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Dedicated to my Mother:



A new analytic approach to physical
observables in QCD

Wajdi Gaddah

Ph.D. Thesis, May 2002

Abstract

An analytic ghost-free model for the QCD running coupling a(Q?) is proposed. It
is constructed from a more general approach we developed particularly for investigating
physical observables of the type F(Q?) in regions that are inaccessible to perturbative
methods of quantum field theory. This approach directly links the infrared (IR) and the
ultraviolet(UV) regions together under the causal analyticity requirement in the complex
Q?—plane. Due to the inclusion of crucial non-perturbative effects, the running coupling
in our model not only excludes unphysical singularities but also freezes to a finite value
at the IR limit Q? = 0. This makes it consistent with a popular phenomenological hy-
pothesis, namely the IR freezing phenomenon. Applying this model to compute the Gluon
condensate, we obtain a result that is in good agreement with the most recent phenomeno-
logical estimate. Having calculated the S—function corresponding to our QCD coupling
constant, we find that it behaves qualitatively like its perturbative counterpart, when cal-
culated beyond the leading order and with a number of quark flavours allowing for the
occurrence of IR fixed points.

A further application of our analytic approach in the area of wave functionals has
been included. We have proven the existence of a local expansion for the logarithm of
the Schrodinger vacuum functional in any scalar field theory with a non-zero mass gap.
This expansion is expected to converge for source fields ¢(z) whose Fourier transforms
@¢(k) have sufficiently small supports. We have demonstrated how to reconstruct the
vacuum functional for an arbitrary source p(z) from the local expansion of its logarithm

by exploiting analyticity in a complex scale parameter.
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Chapter 1

Introduction

1.1 QCD as a gauge theory

Local gauge symmetries play a central role in the modern theory of particle physics. They
provide a useful theoretical paradigm by which a deep insight into the nature of particle
interactions can be gained. When constructing a locally gauge-invariant theory we are
forced to introduce new fields, referred to as gauge fields, to achieve the required gauge
symmetry. From this viewpoint, local gauge invariance restricts the form of the Lagrangian
of the theory under the gauge consideration, determining the interaction terms uniquely.

Quantum electrodynamics (QED) is the simplest example of a gauge theory of a phys-
ical system and serves as a prototype for quantum chromodynamics (QCD) [1,2]. It is,
therefore, instructive to begin this section with a short review of the derivation of the
QED Lagrangian by imposing the requirement of local gauge invariance [2] on Dirac free
electron theory, showing how this condition introduces a new vector field A,(z), called the
gauge boson field, which identifies the photon. Then, we go on to extend this argument
to include QCD.

Consider the famous Dirac Lagrangian for a free spin-1/2 particle of mass m [3]:

L = P(z)(iv" 0, — m)y(z) (1.1)

where v(z) is a 4-component fermionic field, called Dirac spinor, (z) = % (z)~° is the ad-

joint spinor to #(z) and y* denotes the 4x4 Dirac matrices satisfying the anticommutation
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relations:
(Y, 9} =9 A =29, (1.2)

where g*” is the Minkowski metric tensor:

40§ 8
g = (0_0 ~1 0 ) - (1.3)
00 0 —1
Now, under the so-called gauge transformations':
Y(z) =P (z) =’ P(z) and  P(z) = P(x) = e Y(a), (1.4)

we find that if we fix the arbitrary gauge angle 6 such that 9,60 = 0 the form of the
Lagrangian in (1.1) remains unchanged, in which case we have a globally invariant theory.
On the other hand, if we allow 6 to be space-time dependent, in which case (1.4) is
called local gauge transformations, we do not achieve the desired gauge invariance as the

Lagrangian in this case transforms according to:
L L =L —y(z)v*p(z) 9,0(z). (1.5)

This shows how the non-vanishing derivative 0,6 spoils the local gauge symmetry of £
and causes the theory to be phase dependent everywhere in Minkowski space-time, which
is physically unacceptable.

Now, if we require the Lagrangian £ to remain invariant under local gauge transfor-
mations we must modify it by replacing the gradient 8, in its formulation with a covariant

derivative D, which transforms under local gauge transformations like the field 9 itself:
Dytp(z) - [Du(e)) = D' () = ) Dyyp(x) . (1.6)

To construct this covariant derivative, we are forced to introduce a new vector field A, (z)

into the definition of D,,, giving:

D, =08, +ieA,(z), (1.7)

'If the name “gauge transformations” has not been used for historical reasons, these transformations
would probably have been called “phase transformations”.
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such that A,(z) transforms simultaneously with 1 according to:
, 1
Ay A=A, - 28“0. (1.8)

Here, e is a free parameter which we shall eventually identify as the electric charge of
the Dirac field. To check (1.6), we simply transform D,y (z) according to (1.4) and (1.8)

concurrently, yielding:

D= Dl = (8, +ied) e =(, +ie(A, - %aua)]e“’qp

= PO, +ied,)p=e?Dyyp. (1.9)
This ensures that the new modified Lagrangian:
ﬁ:'l,_b(i’y“Du—m)l,b=E(i7”3“—m)1[1—61$’y“1/)14#, (1.10)

is locally invariant under the simultaneous gauge transformations (1.4) and (1.8). The
last term in (1.10) corresponds to the interaction between the gauge field A,(z) and
the fermionic field v(z), showing how they are coupled with strength e. The unique
determination of this term is entirely due to the requirement of local gauge symmetry.
To complete the physical construction of a locally invariant Lagrangian, we must add
a kinetic energy term for the gauge field A,(z) as it is to represent the photon field. This
term can only depend on A, (z) and its derivatives, but not on 9(x), in such a way that
leaves it invariant under the gauge transformation (1.8). Since the familiar electromagnetic

field tensor:

Fl = 0,4, — 8,A,, (1.11)

is invariant under (1.8), any function that depends on A,(z) only through F,, and its
derivatives is also invariant under (1.8). In classical electrodynamics, the gauge field A,
and its derivative J,A, can be thought of as a generalized coordinate and generalized
velocity [4], respectively. Hence, in analogy with the situation with discrete particles we
expect the missing Kinetic energy term Lg g to be quadratic in the velocities, i.e. in
d, Ay, or Fy,. In addition, Li g must be a Lorentz scalar in order to preserve the Lorentz-

invariant nature of the action, i.e. [ Lx g d*z. Since the only Lorentz-invariant quadratic
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forms which are also invariant under (1.8) are of the type F,, F*” [4], it is appropriate

enough, with this motivation, to take:
1 v
ﬁK.E=—ZFm/F“ . (1.12)

Here, the factor of -1/4 is conventional. Note that (1.12) is actually the free Maxwell
Lagrangian as one might have guessed [4]. Neglecting gauge fixing terms, we can now

write the Lagrangian of QED as:

) — 1
Lopp =Y ("8 —m) ¢ — ey Ay — 7 Fu F™. (1.13)

This is a locally gauge-invariant Lagrangian, describing a field theory in which an electron
of mass m and charge e is interacting with a massless photon. Note that the addition of a
mass term mf‘, A, A* to Logp is prohibited by the principle of gauge invariance, indicating
that the gauge particle, i.e. the photon, is massless.

In summary, we have seen that by imposing the requirement of local gauge symmetry
on the free Dirac Lagrangian, we are led to the interacting field theory of QED. The
success of this approach motivates us to use it again for deriving the Lagrangian of QCD.
But before we do this, let us consider the nature of the gauge transformation in (1.4). The
family of phase transformations U(#) = €*, depending on one parameter 6 as in (1.4),
form an Abelian group of unitary 1x1 matrices known as the U(1) group. By an Abelian
group we mean that all of the elements in the group commute with each other under the
group multiplication, i.e. U(Q)U(0') = U(¢')U(H). In general, any field theory associated
with a noncommutative group of phase transformations is termed a non-Abelian gauge
theory otherwise it is called Abelian gauge theory, just like QED.

QCD is a non-Abelian gauge theory, describing the strong colour interactions of quarks,
spin-1/2 particles, through the exchange of an octet of massless, spin-1 and colour? carrying
vector gauge bosons,called gluons. Unlike QED, the symmetry to be gauged in QCD is
a non-Abelian SU(3) gauge symmetry based on the colour degree of freedom carried by

the quarks and gluons. The colour charge hypothesis in QCD was originally proposed to

2the term“colour” in QCD has absolutely no connection with the ordinary meaning of the word. It is
simply used to denote three new quantum numbers.
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resolve the problem of the apparent violation of the Pauli exclusion principle by the baryons
such as At (uuu) and Q7 (sss), which appeared to accommodate three identical quarks
in the same state. According to this hypothesis any quark of the six known flavours (i.e.
species) must carry a unit of any of the three colour charges: Red, Green and Blue usually
denoted by R, G and B respectively. In other words, each quark flavour is supposed to
come in three and only three colours, forming a fundamental colour triplet representation
of an SU(3) group of phase transformations under which the QCD Lagrangian admits
local invariance.

Before going any further, let us now briefly review the properties of the SU(3) group,
the special unitary group in 8 dimensions 3. The group SU(3) consists of all unitary 3 x 3

matrices with unit determinants, i.e. any 3 x 3 matrix which satisfies the conditions:
UlU=UU'=1 and detU=1, (1.14)
is an element of the SU(3) group. Phase transformation matrices of the type*:
U =¢H (1.15)

where H is a 3 x 3 matrix, form a good representation of the SU(3) group provided that
H is both traceless and Hermitian. The requirement of Hermiticity and tracelessness
of H can be checked from (1.14) with ease. For example, from U Ut = eiHe—H" _ |
we have e = eiHT, which implies H = HT. Also, from det U = 1, we can show that
TrH = 0. Consider det(e!!) = det(RR™'eH) = det(Re R™1), using the fact that
det(R1 R3) = det(Ra R1) = det(Ry) det(R3) for any square matrix R;. Then use:

i 0 n X s -1yn ) B
ReZHR_lzRE :@R_I:E :MZGIRHR 1, (1.16)
: n! . n!
n= n—

3the term “special’ signifies the fact that any matrix element U € SU(3) has a unit determinant
detU = 1.

‘The exponential of any matrix A is defined by the exponential series:

o0
eA = E
n=0

[

"A":I+A+-;—A2+...

=
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to obtain:

det(eH) = det(eiRHRul) . (1.17)

Now if we take R to be the matrix that diagonalizes the 3 x 3 matrix H, which is always

possible, we then arrive at:

ei(RHR_l)“ O 0
3
det(e'™) = det 0 iR HR )3 0 =11 CHRHR™Y);
0 0 eiRHR™ )33 7=l
_ eiz]@:,(RH R71)j; _ (I(RHR™!) _ o' Tr(R™'RH) _ ei’I\*(H), (1.18)

where (RHR™!) j; denotes the diagonal elements of the diagonal matrix RH R L. This
shows that the requirement det(e) = 1 implies Tr(H) = 0, completing our argument.

The SU(3) group has only eight generators T, (a = 1,2,...,8), satisfying the commu-
tation relations:

(To, Tb] = ifabe T, (1.19)

where fu5. are real constants completely antisymmetric in a, b and ¢, called the structure
constants of the group. A representation for such generators is provided by the eight 3 x 3

Gell-Mann matrices 7,, which are hermitean and traceless, giving [2]:

Ta:%’];, (1.20)
where
010 0 - 0 1 0 0 0 0 1
=1 00|, T2=|i 0 o], T3=}l0o -1 o, 7Ta=|o o o],
0 00 0 0 0 0 0 0 100
0 0 —i 000 00 0 1 0 0
1
75:000,78=001,T7=00—z,7§=ﬁ010 (1.21)
i 0 0 010 0 2 0 00 -2
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By convention, the SU(3) generators (1.20) are normalized according to:

1

Tr(TaTy) = 7 Te(TaTo) = 5 s (1.22)

| =

By multiplying (1.19) with Ts and taking the trace, keeping in mind (1.22), we simply
arrive at:

Jabs = =21 Te(Ts [Ty, Tp)) = =20 [ Tx(TsToTy) — Te(TsTyTs) ] - (1.23)

By using the cyclic property of traces, we can verify easily that fu;, is indeed totally

antisymmetric. The non-vanishing values for (1.23) are found to be [5]:

fi23 =1,

1
f1a7 = —f156 = faae = fo57 = f3as = —fae7 = 3

fass = fers = \/75 (1.24)

Since not all of the structure constants f,;. are zeros, the group is obviously non-Abelian.
Another important relation of the structure constants of the SU(V) group is:

N2-1

Z facd fbcd = Ndap- (1'25)

c,d=1
The eight generators T, = 7,/2 form a set of linearly independent 3 x 3 traceless
Hermitian matrices. Hence, we can expand the matrix H in (1.15), being traceless and

Hermitian, as a linear combination of these generators, rewriting (1.15) as:
U=¢9, 0=06°7,/2, (1.26)

where the components 8% are arbitrary real parameters, which we may allow them to
depend on space-time, and %7, denotes the sum® 22:1 6°T,. In (1.26), U represents
a generic SU(3) element which operates on a 3-dimensional column vector space, called
the fundamental representation of the SU(3). The number of independent parameters 6*

needed to characterize the group element U = U(6!,...,68) is known as the order of the

°N.B. Throughout this thesis we shall adopt the Einstein summation convention.
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group, which is N? — 1 in the case of SU(N) group. This number is always equal to the
number of the group generators.

Now, we are in the right position to start the construction of the QCD Lagrangian
by applying the gauge principle to the free fermionic Dirac theory in a way analogous to
QED. In the absence of any interactions, the Lagrangian for a particular flavour of a quark

assumes the form:

L = 9pp(2) (i7" 0 — m)yr(z) + Yp(2)(iv*dy — m)Pp(2)
+ 9 () (19" 8 — m)ype(2) (1.27)

where Yr(z), ¥p(z) and ¥g(z) each denotes a 4-component Dirac spinor for the relevant
colour and ¥p(z) = 1,&};(30)70, Pg(z) = z[:L(x)'yO and Pg(z) = 1/1}';(31)70 are the corre-
sponding adjoint spinors. Unlike QED, the Lagrangian of a free quark (1.27) is a sum of
three free Dirac Lagrangians because each flavour of a quark comes in three colour charges.

By introducing the colour triplet notation for a particular quark flavour:

va) = | pa(e) | T = (Fal) Fple) Pola)) (1.28

we simplify the form of (1.27) as:
L= V(z)(iy"8, — m)¥(z). (1.29)

This looks just like the original free Dirac Lagrangian (1.1), only ¥(z) now stands for a
column vector with three components, each of which represents the usual 4-component
Dirac spinor.

A quick inspection of the Lagrangian (1.29) shows that it is invariant under the constant

phase transformation of the colour triplet:

U(z) = ¥'(z) = UT(z) = e U(a),

U(z) = ¥(z) = U(z)UT = T(z)e . (1.30)
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However, if we turn this global phase transformation into a local one by simply allowing
6 = (6',...,6%) to be space-time dependent, i.e. 9,6° # 0, the Lagrangian (1.29) ceases
to preserve gauge invariance. In analogy with QED, to obtain a local gauge invariant

Lagrangian, we have to modify (1.29) according to the following gauge prescription:

1. replace the gradient 9, in (1.29) with the covariant derivative:
D,=10,+1igA,, (1.31)

which is now a 3 X 3 matrix operator, where g is a coupling constant, the non-Abelian
counterpart of the electric charge in QED, and A, is a 3 x 3 matrix defined in terms
of eight gauge fields Af, equal in number to the generators 75/2:

3 1 48 : 42 4
Au + ﬁAu AL — ZA“ A# - zAf’L

1 1
Au=3 AuTa=5 | AL +iAL  —A)+ ZAL A —iA] | (1.32)
4 | ;45 6, . 2 48
Al 414 AS +iAT, - 54

2. assign to the gauge field matrix A ,(z) a transformation rule such that D, ¥ trans-

forms like ¥ itself:
D% — [D, V] =D,V =UD,¥ =¢%" D,v, (1.33)

which implies:

D,— D,=UD,U". (1.34)

Now, we shall make use of this prescription to determine the required transformation law

for the A, matrix of gauge fields. From (1.33), we have:
D,V = (10,+igA,)U¥ =U(T39,+igA,) V. (1.35)
Solving this for A}, we obtain:

1
A,=UA, U+ P (9, uyut, (1.36)
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which, by use of the identity:
9, (UUN) =Ug,U' + (8, U)UT =0, (1.37)

reduces to:

i ;
A, =U(A, - p 19,)U" = ~ U (D,U"). (1.38)

For an infinitesimal phase transformation such that:

U%I+%9“(x)7;, (1.39)
we have:
1 a 1‘ a
A:‘gAu— %7;8#6 (CB)+§0 (.’E) [E,A#], (140)
or equivalently:
1 a 1 a Qa
Al (2)Te = Al(z) Ta — 57; 0u0°(z) — fas 0°(z) Al (2) T . (1.41)

If we now multiply both sides of (1.41) by 7. and take the trace using (1.22), we obtain

the infinitesimal gauge transformations of the bosonic vector fields Af (z):
1
Al (z) — A’Z(x) = Af(z) - p 0,0°(x) — fabe 0%(z) AZ(TL‘). (1.42)

By comparing (1.42) with the corresponding expression for photons (1.8), we see that the
third term in (1.42) makes the main difference between the two expressions, its dependence
on fus. shows explicitly that it is a consequence of the non-Abelian symmetry. Noting that
Af(z) = Tr (7, A,), the exact gauge transformation law for the gauge fields Af(z) can be

extracted from (1.38) as:
1
Al(z) - Al (z) = ~ T (7, [UD,UTM). (1.43)

So far we have manged to construct from (1.29) a locally SU(3) gauge invariant

Lagrangian of the form:

L =9(z)(iy*D, — m1)¥(z) = T (i7"d, — m)¥ — g (T AT, T) AL (1.44)
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The cost of achieving this has been the introduction of eight vector fields A}, transforming
according to (1.43). As these fields are meant to represent the gluons, we should therefore
include their kinetic energy terms in (1.44), demanding that they are also gauge invariant.
By analogy with QED, we need to find out an appropriate generalization of the photon
kinetic energy term —F,,, F** /4 for the gluons in QCD. We begin by noting that in QED

the vector field tensor F,, can be expressed in terms of the covariant derivative (1.7) as:
Fu =0,4, - 8,A, = — > (D,,D,]. (1.45)
e
This motivates us to identify the non-Abelian SU(3) counterpart as:

F,, = 0,A, — 0,A, +ig[A,, A= — g [D,,D,)], (1.46)

which can be expressed in terms of an octet of field strength tensors F,(z) as:

1 a

FI—“/(‘T) - 5 Fpu(z) 7;1 (147)

where

Fj,(z) = 8,A%(2) — 8,A%(z) — g fabe Ap(z) Aj(x). (1.48)

Here, (1.46) transforms under (1.36) as:
F. —F,, =UF,U", (1.49)

indicating the non-invariance of F,, under the gauge transformation (1.36). However, if
we consider the Lorentz scalar quantity Tr (F,,F*”) we can see from the cyclic property
of the trace that it is gauge invariant under (1.36). Hence, we define the locally gauge

invariant Lagrangian describing the kinetic energy of the gluons to be:
Lyy = 1’I‘rF F*) = 1F“ Few 1.50
YM =5 (F )—_Z ,w(-’E) (z). (1.50)

This is clearly the generalization of the photon kinetic Lagrangian in QED. It is well known
as the pure SU(3) Yang-Mills Lagrangian.

Now, we can write the non-Abelian gauge invariant Lagrangian of the strong colour
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interactions in QCD as:
1 a iV Ty (s g T
Locp = -1 Fi F*™ + 9 (in" 9, — m)¥ — 2 (UAHT0) AL (1.51)

The first term in (1.51) imparts a crucial new property to QCD because it includes terms

such as:
2
9 fabe Ab(z) AS(2)0* A (z) and _%fabcfadeAZ(z)Aﬁ(x)Ad#(x)Aeu(x)a (1.52)

which clearly indicate that the gluon fields are self-interacting through three- and four-leg
vertices, respectively. This reflects the fact that unlike QED the gauge fields in QCD,
identified with gluons, carry colour charges.

So far, we have considered only one type or flavour of a quark. It is however not

difficult to show that for a number of quark flavours n; the QCD Lagrangian assumes the

form:
1 nf o g nf .
Locp = —7 Fj, F** + > Ty (iy"8, — my) ¥y — S S (T Tl AL, (1.53)
f:l f:]

where ¥; and mj; denote the colour field triplet and the mass of the quark flavour

( labelled by f ) respectively.

1.2 Asymptotic freedom in QCD

1.2.1 Notation and Conventions

In this section, our notation and conventions will be slightly different from those used in
the previous section. Following Refs. [6,7], we redefine the generators of the SU(N) group,

in the fundamental representation, by the antihermitian matrices:
to=—iT,, tl = —t,, (1.54)

such that:

[taa tb] = fabc te, Tr (ta tb) = 5 - (155)
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Note that the matrices T, in (1.54) are hermitian and traceless, and reduce to (1.20) in
the case of the SU(3) group. In terms of these antihermitian generators, the gauge fields,

field strength tensors and the group elements of the SU(N) group are re-expressed as:
Au(e) = A(@)ta, Fulo) = Bl (@)te, Ule) =@, (1.56)

with 8(z) = 0%(z) t,. Here Aﬂ(m), ﬁ’u,,(a:) and 0(z) are related to our previous notation in

section (1.1) via the simple relations:

Ay(z) =igA%(2)Ta,  Fu(z)=igFL(z)Ta, O(z) =i6%(z)T,. (1.57)

Notice that the coupling constant g is now lumped into the gauge field components AZ(:E) =
—g Aj,(z), resulting in F o (2) = —g Fjg,(z). Under these conventions, various expressions
can be written in more compact forms. For example, the covariant derivative (in the
fundamental representation), the field strength tensor and the gauge field transformation

will now read as:

Dy =0,+ Ay, (1.58)
F.(z) = [D,, D)) = 8,4, — 8,A, +[A,, A], (1.59)
A, — AL =U (9, +A,) U (1.60)

In an n-dimensional Euclidean space-time, the action of the pure SU(N) Yang-Mills theory

is given by:
S[A) = SplAul/, (1.61)

where

SelA] =——/d"m’1‘r () /d":c @ () (). (1.62)

For brevity, from now on we shall omit all the tildes in our notation. So, in what follows
we will use A, = A t,, Fu = Fj, t, and 6 = 6%, to denote the relevant quantities in
(1.56). Now, we shall introduce the following definitions: if the covariant derivative D,

acts on the adjoint group space, i.e. on elements containing the matrix generators ¢,, then
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we identify D, as:

D, =0,+ 4, |, (1.63)
such that:
D,V =0,V +[A,V], forany V =V%ax)t,. (1.64)
In matrix components, we have:
DEY = oy 0 + A L, (D, V)*= DR VP =06,V® + A5 L, VP, (1.65)
with LS, = — fape. Under this convention, we can show that [5]:
(Dy, D))V = [FL., V], DWW W) =(D,V)Vo+V1 D, Vs, (1.66)

where V; = V,*t,. Furthermore, we shall denote any field matrix in the adjoint represen-
tation by
Ve = Ve(r) L <= V5 =V(z) L (1.67)

ab>

where L® is a square matrix of dimension N? — 1 and satisfies:
(L% L) = fape L¢, Ty (L°L%) = —N . (1.68)

Here, the matrices L® for a = 1,2,..., N2 — 1 are called generators of the SU(N) group

in the adjoint representation.

1.2.2 Background field approach to asymptotic freedom

The background field method [6,8,9] is a technique for quantizing gauge field theories in
the presence of a classical background field normally chosen so that certain symmetries
of the generating functionals are restored. Technically, this method makes calculations in
gauge theories clearer and more transparent. In this section, we shall use this approach for
investigating asymptotic freedom in non-Abelian SU(N) gauge theories with no fermions.
Within the conventional Faddeev-Popov gauge-fixing procedure, the generating

functional of pure Yang-Mills fields in 4-dimensional Euclidean space-time assumes the
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form [9]:
7= 7 / DA, ApplA,] 6[G[A,]] & SelAulls® (1.69)

where Zg is a normalization constant, DA, is a local gauge-invariant measure defined as:

3 N%2-1
DA, =[] T ]] d4s(=). (1.70)
p=0 a=1 =z

and 6[ G[A,]] represents the é-functional which is a product of the usual 4-dimensional

Dirac é-functions:
N2

s(Glau] = T TI 66 A=), (1.71)

with G®[A,](z) being the ath z-dependent component of the arbitrary gauge-fixing func-
tion G[A,]. For example, G*[A,](z) = 0,A}(z) is a common choice called the Lorentz
gauge. In (1.69), the -functional imposes the so-called gauge-fixing condition G*[A4,](z) =
0, which restricts the functional integration over the field configurations. By Arp[A4,] we

denote the Faddeev-Popov determinant in both space-time and group indices:
ApplAu] = det(M®(z,y)), (1.72)

where the matrix element M%(z,y) is given by:

5G[%U,](x) 6G°[%A,)(z) 6%A5(2)
Mg, y) = —— A = /d4z c“ z . (1.73)
500y |, S (z) 60 |,
Here, %,(z) is the gauge transformed field (1.60):
4,(z) = @ (9, + A,(2)) e = A, (z) — ,0(x) — [A,, "] ™0 (1.74)

Since App[A,] is evaluated at f(z) = 0, it is enough to consider only infinitesimal gauge

transformations U(z) = I + 6(z), giving:
4,(z) = Au(z) — D,0(z). (1.75)

Now, the basic idea of the background field method is to split the gauge field A, (z) in
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(1.69) into a classical background field B, (z) and a fluctuating quantum field w,(z):

A#(il?) :Bﬂ(x) +90wu($): g0 :Q/Qa (176)

where ¢ is a mass scale parameter. We will treat the classical part as a fixed field con-
figuration and the fluctuating part as the integration variable of the functional integral.
By regarding B,(z) as fixed, the invariance of the Euclidean action Sg[A,] under the
infinitesimal gauge transformation (1.75) implies the invariance of Sg[B, + go w,] under

the following gauge transformation:

%0, () = wy(c) ~ gl—O’DuG(:v) _ [wa(2), 6(z)], (1.77)

or alternatively (in components):

1

p. DU0%(z) + fabe wS(z) 0°(2), (1.78)

(z) = wi(z)

where D% is the matrix components of the covariant derivative D, with respect to the

background field in the adjoint representation:
D = 6, 0, + BS(z) LS, - (1.79)

The gauge-fixing condition which is commonly used in the background field method
reads as:

G°[Ay, B,)(z) = ¢~2 (gszz(x) - 8uB,‘j(:c)) -0, (1.80)

which, under the change of variables (1.76), reduces to:
Gwy, Bu)(z) = gog 2 D%wb(z) = 0. (1.81)

This may seem a rather unusual gauge choice as it depends on an extra field B, (z).
However, it is perfectly acceptable and known as the background field gauge. The mass
scale parameter g in the gauge-fixing function is introduced so that the Faddeev-Popov

determinant remains dimensionless.
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Now, if we change variables in (1.69) using (1.76) we obtain:
Z = Z[B,] = ZO/Dwu Arplw] 6[g0 72 Dyw, ] & SelButaowil/e® (1.82)
where §[go ¢ ° Dyw, | = H¢11V=1 6[go g2 @Z”wz] and

Applw,] = det <6Ga[0w“’B/‘]($)> = det (go g DI M)

36°(y) 66°(y)

= det (—¢ 72D, — 904 foce DE wE(2)) - (1.83)

2 _ myac myeb
Here D, = D;° Dy,

Consider the following class of gauge conditions [9]:
éa[wu,B#,C](z) =goq 2 @waZ(:c) - C%z)=0, (1.84)

where C%(z) is an arbitrary function of a space-time point and é“[wu,Bu,O](:v) =
é“[w#,Bﬂ]@). For all gauge conditions belonging to this class, the Faddeev-Popov de-
terminant in (1.82) is the same because C*(z) is unaffected by the gauge transformation
from w), to ®w,. This allows us to replace the J-functional in (1.82) by some other func-
tional depending on the gauge-fixing function Ge [wy, Bu)(z) in a more convenient way for
practical calculations.

Having started with the gauge condition (1.84) for C?%(z) # 0, instead of (1.81), we

would have obtained:
Z = Z|B,) = Z / Dwy Applwy] 8190 7> Dpw, — C] & FolButoownlls™ (1,85

Being gauge-invariant, this quantity is obviously independent of C'(z). Hence, by integrat-
ing (1.85) functionally over C(z) with an arbitrary weight functional W[C], we obtain,
on the left hand side, Z times a constant [DC W/[C] which can be lumped into the
normalization factor Zg, while, on the right hand side, the integration over C(z) can be

performed trivially with the help of the §-functional, giving:

2 =Z[B,) = Z, /D“’u Applw,) Wgo g% Dyw, ] & SePutaownllo” (1.86)
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Here, Z) = Zo/ [ DC W[C].

A popular choice for the weight functional W|[C] is given by:

e :exp< O§/d4m Tr(C(z) )) — exp (—— ——/d“ 4z ) (1.87)

where £ is an arbitrary real number. In this expression, ¢2/ gg is included so that the

exponent remains dimensionless. Using (1.87) in (1.86), we obtain:

7 =Z[B,] = Z; / Duy Appluy) & SelBrtooenl/o’g=Sorlenl (1.88)

where the gauge-fixing action Sgr[w,] is given by:

1 1

d4:E Tr([@uw“ )]2) = €

Serlw] = d'z DPwl(z) D2Wi(z).  (1.89)

fS

By making use of the fact that (D, w,)? = Dy (wuDywy) — w,D,Dyw, and:

/d% Tr (D (w, Dyw,)) =0, (1.90)
we can rewrite (1.89) as
Sc [w]zi/d“ﬂ\r(w@@w):—li/d‘*zw()33“”33”0 C(z).  (1.91)
PR g WERTVEV T TR g S

1.2.3 One-loop approximation

We shall evaluate the functional integral (1.88) to one-loop order, which corresponds to
the omission of terms non-quadratic in the fluctuating field wy(z). We begin by expanding
the Euclidean action Sg{B) + gy w,] in a functional Taylor series about B A(z), retaining

only the first three leading terms:

dSE[Bi]
6Ba(z)

SE[B)‘ + go w,\] = SE[B,\] + go /dll.’L’ wz(ﬂ,‘)

92 y 5QSE[B)\]
+ %’/d‘lzd% w (a:) m wg(y) + O(gg’w?\). (1.92)
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Here, we have:

§Ba(z) 2

P L [ Bw B~ [ay ) Doty -0 =), (1.99)
m

where jj(z) = Dﬁbﬁlf’,,(a:), known as the a-th component of the non-Abelian vector current
Ju(z) = D F,, (). Note that the field strength tensor Fj, (z) is now defined with respect
to the background field B, (z). Also, in (1.92) we have:

52SE[B,\] 5jﬁ($) "
N - - 94
5By oBe() ~ BEy)  Sm @) (1.94)
where
A‘Lbl, = 6‘“, Dab + fabc l“f( ) + @ac @cb (195)

which, with the help of the identity [D,,D,]w = F, L, in the adjoint representation, we
can rewrite as:

N = —0,, D% + 2fabe F () + DICDL (1.96)

For simplicity, we choose the background field B, (z) to be the solution of the classical

field equation of motion:
D,Fu(z) =0,Fu(z)+ B, F.] =0, (1.97)
reducing the Taylor expansion in (1.92) to
SElBy + g0w,] = Su(B,] + D / o wi(z) A% (@) + O(gwd) . (198)
Substituting this into (1.88), we arrive at:
Z = 7} e SelBulle? /Dwﬂ Applw,) e Solen] (1.99)

where
-2

Solwd = &~ [ d'a (@) 885, wh@) + O(o). (1.100)

with

Agliw - —5;11/ ’ng + 2fabc F,L'LCI/(x) + (1 - 1/5) ,DZC '@’C/b' (1'101)
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Since ¢ is a freely adjustable parameter, it is certainly simpler to work with & = 1. This
is called the Feynmann-t’'Hooft gauge which will be imposed from now on.

Within the one-loop approximation, the Faddeev-Popov determinant in (1.99) reduces
to det (—q‘2 @ib) as can be seen from (1.83). Being independent of the quantum fluctu-

ation wy(z), this simplifies the functional integral in (1.99), giving:

Z = Z') e~ SE(BL/9" et (—’}32/(12) /Dwu e~ Solwu]

det (—D%/q%)
det (Douw/q®)?

_ ¢ o-SElBAl/e? (1.102)

where C is an overall constant independent of g and g. Here, recall that ©? and Ag, are

operator matrices, in the adjoint representation, given by:

D?=9,D, with D,=18,+BS(z)L°,

Doy = =8 D* = 2F33 (), (1.103)
where Fio) (z) = Fg,(z) L with L being a square matrix of order N? — 1 and
elements L, = —fu. and I is a unit matrix. In this representation, ’Dzb and Agﬁw

are the corresponding matrix elements of D2 and Ag wv respectively. In (1.102), the pre-
vious introduction of the arbitrary mass scale parameter ¢ turns out to be necessary for

keeping the determinants dimensionless.

1.2.4 (—function evaluation of determinants

In this subsection, we shall describe an effective method for evaluating determinants of a
certain class of operators by means of a generalized version of the Riemann zeta function
[10,11]. Then, we will apply this method to the two determinants we encountered in
(1.102), giving the explicit g-dependence of g by which we observe asymptotic freedom in
QCD.

Consider an N x N operator matrix A with real, positive and discrete eigenvalues A,
such that:

Ad,(z) = A, Pp(2), for all n € N, (1.104)

where ®,,(z) is a column matrix with elements ®%(z) forming a complete orthonormal
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basis:
Z /d4 B2 (2) B (2) = b Z B2 (z) B (y) = 6(z — y) 6ap.  (1.105)
Alternatively, in matrix notation, this reads as:
/d4x I\:(cpn(x) c1>;fn(x)) = G, Z@ ) @l (y) = 8(z —y) 1, (1.106)
where I is an N X N unit matrix.
The determinant of A is defined as the product of its eigenvalues:
o0
det(A) = H (1.107)
This can be expressed in terms of an associated Riemann zeta function:
. (1.108)
n=1
By differentiating this once with respect to s, we find that for s = 0:
0 [ee]
¢5(0)==>"In(A\y) = =In( ] An) (1.109)
n=1 n=1
which gives:
det(A) = e 4@ (1.110)
An immediate consequence of (1.108) is that
Casuls) = 1 C4(8), (1.111)
for any scalar p, which implies:
C3/l0) = 4(0) In(a) + ¢ 0), (1.112)

or rather:

det(A/p) = e SA(O n(1) det(A).

