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Abstract

This thesis is a study of the affine super-algebra §(2|1; C) and N = 2 superconformal
algebra at fractional levels.

In the first chapter we review background material on Conformal Field Theory,
and how it appears in the context of string theory and the Wess - Zumino - Novikov
- Witten model. We also discuss integrable and admissible representations of infinite
dimensional algebras and their modular transformations.

In Chapter 2 we elaborate some more on modular transformations and we derive
them in the case of non - unitary minimal N = 2 characters. Some very explicit
formulas are presented.

In Chapter 3 we discuss character formulas for the affine sl (2|1;C) algebra and
some of their general properties are given, in particular their behaviour under spec-
tral flow.

In Chapter 4 we turn to the study of sumrules for s/(2|1;C) at level k. These
involve the product of si(2) characters at level k, &', and 1 with (k + 1)(k'+1) = 1.
We consider k+1 = 2 for (p,u) =1, p€ Z*, u € N and show that the sumrules
we have obtained agree with the literature when the parameter p is restricted to
p = 1. We use the integral form of the sumrules to study the modular properties of
sl (2]1) characters at fractional level in the last section of Chapter 4.

The advisor for this work has been Dr. Anne Taormina.
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Chapter 1

Introduction and Background

Twentieth - century physics has witnessed the triumph of symmetry and its precise
formulation in theoretical language. The work of Lie and Cartan paved the way
for the general application of symmetries in microscopic physics within quantum
mechanics. Wigner, probably the most important figure in the application of group
theory to physics, fitted the possible elementary particles into representations of
the Lorentz and Poincare groups. The principles of special and general relativity
- the seeds of the other great revolution of twentieth - century physics - were also
motivated by the appeal of symmetry. Modern theories of elementary particles (the
so - called standard model) rest on the principle of local gauge symmetry. Our
understanding of phase transitions and critical phenomena draws a great deal on
the concept of broken symmetry. In particular broken gauge symmetries are central
to our understanding of weak interactions, superconductivity and cosmology. So
symmetry is a very powerful organising principle in physics and one can witness
many symmetries in nature.

Two - dimensional conformal symmetry has been an important tool in theoretical
physics during the last decade. Its origins can be traced back on the one hand
to statistical mechanics, and on the other hand to string theory. Historically the
most important impetus came from statistical mechanics, where it described and
classified critical phenomena. Mainly after 1984 the subject went through a period
of rapid development because of its importance for string theory. In addition there

has been important input from mathematics, in particular through the work of Kac
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and collaborators. One can distinguish yet another separate origin of some ideas,
namely from work on rigorous approaches to quantum field theory. Another reason
of this interest lies certainly in the beautiful mathematical structure of Quantum
Field Theory (QFT).

In this chapter we start by reviewing conformal symmetry, string theory and
the Wess - Zumino - Novikov - Witten (WZNW) model. Finally we will show some

mathematical aspects of this subject related to N = 2 and sl(2/1) super-algebras.

1.1 Conformal Transformations

In this section, we briefly review the basic properties of Conformal Field Theory
(CFT) in d dimensions, with particular emphasis on the case of two dimensions [1].
A conformal field theory in d - dimensions is a related quantum field theory which
is invariant under conformal transformations. These form a special class of general
coordinate transformations under which the metric is rescaled by a local scalar

function A(z) :

T — T,

(%) = A(2) g (2),

(1.1)

where u, v = 1, ..., d. So, conformal transformations act on the metric as Weyl trans-
formations (note that an arbitrary transformation x — z' has the following effect

on the metric,

0 (z) = G (5) = 22 2L gy (0)) (1)

They are therefore local changes of scale which preserve the angle between any
two vectors v and w at a given point, u.w = u’g,,w".

We will study this conformal group first. In flat space - time of dimension (n,m)

(n + m # 2) they form a group isomorphic with SO(n + 1,m + 1). However, in

the complex plane it is well- known that all (anti-) analytic transformations are

conformal. This extends to the Minkowski plane where in light-cone coordinates,
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the conformal transformations are given by:
ot — o' (2F). (1.3)

For a space of Euclidean signature, it is advantageous to use a complex basis (7 +
to,T — i0). In string theory, the space in which these coordinates live is a cylinder,
as ¢ is used as periodic coordinate. This also applies to two - dimensional statistical
systems with periodic boundary conditions in one dimension. One then maps this

cylinder to the full complex plane with coordinates,
(z,2) = (exp(T +i0), exp(T — 10)), (1.4)

where we will take a flat metric proportional to d;; in the real coordinates, or in the

complex coordinates,
ds* = 2,/gdzdz. (1.5)

In complex coordinates, a conformal transformation is given by:

f(2), (1.6)

z = 2 = f(2), z—7Z

where f is an analytic function, and f is anti-analytic. A primary field transforms

under a conformal transformation as:

b(z,2) = ¢'(f(2), F(2)) = (8f(2) " (8F(2)) (2, 2). (1.7)
The numbers h and h are called the conformal dimensions of the field ¢. For
infinitesimal transformations of the coordinates f(z) = z—¢, we see that the primary

fields transform as :
0ed(2,2) = €(2)00(2, Z) + hOe(2)d(z, z). (1.8)

By choosing for €(z) any power of z we see that the conformal transformations form
an infinite algebra generated by L,, = —2™*! and L, = —z2"*!, m € Z.

A CFT is always characterised by its scale invariance. Asin any local field theory,
scale invariance implies full conformal invariance. Scale invariance is equivalent to

the vanishing of the trace of energy - momentum tensor. In complex coordinates this
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means that 7T,; = 0. Hence there are only two independent components of energy -

momentum tensors 7,,, T;; and their conservation law becomes:

T,, =0 0:1,, =0
aZng - O (92ng = 0, (19)

implying that T,, = T(2)(Ty; = T(Z)) is a holomorphic (anti holomorphic) function
of z(z). We recall that if a field theory has a conserved, trace-less energy momen-
tum tensor, it is invariant both under general coordinate transformations and Weyl
transformations. The generators of infinitesimal conformal transformations are :

dz
L,= | ="*'T 1.10
| 55T (1.10)

and similarly for L,. The contour circles the origin only once.
By using (1.10) we have,

T(z) =) Lnz "% T(2)=) Lz (1.11)

nez nez

In a quantum theory Tand T become operators, and by using the operator product
expansion T'(z)T(w) and (1.11) we will arrive at

[Lin, L] = (m — 0) Lonyn + %m(mQ )0y 0, [Lmyd =0,  (1.12)

where c is the central charge. Clearly, Ly corresponds to scaling transformations in
z. The combination Ly + Ly generates scaling transformations in the complex plane
T — Az, while i(Ly — Lo) generates rotations. This means that a field ¢(z) with
conformal dimensions h and h has scaling dimensions h+h and |h—h|. The three gen-
erators {L_y, Ly, L1} are associated to infinitesimal Mobius transformations. They
are obtained from the vector fields 1, z, 22. These are the conformal Killing vectors
on the sphere. The integrated form of the infinitesimal transformations is the group

of fractional linear transformations SL(2;C) :

, az+b
_) 3
cz+d

a,b,c,d e C, ad — bc =1, (1.13)

thus L_, generates translations, Ly generates scalar transformations, and L; gener-

ates special conformal transformations.
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1.2 String Theory

A striking application of conformal symmetry is provided by string theory. The
universe seems to contain a large number of elementary particles. It is an appealing
idea to think of these particles as different states of one single object. This would
enable us to treat them in a symmetric way , the simplest objects in every- day
experience which have such different eigenstates are strings. We will attempt to
give a brief introduction to the subject of strings to give the flavour for some impor-
tant concepts which will be needed in conformal field theory. In recent years great
efforts have been spent in the quest for a theory of quantum gravity, which probably
must be a unifying theory of all known interactions. Based on the principles of me-
chanics and local gauge invariance, the standard model is a widely recognised and
experimentally tested quantum field theory of electro - weak and strong interactions.
Einstein’s theory of general covariance and the equivalence principle, is likewise an
accepted and tested classical field theory of gravity. As we know, gravity is a weak
force and negligible in particle scattering experiments done in order to test the stan-
dard model. A prime candidate for a theory of quantum gravity is (super-) string
theory.The terminology originates from the basic description of elementary particles
as excitations of one dimensional objects [2] [3] [4] [5] [6] called strings, of the size
of the Planck length.

Strings are not the subject of the present thesis but serve as a motivation for
studying conformal field theory. One then has to find which action governs a string
like object moving through space - time. The simplest action, was found by Polyakov
. Here one considers a field theory defined on the world sheet of string. Let z#(o, T)
be D real variables that depend on two independent real variables ¢ and 7. The index
i will be allowed to take values 1,2,..., D, the first D — 1 corresponding to space -
like coordinates. The quantity o will be assumed to lie in the interval 0 < ¢ < 7, but
7 will be allowed to take any real value. The interpretation will be that each fixed
value of o specifies a particular point of the string, different values of o corresponding
to different points, the D coordinates z#(o, 7) describe the trajectory of that point
in a D - dimensional space - time. The variables ¢ and 7 will be called world sheet -

coordinates, o being described as the spatial and 7 as the time coordinate, whereas
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the z# will be referred to as space - time coordinates. If
z#(0,7) = a#(m, 7), (1.14)

for y = 1,2,..., D and all values of 7, the string is said to be closed string. Closed

bosonic strings are described by means of the bosonic action:

T
S(X,9) = —5/d20x/—gg"ﬁ6aX“65Xu, (1.15)

defined on a two - dimensional surface with the topology of cylinder (for the non
- interacting string, at least), where g= det g, 4 and «, = 1,2. The parameter T
is the string tension. It is often rewritten as T = Zrla—" where o' has dimensions of
length square.

Here X#(o,7) is a map from two dimensional space (called the world sheet) to
space time (often target space). This function defines the embedding of the string
in space time, as a function of the proper time 7, i.e. specifies where a point ¢ along
the string is located at proper time 7.

The conformal invariance of that action plays an important role in the proper
quantisation of string theory in Minkowski space. If we now proceed to quantise the

bosonic string theory we must consider the path integral as following,
Z = / DX Dge=5X9), (1.16)

We know that the g,s is an integral over‘the intrinsic shapes of 2d surfaces,
whereas the X*# integral is over the different ways of embedding a 2d surface into D -
dimensional space - time. Indeed, the path integral (1.15 )also describes interacting
strings with just a slight change of boundary conditions. If one requires string
interactions to be local, then strings can only interact when they touch. Two strings
that touch can join together, to become one, or in the time - reversed process a single
string can split into two {7]. So interactions between strings involve their creation
and annihilation and would most naturally be described in the framework of second

quantisation. For the interaction case the partition function will be as,

Z= > (gs)Zh_2/DdXDgaﬂe—S(X’g)- (1.17)

genus h=0
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This is called the Polyakov path integral. All the surfaces are closed. The number
of handles of a 2d surface characterises its genus and is denoted by h, h =0,1,2, ... .
The surfaces of lowest genus are the sphere (h = 0) and the torus (h = 1). The action
(1.15) has a very large symmetry group, corresponding to re-parametrisation of the
world - sheet, and rescaling of the metric ¢g®?. These invariances are quite natural
from the point of view of string theory. So when viewing the theory defined by (1.17)
as a field theory in two dimensions, a first surprise awaits us. The field theory has an
infinite dimensional symmetry group. A second surprise arises when we quantise the
bosonic string theory. Requiring that the symmetry survives quantisation fixes the
number of space - time dimensions to 26. By adding an extra action to (1.15), one
can make a consistent quantum theory for other dimensions of space - time than 26,
the noncritical strings. It is the two dimensional world - sheet metric that becomes
a dynamical quantum field and in a certain gauge the surviving freedom is assigned
to the so - called Liouville field. Within the framework of non - critical strings, much
progress has been made in describing the coupling of minimal conformal matter to
2D gravity. Extending the Virasoro algebra, which is inherent in every CFT, leads
to more complicated and perhaps even more realistic string theories. As it is well-
known since Einstein that the metric is related to gravity, the study of consistent
quantum actions for the metric provides a quantisation of gravity in two dimensions.
The Polyakov action S(z, g) is invariant under general coordinate transformations
z* — z'*, local Weyl rescaling of the metric g,,(z) — A(z)gu (z), and of the
fields ¢(z) — A(z)"¢(z), h being the scaling dimension of the field ¢(z). We see
that the group formed by the conformal transformations is infinite dimensional in
two dimensions. This makes clear why the symmetry group of string theory is so
exceptionally large. The conformal transformations are generated by the energy -
momentum tensor T% of the theory, which has scaling dimension h = 2.

So in Minkowski space-time we can obtain the Virasoro generators L, from the
bosonic string theory as quantities bilinear in oscillator modes which are the Fourier
modes of the solution to the equations of motion,

2XH  PPXH
672 802

0, (1.18)
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1.2 String Theory

A striking application of conformal symmetry is provided by string theory. The
universe seems to contain a large number of elementary particles. It is an appealing
idea to think of these particles as different states of one single object. This would
enable us to treat them in a symmetric way , the simplest objects in every- day
experience which have such different eigenstates are strings. We will attempt to
give a brief introduction to the subject of strings to give the flavour for some impor-
tant concepts which will be needed in conformal field theory. In recent years great
efforts have been spent in the quest for a theory of quantum gravity, which probably
must be a unifying theory of all known interactions. Based on the principles of me-
chanics and local gauge invariance, the standard model is a widely recognised and
experimentally tested quantum field theory of electro - weak and strong interactions.
Einstein’s theory of general covariance and the equivalence principle, is likewise an
accepted and tested classical field theory of gravity. As we know, gravity is a weak
force and negligible in particle scattering experiments done in order to test the stan-
dard model. A prime candidate for a theory of quantum gravity is (super-) string
theory. The terminology originates from the basic description of elementary particles
as excitations of one dimensional objects [2] [3] [4] [5] [6] called strings, of the size -
of the Planck length.

Strings are not the subject of the present thesis but serve as a motivation for
studying conformal field theory. One then has to find which action governs a string
like object moving through space - time. The simplest action, was found by Polyakov
. Here one considers a field theory defined on the world sheet of string. Let z*(o, 7)
be D real variables that depend on two independent real variables o and 7. The index
w1 will be allowed to take values 1,2,..., D, the first D — 1 corresponding to space -
like coordinates. The quantity o will be assumed to lie in the interval 0 < ¢ < 7, but
7 will be allowed to take any real value. The interpretation will be that each fixed
value of ¢ specifies a particular point of the string, different values of o corresponding
to different points, the D coordinates z#(c, 7) describe the trajectory of that point
in a D - dimensional space - time. The variables ¢ and 7 will be called world sheet -

coordinates, o being described as the spatial and 7 as the time coordinate, whereas
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obtained from the action (1.15). The solution to these equations can be written,

o B Al
X”(O’, 7—) =gt + \/J(l’g’f " zéa_ Z (%6—1(74—0)71 + %e—z(r—a)n)' (119)
nezZ 0

That X*(o + 2w, 7) = X*(0,7) is evident.
In quantising the theory in the canonical manner, one makes the a* into opera-

tors and demands that they satisfy the following commutation relations,

[afm a;] = m5m+n,0nuu7 [@fm 6‘;] = m6m+n,0nﬂu’ [Olfn, C_Yﬁ] =0. (1-20)

Then with,
L,= Z cah_ ol (1.21)
meZ

one can recover the Virasoro algebra from the commutation relations. In that case

the central charge ¢ will be the dimension of space-time.

1.3 Wess - Zumino - Novikov- Witten Model

In 1984, Belavin, Polyakov and Zamolodchikov [8] showed how an infinite - dimen-
sional field theory problem could effectively be reduced to a finite problem, by the
presence of an infinite - dimensional symmetry. The symmetry algebra was the Vi-
rasoro algebra, or two - dimensional symmetry, and the field theories studied were
examples of two dimensional conformal field theories.. They showed how to solve
the minimal models of conformal field theory, so - called because they realise just
the Virasoro algebra, and they do it in a minimal fashion. All fields in these models
could be grouped into a discrete, finite set of conformal families, each associated with
a representation of the Virasoro algebra. This strategy has since been extended to a
large class of conformal field theories with similar structure, the rational conformal
field theories [9]. The new feature is that the theories realise infinite - dimensional
algebras that contain the Virasoro algebra as sub-algebra. Special among these in-
finite - dimensional algebras are the affine Kac - Moody algebras, realised in the
Wess - Zumino -Novikov - Witten model (WZNW). They are the simplest infinite -

dimensional extensions of ordinary semi - simple Lie algebras, and much is known
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about them, and also about the WZNW model. In here we introduce the WZNW
model, including its current algebra.

A Lagrangian realisation of CFT with an affine symmetry is the WZNW theory
[10] [11] [12] [13] . Let’s see how that model realises §@ § as current algebra [10] [14]
. Given a group G, we can define a corresponding o model, which is a theory with

action,

2 a
So = 167r//d Tr(8,90%971), (1.22)

where g is a field that takes its values in the group . This action is not conformally
invariant. However, one can make the theory conformally invariant by adding a Wess

- Zumino term, leading to the action,

=50+ 5 / / / @y T r((98ag™") (990™") (99eg ™))
(1.23)

In here k is the level of the corresponding affine Lie algebra. In the first term g
is a map from the two dimensional manifold to G. In the second term the strange
feature is that the integral is over a three - dimensional volume V , so g is a map
from a three dimensional manifold to G. However the integral is a total derivative,
and hence it can be written as a surface integral over the boundary of V, which
is the 2- surface used in the first term . The extra term is required to make the
theory conformally invariant. In general then we can say that in the second term,
the integral is over a 3 - dimensional space which has a physical two - dimensional
space as its boundary. The above action is invariant under transformations of the
groups G and G (the groups G and G are isomorphic). The separate conservation

of the currents J, and J; implies the invariance of the action under,

9(z,2) = w(2)g(z, 2)@" ' (2),
(1.24)

where w and @ are two arbitrary matrices valued in G and G respectively.
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For infinitesimal transformations w(z) = 1 + €(z), @(z) = 1 + &(Z), the WZNW

field g transforms as
bg=€9,  0eg = —gE. (1.25)

The action is invariant under transformations dg = 6.9+ dzg, in other words, 65 =0
for S given in (1.23).
The equations of motion of the WZNW model are

o+ (g_laﬂg) + ie,wa“(g"l(?”g) = 0.

(1.26)
Switching to the complex coordinates z, Z, and using O* = 20,,€,, = %, these give
0.(97'0z9) = 0, (1.27)
with hermitian conjugate

—0;(0.997") = 0. (1.28)

Defining
J = —kO,997", J := kg 10;g, (1.29)

we have
0,J =0, 0;J = 0. (1.30)

So the currents J and J are purely holomorphic and anti-holomorphic respectively.
These currents will realise two copies of the affine algebra ¢. In the Euclidean path

integral formulation, a correlation function of the product X of fields is given by

J1dg] Xe51
X = dgle s
(1.31)

where [d¢] indicates path integration over the fields ¢ of the theory. If the action S
transforms with 65 = [ dzds(z), then

5(X) = —/dz((és)X). (1.32)
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So by taking w = >, w®t®, J =", J** where t* are the generators of G and using

Nother’s theorem in the WZNW action we can write

1 a a
0000 = g [ #2300 X)

(1.33)
where we have put @ = 0 for simplicity. Putting X = J°(w), with J(w) =
~k(0,9)g97 " and 4,9 = wg, we get

0ud = [w, J] = kO, w.
(1.34)

More explicitly this is

8’ (W) =D if*w (W) (w) ~ kduw®(w).

c,d

(1.35)

In (1.33) this gives

1 . Jd(W) k6b 1
d c cbd C — a a b )
57 CEd / ww(w) < if p— + o= w)? > 9 dww®(w) < J*(2)J°(w) >

(1.36)

This relation determines the singular part of the product expansion (OPE) of the
two currents J*(z) and J®(w),

Koy, ifT%(w)

T4 (2) ] (w) = (z — w)? z—w

+ regular.

(1.37)

A similar OPE holds for the currents J%(Z) . The Laurent expansion of currents
about z = 0is J%(2) = Y,z Jiz™™!, or equivalently, J¢ = 5= [ dz2"J%(2).

nezZ vn — Im

We can translate this expansion, so that

JHz) = (z—w) T (w), (1.38)
nez

is the Laurent expansion about the point z = w, and J2(0) = J%(w). Of course, we

also have

JH(w) = — / dz(z — w)"J*(2), (1.39)
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where [ dz will indicate integration around a contour enclosing the point z = w.

