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Abstract

Let R be a commutative ring with a 1. Original work by H. Fitting showed
how we can associate to each finitely generated R-module a unique sequence of R-
ideals, which are known as Fitting Ideals. The aim of this thesis is to undertake
an investigation of Fitting Ideals and their relation with module structure and to
construct a notion of Fitting Invariant for certain non-commutative rings.

We first of all consider the commutative case and see how Fitting Ideals arise by
considering determinantal ideals of presentation matrices of the underlying module
and we describe some applications. We then study the behaviour of Fitting Ide-
als for certain module structures and investigate how useful Fitting Ideals are in
determining the underlying module.

The main part of this work considers the non-commutative case and constructs
Fitting Invariants for modules over hereditary orders and shows how, by considering
maximal orders and projectives in the hereditary order, we can obtain some very
useful invariants which ultimately determine the structure of torsion modules. We
then consider what we can do in the non-hereditary case, in particular for twisted
group rings. Here we construct invariants by adjusting presentation matrices which

generalises the previous work done in the hereditary case.
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Chapter 1

Introduction - Fitting Ideals

Throughout this chapter let R be a Noetherian commutative ring with a 1, unless
stated otherwise. Given any finitely generated E-module M, we can associate with
M a sequence of ideals of R known as the Fitting Invariants or Fitting Ideals of M.
The Fitting Invariants are named after H. Fitting who investigated their properties
in [6] in 1936.

In this chapter we recall the definition of these Fitting Ideals which is in terms
of the determinantal ideals of a presentation matrix for the R-module, M. It can be
shown that this sequence of ideals is independent of the particular presentation for
M. We will also look at relations within the Fitting Ideals and define the Fitting
Length of a module.

In section 1.4 we discuss some applications for Fitting Ideals. They can tell
us information about the underlying R-module and in particular they can provide
estimates for the annihilator of the module. We also come across Fitting Ideals in

Knot Theory where they are known as Alexander Ideals.

1.1 Presentations of finitely generated modules

In this section suppose R is any Noetherian ring with a 1, not necessarily commuta-
tive. Since R is Noetherian, for a finitely generated left R-module p M, there exists

a finite presentation for pM:

R" 5 R S5 M —50
1




1.1. Presentations of finitely generated modules 2

with respect to g generators and n relations. We can represent the R-module homo-
morphism o : R* — R by an n x g matrix A = (a;;), where a;; € Rfori =1,...,n
and 7 = 1,...,¢9. As we are thinking of left R-modules the matrix A acts on the right
and we say A is a presentation matriz for gM.

We can find a set e = {ey, ..., ¢} which generates gM over R. A relation for g M
is an equation of the form rie; +...+r4e, = 0 for some r; € R. The coeflicient vector
of this relation is the row vector (ry,...,75). As gM is finitely generated and R is
Noetherian we can find a matrix B with g columns such that B has the following
properties. Firstly, each row is a coefficient vector of some relation for gM, with
respect to the generating set e. Secondly, coefficient vectors from all relations for
the generating set e can be generated as R-linear combinations of the rows of B.
Such a matrix B is known as a relations maitriz for M over K.

In fact it is clear that a relations matrix is a presentation matrix and vice-versa.
Thus, from now on, we will simply use the term presentation matrix.

We next prove a lemma about what the presentation matrix looks like when we
extend the generating set of the finitely generated module. This is useful in showing
Fitting Invariants are not dependent on the particular generating set chosen and we

will make further use of this lemma in section 6.1

Lemma 1.1 Let ¢ = {e,...,e,} be a generating set for gkM and f = {fi,..., fi}
be a set of elements of g M, not necessarily a generating set. Let Q = (g;;) be the

matrix in Mg« ,(R), for {=1,...,k and for j =1, ..., g, such that:

9
4D a6 =0

j=1

Then: .
Q| I
AlO

is a presentation matrix for g M, with respect to the extended generating set ef =

{ela"-aegafla"'vfk}-
Proof:

We have a presentation for g M with respect to e:

Ry R s M
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where « is represented by the presentation matrix A € M, ,,(R). Also there is a
homomorphism 7’ such that:

Rt I M
where:

k
'w):Zw,f,V_weR’“

=1
We now find a presentation for gk M with respect to ef:

RY — R™™F S M

for some positive integer n’, where the map e is:

g k
e(v,w) =7(v) +7'(w +Zwtfz—7f Zzwzngeg—ﬂ v) — m(wQ)

7=1 I=1

for all v € R, w € R*. Hence:

ker € = {(v|w) | 7(v — w@) = 0}

Now,

ker r=Ima = {yA|y€e R"}

and therefore:

ker € = {(v|w) | v =wQ +yA} = {(wQ + yAlw) | w € R*,y € R"}

Hence:
I
ker € = < (w]y) A | w+y e RM™
Yy A Yy
and therefore the matrix
Q| Ik
AlO

is indeed a presentation matrix for g M with respect to the generating set ef.
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1.2 Construction of Fitting Invariants for finitely

generated modules

For the remainder of this chapter R denotes a Noetherian commutative ring with
a 1. As above, let M be a finitely generated left R-module with a generating set,
e = {e1,...,e}. Given any n x g matrix A, with entries in R, for s € Z we define

the determinantal ideals of A:

Definition 1.2 For 0 < s < min(n, g) we let I,(A) be the R-ideal generated by all
the s X s minors of A, or the determinants of the s x s submatrices of A. I,(A) is

known as the s-th determinantal ideal of A, and we let

0 for s > min(n,g)
R fors<0

I,(A) =

Note that I;(A) is invariant under elementary row and column operations. Let
B be a matrix with g columns whose rows are coeflicient vectors of relations with
respect to the generating set e, for the R-module M. That is, B is a matrix of

relations for M. Define

Definition 1.3

I;(Mle) = ZIS(B)

where the summation is over all such matrices B.
As M is finitely generated and R Noetherian there exists a presentation matrix
A for M whose rows generate the coefficient vectors of all the relations for M with
respect to the generating set e. Hence, there exists a matrix 7 such that B = T A.
Then:
I,(B) = L,(TA) C L(T) N I,(4) C L,(A)

(see [13], page 7). Hence, > 5 I;(B) C I,(A)and since clearly I,(A) C Y 5 I,(B) we
can write

IS(A'“Q) = Is(A)

Suppose now that f = {f, ..., fv} is another generating set for M. Then it is
easily shown that I,(M|f) and I,(M|e) are not always equal, if the size of ¢ and f
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are not the same. So just looking at the s-th determinantal ideals of a presentation
matrix will not give us invariants of M, as this is dependent on the generating set
used. However, if we now consider the extended generating set ef it can be shown

that (for details see [13}, pages 57-58):
I s(Mle) = Ijyk—s(Mlef) = Ix_s(M|f) for 0 < s < min(g, k) (1.1)
and that, w.l.o.g., if g < &, then
Ti—oM|f) = Igyp—t(Mlef) = Rfor g <t <k (1.2)
This now leads us to define:

Definition 1.4
Fon | sl foro<s <
R fors > g
for s=0,1,2,3,....
Equations (1.1) and (1.2) show that F,(M) is independent of the particular set
of generators given for M. In other words (M) is an invariant of M. We now

define this Invariant.

Definition 1.5 Let M be a finitely generated R-module, then the R-ideals F;(M)
are defined to be the s-th Fitting Invariants or s-th Fitting Ideals of M for the
integers s = 0,1,2,3, ....

As we remarked earlier, for a finitely generated module, M, we can replace
I,_s(Mle) by I,_s(A), where A is a presentation matrix for M, with respect to e

and in this case we obtain:

I,_(A) for0<s<
Fmy = { e for0se s (1.3
R fors > g

Example 1.6 Let us work in the polynomial ring, R = Z[t] and consider the R-

module, M with generators ey, €3 given by:

M=R/I®R/J = Re; ® Rey
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where I, J are R-ideals given by I = (2,t),J = (4,1?). Now, a presentation matrix

for M is:
2 0
t 0
A=
0 4
0 2

since 2e; = te; = 0 and 4e; = t?e; = 0. Calculating the Fitting Ideals of M we

have:

Fo(M) = I,(A) = (8,4t,2* %)
Fi(M) = Li(A)=(2,t4,t5) =(2,1)
F{M) = R=1[t]

O

Remark 1.7 Since we can choose the same presentation matrix for any two R-
isomorphic modules the Fitting Ideals of R-isomorphic modules are equal. We will
see later that the converse of this statement is false; namely there exist R-modules

with the same Fitting Invariants which are not isomorphic as R-modules.

1.3 Fitting Length of a module

We now look at the relationship between the sequence of Fitting Ideals we have
derived. From the Laplace expansion formula for determinants (see [9], 107D), we
can show that the sequences of Fitting Ideals associated to each finitely generated
R-module, M, is increasing. Let us consider I.(A), for » > 1. Let B, be any
r X r submatrix of A. Then the Laplace Expansion formula for determinants tells us
det B, can be written as a sum of products of s x s minors of B, times [r — s] X [r — s]

minors of B,, for 0 < s < r. Hence:

det B, € I,(A)],_y(A) = I,(A) C I,(A)],_,(A)
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If A is a presentation matrix for M with ¢ generators, setting s = 1 we see that
I,(A) C LI(A)I,_1(A) C I,_1(A). Hence, we get a sequence of increasing Fitting
Ideals:

Fo(M) CFR(M) C Fo(M) C - F(M) C Fra(M) C - C Fya (M) C Fy(M) =R

We can obtain a more refined sequence of increasing Fitting Ideals to the one above

by noting that, for 0 <t < g — 1 we have:
Fo-1(M)F(M) € Fo(M) C Fgr(M)Fi11(M) € Frin(M) (1.4)

We see that, if M can be generated by g generators, then the sequence of Fitting
Ideals always becomes trivial at the g-th Fitting Invariant, i.e. Fy (M) = R. We
ask ourselves what is the least ¢ such that F;(M) = R? This leads us to define the

Fitting Length of a module.

Definition 1.8 For any finitely generated R-module, M, the Fitting Length of M,
which we denote by Lr(M), is the smallest integer ¢ > 0 such that F,(M) = R.
We know that

Lr(M) < min{g is the cardinality of a generating set for M}
9
In fact equality does not always hold as the following example shows:

Example 1.9 Let R = Z[v/—6] and let J be the R-ideal J = (2,4/—6). Then
viewed as a left R-module gJ has a minimal generating set of cardinality 2 and has

relations: :
V—-6x2-2x+v-6 = 0
3X24+vV/-6x+v/—6 = 0

Hence, a presentation matrix for J as an R-module is simply:

V-6 =2
3 V-6

A=

Then, the Fitting Ideals are:
Fo(J) = (0)
Fi(J) = R
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So we have Lg(J) =1 < 2 in this case.

We will discuss Fitting Lengths in more detail in chapters 2 and 3.

1.4 Applications

In this section we give some uses of Fitting Invariants. Fitting Invariants can provide
us with useful information about the structure of a module. We will see later that
in some cases if we know all the Fitting information about a module then we can
determine the stucture of the R-module completely (this is in fact the case when R
is a Principal Ideal Domain). Even when this is not the case, the Fitting information
can still help us to understand the structure of a module and we may be able to
say something about the relationship between non-isomorphic modules when we
compare the information from their Fitting Invariants. One frequent use of Fitting

Invariants is to say something about the annihilator of a module.

1.4.1 Annihilators

First, we define the initial Fitting Ideal.

Definition 1.10 The initial Fitting Ideal of a finitely generated R-module M is
Fo(M).
We then have the following theorem which gives us a relationship between the

initial Fitting Ideal and annihilator of a module:

Theorem 1.11 If M is a finitely generated R-module which can be generated by
g generators then:

[Anng(M))? C Fo(M) C Anng(M)
where Anng(M) = {r € Rlrm =0V m € M}

Proof:
See [13], Theorem 5, pages 60-61.
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Recent work done by Cornacchia and Greither in [2], shows that the initial
Fitting Ideal of the Galois module of the ideal class group of a real abelian number
field with prime power conductor is in fact equal to the initial Fitting Ideal of the
Galois module of the units modulo the cyclotomic units of the number field. Here
the Fitting Ideals are calculated in the group ring ZG, where G is an abelian group,
so the group ring ZG is commutative. Thus, an estimate for the annihilator of the
ideal class group as a ZG-module is obtained by calculating the initial Fitting Ideal
of the Galois module of the units modulo cyclotomic units. In fact the initial Fitting
Ideals give us a relation between these two ZG-modules which are non-isomorphic
Galois modules; in fact they are not even isomorphic as abelian groups in general.
We shall see later in Chapter 6 how we can generalise these ZG-Fitting Ideals to
the case where G is a metacyclic group, so the group ring we are working with is
non-commutative. The following example shows that we can sometimes find a better

estimate for the annihilator than the initial Fitting Ideal.

Example 1.12 Let us work in the polynomial ring R = Z[t] and consider the R-
module M given by:
M = R/(2) ® R/(6t)

M has generators ey, e; with relations 2e; = 0 and 6te; = 0, so a presentation matrix

for M is:
2 0

0 6t

A=
Calculating the Fitting Ideals we have that:
Fo(M) = I,(A) = (12t) and F (M) = I,(A) = (2,6t) = (2)
Certainly, 12te; = 0 and 12te; = 0 which tells us that
Fo(M) G Anng(M)

But, now consider the quotient ideal (Fo(M) : F(M)), where for R-ideals I and J'
we have (/ : JJ) = {r € Rs.t. rJ C I} Here,

Fo(M) & (Fo(M) : F1(M)) = (6t) = Anng(M)
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So in this example, the quotient ideal lies in the annihilator and it is a better
estimate of the annihilator than the initial Fitting Ideal. However, the following
example shows us that it is not always the case that (Fo(M) : F1(M)) C Anng(M).

a

Example 1.13 Consider the non-Dedekind ring, R = Z[+/—3] and let J denote the
R-ideal, J = (2,1 + +/—3). Consider the R-module:

M =R/(2)®R/J

which has a presentation matrix

2 0
A=10 1+/=3
0 2

Calculating the Fitting ideals we obtain:

Fo(M) = (21++/=-3),4) = (2)J =J?
FAM) = (2,1++/-3) = J
Then:
(Fo(M) : Fo(M)) = J ¢ Anng(M)

since 1 ++/—3 € J but 1 + /-3 ¢ Anng(M). However, note here that
(Fo(M) : F1(M))*(= J?) € Anng(M)

and it may well be true in general that a power of the quotient ideal lies in the

annihilator.

1.4.2 Alexander Ideals

In Knot Theory, to each knot, or oriented link, we can associate a unique family of
Fitting Ideals which are known as the Alexander Ideals of the knot. These arise as

follows.
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Working over the Laurent polynomial ring, R = Z[t,t™}!], the first homology
group of the infinite cyclic cover of the complement of a knot, H;(Xx,Z), is an
R-module, which is an invariant for the knot. The Alexander Ideals of the knot are
then the determinantal ideals of a square presentation matrix for the R = Z{t,t™']-
module, Hy(X,Z). The Alexander polynomial of the knot is then defined to be the
determinant of this square presentation matrix; hence, the initial Alexander Ideal is
the principal ideal generated by the Alexander polynomial. There exist examples of
different knots with the same Alexander polynomial which are also indistinguishable
when considering the knot invariants of Jones, Kauffmann and HOMFLY. However,
the higher Alexander Ideals may be different for these particular knots which tells
us that the Alexander Ideals can be useful in distinguishing between these knots
(for details see [14]), where the other invariants cannot.

Given any R-ideal we ask does this ideal belong to a sequence of Alexander
Ideals for some knot? Necessary and sufficient conditions for this to be true are
given in [11]. However, given two or more R-ideals it is not yet known whether
these ideals belong to the same family of Alexander Ideals for some. knot (subject
to the conditions for each ideal to belong to a family of Alexander Ideals for some
knot).

This leads us to a question in general, namely; for a general ring R, if we are
given a sequence of one or more Fitting Ideals from an R-module, then what can we
say about the remaining Fitting Ideals in the sequence? For example, suppose we
know that two of the Fitting Invariants of a given module are equal then, can we
say anything about the remaining Fitting Invariants? We will study this question

further in section 2.4.



Chapter 2

Behaviour of Fitting Ideals with

Module Theoretic Constructions

In this chapter we consider how Fitting Invariants behave for certain module theo-
retic constructions. We will consider the Fitting Invariants of exact sequences and
direct sums of modules and also consider Fitting Ideals when we work over an in-
flated ring. Section 2.4 is quite an important section as it considers localisation and
shows that when the ring is Noetherian Fitting Ideals are a local phenomena - that
is we can calculate the global Invariants from the local Invariants with respect to
maximal ideals of the ring we are working in. This wiil become quite an important
tool to use in our later work. We will prove that the sequence of Fitting Ideals is
in fact strictly increasing for modules over commutative.Noetherian rings (except
where the ideals are zero or the whole ring). We end this chapter by considering
how we can obtain another family of invariants for a module over a Dedekind ring,
in terms of the initial Fitting Invariants of the alternating product of the module.
As in chapter 1, we take R to be a Noetherian commutative ring with a 1, unless

stated otherwise.

2.1 Free Modules

Suppose the non-zero module M is a free R-module of rank g with generating set

e={ei,...,e}. As M is free the only relation for the generating set e is:

12
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Oe; +---+0e, =0
so a presentation matrix for M is the 1 x g zero matrix, A = (0---0). Therefore,

since I,_s(M|e) = I,_;(A) we have:

0 if0<s<yg
Fo(M) =
R ifs>g

Hence, for free modules the Fitting Ideals are trivial.

2.2 Exact sequences

Here, we consider the relationship between the Fitting Ideals of modules in exact

sequences.
Theorem 2.1 For an exact sequence of finitely generated R-modules
0—L—M-—N—70

we have for integers r,s > O:
Fr(L)Fs(N) € Fris(M)

Futhermore, if the above sequence splits, i.e. M = L & N, then for each integer

t > 0 we can write:

F(L@N) =Y F(L)F,(N) (2.1)

Proof:
See [13], pages 90-93.

O
We can obtain a stronger relationship between initial Fitting Ideals when NV is

an elementary module.

Definition 2.2 We call N an elementary R-module if there exists a square presen-

tation for N, that is there is a positive integer k such that:

0— RF SR —N—0
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is a presentation for V.

In this case we get a multiplicative version of Theorem 2.1.

Theorem 2.3 If NV is an elementary R-module in the exact sequence of Theorem

2.1 then:

Fo(L)Fo(N) = Fo(M)
and here Fo(NV) is a principal ideal generated by the determinant of the square
presentation matrix.

Proof:
See [13], pages 80-81.

2.3 Ring Extension

Let S be another Noetheri‘an commutative ring with a 1 and let # : R — S be a ring
homomorphism. We can make S into a right R-module by defining sr = s6(r) for
all s € S,r € R. If gN is a finitely generated left R-module we can tensor over R to
obtain a left S-module S ® g N which we call the extension of N over S. Then we
have a relationship between the Fitting Ideals of N as an R-module and the Fitting
Ideals of the extended module S @ N as an S-module.

Theorem 2.4 For any integer ¢t > 0
O(F(N))S = F(S ®r N)

Proof:
Suppose
R" %R TN —0
is a presentation for N. Then, since (S ®g —) is a right exact functor the sequence:

S®rR" 25 S@r R "5 S®@r N — 0

is exact. If the map « is represented by a presentation matrix A = (a;;) then

6(A)(= 6(as;)) is the presentation matrix for the extended module S ®g N, since
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6(A) is a presentation matrix representing the map «'. But, then it is clear that,

for each positive integer v > 0:

and we are done.

2.4 Localisation

We now want to consider what happens when we just consider local Fitting In-
variants. Can we retrieve the global Fitting information when the local Fitting
information is known? If we let 8p : R — Rp, where P is a maximal ideal of R,
be the localisation map then Theorem 2.4 tells us that for any finitely generated
R-module, M:

Op(FR(M))Rp = FI* (Mp) (2.2)

where we denote by Mp the extended module, Rp®r M. If we know the local Fitting
Ideals (i.e. we know the RHS of equation (2.2)) for all maximal ideals, P, does this
determine the global Fitting Ideals, F(M)? This is an important question because
it is sometimes easier to calculate the local Fitting Ideals, for example where Rp is a
PID, than the global Fitting Ideals. In fact we can answer yes to the above question

if we take R to be a Noetherian ring as the following Theorem shows:

Theorem 2.5 If R is a Noetherian ring then the local Fitting Ideals completely
determine the global Fitting Ideals, Indeed, if we denote by 8p the localisation
map, 0p : R — Rp, for P a maximal ideal of R and M is any finitely generated

R-module, then:
FEM) = (65" (FF (Mp))
P

Furthermore, for any two finitely generated R-modules M and N then:
Fi*(Mp) = F* (Np) ¥ P = F(M) = F(N)

Proof:
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We need to prove that if I and J are R-ideals with Ip = Jp (where Ip = 6p(I)R,)
for all P then this tells us that 7 = J. Since R is Noetherian every R-ideal, I, can

be represented as an irredundant primary decomposition:

=
=1

where the @; are primary ideals, for ¢ = 1, ...,n (see [21], Theorem 4, page 209). We
fix P and choose the @Q; such that Q;R\P =@ for1 <i<rand Q;NR\P# O
forr+1 <37 <n. Then

r

Ip = ()(Q:)r

i=1

since (Q;)p = Rp forr+1 <i < n. Let

I(P) = (") Qi which tells us that Ip = (I(P))p

i=1
Now, R\P is prime to I(P) since R\P is prime to each @; for i = 1,...,7. Thus,
under the localisation map fp : R — Rp, I(P) is a contracted ideal (see [21],

Theorem 15b, page 223). Hence,
I(P) = 6p'0p(I1(P)) = 65 (Ip)

and so Ip must determine /(P). But, since
I=(I(P)=(65"(Ir)
P P
we see that Ip must determine I as P runs through the maximal ideals of R. Thus,
Ip=JpVP=IP)=J(P)VP=I=J

Now substitute I = FE(M). O
One aspect of localisation is that we can say more precisely what the Fitting

Length of a localised module is. Before we do this we need a lemma.

