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Abstract

The rank one symmetric spaces of non-compact type are the real, complex, quaternionic and octonionic
hyperbolic spaces. Real hyperbolic geometry is widely studied, complex hyperbolic geometry less so, whilst
quaternionic hyperbolic geometry is still in its infancy. The purpose of this thesis is to investigate the
conditions for discrete group action in quaternionic and octonionic hyperbolic 2-spaces and their geometric
consequences, in the octonionic case, in terms of lower bounds on the volumes of non-compact manifolds.
We will also explore the eigenvalue problem for the 3 x 3 octonionic matrices germane to the Jordan algebra
model of the octonionic hyperbolic plane.

In Chapters One and Two we concentrate on discreteness conditions in quaternionic hyperbolic 2-space.
In Chapter One we develop a quaternionic Jgrgensen’s inequality for non-elementary groups of isometries of
quaternionic hyperbolic 2-space generated by two elements, one of which is either loxodromic or boundary
elliptic. In Chapter Two we give a generalisation of Shimizu’s Lemma to groups of isometries of quaternionic
hyperbolic 2-space containing a screw-parabolic element. In Chapter Three we present the Jordan algebra
model of the octonionic hyperbolic plane and develop a generalisation of Shimizu’s Lemma to groups of
isometries of octonionic hyperbolic 2-space containing a parabolic map. We use this result to determine
estimates of lower bounds on the volumes of non-compact closed octonionic 2-manifolds. In Chapter Four
we construct an octonionic Jgrgensen’s inequality for non-elementary groups of isometries of octonionic
hyperbolic 2-space generated by two elements, one of which is loxodromic. In Chapter Five we solve the
real eigenvalue problem Xv = Ay, for the 3 x 3 ®-Hermitian matrices, X, of the Jordan algebra model of
the octonionic hyperbolic plane. Finally, in Chapter Six we consider the embedding of collars about real
geodesics in complex hyperbolic 2-space, quaternionic hyperbolic 2-space and octonionic hyperbolic 2-space.
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CHAPTER ONE.

A JORGENSEN’S INEQUALITY FOR QUATERNIONIC HYPERBOLIC 2-SPACE.

In this chapter we will construct a quaternionic Jgrgensen’s inequality for certain types of subgroups
of isometries of quaternionic hyperbolic 2-space HZ. The classical Jorgensen’s inequality gives a necessary
algebraic condition for a non-elementary 2-generator group of isometries of real hyperbolic space to be
discrete. This inequality uses the traces of one of the generators and the commutator of both generators to
express this condition. To be more specific the classical Jgrgensen’s inequality is as follows.

Let U, V be two elements of SL(2,C). Then if
[tr2(V) — 4| + [tr(VUV'U™Y) - 2| < 1,

then the group (V,U) is either elementary or not discrete.

Remark. A non-elementary group G is one which acts in such a way that there are no finite G-orbits
in the hyperbolic space.

Wielenberg generalised Jgrgensen’s inequality to isometries of higher dimensional Mébius transforma-
tions using the group SO(n,1) (see [39]). In [3], Basmajian and Miner gave a version of Jgrgensen’s inequal-
ity for 2-generator groups of complex hyperbolic isometries by considering the action of the group on the
boundary of complex hyperbolic space. In [23}, [30] and [31], Kamiya and Parker considered generalisations
of Jorgensen’s inequality to groups of complex hyperbolic isometries where one generator was a Heisenberg
translation. In these papers they used a method similar to that of Jgrgensen which involves considering the
generators as matrices in SU(n, 1) and constructing a particular sequence of distinct elements of the group
and determining conditions on the entries of the matrices that force the sequence to tend to the identity, thus
violating discreteness. In [21], Jiang, Kamiya and Parker extended this method to subgroups of SU(2,1),
reformulating Jergensen’s inequality in terms of cross-ratios of fixed points of a loxodromic or elliptic gen-
erator and one of its conjugate maps. In this chapter the same method is extended to subgroups of Sp(2,1)
where one generator is loxodromic or boundary elliptic and fixing a quaternionic line.

The principal results of Jiang, Kamiya and Parker are as follows.

Suppose that V is a loxodromic or boundary elliptic element of SU(2,1) with complex dilation factor
A(V). We define M = |A(V) — 1]+ |A(V)™! —1] and let [, ., ., .] denote a complex cross-ratio (see page 8 of
[21]) which is the complex analogue of the cross-ratio defined in section 1 of this chapter. Then we have the
following theorem.

Theorem (pages 2-3 [21]). Suppose that either:
(i) V is a loxodromic element of SU(2,1) with fixed points u and v and that U is any element of SU(2,1),
or
(ii) V is a boundary elliptic element of SU(2,1) with fixed complex line Ly and U is any other element of
.SU(2,1). Also let p, v be distinct points in Ly N OHZ. Suppose that Ly and U(Ly) do not intersect
orthogonally.

Suppose that one of the following conditions holds:
(1) MU ), v,m U2 +1) <1,
(2) MU, m UV +1) <1,
(3) M <+/2—-1 and

1-M+V1-2M - M?
M? '

U W), v, i, U + | [U (1), 1, v, UW)]] <



(4) M+ (|l v, Up), UMM +1) <1,

then the group (V,U) is elementary or not discrete.

The purpose of this chapter is to develop a quaternionic Jgrgensen’s inequality for non-elementary groups
of isometries of quaternionic hyperbolic 2-space generated by 2 elements, one of which is either loxodromic or

boundary elliptic. In order to achieve this aim we have followed closely the methods used in [21] to develop
a Jergensen’s inequality for complex hyperbolic 2-space.

Suppose that V is an element of Sp(2, 1) (this group is defined in section 1 of this chapter) with dilation
factor A and rotation factors p and ¢ where A € Ry and p and ¢ are unit quaternions. We define

M =[ap—1]+2lpg = 1+ ]A"'p— 1]

and let [, .,.,.] denote a quaternionic cross-ratio (see section 1 of this chapter). Then we have the following
theorem. )

Theorem. Suppose that either:
(i) V is a loxodromic element of Sp(2, 1) (with fixed points u and v) and that U is any element of Sp(2,1),
or
(ii) V is a boundary elliptic element of Sp(2,1) which rotates through the order m unit quaternion p about
a fixed quaternionic line Ly with polar vector vy (normalised so that (vy|vy) =1 and U is any other
element of Sp(2,1). Also let u, v be distinct points in Ly N OH%. Suppose that Ly and U{Ly) do not
intersect orthogonally.

Suppose that one of the following conditions holds:
(1) MU, v,m UM +1) <1,
(2) M([U), v, UW)M2 +1) < 1,
(3) M <+v2-1 and

1-M+V1-2M - M?

@), v, 1, U W) + U (0,11, U )] < = ,

then the group (V,U) is elementary or not discrete.

The first two conditions are considered in Theorems 1.1 and 1.4. The third condition is considered in
Theorems 1.2 and 1.5. The three conditions are independent of each other. We discuss the relationship
between them in section 3.

In section 1 we give the necessary background material for quaternionic hyperbolic space. In sections
2 and 3 we discuss groups with loxodromic generators and in section 4 we discuss groups with boundary
elliptic generators.

1. Quaternionic Hyperbolic Space.

The following section includes material found in section 1 of [25]. The upper half space model of real
hyperbolic space can be generalised to the quaternionic hyperbolic space Hf; as the Siegel domain which is
equivalent to the direct product of the generalised Heisenberg group

N, = {(¢,v)|¢ € ', v € Im(H)}

and the positive real numbers R*. Note that M, is a simply connected nilpotent Lie group of order 2 and
dimension 4n — 1 and is associated with a Iwasawa decomposition

KAN = PSp(n,1).
The Heisenberg group has the multiplication rule
(¢ v)(w,s) = (( +w,v + s+ 2Im{(C,w)))
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where ((¢,w)) = w(¢. The centre of N, is clearly {0} x R*. The coordinate change between the Siegel domain
and the horospherical coordinate system is

(w, w,) = (w/V2, Im(wy), —Re(w,) — 1/2((w, w))).
We consider an embedding from the Siegel domain to PH™!
(w,wp) = [wy,w,1].
The corresponding embedding from the horospherical coordinate system to PH™! is

(G vy = [=IC =+ v, VA 1]

where ¢ = w//2.

The point [0,0',1] in PH*! (which has horospherical coordinates (0,0, 0)) corresponds to the origin o
in OHE (see below) and [1,0',0] is a distinguished point at co where 0' denotes the zero vector in H*~!. For
the sake of convenience, we choose the standard Hermitian form on H™! to be represented by the matrix

0
J=10
1

O~ O

1
0
0

(where I is the (n — 1) x (n — 1) identity matrix), that is (w,z) = z*Jw. The induced Hermitian product
on horospherical coordinates is

((Crov,w), (G, v2,u2)) = 206G~ G2 = |G — ur —uz + v — va.

(Alternatively we could have used the (first) Hermitian form given by the diagonal matrix with entries
(1,...,1,-1).)

Definition. The distance p (according to the Bergman metric) between two points with homogeneous
coordinates z and w € H**! is given by

|(z, w)|

cosh(p(z,w)/2) = 1z ) 2w, )| 2

Definition. The ideal boundary OH}; of quaternionic hyperbolic space can be identified with the one point
compactification of the generalised Heisenberg group M,,. The Cygan metric on N, corresponds to the
norm

¢, v)lo = [IC17 + 0] = (1¢* + Jw?) .

The associated metric is
po ((¢,v), (w,8)) = [(¢,v) H(w,s)lo = [(¢ —w,—v + s — 2Im{{¢,w)}|,.

The Cygan metric can also be expressed explicitly in terms of the Hermitian product on PH*! as follows.
Let x, y € PH™! correspond to points in OHJ, then

po(x,y) = |{x, y)['/%.

From now on we will identify PSp(n,1) with the set of matrices preserving the above Hermitian form
J, also known as the second Hermitian form. We adopt the convention that matrices in Sp(n, 1) always act
on the left and we projectivise (HI*' — PH™!) on the right. We observe that this is the opposite convention
to that which we will use later when working with octonionic hyperbolic 2-space. Such a matrix U has by

9



definition the property that U~' = JU*J. Restricting to the case n = 2 as we will be working in HZ such
a matrix U and its inverse U~! € Sp(2,1) have the general forms

a b c
U=1|d e f (1)
g h j
and S
i foe
Ul=|h & b (2)
g d a

where {a,b,c,d,e, f,g,h,7} C H As the composition of the inverse of an element of Sp(2,1) with itself is
the identity we obtain a list of equations that the matrix entries in (1) must satisfy. Four of these are

1=ja+ fd+zeg,

,d|2 = —ga - Eg)
1 = |e|*> + hb + bh,
|7I* = —je—¢j.

In order to represent the isometries of HZ uniquely we work with Sp(2, 1) throughout this chapter. Elements
of Sp(2,1) are classified as in the familiar case of Mdbius transformations.

Elements of Sp(2,1) fall into three distinct classes:

1) A parabolic element has exactly one fixed point which is on the boundary of HZ. Conjugating if
necessary, we can always assume that this is the distinguished point at infinity g.. A parabolic element
can be imagined as corresponding to a rotation around a boundary point.

2) A lozodromic element has exactly 2 fixed points both on the boundary of H§ and can be imagined as
corresponding to a rotation about a point which lies outside the closure of HJ.

3) An elliptic element has at least one fixed point within H and may have others on the boundary.

We observe that an elliptic element is regular elliptic if its eigenvalues are all distinct. We also observe
that there are two types of parabolic elements:

(i) If a parabolic element may be written as an element of PSp(2,1) with 1 as its only eigenvalue, then
it is said to be unipotent or pure parabolic. The group of pure parabolic maps fixing a given point is
isomorphic to the 7-dimensional Heisenberg group and once the fixed point is specified are Heisenberg
translations.

(ii) If a parabolic element is not unipotent it is said to be ellipto-parabolic or screw-parabolic. An ellipto-
parabolic element preserves a unique quaternionic geodesic on which it acts as a parabolic element of
PSp(1,1), i.e. as a translation.

For later use we give some inequalities on the entries of a matrix in Sp(2,1).

Proposition 1.1. Let U be an element of Sp(2,1) of the form (1). Then
ldf| < 2lag|'?|eg|'/?,
[bA] < 2]aj|'/*|eg|'/?,
le] < laj|'/* +|egl'/?,
ajl!? < legl /2 + 1,
legl'/? < laj/* + 1,
1< Jaj]'’® + legl'/?.
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Proof. From
|d|* = —ga - ag = —2Re(ag)

and _
|fI> = —¢j — jc = —2Re(5j),

we have
|df|* = 4Re(ag)Re(cj) < 4lag||cj] = 4laj||cg].

Similarly for |bh|? < 4|aj]||cg|. Taking square roots gives the first two parts of the result.

Now _ _ _ _
le]* =1 —df — fd = ja+¢g — df

. 1) 2
< laj| + ldf| + |egl < (lag|"* + leg|*/?)
using |df| < 2|aj|'/?|cg|*/?. This completes the result.

Finally we will adopt a more geometric method of proof and use the Cygan metric pg to prove the last three
results. Now by direct calculation we have

Q1172
PO(U(OO)aO)Z 5 ,
1/2
oo (U(0),0) = }
and 1
po (U(0),U0)) = | =
97
Therefore (U(00),0)
1/2 _ _Po ), 0
ladl = T (o0), U(0))
and

/2 _ _Po (U(o),0)

feg _—
= R U), U
And so by the triangle inequality

/2 = _Po (U(0),0)
po(U(OO) U(0))
< 20 (U(0),U(0)) + po (U(0),0)
- (U(OO),U(O))
=1+ |cg|1/2.

laj

The last two results follow similarly.

Remark. We observe that the rest of Proposition 1.1 could also be proved by applying the triangle inequality
to the respective distances between the origin and a selected point at infinity and their images under U.
Similarly all the convergence criteria proved in this chapter possess a geometrical interpretation in terms of
the fixed points, invariant axes and dilation factors of the generators.

Definition. Suppose that z;,z;,w;,wy are four distinct points of Hf{, we define the magnitude of their

quaternionic cross-ratio to be

[{wi, 21)|[{ws, 22)|
|(w2,z1)||(w1,z2)|'

|[21, 22, w1, wa]| =

11



We will only use the absolute value |[z1, 22, w1, ws]| which we call the cross-ratio. Observe that if two
of the entries are the same then the cross-ratio is still defined and equals one of 0,1 or occ. The cross-ratio
possesses the following properties:

(i) The cross-ratio is invariant under the action of elements of Sp(2,1).

(ii) The cross-ratio is invariant under projectivisation on the right.

(iii) The cross-ratio possesses the same properties as the corresponding complex cross-ratio under permuta-
tions of Sy (see [16] page 225). To be specific these are:

|21, 22, w1, wa]| = |[z2, 21, w2, wi]|
= |[w1, w2, 21, 22]|
= [[we, w1, 22, 21]|
= |[22, 21, w1, w3
= |[21, 22, w2, w1 ]|
= |[wa, w1, 21, 22|

- l[w1,w2,z2,21]|.

(iv) The cross-ratio possesses the same properties as the corresponding complex cross-ratio on taking cyclic
products (see [16] page 225). To be specific these are:

|[z1)227wl;w?][zlaw25z27wl][zlywl7w2)wl]| = Zl,ZQ,'LUI,'U)Q]['LUQ,32,Zl,"lU]]['lUl,ZQ,w‘Z,ZIH

I
21, 22, w1, wa]{z2, wa, wr, 21][wa, 21, 22, w2
|[Zl,ZQ,'lU1,'1U2][Z2,w1,Zl,'UJQ]['U)l,Zl,U)l,[Ug]'

1.

il

2. The iterative step with loxodromic maps.

We consider U and V in PSp(2,1) with V loxodromic fixing 1 and v in 8Hj. Suppose that V has a
dilation factor specified by A € Ry and rotation factors specified by the unit quaternions p and g. (See below
for justification of the following.) In fact p is a measure of the “rotation angle” around the invariant axis of
V in H}. We now define a further conjugation invariant factor M by

M= p—1]+2pg— 1]+ |A"p~1].

Because Sp(2,1) acts transitively on pairs of points in OHZ we may assume, without loss of generality,
that V fixes ¥ = 0 and p = oo. The matrix group Sp(1) acts by Heisenberg rotations. In horospherical
coordinates this action is given by

(¢ v,u) = (g€, v,u)

where ¢ is a unit quaternion. The corresponding matrix in PSp(2, 1) acting on PH?! is

1 0
0 0
0 1

oL O

In H there is another type of elliptic element fixing o and co. This is given as follows. Let p be another
unit quaternion, i.e. p € Sp(l). Consider the matrix pI. This acts on H on the left. When we projectivise
on the right, we obtain the following action on horospherical coordinates

(¢, v,u) = (p(B, pvB, pup) = (p(P, puP, u).

12



This action by conjugation is the identity on the real part and gives the action of SO(3) on the imaginary
part. In this way the composition of all elliptic elements of PSp(2,1) fixing o and oo is SO(3) x Sp(1) (which
is isomorphic to SO(4)) and corresponds to matrices of the form

p 0 O
0 pg 0. (3)
0 0 p

The positive real numbers r € Rt act by Heisenberg dilation. In horospherical coordinates this is given by
(¢ v,u) = (¢, 0, 7%0).
Then in PSp(2,1) the corresponding matrix is

0

0
1 (4)
0

oo

0]
1/r

{Note that r corresponds to the A mentioned above in the case when r > 1.) Therefore since V has
quaternionic dilation factor determined by A, p and ¢ we assume U and V have the form

Ap O 0
V=10 pg 0 |, (5)
0 0 p/A
a b ¢
U=|d e f
g h j

Thus refering back to definition of the quaternionic cross-ratio we have

_ K UNIU @), vl _

| = |gC
_ UV @), m| _

Remark. Here i =00 and v = o.
Let U and V be elements of Sp(2, 1) with the above respective forms. Following Jgrgensen, we form the
sequence (U,) by defining Up = U and U,4; = U.vU, ! By multiplication of matrices we have

antr bupr  Cnp /\PE Apfn ApCn
U11+1 = dn+1 €nt1 .fn+1 = Un pqhn pqg‘r—l__ qun . (8)
n+1 Mngr It Alpgn A lpd, Alpa,

Performing further matrix multiplication using U U, ' =1,the3x3 identity matrix, we find that

Gns1 = AanPin + bnpgha + A~ copTn, (9)
Cnt1 = AanPTy + bupgbn + A7 cupiy, (10)
gnt1 = AgnPIn + hapgha + X' japn, (11)
Jnt1 = AgnPCn + hnpgby + A~ jnpls. (12)

13



From here on we shall assume that V has the form

Ap O 0
V={({0 pg O (13)
0 0 p/A

where p and ¢ are arbitrary unit quaternions. Thus using the triangle inequality together with the identities
derived from U, U, ™" = I on equations (9) to (12) we have

|an+1| <Aap - 1||anjn| + 2|pgq — 1|(|anjnl|cngﬂ|)l/2 + l’\_lp - 1||Cngn| +1, (14)
lent1] < (JAp = 1]+ 2lpg — 1] + A7 p = 1[)|ancal, (15)
|gn+1| S (I/\p - 1| + QIpq - ll + |/\_1p - 1|)|gnjn[a (16)
Ijn+1| S l/\p - 1”cngn] + 2|Pq - 1|(|Cngn||(Lrl.j11|)1/2 + |/\_1P - lllanjnl + 1. (17)

Lemma 1.1. Suppose that V is loxodromic, that is A > 1. If ¢, = 0 or g, = 0 for some n > 0, then the
group {V,U) is either elementary or not discrete.

Proof. First suppose that there exists some n such that ¢, =0, g, # 0 or ¢, #0, g, = 0. This means that
V and U,, share exactly one common fixed point and so (V, U,) is not discrete. Hence (V,U) is not discrete.

We shall suppose that ¢p41 = gnt1 = 0 for some n > 0. Now

cny1 =0 = Unti(o) =0
= U, VU, *(0) =0
= VU, (o) = U, }(0) (18)
= U, "(0) = 0,00
& ¢, =00r a, =0.

(Here we have used the fact that V fixes o and 00.) Thus ¢,4; = 0 implies ¢, = 0 or a, = 0. Likewise as
gnit = 0if and only if U, 41(o0) = 00, gn+1 = 0 implies g, = 0 or j, = 0. We must now deal with 4 cases:

(1) n = Jn = 0,
(2) Cn = Jn = 0,
(3) gn =an =0,
(4) ch =gn=0.

We claim that cases (2) and (3) cannot occur. Using UnU,"! = I we see that if ¢, = j, = 0, then
fn =0and if a, = g, = 0, then d,, = 0. In either case this means that one of the columns of U, is zero
which contradicts U,, € Sp(2,1).

Next we claim that if n > 1 then case (1) can not occur. Otherwise we have

0 0 e
U,=10 e, 0 (19)
gn 0 O

where |e,| = 1. Thus by direct calculation we see that U? fixes the origin and infinity, whereas U,, does not,
hence U,, cannot be loxodromic. However we assumed that V' (and therefore U,) is loxodromic and so we
have a contradiction.

Therefore we have shown that if n > 1, then ¢4 = gn+1 = 0 implies ¢, = g, = 0. By induction this
means that ¢; = g1 = 0. This in turn means that co = go = 0 or ap = jo = 0. Thus V either fixes or
interchanges the fixed points of U and so in either case (V,U) is elementary.

14



3. Subgroups with loxodromic generators.

In this section we give our results about the subgroups with loxodromic elements. Here we, like Jiang,
Kamiya and Parker in [21], are inspired by the methods in [3] where a ’stable basin theorem’ (see section
2.1 of Chapter Four) is used to determine a discreteness criterion in terms of the complex multiplier of the
loxodromic generator V and the cross-ratio of the fixed points of V and UVU ™. We are also motivated by
the work on higher dimensional Mdbius groups in [38] where Clifford algebras are used.

Theorem 1.1. Let V be a loxodromic element of Sp(2,1) fixing n and v and let U be any element of
Sp(2,1). If either
M([U ), v, U@ +1) <1 (20)

or
M ([[U(), o, UMY +1) < 1, (21)

then the group (V,U) is elementary or not discrete.

Proof. Since the quaternionic dilation factor (determined by A, p and ¢} and the cross-ratio are invariant
under conjugation, without loss of generality, we may assume that V and U have the forms given by equations
(13) and (1) respectively. Furthermore by consideration of the dependence of M on A we may (for the
purposes of this proof) assume that A > 1. Using Lemma 1.1 we only need to consider the case where ¢, # 0
and g, # 0 for all n. Suppose that

M(|[B(w), v, UW)]IY? +1) < 1,
in other words M(|cg|'/? + 1) < 1. By recursion and using Proposition 1.1, we have
0 < lergr]'? < Mleg/?|ag)'/ < M(legl'’® + 1)leg]'’ < legl'*.

Now suppose that
MU ), v, U +1) < 1,

in other words M (|aj|'/? + 1) < 1. Similarly we have
0 < lerga]'/? < Mla|*/*|eg"/? < M(jaj|? + 1])]ag)/? < |ag]'/?,

In both cases we have
M(leig|V? +1] < 1.

Using induction a similar argument shows that

Icn+19n+1|l/2 < M([engnl + 1)1/2|Cn9n|1/2
< M(lerga| + 1) ?(engal
k)
< (1\/[(|clg1| -+ 1)1/2) |Clglll/2.

Thus we know that |c,gn| is not equal to zero and tends to 0 as n — oo. Using Proposition 1.1 again, we
see that |a, j,| is bounded for all n. Thus

|fndn|2 < 4larljnl|cngn| -0
as n — co. Observing that @njn + dn fr + Gnce = 1, we find
Tojn = 1 —dpnfn — Gnen — 1
as n — oo. Then from equation (9) and the fact that [byh,| < 2|anin]'/?|cngnl/?, we have
Ung1 = AanPin + bapghn + A" cnpgn = Aa*
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as n — oo (where a* is a unit quaternion). Similarly
Jn1 = ATHG®

as n — oo (where j* is a unit quaternion). Furthermore e 41 — €*, a unit quaternion as n — oo as from
equation (8) we have . .
entl = dpApfn + eupgey + fn/\_lpdn

and from U,U, ' = I we have len|? =1 —dyfn — fadn = 1 as n — oco. Since
el < Mlaalleal < M(jan = Aa’| + [Aa”Dlcal,

|9n+1l < Mljnllgn| < M(|n — /\—lj*| + |)‘—1j*|)lgnl
and M < 1, we can find N > 0 so that

M(lan — Aa*| + Aa’]) < A

and
M(|jn = A7' 7+ A1) < AT

for all n > N. This means that |c,|A™™ — 0 and [g,|A" — 0 as n — oo.

Following Jgrgensen, we now define the sequence W,, = V""Uy, V™ where Uy = U. As a matrix in
Sp(2,1) this is given by

ﬁnGann /\_nl—)ann(Z)Q)n /\—2npnc2npn
Wa = | \"@P) denp™  (@P)"e2a(pa)” A""@P)" fond™ | . (22)
/\2nﬁng2npn /\nﬁnth (pq)n 571‘7'2"])11

We already have as, — Aa*, A" ¢an, A2"gan, €2n — €* and jo, — A715* tending to zero as n tends to infinity.
Moreover A~2"p" ¢y, p™ and A2"P"go,p" are distinct and non-zero. We need to show that A™"p"ba, (pq)"”,
AN @D) " donp™, NG D)" fanp™ and (AP)*han(pg)™ all tend to 0 as n — oo. From W.W,~! = I it follows
that

|/\—n]—)nb2n (pq)11|'2 — _)\—Qnﬁna?nmpn _ /\—2nﬁnc2nmpnY

|/\n (?1—2—))71d2npn|2 —_ _/\—2nﬁn§2na2npn _ /\ZIL-(ngnpn7

|/\—n(ap)nf2npnlz — _/\—Znﬁrlﬂcz”pn _ /\—Znﬁnmj.lnpn,

XD han(pg)" > = =AD" ganjonp” — A" janGanp™

Therefore we have A™"5"ba, (pq)"™, A*(@D)"danp™, A7(GP)" f2np™ and A*D"ha,(pq)™ all tending to 0 as
n — 00.

From all of this we know that the W,, are all distinct and tend to a finite map W* as n = co. Therefore
the group (V,U) is not, discrete.
Our second version of Jgrgensen’s inequality for groups with loxodromic elements is the following.

Theorem 1.2. Let V be a loxodromic element of Sp(2,1) fixing p and v and let U be any element of
Sp(2,1). If M < /2 -1 and

W) U + U, U )] <« TV LZ2M I

then the group (V,U) is elementary or not discrete.
As before we assume that V' and U have the forms given by equations (13) and (1) respectively and
form the sequence Uy = U and Uy, = U, VU, . Alsoif ¢, = 0 or g, = 0, then by Lemma 1.1 the group

is elementary or not discrete. Thus we assume that ¢, and g¢,, are nonzero.
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Lemma 1.2. We have
. 1 2 . 2 .
lans1ins1| + |cn+lgn+1| < 51\4 (laanl + |Cngnl) + M(Ian]nl + 'Cngnl) +1,

where M = |Ap — 1| + 2|pg — 1| + |A"tp—1].

Proof. From equation (9) and U, U, ' = I we have

|ans1] = [Aanpin + bupghn + X' cnpFal
= |14 an(Ap — 1)jn + bn(pg — 1)77':+ Cn(/\_lp — 1)gnl
<1+ [angnllAp = 1| + |buhn|lpg — 1] + |Cngn||)‘_lp -1
< 1+ landal(IAp = 1 + Ipg = 1) + leagnl A7 p = 1] + Ipg = 1]).

Here we have used |byhn| < 2|anin|'?|cagn]'’? < |anjnl + [cagn|.

Similarly we have
lin+1] < 1+ lengal(Ap = 1] + [pg — 1)) + langa|(IX"'p = 1] + |pg — 1)),

lens1] < laneal(JAp = 1] + 2lpg = 1| + A 7'p — 1))

and
lgn+1] < lgndnl(IAp — 1] + 2pg — 1] + [A"'p — 1]).

Thus
larl+lj71+1| + !Cn+lgn+l‘
< 1+ (Jandn| + leagnl)(IAp — 1] + 2[pg — 1| + [A"'p — 1))
+ anjn*(1Ap = 1| + Ipg = 1)) (Ipg — 1| + |X"'p - 1))
+langallengal (A0 = 11+ [pg = 1D* + (Ipg — 1 + A 'p = 1)* + (JAp — 1| + 2|pg — 1] + [A7'p - 1])*)
+ |Cngn|2(|/\p =1+ |pg = 1)) (Ipg — 1| + I/\_lp - 1)
< 1+ (langnl + leagnl)([Ap = 1| + 2pg = 1] + ]A7'p = 1)) + |andnllcagnl (1Xp — 1] + 2|pg = 1] + [A7'p — 1])?
+ langa (10 — 1| + Ipg — 1))(lpg — 1] + [A"'p — 1))
+ 5 anal? + leagnl?) ((Ap = 11+ pa — 17 + (lpg = 1]+ A~'p — 1)?)
+lengnl*(JAp — 1 + Ipg — 1))(Ipg — 1| + [A"'p — 1))
=1+ (lanjnl + lengn)(1Ap — 1] + 2lpg — 1 + A7 'p = 1|) + |anjnllcagnl (IAp — 1] + 2pg — 1| + [A~'p— 1))?

landnl? (000 = 11+ bpa = 107+ (= 1)+ g = 1) = 11+ X~ = 1)+ G~ 1+ 1A~ = 1))
+ lengnl? (%(lAp =1+ 1Ipg ~ 1)* + (IAp = 1 + Ipg = 1)(Ipg — 1 + [A"'p = 1|) + %(Ipq — 1+ A p - 1I)2>
=1+ (lanjnl + lengnD(Ap = 1] + 2Ipg = 1| + A" = 1) + |anjnllengnl (Ap — 1] + 2|pg = 1| + X "'p ~ 1|)?
+ 5landalP(Ap = 11+ 2pg = 1+ IN"p = 1D* + Zlengal*(1Ap = 1] + 2lpg = 1] + A"~ 11)?
= 1+ (Jangal +leagnD(Ap 11+ 2lpg = 1] + A ~'p — 1)
+ 5 (ngal +leaga) (A = 11+ 20pg — 1| +A"'p — 1)

. 1 .
=1+ (Jjaninl| + lcagn) M + i(lan]nl + |cngn|)2]\/f2.
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This has proved the lemma. If we define z,, = |anjn| + |cngn], then Lemma 1.2 says

M?
Tnt1 < Tznz + Mz, + 1.

The next two lemmas will be stated without proof. Their proofs can be obtained directly from the
proofs of Lemmas 4.4 and 4.5 in [21].

Lemma 1.3. Assume that 0 < M < V2 —1.If

1-M++v1-2M— M?
M? ’

0<z <

then there exists a number N such that M2z, <1 - M foralln > N.

Lemma 1.4. If
< 1-M++vV1-2M — M2

OSJ:O M2 )

then |a,j,| is bounded and |c,g,| tends to 0 as n — oo.

Lemma 1.5. Assume M < /2-1. If|a,jn| is bounded and |c,,g,,| tends to 0 asn — oo, then a subsequence
of (U,) converges as n tends to infinity.

Proof. As in the proof of Theorem 1.1 we find that as n tends to infinity

Idnfn| — 07
|anjn| =1,
a, = Aa*
where a* is a unit quaternion,
en e’
where e* is a unit quaternion and
. —1 %
Jn = AT

where j* is a unit quaternion. Since M = [Ap — 1| + 2|pg — 1] + ]A"'p — 1| < v/2 — 1 we obtain
A<Pp-1+1<(V2-1)+1=V2

Since we have a, —» Aa™ and A < 2 we know that there is an N so that |a,| < 2 for all n > N. Hence for all
n > N we have
Mla,| <2(vV2-1) <1

which means

lcn+m| < (2(\/5 - l)m)lcnl.

Hence ¢, 41 — 0 as n — oo. Similarly g,4+1 — 0 as n = oco. Also from |f,|? < 2|cnjn| we have fn41 — 0 as
n — oo. Similarly as n — co we have dy4+1 — 0, hpyy — 0 and by — 0. Therefore we see that U, 4+, tends
to a finite map U* as n — oo.

Finally since we have assumed that ¢, and g, are both non-zero for all n we can extract a sequence of
distinct ¢, and g, tending to zero. Thus (at least on this subsequence) the U,, are distinct and so the group
(V,U) is not discrete. This completes our proof of Theorem 1.2.
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Proposition 1.2. If [aj|'/? = |cg|*/? + 1 or |cg|*/? = |aj|*/? + 1, then Theorem 1.2 follows from Theorem
1.1. If |aj| = |cg| then for 0 < M < My where

Mo=1+(54+6v87) "° — (5a+6v87)"°/6 < V2 -1,
Theorem 1.1 follows from Theorem 1.2.
Proof. The proof of this theorem follows almost identically the arguments used by the authors of [21] to
prove their Proposition 4.7.