This allows us to write

1 1
JO I = — [ dww"— dzz™J(2)J" (w) —
) = g fwwrs [ deem ) )
1 1
7 dwwm—2m " Idzszb(w)J“(z). (1.40)

So, by subtraction of contours, and using (1.37), residue calculus then gives

(o, Jo] = D ifIe,  + knd® . (1.41)

c

Identical commutation relations hold for the current modes J2. These are the
commutation relations of § @ §. It is easy to see that (1.41) is a central extension
of the loop algebra of g. Consider J* & s™, with s on the unit circle in the complex
plane, and n € Z. The loop algebra of g is generated by the J* & s, since they are

g— valued functions on S'. Now

[Ja ® Sm’ Jb ® Sn] — [Ja’ Jb] ® Sn+m — Z»fabc‘]c ® Sm+n

(1.42)

so only the central extension term k is missing. The central extension term is known
as a Schwinger term. (1.37) is not the usual form in quantum field theory, because

radial quantisation is not typical. If we switch variables using z = ea:p(%L”), then

Laurent series become Fourier series, and we recover the more familiar form

[Jm(iII), Jlb(y)] — ifach,c(:L‘)(S($ . !j) + %5@/“51(3: _ y),

(1.43)

where we have put

J%(2)
J'e = )
() = 2
The Schwinger term (and therefore, the presence of the level k [15]) is a quantum
effect and is related to chiral anomalies. The conformal invariance of the model can

now be established in a straightforward way. The Sugawara construction expresses
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the stress - energy tensor in terms of normal ordered products of currents J%(z).
The Sugawara stress - energy tensor is

7(:) = - !

m : Ja(Z)Ja(Z) . (144)

where :: denotes normal ordering with respect to the modes of J%(2), and A, is the

dual Coxeter number of §. Using the above information, we have the OPE

5 2T(w) | 9T(w)

T(w) = —2 1.4
TETw) = i ewp Vo (1.45)
with the central charge
kdimg
= . 1.46
“Tk+h, (1.46)

Each highest weight representations at level k is labelled by a vector p in the set
{p e Plpwi >0,pp<k}, (1.47)

where P is the weight lattice of g, {w;} the corresponding fundamental weights, and
p half the sum of the positive roots in §. The primary field with highest weight p

has conformal weight

p.(p+ 2p)
Ap =2~ 77 1.48
P k+h, ( )

Substituting T'(z) = ), .z 22 "Ly, yields the usual form of the Virasoro algebra:

[Lma Ln] = (m - n)Lm+n + = (m?

i

— 1)Bmimo- (1.49)

For completeness, we also write

JHw) | 9T (w)

T(z) 7" (w) = (z—w)?  (z—w)

(1.50)

Expanding the currents in Laurent series, J(z) = 3 J,z~"~! and likewise for .J, we

can recover the affine Kac - Moody algebra,

1
[J&, T2 = fRI8 0+ ikm(smmodab, (1.51)

which corresponds to

(L, 9] = —nJ2 .. (1.52)
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This shows that the § and Virasoro algebras extend to a semi - direct product in
the theory. Furthermore, the full chiral algebra of the WZNW model consists of the
Virasoro and Kac - Moody algebras. So the energy momentum tensor of the theory
is bilinear in the current J(z) and so its Laurent modes, the generators L, of the
Virasoro algebra, are bilinear in the Kac - Moody generators Jg. That tensor has
the Sugawara form. This is a characteristic feature of WZNW models.

Witten and Gepner took [16] the WZNW model to describe strings propagating
on group manifolds, so now we have a string theory with a large symmetry algebra,
an affine Kac - Moody algebra and the Virasoro algebra. They showed that modular
invariant partition functions of WZNW models can be constructed as bilinear in
characters of the Kac - Moody algebras g, g, which carry a finite representation of
the modular group as shown by Kac and Peterson [17]. More particularly, for a given
integer value of the level of the representation, there is a finite number of characters.
A character under modular transformations will be a linear combination of all the
characters at that level. It is generally argued that integer level is required for a
single valued Wess -Zumino contribution to the exponential of the WZNW action.

However, one might investigate the consequences of allowing a fractional value
for the level in the context of the WZNW model and of extended CFT. A geometric
view of fractional level in WZNW models was provided in [18], and there are nowa-
days several contexts in which fractional level plays role. Here we mention three
applications : SL(2;R), SL(2/1;R) and N = 2.

First of all we start with the SL(2;R) WZNW model. In the case where WZNW
models are based on compact Lie groups such as SU(2) [14] [16], the unitary repre-
sentations are finite - dimensional and correlation functions can be written as a finite
sum of conformal blocks by the bootstrap approach. The non - compact groups give
a much more complicated situation and the general solution is not known. There has
been much work done on analysing this [19] [20]. We know that the group SL(2; R)
which is one of the simplest non- compact Lie groups, is important in many key ar-
eas. The first is in two - dimensional gravity [21] [22]. In that case the gravitational
Ward identities for correlation functions of the metric are precisely the same as the

SL(2; R) Knizhnik - Zamolodchikov (KZ) equations [23].
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The second application is the Quantum Hall Plateau Transition where the SL(2; R)
WZNW model has recently been proposed as a low energy effective field theory [24].

Finally, String theory on AdSj; [25] [26] which is the SL(2;R) group manifold,
is described by a SL(2; R) WZNW theory. The duality is between string theory in
the bulk of AdS and conformal field theory (CFT) on the boundary of the space-
time. Bulk fields naturally couple to local operators in the boundary CFT. Cor-
relation functions on the boundary can be computed from the bulk theory in the
super-gravity approximation by taking the classical tree level graphs for the bulk
interactions. For general AdS,, still there is an open problem because one does not
know how to describe the full string theory in such a background. For the case of
AdS3 however the world sheet theory is described by the SL(2; R) WZNW model
and the boundary theory is a two dimensional CF'T . In that case fields are natu-
rally classified according to the representation theory of SL(2;R). We have unitary
representations and the string theory is exactly solvable in principle.

In my thesis we investigate further the characters of the complex affine super-
algebra §l(2|1;C) and their modular transformations, because our results will be
useful in determining the exact nature of the correspondence between the theory of
N=2 non - critical strings and the SL(2|1; R)/SL(2|1; R)gauged WZNW model [27].
Such theories are certainly not studied in this work. The essential ingredients of the
WZNW theory are encoded in its current algebra, the Kac - Moody algebra. The ex-
act correspondence between the traditional approach to noncritical string and G/G
models is yet to be proven. However, a crucial ingredient in the description of the
spectrum in the G/G picture is the representation theory of the corresponding affine
Lie algebra, g, at fractional level k =2 — hy, p € Z*, u € N and ged(p, u) = 1 with
h, the dual Coxeter number of §. For instance, the SL(2|1;R)/SL(2|1;R) topolog-
ical quantum field theory obtained by gauging the anomaly free diagonal subgroup
SL(2|1;R) of the global SL(2|1;R);, ® SL(2|1;R)z symmetry of the WZNW model
appears to be intimately related to the noncritical charged fermionic string, which
is the prototype of NV = 2 super-gravity in two dimensions. A comparison of the
ghost content of the two theories strongly suggests that the N = 2 noncritical string

is equivalent to the tensor product of twisted SL(2|1; R)/SL(2|1;R) WZNW model.
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It is however only when a one- to- one correspondence between the physical states
and the equivalence of the correlation functions of the two theories are established
that one can view the twisted G/G model as the topological version of the corre-
sponding noncritical string theory. Our original motivation in the analysis of the
representation theory of §l(2|1; C) at fractional level k is its potential relevance in
the description of N = 2 super-strings. We take the matter coupled to super-gravity

in an N = 2 super Coulomb gas representation with central charge

2
Cmatter = 3(1 - Zp)a bu € Na ng(pa U) - 1 (153)

The level k of the affine super-algebra sl(2|1) appearing in the SL(2|1;R)/SL(2}1; R)
gauged WZNW model, believed to be intimately related to the N = 2 string, is of

the form

k=L _1. (1.54)
u

This is precisely the type of fractional level first discussed in the paper by Kac and
Wakimoto on admissible representations of affine Lie algebras [28]. For levels of the
form (1.54) with p = 1, one obtained a description of unitary minimal N = 2 matter
whose spectrum is described by a finite number of irreducible representations, whose
characters form a finite representation of the modular group [29]. There are thus
rational, although non unitary, theories associated with sl (2/1;C) at fractional level,

as we shall discuss in chapters 3 and 4.

1.4 Modular Transformations

Modular invariance has recently emerged as a powerful tool in the study of conformal
field theory in two dimensions. Constraints from modular invariance make it possible
to determine the exact spectrum of the theories, with various boundary conditions.
Such constraints were found in the work of Cardy [30] for the minimal conformal
models [8]. Modular invariance for the WZNW theories was analysed by Gepner
and Witten [16], as part of study of string propagation on group manifolds. The

super-conformal models [31] were treated by Kastor [32].
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In this section we first express the modular transformation. For applications
in string theory one needs to consider conformal field theories that are defined on
general Riemann surfaces rather then on the complex plane. Conformal field theory
is described algebraically by a set of states. One would expect all the states in
a theory to contribute to loop diagrams. For this reason we are going to study
conformal field theory on the simplest loop diagram, the torus. In (1.17) h is the
genus of the surface and g, is the string coupling constant. String perturbation
theory is a summation over two - dimensional surfaces. This sum splits in a sum
over all different topologies, and integrals over all different shapes of surfaces with a
given topology, the moduli. This is analogous to Feynman diagrams with different
numbers of loops in ordinary field theory. In two dimensions the topology can be
described by a single parameter (the number of handles or genus). At genus 1
(torus) there is one complex modulus, the parameter 7. The integral over 7 is not
over the full positive upper half plane, but should be restricted to a region that
covers the set of distinct tori just once. The entire upper half plane is covered with
an infinite number of regions with different shapes and sizes. The integral over
7 should not depend on the choice of the region, or otherwise the theory is not
well - defined. If the theory is modular invariant, this problem does not arise. So
modular transformations change the value of the moduli but not the shape of the
surface. Now we describe the torus in terms of a lattice defined by two basis vectors,
corresponding to the points 1 and 7 in the complex plane. However, the same lattice
and the same torus can be described just as well by choosing different basis vectors.
One should keep in mind that the torus was defined by aligning one basis vector

along the real axis in the complex plane, and scaling it to one, but one could have

chosen instead the direction 7. This has the effect of replacing 7 by _71 This is most
easily illustrated by taking 7 purely imaginary. The set of such transformations of
the torus forms a group, called the modular group.

We have identified two elements of that group, namely

T: 1—>7+1,
(1.55)

S:r— =
—

It turns out that these two transformations generate the entire group.
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The most general modular transformation has the form

T— ¥t o b de L
ertd (1.56)
ad — bc = 1.

It is now natural to ask how the partition function behaves under transformations
in the modular group. If we start with a well - defined two - dimensional theory
on the torus, in which all fields are periodic along all cycles around the torus, the
result of the path - integral should not depend on how that torus was parametrised.
Hence the partition function should be invariant under modular transformations. If
we compute the path integral for (1.17) on the torus, we will automatically get a
modular invariant partition function. On the other hand, if we verify a partition
function written in terms of characters is modular invariant we need to know how
the characters transform.

Kac and Peterson [17] have shown how nicely the characters transform under

modular transformations.

1.5 A pedestrian approach to Admissible Repre-
sentations of Affine Lie Algebras

We try to give first an informal and hopefully intuitive version of admissibility in
the case of the well - known affine Lie algebra su(2) at level k, and introduce the
conventional formalism of representation theory in order to provide the reader with
the tools necessary for reading the mathematical literature on this subject [35]. The
book by Di Francesco, Mathieu and Sénéchal [33] is a very good source of inspiration,
as well as a few papers by Mathieu and Walton [34].

Consider 3u(2) at generic level k, whose commutation relations are given by

[J2,, J2] = €75 JE .+ mkby yn 06, (1.57)

mi“n

for m,n € Z and 1,5,k = 1,2,3. We will use the complexified version of the alge-

bra, with the step operators JX = J! +4J2, and the Cartan generator Jj. The



-
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commutation relations become

[J+ J_] = 2!-]73;1.}.-,1 + km5m+n,0a

[J3,J%] = +Ji,,, (1.58)
(2,73 = mkéminp-
A highest weight state |2 > of 5u(2) satisfies
JHQ> = 0, VYn3>0,
J7|Q> = 0, Vn > 1, (1.59)
B> = 0, Vn > 1,

and we will label j the J§ - eigenvalue of |2 >: J3 = j|Q > . Using (1.58)( 1.59),

one can show
J (I )M >=n(25 + 1 —n)(Jo)" 1|2 >,

(1.60)
neN(ien=1,23,..).

The smallest nonzero integer n for which the above expression vanishes is

n=2j+1, (1.61)
which has a solution if j € 1Z, (Zy ={0,1,2,....}). Consider

Jn(I)M I >=(k+1-2j —n) (I Q2 >, ' eN (1.62)

The smallest nonzero integer n' for which the above expression vanishes is
n' =k+1-2j (1.63)

Given (1.61), the equality (1.63) is possible if k is an integer satisfying
k>0.

When (1.61) and (1.63) hold, there exist two primitive singular vectors (J; )2 *1|Q2 >
and (J5))*-%*D|Q > in the Verma module built from | > . A direct consequence is
that, for k£ a positive integer, there exist (k+1) irreducible highest weight representa-
tions labelled by j = 0, %, ..., ¥ In each of them, the weights organise themselves into
finite representations of the “horizontal” algebra su(2). The crucial powers 25 + 1
and k£ + 1 — 25 can be re-expressed in a formalism which allows generalisation to

other Lie groups.
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It is conventional to describe the simple roots of su(2) as

op = (—a;0,1),
0= ) (1.64)
a; = (a;0,0).
In general, the components of the affine weight A at level £ are given by
A= (A ka,ma), (1.65)

where ) is the finite part of A (it is a weight in the Lie algebra su(2)), k, is the

level and n) refers to (—Lg). The scalar product (), v) is given by

A\ v) = (A, D) + kanu + kymy. (1.66)

2

In (1.64), the su(2) simple root « is normalised as a* = 2. One associates the

generator J;, to ag, and Jj to a;. The coroots are given by o = ;25040 and o) =

82’{a1’ and consequently, the fundamental weights are
Ao=(0;1,0), A1 =(30;1,0). (1.67)
It is customary to parametrise an arbitrary weight A at level k as
A= (k—25)Ag + 2574, (1.68)

where ng = k — 27 and n; = 25 are the Dynkin labels associated to A. When those
are non-negative integers, the representation with highest weight A is integrable,
which means in particular, that A generates an “horizontal” representation which is
finite - dimensional.

The co-marks af and ay satisfy £ = ayno + ayn; (in our case of 34(2)y, ay =

ay = 1) and their sum is the dual Coxeter number
hy = ay +a] = 2.

They also provide an expression for the canonical central element

K=Y ajo. (1.69)

J=0
In order to rewrite (kK — 25 + 1) and 25 + 1 in the language of roots and weights, we

also need to introduce the Weyl vector
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It is now easy to see that

(a(\)’,/\-i—p) = (a(\)’,(k - 2])A0 +2_]A1 +A0 +A1)

(1.71)
(QY, A+ p) = (O{Y, (k — 2])/\0 + 2]A1 + A() + Al)

So the condition (o, A + p) € N Va € []" ([1" is the set of coroots, ie [[¥ =
{og, @{}) is crucial in ensuring the integrability of representations. Note that it is
the highest weight shifted by the Weyl vector p which enters the condition. Since
(k, A + p) = k + hy it will come as little surprise that the shifted level (k + h,) also
plays a role in the admissible case.

In general, denoting by X, x the untwisted affine algebra X of rank (r+1) and
level k, the set of integrable highest weights is

Pt ={)(a,)\) €Z,y Vo€ f[; (K, ) = k} (1.72)

Next we discuss characters. One defines the character of an integrable represen-

tation M (A) of highest weight A by

Chy = Zmult,\(a)e", (1.73)

ceEP

where P is the weight lattice.

The elegant Weyl - Kac formula for characters is,

Zwew det(w)ew')\
HaEA+(1 _ e—a)mult(a) ’

Ay is the set of positive roots and w.A = w(A + p) — p is the shifted action of w,

Chy = (1.74)

and W is the affine Weyl group.

The normalised character is
X, = e m-5%)Ch,, (1.75)

where the conformal weight of the primary field A is

MA+20)  [A+p — ol
2(k + hy) 2(k + hy)

(1.76)

with central charge

kdimX,
Cx, =+t
T (k+ hy)

(1.77)
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h, stands for the dual Coxeter number, k for the level of the affine algebra.

Suppose that a weight ¢ has imaginary part - nd. Define

€ (1, z,t) := exp[2mi(nT + (o|2) + kt)],
where z in an element of the Cartan subalgebra of the horizontal subalgebra X,.
Then the normalised characters X,(7, z,t) are the conformal blocks for the torus
partition function of the WZNW conformal field theory. Kac and Peterson [17] have

shown how the characters transform under modular transformations. We can see

1 2z y— z|z
X (=2, =D ShuXulr2y), (178)
pePY
and
Xx(r+1,2,9) Z TAu (1,2,9), (1.79)
nepk

The S§ ,(T%,) are the elements of a unitary, symmetric matrix S*(T*).

What if one relaxes the condition that k is a positive integer? Let us come
back to SZ\(2),€. If £ becomes fractional, some Dynkin labels will become fractional,
leading in some cases to infinite - dimensional representations of the ” horizontal ”
algebra su(2) (when 25 ¢ Z).

As Kac and Wakimoto discovered however [28] [35] [36] , the situation is ” almost

”

as pleasant when the level & is given by

k=—, ged(t,u)=1,teZ*, ueN (1.80)

:IH-

p—

as in the integrable (u = 1) case. Since we already noticed that (k + h,) plays an
important role in the integrable case, and since we expect 25+ 1 to become fractional

for some values of 7 at fixed level &, let us write
2 +1=n—n'(k+h,) (1.81)

with 0 < n’ <u—1and n € Z. This parametrisation isolates an integer contribution
to 25 + 1 (note that n'h, € Z, and n'[k] € Z, for [k] the integer part of k, so that

the integer contribution n is not the integer part of 25 + 1).
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Why is this parametrisation useful? With (1.81), we can write (1.68) as

A = [k+1—n+n'(k+h]Ao+[n—1-n'(k+hy)A,
= {1 =n—hy+ulk+h)]Ao+[n— 1A} — (k+h){[u—1-n]A¢ +n'A;}
= Al — (k+h,)AT, (1.82)

where Af = (u — 1 — n')Ag + n’A; is an integrable weight at level v — 1 > 0 (in
view of the n’ range in (1.81) and the » in (1.80)). On the other hand, the weight
A= (1 ~-n— hy+u(k+ hy))Ao + (n — 1)A; is integrable provided

1<n<1-hy+ulk+h,), (1.83)

which implies u(k + hy) — hy > 0.

Bearing in mind that Bg = 2, we conclude that, for 7 parametrised as

2w +1=n—n'(k+2), 1<n<t+2u—-1
(1.84)
0<n <u-1,

one may split a non - integrable weight at level k = £ in two integrable weights at

levels u(k +2) — 2 and v — 1 according to the formula

A=A — (k+ hy)AE. (1.85)

All admissible weights in 5u(2), can be put in the form (1.85). When u=1,n' =0
and 25+ 1 =n, 1 <n <t+1 and one recovers the integrable case, with A¥ = 0,
K=k =t

For higher rank groups, an admissible level £ weight A may be rewritten as
A =y. (A — (k+ hy)ATY), (1.86)

where A’ and AFY are both integrable at levels k' = u(k + hy) — by > 0 and
k¥ =4 — 1> 0 respectively.

The new ingredient when comparing with S/'(\](Q)k is the action of a non - trivial
element y of the subgroup W/W (A) where W is the finite Weyl group and W (A) is
the subgroup of W isomorphic to the outer - automorphism group of X, ;. We refer

to Di Francesco [33] for a more complete analysis of this point. Because A is built
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from two integrable weights at finite possible levels, there exists a finite number
(k" 4 1).(k* + 1) of admissible representations at level k = k! — (k + hy)kF.

In this thesis, we have used the following parametrisation of j for 5u(2), k+2 =2

jrs)=i(r-1)—-3(s-1)2,  {1<r<p-1,
1 <s <.

(1.87)

The conformal dimension of the highest weight with isospin j(r, s) is

B, s) = 1T S)Eg(:;) +1 (1.88)

and is negative for some values of r and s, which is a very strong sign of non -
unitarity.

Although non - unitary, the admissible representations share many important
properties with integrable representations. For instance, their characters obey a
generalisation of the Weyl - Kac formula and they have ” nice ” modular properties.
By this we mean that in the case of 5u(2)x, k = £, the admissible characters (and
there is a finite number of them) transform covariantly under the action of the
modular group.

This property percolates to the coset theories

FU(2), x 50(2):

o : 1.89)
SU(2)k+1 (
which are non - unitary Virasoro theories with
— 3k _ 3kt 6
c=in Tl =1 o (1.90)
— ] _Su?_ _q_ 8=p)
p(ptu) pp'

where we used £ +2 = 2 and p' = p + u.

The main object of this thesis has been to derive the modular transformations of
the admissible characters of the ;\l(2|1) super-algebra at fractional level k +1 = £,
peZ* ueN, (p,u) =1 (p,u coprime).

To this effect, we have heavily exploited the si(2); content of si(2[1)x, as well
as sumrules which allow to re-express a sum of products of ;\l(2|1);C characters with

[A](l) characters as a sum of triple products of Q(Q) at levels

k:k+1=2
u (1.91)
K k'—l—lz%,
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and 1.

Here the level k& is shifted by ﬁg and the level &' becomes integer when p = 1.
In that case, we have shown the covariance of admissible sl (2|1} characters under
the action of the modular group using the sumrules. We can confirm the embryonic
work of M. Hayes [37] and the follow up in G. Johnstone’s [38], where the modular
transformations were obtained by a different method.

The si(2[1) algebra is intimately related to the superconformal algebra (SCA)
N = 2. The latter may be obtained from the former by Hamiltonian reduction [39].
At the level of characters, one notes that a subset of admissible Q(Qll)k characters
develop simple poles when the angular variable z = €¢*™* — 1. The residues at these
poles are proportional to the V = 2 SCA characters, at ¢ = 3(1 — 22). When p = 1,
one recognises the unitary minimal N = 2 series, and the nice modular properties
of sl (2|1)x characters are inherited by the corresponding unitary N = 2 characters.
However, when p # 1, the minimal N = 2 characters obtained by residuing are non
- unitary and do not transform as nicely under the modular group as their N =0
counterpart, as we establish in Chapter 2.