Lemma 2.6 Let R be any commutative ring with a 1 and P some maximal ideal
of R. If A is an m x h matrix with entries in the localised ring Rp satisfying
I;(A) = Rp, for some positive integer s such that 1 < s < h, then A can be brought

to the form:
I,| 0

0| As

A=
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where A; € Mim_sx[h—s)(Rp), by means of elementary row and column operations.
Proof:
See [13], Theorem 12, page 18.

We are now in a position to prove a result about Fitting Lengths.

Theorem 2.7 Let R be any commutative ring with a 1 and M some finitely gen-

erated R-module. Then if P is some maximal ideal of R we have:

Lr,(Mp) = minimum number of generators of Mp over Rp

Proof:

Let h equal the minimum number of generators of Mp. Then we know that
Lr,(Mp) < h. Suppose for a contradiction that Lgr,(Mp) = h — s, for some
positive integer s such that 1 < s < h. Then if A is a presentation matrix for Mp

with respect to a minimum generating set of size h, we know that:
FuZ,(Mp) = L(A) = Rp
Then Lemma 2.6 tells us that A can be brought to the form:

I, 0
0| A,

A =

Hence, the first s generators in this minimum generating set are redundant, so we
have found a generating set of size h — s < h for Mp, a contradiction.

O

One consequence of Theorem 2.7 is that we can refine the increasing sequence of

Fitting Ideals we obtained in section 1.3 to obtain a strictly increasing sequence of

Fitting Ideals. We obtain:

Theorem 2.8 Suppose R is a Noetherian ring, M a finitely generated R-module
and P runs through the maximal ideals of R. Then there is a maximal ideal @) of
R such that:

Lr(M) = Lig(Mg) = h
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for some positive integer . Furthermore, if FZ(M) # (0) then we obtain a strictly

increasing sequence of Fitting Ideals:
ftlil(M) gff(M) sz}il(M) G "'Q‘FI?—I(M) gf-,f"(M) =R

Proof:
We know from Theorem 2.5 that

]:tR(M) = ﬂ91—3 (]:t "(Mp))

P
so we obtain:

Lr(M) = max{Lg,(Mp)}
Thus, there exists a maximal ideal () of R such that:
Lr(M) = Lry(Mg)

We know from Theorem 2.7 that we can find some minimum generating set for Mg

of size h such that Lg,(Mg) = h. We also know from equation (1.4) that:
fRQ( ) c :Fh 1(MQ)-7:s+1(MQ) ~7:+1(MQ)
for 0 < s < h — 1. But since Lg,(Mg) = h we must have:
“rRa Rq
Frii(Mq) © F,°(Mg) = Rq

and therefore:

FiR (Mg) € QRg

where QRg is the maximal ideal. Now suppose that we have:
Ro Rg
Fl (M) Fi8 (Mg) = F,'8(Mg)
Then Nakayama’s Lemma tells us that:

fs+1(MQ) (O)

which is a contradiction for s > ¢ — 1. Thus, we must have:

]:sRQ(N[Q) c F +1(]WQ)
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fort — 1 < s < h—1. Hence, we obtain a strictly increasing sequence of ideals in

the local ring Rg:
RQ RQ RQ RQ
F M) C F°(Mg) G -+ G F5(Mg) & F,° (M) = Rq

Now, we know that the local Fitting Ideals determine the global Fitting Ideals so

we must have a strictly increasing sequence of ideals in the global ring R:

Fi(M) Q@ FE(M) G - C FLy (M) € Fi(M) =R

g

as required.
O
We now return to the question we posed at the end of section 1.4.2 - that is,
if any two Fitting Ideals in a sequence are equal then what can we say about the
remaining Fitting Ideals in a sequence? Well, for Noetherian rings the equal Fitting

Ideals must be trivial as the following corollary shows:

Corollary 2.9 Suppose R is a Noetherian ring and M a finitely generated R-

module with g generators. Then if we have:
(0) # FH(M) = Fiy (M)
for some s such that 0 < s < g — 1, then we must have:
FHM)=R

Proof:
Theorem 2.8 tells us that Lr(M) < s and hence FR(M) = R.
O
An important theme throughout this work will be that of localising problems in
order to simplify them. For example, by localisation we can express the annihilator

of a projective R-module quite succinctly, as the following theorem shows:

Theorem 2.10 Suppose R is a Noetherian ring and N is a projective R-module.
Then:
Anng(N) = F¢'(N)
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Proof:
If we localise at any maximal ideal P of R then we know that, since N is
projective over R, Np is a free Rp-module. Thus, either Anng,(Np) = (0) or

Anng,(Np) = Rp. But, then Theorem 1.11 tells us that:
Anng,(Np) = (0) = F;*(Np) = (0) = Anng, (Np)
Anng,(Np) = Rp = Ff*(Np)= Rp = Anng,(Np)

Thus,
Anng,(Np) = FfP(Np) V P = Anng(N) = FF(N)

2.5 Ring Inflation

Suppose J is an ideal of R and we know the Fitting Ideals of a finitely generated
R/J-module, N. Is it possible to determine the Fitting ideals of the R-module, N7 -
In other words, given Fitting Invariants in the ring R/J can we find Fitting Ideals

in the inflated ring, R? Before we answer these questions we first need a lemma.

Lemma 2.11 If M is a finitely generated R-module, ¢ > 0 a positive integer and

7y is the natural map 7y : R — R/J then:
mo(FM)R)T = F(M]IM)

Proof:
Since

R/J@r M~ M/IM

Theorem 2.4 tells us that:
t (FRM)R)J = FF(R)J @r M) = F (M IM)

as required.
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Theorem 2.12 If N is an R/J-module and ¢ > 0 a positive integer then, consider-

ing N as an R-module in the obvious way, we have:
T FHN)R/T = FH () (2:3)

Consequently,

FRN) € 7 (F(N)) (2.4)

But equality will not necessarily hold in (2.4).

Proof:

Lemma 2.11 tells us that 7, (FE(N))R/J = ftR/J(N/JN) and since N = N/JN
equation (2.3) follows.

We know that FE(N) C w;l(]-'tR / 7(N)) and that there exists a one-one corre-
spondence between ideals of R/J and ideals of R containing J, so equality holds in
(2.4) if and only if ZF(N) D J. This is not always the case as we can see in the

following counter-example.

Exafnple 2.13 Suppose R = Z[t], J = (t) and B is a presentation matrix for N as

an R/J-module where:

Then
FEHN) = 4,26, D (t) = J

and therefore,

FRN) # o7 (F(N))

and so equality does not hold for equation (2.4) in this case.
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Suppose now that we are given the Fitting Ideals of M as an R-module. Consider
the R/J-module, M/JM. We know from Lemma 2.11 how to calculate the Fitting
Ideals of M/JM as an R/J-module. The following theorem tells us how we can go
a step further and calculate the Fitting Ideals of M/JM in the inflated ring, R.

Theorem 2.14 Let gk M be a finitely generated left R-module with ¢ generators.

Then, for any integer r, such that 0 < r < g, we have that:

FE(M/IM) =Y J'FE,(M)
t=0

Proof:
Let B = (b;;) be an m x g presentation matrix for the left R-module, M with
respect to the generating set, e = {e;}, for j =1,...,¢g and for some b, ; € R. If C

is the presentation matrix for M/JM as an R-module then we need to prove that:
L(C)=)_JI(B)
t=0

From section 2.4 we know that B = (b;;) is a presentation matrix for M/JM as an
R/J-module. Note that € = {€;} is a generating set for M/JM as an R-module.
Suppose J = (z1, ..., Zs)g for some z, € R, for k = 1,...,s. If we let D denote the

§g X g matrix

Igl‘l
D=
Iz,
and C denote the [m + sg] X g matrix
B
C =
D

then we claim that C is indeed the presentation matrix for M/JM as an R-module.
Note that every row of C is a row relation for M/JM with respect to the generating

set €, since

which tells us that:
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and we also have zxg; =0 for 7 = 1,...,9. We now need to show every row relation

is an R-linear combination of the rows of C'. Suppose we have a relation
g
ere_j =0 for somer; € R
j=1

then we have:

Hence, the row vector (7y,...,7,) is an R/J-linear combination of the rows of B, say
m
(1o Tg) = 3 Mi(Bir, - big)
i=1

for some \; € R/J. We then have

m m
Fj = Zx\zb” =T; = Z/\ibij +y]‘
i=1 =1

for some y; € J. Thus, we can write

m ) s
rj = Z Aibij + ) Tk
i=1 k=1

for some p;; € R. Hence,

m s

(7‘1, ceny T‘g) = Z )\i(bil, ey bzg) —+ Z /,ij(o, ceey 0, Tk, 0, veey O)J

i=1 j=1 k=1
where (0, ...,0,z, 0, ...,0); is a row vector consisting of z in the j* column and
zeroes elsewhere, and we have written (rq,...,7,) as an R-linear combination of the
rows of C. Thus, C is indeed a presentation matrix for M/JM as an R-module.
Now, we set out to prbve the formula.

Consider the case r = 0: then IH(C) = R = I4(B)

Consider the case r = 1: then I;(C) = (b1, ..., bmg, Z1,...,25) = [;(B) + J, so
we can see the formula holds for » = 0, 1.

Consider the case r = 2: I,(C) is generated by all the 2 x 2 minors of C. Such

a minor must be either:
1. A 2 x 2 minor of B, i.e. it belongs to I,(B); or

2. A 2 x 2 minor of D, i.e. it belongs to J?; or
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3. The determinant of a 2 x 2 matrix, Fy say, which is made up as a 1 x 2

submatrix of B and a 1 x 2 submatrix of D.

For det FE5 # 0, E5 must be of the form

bi biu’
E2 - “
0 T 7

for some i, j, u,u' with u # «’. So, det E, = z;b;, € JI,(B) and we have
L(C) C J* + JI,(B) + I,(B)

For the reverse inclusion it is clear J? C I,(C) and I(B) C I5(C), so it remains to
check whether JI,(B) C I,(C). Well, each generator of JI;(B) must be of the form
z1b;,, for some [, 7, w. But, we can always find a 2 x 2 submatrix of C of the form:
biw biw’
0 x

E, =

for some w’ such that w # w'. Hence, taking the determinant of this submatrix
we see that det Ej = x,b;,, € I3(C) which tells us that JI,(B) C I,(C) and thus
equality holds and the formula is true for r = 2.

Consider the case 2 <r < g: I,(C) is generated by all the X r minors of C.

Such a minor must be either:
1. An r X r minor of B, i.e. it belongs to I,(B); or
2. An r x r minor of D, i.e. it belongs to J”; or

3. The determinant of a r x 7 matrix, F, say, which is made up as a ¢t xr submatrix
of B, which we can call By, and a [r — ¢] x r submatrix of D, which we can

call D,_;, with 1 <t <r —1.

Thus, we write:
B,
Dr—t

E. =

and using the Laplace Expansion formula for determinants (see section 1.3), we see
that det E, can be written as a sum of ¢ X ¢ minors of B; times [r — t] x [r — ¢]

minors of D,_,. Hence, det F, € I,(B)J"" and thus I,(C) C Y, _, J""'I,(B).
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For the reverse inclusion it is clear J” C I.(C) and I,(B) C I,(C), so it remains
to check whether J ~'I;(B) C I(C) , for 1 <t < r — 1. Well, each generator of
J"7tI;(B) must be the determinant of an [r — t] X [r — ¢] submatrix of D, which we
call D!_,, times the determinant of a ¢t x ¢ submatrix of B, which we call B;. So.
such a generator must be of the form det E, = det B;det D, _, where:

B, B/
0 DL,

E =

~ and where B} is some t X [r —t] submatrix of B. But, E] is an r x r submatrix of C
(up to permutation of columns), so we have det E. € I.(C) and hence J""'I;(B) C
I.(C). Thus equality holds and our formula holds for 2 < r < g.

2.6 Alternating Products

For each finitely generated R-module M, we have associated to it a unique family
of Fitting Invariants, (M), for t > 0. In this section we ask whether we can
obtain a different family of Invariants which is better or easier to use. For example,
we know that the initial Fitting Ideal Fy(M), is quite useful - it annihilates the
underlying module and for elementary modules it is a principal ideal generated by
the determinant of the square presentation matrix. Can we obtain Invariants just
in terms of initial Fitting Ideals? One avenue of investigation is to consider the
alternating product of a module. We will show that for R a Dedekind domain we
can express the annihilator and higher Fitting Ideals of a torsion R-module in terms
of the initial Fitting Ideal of the r-th alternating product of the module. Suppose
M is a torsion R-module and denote by A" M the r-th alternating product of M,
for some r € NU {0}. Suppose M is generated by n generators with m relations so
we have a map:
v:R"™ — R"
which is represented by some presentation matrix A € M, x,(R). Then the map

between r-th exterior powers is given by:

/\T’y : /\TR'" — /\TR"
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which is represented by the r-th exterior power of the matrix A, which we denote by
A®_ In fact A™ is the matrix whose entries are the r x 7 minors of A (see [12], page
739). Thus, the entries in A generate the (n — r)-th Fitting Ideal, F,_.(M). So
we can see there is some relationship between determinantal ideals of a presentation
matrix and determinantal ideals of the exterior powers of the matrix.

We know from section 2.4 that we only need to calculate local Fitting Invariants
so we will assume that R is a local Dedekind ring, hence PID. Thus, we can represent
each finitely generated R-torsion module as a sum of cyclic modules, where the
representation is arranged so that each torsion coefficient divides the next. Let P
be the unique maximal ideal of R which is generated by some prime element 7.

Then we can write each torsion R-module, M, as a direct sum of cyclic modules:

n
M = R/P"™ where r; are positive integers s.t. 7y <7y <--- <1y
g

=1
2.6.1 Initial Fitting Invariants

We firstly consider what we can say about the initial Fitting Ideals of the exterior
powers of the module. As the following theorem shows we can obtain an increasing

sequence of Invariants in terms of the initial Fitting Ideals of the alternating product:

Theorem 2.15 Let R be a local Dedekind domain and M a finitely generated
torsion R-module with n generators then:

241 L,

AN M RN M) c - cRNTM - RN M) < RN M)

fornevenand I st. 0 <[ < 2, and

fo(/\nT—lM) C fo(/\%iM) C...C fo(/\nT—IHM) C---C fo(/\n_lM) < fo(/\nM)

for n odd and [ s.t. 0 < < 2L,
Proof:

Since

/\Z(R/P” ® R/P") = (R/P" @ R/P") = R/ P™a(rirs)
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for 1 <14,57 < n, it can be shown that:

! n-—-I+1 n— i
AM=P <5—1> R/Pifor1<l<n

i=1

(2) = wom

is the binomial coefficient for m,s € NU{0}. Thus, calculating initial Fitting Ideals

where

we obtain:
n—i+1 (n—i

i n
Fo(\ M) = PEET ()7 and Fo(\"M) = P

Note here that if we know Fp( /\IM ), for 1 < I < n, this sequence of Fitting Invariants
enables us to determine the r;, i.e. we can determine the torsion coefficients of M
(see section 3.2 for more details).

Suppose now that n is even so we can write n = 2m for some m € N. We will

show that Fo(A™ M) C Fo(A™ M) for 0 <1 < m —1. Well,

m—I41 2m—1i

fo(/\mHM)z P ()
fo(/\m+l+1M) _ pZI-“='1' (2:;11')“

2m — 1 S 2m —1
m+l—-1) " \m+1

for i > 1 — 21, which holds since 7 > 1, we obtain Fo(A™" M) C Fo(A™T+' M) for

and since

0 <1< m—1, as required. Thus, we obtain the sequence:

F+1

RN € RN M) e RN € RN € RN M)

for n even.
Suppose now that n is odd so we can write n = 2m + 1 for some m € N. We will
show that Fo(A™ M) C Fo(A™ M) for 0 < | < m. Well,

m-+l m—142

Fol )= pEmT O
m+i+1 m— m41—i
N by = PER (R

2m+1 —1 S 2m+1—14
m+li-1/) m+1

and since
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for i > 2 — 21 we obtain .7:0(/\m+lM) - .7-"0(/\m+l+1M) for 1 <! < m. So it remains

to consider the case [ = 0. Now, for [ = 0, we have:
Fo(\"M) = PEE ()
fo(/\m+1M) _ Pz:r;—}]—l (Zm-ri-nl—i)rl_

m-2 . m+1 .
2 1- 2 1-—
m—1 m

i=1 i=1

We claim that

Suppose our claim is true. Then, since r; < -+ < 7,49 and (77771 > (PmH17)

m—1
1 > 2, we must have:
m+2 . m-+1 .
. 2m+1—1 2m+1—1
T, — T
{8 (7 )-8 ()

occurs when 1y = r9 = +++ = Tpy1 = Tao = 1, for some r. Thus, the minimum

m+2 . m+1 .
2 1- 2 1-—
3] G B ol AR 1 B
i=1 m—1 i=1 m

since we are assuming the claim is true. Then this last result tells us that:

value is:

m+1

F(N\"M) € AN b

To prove the claim let » = m — 7 + 1 so we want to calculate:

ELT)E0)

r=0
Now,
i m+r—+1 i m+r Xm: m+r _(2m+1 _ 2m+1
— r+1 — r+1 — r B m T \m+1
and thus

S (m+rT S /m+r+1 2m+1 " im+r
SO = () -G = ()
which tells us that

() S () =S()E() -(3)-

r=0 r=0 r=1

~as required. Thus we obtain the sequence:

AT cRNT My RNT M) C o RN
for n odd.
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2.6.2 Annihilators

We now show how we can express the annihilator of a module in terms of the initial

Fitting Ideals of the alternating product of the module.

Theorem 2.16 Let R be a local Dedekind domain and M a finitely generated

torsion R-module with n generators then:

Anng(M) = fI[]—'O( /\‘M)]H)'“

I=1
Proof:
From the proof of Theorem 2.15 we know that Anng(M) = P™, since we have
r1 <71y <--- <71y, and that we can determine the r; from .7-'0(/\l M)for1<I<n.

In fact since we know that:

n—i+1 (n—

l i
Fo(\ M) = PEE D for 1 <1 < m

we obtain:
n !
[T N )™ = P
=1

where
n—1n—I+1

=2 () (7:;) ri 4+ (=1)"* 'y

=1 =1

Now, the coefficient of r; in < is obtained from all exterior I-th powers where [
satisfies 1 <1 < n. So, the required coeflicient is:

n

_1(_1)l+1 (TlL—— 11) +(—1)mH

=1

n—1
-1
-1 +1 n
'l=1( ) (l_l
and let r =1 — 1 we get:

”':(_l)r (n - 1) = nf(—l)’ <n , 1) ~ ()" =04 (<) = (1)

r= r=0

If we now consider

Hence, the coefficient of ry in v is (—1)" + (—1)"*! = 0. Next, the coefficient of r; in

v, for 1 < ¢ < n is obtained from those exterior I-th powers where 1 <l <n—1+1.
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So, the required coefficient. is:

= n-—1
— T —
> (") =0
=0

Lastly, the coefficient of r,, in v only comes from the 1-st exterior power and the

coefficient is simply 1. Thus we have shown that v = r,, as required.

2.6.3 Higher Fitting Invariants

In this subsection we deduce the higher Fitting Invariants from the initial Fitting
Ideals of the alternating product of a module. Before we state and prove a theorem
about the higher Fitting Invariants we need a lemma concerning the sums of binomial

coeflicients.

Lemma 2.17 For [, k, s non-negative integers:

(| AP

s=0
Proof:
We have that for positive integers, ¢, w:
(t—14+w
1+y)™" = Y(-1) 2.5
e = S (e (25)
N
1+y) = v 2.6
w = 3 () (2.6)

In equation (2.5) put t ={,s = w and y = z to obtain:

e (s § (1 o

s=0 s=k+1

and in equation (2.6) put t =0+ k and y = % to obtain:

NNt E vk Gk 4k ik 4k
— = —w - —w —(s+1)
(o) =2 () (L) -5 () ()

when we substitute w = s + [ in the second summation. Now,

1\ l (S (14 k =y
1 S —(s+) —w
<1+x) (1+ z) = Z(erl)x +Z(w)x

w5 (1]

]~

(S ;L_ZI 1):cs(—1)s +

L s==0 s

i

i
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Hence the coefficient of ¢ in the RHS of the above equation is:
E(l kN (s+1—1 ,
2 g\ -1 JOY
o \3 + —

However, the coefficient of z7! in
1)
(1 + —) (1+2)" =21 4 2)*
x

is equal to 1, and we thus obtain:

k
[+k\[(s+1-1 s
Z(s+l)< 1-1 )(_1) =1
s=0

a
We now have the following theorem which shows the relationship between higher

Fitting Ideals and the initial Fitting Ideals of the alternating product of a modﬁle.

Theorem 2.18 Let R be a local Dedekind domain and M a finitely generated

torsion R-module with n generators then, for 0 <[ < n:

n

FM) = ] RN\ M)

r=l+1

B, = (::12)(—1)“’“

where

Proof:
We know that
T n—r+1 (n—1) .
Fo(/\ M) = PZ (72

Hence,
[T 17N\ M) = P
r=l41
where
P = r—2 141
= : —1)y~
=2 () (e

Now, the coefficient of r;, for i =1,...,n — [, in 7 is:

ol (T [CTEEES

r=I{+1
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(by substituting s =r —l— 1 and k =n — i —{ in Lemma 2.17). Thus,

n—I n
y=Y"ri= [] F(\ M) = PEE = F(M)

r=I+1

as required.

2.6.4 Elementary Modules

To end this section we briefly study elementary modules and see whether we can
say anything further about these particular modules and their relationship with the
alternating product. Suppose that E is an elementary R-module, so there exists n €

N such that the sequence:

a

0—R"- R E-—0
is a presentation for E. We now ask whethgr the sequence:
0= ANR S AR ANE—o
is exact? The following counter-example shows that this is not always the case.