(1.113)
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Using the integral representation for the I'-function:

oC
I'(s) =/ 5= et dt, (1.114)
1]
we can show that:
1 - 4 A
Ci(s) = ) /0 £#71 Tr (e744) dt, (1.115)
where
R o0
Tr(e™t4) =) et (1.116)
n=1

One way to compute the trace of exp(—t A) is by considering the kernel G(z, y;t), which

satisfies the heat equation:

9G(z,y31)

ot =-Az G(x,y; t), (1'117)

and the initial condition G(z,y;0) = §(z — y) I. Here, we use A; to indicate that A acts

on z rather than y or t. The formal solution of (1.117) is given by:
G(z,y:t) = ™= G(z,4;0), (1.118)
which, with the help of the initial condition and (1.106), we can write as:
o0
G(z,y;t) = D et B (z) BL(y) .- (1.119)
n=1

By taking the trace of G(z,z;t) in (1.119), integrating with respect to = and using the

orthogonality relation in (1.106), we obtain:

Tr (et 4) :/T&:(G(x,x;t)) dz . (1.120)
Here Tr (G(z,z;t)) = 5:1 G®(z,z;t), where G denotes the matrix elements of G
which can be expressed as:
[e.9]
G(z,yt) =) e M dl(z) ¥ (y). (1.121)

n=1
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Now we shall apply the heat kernel method to our problem, giving a detailed discussion
on evaluating the zeta function ¢ 4(0) for both A=-D%and A = Ao, We begin by

introducing the heat kernels:
G(z,y;t) = ¢t ®* oz —y)I, K(z,y;t) = e 0o §(z — y) 1, (1.122)

which satisfy the generalized heat equations:

9G(z,y;t) Ky (z,y5t) _

Ot :@2G(Ivy;t)a —Bt_ - _A()ul/ K/_Ll/(x)y;t)7 (1123)
subject to the initial conditions:
lim G(z,y;1) = 6(z —y) L, lim Ky (2,95 8) = 6(2 ~ y) duu 1, (1.124)

in 4-dimensional Euclidean space-time. Here ¢ > 0 is just an auxiliary variable, not
implying time, and I is a unit matrix in the adjoint representation. Following Refs (6,10},
the heat kernels G(z, y;t) and K, (z,y;t) tend to have the following asymptotic expansions

for small ¢:

oo

1 2
1) — —(z—y)?/4t n 1.12

G(z,4it) = o5z © n;)an(z,y)t , (1.125)

) o0
Ky (@, 58) = Ty 0TS by a9 27 (1.126)

n=0

The initial conditions (1.124) imply that:

ao(QI,I) = I, bo’lw(.’L‘, :E) = (5,“, I. (1.127)

From the behaviour of G(z,y;t) and K,,(z,y;t) near £ = 0 and the fact that they decay
exponentially as ¢ — 0o, we shall show how to analytically extend (_p2(s) and (a,,,(s)
to meromorphic functions of s, each with poles only at s = 1 and s = 2 and regular at

s=0. For A = —D2, we have:

C_p(s) = /f(:::, s)dz, (1.128)
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where

1 Rt _
flz,s) = ) /0 71 Tr (G(z, ;1)) dt . (1.129)

Since Tr (G(z, z;t)) behaves like 1/¢2 in the neighbourhood of ¢t = 0, the integral in (1.129)
diverges for s < 2. However, we can still analytically continue f(z,s) to the complex s-
plane, using a different integral representation which converges for Re{s} > 0. This
method is known as the (—function regularisation.

Consider the special case of s > 2 and integrate (1.129) by parts three successive times

to obtain:
f(z,s) = (D" oen i 2 Tr (G(z, z; 1)) N
8 _(s—l)s— —~ (s —n+1) gt2—n 5o 1m0
! /oo t° > t2 Tr (G(z, z; 1)) dt (1.130)
s(s - 1)(s —2)0(s) J, = o3 & ’ '

which, as a consequence of the small and large ¢t-behaviour of G(z, z; t), reduces to:

1 3

f(z’s):—(s—l)(s—2)f‘(s+1) /0 T

2 Tr (G(z, z; t)) dt . (1.131)

This expression allows us to analytically continue from the positive real interval s > 2 to

the right half complex plane Re {s} > 0, giving for s = 0 the unique analytic contribution:

Ll - 132
£(2,0) = 5 25 e (6(z,7i1)|_ = 10 Tr(s2(2,)), (1.182)
which, when used in (1.128), leads to:
1
(-2:(0) = 35 (1.133)

A similar computation for the operator A = Agy can easily be performed, giving:

) d'z (1.134)

<A0uu

Here the trace of by ,,(x,z) is over the SU(NN) group indices as well as Lorentz indices,

i.e.
2

3 —
Tx (by o (z, ) :Z Z g2 (@ (1.135)
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Now, the main task is to determine ay(z,z) and by, (z,z). Substituting the asymp-
totic expansions (1.125) and (1.126) into the corresponding heat equations (1.123) and
equating terms of the same order in ¢ yields the following recurrence relations for a,(z,y)

and by, ., (z,y):

(z —yY)uDpao(z,y) =0, (1.136)

nan(z,y) + (& = 9)u Dpan(z,y) = D’ apa(z,y), n>1, (1.137)

(z = Y)o Dobouw(z,y) =0, (1.138)

nbnw(2,Y) + (2 = Y)oe Dobnuw(z,9) = —Loyobn-1,00(z,y), n>1. (1.139)

Repeated applications of D, to these equations, followed by setting z = y, enables us to
solve for a,(z,z), bp u(x,z) and their derivatives. Starting with (1.137) and (1.139) for

n = 1, we can write:

al(Ia‘T) = ®2 aO(‘Tay)

, (1.140)

r=y

adj
+2F2(z). (1.141)

=y

bl,;tu(l"’ 517) = :02 bO,uU(mv y)

To evaluate D) ag, D? ag, D2 bo,,. and D? bo,.w at z =y, we do the following:

o firstly, we operate on (1.136) and (1.138) with ©) and then set z = y to obtain:

=0, (1.142)

=y

©Aao($,y)l = Dybo v (z,y)

=y
¢ secondly, we repeat the first step using D) Dg instead of D to obtain:

(D,Dg + ’Dﬁ@,\)ao(z,y)’ = (DrDg + DgD)bo () y)‘ =0, (1.143)

=y =y

which leads to:

aj(z,z) =0, b1 (z,z) = 2F23(z). (1.144)

nv

Also, from (1.137) and (1.139) for n = 2 and by use of (1.144) for the value of by ;. (z, z),
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it follows that:

, (1.145)
T=y

1
32(.’1,‘,11,’) = 5 ©2al($ay)

1 ) .
b (2,2) = 5 D brulz,v)| _ +2Fi () F3 (). (1.146)

By applying D2 to (1.137) and (1.139) for n = 1 and then letting z = y, we find that:

1
®2al(zay) =3 f'D? QQ 30(.’1?,:1/) ’ (1147)
=y 3 =y
1 2 .
Db, uv(x7y)‘ =5 D*D%by uu(m,y)‘ + 2D (FiP boou(z,y)) |  ,  (1.148)
’ =y 3 ’ T=y 3 K =y
where
D? (F23 by, (x,9)) = (D F3H) bo o (2, y) + 2 (D F233) Dabo ou (2, y)
+ Fpd (z) D% boou (7, 9) (1.149)
which at = y reduces, with the help of (1.142) and (1.143), to:
D% (F333 boou(z,y)) | =D*Fi(z). (1.150)
z=y

So far, only D?D? ao(:v,y)| and D?D? bg,ﬂ,,(x,y)’ are left to be determined for

=y =Yy

the evaluation of ay(z,z) and by, (z,z). As these can be calculated in a similar way, we

shall consider finding D2 D? ag(z, y)‘

only. By applying the operator Dg®D,D),D, to
=y
(1.136), from left to right, and then setting z = y we obtain a useful identity:

(D5, D2 Do + DDy Do Dr + Dy Dr Dy Dy + D, D1 Dy Dp) 20(z,y)| _=0, (1.151)
=y
from which we deduce the following relations:
D?D%ag(z,y)| =-D.D*D,a0(z,y)| (1.152)
=y z=y
1

D,9,9,Dy20(z,y)| = (5 [0,,D,)2 +D, D? @u) aolz,y)| =0, (1.153)

=y =Yy
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giving:

1 1 . A
D*D2ao(z,y)| =5 (0,0 a0lr,y)| =5 Fa(e) Fi (@) (1.154)
=y 2 T=y 27 # s

In a similar way, we can show that:

1 adj adj
D22 bo,“,,(x,y)‘xzy = 5 B35 (@) F3g () 8 (1.155)

Finally, we use these results in (1.147) and (1.148) to obtain:

1 . )
a2(z,2) = .5 FA () Fa3(z), (1.156)
1 adj adj adj adj 1 adj
bz, (2, 2) = 75 Fy (@) F3g) (2) 8 + 2 F03) (2) P (2) + 2 DP FRdd(z). (1.157)

3

The traces of these quantities over their Lorentz and SU(N) group indices are:

Tr (ag(z, 7)) = —115 N F3,(z) F (), (1.158)

Tt (bg o (2, 7)) = g N P2, (2) F% (z). (1.159)

Here, the last term in (1.157) does not contribute as it vanishes on taking the trace over
Lorentz indices. In calculating the above traces, we have made use of (1.68) and the fact
that Tr (d,,) = 4.

Substituting (1.158) and (1.159) into (1.133) and (1.134) respectively gives:

N 1 e \pa,a N1

Cor0) =15 5oz | Fle)Fi(e) d's =~ 7 SelB), (1L160)
5N 1 aN 1

Coro (0) = 3 642 /FS,/(fU)Fﬂy(m) d'z = R Se[By] - (1.161)

These together with the identity of (1.113) allow us to write (1.102) as:

7 =C M e—SE[B,;]/g2 e[-C_Dz(O)-}-(AOW(O)/Q] Ing?
det (Ag )
T _ 47 _ 11 N 9
=¢ eXp( <g—2 3 1 g )SE[BM]/W : (1.162)

Here, we have lumped C and det(—D?2)/ det(A,.)!/? in C' because they are both constants



1.3. Causal analyticity, physical observables and our goals 28

independent of ¢° and ¢. Since Z is not supposed to depend on the mass scale parameter

q, which was introduced arbitrarily, we tune the coupling constant g such that:

47 11 N 11 N
2 = =_""__ InAZ? 1.163
7 3n nq” = constant 5 . A% (1.163)

giving:
2 (4m)? 1
9 T 1IN/3 In(¢Z/A?)’

(1.164)

where A is a fixed-reference scale with dimension of mass. In this way, the arbitrary mass
scale ¢ in (1.162) is removed in favour of A, redefining g as a scale dependent quantity.
In QCD, we have N = 3, i.e. the number of colour charges. Therefore, we can easily

determine from (1.164) the effective QCD coupling constant ag% = ¢°/4r, giving:

_47r 1

(1) (H2
app(Q7) = % *ln(QQ/A2) )

with Bo = 11. (1.165)
Here, for consistency with the standard definition in QCD literature, we have identified
g with the momentum-transfer squared Q2 which defines the scale of the physics that we
are probing. Had we included the quark fields in our calculation, we would have obtained
the same expression as in (1.165) for the effective QCD coupling except for the SGy-factor
which would then be [12]:

2

,30:11_§nf7 (1.166)

where ny denotes the number of quark flavours.

For 8y > 0, which is the case if 0 < n; < 16, we can easily deduce from (1.165) that
the coupling constant decreases with increasing Q? and approaches zero at infinitely large
Q?. This implies that the energy of the interaction between quarks decreases as their
separation decreases, which contrasts with the case of electric charges whose interaction
energy grows when they approach each other. In other words, quarks within a hadron

behave as essentially free particles. This property is known as the asymptotic freedom [12].

1.3 Causal analyticity, physical observables and our goals

A fundamental problem in the theory of particle physics lies in the description of hadron

interactions in the infrared region. The property of asymptotic freedom in QCD allows us
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to investigate the interactions of quarks and gluons at short distances using the standard
perturbation theory. However, there is a number of phenomena whose description is
intractable in perturbation theory, for example quark confinement and gluon and quark
condensates. Hence, the search for calculational techniques that go beyond conventional
perturbation theory remains essential (not only in QCD but in other field theories as well).

In standard perturbative QCD, the running coupling constant diverges at a small
mass scale @ = A, creating the so-called Landau ghost-pole problem. Taking next loop
corrections into account does not alter the essence, and leads only to additional branch cuts
along the real axis Re{Q?} > 0. This problem prevents the use of perturbative expansion
at small momentum transfers Q) ~ A and, in addition, generates infrared (IR) renormalon
singularities on the positive real axis of the Borel parameter, destroying attempts to sum
up the perturbative series [13-16]. Generally speaking, as Q? comes below or near A2, non-
perturbative effects become the most dominant and the perturbative expansion becomes
useless.

Another indication that the perturbative formalism is incomplete, and cannot describe
the low energy physics unless it is supplemented by non-perturbative corrections, comes
from considering its analyticity structure in the complex Q?-plane [17]; the upshot being
that any QCD observable, which depends on a spacelike ® momentum variable Q?, is
expected to be an analytic function of Q2 in the entire complex plane except the negative
real (timelike) axis. Singularities on the timelike axis are meaningful since they correspond
to production of on-shell particles, while their existence on the spacelike axis is non-
physical as this would violate causality (i.e. causal analyticity structure) [17,18]. For
example, if a generic QCD observable were calculated to leading order, it would depend
on ag%(QQ), inheriting the Landau-singularity at Q2 = A2. This singularity is obviously
non-physical as it lies on the positive real axis Re{@?} > 0. From this point of view,
causality constrains the Q?—dependence of physical observables, and is consistent with
perturbative results only if the coupling constant is non-singular on the entire Q?-plane
with the exception of the timelike axis Re{Q?} < 0.

A small number of models for the QCD running coupling a(Q?) have been proposed

SFollowing [19], the metric with signature (-1,1,1,1) is used from now on so that Q% > 0 corresponds to
a spacelike (Euclidean) 4-momentum transfer.
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[16,18-21] to comply with the causality condition, i.e. the requirement of analyticity
in Q?. However, the issue of which of these is the most realistic is still a moot point.
Quite recently, a good attempt has been made, by Shirkov and Solovtsov [19], to devise a
model for the running coupling that is completely free of singularities in the IR region. In
this approach, the analytic running coupling is defined via the so-called Kallén-Lehmann

spectral representation as:

(M (Q?) = _pE)
g (@ )—4/0 @+ 0% = 0) dz, (1.167)

with the n-loop spectral density p(™(z) given by:

1 n )
pM(z) = Elm{agp%(—z -10)}, (1.168)

where ag’f} is the coupling constant obtained from perturbation theory (PT) at the n-loop

approximation. To leading order, the corresponding spectral density reads as:

Wyg) = 1
p) Bo [r2 + In?(z/A2)] (1.169)

Inserting this into (1.167) gives the one-loop analytic spacelike coupling constant:

4 1 1

(1) =
O!a,ln (QQ) - ﬁo ln(QQ/Az) + 1— QQ/AZ .

(1.170)

This expression is consistent with the causality condition. The first term on the right-hand
side of (1.170) preserves the standard ultraviolet (UV) behaviour whereas the second term
compensates for the ghost-pole at @? = A2. Obviously the second term in (1.170) comes
from the spectral representation and enforces the required analytic properties. Thus, it is
essentially non-perturbative. However, as mentioned in Ref. [18], as this term introduces
a 1/Q? correction to ag%(QQ) at large Q2 it would make (1.170) unsuitable as an input
quantity for observables that are proportional to the running coupling (in leading order)
but are not expected to have 1/Q? corrections (such as the e*e™ total cross section)
because in such cases the unwanted 1/Q? correction would have to be artificially cancelled.

By construction, (1.170) does not include any adjustable parameters other than the

QCD characteristic mass scale A. Thus, one might prefer to have a model with free extra
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parameters that would allow for the fitting of the coupling to lower energy experimental
data and hence further improve perturbative results at low Q2. An example of a model
of this type is suggested in Ref. [20], where the one-loop coupling constant assumes the

form:

(W) o2y _ 47 [__Q*P/A%P ] P
Q%) = Bo [Qin/AZpJ,.Cp ln(Q2P/A2p+Cp)i (1.171)

with Cp > 1. For Q% >> P/C, A?, this expression recovers the perturbative asymptotic
form (1.165). Although (1.171) is a ghost-pole free expression, being analytic for all
Q? € [0,00), it contains unphysical singularities on the complex Q?—plane (for all p > 1)
and hence does not comply with causality.

A careful analytic study of non-perturbative effects is always important in QCD be-
cause it provides more reliable and useful information about the IR region, which is inac-
cessible to perturbative methods. The main purpose of this thesis is to construct a new
analytic approach based on a different and more general methodology to that of Shirkov
and Solovtsov, which improves perturbative results outside the asymptotic domain and re-
spects the causal analyticity structure in, at least, the right half of the complex Q?-plane.
Having achieved this, we apply our method to the QCD coupling constant to solve the
Landau ghost-pole problem without altering the correct perturbative behaviour in the UV
region. Then, we show that the resultant QCD coupling in this way freezes to a finite value
at the origin (i.e. Q% = 0), supporting the IR freezing idea which has long been a popular
and successful phenomenological hypothesis [22,24]. Moreover, from the viewpoint of the
new background field formalism [14,15] our approach provides better estimates for the IR
fixed points than that of Shirkov and Solovtso.

The layout of this thesis is as follows: In chapter 2, we discuss our analyticization
procedure on general grounds, proposing a new integral representation for physical ob-
servables that depend on a spacelike momentum variable (squared) Q2. In this chapter,
we present a full derivation of our coupling constant d(l)(Qz), giving a new expression
that depends on a free extra parameter A, which can be used to tune the cdupling to
lower energy experimental data. An approximation scheme for estimating the value of A,
is included in section 2.3. In chapter 3, we carry out a comprehensive comparison between
the predictions in our approach and those estimated by other theoretical methods, which

include conventional perturbation theory, optimized perturbation theory, background field
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formalism and the analytic approach of Shirkov and Solovtsov. In section 3.3, we test our
model on a fit-invariant IR characteristic integral extracted from jet physics data. In sec-
tion 3.6, we use our analytic coupling constant in the instanton density derived from the
dilute instanton-gas approximation to estimate the gluon condensate. Then, we show that
the result obtained is in good agreement with the value phenomenologically estimated from
the QCD sum rules. In section 3.7, we calculate the §—function which corresponds to our
analytic coupling constant and compare its behaviour with the perturbative counterpart.
We further show that the the §—function in our approach and that in higher-loop order
perturbation theory behave qualitatively the same in the range of ny—values that allows
perturbation theory to obtain IR fixed points. In chapter 4, we extend our calculations
to include the exact two-loop perturbative expression of the coupling constant &(LQV)V(q),
where ¢ = Q?/A%. For the set up of this computation, we give a detailed study of the
singularity structure of Cz([?p)v(q) which is essential for the analytic continuation of &(I?‘zv(q)
to the complex ¢-plane as required in our method. In this chapter, we show how to remove
the unphysical cut together with the Landau ghost-pole singularity from the perturbative
expression &fgv(q) without altering the correct UV properties including asymptotic free-
dom. Plots describing the IR and UV behaviour of the coupling constant in our approach
and the new background field formalism at the two-loop level are illustrated in section 4.6.
Our relatively low energy prediction, unlike the new background field formalism, turns out
to be in good agreement with that obtained from the fits to charmonium spectrum and
fine structure splitting in Ref [37).

In chapter 5, we give a detailed study of the Schrodinger representation in quantum
field theory (QFT), presenting a further application of our approach in the area of wave
functionals. In this chapter, we show that for an interacting scalar field theory with a
non-zero mass gap the Schrodinger vacuum functional Wo[p] undergoes a significant sim-
plification when evaluated for fields ¢(z) whose Fourier transforms @(k) have sufficiently
small supports. As we will show this is because its logarithm Wy[p] reduces to a local
functional expansion, i.e. a single spatial integral of a sum of terms each composed of ¢(z)
and/or a finite number of its derivatives at the same spatial point. A knowledge of this
expansion or its leading terms enables us to estimate the vacuum W¥glp] = exp (W0[<p])

for an arbitrary source field by exploiting the analyticity of Wy[p;] in a complex scale

parameter s, where ¢, = p(z/4/s). By studying the analyticity of Wy for the scaled field
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s, we find that it extends to an analytic function of s on the whole of the complex s-plane
with a branch cut restricted to the negative real axis. This property of analyticity in the
complex s-plane is the basis of our method because it allows the use of Cauchy’s theorem
for relating the large-s behaviour, where the local expansion of Wy[y;] holds, to the point
s=1.

In appendix A, we carry out some of the contour integrations involved in our computa-
tion. In appendix B, we illustrate a useful method for solving inhomogeneous differential
equations subject to Dirichlet boundary conditions, using Green’s functions. The last

chapter is devoted to our conclusions.



Chapter 2

An Analytic Approach to Physical
Observables

2.1 Analyticization Procedure

We will illustrate our method with the following pedagogical example. Consider a physical
observable F' depending on a positive variable ¢ with the dimensions of energy squared.
Then, it follows from the principle of causality, mentioned earlier, that F(q) can be an-
alytically continued to the complex plane excluding the negative real axis. As we shall
show, this will allow us to reconstruct F'(q) from its high energy behaviour by using the

contour integral representation:

— ]_ e)‘(k_q)

F(k) dk, (2.1)

Cyv

where Cyv is a very large incomplete circle, in the complex k—plane, with radius Ryv
and centre at the origin, beginning just below the negative real axis and ending just above
and g € { Rek : 0<Rek < Ryy} as depicted in Fig.(2.1).

We will show that F(q) is recovered as the limit as A — oo of F(q, \), and this depends
mainly on the ultraviolet behaviour of F(q) when we take Ryy to be sufficiently large.
In order to achieve this goal, we exploit the analyticity of F'(k) in the complex k-plane,
using Cauchy’s theorem to replace the UV-boundary Cyy in (2.1) with a small circle Cy
around ¢ and a keyhole shaped contour C}, depicted in Fig.(2.2), surrounding the cut and

not connected to Cy. For this deformed contour, Cauchy’s integral formula over the circle

34
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Cy yields F(q) which together with the integral over the keyhole contour Cj transforms

the integral (2.1) into the form:
F(g,\) = F(q) + Ic,, (2.2)

where
] erMk—9)
ICk - 2—
™ Jo, k—q

F(k)dk . (2.3)

If we restrict attention to those functions F'(k) which are finite on the line of discontinuity

along the negative real k-axis, e.g. F(k) «x vk, then we can write Ic, more explicitly as:

Ic, = / oy ej:q) A(r)dr + “;:q /_ : e* <) 1.(9,q) db, (2.4)
with
1 . )
Alr) = 9 [F(re'™) — F(re™*™) ], (2.5)
and . . . . . .
0.0 = A_w; )y o ) ] (26)

Owing to the discontinuity of F'(k) across the cut, given by 2niA(|k|), the sum of the line

integrals on each side of the branch cut does not cancel. Since the region of analyticity of
F(k):
San:{k=rew:r>0,—7r<0§7r}, (2.7)

includes a portion of the real axis on which F(k) is real, it follows that F(k) satisfies the
Schwarz Reflection Principle [27]:

F*(k) = F(k*). (2.8)

This allows us to rewrite A(r) and f¢(6) in the more compact forms:

Afr) = L Im{ F(rei™) } (2.9)

™

and

pa——— (2.10)

iXesin(8) 0
fe(e’q):Re{e F(Ee )}a
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which imply that I, is a purely real quantity as it should be.
In the following, we will investigate the behaviour of I, at sufficiently large values of A.
ie)

Since F'(re') is assumed finite throughout the whole region S,,, we take its magnitude

to be bounded on the infinitesimal circle |k| = ¢, see Fig.(2.2), such that:
|F(ee)| <M, for —m<@<m, (2.11)

where M is a positive constant which may depend on e. Using this to estimate the upper

bound of the second term in (2.4), we find that:

e M
2

—A(g—e€)
< GMG—E (2.12)
-

/ e)\ecos(B) fe(ﬂ,q) do

If we consider only those functions F' for which M can be chosen such that lir% eM =0
€—
then the second term in (2.4) will vanish in this limit and accordingly I, reduces to the

form:
Ruy o= Mr+q)
Ic (q,)) = /0 Y A(r) dr, q>0, (2.13)
which is more suitable for further calculations. For the case under consideration, since
A(r) has an upper bound N > 0, i.e. |A(r)| < N, in the interval 0 < r < Ryy, we deduce

that:
A

—Aq
e, | < N e/\—q (1 - e_’\RU") . (2.14)

So for large values of A, the function I¢, (g, A) decays rapidly to zero, and:
lim I¢, (q,A) = 0. (2.15)
A—00

In general, (2.15) remains true even if the finiteness restriction on F'(k) along the negative
real k-axis, together with the constraint E_I,% eM =0, is not fulfilled. For example, if F'(k)
has a finite number of singularities on the negative real axis then we can avoid these points
by keeping the two edges of the keyhole contour Cy a small distance § away from the cut

which they surround. In this way, we can rewrite (2.3) as:

Ryv —Agq w=7
fo,= [ e gaq s + S O g, (2160
€ —7T+n
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where ¢ = V€2 — 62 with € > §, n = arctan (§/€') and:

ei/\ ]

1
g(x,q,)\) == Im{

E F(—g + i) } . (2.17)

z+q—1d

Since F is bounded on the contour C} , we have:

N’ —Agq , _ —A(g—e¢)
o) € — 5 e —eARov] 4 cM(n—m) e : (2.18)

T Mg+é - T g—e€

where N’ is the upper bound of F(—z + i6) for all z € [¢/, Ryv]. As both N’ and M are
AM-independent, in the limit as A — co we obtain (2.15) as claimed above. So, by taking

the limit as A — oo in (2.2) we deduce from (2.15) that
lim F(q,\) = F(q). (2.19)
A—00

To have some notion of the functional dependence of F(gq, ) on A, for a fixed ¢ > 0,
consider a simple example where the imaginary part of F (k) assumes a constant value ug
along the upper edge of the cut, e.g. F(k) o< Ink. In this case, we have A(r) = pp/m and
a straightforward integration of (2.13) yields:

Io, (@3 = 22 [Bi09) = B\ + Fov))] (2:20)

where E)(z) denotes the exponential integral function [28] defined by:

(1"
nln

oo ,—t o0

E\(z) = / S dt= -, — In(z) — z z" for >0. (2.21)
z ¢ n=1

Here v, 2 0.577215 is the well-known Euler’s constant. By inserting (2.20) into (2.2) and

sending Ryy — oo, we immediately arrive at an explicit solution:

F(g,X) = F(g) + =2 Ex(rq). (2:22)

As illustrated by the graph in Fig.(2.3), the variation of F'(¢, \) with respect to A depends
largely on both the sign of 1o and the behaviour of E)(A\g). With increasing A, we see
that F(g,\) evolves from —oo, for ug < 0, or +o00, for g > 0, in a continuous progression

until it settles down to the value F(g) at large values of \. Moreover, we discover from
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F(g, A) 4

F(@ p--e-me-mceea oo ==—==

Figure 2.3: The variation of F(g, \) versus X at a fixed value ¢. The lower and the upper
curves describe the cases in which o < 0 and pg > 0, respectively. The dashed line
represents F(q).

(2.22) that F(q,\) converges to F(q) faster as ¢ increases.

To summarise, by exploiting the analyticity of F(k) in (2.1), we can obtain F'(q) as
limy_,o F(q,)), and if we take the radius Ryy of the contour Cyy to be sufficiently
large the integrand depends on the large ¢ behaviour of F. So far, our consideration
has been restricted to the case in which F(g), as a true function for the observable in
question, complies with the principle of causality. In practice, however, we do not know
the function F(q) exactly, even for large q, but for a theory with asymptotic freedom we
can approximate the large g behaviour of F'(q) using perturbation theory for ¢ in some high

energy domain Dpr so that Fpp(q) = F(q) for ¢ € Dpp. Thus, for large enough Ryv,

we can safely use Fpr(k) as a reasonable substitute for F'(k) in our contour integral (2.1),
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where now k is any point on Cyy. This gives the approximation Fpr(q,\) = F(q, ),
but taking A to infinity in this would simply reproduce the perturbative estimate for F(q),
leading to nothing new. Now Fpr(q), as a perturbatively calculated quantity, often suffers
from a serious defect by having singularities in the complex plane away from the negative
real axis. Good examples of this are the effective coupling constant and the running mass
in perturbative QCD. These extra singularities are unphysical and do not exist in the
true function F'(q). Hence, they should be eliminated in our approximation in order to
reinstate causality. So, if instead of using the limiting value of Fpr(g,\) we were to use
a finite value of A, say Ap, then we might have an expression in which these unphysical
singularities are absent and we will give an example in which this happens. Furthermore,
taking a finite value of A in EFpr(g,\) can give an improvement over the perturbative
estimate in favourable circumstances for the following reason: Viewed as a function of A
with g held fixed, Fpr(g,A) is a better estimate of the true function F(g,)\) for small

than it is for large A since if we scale the integration variable in (2.1) then:

k—X\g

B 1
F A) =5~
pT(Qa ) 211 |kl=ARyv k= Ag

Fpr(k/)\) dk . (2.23)

For large enough Ryyv we can replace the contour of integration in (2.23) by |k| = Ryv

since the difference this makes is a small contribution from the negative real axis:

.

- (2.24)

/RW e M { Fpr(ke /) } dk
————— Imq Fpr(ke ,
ARyv k‘*‘)\(]

which is exponentially damped. Now we can see that the smaller the value of X is the
larger is the argument of Fpr in the integrand of (2.23), and for an asymptotically free
theory this gives a better approximation to F(g,)). So, Fpr(g, A) interpolates between
the true quantity F(q,\) at small A and the perturbative estimate Fpp(q) at large A.
Under favourable circumstances A can be chosen sufficiently small that Fpr(g, ) provides
a good enough approximation to the exact function F(q, ), and sufficiently large that we
are estimating the large A behaviour of the latter, i.e. F(q).

We will now discuss how to choose an appropriate value A = X\ for Fpr(g, \), de-
pending on the behaviour of Fpr, and pinpoint the most favourable situations in which

Fpr(q, Ao) gives a better estimate for F(q) than Fpr(q) does. An illustrative example is
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perhaps the best way to convey these ideas. Consider the simple case in which Fpr(q)

suffers only from one infrared singularity at ¢ = A? of the simple pole type:

Ulq)

F —
Pr(q) Py vE

(2.25)

where U(g) is an analytic function of ¢ in the entire complex g—plane excluding the
negative real axis (e.g. the principle value of log). Then, define the UV region where the

perturbation theory of this toy model is trustworthy by:
Dpr = {q:q> A?}. (2.26)

Replacing F and F' with Fpy and Fpr, respectively, in our integral formula (2.1) and then

integrating in the usual way, we obtain:

_ U(A?
Frrla, ) = Ferle) - D00 ) 4 BN for £ 0%, (220
and
Fpr(A20) = AU(A) + U'(A?) + H(A%,\)  for g =A%, (2.28)
where
H RUV e—’\(r+q)
(a,)) = /0 — Arrldr,  4>0, (2.29)
with
1 Im{U(re™)}
Apr(r) = ) VA (2.30)

Here, we have Ryy > A% In this model, (2.27) allows us to modify the perturbative
expression Fpr(g) through the variable A. Taking A to infinity in (2.27) would only
reproduce Fpr{q):

lim Fpr(q,)\) = Fpr(q), (2.31)
A—ro00

on the other hand, keeping X fixed at a finite value Ay would change the behaviour of

Fpr(q), especially in the vicinity of A%, by an infrared correction term:

U(A?)

(~q——A27 e_/\o(q_Az) + H((], )\()) y (232)

TIR(qv A0) ==
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which would, in turn, remove the IR singularity in Fpr(g). So, to reinstate the causal
analyticity structure violated by the presence of the simple pole singularity on the positive
real axis, we would simply retain Y;g(q, Ag) in our formulation. Note that the continuity

of Fpr(g,A) at ¢ = A? for a fixed \:
lim FPT(C], /\) = FPT(A27 A) ) (233)
q—A?

follows directly from (2.27) and (2.28).

Now, we shall study this example further by investigating the possibility of finding a
proper value A = )g that would allow Fpr(g, Ag) to match the exact value of the observable
F(q) at the point q in question. At the same time, we shall consider the case in which this
is not possible and show how to make the best choice of Ag that can improve perturbative
predictions. To explore straightforwardly the criterion of selecting Ag, at a fixed value of
g, we shall simplify our example further by assuming that Im{U(r e'")} = w, with w being

some real constant. In this case, a straightforward calculation of (2.29) yields:

H@N == " {724 [ By (M2) — By (\(A? + Fov)) ]
- Bi(A)+ Ex(\g+Rov)) | for g #A%,  (2.34)
and
w 2 —ARyv 2
H(A?2) = = e~ { %—A‘Z—JFEJ—V e [El()\AQ)
~ EL(MA? RUV))] } for g = A2, (2.35)

Note that in the limit as ¢ — A? equation (2.34) tends to (2.35). Substituting (2.34) into

(2.27) and then letting Ryy — oo, we obtain:

e—’\(q_Az)

— [43)
Fer(a,0) = Frr(a) = [U(A) + = BuAW) = 2 Bi(Ag) M) =

(2.36)
which together with the first and the second derivatives:

d = _ 2y, W 2\ ] —Ag—A2)
S Fpr(e,)) = [U(A%) + 2 B0 | e , (2.37)
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and

—AA?

2 e

dA?