There, the modular properties were derived by exploiting branching rules of
Q(Z)k into N = 2 characters, but the results can also be obtained indirectly, by
taking the appropriate residues in the modular transformed sl (2|1), characters which
can be found in Chapter 4.

When p # 1, the ;2(2| 1) admissible characters are no more periodic in the spectral
flow parameter and consequently, one has to face the complication of an infinite
family of admissible characters, which transform covariantly up to extra terms which
vanish when p = 1, but whose presence should receive an elegant interpretation fairly
soon .

In conclusion, this thesis contributes to the study of conformal field theory in
the non - unitary sector. By using a pedestrian method which required however
some specific skills to implement, we were able to challenge our collaborators who
are deriving the same results with much more powerful techniques, providing them

with reliable expressions against which results can be compared and merged [40].
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1.6 Layout of the thesis

The remaining chapters of this thesis split naturally into two parts. The first part
consists of just Chapter 2, and Chapters 3 and 4 form the second part.

In Chapter 2 we give a detailed review of the calculation of modular transforma-
tions of N = 2 characters. The chapter treats both the unitary and non - unitary
minimal cases. In the former case, the character formula has a nice periodicity under
spectral flow, so we can easily write modular transformations for N = 2 characters.
This result agrees with Ravanini and Wakimoto [41] [42]. I have also computed
modular transformations for N = 2 characters in non - unitary case. In that case
we had several difficulties, because the NV = 2 characters under spectral flow are
linear combinations of an infinite number of characters. We could hardly solve this
problem. The results of this chapter are new and have not appeared before in the
literature. The results of this chapter were impotant for us to solve the modular
transformations for sl(2|1) in Chapter 4.

Characters for gl(2|1) at fractional level are presented in Chapter 3. The complete
set was first obtained for general p by A. Semikhatov and A. Taormina.

Chapter 4 deals with nice sumrules one can write for §(2|1) characters. These
have enabled me to calculate their S modular transformation at general level k£ = %

(the T transform is straightforward).

All results in chapters 2 and 4 are new and will be published soon [40].



Chapter 2

The N =2 Superconformal Algebra

2.1 Introduction

Supersymmetric extensions of two-dimensional conformal symmetry play an impor-
tant role in the formulation of superstring theories and in various statistical me-
chanics models. The first example of superconformal symmetry was developed by
Neveu and Schwarz [43], and also Ramond [44] when they constructed fermionic
string models. This ‘world-sheet’ supersymmetry corresponds to the N = 1 super-
conformal algebra (SCA).

A natural generalisation of the above SCA consists in increasing the number N
of supersymmetry generators. The closure of the N-extended conformal algebra
(N > 2) usually requires additional bosonic generators corresponding to the Kac-
Moody symmetries that rotate the supersymmetry generators among themselves.
The N = 2 SCA is the simplest non-minimally extended conformal algebra, hav-
ing an O(2) Kac-Moody subalgebra. Originally, it appeared in the formulation of
the ‘spinning’ string, a fermionic string with extended world-sheet supersymme-
try [45,46]. However, it subsequently found beautiful applications in the study
of space-time supersymmetric compactifications of ten-dimensional superstrings to
four dimensions [47,48]. It is also believed to play a role in some two-dimensional
statistical systems at criticality [49].

In most string applications so far, the unitary representations of the N = 2 SCA

have been used. This explains the huge literature available on this particular class

27
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of representations, the corresponding characters and the construction of modular in-
variant partition functions [50] [51] [52]. Unitary representations occur for discrete

values of the central charge in the series,

c(u,1) =3(1 — %), u=3,4,---, (2.1)

or for continuous values of ¢ in the range ¢ > 3. However, in the context of non-
critical superstrings [53] [54] [55] as well as in two-dimensional critical phenomena,
non-unitary representations of N = 2 come into play. From a more mathematical
point of view, the representation theory in the non-unitary discrete sector has not
been much developed so far. Irreducible representations occur for central charges in

the series,

2p)

c(u,p):3(1——; u=3,4,-- p=2,3,---,u and p coprime, (2.2)

but the corresponding characters do not close under the action of the modular group,
in striking contrast with the unitary case.

The aim of this chapter is to study the behaviour of these N = 2 non-unitary
characters under the action of the modular group and to highlight the differences
with the unitary characters. In section 2, we review the basic structure of the
N =2 SCA. In section 3, we introduce a special class of irreducible highest weight
representations of the N = 2 SCA which are non-unitary and called admissible, and
present their character formulas. Section 4 reviews some fundamental features of
spectral flow and studies periodicity properties of characters. Finally, in section 5,

we study the behaviour of characters under the modular group.

2.2 The N =2 Superconformal Algebra

The full N = 2 SCA is the direct sum of two copies of the algebra we write down
below, and corresponds to the analytic and anti-analytic components of the N =
2 currents. Throughout this thesis, we concentrate on the analytic sector when
discussing representation theory, and losely call ‘N =2 SCA’ the analytic sector of
the full algebra.

The N = 2 SCA is generated by two bosonic currents (the stress energy tensor
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T'(z) of conformal dimension two and the U(1) current J(z) of conformal dimension
one), and two supercharges G*(z) of conformal dimension 3/2. The complex plane
variable z is related to the string coordinates on the cylindrical worldsheet by z =
et with 7 € Rand 0 < o < 2.

The (non regular) operator product expansions defining the N = 2 SCA are [56],

_ c/2 2T (w) = 0T (w)
1e7Tw) = L T,

J(w) N 0J(w) N

T = e
@I = L

TG ) = o S

J(2)GE(w) = :tC:i_(:UH)+-- ,

GH)O(w) = —2¢ 4 MW | 9w) W)

3z—w)P (z-w)? z-w z-w
The above current algebra is invariant under O(2) rotations of the two supercharges

G!' =Gt + G~ and G? = i(G* — G~), namely under the transformations,

G! G*
Y (2.4)
G? G?

where O is a 2 x 2 orthogonal matrix. The SO(2) = U(1) continuous subsymmetry

allows for the boundary conditions,

Gi(e%vrz) — eq:ZinG:t(Z), (2.5)

T(e*™2) = T(z), J(e¥2) = J(2), (2.6)

with # a continuous parameter in the range 0 < # < 1. The above boundary condi-
tions determine the mode expansions of all currents. Let us discuss the supercharges
in some detail. The Laurent expansion of G*(z) is given by,

GE(z) = Z GEy k=32 = Z Gfigﬂﬂz“"*g_?. (2.7)

kE€Z+0-3/2 nez

If # = 0, G* have half-integer modes and the fields are single-valued. This corre-

sponds to the Neveu-Schwarz (NS) sector of the theory, as the fields defined on the
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cylinder are anti-periodic for 0 — o + 27. Indeed, one has,

GE(1 + 10 + 2im) Z Gn+1/2€—(n+2 (rHio+2im) — G (1 + i0). (2.8)
nez

On the other hand, when # = 1/2, G* have integer modes and the fields have
a branch cut. This corresponds to the Ramond sector of the theory as the fields
defined on the cylinder are periodic. All continuous intermediate values of # provide
isomorphic N = 2 algebras. This is clearly seen when expressing the OPE of the
currents (2.3) in terms of (anti)-commutation relations between their modes. To fix
ideas, let us work in the Ramond sector, i.e. let us take § = 1/2. Note that (2.6)

requires,

and therefore, the Ramond N = 2 SCA reads,

[Lma Ln] = (m - n)Lm-Hl + %(m?) - m)6m+n,0a
[Lma Jn] = _nl]m+n:
C
[Jm, Jn] = §m5m+n 05
[Lm’G;h] = (5 _T)Gm+r’
[Jm’ G;-t] = iGT:i—i—rv
_ c 1
[ij Gs ]+ = 2Lr+s + (T - S)JT+S + 5(72 - Z)(SH-S,O‘ (2'10)
The transformation
Up : Ly—Ln + 0J + 2925,1,0, JuJn + gean,o,
Gr—Gl Ly, GG, _,, (2.11)

is an isomorphism of the above algebra and is called spectral flow. It continuously
connects the Ramond algebra (6 = 1/2) to the Neveu-Schwarz algebra (6 = 0).

We will only be concerned here with the infinite family of isomorphic algebras
parametrised by 8, and in particular with the Ramond (R) and Neveu-Schwarz (NS)

algebras. Let us however mention that there exists a twisted N = 2 SCA which is
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obtained by exploiting the Z, symmetry which interchanges G* and G~. The latter

is nothing else than the transformation (2.4) when O is the orthogonal matrix
0= , (2.12)

and therefore allows for opposite boundary conditions for G! and G2.

2.3 Admissible N = 2 representations and their
characters

In order to make contact with the works of Semikhatov and collaborators, we work

in the new basis,

L,=L,+ %(n +1)J,, GEf=G* Tn = Jn, (2.13)

n n:t%’

which yields the following N = 2 commutation relations,

[Emvcn] = (m—n),C,,H_n,

Lom Tal = =t + S + )i,

(T Tl =z,

[£m 6] = (m=7)Gpr,

£ 6] = G,

[T, GF] = G

[65.07) = 2Lt (r = 9)Frws + 507 4 )brsap, (2.14)

with m,r € Z. In this new basis, the spectral flow acts as follows (6 € Z),

C
3
g:Hg:+07 g;’—)g;_g (215)

Up - Lo Lo + 0T, + 2(92 +6)dn0, =T+ =06,0,

We will call the spectral flow parameter ¢ a twist.
We focus in this thesis on a particular class of N = 2 irreducible highest weight

representations called admissible. They exist when the central charge is given by
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(2.2). In order to characterise them, we first define a twisted highest weight vector

|h,c; 8 > as a vector satisfying the annihilation conditions,
gg_!:_mlha C; 0 >= g:9+m|h> C, 0 >= ‘Cm—l-llh’a C; 0 >= jm+1|h/, C; 0 >= O, (216)
with

(Jo + §9)|h,c;9 > = hlhc 8>
(Lo+0J0+ (0" +0))lh,c;0> = 0. (2.17)

A twisted Verma module is a module freely generated from a twisted highest weight
vector |h,c; 6 > by gme, “m—g>J-m and L_,, with m a strictly positive integer.
The admissible N = 2 highest weight representations are the quotients of twisted
highest weight Verma modules over maximal submodules whose highest weights are
singular vectors.

The corresponding characters were obtained in [57] and were also privately dis-

closed to us by [58]. They are labelled by integers r, s, and € such that
1<r<u-1, 1-p<s<p, fecZ. (2.18)

The quantum number h appearing in (2.17) is related to 7, s and 6 by,

h:s—l—(r—1)§+9(1—gu£). (2.19)

The untwisted Ramond characters are formally defined as a trace over untwisted

highest weight irreducible modules as,

X oun(2,0) = Tr(g®z"), (2.20)

ri‘q?u?p

where g and z are two complex variables, ¢ = ™" and z = %™, with 7,v € C and
Im(7) > 0 in order for the character series to be convergent. The twisted Ramond
characters may be obtained from the untwisted ones by spectral flow with integer
twist 6. Note that we twist by —6 (for historical reasons) in the following definition.

Since

TT(q[Co—030+§(92—9)]z[~70—§9]) — Z*ﬁoq%(ej—g)TT(qllo (Zq—9)70)7 (2.21)

we have,

_ _c c€(p2_ — —
XN=2 o(2,q) = 27 8%50 G)X,N)s,_u%p(zq ? q), (2.22)
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where the untwisted N = 2 Ramond characters (2.20) read,

J1,0(z, )
XrNsu2 z,q)= 2" L=y ¢rsu 223)
with
¢ (Z q § :qm up—mu(s—1) —qmpr—— _ qT(S—l)—q_y.n_L . (224)
Ty8,U,p 1 + z—lqmu 1 + z_lqmu—r

mez
We use the theta functions,

m>1
Vi(z,q) = —iz_% S (—1)rragEet D)

nez
= ¢ [ -2 (1 - 2g™)(1 - g™ (2:25)
m>1
and the Dedekind function

o0

n(q) = g7 Y _(—1) g2+ = g H (1-q") (2:26)

n=0
The range (2.18) for the parameters r, s, 0 labelhng the admissible characters

(2.22) results from the following properties. First of all, for @ € Z, one has,

Xaweugo(2,4) =0 (2.27)

and
Xowirsupo(#:0) = X0 o p0(2:0)- (2.28)
When o is even, X2, . 00(2,0) = X[ Dkpupo(2:0) = X h0 4u(2,0). When o

is odd however, the characters satisfy,

X(I;kfl)u-i-rsu,pO( q) = er (2k+1)p,u ,pB(z Q) — Xu+_1'sup,6‘ ku(z’q)
XTAZ 2p, u,p; O—ku(Z’Q)' (229)

Second of all, the function ¢, s, p0(2,9) = Grsup(2¢7%, q) is not periodic in the
spectral flow parameter 6 for p other than one. Indeed, using the explicit expression

(2.24), one can show that, for any integer n > 1, one has ( [57]),

Z?pn pn(r—un)—un(

q 5_1)¢r,s,u,p(2q_"">Q) - ¢r,s,u,p(za Q) -
2pn—1
Z ( 1)a+lza+1 - [19 ( —up+u(s+a)—pr,q2up) . qr(s+a),l9170(q—up+u(s+a)+pr’q2up)]

a=0

(2.30)
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while for any integer n < —1,

Z2pnqpn(r—un)—un(s—l)¢T’s,u,p(zq—un,q) . ¢r,s,u,p(2, q) —
-1
Z (_1)aza+lq—ﬁf—[191’0(q—up+u(s+a)—pr’ q2up) _ qr(s~i~a)191 O(q—up+u(s+a)+pr’ q2up)_

a=2pn

(2.31)

This non quasi-periodicity for p non unity is an obstruction to write the admis-
sible characters in terms of products of theta functions, and is a source of difficulty
when studying the modular properties of these characters as we shall discuss later.

We end up this section with a parenthesis on the special case p = 1, which
corresponds to the well-known unitary minimal N = 2 characters at central charge

c=3(1—2). Weset p=1in (2.22) and write,

2 -
XN=2 o(z,q) = 2730qs0-OXN=2 (2070, )

r,s,u,l

cg g _1 0 Zq -
— 550 6 0)[2(] ]s 1-1(r-1) 10( )¢rsu1( 0

7(q) 40)

(2.32)
with

—mr

mr
— um? —mu(s—1) q _ 4r(s—1) q
¢7‘73,U,1(Zq mEEZ:q [1 4 z—lqmu+0 q 1+ z—lqmu+0 r|” (233)

A remarkable property of the above series is that it can be rewritten as the following
infinite product, for the two allowed values s = 0,1 in the range (2.18). One in fact

has,

Sraun(2a7,9) = =27 brou1(2a7%,q)
- [, (1= g1 — ¢ )1 = ¢7)°
H?Zl(l + zqun—O)(l + Z-1qu(n—1)+6)(1 + Z—lqun—r+0)(1 + zqu(n—1)+r—0)’
(2.34)

as can be checked by a residue analysis (see [59]). This in turn leads to,

X'r,l,ulﬂ(z q) = XrNo w0(7,9), (2.35)

and to the conclusion the parameter s can be chosen to be s = 1 when p = 1. Using

the Jacobi triple product identity

Zs”zt” = H 1—s)(1 + s ) (1 + ts 171 (2.36)
n=1

necz



2.3. Admissible N = 2 representations and their characters 35

and the functions (2.25), we rewrite (2.34) as

7°(g*)91,1(97", ¢%) _ (@)%a(d )
ﬂlo(zq 0 g0 0(27 g%, q%) Y10(2g" %, q*)010(27 ¢, ¢*)
(2.37)

¢r,1,u 1(Zq Q)

To summarize, the unitary N = 2 Ramond characters at central charge ¢ = 3(1— %),

u € N\ {1} are given by,

Xrlulﬂ(z Q) = X’ru()(z Q)
P VI ) N M LRI CRT )
7(q) D10(2g7%, ¢*)010(z7 ¢, q%)
= ey et w@)halehe)
7°(q) V10(zq"%, q*)010(271¢?, ¢%)
(2.38)

Let us discuss the range (2.18) further. It is a well-known fact that there are M
irreducible unitary N = 2 characters at central charge ¢ = 3(1 — 2). A priori, the
range (2.18) when p = 1 allows 6 to be any integer. However the characters (2.38)

satisfy two remarkable properties, namely,

Xruﬂ(z Q) = Xru9+u(z q) (239)
and Xru0+r(z Q) = Xu U 0(2 q) (240)

so that the fundamental range (2.18) is effectively restricted to 1 < 7,6 < u — 1 and
g <r.

Note that we have adopted the conventions of [57]. They differ very slightly from
the conventions in [41] and [42] by a factor 2=¢/¢. One has,

Xy (2,0) = 27°Chyy 3% (2,9), (2.41)

where Chff,’ﬁ;z(z,q) are the Ramond irreducible unitary N = 2 characters as they
appear in [41]. This is easily established once the parameter € is relabelled j and
r — @ is relabelled k, while ¢, ,,,1(2¢7? ¢) is relabelled Fa 2 o(2,9).

We stress once more that the periodicity property (2.39), which is intimately
related to the fact the characters can be written in the form of products of theta
functions and therefore have a standard behaviour under the modular group, does

not survive when p is different from one. The main object of this chapter is to
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study how this non-periodicity for higher values of the parameter p influences the

behaviour of minimal non-unitary N = 2 characters under the modular group.

2.4 Modular transformations of irreducible N =2
minimal characters

A conformal field theory must satisfy several properties if it is to be of use in
string theory. One of them is modular invariance. Let us review how modular
invariance severely constrains the theory of closed bosonic strings. The vacuum-to-
vacuum amplitude for interacting, closed bosonic strings is given by the Polyakov

path integral,

o]

Z = Z (gs)2h—2 /DDX“Dga,ge_S(X’g), a,f=1,2,0=0,..,D—1, (2.42)

genus h=0

where one sums over all two-dimensional surfaces swept by closed strings in inter-
action, organising them by their genus A, and weighting each term by the strength
of the interaction, encoded in an appropriate power of the string coupling constant
gs- The string action is given by,

S(X,g) = —%T/dZG\/—ggaﬂaaX“agXu, (2.43)

and the g, integral is over the intrinsic shapes of two-dimensional surfaces at fixed
genus. The X* integral is over the different ways of embedding a two-dimensional
surface in D-dimensional space-time. The vacuum-to-vacuum contribution of a free
closed string evolving in a higher D-dimensional space corresponds to an infinitely
long cylindrical worldsheet , and therefore, the leading term in (2.42) is a sphere
(genus zero) and it gives a classical tree-level contribution to the amplitude. Any
non-perturbative contributions like instantons for instance are missing from the
Polyakov integral, and would typically be proportional to e V9% or e~V We will
not discuss them here.

The Polyakov integral can be generalised to include external states by introducing
vertex operators. it requires correlation functions to be well-defined on any closed

two-dimensional surface, and different parametrisations of the same two-dimensional
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surface should give the same answer. Surfaces of genus h > 1 have a set of complex
parameters called moduli, whose values are modified by large reparametrisations
(i.e. not continuously connected to the identity) called modular transformations.
These transformations do not change the shape of the surface, and any correlation
function on the surface should therefore be invariant under them. The lowest genus
surface with a modulus is the torus (h = 1) (actually, the torus has exactly one
modulus traditionally called 7, while a surface of genus A > 1 has 3(h — 1) moduli).
The vacuum amplitude on the torus is called the partition function of the theory,
and it describes the one-loop quantum correction of a free closed string. Its modular
invariance is a very strong constraint on the theory.

A two-dimensional torus is constructed by identifying points of the complex z-

plane in the following way,
2=z 4w, z = 2+ wo, (2.44)

with w; and w, the two periods, whose ratio is the modulus, i.e. w,/wy = 7. The
most general basis to describe the above torus is actually (aw; + bws, cw; + dws) with

a,b,c,d € Z and ad — bc = 1, so that the modular transformations of the torus are

ar+b [ a b T

F . —> =
whed T d " . a

, a,bc,d€Z, ad—bc=1.

Since Fuped = F_q,-b—c,—d, the group of modular transformations on the torus is
actually PSL(2,7Z) rather than SL(2,Z), the former being the quotient of the latter
by the discrete subgroup {I, —I}, with I the identity. The group has two generators

conventionally denoted S and T, with matrix representation,

0 -1 1 1
S = and T =

1 0 01

and obeying the relations S? = I = (ST)3.
The partition function on a torus with periods wy (defining a cylinder) and w;

(defining a time period for the time coordinate running along the cylinder) is,

lane _ ¢

Z(q) = Tr(e“’zl’—‘cyl“—’?ic—yll) = Tr(gho™*"™ ~saglt " 3

B

),
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where ¢ = exp(27rz':—;) and we used the fact that under a conformal transformation

from the cylinder (with period w;) to the plane we have

2me c
Lcyl:_ Lplane__ )
! wh ( 0 24)

We recall that this construction gives a very useful relation between the path

integral of a CFT on the torus and a trace over the Hilbert space. First, the

propagation along the cylinder is governed by the Hamiltonian

27 = c
H=—(Lo+ Ly — — 2.4

and rotations around the cylider are implemented by the momentum operator

27 - I
= Ly — Fp— = 46
P CL)l(o Ly 12), (2.46)

where ¢ = ¢é. H and P are generating transformations along the time and space
directions. Conformal invariance tells us that the Hilbert space splits as a sum of
representations of the conformal algebra and affine Kac - Moody algebra. So ac-
cordingly in the presence of conformal symmetry alone, the torus partition function

has the following form,

Z(g) = > Xn(@) Nu i Xi(9), (2.47)

where X, are characters for the irreducible representations of the Virasoro algebra
with highest weight of conformal dimension h.