4. Subgroups with a boundary elliptic generator.

In this section we give an analogy of Jorgensen’s inequality for groups with a boundary elliptic generator.
Suppose that V € Sp(2,1) is a boundary elliptic element. We define the order of V' as

ord(VYy=inf{meZ,y: V™ =1}

If V has order n, then taking powers of V if necessary, we may assume that V rotates through a unit
quaternion p (where p™ = 1). This is due to the fact that as in the case of real hyperbolic geometry a
discrete subgroup of Sp(2, 1) can not contain elliptic elements of infinite order. We may assume that V fixes
o and co. Let V be a boundary elliptic element of Sp(2,1), then V fixes a subspace in H}. We denote this
quaternionic subspace by Ly. The precise form of Ly depends on V.

Proposition 1.3. Let Ly be the quaternionic subspace fixed by V. Then, if p # 1
1) Ly is a quaternionic line if V = diag(1,p, 1),
2) Ly is a complex hyperbolic 2-space if V = diag(p, p, p),
3) Ly is a complex line if V = diag(p,pq,p) and q # 1.

Remark. We observe that a complex line is the intersection of a quaternionic line with a copy of cdmplex
hyperbolic 2-space embedded in Hj;.

Proof. In horospherical coordinates (¢,v,u) a point in HZ fixed by V can be represented by the vector
—I¢PP —u+v
vy = V2(
1

In case 1) V(vy) has the form
—[C? —u+wv
v2p¢
1
Therefore diag(1, p, 1) fixes a quaternionic line given by ¢ = 0.

In case 2) V(vy), after normalising, has the form

—|¢1? — u+ pvp
V2p(p
1

There exists a non-real quaternion zp such that pzoPp = z5. Therefore R + 2[R C H which is isomorphic to
C is fixed by conjugation by p. If v, ( € R + 2R we see that ({,v,u) is fixed by diag(p, p,p). These points
must form a copy of complex hyperbolic 2-space.

In case 3) V(vy) after normalising has the form
=1¢I* = u + pvp

V2pe(p
1
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Therefore diag(p, pq, p) fixes a complex line with { = 0 and v € R + zgR where 2 is as above.

We will consider only case 1) here.

Let vy be the polar vector to Ly, by which we mean that the orthogonal complement of Ly is spanned
by vy. Thus the fixed quaternionic line of UVU ! is U(Ly ), which is polar to U(vy). Normalising vy and
U(vy) so that {(vy,vy) = (U(vy),U(vy)) = 1 there are three cases (see page 100 of [16]):

(1) |(vy,U(vv))| < 1,in this case Ly and U(Ly) intersect at a point in H4. Moreover
[(vv, U(vv))| = cos(8),
where ¢ corresponds to the angle between the polar vectors to Ly and U(Ly). In particular if
[(vv, U(vy ) =0,

then Ly and U(Ly) intersect orthogonally.

(2) [(vy,U(vy))| =1, in this case either U(Lyv)= Ly or else Ly and U(Ly) are asymptotic at a point in
oH},.

(3) {vy,U(vv))| > 1, in this case Ly and U(Ly) are ultraparallel, that is they are disjoint and have a

common quaternionic geodesic. Moreover |{(vy,U(vy))| = cosh(p/2) where p is the distance between
Ly and U(Lv).

We have assumed that V fixes o and co. This means that Ly is the line spanned by o and oo. In other
words

0
Vy = 1
0
We are taking V and U to have the forms
1 00
V=|(0 p 0 (23)
0 01
and
a b ¢
U=|d e f (1)
g h J

This gives
[(vv, Uvv))| = lel.

First we show that if U preserves Ly, then the group is elementary.
Lemma 1.6. Let V be a boundary elliptic element of Sp(2,1) which fixes pointwise a quaternionic line Ly .

Let U be any element of Sp(2,1). Suppose that Ly, = U(Ly). Then the group (V,U) is elementary.

Proof. Because U maps Ly to  itself we know by Brouwer’s Fixed Point Theorem that U has a fixed point
in Ly. As V fixes all points of Ly pointwise we see that (V,U) is elementary.

The main purpose of this section is to prove the following theorem.

Theorem 1.3. Let V be a boundary elliptic element of Sp(2,1) which rotates through the order m
unit quaternion p (i.e. p™ = 1) about a quaternionic line Ly with polar vector vy normalised so that
(vv,vy) = 1. Let U be any element of Sp(2,1) so that U(Ly) # Ly.

(1) Suppose that |[(vy,U(vy))| = cos(¢) # 0. If |1 — p| <1, then the group (V,U) is not discrete.
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(2) Suppose that Ly and U(Ly) are asymptotic. If |1 — p| < 1, then the group (V,U) is not discrete.
(3) Suppose that Ly and U(Ly) are ultraparallel and denote the distance between them by p. If

cosh{p/2)|1 — p| < 1, (24)

then the group (V,U) is not discrete.
(4) Suppose that Ly and U(Lv) intersect orthogonally, i.e. ¢ = /2 and |[{vyv,U(vy))| = 0. If

cosh(p'/2)|1—p| < 1 (25)
where p' is the distance between Ly and U?(Ly), then the group (V,U) is elementary or not discrete.

Proof. Note that {vy,U(vy)) and |p| are invariant under conjugation in Sp(2,1). We recall that V has the
form

(1 0 ©
V=10 p 0
[0 0 1

We will also assume that U has the form given in equation (1). If Uy = U and U,4+; = U,VU_! we have

[an bn e ][1 0 0][jn fo @
Un+1 =|dy en fn 0 D 0 hn E_Ll bn
[ In hn  Jn 0 0 1j[lon dn @y

( anz_; + ban + CnGn a‘nE + bapey + Cnd__n anCn + bnpé—‘l_l._ + Cnln
= | dnjn + €nPhn + foGn  dnfu +enpn + frdn dnCTp + enpbn + fran

| Gndn + hnphn + jnGn  gnfn + hapen + jndn  gnCn + haPbn + Jnln

Using the identities from U,U,; ! = I we see

L+ba(p—Dhy  bolp— ey bn(p — 1)by
Uny1 = en(p—Dhn  l+ealp—1)en  en(p—1)bn__
ho(p ~ Dh, ho(p—1e, 14 h,(p-—1)b,

Computation shows that
lent1l? = 1= 1 - pl*len|*(len]® - 1),
[brt1| = [1 = p|[bnllex]
and
[hna1] = (1 = pl|hnflen].
We now consider the four cases separately.

(1) First assume that Ly and U(Ly) are such that
0 < cos(d) = [{vv,U(vv))| = |e| < 1.

Using induction we find

0<len| <1
and
1- |6n+1|2 <(1- |‘3nl2)|en|2~
We claim that 1 — |e,|? < (% for all n > 0. Clearly this is true for n = 0 and n = 1. Now assume that

n+1)
1—len)? < Zﬁl) Since z(1 — z) is an increasing function for all 0 < 2 < 1/2 we have

1- |‘3n+l|2 <(1- |en|2)|en|2

< ! 1- 1
n+1 n+1

. n < 1
C(n+1)2 T+ 2

21



Thus |e,| tends to 1 as n tends to infinity.

When |1 — p| < 1 we have
b1l = [1 = pliballen] < 11 = plbal < [boll1 - pI"*",
Ihnti] = [1 = pllhallen] < 1= pllha| < |hollL — p|**.
When |1 — p| = 1 using induction as above we can show that 1 — |e,|?> > (Je;|*)/(n + 1). Therefore

+ ey |? 1
busal? = ballenl? < [baf? [ e - )
Orsal” = allenl” < lbal”™ { 257 ) < Ibal" (1= 57

As n tends to infinity the product

(-7rs) (-5) - (-3)

diverges to zero. Thus |b,| and similarly |h,| tend to zero as n tends to infinity.

Thus in both cases we have
len] = 1,

[bn| — 0,
|hn] =0

as n — oo. Now it is easy to see that U, tends to V. Moreover as 0 < |e,| # 1 and |e,| = 1 we see that the
len| are distinct and so are the U,. So the group (V,U) is not discrete.

(2) Secondly assume that Ly and U{Ly) are asymptotic. That is |{vy,U(vv))| = |e] = 1 and vy is
not projectively equal to U(vy). Hence either b # 0 or h # 0 (or both).

Assume that Ly and U(Ly) are asymptotic at a point in dHZ. In this case we have Je| = 1. Moreover
both
bnt1] = [1 = pllba] = 11 = p[* 6] = 0

and
lhnt1] = [1 = pllhal = |1 = p[** || = 0

as n — oo. Therefore U, tends to V as n tends to infinity. If b # 0, then the b, are distinct and if h # 0,
then the h,, are distinct. Since one of these possibilities occurs the U, are also distinct. This means that the
group (V,U) is not discrete.

(3) We now suppose that Ly and U(Ly) are ultraparallel. This means that

1 < le] = [(vv,U(vv))| = cosh(p/2) < Il_i;'l

Therefore
0 < |€n+1|2 -1= (l‘gnl2 - 1)|e‘n|2|1 - P|2 < |6n|2 - 1

s0 |en| is a decreasing sequence of numbers between 1 and 1/|1 — p|. Hence using induction and the fact that
le]i1 — p| < 1 we find that as n tends to infinity

2(n+1)
lens1l” = 1< (lellt = pl) """ (le* = 1) = 0,

n+1
lbnsa| < (lel|l —p])" 6] = 0
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and "
n
|hnar| < (lel[1 = pl)"" " |n] = 0.

Again we find that U,, — V. Since |e,| > 1 and |e,| — 1 we see that the e, are distinct. Hence the U, are
distinct and the group (V,U) is not discrete.

(4) In this case we have
lel = |(vv,U(vv))| = 0.

Using the relations between entries of U arising from UU ! = I we find that none of the other entries of U
is equal to zero. Consider the sequence Uy = U? and U,y = U, VU, . We claim that Ly and U(Ly) are
either ultraparallel or coincide. In the former case the result follows from case (3). In the latter case we will
show that (V,U) is elementary. By squaring U we see that

[(vv, U2(vy))|? = |db + fh|?

26
= |b%|d}? + dbh F + fhbd + |f|?|h|*. (26)

From U~'U = I we obtain o
1=hb+bh
h — =
(2@
(IhIQ) (Rb + bh)R
= bh + hb.

Substituting this into equation (26), then using df + fd = 1 (obtained from UU ! = I) we find

(v, UR(vu )[° = b2|d]® + df + fd — dhB T — fohd + | fI2|h)?
=1+ |b%|d|* - dhb f — fbhd + |f)*|h)?

lo] |h||?
=14 |dhi — fo
’ lal 7o)

This shows that [(vy,U?(vy))| > 1 and hence Ly and U?(Ly) are ultraparallel, asymptotic or coincide.
First consider the case where Ly and U?(Ly ) are ultraparallel. We have

[(vv,U*(vv))| = cosh(p’/2)
where p' is the distance between Ly and U?(Ly). If
cosh(p'/2)|]1 —p| < 1,

then (3) implies that (V,U?) (C (V,U)) is not discrete.

Secondly consider the case where |(vy,U?(vy))| = 1, that is Ly and U?(Ly) are either asymptotic or
coincide. By the computations above this means that |b|2dh = |h|? fb. Setting

—h|bf?
u= 0
blh|?

and using the U~'U = I derived identity bh 4 hb = hb + bh = 1, we observe that
(u,u) = —|b]*|h|*(hb + bh) = —|b|%|h|? < 0.
This proves that u € Hj.
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Using |b]>dh = |h|? fb we see that

a b c]|[-hb? [ —ah|b]? + cb|h|?
d o f|| o |=]-dnp+ o
g h blh|? | —ghlb® + jblh|?

[ —h|bj? (hah) h(Ec)b}
R

I -bbgh+b|h|2(5b )
_hlbl (hah+3b )
s

| blhI2 (fek + (B)

We observe that the (U~'U = I derived) identities hc + bj = 0 and ha + bg = 0 were used to prove the
last equation. Thus we have proved that U(u) = u. Furthermore direct calculation shows that V(u) = u.
Therefore u is fixed by both U and V.

Thus (V,U) is elementary. This completes our proof of Theorem 1.3.

Let V' be a boundary elliptic element which rotates through a unit quaternion p about the fixed quater-

nionic line Ly . Then we get
M =2p-1].
Next we show two theorems similar to Theorems 1.1 and 1.2 for groups containing such a boundary elliptic

element.

Theorem 1.4. Let V be a boundary elliptic element of Sp(2,1) fixing the line Ly spanned by u and v in
OHZ. Suppose that U is any element of Sp(2,1) for which Ly and U(Ly) do not intersect orthogonally. If
either

M([[U@w), v, s, UMM +1) < 1
or

M(|[U (), v, U2 4 1) < 1,
then the group (V,U) is elementary or not discrete.

Proof. If Ly and U(Ly) coincide then (V,U) is elementary. From now on assume that U(Ly) # Ly. The
inequality in Theorem 1.4 implies M < 1 (where M = 2|p—1|). If Ly and U(Ly) are asymptotic or intersect
at an angle ¢ # 7/2 then using Theorem 1.3 we see that (V,U) is not discrete.

Now suppose that Ly and U(Ly) are ultraparallel. Conjugating by an element of Sp(2,1), if necessary,
we may assume that V' and U have the forms given by equations (23) and (1) respectively. Thus we have

[(vv,U(vv))| = lel,

U (1), s v, U = |aji]
and
U ), vy 1, Ul = legl.
By Proposition 1.1 we have
lel < lag]® + legl'’* < 2(aj|'/* + 1 < 2(laj|'* + 1).
It follows that
1> M(jag)'/? + 1)
= 2|1 - pl(laj|'/? + 1)
> |1 - plle]
=1 =pll(vv,U(vv))I
= |1 — p|cosh(p/2).

24



The result now follows from Theorem 1.3 part (3).
Similarly we have
lel < 2leg'? +1 < 2(leg'* + 1)

and the second part of the theorem follows.
Theorem 1.5. Let V be a boundary elliptic element of Sp(2,1) fixing the line Ly spanned by pu and v in

OHY. Suppose that U is any element of Sp(2,1) for which Ly and U(Lv) do not intersect orthogonally. If
M <+v2-1 and

1-M++vV1-2M— M?
M? ’

U ), v, U+ U (), v, 1, U] <

then the group (V,U) is elementary or not discrete.

Proof. If Ly and U(Ly) coincide then (V,U) is elementary. From now on we assume that U(Ly) # Ly.
Furthermore as in the proof of Theorem 1.4 if Ly and U(Ly/) are asymptotic or intersect at an angle ¢ # /2
from M < /2 — 1 we have M < 1. Thus the group (V,U) is not discrete.

If Ly and U(Ly) are ultraparallel, then we have
lel = [{vv,U(vv))| = cosh(p/2)
where p is the distance between Ly and U(Ly). Using Proposition 1.1 we see that
lel? < lagl + legl + 2lajl'/leg]'? < 2(laj] + |egl)-

It then follows from |[U{w), u, v, UW)]| + |[U (1), v, u, U(¥)]| = |aj| + |cg| and the hypothesis of Theorem 1.5
that
cosh?(p/2)[1 = p|* = |e|*M? /4

< (laj| + |cgl)M? /2
<(1-M+V1-2M-M?)/2

<1

Finally by using Theorem 1.3 the group (V,U) is not discrete.

5. Discreteness Regions.
Theorem 1.6. Suppose that either
(1) V is a loxodromic element of Sp(2, 1) with fixed points p and v and that U is any element of Sp(2,1) or

(2) V is a boundary elliptic element of Sp(2,1) which rotates through an order m unit quaternion p about a
fixed quaternionic line Ly and U is any element of Sp(2,1). Also let p, v be distinct points in Ly NOH3,.

Let r € (0,1). If both
[ty v, U (), U @)]|? < 7

and
2Mxp - 1} +1r* < 1,

then the group (V,U) is elementary or not discrete.

Remark. Observe that if V is a boundary elliptic element fixing the quaternionic line Ly and Ly intersects
U{Ly) orthogonally, then |[u, v, U{u), U(v)]| = 1. This case is automatically excluded from Theorem 1.6.

Proof. The proof of this theorem is in effect identical to the proof of Theorem 6.1 in [21] and will not be
included in this chapter.



CHAPTER TWO.

A SHIMIZU’S LEMMA FOR HEISENBERG SCREW MOTIONS IN QUATERNIONIC
HYPERBOLIC 2-SPACE.

Shimizu’s Lemma [34] gives a necessary condition for a subgroup of PSL(2,R) containing a parabolic
element fixing oo to be discrete. It was generalised for discrete groups of higher dimensional real hyperbolic
isometries containing a parabolic element by Leutbecher [26], Wielenberg [39], Ohtake [29] and Waterman
(38]. The hyperbolic plane is not only real hyperbolic 2-space, but also complex hyperbolic 1-space, therefore
it is natural to generalise Shimizu’s Lemma to discrete groups of isometries of higher dimensional complex hy-
perbolic space containing a parabolic element. This comes within the scope of generalisations of Jgrgensen’s
inequality for complex hyperbolic space (see [3] and [21]).

In [30] Parker showed that for groups containing a non-vertical Heisenberg translation (Proposition 7.3)
or a screw-parabolic map with infinite order rotational part (Proposition 6.4) there is no precisely invariant
horoball. Other results of Parker’s in [30] are extensions of earlier work by Kamiya. In [31] Parker showed
that for non-vertical Heisenberg translations there is a version of Shimizu's Lemma where the radius of an
isometric sphere is bounded in terms of the translation length of the Heisenberg translation at its centre.
The analogous result for real hyperbolic space is given in [38]. In the appendix of [18] a different result for
Heisenberg translations is given.

In [22] Jiang and Parker give a version of Shimizu’s Lemma for groups of complex hyperbolic isometries
one of whose generators is a Heisenberg screw motion and interpreted this result in terms of the relation
between radii of isometric spheres and their distance from the axis of the Heisenberg screw motion. Recently
a Shimizu’s Lemma for discrete groups of isometries of quaternionic hyperbolic space containing a Heisenberg
translation has been developed by Kim and Parker (see Proposition 4.4 and Proposition 4.5 of [25]).

We will now quote Shimizu’s Lemma in the hyperbolic plane (Lemma 4 of [34]) followed by Parker’s
extensions to vertical and non-vertical Heisenberg translations in complex hyperbolic space (see page 300
of [30] and page 492 of [31] respectively, where the Hermitian form corresponding to the (n + 1) x (n + 1)
diagonal matrix with diagonal entries (1,...,1,—1) is used). We observe that we quote Parker’s results in
terms of the second Hermitian form (which is our choice of Hermitian form in Chapter Six where we deal
with the embedding of collars in complex hyperbolic manifolds).

Proposition (Lemma 4 [34]). Let G be a discrete subgroup of PSL(2,R) containing themap g : z — z+t
fort > 0. Let h: z — ‘C’Tf;f—g be any element of G not fixing infinity, that is ad — bc = 1 and ¢ # 0. Then
i) jte| > 1.
i) the radius of the isometric sphere of h is at most .
iii) trlg, h] > 3.
iv) every horocycle of height greater than t does not intersect its image under h.

Proposition (page 300 [30]). Let G be a discrete subgroup of PU(n, 1) that contains g; vertical translation
by t € R, written in the form

a Y b
a A f
c 6 d



with A€ U(n - 1), a, B, v, & column vectors in C*~! and a, b, ¢, d € R such that ¢ # 0. Then
i) |te} > 1.

i) the radius of the Ford isometric sphere of h is at most \/t.

iii) tr(g,h] > n + 2.

iv) every horocycle of height greater than t does not intersect its image under h.

Theorem (page 492 [31]). Let G be a discrete subgroup of PU(n, 1) that contains the Heisenberg trans-
lation g = T(; ). Let h be any element of G not fixing infinity q., and with isometric sphere of radius rp,.
Then

Thz <ty (h‘_l(QOo))tg (h(QOo)) + 4I|TH2

The purpose of this chapter is to give a generalisation of Shimizu’s Lemma for groups of isometries of
HZ containing a screw-parabolic element. Screw motions are the most interesting of all parabolic maps,
for by allowing the holonomy to tend to the identity, a screw motion tends to a vertical translation and
similarly letting the translation length tend to zero, a screw motion tends to a boundary elliptic map. We
will demonstrate that our theorem interpolates between similar results for these types of isometry.

Our principal result depends on normalising our screw-parabolic map as a specific Heisenberg screw
motion. In the final section of this paper we will restate the result to give a bound on the radii of isometric
spheres in terms of the distance of their centres from the axis of the screw-parabolic map. Our result will
demonstrate that it is necessary for the isometric spheres of very large radius to have centres far away from
the axis of the screw-parabolic map (which has a large translation length at its centre).

To be specific these results are as follows.

Theorem 2.1. Suppose that U, V € PSp(2,1) have the form

a b ¢
U=|d e f (1)
g h J
and
1 0 ¢
V=0 p 0
0 01

where |t| > 0, p € Sp(1) with |[p— 1] < 1 and g # 0. For any real k£ > % let M(k) denote
maz{le|* — 1,|d[*k, |h*k, |g|*k*}. If

2 2
(M(k)+1) <|p—1|+%) <1+|li—|2, (27

then the group (U, V) is not discrete.

Corollary 2.1.1 (see also Proposition 4.4 [25]). Suppose U and V in PSp(2,1) are as in Theorem 2.1
with p=1, ie. V = T(o, (see section 1). If

0 <lglie] <1,

then the group (U, V) is not discrete.

Corollary 2.1.2 (see also Theorem 1.3 (3) of Chapter One). Suppose U and V in PSp(2,1) are as
in Theorem 2.1 witht =0 and |e] > 1, i.e. V = R, o (see section 1). If

0<lellp-1l <1,
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then the group (U, V) is not discrete.

Theorem 2.2. Suppose that (U, V) is a non-elementary discrete subgroup of PSp(2,1) where U and V
have the form

a b c
U=\|d e f (1)
g h Jj]
and _
1 0 ¢
V=10 p
0 0 1]

where [t| > 0, p € Sp(1) with |[p— 1| <1 and g # 0. Let Ly = {{(0,v) € M3} be the axis of V and let
R = maz{po (Lv, U(OO)) y Po (Lv, U_I(OO))}
Then

2|y
2S2R|P 1|+ |t|122
(I-lp=1)) (1-[|p-1}/?)

TU
where ry denotes the radius of Iy.

This work was inspired by Jiang’s and Parker’s 2002 preprint 'Uniform discreteness and Heisenberg
screw motions’ (see [22]) which tackles similar questions in complex hyperbolic 2-space and proves similar
results. Therefore our method of proof follows that introduced by Shimizu (see [34]) and used in Chapter
One and in most of the references mentioned above. The principal idea is that if two members of a Lie
group are close to the identity then their commutator is even closer to the identity. Therefore given a screw-
parabolic map V we consider a sequence (Uy,) C (U, V) such that Uy = U and Up41 = U, VU, ~!. We then
determine iterative relations between the elements of U,, and U,y;. This iterative system has a fixed point
corresponding to the solution U, = V for all n. We aim to formulate criteria for all U, to lie in a basin of
attraction of this fixed point. Finally we demonstrate that under these conditions U,, = V as n — oo.

1. Action of Sp(2,1) on Quaternionic Hyperbolic 2-Space.

The boundary of quaternionic hyperbolic 2-space 9H corresponds to the boundary of the unit ball in
H? and to the sets {(w,wy)|w, + W, + ((w,w)) = 0} in the Siegel domain model. Refering to the standard
Hermitian form mentioned in section 1 of Chapter One, let V; denote the set {z € H?! —[0,0,0] : (z,z) = 0}.
There exists an identification between M, U {oo} and P(Vy) given by

—CI* +v
(¢, v) = V2 ,
1
1
o= |0 QIP(V[])
0

where (¢,v) € 9 and ¢ = w/V2.
We now recall the following definition from section 1 of Chapter One.
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Definition. The Cygan metric py corresponds to the norm |.|g on OHE, which is such that if a point has
horospherical coordinates (¢,v) then

(¢ o)lo = 11¢17 + ™2 = [I¢1* + /2.

The distance pg (according to the Cygan metric) between two points with horospherical coordinates ((,v)
and (w, s) € OHY is given by

po((¢,0), (@,9)) = 1(C,v) 7 (w, 8)lo = (¢ —w, ~v + 5 = 2Im{{¢, w))o = [{(, ), (w, ))['/2.
One can extend the Cygan metric to H}} via the following extension of |.|g

[(¢,v,u)lo = ||§|2 +u ~v|1/2,

Thus we have
pO((Cavau)a (w)s)t)) = ‘(C —Ww,~v+s— 2[m(<§,w)>, |u - t|)|0

The Cygan metric can also be expressed explicitly in terms of the Hermitian product on PH™! as follows.
Let x, y € PH"! correspond to points in OHJ, then

pO(x7 y) = I(X, y>|1/2.

The Heisenberg group M, acts on itself by (left) Heisenberg translation: translation Ty, € Ny is
given by
Tirgy & (w,v) = (1, ) (w,v) = (T +w,v+t + 2Im{(T,w))).

Heisenberg translation by (0,t) for any given ¢ € Im(H) is called vertical translation by t.

We recall from Chapter One that the group of unit quaternions Sp(1) acts on the Heisenberg group by
Heisenberg rotation: rotation Rp o with holonomy p € Sp(1) and azis the chain (0,v) C M, is given by

R0 : (w,v) = (pw,v).

For any 7 € H the Heisenberg rotation R, , by p € Sp(1) with axis (7,v) C Ny is given by conjugating R, o
by T(T,O)-

The product of a Heisenberg translation and a Heisenberg rotation is a Heisenberg screw motion. The
simplest example is the product of a vertical translation Ty ;) with R, 0. This is Sy, given by

Spot: (w,v) = (pw,v +1).

It has axis the chain (0,v) C M, rotates about the axis with holonomy p € Sp(1) and translates along
the axis by a Cygan distance \/m € R. Other screw motions can be obtained by conjugating this one
by a Heisenberg translation or by composing other Heisenberg translations with other Heisenberg rotations.
Heisenberg translations, rotations and screw motions are all isometries of the Cygan metric, in fact the group
of Heisenberg isometries is generated by T{, ), Rpo where (7,t) and p vary over My and Sp(1) respectively.

The action of Heisenberg isometries can be extended to quaternionic hyperbolic space. The Heisenberg
translation T{, ), Heisenberg rotation R, and Heisenberg screw motion S, ¢ correspond to the following
matrices in PSp(2,1).

1 =27 —|7]?+t

T(T)t) =10 1 \/§T ’
0 0 1
1 00
welig )
0
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1 0 ¢
Sp,(),t = 0 P 0
0 0 1

We recall from section 1 of Chapter One that elements of Sp(2,1) are classified as parabolic, loxodromic or
elliptic as in the familiar case of Mobius transformations. An element is called parabolic if and only if it has
a unique fixed point which is in 9HJ.

i) A parabolic element is called pure parabolic if it is conjugate to a Heisenberg translation.

ii) A parabolic element is called screw parabolic if it is conjugate to a Heisenberg screw motion.

2. Main Theorem.

Theorem 2.1. Suppose that U, V € PS5Sp(2,1) have the form

a b c
U=|d e f (1)
L 9 h j
and
(1 0 ¢
V=]0 p O
L0 0 1

where |t|] > 0, p € Sp(1) with |[p — 1] < 1 and ¢ # 0. For any real k > 12_tpp_—]l| let M (k) denote
maz{le* - 1,|d’k, |hk, |g|*k?}. If

2 2
(M(k)+1) (|p—1|+|’t€—|> <1+1]i—|2—, (27)

then the group (U, V) is not discrete.
Remark. If we set V = S, ,,, with axis the chain {(w,v) C 91, then we need to define M (k) to be

2
maz { ’e — dBV2 — whv2 + 2wgw| —1,|d + wgV2|?k, |h - guwV2|%k, |g|2k2} )

We observe that the inequality (27) compels U to be sufficiently close to I.

We will now give two straightforward corollaries from our theorem. If p = 1 then V is a vertical
translation. In this case the following corollary shows that Theorem 2.1 reduces to Shimizu’s Lemma for
vertical Heisenberg translations. Here the discreteness criterion only involves the term |g| = 1/ry? where
ry is the radius of the isometric sphere of U. The geometrical consequence of this result is that the radii of
isometric spheres are bounded by the Cygan translation length of V. (A very large horosphere requires a
very long translation.)

Corollary 2.1.1 (see also Proposition 4.4 [25]). Suppose U and V in PSp(2,1) are as in Theorem 2.1
withp=1,ie V =Ty If
0 <lgllt] <1,

then the group (U, V) is not discrete.
Proof. Choose k sufficiently large so that M (k) = |g|?k?. Since |g||t| < 1 we have

|t* [t]?
(M(k) + )y <1+ 5
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This is the inequality (27) with [p — 1| = 0. So Theorem 2.1 implies that the group (U, V) is not discrete.

If ¢ = 0 then V is a boundary elliptic element. In this case under the condition |e] > 1 which is a
criterion for the axes of V and UVU™! to be disjoint (see page 20 in Chapter One ), the theorem reduces to
the generalisation of Jgrgensen's inequality for boundary elliptic elements of Sp(2,1). Here the condition for
discreteness only involves |e| = cosh(p(Lv,U(Lv))/2) (see page 20 in Chapter One) where p is the Bergman
metric on quaternionic hyperbolic space and Ly is the axis of V. The geometrical consequence of this result
is that if V rotates through a small angle then the axis of V must be displaced very far by U.

Corollary 2.1.2 (see also Theorem 1.3 (3) of Chapter One). Suppose U and V in PSp(2,1) are as
in Theorem 2.1 witht =0 and |e| > 1, ie. V = Rpo. If

then the group (U, V) is not discrete.

Proof. Since t = 0 and |e] > 1, we can choose a sufficiently small k so that M (k) = |e|> — 1. Now from
lellp — 1| < 1 we have
(M) +Dlp-12 < 1.

This is the inequality (27) with ¢t = 0. So Theorem 2.1 implies that the group (U, V) is not discrete.

It is interesting to compare our Theorem 2.1 for screw parabolic elements with Kim and Parker’s
Proposition 4.4 and Proposition 4.5 of [25] for pure parabolic elements conjugate to vertical and non-vertical
Heisenberg translations respectively.

Proposition 4.4 [25] (see Corollary 2.1.1 of this chapter). Let G be a discrete subgroup of PSp(n, 1)
which contains a vertical translation g by t € Im(H). Let h be any element of G not fixing oo and written
in a standard matrix form (see section 1 of [25]). Then |t||c| > 1.

Proposition 4.5 [25]. Let G be a discrete subgroup of PSp(n, 1) whose stabiliser G, of 0o is a Heisenberg
lattice. Let Ty, ;) be a non-vertical translation (so 7 # 0) and let s be the radius of the Dirichlet domain
centred at the origin of the vertical lattice kerll N Go, where I1 : ((,v) = (. Let h be any element of G not
fixing co and written in a standard matrix form (see section 1 of [25]). Then

II71? +is|le] > 1.

Remark. According to section 1 of [25] any element of PSp(n,1) not fixing oo can be represented by a
matrix of the form

a v b
a A f
c & d

where a, b, ¢, d € H, «, 3, v and § are column vectors in H*~! and A isa (n — 1) x (n — 1) matrix over H.
(Here * denotes the conjugate transpose.)

2.1. Proof of the Main Theorem.

In this section we will prove the main theorem using methods similar to those established by Shimizu
[34]. First consider the sequence (U,) defined by setting Uy = U and U,4; = U, VU, . We write

a, b, c,
Un = dn €n fn
n hn jn



Then U,4; is given by

Uny1 = | dus1 €ny1 fryt
L 9n+1 hntt Jng1

Ony1 bnyr  Cay ]
[a, b, cn 1 0
p

t zn ?n Eﬂ
=|dyn en fn 0 0 hn En bn
L 9n hn J n 0 01 §n dn @y

Performing the matrix multiplication and using the identities given by U,U,~! = I we have
Any1 =1+ bn(p - l)h_n + antgn,

b1 = ba(p = 1)&; + antdy,
eny1 = 1+ en(p — 1)&,; + dutd,,
g1 = €n(p — Dhn + dntn,
hnt1 = hn(p — 1)8n + gntdn,
gnt1 = hn(p = Dhy + gutn.
We observe that
lensil® = 1= [eal*(lenl® = Dip — 1 + 2Re(dutdnen B — 1)7) + Idul*¢’
< ((enl® = 1) + 1) (lenl® = Dlp = 1> + 2((lenl® = 1) + 1) Idal*lp ~ LlIt] + |du|*[¢].
The remainder of the proof is the same as Jiang and Parker’s proof of the corresponding result in
complex hyperbolic 2-space (see [22]). They construct a dynamical system relating the entries of U,y to
those of U,. Inspired by the idea in the appendix of (18], for any positive real number & they define the

quantity
M(K) = maz{lel? - 1,|d|2k, [h|2k, |g|k?)

and use it to prove a criterion for distinct U, which implies that (U, V) is not discrete.

3. A Bound on the Radii of Isometric Spheres.

In Theorem 4.8 of {25), Kim and Parker proved the following bound on the radii of isometric spheres of
Uand U™L.

Theorem 4.8 [25]. Let G be a discrete subgroup of PSp(n,1) which contains a Heisenberg translation
T =T ). Let U be any element of G not fixing oo with isometric sphere of radius ry. Then

ru? < po(U™1(00), TU ™1 (00))po(U(00), TU (00)) + 4fr|*.