Frr(a, %) = =={ (g = A3 [BiIAAY) + ZUMY] + 5= e, (238)

allows us to deduce and plot the graphs of the possible cases governing the variation of
Fpr(g,)) against A. These can be classified in the region ¢ > A? according to the signs of

the constants w and U(A?) in the following way:
1. if w > 0 and U(A?) > 0 then:

d - d?
ETY —F A :
oiPr(@X) >0 and =5 Fpr(gA) <0, forA>0,

which, in turn, imply that with increasing ) the curve of Fpr(g, \) increases towards

Fpr(q) with a downward concavity as depicted in Fig.(2.4.1.a) and Fig.(2.4.1.b);

2. if w > 0 and U(A?) < 0 then there is a local maximum at A = \,,4z, which can be

deduced from:

d - _ n_T 2
SPPr@d| = 0= B’ = ZU(A)] and
d? _

WFPT((],)\)I s < 0

Here, the way in which Fpr(q, A) approaches Fpr(q) is different because Fpr(g, \)
rises first to the maximum Fpp(q, Amaz) to fall next towards Fpp(q) as A increases

beyond A,z as shown in Fig.(2.4.2.a) and Fig.(2.4.2.b);

3. if w < 0 and U(A?) < 0 then

2

d - d? _
d—/\FpT(q, A) <0 and WFPT((], A) >0, for A >0,

which indicates clearly that with increasing A the curve of Fpr(g, A) decreases to-

wards Fpr(g) with an upward concavity as depicted in Fig.(2.5.3.a) and Fig.(2.5.3.b);

4. if w < 0 and U(A?%) > 0 then there is a local minimum at A = A, which can be
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deduced from:

d - T

LF /\‘ - AninA?) = ——U(A2 d
dX PT(q7 )/\:/\min 0 —= El( m ) 'wlU( ) an
d? _
d\2 pT(q, A) N > 0;

Here, Fpr(g,A\) decreases in the direction of the minimum Fpr(g, Amin) as A ap-
proaches Apin from the left and begins to rise towards Fpr(g) immediately after A

passes Amin as shown in Fig.(2.5.4.a) and Fig.(2.5.4.b).

For each of these four cases, there corresponds two possibilities either

(a) F(q) < Fpr(q) or,

(b) F(q) > Fpr(q)-

Accordingly, we shall denote the case associated with either possibility by case(:.a) or
case(i.b) with i = 1,2,3 or 4. These cases are illustrated in Fig.(2.4) and Fig.(2.5). In
these figures, we include for each case an illustrative hypothetical graph for F(g, ) based
on our knowledge of the small and large behaviour of F(q, )), i.e. F(g,A\) = Fpr(q,A)
for sufficiently small A\ and F(q,\) = F(q) for large enough A. In applying our method
we will need to know a priori whether Fpr(qg) is less than or greater than F(q), either by
input from an experiment or by a knowledge of the signs of higher order corrections to
the perturbation theory in a regime where this can be trusted.

Our choice of A for the different cases, at a fixed value ¢ > A?, is as follows:

1. in case(1.a), the ideal value of )q is the one at which Fpr(g, \) intersects with F(q)
as shown in Fig.(2.4.1.a); such a point is not precisely known although it may be
estimated from a knowledge of higher order corrections to Fpr if these are available.
We expect it to occur near the point of greatest curvature of Fpr(q, \) as illustrated
by the shaded region in Fig.(2.4.1.a). So for this case we might alternatively take Ao

to be the value of A where the curvature is greatest.

2. in case(1l.b), the monotonicity of Fpp(g,A) means that sampling this curve at any
finite value of A will fail to improve the perturbative estimate. However the use

of a large, but finite value will depart little from the perturbative estimate (as the
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The cases depicted in Fig.(2.5) differ essentially by just a sign change, so a similar discus-
sion of the appropriate choice of Ay can be made.

To summarise, from a prior knowledge of whether the perturbative estimate over-
shoots or undershoots the true value of the observable F(g), and by plotting the shape
of Fpr(g,A) against A\ we can ascertain which of the various possible cases occurs in a
given situation. For cases (1.a), (2.a), (3.b) and (4.b), there exists a unique point A = Xg
at which Fpr(g, \o) matches the observable F(q). However, for cases (2.b) and (4.a) the
situation is different but still there is a point Ag at which Fpp(g, Ag) can give a bitter result
than that of perturbation theory. In these cases, we can estimate Ag from the properties
of Fpr(g, ), or with the aid of higher order perturbative corrections, in a way that will
improve on the perturbative predictions. On the other hand, in the remaining two cases
(1.b) and (3.a) such an improvement does not occur.

Having determined Mg as a function of ¢ in a domain where perturbation theory is
reasonably trustworthy, we use its average A, in Fpr(g, ;) to extrapolate to smaller
values of ¢g. This results in an estimate free of the unphysical divergences of the original
perturbative approximation, and this is the central goal of our approach. This will be
true even for the cases (1.b) and (3.a). In some cases, the effective average value A, is
either equal to or not significantly different from Ag(g). This is always true if \o(q) is
either a constant or a slowly varying function over a large domain of ¢. For instance, in
our illustrative example A, assumes the value Ay, in case(2.b) and A, in case(4.a); in
other words it coincides with Ag(g) for all ¢ > A2. Also, it follows from the inequality:

[U(A%)] o= Ae(g—A?) el e e

<
ITrr(q, Xe)l < q— A2 A2 A g

for g # A?, (2.39)

that the contribution of Y;g(g, \¢) becomes negligible for ¢ >> A% Hence, employing ).
in the remote UV region does not spoil the standard perturbative results.

One final point to remark is that the method also applies in the reverse direction to
the previous setting. For example, in the case when the infrared behaviour Frr(q) is well
known then a similar representation to (2.1), but with ¢ replaced by a variable with the

dimensions of length squared » = 1/q, can be used in almost the same way as before except
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this time to deduce the corresponding analytic UV expression:

_ 1 e)\(f'—r)
Fuv(g,)) = /C T Fir(1)F) dr (2.40)
IR

27 F—r

From this viewpoint, our method plays the role of a bridge between regions of small and
large momenta, allowing us from a prior knowledge of either the UV or IR behaviour to

extract information about the IR or UV properties respectively.

2.2 Analysis of the one-loop QCD running coupling

In this section, we demonstrate the implementation of our method in constructing a simple
model for describing the regular IR behaviour of the QCD effective coupling constant. For
ease of calculation, we assume that the zeros of the exact function a(Q?) of the running
coupling are expected to occur only on the negative real axis Re{@Q?} < 0 and/or infinity.
This, together with the causality principle, allows us to express the reciprocal of a(Q?) in

terms of the contour integral:

1 1 Ae-Q%)

(@) ~ 2mi Ank - Q7 oh)

dk (2.41)

Cuv

introduced in the previous section. When applying this representation to an n-loop per-
turbative expression a%’flz(Qz), we take A = ). instead of co. In this way, we obtain a

combination of perturbative and non-perturbative contributions, which has the merit of:
1. reinstating the causal analyticity structure in the right half plane Re{Q?} >0,
2. preserving the standard UV behaviour and,

3. improving the perturbative estimate in both the IR and low UV regions.

In the following, we shall prove this claim within the one-loop approximation. For

. . 1 . . . :
convenience, we express the reciprocal of aé%(QQ) in terms of a dimensionless variable

q=Q*/A? as:
L _

a(q)  4rm In(q), (2.42)
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where ! ofD)(Q?/A?) = ag%(Q2). In the spirit of (2.41), an analytically improved expres-

sion corresponding to the one-loop coupling constant can be defined as:

1
(g, Ae) = ———
a(g, Ae) = - , (2.43)
&)
X2 |,
with
1 eMb-a) g
YW(g,\) = — dk . 2.44

Note that since [V (k)]~' depends on 1/Ing it has a cut along the negative real axis
Re{k} < 0. We shall now proceed to evaluate the above integral for the case q¢ # 0.

Following the same argument of the preceding section from (2.1) to (2.4), we can show

that:
(g, ) = Fo In(q) + 5 1, (g, ) (2.45)
’ 4 47 k\4 ’
where
( ( Ruv g=X(k+q) (2.46)
Io (g, 2) = Jo(g, A +/ s dk, 2.46
ce(a, M) ) E e
with
—Ag 7r iXesin(8) i
Tl ) = / erecos(®) Re (e E_q?(;e )> do. (2.47)

A simple way to check that the contribution of J.(g, \) vanishes as € approaches zero is to

consider the upper bound:

e_’\(q_e)

€ q’A S

5 (In%(e) + %)/, (2.48)

from which it follows that:
lim Je(g,A) =0. (2.49)
e—0

Consequently, in the limit as ¢ — 0 we can write in a simple form:

Ryv o= A(k+q)
o = [ S dh = B0 - B+ Ra)). (250)

In this thesis, we use the notation o™ (g = Q?/A?) = ag,”ql(Qr") for the corresponding n-loop approxi-
mation.
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By inserting this into (2.45) and letting Ryy — oo, we obtain:

V(g3 = 2 [ng) + B3| 251

a1

Having found the exact structure of ¥{(!(g,A) for ¢ # 0, let us now reconsider the
contour integral (2.44) once more to explore the continuity of x(!)(g, A) at the origin of g.

Starting from the expression:

Ak
)2(1)(0, A) = @i / E_ In(k) dk , (2.52)
Cuv

4 27

we arrive, after some work, at

Ryv - Ak T
(0,2 :fﬂ 1in(l) l: / © _dk+ Ine) / erecos®) cos(Aesin(f)) df
€ 0

T e k s
L / " 2eos®) gin(Aesin(0)) 6 do } . (2.53)
T Jo
Making use of
Ryy o~k
/ T dk = E1(>\€) - El(/\RUV) 5 (254)
€

and inserting the following series representations [51]:

o n
e}\E COS(G) COS(/\E Sin(g)) = Z (AEI) COS(ng) fOl' )\6 < 1,
A o0 T
2 (A
e cos(f) sin(Ae sin(0)) = Z ™ sin(nf) for e <1, ¥

1)

23

into the two angular integrals in (2.53), we immediately obtain:

X0, N = -_/130— lim | By(Ae) - E1(ARuy) + In(e) + (=" (Ae)™ |- (2.55)

41 -0

If we now make use of (2.21) and let Ryy — 00, we arrive at:

(0, \) = bo In(e™" /). (2.56)
47
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This ensures the continuity condition at the origin:
lim % (q,4) = ¥ (0,1). (2.57)
g—0

Let us now find the range of A for which:

&1 (g,X) = —r—r = g

= XN B (M@ T B9’ (2.58)

is continuous on the whole interval ¢ > 0. This requires an investigation of the zeros of
(g, ) in Dy, where Dy = {(g,2) : ¢ > 0, A > 0}. From expression (2.51), we know
that since E1(\g) > 0 in Dy and In g is negative only when g € (0, 1), the zeros of x(1) (g, \)
are expected to occur somewhere in the subinterval {(¢,\) : 0 < ¢ < 1, A > 0} C Dx.
This domain can be reduced further by first considering the complementary exponential
integral:

. 1 — e~ Tt 0 (_1)n—1 "
Em(m)z/o [—t—]dt:Z—n—_m’ z>0, (2.59)
n=1

to rewrite (2.51) as:

=(1) _ Fo
xg, ) = |

In(e™ " /A) + Ein(\q) ]. (2.60)
Then by observing the fact that Ein(Ag) > 0 for all Ag > 0 and that In(e™ ™ /)\) < 0
only if A > e™%, we deduce that the zeros of ¥{)(¢,A) can exist only in the following
interval {(¢,)) : 0 < ¢ <1, A > e " }. Hence, al(gq, ) is continuous for all ¢ > 0 if
and only if A € (0,e™ ). Another way to obtain this result is by considering the fact that
a1 (0,)) > &V (g, A) for all values of A that keep @(!)(g, A) finite and positive throughout
the range ¢ > 0. Then, from the positivity of:

(1) L S
a (0; )\) - ﬁO ln(e_7z/)\) 9 (261)

it follows that the allowed values of A are those confined to the interval:

Deff = {A t0<A<e 0.561}. (2.62)
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Figure 2.6: The zeros of ¥(1)(¢, \): the curve shown in the strip {(¢,\): 0 < ¢ < 1, A >
e~ %} represents the roots of X¥{!)(g, \) in Dy. This curve never touches the vertical ¢ = 1
as )2(1)(q, A) does not have a zero on this line.

Using Maple VI for solving {1 (g, A) = 0 numerically, we illustrate in Fig.(2.6) the zeros
of xM(g, \), i.e the singularities of a!)(g, ), by a curve confined to the strip {(g, ) :
0 <g<1, A>e "}, showing that D,y is the only region of A for which (g, A) is

continuous for all ¢ > 0.

2.3 The Estimation of A,

In this section, we try to find an effective value A, € D.ss such that aW(q, A) provides
a better estimate than that of the standard perturbative results, especially in the vicinity
of the Landau-pole and the IR region.

From the constraint (2.62), it follows that:
0 < aV(g, Xe) < M(q) forall ¢ >0, (2.63)

where the upper bound M(q) = a(!(g,e ™). This implies that &) (g, X.) < aM(q) =
@ (g, A > 1) for all ¢ > 1. However, since E| (), q) in (2.58) is negligibly small for ¢ >> X,
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Figure 2.7: The variation of &1)(2, ) versus A, (a) for n; = 3 and (b) for 0 < njy < 6.
Here, &) (2, \) tends to ot1)(2) as A increases. In (b), &1)(2, \) increases with n; for any
fixed value of A.

we may consider @1 (g, A.) = ) (q) at sufficiently large values of g. For a given n; and
g > 1, we find that the way in which &) (g,\) changes with ), as shown in Fig.(2.7), is
a typical example of case(1) illustrated in Fig.(2.4). Hence, before setting up a criterion
for determining )., we need to find out whether the perturbative estimate of!)(g), in the
low UV region, overshoots or undershoots the true value «(q). This can be deduced by

comparing a{!)(g) to the standard higher-loop corrections [29]:

o (q) = ,Bt - [1 - g—(‘) liLL—] , (2.64)
and
(3)(q) ﬂiWL [1 g; lnLL n B2 In® L — ﬁ1ﬂ}1n;2+ B2 Bo _:81] , (2.65)
where L = Ing with ¢ = Q%/A?, and [30):
B = 102— §nf, (2.66)
B = %j—%nfﬁ-%n? (2.67)

Fig.(2.8) illustrates the comparison in terms of the physical scale @ [GeV]. In this figure,
we consider ny = 3 and take A = 0.593 GeV, 0.495 GeV and 0.383 GeV for alh(Q?),

aPT(QQ) and aPT(QQ) respectively. The A values are determined in the MS scheme from
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Q [GeV]

Figure 2.8: The comparison between the 1-, 2- and 3-loop running coupling for ny = 3,
showing that a (QQ) > a(2)( Q%) > ap (QQ)

the experimentally measured 7—lepton decay rate [31] given by:

R, = 2.9087 (0.998 + 6V = 3.492, (2.68)
where .
n (n) (g2
M
5 =3 ay (%L)) . (2.69)
k=1

Here n < 3 denotes the n** loop order approximation, a; = 1, ag = 5.20232, a3 = 26.3659
and M; = 1.777 GeV. In Fig.(2.8), we used ny = 3 as the average number of active
quarks, ignoring complications due to quark thresholds. This is reasonable in the low
energy interval ) < 3 GeV. For a more precise description of the evolution of a;"%(QQ) in
a largér momentum interval, one should take into account the effects of quark thresholds.
However, this does not change the overall picture illustrated in Fig.(2.8). Having now
observed that ag%(QQ) > ag) Q%) > (3)( Q?), we would expect a{l)(g) to overshoot the
true value of the coupling constant, at least for intermediate and sufficiently small values

of q. This indicates that our problem is of the type classified earlier as case(1l.a) and
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Figure 2.9: The variation of K(1();q) versus A for n; = 3, (a) at ¢ = 3 and (b) at
q = 3,4,5. For a fixed ¢ > 1, Xg(q) denotes the value of A at which K()(};¢) is a local
maximum. In (b), Ag(5) < Ag(4) < Ag(3).

depicted in Fig.(2.4.1.a). Hence, we may ascertain that for every point ¢ > 1 there exists
a proper value \(g) such that &) (g, Ao(q)) = a(q), just as explained in case(l.a). One

way to estimate Ag(g) is to first consider the curvature function of &) (g, A):

&) (g, V)|

KW\ q) = m 372 (2.70)
[1+ (&5, 0)?]
for a fixed ¢ > 1, where
] 9 Bo (- e
65’ (g,) = 5:aM(@ N = > [aV(g, V)] =, (2.71)
_ 0 _ _ Bo _ e 1
a(a, ) = 55800 = a0 | 5 aV(e, ) S - 14 (2.72)

Then take Ag(g) to be the value of A at which K(U()\g,q) is a local maximum. For
sufficiently small values of ¢ > 1, K(1)(), ¢) has two local maxima, say at A; and As. In
this case, we consider \g to be the largest of these (say Ag = Ao > A1) so that &b (g, \o)
remains as close as possible to the perturbative results a(l)(q), which are still reasonable
for such values of ¢. In Fig.(2.9) we plot the curvature function K(V()\, ¢) versus X for some
fixed values of g, illustrating in part (a) of the figure the difference between &) (g, Ao)
and o(V(g) for ¢ = 3. In part (b) of Fig.(2.9), we observe that the value of Ay decreases

with increasing ¢. In general, if we plot Ag against g for any quark flavour n; we find that
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Figure 2.10: The variation of Ag(g) versus ¢, for ny = 3.

Ao(g) is a monotonically decreasing function as shown in Fig.(2.10) for ny = 3. Hence, we

may express Dess in terms of Ag(g) as follows:
Depr = {A: Ao(00) <A < Ao(qo)},

with go defined by Ao(gqo) = e %. The values of go for different n; are all given in

table(2.1). For sufficiently large values of g, our choice of Ay does not lead to a significant

n; | 0 1 2 3 4 5 6
go | 2.204 | 2.246 | 2.293 | 2.345 | 2.402 | 2.467 | 2.539

Table 2.1: Numerical values of go(ny)

improvement on the perturbative estimate. In fact, since only the first two decimal places
of the coupling constant are of physical interest, we may take &V (g, Ao(q)) = a(l)(q) for
all ¢ > 120 and 0 < ny < 6. On this basis, we shall focus our attention on the effective
domain:

Sepr={4q: g <q<120}, (2.73)

over which the difference between a() (g, Ao(q)) and (1) (q) is appreciable. Thus, we expect
to find A in a narrower interval, Desr = {A : Ao(120) < A < Ag(qo)} C Desy. Since,
as illustrated in Fig.(2.10), Ao(q) is a very slowly varying function over a large part of

the interval Seyy, i.e. for ¢ € (11,120), we take the average of Ag(q) over Sess to be the




2.3. The Estimation of ), 57

best estimated value for A.. Our numerical results for A, are listed in table(2.2) for the

ny values of practical interest. As seen from table(2.2), the values of A, do not change

n;] 0 1 2 3 4 5 6
X | 0.0379 | 0.0390 | 0.0402 | 0.0416 | 0.0429 | 0.0444 | 0.0461

Table 2.2: Numerical values of A (ny)

appreciably with ny. Hence, we shall fix A, to a central value of 0.04 for all values of ny.
Let us now denote &(V(Q?/A2, )\.) by a)(Q?), where:
4 1

QY = 5 TR T B 0T (2.74)

In this expression, the exponential integral function Fj(A.Q%/A?) plays an important
role in removing the ghost pole at ) = A, preserving the correct UV behaviour (as it
decays rapidly to zero for @ > A) and enforcing the running coupling to freeze in the
low IR region. Therefore, it is essentially non-perturbative. At low energies, &) (Q?)

approximates well to the simple formula:

Ar w2
,BO Ke w? + Q2

aM(Q?) = for 0<Q?<A?, (2.75)
where k. = In(e™ "% /),) and @? = k. A?/X.. In particular, this yields a finite value at the

origin, namely:
47

IBOKE,

which is totally independent of the characteristic mass scale A. Obviously, this is a key

a(0) = (2.76)

advantage of our approach as it agrees with the IR freezing phenomenological hypoth-
esis [22,24]. Now, let me remark from Ref. [24] that the freezing phenomenon is not
incompatible with confinement as there is no evidence that confinement necessarily re-
quires the coupling constant to become infinite in the IR region. For instance, Gribov’s
ideas on confinement [23-26] explicitly involve a freezing of the coupling constant at low
momenta. This phenomenon is also present in perturbation theory but beyond the leading

order and for certain numbers of quark flavours.



Chapter 3

Empirical Investigations of Our

Model

In this chapter, we compare our approach with other recognised methods including conven-
tional and modified perturbation theory. Then, we test our model on phenomenologically
estimated data for a fit-invariant characteristic integral depending solely on the IR be-

haviour of the coupling constant.

3.1 Threshold Matching

In this section, we shall discuss the method we use for determining the values of A(®f) to
be employed in our calculation. For sufficiently large values of Q?, our expression for the
coupling constant reduces to the familiar one-loop formula ag%(Qz), This suggests that
our A(®f) must coincide with the usual QCD scale parameter Agl{) in momentum intervals
corresponding to ny > 5. Hence, we set our 5-flavour mass parameter A® equal to AS% at
the energy scale of the Z-boson mass Mz = 91.19 GeV. We extract the value A®® = 0.135

GeV from ag%(MQZ) by means of the recent parametrisation of the hadronic decay width

of the Z-boson [32]:

n (n) M2 k
Ry = 19.934 {1 +Y a <M> ] , (3.1)
k=1 T
58
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where n < 3 denotes the nt® loop order under consideration, a; = 1.045, ap = 0.94,
a3 = —15 and Rz = 20.768 [33]. To obtain the values of A® and A®)| which may
differ from Agl% and Ag’% as they correspond to lower energy intervals, we use the familiar

threshold matching condition [36]:

& (Qming) = &V (Quing — 1), (3.2)

at the energy thresholds Qy, = 2my and Qi = 2m,, where my = 4.21 GeV and m, = 1.35
GeV are the bottom- and charm-quark masses [22] respectively. In this way, starting with
AB®) =0.135 GeV, we get A®) =0.188 GeV and A®) = 0.229 GeV.

At light quark thresholds @, < 2mg, where ms = 0.199 GeV is the strange-quark
mass [22], the applied matching condition (3.2) holds only approximately. This is also
true for the analytic perturbation theory of Shirkov and Solovtsov [19]. For simplicity,
instead of introducing a nontrivial and more complicated matching procedure such as the
one used in Ref. [34], we choose to take A7) = AB) for all n; < 3. This choice is quite

reasonable since it leads to:
c‘x(l)(ch;nf)
&) (Qun;ny — 1)

for all energy thresholds corresponding to ny < 3. Furthermore, it is also supported by the

1

1, (3.3)

good agreement with the value A(®) = 0.238 (0.019) GeV obtained from quenched lattice
QCD in Ref. [35].

3.2 Illustrative comparison

We begin by considering a quick comparison between the predictions in our approach
and those in perturbation theory at one-, two- and three-loop order. Fig.(3.1) shows the
behaviour of the 3-flavour running coupling &) (Q?) together with ag%(QQ), ag%(QQ)
and a%)?(QQ) in the low UV region as well as the Q-dependence of &1)(Q?) outside the
perturbative domain. In this plot we use the same A values employed in Fig.(2.8) and
take A®) = 0.229 GeV for our formula &) (Q?). As is seen from Fig.(3.1.b), our model
improves significantly on the 1-loop perturbative predictions and agrees well with the

higher-loop estimates throughout the range @ > 1.5 GeV. In Fig.(3.1.a), we observe that

the evolution of a{!)(Q?) slows down appreciably as Q enters the IR region, Q < AB)
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Figure 3.1: The IR freezing behaviour of our model (a) and a comparison of our model
with the 1-; 2- and 3-loop perturbative expressions (b).

and freezes rapidly to a constant value of 0.529. This provides some direct theoretical
evidence for the freezing of the running coupling at low energies, an idea that has long
been a popular and successful phenomenological hypothesis. Phenomenological studies,
such as [22] and references therein, show that a running coupling that freezes at low
energies can be useful in describing experimental data and some IR effects in QCD. In
the low energy domain: 0.8 GeV < @ < 1.2 GeV, Badalian and Morgunov [37] extracted
the value of the strong coupling constant a;(Q?) from the fits to charmonium spectrum
and fine structure splittings. They found that a,(Q?) = 0.38 & 0.03(ezp.) £ 0.04(theory).
This agrees reasonably well with our prediction, & (Q?) = 0.4240.03 in the same energy
interval.

Within the 3-loop approximation of the optimized perturbation theory, Mattingly and
Stevenson [22] found that the 2-flavour QCD running coupling «; freezes below 0.3 GeV
to a constant value of about 0.26 7. Although this value is quantitatively uncertain (while
qualitatively unequivocal), it is not far off from our 1-loop prediction of 0.16 =.

A good theoretical approach which supports the IR freezing behaviour of our model
follows from the work of Simonov and Badalian [14,15]. They studied the non-perturbative
contributions to the QCD coupling constant on the basis of a new background field formal-

ism, exploiting non-perturbative background correlation functions as a dynamical input.
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In this framework, the one- and two-loop running coupling constants [15]:

Wn2y 4_7T 1
CYB (Q ) - IBO 111[(@2 +M123)/A129] 3 (3.4)
D@2 - 4T 1 pr Infln[(Q* + M3)/A%]] (3.5)

Bo I[(Q2+ME)/AE] | B W[(Q2+ M3)/A%] |’

were found to depend on a new parameter Mp (similar to A, in our model) known as the
background mass. From a fit to the charmonium fine structure [37], it was found that
Mp = 1.1 GeV. In Table(3.1), we list the values of A(gf) for ny < 5 in leading order
(LO) and next-to-leading order (NLO). They are obtained as described in Ref. [15], using
A®) = 0.135 GeV in LO and AE) = 0.274 GeV in NLO, which is basically the same

method that we used to obtain the values of our A(%7).

ny 0 1 2 3 4 5

A% Gev | 0307 | 0.283 | 0.258 | 0.230 | 0.188 | 0.135
LO

A% Gev | 0569 | 0.553 | 0.535 | 0.509 | 0.414 | 0.274
NLO

Table 3.1: The values of A(;f) in LO and NLO

In Fig.(3.2), we display the comparison between the 3-flavour coupling constant in our
approach and those in the new background field formalism calculated to leading and next-
to-leading order. As shown in the figure, our low energy estimates lie approximately in the
middle between the predictions of ag)((f) and a(BQ)(QQ), indicating the self-consistency
of our results.

At the origin @ = 0, our results differ from that obtained by Shirkov and Solovtsov [19]
by a small multiplicative factor ;1 = 0.38, i.e. @1(0) = 0.38 ai!(0), on the other hand
we find that the estimates of the background coupling constants ag)(O) and 0(32)(0) are
much closer to our predictions than to agl)(O). Table(3.2) lists our results for a(!)(0)
together with agl)(O), ag)(O) and ag)(O) for 0 < ny < 5. The numerical value of our
coupling constant &1)(Q?), as shown in table(3.2), is reasonably small which supports the

notion of an expansion in powers of &) at low momentum transfers. Phenomenological

verification of this fact would be of large practical value. Gribov’s theory of confinement
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Figure 3.2: Tllustrative comparison of our formula &) (Q) with the LO and NLO expres-
sions for the background coupling constants ag)(Q) and ag)(Q) forng=3.

ny 0 1 2 3 4 5
0.432 | 0.460 | 0.492 | 0.529 | 0.571 | 0.620

)

ai0) [ 1.142 | 1.216 | 1.300 | 1.396 | 1.508 | 1.639
)
)

0.448 | 0.448 | 0.448 | 0.446 | 0.427 | 0.391
0.713 | 0.713 | 0.714 | 0.705 | 0.576 | 0.447

Table 3.2: The values of &) (0) compared to those of all) (0), ag)(O) and ag)(O)

[25] demonstrates how colour confinement can be achieved in a field theory of light fermions
interacting with comparatively small effective coupling, a fact of potentially great impact
for enlarging the domain of applicability of perturbative ideology to the physics of hadrons
and their interactions [20].

In a number of cases of the QCD calculations it is necessary to estimate integrals of

the form {38, 39]: 0
F(Q?) = /0 (k) (k) dk (3.6)

where f(k) is a smooth function behaving like kP at £ < Q. In this integral, the interval
of integration includes the IR region where the perturbative expression for the running
coupling a,(k?) is inapplicable. Hence, by introducing an IR matching scale ;; such that

A < pp < Q the contribution to integral (3.6) from the region k& > u; can be calculated
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perturbatively. On the other hand, the portion of the integral below u is expressed in

Ref. [38] in terms of a non-perturbative parameter &, (us) as:

p+1

I 2\ 1p IrA _
/0 as (K3 kP dk = o1 ap(pr) (3.7)

For py = 2 GeV and p = 0, an excellent fit to experimental data yields: A(2GeV) =
ap(2GeV)/m = 0.18 £ 0.03 [20] and A(2GeV) = 0.17 £ 0.01 [38]. These results agree
reasonably well with our estimate for A(2 GeV), which is obtained from (3.7) by direct

substitution of our 3-flavour formula (2.74) for a,(k?), giving:

2 [? 1
A(2GeV) = 5/0 T B O 0 (3.8)

Here A\, = 0.04 and A = 0.229 GeV.

3.3 Gluon condensate

In QCD instantons are the best studied non-perturbative effects, leading to the formation

of the gluon condensate, an important physical quantity defined as [43]:
A a a
K = (O‘;_ F;u/F;u/IO) ) (39)

where F, is the Euclidean gluon field strength tensor and o is the quark-gluon coupling
constant. This can be related to the total vacuum energy density ¢; of QCD by means of
the famous trace anomaly relation [40,41]:

nf
0, = -ﬁgfs FaLFS, +> mp¥ ¥y + O(ad), (3.10)

/=1

where m ; and ¥y denote the quark masses and spinor quark fields respectively. Sandwich-
ing 0,,, between the QCD vacuum states in the chiral limit (i.e. m; = 0) and on account

of the relation (0|6,,,,|0) = 4 ¢, see refs. [40,43], one obtains:

K=-""¢. (3.11)
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In the dilute instanton-gas approximation with ny = 0, a direct relation between the

gluon condensate K and the instanton density [42,43]:

6
27 2
(r=bl—m——| exp| ——5— |, (3.12)
’ [aﬁ%wj p( aS%(H))

with 7 = 1/Q as the instanton scale size variable and b = 0.0015 [42], can be represented

in the form [43]:

Re
K= 16/ pr) g, (3.13)
0 T

where R is a cut-off introduced by hand to avoid the uncontrollable IR divergences. Since
our formula for the running coupling (2.74) agrees reasonably well with the estimate of

ag% at short distances r < R, and is analytic for all > 0, it is very tempting to use it

in place of ag% to evaluate the integral in (3.13) in the limit R, — oo. If we do this, we

arrive at:
6prd [ 6 -2 -2y 16 11 -2
K =0.25x11°6A z° [In{z™%) + Ey(Ae z7°) ] exp[—;El(Aem )ldz.  (3.14)
0
Here A corresponds to ny = 0. A direct numerical integration of (3.14) yields:
K = 4.8624 A*. (3.15)

Using the value A = 0.229 GeV, which we computed in section (3.1) for small ny, we
estimate the gluon condensate from (3.15) as K = 0.013 GeV*. This is in good agreement
with the value phenomenologically estimated from the QCD sum rules approach [43],
namely (0% G%,G%,10) = 0.012 GeV*. In addition, our estimate for the gluon condensate
is also consistent with that calculated phenomenologically in Ref. [44] and found to be
K = 0.014 13504 GeV*. Note that if we had considered the value A(®) = 0.238 GeV,
obtained from quenched lattice QCD in Ref. [35], instead of our estimated value of A,
we would have then found K to be 0.015 GeV*, which is still close enough to the two
phenomenological estimates mentioned above. Hence, it may well follow that the instanton
density p(r) is more likely to reveal more realistic and useful information when expressed
in terms of our coupling constant a(!).

In Fig.(3.3), we shed some light on the dependence of p(r) on the running couplings
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Figure 3.3: The behaviour of the instanton density as expressed in terms of the running
couplings (a) ag%, and (b) &V,

ag% and @1 which we shall denote by p,.(r) and p(r) respectively. As seen in Fig.(3.3),
at short distances, say 7 < 0.6 Gev—!, p,..(r) and p(r) agree reasonably well whereas when
we increase r to sufficiently larger values p,.(r) rises very rapidly towards infinity while
p(r) stabilizes to a fixed density. This reflects the practical usefulness of our approach to

the strong coupling constant.

3.4 QCD g—function and IR properties

In quantum chromodynamics, the S—function in the renormalisation group (RG) equation:

da(Q?)
pla(@) = " 15, (3.16)
has the perturbative expansion [45]:
Bla)=—-a ) Bn (%)"+1 , (3.17)
n=0

where /3y, 51 and B are given by (1.166), (2.66) and (2.67) respectively and [46]:

By = 29243.0 — 6946.30n; + 405.089n + 1.49931 n? . (3.18)
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Here the higher-order coefficients 3, for n > 3 have not been calculated till now. Generally
speaking, (3.16) is the crucial equation that decides whether or not there is a so-called
stable fixed point at the origin (i.e. whether f(«) = 0 for a = 0) of either the infrared or
ultraviolet type, with implications for the absence or presence of asymptotic freedom in the
gauge theory under consideration. The distinction between an infrared and an ultraviolet
stable fixed point depends on whether the derivative 8'(a) > 0 or f'(a) < 0 at @« = 0
respectively. In both kinds of gauge theories (Abelian and non-Abelian), there is a stable
fixed point at the origin but it turns out that, while 5'(«) > 0 (stable IR fixed point) for
an Abelian gauge theory, the reverse is true for a non-Abelian gauge theory , i.e. §'(a) <0
(stable UV fixed point). In general, it is extremely difficult to establish the existence of
stable fixed points of a quantum field theory of S(a) for @ # 0 [47]. In perturbative QCD,
the one-, two-, three- and four-loop S—function with quark flavours ny < 6 fail to exhibit
any non-trivial zero that can be interpreted as a stable IR fixed point. Because of this,
the perturbative QCD coupling constant apt(Q?) blows up as Q% — 0.