In the presence of a Kac - Moody symmetry, the partition is given by,
Z(q, pi) = Try(g" 52 silli glo= sy g2mi 2 iy (2.48)

where H} are the zero modes of the Cartan generators.
This trace is also over the full Hilbert space of states of the theory, and may be

decomposed into a trace over irreducible modules. We have

Z(q, pi) = ZXA((],Pi)N,\,uXu(@, pi); (2.49)

AW

where Xy(q, pi) = Trg(gho~zae?™ Zirifls) are characters for the affine algebra §. So

the partition function will be expressible as a bilinear combination of characters.
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In a two-dimensional conformal field theory with bosons and fermions, one must
take into account the number of topologically distinct ways to put a spinor field on
a genus g surface, in other words, the number of spin structures on that surface.
In superspace, a torus can be described as the (z,6) plane ( € here is a Grassmann

variable) modded out by a group of global superconformal transformations,
(2,0) = (z +wi,mb) = (2 + wa, n20), (2.50)

where 7;, 7z = %1 define the four spin structures of the torus. The choice (m,7,) =
(—1,—1) corresponds to the Neveu-Schwarz (NS) sector of the theory, while the
choice (n1,m2) = (1,—1) corresponds to the Ramond (R) sector. Furthermore,
(m,m2) = (=1,1) is the super NS sector and (n1,72) = (1,1) is the super R sec-
tor. The building blocks of the partition function are the characters of irreducible
representations of the infinite dimensional symmetry algebra and they are of NS,
R, super NS and super R types. Under the S transformation, which basically in-
terchanges the two periods w; and w», the Ramond characters transform into super
NS characters, while the NS characters transform into NS characters and the su-
per R transform into super R characters. In order to construct modular invariant
partition functions, it is crucial to know how the characters transform under the
modular group. The behaviour under T is straightforward while the S transform is
usually much more complicated. In the case of unitary minimal N = 2 characters,
this behaviour has been known for a long time because of the relevance of unitary
representations in the description of N = 2 superstrings. We will however rederive
the S transform of the Ramond unitary minimal characters as a warm up exercise
before tackling the much more involved case of non unitary minimal characters,
whose relevance in a physical context has been the object of constant debate over
the last decade. Nevertheless, their study is a mathematical challenge we have taken
up.

In N = 2 superconformal symmetry, recall the characters are functions of the
complex modulus 7 and of a complex angle v, and the modular transformations S

and T act on these variables as,

Sy, 1) = (Z, —l) T, 7)=(v,7+1). (2.51)

T T
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In the previous section, we described irreducible characters in the R sector. To
obtain the NS characters, one allows the spectral flow parameter 6 to be half integer.

Typically, the NS characters are given by,

_c 1 2 LY
Xﬁsu%p,ﬁ:tl(z q) = 2z 3(0:§:2)q6[(9:t ) (0:!: ]X1{Vsu2,p( 2q 9:F2,q)
= ZFEgSTIX N (271, ), (2.52)

where we have used (2.22). We will choose to twist by § — % in the following, as

comparison with [41] and [42] for p = 1 is straightforward in that case. The super-
characters are obtained by inserting the operator (—1)f in the trace (2.20), with F
the fermion number. This is equivalent to evaluate the R and NS characters at the
variable —z or v + % Hence, the R and NS super-characters are respectively given
by,

XN2e(—2,q) and X;";jmgié (-z,q). (2.53)

Consider thus the unitary minimal characters (2.38) where ¢ = €™ and z = %™,

and introduce the function

n(r)*911 (v — p, 7)
’191 0( 7)191’0(1/, ’T)’

C(p,v,7) = (2.54)

so that

[29 T+1]U 2”!.[0(7‘ 0)]7-191 O(V T)
n(r)?

Under S, we expect them to transform as a linear combination of super-NS characters

X (v, 1) = =€ Cv—0r,v+ (r—0)7,ur). (2.55)

of the type,
1
xXN=2, (v + -1—, T) = —ei”[%‘ngu_r]z%”Lw;r q§+29_2;+1+9‘!—u_8)‘ io(v + 1t 7)
ruf—5 2 77(7-)3
1 1 1

xClv=(0-3)7+5

Let us first calculate the S transform of C(v — 8r,v — (6 — 7)7,ur). The theta

v —(0—1r— 5)7‘ + %,ur). (2.56)

functions (2.25) and the Dedekind functions transform as,

V—V

o1 inr 1
1,0(;,——7_—') = (—7,7');6 T ?.910(11—54-5 ’I')
it _vi-y - 1
_ _(_17—)% 34 31”762’””7910(V+z+—;7)7
' 2 2
-1 V2,
1’1(;,7) = _7;(_1'7.) em( 7 +")’l91,1(l/,7'),
1 1
n(—=) = (—ir)zn(r), (2.57)
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and this leads to,
-1, _ & )319,(:,;1)
T V10(—8, = =)010(%, )

—im(v+p)— T —2mi kL T 1 T 1 2.59
2 (u+2+2,v+2+2,f), (2.59)

(2.58)

so that the S transform of C(v — 0r,v + (r — 0)7,ur) is,

v+0 v+ (-r+0) —u

C( ) 7*) =
T T T
Ie—iﬂﬁﬂ“?i“[—iiﬁJfﬁ”@—g"TJfﬁ]C(y+0 T 1 l/+9—’f‘+_7'_+1 Z)
u 2u 2’ u 2u 2w’
(2.60)
and it follows that the S transform of (2.55) is,
rNu__._g(z’ _l) _ ﬁ'e_m.zu(l—uzwo—re%(l_%)u(y_l)ei,rTf(3_%)191,0(1/ + % + %, 7')
A A o U n(T)3
v+6 T 1l v+6-—-r1r T 17
x C —_—t - —— 4+ — 4+ = —). (2.61
( u +2u 2’ u 2u+2’u) ( )

If we want to interpret the right hand side as a combination of N = 2 characters,

the C function should have ur as its third argument instead of Z. Note one can

write ,
u—1 u—-1 .
C(CY, B, Z) — e?iw[ba—aﬂ]+in[a+b]+2’“u—‘”r
a=0 b=0
1
xC’(ua+Ta+u ,uﬁ—¢b+u , UT)
u—1 u—1
_ f(a,b), (2.62)
a=0 b=0
where
u—1 u—-1 u—1 r u—1 u—1
fla,b) = f(a,r—a)+z Z fla,u+7r—a). (2.63)
a=0 b=0 r=1 a=0 r=1 a=r+1

We recall that (2. 64) only is true for the specific function given in (2. 63). Rela-
belling r =+ u —r and ¢ = © — a, we arrive at ,

-1 u-1 u—1 wu u—1r—1

f(a, Zqu—a a—r)+ flu—a,a+u-—r), (2.64)

=0 b=0 r=1 a=r r=1 a=1

e

=3
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and finally,
u—1 u—1 u—1 u
fla ZZf(—a,a—r). (2.65)
a=0 b=0 r=1 a=1

Let us now apply this trick to the function C as it appears in (2.61), and consider

_ 1/+9+ T +1
B U 2u 2
v+60—r T 1
d = — — + = 2.
an J5; " +2u+2 (2.66)
n (2.62). We find,
XN 0 (K _l) = ie‘i"ml-—wie%(l—%)"(”_l)e”TT(?’—%)191’0(1/ + % + %’T)
LAY A u n(r)3
u—-1 u
Y > fl-a,a—1),
r'=1 a=1
(2.67)
where
u—1 u u—-1 u
ZZf( a, a_,r ZZG [la—r")(20+2v+7)+a(26+2v—2r+7)—2a(a—7")7]
r'=1 a=1 r’'=1 a=1
XC(w—(a=S)r+ 20— (a—1' — )7+ 2,ur), (268)
v—(a—- = —v—(a—-7"—-= — )
27’ 5 a—r71 27 2,u7,
since
1 1
C’(qu—’ra—kué|~ ,uﬁ—T(a—r')-i-u; ,UT) =
1, 1 11
C(V—(a—§)7'+§+0+u,1/—(a—r—§)T+§+0—r+u,ur):
Clv=(a-yr 42 v—(a—r =Y+l ur). (269
—(a—=)r+-v—(a—7" — =)+ =, ur). )
2T Ty /T Ty

Now compare with (2.56). Put # = a,7 = ' in that formula to rewrite,

v 1 1 . w2y
Xru0 (_ —_) = —_BZW(I_%)(_T—+U)
T T U
u—1 u 1
Pt +1 in r— a—r —
DI D O A ]
r'=1 a=1

(2.70)
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Finally, we can exploit the isomorphisms (2.39) and (2.40) to express the above
modular transformation property in a form directly comparable with the literature
[41] and [42]. Changing the summation 3 %_" 3°%_, in (2.70) by,

u-1 u—1 u—1 r'—1 u—1

Z; POIED ! (2.71)

r'=1a r’=1 a=0 a=r'

and relabelling 7’ = u—r", a = a'—r"+wu in the second term, one obtains the following

S transformation behaviour for the unitary N = 2 superconformal characters,

ez ¥ Ly 2 im0y

i —_—,—— ) = —8€ u
bl u
u—17"-1 1
iz (20-r—1)(20—1"-1) N=2 2
Zze Xr’ua 2(V+2 T)
r'=1 a=0

(2.72)

The derivation of how non-unitary minimal N = 2 characters (2.22) transform
under S is more involved, and as we stressed before, can be traced to the fact that
these characters are not periodic under the spectral flow (2.30) (2.31). We will
use a result by [57], namely, that the affine s/l(2\) characters can be branched into
N = 2 characters. This is a consequence of the equivalence between categories of
representations of the J(?) and N = 2 algebras [60].

The affine 57(?) algebra is defined by the commutation relations

k

[‘]731’ ‘]7:::] - iJ$+n’ [Jgn ‘]3 = 2m5m+n,0
[ m) n] =2J m+n + km5m+n,07 (273)

and is (in particular) isomorphic under the spectral flow transformations,

’

Tt =

' k
n J;zt;t() ) Jn3 = Jg + '2‘9571,07 (2.74)

where the twist § € Z. Note that under the spectral flow, the Sugawara energy-

momentum tensor transforms as,
k
L =L, +0J}+ 2926"’0' (2.75)

The character of an irreducible highest weight state representation V is formally
given by,
Xy (2,q) = Try(qho=c/*27) (2.76)
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where ¢ = k +2 is the central charge of the associated Virasoro algebra. The variables
z,q are complex, with |g| < 1.

We need to consider here the branching of admissible s/l(?) characters at level
k= % — 2, with % > 0 and u and p coprime. These characters have been thoroughly
studied [61,62]. The untwisted characters are labelled by two integers r and s in the

ranges ] <r <wu—1and 1< s <p, and given by,

1 1
s 9(, U (ZE,Q _eb_,u (25111)
Xrls(u)p( Q) = +oF ) % ’
012(2,9) — 0_12(2,9)

with by = +pr — (s — 1)u and the generalised theta functions given by 0,, ,(z,q) =
> nez gt 3)° 24+ 5) - Note the relation

(2.77)

xI1@ o= —xTO 0 forl<s<p (2.78)

r,s—p,u,p w—r,8,u,p

which will be extensively used in what follows.

Equivalently, in view of the definitions (2.25), one has,

u(s—l)2 up

XF0) (2,0) = 277 OV B B0V
ﬂl,o(zqu(r—u)—(s-—l)u’ unp) o Z—rqr(s—l),ﬁl’o(Zuq—p(r—{-u)—(s—l)u, q2up)

191,1(27 Q)

The branching of admissible s/l(?) into N = 2 characters occurs at a common

(2.79)

central charge value of ¢ = k—+2 =3(1 %”) It is given, in the range 1 <r <wu -1

and 1 —p < s <p, by,

— 2p
X2 (2, 0)0h0(zy,) = S XN, 05, q) y U0 0gEU0, (2.80)
0cZ

where the quantum number j is actually the si(2) isospin,

r—1 s—1u
] 281

and the twisted N = 2 characters have been defined earlier (2.22).

j =

The above sumrule provides us with an integral representation of the N = 2

non-unitary minimal characters. We write, for n € Z,

5 dzz"" JXfls(i,p(Z,q)l%,o(Zyvﬂ =
c

- 220; 9y Pli_gal)2 1 -
ZATNS u2p0(y’Q)y“ (7 0)(]"(1 0+3)% 5 dzz""0 =
0eZ e

XN iy, @)y ¥ U UgR 0= (2.89)




2.4. Modular transformations of irreducible N = 2 minimal characters 45

We shall derive the S transform of untwisted non-unitary minimal N = 2 charac-

ters for simplicity, that is we consider the above integral representation for n = —1.

27T 2z1ru

Setting ¢ = €™, z = and y = e*™ we obtain,

i : TiT . L
)(’TNs uz,p(#" ) e‘%#ﬂje—2u p(]+%)2/ dVe_2mer3ls2u),p( )1910(#4_1/ ,r) (2.83)
0

Under S, these characters behave as,

BZl) ot S / dve 5 X0, Lyg o2 1y, 7L
T T T

rsu,p(,r T 7,5,u,p

— o ¥ upji+BEp(j+} )21/ dve=BEvi X 51 (2 1)191,0(“+V,——1), (2.84)
0

T nSWPA LY T T

where we have changed variable from v to v7 in the second integral. We now use the
well-known modular transformations of generalised theta functions to obtain those
of affine si(2) admissible characters. In particular, the S modular transformation of

the generalised theta functions is [63],

N|"

B o(v/7, —1/7) = (—iT)}(20) }e' 5 3 e T 4w, 1), (2.85)

T€ZL oy

and leads to the following S transform of g(?) admissible characters,

TN 14 _]. ]. 2 7nv
Xfls(%t)p(;’T) ~ 3 upe e

u— p ! ——
y Z Z (& =) (=)= (=)' 1) 4] o I%LXS‘(” (v, 7). (2.86)

s u,p
r'=1s'=1-p

We also use (2.57) to write,

p+v 1 1 Binr o ()’ —(ute) o
,"—):—(—ZT)2€ i elm ~ e?zvr(u+u)

| 1,0(
T T

1
191,0(/1,‘1- v+ 12—‘ + E, 7'). (287)
The expression (2.84) becomes,

N2 =1 1, 1 _
Xioatn(S ) = —5(=0)7 v

4i 2in 1y2 3i _ -
xe_ﬂup]+l_p(]+§) e irr T""‘ —4) 217ru§ : § : m[rs 47 (s—1)—(s—1)(s'—1) % ]Sln

r'=1s'=1-p

T ‘7117 L2, i 1
/ dye™ 7 0H3) g g B QWX:lSQ)up(I/, )0+ v+ g +5,7). (2.88)
0
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Now use the branching relation (2.80) as well as (2.52) to rewrite,

5102) T 1
x50 wT)olp v+ +5,7) =

s’ u,p ) 9 9
i it inT ‘l7|'7' 1
_Z'ZezT(QIH'l)P(J —0+3) o BT p(5' ~0+1)? p2imu(f ~0) ~imps o, — 3T XTIYS'Q pg__(ﬂ+ > ),
=Y/
(2.89)
where
, (=1 (§=1Du
— _ =, 2.90
j 5 2 o (2.90)
Inserting the last relation in (2.88), and completing the squares in the v-integral,
we obtain,
po—1 1 J2up, 1 ea—22yel=s gy lyeg
X =) = (i) rem i e
u—1 4

P (99— —1)(—r—1)+ims’ . prrr’ oy 2 1
XZZZ“( r=1)(=r—1)+irs’ o ” Xr,su,p”(,__(/wr2 7)

r'=1s'=1-p 6€Z
T 2u—71 s-—1
+

()
x L—2p0+p(r f+1)—u(s’ —1)(2upa 2u 2p ) (291)
where the integral L (1,m) is defined as
+(n+m)r 2
L™ (1, ) = / dpe'™ . (2.92)
n+nrt

This integral is defined by analytic continuation from the real axis, as the imaginary

part of 7 is positive. For t € R, and y € R, define the function

y+(ntm)t 2
fmt y) = / dze ™7, (2.93)
y+nt
Continuing off the real axis, we have
L™ (1, 1) = i f{™ (—ir, —in). (2.94)

It is at this stage of the derivation that the complications due to the non-
periodicity of N = 2 non-unitary characters under the spectral flow emerge. Our
first step is to exploit properties of the N = 2 characters which derive from the fact
they can be expressed in terms of generalised Appell functions whose study goes
beyond the scope of this thesis. However, the following properties can be checked

directly from the expressions presented in (2. 23).
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For s — s > 0, one has,

1 . 1
X -+ 5,7) = (=1) 3Xﬁrvsﬁ,p,,o_-(u+2 7)

—ig H-4+1 0 O(N +3 + )eiw(s’—f(r’—ZG))y—%+s’—E(r’—20)X
3
n (Q)
~2(1-0)24(3-0)(s -1 (r'~1))

q
s'—s—1

—a —(-0)a
> v T Ay (7)), (2.95)
a=0

while for s’ — s < 0, one has,
XN =2 1 . 1 SI—SXN 2 1
s ,u,p,,ﬁ—%(y’ + 5 T) - (— ) ) su,p,,G——(u’ + = 9 )

—¥e 4l Di0(p+ 3 + 22 T) iw(s’—g(r’——%))y—%+s'—E(r’—20)x
773(<J)
~2(1-0)*+(5-0)(s'-1-E(r' 1))

+2q 24
q

Z Y TN iap(T), (2.96)

where we have defined the function
Asritup(T) = ﬁl,o(q_us+p(r_u), unp) - qrs,ﬁl,o(q—us—p(r—f-u), QQUP)- (2.97)
Note for future reference that
Astup(T) = Agui1up(7) = 0. (2.98)
The formula (2.91) therefore becomes
LR G EL L RNCE (2.99)

\Ij(l) — 1‘ /22(_1)1 Z773(11_&) m%y%
U T

u—1

ZZ R (99 p —1)(~r—1) prrr’ o N=a 1
X e Sin U —X ,su,p;B—-%(M‘J‘_Q:

r'=16€Z

7)
P 2u—1r s-—1

T
Z —2p9+p(r+1) U(s—l)(2up’ 2u * 2p

), (2.100)
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and
@(1) — l\/@(_z)%elﬂg(@) zwsyb 2q £ _2+1 191 O(AL—{— -+ 2’7—)

o n(q)

X ZZB 22 (201" 1)ry R {r'~20) g~ 2107 - E(4-0)("-1) gy P17
r'=1 6eZ u
. p s'—s5—1

% [ Z Z Z Z o a __0)(5 —l—a)As’—l—a,r’+1,u,P(T)

§'=s+1 a=0 =l-pa=s'—s

() T 2u—r s—1
X L—2p9+p(r '+1)—u(s’ —1)( +

. (2.101
2up’  2u 2p) ( )

Let us first rearrange ©) by combining the summation on s’ and a. Call-

ing @' = a — ¢, we see that the s’ dependence disappears from all factors but
(
L—u2p9+p('r 41)—u(s'—1)° Note that
—s—1 it vt ps e
Z 2 = Z Z and Z Z Y > . (2102
s'=s+la'=-s" a'=-s-1s=-0d '=1-pa'= al=—ss'=1—

Moreover, as a direct consequence of the definition (2.92), one has,

T 2/1, - T S — 1
Z L—2p0+p (r'+1)~u(s' - 1)(2up’ 2u * 2p

s'=-—a’
(u[a’ +1+p)) T 2u—r s-—1
L_2p9+17(r/+1)+u(1_p)(Qup7 2 + 2p ), (2103)
= It T 2p—r s—1.
Z —2p0+p (r'+1)~u(s' _1)(2up’ 2u % ) =
(—ula’ +1—p}]) T 2u—r s—1
L opbap(r 1) +u(e+a’ )(2up, R ), (2.104)

so that the expression for ©()) becomes,

1 T
@(1) = l\/@(_z)%elﬂ'g( 27__ ) 17r3y6+2q 24 242_’_ '191,0(/1/—}- -2- + —2—,7')
3
el 17%(q)

u—1 ) f
% Z Z e—'—"f(?&—r’—l)ry*ﬁ(r’—ZB)q—%(1—0)2—5(%—0)(#—1) sin prrr

o=

r'=1 6cZ ’
21— s—1
L (l +1+P 7 , + —
[ Z_s: 1 —2pf+4p(r’ +1)+u(1- P)(Qup 2u 2p )
(~u[a’+1—p)) 7 2'“'—7‘ 8—1]
Z L_2p0+p (r'+1)+u(2+4a’ )(2up 2u + 2]9 )

a’'=-s

y y—a’—lq—(%‘9)(“'+1)A_af—1,r’+1,u,p(T)' (2.105)
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A simpler expression can be provided, where the sum in the square bracket is re-
placed by a sum running from s+ 1 to s+ 2p. To see this, introduce the relabelling

a" = a’ — 2p in the second sum of the square bracket and use the easily derived

property,
A aro1oapirgtup(T) = ¢ g TITPIN  gaap(r), G EZ S (2106)

for j = 1. This allows to check that the relabelling ¢” = a' — 2p just amounts to a

shift of —u in the sum over # € Z. Finally, since

LSS () = LGV (7, ), (2.107)
we rewrite
(—ula"+1+p]) (u[a” +1+p))
L—2P9+P(T‘ 1+ 1)—u(p—1)+u(a’ +1+p) L—2p9+p(,-l+1)_u(p_1)- (2108)

This enables us to merge the two sums in the square bracket of (2.105) into a sum
Eiffi’;rl. The term a” = p + 1 appears to be missing in (2.105), but this is simply
due to the fact that A, 114,(7) = 0. Our simplest expression for O is therefore,

1 T
o -1, /_2“p(_z-)%eiﬂﬁ("z—:’i)eiw(w%r)y—%q%-%?91’0(“ tt57)
T

U n? ((I)
u-1 s+2p

u[—a"+1+p)) T 2:“‘ -7 s—1
X Z Z ZL2p0+pr+1)+u(1 p)(2up’ 2 + % )Aa”-l,r'+1,u,p(7)
r'=1a"=s+1 6¢Z

!