Example 2.19 Suppose E is the R-module: E = R/P®R/P?. Then a presentation
for E is:
0— R R* % R/IP®R/P* — 0

where « is given by the presentation matrix

0

0 =2

A=

and where 7R = P. Now A> E = R/P so we get a sequence:
20 2
0— RASRAS R/P —0

Now if S is any commutative ring with a 1 and the map vy : S™ — S™ is represented

by the matrix B, then we know the map A"y : A"S™ — A" S™ is given by the
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r-th exterior power of B, namely B, Thus, returning to our example, A® = (3)

represents /\° o. Hence:
2 2
Im/\"a = P*# P =ker/\ ¢

and the sequence is not exact.
O
However, we can still obtain an exact sequence after taking the alternating prod-
uct by defining a new module. Suppose N is any finitely generated S-module (not

necessarily elementary) with presentation:
0— 5" 259 N—0

where « is given by the presentation matrix A. If we now let A/(N) = coker A" o,
then, for r < ¢:
0——>/\S”Aa/\59 L AD(N) — 0

is an exact sequence of S-modules. However, A/ (N) is not an invariant of N as
it depends on the number of generdtors used in the presentation. Consider the

following example:
Example 2.20 Let N be an S-module with presentation:
0— 8> 852 25 N—0

So, we obtain:

2 2
0— sS85 A% 40Ny — 0

and A%« is given by the presentation matrix A®® = (det A). But of course we can

obtain another presentation for N by just adding a redundant generator to get:
0— 5558 N0
where [ is given by the presentation matrix:

A0
0 1

B =
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Then we obtain:
detA 0

0 A

B® —

and calculating Fitting Invariants we see that:
Fo(BB(N)) = (det A)? # (det A) = Fo(APD(N)) = BD(N) 22 AP (N) as S-modules

a

These results work for local Dedekind rings since, after localising, we can rear-
range the cyclic summands of a torsion module such that the torsion coeflicients
divide each other. For rings where this arrangement is not possible we can maybe
obtain some similar results to the ones above. However, we leave this study as an
area for future possible research. Instead we investigate in chapter 3 how useful
- our Fitting Invariants really are and we consider what information they can tell us

about the underlying module structure.



Chapter 3

Determination of the Module

In this chapter we consider how the Fitting information can be used to determine
the structure of a module. We will see that for certain rings, such as Principal
Ideal Domains and Dedekind rings, if we know what the Fitting Ideals of a module
are, then we can completely determine the underlying module. For other rings the
Fitting information may tell us something useful about the module and its relation
with other modules over that particular ring, but it may not tell us the whole picture.

We firstly look at cyclic modules.

3.1 Cyclic modules

A cyclic R-module, M is of the form M = R/J for some R-ideé,l J. As this module
has only one generator, Theorem 1.11 tells us that Fq(M) = Anng(M) = J and
Fi(M) = R for t > 0. So, if we have two cyclic modules M and N with the same
Fitting Ideals we have M = R/Fo(M) = R/Fy(N) = N. Hence, the Fitting Ideals

completely determine cyclic modules.

3.2 Principal Ideal Domains (PIDs)

Suppose now that we are working in a PID, R. For any finitely generated torsion

module over R the Fitting information completely determines the module structure.

35
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Theorem 3.1 Let M be a finitely generated torsion module over a PID, R. Then

the Fitting Ideals over R uniquely determine the module structure of M.

Proof:

M can be written as a sum of cyclic modules over R, namely:
9
M =P R/(d:) where dy | dy | -+ | dg—y | d
=1

The {d;}{_, € R are the torsion coefficients of M. So a presentation matrix for M

is the diagonal matrix, A, where:

d 0 0
0
A=
0
0 0 d,

Calculating the Fitting Ideals we have:

Fo(M) = (di---dy)
Fi(M) = (i -dg_y)

We ask how, if we know this Fitting information, we can then find the torsion
coefficients? Well, if we simply consider quotients of these Fitting Ideals we can

indeed retrieve the torsion coefficients of the underlying module. Calculating the
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quotient ideals we obtain:

(Fo(M): Fu(M)) = (dy)
(Fi(M) : Fo(M)) = (dg-1)

(]'-g—i(M) : -7'—9—2'+1(M)) = (di)

(For(M) : Fo(M)) = (d1)

Hence, the Fitting Ideals completely determine the torsion coefficients of the module

and we can write:

O

Remark 3.2 From the above analysis we can see that, working over a PID, the quo-
tients of successive Fitting Ideals generalise the invariant factors of a finite abelian
group, or finitely generated Z-module. We also note that the initial Fitting Ideal

Fo, generalises the order of a finite abelian group.

3.3 Dedekind Rings

We can do a similar thing for Dedekind rings and use the Fitting Ideals to tell us

the underlying structure of torsion modules.

Theorem 3.3 Let R be a Dedekind Ring and M a torsion R-module. Then the
R-ideals F(M), for t > 0, uniquely determine M.

Proof:

As R is Dedekind we can write the initial Fitting Ideal Fo(M) as a product of

prime ideals in R, say,

Fo(M) = H P% for some distinct prime ideals P; and a; € N

i=1
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Since Fo(M) C Anng(M) we have Fo(M)M = {0}. Then the Chinese Remainder

theorem tells us that:
M = M/{0} = M/[Fo(M)M] = | | M/[P? M)
=1

Suppose now that N is another torsion R-module with the same Fitting Ideals as
M. We must show that M and N are isomorphic R-modules. Let J; = P for

t=1,...,r, then we firstly show that
M/J;M = N/J;N

as R-modules. Now, Theorem 2.14 tells us that the Fitting Ideals of M/J;M as an
R-module can be calculated from the Fitting Ideals of M as an R-module. Since M
and N have the same Fitting Ideals this tells us that M/J;M and N/J;N have the
same Fitting Ideals. If we now localise at a prime ideal P; then equation (2.2) tells

us that:

F (M) TM)y,) = FL5(N/ TNy,
Since R is Dedekind the ring Rp, is a PID. Therefore, we know from Theorem 3.1
that, since the Fitting Ideals in a PID determine the module uniquely,

(M/JiM)gp, = (N/JiN)rp,

as Rp-modules. But then (see [16], Theorem 3.13, page 36), there is an Rp-
isomorphism:
(M/JiM)g, = M[/J;:M
and therefore
M/JM = N/J;N
as Rp-modules. Hence
M/J;M =2 N/J;N

as R-modules. Therefore, we obtain:
M =[] M/IiM) = ][ N/[J:N] = N
=1 i=1
Hence, we have shown that the Fitting Ideals in a Dedekind ring uniquely determine

the underlying torsion module.



3.3. Dedekind Rings 39

O
However, for torsion-free modules over Dedekind rings which are not PIDs we
will show the Fitting Ideals do not determine the module structure. We first consider

a theorem about the Fitting Invariants of R-ideals.

Theorem 3.4 Let R be a Dedekind ring and I be an R-ideal. Then:

Fo(I) = (0)
F(l) = R fort>1
Proof:
I is a torsion-free R-module so we must have Fy(I) = (0). Now, we know from

Theorem 2.5 that if P runs through the prime ideals of R then:
Lp(I) = max{Lr(Ip)}

But, since R is a Dedekind ring we know Rp is a PID so each Ip can be generaﬁed
by one generator. Thus, Lg,(Ip) = 1 for all P, which tells us Lg(/) = 1. Hence,
F(I)=Rfort>1.

O

Corollary 3.5 Let R be a Dedekind ring which is not a PID. Then the Fitting
Ideals of torsion-free modules over R do not determine the module.

Proof:

We can easily choose an R-ideal I which is not isomorphic to R when viewed as

R-modules. Then we know from Theorem 3.4 that:

Fo(I) = (0) = Fo(R)
F(I) = R = F(R) fort>1

But, I is not isormorphic to R as R-modules so the Fitting Ideals do not determine

the module.
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3.4 Non-Dedekind Rings

When we work over non-Dedekind rings the Fitting Invariants do not determine the
module structure. Let us return to example 1.13 and work in the ring R = Z[v/-3],
which is not integrally closed in Q[v/—3], so is non-Dedekind. As before, let J =
(2,1+ +/=3) and let M be the R-module:

M=R/2)®R/J
Now if we let N be the R-module,
N=R/J®R/J

then, on calculating the Fitting Ideals of M and N using the direct sum formula,

equation (2.1), we obtain:
(0) # Fo(M) = (2)J = J* = Fo(N) and Fi(M) = (2) + J = J = Fi(N)

Thus, M and N are torsion R-modules with the same R-Fitting Invariants, however,
they are not isomorphic as R-modules. In fact they are not even isomorphic as Z-
modules. If we let J,, denote the ring of integers modulo n, then we find that as

Z-modules
(R/J)z = I,
under the Z-module homomorphism:

a+bvV—-3 — a— b(mod 2)

and

(R/(2)z =120 J,

under the Z-module homomorphism:
a+ bv—3+— (a(mod 2), b(mod 2))
Hence as Z-modules,

(M)z=Jad I Jz and (N)z =2 Jo Js
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which are non-isomorphic Z-modules. So, M and N cannot be isomorphic as R-
modules and the Fitting Ideals of torsion modules in non-Dedekind rings do not
determine the module structure. However, note that in this example, the Fitting
machinery is still useful. Firstly, we have a relationship between M and N as R-
modules, in terms of equal Fitting Invariants. Secondly, we have a relationship
between them as Z-modules or Abelian Groups, which again can be expressed in
terms of Fitting Invariants; here the Fitting Invariants are not equal so they tell us M
and N are different as Abelian Groups. In general, we may have two non-isomorphic
R-modules with the same R-Fitting Invariants and try to find some subring S of R,

such that the S- Fitting Ideals are not equal.

3.5 Unique Factorisation Domains (UFDs)

We saw in section 3.4 that for torsion modules over the ring Z[\/—3], which is not
a UFD, the Fitting Ideals do not determine the module structure. Indeed even for
torsion modules over UFDs we still cannot use the Fitting Invariants to tell us about

the module structure as the following counter-example shows.
Example 3.6 Let R be the polynomial ring R = Z[t] over the indeterminate ¢. Let
I =(2,t) and J = (4,t?) be R-ideals. Further, let
M =R/I®R/J
N =R/I®R/I?
be torsion R-modules. Then, calculating Fitting Invariants we obtain:

(0) # Fo(My=1J=I*=Fy(N) and Fi(M) =I+J =I1=1+1I>= F(N)

Thus, M and N are E-torsion modules with the same R-Fitting Invariants. However,
we will show that they are not isomorphic as R-modules. A presentation matrix for

M with respect to generators {e;, e} is:

2 0

t 0
A=

0 4

S
o~
[\e]
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and a presentation matrix for N with respect to generators {f1, f2} is:

(2 0)

t 0
B=10 4
0 2t

\0 ¢

Suppose for a contradiction that in fact M is isomorphic to IV as R-modules. Then

there exists an R-isomorphism ¢ : N — M, such that:
¢(rfi+ sfa) = ey for some r,s € R

Thus:
0= ¢(2t[1‘f1 + ng]) = 2t€2

and the hence row (0,2t) is a row relation for M with respect to generators {e;, ez}
and therefore must be an R-linear combination of the rows of A. But, 2t ¢ (4,¢2) so
we have our contradiction and no such isomorphism can exist. So we see that there
exist torsion modules over UFDs where the Fitting information does not determine

what the underlying module is.



Chapter 4

Modules over Group Rings

In this chapter we turn our attention to the group ring A = ZG, where G is a cyclic
group of order p*. We wish to calculate the Fitting Invariants of all A-lattices, M.
Each such M is a direct sum of indecomposable A-lattices so we do this by calculating
the Fitting Invariants of each such indecomposable. Once we have calculated the
Fitting Ideals of the indecomposables we will investigate how useful they are in
telling us about the underlying structure of the A-lattices. In fact in the case k = 1,
we prove in Theorem 4.2 that the Fitting Ideals uniquely determine the structure

of A-lattices. We first define what we mean by a lattice.

Definition 4.1 Let R be a commutative ring with a 1. Then an R-lattice is a
finitely generated projective R-module. In the commutative group ring RG an RG-

lattice is an RG-module whose underlying R-module is an R-lattice.

Note that if R is a Dedekind ring then a module is an R-lattice if and only if
it is a finitely generated torsion-free module. In fact if we allow Z-torsion modules
then there are infinitely many non;isomorphic indecomposable ZG-modules. Of
course in the case G = {1} non-isomorphic modules are determined by the Fitting
Ideals (see Theorem 3.1) but this seems unlikely to be true for more general G. So
we will study A-modules which are torsion-free as Z-modules, in cases where there
are only finitely many indecomposables. We know from Theorem 2.5 that the local

Fitting Invariants will determine the global Fitting Invariants in this case. So we will

43
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work locally over the ring A, = Z,C,. Now, the Krull-Schmidt-Azumaya (KSA)
Theorem (see (3], page 128), tells us that every Ap-lattice can be written as a sum of
indecomposable A,-lattices, so we will study the indecomposable A,-lattices. In fact
M is an indecomposable A-lattice if and only if M, is an indecomposable A,-lattice,
so global indecomposables are equivalent to local indecomposables. Indeed, once we
have determined M, this determines M,, for ¢ an integer prime not equal to p. So
we only need consider localising at the integer prime p.

Throughout let wy be a primitive p*-th root of unity and ®,(X) denote the
cyclotomic polynomial of order p* over the indeterminate X. We first consider the

indecomposables when k£ = 1 and we are working in the group ring Z,C,.

4.1 Fitting Invariants of Z,C, - lattices

In this section let A = ZC), and let C, =< z >. We know from [4] and [15] that

every 'indecompdsable A,-lattice is isomorphic to one of the following:
1. Zp[wl];
2. Zyp;

3. the non-split extensions of Z,[w,| over Z,. In fact it can be shown that these

are all isomorphic to Z,C),
We can easily calculate Fitting Invariants of these indecomposables.
L. Zplwi] = Ap/®p(2)Ap, s0 féxp(zp[wl]) = (®,(2))Ap and ftAP(ZP[wl]) = Ay, for
t>0;

2. Z, = A,/(z = 1)A,, s0 Fo?(Z,) = (z — 1)A, and F;*(Z,) = A, for t > 0;

3. A, = Z,C,, so Fo?(A,) = (0) and F;*(A,) = A, for ¢t > 0.
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We see that each indecomposable A,-lattice is either an indecomposable cyclic mod-
ule or the whole ring. Thus, each finitely generated A,-lattice, M, can be written

as a sum of cyclic modules:

M = (Ap/(2(2)) & (Ap/(2 — 1))* & (Ap/(0))°
for some a,b,c € NU {0}. We now prove the Fitting Ideals uniquely determine the

lattice.

Theorem 4.2 The Fitting Ideals of a finitely generated A, = Z,Cp-lattice uniquely
determine the lattice.

Proof:

First note that we can generalise the direct sum formula (see Theorem 2.1) to:

FM@ - @M)= Y  Fu(M).. Fn(M,) (4.1)

ni+-+4nr=t

for modules M; and where t > 0 and n; > 0, for i = 1,...,r. Let | = Ly, (M).

Then, for t = a + b + ¢ we see from equation (4.1) that:
F? (M) 2 Fir((Ap/ (@y(2)))F, " (Ap/ (2 = 1)) FLo((A5/(0))) = Ay

If t < a+ b+ c then F'*(M) contains the zero ideal (since (z — 1)®,(z) = 0), or

non-zero ideals strictly contained in A,. Thus,
l=a+b+c

Next, let the s-th Fitting Ideal be the first non-zero Fitting Ideal, i.e. (0) # Fir (M).
Then using (4.1) again, we see that if ¢ = ¢ + min(a, b) then

FiP(M) 2 Fpb oy () (25(2)))° @ (Ap/(z = 1)) 22 ((Ap/ (0))%)

which is a non-zero ideal. For ¢t < ¢ + min(a,b), .7-'{\ ?(M) contains only zero ideals.

Hence:
s = ¢ + min(a, b)
Then:
(®,(2))° fora>1b
Fi (M) = (z—1)° fora < b

(@,(2))%, (2= 1)*) fora=b
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If o = b then F.?(M) determines a and we know ¢ = s — a. Now suppose a > b so

fé"’(M) determines a. Then using (4.1) we find that:
Fetamt (M) = (B5(2)""

and

FotaM) = ((25(2))", (= — 1)")

so we can determine ¢ and b. We can do a similar thing for a < b.
a
In the next section we will see what the Fitting Invariants tell us when G is a

cyclic group of order p?.

4.2 Z,C, - lattices

Now let A = ZCp2. From the work of Heller and Reiner {7] we know we can classify
all indecompoable ZC,: - lattices. Let us denote by (A, B) the non-split extensions
of A over B as Ajp-modules. Then, working locally there are exacly 4p 4+ 1 non-

isomorphic indecompbsable Ap-lattices as follows (see [3], page 736):
1. Zyp, Zp{w1), Z,Cy, Lplwsa);
2. The indecomposable lattices in:
(Zp|w-), Zp) 1 indecomposable here;

(Zp|w2), Z,Cp) p indecomposables here;

(Zplws], Zplw1]) p — 1 indecomposables here.

3. The indecomposable lattices in:

(Zplws), Z, ® Z,Cp) p — 2 indecomposables here;

(Zp|wa), Zp, ® Zpy[w1]) p— 1 indecomposables here.
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The Fitting Ideals of the lattices in 1. are straightforward to calculate as they are
just Fitting Ideals of cyclic modules. In order to illustrate the type of techniques
used, we will only consider how to calculate Fitting Ideals for the indecomposable
lattices in (Zy|wo), Zy), (Zp(w2], Z,Cp) and (Zp|ws], Z, & Z,Cp). The Fitting Ideals
of the remaining indecomposable lattices in 2. and 3. can then be calculated using

similar methods. Now, let C2 =< z > and C, =< z >. We first consider:

Indecomposable Aj-lattices in (Z,[w:], Z,)

The following sequence, Ej, is a non-split exact sequence:
01 92
Zy, — ZyChp2 /[N — Zpws)]
where N is the Ap-ideal, N = ((z — 1)®p2(x)) and
01(m) = m®p2(z) + NV m € Zy, and 65(f(z) + N) = f(ws) V f(z) € Z,Cp2

In fact every non-split extensions of Z,[w,] over Z, is isomorphic to Z,C,: /N, so we
have found the unique indecomposable up to isomorphism.

We next consider:

Indecomposable Aj-lattices in (Z,[w.], Z,C))

Consider the following non-split short exact sequence, Es:

2,Cp 25 2, 22 Ty

where

B1(f(2)) = F(2)Bp (@) ¥ £(2) € 2,Cp and 1(g(z)) = g(w2) V 9(x) € Z,C,o

Before we classify the non-split extensions of Z,[w;] over Z,C, we first prove a

lemma.

" Lemma 4.3

EXt}\p (Zplwa), ZyCp) = Zpwo]/ (1 — woP) Zp|ws)]
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Proof:

From our non-split exact sequence, F», we obtain a long exact sequence:

Homy (Zy|w,], Z,Cp) —> Homp, (Zy|ws), ZpCh2) e Hompy, (Zy|ws), Zp[wa])

5 Ext) (Zy[wa], Z,Cp) — Bxt) (Zylwa], Z,Cp2) — -+ -
where (1)), is the composite map induced by 1), such that:
(2)«(@) = 2 0 V oo € Homp, (Zp|ws), ZpCp2)

Now, since A, = Z,Cy2 is a Gorenstein order (see {3], pages 778-779) A, is weakly
injective, so Ext}\p(N, Ap) = 0 for every Ap-lattice N. Then take N = Zy[w,] to
obtain Ext}\p(ZP[wg], Z,Cp2) = 0. Hence,

Homy, (Zy|ws), Zp|ws]) /ker 6 = Ext}\p(Zp[m], Z,Cp)

If we denote by ¢ the isomorphism which identifies Homp, (Zp[w;], Zp[w,]) with
Zy|ws), then we claim that ker§ = ¢! ((1 — wyP)Zy|w2]).

Well, suppose that g = (1 — wo?)g(ws2) € (1 — woP)Zy[w,] for some g(z) € Z,C)pe.
Define o € Homy, (Zp[ws], Z,Cp2) such that

a(f(wz)) = (1 — zP)g(z) f(z) for some f(z) € Z,C)p2

Now « is well defined since if we have f(w;) = h(ws) for some h(z) € Z,Cpe, then

we must have ®,2(z) | f(z) — h(z). This tells us that:
a(f(w2)) = (1 — 2P)g(z)[h(z) + Pp2(z)k(z)] for some k(z) € ZpCpe
so we obtain:
a(f(w2)) = (1 — 2?)g(z)h(z) = a(h(ws))
If we denote by [t the map left multiplication by p then:

i(f(wa)) = (1 — woP)g(wz) f(w2) = 2 0 a(f(w2)) = ((1h2)+(@))(f (w2))

or in other words,

i € Im (), = ker § = ¢~ ((1 — woP)Zp|w,]) C ker§
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For the reverse inclusion suppose v € ker§ = Im (v5)., so we can write y = 9500

for some 8 € Homy,(Zy|w;), ZyCp2). Now

0= ﬂ(q)pz(w2)) = ﬁ((l)p?(x)l) = (I)pz(l')ﬂ(l)

Suppose we write
p?-1
= Z b;x* for some b; € Z
i=0

Then:

p—1 p?—1 p—1
(Z a:”i) (Z bla:i) =0= pri+r =0forr=0,1,..,p—1
i=0

1=0 =0

So we can write

p—2
bpir (1 — PP~ D)aP*7 = 1 — 2P | B(1) = B(1) = h(z)(1 ~ 2”)
1=0

"d
,_.

Il
=)

r

for some h(z) € Z,C)p. Then

¢(7) = v(1) = (¥208)(1) = h(w2)(1-ws’) € (1-wa")Zy[wo] = ¢(kerd) C (1—wsP)Zp|w,]

and thus we have kerd C ¢~ !((1 — wyP)Z,[w]) and our claim is true.
Hence, we have shown there exists a one-one correspondence between ker ¢ and

(1 — waP)Zp|wo] so we must have
Zp|wa]/ (1 — we)Zplwo] = Hom (Zy[ws], Zplwa]) /ker § = Exty (Zylw), Z,Cy)

as required.