In this section we will use Theorem 2.1 to give a bound on the radii of the isometric spheres of U
and U™! in terms of the Cygan distance between their centres and the axis of V. First we will give some
definitions.

3.1. Isometric Spheres.

The isometric sphere I, with respect to a distinguished point at infinity g, € OH} of a map h in
PSp(n, 1) which does not projectively fix g, (i.e. the Ford isometric sphere of h) is the spinal hypersurface
given by

In = {z € H : {Z,Qc0)| = KZ, ™1 (Qoo))}
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where Z and Qo are vectors in IHP“that project to z and ¢ respectively. The automorphism A maps Iy,
to I,-1 and maps the component of Hf — I, containing ¢., to the component of H}j — I,-1 not containing

Geo-

First we will quote Kim and Parker’s Proposition 4.3 (see [25]).

Proposition 4.3 [25]. Let U be an element of PSp(2,1) which does not projectively fix g (i.e. g # 0).
The Ford isometric sphere of U is a round sphere in the Cygan metric with centre U~ (qs) and radius
ry = \/1/|g| where

a b ¢
U=|d e f
g h j

We will now interpret the Ford isometric sphere in terms of pp, the Cygan metric on JHJ.

Theorem 2.2. Suppose that (U,V) is a non-elementary discrete subgroup of PSp(2,1), where U and V
have the form

a b ¢
U=|d e f (1)
g h j
and
1 0 ¢
V=0 p 0
0 01

where |t} > 0, p € Sp(1) with [p— 1/ < 1 and g # 0. Let Ly = {(0,v) € M3} be the axis of V and let
R = maz{po(Lv,U(0)),po(Lyv,U""(0))}.
Then

) . 2R 1] ¢
ST-1) T - 17

Ty

where ry denotes the radius of Iy.
Proof. The proof of this theorem is identical to that given for the complex hyperbolic case by Jiang and
Parker in [22] provided we substitute |¢| for their ¢ > 0.

We observe that all the quantities in this theorem are defined in terms of the Cygan metric on the
complement of a fixed point of V. Therefore the theorem can be restated in an invariant form.
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CHAPTER THREE.

OCTONIONIC HYPERBOLIC GEOMETRY.

The purpose of this chapter is to build on the inchoate foundations of octonionic hyperbolic geometry
(see [27]). We will find that the essential formalism and many results from complex hyperbolic geometry
hold in the octonionic case. The exceptions arise where we employ commutativity, associativity and the
isomorphism between R and the imaginary complex numbers.

In this chapter we will use the Jordan algebra (J) model of octonionic hyperbolic 2-space H3 to develop
the Siegel domain model with horospherical coordinates. In this model H3 becomes a direct product of Ry
with horospheres. Each horosphere can be identified with the generalised Heisenberg group where the centre
is seven dimensional, corresponding to the purely imaginary octonions. We describe a Cygan-like metric (on
the generalised Heisenberg group) and the automorphism group Aut(J) of H3. We then proceed to prove
a generalised octonionic Shimizu’s Lemma for discrete subgroups of Aut(J) containing a parabolic map.
We use this result to determine criteria for horoballs and sub-horospherical regions to be precisely invariant
under the action of discrete subgroups of Aut(J) containing parabolic maps. Furthermore we also explore
the action of discrete subgroups of Aut(J) containing ellipto-parabolic maps on the octonionic hyperbolic
plane. Our ultimate goal is to use the octonionic Shimizu’s Lemma to determine estimates of lower bounds
on the volumes of non-compact octonionic hyperbolic 2-manifolds. First we determine a disjointness criterion
for horoballs based at distinct parabolic fixed points on 9HZ. Then we use this condition together with a
conjecture regarding a certain property of 7-dimensional Euclidean geometry to derive estimates of lower
bounds on the volumes of disjoint embedded cusp neighbourhoods. Finally we use these lower bounds to
determine estimates of lower bounds on the volumes of non-compact octonionic hyperbolic 2-manifolds.

To be specific our generalised Shimizu’s Lemma is as follows.
Theorem. Let G be a discrete subgroup of Aut(.J) that contains the parabolic map g = Tr y where T € O

and t' € Im(Q). Suppose G also contains a lattice of vertical translations. Let h be any element of G not
fixing a distinguished point at infinity B and with isometric sphere of radius r,,. Then

ri < min{k, (|7]*/4 + rp?)"/*

}

where k = \/|t| is the translation length of the shortest vertical translation Ty, in G and rp is the radius of
the Dirichlet domain of the vertical lattice in the stabiliser of B, Gp centred at the origin.

Furthermore our conjectured lower bound on the volume of a non-compact octonionic hyperbolic 2-
manifold is given by the following estimate.

Volume Estimate. Let M be a 2-dimensional non-compact octonionic hyperbolic manifold with k&' cusps
and let G be a discrete, cofinite volume group of isometries of H3. Let G; be a parabolic subgroup of G
fixing a parabolic fixed point ¢; € 0H of G. Let H; be a canonical horoball left invariant by G;. Then

2
I(M) > k' mi /G > K ——
Vol(M) > k' min{Vol(H;)/G;} > k 9om

where m is the maximal index of a lattice L; in Gj;.

This chapter was inspired by the work of Allcock (see [1]), Kamiya (see [23]) and Parker (see [30], [31]
and [32]). Many of our results are generalisations of Parker’s results for complex hyperbolic space, however
due to the inflexibility of the non-associative division algebra of the octonions as compared to the complex
numbers, there are often significant differences in the means of proof.
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The material in the first two sections is taken from (2], [5], [7] and the papers [10] and [11] of Dray and
Manogue as listed in the Bibliography. Furthermore throughout this paper we will use Dray and Manogue’s
convention regarding multiplication of the octonions as opposed to the convention of Allcock (see [1]) which
appears less frequently in existing literature on the octonions.

1. Preliminaries.

1.1. The Octonions.

The algebra of octonions O is a non-commutative, non-associative, normed division algebra over the
reals. Therefore the set of non-zero octonions is closed upon taking the multiplicative inverse. The automor-
phism group of the octonions is G5, the smallest of the exceptional Lie groups. In terms of a natural basis
an octonion z can be written

7
r = Z ZTi€;
i=0

where the coeflicients z; are real and the basis vectors e; for ¢ = 0,1, ...7 are such that
€y = 1

and
eie; = -1

for:=1,..7.

We call {e;|¢ = 1,...7} the imaginary basis units; they anti-commute, i.e. fori¢ #j:4,7 =1,...,7 we
have
€i€; = —€je;

and products of two different imaginary units yield a third, i.e. e;e; = +ey for some k € {1,...,7} C Z.
In fact the following index cycling identity holds. If e;e; = ex then the two equations generated by cyclic
permutation of the indices also hold. The above identities together with the products

€1 = €2€3 = €4€5 = €7€6,

€9 = €5€7

and
€3 = €467 = €¢€5

are sufficient to define the octonionic multiplication table. We observe that the full multiplication table for
the octonions is encoded in the 7-point projective plane (i.e. the projective plane over the 2-element field Z,
otherwise known as the Fano plane) together with the rules given by ep = 1 and e;e; = —1.

The commutator of two octonions is
(z,y] = zy — y=.

The associator of three octonions is

(z,y, 2] = (zy)z — 2(y2).
Both the commutator and the associator are totally antisymmetric in their arguments, have no real part
and change sign if any one of their arguments is replaced by the conjugate (defined below). Although the

associator does not vanish in general, the octonions do satisfy the following weak form of associativity known
as alternativity

[z,y,5] = (zy)z — 2(yz) = 0.
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The underlying justification for this result is that two octonions determine a quaternionic subalgebra of O
so that any product containing only two linearly independent octonions is associative. For the same reason
we have

[z,2,y] = (z2)y — 2(zy) = (*)y — z(ay) =0

and
n_ m __ m,.n

for all integers n and m.

Octonionic conjugation is given by reversing the sign of the imaginary basis units so if we denote
Re(z) = zg and Im(z) = £7_,z;e; then we have

T = —z + 2Re(z).

Conjugation is an antiautomorphism since it satisfies

The symmetric inner product {.,.) on @ is
1 1
(@,9) = 5 (27 +y7) = 5 (Fz +7Y).

The square of the norm |z| of z is equal to (z,z) = 2T = Z;o z;z; which satisfies the defining property of
a normed division algebra, i.e.
2yl = lzllyl = lyll=l-

We also observe that z is a unit if and only if |z| = 1.

The octonions can also be represented as the direct sum of two copies of the quaternions. Letting ¢, j,
k denote the three standard imaginary quaternionic units, then

O=H+H =(C+ kC) + (C+ kC)l

where [ is another (distinct) square root of -1. The octonions are thus spanned by the identity element 1
and the 7 imaginary units ¢, j, k, kl, jl, 7l and [. These units can be divided into (the imaginary parts of)
quaternionic subspaces in 7 different ways. Any three of these imaginary units which do not lie in such a
triple anti-associate.

We will find the following identities (which hold for all z, y, z € O and all imaginary units g € @) useful
in describing the octonionic hyperbolic plane and its geometry. (They can also be found on page 471 of [1].)
i) z2(zy)z = (27)(y2),
ii) Re((zy)z) = Re(x(yz)) = Re((y2)z),
i) (uzm)(py) = plzy),
) (zp)(Byp) = (zy)u

and

iv

v) @y +yz = (2m)(py) + (yr)(u).
We write Re(zyz) for any of the 3 expressions in ii).

These identities are readily proven using the automorphism group of the octonions (namely the compact
form of the exceptional Lie group G3) and the fact that the stabiliser of a subalgebra isomorphic to R, C or
H acts transitively on the units orthogonal to the algebra.
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1.2. Ga.

G2 the smallest of the exceptional Lie groups is the automorphism group of the octonions. Any octonion,
say ¢ whose square is —1 generates a subalgebra of © isomorphic to C. If we then pick any octonion, say j
with square equal to —1 that anticommutes with ¢, the elements 7, j generate a subalgebra isomorphic to H.
Finally if we choose any octonion, say ! with square equal to —1 that anti-commutes with ¢, j and 4j, the
elements i, j and [ generate all of @. We call such a triple a basic triple.

It follows that given any two basic triples there exists a unique automorphism of O mapping the first to
the second. Conversely it is clear that any automorphism maps basic triples to basic triples. This fact can
be used to describe Gs.

Fix a basic triple e;, ez and e3. There is a unique automorphism of the octonions mapping this to any
other basic triple e;’, e;' and e3’. A basic triple is any triple of unit imaginary octonions such that each is
orthogonal to the algebra generated by the other two. This means that our automorphism can map e, to
any point e;’ on the 6-sphere of imaginary unit octonions, then map es to e»’' on the 5-sphere of imaginary
unit octonions that are orthogonal to e;’ and then map ez to any point e3’ on the 3-sphere of imaginary unit
octonions that are orthogonal to e;’, es’ and e;’ex’. It follows that

dimGy = dimS® + dimS® + dimS® = 14.
Using the vector representation of Spin(8) on O we get homomorphisms
Gy — Spin(8) — SO(0)

where SO(Q) is the rotation group of the octonions viewed as a real vector space with inner product
(z,y) = Re(Ty) (which is the same as the inner product on @ mentioned in the previous section) and is
isomorphic to SO(8). The map from Spin(8) to SO(Q) is two-to-one, but when we restrict it to G, we get
a one-to-one inclusion

Gy SO(0).

G- has a 7-dimensional representation Im(Q). This is the smallest faithful representation of G5. Both
Im(H) and I'm(0) are closed under the commutator. In the case of Im(H) the commutator divided by two
is the familiar cross product in three dimensions

1
axb= §[a,b].

We can make the same definition for Im(@) obtaining a 7-dimensional analogue of the cross product. For
both Im(H) and Im(Q) the cross product is bilinear and anti-commutative. The cross product makes Im (H)
into a Lie algebra, but not Im(Q). For both Im(H) and Im(Q) the norm of the cross product is given by

lla x b]|? + {a, b)* = [|al[*[|b]|?

or equivalently
lla x b]| = |sin 6] {|al| []b]]

where 6 is the angle between a and b. We observe that the norm of this cross product on Im(Q) is the same
as the norm on Q defined in the previous section on the octonions. Direct computation shows that a x b is
orthogonal to a and b. We further observe that the group of real-linear transformations of I'm(Q) preserving
the cross product is exactly G,.

Finally we note that the following formula defines a derivation on the octonions
Dy yo = [[‘Tvy]’ a) — 3[z,y, a]

where z, y and z are octonions and [a, z,y] denotes the associator (az)y — a(zy). As QO is a normed division
algebra every derivation is a linear combination of derivations of this form.
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1.3. The Octonionic Hyperbolic Plane.

The octonionic hyperbolic plane H is a rank one symmetric space of non-compact type. We can also
define the octonionic hyperbolic line H} which is isometric with the real hyperbolic space H. In this
setting a hyperplane is just a point and the octonionic reflection therein is just central inversion.

To model H) we can’t treat triples of octonions as elements of an octonionic vector space due to the
non-associativity, therefore many of the approaches to real, complex and quaternionic hyperbolic geometry
are invalid in the case of the octonionic hyperbolic plane. Therefore we have to work harder and use Jordan
algebras J of matrices X instead. These are associative which means that PJ is well defined. In formulating
and then applying matrix representations of the automorphism group Aut(J) of H we use the fact that
every 2-generator subalgebra of O is associative together with the octonionic identities listed at the end of
section 1.1 which hold for all z, y, z € O and all imaginary units .

1.4. An Octonionic Jordan Algebra.

This section uses material from (1], [10], [11] and [33].

Let M3(0) denote the real vector space of 3 x 3 matrices X with octonionic entries and X* denote the
conjugate transpose of X. Furthermore let @ denote a real symmetric matrix (therefore & = ®*) in M3(Q)
which gives an Hermitian form on a space of octonion triples @ which we will use to model the elements of
J. The Jordan algebra associated to @ is then defined as

J={X € M3(0)|X® = dX*}.

J is closed under Jordan multiplication X xY = (XY + Y X)/2 which is commutative but not associative.
X,Y Jordan commute if and only if X xY = 0. We have in particular that

X?=Xx*xX
and we define (see page 3 of [11])

X3 = X2 X = X« X% = - (X)X + X(X?))

[

which differs from the cube of X using ordinary matrix multiplication. Other useful operations on Jordan
matrices are the trace denoted by tr(X) and the Freudenthal product

1 1
XoY=Xx*Y - 3 (Xtr(Y) + Yir(X)) + é-(tr(X)tr(Y) —tr(X *«Y))I
where I denotes the 3 by 3 identity matrix. This has the important special case
XoX=X%- (tr (X)) X + o(X)I (28)

where

a(X) = = ((tr(X))* —tr(X?)) = tr(X o X).

B | =

There is also trace reversal
X' =X-tr(X)I=-2[0 X

and the determinant 1
det(X) = gtr((X 0o X)x*X)

which can be equivalently defined by
(X oX)xX) = (det(X)) I. (29)
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Expanding (29) using (28) we observe that Jordan matrices X satisfy the usual characteristic equation

X3 = (tr(X)) X? + Re(o(X))X - (det(X))I = 0.
We choose to work with the following inner product matrix
1 0 O
=0 0 1
010

which may also be regarded as an indefinite Hermitian form.

Remark. For any invertible symmetric matrix ¥ in M3(R) corresponding to a nondegenerate form there
exists g € GL3(R) such that g¥g* € {£I,+®} so Jy is isomorphic to Jy or Je.

If we choose ® as above, then X® = ® X* means that an element X of .J has the form

X =(a,b,c,u,v,w) =

g < 0
o g &8
2 o g

with a, b, c € R and u, v, w € Q. We observe that tr(X) € R

Remark. The automorphism group of J is a real form of Fy and as & is indefinite the group is

Fy(20) = AUt(H&?))~

We define X to be
0) a A-potent if X x X = AX,
1) a negpotent if X * X = AX where A <0,
2) a nilpotent if X x X =0,
3) an idempotent if X x X = AX where A > 0,
4) good if a) X is nonzero, b) X is a member of the image space of the map ¢ defined below.
The map q is such that
q: Qo J
q:v+— dvtu

where @®, denotes the set of octonionic triples {v = (z,y,2)} such that z, y and z lie in an asssociative
subalgebra. Thus if v = (v, v2,v3) we have

[v1]> Trve wrvs
q(vi,v2,v3) = | T3vr Tz |vg?
vur  |va? Tzus

Furthermore if X = q(v1,v2,v3) then we have
tr(X) = |n|* + 2Re(Tou3) € R

and
a(X)
= I’I)1I2EU2 + |U1|2@’U3 + 1/2(@’02)(%?}3) + 1/2(52‘1)3)(%112)

— [v3v3|? — 1/2(01va)(Usv1) — 1/2(0301) (TTv2) — 1/2(T1ws) (Tav1) — 1/2(T3v1) (T1vs).

39



Definition. We define the indefinite norm |v|?y of v € @ to be the single entry of v®v* which is auto-
matically real. (Here v* denotes the conjugate transpose of v.)

Then we have
q(v)q(v) = Pv*vdv*v = dv* |’ v = v’ 5 a(v)

so we see that g(v) is |v]?5-potent. We observe that the norm |v[? of v € @®; is not the same as the norm
in J of q(v) which is defined as the inner product (see below) of ¢{v) with itself. In fact the latter norm is
the square of the former. Thus we also have

tr(g(v)) = Retr(q(v)) = Re Z &, ;T;v; = Re Zvié,‘,jv—j = |v|?y.
2

%)

Therefore a necessary condition for X € J to be good is that there exists A € R such that X is A-potent and
has trace A. This is also a sufficient condition (see Theorem 4.3. of [1]).

We define an equivalence relation ~ on J by X ~ Y if and only if X = €Y for some € € Ry.

Definition. The octonionic hyperbolic plane consists of those equivalence classes of Jordan matrices X
which satisfy the restrictions
X*xX=AX

where A < 0 and
tr(X) =X\

These conditions force the entries of X to lie in a quaternionic subalgebra of O determined by X.
Elementary (associative) linear algebra then shows that each element of Hj is a primitive negpotent (a
negpotent that is not the sum of other negpotents) and can be written as

X =q(v)

as defined above. Similarly the good nilpotents correspond to points in JH3 and the good idempotents

correspond to points in the octonionic projective space PJ outside H—%.

We recall that @®, denotes the set of octonion triples (z,y,z) such that z,y,z lie in an associative
subalgebra. For the purposes of this thesis @, can be further restricted (to a set Q%) by requiring that y
be real. It is proved in [1] that in the Siegel upper half space model &, of the hyperbolic octonionic plane
H3J is described as the image in PJ of the good negpotents, i.e. H} = {(z,1,2) € Qfy|Re(z) < —a7/2}.
The space at oo JHJ is the image of the good nilpotents, namely (0,0,1) (whose image in ﬁ?(; we denote by
B = ¢(0,0,1)) and {(z,1,2)|Re(z) = —zZ/2} which form the 15 dimensional Heisenberg space H'5. (We
will henceforth refer to {(z,1,2) € OPyo|Re(z) < —|z|?/2} U {(0,0,1)} as the coordinates of the closure
of the Siegel domain of points X in HJ.) This realises the boundary of the octonionic hyperbolic plane
topologically as the 15-sphere S'® and the octonionic hyperbolic plane as the open 16-ball bounded by S1°.
A line in HJ is the set of good negpotents that Jordan commute with some fixed good idempotent X. The
line associated to a given good idempotent X is said to be polar to X.

Alternately we may say that in the upper half space model of H3 the points of PJ (except those on the
line at infinity) are described by pairs (z, —2z — |z|%/2).

Definition. If X = ¢(z,1, z), then the horospherical coordinates ({,v,u) on H_f)— {B} are defined as follows.

(=g, (30)
v = Im(z), (31)
u = —Re(z) — |z]*/2. (32)
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We observe that in horospherical coordinates C' the image of (0,1,0) under the map ¢ is denoted by
(0,0,0).

Definition. In H the subspaces defined by

Hy = {({,v,u)|u >t}
are defined as horoballs of height t and those defined by

OH: = {((,v,u)|u =t}

are called horospheres of height t. We observe that 8H% = 8Hp U {c0}.

Definition. (X|Y') the symmetric inner product on J is defined as
(X]Y)=Retr(X*Y)=tr(X xY).

The rationale behind this definition is as follows. If X = ®v*v, ¥ = dw*w so that XY = (®v*v)(dw*w),
then if we also had commutativity and associativity XY = (v®w*)(®v*w). This would give the following
equality

tr(1/2(XY + Y X)) = 1/2(v®w*) (wdv™) + 1/2(wdv*) (vPw™)

which is a natural generalisation of the square of the 'standard’ Hermitian form v®w*. We observe that
this sets up an isomorphism between J and its dual J*. We also observe that if X = ¢(v), ¥ = ¢(w) then
tr(X*Y) eR

1.5. Norm and Metric on the Boundary of the Octonionic Hyperbolic Plane.

We will now define a Heisenberg norm |.Jo and metric po on the boundary of the octonionic hyperbolic
plane. Treating the boundary of the octonionic hyperbolic plane as the one point compactification of a
15 real dimensional Heisenberg group 9, we can define a group product o (not to be confused with the
Freudenthal matrix product defined in section 1.4)

(z$1’z)o(y)17w) = (I+y71’z+w_my)'

Using z + Z + [z|? = 0, the inverse of (z,1,2) is (—=z,1,%).
g

The norm of (z,1,2) is |(z, 1, 2)|o = v/|2]-

The metric relation between points on HJ is

po((z,l,z),(y, 17w)) = pO(S’t) = |(t o 3_1)|0

where s = (z,1,2) and t = (y, 1, w).

Switching to Heisenberg coordinates and performing a direct calculation using equations (30), (31) and

(32) we find that
1/2

po((¢,v,0), (Co,v0,0)) = |I¢ = Col*/24+ v — v — Im(¢oQ)|

It is straightforward to check that |.jo and pg satisfy the appropriate conditions for a norm and a metric.

Remark. This metric should be thought of as the counterpart of the Euclidean metric on the upper half
space model of real hyperbolic space. This metric is a natural metric intrinsic to 912 (and so to each
horosphere) but is not intrinsic to H3.
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The metric pg on Ny can be extended to a metric also denoted by pg on the octonionic hyperbolic plane
as follows. Letting (¢, v, u) and (o, vo, uo) denote the horospherical coordinates of two points in H we have

pO((vaaU);(@’UO,UO)) = l — Vg +v - IC|2/2 - |C0|2/2 + CEO - IUO - u'|1/2
= 1IC = Col?/2 + [u — ol + v — vo — Im(GQ)[”.

The Bergman metric is the intrinsic metric on Hf), it corresponds to the hyperbolic metric on real
hyperbolic space. According to the Bergman metric, the distance p between two points X, Y in H is given

by
(XYY (XYHYIX)
’( 2 >‘<X|X><Y1Y>'

1.6. The Automorphism Group Aut(J).

The automorphism group of J, Aut(J) is isomorphic to the group Fy(_s0), a connected simply connected
simple exceptional Lie group of 52 dimensions which acts simply transitively with compact stabiliser on H,.
This is proved in Theorem 4.5 of [1]. (In fact HJ is isomorphic to Fy_s0)/Spin(9) as Spin(9) is the stabiliser
of a point in H2.) Furthermore Theorem 4.4 of [1] shows that Aut(J) acts transitively on the points and
lines of H3 and 2-transitively on the points of 6Hg,. Elements of Aut(J) are classified as in the familiar
case of Mdbius transformations (and elements of Sp(2,1)) as described in section 1 of Chapter One. We
also observe that the 78-dimensional exceptional Lie group Eg has a real noncompact form Eg(_s6) which
acts as the group of collineations on PJ. Equivalently Eg(_s6) acts as the determinant preserving linear
transformations of .J. Fy is a maximal compact subgroup of Eg(_3).

We will now show that any element h of AutJ not fixing B = ¢(0, 0, 1) has a canonical decomposition

of the following form
h =Ty D{S}RTy!

where

% T} is a translation such that 7} (C) = h(B) where C = ¢(0,1,0) and B correspond respectively to
the origin and infinity on the boundary of the octonionic hyperbolic plane. Similarly T5(C) = h=1(B).
Furthermore such translations fix B.

* D is a dilation, dilation factor A, i.e. |D(X)|o = A|X|o, fixing B and C.

* R is the inversion interchanging B and C.

* {S} is a sequence of “rotations” S, where p is an imaginary unit of the octonions, fixing B and C.
The set of maps S, generate a subgroup of Aut(J) which is isomorphic to SpinzR.

Proof. By inspection we find that T, 'h: B — C, but Ty 'hTy R fixes B and C (see below for an explicit
definition of R) and any map which fixes infinity and the origin must be of the form D{S}. Therefore
h =T, D{S}RT;".

1.6.1. Transformation Formulae.

Since O is nonassociative, computations with it are sometimes complicated. In the development and
use of the following transformation formulae this problem is dealt with by using five useful identities i) to
v) listed at the end of section 1.1 of this chapter (see also page 471 of [1]). The transformation formulae are
as follows.

(i) Inversion.
R(z,1,2) = (=2 'z,1,271).

We observe that the form of this definition of R differs slightly from that given in [1] where the action of
R is defined as R(z,1,z) = (z, —z, —1). This is to ensure that R preserves Gpo>. A further consequence
of our definition of R is that it acts as inversion in the boundary of the unit pp-ball centred at C.
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(ii) Rotation.
Sa(z,1,2) = (fz, 1, Fzp),
where u is a unit imaginary octonion.
(iii) Dilation.
D/\(:Ey 1) Z) = (/\Il), 11 /\22),
where A € Ry .
(iv) Translation.
Top(z,1,2) =(z +a,1,z—z8 - ad/2+b)
where a is an octonion and b is an imaginary octonion. (Here a = 0 corresponds to a central or vertical

translation.)

By consideration of the Heisenberg coordinates and direct calculation we see that the translations are
parabolic transformations which form a 15 dimensional Lie group which is nilpotent of class 2 and acts
transitively on 8H} — {B}. Furthermore the translations are normalised by the S,,.

Remark. For proof that R, S, and T, are automorphisms of J see Lemma 4.1 of [1]. That Dy is an
automorphism of J follows by inspection.

The corresponding matrix representations are as follows. (We observe here that in performing the
calculations we first perform matrix multiplication on the right of a triple (z,1, ), then project on the left
when necessary in order to preserve the form of the (., 1,.) triples. This is the opposite convention to that
used earlier with transformations on quaternionic hyperbolic 2-space.)

Sy is given by

1 0 0
0 p O
0 0 p
D, is given by
1 0 0
0 1/A 0
0 0 A
T, is given by
1 0 —a
a 1 —|a]?/2+b
0 0 1

Remark 1. The T; (¢ € R) together with their conjugates under Spin;R generate a 15 dimensional
nilpotent Lie group.

Remark 2. The above representation of T, is justified by the following two facts.
1) the quaternionic subalgebra generated by any pair of octonions is associative.

2) the associator of any three octonions is purely imaginary.

We observe that each of these matrices M satisfies the following identity.
MoeM* =9

where * denotes the conjugate transpose.
Proposition 3.1. T, and S, preserve py, i.e. they are Heisenberg isometries.

Proof. Elementary calculations show that
Tap(z,1,2) = (z,1,2) 0 (a,1,b — aa/2)
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and
po((iE, 172)) (yv 1,’([))) = I(y —¢,lL,w+z+ y—i)lo

Now
po(Tap(z,1,2), Tap(y,1,w)) = po((y + a,1,w —ya — aa/2 + b) o (—z — a,1,Z — a% — aa/2 — b))
=|(y — 2, 1,w +Z + yT)lo.
In this last calculation we use b = —b as b is imaginary.) Thus T, ; preserves Po-
g .

The proof for S, is very similar although the following identities must be used

Bzu = —pzp

and
(wy)(BT) = —(1y)(Tp) = pyz)i.

Remark. Any group of Heisenberg similarities (dilations and isometries) containing both a translation T, 4
and a dilation D) with A > 1 is not discrete. This can be seen by applying the proof of Proposition 3.3 [30]
to our octonionic Heisenberg similarities T, 5 and Dy (A > 1).

2. An Octonionic Shimizu’s Lemma.

In this section we will prove an octonionic analogue of Shimizu’s Lemma for vertical parabolic maps on
real hyperbolic spaces. We recall here that in Chapter Two we proved a Shimizu’s Lemma for Heisenberg
screw motions in quaternionic hyperbolic 2-space. Given a discrete subgroup of PSL(2,R) containing a
parabolic map, a classical result of Shimizu (see [34]) gives a uniform bound on the radii of isometric circles
of elements of the group not fixing infinity. The uniform bound is the (Euclidean) translation length of
the parabolic map. Equivalently every horocycle whose height is greater than the translation length of the
parabolic map is precisely invariant under such a group. Both of these statements involve the use of an
intrinsic metric (the Poincaré metric) and a non-intrinsic metric (the Euclidean metric) on the upper half
plane model of the hyperbolic plane. For further details of Shimizu’s Lemma and its extensions see Chapter
Two.

Before we prove the main theorem, Theorem 3.1 we will prove some preliminary propositions and a
lemma.

Proposition 3.2. For all X, Y € 9H — {B}, the symmetric inner product {.|.) on J and the metric on
the boundary pg satisfy the following relation

(XIY) = po(X,Y)".

Proof. By straightforward calculations using the matrix representations ¢(z, 1, z) and ¢(0,1,0) of X and C
respectively we find that
(X|C) = Retr(X xC)
=2z
X)o*
= n(X,0)".

Applying a suitable translation 7" which is an automorphism preserving (.|.) and also an isometry of pg we
get the general result
(X|Y) = po(X, V)%
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This can be seen from the following explicit argument. Let X, Y € 0HZ — {B} and let the translation T be
such that T'(Y) = C, then we have

(X|Y) = (T(X)|IT(Y))
= (T(X)|C)
= po (T(X),C)*
po (T(X), T(V))*
= po (X,Y)*.

Definition. Let h € Aut(J) not fixing B, then the isometric sphere I, of h is the sphere center h™'(B)
which is mapped by h to I -1, the isometric sphere (of equal radius with respect to the Cygan metric po) of
ht,

Proposition 3.3. If h is a member of Aut(J) not fixing B, then the radius of the corresponding isometric
sphere is r = r(h) = V/A where X is the dilation factor of h.

Proof. Let h be decomposed as
h = TiD{S}RT;".

Then we have for all X € 6H} — {B}
po(R™(B), X) = po(T:R{S) ' DT (B), X) = po(T2(C), X) (33a)
as T1(B) = D(B) = §(B) = B and R(B) = C. Now
po(h(B), h(X)) = po(T1 D{S}RT; (B), T\ D{S}RT; (X)) = Apo(R(B), RT; (X)), (33)
Multiplying the above two expressions gives

po (R™1(B), X) po (h(B), h(X)) = Apo (C,T5 (X)) po (C, RT; ' (X))
1

= A\T X))o mm—
175 (X)lo T (Xl (34)
=
* 1
po (C,R(Z)) = Zh

for all Z € 8HZ — {B}. If D := po(h~'(B),X) = VA then E = po(h(B), h(X)) = V' by equation (34),
but D = r and E = r as h maps its isometric sphere, centre h~!(B) to the isometric sphere of h™!, centre
h(B). Therefore r = V/\.

The following lemma was inspired by Lemma 2 on page 811 of [29].
Lemma 3.1. If h is a member of Aut(J) such that h(B) # B, then for all X, Y € 6H% — {B,h™!(B)}

po(R(X), M(Y)) = Apo(X,Y)/(po(X,h ™ (B))po (Y, ™" (B))).

Proof.
po(h(X), h(Y)) = po(T1 D(S)RT; ' (X), T\ D(S)RT; '(Y))

= Apo(RT; ' (X), RT; H(Y))
= Apo(T57 1 (X), T3 H(Y)) /(T3 (X) ol T3 (Y)]o)
= Mpo(X, Y)/(po(X, K71 (B))po(Y, k™" (B)))-
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To justify the last but one equality, i.e.
po(R(W), R(Z)) = po(W, Z)/(IW/o|Z|o)

we first prove
(R(W)|R(2)) = (W|Z)/(stst) (36)

by elementary matrix calculation where W = (w,1,s), Z = (z,1,t). Then we use the relationship between
the inner product and the metric proved in Proposition 3.2.

We will now prove the following geometric consequence of Lemma 3.1.

Proposition 3.4. Let i be an element of Aut(J) not fixing B. Then the py-sphere of radius r centred at
h=1(B) is mapped by h to the po-sphere of radius r,?/r centred at h(B).

Proof. Let h be a map in Aut(J) not fixing B.
Recalling equation (34)
po(h(X), h(B))po(X,h™}(B)) = A (34)

!

and considering the case X € I;, we have A = r,%. Suppose now po(X,h™1(B)) = r # r, and po(X,h(B)) = r
then by the above we have

e’ =rp?.
Therefore

=12

That is h sends the pg-sphere centred at h='(B) of radius 7 to the pg-sphere centred at h(B) of radius r,? /7.

We will now prove an octonionic analogue of S~himizu’s Lemma for vertical parabolic maps. This proof
was influenced by page 812 of [29].