« 8%2(20+r')rya”—E(20+r’)q-—ﬁ—(%+0)2+(%+0)(a”—1—-gr’) sin prrr (2109)

We now proceed and discuss the term ¥() in (2.99). We rearrange the sum on
0eZas) g, Z;;é where § = un — £ in (2.100) and eliminate the n-dependence

of XN =2 (1 + %, 7) by using the following non-quasi periodicity properties,

r'\s yU,PYuUn— ;B 1

1 1 o 3_u
s N=2 . 3_up
/\T Supun— ﬁ__(u + - 5 ) = Xrlys,u,p;_ﬁ_%(u + 5, T) — e gr

|-

y

2pn—1
) Z e—ing(Zﬂ-}-r’)ys-H—s(2ﬂ+r’)

£=0

Oro(p+35+7
x 3
n(7)

~2(3+8)

q

x q(%+ﬁ)(5+€—%r') A5+€,r'+l,u,p(T) (2'110)

The above formula is valid for n > 1. For n < —1, just replace S 777! by

- Ze.:lgpn. We rewrite U1 ag

o) = ¢ 4 0@, (2.111)
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with

g@ = L 2P imsioe ins g
u T

u—1 u—-1

_imp gt e ) (—r1) . DTTT 1
XDy e e i e X e st 5,7

r'=1 =0 2
u
[ Y 1o g+ 5]
n€Z s'=1—-p
1 . . u—1 u—1 7I'TTI
= Ee”%(“—r’i)emaya e~ W @BHTH(=r-1) smg—u—— N e ps(p+3 5 T)
r'=1 =0
(2.112)
and
1 T u—1 u-1
0@ = 1 JBP iyt oms(en gy g 3 Dol o ¥ 5 T)
) T n (Q) r=1 f=0
© 2pn-l -1 -1 T 2u—-71 s§—1
(u) _ —
2 Z S Y1 Y s w0 G 2w T p )
n=1 ¢=0 n=—00f=2pn s'=1-p p p
X As+£,r/+1,u,p(T)e%E(2ﬁ+rl+1)Tys+e—§(2ﬂ+rl)q_s(%+ﬂ)2q(%+ﬂ)(s+e_grl) sin pm"r’.
U
(2.113)

The above expression for ©(2) can be reorganised in such a way it looks similar
to @M. First set £ = 2pj + a so that 3 777" = P s S22 1 (when n > 1) and

S opn = ZJ 2 5% 1 (whenn < —1) . Then relabel a = a” — 1 — s and use (2.106)
together with the result,

p
() T 2/,1, - T s—1
2 Lotmesrentrsn-sr 0 (g~ T 357
I:1_p

_ ) (7' 2u—1r  s-—1

—2p(un—B)+p(r'+1)+u(l—p) Zup’ o + 2p) (2.114)
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to write,
u—1 u—1
0 — l“@( 7:)1 CHC=) eimoys +%q% _4219 (ut 3T Z
u T n (q) r'=1 B=0
o n-i -1 ! T 2u—71 s—1
(2UP _ _
22 = 2 D) i sain gy 30 gy )
n=1j n=-—oo j=n
s+2p .
X Z Agr 1 rl-{-lu1@(7')€1_1‘:}1(2[[3_ujl+rl+1)Tya”_1—5‘1(2[B_uj]_rl)‘]_1'%(%4—[ﬁ_uﬂ)2
a'’=s5+1
'
Bt G P 1)
u
Replace
oo n—1 o] oo 00 [o¢]
) IESIDIES P 2110
n=1 j=0 7j=0 n=j5+1 =0 n'=n—j=1
and

Z }: — Z Z (2.117)

Also note that,

o0

(2up) T Aor sy
Z L—Zp(un’—ﬁ+"j)+P(T'+1)“”(1‘P)(2'U,p’ 2u + 2P ) B
n'=1

/Z‘E—Z—r+";7,,1+ﬁ(—2p(—ﬂ+uj)+p(r’+1)+U(1—p)) o

2imupp
e - dp=

o0
B T 2u—1 s5-—1
sz(ﬂ—uj)+p(r'+1)—u(1—p>(2up’ 2u 2p

) (2.118)

and

—00

(2up) T 2u—r s—1
Z L«Qp(un’—5+Uj)+P(7'I+1)_u(1_p)(z'up, 2 + 2p )=
n'=0

/ 217ru dp _
o +-’—(~2p(—ﬂ+uj)+p(r'+1)+u(1—-p))

2up

T 2u—7v s-—1

+
L2P(ﬁ““j)+p(rl+1)—u(l—p)(2up7 o T 2 ), (2.119)
where we have defined
+oo 22
Ly (r,m) = iz’/ e . (2.120)
y+nt t=—i7, y=—1ig

We have thus arrived at a rewriting of ©®) whose 8 and j dependence is through

the combination 8 — uj. Since the domains of summation are » 22 02/3 _o and
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Do Z,g —o» we can relabel 8 — uj = 6 and consider the sums Y 5_' and S52

respectively. We therefore write,

1 T
0@ = L [HP stz norzn, -2 3o VolnF 5 +5,7)

T e
wV 7 vt 7°(q)
u-l T 2u—r s-—1
" r::l[g;m L2P0+PT+1 )+u(1-p) E L2p9+z’(f "+ 1)l ”)](Qup’ 2u 2p )
= TP (204! )r, 0" ~B(2047')  —B(148)2
X Z Aau_l,rl_;r_]’u,p('r)e u Y u q v?2
a'’=3+1

!
1 w_q_py . PATT
x g3+ =1=4r) gin :
U

(2.121)

This latest rewriting of ©® allows us to effortlessly add it to ©™) as given in

(2.109). We obtain,

1 T
oW 4 o@ — L [2P s st ntsrin), 2 3o Y0l F 5+ 507)
U T 7(q)
u—1 s+2p u-—1

24— -1
XZ Z [Z L2p0+pT+1 u(a’ —2) Z L2p9+pr+1) u(a”—2)](2T ’ uzu T+S )

U 2
r'=1a"=s+1 f=—00 p p

inp H_p ’ _psl 2
X A g1 (7)e BTy = @0 - G40)

!
x 30 —1=2) g PTVT 9 199)
u

or again, relabelling a” =a+ 1+ 2p and § = 0' + u,

@(1)+@(2):1 2&(_Z-)%emg(l""—;&)em(wgr)y—gqg——f19 (M+ +3.7)
uy 7 nm\q
3
T 2u—71 s-—1
XZ Z [Z Lopor (7 +1)-uta-1) Z Loptrso(r+1)-u(a- 1)](2up’ 2w T )
=la=s—2p #'=

inp ! 4t _r Y4y _P(Llypgn2
% Aa,r’—l—l,u,p(T)e E(20'+r )rya+1 220" +r )q E(3+8")

!

x g3 H=2) iy PTTT 9 193)
u

Going back to (2.99) with () given by (2.111), and using (2.112) and (2.123),

we can write the S-transform of the non-unitary minimal NV = 2 characters at central
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charge ¢ = 3(1 — 2u—p) as,

xN=2 (& ’1) _ 0@ 4o 4 O

TSP\ 0
1 ol prrr! 1
i7r T& £ —imp 2,5+T +1 7‘~1) : N=2
= — Tey® u sin ——X =, T
ue e y € U T’,s,u,p;—ﬂ—%(l'l’ 2’ )
r’'=1 =0

+00 0@ (2.124)

It is very interesting to analyse the unitary case from the above formula to get a
feeling of how the generalisation to higher values of p complicates matters. When

the parameter p is one, the ©() 4 6@ contribution vanishes. We are thus left

with,
n=2 =1
r,s,u%l(;? T) =
1 ) u—1 u—1 1
imS (B ire £
e S iy & Z o= ZEB+r 1) (—r—1) gy 71T X:Y,si,l, 5__(M+2 T) (2.125)
r'=1 =0

for1<r<wu-—1and0<s<1. Inview of (2.35), it is sufficient to consider s = 1

say. In order to make contact with the formula derived earlier (2.72), write

-1 u—1 r'—-1 u—1

g => O+ Z (2.126)

r'=1 p=0

u-—-1

&

r'=1 =

n (2.125) and relabel ' = u — v, 8 = ' — " + u in the second term. After using
the properties (2.39) and (2.40), we exactly obtain the result (2.72).

2.5 Summary

In this chapter we looked at some basic properties of the N = 2 superconformal
algebra. We showed that when the spectral flow is applied to unitary characters, it
generates a finite number of characters.

We also discussed admissible (non - unitary) characters which were not quasi -
periodic under the spectral flow. The N = 2 characters can not be expressed in
tems of # - functions.

We have found expressions for the modular S transformation of N = 2 character
at ¢ = 3(1 — Qu—”) This has allowed us to calculate all modular transformations for

the cases p=1 and p # 1.




Chapter 3

The affine superalgebra :S’\Z(Z | 1,C)

3.1 Introduction

As mentioned in the introduction, the affine superalgebra sl (2 ] 1;C) is relevant in
a variety of physical contexts, and the ultimate purpose of this chapter is to present
character formulas which encode the content of a particular class of highest weight
irreducible representations which emerge when the level of Q(? | 1; C) is of the form
k =2 —1 with p,u two coprime positive integers. The irreducible highest weight
representations of affine (super)algebras-at level £ = 2 — hY where A" is the dual
Coxeter number are called admissible [64] and [65]. We will not derive the character
formulas here, but introduce the necessary background to provide a good feeling of
their mathematical meaning.

In section 2, we give a brief description of the root and weight lattices of the
sAl(2 | 1;C) algebra and identify a variety of automorphisms of this algebra. These
are relevant when studying the structure of modules, as in general, applying algebra
automorphisms to modules gives non-isomorphic modules. Furthermore, the auto-
morphisms play an important role in the analysis of Verma module singular vectors
and their embedding structure. They are therefore relevant in the construction of
character formulas.

Most of this chapter is based on published works, except for the character for-

o4
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mulas in section 3, which are written here for the first time for admissible represen-

tations at level £ = 2 — 1 with p different from one.

3.2 The affine superalgebra si(2 | 1;C)

The affine superalgebra ;l(2 | 1;C) is generated by eight currents of conformal
dimension one. The currents J*(z), J3(z) and U(z) are bosonic and generate the
even affine subalgebra g(?) X u/(T) while the remaining currents are fermionic and
are labelled j*(2), j* (2). If we assume the eight currents satisfy periodic boundary
conditions of the type,

J(€¥"z) = J(z) (3.1)

so that their Laurent expansion is given by,

J(z) =Y Tz, (3.2)

nez

their non vanishing (anti)commutation relations are,

[JE J7] = 203+ kmbmane,  [J3,JE] = +JE,,,

[J£,07F]) = Limn £ 57 = Fi'mn

[275,5%) = +imins 273,55 = timins
[2Unm, 3] = +i'mins 2Um,iE) = Fimins

3,3 = Embping, Ui Un) = —Embming, (3.3)
i)y = Unin = Join — MkSming ,

Ui dn)e = Ungn + 2 + mkbiming

U'mrinly = Jmsns U'minl, = Join-

The zero-mode generators close among themselves to form the basic, classical sim-
ple complex superalgebra si/(2/1) in the classification of Kac. Its Cartan subalgebra
is generated by JZ and Uj, and the two-dimensional root diagram may be repre-
sented in Minkowski space with the fermionic roots along the light-cone directions,
as illustrated in Fig.3.1.

The step operators corresponding to the roots a;,a; and (a; + ap) are 5, 5+

and J7* respectively. A particularity of superalgebras is that there exist several
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Figure 3.1: The sf(2|1) root diagram.

choices of simple roots which are not related by a Weyl transformation. The simple
roots are a useful subset of roots because all positive (resp. negative) roots can be
written as linear combinations of these simple roots with positive (resp. negative)
coefficients. Each independent set of simple roots contains as many roots as the rank
of the algebra (in our case, the rank is two since the maximal number of commuting
generators is two). In [37], the simple roots were taken to be the fermionic roots a;

and ay, with the scalar products,

[l V)

(3.4)

Il
R
[\l )
Il
o

(a1, 00) =1, «

These roots are therefore isotropic (zero norm) and the notion of fundamental weight
as introduced in the context of affine Lie algebras does not have a straightforward
generalisation. We will come back later in this section on a description of the affine
root and weight systems, as these are important when discussing highest weight
states and singular vectors within Verma modules, and therefore when describing
the characters of irreducible representations of the affine Lie superalgebra.

Here we choose as simple roots the bosonic root «; and the fermionic root a, —a.

They are related to the previous set by,
dl = a7 + Qo, dz - d], = —2a2. (35)

The eigenvalue k of the central element k& which appears in the commutation
relations (3.3) is the level of the algebra. A priori, it can be any complex number,

but we will mainly discuss here a particular class of levels of the form,

k==-1, with p, u coprime and p,u € N. (3.6)
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Note that the Sugawara energy-momentum tensor is given by,

1

Toug(2) = k41

[J3J3 —UU +J* I+ - j+j—] (2), (3.7)

and its Laurent modes generate a Virasoro algebra with zero central charge. This
very particular value of central charge is related to the fact that si(2 | 1;C) has
an equal number of even and odd generators. Indeed, in the context of affine su-
peralgebras, the central charge associated to the Sugawara tensor is given by the

formula,
o k sdim G
T k+hv

with sdim giving the superdimension of the algebra G, that is the difference between

(3.8)

the numbers of even (bosonic) and odd (fermionic) generators. It is quite remarkable
that the central charge vanishes irrespectively of the value of the level.

The affine ;l(2 | 1;C) algebra possesses several automorphisms. We have not
studied them all in details, but we would like to list those we are aware of. One
of them is the spectral flow and will become relevant when we discuss the modular

transformations of ;l(2 | 1;C) characters in Chapter 4. The first automorphism is

given by,

I 2w dm i Jme T

Q: Jm © s 7 i I I,
U, —» U, I3 —J2, (3.9)
The 8 automorphism is,
A R A e A T
N e O TR

U, = U, I J (3.10)

The transformation,
Up: G = Ghig dm e Un > Un = B80my,

!

Jm P meer dm ™ Gmes (3.11)
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is an automorphism of 51(2 | 1;C) whenever § € Z. If 0 € Z + %, the transformation
U, is a mapping into an isomorphic algebra. We call Uy a spectral flow . Note
that 21 maps integer moded fermionic (odd) generators into half-integer moded
ones, and we continue to refer to the sector of the algebra with half-integer moded
fermionic generators as being the ‘Neveu-Schwarz’ sector. However, it should be
noted that because all currents in sl(2 | 1;C) have conformal dimension one, the
Neveu-Schwarz currents have a branch cut while the Ramond fields are single valued,
in contrast with the situation described in the previous chapter for N = 2.

Another type of automorphisms acts as,

Y ey e -4 + 4 3 3
An . ]m = jm-}—rp Jm — ]m-{—na Jm = ']m+2n7 Jm — Jm - k’r]ém,O
t

Jm 2 e Im P e dm Iy Un = Un

(3.12)

The composition U 1o A 1 is an automorphism, and we also have the following

properties,

?=1, =1, (af) =1,
oldy = Upee  (BUy)* = 1. (3.13)

We end up this section by introducing the quantum numbers associated with
a generic state |A) of a sI(2 | 1;C) module, and by presenting the condition for a
singular vector to exist in a Verma module with highest weight state |A).

Given an affine Lie superalgebra, it is always possible to construct a Sugawara
energy- momentum tensor whose modes obey the commutation relations of a Vi-
rasoro algebra. The resulting algebraic structure is a semi-direct product of the
affine superalgebra and the Virasoro algebra, and the associated Cartan subalgebra
is spanned by the Cartan algebra of the affine superalgebra and a derivative opera-
tor d associated to the zero mode of the Sugawara energy- momentum tensor. The
commutation relations of this operator d with all the generators X, of si(2 | 1;C)

(except the central element k) are of the form,

[d, Xa] = nX. (3.14)
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In the case of 37(2 | 1;C), the Cartan algebra is spanned by the set {J3, Uy, k, d}
where d is the zero mode of (3.7). We introduce di, diy, Ao, d as the dual to these

Cartan elements in accordance to,

(@, 3y =1, {dy, Up) = 1, (Xo, k) = 1, (6,d) = 1. (3.15)
Their scalar products are defined to be,

(A0, 20) =0,  (Aho,a1) =0, (Ao, d2) =0,  (Ag,0) =1,
(ay,a) =2, (a3,dp) =0, (a,0) =0,
(s, da) = -2, (s, 6) =0, (6,6) =0.
(3.16)

We choose to express a generic weight A as a linear combination of these dual
elements,

A= h._dl -+ h+d2 + kl)\() + A(h_, h+, k)(s, (317)

and interpret the coefficients as the isospin (h_), hypercharge (h,)and conformal
weight (A) of the weight A. k is the level at which we consider sl (2| 1;C).
Note that the weight lattice P of the affine superalgebra ;l(2 | 1; C) may therefore

be described as,

P=2Z)®Z\®Z\ & 76, (3.18)
where
A :)\0+%, /\2=/\0+%. (3.19)

The simple roots are taken to be,
an, iy — @, and Qo = Qi — ) + 0. (3.20)
The real non-isotropic positive roots are
a; + (s — 1), —a + S0, (3.21)
while the isotropic ones are,

dg—d1+(8—1)(5, dl—d2+85,

CL71 + dg + (S — 1)6, —dl - dQ + 56, (322)
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where s € N. We also define the affine Weyl vector p as follows,
p = /\0 + )\1 - /\2 (323)
and therefore,
(p,0) =1, (p,a;) =1, i=0,1,2. (3.24)

This enables us to introduce R,, which is a shifted reflection with respect to a real
root «. If A is a highest weight, the condition for a singular vector to exist in the

Verma module is,

2
R,A=A— Ma =A-ra, (3.25)
(o, )
where 7 € N. This condition is equivalent to
(A+p,a)=reN (3.26)

for the non-isotropic roots (3.21). Therefore, for this subset of positive real roots,
one finds, using the notations (3.17), that the isospin h_ of the highest weight state
must take one of the following values in order for a singular vector to exist, i.e. in

order to get a zero of the Kac-Wakimoto determinant,

—1 -1
h_:T2 —32 (k+1) for @ +(s—1)5 rseN,  (3.27)
or
1
h_=—T+ +%(k+1) for — ay + 86, r,s € N. (3.28)

For the isotropic roots (3.22) the reflection R, does not exist, but one can use
the condition

(A+p,a) =0 (3.29)

instead. This produces relations between the isospin and the hypercharge of the

highest weight A, which must be satisfied if a singular vector has to exist,
1 1
h_+hy = 5(3— 1)(k + 1), h_+h; = *is(chrl) (3.30)

or

h_—h+:—%(s—1)(k+1), ho—h, = %s(k+1). (3.31)
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In conclusion, a sl (2 | 1; C) highest weight at level k is characterised by its isospin

h_, hypercharge h; and conformal weight A. We write |A) = |h_, hy, k) with
Uolh, b, k) = b fh, By, ), Tlho b k) =h b b k) (3.32)

and

Lolh_, by k) = Ap_pyglhe, by, k), (3.33)

where the conformal weight A, ,, r can be read off the expression (3.7) for the

Sugawara energy-momentum tensor. It is given by,

h2 _ h2
A - - 3.34
h_,hy )k k +1 ( 3 )
The annihilation conditions for the highest weight state are, [66]
FElh hy, kY =0,  GHh_ hy, kY =0,  JT|h_,hy, k) =0. (3.35)

3.3 Twisted highest weight states and character

formulas

The existence of an automorphism group leads to a freedom in choosing the type of
annihilation conditions imposed on highest weight states of Verma modules.

A twisted Verma module Vj,_ ., k¢ (With integer twist 6) over the level k = 2 —1
sl(2 | 1,C) algebra is freely generated by jgl_o_l, Jo-1> j;;, Jecer JE 0 o
U¢_1, and J2—1 from the twisted highest weight state |h_, hy, k; 8 > satisfying the

annihilation conditions
jf;,lh_, hy k8 >=0, j;|h_, hy, k;0>=0, Jr|hoyhy k0 >=0. (3.36)

The particular case when # = 0 corresponds to the untwisted highest weight state
conditions discussed in the previous section (3.35). The twisted highest weight
conditions (3.36) are mapped into one another by the spectral flow (3.11). The

action of the latter on {J3

s Um, Lin } 1s given by,
Uy T2 = T2 =T3, Up = U = Uy, — k060,

Lm — L, = L+ 20Uy — k665, (3.37)
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and therefore, in view of (3.32) one has,

JE|\ o hy ks 0) = h_|h_ hy ks 0),  Uplh_, by, k;0) = (hy — kB)|h_, hy, k;0)

(3.38)
and
Lé)lh—ah’+ak;9> = Ah_,h+,k,9|h—7h+7k;0> (339)
where the conformal weight of this twisted highest weight state is,
B h2 )
Ah_,h+,k,0 = k—-i—l + 20h+ — kO-. (340)

Note the following spectral flow action on the highest weight state and the Verma

module,

u«‘)’lh—a by, k; 0) = |h—, hy k; 0+ 0,>’
U Vi hokio = Vho hy koo (3.41)

The character of an untwisted Verma module of highest weight |h_,hy, k) is

formally defined as a trace over the module V,_ 5, &,

Xh iy (2:€,9) = Try,_,. ,(g273¢™), (3.42)

where ¢, z and ( are three complex variables, ¢ = €™, z = €*™ and ( = e%"?,
with 7,v,p € C and Im(r) > 0 for convergence purposes. Note that the trace
apparently does not include a Casimir factor ¢~ , but the Virasoro central charge
¢ for sl(2 | 1;C) is actually zero, as argued previously (3.8). The twisted characters

are obtained from the untwisted ones by spectral flow. Since

TT\/(qL62J8 CU(’)) _ T?"V(qL°+20U°—k02ZJgCU°_k0) — C_koq_k92TTv( Lo, J3 (CqQO)Uo)

(3.43)
the character of a twisted Verma module is given by,
X;l/_,h+,lc;9(z’€7Q) C_ ko _,szh h+k(z Cq ,CI) (3.44)
where the untwisted Verma module character is given by [27],
-4 910(23¢3, )0 0(23¢ 77, q)
1% Z, , — Zh— h-+ k+l+ 10 ? 3 345
Xh_,h+,k( C q) C q 7.91,1(2,(])77((])3 ( )
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where the theta functions have been introduced earlier (2.25).