Our main task in this section is to demonstrate how the S—function in our approach
can provide useful information about the IR region that a truncated perturbative series
can not. As a cross check on our method, we shall calculate the stable IR fixed point for
any number of quark flavour and show that it is consistent with our previous result (2.76).
Starting from (2.74) with &%) being renamed as «, our QCD A—function in accordance

with the definition (3.16) assumes the form:
2 0?1 — e ) (3.19)

where

Q(a) = @) | (3.20)

and the function ¢(«) is defined by the transcendental relation:

$(a) + By (@) = Goa T In(Xe) . (3.21)

[1Xe4

In the following domains of a:

Di={a:¢(a) >3} ={a:0<a<20218;'}, (3.22)
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and

Dy={a:¢la) <-4} ={a: 472465 <a < 475785}, (3.23)

a good approximate solution of (3.21) can be found as:

[ Ar 47 .
ﬁo—a +In(A.) — E1(Ae exp (,30_0)) ifa € D,

Pla) = < (3.24)
kln (;)—”a—me> if @ € Dy

We note that as a approaches zero, ¢(«) grows without limit, allowing (3.19) to reproduce
the conventional one-loop QCD fS—function. It follows from (3.19) that for all n ¢ satisfying
Bo(ns) > 0 there exists a stable IR fixed point app identified by Q(app) = 0. Using the

expansion of (2.21) in (3.21), we obtain, in the limit Q(a) — 0, the function:

4

Na) = — — .25
() = 5= — e, (3.25)
from which app is found to be:
4
_ .26
aFP = (3.26)

This is completely consistent, as it should be, with our previous result (2.76).

For 6 < ny < 16, the higher-order terms of the QCD B—function are known to permit
the occurrence of IR fixed points. For example, for all values of n 5 such that By(ns) > 0
and f(ny) < 0 the two-loop S—function ﬂl(fq)‘(a) ! possesses a non-trivial IR fixed point

given by:

ap) TR (3.27)

This may sound fine. However, the IR fixed points arising from the truncation of the
perturbative series (3.17) are likely to be spurious. For instance, at the candidate value for
app, the first and second order terms in ,3}(,2%(a) are equal in magnitude (i.e. |5y a%rz [4n| =
161 agg,s /(4m)?|), indicating the inefficiency of the two-loop approximation around the cal-

culated IR fixed point (3.27). In fact, there is no way to prove that the IR fixed points ex-

'The notations ﬁg})(a) and ai-"g are used to denote the n-loop S—function and its corresponding IR
fixed point respectively.
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Figure 3.4: The behaviour of the f#—function in our approach and in perturbation theory
for ny =6 (a) and ny =9 (b). In (a), the curves of ﬂl(f%(a), ﬂ}(%)ﬂ(a) and ﬁg%(a) coincide
and none of them achieves a perturbative IR fixed point. In (b), the locations of the fixed
points are different but very close to each other.

tracted from perturbation theory alone are indeed the positive zeros of the true S—function
or anywhere near them. However, it is still worthwhile to test the perturbative expansion
(3.17) to 4-loop order against our model for the S—function. In Fig.(3.4), we demonstrate
the full behaviour of our B—function together with its perturbative counterpart for ny = 6
and 9. As seen in the figure, the B—function in our approach (a) agrees very well with
the correct perturbative predictions at and near the UV fixed point o = 0. As «a leaves the
region D, where D = {a: 0 < a < 2.7/Bo(ny) }, B(a) starts to diverge significantly from
ﬁl(le)(a) and changes direction, turning back to zero in the limit & — app as depicted in
Fig.(3.4.a) for ny = 6. The occurrence of IR fixed points in ﬂg%(a), ﬂfj%(a) and ﬁl(ﬁ%(a)
takes place only if ny € [9,16],[7,16] and [8,16] respectively. In these ny—intervals, we
find that the two-, three- and four-loop S—functions behave qualitatively like S(c). This
is illustrated in Fig.(3.4.b) with 51(3%(05) and Bg&%(a) for ny = 9. It would have been in-
teresting to see whether this qualitatively similar behaviour continues beyond the 4-loop
order. Unfortunately, we know of no existing argument or calculation that definitively
answers this question.

In table(3.3), we list the values of the IR fixed points in our approach and those
allowed in perturbation theory within the two-, three- and four-loop approximations for

6 < ny < 16. For ny € [8,16], the four-loop S—function ﬂg%% has two positive roots.
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ny 7 8 9 10 | 11 | 12 | 13 | 14 | 15
app | 0.751 | 0.839 | 0.951 | 1.098 | 1.297 | 1.586 | 2.039 | 2.854 | 4.757
o2 | * | 5236 | 2208 |1.234 | 0.754 | 0.468 | 0.278 | 0.143

o) | 2457 | 1464 | 1.028 | 0.764 | 0.579 | 0.435 | 0.317 | 0.215 | 0.123
o | * | 1550 | 1.072 | 0.815 [ 0.626 | 0.470 | 0.337 | 0.224 | 0.126
oM oe | ¥ 14364 {12090 | 5617 | 3.294 | 2.295 | 1.781 | 1.480 | 1.286

Table 3.3: The values of app compared to those of agg, a(F?Il and agill. The * sign denotes
the non-existence of a positive fixed point.

The smaller of these is an IR fixed point whereas the larger one is an UV fixed point.

Thus, we shall denote the latter by ozgl\),FP. From table(4.1), we find that with increasing

ny our IR fixed point app increases gradually whereas the perturbative roots a(FQI),, a%slz,

4 4
a(FIZ and a%\),FP decrease to smaller values. However, for most values of ny we observe

that the further app 1s from one root of some order, say a%np), the closer it is to another

root of different order, say ozg;)il). For example, for any ny € [8,10] we find app to be

closer in magnitude to agfg and a%), than to a%), and ag}l\)/FP. On the other hand, for any
ny € [12,14] our estimate for app is much closer to agl\),pp than to any other value of the
perturbative IR fixed points. Also, for ny = 11 we have app ~ a(FZP),. This analysis may
not be conclusive however it provides us with some element of truth about our estimate
for the possible magnitude of the true IR fixed point.

It is noteworthy that (3.26) enables us to express A, in terms of arp as:

4
de = €Xp (—'y "5 aFP) . (3.28)

This could have a direct beneficial effect on our approach if accurate phenomenological
estimates for the IR fixed points were available. Indeed, if this were the case (3.28)
would allow us to determine the only free parameter, A, in the theory straightforwardly.
However, in the absence of this phenomenological data, the method we used in obtaining
the value A, = 0.04 remains an adequate alternative as it results in a good approximation

for the QCD B—function with any number of quark flavours.



Chapter 4

Exact Two-Loop Calculation

In this chapter, we shall solve the RG equation (3.16) at the two-loop order, giving an
exact solution for the running coupling a(L2V)V(Q2) expressed in terms of the so-called Lam-
bert’s W-function. Then, we study the analyticity structure of this solution. To remove
the nonphysical singularities emerging from the two-loop approximation and to further
investigate the IR behaviour of the QCD coupling constant without altering the correct
UV properties, we apply our approach to the perturbative expression a(LQL)V(QQ) in the
same way as described in chapter 2. In this way, we obtain a regular solution &(LQV)V(QQ)

that freezes to a constant value at the extreme IR limit Q% = 0.

4.1 Lambert’s W-Function

In this section we shall give a concise review of the basic properties of the so-called Lam-
bert’s W-function, which plays an important role in solving the two-loop RG equation in
QCD [17]. Lambert’s W-function is a multivalued special function, defined as the solution

W (z) of the transcendental equation [48]:
W(z) eV (@) = 2, z€C, (4.1)

and has an infinite number of branches, each denoted by Wp(z) with n being a branch
index. For z € RY, there is only one real branch of W(z), but for z € [-1/e,0) there
are two, namely Wy(z) and W_,(z) as shown in Fig.(4.1). Following Ref. [48], we denote
the branches satisfying W(z) > —1 and W{z) < —1 by Wy(z) and W_,(z) respectively.

70
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where z = 0 is not allowed for the non-principal branches. By taking further derivatives,

we deduce by induction the following expression [48] for the nth derivative of W:

d"W(z) _ exp(—nW(z)) Po(W(z))
dzn [+ W(z)]@r-1)

forn>1, (4.4)

where the polynomials P, (W) satisfy the recurrence relation:
Poyy(Wy=—-(nW+3n—1)P,(W)+ (1 + W) PL(W) forn>1 . (4.5)

Here, the initial polynomial is P; (W) = 1 and the value of P, (W) for W = 0 is given by:

_ )n—l
P,(0) = ——— forn>1. (4.6)

We remark here that the principal branch Wy(z) is the only branch which is infinitely
differentiable at the origin. For example, given Wy(0) = 0 it follows from (4.4) that

dW(z)
dz

_ exp(-W(2)
0 [1+W(2)]

~1. (4.7)

z=

Hence, by use of (4.4), we can easily compute the following Maclaurin series expansion for

Wo(z):
_ EOO: (_,n)n—l n
Wo(Z) = —_— Z, » (4.8)

n!
n=1

where |z| < 1/e is the radius of convergence.

A detailed discussion of the complex branches of Lambert’s W-function can be found
in Ref. [48]. For clarity, however, we give here a brief overview of the description of these
branches. Fig.(4.2) illustrates the complex range of the principal branch Wy together with
those of W_;(z) and Wi(z). To specify the boundary curves for each branch W, and to
find the images of these boundaries on the complex z—plane, i.e. the branch cuts of all

the branches of W (z), we first separate the real and imaginary parts of (4.1) as:

Rez = e [& cos(n) — 7 sin(n) ], (4.9)

Imz = ef[n cos(n) + £ sin(n)], (4.10)
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Figure 4.2: The ranges of the branches of W (z). Each branch is given a number, the prin-
cipal branch being numbered 0. The boundary curves C}, of the branches are asymptotic
to the dashed lines, which are horizontal at multiples of +x.

where £ = ReW and n = ImW. Then, we define the boundary curves such that their
images lie on the negative real axis of the z—plane, similar to the familiar choice of the
branch cut of the complex logarithm. Therefore, If we let Im 2z = 0 in (4.10), resulting in
7 =0 or £ = —ncot(n), and take £ cos(n) — 7 sin(n) < 0 we obtain a set of curves that
partition the W —plane into n—branches as shown in Fig.(4.2). The curve which separates

the principal branch Wy from the neighbouring branches W; and W_; is given by:

Co={-ncot(n)+in: —n <n<m} (4.11)

and the curve that disconnects the adjacent branches W; and W_, on the left-half plane

ReW < 0 is simply the line (—oo, —1], corresponding to Imz = 0 and Rez € [~1/e,0).
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Finally, we write the set of curves C,, separating the remaining n—branches as:

{-ncot(n)+in:2nwr<n< (2n+1)nw} forn>1,
C, = (4.12)

{-ncot(n)+in: Cn-1)r<n<2nn} forn<-1.

For all multivalued functions, the division of the complex plane into branches is
somewhat arbitrary, and even the elementary functions do not have universally accepted
branches. One of the benefits of our choice for placing the branch cut on the negative real

axis is that it allows for the near conjugate symmetry:
Wan(z¥) =WZ* (z),  z=|z|e*®8(@) (4.13)

for all integers n. As explained in Ref. [48], each n—partition W, in the W —plane maps
bijectively onto the z—plane. In Fig.(4.2), the points on each boundary C, or (—oo, —1]
belong to the branch below them, satisfying the counter-clockwise continuity [48]. For
example, W1 (z) contains no part of the real interval (—oo, —1] in its range whereas W_,(z)
includes the whole of this interval in its range by choice of closure [48]. The principal
branch Wy(z) is the only analytic branch at z = 0 and also the only branch with a range
including all positive real values. Wy(z) has a branch point at z = —1/e, corresponding
to Wy = —1, and a branch cut given by {z: —co < z < —1/e}. The two branches W_,(z)
and W) (z) both share the same branch points at z = —1/e and z = 0, and each of them
has a double branch cut, {z : —co < z < —1/e} and {z : —co < z < 0}. On the other
hand, all the other branches take the negative real axis Re z < 0 and the origin z = 0 as
their only branch cut and branch point respectively. Since the values of W, (z) along the
branch cut are determined by the rule of counter-clockwise continuity around the branch
point, Wy(z) and W_;(z) are the only branches that can take on real values.

A useful asymptotic expansion for the non-principal branches of Lambert’s W-function

both at infinity and at zero is given by [48]:

Wha(z) = log(z) + 2min — log[log(z) + 2min]

N iic log™[log(z) + 2min] (4.14)
o fm [log(z) + 2min]HHm ’ '
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m!

where log(z) = In|z| + iarg(z), with —7 < arg(z) < 7, and C},,, = cu [ lli? ] with

[ ll‘:_"{b ] being a Stirling cycle number ! [49,50]. This expansion is absolutely convergent
for large enough 2z and yields reasonably accurate results for z 2 3. For W_;(z), the
above expansion (4.14) is not valid for z tending to O along the negative real axis, but
holds otherwise. By a similar argument to that used in obtaining (4.14), Corless et al gave
useful guidelines for finding a simple asymptotic expression for W_;(z) for sufficiently

small and negative values of z:
W_i(z) = In(—2) — In[ln(-2)]. (4.15)
As stated in Ref. [48], the complex logarithm of W, (z) satisfies the following relation:
log Wp(z) = —Wp(z) + ¢¥n(2), (4.16)

where

nle) = log(z) ifn=-1and z€[-1/e, 0), (117)

log(z) + 2min otherwise.

This, together with the fact that log W, = In |W,,| + i arg{W,,}, gives:

arg{Wp(2)} = arg(z) + 2nn — Im{Wy(2)} (4.18)
unless n = —1 and z € [—1/e, 0), in which case we have arg{W_,(z)} = =. It also follows
that:

[Wa(2)] = |2feRe (Wal2) (4.19)

For arg(z) = m, we have that arg{W,(z)} — 0 in the limit |z — oco. The special

case arg{Wp,(z)} = 0 implies n = 0 and z is real and positive. This follows from the

!Stirling cycle numbers [17111] are defined by

In™(1 + z) = m! i (=t [17:1]:1—’:’

n=m

where the numbers (—1)"*™ [:1] are also called Stirling numbers of the first kind [50].
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fact that Wy(z) is the only branch which is real and positive for all z > 0. However, if
arg{W, (z)} = m then the branch index n can be 0 or —1, and for either case z € [-1/e, 0).
For z > 0, it follows from (4.16) that the principal branch Wy(z) satisfies the following

relation:

Wo(z) = In(z) — In[Wy(2)]. (4.20)

Solving this iteratively for Wy(z), we obtain to one iteration a reasonable approximate

solution for large positive z

Wy(z) =~ In(z) — Inln(z). (4.21)

4.2 The exact 2-loop Lambert’s W-solution

In this section, we shall show how to obtain an exact solution of the two-loop RG equation
by using the definition of Wj(2). This is perhaps the most significant use of Lambert’s
W-function in QCD. Starting with the two-loop RG equation:

o (0? _
g = ~Pra® @) [1 +5a(QY)]. (4.22)

where By = (47)7! By and b = (4x By) ! B, we obtain by a straightforward integration:

b + Bon(Q?) =C, (4.23)

o2(Q?)

1
gy

with C being an arbitrary constant of integration. Note that when integrating (4.22),
the values a(® = 0 and o® = —1/b have been excluded to avoid division by zero. For
b < 0, (4.22) has an IR fixed point at a(® = 1/|b|. In this case we shall be involved only
with the range {a(® : 0 < of® < 1/|b|} because here the theory is asymptotically free.
Hence, regardless of the sign of b, we may safely remove the absolute-value bars from the

argument of the logarithm in (4.23). Now, taking 2:

C=Fo mA?+bln|bl, (4.24)

*For consistency with the definition of Landau ghost-pole singularity in leading order, we take the
constant C as in (4.24), locating the singularity in o(?(Q?) at Q% = A%




4.2. The exact 2-loop Lambert’s W-solution 77

gives:
Bo In(Q%/A%) = = _ pIn (£(b) + —— (4.25)
0 a(2) ]b' a(Q) ’ '
where £(b) = b/|b]. Here, the QCD mass scale parameter A is different in magnitude from
that in (1.165), but for simplicity we use the same notation throughout. At this stage,
it is clear from (4.25) that of?)(Q?) has a cut on the negative real axis, being a function
of In(Q?/A?). For small enough values of a(?), the transcendental equation (4.25) can be
solved approximately for a(?)(Q?), by the fixed-point iteration technique, giving up to one
iteration:
1
Q) = s v T (4.26)
Bo In(Q*/A?) + b In (e(b) + [b]~" In(Q?/A%))

From this formula, we can correctly reproduce the standard two-loop expression (2.64),

denoted by ag%(QQ). Although both expressions aSQ)(QQ) and ag%(QQ) give correct es-
timates at sufficiently large momenta, they are inadequate for studying the singularity
structure of the exact solution a!?(Q?) of (4.25). Moreover, they do not allow for the ex-
pected perturbative freezing when b < 0, because in these approximations the logarithmic
terms become dominant in the IR region. Without using approximation methods, we now

calculate a(® (Q?) explicitly in terms of Lambert’s W function. If we rewrite (4.25) as:
In (QZ)-)_BO/Z) —1In (eue—f@“) : (4.27)
with u = e(b) + [b] 7! /aP(Q?), and take:
20) = —e(®)e™ g PP = ey TE M g= Q2R (a29)

then it follows from (4.27) that Z = —e(b) ue ("% giving with the help of (4.1):

—

W(Z@) = -eO)u=-1-{ =, @@ =a?(@). (1)
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This yields the exact solution?:

1 1
52 (q) = —
Q)= —7 ——, W(q) = W(Z(q)) . 4.30)
@)=~} TT] ) = W(2(q) (
In what follows, we shall denote of?) (Q?) and & (¢) by a(LQaV(QQ) and &(L?a‘,(q) respectively.
The requirement that a(ﬁv(QQ) is real and positive for a real positive Q? (at least for
Q% > A?) restricts W(q) to either the principal branch Wy(Z(q)) or W_1(Z(q)), being

the only branches that can take on real values. Now, depending on the sign of b, we can

determine the relevant physical branch as follows:

1. if b > 0, ie. ny € [0,8], then for ¢ > 1 we have Z(q) € [-1/e,0). In this interval,
W_1(Z) € (—oo,-1] and Wy(Z) € [-1,0). Hence, it is obvious that W_1(Z) is
the physical branch. Note that in the UV limit ¢ — oo, which corresponds to
Z — 0~ and/or W_;(Z) - —oo, we have &(L?‘ZV — 0T as required by asymptotic
freedom. However, below the Landau singularity ¢ < 1, the coupling a(sz)V is complex,

indicating a break down in perturbation theory;

2. if b <0, ie ns € (8,16}, then we have Z(q) € [0,00) for all ¢ > 0. Hence, Wy(Z)
as being the only real and positive branch in this interval is the required physical
branch. In the limit ¢ — oo, Z(q) — oo and accordingly Wy(Z) — oo, in which
case we achieve the asymptotic freedom af&, — 0T, Here, at the IR limit ¢ — 0,
which corresponds to Z — 0% and/or Wy(Z) — 0%, we obtain an IR fixed point
a(LQv)v (0) = 1/]b] which is inaccessible by the 2-loop approximate expressions a?)(QQ)

2
and a%%(QQ).
Now, we may rewrite the exact solution (4.30) as:

1 1
— ————— forny €[0,8],

& (q) = _b1[1+W11(Z)] e 55 (4.31)

PR TR A

This solution yields more accurate results than the standard approximate solutions a?) (Q?)

and ag%(QQ). Furthermore, the latter can be obtained from (4.31) using the asymptotic

3For consistency with the notation used earlier in the analysis of the one-loop coupling, we shall use
the same variable g to denote Q?/A® throughout this chapter.
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expression for the relevant branch of Lambert’s W-function. So, for b < 0, we apply (4.21)

at large positive Z(g); while for b > 0, we use (4.15) at small negative Z(q).

4.3 Singularity structure of the 2-loop coupling

Having explicitly derived the exact expression for the 2-loop coupling constant &(L?gv(q),
we shall now proceed to investigate its singularity structure in the complex g—plane. This
requires the analytical continuation of &(L?‘EV (¢) to the whole complex g-plane, i.e. specifying
the function W(q) in (4.30) for complex values of ¢q. In what follows, our analysis would
only cover the case b > 0 since it includes the phenomenologically interesting range of
quark flavours ny € [0, 8].

The main criterion we use for establishing the analytical continuation of the coupling
&f&,(q) to the complex g—plane is the requirement that the function &fv)v(q) remains

single-valued and continuous, at least, throughout the region:
D=D"UD ={q:|q| > 1,-7 < arg(q) < 7}, (4.32)
where
D= {q:lg| >1,0<arg(q) <7}, D ={g:lg| > 1, —7w <arg(q) <0}. (4.33)

This requirement applies also to W(q) as it is explicitly related to &S:Qv)V(Q) by (4.30). For
q = |q| e**8(9) with the restriction —7 < arg(q) < 7, equation (4.28) assumes the generic

form:

Z(g) = e~ 1~V Inldl giarg(Z(a)) (4.34)

where v = fy/b = B2/ € [1.186,48.167] for all ns € [0,8] and
arg(Z) € {97 : 97 (q) = £(2j — 1) 7 —varg(q), j € Z*}. (4.35)

This clearly shows that there are some values of arg(q), v and j for which arg(Z(q)) is not
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bounded by £x. On the other hand, however, we have by definition ¢ that arg(Z) in the
argument of W,(Z) is restricted to the interval (==, n]. This indicates that we can not
analytically continue the function W(q) = W(Z(q)) to the whole complex g—plane, with
the restriction that arg(Z(q)) € (—m,n], unless it is described in a special way by more
than one W, —branch. Therefore, we think of W(q) as being made up of a finite number

of W, —branches, all subject to the following conditions:
1. each branch W,(Z(q)) is described by a different arg(Z(q)), i.e 19;~t(q);

2. each branch W,(Z(q)) is restricted to a distinct subinterval of arg(q) such that on
this subinterval arg(Z(q)) is bounded by +;

3. each branch is chosen in such a way that keeps the whole set, i.e. W(g), continuous

in D with the property that W(q) > W_1(Z(q)) and arg(Z(q)) — = as arg(q) — 0.

N.B. the number of the relevant branches to be used in constructing W(q) is deter-

mined by the given value of v as we shall see later.

From the analyticity structure of Lambert’s W-function, we can deduce the follow-
ing relations between the adjacent W,—branches across their boundaries, (where these

boundaries all correspond to arg(Z) = +w):

1. for the branch n = —1, we have at arg(Z) =7

. Wi(|Z|e i) for |Z] < 1/e
W_i(|Z|e'™) = (4.36)

Wo(|Z]e™t™) for |Z]| >1/e ,

while at arg(Z) = —n, we have:
W_r(1Z]e™'™) = Wea(|Z]e'7); (4.37)
2. for the branch n = 1, we have at arg(Z) =«

Wi(1Z]e'™) = Wa(|Z]e7'T), (4.38)

“By analogy with the nth branch of the complex logarithm L,(Z) = In|Z| + i (arg(Z) + 27 n), which
behaves exactly like Wy, (Z) for very large |Z|, arg(Z) in W, (Z) is restricted to the interval (—m, 7].
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while at arg(Z) = —m, we have:

. W_1(|Z|e'™) for|Z| <1/e
wzeiny = 2=t (4.39)
Wo(|Z|et™)  for |Z] > 1/e ;

3. for any branch n > 1 or n < —1, we have at arg(Z) = £n

Wa(lZ|€™) = W1 (|Z) e ™) and Wi(|Z|e™'™) = Wo_1(|Z)€'™);  (4.40)

4. for the principal branch n = 0, we have at arg(Z) = &7 and |Z| > 1/e

Wo(|Z)e'™) = Wi(|Z]e'™) and Wo(|Z]e™*™) = W_1(|Z]€'"). (4.41)

The above description of the behaviour of W,, across the cut helps in finding the right
prescription for constructing, from the W, —branches, the required function W(q) that
complies with our proposed criterion for the analytical continuation of &(Lzav(q) to the
entire complex g—plane.

Now, we shall show how to determine the required function W(q), categorising our

analysis according to the given value of v as follows:

1. for v < 2, we take W(q) = W_1(Z(q)) with arg(Z) = 9} = 7 —wv arg(q) in the upper
half-plane Im{g} > 0. This choice is made on the basis that when arg(q) = 0 and
|gl > 1, we obtain the relevant physical solution in (4.31). Also, having v < 2 in this
case guarantees that ﬁf > —m, i.e. 9] would never reach the cut of W_; from below
for all arg(q) € [0,7]. Therefore, W_1(Z(q)) remains continuous for any ¢ € Dt.
In the lower half-plane Im{q} < 0, on the other hand, we take W(q) = W1(Z(q))
with arg(Z) = 97 = —7m — v arg(g). In this way, we preserve the continuity of
W(q) as we enter the region D~ from the upper edge of the positive g-axis. So, for
-7 < arg(q) < 7 the required function W(q) involves only two branches W,.; and

assumes the form:

Wig) = Wi(Z7(¢)) for —m < arg(q) <0 (4.42)

W_1(Z] (q)) for 0 <arg(q) <,
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where

- iy A
Z7(q) = 1Z(g)| e @, Z}H(g) =1Z(g)| "D, ezt (4.43)

2. for v > 2, we have a more complicated situation involving more than two W,,—branches
in the determination of W(q). To simplify the argument, we begin by considering

the easiest case v € [2,4). Now, it follows from (4.42) that each branch Wi,(Z])

27

would cross the cut in the ZF —plane at arg(q) = F47,

violating the requirement
that arg(Z{) € (—=, 7). To remedy this problem, we need to incorporate the two
branches W, adjacent to Wy in (4.42). Since Wi1(Z7(¢)) — Wia(|Z|eT*™) as
arg(q) — :F%", which follows from (4.37) and (4.38), we let W(q) = W2(Z, (g)) for
arg(q) € (—m,—2F) and W(q) = W_2(Z5(q)) for arg(q) € [2Z,n]. In this way, we

preserve the continuity of W(q) in D. Now, we can write:

(

Wa(Z5 (q)) for —m < arg(q) < — 27

v

. r —2=n T
Wig) = Wi(Z[ (q)) for —=F < arg(q) <0 (4.44)

W_1(Z] (q)) for 0 < arg(q) < 2T

LW_Q(Z;-((])) for 2™ < arg(q) < .

In general, for v € [2N, 2N + 2), where N =0,1,2,...,24, we have:

Wig) = W™(q) for —mw < arg(q) <0 (4.45)

Wt(q) for 0 < arg(q) <,
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where
)
Wrnti1(Zy 1 (q) for —m <arg(q) < —N 27”
Wn(Zy(q)) for —N 2% < arg(q) < —(N - 1) &F
W7(q) = { Wa(Z; (9)) for —n 2T < arg(q) < —(n — 1)2% (4.46)
W2(Z5 (q)) for —4% < arg(q) < —4Z
| W1(Z1 () for 2T < arg(q) <0,
and
W-1(Z7 (9)) for 0 < arg(q) < 27
W_2(Z5(9)) for 7 < arg(q) < %X
WH(q) = < W_n(Z;}(q)) for (n — 1)277r <arg(g) <n —Q—UE (4.47)
W_n(Z}(q)) for (N — 1) 22 <arg(q) < N 27
\W—(N+1)(Z;+1(‘1)) for N 2% < arg(q) < .

Having constructed the required single-valued and continuous function W(g) in D
from the W, —branches, we shall now show that it has two branch cuts lying along the
real intervals By = {¢: 0 < Re¢ < 1,Img = 0} and Bz = {¢ : Reqg < 0,Img = 0}.
To verify this, we begin by investigating the continuity of W(q) along the real g—axis.

Depending on how we approach the positive real axis Req > 0, we find that:

Wi(e~1-vInladle=im) a5 arg(q) — 0~
W(q) — (4.48)
W_i(e"1-vinldlgim) as arg(q) — 01 .

This allows us to obtain the following results:




4.3. Singularity structure of the 2-loop coupling 84

1. for |g| > 1, we have from (4.36):
Wl(e—lwu In|q| e—i7r) — W_l(e—l—v]n|q| e-iTr) . (4.49)

Hence, by substituting this into (4.48) we deduce the continuity of W(q), i.e.

lirnarg(q)—>0+ W(q) = limarg(q)—m— W(q) .

2. for |g| < 1, we have from (4.36) and (4.39):

Wl(e—l—'u In|q| e—i7r) — WO(e—l-—vlnlql eiﬂ') ,

W_l(e—l—vln|q| ein) — Wo(e—l—vln|q| e—iﬂ') _ (450)

Using this in (4.48), we deduce the discontinuity of W(q) across B; \ {1} which can

be represented as:

lim W(g) - lim W(q)=2iIm{WO(e"1_“1“|‘1|ei")}750. (4.51)
arg(g)—0% arg(q)—0~

Here, we have simplified (4.51) by using the fact that:

Re{Wo(xei")} = Re{Wg(ze_”)},
Im{WO(zei”)} = —Im{Wo(:ve_i")}, (4.52)

for any z > 1/e.

Due to (4.51), the interval B; is excluded from the complex g—plane. As we move in a
closed curve around ¢ = 1 a discontinuity in W(q) would occur only if we crossed the cut
B, indicating that the point ¢ = 1 is a branch point.

On the negative real axis Re {q} <0, i.e. By, it is straightforward to see the disconti-

nuity of W(q) from (4.45):

lim W(q) - lim W(q) = W_(N+1)(e—1—vln|q| eiw(2N+1_v))

arg(g)—m arg(q)—>—m

_ WN+1(e—1—'u1n|q| e—ivr(2N+1~v))

- 2iIm{ W_(n41) (e7170mlal gin(2NH1-0) )} £0. (4.53)
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Here, we have used (4.13) to simplify (4.53).

At this stage, we conclude that the coupling constant &f&, (g), as being defined by
W(q) via (4.29), has the same analyticity structure in the complex g—plane as that of
W(q), except at the branch point ¢ = 1. Because, at this branch point W = —1 in which

case the denominator in (4.30) vanishes, resulting in the so-called Landau-pole singularity.

4.4 Non-perturbative analysis of the 2-loop coupling

The main purpose of this section is to remove the non-physical cut B; together with
the Landau-pole singularity from the exact 2-loop coupling &(Ijzv)v(q) without altering the
correct UV properties. To achieve this goal, we apply our contour integral formula (2.41)
to &fv)v(q) in the same way as we did in the one-loop case. Hence, by analogy with

definition (2.43) we introduce our modified two-loop coupling as:

1

wD(g,0) = (454)

« q? e _ 3 .
(2
XP(gA) |,

where
1 A(k~q)
XP(g,\) = — £ L . (4.55)

21 Joy, k—a &2 (k)
For ease of calculation, we shall consider throughout the case in which the number of

quark flavours ns € [0,6], i.e. v < 2. A straightforward substitution of (4.30) for a2 (k)

“rLw
in (4.55) yields:
b eMk—q)

-(2) - ph—

W(k) dk . (4.56)

Cuv

Here W(k) is given by (4.42), which can be rewritten by using (4.13) as:

W* (e l-vinlkl gilrtvargk) ) for —7r < argk < 0
W(k) = (4.57)
W_ (e 1-vInlkl gilr—vargk) ) for 0 < argk < .

Depending on the value of ¢, we shall now proceed to estimate the contour integral
in (4.56). For ¢ > 1, we use Cauchy’s theorem to replace the UV-boundary Cyy with a

small circle around ¢ and a double keyhole shaped contour I" surrounding the two cuts B,
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A Tmk
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= 0 1
i

Figure 4.3: Sketch of the double keyhole shaped contour T'. 'y;t and <y encircle the branch
points at £k = 0 and k£ = 1, respectively, and Fli and in surround the real intervals
(—=Ryv, —¢) and (e, 1 —¢), respectively. The thick line represents the two connected branch
cuts B; = (0,1] and By = (—00,0].

and By as depicted in Fig.(4.3). In this way, we can write:

1
$P(g,\) = —b—bW(q) - bIr(q,N) = ——— — bIr(q,\), (4.58)
)
aLw(‘I)
where
an = 1 [ ey ak 4.59

Now, let us split I' into seven components as depicted in Fig.(4.3), rewriting (4.59) as:

1
meN =g | [+ ) ]
R R S

Here, as shown in appendix A, the contribution from integrating over the contours 'yli and

e)‘(k_q)
k—gq

W(k) dk . (4.60)

< vanishes in the limit ¢ — 0. Thus, by taking the limits ¢ = 0 and Ryy — oo we reduce

(4.60) to two integrals on real intervals:

T A * Mt Flk) dk et k) dk 61
s = / ) 4
ra N = [ S r W+ [ e (4.61)

where
T(k) _ l Im{IV l(e—l——'ulnlc eivr(l—v) )} (4 62)
T - ’ '
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and

G(k) = %Im{Wo(e_l_”h‘ke”)}. (4.63)

The functions 2w F (k) and 2m¢G (k) represent the discontinuity of W(k) across the branch
cuts By and Bs, respectively. We remark that upon integrating along 1[‘2i we have made

use of the fact that for k € [0,1]:
W_l(e—l—-vlnk ein) — Wo(e—l—vlnk e—ivr) — W(;k(e-l—vlnkeiW) ) (464)

To determine the lower and upper bounds of I (g, A), we apply the mean-value theorem

to both integrals in (4.61), obtaining:

I \) = F(k e M) dk k et dk 4.65
p - + ’ .
r(g,A) (k1) /0 kTq G(k2) /0 k—q ( )

which after integration reduces to:
Ir(g, A) = F (k1) B1(Aq) — G(k2) [B1(A (g - 1)) — E1(Aq)], (4.66)
where k) € [0,00) and ky € [0,1]. By using the fact that:
—(v+1) < F(k) < —v and 0<G(ky) <1, (4.67)
we deduce from (4.66) the following result:
=Ei(A(g—1)) —vEi(Ag) < Ir(g,A) < —v Ei(Aq). (4.68)

This shows that for sufficiently large values of g the correction term Ir(q, A.), at any given
A = A, becomes negligible in comparison with the first term in (4.58), allowing &® (g, A¢)
in (4.54) to produce the correct UV behaviour.

Now, we shall return to (4.58) and consider the case when ¢ € (0, 1), i.e. ¢ lying on the
cut By as shown in Fig.(4.4). For these values of g, we replace the path of integration Cyy,
using Cauchy’s theorem, with the triple keyhole shaped contour r depicted in Fig.(4.4).
In this way, we have:

(g, 2) = =b—bIz(g, N), (4.69)
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Figure 4.4: Sketch of the triple keyhole shaped contour . The thick line represents the
two connected branch cuts B; and Bs.

where Ix(q, A) is given by (4.59) with T being substituted for I'. By analogy with (4.60),

we write:

.
o+ 7

eA(k_q)
/ + / Wik) dk, (4.70)
W Iy k—q

where the contours I‘li, fQi, th, 71*, fy;t and +y are as illustrated in Fig.(4.4). In appendix

1
I={(q, A
feN =57 {/1";f+r;+/f;+r— /r

A, we have shown that if 0 < ¢ < 1 the integrals along 'yfc and v tend to zero as e — 0.