Theorem 3.1. Suppose a subgroup G of Aut(J) acts discretely on the octonionic hyperbolic plane H} and
contains a vertical translation T of translation length k. Then for all elements h of G such that h(B) # B
the radius of the corresponding isometric sphere does not exceed k.

Proof. Let h be a member of G a discrete subgroup of Aut(J) such that h(B) # B, h = T\ D{S}RT; ! and
T = To,m. Assume A € R exceeds k? where k = /|m]| is the translation length of 7. Then define Yy = h,
Yit1 = YjTY,j“l. Let A; denote the real dilation factor of Y;. Setting h = Y; 11, X = Y;(B) in (34) we see

that
A+l = po(Yj41(Y5(B)), Y1 (B))po (Y;(B), 3’+1_1(B))

3
= po(Y;T(B),Y;TY; ™ (B))po(Y;(B), Y;T~'Y;71(B)). B

Consider equation (37). (A review of the proof of Ohtake’s Lemma 2 (see page 812 of [29]) would be helpful
at this point.) If we substitute h = Y;, X = TY; ' (B) into equation (34), then substitute this result into the
first factor of equation (37) (remembering that T'(B) = B) and then repeat these two actions with h =Y,
X =T7'Y;7!(B) and the second factor of equation (37), we see that

1 1 A2
= ) (po(m—l(B),n-‘(B))) ) <PO(T_1Y]-—1(B)an1(B))> T W

Therefore i
Nk = (AK?)? (39)

which implies that the A; form a monotonic increasing sequence of dilation factors.

The next proposition will complete the proof of our octonionic analogue of Shimizu’s Lemma for vertical
parabolic maps, Theorem 3.1.
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Proposition 3.5. For Z € 6H} — {B}, po(Yj+1(B), Z)2/)\j+1 tends to 1 as j tends to infinity.
Proof. Using equation (34) and the triangle inequality we have

po(Yi+1(B), Z) = Aj [k = po(Yj11(B), Z) — po(Y;41(B), ¥;(B))
< po(Y5(B), 2)

J
<3 po(Y(B), Your (B)) + po(Yo(B), 2)

s=1

J
= z /\3_1/]6 + po(YO(B), Z)

J
= ka\S.J/kQ + pO(YO(B)a Z)

s=1

=k SO+ po(Yo(B), 2),

which is asymptotically equal to k& ()\/kz)y_l by equation (39). Therefore

2i—1_9gJ

(o (Yi41 (B), 2)/K) (K2 /N =1 < (k) 2

The right hand side of the above inequality tends to 0 as j tends to co. Therefore %gyﬂ tends to 1
as jJ tends to infinity. Taking the square of both sides and using the relation between A;y; and A; it is now
obvious that we have proved the proposition.

Following Shimizu [34] we will now investigate the orbits of the good negpotent W = (0,1, —1) under
distinct (as the A; form a monotonic increasing sequence of dilation factors) ¥;. We observe that in order
to check that W is a good negpotent we calculate W x* W and compare it to W.

Let Tj, denote Tu; ; (given Y;(B) = q(aj,1,b; — a;8;/2) and T»(C) = Y; '(B)) and let fj, g;, n;
denote R-linear modulus preserving maps (acting on the set @). The maps f;, g;, n; correspond to the
action of {S} j_l (see page 479 of {1]) and therefore preserve the norm of elements of @. This is because the
{S,} generate a subgroup of Aut(J) isomorphic to SpinsR. (See Theorem 4.4 of [1].)

By direct calculation consistent with the unprojected transformation formulae given in [1] we have
Y (W) = Y,TY; (W)
=T;1D;{S};RT;} TT;2R{S}; ' Dy '1;,1(0,1,-1)
= T3, D;{S};RTR{S}; ' D; " (~a3,1,~1 — a;@;/2 - by)
= T51Di{S};RT R (- f;(a;), A;9;(1),n; (—=(1/A;)(1 + a;@;/2 + b;)))
= (~g; 71 (m/Xj)az, 1 = g; 7 (m/Ay), =1+ a;a@;9;7 (m/ ;) /2 = g; 7" (m/A;)bs) -
As j tends to infinity, A; tends to infinity, therefore using the previous proposition it can be seen that
1) g;~'(m/X;)a; tends to 0 as g; ~* preserves modulus and a;@; is of order A;.
2) 1-g;7Y(m/};) tends to 1.
3) —l+a;a;g;~'(m/Aj)/2—g; 7' (m/X;)b; tends to a point on a 6-sphere of radius k? as by direct calculation
|(a;8j/2 = bjyml/A; = (kpo(Y;(B), C)*/A;
which tends to k% by the previous proposition.
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Therefore the orbits of the good negpotent W tend to points on a 6-sphere of finite radius. The sphere
is compact thus there exists a convergent subsequence which lies entirely in the octonionic hyperbolic plane.
Therefore the orbits have an accumulation point which contradicts the discreteness of G.

Therefore r(h) does not exceed k, the translation length of T'. This proves Theorem 3.1.

3. An Octonionic Shimizu’s Lemma for non-vertical parabolic maps.

We will now extend the octonionic Shimizu’s Lemma to non-vertical parabolic maps.

3.1. A skew-symmetric form on J — {B}.
We can define a skew-symmetric form w : (J — {B})? = R” on (J — {B})? by requiring

[Ta,ba Tc,d] = TO,Z&)(x’y)

where X, Y are points in 0HZ, — { B} possessing Heisenberg coordinates (a,b) and (c, d) respectively. Direct
calculation shows that this implies

w(X,Y) = —Im(ac) = —Im({a,c))
where ((.,.)) denotes the usual positive-definite Hermitian form on Q*.

The proof of the following lemma is modeled on that of the lemma on page 490 of [31].

Lemma 3.2. Let g be a non-vertical Heisenberg translation T, , by (r,t) where 7 € QO and t € Im(0).
Let X and Y be two points in 0H} distinct from B with horospherical coordinates ({,v,0) and (¢',v',0)
respectively, then the translation lengths of g at X and Y are related by

to(X) < 5(Y) + 2i7(I¢ ~ ¢').

Proof. In our original coordinates X = (z,1,z), Y = (z',1,2') and by our original definition of the metric
po on OHZ we find
t5(X) = po*(X, (X))

=po’((z,1,2),(z + 7,1,z — a7 — |7|*/2 + 1))

= |(r,L, a7 — |r|*/2+ t + TD)|0”

= |—]T|2/2 —t+27 — Tf[ .
Using equation (30) we find B

t5(X) = |=|r*/2 = t + (7 - 1] (40)

= ||T|2/2 +t+ 2Im(7f)| )

Similarly .
£2Y) = ||I7*/2 + t + 2Im(r ()| .
Therefore by comparison of the previous two equations, then applying the triangle inequality we see
£2(X) = |2(Y) = 2Im(7(") + 2Im(70)|
<) + 27l - ¢l

Remark. We observe that we can simplify this argument slightly by restricting to the case t = 0 (by
conjugating within the group of Heisenberg translations). Then by direct calculation we find

tg(X) = po(Tr0(X), X)

= ||7)*/2 + 2Im(sC) V2 1)
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and 12
t(Y) = |ir*/2+ 20m(r0)| .

Therefore _ _
tZ(X) = |t§(Y) + 2Im(r¢ - TC’)|

which using the triangle inequality does not exceed t2(Y') + 2|7||¢ - ¢'|.

3.2. Improving the Upper Bound on the radius of an Isometric Sphere.
Definition. A lattice is a discrete subgroup such that the quotient space has finite invariant volume.

Let G be a discrete subgroup of Aut{J) containing a lattice of Heisenberg translations L. Let Tp ; and
T, . denote vertical and non-vertical translations in this lattice. By Theorem 3.1 if A € G is such that
h(B) # B then r, the radius of the isometric sphere of h does not exceed /|t[. Consider now non-vertical
translations T; . The translation length of T’ is given by (40), substituting ' for ¢, i.e.

2(X) = |I7)?/2+ t' + 2Im(r{)| .

We aim to minimise the component of the translation length of T, dependent on its vertical parameter
t'. For each ¢ € O we consider the translation lengths at (¢,v) of elements of Gg. We want to find a
number M so that there exists T, (where t" is dependent on (¢,v)) with translation length at ({,v) at
most M. Typically ¢ will be such that T~ is the translation of shortest translation length at (¢,v). To
be mathematically explicit we aim to find the following limit:

max min  tp (e,
{(CyU)EHIE‘}{{TT‘!,ELE} Tr,t (va)}

where Lp is a lattice in 9y C Gg C G. The lattice LV of vertical translations in G, a discrete subgroup of
Aut(J) has maximal rank (i.e. rank 7), therefore we can tessellate R, the vertical part of the Heisenberg
space H'® with fundamental domains for the action of these vertical translations. We consider a closed ball
centred at the origin of R” containing such a fundamental domain. To make the ball as small as possible we
need to find a fundamental domain for LV centred at the origin of R” and of minimal diameter. This is the
Dirichlet domain for the action of LV centred at the origin in R7. (For details of the lattice theory used in
this chapter see the Appendix A and [6].)

Definition. The Dirichlet domain D centred at the origin of a lattice is the set of points closer to the origin
than to any other lattice point.

No matter where our point corresponding to v € Im(Q) is originally located in the lattice LY we can
always translate it into the Dirichlet domain centred at the origin. To say this in another way we can always
pull back the vertical translation length to be less than the radius of any compact fundamental domain of the
lattice and therefore of the Dirichlet domain centred at the origin of the lattice. Let rp denote the radius of
the Dirichlet domain. For instance the lattice Z7 in Euclidean 7-space with minimal lattice translation of 1
has a Dirichlet domain centred at the origin of radius v/7/2. We observe that R” = I'm(Q). Therefore for each
point (¢, v) there exists a 7 member sequence (¢;) of elements of Im(Q) and a 7 member sequence of integers
(k;) such that the product T' = TT ”+Z7 b = Tr,,,:TO,tlk’ ...Toyt,,k’ of a non-vertical translation T’ and

; i kit

a finite sequence of vertical translations Ty ., (where the order is unimportant as the vertical translations
commute) has a translation length denoted by tr (given by equation (40) by substituting ¢’ + 23:1 k;t; for

1/4
t) which is less than or equal to (|7|*/4 + rp?) /* and is exactly attained when at an extreme point of the
Dirichlet domain.

We observe that in the case of the quaternions we have

1/4
i < (I7]* /4 +rp?) "
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We will prove that the same inequality is satisfied in the case of the octonions.
3.2.1. Proof of an Octonionic Shimizu’s Lemma for non-vertical parabolic maps.

Theorem 3.2. Let G be a discrete subgroup of Aut(J) that contains the Heisenberg translation g = Tr
together with a lattice of vertical translations which includes a vertical translation of translation length t.
Let h be any element of G not fixing B and with isometric sphere of radius ry. Then

1/4
ra < (I7]*/4 +p?)

where rp is the radius of the Dirichlet domain of the vertical lattice in Gg centred at the origin.

Remark. This has been done in the vertical lattice E; where

V3,

=t
TD )

(see pages 124 and 125 of [6]).

Proof.
We will argue as follows. Suppose that for each ((,v) € H!® there exists T € Lp (as defined above)

such that tr(C,v) <t = to. If (|7|*/4 +rp2)"/* < to and rp, > (|7|*/4 + rD2)1/4, then using equation (38)
we see that for a sequence of maps hj;; = thhj“1 not fixing B

PP

N1 = —2— > -2,
T (¢ w)? Tt

Thus Aj41 tends to oo as j tends to oo if %'} > 1. This contradicts the fact that r;4; and therefore A;;, are
0
bounded above (by Theorem 3.1). Hence \g < t2.
Using equation (34) and the same arguments as those used to prove equation (39) we find

Xia1 = po(YT(B), Y;TY; 7 (B))po(Y;(B), Y;T~Y;7(B))
= po(Y;(B), V;TY; ™ (B))po(Y;(B), Y;T'Y;71(B))

: (”0<T‘?‘1<;]5’19‘1(B>>> (90<T*%"?j§>,yrl(3>)> 2

B (po(T‘li’j’l/(\;),Yj_l(B)))z'

Recalling that T =T vk = ,,t:l'li:fTo,t,. ¥ and that we can always find a sequence (k;) so that
’ i=1

iti

po (T ((G,0)) , (G, 0)) < (17 /4 +7p2) "

where rp is the radius of the Dirichlet domain centred at the origin, then according to equation (42) we have

Aji A

(Irl*/4 + rDZ)l/2 ~ (7' /4 + %)

Therefore if
Ao

1/2
(71474 +rp2)"

> 1,
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then

21
)\j+1 > ( )\0 >
1/2 /2
(rl*/a+ o)~ N\ (/4 + rp2)"
which tends to infinity as 7 tends to infinity. This is a contradiction, therefore

1/2
Yo < (7' 74+ o).

4. A precisely invariant sub-horospherical region.

We will now explore the behaviour of sub-horospherical regions under the action of discrete subgroups of
Aut(J) containing parabolic maps. The material in this section is a generalisation to octonionic hyperbolic
geometry of the corresponding results for complex hyperbolic geometry given on pages 498 to 500 of [31].

Definitions. Let G be a subgroup of Aut(J), then U, a subset of H} is said to be precisely invariant under
K, a subgroup of G if for all g € K, gU = U and for all g which are elements of G but not of K, U and gU
are disjoint.

Given a point of 9H} which without loss of generality we take to be B, a subset U of HZ is called a
sub-horospherical region if

i) there exists ug > 0 so that U is contained in the horoball of height uyg,
ii) for every ((,v) € My there is a vy > 0 so that ({,v,u) € U for all u > u;
but iii) U does not contain any horoball.

The point B is fixed by all parabolic elements of G, a discrete subgroup of Aut(J). (Denote the subgroup
of G stabilising B by Gg.) Observe that if U, a horoball or sub-horospherical region based at B is precisely
invariant under a subgroup of G then that subgroup must be Gp. This is because the intersection of the
boundaries of U and H3 is B and so if g(U) = U then g(B) = B and so g € Gp. Conversely if g(B) = B then
for each (¢,v) € OH there is a u > 0 so that U contains both (¢,v,u) and g(¢,v,u). Thus the intersection
of U and g(U) is non-empty and so g(U) = U. Thus we may speak without ambiguity of a horoball or a
sub-horospherical region being precisely invariant under elements of G.

We know (see section 7.3 of [30]) that in general there is no horoball centred at B that is precisely
invariant under G g in G. We will now show that if G is a group of Heisenberg translations, then provided a
certain condition is met there is either a precisely invariant horoball or a precisely invariant sub-horospherical
region. We know that if G is discrete then G g cannot contain loxodromic elements (see the proof of Corollary
4.1 of [31] as the proof of the octonionic hyperbolic case follows that of the complex hyperbolic case), but
G g may contain screw parabolic or elliptic maps provided it also contains a Heisenberg translation. We will
not consider those cases.

Let g be a pure parabolic element of Aut(J) fixing B. Say g is a Heisenberg translation T ; by (7,t) € M,.
We define an open subset U, of &, by

Uy = {(¢,v,u) € Gy u> t2 (¢ v,u)) + 4|7}

If g is a vertical translation by (0,t) € My with ¢ # 0, then Uy is just the horoball of height ¢ = [¢| centred at
B. If g is not a vertical translation then Uy is clearly a sub-horospherical region. We will prove the following
result.

Theorem 3.3. Let G be a discrete subgroup of Aut(J). Denote the stabilizer of B in G by G p and suppose
that Gp is a group of Heisenberg translations. Then
1) if G contains a vertical Heisenberg translation g, then the horoball U, is precisely invariant under G.
2) if Gg contains no vertical Heisenberg translations and G contains an element h that does not fix B,
then for any g = Ty € Gg — {I} (where T # 0) the sub-horospherical region U, is precisely invariant
under G provided that
rn? <t (RY(B))ty (h(B)) + 2|7
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Remark. We prove 1) in Proposition 3.6 and Corollary 3.8.2.1. We will now prove 2).
Lemma 3.4. Every point ({,v,u) of the po-sphere of radius r centred at ({y,vo,0) where
r? = t2((o, v0,0)) + 2|7/
is contained in the region
u < t2((Co,v0,0)) + 4l7]*.
Proof. As X = ((,v,u) is on the sphere centred at X¢ = (o, vo, 0} of radius r we know that

r’ = Il(—(0|2/2+u+v —vo — Im((o()|
> ¢~ Col*/2 + u.

Thus )
u<7r?—[(-Gl?/2

= t2(Xo) + 2|71> = [¢ — Gol*/2

<H2(X) +2/7II¢ = Gol + 27 — 1¢ — Col?/2
= t5(X) + 47> = 2I7] — 1¢ - ol /2/?

< E2(X) + 4|

where Lemma 3.2 is used to compare t4(Xo) and t4(X). So X = ({,v,u) is contained in the required region.

We now use Lemma 3.4 to show that Uy is disjoint from all its images under elements of G — G .

Lemma 3.5. Let G be a discrete subgroup of Aut(J) containing the Heisenberg translation g = Tr; (where
T # 0). Suppose that G contains an element h that does not fix B. Then U, does not intersect its image
under h provided that

1% <ty (hN(B))t, (R(B)) + 2|7|°.

Proof. Let X be a point in U, with horospherical coordinates (¢, u,v). Therefore
u>t(X) + 47

Then X lies outside the sphere centre h~'(B) and radius r where #* = ¢2(h~!(B)) + 2|7]* by Lemma 3.4.
Therefore h(X) lies inside the po-sphere with centre h(B) and radius r’ where ' = r,?/r by Proposition 3.4.

By hypothesis we know that ‘
2 <ty (h™H(B))ty (W(B)) + 2|7

Therefore 5
=t /r?

2
< (o (7 (B))ty (h(B)) +2I7[°)
- t2(h=Y(B)) + 2|72
< t2(h(B)) + 2|7,

Therefore by Lemma 3.4, h(X) lies in the region where

u < t2(X) +4|7)%,
that is the complement of Uy, i.e. if X is in Uy, then h(X) is not in U, as required.

Lemma 3.6. Let G be as in Theorem 3.3. Suppose that G contains no vertical Heisenberg translations.
Then f(Uy) = U, for any elements f and g of Gg — {I}.

Proof. Suppose that f is a Heisenberg translation by (o, s) € M,. Suppose that f(U,) # U, and so without
loss of generality there is a point X with horospherical coordinates (¢,u,v) € U, with f(X) not in U,. As
f preserves horospheres this means that

t;(f(X)) + 472 > u> tg(X) + 4|72
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By definition of t,(X) this is true if and only if
|712/2 + t + 2Im(r(¢ + 0))| > ||7[*/2 + t + 2Im(rC)].

This implies that I m(TE) # 0. Thus f and g do not commute and their commutator is a vertical translation
by 27 m(rE). This contradicts our assumption that G contains no vertical translations.

5. Ellipto-Parabolic Maps.

We will now explore the action on the octonionic hyperbolic plane of discrete subgroups of Aut(J)
containing ellipto-parabolic maps. The material in this section is a generalisation to octonionic hyperbolic
geometry of the corresponding results for complex hyperbolic geometry given on pages 300 to 302 of [30].

Proposition 3.6. Let G be a discrete subgroup of Aut(J) that contains Ty ., a vertical translation by
t € Im(©) with uniform translation length |t|1/2. Let h be any element of Aut(J) that doesn’t fix B. Then

1) rp, the radius of the Ford isometric sphere of h is at most |t|1/2.
2) Every horosphere of height greater than |t| does not intersect its image under h.

Proof.
1) See the proof of Theorem 3.1.
2) We claim that the exterior of the Ford isometric sphere of h which contains H,,, the horosphere of
height up for ug > |t| is mapped to the interior of the Ford isometric sphere of A=! which has radius at
most \/m by part 1). The proof of this claim is as follows.

Let ({,v,u) denote a point on I, and ({’,v',0) denote the centre of ;. Then

po((€, 0,0, (¢,¥/,0) = /I = v — [¢P /2 = [P /2 + C'C —ul.

Without loss of generality we can set ¢’ = 0 and v' = 0 by applying the appropriate Heisenberg translation
(an isometry). Therefore
Th = Po ((Ca v,u), (0,0, 0))

=I-v-IP/2-ul

We see that u attains its upper bound 742 when ¢ = 0 and v = 0, but 7, < \/|t|, therefore as ug > |t| we
have u < ug and so H,, lies outside I;. Hence by Proposition 3.4, h(H,,) lies inside I;-:. Part 2) follows
immediately from this claim.

Let f be a sequence of octonionic rotations {S,,}, i =1,..n and go = To, (t # 0), a vertical translation.
It is immediate that g = fgo has a single fixed point B. Maps of this type are called ellipto-parabolic or
screw-parabolic. The cyclic group generated by g is automatically discrete. Suppose that f has order
m < co. We claim that the translation length of g™ does not exceed y/m|t|. The proof of this claim is as
follows.

Let (z,1,2) denote X € 9H3 — {B}. Then
golz,1,2) = (z,1,2 + t)

and
f(2,1,2) = ((pal-(uaz). ), 1, ((n (oot (1 278, ), ) - BBy ) -

Therefore as the order of f is m, by direct calculation we see

m-—1

(fQO)m(zv 1,2) = (17, 1,z + Z ti)

i=0
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where t; denotes the third entry in the 3-tuple given by f(0,1,t). Let s = S17* ' t;. Therefore

9™ = (f90)" =T,
where by the triangle inequality we find that |s| < m|t| as the p; are unit octonions.

Therefore Proposition 3.6 gives the following result.

Proposition 3.7. Let G be a discrete subgroup of Aut(J) that contains the ellipto-parabolic map g = fgo
as above, f having order m < oo. Let h be any element of G not fixing B. Then

1) the radius of the Ford isometric sphere of h is at most \/mlt|.

2) every horosphere of height greater than m|t| does not intersect its image under h.

Corollary 3.7.1. Let G be as above. Every horosphere of height greater than m|t| is precisely invariant
under g.

The case of infinite m has yet to be considered.

6. Disjointness Criteria for Canonical Horoballs.

In this section we will construct a disjointness criterion for horoballs based at distinct parabolic fixed
points on the boundary of the octonionic hyperbolic plane. We recall that horoballs of height t are subspaces
H, of HY defined by

H: = {Q(m>17z)| — Re(z) —zz/2 > t}.

We observe that 0Hy = 0H3 — {B}.

The form of the next section follows that given for the complex hyperbolic case on pages 440 to 444 of
[32]. The corresponding results for the quaternionic case can be found in section 4.2 of [25].

A basic octonionic analogue of Shimizu’s Lemma is given by Theorem 3.1 at the beginning of this
chapter. We recall it now renaming it Proposition 3.8.1 for the purposes of stating the following corollary.

Proposition 3.8.1. Suppose a subgroup G of Aut(J) acts discretely on the octonionic hyperbolic plane
HJ and contains a vertical translation T of translation length k. Then for all elements h of G such that
h(B) # B the radius of the corresponding isometric circle does not exceed k.

Proof. See Theorem 3.1.

We will now recall our improved version of Shimizu’s Lemma, Theorem 3.2 and rename it Proposition
3.8.2 for the purposes of stating the following corollary.

Proposition 3.8.2. Let G be a discrete subgroup of Aut(J) whose stabilizer Gg of B is a Heisenberg lattice
L. Let T, be a non-vertical translation (so T # 0 ) and let rp be the radius of the Dirichlet domain centred
at the origin of the vertical lattice LV = kerIIN L where I denotes vertical projection. Let h be any element
of G not fixing B. Then

et 74+ 13 > 7.

Proof. See Theorem 3.2.

Corollary 3.8.2.1. Let G be as in Proposition 3.8.2 and let T, and Ty, € G. Then every horosphere of
height greater than

Uy = min {|t|, ||7'|4/4 + r%'l/z}
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is precisely invariant under G.

Proof. Suppose that h doesn’t fix B. The radius of the Ford isometric sphere of h is at most \/u, by
Proposition 3.8.1 and Proposition 3.8.2. Then the distance of a point in a horosphere of height |t| greater
than u, from h~!(B) is greater than \/&,. So any horoball based at B with height greater than u, is outside
the Ford isometric sphere of h with centre h~}(B). But the exterior of the Ford isometric sphere of h is
mapped to the interior of the Ford isometric sphere of h™! with centre h(B) and radius at most \/u,. So
the image under h of the horoball is disjoint from itself.

If h(B) = B, then h has no dilation part, i.e. A,=1. The reason is that if G g contains both a Heisenberg
translation b = T;; and a dilation @ = D), then by direct calculation using the formulae given in section
1.6.1 a~7ba’ is a Heisenberg translation by (A=77, \"27t) which converges to the identity as j tends to oo
(without loss of generality we may assume A > 1). Then Gp is not discrete. This shows that h(H) = H)y
for |t| > u..

Let G be a discrete subgroup of Aut(J) of cofinite volume. We want to be able to determine at each
parabolic fixed point of G a horoball whose quotient by the stabiliser of the parabolic fixed point will embed
in H}/G disjointly from other chosen quotients of horoballs at the inequivalent parabolic fixed points of G.
This will enable us to demonstrate that the lower fixed bound on the volume of the manifold is linear with
respect to the number of inequivalent parabolic fixed points, i.e. the number of cusps of the manifold.

Let G be a discrete subgroup of Aut(J) with Tp, and T; ¢ both elements of G, the stabiliser in G of
B. Let rp be the radius of the Dirichlet domain of the vertical lattice corresponding to Ty ;. The horoball
based at B of height uy = min; , {|t|, |Ir|*/4 -+—7"2D|1/2

that without loss of generality we can take Ty ; to correspond to the shortest vertical translation in Gp and
T; v to be the non-vertical translation T =T _, 7kt (defined in section 3.2), which by construction
, g kit

} is the canonical horoball at B for G. We observe

T

has translation length t7 < ||7|*/4 + r%|1/4 for all T 4.

Proposition 3.9. Canonical horoballs based at distinct parabolic fixed points are disjoint.
Proof. See next three lemmas.

Horoballs based at C are the images under R of those based at B. In general if H is a horoball based at
some point ({,v) in the Heisenberg group, i.e. in 9HZ — B, then the image RT_¢,_,(H) is a horoball based
at B. The height of H is defined to be the height of RT_¢ _,(H). Using the conjugation by R we may also
talk about the Heisenberg translation on the horosphere based at any point. We recall (see section 1.6.1)
that

R(z,1,2z) = (—z7'z,1,271).

Therefore in horospherical coordinates

R(¢,v,u) = (~27", Im(z""), —Re(Z/|2") — [}/ (21z1%))
= ((u+IG*/2 + v)¢/F,~v/F,u/F)

where 27! = ﬁy and
Fi=u’+ (¢ Pu+ ¢/ + 0"

Elements of Aut(J) fixing C may be obtained from those fixing B by conjugation by R.

We will now characterise disjoint horoballs H with respect to their height u.

Lemma 3.7. Let H2  denote a horoball height up based at B and HS a horoball height uc based at C.
Then these two horoballs are disjoint if and only if upuc > 1.
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_Proof. The point (¢,v,u) € HS, implies R((,v,u) € HE . Therefore using the above notation u/F > uc.

If (¢, v,u) lies in the intersection of HE with HS. then u > up, therefore
uec < u/F <1l/u<1/ug.

Therefore ucup > 1 implies HfB and ch are disjoint.

Conversely if ucup < 1 consider the point (0,0,u) where

uw= (1+ upuc)
a 2uc ’

Then

1
up <u < —
uc

which implies (0,0,u) € HEZ . Now R(0,0,u) = (0,0,1/w), but

_ 2uc

—_— > UcC.
v (1+upuc) c

Therefore R(0,0,u) is a member of the complement of Hucc and so (0,0,u) is an element of HS,. Thus if
HS and HE are disjoint then ucup > 1.

It remains to prove that canonical horoballs are disjoint. For general groups this is done as follows.

Lemma 3.8. Let G be a discrete subgroup of Aut(J). Suppose that the stabilizer Gg of B contains the
Heisenberg translations by (r,t) and (0,t') where 7 is nonzero. Suppose also that the stabilizer G¢ of C in
G contains Heisenberg translations by (o,s) and (0, s') where o is nonzero. Then

. 2, 1/2
min{|t'], ||’T|4/4+7’D32|1/ }. min{|s'[, ||a|4/4+rDC2| / 1>1

where rp, and rp. are the radii of the smallest Dirichlet domains in Gg and G¢ respectively.

Proof. Let G be a discrete subgroup of Aut(.J). Suppose that G contains Heisenberg translations T =T,
and U = T, ; (which fix B). Suppose the parabolic element h = RUR (which fixes C but not B) is also in
G, we observe that it is an isometry with respect to a “C”-analogue of the (“B”) boundary metric pg.

For all 7 element sequences of independent Heisenberg translations (7;) for ¢ = 1,...,7 there exists a
bound by such that for all X € 9H3 — {B} there exists a 7 element sequence (j;) C Z such that

po(TTI .. TF (X), X) < by < Jup.

Similarly for all 7 element sequences of independent Heisenberg translations (U;) for i = 1, ..., 7 there exists
a bound by such that for all X € HZ — {B} there exists a 7 element sequence (k;) C Z such that

po(UUF ..U} (X), X) < by < Vauc.

We observe that without loss of generality we can restrict X € 9H%~{B} as translations preserve horospheres
and translation lengths are horosphere invariant. By Theorem 3.2 we have that

ATt /a+rd ). (43)
Recalling equation (34) and using the fact that h(C) = C we have
A :p0(0>h-1(3))p0(0,h(3)) (44)
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Using equation (4.3) on page 476 of [1] and letting U = T, ; we find

h(B) = RUR(0,0,1) = (-0, —|0]*/2 — 5,1)

and
h~Y(B) = RUT'R(0,0,1) = (0, —|0|?/2 + 5, 1).
Therefore )
po(C,h(B)) = —————>
) |—|0’|2/2—3|1/2
and 1
po(C,h7H(B)) =~
|-lof2/2 + 5"

Substituting these two results into equation (44) and using equation (43) we have

1= N-lol/2 +s|'*|-lo)?/2 - s|'*

= /\||0|2/2+s|

< \/||TI4/4+7'2DB|||0'|2/2+ s|
= Jlirl4/a 413, |/llolt /4 + 152

This inequality holds for all Heisenberg translations by (o, s) and so it holds for the Heisenberg translation
with the shortest corresponding translation length. This will be at most /|o|*/4 + rp.2. Repeating the
above arguments with 7' = TT{*...TJ" and U’ = UU}*...U}" replacing T and U we have proved Lemma 3.8.

Lemma 3.9. Let G be a discrete subgroup of Aut(J). Let Gx be a Heisenberg lattice in G fixing X and

let T be the radius of the smallest Dirichlet domain of the vertical lattice of Gx. If T, and Ty are

1/2
}

Heisenberg translations in G x then the horoballs of height min{|t'|, “7',4/4 + |rp|?| at distinct parabolic

fixed points are disjoint.

Proof. By Lemma 3.7 we see that if HfB and Hffc are horoballs of height up and u¢ based at B and
C respectively, they are disjoint if and only if upuc > 1. Also if Gp contains Tr, Tp ¢ and G¢ contains
RT, sR, RTy + R, then

min{[#], |71 /4 + o, 2|/*}. min{ s, [|o]*/4 + rpc 2|7} > 1

where rp, and rp. are the radii of the smallest Dirichlet domains of vertical lattices in Gg and G¢ respec-
tively. This is proved in Lemma 3.8. So if H,, and H,. are horoballs of height up and uc respectively,
then by conjugation we can assume that they are horoballs based at B and C. Then by the above argument
the claim follows.

Remark. We observe that if we make the additional assumption that a cusped finite-volume octonionic
2-manifold has only one end, then we only need to find one precisely invariant horoball based at the parabolic
fixed point.

7. On the Volumes of Non-compact Octonionic Hyperbolic 2-Manifolds.

The following treatment of the non-compact octonionic hyperbolic 2-manifold volumes was influenced
by a similar treatment for the quaternionic hyperbolic manifold volumes given in section 5 of [25]. The
corresponding treatment for complex hyperbolic manifold volumes can be found in {32].

We will now use the disjointness criterion for canonical horoballs derived in the previous section to
derive lower bounds for the volumes of disjoint embedded cusp neighbourhoods of finite volume octonionic
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hyperbolic 2-manifolds with a finite number of ends. We will then use these lower bounds to derive lower
bounds for the volumes of closed, cusped octonionic hyperbolic 2-manifolds.

Let M be a complete locally symmetric Riemannian manifold of negative curvature over the Cayley
octonionic algebra. The universal cover of M is isometric to H3. Furthermore by a theorem of H.C. Wang
(see [37) Theorem 8.1) there do exist manifolds covered by H3 of smallest volume. Moreover the minimum
is obtained by only finitely many manifolds (up to isometry). The manifold M is the quotient of H} by
G, a discrete cofinite subgroup of Aut(J). The ends of M correspond one-to-one with conjugacy classes of
maximal parabolic subgroups of G. If X is the fixed point of a parabolic element then the stabiliser of X
in G, Gx preserves every horosphere 0H; and 8H;/G x is compact. Furthermore there exists ¢, > 0 such
that the end of M corresponding to the maximal parabolic subgroup G'x has a neighbourhood isometric to
a cusp Hy,/Gx. Therefore Vol(M) is bounded below by Vol(H,/Gx).