One of the themes of this thesis is the study of the modular properties of charac-
ters corresponding to a particular class of irreducible representations of gl(2 | 1;C)
at level k = 2 — 1, with p,u coprime. These irreducible characters may be found by
constructing resolutions, but this in turn requires analyzing Verma module singular
vectors and embeddings, taking advantage of the 51(2 | 1;C) automorphisms we
discovered earlier. It is beyond the scope of this thesis to explain in details the steps
which lead from the character of twisted highest weight state Verma modules of the
type (3.44) to character formulas for the irreducible, admissible representations of
interest to us. These steps are presented in great details in [66], and we now provide
the character formulas which can be derived from that publication. They are the
most important formulas of the present chapter and are the starting point of the
next chapter, when we discuss their modular properties. They were provided to us
by A. Semikhatov and A. Taormina and will be the object of intense study in a
forthcoming publication based on the results in this thesis [40].

For specific values of the quantum numbers h_ and h, (3.27, 3.28,3.30,3.31), the
untwisted Verma module V},_ 5. , contains singular vectors which are responsible for
the reducibility of the Verma module. Indeed, each singular vector may be viewed as
the highest weight state of a module of zero norm states which should be eliminated
from the Verma module in order to obtain an irreducible representation. We consider

the si(2 | 1;C) algebra at level k = B —1 and the class of representations with

h_ = — — 1—-p<r < 1 <s< .
) 5 5 p<r<p, <s<u, (3.46)
and

p

u

The character formula (3.45) acquires a ‘corrective’ factor ¥, 5, (2, ¢, ¢) which takes
into account the modding out by submodules with a singular vector as highest weight

state. Explicitly, the untwisted ;7(2 | 1;C) admissible characters are given by,

s1(2]1;0) _ rsl_sslp rol_stlp . _gp
Xr,s(,ul,p (Z,g,Q)-Z 2 2 uC 2 Z ug ”

y 91,0(Z%<%, Q)HI,O(Z%C—%a q)
91,1(2;(1)77((])3

Qpr,s,u,p(za Cv Q)a (348)
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with

d)r,s,u,p(zy Ca Q) =
qmp(s—l)z—mp

m2up—mu(r—1) (s—1){(r—1) J1—r
q —4q z
Z‘; (1 + 27T agmut 1 + z2( "z gmu-s

q—mp(s'—l)zmp

). (3.49)
The integer-twisted characters are labelled by integers 7, s, 8 such that
1-p<r<p, 1<s<u, 0eZ. (3.50)
They are given by,
X3 (2,¢,0) = Mg XA (2, o, g), (3.51)

i.e.

sl(2]1;0) _ rptosgle rol skl P_gR (941)(r—1-E(s+0
rsupd (z,ch)_z 3 T u( 2 2 u uq( X (s+6))

 D0(zC5, ) Ph0(23( 7, q)
291’1(2,(]) ( )

The fundamental range (3.50) is consistent with the following properties enjoyed by

Vrsup(2,¢a%,q). (3.52)

the characters. First of all, when n € Z,

s1(2(1;C s1(2|1;C sl(2|1;C
X;n(p!t‘r,s),u,p;a(zi C’ q) = X:,.gﬂli,p;ﬂ)—nu( C q) f‘s |2mz ,U,D; G(Z’ C’ Q)’ (353)
and
1(2)1;0) l (2]1;C) .
Xs_(2n+1)p+r,s7u,p, ( C Q) :s-}—u u,p; 0+nu(zv Ca Q) -

s1(2]1;0)
r,s+(2n+1)u,u,p;d 2, Ca Q) = Xi—(p,s,u,p;0+nu(z) Ca q) (354)

Second of all, exactly as in the case of N = 2, the function vy, ,.0(2,¢,q) =
Uy s.up(2, ¢q%, q) is not periodic in the spectral flow parameter 6 for p other than one,
and this behaviour is at the root of complications in the derivation of the modular
transformations of the 37(2 | 1;C) characters. For instance, in the case where the

twist @ is zero, one has, for n < —1,

nu n k73 2 —u\r—
Un s up(2, CGP™, q) = (PP AN —ur=Dly, - (2,C, @)+

—2pn—1
1 _1 _up ; —
Z (—1)[< ZZ2: 2eq .‘fz fupn+1) Ar~1—£+p,5+u,u,p(2 I,Q) (355)
£=0
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where we have defined
Ar,s,u,p(z7Q) _ ﬁl,o(qu_p(s~1)+ru, q2up) _ q(s—l)rz—rﬁl,o(zpq—P(s—l)—ru’ q2up)_ (356)

We see that the second term spoils the quasi-periodicity of the function ¥, 5 4 »(2, ¢, )
under the shift { — (¢®™* when p is different from one. It vanishes when p = 1,
restoring the quasi-periodicity in that case, and rendering the discussion of modular
properties much simpler.

It is worthwhile remarking that the beta automorphism (3.10) acts on any module

M as,
sM _ M -
XT,S,U,P(Z7 C’ Q) - Xr,s,u,p(zv g 1a Q)a (357)

and therefore, we have
s1(2(1;C - sI2|1;
Xr,s(,ul,p;ﬂ) (Z’ C 1’ Q) = _Xl—(r,li,f,)p;ﬂ—s——l (Z, C’ q) (358)

We have mainly discussed so far one sector of the theory (we shall call it the
‘Ramond’ sector by tradition), but modular transformations mix the Ramond sector
with other sectors which we now discuss briefly.

Instead of considering integer twists 6, let us consider twists of the form 6+ %, RS

Z, and write, in accordance with (3.51),

PG ) (5,(,q) = (HOEDGROED? Y IQNO) () ro2041 oy

r,s,u,p;H:t% 7,8,U,p

- ) 559

The above characters belong to a new sector called the ‘Neveu-Schwarz’ sector. Two
more sectors are relevant in the discussion of modular properties. The corresponding

characters are usually called supercharacters and are given by,

XHeLO (z,—-(,q) and xeno (z,—C,q)- (3.60)

7,8,u,p;0 r,s,u,p;H:l:%

The formula (3.52) for an infinite family of twisted admissible sl(2 | 1;C) char-
acters is the most important expression in this chapter. It generalises character
formulas which were derived previously when the level of the affine Lie superalgebra

was of the form k = 1 — 1 (the case we refer to as the p = 1 case).
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It is instructive to set p = 1 in (3.52) and see how the characters compare with
those available in the literature [66] [29].

When p = 1, the label r takes the values r = 0 and r = 1 according to the range
(3.50). Let us first consider the characters (3.52) for r = 1. It was shown in [66] that
these characters can be written in an infinite product form (using a residue analysis

for the single poles in ¥4 5,1(%, ¢, q)), namely,

1(2]1;,C _s=1  _ s+l _1
X0 (5 ¢ q) = 27 (T H LRI Bz ¢ g)
77((]")3191,1(Zq_s+1>(1")

ﬁl,O(Z%C%q0+l; qu)ﬂl,()(z%c_%q_o—sa qu) ,

X
(3.61)

with L L
Y10(22¢2, q)0h0(22¢ "2, q)
Y1,1(2, ¢)1(q)®

The above expression is extremely convenient to prove the periodicity of admissible

F(z,(,q) = (3.62)

sAl(Q | 1;C) characters when the twist € is shifted by an integer amount of u. One

has indeed (see appendix A),

si(2]1;,C _ —kn2u? v 8i(2]1;C 1(2)1;C
XN (2, ) = (gt X0 (4 cgi ) = XD (2,¢,0), (3.63)
since

ﬂl,O(Z%C%q0+l+nu; qu) _ z—%C—%q—n(0+1+%(n+1))191’0(z%C%q0+1’ (]u),

D10(22¢"2g 7077 q¥) = ZE¢TEgTMOTSHEOD)y, (3¢ 727070 g), (3.64)

and
F(z,0¢"™,q) = ("™ F(2,¢, ). (3.65)
The product formula (3.61) is also useful to relate the characters labelled by
r = 1 to the characters labelled by » = 0. The first equality in (3.54) for n = 0 and

p=11r=1 gives,

XD e ) = X0 ¢ 0) (3.66)

But
XE 02,6 @) = = X7 (2.0, (3.67)
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as can be easily checked using (3.61). This relation is a manifestation of the fact
that the beta automorphism (3.10) acts trivially when p = 1. So we conclude that

when p is one, all independent characters are labelled by » = 1 and,
1<s<u, and 0<f6<u-1. (3.68)

This gives a finite number of irreducible characters, namely u? characters, which are
in one-to-one correspondence with those introduced in [66] (67]. There, ju(u+ 1) of

them formed the class IV and Ju(u — 1) of them formed the class V. One has,

sl(2|1;C R,IV
X0 G = XY (569 forl<s<u, u-s<O<u—1

= Xf’_‘;_l_o,a(z,c,q) forl1<s<u-1,0<0<u—s-1.

The most direct check of the above correspondence is to rewrite (3.61) as two equiv-
alent expressions, using properties of theta functions of the type described in (3.64).

The first one is,

XPD (2,¢,q) = o B (R RO g

1,8,u,l;8
n(q")* V1,1 (2q~°*?, ¢¥)

X 11 o papy P
V1,0(22¢2gT17%, )0, p(22( " 2qu 05, ¢%)

)

(3.69)

which is precisely the product formula obtained in ( [29,66]) for class IV characters.

The second rewriting of (3.61) is,

X0 (2,0,q) = =7 T g HOOr B (¢, g)

1,8,u,1;0
1(g*)* 911 (2g* 1, %)
’191,0(2%&(]0“, qu)ﬁl,o(zéc—%qu_o_sy q) ’

X

(3.70)

which is the product formula for class V.

So we have presented new formulas for admissible characters of the affine Lie
superalgebra sAl(Z | 1,C) at fractional level £ = 2 — 1 with p, u coprime and positive
integers, when the quantum numbers of the highest weight state obey the relations
(3.46,3.47). These character formulas generalise character formulas obtained previ-

ously in the particular case of fractional level k£ = % — 1, and we have emphasized
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in which ways the generalised formulas are much harder to handle mathematically.
The essence of the difficulty is that it is impossible to express them as an infinite
product (unlike the case p = 1) of modular functions, and as a consequence, they
have a non-quasi-periodic behaviour which complicates the derivation of modular

transformations as we will discover in the next chapter.

3.4 Summary

In this chapter we have described the sl (2 | 1;C) affine algebra. Several properties
have been obtained which will be useful in later chapters.
We have discussed different automorphisms between algebras, the most impor-

tant is the spectral flow which is very helpful in the next chapter.




Chapter 4

Modular behaviour of admissible

sl(2 | 1;C) characters

4.1 Introduction

In this chapter, we present sumrules involving admissible .§l(2) as well as the admissi-
ble ;l(Z | 1;C) characters introduced earlier. The structure underlying the sumrules
is extremely interesting as a natural generalisation of the situation encountered in
two-dimensional matter plus gravity systems. It involves the extension of the sum
§l(2)k1 &) §1(2)k2 of two affine §l(2) algebras atdual levels k; and ko, i.e. at levels
related through i3 + =45 = 1. The extended algebraic structure is the affine
superalgebra D(2|1; kp),, which can be decomposed in si(2 | 1) & U(1) or in three
sl(2) algebras at levels k;, k; and 1. The sumrules we use here are character iden-

tities which encode the link between two subalgebra decompositions of D(2|1; ks),

we just mentioned. Schematically we have,
U2 Vg, ®@U(1) = sl(2)x1 D 5L(2)k2 ® L)1 (4.1)

The number of bosonic and fermionic generators in g\l(Z | 1;C) is the same, so we are
faced with a vanishing central charge for ;\l(2 | 1;C), while the U/(1) factor, which
describes a free scalar theory, contributes one to the central charge. On the right

hand side, the sum of central charges is also one thanks to the duality of the levels

69
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k, and k. Indeed, since the duality implies k; = —ﬁ, the central charge is,
3k, 3ky
= + 1=1. 4.2
Ttz maez (42)

Sumrules of the same type have been discussed in [66], but only when the level
ki is fractional of the form k; = £ —1 with u € N\ {1}. In that case, the duality of
levels implies that k; = u — 1, i.e. k9 is an integer so that the sumrules involve, on
the right hand side, products of three sl(2) characters with two of them at integer
level. Here, we consider the more general situation where k; = 2 — 1, with p,u
coprime. Our aim is to exploit the si(2) content of the sumrules to obtain the
modular behaviour of admissible si(2 | 1;C) characters for a general value of the
parameter p.

In section 2, we show how the various highest weight modules of the different
subalgebras organise themselves in the sumrules. We then present in section 3
explicit sumrules in the Ramond sector, which we spectral flow to obtain Neveu-
Schwarz sumrules. We have chosen to derive the modular transformations in the
Neveu-Schwarz sector in this thesis.

In section 4, we consider the integral form for the sumrules as it will be useful in
the calculation of the modular transformations of gl(2 | 1;C) admissible characters,
which will be presented in section 5. The appendix gives some explicit checks of the
general sumrules in the special case p = 1, u = 2, and also provides some technical

results relevant for the study of modular transformations.

4.2 Notations and conventions for the sumrules

We consider a class of s[(2 | 1; C) representations that can be arrived at as follows.
The vertex - operator extension of sl(2) @ sl(2)x where the two s/(2) algebras have
dual fractional levels, i.e. levels of the form k = 2 —1 and ¥' = ;—j — 1 with p,u
coprime, provides the affine superalgebra D(2|1; k'), with affine subalgebra 51(2 | 1)k
For every ;1(2 | 1, C) representation L, this vertex - operator extension leads to a
decomposition of the sum over the spectral flow orbit of L into a sum of terms

MM @MY where M is an §l(2)k representation, M’ is an §l(2)k/ representation,

and M(®) is a representation of the level one sl(2) algebra [66] .
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More precisely, according to [40], one may write pu sumrules parametrized by

1<s <p and 1<s<u. (4.3)
They are,
s'—s—1
@ A4n+u—l_gs_~_l P_1 ® MI n—s we'—1 u ® Ms!n+u—1! =
2 u 2 ’u _T—ET,;—]. ] ,1

n=s'—s+l1—-p—u

@ Lh_ ko @ Auzgzi_wacr o (4.4)
9eZ F

where

€(2n) =0 and €¢@2n+1)=1 neZ. (4.5)

The modules A; are Fock modules and the level ¥ = 2 —1 ,;2(2 | 1;C) untwisted

highest weight quantum numbers of isospin and hypercharge are given by,

p—s ps—1
h_ = - =
2 u 2
p—s ps+1
h - = . 4.

On the left hand side, start by relabelling n = r + s’ — s — p — u so that we obtain,

ptu—1

1
P Meot priscip 1 @ My ros piwias oy ® Megiispronsy |, (4.7)
u u 2 2 ?
r=1

u
2 P 2 ’p

where the isospin of the s/(2)x highest weight states are given by,

—1 -1
Jj = . _ptus when K=k=2_1
2 U 2 U
—r—1 r—1
joo pru-rol pHus when K=k=2%_1
2 p 2 p
1 !
M = «(r + +§+8+8) when K =1. (4.8)

We recall here (see chapter 2) that there are P(U — 1) irreducible admissible rep-

resentations of the affine algebra §l(2) at level K = % — 2. The corresponding

characters are given by,

sl JU+Y Py 2
X5 o(@,q) = ¢ w7 H0 U\ o p(z,q) (4.9)
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where

Arsu,p(T,q) =
(aVqFR-U)=(S=10U (2UPY _ 4=RyRS=1)g, ((5Ug=P(RIU)=(S-DU g

'491,1(13;(1) ’
(4.10)

2UP)

V1,0
:EJ H}

with 1 < R<U—-1and 1< S < P. The isospin of the highest weight state is,

R-1 S5-1U

T== 2 P

(4.11)

The sumrules involve affine §l(2) characters at three different levels. When K =
B —1, we use the character formula (4.9) with U = p +u, P = u, when K = % -1,
we use the character formula (4.9) with U = p+ u, P = p and when K = 1, we use
U = 3,P = 1. The dependence in the angular variable z in (4.10) is different in
the three si(2) types of characters. We will write the sumrules explicitly in the next

section, with the exact dependence in the angular variables.

4.3 Ramond and Neveu-Schwarz sumrules for
sl(2 ] 1;C)

In this section we shall present the character sumrules in the Ramond sector, when
the level of the ;l(2 | 1; C) affine superalgebra is fractional of the form k = 21, with
p,u coprime. The original work of this kind is from [66], but it only relates to the
special case p = 1. As we already stressed, the mathematics is much less complicated
in that special case because the character functions are periodic in the spectral flow,
leaving us to deal with a finite number of characters transforming among themselves
under the modular group. In the general case, the sumrules are still elegant and we
show in the appendix how to recover the sumrules in a particularly simple special
case where p = 1 and u = 2 (see appendix C).

We also give here the sumrules in the Neveu-Schwarz sector, by spectral flowing
from the Ramond sector according to the prescription given in (3.59). This form

of the sumrules is slightly more easy to deal with when studying their modular be-
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haviour. Indeed, -Neveu-Schwa,rz characters transform in Neveu-Schwarz characters
under S.
Now let us write down the sumrules in the Ramond sector [40]. We have,
ptu—1

sl(2) sl(2)p k+1 s1(2) ~ky=l g) =
Z XT S,P':U u )Xp+u—kr,s’,p+u,p(< Y, q)Xf+e(zl)+1+s+s’+r),1,3,1 (C ) -

A(s,s’,@)qﬁAz(s,s’ﬂ)

XS[(QI]. C ,C, q y ) 4.12)
;EZZ p+1—s',8,u,p;8 ( ) 7’]((]) (
where
_ 1 —_ ! _
A(s, s,y =4 t=s_us—1 4 (4.13)

2 p 2
and where 1 <s<u,1<s' <p,andk+1=2 kK +1= %. The above expression

provides pu sumrules. However, the fundamental range for sl (2 | 1;C) characters at
level £ = 2 — 1 should include 2p values for the label s', not just p (see (3.50)). It
is sufficient to extend the range of s' to 1 < s’ < 2p and to recall (see (2.78)) that

si(2y, k si(2),
Xp+u—)ir,s'+p,p+u,p(g +1ya q) = Xp+u—kr,s’-—p,p+u,p(ck+1 ) Xr s’ ,p+u,p(<k+1y7 Q)'
(4.14)
We obtain the Neveu-Schwarz sector by flowing
(—(¢q and y — yg~ &+ (4.15)

in the sumrules (4.12). Note that this implies we obtain the Neveu-Schwarz ;l(2 | 1)
characters by a different flow to the one used in previous literature, and in particular
in Michael Hayes thesis, where the Neveu-Schwarz sector was obtained by flowing
in the z variable, namely z — z7¢7'.

So the Neveu-Schwarz sumrules are given by,

pt+u—1
s1(2) S1(2) k -51(2) k-1 N
Z Xr,s,pflc-u,u(Z? Q) X;+u—kr,s’,p+u,p(c +1y7 q) ‘X; (e(}l7+1+s+s '4+1),1,3, 1(C 1 )

r=1
-1/22 le|1 (2,¢ )y
+1— U, 0+1 77q
bz T n(g)

A(s,s',8) q % [A2(s,5",0)—A(s,5',0))]

(4.16)

The above formula is easily established once the following remarks are made.
First of all, the only characters on the left hand side of (4.12) which are affected by
the flow (4.15) are the s[(2); characters. They are given by (see appendix B),

06,1 (C—ky_la Q)

sl(2 —k, —
Xl-ﬁe,)lﬁ,l(c ky 17 Q) = n(q)

(4.17)
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where the level one theta function is,

Ber(CTFy ™ q) =) gt TRy (), (4.18)
nez

Under the flow (4.15) they give,
0,1 (C*y 1 0,0) = CBy2q 014ea (MY q), (4.19)
so that the affine sl(2); characters transform as,
Xfig()p+1+s+s'+r),1,3,1(C_ky_l%Q) = C%y%q_%X§¥32p+1+s+s'+r),1,3,1(C_kyﬂl’ q). (4.20)

Second of all, the right hand side of the sumrules (4.12) involves the spectral-
flowed si(2 | 1;C) characters,

s2)1;,C E ok oosi(2|1;C
X o5 Ca, ) = G XD (2,6,9). (4.21)

We are now in a position to discuss the modular behaviour of these sl(2 | 1;C)

characters.