We will now classify all non-split extensions of Z,[w,] over Z,C,.

Theorem 4.4 The indecomposable non-split extensions of Z,[ws] over Z,C, are

isomorphic to the Z,C,:-ideals:
I, = (®p2(2),(x = 1)")Z,Cp2 for r =0,1,...,p— 1.

Proof:
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Let K = (1 — wqP)Z,[ws] be a Zy|ws]-ideal and J = (1 — wy)Z,[w:] be the unique

maximal ideal in Z,[w;]. From Lemma 4.3 we know that
EXt}\,, (Zplwa), ZyCp) = Zpwo) /K

so we can identify the non-split extension class (Z,Cy2] with 1 + K € Z,[w,]/K.

Since (1—ws)" ¢ K for 0 < r < p—1, any non-zero element of Ext}\p(Zp[wz], Z,Cp)
can be identified with the element (1 — wy)"u+ K for some u € Z,[w,] \ J. Suppose
P is a non-split extension of Z,[w,] over Z,C, such that we can identify [P] with
the element (1 — w,)" + K. Suppose @ is another non-split extension of Z,[w,] over
Z,Cp such that we identify [Q] with the element (1 — ws)"u + K. Then we claim
that [P] = [@Q]. We start with our short exact sequence E»:

Z,Cp — Z,Cot 22 T [uwn)

Then we can form succesive pullbacks P} and Q) as in the following commutative

diagram:

r

l ! Js

Z, — P —— Lw)

l | s

Z, — Z,Cpr —22 Z[ws)]

Zp — Q’ —_— ZP[WQ]

where 3, = (1—w,)" and 4 and B, denote left multiplication by u and 8, respectively.
Now, u € Zp[w,] \ J which tells us that u € U(Zp|ws]). Thus, @ is an isomorphism

and Q. and P, must be equivalent extensions so we have [(Q).] = [P/]. But, since
[@7] = [Q) and [P]] = [P] = [P] = [@]

as required. Hence, P = (), and the non-isomorphic non-split extensions of Z,|ws]

over Z,C, can be identified with the following elements of Z,[w,|/K:
ar =(1—wy)" + K forr=0,1,...,p—1

We wish to find the corresponding Z,Cp.-modules. Now, each a, comes from a

pullback

P = {(f(w2), 9(®)) | f(w2)(1 — wp)" = glwn) where f(ws) € Zylwn), 9(x) € Z,Co}
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Let us define a map 7 : P/ — Z,C)2 by

7(f(we), 9(x)) = g(z)

Then 7 is a ZyCp2-module homomorphism. Note that

9(z) = 0= g(wz) = 0= f(w2)(1 — w2)" = flwsz) =0
so 7 is injective. Suppose now that g(z) € Im 7 then we must have
Flwo)(1-wp)" = g(wz) = Pp2(z) | 9(2) = (1-2)"f(2) = Pp2(2)l(2) = g(2)—(1-2)"f(2)
for some I(z) € Z,Cp2. Hence, we see that

g(z) € I, = (®,2(z),(1 — 2)")Z,Cp2o = Im 7 C I,

It is easy to show that I, C Im 7 and so we see that:
Pl 1, = (B(z), (1 - 2))Z,Cpe
Note that I, 2 I, for r # s so we have calculated a set of p non-isomorphic inde-

composable non-split extensions of Z,|ws| over Z,C.

We lastly consider in this section:

Indecomposable A,-lattices in (Z,[w:], Z, ® Z,C,)

Consider the following non-split exact sequence, Fs:
Zy ® Z,Cp 25 Ly ® ZyClpp —= Zp[wo]

where
m(m, f(2)) = (m, f(2)@p2(z)) and 72(n, 9(z)) = g(w2)
V. m,n € Zy, f(z) € Z,Cp, g(z) € Z,Cp2. From E3 we obtain a long exact sequence
Homy, (Zy(ws), Z, ® Z,Cp) — Homy,(Zy @ ZpCh2, Z, ® Z,Ch)

(77_1); HomAp (Zp ® ZPCP’ ZP ® ZPCP) _6'} Ethl\p (Zp[w2]’ Zp ® ZPCP)

— EXt}\p (Zp & Zpsza Zp S ZPCP) —>
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*

where (77;)* is the composite map induced by 7, such that:

(m)"(a) = aom Vo€ Homy (Z, ® Z,Cp, L, ® Z,Cp)

We wish to consider the elements of Ext}\p (Zplws), Zy & Z,Cp). Well if o is some

element in Homy,(Z,®Z,C)2, Z, ®Z,C,) then a must be represented by the matrix:
a bépz
f(2)p(2) g(2)7
for some a,b € Zy, f(z),9(2) € Z,Cp. Here, ¢,2 is the augmentation map given by:

62 h(z) > h(1) ¥ h(z) € Z,C)

and 7 is the map:

7 h(z) = h(2)

Now we know that 7, is represented by the matrix:

1 0
0 (I)pz (.’I}) '
and therefore (1,)*(a) = a o, is represented by the matrix:

a bepe 1 0 _ a bep2@pe(z) | ( a bp
f(2)@p(2) g(2)7] \O ®p2(z) f(2)®p(2) g(2)7®p2(x) f(2)®(2) g(2)p

since ®,2(1) = p and ®p2(2) = ®,(2”) = p. Hence,

‘ 0 d+(p)
Hom,, (Zy © Z,Cy, Zp @ ZipyCp) /Im 1} = | d € Zp, h(z) € Z,C,
0 h(z) + (p)

The non-split extensions correspond to the non-zero elements of Ext}\p(Zp[wg], Z,®

Z,C,) which can be represented by the matrix:

o)
C, =
0 (1-2z)

for 0 <r <p—1, where ¢, is the augmentation map given by:

& f(z) = f(1)V f(z) € Z,C,
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We can write the matrix in this way since if d ¢ (p) then d € U(Z,) and if g(z) € (p)

then we can write:
9(z) + (p) = (1 — 2)"u + (p) for some w € U(Z,C,) and 0 <r <p-—1.

Now, if we denote by v, : Z, ® Z,C, — Z, ® Z,C), the map which is multiplication
on the left by C;, then each non-zero element of Exty (Zy|ws], Z, & Z,C,) can be

represented as a pushout or fibre sum of the exact sequence F5 as follows:

Zp ® Z,Cp —2 Ly ® ZyCpro —— ZLp|ws)]
| | |
Z,®Z,C, —— P, — Zy[ws]
where P, denotes the pushout of n; and +,. If r = 0 then P, gives the decomposable
non-split extension, Z,® Z,Cp2. If r = p—1 then F,_; gives the decomposable non-
split extension, Z,C,®Z,C,2/N. In fact for 1 < r < p—2 we obtain indecomposable
non-split extensions as required. |

From our work above we obtain a theorem:

Theorem 4.5 There are precisely p — 2 non-split indecomposable Ap-lattices which
arise from the non-split extensions of Z,|ws] over Z, ® Z,C,. These are given by the

pushouts P,, as above, for 1 <r <p - 2.

4.3 Fitting Invariants of Z,C, - lattices

We now come to calculate the Fitting Invariants of the indecomposable non-split

extensions discussed in section 4.2.

Indecomposable A,-lattices in (Z,[wo], Z;)

We know that any such non-split extension is isomorphic to the cyclic module,

Z,Cy2/N. Hence, calculating the Fitting Ideals we simply obtain:

Fo(Z,Cpp /N) = ((z —1)®,(z))A,
F)*(2,Cp2/N) = A, for t > 1
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Indecomposable A,-lattices in (Z,[w:], Z,C))

We know from Theorem 4.4 that any such extensions are isomorphic to the
Zy,Cpe-ideals:
I = (Pp2(z), (z — 1)7)A,

for r =0,1,...,p — 1. Well, we claim that a presentation matrix for I, as a ZCjz-

o ((z—w —<1>pz<x>)
(z-1) 0

with respect to the generating set {®,2(z), (z —1)"}, for 1 <r < p—1. Indeed, the

module is:

rows of A, are row relations for this generating set. Suppose now that we have a

relation
f(@)@p2(z) + g(z)(z - 1)" =0

with repect to this generating set, for some f(z), g(z) € Z,Cp2. Then for A, to be
a presentation matrix we need to show that the row vector (f(z), g(x)) is a Z,Cpe-
linear combination of the rows of A,. Now, working in the ring Z,[X], where X is

an indeterminate, we must have:
X7 — 1| f(X)®p(X) + g(X)(X — 1)
and thus
(X = D)Bp(X)®pe (X)1(X) = f(X)Pp2(X) + g(X)(X — 1)
for some h(X) € Z,[X]. Therefore
X — 1] f(X) and ®,2(X) | 9(X)

thus
f(X) = ilX)(X - 1) and g(X) = g1(X)Pp2(X)

for some f1(X), g1(X) € Z,[X]. Hence

@, (X)A(X) = Ai(X) + pu(X)(X — 1)
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This tells us that:

—g1(X)((X = 1)7, =@ (X)) + M(X)((X" - 1),0)
= (X)X = 1)" + h(X)(X? — 1), 6:1(X) 22 (X))
= (h(X)(X - 1), 1(X)®p (X))
= (f(X),9(X))

Hence, we have shown any relation for this generating set is a Z,[X]-linear combi-
nation and thus a Z,Cp2-linear combination of the rows of A,, and we conclude A,
is indeed a presentation matrix for I, for 1 < r < p — 1. When r = 0, we have

Iy = A,. Then, calculating the Fitting Invariants we obtain:

For (L) = (0)A,
FL) = (Bp(z), (z—1),2° — 1A,
.FtA”(IT) = Apfort>2.

for0<r<p-1.

Indecomposable Aj-lattices in (Z,[ws], Zy ® Z,;C'p)

We know from Theorem 4.5 that any such extension is in fact a pushout P, for

r=1,...,p— 2. Now P, can be written in the form P, = M/L where

M = Z,02,C, ®Zy® Z,Chp

L = {(n(m, f(2)), —=m(m, f(2))) V (m, f(2)) € Zp, ® Z,Cy}

Now a presentation matrix for M as a Z,C2-module is:

z—1 0 0 O
0 zF-1 0 O
0 0 z—1 0

Also we have:

L = {(f(l)’f(z)(l - Z)T’O’O) - (0>0’m’ f(x)(I)PQ(‘T))}
= {f(2)(1,(1 - 2)",0,-P,2(x)) —m(0,0,1,0)}
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Hence a presentation matrix for P, = M/L is:

(t-1 0 0 0 )
0 P -1 0 0 z -1 0 0
0 0 z—1 0 ~ 0 zF -1 0
I (I-2z) 0 —®,(x) I (1-z) —®p(z)

\ 0 0 1 0

We then calculate the Fitting Ideals to be:

Fo'(P) = (0)A,

F(P) = (2= 1)(®p(a), B2 (2), (=~ 1)7)A,

F*(P) = Apfort>2.
Note that:

F¥2(Po) = F7(Zp ® L,Ci)
and since we can write:
(X — 171 = @,(X) + Py (X)H(X) + (XP — 1)g(X)
for some h(X), g(X) € Z,[X] then:
F?(Po-1) = F#(2,Cp & ZyC2 /N)

for all integers s > 0, as we would expect. We want to investigate whether the
Fitting Ideals do in fact determine the ZG-lattices in the case k = 2. Well, we can
consider calculating Fitting Ideals of certain combinations of indecomposables. For
example, let us consider the decomposable module Z, @ I,_;. On calculating its

Fitting Ideals we obtain:

]—‘é\"(ZP o Ip—l) = (O)AP

]—"{\”(ZP ®IL_1) = (r—1)(Pp(z),(z— 1)1 2P —1)A, = (z — 1)(®,(z), p2(z))A,
F Ly ®I,_y) = (z—1,8,(x))A, = (p, (z — 1))A,

If we now compare these Fitting Ideals with those of the decomposable module

Z,Cp ® Z,Cp2/N (which has the same Z,-rank as Z, @ I,_1, namely p* + 1) we see
that:

FM (L, ® I,_1) = FM(Z,Cp ® Z,Cp2 /N)
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for s = 0, 1, but equality breaks down for s = 2. Further research has failed to find

two non-isomorphic Ap-lattices M, and M, such that:
Fir(My) = Flo(Mp)

for all values of s > 0. Therefore, it is possible that the Fitting Invariants do in
fact determine the indecomposable ZG-lattices when G is a cyclic group of order p?.
However, it is difficult to prove that this is indeed the case.

When G is a cyclic group of order p*, for k¥ > 2, a complete classification of all
indecomposable A = ZG-lattices is not possible, in fact there are infinitely many
non-isomorphic indecomposable ZG-lattices (see [8]). Similarly, Heller and Reiner
in [7] show that for G an arbitrary finite group containing a non-cyclic p-Sylow
subgroup, for some integer prime p, then the indecomposable ZG-lattices are also of
infinite representation type. In these cases we may be able to obtain some partial
results and obtain Fitting Invariants which are useful in telling us some information
about the underlying ZG-lattices, but not the whole picture. However, we leave this

area of research for future consideration.



Chapter 5

Fitting Invariants over

Non-Commutative Rings

In the first four chapters we have defined Fitting Ideals for modules over commu-
tative rihgs and considered various properties of Fitting Ideals in the commutative
case. We will now generalise this to construct a useful definition of Fitting Invariants
for modules over certain non-commutative rings, and to extend some of our earlier
results. In this chapter we first review what has been done to date in the non-
commutative case and construct Fitting Invariants for modules over matrix rings,
where the underlying ring is commutative. The main part of this chapter will deal
with a construction of Fitting Invariants for modules over hereditary orders by con-
sidering the effect of maximal orders and projectives in the hereditary order. This
will enable us to prove the main result of this chapter, Corollary 5.24, that this set
of invariants will enable us to completely determine the isomorphism class of torsion

modules over hereditary orders.

5.1 Review of work to date

The literature to date shows that little has been written about Fitting Ideals for
modules over non-commutative rings. Some work has been done by Susperregui
in [19] who constructs Fitting Invariants for modules over skewcommutative graded

rings and rings of differential operators satisfying the left Ore condition. In these

58
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two cases a concept of determinant can be defined and hence a definition of determi-
nantal ideals given. In the work in [20] Susperregui constructs Fitting Invariants for
modules over anticommutative graded rings, where a reasonable definition of deter-
minant is given in terms of the exterior algébra of the anticommutative graded ring.
Fitting Invariants are then derived witﬁ respect to a particular set of homogenous
generators. Other than this little has been done in the non-commutative case.

We first turn our attention to the case of modules over the matrix ring M, (R),

where the underlying ring, R, is Noetherian and commutative.

5.2 Matrix Rings over Commutative Rings

Let R be a Noetherian commutative ring with a 1 and let A = M, (R) denote the
ring of n X n matrices over R. Suppose that AN is a finitely generated left A-
module. We will’construct Fitting Invariants for ,/N. Our problem is that here A is
a non-commutative ring so we need a notion of determinant to obtain determinantal
ideals. To do this we first notice that there is an equivalence of categories between
the category of all finitely generated left R-modules, rkMod and the category of all
finitely generated left A-modules Mod, via the Morita map, M. We have:

M : pMod — Mod via M(M)=R"®Qr M

where M is a finitely generated left R-module. As this Morita map defines an

equivalence of categories there is an inverse map, N, where:
N: AMod —r Mod via  N(N)=Homy(R",N)

and in fact N (V) is a finitely generated left R-module. We now ask given a presen-
tation matrix for N as a A-module, what is the presentation matrix for A'(N) as an

R-module?” We have the following lemma:

Lemma 5.1 Suppose that N has a presentation matrix B = (B; ;) for some B, ; €
M,(R),fori=1,...,mand j=1,...,g. Then B = (bk,) is a presentation matrix
for N(N), where we write B;; = (bxy) for k =n(i — 1) +u,l =n(j — 1) + v and
u,v=1,...,n and by; € R. We refer to B e Mmnxgn(R) as the unbozed matrix of
B € Mpmyg(A).
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Before we prove this lemma we illustrate what it is saying in the case m = g = 2.

Example 5.2 Suppose m = g = 2 and B = (B;;) is a presentation matrix for N.

Now we can write B as:

( b11 b12 b13 b14 \

b21 b22 b23 b24

bs1 b2 bas  boy
\ byr  ba bas by }

and hence the unboxed matrix is simply:

bll b12 b13 b14

b21 b22 b23 b24

ol
1

b31 b32 b33 b34

b41 b42 b43 b44

which is a presentation matrix for A'(N).

Proof: (of Lemma 5.1)

Suppose B is a presentation matrix for N with respect to a generating set {é,}.
Let v € N(N) = Homys(R", N) and let y, be the n-column vector with a 1 in the

u-th row and zeroes elsewhere. Then, v is determined by

g
T =) Ajé;
i=1

for some A; € A. Let E, , denote the n x n matrix with a 1 in the (u,v)-th position
and zeroes elsewhere. Then, we can write

g
VY2 = vE2 191 = Enivpn = Z(QT,ET,QT, ~5,00Te,

=1
where a; denotes the first row of A;. But,

g

Yy = Era7ye = Er 2B 17y = Z(ﬂT,QTv e ’QT)TéJ'
j=1

and so we see that v is determined by the first rows of each of the A;.
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Now, M (N) has ng generators as an R-module, namely {fj,w} forw=1,...,n,

where fAj,wyl = E)14€;. Let by denote the w-th row of B; ;. Then

9 9 9
Z_Z,_ Fitr - Fin)T Z (bl " L0078 = By ZBi,jéj =0

j=1
since the i-th row of B is a coefficient vector of a relation for N with respect to the
generating set {&;}. Hence, the row vector b}/ is a coefficient vector of a relation for
N (N) with respect to the generating set { fj,w}. That is, every row of the unboxed
matrix B = (bk,) is the coeflicient vector of a relation for N'(N). It remains to show
that any relation for A'(IN) with respect to the generating set { fj,w} is an R-linear
combination of the rows of B.
Well, suppose that we have a relation
9 =n

2.2 ufiw=0

j=1 w=1
for N(N) as an R-module, for some ¢;,, € R. Then

g n [ n g
SN ciwfiwnn =Y ciwBrué; =Y (7,07 ...,0M)Tg =0

7j=1 w=1 i=1 w=1 =1

where ¢; = (¢j1, ..., Cjn). If we let Cj = (¢;7,07,...,0")T € M,(R) then we have

the relation:
9
3t -
i=1
Now, since B is a presentation matrix the row vector (Cj, ..., C,) must be a A-linear

combination of the rows of B. So,

which tells us that:
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for some xx € R and where b is the k-th row of the unboxed matrix, B. Hence, we

have shown every row relation for A'(N) is an R-linear combination of the rows of

B and thus the unboxed matrix B is indeed a presentation matrix for N'(N) as an
R-module.

O

Now let I' be a Noetherian ring such that we have a representation, p: I' —

A = M,(R). Let r M be a finitely generated left I'-module with presentation matrix

A € Myp»y(T"). Then by extending the scalars we can make M into the left A-module

A ®,pry M. Then, since p(A) is a presentation matrix for A ®,ry M, Lemma 5.1

tells us that the unboxed matrix p(A) is a presentation matrix for the left R-module

N (A ®,yry M). This leads us to define a set of Fitting Invariants as follows:

Definition 5.3 The s-th Fitting Invariant of - M with respect to p is defined to be:

Fsp(M) = Ign—s(p(A))
From this definition we deduce that F?(M) does not depend on A, i.e. it is
independent of the particular generating set used for r M. For, if C € Mp(T) is

another presentation matrix for p M then Definition 1.4 tells us that:

o~

Im—s(p(A)) = FEWN(A ®yry M)) = Inn_s(p(C))

Note that in the special case I' = A we just take p to be the identity map, Id, and
the s-th Fitting Invariant of A M is simply F1A (M) = I,,_,(A).

However, as it stands the invariants derived from Definition 5.3 are in general
quite crude. The invariants F?(M) will in fact determine the structure of a torsion
module, M in the special case I' = A and R a Dedekind ring. But for more general
cases, for example where I is a hereditary order spanning A (see section 5.3), these
invariants will only provide us with partial information about the structure of torsion

modules. We will show how we can construct a finer set of invariants in the next

section for modules over Hereditary Orders.
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5.3 Hereditary Orders

We start this section with a definition and short discussion about hereditary rings.

Definition 5.4 A ring S with a 1 is (left) hereditary if every (left) ideal of S is a
projective S-module.
We use the term left hereditary here as there exist examples of rings which are

left hereditary but not right hereditary. For example, the ring

a 0
S = |a€Z,bc,eQ
b ¢

is left but not right hereditary (see [18]). However, it can be shown that if S is
a left and right Noetherian ring then S is left hereditary if and only if S is right
hereditary. From now on we will only be concerned with rings which are both left

and right hereditary which we will just refer to as hereditary rings.

Example 5.5 Every Dedekind domain is a hereditary ring. Indeed Dedekind do-
mains are precisely hereditary integral domains.
O
In fact hereditary rings are precisely those rings where submodules of free mod-
ules are projective. This last fact enables us to find a structure theorem for sub-
modules of free S-modules, where S is hereditary. This structure theorem extends
the classical structure theorem for modules over PIDs (since PIDs are hereditary).
We now say what we mean by an order. Let R be a Noetherian integral domain
and K its field of fractions. Let A be a finite dimensional K-algebra. Then we first '
define:

Definition 5.6 For any finite dimensional K-space, V, a full R-lattice in V is a
finitely generated R-submodule, M in V, such that K.M =V.

By an order we mean:

Definition 5.7 The ring S is an R-order in the K-algebra A if it is a subring of A
such that S is a full R-lattice in A, i.e. K.S = A.

Examples of R-orders are:
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Example 5.8 Let A = M,(K) and S = M, (R) then S is an R-order in A.

O

Example 5.9 Let R be a Dedekind domain and let L be a finite separable extension
of K. If S denotes the integral closure of R in L, then S is an R-order in L.
| O

Example 5.10 Let G be a finite group and let A = KG be its group algebra. Then
the group ring S = RG is an R-order in A.