Also, we have calculated there the contribution from integrating over the semicircular arcs

’y;t, giving:

L i / W(lc) dk =Re{W(q)}, for q>0.  (471)
27m e—0 B

Hence, in the limits € = 0 and Ryy — oo, (4.70) reduces to:

I<(q. W P e vk + L S o dk 72
ca ) =Re(W@}+ [ S FWd + | e, @)

where the last term on the right hand side of (4.72) stands for the so-called Cauchy
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principle value integral, defined as:

1 e’\(k—q) g—¢€ e/\(k_q) 1 e)‘(k"Q)
][ G(k) dk = lim / G(k) dk +/ Gk)dk|.  (4.73)
0 k- q €0 0 k— q q+e k— q

Since G(k) is analytic at k = g, it is not difficult to show that the limit in (4.73) exists

and has the value:

1 A(k—0) q L eME-9 G(k) - G(q)
kydk = —G(g)1 dk

1 gAk-gq) _q
- q e -2
= -G(q) ln(l_q) +/0 P G(k) dk

G(k) — G(q)

(4.74)
Here, we note that the integrands of the first and second integrals in (4.74) tend to A G(gq)

and G'(q), respectively, as k — ¢, where G'(q) , by use of (4.3), reads as:

" G(q)
q[[1 +ReWo(£(q)]2 +72G%(q)]’

¢'(q) = - JOEE (4.75)

This derivative exists for any ¢ ¢ {0,1}.
Now, we shall restrict our considerations to the two cases in which g coincides with the
branch points of W, i.e. ¢ = 0 and ¢ = 1. In both cases, (4.56) transforms under Cauchy’s

theorem to:

¥P(q,\) = —b—bIr(g,\), (4.76)

where Ir(g,A) is given by (4.60). For g = 1, the integrals along 'yli and 7y in (4.60) tend
to zero and W(1) = —1, respectively, in the limit ¢ — 0, as shown in appendix A. This

allows us to write:

£ A(k+1) 1 oA(k=1)
(1, - dk —b k) dk
A b/ Frr TW /0 po1 Gk,

_ 00 o=A(k+1) U (eMk=1) _ 1) L G(k)
__b/O _]H_—lf(k) —b/o —k—T—g(k)dk—b/O P dk. (4.77)

Here, the last integral over the finite interval [0,1] does exist although its integrand
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G(k)/(k = 1) is not bounded from above. To prove this, we use the variable transfor-

mation k — — In(1 — k) to obtain:

/g dk = — / G(1 —e ) dk, (4.78)

where G(1 —e™%) — 0 as k — co. Now, observing that G(1 —e™*) < 2/(1 + k?) for all

k > 0, we deduce the following result:

1 ey dk < 2 — .
/0 Gl —e*)dk < /0 = (4.79)

Hence, the integral in (4.78) converges to some number in the open interval (—m,0).
At this stage, recalling that Re {W(q)} = W(q) < —1 for all ¢ > 1, we conclude by

inspection that (4.69), which we rewrite as:

xP(,2) = -b

00 o—A(k-+q) L oAMk—q)
T i |
0

1+ Re {W(q)} + /0 T Pk b Q(k)dk], (4.80)

-q
not only works for g € (0, 1) but also applies to the case in which ¢ > 1. We remark here
that for ¢ > 1 the Cauchy principal value symbol in (4.80) is no longer required because
in this case we have no singularity on the finite interval of integration [0, 1].

Let us now return to (4.76) to calculate x(?)(g, A) for ¢ = 0. To achieve this, we begin
by computing (4.60) for Ir(0, ). Below, we express the various the contour integrals in

(4.60), for ¢ = 0, in terms of integrals along real intervals:

1 e)\k Ryv e—)\k 1 (e—/\k _ 1)
ol W(k) dk = /1 — F(k) dk + / L Fk) dk
1
+ / F) i, (4.81)
c k
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Ak T o )
L/ e_)/v(k) dk = l Re / [eAe cosf gidesing _ 1] W_l(e—l—vlneez(w—vﬂ) )d6
211 Jot oy b T 0

+LRe { / W_ (e 17vIne gim—vo)) de} : (4.83)
T 0

The integral along the circular contour v in (4.60) is given by (A.16) in appendix A, where
it is also shown to vanish as € — 0 for all ¢ # 1. Note that in (4.81), (4.82) and (4.83) we
have subtracted out the singular part of each integral, appearing in the last term of each
equation, to show later that their sum converges as ¢ — 0.

From (A.5) and the fact that |e*¢c0s8giresing _ 1] < e* — 1 we have:

/7r [e)\e cosf nidesinf _ 1] W_, (e—l—vlneei(w—u()) ) d6
0

< (e)\e _ 1) |W_1(e-—l—vlneei7r(1—v) )I’ (484)

which tends to zero as € — 0. This shows that the first term in (4.83) would vanish in the
limit € — 0. Now, by summing (4.81), (4.82) and (4.83) and taking the limits ¢ — 0 and

Ryv — oo, we obtain:

00 o= Ak 1 (—Me 1 (prk _
I[‘(O,/\)Z/l A .T(k)dk+/() (-ek—l)f(k)dk +/0 (—k_—l)g(k)dk

1—¢
+1ina[/ AN / 9 )dk+ ~Re /W_ ~1-vinegi(r— v"))do}]. (4.85)
€

Here, the limit ¢ — 0 in (4.85) operates only after integrating and adding all the terms

inside the two large brackets. To evaluate the last three integrals in (4.85), we make use

of the following identities 5:

z1+z2lnx
/ W(e ) dr = _1_ W(ezl+zzlnz) [1 +}_w(eZ1+22lﬂﬁv)] , (4.86)
T 29 2
/ W(re?®)do = —iW(re?) [1 + % W(reio)], (4.87)

5To evaluate the integrals in (4.86) and (4.87), we use the method of direct substitution, letting
u = W(e1T2!"%) and v = W(re?) in (4.86) and (4.87) respectively. Then, from (4.3) it follows that
413 = - 4% dy and df = —i 12 dv. This gives [W(es172!"%) 42 = Lo(1 + u/2) and [W(re?)dd =

—iv(l + v/2)
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together with the definitions (4.62) and (4.63). In this way, we obtain:

1 1
/ f(k) dk —= l Im/ W_l(e—l—ulnk eivr(l—'u)) %
€ k ™ € k"

= L FO L @+ nF () (4.88)

1—e 1—e¢
/ g(k) dk = _1_ Im Wo(e—l—vlnk eiﬂ') %
€ s

k ) k
= G-l 4G -+ GO G,  (489)
1/ o-1-vne gi(m—v0) @)y F el - 9O L B
W/ORQ{W‘I( vl 9)}d9_ L nF()] - 75 L4 76(9)], (4.90)
where
F(k) = %Re{W_l(e_l‘vlnk i m(1-v) )} , (4.91)
and
G(k) = %Re{Wg(e_l_"]“kei”)}. (4.92)

Now, combining (4.87), (4.88) and (4.89) and taking ¢ — 0 yields the value of the limit
in (4.85), which is -1 F(1)[1 + mF(1)]. At this stage, we substitute (4.85) into (4.76) to
obtain:

—Ak
k

e

$2(0,) = b [1 ! F)[1 +7F(1) + /Oo F(k)dk
v 1

1 (a—Xe _ 1 k _
+ | =D Fwyar + /O @T”g(k)dk} (4.93)

Using Gauss-Legendre and Gauss-Laguerre quadrature rules for computing definite
and semi-infinite integrals, respectively, we evaluate (% (0,A) numerically for any given
A > 0. In Fig.(4.5), we plot the functional variation of ¥((0, \) with X for ny = 3. The
figure shows that function ¥(¥(0,A) is monotonically decreasing and changes sign as A
crosses some point near 0.88. The A—dependence of ¥(2(0,A) remains almost the same
for all n; € [0,6]. In table (4.1), we list the zeros of x(¥(0, \), denoted by X, for different

values of ny. Now, from the positivity of &0, )) we expect the effective parameter A,
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Figure 4.5: The variation of x(*(0, \) versus A for ny = 3.

n;| 0 1 2 3 4 5 6
X | 0.8896 | 0.8888 | 0.8866 | 0.8824 | 0.8750 | 0.8621 | 0.8382

Table 4.1: The zeros of x{2)(0, \), up to 4-decimal places, for different n f-

to lie somewhere in the open interval (0, X). For simplicity, we take Ae € (0,0.8] for all
ns under consideration. This interval is only slightly wider than its counterpart in the

one-loop case.

4.5 A ballpark estimate of the 2-loop A,

In this section we give a rough estimate of the value of the effective parameter A., following
similar guidelines to those used in the one-loop case.

For ease of calculation, we shall try to extract A, from the behaviour of ¥{?(q, A) rather
than &) (g, A). Starting from (4.58) and (4.68), we deduce that the function %) (q, \)

tends to X(L?v)v((I) =1 /&(sz)v(q) very rapidly, for any given ¢ > 1, as A increases toward
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Figure 4.8: The variation of x()(3,A) versus X for ny=3.

on the perturbative estimate X(LQ,)V(q) at sufficiently large values of ¢q. Practically, for

g > 150 and ny € [0,6] we find that 2 (q, Mo(q)) = ng)v(q) within two decimal places of
accuracy, which is inside the bounds of physical interest. Hence, we shall only consider
those values of A\g(g) corresponding to the g—domain {¢ : 1 < ¢ < 150} over which the
difference between ¥(®(q, Ao(g)) and x(L?aV(q) is appreciable. On this basis, we shall seek
to find A, in an interval (Ag(150), Ap(1)) which is narrower than the previously suggested
one. For ny = 3, we would expect A; € (Ao(150), Ao(1)) = (0.0253,0.5838) C (0,0.8].

As illustrated in Fig.(4.9), Ao(¢) is a slowly varying function in a large subinterval
(25,150) of the region where we suspect to find A\.. Therefore, by analogy with the
one-loop case, we take the average of Ag(q) over the selected interval 1 < ¢ < 150 to
represent our closest estimate to A.. Having done that, using ny = 3, we obtain A, = 0.07.
Repeating the same analysis with different n; does not result in any value for A, that
differ significantly from 0.07. Therefore, we shall use this value as an approximation to A,

for all ny € [0, 6].
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From now on, we shall denote &® (g, A.) for Ao = 0.07 by @2 (q) and write:

1 1
—(2)( = _=
a\?(q) = — , (4.97)
b [1+Re {W(q)} + Tir(q)]
where W(q) is given by (4.57) which for real and positive g reduces to:
W(g) = W_y(—¢ 707, (4.98)
and
- 0 —Ae(k-HI) L gAe(k— Q)
1 = k) dk + dk. 4.99
nio) = [ Rk f S 6 (4.99)

Here, Yig(q) represents the IR contribution to the exact 2-loop expression &(L?V)V (¢). Note

that for ¢ > 1, Tz(g) reduces to (4.61) and as a result it follows from (4.68) that:
~E1(Ae (g - 1)) ~v Ei(Aeq) < Tr(g) < —v Bi(Xeq), for ¢>1. (4.100)

Here, v = 3/B1 € [1.186,1.885] for ns € [0,6). Since Ei(z) is a rapidly monotonic
decreasing function in z, we deduce from (4.100) that for sufficiently large values of ¢
the contribution of Yia(g) becomes negligible in comparison with the additive term
(1 + Re{W(q)}) in the denominator of (4.97), in which case &®(q) tends to a(LQv)V(q)
producing the correct UV behaviour.

In Fig.(4.10), we give an illustrative comparison between our formula @2 (g) and its
perturbative counterpart &SLW(q) using ny = 3 as the average number of active quarks.
This figure shows how the 3—flavour coupling constant in our approach differs dramati-
cally from the 2-loop perturbative expression &(Ifav(q) as ¢ enters the IR region, 0 < ¢ < 1,
or its extended neighbourhood, illustrating the absence of the ghost pole problem and
the presence of the property of asymptotic freedom in our model. In Fig.(4.11), we
demonstrate the explicit energy dependence of the coupling constant in our approach
‘(LQBV(QQ) = a?(Q?/A?), giving a direct comparison with the 2- and 3-loop coupling
constants aPT(QQ) and aS%(Q2) of the standard perturbation theory and the 2-loop cou-
pling ag)(QQ) derived from the new background field formalism [15]. For our expression

&ty (Q%) we employ A®) = 0.502 GeV and A = 0.402 GeV below and above the en-
LW

ergy threshold @y, = 2m, = 2.70 GeV, respectively. These values are calculated from
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Figure 4.10: The g—behaviour of our model @& (q) for the coupling constant plotted

against its perturbative counterpart &(L?‘)/V(q), using ny = 3.

the matching condition introduced by (3.2) using Ag’r)r = (0.274 GeV as the starting value

of the matching procedure, as explained in chapter 3. As for the perturbative expres-
sions plotted in Fig.(4.11.a), i.e. ag%(Q2) and aS’%(Qg), we use the values of Angf) sum-

marised in Table(4.2). In this table, the values of Ag% in the first column are derived in

ns 3 4
ALY Gev | 0.495 | 0.4057

2-loop order

ALY Gev | 0.383 | 0.3134
3-loop order

Table 4.2: The values of Aggf) in the 2- and 3-loop order perturbation theory

chapter 2 from (2.68) whereas the values of Agl% in the second column are calculated from

(3)

the matching procedure, using the values of Ay

In Fig.(4.11), we observe that our formula &gv)v(Qz) incorporates both the IR freezing
property and the correct UV behaviour. Below 200 MeV our coupling &(LZ‘)V(QQ) freezes
rapidly to a constant value of 0.405, which differs by 42.55 % from the value of a(BQ)(O) =






Chapter 5

The Schrodinger Vacuum and

Analyticity Structure

5.1 Introduction

Although the field theoretic Schrodinger representation [52-55] is a natural context for
developing non-perturbative methods in quantum field theory, and provides useful analogs
of the conventional techniques and concepts in quantum mechanics, it has not received the
same attention as the canonical quantisation approach. This is partly due to the popularity
of the latter in which space-time symmetries are displayed manifestly, and partly because
the existence of vacuum wave-functionals in the Schrodinger representation with diagonal
field operators was only shown by Symanzik as late as 1981 [56]. Nonetheless, there has
been growing interest in the subject as a result of the search for new tools in field theory
and also because the Schrodinger representation is implicit in much recent work on field
theories defined on space-times with boundaries, see for example [58]. Moreover, This
representation provides a framework for novel approaches to the solution of quantum field
theories, for example in the use of variational principles [59] to model states and describe
lloﬁ-perturbative phenomena.

We begin this chapter by giving a detailed study of the Schrodinger representation
in quantum field theory, showing how the vacuum wave-functionals are developed. We
shall illustrate explicitly how to calculate the unrenormalised vacuum functional for the

¢*-theory to one-loop order. Then, we present our objectives, introducing a further appli-
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cation of our approach in the area of wave functionals. We show that for an interacting
scalar field theory with a non-zero mass gap the Schrédinger vacuum functional ¥q[y]

undergoes a significant simplification when evaluated for fields ¢(x) whose Fourier trans-
forms (k) have sufficiently small supports. As we will show this is because its logarithm
Wolw] reduces to a local functional expansion, i.e. a single spatial integral of a sum of
terms each composed of p(z) and/or a finite number of its derivatives at the same spa-
tial point. A knowledge of this expansion or its leading terms enables us to estimate the
vacuum Wo[p] = exp (Wo[p] ) for an arbitrary source field by exploiting the analyticity of
Wo[ws] in a complex scale parameter s, where ¢, = ¢(z/1/s). By studying the analyticity
of Wy for the scaled field ¢;, we find that it extends to an analytic function of s on the
whole of the complex s-plane with a branch cut restricted to the negative real axis. This
property of analyticity in the complex s-plane is the basis of our method because it allows
the use of Cauchy’s theorem for relating the large-s behaviour, where the local expansion

of Wy[ps] holds, to the point s = 1.

5.2 Field Theoretic Schrodinger Representation

In this section, we shall review the Schrodinger formulation of quantum field theory in
Minkowski space-time, showing that it is a natural extension of non-relativistic quantum
mechanics familiar from atomic physics. For the sake of simplicity, however, we shall
consider only neutral massive scalar fields.

The Lagrangian density for a free and spinless scalar field ¢(z) with mass m, in 4-

dimensional Minkowski space-time z = (x, t), reads as [52]:

1

Lo= 50,80 9(a) — m? o) = 5 (- (Va2 -m? ), (1)
2 2

SR

where the dot on ¢ denotes differentiation with respect to time. The canonical momentum

conjugate to the field ¢(z) is defined by:
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and the Hamiltonian density Hy is constructed as:
Ho = w(z) d(z) — Lo. (5.3)
This allows us to write the associated Hamiltonian Hy as a functional of ¢ and

olpmit) = 5 [ d*x [x6t) + (V60,002 + m? ¢, 1)]

- % /d3x [7%(x,t) + B(x,1) (-V* + m?) $(x,1) ] , (5.4)

which depends on time only through the field and its momentum conjugate. Here, the
field ¢(x,t) is assumed to vanish on the surface boundary of Minkowski space.
The Euler-Lagrange equations of motion for this system lead to the well-known Klein-

Gordon equation:

(0,0" + m?)¢(z) =0, (5.5)
which has the classical solution:
d3p 1 i(p.Xx—wpt) * —i(p.x—wpt)
00,0 = [ G g [e(P)e rat(ple@xen] L (5p)

where

wp = w(p) = vVp?+m?. (5.7)

Since m(x, t) = ¢(x, t), differentiating (5.6) with respect to time gives:

m(x,t) = —i / (‘2’;‘)’3\/“’77 [a(p) elPx=wpt) _ g*(p) e—i@-x—%t)] : (5.8)

Now, the system can be canonically quantised by treating the classical fields ¢ and =

as operators, satisfying the equal-time commutation relations:

[f(x, 1), #(x,1)] = i6(x — x'), (5.9)

[b(x,t), 6(x',1)] = [t (x,8), 7 (x', 8)] = 0, (5.10)
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and the required Hermiticity properties:

P, 0) = d(x, 1),  #l(x,1) = #(x,8). (5.11)

Unlike the Heisenberg picture, the operators of the field-coordinate ¢ and its canonically
conjugate momentum 7 in the Schrodinger picture are time-independent, and from now
on will be referred to by ¢(x) and #(x). In this picture, the canonically quantised form of

(5.4) is defined on the hypersurface ¢t = 0 as:
1 1 3 ~ 2 2 2 AN
Hold ] = 5 [ d'x [#(x) + 9fx) (<72 +m) )| (5.12)

The space of quantum states, namely Hilbert space, is an abstract physical space in
which a physical state of a dynamical system in the Schrodinger picture is represented
by a time-dependent ket-vector |¥;t). To give a concrete quantum mechanical wave de-
scription of these states together with the operators acting on them, we need to introduce
a representation space of eigenvectors as the basis of Hilbert space so that by project-
ing the quantum states |¥;t) of the Hilbert space onto the basis-vectors, we obtain the
quantum mechanical analogy of wave functions, namely the wave-functionals. For the
field-configuration space representation, the basis-vectors in the Schrodinger picture are
taken to be the time-independent eigenstates |¢(x)) of the Hermitian field operator ¢(x),

defined on the quantisation surface ¢ = 0 by the eigenvalue equation:
$(x) (%)) = p(x) lp(x)), (5.13)
with the eigenstates |¢(x)) being complete and orthonormal:
(plen() =dle —enl, [ DoloGetl =1, Dp=[[dotx). (.14
x

Here, the eigenvalue p(x) is a real function of the position coordinates x = (z1,z2, z3),
and 1 is the identity operator. In this ¢-representation space, the physical state |\, t) of

the system is identified by a time-dependent wave-functional of the field eigenvalue p(x):

(0| ;1) = ¥lps 1], (5.15)
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and the inner product of any two quantum states, say at time ¢ = 0, is defined through

the functional integration as:

(1] T) = / Dy (T4]0) (] Ta) = / Do Wi[] Taleo], (5.16)

where Ui[p] = (¥1]yp) is the complex conjugate of (p|¥,).

To find the @-representation of the momentum operator 7(x) in the Schrodinger pic-
ture, we consider the matrix element (p|[$(x'), 7 (x)]|wo), giving with the help of (5.9),
(5.13) and (5.14):

(0 = po) (el (x)]wo) = i6(x — x') o]y — o). (5.17)

Then, by making use of the fact that:

5ot [96) = 0Bl = wol] = (o = v0) 53l = )
+ 8(x —x') é[p — po] = 0, (5.18)
we obtain:
X ) 6 1o
(pliGalo) = ~i o5 (eloo) . = (el = =i (ol (519)

Now, the matrix element of a general function of the operators qAS and 7, denoted by

O((Z), ), can be expressed in the p-space representation as:

(0l0(3, #)lpo) = O, %) 5l — wol. (5.20)

Similarly, if O(¢, #) is to operate on a physical state vector |¥;¢) in this representation,
we can safely write:

(|0, )3 ) = O, —i %) s 1]. (5.21)

Another useful representation space in the Schrédinger picture is the conjugate mo-
mentum space in which the basis-vectors of the physical states are the eigenstates | (x))

of the Hermitian momentum operator 7(x), defined by:

#(x) [m(x)) = m(x) Ir(x)), (5.22)
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where the eigenvalue 7(x) is a real function of the position coordinates and the eigenstates

satisfy the orthonormality and completeness relations:

(o) =~ mo), [ D'w (o) n()] = 1. (5.23)

Here, the primed delta and the primed measure D’n denote:

§'[m — mp] = det(27) d[w — mg], D'n = H = det(1/27) D, (5.24)

dn(x)
2r

with det(a) being a determinant of an infinite-dimensional diagonal matrix with all ele-

ments equal to a € C. The w-representation of the field operator (,/3()() can be achieved in

exactly the same way that led to (5.19), giving:

(m|p(x) = i(57r(x) (m|. (5.25)

To establish a simple transformation relation between the @-representation and the
w-representation, we need to determine the basis product {p|m) as an explicit functional
of ¢ and 7. This can be achieved by recalling the fact that {¢|n) is the solution of the

first-order functional differential equation:

e (plm) = 7(x) {¢l7), (5.26)

deduced from (|7 (x)|7). This equation can be easily solved for (y|r), giving the plane
wave-functional solution:

(plm) = ¢ et f dxebIm) (5.27)

where ¢ is a normalization constant which can be determined from the orthonormality

condition (5.14) as follows: consider writing (¢|@o) as

(olioo) = / D' (ol (nlpo) = bl — ol (5.28)

then by substituting (5.27) into (5.28) and using the é-functional integral representation:

5l — o] = / D'y e dx o) —o(x))m(x) (5.29)
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we find that ¢ = 1. Let us remark here that the factors of det(27) and det(1/2x) in (5.23)
have been chosen in this way so that (5.27) does not accommodate an infinite normalization

factor. We can now show that the Schrodinger wave-functional in the m-representation,
Ulr) = (|T), (5.30)

is precisely the functional Fourier transform of ¥{y|. All we have to do to demonstrate

this is rewriting (¢|¥) in the form:
(6l¥) = (l1|9) = [ D'r (plm)(al), (5.31)
which implies the functional Fourier integral transformation:
T[] = / D'r e dxv()m(x) n]. (5.32)

The time evolution of the physical state |¥;t) of a dynamical system is described by

the Schrédinger equation:
0|05 t)
— = H|¥;t 5.33
i2 2~ H 1w, (5.33)
where H denotes the quantised classical Hamiltonian of the system. If H is a time-

independent, (5.33) has a simple formal solution:
|W;t) = et (E=t0) | 1) . (5.34)

In what follows, we shall restrict ourselves to the y-representation space and to time-
independent Hamiltonians only. Using the language of wave-functionals and Hamiltonians
of the form H[g,#], we represent the Schrodinger equation (5.33) and its solution (5.34)
by:

0Y[p; t]
Yot

Up;t] = (ple™HE0)|T; £9) = exp (—iH[% —i % J(t - to)) Ulp;ito].  (5.36)

= Hlp,~i 5 | Ulwid] (5.35)
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Also, by using the completeness relation (5.14), we can express (5.36) as:

\Mwﬁ]zufv¢<wmﬂ”“—mwa>Wmel. (5.37)

It follows from (5.36) and (5.37) that if the state of the system is known at time tg its
state at a later time ¢ > ¢y can be determined. A simple illustrative example to consider
is the special case in which the state of the system under analysis at a time £y is given
by U[p;to] = N(to) 8[w — wo], where po(x) is a fixed field configuration and N(¢g) is an
arbitrary function of ¢y. In this case, (5.37) provide us with the wave-functional describing

the system at time ¢ > tp, namely;

U(p; 1] = N(to) (ple ™ HE=10)| o) . (5.38)

In this example, we can interpret ¥[p;t] as the transition probability amplitude for the
system to propagate from the initial field configuration ¢o(x) at time #; to the field con-
figuration ¢(x) at a later time ¢.

Since the Hamiltonian operator in (5.35) does not depend on time, we may use the
separation of variables to separate out the time-dependent part of the wave-functional

U[p; t] from its stationary part, giving:
Ulp; t] =™ U], (5.39)

with the eigenfunctional ¥[p] = ¥[p; 0] satisfying the Schrodinger stationary state equa-
tion:

Hp, —i6/dp] ¥[p] = E¥[yp], (5.40)

where F is a constant energy eigenvalue. By analogy with the fundamental concepts of

quantum mechanics, the expectation value of an observable F{¢(x), 7 (x)] is postulated as:

(H=/D¢WWMH%4WWWWM, (5.41)

with the wave-functional being normalized to unity:

/D(p W3 8]|° = 1. (5.42)
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5.3 The Vacuum Functional For Free Scalar Fields

In this section, we shall consider the bosonic theory of a massive scalar field described
by the classical free Hamiltonian (5.4), giving two different ways of calculating the exact
Schrédinger vacuum functional for the system.

In the Schrodinger representation, the quantised version of the classical Hamiltonian

in (5.4) is

2
Hlp,-if50) = 3 [ ¢ |~ 5400 (Ve )

By substituting this into (5.40), we obtain the Schrodinger equation of the stationary

wave-functionals ¥y, [p]:

/d3 [ & U [(‘;] + (%) (-V% + m?) w(X)‘I’n[w]] = By Ua[y], (5.44)

where n denotes the energy levels of the system. Now, our task is to solve (5.44) for the
lowest energy eigenfunctional, namely the ground state or the vacuum wave-functional
Uylp]. One way to solve this functional equation is to reduce it to a set of ordinary
differential equations such that the product of their solutions gives the required wave-
functional solution. To achieve this goal, we first restrict the bosonic field system to a

large cubic box of volume V = L3, and then introduce a set of an orthonormal basis:

o0

[ wuntd) =tum, 3 w6 uny) = 6x - ), (5.45)
v n
such that ¢(x) can be expanded as:
=Y wml),  aa= [ Pxp(ue). (5.46)
- v

In the limiting process L — oo, the restriction on the field being in a finite spacial volume

is removed. On this basis, we can represent the functional derivative as:

o0

) ey O
5o > un(x) Par (5.47)

n
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This expression clearly demonstrates the analogy with the d-dimensional gradient:

d 9
V=Y in o (5.48)
n=1

with Z, as a basis vector. An appropriate candidate for an orthonormal basis is the

periodical Fourier set of complex eigenfunctions:

_ 1 ikn.x : _ 2_7T
un(x) = \/ﬁe , with k, = T (5.49)

where kn = (kn,, kn,, kns) and n = (ny,n9,n3) such that

3

2

knX=3 kn @i,  kn, = % ni, €L (5.50)
=1

Here, the range of each spacial coordinate z; is defined by —L/2 < z; < L/2. By using
this basis in (5.46) and replacing g, with @(ky,)/V L3, we can write:

oo

1 ~ i ~ —1 X
o) =75 D Bl e, Glka) = [ dxpbeex, (551
n=—oc0 v
where
o0 o0
¢(kn) = 3(-kn), kan=-ka, > =[] > (5.52)
n=—oo i=l n;=—o0
Also, from (5.47) it follows that:
6 - ikn. X 9
= et —— 5.53
SR DU T 59

Note that in the continuum limit L — oo, the volume of the small cubic cells Ak, =

(2m)3/L3 in the ky-lattice space tend to zero and L3 Y~ = (2r) 3 Y Ak, — [ d3k/(27)3
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in which case the field ¢ in (5.51) and its partial derivative ! (5.53) change to:

) = d3_k (k) ok 6 3, —ik.x O
ol )"/Rs Gnp P e &p(x)‘/deke 5o0k) (5:5)

On the ky-lattice space, the vacuum wave-functional W¥y[yp], with ¢ given by (5.51), is

represented as:

\1/0[90] = @0({¢(kn)}n623) ) {a(kn)}neZS = {(ﬁ(knl ) knz’kns)}(nl,ng,ns)eza ) (555)

and the Hamiltonjan (5.43) takes the form:

1 & . 0
Ho=-3 2, [agb(kn) Gy~ (kn) olka) 8k | (-5

n=——aoo
where

dkn) = P(kn)/VL3,  w(kn) =kZ+m?2. (5.57)

By making the change of variables:

P(kn) = X(ky) ) such that 0 _ oitke) _0 (5.58)

where X (kn) = X' (—kn) and 8(—ky) = —0(kn) so that ¢*(k,) = ¢(—k;,), we can express

(5.56) as a denumerably infinite system of uncoupled harmonic oscillators:

e ]

Ho({Xn}nezs) = D h(Xa), (5.59)

n=—oo

'In the continuum limit L — oo, the partial derivative with respect to @(ka) in (5.53) should be changed
according to:
L* 9 )
3 95 = =
(2m)® 95(kn) ~ dg(k)
so that we maintain the consistency between the Kronecker delta dx,k,, defined on the lattice and its
counterpart §(k — k') in the continuum space, which are related by the correspondence:

18 I 0(ka) R
@m e = G g0k O TR = 5500

Some authors like B. Hatfield prefer to define §/d¢(x) in (5.54) with the measure d*k/(2r)® instead. This
convention, however, requires the definition:

Sp(k')

= (2n)® —KX).
S5 = (2 8k~ K)

S
€



5.3. The Vacuum Functional For Free Scalar Fields 112

where
— + - wl A2, Xp=X(kn),  wn=uwky). (5.60)

Here h(Xn) is exactly the Hamiltonian of the one-dimensional harmonic oscillator whose

ground state eigenfunction ¥(A},) and energy ¢ are given by:
1/4
P(Xn) = (wn/m)/* e X2 g = . (5.61)

Now a separation of variables is possible to apply to the Schrodinger equation with the
Hamiltonian (5.59), and therefore the lowest energy state solution can be expressed as a

multiple of the ground state eigenfunctions {(Xy)}:

(e8]

ﬁ Y(X,) = [ H (wn/,,r)l/ﬁl] exp ( - % i Wn Xﬁ) , (5.62)

n=-—o¢ n=—oo n=—oo

oo o0 oo o
where H = H H H . By using the first relation in (5.57) and (5.58), we
n=—00  M)=-00 NP=-—00 N3=—00
can rewrite ¥q in terms of the Fourier coefficients ¢(ky,) as:

o o0

To=[ JI (@a/m"] en (=555 O wla) $lln) 3(-kn)) (5.63)

n=-—0oo n=-o0

In the limit L — oo, the restriction on the scalar field system being enclosed in a large
box of volume L? is removed, and the required vacuum functional in the @-configuration

space is obtained as:

1 d*k

Yo[p] =N exp( @

w(i) §(k) F(-K)) (5.64)

with A/ being a normalisation constant independent of @ :

H n)/m) Mt (5.65)

n=-—oo

By substituting the Fourier transform of ¢(x):

(k) = / d®x p(x) e kx| (5.66)
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into (5.64), we obtain the vacuum functional in the ¢-configuration space:

Tole] = N exp ( - % /d"”deY p(x) Go(x,y) w(y)) , (5.67)

where

Go(x,y) = (-V2+mA)V2§(x ~y). (5.68)

In quantum field theoretic Schrodinger representation, the normalisation constant A of
the vacuum functional is usually infinite, but irrelevant to physical results. This is because
it cancels out in the computations of the expectation values. For example, consider the

expectation value of an observable F[¢(x), & (x)):

_ I Do Tilp]Flp, —i6/dp] Yo[¢)]
I Dy W] To[o]

(F) (5.69)

Since A is independent of ¢ and ¥o[p] = N ¥[p], where ¥[y] is the non-normalised wave-
functional, we can simply take the A’s in the numerator and denominator in (5.69) outside
the integration sign and cancel them. The energy eigenvalue Ey of the vacuum functional
also suffers from a divergence. This is because, it is the sum of all the zero-point energies

of the infinite number of the uncoupled harmonic oscillators describing the scalar field

system:
1 1 3
Ep= ). 5 @(kn) =5 6(0) | &’k Vk2 + m?
n=—oo
00 L3
= 27 §(0) / dk k® k2 +m?2, 6(0) = lim (5.70)

Here, Fy is infrared infinite because of the volume factor §(0), and ultraviolet infinite
because of the divergence of the defining integral (5.70) at high momenta. This infinite
energy constant is usually eliminated by normal ordering, which modifies the original
Hamiltonian Hy in such away that Hy — Hy — (0|H|0) , where |0) denotes the normalised
vacuum state. Redefining the Hamiltonian in this way is harmless because experiments
can only measure energy differences from the energy ground state but not the absolute
energy values.