4.4 Modular Transformations of the Neveu-Schwarz
Q(Q | 1;C) characters

We first extract an integral representation of the Neveu-Schwarz si(2 | 1;C) char-
acters from the sumrules (4.16) which will be suitable for our study of modular

properties. We recall our notations for the various variables entering the sumrules,
_ Wt __  2imp _  2imp _2ir
g=€""", z=¢e"", ( = y =", (4.22)

with Im7 > 0 and v, u,p € C.
Multiply left and right of (4.16) by y 1= Al =041 for any integer n, then inte-

grate over a closed contour C' around y = 0, recalling that,

7{ dy y™ = 2im6m41,0- (4.23)
c




4.4. Modular Transformations of the Neveu-Schwarz
sl(2 | 1;C) characters 75

One obtains,

- 1
X;:Eil—l;(':,)s,u,p;n—{»é (V, 1, 7_) — q—ﬁ[A(s,s n+1)2=A(s,s ,n+1)+%]n(7_) / dpe—2z7rp[A(s,3 n+1)-1]
2 0

ptu—1 R R
Z U2) 1(2) e 1(2)
X:s p—?—u u )X;+u_kr,s’,p+u,p((k+1)ﬂ+p> T)X;_e(;+1+s+sl+,,.))1,3,]_ (—'k,u_pa T)a

(4.24)

where £ = 2 — 1.

The above formula provides a way to derive the modular behaviour of si(2 | 1;C)
characters using the well-known modular transformations of sl/(2) characters. In the
case where p = 1, the modular transformations of ;Z(Z | 1;C) characters have
been calculated in [38], where a decomposition into sl(2); characters was used, with
the branching coefficients being string functions. Examples for p = 1,4 = 2 and
p=1,u4 = 3 were given in [37].

Under the two transformations S and T generating the modular group, the ar-

guments (v, p, 7) of the sl(2 | 1;C) transform as,

v 1
S(v, ) = (=, g,—;) T(v, 1, 7) = (v, p, 7 +1). (4.25)

First consider the modular transformation 7. Using the characters and super
characters given in the previous chapter, it is quite plain to see that shifting 7 — 7+1

gives the following results,

XR(r+1u,p) - 2" XR(r,0,p)
SXMr+1L,v,p) = T SXE(,v,p)
X¥S(r+1,0,p) — e XR(ru p)
SXVS(r+1,v,p) — O SXR(ry, p). (4.26)
where AF is defined by
h% — h?
R= = % 1 20h, — k6?, (4.27)

k+1
and the conformal weight for NS sector are given by

1
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Now let us discuss the S transform. Unlike in the special case p = 1, there is
no branching relations of .;l(Q | 1;C) characters into s[(2) characters of the type
introduced in [66] (with the branching coefficients being parafermionic characters).
We therefore S-transform (4.24), i.e. replace 7 - —1/7, v —» v/7 and pu — u/7,
and change the integration variable p to p/7. This leads to,

S(2[150) (Z M —1)_
Xp+1—s’,s,u,p;n+-§- o

—1 i ’ ' ]. T i !
n(_)e%g[/&(s,s n+1)2—A(s,s' n+1)+5] 2 / dpe“gTﬂ[A(s’s n+1)—1/2)
T T Jo
+u—1
pZ K 5l(2) 1)X§1(2) ((k +Du+p —_1)
TS,IH-UU T ptu—r,s’ ptu,p T 'y
sU(2) —kp—p -1
Xz—e(p+1+s+s'+r),1,3,1(T,T)-} (4.29)

We must now use the S transform of sl(2) characters. Recall from Chapter 2

(2.86) that the s/(2) characters at level K = ¥ — 2 transform under S as,

P
_]. 1 2 ﬂ'll/
Xsl(2) v I / = ( —1)
TSUP(T T ) UPe

U-1
e P
XE : 2 : eur[rs—l)-H‘ (s=1)—(s-1)(s'-1)¥% ]sm ZT XSl(z,)UP(l/,T). (430)
r'=1s§'=1-P

Note that in view of (4.30), the above S transformation formula is a rewriting of the

more standard relation,

/l(?) 17 —1 2 7riu2 ____
:,s,U,P(;’ T) = ﬁe T 1)
v-1 p Prrr!
< Z Z enr[r(s —1)+r'(s—1)=(s—1)(s’ 1) ] sin ——— 7 X:I(SQ')UP(V 7') (431)
r’'=1s'=1

Here, we apply (4.31) for the sl(2) at levels corresponding to (U, P) = (p+u,u), (p+
u,p) and (3,1).
We therefore rewrite (4.29) as

T

s1(2]1,0) (V I —1) — (—’i) 2\/5 77(7)62:_"5[’4(5’5/’""”1)—%]2

pHl=s'supintiir’ 7 7 (p + u)\/3upr

x/ dpe~2i—:ﬂ[,4(s,s’,n+1)—%]e——i"(é;f)uze——zi’r(;;,:p (Butol? oS 152 u—p)? o(v, 1, p,7), (4.32)
0
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with

o (v, p,7) Z Z u pi_lii

r=1 r=1 s§"=1 r"""=1 =1 piv=]

eiw[r(s”—1)+r”(s—1)—(3—1)(3”—l)%‘-+(p+u—r)(s”’—1)+(s’—1)r”'—(s’—l)(s”’—l) %]

. murt” | ap(p+u—r)r" | 72 —€e(p+1+s+8 +r)r?
X sin sin sin

p+u p+u 3

1(2 s1(2 p (2 vTp
X Xj,,( S) p+u’u(V, T)Xj”(’,;”’,p—*-u,p(;'u' + o, T)X‘:-"E’,i,?),l(

p—p,7) (4.33)

After some lengthy calculations described in the appendix D, we can rewrite the

above as, (from now on, we consider p + u even, which implies p and u are

odd since they are coprime),

O'(I/, 1, p, 7_) — \fl_ zu: Z in(ss’’+s's ”—(3——l)(s”—1)5—(s’~1)(s’”—-1)%]

3” 1 slll 1

y st(zu C)

1
p+1- —s', Il’u,p;0+% (Va )u’) T)y

A(s" " )__ ElA(s",s" )_512, (434)
bez

The S transform of the Neveu-Schwarz characters takes the form,

=

w1
(911 v -1 —1)% o (u=p) -v?) 2in 112
aeng v p ol (O et e piagmen-)
ptl=s'supntstr’ 77 7 v 2upT

u 2p R
i7r[ss’"+s’3”—(s—1)(s"—1)5—(s’—l)(s”’—l)-‘i] sl(2|1;0)
X Z Z Z € r Xp+l_slll’sll)u’p;0+% (V7 /J‘) T)

s"=13s"=1 0€Z

y qﬁ[A(s”’sm’g)—%]z/ dp E_W[A(s,s’,n+l)—2]eg: p? 2z7rp[A(s” ".0)-1 ] (435)
0

In the remaining part of this chapter, we attempt to rewrite the above modular

transformation in a more suggestive way.

First set § = um + 3, for =0, ...,u — 1 and m € Z, noting that,

A(s", 8" um+ B) = A(s", 8" + 2pm, B)
and
»51(2]1;C) s21,0)
\P+1 s st u ,p;um+/3+% (V7 /J” T) - p+l—-s”’—2pm,s”,u,p;ﬁ+% (V7 /‘1‘7 T) (436)

according to the definition (4.13) and the properties (3.53). Then, relabel s'+2pm =
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m' for m' € Z, and write,

sl(2]1;,0)
|

1
—_ _2Y9 _ 2_.2 .
E 1) _ ( ’[,)2 eiﬂ,(u p)(u®—v?)  2im B[A(s,s',n+1)—%]2
p+1"‘5’,5,u,p;ﬂ+ T ?

—_ 2ur e T u
T V2upT
u—

ks —~
im[sm/+8's" —(s—1)(s" —1) E—(s'~1)(m' 1) 2] ysl(2]|1;C)
X Z E Ze [ ( ¢ p]XP+1_mI S”up'ﬂ-*—l(y,“”r)
S’I=1 mleZ ﬂ:() ? YUty 2

14

7_7

1

)wﬂmawmﬁv/(mgﬁ?wme%Q%fﬁMWﬂwm%L(4&)
0

Our next task is to reexpress the p—integral in terms of the function L defined

in (2.92). After some elementary manipulations, we obtain,

_1_ po e—@[A(s,s’,n—i—l)-—%]e;’;:pzeQin[A(s”,m’,,B)—%] —

2p Jo

_BTBA(s o 1) =  —r(A(s" ! B)— D)2 1 (1) T s§+2n+4-u § -1
e TE[A(s,s' n+1)— L —7(A(s",m’ ,8)-3)] L—up(2ﬁ+2+s”)—u(m’—1—p)( + )

2pu’ 2u 2p
(4.38)

Relabelling s’ = p+1—7r and m' = p+ 1 —m, the S transform of the ;l(2 | 1;,C)

characters becomes,

—

0of=

sl(2)1;0) (g b =
T,s,u,p;n+% 7” ’r,

S 2_pei,,<u_—p>2<5j_-v22
T uT

u u—1
x Z Z Z ein(r—m)GQiW[(ﬂ-f-%)(s+2n+4)+(n+%)(s”—l)]%

s'"=1me€Z =0

~351(2]1;C) (w) T s+2n+4 r
m,s" )u’p;ﬂ+% (V7 l‘l‘) T)L_p(2ﬁ+2+sll)+um( 2pu7 2u - 2—p) (439)
sl(2[1;0)

We now rewrite X (v, p,7) for any integer value m in terms of

m,s" ,u,p;B+3
sl(2)1,0)

s +3(1/, i, 7) in an effort to eliminate the m-dependence in the sAl(Q | 1,C)
»y$H i, pi;n 3

characters. Although it is a rather non-trivial exercise, one may check the following

relations using the explicit expressions for twisted gl(2 | 1, C) characters (3.52) when



4.4. Modular Transformations of the Neveu-Schwarz

sl(2]1;C) characters 79
_ 1
0=p8+3,
si(2|1;C - si(2|1;,C
X g W) = ()X IO (v, )
R R O e AT 1 G AT )L VLA S it ) OSSR
- VA q Z 2 2 u
V1,1(2, ¢)n3(q)
—(B+3+ 502 g BT THBHD(r-1~(s"-1)])
r—m—1 _1\a _1, —(ﬁ+§)a _
x{ Youo (—D1)%(¢2) 2% A 1ma,s up(V, T), for r—m >0,
;=1r_m(_1)1+a(cz)‘%aq_(ﬂ+%)aAr—l—a,s”,u,p(Va T)a for r—m< 0,

(4.40)

where we have defined the function,

Ar,s,u,p(V7 T) — ﬁlyo(zpq—p(s—-l+u)+ur,q2up) _ qr(s—l)z—r,ﬁl,o(zpq—p(s—1+u)~ur, q2up)
(4.41)

and note the following property for future reference,
Ar_opjsup(v,T) = z”jq_””j2q‘pj(s‘l)Jr“jrA,,s,u,p(u, T), j €. (4.42)

Remark: as an intermediate step in obtaining the above, one may check that,

wr,s,u,p(yy .U’,T) ( 1)T m(chz) (r= m)d}m s,u,p(V H, T )

n ST (—1)3(C2) T2 F A gV, T), for r—m>0,
gzlr—m(—l)H'a(Cz)—%aq_G_aEAr—l—a,s,u,p(V, T), for r—m <0,
(4.43)

using the expression (3.49). Inserting (4.40) in (4.39), we obtain,

sl 2|1;C v op -1
G (G ) =B+ E), (4.44)
where
Al /2D (- p)(u? (w=p)(p?-v?) T
E(1) = —(—19)2 P 2in[(B+3)(s+2n+4)+(n+3 ) -1))&
1=ty 2e >3

s'"=1 =0

sU(2|1;0) (u)
Xr,s”,u,p;ﬂ-f—% (V’ s T) { Z L—P(2ﬁ+2+5")+“m( 2
mezZ

T s+2n+4 r
)

4.45
pu’ 2u 2p (4.45)
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and

1,1 1 L1 1
B(2) = (—i)}y) Pomteib= oy Dol R % V(=22 )
ur (2, 0)1*(g)

u r—1 r-m-1 oo -1 u—1
x DD D =3 D Y (Fyrer e el
s'"=1 m=—oc0 a=0 m=r+1a=r-m f=0
% Zr—g a_ s 2—1 ECT 1— a_(ﬂ+ +s —I)Eq (ﬂ+%)2E+(/3+%)(7'—1—a_(3”—1)s)
(u) T s$+2n+4 T
Ar—l—a,s”,u,p(ya T)L_p(2ﬁ+2+3")+um(2pua 2 - %) (446)
It is easy to see, from the definition (2.92), that
T s+2n+4 r 1 T
E L—p(2ﬂ+2+s")+um(2pu Y - Q_p) =12 Sup’ (4.47)

mez
so that E(1) is given by,

_ 1 )2 =v?) - 2in(B+2)(s+2n+4)+(n+3)(s" —1)] 2 3-sl(2|L;0)
E(1)=-= 2ur Z ﬂz e Xr,s”,u,p;ﬁ—{»%(y’ W, T).
H 1 0

(4.48)
The treatment of E(2) is more involved. First we flip the sign of m, then relabel

m =m' —r and a = @’ — 1. This implies in particular,

r—1 r—m-—1 o) -1 a' —1
(S Y-Y L EY- Z Soh (49)
m=-o0 a=0 m=r+1a=r—m a'=1m'=a a'=-com'=—o00
We also use (2.120) to rewrite, (n = <244 =)
S (u) T - T
Z L—P (28+2+s")— u(m’—r)(2p_ua77) = L*P(2ﬂ+2+s”)+u(r+1~—a’)(ma77)
m!=a’
a’ -1 r ,
(w) _ +
Z L_p (2B42+s"Y—u(m )(2’7,77) = L—p(25+2+s”)+u(r+l—a’)(%7T])’ (450)
m=—oc
and therefore,
1 /2D . ep®-r?) 321910(2_%6%(]_%)(])1910(z%€%q_% q)
E(2) = (_7')5 o T q ol ,3 )
ur Dh,1(2, @) (q)
u -1
+ T
Z Z{ Z L p(28+4+2+s"}+u(r+1—a’ Z L—p(2ﬂ+2+s” Jtu(r+l—a )}(%a 77)
: ﬁ: a':—oo lll 1

(_1)a 62i7r[(/3+§2-)(s+2n+4)+(n+%)(s”—l)]% Z’—”{—"i—SHT_IECT_T“,—(B-F%%-i‘“T"I-)E

X

% q—(ﬂ+%)2{f+(ﬂ+%)(r—a’—(S”—I)E)Ar_a,,sn)u,p(y, 7). (4.51)
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Now split ¢’ modulo 2pj, o' = 2pj — a”, and use (4.42),

1 2p mw 1_542191’0( %C%q— Q)ﬂlo(z%C%q_%,q)

! A (2 )7 (0)

v u-—12p—1

-
x Z Z Z{ Z L—p(2ﬁ+2u1+2+s")+u(r+1+a") Z L—p(2ﬂ+2u1+2+s")+u(r+1+a“)}(—’

2pu

s'=1p=00a"=0 j=-—00

x (—1)° 'em[(ﬂ+uj+5)(s+2n+4)+(n+5)(3”—1)]{%ZL‘—IJ’L—S—%‘ECD%Z—(Muﬁ%V";I)E
< q—(5+uj+%)2‘E+(5+uj+%)(r+a”_(5”_l)%)Ar+a// s u p(l/ T). (452)

Relabelling 3 + uj = j' + u, we may write,

B@) = (=)} @eiw%ﬂf—”z)q_i_%ﬁﬁl,o(z_%cé q72,9)910(22C2¢77,q)
ur 11(2, @)n*(q)
u 2p-1 -1 T
% Z 2{ Z L (27" +2+5")+u(r+1+a" —2p) ZL—p(2y "+2+5")tu(r+1+a" - 2p)}(2p7u’77)
§”"=1a’"=0 ]

& ” . "_
% (_1)a ' o2im[(3'+ ) (s+2n+4)+(n+ $) (s ~1)] 2 T= La” _ {‘Ec'“‘;‘ —('+utd+1)e

u

x q«(j'+u+%)2§+(j’+u+%)(7'+a”_(s”_l)E)Ar+a//’s// u P(V T). (453)

4.5 Summary

In this chapter we have considered sumrules for the Ramond and Neveu - Schwarz
sectors of ,;2(2|1; C). at level k = E —1. The approach used to examine this problem
is that of studying the decomposition of sl(2|1)x, in sl(2)x, characters. This gives
rise to sumrules involving triple products of characters sl (2), .;1(2)  and ;l(?)l with
(k+1)(K'+1)=1.

The expressions for the sumrules in the case p # 1 are vastly more complicated
than for the case of p = 1, which was studied in [66]. We have been able to determine
consistent modular transformation for £ = 2 —1 and found these to agree with the

modular transformations found in the (p = 1) case [37] [38].

n)



Chapter 5

Conclusions

In any physical context where two - dimensional conformal field theory or any ex-
tension thereof is relevant, a good understanding of the representation theory of the
underlying infinite - dimensional algebra is valuable.

In string theory so far, unitary representations have been extensively studied
and used, especially those corresponding to rational theories. In these theories, the
physical states organize themselves in a finite number of unitary irreducible high-
est weight state representations, whose corresponding characters are building blocks
of the partition functions. The modular invariance of the latter is central for the
consistency of those theories, and therefore, it is essential to study the behaviour of
characters under the modular group. A lot is known about this behaviour as long
as one deals with rational theories, like the minimal unitary representations of con-
formal and superconformal theories or the integrable Kac - Moody representations
in the context of the WZNW models. So far, it is mainly in these contexts that the
physical interpretation in manageable . However, there are important applications,
in non - critical string theory and also in condensed matter physics, where non -
unitary representations are needed.

The motivation of this thesis was originally in string theory, where gauged G/G
WZNW models provide a method to tackle the study of strings coupled to 2d gravity
or supergravity. In this area, affine Kac - Moody algebras or superalgebras G at
fractional level play an important rdle, and it soon became desirable to deepen our

knowledge of their representation theory and corresponding characters.
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Our work, which is quite mathematical in nature, is a study of the behaviour
under modular transformations of the minimal non - unitary N = 2 superconformal
characters as well as of the fractional level non - unitary admissible characters of
the affine superalgebra si(2|1).

Our approach has been pedestrian and very concrete. It has the merit of provid-
ing reliable checks of more sophisticated techniques which were developed simulta-
neously by Taormina, Semikhatov and Tipunin, and which involve the use of Appell
functions [68].

Although we have concentrated our efforts on two specific algebras here, we
believe there is a general pattern which will emerge and which might even provide a
new insight in the study of strings compactified on a K3 manifold where the N = 4
superconformal algebra is crucial.

Here follows a summary of our results. In Chapter 2, we started by studying
the N = 2 superconformal algebra at central charge ¢ = 3(1 — 2), (p,u) =1 ,u €
N, p € Z*. We used the general character formula of [60] and applied a spectral flow
with integer parameter # to it, generating an infinite family of so - called “ Ramond
sector ”characters.

In the case where p = 1, the above characters are quasi - periodic in the spectral
flow and can be written as products of theta functions. We show the link between
these characters and the unitary minimal N = 2 characters previously given in the
literature . Although their modular transformations have been known for a long
time [41] [42], we rederived them to emphasize how much more easily they can be
obtained than in the case of general p. In the latter case, we used a remarkable
branching rule between affine ;l(?) and N = 2 characters due to [60]. The analysis
requires quite a bit of work but we managed to obtain a formula for the S transform
which splits in two terms. The second term vanishes when p is set to one while
the first term yields the S transform of the N = 2 unitary minimal characters. The
interpretation of the second term when p # 1 is still under intense investigation at
presert.

In Chapter 3, we introduce the ;l(2|1) affine superalgebra. By making use of

data provided by Taormina and Semikhatov, we explicitly established a dictionary




Chapter 5. Conclusions 84

between their notations and the conventions used in previous literature in the partic-
ular case where the level of ;l(2|1) is k+1 = 2 with p = 1. Although the characters
may be written as products of generalized theta functions when p = 1, they loose
this property in general, exactly for the same reason as the N = 2 non - unitary
minimal characters do : they are non quasi - periodic in the spectral flow.

Chapter 4 is the truly original part of this thesis. Its objective is to derive the
modular transformations of ;2(2[1) admissible characters at fractional level k+1 = £,
p# 1

We used a generalization to p # 1 of the sumrules presented in [66] and which
involve, besides the sl (2]1) characters, a sum of triple products of gl(2) characters
at levels k, &', and 1 with (kK +1)(¥' +1) = 1.

The sumrules provide an integral representation of .;\1(2|1) « characters which we
explicit in order to achieve our goal. As for N = 2, the S modular transformation
here can be separated into two terms, one of which vanishes at p = 1. It is extremely
satisfactory to be able to check that the first term is in agreement with [38] when p
is set to one. Here again, the structure of the second term has not been completely
decoded and will only be clear once the derivation via Appell functions is available

to us.