O

We now present a structure theorem for finitely generated modules over heredi-

tary orders due to Drozd [5].

Theorem 5.11 Let S be a hereditary R-order in A and M a finitely generated

left S-module. Then we have:

k
sM = @coker fi
i=1

where for each ¢, f; is an S-homomorphism of indecomposable projective S-modules.
Proof:
See [5] Theorem 1.
O
We use this theorem in section 5.5 in order to construct our Fitting Invariants

for modules over hereditary orders.

5.4 Hereditary Orders in central simple division
algebras

The problem of determining the structure of hereditary orders can be reduced to
the study of hereditary orders in division algebras over local fields. By a local
field we mean a complete discrete valuation field with finite residue field. Let R

be a Dedekind ring with quotient field K. Suppose S is a hereditary R-order in a
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separable finite dimensional K-algebra, A. Then we can write 4 as the sum of its

Wedderburn components. That is:

where each Wedderburn component, A;, is a central simple algebra over its centre
K;. So we can write A; = M, (D;) for some division algebra, D;, over K; and where
the integer m; is such that (4; : K;) = m?(D; : K;).

If we let {e;} denote the corresponding idempotents of {A;} then we can write

the hereditary order S as:
t
S = @ S €;
i=1

where each Se; is a hereditary R-order in A;. Thus, we have reduced to the case
of hereditary R-orders in central simple algebras over K;. Furthermore, if R is a
complete discrete valuation ring (dvr) then the above remains true whenever A is a
semisimple K-algebra, whether or not separable over K.

We now reduce further to the local case. Let P range over all the maximal ideals
of R and let Rp denote localisation at P. Then the local ring, Sp, is a hereditary

Rp-order in A and we can write:

S=()Sp
P

Thus, we need only consider hereditary orders in central simple algebras over local
fields. So, from now on we will work locally and we will let R be a complete dvr
with quotient field, K. We can now obtain a structure theorem for hereditary orders
in this reduced case. In fact, it can be shown that there exists a unique maximal
R-order in D which we denote by Ap. It turns out that Ap is the integral closure of
R in D and behaves very much like a dvr, except it is not necessarily commutative.
This fact allows us to describe hereditary orders in matrix rings as the following

theorem shows:

Theorem 5.12 Let R be a complete dvr with quotient field K and D be a finite
dimensional division algebra over its centre, K. Denote by Ap the integral closure of

R in D and let P =rad Ap, which is generated by some prime element 7. Suppose
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A = M,(D) and that S is a hereditary R-order in A, then there is an isomorphism

such that
(n1y...,nr)
(Ap) (P) - (P)
S= S(nl,m,ﬂr)(AD) =
(P)
(Ap) -+ -+ (Ap)

where the (¢, j)-th entry in Sin, . ».)(Ap) is the n; X n; matrix with entries in Ap for
¢ > j or P for i < j. Furthermore, the cycle (ny,...,n,) of type r are isomorphism
invariants of S(n,,...,)(Ap) up to cyclic permutation such that Z:;& Niy1 = t.

Proof:

See [16], Theorem 39.14, page 358.

O

From now on we identify S with S, n.)(Ap). We will call S principal if each
n;41 = w for some positive integer w. We wish to calculate Fitting Invariants for
finitely generated S-modules. The problem is that Ap may not be a commutative
ring. If it is commutative then we can use our construction for Fitting Invariants for
modules over matrix rings, as in section 5.2. However, if it is not commutative we
can overcome this problem by considering splitting fields for the division algebra,
D.

Suppose now that S is simply a hereditary R-order in a finite dimensional division
algebra D over K. We wish to embed D in a matrix ring over a commutative ring
by considering splitting fields of D. In fact (D : K) = n? for some n € N, and as we
are working locally, we can find a unique unramified extension, L over K of degree
n such that L is a splitting field for D (see [17], page 183). In other words, we can
find L such that:

L@k D= M,(L)

If we denote by Oy, the valuation ring of the field L then O} ®o¢, S is a hereditary
R = Og-order in M, (L). This is true since hereditary orders remain hereditary
under unramified extensions of the ground ring (for details see Janusz [10], Theorem
6). So in fact, when D is non-commutative, our strategy will be to work over the

ring O ®o, S which we know is a hereditary order in the matrix ring M,(L).
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We are now in a much stronger position to construct our Fitting Invariants.

5.5 Construction of Fitting Invariants

In this section we use the results of the previous section, in particular the structure
theorem of Drozd, Theorem 5.11, to construct Fitting Ideals. Let S denote the
hereditary R-order Sin,, . n,)(Ap) of type r. Then each indecomposable S-lattice,

indeed each indecomposable projective of S, is isomorphic to:
P; = (rad S)'[Ap]*

for some 7 = 0,1,...,7 — 1, where [Ap]* denotes the set of k-column vectors with

each entry in Ap. But,

(nl,...,nr)

(P) (P)
rad § = (A_D)
(Ap) (Ap) (P)

and hence,

()

[PI™
[Ap])™H

\ [2o]” )
i.e., each P; consists of the column vector which has the first Zizo n, entries lying

in P and the next )., | n, entries lying in Ap (where we set ng = 0). Note that

in a very natural way:
S = @ni-{-llji (51)

Now the structure theorem due to Drozd, Theorem 5.11, tells us that every finitely
generated S-module consists of direct summands of the form coker f where f is a

S-homomorphism of indecomposable S-lattices, i.e. f : P; — P; for some 1,j =
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0,1,...,7 — 1. But the map f must be just the map which is right multiplication
by some element of Ap, that is right multiplication by ur! for some v € U(Ap) and

for some integer [ > 0. So we write each f as:

{
! Pjﬂ)Pl

,J
Then coker f!; = P;/P;n!, is a quotient of projective modules, where if [ = 0 we
must have 7 < 5. Now let:
P,/Pjmt fori>j
P;/P;rE=t fori<j

Aij =
for integers k > 1. We obtain the following structure theorem for finitely generated

S-modules.

Theorem 5.13 If S is a hereditary R-order in M;(D) of type r, then every finitely
generated left S-module, M, can be written as a sum of quotients of projectives in

the form:

i k k
sM = @ai,in,j '

irjik

where vthe sum is over ¢, j and k, for 0 < 14,5 < r — 1, for some af’j € Nu {0}.

Therefore, we will calculate the Fitting Ideals of the quotient modules Af’j in
order to determine the Fitting Ideals of M. We will first of all consider what we
can say in the simplified case when D = F for some field E. In this situation S is a
hereditary R-order in M;(E). Then the integral closure of R in E, which we denote
by Ag, is of course a commutative ring. Thus, we are working ir; the hereditary R-
order S = Sy, .....n,)(Ag) which lies inside the matrix ring M;(Ag). If we denote by
p the inclusion map p: S — M,;(Ag), then Definition 5.3 tells us we can calculate

the s-th Fitting Ideal of A¥; to be:
k
F{ (A7)

We next calculate these Fitting Ideals explicitly. In order to do this we will find a
presentation matrix for the Af’ ; in S. It is instructive to initially consider the case

n; = 1, for all 4, i.e. when S is a principal hereditary R-order in M,(FE). Then a
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presentation matrix for the module Aﬁj (for ¢ > j) is given by B = (B;) € Myx1(S5),
where:
Ej+1,i+1 (Wk) fors=14+1
E; (1) foril<s<rands#i+1

B =

for 1 < s <r. Here E, ,(k) denotes the 7 x 7 matrix with & in the (u,v)-th position
and zeroes elsewhere, for 1 < u,v < r. We can see this is the case since the map

B .58 — S, represented by the matrix B, has
Im 8 =S5"B =PSB,
s=1

Now, we have:

i

‘ ‘o k
SBi1 = (0||0|P]7r|0||0)
s—1
SBy;= (0|---|0|Ps_1]0]---]0) fors#i+1

which tells us that:
Im B = (Py|++|Pie1|Pjw*|Piy1| - - - | Pr—1) = coker 8 = P,/ Pjn*

as required. For 7 < j we just replace 7* by 7*~! throughout.

The above analysis carries through to the case when S is a hereditary R-order
in M;(E), for some positive integer t. Again we initially assume that ¢ > j. Then,
the presentation matrix B = (B,) € M;x1(S), where S = S(n,, .. 1,)(Ag) and where
s=1,...,t. We have that:

B — Ejy141(Ck)  fors=3"_n,+1
Er11(Buww(1)) for s #30_gn, +1

Here C;, = diag(n*,0,...,0) and we write s in the form s = Zizo n, + w for

1 < w < nyy;. Then the map B : S* — S is represented by the matrix B and we

obtain:

Im 8= (mPo| - lniPi—1U)j7fk|Pi| e |P£'|ni+2Pi+1| e Proy)

-—

i1
which tells us that:
coker 8 = P;/P;m*
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as required. Again, for 7 < j we just replace 7% by 7*~1.

We can now calculate the Fitting Invariants of Aﬁ ; in terms of the presentation

matrix given above. We obtain:
f:(Af,j) = F2E(N(My(Ag) ®s Af])) =I,_4(B)

Hence, dropping the symbol p since it is just the inclusion map, calculating the

Fitting Ideals we obtain:

m*  fori>

.3 . .
71 fori < j

and

fs(Aﬁj) =Agfors>1

We know from Definition 5.3 that these Fitting Ideals are independent of the pre-
sentation matrix used for each A¥;. The AF; are cyclic modules and we just use
the simple presentation matrix B with one generator to calculate the Fitting Ideals.
Thus, the Fitting Ideals of some finitely generated left S-module ¢M can be calcu-
lated using the direct sum formula, equation (2.1), as a sum of the Fitting Ideals of
each of the cyclic modules. However, these Fitting Ideals do not in fact reveal too
much information about the underlying module structure, as the following example

shows:

Example 5.14 Let r = 2, then calculating Fitting Ideals of certain cyclic modules

we obtain:

Fo(AGo) = Fo(Al ) = Fo(A} ) = Fo(45,) ==

so we can see that the definition so far, even though it tells us some information,
does not allow us to distinguish between these four different cyclic modules.

O

In the next section we go one step further and refine our definition in order to

obtain more information about the underlying module structure.
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5.6 Fitting Invariants with respect to Maximal

Orders

If S is a hereditary R-order of the form S = S, . n.)(Ap) then S is contained
in precisely r maximal orders. If we denote these maximal orders by I';, for ¢ =
0,1,...,7 — 1, then in fact we can write S as the intersection of all maximal orders

containing it, i.e.
r—1
S = ﬂ Fi
i=0

If we take S to be a hereditary R-order in A = M;(D), where t = Z;;é niy1, then

each maximal order is given by:
Ii={yeA|yP, C P}

where P; are the indecomposable S-lattices. We can then calculate the I'; to be:

( L (ny,..,nr)
| (Ap) -+ (Ap) | (P) - (P)
T, = (Ap) - (Ap) | (P) -+ (P)
(P - (PN | (Ap) -+ (Ab)
\ P - (PN | (Ap) -+ (Ap) )

for 1 <4 < r—1 and where Ty = M;(Ap). The point of considering maximal
orders which contain the hereditary order is that we can think of the presentation
matrix for some finitely generated S-module with respect to each of the maximal
orders. In the case we are dealing with, when S is a hereditary R-order with K a
local field, even stronger results are available and all maximal order are conjugate

to each other (see [16], Theorem 17.3, page 171 for details). In this case we have an
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element z; € U(A), for some integer k where:

f /, =k . \
0 --- .- 010 0 =
k 4 0
0
o= \ 0 v -« 0l w7 0 -+ 0
0 0 1 0 0
0
0 : .o
\ 10 ---01/l0 -+ - 0 )

and such that each maximal order I'; can be expressed as:
i
I'; = :vti[‘oa:t:l where t; = E g
s=0

We now need a lemma which shows how we can find presentation matrices for certain

[';-modules when we know the presentation matrix as a I'y-module.

Lemma 5.15 Suppose gN is a finitely generated left S-module with presentation
matrix B = (By,), for some By, € S. Then B is also a presentation matrix for
I'; ® N as a left I';-module. Furthermore, the matrix :B;;leti = (z[ilBk,lmti) is
a presentation matrix for I'; ® s N as a left [',-module (where the action of 'y on
I'; ®s N is given by vo.n = x4, v%;,'n for all o € Ty, n € T; ®s N).

Proof:

Let 6; be the inclusion mapping 8; : § — I';. Then we know from the proof
of Theorem 2.4 that 6,(B) = B is a presentation matrix for r, N' = T'; @ N as a
left T';-module. Now, we know I'y = x;; 'T;z;. hence Ty, 1B:ct,. must be a presentation
matrix for r, N’ as a left I'p-module.

O

Thus, we can see that from Definition 5.3, the calculation of the Fitting Ideals of
s is equivalent to calculating Fitting Ideals for r, N' = I'; ®s N as a [';-module. If
instead we calculate Fitting Ideals for . N’ as a I',-module we get a new set of Fitting

Invariants for each maximal order I';. We do this by considering determinantal ideals
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e

of the unboxed matrix, z,, ! Bx;.. Let us now return again to the simplified case where

D = FE for some field E. This leads us to a new definition.

Definition 5.16 Let S = S, »,)(Ag) be a hereditary R-order in M(E), for
some field F. If gV is a finitely generated S-module then we define the s-th Fitting

Invariant of g¢/N with respect to the i-th maximal order, I'; to be:

Fi(sN) = F£{(I; ®s N)
where p; is the map p; : 'y — 'y, for: =0,1,...,7 — 1.

Note that when 7 = 0 we obtain:
Fl(sN) = F*(To®s N)

which agrees with Definition 5.3.
If B is a presentation matrix for ¢N with g generators then, since p;(B) =
;' Bz, we obtain:
Fi(sN) = -s(07, Bay)
Thus, we have a whole new set of Fitting Invariants for each maximal order which
gives us finer information about the underlying module structure. However, as the
following example shows, it is still not quite enough to tell us completely what the

module structure is.

Example 5.17 Let r = 2 and consider the Fitting Invariants of the cyclic modules

we considered in Example 5.14. On calculating initial Fitting Ideals we obtain:

N | 7| A

2 2

Ao | 7 | 7
Ay | w2
Aly | w% | 7!

A} | w? | P

So here we can see we have improved on the situation in Example 5.14 in that we
can now distinguish between most of the cyclic modules if we consider the Fitting

Ideals with respect to each maximal order. Whereas previously, when we calculated



5.7. Fitting Invariants with respect to Projectives 74

the Fitting Ideals with respect to only one maximal order we could not distinguish

between any of these cyclic modules. However, in this example we still require more

information as these Fitting Ideals do not allow us to distinguish between Ag’o and
A2,

O

We will remedy this in the next section where we construct an even finer set

of invariants dependent on the projectives inside the hereditary order. We will

then see how this finer set of invariants will enable us to completely determine the

isomorphism class of torsion modules.

5.7 Fitting Invariants with respect to Projectives

Recall that in the decomposition of a hereditary R-order, S in A = M(D) of type
7 (see (5.1)), there are n;y, copies of each P;, for i = 0,1,...,7 — 1. Let P/ denote
one of these copies which is the left ideal of S which consists of all matrices in S in
which all columns are zero except the (32! _,n, + 1)-st column which is an element
of P,. That is:
P/ ={(0]---10|z[0]---]0) | z € P}

S——

Sveonv
We can obtain further invariants by ‘hitting’ each S-module by one of the P}, or

more precisely by calculating P/ N, where IV is a finitely generated left S-module.

Hitting with projectives in this way we obtain:

PP, = P, fori>j

P, fori<j
Note that here we are considering P/P; as a submodule of P; since P; and wF; are
isomorphic as abstract modules. This gives us a new module and a new presentation
matrix for each projective, P; and thus a new set of invariants. Thus, for each IV,
we have a total set of 72 Fitting Invariants, with respect to the projectives, P; and
the maximal orders I';, for 7,7 = 0,1,...,7 — 1. So we can now construct a notion
of Fitting Invariant with respect to the two variables P; and I';. We first do this in
the case D = F.
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Definition 5.18 Keeping the notation of Definition 5.16 we define the s-th Fitting
Invariant of s N with respect to P; and I'; to be:

F'(sN) = FI(P{sN)

fori,7=0,1,...,r - 1.
We can easily extend this definition to the case of D a division algebra (not

necessarily commutative) over K.

Definition 5.19 Let S be a hereditary Og-order in My(D), where D is a division
algebra over a local field, K. Further let L denote the unique unramified extension
of K of degree n = /D : K. Then the s-th Fitting Invariant of the finitely generated
left S-module, sM with respect to P; and I'; is defined to be:

FI(sM) = Fol (O, ®s M)

fori,5=0,1,...,n— 1.

Since O, ®o, S is a hereditary Og-order in M,;(L) Definition 5.19 tells us that
the Fitting Ideals we obtain are in fact ideals in the ring Oy .

Before we go further we illustrate the effectiveness of the above definition by

continuing with Example 5.17.

Example 5.20 In this example r = 2 so the S-projectives are just P, and P.
Calculating P/N for i = 0,1 we obtain:
sN PN P/N
Ajy = Po/n*Fy | PyPy/n*Py = Py/n*Py = A}, | PlPo/m*Py = P/m*Py = A%
A}, = Py/m*Py | PyPRy/n’Py = By/n*Py = A3, | P{Py/n*P, = P /n*P, = A}
A3y = Pi/m*Py | PyP/n?Py = nPo/n*Py = Al | PiP/n*Py = Py/n2Py, = A2,
Af’l = P/m*P, | PyP,/7*P, = nPy/n*P, = A31 PP, /w*P, = Py /n*P, = A% )

and on calculating the initial Fitting Invariants F¢’(N) we obtain:

0,0 0,1 1,0 1,1
S’N fo ]:0 fo fo

Afo | m* | 7* | w2 | @t
Ad | w? 73 w2 72
Alg| ot | 7t | w2 | At

A? ! 72 T T
1,1
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In this example we have r? = 4 sets of Fitting Invariants for each cyclic module and

we see that the sequence of invariants, fg’j , is different for each cyclic module. So in

this case we can tell which of the cyclic modules we are dealing with just by looking
at the Fitting information.

O

In the next section we extend this idea to the general case and we will prove the

main result of this chapter, Corollary 5.24, that this finer set of Fitting Invariants

uniquely determines the structure of torsion modules over hereditary orders.

5.8 Determination of the Module

We will initially continue to stud.y the simplified case D = E and r = 2 and will
show that if gV is any finitely generated S-module, where S = S, »,)(AEg), such
that:

. k k.
sN = Pai, AL

1,5,k
then our Fitting Invariants will completely determine the structure of g¢N. We
extend Example 5.20 to the case for general cyclic modules Af, ; and we find that

the initial Fitting Invariants are:

oN | 700 | For | pro | i
Afo | w* wk k| k1
Ak |kt | gk | ket | ke
Ak | gkt | ket | gk | ke

Allc,l 7rk—l 7Tk 7Tk 7Tk

We can actually write g/N as:
mm
sN = @Nk where N, = @af’jAfJ
k=1 irj

for some integers aﬁ ; 2 0and for4,j =0,1. We will call Ny the k-th stratum occur-
ing in gN. Thus, N,, is the maximum stratum occurring. The point of decomposing
s this way is that we can now calculate succesive quotients of the F27(N) (as we

did in section 3.2 for PIDs) to determine the coefficients in the m-th stratum, a’;.
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Considering quotients of:

FOO(N) determines ago
FLYN) determines ar’
FPHN)  determines  agly + afy + al) = afy
FyU(N)  determines afy + af’y + Ty = aTy

Thus, we have determined N,, and we repeat this procedure for the (m — 1)-st
stratum, V,,,_;. By considering quotients of the Fitting Ideals again and, since we
know the a7, we can determine the aZ‘j_l and therefore determine N,,_;. We repeat
this procedure until all the strata, N, are known and thus we have determined
sN, which is the direct sum of all the strata. We illustrate this procedure with an

example:

Example 5.21 Suppose we are given the Fitting Invariants of some finitely gener-

ated S-module, sV, as powers of 7 as follows:

sN | ord, (F0) ord,,(]:ffl) ord, (F9) | ord, (FM1)
s=0 22 27 25 22
s=1 18 23 21 18
§=2 14 19 17 14
s=3 11 15 13 11
s=4 8 11 9 8
§=25 5 8 6 6
s=6 3 ) 4 4
s=1T 1 2 2 2
§=38 0 0 0 0

We immediately see that as the Fitting Ideals become trivial at s = 8 then g/N must
consist of exactly 8 cyclic summands. Let us now consider the quotient ideals of
Fii for 4,5 = 0,1. Since, (Fg7 : F1¥) = «* for 4,5 = 0,1 we see that the maximum

stratum is N;. Next consider the quotient ideals of F20:
0, 00y __
(-7'—8 R =
0 . 20,0
(-7:? ) = o
0. 00
(-7'—3 1 Fy) = o
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which tells us that ag, = 2. If we now look at quotients of F»! we see that al, =2.