Another way to derive the vacuum functional in the Schrodinger representation is

by introducing creation and annihilation operators éf(k) and a(k) respectively, and then
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defining the vacuum in Fock space, just like in quantum mechanics, by a(k)|0) = 0 with

(0j0) = 1. To illustrate this method, we begin by writing a(k) and af(k) as:

a(k) = % / dx &% [w!/2(k) () + i (k) ()] (5.71)
af(k) = % / d3x X [wl/Q(k)q“s(x) - z'wl/?(k)fr(x)] . (5.72)

These are obtained from the two conjugate expressions (5.6) and (5.8) for ¢ = 0 by simply
solving for a(k) and a*(k), and then turning them to operators satisfying the commutation

relations:

[a(k),a" (p)] = (2m)% 6(k — p), (5.73)
la(k),a(p)] = [at (k)& (p)] =0, (5.74)

which can be verified by (5.9) and (5.10). We can now use these ladder operators to

reformulate the Hamiltonian (5.12) as:

3
Ho=; / (—‘;W—l; w(k) (! (k) alke) +afio) af (k)
3
= [ e i) (09200 + 5 [afi). o (). (5.75)

Here, the second term gives the divergent ground state energy in (5.70) which we usually
eradicate by normal ordering. In simple terms, normal ordering means that all creation
operators are to be placed to the left of annihilation operators. Under this scheme of
operator ordering, (5.75) becomes:

3
Hy = / (—‘217:)(—3 w(k) af(k)a(k). (5.76)

In the Schrodinger formalism, the ladder operators in the ¢-basis representation are given

by:

a(k) = L 3x e kx| 1/ x) + w~1/? d
9= [ (w2000 +07 200 5], 67)
~ 1 ik.x — g
al(k) = 7 /d3x ek [wl/z(k) o(x) — w/?(k) ) ] . (5.78)
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By analogy with quantum mechanics, we shall now show how to obtain the vacuum func-

tional from the property d(k)|0) = 0. This requires considering:

(pla9I0) = 7= [ e [0 ) +07 200 77 Wolel =0, (570

rather than the Schrodinger equation. To simplify this functional equation, we rewrite it
in terms of the Fourier transform of ¢(x) using (5.54). In this way, we obtain the simple

form:

[ (Lzsrk))s k) + h ] Wo[p] =0, (5.80)

where Uy[p] = ¥g[yp] for any ¢ given by (5.54). By analogy with the ordinary differential
equation of first order:

(az + —)¥(z) =0, (5.81)

which has a Gaussian solution:
Ylz) =e 2T G R, (5.82)

we can easily deduce the vacuum functional solution of (5.80), giving:

Tofd) = exp (— & [ w10 300 (1)) (583

0 ()0 - exp 2 (27_[_)3 w ()0 (P ’ N
which is the same expression as (5.64). Here, the constant A is determined from the
normalisation condition [ D' Ty[@] To[@] = 1, and found to have the same value of
(5.65) as it should do. As for the excited states, they can be constructed by applying the

creation operator af(k) to the vacuum wave functional just like in quantum mechanics.

5.4 Vacuum Functionals and Path integrals

In this section, we shall show that the functional solutions of the Schrédinger equation
for a scalar field have a path integral representation in which the limits of the functional
integrals over the fields, defining the surface boundary conditions, are the argument of
these functional solutions. In particular, we shall build a functional integral representation

for the Schrodinger vacuum ¥g[p] in such a way that makes the ¢-dependence more
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explicit, i.e. appearing in the functional integrand as a source field rather than in the
limits of integration as a boundary condition.

To illustrate this, we begin by considering the matrix element:
K[p, 00, D) = (ple % o), At=t—to, (5.84)

defining the probability amplitude (the propagation kernel) for the transition from the
field configuration ¢((x) at a time tg to its counterpart ¢(x) at a later time t. Here, H is
a time-independent Hamiltonian of the form H [gf), #]. Note that in the limit A¢ — 0 the
propagator K|y, @g; At], as is also called, tends to §[¢ — @g]. Now, let us show that this
propagator is a solution to the Schrodinger functional equation (5.35). By differentiating
(5.84) with respect to ¢, we have:

8 . C
5 Kl pos At] = —i (@l H[$, 7] e | o). (5.85)

Then, by making use of the identity:

(el H[B, 7] = Higp, —z’%} (ol (5.36)

we complete our proof, showing the Schrodinger equation being satisfied by the propagator

K[(P, 4N At]a Le.
.0 )
1 5; Ko, po; O] = Hp, —Z@] K[p, po; At]. (5.87)

According to Feynman path integral approach [60], the propagator solution K[y, pg; At]
to the Schrodinger equation, known also as the Schrodinger functional, can be represented

as:

K, po; Ot] 2/: D¢ /D’ﬂ' exp <7, /tt dt’ /Radfsx [w(x,t')q'ﬁ(x,t') - ’H]) , (5.88)

with the surface boundary conditions ¢(x,tg) = @o(x) and ¢(x,t) = p(x), a time At
apart, being the argument of K{p,po; At]. Here, H denotes the Hamiltonian density
which is a function of the classical field ¢ and its momentum conjugate 7w. Recall that

the integration measures D¢ and D' in (5.88) are, unlike those identified in (5.14) and




5.4. Vacuum Functionals and Path integrals 117

(5.24), defined over time-dependent fields:

pp= [[ [Jao(x.t), Dr=det(tjen) [ [[en(xt). (5.89)
to<t'<t X to<t'<t X
For H(¢, ) being quadratic in 7w, we can easily integrate out the m-dependence in (5.88),
giving:

¢ A
Klp, 00,08 = N / D¢ &1l (5.90)

Yo
where S[4| is the classical action of the scalar field system in Minkowski space-time, and
N is the value of the functional integration over m which is a constant independent of ¢.
Now let us define a complete orthonormal set of eigenstates |E,) = |n) = |¥,) for the

Hamiltonian H|[, 7] under consideration:
(oo}
n=0

where E, is a discrete energy eigenvalue of H[¢, #]. To extract the Schrodinger vacuum
functional ¥o[p] from K|p, po; At], we insert the series of the complete eigenstates |Ey)

between the field brakets in (5.84) to obtain:
. o0 .
K[p, 00; O8] = (ple 2 1] go) = D W] Tlpo] e FnA0 (5.92)
n=0

Multiplying both sides of (5.92) with e!foAt recalling that E, — Ey > 0 for all n # 0, and

then taking the limit as At — —ico gives:

Yolw] Yolpo) =  lim. (e’EON K, vo; At]) : (5.93)

—100

For simplicity, if we allow the constant field configuration ¢g(x), describing the surface
boundary at £y in the path integral formalism, to vanish and use the functional integral

expression (5.90) in (5.93) we arrive at:

At——i100 Jg

) 4 )
Yolp] = No  lim (eZEOAtK[go,O; At]) =N, lim D ! SPIHEAY (5 94)

where Ny = 1/T%[0], and N7 = N N. The latter can be determined from the normaliza-
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tion condition (5.42).
An alternative and more practical formulation of ¥y[¢] can be obtained by considering
the ratio K[, wo; T|/K[po, po; T for wo = 0, which we can rewrite as:

K[(p’ 0? T] _ ‘I’O[(P] + al \Ill[(P] e—iAEIT + -+ an \I’n[@] e_iAEnT + ...
K[0,0;T]  Tg[0] + a1 Uq[0]e"AEAT ... 4 q, U, [0]e~*AET 4 | 7

(5.95)

where a, = U7[0]/T§[0] with ¥o[0] # 0, AE, = E, — Ey > 0 and T'= At. In the limit as

T tends to —zoco, we obtain:

— .96
T'——ic0 K[0,0;T] (5 J )

Here, we have chosen ¥g[0] = 1. This is harmless indeed since ¥g[p] will be normalized
eventually according to the normalization condition [ Dy |¥o[e]|? = 1.
As for the energy eigenvalue Fy associated with the vacuum functional ¥y[y], it is not

difficult to deduce from expansion (5.92), giving:

AT—00

Ey=— lim (zl; In K[, po; —iAT]) , (5.97)

where 7 = 4t is the Euclidean time. At this stage, we can see that the Schrodinger
propagation kernel K[y, po; At] as well as the wave-functional Wg[p] lead to the concept
of a quantum field theory on a manifold with boundaries.

In what follows, we shall introduce a useful technique for making the y-dependence of
Wolp] more explicit in the path integral representation, i.e. appearing in the functional
integrand as a source field rather than in the limits of integration as a boundary condition.
We begin by defining an eigenbra (yp| with the property of being annihilated by the field
operator $(x), i.e. (wp] = (p=0| such that {gp |#(x) = 0. From (5.27), it follows that:

¥p|T) = ‘ =1. :
(¢p|m) et [ dx oo (x)m(x) 1 (5.98)

Here the subscript D in ¢y stands for Dirichlet because we shall show later that the null field
op(x) will correspond to Dirichlet conditions on both surface boundaries in the functional

integral representation of ¥y[p]. Now, the p-dependence of any eigenbra (| of the field
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operator ¢(x) can be made explicit by writing:
(o] = (ipp| e [ dxeCIFC) (5.99)

such that ﬁ (p| = i(p|#(x). By virtue of the commutation relation [¢(x),#(x')] =

id(x — x'), we can easily show that:
(pold(x) = (p| e/ x2PIFC) G’y = 0. (5.100)

In (5.90), we have shown that K[y, pp; At] is given by a functional integral over field
configurations ¢(x,t) subject to the boundary conditions ¢(x, %) = po(x) and ¢(x,t) =
©(x). Now, we shall reformulate (5.90) such that the arguments of K[y, po; At], and
accordingly ¥o[p], are no longer acting as boundary conditions but as source terms. To

show this we begin by substituting (5.99) into (5.84), giving:

K[(p, Po; T] — ((le eifdx:p(x) #(x) e tHT e—ifdx<po(x) 7 (x) |‘PD) _ (5.101)

In order to make our subsequent argument clearer, we shall pause for a moment to briefly
review the Dirac picture and its relation with the Schrodinger and Heisenberg pictures.
Consider a quantum field theory (in 4-dimensional Minkowski space-time) described in

Schrodinger picture by the time-independent Hamiltonian:
Hs = Hs + Vs, HS:/ d*x H(ds, fts) , VS:/ d*x V(gs, ts) , (5.102)
R3 R3

where ¢s = ¢(x,0) and #s = #(x,0). Here, Hg is the part of the full Hamiltonian Hg for
which we know how to solve the corresponding equation of motion and Vj is a perturbing
interaction. In Schrodinger picture, referred to by the subscript S, the quantum states
evolve with time, i.e. |¥;t)s = e'Hst|T)g, whereas the operators and the basis vectors,
e.g. |p)s, remain stationary. By contrast, the states in the Heisenberg pictures are time-
independent, i.e. |¥)y = |¥)s, while the operators and the basis vectors evolve according
to:

An(x,t) = €Tt Ag(x) et |y t)y = et ), (5.103)

where Ay(x,t) could be ¢y(x,t), fu(x,t) or a function of both, and x = ¢(x) or x =
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m(x). Note that Ag(x,0) = As(x) and |x ;04 = |x)s. Here, the subscript H signifies the
Heisenberg picture. In Dirac picture, also called the Interaction picture, quantum states,
operators and basis vectors all evolve with time. The quantum states in this picture are
defined by:

|; t)1 = e 58 |W; 1), (5.104)

and the operators A (x,t) are identified via the relation:
{5t Ar(x,8)| U5 1)1 = s( U5¢|As(x) [¥;¢)s, (5.105)

which leads to:

Ar(x,t) = etflst Ag(x) e7tHst (5.106)

Employing (5.104) in the Schrodinger equation, i 8;|¥;t)s = (Hs + Vs)|¥; t)s, we obtain

the equation governing the ket-states in the interaction picture:
10Uty = Vi)W 1)y, Vi(t) =t Vg etHst (5.107)
where Vi(t) = [ps d°x V(é1(x, 1), #1(x,1)). A formal solution for (5.107) is:
Wt = Vi)l Eite)s,  Urltyto) =T{e o ® MO} (5.108)

where T denotes the time ordering product. From (5.104) and (5.108), we deduce the

following identities:
Us(t,to) = e st Up(t, to) BP0 | Ur(t, ) = et Us(t, ty) e sto (5.109)
where Us(t, o) is the Schrodinger time evolution operator:
Us(t, tg) = e HHs+Ve)(t=—to) (5.110)
In the interaction picture the basis eigenkets |x;t)1 evolve with time according to:

Ix;t)r = et x)s . (5.111)
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The path integral representation for the matrix element 1( ¢y ; tp] Ur(tp, ta)|Pa ; £a)1 1S given
by:

1{ P tel Ur(ts, ta)|da s ta)1 = s &bl Us(ts, ta)lda)s = u{ Pb;te] [da; ta)n

= /;)ngb/'D'ﬂ exp (z‘/t:bdt/Rad?’x [7(x,t)(x,t) — H - V]) o (56.112)

where H = H($(x,t), n(x,t)) and V = V(d(x,t), 7(x,t)). Here, unlike n(x,t), the scalar
fields ¢(x,t) over which we integrate are constrained to the specific configurations ¢, (x)
and ¢p(x) at times ¢, and ¢, respectively.

Now, we shall return to (5.101) to show how it can be expressed as a functional
integral with the propagator arguments p(x) and ¢g(x) acting as source fields rather than

boundary conditions. Starting from (5.106), we deduce that:
i (x1) fi(xg) ... 7(xy) = fr(x1, t)F1(X0,1) ... fip(Xn,t) e | (5.113)
from which we can show that:

e~ iTH e—ifdxcpo(x) t(x) _ e—ifdxwg(x) (%, —T) e—iTH, (5_114)

where H and # stand for the Schrodinger picture operators Hg and 75 defined, respectively,

in (5.102). By substituting (5.114) into (5.101) and making use of the fact that:

of [ dx9(0) #(x) o= [ dxgo(x) #1(x,~T) — {eifdx[w(x)frr(x,O)—Wo(X)frx(x,—T)]} . (5.115)
for T' > (0, we arrive at:
K{p,00;T) = 1{gp;0| T {eifd"[*"(")ﬁl(x"’)“%(x)’h(X’—’”1} lop; —T)1 . (5.116)
To simplify this expression further, we introduce the function:

J(x,1) = 20(x) 8(t) — 2p0(x) 8(t + T), (5.117)
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such that:

/ dt/dx J(x,t) T (x,t) /dx x)71(x,0) — @o(x)71(x,-T)], (5.118)
where we have adopted as a definition for the Dirac -function:

1

R Z for Itl <e

5(t) = !1_1;% 5e(t) ) 6e(t) = (5.119)
0 for |t| >e€.

Now, we can rewrite (5.116) in a form:
K[p,00;T] = 1(pp;0| T {eif_"T dtfde(x,t)'frz(x,t)} lon: — T, (5.120)

which allows for the path integral representation as illustrated in (5.112), giving:

¢=0
Klp,p0; T = /qb—O D¢ | D'n exp ( / dt/Rad?’ ) E(x,t) — H]) , (5.121)

where £(x,t) = @(x,t) + J(x,t). For quadratic Hamiltonians in 7(x, t):

H= | &xH(p,7m) = /

&x [Ho(g,m) +9Ma(@)], 920, (5.122)
R3 R3

where Ho(¢, 7) is given by (5.3) and H;(¢) is a polynomial in ¢(x, t), we can easily evaluate
the m-integral in (5.121) to obtain:

K[(p,(pg;T]:C DqS exp</ dt/ dBx [L(d,d)+ T + = JQ]) (5.123)

where £ = Lo($, ) — g Hi(¢) with Lo given by (5.1), and C is a constant equal to
[D'n exp ( -1 ffT dt [pad®x n?(x,t)/z). Substituting (5.117) into (5.123) gives:

$=0
Klp,oo; T =C | D¢ exp (iSlg] +iTlp, %03 1) | (5.124)
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where

siol = [t [ @x oy =[ [ éx o -omi@). G129

Thowvoid] = [ dx [plx) 4x,0) = o) b, ~T) 4 30) (F + )] . (5126)

Here, we remark that the boundary condition on the integration variable ¢ is that it should
vanish on the boundary surfaces at ¢t = 0 and t = —7 as implied in (5.116) by @p, on the
other hand the arguments of the propagation kernel ¢ and ¢ act as source fields on the
boundary surfaces ¢t = 0 and ¢ = —T, respectively. Now, by using (5.124) in (5.96) we

obtain the path integral representation for the Schrodinger vacuum functional ¥o[y],

Tolp] = lim (ZJ::OO D¢ exp (ZS[d’] + 'ifRad3x [(p(x) (ﬁ(x, 0) + 8(0)¢? (x)])
olpl =, m 9= D exp (2'3[4,])

. (5.127)

with the field eigenvalue ¢(x) acting as a source field on the boundary surface t = 0. Here,
the linearly divergent term in the exponent, namely §(0) fR3 d*x %(x), plays the role of
a counter term which is required to cancel a singular contribution that arises from the
surface term [p; d*x ¢(x) $(x,0) as we try to integrate (5.127) over the fields ¢(x,t). We

shall show this in the next section.

5.5 The Vacuum in Perturbation Field Theory

In this section, we shall illustrate one of the perturbative methods that can be used in
the Schrodinger representation to approximate the vacuum functional ¥o[p] for a self-
interacting scalar field. In particular, we shall calculate the unrenormalised form of the
vacuum functional for ¢*-theory to one-loop order. We shall also check our results with
the free theory case.

Throughout this section, we shall work in Euclidean space-time in which the vacuum

functional (5.127) assumes the form:

¢=0

Wl = V(o) [ D exp (- Seld] - [ dx [p(x) 6(x,0) +80) ), (5.128)
¢=0 or
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where 1/N(g) = f(f::(? D¢ exp (— S E[qﬁ]), and the Euclidean action Sg[¢)] is given by:

Sel¢) =S§§)[¢]+g/d4a: Hi(¢),  S9[g] =/d4a: £ (¢, 4), (5.129)
r r
£09,8) = 5 (@9 +m2?] = 5 [# + (Vo) +m?¢?]. (5.130)

Here, we denote by I'" the Euclidean half space-time region defined by the set of points
{(x,t) : x € R}, t < 0}, and use " to designate the ¢ = 0 boundary surface {(x,t) : x €
R3, t = 0}. Note that in continuing to Buclidean space-time, the Minkowski é-function
d(t) is replaced by i6(t), see Ref. [61].
To compute the functional integral in (5.128), we introduce an auxiliary functional of
¢(x) and p(x,1):
¢=0
Wol,l = Nlg) | Do exp (= Sel4] + K8, 0,0] - 5(0) /@ & $'(x)),  (5131)

such that ¥g[e, 0] = ¥y[p], where p is an additional source field coupled to ¢ in:
Klgvor) = [ d'o [9(2) p@) ~ 200) o) b(0)]| = [z dle)ate),  (5.152)
r r

with o(z) = p(z) +26(t) p(x),  8(t) = %5(1&) .z =(x1). (5.133)

In what follows, we shall mainly consider ¥g[p, p] because it reduces to ¥y[p] when p(z) =

0. By making use of the following identity:

1 (50 ) oo ([ @tuo) o) = mai6) e ([ a'vot o), (6134

we can rewrite (5.131) as:

ol o] = N(g) exp (— g /F d' Hy (6—j(x—)> ) vOfp, o], (5.135)

where N(g) = N(g)/N(0), and \I!(()O)[<p,p] = \Ilo[w,p]’ , assumes the form:
g:

$=0

u(p,0) = N(O) [ D¢ exp (- 5P4] + K[, 0, ] - 6(0) / P*x ¢*(x)).  (5.136)
$=0 ar




5.5. The Vacuum in Perturbation Field Theory 125

Note that since 1/N(0) :ffjoo D¢ exp (— Sg)[q’)]), we have \Ifgo) [0,0] =1.
Let us now evaluate the functional integral representing \Il(()o) [¢,p] in (5.136), illus-
trating the removal of the divergent term 4(0) [z. d*x ¢*(x). Consider changing the

integration variables in (5.136) as:

$(z) = §(z) = $(z) — de(z), D¢ =D¢, (5.137)

where ¢.(z) is a solution of the differential equation:

2
(—0* + mH) ¢, (z) = o(x), 9% = %5 + V2, (5.138)
satisfying the Dirichlet boundary conditions:
¢c($)|t:0 = ¢¢(x,0) =0, d)C(m)It:—oo = ¢c(x,—00) = 0. (5.139)

Since both ¢.(x) and ¢(z) satisfy the Dirichlet boundary conditions, so does ¢(z) as can
be seen from (5.137). Using (5.137) in (5.136) together with the fact that:

SD(6+ ¢e] = SL19] + 5D[ge] + /F &'z §(z) o (), (5.140)
gives:
0) _ (0) y
W lo,p] = exp (= SP10d + [ dla de@) o) - 30) [ d'x ), (5141

which, after some manipulations, we can write as:
1
\I/go) [, p] = exp ( = / d*z pe(z) o(z) — 6(0)/ d3x <p2(x)) . (5.142)
2Jr ar
In Appendix B, we find ¢.(z) to be:

be(z) = /F 'z’ Gp(za) ola), (5.143)
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where

Gp(z;z') = Gp(x —x';t,t) = Ap(x - x';t —t') — Ap(x = x';t + ), (5.144)

with Ap(y ;yo) being the Feynman propagator in Euclidean space-time:

d*k 1 ‘ .
Arlyis) = /m 2n)% B2+ m? etfovotiley k2 = K+ K2 (5.145)

Taking o(z) as defined in (5.133) and substituting into (5.143), yields:
bela) = [ ' Golaie) oa) - [ &% o) 0G|, (140
Using this together with (5.133) in (5.142) gives:
T, p] = XLl (5.147)

where

%, 0] = / /d‘* &' p(z) Gp(z;a') p(a')
/ / d'z’' #*x p(z') p(x) 8,Gp(z; :c')|
a t=0
= / / Bxd3x’ (x) p(x') 8;0yGp(z; :v')| .
ar Jar t=t'=0
- 6(0) / dx P (x). (5.148)
ar
To show how the last term in (5.148) is removed, we calculate 0,0y Gp(z;z') fort =t' = 0,
giving:

8,0y Gp(z: 7' EPY I SR
t Ot D(x’l‘)h:t’:o - R4 (27{')4 k2+m2 ¢

:2/ ‘ﬂ_k 1— M ok (x—x')
4 (2m)* k% + k2 + m?

=26(0) 6(x — x') = (=V2+m?) /2 5(x — x). (5.149)

Then by substituting this into the third term in (5.148), we eliminate the singular contri-
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bution of 6(0), obtaining:

X[p,p] = % /F/Fd4$d4x' p(z) Gp(z;z') p(z)

—// diz' @x p(z') p(x) &Gp(z;2)|
rJa t=0
1

T =

~ Bx o(x) (V% + m?)Y? p(x). (5.150)
2 Jor

Using this and (5.147) in (5.135) gives:

Tolp, p] = exp (— % 8Fd3x p(x) (-V? +m2)1/2<p(><)> Z[p,p), (5.151)

where

Zlp,p) = N(g) exp (—g/Fd"z Hy <5E(—m)>) Zolp, P s (5.152)

with Zg[y, p] = exp (Wolp, p] ), and

Wolp.ol = 1 /F /F d'zd's’ p(v) Cp(e;a') pla')

—/ diz' #x p(z') p(x) OGpl(z;z')| . (5.153)
rJer 1=0

Now, the Schrodinger vacuum functional for a self-interacting scalar field is obtained from
(5.151) by simply setting p(z) to zero, i.e. Yp[p,0] = Ty[p]. For g = 0, ¥y[p, 0] reduces to
the free vacuum functional obtained earlier in (5.67), but with a normalisation constant
N =1 to meet with our choice ¥y[0] = 1.

The new form of ¥o[yp, p|, given by (5.151), saves us from the problem of evaluating the
functional integral (5.131) of the full interacting theory, which we could not have achieved
anyway since we know only how to do Gaussian integrals. As compensation, expression
(5.151) contains a complicated combination of functional derivatives. However, it still al-
lows for the standard perturbative expansion which provides good approximation for small
values of g, i.e. in the case of weak interactions. Now, we shall illustrate the perturbative
calculation of (5.151). We begin by expanding the exponential exp (—g I d*z H, (%))
in (5.152), and writing:

Zlp, pl = N(g) Zo[e, ] ( 1+ gUifp, p] + 9° Ua[ip, p] + g° Us[ep, p] . .. ) : (5.154)
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where
Un| ]:(_1)n Zo| H dxH ]Z[ ] (5.155)
nl¥ P ! 0 90 p 1 Il ) oi¥, P - .
Note that the normalization factor N(g), which is independent of both ¢ and p, assumes
the form:
=0 0
D exp (- 5D19))
N(9) = —=5 ) (5.156)
$=0 D¢ €Xp (— SE[¢])
which can be rewritten as:
— . 5 -
N(g)=|exp|—g | d*z H1 | —— ) | Zo[0, p]
r dp(x) B
p=0
- (1 + gUh[0,0] + g% Us[0,0] + ¢® U3[0,0] ... )_ . (5.157)
Substituting this in (5.154) yields:
14 ghle, pl + g% Us[p, p) + g Us[p, p] . ..
2o = Zolp,p) LT 9HL0 PTG Lol pl ¥ 6 Ul ) (5.158)

1 +gul[0a0] +g2 UQ[O’O] +93 u3[070] v

To obtain a power series representation in g, we compute the division of the two series in

(5.158), using the following formula [51]:

b1 —aj 1 0 e 0
00
3 ana bp—a; b 1 - 0
00
nO:OO - ch l‘", P (—1)" b3 —as bg bl 0 R (5.159)
Z bn T n=1 . . . .
n=0
by —an bp_i bpa -+ b

with ag = 1, byp = 1 and ¢y = 1. This allows us to rewrite (5.158) as

, (5.160)

S

Zlp, p) = Zolop, p) (1 + 9 Z1[p, 0] + ¢° Zalp, ) + ¢° Zs[p, p) +
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where

Zi[p, pl = Uh[p, p] — U[0,0], (5.161)
Zallp, o] = Uslip, ) ~ a0, 0] — (2ilip, o} - 41[0,0] ) 24110, 0], (5.162)
Z3lp, p| = Us[p, p] — U3[0,0] — (%[%P] - U2[0>0]> U[0,0]

+ (u1 [, o] — U [0, 0]) (u%[o, 0] - Us[0, 0]) , ete (5.163)

We note that all terms contain factors of the type (Un [, p]—Uz[0,0] ). This clearly implies
Z,]0,0] = 0, thus ensuring that our choice of the normalization condition ¥g[0,0] = 1 is
met since in (5.151) Z[0,0] = 1.

For illustration, we shall now consider the ¢*-theory to one-loop order. The Euclidean

Lagrangian density for this model is given by:

Lp =5 (§+ (VO +m? ) +g7(4), (5.164)

L\DI’—‘k

with the interaction term:

gH1(¢) = ;lg—! ¢*(z). (5.165)
The corresponding Schrodinger vacuum functional for this model follows from (5.151) as:
Wo[ip] = Wo[ip, 0] = exp (— % ~/6Fd3x p(x) (-V? + m?)l/g w(X)) Z[p,0].  (5.166)

In perturbation theory to one-loop order, (5.160) gives:
Z[p,0] = 1+ g Z1[p,0] + O(¢%), (5.167)

where

_ & Zy [07 p]
op* ()

21[p,0] = Us[p, 0] — Uy [0,0] = /d4 [5 Zolp: /] ] (5.168)

Note that Zp[p,0] = exp(Wo[p,0]) = 1. The 4th functional derivative of Zy[p, p] with
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respect to p is:

5 Zol, 0] 3*Wolp,p] _, Walp, 0] Wole, o] 2 Wolp, ]\ *
394 (2) ‘Z"[‘”"’][ e e ()
SWolep]\? 62 Wole,p) | ( Wolp,p]\* ;
s (That) et (Cad )] (5:169)
where
6WO[‘P,P] _ 4t oy ') — 33/ <) O, -
nol = [ a7 o) Gowia) — [ #x p)uGo@)], (5170
82Wolo,
# = Gp(z;z), (5.171)
53W0[(P,P] _ 64W0{907p] _
I RTIE) =0. (5.172)
This gives:
5 Zolep, 2 |
] =3l + 6 Goteio) [ [ x5 o) 0, Gotazo],
+ H/d x; o(x;) O, Gplaj;a )\JZO, (5.173)
54Z0[0,p] - 2 Tz
5,04(2:) p:0—3GD( ) )a (5174)

-where Gp(z;z) and 8t].GD(xj;:c)|t o e calculated to be:
i= :

_ 1 d*k 1 2t VRIFm?
Op(zi) = 3 /Ra By T [1—e ] (5.175)
S
szGD(ﬂ?j;fB)Lj:O = “/3 @) of VICHm® gk =x) (5.176)

for t < 0, and zero for ¢ = 0. Here, Gp(z;z) is divergent. To see this, let us evaluate

(5.175) using the spherical coordinates k = (p, 8, ¢) with a cut off p,_, imposed at a large
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magnitude of k. In this way, we can write:

2

] _ Prax dp p 2% p2+m2
Gotwio) = [ 1o T L]
1

m
= 5755 | Dans \/ P2 +m2+m21n( )]
2 (2n)? [p“ Fou Paw T VP, + ™

B /pmax dp p2 e‘zt B /p2+m2 . (5 177)
o (27)? /prym?

In the limit as p_,, — oo the first term in (5.177) diverges while the second term tends to

m K1 (—2mt)/8n%t, where K;(¢ € RT) is the modified Bessel function. This is a problem

regularly encountered in quantum field theory and is usually remedied by a renormalization
procedure, see refs. [56,57] for more details.
Substituting (5.173) and (5.174) into (5.168) gives:
_1 3. 13y ~(2)
Zi[p,0] = 3 ad x1d°xe J77 (%1, %2) 0(x1) p(x2)
: T

1
+ = [ dBx; Bxo dPxsdxs 31V (x1, %2, %3,%4) 0(x1) 0(x2) 0(x3) p(x4),  (5.178)

41 Jor
where
1 2
3P x1,30) = — /F d's Go(aia) [[0,Gnlesia), . (5.179)
4 "
354)(x1,xQ,X3,X4) = —/Fd‘lz H atjGD(xj;m)|tj:0. (5.180)

=1

In Euclidean momentum space, (5.178) assumes the form:

3 3 B
20,0 = 5 [ G s 3 k) B0) Blke) (250 + ko)

+ l Bk, dPky ~(4)
41 Jgs (2m)3 " (2m)3 1

(ki,...kq) B(ky1) ... 5(ks)(27)30(ky + ... + kq), (5.181)

where (k) is the Fourier transform inverse of p(x):

d3k % tk.x e —1k.x
go(x):/Rg G P €, <p(k):/de3x () e~ (5.182)
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and

3(2) _ 1 dPp 1 1 _ !

Ji (k1,ko) = 4/R3 (27)3 w(p) [w(kl) +wkz) 2w(p)+wks) +w(ks) ,
1
8

d? 1 1
_ / P ky = kg | (5.183)
R3

(4 B 1
w(ky) + w(kz) + w(ks) + w(ky)

(5.184)

Here, w(p) is defined in (5.7) as w(p) = /p? + m?. The logarithm of the vacuum func-

tional Wy[g] = In ¥g[p, 0] to one-loop order can now be written as:

Woli] = =5 [ ' (0 (-9 +m2)' 2ol +9 B0, 01+ O (5185)

In general, the perturbative expansion of Wy[yp] is the actual sum of all the connected

Feynman diagrams in which ¢(x) is the source field.

5.6 Analyticity and Local expansion of Wy[y]

In this section, we shall show that under a scale transformation of the source field ¢ — @, =
o(z/+/s) the logarithm of the resultant scaled vacuum functional, denoted by Wy[p; s] =
Wo[ps], for a massive interacting scalar field theory in 141 dimensions is analytic in
the cut complex s-plane with the branch cut on the negative real axis. This provides a
novel approximation method for calculating Wy[p; 1] from its large s-behaviour. In this
approach, we exploit the analytic structure of Wy[p; s] together with Cauchy’s theorem to
express Wy(¢p; s]| = Wo[p] in terms of its behaviour for large s, using the same contour

s§=

integral representation introduced in (2.1):

1 e/\(s~—l)

w = 1i ; Flo;A] = —

Wolyp;s] ds, (5.186)

where C is a very large incomplete circle, centred on the origin in the complex s-plane,
beginning just below the negative real axis and ending just above as depicted in Fig.(2.1).
The integral in (5.186) is evaluated by deforming the contour C to a small circle around
s = 1, giving Wy[p;1] = Wy|p], and a keyhole shaped contour Cj, see Fig.(2.2), sur-

rounding the cut on the negative real axis. In the limit as A — oo, the contribution from
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integrating over C}, is exponentially suppressed, in which case we obtain (5.186). In prac-
tice, the exact form of Wy[y] is not known to us. However, we can still employ (5.186)
to approximate Wo[p] by F(¢; A] for a properly chosen value of A (say A = X.), using the
large s-functional expansion of Wy|p;s] whose analytic structure in the complex s-plane
remains unaltered, due to the local? nature of this expansion. The proof of the existence
of such a local expansion is part of our objectives for the current section.