7.1. The Octonionic Volume Form.

Any rank 1 symmetric space has a metric invariant under the automorphism group of the form g, * dg*
where * denotes the direct sum, g is a parameter along the real geodesic ! contained in an Q-line Hy and
gq is the invariant induced metric on the horosphere dH, parametrised by g. We will compute all volumes
in the Siegel domain using the Bergman metric with constant sectional curvature —1. We claim that the
Riemannian metric given by

g1 = (dv — 2Im((¢, d¢)))? + 4((d¢, dC)), (45)

where _
(¢, ¢ =¢¢

is invariant under the Heisenberg isometry group (which is generated by the Heisenberg rotations S, and the
Heisenberg translations Tr ;). This invariance follows by direct application of any S, and T;; to equation
(45). The calculation for T, is straightforward but tedious and will not be presented here. Regarding the
Heisenberg rotations S, a slightly different, but relatively uncomplicated argument must be used involving
the invariance of the metric under conjugation by purely imaginary octonionic units. (We recall here that
the S, generate SpinzR.)

The metric g; is the pullback of the Bergman metric under geodesic perspective from the Siegel domain
G, to N, identified with the horosphere H; of height 1. Therefore the volume form dVoly, is

dVoly, = 2°dV ol 0y dV olo.

Let v be a vector tangent to [ at z = H,;NI. We observe that v lies in a tangent space of H3 given by a copy
of @7 = M!S x R. If we apply the standard basis vectors e;, i = 1, ...,7 of Im(Q) to v these vectors become
tangent to H, NHg. The subspace spanned by these vectors is vertical and the orthogonal complement in
T.0H, is horizontal. We now make the further observation that H'®> = @ x Im(0). Under the canonical
projection along the geodesics which are parallel to [ at co the length of the image at 0H ., of a vector
w in the vertical direction is e®|w/| if one normalises the metric so that the sectional curvature of Hy is -1.
However the length of the image at H, of a vector w in the horizontal direction is e*/?|w|. Therefore the
invariant metric on {(¢,v,u)|((,v) € My, u € Ry } = My x Ry, i.e. the Bergman metric g can be written as

g = 4+ (dv = 2Im((C, dO)))” + 4((dG, dC))

u?

This means that the volume form dV olH(e) is

28 1
dVolyz = —5dudVolimo) dVolo = —dudVoly,.

Let IT : (¢,v) — ( be vertical projection. If L is a Heisenberg lattice, i.e a lattice of Heisenberg translations,
we call LV = kerTI N L a vertical lattice and II(L) a horizontal lattice of L. We observe that LY C Lp.
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Lemma 3.10. Let Gg be a discrete cocompact group of Heisenberg isometries of Aut(J) fixing B. Then
for any horoball Hy = {(¢,v,u) € Mz x Rt |u > ¢} we have

VOlH2 (H /GB) VOlrn2 mz/GB)

11 11

Proof. Using geodesic perspective it is clear that the intersection of H,/Gp with each horosphere has the
same area. Therefore we may split the integral into one integral over 9, and another one over (g, 00).

VOlH2 (H /GB / / 12 —dz dvolm2
N2/GB z

1

= Volor, (M /Ga) g

We now want to compute Volg, (92 /G p). As any discrete cocompact group of Heisenberg isometries contains
a lattice of finite index, it is sufficient to find Volm, (M, /L) where L is a Heisenberg lattice.

Lemma 3.11. Let L be a Heisenberg lattice. Then
Volg,(MNa/L) = 22Volm0)(Im(0)/L N kerI)V olo (O/TI(L)) .

Voly,(Me /L) = / / 28d'uollm(0) dvolg.
O/TI(L) J Im(0)/LNkerTl

7.2. Volume Estimates of Cusped Octonionic 2-manifolds.

Proof.

Theorem 3.4. Let G be a discrete, cofinite volume group of isometries of H%. Let Gg be a parabolic
subgroup of G fixing a parabolic fixed point B of G. Suppose Gp contains a Heisenberg lattice L as a
subgroup of index m and let t denote the square of the shortest (Cygan) translation length of an element of
kerlIN L. (From here on in order to be brief we will refer to such t as the shortest translation length.) Let
H, be a horoball left invariant by Gg. Then

Vol(H./Gp) > 2° ———Volg(O/TI(L))t".

11m
Proof. From Lemma 3.10 we have

Vol(H,/Gp) = ——Volm, (M2 /GB).

11 11

Now with respect to our scaling the volume of the unit cell in E; is ¢7/8, but E; is the densest lattice in 7

real dimensions, therefore
7

Volg+(R" /L N kerIl) > %.
Thus by Lemma 3.11 we have
Volm,(Ma/L) = 22V ol 10y (Im(Q) /L N kerIT)V olo (O/TI(L))
= 22Volg+(R" /L N kerI)Volg (O/II(L))
> 28V olg (O/IL(L)) (t7/8)
= 2°Volo (O/II(L))t"

and as L has index m in Gg we have
Vol(My/Gg) > i25\/01@(<0>/H(L))t7
m

Therefore .

Vol(Hu/Gr) 2 1oz Volo(O/T(L))
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We will now construct the following conjectured volume estimate.

Conjecture 3.1. Let G be a discrete, cofinite volume group of isometries of Hé. Let Gg be a parabolic
subgroup of G fixing a parabolic fixed point B of G. Suppose Gp contains a Heisenberg lattice L as a
subgroup of index m and let t denote the shortest translation length of an element of kerIl N L. Let H,, be
a horoball left invariant by Gg. Then

2
> 11
— 99maul!

Evidence for Conjecture 3.1. Let (;, {, € O. Set w: O? — Im(0);
w(€1,¢) = (Wi (G, @), -y wr(Cr, @) = —Im{{C1, (2))

(see section 3.1), where if { = zo + E7i:1xiei, then according to the octonion multiplication table, i.e.

VOl(Hu/GB)

€1 = €g€) = €263 = €4€5 = €78,
etc., we have the following standard symplectic forms on R8.
wy = dzg X dzy + dzy X dzs + dzs X dzs + dz7 X dxg,
we = dzg X dzg + drg X dry + dry X drg + dxs x dxy,
w3 = dzg X dxs + dxy X drs + dry X dx7 + dxg X dxs,
wy = dzg X dzg + drs X dzy + dzg X dry + dz7 X dxs,
ws = dzg X dzs + dzy X dzg + dzy X dzs + dxy X dzg,
we = dzxg X dzg + dro X dzg + dzy X dz7 + dxs X dxj,
wr = dxg X dz7 + dzeg x dry + dzo X dzs + dzs X dzy.

In the matrix representation the w; are block diagonal matrices.

ro 1 0 0 0 0 0 07
-10 0 0 0 00 O
0 0 01 0 0O0 O
wy = 0 0 -1 0 0 0O O
0 0 0 0 0 1 0 O}
0o 6 0 0 -1 00 O
0 6 0 0 0 00 -1
. 0 0 0 0 0 01 O
0 01 0 0 0 0 07
0 00 -1 0 0 0O
-1 00 0 0 0 00
o = 0 10 0 0 O 00O
0 00 0 0 0 1 0}’
0 00 0O 0 0 01
0 00 0 -1 0 00O
L0 00 0 0 -1 0 0
ro 0 01 0 0 0 07
9 0 10 0 O O O
0 -1 00 0 0 0 O
wy = -1 0 00 0 O 0 O
0 0 00 0O 0 0 1}’
0 0 o0 O 0 -1 0
0 0 00 O 1 0 O
L0 0 00 -1 0 0 Ol

(=]
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"0 0001 0 0 07
0 0000 -1 0 0
0 0000 0 -1 0
w=|0 0000 0 0 -1
-1 0000 0 0 O]
0 1000 0 0 0
0 0100 0 0 0
L0 0010 0 0 O
0 0 0 0 010 07
0 0 0 0 100 0
0 0 0 0 00 0 -1
wem| 0 0 0 0 001 0
0 -1 0 0 000 O]
-1 0 0 0 000 0
0 0 0 -1000 0
Lo 0 1 0 000 O
0 0 0 00 0 1 0
0 0 0 00 0 01
0 0 0 01 0 00
we=| 0 0 0 00 -100
0 0 -1 00 0 0 0f
0 0 0 10 0 00
-1 0 0 00 0 00
Lo -1 0 00 0 0 0l
0 0 0 0 00 0 17
0 0 0 0 00 ~10
00 0 0 01 0 0
w00 0 0 10 0 0
00 0 -100 0 0|
0 0 -1 000 0 0
01 0 0 00 0 0
(-1 0 0 0 00 0 ol

Let vyq,...,v7 be the shortest linearly independent vectors in the vertical lattice kerIl N L (that is
{v1,..., vz} is a Minkowski-reduced basis for kerIIN L and t < |vy| < |va| < ... < |vv]). Let A be a matrix
in GL(7,R) whose ith row is a unit vector in the direction orthogonal to all v; where j takes integer values
from 1 to 7 and is distinct from ¢. Then A maps the Rv; (the lines spanned by the vj) to the mutually
orthogonal axes in Euclidean 7-space R”. Define w' by

wi w)

wr wh

Writing A = (a;;) we claim that w} = 7 k=1 @ikWk is symplectic. It is clear that it is antisymmetric and
closed. Now
det(w}) = det(E}zlaijwj) = (217-=1a?j)4 =1
(this was verified using Maple 6) therefore w] is non-degenerate.
Let BZ?® be the lattice II(L) C O isomorphic to R® and set 6;((,n) = w';(B(, Bn). We observe that
since det(w}) = 1 we have
det(8;) = (det(B))” = Vol(Q/TI(L))>.
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If B and Bn are in 1I(L), then (B(,z), (Bn,y) € L for some z, y € R”. The commutator of these two
elements is
—2Im{{(B¢,Bn)) = 2w(B(,Bn) € kerlIN L,

where ({.,.)) denotes the usual positive-definite Hermitian form on Q. Therefore we can write

7

20(B¢,Br) = 3 nevi
for some {n;} C Z. Applying A we find

2w'(B¢, Bn) = 2Aw(B¢, Bn)

7
= E n;Avj.
i=1

Since Av; is on the z; axisin R” fori=1t07, i.e.
Avi = Aje;
where e; is the unit vector along the z;-axis in R” and )\; € R, we find that
2wi(B¢, Bn) = niAvi

and so
8:(¢,n) = n;Avy/2.

Therefore for all {, € Z® we have either 6;({,n) = 0 or |6;(¢,n)| > |Avi|/2. Note that {|6;(¢,n)|} # {0}
since # is nondegenerate. By the argument in Lemma 5.6 of [18] we obtain |det(6;)| > (|Avi|/2)8. Thus

Vol(Q/II(L)) = +/det(8:) > (|Avi|/2)".
Thus given any lattice L' C R” there exists a matrix A € GL(7,R) such that
AR = R

and
AL = VAR

We want to find a lower bound on |Av;i| in terms of |v;|. One approach is to apply the Gram-Schmidt
orthogonalisation process to the set of v; to obtain 7 orthonormal bases of vectors {uV|i = 1,...,7} for
Jj=1,..,7. This gives us (starting with a specific v;)

ul? = vi/|vj,
) Vits1 = (Vitr1s J(")) J(J)
1. =
Jt+71 ("’
|VJ+71—(VJ+71, ; ) u; |

and so on. This means that v; lies in the span of u; W , Vij+,1 lies in the span of u ) and uJ+71,
lies in the span of u}’), uJ( 4,6 (Here +7 denotes addition modulo 7.) By inspection we see that by the

orthonormality of the bases {u;#} for j = 1,...,7, (Vjs,6)7 is the component of vj,,¢ orthogonal to the

and Vit+.,6

J+ K for k=0,..,5 ie. (Vj4,6)7 = Avjy,6. By the Gram-Schmidt orthogonalisation process we have

ORI Vitr6 — L2 k=0(Vj+s6, J(i),k)uj(ﬂr),k

J+16 )
[Vitr6 — Z8r=0(Vj+s6, Ji,k) §£7k|
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which implies

— v 5 . (d) (3) (3) 5 (J) 4]
Vi+s6 = IV.H-16 -3 k=0<v.)+16i uj+.,k)uj+.,k|uj+.,6 + X k=0(vj+761 uj+7k)uj+7k'

Therefore 0 .

IAV.H-'rBIz = |v.i+76 - Esk=0<vj+76= uj.—];—7k)uj-'|—7k|2'
Without loss of generality a lower bound on the set of |Av;y,¢| for j = 1,...,7 is a lower bound on the set
of |[Avi| for i =1,...,7.

Attempts have been made using Maple 6 and Maple 7 to perform the calculations necessary to implement
this theoretical approach to a determination of a greatest lower bound on the set of |Av;| for i = 1,...,7.
However Maple seems to lack the computational capacity required to produce certain of the above expressions
and we have yet to find a greatest lower bound.

We will now demonstrate an alternative theoretical route to the determination of the greatest lower
bound on the set of |Avi| for i = 1,...,7. We seek a greatest lower bound of

Vol(L')

Vol(L")

as L' varies through all lattices in R” and L” is the sublattice of L' generated by the 6 reduced basis vectors
vi for i = 1,...,6 excluding the seventh reduced basis vector of the reduced vector basis of L'. This ratio is
equal to the projection of vy in the direction orthogonal to the span of the sublattice L”. Let vol(L') denote
the volume of the unit cell spanned by the above mentioned vi, ..., vz and let I; denote |vi| fori =1,...,7.
Then we have

vol(L")? = ;= 71;%)det(D)

where © denotes the matrix

o1 cos(fy2) cos(fi13) cos(f14) cos(fis) cos(fi6) cos(fi7)

cos(f12) 1 cos(fa3) cos(faq) cos(Bas) cos(f6) cos(far)

cos(bh3) cos(fas) 1 cos(f34) cos(fss) cos(fss) cos(fsr)
D = | cos(f14) cos(f24) cos(634) 1 cos(fss) cos(B46) cos(fa7)

cos(f15) cos(f25) cos(f35) cos(fss) 1 cos(fs6) cos(fs7)

cos(bhe) cos(fag) cos(f3g) cos(Bag) cos(bse) 1 cos(fg7)

[ cos(617) cos(f27) cos(837) cos(fs7) cos(fs7) cos(fe7) 1 J

and 6, denotes the angle between vj and vy for 1 < j,k < 7. We require a greatest lower bound on

\/ ((11—_:}7011%%) where det(®') denotes the leading minor of ®. Once again computational difficulties
appear to be, for the moment insurmountable.

In lieu of computational instrumentation sufficiently sophisticated to implement the above orthogonal-
isation process we will now attempt to produce a conjecture of the greatest lower bound on the set of |Av;|
fori=1,..,7.

Conjecture. The Eg lattice and E7 lattice are the densest lattices in 6 and 7 real dimensions respectively. If
¢ is the minimal vector length in E; (where Eg C E7), then the ratio of their volumes is t/v/3 (as calculated
by taking the square root of the ratio of the determinants of their respective Gram-matrices; calculated in
this instant using the even coordinate (reduced) lattice bases on pages 124 and 126 of [6]). This volume ratio
is equal to the length of the projection of the E; lattice vector (1,0,0,0,0,0,0) orthogonal to the Eg lattice.
We conjecture that this ratio is a greatest lower bound on |Av;|. Therefore |Av;| > %]vﬂ > %t.

Attempts to deform the aforementioned basis of reduced lattice vectors (of the E7 lattice) to reduced
bases of other 7 dimensional lattices; for instance replacing (1,0,0,0,0,0,0) with (1,a,0,0,0,0,0) (where
a € R) or (1,0,0,0,0,0,0) with (1,0,a,0,0,0,0) have failed to produce a smaller ratio. This corroborates,
but of course does not prove the above conjecture.
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By this conjecture we have
t4

Applying this estimate to Theorem 3.4 we have

1
Vol(H, >~ VvV 7
ol(H,/Gg) > 2 11mu11‘ Olo(@/H(L))t
tll

=2 99mul!l’

Furthermore if H,, is a canonical horoball, then u <t and so

2
4 > —.
Vol(H,/Gg) > 99m

As a further consequence of our conjecture we have the following sub-conjecture. If k' is the number
of ends (cusps) of the octonionic hyperbolic 2-manifold M = H3/G where G is a discrete, cofinite group of
isometries of H3 and py, ..., pxs are pairwise inequivalent representatives of all parabolic fixed points, then
with H;, the canonical horoball at p; and G, its stabiliser in G, we have (as the canonical horoballs at
distinct cusps are disjoint) the following conjectured result.

Conjecture 3.1.1. Let M be a 2-dimensional non-compact octonionic hyperbolic manifold with k' cusps
and let G be a discrete, cofinite volume group of isometries of H. Let G; be a parabolic subgroup of G
fixing a parabolic fixed point q; € 8H2 of G. Let H; be a canonical horoball left invariant by G;. Then

2
> ! 1 . A >
Vol(M) > k' min{Vol(H;)/G;} >k 99"

where m is the maximal index of a lattice L; in G;.

Remark. The parabolic subgroups G; of G fixing a parabolic fixed point ¢; € 8H of G correspond to the
subgroups of 7 (M) stabilising the cusps of M.
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CHAPTER FOUR.

A JORGENSEN’S INEQUALITY FOR OCTONIONIC HYPERBOLIC 2-SPACE.

We recall from Chapter One that the classical Jorgensen’s inequality gives a necessary algebraic criterion
for a non-elementary 2-generator group of isometries of real hyperbolic space to be discrete. In this chapter
we will formulate an octonionic analogue of Jgrgensen’s inequality for non-elementary 2-generator subgroups
of the automorphism group Aut(J) of the octonionic hyperbolic plane. Our octonionic Jgrgensen’s inequality
replaces algebraic hypotheses on traces with geometric hypotheses on fixed points and dilation factors. This
is in part due to the non-associativity of the octonions which means that we will not be able to consider the
generators as matrices in the appropriate matrix group. Instead we will follow the methods of Chapter Three
and Allcock (see [1]) and use a canonical decomposition of elements of Aut(J), the isometry group of the
octonionic hyperbolic plane. We will then, as in Chapter One use a method similar to that of Jgrgensen and
construct a particular sequence of distinct elements of the group using an octonionic version of Basmajian
and Miner’s stable basin argument (see [3]) (which in our case is a compactness theorem for elements close
to the identity in Aut(J)) to determine conditions on the parameters of the automorphism decompositions
that force the sequence to tend to the identity, thus violating discreteness.

One of the generators, U of the non-elementary 2-generator subgroups in question, (U, V) will be a
general element of Aut(J) not fixing C or B and the other, V' will correspond to the composition of a
rotation and a dilation, i.e. a loxodromic map (which is a type of octonionic dilation). The map V has

the form
V =DS

with respect to the canonical decomposition of elements of Aut(J). The map D is a dilation with dilation
factor A > 1 and S is a rotation which is parametrised by a nested finite sequence of imaginary units p;
for i = 1,...,n which for the purposes of our results can, on repeated application of the second of the five
octonionic identities stated at the end of section 1.1 of Chapter Three, be considered to act as a single
imaginary unit g = (...(((#tn)tn—1)ttn—2)..-)t1. We observe here that if A = 1, then V is a boundary elliptic
map. In this chapter we prove the following theorem (where [.,.,.,.] is a cross-ratio defined in section 2).

Theorem. Let U and V be elements of Aut(J) such that U doesn’t fix C or B and V = D, S, where A > 1
and j is an imaginary unit octonion. Let

M=Mp-1+2g-1]

If M(Xo* +1) < 1 with Xo = [C,U~Y(B),U~(C), B], then either U and V commute or the group (U, V)
is not discrete. .

Remark. The hypotheses of this theorem involve distances between fixed points of U measured invariantly
with respect to Aut(J) by cross-ratios.

1. Preliminary Lemmas.

First we will give two alternate versions of Lemma 3.1 of Chapter Three.
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Lemma 4.1.1. If h is a member of Aut(J) with dilation factor A, such that h(B) # B, then for all X,
Y € 0H} - {B,h~Y(B)}

B Anpo(X,Y)
po(h(X),h(Y)) = 20(X, h-1(B))po(Y, h-1(B))’

Proof. See Lemma 3.1.

Similarly we have the following lemma.

Lemma 4.1.2. If h is a member of Aut(J) with dilation factor A, such that h(B) # B, then for all
X € 6H — {B}

An

hX),h(B)) = ——2h
pO( ( ) ( )) p(](X,h_l(B))

Proof. )
po(h(X), h(B)) = po(T1 D(S)RT; ™ (X), TLD(S)RT; *(B))
= Mpo(RTy H(X), RT; ' (B))
= Apo(RT; (X)), C)
po(T3 ' (X),C)
~ po(X,h7Y(B))
Here we have used the fact that as R acts as inversion in the unit pg—ball centred at C, then for all
Z € H — {B}
1

po(R(Z),C) = oZ.0)’

2. Proof of the Principal Results.

To determine discreteness conditions for the group (U,V) we will investigate the convergence of a
sequence of cross-ratios. Consider the following cross-ratio (here we use Proposition 3.2)

(Ya| X1)(Y1]X2)

_ (po(Yl,Xl)po(Yz,X:z))4
po(Yz, X1)po(Y1, X2)

[Xla‘X?)Yl))/?] =

where X, Xs, Y1 and Y5 all lie in 6H%,. Throughout this chapter we will use the normalisation (X|B) =1
for all X € JH. Thus we observe here that if say X; = B which corresponds to ’'infinity’, then the boundary
metric pg tends to infinity, but the cross-ratio becomes

Po(Yz,X2)>4

B, Xo, 11, Ys) = (22
[ 2 11,12 <Po(11»X2)

Remark. We observe that the cross-ratio is preserved by Aut(J). This can be seen using the canonical
decomposition h = TyD{S}RT™" of the elements h of Aut(J) not fixing B given in section 1.6 of Chapter
Three. The Heisenberg translations T; and T3 together with the nested sequence of rotations {S} preserve the
inner product and therefore the cross-ratio by Proposition 3.1 and Proposition 3.2 of Chapter Three. That the
dilation D with dilation factor A preserves the cross-ratio can be seen from the definition |D(X)|o = A|X|o.
Similarly using equation (36) of Chapter Three it follows by direct calculation and cancelling equal factors
that the reflection R preserves the cross-ratio.
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We will now define M = [Ap — 1| + [A\7'z — 1|. Recall that |z|> + 2z + z = 0 for points X = (z,1,2)
on the boundary of octonionic hyperbolic 2-space. We will use Allcock’s sextuple representation for points
X = (z,1,z) € H} — {B}; namely X = (|z|?,|2|%,1, 2,7z, T) (see equation (2.3) of [1]). Using the formula
for (X;|X2) (where X1, X2 € J) given in section 1 of Chapter Five we find that the following two lemmas
hold.

Lemma 4.2. IfV is a loxodromic isometry of the octonionic hyperbolic plane fixing B and C, parametrised
by the dilation factor A and the imaginary unit octonion u, then for all X € 6H% — {B} we have

(V(X)|X) < NPMA(X|C). (46)

Proof. Using the second of the five octonionic identities listed at the end of section 1.1 of Chapter Three
together with the fact that 77 = —p for all imaginary unit octonions we have

(V(X)IX) = (W2, M21%, 1, X pzg, A p(ze), AT )| (121, 1217, 1, 2, 2, 7))
= Nz[* + (A + 1)|2)% + 2Re(N2pzfiz) + 2Re(Npz|z|* + AzZ|z|*R)
= Az — pz)(z = MNE2) + MZ - AZp) (A2 —Z0) + Mz — p2)( M2 = Z00) + N2 (A2 — zp)(\Z2 ~ 1 Z)
< O+ D2 — 122 = XM2[[2 = XM (XC).

We note here that |z|2 = (X|C) where C = (0,0, 1,0,0,0).

Lemma 4.3. IfV is a loxodromic isometry of the octonionic hyperbolic plane parametrised by the dilation
factor A and the imaginary unit octonion p and X, = q(z1,1,21), X2 = q(z2,1, 22) € O0HE — {B}, then

(VX1 |[VXy) = M(X1]Xs). (47)

Remark. Recalling Proposition 3.2 of Chapter Three one of the consequences of this lemma is that due to
our normalisation (i.e. (X|B) = 1 for all X € 8HJ), dilations, despite being automorphisms fail to preserve
the inner product but scale the boundary metric linearly.
Proof. Using the first two of the five octonionic identities listed at the end of section 1.1 of Chapter Three
we have

(VX{|VX3)

= M|z 22|? + X2 + A 22)? + 2Re (V2 pa1B) (N pezaft))

+ 2Re(A(u(zr20)A (@3 B) + X (u(Z322)) AT 1))

= M (|21 o2 + |21]* + |22]” + 2Re(n(z122)R) + 2Re(u((z121)T2 + (2222)T1)F)

= /\4(|ZL'1I2|.’172|2 + |21[2 + IZQ|2 + 2R€(2122) + 2R6((le)ﬁ + (ZSEQ)H)

= A4 <X1 |/Y2).

We will now define the sequence (U, ) such that Uy = U and U, = U,VU, ! for n > 0. The map
Upy1 = U,IVU,I_1 is loxodromic with dilation factor A and a pair of fixed points belonging to compact sets;
one belonging to a compact set containing C, the other to a compact set containing B.

If {U,V) is non-elementary, then V # U. If V and U do not commute which we will assume from here

on, then V # U;. Therefore by induction we see that (U,) is a sequence of distinct elements. We want to

relate the terms .
(Unt1” (C)IC)

(Ung1™H(O)|Uns1"1(B))

and

(U, (0)IC)
(U~ (O)U.~H(B))
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in order to determine convergence criteria for the corresponding sequence. Here, as we are using the nor-

malisation (X|B) =1, (Unﬁ‘{;g;fgj'_?{m) is equal to the cross-ratio [C,U,,~"(B), U, *(C), B].

Lemma 4.4.

(Unt1(O)[C) _ (VTRTHOWUTHO) (VUL (B)IURTH(B)) (48)
U1 (O)Unin TH(B))  (VIWUTHONV-IUTH(B) (U "HO)NULTH(B))
Proof. Using the definition of U, 41, then applying Lemma 4.1.1 twice we see that
(U, L(O)C) I A A S (A (&)
Uns1 " OWUnt1 TH(B))  (UnV=IUTHOWULV UL TH(B))
R e S ()1 (%)) (V‘lUn_l(B)IUn_l(B)).
(V-IU,THOWWULTH(B) (U (O)NULTH(B)
Lemma 4.5. V-0, (O _1(C))
U ONCHUn (BC) = 1= =t gy (CIURBN) (49)
Proof. Using Lemma 4.1.1, then Lemma 4.1.2 and Lemma 4.3 we see that
(Unt1 HO)IC) Uns1 (B)IC) _ (V lU “I(C)IU ONVU (BIULH(C)
(Un(B)|C)? (VTN ONUL T (B VUL (B U, TH(B))
_ lUn_l(C)lU (%)
C(ULTHBIVEIURTHB)Y
Lemma 4.6.
\ (1_ s1/2 a2 2oUaHC),C) )2 < poUnni(B),C)
po(Un"1(C), Un "1 (B)) po(Unt17(C), Un1™H(B)) (50)
2

—12 172 Pol 2 (0),0)
SA(“’A M po(Un-l(C),Un-l(B»)'

Proof. Using Lemma 4.1.1 twice, followed by Lemma 4.3 and Proposition 3.2, in that order we see that

Uuna(B)C) (VU (B HO) (VU B B) (V0 (O (B))
U™ B C) (VU B0 (B)) U O (BY) (V10 (B0, (O))
VU O B
U~ U (B)?
- (el 1Un-‘<0),Un-1(B>)2)4.
/’O(Un_l(o)aUn_l(B))2

Now using the triangle inequality we have

(1- BB OLC)) w0 CLUE) (a0 0 00, O)),
PO(Un_l(C)7Un_1(B)) N PO(Un—l(C)aUn_l(B)) - PO(Un—l(C)aUn_I(B))

Finally using Lemma 4.2 we obtain equation (50) and the lemma is proved.

68



2.1. The Stable Basin Theorem.

Regarding octonionic dilations we will now state a weaker version of the stable basin theorem (as proved
by Basmajian and Miner in [3]). It will tell us how elements of Aut(J), conjugate to octonionic dilations,
move points in HZ in terms of characteristic geometric parameters.

Given r and s with r < s, the pair of open sets (B, R(B);)) (where B, C OHg denotes the po—ball of
radius r centred at C) is said to be stable with respect to a set of elements S in Aut(J) if for any V € §

V(C) € B,

and
V(B) € R(Bl/s).

The stable basin theorem shows that neighbourhoods of C' and B are stable with respect to the family of
elements of Aut(J) conjugate to octonionic dilations which have fixed points near the origin C' and infinity
B and dilation factors close to 1.

Let S(r,€) denote the family of elements conjugate to octonionic dilations with fixed points in B, and
R(B,) and dilation factors A satisfying M = [Au — 1| + |A7'm — 1] < e. We observe that S(r,¢) is closed
under conjugation by the inversion R. The stable basin theorem imposes conditions both on fixed points
and dilation factors. The condition on the fixed points is determined by the quantity r and the condition on
the dilation factors is determined by e(r, r').

Stable Basin Theorem. There exist positive real numbers r and r' such that the pair of open sets
(B, R(B)) is stable with respect to the family S(r,e(r,r')).

Proof. See Appendix B.

Remark. A version of the proof of Basmajian and Miner (see [3], pages 113-117) works for the case of
octonionic dilations and their conjugate maps as both fixed points of members of S(r, €) and the corresponding
dilation factors lie in compact sets. In particular it can be shown that the neighbourhoods of C' and B are
stable with respect to octonionic dilations having fixed points near C' and B and dilation factor close to 1.

Remark. In [23] Kamiya proves a modified version of the Basmajian and Miner stable basin theorem
which avoids the complication of their uniform bound Lipschitz theorem (used to estimate how much a
pure parabolic in the stabiliser of C' distorts distance in a neighbourhood of C, by putting a bound on the
dilation factor of the pure parabolic). Once again it is clear from compactness arguments that there exists
an octonionic analogue of Kamiya's proof (see Appendix B for an exact proof).

2.2. Application of a Stable Basin Argument.

By means of a stable basin argument we derive necessary conditions for discreteness as follows. Suppose
V and W are loxodromic maps whose fixed points are close together (measured invariantly in terms of the
size of a specific cross-ratio) and whose dilation factors are close to 1. By conjugation we assume that the
fixed points of W lie in B, and R(B,) for some sufficiently small 7. Our stable basin argument then implies
that the fixed points of WVIW ! also lie in B, and R(B,). Furthermore the dilation factor of WVW ™! is
the same as the dilation factor of V. Thus provided V and W don’t commute, by repeated conjugation it is
possible to produce an infinite sequence of elements whose fixed points are restricted to B, and R(B,) and
whose dilation factors are constant. By compactness one can select a convergent subsequence and thereby
conclude that (W, V) is not discrete.

2.3. Proof of the Theorem.
Let X,, denote the cross-ratio [C, U, *(B),U, " (C), B] where C and B are the fixed points of V and
U, Y(C) and U, !(B) are the fixed points of U, 'VU,. Then by the triangle inequality we have the

following proposition.
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Proposition 4.1. If M(Xo'/* + 1) < 1, then
Xn1/4 S (M(X01/4 + 1))71X01/4

50 the sequence X,.'/* tends exponentially to 0.

Proof. By applying Lemma 4.2, Lemma 4.3 and the triangle inequality to the right hand side of equation
(48) in Lemma 4.4 we see that

X1/t < M(X,Y2 4+ X,V = X, 4 (M(X, 4+ ).

Thus by induction
Xo !t < (M(XeM* + 1)) "X /1

So if M(Xol/4 + 1) < 1 we see that the cross-ratios X,, form a monotonically decreasing sequence tending
exponentially to zero. The sequence is strictly monotonic decreasing provided X, > 0 for all n € Z . This
is so if X, # 0 for all n € Z . We recall that

. HC)C)
.0 (B))

X, =

This is non-zero provided U, !(C) # C (numerator non-zero) for all n € Z ..

Suppose there exists n such that U, "' (C) = C. This implies V=U,,_; ~}(C) = U,_, " !(C) and therefore
as U,_, isn’t an inversion, considering the fixed points of V we have U,_; *(C) = C. By induction we see
that U~1(C) = C which implies U(C) = C. This is a contradiction. Therefore U, *(C) # C.

Proposition 4.2.

1+ AV2M12K, M2
(1- /\—1/2M1/2X”1/4)

po(Uns1 (C),C) < A/20112 20U~ (0), ). (51)
Proof. Using first Lemma 4.4, Lemma 4.5 and Lemma 4.6, then Lemma 4.3, followed by Lemma 4.2 and
Lemma 4.6 again, together with the abbreviation

po(Un"'(C), C)

U@y M
o n »Un

by = ATVAM?

we see that
po(Uns171(C),C)?

-1
= pO(Upj_(f{?_{é') l('JC_);lC:z (B))pO(U"H _I(C), C)pO(Un-l—l(B), C) Po

< pO(V-IUn_l(C)vU11_1(C))2/70(U71(B)7C)2 1
SR GT @O0 E? (s

(Un—l—l _1(6'), Un+1 ! (B))
po(Un41(B),C)

1
2
A (1 - /\—1/2Ml/2xnl/4)

4
< Mpo(U,~1(C), C)2A2 (1 + )\‘1/2M1/2Xn_11/4)

(1 + 6n—1)4

~ M sy

po(Un~'(C), C)%.