Now consider quotients of F-!:

which tells us that:

4 4 4 4
Ao tag, taj; =4=05,=0

and repeating for quotients of F}? we obtain:
age+aty+taj, =4=aj,=0
Hence, we have determined the maximum stratum N4 to be:
Ny = 2454 ® 247,

We then repeat the procedure for the next stratum down, N3. Again, considering

quotients of F* we obtain:

(FO: A =
(F0 R =
R =
(RO R0 =

which tells us that:

(aé,l + alll,o + alll,l) + a?),o =3= ag,o =1
Again, considering quotients of ' we obtain:

(ago + ag, +aio) + al, =2= al, =0
and repeating for quotients of F%! we obtain:

4 3 3 3y _ 3 _
ato + (ago +ap, +aj,) =3=ap; =2
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and repeating for quotients of 1! we obtain:

4 3 3 3\ _ 3 _
ag1 + (ago + a1 +aj) =1=ajg=0

and hence:

N3 = A(B),o ® 2Ag,1

We now see that Ny@® N3 has 7 cyclic summands so we just need to find the remaining

cyclic summand. If this time we consider the remaining quotients of F}»! we obtain:
(ag0 +agy +alg) +ai, =4=af, =1

and thus:
N2 == Ail

We therefore uniquely determine gV to be:
sN=N,®N; @ N, = 244, @241, @ A3, @243, @ A

O
We will now extend this idea in the case 7 = 2 to the case of general r. As before,

given a finitely generated S-module, s/N, we write it as a direct sum of its strata:
m
sN = @Nk where N = @af’jAf’j

for some integers af,j > 0and 4,5 = 0.1,...,r — 1. We can calculate the initial
Fitting Ideals, fg’j of the cyclic modules Af,j for¢,7 =0,1,...,7 — 1 and put this
information into the form of an 72 x r? matrix. Denote this matrix by Cj, where
the (u,v)-th entry of Cy is ord, (Fg" ’mz_l(Aﬁ 1,-1)), where we write u = 7l + [, for
0<h<r—landl1 <l <r,andv=rmi+mefor0<m; <r—land1<my <.
Thus, C, will only consist of entries of the form k,k — 1 or k — 2 (if £ > 2), since
k—2 < ord, (Fy™ ™ ' (AF ,,_1)) < k. For example, if r > 4 then F5?(Ak ) = 752,

If we now consider the maximum stratum XN,,, then the contributions to N, will
come from those entries of C,, which are equal to m; the entries equal to m — 1

or m — 2 do not contribute to N,,. Thus, we can concentrate on those entries m,

and ignore the rest. So we replace Cy by By where By is the 72 x r? matrix with
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a 1 replacing k and zeroes replacing k — 1 and &k — 2 in Cy. So from the m-th
stratum we obtain a matrix B,,. We wish to determine the a; and by considering

the contributions to N,, we get a series of simultaneous equations of the form:

Bla, =b,

where z,, is the r2-column vector given by:

T __ m m m m
Iy = ($0,0> te ’xo,r—l’ sy Tp_100- - "rr—l,r—l)

Thus, a,, denotes the r2-column vector of the coefficients of the maximum stratum,
N,, and b, denotes the r?-column vector of positive integers which are derived from
the quotients of the Fitting Ideals (as in Example 5.21). We calculate the positive

integers b]"; as follows:

1. Calculate ord,(Fo?) —ord, (F¥) = ¥ for some positive integer ¢’ which may

not always be equal to m;

2. Keep repeating this calculation for higher Fitting Invariants until we find the

positive integer b]"; such that:

ord, (f.[lgg;jj—l]) — ord,( l:f%) = Cil’j

J ,J — b ]
oy - i’j
for some positive integer c,”.

We repeat this procedure for each ¢, j so we can determine b,,. Then we know we
can uniquely determine the af"; if and only if the equation Bra, =b,, has a unique
solution, or in other words, if and only if det B,, # 0. Furthermore, if we show
that det B, = +1 then we can uniquely determine the a]; as integers. We will

determine det B,, in the following lemma:

Lemma 5.22 With the notation as above, the 72 x 72 matrix B,,, derived from the
Fitting information of the cyclic modules A7, has a determinant equal to +1.
Proof:
Let us write Cy, = (Cyp) for p,q=0,1,...,7 — 1, where C,, is the r X r matrix

with the following entries:
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sN Ord,r(j:g’»ﬁ) ...... ord, (]:'g,r—l)
AZo O |- 0
A:Ir,lT—l o |.<---- D

for some entries [, which are equal to m, m—1 or m—2. Let us now denote the r xr
matrix Bj, to be the matrix derived from C,, by replacing each entry m with a 1
and each entry m — 1 or m — 2 with a zero. Then we see that BY, = (B],). We will
first consider what BZ: » looks like. Let w and z be integers such that 0 < w,z < r—1.
Then:
Py = Ay

Thus,
ord, (op) =4 PR

m—-—1 forp<z
Then for w < p we have:

ord, (FE(A™,)) =1 for z <
Ordw(fg’w(Ang))z ( Y ( p,z)) | 4 w

ord, (F5°(A™,)) for z > w

and for w > p we have:

ord,(FP°(AR,))  for z <w

ord, (FPY(AT)) =
oo ord,r(f;‘)”o(A;’fz)) +1 forz>w

Hence:
m forp>z,w<pand z >w

w m forp>2z,w>pand z <w
ordx (F§* (A7) = 4

m forp<z,w>pand z>w

| m - 1 othe.rwise
Note that ord,(F§“(Ay,)) = m — 2 is not a possibility since this requires the
condition p < z,w < p and z < w which gives w > p, a contradiction. Similarly,
ord, (F§™(Am,)) = m+1is not a possibility since this requires the condition p > z,
w > p and z > w which gives p > w, a contradiction. We can put these values into

tabular form as follows:
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sV [ orde20) | o | ordam2®) | o | ordnt2?) | o | ordatzz®y | - | ordorre
A;’fo m m—1 m—1 m m
ATy m m—1 m—1 m m
Ad w1 m m-—1 m—1 m m
AZ 1 m m m-—1 m m
AT m m m m m
Ag:p+1 m—1 m-—1 m—1 m—1 m—-1
Al w1 m-—1 m-—1 m-—1 m—1 m—1
;nw, m—1 m—1 m—1 m m—1
Ag:r—2 m—1 m-—1 m—1 m m—1
A;’:r_l m-—1 m—1 m—1 m m

for 1 <w <pand p<w <r—1. We replace the entries which are m’s by 1’s and

put zeroes elsewhere in order to determine the matrix:

(], )

1 10 0
p+14 0 1 - 1

Bl = L 0 -~ 0 1]0 0

1 1|1 1

Now we will consider B} for p < q. Well,

At for z <p
P AT, = Ar. forp<z<gq
At for z > ¢

Thus,

m—1 forz<
ord, (FFO(AT)) = =1
m—2 forz>q
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Then for w < p we have:

ord,(Fy°(Am)) =1 forz <w

ords (F™(AT,)) = /
ord, (F§" (A7) for z > w

and for w > p we have:

ord, (FP(A™,))  for z <w

ord, (FPY(AT)) =
v ord,(FY(Am) +1 forz>w

Hence:
m for z<gqw>pand z > w

m—1 forz<qgw<pandz>w
m-—1 forz<gqgw>pandz<w
Ol"dw(fg’w(AZfz))=< m—1 forz>qw>pandz>w
m-=2 forz<gw<pand:z<w

m—2 forz>qw<pandz>w

{ m-—2 forz>qw>pand z <w
Note that ord,(F§*(A4y,)) = m — 3 is not a possibility since this requires the
condition z > g, w < p and z < w which gives p > g, a contradiction. We can go

straight to the matrix:

( . ptl a-p \
0 0 0o - 0 0 0
0 0 0 0 0 0
0 0 1 1 0 0

T _
Bp,q_ 0

0 0 0 0 1 0 0
0 0 0 0 0 0

\ 0 0| 0 0|0 0 )
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Now we will consider Bg’q for p > q. Well,

A, for 2 < ¢
P AT, = Apct forg<z<p
AT, forz>p
Thus,
m for 2 <¢q

ord(F(A},)) =
m—1 forz>gq

Then for w < p we have:

ord,r(]76”0(/1;’,‘z )—1 forz<w

orde(FP(A7)) =
v ord,(F5°(A™)) for z > w

and for w > p we have:

ord, (F5(A™)) for z < w

ord (FLV(AT) = O
ord,(F§ (A7) +1 for 2 > w
Hence: )
m forz<qw<pandz>w
m for z <g,w>pand z <w
m forz>gq,w>pand z>w
ord, (F§* (A7) = ¢ m—1 forz<gw<pandz<uw

m—1 forz>qw<pandz>w

m-—1 forz>qw>pand z<w

\ m—2 forz>qw<pandz<w
Note that ord,(F5*(A7,)) = m + 1 is not a possibility since this requires the

condition z < ¢, w > p and z > w which gives ¢ > p, a contradiction. We thus
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obtain the matrix:

qil P4 \
1 1 0 0|0 - 0
0
0 0 1 0 0|0 - 0
0 010 0 0 - 0
T _
Bp,q_
0 010 o o0 - 0
1 1 0 0 1 1
0
\ 1 1|0 0(0 - 0 1)

We wish to calculate det B,, and to do this we will rearrange BY into a simpler

form by permuting rows and columns of this matrix. Consider the r x » matrix BZ’ 7

and suppose we perform the following operations:

Column | Permutes to || Row | Permutes to
1 r—gq 1 T—p
2 r—q+1 2 r—p+1
q r—1 P r—1
g+1 T p+1 T
qg+2 1 p+2 1
T r—q—1 T r—p—1

for every p,q. Denote by I§,\7,; = (BT,) the resulting matrix after these column and

row operations have been made on BZ. In fact these column permutations are given

by the (r — g — 1)-st power of the r-cycle (1 2 --- r) and so the effect on det B is

a sign change of (—=1)"~D{r—9=1)  Similarly, the effect on det BT  of performing the
g P.g

row operations is a sign change of (—1)("~)(=P=1)_ Thus, the overall effect of these
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operations gives detgg\,q = (—1)-D+9) det BT, Hence, when p = ¢ we obtain

BT _ T
det Bp,p = det Bp’p. Now

p+l
S \
1 - o 111 1
p+14 o 1 -1
Eg\p: L 0 --- 0 1111 - -1
0 011 1
0
\ 0 0{0 - 0 1)
and for p < g we have:
[ o \
0o ..« -«-0l0 -+ -~ 0l1 - o1
0
0 010 040 0 1
0 0|0 - 010 0
B, =
0 00 - 00 0
0 0] 0 - 010 0
\ 0 0olo - 0|0 0 )
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and for p > g we obtain:

[ -

0

o

If we denote by Ej, the r X r matrix:

fork=1,...

By =

,7, then we have that:

for p > ¢

P~ g+1
0 1
0 0 1
0 0
0 0
0 0
0 0
( )
0 1 1
0
0 0 1
0 0 0
\ © 0 0 )
forp=gq
By = forp<gq
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We can then write:

Er El Er——l
é::,; _ Er—l Er
Ey
El Er—l Er

Now, let T be the r X r matrix:

then we can see that:

0 011 0 0
0
0
T = 0 0|0 - 0 1
0 0|0 - 0
\ 0 -+ -+ 0110 -+ --- 0 )
foru=1,...,r—1and T" = 0. Thus, we can write F,_, = T"E, and hence:
E, T-E, .- TE,
B — TE, E,
" : T™-1E,
T™1E, “ee TE, E.

Now think of é,\r-’;t as a block r x r matrix, with each entry equal to T"E,, for some

u. Now we can perform block row operations:

Block row u — T¥[Block row 7] foru=1,...,7r — 1
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to obtain:
E. 0O ..- 0
—~ TE,
BT ~
0
T-'E. ... TE, E,

Note that these block operations are achieved by a sequence of ordinary elementary
row operations and thus the determinant is unchanged. Then, since each r x r block

entry T*F, is a square matrix we have:
det é?,; = (det E,.)' =1

Then:

We are now in a position to prove the main results of this chapter.

Theorem 5.23 Let S be a hereditary R-order in M;(E), for some field E, and sN
be a finitely generated left torsion S-module. Then the set of Fitting Ideals F7 (s N)
uniquely determine ¢/N up to isomorphism.

Proof:

From Lemma 5.22 we know det B,, = 1 so we can therefore uniquely determine
@,, and thus uniquely determine the maximum stratum, N,, of sN. We next consider
the (m — 1)-st stratum. We know C}, is a matrix consisting of the entries k, k — 1 or
k —2 in exactly the same places as the entries m, m — 1 or m — 2 respectively in C,,.
Thus, By = By, and det By = det B,,. Since the g, are known andvdet B,,=1
we can uniquely determine the g, ;. Thus, we can determine N,,_; and we repeat
this procedure in order to determine Ny for k =m —2,...,1. Since sN = @ Ny we
have determined ¢/N uniquely up to isomorphism.

O

We can easily extend this result for hereditary orders in matrix rings over division

algebras.
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Corollary 5.24 Let S’ be a hereditary R-order in M;(D), for some division algebra
D over K, and svM a finitely generated left torsion S’-module. Then the set of
Fitting Ideals F%7(s M) uniquely determine ¢ M up to isomorphism.

Proof:

Now we know that O, ®0, S’ = S, where S is a hereditary R-order in M,,(L), for
some w and where L is the unique unramified extension of K of degree n = vD : K.
Suppose we let gN =g (Or ®s M), then Theorem 5.23 tells us that the F&/ (s M)

uniquely determine g/N as an S-module. However, the functor:
(O ®o, —) : ssMod —s Mod
is one-one on isomorphism classes. To see this suppose that:
0L Qo M1 = O Qo, My
for some ¢ M) and ¢ M,. Then, since (Or)o, = (Ok)™, we have:
O ®ox M1 = (Ok)" ®oy M1 = M = My

Then by the KSA Theorem we must have M; = M,. Therefore, M must be
uniquely determined by the Fitting Invariants up to isomorphism.
O
Thus, we have constructed a notion of Fitting Invariant for modules over hered-
itary orders with respect to maximal orders and the projectives in the hereditary
order. We have shown that the Fitting Ideals derived give us enough information to
completely determine the structure of torsion modules over hereditary orders. In the
next chapter we consider modules over non-hereditary orders. In this case the option
of considering projectives is not a viable one, so we need an alternative viewpoint.
We do this by considering how we can adjust the presentation matrix of a finitely
generated module over a non-hereditary order in order to derive some invariants. It
will be shown that if we then use this ‘matrix’ procedure back in the hereditary case

we again obtain enough information to tell us the structure of torsion modules.



Chapter 6

Non-Herditary Orders

In this chapter we will construct a notion of Fitting Invariant for modules over
certain orders, which may not be hereditary. We will prove in Theorem 6.5 that
we can derive a series of inQariants by considering adjustments or operations on
the presentation matrix of a finitely generated module over such an order. We will
call these G-invariants. This construction works well for modules over principal
hereditary orders where we prove in Corollary 6.15 that there exists a sequence
of G-invariants which enable us to completely determine the isomorphism class of
torsion modules. As an application we see what these G-invariants can tell us in the
case of modules over twisted group rings and we then obtain significant invariants

for modules over vgroup rings of metacyclic groups.

6.1 Construction of g-invariants

In sections 5.6 and 5.7 we derived finer Fitting Invariants for modules over hered-
itary orders when we considered the action of the maximal orders and projectives
in the hereditary order on the modules. We saw that this procedure gave us some
new information which enabled us to completely determine the structure of torsion
modules. The problem with this approach is that it is difficult to extend to more
general orders and also it involves operations on modules, which can be quite cum-
bersome. So, instead we consider how we can derive extra information by considering

adjustments to the presentation matrix of a finitely generated module.

91
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Let I' be a Noetherian ring such that I' is a subring of some Noetherian ring
2. Let R be an integral domain with field of fractions L. Suppose that we have a
representation p : 8 — M, (L), such that p(I') C A = M,(R). Define a fractional
R-ideal to be a finitely generated R-submodule of L. We now define the Fitting
Ideals or Fitting Invariants of a matrix, which we will need for our subsequent

discussion.

Definition 6.1 Let C € M,;,4,(Q?) be a matrix over . Then the s-th Fitting
Invariant or Fitting Ideal of C' with respect to p is defined to be:

FL(C) = Ign—s(p(C))
Note that the ideals we obtain are fractional R-ideals. We next consider a simple
example which will give us some idea as to how we should adjust the presentation

matrix in order to provide us with more Fitting information.

Example 6.2 Let us work over the 2-adic ring, Z, and let z,M be a finitely gener-

ated Z,-module, with presentation matrix:

22 0
0 23

A=
Of course we know from Theorem 3.1 that the Fitting Ideals Fy(z,M), Fi(z,M) and
Fo(z,M) will tell us the structure of z,M completely. Indeed,
2, M = 79) 22Ty © L3/ 2%y
Suppose however we consider the matrix:

210
0 22

A271 =

then the Fitting Ideals of this matrix tell us A27! is a presentation matrix for:
Ly)2' %y ® Ly ) 2° Ty = 2[z,M]

and similarly the Fitting information derived from the matrix 4272 tells us this is

a presentation matrix for 22[z,M|.
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O

This example shows us that in general maybe we can consider deriving invariants
from Aa~", for some presentation matrix A, and some appropriately chosen element
a € I We want to construct invariants which are independent of the particular
generating sets or presentation matrices chosen. Suppose A is a presentation matrix

for some finitely generated left I'-module, M. Then we see that:

01
A0

is also a presentation matrix for M, but that the matrices Ao~" and Ba~" will not
in general have the same Fitting Ideals. Indeed, in example 6.2, where a = 2, we

see that the matrix:

1 0 0
B=1|0 22 0
0 0 23

is also a presentation matrix for z,M but the matrix:

2-1 0 0
B27'=| 0 2t o0
0 0 22

has different Fitting Ideals to the Fitting Ideals of 427! (e.g. Fo(A27!) = (2)® #
(2)* = Fo(B271)).

If A= (a;;) for some a;; € ', then we write wy Aw, = (w1, jw2) for all wy,w; €
2. We will choose a € T' such that « is a unit in €2 and consider determinantal
ideals of the unboxed matrix of p(a~®Aa~"ab) for integers b and integers r > 0. We

first of all need to choose an appropriate «.

Definition 6.3 We say that a subring > of ' is a-stable with respect to I if
a~®Yab C T for all b € Z. Simply say that I' is a-stable whenever T is a-stable with
respect to I'.

We suppose now that ' is a-stable. We will construct invariants for finitely

generated I'-modules which are independent of the particular generating set chosen.
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To do this let A € M,,,(I") be a presentation matrix for M with respect to some

generating set e. Let us define the matrix

0 I a—bIta—r+b

a ATt l 0

t
Ar,b -

for b € Z, r,t > 0 and where [; is the ¢ x t identity matrix. We will consider Fitting

Ideals of Af,. We first need a lemma:
Lemma 6.4 If t > s > 0, then:
FLAZ) = Fola ) FI(AL,)

Proof:
First note that we can obtain an analogous result to the direct sum formula (see

equation (2.1)) for non-integral matrices, namely:
FoAR Zf” T)FL(AL) (6.1)

We next proceed by induction on t. Consider ¢t = 0. Then, using equation (6.1) we
obtain:
Fo(Arp) = FE(a™ ") FF(AL)
and so the lemma is true for ¢ = 0. Next assume the lemma is true for t = k — 1,
for an integer k > 1, so that:
FL(AY,) = Fo(a ") FL(ARY)
for 0 < s < k — 1. Consider ¢t = k. Then, using equation (6.1) we obtain:
FUAGY = Foa)FLAR) + FL(a™)FL (Ary) + -+ FL(@ ™) FE (A7)
= Fo(a™) [FO(a ) FLALY) + FLa ) FLi(Afy ) + -+ FLa ) F (A )]
= F§(a™")FL(Ar)
for 0 < s < k— 1. So it remains to prove the assertion for s = k. Well,

FR(ARY) = FE (@) FL(AR) + F (0 ) FL_ (A7) + -+ FR(a ) FE(AL)
= Fola ") FL(AT) + Fo (o) [F (@) FL(Af) + -+ Fla ) FR(AL)]
= F (o) FL(A7)
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since using equation (6.1) again we see that:
[FP @™ FLy (AR + -+ FR () FF (A7) € FL(ATL)

O
In view of Lemma 6.4, and since F§(a™") is a principal fractional R-ideal and

hence invertible, we define:

G2 (A)rp = [Fo (@)W IFL(AL,)

for0 <s<t.

The main theorem of this section shows that the G#(A),, are in fact invariants

Of[*M.

Theorem 6.5 Suppose I' is a-stable. Then, for M a finitely generated left T'-
module the R-ideals G?(A),», as defined above, are independent of the particular
presentation matrix A chosen to compute them.

Proof:

Let C € My« (T') be another presentation matrix for r M with respect to some

generating set f. Now,

0 ' a—b}g+2ta—r+b

a—bCa—r+b ) 0

g+2t
Cr,b -

We will show that Af,“;% and Cf;zt both have the same Fitting Ideals with respect
to p. Well, we know from Lemma 1.1 that we can find a matrix Q € M[k+2t]xg(I‘)

such that the matrix:
Q | Try2t
Al 0

By =

is a presentation matrix for M with respect to the extended generating set eU f U
0 where 02 is the set consisting of 2t generators {0,...,0}. Similarly, we can

find a matrix P € Mg 2qxk(I") such that:

Pl g+2t
c| 0
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is a presentation matrix for M with respect to the extended generating set fUeU
09, We can perform elementary column operations on B to bring it to the form
Be, where By is a presentation matrix with respect to eU f U 02). Hence, we can

write:
By, =T\B;

B., =T)B,

for some matrices 17 and 15 over I'. Then:
a—bBAa—r-H) — a—leBlca—T+b — a—leaba—bBlca—T-i-b

Hence:

FP(a ®Baa™™) C FP(a * o) FP(a P BlLa™"+0)

(see [13], page 7). Furthermore, since a*Tja’ is a matrix over T (as I is a-stable)
we obtain:

FP(a™Bya™™1) C FP(a " Bpa™ )
Similarly, we can show that:
FP(a’BLa ) C FP(a " Baa )
and therefore:
Fa " Baa ) = FP(aBLa™ ) = F/(a " Boa "t?) (6.2)
Now, we can perform column operations on o ®B4a~"*® to obtain:

a—an—r+b ‘ a—bIk+2ta-—r+b Ig ‘ 0

a—bAa—H—b ’ 0 _a—b+rQa—r+b \ Ik+2t

k+2t
Ar,b -

since a Qa7 € Mk 42qx4(T"). Hence, using the same argument as in the proof
of equation (6.2), we have F£(A¥*) = F¢(a"Baa"*?). Similarly, Fe(CI™) =

FP(a ®Bea ") and hence:
FL(AE™) = FR(C5™)
Now, using Lemma 6.4 we obtain:

[Fo(a*HIFL(AL,) = [F (o) F2(Cry)
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for 0 < s < t, which tells us that:
[Fo @ NI FL(AL) = [Fo (o) HIFL(CT,)

for 0 < s < t and hence G?(A), is independent of the particular presentation matrix
chosen. a

We now define our invariants.

