1) \a,— 100 a )
with a € N. For the Ramond supercharacters we find
(d+e+f+g—h d+f—h e+g—h 0\
d+e—h d e 0
NoR — : (A.13)
f+g—h f g 0
\ 0 0 0 h

Setting d = g = h =1, e = f = 0 gives the identity matrix and e = f = h = 1,

d = g = 0 gives us the permutation.
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NSsI21,0)_3 (o v
-3
Xa

-, = __1_> — eZwi(az—uz)/ST SNS

B

- o X8

where
e27ri/3 eﬂ'i/3 e‘n’i/3 1 1 1
emil3 1 e—2mif3  pmmif3  _q  omi/3
67|'i/3 6—27”'/3 1 e‘rri/3 -1 e—wi/B
1 e—m’/B e7ri/3 e—-27ri/3 1 627ri/3
1
SN = ol e 1 1 1
1 e?ri/3 e-—?ri/3 627ri/3 1 6—27”'/3
eﬁi/3 e?‘rri/3 627Ti/3 -1 -1 -1
e?ﬂ'i/B 6-7ri/3 -1 e27ri/3 1 e—27ri/3
\6271’1:/3 -1 e——7ri/3 e—27ri/3 1 627ri/3

R,s‘l(QII;C)ﬁg o v
Xa

1 2mi(o?-v?) /37 OR
;) = ¢2mi(o®-v7) SapSX3s

NS,sl(2]1;,0)_ 2

*(ov,7),

a,f=1,2,...

eTl /3 e2mi /3

e27ri/3 e—?ri/3

e27ri/3 -1
-1 e27ri/3
—1 1
-1 6—271'1'/3

e?m' /3 em' /3

67ri/3 e-—27ri/3

NSsl(21,0)_

0-7 1/7 T)?

a,f=1,2,...

.9, (B.3)
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where
1 1 1 11 -1 -1 -1 )
e7ri/3 -1 e7ri/3 e—ﬂ/S -1 e7ri/3 62771'/3 e27ri/3 1
e7ri/3 e7ri/3 -1 em’/3 -1 e~7ri/3 e27ri/3 1 627”'/3
e?mﬁ/3 1 e21ri/3 e—27ri/3 1 e?m’/S e7ri/3 e7ri/3 -1
SR — % 273 p=2mif3  o—2mif3 1 1 1 emif3  gmmif3  g-mi/3 |
627”'/3 e27ri/3 1 e27ri/3 1 e—27ri/3 67ri/3 -1 e‘l‘l’i/3
e7ri/3 e—1ri/3 e—7ri/3 -1 -1 —1 621ri/3 e—27ri/3 6—27ri/3
1 e-2mi[3  G2mif3  p2mif3 | —2mi/3 g emif3  p—mi/3
\ 1 e2mif/3  o—2mif3  -2mif3 e2mi/3 -1 e~ Ti/3 emi/3 )
(B.4)
NS,sl(2]1;0) 1 o, Rsl2|1,0) 2
SXa 3 <g, ;, _;> — eQm(a —1/2)/37' Sgé\fsxﬂ %(O,’ v, T),
o,B=1,2,...,9, (B.5)
where
( 1 em'/B e7ri/3 621ri/3 627ri/3 627ri/3 eﬂi/B . 1 1 \
1 emif3 1 e-2mi[3  2mif3  o-mif3  ,-2mi/3  2mif3
e7ri/3 -1 e27ri/3 e~27ri/3 1 e—ﬂi/3 e27ri/3 6—271'1'/3
e—mﬁ/3 e7ri/3 6—27ri/3 1 e27ri/3 -1 627ri/3 e—27ri/3
1
S =2 -1 -1 1 1 1 -1 1 1|
eﬂi/3 6—7ri/3 627ri/3 1 e-—?m’/3 -1 e—27ri/3 e?vri/:i
e27ri/3 e?ﬂ'i/B 6772'/3 e7ri/3 e7ri/3 627ri/3 -1 -1
1 627ri/3 1 e1ri/3 e—m’/3 -1 e-—27ri/3 em’/S e—7ri/3
\_1 1 e2mi/3 1 e=mi/3  omi/3  g2mif3 -mif3  omi/3 /
(B.6)
R,sU2IL;0) 1 _ R,sl(2]1;0) _
SXa : (g, ;, —;) = e2mi(0?-v?) /37 Sfé{SXB g(a, v,T),
a,8=1,2,...,9, (B.7)
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m|m' | h® | RE | R | BNS RYS | BNS
xtlojojfojOo]O0}|—-2]0]-%
I RN R S R R
MO IR
xe|2[o]-2|-2lof 0|22
xs||2|1 -2/ 03] 0] 0] 3
x| 2125|5003 |5
Table B.1: Class IV sl(2|1; (C)_z5 characters
M(m) | M'(m) | h® | K | AR hNS h,fs hNS
x7 || 0(1) 0(2) % 0 % —% 0 —%
xs || 0(0) 1(1) 1|—3| 2| -3|-31]0
Xof 10) | 02 | 1|3 |2-2]3% 10
Table B.2: Class V sl(2|1; (C)_% characters
where
(1 1 1 1 1 1 —1 -1 —1 \
1 1 e—2mi/3 1 e—2mi/3  p2mif3  ,—mif3  owif3  ,—mi/3
1 e—2mi/3 1 e2mi/3  g—2mi/3 1 e—Ti/3  o—mi[3  owi/3
1 1 e2mi/3 1 e27i/3  o—2mif3  owif/3  —mif3  mi/3
SSR — % 1 e 2m/3 g—2mi/3  2mi/3  g2mif3 2mi/3 omif3 -1 -1
1 e2mif3 1 e—2mif3  2mif3 1 eril3  gmi/3  p-mif3
—1 e~m/3 o-mif3  omi/3  mif3  omi/3 2mi/3 1 1
1 emif3  gmmif3  o-mi/3 _y emi/3 1 e-2mi/3  2mi/3
\_1 e—mi/3  gmi/3 emi/3 -1 e—7i/3 1 e2mi/3 e—27ri/3)