Proposition 4.3.

(1 -—/\_1/2M1/2Xn_11/4)2 1

Unt1 ™ (B), Uns1 ™' (C)) > A2~ /2
po(Un17"(B),Uns1 ™' (C)) > (1+ A-12M2X, 7Y (14 X, 170

pO(Un_l(B)a Un-I(C))'
(52)
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Proof. Using Lemmas 4.4, 4.5, 4.6 and 4.2 and the triangle inequality in that order, together with Lemma
4.3 we see that
1
PO(Un-H—l(B)aU11+1_1(C))2
po(Uns1~1(C),C) 1 po(Unt1(B),C)

po(Uns17(B), Uns17H(C)) po(Uns1~H(C), C)po(Unt1(B), C) po(Uns1~(B), Uns1~(C))

A V-lU,~Y(B), U, (B))? oy 2
< BTG po( pO(Un((B)),C)2 (B)) \ (1 Y 1/2M1/2Xn1/4)

1 poUa"N(B),C)° (1 4+ A~V/2M1/2X,1/%)2
PO(Un_l (B)v Un_l(c))2 pO(Un_l(B)s Un_l(c))2 (1- A2 M2X, 1/4)4

1 (1+ 1712012, /2
po(Un ™1 (B),U, 71 (C))? (1 — A\-1/201/2X,,_ /1)

< MA!

< M (1+ X, 1742

Thus from Propositions 4.2 and 4.3 we have

1+ /\_1/2M1/2Xn_11/4)2

Uns1 " HC),C) < A/2p11/2
po(Unt177(C),C) < (1—/\—1/2M1/2an/4)

po(Un~1(C),C) (83.1)

and

(1 _/\—I/ZMI/ZX _ 1/4)2 1

Uper = (C), Unpa = (B)) > A2 0=1/2 nol U, HC), U, (B)).
po(Un+1” (C),Uny17 (B)) 2 (1+/\—1/2]\/11/2an/4) (1+X”1/4)Po( . (C), U (B))
(53.2)

As M(Xol/4 +1) < 1,ie. Aisclose to 1 and Xg > 0, we see that M < 1. Therefore as X,, — 0 as n — oo,

there exists a positive integer N such that for all n > N

(1 + A_I/QMI/QXn_11/4)2

MI/Q
(1- /\‘1/2M1/2X.n1/4)

<1

and
1+ A7120M02x, Y

(1= A-1/2M1/2X, 1/4)2

M'? 1+ X, <1.

Therefore by induction
po(Un~1(C),CIN2 = 0

and

po(Un™H(C), Un ' (B))A™? = 0
as n — oo. Consideration of these two limits and application of the first, together with the triangle inequal-
ity, to the second implies that (po(U, '(C),C)A~"/?) and (ﬂo(Un_](B}),C)/\"“/z
Therefore the images of the fixed points C' and B of V' under the sequence of maps (U,) are bounded about

C and B respectively. This implies that (U,) is a bounded sequence of distinct maps. Following Jgrgensen
we define a sequence of distinct maps (W,,) such that Wy = U and forn > 0

) are bounded sequences.

W, =V V.
We see that for n > 0 the W), are all conjugate to V and therefore have the same dilation and rotation
factors. The map W, is also conjugate to Us,, thus as (U,) is a sequence of distinct elements of Aut(J) so

is (W,,).
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We will now seek to apply our octonionic version of the stable basin argument to S(r,e) = {W,|n > 0}
(instead of S(r,e) = {Uy|n > 0}), i.e. we will prove that (W,,) has a convergent subsequence under certain
conditions and therefore generates a non-discrete group. To do this we need the following proposition.

Proposition 4.4. For all n (say n > N) such that

IO e T
1— A-L/2pf1/2x,, 1/

<€ (54.1)

and
(14 A2 2K,

(1- /\-1/2Ml/2xn_11/4)
where 0 < ¢ < 1, the following inequalities hold.

jv[l/?

~(1 + XY <€ (54.2)

(1)
(W1 (O)|C) < =MWy —H(0)]C),
(2)
(W, (B)W,,~H(C)) > e BN Wy~ (B) W (C)).
Proof.

(1) Using the fact that V(C) = C, then Lemma 4.3, we have for n > 0

(W™ (O)IC) = (V"Uea ™' VH(O)[C)
= (V"Usn OV (O))
= A(05,7(C)[C).

Now applying both inequality (53.1) and inequality (54.1) twice we have

(W, HO)|C) < AUy, _ 71 (CO)|C)
=&(W,_, 1O)|0).

(2) Similarly using the fact that V fixes both C and B, then Lemma 4.3, we have for n > 0

(W, Y (B)|W,"HC)) = (VT U ' VH(B)|V U, ' VT(C))
= (V" Uan ' (B)IV U2 (C))
= A" Uz H(B) U2 H(0)).

Now applying both inequality (53.2) and inequality (54.2) twice we have

(WM (B W, ~H(C)) > A4 e (Uny 57 (B)|Uzn—a " (C))
= e ¥ (Who1 " (B)|Waoi ~HC)).

3. Conclusion.

By Proposition 4.4 we see that (W, *(C)|C) = 0 and (W,, " (B)|W, ' (C)) = o0 as n — oo. Now
by the triangle inequality (W, '(B)|C) — oo as n — oo. Therefore the two sequences ({W, ' (C)|C)) and
<<W"_ I(B)IC)) are bounded. By construction the maps W,, are distinct with dilation factor A and equal ro-
tation factors. Furthermore their fixed points lie in compact sets B, and R(B,.) (r finite) containing C and B
respectively. Therefore applying our octonionic version of the stable basin argument to S(r, e) = {W,|n > 0}
(where e(r,r) = m) we see that if M(Xol/4 + 1) < 1, the sequence (W,) lies in a compact region
of Aut(J). By compactness we argue that there exists a convergent subsequence of (W,,) and so the group
spanned by the W, is not discrete. Therefore the larger group (U, V) is not discrete when M (Xg'/* +1) < 1
and we have proved our theorem.
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CHAPTER FIVE.

THE EIGENVALUE PROBLEM FOR ¢-HERMITIAN OCTONIONIC 3 BY 3 MATRICES.

The eigenvalue problem is usually considered over the real and complex number fields. In this chapter
we study an aspect of the generalisation of this problem to the other normed division algebras, i.e. the
quaternions and the octonions. We discover that many of the standard properties hold provided they are
reinterpreted in terms of the lack of commutativity of H and O and the lack of associativity of Q.

To be specific we solve the real eigenvalue problem Xv = Av for the 3 x 3 ®-Hermitian matrices X of
the Jordan algebra model of the octonionic hyperbolic plane. We show that the real eigenvalues A of these
3 x 3 ®-Hermitian matrices form two independent families each consisting of three real eigenvalues which
satisfy a modified characteristic equation.

This chapter was inspired by the work of Dray, Janesky, Manogue and Okubo (see [8]-[13]) on the
eigenvalue problem for I-Hermitian octonionic three by three matrices (where I denotes the 3 x 3 identity
matrix). Other good references are [14] and [15].

Our principal results are as follows.

Lemma 5.1. The real eigenvalues A of the 3 x 3 octonionic ®-Hermitian matrix X satisfy the modified
characteristic equation

det(M — X) = A% — (tr(X DA + a(X)A —det(X) =7
where r is either of the roots of
r? + 4V (v, —u, w)r — |[v, —u, w]|* = 0.

The octonions u, v and w are components of X and ¥ is defined by
1 —
‘I’(’U, —u, w) = §R€([’U, —U]W)

where (v, u] = vu — uv denotes the standard commutator of two octonions u and v and [v,u,w] denotes the
associator of three octonions u, v and w (see section 1.1 of Chapter Three).
Remark. The octonionic determinant det(X) is defined on page 493 of [1].

These results and the associated proofs are a generalisation of the corresponding results and proofs
given in [10] for the more symmetric and therefore simpler to treat, standard Hermitian matrices (which are
invariant upon taking the conjugate transpose).

Remark. The geometrical significance of these results with respect to the octonionic hyperbolic plane is
not yet understood although they may be of relevance to Lie algebra theory.

1. An Octonionic Jordan Algebra.

As in Chapter Three we choose to work with the following inner product matrix (an indefinite non-
degenerate Hermitian form)
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1
=10
0

_ o O
O = O

We recall that the Jordan algebra associated to ® is then defined as J = { Xe M3(Q) | X& = X7}
where X* denotes the conjugate transpose of the matrix X. Such elements X of J are called ®-Hermitian
matrices and have the form

a w U
X =(a,bc,u,v,w)=|v T b
w o c o u

with a, b, ¢ € R and u, v, w € O. It is obvious that X has real trace. Computation reveals
(X|X) = a® + 2bc + 2Re(u?) + 4Re(vw),

and so by polarisation we obtain

(X1|X2) = ajag + bycy + bacy + 2Re(uiug) + 2Re(viwy + vawy ).
Further computation shows that

o(X) = 1/2((tr(X))? ~ tr(X?))

= 2aRe(u) + Q(Re(u))2 — bc — Re(vw) — Re(wv) — Re(u?)

and it is proved in Theorem 6.1 of [1] that

det(X) = alu|® + bjw|® + c[v|? - abe — 2Re(uvw). (55)

2. The ®-Hermitian eigenvalue problem.

The left and right eigenvalue problems for 3 x 3 octonionic ®-Hermitian matrices X are given explicitly
by
Xv= v (56)

and
Xv=vX (57)

respectively, where A € O and v denotes a 3 X 1 octonionic vector

(58)

<
]
N

Remark. We observe that the phrase ’octonionic vector’ is a slight abuse of terminology as @ is not a
vector space. However as our meaning is clear we will continue to use this nomenclature.

3. Orthogonality of Eigenvectors.
We will now introduce an asymmetric notion of orthogonal eigenvectors.

Definition. Let v and w be two octonionic eigenvectors. We will say that w is orthogonal to v if
(vv*®)w = 0. (59)
Remark. This is an asymmetric relation.
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The vectors {v,w} are orthonormal if in addition

v'or =1=w"dw. (60)

lvi? vz nT
v ® = | vy wTy |wl*|,

v3lr  |us|® wsT3

We observe here that if

then
v ov = |vi | + Touz + Tzvs. (61)

Therefore if ¥ and w lie in the same associative subalgebra, then equation (59) is equivalent to

V*®w = Tiw) + Taws + Tzws = 0.

If we assume that the eigenvalues of X are real then the left eigenvalue problem is equivalent to the
right eigenvalue problem.

4. The real eigenvalue problem.

We will now consider the case of A € R and show that such matrices, X do admit real eigenvalues.

A (real) eigenvalue A of a $-Hermitian matrix X does not in general satisfy the characteristic equation
X3 — (tr(X))X? + (X)X — (det(X))I = 0. (62)

To see this consider the eigenvalue equation (56) with A € R and v as in expression (58). Explicit computation
yields

(A —a)z = wy + Uz, (63)
(A — )y = vz + bz, (64)
(A —u)z =Wz + cy. (65)

From equations (63) and (64) and the fact that (A — a) € R we have

(A=—a)A =)y = (A —a)(vz + b2)
= (A —a)bz + v(wy + T2)

which implies
(A =)+ [vl?)z = (A= a)(A ~ @)y — v(wy)). (66)

From equations (63) and (65) we also find in a similar manner that

(A-a)(A—u)z = (A - a)(wz + cy)
=wW(wy + vz) + (A —a)cy

which implies
(A= a)c+|w)y = (A - a)(A —u)z — w(v2). (67)

Using equations (67) then (66) we find
(A —a)b+ v (A = a)e+ |wP)y = (A= a)b+ [v]*) (A - a)(A — u)z — wW(vz))
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= —a) A —uw)((A—a)(A-T)y —v(wy)) —B(T((A — a)(A - @)y — v(wy))).

Assuming first that A # a this implies that

0= -a)A—w)(A -2y — (A —u)(v(wy)) —BE((A -)y)) = (A - a)bey — blwl’y — clv|*y.

Thus expanding (det(A] — X))y we have

(det(AI = X))y = (A —a)(A —u)(A — @) — blw|* — c[v]* — (A = a)bc — 2Re((A — u)vw))y.

Finally, comparing the expansion with equation (68) we find that

(det(M] — X))y = (X —tr(X)A? + o(X)A — det(X))y
= —2Re((A — u)vw))y + (A — u) (v(wy)) + W(T((A —w)y)).

Remark. In obtaining equation (68) we have used the relation
ol? lwl*y = W(v(v(wy))).
Proof. Considering the associative subalgebra generated by v and wy we have
o(v(wy)) = To(wy) = Jvf* (wy).
Similarly considering the associative subalgebra generated by w and y we have

w(|v]*wy) = |v]*wl’y.

We now consider the case A = a. In this case it is clear from equation (63) that we have

[v|*z = —v(wy),
lwl*y = ~w(T2),
wy = —Vz.

Thus using equations (71), (64), (65) and (70) in that order we find

det(M — X)y = —blw|’y — clv|’y — 2Re((A — w)vw)y

w(vz) — €|11|2 — 2Re((A — wjow)y

(N —w)y)) —Bv|*z — c|v|*y — 2Re((A — u)vw)y
(A =w)y)) - [v]*(A — u)z — 2Re((A — uv)vw)y
(A=a)y)) + (A —u)(v(wy)) = 2Re((A — w)vw)y.

1
EI I

H
EI

(v
(@
(®

It
EI

Thus we see that equation (69) is satisfied in the case A = a.

(68)

(69)

(70)
(71)
(72)

Consider equation {69), if v, A —u and w associate the right hand side vanishes and X does indeed satisfy
the characteristic equation; this will not happen in general. However since the left hand side of {69) is a real

multiple of y, this must also be true of the right hand side, so that

=2Re((A — wvw))y + (A — u) (v(wy)) + E(U((A -u)y)) =Ty
(where 7 € R) which can be solved to yield a quadratic equation for » as well as constraints on y.
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Lemma 5.1. The real eigenvalues of the 3 x 3 octonionic ®-Hermitian matrix X satisfy the modified
characteristic equation

det(M — X) = X% — (tr(X)AN? + o(X)A — det(X) =, (75)
where r is either of two roots of
r + 4% (v, —~u, w)r — |[v, —u, w]|* = 0. (76)

The octonions u, v and w are components of X and V¥ is defined by
1 —
U(v, —u,w) = ERe([v, —Tw) (77

where [v,u] = vu — uv denotes the standard commutator of two elements u and v.

Proof. Equation (74) is identical in form to the equation (60) in [10] upon substituting v, A — u, w and
y for a, b, ¢ and z respectively. In [10] Dray and Manogue solved this equation for real » and octonionic y
given generic octonions u, v and w using M athematica to obtain the equation

2+ 4P (v, A —u,w)r — |[v, A —u,w]|? = 0. (78)
But ,
U{v, A —u,w) = iRe((v(/\ -)w) — (A —wv)w)
_ %Re((v(—ﬂ))w — ((~m))w)
=¥ (v, —u,w)
and

[v, A —u,w] = (v(A = u))w — v((A — v)w)
= (v(-u))w — v(—uw)
= [v, —u, w}.
Therefore we obtain equation (76).

We note several interesting properties of these results. If X is in fact complex, then due to commutativity
and associativity the only solution of (76) is r = 0 and we recover the usual characteristic equation with a
unique set of 3 (real) eigenvalues. If X is quaternionic, then one solution of equation (76) is 7 = 0 leading to
the standard set of 3 real eigenvalues and their corresponding quaternionic eigenvectors. However unless u, v,
w involve only two independent imaginary quaternionic directions (in which case ¥ (v, —u, w) = 0 = [v, u, w]},
there will also be a non-zero solution for r, leading to a second set of 3 real eigenvalues. Finally if X is
octonionic (so that in particular [v,u, w] # 0), then there are two distinct non-zero solutions for r and hence
two different sets of real eigenvalues, with the corresponding eigenvectors.

5. The ®-Hermitian Matrix Eigenvalue Problem.

We will now show how to construct left eigenmatrices U of X, i.e. matrices U which satisfy the following
equation
X+«0 =20 (79)

where A is a real eigenvalue satisfying the standard characteristic equation
det(A — X) = A* — (tr(X))A? + (X)X — (det(X))I = 0. (80)
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From the definitions of the determinant, the Jordan multiplication * and the Freudenthal product o given
in section 1.4 of Chapter Three we have for real A satisfying equation (80)

(X = M) % (X = AI) o (X — AI)) = (det(X — AI))I =0. (81)

Setting
Ly = (X = Ao (X = A]), (82)

equation (81) can now be rewritten as
(X =AM+ £\ =0, (83)

i.e. £, is a solution of the left eigenmatrix problem.

6 . Conclusion.

We will now summarise the main results of this chapter.

If X is a 3 by 3 ®-Hermitian octonionic matrix the solutions of the real eigenvalue equation
Xv =My, (56)
where v € 0% and A € R, satisfy a modified characteristic equation of the form
det(M — X) = A3 —tr(X)A° + o(X)A — det(X) = 7. (75)
The real number r is a root of the quadratic equation
r? + 4% (v, —u, w)r — |[v, —u,w]|* = 0 (76)

with u, v and w components of X and
1 _
U(v, —u,w) = §Re([v, —Tw), (77)

where [v,u] = vu — uv denotes the standard commutator of two octonions v and v and [v, u,w] denotes
the associator of three octonions u, v and w. There are three real solutions for A corresponding to each
solution for » (which labels the families). If the roots r1 and r; are the same, then over the real octonions
¥ =0 = [v, —u,w], which forces X to be quaternionic (and r; = 0 = rp).
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CHAPTER SIX.

COLLARS IN PU(2,1), PSp(2,1) and Aut(J).

In this chapter we construct a collar theorem for complex hyperbolic 2-space, quaternionic hyperbolic
2-space and octonionic hyperbolic 2-space (each denoted below by H). We then show for the complex
and quaternionic cases that in the corresponding quotient manifolds M = H/T where I" is an orientation
preserving discrete torsionfree non-elementary subgroup of the corresponding isometry group, two disjoint
geodesics of bounded length have non-intersecting collars and that the collars are disjoint from the canonical
cusps associated to parabolic elements in ['. Finally we determine a bound for the injectivity radius ¢(A/) in
the complex case. Our results extend the collar theorems for Riemannian surfaces of genus > 1, hyperbolic 3-
manifolds and 4-dimensional oriented hyperbolic manifolds of finite volume to orientation preserving discrete
subgroups of the isometry groups of HZ, Hg, H2 and their quotient manifolds.

This chapter was inspired by Ruth Kellerhals paper, “Collars in PSL(2,H)” (see [24]), in which she
constructs embedded tubular neighbourhoods around short simple closed geodesics in the 4-dimensional
oriented hyperbolic manifolds of finite volume M = Hg/T' (where I is an orientation preserving discrete
torsionfree non-elementary subgroup of I'som(Hg) which can be identified with the group PSL(2,H) of
Clifford matrices with quaternion coefficients) whose collar width depends on the length of the simple closed
geodesic only. She also demonstrates that two non-intersecting short geodesics have disjoint collars and that
the constructed collars fail to intersect the canonical cusps associated to parabolic elements in I". Finally
she proves bounds for the injectivity radius and the number of simple closed geodesics in M.

To be specific Kellerhals principal result is the following theorem in which she presents a non-trivial
lower bound for the radius r of a collar depending only on the length { of the corresponding simple closed
geodesic 7.

Theorem. Let lg = (v/3/47)log? 2. Then each simple closed geodesic v in M of length | < ly has a collar
T,(r) of radius r satisfying
1-3k

k

4l
k=coshy/— — 1.
\V v3

Here a collar T, (r) around « embedded in M of collar width r > 0 is defined to be the set of points
Ty(r) = {p € M|dist(p,7) <7}

cosh(2r) =

where

that is homeomorphic to v x B® where B® denotes a 3-dimensional ball of radius 7. A collar is precisely
invariant if its translates under the group G form a disjoint collection. She goes on to prove that the volume
voly (Ty(r)) of the collar T, {r) is a strictly decreasing function of the length I of ~.

These results can be contrasted with our principal result for the complex hyperbolic case (stated be-
low) which is a generalisation of the above theorem to 2-dimensional oriented complex hyperbolic manifolds
M = HZ/T where I is an orientation preserving discrete torsionfree non-elementary subgroup of Isom(H2)
which can be identified with an appropriate subgroup of PU(2,1). The quaternionic and octonionic hyper-
bolic collar theorems are very similar.

Theorem 6.1. Let the real geodesic ¥ C H% be the axis of a loxodromic map V (with complex dilation
factor Ae'? ) represented by an element of PU(2,1). Let N = |Xe"? — 1| +|A~te™* — 1| and suppose N < 1/2.
Let U be an element of PU(2,1) not fixing o or oo represented by

a b c
U=|d e f
g h j
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and satisfying
N(1 +laj|*'’?) > 1.

Then the r-neighbourhood of «y is disjoint from its images under elements U of PU(2,1) when

1—
cosh(r) = —N—N

Here |aj| = |[U{w1), w1, w2, U(ws)]| (see page 8 of [21]) where wy and wq are the fixed points of V.

Corollary 6.1. Let V be a complex dilation in PU(2,1) with axis v and complex dilation factor Ae?’. Let
N = |xe? — 1|+ |A"te ¥ — 1| and suppose N < 1/2. Let U € PU(2,1) so that (U,V) is discrete. Then
in the manifold M = HZ/(U,V) the simple closed geodesic v' = v/(V) corresponding to v C H% has a
precisely invariant collar T'(r) of width r where r is such that

1-N
cosh(r) = N

First we will present some background material on complex hyperbolic geometry.

1. Complex Hyperbolic Geometry.

The majority of the material in this section is taken from [16], [21], [30], [31] and [32].
1.1 Models of Complex Hyperbolic Space.

Let C*! denote a complex vector space of dimension n + 1 equipped with an indefinite Hermitian form
(.,.) of signature (n,1). This means that (.,.) is given by a non-singular (n + 1) x (n + 1) Hermitian matrix
with n positive eigenvalues and one negative eigenvalue. A vector z in C*! is defined as negative, null or
positive according as (z,z) is negative, null or positive. Complex hyperbolic n-space Hg is defined as the
complex projectivisation of the negative vectors in C™!.

Restricting to the case n = 2, C*! is a copy of the complex vector space C® equipped with say the first
Hermitian form, a specific case of the Hermitian form of signature (2, 1). It is defined to be

(Z, W)1 = 21W1 + 29Wy — 23W3
and is given by the Hermitian matrix J; where

1 0 O
J=]01 0
0 0 -1

Using (., )1, H% and its boundary are respectively the projective images in the projective complex plane

PC? of the sets
V={z¢ Cc>! l|21]% + |22)? = |23|% < 0},

Vo = {z.€ €' — {[0,0,0]}|z1]? + |22 — [25]* = 0}.

Since a negative vector z must have z3 # 0, V may be identified with the unit ball in C?> by normalising
the last coordinate and then ignoring it. We observe that the first Hermitian form as described above is
best adapted to the unit ball model as setting z3 = 1 in the condition |z;|* + |22|2 — |23|? < 0 describes the
unit ball in C?. To be precise we define the map n : C>! — {[0,0,0]} — PC? to be the canonical projection
assigning to z € C*! — {[0,0,0]} the complex line through the origin and z. When z3 # 0 (in particular on
VUuW), 7 is given by

e [Zl, 22, 23] = [21/23, 22/23].
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It maps V and V; (excluding the zero element) respectively to the open unit ball B? and its boundary the
unit sphere S (3 real dimensions) in C?. Given a point z of B2 we call a 7 — preimage a lift of z. The lift
of form (21, 29, 1) is called the standard lift.

The second Hermitian form for C?! is defined to be
(Z,W>2 = 21W3 + zoWs + 23W

and is given by the Hermitian matrix J; where

Jy =

= O O
O = O
OO

Using (.,.)2, HZ and its boundary are respectively the projective images in the projective complex plane
PC? of the sets
V = {z € C*' 2,73 + |22|* + 2377 < 0},
Vo = {Z S CZ’I - {[0,0,0]}|212—3+ |22|2 + 2327 = 0}

This forms the Siegel domain model G, of HE. The boundary 8HZ of HZ is a paraboloid defined by
2123 + |22|2 + 2321 =0
together with a distinguished point [1,0,0] € C®. This point is called the point at in finity and is denoted

Q.

The upper half plane model of 1 dimensional complex hyperbolic space (the hyperbolic plane) is gener-
alised by the Siegel model G,, in higher dimensions. In horospherical coordinates (¢,v,u) the Siegel domain
of complex dimension n is C*~! x R x R, a subset of C*.

Definition. The Bergman distance p between points z,w in the Siegel domain is given by

cosh?(p(z,w)/2) = %

For the ball model and the Siegel domain model one can calculate the distance between points z and w
by substituting their standard lifts z’ and w' into the above formula.

We observe that the boundary of the Siegel domain is the one point compactification of the Heisenberg
space M,, i.e. 06, =N, U {oo}. The Siegel domain embeds in complex projective n-space in such a way
that restricting for example to the case n = 2, a homeomorphism of &, onto the projection to PC? of the
subset V U V4 of C*! maps ((,v,u) to

—(I¢P +u — iv)
V(¢
1

and oo to

Here

\/§< = 29 € C,
v =1Im(z;) € R,
u=—Re(z1) — |22 /2 € Ry

(given z3 = 1) . We observe that 9HZ can be represented by the set of coordinates {(¢,v)} U {o0}.
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1.2 The Heisenberg Group.

Definition. The Heisenberg group My corresponding to the Siegel domain &, of complex dimension 2 is
defined as the set of pairs ((,v) € C x R with the group law

(C1,v1) 0 (G2, v2) = (G + G2, 1 + v2 + 2IM((2(1))

where o denotes the group product. The inverse of (¢,v) is
(va)_l = (_C, —"U).

We observe the inverse of a product is the product of inverses with the order reversed. The Heisenberg group
is 2-step nilpotent (and therefore non-commutative). In order to see this we note that

(G, v1) 0 (C2,v2) 0 (—C1, —v1) 0 (=Ca, —v2) = (0,4Im((2(1)),

i.e. translating around a horizontal square gives a vertical translation. Thus using stereographic projection
we can identify GHZ with the one point compactification M, of MNy. Projection onto the first factor ¢ of
(¢, v) is called vertical projection. One can envisage ¢ as corresponding to the “horizontal” zy-plane and v
to the “vertical” z-axis of Euclidean 3-space.

The Heisenberg norm assigns to (¢,v) the non-negative real number

1/4 1/2

1€, vlo = (ICI* + 2% = [IICI* — d0] 7,
where ||¢]|? = ({(¢,¢)) = |¢|?. This enables us to define the Cygan metric pg on the Heisenberg group.
po((C1,v1) (G, v2)) = [C1 = oy v = wa + 2Im{{Ch, &2))lo

= [lIr = GIP + [ug = o + vt — dva + 2iIm{((1, ()|
= |(¢1,v1) 7" o (G2, v2)o-

1/2

The Cygan metric can also be expressed explicitly in terms of the Hermitian product on PC* as follows.
Let x, y € PC" correspond to points in GHg, then

polx,y) = |(x, y)|"/%.

The Cygan metric is a natural metric intrinsic to ¥y but is not intrinsic to &5 as it depends on the choice
of goo € OHE.

We will now define the group of Heisenberg similarities to be the semi-direct product of (R x U(1))
and M, acting on the Heisenberg group (now viewed as a Heisenberg space).
1) Heisenberg Translations

The Heisenberg group acts on itself by (left) Heisenberg translations T¢: . This action is described
by
Torw (G0) = (C+ ¢ v+ + 2Im{((, ¢')),

where ({.,.)) denotes the standard positive-definite Hermitian form on C. Heisenberg translations by (0,v')
for v’ € R where 0 is the origin in C are called vertical translations. We observe that Heisenberg translations
are ordinary translations in the horizontal direction and shears in the vertical direction.

2) Heisenberg Rotations

The unitary group U(1), i.e. {A € CJAA = 1} acts on Heisenberg space by Heisenberg rotations. Let
A be an element of U(1), then A determines a Heisenberg rotation R4

Ra(¢,v) = (AG1).
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All other Heisenberg rotations may be obtained from these by conjugating by a Heisenberg transla-
tion. Heisenberg translations and rotations are isometries with respect to the Cygan metric and form the
Heisenberg isometry group. The central elements in the Heisenberg isometry group are precisely the vertical
translations.

3) Heisenberg Inversions

Heisenberg inversions are the restriction to Heisenberg space of the antiholomorphic isometries of
complex space. The simplest example is

u(¢,v) = (¢ —v).

4) Heisenberg Dilations

Heisenberg dilations di act by positive scalars k:
di (¢,v) = (k¢, k?v).

Heisenberg translations, rotations, inversions and dilations generate the group of Heisenberg similarities.
They extend trivially to the compactification Ny of 9, and represent transformations in Isom(H2) acting
on OHZ.

1.3 PU(2,1).

The isometry group of H2 is generated by PU(2, 1), the projective unitary group of Hermitian forms of
signature (2,1) and the anti-holomorphic transformations (complex conjugation is sufficient for this purpose).
SU(2,1) is the group of determinant 1, complex linear maps which preserve the Hermitian form of signature
(2,1). The projectivisation map SU(2,1) —+ PU(2,1) is 3 to 1. Elements of PU(2,1) the automorphism
group of C%! act transitively on HZ by complex projective transformations and the stabilizer of a point in
HZ under PU(2,1) is conjugate to U(2) on HE by complex projection. We observe that the Heisenberg
similarities correspond to a subgroup of PU(2,1) stabilising the point at oco.

Elements of PU(2,1) fall into three distinct classes:

1) A parabolic element has exactly one fixed point which is on the boundary. Conjugating if necessary
we can always assume that this is the distinguished point at infinity geo. A parabolic element can be
imagined as corresponding to a rotation around a boundary point.

2) A loxzodromic element has exactly 2 fixed points both on the boundary and can be imagined as corre-
sponding to a rotation about a point which lies outside the closure of the unit ball.

3) An elliptic element has at least one fixed point within the unit ball and may have others on the boundary.

We observe that an elliptic element is regular elliptic if its eigenvalues are all distinct. We also observe
that there are two types of parabolic elements:

i) If a parabolic element may be written as an element of U(2,1) with 1 as its only eigenvalue, then it is
said to be unipotent or pure parabolic. The group of pure parabolic maps fixing a given point is isomorphic
to 9y and once the fixed point is specified are Heisenberg translations.

ii) If a parabolic element is not unipotent it is said to be ellipto-parabolic or screw-parabolic. An
ellipto-parabolic element preserves a unique complex geodesic on which it acts as a parabolic element of
PU(2,1).

1.4 Special structures on Complex Hyperbolic Space.

Real hyperbolic space H is contained as a totally geodesic submanifold in HZ in 2 distinct ways.
Complex lines in HZ are complex geodesics represented by H{. C HZ and Lagrangian planes in HZ are
totally geodesic 2-planes represented by H3 C HZ. Each of these totally geodesic submanifolds is a model of
the real hyperbolic plane. All totally geodesic subspaces of HZ are either complex linear or Lagrangian (see
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below). We observe that there are no totally geodesic real hypersurfaces. This makes it harder to construct
polyhedra (for example fundamental polyhedra for discrete groups of complex hyperbolic isometries). To get
round this problem we use bisectors which are minimal hypersurfaces of cohomogeneity one.

A discrete subgroup of PU(2,1) preserving a complex line is called C-Fuchsian and is isomorphic to a
subgroup of P(U(1)xU(1,1)) C PU(2,1). A discrete subgroup of PU(2, 1) preserving a Lagrangian plane is
called R-Fuchsian and is isomorphic to a subgroup of SO(2,1) included in PU(2,1) by the projectivisation
of the obvious inclusion SO(2,1) C SU(2,1).

In the unit ball model a complex geodesic is the intersection of a complex line with HZ. Given two points
2 and w' in the closure of H, the complex geodesic L containing these points is generated by lifting 2’ and
w' to z and w respectively and then taking L to be the complex span of these two lifted points. L’ is therefore
the projectivisation of L, a projective subspace of complex dimension 1. L' is unique by construction and as
it has complex dimension 1 can be referred to as a complex line. We observe that consideration of dimensions
shows that two complex geodesics are either identical, disjoint or meet in a single point. It is impossible for
two complex geodesics to meet in a real line.

Definition. The polar vector associated to the complex geodesic L' is the unique (up to non-zero scalar
multiplication), positive vector Hermitian orthogonal to both z and w. It is given by their Hermitian Cross
Product. If z and w are two vectors in C*' then their Hermitian Cross Product with respect to the second
Hermitian form is given by

Z1W2 — Z2W)

Z3W) — Z1W3

ZoW3 — Z3W3
Therefore any positive vector p defines a unique complex geodesic p*+ = {z € C*1 : (z,p) = 0}.