Appendix A

Behaviour of F and Theta function

Under Shift

In this appendix we show the behaviour of the F and Theta functions under spectral
flow (in Chapter 3). This will be useful for deriving a relationship between the
general character and class V' and class IV character. As we said in chapter 3, we

shall calculate F® and 6; 10, ¢ under following shift:
¢ — (q®, z — z2q” ", (A.0.1)

For this purpose first of all we consider F'(g, z,() as follows,

[I37 (1 + 25CE™) (L4 273 CHqm ) (1 + 256 q)

F(q,2,() = A.0.2
(@2¢) (14 27 2g"1)(1 — 2¢")(1 — ¢")2(1 — z-1g™1) ( )
By using the above shift, we have
F(q,zq_"",an") — H(l + Z%C%qn)(l + z—%c—%qn—l)(l _l__Z%C—%qn—au)
n=1
(1 + z—%c%qn—l-kau) (A 0 3)

(1 + Z—lqn—1+au)(1 _ an—au)(l _ qn)2’

and

F(g, 27", ¢q™) = [JQ+22¢q")

n=1
2T ) (L 2503 (L4 22 ¢2g" )

(1=¢")?(1 = 2¢")(1 - 27'¢"")
22 ) (12770 (- 2. (1 - 27 )
(14 273¢3)..(1+ z75¢Tgeu"1) (L4 21)..(1+ 2lgmv)

(A.0.4)
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So finally, we will arrive at

ou u

F(q,2q7*,(q™) = 2% ("% (-1)*F(q, 2, ). (A.0.5)

In here we want to calculate the theta function under the above shift,

01.1(q", 2gMHMIF2many ﬁ(l — Tl qunm =M M=2dauy(q o qunt MM/ +2-0u) (] ),
- (A.0.6)
So
91,1((1", ZqM+M'+2—au) — ﬁ(l _ z—lqu(n—l)—M—M’—2)(1 _ zqun+M+M’+2)(1 —q"
=1
el
(A.0.7)
Finally we have ;
011 (q", 2qM M +2meu) = (__1)azaqa(1V!+M’+2)q—%a(a—l)el’l(qu’ 2gMAM+2),
(A.0.8)
For 6, 9, we can write as
Oro(g", 222 qM 1) 0(g", 27 EgM MmN = 0, (", 23 (3 gM )
x ﬁ(l + Z—%C%qu(n—l—i-a)—M—l)(l + Z%C—%qu(n—a)+1\/1+l)(1 —q"),
- (A.0.9)

1,1 ap 1,1 _ w 1,1 ap
91,0(qu722C29M +1)91,0((1u722C 2QM+1 o) ‘—‘91,0((1 ,22C211M +1)

o0
% H(l 4+ ziz—lcéqu(n—l)—M—l)(l + Z%C—%qun+M+l)(1 N qn)

n=
(1_*_Z%C—%qu(l—a)-%-M—H)m(l_l_zéc—%qM-H)
27 3Chg M) (1 + 273 ( g~ M Hua—u)
a,_a _au(, w 1.1 / 1.1
= 23¢7 MmO, o (¥, 277 )010(g", 272 ¢2¢M T (A0.10)



Appendix B

Theta function and Level one

Character

———

The s1(2) characters at level k¥ = 1 can be expressed in terms of theta functions [66],

~ Oaprrss15 1020, 417)
si(2) —k -1\ _ Ye(p+i+s+s'+r),1 q, Yy q
X1+e(p+1+s+s'+r),1,3,1(q7C Yy g = 7(9) :

(B.0.1)

For theta function we can write as,

’ t
) _ Z q(n+e!p+l+;+s +r))2( (n+e(p+l+;+s +l))

Oc(pt1+s+s'+r),1(Q, (FyTlg ¢Fyh

neZ

So we can write

. e(pti+ts+s’ +r)
2

! 7
e(p+l+s+s’+r)+5(p+l+;+s +r)C_k€(p+1+zs+s +r)

96(p+1+s+s’+r),1(Q7C_kyhlq) = q Y

N Z qn2+ne(p+1+s+s'+7‘)+n(C—ky—l)"‘ (B.0.2)
nez

The above expression restricts us to write the following equation;

1 3E(p+l+s+sl+r) —k s(p+1+s+s’+7') _ e(p+1+s+s’+r)
4 2 2

96(p+1+5+3’+r),1(‘];<_ky— (I) = q

x q—§(1+e(p+1+s+s’+r))? (C_ky_l) —(A4e(p+14s+s'+7))

’ ’
% Z q(n+ 1+e P+1;—s+s +r[)’2( )(n+ l+6(p+l-26—s+s +r!)2.

¢y
ncz

(B.0.3)
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Finally we will arrive at

_k _1 1k _k —
06(p+1+s+s’+r),1(q’c ky 1Q) =4 4y24205(p+1+s+s’+r),1(%C ky 1)' (B04)

By using the relation between theta function and level one character we can write

sl(2) —k,—1.y _ =L 1ok si(2) —k, -1
X repritststn i GCY a) =4 4y2C2X;+€(p+1+s+s'+r),1,3,1(q’C y )

(B.0.5)




Appendix C

Link Between General Character

And [66]

We only tested of p = 1, u = 2 [66], [37] with our formula. Now, we would like to

compare this general formula with :sumrules given in [66], w_hef,e.' p=1._

Let us first look at Bf(r,0,v, p). The check is a bit involved in general and we

will only test the theory p =1, w = 2. In that paper , the sumrule with A =0 is as

follows,
v

2+p)

v 12 L2
BE = 6,,(r, 9 p)X.?f,é,l),l(T’ J)X:&S,f,’z),l('r’

v 1(2 12 v .
+00,4(7, 5 = P) X552, (1,0) X504 (7, 5 + ).

2

And in terms of class V and IV, we have
Al =0, (7, —p)Xé?(’)IV(T, g, p) + G a(T, —p)X(f()V(T, o, V)

By using the following formulas,

1 v sl(2) 14
—0 ——p)=X , = —
2(q) 11(7, 9 P) 3,1,2,1(7 5 p)

1 v

— 9 z = X3 (7, v_
(@) 0.1(7, 5 p) 3,1,1,1(7 5 p)

and

X(f(’)lv(T, o,v) = X?,(()Q,/—g;f(ﬂ o, V)

X(f,zév(T, o,v) = X;l’(ozy/_lé);f(ﬁ o,V)

89

(C.0.1)

(C.0.2)

(C.0.3)

(C.0.4)
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So finally the sumrule A = 0 in [66] can be re - written as:

(2 12 v 12 v
X;,§,1),1(T’ U)Xef{ ) (7 § + )X;,l(,Q),l(T’ 9 p) +
(2 (2 12 v
X§,2(,2),1( )Xgl( 1) 1( 2 + p)X§,§,l),1(T’ § —_ p) =
1 .
1 1(2/1;R
ﬁgw(ﬂ —P)X;(o;(/) : (r,0,v)

(C.0.5)

Now we want to compare it with our generalised formula as we told before, that
slA(2/1) characters are periodic when 8 — S+ un, n € Z, and p = 1 where

B =0,..u— 1. The RHS of the (4.3) in this case becomes:
—s—4n—-28
Xsl(2/1)R - 7. 0, 1)qh (B=5=25~202m+h))? y _

where s’ =1, so we have

1(2/1) (7. o, I/ Zq(n-g-%)zy_?(n*_zgtsq) _

B=0 a nez
1

X;f(2/1);R ( V) 028+5—1,2 (1, —p)
—3 1. » Y .
e n(r)

‘ (C.0.6)

Let us now, collect all the information, we have two cases, first of all we shall

mainly consider s =1 and s’ = 1. Finally we will arrive at

L si(2/1);R 1 si2/1)R
77(7)'90’2(T’ _p)Xl 0,~ ;o(T o,v) + %92,2(77 —P)X%’O,_%;1 (r,0,v) =
(2 [ 14 12 1%
Xgél)l(T’U)Xgl(Q)l( Ty +P)X§f21(7',§ -p)+
(2 12) 1% 1(2) v
X;égl( )X?ffll( ’§+p)X§,§,1,1(Ta§—P)

(C.0.7)

This is totally aggress with the sumrule A = 0 in [66]. For s=2 and s’=1 we can
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write as;
1 i(2/1) R 1 si(2/1); R
—f -0} X3 —f —0) X
77(7') 1,2(7-7 p) %, i~ 0( y T, V) + 77(7_) 3,2(7_) p) %’_i (T g, V)
(2 (2 v (2 v
X382 (1, 0) Xg 2 (7, =+ p) X3 i, 2 — o) +

2 2
sl(2 sl(2 v sl(2 v
Xipaa(1,0) X (1 5 + P X547 5 — p).

(C.0.8)
This totally agrees with the sumrule A = 1 in [66], as can be checked in the following.
s v
+ P)X:slgzz (75 —p)+

14 sl(2 v
Bf{ = 92,1(7, —P)X3,§,1)2( T,

2 2 2
14 sl(2 v sl(2 v
b1 (T, 9 P)X3,§,2),2(T, 2 + P)X3,f,1),1(7, 57 p)

(C.0.9)

and
AR = 055 (r, —p) XY (7 5, p) + 015 (7, =) XS (7,0, p)  (C.0.10)

The same as before, we can write as

v 1(2 v
o 21(7, 5 —p) = X353, (r, 57
1 v 1(2) v
— 9 Z_p)= X¢ Z_
n(7) (7, 5 p) 3,1,2,1( D) p)
(C.0.11)
also we can write for class IV character,
Xf%wl);[v('r, o, V) = XSI(E/_U 1(T, o,v)
4’ 4
Xff§2/1);1‘/ (7_’ o, I/) — XL;I(Q/I) R O(T, o, I/)
19 2’
(C.0.12)
The sumrule for this case is :
~sl(2 4 (2 v
X32(12( )A§12)1(72+P)X3511)1(:§—P)+
12 ~sl(2 v -sl(2 v
X§2(2)2( )A§§1)1( 2+P)/\3£2)1(72—P)
1 si(2/1);R 1 rsl(2/1) R
Ty 03 (T, ~p)X%’“%’_%;1(T, o,v) + melyg(T,— ))& | 0(7’, o,v)

(C.0.13)




Appendix D

Discussion about p+u even and

odd

Our starting point is (4.33), where we use

. mp(p+u—r7r)r"” . wprr”
sin p(p ) = —e™ " sin "L , (D.0.1)
pt+u pt+u
as well as the exponential representation of sinus to write,
—lp+tu-1 uw ptu—i
oV, py7) = Z SYY Yy
: II l S" 1 rlll 1 sl” lrlv l
et [(s—l)(r"— ,,"(8”—1))+(S'—1)(r’”—21;&(8’"—1))+(P+u—r)(5’”—1)+T(S"—1)+z>r’”]
< [6;111“ (‘U,T”—pT”I) 4 6_;12 (ur"—pr’”) _ e’%(ur"—kpr”') _ e_;:l:; (ur”+pr'“)]
(2 — 1 ! i)
Xsin( ep+1+s+s+7)r
3
s1(2 s1(2 p s1(2 u-—-p
x Xf,,(,s?,,pﬂ’u(u, T)Xfug’s)m,p_*,u,p(a/l + p, T)X:,-S’l)’&l( — 1= p, 7). (D.0.2)

Our analysis is divided in two cases: p + u even and odd. We note that, for 7 even,

. m(2—€e(p+1l+s+s +r)r? 3 S
smﬂ( (p sHstr) :£[e(p+1+s+s’)+[1—e(p+1+s+s’)]e”(1+r ],

3 2
(D.0.3)

while for r odd,

sin = ~—le(p+s+5)+[L~elp+s+ )+,

T2—e(+1+s+s+r)r® 3
3 2
(D.0.4)
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so that we split our study of each parity of p + u according to the parity of .
Here, we will only detail the case where p + u is even, but only because the

treatment of th ecase p + u odd is similar and would make this appendix tedious.

The result for the case p + u odd is quoted in (D.0.26).

p + u even. Note that since p and u are coprime, they must both be odd in this

case.

e 7 even We relabel r = 2k, so that in this case, (D.0.2) becomes,

p+u1u,p+u1p

Zi DIV

.rII 1 s/l 1 .'JH 1 SIII 17"“’ 1

oy, p,7)

[prlll+(s 1)(7‘”-E%'i(s"—l))—l-(sl—l)(r"'—%’i(s”'—l))]

X [A+A*—C’—C*][e(p+1+s+s’)—[1—e(p+1+s+s')]ei’"iu]

1(2 12 P s1(2 u—p
X:,,(s?, a5 T )Xs,,g 3),,, p+up( p+p, T)X:i‘g,l),B,l( pw—p,7), (D.0.5)
where
3(ptu-2) -
A — Z e%(urﬂ__p,r/”)
k=1
%(p+u—2) _
C = Y et (D.0.6)
k=1

If ur" —pr" = alp + u), for a € Z, ie. if (r",7") = (p +u — j,5) for
j=1,..,p+u—1,then A+ A* =p+u— 2. If ur” — pr'"” is not proportional

to (p+ u) and is even, use

1 — NT
Do = el _eer (D.0.7)

with N = {(p+u—2) and T = M—IZI;L) to conclude A + A* = 2. If
ur’” — pr" is not proportional to (p + u) and is odd, A + A* = 0. Similarly,
if ur” +pr'" = alp +u), for « € Z, ie. if (¢",7") = (p+u—j,7) for
j=1,.,p+u—1, then C + C* = p+ u; if ur” + pr" is not proportional to
(p+u) and is even,C' + C* = —2 and if ur” + pr'" is not proportional to (p+u)

and is odd, C' + C* = 0.
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So the non-zero contributions to A + 4* — C — C* come from two sources.
When (", 7") = (p+u—j,j) withj=1,...,p+u—1, A+ A* =p+u—2 and
C+ C* = —2 because ur’ + pr'" =ulp+u—j)+pj =ulp+u) +jp—u) is
always even. However, when j = %(p+ u), C +C* = p+wu —2. In conclusion,
A+ A -C-C* =p+uwhen (", 7") = (p+u—7,j) withj=1,....,p+u—1,
except §j = Z(p+u). Similarly, A+A*—C—C* = —(p+u) when (r",r") = (4, )
with j =1,..,p+u—1, except j = 3(p + u).

We write,

V3
Ueven(ya H, P, T) = ?(p+ U)

u —

x{Z[e(p+s+s')em‘”-(1—e(p+s+s'))1}x“(z> =2 —p,7)

rv,1,3,1
riv=1

ptu—-1 u

X Z Z Z e’ m+s DG- u"(s’_1))+(s’_1)(j_P_‘;_“(s/n__l))]

j=1 st'=1g'"=1

{XSl 2 (v, 7) X5 (pu+p, )= X0 a1 T)X ) (pMJrP, 7)}

ptu—j,s",pt+u,u 78" \pt+u,p 78" ptu,u 78"\ pt+u,p

(D.0.8)
e r odd

We relabel 7 = 2k — 1, so that in this case, (D.0.2) becomes,

p+u1up+u1p

2 SIS

rit=1 s/'=1 M =1 s =] piv—}

eiﬂ [pr’"+s”+s”'+(s—1)(r”—2%(5”-1))+(s'—-1)(r”’—Ll'i‘-(s”'—l))]

o(v,p,p,7)

X [A + A - C - C’*] [elp+s+8)+[1—e(p+s+s)e™H™)]

u —

p
—n=p7), (D.0.9)

X X0 DX g (B4 0 )X

7'"73”,P+U,u r”’,s”’,p+u,p T”’,l,s,l

where

N
Il
®
b
kN
+:‘-
ﬁ
‘U
ﬂ\

% p+u)

¢ = Z e Thre(ur4pr™) (D.0.10)

The non-zero contributions to A + A* — C — C* come from two sources. When

(r" "y =(p+u—3j)withj=1,.,p+u—1, A+A*—( 1) I(p+u) =
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(=1)7*'(p + u) and C + C* = 0 ezcept when j = %(p+ u), when C+C*=
(—1)%(”+“)(p+ u) so that A+ A* —C - C* =0

In conclusion, A+ A*—C - C* = (=19 (p+u) when (", ") = (p4+u — 3§, §)
with j = 1,.,p+u—1, except j = 5(p + u). Similarly, A + A* — C —
C* = (=1)7*Yp + u) when (+",7") = (j,7) with j = 1,...,p+ u — 1, except
j=3z(p+u).

We write,

V3
Uodd(l/a U, p, T) = ?(p + ’M)

2
inriv s u—p
X{Z[(l—e(p+s+s'))e —e(p+ s+ ]}Xr,l,,21)31( ” pw—p,7)

riv=1
I o7 (145748 (=) (= BEL (5"~ 1)+ (s' - 1)~ 2 (5" -1))
j=1 s"=1s""=1

X5 (§u+p, NEXID )X

(P
8 ptu,u 28" s ptu,p

ptp, 7)}
(D.0.11)

{Xsl

ptu—j,8" ,ptu, u(V’ T) 78" ,pt+u.p

We now proceed to express Oeyen + 0oqq When p + u is even. First note that,

S lelp+s+s)e™ —(1—e(p+s+s ))]Xffvzl) 31~

riv=1
- X1, 4 X0 (D0.12)

while

2
Z [(1—e(p+s+5)e™ —elp+s+ 51)]X:il§?1),3,1 =

riv=1

12 in(s+s r‘lZ
— X7 | — et XN (D.0.13)

Inserting these expressions in (D.0.8) and (D.0.11), and after some elementary
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steps, we write, omitting the character arguments for clarity,

pru—1 u

0 = Oevent+0odd = —— p+u > ZZ [(sts/)j~(s—1)(s" 1) BEE— (s ~1)(s" —1) 222

j=1 s"=18""=1

"y [(2 p- " 1(2 s1(2 sl(2
{ {[em s 1]Xs ), +€z (s+) [1+ (s s +J)]Xs»(=)» }X;,s(”,)p+u,uX:4Eu)—j,S"’,p+u,p

R I N ET e

78", ptu,u
(D.0.14)
The first two terms in (D.0.14) may be rewritten as,
ptu—~1 u
p+u % Z 7 [T+ (1 hsbs = (s=1)(s” = 1) BE (5 - 1)(s" 1) 222 ]
J 1 S”'_l 3”,—
1+s+s')e(s” +8" +j+1) 3 5U(2) sl(2) sl(2)
gl otselsT ot X e, wKptu—g s prupSo—e(s+or i) (D-0-15)
but
et (1 s+ ) +e(s”+5" +5+1)) _ ei7r(1+s+s’)(l+s"+s”’)’ (D.0.16)
so that these terms give,
‘v/: 2y —\ irll— (.5‘ 1)(311 1) ptu (s/ 1)( s 1))&1-_14] im(1 (1 " "
1 p+u LL [ >(ez7r(+s+s)(+.s +s"")
Il 13/11 1
ptu—1 .
sl(2) sl(2) sl(2)
Z X] i P+u,u p+u-] SIII’p+u’pX2 e(.s”+s"'+]) 1,3,1° (DO].?)

Using the Neveu-Schwarz sumrules (4.16), and remembering that here, p is odd, and

therefore e(s" + s" + j) = €(s" + 8" + j+ p+ 1), we have,

ptu—1
sl(2) 31(2 sl(2)
Z X; 7,8" . pHu,u p+u 7,8 ptu, pX2 e(s"+s"+35),1,3, 1=
( ll’slll’e) E[A (sll 11t 0) A( lI /II 0)]
g 51(2)1,0) ) q:
q4 y 2 Yp+1 s s”,u,p,9+1 77((]) (DO].S)

0cZ

The first two terms in (D.0.14) become,

\Zg(p-l,—u %y 3 Z Z 1+(1+s+5 W1+s"+s"")— (s—1)(5”—1)%—(3’—1)(3”’—1)%1]

sll_l SIII 1

Z X;z(2|1;C) Y
1—glt gt . 1
OEZ p+ 7,8 1u1p70+2 n(q)

A(sll,slll’o)qg_[Az(sll’slll’g)_A(s/I)slll’o)]

(D.0.19)
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he last two terms in (D.0.14) may be rewritten as,

ptu—-1 wu

B > 2 Z 714+~ (o- 1) DR (e -1 ) 2

j=1 s"=1s""=1

im(1+s+s")e(s"” 48" +35) si(2) s1(2) sl(2)
X e Xj,s”,p+u,uXp+u—j,s"',p+u,p 2—¢(8"+5"+5+1),1,3,17 (D020)
or again, using (4.16) and

i+ sts )(ire(s"+"' 7)) — gim(l4s+s/)(s"+5") (D.0.21)

one has,

p +u Z Z 1+ (14545")(s"+5"")—(s=1)(s II_I)L‘E’_‘_(SI_l)(sm_l)I%]

II 1 8'” 1
" III 2 11 — oLt
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(D.0.22)
Now use the §l(2 | 1, C) property (3.54), i.e
sl(2)1;0) _ vsi(21;0)
p+1—s”’,s”+u,u,p;0+% - l—s”’,s”,u,p;0+%’ (D023)
and relabel s = s — p, so that (D.0.22) is given by,
3— 1+ 14548 )(s" +57041)— (s—1)(s"” —1) EEE — (&' —1)(s*v —1) BE2
Yoy, Y o " 2
=1 giv= 1+p
A(s",5,0) B[AZ(s" 5" 8)—A(s",5',0)]
2 -1 s1(2|1;0) Y q-
gryTzy X o s ) e (D.0.24)
0cZ

By combining the above contribution (for  odd) with the contribution (D.0.19) (for

T even), we write, when p + u is even,

\/g h SS”’-}—SIS”—(S 1)(8” 1)2 (’—l)(s”'—l)ﬂ]
U(l/,/_l,,p,’l')— 4 EZ P

II 1 SIII 1

1(2]1;C " gy— L Pragst ¢ gy—1)2
XY YSH' s,,), I CTE) | A 2qulA6"s" 031 (D.0.25)
0eZ

When p + u is odd, the expression (D.0.2) can be shown to give,

U(U 'U, p 7_) — \/_ p+’l Z e?Tl(p+S+3 sll+slll) 7”[ (s 1) +u( " 1) (s _1) pu( 111_1)]
s Foy My §
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