To see the role of this type of expansion, valid only for fields whose Fourier transforms
¢(k) have small compact supports, in constructing Wy[p] for arbitrary source fields, we

begin by considering the Taylor functional expansion of Wy[p] around ¢(z) = 0:

oo
Wole] = Z /Rdml cdzy G (2, 2, . 20) o(z1)e(22) . .. 0(Tn), (5.187)
n=1
where Gg")(zl, Z2,...,Zn) 1s the connected n-point Green’s function given by:
1 MW
G(cn)(il,‘l,il,‘g,...,iBn) = 0[('0] (5188)

nl do(zy) ... 80p(zn) ot

Here, Wo[¢] is normalized such that Wo[0] = 0. It follows from (5.188) that G (z,, ..., zn)

is symmetric in its arguments z1,...,Z,. In momentum space, Wy[y] reads as:
Wold =2r Y [ [T[5% @00 GO0k, kayeo k) (ks - ), (5.189)
n=1 R "=

where éﬁ”)(kl, k2,...,kp) is the connected n-point Green’s function in momentum space,

defined by:

21 G (K, ..., kn) 6(k1 + ... + k) =/dm1...d$n G (zy, ..., z,) eFrort+knza) (5 190)
R

Note that due to the spatial translation invariance ng) (TyyeeyTp) = G (2147%, ...,z +T),
the total momentum > k; is conserved, and thus the momentum-conserving delta function
in (5.189) is imposed as a constraint on the n momentum variables. The existence of a

Taylor expansion of C:’g")(kl, ..., kn) in the neighbourhood of the origin (ki,...,k,) =

2By “local expansion” we mean that the expansion involves the field ¢ and a finite number of its
derivatives at the same spatial point.
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(0,...,0) allows us to rewrite (5.187), for any field ¢(z) whose Fourier transform @(k)
has a compact support of a sufficiently small size interval, as a single spatial integral of a
sum of terms each composed of ¢(z) and/or a finite number of its derivatives at the same

spatial point:

) )
Wil =3 Y G [ do lp(@). B pl0), (5.191)
n=1 j} s Jin =0 R
where Cj, ., denotes constant coefficients. We shall prove this later for any scalar field
theory with a non-zero mass gab. Now, under the scale transformation of the source field
@ — ps = p(z/+/s), with s being real and positive, and a follow-up change of variables
z — z/+/s, the local functional expansion of Wy[¢p] transforms to:
o0 o0 C. : ,
Woliod = Wolipisl =v5 >- > et | do oliote) . o ele), (5192
N=1 ) e i =0
Note that for sufficiently large s, i.e. s > 1, we may truncate this expansion to a good
approximation by retaining only the dominant leading terms. From (5.192), we can see
clearly that Wy[y; s] extends to an analytic function of s on the whole of the complex
s-plane with a branch cut restricted to the negative real axis. This is a general property of
any local functional expansion scaled as in (5.192). Although the local expansion of W[y]
is valid only for fields whose Fourier transforms are characterised by sufficiently small
supports, it can be used successfully in (5.186) to approximate Wy{yp] for any arbitrary
field ¢. Let us illustrate this with a specific example. Consider a free massive scalar field
theory in 141 dimensions in which the logarithm of the vacuum functional assumes the

simple form:

1
Woli] = 3 [ dz ple) (<02 +m)'2 o). (5.193)
For any field ¢(z) subject to the constraint |0, ¢(z)| < m|p(z)|, the following expansion:

(_1)n m—2n+l
n+ 1I(3/2-n

(-84 m?) () = YT Y- o S O pla). (5.194)
n=0




5.6. Analyticity and Local expansion of Wjy] 135

is convergent, and when used in (5.193) gives:

ﬁ(—l)" m—2n+1
4T(n+ 1)I'(3/2 —n)

o0
Wolil =3 an [ da ple) 920(a),  an=- (5.195)
- R
This reflects the local character of Wy[y] in the free scalar field theory, which holds only
for fields whose Fourier transforms ¢ (k) vanish for momenta with magnitude greater than
the mass m. By substituting the scaled field @5 = @(z/+/s) for ¢(z) in (5.195), and then

making the dependence on s more explicit by letting £ — z/1/s we obtain:

o<
an I,
Wold = Walpis) = Y- 2L pp = [d e, G99
n=0 s R
which is now subject to the constraint |0, ¢(z)| < /sm|p(z)|. This expression allows the

analytic continuation to complex values of s, yielding a function of s that is analytic on
the complex s-plane with the negative real axis removed. To express Wy[p] = Wy[p; 1] in

terms of its value for large s we substitute (5.196) into the contour integral (5.186), giving:

Z an In[] fn(A (5.197)
n=0
where
1 ds eMs~1l)

With the help of Cauchy’s theorem, we can deform the large incomplete circle C in (5.198)
to a small circle around s = 1 and a keyhole shaped contour Cj, see Fig.(2.2), surrounding

the cut on the negative real axis. This allows us to write:

1 ds ers—1)
n(A) =14+ — —_— . 199
Ja(3) * o /Ck sn=1/2 (s = 1) (5.199)
Making use of the fact that:
1 oo
o= / dt ¢~V forall s on Cy, (5.200)
§— 0

gives:

s(/\+t) 2
Fu(N) _1—2—m des/ dt =7 (5.201)
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Since the t-integral in this expression converges uniformly for all values of s on CYy, the
order of integration can be interchanged, allowing us to integrate over C} first which is

known to be:

s(A+t) n—3/2
/ s S g UHNTT (5.202)
c, svl2 L(n—1/2)
From this, it follows that:
e—/\ o et
n(A)=1— —&—— dt —————. 5.203
fn () [(n—1/2) /0 (t + A)3/2—n ( )
Making the change of variables ¢ — ¢ + A reduces (5.203) to:
[(n—1/2,))
. =1- = .204
where ['(a, A) is the incomplete Gamma function, defined by [28]:
o0
T'(a,\) = / et t*ldt. (5.205)
A
Now, if we substitute (5.204) into (5.197) we obtain:
[e.e]
L(n —1/2,X)
Flp; A\ =W, — I —_ .206

which tends to Wy[p] as A — oo. So far, we have considered the case in which we
know the exact expansion of Wy[p] for a field ¢ whose Fourier transform ¢(k) is non-zero
only for small momenta. In practice, however, we do only know this within the limits
of perturbation theory. Thus, letting A — oo in this case would simply reproduce the
original perturbative expansion of Wy[y], leading to nothing new. So, if instead of using
the limiting value of F[p; ] we were to use a finite value of A, say A., then we would
have an expression that includes the perturbative part of the expansion and a correction
term depending on .. In this way, we obtain an approximation method for expanding
the region of applicability of the truncated local expansion.

In conclusion, although local expansions of functionals of the type (5.191) are valid only
for source fields with Fourier transforms ¢(k) restricted to sufficiently small supports, we

can still exploit their analytic structure under a scale transformation of the source fields,
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© — @s = p(z/+/s), to reconstruct their behaviour for arbitrary fields. Thus, a knowledge
of these local expansions in field theories are sufficient in our approach to estimate the
vacuum functional of an arbitrary source field.

Having discussed the major role played in obtaining Wy|p] for arbitrary fields by the
local expansion of Wy[p] and its analytic properties under complex scaling, we shall now
investigate the existence of this expansion in a 2-dimensional interacting scalar field theory
with a non-zero mass gap. Also, we shall study the analyticity of Wy for a scaled field
s = w(x/+/s), showing that it extends to an analytic function of s in the complex s-plane
with the negative real axis removed.

Consider the Euclidean path integral representation (5.128) for the Schrodinger vacuum

functional, written in 141 dimension as:

$=0

Wolol =N [ Dy exp (- Splo) - [ gl 0).  (20)
$=0 —o0

Here, we have ignored the singular term 6(0) [*°_ dz ©?(z) in the exponent of (5.128) since
it amounts to a source counter term which can be added when renormalizing. Now, by

rotating the Euclidean space-time coordinates according to:
— = , (5.208)

such that z, = —¢t > 0 and ¢, = z € R, we obtain:

(»br:o

Uolp) =N, [ Do, exp (— Sglo] + / dtr p(te) £,(0,1)), (5.200)
¢r=0 —oo

where ¢, (z,,t,)=¢(z,t), satisfying the boundary conditions ¢,(0, t,) = ¢, (0o, t,) =0, and
the prime in ¢, denotes differentiation with respect to the spatial coordinate z,. Here,
N, normalizes ¥y to unity, i.e. ¥o[0] =1, and S%[¢,] signifies the Euclidean action in the

new rotated system of coordinates:

Solp] = /_ dt, /0 dzr L7 (e, ), (5.210)
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with the interacting Lagrangian density:
1 .
Lr=5 ($2+7+m? 92 ) +gHildr). (5.211)

In the canonical formalism, the functional integral in (5.209) is interpreted as the vacuum

expectation value of the time-ordered exponential exp ( ffooodtr o(ty) <Z7'T(O, tr)), namely:

Wl = O Texp ( [ty (tr) 80,8)) 10, (5.212)

where the time-dependent field operator ¢'.(0,t,) is defined in the Euclidean interaction

picture as:

3'(0,¢,) = et ' (0,0) et Hr | 5.213
T T

with I?T being the time-independent Hamiltonian of the Euclidean rotated theory char-
acterised by the action S%, in (5.210). Here, |0,) is the ground state of H, with zero
energy eigenvalue, i.e. ﬁr|0r) = 0. The time-dependent source ¢(t,) is assumed to be
adiabatically switched off in the remote past and the distant future, i.e. near ¢, = +oo.
By expanding the exponential in (5.212) and then Fourier transforming the source fields

and using (5.213) in this expansion, we arrive at:

Tolip) = Tol@] = D | /OO et o(k1) o(k1) . .. ¢(kn)
n=0 ¥~

2 2 T 2w
00 tn ts .
X/ dty dtn_1... dt, eitkrtitkatottkatn)
oo - .
X (0,19,(0,0) et =t-DHr §1.0,0) ... (0,0 e == g (0,0)(0,) . (5.214)

By inserting a complete set of eigenstates of H,, namely Z |E¢){E¢| =1 with |Ep) = |0,),

£eN
in front of each exponential operator in (5.214), and then performing all the ¢;-integrations,

we obtain:
o
Tolgl =1+ TV[al, (5.215)
n=1
where
—(n o v Xodk ~
TR = [ [T15e #00] 300k k)b h). (5:216)
0 T 4=y
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Here, the disconnected n-point Green'’s function ‘:jgln)(kl, ..., kn) in rotated space is given

WPk =3 S Y = , (5.217)

where ky = k1 +ko+---+kp with k, =0 representing the §-function constraint in (5.216),

and:

Q(85,4541) = (By;|7(0,0)| By, ) - (5.218)

Without any loss of generality in our argument, we assume that:
0(0,0) = (Eo|d,(0,0)|E) =0 = 3V (k1) =0. (5.219)

This is always true for any field theory that is invariant under the symmetry transformation
o(z) = —(z), such as the ¢?"—theories with n € N. To justify the use of (5.219) for

other field theories, say those of the type p?"*!, we apply the change of variables:
br(2,8) = 1(2,1) = dr(2,) = (Boldr(z, 0)| o), (5.220)
to the functional integral (5.209) in which case we obtain in the canonical formalism:
Toly] = eMOOFO) (0| T exp ( / e olt) (0, tr)) l0,). (5.221)
—c0

Starting with this expression, we can show that (0,|T exp ( [ dt-p(t,) 7'(0,t,))|0;) has the
same n-point Green’s function as 5&")(14:1, ..., ky) with the constant coefficients Q(¢,¢') in

(5.218) replaced by:
Q(6,€) = (Eqliy'(0,0)|Eg) = (Eel,,(0,0)| By ) — (Eol.(0,0)| Eo) dee , (5.222)

which illustrates that SNI(O,O) = 0. Therefore, our forthcoming argument will not be

affected by adopting (5.219).

To simplify the presentation of our calculations, we shall from now on employ the
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following notations:

) (= n;—1 e, ~0 .
A nJ (m]) = H Q(mﬁj_l+g s mﬁj_1+[+1) . —0 R for ] = 1, 2... , (5223)
£=0 ti-17

where n; is a positive integer greater than 1, @; = ny +ng+--- +n; with 7ip = 0 and m;

denotes the sequence:

~ £=n;~—1
m] = {mﬁj—1+e}Z:1J = mﬁj—l‘i'l)mﬁ];l-i-?a o ,mﬁj—-l ’ my € N. (5224)

As an example, for j = 1 and 2 we have:

ny1—1

My, =0
AMI(@y) = A (my,my, . ma 1) = [ Qme,me)| (5.225)
=0 mo=0
(le) ~ (n2) n2—1 mn1+n2:0
A (m2) =A (mﬂH—h s ’mn1+n2—1) = H Q(mn1+lv mn1+€+1) I (5'226)
£=0 "
By definition, we shall take:
A("J')(ﬁj) =0 for any n; < 2. (5.227)

For brevity the bar on any indexed variable, say g,, will always mean a summation over
the variable index running from 1 to ¢, i.e. g, = ¢1 + --- + g¢ with gy = 0. Using these
notations, let us now rearrange the expansion of 5&")(/@1, ...ykpn) in (5.217) according to

the vacuum energy contributions, rewriting (5.217) as:

- (" if n is even
Ik k) =3 30 Ky k), ] = (5.228)

r=1 "T_l if n is odd,

I3

where 551"”) (ki,...,kn) denotes all the terms in the expansion of (5.217) with r —1 vacuum
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energy contributions:

Z(n,1) S AM(my,my, ... my_1)
SIS S Sl SIS — , (5.229)
mi=1 me=1 my_1=1 H (Eme + iEn—f)
=1
— n-1 oo
el 2 -
3 (k- o Z [T 3 [a™tmi, o may 1) AP (g4, )
ny=2 {¢=1 m;=1
€#n,
1
) 1 , (5.230)
(e +iknny) ] (Beng +1Fns)
Zeyéznll
n— 27‘ 1)

30 Ky, k) = Z NN Ay AlI(y) LA ()

mny,.. ,'flr—2 {ml} {mg} {mr}

ny+--+np=n
1
X — 1 , (5.231)
[TT(+ikm)]|  TI  (Bu+ikas)]
j=1 =1
e {m,....,nr—1}

where the infinitesimally small positive constants €; are used in place of the zero vacuum
energy FEy in order to regularise ﬁfi"’r)(kl, ..., kpn) at the origin (ki,...,k,) = (0,...,0).
Here, the sum Z{aj} and the restricted product of Xy = (Ey, + i kn_g) are defined as:

mi—1 — n;—1

>.= 1I Z H H[ 11 Xe] (5.232)

{m_,} = Ty — 141 mg=1 3=1 Ej—n] 1+1

Zé{nl,_,nr 1}
Note that 3(" "Nky,... kn) =0 for n = 1. Now we shall use (5.231) to redefine Wf)n)[@] in
(5.216), giving:
T5V(5) = Z 754, (5.233)

where

=—(n,r e “ dk ~ n,r
7! )[QB]=27r/ [H2—<p D] 350k k) Sk b k). (5:234)
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The logarithm of (5.215) reads as:

Woldl =Y W[4l (5.235)
n=1

where

[n] n-2(-1)

- -1 J —\n - \n n,Q—nl ——(n—my
W=y > EF e =R > w6
1=1

J

=1 mny,..,n;=2 ny=2
ny+---+n;=n
n—4 n-—4
Z 3 e T T g 4 (5.236)

n1=2 ne=2
This expansion can be rearranged according to the vacuum energy contributions, giving:

[n]

5] = ZW(’”) (5.237)
where
Wl g) = T ), (5.238)
Wy g] = T[] Z T Vg Ty Y g, (5.239)
n1—2
n ,3) —(n1,1) —(n—n1,2)
[¢] = ‘1’ Vg - Z Uy " [@] Yy [#]
n1=2

% 2_: Z_: T g Ty Ty e g (5.240)

(nr) ( -1 n-2(3-1) 3 (n]
@ =Z— 2. [H

N1,e. =2 1=1r,=1
ni+---+n;=n

i) ] ST (5.241)

In what follows, we shall show that the connected n-point Green’s functions in momentum
space éﬁ”)(kl, ..., kn) are analytic around the origin (k1,...,k,) = (0,...,0) and can be
Taylor expanded over a small domain provided that the theory has a non-zero mass gap.
This proof requires the cancellation of all the denominators associated with the zero-

point energy in 3'( T)(kl, ..., kn), which is a highly non-trivial task but it can be verified
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explicitly order by order in r through some laborious calculations. Our proof will cover

only the n-point functions associated with W[()n’r) [¢] for r < 3. This will include the entire

vacuum energy expansion of each function é&")(kl, ceykp) withn < 7.

From (5.189) and (5.237), it follows that:

[n]

kl,"' n)_ZG(nT klv---ak),

with é.(:n’r)(kl, ..., kn) being associated with Wgn’r)[{o] as:

n,r dkl"V nT
W =2n [ [T15 #00] G0k, ) o+ k).

i=1

Since WE,"’”[@] = @g"’”m, we deduce from (5.231) and (5.234) that

[o.e] oo o)
~ A™(my,my, ..., my_
ng’l)(k'l,..‘,kn) = E E E ( L 2 n 1) ,

n
=1 = n—1=1 gl
m m2=1 fin=t (Em[ + an~£)
1

[
—

~
I

(5.242)

(5.243)

(5.244)

which is Taylor expandable in the neighbourhood of the origin in the n-dimensional k-

space. This is because the denominator in (5.244) does not include any zero energy value

that would otherwise have made é,(:n’l) singular at the origin. Let us now prove that this

is also the case for éﬁ"’”(kl, ooy k).

Using (5.234) for 7 = 2 in expression (5.239) gives:

Wé”’”[@]=2’f/ [Hilf: Bk | 37 s k) 8k + -+ k)

=1

RS / T2 5] | TT % k] 3 )

ny=2 =1

x J(n ny,1) ( k'

By letting k] = kp, i for i = 1,2,...,n — n; and using the fact that:

Sk + -+ kg )0(Kny a1 + oK) = 8(ky - b )8kt 4 + k),

n— nl)d(kl +oe +kn1)6(kll +"'+k;1—n1)'

(5.245)

(5.246)
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we obtain from (5.245):

GO ko kn) = 35 (ks ) —WZ 3D k)
ny=2
3T (k) 6k b k). (5.247)

32 g proper combination of J(nl’ and 3 (n=n1) that

Let us now try to extract from J,
would cancel the 2nd-term in (5.247), which would otherwise spoil the required local
expansion in the lower IR-domain. We begin by making use of the so-called Sokhotski-

Plemelj equations [62]:

1
~ 7 8(k) F i P(1/k), P(1/k) = { k HE20, (5.248)
0

if k=0,

li L
1im
e=0 et 1k

in expression (5.230), rewriting 5&"’2)(/%1, oy kp) as:

n—2 n—2
i~ T . 1
30D (ky, . k) =7 > an bny 0(Fnony) =i Y on, me(E ) (5.249)
n—mni

n1=2 ny=2

where

= > AP (my, o mp,
=3 m_l(‘“l m-1) (5.250)
I | )
£=1

3

o0 oo
A=) My
b= > o Y — (May 15 Mnt) (5.251)
Wbt =l M=l [I (Be+ikny)
j=n1+1

In (5.250), the set of n — £ variables in the sum k,_y = ky + ko + -+ + kn_¢ can be

divided into two groups {ki,k2,...,kn—n,} and {kn—n,+1,---,kn_e}, allowing us to write
kn_e = En_nl + kn_ny41 + -+ + kn_¢ which reduces to k,_, = kn—ni+1+ -+ kn_gas

kn—n, = 0 due to the §-function constraint §(k,_,,). So, by replacing the sum k,_; in

(5.250) with 32717 ke ni+; we deduce from (5.229) that:

—Jnl’ ( n— n1+1;kn—n1+2a---7kn)- (5252)




5.6. Analyticity and Local expansion of Wj[y] 145

n—ny—1 n—1
Also, by substituting H (Emnl+j + iEn_m_j) for H (Emj + iﬁnﬁj) in (5.251) we
j=1 j=ni+1

can see from (5.229) that:
bTL] = 5((171_711’1)(k17 k?a v akn—nl) . (5253)

This together with (5.252) and (5.249) allows us to rewrite (5.247) as

n1—1 oo

oDk k) =i S T 2] | > ]

n1=2 £=1 m,=1 U=n;+1 my=1

y A(m)(ml’ L ’mnl—l) A(n—m)(man, e, My ) P(_ 1 ) ’ (5.254)

ny—1 _ n-—1 _ kn_nl
II Bu+ikue) I (Buy +ikn-e)
=1 =n1+1

At first glance, the Cauchy principal part P(l [ kp_ n1) seems to make the local expansion
of W n2) [<p] unobtainable. This is because it prevents G( )(A 15---,kp) from having a
Taylor expansion around the origin (0,0,...,0). To overcome this problem, let us make

use of the following identity:

1 1
n = n
H(al+ixz) H(a(+i(xz_b))
=1 £=1
= 1
—ib Yy — - , (5.255)
v= [ H (a; +i(z, —b))] [H(al +z:vl)]
7=1 =v
which we derived by induction. Here z,, a, and b are all real with g, # 0. If we expand
ny— 1 _ _
[ T (B, + iEn_e)] in (5.254) as in (5.255), taking b = kn_n,, we obtain:
=1

n—-2 n;—-1

G (k... ky) = Rk, ..., kn) —
n1=2 v=1

Jips

AP (my,. . my, ) A<n—"1>(mm+1, M)

p—— , (5.256)

X
H (Emj + 1 (En—j - Eﬂ“"l)) H (Emz + Z._k—n—f)
7=1

{=v
£#£n,
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where R(ky,...,kp) is given by:

n—2 ni—1 oo n—1

ek == S [ILS][ T 2]

n;=2 =1 my=1 U=n1+1muy=1

Al(m)(ml,‘,_,mnl_l)A(n—nl)(mnl+1,...,mn_l) P<_ 1 ) (5.257)
n — . _ n—1 _ kn_nl
[T (B +iGEne~knn)) JI (Bmy +ikne)

=1 O=n1+41

In deriving (5.256), we have used the fact that kn_,, P(=~1—) = 1. Now we shall

kn—nl

show that the contribution of R(ky,..., k) to Wf)”’z) [¢] is actually zero, which implies
the omission of R(ki,...,k,) from (5.256). Since k,_y — kn_pn, = d.017 bk, ni+; and

7=1
pon a1 By +ikn_e) =217 (B, + iknn,—e), it follows from (5.229) that:

9{(klr' _—7' Z J(n nl klu"'7kn—n1)

n1=2

3 1
D (1, ..,kn)P<_ ) (5.258)

kn—nl

If we make use of the fact that En_m = — 2?1:1 kn_n,+j, which follows from kn =0, and

write P(E L) =-P(1/ Z"‘ kn—ny+5), and then let ny — n —n; in (5.258) we obtain:

n-nj

R(k1,. .., kn —ZZ 30D (k)

ny1=2

~(n 1
x in 1’1)(k1""’knl)P(§1—-"1_k—> . (5259)
ni+j

7=1

If we rename the k’s in (5.259) such that:

{klak27 o ,kn1} - {kn—n1+1,kn—n1+2: . )kn} 3

{kni+1,kni42, - sk} = {ki, k2, kn—n, }, (5.260)

we find that:

R(E1, .- knenys knemtls - - kn) = — Rlbnonitts s ks Kty ooy knemy) . (5.261)
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This leads to:

o /R [ C;]: ~(k-)] R(k1,... kn) 0(k1 + -+ kn) =0, (5.262)

which is the actual contribution of R(ky,...,k,) to WO [<E] as can be seen from (5.243)
and (5.256). Hence, we can safely omit R(k1,...,k,) from (5.256) and write:

n—-2 n;-1 - [e79)
F k)= - 5 5 [T 3]
n1=2 v=l f=1 my=1
£#n,
(n1) (n—n1)
% Au (mla"'vmnl—l)A 75Rm1n1+1""amn—1) (5263)
1 Eny +iny = Fneny)) T] (B, +ikn—e)
j=1 =v
#ny
This has a Taylor expansion around the origin (k, ..., k,) = (0,...,0), allowing Wy (n,2 [cp]

Wﬁ"’z’m to have a local expansion for any field ¢(k) with a compact support of a suffi-
ciently small size interval.

Now we shall extend the above calculation to include C:‘g"’a)(kl, ...y kn), showing that
it can be Taylor expanded around the origin which supports the idea of Wy[y] having a
local expansion as in (5.191).

By using (5.234) in (5.240) and then comparing with (5.243) for r = 2, we deduce that:

n—4
GO (ke k) = 302 (kty oy k) = 21 3 TEV ety oy k) 3T (g1, - Kin)

n12

2 n—4 n-—4
6(k1 + .. +kn1 + e Z Z 3(711 1 kly' ) TL])Jt(inz,l)(kn1+l7“7kn1+n2)

ny=2 ny=2

X 5&"‘"1‘"2’1)(%%2“, orkn) 0(k1 + oo+ kny )0(kny+1 + o + Kknyny) . (5.264)

To prove the existence of a local expansion of the functional Wf]"’3)[<p] associated with

éﬁ”"”)(kl, ..., k), we need to show first that all terms with Dirac é-functions in (5.264)
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do cancel. To do this let us start with expression (5.231) for » = 3, which reads as:

n—4
TP nk) = 30 3T Y0 3T AP A0 () AT (y)

n1,n2,n3=2 {m m m
7L1+n21§-n3=n{ 1} {mz} {ma}

1
X — — , (5.265)
[ TL G +iFnm) || TI (Buo+ikad)]
=1 =
! £¢{n1.ny}
Employing (5.248) in (5.265) yields:
N 4
30k, k) = > Yilky, .. k), (5.266)
i=1
where
n—4 n—4 _ B
Tl(kl’ o k") =’ Z Z 6(m)nZ)(kla s kn) 5(kn—n1) 5(kn—n1—nz)7 (5-267)

ny=2 ns=2

n—4 n—4
— 1
Toki, oo kn) = —im 3 Y &M (kg k) 6(kpn,) P (E_—> , (5.268)

n1=2 ny=2 n—nij—ng

n—4 n—4
_ 1
Ya(ky, k) = —im Y > &N (ky, k) 6(kp—ny—n,) P <_ ) , (5.269)

n1=2 ny=2

Tk, o in) = — ni g@“h””(kl,..,knw (~ ! )P (—1_>  (5.210)

n1=2 ny=2 n-—ny

with 6(m1"2) (k) .. k,) defined as:

n—1 00

A("l)(ml, -y Mp —1) A(nz)(mn +15 -y Wn +n —1)

6("1’"2)(k1,..,kn) :[ H Z ] —— 1 m+n2_11 1+n2
= =1 .3 T
eg{me,n}+n2} ™ H (Eml +1 kn_g) H (Emt’ +1 kn_gl)
=1 f=n;+1
Aln=ni=nz) oy My
X — (mn1+n2+17 , Mp 1) . (5271)
H (Eml/r + Z.En—l”)
E":n1+n2+1

Now, we shall consider each term Y;(ki,..,k,) in (5.266) separately. Beginning with

(5.267), we note that due to the é-function constraints &(k,_n,) and 5(En—n1—n2) in this
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expression of Y1 (kq, .., kn) we can write:

nyi—1 _ n;—1 ny—£
IT B +ikue) = T] (Bme+i D knnits)s (5.272)
=1 =1 7=1
ni+nz—1 _ no—1 119 —¢
[T Bep+ikue) =TT (Bnppe + Y bnomi-mats), (5.273)
f=n1+1 #=1 j=1
n-1 _ n—-ny;—ns—1 n—ny—ngs—{"
H (Eml” + i kn_eﬁ) = H (Emn1+n2+[” + i Z k]) ‘ (5‘274)
' =ni+4+ns+1 =1 i=1

Also, we can show that:

n2
5(En—nl) 5(En—n1—n2) = 6( Z kn—nl—n2+j) J(En—rn-nz) N (5275)
j=1

From (5.272)—(5.275), it follows that:

n—4

- 00 1)
Tl(kly--,kn) = 71’2 Z [ H Z ] — (ml)n']'ar?nl—l)

ny,n2,n3=2

— me=1
ny+natnz=n €¢{n1,n1+n2} H (Emz +1 Z knz+n3+1)

=1 Jj=1
A(HZ)(mm—i-h ) mn1+n2—1) A(na)(mm-i-nz-*-la ) mn—l)
no—1 na—4¢ ni3-—-1 nz—£"”
[T (Brupe +5 3 bnats) 11 (B i 3 1)
=1 ij=1 =1 j=1
ny _
5( D" kngas) 8(Fny) - (5.276)

i=1
By making use of (5.229) in (5.276), we obtain:

n—4
Tl(kla"akn) = 7T2 Z J(nl’l)( n2+n3+1)"1kn) 3§n2,1)(kng+1,"7kn3+n2)

ny,ng ,Tl3:2
ni1+na+nz=n

s 309D (ky o king) 6(k1 + o+ Kng) 0(kng 41 + - + Fngtng) » (5.277)
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which by interchanging n, with ng we can rewrite as:

n—-4 n—4

Tiky, k) =723 S0 300Dk, o k) 372 kgt oo Kony o)

ny=2 ny=2

(n m—nz’l)(kn1+n2+la 2 kn) 6(k1 +..+ km) 5(kn1+1 +.t k”1+"'2) ’ (5'278)

This has the same form as the third term in (5.264).

Now, let us consider Yqo(ky, .., k) in (5.268) which we can rewrite as:

n—4

e
Tk =in S [ 3] e

ni,nz,n3=2 my=1
ny+ngtnz=n e%{m,nl-i-nz} H (Eml +1 E knz+n3+])
=1 Jj=1

A(nz) (mn1+17 sy mn;—{»ng—l) A(na)(mnl—}—nz-}-h =ty mn—l)

X na—1 n—1 _
H (Emn1+l’ + 1 kn2+n3—e’) H (Emlu + 1 kn—!”)
=1 '=ni1+ns+1
- 1
n3

By making use of (5.229) and employing (5.255), with the free parameter b taken:as ky,,

no—1

to expand [ H (Emnlw + iEn2+n3_g:)]_ in (5.279) we obtain:
=1
Yok, .nkn) = Alky, ., kn) + Bk, ... kn) (5.280)
where
n—4 5 n—1 o0
-A(kh ey kn) =7 Z innhl)(knz—l-ng—{-l’ ---,kn) [ H Z ]
ni,ng,n3=2 f=ni1+1 my=1
ni+ns+nz=n £#£ni+4ny
A(7-L2)(n~‘7l1+17 * mn1+n2—l) A(na)(mn1+n2+l: 0 mn—l)
no—1 n—1
H (Emnx+ll + z (kn2+n3—£’ - kn3)) H (Emt// + ) kn—ﬁ")
=1 '=n1+ns+1
- 1
% 8(Fnyns) P (_—) , (5.281)
kng
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and
n—4 ns-—-1 n—1
B(kl, :_7[' z \jnl,l) n ni+1l,- Z Z [ H Z ]
ny=2 no=2 v=1 =n;+1 my=1
£¢n1+n2
X A(ng)(mnﬁ-la "7mn1+n2—1) A(n_nl_n2)(l11711“1~712—l—1v "7mn~1)
v _ _ n—ni1—1 .
H (Emn1+j +1 (kn—nl—j - kn—n1—n2)) H (Emn1+l +1 k'n—nl—l)
j=1 l=v
£#no
x 6(kn_n,)- (5.282)
ny—¢
Using (5.274) in (5.281) together with the fact that kyy4n,_¢ — Z kns+; allows
7=1
us with the help of (5.229) to express A(ki,...,k,) as:
n—4 n—4
A(kl) =7 Z Z 3('”1’ kl) . 1kn1) 3 '"'2: ( ni1+1 --akn1+n2)
ny=2 n=2
~(n—ni—na,1 1
X ‘jfin nmne )(kn1+n2+1, ey kn) (5(161 + ..+ knl-’r-nz) P (k_1—+ Tt km > . (5283)

If we replace 8(k1 + .. + kn1+n2)P(m) in (5.283) by its equivalence

—0(k1+ .. +kn4n,) P (m) and then rename the relevant ks such that:

{k17 k2: s 7kn1} - {kn2+17 kng-{—?, R akn2+n1} )

{kn1+1vkn1+23 s ,kn1+7t2} - {klak27 s ’knz} ) (5284)

we find, after inte1changing ny with ny, that A(k1,...,k,) — —A(ky,...,k,) in the
dk; =\ . . o .
integration / [ H . (ki )] Alky, ..., kn) 6(kn), giving the integral as minus itself. This

implies that .A(kl,.. ., kn), as it appears in the integrand of (5.243) via 5("’r)(k1, k)
for r = 3, yields a zero contribution to Wo [(ZJ] Hence, we can safely omit A(ki, ..., ky)
from (5.280).