Two complex geodesics that do not intersect inside complex hyperbolic space either intersect in the
boundary in which case they are called parallel or asymptotic or are disjoint in which case they are called
ultraparallel. A chain (or C-circle) is the corresponding intersection of the complex geodesic with the
boundary. In the unit ball model a complex geodesic is homeomorphic to a disc (complex lines in C?
intersect the 2-dimensional Siegel domain G5 corresponding to HZ in discs where the Bergman metric is the
Poincaré metric). Therefore its intersection with the boundary of complex hyperbolic space is a geometrically
round circle. As any two distinct points on the chain determine the corresponding complex geodesic there
exists a bijection between chains and complex geodesics.

Consider a complex line passing through the point at infinity. By applying a suitable Heisenberg
translation we may suppose that it also passes through the origin ¢ = (0,0) € My. Thus we have the
complex geodesic spanned by

1
o= |0
0
and
0
o= |0

This intersects the finite part of the boundary in the vertical line {(0,v)|v € R}. By applying a Heisenberg
translation we observe that any other complex line passing through infinity intersects the finite part of
the boundary in the vertical line {((o,v)|v € R} for some fixed {p € C. This is called an infinite chain
or infinite C-circle. The corresponding vertical complex geodesic is characterised by the set of points
{(Co,v,u) € Gy} for the same fixed {y € C and is a copy of the hyperbolic upper half plane with coordinates
{v+iulve Ru € Ry ).
Consider a complex line not passing through the point at infinity. The simplest example of such a line

which intersects HZ is the line spanned by

-1

0

1
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and
0

1
0

This intersects the boundary of the Siegel domain in the circle {(e'?, 0)|8 € [0, 2m)}. By applying a Heisenberg
dilation we observe that the circle {(roe',0)|0 € [0,27)} for any fixed 7o € R, is also the boundary of a
complex line. Furthermore by applying a Heisenberg translation by (zg + iy, vo) we observe that the most
general complex line not passing through infinity intersects the boundary of the Siegel domain in the following
ellipse whose vertical projection is a circle

{(roe® + zo + 1yo,vo + 2royo cos(8) — 2roxo sin(6))|6 € [0,2m)}

for fixed ro € Ry and (zo + iyo,vo) € M. It can be seen that the eccentricity of the ellipse increases with
|zo + tyo|. This is called a finite chain or finite C-circle.

If L is a complex line, then there exists a unique involution in PU(2, 1) whose fixed point set is L. This
involution is called an inversion in L. This inversion acts on the boundary fixing the chain corresponding to
L. The inversion is given by the standard inversion in a vector space. To be exact if p denotes the polar
vector for L, then inversion in L is the unitary transformation of C*! defined by

LLZZHZ—2—(MP

(p,p)

as well as the corresponding element of PU(2,1). Either g, € L (in which case 8L corresponds to a linear
subspace of GHZ) or ¢, maps ¢ to a point in JHZ. In the latter case the centre of the chain JL is defined
to be the image, t,(goo) € OHZ. By applying a Heisenberg translation we may assume that 0L is centred at
the origin in OHZ.

A Lagrangian totally geodesic subspace in HE is PU(2,1) equivalent to H% embedded as a real linear
subspace. To be more precise let U be a subspace of the underlying real vector space C?>!. The subspace U
is said to be Lagrangian if J(U) is orthogonal to U where orthogonality is determined under the standard
nondegenerate real-valued symmetric bilinear form Re(.,.) and J, (called a complex structure) acts on C*!
as an anti-involution. The projectivisation of U is then a Lagrangian geodesic submanifold of complex
hyperbolic 2-space to which the metric restricts yielding the Klein model of H3.

An Recircle is the intersection of a Lagrangian totally geodesic submanifold with HZ. For example
consider the Lagrangian subspace passing through (0,0) € M, and oo which is fixed by

z] Z
| > |22
z3 z3

Finite points in the boundary of the Siegel domain fixed by this involution have the form
2

-
V2z
1

where £ € R. Therefore the subset of M, given by {{z,0)|z € R} is fixed by this inversion. By applying
Heisenberg rotations we see that for any 6y € [0,27) the line {(ze'%,0)|z € R} is also the finite part of the
boundary of a Lagrangian plane containing (0,0) € 91, and co. By applying a Heisenberg translation by
(zo + tyo,vo) we find the general form for the boundary of a Lagrangian plane passing through co. It is

{(ze'® + 2o + iyo, vo + 2zyo cos(fp) — 2zz0sin(fo))|z € R}

for fixed €y € [0, 27) and (zo + iyo,vo) € Ma. Observe that the gradient of the line increases with |z¢ + iyo|.
This is called an in finite R-circle.
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Finite R-circles do not pass through co. For example consider the purely imaginary R-circle which
forms the boundary of the Lagrangian subspace fixed by the following involution

zy Z3
2o | — | 22
z3 Z

Points in the boundary of the Siegel domain fixed by this involution have the form

_621'9

i/2 cos(26)et?

1

where 0 € [—n/4,n/4) U (37/4,57/4]. The values of 8 are chosen to make cos(26) non-negative. Thus this
non-planar space curve is given by the following subset of I,

{p(8) = (iv/cos(20)e”, —sin(20))|6 € [—7/4,7/4) U (3w /4,57 /4]}.

Note that this R-circle is connected in spite of the fact that the values of the parameter 8 are con-
tained in two disjoint intervals. In order to see this we observe that p(—m/4) = p(3w/4) = (0,1) and

p(r/4) = p(57/4) = (0, -1).

As in the case of a chain, an R-circle R defines a unique inversion ¢g under which it is pointwise invariant.

For instance the transformation ¢o[¢, v] = [{, —v] on the Heisenberg group is the inversion that fixes pointwise
the R-circle Im(¢) = 0.

2. Collars in PU(2,1).

Theorem 6.1. Let the real geodesic v+ C HZ be the axis of a loxodromic map V (with complex dilation
factor Ae*) represented by an element of PU(2,1). Let N = |Ae*® —1|+|A\"1e~% — 1| and suppose N < 1/2.
Let U be an element of PU(2,1) not fixing o or oo represented by

a b ¢
U=|d e f
g hj
and satisfying
N1+ aj]'?) > 1.

Then the r-neighbourhood of v is disjoint from its images under elements U of PU(2,1) when

cosh(r) = %

Here |aj] = |[U(w1), w1, w2, U(w2)]| (see page 8 of [21]) where w; and w;y are the fixed points of V.

Corollary 6.1. Let V be a complex dilation in PU(2,1) with axis v and complex dilation factor Ae®. Let
N = [Xe? — 1|+ |A"te~* — 1| and suppose N < 1/2. Let U € PU(2,1) so that (U,V) is discrete. Then
in the manifold M = H2/{U,V) the simple closed geodesic v' = v/(V) corresponding to v C HZ has a
precisely invariant collar T'(r) of width r where r is such that

1-N
cosh(r) = N
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Proof. Let U, V € PU(2,1) and let Ae‘® be the complex dilation factor of the loxodromic map V. Without
loss of generality V is a dilation with fixed points

and

Furthermore let
a b c

U=1|d e f
g hJ
Let the real geodesics v; and -y, be the respective axes of the loxodromic maps V and UVU ™! with respective
pairs of endpoints 0, 0o and U(0), U(co) all lying on the boundary of HZ. We note that using the second
Hermitian form we have
00, U(00)){U(0), 0)

U(0), U(00))(00, 0)

[U(00), 0,00, U(0)] = §

in

and

{0, U(0))(U(0), 0)
(U(0), U(c0)){0,0))

= aj.

[U(0),00,0,U(0)] =

Parametrising points p; and gs on 1 and s respectively, by ¢, s € Ry we have

—t
p=|0|€em
1
and
—as +c¢
gs= | —ds+ f| €.
—gs+j

Let d = d(s,t) denote the Bergman distance between the two points p, and ¢, on 7, and 7y, respectively,
then by direct calculation we find

lgst — tj — as + c|?
4st '

On further calculation using the matrix identity UU~! = I and the inequality 4% + B? > 2AB where A,
B € Ry, we see that

cosh?(d/2) =

lgst — tj — as + c|?
4st

1 > - . . .
= Z(|g|2st + |c)? /st + |a|®s/t + |]*t/s + g+ cG + aj + ja + |h*t + [b]*/t + |d)*s + | f]?/s)

v

1 . _ _ - .
Z(2|cg| + 2laj| + 2|hb| + 2|df| + g¢ + cg + aj + ja)

v

1 . w3 3 - .

Z(2|cg| + 2|aj| + 2|hb| + df + fd+ g + cg + aj + ja)
1 .

= Z(2|cg| + 2{aj| + 2|hb| + 2)

> |ajl.
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Here the UU ! = I derived identity 1 = aj + bh + c7 is used at the end of the above calculation. We observe
that the penultimate line of the above set of relations is also greater than or equal to |cg|. Now a necessary
condition for (U, V) to be a discrete and non-elementary group is N(1 + |aj|'/?) > 1 (see [21], pages 2 and
3). Therefore if we let cosh(r) = 1% where N = |Xe?® — 1| + |A~le~% — 1|, then we have proved that the
r-neighbourhood of 7 doesn’t intersect any of its images under elements of (U, V) — Stab{y,}. Thus the
simple closed geodesic in the manifold M = HZ/{U,V) corresponding to v; C HZ has a precisely invariant
collar T'(r) of width » where r is such that

1-N
h(r) = ——
cosh(r) N
and
N(1+|aj|'/?) > 1.
Remark. We recall that fjaj| = |[U{w)), w1, w2, Ulws)]| where wy and w, are the fixed points of V.

We can extend these results to collars embedded in hypercomplex hyperbolic manifolds.

3. Collars in PSp(2,1).

The above proof together with the results of the main theorem of Chapter One (see page 8) applied to
quaternionic hyperbolic 2-space yield the following theorem.

Theorem 6.2. Let the real geodesic ¥ C H; be the axis of a loxodromic map V with quaternionic dilation
factor determined by A, p and v (where A € Ry and p and v are unit quaternions). Let V be represented
by an element of PSp(2,1). Let N = |Au — 1| + 2|pv — 1| + |A~'x — 1| and suppose N < 1/2. Let U be an
element of PSp(2, 1) not fixing o or co represented by

U=

@ o
oy o
St o

and satisfying
N(1+ aj!/?) 2 1.

Then the r-neighbourhood of v Is disjoint from its images under elements U of PSp(2,1) when

1-N
h(r) = ——.
cosh(r) N
Here |aj| = |[U{w1), w1, w2, Ulwa)]| (see equation (7) of Chapter One) where w, and w;, are the fixed points

of V.

Corollary 6.2. Let V be a quaternionic dilation in PSp(2,1) with axis v and quaternionic dilation factor
determined by A, p and v (where A € Ry and p and v are unit quaternions). Let

N=Au—1+2uv =1+ A" -1

and suppose N < 1/2. Let U € PSp(2,1) so that (U, V) is discrete. Then in the manifold M = H/(U,V)
the simple closed geodesicy' = «v/(V) corresponding toy C H has a precisely invariant collar T(r) of width
r where r is such that 1N

cosh(r) = -

4. Collars in Aut(J).
First we recall the principal result of Chapter Four.

88



Theorem. Let U and V be elements of Aut(J) such that U doesn’t fix C or B and V = DS, where A > 1
and p Is an imaginary unit octonion. Let

NY2 = ap=1+A"'r—1).

If NY2(XoY4 +1) < 1 with Xo = [C,UY(B),U~Y(C), B), then either U and V commute or the group
(U, V) is not discrete.

Using this theorem the proof of Theorem 6.1 can be modified to apply to octonionic hyperbolic 2-space.
This yields the following theorem.

Theorem 6.3. Let the real geodesic v C H3 be the axis of a loxodromic element V = D\S,, of Aut(J)

(where A > 1 and p is an imaginary unit octonion). Let N'/2 = |A\u—1|+|A\~'z—1|. Let U be an element of
Aut{J) not fixing B and C and not commuting with V, represented according to the standard decomposition
of such elements of Aut(J) by

U =T,D{S}RT,"*

and satisfying
NV 1) > 1.

Then the r-neighbourhood of «y is disjoint from its images under elements U of Aut(J) when
cosh?(r) = Xo!/2.

Here Xy = [C,U~Y(B),U~1(C), B] where C and B are the fixed points of V.

Proof.
Let U, V € Aut(J) where V = D, S, is a dilation with fixed points C' and B and

U =Ty D{S}RT,"

(see section 1.6 of Chapter Three). Let the real geodesics y; and 2 be the respective axes of the loxodromic
maps V and U~'VU with respective pairs of endpoints C, B and U ~!(C), U~*(B) all lying on the boundary
of HZ,. We note that

U O)ICHBIU (BY)
(BICKU -1 (O)|U-H(B))

Parametrising points py and ¢; on vy, and v2 = U ~!(7,) respectively, by s and t € R, we have, using Allcock’s
associative triple notation

[C,U~}(B),U™(C),B] = (84a)

0
ps=(0,1,-8)= |0 =—s s* | e it
0

and
qt = U_l(oa 1) —t) € Y2-

Let d = d(s,t) denote the Bergman distance between the two points p, and ¢, on v and -y, respectively, we
recall from section 1.5 of Chapter Three that

(XY
(XX /2y Yy

~ cosh?(d/2) = (84b)

Let U™}(C) = p € 6H} and U~'(B) = ¢ € 0H?. Without loss of generality there exist translations T, g
and T, such that
TopRTs R(C)=p

and
TosRTsR(B) =q.
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Now (Ta,sRT5 R)~'U ! fixes C and B, therefore (T, gRT5 R)~'U~! fixes 71 and so
U™ (m) = TapRTsR(m).

Let U' =T, gRT;5R. Direct calculation of T, g RTs R(z,y, z) using the transformation formulae of section
1.6.1 of Chapter Three (and section 4 of [1]) together with Allcock’s assaciative triples gives the following

R(z,y,2) = (z, -z, —y),
Ts. R(z,y,2) = (z — 20, —z, —y — z6 + 2|6|*/2 — z¢),
RTs R(z,y,2) = (z — 28,y + 28 — 2|6|>/2 + z¢,2) = (2, ¢, 2'),
ToapRTs R(z,y,2) = (' +y'a,y', 2" — 2'a - y'|al?/2 + ¥'B).
Thus Ty g RTs R(z,y, z) has the general form
To gRTs R(z,y,2) =
((zai)az + (ybi)bz + (2c1)ca, (xdr)da + (yer)ez + (2f1) f2, (xg1)g2 + (yha)he + (251)52 + (2h)l2)

where a;, b;, ¢, di, €i, fi, 9i, hi, Js and [; € O for i = 1,2. Further calculation using the transformation
formulae of section 1.6.1 of Chapter Three shows that there exist b, ¢, e, f, h and j € O such that

U'(0,1,-t) = (b—ct,e— ft,h —jt)
where, as ¢t € R we have
b=bb:, c=cicy,

e=-eies, [f=fifo,
and
h=hihy, j=jij2 +lla.

Similarly there exist d = d;dy and g = g1g2 € O such that the following U'U'™" = I derived identities hold

|d|> +ef + fe =0, (84c)
lg|* + hj +7h =0, (84d)
gd+dj+je+ej +hf+ fh=2, (84e)
bc+&j + hf +cb+je+ fh=2. (84f)

Now U'(C) = U'(0,1,0) = (b,e, h) € OHZ, therefore
|b|> + €h + he = 0. (84)
Similarly U'(B) = U'(0,0,1) = (c, f,j) € OH3, therefore
lef* + fi +35f = 0. (85)
Using equations (84c), (84d), (84), (85) followed by the inequality A% + B? > 2AB (where A, B € R, ) and
equation (84f) we have
(psla:)
= ((0? 1, —S)lU_l(O, 1, —t))
=((0,1,—5)|Ta sRTsR(0,1, -t))
=s’le —tf[* + |h—tj° = s(h — t7)(e — tf) — s( = tF)(h — t5)
= s2t%|f|2 + |h|* — s(he +&h) — st>(Gf + f4) — s*t(ef + fe) — t(hj + jh)
+ st(hf + je + fh+ej) + s?le)* + t*|5]°
> st(2|f|1h] + 2[bllc| + 2Id|lg| + 2lellj] + hf + Fh + je + &j)
> st(2|f[|h| + 2[blle| + 2lelj| + 2)
> 4st)fllh.
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Similarly we find

(U10,1, =t)|UL(0, 1, —t))!/?
= |b|* — @bt — bet + t2|c|® + he — hft — jet + t25f +eh — fht — &jt + t2fj (86)
= —2Re(bc + €5 + hf)t.

Using equation (84a) by direct calculation we have

2 2
[C,U~\(B),U~(C), B] = . L —
[B2|ct? + |el?5|2 + | fI?|h|? + Cfhb + Tjeb + jcbe + jfhe + fcbh + fjeh
20112 (87)
P
lej + be + hf|?

Similarly using equations (84b) and (86) together with the above inequality for (p,|q:) followed by equation
(87) we have

) B |(ps|qt>|
cosh®(d(s, t)/2) = (ps|ps)'/(gelge)/®

4st|f||h|
= (-2s)(—2Re(bc + &j + hf)t) (88)
4st|fl|h|
~ dst|bc + €j + hf|
=[Cc,U~Y(B),U}(C), B]'/2.

Now a necessary condition for (U, V) to be a discrete and non-elementary group is

NY2(Xe1 4 1) >1
where Xo = [C,U~}(B),U~}(C), B] (see page 65, Chapter Four). Therefore if we let cosh’(r) = Xo'/2,
then we have proved that the r-neighbourhood of ; doesn’t intersect any of its images under elements

of (U, V) — Stab{y1}. Thus the simple closed geodesic in the manifold M = HZ/(U,V) corresponding to
71 C H has a precisely invariant collar T'(r) of width r where r is such that

cosh?(r) = X,'/?

and
NY2(XY* +1) > 1.

(Here N'/2 = |Ap — 1| + |A~'% — 1|.) Thus we have the following corollary.
Corollary 6.3. Let V be an octonionic dilation in Aut{J) such that V = D,S, (where A > 1 and p is an
imaginary unit octonion). Let NY/? = Ay — 1| + |A\"'Z — 1|. Let U € Aut(J) so that (U, V) is discrete.

Then in the manifold M = H3/(U,V) the simple closed geodesic v' = v/(V) corresponding to v C H} has
a precisely invariant collar T'(r) of width r where r is such that

cosh®(r) = Xo'/2.

We will now consider some of the applications of the above collar theorems.

5. Lengths of Simple Closed Geodesics.
(i) Complex hyperbolic 2-space.
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Let V and U € PU(2,1). Let V be a loxodromic map and U a general map such that (U, V) is discrete.
Let Ae?® be the complex dilation factor of V where A € R, . Without loss of generality V is a dilation with
fixed points

0
o= 10
1
and
1
o= 10
0
and can be represented as the following matrix
Ae=¥3 0 0
V = 0 621’«9/3 0
0 0 A~le=i0/3

Let the real geodesic v be the axis of V. Let the points p, on v be parametrised by s € R, , then we have

-8

The (Bergman) length ! of the simple closed geodesic 7' in the complex hyperbolic manifold HZ/(V,U)
corresponding to the real geodesic v C HZ is equal to the distance between (without loss of generality) p;
and V(py), i.e.
cosh?(1/2) = cosh®(p(p1, V(p1))/2)
(X2 —1)?
~ (223
(2% —1)?
T ae
Therefore
A = exp(l/2). (89)

(ii) Quaternionic hyperbolic 2-space.

Let V and U € PSp(2,1). Let V be a loxodromic map and U a general map such that (U, V) is discrete.
Let A\ be the magnitude of the quaternionic dilation factor of V. Without loss of generality V is a dilation
with fixed points

0
o= |0
1
and
1
o= |0
0
and can be represented as the following matrix
A 0O 0
V=0 pv 0
0 0 Xlu



where p and v are unit quaternions. Let the real geodesic v be the axis of V. Let the points p; on v be
parametrised by s € Ry, then we have
—5
ps=| 0} €.
1
The (Bergman) length ! of the simple closed geodesic ' in the quaternionic hyperbolic manifold
H/(V,U) corresponding to the real geodesic v C H¥ is equal to the distance between (without loss of
generality) p; and V(p1), i.e.
cosh?(1/2) = cosh? (p(p1,V(p1))/2)
(X — 12
(=2)(-2»?)
(-3 17
42

Therefore
A =exp(l/2). (90)

(iii) Octonionic hyperbolic 2-space.

Let V and U € Aut(J). Let V = DS be a loxodromic map and U a general map such that (U, V) is
discrete (where A € Ry is the dilation factor of D and S represents a nested sequence of octonionic rotations
which for our purposes can be parametrised by the imaginary octonionic unit u). Let the real geodesic v
with endpoints C and B be the axis of the loxodromic map V. Parametrising points on v by s € Ry we
have using Allcock’s associative triple notation

0 0 0
ps=(0,1,—-8)= [0 —-s s%|€ny.
0 1 -s

The (Bergman) length ! of the simple closed geodesic 7' in the octonionic hyperbolic manifold H3/(V,U)
corresponding to the real geodesic v C HJ is equal to the distance between (without loss of generality) p;
and V(p;), i.e.

cosh?(1/2) = cosh®(p(p1, V(p1))/2)
= cosh®(p((0,1, -1),(0,1,-1%))/2)
(A 4222 +1)
(2)(222)
(A2 +1)?
432 -

Therefore
A = exp(l/2). (91)

Remark. We observe that using equations (89), (90) and (91) we can express the above collar theorems
in terms of the length ! of the simple closed geodesic (in the quotient manifold) instead of the magnitude
A of the dilation factor of the loxodromic group generator. We will now consider the relationship between
the length ! of the simple closed geodesic and the radius r(l) of the corresponding collar in complex and
quaternionic hyperbolic manifolds.

Proposition 6.1. Let ¥’ denote a simple closed geodesic in a (quotient) complex hyperbolic 2-manifold M
of length l. Then the radius r = r(l) of the collar T, (r) is a strictly decreasing function of l.

Proof. We must investigate the growth of » where

cosh(r) = N
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and
N = Iel/2+i0 _ ll + Ie—l/?—ia _ 1|

— |el/2+i6‘ _ 1|(1 + |el/2+i9|—-l).

Now cosh(r) is a strictly decreasing function of N. Differentiating the square of the above expression for N
we find that N is a strictly increasing function of [ for A = e//2 > 1. This is always true as [ > 0. Thus
cosh(r) (and therefore r) is a strictly decreasing function of {.

Similarly we can prove the following proposition for the quaternionic case.

Proposition 6.2. Let v’ denote a simple closed geodesic in a (quotient) quaternionic hyperbolic 2-manifold
M of length I. Then the radius r(l) of the collar T, (r) is a strictly decreasing function of .

Remark. We observe that in both the above cases and in the octonionic case N = N(A) is a strictly
increasing function of [ = I(A). Furthermore N is bounded below by a (discreteness) relation of the form
N > % where P € R, . Therefore [ is also bounded below.

6. The Relative Size of a Collar in Complex and Quaternionic Hyperbolic 2-Manifolds.

In this section we explore some of the properties of the collars constructed above around sufficiently
short (see Proposition 6.3 and Proposition 6.5) closed geodesics in complex and quaternionic hyperbolic
2-manifolds. We calculate the volumes of collars and consider the relative position of the collars around
disjoint loops.

The boundary of a collar T'(r(1}) is a hyperbolic cylinder Cyl(r,!). We will now calculate the volume
vol (Cyl(r,1)) of such a cylinder. The volume vol(Cyl(r,l)) gives a lower bound on the volume of the
corresponding manifold.

(i) Complex Hyperbolic 2-Manifolds.

We will first consider the complex hyperbolic case. Let 7' be a simple closed geodesic in a complex
hyperbolic 2-manifold (which is also a quotient manifold) of length !, then Theorem 6.1 yields a precisely
invariant collar T'(r) around ' of radius r given by

cosh(r) = 1—;V—]X

where A ‘
N = 'el/‘Z—H() _ 1| + |e—l/2—19 _ 1|. (92)

Lemma 6.1. Let Cyl(r,1) C HZ denote a complex hyperbolic 2-cylinder of radius r with axis of length .
Then the volume vol (Cyl(r,1)) of Cyl(r,l) is given by

327l

vol (Cyl(r,1)) = sinh®(r/2) cosh(r/2). (93)

Proof. The volume form in H. is (see page 436 of [32])
4 ! !
dvoly = —dzdydz' dy'. (94)
T

First we observe that the distance between the points with y =z’ =y’ =0 and z = z,, T = =5 for zo > x;
is log(z2/z1).

The fundamental domain D of the loxodromic element in PU(2,1) whose axis projects to the simple
closed geodesic 7' in M lies in the real plane described by the coordinates z and y. This fundamental
domain D is a segment of an annulus of inner and outer radii 1 and el and angular separation 21¢4. The
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geodesic « corresponding to the axis of the loxodromic element lies on the line of reflection symmetry of
the segment (i.e. 7 is defined by the equations y = &' = 3’ = 0). Consider discs of radii v/z'*> +y'* (in
the complex line orthogonal to the (z,y) plane) centred on an interior arc of this fundamental domain. The
volume vol (C’yl(r, l)) is calculated by integrating the “banana”-shaped region formed by these discs over the
fundamental domain D.

To determine the relation between cosh?(r/2) and the aforementioned coordinates we must find the
distance between a general point X in the fundamental domain D and the geodesic 4. To do this we must
minimise the distance 7(s) between X and a general point p; on the geodesic v (parametrised by s € R;).
Let

- -y’ —r 4y
X=1 V2@ +wy)

and

Il
o

Ds

Now according to the Bergman metric

@ +y” +z+8)?+y°

cosh?(r(s)/2) = o

Elementary calculus shows that this expression is minimised by
so? =z’ +y2+ (2 +y°) + 2:5(:1:’2 +97).
Thus the locus of points (z, y, z', ¥'), a distance

r=r(s) = g{%ﬁ T(s)

from the geodesic v, i.e. y = ' =y’ = 0 is given by
g

(\/(1:'2 +y?+ o2y +a +y? )+

4.’12\/((12’2 +y12+1.)2 +y2

cosh?(r/2)

4y o+ /@yt o) 4y
2z '

In particular if 2’ = y' = 0 and = = gcos(¥), ¥ = gsin(t¢p) {using polar coordinates), then

1+ cos(vo)

cosh?(r/2) = 5 c0s(do)

which is equivalent to sinh(r) = tan{iyy). We observe that this also follows from consideration of the area of
the fundamental domain D. Rearranging the above formula gives

2 2 a?sinh?(r) — 2

to? ==z
0 4z cosh?(r/2)

Choosing to work in polar coordinates we have

0= VEAP,
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t:=1/z'% 4y

with the angular coordinate 1 measured from -y and the angular coordinate ¢ describing the discs in the
(z',y') plane. Therefore we can write

voly (Cyl(r, 1)) / / /to /27r Z Coss(w)dqdz,/; dt dep
/ /woq izzg(d) dacy

_/ / 4m q 2 cos? (1)) sinh? (1) — g2 sin® (1)
B wo 2 O3 (¢ 4q cos(1p) cosh?(r/2)

el 1 sinh?(r) sin® (1)
/ / ((:032 ) cosh?(r/2) B cost(z)) coshz(r/Q)) *
, [smhz(r) tan($)  tan®(y) ]”"’
cosh®(r/2) 3cosh®(r/2)] _

_ 27rl( sinh®(r) sinh®(r) )

dq dip

II

s

cosh®(r/2)  3cosh®(r/2)
_4ml sinh®(r)
a _3_cosh2(r/2)
_ 32ml

sinh®(r/2) cosh(r/2).

Proposition 6.3. Let v’ denote a simple closed geodesic in a (quotient) complex hyperbolic 2-manifold M
of length I. Then there exists an upper bound Iy on [.

Proof. By Theorem 6.1
1 —
TN = cosh(r) > 1.

This implies the condition N = N(I) < 1/2, i.e. there exists an upper bound on N. By the proof of
Proposition 6.1, N is a strictly increasing function of [, therefore there exists an upper bound, say ly on (.

Proposition 6.4. Let v1', 72’ be two disjoint simple short closed geodesics in a (quotient) complex hyper-
bolic 2-manifold M of length 1, l3 < lo. Then the collars T.,,+, Ty, of radius r({,), v(l2) are disjoint.

Proof. Let 71, ¥ be lifts to HZ of 7', 72’ in M = HZ/T (where T is a discrete non-elementary subgroup
of PU(2,1)) and denote by Ui, Uz € T loxodromic elements with axes 1, v2. Without loss of generality U;
has fixed points o0 and oo and let U, have fixed points p and q. Now recalling the Cygan metric (see section
1.2 of Chapter Six) and the complez cross-ratio defined on page 8 of [21], we have by the triangle inequality
and the complex analogues of Lemmas 4.2 and 4.3 (verified by direct calculation)

2 = po (U1(p),p) po (U1(q),9)
po(p, O)po (Ui(p), U1(q))
po (p,0) po (g,0)
po(p, q)?

v (o) (B +1)

= Mi (1lo,0,p,00)1"/2) (lfo,a,p, 0] /* +1)..

I[Ul (p)7 q,D, Ul

<N

Therefore by Theorem 6.1 we have

. 1-N.
N1|[o,q,p,oo]|1/2 (Hov(]:pv Oo]ll/2 + 1) 2 |[U1(p)aQ7p; UI(Q)]Il/Q 2 <—]V2—2>
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which implies

o mvoell (fog ool +1) 2 (52 ) () +1)-

o000l (lfosaupoel? +1) > (1) (A2 ) 1),

By symmetry

Therefore
‘ ‘ 1 — NY2pN1/2
1/2 \ 1/2 > 1 2
o2, 00112 (ffos0,p,00]I'/* + 1) > — o
_ 1- NYANMEN (1 N}MENDZ 1)
N11/2N21/2 ]\111/2]\[21/=2
Thus

1= NY2pNL/2
I[O7QJpl OO]|1/2 Z —_— 2
N11/2N21/2
as z(x + 1) is an increasing function of z for all z > 0. This implies

1-2N*N}? 4 NN,
N1 Ny

1—N1 —N2+N1N2

- N1 N>

(5 (52,

1-N; 1-N,
>
I (ETAYEEA

= cosh(ry) cosh(rs).

lo, ¢, p,00]| >

Therefore

Now let § = dist(v;, v2). Let U be the loxodromic map such that v5 = U~!(v,), then arguing as in the
proof of Theorem 6.3 we find
cosh?(8/2) > |[o0, ¢, p, o[-

Therefore by the above result

cosh2(6/2) > cosh(ry) cosh(ry)
= (cosh(ry + 72) + cosh(r; —ry)) /2
cosh(r; +73) + 1
2

= cosh? <—T1 + T2>
= 5 .

As cosh(k) is a strictly monotonic increasing function of k for all ¥k € Ry, § > r; + 7o if and only if
cosh(d/2) > cosh ((r1 + r2)/2) and we are done.

(i) Quaternionic Hyperbolic 2-Manifolds.

We will now consider the quaternionic hyperbolic case which is very similar to the complex hyperbolic
case. Let +' be a simple closed geodesic in a quaternionic hyperbolic 2-manifold (which is also a quotient
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manifold) of length [, then Theorem 6.2 yields a precisely invariant collar T'(r) around v of radius r given
by
1-N

cosh(r) = v

where
N =e?p— 1)+ 2uv — 1| + [e72u - 1]. (95)

(Here i and v are unit quaternions.)

Lemma 6.2. Let Cyl(r,l) C H} denote a quaternionic hyperbolic 2-cylinder of radius r with axis of length
I. Then the volume vol(Cyl(r,1)) of Cyl(r,1) is given by

113
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vol (Cyl(r,1)) = 2 lsinh7(r/2) cosh®(r/2). (96)

Proof. The volume form in Hj is (see section 3 of [25])

4
dvoly = —2—du dVolgs dVoly
ub

4
= %du dadbdcdx dy dz dw.

The fundamental domain D of the loxodromic element in PSp(2, 1) whose axis projects to the simple closed
geodesic v’ in M lies in the real 4-space described by the coordinates u, a, b and c¢. This fundamental domain
D is a segment of an annulus of inner and outer radii 1 and €' and angular separation 2ag. The geodesic v
corresponding to the axis of the loxodromic element lies in the 3-space of reflection symmetry of the segment.
Consider 3-spheres of radii \/z2 + 32 + 22 + w? (in the quaternionic line orthogonal to the (u,a,b,c) real
4-space) centred on an interior arc of this fundamental domain. The volume vol (Cyl(r,!)) is calculated by
integrating the region formed by these 3-spheres over the fundamental domain D.

To determine the relation between cosh®(r/2) and the aforementioned coordinates we must find the
distance between a general point X in the fundamental domain D and the geodesic v. To do this we must
minimise the distance 7(s) between X and a general point ps; on the geodesic v (parametrised by s € Ry ).