Definition 6.6 For a given «, if I' is a-stable and r M has a presentation matrix

A, we define the s-th G-invariant of M with respect to p,r and b to be:
gf(FM)r,b = gf(A)r,b

Remark 6.7 We can calculate G?(rM),, for all values of s by just making the
positive integer t sufficiently large. We also note that when r = b = 0, we obtain
determinantal ideals of the unboxed matrix of p(A) and we thus obtain the Fitting
Ideals F?(rM), which coincide with our definition of Fitting Invariants for rings

which can be represented inside matrix rings, Definition 5.3.

Remark 6.8 Now suppose a*T'a’® ¢ T', but we can find a subring ¥ of I such that
a®Tab CTforallb € Z (i.e. ¥ is a-stable with respect to I'). Suppose we choose a
generating set e which generates M over ¥. In this case, the argument given in the
proof of Theorem 6.5 breaks down for b # 0, since the 7; may not be matrices over
¥ and therefore it may not be true that a *T;a® C T, for s = 1, 2. However, we can
still obtain a partial series of G-invariants by taking b6 = 0. When b = 0 equation
(6.2) holds and the matrix @ is such that Q € Mix,2qx4(2), since e generates M
over . Thus, o/ Qo™ € Mjgy2qxg(I'). Therefore, the proof of Theorem 6.5 holds
for b = 0 and we obtain the partial set of G-invariants, G?(rM ). We will construct
partial G-invariants for the case b = 0 in section 6.4.

We now obtain generalisations of some of the results we considered in the commu-
tative case in chapters 1 and 2. We first consider the relationship between G#(r M), ,
and G2, (rM),p, where for b # 0 we have I' is a-stable and for b = 0 we have ¥ is

a-stable with respect to I'.
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Theorem 6.9 For any finitely generated left I'-module, rM:

GO(eM)rp C Fp_1(a™")GE  (r M)y

Proof:

e —

Consider Ff(A7,). Every [(g + t)n — s] x [(g + t)n — s] minor of p(AL,) can be

written, by the Laplace expansion formula for determinants, as a sum:

Z Jv,l Jv,[(g+t)n—s— 1]

—

where J,,, is some w x w minor of p(AL,) (where the minor includes the sign).

Now, each Jy [(g1t)n—s—1] € F£y1(AL,). Let us consider J,;. Such a minoris either

—

a 1 x 1 minor of p(a~?f,a~"*?), and so lies in F/_;(a™"), or, it is a 1 x 1 minor of

—

pla~bAa~"+?). But,

— —_—N e

Lip(a=®Aam+)) C Li(p(a~*Ac)) L1 (p(a™T)) € Li(p(a7T))

e~

since @ ?Aq?® is a matrix over I'. Therefore, I; (p(a~Aa~7+%)) C F (o~") and we
have:

ff(Ai,b) - frg—l(a—r)f£+1(Ai,b)

as required.
a
We next obtain some results concerning exact sequences of finitely generated

[-modules.
Theorem 6.10 For a short exact sequence of finitely generated left I'-modules:
0—L-—>M-—>N—0
and for integers s,s’ > 0 we have:
GO(rL)rpGh (e N)rp € GYL o (r M)y

Proof:
Suppose A € M, ,(I") is a presentation matrix for rL and C € M (T) is a

presentation matrix for rN. The first part of the proof of Theorem 2.1 generalises
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to the non-commutative case giving us a matrix B € M;4(I") such that the matrix:

C|B

014

is a presentation matrix for M. Now let us consider the matrix:

o 0 \ a—b12ta—r+b
Er,b =
a—bEa—r+b ‘ 0
Then:
0 0 0 a Lo+t
E2t a—bBa—r+b ‘ 0 a—bca—r+b
rb ™
0 a Lot 0 0
a“bAaTt? 0 0 0
Now let

T N—

A; be a [(g+t)n — s] x [(g + t)n — s] minor of p(AL,)
and  Aj be a [(k +t)n — s'] x [(k+t)n — s'] minor of p(Cf,)
then A1A, € FP

N
7 o (EZX), since Aj A, must be a

[(g+k+2)n— (s+ )] x[(g+k+2t)n—(s+5)]
minor of pTE?Tb) and such a minor lies in 77, ,(E%,). But,
Fo(A,

») is generated by all such minors of the form A

and F.(Cl,) is generated by all such minors of the form A,
which tells us that:

FE(AL)FL(CE,) C FL W (ER)
and hence:

GP(rL)rpGo(rN)rp C GO (0 M)ryp
as required.

O
We next consider how we can calculate G-invariants of direct sums of I'-modules.
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Theorem 6.11 If L ® N is a finitely generated left I'-module then for each integer

s > 0 we have:

GELON)p= Y GUL)pGE(N)rp

u+v=s

Proof:

We have a short exact sequence:
0—L—L&®N-—>N—70

and so by Theorem 6.10 we see immediately that:

gg(L)r.bg{;(N)r,b g g»g—}-v(L © N)T,b

and hence:

> GAL)pGE(N)rp C GEL @ N)rp

u+v=s

We now consider the reverse inclusion. Keeping the notation used in the proof

of Theorem 6.10, it can be shown that the matrix:

AlO
0|C

is a presentation matrix for L @& N and hence:

0 | Iy

Dg,to =
Dl o0

is also a presentation matrix for L & N. Now,

0 0 0 a~tla~ Tt
o 0 0 a bCa Tt 0
Dr,b ~
0 a Lo "+t 0 0
abAa T 0 0 0

so every [(g +k +2t) — s] x [(g + k + 2t) — s] minor of p(D2,) must be of the form

det J where:
0| Js

Ji|0
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where

Jyis a wy x [(g + t)n — u] submatrix of p(AL))
and  Jp is a wy x [(k + t)n — v] submatrix of p(Cy ;)
and where w; + we = (g + k + 2t)n — s and u + v = s. So, we must have det J =0

unless w; = (g + t)n — u which tells us that wy = (k + t)n — v and hence:

det J =det Jydet J, € FO(AL)FL(CL,)

v T

which tells us:
[Fo (o)) o+ det J € [Ff ()] HIFL(AL ) (Fo (o) FHIFL(CE,)

But G5, (L ® N),, is generated by all elements of the form [F§(a™")]~s+++2 det J

so we must have:

PLON) W C D GoL)rpGE(N )i

u-t+v=s

as required.

6.2 Determination of torsion modules over hered-
itary orders

Having now defined some different invariants we will check how useful they are.
We want these G-invariants to provide us with as much information as possible
about the underlying module structure. We return to the case of modules over
hereditary orders to show us that in this case, if we choose « appropriately then
we can find a series of G-invariants which completely determine the structure of
torsion modules. We return to the notation of chapter 5 and let R be a complete
dvr with S = S(;,..1)(Ap) a principal hereditary R-order in M, (D) of type n, for
some division algebra, D and where K, the field of fractions of R, is a local field.
First of all we consider the simplified case D = E. Suppose that gN is a finitely
generated torsion S-module. We will use the G-invariants to determine ¢N. Let «

be the element:
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Note that ™! € M,,(F) and that a~!Sa = S. Thus, S is a-stable with respect to S
and we can choose any generating set for ¢V to calculate a full set of G-invariants.
Note also that:

o' =7l,

Now,ifm=kn+lfor0<[I<n - 1, we let P,, = n*P,. Then:
o'P, =Py, fori=0,1,...,n—-1
so we can write each quotient of projectives as:
Af, = P/r*P; = &’ Py [o*" T Py

fori>jand¢,j=0,1,...,n — 1. We will now determine what the G-invariants of

sN can tell us.

Lemma 6.12 Let g¢N be a finitely generated torsion S-module. Then the G-
invariants, G?(sN),, determine the torsion coeflicients of I', ®s o" N when viewed
as a left I'y-module, where I', is one of the maximal R-orders containing S, for
b=0,1,...,n— 1 (as defined in section 5.6).

Proof:

Here, p is just the inclusion map, p : S — M,(Ag), where Ag is the integral

closure of R in E. Suppose A € M,«,4(S) is a presentation matrix for g/N. Then:
sN = S9/S™A
and thus
a'N = a"S9/[STANa"S5I)
Now, we have an isomorphism, S £ Sa~" under the map: 6 : s — sa™" for all s € S.
Thus, due to the way we have chosen «, we have 8(a"S) = a"Sa™" = S, which tells

us that:
o' N = S9/[S"Aa™" N SY)
Now, since S is hereditary, any S-lattice U is S-projective and thus we can write

Iy®sU = T'yU. Also, since S is hereditary, I'y is S-projective and thus it is flat over

S. Hence, from the exact sequence

[S"Aa"NSY — S — o' N
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we obtain the exact sequence:
[,Qs[SMAa™" NS —Ty®s S — [ ®sa™N
Therefore, we can write:
[y ®sa’ N & Ty(a"N) X ,S9/T[S™Aa™" N S9]
Suppose that V is another S-lattice. Then, from the short exact sequence:
0—UNV —UaV-5U+V —0
(where 8(u,v) = u — v for all (u,v) € U @ V') we obtain the short exact sequence:
0 —TUNV] — TU ST,V 2 T,U + T,V — 0
Then TU NTV = ker 6 = T',[U N V] and therefore:

Ly ®s a"N = ([,)*/[(T)" Aa™ N (T)?]

Note that we can write:

Lo = a T

and thus:
Ty ®s &' N = (T)?/[(To)™ (2" Aa~"a®) N (To)?]

Now, on calculating the G#(N),;, we are effectively calculating determinantal ideals
of the unboxed matrix of p(A},). Thus, it can be seen that the torsion coefficients
derived from quotients of the G#(N),, are precisely the torsion coefficients of the
Ag-module N (T4 ®,,(r,) Te®sa” N), where p, is the representation p, : I'y — T (as
in Definition 5.16). Here, [y ®p,(r,) s ®s 0" N is simply I', ® s " N when viewed as a
left I'y-module. Since Ag is a complete dvr hence PID, we know from Theorem 3.1
that the torsion coefficients will uniquely determine N (T ®py ) [8®s0” N) as a Ap-
module. But, since AV is a bijective functor this means that (I'o ®,,r,) ['s ®s a"N)
must be uniquely determined as a I'g-module. Therefore, ['y ®s o’ N is uniquely

determined as a I'g-module by G?(N),p.
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Now, let 7o be the positive integer such that:
Fb®SaTON=OVb
and T, ®sa™ !N # 0 for some b

By Lemma 6.12 we see that if we calculate G?(NNV),, we will be able to determine
ro. Let Rk(NN) denote the rank or number of cyclic summands of N. Then the
G-invariants will tell us that Rk(ajN) = 0 and that Rk(a™ 'N) = Ry, for some

Ry € N. We can think of o™ as the smallest annihilator of ¢/N. Hence, we can write:
SN = N(O) ® NTo
where a~!N©® = 0 and

n—1
Ny, = @’ Pyjol TR,

j=0

for some ny") e NU {0}. We can think of N,, as the direct summand of N which
is annihilated by o™ but not annihilated by a™~!. We will now determine N,, by

considering I'y ®s o™ ! N. Let us first consider:
1—‘b Qs Pm = Fme

Well, if m = kn + [ for some [ such that 0 <[ <n — 1, then:

7P, forb<l

1P, forb>1

WP, =Tyt P =

which tells us that:
a™ttpy for b <1

a™tt-npy for b > |

IyPp =

But we can write:

m—b nk for b <1
[ n ]n: n(k—1) forb>1
Thus we obtain:

WPy = 1l lab Py

We now use this to obtain:

n—1
Ty ®s o™ 'N = @ niat Py /%0’ Py

§=0
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where
5 1 ifj+ro=0b(n)
Tl 0 ifg 4 £ b(n)
So we can see that each b will determine j uniquely where j + 7o = b(n) and thus:

[, Qsa™ !N = ny(’)abPo/WabPo

Then the set of G-invariants G#(N),,—1, will determine the torsion coefficients of
Iy ®s a™ !N which tells us Rk(I', ®s o™~ ' N) = ng"’). Thus, we have determined

the ng"’) and we then know what N,, is. Furthermore, we can then calculate

n—1

Ry = Rk(a™ 'N) = Z ")

J
=0

Next, from the G-invariants G#(N),;, we continue to calculate Rk(I', ®s o™ *N), for

t € N, until we find the greatest positive integer 71 < 7o such that, for some b we

have Rk(I'y ®5 o™ "1 N) > Ry which tells us that there exists Ry € N such that:
R, = Rk(a™"'N) > Ry = Rk(a"'N)

We can then write:

sN=NVU@N, ®N,,

where o' "IN = 0 and

[ary

n—

er = ngrl)ajPO/aj“‘Po

[
Il
=)

for some ng-”) € NU {0}. Again, we can think of N,, as the direct summand of sV
which is annihilated by o™ but not annihilated by a™~!. We will now determine

N,, by considering I', ®s o™ "' N. Well,

n—1 n—1
[y ®sa ™ 'N = @ ng-”)abPo/w‘;f abPo} @ @ ngro)abPo/wW o’ Py
7=0 3=0

where y; > 1 are known from our previous work in determining N, and:

8 =
0 ifj+r #bn)
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So we can again see that each b will determine j uniquely where j+7; = b(n). Then
the G-invariants G?(N),,_1, will tell us the torsion coefficients of I', ®5 @™ ' N,

which give us Rk(T'y ®¢ o™ "' N) and we have the equation:

n—1
Rk(T, ®s " 7'N) = n{ +3 " nl)

=0

)

so we can determine the ngﬁ , and hence determine [V,,.

We then repeat the above procedure to find the greatest positive integer 79 such

that
R, = Rk(a*"'N) > R, = Rk(a™'N)

for some R, € N. This will enable us to write:
SN - N(Z) @ N1'2 @ er @ NT()

and we then determine N,,. We continue in this way until the rank of N is deter-

mined and we obtain a sequence:

Module | Rank
a™N =0 0
a”"lN # 0 R()

a"' N 75 0 R()
a”_lN -‘,é 0 R1

N Ry

where the ranks satisfy: Ry > Ry_1 > --- > R; > Ry. We will consequently obtain:

and hence we have determined g/N. We have thus given a procedure for using the
G-invariants for determining the structure of ¢/N. The case where S is the principal
order S(t,,__,t)(AE) generalises easily. Hence, we have proved the main theorem of

this section:
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.....

tary R-order in M, (FE), for some field E. Suppose that gV is a finitely generated
torsion S-module. Then we can find an appropriate & € S such that the set of
G-invariants G?(N),, completely determine the structure of gNV.

We now extend Theorem 6.13 to the case where D is a division algebra (not

necessarily commutative). In order to do this we first need a lemma.

'''''

M;(D), for some division algebra D over K and where kw = t. Let L be the unique
unramified extension of K of degree m = v/ D : K. Then there is an isomorphism:

7: 0L ®ox S = Stw,...w)(OL)
where S = S(y,,...)(OL) is of type mk.

Proof:

We sketch the proof. Consider the case t = 1. Suppose the residue class field
Ok has cardinality q. Then L = K(w), where w is a primitive (g™ — 1)-st root of
unity (see [16], Thereorm 5.10, pages 72-73). The galois group Gal(L/K) is cyclic
of order m and has as a generator the Frobenius automorphism o, where o(w) = w?.

Let 7Oy, = rad Q. Then there is a prime element z € D such that:

where 2™ = 7 and 278z = o*(B) for all B € L. D uniquely determines the integer

k modulo m, where ged(k, m) = 1. We can then write S’ as:

m—1
s'=Y 70,
i=0

Now, O, = Ok[w], so we can view S’ as an Ok-module with Og-basis {z*w"}, for
u,v =0,1,...,m — 1. Define the map:

v: 0L ®ox 8" — Su,..1y(AL)
(where Ay, = Op and Sp,.. 1y(Ay) is of type m) by:

-----

(1 ®o, 2*w’) = (W)*
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where i denotes left multiplication by p € L and (j1)* is the matrix representation
of fi. Then, it can be shown that the map -y is one-one and, since L is an unramified
extension of K, v is onto. The case of general ¢ extends easily.

O

Corollary 6.15 Let S’ = S(y,...»)(Ap) be a principal hereditary R-order of type &
in M;(D), for some division algebra D over K and where kw = ¢. Let L be the unique
unramified extension of K of degree m = v/D : K. Let &M be a finitely generated
torsion S’-module. Then there exists a representation 7 and an appropriate o € S’
such that the set of G-invariants G7 (M), completely determine the structure of
s M.

Proof:

Ap may not be commutative so we use the splitting field L of D and calculate

the G-invariants of O, ®o, M. We have a composite map: -

§:8 — Op ®oy S' —7+ Stw,..w)(AL)

where v is as given in Lemma 6.14. This tells us that we have a composite map:

718 -5 St ) (O1) 2 Myp(O1)
where p is just the inclusion map. Then we know that:
Gy (M) = G2(Or ®oy M)y

Now, Theoem 6.13 tells us the G-invariants G?(OL ®o, M),, (and thus the G-
invariants G7 (M), ;) will completely determine the isomorphism class of Op ®o, M.
But, we know from the proof of Corollary 5.24 that the functor (O ®p, —) is

one-one on isomorphism classes.

We next illustrate the above procedure and Theorem 6.13 with an example.

Example 6.16 Let S = S;1)(Ag) be a hereditary R-order in M(E) and let N
be a finitely generated left torsion S-module. We wish to use the G-invariants to
determine gN precisely. Well, suppose we are given a complete set of G-invariants

as follows:
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ord,G?(N),1 |r=6|r=5|r=4|r=3|r=2|r=1|r=0
s=0 2 7 13 18 24 31 40
s=1 1 6 11 16 21 28 36
§=2 0 ) 9 14 18 25 32
s=3 0 4 8 12 16 22 29
s=4 0 3 7 10 14 19 26
$=05 0 2 6 8 12 16 23
s=6 0 1 ) 6 10 13 20
§s=17 0 0 4 4 8 10 17
5§=28 0 0 3 3 6 8 14
§s=9 0 0 2 2 4 6 11
s =10 0 0 1 1 2 4 8
s=11 0 0 0 0 0 2 )
s§=12 0 0 0 0 0 1 4
s=13 0 0 0 0 0 0 3
s=14 0 0 0 0 0 0 2
s =15 0 0 0 0 0 0 1
s =16 0 0 0 0 0 0 0

where G2(N),; = (0) for 7 > 7. We see immediately that a’N = 0, but o®N # 0 so
we can write

sN=NO®gN,

where a® N(® = 0 and
N; =n{"Py/a" Py & n{"VaPy/ab Py
Now, the columns ord,G?(N)g, for b =0, 1, tell us that:

Rk([p ®s 0®N) =5 =n{" since 1+ 7=0(2)
Rk(T; ®s a®N) =2=n{" since 0+ 7= 1(2)
and hence:
N7 = 2P0/a7P0 & 5C¥P0/058P0
Ro :Rk(CMGN):2+5=7
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Next we consider the columns ord,G?(N)s,, which tell us that:

Rk(To ®s a®N) = 11=Ro+n{’ = ny =4

Rk(FI ®Rs aSN) :7:R0+n§6) :>n(16) =0

and hence we can write:

sN=NYg@ NN

where
NG = 4P0/06P0
R, = Rk(e®N)=11

Looking at the next set of G-invariants we find that:

R, = Rk(a*N) = Rk(a®N) = Rk(a’N) = 11

so we next consider the columns ord,G?(N);, which tell us that:
Rk(Ty ®s aN) =14=R; +n = nlP =3
Rk(T; ®saN) =13=R;+n® = n{? =2
and hence we can write:
sN=N®aoN, &Ny N,
where
N, = 3Py/a*Py ® 2aPy/* Py

But then
Rk(Na @ Ne® N7) =5+4+7= 16 = Rk(N)

and so we must have determined N. Thus, we can write:
sN =Ny ® Ng® Ny

= [3P0/0/2P0 & 2C¥P0/OZ3P0] D [4P0/a6P0] © [2P0/CY7P0 (&} SCYPQ/OZSP()]
= 3A}, D 241, ® 1A}, ® 245, B 5A],
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6.3 Twisted Group Rings

In this section we consider how we can apply the G-invariants we constructed in
section 6.1 to the case of modules over a twisted group ring. Let T be a commutative
ring with a 1 and G be a finite group which acts as a group of automorphisms on
T. Then, by the twisted group ring T o G of G over T, we mean:
ToG=EPTy
9€G

where {g|g € G} form a T-basis for T o G and multiplication in T o G is defined as:

(t101)(t292) = t1g1(t2) 192 V t1,t2 € T, 91,92 € G

Let R be an integral domain with quotient field K and let L be a finite Galois
extension of K with Galois group G, of order n. Let T be an R-order in L such that
T is stable under G. Now if ¢ € G then g determines a K-automorphism of L which.
induces an R-automorphism of T'. Then we may form the twisted group rings:

LoG=@Lgand ToG =PTy
geG geG
In order to construct G-invariants we will embed L o G into M, (L), via a particular
representation which we denote by py. Let G = {g1, ..., 9.} and write:
A=LoG= {Zgiai | a; € L,g; € G where g.a=g(a)gV g € G,a € L}
i=1
We view A as a right L-module A, and consider the L-endomorphisms of A7 which
will act on the left. Now, let a € L and let @ denote left multiplication by a. Then,

since {g;} form an L-basis for A; we see that:
a(g:) = ag: = g:.[97 " (a)]
and hence the matrix representation of @ (where the matrix acts on the left) is:
()" = diag(g; ' (a), .-, 9, (a))

Similarly, since gg; = g, for some r, s such that 1 < r, s < n, the matrix representa-

tion of § which we call (§)*, is the n X n matrix:

(9) = (6!]:‘,99]‘) for1<i,5<n
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where:
1 ifg=h

0 ifg#h
for all g, h € G. Then the map py defined by:

6g,h =

poiars (@), (5)°
yields an n-th degree representation of L o G over L:
po:LoG — Endy(LoG) 2 Endp (L") = M,(L)
which when restricted to T gives us:
po:ToG— M,(T)

Let A =T oG, then for \M a finitely generated left A-module, we can construct the
G-invariants with respect to py to be G#°(, M), ,, which give us invariants as ideals
in the ring T'. We ask ourselves can we do any better than this in order to obtain
finer invariants? For example, given a G-invariant G#°, which is an ideal of the ring
T, can we find an ideal J of the fixed ring 7¢, such that when J is extended to the
larger ring T' we obtain JT = G? ? The following example‘ shows we cannot always

do this.