It follows from (5.227) that AC—m-=nm(m . m,;) = 0 for all
n—4

ng > n —ny — 2. This truncates the sum Z in (5.282) at ny = n — n; — 2, allow-
ng=2
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ing us to use (5.263) for expressing B(ki, ..., k,) as:

ni=2

Being a term in @ﬁ""’”(kl, ooy kn), B(ki,... k) will always appear in the integrand of
(5.243) multiplied by a product of functions @(k;) ... 5(ky) 6(ky), which is symmetric in

the k-variables. Hence, we can safely rename the arguments of the Green’s functions in

Blky, . kn) =7 Z 3§D kg1, oo k) G2 (ki k) 6(Bnn,) - (5.285)

(5.285), rewriting B(k1, ..., ky) as:

n—4
Bk, oo kn) =1 > 30 ki, ooy k) GO D ey 1,y k) 0Ky + -+ Ky). (5.286)

n1=2

By substituting (5.247) for G ™% (k, 41, ..., ks) in (5.286), we obtain:

n—4 n—4
—a? 3 ST 3D ety ey oy ) 35 (kg1 s oy ma)
ny=2n9=2

B(ky, ... ky Z b kl,...k: D30T k) 8k -+ Eny)

x JoTmme ) (e )8Ry A e A By )y 11 F e Fony )

= Yok, ....kn), (5.287)

where the last result follows from (5.280) after omitting A(k1,...,k,). By repeating the
same argument that led to (5.287) in (5.269) we can show that:

Ys(ki,... kn) = —A(k1, ... kn) + B(ky,... Jkn), (5.288)
which, after omitting the first term, reduces to:

Yk, .. kn) = Yalky, ... kn) = Bk, ... kn). (5.289)
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Now, we shall consider T4(k1,...,k,) in (5.270) which we rewrite here as:
n—4
A(TH ml,... y My -1
Yokt k)=~ 3 [ H Z] . m-1)
n?}k’ssfﬁg,_?n Z¢{n1 ,n1+n2} me=l H <Em( + ’Lkn g)
=1
x A(nz)(mnl-}-l? s 7mn1+n2—1) A(na)(mnl-l-nz-{-la s 7m’n—1)
na—1 n—1 _
H (Emn1+l' + 7’ kng—f-na—l’) H (Emeu + Z kn~£”)
=1 £'=ni1+n2+1
1 1
x P (_ ) P <_——> . (5.290)
kn2+n3 kns
n1—1 _ _1 ng—1 B _
By expanding [ H (Em¢ +z'kn_g)] and [ H (Emn1+l’ + ikn2+n3_g/)] in (5.290) ac-
=1 =1

cording to (5.255), taking the free parameter b in each case as En2+n3 and k,, respectively,

we obtain:
3 n—4 n—1 o]
AM3) (m g1y ey My
Yalkr,onkn) = > Ailky, onka) + 3 [ I 3 ] n_(l ni+natls - Mae1)
=t 71?—11:77:2257?3 2n li{ml,n}-}—nz} =t H (Em[ + ’iEn_é>
£=n1+na+l1
77.1—].
A(nl)(mla s »mm—l)
x Z v ny—1
I1 (Bny +i(Faej = Fnm)) TT (B +i%ns)
7=1 t=v
-1
x nZZ A(”12)(““7114-17 s 7mn1+n2—1) (5 291)
oty B 3 ni+nz—1 B T
I (Bt i(Fas—Fn)) T (B +ifne)
j=n1+1 f=n+v'
where
n—4 — o]
A (my o my, )
S R D -
n?isgfgs 2n lsé{m;lﬁ—nz} me=t (Emz +’ kn—e— En—nx))
=1
X A(M)(mm-i-la""mn1+n2—1) A( )(mm+n2+l,-'-amn—1)
no—1 n—-1
H (Emn1+el + 1 (kn2+n3—€’ - kne,)) H (Em,u + 1 kn—f”)
=1 ' =ni+ns+1

1 1
x P <_ ) P (z—) , (5.292)
k7lz+n3 kns
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n—4

n—1 o0 Tll)
Aa(ky,.. k) =i Y [ 11 Z] _ (M1, .., Mp,—1)

ni,ne,n3=2 =1 my=1 7
ni+nz+nz=n £€¢{n|,n1+nz} H (Em, +Z n —¢ — kn—m))

=1
na—1
A(nz)(mn]+1, R ,mn1+n2~1)
H (Emn1+j +1 (k"2+"3_j - kns)) H (Em"1+l o kn2+n3—€)
J:l E:U
A(n3) - 1
y n_(;nnlﬁ—nrfl’ y Mp 1) P <'E ) , (5293)
— nay+n
H (Emy + an—é’) o
U =ni+no+1
and
- n—4 n—1 o A( 2) mn1+1’ .. ,mn1+n2—1)
As(ky, ... kn) =t Z [ Z] na—1
n2,n3=2 = me=1 (k. k
nT}’_Z;-{?‘;g g in: n}-}-ng} ¢ H (Emn1+( +1 (kn2+n3—£ - kn3))
=1
ni—1
A(m)(ml, ce ,mn,q)
5] (o 1) T (s 509
J=1 b=
N A3 (mn1+n2+1’ <5 M) P (_L) . (5.294)
n—1 _ kna
H (Eml, +ikn_e')
&=nj+tna+1

Now, we shall show how the principal value distributions in each A; cancel in the integra-
tion of (5.243) where they appear as terms of ég"’3)(k1, ..., kn). Starting with expression
(5.292) and making use of (5.229) allows us to rewrite Aj(ky,...,k,) as:

n—4
Al = - Z Jgnl’l)(kla"‘aknl)s(dn2,1)(kn1+1a"' an—ng)J ns,l)(knl-l-nz-l-l,“'akn)

n1,n2,n3=2
ni+nz2+n3=n

1
kn1+n2 knl

If we rename the arguments of 3'("”1)(k1, oykn,) and 3§ (2ol (o 1y ooes Ky mg) D (5.295)
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according to:

{k17k27' o 7kn1} - {klla ’27 7k;11} = {kn2+1;kn2+2y- e akng—i—nl}a

{kn1+17 an_Q, R ;kn1+n2} — {k’ll,kg, R ,k;;?} = {kl, kg, - ,knz} s (5296)

and then interchange ny with n,, we obtain:

n—4

Al = - Z 5517”’1)(]{:1)"'1kn1)§((in2,1)(kn1+17"')kn]‘l'-‘nz)\:j/((jns’l)(knl-i-nz%-l)"'5kn)

ni,nz,n3=2
ni+ns+ng=n

1 1
x P (_ ) P (_ _ ) . (5.297)
kn1+n2 kn1+n2 - k"l

Also, if we use the fact that kn,yn, = — .72 Kny4ny4j in (5.295) and rename the k's

according to:

{klakQ)"' ak’nl} — {k’lakéa)k;“} = {kn3+1akn3+27--- 7kn3+n1}7

{kn1+17kn1+23 o e 7kn1+n2} — {klllakga s 7k"ri2} = {kn3+n1+17kns+n1+2a s ;kn}y
{kn1+n2+1’ kn1+n2+27 cee 7kn} - { 11”71‘7/2”1 s ak;;;} = {kla ka, ..., kns}’ (5298)

we find, after interchanging n; with ns first and ny with ns next, that:

n—4
Al = Z 32"111)(k1,_“,knl)J‘(in%l)(knl_{_l,”"kn1+n2)32’7’3r1)(kn1+n2+1’”.,kn)

ni,nz,ng=2
ni+netnzg=n

1
x P (__) p (%) | (5.200)
k'”-l kn1+n2 - knl

In the integrand of (5.243), we can express Aj(ky, ..., kn) as a sum of (5.295), (5.297) and
(5.299) divided by 3 in which case we can use the following identity [63]:

p (i) p (%) +P (z L y) Is (%) _p (%) | =2 3(a) o(y) (5.300)
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to rewrite Ay(ky, ..., kn) in a form free of the principal value distributions, giving:

2 n—4
m ~(n ~
Al(kl)"'7kn) - —? Z dSi 1,1)(k1;"'7kn1)\jfin2,l)(k‘lll+lv"'akn1+n2)

ny,nz,n3=2
nit+nz+nz=n

X 3(713’1)( m+n2+1a ey kn) 5(En1) 5(kn1+n2) . (5.301)

Having achieved this result, we shall now consider both Aq(k1, ..., ky) and As(ky, ..., kn),
showing that their sum is independent of any principal value distribution. To prove this,
let us first make use of (5.244) and (5.263) to rewrite Ay (ky,...,kn) as:

n—4
. ~(n—n ~ 1
Ag(ky, k) = =i 3 G ™D (ky, o ki ny )G (Rpny g1, k) P (- ) . (5.302)

n—mny

ny=2

Next, we consider (5.294), which can be used to show that As(ki,...,k,) is composed
of —As(ki,...,kn) plus other additional terms free of the principal value distributions.

-1
By expanding [ ey ! (B, + i kn g)] in (5.294) according to (5.255):

1 1
np—1 _ - n1—1 _ .
H (Em( +1 kn_g) H (Eml + i (kn_e— kng ))
b=v {=v
_ ny—1 1
— i kn, Z . — . (5.303)
H (EmJ + Z kn_ j— Eng )) H (E'm,j +’iEn_g)
j=v =y
ny—1 nit+ng—1
and using the fact that H (Em,,1+z +4 (knytng—t— ) H (Eml +1 ( Eng)),
£=1 =n;+1

we obtain:

A3(k1, . kn) = El(kl, ..,k‘n) + Eg(k‘l, oy kn) s (5.304)
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where
ni—1 n—-1 oo m m )
El(kly---7kn)=i Z [ H Z ] n4no+ls- -y Mp—1
"?izgf%::z” . l¢{n1£;}+n2} me=t H (Emy +iEn—@')
O =ni+ns-+1
y AP (my, o mp 1) AMD (my M 1) P _L  (5.305)
il _ _ ni+na—1 ~ K
H (Emj +Z (kn—J - kn—ru ) H (Eme + Z n —f k: ))
]:1 Z#nl
and

ni—1 ny1—1

Zoki,. .. kn) = Z >3 ﬂ i]

ni,ne,n3=2 v=1 7y=v me=1
n1+nz2+ng=n E¢{n1,n1+n2}
% "1)(m1,...,mm_1)
v _ Y _ . n1—1 .
H (Emj +1 (kn—j - kn—m)) H(Emt +1 (kn—é - knz)) H (Em,/ +1 kn—l’)
j=1 f=v f=
A(nz)(mnl—i—l; e ;mn1+n2—l) A(ng)(mnl—}—nz-i-lv s 7mn-1) . (5306)
ni+ns—1 _ _ n—1 _
I1 (Eml +i (Fp_g — kn3)) I1 <Eml, n kn_g,)
f=n;+1 U =n1+ns+1

Now, if we rearrange the summations over the &’s in (5.305) such that:

n—n3—j n—nz—ni n—nz—¢£

Fnoj—Fn-my = > kngtr = D kngtrs  Ence—kng= »_ kngyr, (5307)
r=1 r=1 r=1

we can show from (5.244) and (5.263) that;:

- . ~ ~(nen 1
Er(kr,skn) =i Y GU3D (ks kg ) GO (bng 1, kin) P | o

n3=2
E k713+1‘
r=1

(5.308)

Here, we have used the fact that kn, = — Y."_1*® kn,4r , which follows from the constraint
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k, = 0 imposed by §(k,,). By renaming the &'s in (5.308) as:

{k17k27 s >k713} — {kn—n3+17kn—n3+2a BRI akn} y

{kn3+17 kn3+27 s akn} — {kla k?a cee ;kn~n3} s (5309)

we deduce from (5.302) that =; = —Aa(k1,...,kn). This indicates that the sum Ay + As,
being a term in Y4(k1,...,k,), will contribute to 5£"’3)(k1, ..., ky) in the integration of
(5.243) only by Zy(k1,. .., kn), which is free of any principal value distribution.

Now, if we substitute (5.278),(5.287), (5.289) and (5.291) for Ty, T2, Y3 and T4

respectively in the sum (5.266) and then insert the resultant sum into (5.264), we obtain:

_ n—4 ny—1 ni+nz2—1 n—1 [o7]
o,k S Sy [T %]
ni,ne,n3=2 v=1 v'=ni+1 =1 my=1
ni+not+nz=n L¢{ni,n1+n2}
A("l)(ml, - ,mnl_l)
v ny—1
H (Emj +1 (kn—j - kn—nl)) H (Etru +ikn—€)
j=1 f=v
x A(nz)(rnnl+1)"'7n‘1n1+n2—1)
v _ _ ni+ny—1 _
(Boy +3 (B = Fns))  TI (B +iFne)
i=ni+1 =v'

J
(mn1+n2+17 y Mp 1)

R I Y

}

Jum
M]3

n-—1
(B +iFue) V2 7 gl ™
€=n1+na+1
A(”l)(ml, ce,Mp )
v _ 0% B _ ny—1
I1 (E +i kn_m)) H(Emt +i (kpg — kn3)) I1 (Eml, +z‘kn_g,)
j=1 e=v o=y
Al 2)(mnl+17 ooy Mayyny—1) A(ns')(mm+”2+1’ oMy 1) . (5.310)
ny+na—1 n—1 _
[I (Buti(Fue-Fu)) T (Bmp +ikn-e)
=ny+1 U=n1+ns+1

Note that in calculating (5.310), we have redefined the summation index v’ in (5.291) as

V' — ny + V/, transforming the sum over v/ as:

ny—1 ny+nz2—1

So— > (5.311)

v'=1 vi=np-+1
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To encode our results in a single generic expression, we shall use the following notation:

nj—1 n;—1
X5 (ke kg, 1)_[]’[ > ] 10 Z ]
Vp=vpo) =mj_1+1 my=1
vo=n;-1+1
A("J’)(mﬁ, 41y - m—,_l)
j—1 3 y B
- = , (5.312)
I1 (EmV +i (ks — Fn n,+r-1)) I1 (Em, +i (Fn_s kn_al)>
r=1 =7 _1+1
where o is a positive integer depending on 7; and v, as
4
g if ﬁj_1+1§£<1/1
Tj+1 i 1 <é<uy
N2 if 1 <f<iy
op = og(nj; v, ve,. .., Vs) = { '] _ (5.313)
Mjys—1 it vs <€ <y
¥ if v, <€<m;—-1.
Here, X(™:9 is defined as:
j—1 0 .
A (my ce, M 1)
_1 ~1+1s ) 1
X030 ({kpomypr iy ) = H Z - -1 i . (5.314)

f=n;_1+1 mu=1 -
! H En, + 7' kn_s— kn—'ﬁj ))
l_n] 1+1
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In this notation, we can rewrite (5.244), (5.256) and (5.310) as:

GV (ky, ... ka) = X0 by, k), (5.315)
. n—2
GOD(ky,. . kn) = = > XD (ky, o knnt) X2 (g, k1) (5.316)
ny,ng=2
n1+n2:n

GO (ky,. .. ka) =
n—4

> XOUD (ko k1) XP2 Y (ko kg 1) XO O (k)

ny,ng,n3=2
ni+nz+nz=n

n X(nl’2)(k1,...,kn_1)X(nz’o)(kng—}-ly---,kn3+n2—l)X(n3’0)(k1,"'?kTLS“l) . (5.317)

It is now easy to deduce that these results are generated from the compact expression:

n—2(r—1)

GO, ) = (C17 Y >, Xwexees)  x(e) (5.318)

nl,...,n,-:2 81252...5720
ni+..+nr=n s1+...4s,=r—1

By testing this prescription for a few values of n in the case of r = 4, we find its predictions
to be consistent with the corresponding calculated results. This leads us to conjecture that
(5.318) holds for all values of n and r. Following the same argument as in ref. [64], we claim
that the sums over the non-zero energy eigenvalues in (5.318), or equivalently in X (%:3)
are all convergent since the vacuum functional itself is considered as finite. Due to the
absence of the vacuum energy contribution from the denominators of X ("% we can now
Taylor expand é&"’r)(kl, ..., ky) in the neighbourhood of the origin (k1, ..., k,) = (0, ...,0),

giving:

Kk, (5.319)

1)"-7j11

[n] 0
GO ki, kn) =D Gk, k) = Y C
r=1

J1serJn=0

with C]’-1 ’’’’’ i being constant coefficients. This leads to the local expansion in (5.191),
which is valid for any field ¢(z) having a Fourier transform (k) with a compact support
of a sufficiently small size interval.

Now, let us focus on the analyticity properties of W[@] under the scale transformation

of the source field ¢ — ¢,(k) = /s @(1/s k), which corresponds to ¢ — @{(z) = p(z//s).
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By evaluating Wy[@] for the scaled field $s(k) = /s @(\/s k) in the functional expan-

sion:
dlc1 -
o[7s] = 2 Z/ Balk)| GO kv, )8k 4 k), (5.320)
and then changing the variables as k; — /s k; so that:
o n dk)
W51 = Wals: o = 2o sy | o) . "
W7 = Wapis) = 2x 3 /R [H T ) G, ki) (Do K), (5320

[n]

e k
with G™(k1, ... kn \IZG"T L

Ve

W[@;] in the complex s-plane is determlned by ng)(kl, ..., kn;s). The n-point function

~ ), we find that the analyticity of

éﬁ")(kl, ..., kn;8) acquires a dependence on the scaling parameter s via the functions
X(m:75) whose s-dependence, when its arguments are all scaled as k; — k;/\/s, is given

by:

n;—1 nj—1
x(nyor) — g(ri+n;—1)/2 [ H Z ] [ H Z ]
ve=vy_ =7 141 mg=1
Vo—nj 1+1

n3) (m n
. A (mnj—1+lv'ﬁ'j'—’:1"j—1) (5.322)
H (\/g Em.,l i (En—llz _ En—ﬁj-{—l—l)) H (\/E En, +1 (En-e - En—ﬂ))
=1 Z:ﬁj..1+1

This shows clearly that G (k1,. .., kn;s), or equivalently Wo[ps] = W[@;], extends to
an analytic function of s on the whole of the complex s-plane with a branch cut restricted
to the negative real axis. This also applies to the vacuum functional itself since it is the
exponential of Wy[p;].

Although we have described this calculation in detail for the case of scalar field theory

in 141 dimensions, the method can be generalised straightforwardly to higher dimensions.



Chapter 6

Conclusions and outlook

In this thesis, we have developed a new approach for investigating physical observables of
the type F(Q?) in regions that are inaccessible to perturbative methods of quantum field
theory. In this approach, we have exploited the causality condition to reformulate F(Q?)
as a limit as A — oo of a contour integral depending on A. In this way, we have shown that
the perturbatively violated analyticity structure of physical observables can be reinstated
in, at least, the right half of the complex Q?-plane by taking A = A, instead of co, where
Ae is the only free parameter of the theory. Explicit guidelines for finding an appropriate
value for A has been given with illustrative examples. We have also shown how our
construction can play the role of a bridge between regions of small and large momenta,
emphasising the fact that from a prior knowledge of either the UV or IR behaviour we can
extract information about the IR or UV properties respectively. In fact, as our formalism
incorporates non-perturbative effects it extends the range of applicability of perturbation
theory to cover the whole energy domain.

We have demonstrated the implementation of our method in tackling the ghost-pole
problem in QCD, giving a simple and new one-loop expression for the strong coupling
constant. Furthermore, We have extended our calculations to include the exact Lambert
W solution a(LQ€V(Q2) of the two-loop RG equation which suffers from an unphysical cut
in the complex Q?-plane. For this calculation, we have provided a detailed study of the
singularity structure of a(LQv)V(QQ) which is essential for performing the contour integral
in our representation of the coupling constant. Eventually, we have managed to remove

the unwanted cut from the physical domain of the coupling constant without altering the
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correct UV properties such as asymptotic freedom. Unlike the one-loop case, we do not
obtain a simple expression for the coupling constant at the two-loop level. However, we
can still easily read off the non-perturbative contributions in our model.

As our approach incorporates an extra free parameter ), in addition to A, we have
included a special method of determining A, from the UV behaviour of either the A-
dependent coupling constant @™ (g, \) or its reciprocal ¥™ (g, \). This method involves
the calculation of the maximum curvature of &™ (g, \), or x(™ (g, A) for ease of compu-
tation, in the UV region ¢ > 1 as explained and carried out numerically in section (2.3)
and section (4.5) for the one- and two-loop cases respectively. In this framework, we
have found the effective parameter A, to be 0.04 and 0.07 for &) (q, A.) and a&® (g, A.)
respectively. Although our prescription of obtaining A, via the maximum curvature pro-
cedure can be replaced by just tuning A, to allow the coupling fit with the experimental
data available, we find our estimates for A\, appropriate enough for our model, leading
to a good agreement with the result os(Q?) = 0.38 & 0.03(ezp) £ 0.04(theory) extracted
from the fits to charmonium spectrum and fine structure splittings [37] at a low energy
scale @ = 1.0 £ 0.2 GeV. A supplementary discussion of how to determine the QCD scale
parameter A in our model has also been considered.

A distinctive feature of our approach is that the running coupling freezes to a finite
value at the origin Q? = 0, being consistent with a popular phenomenological hypothesis
(22, 24]) namely the IR freezing phenomenon. This has also been supported by Gribov
theory of confinement which demonstrates how colour confinement can be achieved in a
field theory of light fermions interacting with comparatively small effective coupling, a fact
of potentially great impact for enlarging the domain of validity of perturbative ideology
to the physics of hadrons and their interactions.

For illustration, we have carried out a comprehensive comparison between the predic-
tions in our approach and those estimated by other theoretical methods. Besides, we have
tested our model on a fit-invariant IR characteristic integral extracted from jet physics
data [20, 38] over the energy interval @ < 2GeV. In section (3.2), this test shows a rea-
sonable agreement with our prediction. For further applications, we have used our model
for the running coupling to compute the gluon condensate and have shown that our result
agrees very well with the value phenomenologically estimated from QCD sum rules [43].

Furthermore, we have calculated the S8—function corresponding to our QCD coupling con-
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stant and have shown that it behaves qualitatively like its perturbative counterpart, when
calculated beyond the leading order and with a number of quark flavours allowing for the
occurrence of IR fixed points. In further studies, it would be interesting to apply our ana-
lytic approach to improve the standard expressions for the running masses in perturbative
QCD.

In chapter 5, we have illustrated a further application of our approach in Quantum field
theory. We have given a simple example of reconstructing the free Schrodinger vacuum
functional from a local expansion of its logarithm, being valid only for source fields ¢(z)
whose Fourier transforms @(k) are characterised by the support {k : |k| < m}, where m
is the lightest mass in the theory. In this illustrative example, we have shown that the
logarithm of the vacuum functional Wy[yp] under a scale transformation of the source field
o(z) = ps = p(z/+/3) extends to an analytic function of s on the whole of the complex
s-plane with a branch cut restricted to the negative real axis. This property of analyticity
in the complex s-plane is the basis of our method because it allows the use of Cauchy’s
theorem for relating the large-s behaviour, where the local expansion of Wy[p;] holds, to
the point s = 1.

Just as in the case of a free (massive) scalar field theory, we have shown that for an
interacting scalar field theory with a non-zero mass gap the logarithm of the vacuum func-
tional Wy[y] reduces to a local expansion of the type (5.191) when the Fourier transform
(k) of p(z) has a compact support of a sufficiently small size interval. A knowledge of this
expansion or its leading terms enables us to estimate the vacuum ¥q[p] = exp (Wo[y])
for an arbitrary source field by exploiting the analyticity of Wy[p;] in a complex scale
parameter s. Our main concern, however, was not to compute the coefficients of this local
expansion of Wy[yp] but to prove its existence and to show that the analytic structure of
the scaled vacuum functional ¥y[p;,] in the complex s-plane is the same as its counterpart
in the free field theory.

To justify the existence of a local expansion for Wy[p], we had to show that all the en-
ergy denominators associated with the zero-point energy in the disconnected n-point func-
tions 5&") (k1,...,kn) cancel when combined in a finite sum to form the connected n-point
functions éﬁ") (k1,...,kn), which determines the nth term Wf)n)[ap] in the Taylor functional
expansion of Wy[p]. In this way, the singular behaviour as (k1,...,kn) — (0,...,0) dis-

appears and a Taylor series for éﬁ”)(kl, ..., ky) around the origin is obtainable with a
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non-zero radius of convergence. This grants Wy|[p] a local functional expansion, valid for
fields ¢(z) whose Fourier transforms @(k) have a sufficiently small support. In addition
to this, the regularity of (:’(cn)(kl, ..., ky) at the origin is essential to study its analyt-
icity in the complex s-plane for the scaled momenta k; — k;/y/s. We have shown that
G (k1/4/$, ..., kn/+/s) acquires a dependence on s via non-singular energy denominators
of general form 1/(Eg + (3 k;)/+/s), where E; is a non-zero energy eigenvalue. From
this, we have deduced that the scaled functional W(()n) [ps] = W(()")[go; s}, associated with
éﬁ"’, continues to an analytic function of s on the whole of the complex s-plane with
the negative real axis removed. By exploiting this property of analyticity in the complex
scaling parameter s, we have shown how the vacuum functional for an arbitrary source
@(z) can be reconstructed from a given local expansion of its logarithm, which is valid
only for source fields whose Fourier transforms have small supports.

We have described this calculation in detail for the case of scalar field theory in 141
dimensions, although the method generalises to higher dimensions, and to other field
theories by modifying the coupling term in (5.207). For example, the Yang-Mills vacuum
functional (in the Weyl-gauge Ay = 0) is obtained by replacing ¢(z) ¢(z,0) and Sg[4] in
(5.207) by (A—.A). A and the Yang-Mills action Sy p[A], respectively, and then integrating
over the gauge field A to leave a functional of A, ¥y[A], see ref. [65]. In this way, we
could in principal extend our method to discuss the analyticity of the Yang-Mills vacuum
functional and its local expansion. This approach provides a new analytical framework to

study physics beyond perturbation theory.




Appendix A

contour integrations around the
branch points of VW and the simple
pole at £k =¢

In this appendix, we shall be involved with contour integrals of the type:

1 erMk—a)
I / —— W(k)dk, (A.1)

C2mi 5 (k—q)

where 7 is an arbitrary smooth curve in the complex k—plane, not crossing the branch cuts
of W(k). Our main task here is to show that in the limit ¢ — 0 we obtain the following

results:
1. for =+, I 50 if q#0;
2. for y=v, Iz—>0 if g#1 otherwise Iy - W(1) = —1;
3. for ¥ =~F, IW2+—>%W(q) and I“r{ — IW*(q) if ¢#0;

where the relevant contours 71i, 'y;t and y together with the radius € are as depicted in
Fig.(4.3) and Fig.(4.4).
We begin by considering the case in which the contour 5 in (A.1) is given by the

semicircular arc ;. In this case, the path of integration is parametrised by:

k=ee?, o0<O<m. (A.2)
166
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Hence, by use of (A.2), we have:

—Ag T LAecosd ihesinb
€e e e »
I+= ——— W_ (e tvIne gilmvd)y g A3
v 2 /0 e—qet? 1 ) (A-3)
Now, from the following inequalities:
1
—7 < ! , e/\ecos() < e/\e , (A.4)
le —qe™*? T jg—¢

W_l(e—l—vlne ei(vr—vO) ) ‘ < ' W_l(e—l-—vlne ein’(l—v)) 7 (0 <6< 7r), (A5)

we deduce that:

I e_A(q_e) A
< .
'ﬁl—z;q—q M(e), (A.6)

where
M(e) = e |W_ (e~ 1-vIne gin(1=v) )} (A7)

Since W, (z) tends to the nth branch of the complex logarithm L, (z) = In(z) + ¢27n at

very large |z|, we find that:
W_ (e~ 17vmne im=v0)y o 1 _ 4 Ine — i (r + vb), (A.8)

for infinitesimally small e. This, together with (4.19), allows us to evaluate the limit of
(A.7) as € = 0, giving:
lim M(e) = 0. (A.9)

€0
As a result of this, it follows from (A.6) that in the limit e — 0 the integral I v tends to
zero provided that ¢# 0. Now, we shall show that the argument used above on I vt applies
equally well to I o yielding the same result. In this case, using (A.2) to parametrise vy~

in the lower half-plane —m < 8 < 0, we obtain:

W, (e—l—vlne e~ i(m+v0) ) df . (A.10)

I Ee—/\q 0 e/\e cos @ eiAssinB
W 2w J_. e—qet?

By use of (A.4) and the fact that:

Wl(e—l—vlne e*i(7r+v0) ) l < l Wl(e—1~vlnc e—i?r(l—'u)) 7 (_7r <9< 0)’ (A.ll)
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we arrive at:
I e_A (q_E) N A
- < — A2
) < S V. (A.12)
where
N(e) = e [Wy (e~ 17V Ine gmin(i=v)y || (A.13)

Since Wy (e~17V1ne g=#m(1-v) ) behaves exactly like (—1 — v Ine ) +47 (14 v) for sufficiently

small ¢, it is not difficult to show that:
ll_r}(l)./\/(e) =0. (A.14)
Hence, by taking the limit ¢ — 0 in (A.12) we conclude that:

limI - =0 for ¢ #0. (A.15)

e—0 N

Now, we shall consider the contour integral (A.1) along the circular path ¥ = v, showing
that for ¢ # 1 the integral I, — 0 as € — 0. The parametrisation of v by k = 1 + €e'?,

where —7 < ¢ < 7, allows us to write:

IRl e I P T
From (A.4) and the fact that:
W(l + eeid’)’ < lW(l + e)’ = -W_l(e_l_”l“m ™) >1, (A7)
we can show that:
) S = (L W i) (A18)

By taking the limit ¢ — 0 in (A.18), recalling that W_;(e”! ™) = —1, we deduce that:

limI, =0 for g #1. (A.19)
e—0



Appendix A. contour integrations around the branch points of W and the
simple pole at k =g¢ 169

Also, we observe from (A.18) that if ¢ = 1 then |I,| < 1 in the limit ¢ — 0. For the case
=1, (A.16) reduces to:

1 w
Li=o [ 1a(9) s, (4.20)
U -7
where n = 1/e and:
fn(¢) — e)\n'l cos¢ei)\n_1sin¢ W(l + n-1 eid)) ) (A.21)
Since f,,(¢) converges uniformly® to W(1) = —1 on the real interval —m < ¢ < 7, we can

pass the limit n — oo through the integration sign in (A.20), obtaining:

limI, = lim I, = —/ hm fn(d) dp =W(1) = —1. (A.22)

e—0 n—+00

Let us now consider the contour integral (A.1) along the semicircular arc ), prov-
ing that 172+ — %W(q) as € — 0 for any ¢ > 0. To achieve this result, we begin by

parametrising the contour of integration +;~ according to k =g+ ¢ e'¥, giving:

T
. = i/ e,\ecoswez)\esmtp W(q+ Ee“‘a) d(p- (A.23)
Y2 2m fo

Here, given ¢ € [0, 7], we write:

W(q + eeizp) — W_l(e—l—vlnR(e,(p) ei(vr—v@(e,tp)) ) , (A24)
where
_ 2 5 _ esing
Rie,0) = /g% + 2gecos p + €2, O(e, ) = arctan (——————q ecos (,0) . (A.25)

Since the integrand in (A.23) is a continuous complex-valued function on the real interval

0 < ¢ < m, we use the mean value theorem to obtain:

Ify; — % e/\ecosé ei/\csincﬁ W_l(e—l—'u InR(e,p) ei(-/r—v@(e,(p‘)) )’ (A.26)

'By f.(¢) being uniformly convergent to W(1) on (—=,x], we mean that sup{|f.(¢) - W(Q)|: -7 <
dp<n}=]er" Wl +1/n) —W(1)} - 0 as n = oo (i.e. € — 0), where sup S denotes the supremum or
the least upper bound of the given set §.
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where 0 < @(e, A) < 7. If we now take the limit e — 0, we arrive at the required result:

1 .
HmI s == W (e717PIM9e™) =~ W(q), ¢#0. (A.27)
2 2

e—0 7

This could have been obtained also by passing the limit ¢ — 0 through the integration sign
in (A.23), just as we did earlier in (A.22), since the integrand there converges uniformly
to W(q).

Now, following the same argument used in deriving (A.27) we can immediately show

that when ¥ = v, in (A.1) we have:

: 1. 0 A€ Cos g tAesin @ 1
2%172_ = %21_1)1(1) _ﬂe e W(g +ee'?) dp
1 —1—vin T 1
= 5Wi‘l(e 1-ving ¢ )=§W*(q), q#0. (A.28)

From (A.27) and (A.28) it follows that:

lim (Iﬁ + 172_) =Re{W(¢q)} for ¢>0. (A.29)




Appendix B

Green’s Function with Dirichlet

Boundary Conditions

Green’s functions provide a useful method for solving inhomogeneous differential equations
subject to some boundary conditions. We shall apply this method to the partial differential

equation (5.138), which we relabel as:

. 52
(—0* + m?)ge(z) = o(2), o(z) = p(z) +24(t) p(x), & = a2+ V:  (B1)
subject to the Dirichlet boundary conditions:
¢C($)|t:0 = ¢.(x,0) =0, ¢>c(a:)|t:_oo = ¢o(x, —00) =0. (B.2)

The first derivative of the Dirac é-function é (t) can be defined as the limit of a(¢,¢€) as

€ — 0, where

e —%P(%) if [¢] <e, P(l)—
0 if [t] > e,

if ¢ £0,
s (B.3)

S | =

ift=0.

Note that for ¢t € (—o0, —¢€), with € being infinitesimally small, it follows from (B.1) that
o(x,t) = p(x,t) which we assume to be continuous on this time interval. However, for
t = 0 we can always choose p(x,t) such that o(x,t) is finite.

The formal solution of (B.1) can be expressed in terms of the Green’s function Gp(x,t;x’,t')
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¢C(X,t) = /I‘d4$, GD(X,t;XI,t’) O’(X’,t,) ) (B4)
where Gp(x,t;x’,t') satisfies:
62
( ~ 5@ v? 4+ m2) Gp(x,t;x, ) =6(x — x)6(t — t), (B.5)
and the Dirichlet boundary conditions:

Gp(x,0;x',t) =0, Gp(x,—o00;x',t') =0. (B.6)

With no restriction on Gp(x,t;x’,t') from its spatial coordinates, which are defined on
the whole of R3, and with a §-function source §(x — x') appearing in (B.5), which depends

only on the coordinate differences, it is clear that:
Gp(x,t;x',t) = Gp(x — x';t,t). (B.7)

By making use of the integral Fourier transforms:

3 ~ : ’
Gp(x —x';t,t') = / ((217:){3 Gplk;t,t') ex=x) (B.8)
dk ,
Y = ik.(x—x') )
d(x —x) /—(27r)3 e , (B.9)

we can reduce (B.5) to a one-dimensional differential equation in time:
2

(_%erQ)éD(k;t,t'):é(t-t'), w= Vi +m?, (B.10)

subject to the Dirichlet boundary conditions:

~ ~

Gp(k;0,t) =0, Gp(k;—o0,t) =0. (B.11)

For t # ¢/, the differential equation in (B.10) becomes homogeneous and reduces to:

2

9 -
(—W+w2)GD(k;t,t')=0, (B.12)

o
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which has the solution:

- Gi(k;t,t') = ay(k,t') e** + ag(k,t') e ¥t for t >t
Gpk;t,t') = (B.13)

Ga(k;t,t') = bi(k,t') e?t + bo(k,t') et for t < t'.

Applying the Dirichlet boundary conditions (B.11) to this solution gives:

~ Gik;t,t) = a(k,t') [e¥t —e | for t>¢,
Gp(k;t,t') = [ ] (B.14)

Ga(k;t,t') = b(k,t') et for t <.

Integrating both sides of the differential equation in (B.10) over an infinitesimal interval

t € [t — €t + €], and assuming that Gp(k;t,t') is bounded there leads to:
g

d d
— Gi(k; ¢, - —Ga(k;t, ¢
dt gl( y Uy ) , dt g2( ) by )

=1, (B.15)
tl

t=t

which together with the continuity condition imposed on Gp(k;t,t') at t = ¢/, namely:

gl (ka tv tl)

t=t = g2(k;t,t’)' , (B.IG)

determines the coefficients a(k,#') and b(k,#') in (B.14), giving:

1 ' 1
a(k:t,) =5 eUJt ) b(k) t/) = -5

w 2w

(e“’t' — et ). (B.17)

By substituting this in (B.14), we obtain:

~ Gi(k;t,t') = — 5= [e“’(t“') - e_“’(t_t')] for t >,
Gp(k;t,t') = (B.18)
Ga(k;t,t') = — 5k [etHt) — o@D ] for ¢t < ¢'.
By making use of the Heaviside step function:
1 for t>0,
0(t) =40 for t<O, o(t) +6(~t) =1, (B.19)

for t=0,

N[~
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we can rewrite (B.18) as:
Gp(k;t,t') = Gi(k;t,t') 0(t — t) + Ga(kst, t') (' — 1), (B.20)

which we can simplify to:

Gl ) = =g [01) = eel=01] (321

It is straightforward to chick that (B.21) satisfies the Dirichlet boundary conditions given
in (B.11). With the help of the integral Fourier transform:

e—UJITI _ (&) @ ]. eikOT (B 22)
2w Ceo 2T kA4 w? ’ '

we can find an integral representation for (B.21):

. © dko eiko(t—t’) _ eiko(t+t')
Gp(k;t,t =/ — B.23
D( ) o 27 k_g + w2 ( )
Substituting this in (B.8) gives:
Gp(x-x;t,t) = Ap(x—x;t —t) — Ap(x —x";t + 1), (B.24)
where Ar(y;yo) is the well-known Feynman propagator in Euclidean space-time:
AF(y yo) _ / d4k; 1 eik0y0+ik.y k? - ]{,‘2 + k2 (B 25)
’ gt (2m)4 k%2 4+ m? ’ 0 ' '

This shows that:

Gp(x,t;x',t') = Gp(x', t';x,t). (B.26)
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