Let
—x? —y? =22 —w? —u+ia+jb+ ke

X = V2(z + iy + jz + kw)
1
and
—s
Ps = 0
1

Now according to the Bergman metric

@+ +22+w +u+ts) +a®+0°+ ¢
4su '

cosh?(r(s)/2) =
Elementary calculus shows that this expression is minimised by
so? =u?+a? + 02+ + (2% +yt + 22 w4 2u(a? +y? + 2%+ w?).
Thus the locus of points (u,a,b,c,z,y,2,w), a distance 7 = r(sg) = minseg, r(s) from the geodesic v, i.e.

a=b=c=z=y=z=w=0
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is given by

. . . 2 . -
(Va2 +y?+22+w? +u)l +a2+ 02+ +a? +y? + 22 +wl +u) +a? + 07+
duy/(22 +y2 + 22 + w2 +u)2 + a? + b2 + 2
4yl + 2+ witut (@2 Y2+ 22w +u)? 4 a? + b2+ P
2u '

cosh?(r/2) =

As in the complex case the following relation is true
sinh(r) = tan(ao).
Rearranging the above formula gives

u?sinh®(r) — a? — b — ¢?

4u cosh®(r/2)

tot =yt 4 w? =

Therefore choosing to work in the following polar coordinates

u = gcos{a),

a = gsin(a) cos(f),
b = gsin(a) sin(8) cos(w),
¢ = gsin(a) sin(8) sin(w),

z = tcos(a’),
y = tsin(a’) cos(8"),
2 = tsin(a’) sin(B") cos(w),

w = tsin(a') sin(B') sin(w'),

we have

q=Vu?+a+b+e,

t=va2 +y? + 22 + w?
with the angular coordinates o (measured from the geodesic v), § and w describing the 3-spheres in the

(u,a, b, c) real 4-space. Similarly the angular coordinates o, 8’ and w' describe the 3-spheres in the (z,y, z,w)
real 4-space. Direct calculation of the appropriate Jacobian shows

duda dbde = ¢° sin®(a) sin(8)dq do df dw

and
dz dy dz dw = 3 sin®(a') sin(8')dt da’ df’ dw'.
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Thus we can write

voly (Cyl(r 1)

/ / / / 2"/ ‘°/ / / 2"q (}:St: sin® () sin(8) sin® (o) sin(B')dq da df duw dt do' df’ du’

3 0 )
= —_— dgd
327 /1 /0 7 cost(a) sin“{a)dq do

el rao 2 o2 CV20N 22 2
_ 327r3/ / i 16 (q cos?(a) sinh*(r) x q* sin (a)) sin?(a)dg da
1 Jo g cost(a) 4q cos(a) cosh”(r/2)

el ag 2 : 2 — ain? 2
_ 27r3/ / 1 (cos () smh2(r) sin (a)) tan?(a)dq do
v Jo  gqceosb(a) cosh”(r/2)

e [ 1 [cos?(a)sinh®(r) —sin’(a)\ .
=27 l/o ot (@) ( cosh?(r/2) > tan®(a)da

2731 1 2 ) o
- m [ Slnh4( )tan3(a) - gSlnhQ(’I’) tans(a) + ? tan7(a)}
167 sinh’ (r)
~ 105 cosh®(r/2)
211 3

105

0

lsinh7(r/2) cosh®(r/2).

We observe that in the above calculation we used the relation sinh(r) = tan(ayg).

Proposition 6.5. Let v’ denote a simple closed geodesic in a (quotient) quaternionic hyperbolic 2-manifold
M of length |. Then there exists an upper bound ly' on I.

Proof. By Theorem 6.2
1-N_ h(r) > 1
& = cosh(r) > 1.
This implies the condition N = N(I) < 1/2, i.e. there exists an upper bound on N. By the proof of

Proposition 6.2, N is a strictly increasing function of I, therefore there exists an upper bound, say o' on .

Proposition 6.6. Let v,', v2' be two disjoint simple short closed geodesics in a (quotient) quaternionic
hyperbolic 2-manifold M of lengths l;, l» < lo'. Then the collars Ty,/, To,+, of radius r(l1), r(l2) are disjoint.

Proof. Proposition 6.6 can be proved following the same arguments used to prove Proposition 6.4.

7. Cusps and Collars.

In this section assume that M = H/T (where H = HZ or H respectively) is a non-compact oriented
manifold of finite volume. That is, I is a discrete non-elementary subgroup without torsion of PU(2,1) or
PSp(2,1) respectively, containing parabolic elements which give rise to cusps in M.

In general a cusp C C H/T can be written as C = Cy = H, /T, for some point ¢ € H where I'; is a
subgroup of I of the parabolic type with fixed point ¢ and where H, C H is some precisely invariant horoball
based at g. Actually one can associate to I'; a specific horoball Hy based at g such that Hy/T', embeds in
H/T. Assume for simplicity that ¢ = co. The subgroup ® = ®(o0) C I's consisting of all translations is
a lattice of finite index and rank 1 or 3 respectively. Let T denote the translation of shortest translation
length t/2, then

H(t) = Hoo(t) = {(C,v,u) € Hu > ¢}
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is the canonical horoball of I'w,. In Proposition 2.4 of [32], Parker showed that for the complex hyperbolic
case Hy, (t)/T embeds in M and that the canonical horoballs associated to inequivalent parabolic elements in
[ are disjoint. In Proposition 4.7 of [25], Kim and Parker proved the corresponding result for the quaternionic
hyperbolic case.

We will now, using the appropriate normalisations, quote the complex and quaternionic analogues of
Shimizu’s Lemma taken from the aforementioned papers.

Theorem 2.2 [32]. Let G be a discrete subgroup of PU(n, 1) so that the stabiliser G, of qoo in G contains
a Heisenberg translation by (7,t') where 7 # 0 and also vertical translation by t € R. Let h be any element
of G not fixing g written in a standard matrix form (see equation (1.3) of [32] relabeling the matrix element
c as g). Then

min{|¢], ||T2| + zt|}|g| > 1.

Propositions 4.4, 4.5 [25]. Let G be a discrete subgroup of PSp(n,1) whose stabiliser G, of 0o is a
Heisenberg lattice. Let T,y be a non-vertical translation (so 7 # 0) and T(g ;) a vertical translation.
Denote by s the radius of the Dirichlet domain centred at the origin of the vertical lattice kerll N G. Let
h be any element of G not fixing oo and written in a standard matrix form (see equation (2) of [25] and
section 2 of Chapter 2 and relabel the matrix element ¢ as g and vice versa). Then

min{¢], ||7* + is|}gl > 1.

Consider an oriented complex or quaternionic hyperbolic 2-manifold M with cusps. We will now prove
that canonical cusps, i.e. those covered by canonical horoballs and the collars around closed geodesics, i.e.
simple closed geodesics ' of length [{~') do not intersect. We will first consider the complex hyperbolic case.

(i) Complex Hyperbolic 2-Manifolds.

Theorem 6.4. Let M denote a non-compact oriented complex hyperbolic 2-manifold of finite volume. Then
the canonical cusps and the collars around simple short closed geodesics in M are disjoint.

Proof. Let M = HZ/I" where I is a discrete non-elementary subgroup of PU(2,1) and assume without loss
of generality that I" contains a parabolic element fixing oco. Denote by

1 * cp
0 0 1

the translation of minimal translation length in ®(I's,). Hence H{jer|)/T'w is a cusp in M.

Let v be a closed geodesic in M. Denote by U a loxodromic element whose axis «y projects to v and
which is represented by a matrix which has the form

U =

@ A8

b ¢
e f| € PU21).
h j

Here T and U generate a discrete, non-elementary subgroup of I'. Consider an embedded collar T,/ (r) around
~' satisfying

1-N
h(r) = ———
cosh(r) N
where ‘
N = Iel/2+i9 _ 1] + |e—l/2—10 _ 1| (92)
and
A =ell?




We must prove that T (r) is disjoint from H(|er])/T'eo. We will first calculate the maximum horospherical
height of a point on the axis of U. Let U = WVW ! where

e 8/3 0 0
V= 0 e 0
0 0 /\—le—if)/B
and
ad b
W=1d e [
gl hl jl

Points p; on the axis v of U can be represented by

—38
ps=W 1| 0],
1

where s € Ry.. Let p; = ({5, vs,us) {in horospherical coordinates), then by direct calculation we find

—-2s
TP WP+ T

—2u,

Elementary calculus shows that u, is maximised by s = s* = |j'|/|¢'|- Thus

1
20 llg |+ PR

Uge

We observe that direct calculation shows
lgl = |g'7Ae™ + B[ + j'g' A" e

Now the horospherical height of the point on the boundary of the r-neighbourhood of « which is nearest to
the horoball H(|cr|} is

e?‘

25lg'] + WP

Therefore in order to prove that the boundary of the r-neighbourhood of v does not intersect the horoball
H(|er|) we must show that

e Uugn

eT

_—— < .
g+ P =

Now by Theorem 2.2 of [32] we have
lerllgl = ler| |97 2™ + |W)* + j'g'A" e | > 1.
Therefore if we can prove that

e’ 1 1
2|5|lg'| + 1h]?

|g| - Ig:"j_:/\e—io + |h'|2 +jla/\~1e~iol’

then we are done. This can be proved as follows.
e |g’7/\e_w + WP+ j'?z\_le_“ﬂ < 2cosh(r) |g’7)\e"i0 + W2 +5'g A e

(1 - N) 17

<2—2g'7'|N

<2l

=2(1 = N)lg'5'|

< 2|g'7'|

< 25'llg’| + |0
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We will now consider the quaternionic hyperbolic case and find that the results and proof are very
similar to the complex hyperbolic case.

(ii) Quaternionic Hyperbolic 2-Manifolds.

Theorem 6.5. Let M denote a non-compact oriented quaternionic hyperbolic 2-manifold of finite volume.
Then the canonical cusps and the collars around simple short closed geodesics in M are disjoint.

Proof. Let M = H%/I" where I is a discrete non-elementary subgroup of PSp(2,1) and assume without
loss of generality that I' contains a parabolic element fixing co. Denote by

cr
* | €y

1
T=10
0 1

O ok

the translation of minimal translation length in ®(I's,). Hence H(|cr|)/Tw is a cusp in M.

Let v be a closed geodesic in M. Denote by U a loxodromic element whose axis y projects to 7' and
which can be represented by a matrix which has the form

a b c
U=|d e f| e€ePSp21).
g h j

Here T and U generate a discrete, non-elementary subgroup of I'. Consider an embedded collar 7° () around
7' satisfying

1-N
cosh(r) = N
where
N =2y 1]+ 2luv — 1|+ e ?p —1| (95)
and
A =€z

We must prove that T%y.(r) is disjoint from H(jer|)/T'eo. We will first calculate the maximum horospherical
height of a point on the axis of U, Let U = WVW ~! where

Ap 0 0
V=0 pv
0 0 Xlpy
and
a b
W=1{d € [
gl hl jl

Points p,; on the axis v of U can be represented by

-8
ps=W | 0
1

where s € Ry. Let p; = ({s,vs, us) {in horospherical coordinates), then by direct calculation we find

—2s
T PR WP T

—2ug

Elementary calculus shows that u, is maximised by s = s* = |§'|/|¢'|. Thus

1

Ug» = o —— 75 -
T 205lg' + K
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We observe that direct calculation shows

lgl = [g'ng" + h' B + 5'pg' 271
Now the horospherical height of the point on the boundary of the r-neighbourhood of v which is nearest to
the horoball H(|er|) is

e"‘

e Uy = —— .
T 2Mgt + R

Therefore in order to prove that the boundary of the r-neighbourhood of v does not intersect the horoball

H(lcr|) we must show that
T

e
——— < 7|
205'llg'l + [n'[?

Now by Theorem 4.5 of [25] we have
lerllgl = ler| |g' g™ + B wh' + §'pg A7 > 1.
Therefore if we can prove that

r
! Ie IQSL 1
2071l + T

gl |g'ui" A+ W'k’ + j'pg’ A1

then we are done. As U € PSp(2,1) we have |h/|? = —g'5’ — j'¢’, therefore letting g'j’ = m we need to prove

e g A —1)F7 + b (uv — DR + ' (A p = 1)g'| < 2lm| —m — 7w

Now
1-N
T h(r) =2 ——
e" < 2cosh(r) ( N )
and
|9’ = D77 + W (wv = DR+ 5' (A" — 1)g'| < [m|N.
Thus

¢ |g' (s — DT + K (wv = D + ' (A" — 17| < 20m|(1 - N).
Therefore if we can prove

=2|m|N < —m -,

then we are done. However this inequality is true for all m € Has —m —m = —g¢'j’ — j'g’ = |[W'|> > 0 and
—2|m|N < 0. Therefore we are done.

8. Injectivity Radii.

Let M be a compact oriented complex hyperbolic 2-manifold. Closed geodesics in M possess embedded
tubular neighbourhoods whose volumes we can calculate (see Lemma 6.1). This allows us to derive a result
concerning the geometry of M.

Before we prove any results we will state Zagier’s Lemma as quoted on page 62 of [24].

Lemma. For0<m <wv3 and 7 € [0,27) there exists a number n € N such that

4T

V3

- 1.

cosh(nry) — cos(nrz) < cosh
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We observe that in HE, 21y =1, the translation length of the loxodromic generator and T, = 8, the angle of
rotation of the loxodromic generator.

Consider the injectivity radius i(M) of M which is related to the length of a shortest (and necessarily
simple) closed geodesic o' in M by i(M) = Li(vo').

Assume that there is a simple closed geodesic 7' of length [ in M. By Theorem 6.1 there is a tubular
neighbourhood (embedded collar) T, (r) € M around ' of radius r satisfying

cosh(r) = %

where
N = Iel/2+i0 . 1] + 16—1/2—1‘0 _ 1|' (92)

This collar corresponds to the loxdromic map V = V! in the proof of Theorem 6.1. Similarly there exists a
collar of radius r, > 0 corresponding to the loxodromic map V™ for all n such that N, = N(A\",nf) < ;.
We will show below that by Zagier’s Lemma there exists one value n' of n such that N,.? < f(I) where

f(1)'/? = 2sinh (\/w/\/i) .

Therefore there exists a collar of radius r,; where

1- f(1)!/?

cosh(rp ) = —f(l)—l/Q

Furthermore the condition that f(I)/? < 1/2 requires that [ < 0.01688 (approx.).

Now in accordance with Zagier’s Lemma we have

Ny? = (|e wl2eWnr _ 1| 4 |e 7l /2e 700 1|)2
— (ez,,,/4 + 6—1",/4)2|€1,‘,/4ei0,,,/2 _ e—zn,/4e—i9",/2|2
= (2cosh(l,y /4))? (4 cosh? (s /4) — 4 cos? (6 /2))
= (2cosh(l, /4))? (2 cosh(l, /2) — 2 cos(Bpn))
= (2cosh(ln/2) + 2) (2cosh(l,/ /2) — 2cos(8n))

< (o () 1) (om ) )
= (eston (1/or1/5))

where l,,, = n'l and 6,, = n'6.

Remark. We observe that in the third line of the above calculation we have used the following relation. If
z=xz+1y € C, then

sinh?(z + iy) = sinh?(z) cos?(y) + cosh?(z) sin?(y)
= cosh?(z) cos?(y) — cos?(y) + cosh?(z) — cosh?(z) cos?(y)

= cosh?(z) — cos?(y).
We will now prove our theorem concerning the injectivity radius i(M) of M.
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Proposition 6.7. Let M denote a compact oriented complex hyperbolic 2-manifold and T..(r') C M an
embedded collar of radius »' around a short simple closed geodesic v' in M. Then the injectivity radius of
M satisfies the relation

V3

i(M) > == (vol (T (r'))* - §)2

Proof. Assume that there is a simple closed geodesic 7' of length ! < 0.01688 (approx.) in M. As proved
above there is a tubular neighbourhood T (r') C M around ' of radius ' satisfying

1-N'
N!

N' < 2sinh (\/fm/\/i) <1/2.
N' < 2sinh (W)

|27 orl 1 (27l\?
=2 %(1—1—%4—5(%) +>

for I < 0.01688 (approx.). By Lemma 6.1 we have

cosh(r') =

where

This implies

vol (T (r')) = %ﬂsinh?’(r'ﬂ) cosh(r'/2).

Therefore 391l
3” sinh®(r' /2) cosh(r' /2)

= %ﬂl% sinh(r')(cosh(r’) — 1)

= %;l (cosh®(r') — 1)(cosh(+') — 1)
8nl (1 — 2N")3/2
-3 N7

Thus using the above asymptotic expansion of our upper bound on N’ we find

g\ o (1~ 2N')?
3 N14

1 2wl
(o

vol (T (r')) =

vol (T (T’))2

x

for [ < 0.01688 (approx.). Therefore

which implies that

for I < 0.01688 (approx.).
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APPENDIX A.
Special Notes on Lattices (see section 8 of Chapter 4 of [6]).

Consider the lattice Z7 in R? generated by (1,0,0,0,0,0,0), (0,1,0,0,0,0,0), etc. The Dirichlet domain
D centred at the origin (0,0,0,0,0,0,0) has vertices at the 27 points

(£1/2,+1/2,£1/2, +1/2, £1/2, £1/2, +1/2).

The radius 7p of D, i.e. the length of a lattice vector furthest from the origin equals v/7/2. Applying
D = \/7/2 > 1 to Theorem 3.2 we see that

(|714/4 + (ﬁt/2)2)1/2 >t

and so Theorem 3.2 doesn’t give an improvement on Theorem 3.1 when Z7 is the vertical lattice. However
we will show below that when the vertical lattice is E; we do get an improvement.

E; is the densest lattice in R” (see section 8.2 of Chapter 4 of [6]). If we normalise so that the minimal
root vector length is 1, then the covering radius of the lattice (which is equal to rp) is v/3/2 < 1. Therefore
there exists at least one lattice in @H3 to which we can apply the length arguments of section 3.2 of Chapter
Three (in order to obtain an improved upper bound on 7).

We will now give a more detailed description of E; (see section 8.2 of chapter 4 of [6]). The lattice E;
is contained in a hyperplane of R® whose Euclidean coordinates satisfy the following equation

Xi+Xo+...+Xg=0.

E- has the following basis

{(1/v2,-1/v2,0,0,0,0,0,0),
(0,1/v2,-1/4/2,0,0,0,0,0),
(0,0,1/v2,-1/+/2,0,0,0,0),
(0,0,0,1/v/2,-1/+/2,0,0,0),
(0,0,0,0,1/v2,-1/v2,0,0),
(0, 0 0, 0 0,1/v2, -1/v/2,0),
(5=

=1 =1 -1 -1 1 1 1 __)}
2\/_ 2\/"2\/"2\/"2\/"2\/"’2\/"2f
Thus E; has

i) minimal vector length (norm) 1.
ii) volume §.
iii) covering radius v/3/2.

iv) extreme point (point furthest from any vertex) (7 #, #, #, ﬁ_, #, # ﬁ.)
) automorphism group of order 2!°.34.5.7 = 2903040.

) 126 units, i.e lattice points at unit distance from the origin.

\V
vi

Alternatively, in R the lattice E; has the following basis
{(1,0,0,0,0,0,0),

(0’ 170)0) 0’0’0)7

(0,0,1,0,0,0,0),

(0,0,0,1,0,0,0),
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(1/2,1/2,1/2,0,1/2,0,0),
(0,1/2,1/2,1/2,0,1/2,0),
(0,0,1/2,1/2,1/2,0,1/2)}.

The Eg lattice (see section 8.1 of chapter 4 of [6]) is the densest lattice in R®; it has the following basis

{(+/2,0,0,0,0,0,0,0),
(-1/v/2,1/+/2,0,0,0,0,0,0),
(0,-1/v2,1/4/2,0,0,0,0,0),
(0,0,-1/+/2,1/4/2,0,0,0,0),
(0,0,0,-1/v/2,1//2,0,0,0),
(0,0,0,0,-1/v2,1/v/2,0,0),
(0,0,0,0,0,—1/v2,1/v/2,0),
Therefore Eg has

i) minimal vector length (norm) 1.

ii) volume Z.

iii) covering radius \/LE

iv) automorphism group of order 2'4.3%.52.7 = 696729600.

v) 240 units, i.e lattice points at unit distance from the origin.

If octonionic coordinates are chosen so that a given minimal vector in Eg is +1, the vectors in Eg that are

perpendicular to +1 make up a spacelike E; lattice. To build the Eg lattice first start with an 8-dimensional
spacetime R® = O using the usual basis for @. The vertices of the Eg lattice are of the form

1J
§Zi=0aiei

where the a; may be either all even integers, all odd integers, or four of each (even and odd) with residues
mod 2 being (1,0,0,0,1,1,0,1) or (0,1,1,1,0,0,1,0) or the same with the last seven integers cyclically
permuted.
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APPENDIX B.
An Octonionic Stable Basin Theorem.

Let
B, = {z € 8HE|po(z,0) < 1},

where po denotes the Cygan metric on the boundary of complex hyperbolic space. Let B, = OHZ - B,.
Given r and s with r < s, the pair of open sets (BT,EC) is said to be stable with respect to a set S of
elements in PU(2,1), if for any element g € S

g(o) € B,

and L
g(c0) € B,".

Let S(r,¢e) denote the family of loxodromic elements f with fixed points in B, and B, /rc and satisfying
[Af — 1] < € where Ay denotes the magnitude of the dilation factor of f. For positive real numbers r and '
with 7 < 1/v/3 and r' < 1 we define ¢(r,') by

e(r,r') = sup {|A; 1|} (i)
fE€S(re)

where |A; — 1| satisfies the inequality

A1) < \/2+ (1—(31+_|A2,;2—1l)r2>2 (11_—3:;2)2 (77>2 5 i

A triple of non-negative numbers (r,7’,¢€) is said to be a basin point provided that r < 1/v/3, ' < 1 and
e < e(r,r"). In particular if ' < r we call (r,7',€) a stable basin point. We call the set of all such points the
stable basin region. For simplicity we shall abbreviate (r,r,€) to (r,¢€).

In [23] Kamiya proves the following modified (and improved) version of the stable basin theorem of
Basmajian and Miner (see (3]) for complex hyperbolic 2-space.

Theorem (page 831 of [23]). Given positive numbers © and r' with r < 1/v/3 and ' < 1, the pair of
open sets (Br,,Bl/,’c) is stable with respect to the family S(r,e(r,r")) where e(r,r') is given by (i) and (ii).

In this appendix we will prove the following octonionic stable basin theorem.
Theorem B. Given positive real numbers r and ' with r < 1/\/5 and r' < 1, the pair of open sets
(B (C), R(B(C))) is stable with respect to the family S(r,e(r,7’)) where € is given by (i) and (z).
Remark. The following proof of Theorem B treats only the case of loxodromic elements of S(r,e(r,'}))
parametrised by a single imaginary unit octonion p.

To prove this theorem we will construct a generalisation to Hj of Kamiya’s proof in HZ. First we need
three lemmas which are generalisations of Proposition 3.3 of [3], Lemma 3.13 of [3] and Lemma 3.5 of 23]
respectively.

Let the loxodromic element V' (an octonionic dilation) be such that
V=DS§S (i1)

where D is a dilation with real dilation factor A and S is an octonionic rotation parametrised by an imaginary
unit octonion y (see section 1.6.1 of Chapter Three).
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Lemma B1. Let b, ¢ be given. If V is a loxodromic map whose dilation factor \ satisfies

A -1} < /14 (b/c)? -1,

then V(X)) € By(X) for X € B.(C).

Remark. The closed ball B.(C) lies in the boundary of octonionic hyperbolic 2-space.

Proof. Suppose X = (z,1,z) € B.(C), that is
o <e.

Now V(X) = (Auz,1,A%uzfi) and |z]? = —2 — Z as X € OHZ — {B}, therefore if [\ ~ 1| < /1 + (b/c)? — 1
e have po(X, V(X)) = (Msz — 2,1, 2 puz + % + Aa) o

= |Nuzi+z + /\,uanfll/2
= N2zl + Z — Apz — Auz|/?
= Auz(Am = 1) = (Ap - 1)z
= A= 1zAE— 1)+ 2(AE - 1) — - D2/
< (A = 1P 1z] + 2)Ap = 1|2]) '/

< (A =12 + 2Ap — 1)V < b.
Lemma B2. Let Tx be an octonionic translation with Tx(C) = X and let s > r. For X € B,.(C) and

Y € R(By5(C)),
R(TX_I(Y)) € Bl/(s—r)(o)-

Proof. By the triangle inequality
po(X,Y)>s—7.

Since translation is an isometry for the metric
po(X,Y) = po(C,Tx ' (Y)).

Therefore
Tx~'(Y) € R(By/(s—r)(C)).
Hence
R(Tx~'(Y)) € R*(B1(s—1)(C)) = By/(s—n)(C).

Lemma B3. Let G = RTR, a pure parabolic element with fixed point C (where T = T, ; is an octonionic
translation fixing B). Let X € B,(C) andY € B,(C). If po(G~(B),C) > ¢ > max{r, s}, then

wG00,60) < () (25 ) mtxy)

c—1 c—s
Proof. As G = RT, R we have
G Y(B) = RT_,,_+R(B)
= RT_,,_(C)
= (=(lal*/2+b)""a,1,=(la*/2+ b))
This implies
po(G7H(B),C) = 1/+/|(|la?/2 + )1
=1/VI(le|*/2 - )|

= po(G(B),C).
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Therefore v/Ag the common radius of the isometric spheres of G and G~! (see Proposition 3.3 of Chapter
Three) is equal to po(G~1(B),C). And so by Lemma 3.1 of Chapter Three we have

Ag
po(G~1(B), X)po(G~1(B),Y)
po(G~1(B),C)?
po(G 1(B)»)\)po(G_l(B),Y)

po(G(X), G(Y))

po(X,Y)

po(X,Y).

We observe that by the triangle inequality

po(G~1(B),C) < po(G™H(B), X) + po({ X, C)
po(G~1(B), X) ~ po(G~(B), X)
po(X,C)
po(G~1(B), X)
pO(Xa C)
po(G=1(B),C) - po(X, C)

T c

=1+

<1+

<1+ :
cC—7T cC—7T

Similarly
p0(G1(B),0) _ e
po(G-1(B),Y) ~c—s

Thus

c—r c

w(G0.60) < () (255 ) mlx. 7).

We now come to the proof of Theorem B.

Proof of Theorem B.
Since S(r, e(r,7')) is closed under conjugation by the inversion R, it is sufficient to determine conditions
which guarantee that f(C) € B.(C) for all f € S(r,e(r,r')) in order to establish the pair

(Br’ (0)7 R(Br’ (C)))

is stable under S(r,e(r,7')). Let p and ¢ denote the fixed points of f in B, (C) and R(B,(C)) respectively.
We may assume p # C. There exists an element h such that h(p) = C and h(g) = B. This element h can
be written as the product of two elements G, ) and T}, i.e.

h= G(a,b)_lTp_l

where T, is an octonionic translation with 7;,(C) = p and G4 ) is a strictly parabolic element with its fixed
point C and G(44)(B) = Tp_l(q). Thus by Lemma B2

R(G(a,4)(B)) = R(T,™'(9)) € Bry1—ry(C)
since p € B,(C) and q € R(By,,(C)). Set f' = hfh™'. As f'(C) = C and f'(B) = B, f’ is of the form
f''= DS as in expression (iii).
To simplify notation let 7" = T}, and G = G(,). Since the metric pg is invariant under octonionic

translations
po(C, F(C)) = po(C,h™! f'R(C))
= po(C, TGf'G™'TH(C))
= po(T~HC),Gf'G™'T~H(C)) (iv)
= po(G(GTIT™H(C)),G(f'G™'THC)))
= po(G(R(C)), G(f' h(C))).
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We will now use Lemma B3 to estimate how much G distorts the distance po(h(C), f'h(C)), i.e. we will
estimate po(G(R(C)), G(f'h(C)))} in terms of po(h(C), f'R(C)). As T(C) = p and p € B,(C) we see that
T~YC) € B,(C). We observe that from

R(G(a4)(B)) = R(T, " (q)) € B,j1-r2)(C)

we have
1 -2

po(C,G(B)) > (v)

From (v) we see that po(C,G(B)) > po(C,T~1(C)) for r < —\}—5 By Lemma B3 we have

po(h(©),C) = (G T(C), )
= po(GHT(C)), 67 (©)
< (153) mir©2.0)
(1-rH)r

<
- 1-2r2

which means
hC) € B_.2),. (vi)

1-2r
Since f' has the same dilation factor Ay as f

flh(C) (S B/\,((l_,.'z),,). (UH)

1—-2r

Direct calculation shows that po(G~1(B),C) = po(G(B),C). By (v), po(G~1(B),C) > (1 —r%)/r. We
assume that po(G~1(B),C) > po(C, f'h(C)) which is implied by

1 — 272
2

)\f < . (U”Z)

We see that (viig) implies 1 — (2 4+ Ag)r? is positive. Consequently application of Lemma B1 with

_ (1= 2+ Xp)r?2)(Q - 3rY)y’

b (1 —2r2)2

and a 2y
—7r)r

CT 192

implies that

po(h(C), f'h(C)) < b
[Af —1] < V14 (b/c)? -1

(e ey ey (iz)
N 1—2r2 1—12 T '
Lemma B3 together with (iv), (vi) and (vii) gives

po(C, £(C)) = po(G(R(C)), G(f'h(C)))

< (o) (2 mine), o

provided that

<7

112



To determine the family S(r,e(r,r')) for which (B, (C), R(B~(C))) is stable we need to consider the as-
sumptions we have made on r, ' and A;. There are two assumptions (viii) and (iz). We shall show that it
is sufficient to assume

1— 3+ Ay —1)r2\? /1-3r2\? /7\?
|Af—1|<\/1+< L =) (5) -u (@)
We have 1 — 22 > 2 for r < 1/4/3 so that

_ 2.2\ 2
|/\f—1|<\/1+<1 23T>T’2—1
" (z1)

1—3r2
2

<

which is equivalent to
1-(3+)A; =12 >0. (zi1)

It follows from (ziz) that

1—2¢2

A <Ay =1+1< —

Hence we have (viii). It is obvious that (iz) follows from (z) and (zii). Thus our proof is complete.

Special Note: Improved Results.

In his recent preprint “On the stable basin theorem” J.R.Parker proves the following modified (and
improved) version of the stable basin theorems of Basmajian and Miner (see [3]) and Kamiya (see [23]) for
complex hyperbolic 2-space.

Theorem. Given positive numbers r and v’ with 0 < r,r' < 1, the pair of open sets (B,:,Bl/rlc) is stable
with respect to the family S(r,e(r,r')) where e(r,r') is given by

V9I+ (1 —7rYs2 -1-r%(1-1r?)s?

1—ris?

and s =r'[r.
We observe that using our lemmas 4.1.1, 4.1.2, 4.2 and 4.3 (see Chapter Four) in place of his lemmas

2.2(1), 2.2(ii), 2.1(ii) and 2.1(i) as used in his proof of the above theorem, we can prove the corresponding
result in octonionic hyperbolic 2-space.
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APPENDIX C.
Strengthening the Quaternionic Stable Basin Theorem.

Kim and Parker proved the following quaternionic stable basin theorem for quaternionic hyperbolic 2-space
(see Theorem 4.1 of [25]).

Theorem. Given positive real numbers r and r' with r < 1/2 and v’ < 1, the pair of open sets (B, t(By))
is stable with respect to the family of loxodromic elements g with fixed points in B, and «(B,) satisfying
X (g) < e(r,7') where €(r,7') is a function of v, 7' such that for a fixed r', e(r,r') = O(1/r) as r — o0.

Remark. In the above theorem ¢ refers to an inversion which transposes o and oo and X(g) represents an
upper bound on the deviation from 1 of the quaternionic dilation factors of the loxodromic maps g.

In his recent preprint “On the stable basin theorem” J.R.Parker proves the following modified (and
improved) version of the stable basin theorems of Basmajian and Miner (see [3]) and Kamiya (see [23]) for
complex hyperbolic 2-space.

Theorem. Given positive numbers r and v’ with 0 < r,v" < 1, the pair of open sets (B,, BI/T:C) is stable

with respect to the family S(r,e(r,r')) where €(r,r') is given by

14+ (1 —74)s2-1-7%(1-1r?)s?
1 —ris?

€=

and s =1'[r.

Consider the following lemma.

Lemma C. If g is in a Heisenberg similarity group fixing the origin and X is the magnitude of the quater-
nionic dilation factor of g, then for all X € 8H the following inequality holds

po(g(X), X) < (A = 1(A+ 1) + 2uv — 1A% po(X, 0)

where u, v are unit quaternions.

Proof. Let the loxodromic element g be represented by the matrix

A 0 0
0 w0 € PSp(2,1).
0 0 Xlu

Let X € OH} be represented in projective space by the vector

=12 +v

V(¢
1
Projecting on the right hand side we have

\2u(-[gF + v)R
9(X)=| A2uip
1
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This implies the following inequality

po(g(X), X) = [N2a(=I¢[? + o) + 2ACuv (T — ¢ — o]
= [ = D(=ICI® + v) N + 20 (v — 1)CE — (=|¢I? — v)(AE - 1)]
< (I = 1AL =[G + o] + 2l — LA + e = 1] = [¢2 + o))
< (A= 1A+ 1) + 20w = 1N | = [¢2 + ]2
= (JA = 1A+ 1) + 2Jpr = 102 po(X, 0).

1/2

We observe that by imitating Parker’s proof of the above theorem (for complex hyperbolic 2-space) step
by step, we can (using our Lemma C in place of his Lemma 2.1(ii)} show that the corresponding result holds
in quaternionic hyperbolic 2-space.
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