Example 6.17 Let T = Z[i+/3] and let G = C, =< g > be such that G acts on T
by complex conjugation. Suppose we have a finitely generated left A = T'oG-module,

AM, with presentation matrix:

21409
0.1+ (1 +14v3)g

C =

with respect to one generator e, say. Then

2 0
0 2

0 1+iV/3

1-14/3 0

po(C) =
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and thus
2 0
—~— 0 2
po(C) =
0 1+14V3

1-i/3 0
We will calculate G#°(, M )q o in this case which is the same as calculating F2° (s M).

We obtain:
FR(LM) = (4,200 +4/3)T

FPLWM) = (2,1+4+/3)T
Let us consider F3°. A short calculation shows that (F§° N T°)T = (4)T. But,
2(1+iv3) € F§°\ (4)T so we see that (F5°NTE)T S F* and thus we cannot find
a T%-ideal J such that the extended ideal JT = F/°. However, note that:

9(F) =(4,2-2iV3) =FP
g(F®) =(21-1/3) =F

So, in this case, we see that each F*° is fixed under the action of G = Cs.

We can extend this idea to the general case as the following theorem shows:

Theorem 6.18 Let A =T oG. Then for any finitely generated A-module, \ M, we

have:
g(Go(AM)rp) = G2 (AM)rp

for all g € G and for all integers s > 0.

If G has order n then we know that A = T™ as left T-modules. Thus, we can
view M as a left T-module which we denote by 7M. In order to prove Theorem
6.18 we first need a lemma which shows the relationship between certain presentation

matrices for A M and certain presentation matrices for 7M.

Lemma 6.19 Suppose C = ()A,) is a presentation matrix for , M, for some Ay, €

Afork=1,...,mandl=1,... h. Then,if g € G:
1. gC = (g(Ax,)) is also a presentation matrix for A M;

2. gCg™"' = (gAk197") is also a presentation matrix for yM; and
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T N— N S

3. po(C), po(gC) and py(gCg~1) are all presentation matrices for M.

Proof:
Suppose C is a presentation matrix with respect to the generating set e = {e;}.

Then we have a set of m relations:

h h h
Z Apger =0 QZ Arier =0 Zg)\k,lel =0
=1 =1 =1

for k = 1,...,m. Hence gC is indeed a presentation matrix with respect to e.

Furthermore,
h h
Z gAeer =0 & Zg)\k,lg_l[gel] =0
=1 =1

and hence gCg™! is a presentation matrix with respect to the generating set {ge;}.

Thus, it remains to prove 3. We have a presentation for 5, M:
A™ —C—> Ah —A M
Now, since A =2 T" as left T-modules, we see that there is a presentation for 7 M:

T A Th e M
We claim that A and po(C) are equivalent matrices by means of elementary row
and column operations; if this is the case we write A ~ po(C). We first consider the
simplified case m = h = 1. Then we can write C = () for some A € A. We also
write:

n
A= Zajgj for some a; € T
=1

so we have the relation

Ae; = 0 i.e. Zajgjel =0

J=1

If we multiply the relation Ae; = 0 by g;! on the left we obtain:
g7 her=[..+g7(a;)97'g; + .. Jer =0

If we let gi_lgj = g, for some 7, such that 1 < r < n, then g; = gig,. Hence,

po(gi) = (g:)* has a 1 in the (j,r)-th entry and consequently pp(C) has gj_l(ai) in
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1

the (j,r)-th entry. Next, multiplying the relation Ae; = 0 by g;* on the left we

obtain:
gj_l)\el =[..+ gj_l(ai)gj_lgi +...]e1=0

If we let gj_lgi = g, for some s, such that 1 < s < n, then as a T-module the above
is a relation for p M with respect to the generating set {g;e;}. So this equation gives
us the entry g (a;) in the (3, s)-th position of the matrix A. Since g, = g; ! each s
is uniquely determined by r. Thus, if we take the matrix A and interchange columns
s and r for each s, which is equivalent to swapping the generator g;e; with g,e;, we
obtain ;0?0/)- Thus, we have proved that in the case m = h =1, A ~ m as
required. The general case follows easily. For if C' = (};;) then po(C) = (po(Ai;))

is an m x h matrix with entries in M, (T). If we take the m relations:

h
Z /\k,le, =0
=1

and, as before, multiply on the left by g;'!, then we see that each po(Ai ;) is the
matrix with gj‘l(ai) in the (j,7)-th position, as we had in the m = g = 1 case.
Similarly, if we now multiply the above relations on the left by g; ! then we obtain
relations with respect to the nh generators {g;e;}. Thus, A is an nm x nh matrix.
If we think of it as an m x k block matrix, with each block an n X n matrix, then
each of these n x n blocks has the entry g; !(a;) in the (j, s)-th position, as before.

Thus, swapping columns s and r for each s, in each of the n x n blocks, we obtain

Hence, as the matrices C, gC and gCg~! are presentation matrices for M we

T~

see that po(C), po(9C) and pp(gCg~1) must be presentation matrices for 7M.

We are now in a position to prove Theorem 6.18.
Proof: (of Theorem 6.18)

Assume that C is a presentation matrix for M and that A is a-stable with

T

respect to A. We know from Lemma 6.19 that po(C) and po(¢9Cg~"') are both

presentation matrices for M with respect to the same size generating sets so we

must have F(C) = FPo(gCg~"). Since A is a-stable with respect to A we obtain

— e

Fe(Cr,) = Fo(gClyg™"). Suppose we also know that po(gCg~") ~ g(po(C)) and
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therefore Fr°(gCy,g7') = F°(gC},). Then we have that:
FL(Crp) = F(9Ch97") = FI(9Cry) = gFP(CFy)

which tells us that:
9(GE(AM)rp) = G (AM)rp

e

So it remains to prove that py(gCg~1) ~ g(po(C)). Let ¢ = g,. Again, we first
consider the case m = h = 1 and write C = ()) where A = 37 a;g;. Let us

consider:

g A = gr(a)grgng ™t 4 -+ 90(0:)9r9i97 + - + 6:(0) Grgn gt

Now, using similar methods to those used in the proof of Lemma 6.19, we can show
that po(g-Ag; ') is the n x n matrix with the entry g; 'g,(a;) in the (k, s)-th position
where gx = g,9:9;'9s. Now, we can find a p such that 9y lg, = grg,jl. Further, if we
let:

Gor(p) = gr_lgpg,

then we see that g,, () = gx. Define ¢ such that:

9p = 9:9:9, ' G

then the (p,t)-th entry of po(g-Ag;') is equal to g,'g,(a;)) = grg;'(a:). Let us
now consider g,pp(A). Well, the (k,u)-th entry of py()) is g; '(a:) where g = g;g,.
Hence, the (k,u)-th entry of g.po()) is g,g; '(a;). Let us revert back to the matrix

po(9-Ag ') and perform the following permutations:

Col t — Col u
Row p — Row k

and call the resulting matrix pj(g,Ag, ). Then the (k,u)-th entry of pf(g-Ag; ") is
equal to g,g; '(a;) which is precisely the (k,u)-th entry of g,po()). It remains to
verify that g, = g,. Well,

Gort) = 95 " 9Gr = 9797 ' 9p9r = 97 Gk = Gu

Hence,

po(9:Cg; ") ~ gr(po(C))
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For the general case, we can easily repeat the above argument, performing the
permutations on each of the n x n blocks of py(g,Cg,!) to obtain:

po(9:Cgr) ~ gr(po(C))
as required.
O
We finish this section by proving a result about the relationship between the

initial Fitting Ideal and the annihilator of a finitely generated A-module.
Theorem 6.20 For any finitely generated left A-module, y M, we have:
FP(AM)NTC C Annpa M

Proof:

Suppose we have the following presentation for , M:
A™ AP T M

where the map 7 is represented by the matrix C € M,,«,(A) acting on the right,
with respect to the generating set e = {e;}, for { =1,...,h. Now, since 7A = T" as

left T-modules, we see that there is a presentation for pM:

’ '
Tnm T}Tnh W;TM

—

where we can represent 7' by the unboxed matrix po(C) acting on the right. Since T’
is a commutative ring F§°(, M) C AnnrM (see Theorem 1.11) and thus T""F§° C

T™™ po(C). Now choose z € F§°NTC, so Tz C T"™po(C) and hence, A"z C A™C.

But, z € T¢ so A"z = A" and we obtain:
zA" C A™C
Now, suppose m €5, M, so we can write:

h
m = Z A for some A\ € A

=1
-Then:

(zA1,...,zA;) €Im 7 =ker 7



6.4. Metacyclic Groups 119

and thus .
0=m(zA,...,xAp) = Zx)\lel =zm
=1

Therefore

x € Annpy M

6.4 Metacyclic Groups

We now consider how we can apply the work in section 6.3 to obtain G-invariants
for modules over group rings, where the underlying group is metacyclic. Let G be

the metacyclic group given by:
Gs = (z,y| " = 1,17 = 1,yz = a'y)

where p and ¢ are distinct primes with p odd and ¢ is a primitive g-th root of 1
modulo p®. Let I'; denote the group ring, I's = Z,G,. Then we can represent I'; as
a twisted group ring:

Iy =2,G5 = Zy[z] 0 C

where C; =< 7 > and v acts as y on z; the action given by y(z) = z*.
We first consider the case s = 1. If we denote by A the semisimple Q-algebra

A = Q,G, then we have a representation for A:

A= QpGl = QpGlel &b QpGle2 = Qqu 3 Qp[(] ° Cq

where e; = 2% and e; = 1 — e; are primitive idempotents, ®,(z) is the cyclotomic

polynomial of order p and ( is a primitive p-th root of 1. However, for I'; the

analogous result is only an inclusion:
Fl = ZpGl Q Z,,G'lel &) ZpG162 = Zqu 5} ZP[C] o Cq

since €; and ey do not lie in I';. If we let S = Z,[(] o C, then, since Z,[(] is a
tamely ramified extension of its fixed ring Z,[¢]%, S is a hereditary Z,[¢]%-order in
QS = Q,[(]oCy (see [1], Corollary 3.6). Thus, I'; can be projected onto a hereditary

order, namely S.
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We will calculate a set of G-invariants for finitely generated I';-modules. We

have a representation for I'y:
oot Zofa] 0 Cp — M,(Zyfa])
where
po(aiy’) = (G (Y)* V a; € Zlz), v € Cyfor i =0,1,...,q— 1

where p, is the representation we defined in section 6.3. Thus, calculating our G-
invariants with respect to pp we will obtain a set of ideals in Z,[z]. Let r, M be
a finitely generated left torsion I';-module. We want to choose an appropriate «
to provide us with a useful set of G-invariants. We also choose « such that the
projected element ae; € S can be used to calculate G-invariants for the underlying
module over the hereditary order, S, such that they completely determine the S-
module structure. For a full set of G-invariants (i.e. b # 0) we want an « such that
[} is a-stable with respect to I'y and which provides a useful set of G-invariants.
However, research has failed to find such an « (of course we can always take o = 1
but the subsequent G-invariants we obtain are not very useful). However, we can

take ¥ = Z,[z] and choose:
a=pe + (1 —z)ey=8,(z)+ (1 —z) €'y =Zyz] 0 C,

Then o™ 'Z,[z]la = Zy|z] ¢ T'1 and thus Z,[z] is a-stable wih respect to I';. We
then need to choose a set which generates p, M over ¥ to give us a partial set of
G-invariants. Note that « is not a zero-divisor in I'; so the element a~! € A = QI;.
The projection of the element « onto I'jey is aeg =1 — ¢ € S. Let R = Z,[¢] and
Ry = R%. Then we have a representation:

(L,-51)

Ry Py - Py

To : S — S(l-’__q])(R()) =
Py
RO e e RO

where S(, 1)(Ro) is of type g. Here P is the unique prime ideal in Ry such that

Py = mg Ry, for some my € Ry, and such that PyR = 7#9R, where # = 1 — (. In fact 7
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is an isomorphism. To see this note that since R = Rp[r], we can write S = Ry[w, 7]
Thus, {7*y7} constitutes an Ry-basis for S, for i,7 = 0,1,...,q — 1. Then, we can

make S = R o C, act on the Fy-module, R, via left multiplication and we define:

2(A) = (A\)* forall Ae S

So, we have a representation:

T2 S = RoCy, — Endg,(R) = Endg,(R]) = M,(Ro)

and
(0 o o o] som )
1 0 - 0| simg
Ta(aes) = | 0
: 0
\ 0 -+ 0 1|sm

for some s; € Ry, fori =1,...,g—1and sq € U(Rp). Then, using similar techniques
to those used in the proof of Lemma 6.14, it can be shown that 7, is both one-one
and onto. Now, the element 7,(aes) has the same properties as the a we chose in
Theorem 6.13, so it can be used to calculate G-invariants with respect to 75 which

will completely determine the underlying S-module structure of r, M.

Remark 6.21 Since ¥ = Z,(z] C T'; we only obtain a partial set of G-invariants,
G (r,M),p. Indeed, if we could find an « such that I'; is a-stable (with respect to
I'1), it is debatable whether the fuller set of G-invariants, G?(r, M), , would in fact

give us any more useful information.

Remark 6.22 The partial set of G-invariants we obtain for I';-modules via py are
ideals in the ring Z,[z], whereas the G-invariants we obtain for S-modules via 7,
are ideals in the ring Ry. However, under the projection 6, : 'y — I'jes = S, the
G-invariants with respect to py do not necessarily correspond to the G-invariants

with respect to 75. That is, in general:

02(G5 (r, M) 0)Z(S) # Gi2(T1e2 ®r, M)ro
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since G2°(y, M), is an ideal of Z,[z] which is projected under 6, into an ideal of
Z,[¢) which may not lie in Z(S), the centre of S.

However, we will remedy these above problems for the case s > 1, which we now
study showing a slightly different appfoach. Consider the element 8 =1 -z € ;.

Now [ is not an invertible element of QI'; since 1—z is a zero divisor in I'y. However,

p°—1

if we quotient out by the ideal J = (3%

17)Z,|z] to obtain the quotient ring:
T, = (Zp|z)/J) 0 Cy
then 8 = B+ J is not a zero divisor in T,. In fact since we can write:
(QCps/J) 0 Cq = @QP[CPj] o Cy
j=1

where (, is a primitive p’-th root of unity, then we can express BasB=(B1,...,0s),
for some B; € Q,[(y]. Thus, B is invertible in (Q,Cps/J) o C, if and only if each
B; is invertible in @Q,[(y] 0 Cy. But, B; = 1 — (i is a non-zero element in the field

@, [(i] so must be invertible. We next prove a lemma which shows that the § we

have chosen satisfies B T, B = T,.

Lemma 6.23
ﬁ—ll—‘s B = I-_\s
Proof:
Let
qg—1
A= Z a;iv' € s for some a; € Z,[z]
=0
Then
g—1 g—1
A+ J)8 = Zafy’.[l —z]+J = Zai”y‘(l —z)v' +J
i=0 " 3=0

But, /(1 — z) = 1 — z* so we obtain:

-1 q—1
A+JB=Y a(l-z)y +J= Zai(l —o)h(z)y +J

1=0

'Y

il
<)

1

where h;(z) = Zf;;(l) z*. Hence:

|
o

A+ J]B = (1-1z) |:z_: aihi(z)y" + Jj| €

=0



6.4. Metacyclic Groups 123

and thus T, 5 C B T,.

The reverse inclusion can be proved by a similar argument.

O

Lemma 6.23 tells us that I’y is S-stable with respect to I',. Therefore, using the
element 3, if .M is a finitely generated left torsion T';-module we can choose any
generating set for M to give us a full set of G-invariants. Now, let T = Z,[z] and
T =T/J, so we can write:

I,=To Cy

We can view the twisted group ring 7 o C, as a right T-module and let T o C, act

on T o C, as a T-module to obtain the representation:
75:T 0Cy — End(T 0 C,) = End5(T") = M,(T)

This is one way of unboxing presentation matrices over T o C, with respect to T to
give G-invariants G (M),.,, which are ideals in the ring T. However, if we unbox the
presentation matrices in a different way, via an alternative representation of T o Cy
into a matrix ring over a commutative ring, we can obtain ideals in the fixed ring
T To do this, suppose we view T as a right T_"-module. Now let T o C, act on

T as a right T*"-module via the action:
Gy) b =tyE) Vi eT
to obtain a representation:
6:T oCy — Endc, (T)
Before we see the significance of this representation we need a lemma.

Lemma 6.24 We have an isomorphism of T _modules:

)‘I

T=(T"

Proof:
Let L = QT and let 5 be the natural map, n : T — T. Let n(z) = T so

then the minimum polynomial of T over % is of degree ¢ and we denote it by

f(X) € I [X]. Thus, we can write:

T=(17 .5
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In fact we know that if Z is a root of f(X) then ¥*(Z) must also be a root of f(X)

and therefore: .
g—

) =[x -+'@)

1=0

and thus the coeflicients of f(X) lie in T, Thus, we can write:
T = <1,T, ce ,fq_l>—c

: a— . : =C . A~ O
and since the {Z#*}{_) are linearly independent over T °, we obtain T = (T *)? as

required.

Lemma 6.24 tells us we have a representation:

§:T o Cy — Endre, (T) = Endye, (T™)7) & My(T7)
Therefore, we can construct the G-invariants in an alternative manner as G*(M),,,
in order to obtain ideals in the fixed ring T,

We ask’ ourselves what is the significance of the alternative construction via 87
Well, we can project the G-invariants lying in the ring TC", derived via 4, onto a
hereditary order in order to determine the original torsion module extended by that
particular hereditary order. For let T; = Z,[(,] for j = 1,...,s. Then we have an
inclusion:

TOCQQ®TJ-OC,,

j=1
If we let S; = T o C, then S; is a hereditary Tf"-order in QS;, since Tj is tamely
ramified over ch", for j = 1,...,s. Thus, we can project I'y onto each hereditary

order S; via the natural map:
9] :—TOCq _)]}GC:S]

Let us denote by p; : S; — M,(T;) the inclusion map of the hereditary order S;
into a matrix ring over a commutative ring. Then, on extending the G-invariants

we obtain:

0,(G (7 M), ) Z(S;) = :;(Sj ®r; M)rp
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But, since S; is a principal hereditary T].C"-order, Theorem 6.13 tells us that G2’ (S;®r
M), will uniquely determine the extended modules S; ®g; M and we conclude that

the invaraints gg(ﬁM )r uniquely determine the S; ® M, up to isomorphism.

Remark 6.25 If we only consider I';-modules then T" % (T)?, so we are unable
to find a representation which gives G-invariants in the fixed ring 7 in the same
manner as § does for [';-modules as above. One question for future investigation is
to ask ourselves whether the alternative G-invariants which lie in the smaller ring
T give us finer invariants than the G-invariants which lie in 7. It may be possible
to find examples of modules where the G-invariants with respect to § can provide us
with more useful information about the module than the G-invariants with respect

to pg.



Chapter 7

Conclusions

To summarise, in the first part of this thesis we have reviewed and extended some
results about Fitting Ideals and their relation with module structure, where the
underlying ring is commutative. In chapter 2 we showed that for modules over
Noetherian rings we can improve upon the sequence of increasing Fitting Ideals to
obtain a strictly increasing sequence of ideals (except where the ideals are zero or the
whole ring). We also showed that for modules over Dedekind rings there are some
intimate relationships between initial Fitting Ideals and annihilators and higher
Fitting Ideals. For non-Dedekind rings we could try to obtain similar relationships,
in particular try to find a better estimate for annihilators, or attempt to show the
relationships between modules in terms of their higher Fitting Invariants.

In chapter 3 we considered to what extent the Fitting Ideals could be used to
tell us about the underlying module structure. Our investigation concentrated on
certain rings - for example, we showed that the Fitting Ideals completely determine
the module structure for torsion modules over Dedekind rings. We could consider
other rings and try to say more precisely what the Fitting information tells us,
especially when it does not provide us with the whole picture.

In chapter 4 we showed that the Fitting Invariants could determinine the un-
derlying lattices over integral group rings, where the underlying group is cyclic of
order p. For cyclic groups of order p? we saw that the situation is more complex
and it is not clear whether the Fitting Ideals determine the lattices over the integral

group ring in this case. For other finite groups the group ring may not have finite
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representation type. However, we may still be able to make use of Fitting Invariants
to tell us something about the underlying group ring modules in these cases.

In chapter 5 we extended the notion of Fitting Invariants to modules over certain
non-commutative rings. As mentioned previously, not much work has been done be-
fore in this area. We constructed finer Fitting Invariants for modules over hereditary
orders from a module-theoretic view. In chapter 6 we constructed a set of invariants
for modules over more general orders, which we called G-invariants, by considering
adjustments to presentation matrices. In both these cases the construction works
well for modules over hereditary orders where the invariants completely determine
the structure of torsion modules. We could try to generalise this construction for
other non-commutative rings - for example, rings which can be projected onto hered-
itary orders. In the twisted group ring case further work needs to be done in order
to say more precisely what the invariants tell us. Indeed, for modules over the group
ring of metacyclic groups we could only obtain a full set of G-invariants when we
worked over a quotient ring. Further work needs to be done to see if a full set of
G-invariants can be obtained in the whole ring, and if this can be done, then we need
to investigate what this extra information tells us. One application is to generalise
the work on Galois modules in [2] to the case where the Galois group is non-Abelian,
for example where the Galois group is a metacyclic group.

Overall, we have demonstrated that Fitting Invariants can be a powerful tool in
telling us information about certain modules. In some cases it may be difficult to
compare the structure of different modules but we can use Fitting Invariants to tell

us something about the relationships between these modules.
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