In the above we use the definitions of tables B.1 and B.2.
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For the ¥ = 3 modular invariants we find:

a—b+c—d 000 0 0 O 0 0
0 a ¢ b 0 d 0 0 0
0 c ad O b 0 0 0
0 bda 0 ¢ 0 0 0
N = 0 000 a+tc 0 b+d 0 0o |,
0 dbc 0 a 0 0 0
0 0 00 b+d 0 a+c 0 0
0 000 0 0 0 a—d c—b
\ 0 000 0 0 0 c—b a-df
(atc 00 0 0 0 b+d 0 0)
0 a c 0 0 0 0 d b
0 ¢ca O 0 0 0 b d
0 0 0 a—-d 0 c—b 0 00
NYS=N"$=1 9 00 0 a—-b+tc—d O 0 00
0 00 c—b 0 a—d 0 00
b+d 0 0 0 0 0 a+c 00
0 d b 0 0 0 0 a c
\ 0 bd 0 0 0 0 ¢ a)

(B.9)

Requiring that entries be non-negative integers and that N}, = 1 leads to the
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following invariants:
(1 o o 0 0 0 0 0 0)
0 a b b 0 a—1 0 00
0 b a a-1 0 b 0 00
0 b a—-1 a 0 b 0 0 0
@ Nf=]o o 0 0 e+b 0O a+b-10 0],
0 a—1 b 0 a 0 0 0
0 0 0 0 a+b-1 0 a+b 00
0 0 0 0 0 0 0 10
\0 0 0 0 0 0 0 0 1)
/ a—+b 0 0 000 a+b-1 0 0 \
0 a b 0 0 0 0 a—1 b
0 b a 000 0 b a-—1
0 0 0 1 00 0 0 0
NN = 0 0O 0 010 0 0 0 (B.10)
0 0 0 001 0 0 0
a+b—-1 0 0 000 a+b 0 0
0 a—1 b 0 00 0 a b
\ 0 b a-100 0 0 b a |
or
(1 0 0 0 0 0 0 0 0\
0 a ¢ c—1 0 a 0 0 0
0 ¢ a a 0 c—1 0 0 0
0 c—1 a a 0 c 0 0 0
@ Nf=]o 0o 0 0 a+c 0 a+c-10 0],
0 a c¢c-1 ¢ 0 a 0 00
0 0 0 0 a+c—-1 0 a+c 00
0 0 0 0 0 0 0 01
\O 0 0 0 0 0 0 1 O)
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/ a+c 0 0 000 a+c—1 0 0 \
0 a c 000 0 a 1
0 c a 000 0 c—1 a
0 0 0 001 0 0 0
NN = 0 0 0 010 0 0 0 (B.11)
0 0 0 100 0 0 0
a+c—1 O 0 000 + 0 0
0 a c¢c—1 0200 0 a c
0 c—1 a 000 0 c a
For the Ramond supercharacters we find
(61 e e3 e 0 e3 0 0 O \
g 7 f5 fo 0 A 0 0 0
e g g3 f 0 1L 0 0 0
g fa b3 0 f5 0 0 0
N =10 0 0 0 k 0 3j, 0 0 (B.12)
e f Il g 0 g3 0 0 O
0 0 0 0 57 0 kK 0 0
0 0 0 0 0 0 0 mg my
\0 0 0 0 0 0 0 mg mB)

where e = f+g+k+1, e
fJai=—-et+f+g—h+1 g

jr=e—f—l,mg=—g+h+j,

:f+g—h,€3:€—f+h,f3:g—j+k,

mg=—e+f+g—h—j+k+1 Settingj =k =1,

e=f=g=h=1=0gives us the identity and k=1, e=f=¢g=h=7=1=0

the permutation invariant.
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